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BBenenne

Paccrosinne I'pomosa—Xaycaopda 6o ompexnesnerno 1. Dnsapacom [1], a 3a-
TeM TEepeoTKpHITO 1 0606meno M. I'pomosbim [2], [3]. Paccrostane I'pomoa—
Xaycaopda u3MepsierT pas3jindue MeKIY AByMs MPOU3BOJBHBIMU METPUYECKH-
MU TPOCTPAHCTBAME W SIBJISIETCS OJHUM W3 KPACHBEHINMX NOHATHN MeTpude-
ckoit reomerpun. C MOMEHTa CBOErO IMOSIBJIEHUS OHO HCIOJb30BATIOCH MAaTeMa-
TUKAMU B U3Y9IE€HUN TOTOJIOTHIECKUX CBOMCTB. Bhrauciaenue paccrosuunii ['pomo-
Ba—Xaycaopda OT KOMIAKTHBIX METPUYECKUX MPOCTPAHCTE JI0 KOHEUHBIX CHM-
MJIEKCOB, TO €CTh KOHEYHBIX METPUIECKUX TPOCTPAHCTB, B KOTOPHIX BCE HEHYJIE-
Bble PACCTOsHUSL PABHbI MeK 1y c060it, 6b110 onucano B [4]. Lesans nanuoii pabors
— 0600umTH pe3ynbrarsl [4] Ha ciry4daii GeCKOHEUHBIX CUMILIIEKCOB U [IPOU3BOJIb-
HBIX OIPDAHUYEHHBIX IIPOCTPAHCTB. BbLI HANEH COCOO BHIYUC/IEHUS MCKAYKEHU S
HEMTPUBOIUMOTO COOTBETCTBHUS C MOMOIIBIO PA30UEHNHt, TOPOXK IEHHBIX UM; TOKA-
3aHa TeopeMa, MO3BOJIAIONIas HaX0oInuTh paccrosiune ['pomoBa—Xaycaopda ¢ mo-
MOIIBIO TOJIBKO TE€X COOTBETCTBHI, KOTOPBIE MOPOKICHBI PA3OUEHUSAMI; TAKKE
ObLT PACCMOTPEH KOHKPETHBIM MpUMEp, WILTIOCTPUPYIONH, Kak MOCTPOEHHAS
TEOpHsi MO3BOJISET [OJIyYaTh KOHKPETHBIE PE3YIbTATHI.

1 OcHoBHBIE OIpeaeJeHnsd U pPeaBapUTEIbHBIE
Pe3yJIbTaThI

IIycrb A — 1pou3BOJILHOE MHOXKECTBO, Yepe3 #A Oyjaem 0003HaYarh €ro MOL-
HOCTb.

IIycts X — meTpmdeckoe MpOCTPAHCTBO. PaccTosgHme MeKIy ero TOYKaMu
x u y 6ynem oboznauyars depes |zy|. Yepes diamX Gyxem obo3nagarh quamerp
X.

Ecmu A, B C X — HemycTbie OJIMHOXKECTBA, OLPEIETUM PACCTOAHUE MEXK LY
mnvn kak |[AB| = inf{|ab| : a € A,b € B}, npu srom, ecim A = {a}, To BMeCTO
|{a}B| 6ynem macars |aB|.

g mo6oit Touku € X u uucna r > 0 gepe3 U,.(z) Oyzem obo3HaIaThH
OTKPBITBIH AP ¢ HEHTPOM B TOYKE T W PAJMYCOM T IS KAXKJIOTO HEILyCTOTO
A C X numcna v > 0 nonoxum Uy.(A) = J,cq Ur(a).

Onpenenenne 1.1. Insg venycroix A, B C X nosioxum

du(A,B) =inf{r >0: A C U.(B) & B C U,(A)} = max{sup |aB|,sup |Ab| }.
acA beB

IMonydyennas BeqwawHa Ha3BaETCA paccmosaruem Xaycdoppa meocdy A u B.

