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1 Bsenenne

Merpuka Xaycmopda — 3to dyHuKIms paccrosiaus Xaycaopda Ha MHOYKECTBE BCEX OTDAHUIEHHBIX U
3aMKHYTBIX TIOJIMHOXKECTB METPUYECKOT0 MTPOCTPAHCTBA. BriepBhie yOMUHAHUS O HEll TIOSABIISIOTCS B
kuure «Teopns mHOKecTB» Xaycmopda. Jasuza dasap/c omybiankosai B 1975 roxy crarsio [1], nue
OIIPEJIENTAIT PACCTOSTHIE MEXKIy MEeTpUYecKuMu mpocrpancTBamu. OH TakKe 0OHAPY KU HEKOTOPHIE
ero csoiictBa. A B 1981 roy cOBeTCKHI 10 IPOUCXOXKIEHUIO, a M03Ke (DPAHILY3CKUN MaTEMATHUK,
M.JI.TpOoMOB 3aHOBO BBEJI CIENUATHLHOE PACCTOSTHUE MEXKIY MPOU3BOJBHBIMU METPUUYECKUMHU TTPO-
CTpaHCTBaMM, HasbiBaeMoe paccrosiuneM I'pomoBa—Xaycaopda [2], maB onpenesenne, SKBUBAJIEHT-
HOE OITPEIETIEHUIO D IBAPACA. JTO 0000meHne meTpuku Xaycaopda. ['oBopst HedpopMaabHO, METPHUKA,
I'pomosa—Xaycmopda mo3Bosisier BhIsICHUTH, HACKOIBKO «XOPOIIO» MOXKHO COBMECTHUTH [[BA METPU-
geckux npocrpancrBa. OHa MMeeT MPAKTUYIECKOE MPUMEHEHHE W WIPAET BAaXKHYIO POJIb B TEOPUHU
pacno3naBanus 06pa3oB.

Facundo Memoli, u3yuasmmuii CBOICTBA 3TOH METPUKH, TMOCBATUI €fi HECKOJIBKO CTaTeil, B TOM
gncne B [3] paccmarpuBaercs Merpuka I'pomoBa—Xaycmopda B €BKINIOBBIX MPOCTPAHCTBAX, OHA
cpaBHUBaercs ¢ mMeTpukoii I'pomoBa—Xaycaopda B MPOM3BOIBHBIX METPUYECKUX MPOCTPAHCTBAX,
JTAIOTCH HEKOTOPbIE yTBEpPK/EeHUusl O CBA3U ABYX METPHK, omeHku. Boobmie, merpuka ['pomoBa—
Xaycnopda onpenensercsas Kak HHPUMYM PacCCTOAHAA MO Xaycaopdy mo pesyabraraM H30MeTPH-
YECKOT'O BJIOXKEHUSI B METPUYECKHE MPOCTPAHCTBA, & B CAYyYae €BKJINIOBO WHBAPUAHTHOW METPUKU
I'pomoBa—Xaycmopda orpanndnBaeMcs TOJIHBKO W30METPUIECKUMHU BJIOKEHUSIMA B KOHKDETHOE €B-
KJIAIOBO MPOCTPAHCTBO R™ | MM TAKAMU BJIOXKEHUSIMU, KOTOPBIE OTJINIAIOTCSA HA COXPAHSAIOIIEE OPU-
enranuio apukenne R”. Byzem roBopuTh, 9T0 KOMIIAKT HAXOIUTCS B S-TIOJIOXKEHUU MEXKIY IBYMS
JIPYTUMU KOMITAKTAMHU, €CJIM OH HAXOAWTCH B HOJIO2KEHUU «MEXKIy» HUMH U YIAJIEH HA PACCTOAHUE
S OT LIEPBOI'O U3 HUX, CM.HK2Ke. B nuiiomuoi pabore A.KucjioBCcKoil paccMarpuBatOTcs 11CEBIOKOH-
durypanun: Takue mapbl KOMIAKTHBIX MOAMHOXKECTB R"™, 4TO B S-TIOJIOYKEHUN KOJTUIECTBO KOMIIAK-
TOB KOHEYHO. Takyke TPUBEIEHBI TPUMEDHI MCEBAOKOHMUTYPAIWil B TPOCTPAHCTBAX, HAJIETEHHBIX
9TO# METPUKO#, yTBEPXKIEHUS O CBI3U KOJUIECTBA KOMIIAKTOB B S-ITOJIOXKEHUU OTHOCUTEIBHO JIBYX
merpuk [4], o cBsa3u KoHdwurypanuii (Bruepsble onpeesenbl B padbore [5]) u nceBaokoudurypaimii.

B nacrosieit pabore OCHOBHOE BHUMAHKE YEJIS€TCs €BKJIN0BO HHBAPUAHTHOM MeTpuke I'pomosa-
Xaycmopda. 970 — METpUKA HA MHOXKECTBE HEMyCThIX KOMIIAKTOB B €BKJINIOBOM MPOCTPAHCTRBE,
pPacCMaTpPUBAEMBIX C TOYHOCTHIO IO COXPAHSIONIEr0 opueHTanuio Aprxkenns. Q0o3uaunM yepe3 G =
Iso; (R™) rpyuny Takux ABUXKEHUil, TOrAa 9Ta PYIIa eCTECTBEHHbIM 00pa30oM AefcTByeT Ha Mpo-
crpancree H(R™) HemycThIX KOMIAKTHBIX HOAMHOXKeCTB R™, HazesnennoMm merpukoii Xaycaopda.
ITpocrpancrso H(R™) pacciauBaercs Ha opburhbl 3roro aeiicrsus. Ha 1mosydenHOM npocrpaHncrse
OpOUT BBOAUTCS CTAHIAPTHBIM 00pAa30M (DYHKITHS PACCTOSHUS KAK TOYHAST HUKHSSA IPAHb PACCTO-
aunii Xaycnopda mexay roukamu opburt. Ilomywaem daxropnpocrpancrso H(R™)/G, croiicTBa
KOTOPOTO U3ydarorcs. Jjis HaXOXKIeHN S MUHUMAJIHFHOTO PACCTOSTHUST, O KOTOPOM TOBOPUJIOCH BBIIIIE,
HEODXOMMO TIOHATDH, IIPU KAKUX YCJIOBUSAX OHO gocturaercd. IlosTromy Takxke paccMaTpuBaiOTCs
[PUMEPDI TOJIO2KEHU PA3JINYHBIX AP KOMIIAKTOB, B KOTOPBIX JOCTUIAETCsi MAHUMYM DPaCCTOSHUS
o Xaycaopdy.

B cnyuasx, korga onuH W3 KOMIIAKTOB — OJHOTOYEYHBIN, N3yUeHNE ONTUMAJBHBIX MMOJIOKEHUI
MPUBOIUT K TOHATHIO YEeOBIIEBCKOTO IEHTPA, TAaK KAK Pa3MEINeHNe OJHOTOYETHOrO0 KOMIIAKTA B
9€OBIIIEeBCKOM IIEHTPE MPOU3BOJBHOIO KOMIIAKTA W €CTh ONTUMAJIbHOE TOJIOXKeHue 3Toi napol. Bo-
[IPOC CyIIECTBOBAHUS U €IMHCTBEHHOCTU YeOBIIIECBKUX [IEHTPOB MTOIHUMAJICA B PAO0TAX PA3IAIHBIX
CLENMANUCTOB B 00JjacTi reoMerpun U QyHKIMOHAIBHOIO aHau3a. Tak, B [6] 0600waercs nonsrue
9eOBIIEBCKOTO IIEHTPA, U M3y YAIOTCS KOHEUIHBIE CETHU I OPPAHUYEHHBIX TIOAMHOYKECTB TJIOCKOCTH U
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cepot. E.H. CocoBbiM 10Ty 9€HbI JOCTATOYHBIE YCJIOBUS CYIIECTBOBAHMS W €JIMHCTBEHHOCTU 4e0bl-
IIEBCKOTO IIEHTPA HEMYCTHIX OMPAHMYEHHBIX MHOKECTB reo/ie3ndecKnx npocTpaHcTs [7]. Hekoropsre
Pe3yabTAThI TIOMOIVIM YCTAHOBUTH CBSA3b ONTUMAJIHHBIX IMTOJIOKEHWI TOMOTETHYIHBIX KOMITAKTOB C
9€OBIEeBCKUMU TIEHTPAMH.

3aada MOUCKA OMTUMABHBIX TOJIOKEHUH s Mapbl KOMIIAKTOB MPUBEJIa K U3Y9eHHUI0 pooIie-
mbl [Ireiinepa. dra npobsema Geper CBoe HAYAIO OT 33Ja49i [OUCKA TOYKH, CYyMMa PACCTOSHUN
OT KOTOPOH MO 33JaHHBIX TPEX TOUYEK ObIIa Obl MUHUMAJIBHON. PaccMarpuBarOTCs OrpaHUYEHHO-
KOMIIAKTHBIE TPOCTPAHCTBA, B YaCTHOCTH, MPOCTPAHCTBA, HAJIEJEHHBIE €BKJINI0BO WHBAPWAHTHOMN
Mmerprkoit I'pomoBa—Xaycaopda. B [12] nokaszaHo, 4To B Takux mpocrpaHcTrax mpobsema IreiiHe-
pa paspemuma. B Hacrosimeir pabore paccMaTrpHBaiOTCad MHOXKECTBO X KOMIIAKTOB CIIEIHATHHOTO
Buza. Ero sjemenramu sBiSIOTCH OKPECTHOCTH OTPE3KOB (IJIMHBL OTPE3KOB MJIM PAJUYChI OKPECT-
HOCTEl MOT'YT TIPUHUMATH HyJIeBble 3HaUeHus). sl yKa3aHHOTO MHOMKECTBA, U3y9aercs mMpodaeMa
[Ireitnepa B cMbIce eBKINIOBOI MeTpuku I'pomoBa—Xaycaopda.

Boipazkaro 6J1aromapHOCTh CBOEMY HAyIHOMY PYKOBOIUTEIO J1.¢.-M.H. podeccopy A.A. Tyxu-
nuHy, a Takxke 1n.¢.-M.H. npodeccopy A.O. IBaHOBY 3a MOCTAHOBKY 33J]a9H U TIOCTOSTHHOE BHUMAHWE
K pabore.

