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IIOBEJEHVE BUHAPHOI'O PAHTA TPA®A
P11 JOBABJIEHNY BEPIIIVIH 1 PEBEP

C.I0. Besronosa', /1. I1. MaboTKO?

PaccmarpuBaercss BOpoC m3MeHEHUsl OMHAPHOTO PAHTa MATPHUIIBI CMEXKHOCTH MTPOCTOTO
rpada mpu 100aBIEHAN BEPIINH U HEKOTOPBIX pedep. KomnaecTBo pedep, MOIBISIONINXCS TOCTe
J00aBJIeHUs] BEPIIMHBL, HE SBJISETCS TOCTOSTHHON BEJIMIUHOMN.

Karuesvie crosa: rpad, ONHAPHBINA PAHT.

We consider the issue of changing the binary rank of the adjacency matrix of a simple
graph under adding vertices and some edges. The number of edges that appear after adding a
vertex is not constant.

Key words: graph, binary rank.

1. Beenenne. Kpurepuii BI0KUMOCTH 9eTHIPEXBAJIEHTHOrO rpada ¢ KPEeCTOBOH CTPYKTYPOi B IBY-
MEpHYIO TOBEPXHOCTH hopMmysupyercsa B pabore [1| B TepMuHax GHHADHOTO pAaHTra MATPHIIBI CMEKHOCTH
HEKOTOPOr0 MPOCTOTO rpada, MOCTPOEHHOrO MO JTaHHOMY 4YeThbipexBajeHTHOMY rpady. [Ipu ucmnosn3oBa-
HUU JIAHHOTO KPUTEpUsi /sl OMUCAHWS 3aIPEIIeHHBIX MUHOPOB K BJIOXKMMOCTU rpada MbI CTaIKHBAEMCSI
C BOIIPOCOM TIOBeJIeHUsI OMHAPHOTO PAHra MATPHUIBI CMEXKHOCTH B Ciydae J00aB/ieHUst BepIuH u pebep
k rpady. [Ipobaema ompesenennsi TOYHOTO pe3yabTaTa OT [10OAB/IEHUS OMHON BEPIIUHBI B rpade CIoxK-
HA, TaK KaK KOJIMIECTBO pebep, MOSBJISIONINXCS [T0Cje J00aB/IeHns] BEPIIUHbBI, He SB/ISIETCS MOCTOSHHON
BesinunHO#. Panr HoBoro rpada He MOXKET YMEHbIIUTHCH, OH MOXKET JIWIIb yBEeIUIUThCs Ha 2. MbI pac-
CMaTpWBaEeM HECKOJIBKO C/Iy9aeB j00aBjeHus BepiuH. Pe3ysbrarsl, Kacalouecss PAHIOB HAI Z, MOTYT
ObiTh HaiieHsl B [2].

2. OcHoBHbIE orpeaeieHuss U NOHATUsA. [lycte G — MPOU3BOJIBHBIN MPOCTOM KOHEUYHBIH rpad
¢ muoxkectBoM BepumwH V(G) = {v1,...,v,} (T.e. BCce BepIMHBI TPOHYMEPOBAHBI) U MHOKECTBOM pebep
E(G). B macrosimeii pabore paccMaTpUBAIOTCS TOJIBKO KOHEUHBIE TpOocThie Tpadbl. Hamomunm, aro nse
BEPIINHBI HA3BIBAIOTCS CMENCHbLMU, €CJI OHU COEIMHSIIOTC pebpoM, cmenens Bepumibl v € V(G) paBHa
YnUCJly MHIMJIEHTHBIX efi pebep u oboznauaercss deg(v). MHOXKeCTBO BepIINH, CMEKHBIX C BEPIIUHON v,
oboznauaercs N(v) u Ha3BIBAETCS 0OKPECMHOCMBIO BEPIINHBL V.

Omnpenenenne. Mampuuya cmesrcnocmu rpada G — sro kBagparaas marpuna A(G) = (a;;) pasmepa
n, rae a;; = 0 IpW 4 = j ¥ OpH ¢ # j, €CIN BEePIINHEL V; U Vj He ABJIAIOTCS CMEXKHBIMHA, U G = 1, 1 # j,
€CJIi BePUIMHBI V; U ¥ ABJISIOTCH CMEXKHBIMU.