Onpenenenune 1.2. Ilycte X w Y — merpuyeckue mpoCcTpaHCTBa. 1 poiiKy
(X',Y', Z), cocrosinyio u3 METPUYECKOrO IPOCTPAHCTBA Z U JIBYX €ro MOIAMHO-
xects X' u Y/, uzomerpuunbix X u Y COOTBETCTBEHHO, HA30BEM peasusauued

napo, (X,Y).
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Ounpeneinenue 1.3. Paccmosnuem dgp(X,Y) no I'pomosy—Xaycdopdy meorc-
dy X w Y Ha30BEeM TOYHYIO HWXKHIOIO M'PAHb YUCEJ 7, IJId KOTOPBIX CYIIECTBYET
peanusanus (X' Y’ Z) napwt (X,Y) rakasg, aro dy (X', Y") <r.

Onpenenenune 1.4. Ilycte X u Y — mpow3BOJIbHBIE HEMYCThIE MHOMKECTBA.
Ommnowenuem mestcdy muooicecmeamuy, X u Y Ha3bIBAETCS KayKI0€ MOIMHOKE-
CTBO meKapToBa mpom3Bemenns X X Y. MHOXKeCTBO BCeX HEIyCTBIX OTHOIIEHUIt
mexay X u Y obozmaunm wepes P(X,Y).

Byaem cmorpers na kaxkuoe ornouienue o € P(X,Y') Kak Ha MHOrO3HAYHOE
oTOOpaykeHue, KOTOPOE MOXKET UMETh 00JIACTh OMPEIEICHNsT MEHBITYIO, YeM X .
Torma, mias kaxkgoro ¢ € X u kaxkmoro A C X omnpezenensbl nx obpassr o(x)
u o(A), a qia xkaxaoro y € Y u xaxkgaoro B C Y — ux npoobpasel 01 (y) u
o~ Y(B).

IMycrs 0 € P(X,Y) — upoussosbHoe ornomenue. Tiis kaxgoro € X oupe-
JIEJIIM €T0 KPamuocms ky(T) B 0 KAK MOITHOCTH MHOKECTBA 0 (Z). AHATOrHIHO
omnpeenaercs kpamnocms k,(y) B o s1ementa y € Y.

Onpenenenune 1.5. [lycte X u Y — npou3BOIbHBIE METPUUECKUE TPOCTPAH-
crBa. Uckascenuem diso omnowenus o € P(X,Y) nazosem 4uciio

diso = sup{||:m’| - Iyy'IL (z,y), («',y) € U}~

Ounpenenenne 1.6. Ornomenune R € P(X,Y) HasbiBaercs coomeemcemeuem,
ecnu orpaHmveHusi Ha R KaHOHMuUeckumx npoekmwit mx : (z,y) — x m Ty
(z,y) — y CIOPBHEKTHBHBI. MHOXKECTBO BCEX COOTBETCTBUI Mexay X Y 060-
snaunm depe3 R(X,Y).

Beenenune cooTBeTCTBUIT MPUBOIUT K SKBUBAJEHTHOMY OIIPEIEIEHUIO PACCTO-
aansg I'pomoBa—Xaycaopda, KOTOpoe ABJsteTcs 60see yaoOHBIM JITsT BBIUHCTIe-
HUIA.

VYrBepxkaenue 1.7 ([6]). Jas aobvx mempuueckux npocmpancme X u 'Y
umeem

1
dor(X,Y) = inf{dis R: R € R(X,Y)}.

Ornowenue Brirovyenus 3agaer Ha R(X,Y) yacruunbiii nopsaiok: Ry < Ra,
€CJIu M TOJIbKO ecin Ry C Rs.

Onpegesienue 1.8. MuHNMATbHBIE B 3TOM MOPSIIKE COOTBETCTBUSI HA30BEM
HENPUBOOUMBLMU, & BCE OCTAIBHBIE — NPUGOOUMbLMU. MHOKECTBO BCeX HEIPH-
BOJIMMBIX COOTBeTCTBUI Mexay X u Y obozmaunm uepes RO(X,Y).

Taxum o6pa30M, COOTBETCTBHE IIPUBOJUMO TOI'/Ia U TOJIBKO TOTrJa, KOT'Jda U3
HEro MOXKHO BBIKUHYThH HEKOTOPBIE MAPbI (,Y), COXPAHUB [0y YEHHOE B DE3YJlb-
TaTe€ OTHOIIEHHuE COOTBETCTBHUEM.