2 OcHOBHBIE OIpeaeIeHUA

Bcrony nuxe M o6o3nadaer Merpudeckoe 1pocTpaHcTso ¢ gpyukuumeii paccrosuus d, P(M) — ce-
MeifcTBO HemycThIX mogMHOXKecTB M, a H(M) — ceMelcTBO HEMyCTHIX 3aMKHYTHIX OPAHWIEHHBIX
monmuokecTB M. Obo3naunm uepe3 G rpynmy aBuxkenuit B R™, COXpaHAOIMNX OpueHTaImio. B
gacrHocTH, Oygem paccmarpusarb H(R™) ¢ BBeJeHHOI Ha HEM 9KBUBAJEHTHOCTBIO V: JIBA 3JIEMEH-
Ta OyZeM CYNTaTh SKBUBAJIEHTHBIMU, €CJIM OJUH U3 JAPYTOro MOJyYaeTCs HEKOTOPBIM IBUKEHHEM
O € G. O6o3nauum yepe3 H,(R™) npocrpaHcrBo Takux KJACCOB 9KBUBAJIEHTHOCTHU. st KazKka0ro
A € H(R™) uepes [A] 6ynem obosnagars kiaace H,(R™), conepxantuii A.

Onpenenenune 2.1. SamrxHymoti okpecmHrocmuvro paduyca v mowkyu r € M Ha3BIBAETCS MHOXKECTBO
By (z) ={y € M :d(z,y) <r}.

Omnpegenenne 2.2. OmupenenuMm paccmosnue om mouku iy 00 NpoudsosbHo20 muoscecmea A €
P(M): d(y, A) = infeea {d(y, a)}.

Omnpegenenne 2.3. 3amrnrymot oxpecmruocmuto paduyca r muoscecmea A € P(M) nasbiBaerca
muoxKecTBO B, (A) = {y € M : d(y, A) < r}.

Oupegnenenune 2.4. Ilycrs A u B — snementst P(M). Paccmosanuem no Xaycdopdy mexky sTuMu
MHOXKECTBAMU HA3BIBAETCsI BEJIMUMHA

(A, B) = inf{r (ACB.(B))A(BC BT(A))}.
3amedyanue 2.5. XOpOIIO U3BECTHO, YTO dp SIBISETCS METPUKON Ha MHOMKECTBE BCEX HEIYCTHIX

3aMKHYTHIX OPPAHWYEHHBIX TIOIMHOXKECTB METPUYECKOTO MPOCTPAHCTBA [8].

Ounpepesienne 2.6. IIycts A u B — snementst H(R™). Paccmosnuem 6 e6KA4ud060 UHBAPUAHMHOT
mempure I'pomosa—Xaycdoppa mexay A u B Ha3bIBAETCS BETHIHHA

dpen(A,B) {dH(A, OB)}.

= inf
oeg
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Onpenesnenune 2.7. Ipmxenne O € G, na xoropom nocruraercsa dpcp(A, B), Oynem Ha3bBaTh
onmumasvhvim, a mapy (A, OB) — onmumasvHom 83GUMHBLM PACTIOLONHCEHUEM.

Sameuanue 2.8. Onmumanvhoe deusicenue ecezda cywecmeyem [3], a dgcy nopoocdasem mem-
puky na Ho(R™), xomopyro mu, 6ydem 0b6osnawams mem dce 06pazom.

Omnpenenenne 2.9. Ilycts X m Y — npoW3BOIbHBIE HEMYCTHIE KOMIAKTHBIE METPHYECKUE TTPO-
crpancrsa. Tpoiiky (X', Y’ Z), cocrosiyio u3 METrpudeckoro NpoCTpaHCTBA Z W JBYX €ro moj-
muOKecTB X' m Y/, m3omerpuaHbIX cooTBeTcTBeHHO X M Y, HazoBeM peaausayued napv (X,Y).
Paccmosnuem dagp (X,Y) no I'pomosy—Xaycdopdy meorcdy X u'Y HazoBeMm TOUHYIO HUKHIOIO I'DaHb
Tnces p, IJisi KOTOPBIX cyinectByer peanmsamust (X', Y’ Z) napsr (X,Y) rakast, uro dg (X', Y') < p.

Onpenesnenne 2.10. Beanunna sup d(z,y) HaswiBaeTcs duamempom mMuOKRecTBa A C M n 060-
T, yeA
3Hauaercs diam A.

Oupegnenenne 2.11. Yebwwescrul yenwmp muoxkecrsa A € H(M) — sro uenrp mapa B M ¢
HAMMEHBIITMM BO3MOKHBIM PaJIMyCOM, KOTOPOMY TIPUHAIEKUT A; PajidyC 3TOro 1apa Ha3bIBATCs
YEOBDUEECRUM PAOUYCOM.

Ilpenmaoxenne 2.12. /las 4106020 Komnaxmmozo nodmuoscecmea R™ webviwesckull ueHmp cy-
wecmeyem u onpedeser 00Ho3HaHo [9)].

3amevanue 2.13. s neHTpaIbHO-CHMMETPAIHBIX KOMIIAKTOB B R” 4eObIMIEeBCKUil EHTP COBIIA-
naet ¢ neatpom cummerpun. (Eciu Gb1 370 OBLIO HE TAK, TO €ro NEHTPAIbHO-CAMMETPUYIHAS KOTIUSI
TaK¥XKe ABJIIACH Obl YeOBIIIEBCKAM [[EHTPOM, YTO IPOTUBOPEYUT €JIUHCTBEHHOCTH. )

Sameuanne 2.14. YeObImeBcKuil eHTP B 00IIeM cIydae He eAUHCTBeHHbI. Hampumep, paccMoT-
puM B KadecTBe M TIJIOCKOCTH ¢ MAHXETTEHCKAM PACCTOSTHUEM, 33 IaHHBIM HOPMOI H(X,y) | |:|X|+|y|,
BO3bMEM B KadecTBe A IBYXTOYEUHOE MHOXKECTBO A:{(0,0), (1, 1)}, TOT/Ia MHOYKECTBO YeObIIeB-
CKUX IIEHTPOB — 3TO OTPE30K [(1, 0), (0, 1)]

Oupegesnenne 2.15. Cezmenmom ¢ kKoHnamu B roukax A u B merpuueckoro npocrpancrsa (M, d
HA3bIBAETCH MHOXKECTBO Beex ero Todek C, sexamux mexay A u B, to ectb Takux, uro d(A, B) =

d(A,C) +d(B, ).

Omnpenenenne 2.16. Touxka C Haxomurcs B s-noaooceruu meocdy mowkamu A u B, ecin oHa
nexnt mexxay anmu u d(A,C) = s, tne 0 < s < d(4, B).

Onpenesenne 2.17. Ilycts X — koneunoe muoxectro, a G = (V, E),V C M, — HeKOTODbIi
cBa3ubIil rpad. Bynem rosoputh, uro G coedunsem X, ecmu X C V. s kaxkaoro tTakoro rpada
OIpeJiesieHbl UINHbL ero pédep e = {u,v} € F Kak paccrosuns d(u,v) MeXIy WX BEPIIMHAMH, a
rakxe mimHa d(G) camoro rpada G Kak cymma JJIMH BCex ero pébep.

Omnpenenenne 2.18. Komeunoe MmaHOXKecTBO X HA3BIBAETCS 2paHuyeti BCeX Tpad OB, COSIUHITONINX
X . Bepiuunbl, jexaiiye B X, HA3bIBAIOTCS 2PAHUNHBMU EPUUHAMU, & BEPIIUHBIL, jexKatiue B V\ X,
HA3BAIOTCs 6HYMPEHHUMU 8epuwunamy epada G.

Ounpenenenne 2.19. I'pad G, coequusiomuii X, MUHUMAJIbHO BO3MOXKHOM bl d(G), siBiisercs
JIEPEBOM, KOTOPOE HA3BIBACTCS MUHUMAAbHbLM depesom [lImetinepa na X.



3. IIpuMmephbl onTHMAJIBHBIX TTOJIOKEHUIT 6

3amevanue 2.20. Munumanbuoe gepeso llreitnepa cymecrsyer ue Becerna. Hampumep, eciu pac-
CMOTPETH €BKJIUIOBY IJIOCKOCTH 6€3 OTHOM TOYKHU, TO B TIOJYYEHHOM METPHYECKOM MTPOCTPAHCTBE HE
CyIIEeCTBYyeT MUHUMAJIBHOTO jepeBa lllteiinepa, COeIMHSIONIEr0 BEPINWHBI IPABUIHHOTO TPEYTOIhb-
HHUKA, IEHTPOM KOTOPOTO SIBIISIETCS BBIKOJIOTAS TOYKA.

Onpenenenne 2.21. Toukamu I[Imedinepa HA3BIBAIOTCS BHYTPEHHWE BEPIIUHBI MUHUMAJIBHOTO
nepesa IlTeiinepa.

Onpenesnenune 2.22. Toukol Pepma nns tpexroueanoii rpanust { Ay, As, A3} C M masbiBaercs
takas Touka S € M, aro Zle d(A;, S) MuEHEMATIBHO.

Oupegenenne 2.23. [ycrs (M, d) — Koneunoe ncesaomerpudeckoe mpocrpanctso, G = (V. E) —
rpad, coemunsitonmit M, nw: E — R — HekoTopoe orobpazkenne, Ha3bIBaeMoe 6eco60U dynryued
U 1opoxK jaoiiee B3seniennblii rpad (G, w). dusg npoussosbroro noarpada H B3seiiennoro rpada
(G,w), cymmy BecoB Bcex pebep u3 H nazoBem 6ecom sroro noirpada u Oysem obo3nadarh depes
w(H). B wactHOCTH, MBI ONpeIENNIN Bec w(7y) KaskIoro myTH -, a Takyxke Bec w(G) camoro rpada
G.

DyHKIM W HOPOXKIAET TICEBIAOMETPUKY d, Ha V: paccmosanuem dy, (v, w) meorcdy eepuunamu
v, w € V Ha3bIBAETCS MUHUMAJLHBIN BeC MyTeil, COeTUHSAIONUX ITU BEPIITHHBIL.

Ounpepesienue 2.24. B3pemennsrii rpad G HazbiBaercs sanosneruem npocmparcemsa (M, d), ecam
IS JIIOOBIX ToYek p, ¢ € M umeem d(p, q) < dy,(p, q).

Onpegenenne 2.25. Munumasvhvim 3anosnenueMm HA3bIBACTCS 3anonnenue Gy rakoe, 4o w(Gp) =
infg w(G).

3ameuganue 2.26. MuHnMaIbHOe 3an0HeHRe cyiiecTByeT Beerga [10].

3 IIpumepbl ONITUMAJbHBIX TTOJIOXKEHUI

/IHH Ha4vaJla MTpUBeJIeM TPUBUAJIBHYIO JIEMMY.