Onpenenenune. Hezasucumoe mmuoocecmeo pebep, mim napocouemanue B rpade, — 3T0 TPOU3BOIb-
HOe MHOXKECTBO II0IIAPHO HECMEXKHBbIX pebep. Pebeproe wucao nezasucumocmu [1(G) rpada G — 310
HauboIbIIee Yncyio pedep, 00pasyIoIux HE3ABUCHMOE MHOYKECTBO.

PaccmarpuBarorcst ciienyromime onepaiun HaJl rpadaMu.

Yoasaenue sepwuns v: rpad G — v noaydaercd u3 G yAajl€eHUEM BEpIIUHBI U U BCEX UHITUIECHTHBIX
eit pebep.

Yoanenue pebpa e: rpad G — e nosrydaercs: ynajeruneMm pebpa e w3 (G, WHIUIEHTHBIE €My BEPIITUHBI
OCTaIOTCs.

Jlobasaerue sepwuno v u 00Ho20 pebpa, unyudenmnozo sepwune u € V(G): rpad G @, v noayvaercs
nobaBieHreM BEPINWHBI U, 8 TaKKe pebpa Mexk 1y Bepiiuuoit u rpada G u 106aB/I€HHON BEPIINHOMN .

obasaenue sepusurvl U U HECKOALKUL Pebep, 3a0010UUTCA N-Mmephoim eexmopom X: rpad G Bx v
moJtydaercst JoOABJIEHUEM BepINUHBI U, a TakKKe pebpa Mexjy v u TemMu BeprwHamu v; rpada G, mis
KOTOpbIX &; = 1 B BEKTOpE X, cocrosimeM u3 ) u 1 (HOMEp KOOpAMHATBHI BEKTOPA COOTBETCTBYET HOMEDY
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i-it Bepmmabl Tpada). BekTop X HasbIBaeTCs 6exmopom okpecmmocmu sepwuns, v. B G @©x v mMeem
N(v) ={v; | z; = 1} u onpenenum X Kak sexmop oxpecmuocmu BepiumHel v B rpade G. CremoBaTebHo,

A(G By v) = (A(G) X) :

xT 0

ecm v mveer HoMep 1 + 1. Bamernu, uaTo ecn X = €; = (0,...,0,1,0,...,0)T, 10 G ®x v = G By, v.

3. Panru Hekoropbix rpacdos. [lycts A — mpounsBosibHasg KBa paTHAs TEJOUNCICHHAT MATPHIIA.
Torma gepe3 tkA u rko A Oymem ob603HAUaTH paHr MaTpuilbl A, paccmarpuBaemoil HaJ Z u Zo COOTBET-
creerno. dng rpada G nonoxum r(G) = rkA(G) u ra(G) = rkeA(G). Marpuna A(G — v) siBasiercs
nogmarpunei Mmarpuibl A(G), caeposaresnbho, ro(G — v) < ro(G). Ilyers B — marpuna, 1mojydeHHas u3
marpuiiel A(G) 3aMeH0il CTPOKH u CTOJIOIA, COOTBETCTBYIONINX BEPINUHE U, HYJEBBIMU CTPOKOW ¥ CTOJIO-
oM, C'= A(G) — B. Torma C' — maTpuria ¢ HeHYJIeBBIMU 3HAYEHUSIMHI B OJHOI CTPOKE M OJHOM CTOJIOTIE.
CaenoBarenbho, r2(C) < 2 u r3(G) = rko(B + C) < rkoB + rkoC < r9(G — v) + 2. AHajorn4so J1ej10
obcrout B ciyuae Z.

Vreepxkaenue 1. 1) Jlasa a06020 epaga G u 1060t eepuwunve v umeem ro(G) — 2 < ro(G — v) <
r2(G), r(G) =2 < r(G—v) < r(G).

2) Jlas wobozo epaga G npu dobasaenuu sepwunve v u pebep, 3a0a10UWUTCA 6EKMOPOM X, UMEEM
r2(G) < r2(G Bx v) < 1r2(G) + 2, r(G) < (G dxv) < 7(G) +2.

