MOCKOBCKUNI I'OCYJIAPCTBEHHBI
VYHUBEPCUTET
nmean M.B.JIOMOHOCOBA

MexaHuko-mareMaTndecKuii pakyabrer

MaremaTudyeckKnue MOaeJ i1 SKOHOMUKN
BECEHHUIT CEMECTP

.M. Hukonos, B.B. Tpodumon, A.A. Tyxnanu

MockBa 2012 rog



VIIK 519.86

N.M. Huxonog, B.B. Tpodpumon, A.A. Tyxuanuu
MaremaTndeckue MOIeJIN 9KOHOMUKHY (BeceHHUH
cemecTp): y4ebGHOe mocobue

B yuebGHOM mOCOOMU COIEPKUTCA MaTEPHUAJ BECEHHETO CEMECTDa
kypca "MareMaTutuecKue MOJEIM SKOHOMUKHK', IHTAEMOTO CTYIEHTAM
MEXaHUKO-MaTEMaTHUIE€CKOT O d)aKy.HbTeTa 110 CIIEUAINU3AIMUNA aKTyapHO-
dunancosoro anamuza. Comepxkamue mocobusi OXBATHIBAET CJIEYIONIUE
TE€Mbl: MO/IEJIM, OIIMCbhbIBAIONIHNE PbIHKK paSJII/I‘IHOfI CTEeIIeHN KOHKYPE€HT-
HOCTHU; TEOPpUd MTPOU3BOJACTBEHHBIX (1)}/'HKI_[I/IIL/'I7 UMUTAIMUOHHBIC MOJCJIN;
MOJEJIN C HeIOJHOH HH(OopMaIueil.

Yuebuoe mocobue pacCIUTAHO HA CTYAEHTOB-MAaTEMAaTHKOB, CIEIHa-
JIN3UPYIOUTUXCA B 00J1aCTH YKOHOMUKH.

Penemzent — k.d.m.1. I'. B. HocoBcknii

(©Mexanuko-maremMaTndeckuii  Gaxymb-

rer MI'V, 2012 r.



Copnepxkanue

BBenenune 5
1. Mogaenp Baabpaca 1 KOHKYpPEeHTHOE paBHOBecHe 6
1.1. Beemenume . . . . . . .. ... ... 6
1.2. Mogens Banmbpaca . . . . . .. Lo 9
2. HemoaBu>kHbIE TOYKHN OHO3HAYHBIX W MHOTO3HAY-

HBIX OTOOpakeHuit 14
2.1. HemoABUIKHBIE TOUKM . . . . « o o o v v v e oo o . 14
2.2. CKuUMAIOIE OTOOPAKEHHST . « . « « o v o o o o o o & 17
2.3. TeopeMbl O HEMOABUAKHBIX TOYKAX OJHOZHATHBIX
OTOOPAXKEHUHM . . . . . . . v v v v i v et e 19

2.4. Teopembl O HEMOABUKHBIX TOYKAX MHOTOZHATHBIX
OTOOPAZKEHIM + v v v v v v v e v e e e e e e e e 22

KoukypeHTHOe paBHOBecue B Mojiejiu dppoy—ledope 30

Mogenb dppoy—edbpe u ontuMasabHOocTh o IlapeTto 43

. KOHKypeHTHoe paBHOBeCHE B MoOJdeJIA Baﬂb,[[a*

Kaccens 48

Mo,qe.m) paBHOBeCHUd C TapaHTUPOBAaHHBbIMU J0XOoJa-

Mu 61
Teopus urp. PaBuoBecue Hama 65
7.1. OCHOBHBIE ONIPENEIEHUS] TEOPUU UTP . . . . . . . . . 66
7.2. KOHEYHBIE UIPBI . . . « v v v v v v e v e e e e 69
7.3. DBeCKOHEYHBIE UTPBI . . . .« v v v v v v v e e e e 71
7.4. PaBuOoBecume B OECKOHEUHBIX UTPAX . - . « - . . . . . 73
OnruMu3anuoHHbIE MOJEJN IPOU3BOACTBA 77
8.1. Moaeab MOHOMOJUCTA . . . « « « o o o o e et 77
8.2. VYpamuenus ditmepa—J/larpamxa . . . . . . ... ... 78
Teopust Tpou3BOACTBEHHBIX (DYHKI[UN 82
9.1. Oumnpeaenenne npou3BOACTBEHHbIX (DyHKIMANE . . . . . 82
9.2. Heoxksaccuyeckne npon3BOACTBEHHbIE DYHKIMH . . . 85



9.3. DaacruuHocTb 3amenbl pakropoB. CES-byukmuun . 87
9.4. Mozenu TeXHHIECKOTO MPOTPECCA . « .+ « « « o . . . . 89

10.MopgesmpoBaHue NPOIECCOB pacnpe/iejeHns Kanura-
JIOBJIOYKEHMM 91
10.1. ITpuamun makcumyma HoaTparusa . . . . . . . . . . 95
10.2. Ilpumenenune npunnumna makcumyma llonrpsaruna k
UCCJIEIOBAHUIO 33a49u 00 ONTHMAJLHOM PACIpeIe-
JIEHUN KAIIUTAJOBIOXKEHU . . . . . . . . . . . . . .. 98

11.9KoHOMHUKO-MaTeMaTUudeCcKne MoJeJ/qim C HeolIpeae-

JgeHHbIMU (bakTOopamu. VIMuTarimoHHbIEe MOIEJIA 100
11.1. Mogenb co ciaydaiiubiMa GaKTOpaAMA . . . . . . . . . 100
11.2. Monenu c menosuoit wadopmanmeit . . . . . . . ... 102
11.3. IMUTAIMOHHBIE MOIEIIH . « + « « « o v v e e e e e 103
11.4. Monesns Heftopa . . . . . . .. . .o 0. 105
11.5. Tunsr yeTORYIMBOCTH . . . . . . . . . . . . . . . ... 107
11.6. Heokaccuuaeckas momens pocra Comoy . . . . . . . 108
Samaun 110
JInteparypa 120



Bsegenne

[IpencraBieHHBIN HIKE MATEPUAJ COCTABJISIET COMEPIXKAHIE Be-
CEeHHEro CeMeCcTpa MNUCIUILINHBI "MaremMarndeckue MOJENIH KO-
HOMUKHU'", 4uTaeMOil I CTY[EeHTOB cuenuaiu3anuu "AKTyapHO-
dunancoBbiil aHau3" MeXaHUKO-MATEMATHYECKOro (aKyabrera
MIY. Ilenbio Kypca SBISETCS ABJISAETCS 3HAKOMCTBO CTYJIEHTOB C
MaTEMATHIECKUMHU METOJAMY, MPUMEHSIEMBIMU [IJI MOJEJIUDPOBA-
HUST 9KOHOMHUYECKUX MPOIECCOB M CHCTEM.

OcHoBHAst 9acTh Kypca IOCBSAIIEHA MOJEJISIM, OMUACHIBAIOIIIM
orpacjesbie pbiHKH. B 3aBucuMOCTH OT THUIIA PbIHKA JJIs HOCTPO-
€HUsI W W3YYEHHUsI TOBEIEHUS MOJIEJN MPUBJIEKAIOTCS DPA3IUIHBIE
paszgenbl Maremaruku. Tak, B MEPBBIX IJIaBaxX MOCOOHS PacCMaT-
puBaroTcst Moaudukanuu Moaeu Baabpaca, OMUCHIBAOIIEH PHIHOK
COBEPIIEHHON KOHKYDEHIMH, 76 HA OJIUH U3 YYACTHUKOB HE B CO-
CTOSIHMM CYIIECTBEHHO BJIUATH HA IEHY TOBapa. BEeKTOp 1eH B JaH-
HOM MOIEJIN ONPEeIEsIeTCs KAK TOYKA PABHOBECHS, B KOTOPOi BCe
YIACTHUKY MOJIEJN JeHCTBYIOT ONTUMAIHLHBIM 00pa30M, U I€HCTBUS
nx cbajancupoBaHbl. JloKa3aTesbCTBO CYIIECTBOBAHUS DPABHOBEC-
HBIX II€H B Mozenun Bambpaca Tpebyer mMCIoab30BaHus TIyOOKOro
TOIOJOMUYECKOrO pe3ysibrara — TeopeMbl KakyTaHu O CymecTBo-
BAHUU HEMOIBWKHON TOYKHN y HEMPEPHIBHOIO MHOTO3HAYHOTO OTO0-
PaKeHUs BBIMTYKJIONO KOMITAKTA B CeOs.

OuronoaucTUYecKue PhIHKH, COCTOSTHAE KOTOPBIX OMPeIeIsieT-
csl B3amMOieficTBUEM HEOOJIBIION0 KOJIMYECTBA YIACTHUKOB, MOJIE-
JINPYIOTCSI TIPU TIOMOIIM TeOPUH Urp. l[eHTpa bHBIM TOHATHEM JTAH-
HOTO pa3ena sBjsercs paBHoBecue mo Hsmy — curyamms, B KO-
TOPO# HU OJHOMY U3 YIACTHUKOB MOJIEIN HEBBITOJHO MEHSATH CBOM
BBIOOP. B urpax, MomemupyoIux OUTONON0, paBHOBecHe Mo Ha-
Iy WTPaeT pojib KOHKYPEHTHOro pasHoBecus. Teopema Hama mo-
CTYJIUPYET CYNIeCTBOBAHNE PABHOBECHS JJIsT MMHPOKOTO KJIACCA UTP.

151 omMcaHusi MOHOTIOJIUCTUIECKOTO PHIHKA HUCIOJIb3YIOTCS OIl-
TUMHU3AMUOHHDBIE MOJIETH, B KOTOPBIX IEJeBOH (DYHKIIHEH saBisercs
npUOBLITE MOHOIOJIUCTA, & MEPEMEHHBIME MOJIEJIH CJIYKAT YCTAHAB-
JINBAaeMbI€ MOHOTIOJINCTOM IIeHBbI HA TOBAap. B mpocreiimeii mocra-
HOBKE MOJIEJIb MOHOIOJIMCTA TPEJICTABIAET COOOW KJIACCHYIECKYIO
BApUANMOHHYIO 33/7a49y C 3aKPEIJIEHHBIMA KOHIIAMHU. Y DABHEHUS
Qitnepa-Jlarpanxka 00pa3yOT HEOOXOAUMOE YCJIOBHE ONTHMATHHO-
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CTH IIEHOBOW TPAEKTOPUU B JAHHON MOJIEJIN.

IIpunoxkenne METOMOB ONTHMAJIBLHOIO YIPABJICHUS K HCCJIEI0-
BAHWIO SKOHOMWYECKUX MOJEJell MOTyvJaeT CBOe pa3BUTHE TPHU PacC-
cmotrpennu Mmozenu @. Pamces pacrpesesieHusi KaluTaJIOBJIOXKe-
auit. J7is1 mosydeHus pereHnst B JAHHOH MOIENHM MPUBIEKAETCS
npuHIUI MakcuMmyMa [loHTparnna, mo3BOAMIONIN 1aTh KAYECTBEH-
HOE OIMCaHue AuHAMUKH Mojenun Pamces.

Beenenunio B Teopuio MpPOM3BOJACTBEHHBIX (DYHKIHI TOCBIIE-
ma raa 9. IIpomsBomcrBeHHbIe (DYHKIWH SBAAIOTCSI COCTABHOM
9aCThI0 MHOTHX dKOHOMUYECKHUX MOJee, mpudeM (pyHKITUOHAIb-
Hasg (HopMa WCITOTB3YEMBIX B MOIETUPOBAHUN TTPOU3BOICTBEHHBIX
dbyHKIMA, KaK TPaBUIO, OEPeTcs W3 y3KOTO KJIACCA, TAKOrO Kak,
manpumep, CES-dyukinn. Beenenne B mpon3BoacTBeHHYI0 DyHK-
U0 3aBUCUMOCTH OT BPEMEHH MO3BOJISIeT ONUCHIBATH TEXHUYECKU
mporpecc B cdepe mponu3BOIACTBA.

3apepImaer mocobue rirapa, MOCBAMIEHHAST CTOXaCTHIECKAM KO-
HOMHUYECKH MojiesisaM. VIMeeTcs psa MOAXOIOB, MO3BOJISIONINX pe-
LIATH ONTUMHU3AIMOHHBIE 338491 B YCIOBUAX Heonpeneneaaoct. C
JPYrOil CTOPOHBI, JIjid ONMCAHUS SKOHOMUYUYECKUX CUCTEM C JIOCTA-
TOYHO CJIOYKHOM CTOXaCTUYECKON CTPYKTYPOil HEOOXOAMMO TPUBJIE-
YeHNe YUCJEHHBIX, KOMITBIOTEPHBIX METO/IOB, TAKMX KaK WMHUTAIIH-
orHOEe MOjempoBanue. OIHUM U3 OCHOBHBIX BOIIPOCOB, CBSI3AHHBIX
C YUCJIEHHBIMU METOJAMHU, SIBJISI€TCS BOIPOC YCTORYMBOCTH, KOTO-
pblil o0cyzkaaercs Ha upumepe mozesn pocra Cosioy.

1. Moaeas Banbpaca m KOHKYpPEHTHOE PaBHO-
Becue

1.1. BBegenue Crenyoomuii pa3ies MOCBAIIEH TEOPEMaM O
HEIOIBMKHBIX TOYKAX OJHO3HAYHBIX W MHOTO3HAYHBIX OTOOpazKe-
HUIl ¥ MPUMEHEHWEM THX TEOPeM B dKOHOMUYecKoil Teopuu. Ilo-
SICHUM, TJI€ B MATEMATHYECKON SKOHOMUKE BO3HUKAIOT IIPOOJIEMBI,
KOTOPBIE MOYKHO PEIIUTEH C MPUMEHEHUEM TUX TEOPEM.

Paccmorpum oOImyIo MOmenb 9KOHOMHUKH C ITPOHU3BOICTBOM M
9aCTHOH COOCTBEHHOCTBHIO, OepyInyio cBoe Hadayio or Bambpaca, u
[IOJIY YMBIILYIO0 Pa3BuTUE B OOJI€e O3JHUX KUCCIIEI0BAHUIX.

DKOHOMHYECKAsT CTPYKTypa OOIIECTBA MPEINONIAraeTCs COCTO-
AIeil U3 IBYX CEKTOPOB: ITPOM3BOCTBEHHOIO CEKTOPA W CEKTOPa
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norpebennsa. Cexkmop nompebieHus MOKHO TPEICTABIATL cede
KaK COBOKYIIHOCTb BCEX UHIUBHJLYYMOB, COCTaBJIAIONIUX OOIIECTBO,
a TaKKe yUPexK/IEHWH, HEe yYaCTBYIOUIMX HEIOCPeJICTBEHHO B IIPO-
u3BoACTBe. [IpoussodcmeenHbill cexmop COCTOUT U3 OTAEIBHBIX OT-
pacJjiei, BBICTYTAIOMUX B KadecTBe mpowm3Bomureseil. Onun u ToT
Ke 0ObEKT MOXKeT (DUTYPUPOBATH U KaK MPOU3BOIUTENb, U KaK IM0-
TpeOUTEND.

ToBapbl Takzke uMeOT ABOAKUi Xapakrep. OuHa rpyia To-
BApOB, KOTOPhIE MBI OyIeM HA3BIBATH NPOJYKMaMU NPOU3BoICcMmea,
XapaKTEePU3YeTCs TEM, 9TO KaXKIbIA N3 HUX MOMKET ObITh MPOU3-
BEJeH B IIPOM3BOACTBEHHOM CEKTOPE: METAJLI, MAIIUHBI, 3JIEKTPO-
sHeprus u T.n. Jpyras rpyiia TOBapoB, HA3bIBAEMAHA NEPEUUHBLMU
Parmopamu, COCTOUT U3 TAKUX TOBAPOB, KOTOPbIE LIPOU3BOICTBEH-
HBIM CEKTOPOM He BBIMYCKAIOTCS: TPYI, 3€MJIsS U T.1I.

IlepBudambie HaKTOPHI ABASIOTCSI COOCTBEHHOCTHIO MOTPEOHTE-
Jieil, KOTOpbIE UX IPOJAIOT C LEJbI0 IPHOOPETEeHNs IPOLYKTOB IIPO-
HU3BOJICTBA.

IToTpeburesh, HAXOAACH B pAMKaX OIOIYKETHBIX OrPAHUYEHUI,
CTapaeTCs MOJIy9UTh MAKCHMAJIbHOE YIOBJIETBOPEHUE OT BhIOMpae-
MOr'O MM aCCOPTHUMEHTa TOBAapOB.

IToBemenne mpomsBOAUTENEl XAPAKTEPU3YETCS CTPEMJIEHUEM
MaKCHMWU3UPOBATH MPUOBLIL OT MPOU3BOJICTBA, SBJISIONIYIOCST pa3-
HOCTBIO JIOXOZA OT MPOJAYKYU MPOU3BEICHHBIX POJLYKTOB U 3aTpaT
Ha npuobpereHre IepBUYHLIX (PAKTOPOB U APYTUX IPOAYKTOB Ha
ocyuiecTBieHne npouspoicrsa. OnucaHHas CTPYKTypa CXeMaThud-
HO lIpeJicTaBjieHa Ha puc. 1.

Wrax, MbI MPEINOIATaeM, YTO KaXKIbIH U3 yIaCTHUKOB YKOHO-
MUKHA MAaKCHMHU3UPYET HEKOTOPYIO BEIUYUHY IPU ONPEIeIeHHBIX
OrpaHUYEHUsIX, [IPUYEM U lejeBas (PYHKIUs, U OlPAHUYEHUs 3a-
BHUCAT OT IIEH Ha TOBAapbl U LepBUYHbIEe (DAKTOPLI B HALIEH CHCTEME.
Bosee Toro, mpeanosaraeTcs, 9To KaXKIbIH yYACTHUK SKOHOMUKH
MMACCUBHO MPUEMJIET CYIIECTBYIOIIYI0 CUCTEMY II€H, HE MbITAsCh HA,
Hee BIMATH (4T0, BOOOIIE IOBODS, HE BBIINOJIHAETC IIPU HAJTUYUH,
HAIPUMED, MOHOIIOJINIA).

[ennb HA TPOAYKTHI U IePBUUHBIE (DAKTOPHI HA3BIBAIOTCS PAGHO-
6ECHBLMU, €CJTA TPOM3BOIUTE/N U TTOTPEOUTE N, TeHCTBYIONIINE HAN-
JIydmuM ijisi cebst 00pa3oM, coo0pa3ysch IMPU ITOM C OI0I>KETHBI-
MU OFPaHMYEHHSAMH, OOECIIEYNBAIOT TAKOE IIOJI0KEHHE Belleil, Koraa
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IIPON3BO/I- TOBAPBI: CEKTOP
PO N —=>|
CTBEHHBIA[ | eppim
IIOTPEL-
CEKTOP JIEHUS
TPOU3BO-
JICTBA
~~— -
Puc. 1.

CIPOC HA KAXKIBIH MPOAYKT U (PAKTOP HE MPEBOCXOIUT €ro MPEeio-
JKEHUS.

OcHoBHOIT BOpOC B 00IIEH MO/IEIN SKOHOMUKU — CYIIECTBYIOT
JIN PaBHOBECHBIE TIEHBI? — KJAJI CBOETO peleHust boJiee MoIyBeka,
¥ OTBET Ha HErO OBbLI TOJIyYeH Juiib B ocaemaane 40 jser. Huxke mbr
M3I0XKAM Ha (popMaTbHOM SI3BIKE MOIETh Bagbpaca u paccMOTpuM
JIBe ee PA3HOBHIHOCTH NPU PA3JUIHBIX OTPAHUYCHHUAX HA COCTAB-
Hble KOMIIOHEeHTbI Mozesu. [lepBas u3 nux, npejnoxennas Kacce-
JtleM, O6JIM3Ka K MOJENH, paccMoTpennoii Bamsaom. Bropast, Hanbo-
Jlee W3BECTHAs B HACTOSIIEE BPEMsi, — ITO MOIeIb Jppoy—ledpe.
1 HUX MBI TOKAYKEM CYIIECTBOBAHWE PABHOBECHSI.

OrMeruM, 9TO MpU JOKA3ATETbCTBE CYIIECTBOBAHUS DABHOBE-
CHsl CYIIECTBEHHO HCIOJb3yercsa Teopema Kakyranu, obobImaroras
Teopemy Bpayapa o HEMOABHIKHON TOUKE OJHO3ZHATHOTO OTOOpasKe-
HUS HA CJIydYail MHOTO3HAYHBIX OTOOpaykenuil. Ilosromy mian Ha-
X OJIMKANIINX [JIAB TAKOB.

Cuagana Mbl gaauM hopMaTbLHOE ONUCaHue Mojen Banbpaca u
PABHOBECHBIX II€H, TEM CaMbIM C(OPMYJIUPOBAB OCHOBHYTO 3314y,
3aT€M Mbl KOCHEMCSI OCHOB TE€OPHUH HEINOJIBUZKHBIX TOYEK OIHO3HAY-
HBIX (QYHKIHN U, B 9aCTHOCTH, chopmyaupyeMm teopemy Bpayspa,
KOTOPYIO OKaXkeM B mpocreiiiem caydae. [locie Mbl HamoMHUM
OTIpeJIeIeHne MHOTO3HAYHBIX OTOOpaykeHuit U cpopMyIupyeM Teo-
pemy Kakyramnu, u, HAKOHEI[, IPUMEHUM Pa3PAOOTAHHYIO TEXHUKY
K JIOKA3aTeIbCTBY CYIIECTBOBAHUS PABHOBECHS B MOJeJIsiX Basbia—
Kaccenst m 9ppoy—/ebpe.



1.2. Mogaens Bagbpaca s onucannss SKOHOMAYECKOHN e-
SITETLHOCTH YYACTHUKOB SKOHOMUKHU OMPEJIEIAETCS TPOCTPAHCTBO
toapos R = {(x1,...,2,)|2; > 0}, B kOTOpPOM 10 7-0ii OCH OT-
KJIa/IbIBAETCSA KOJIMYECTBO 4-OT0 U3 MMEIOIIUXCsS TOBAPOB (TpeIno-
JIaraeTcs, 9To JJIst KayKI0TO TOBAPA, BHIOPAHA HEKOTOPAs €IWHUIIA
U3MEPEHHUsI €r0 KOJUYECTBA). DJIEMEHThI IPOCTPAHCTBA TOBAPOB Ha~
3BIBAIOTCS NOMPEOUMEAbCKUMU HAOOPAMU.

Hanee, [js KaxKI0TO MOTPEOUTEsIS MBI PACCMATPUBAEM MHO-
xkectso X C R Bcex morpeburenbckuX HabOOPOB, JOCTYIHBIX
JIAHHOMY [OTPEOUTENI0 M MPUTOAHBIX JJid HEro. DTO MHOXKECTBO
X MBI HA3BIBAEM MHOHCECTIEOM NOMPEOAEHUA UTH NOMpedbument-
ckum mHoocecmeom. Ha moTpedMTeIbCKOM MHOXKECTBE MBI OMpe-
JenseM PGYHKUUIO NOAE3HOCTIU, BBIPAXKAIOIIYIO MPEJNOYTEeHHE T10-
TPeOUTENST OHOTO TMOTPEOUTENHCKOrO HAbOpa Mmepes APYTUM: deM
6osbIIe 3HaYeHne (DYHKIMU TOJIE3HOCTH, TEM BbIIIE MPeIOITeHne
norpeburesns JAHHONO HoTpedbuTenbcKoro nabopa. Kpome toro, y
KaXKJIOrO TIOTPEOUTE IS TTPENOJIaraeTCsi HEKOTOPBIN JOXOJ, BhIpa-
Kaomuiica B Hajmuuu y norpeburena kanuraia K(p), 3aBucs-
Iero, BOOOIIE TOBOPsI, OT CJAOKUBINEHCS cucTeMbl ieH. Mbr Oymem
[IPEII0JIaraTb, 4YT0 GyHKyus d0x0da CKIAIbIBACTCA U3 JIBYX KOM-
[IOHEHT: OT HPOJAXKK HOTPEOUTEIEM HAYAIBHOIO 3a11a¢a TOBAPOB b,
CTOMMOCTH KOTOPOTO paBHa (p, b) (Ipu 1eHax p), ¥ HEKOTOPOTO 10~
xona I(p), BO3HUKAIOMIErO, CKAsKeM, B PE3YJIbTATE yIaCTUd TOTPEe-
OuTeNst B J0XOJAaX IIPOU3BOJICTBEHHOIO CeKTopa. TakuMm obpa3oM,
nmeem: K (p) = (p,b) + I(p);

ITo norpebuTensckomy MuoxkecTsy X C R”}, dbynknum nomesno-
cru u(x) u bynkuun noxona K (p) cTpouTcs MHOrO3HAIHOE OTOOPA-
JKeHme, HasbiBaeMoe dynxyuets cnpoca P(p), caenyiommum oOpazom.
O6o3unaunm yepe3 B(p) GiomxerHoe MHoxkecTBo {x € X | (p,x) <
K(p)}, T.e. MHOXKECTBO BCEBO3MOXKHBIX HAOOPOB TOBAPOB, JOCTYII-
HBIX TTOTPEOUTEIIO IPH TeHax p. Torma

®(p) = {z € B(p) | ulr) = max u(a’)}.

Nubivu coBamu, ®(p) — 3TO MOAMHONKECTBO MOTPEOUTETHCKO-
0 MHOXKECTBa X, COCTOSAINEE W3 BCEX TOBAPHBIX HAOOPOB, KOTO-
pble HarboIee MOAXOAAT TOTPEOUTENTIO TIPK 33TAHHBIX OI0IKETHBIX
OrpAHUYEHUSIX.



Wrak, Oyaem cuumTarh, 9TO B HAIEH MOIEIN MMEETCs | moTpe-
ourenei, mpuIeM i-blif TOTPEOUTETb XapaKTEPU3yeTC:

e CBOMM TIOTpeOHTeTbCKUM MHOXKecTBOM X; C R} ;

o dynknueit noxona K;(p) = (p,b;) + I;(p), 3aBucameii or cu-
cTeMBl IIeH p € R" Ha HMEIOMMECa TOBAPHI W CKJIAILIBAIO-
melica u3 JOXOJO0B OT IPOJAXKH HAYAJIBLHOTO 3aIlaca TOBAPOB
b;, u moxozna I;(p) or ydactus B J10X0JaX MPOU3BOACTBEHHOIO
CEeKTOpA;

e dbynkuueii nonesnocru u;(p): X — R,

Paccmorpum Teneps cTpyKTypy mpom3BoicTBa. lIpexkie Bcero,
KaKJI0€ POM3BO/ICTBO XAPAKTEPUBYETCSE CBOUM METHON02URECKUM
mroocecmeom Y C R™) T.e. MHOXKECTBOM TEX TOBAPOB, KOTOPHIE
OHO MOYKET ITPOM3BECTH, 33, BBIY€TOM ITOTPEOIIEMBIX P STOM TOBA~
poB (MHOXKECTBOM IIPOU3BOJCTBEHHBIX IjIaHOB). Jajee, mocrponM
10 MHOKECTBY Y MHOIO3HAYHOE OTOOparKeHue, Ha3bIBAEMOe (k-
yueti npedaooicenus ¥(p), U3 IPOCTPAHCTBA IEH B IIPOCTPAHCTBO
TOBAPOB:

U(p)={yecY|{py = glgg;(p, Y}

Nubivu cnosavu, ¥ (p) SBIASETCS TOIMHOKECTBEOM TEXHOJTOTHIECKO-
'O MHOXKECTBA, COCTOSIIMM U3 TEX TOBAPHBLIX HAOOPOB, KOTOPbIE IIPH
ueHax p HauboJiee BbINOJAHO POU3BOAUTL (MX MOXKHO [POAATH 11O
MAKCUMAJILHOM TIEHE).

Urax, OymeM mpeanosararh, 9T0 UMEETCS 1M TIPOU3BOJICTB, TPH-
9eM j-0€ TPOM3BOJCTBO XapaKTEPU3YETCs TEXHOJOTMYECKUM MHO-

n .

xkecrBoM Y; C R™ u dyukuueit npemnoxenus V;(p).

Yrobb! onucaTh CHCTEMY B IIEIOM, MBI BBEJIEM CJEAYIONHE 00b-
€KTBhI.

Onpenenenue. CoBOKYNHLIM METHOAOLUMECKUM MHOHCECTNEOM
Y MBI Ha3bIBAEM MHOXKECTBO

SYi={yeR y=> "y, y; € Vi),
j=1 j=1

a Pynryuet Yo(p) cosokynroezo npedrostcenus npoussoocmeertozo
cexmopa — dyuxmmo Y70, Ui (p).
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Y1006b1 000CHOBATH KOPPEKTHOCTH MEPEX0IA K COBOKYITHBIM 00b-
€KTaM, JOKaxKeM CJIEAYIOIee IPeIIOoKeHTe.

IIpennoxenne 1.1 ITyemv Ui(p) — mmoscecmso naanos, on-
MUMGABHHLT C TOYKY 3PEHUA 6CE20 NPOU3E0ICTNEERH0Z0 CEKMOPA,
m.e.

Uo(p) ={y €Y | (py) = g}gg(p, y)}.

Tozda Wi(p) = 3752, ¥i(p) = Wo(p). Apyzumu caosamu, naano,
ONMUMAALHBLE € TOUKY 3PEHUA 6CE20 NPOUZE00CTNEEHNHOZ0 CEKMO-

pa, onmumansrbrdv, U C MOYKU 3PEHUA omoeabHo20 npouseodume./m.

HokasarenbcrBo. [eiicrButensno, nycts y € UE(p), Torma y =
Z;”:l yj, rae y; € Y;. Ilokaxem, aro y; € ¥;(p), r.e. ¥i(p) C
251 Y5(p)-

Has xaxmoro j = 1,...,m sribepem mponssombHoe y; € W(p).
Nmeem:

m

y) = (0. Y _yi) =Y _(p,yy) < Zp,yj .Yy <
= =1 i=1

Jj=1

1I09TOMY Z;n Upsy) = Zm:1<p ), M TaK KaK JUis KaXKJIOro j =
1,...,m Bemosusercsa (p, yj> < <p, y;), mveem: (p,y;) = (p,y;), T.e
yj € ‘I/ i(p)-

O6paTHO, BbIGEpeM mpousBosbibie y; € ¥;(p), u momoxuM y =
> i1y Torma st moGoro y' € Y, y' = 3770, ), tie y) € Y,
BBINIOJIHACTCS

n n
() = _p.vf) <D poyi) = (py),
j=1 j=1

nosromy y € Wi (p), n, 3HaunT, Z;nzl U;(p) C ¥§(p). lpenmoxenne
MOJTHOCTBIO JIOKA3aHO.

Takum 0Opa30M, MBI MOYKEM XapaKTEPU30BATH BECHh MPOU3BOJI-
CTBEHHBIN CEKTOP COBOKYITHBIM TEXHOJOTMYECKAM MHOXKECTBOM Y 1
dbyukuueii copokynuoro npezoxenus Wo(p), 3a6biB 00 OTHAEIBHBIX
MTPOUBBOIUTESIX.
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Ianee, MBI OyJeM CUATATh, YTO BECh IOXOJ MPOM3BOICTBEHHO-
rO CeKTOpa, T.e. Benmauua (P, y) mnsg modoro y € Yo(p), nenmurca
MEzK/Ly HOTpebHTesIaMu:

l

(py) = Li(p), vy € Vo(p).

i=1
Omnpegenenne. Habop (v5,. ..,y 2}, .., 2, p") HEOTpHIATEND-
HBIX BEKTOPOB HA3bIBACTCS KOHKYPEHMHbIM DAGHOBECUEM, €CITU
* * .
Z/J E\IJJ(p )a J :1,...7771,
(meficTBUS IPOU3BOAMUTEJISI ONTUMAJILHDI)
* * .
x; € ®;(p*), i=1,...,1,

(neficTBust noTpedbUTesIs ONTUMAJIBHbI)

(1)

(2)

a TaK¥Ke BBIMOJIHSIIOTCA COOMHOUWEHUA OANAHCA cnpoca u nped/w—
HCEHUA:

l m

i=1 j=1 i=1

(crpoc He IPEeBBINIAeT TPEJIOKEHN S )

l m l
i=1 j=1 i=1 (4)
(cTOMMOCTH KYIJIEHHBIX U [IPOJAHHBIX TOBAPOB PABHDI)

Omnpenenenne. Bekrop p* — KOMIIOHEHTa KOHKYPEHTHOT'O PABHO-
BECHUsI — HA3BIBACTCS GEKMOPOM PAEHOBECHBLET UCH.

VuuThiBasi, 9TO B HAIlEll CHCTEME MPOJAIOT TOBAPHI HE TOJIb-
KO TIPOU3BOIUTEH, HO U TIoTpeduTesu (i-biil MOTpedUTe H IPOIaeT
TOBapHbBIA HAOOD b;, CM. BbIIIE), OUPEAETUM BYHKUUIO COBOKYNHO-
20 npedaosicenusn V(p) xak cymmy dbyuxmuun Uo(p) coBoxymHOro
TTPEIJIOYKEHN ST TTPOU3BOICTBEHHOTO CEKTOPA M BEKTOPA b = Zi‘=1 b;,
YUIUTHIBAIOIIETO COBOKYIHYIO MPOJAXKY TOBAPHBIX 3AMACOB BCEMMU
MOTPEOUTEIAMMA:

U(p)=b+ Z‘I’j(p), b= Zb

12



Kpowme roro, onpenenum dynryuro (p) cosorynnozo cnpoca xKax
cymmy PYHKIHH CIIPOCA OTHAETbHBIX MOTPEeOnTENNeH:

flcHO, 9TO MHOXKECTBOM 3HAYEHHI MHOTO3HAIHOIO OTOOPAKEHMUS
U(p) aBnsercsa coseoxynmnoe nompebumenvcroe mmoxcecmeo X =
1
Zi=1 Xi.
Ormerum, uro pynkuuu P(p) u ¥(p) cBA3aHBI €CTECTBEHHBIM
COOTHOIIEHUEM.

Ipeanoxenue 1.2 /Tas moboiz v € ®(p) uy € U(p) umeem:

(p,x) < (p,y)- (5)

Hrvimu CA0B8AMU, 68 CTMOUMOCIMHOM BblPAHCEHUU, CTIPOC HE NPEBDL-
waem npea/wo;‘cenuﬂ.

JokazaTeabcTBo. B camom gese, BbiOepeM TPOM3BOJIBHBIN T €
®(p) u npencraBuM ero B BUAE T = » ., &, rae z; € ®;(p). Ilo
onpenenennto byukuun D;(p), umeem: z; € B;(p) = {2’ € X; |
(p.2") < Ki(p)}, rae Ki(p) = bi + I;(p), mostomy (p,x;) < (p, b;) +
I;(p). Cymmupys 110 4, morydaem

l

(p.x) < (p,b) + Y _ L(p).

i=1

C spyroii croponbl, ecii y € ¥(p), To, NO ONpejeNeHuIo, §y =
b+ 3271 Yy, e yj € Wj(p). OBosmanmm wepes yo cymmy 50, yj.
ITo upengrozkennio 1.1, yo € Wo(p), U, B CujIy HAILETO HPEIIOI0KE-
HUsl, 9TO BECh JOXOJ, MPOU3BOACTBEHHOTO CEKTOPA, JETUTCH MEKITy
MOTPEOUTETAME, TMEEM: 22:1 I;(p) = (p, yo)- Orcroga 3ax/ar0uaeM,
aro (p,y) = (p,b) + 22:1 I;(p). lpenmoxkenne nOKA3aHO.

Onpenenenune. Coornomenne (5) Ha3BIBAETCA 3akonom Baavpa-
ca 6 WUPOKOM CMBICAE CA08a. Ecam B cooTHOmEHnH (5) 3aMEHUTH

HEPABEHCTBO Ha PaBEHCTBO, TO MbI IOJIYIUM 30AKOH Bam)paca 6 Y3-
KOM CMDBLCAE CAOBQ.
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Cdopmyaupyem Temepsb OnpeIeieHne KOHKYPEHTHOTO PABHOBE-
cust B TepMHHAX (DYHKIUI COBOKYITHOTO CIIPOCA U MPEJIJIOKEHHS.

Ounpenenenune. HaGop (y*,x*,p") Ha3bIBAETCA KOHKYPEHIMHBbIM
PABHOBECUEM, €CITH

y* € ¥(p), (6)
x* € ®(p), (7
r* <y, (8)
(p*,2") = (p",y"). 9)

Hanee, MbI paccCMOTPUM CJayUail OSHOBHATHBIX OTOOParKeHHit,
chopmyaupyeM u J0KazkeM TeopeMmy Bpayspa, 3arem mepeiinzem K
MHOI'O3HAYHBIM OTODpazKeHusM u Teopeme Kakyranu, u, HAKOHEII,
pacCKaXKeM, KaK MTPUMEHSIOTCS 9TH TEOPEMbI B SKOHOMUKE.

2. HenmoaBu>kHble TOYKN OJHO3HAYHBIX M MHO-
rO3HAYHBIX OTOOparkeHuii

2.1. HenonBu>kHble TOYKMN B Hacrosiem pasese Mbl pac-
CMOTPHUM OCHOBHBIE [IOHATUS TEOPUU HEIIO/IBUKHBIX TOYEK 0T0Opa-
JKEHUH ¥ MPOUJIIIOCTPUPYEM HA, TIPUMEPAX HEKOTOPHIE MPUJIOKEHIS
ITUX ITUX NOHATHUM.

IIycts X — npowussosibHOe MHOXKeCTBO, U [ : X — X — Heko-
TOpOEe OTOOpaXKeHusT MHOKeCTBa X B ceds.

Onpenenenune. Touka o € X HA3BIBAETCH HENOOSUHCHOT TOY-
Koti daa omobpasicenus f, ecrm f(xg) = xo.

IIpumep (3apaua, cBa3aHHaAsl ¢ PelIeHWEM yDaBHEHWI).
[Iycts F' : R® — R"™ — nekoropoe orobpazkenwme. Paccmorpum
ypasuerne F'(x) = 0. Pemenne 3T0ro ypaBHEeHUSI MOXKHO CBECTH K
HAXOK/ICHUIO HEHOJBUKHON TOYKH, €CJIM 3aMEHHTb OTOOparkKeHue
F na orobpaxenue G, rakoe uro G(z) = F(x) + x.

JeiicTBuTeNbHO, eciiu xg — pelienue ypasaenus F(x) = 0, T.e.
F(zo) = 0, 70 9 — HenoaBukKHasg TOYKa OTOOpazkenus G, Tak
kak G(zg) = F(zg) + 29 = x0. Paccyxnenns B 06paTHyIO CTOPOHY
HOJTHOCTBIO AHAJIOTUYHBL.

IIpumep (3asada HaxoXKJeHUs PABHOBECHBIX HeH). Ilycrh
Ha PBIHKE UMEETCS TOBapP, ¢ — KOJIMIECTBO 3TOTO TOBAPa, U P — €ro
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i
i

L

B P
Puc. 2. Ilouck paBHOBeCHOII IeHEI

nena. O6ozuagum yepe3 p = s(q) OYHKIMIO TPEIIOKEHNUS, & YEPE3
p = d(q) — dynkuuio cnpoca. Tpebyercsa HaliTH TAKOE KOJIUIECTBO
TOBapa (o, IPU KOTOPOM II€HA, KOTOPYIO IOTOB ILIATHTH IIOTPE-
ourenpb, T.e. d(qo), coBmaganma Obl C IEHOH, KOTOPYIO HA3HAYAET
LIPOM3BOAUTEND, T.€. ¢ $(¢o). MHbiMu ciioBamu, Tpebyercd HaiiTu
Touku mepecedenusi rpadukoB GbyHKIHA § u d. XapaKTepHbIE
rpadbuKH IPUBEIEHBI Ha PHC. 2.

OTa 3a/1a9a €CTECTBEHHO CBOAUTCS K PENICHUTO yPpaBHeHus $(q)—
d(q) = 0. Kak u B npumepe 2.1, CBOIUM pelleHne 3Toro ypaBHeHUs K
HAXOKICHUI0 HeroaBuzKHoi Touku dpyukuuu g(q) = d(q) —s(q) +q.
NTaK, MBI MOYKEM CTPOUTH PA3HBIE MOIEN /71T HAXOMKICHUS PABHO-
BECHOTO COCTOSTHUIA PHIHKA, M, UCHOJIb3ys TTOKA3aHHBIH BBIIIE METOI,
pas3perarhb ux.

IIpumep (Peienue cucrem guddepeHuaibHbIX ypaBHEHHUIT).
IIycrs mana cucrema audepeHnuatbHbIX YPABHEHHH ¢ 3aIaHHBIM
HAYAJIBHBIM YCJIOBUEM:

&= f(z,t)

£(to) = 0 zeR" (10)

Paccmorpum oneparop
t
A:zt) = a0+ [ f(z(s),s)ds,
to

JeficTBYOMU# Ha MPOCTPAHCTBE BCEX HENMPEepPBIBHBIX R™-3HAUHBIX
bynxmuit Cla,b], onpenenennbix Ha oTpeske [a,b]. dTOT oneparop
HazbIBaeTCa onepamopom Iukapa.
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Dyukiys z(t) asisgercs pemenuem cucrembr (10) Toraa u ToJib-
KO Torma, Korga Z(t) ABISeTcs HemOABUIKHON TOYKON omepaTopa
IMukapa. eiicrBuresnbho, ecin x(t) — HENOABHXKHAA TOYKA IS
oneparopa [Iukapa, To BeITTOTHAETCS

x(t) = xo +/t f(x(s),s)ds. (11)

Iosromy z(tg) = x¢ u, mudbdepennupys ypasuerne (11) no ¢, no-
aygaem &(t) = f(z(t),t), uro m TpeboBamock. JJoKkazaTeabCcTBO B
00paTHYIO CTOPOHY TMOJIy9aeTCs aHAJIOTHIHO.

0060061KM onpeaeneHne HenoABUKHOM rouku. Ilycrs X — mpo-
U3BOJIbHOE MHOXKeCTBO, u f : X — X — orobpazkeHne MHOKECTBA,
X B cebs. Paccmorpum n-yio urepanuio f orobparkenust f:

fr'@) = fUFSCf@)--0)
—_——

n pa3

Onpenenenne. Touka o € X Ha3bIBAETCS YUKAUUECKOT OAA
omobpasicenus f, ecim Jjisg HEKOTOpOro mejaoro n > 0 wmmeewm:
f™(x0) = 2. Kaxxmoe Takoe n HASBIBAETCS NEPUOOOM.

IIpumep. Ilycts f: St — S! aBngerca moBOpOTOM CTaHZAPTHOM
oxpyxuocta S ma yron /4. Torma mobas Touka r¢ € S apiaa-
eTCs IUK/INYECKOi, a HAaMMEeHbIIHi 11epro/i paBeH 8.

Onpepenenne. IlogvuoxkecTBo Y C X HA3BIBAETCS UHBAPUAHIT-
HoLM nodmmoscecmeom omobpasicenus f, ecm f(Y) C Y, Te. nus
mroboro y € Y eemomasierca f(y) € Y.

TpuBHaIbLHBIM IPUMEPOM HHBAPUAHTHOIO TOIMHOXKECTBA, ABJIsI-
€TCdA BCEe MHOXKECTBO X .

IIpumep. Paccmorpum orobpaxkenue f : S — S, apnmomeecs
HOBOPOTOM Ha yTOJ T/, TAe ( — IPOU3BOJIBHOE UPPAIHOHATLHOE
aucno. Torma st 060 ToYkE Tg € S' MHOXKECTBO TOYEK BHIA
f™(z0) TO BCeM BO3MOXKHBIM 7@ 0OPA3yeT BCIOAY MJIOTHOE WHBAPH-
aHTHOE MOMHOYKECTBO, He COBIIAIAIONIee CO BCeil OKPYIKHOCTLIO S .
Orciona 3akjo4yaeM, 9To oTobpaxkenue f, 00/1a1as MHBAPUAHTHBI-
MU MMOJIMHOKECTBAMHU, HE MMEeT HU OJHON HEMOIBUKHON TOYKH.
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ITpumep. Ilycrs ma obmactu U C R™ 3a7aH0 BEKTOPHOE TOJIE V.
Paccmorpum muddepennumansaoe ypasHenwe @& = v(r), W mycThb
2(t) — peleHue 3TOro ypaBHEHHs ¢ HaYaJbHBIM ycjaoBueM (tg) =
zo. CTpammBaeTcs, KOTIa oo ABISETCS HEMOIBUKHON TOUKOIA, T.e.
korma x(t) = o mag Ja60ro ¢ u3 06JACTH ONPEIEIeHNs PEIeHUs
z(t).

IMpomuddepentpposas z(t) 1Mo ¢, MOJTyYUM, 9TO Lo HEMOIBUK-
Has TOYKA €CJIU U TOJLKO ecau & = 0, orkyma v(xg) = 0.