Jlemma 3.1. ITyemv A u B — xomnaxmo, nexomopozo mempuseckozo npocmpancmea. Tozda
dp (A, B) =r, ecau u moavko ecau A C By (B), B C B.(A), u daa awbozo 0 < s < r no kpaiined
mepe 00no u3 ycaosuli A C Bg(B) u B C Bs(A) ne swnoansemcs.

PaccmorprM HECKOIBKO MPUMEPOB ONTHMAJILHBIX TOJOXKEHUH map KOMIakTos B R™.

IIpengioxxenne 3.2. ITycmv A € H(R™), B = {b} € R™. Tozda xomnaxmo, Hazodamcsa 6 on-
MUMANLHOM NOAOACENUU, ECAU U TNOALEO ecat b cosnadaem ¢ 4ebbuesCKuM YeHIMPOM KOMNAKMA

A.

JHokasameavemeo. Tlomectm b B debbimencknit mentp kommakra A. Iomoxkum r = dy(A, B),
TOTIA T — PAJNyC MUHUMAJIHLHOTO 3aMKHYTOTO Iapa, COAEPKaIero KOMIakT A, Takum 00pa3oM, T
— uebbrmesckmit pasuyc. Iokazkem, ato as mo6oit b’ # b umeem dg (A, {b'}) > r. Ilycrs 310 HE
TaK, TO €CTh CymecTByeT b’ # b, mst KOTOpoit dy (A, {v' }) < r. I3 mpenpiaymeii JeMMBI BHITEKAET,
aro A C B,.(b'), mostomy b’ — 4eOBIEBCKAi TIEHTD, 9TO TPOTUBOPEYUT €r0 eIMHCTBEHHOCTH B R

[2]. O

13 mpennoxenns 3.2 BBITEKAIOT CAEAYIONINE PE3YTLTATHI.
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Caenctsue 3.3. Jl1o60e KoMNaKmMHoEe NOOMHONCECNEO OMPE3KA, COOEPAHCAULEE €20 2PAHULHBLE TNOY-
KU, 6 nape ¢ 00HOMOYEUYHHM HATOOUMCA 68 ONMUMAALHOM TOAONHCEHUU MO020a U MOAbKO mozda,
K0200 00HOMOYEWHBIT NOMEULEH 8 UEHMP OMPE3KQ.

CaencrBue 3.4. B 0onmumasbHOM TOAOAHCEHUU MPETMOYEUHO20 U 0OHOMOYEWHOZ0 KOMNAKIMOS
00HOMOEUHDITT KOMNAKM eCMb UEHMP ONUCAHHOT OKPYHCHOCTAUL MPEY20AbHUKAE, 00PA308GHHO20
MPETMOYEUHVM KOMNAKIMOM, €CAU MPEY20AbHUK OCMPOY20AbHHLT UAU NPAMOY204bHLT, AUOO Ce-
peduna Haubosvuwiets cmopot.

IIpengoxenne 3.5. I[Iyemv A = {a1,a2}, B = {b1,b2}. Komnaxmow A u B narodames 6 onmu-
MAADHOM TONONCEHUU, ECAU U TMOADKO ECAU UT UEHIPDL COBMEULEHDBL U MOUKYU 000UT KOMNAKMOE
HALOOAMCA HA 00HOT NPAMOT.

Hokasameavcmeo. Be3 orpanndenusi obmHocTn 6yaeM caurtarh, 910 2R = d(ai,as) > d(by,be) =
2r. CoBMECTHM IEHTPHI KOMIIAKTOB TaK, YTOOBI TOYKHU a1, b1, ba, a2 OKA3AIMCh B TAKOM IOPSIIKE HA
onHoit npsimoit. ITonoxkum € = R — r. B srom monoxkennn dg (A, B) = e.

ITycrs cymectByer apyroe nmomoxenue {b], b} kommakTa B oTHOCHTENEHO KOMIAKTa A Takoe,
uro dy (A, B) < e. Ilokazkem, 470 B 9T0M CJ1y4ae BbILIOJIHEHO:

d(ay,by) < e m d(ag,by) < e, nrorna by € Be(ay), by € B(az) (mm by € Be(a1), b} € Be(az)
— € TOYHOCTBIO JI0 IEPEMMEHOBAHNS TOYEK KOMIaKTa B).

HeiicTBUTE/IbHO, B IPOTUBHOM ciiydae, korga d(ai, b)) < e u d(a1,b)) < & wmm d(az, b)) < ewu
d(az,by) < e, KOMIAakT B HOJHOCTBHIO CONEPKUTCHA B E-OKPECTHOCTHU OJIHON U3 TOYEK G; KOMIIAKTA
A, m Torna, tak kak dg (A, B) < ¢, To omaa u3 Tovek b u b, Tak:Ke MPUHAITIEKUT E-OKPECTHOCTH
BTOPO{l TOYKH ; KOMIAKTa A, HO 3TH OKPECTHOCTH HE IePeceKaloTcs, Tak KaK € = R —r <
d(al, CLQ)/2.

Urak, B £-OKPECTHOCTH KaXKJIOH TOYKM KOMIAKTa A JIeXKUT POBHO OJHA TOYKA KOMOakTa B.
Torma mus mobbix by € Be(a1) n by € B.(az) Bemonnsercs d(b),b) > 2r, nupudeM paBeHCTBO
JIOCTUTAETCs1, TOTBKO KOTJA TOYKHU b W by JeKAT Ha IPAMOiL, COETUHAIONEH a1 U as.

3HauuT, TOYKK KOMHIAakTa B — OiuKalinime TOYKM TPAHUL, E-OKPECTHOCTEHl TOYEK a1 U G2, W
paccrosiaue 1o Xaycaopdy MexKIy KOMIAKTAMHU PABHO TOJYDPA3HOCTH IJIMH OTPe3KOB. Takum 06-
pa30M, ONTUMAJLHOE MOJIOKEHHUE JBYX IBYXTOYEHBIX KOMIIAKTOB — 3TO COBMEIIECHWE WX IEHTPOB,
yKa3aHHOE BBIITIE. U

CaencrBue 3.6. Ompesku A = [A1, A2] u B = [By, Ba] Hazodamca 6 onmumaibHOM NOAOAHCEHUL

moz0a u Moabko moz2da, K020a COBMEWEHDL UL CEPEIUHDL U OMPEKU AEHCAM HA 00HOT Npamot. B
1

wacmmocmu, dpau (A, B) = §|d(Ay, A2) — d(Bi, B)|.

st moKa3aTeIbCTBa CAEACTBHUS OyIeM MOIb30BATHC CAEAYIONIEeit JeMMOit.

JIemma 3.7. IIycmo I = [P,Q] C R™ — npouseosvnuii ompesox u B,.(I) — ezo samxnymasn
r-oxpecmuocms. Toeda mnoocecmso B,.(I) ewnyrao, u dasn aobwz C,D € B,.(I) ewnosnsemcs
d(C, D) < d(P,Q)+2r, npuuem pasencmeso umeem Mecmo mozda u moavko mozda, kozda [C, D] —
ompesor daunv, d(P, Q) + 2r, aesrcawut na npamotd PQ, a ezo cepeduna cosnadaem c cepedunod
I.

Zokasameavcmeo. OKpeCTHOCTb OTPE3Ka HAMMEHBITIEH JJIMHBI — ITO IUJIUHIDP, K OCHOBAHUSIM KOTO-
POTr0 MPUKPEILIEHBI IOy IIaPhI C IEHTPAME B KOHIIAX OTPE3Ka. TakK KaK BCe TOYKH ITON OKPECTHOCTH
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YIAJIEHBl OT TOYEK OTpe3Ka He Oosiee, ueM Ha 1, TO musa touku C cymecrByer touka P’ € [PQ),
rakas uro d(C, P') < r, w mas D cymecrsyer Q' € [PQ] Takas, uro d(D, Q") < r. Torga

d(C,P')+d(P',Q) +d(Q,D) < 2r +d(P', Q) < 2r + d(P, Q).

B nocsiennem nepasencrse paBeHcTBO pocruraercs, kKoraa { P, Q'} = { P, Q}; ve orpanudusas o0
woctu, P = P u Q = Q. Torna, B 3Tom mpeanonoxennn, monysaem d(C, D) < 2r + d(P,Q), rue
pasercTBo gocruraercsd, Korga d(C, P) = d(D, Q) = r. Ocranocs 3amerurs, 4ro Beanduna d(C, D)
MOZKET TPUHUMATE 3TO MAKCHMAIHHOE 3HAMEHUE, U 3TO MTPONCXOINUT B TOYHOCTHU TOTIA, KOTIA TOIKH
u D jexar Ha nepecevdeHUH TMpsiMOil, comeprKaieil I, u rpaHndHbIX cdep okpectHocTeil By (P) u
B, (Q). 9ro u o3uagaer, uro orpesku [P, Q] u [C, D] nexar Ha OAHON NpsMOil, U UX CEPEAUHbBI
COBMEIIEHDI. O

Teneps obparumMcest K ciaeacTBuio 3.6.

JHoxazameavemso. Ilycrs 2R = d(A;, As) > d(Bi, Ba) = 2r. Ilokaxkem, 4TO ONUCAHHOE B [IPEJJIO-
JKeHMU 1oJ102keHune onrumasbho. [To semme 3.7, orpe3ok HaubOJIbLIEH AJIMHBI MOXKHO JIBUZKEHUAMU
LOMECTUTb B OKPECTHOCTb BTOPOIO OTPE3KA, TOJIbKO KOIJA €€ PaJAuyC HE MEHbLIE LOJyPa3HOCTH
orpe3kos. B takom mnomoxkenuu dy (A, B) > R — r. OGparno, pacCTosHue MEXKIy JIOObIMU JBYMS
roukamu Aj n A, u3 (R — r)-OKpecTHOCTH KOMIakTa B He MPEeBOCXOANUT 2R, ONATh JKe 1Mo JleMMe
3.7, U 5TO PACCTOsIHUE JOCTUIAETCs, TOJLKO Koraa Touku A] u Al nexar na npsamoii, cogepzxaineii
[B1, Bs], u cepenuubl orpeskos By, Ba] u [A], A}] conanator. 3uaumt, orpesok [Af, A5] — sro
PE3yIbTAT JBUZKEHHsI OTPe3Ka TOM ke nymHbl (A7, As], W IPYrUX ONTUMAILHBIX B3ANMHBIX DACIIO-
JoxkeHnit oTpe3koB [By, Ba| u [A1, As] He cymmecTByer.