JlokazaTebCTBO CIEAYIONEel TeOPEMbI OYEBHTHO.

Teopema 1. Ecau 6 epage G cywecmeyem sepuwuna v # u, makaa, wmo N(v) = N(u), mo ro(G —
u) =ro(Q), r(G —u) =r(Q).

Teopema 2. /as moboti sepwunw v epada G, y xomopoti deg(v) =1 u N(v) = {u}, umeem ro(G —
fu,0}) = 12(G) — 2, 7(G — {u,v}) = 1(G) — 2.

JokazareabcTBo. [Iponymepyem Bepiiutbl rpada G Takum 06pa3oM, 9TOOBI BEPIITUHBL U U U UMEJTH
HOoMepa 1 1 2 coorBercTBeHHO. Torma a1 = ao; = 1 W HA OCTATBHBIX MO3UITUAX MTEPBOI CTPOKH U ITEPBOTO
crosibra — mymm. J[jis BTOpOil CTpOKM M BTOPOTO CTOJOIA, KPOME (12 W (o1, MOTYT OBITEH eIe HEHY/IeBbIe
97eMeHThI. [IycTh 9TH 3/IeMeHTBl MMEIOT HOMEepa CTPOK W HOMEepa CTOJOIOB ki, ..., Kkpy, Toe m < n — 2.
[Ipumensisi semenrapubie npeobpazosanust Kk A(G), 0OHYIMM BCe 9TH HEHYJIEBbIE JeMEHTHI (BblYUTaEM
nepebiit croaben u3 cTobua ¢ HOMEpoM k; M MEPBYIO CTPOKY U3 CTPOKH C HOMEpOM ki, ¢ = 1,...,m).
Torma

01 o’
ro(G)= (10 ot
00 A(G — {u,v})

(3meck 0 — BekTOp-CcTONG I, COCTOSIIMIT U3 HYJI€il), T.e. Ha 2 Gosbire, deMm 72(G — {u, v}). O

Cremyrorue pe3yabTaThl ABISIOTCS IPOCTHIME CJIEJICTBUAMI TEOPEMBI 2.

CaencrBue 1. Umeem r2(G @y v) = 12(G —u) + 2, 1(G &y v) =7(G —u) + 2, r2((G &x u) By v) =
r2(G) +2 ur((G ®x u) By v) =7(G) + 2.

Teopema 3. IIycmv G — sec, mozda r2(G) = r(G) = 261(G).

Jdoka3aresibCcTBO. YTBepXKJeHUe il JiepeBa u panra Haja Z gokaszano B [3]. CmpasemnBocTh
YTBEp:KJIEHUsSI JIIsT Jieca, W PaHra Haj 7Z CAeAyeT U3 CIPaBeJINBOCTA yTBEPXKIEHUs I JepeBa W u3
AINTUBHOCTH PAHTa, ¥ PeOEPHOTO YHC/Ia, HE3aBUCUMOCTH JIIst U3 BbIOHKTHOTO 00beuHeHrsT rpadoB.

Hoxarkem dpopmysy s panra Hal Zo M0 WHIAYKIIAA, T€ UHIYKIIAIO Oy1eM TPOBOIUTE 110 KOJUIECTBY
BepmmH. J1s1 oH0#1 Bepimuabl (hopMmysia cupaseaansa. [lycrs dhopmyia BepHa 1715 J1ecoB ¢ n—1 BEPIIXHOIA.
PaccmorpuwMm stec ¢ n Bepmmaamu. CyIecTByeT BepINHA ¥ CTEIEeHN 1, KOTOpas CMeXKHA TOJILKO BEPIIHHE
u. Torga ro(G) = ro(G — {u,v}) + 2 =r(G — {u,v}) + 2 = r(GQ) = 261(G). O

Caencrue 2. Pane nymu P, na n (npun > 2) sepwunar pasen

n, ECAU T YEMHOE;
n— ]., ecaAu N HedemHoe.