Hawm monasmoburcs onucanne yCcTpoiicTBa HEMIPUBOIUMOIO COOTBETCTBHS, KO-
TOpOe ComepKUTCs B [5].
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Kaxxioe nenpusopumoe coorsercreue R € RP(X,Y) nopoxiaer pasbuenus
D;} u D{? MHOXKeCTB X # Y, a Takxke Omekmnuio fr : Df} — D{? TaKyIO, ITO

R = UZEDQ 7 X fR(Z)

Teopema 1 ([5]). Jaa xascdozo R € R(X,Y) cywecmeyem Ry € R°(X,Y)
maxoe, wmo Ry C R.

Caencrsue 1.9 ([5]). Jaa ao0bvr mempuveckur npocmpancms X uY umeem
1
dan(X,Y) = 7 inf {disR: Re R (X,Y)}.

Takum obpasom, mis HaxOXKIeHHs paccrosaTHus ' pomoBa-Xaycmopda, MbI
MO2KEM IIOCIIOJIb30BATHCH JIUIIIb HEIPUBOJUMbBIMUA COOTBETCTBUSAMU.

Teneps BBemeM eI1e HECKOJIBKO KOHCTPYKIHiT, KOTOPBIE HAM TTOHAI00ATCS B
JTaJabHeRmeM.

Koucrpykmnusa 1.10. Ilycts k — kapaunaabaoe uncio. Torma s MHOXKeCTBA,
M mraxoro, uro k < #M, yepe3 Dy (M) obo3HAIUM CEMEHCTBO BCEBO3MOKHBIX
pa3buenuit muoxkecrBa M Ha k ero memycTbIX mogMHoxKecTB. Ilycth Tenepn M
— Merpudeckoe npocrpancTBo U D = {M;}ier € D (M). Homoxum a(D) =

Onpenenenne 1.11. ITycrs X — merpuueckoe npocrpanctso, u A, B ¢ X —
ero nemycroie nogmuoxkecrsa. [lonoxum |AB|" = sup {|ab| : a € A,b € B}.

Konacrpykmus 1.12. Ilycts k& — xapamaanabHOe 9ucio, M — MeTpUYecKoe
upocrpanctBo, k < #M u D = {M;}icr € D (M). Tomoxkum

B(D) = sup{|MiM;|" : i # j}.

Omnpenenenne 1.13. Merpudeckoe mpocTpancTBO X HA30BEM CUMNACKCOM,
€CJIN BCE €ro HEeHyJIeBble DACCTOSHUS ONWHAKOBBI. [IpOM3BOLHBIN €IUHUIHBII
CUMILJIEKC 0003HaUYNM udepe3 A.

711 TpOU3BOILHOTO METPWYECKOTO TTpocTpancTBa X u umcaa A > 0 dyepe3
AX 0003HAYNM METPUUECKOe MPOCTPAHCTBO, KOTOPOE OTINYaeTcsa n3 X yMHO-
JKEHUEM BCEX PACCTOSHUN HA .

Koucrpykmus 1.14. Ilycts X — mpom3BOJbHOE METPUIECKOE TTPOCTPAHCTRO,
A — eauHnYHBI cuMILLIEKC, k = #A < #X u D = {X,}ic1 € Dk (X). Iomo-
xuM Rp = Uier{i} x X;.

Oupepgesienue 1.15. Ilycrs m — kapauaaigbaoe 4ncio, D = {X; }ier € D (X).
TTomoxkum diamD = max;¢rdiamX;.

Onpenenenune 1.16. st mpoOU3BOJBHOIO METPHUIECKOTO TPOCTPAHCTBA X TMO-
noxum €(X) = inf {|zy| : 7,y € X,z # y}.

Ormvernm, uro e(X) < diamX, mpryeM paBeHCTBO TOCTUTAETCS, ECIIH U TOJIb-
KO ecyin X SIBJISETCS CHUMILIEKCOM.
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YrBepxkaenue 1.17 ([4]). Tycmov A C R — nenycmoe oepanuuennoe nodmmo-
arcecmeo seuwsecmeennoti npamot, u nycms t € R. Toada

. inf A+ supA supA —inf A
sup |t — a| = max{t —inf A, sup A —t} = |t — PE P .
acA 2 2

Pasee 6b1mn TOKA3aHBI CIEAYIONINE IBA YTBEPIKICHUS.