Onpenenenune. Touka x¢g € U Ha3bBaeTCs HENOOSUNHCHOU WU
0c0001, TOYKO# BEKTOPHOTO TOJIA U, €CIH BEKTOPHOE IoJie v 00-
palaercs B 3TOi Touke B HOJb: v(xzg) = 0.

Paccmorpum fasee HeKOTOPHIE YCIOBHUST, TaPAHTUPYIOIINE CYIIe-
CTBOBAaHUE y JAHHOTO OTOOPAXKEHUs HEMOIBMKHON TOUKHU, 8 TAKKE
€/INHCTBEHHOCTh TAKON TOUYKW. [[jisi 9TOr0 BBEAEM BAaXKHBIN KJIACC
0TOOpaKEHN — TaK HA3BIBAEMbIE CXKUMAIOIINE OTOOPAXKEHMSI.

2.2. Cxwumaromniue orobpakeuus Ilycrs X — merpudaeckoe
MPOCTPAHCTBO. HamoOMHUM, 9TO MEMpuueckum nNpPoCMpPAHCIMEOM
Ha3bIBAETCS MHOXKECTBO X BMECTe C 33JaHHOI HA MapaX TOYEK U3
X BemecrBennoil dyunkimeil p(x,y), yIOBIETBOPAIOMIEH CIIELYIO-
UM AKCHOMAM:

1) p(z,y) > 0, npuuem p(x,y) = 0 TOrma U TOJBKO TOTJA, KOTIA
=y (HOJIOKUTEIbHAS ONPEIEIEHHOCTD );

2) p(z,y) = p(y,x) (cMMMETPUIHOCTS );
3) p(x,z) < p(z,y) + ply, z) (HEPABEHCTBO TPEYTOIBLHUKA).

Jlanee, mocsen0BaTeIbHOCTL TOYEK X1,T32,... U3 METPHIECKOIO
mpocTpancTBa X HA3BIBACTCA PyHIAMEHMAAbHOT, WU N0CAeI06a-
meavrocmvro Kowu, ecnu ayist mroboro € > 0 CymecTByeT Takoe
N, aro mpu 00X m,n > N BBINOJIHIETCS CJIEIYIONIEe YCAOBUE:
P( T, Ty) < €. Merpuueckoe MPOCTPAHCTBO HASBIBACTCA NOAHbLM,
ecim 0bast (PyHIAMEHTANbHAS OCIEI0BATENBHOCTh UMEET Ipe-
JIed.

Omupegenenne. Orobpaxkenune f : X — Y Merpudeckoro mpo-
crparctia (X, px) B Merpuueckoe mpoctpanctso (Y, py ) Ha3bIBa-
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eTCS COCUMANOULUM, ECITA CYTIIECTBYET TaKOe HEOTPHUIATEILHOE YUC-
jo k < 1, 9ro mjist m0bObIX T1,To € X

py (f(z1), f(x2)) < kpx (w1, 22).

Ipeanoxenne 2.1 Cocumarouee omobpastcerue HenpepuleHo.

HokaszareabcrBo. [lycts f : X — Y — npousBosbHOE CKUMa-
fo1ee 0ToOpaXKeHue, © — Mpou3BoJIbHaA Touka u3 X, u y = f(x).
Bribepem mpoussosibaOe € > 0, U mokazkem, 9to cyimecrsyer 6 > 0,
a1 Koroporo f-obpa3 d-okpecrHoctu U TOYKH T JIEXKHT B E-
okpecTHOCTH V TOYKH Y.

ITonoxum 6 = e. Torma naa mroboit Toukn =’ € U, mo ompene-
nenwio, mmeeM px (z,2’) < § = e. Tak Kak oroOparxkenue f CKu-
matomee, To g Hekoroporo 0 < k < 1 umeem py (f(z), f(2')) =
py (y, f(2") < kpx(x,2') < &, mosromy f(z') mexur B V, uto m
TpebOBAJIOCH.

Teopema 2.1 ITycmo (X, p) — npouseoavhoe mempuseckoe npo-
CMPAHCMBO0.

1) IIyemv f @ X — X — cocumarowee omobpasicenue. Tozda
y omobpasicenus [ umeemcs ne boaee 00HOUT HENMOIBUHCHOT
MOYKU.

2) ITyemo f: X — X — corcumarowee omobpasicenue, u X — noa-
Hoe mempuueckoe npocmpancmeo. Tozda y f umeemea neno-
JBUHCHAA TOYKG.

3) IIycmo [ : X — X — corcumarowee omobpasicenue, u X —
noaroe mempuyeckoe npocmparcmeo. Tozda cyuwecmeyem u
eOUHCMBEHHA MAKAA MOUKA T, MO OAf A000T MOUKY T €
X umeem f(x) — x9. Oma mouka Ty u ecmb HENOOBUNCHAR
MouKa 0MOBPAdNCERUA T(.

HoxkazarenabcrBo. 1. IlycTts cymecTByer 1Be pa3HbIE HETIOIBUXK-
HbIe TOYKU Zo U T, TOTIA

p(xo,x5) = p(f(w0), f(5)) < k p(wo, 5) < p(zo, 7p),
MIPOTUBOPEYHE.
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2 u 3. Boibepem npousBosibHYIO TOUKY & € X, U 00O3HAUHM
qepes x, touky f"(x). lycrs p(x, f(x)) = d, Torma

p(f(x), f*(2)) < kp(z, f(z)) = kd,

OTKY/1a, 110 MHIYKIIUH, I0JIyYaeM

p(f"(x), 7 (2)) < k"d,

CJIe10BaTEJIbHO

p(Tn, anrj) = p(f"(x), fn+j (z)) <
p(f"(@), [P (@) + -+ p(f*H 7 (@), [ () <
d

Etd+ -+ kM < B ——

1-k
Tak kak 0 < k < 1, o jaug aoboro € > 0 cymecrByer Takoit
womep N, uro mys moboro n > N numeem k"f‘lk < €, M, B YaCTHO-
cth, p(Zn, Tnij) < € Aist 060r0 j. II09TOMY IOC/IEJOBATEIEHOCTD
f™(x) aBngerca GyHIAMEHTANTBLHON, W, B CHTY MOJTHOTBI MPOCTPAH-
crBa X, 3Ta MOCTEI0OBATETHHOCTD CXOAUTCS K HEKOTOPOi TOUKe ™.

MHbiMu CJIOBaAMU, CYIECTBYET [PEJIEI
lim f"(x) = 2*.
n—oo

Hasiee, 110 npeajioxkenuio 2.1, orobpaxkenne f HENPEPLIBHO, IO3TO-
My f u lim “moxkHO MeHsiTh Mecramu’. Vmeem:

fl®) = f(lim f"(x)) = lim f"*(z) =27,

n—oo n—roo

T.e. ¥ — HEMOABWIKHAS TOUKA. TeopeMa TMOJHOCTHIO JTOKA3AHA.

2.3. Teopembl 0O HENOABHM>KHBIX TOYKAX OJHO3HAYHBIX
orobpaxkenuii [ToMmumo caydas CKEUMAIOMMUX OTOOPAXKEHUH, Cy-
IECTBOBAHKME HEIO/BUYKHON TOYKU MOXKHO YCTAHOBHUTH €IEe B OJI-
HOM BAYKHOM YACTHOM CJIYYae.

Teopema 2.2 (Bpaysp) Iycmo f : D™ — D" — nenpepuisroe
omobpasicerue cmandapmuozo n-meprozo ducka D" = {aﬂ e R" |

e < 1} 6 ceba. Tozda y omobpascenus [ umeemesa Heno-
deusicnas mouka To: f(xo) = xo.
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Hoxka3zaresibecrBo. Mbl J0KaXKEM 3Ty TeOpeMy IJjis Ciydas n = 1,
T.e. Korma D™ — 310 orpesok [0, 1] (mokazarenpcTBo B 00meM ciy-
4ae JOCTATOYHO CJIOZKHO, ¥ MOXKeT ObITh HAiiIeHO B CTAHAAPTHOM
kypce nuddepeHInagabHON TeOMEeTPUN [IJTsT TJIAIKOTO OTOOPAKEHST
f, 1 B Kypce o0Ieii TOOIOruy JIjis HEMPEPHIBHOTO [ ).

Paccmorpum dyuknmio g(z) = f(x) — x. Tak kak —1 u 1 ne
SIBJITFOTCS HEMOABIKHBIMEU TOUYKaMu (byHKImu f, u f orobpaskaer
orpe3ok [—1,1] B ceba, mmeem: f(—1) > —1 u f(1) < 1, mosro-
my g(—=1) = f(-1)+1 > 0m g(1) = f(1) =1 < 0. Tak xak
dyHKIUMSA f HEmpepbIBHA, TO M § TAKXKE HEMPEPBLIBHA, TOITOMY, IO
teopeme Komm, Gynkmus g npuammaer Ha orpeske [—1,1] myme-
Boe 3Hauenue. UupiMu cioBamu, cymecrsyer xo € [—1,1], Takoe
aro g(zg) = f(xo) — zo = 0, orkyma f(zg) = zo. Cyuait n = 1
MTOJTHOCTHIO PA300PaH.

IIpuBesem HEKOTOpBIE BapraHThI TeopeMbl Bpayapa. [Ipemamoro-
2KKM, YTO HelpepbiBHOe orobpazkenue f : D™ — D™ He umeer Helo-
IIBIDKHBIX Touek. Ompenenny orobpazxkenmue ¢ : D® — D" = S™~1
O CJIeIYIOIIEMY TPABUIILY: [JIs KayKI0i Touku & € D™ paccMoTpum
JIyd, HQUUHAIOIIHCS B f (x) u mpoxoadnmit yepe3 x. Touky mepece-
YeHns: 9TOTO jayda ¢ rpaxumeit 0D = S"~! qucka D™ 0603HaMHM
yepe3 g(x). Tem caMbIM MBI OIIPEIEINIA HEIPEPBIBHOE OTOOPaKe-
me g : D® — S"7L memompmwxmoe wa S™T!: mmaa moGoit Towkm
x € S" ! umeem g(z) = x.

Omnpegenenne. Henpepwieroe orobpakenue g : D™ — 0D" na-
3BIBAETCS pemparyuet, eCau Jjsa JToboi Toukn © € 0D" mMeem:
g(x) =z

Teopema 2.3 (IlepedpopmysmpoBka Teopembl Bpayspa) He
cywecmsyem pempakyuy g : D™ — 9D = S*L,

Pacopocrpanum Teopemy Bpayspa na muO)KecTBa O0JIee 00IIErO
Buma. HamomuauMm, aro mommuoxkectBo K C R™ Ha3biBaeTcs Kom-
naxkmuvim, €CjiId U3 J'[IO6OI‘O €ro IOKPbITHA OTKPLITBIMHU MHO2KE-
CTBaAMHU MOXKHO BI)I6p&TB KOHEYHOE TIOAINOKPBITHE. HO}IMHO}KQCTBO
K C R" na3bIBaeTCs 6uinyKkAbiM, €CJIH BMECTE C JIFOOBIMUA JIBYMS
TOYKAMHU OHO COJIEPZKUAT M OTPE30K, UX coennnasgionmii. [lepecevenne
BCE€X BBIIIYKJIBIX MHOXKECTB, COAEPXKaIlINX MJdaHHOE IIOAMHOXKECTBO
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K mupocrpancrsa R", HazbiBaercss 6uunyksol 060404K0T MHOMCE-
emea K w obosnauaercs wepes conv(K). Iea mogmuOKecTBa A
B B R™ Ha3bIBAIOTCS 20MEOMOPPHHOLMU, ECJIA CYLIECTBYET B3AUMHO-
ommo3HauHoe orobpaykenne f : A — B OmHOTO W3 HUX Ha, APYTOE,
TaKoe uTo KaK f, Tak U f ! — HempepBIBHEL

Jasee, Mbl TOBOPUM, YTO TOYKH Vg, . - . , Uy B R™ addunmno neza-
B8UCUMDL, €CITH BEKTOPA V1 — Vg, - . . , Unp — Vg 00pa3yioT 6a3uc mpo-
crpauncrBa R". Boeimykmas obomouka adGUHHO HE3ABHCHMOIO MHO-
KectBa, Touek {vr} C R™ Ha3BIBACTCH 1-MEPHOIM CUMNACKCOM.
Cmandapmuoim n-mepHoum cumniercom A" HA3BIBAETCS MOIMHO-
skectso B R"1! 3amannoe coemyrommm obpasom:

n+1
A" = {(x17~~~,$n+1) e R"” | z; >0, le = ]_}

=1

Ilpennoxenue 2.2 Iycmo K C R™ — sunykavt kxomnarxm. To-
2da K zomeomoppen ducky D™ pasmeprocmu m < n.

HdokazaTesbcTBo. Paccmorpum Bce addunHBIE HOAIPOCTPAH-
crBa B R, comepxkammue K, u myctb L paBHO MEPECEUEHUIO TAKWIX
moAnpocTpancTB. dAcHo, aro L — HammenbInee adp@UHHOE TOIITPO-
cTpaHCTBO, comep:kamee K. PazmeprocTs npocTpancTsa L ob6o3Ha-
9uM 9epe3 m.

Paccmorpum B K mpomsBosibHbIE M + 1 TOYKY v, ..., Vpm, TO-
r71a, B CAJIY BBITYKJIOCTH K, BBIMyKIass 0060J09YKa MHOXKECTBA, {T }
comepxkutcsa B K.

JlemMma 2.1 Touku vi MOXHCHO 8bIOPAMD MaKUM 00PA30OM, 4MOODL
OHU 6bLAYU aPPUHHO HE3aBUCUMDL.

U3 emMbl 2.1 BBITEKAET, YTO HAIT KOMIAKT K CONEPKUT HEKO-
TOPYIO BHYTPeHHIOI (B mozanpocrpancrse L) Touky v (B KadecTse
TAKOM TOYKHM MOYKHO BBIOPATH JIFOOYI0 BHYTPEHHIOK TOUYKY TOJY-
gennoro cummiekca conv({v;})).

ITepenecem HavaI0 KOOPAUHAT B TOYKY U, MHBIMU CJIOBaMu, Oy-
JIEM CUHUTATh, YTO HAYAJIO KOOPIUHAT SBJISAETCS BHYTPEHHEH TOUKOM
kommakTa K. Paccmorpum B L cranmapTHyo equHUYHYIO chepy
S™~1 g mocrpouM dbyukumo ¢ : S™ ! = R, craBamyo Kazkioil
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touke v € S™ ! wucno ¢(v) caemyiommuM 06pazoM:

o(v) = m%({a | av € K}.

Tak Kak v — BHyTpPeHHsS TOYKA, & MHOXKeCTBO K, B CHjIy KOM-
MaKTHOCTH, OTPAHUYIEHO, TO (DYHKIIUS ¢ CTPOTO MOJIOKUTETHHA U
HHTIIE He 00palmaercs B 0eCKOHeIHOCTh. Ecan D™ — cranmapTHbIH
eTUHUYHBIH qucK B L ¢ rpammmeit S™ !, To mocTponm oTobparke-
aue a : D™ — K, ocrapisiomiee mneHTp aucka D™ Ha mecte, u
KazKJI0#1 HeleHTpaIbHOi Touke x € D™ craBsiiee B COOTBETCTBHE
roury @(z/||x||) z. Jlerko mpoBepsieTcsi, YTO ITO OTOOPAYKEHNE STB-
ngercs roMmeoMopdusmom (mokazkure). Tem caMbiM, Mbl TOKA3AJIH,
9TO BBINYKJIbIA KoMmakT K romeomopden mucky D™. YUrto u Tpe-
60BaJIOCh.

Teopema 2.4 (Teopema Bpayspa [Jjis BBIDYKJIBIX KOMIAKTOB)
Iyemov K C R™ — swunykavt komnaxm, u f : K — K npous-
8oabHOE HenpepwuieHoe omobpasicenue xomnaxma K 6 ceba. Tozda
omobpasicenue f umeem HenodeuicHY0 MowKy.

HoxkazarenbcrBo. [lo mpengnoxkennio 2.2, cymecrsyer guck D™,
romeomopdubrit KommnakTy K. Ilycrs a : D™ — K — romeomop-
dbusm. PaccMmoTpum HenmpepbIBHOE oToGpaxkenne g = a” ' o f o a,
nepeposiiee auck D™ B cebst. Ilo Teopeme 2.2, orobparkenue ¢
UMeeT HEKOTOPYH HEMOABUKHYIO TOUKY Zo, T.. g(Zp) = xo. Pac-
cMoTpuM TOUKY Yo = a(xp) u3 Kommnakra K. Umeem:

f(yo) = fla(zo)) = aogoa"oalxg) = alg(xo)) = a(xe) = yo,

[IO3TOMY ¥y — HEIOABUKHAS TOYKA OTOOpazkeHus [, 4To u Tpedo-
BaJIOCh.

2.4. TeopemMbl 0 HENOJABUXKHBIX TOYKAX MHOTO3HAYHBIX
orobpaxenwmii Ilycrs X u Y — nBa npom3BOIBHBIX MHOXKECTBA, U
2Y — MHOXKECTBO BCeX MOIMHOKECTB MHOKecTBa Y. Kaxkoe oTo6-
pazenne f: X — 2Y Ha3bIBAaeTCH MHO203HAUHBIM OTOGPAIHCEHUEM
u obo3nauaercs uepe3 f : X = Y. ubiMu cjioBaMu, MHOTO3HAYHOE
orobpaykenue f MHOXKeCTBa X BO MHOXKECTBO Y CTAaBUT B COOTBET-
crBre Kaxkoit Touke x € X moxmHOXKecTBO f(x) MHOXKecTBa Y.
Hamomunwm, uro zpagurom Gr(f) (MEHOrO3HAIHOrO) OTOOparKEHUS
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HA3BIBACTCA TIOMMHOXKECTBO B X X Y, cocTosimee nx Beex map (., y),
takux ato y € f(x). fcno, uro rpaduk MHOTOZHAIHOTO OTOOpAa-
JKEHUsl SBJISETCS, [0 ONPEEJIEHUIO, OTHOIIEHUEM, 9TO O3BOJISIET
JIaTh SKBUBAJEHTHOE OMpeIeIeHNe: MHOTO3HAYHOE OTOOPAYKEeHNe —
9TO MPOM3BOJILHOE OTHOIIEHUE (T.€. TPOU3BOJLHOE MOIMHOKECTBO
B X X Y). Eciiu 1000/ IHUTENIbHO TOTPe6OBaTh, YT00BI 00pas3 mpou3-
BOMBHON Toukm = € X, T.e. f(2), ObLT HEYCTBIM MOIMHOKECTBOM
B Y, TO, B TepMHUHAX OTHOIIEHHil, 3TO TpebOBaHHE PABHOCHUJIHLHO
YCJIOBHIO PABEHCTBA OOJIACTH OILPEESICHUS OTHOLIEHUS!, 3a/IAI0Ie-
0 MHOTO3HAYHOE OoTOOpaykenue, BceMy MHOXKecTBY X . Hamommnwm,
uTo obsiacth onpexesnenus D(R) ornomenus R C X X Y — sro
MHOYKECTBO BCeX & € X, s KayKJIOro U3 KOTOPBIX CYIIECTBYET
y € Y, takoit uro (z,y) € R.

Onpenenenne. Ilycrs f: X = X — MHOrosnaunoe orobpazkeHue
MuOkecTBa X B ceds. Torma rouka x € X Ha3bpIBaETCA HENOJGUIIC-
not das f, ecim x € f(x).

IloryHenpepbIBHOCTh MHOTO3HAYHBIX OTOOpakeHmil B
JIAHHOM PA3/IeJie Mbl HATIOMHUM OIPEIEIEHUE MOJIYHEMPEPHIBHOCTH
OOBIYHBIX (DYHKIHH 1 0O0OIIIM €10 Ha CJIydail MHOTO3HAYHBIX 0TO0-
paxkennii. OTMETHM, 9TO MPE/ITOJIOKEHUS MOJIYHEITPEPHIBHOCTH B~
JIIOTCS OJJHUM U3 yCJIOBHi Teopembl Kakyranu.

IIycts Teneps X u Y — merpudeckue mpocrpanctsa, u f : X =
Y — mmoro3zmadnoe oroOparkeHune. X0Ts MHOTHE OIPEIC/ICHIS W Pe-
3yJIBTATHl UMEIOT MEeCTO U B GoJiee 00IIeM ciaydae, a UMEHHO, KOrJIa
X uY — ronosiorudeckue npocTpaHCTBa, MbIL, JIJIs IPOCTOTHI, OrPa-
HUYUMCS CJIy9aeM METPUYECKUX MPOCTPAHCTB.

Muoro3uaunoe orobpazkenue [ HA3BIBACTCSI OMKEPLLINbIM, ECITH
ero rpaduk Gr(f) — orkpbiroe moamuOKecTBO B X X Y'; f HaswBa-
erca samrnymoim, ecin ero rpapuk Gr(f) — 3aMKHyTOE HOIMHO-
xectBo B X X Y,

IMpex e gem maTh onpejeeHue MoJTyHENPEPLIBHOCTH W HEIPe-
PBIBHOCTH MHOTO3HAYHBIX OTOOPAKeHWI, HAIOMHUM COOTBETCTBY-
olre TOHATU JiUid ciiydas dyHkimii. s Kaxk 10 TOYKUd T MeT-
PHUYECKOTO TPOCTPaHCTBA, (X, p) U KAXKI0r0 BEIIECTBEHHOTO YUCIIA
r > 0 obo3naunm uepe3 B(x,r) map ¢ HEHTPOM B T PATUYCA T

B(z,r) ={2" € X | p(x,2") <r}.
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IIycrs f: X — R — BemecrBennast GyHKIMSA HA METPHIECKOM
npocrpancrBe X . OyHkiys f HA3BIBACTCA HENPEPHIEHOT 6 MouKe
zg € X, ecnm gyist ioboro € > 0 cymecrByer § > 0, Takue 910 171
moboro x € B(xg, ) BLIMOIHAIOTCS CIEAYIONIME JBA HEPABEHCTBA:

flzo) —e < f(x) u f(x) < f(xo) + €.

Ecau morpeboBaTh BBIIOTHEHNE JIAITH OJHOIO W3 9TUX ABYX HEpa-
BEHCTB, TO MBI Hoﬂqu/IM omnpenesieHue HOHyHerepBIBHOCTI/I.

A nmenno, GyHKIMA [ HA3BIBACTCA NOAYHENPEPHLEHOL CHUSY 6
mouke To, ecim g oboro A < f(xg) cymecrsyer 6 > 0, Takoe
aTo st roboro x € B(xg, ) mmeem A < f(x). @ynkmus [ Ha3bI-
BAETCH NOAYHENPEPHLEHOTE C6EPTY 6 Mouke Tg, eCau PyHKIHA — f
[IOJTyHEIIPEPbIBHA CHHU3Y B Z(.

3ameuanue. Oyuknys f HENPEPHIBHA B TOYKE T( €CJIU U TOJHKO
€CJIM OHA HOJIYHEIPEPbIBHA B To U CHU3Y, U CBEPXY (JOKaxKuTe).

DOyuxius f: X — R nazsiBaercs noaynenpepuiehol chusy (no-
AYHENPEPLIEHOT CEEPTY, HENPEPLIEHOT), eCau f MOJyHENPEePhIBHA
cHu3y (HOJIyHENpEepbIBHA CBEPXY, HENPEPHIBHA) B KAXKJOH TOUYKE
ro € X.

Ilepeitnem Temeph K CIydai0o MHOTO3HAYHBIX OTOOPaXKEHWUIA.

IIyctr K — mpOW3BOMBLHOE TOJAMHOXKECTBO METPUYECKOTO TIPO-
crpancrBa (X, p). Torma gms goboro € > 0 ompegenum &-
oxpecmmocmy B(K, €) muoocecmea K Kak MHOKECTBO BCEX TaKHX
x € X, uro inf e p(x,2) < e.
Onpenenenue. Muorozuaunoe oroopazkenue f : X = Y merpu-
YECKOT0 MPOCTPAHCTBA X B METPUUIECKOE MPOCTPAHCTBO Y Ha3bIBa-
€TCSI ONYHENPEPOLEHBIM CBEPTY 6 movke To € X, ecyu JJist J1000ro
e > 0 cymecrByer Takas OkpecTHOCTh U(Z() TOUKH g, 9TO s
sroboro x € U(zp) BRIMOMHSAETCS:

f(@) € B(f(zo).<).

Nubivu cosamu, muis o000 -0KpecTHOCTH MHOXKeCTBa (o) 06-
pasbl BCEX JIOCTATOYHO OJU3KHUX K Xy TOYEK JIeKAT B ITOU &-
OKPECTHOCTH.

Mmoro3nadnoe OTOOparkeHue, IOJIYHENPEPLIBHOE CBEPXY BO
BCEX TOYKAX M3 OOJIACTHU OINPEJIeJIEHNUSI, HA3BIBACTCS NOAYHENDEPDLG-
HOLM CEEPTY.
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_ 0, x#0
f(x)= (-1,+1), x = 0 . )=§(71!+1)! X#0

X,
0, x=0

Puc. 3. Muorosnagnoe oTobpazkeHne, TIpUBEIEHHOE HA PUCYHKE CJIEBa,
MIOJIYHEIIPEPHIBHO CBepXy B Touke (), HO He MOJIyHEIPEPLIBHO CHU3Y; MHO-
ro3HavHoe 0TOOparKeHne, IPUBEIEHHOE Ha PUCYHKE CIIPABa, HOJIyHeIpe-
poiBHO cHE3Y B TouKe 0, HO He TTOJIYHEIIPEPHIBHO CBEPXY

Xorg B JajpHeillIeM HaM HOHAA00ATCS JIWIIb MHOTO3HAYHBIE
0TOOpazKEHUs, [IOJIyHEIIPEPBIBHBIE CBEPXY, Mbl, JJIsl [IOJTHOTHI U3J10-
KEeHUsd, TTPUBEJIEM OIpeieIeHNe TTOJyHEeTPEPBIBHBIX CHU3Y W Helpe-
PBIBHBIX MHOT'O3HAYHBIX OTOODaKEHMUIA.

Onpenenenne. Muorosuaunoe oroopazkenue f : X = Y merpu-
YECKOTO MPOCTPAHCTBA X B METPHUUIECKOE MPOCTPAHCTBO Y Ha3bIBa-
€TCST MOAYHENPEPHLEHbIM CHU3Y 6 mowke To € X, ecan Jijist 000
MOCJIEIOBATENHHOCTH X1, L3 . . . TOUEK U3 X, CXOAAIIEics K HEKOTO-
poii Touke xg € X, u ar060it Touku yo € f(xo), Cymecrsyer cxomus-
@AsCs K Yo MOCAEI0BATEIBHOCTD TOYEK Y1, Y2, ... U3 Y, TAKUX 9TO
Yk € flzp).

MHoro3nadgHoe 0TOOPaYKEHNe, TIOJYHEMPEPHIBHOE CHU3Y BO BCEX
TOYKAX W3 ODJIACTU OMpeesIeHNs, HA3bIBAETCH NOAYHENPEPbLEHbIM
CHU3Y.

3ameuanue. Ecin orobpaskenue f OJHO3ZHAYHO, TO OMPEIEICHUS
MOJIYHETIPEPBIBHOCTU CBEPXY W CHU3Y, JAHHBIE JId MHOTO3HAYHBIX
0TOOpaKeHNH, SKBUBAJIEHTHBI MEXK Ty CODOM, a TaK:Ke SKBUBAJIECHT-
Hbl OIIPEJIEJIEHUIO HEIPEPbIBHOIO oroOpakenus (nokaxkure). s
MHOTO3HAYHBIX OTOOpParKEeHUH OHU, BOOOINE TOBOPS, PA3IUYAIOTC,
9TO BUJHO U3 IIPUMEPOB, IPUBEIEHHBIX HA PHUC. 3.

Teopema 2.5 (Kakyranmn) [Tycmo X — xomnaxmmuoe sunykioe
nodmmooscecmeo R, u f : X = X — muozosnaunoe omobpasice-
HUE, NOAYHENPEPHIEHOE CEEPTY U MmaKoe, wmo oaa aobozo x € X
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mmooicecmeo f () nenycmo, samrnymo u ewnyrao. Tozda y omob-
padicenus f cywecmeyem nenodsudichas mouka o € X, m.e. ma-
Kas mouka, wmo xo € f(xo).

HokazaTesbcTBo. Ilman qokazarenncTBa TeopeMbl KakyTanu Ta-
koB. CHauama MbI “anmpoKCHMUpyeM’ MHOTO3HAYHOE OTODPAKEHHE
f craHIapTHBIMU ONHO3HAYHBIME OTOOpaxkeHusaMu ©° : X — X
rae € > 0 — HEeKOTOpbIE BEIECTBEHHBIE YWCJIA; JJI KAXKIOTO ¢©°
MPUMEHUM TeopeMy Bpayspa jiisi BbITYyKJIbIX KOMIAKTOB U HARIEM
HEMOIBUKHYI0 TOUKY T°; YCTPEMHUM € K HYJIIO W BHIOEPEM HEKOTO-
PYIO TIPEIENIBHYIO TOUKY T(; U, HAKOHEII, TTOKAXKEM, YTO TTOJIy 9eHHAS
TOYKA U ABJISETCS HEMOIBUKHON [IJIT MHOTO3HAYHOTO OTOOPAKEHU ST
f.

Hanomuawuwm, aro gns € > 0 mommuOXkecTBO E MeTpumdueckoro
npocrpancrsa (M, p) Ha3bIBAETCA €-ceMblo, €CIH JJIs JIIOO0H TOUKH
m € M cymwecrByer Takas Touka e € E, uro p(m,e) < e. danee,
e-cetb E Ha3wpIBaeTCs KoHeuHOU, €CAM MHOXKeCTBO E cocrout u3
KOHEYHOTO YMCJIa, TOUEK.

JIemma 2.2 Ecau mempuueckoe npocmparcemeo (M, p) xomnaxm-
HO, Mo das 1106020 € > 0 ono obaadaem Koneunotl e-cemoio F.

JokazarenbcTBo. [leiiCTBUTENIHFHO, PACCMOTPUM OTKPBITOE TIO-
KpbITHE TPOCTpaHCcTBa M, TOCTPOUB C MEHTPOM B KaXKIOM TOUKE
u3 M orkpeITHIH map paawmyca €. B cuiy xommaktaOCcTH M, M3
9TOTO TOKPBITHS MOXKHO BBIOPATH KOHEYHOE MOANOKpBITHE. lleH-
TPBI IIAPOB 3TOrO MOAMOKPBITUS U 00PA3yI0T KOHEYHYIO £-ceTh F.
HeiicrBurespHo, Kaxgagd To4ka m € M jiexuT B 0JIHOM U3 IIAPOB
BBIOPAHHOTO TOAMOKPBITHS, TOITOMY 1 HAXOAUTCSA HA PACCTOSHUN
MEHBIIIE 9eM € OT IEHTPA, ITOTO MIAPA, T.e. OT OIHOM U3 TOYEK MHO-
xecrBa E. Uto n TpeboBaIoCh.

s xkaxkaoro € > 0 BeibepeM, B COOTBETCTBHE C JIEeMMO# 2.2,
KOHeYHyI0 £-ceTb F° B mammem kommakTe X. Toukm u3 E° obo3Ha-
qum uepes x5, 5, . ... Paccmorpum f-obpaser f(x5) Touek x5, u B
KaXKJIOM U3 9THX 00pa30B BBIOEPEM MPOU3BOILHYIO TOUKY Y.

Hasee, 1o Kax 10t Touke x5 mocrponM GyHKIMIO ¢S (x), onpe-
JIEJIEHHYIO Ha BCEM MPOCTPAHCTBE X, CIAEAYIOMMUM 00pa30M:

i (z) = max(O,E — |5 — acH)
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Ora ¢yHKIUA paBHA € B TOYKE I, PaBHA HYII0 BHE OTKPBLITOIO
mapa pajnyca € ¢ IeHTPOM B &5, U IUHEHHO BIAOIb PAIIYCOB ITOTO
mapa yObIBAET OT 3HAYEHUS € B IEHTPE J0 HyJsd HA TPAHUIIE.
Omnpenenum Temeps HCKOMYTO AMTIPOKCAMATIAIO ¢ (X) Tak:
€ 154 (1
iy L 2@y i (z
¢ (x) =

_wi@) N af ()
=S Ol Z e

p pRCAC:
rae Mbl ook o (x) = ¢f (x)/ >, ().

Jlerko Bugerh, uto of (z) > 0, mpudeM PABEHCTBO UMEET MECTO
€CJIM ¥ TOJTBKO €CJTM TOYKA & HAXOAUTCS OT TOUKH X5 HA PACCTOSHNH,
GosbiieM mim paBHOM €. Ilostomy, B wactHOocTH, of () # 0 miusa
TEX M TOJNBKO TE€X i, MPU KOTOPBIX TOYKH L5 JIEXKAT B OTKPBITOM
g-okpecTHOCTH TOYKU . Bosee Toro, Y. af(x) = 1 aus moboro .

JIemma 2.3 JTas 4106020 x mouxa ©° () aescum 6 evnyraoti 060-
A0uKe mouer Yy, dan xKomopux ||x — x5 < €.

HdokasaresibeTBo. fIcHO, UTO Te TOUKM Y5, B KOTOPHIX of (z) = 0,
HEe JIAI0T BKJIAJA B CyMMY, ONPEAEIAIONIYI0 TOUKY ¢ (Z), I09TOMY B
JTAJTIbHERIIeM MbI OyJieM PacCMaTPHUBATH JIMIIb T€ Y5, IS KOTOPBIX
as(x) # 0, a 3uaunr ||z — z5|| < &, HE OroBapuBas TOrO KAZK/IBIil
pas.

Tak Kak MHOXKECTBO, COCTOSAIIEE M3 KOHEYHOTO YHUCIA TOYEK,
KOMIIAKTHO, JIOCTATOYHO MOKa3aTh, YTO TOYKA (¢°(X) JEKHUT B IIe-
pecevYeHnr 3aMKHYTBIX MOJYPOCTPAHCTE, KaXK/I0€ U3 KOTOPBIX CO-
JIEPKUT BCe TOUKY Y5 (115t KOTOPHIX of (x) # 0). 10 yTBEpKIeHNe
UMEET MECTO B CHJIY CJIELYIOIIEeH HECJOXKHON JIeMMBbIL.

Jlemma 2.4 Ilycmo K C R™ — npoussoavroe Komnaxmmoe noo-
mrootcecmeo 6 R™. Tozda ewnyraas 0bosouka mroocecmea K cos-
nadaem nepeceueruem 6CET 3aMEHYMBLE NOAYNPOCPAHCME, codep-
aorcauux K.

IIycts 1I — mpom3BOILHOE TOTYTTPOCTPAHCTBO, COJIEpIKAIIIee BCE
o4k Y5 (mus koropbix of (z) # 0). Obo3naunm 4epes {(z) = d —
JIMHEHHOEe ypaBHEeHWe TUIEPILIOCKOCTH, orpanmunsaiomeii 11. Tax
Kak Bee Touky Y5 nexar B II, To Bee uncaa £(yS) nnm omHOBPEMEHHO
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HEe MeHbIIe d, U OJHOBpeMeHHO He OosbIne d. IIpenmonoxum, ais
onpenenennoctu, ato £(y$) > d mpum xkaxaom i. Torma

(e (@) = (P ai(@)v) = D ai(e) fw)) 2 Do ai(e)d=d.

[JIe IPEIIOCIE IHee COOTHOMIEHNE (HEPABEHCTBO) BBIOIHAETCS, TAK
kak of(x) > 0, a mocemHee COOTHOMERNE (PABEHCTBO) BEPHO, TAK
Kak y . o (x) = 1. Buauur, ¢°(x) € II, 4ro u rpeboBaiocs.

Hanee, Tak kak X — BBIIMYKJ/bIII KOMIIAKT, TO B CHJIy TEOpe-
MBI 2.4, 0TOOpaskeHue ¢° NMeeT HEeMmOoABUKHYIO TOUKY x°. Paccmor-
pUM yOBIBAIOMIYIO TTOCTE0BATENBLHOCTD €, cTpeMsamyocs K 0. Tax
KakK X — KOMIIQKTHO, TO M3 IOCJIEIOBATEILHOCTH TOYEK X/ MOK-
HO BBIOPATH CXOASAIILYIOCS MOANOCIEN0BATENbHOCTD. [lo3ToMy cpa3y
OyZeM IPeloararb, YTO MOCIeI0BATEIbHOCTh TOYEK T/ CXOIMuT-
cs K HEKOTODOil Touke xg. g 3aBepuienusi 10Ka3aTe/bCTBA MbI
JIOKAKEM CJIEIYIOILYIO JIEMMY.

Jlemma 2.5 Toukxa Tg, MOCMPOEHHAA 6bLULE, AGAACTCA HENO-
deusicroli mowkoti omobpasicenus [, m.e. xg € f(xo).

Hoxka3zaresberBo. [Ipeanonoxum npoTuBHoe, T.€. o € f(zo). Io
YCJTOBUIO TE€OPEMBI, MHOKECTBO [(Zg) — 3aMKHYTO, O3ITOMY pPac-

crosgume r = ||zg, f(xo)|| or Toukm zy mo mmuOKecTBa f(Zp), T.e.
BEJIUIMHA
r= inf |zo—zl,
z€f(wo)

CTPOro OOJIBIIE HYJIs.
Iycrs U(f(xo)
f(®o):

, 5) obosHagaer (r/2)-OKPECTHOCTH MHOXKECTBA

Ulf(ao). ) = {w € X | o, flwo)]| < r/2),

.
u myctb U(xg, 5) Oyzer (r/2)-0KpecTHOCTBIO TOUYKH Zg. flcHO, ¥TO
oxpecrrocru U(f(2o), 5) u U(xo, §) He mepecekaiorcs.

Taxk Kak, N0 IPEANOJIOKEHUI0 TEOPEMbI, MHOXKECTBO f(xg) —
BBIMTYKJIO, IMEET MECTO CJIEAYIOIMAst TPOCTAs JTEMMA.

Jlemma 2.6 Oxpecmmocmo U(f(x0),5) evnyx.aa.
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Puc. 4. Unmoctpalms K 10Ka3aTeIbCTBY TeopeMbl KakyTaHm

Hokasarenbcrso. Ilycts y1,y2 € U(f(x0),5). Torna maiiayrcs
TOUKHM 21, 22 € f(x0), Takue 4ro |ly; — 2| < 5, i = 1,2. [Ina moboro
A € [0,1] momoum y = Ayp + (1 — Nya, 2 = Az1 + (1 — A)zg. Tax
Kak MHOXKeCTBO f(xo) Bhimykyo, T0 z € f(xg). C apyroit cTOpoHBI,

[y =zl = [A(y1 — 21) + (L = A)(y2 — 22)|| <
r
My = 21l + (@ = Nllyz — 22| < 3.
Cnenosarensno, y € U(f(x0),5). Takum obpa3om, OKpecTHOCTSH

U(f(z0), 5) yIOBIETBOPSET yCIOBHIO BBITYK/IOCTH.

Tak Kak orobpaxkenue [ IOJyHEIPEPbIBHO CBEPXY, Y TOYKHU
2o UMeeTcs Takas mapoBas okpectHocth U(zg,d) pamuyca §, 94ro
nns 0ot Ttouku x € U(zp,d) ee obpas f(x) comepxkurcs B
U(f(xo), 5)- O6o3naunm gepes U(zo, ") okpecTHOCTS pauyca 1’ =
min(3, g) Puc. 4 mnmoctpupyer BBeneHHBIE OO03HAMEHNUS.

Tax xak %9 — xg u €; — 0 mpm j — 00, TO, HAYNHAA C HEKOTO-
pOro HoMepa jo, Bce TOYKH %9 1pu j > jo nexatr B U(xg,r’), upu-
qeM €5 < g. PaccMOTpuM IIPOU3BOJILHYIO TAKyI0 TOUKY 5, > jo.

Touka x% — HEMOABMIKHAS TOUKA OTOOPAXKEHUS (°7, TTOITOMY
@i (x%) = 2% . Tlo memme 2.3, TouKa @ (£°7) J€KUT B BBIMYKJION
o6osTouKe ToueK y;’, A7A KoTophix |25 — x}’|| < &;. Hamommmu,
9TO TOYKA Y, MPUHATEKUT MHONKeCTBY f(57).
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.
Jlemma 2.7 B cdeaannux sviuie npednosodicenuar, mowka x,” ae-
orcum 6 U(xg, 0).

Hoxkazarenbcrso. Jleiicrsurensho, |79 — 57| < g < g. C npy-
roit cropombl, Touka £ jexut B U(xg,r’), mostomy ||zo — 27| <
r < %, OTKyZIa

)

oo — a3’ || < llwo — 2% || + [l — 25| < 5 + 5 =6,

N
nosromy z,;” nexur B U(xg,d), 910 1 TpebOBAIOC.

Hanee, B cwny BBIGOpa OKpectrocTH U(Zg,0), 06passr Beex To-
4eK T’ U3 9TOH OKPECTHOCTH TIPH OTOODAXKEHHH [ COepIKaT-
e B U(f(w0),%). TlosTomy Bee paccmarphBaemble y;’ jeskaT B
U(f(xo), 5)- Ilo memme 2.6, oxpectrocts U(f(x0), 5) BRIIyKIa, MO-
9TOMY TOYKa % (x%7), jIexKaiasi, Kak ObLIO OTMEYEHO BBIIIE, B BbI-
mykJioii obosouke Touex y;° , nexkutr B U(f(z0), 5).

Takum 0o0pasom, Touka T = ¢ (2%7) JIeKUT OTHOBPEMEHHO
B U(f(x0),5) uB U(xo,r") C U(xo, §), 4€r0 HE MOKET ObITH, TAK
KaK 9TH OKPECTHOCTHU HE TepeceKatoTcs. [1oIyuenHoe mpoTHBOpeIne
3ABEPINACT JOKA3ATEIHCTBO JIEMMBL.

Teopema, MOJIHOCTHIO JTOKA3aHA.

3. KonkypeHTHOe paBHOBeCMe B MOJeJHN
Oppoy—/lebpe

B nacrosimmem maparpade Mbl pa3dbepemM YacTHBIA Caydail MO-
nesqn Banbpaca, HAJIOXKUB JOIOJHUTE/IbHBIE OFPAHUYEHUS HA BUJL
dbynkuuit moxoma morpedureneit I(p) u c¢menaB TONOJHUTEIbHbBIC
[IPE/IIIOJIOKEHNS O HAYaJIbHOM COOCTBEHHOCTH 1 XapaKTepe IOBe/1e-
Hus oTpedbuTeseii. PaccMarpruBaemast MOIEIb HA3BIBAETCS MOJeND
Ippoy-lebpe. OTMeTHM, YTO YACTHBIM CIYIAEM MOIETU DPPOY—
ebpe sBsgeTCs MOIEIb YUCTOTO OOMEHA, T.€. CAydail, KOT/1a MPOun3-
BOACTBO OTCyTCTBYeT. [Toc/ienHIO0 MO/IE/Ib MOXKHO IIPUMEHATD IIPH
KCCJIE0BAHUU MEXK Y HAPOJHON TOPIOBJIM.

Onuiiem cHadYaja OrpaHUYEHUs, BBOAWMBIE HA CEKTOP IIO-
Tpebuienus. Be3ne Huke Mbl OyaeM MOJIB30BATHCA ODO3HAUEHU-
MW, BBEIEHHBIMU TMpPW ONMHUCAHUU MOjeau Basjgbpaca, cMm. mapa-
rpacd 1.2 rnassr 1.
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Ilepsoe ycaosue KacaeTcs yCTPOWCTBA KaXKJOrO MOTPEOUTE b-
CKOro MHOzKecTBa X;. A UMEHHO, Mbl CUATAEM, YTO JJisd KaxKI0ro i
BBIIOJIHAETCS

(1a) X; C R%;
(1b) muOXkecTBO X; BBIMYKIIO, 3aMKHYTO W HEOTDAHNYEHO;

(1c) mna moboit TOCIEAOBATENBHOCTH T, X2, . . . TOUYEK U3 X;, Ta-
Koil uTo k-as KOOpAMHATA 3TUX TOYEK CTPEeMUTCS K GecKoHed-
HOCTH, BLITEKAET, YTO BCe [POYUe KOOPAMHATHI TaKxKe CTpe-
MATCS K OECKOHEUHOCTH.

3ameuanne. 13 yciosus (la) BbITEKaeT, 9T0 COBOKYIIHOE IIOTPE-
6uTenbCKOe MHOXKECTBO X = Zi:l X; nexxur B R} .

U3 ycnosus (1b) BBITEKAET 3aMKHYTOCTH W BBIMYKJIOCTH COBO-
KYITHOI'O HOTPEOUTENHCKOIO MHOXKECTBA, X = 22:1 X, (uposepbre
3T0).