Yreepxkaenue 2. Pane yukaa Cp, daunv n (npu n > 3) pasen

n—2, ecau n YemHoe; n—2, ecaun=0 (mod 4);
ro(Cp) = r(Cp) =
n—1, ecau n newemmoe, n, ecaun #Z0 (mod 4).
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Hdoka3zaresibecTBo. YTBepxKaenue s ro(C),) cenyer u3 AByX IPOCTHIX (PAKTOB: CyMMa BCEX CTPOK
JTaeT HyJIeBOIl BEKTOD ¥ BBIKUBIBAHNE BEPIIUHBI U3 Tpada maer myTh, T.e. ro(Cy) = ro(Ph_1). O
YrBepxkaenune 3. Parez noanozo epaga K, na n eepwunaxr pasen

n ecau M uemmoe;
ro(Kp) =14 ’ u r(K,)=n.
n—1, ecau n neuemmoe,

JlokazaTeqbCcTBO. 3aMeTnM, 9TO [T CIyYast HaJl Zo CyMMa 9eTHOTO JHCJIa CTOIOIOB JTaeT BEKTOp,
Yy KOTOPOT'O YHCJIO JUHUI] PABHO YHCIY HYJIeH, BCTPEUAOIINXCs B CTOIOMAX (OCTaIbHbIE — HYJN), & CyMMa,
HEYETHOTO YUCJIa CTOJOLOB AT BEKTOP, y KOTOPOTO YMCJIO HyJIeH PABHO YUCITYy HyJIEH, BCTPEYAIOMMXCA B
croibnax (OCTaJbHBIE — €IUHULBI). SHAYUT, JJI TTOJHOrO rpada ¢ 9eTHBIM KOJUIEeCTBOM BEPIIUH CyMMa,
BCEX CTOJIONIOB JAET eUHUYHBIN BEKTOP W PAHT TaKOro rpada paBeH KOJUIeCTBY BepiinH. g momHoro
rpada ¢ HEUYeTHBIM KOJHMIECTBOM BEpIINUH CyMMa, CTOJIOIOB JAeT HYJIE€BOW BEKTODP, a MPY BLIKWILIBAHUN
BEPINWHBI MBI TOTydaeM rpad K, 1 yX&Ke ¢ 9eTHBIM KOJUIECTBOM BEpIIIHH. O

Kopona nsyx rpados (o6o3nauenne G10Gy) — 310 rpad, mosydeHHbIil B3gTneM 0H0i Kotmu rpada
G1 (nycrs G mmeer n Bepmmn) u n Konmii rpada Go u coeuaenneM Kaxk 10 i-it sBeprmmnanl rpada Gy ¢
Kaxk 710 BepmuHoit i-it konuu rpada Go. Crenosarensno, kopona rpada G ¢ Ky (G o Ky) — 310 rpad,
MOJTyIeHHBIH T0OABIEHINEM 7o HOBBIX BEPIIIH, KaXK/1asd U3 KOTOPBIX CMEXKHA, ¢ OHOI BepruHoii rpada G.
B rakom ciayuae marpuiia cMexxuocTH i G o K| BBIDIAINT CAEIYIOMUM 00pa3oM:

ook~ ()

rae I, uw O, — equHuuHas W HyJeBas MaTPHIBI pasMepa n. 3 JaHHOrO BUja TOMydYaeM CIIeIyROILy o
TEOpeMy.

Yreepxkaenue 4. Ecau G — zpad na n sepwunaz, mo (G o K1) = ro(G o Kp) = 2n.

4. JlobaBsieHue OJIHOI BepIIUHBI U JIOO0Oro KoJsimdecrsa pedep B rpad. llpu mobasienun
BEPINUHBI U HECKOJIbKUX pefep B rpady paHr MaTpPHUIlbI MOXKET OCTAThCA HEM3MEHHBIM WJIU YBEeJUUUTHCS
Ha 2 Aid Zg W MOXKET OCTaThCsd HEM3MEHHBIM WM yBEJWIUThCA Ha 1 wiam Ha 2 mia Z. [IpuBemem Teo-
peMy, KOTOpasi MO3BOJIIET BBIYKUC/IUTH PAHT IPOW3BOILHOIO rpada npu g00aB/IeHUN OIHON BEPIIUHBI U
HEKOTOPOTO KOJIMYEeCTBA CMEXKHBIX 3TOi Beprinue peGep.

Ob6paTuMcs K CAeayIomeil 09eBuIHON JeMMe.