Ipennoxenne 1.18. [Tycmv X — mempuueckoe npocmparncmeo, A — edu-
Huwhwnll cumnaexc. Tozda, ecau #X < #A u A >0, mo

1
dep (X, A) = §max{)\,diamX -

Ilpennoxenue 1.19. IIycmv X — mempuueckoe npocmpaHCMEO, CO0ePHCa-
Wee KOHEYHOE YUCAO TOYEK T1,...,T, € X maxux, wmo daa kacdozo r > 0
evnoansemcs #U,(xg) = 00 dasn mobozo k = 1,...,n. Tozda, ecau A — edu-
HuwHoLl cumnaexc, A > 0, diamX < 2\ u #X = #A, mo

1
derr (X, A8) = 2\,

2 OcHoBHBIE PE3YJIbTATHI

Ms1 Oyzem paccMaTpUBATH TOJIHKO OIPAHUYEHHBIE METPUYECKHE MPOCTPAHCTBA.

IIpemnoxenune 2.1. ITyemv X — mempuneckoe npocmpancmeo, A — edunuy-
nouti cumnaexc, A >0 u R € RY(X,Y). Tozda

disR = max{diameA, diamDE, diam X — A\, A — a(ng)}

Joxasameavcmeo. Iyers DE = {X;}ic;. U3 onpenenenns nckazenus: MOKHO
3aKJIIOYUTD, YTO

dis R = sup {diamD{\, diamD¥, |\ — |z122|| : 21 € X;, 22 € Xj,i # j}.
Hanee, ncnonb3ys yreepxkaenne 1.17, momyanm:
sup {diamD%, , diamD%, A= |z1aa|| s 21 € Xy w0 € X0 # 5} =

= max{diamD%,, diamD%E, X — a(DE), (DE) — \}.

Teneps npemmonokum, 910 X KOMIAKTHO, TOI/1a CYIIECTBYIOT T1, Ty € X Takue,
49T0 |T122| = diamX. /Tasiee BOSHUKAIOT JIBA CIIyUast:

(1) z1,29 € X; npu nexoropowm i, Torna diamDE = diamX n, ecan Bvecro
B(DE) — A\, marmcats diamX — \, MaKCUMyM He H3MEHUTCS;
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(2) z1,29 ¢ X; naa moboro i, torna f(DE) = diamX.
Ecmu xxe X — He KOMIIAKTHO, TO BO3BHUKAIOT JBA CJIydasd

(1) CymecrByer moCIenOBATENbHOCTD (25,Y;) € X; IPH HEKOTOPOM 1 Takasd,
aro |z;y;| — diamX, rorna diamD% = diamX, u ecm Bmecto B(DE) — A
manucarh diamX — A\, MAKCHMyM He M3MEHUTCS;

(2) Takoif mOCIIEOBATEIHFHOCTH HE CYIIECTBYET, TO €CTb HE CYIIECTBYET IIO-
CJI6ZI0BATEIBHOCTH IIAP 3JIEMEHTOB U3 OTHOrO X; IPU HEKOTOPOM {, TaKOH,
uro |z;y;] — diamX. Torma B(DE) = diamX.

O

Teopema 2. ITycmv X — mempuueckoe npocmpancmeo, a A — edunurunviil
cumnaexc, npuvem k = #A < #X, A > 0. Tozda

1
don(\A, X) = 5inf{disRD ‘De Dk(M)},

2de Rp — coomeemcmeue, esedennoe 6 Koncmpyruyuu 1.18.

Jloxasameavcmeo. CormacHo caencTBuio 1.13, aast HaXOXKIEHUST PACCTOSHUS
I'pomosa-Xaycaopda MbI MOXKEM HCIIOIH30BATH TOJIBKO HENMPUBOIUMBIE COOT-
BETCTBUS.

Ecmu k = 1, To cymecTByeT TOIBKO OIHO COOTBETCTBHUE, MOPOXKAeHHOEe D =
{X}, m ycioBust TEOPEMBI BBIMOIHSIOTCS.