Venosue (1¢) XOTh U HE BBINISAUT JOCTATOYHO €CTECTBEHHO, HO
MOXKET OBITh 00BSICHEHO C YKUTEHCKOM MO3UIAN TaK: €CJIN MOTpedn-
Tenb TpedyeT Bce DOJbIe n OOJbIIe KAKOro-In00 TOBapa, TO €My
006s13aTEIHLHO TPEOYIOTCS M BCE APYTUe TOBAPHI BO BCE DOMBIIMNX KO-
JINYECTBAX.

Bmopoe ycaosue Mbl HAKJIAALIBAEM HA (QDYHKIIHIO MOJE3HOCTH
u;(x), onpemenenuyo Ha X; U BBIPAXKAIONLYIO IPUOPUTETHI i-Or0
moTpeduTeNsas. A UMEHHO, MBI TIPE/INOJIAraeM, 9TO MTPU KaXKJIOM § =
1,...,1 dysxmas u;(x)

(2a) HempepbIBHA;
(2b) Bormyra;
(2¢) moTpebuTeb HEHACHIIAEM.

Sameuanmue. Yciorue (2b) Ha u; () 03HAUAET, UTO JJIsT TIOOBIX TO-
yek ¢ m ' w3 X; m moboro « € [0, 1] nveem:

ui((1—a)z+az’) > (11— a)w(z) + au(2).

B caenanHbIX TPEANIOIOKEHIIX OTHOCUTEIHHO MHOXKECTB X ;, yCJIO-
BU€ BOI'HYTOCTH BJjiedeT BbIIYKJIOCTb KaxK/I0I'0 MHOXKECTBa,

{zr € X; | ui(x) > c},
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rJie ¢ — MPOM3BOJIbHAS KOHCTAHTA (JIOKAYKHUTE).

Venosue (2¢) wa w;(x) o3nagaer, 9yTo 11 jwodoro x € X; cyiue-
crByer takoit ' € X, aro u;(x’) > u;(x), uabivm croBavu, GyHK-
st u; () He JOCTUTAeT MAKCHMAIBHOTO 3Havennd. [locmemaee Mo-
KeT ObIThb MHTEPIPETHPOBAHO TaK: [isd JiroOoro Habopa = € X;
cywecrByer “6oJiee npusiekareabubiii’ nabop ' € X;.

Tpemwve ycaosue (3) xapakTephsyeT HAYAJbHBINA 3armac TOBa-
pOB b; KaxKI0ro moTpedbuTes: A BCIKOro ¢ = 1, ..., [ cymecrByer
BEKTOD Z; € X;, Takoil 4T0 Z; < b; (HAIIOMHUM, 4TO CTPOroe Hepa-
BEHCTBO <K NPHU CPABHEHUU BEKTOPOB O3HAYAET, IYTO BCE KOOPIUHA-
TBI OJTHOI'O BEKTOPA CTPOTO MEHBIIE COOTBETCTBYIOMUX KOODIMHAT
JIPYroro). 9To yCJIOBUE TEXHUYECKOE, U OJHUM W3 MOJIE3HBIX CJIEJI-
CTBUIT 9TOTO yCJIOBUS ABJsieTCs TOT (haxT, 910 b; > 0, T.e. KaKIbIH
MOTPeOUTEeTh NMeeT HEeHY/TeBOM HAYaTbHBIN 3alac BCIKOTO TOBAPA.

Yemsepmoe ycaosue (4) onmcwBaer dbynkuuo moxona K;(p):
bynxmuu moxoma K;(p) kaxkmoro i-oro m3 | morpebuTeneil nMeroT
CJAEYIOIINNA BU/;

Ki(p) = (p,bi) + Zaij (P, yj),
=1

rae b; — HadaIBHBIA 3amac TOBAPOB -OTO TOTPEOHUTENA, a Oyj —
JIOJISE JIOXOZOB j-Or0 MPOU3BOIUTEN ST, KOTOPYIO TOJIYYAeT i-biif 1mo-
TpebuTenb. [Ipu TOM mpemmoraraeTcs, ITo 22:1 a;; = 1 (moxon
KaKJIOr0 j-0r0 U3 1M MPOU3BOAUTEJIEH TOJHOCTHIO JIEJTUTCH MEXK LY
BCEMU MOTPEOUTENISIMI; ITO MOXKET OBIThH, HATPUMED, B CIyUae, KO-
I71a BCE MTPOM3BOJICTBA AKIIMOHUPOBAHBI, U BCE JOXO/IbI TPOU3BOICTB
HOJIHOCTBIO PACHPEIE/IAIOTCH MEXKY aKIMOHEPAMH).

[IpuBenem Temeps OrpaHUYeHUs HA IPOU3BOACTBEHHBIN CEK-
TOP.

Iepsoe ozpanunenue (1): Kask10e TEXHOIOTNIECKOE MHOXKECTBO
Y} koMmakTHO U comepxkuT Hadaso koopauaar 0. Ilocmennee yciro-
BHE MOXKET ObITh WHTEPIPETUPOBAHO CJIEAYIOMUM 0OPA30M: TPOU3-
BOJICTBO YCTPOEHO TaK, YTO €r0 MOXKHO OCTAHOBHUTb.

Bmopoe ozparnuvernue (2): COBOKyIHOE TEXHOIOIMYIECKOE MHO-
wecrso Y = 3700 Y BoIIyKIO.

W, nakowrer, OymeM MpeanoiaraTb, 9TO HEHbI P HEOTPUIIATE b~
mel, T.e. p € RY, u BexkTOop p He papen mymo. B cumy caeman-
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HBIX TIPEANOJIOKEHNH Ha (PYHKIMIO I0XOHa, 3Ta (yHKIUA JHHEH-
HO 3aBHCUT OT CUCTEMBI IIeH p, H03TOMY GI0/I?KeTHbLIe OrpaHUYeHNUs]
(p,z) < K(p) mHe 3aBUCAT OT [JIMHBI BEKTOPA P, & 3aBUCAT JIWIIb
oT ero Hampasienus. [I03ToMy B JadbHeHTIIeM MBI GyJeM TIpeno-
JIaraTh, 9TO cUcTeMa el p = (P1,. .., Ppn) YAOBIETBOPSIET YCIOBUIO

HOPMUPOBKWU:
n
Zpk =1
k=1

WJIH, 9TO TO YK€ CaMOe, BEKTOP P MPUHAJJIEKUT CTAHIAPTHOMY CHM-
mwrekcy A pasmeproctu n — 1:

k=1

OcHOBHAS 1IeJIb JTAHHOR TJIaBbI — JI0KA3aTh CJEIYIOILYI0 Teope-
MYy.

Teopema 3.1 B wmodeau Ippoy—ebpe cyuecmeyem woukypenm-
HO€e PasHo8ecue.

JokazaresabcTBo. Vnes moKa3aTenbCTBa COCTOUT B CJIELYIOIMIEM.
Crauasia MbI OKazKeM, 910 (DYHKIUH COBOKYITHOIO CIIPOCA ¥ IIPE/I-
JIO’KEHU S TTOJIYHETPEPHIBHBI CBEPXY. 3aTeM, C TIOMOIIHIO 3TUX (DYHK-
Ui, MBI TIOCTPOUM TOJIYHENPEPHIBHOE CBEPXY MHOTO3HAYHOE 0TOD-
paxenue @(p), Has3biBaeMoe PGyHKyuel U3OLIMOwH020 NPedodICe-
HUA, TAK:

o(p) =¥(p) — 2(p).

Hasee, mbl gokaxkem siemmy leitia (popmyaupoBky 3T0i JieMMbl
CM. HUIKE), W3 KOTOPOI BBITEKAET, UTO CYIIECTBYIOT TAKHE IIEHBI
p*, IJisi KOTOPBIX MHOXKECTBO ¢(p*) CONEPKUT HEOTPUIATEIbHBI
BekTOp u*. VHBIMU cjIOBaMu, MpW IE€HAX P* MMEeTCss TaKOH KOJ-
JeKTUBHBIH cipoc £* € $(p*) m Takoe KOIJIEKTUBHOE MPETIOKEHNe
y* € U(p*), uyro y* > x*, T.e. CHOPOC HE HPEBBIIAET IIPEIJIOZKe-
HUsI. DTO, HATIOMHUM, OJHO M3 YCJIOBWI OMpPENeIeHNsT KOHKYPEHT-
HOTO paBHOBecus. [Jis 3aBepIeHNsT TO0KA3aTEIHCTBA Mbl TIOKAXKEM,
YTO YCJIOBHE HEHACHIIAEMOCTH BJI€YeT BBINOJHEHNEe 3aKOoHA Baiib-
paca B y3kOM cMbIcae: (p*, x*) = (p*, y*). Tem caMbIM MBI IPOBEPUM
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JJIst TPOHKM (2™, y*, p*) BBINOIHEHNE BCEX YCIOBUI KOHKYDEHTHOTO
PABHOBECHSI.

Ormerum, aro Teopema Kakyranu Oyzer CymiecTBEHHO UCIOb-
30BaHa TP JIoKa3aTeabcTie JeMMbl Leitna. Ilepeiigem K moapobHO-
CTSIM.

s peanu3anuy HAIIErO TJIAHA HAM, MPEXKE BCEro, moTpedy-
ercs mepefiTi 0T HEKOMIIAKTHOTO COBOKYITHOTO MOTPEOUTETHCKOrO
MHOXKecTBa, X = 22:1 X; K HEKOTOpPOi#l KOMITAKTHOH €ero 9acTH.
JLJist 9TOr0 JOKAXKEM CJIEYIONLYTO JIEMMY.

Jlemma 3.1 ITycmo B;(p) obosnauaem easvpacoso 6iodotcemnmoe
MHoocecmeo i-020 nompebumens. Tozda cywecmeyem evnyxaoe
Komnaxmmoe nodmmoocecmeo X; C X;, maxoe wmo das 2106020
p € A umeem B;(p) C X§, u, nosmomy, ®;(p) C X°.

s

Joka3zareabctBo. O6o3HaunM qepes B; 00beIMHEHNE
UpeaBi(p). Mbr nokaxem, 9T0 MHOXKECTBO B; orpanmueno,
OTKYJia BBITEKAET, 4YTO BCEe MHOXKeCTBa B;(p) Jiexkar BHyTpH
HEKOTOPOTO TIapa, a, 3HAYUT, W BHYTPH BBIMYKJIOTO KOMIIAKTA,
MIOJIyYEeHHOTO TIPH TIepeceveHrr MHOXKeCTBa X; C 3THM IIapoM.
OTOT BBIMYKJIbI KOMIAKT U SIBJISIETCS HCKOMBIM KOMIAKTOM X, .

Wrak, mokazkem orpaHu4eHHOCTh MHOKecTBa B;. Tak kak A —
KOMIAKT, TO pyHKnus goxona K;(p) mng i-oro morpeburens orpa-
HIYeHa HeKOTOphIM 3HavenneM K;. O6osmaunv uwepes B;(p) muo-
JKecTBa

Bi(p) ={z € Xi | (p,x) < K;}.

Tax xak B;(p) C Bi(p), TO 10CTATOYHO IOKA3aTh, YTO MHOMKECTBO
B; = Upea Bi(p) — orpanmdero.

IIpeao102KuM IPOTUBHOE, T.€. IYCTh CYIIECTBYET TaKas HOCJIe-
JIOBATeTLHOCTE (X5, ps), UT0 Ts € Bi(ps), ps € A, n |lzg| — oo
npu s — o0, Tak Kak A — KOMIAKT, TO B IIOCJIEIOBATEIbHOCTH
Ds MOXKHO BBIOPATh CXOSILYIOCS IIOIIOC/IEI0BATEIbHOCTD, TI0ITO-
My, 6e3 orpaHuvueHnss OOITHOCTH, OyIeM Cpa3y MPearnoaaraTb, 9ToO
HOCJIEIOBATENBLHOCTD Ps CXOAUTCA K HEKOTOPOi Touke po € A. Ilo
OTIPEIESICHUIO CUMILIEKCA A, OTHA U3 KOOPAWHAT TOUKU Do, CKAIKEM,
Jj-as KOOpAUHATA, CTPOro GOJIbINE HYJIs, TOITOMY, HAUMHAS C HEKO-
TOPOrO HOMEPA S, j-bl€ KOOPAUHATHL BCEX TOUEK Py OOJIbIIE HEKOTO-
poro § > 0. C npyroii cToponsr, mo yciosuio (1¢) Ha MEHOKECTBO X,
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BCe KOODIMHATHI TOYEK Ty CTPEMATCA K OeCKOHedHOCTH. I1o3ToMy,
YUUTBIBAA, 9TO BCE KOOPAMHATEI TOUEK Py U T, HEOTPHUIATETHLHEI,
nomyuaaem: (ps, Ts) — 00 mpu § — 00. OmHako (ps,zs) < K; mua
JI000TO 8, ¥ MBI TIOJIyYaeM MPOTHBOpEYNe, 3aBeplralolee JoKa3a-
TEJILCTBO JIEMMEL.

CaencrBue 3.1 Cywecmeyem evnykaoe KOMNAKMHOE NOIMHO-

orcecmeo X© C X | maxoe wmo das amobozo p € A umeem: D(p) C
Xe.

HokazaresnbctrBo. [lo memme 3.1, kaxaoe muokecTBO D;(p) Je-
JKUT B HEKOTOPOM BbIITyKjI0M KommakTe X, . IloaTomy Kax10e MHO-

xecrBo P(p) = 22:1 ®;(p) MEKWUT B BBITYKIOM KOMIAKTE X ¢ =

!
> iz X{, 4ro 1 TpeboBaIOC.

Janee, I0KA3aTeIbCTBO IIOJYHEIIPEPHIBHOCTH CBEPXY MHOIO-
3Ha4HOro oToOpazkenus P(p) MbI LPOBEJEM CJIELYIOMIUM O0PA3OM.
CHauasia MBI TIOKasKeM, 9TO JTHHeHHAs KOMOUHAIINS TTOTy HelTpephIB-
HBIX CBEPXY MHOTO3HAYHBIX OTOOPAXKEHUA TAKKe ABJIAETCS MOy He-
IPEPBIBHBIM CBEpXy. TakuM 06pa3oM, MBI CBeJIEM 3aJady K JOKa3a-
TeJBbCTBY MOJIYHEIPEPBIBHOCTH CBEPXY Mg Kaxkgoro ®;(p). 3arem
MbI HOKazKe€M, 9TO MHOro3HadHoe orobpaxkenuwe B;(p), crabsimee
B COOTBETCTBHE KAKIOMY P € A BaIbpacoBO GIOIKETHOE MHOMKE-
CTBO, ABJIAETCSA HENPEPLIBHBIM, T.€. OJHOBPEMEHHO IOJIyHEeIPephIB-
HBIM CBEPXy M CHHU3y. I, HakoHel, 3amedas, 9TO IPH KaxKIOM P
muOKecTBO P;(p) siBAsieTcss momMHOKECTBOM B B;(p), HA KOTOpPOM
BoruyTas GpyHKIE U;(p) JOCTUraeT CBOMX HaMOOJIbIINX 3HAYCHUIA,
MBI oKaxkeM, uto P;(p) MOMyHENPEPHIBHO CBEPXY.

Onpenesnenne. Ilycts a(z) m b(x) — aBA MHOTO3HAMHBIX OTOG-
pazkenusi u3 mMerpudeckoro mpocrpancrtsa X B R", m mycts o u
 — TIPOM3BOJIbHBIE BEIECTBEHHBIE uncia. Torma Aunetnold Kom-
6unayuet (aa + Bb)(x) Ha3BIBAETCS MHOTO3HAYHOE OTOODPAKEHUE,
OIIPE/IEIEHHOE TaK:

(aa+ Bb)(z) ={y e R" |y =ay’ + By, v € alx), v’ € b(z)}.

JIemma 3.2 ITycmo a(x) u b(z) — dea noaynenpepuisnos ceepry
MHOZOZHAMHBLT OMOBPANCEHUA U MEMPUUECKO20 NPoCMParcmen X
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6 R"™, u nycmv @ u B — npousdeoavhvle 6ewecmeenhbie wucaa. To-
20a aunetinas Kombunayus (aa+ Bb)(x) asasemesa nosyrenpepois-
HOLM CEEPTY MHOZ03HAUHDLM OMOOPAHCEHUEM.

JokazarenbcTBo. /[0CTaTOYHO OKA3ATh, 9TO s JI0060ro o € R
MHOTO3Ha4YHbIe 0TOOparkenns aa(z) u (a+b)(z) — nomyHenpepbIs-
HBI CBEPXY.

IMonoxum c¢(x) = aa(z). Ecmm o = 0, To Bee ouennno. Ilycrp
a # 0. Bymem paccmarpuBarh « Kak orobpaxkenme « : R"™ — R™,
SABJISAIONIEECs] PACTAYKEHUEM, TIEPEBOIAIINM BEKTOP Y B . flcHO,
YTO KazKJI0€ TAKOE PACTAKEHUE ( TIPEOOpasyeT e-OKPECTHOCTH PO~
M3BOJNLHOTO MOAMHOKeCTBa Y C R™ B £/-0KpecTHOCTb MHOXKECTBA,
a(Y), re € = |ale. Tak xax c(z) = a(a(z)), To ecin U — 310
€-0KpeCTHOCTb MHOXKeCTBa ¢(x), a € = €/|al, MBI 3ak1049aeM, 4TO
¢’-okpecraocts U’ MuO)KecTBa a(x) mepeiizer npu 0TOOpaXKEHUH «
B U. B cujly nojyHENpepbIBHOCTU CBEPXY OTOOpazkenus a(x), cy-
HIECTBYET OKPECTHOCTHb V' TOYKM T, Takasd 4YTO Jiis JIOOOH TOUKM
x' € V emommgerca a(z’) C U’ u, 3nauwnr,

c(z’) = a(a(z")) Cc a(U') =T,

YTO W JIOKA3BIBAET MOJIYHENPEPBIBHOCTL CBEPXY MHOTO3HATHOTO
orobpaxkenust ¢(x) B CHIIy TPOU3BOTBHOCTH YUCTA € W TOUKH .

ITycre Teneps c(x) = (a+b)(x). Beibepem mpoussonbHOe € > 0 1
paccmorpum e-okpectrHoctb U muoxkectsa ¢(x). Ilonoxum e’ = €/2,
unycrs U’ n U oboznagaior £’-okpectraocTn muoxects a () n b(x)
coorBeTcTBEeHHO. Paccmorpum orobpaxkenue [ : R™ x R™ — R™,
onpenenernoe tak: B(y',y") = vy + y”. Io onpenenenwio, nme-
eM: B(a(m),b(m)) = ¢(z). Tokaxkem, TO ﬁ(U’,U”) c U. HeiicTBu-
renbHO, mycrs ¥y € U’ m y” € U”. Torma cymecrByorT Takue
2 € a(z) m 2" € b(x), uro ||y — 2| < & u ||y = 2| < €.
Iycres y = By, y") =y +4" n 2= B(<,2") =2/ + 2". Scwo, uro
z € ¢(x), u, Kpome Toro,

Iz =yl =ll2"+ 2" = =" < |l2" =/ + 12" = y"| <&’ +&" =¥,

T.€. y € U, 910 1 TpebOOBAIOCE.
Taxk kak MHOro3Ha4YHble 0TOOpaxkenus a(x) u b(x) momynenpe-
PBIBHBI CBEPXY, TO CYIMIECTBYET TaKask OKPECTHOCTh V TOYKH &, ITO
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nutst mo6oit Toukn &' € V umeem: a(z’) C U’ w b(z") C U”, nosromy
c(a’) = B(a(a’),b(z")) c U, U") C U,

YTO U 3aBE€pPIIaCT JOKA3aTEJIbCTBO JIEMMBI.

TMokazkeM Tenepsb, 9TO MHOTO3HAYHOE OTOOparxkenue B;(p) aBmus-
eTcs HeIPEPbIBHbIM. IIpexkie Bcero, B COOTBETCTBHU € JIeMMOM 3.1,
ntst moboro p € A nveem B;(p) € X¢. UnbiMu cioBamu, 061acTh
3HaueHn# oTroOpakeHud B; comepxkurca B X[ .

HadneM ¢ TOKa3aTeIbCTBa IOJIyHEIIPEPHIBHOCTH CBEPXY.

JIemma 3.3 Omobpasicenue B;(p) noaynenpepwvieho ceepxy.

Joka3zareabcTBo. [Ipeanookum IpOTUBHOE, T.€. JJis HEKOTOPO-
ro p € A cymecTByer Takas e-oKpectHocTh U MHOXKecTBA B;(p),
9TO JJId HEKOTOPOI CXOAdIeicd K p MOCIeI0BATEIbHOCTH TOYEK
ps € A B KaxmOM MHOXKeCTBE B;(ps) MMeeTca TOUKa Xs, HE TIPHU-
najyrexkamast U. B cuny KomnakrHoCcTH MHOMXKecTBa X, B IOCTe-
JIOBATEJIbHOCTH T's MOXKHO BBIOPATH IOIIOCIIEI0BATETBHOCTD, CXO-
JIAIyIocs K HeKOTopoit Touke x € X¢. Ilosromy, 6e3 orpanudenus
o0IITHOCTH, OYZIEM CUMTAThH, YTO CAMA MOCJIEI0BATETHHOCTD Xy CXO-
JuTca K HeKoTopoi Touke x € X¢. Taxkum 06pa3oM, MbI IOCTPOUTIH
HOCIEIOBATENBHOCTD (Ds, L) TOUEK n3 A X X CXOAANYIOCS K TOY-
ke (p, x).

IMokazkem, 4To, Ha camoMm aene, & € B;(p). uga sroro pacemor-
pum dynxmmio f(p,x), pasnyio (p,z) — K;(p). Tak xax K;(p) —
HenpepbiBHAg GyHKIMs, TO f(p, ) — TakkKe HenpepbiBHAsS (yHK-
nusg. O4YeBUIHO, 9TO

Bi(p) = {x € X | f(p,x) < 0}.

Ob6osnauum uvepez A; mnommuoxkecrBo B A x X pasnoe
71 ((—00,0]). SIcno, uro

A ={(p,x) eAXX{|peA, x€Bip))}.

Kpowme Toro, Bce Touku (ps, xs) nexkar B A;.

Tax kax dyukius f(p,z) HenpepbIBHA, MHOXKECTBO A; 3aMKHY-
10. ITosromy u TouKa (P, T) TaKXKe JEKUT B A;, OTKYIa HEMEJIEHHO
3akmmouaem, 4ro ¥ € B;(p).
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OIHAKO U3 TOCIETHErO yTBEPKICHUS BBITEKAELT, YTO, HAYMHALA C
HEKOTOPOTO HOMEPA, S, BCE TOYKHU X JIEIKAT B £-OKPECTHOCTH TOYKH
Z, a, 3HAYMUT, U B e-OKpectHocTH U MHOxkecTBa B;(p). Tocenuee
TPOTHBOPEYNE N 3aBEPIIaeT JTOKA3aTEIHCTBO MOTYHETTPEPLIBHOCTH
cBepxy orobpaxkenus B;(p).

JIemma 3.4 Omobpasicerue B;(p) noaynenpepvieno cruy.

HokazaTesbcTBo. [IpeanonoKnM MpOTHBHOE, T.€. TMEeTCsT TaKoe
P, 9TO B 3TOH ToUKe oTOOpaskenue B;(p) HE TOMyHENPEPHIBHO CHU-
3y. Ilocmennee O3HAIAET, UTO CYNMECTBYET TaKas ITOCIEI0BATEh-
HOCTB Ps, CTPEMSINASCS K P, U Tako# € B;(p), mas KOToporo B
cemeiicTBe MHOXKECTB B;(ps) Hemb3s BRIOPATH CXOIAMENHCA K & TO-
caepoBarenbHoctd. OTCI0a BLITEKAET, YTO y TOYKH T CYIIECTBYET
OKPECTHOCTE U, TaKas 9To JJIs HEKOTOPOIt TOTIOCTIE0BATETLHOCTH
B [IOCJIEZIOBATE/ILHOCTH Py COOTBETCTBYIOIIUE MHOKeCTBA B;(ps) He
nepecexaior U. [Tosromy, 6e3 orpannvenns oOIIHOCTH, OyaeM cpasy
npesnonarath, 9To BCe B;(ps) He mepecekaror U.

Hanomuum, 4ro, B coorBercrBuum ¢ yciaosuem (4) Ha 110-
TpebuTebcKuil cekTop, dyuknus goxona K;(p) pasma (p,b;) +
> i @ij(p, y;). To yemosmio (3), cymectsyer takoit T; € Bi(p),
aro Z; < b;. Tosromy (Z;,p) < K(p) mpm mobom p € A. Pac-
CMOTPHM OTPE30K [Z;, 2. Tak kak dynkmus f(p, z) = (p,x) — K(p)
IpH KazKJI0M (DUKCHPOBAHHOM P JIMHEHHA 10 T, TO €e OrpaHu4e-
HUE Ha OTPE30K [T;, x| Takwxke juneiino. Tak kak f(p,Z;) < 0 u
f(p,z) <0, To B 11060# OKPECTHOCTH TOYKHU X, B YACTHOCTHU, B BbI-
Opamnoit okpectrocTn U, cymectsyer x’, Takas ato f(p,z’) < 0. B
cuy HenpepblBHOCTH (ByHKIMH f, g Beex p’, JOCTATOYHO Oym3-
Kux K p, umeeM f(p’,2') < 0, r.e. 2’ € B(p'). llosromy, cymecrByer
rakoe s, uto =’ € B(ps), T.e. okpectHocTh U mepecekaer B(ps).
[Momy49eHHOE MPOTUBOPEYNE U 3aBEPIIACT JOKA3ATEILCTBO JEMMBL.

JIemma 3.5 Omobpasicenue ©;(p) nosynenpepvieno ceepry.

JokazarenbcrBo. Kak U B [0oKa3aTelbCTBe JEMMBI 3.3, MBI,
PEJTIONOKIB TIPOTUBHOE, HalieM s HEKOTOPOTO P TaKylo &-
okpecraoctb U muoxecTBa D, (p), 9T0 [j1 HEKOTOPOH MOCTIEI0BA~
TENBHOCTH TOUEK P € A, CXOMAMUXCS K P, B KaxkaA0M P;(ps) MOKHO
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BBIOpPATH TOUKY X4, He Jiexkaryio B U. [Ipu srom onsith, 6€3 orpanu-
YeHus OONMIHOCTH, OyIeM IIPeIIoIaraTb, 4TO MOCIEI0BATEILHOCTD
Ts CXOIUTCSL K HEKOTOPO# Touke T € X[ .

MpbI mokaxkeM, 94To, Ha CAMOM JeJie, TouKa & jiexkuT B P;(p), 910
U 3aBEPIIUT JOKA3ATEIbCTBO JIEMMBI T10 TEM YK€ COOOPAKEHUSIM, UTO
W B IOKA3aTEIHLCTBE JIEMMBI 3.3.

Buosb paccmorpum HempepbiBHYIO (ynkumio f(p,x), paBHYIO
(p,z) — K;(p), m obo3ramm 1epe3 A; 3aMKHYTOE TOJAMHOKECTBO B
A x X¢, pasroe f~1((—00,0]). Tak xak ®;(ps) C B;(ps), momyda-
€M, 9TO BCe TOUKU (Ds,Ts) JI€XKAT B A;, TIOITOMY, U3 3aMKHYTOCTH
MHOXKecTBa A;, nmeem: = € B;(p).

Iokazkem, 410 u;(T) = Maxyep,(p) ui(z'), T.e. aro x € $4i(p).
ITycrs sro e Tak. Tak Kak B;(p) KOMIIAKTHO, CYIIECTBYET TOYKA
Z € Bj;(p), B koropoii gocruraerca MakcumyMm QyHKOuH u;. 110
MPeNoNoKeHno, u;(x) < u;(Z).

Tax kaxk, mo jgemme 3.4, orobpazkenue B;(p) moyHenpepbIBHO
CHHU3Y, TO CYIIECTBYET CXOIAMAACH K T MOCIEI0BATETBHOCTD Tg, Ta-
KHUX 9TO Ts € B;(ps). Omuako u;(Zs) < ui(zs), mosTomy u3 mempe-
PBIBHOCTH (DYHKUMHU U; 3aKJII0YIAEM, ITO

. = - 1 — 1 . > o N —
o) = i ) = Jim () 2 Jin )

w; (SILH;O fs) = u;(z),

npotuBopetne. /lokazaTeshCcTBO 3aKOHIEHO.

JIemma 3.6 Mnooicecmea D;(p) ABAAIOMCA HENYCBLMU GLINYK-
ABLMYU KOMNAKMAMU.

Hoxka3zatesbcTBo. Ycaosue (4) rapauTUpyeT HEmyCTOTY MHO-
kectB @;(p). DTH MHOKECTBA OIPAHUYEHDI, TAK KAK OHU SIBJIAIOT-
sl TIOAMHOXKeCTBaMH KoMmmakTa X{ mo jemme 3.1. 9Tu MHOKeCTBa
3aMKHYTBI, TAK KaK SBIAIOTCS MHOXKECTBAMHM MAKCHMAJbHBIX 3HA-
YeHUi OrpaHnYeHHs HeIPEPbIBHON (yHKIMHT U; () Ha KOMIAKTHbIE
nonmuokecTBa B;(p). Takum obpasom, kaxkmoe ®;(p) — KOMIAKT.
Jokazkem Tereph BBIMYKJIOCTh MHOXKecTBa D, (p).

Ilycts ¢’ w 2/ — nee mpowssonbube TOukH u3 P;(p), m & —
NPOU3BOBHAS TOYKA U3 OTpe3Ka [, 2], T.e. cymecrsyer Takoe 0 <
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a<1,aro x = (1 —a)r’ + az”. Tak kak dbynkmus u;(z) BOrayTa
no ycmosuio (2b), nmeem

wi(z) > (1 — ) ui(z") + au(z").

B cmny Bemmyksioctn muoxkectBa B;(p), Touka x nexut B B;(p). Tak
KaK B Toukax o’ u o’ pyHKUMA u; UpUHUMaeT MaKCUMaJbHOE Ha
B;(p) 3HAYEHHUE Umax, TMEEM U;(X) > Umax, TOITOMY U; (L) = Umax,
u, 3Ha4uT, T € ®;(p). Yto M TPEGOBAIOCH.

JIemma 3.7 Omobpasicenue ®(p) noaynenpepwvieno ceepxy. Kaotc-
doe mnoorcecmeo DP(p) AGAACTNCA HENYCTIBIM EHINYKAIM KOMNAK-
MoM.

HokasaresnberBo. OroGpazkenne P (p) paBHO, O ONPeEETEHHIO,
CcyMMe 0TOOpazkKeHui MoJiyHenpepbiBHbIX cBepxy P;(p). mosromy, B
COOTBETCTBUHU C JIeMMOii 3.2, oroOpazkenue @ (p) TakKe MOIyHEIpe-
PBIBHO CBEPXY.

Tak Kak CyMMa HEIyCTBIX BBIMYKJIBIX KOMIIAKTOB SIBJISIETCS
HEILYCThIM BBIILYKJIBIM KOMIIAKTOM, MbI, UCIIOJIb3ys JieMMy 3.6, 3a-
KJII09aeM, 9T0 MHOKeCTBO P(p) TakKe HEIyCTO, BHIMTYKJIO U KOM-
makTHO. /l0Ka3aTeIhCTBO 3aKOHUIEHO.

JIemma 3.8 Omobpasicenue V(p) noaynenpepueno ceepry.

dokazarenbcTBo. Unen nokasarenbcTBa Takue Ke, KaK U MPHU
JTOKA3ATETbCTBE AHATIOTHIHOTO pe3ynbrara mis P(p).

Paccmorpum  Temeps (QYHKIHMIO H3OBITOYHOTO IIPEIJIOKEHHUS
o(p) = ¥(p) — ®(p). Mo nemme 3.2, sta PyHKIMA TOTYHEHpPE-
PBIBHA CBEPXY, U, KPOME TOTO, KaxkKIoe @(p) ABISETCA HEIMyCThIM
BBITYKJIBIM KOMTAkTOM. Jlajiee, mo mpeajoxkennio 1.2 rmaBbl 1, BbI-
HOJIHAETCH CJIEAYIONIee COOTHOLIEHNE: it JIIo0oro u € (p) uMe-
em (u,p) > 0 (3akon Bambpaca). MbI ucnonbsyem nepequcieHHbIe
CBOICTBA, JIOKA3aB MPEIBAPUTETHHO CJIELYIONIY 0 JIEMMY.

JIemma 3.9 (Teiisr) ITycmo A C R — cmandapmmoiti cumnaerc,
I' — swnykavd xomnarm, u ¢ : A = I' muozosnawnoe omobpasice-
nue, ydosaemeopaoujee CAEOYIOUUM CEOTUCMBAM:
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1) omobpasicenue @ NOAYHENPEPBIBHO CEEPTY, U OAA BCAKO20 P €
A 06paz ©(p) AGAAEMCA HENYCNBLM GUNYKABLM 3AMEHYMBLM
nodmmoscecmeom 6 I

2) ewmnoamnsemca 3axon Baavpaca 6 wupoxom cmwicae, m.e.
(p,u) >0 das aw0boz0 u € p(p).

Tozda cywecmeyem marol eexmop p* € A, wmo p(p*) NR% # 0.

HoxkazareabcTBo. g kaxgoro u € I' onpemennm MHOXKECTBO
v(u) cremyromumM obpasom:

viu)={peA|(pu)= p,eirA1<p’,u>}-

Paccmorpum muOro3HauHoe orobpaskenue (1 A X I' = A x T,
3a/1aBaEMOE TaK:

w(p,u) = v(u) x o(p).

IMokazkem, 94T0 OTOOPAKEHUE (i YAOBIETBOPSAET YCIOBUIM TEOPEMBI
Kakyrann. JleficrBurenbao, MEOKeCTBO A X I' BBITYKJI0 1 KOMIIAKT-
HO B CHUJIy BBITTYKJIOCTH W KOMIAKTHOCTH COMHOYKUTEJIEH.

lasee, JIETKO BUIETH, 9YTO MHOKECTBA V(1) HEIYCTHI, BHITYKJIbI
U 3aMKHYTBI, & MHOXKECTBA ¢(p) HEMyCThI, BLITYKJIbl U 3aMKHYTbI
no npezanoioxenuto. [Tosromy Bee p(p,u) HEIyCTbI, BBILYKJIbI 1
3aMKHYThI.

Jlemma 3.10 Omobpasicenue v : T' = A noaynenpepwieno ceepry.

HoxkaszaTeabcTBo. Bribepem npoussosbaoe € > 0 u paccMoTpum
€-0KPECTHOCTDb IIPOU3BOJIBHOrO MHOKeCTBa V(). Mbl JIOJI2KHBI 1O~
Ka3aTh, YTO CYIIECTBYET OKPECTHOCTH V TOUKW U, TaKas YTO IJIst
moboro u' € V umeem v(u) C U. Tpexnonoxum nporusroe. Torma
CYIIECTBYET TaKasi MOCIeJI0BATEIIBHOCTh Us —> U, YTO B KaXKJOM
v(us) UMeeTcst HEKOTOpasi TOUKa s, He mpuHasmmexkamas U. Tlo
onpenenenuto, (ps,us) < (p',us) mua modoro p' € A. B cuny kom-
MaKTHOCTY MHOXKECTBA [', W3 TMOCIeI0BATEIHLHOCTH Pg MOMKHO BbI-
OpaTh CXOMANLYIOCS MOANOCIEIOBATEIBHOCTE, IOITOMY, HE OTDaHU-
quBas OOIIHOCTH, OyIeM Cpa3y CYUTATh, 9TO TOCJIEI0BATEIbHOCTH
Ps CXOIUTCST K HEKOTOpOMY p € A.
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B cuny HempepbIBHOCTH CKAJISAPHOTO MPOW3BEIEHUS, HWMEeM
(p,u) < (p/,u) s moboro p’ u3 A, mosromy p € v(u). Cremosa-
TEJIbHO, BCE TOYKU Pg, JOCTATOIHO OM3KHE K P, JEKAT B OKPECT-
voctu U. Tlomyduennoe mpOTUBOpEYNE 3aBEPITIACT TOKA3ATETHCTBO
JIEMMBI.

Hanee, orobpazkenne ¢(p) TakzKe HOJYHEIPEPBIBHO CBEPXY, HO-
STOMY W HAIIE OTOOpasKeHue [i(p, ) MOJIYHEIPEPHIBHO CBEPXY.
Takum 06pa3om, MBI BUIUM, 9TO BCE YCJIOBHUs TeopeMbl KakyTa-
HY BBIINOJIHAIOTCH, HO3TOMY CYHIECTBYeT Takas Todka (p*,u*), 4ro
(p*,u*) € v(u*) x o(p*), uabIMHU coBamu, p* € v(u*) n u* € p(p*).
ITo onpenenenno MuEOKECTBA V(U*), MBI MOTYy9aeM, 9TO

", u*) < (p,u*) mus moboro p € A.

IIo ycJs0BHIO JIEMMBI, BBIMOJHSIETCA 3aKOH Basjbpaca B MIMPOKOM
cumbIcne, T.e. (p*, u*) > 0. IlosTomMy nmeem

(p,u*) > 0 mna moboro p € A.

N3 npomsponbHOoCTH TOUKY p € A BbITeKaer, 9o u* > 0, T.e. u* €
(p*) NRY, orkyna ¢(p*) N R # O, uro u rpeGosasocs. Jlemma
T'eitia nosiHOCTBIO JIOKA3aHA.

N3 nemmbr Teita u MOKA3AHHBIX BBIIIE CBOMCTB (DYHKITHHA M3-
OBITOYHOrO CIpoca ¢(p) BBITEKAET, 9TO CYIIECTBYET TAKasd CHCTEMA,
uen p* € A, upu KOTOpOoil MHOKeCTBO ¢(p*) COmEP:KUT HEOTpU-
narenbubiii smement u*. Ilo onpenenenuto, umeorcs z* € ®(p) u
y* € U(p), rakue uyro u* = y* — z*, orkyma z* < y*, Te. cy-
MIECTBYIOT TaKue HEeHbI p*, IIPU KOTOPBIX CHPOC I* He MPEeBBIIIaeT
peIoKeHns y*.

Ham ocrasocs mokasarb, 4To myis Tpoiiku (z*,y™, p*) BBINOI-
Hgercd 3akoH Basbpaca B y3koM cmbicsie. JIjisi 3TOro BOCIOJIB3Y-
eMCS IPEIIONOKEHIEeM O HEHACBHIAEMOCTH HOTPeOUTeNeH, OTKY-
Jla clieslyer, 4ro jjid Jjioboro ¥ € ®;(p) mMeer MecTO PaBEeHCTBO
(p, x) = K;(p). BeIkj1aIK¥, aHAJIOTUYHBIE TE€M, 9TO IPOBOIATCS [TPH
BBIBOJIE 3aKOHA Basibpaca B MIMPOKOM CMBICJIE CJIOBA, JAIOT PABEH-
ctBo (p,x) = (p,y) ana mobbix ¢ € (p) m y € U(p). lokazarens-
CTBO 3aKOHYEHO.
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4. Mopgens Dppoy—/lebpe nu onTNMaIBHOCTH IO
ITapeTo

B nacrosiiieil riiaBe Mbl BBEJIEM MOHATHE ONTUMAJIbHOCTH 110 [Ta-
pero, 0OOOIAOIIErO OMPEIeIeH s TOYKNH MAKCHMYMa BEIECTBEH-
HOI (DYHKIUHN Ha ciydail orobpaskenus co 3HadennsMu B R™. Oxa-
3BIBAETCS, COCTOSTHHE KOHKYPEHTHOTO PABHOBECHSI SIBJISIETCSI ONTH-
MaJbHBIM 110 IlapeTo a1 ecTrecTBEHHOrO OTOOpaXKeHWs, 3aaBae-
Moro ¢yHKIuaME noae3noctu. [lepeitnem K gerassm.

IIycts X;, ¢ = 1,...,l — mpOW3BOJIbHBIE MHOXKECTBA, U U;
X; — R — npoussosbusre dyukmmn. Paccmorpum MuOKeCTBO X =
X1 X --- x X, paBHOE I€KAPTOBOMY POM3BEIECHUIO MHOKECTB X,
u oupeenum Rl-3naunoe orobpazkenne % : X — R! rak:

ﬂ(:ﬁl, NN ,l'l) = (ul(xl), ‘e ,ul(xl)).

IIpenmonosxum, aTo B X BBIIEJIEHO HEKOTOPOE TTOAMHOMKECTBO X(.
HaGop BekTopoB © = (Z1,...,2;) HA30BEM (ONYCMUMbLM WA Pac-
npedeseruem, ecnu r € Xo.

Onpenenenne. Pacupenenenne © = (21,...,2;) HA30BEM ONMU-
maavrom no Ilapemo, ecan He CyIIeCTBYeT pacrnpeseseHns r’ =
(24,...,x]), Takoro uro u;(x;) > w;(x;), 1 x0Tt GBI AT OJHOTO i
HMeEeT MECTO CTPOroe HEPABEHCTBO; MHBIMU CJIOBAMH, €CJIH HE Cy-
mecTByeT pacnpeaenenns ', Takoro uro 4(z') > u(x).

Takum obpazom, onTumaabHasa mo [lapero Todka — 3T0 TOYKa
MakcuMyMa i orobpazenusd U : X — R!, mocrpoeHHOro BbILIe.

Paccmorpum mozens 9ppoy—/lebpe B Tex ke 0003HAYEHHUAX, ITO
¥ B MPEILIYINNUX TIaBaX. A UMEHHO, IyCTh Tenepbh uMeercs [ mo-
Tpeburesieil, TpudeM i-blif U3 HUX XapPaAKTEPU3YEeTCsl CBOUM IOTPEe-
OUTENbCKUM MHOKECTBOM X; 1 (pyHKIMelH noae3snocTu u; (), onpe-
nenennoit na X;. Kak u Boime, mogoknM X paBHBIM JIE€KapTOBY
MIPOM3BEIEHUIO TTOTPEONTENIHCKUX MHOXKECTB X;.

IIycTb Y — COBOKyIIHOE TEXHOJIOIHYECKOE MHOMKECTBO, 1 b — co-
BOKYIHbII HadasbHbIi 3anac. Torna, Hamomuaum, b +Y — 310 MHO-
JKECTBO BCEX HAOOPOB TOBAPOB, KOTOPhIE TOJIHLKO MOTYT OBITH MPO-
n3BeJeHbI B 9T0i cucreme. OcHoBHOE TpeboBaHne Mmoaean Baabpaca
COCTOUT B TOM, YTOOBI CIIPOC HE MPEBBIMIAJ Tpejiokenns. Vcxoms
I3 9TOr0 TPeGOBAHMS, MBI OIIPEIEIHM JOIYCTHMOE MHOKECTBO X
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CJIeAYIOmUM 00pa30oM:

l
XO:{xz(xl,...,zn)EX\ﬂyEY: Z$i§b+y}-

i=1

Nmeer MecTo creayiommii pe3yabTarT.

Teopema 4.1 Ecau (z*,y*,p*) — xouxypewmmoe pasnosecue 6
Mmodeau Ippoy—Lebpe, mo pacnpedesenue ¥ onmumanvro no Ia-
pemo.

HokaszaTesbcTBo. [IpeanonoKuM NpoTUBHOE, T.€. HANJETCA Ta-
koe pacnpenenenne r € Xg, uro 4(z) > u(z*). Nupivu cropamu,
wi(x;) > w;i(x}), m Qs HEKOTOPOTO @, CKAXKeM JJIst & = ip, UMEeT
MECTO CTPOroe HEPaBEHCTBO.

Bocmonb3yeMcs TeM, UTO KasKIbli MOTpeOHTeIh HEeHACHIIACM,
u g Kaxkaoro ¢ = 1,..., [ BeiGepem takoe w; € X;, uro u;(w;) >
u;(x;). Honoxkmwm z;(t) = (1—t)z;+t w;. B cuny BormyrocTn hyHK-
UK [TOJIE3HOCTH U;, AMEEM

Us (a:z(t)) > (1 - t)ul(xl) + tuz(wl) > ul(arl),

upu mobom 0 < ¢ < 1. Tlosromy w;(x;(t)) > ui(a]), u, 3nauur, B
CHJLY TOLO, YTO T} $BJSLETCH TOYKON MakKCuMyMa i (DYHKUMU U;
Ha BasbpacoBoMm GrogzkeTHOM MHOXKECTBE B;(p*), MBI 3aK/II09aeM,
aro x;(t) ¢ Bi(p*) mpu mobom 0 < ¢t < 1. CrenoBaresbHO, TpH
3TUX ¢ BBITIOTHIETCS

m
(p*,zi(t)) > (p*, bi) + Zaij<p*7y§>-
j=1
Ilepexons k mpeneny nipu ¢t — 0, morydaemM
(p* i) = (p*, bi) + Z @i (p*,y;)- (12)

j=1

OrmerumM, 9TO Ipu © = 1( TPEABIIYIee HEPABEHCTBO cTporoe. Jleii-
CTBUTEJILHO, TIO YCJIOBHUIO, JJist TAKOTO & mMeeM u;(x;) > u;(z)), n
TaK KakK &; — TOYKa MAKCHMyMa [JIsl OrPAHUYeHUst (DYHKIUA U; HA
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B;(p*), sakmouaem, ato x; € B;(p*), OTKya 1 BBITEKAET CTPOrOCTH
HEPABEHCTBA.
Cymmupys 10 i nepasenctsa (12), 1 yaurbmas, a0 3, ;j =
y pYy p , 1Y ) i=1 % =
1 mpum KaxKa0M j, TOTyvIaeM

<p*7§l:xi> > (p*,b) + <p*,§m:y;*>~
j=1

i=1

B cmiy onTHMaJILHOCTH BEKTOpa y* = Z;.n:lyj, MOJTy9aeM, 9TO
(p*,y*) = (p*,y) mus moboro y € Y, nostomy myst mroboro y € Y

l

<p*,zxi> > (" b+ y). (13)

i=1

Hasnee, Tak Kak Habop * = (Z1,...,T;) ABJIAETCS PACIPEICTICHUEM,
., !