JIemma 1. /lasa arwbozo n-eexmopa’y u 4106017 cummempuunot yeaowucaernnot mampuyv, A pasmep-
nocmu n evnoaneno yr Ay = 0 nad Zs.

Ounpepesienne. [lycts A — marpuna. Torma obpasom rs(A) mMarpuisl A HA30BEM JMHEHHOE MPO-
crparcrso {Ax | x € R"}.

Teopema 4. Hmerom mecmo caedyrowsue ymeeprcoerus:

1) 7o(G ®x v) = r2(G) + 2 6 Mmom u MoOAVKO 68 MOM cAyUuae, K020a X HE ABAACMCA BEKMOPOM U3
obpasa 1s(A(G)) mampuywn A(G), m.e. x ¢ rs(A(G));

2) r(G ®xv) =r(G) + 2 6 mom u moavko 6 mom caysae, kozda x ¢ rs(A(Q));

3) ecau x = Ay € rs(A(G)), mo

a) (G ®xv) =r(G) + 1 6 mom u moavko 6 mom caysae, K020a 6eKMOP X HE OPMOLOHAAEH Y

0) r(G ®xv) =r(G) 6 mom u MoALKO 6 MOM CAYUaAE, KO20a BEKMOP X OPMOZOHANEN Y .

Hoka3zaresiberBo. Jlokaxkem yrBepxkienue Hat Zy. [lyers A = A(G), {e;},i =1,...,k, — 6a3uc B
rs(A) u
A x

Ecmm x ¢ rs(A), To {e;} U {x} mpencrasisier coboit He3aBHCHMBIl HAOOP BEKTOPOB U, TAKIM 00Pa30M,

{6)6) O}
amasiercst Gasncom v 1s(B).

Ecin x = Ay € rs(A), To panr marpurpl B paBeH PaH'y MaTpUIlbl

I, O A x I, -y\ (A O
—yT'1)\xTo/\oT 1) \oT —xTy)"

o snemme 1 umeem x'y = (Ay,y) = 0, ciegosarenbho, ko B = rky A. O O
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Crnenytorue pe3y/ibTaThl SBJSIOTCS 06001IeHneM TeopeMbl 1.

Caencrue 3. 1) IIycmo u — sepwuna 2paga G. Ecau sepwunv, vy, ...,v, 2de k > 1, 6 epade
G ne emesrcnv ¢ u u N(u) ne codeporcum obugux aremernmos ¢ muoscecmeamu N(v;), i =1,... k, mo
ro(G —u) = ro(G), r(G —u) = r(G).

2) Iyemov u — sepwuna epaga G. Ecau sepwunv, vi, vo 6 epadpe G ne cmexichvl ¢ u, max 4mo

N(v1) € N(v2) u mnoorcecmso N(u) saeasemces paznocmuvio mnoorcecms N(vi) u N(va), mo ro(G —u) =
ro(G), (G — u) = r(QG).

JokazareabcTBo. Jlokaxkem ciencreue Haj Zo. O603naunM depes J MHOXKECTBO HOMEPOB BEPITHH

Viy..., U w3 . 1 (v1, vg U3 1. 2), yanThiBag MOpAI0K BepmuH (G — U, WCIOJb3YEMbIX B OIPEIeJTeHUN
marpuiel cMexxuaoctn A = A(G — u). Beibepem y tak, uro y; = 0 qyis @ ¢ J, B 70 Bpems kKak x; = 0 jist
1 € J. CnenoBarenibho, x = Ay. a

5. /TobaBJyieHnue onHOII BepIiuHbI U OHOTO pedpa B rpad G @, v. [Ipenbiayinye pe3yabraThl
SIBJIIOTCS CAUIIKOM 00001enubiMu. ['opa3mo 6osbite MOXKHO CKa3aTh O YaCTHOM Cjaydae J00aBJIeHUsT
OJTHOII BEPIIMHBI ¥ TOJIHKO OJHOr0 pedpa K OmpeaeeHHBIM KJIacCaM I'padoB.