O

Bo Bcex BBIMEOMUCAHHBIX TPUMEPAX MBI BUJIUM, YTO ONTUMAJIbHOE TOJIOKEHNE KOMITAKTOB —
9TO COBMEITEHNE YeOBIIIEBCKUX IIEHTPOB. BO3HMKAET BOMPOC: BCEra Jiu 9TO Tak! Paccmorpum ere
OIVH TTPUMEDP ONTUMAJLHOTO MOJOKEHUs, JAIOMINN OTPUTIATETbHBIN OTBET HA 3TOT BOMPOC.

IIpennoxkenue 3.8. Paccmompum mpermoneunvili xomnaxm A = {Aq, Ay, Az} u deyrmoneunwii
komnaxm B = {Bi, By}, 2de d(B1,B2) = d. Iyemv a3 = d(A1,As), a1 = d(As, A3), as =
d(As3, A1) u a1 < ap < ag, mouwka M — cepeduna [Ay, Az]. ITycmov d(M, Ay) € [d — %, d + %]
Tozda oNMUMAALHOE 83GUMHOE PACTIONONHCEHUE KoMNakMos A u B onucweaemcs, ¢ mownocmvro do
HYMEPAYUY movex Komnaxma B, caedyrowum obpasom:

1) ecau a; < as < az, mo By neobrodumo nomecmumsv 6 cepeduny [As, As], a Ba — 6 xpye
By (Ay);

2) ecau a1 = as < az, mo By nysicno nomecmums uau 6 cepeduny [As, As|, uau 6 cepedumny
[A1, A3], a B2 HYyoscHO COOMEEMCMEEHHO NOMECTNUML 6 KPY2 B“TI(AI) UAY B%l (Az);

3) ecau a1 = as = ag, mo By nyscno nomecmums 6 cepeduny a060t cmoponn, [A;, Aj], a Bo
— 6 “ocmaswwiica xpye” Bey (Ax), {i,j,k} = {1,2,3}.

Zloxasameavcmeo. Tlokaykem, uro paccrostaue o Xaycaopdy mexay kommnaktamu A u OB, toe O
— HEKOTOpOe JIBUKEHHE TJIOCKOCTH, COXPAHSIONIee OPUEHTAINI0, He MOXKeT ObITh MEHbINe a1 /2.
IIpemnonoxkum mpoTusHoe, T.e. uro dpy(A,OB) < %, u BeibepeM HPOU3BOILHOE € TAKOE, YTO
du(A,OB) < e < %. Torna B.(A) = U}_; B:(A;) D OB. Tak kak kpyru B.(4;) ne nepecexaiorcs,
OiMH U3 HUX, ckaxeM, B, (Ay), ne conepxut rouek uz OB. Ho rorga Ay ¢ B.(OB), uporusopeuue.
Taxum o6pasom, dpgr (A, B) > %. C apyroii cTOpOHbL, J1/if KazK/0I0 OLUCAHHOIO B (DOPMYJIMPOBKE
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IPEIOZKEHN S B3ANMHOTO PACIONOKeHust KOMIakToB A u B umeem dp (A, B) = 4L, Tak 910 1015 Beex

)
TaKuX KOMNaKToB B Bemonnsaercsa dpgr(A, B) = %, moaroMmy Bee 3T B3&I/IMI2{bIe PACIOJIOKEH ST
KOMIAKTOB A U B ONTUMAJIbHBL.

ITokaxkem Ternepb, 9T0 APYTrUX ONTUMAIBHBIX PACIOIOKEHUI HET. 3aMETHM, 9TO TPU ONTUMAIb-
HOM B3aUMHOM pacCoJiokeHun KOMIakToB A u B, gase Touku By u By HOMKHBI COIEPKATHCI BO
BCex Tpex mapax B a (4;). 910 o3HAUaeT, YTO OLHA U3 TOYEK, CKaxeM Bi, jo/kHa Obirb 00weit
y aByxX mapoB. Torma oHa — TOYKA KACAHWS ITUX IMAPOB, & KACAHUE MPOWCXOIUT TOJHKO B Cepe-
JIMHE CTOPOHBI TPEYTOJIBHUKA, JIJINHA, KOTOPOH PaBHa a1. EC/IM Takas CTOPOHA OTHA, TO HEOOXOIMMO
moMmecTuTb By B ee cepenuny. Ecim takwx CTOPOH JJIMHBI @1 JABE WM TpHU, momectuM Bj B cepe-
JUHY JII000N W3 HUX. 3aMETHUM, 9TO MPU KaXKJIOM BbIOOpE PACIOIOXKEHUs TOYKH B] BTOpas TOYKa
By moxkeT GbITH MOMEIEHa B OCTABINWHCS AP B CHJIy YCJOBHS Ha IiwWHY oTpe3ka [Bi, Bs]. Bre
OCTABIITETOCS TTapa TOUKY Bo MOMECTHTh HeJIh3sl, WHade paccrosuue mo Xaycaopdy Oyaer bombire,

aj

dgem 4. Takum 06pa3om, BCEr/la Peaqu3yercs OJUH U3 OMACAHHBIX CIyYaeB MPeIOKeHUs.

O
3ameuanne 3.9. B ykasaHHOI KOHCTPYKUUU 4YeObIMIEBCKUH LEHTP KoMmMnakra A He obs3aH Jjie-

KaTh Ha orpeske [M, A1), rae jgexuT 9e0bleBCKuUil NeHTp KOMOakTa B, nosromy, BooOIIe TOBOPs,
4eOBIIEBCKUE IEHTPHI KOMMAKTOB A 1 B He COBIAIAOT.

3ameuanue 3.10. [IpuBeennslii TOJIHKO YTO TPUMEDP ONTUMAIHHOTO TIOJIOKEHIS TAKKE SBIISIETCS
[IPUMePOM, KOI/Ia ONTHUMAaJIbHOE IIOJIOXKEeHNEe He eJIMHCTBEHHO, UX JaKe KOHTUHYYM.

IIpusenem emre oguu npuMep, MOKA3LIBAIOMINMA, 9TO ONTUMAJILHOE IIOJOKEHINE KOMIIAKTOB — He
00s13aTeILHO COBMEIIEHIE YeOBIEBCKUX [IEHTPOB.

IIpengioxxenne 3.11. Ioaoorcenue n-meprozo wapa B paduyca r u ompeska A = [A1, As], ede
d(Aq1, Ag) < 21, oNMUMAALHO, €CAU U TOABKO ECAL OHO NPedcmasasem coboll cosmeuenue YeHmpa
wapa ¢ Hexomopotl moukol ompe3xa.

Zloxazameavcmeo. OKpecTHOCTH OTpe3ka B R™ — 370 MUJIWHAP, K OCHOBAHMSAM KOTOPOTO MTPUKPETI-
JIEHBI TIOJIYITIAPHI C IIEHTPAMU B KOHIAX OTpe3ka. CjemoBare/ibHO, €C/iu MOMECTUTh IEHTp Inapa B
Ha OTPe30K A, 1o 1map B OKaxKercs B r-OKPeCTHOCTH oTpe3ka A. Kpome Toro, B CUIy MpEInoIoxKe-
HUS HA COOTHOIIEHWE MEXKy JIHHON oTpe3ka A u JuaMerpoM mrapa B, Ipu TaKOM PaCIOIOKEHUN
OTPe30K A OKazKercs B r-OKPeCTHOCTH Inapa B, Tak 4ro paccrosHue Xaycaopda MexKy TaKuMU
A u B pasuo r. C apyroit cTOpoHBI, ecyiv eHTp mapa B He jgexur Ha A, To map B He momamaer
B r-OKPECTHOCTh OoTpe3ka A (paccMoTpuM TOUKY HepeceueHus MpsaMoil, copep:kamieil A, ¢ rpanu-
neit mapa B, Ty U3 AByX, KOTOpas ABJISAETCA JAJbHEH M0 OTHOIIEHUIO K OTPE3Ky A; pacCTOsHue OT
Hee 10 Guimzkaiimero KoHia orpeska A npes3soiijer r), mosromy Mexy takumu A u B paccrosinue
Xaycnopda bonbite 7.

O

HpI/I 9TOM, COBMEIIICHUE 4eOBIIIEBCKIX OEHTPOB KOMIIaKTOB B IIOCJIEIHEM IIPpHMEPE TaKXKe Ja€eT
OIITUMAJIBHOE IIOJIOZKEHUE.

IIpennoxkenue 3.12. ITycmob danve komnaxmo, A = [Aq, As] u B — n-mepuwdi wap paduyca r.
Tozda dpcp 3asucum om daunve ompeska: npu d(A1, As) < 4r umeem dpcm(A,B) = r, npu
d(A1, As) > 4r swnoansemca dgau(A, B) = %d(Al,Ag) — r. ITpu smom, 6 nepeom caywae mno-
Aovicenue Komnaxmoe A u B onmumanrvro, ecau u moavko ecau uenmp wapa B nazodumcea ma
ompesxe A mak, wmo dauna kancdol c6a3HOU Komnonenmo, muoscecmsa A\ B ne npesviwaem
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r. Bo emopom cayuae noaosicenue xomnaxmos A u B onmumansbho, ecau u moabko ecal UeHmp
wapa B nesicum 6 cepedune ompeska A.

Hokasameavemeo. Econ d(Ay, As) > 4r, nokaxkeM, 4to dpam (A, B) = %d(Al,Ag) — 7. IIpeamono-
JKUM, CYIIECTBYET JBUKEHUE MI0CKocTH O, COXpaHMAIOIIee OpUeHTanuio, Takoe, uro dy(A,OB) =
d< %d(Al, Ag)—r. Buauur, A C By(B). Tak kak d-0KpecTHOCTb Iapa — 3TO IIap C TEM Ke IIEHTPOM
pagmyca r+d, TO MAKCHMATbHAS JJTAHA OTPE3KA, KOTOPBII MOKET COJEPIKATHCA B ITOM IIAPE, PABHA
2(r+d) < d(Ay, A3) — nporusopeune. Buauur, dg (A, OB) > 1d(Ay, As) —r, rjie paBeHcTBO 10CT-
raeTcsi, ecIM MOMECTUTh IIEHTD Tapa B CepeinHy oTpeska, nosromy drgp (A, B) = %d(Al, Asg) —,
U YKa3aHHOE PACTIOJIOKEHNE KOMITAKTOB ONTUMaIbHO. OHO €IWHCTBEHHO, TaK Kak eciu A u B Ha-
XOIATCHA B ONTUMaJbHOM mosioxkenuu, u d = dy(A, B), T0, KaKk Mbl TOJBKO YTO MOKA3AJIH, JJINHA
orpeska [A1, As] paBHa nuamerpy mapa Bg(B), a Takoil 0TPE30K COUEP:KUTCS B ITOM IAPe, eCiu
U TOJIBKO €CJIM €r0 CEpPeuHa — HEHTD IHapa.