1O cymecrsyer y € Y, takoit 4ro y ., x; < b+ y, u, 3Haqur, qus

3TOTO ¥ BBIIOJHAETCH

l

(P Y ) < (", b+ ),

i=1
410 nporuBopedut HepapeHcTBy (13). JlokazaTesbCTBO 3aKOHYEHO.

Oka3zbIiBaeTcsi, BEpeH U 00PATHBIM PE3YIBTAT: BCIKOE ONTUMATh-
nmoe 1o ITapero pacnpezenenne MOxKeT y4acTBOBATH B KOHKYDEHT-
HOM PABHOBECHU. A MMEHHO, UMEET MECTO CJIE/YIONas TEOPEMA.

Teopema 4.2 IIpednosooicum, wmo pacnpedesenue (z7,...,z7)
onmumanvro no Ilapemo. Toeda cywecmeyem eexmop uen p* u
nabop (Y5, ..., Ym), Y; € Y;, makue wmo

l * *
1) Y <b+ 30y

2) npu wasicdom j eexmop y; maxcumusupyem dynxyuo (p*,y;)
no ecem y; € Yj;

3) npu Kasrcdom i sexmop T} murumusupyem dynryuro (p*, x;) no
scem ; € X; maxum, wmo u;(x;) > u;(x)).
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3amevanue. Eciu B 10mMOIHEHNE K YCIOBUAM TeOpeMbl 4.2 1o-
Tpe6oBaTh, YTOObL JOIU (r; YYacTHs B HPUOBLISAX PaBHIHCH 1/1,
U [epepacnpeiesinTh HA9aabHy0 COOCTBEHHOCTD TAK, YTOObI HOBAs
HavaJIbHAsT COOCTBEHHOCTH 1-OTO MOTPEOUTENIST PABHSIIACH

/ * 1 - *
by = x; —jzyw
j=1

TO nocrpoensslii nabop (z3i,...,x5,y1,..., ¥, p*) Oyner Kouky-
PEHTHBIM PABHOBECUEM (JOKAYKUTE).

JokasareabcTtBo Teopembl 4.2. CymecrBoBanue Habopa y*,
YIOBJIETBOPSIIOIIETO IEPBOMY YTBEPXKIEHHUIO, BBITEKAET U3 OIIPeie-
JleHust ontuMmaibaoctn mo ITapero.

JlokaxxeM BTOpO€ U TpeTbe yTeBepxaenwus. llomoxxum M; =
{z; € X; | ui(x;) > w;i(z})}. Tak Kak MOTpEOHTESNM HEHACHIIAE-
MBI, To M; # (). Paccmorpum mHOXKecTBO G = b+ Y — Zé:l M;.

Jlemma 4.1 Mmnootcecmeo G ne co0epicum noioHCUMesbHOLT Gek-
mopos.

HoxkazarenabcrBo. [IpeanosokuM TpOTUBHOE, T.€. CYIIECTBYET
BekTOp z € G, Takoii uro z > 0. Ilo onpenenenuio, CymecTByOT
Takne y € Y u x; € M; nnsg Kaxmaoro 4, 9To

l
z=b+y—Y z;>0.

i=1

JanHOoe HepaBeHCTBO O3HAYaeT, YTO HAOOp (Z1,...,T;) AOIYCTUM,
T.e. gBigercd pacnpepenenneM. OHAKO, U3 ONpEIETEHHE MHO-
2kecTB M; BbITEKaeT, 4To 3T0T Habop “Jy4me’ mabopa z7,...,T;,
YTO MPOTUBOPEYHUT ONTUMAIBLHOCTH 110 [lapeTo mocaenanero Habopa.
Jlemma mokasama.

Jlemma 4.2 Muooicecmeo G 6binyx.ao.

JokazaTesbcTBo. MBI TOKayKeM, 9TO MHOXKeCTBa M; BBITYKJIHI,
OTKY/Ia MTHOBEHHO TMOJIy9aeM BBIMYKJIOCTh MHOXKeCTBa G.
! 11
Ilycrs x; u x; — nBe mpomssosbuble Touku u3 M;. 1o onpene-
nennto MHOXKecTBa M, mmeem u;(x}) > wi(xf) m w;(x]) > ui(x)).
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PaccMoTpuM pom3BOJIBHYIO TOUKY &; 3 oTpeska [z}, z}]. Tak kak
GYHKITHS U; BOTHYTA, TO

wi(z;) > min (w; (), us (7)) > wi(z}),

MIO3TOMY ; Takzxke npuHamiexRkut M;. JToka3aTenbCcTBO 3aKOHIEHO.

IIpumenssa Teopemy 00 OTAETUMOCTH K JBYM HEITEPECEKATOTITIM-
cs1 BBRIMMYKJIbIM MHOXKecTBaM G u R} | 3akji0uaemM, 9To CymecTByeT
rakoe p* > 0, uro (p*,z) < 0 ana Beex z € G. OTciona BbITEKAET,
9TO 171 BeeX ; € M; m Bcex y; € Y mMeeT MeCTO HepaBeHCTBO

l m l
j i=1

i=1 j=1
O6o3HaunM depes M; 3ambikanme MHOKecTBa M;, T.€.
Jlemma 4.3 Hepasercmeo (14) umeem mecmo maxsice das A1066.x
ZT; € M; u mobwz y; € Y;.
JoxkaszarenbctBo. Ilycrs x; € M; u Z; € M;. Tlonoxum z;(t) =
(1 —=t)&; + tx;. Tak xak byakmua u;(L) BOrHyTA, HMEEM

MOCKOJIBKY CPEJTHSS 9aCTh 3TOrO HEPaBeHCTBa Mersiercst 0 ¢ € [0, 1]
smuHeHO oT 3HaweHus u;(T;) > u;(x}) mpm t = 0 mo 3HaveHHA
ui(x;) > ui(z}) mpm t = 1. Orciona Beirekaer, uro npu ¢t € (0, 1]
BCE TOUKH Z;(t) meskar B M;, MO3TOMY IIJIst HUX TAKKE BBITOJTHACTCS
uepasencTso (14). Ilepexonsa k npezesy npu t — 0, mosydaem, 4To
HepapeHCTBO (14) BRIMOTHAETCA W M7 TOUKE T;. JlOKA3ATENTBCTBO
JIEMMBI 3aKOHYIEHO.

Bcnomuum reneps, uro nabop (z7,. .., ;) aBigerca pacupeae-
JIEHWeM, T.e. cyInecTByer y* = yi +...+y’, yj S Yj, JIJIsT KOTOPOTO

l m l
Zbi—f—Zy; > fo
i=1 j=1 i=1
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VMHOXKAs 3TO HEPABEHCTBO CKAJIAPHO Ha P*, TOIydaeM HEpaBeH-
CTBO, npoTHBONOJIOKHOE HepasercTBy (14). Tak kak, 110 jemme 4.3,
nepasencrso (14) BbinoHsercs g Beex T; € M;, u, O4eBHIHO,
x¥ € M;, nomyaem

l l

Z +Zp Y;) Z(p*,:z:D. (15)

i=1 =1

W3 coornomennit (14) u (15) moayvaem, 1aro

Jnsa mobex 2, € M; ny; €Y.
IMoncrasnsas B nepaserncrso (16) x; = o nus Beex i = 1,...,1,
U Y; =Y, AJLd BCEX J, KPOME OJHOIO, CKAXKeM, J = jo, HOJIy1aem

(P*,yjo) < (P, y;,) Ana moboro yj, € Yj,,

TeM CAMBIM JOKA3AHO BTOPOE YTBEPIKICHHE TEOPEMBI.
IMoncrasnsas B mepasencrBo (16) z; = x} 11s Bcex i, Kpome
OJLHOTO, CKaxeM & = 1o, 1 Yj = Y; JJid Beex j = 1,...,m nonyuaem

(p*, @i,) > (p*, x},) nna moboro x;, € M;,,

TEM CaMbIM JOKA3aHO TPeThe yTBepxKaenue Teopembl. Jlokazarenn-
CTBO T€OpeMbl 3aKOHYEHO.

5. KoHkypeHTHOe paBHOBecme B MOJeJN
Baabga—Kaccens

Omnuriem enie o/iHy MOJENb, peyiokennyo Kaccenem u sipiis-
IOIIYIOCSI YaCTHBIM CiiydaeM Mmozesnn Basbpaca. 9ta Mozesns b6iin3ka
K Momenu Bambma, paccmorpennoii eme B 30-b1x romax. Hecmorps
Ha TO, 4TO MOJesb Bambaa—Kaccens gBisgercs 9acTHBIM CIIydaem
Mojienn Basbpaca, MBI JaIMM HECKOJIBKO APYTOe OMpeiesieHre KOH-
KypeHTHOTO paBHOBecusi. OCHOBHBIM DE3YJIbTATOM JAHHONW TJIABBI
SBJISIETCS TOKA3ATE]bCTBO CYIIECTBOBAHUS KOHKYDEHTHOIO PABHO-
BeCHUsl B HOBOM MOHUMAHWH.
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OiHa U3 OCHOBHBIX OTJIMYUTEIBHBIX YEPT PACCMATPUBAEMON MO-
JIEJTA COCTOUT B TOM, 9TO TEIEPhb Mbl OYIEM PA3IUIATh NPOOYKMDL
npou3eodcmea u nepeusHve HarmopbL.

Wrax, mycThb, Kak U BBIIIE, IMEETCS 7 THIIOB TOBAPOB, U, TIO9TO-
My, IpocTpaHcTBo ToBapoB — 310 R”™, Takxke nmeercs | nmorpebu-
Tesieil, IpuYeM i-biii TOTPEOUTEb XAPAKTEPU3YETCsl HOTPEOUTEIIb-
ckum mHOKecTBOM X; C R”, dyuknumeit noxona u dbyHKIHEH CrIpo-
ca.

B oraumune or momenm Basbpaca, rae ¢-brit moTpebuTenh Xa-
pakTepu30oBaJjica emre 3amacom b; € X; mepBuYHBIX (HAKTOPOB, SB-
JIABIIIAXCST TOYKON B TOTPEOMTEIHCKOM MHOXKECTBE X;, B MOJIEJH
Banpma—Kaccens mepBudmbie (pakTOPbI PACCMATPUBAIOTCA “H30JH-
POBaHO” OT MOTPEOHUTENEH: MBI IPETIOIATAEM, ITO UMEETCS M HIep-
BHYHBIX (DAKTOPOB, 0OPA3YIOUIUX CTPOrO HOJOKUTEIbHBIH BEKTOD
b € R'"'. Bosee Toro, ecnn panbIne TiepBrYHbIe (DaKTOPHI, TPHHA/I-
JIesKa, IPOCTPAHCTBY TOBAPOB, UMEJIH LEHbI P = (P1,. .. ,Pp), TO TE-
neph neperudHbIe (DAKTOPBI IMEIOT CBOU MEHB U = (U1, ...,V ). Ta-
KuM 00pa3oM, BEKTOP IeH Ha BCE TOBAPDI, OOPAIAIOIINECS B HAIIIEH
9KOHOMHUKE, paBeH (p,v).

Orciofa BeITeKAOT U Aaabheiimme oranansi. O yHKIUS COBOKYII-
HOrO CIPOCA 3aBUCHUT TEIEPhb OT HEH HEe TOJIbKO Ha MPOLyKTHI [IPO-
W3BOJACTBA, HO W OT IIEH Ha MEpPBUYHBIE (DAKTOPHI, T.e. (DYHKIHS
cupoca umeer Bug P(p,v). Bomee Toro, Mbr GyzeM MpeamnonaraThb,
uro byakius P(p,v) aBiserca oxHO3HAYHON U HenpepbiBHON. Ta-
KHM 00pa30oM, HMeeM:

P(p,v) = (1(p,v), ..., Pulp,v)),

rae $p(p) — dbyuknua cnpoca Ha k-wiit mpoaykT. Takwxke Mbl Oy-
JieM cauTaTh, 4o P (p, v) yaosaersopseT 3akony Bambpaca B y3kom
CMBICJTE, T.€.

{p, @(p, v)) = (v,0).

NupiMu ctOBaM¥, CTOMMOCTH BCEX TOTPEOJIEHHBIX TOBAPOB PABHA
CTOMMOCTH BCEX MMEBINUXCS MEPBUYHBIX (DAKTOPOB (B JIEHEKHOM
OTHOIIIEHNHN, BCE TIePBUYIHBIE (PAKTOPHI OBLITH MPeodPA3OBAHBI B TO-

Bap).
[IpousBoacTBeHHBIH CeKTOP Oy/I€eM ONMUCHIBATH JIMHEHHON MOIe-
abio Jleonrsesa ¢ marpuneit A = (a;5),t=1,...,m, j=1,...,n,
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r7e a;; — KOJWYIEeCTBO i-Or0 TMEPBUYHOTO (haKTopa, HeOOXOAMMO-
ro I TPOM3BOACTBA EIMHUIBI j-Oro mpomykra. Kak OOBIYHO,
MBI IIPEJIIOJAraeM, 9T0 BCE ¢;; HEOTPUIATENbHBI, B YTO B Mal-
pume A HET HyJeBBIX CTPOK W CTOAOHoB. OTMeTHM, |TO eciu
y = (Y1,...,Yn) — COBOKYITHOE MPEJIOKEHUE MTPOU3BOICTBEHHO-
rO CEeKTOpa, TO BEKTOP A i/ ONUCHIBAET MOJHBIE 3aTPATHI MTPOU3BOI-
CTBEHHOT'O CEKTOpa Ha IPOM3BOACTBO ACCOPTHMEHTHOTO HAbOpPa ¥;
MHBIMHU CJIOBAMU, i-asi KOMIIOHEHTA BEKTOpa Ay paBHA KOJIMYECTBY
i-0ro 1epBUIHOrO (PaKTOpa, 3aTPAYIEHHOrO HA IPOU3BOACTBO HAGO-
pa y. EcrecTBeHHO, B pealbHBIX MOAEIAX KOJUIECTBA 3aTPATEeHHBIX
MEPBUYHBLIX (PAKTOPOB HE JOJZKHBI MTPEBOCXOIUTH KOJWYECTE AME-
FOIIAXCSA TEPBUYHBIX (PAKTOPOB, T.€. JIOJKHO BBIOJTHATHCS HEPa-
BercrBo Ay < b.

Ilorpebyem MOMOMHUTENBHO, ITOOBI CIPOC HA BCIKWM TOBAp B
TOYHOCTH COBHAJAN C mpeijiokenuem, T.e. y = P(p,v). U3 sroro
OTPAHWYEHWS, B YACTHOCTH, CJIEIYET, 9TO TMPOW3BOICTBEHHBIN CeK-
TOp npuobperaer Bech BeKTOp b 3amaca nmepBudHbIX HhakTopos. [lo-
3TOMY JOXOMbI TTPOM3BOJICTBEHHOTO CEKTOPA PaBHBI (P, y) — (v,b).
Tak kak (v,b) He 3aBHCUT OT P, TO €CTECTBEHHO IPUXOIUM K CJIe-
JIYIOEMY OMWCAHUIO ONITHMAJIBLHOTO TOBEICHUS TMPON3BOINTENEHH:
POM3BOJICTBEHHBIN CEKTOP MAKCUMU3UPYET YUCIO (P, Yy) IPHU Orpa-
nnuenusx Ay <bwuy > 0.

Onpenenenne. HaGop (y,p,v) HASBIBAECTCS KOHKYPEHMHbLM DAG-
Hosecuem 6 modeau Baavda—Kacceas, eciim BBIIOTHAIOTCS CIIELyTO-
IIMe YCIOBWS:

1) BeKTOp Yy SIBISETCS pEIleHMeM CTaHJAPTHON 3a/a4d JIMHEHHO-
O MTPOrPaAMMUPOBaHNs, ONMUCHIBAIOIIEH TOBEJEHNE TPOU3BO/I-
CTBEHHOI'O CEKTOpa:

(p,y) — max, (17)
Ay <b, y=>0.

2) cmpoc paser npemnokenuto: y = P(p, v); ITO yCIoBUE ONUCHIBA-
eT 110Be/IeHIe OTPEOUTEILCKOIO CeKTOPa.
Paccmorpum nBoiicrBennyio 3a1a4y K 3agade (17):
(v, by — min, (18)
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vA>p, v>0.

9Ty 3a7a9y MOXKHO WHTEPIPETHPOBATH TAaK: TpeOyeTcs HANWTH Ta-
KWeE TIEHBI, TP KOTOPBIX PACXOMBL (U, b) MPOU3BOACTEEHHOTO CEKTO-
pa 6bLTH OB MUHUMAJIBHBI, M IIPU 9TOM IPUOBLITHL OTCYTCTBOBAJIA.

Sameuanme. Hurke Mbl Oymem WHOTIA 3aMACHIBATH TPOU3BEICHAS
(p,y) u (v,b) kKax py u vb, UHTEPIPETUPYS UX KAK MATPHUIHOE PO~
U3BEJIEHUE BEKTOPA-CTPOKU Ha, BEKTOP-CTOJIOEL.

Teopema 5.1 ITycmov 6 modeau Baavda—Kacceasn sanac nepsuw-
N Parmopoe b — cmpozo NOACAHCUMEALHHIT 6EKMOP, G4 6 MAM-
PUYE TPAMBLL 3GMPA NPOU360IcMea A Hem Hysesws cmpox u
emoabyos. Tozda cywecmeyem Konkypenmmoe pashosecue (Y, p,v),
6 KOMOPOM U ABAAEMCH pewernuem 3adawy (18).

JokazarenbcrBo. Hamomanm HEKOTOpBIE (hAKTHI U3 JIMHEHHOTO
nmporpaMMupoBanus. KaxKaplit BEKTOD ¥, YAOBIETBOPSIONIHIT orpa-
HuuenusM 3a1auu (17), a TakxKe KaxKAblil BEKTOD ¥, YAOBJIETBODsI-
owuit orpanudenusm 3aga4u (18), HazbiBaercsa donycmumvim win
naarhom. Ecam MHOXKECTBO JTOMYCTUMBIX BEKTOPOB HE TMYCTO, TO 3a-
Jlada HazbiBaeTcst donycmumot. Ecan 3a1ada uMeeT perenne, TO
COOTBETCTBYIOIEe 3HAYCHHE IETIeBOM (DYHKIINU HABBIBACTCI 3HAYE-
Huem 3adayu. Umeer mMecTo cieyromias TeopeMa JBOHCTBEHHOCTH.

IIpengoxxenne 5.1 (Teopema psoiicrBenHoctu) Ecau — npsa-
Masi U 080UCMEEHHAA 3a0a%U  AUHETHO20 NPOZDAMMUPOESAHIULS
donycmumdsl, MO OHU 00e uMem peuerus U 00UHAKOEBLE 3HA-
wenus. Fcau odna us 3adav wedonycmuma, mo 6mopas 360a4a
pewerus He umeem. Ecau y npamol u deoticmeennol 3adanuu
UMENMCA JONYCcmumsle 6EKMOPA, U 3HAYEHUS COOTEEMCIMEYIo-
WUT yenesul PYrKyul Ha IMUT BEKMOPAT 00UHAKOBbL, O MU
eexkmopa 6 0JelicmeumesbHOCMy  ABAAOMCHA DEULEHUAMY  IMUL
3adan.

JokazaTesbcTBOo. MBI TOKaXKeM TeopeMy IBOHCTBEHHOCTH, OMHU-
padAch Ha CeAyIoIlee YTBEPIK/IeHUe U3 TEOPUU CUCTeM JIMHEeWHBIX
HEPABEHCTB.

Teopema (AsbrepHaTuBa JIsl CUCTEM JIMHENHBIX HEPABEHCTB)
Cucmema aunetinor nepasencme Axr < b, 2de A — mampuua
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m X mn, a b — sexmop-cmonbey, dauro, M, HE UMEET HEOMPUYGL-
meavholx pewenut x € R™ x > 0, mozda u moavko moada, xo20a
cyuecmsyem noaodtcumensvunl sexmop-cmpoxa ¢ € R™, g > 0,
maxot wmo gA >0 u gb < 0.

1) Mycts mpsimas 3a1aua Hegomyctuma. Torma mo asbrepHaTHRe
JJId CUCTeM JTMHEHHBIX HEPABEHCTB Haiimercsa BekTop q > (0, Takoit
aro gA > 0 u gb < 0. Ilycrs v* — perienne TBONCTBEHHON 3a1a4H.
Torga BekTop v/ = v* + ¢ Oyner JOmyCcTUMbBbIM, Tak Kak v'A =
v*A+qA>b+0=0>. C gpyroii cTOpoHbI,

<U/7b> = <U*’b> + <Qa b> < <’U*,b>,

mMO3TOMY v* He MOXKeT ObITH pernerneM. I1orydeHHOe TPOTHBOpEYHe
[TOKA3bIBAET, YTO ABOMCTBEHHAS 345348 PEIIeHs He uMeeT. AHalo-
THYHBIM 00PA30M BBIBOIUTCS OTCYTCTBHE PEIEHNs B MPAMO 3a,1a-
9e, KOTJa JBONCTBEHHAS 33/iada SIBJIAETCS HEJIOMyCTUMOM.

2) Ilpeamonoxum, 4ro npsivas U JABOACTBEHHAs 3a]a9d JOIy-
cruMbl. IlycThb ¥ ¥ v — IPOU3BOIbHBIE HOMYCTUMBIE BEKTOPA MIPS-
MOt W ABOWCTBEHHON 3a/aYi COOTBETCTBEHHO. TOoraa BBITOIHEHO
HEPABEHCTBO

(p,y) < vAy < (v,b).

B cuiy mpoM3BOIBHOCTH BBHIOOpPA Y W U ONPEJETICHBI 3HAYCHUA
a=sup{(p,y) |y =0, Ay <b} u f = inf{(v,0) [v =0, vA = p},
npuueM a < .

IIycrs o < B, Torma BeibepeM 3Hadenwue v, < v < . Cucre-
Ma JmHeHHbIX "HepasencTs y > 0, Ay < b, (p,y) > v HecoBmecTHa,
corsacuo onpegeienunio «. CienopareibHo, 0 ajbTepHATHBE 11
CHUCTeM JIMHEHHBIX HEPABEHCTB HaleTcs BeKTOp ¢ = (¢ §) € RTH,

TaKOI‘/'IqTO(qs)< fp)zOH(qs)( _b/y><O.EC.HI/IS:O,TO

gA > 0 u gb < 0, u npAMas 3a7a9a OKa3bIBACTCA HEIOMYCTHUMOIA.
CrenoBarenpio, s > 0. B cuny juHeHHOW OXHOPOJHOCTH Hepa-
BEHCTB Mbl MOKeM cuutarbh, 9r0 § = 1. Torma umeem gA > p u
qb < . apiMu cioBamMu, ¢ — JOMYCTUMBII BEKTOP JIBOWCTBEHHON
3a/a4u, 19 KOTOPOro 3Hadenue 1eesoii dbyuknuu (g,b) Menbiie
v, & 3HAYUT MeHbIe . DTO NPOTUBOPEYUT OMPEIELICHUIO YUCTA 3.
Takum 06pa3oM, UMeeT MEeCTO PAaBEHCTBO o = [3.
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BykBanbHO TOBTOpSAA pPACCYKIAEHUS BBIME, MOYXKHO MMOKA3aTh,
4TO cympeMyM & u uHpuMyM [ gocrurarorcs. HbIME ciioBaMu,
npsMas W ABOMCTBEHHAHA 33/1a9a MMEIOT PeIlleHus, IPuIeM 3Hade-
HUS [EJIEBbIX (DYHKIMI MPsMOil ¥ JIBOWCTBEHHON 33/1a9M COBIAIA~
IOT.

3) IlycTh y ¥ v — TPOUBBOJILHBIE JOIYCTUMBIE BEKTOPA, TPAMOii
¥ JIBOMCTBEHHOM 3ala4M COOTBETCTBEHHO, JJIA KOTOPBIX BBIIOJJIHA-
ercs paseHCTEO (p,y) = (v,b). COrMacHO PACCYKICHUAM TPEIBIITY-
IEro MyHKTa UMeeM HEPABEHCTBA

(p,y) <a< B < (v,b) = (p,y),

3HAYUT BCE HEPABEHCTBA MOJIXKHBI OOpATHTHCSA B paBeHCTBa. Ilo-
ckOMbKY (p,y) = am {v,b) = 3, TO y U v OYAYT PEIIEHUSAMA TPSIMOH
¥ JIBOMCTBEHHOMN 3a/1a49N COOTBETCTBEHHO. TeopeMa ABOHCTBEHHOCTH
JIOKa3aHa.

Tak xax b € RY ormmyen or mynsa, u A > 0, ro y = 0 yznosie-
TBOpsieT HepaseHcTBy Ay < b, mostomy 3azada (17) momycruma.
Tak kak A > 0 u B Mmarpuie A HET HYJEBbIX CTPOK, TO JIJIs JIIOOOTO
p cymectByer Takoe v € R, uro v A > p, mosromy BoiicTBEHHAH
3asada (18) rakske momycruma. Takum obpasom, obe 3amaau (17)
u (18) momycrumer npu mobom p € R’ . Takum obpasom, ocHoBHAS
pobiieMa — HOKa3arh, 4To cpeu pewenuit 3a4a4 (17) u (18) mox-
HO BBIOPATH TAKUE, KOTOPbIE JOMOJTHUTEIHHO YIOBIETBOPAIOT YCI0-
Buio y = ®(p,v). Jdng 10Kka3aTesbCTBa, MOCIEAHEr0, Mbl TIOCTPOMM
HEKOTOPOE MHOTO3HAMHOE OTOOPAsKEHUE B BOCIIONB3yEeMC s TEOPEMOit
Kakyrann. OTMeTnM, 9TO TaK KaK P IPEIIONIaraeTcsi OTJIUIHBIM OT
HyJ1s1, & B Teopeme KakyTaHu MCIOIB3yIOTCs KOMIAKTHBIE MHOKE-
CTBa, HAM MPUHIETCA PACCMATPUBATHL HE BCE HEHYJIEBBIE BEKTOPA, P
u3 R, a sumib Te, KOTOpbIE JIeXKaT B HEKOTOPOM KOMIIAKTHOM TIOJI-
muoxecTse B R}, He cogeprkamem Hauaao Koopauuat. llepeitzem x
TIOAPOOHOCTSIM.

Jns ynoberBa m3noxkenns, HaM ToHamobuTca mopma || - ||o, Ko-
TOpast, HAIIOMHKUM, OIPEIEIAETC TAK: JIJIst JII0OOr0 BEKTOPa & €ro
HOpMa ||z]lo paBHA cyMMe MOIyJelt KOOPINHAT BEKTOpA X

lollo = S Ja], & = (a1, 2%,..).
7

53



Obo3naunm gepe3 e BekTop u3 R™, Bce KOOPAMHATHI KOTOPOrO PaB-
mer 1: e = (1,...,1), a wepe3 a — BexTop u3 R™ Buma A e. Unabivu
CJIOBaMHU, i-asd KOOPIUHATA BEKTOPA @ PABHA CyMMe BCEX 3JIEMEHTOB
i-ott crpoku marpunbl A. Tak kak A > 0 u A He COTEP>KUT HYJTIEBBIX
CTPOK, TO BCE KOOPJIUHATHI BEKTOPA a GOJILIIIE HYJIs.

Jlns xaxkaoro sektopa = = (z',...,2") € R"™ ob6o3HaunM de-
pes |x| BexTop ¢ Koopaumaramu (|z!], ..., |z"|). OrMernwm, aTo AMs

qmoboro BekTopa x € R™ mmeer MmecTo paBeHCTBO

[z]lo = (|, €).
ITo ananorun ¢ mopmoii || - |lo, oupexenum nopmy |||, BEKTOpaA
z € R™ cnenyromum 0O6pa3om:

[#]la = (], a).

3a1aIUM MOJIOXKUTEIbHDBIE YUCIA (v, [3 U 7Y CIEAYIONM 00pa3oM,

1<j<n

m
« = min Zaija B = bllo,
i=1

a 7 — moboe TOJIOXKHUTEIHHOE YHCI0, Takoe 9To b > ~vya. Tak Kak
b > 0, ro Takoe 7y cymecrByer. Tak Kak B A HeT HyJIEBBIX CTOJIOIIOB
u BekTop b € R’ He paBen Hymo, 4ncina « U [ HOMOKHTETHHEL
W3 upcen «, 8 1 7y HOCTPOUM YHCJIO [ CJAELYIOIIMM 00pa3oM: (U =
ay/ 3. D10 uncsio GyeT OIPENEIATh CTEIIeHb OTICCHHOCTH OT HYJIs
PaCCMaTPUBAEMBIX TIEH P.

Jlemma 5.1 [osoorcumenvroe wucao i, onpedeaernoe evie, He
npesoczodum 1.

HoxkazarenanscrBo. Ilo ompenenennto, b > ya, mosromy

m
B =bllo > ~llallo = WZ% > Wnlgign;aij = nya > ya,
i, i=

OTKYy/la, U TIOJIy4IaeM Tpedyemoe.

Jljist KpaTKOCTH, MOJIOKUM S = (P, V), U ONPEAETUM BbITYKJIOE
KOMIIaKTHOe noaMHozkecTBo S B R x R cnemyromum obpaszom:

S={s=/v) [peRy, veRY, p<lplo<1, [[v]a =1}
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VMeHHO [jIs 9TOr0 MHOXKECTBA S MbI MOCTPOMM MHOTO3HATHOE
orobpaxkenue ¢ : S = S u npumenuMm reopemy Kakyranu.

Bsenem caenyioree ymobnoe obosnadenue. s ai00bIX BEKTO-
pos x m y m3 R, magmx uro y # 0, momoxmm

x//y= g}g};é.

Tenepp Ha4YHEM CTPOUTH HEOOXOMUMBIE I JOKA3ATEIbCTBA
orobpaxkenus. IlepBoe M3 HUX — 3TO OSHO3ZHAYHOE OTOOPAYKEHUE
Z : S — R Tonoxmm

Z(s) = (b/] A(®(5)) ) ®(s).

JIlemma 5.2 Omobpasicenue Z KOppexkmHo onpedeseHo u Henpe-
puieno. Boaee mozo, daa a06020 s € S umeem

A(Z(s)) <0,

npuvem romsa 6o, 0as 00HOT KOMNOHERMbL 6EKMOPOE A(Z(s)) u b
umeem mecmo pasencmeo. Hosmomy b /) A(Z(s)) = 1.

JMokazaTeabcTBOo. JloKazkeM, dYTO ITOCTPOEHHOE OTOOparkKeHne
KOPPEKTHO. JIjis1 3TOro Mbl mokazkeM, 410 P(s) # 0, oTKyaa, B CHLy
orcyrcTBus B Marpuie A HyJneBbIX CTOJIONOB, IIOJy4YMM HE PaBeH-
crBo Hymo Bekropa A(®P(s)). Urax, mycts ®(s) = 0 151 HEKOTO-
poro s € S. Bocmosb3yemcst 3akoHOM Bajbpaca B y3KOM CMBICIIE:
(p, ®(p,v)) = (v,b). llosromy (v,b) = 0. Oxnako, Tak kax b > 0, u
llvllo =1, To (v,b) # 0, npoTUBOpeUNe, 3aBEPIIAIOIIEE TOKAZATETb-
CTBO KOPPEKTHOH OIpeaeIeHHOCTH 0TOOparkeHus Z .

HenpepwBHOCTH 0TOOpaykennst Z BHITEKAET W3 HEMPEPBIBHOCTH
BCEX OTOOpAKEHMUH, OMPEAEIIONINX /.

Haitee, pPacCMOTPHM BEKTOP A(Z(s)) =

(b // A(@(s))) A(®(s)). Ho onpesenenuio, kodddunuent npu
A(®(s)) pasen namGonbuemy 0, npu xoropom 6 A(®(s)) < b,
O3TOMY A(Z(s)) < b.

Hakomer, nocjiesgee yTBep:KIeHHE BBITEKAET U3 TOLO, YTO KO-
sddunment npu A(P(s)), r.e. uucio (b // A(‘I’(s))) — HamboJIbLIEE
Cpeiy Tex, [IJIsE KOTOPBIX 0 A(@(s)) < b. JIoka3aTeabCTBO 3aKOHIe-

HO.
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Onpenenenne. Hazosem BeKTOP Y, JOMyCTUMBIH 115 3ama9wm (17),
asfpermuenvim, ecmm b // Ay = 1.

Jlemma 5.3 /Jlaa spexmuenozo eexmopa y cyuecmeyem maxot
nenyaeeoli eexmop p € R, wmo y aeasemca pewenuem sada-
wu (17).

HdokazaTeqbcTBo. Tak Kak BeKTOP Y 9ODEKTUBHBIN, TO OIHA U3
KOOPAWHAT BEKTOpa b, cKaxkeMm b;, paBHA COOTBETCTBYIOIIEH, T.€. i-
oit, koopauHare BekTopa Ay. I1ojIoKuM p paBHBIM i-0if CTPOKE a;
marpunel A. B ey BeiGopa BekTopa p, mmeem (p,y) = b;. Ilycts
y' — mpyroit momycrumbrii BexTop 3amaqm (17). Tak xak Ay’ < b,
TO

<pa yl> = <ai7y/> <b; = <p7 y>a

nostomy (p,y) = max(p,y’) MO BCEM MOMyCTUMBIM BeKTOpam %'.
Yro u TpebOBATOCEH.

O6o3naunm vepe3 2 MHOKECTBO BCeX 3D (HEKTUBHBIX BEKTOPOB
sagauu (17). B cusy siemmbr 5.2, nocrpoenHoe orobparkenue Z 1ie-
peBomuT MHOXKeCTBO S B ().

ITocTpouM Temeph MHOrozHawHoe orobpaykenme P : 1 = R7,
COTIOCTABUB KaxKaoMy y € ) muOKecTBO P(Yy), cocTosimee n3 BCex
p € R}, n1a Koropeix y aBagerca pemennem 3aga4u (17). Io nem-
me 5.3, muozkectBo P(y) He mycro npu Kaxkaom y € ).

JIlemma 5.4 s a106020 y mnoocecmeo P(y) asasemcs weny-
CMBLM BBLNYKADIM 3AMEHYMBLM KOHYCOM.

JokazarenbcTBo. Boibepem npomssBosbHOoe A > 0 U mOKaykeM,
49TO BEKTOP Ap Takke jexur B P(y). eiicTBUTeNbHO, B CHly Ou-
JINHEHOCTH CKAJISIPHOTO IPOU3BEEHNUsI, €CIH BEKTOD Y SIBJISIETCS
TOoUKOH MakcuMyMa byHKIuE (P, -), TO BEKTOP Y SBISETCS TOIKOH
MakcumyMa U st GyHKIAn (Ap, -) = A(p, -).

Jokazkem BbImykjocTh MHOKecTBa P(y). Ilycrs p1,ps € P(y).
Torga s moboro y' > 0, takoro uro Ay’ < b, umeem p;y’ <
piy, i = 1,2. Crenosarensuo, (p1 + p2)y’ < (p1 + p2)y, Tax gro
p1 + p2 € P(y). Takum obpazom, P(y) — BbIIyKJ/IbId KOHYC.

3amKHyTOCTH KOHyca P(y) moKa3biBaeTcsi aHAJIOTHIHBIM 00pa-
30M. JI0Ka3aTesrbCTBO 3aKOHYEHO.
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3agaIuM elre OJHO MHOro3HadHoe oTobpazkenue V : R}y = R,
conocrapus s0boMy p € R} mEOKkecTBO pemennii 3ana4n (18).

Kombunupyst orobpaxkenus P u V, mocrponM MHOTO3HATHOE
orobpaxkenue K : ) = R xR™ ciaenyrommm obpasom. s i060ro
sadbdekTurHOrO BekTOpa Yy € {2 onmpenenum K (y) Tak:

K(y) ={(p,v) |[p€ P(y), ve V(p)}

JIemma 5.5 Jlas a06020 y € Q mmoocecmeo K (y) asazemes om-

AUNHBLM O HYAS SOINYKABIM 3AMEHYMbIM KOHYCOM 6 NPOCTPAH-
cmee R™ x R™,

HdokazaresabcTBo. [leiicTBUTEIbHO, TIO JleMMe 5.3, CYIeCTBYeT
Henynesoit p € R, s KOTOpPOro y sBIS€TCA pEIIEHHEM 33713~
qu (17), T.e. p € P(y). C apyroif CTOPOHBI, OYEBUAHO, UTO TIPH
moboM p € R}, B gactHoCTH, IpH KaxkaoM p € P(y), cymecrsyer
BekTop v € R, sipnstonmiics pemennem 3ana4u (18), r.e. v € V(p).
Orciona cinemyer, uro K(y) CONEPKUT HE TOJBKO HYyJIEBOH BEKTOP.

Hanee, paccmorpuM J11060i s = (p,v) € K(y), u Boibepem mpo-
u3BosibHoe A > 0. MbI Z0/IZKHBI TIOKa3aTh, 910 As = (Ap, \v) Jse-
xut B K(y). Tlo memme 5.4, P(y) sBIsieTcst KOHYCOM, W, 3HAYWT,
Ap € P(y). Paccmorpum BekTop Av. OH SBISIETCS IOMYCTUMBIM
st 3aa4u (18), B KOTOPOI B KA4eCTBE P PACCMATPUBACTCH BEKTOD
Ap. Heiicteurensuo, (Av)A > (A\p), Tak kKak vA > p no npeano-
noxkernio. Kpome TOro, Tak Kak Y, B CHJIy BBIOOpA, ABISETCSI pe-
menneM 331a49u (17), a v — penteHueM JBoficTBeHHON 3a1a49u (18),
TO, 0 npeayoxennto 5.1, (p, x) = (v, b), mosromy (Ap, z) = (\v,b).
Oustb, B cuty npeanoxkenus 5.1, BEKTOp Ap ABISETCH peIleHreM
zamaun (18), rae BMecto p crout Ap. Uasimu ciosamu, Av € V (Ap).

Mycts s; = (pi,v;) € K(y), i = 1,2. Tlokaxkem, 4To s = $1 + $3
nexxur B K (y). VI3 Teopembl qBOMCTBEHHOCTH CJIEAYET, U4TO p;y =
v;b, i = 1,2. CiemoBaresbho, (p1 + p2)y = (v1 + v2)b. Cuosa npu-
MEHsIT TEOPEeMY IBOMCTBEHHOCTH, MOJIydaeM, 9To p1 + p2 € P(y)
u vy + v2 € V(p1 + p2), 90 u TpeboBamoch nokaszarb. TouHO Tak
2K€ JIOKA3bIBACTCA 3aMKHYTOCTh MHOKecTBa K (). JJokaszarebeTBo
3aKOHYEHO.

JIlemma 5.6 as a06020 y € 2 mnoorcecmeo K(y) u S nepecexa-
0MCA.
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HokazaresnbcrBo. [lo memme 5.5, muoxkecrBo K(y) sisasiercs
HEBBIPOXKJIECHHBIM KOHYCOM, T03TOMY B K (y) mMeercss HEHyIeBO
BEKTOp § = (p, v). g TAKOTrO § BEKTOP ¥ TaKK€ OTJIMYEH OT HyJIsl.
JlefiCTRUTeILHO, B TPOTUBHOM CJIy9ae, B CUILY YCIOBHS VA > p, MBI
on1 umenu p = 0, mostomy s = 0, mporuBopeure. Ciie10BATENHHO,
MOKHO paccMoTperh BekTop ' = (p',v') = s/||v||a. [To memme 5.5,
BekTOp $' Takxke mexxur B K (y), nosromy, B wactaoctn, v' A > p’,
u, 3aaqnr, ||v'Allp > ||p’]lo. C apyroii cTopomsr, scHO, 9TO

[vAllo = (vA, e) = (v,a) = [[v]a,

O3TOMY
v vA
ol = |- af =Tl -1
lolla llo llvlla
orkyma ||p'llo < ||[v'Al| = 1, me. mag BekTopa p’ BHIIOTHAETCA

BEPXHEE HEPABEHCTBO M3 ONPEJEJEHUs MHOXKECTBA S, TOrJa Kak
/ —
[0']la = 1.

IMokazkem Temepb, 4TO UMeeT MecTo HepaseHcTro ||p’|| > w. Tak
kKak y € Q, 10 {(a;,y) < b;, ryue, HAOMHUM, a; 0003HAYAET i-yIO
crpoky marpunpsl A. O6o3Haumm depes a BexTop u3 R’} , Takoii 410
. m
i-ag KOOPJMHATA STOTO BEKTOPA paBHa ;_,; a;j. Ckaapsas onu-
CaHHBIE TOJBLKO 9TO HEPABEHCTBA, MOJIyYaeM

allyllo < (a,y) < B,

nosromy |lyllo < B/ .

Eme pa3 Bocmonb3oBaBmmch npezjoxkenneMm 5.1, 3akiaodaeM,

aro (p',y) = (v',b). Jlerko mposepurs, o (p',y) < |[p'llollyllo,
TTIO3TOMY

”p/H > <p/,y> _ <U/»b>

lyllo llyllo

> (v, b)a/B.

Tax xak b > ya, 10 (v',0) > 7(v',a) = 7|[v/[|a = 7, orxyna [|p'|| >
avy/b, aTo u TpeboBantoch. JJoKa3aTebCTBO JTEMMbI 3aKOHYEHO.

Haxower, ompesiesinM TIaBHOE MHOTO3HATHOE OTOOPasKeHNe
@S =5, nomoxus

o(s) =SNK(Z(s)).
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Yro6br npumenuTh Teopemy KakyTamu, MbI JOJIKHBI IOKA3ATh,
9TO OTOOpAXKEHUE (Y MOJIYHEIPEPBIBHO CBepXYy. it 3TOro mokaxkem
CHavaJia II0JIyHelIPEPbIBHOCTD CBEPXY BCEX OCTaJIbHbIX Olpejie/leH-
HBIX HAMYW MHOTO3HAYHBIX OTOOparKeHuil, T.e. orobpaskenuit P, V u

K.

JIemma 5.7 Obosnawum wepes B, = {p € R™||Ipllo < 1} edunuy-
Hviti HOPMUPOGanHBLT wap 6 npocmpancmee yen. Omobpadicenue
P N B, noaynenpepviéno ceepry.

JokazaresabcTBo. [IpennonokuM NpPOTHBHOE, T.€. CyIIECTBYET
takoe Yy € (), nus koroporo orobpaxkenue P N B, He apisercs
TTOJTyHETIPEPBIBHBIM CBEPXY. DTO O3HAYAET, YTO CYIIECTBYET HEKO-
Topoe £ > 0 W TMOCIemIOBATENBHOCTD ¥Y; — Y TO4YeK u3 (), Takux
9T0 B KaxKJOM MHOXKecTBe P(y;) mMmeercs touka p, |pillo < 1, He
npuHAAIeKRamasn e-okpecraoctn U muoxkecrsa P(y) N B,.

Bce p; nexkar B KoMmakTHOM MHOXKecTBe B),. Ilostomy B mMO-
CJIEIOBATENHLHOCTHU P; MOYKHO BbIODATh CXOASAMLYIOCS MOIIOC/IEI0Ba~
TEMBHOCTH, W, 3HAYUT, O3 OrpaHWYEeHUust OOIMIHOCTH, MOXKHO CPa3y
IIPEIOIAraTh, 9TO IOCJAEI0BATENBHOCTD P; CXOJUTCA K HEKOTOPO-
My p € By.

Tak kak Bce p; ABJIAIOTCs pelenusamu 3aga4au (17), To s Jio-
6oro nomycrumoro y' Bemommsaerca (p;,y') < (p,y). Hepexona
npejieny, moydaem, 91o (p,y’) < (p,y), mosromy p € P(y) N By, u,
3HAYAT, TPA JOCTATOYHO GOIBIIAX HOMEPAX ¢ BCE TOYKH P; JIEZKAT
B e-okpectHocT U muoxectBa P(y) N B,. [lomydenHoe mpoTuso-
pedune 3aBePIIaeT TOKA3ATENBCTBO JIEMMBI.