Teopema 5. Umeem

n eCAU T YEMHOE;
ro(Ky, @y v) = ’ ’ u 1Ky @yv)=n-+1,
n+1, ecau n newemnoe,

n, eCAU T YEMHOE;
r9(Cp, @y v) = 1(C), &y v) =
n+1, ecau n newemnoe,

n, ecAU T YEMHOE,
n—1, ecau n newemnoe u ¢ 06eUT CMOPOH OM U
ro(Py @y v) = 1(P, Gy v) = HEUETNHOE YUCAO GEPULUN;

n + 1, ecal M Hewemmnoe u ¢ obeux CMOpoH om u

YEMHOE YUCNO BEPUWIUH.

Hoka3aresnbcrBo. Ilpumensiem Teopemy 2 jyisi ciayuaes 19Ky, @y v) u r2(Cy Oy v), & paBeHCTBO
ist o (P, @, v) caeayer us [2]. O
Teopema 6. [Tycmo G = C), @y, u, 2de Cp, = (v1,v2,...,0n,v1). To2da das j # i umeem

ro(QG), eCAl T HeYemHOe;
72(G @y, v) = { 12(G), ECAU N YEMHOE U T, § UMEIOM 00UHAKOBYIO YEMHOCTD;

ro(G) + 2, ecau n uemmoe u i, j UMEIOM PAZAUNHYIO YEMHOCTID,

r(G), ECAU N HEYEMHOE,
(G @y, v) = 1(G), ECAU T HEMHOE U T, | UMEIOM 00UHAKOBYIO YEMHOCTY;

r(G) 42, ecau n wemmoe u i, j UMEOM PA3AUYHYIO YEMHOCTID.

HokaszarennbcrBo. llpn yramenun sepmnn v u v; u3 rpacda G @y, v Mbl momyvaem rpad P, 1 Gy, u.
Ecmn n mewerno, o n — 1 werno u ro(Ph—1 &y, u) = n — 1, r2(G) = n + 1. Urax, no Teopeme 2 pamr
ucxoguoro rpada paer (n — 1) +2 =n+ 1 = ro(G). Ecau xe n gerno, ro n — 1 weverno u r2(G) = n.
Ecnu ¢ u j UMeroT 0JUHAKOBYIO Y€THOCTb, TO B I'pade P,_1 @, u He4eTHOe YHUCJIO BEPIIUH ¢ 00eUX CTOPOH
oT u, T.e. T2(Pp_1 @y, u) =n — 2. B ouepenHoii pa3 mo TeopeMe 2 MOIyIaeM, ITO PAHT HCXOJHOTO rpada
paBeH n — 2+ 2 = n = r9(G). AHATIOTUYIHO €C/IU ¢ W j UMEIOT Pa3/IuIHyI0 YeTHOCTh, TO B rpade derHoe
IHCJI0 BepIuH ¢ 06enx cTopoH oT u. CrenoBarensho, ro(P,—1 &y, w) = n u panr ucxoxHoro rpada paBexn
n+2=ry(G)+2. 0 O

Teopema 7. I[Tycmov G = P, @,, u, 2de P, = (v1,v2,...,v,). To2da dan j # i umeem

ra(G o, v) = ro(G) + 2, ecau n u j umerom odunaKosYI0 YEMHOCTD, @ | — OPY2Y10 YEMHOCTIY;
2 v -
’ r9(Q) uHaue,

(G @y v) = r(G)+2, ecau n u j umerom o0uHAKOBYI0 YEMHOCTD, 4 @ — OPY2Ylo 4emHOCY;
Y r(G) uraye.
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Jloka3arebCTBO aHATOTUYIHO JTOKA3aTeIbCTBY TeopeMbl 8 u3 [2].

MpsI 3aBepiiaeM 3TOT MYHKT PacCMOTPEHUEM ciiydas 00aBeHus BepIuHbl u pebpa K jaepeBy. Cie-
Jytommuii aaroput™ [4] ceIrpas BaKHYIO POJIb B MOIYYEHUN PE3YJIbTATOB JIJIS JAHHOTO CJTyJasd.