Iycrs d(Aq, A2) < 4r. TIpeanosnokuM, CyIeCTBYeT ABUKEHNE TI0CKOCTH O, COXPAHSIONIee OpH-
enTauio, Takoe, uto dgy (A, OB) = d < r. 3nauut, B C By(A). Tak Kak d-OKPeCTHOCTH OTPE3Ka, —
9TO IUJIMHJP, K OCHOBAHUSM KOTOPOTO MPHUKPEIJIEHBI MOJIYIIaph! ¢ meHTpamu B Ay u Ao u pajguyca
d, TO MAKCHMAJIbHBIH PaJnyC Mapa, KOTOPBIi MOKHO IOMECTUTh B 9TY OKPECTHOCTh, PaBeH d, Mpo-
tusopeune. 3uauut, dy (A, OB) > r, rie PaBeHCTBO JOCTUTAETCs, €CJAU [IOMECTUTh IIEHTD HIapa B
HEKOTOPYIO TOUKY OTPEe3Ka TakK, 9T00bI ayuHbl 0Tpe3kos [A;, C;], tne C; — COOTBETCTBEHHbBIE TOYKH
nepecevennsi A n rpannvHoil cdepsl mapa B, He npesbimaiy 7. Ilostomy dpam (A, B) = r, n yKa-
3aHHOE PACIOJIOKEHNE KOMITAKTOB ONTUMAJILHO. JIPyrux ONTUMa/IbHBIX MOJIOXKEHWH HET, TaK KakK
ec/ LEeHTD 1mapa B He jeuT Ha NpsaMoil, cogepzkaineii orpe3ok [A, As], To map He nomauaer B 7-
okpecTtHOCTh oTpe3ka. Unave dpgy (A, B) = r, eciu u TOIbKO eciid A COIEPKUTCH B r-OKPECTHOCTH
B, T.e. nymub! orpe3kos [A;, C;] He mpeBocxonaT 1.

O

3.1 Peanuzanusg TpeXTOYEYHOTO METPUYIECKOTO ITIPOCTPAHCTBA B MPOCTPaH-
CTBE C €BKJIMJA0BO MHBapHaHTHOIT merpukoii I'pomoBa-Xaycaopda

B pabore C. Unuazuca, A.O.Msanosa u A. A Tyxnnuna [11] moKa3aHO, KAaK MOXKHO H30METPHI-
HO BJIOYKUTH KOHEYHOE METPHUUIECKOE MPOCTPAHCTBO B mpocTrpancTBo ['pomosa-Xaycaopda. Tor xe
BOTIPOC O CYETHBIX METPUUYECKUX MPOCTPAHCTBAX OCTAETCS OTKPBITHIM, KAK ¥ BOMPOC PEATUBAINN
METPHUYIECKHUX MPOCTPAHCTB B €BKJINIOBLIX IIPOCTPAHCTBAX ¢ MeTpuKoil I'pomosa-Xaycmopda. Mbr
[OKAYXKeM, KaK 9TO CJEJIATh JIJisd TPEXTOYEIHOIO POCTPAHCTBA.

IIpengioxxenne 3.13. Pacemompum npocmpancmeo { My, My, M3} ¢ 3adannvimu paccmoanusmu
d(Ms,M3) = a, d(My,M3) = b, d(My1,M2) = ¢, a > b > c. Toeda 6 Kauecmee pearusayuy
dannozo npocmpancmea 6 npocmparcmee Ho(R™),n > 2, nadesenrnom mempurol dggr, MOAHCHO
83amo ompesox A = [A1, Aa] daunwet 2(a + b), wap B paduyca b u ompesor C = [C1,Ca] daunw
2(a+b—c). Muoocecmsa A, B u C moschno pazmecmums 6 R™ mak, wmobv, das kascdotd napo. u3
HUT MO NONOHCEHUE OBLAO ONMUMAALHOLM. Bce makxue nososcenus onucolearomes max: ompesxu
A u C aescam Ha 00HOT MPAMOT U UT UEHMPBL COBNAIGHNOM; HAUOOALWUT U3 IMUL OMPE3KOSE
PACNOAOIHCEH MAK, KaK 0NuUcaHo 6 npedioscenun 3.12.

Jloxasamenvcmeo. Tak Kak W3 HEPABEHCTBA TPEYTOJBbHWKA a — ¢ < b cremyer 2(a + b — ¢) < 4b,
a u3 yciosus a > b caepyer 2(a + b) > 4b, 1o no npengoxenuio 3.12 umeem dpgy (A, B) = a,



3. IIpuMmephbl onTHMAJIBHBIX TTOJIOKEHUIT 11

dreu(B,C) = b, a u3 caencreus 3.6 Boirekaer, uro dpap (A, C) = c¢. Ecau tpu koMnakra pacmo-
JIOXKEHBI TAK, YTO KAXK/Ias Mapa U3 HUX HAXOIUTCSA B ONTUMAIHLHOM TIOJIOKEHNN, TO OTPE3KHU JOJIZKHBI
OBbITH COBMEIIEHBI TaK, YTOObI OHY ObLIU Ha OJHOMN NPAMOI U COBIIAIU WX cepeaunbl (caeacrsue 3.6),
map u OTPE30K HAUOOIBINEH JIMHBI — TaK, KAK OMUCAHO B (hopMyupoBke npeamoxkenns 3.12. Ta-
KM 00pa3oM, MOJIOXKEHHsT, KOTOPBIE OMUCAHBI B (DOPMYIUPOBKE TEKYIIErO MPE/TIOKEHUs, U TOTHKO
OHU — OITUMAJIbHBL.

O

3.2 O6 onTuMaJIbHOM IIOJIOXKEHNUN OPUEHTUPOBAHHO HMOJOOHBIX KOMIIAK-
TOB

Obpamasich K BOMPOCY O COBMEINEHUN YeOBIMEBCKUX MEHTPOB, XOYETCS TOHATh, B KAKUX CJIYYasix
9TO perrmaer MpobIeMy TIONCKa ONTHMAJIBLHOTO TTOJIOXKeHusA. B KadecTBe mpumepa pasdepeM cirydaif,
KOT/Ia KOMIAKTHI OTIHYIAIOTCS HA TO00He, COXPAHSIONIEe OPUEHTATIHO.

ITpuBenem HECKOIBKO BCOMOrareabHbX pedysabraros. s kaxuaoro X € H(R™) uepes Ox u
Rx 6ynem obo3nadarh €ro 4eObIIEBCKUE HEHTD U PAJIHAYC.

JIemma 3.14. Jlaa npouseoavnozo X € H(R™) ue > 0 umeem B.(X) C Bry+:(Ox).

Zoxasameavcmeo. Tak kak Bce Touku komiakra X ymasnennt or Oy ue Gosee, yem Ha Ry, TO TOYKH
kommakTa B, (X) ynamensr or Ox He Gojee, ueM Ha Rx + € B CWJIy HepaBeHCTBa TpeyroiabHuKa. Ho
910 1 o3Ha4aer, 9T0 B.(X) C Bry+:(Ox). O

JIemma 3.15. ITycmo X € H(R™) u A > 0. Tozda y xomnaxma Y = Ox + A(X — Ox), 2omome-
muwrozo X, webvwescrue yewmp u paduyc — amo Ox u ARx.

Joxasamenvcmeo. g kaxnoit Touku y € Y soimosnneno y = Ox + A(x — Ox) 1jisi HEKOTOPOro
x € X. Tak kak M|z — Ox| < ARx, To u ja smoboro y € Y sepuo, uro d(y, Ox) < ARx. Ilostomy
Ry < ARx. Ilpumensis Te ke paccykIeHus s To9ek u3 X, 3akio4daeM, 910 Ry < %Ry. Suaqur,
Ry = ARx. Orciofa, B cuily €JUHCTBEHHOCTH Ye0bIIIEBCKOrO HEHTPA y KOMIIAKTHBIX IIOJIMHOXKECTB
R™, cnenyer, uto Ox sIBISIETCST YEOBIMIEBCKUM IIEHTPOM KOMITAKTA Y .

O

JIlemma 3.16. Ecau das X, Y € H(R™) ewnoaneno Ry = Rx +¢, € > 0, mo das 4106020 0 < § < ¢
u das 106020 deusicenus M umeem M(Y) ¢ Bs(X).

Joxasamenvcmeo. 1lo nemme 3.14, umeem Bs(X) C Bgry+5(0Ox). Ho tak xak Ry = Rx + ¢, 10
KOMIIAKT Y HHU B KaKOil IIIap MEHBIIIEr0 PAJHyca IIOMeCTHTD Henb3sd, T0 ectb M (Y) ¢ Br, +5(Oy) Hu
1t Kakoro 0 < § < e u asuzkenus M. Ho rorna M (Y') ¢ Bs(X), uro u rpeboBasioch nokasarb. [

Jlemma 3.17. Jlas X € H(R™) ue >0 umeem Rp_(xy = Rx +¢ u Op_(x) = Ox.

Aloxasamesvcmeo. U3 nemmbl 3.14 cienyer, uro Rp (x) < Rx + e. Ilokaxem, uro Rp_(x) >
Rx + e. Ilycrb cymecrByer map ¢ ueHTpom B HekOoTopoit Touke O paguyca Rx + 4§, rne 0 < 0 < g,
takoii, 9To Be(X) C Bry+6(0). Torma myst nponssosbroit Toukn © € X Beimoaneno d(O,x) +& <
Rx + 4, o ectb d(O,z) < Rx + 0 — e < Rx. 910 03HaUaer, 94T0 HAILIaCh Takasd Touka O, 4To
Bce Touku 3 X ynanensl or O Ha paccrosHue, Menbiiee Ry, TO ectb Ry — He 4eObIeBCKuit
pasuyc. [Iporusopeune. Urax, Rp_(x) = Rx + €. Orciona xe cieayer, uro Ox = Op_(x) (B cuny
€IMHCTBEHHOCTH 4€0bIIIEBCKOIO UEHTPA Y KOMUAKTHBIX 1oaMHoxecTB R™).
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JIemma 3.18. Ecau dasn X, Y € H(R™) maxuz, wmo Ry = Rx + ¢, € > 0, uebviwescrue uenmpoy
ne cosnadarom, mo Y ¢ B.(X).