JIlemMma 5.8 Muozosnaunoe omobpasicenue V  noaynenpepsiero
ceepry.

Hoxka3zaTesbcTBo. [IpeanosnoKum IpOTUBHOE, T.€. Il HEKOTOPO-
ro p orobpaxkenue V HE TOJIYHENPEPLIBHO CBEPXY. JTO O3HAUAET,
YTO CyIeCTBYeT Takoe € > 0 U Takasd MOC/IeI0BATELHOCTD TOUEK
p; — D, 9TO B KaxKJOM MHOXKecTBe V(p;) mMmeercs TOUYKa, V;, HE
nexarmast B e-okpectaoctn U muoxkectsa V (p).

OTmernM, 9TO KaxKIasd TOYKA VU; ABJISAETCs, MO OIPEIEJCHHUIO,
pemenuem 3agauu (18) mpu p = p;. Ilokaxkem, 4ro mOCJIEI0BA~
TeJTBHOCTD V; ABJIAETCA OrPaHUIeHHOM. JeficTBUTeNbHO, 11 JTI060-
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ro BekTopa v’ € R, rakoro 1o v’ > 0, BekTop v’ A TaKXKe CTpOro
HOJIOKUTEEH, TIO3TOMY, B CHJIY CXOAUMOCTH IIOCTIEIOBATETbHOCTH
Di, CYIIECTBYET TAKOE IIOJIOKUTENbHOE 9ucio A, 9ro (Av') A > p;
st oboro . IMomoxknm h = (A’ b). Tak Kak v; MUHUMU3UDYET
dbynkmmio (-, b) na mrokecTBe Beex v € R, Takux uro v A > p;, TO
(v;,b) < h (ma caMOM J€JIe, IMEET MECTO JasKe CTPOTOE HEPABEH-
crBo). Tak kak b > 0, To mHOXKecTBO Beex v € R, ns KOTOpPBIX
(b,v) < h, OTpaHUYEHO, OTKY/JA W BBITEKAET, ITO TTOCIIETOBATETh-
HOCTb ¥; OrPAHHYEHA.

B cBo0 ouepesb, U3 OrpaHUYEHHOCTH MOCJIEIOBATEHLHOCTH ;
CJIJLYET, U4TO Y HEE UMEETCS IIO/IIOCIIEI0BATEIbHOCTD, CXOAAIIAACT
K HekoTopoit Touke v € R''. Bes orpammyenus obmimocTn, Oymem
IPEIIIOIaraTh, 9T0 CaMa IOCIeI0BATENbHOCTD U; CXOMATCA K V.

IMokazkem, uTo v € V(p), 94T0 U ABIAETCA HCKOMBIM IPOTHBOPE-
queM. Jljig 3TOro, 10 OIPEIEICHHIO, JOCTATOYHO BbIACHUTH, Y4TO U
apjsercsa pemennem 3a1auu (18). BekTop v ymoBieTBOpsier orpa-
HuuenuaM 3a1a4au (18), Tak Kak v; A > p;, ap; — puv; — v. Bosee
TOTO, JIETKO BUJIETH, 9TO 3Ha4eHue 3amaun (18) mpu p = p’ mempe-
peiBHO 3aBucut ot p’ (mokaxkwute). [losromy wncino (b, v) aBngerca
suadenueM 3azaqu (18), u, 3HauuT, v — pelIeHKe FTOM 3a1a4u, T.€.
v € V(p), 4ro u TpebOBATIOCH.

Jloka3aTeabCTBO CIEAYIONINX TPeX YTBEPIKICHUM OCTABJIAETCS
9UTATEJISIM B KA9eCTBE yIPArKHEHHUSI.

JIlemma 5.9 Mnozosnaurnoe omobpasicenue KNS noaynenpepviero
ceepry.

Jlemma 5.10 Mnozosnaunoe omobpasicenue ¢ : S = S noayne-
NPEPLLEHO CEEPTY.

JIemma 5.11 Jlasn a106020 s € S muoscecmeo o(s) nenycmo, 3a-
MEHYMO U BLINYKAO.

Bocnonb3oBasiuch Temepnb Teopemoit Kakyramu, momydaem,
YTO Y OTOOPAKEHWS  UMEETCsl HENOIBUXKHAS TOYKA, T.€. CYIIe-
CTBYIOT TakKWe IeHbl s* = (p*,v*), ans Koropbix s* € ¢(s*). Tlomo-
xuMm y* = O(s*) u mokaxkem, uro Tpoiika (y*, p*, v*) ymosiersopser
YCJIOBUSIM PABHOBECHS HAIIEH MOJIEH.

60



B camom gere, Tak Kak s* € ¢(s*), To s* € K(Z(s*)). Ilo
onpemenenuto orobpaxkenust K, BekTop Z(s*) saBAsieTcs pemennem
sajaun (17) upu p = p*, a Bekrop v* — pemenneM 3amaqn (18)
Toxe mpu p = p*. Ham ocrasocs mokasarh, aro y* = Z(s*).

JeficTBUTEIFHO, TTO OMPEIEJIEHUIO OTOOpaXKeHns Z, MMeeM

Z(s*) =v®(s*), rne v ="b// A(®(s")).
ITo npemsioxkenuto 5.1, nmeem
(P, Z(s7)) = (p",v®(s7)) = v(p*, ®(s7)) = (v", ),

onnako dyskmus P, mo ycioBHIO, yIOBIETBOPsieT 3aKOHY Basb-
paca, moaromy v(p*, ®(s*)) = (v*,b), u, 3mauur, v = 1. Orciona
MTHOBEHHO 3aKJiouaeM, 9to Z(s*) = $(s*) = y*, mosromy Tpoiika
(y* = ®(s*),p*,v*) ymoBIeTBOPSIET BCEM YCJIOBHAM W3 OIPEIesie-
HUA KOHKYDPEHTHOIO paBHOBecHs. TeopeMa MOJHOCTHIO JIOKA3aHA.

6. Monenp paBHOBECHS C rapaHTHPOBAHHBIMU
J0XOIaMU

Paccmorpum BapuanT mozmenu dppoy—/ledpe, B KOTOPOit yIuThI-
Baercsa conmanbHoe obecrnedenue. [Ipeamonaraercs HAIUYINE HEKO-
TOPOrO HEHTPAJIBLHOINO OPraHa, HAIPUMED, IOCYIApCTBa, KOTOPbIA
3aHUMAETCS 4acmuwHbLM nepepacnpedenserue dorodos 6 NoAb3Y Ma-
A000ECTIEUYEHHBIT CA0E8 Hacesenusd. Kpome Toro, Mbl OymeM mpe/mno-
JIaraThb, 9TO y MOTpebuTeseil HeT HadaaIbHOM cOOCTBEHHOCTH b;.

IIpu dpopmanmmsanum Moze Mbl Oy/1eM HCIOJIH30BATH 0D03HA-
YeHUsI, BBEIEHHBIE TIPY ONMUCAHWE MOozenu Jppoy—ledpe.

TTomoxum

(p) = i=1,...
7;(p) géaé(p,y%y N O

m(p) = > 7(p) = max(p,y).
J=1

Bemmunny d = 7w(p)/l mnazosem cpednum yposrem 00xoda, TIPAXO-
JISIIIErocst Ha OJJHOrO NOTpebuTesIsd NPU HeHax p (HAIOMHUM, Y4TO M
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— 9T0 KOJIMYECTBO TPOU3BOAUTEEH, & | — KOJMYECTBO moTpeduTe-
Jieit).

Hasosem j-oe mpeaupuarue penmabesbhvim Npu GeHaT P, eCn
mi(p) > 0 (mamomumM, 9TO B Momesnn Jppoy—lebpe IOmyCKaInCh
IPEIIPUATHS, He uMeronme 1oxoa0B). O6o3naunm uepes Ji(p) MHO-
JKECTBO BCEX HOMEDPOB PEHTAOEIHHBIX TPEINPUSTHI TIpU MEHaX, a
gepe3 Jo(p) — MHOKECTBO HOMEPOB BCEX OCTABIIHXCS TPEIIPHUS-
THI.
3ameuanmne. Hanmane HepeHTaOEIbHBIX MPEIIPUATHN SABISETCS
HEOT'HEMJIEMOH YaCThI0 JEHCTBUTENHHOCTH. [IpudeM CyImecTByioT
OpenpuaATusa U (PUPMBL, He ABIAIOIINECA PEHTAO0CIbHBIMHU, HO BbI-
[IyCKAIOLIKME IPOAYKIUIO, 63 KOTOPOH HEBO3MOXKHO 00oiiTuch. Ta-
KH€ NIPEIIPUATHA OOBIYHO CyOCHIUPYIOTCS IPABATEIHCTBOM.

Byzem mpeanonararb, 9TO nepepaclupeseneHue I10X0J0B OCy-
IIECTBIISETCS CAeayomumM odopaszom. Ilycts uzBecTHBI 1eHbI p. To-
ra BeIOEpeM HeKOoTopoe uucio i, 0 < p < 1, u HazoBeMm uucyio ud
MUHUMAALHOM YPosHem 00x0da. Mbl XOTUM JOOUTHCS TOTO, 9TO-
OBbI KaKIbIi TOTPEOUTENb MOMYIrI HE MEHbIIE 9eM d U3 TOXO/I0B
OpeanpuaTuii.

st 3T0r0, ¢ Kaxka0ro peHTabesbHOrO NPENpPUATHs B3UMaeM
uajior B pazmepe (1—pu)-100%. Takum o6pa3oM, peatbHast TPUOLLIL
KazKJIOTO IPEJIPUSTHS COCTABIACT [ (p) Y PEHTaO0eIbHOrO Ipe-
npusTtus, u 0 — y HepeHTaDeJbHOTO MPEANPUITHsI. DTy PEATbHYIO
npubbLIb j-0ro npeanpusarus obosHaduM depes 7;(p). Eciu moxoxn
i-0ro moTpeduTesA OT y4acTus B NPUOBLLISAX IPEIIPUITHIA, T.€. Be-
JINYIUHA, Z;nzl a;;7;(p), GOMbITE MUHUMAIBHOTO YPOBHSI JIOXO/IA, TO
Takoii morpeduTeNns cybcuanii He mosy4daeT. B mpoTuBHOM Ciiydae,
€My BBIIJIAYUBACTCSA CYyOCHINs B TAKOM pa3Mepe, 9TO0BI ero J0X0/T
PABHSAJICA MEHUMATBHOMY YPOBHIO JI0XO/a, T.e. Bemmanne ud. Ecmm
obosnaunThb 4vepe3 K;(p) moxom i-oro morpeduTesis OT yd4acTHs B
npuObLISAX POU3BOJACTBA, TO BbIIECKA3AHHYI0 CTPATErMI0 MOXKHO
3anmcarh Caemayroieil hopmyoii:

Ki(p) = ) iy (p) + maX{(l pd =) iy (p)}-
=1 j=1

OnHakKo eciu 9uciio (4 BRIOPATH TPOU3BOJIBLHO, TO (DUHAHCOBBIN Oa-
JIaHC, T.e. 3aKOH Baibpaca B y3KOM CMBICJIE CJIOBA, BBIIOJTHATHCH
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He 00s3aH. I103TOMY MBI JOJZKHBI BHIYHACJIUTDL MPABAJIBLHOE 9HCIIO
1= fi(p), MCXOMS U3 COOTHOIIEHUST

l l

m l m
m(p) = ZKi(P) = Zzaijﬁj(p)‘FZ max{(), ﬂd—z Oéiﬁj(p)} =

i=1 i=1 j=1

u( > Wj(p)+§l:ma><{0,d— > aijﬂj(p)}>,

J€J1(p) i=1 J€J1(p)
OTKy/a
m™p
1= p(p) = . ®) :
Z i(p) + ZmaX{O, d— Z Otijﬂ'j(p)}
j€Ji(p) =1 Jj€J1(p)

Ipeanonaras, aro m(p) > 0, u yauremsas, 9o m(p) = > c 5, 75 (p),
nonmydaem 0 < p < 1.

Jlemma 6.1 Pynryus p(p) Henpepwvieho sagucum om p.

Hoxka3zaresbcTtBo. OyHKIuio £i(p) MOKHO, OYE€BUIHO, EPEIUCAT
TaK:

1(p) ) =

I l m
ij(p) + Zmax{o, d— Zaijwj(p)}
=1 i=1 j=1
7(p)

w(p) + zl:max{(), d— iaijﬂj(p)}.
i=1 j=1

B cuity KOMIAKTHOCTH MHOXKECTB Y, (byHKIWMY 7 (p) — HENPEPBIB-
uel 0 p. Kpome Toro, Tak kak MblI mpezmojaraem, aro 7(p) > 0
JIJIs1 JTIO00TO HEHYJIEBOTO P, TO 3HAMEHATENb B HyJIb HE 00pAIaeTCs.
Jloka3aTeabCcTBO 3aKOHIEHO.
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13 menpepwbiBHOCTH (DYHKIHE [i(P) BHITEKAET HEMPEPHIBHOCTD
dbyukuuii 7;(p) u, HakoHer, HenpepsBHOCTS GyHKuMA I (p).

JIlemma 6.2 Pynxyuu K;(p) asaaomesa 00nopodrvimu Gynryus-
Mu cmeneny 1.

Hoxka3zaresbcerBo. OyHKIMSA (1(p) ABIAETCA OJHOPOIHON CTEIEHN
0. 9r0 BbITEKAET U3 TOro Qaxra, 4T0 PYHKIME T;(P) OJHOPOTHBL
crenenn 1, m cpemmmii yposensb moxoma d = d(p) = m(p)/l rakxe
onnopozna cremenu 1. OTcroa cpasy BLITEKAET OJHOPOJHOCTH CTe-
nenn 1 gna dbyuxmmii K;(p). JIoKa3aTebCTBO 3aKOHYEHO.

@ynKIME COBOKYTHOTO crpoca P(p) m COBOKYITHOTO TpeoxKe-
nus U (p) MbI OIpeIEINM Tak Ke, Kak B B 00mieil Mogesn Banbpaca.
OJIHAKO Tenepb, B CBA3U ¢ OCOOEHHOCTAME PACCMATPUBAECMOI 3a/1a-
qu, BHECEM HeDOJIbIIoe n3MeHeHne B obo3uadenne pyukimn O, yars
ee 3aBHCUMOCTD OT [4(D).

Ins aroro, obozuaunm wepes y(p) = 1 — u(p) Bemuauny, ompe-
JEJISIONTYI0 HAJOr Ha MPHUOBLIN pPeHTA0eNbHBIX mpeanpuarnii. Ha
caMoM jziesie, IpH (POPMY/IMPOBKE MOHATUS PABHOBECHS B PACCMaT-
pHUBaeMoit MOJEN, MBI He OyIeM a priori mpeanosaraTh, 9To GpyHK-
st Y(p) BBIYECIISAETCS MCXOMSA W3 W3BECTHBIX JIOXOMOB TPEIIPHSs-
THit TaK, KAK MBI 9TO TPOJENaIn panbine s dyaxmuu (p). Tlo-
3TOMy, CIMTAs W3HAYAIBHO 3aMaHHOi dyHkuuio v(p), Gymem 06o-
3Ha4YaThb (PYHKIHMIO COBOKYIHOrO cupoca depe3 P (p, v(p)).

Oupegnenenune. Yersepka (z*,y*, p*,v*) HasbiBaercsa cocmoanu-
eM DABHOBECUA 6 MOOCAU C 2aPAHMUPOSAHHLMYU 00LO00GMU, €CIU
BBITIOJIHSIOTCS CJIE/TYFOIIAE COOTHOIIEHUSI:

z* € Q(p*,7"), y" € ¥ (p"),

ot <y*, (p* ") =(p"y").
3neck ¥ € X — COBOKYMHBIH Crpoc, y* € Y — COBOKYTIHOE TIpeI-
noxenue, p* € R, p* # 0, — BeKTOp IieH, U y* — BEIECTBEHHOE

qucio, 0 < v* < 1, onpeessioiiee BeJIMYWHY HAJIOTa, HA TPUOBLIb
PEHTAOETbLHBIX MPEINMPUITHIHA.

AHAJIOrNYHO [TOKA3aTeNIbCTBY CYIIECTBOBAHUSI KOHKYPEHTHOTO
paBHOBecHs B Mojeun Jppoy—/ledpe, momydaercs: Caeayommuii pe-
3y/IbTAT.
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Teopema 6.1 Ilycmo evinosnens, caedyrousue npednosorcenus:

1) nompebumenvcroe mrosicecmeo X; C R ewnyrao u samuny-
mo, npunem ecau x° € X; — nocaedosamesvHocmy, makas
ymo ||z¥|| = oo npu s = 00, mo Kavxcdas Koopdurama mouex
x® makoce cmpemumes % 6eckoHeNHOCTNU;

2) npu Kascdom i Pynryua cnpoca u;(T) HENPEPLIBHA U B0ZHYMA
Ha Xi;

3) scakuli nompebumend HEHACHULAEM;

4) MeTHON0ZUNECKUE MHONHCECTNEA Y KOMNAKMHL U Kadcdoe u3
nux codeporcum 0;

m
5) cosorynmoe mexnonozuneckoe mmosicecneo Y = 3 17 Y; evi-
nyk.ao u codeporcum eexmop § > 0.

Tozda 6 modesu ¢ 2aPAHMUPOBAHHVMU JOT00AMU CYULECTNEYEM CO-
cmosanue pasnosecus (x*,y*,p*,v*), makoe wmo npu wascdom i
umeem K;(p*) > 0.

7. Teopuga urp. PaBuoBecue H»3ima

B nanHoi Ti1aBe MBI PACCMOTPHUM 3JIEMEHTHI TEOPHUU UTD. IDTa
TEOpUsi MMEET MHOI'OYUCJIEHHbIE MPUMEHEHWS B IKOHOMHKE, Ha-
[pUMeEp, IpU PerreHnu 3a7a4 0 60pbbe hupm 3a PHIHKH COBITA,
WJIA, CKaYKeM, TIPU ONTUMAJIBHOM DACIpPEIe/IeHUN TPOU3BOJICTBEH-
HBIX MOIIHOCTEH, TPUYeM KAK B YCJOBUSAX, KOTJA OCHOBHBIE Tapa-
METPBI CUCTEMBI W3BECTHBI TOYHO, TAK W TPHU YACTUIHON OIpejie-
serroctd. OTMETHM, 9TO YYACTHUKHA YKOHOMUKH MOTYT BbIOUPATH
Pa3JIMYHbIE CTPATEruU CBOErO loBeJeHus (310, COOCTBEHHO IOBO-
psl, W SABJISIETCS KJIOYEBON OCOOEHHOCTHIO PACCMATPUBAEMON Teo-
pun). OnHAKO, HE BCE CTPATETUU SBJIAIOTCA ONTUMAJbLHBIMU: Ha-
npuMep, npu 00Jiee MPOLYMAaHHBIX JeHCTBUSAX OHA (DUPMA MONKET
ObICTPEE BBITECHUTDH JAPYTYIO C PHIHKA COBITA, WU, CKAXKEM, TTOJY-
9uTh OOJbIIyI0 HpuObLTL. Llesb Teopun Urp — BBIACHUTH, CYyIIe-
CTBYIOT JIM TAaKW€ ONTUMAJILHBIE CTPATETUH, W €CJIU 1A, HAYIUTHCS
OTIPeNIeNIsATh, KAKOE TIOBEIEHNE MPU 33JAHHBIX YCIOBUSX SBJISIETCS
HanbOo/Iee BBITOIHBIM, HHBIMHU CJIOBAMU, HAYIUTHCS BBIUUCIIATD OI-
TUMAJbHBIE CTPATErHH.
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EcrecTBenHO, KaxK bl yIaCTHUK UTPBI CTPEMUTCS eCTBOBATH
ONTHMAJIBHBIM i1 cebsi obpas3om. Eciu B urpe cyimecTByer Taxas
cuTyaluud, IPpU KOTOPOM KazK/Iblii YYaCTHUK JeiCTBYyeT OITUMAaJlb-
HBIM 00pa30M, TO 3Ta CUTYaIlUsi HA3BIBAETCS paBHOBecHOiT. [Tomck
paBHOBECHUSA B WT'Pe — 3TO OJHA M3 OCHOBHBIX 3a/Iad TEOPHUU WUTD.
Oxka3bIBaeTcst, /I MIMPOKOTO KJIACCa MI'D MOXKHO JI0Ka3aTh Teope-
My CyIIECTBOBAHUS PABHOBECHUs, Ha3bIBaeMyIo Teopemoii Hama. 3a-
MeYaTebHbIM SIBJIAETCS TOT (hAKT, 9TO [IPU T0KA3ATEIHCTBE Teope-
Mol Hamma Mbl BHOBb UCIIO/IB3YEM y2Ke HEOJHOKPATHO IPUMEHEHHY IO
teopemy KakyTanu 0 HEMOABUKHOM TOUKE MHOTO3HATHOTO OTOODA-
xenud. Ilepeiizem K TOAPOOHOCTSIM.

7.1. OcHoBHBIE onpeiesieHust Teopuu urp Mol Oyaem pac-
CMaTPUBATh TOJHKO TaK HA3BIBAEMbIE HECKOGAUYUOHHBLE UPDL, T.€.
WUTPBI, B KOTOPBIX KAaXKIbIl YYACTHUK CTPEMUTCS IMOJIYYUTH HAU-
OOBINIT BO3MOXKHBIN WHIUBUAIYATbHBIA BRIMTPHIII. rphl, B KOTO-
PBIX JIefiCTBUS UTPOKOB HAIPABJIEHBI HA MAKCUMU3AIUIO BBHIUTPBI-
wieil KosiekTuBoB (Koasiuiuil) 6e3 10c/IeyoIero ux pas/iejeHust
MeKJy UTPOKAMHU, HA3BIBAIOTCH KOGAUUUOHHLMU. Teopns Koasu-
[IMOHHBIX UT'P BECHhMA CJIOXKHA, W B JTAHHOM KypCe 00CYXKIAThCs He
Oyer.

Kaxmas 6ecKoaTuImOHHAS UI'PA XapPaAKTEPU3YETCs CIeTy IOTITH-
MU OObEKTaMHU.

e O6o3HaunM Yepe3 | MHOXKECTBO BCEX UTPOKOB, KOTOPOE TIPE/I-
MOAraeTcs KOHEIHbIM U 3anymeposanabiv: [ = {1,... n}.

o Jljis KaxK0ro urpoka @ € I 3a1aguM MHOXKECTBO S; BO3MOXK-
HBIX JeNCTBUIl, HA3BIBAEMBIX CMPAMe2UAMU.

e Ilycrs S 0obo3HAUAET JEKAPTOBO MPOM3BEICHUE MHOXKECTB S;:
S=8x--x8,.

Cuntas, 4TO B NIPOIECCEe UIPLI KaKJblii WIPOK BLIOHpAET
HEKOTOPYIO CTPATETHio, MBI HOIydaeM, UTO KarK1asd KOHKPeT-
Had CUTYaIlNs, CKI3BIBAIOIAACT B UTPE, 337aeTCA BEKTOPOM
$=1(81,.-.,8n), rae 8; € S;. Takum 00pa3zOM, MHOKECTBO S—
3TO MHOXKECTBO BCEX BO3MOXKHBIX CUMYAUUli UTPHI.

e O6o3maunm [epe3 H; mpow3BOSbHYIO (DYHKIHIO, 3aaHHYIO
Ha mHoxkecTBe S. Oyukimu H; Mbl OyneM HHTEPIPEeTHPOBATh
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KaK PYHKUUU 6bU2PbIUG 1-020 UZPOKA: €CJTA B UTPE CJIOKU-
nack curyarun s € S, To H;(8) paBHO BBIUTPBINTY $-0TO HIPO-
Ka B 3TOH CATyalluu.

TaxuM 00pa30M, MBI HA30BEM Oeckoasuyuonnol uepot I' cremy-
IOIIYI0 TPOWKY OOBEKTOB:

I = (I, {Si}ier, {Hi}ier),

roe [ — MHOXKECTBO MI'POKOB, S; — MHOMXKECTBO CTPATErHii i-0ro
urpoka u H; — byHKIMS BBIMTPHIIIA 1-Or0 UTPOKA.

Oyuxmua H(s) =Y. ; Hi(s), onpenenennas ma muoxecrse S,
HazbeiBaeTcs cymoti ueps I'. Urpa I' masbiBaercs uepoti ¢ nocmo-
AHHOT cymmoti, eciu byuknus H mocrosimaa. BaxkHBIM 9aCcTHBI-
MU CJIy9aeM HUTPBI C MOCTOAHHON CyMMOI ABJIAETCA U2pa ¢ HYyae6ol
cymmot, T.e. korga H = 0. Eciu B urpe ¢ HyseBoil cymMMoii ydact-
ByeT POBHO JIBA UT'POKA, TO TaKas UI'PA HABIBACTCA AHMA2Z0HUCTIU-
weckol. ZlcHO, 91O, Urpas B aHTATOHHUCTHYECKYIO UIPY, B KaXKJIOH
CUTYAIMU KAXK/IbIi U3 JIBYX UI'POKOB BBIUIPLIBAET CTOJIBKO, CKOJIBKO
MTPOUTPHIBAET €r0 HAMAPHUK.

Hanee, onpemennM cocTosinue paBHoBecus B urpe I'. s sToro
BBEJIEM CJIeJIYIOIINE TPaJUIMOHHBIE 0D03HadeHus. [IycTh § — HEeKo-
TOpas cuTyalus, T.e. $ € S, u §; — ITO {-asg KOMIIOHEHTA BEKTOPA
S, T.e. CTPATErus $-0ro Urpoka B curyanuu S. Beibepem mpou3Boib-
HYIO CTpaTernio s, urpoka i. Toraa uepes s || s; Gymem ob6o3HavaTh
CUTYAIUIO, TIOJYYEHHYI0 U3 CUTYAIUU S 3aMEHOIW CTPATErwu S; HA
s} (cTparermm BCEX UTPOKOB, OTJIMIHBIX OT §-OT0, OCTAIOTCS HEM3-
MEHHbBIMH).

Omnpegenenne. Curyauusa s B urpe ' Ha3bpIBaeTCa NpPuemaemot
0a4 u2poka i, ecau JJisi 000 ero CTPATErun S, BBITIOIHSIETCS:

!
Hi(s || s;) < Hi(s).
VHbIMu CJI0BAMH, B 3TOR CUTyallMy UI'POK 4, H3MEHUB CBOIO CTpaTe-
FI/IIO, HE MOXKeEeT yBe,HI/I‘II/ITb CBO€Ero BI)II/IprIHJa.
Curyanns s, mpueMjeMast 1Jisi BCeX HTPOKOB, HA3BIBACTCA CUTNY-

ayueti pasrosecus. VIHpIMU ciOBaMu, CUTyalus § € S paBHOBECHAS,
€CJIU ¥ TOJIBKO €CJIu

Hi(s | s7) < Hi(s),
JJIst J1i0060ro urpoka ¢ € 1.
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3amevyanwne. [losicHuM BaXKHOCTH IOMCKA, PABHOBECHBIX CUTYAITUIA.
s 3TOr0 3aMeTrum, 9TO €CJIU PABHOBECHAS CUTYAIUs SIBJISETCS
[IpeIMEeTOM JIONOBOPA MEKY UIDOKAMU, TO HUA OJUH UIDOK HE 3a-
UHTEPECOBAH B OTKJIOHeHWM OT Hee (0T morosopa). Eciau ke B pe-
3yabTare JO0roBopa 3adUKCHPOBAHA HEPABHOBECHAS CHUTYAIWs, TO,
IO OIpeJIeICHUIO, Hal/IeTcsa NIPOK, 3aMHTEePECOBAHHBIN B HapyIie-
HHUW 3TOTO JOTOBOPA.

3amevyanmne. OmpeeeHHasi BBIIE PABHOBECHAS] CHUTYAIWs WHO-
ra Ha3bIBaeTCsl pashosecuem Haowa. 1o paBHOBecHe MOXKeT
OBITh ECTECTBEHHBIM OOPA30M OIMPEIeIeHO I MPOU3BOJIbHBIX R™-
3HAYHBIX OTOOPAYKEHW, 33JaHHBIX HA JEKAPTOBOM MPOM3BEICHUN
MTPOM3BOJIBHBIX 72 MHOYKECTB. B MpeabIIyIux rjaBax Mbl y2Ke BCTPe-
9aJIUCh C SKCTPEMAJIBHBIMU TOYKAMHU TAKUX OTOOPAYKEHWIA, OIIpeIe-
nuB nousitue ontuMymoB ITapero. Ormerum, aTo, BOOGIIE TOBODSI,
pasuoBecue Hama u ontumymbr Ilapero — 3to pasmbre Touku. Pac-
CMOTPUM CJIeAyIOIIUi 11pumep.

HyCTb Sl = {1,2}, SQ = {1,2}, S = Sl X SQ, H(S) =
{H1(s), Hz(s)}, n

H(1,1) = (2,1), H(1,2) = (3,1), H(2,1) = (1,3), H(2,2) = (4,2).

Jlerko BuzeTh, 9o ontuMyMbl ITapero — 3ro Toukn (1,3) u (4,2).
Yrobsr onmcarh paBHoBecusi Haima, obo3nHadnM k-yio KOODIAHMHATY
rouxu H(%, ) aepe3 H(i,j)[k].

Jlemma 7.1 Jlaa onpedeaennoti pynxyuu H eduncmeennotc mow-
kol pasnosecun Haowa asasemesa mouka (1,1).

okazaTesabcTBo. To, 9TO 3Ta TOUYKA PABHOBECHAS, BHITEKAET U3
CJIEIYTOIIUX JIBYX HEPABEHCTB:

2=H(L1[1] >H(2, D[] =1,
1= H(1, D)2 > H(1,2)[2] = 1.

)

OcranbHbIe TOYKHY HE ABJISIOTCS PABHOBECHBIMU B CHILY CJIELYIOIIAX
HEPABEHCTB, MPOTUBOPEYAINX OINPE/IEJTeHNI0 PABHOBECHS:

3=1(1,2)[1] < H(2,2)[1]
1=H(2,1)[1] < H(1, D[]

4,
2,
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2 =H1(2,2)[2] < H(2,1)[2] = 3.

JlokazaTe/ibCTBO 3aKOHYEHO.

Onpenenenue. Crparerns Urpoka HA3BIBAETCS PAGHOBECHOT, €C-
JIN OHa BXOJHUT XOTA 6};1 B OZITHO PaBHOBECHOE COCTOAHHUE.

Pazmnoobpasme OGeCKOATUIIMOHHBIX HWTD JEaeT KeJaTeTbHBIM
O0Obe/IMHEHNE UX B TAKHE KJIACCHI, YTO IPUHAJIEKAIIAE OJHOMY
U TOMY YK€ KJIACCy UIPhI 00JIaJa0T OJHUMHU W TEMU YK€ OCHOBHbI-
mu cpoiicrBaMu. IIycrs IV u I — nBe GECKOAIUIMOHHBIX UTPBI €
OJIHUMM M TEMU YK€ MHOXKECTBAMHU UIDOKOB U crpareruii (r.e. or-
JIMYAIOIIUECs TOJIBKO (DYHKIUSMU BbIMIPBINA). Bysem 0603nadarh
uepe3 H] u H! Gynxnun Bomrpeima 4-oro urpoka B urpe IV u I
COOTBETCTBEHHO.

Onpegaenenune. Vrpol [V u I HazbIBAIOTCA cmpameunecky sK6U-
6ANEHMHBIMU, €CITH CYIIECTBYET TAKOe IuCI0 k > 0 W JIa KasKaoro
i TaKHe 49HCHIa C;, YTO UMEIOT MECTO CJIe/yIOIIie COOTHOIIeHNU:

H!(s)=kH(s)+c¢, VseS, Viel.

3amaua 7.1. /lokazamv, wmo cmpamezuvecku 9KBUBAAEHTNHBLE
u2pol UMEm 00HU U Me JHCE CUMYAUUY PABHOBECUA.

Bagaua 7.2. Jlokazamb, 4o 6CAKAA U2PG € NOCTNOAHHOU CYMMOT
cmpamezudecky IKBUBAAEHMHA HEKOMOPOT u2pe ¢ HYAe80Tl CYM-
MOT.

Urpa I' masbBaeTcsa koneuwnol, €CJU KOHEYHbI MHOXKECTBA S;
cTpareruii Bcex UrpokoB ¢ € [ 3roit urpel. B mporuBHOM Cirydae,
urpa I' HazpiBaeTcs beckoneunot.

Paccmorpum HEKOTOPBIE TIPUMEDBI KOHETHBIX UTP.

7.2. Koneunsbie urpnt Pazbepem cuagasa urpy I, B koTopoit
IPUHEMAIOT yYaCTHE POBHO 1Ba Urpoka. O6osmaanm vepes S’ u S
MHOKECTBA, CTPATEruii IEepBOro ¥ BTOPOIO UTPOKOB COOTBETCTBEH-
wo, n iycth H' m H” — 570 (byHKINM BBIUTPHIMIA COOTBETCTBEHHO
MepBOro W BTOPOro Wrpoka. Ecim S’ cocromT m3 m 3/1€MeHTOB, a
S” — U3 n 3JIEeMEeHTOB, TO, KaK JIETKO BUJeTh, Gyukmun H' u H”
MOXKHO 3aJaTh HekoTopbiMu Marpuniamu A’ u A” pazmepa m X n,
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ryie (4, j)-buit sement Marpunpt A’ pasen H'(sg, s7), a (i, j)-biit a/re-
ment marpuipt A” pasen H' (s}, s), s; € S', s7 € S”. Onucannbie
TOJILKO 9TO UTPBI HA3LIBAIOTCA HUMAMPUNHBLMA.

ITpuBenem mpuMep OGMMATPUYHON UIPHL B CJEIyIOMEH 3ama9e.

Bamaua 7.3. (Juiuemma Gangura) IIpednososicum, wmo uzpo-
Kamu 1 U 2 ABAANOMCA NPECTNYNHUKY, HAGLOOAULUECA 6 NPedapu-
MEALHOM 3AKMOUEHUYU N0 NOCOPEHUIO 8 TANCKOM NPECTYNACHUL,
NPUNEM NPAMBLE YAUK HG HULT HEM, U PE3YALIMAM 3A6UCUM OM MO-
20, co3naomcesa oHu uasu wem. Iycmo umeromes caedyrujue 603-
MOHCHOCTIVU:

1) ecau 0ba npecmynrnuka CO3HaOMCA, MO OHU NOAYHAT TO 8 snem
(npusmmue ABAAECTNCA CMALYAIOUWUM 066m0ﬂm€./tbcm60M),‘

2) ecau oba we cosnaromesn, mo noaywam no 1 200y (caedosamens
JOKaAHCEM UL BUHOBHOCTIID 6 COBEPULEHUY MEHEE 3HAYUITEND-
HO20 NPECTNYNACHUA);

3) ecau coznaemces MoavKo 00UH U3 HUL, MO oK bydem vnyuien,
a emopoti — ocyocden Ha 10 aem.

Cuumas, 4mo npecmynnury 8obepym onmumMaisbHOE 0% HUT pe-
WeHUue, ABAAOULEC PABHOBECHBLM, ONPEIEAUMb UCTO0 CALICTNEUA.

Bumarpuynas urpa ¢ HyJIe€BOH CyMMOH ABJISIETCA YACTHBIM CJTy-
JaeM aHTarOHMCTHYECKOH WTPLI M HasbIBaeTca mampuunod. [To-
crenHee OObACHAETCA TeM, 9TO MaTpuna A’ BBIMTpLINIA BTOPOrO
UTPOKA OJHO3HAYHO BBIYUCIAETCA 1Mo MaTpune A’ BBIMTpBINIA Tep-
Boro urpoka: A" = —A’. Marpuna A’ nazbiBaercs mampuyet 6bi-
uzpviwet MaTpUIHON urpsr 1.

3amevyanwme. /s marpudanoit urper I' ¢ mMarpuneil BuIUTpbHIIEH
A npUHATO HyMepOBaTh CTPOKM Marpuiibl A HOMepaMmu cTpareruit
NEPBOrO UTPOKA, & CTONOIBI Marpuipsl A — HOMEpamu crpareruii
Broporo urpoka. Ecin A = {a;;}, T0, KaK JI€rKO BUIETH, COCTOSIHIE
(i*,7*) aBisiercs pPaBHOBECHBIM, €CJIU U TOJIBKO €CJIU JIJIs JIIOOBIX
7 j BBITIOJIHSAETCS CJIeIYIOIIee YCIOBHeE:

Aijr < Qimjir < Qe
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WapIMT c10BaMH, G4~ j= ABJIAETCA HaNOOIBIINM 3I€MEHTOM B CTOJI0-
ue ¢ Homepowm j* (T.e. i* — HamsydIIas cTparerus HepBOro UrPoKa
upu GUKCHPOBAHHOI CTPATErny j* BTOPOIO UI'POKA), U A+ ;= ABJIA-
€TCs HAMMEHDIITMM 3JIEMEHTOM B CTPOKE ¢ HOMepoM i* (T.e. j* —
HAWJIy4Ias CTPATErnsi BTOPOrO UTPOKA pu (DUKCUPOBAHHON CTpa-
Teruu ¢* 1mepBoro urpoka). Takue TOUKM B TEOPUM UT'D HA3LIBAIOT
Ce0N06bLM.

YcnoBue caemayroreit 3a1a4n sIBASIETCS KPUTEPUEM CYIIEeCTBOBA~
HUA PABHOBECHUSA B MATPUIHON uUTpe.

Bagaua 7.4. Jlokazamo, wmo 6 mampuywrotl uzpe I' ¢ mampuyet
A ={a;;} cywecmesyem pasrosecue mozda u moavko mozda, K020a
BHNOAHAEMNCA CAEIYIOULCE YCAOBUE:
max min a;; = minmax a;;.
i i i i

7.3. BeckoHeunble urpbl Bo MHOrUX ecTrecTBeHHBIX B 00IIIE-
CTBEHHBIX HAYKAX IMUPOKOE PACTPOCTPAHEHNE MOJIYUUIT TIPUEM, 3a-
MEHSIOIUH PACCMOTPEHNE KOHEUHBIX MHOMXKECTB C OUeHb OOJIBITHM
YUCTIOM JIEMEHTOB PACCMOTPEHHEM OECKOHEYHBIX MHOXKECTB. DTOT
MpUEM MO3BOJISET MPUMEHSTh K ITUPOKOMY KJIACCY 3a/1a9 MOIIHbBIA
almaparT MaTeMaTudecKOro aHAJIU3A.

Kpowme Toro, 6eckoHeUHBIE UTDHI BO3HUKAIOT B PE3YIbTATE 3a-
MEH B KOHEYHBIX UTPAX YUCTHIX CTPATErHii, PACCMOTPEHHBIX BBIIIIE,
Ha TaK Ha3bIBaeMbIE€ CMEIAHHBbIE cTpaTeruu. Paszdepem 3To Oosee
TOAPOOHO.

Kak 6b10 oTMedeHO Bbiilie, Jjisi CyIIEeCTBOBAHUS PABHOBECHS
B MATPUYHOW Wrpe HEOOXOAWMO W JOCTATOYHO, UTOOBI COOTBET-
CTBYIOIIME€ MUHUMAKCHI COBIAIAIN. ECIn ke OHM HE COBIQIAIOT,
TO TEPBBI WIPOK MOXKET 00€CHeYnTh Cce0e BBIUTPBINI HE MEHb-
me max;min; a;;, a BTOPOH MOXKET He JaTb eMy OOJIblle, YeM
min; max; a;; (posepbre). Bonpoc o pazzene pasnocrn

max min a;; — min max a;;.
K2 J J K3
OCTAETCsI OTKPBHITHIM. [109TOMY €CTEeCTBEHHO, YTOOBI UTPOKH B 3TOM
CAydae WCKAJIU JIOMOJHUTEIHHBIE CTPATETWYeCKUe BO3MOXKHOCTH.
OkasbIBaeTcst, 9TO [IJIsi 9TOTO UM I€JIECO00PA3HO BHIOMPATH CBOU
CTpaTeruu CaydamHo.
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Onpegnenenune. Cryvaiinas BeIUYNHA, 3HAYEHUSIMUA KOTOPOH siB-
JIAIOTCA CTPATETUH WTPOKA, HA3BIBAETCI CMewarHoU cmpame2ued
3TOr0 UI'POKA.

ITycTh 2; — BEPOATHOCTH BBHIOOPA IEPBBIM HIPOKOM 4-Of CTpa-
TEerud, a Y; — BEPOSATHOCTH BBIGOPA BTOPLIM HIPOKOM j-Oif cTpa-
rermn. flcno, uto 0 < 2; < 1,0 <y <1, 37,2 = 3 y; = L.
ITosTOMy MHOKECTBO BCeX BEKTOPOB & = (Z1,...,%m) (BEKTOPOB
¥y = (Y1,--+,Yn)), ONUCHIBAIOIIUX CMEIIAHHBIE CTPATETUHN TIEPBOTO
(BTOpOTO) MrpoKa, 06pa3yIOT CTaHAApPTHLI cuMmaere A"~ (cmM-
maexe A1),

Ecmu Bee z; (Bce y;), KpoMe OnHOrO, paBHbL 0, TO IepBbIil (BTO-
poit) UTPOK BHIOMPAET C BEPOATHOCTHIO 1 POBHO OMHY CTPATETHIO,
U TaKas CMENIAHHAS CTPATETHs TPEBPAIIAETCS B “UCTYI0 CIMpame-
2u0.

Hanee, mpeamoaaras, 9T0 UI'POKW BHIOMPAIOT CBOW CMEIaHHbIE
CTPATErud HE3aBHCHMO, MBI MOJIy9aeM, UYTO BEPOATHOCTL BBIOOPA
curyanuu (7,j) paBHA Z;Y;j, U, HOITOMY, MATEMATHIECKOE OXKUJIA-
HHe BBIMTPBITIA NEPBOTO UTPOKA PABHO ), ; GijTiy; = xAyT. Tlo-
CJIJIHION0 BEJIMYKMHY HPHHUMAIOT 33 BBIUTPBILI IEPBOrO UIPOKA IIPU
CMEITTaHHbIX cTparerusx (r,y) n obosHavaior depe3 H(x,y).

Omnpenenenne. B caenanHbix Bbime 0003HAYEHUAX, OECKOHETHAS
urpa

<{1a Q}a {Am, An}v {H’ 7H}>

HA3BIBACTCA CMEWAHHIM PACULUPEHUEM DACCMOTPEHHON MaTpwd-
HOI UTPBHI.

Bagaua 7.5. IToxasicume, wmo ecau cumyayusa (i*,5%) aeasemca
PABHOBECHOT 0AA MAMPUYHOT ULDPbL, RO IMA HCE CUMYAUUSL ABAIL-
EMCA PABHOBECHOT U OAA CMEWAHHO20 PACWUPEHUSA IMOT UZPbL.

Crenyromast 33/1a9a MOKA3bIBAET, YTO B UTPE CO CMENTAHHBIME
CTpaTerusMy BCErJia CyIIeCTBYeT PABHOBECHOE COCTOAHHUE.

Samaua 7.6. Jokasrcume, wmo O0Af CMEWGHHO20 PACUUPEHUA
MaAMPUwHOT uzpvr ¢ mampuyel evuzpoiwels A umeem mecmo pa-
8€HCMEB0:

max min zAy” = min max rAyT.
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Buisedume omcroda CYWECTMBO0BAHUE PABHOBECHO20 COCMOAHUA 6
IMOM, CMEUAHHOM PACUUPEHUU.

B neiictBuTenbHOCTH, MUHIMAKCHI U3 331391 7.6. DABHDBI BHIUT-
PBIILYy IIEPBOI'O UI'POKA B UI'PE CO CMELIAHHbIMU CTPATEruAMU, ABJ1d-
IOIIeca CMEeNTaHHbIM PACIINPEHNEM MATPUYHON UTPHI C MATPHUIE
A. DTO YHCIIO HA3BIBACTCS 3HAYEHUEM MATPUYHONW UTPHI C MATPU-
neit A m obosmawaerca wepe3 v(A). IMapa (z*,y*), mua koropoii
BBITIOJTHSIETCS PABEHCTBO U3 331491 7.6., HA3BIBAETCS PABHOBECHDLM,
COCTNOAHUEM 6 CMEWAHHBLT CTNPAMELUAT.