Onpenesienue. Bepmuay v OpueHTUPOBAHHOTO JE€PEBA HA3BIBAIOT NOMOMKOM BEPIIWHBI U, €CIN
CYIIECTBYET IIyTh HEHYJIEBOH JIJIMHBI U3 U B U, & €CJIN JJIMHA STOT0 IMyTH paBHA 1, TO BEpIINHY ¥ HA3BIBAIOT
COIHOM BEPIITUHBI U.

AaroputMm. V 3amanaoro gepesa 1’ ¢ n BepmmHAMY BHIOEPEM BEPIIUHY U HA30BEM €€ KOPHEM.

1. Bagagum s = 0 u 0003HAYNM BCe BEPINWHBI CTEeHN 1, KpoMe KOpHsi, “HedeTHbiMEU . Ecau n = 1,
TO 0003HAYUM KOPEHb “HEYETHBIM .

2. Byziem moBTOpSITH CJIEIYIOIIHIE JAEHCTBUS 0 TeX IOp, IMOKa BCEe BEPIIMUHBI HE OYAyT 0003HAYUEHHI.
[IycTh Bce CHIHOBbSI BEpPINMWHBI % MOMEUYEHBI, & CaMa BEPIIWHA U — HET, IpUudeM u UMeeT k HedeTHBIX
cernoBeil. Torma

(a) ecam k = 0, To 0603HAYINM U “HEIETHON;

(6) ecom k > 0, To o6ozHaunm u “gernoit” u 3amagaum s = s + (k — 1).

3. Ecim xopenn o6o3naduen “medernvivm”, 10 s = s+ 1, (1) =n — s.

Teopema 8. ITycmo t — sepwuna depesa T u sepwuna t obosnauaemces “nevemnot” uau “wemmnot”
no as2opummy, npumenennomy x depesy T, y Komopozo 6 Kavecmese KopHus evbpana sepwuna t. Tozda

¥

(T @, v) (T @, v) r(T), ecau t 0603nauena “wemmnoti” no as20PUMMY;
2 tV) =T tV) =
r(T) 42, ecau t obosnavena “nevemmnot” no arzopummy.

6. /lobaBsieHune o4HOI BepinHbI 1 Bcex pedep B rpad GP1v = G O K. Paccmorpum caydait
J00aBJIEHUST OJIHOM BEPIWHBI ¥ B rpad (G ¥ COeIMHEHUsI ITON BEPIIUHBI CO BCEME JAPYTUMU BEPITHHAMU
rpada. d1o HazbiBaeTCd dexapmosvim npoussedenuem G ¢ Kq u 0bbrano obosnavaerca G O K.

Teopema 9. Ecau G — pezyaaproid epag cmenenu d, mo ro(G O K1) = ro(G) npu nevemmnom d u
r(G O Ky) =7(G) + 1 npu aobom d.

JokazarenbcrBo. Han Zo nmeem

AG D Ky = <A1(f) 3)

n 1= A(G)1. CnenosarenbHo, yTBEPIKEHUE TEOPEMbI MOy YaeTCsa U3 TeopeMbl 4. O O
Crenyromue JiBa, yTBEp:KI€HUS TOKA3BIBAIOT, UTO NIPU 9€THOM d B Caydae Zo MOTYT OBITH JIBE BO3-
MOXKHOCT.
YrBepxkaenue 5. Umeem

?”Q(Kn O Kl) = TQ(Kn+1) u ’I“(Kn O Kl) = T(Kn+1).
YrBepxkaenue 6. [Ipu n > 3 umeem

ro(Cp O Kq) = r2(Cn) eca n=0 (mod 4) u r(C, O K;)=r(C,) + 1
r2(Cr) +2, ecau n#0 (mod 4),

HokazaresnbcrBo. Jlokaxkem yrBepxgenne HaT Zz. Ecim n = 0 (mod 4), o 1 € rs(A(G)), Tak
Kak BeKTOp 1 paBeH cymme crosibios marpurbl A(G) ¢ HOMepaMu, CPAaBHUMBIME € 1 u 2 1m0 MOy 4.

Ecmmn # 0 (mod 2), To oueBnano 1 ¢ rs(A(G)), Tak kak Kazxkaplii crosnbern marpursl A(G) maer ase
CAUHUIIbI, & HaM HY2KEH CTOJI6eL[ 13 HEYETHOI'O YMCJla €JUHUIIL.