JHokasameavcmeo. Tak kak Ox # Oy, To uebbImesckue mapbl By 1. (Ox) n Bg, (Oy) nasa B.(X)
u 7yig Y COOTBETCTBEHHO MMEIOT OJMHAKOBBIE pajauychl (iemma 3.17) u pasHble IMEHTPbI, TO €CTh
mapsl He coBnagaor. C apyroit cropousr, ecmu Y C B.(X), to Y C Br,+:(Ox) N Bg, (Oy), HO
npaBasi 9acTh IOCIEJIHETO BKIIOYEHNUS, AB/ISSACH IEPECeIeHneM HECOBIIAIAMONIAX IAPOB OIMHAKOBO-
ro pajauyca Ry, conepxkurcd B mape menbiinero 1em Ry pamuyca. [locsienee nporusopedur Tomy,
ur0 Ry — dwebwimercknuit pagnyc qyist Y. Suaunt, Y ¢ B.(X). O

JIemma 3.19. ITycmo X, Y € H(R™) — opuenmuposarno nodobrwe xomnaxmo,. Tozda
depeu(X,Y) =|Ry — Rx|.

Zloxasameavcmeo. Ilycts S = A o M — coxpaHsIOIee OPUEHTAIMIO TIOA00Me, I KOTOpOoro Y =
S(X), rme A — pacrszkenne B A > 0 pa3s ¢ nientpom B O, a M € G. Ormernm, uro Ry = ARx.

Eciu A =1, 10 Rx = Ry u dggu(X,Y) = 0, Tak 94T0 B 9TOM CJly4ae yTBEPKICHUE JIEMMbI
BEPHO.

Iycrs renepn A # 1. Bes orpanuvenus obinocTu, Oyuem cuurars, 4o A > 1, rorga |[Ry —Rx | =
Ry — Rx = (A —1)Rx. Kpome 1oro, rak kak uearp O COOTBETCIBYIOIIEIO PACTHAKEHUS MOXKHO
BBIOMPATH MPOU3BOIBLHBIM 00PA30M, TTIOMECTHM ero B uebbimeBckuii meutp Oy xommakra X . Torma
J1s A-roMoreTndHbIX KoMnakToB X u M (Y') paccrosuue Mexky ToUkoil £ € X 1 COOTBETCTBYOIIEHT
toukoit y = O + Az — O) € M(Y) pasuo d(z,y) = (A — 1)d(z, O), nosromy

du (X, M(Y)) < (A —=1)sup,cx d(z,0) < (A —1)Rx = Ry — Rx,

u, 3HaunT, dper(X,Y) < Ry — Rx. Ilokaxkem, 4TO Ha caMOM Jeje 37eCh MMEeTCs PABEHCTRBO.
Ipeanonoxum nporusroe, T.e. uT0 dpcp(X,Y) < Ry — Rx. Torma cymectByror 0 Takoe, 4To
0 < 6 < Ry — Rx, n apuxkenune M’ rakue, aro M'(Y') C Bs(X). Ho, mo nemme 3.16, Ry < Rx + 4.
IIporuBopeune. O

Teopema 1. IIycmv X u Y — wmenycmoie opuenmuposarto nodobuvie xomnaxmu ¢ R™. Tozda
dpcu(X,Y) = |Ry — Rx|, u ecau amu £oMnaxmo, HALOOAMCA 8 ONMUMAALHOM TNOAOAHCEHUU, MO
ux webviwescrue yenmpov, cosnadarom. Boaee mozo, noaosicenue, 6 komopom Ox = Oy, a X u Y
— 2omomemuynss ¢ yernmpom 6 Ox, ABAALMCA ONMUMANDHBIM.

Hoxasameavcmeo. To, uro dpc(X,Y) = |Ry — Rx|, Ansercs yreepxkaennem jgemmbl 3.19. Ta-
JIee, IpeanoaokuM, 910 X W Y HaxXOmATCsa B ONTUMAIHHOM TojgokeHuu. I1o memme 3.18, ecam mx
9eOblleBCKre NEeHTPbl He coBnagaiot, To dy(X,Y) > |Ry — Rx|, 4T0O IPOTUBOPEYUT ONTHMAILHO-
ctu. Hakonen, nycts Ox = Oy ® paccMaTPUBAEMblE KOMIAKTHI TOMOTETUIHBI C TeHTPoM B Ox.
Amnasioruuno Tomy, 4ro 6bUIO CuesaHo upu jgokasaresibcerse jgemmbl 3.19, dy (X,Y) < |Ry — Rx|,
nostomy Takue X m Y HAXOmATCA B OMTUMAIBLHOM TMOJIOKEHWN.

O

3ameuanue 3.20. CoBnamaionine IeOBIMEBCKAE IEHTPHI OPUEHTHPOBAHHO TTOAOOHBIX KOMIIAKTOB,
HAXOSAIINXCA B ONMTUMAJILHOM MOJIOXKEHUHU, HE O00S3aHBbI COBIAJIATH C IEHTPOM TOMOTETHHU: €CJIU
X — 910 nBe okpyxHOCcTU € onHuM HeHTpom O (rpaHuia Kosibla), COeJUHEHHbIE OTPE3KOM, a Y
— FOMOTETHYHOE MHOXKECTBO ¢ HeHTpoM B O, TO yKa3aHHOE IIOJIOXKeHHe — onruMasibio. Ho eciu
Bpaiarb Y orsocurejibHo O, TO paccroguue 110 Xaycaopdy He u3MEeHUTCH.
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Caencrsue 3.21. Onmumanvroe noaoscenue wapos A u B 00unarosot mMakcumarbroti pasmep-
HOCTNU — 3O COBMEWEHUE UT UEHMPOS.

3.3 OO0 onTuMaIbHOM IIOJIO’KEHMHM KOMIIAKTOB, HAXOAAIINXCHA B IOJIOXKE-
HUU “‘Mexkay”’

Teopema 2. ITycmov nenycmuie komnaxmor A u B naxodamces 6 onmumanrvhom nososcenuu. Tozda
6ce Komnarmo, meocdy A u B 6 cmucae mempurku Xaycdopda, 6 nape ¢ xarcdum u3 KOMNAKmMOs
A u B, — mooice 8 ONMUMANLHOM NOAOHCEHUY 6 CMBICAE E6KAUIOBO UHBAPUAHMHOT MEMPUKY
I'pomosa—Xaycdopga.

Zloxazameavcmeo. Tak kak A u B HaXoAdaTCs B OINTUMAJIbLHOM IIOJIOXKEHUH, TO, IO OLPEIEIeHHIO,
di (A, B) = dgcu (A, B). Tak xak paccrosuaue dpcy sABISETC METPUKON, TO U3 HEPABEHCTBA TPe-
YTOJBHUKA, CJIEAYET, 9TO

deau(A,B) <dpeu(A,C) 4+ dpau(C, B);
OIIATH }Ke, M3 OIITUMAJIBHOCTHU HOHO)KeHI/IH, 3aKJII049aeM
dpau(A,C) <du(A,C), deeu(C,B) < du(C,B).

Eciin komnakr C oka3ajcs He B ONTUMAJbHOM IIOJIOXKEHWKH OTHOCUTEJbHO A myim B, T0 0gHO u3
NIBYX TPEIBIAYIIAX HEPABEHCTB OYJIET CTPOTUM, TIO9TOMY, B 3TOM CJIydae,

cnenoarenbuo, C He HaxoauTcs Mexxay A u B, nporuBopedne. 3Hauut, kKomnakTel A u C, B u C
HAXOJATCS B ONTUMAJIHLHOM TIOJIOKEHUH. O

3ameuanne 3.22. O6parHoe He BEPHO, KaK IIOKa3bIBaeT mnpeijoxenne 3.13.

3ameuanne 3.23. TpansuruBHOCTH He BepHa: ecau Komnaktel A u B, B u C naxojgdrcs: B or-
TUMAJILHOM [OJIOzKeHur, KOMIAKThl A u C' He 00s3aHbl HAXOAUTHCS B ONTUMAJIBHOM IOJIOKEHUU.
Hampuwmep, nycrs A = {41, Ao}, B = {B1}, C = {C1,C>}. CoBmecTnM cepennHbl KOMNAKTOB A u
C, npu ycaoBuu, ato Touku Aq, As, C1,Cy He J1exKaT Ha OIHOM MPsiMOii, 8 KOMIIAKT B momecTuM B
ux obIyo cepeauny. Takum 00pa3oM, OJHOTOYEIHBIM KOMIAKT B ONMTHMATBLHOM TIOJOKEHUH C KAXK-
JIBIM U3 JIBYXTOYEYHBIX, HO MEXKy CODOM JBYyXTOUYEUHbIE HE HAXOAATC B 00ImeM mnosoxkenuu. bosee
TOrO, HE JIIOObIE 3 KOMIIAKTA YIAAETCH PAZMECTHTH TAK, 9TOObI JIIO0ObIE ABA OKA3AIUCH B OITUMAJIBHOM
mosioxkeHnu. Bo3bMeM mpuMep, ONMUCAHHBIN B Tpejio)ennn 3.8.

IIycts MHOXKecTBO A C R? COCTOMT U3 Tpex TOYeK, HOMapHBIE PACCTOAHUS MEXKIY KOTOPBIMI
passr 10, 13, 13; mHOXecTBO B C R? — m3 aByx Touek Ha paccrogamu 10; muoxectso C' C R2
— w3 ofHoi TouKu. [IpeanonoKum, 970 3TH TPU MHOKECTBA PACIOJIOKEHBI TaK, 9TO U3 B3AUMHBIE
[OMAPHBIE PACIIONIOKEHU — olTuMasbHbl. 1o npemroxkennto 3.2, mHO)ecTBO C' coBIajiaer ¢ 4e0bi-
EBCKUM LEHTPOM MHOKeCTB A u B, ognako, ajst A 4eOblmneBcKuil IeHTP — 3TO LEHTP ONMMCAHHOMN
OKPYKHOCTH, TaK 4TO eciau M 0003HAYAET CepenrHy OCHOBAHUS PABHOOEIPEHHOTO TPEYTOJLHUKA,
¢ BepmmHamu B A, to d(C, M) = 119/24. Tlo npeayoxenuio 3.8, oJHa W3 TOYEK MHOXKeCTBa B
coBrnazaer ¢ M, mo3ToOMy, CHOBA B CHJIy mpeioxkeHus 3.2, Touka C' Monagaer B CepeauHy OTPE3Ka
¢ konnamu B B, caenosarenbho, d(C, M) = 5, nporusBopeuue.
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4 O mpobigeme IllTeiinepa

Paccvorpenne momapHbIX PaCCTOSTHUN B ONMTUMAJIBHBIX MOJIOYKEHUAX KOMIIAKTOB MPUBEJIO K U3y Ue-
uuto mpobsemsr Illreitnepa B cMmbiciie eBKInIOBA paccTosuus 1mo I'pomoBy—Xaycaopda. CyiecTBy-
10T JIU JIJTs 33/IaHHOM rpanuiibl komnakTos Touku I eitnepa? B padore sanosa A.O., HukomaeBoit
H.K., Tyxununa A.A. [12] nokazano, 4r0 B OrpaHMYEHHO KOMIIAKTHOM HPOCTPAHCTBE Pa3penInMa
yKa3aHHas MpodIeMa.