Bagaua 7.7. Joxaosicume, wmo das 410600 mampuuyb, A umerom
MECTMO CALOYIOULUE HEPABEHCTNEA:

maxmin a;; <v(A4) < minmax a;;.
i j j i
B wacmnocmu, ecau 6 mampuunoil uepe umeemcsa pasnosecue (6
YUCTOLT CTNPATNE2UAT ), MO

maxmin a;; = v(A) = minmax a;.
i g i
Bagaua 7.8. ITyecms I' — mampuunas uzpa ¢ mampuuyeti A =
{ai;} pasmepa 2 x 2. Hatimu pasmnosechyro cumyayuro (z*,1 —
x*,y*, 1 — y*) 6 cmewannwr cmpamezuazx. Ioxazams, umo ecau
6 YUCMBLL CMPAMEUAT PABHOBECUE He JOCTULALMCS, MO

# (22 — 21 % (22 — 12

¥ = , Yyt = .
a11 — @12 — G21 1 Q22 a11 — @12 — G21 + Q22

7.4. PaBHOBecue B 6eckoHeUHBIX urpax Paccmorpum Gec-
koneunyio urpy I Mmex iy n urpokamu. Ilpepmnonoxum, 910 j1Jisi Jiro-
00ro i MHOYKECTBO .S; CTPATErHil 1-0r0 UT'POKA ABJISETCSA BBITYKJIHIM
KOMIIAKTHBIM METPUIECKUM MpocTpancTBoM. Kak u Bwimie, 0603Ha-
quM 4depe3 S MHOXKecTBO Bcex curyaruii B urpe I', me. S =[], 5.
s ynoberBa, BBeAeM cienyomniue oboznadenus. [lycrs s € S —
HPOM3BOJbHAA curyauus. Eciu s = (81,...,8y), TO 4epe3 s_; 060-
saaunM (1 — 1)-MepHbBIil BEKTOD, MOy YeHHDIH U3 S BHIOPACHIBAHUEM
-0l KOODJIMHATHI:

S—i = (517'-';Si7178i+1)"-a8’ﬂ>'
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OObparHyIo omeparmio, T.e. BOCCTAHOBJIEHNE BEKTOPA S 10 S_; U S;,
OymeMm 0O603HAYMATH Uepe3 S_; L S;:

S=S5_4;L8;.

Jlasiee, myCcTh IOMOJHATEIHFHO U3BECTHO, YTO (DYHKIIUNA BHIUTPHI-
ma H; : S — R HenpepbIBHbI, 1, KpOMe TOrO, Kaxkiaas H; Borayra
10 1-OMYy apryMeHTY:

H, (8_1- L((L—t)s + ts;’)) > (1= t)Hi(s_s 0 8)) + tHi(s_; s7).

Teopema 7.1 (Hsm) B cdeaannoiz sviuwe npednosodtceHuar, ue-
pa I' obaadaem pasrosecHvim cocmosruem.

JdokazaTesbcTBOo. MBI JOKaKeM 3Ty TeOpeMY, CBeIsd ee K Teo-
peme Kakyrauu. [Ipexkme Bcero, orMeTuM, 9To0 MHOXKECTBO S BCex
COOBITHH AB/TSIETCS BBIMYKIBIM METPUIECKAM KOMITAKTOM.

Hasiee, obo3Hauum 4depe3 S_; MHOKECTBO Hk# Sk. dcho, uro
S_; — TOXKe BBIMYKJIBIH METPUYECKUN KOMIIAKT.

JLJ1s1 KasKI0ro 4 3a/1a/uM OHOZHAYHOE OTOOparKeHue [; : S_; —
R o dopmymne

wi(s—;) = max H;(s_; L x),
z€S;

¥ MHOrO3Ha4YHOEe orobpaxkeHnue @; : S_; = S; Tak:
pi(s—i) = {si € Si | Hi(s—is:) = pi(s—i)}

B cuity HenpepbiBHOCTH O0TOOparkenust H; u KOMIIAKTHOCTH BCeX Sy,
MTOJIy9aeM, 9TO OTOOpaKEeHUeE [i; TAK’Ke HEIPEPBIBHO.

JlemMma 7.2 Mmuozosnaunoe omobpasicenue ©; MOAYHENPEPBLEHO
ceepry.

HokaszaresbcTBo. [IpeInonoKum IpOTHBHOE, T.€. I HEKOTOPO-
ro $_; CyMECTBYeT Takas OKPeCTHOCTH U ero obpasa ¢;(s_;) u Ta-
Kasd 10C/Ie0BATe/IbHOCTD ¥, — s_;, ur0o B KaxaoM @;(s* ) naii-
JEeTCa HEKOTOPBIN 3JTE€MEHT sf, KOTOPBIH He jexkuT B U.

B cuiy KOMIAKTHOCTH MHOMKECTBa, S;, U3 MOCIEI0BATETLHOCTI
s Mo¥KHO BBIOpATDL CXOIATIYIOCS K HEKOTOPOMY S, TIO/IOCTIeI0Ba-

TeabHOCTh. [lepexons K 3To# moamocae0BaTenbHOCTH, Oyaem, Oe3
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OTrpaHMUYeHHsT ODIIHOCTH, CPA3y CUUTATH, YTO HOCJIEI0BATEIbHOCTH
s¥ cxomures k s, Takum 06pa3oM, MbI HOCTPOMIIH TIOC/IEI0BATE b
k k /

HOCTB S7, L S, TOYEK MHOMKECTBA S, CXOIAMYIOCT K S_;L S,.
Tax xak dynxmuu H; u p; wenpepsisupl, u H;(s*, L sF) =
wi(s®,), umeem

Hi(s_jLsl) = lim Hy(s",LsF) = lim p;(s*,) = pi(s_4),
k— o0 k— o0
nosromy s, € p(s—;). CremoBarenbHO, HAYMHAS C HEKOTOPOTO HO-
Mepa k, Bce TOUKH sf nexar B U, mporusopeurne. JlokazareabcTBO
JIEMMBI 33KOHYEHO.

JIemma 7.3 Jaa xaocdoz0 i u xaocdozo S—; mHodcecmso ©;(S—;)
HENYCNO, 3GMEHYMO U BLINYKAO.

HokazaresbeTBo. Hermycrora ciieyer u3 KOMIAKTHOCTH MHOZKE-
cTBa S; u HenpepbiBHOCTH GyHKIMYU H,;. 3aMKHYTOCTb BHITEKAET U3
HenpepbiBHOCTH dyHKImu H; m Toro dakrta, aro p;(s_;) = {s; €
Si | Hi(s—; L s;) = const} (3mech uepes3 const 0603HAMEHA BETMYUHA
1i($—i), HE 3aBUCAIAA OT S;).

JIOKazKeM BBIILYKJIOCTh MHOXKECTBa ; (S—;). Ijist 3TOro Bocnoib-
3yeMcst BOrHyTocThio byukunm H; 1o i-omy aprymenrty. Ilycts s n
s — nBe mpomsBoBbHBIE TOUKHU U3 ©;(S—;), u t € [0, 1]. Mbr momx-
HBI TIOKA3aTh, 9T0 TouKa (1 —t)s) +ts, npunamanexamas S; B cumy
€ro BBIIYKJIOCTH, TAKZXKe IPUHAIIEKUT ©;(s_;). meem:

H; (s_,» L((1—t)s; + ts;’)) >
(1—t)H;(s—ivLs;) +tHi(s—iLs]) =
(L= t)pi(s—i) + tpi(s—i) = pi(s—i).

Taxk kak p;(s—;) — 370 MakcuMmaIbHOE 3HadeHue hyaruun ; () =
H;(s_;Lx), z € S;, moydaemM, 4To

H (s (1= 1), + 15) ) = pals o),

9TO W NOKA3BIBAET NPUHAIEKHOCTD TOuKU (1 — t)s; + ts] MHOKe-
cTBY ¢i(S—;). JJoKa3aTeNIHCTBO IEMMBI 32aKOHIEHO.

75



[Tocrponm Terepb MHOrO3HAYHOE OTODPAYKEHUE Y MHOKECTBA S
B cebs 1o ciemyroreit popmye:

o(s) = H pi(5-i)-

W3 nemm 7.2 u 7.3 BbITEKAET, 9TO MHOIO3HAYHOE OTOOPAKEHUE (O
[OJIYHEIIPEPBIBHO CBEPXY, U 00pa3 KaXKJIOH TOYKHU HEILyCT, 3AMKHYT
u BeIyKJI. [1o Teopeme KakyTamnu, y oToOpaXkeHust o MMeeTcst Hermo-
JIBIDKHAs TOYKA s*, T.e. TaKasi TOYKa, 4To s; € ;(s* ;). Ilocaennee,
OYEBUIHO, O3HAYAELT, U9TO S* SABJISETCS TOIKON paBHOBECHS UTPHI L.
Jloka3aTeabCTBO TEOPEMbI 3AKOHYEHO.

IIpumep. (Mogess Kypuo) Ilycrb Ha pbiHKe IpeicTaBiieHbl
JIBa, IPOU3BOANTENS OJHOr0 ToBapa. Kaxkapii u3 npoussoaureneii
1,1 = 1,2, 3amaer o0beM BBITYCKaeMoro tosapa s; € S; = [0,00).
DyHKIUS CIIpoOca B JAHHON MOJEIN BHIPAYKACTCA B BUIE 3aBUCHMO-
CTHW PBIHOYHOM MEHBI OT OOIIET0 KOJIMIECTBA MOTPEBIAEMOrO TOBAPa,
§ =81+ Sa:

p(s) =a— bSa

rme a,b > 0 — mekoTopbie KOHCTAHTHI. CebecTOMMOCTh €INHUIIHI
MPOAYKIINK paBHA ¢ JJjIsg 00oux mpousBomuTeseii. OyHKIUS BBIUT-
PBIIIIA $-TO UTPOKA COBIAIAET C €0 MPUOBLILIO M HAXOAUTCS MO (hop-
MyJie

H;(s1,52) = (a — b(s1 + $2) — ¢)$;.

Oyuknusa H; aBasgeTcs KBIPATUIHON W BOTHYTOH MO TIepeMeHHO
Si.

C apyroit CTOPOHBI, [IPU MOMCKE PABHOBECHOIO COCTOSIHUS JO-
CTATOYHO OpATh CTPATErWH UT'POKOB U3 OTPAHUIEHHOTO MHOKECTBA
[0, 47¢]. Takum 06pa3oM, B JAHHON MOJIEIN MbI HAXOTUMCS B yCIIO-
BUgX TeopeMbl HaIma, a 3HaYnT, paBHOBECHOE COCTOSTHUE CYIITECTBY-

€T.

3amnuch MPUEeMJIEMOCTH CUTYAIIUH [IJIsT 1-T0 UTPOKa, B auddepen-
" OH, _ .
nuanbHoll popme Gt = 0 IPUBOAMT K cHCTEMe JTHHEHBIX ypaBHe-

. x _ % __ a—c
HMe, PelIeHne KOTOPOii eCTh PaBHOBECHAA CUTYallUsA §] = §5 = “5°.
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8. OnTmMuU3anmoHHbIE MO/IEN ITPOM3BOICTBA

B mpenpiaymux rmaBax, pacCMaTpUBasi PA3HOBHUIHOCTH MOJIE-
neit Bambpaca, Mbl y2Ke HEOZHOKPATHO CTAJTKUBAJINCEH C OMTHMA3a-
nUOHHBIME 3aa49amu. Hampumep, 9To0bI HafiTh KOHKYPEHTHOE PaB-
HOBeCHe B MoJean Jppoy—/lebpe, HyKHO OMUCATH (DYHKIUU CIIPO-
Ca 1 IPEAJIOZKEHNA, KazKJad U3 KOTOPBIX ABJIACTCA MHOTO3HAYTHBIM
oToOpazkKeHueM, 3HadeHre KOTOPOro IPH JAHHON! CUCTEeME IIEH OIpe-
JAEJIEHHbIM KaK MHO2KECTBO MaKCHUMYMOB HeKOTOpOfI O,ZLHOSHEL‘IHOfI
byHKIINN, 33JaHHON HA JAHHOM IIOJMHOYKECTBE IPOCTPAHCTBA TO-
BapoB. B wacTtHOCTH, 3HaUEHNE (DYHKITNHN CTPOCA TIPY JAHHBIX [IEHAX
onpeaeaeTcd Kak MHOZKECTBO MaKCUMYMOB (byHKL[I/H/I IIOJIE3HOCTH,
OTHOCHUTEJILHO KOTOPO# MBI JI€JIAJIU CaMble OOIIHEe MPEIJIOKEHNUS;
3Haderne PyHKIUNA TPEITOKEHNS IPH JAHHBIX MEeHAX OIPeIeIsaer-
cs KaK MHOXKECTBO MaKCHMyMOB JuHe#HO#i ¢Gyukmuu. Kpome Toro,
n3ydas KOHKYPeHTHOe paBHoBecue B mojenn Bambna—Kaccems, Mbr
PaCcCMATPpUBAJN TUIMHWYHBIE ONITUMU3AIIUNOHHBIC 3aJa'ur, BO3ZHUKAIO-
mye B JJUHEHHOM IIPOrpaMMUPOBAHNUN.

Huxe MBI paccMoTpuM erme OanH KJIAaCC BAPHUAIMOHHBIX 3a1ad.
Haumem ¢ mpumepa.

8.1. Mogess moHomosiucta Mos€eb MOHONOJBHOIO IPOU3-
BOZCTBa ObLIa paccmoTpena k. Dpancom B pabore 1924 roza.

IIycrs & — dyukius cupoca. Bynem cuurars, uro ® — oxmo-
sHauHas GyHkiwsa. B mogenu Banbpaca Mbl nipeanosarain, 9ro P
3aBUCHUT JIMIIL OT CUCTEMbI 1ieH p. B nefictBurenbuocTu, 3ra GyHK-
[Usl CYMIECTBEHHO 3ABUCHUT €Ie U OT CKOPOCTU U3MEHEHUs IeH, T.€.
or p’. Takum o6pa3oM, ecanm mapaMeTp t 0003HAYAET BPEMH, TO
dbyHKIMS Cpoca B MOMEHT BPEMEHU ¢ UMeeT BU/I <I>(p(t), P’ (t))

Hanee, obozuauum uepe3 C(x) CrOUMOCTD MPOM3BOICTBA TOBAD-
HOro Habopa x. Torma BBIpyYKa OT POJAKKA TOBApPA B MOMEHT Bpe-
menu t pasua p(t) ®(p(t),p/(t)), a croumocts HPOU3BOACTBA B ITOT

MOMEHT BPEMEHU DPaBHA C(@ (p(t),p’(t))). Takum 06pasom, mpu-

ObLIbL MOHOIIOJINCTA B MOMEHT BpeMEeHn t nmeet BU/I

p(t) @ (p(1), (1) — C(2(p(1).7' (1)) ).

Ecnu nac uaTepecyer npuObLIH MOHOIIOJIUCTA HA, TPOMEXKYTKE Bpe-
mern [0, 7], TO OPEABIIYIIYI0 BEINIAHY HAJIO MPOMHTErPUPOBATH
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o ¢ Ha 3TOM NPOMEXKYTKE.

Byneum renepb cauTarh, 9TO M3BECTHBI HAYAJIBHBIE U KOHETHBIE
nennl p(0) = po u p(T) = p1, a BEIGOP HOJUTUKK LEH Ha IPOMe-
kyTke Bpemenu [0, 7] mpuUHALIEKUT MOHOMOIUCTY. KCTECTBEHHO,
BO3HMKAET CJICAYIONAd 3a/1a49a;: BIOPATH TAKYIO MOMUTUKY TieH p(t)
npu orpanuyenuax p(0) = po u p(T') = p1, upu KOTOPOIt NPUOHLLIL
Oyzer MakCHMAaJbHA, T.e.

/O p(t) ®(p(t),p(t)) — C((I)(p(t),p'(t))) dt — max.

OkasbiBaercs, 3Ta 33/1a9a CBOJUTCS K PEIIEHUI0 HEKOTOPOH cucre-
MbI Ju(depeHITnaATbHBIX yPABHEHNIH.

8.2. YpaBuenus ODiinepa—Jlarpamxka Chopmyaupyem 06-
HIYIO 33/1a4y.

IIycts €2 C R™ — HeroTOpas MUHEHHO CBs3Hast obmacTh. Pac-
cmoTrpuM HenpepbiBHO-mud Gepenmmpyemyto dyuxmmio L(t, z, p) Ha
RxQxR™. Takyto ¢pyHKIuIO Oy1eM Ha3bIBATh AG2PAHHCUGHOM. BbI-
6epem B {2 MPOU3BOIBHYIO TIaAKYI0 KpuByio x(t), t € [0, T]. Kpusas
#(t) m narpamkuan L(t, z,p) 3anaor dynkumo L(t, z(t),'(t)) na
orpeske [0, T]. IIpomHTErpUpPOBAB MOCIETHION (DYHKITHIO TIO OTPE3-
ky [0, 7], Mbl nonyunM 4ucio, koropoe obosnadum uepes I (z(t)):

T
I(z(t)) :/O L(t,z(t),2'(t)) dt.

Takwum 00pasom, o Jarpamkuany L(t, z, p) MBI HOCTPOMIHM €CTe-
cTBeHHOE oToOpazkeHnme I, crapsiiee B COOTBETCTBUE KasKI0H KPH-
Boii B obnacru ) Hekoropoe umciio. Takue orobpazkenust | Ha3bl-
BaOTC Pynkyuonasamu (GYHKIUAME, ONPEIETeHHBIMUA Ha, MPO-
CTPAHCTBAX KPUBBIX).

3ameuanmne. Paccmorpum 3a1ady MOHOMOMHCTA. 1Ooraa B Kade-
CTBE JIArPAH2KMAHA MOYXKHO BbIOpAaTh HPUOLLIb B MOMEHT BPEMEHU
t, T.e.

p(t) ®(p(t), (1) — C(@(p(), (1) ),

a B KauecTBe (QyHKIMOHATA — NPUOBLTH HA MPOMEXKYTKE BPEMEHH
[0,T]. Kpuebie z(t) B 9TOH MOmENN — 3TO BCEBO3MOKHBIE BBHIOODHI
nomuTukE TeH p(t) Ha npomexyTke Bpemenn [0, 7).
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IIycrs Temeps B obmactu §) BoiOpanbl aBe Touku A u B. Pac-
CMOTPHM BCe TJIaJKue KpUBbie (t), HaunHAOnmecs B A n 3aKaH-
yuparompecd B B: 2(0) = A u 2(T) = B. Oupenenum nedopmanun
KaxkJI0i Takoil KpuBoii creayrommm obpasom. Ilyers h(t) — rnaaxoe
oroGpaxenne u3 orpeska [0,7] 8 R™, rakoe aro h(0) = h(T) = 0.
Torma it JoCTaTouHO MaJbIX s KpuBas x(t) + s h(t) mo-mpexxuemy
gexkur B ) u coemuusier Touku A u B. Paccmorpum dyHKIMO
o(s) = I(x(t) + sh(t)).

Onpenenenne. Kpusas x(t) HAZBIBAETCS IKCMPEMANLIO PYHKUU-
onana I, ecin ¢’ (0) = 0 pya mo60it rnaakoit R™-3naunoit GyHnkuumn
h(t), rakoit uro h(0) = h(T) = 0.

3amevanme. B 3amage moHOMOMNMCTA, ONTHMAJIbHAS [MOJUTUKA
LEH, IPY KOTOPO# NMpubbLIb MAKCUMAJIbHA, ABJISETCA IKCTPEMATBIO
byHKIIMOHAA, 33IAI0IIEr0 MPUOBLITh.

Teopema 8.1 Kpusas z(t) asasemesa sxcmpemasvro Gynryuona-
AQ

T
I(2(t)) :/0 Lt 2(t), /(1)) dt

ecau u moavko ecau x(t) ydosaemeopsaem caedyroweti cucmeme
JupPepenyuarsvrot YpasrHeruli:

oL o doL ,
5 (L)' (1) = @a*p(tvx(t)w (t))-

HokazatesnbeTBo. Boraucimm npomssomayto Gyrkmmm ¢(s) npu
s = 0. Umeem

d T
820:£ 0

/OT(?; h(t) + g—j; : h’(t)) dt =
T T
0 gih(t)dt—i—/o (i(gi-h(t)) —%(%) ~h(t)) it =
[ 2pmon ol - [ 5 £
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rJie TOCIeTHEE PABEHCTBO UMEET MECTO B Cmiry TOro, uro h(0) =
nT) = 0.

O6o3naumm  wepe3  e(t) BbIpakeHwme %(t,x(t),x’(t)) -
%%(t,x(t),m’(t)). Ecmm e(t) TOXIECTBEHHO PaBHO HYJIO, TO,
04eBUHO, Z(t) — 3KCTpeMars. Jlokaxkem 0OPATHOE YTBEDPIKICHHE.

IIycres x(t) — skcTpemasns. IIpeamonokum, 9TO BBIPAsKEHHE
e(t) me paBHO HyJIIO B HEKOTOpO#l Touke t = tg. Torma, B cuiy
HEMPEPBIBHOCTH, [JIsT BCEX © W3 HEKOTOpPOil okpectHOocTH U TOY-
ku to BekTOpa e(t) orm4ubl oT Hyas. Paccmorpum pedopMaliuio
h(t) = t(T —t)e(t). OueBnmuo, e(t)-h(t) > 0 gna moboro t € [0,T],
u e(t) - h(t) > 0 yust Beex ¢t € U, 3nauur fOT e(t) - h(t)dt > 0 uro
MPOTHBOPEYUT 3KCTpeManbHocTu x(t). Teopema moKa3aHa.

Omnpeaenenne. Cucrema quddepeHnuanbHbIX ypaBHEHUH BTOPO-
IO TOPSJIKA

OL d oL

Gy (ha0).2/(1) = 5 a(t).2'(1) =0

HA3bIBAETCA YpasHenuamu Iiaepa—/lazpansica.

Yacro perrenne ypaBHeHui Jitsiepa—J/larpanka MOXKXHO CBECTH
K PEIIeHuI0 CUCTEeMbI MM GEPEHITNANTBHBIX YPABHEHUI TIEPBOTrO MO~
panka. PaccMoTpuM BayKHBINM YaCTHBIN CITydail.

Teopema 8.2 Ecau aazpanocuan L saeno we 3asucum om napa-
mempa t (epemenu), mo eeauvuna H = pg—ZL) — L nocmosanna 6doas
axcmpemaned.

dokazaTesqbcTBo. Borancium Benumaunny H BOOb 3KCTpeMasn

x(t):
() = /(1) 52 (0(0),2'(0)) — L(a(0). /(1)

u paccmorpuM npousBomuyo dbyakuum H(t) mo ¢. Mber nomKHbL
[MOKA3aTh, 9TO 9Ta HIPOU3BOJAHAS paBHA HYJIO. JleficTBUTEIBHO,

dH(t) . OL , 4oL ,
prania (t) - Fp(m(t),x () +2'(t) - ﬁa—p(x(t),x (t)-
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2 (1) - (jtg][;(x(t),x’(t)) - ‘;i’(w),x’(ﬂ)) =0,

rJie  TOCJe/IHee PABEHCTBO BBITEKAET U3 ypaBHEHHi itnepa—
Jlarpam:xa. /loka3aTeahCTBO 3aKOHYEHO.

3amevanue. Broipaxenne H = p% — L nasbiBaercs sxepeuet, a
MPEIBIIYIIAsS TEOPEMA — 3AKOHOM COLPAHEHUA IHEP2UL.

IIpumep. Ilyctb Teno Macchl m ABUKETCS B KOHCEPBATHBHOM IIO-
sie cut ¢ norennuanom U(z). O6o3HaunM 9epe3 v CKOPOCTh 3TOTO
tena. Onpenenum narpamkuad L Tax:

mu
L(.’[,”U): 2 —U(il'),
T.€. IIOJIOXKUB €r0 PABHBIM PA3HOCTU KUHETHUYECKON U IOTEHIIUAJIb-
HOIT 9Hepruii Teja. Y paBHeHus Jiiepa—J/larpanrka nMe0T BUT,
d oL 0L d dUu i dUu 0
—— —— =m—v+ —=ma+ — =
dt Ov  Ox dt dx dx ’
rIe a — ycKopeHwne Tena. TakuMm oO6pa3oM, MoJie CHT B PAaCCMaTpPH-
BaeMoOil cucTeMe paBHO MUHYC I'PAJIMEHTY IOTEHIIUAIbHON IJHEPIUH.
Ilosnas sueprus H pasua
oL mu? mu?
2
Vv——L=mv"— —+U(r)= —+U(x
o -+ U() = T+ U),
T.e. CyMMe TOTEHIHAJIbHON W KHHETHIeCKOil sHeprumii. Tak Kak B
HAIIEM CJIy4dae JIarpaHKuaH L fBHO HE 3aBUCAT OT BPEMEHHU, TO
B CHCTEME BBITIOTHAETCA 3aKOH COXPAHEHUS SHEPTUH: CyMMa, KIUHe-
TUYECKOU W MOTEHIIMAJIbHON HEPIUil Teja COXpaHAETCd BO BpeMd
JBUKEHUS ITOTO TeJa.

IIpumep. B Mmomenu MOHOmOMHCTA JIATPAHKHAAH TAKXKE HE 3aBH-
CUT SIBHO OT BPEMEHH, TIO3TOMY BBIMOTHAETCS 3aKOH COXPAHEHUS
suepruu. TakuM 06pa3oM, ONTUMAJIBHYIO MOJUTUKY HeH p(t) MOXK-
HO HAWTHW U3 yCJIOBUA



9. Teopusa nmpom3BOACTBEHHBIX (DYHKITHIT

B cregyromux roaBax MbI PACCMOTPHUM €Ie Psii OTMTHMU3AIIN-
OHHBIX 337a4, BO3HUKAIONNX B 3KOHOMuKe. OqHako misa dpopmymu-
POBKH 9THX 3324 HAM MOHAI00SATCs MTPOM3BO/ICTBEHHbIE (DYHKINH,
M3YYEHUIO KOTOPBIX W TOCBSIIEHA JAaHHAS [JIaBa.

Bo3uukHOBeHUE MPOW3BOACTBEHHBIX (DYHKIUN TPUHATO OTHO-
cuThb K 1928 rozny, Korja mosgBUIACH CTATbs AMEPUKAHCKAX YIE€HbBIX:
sxoromucta II. Jdyrmaca n maremaruka 1. Ko66a “Teopust mpous-
BoacTBa”. B 9T0i1 cTaThe ObLIA TPEANPUHATA, MOMBITKA, OMPEIETUTh
9KCIIEPUMEHTAJbHBIM TIyTeM BJIMSHAE BEJIMYWHBI 3aTPAIUBAEMOTO
kanurasia K u tpyna L va oobem Y (L, K) Bblmyckaemoil npoayK-
nuu B obpabarsBaroteii npombituierHoctu CIITA. 1. Kob6om 6bi-
JIa peIoyKeHa 3aBucuMocThb Mexxay K, L u Y crmemayiomero Buia:

Y(K,L)=AK“LP,

rne A, @ u [ — napamerpsl, Takue yto A > 0, > 0, 8 > 0 m
a + f = 1. Anaaus crarucruueckux JaHHBIX 33 1899-1922 roma
MPUBEJ K CJIeAYIOMNM 3HadeHusiM mapamerpos: A = 1.01, o = 0.25
u 8 =0.75. CpaBuenue sesnuuunbl Y (K, L) 3a nocjiemyoiye rojapl
¢ haKTUIECKUMY 3HAYEHUSIMU TOKA3AJI0, YTO MOy 9eHHAS 3ABUCH-
MOCTb J@eT XOpoiiee NpudInKenne K 1eiCTBUTETbHOCTH.

Ilepeitnem Temepsb K OOIIEMY OIPEIETIEHUIO TTPOU3BOACTBEHHBIX
byHKIIHIIL.

9.1. Omnpenesienne MPOU3BOACTBEHHBIX (byHKIUi Ilycth
P — HeKOTOpBI# MPOM3BOACTBEHHBIA Hponece, U & = (T1,...,Ty)
— BEKTOpP 3aTpaT MPOU3BOACTBEHHBIX PECYypPCOB (MHOMKECTBO Mep-
BUYHBIX (PAKTOPOB, & TAKYKE MPOAYKTHI BHEITHETO MPOU3BOICTBA,
BBICTYTIAIOIINE KAK ChIPhE M PECYpChl). Bymem caurarb, 4TO BCe
JOIYCTHMBIE BEKTOpa T 00pa3yoT HEKOTOpPOe MOAMHOXKeCTBO I B
HOJIOKUTeNbHOM opTanTe R} .

O6o3naamm wepe3s y = (y1,...,Ym) HAOOP KOJIUICCTBEHHBIX
OIIEHOK PEe3yJIbTATOB MPOU3BOACTBA. TAKUMEU OIEHKAME MOLYT CJIy-
JKUTb, HAIpUMED, (pusrdeckuit 00beM BbIIIyCKA [0 KAXKIOMY 13 Ha-
VMEHOBAHWH BBIMYCKAEMOW MPOIYKIIUH, CTOUMOCTHBIE TTOKA3ATEIIH.
IIycts U C R — MHOXKECTBO BCEX JOIyCTHMBIX BEKTODPOB ¥.

Omnpegenenne. IIpoussodcmeennoli dynryuelds npouzsodcmee-
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Ho20 npouecca P Oynem HasbiBaTh orobpazkenwe F': D — U, moze-
JINPYIOIIEe BBIIIYCK NPOAYKIUU B pouecce P.

OrmernM, 9TO [0 CHX TIOp B HAy4YHOW ¥ TPHUKJIAIHON
9KOHOMUKO—MATEMATUIECKON JINTEPATYPE B OCHOBHOM H3ydaercs
b caydait m = 1, 1.e. Korga orobpazkenue F' sBiasgeTcs 0ObITHOM
R-suaunoit dpyukumeii: y = F(x1,...,2,). Beogy B mambHeiimem
MBI OyI€M UMETH JIEJI0 TOJBKO C TAKUM CJIYIaEM.

IlepeunciuM OCHOBHBIE OTDAHUYEHHUS HA MTPOM3BOICTBEHHBIE
GyHKIMY, BBITEKAONHE U3 SKOHOMUKO-MATEMATUIECKUX CO00pa-
JKEHUM.

1. Mnoocecmea D u U seastomes obaacmamu, a F' — eaadkot
Ppynryued.

2. Ecau kaxot-aubo pecypc ne mpamumca, mo npoudeodcmeo P
Huue20 e ewnyckaem, T.e. F(x1,...,x;-1,0,Ti41,...,2,) = 0 qys
qgoboro ¢ = 1,...,n. apiMu cIOBaMHu, HUKAKON MPOU3BOICTBEH-
HbIl HAKTOD HE JOIMYCKAET 3aMEHBI JPYTUM.

3. Ilpu yseauuenuu 3ampam Kako20-aubo pecypca oO6ULUT 6bi-
nyck eozpacmaem, T.e. ecim & > x', o F(x) > F(z'). o croiicTo
9KBUBAJCHTHO ycaosnio OF /Ox; > 0 maga moboro i = 1,...,n.

4. Yeaosue soenymocmu no xaxcdomy apeymenmy: 0°F/0x? <
0 puist iroboro @ = 1,..., m. DT0 ycjaoBHE MOXKHO HHTEPIPETUPOBATH
Tak: pu (HPUKCHPOBAHHBIX BCEX (haKTOPaAX, KPOME -0ro, MOCIeI0-
BaTeJIbHOE yBEJIUYEHHE ¢-0r0 (PAKTOPA MPUBOIUT KO BCE MEHDLIIIAM
MPUPOCTaM MPOM3BOJACTBEHHOrO TPOAyKTa. [losicHuM 3TO ycaoBue
Ha mpuMepe ¢yukmun Ko66a—Tyrmaca: Y = AK*L?. Tlycrs 06b-
eM OCHOBHBbIX GoH0B K ocraercs HEM3MEHHBIM, a YHCIO TPY/IO0-
BbIX pecypcoB L pacrer. Torza BHOBb IIpuBeKaeMas pabodas CUIa,
HE 00ECIIeYNBACTCS JOTMOTHUTETBHBIMY CPEICTBAMU TTPOU3BOICTBA,
9TO W TPUBOAWT K CHUXKEHUIO TPEIEJbHON MPON3BOAUTEIHHOCTH
TpyzAa, paBHOil B qanHoM ciaydae 0Y /0L (Ha camom mese, cHUKA-
eTCS TaKKe W CPEHsIS MPOU3BOUTENbHOCTE Tpyaa Y/ L). C apyroi
CTOPOHBI, €CJin (DUKCUPOBATH YUCJIO TPYAOBBIX PECYPCOB, & yBeJIU-
YUBATH OCHOBHBIE (DOHIBI, TO 3TH (DOHIABI OYIYT WCIOIH30BATHCS
Bce Menee 3G dEKTUBHO, T.e. npeenbaas doumooriada 0Y /0K Oy-
zer yobiBarh (Ha CaMOM Jiejie, CHUXKAETCA TaKKe U cpenHsas (HOH-
mootmada Tpyaa Y/K).

3amevyanue. Yciaosus 2—4 Mbl pakTdecku chOpMyIupoBasu 6€3
HCIOJIB30BAHASA IIAAKOCTH (PYHKIMH F', 9TO MO3BOIAET PACIIHPHATD
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KJIACC MPOW3BOCTBEHHBIX (DYHKIWIT, CHSIB TPEOOBAHUE TJIaIKOCTH.

Paccvorpum Temepb aByxXdaKTOPHYIO MOAEb, e r1 = K —
00beM OCHOBHBIX (DOHJIOB B MX CTOMMOCTHOM HJIA KOJIMYECTBEHHOM
BBIPAYKEHWN, To = L — YNCIIOBOE BBIpayKeHWE 00bEMa TPYIOBBIX
pecypcoB (9ucso pabodux, YUCIO YeJIOBEKO—IHed u T.1.), a y = Y
— 00beM BBIMYIIEHHOM MPOAYKIIAYA B CTOMMOCTHOM WJIU HATYPAJIb-
HOM BBIpaxKeHuu. Taxkum 06pa3oM, B CICTAHHBIX MPEINOTOKEHUIX,
[IPOUBBOJICTBEHHAs (DYHKITUST UMEET BHJI;:

Y = F(K,L)

“ MOXKeT OBITh PaccMOTpeHa Kak obobmienue dyukiun Kobba—
Hyraaca, onpe/ieIeHHON BBITITE.

W3 caelaHHbIX BBINIE OUPAHUYEHWH HA, TPOU3BOICTBEHHBIE
GYHKINN BBITEKAET, ITO F' ABIsIeTCsa IaaKoit pyHKIHEit, yIoBie-
TBOPSATONIEH CAEIYIONUM YCIOBUSIM:

2 2

8—}7207 a—on, a—FSO, 8—F§O, K>0,L>0.

oK oL 0K? OL?
B 1eficTBHTEIFHOCTH, B COOTBETCTBHE C TDAJHIHEH, MbI OyaeM
npeanoaraTb, 4TO MPOU3BOJACTBEHHAs pyHKINs F' B paccmarpu-
BaeMoi AByx(haKTOPHOH MOJEH YAOBJIETBOPSIET 0OJIee CH/IbHBIM
VCJIOBHSIM, TTOJTY YAIOIIHMCS U3 CPOPMYTHPOBAHHBIX YCJIOBHIT 3aMe-
HOIT BCeX HECTPOIHX HEPABEHCTB HA CTPOTHE.

IMpuBemem cieayionye MoJae3Hble SKOHOMUKO-MATEMATUIECKIE
moKa3aresd B IBYX(MaKTOPHON MOIEH.

Bemmunna y = Y/L maswisaercs cpedwneti npouseoidumenvho-
emwvio mpyda, a Bemmaunaa v = JY /0L — npedeavrotli npouseodu-
MeAbHOCTDI0 MPYda.

Benmuuna z = Y/ K naseisaerca cpedueti ghondoomoanet, a pe-
muuauna = 0Y /0K — npedeavnoti ondoomdae.

Bemuunna

_IOY K
“TOKY
Ha3bIBAETCH KOIPPUUUEHRMOM SAGCMUNHOCTIU N0 Ppondam. B mo-
nemm Kobba—/lyrimaca koaddunment a sBisiercs Ko3hOUIUEeHTOM
SJIACTUIHOCTH O (DOHIAM.
Bemuunna

_9Y L

b=%Iv
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Ha3bIBaeTCH Koapduyuenmom aaacmuwrocmuy no mpydy. B monenn
Ko66a—/Iyrinaca kosdduiuent [ sapiasgerca Ko3(OPUIUEHTOM 3Jia-
CTUYHOCTH IO TPYLY.

9.2. Heokiyiaccmyeckne IIPOU3BOJACTBEHHbIE (DYHKIINU
Ha mpom3BoacTeennbie (DyHKIMN, TOMUMO OMMCAHHBIX BBIIIE OrPa-
HUYEHUHN, HAKJIAQIBIBAIOT 9aCTO U JPYTHUE JOMOJTHUTEIHHBIE OTPAHU-
qennss. OCHOBHOE M3 HUX — TPeOOBAHNE OJTHOPOTHOCTH, & WMEHHO,
MPEIONIAraeTCs CyIecTBOBanme Takoro vy > 0, 9ro amsa aiodoro
A > 0 BBIIOTHSAETCS

fQzy, ..., z,) = NV f(ze,. .., 2p).

[Mokazaresnb y HA3bIBAETCH CMENEHBIO 00HOPOJHOCTNUY U XAPAKTE-
pusyer spdexm om PacuuPeHus Macwmads npouseodcmea: eciu
v > 1 (y < 1), To omHOBpeMeHHOE yBeindeHune Bcex (hakTopoB B A
pa3 mpuBOAUT K BO3pacTanuio (yObIBaHUIO) OObEMa BBILYCKa GOIb-
me geM B A pa3. Ormerum, aro B mozgenun Kobba—lyrnaca v = 1,
T.e. pyakiusg F aBiagercd OTHOPOMHON cremeHn 1 mim AunetiHo-
00H0podHoti.

PaccmorpuM WHTEPTIpETAIINIO POU3BOICTBEHHOTO Tporecca P
C JIMHEHHO-OIHOPOJIHONW TPOW3BOACTBEHHON (yHKIMEHl B Ciydae
aByxdakTopHoit Momenu. s Takux (QYHKIINH BBITOJTHIETCS TEO-

pema Diisepa, T.e.

Y = 8—FK + a—FL (19)

oK oL

(mokaxkure). TIpeanonokuM, 9To OBIIECTBO COCTOUT TOJBKO U3 Pa-
6oUMX ¥ KAMUTAJIUCTOB. Torma moxon Y pacrnajgaeTcs Ha JBe JacTH:
JI0X0, PaboUrX U JOXOJ KAMUTAJUCTOB. 1IyCcTh cpemss peajbHas
3apmmara padbodero pasHa w. Torma cymMMapHBIH 10X0md PabOTIX
pased wL. Teopus npeneabHOM IPOU3BOAUTEILHOCTH TPY/1a YTBEP-
2KJIaeT, YTO B YCJOBUSX COBEPILIEHHON KOHKYPEHIMH HMEeT MEeCTO
CJIEIYIOIIee COOTHOIIEHNE:

or
oL
Orciona BBITEKAET, 9T0 BTOpOe ciaaraemoe B ¢dopmyne (19) pasHo
CYyMMapHOMY JIOXO/ly pa0OuuX, U, 3HAYUT, IEPBOE CIArAEMOE — ITO
CYMMAapHBIi TOX0/ KATUTATACTOB. OTCIOIA BHITEKAET, 9TO MPEIETh-
Has ormoornaga IF/0K xapakTepusyer JOXOJ KAUTAIACTOB OT

w.
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OIHOM emuHUIBI KanuTaga. [locaennss BeIuanHa HA3BIBACTCA HOP-
MOTL NPUOBLAU.

Janee, nust JMHERHO-OJIHOPOJHBIX HTPOM3BOJICTBEHHBIX (DYHK-
uii MOXKHO IepeiiTu K HOBbIM 1epementbiM §y = Y/L u k = K/L.
Torma Bmecro dyukuuu F(K, L), 3aBucsineii OT AByX I€PEMEHHbBIX,
MOXKHO paccmorperb ¢yukuuio f(k) oT 0aHOl HepeMeHHOit, m0JI0-
JKUB

f(k) = F(k,1).

Takum obpasom, y = f(k), tak xax F(K/L,1) = F(K,L)/L =
Y/L B cuny nmueiinoii-onnopoauocru. Bennuuny K/ L HasbBaioT
Pondosoopysicennocmuvio (KomuuecTBo (GOHIOB, TPUXOIAIAKC HA
eIMHAUILY TPYIOBBIX PECYPCOR).

Samaua 9.1. [Iposepumo, 4mo 0CHOBHBIE IKOHOMUKO MATNEMATIU-
yecKkue TapaKmepucmUKly Pacemampueaemots MO0l 6 MePMUHAT
dynuxyuu [ umerom eud:

e npedeavras npouseodumervrocms mpyda v pasna f — kf’;
e npedeavhas porndoomdaua v pasna f’;

o xoapduyuenm anracmuunocmu no dondam o pasen kf’/f
(sma dopmyaa eepra dasn 410607 cmeneru 00HOPOIHOCTIU,);

o xoapdunyuenm aracmuunocmu no mpydy B pasen 1 — kf’/f
(ecau cmenenv odnopodnocmu pasma 7y, mo 5=~y —kf'/f).

Bagaua 9.2. [okaosicume, umo ecau £oms 6v, 00uH u3 KOIPPHUUU-
enmos & uau B we 3asucum om k, mo npoudeodcmeennas GyHKuuA
aeasemcs pynryuet Kobba—yaraca.

Onpenenenue. JIMHEHHO-OTHOPOIHAS TPOU3BOACTBEHHAS (DYHK-
must F'(K, L) naspiBaercsa weoxaaccuueckot, ecmu byakmua f(k) =
F(k,1), rne k = K/L, ynoBaeTBopsieT CIeAYIOMUM YCAOBHSIM:

>0, <0, f(0)=0,
lim f(k) = oo, lim f'(k) = oo, lim f'(k)=0.

k—o0
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OTHU yCJIOBHUS MOYXKHO WHTEPIPETUPOBATH TAK: MPU OTCYTCTBUU
OCHOBHBIX (DOH/IOB BBIIIYCK PABEH HYJIIO; TIPU HEOIPAHUIEHHOM PO-
cre (HOHIOBOOPYKEHHOCTH OOBEM BBIMYCKA TAKXKe Oe3rPaHUTHO
BO3PACTAET; MPU BO3PACTAHUH (POHIOBOOPYKEHHOCTH OT HYJIS TIPO-
HUCXOIUT CTPEMUTEIbHBINA POCT 00'bEMA BBITYCKA, IPUYEM DU JAJTb-
HeiireM pocte GOHIOBOOPYKEHHOCTH POCT 0ObeMa BBIIYCKa CXO-
JIAT HA HET.

3agaua 9.3. IIposepumo, wmo dynryus Kobba—lyeraca Asasem-
CA HEOKAACCUMECKOT.

9.3. DuactuyHocTh 3aMeHbl (pakTopoB. CES-dyHKInmn
PaccmoTrpum erre HECKOTBKO BAXKHBIX SKOHOMUKO-MATEMATHIECKUX
mokazareseit. /Iyt 3TOro ormMeTuM, 9TO CyIIeCTBEHHON OCOOEHHO-
CTBIO PEAJIBHBIX TPOIECCOB MPOU3BOJICTBA SABISETCS BO3MOXKHOCTD
3aMelieHust oAHOro (hbakTopa ApyruM (HampuMep, IPU OTCYTCTBUM
9KCKABATOPA €r0 MOXKHO 3aMEHUTb HEKOTOPBIM YHCJIOM 3€MJIEKO-
nos). PazbepeM 3Ty BO3MOXKHOCTL Ha TpuMmepe AByX(haKTOPHOM
MOJIENIN, 3aJAHHOW, KAK U BBINE, TPOU3BOACTBEHHON dyHKIMEH
Y =F(K,L).

Chopmynupyem creayromniyio 3agady. [Ipeanonoxum, 910 00b-
eM TPyIOBbIX pecypcoB L uamenuics Ha AL. Ha kakyio Beauduny
AK nano m3meHutb 00beM K OCHOBHBIX (POHIIOB, YTOOBLI BBILYCK
Y ocrajcst HEM3MEHHBIM?

Scno, uro Bee mapwt (K, L), 119 KOTOPBIX BHIMYCK Y OJUHAKOB,
JiesKaT Ha ONHOM u 1ol ke yuauu yposusa F(K, L) = const ¢dynk-
muu F. Ecnum B mHTepecyormeil HAC TOYKE W3 3TOH JUHUH yPOB-
He npoussonHag OF /0K ornmuana OT Hymsi, TO CyIIECTBYET TaKas
dyuxkuus K(L), aro F(K(L), L) = const. B 9tux npeauosnoxenu-
SIX, OTTPEIIETINM NPedesbHYto HOPMY 3amenbt S mpYydoevT Pecypcos
L ocnosnoimu gondamu K, momoxus

_dK _ 9FJOL

SK="3L T 9ok’

Ecnu xe B 3100 TOUKe npoussBogHaa OF /0L ornwuna or Hyss, TO
cymecrsyer Takast dynkuus L(K), uto F(K,L(K)) = const. B
3THX MPEIIOIOKEHUAX, OMPEICIAM NPEIeAbHY HOPMY 3amenbt ST,
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octoenoix Pondos K mpydoswmu pecypcamu L, monoxus

dL _ OF/OK

SL= TR T OFJOL"

Jlerko Bugers, o Sk Sr = 1.