ITycrs reneps k > 1. TIpeamosoxkuM, 4To yTBEPIKICHHE TEOPEMbl HE BBIOJI-
usiercst, 10 ecth cymecrsyer R € RO(AA, X) makoe, uro dis R < dis Rp s
moboro D € Dy, (M). Toraa noxpsrrie {R(y)}yean He aBaseTcs pasduennen i,
CJIeIOBATEILHO, CyIecTByeT © € X Takoi, 4To #R_l(a:) > 2.

(), (@,y) € R} > AudisRp > A

qas moboro D€ Dp(M). Ho, tak kak A — a(D) < A, BOCIOJIB30BABIINCH
yrBepxaennem 2.1, Mbr moaygaem dis Rp = max{diamD, diamX — A}.

PaccMOTpUM OTHOIIEHHWE SKBUBAJCHTHOCTH HA CHTIIEKCE A, JIJIT KOTOPOTO
BBITIONIHACTCA: Y1 ~ Yo €CIM W TOIBKO €CJTH CYIECTBYeT Touka r € X Takas, 9T0
Y1, 92 € R (2). R

Teneps ordaxropmsyem A — A/, R — R R € R°(\A’, X), mo stomy
ornomenuo sxpupaienraoctd. Torna Bemonuserca dis R = max{\,disR'} >
dis R'.

Ecimn #A' = #A, 10 R' = Rp/, rie D' € ©(M). Tlomy4yaem npoTuBopeune
C HAIAM TIPE/ITOJIOKEHUEM.

Ecmu xe k' = #A" < #A, to R' = Rp/, tne D’ € D/ (M). Ho D' moxuo
nompasburs 10 mHekotoporo D € Dy (M), 3uaunr diamD’ > diamD n dis R >
dis " = max{diamD’,diamX — A} > max{diamD,diamX — A} = disRp.

Onarn TIOJIYYUJIN TIDOTUBOpEYNE.

Buaunr dis R = Sup{||5€$'| — lyy'|

O
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IIpengoxenne 2.2. [Iycmvs X — mempuueckoe nNpocmpaHcmeo makoe, 4mo
e(X) > % u diamX < %, a A — edunuunnti cumnaerc. Toeda, ecau #X = #A,
mo )

den(X,A) = Emax{l —e(X),diamX — 1}.

okasameavcmeo. Paccmorpum npomssosbHoe coorBercrBue R € R(A, X).

B cuny reopemsr 3, dgp(AA, X) = finf{disRp : D € D,(M)}. Pacemor-
PUM TIPOU3BOJIbHOE coorBercTBUE Rp, D € D) (M). g Hero BbINOIHSIETCS O/
HO U3 JIBYX yCJIOBHIA.

(1) Cooreercrene R 6mexrmsro. Torma diamD = 0,a(D) = e(X) > 1, a
B(D) = diamX < % U, BOCIOIB30BABIKCH yTBEPXKAeHUEM 2.1, MOXKHO
BaKJIIOYUTD, YTO

dis R = max{diamD, 1 — a(D),diamX — 1} =

= max{1l — g(X),diamX — 1} <

1
2

(2) CoorsercrBue R ne 6uexkrusuo. B srom ciyuae pasbuenue D, coorser-
crBywommee R, Gyzer He omHOTOUeUHBIM, a 3HauuT diamD > ¢(X) > % u,

caegosaTensro, dis R > 4.

Takum 06pa3oM, JjIs HAXOXKIeHUs paccrosuus ' pomoBa—Xaycaopda Mbl
MOXKEM PACCMATPUBATH MCKAYKEHWS TOJBKO OMEKTHBHBIX COOTBETCTBUI,
[IpAYeM HCKayKeHHUsI BCEX TAKUX COOTBETCTBUIl OyIeT OJuHAKOBO, IOCKOIb-
Ky A — 3TO CHMILIEKC.

Kak yxke 6b1710 orMedeHo, mis aroboro 6uekrusaoro R € R(X, A) Bbiuod-
HAETCS

dis R = max{diam(D), 1 —a(D),diamX —1} = max{l—e(X),diamX —1}.

O
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