IIpeasoxenue 4.1. I[Ipocmparncmeo écex komnaxmuux nodmmoscecms R™ ¢ mempuroi Xaycdop-
Pa ABAAEMCHA 02PDAHUYEHHO KOMNAKTNHHLM.

Zloxazameavcmeo. HarmoMuuM, 9TO IPOCTPAHCTBO AB/IAETCA OIPAHKICHHO KOMIIATHBIM, €CJIH JII000it
3aMKHYTBIH Map B HEM KOMTAaKTeH. PacMOTpuM map ¢ MeHTPOM B HEKOTOPOM KOMMakTe A:

B (A) ={C:du(A,C) <r}.

Torma ays moboro a € A maiinercs rakoe R > 0, aro ana moboro C' € B (A) sepro C C BE" (a).
Tax kax Bj (a) — xommaxt, to n H(BE (a)) Toxe xommakTro. 3mauut, B*(A) C H(BE (a)).
llap B} (A) sasnserca samxnyTeiM momqmuOKecTBoM H(R™), a Tak Kak sBIAETCS 3aMKHYTBIM TIOJI-
MHOKECTBOM KOMIIAKTa, TO ¥ CaM KOMITaKTeH [8]. O

Hautee, paccmorpum npoekuuio 7: H(R™) — H,(R™). Tak kak npoekius — HenpepbiBHOE 0TO6-
paxkenue, 0 06pa3bl KoMuakTHbIX B H(R™) mwapos rakzke komunakrhbl. Torga jo6oii wap u3 H,(R™)
COZIEPKUTCS B HEKOTOPOM TAKOM 0Opa3e W 3aMKHYT, TO €CTh ABJIAETCS 3MKHYTHIM MOIMHOKECTBOM
KOMTIaKTa. 3HAYNT, J1060ii map n3 H,(R™) asasercs koMmakToM. ViMeeM: 11060# 3aMKHYTHIH 1T1ap B
OPOCTPAHCTBE C EBKJIUIOBO MHBAPUAHTHOM Merpukoil I'pomoBa—Xaycaopda aBsercs KOMIAKTOM,
3HAYUT, JAHHOE MTPOCTPAHCTBO OIPAHMYEHHO KOMITAKTHO.

Jlemma 4.2. B 02PAHUMEHHO KOMNAKMHOM NMPOCMPAHCMEBE CE2MEHT KOMNAKMEH.

Horasameavcmeo. Paccmorpum muoxectso C = {C : d(A,C) +d(B,C) = d((A, B) }. Pacemorpum
dyukuuio f(K) = d(A,K) + d(B, K). I3 roro, yro C' maxomurca mexay A u B, ciemyer, 4ro
f(C) =d(A, B). ®yukuus paccrosinus HEIPEPbIBHA, a 1PO0OPa3 3aMKHYTOIO MHOXKECTBA, 3aMKHY'T,
smawmT, f~1(d(A, B)) = C 3amkmyTO.

Taxk kak GyHKIUs paccrosuus Heorpunarenbua, o d(A,C) < d(A, B), suauur, Bce Touku C)
sexkarue Mex iy A u B, obpasyior map ¢ nenrpom A pajauyca d(A, B).

B orpaHMYeHHO KOMIAKTHOM IIPOCTPAHCTBE MOJTYYICHHBIH IIap 3aMKHYT, a 3HAYUT, KOMIIAKTEH.
Yo u TpebOBATIOCH JOKA3ATb. O

Tlokaxkem, Kak MOXKHO pasperuThb mpobsiemy Illreiinepa, Ha IpUMepe MIPOCTPAHCTBA C €BKJIU-
noBoit MeTpukoit I'pomosa—Xaycaopda.
s Hadasa mpuBEIEeM BCIIOMOTATEIBHYO JIEMMY.

JIemma 4.3. Ompesku [x1,y1] u [22,Y2] Ha “wuca080U npamoli makosv, wmo y; > T1,Yz > Ta.
Tozda
HlaX{|SC1 -yl |y — 962|} > HlaX{|1171 — x2l, [y1 — y2|}
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Hokasameavemeo. Tomomum z; = (z;4y;)/2,m; = (y; —x;)/2 > 0, TOrmA T; = 2; —My, Y; = 2;+M;.
Bes orpanmdenns o0ImuHOCTH, Oy/I€M CIUTATH, UTO 21 < 29, TOrma Az := zo — z1 > 0. Umeem

1 =2z —m1 < zg—my < 22+ Mg =Yg,
Tak 4to |x1 — y2| = Az + my + mo. C apyroii cTopoHsl,
|x2 —y1| = |Az —my — ma| < Az 4 |my + ma| = Az 4+ my +ma = |21 — yal,
LO3TOMY max{|x1 — Yo, |2 — y1|} = Az + mq + mo. Hasee,

|x1 — xo| = |Az + mq — ma|

ly1 — yo| = |Az +ma — my|,

TaK 4TO 00€ 3TH BeJIMYMHBL HE IPEeBOCXOAAT Az + mq + Mo, 9YTO U 3aBepIIaeT J0Ka3aTeabCTBO. [

Mycrs Z(x, r,) obo3HagaeT OKPECTHOCTH paauyca 1, > 0 orpeska miunbl > 0. OrMeruM, 410 B
caydae 7, > 0,z = 0 KOMIAKT sBJsSETCs IIapoM, B ciaydae 7, = 0,z > 0 — oTpe3KoM, B ClIydae 7, =
0,z = 0 — Toukoit, B cimyuae 1, > 0,z > 0 — “muauHIpoM”, K OCHOBAHUSM KOTOPOTO MPUKPEILIEHB
MOJTYTIIaphl ¢ IIEHTPaMI B KOHIAX oTpe3ka. Bymem o6o3Hauarh wepe3s X moaMHOKecTBO B H,(R™),
COCTaBJIEHHOE W3 KJIACCOB YKBUBAJIEHTHOCTH BCEX OKPECTHOCTEN BCeX OTPe3KOB B R™.

Teopema 3. Ilycmv A = Z(a,ra), B = Z(b,rp). Toeda
(4, B) = max (i~ rol 1§~ § + 7o ral)

Zoxasameavcmeo. Bynem paccmarpusarh Takue A u B, y KOTOPBIX pajuyc W JJIMHA OTPE3Ka He
PaBHBI HYJTIO OTHOBPEMEHHO.

3aMeruM, 94TO £-OKPECTHOCTHh KAXKIOrO W3 KOMMAakTOoB A m B — HWIMHADP TOTO Ke BUIA, U9TO
u cam kommaktT. s Haxokaenus dpgpy TAKKE 3aMETHM, 9TO HUIMHAP X MOXKHO IIOMECTUTH B
muuHap Y, ecau 1) paguyce X He OpEeBOCXOIUT pajauyc Y; 2) cyMMa JJIMHBI OTPE3KA U YIABOEHHOTO
paamyca X He MPEeBOCXOJIUT CYMMBI YIBOEHHOTO PAJANyCa W JIJTUHBI OTPE3Ka Y .

ITosromy kaxkmoe € > 0, 11T KOTOPOrO B £-OKPECTHOCTH A MOYKHO MOMECTUTDH 3, U B £-OKPECTHOCTD
B MOXKHO TIOMECTUTb A, TOJKHO YAOBIETBOPITH CIEAYIOIIEH cucreme:

$+rate>Strp,
%+TB+EZ%+TA,
rate>rp,
rg+e>ra.

Kpowme Toro, eciiu Takoe € HaiiJieHO, TO, ToMecTHB O0Tpe3ku [Ay, As] u [By, B2| Ha OnHY TIpsAMYIO
U COBMECTHB HX CEPEINHBI, MOJYYIUM IOJOKEHNEe, B KOTOPOM BBIMOJTHSIOTCA 00a yciaoBus. Permast
CUCTEMY, TIOJIydaeM HEPABEHCTBO HA £:

e>max{|ra—rpl,|%2—2+ra—rpl}
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Ilo onpenenenuio eBkmmoBa paccrosuus 'pomoBa—Xaycaopda, HaM Hy2KHO HAWTH HAMMEHBIIIEE &,
YIAOBIETBOPSAIOIIEE CUCTEME, TIO3TOMY € = Imax {|rA —rgl,|§ — g +rp— rB|} — WCKOMBII paamyc
okpecruocru. 3uauut, dpcy (A, B) = max{|rA —rgl,|§ — g +7ra— rB|}. O

O6o3naanM gepes A mojaMHOKecTBO miockoern R2, | orpanudentoe tydom & > 0 u GucceKTpucoit
MEPBOTO KBAJIPAHTA.

Ipennoxkenne 4.4. Jlaa n-movwewnoll epanuybi, aexcautetd 6 A, 6cezda cyuecmeyrom mouwky
IIImetinepa, maxoice aesicausue 6 A.

Hokasameavcmeo. Ilycts (x1,y1), (T2,Y2), ...(Tn, yn) — AanHas rpannna, (X1, Y1), ...(Xs, Ys) — KO-
opamuarsr ee rouex lreiinepa. ycrs {(X;,,Y;,), ... Y;,)} € {(X1,Y1),..(Xs,Ys)} — me
toukn IIrtefinepa, KoTopsle He exkaT B A.