Bamaua 9.4. [Iycmov ¢gyuxyus F odnopodna cmenenu vy, k =
K/L, u f(k) = F(K/L,1). Hoxasamw, wmo

W)
K= )

Bagaua 9.5. [okazamo, wmo daa pynxyuu Kobba-/lyenaca ume-

em:
S =L
@

(npedeavrasn nopma 3amenvt Sk NPAMO NPONOPUUOHANLHG HOHOO-
600pYsHcennocmu). Jams IKOHOMUMECKYIO UHMEPTPETNAUUIO.

IIycrs mpousBoacTBenHas GpyHKIHS OgHOPOAHA. Torma ompeme-
JIUM 2AGCTNUYHOCTND 3AMEHBL O ) TPYJIOBBIX PecypcoB L OCHOBHbIMEU
dougavu K, a TakXKe aAGCTMUYHOCTL 3GMEHbL O, OCHOBHHLT HOH-
dos K mpydoswmu pecypcamu L, mOI0KUB

gt _ @Sk ko dSi k!
K 7 dk S’ Y T dk-1 S

Jlerko BUJAETb, 4YTO O = O, \IIpPOBEPLTE), IIO3TOMY MbI 6yﬂeM I10J1b-
’ ’
30BAaThHCA JIUIb O K .

3amaua 9.6. Joxazamn, umo

f'(vf—kf')
k((L=2)(f)2+~f1")

OK = —

Samaua 9.7. Jlokazamov, wmo ecau HOpma 3amenvr Sk AUHETHO
00nopodnot dynkyuu F ne sasucum om k, mo F(K,L) = AK+BL
05 Hexkomopwux kowemanwm A u B.
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Onpenenenune. Omnoponnas dyukius F HasbpBaeTcd GyHKIN-
eil ¢ nocmosannotll sracmuunocmovro 3amenve uma CES-dynryued
(Constant Elastisity of Substitution), ecin s Hee 0k nOCTOAHHO.

Bamaua 9.8. I[Tyems» F(K,L) — npoussoavnas CES-dynrxyus
cmenenu 00HopodHOCIU Y, U O — ee HOopma 3ameuserus L Ha
K. ITorooicum 0 = ok /7.

Iloxazamv, wmo ecau o = 1, mo F asasemca pynryuets Kobba—
Lyanaca.

Ecau o =0, mo F = min{AK”, BL"}.

Ecauoice o 0 u o # 1, mo

}7([{7 L) — (AK(O'fl)/o' +BL(O‘71)/J)'YJ/(C"_1)’

2de A u B — nexomopwie KOHCTMAHMbL.

[epenumiem C ES-byukun B obienpuasToi ¢popme. s sro-
ro nonoxum p = (1 —0)/o, § = M%’ u C = (A+ B)™/?. Torna
nMeeM

F(K,L)=C(6K~*+ (1—8)L7) """

9.4, Mogesim TexXHHYECKOro mnporpecca B npeabraymumx
pasjesiax Mbl HE yYUTHIBAJIM, YTO CO BPEMEHEM IIPOU3BO/ICTBEHHbII
MPOIIECC, a, 3HAYUT, ¥ COOTBETCTBYIOIIAs TPOM3BOJACTBEHHAS (DYHK-
WA, MOYKeT MeHATHCA. OCHOBHBIE TPUYUHBI TOIO W3MEHEHHUs CBsI-
3aHbBI C HAYIHO-TEXHUIECKUM TIPOTPECCOM.

PaccMmorpuM  0gHOIPOAYKTOBYIO ABYX(PAKTOPHYIO MOIEIb U
y4YTE€M €€ BPEeMEHHYI0 3aBHUCHUMOCTb. 1Orga MIpOU3BOICTBEHHYIO
bYHKIUIO B O0IMIEM BHIE MOXKHO 3aIHCATDH TAK:

Y(t) = F(K(t),L(t),t).

Bynem npezanosiararh, 9T0 NPOU3BOACTBEHHAS (DYHKIMA JIMHEHHO-
omaoponua mo K un L:

F(AK,AL,t) = AF (K, L, 1)

nast jiroboro A > 0.

Oupegesienne. 0BOPAT, 4TO UMEET MECTO METLHU4ECKUT NPO-
epece, ecn 5 F(K, L,t) > 0.
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HamoMamM, 9TO BBINIEe MBI BBEIM B PACCMOTPEHUE CJIETYIOITNe
BOCEMb KOHOMMKO-MATEMaTUYeCKUX MOKasareseil (a TakkKe HEKO-
TOpBIE JIpyI'ue I[OKa3aTeJy, HOoJly4daloluecs U3 3TUX BOCbMHU 3Jjie-
MEHTAPHBIMU AJTe0PANYECKUMHU OTIEPAIIUAMHY):

e y=Y/L — cpenudas nNpou3BOAUTEIbHOCT TPYIA;
e k= K/L — GboHIOBOODYKEHHOCTD;
e v =0Y/OL — npenenbHas TPOU3BOAUTEILHOCTD TPYIA;

e r =0Y/OK — npenenbuas GboHmIOOTIAYA;

aY R .
* a = 5y — kKoabdunuent saacTuaHOCTH 1O HhoHIAM;
o /=2 L _ gosddunment 3IaCTHIHOCTH 1O T ;

aLY ! Pyay;

Sk = % — TIPeJIeJIbHYI0 HOPMY 3aMeHBI TPY/IOBBIX pe-

cypcoB ocuoBabIME bongamu (a Takxke S;, = 1/Skg — mpe-
JIETBHYI0 HOPMY 3aMEHBI OCHOBHBIX (DOHIIOB TPYIOBBIMHU pe-
cypcamu); Hopmy Sk Gyzem ob6o3Hadarh uepes S;

_ (dSk _k \—1
° 0o = (Wﬁ) — 3JIACTHYHOCTH 3aMEHBI TPYIOBBIX pe-

CypcOB OCHOBHBbIMHU hoHZAMU (& TaKKe 0, = Ok 3IaCTUI-
HOCTh 3aMEHbI OCHOBHBIX (DOH/IOB TPYJIOBBIMU DECYDPCAMU).
DIACTUIHOCTD 0 OyneM 0003HAYATH Yepes3 o.

Kak mpasusio, omnucanue runore3bl OTHOCATEIHHO XaPAKTEPA
HAyYHO-TEXHUUIECKOTO Tporpecca (hOPpMyIUPYIOTCS B TEPMUHAX CO-
OTHOITIEHU Ha, BBITIENepevInclennble mokazarenu. [Ipeamonaraer-
Cs, YTO XOTH ITHU ITOKA3ATEIN U3MEHAIOTCA, OJTHAKO HA HUX UMEIOTCA
HEKOTODPbIE COOTHOIIEHUS, KOTOPbIE OCTAIOTCA HEM3MEHHbIMU.

Onpegenenne. Ilycte  @(y, k,v,7r,«,3,Sk,0x) — HEKOTO-
pas ¢yukmusa. IIporpecc wnaswpBaerca P-medTpasbHBIM, €C/IH
O(y,k,v,1m,,8,SKk,0K) =0 (He 3aBUCAT OT BPEMEHH).

Paccvorpum Hanbosiee momysisspHbIE TUIIBI IIPOrPECCa.

1) Texumweckwmii MPOrpecc HA3BIBACTCA HeUmpasvHoim 1o Xurcy,
€CM TpeeNIbHAs HOPMA 3aMEHBI S SBJISETCS HE 3aBUCS-
mei ot Bpemenn ¢ynkmueit p(k) dbonmoBOOpYKEHHOCTH K
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S = (k). UabiMu crioBaMu, IMeET MeCTO caremyiomee audde-
PEHIHATBHOE ypaBHEHNE, 3aMMCAHHOE B TEPMHUHAX (DYHKIIH

f:

Ob6ee perierne sroro ypasHenust umeer Bun y = A(t) fo(k)
st HekoTopwix byuxmmit A(t) m fo(k). Becmomumas mpo ycmo-
BHUE JIMHEHHON OJHOPOJHOCTH, IMOJYy4aeM, 4YTO COOTBETCTBY-
01as IPou3BoAcTBeHHasd pynkuusa umeer sug F (K, L, t) =
A(t)Fo(K, L), n, 3naunt, A(t) — MOHOTOHHO BO3DPACTAOIIAS
byHKIHA.

2) TexHWYecKwil MPOrPEcC HA3BIBAETCS HEUMPAsbHbM N0 Xappo-
dy, ecim mpezenbHAs (GOHIAOOTIAYA T SBJIAETCA HE 3aBU-
cameit or Bpemenn dynkmueir 1(z) cpemmeit dboHmOOTIAYTH
z=Y/K =y/k: r = ¢(z). dta curyanus OMUCHIBAETCS CIIE-
gytorum 1udepeHITuaIbHbIM YPABHEHHEM:

fr=19(f/k).

Moxkno nokazars (caesaiire 310), 4ro 06LIEE PELIEHUE YTOrO
ypasuenus umeer sun f = A(t) fo (k/A(t)), MO3TOMY OOIIHi
BHUJI COOTBETCTBYIONII MTPON3BOCTBEHHON (DYHKINHM TaKOB:
F(K,L,t) = Fy(K,A(t)L).

3) Texuumdeckuii mporpecc HasbiBaercs Hetmpanvroim no Coaoy,
€CJIU TIPe/IeSIbHAS MPOU3BOIUTEIHHOCTh TPY/AA U SBJISETCS HE
3aBUCAIEl 0T BpeMeHn (PYHKIHEH cpemHeil MPOu3BOIUTE b~
HOCTH Y. AHAJIOrMYHbIE PACCMOTPEHUS IOKA3bIBAIOT, YTO 00-
mumit Buj npoussozcTBennoil dbyuknun Takos: F (K, L,t) =
Fy (A(t)K, L).

10. MoaenupoBaHue TIPOIECCOB pacHpeiesie-
HNA Kal'[I/ITa.TIOB.TIO}KeHI/Iﬁ

B nmammoit rmaBe MBI paszbepeMm OIHO W3 TPUIIONKEHWI Teopwun
MTPOM3BOICTBEHHBIX (DYHKITHT HA mpuMepe npeaioxkenHoi @. Pam-
ceeM MOJEJU, ONMUCBIBAIONIEH B3aMMOJEUCTBUE IIPOIECCOB MPOU3-
BOJZICTBA ¥ TIOTPeOIeHHS.
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Mpr GyzemM OnsTh MpeanosaraTh, 9TO UMEETCS ONHOMPOLYKTO-
Bas IBYX(aKTOPHAs MOJEb, B KOTOPOil IepeMeHHas Y OIUChIBa-
er 0O6beM BBITyCKa, mepeMennble K u L — KOJIUIeCcTBA OCHOBHBIX
GOHIOB U TPYIOBBIX PECYPCOB COOTBETCTBEHHO, & F — 3TO mpo-
nm3BoaCcTBeHHasa GyHkusa. Kak n mpu ncciesoBaHud MOAEeH Tex-
HUYECKOTO MPOTPECCa, OyJIeM yIUTHIBATH 3aBECUMOCTH TTAPaMeTPOB
NPOU3BOACTBEHHOTO Tporecca oT Bpemenn ¢ € [0, T7.

ITepBoe mpeamoNoKeHne pacCMaTPUBAEMON MOJEIU COCTOHT B
TOM, YTO B KazKJIblii MOMEHT BpeMeHu ¢ Becb Bblryck Y (t) menut-
sl Ha JIBe YaCTH: OHA W3 HUX, obo3HauaeMmas depe3 C(t), uger Ha
norpebienne, a apyras, I(t), — Ha passuTue npousBojcTBa (T.e.
I(t) — sT0 mEBecTHNMA WM KamuTatoBaoxkerus ). O6o3HATAM [e-
pe3 s(t) Ty wacth BbImycka Y (), KOTOpas WAET HA WHBECTHIWH.
Takum obpazom,

Y(t)=C(t)+I(t)=(1—s(t)Y(t)+st)Y (), (20)

u0<s(t) <1

Onpenenenne. Bemmuuna c(t) = C(t)/L(t) naseBaerca yodeab-
HYLM NOMPEOAEHUEM.

Hama mens cocromt B BRIGOpE onTuManbHOl dynkmuu s(t). B
KA4ecTBe KPUTEPUS ONTUMAJBLHOCTH DPACCMOTPHM 33744y MAaKCH-
MU3aInu OOIIEro yAEIhHOTO MOTPEBICHUS C yYETOM IUCKOHTUPO-
Banms. [Ipeamonaras, 9To INCKOHTUPOBAHWE 3a1aeTCs (DyHKIME
e’ét, rae 6 > 0 — HEeKOTOpasi KOHCTAHTA, TPUXOIUM K clleayomemy
BapUAIMOHHOMY (DYHKIMOHANY, KOTOPBIHA U ABIACTCA YOeAbHbILM NO-
mpebaenuem ¢ yuemom JuckoHmuposarus wa npomexcymse [0, T):

1O s
/0 ) e " dt. (21)

Cdopmyaupyem Temepb OCHOBHBIE OTPAHUIEHUS .

O6o3nauum depe3 (4 > 0 ckopocTb amMoprusaimu (T.e. (L — 9TO
Ta 9aCTh OCHOBHBIX (POHJIOB, KOTOPAs BBIOBIBAET M3 CTPOS 33 €/Id-
uuiy Bpemenn). Takum o6pazom, mpupocr K'(t) ocrosabIX (HOHIOB
34 eIMHWILY BPEMEHW PABEH PA3HOCTH MEXKIY BKIAIOM OT WHBECTH-
1uii, T.e. Besmuunoil [(t), u ymepOGoM OT U3HOCA, T.€. BEJUUUHOM
1K (t). llpeanonmarast, 9TO Ha PACCMATPABAEMOM MTPOMEYXKYTKE BPe-
MEHM TEeXHOJOTHYECKHX M3MEHEHHH NPOU3BOACTBEHHOH (QyHKIAN
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He npoucxoauT (T.e. F' gBHO OT ¢ HEe 3aBUCHT), & TaK¥Ke 4TO TPY-
JIOBbIe PECYPChI HAXOJATCs Ha MOCTOAHHOM ypoBHe (r.e. L or t He
3ABUCUT), IPUXOAUM K cieyiomeMy auddepeniuajibHomy ypas-
HEHHUIO:

K'(t) =1(t) — pK(t) = s(t)F(K(t), L) — pK(t). (22)

Bropoe orpanndenme Ha3bIBaETCA “BHIOOP SKOHOMHUECKOTO TO-
puU30HT U COCTOUT B TOM, 9TOOBI B KOHEYHBIH MOMEHT BpeMmenu 1'
GbOHIOBOOPYKEHHOCTH HE YIAJIa, HUXKE HEKOTOPOH TOJI0KUATETHHON
KOHCTAHTHI kT, T.€.

@ > kp > 0. (23)

AKTyaIbHOCTD 9TOTO yCIOBUS 3aKJII0OYAETCS B TOM, 9TOOBI 32 Mpe-
JIeTTAME PACCMATPHBAEMOrO TIEPHOIA BPEMEHH 00ECIIeIUTh OIpee-
JIEHHBIII SKOHOMUYECKHUN MOTEHIINAJI.

Takum 06pa3oM, Mbl IPUXOAUM K 3a1a4e noucKa GyHkumu s(t),
MakcuMusupyiomieii  gynkuumonan (21) npu orpanumuenusx (20),
(22) u (23).

Uccmenyem a1y 3amady Ha nmpuMepe JHHEHHO-OTHOPOIHOMN TIPO-
uspoacteennoil Gyukmun F (K, L) B npeanonoxennn, 910 HyHK-
mas f(k) = F(k,1) sensercs meokmaccuueckoii. Ilepeiinem x HO-
BOii nepemennoi — ¢ougopoopyzxkennocru k = K /L. Torna obuiee
VIEIBHOE TOTPEOIeHNE TIEPETUIIETCS TaK:

T
/ (1— s(0) £ (k(0)) e~ dt, (24)
0
a OFpaHquHI/IH NMEIOT BU/:

(1) = s(6)7 (K(6) — (1), )
0<s(t) <1, k(0)=ko >0, k(T) > kr > 0.
Ilepenuiiem 31y 3amady B obmem Buze. s aToro obo3HadImm
gepes L(k, s,t) dyukmmo (1 — s)f(k)e %, a gepes ¢(k, s,t) dynx-
o sf(k) — pk (B HAmeM caydae ¢ saBHO He 3aBucHT OT t). Kpome
roro, mycts U ob6o3na4aer orpesok [0, 1] (obracts 3HaueHnii HyHK-
muu s), a M — muO)kecTBO Beex k, Takux uro k > kr. B coorBer-
CTBUH C TPAJUIHEH, IEPEMEHHYIO S OyJIeM HA3BIBATD YNPAGACHUECM,
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a nepeMeHHyI0 k — ¢azoeoti nepemennot. VITak, nojydaem ciemy-
IOIIY IO 3a/a9y:

T
/ L(k,s,t) dt — max,
0

K = o(k,s,t),
s:00,T] = U, k(0) = ko, k(T) € M.

WHBIME CTIOBAMU, TIPA KaXKJO0M 3aJaHHOM yIpaBJieHun S(t) Mbl Ha-
xoaum u3 muddepenuaTbHOro ypasHerus hazoByio Kpusyo k(t),
YJOBJIETBOPAIONLYI0 HadaabHoMmy yciaosuio k(0) = kg. IIposeps-
€M, BBIMIOJIHAETCS JIA AJI9 3TOI KPUBOU BTOPOE TPAHUTHOE YCIIOBUE
E(T) € M, n ecam na, TO BBIYHCIIsiEM 3HAYEHNE BapPHAIIOHHOIO
dyukuuonasa. Hama 3amaga: Haiitu takoe ynpasjenue s(t), 4ro-
Ol (PYyHKIMOHA IIPUHAT MAKCHMAJIBHO BO3MOKHOE 3HAYCHHE.

JInst petmenns 3Toi 331891 MBI BOCTIOJIb3yeMCsl TPAHITUTIOM MaK-
cumyma IorTpsaruna. OgHAKO, IPEKIE 9€M HATIOMHUTE STOT TIPHH-
I, paccMOTpUM Gostee mpocTyio 3amady. Cunras ynpasnenne s(t)
NOCTOAHHBIM, TakuM 9TO $(t) = s, Tne 0 < s < 1, m paccmarpusas
crarmuonapHoe pemenue k(t) = ks ypasrenus (25) mpu 3amaHHOM
s, HajieM Takoe s, pu KOTOpoM (byHKIMOHA (24) MakcuMAaJeH.

Jlerko BuzmeTh, uTO cranmmonapHoe pemenue k(t) = ks ypasHe-
Hus (25) CymIeCTBYEeT, €AMHCTBEHHO U ks SBIISETCS €MHCTBEHHBIM
kopueM ypasuenus sf(k) — pk = 0 (Bce aru dakThl caeayoT U3
HEOKJIACCUYHOCTH (DYHKIUU [, TOKAKUTE).

Janee, sICHO, 9TO B CIAEJIAHHDBIX IPEIIIOJOKEHUAX YCIAOBUE MAK-
cumasbHoCcTH (byHKunonana (24) SKBUBAIEHTHO MAKCHMAILHOCTH
Beipaxenus (1 — s)f(ks).

Bagaua 10.1. Zoxascume, umo ewvpasicenue (1 — s) f(ks) maxcu-
MaavHo ecau u moavko ecau f'(ks) = .

W3 npenpiaymieit 3aJa4du mosaydaeM, 9TO eciu §¥ — Takoe s,
npu kotopom Beipaxkenme (1 — s)f(ks) makcumamso, a k* — 310
coorBercrByomiee kg«, TO
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JlaauM WHTEPIpEeTanuio MOoCIeIHero ypapuenus. Jljas sToro
BemomunM, aro OF /0K = f'(k), orkyna, monoxwus k* = K*/L,
[OJTy 92eM

OF (K*,L)

oK

Hanomuum, uro pemwunna OF/OK i JMHEHHO OJHOPOIHOMN
GYHKIMKM UHTEPIPETUPYETCS KAK HOPMa, MPUOBLIN ¢ KATUTAJIA, TIO-
sromy Besmmuuna K*OF /0K — sro noxon or kanurasia. HamoMuaum
rakxke, 910 Besquuuna s*F(K* ) L) — 910 Be/MunHa WHBECTULUI B
ocHOBHBIE (POHABI. TakuM 00pazoM, MBI MOJIYYIAEM 3040M0€ NPa-
8un0 narxonaenue, chopmymuposannoe E. @enmcom: unsecmuyuy
6 0CHOBHBIE POHIbL JOANHCHDL PABHAMBCA 00T00Y, NOAYUGEMOMY OM,
Kanumana.

[epeiinem Tenepb K OMUCAHUIO MTPUHIUITA, MakCuMyMa, [ToHTpsi-
TUHA.

K* = s*F(K*, L).

10.1. IIpmanun makcumyMa lIlomTparuma Ilycrs cocros-
HI€ HEKOTOPOTrO O0bEKTa, 33Ja€TCSI N-MEPHBIM BEKTOPOM x. Tarum
00pa3oM, MHOXKECTBO BCEX COCTOSHUII T O0Opa3yer n-MepHOe Mpo-
crpancTBo R™, HazbiBaeMmoe gasosvm npocmparncmeom. Ilpeamnomno-
JKUM, 9TO W3MEHEHWE COCTOSHUS T 3aBUCUT KAK OT BPEMEHH t, Tak
U OT HEKOTOPBIX BEJIMYUH U;, OOPA3YIOMIUX M-MEPHBIH BEKTOD U,
Ha3BIBAEMbIN ynpasseruem. Byaem caurarh, 9T0 MHOKECTBO BCEX
donycmumulr ynpassenut 00pa3yer HEKOTOPYIO 3aMKHYTYIO Orpa-
Hu4YeHHyio obsacts U C R™.

IIycThb 3aKOH M3MEHEHHS COCTOSTHUS T 33TaeTCs CHCTEMOI 0OBIK-
HOBeHHBIX 1 DEPEeHInaIbHbIX YPABHEHUN MEPBOrO MOPAIKA, 3a-
BUCHINUX OT [IAPAMETPA, U:

z, = fi(z,u,t), i=1,...,n, (26)

rae GyHKIUW f; TPEmoIaraloTCs HEMPEPBIBHBIMA TIO COBOKYTTHO-
CTH TIEPEMEHHBIX W HEMPepPBIBHO-Iu(MOEPEHITIPYEMBIME IO TIEPE-
MEHHBIM X; 1 t.

Ecmu 3a1an0 HEKOTOPOE fMomycTIMOe yrnpasaenne u(t) (T.e. npu
mobom t rouka u(t) nexur B U), 10 cucrema (26) BmecTe ¢ Ha-
yasbHbIM yeaosueM x(0) = xg 3a/1a€T €IUHCTBEHHYIO TPAEKTOPUIO
z(t), ABJAIOMIYIOCH PENIEHneM TOH CUCTEeMBI. Byem roBoputs, 9To
Takoe Z(t) ABIAETCA BBIXOMSIMM W3 TOUYKHU X PEIICHUEM ypPaBHE-
mus (26), coomeememeyrowum ynpasaeruto u(t).
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IIycts z7 — HekoTopas Touka u3 (aszoBoro nmpocrpancrsa R™,
u M — moaMHOMXKECTBO 9TOr0 (hazoBOro MPOCTPAHCTBA, COCTOSIIEE
u3 Bcex r € R™, rakux 4yro x > zp. Bysem rosopurb, 4ro 0o-
NYCmMuMoe Ynpasierue nepesodum mowky To Ha muostcecmso M,
ecJIv JIJIs1 BBIXOISAIIEro U3 Xg perenus x(t) ypasuenus (26), coor-
BETCTBYIONIEro yupasieHuio u(t), Koneynas rouka (1) jekur B
M, re. ecmu x(T) > zp. O6o3naaum wepes U(xg, M) MHOKECTBO
BCEX TAKHUX YIPABJICHUMN.

IMycrs L(x,u,t) — menpepbiBHO-1ud depennupyemas GyHKIIA
MepeMeHHbIX 2, ¥ U t. PaccMOTpnM BapHanmoHHBIH hyHKIMOHAT
F(z(t),u(t)), crapsmpuii B cooTBeTCTBIE Kaxk10i (a3oBoil KpHBOiL
2(t) ¥ KaxKIOMy JOMYCTHMOMY yTpaBiIeHuo u(t) 4nciio

T
F(z(t), u(t)) :/0 L(z(t),u(t),t) dt. (27)

Ecin B kauecTre (1) BHIONPAETCS BRIXOISINEE U3 To PEITCHAE yPAB-
nenns (26), coorsercrsyiomee u(t), To Gynkimonan F(z(t), u(t))
Gynem obosnauars gepes F (o, u(t)).

Bosmukaer cremyomas 3agaqa: Hatimu donycmumoe ynpasae-
nue u(t), maxcumusupyrowee gynxyuonan F (o, u(t)), ozpanuyen-
nouii wa U(xo, M). Takoe ynpasnenue GymneM HA3BIBATD ONMUMAAD-
HOLM.

IIpumep. 3amaua O paCTpENeICHUN KAMHMTAJIOBIOKEHUN, DPAC-
CMOTPEHHASA B TPEIBIIYIIEM TYHKTE, ABJISETCS MPUMEPOM TOJIb-
KO 9TO ¢HOPMyYIUpPOBAHHON 3agaun. JeHCTBUTENIBHO, JOCTATOTHO
nomoxuth = k, x9 = ko, u = s, L(z,u,t) = L(k,s,t) =
(1 —s)f(k)e™®, xp = kg, u, suaunr, M = {k € R | k > kr}.
Torma 3a1a4a COCTOMT B MOMCKE ONTUMaJbHON (ynkuum $(t), or-
BEUAIOMIEH 32 PACTIPEICTICHNE KATTUTATOBIOKEHHTIA.

[Ipusenem HEOOXOMMMOE YCJIOBHE ONTHUMAJBHOCTH YIIPABJIEHUS
u(t), Ha3piBaeMoe npuryunom maxcumyma Ionmpszuna.
Paccvorpum dyHKIHIO

H(I’7p7 Uu, t) = L(Iauat) +p- f(x7u7t)a

rae nepemennabie p € R” mazwiBarorcs deoticmeerntoimu. DyHKITIS
‘H HA3BIBAETCS 20MUALMOHUGHOM.
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OrmeTuM cjemyomme OUYeBUIHOE TOXKIECTBO:

OH
(97]? - f('ra u, t)v
OTKYyJa

oH

' (t) = o

(@(t), p, ult), t) (28)

(B JeficTBUTENBHOCTH, TIPaBas 9aCTh yPABHEHUS 28 OT p HE 3aBH-

cur). Takum o6paszom, ecnu x(t) — pemenne cucremsr (28) Ha 0OTpe3-

ke [0,T] myist HEKOTOPOTO JOMYCTUMOTO ympasjenus u(t), mpuuem

2(0) = zg, 10 x(t) ABIAETCA BHIXOASAIIUM U3 TOUKU T( PEIICHUEM

ypasaerns (26), COOTBETCTBYIONUM yIpPaBIeHuIO u(t).
Paccmorpum Temepb cucremy

P (8) = = % (wlt), p(e) () 1) (20)

OTa cucrema Ha3bIBAETCS COHpﬂM@HHOﬂ.

Mo ramunbronuany H(z, p, u,t) nocrpoum Gyukuuio M(z,p,t),
HE 3aBUCHIINYIO OT YIPaBJICHUs U, CICAYIONMM 00pa3oM:

M(z,p,t) = maxH(z, p, u,t).
ue

Teopema 10.1 ITycmwv ynpasaenue u(t), nepesodawee mouky To
Ha mHooceemso M, onmumanvno, u z(t) — coomeememeyrouan
u(t) dasosas xpusas. Tozda cywecmeyem makoe HenpepbieHoOe KY-
couno nenpepvieno Judidepenyupyemoe pewenue p(t) conpasicer-
1ol cucmemot

(0) = = S (2(0) (0),u(t) 1),

daa womopozo H(z(t),p(t), u(t), t) = M(z(t),p(t),t). Hrvmu cao-
eamu, pewenue p(t) maxcumusaupyem npu wasicdom t Gynxyuto
H(z(t), p,u(t),t). Boaee mozo, evnoansemes caedyrousee ycarosue:

p(T) - (@(T) - ar) = 0.
97



Onpegnenenne. Cucrema ypaBHEHHUN BUIA

g O
=

30
. o (30)
p= ox

HA3bIBAECTCS 2aAMUADMOHOB0T.

10.2. IIpumenenune nmpuHIiiuna MmakcumyMma IloHTpsaruHa
K WCCJIeJJOBAaHUWIO 33Ja4y 00 ONTHMMaJbHOM pacmpejee-
HUM KanuTtajgoBgaoxkeHuit [[pnvennm Temepb MpUHITATT MaKCUMY-
Ma [lorTpsruHa K MCC/IeI0BAHNIO 332491 00 ONTUMAJIBFHOM PACIIPe-
JeJIeHNN KaTuTAJIOBJIOKEeHNN. 7151 3TOro BBIMAIIIEM TaMUAJIBTOHUAH.
ITo onpenenenwnto, ramuasronnan H(k,p, s,t) nveer Bu

H(k,p, s,t) = (1 —5)f(k)e o +p(sf(k) — pk).

Boimumem conpskennyo cucremy. Umeem

P(t)=—(1=s)f (k)e™® = p(sf'(k) - p). (31)

Boimumenm reneps dbyukimo M (k, p, t):

Mk, s,t) = ma [ (1 s)f(k)e % +p(sf(k) — Mk)} -

c+ f(k)e % max [s(pe5t — 1)],
s€[0,1]
rJie BeIMYMHA, ¢ He 3aBHCHT OT S.

ITo Teopeme 10.1, ecim dbynxnusa s(t) onrumasnbHa, TO Cylle-
crByeT perienne p(t) CONPSIKEHHON CUCTEMBI, B MTPABYIO 9aCTh KO-
TOPOIi mozICTaB/IeHa BMECTO S (DyHKIWMA S(1), TAKOE YTO P KaXK I0M
t BBIOJIHAIOTCA CJIEAYIONIAE yCIOBHS:

s(t) (p(t)e‘” -1) = sren[;oi,)i] s(p(t)e& -1) (32)
p(T) (K(T) — kr) = 0. (33)
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O603uaunM gepes q(t) semmanny p(t)e’t. Torma, 0OueBuIHO, U3 YCIO-
Bus (32) BBITEKAET, YTO

1, eciu ¢(t) > 0,
s(t) =<0, ecrm ¢(t) < 0, (34)
0<s(t)<1, ecmm q(t)=0.

U3 ypasuenus (31) BerTekaer, uto ¢(t) yIOBIETBOPSIET CIETYTOIIE-
MY YPaBHEHUIO

q'(t) = p'(t)e’ + op(t)e’t =
(—(1 —s)f'(k)e™ " = p(t) (sf' (k) — u))e‘” +op(t)e’ =
—(L=9)f' (k) + q(t)(u+6 — sf'(k)),

T.€.

q'(t) = —(1—s)f'(k) + q(t) (n+ 0 — sf'(k)). (35)

JanpHe# it aHajan3 MOKHO TTPOBOAUTH Tak. JlJis Kaxkmoi ma-
PBI HadasbHBIX ycaoBuil k(t) = ky n q(t) = q¢, B 3aBuCHMOCTH OT
TOro, 60MbIIe ¢; YeM 1 MM MeHbIIe, MBI IIOJIaraeM, B COOTBETCTBUH
¢ ycaosueM (34), dyukuuio s pasuoit miu 0, unu 1, u paspeuiaem
ypasaenue (25) OTHOCHTENBHO k Ipu HaYanbHOM ycaoBun k(t) = k.
IMoxcrasnsa nonyuennyio dbyHKIMIO k B ypasaerue (35), Haxomum
dbyukuuio ¢ npu Havagbuom ycsaosuu ¢(t) = ¢;. Ilonydennoe pe-
HIEHHWE ¢ TIPOJOJIZKAEM JI0 TeX IMOp, HOKa ¢ He CTAHET PaBHBIM 1.
Takum 06pa30oM, MbI IOJYYaeM CEMEHCTBO KPHBBIX Ha ILJIOCKOCTH
(k, q), oupenenennbix sue npamoit ¢ = 1. Tak kak, no Teopeme 10.1,
nnas ontumasbaoro s(t) dyukuusa ¢(t) aBageTcs HENPEPHIBHON, a
dbyukuusg k(t) Takke HENpEPbIBHA, 0 Mbl JOOIMPEIEIAEM MOy YeH-
HbI€ KPUBBIE HA MpAMOH ¢ = 1 w3 cooOparkeHnil HenmpepbIBHOCTH.
ToduHee TOBOPA, MBI CKJICHBACM PEIICHHs, UMEIOIINE OJMHAKOBbIE
upe/iesibl upu ¢ — 1 cBepxy u causy (BoobLie roBopst, Takasi CKJeil-
Ka, OMpeIesIeHa HeOTHO3HATHO, TaK KAK HEKOTOPHIE TOYKM TPSAMOii
¢ = 1 Moryr ObITh mpeenbHbIMEU G0JIee YeM i JIBYX KPUBBIX).
Ocraercst BLIOPATh T€ PENIEHUS, ISl KOTOPBIX BBIMOJHSAETCS Orpa-
Hudexue (33).
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11. DKOHOMUKO-MaTeMaTUYeCKNe MOJEJn C
HeonpeejieHHbIMEI (pakTopamu. VImuranu-
OHHBIE MOJIEJIN

B mpempraymmx TaaBax MbI pACCMOTPENN MHOTO PAa3HBIX Ma-
TEMATHYIECKUX MOJAEIeH SKOHOMUIECKUX CHCTEM. BOJBIMMHACTBO n3
HUX MOXKHO TPEICTaBUTh B ClemylomeMm suue. Ilycts x € X —
BXOJHBIE TTADAMETPHI CHCTeMbL. TpefyeTcd HafiTh MAKCHMyM HEKO-
Topoii nenepoit pynkuum W (z). meerca 6orarblii HAOOP METOIOB
pelIeHns TakKux 3a7a4 (JIMHEHHOe M MATeMATHIECKOe IPOrPAMMU-
poBanme, MeTon, Jlarpamyka, TPUHIMAN MAKCAMyMa [IOHTpATHHA W
1p.) OZHAKO B peasIbHBIX CHCTEMAaX UMEIOTCsl MHOTOYHUCIIEHHbIE CIIy-
yaifHbIe GAKTOPBI, KOTOPHIE MOTYT CAJIBHO IOBJIUATH HA CHCTEMY W
IPHUBECTH K CYMIECTBEHHOMY OTKJIOHEHHIO €€ MOBEJICHH OT BBIYHC-
JICHHOrO penrenus. MaTeMaTn4ecKue MOJIEIN, YYUThIBAIOIIME OIld-
CaHHYIO BO3MOYXKHOCTD, HA3BIBAIOTCH MOJIETIAME ¢ HEONPEOCACHHbLMU
paxmopamu.

Nnest cocrout B yuere 3aBucuMocTh renesoit dyuxmun W(z)
ellle U OT CJIy4aifHOro mapaMerpa y € Y, T.e. Teneps meseBast pyHK-
st mveet Bug W(x,y). Mbr pasbepem fBe 3a1a9m TAKOTO THIA:
MOJIEJIb CO CITyaiHbIMU (DAKTOPAMHU M MOJEJIb ¢ HEHOJIHON uHQOp-
Malnmeit.

11.1. Mogess co ciayuaiineimu ¢akropamu [lycTs
(Q, A, P) — BepoATHOCTHOE ITPOCTPAHCTBO, T7e ) — MPOCTPAHCTBO
9JIEMEHTAPHBIX UCX0J0B, A — 310 o-anrebpa Ha ) (T.e. cemeiicTBO
noaMHOXKecTB B {2, comepxkaimee () M 3aMKHYTOE OTHOCHTEIHLHO
B3ATHA OECKOHEIHBIX O0DbEeIuHEHN, DECKOHEIHBIX TEPECEICHU U
njononuenus), u P — BepostHocTHas Mepa. [Iycrs & — HekoTopas
clyuaiiHas BeJWUYnHA, T.e. u3Mepumas yukmus £ : Q — R,
OTIpeJIeJIeHHasT Ha MTPOCTPAHCTBE COObITHIA ().

HamomuanM HEKOTOpPBIE OMpeIe/IeHnsT U3 TEOPUU BEPOSTHOCTEN.
Qynxyuels pacnpedesenus CaydailHON BeJMYMHBI & HA3BIBAETCS
byHKIHI HA BeIecTBeHHOH mpsiMoit R, onpenenennas Tak:

Fe(t)=P({ < t).

OyukIMs pacnpe/iesieHns, OY€BU/IHO, SBISETCS MOHOTOHHO BO3PAaC-
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TaloIeil, HeOTPULATE/IbHONH 1

lim Fe(t) =0, tlgglo Fe(t) =1.

t——o0

Ecnu cymecrByer neorpunarenbuast GyHkius fe(t), Takas 9ro

Fe(t) :[ fe(r)dr,

10 yukims fe(t) Ha3bIBaeTCs naommnocmoio pacupenenenus Fe(t).
MaremarunyeckuMm oxkuganueMm ME caydaiiHoii BeamdyuHbl £ C
ILJIOTHOCTBIO PaClpe/esieHus f¢ HA3bIBAETCS BEJIUYNHA

Mgz/ﬂgdP:/_:th(t)da

k-biM MoMenTOM — Beqmunna MEF, a muenepcueit — Besmdnna
2 _ 2
o¢ = M(§ — M¢)*~.

Bo BBemenHbIx 00O3HAUEHWSAX, Lji-HOpMA CIydaiiHON BEJIMYWHBI
&(w) samaercs caemytomeit Hopmyoit

Lu(©) = (/Q«sde)i — (vegh)h,

IMycrs W(x,y) — nenesas GyHKUM, U CIydaliHble BO3MYILE-
HUS B CUCTEME 3aJaloTCs CJaydaiinoii Bequuunoit y = £(w). Ta-
KuM 06pa3oM, Mbl momyuaem ¢byukmmo W (z,E(w)), onpenemen-
HYIO Ha JEKAPTOBOM IIPOM3BEJICHAN MHOMKECTBA X M IPOCTPAHCTBA,
cobprrmit ). Mycts ®(w) — DyHKIMOHAT, ONpENEeHHbIH HA TPO-
CTPAHCTBE CJIyYaiHbIX BEJIMYMH HAIIETO BEPOATHOCTHOIO IPOCTPAH-
crBa (Hampumep, MaremMaTudeckoe oxkumanue). Iojgokum @(x) =
<I>(W (z,¢ (w))) Torpa ®-xpumepuem BbHIGOPA ONTUMAJIBLHONO Ha-
6opa * BXOIHDIX IIAPAMETPOB CHCTEMbI HA30BEM YCJIOBUE TOIO, Y9TO
B TOuke x* GyHKINSA @(r) TPUHAMAET MaKCHMATLHOE 3HAMEHUE.

HanGomee monynsipabie $-KpuTepun MoIyvaioTCs, €CIu B Kade-
crBe dyukimonasia ¢ B3aTh wiu k-brit MOMEHT, B 9aCTHOCTH, MaTe-
MATHYECKOE OXKHIAHKE, WU AUCIepCuio, uin Li-ropmy. Eme omna
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BO3MOXKHOCTH: BbIOpATh HEKOTOPYI0 KOHCTAHTY [ W pacCMOTpPeTh
caemyoomuii pyHKITNOHAT:

0(§) = Plwe Q[ &(w) = 8}

Takum 06pa3om, MbI IMeeM MHOTOKPUTEPUATBHBIN TOIXO K Pe-
HIEHUIO 3a/la4u.

11.2. Mogaeau c HenoJsHOo nHpopmartmeii Ilycrs Temneps y
— 9TO JIEMEHT MPOCTPAHCTBA, COObITHIT §2: y = w. ubIMU cltOBaMH,
mapaMerp Yy MOXKHO PACCMATPUBATH KaK HEONPEIEIEHHBIH (hakTop,
BJIMSIIONIWI HA BUJ 1eseBoil dyukmun. PaccMorpum Kiaccudeckue
KPUTEPHUH [TOUCKA OMTUMAIBLHOTO ™.

1. Kpumepuii 2apanmuposarnozo pewenus (Basubn). Ilonoxkum

/ _ .
WW@—ﬁgW@w)

B kawecTBe OMTHMATBLHOTO ¥ BBIOEPEM TOUKY, B KOTOPOii JOCTHTA-
erca makcumyM dbyakuum W' (). TOT METOM HABIBAIOTCSA €Ime Me-
mModom Neccumucma, Tak KaK TPy KaxKI0M (DUKCHPOBAHHOM & MbI
BbIOupaeM “Hauxyiee cobbitue” (Korza nesesas byHKIMs IIPUHU-
Maer HauMeHnbliee 3Hadenue). Urak, ©* naxoaurca us yciobus:

W' (z*) = max W' (z) = in W (z,y).
(") = max W'(x) = max min W(z, y)

2. Pewenue onmumucma. Ilomoxxmm

" _
W(z) = max W (z,y).

B kadecTBe ONTUMAJILHOTO T* BBIOEPEM TOYKY, B KOTOPOH JOCTH-
raerca makcnmyM yrxmun W (x). Hassarme sToro meroma o6b-
SICHSIETCSI TE€M, 9TO IPH KaxKJI0M (DUKCUPOBAHHOM & MBI BBIOMPAEM
“gammyuriee cobbitue” (Korma meneBas (GYHKIUSA TPUHAMACT HaW-
Gosibiiee 3HadeHue). Utax, * HAXOAUTCA U3 YCIIOBHUS:
W"(z*) = max W (x) = max max W (z,y).
reX zeX ye
3. Kpumeputi ['ypsuuya. ITOT KpuTepuii ABIgeTCA 0000IIEHTEM
JBYX TIpesiaynmx. Beibepem npoussombroe o € [0, 1], m paccmor-
puM (QYHKITHIO

Wa(z) = (1 — a)W'(x) + aW"(z).
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Onpenesnsiem x* U3 yciaoBus

Wy (z*) = max Wa ().
fcno, uro mpu o = () mosIyvaeM perenne mecCuMuCTa, a mpu o = 1
— peIIeHne ONTHMHUCTA.
4. Kpumepuii Cseudorca. Oupenenum dbyuxmuo V(y) Ha mpo-
crparcTee cobbrtuii (), monoxkus V(y) = maxzex W(z,y). Pac-
cMoTpuM (PYHKIUIO IIOTEPh UK (DYHKIHUIO COXKATCHHS:

B(z,y) =V(y) — W(z,y) = max W(z,y) — W(z,y).

Haitzem ontuMasnbabiilt * ucxoas u3 kpurepus Basbia (pemenus
neccuvucta) mus Gyakmmn B(x,y). B asrom Buge, ©* onpenemns-
€TCsl U3 CJIELYTOIIEro YCJIOBUSL:

max(maxW x,y)—W(z* ) = minmax(maxW z,y)—W(x )
max(max W (@, y)—W (2", y) | = minmax(max W(z, y)-W(w,y)

5. Kpumepuii Batieca—/Ianaaca. I1oT KpuTepuii COCTOUT B CBe-
JIEHUW MOJENIW C HETOJHOM mHMOpMAaImeil K MOJIEIN C HEONpeIe-
JeHHbIME akTopaMu. B KadecTBe y paccMaTpUBAEM CIIyUANHYIO
Besuuuny y = {(w) U IpUMEHsieM KPUTEPHUHU TIPEbILYIIEero Pas3ie-
na.

11.3. ImuranmuoHHble Mojesqu Bo MHOrux peajibHbBIX
9KOHOMHUKO-MATEMATHIECKUX MOIEISAX COOTHOIEHHS, CBA3LIBa-
[OoIye pa3Hble €€ XapPaKTEePHUCTHKH, OKA3BIBAIOTCS JIOCTATOYHO
CITOXKHBIMH, YTO MPHUBOIUT K HEBO3MOKHOCTH HANTH SBHOE pe-
[IIeHne, OMMCBIBAIOIEE IMOBEIeHne cucTteMmbl. Kpome Toro, wgacrto
MHOIHE I[apaMeTpPbl HE MOrYT ObITb BBIYHCIECHBI TOYHO H3-3a
TIPUCYIIUX PeaJbHOM CHTyaIlmm CIy9YailHbIX Bo3MymleHmit. Bce
BBIIIIECKA3AHHOE TIPUBOAAT K HEOOXOAUMOCTH WCIOJIH30BAHUSA
BO3MOKHOCTEH BBITUCIUTEIbHON TEXHUKH. Peajnm30BaHHBbIE Ha
KOMITbIOTEPE HUHCIEHHDBIE AIMPOKCHMAIINK, MOJIYYeHHBbIE U3 CTPO-
IAX MAaTEMATHIECKHX MOJeNel, HA3bIBAIOTCA UMUMAUUOHHHLMU
MOdeAAMU.