Ecim n = 2 (mod 4), ro 1 ¢ rs(A(G)), tak Kak B NPOTUBHOM Cjiydae BeKTOp 1 pasen cymme m/2
qucsta croabnos marpunbl A(G), B KOTOPBIX MEXK/Ly JBYMsl €IMHAIAME CTOUT HYJIb, YTO HEBO3MOXKHO JIst
HEUYEeTHOrO YHCJIA CTOJIOIOB. O

3ameuanwue. I'pad C,, O K| Takxke u3Becred Kak xoseco W,.

Teopema 10. Ecau G — xopona d-pezyaapnozo epapa H na n sepwunazr ¢ K1, mo

2 1 d £ 2:
r(G O KL =ra(G) = 20, (GO Ky =0T L cem dFED
2n, ecau d=2.

JokazarenbcrBo. Han Zo nmeem

A(G) = GL A{;{Q  AQy =x, y= (“ ‘1d)1> Cox=1.

13 BMY, maremaruka, MexaHuka, Ne6
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Hlamee moKa3aTEILCTBO CAEAyeT U3 TEOPeMbI 4. O
Caeancrue 4. Ecau G = Cp o0 K1, mor(G) =r(G O Ky) =ro(G O K;) = ro(G) = 2n.
Teopema 11. Ilpu n = 2 umeem

2, ecrun=1 (mod 4);

ro(P, O Ky) = r9(P,) +
2( 1) 2(Fn) {0, ecaunZ1 (mod 4),

r(Py O Ky) = {n, ecaun =3 (mod 4); — (P, + {2, ecaun =1 (mod 4);

n+1, ecaun#3 (mod4), 1, ecaunz#1 (mod 4).

Hoka3zaresiberBo. Pacemorpum cucremy A(P,)y = 1 vag Zs. Ecim n = 1 (mod 4), To cucrema
nacr Yp—1 = 0 u y,—1 = 1. CuenoBaresnbHo, cucrema He nmeer pemtenusi u X = 1 ¢ rs(A(P,)). Ecau
n # 1 (mod 4), To cucrema MMeeT C/IeAyIONmee pereHne: y . = (a 11-a0all—-aO0.. ) ¢ a, pasubiM 0
npun =0 (mod 4), l mpun =2 (mod 4) u 0 wwm 1 npu n = 3 (mod 4). Tanee npumensem reopemy 4 u
IOJIy4aeM pe3yJibTar. a

BapeprraeMm 3TOT MyHKT PACCMOTPEHUEM Pe3yJIbTaTOB st KOHKpeTHOro rpada.

Jlemma 2.Ecau epagp G maxod, xax no-

6 w; Ka3aH0 MG pucymke, a, 20e k = 2 — woauve-
cmeo 4-yukaos, mo ro(G) = r(G) = 2k.
" JokazareabcTBo. ['pad G umeer 4k pe-

6ep, u B i-M 4-tukie N (v;) = N(u;). Cinegosa-
TesBbHO, 1O TeopeMe 1 mveem ra(G) = ro(G —
v;), M MBI MOXKeM paccmarpuBarh rpad 6e3

“moBropsromuxcs” BepmmH (CM. PUCYHOK, 0).
Nmeem T' = G—{v1,...,v;} — nepeBo nra(G) =
I'padwi: ¢ — rpad G, 6 — nepeso T’ ro(T) = 26 = 2k.
Teopema 12.Ecau epap G maxot oice, kax 6 aemme 2, mo ro(G O K1) =r(G O K;) = 2k + 2.
Hoka3zaresnbcrBo. CrpaBejimBoCTh yTBEPKIAEHUs CJe/yeT 13 TeopeMbl 9 paborsl [2] u Teopembl 3
HACTOSIIENR PabOTHI. O
Asropsr mpunocar 6maromapuoctsh akagemnky PAH A.T. ®omenko u momenty . M. Huxkonosy 3a
[IOCTOSTHHOE BHUMAaHWE K PaboTe.
Pa6ora JI.II. Nastorko Beimoaaera B MI'Y uvenn M. B. Jlomorocosa mpu monmepkke Poccuiickoro
mayanoro douga, npoext Ne 21-11-00355.
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