3amenuM Bce orpuareabable KoopauHarel rouek (X;,,Y:, ), ...(X;,,Y: ) Ha 0 u mokazxewm, 4To
IJIMHBI pebep, BLIXOAAMINX U3 HAX, HE yBEINTATCA. 3aMETHM, 9TO €CIW OIWH U3 apTyMEHTOB (DyHK-
mn g(x,y) = max{x, y} yMEHBIIUTCs, TO 3HAYEHHE DYHKIMN HE YBEIHIUTCsA. PAcCMOTPHM /1Be Mpo-
M3BOJIbHbBIE BepPHIMHBI Jepesa ¢ kKoopaunatamu (b, y!) u (22, y?). Paccrosnue Mesk Iy HUMHE paBHO
max {|z* — 2|, |[y* — y?|}. Ecim 2 < 0,22 < 0, To npu 3amene z' 1 % Ha 0 MOZYIb HX PA3HOCTH
ne ysermautca. Ecm 2! < 0,22 > 0, To MOLy/Ib HX Pa3HOCTH — 3TO JyIHHA oTpesKa [z1, x2] uncio-
BOI 1IPAMOIA, cosepzkaiero 0, mosromy upu 3amene ' na 0 JjlMHA OTPE3Ka COKPATHTCH, A, 3HAUMT,
MOJIyZTh PA3HOCTH yMeHBIUTCA. Anamormano aaa ciaydas 2 < 0,z > 0. Jlasa y-KoopauHaT aHajio-
rudHo. [109TOMY TIpH 3aMeHe B BbIPAYKEHWUN rnax{|av1 — 22|, |yt — y2|} OTPUIATEIHLHBIX KOODIHHAT
HA HyJIeBbIe 3HAYCHUE BHIPAXKEHUS HE YBEIUYUTCH, a, 3HAYAT, U JJIMHA BCETO JIEPEBa HE yBEJTHYUT-
cs. OTMmernM, 9TO Tenephb BCE MOJYIEHHBIE BEPIIMHBI ACPEBa (B 9ACTHOCTH, TOYKH ¢ W3MEHHBIMU
KOODJIMHATAMH) OKasKyTCsl WJIM BHYTPH TIEPBOTO KBAIPAHTA, MM HA €r0 TPAHUIIE.

Temeph TTOKAKEM, 9TO TIPH 3aMeHe KaxKIOH TOUKHM (,y) MepBOro KBAJPAHTA, BKJIIOYAST €r0 TPa-
HUIBI, JIEJKAIIEH BBIME OUCCEKTPUCHT TIEPBOTO KBAIPAHTA, HA (Y, T) [JIMHA JIEPEeBa HE yBEJMIUTCS.
J17151 3TOTO JJOCTATOYHO MOKA3aTh, 9TO He yBeJInIuTCs Kazk1oe pebpo. Ecmu rouxn (21, yt) n (22, y?)
TakoBbI, 9T0 y' > o' m y? > 12, To npm 3amene stux Todek Ha (y',z') m (y2,x?) coorBercTBEHHO
paccTosgHme MexK Ty HEMHU He u3Menurcs. BEcmm xe Touxn (21, y') u (22, y?) Takopsr, uto y! > 2! u
y? < 2%, o mpu zamene Touxu (x!,y') wa (y!,2') cooTmeTcTRENHO paccToAHWE He YREIMTHTCA MO
nemme 4.3.

BHAYWT, IIA N TOYEK MOAMHOKECTEA A MIOCKOCTH ¢ MaKC-HOPMOH BCErjia CyMIECTBYET IepeBO
IIreitnepa, mexxkamee B A. O

im )

Teneps nycrs Ay = Z(a1,74,), ., An = Z(an,74,) — dmementsr X. [l gaHHON N-TOYEIHOI
rpanunbl paccMorpum orobpaxkenue f: X — (rx + z/2,7x). Torna f — uzomerpuunoe orobpa-
wenme w3 X B R2_ | nepesonamee X B muokecrso A C RZ . o reopeme Opcannuxosa [13], mna
no6b1x B, ..., B, € Rgo vmuHuMaabHoe Aepero lllteiinepa, coennnstomee By, ..., B, , aBIseTcsa Mu-
HUMAJIbHBIM 3anojHenueM. CremoBareabuo, eciu Ay, ..., A, € X, 10 f-00pa3bl 3THX TOYEK JIe¥KAT
B A. Tloaromy mjist aTux f-o0pasos cymecrBytor rouku Illreitnepa, Takxke jexaiue B A, 3HAYUT,
TUM TOYKAM COOTBETCTBYIOT HEKOTOPBIE djieMeHThl u3 X. 3Haqur, aepeso ¢ rpanurei A, ..., A, u
oJry 9eHHbIME TTpooOpa3amu Touek Ilreiinepa siByisiercsi MuHuMasibabiM siepesoM Il Teilinepa Kak B
X, Tak n BO BceM H,(R"™). Urak, noxkasana

Teopema 4. Jlaa epanuym M = {[Aq],...,[A,]} C X cywecmeyrom [S1],...,[Sm] € X, pea-
AUBYULUE MUHUMAADHOE 3ANOAHEHUE 0aHHOT eparuybi. B wacmuocmu, [S1], ..., [Sm] Aeasomes ee
mowkamu IImetnepa.
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Tor xe Bompoc st MHOXKeCTBa X B CMbIC/e paccrogaus mo I'pomoBy—Xaycaopdy ocraercs
OTKPBITHIM. MBI 1auM OTBET [1jist TOUKH Pepma HEKOTOPOTO MOICEMENCTBA KOMITAKTOB YKA3AHHOTO
MHOXKECTBA. BOCTIOIb3yeMCsi OIEHKAMU CBEPXY U CHU3Y JJIsT 9TOTO PACCTOSHUS:

%| diam A — diam B| < dgu (A4, B) < dggu(A, B).

Tak kak drpgr(A, B) = max{|rA - rgl, |g — S+ — rA|} (3amernm, |g —S+rp—ral =
%| diam A — diam B| mjig HaImero cjiydas ¢ OKPECTHOCTSAMU OTPE3KOB), ¥ 9T BEJIUUUHA B OITUMATb-
HOM TIOJIOXKEHHUY JAET PACCTOsHEE 10 Xaycaopdy, To st Tex map KoMnakToB A u B, st KOTOPBIX
B ONTUMAJIbHOM TOJIOZKeHHH Bbinomeno max { [ra —rpl, |2 — % +rp—ra|} = |2 — 2 +7p —ra|, pac-
crosguue 1Mo I'pomoBy—Xaycaopdy COBIAIAET C eBKJINI0BBIM paccTosgaueM o I'pomoBy—Xaycaopdy.

Teopema 5. /las mpexmoueunnz epanuy X1, Xo, X3 € X, 2de X1 = Z(x1,7r1), Xo = Z(x2,72), X3 =
Z(x3,73) maxuz, wmo dpau (X, X;) = |5 — %J +1; — 15|, mouka Pepma 6 cmvicae e6KAUI06G Pac-
cmoanus no I'pomosy—Xaycdopdy aeasemca moukoti Pepma 6 cmvicae paccmoanus no I'pomosy—

Xaycdopgy.

Zokasameavcmeo. Be3 orpanwdenusi OOMHOCTH, OyJIeM CYUTATH, 9TO T1 < X2 < x3. ObO3HAYUM
€= 2—% >0,0 =ry—r;. Tak KaK MakCUMyM JOCTHIaeTcs Ha BTOPOil Komnonenre, 10 |§| < [d+-¢|,
HUHBIME CJIOBAMU, 0 HAXOAUTCS OJIMKE K HYJTIO, 9eM J + & Ipu JIFoOOM CKOJIb yrogHo Majiom €. Ho aro
o3nauaer, 4ro 0 > 0. [Ipumensis anajiorudnble paccykienus K mapam X1, X3 u Xo, X3, HOIy4UM

r1 < ro < r3. OTCIOma BBITEKAET, 9TO

dou(X1,X3) =dpau(X1,X3) = dpau (X1, X2) + dpau (X2, X3) =
=deu(X1,X2) + dou (X2, X3),

noaromy X jexkut B npocrpancree ['pomoa—Xaycaopda mexay X; u X3 (Kak u B IPOCTPAHCTBE
Ho). Ormerum, 9o mist rpex Touek A, B, C MEerpuveckoro npocrpaHcTsa, OAHA U3 KOTOPbIX JIEKUT
MEZK/Ty IBYMS IDYTUMU, TOYKA, HAXO/SAIIAICA B IIOJIO2KEHUU « MEXK LY », siBJisiercd roukoir Pepma s
yKa3aHHOM Tpoiiku. eficTBuTeIbHO, MyCTh S — nckoMas Touka Pepma, Torma

d(A, S) +d(B,S) +d(C,S) > d(A, B) + d(C, S) > d(A, B),

OpUYEeM PABEHCTBO JIOCTUrAeTCs, eciu u Toiabko ecau d(C,S) = 0 u S jexur mexay A u B.
ITostomy, Tak Kak Xo mexur Mexay X; u X3 B cMmbIcyie paccrogauit mo I'pomoBy—Xaycmopdy u
eBkInI0BY ['pomoBy—Xaycaopdy, To Xy — Touka Pepma B cMbICTe 000UX PACCTOSHUIN. O
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5 3akJirodyeHue

[Ipobrema moncka OMTUMAIBLHBIX TIOJIOXKEHUI B 00IIEM CTIydae HETpUBHAIbHas. B HacTosmeil pabo-
Te OHA PeIeHa Jjisd HEKOTOPBIX YaCTHBIX CaydaeB. Tak, MOKA3aHO, YTO B ONTHMAIHHOM TOJIOKEHUT
mapbl KOMIIAKTOB, OJWH W3 KOTOPBIX —- OJHOTOYEYHbIH, MOCAETHUI HAXOIUTCH B UEOBIIIEBCKOM
1eHTpe mepBoro. st OpueHTHPOBAHHO MOMOOHBIX KOMIIAKTOB BBIYUCIEHO €BKJIHIOBO PACCTOSHUE
I'pomoBa—Xaycmopda Mexkmay HUMH U JIOKA3aHO, UYTO B ONTHUMAJIHHOM IIOTOXKEHWH <T€OBIIMIEBCKUE
[EHTPBI ITUX KOMIIAKTOB COBMAIAIOT. [loka3ano, 9To 11000e TPEeXTOUeIHOE METPUIECKOE MTPOCTPAH-
CTBO W30METPUYHO BKJIQIBIBAETCS B M3ydaeMOe MPOCTPAHCTBO KOMMIAKTOB. JlOKa3aHO, 9TO JjIsl Ta-
PBI ONTUMAJILHO PACIOJIOXKEHHBIX KOMIIAKTOB BCE KOMITAKTHI, TPOMEXKYTOYHBIE B CMBICIIE METDU-
ku Xaycaopda, TakkKe SBISIOTCSI TPOMEKYTOIHBIMU U B CMBICTIE €BKJINI0BOM Merpuku ['pomoBa—
Xayconpda. st mpou3BOILHOIN N-TOYEIHON TPAHUIILI, OOPA30BAHHON KOMIIAKTAMU MHOXKECTBa, X,
SIBJITONIMMHUCS OKPECTHOCTSMEU OTPE3KOB, Touka [llrelinepa peanusyer MUHUMAIBLHOE 3ALOJHEHUE
U TaK>Ke MPUHAJIEKUT MHOKECTBY X .
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