NmuTanmmonHble MOJETN MOXKHO YCJIOBHO Pa3JeIUTh HA NACCUB-
Hole U akmueHsie. 1Ipu OCTpOEHUM TACCUBHBIX MOJEJeH MPOBO-
JSATCA SKCIEPUMEHTBI, COCTOSINNE B CheMe W 00paboTKe JAHHBIX.
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BwmemarenscrBo B padory momenn He mpoucxonut. [Ipumepom mo-
CTPOEHUST TAKUX MOJeNel aBIsgeTcsa cOOp CTATHCTHIECKO#H mHpOp-
MaIliX U ee MOCTIeayIoNas 00padoTKa CTATUCTUIECKUMHI METOIAMH,
HATTPUMEP, BBIYUCJICHUE MATEMATHIECKUX OXKWIAHUMN, ITUCIIEPCHUH,
Pa3IUIHBIX MOMEHTOB U T.[I.

AKTHUBHOE MOIENVPOBAHUE COCTOUT B TPOBEICHUN UHUCICHHBIX
SKCIIEPUMEHTOB [IPU PA3HBIX MAPaMeTpax (M Jarke MpH Pa3HbIX MO-
Jesisgx) u oThope Tex mapamerpoB (Mogesedi), Koropbie Haubosee
aJIEKBATHBI MMEIOIIelics KOHKPETHO! cuTyaruu. B sTom ciydae Mbl
y2Ke aKTUBHO BMEIUBAeMCs B Mojesb. Hampumep, nlydvast 3aBucu-
MOCTb BBIIIYCKa TOBApPOB OT KOJIMYECTB II€PBUYHbBIX PECYyPCOB, Mbl
MOKEM MOJEINPOBATH UMEIOIINECT B HAJIMYUN PECYPChI CIIyIaliHbI-
MU BEJIMYAHAMY C PA3TIUIHBIMA PACIPEICTICHUAMY, 8 (DYHKINIO, 3a-
JAIOIILY 0 BBIILYCK TOBAPOB, ONPEIEIATh KAK HEKOTOPBIN CJIyYailHbIi
nporiecc. Peasm3ys Bce nMeromuecs: CirydaiiHble BEJIMIUHBI HA KOM-
[IbIOTEPE C UCIIOJIb30BaHUeM, HallpUMep, MeTOA I1CeBI0C/Iy YallHbIX
YUCEeJI, MBI TOJYYUM UMUTAIMOHHYIO MOAe h. CpaBHUBAS 3Ty MO-
JIeJIb C IeHCTBUTEIHbHOCTHIO U BAPhUPYs (DYHKIMU PACIPEIETEHNS,
J0OWBAEMCS TOTO, YTOOBI PE3yJIbTAThl YUCIEHHOTO IKCIIEPUMEHTA,
HanboJIee XOPOITIO COrVIACOBAJIUCH C PEATHHBIMU JTAHHBIMU.

HpI/IBe,Z[eM OCHOBHBI€ 3TaIlbl ITOCTPOCHUA I/IMI/IT&HHOHHOﬁ MOae-
JIN.

1. Coomnowenus, c6a3b68a10UUE BLOOHBLE BEAUNUHDL C BHLLOO-
HOLMU, NPUBOIAMCA K aszopummudeckomy eudy. Hampumep, ecoiu
COOTHOIIEHUS 33/1a10TCs UMD PEePEHITNATBHBIMU YPABHEHUAMHE, TO
9T ypaBHEHUs 3aMEHSIIOTCS HA KAKOH-JIMO0 YMCIEHHBINH MeTO WX
WHTETPUPOBAHUA.

2. CocmasAsemcs KOMNLIOMEDPHAS TPOZDAMMGE, PEAAUSYOULLS
YKA3AHHOIT 6bLULE GNA2OPUMM.

3. Ilposodumca rkomnvromepuwiil skcnepumenm. B pesymbrare
TAKOr'0 dKCIEPUMEHTA BBIUUCIAIOTCA BBIXOHBIE BEJIMYUHBI IIDH 3a-
JAHHBIX BXO/IHBIX, HCCJIEYEeTCA N3MEHEHNE BBIXOHBIX BeJINYNH IIPU
M3MEHEeHUU BXOMHBIX U T.1. [logdepkuemM, 910 JAHHDBIN SKCIIEPUMEHT
[IPOBOJIMTCS HE C PeaibHOH CUCTEMOIi, a C ee M0deabro, IOITOMY
OH, TTO3BOJISIST PACCMOTPETH OOJIBINTNE BO3MOXKHOCTH W3MEHEHUS T1a-
pPaMeTpOB, SABJIsIeTCS 0oJiee THOKUM, 9e€M SKCIEPUMEHT C PeajIbHOM
CHACTEMOM.
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11.4. Mopeap Heitnopa PaccMorpum oauH w3 mTpuMepoB
MMUTAIIMOHHBIX Momeseil, pa3dpaboranubiii T. Heitmopom ama omm-
CaHWs BJIASAHUS IIPABUTEIHLCTBEHHON (DUHAHCOBOI MOJIUTUKA HA
GYHKIIMOHMPOBAHNE SKOHOMUKH.

Hanmas momenan paboraer B AMCKpeTHOM Bpemenu t. [ljas ee
OIHMCAHUS UCIOJb3YIOTCs CJIeAYIONne IePeMeHHbIe, n3MePsIeMbIe B
JICHE?KHOM HMCYUCJIEHUU:

Cy — nu4aHOe 1noTpedIeHune;

WP — donj, 3apaboTHOI 1T B YACTHOM CEKTODE;
P, — cymmapnast npuObLIb TOCYIAPCTBA

I; — rocyJapcTBEHHBIE MHBECTUIINY;

K; — ocHoBHOIt KanuTau;

Y; — HanuoHaJILHBIA JOXO..

JluHaMuKa 3THX HEePEMEHHBIX 3aBUCUT OT CJEAYIONUX yIIPABIIsi-
omuX (HPaKTOPOB:

W; — mpaBurenbCcTBeHHDBIH (POH 3apabOTHON ILIATHI;
G; — NpaBUTETHLCTBEHHBIE 3aKA3bI;
T; — HAJIOP HA JIEJIOBYIO AKTHUBHOCTb.

Onucanume MOIENU COCTOUT W3 OMHUCAHUS OAAGHCOBVLT COOMHO-
werull 1 YpasHeHUul JUHAMUK.

BanancoBbie cooTHolneHus 1. Ypaghenue HAUUOHANLHOZ20
doxoda:
YPt :Ct+It+Gt—Tt.

2. Ypasnenue npubviau:
P =Y, — (Wi +WY).
3. Ypasnenue usmerenus Kanumaia:
K, =K, 1+1,.
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YpaBueHnusa guaHamMukn 1. JJunamura nompebieHus:
Cr= a1+ ax(WF + W) + azPy + as Py + ft(l)'
2. Junamura uneecmuyul:
Iy = by + bo P, + b3 Py + baks, 1 + €.
3. Jlunamura cnpoca Ha pabouyr Cusy:
WP =1+ eo(Yi + Ty = W) + e3(Yio1 + Tomy — W) + cat + €.

3mecw a;, b; 1 ¢; — HEKOTOPHIE KOHCTAHTHI, & gf@ — CaydJaiHbIe
BEJINYWHBI, MOJEJUPYIONIHE BCE CIIYIANHOCTH, BOSHUKAIOIINE TIPU
GbyHKIIMOHMPOBAHUHT PEABHBIX cucTeM. B JaHHO Momenn Cirygaii-
HBII BEKTOP

5_( (1) (2 (3))

- t St St

OPEearnogaracTCda HOPMAJbHO PAaCIpEaeIeHHBIM, a TOCJIEI0BATEIb-
HOCTH {ft}tZO COCTOAINEN M3 HE3aBUCUMBIX OJWHAKOBO paclmpele-
JIEHHBIX BeKTOpOB.

3ameuanmne. IIpeamnonoxenne o TUHERHOCTH ypPaBHEHUN TUHAMUA-
KU SBJISIETCS JOCTATOYHO TPYOBIM TPUOJIUKEHUEM W HE TaeT BO3-
MOXKHOCTH HCITOJTB30BaTh Mozaenb Heitmopa nms moaroBpeMeHHOTrO
mporuo3a. lTem He MeHee, B YCIOBUSX CTaOMIBHOCTH IKOHOMUUE-
CKO# CTPYKTYPbl KPATKOBPEMEHHBIII MPOrHO3 ¢ MOMOUIBIO JIAHHOMI
MO/IEJIM BO3MOZKEH.

3aMmeuyanmne. BaKHbIM 3TAmOM COCTABIEHUST MOJIETN SBJISIETCS €e
Kaaubposka, T.e. oupeaeeHne Ko3gQOUIUUEHTOB a;, b; U ¢;, a TaKKe
KOBAPUAIMOHHOW MATPUIIBI JIJI BEJAYNH £t(z . Takas kamubOpOBKA
MOKeT OBITh MPOBEJEHA HA OCHOBE MMEIOIIUXCS JAHHBIX TO MPO-
IILTBIM TOJAM C HCIIOJIb30BAHUEM METOA HAUMEHBIINX KBAIPATOB.

3ameuanue. IIpu gucieHHOM MOIETUPOBAHUY HEN30OEXKHO BO3HU-
KAIOT MOIPEIIHOCTH. DTO CBA3AHO KAK C MCIOJIb30BAHUEM IIPUOIIH-
JKEHHBIM METOJIOB PEITeHNs YPABHEHUI, TaK U C OTPAHNYEHHBIMHY IO
TOYHOCTHU BBIYHUCIATEIHLHBIMU BO3MOXKHOCTSIMHU KOMmbioTepa. [lo-
9TOMY [IJIs1 TOTO, YTOOBI MPUOJINKEHHAS MOIEb aJeKBATHO OTParKa-
J1a Ka4eCTBEHHbBIE SIBIEHUST M3 MOJAETUPYEMON PEAaTbHON CHCTEMBI,
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HE00X0IMMO, 9TOOBI KCKOMOE PENTeHue ObLI0 YyCTONYINBO TPU MAJIBIX
BO3MYIEHUX MapamMerpoB cucreMmbl. CyIEcTBYeT MHOIO PA3HBIX
onpeenenuil ycroifunBOCTH, ONUMCAHNIO KOTOPBIX IIOCBAIIEH CJIELY-
IOIU pa3zes TJIaBbI.

11.5. Tunbl ycrToiiumBocTu PaccMOTpuM OCHOBHBIE THIIBI
YCTONYMBOCTH, BCTPEYAIOIIUECH B SKOHOMMKE, Ha IPUMEPE peLle-
Huii 06bikHOBeHHOTO auddepennmansuoro ypasuenusa & = F(x).
Ilycts (t) — pemenme 3TOTO ypaBHEHUS C HAYAJIHHBIM yCIOBHEM
©(tg) = 0, MPOmOIKAIOIIEECs HA BCIO TIOMYOCh [tg, 00). Bymem rogo-
puTh, uTo pemenue ¢(t) yemotiuuso, ecam g modoro € > 0 cyme-
crByer Takoe ¢ > 0, 4o o6oe perrerne (1) ¢ HAYAJIbHBIM YCIOBH-
eM 9¥(tp), Takum [ro ||xg — 9 (to)|| < d, mpomomkaercst Ha [tg, 00) U
JIJIS HErO BBIMIOJIHETCA cieaytomee yciaosue: ||p(t) —w(t)]| < e gua
J060r0 t. IHBIMY CJI0BaMU, yCTONYMBOCTL — TO PABHOMEDHAs Ha
uHTEpBaTE [t), 00) CXOMUMOCTDH pemennii ¢ (t), Ha9aTbHBIE yCIOBUSA
KOTOPBIX CTPEMATCH K X, K pemenuto v(t).

Ecmu ¢(t) — ycroiiumBoe cranmmoHapHOe permenue, T.e. ¢(t) =
const, T0 ¢(t) HazBIBACTCH YCMOTUHUEHLM N0 JIANYHOSBY.

1. Mycrs @(t) = const — ycTofMMBOE CTATMOHAPHOE DeIre-
uue. Torma OHO HA3BIBACTCH ACUMNMOMUNECKY YCMOTHUEHLM, CCITH
o(t) —(t) = 0 npu t — oo.

2. Ilycrs Teneps ¢(t) — HPOHM3BOJBHOE YCTOMYMBOE PELICHHE.
Mb1 rosopum, 4to ¢(t) cuavho abeoarommuo yemotinueo, ecau p(t) —
Y(t) — 0 mpu t — 00, u caabo abcoaromuo ycmotuueo, ecmu (t) —
¥(t) — orpanmvennasa hyHKIUSA MpH ¢, GOJIBITUX HEKOTOPOTO t'.

3. Byzem roBoputh, uTo ycroiuuBoe ¢ (t) cuabho ommocument-
no yemotuuso, ecia p(t)/(t) — 1 upu t — oo, u caabo ommo-
cumeavho yemotinueo, ecmu p(t) /1 (t) — orpanmvennas GyHKIHS
upu t, 6oibIKUX HEKoTOporo t'.

4. Byzem roBoputh, 9T0 ¢(t) cusvho aozapudmunecku yemot-
wueo, ecmu In(t)/In(t) — 1 mpu t — oo, u caabo aozapudmu-
wecku yemotivueo, e In o(t)/In(t) — orpannvennas GyHKIMs
pu ¢, BOIBLITX HEKOTOPOTO t'.

ITpuBenem Tenepb TeOpeMy, ABJIAIONLYIOCH JTOCTATOYHBIM yCJI0-
BHEM aCHMITOTHYECKON ycroiuuBoctu. Ilycts p(t) = xp asaserca
craruoHapHbIM pernerueM, T.e. F(zg) = 0. Hapamy ¢ ypasaennem
% = F(z) paccmoTpuM TuHeapu30BaHHOE ypasHerue & = A (x—1x¢),
rne A = dF(xg) — muddepennuan orobpaxenus F' B Touke xo.
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Teopema 11.1 Ecau ece cobemeennvie wucaa X onepamopa A se-
orcam 6 aesotl noaynaockocmu, m.e. Re A < 0, mo noaosicenue paes-
nosecus (t) = xo ypasnenus & = F(x) asasemes acumnmomu-
yecku YcmoltuuebiM.

IIpuBenem npumep ucciaegOBaHUSA YCTOWYIUBOCTH ITOJIOXKEHUU
PaBHOBECHsI B HEOKJIACCHYIECKON Mozeiun pocra Colioy.

11.6. Heokuaccuueckas mogesis pocra Comaoy Ilycrs L —
KOJIMYECTBO TPYAOBBIX pecypcos, K — xammran w F (K, L) — mpo-
n3BOZACTBeHHAs (PyHKIHMs. PaccMOTpuM 3K30r€HHYIO MOEIb, 33,13~
ONIYI0 JUHAMUKY mapaMmerpoB L u K ¢ moMorpio ciaemyromeit cu-
crembr quddepeHnnaIbHbIX YPABHEHHI:

L =nL 36
K =sF(K,L), (36)

rJle S — WHBECTUPYEMasi JI0JIs IPOU3BOICTBA.

Bynem mpeanosarath, dYTO NPOU3BOACTBEHHAsT (DYHKIIWS
F(K,L) onnoponua crenenu 1, a dyukuusa f(k) = F(1,k), roe
k = K/L — }boHI0BOOPYKEHHOCTD, YAOBJIETBOPSET CJIEILYIOIIIM
YCITOBHSIM:

F(0)=0, f'(k) >0, f"(k) <0, lim f'(k) =a, lim f'(k) = b, b>a.

O6o3uaamm uepes I uarepsadn (a,b) (Boobmie roBopsi, b MoXkKeT pas-
HATHCST OECKOHETHOCTH). )
Ucnonb3ys ypasaenus (36), BoIYucguM mpou3Boanyo k GhoHmI0-
Boopy:xenHoctu k. meem
K KL K L sF(K,L)

f=— = =
L 12 1 "L L L

Ve

Takum 06paszom, craimoHapHble pelienus ypasuenus (37) omnpe-
pensorca u3 yeaosus f(k)/k=n/s.

Teopema 11.2 B cdeaannvir 6viue npeonosonceruss, eciun/s €
I, mo cywecmeyem u eduncmeenno nososcumenvroe k*, a64110-
ULEECA COCTNOAHUEM PAGHOGECUA OAs Yypasherus (37). Imo pasro-
eecue acumnmomuyecku ycmolvwueo. Boaee mozo, awobve dea pe-
wenusa L;(t), K;(t) caabo ommocumesvno ycmotinuevl, m.e. npu
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docmamouro boavwur t:

‘ Ly(t)
Lo(t)

t)

<o 28] <

Ky (
Ks(t)
206 C; — HEKOMOPvLE NONOHCUMEADHDLE KOHCTAHbL.

JokazareabcTBO. B cranuonapabix Touke k* BbIIOIHSETCA pa-
sencrso f(k*) = 2k*. @ynkuus g(k) = f(k) — 2k apnserca sormy-
Toit, mockobky g” (k) = f"(k) < 0. Tak kax ¢'(0) > 0wn ¢'(k) <0
npu Gombmmx k, TO mpomssomHas ¢’ (k) MeHseT 3HAK OIWH pa3 B
HeKOTOpoit Touke ko > 0, a dbyuxius g(k) MOHOTOHHO BO3pacTaer
npu k < ko m moroTronHO yOBIBaeT mpu k > ky. Tak xax g(0) = 0
u g(k) < 0 nmpu Gompmmx k, Gyaxmua g(k) MeHSET 3HAK TONBKO
ouuH pa3 B Touke k¥ > kg. Takum 0Opa3om, y cuCreMbl UMEETCs
€IMHCTBEHHAS CTAIMOHAPHAS TOYKA.

@ynkiys sf (k) —nk nomoxurenpra npu k < k* u orpunaTeb-
na mpu k > k*. CnemoBarenbHo, ¢ TEUEHHEM BPEMEHH MepeMeHHast
k MOHOTOHHO TPUOIMIKAETCA K CTAIMOHAPHON ToYKe k*. 910 03HA-
9aeT, 9TO TOYKA k™ acuMITOTHYECKH yCTONYMBA.

Hna pemennit L;(t), K;(t),i = 1,2, orHOmeHne 228 €cThb TIo-

K1 (t)

CTOAHHAA BEJIMYWHA C1, a OTHOIIECHHE K2 (1) CXOOUTCA K C1 TIpH

. ka (t *
t — 00, Tak Kak lim;_, k;gtg = Z—* = 1. CnenoBareabHO, OTHOIIIE-

K,y (t) .
HUE 77y OPPAHMYEHO, & DELIeHMs] c1ab0 OTHOCHTEILHO YCTOM-

YHUBBLI.
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3agaun

Bagaua. Ilycms X — monoaozuseckoe npocmpancmeo. Cyuse-
cmeyem au venpepuieroe omobpascenue f: X — X, ne umerouee
HENOIBUNCHBLL MOYEK, ECAU:

1. X — ne cea3no;

2. X — nodmnoocecmeo npamot R;

3. X — byxea aagasuma (paccmampueaemas xar 00HOMEPHBLT
KOHmMYp)

4. X = 8% — dsymepnas chepa;

5. X = RP? — dsymepnaa npoesmuenas niockocm;

6. X =T? — dsymeprovili mop;

7. X — deymepHas c64a3HAA 3AMEHYMAA NOBEPTHOCTDL Poda >
1.

Bamaua. Ilycmo F: X = Y — mmuo203naunoe omobpasicenue
MEMPUUECKUT npocmparcme u o6pas F(x) samxnym 6 Y das ato-
boz0 v € X. Tozda:

1. ecau F noayuenpepwieno ceepry 6 mouke x € X, mo 0daa
a10601 nocaedosamenvrocmu T, 6 X, crodawelica ¥ T, u
0aa 110001 nocaedosamesvrocmu Y, 6 Y, maxoti 4mo vy, €

F(z,), y xomopotl umeemncs npedea y, 6binosHeH0 6KAI0YEHUE
y € F(x);

2. ecau Y Komnaxmmo u 0As 410607 NOCAEI08AMEALYHOCTNY Ty,
cxodawetica k aremenmy T € X, u 41000U nocaedosamenvHo-
cmu Yy, € F(zy,), crodawetica xy €Y, sunoaneno y € F(x),
mo omobpasicenue F nosyHenpepueno ceepry 6 mouke x.

Bamava. Ilycms f, g, fi — eewecmeennoznaumnsie nosynenpe-
puieHBle CHU3Y PYHKYUU Ha mempuneckom npocmpancmee X . Jlo-
Ka3amo, 4¥mo

1. f+ g noaynenpepviena crusy;
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2. dasa m0b0z0 o > 0 Gynryus of NOAYHENPEPLIEHA CHUSY;
3. ¢ynxyua h(z) = min(f(z),g(x)) noaynenpepuena crusy;

4. ecau Y — mempuueckoe npocmpancmeo, u A 1Y — X —
Henpepueroe omobpasicenue, mo gynryus f o A noaynenpe-
PHLEHA CHUBY;

5. ecau 6ce dynryuu f; ozpanunens. c6epry mexomopoti obuset
Konemanmot, mo dynkyua h(x) = sup;c; fi(x) noaynenpe-
PHLEHA CHU3Y.

Bagaua. [lycmv F: X = Y — mnozosnawnoe omobpascerue
MEMPUYECKUT NPOCMPAHCTNG, MHOHCECTNE0 Y KOMNAKMHO U 00-
pas F(x) samxnym e Y dasa awbozo v € X. Tozda omob-
pasicenue F nenpepwisno (m.e. noaymnenpepueno c6epry u CHu-
3Y) 6 MoM U MOALKO cayuae, Ko2da coomeemcmeylousee 00HO-
snaunoe omobpascenue F: X — 2V wuenpepweno, 2de na mmo-
orcecnee 2Y  ecex nodmmoorcecme 6 Y paccmampueaemcs mono-
A02us, undyyuposarnnas mempuxot Xaycdoppa p, p(Y1,Ys) =
inf {r|UY1,7) D Y2,U(Y2,7) D Y1} 0an mobuz Y1,Y, C Y.

Bagaya. [Iycmo f: X — R — dynxyus na X. Paccmompum
Mmuozoznauwnoe omobpasicenue F: X = R, F(x) = [f(x) -1, f(z) +
1). Ipu xaxuz yceaosuax wa dynkyuro [ omobpasicenue F 6ydem
noaynenpepueHvLm ceepxy (crusy)?

Bamada. Paccmompum mmozosnawnoe omobpasicenue f: D™ =
D™, cmasauee 8 coomeememeue kadcdot mouke ¥ € D™ wap
MAKCUMANALHO20 PAJUYCA ¢ YeHmpom 6 x, codeporcawyutica 6 D™.
IIposepumv, ABAAEMCA AU IO MHOLO3HAYHOE OMOOPAICEHUE TLOLY-
HENPEPBLEHBLM CEEPLY, NONYHENPEPBLEHBLM CHU3Y U HENPEPLEHBLM.

Bamava. B modeau Ippoy—llebpe ¢ odnhum mosapom Hatimu co-
CMOAHUE KOHKYPEHMHOZ0 PAEHOBECUS.

3agaua. Paccmompum modeav Ippoy—ebpe ¢ deymsa mosapa-
MU, 00HUM nokynamenem u npodasuom. Ilompebumensvcroe mHo-
orcecmeo noxynamenn pasno X = {(z1,72) € R% | |zy — xo] < 2},

111



nepeoHauasbrulll 3anac nokynamens pasen b = (2,3), dynryus
noaeanocmu umeem 6ud u(ry,w2) = xixs. Texnorozuueckoe mmo-

HCECTMB0 npOUSSOaUmeJLﬂ pasHo
Y ={(y1,42) ERL[0<yp <1, 0< gy <14y}

Hatumu ece cocmosnus KOHKYPEHIMHO20 PABHOBECUA 6 Moodenu.

Bagauya. Paccmompum modeav Ippoy-/lebpe ¢ deymsa mosapa-
MU, deyms noxynamessmu u 6e3 npodasyos. Ilompebumervcrue
MHOooCeCea nokynamenet pasho, X1 = Xo = Ri, nepeoHaAYAND-
HbLE 3anactl nokynamenel pashv. coomsemcemeenno by = (2,3) u
by = (4,2), dynryuu nosesnocmu umetom 6ud ui(r1,x2) = T1xa,
uz (w1, m2) = 23wy, Hatlimu 6ce cOCMOANUA KOHKYPEHMHO20 PAGHO-
eecus 8 Modeau.

3agmaua. Paccmompum modeav Baavda—Kacceas ¢ deyms mpo-
U3600CNGEHHBLMU TNOBAPAMU U 08YMA NEPBUNHBLMYU HAKMOPAMU.
Iyemy nawaavhot 3anac nompebumenet pasen b = (2,2), dymnx-

YUA NOMPEOAECHUA PASHE
V1 + V2 U1+ Vg
q’(pl,pQ,'Ul,'UQ) = <7 ) 3
b1 P2

4 Mampuua nNPpAMbLL 3aMPan ﬂpOuS@OdC’InGEHHOZO CEXMOPa pasHa

1 3
A= .
2 2
Hatimu cocmosanus KOHKYPEHIMHO20 PABHOBECUA Mmodeau.

3amava. /lokazamb, wmo cmpame2unecky IK6UBAAEHMHBLE UZDDL
UMENM 00HU U e JHce CUMYAUUL PABHOBECUA.

Bamaua. Jlokazams, wmo 6cAKGA U2Pa € NOCMOAHHOT CYMMOU
CMPAMEUYECKYU IKBUBGAEHMHEG HEKOMOPOT U2pe € HYAe80T CYM-
MOT.

Bamaua. (dunemma Gaumura) [Ipednoioscum, wmo uzpoxkamu
1 u 2 asaawmea nNpecmMynHuKy, HATOOAULUECS 6 NPedeapumen-
HOM 3AKAIOMERUY TO TOJOSPEHUIO 6 TANCKOM TPECTNYNAECHUU, TPU-
NeM NPAMDLT YAUK HO HUT HEM, U Pe3YAbMAM 3a6UCUM 0T M020,

112



CO3HAWMCA OHU UAU HETN. Hycmb UMETNCA meé’ymuue 603MOMNHC-
HoOCMU:

1) ecau oba npecmynHuKa CO3HAIOMCA, MO OHU NOAYLAM NO 8 Aem
(npusHarue ABAREMCA CMAZUAOULUM 0OCTNOAMENLCTNEOM) ;

2) ecau oba ne cosnaromes, mo noaywam no 1 2ody (caedosamens
JdoKaHcem UL 8UHOBHOCTNL 6 COBEPULEHUY MEHEE FHAUUMEND-
HO20 NPECTNYNACHUA) ;

3) ecau cosnaemea mMoavko 00ur U3 HUT, MO oH Oydem 6bnyuweH,
a emopoti — ocyscden wa 10 aem.

Cuumasa, 4mo npecmynnury 60epym onmumMaisbHoe Al HUL pe-
wWeHue, ABAAOUELEC PABHOBECHBLM, ONPEICAUMD UCTO0 CALICTNEUA.

3amaua. Jlokazams, wmo 6 mampuuwnoti uzpe I' ¢ mampuuyet
A = {ai;} cywecmesyem pasnosecue mozda u moavko mozda, ko2da
BLLNOAHAETNCA CAEIYtOULEE YCAOBUE:

max min a;; = minmax a;;.
2 J J ?

Bagaua. Iloxasicume, wmo ecau cumyayus (i*,7%) aeasemca
PABHOBECHOT 0AA MAMPUYHOT UPBL, TO MG HCE CUMYAUUS A6-
AAEMCA PAGHOBECHOU U OAL CMEUWAHHO20 PACUUPEHUSA IMOT UZDPbL.

Bamaua. Jlokaoscume, wmo 0Af CMEUWAHHO20 PACUWUPEHUL MATT-
PuUNHOT u2pvl ¢ mampuyet evuzpviwet A umeem mecmo paser-
cCMmeo:
: T A T
max 1min .’L‘Ay = minmax rAay .
T y y T

Buisedume omcroda cCywecmeosaHue pasHOBeCHO20 COCMOAHUA 6
IMOM, CMEWAHHOM PACUUPEHUU.

Bagaua. Jokasicume, 4mo 0as 410000 mampuys, A umerom me-
Mo cAeYUUE HEPABEHCTMEA:

maxmin a;; < v(A4) < minmax a;;.
i j j i
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B wacmmuocmu, ecau 6 mampuwhol uezpe umeemcs pasrosecue (6
YUCTOLT CTMPANELUAT), MO

maxmin a;; = v(A) = minmax a;.
1 J J 3

Bamaga. ITyemo I' — mampuunas uepa ¢ mampuyed A = {a;;}
pasmepa 2 X 2. Hatimu pasnosecnyro cumyayuro (z*,1—a* y* 1 —
y*) 6 emewannwnx cmpamezusz. Ioxazams, wmo ecau 6 “wucmux
CMPAME2UAT PABHOBECUE HE QOCTNULAEMCA, MO

* 22 — 421 * a22 — G12

¥ = T .
a11 — @12 — Q21 t+ Q22 a11 — G12 — A21 + Q22

Bagaga. (Mogzeas Beprpannga) I[Tycmw na punke deticmeyrom
dee pupmos, sunyckarouue odur u mom oce npodyxm. Cebecmou-
MOCMb NPou3sodcmea eduHuYb, NPodYKyuY Yy 000uxr dupm 00uHa-
Ko6a u pasha c. Ilompebumenu na ponke onucwLeaomces Gyrkyues
enpoca x(p) om punounoti yenv mosapa p. Oynxyus x(p) Heompu-
Yameavra u MoHOmorHo yoveaem. Obe Gupmos YcmMarasAUEaIOM,
CBOU UEHDBL HA MOBaP — D1 U P2 coomeemcemeerno. Obsem npodar-
HOU NPOJYKYUY T-MOot PUPMbL PACCUUMBLEAENCA NO HOPpMYAeE

z(pi), i <DP3—i;

_ 1 _ .
zi(p1,p2) = 5%(Pi); Pi = P3—i;
0, Di > D3—i-

Hnvimu crosamu, noxynamesu npuobpemaiom moeap Yy Gupmot,
YCMAHOBUBWET HAUMEHDWYIO UEHY; 6 CAYUGE PAGEHCMNEA UEeH Pbi-
HOK deaumca mencdy dupmamu noposhy. Buiuzpoiw dupmor —
amo ee npubviab, KOmMopas 0as i-mot gupmve pasna H;(p1,p2) =
(pi — ¢)zi(p1, p2). Halimu 6ce pasHoGecHble COCTNOAHUA U COCTOA-
HuA, onmumasvhbie no Ilapemo.

3anmava. [loxazamb, umo 6 uezpe ¢ Hyaeol cymmoli 6ce cOCMos-
HUA onmumaavkoe no Ilapemo.

Bamaua. (Mogess ropoga) ITycmv  20pod npedcmasasemcs
ompesrom [0,1], 6 wonuyax xomopozo pacnosocenv, dee HuPMbL:
1 — caesa, 2 — cnpasa, npousseodausue 00uH U MO JHCE MO-
6ap. B xasicdoli mouxe ompeska pacnosa2aemcs mOmMpebumenn,
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npuobpemarowul euHUYY Mosapa no HaumeHvwel uene. Llena
daa nompebumens t € [0,1] cxaadueaemes us yens. npodasrcu p;,
Yemanasaueaemoti i-moti Gupmoti U MPAHCNOPMHBLE PAcTodos,
NPONOPUUOHAALHULL — PACCMOAHUIO  nompebumens om  HupmoL:
p1 +dt — dasa mosapa om Pupmve 1, po + d(1 —t) — das mosapa
om ¢upmo, 2. 3decv d — mpancnopmuoti mapug. Tozda npu
30$0AHHBLT GUPMAMU UEHAT D1 U P2 00HO3HAUHO ONpedessemcs,
noaosicenue t(p1,p2), Maxoe WMo nompebumMesy HG UHMEPBANLE
[0,t(p1,p2)) nowynarom mosap y dupmv. 1, a nompebumeru Ha
unmepease (t(p1,p2),1] — y Pupmor 2. Boiuepoiw nepeots Gupmoe
(ee npubviav) cocmasum Hy(p1,p2) = (p1—)t(p1,p2), a svruepoiw
smopoit g, — Ha(py,p2) = (2 — €)(1 — t(py,ps)), 20e ¢ —
cebeCMoUMOCMb MOBaAPa, 00UHAKOB8AS 0Asf 00eUuT dupm.

1. natimu pasnosecue no Howy u dokazamv, wmo oHo edun-
CMBEHHO;

2. 8uluucAUmb 005eMbL NPOJastc, NPUbLLAL HUPM U MPAHCTIOPTT-
HbLE PACTO0bL 6 PAGHOGECHOM COCTOAHUL;

3. npu d — 0 ud — oo Hatimu npedeavhbie pacnpedeseHus
PABHOBECHBLT UeH U NPUOBLAY PUPM.

Bagava. (Aykmwmon) Ifycmo umeemcs mosap, komopuil doa-
arcen Obmyb Kynaen 00HUM U3 N YHacmruros ayxyuona. Ilennocms
MoBaAPa 0AA 1-20 Y4ACMHUKG Pa8Ha Beauvune a;, npuvem 0 < ap <
-1 < - < as < ay. Kaostcduti yuacmmuuk npedaaeaem yeny Ha
mosap x; He Husce Hauarvhol yenv, T. Ilobescdaem yuacmuux,
HA3HAYUBWUT HAUOOALWYIO YEHY. DMa YeHad BHINAGYUBAEMCA NPO-
dasyy mosapa. B cayuae pasencmean MAKCUMAALHOLT UeH NPedno-
wmenue omoaemca YILacmHuKy, 0ai KOMOPo2o UEeHHOCTb MOBaPa
AeAAEMCA Haubosvwel. Boiuzpoiw i-20 yuacmuuka 3adaemcs, ma-
Kum 06pasom, Gopmyaot

a; —x;, ;= max x; ui=min{j|z; =z;}
Hi(l‘l,...,.’lj‘n) = ’ v ’ j=1,...,n 7 J v
0, UHAYE.

Hatimu pasrosecrvie COCMOAHUA U COCTROARUA, OTIMUMAABHBLE 10
ITapemo.
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Bagaua. (Aykomon Bukpu) ITycme umeemca mosap, komo-
pouti doasicen Gvimbd KYnaeH 00HUM U3 N YHACNMHUKOE GYKUUOHA.
ILlennocms moeapa 0Af i-20 YHACMHUKG PAEHA BCAUMUHE A;, NPU-
wem 0 < ap < ap_1 < -+ < ag < ay. Kaoswcdwii ywacmuux npedaa-
20em UeHy Ha MOoBap T; He Hudce Hauarvrol yenot . ITobescdaem
YUACTHUK, HAZHANUSWUT HAUDOADWYIO UEHY. NPU IMOM NPOdasUYy
MOBaAPA 6LINAGUUBAETNCA 6MOPAA NO GeAUNUHE Ueha. B cayuae pa-
B6EHCMEA MAKCUMAALHLT UeH NPEdnoumenue omaoaemes yuacmnu-
KY, 048 KOMOPO20 UEHHOCMb MOBAPa Asaiemcs hauborvuwet. Boi-
UZPHIW 1-20 YUACTIHUKG 3a0GEMNCA, MAKUM 00pasom, Gopmysol

a; —maxzj, x; = max z; ui=min{j|z; = z;},
H, = Jj#i j=1,...,n
0, uHaye.

Hatmu pasHosecHble cOCMOAHUSL U COCTNOAHUA, OTMTMUMAALHLE THO
Ilapemo.

Bagaga. (dy»sap) Kaowcdui us deyr uzpokos moocem npousee-
cmu odun evicmpen. Hepoxu cxodamea ¢ nocmoanmoti cKopocmsvio,
navuras ¢ momenma t = 0, do momenma t = 1, Kozda ueporu
CMAH08AMCA 6NA0MHYI0 dpye K Opyey. s i-20 uepoka 3adana
Pynryua a;(t), paeHas 6EPOAMHOCIIU NOPANCEHUA NPOMUEHUKE 6
momenm t. Oynxyusa a;(t) Henpepbiena, MOHOMONHO 603PACTNAECT
u ydosaemeopaem ezparuunvim ycaosuam a;(0) = 0, a;(1) = 1.
Boiuepviu, uzpoka pasen 1, ecau on nopasicaem npomusHura, —1,
ecau mPomusHur nopaxcaem uzpora, u 0 npu nuweldrnom ucrode
(0ba uepoxa nopasicenv, aubo oba npomarnysucs). Kastcduid ue-
POk evbupaem momenm epemenu ;. Ou npouszsodum evicmpen 6
IMOM MOMEHM, ECAU €20 NPOMUBHUK HE 8bLCMPEsun panbwe. Ecau
J1Ce NPOMUBHUK BBLCTNPEAUN U TPOMATHYACA, MO ULPOK CTOOUMCA
¢ NPOMUBHUKOM U cmpeasem Haseprara 6 momenm t = 1. Taxum
06pasom, GYHKUUA 6bLUZPBIULLAG T-20 UZPOKA PAGHA

2a;(z;) — 1, Ti < T3_;i;
Hi(xy,22) = ai(®i) —az—i(x:), @ = w345
1 —2a3_i(x3—;), x> r3_;.

Hatimu pasrosecrvie COCMOAHUA U COCTROARUA, OTIMUMAABHBLE 10
ITapemo.
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Sagaua. (Boiina Ha ucromenue) Kaowcdud u3 068yr uzpokos
cmpemumca 3aeaadems HEKOMOPbLM npedmemom. Llennocmsb npeo-
mema 0asa i-20 pasua v;. IIpedmem noaywaem uzpox, KomMopsil
doavwe ocmaemcsa azpeccushbim. [Ipednoarazaemca, wmo 3ampamaot
HA A2PECCUBHOCTNG Y 000UL ULPOKOE 00UHAKOEDL U PABHLL COUHUYE.
Ueporx i 3adaem spemsa x; > 0, 6 meuwenue komopozo on 6ydem
0CMAsaAMbCA 6 azpeccushom cocmosnuu. Tozda Pynkyua eviuzpbl-
wa i-20 u2poxa 6ydem paeHa

Vi — Ty,  Tj > T3—i;

_ 1 _ .
Hi(wy,22) = 50 — T, Ti = ¥3-;
—Z;, Ti < T3_j.

Hatmu pasHosecHble COCMOAHUA U COCTNOAHUA, OTTNUMAALHVLE THO
Ilapemo.

3amaua. Ilposepumo, YMmo 0CHOBHDLE IKOHOMUKO-
MAMEMATNUNECKUE — TAPAKMEPUCTIUKY  AUHETHO  00HOPOIHOT

npoussodcmeennoti  Pynkyuu F(K,L) 6 mepmunaxr dynwyuu
flk) = F(k,1) umeromn euo:

e npedeavnas npouseodumenrvrocms mpyda v pasna f — kf’;
e npedeavnas orndoomdana v pasna f';

o xospuyuenm snacmuunocmu no Ppondam o pacen kf'/f
(sma gopmysa eepra dasn 10607 cmenernu 00HOPoIHOCTIU,);

o xospuyuenm saacmuunocmu no mpydy B pasen 1 — kf'/f
(ecau emenens odnopodnocmu pasua v, mo =~y —kf'/f).

Banaua. [lokasicume, wmo ecau roms 0, 00uH U3 KOIPPHUUU-
eHmo6 saacmuwrocmu (no mpydy uau no @ondam) auHetiHo-
00H0POIHOT NPOU3BOICTNEEHHOT GYHKUUU He 3a8Ucum om Gordoso-
OPYHCEHHOCTIU, TO NPOUIBOICTNEEHHAA HYHKUUA ABAAEMCA HYHEK-
yueti Kobba—/Tyanraca.

Bamava. I[Iposepumv, wmo ¢pynrxyus Kobba—yenaca asaaemcs
HEOKAACCUUECKOT.
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Bagaua. ITycmo npouseodcmeennasn dynwyus F (K, L) odnopod-
na cmenenu vy, k = K/L, u f(k) = F(K/L,1). Ilokasams, wmo
NPEIeAbHAA HOPMA 3AMEHBL BHPAHCAEMCHA HOPMYAOTE

)
K=

Bagava. [loxasamv, wmo daa Pynwkyuu Kobba-/lyensaca umeem
caedyrousee 8uPadcerue 0As NPedesbHOTE HOPMDBL 3AMEHDL

(npedeavran nopma samenv, Sk NPAMO NPONOPUUOHANLHG POHOO-
soopyorcennocmu). 3decy a u B — KosPPuyuenmos sAGCMUBHOCTIU
no gondam u no mpydy coomeemcmeerno. Jamv IKOHOMUNECKYIO
UHMEPNPEMAUUIO.

Bamaua. Jokazamo, 4mo ecau HOPpma 3amenv, Sk AUHETHO 00-
HopodHoti npouseodcmeennoti gynryuu F(K, L) ne sasucum om
pondosoopyorcennocmu k, mo F(K,L) = AK + BL das nexomo-
pwuix konemanwm A u B.

Bamaua. ITycmv F(K,L) — npoussosvnas CES-pynxuyus cme-
nenu 00HOpodHocmuU Y, U O — ee Hopma 3amewenus L wna K.
Honootcum o = ok /7.

Iloxazamv, wmo ecau o = 1, mo F asasemca pynryuetc Kobba—
Zlyanaca.

Ecau o =0, mo F = min{AK”, BL"}.

Ecau oice 0 20 uo £ 1, mo

F‘([(7 L) = (AK(U—I)/U + BL(O’—l)/o‘)’YO'/(O’—l)’
ede A u B — nexomopuie Koncmanmo.

Bagava. IIpoanarusuposams modeas pacnpedesenus Kanumanro-
84091CEHUT, € NOMOWDIO NPUHYUNG Markcumyma ITonmpazuna u no-
cmpoums $a3oevili NopmMpem cucmembot.

Bamaua. I[Ipoanaiusupoeams Mo0eab PACTIPEIEACHUA KATUTIAAO-
saocenuti 6 cayuae, xozda f(k) =k 0 < a <1.
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Bagaua. Ilpoanasusuposams modeadb pPaCHPedeseHUs KAMUMG-
Aoeaodicenuti  0aa  npouseodemeennoti dynwyuu F(K, L t) =
A(t)Fo(K, L), coomeememeyow,eti meTHuueckomy npozpeccy, weti-
mparvromy no Xuxey, 2de A(t) = Age Pt u L(t) = Loe™.

Bagaga. (ILenoobpasosarue nosozo mosapa) ITycmov dupma 6vi-
nycKaem na puHoK Hoewuil mosap. Pacnpocmpanenue mosapa onu-
coisaemces gopmyaot . Bacca:

i(t) = (1 —2(t)(p + qz(t)e W,

20e x(t) — doas PHIHKG, 30HUMAEMAA HOBBLM MOBAPOS 6 MOMEHM,
epemenu t, p — Kosaduyuenm urrosayuy, ¢ — Kospduyuenm nod-
pasicanua, u(t) — yena mosapa (YnpasAAOWAA NEPEMEHHAR). SHa-
wenue npouseodnot (t) rapaxmepusyem rosuvecmseo aodet, Ky-
NUBWUT MOBap 8 Momenwm t. Dupma cmMPemumes MaKCUMU3UPo-
6aMb GLPYUKY 0m NPodadicu moeapa 3a nepuod epemenu [0,T):

T
/ u(t)&(t)dt — max.
0

Bocnoavsytimecv npunyunom maxcumyma Ilonmpszumna das no-
cmpoenus $azo6020 NOPMPEMA CUCTNEMDL U HATOHCIEHUA TNOUHOZ0
PeWeHUA.

Bagaua. ITpusecmu npumep dynryuu W (x,y) daa xomopot pas-
HOLE KPUMEPUU ONIMUMANGHOCTY 68 3a0a%aAT ¢ HENOAHOT UHPBOPMa-
yueti darom nonapHo passuHbLe OMEEMDbL.

Bamaua. Hakanyne sxsamena 0pysoa cmyoenma 0peanu306aAU
BEUEPUHKY HA 6CI0 HOWD. Y cmydenma ecmb 6b60p: 6CHO0 HOUL 2Y-
AAMD (A1), 2YAAMD NOAHOUU, G NOAHOYNYU — YUUMbCA (A2) UAU
yuumsea 6c10 wown (a3). IIpunumarowui sx3amen npenodasament
Henpedcrasyem u moscem coeaamo sxzamen aezkum (by), cpednum
(b2) uau mpydnvm (bs). Basucumocms oyenku cmydenma om cde-
AQHHO020 6bibopa 3adaemcs mabiuyel

| b by by
ar| 85 60 40
az | 92 85 81
az | 100 88 82
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Kaxotl ewvbop dosaosicen cdeaamv cmyodenim 6 cOOmeemcmeul ¢
UBBECHbLMU  KPUMEPUAMY NPUHAMUL DEULEHUT 6 CUMYAUUY C
HENOAHOT UHPOPpMayUe?
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