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[Tpobsema Il TeitHepa B mpocTpaHCTBAX C €BKJIMI0BO
MHBapUaHTHOI MeTpuKoil ['pomoBa—Xaycaopda

Mauapimesa O.C.

BBenenue

IIpobiema Illreiinepa Geper cBOe HAYAJO OT 3a/a4M TOMCKA TOYKH, CyMMa PACCTOSHHUN OT KO-
TOPO#i 10 33JaHHBIX TPEX TOYEK ObLIa ObI MUHWMAIBHON. B HacTosIel pabore paccMaTpuBaiOTCs
OIPAHUYEHHO-KOMITAKTHBIE TIPOCTPAHCTBA, B YACTHOCTH, TPOCTPAHCTBA, HAJIEJIEHHbIE €BKIUI0BO WH-
BapuanTHON Merpukoii 'pomosa—Xaycaopda. B [3] nokazano, 4ro B rakux npocrpancrsax upobsie-
ma [Ireitnepa paspemmma. EBknmoBo naBapuanTHas Merpuka ['pomoBa—Xaycnopda ompeenena
HA MHOYKECTBE KOMITAKTHBIX TOIMHOXKECTB €BKJINI0BA MPOCTPAHCTBA, PACCMATPUBAEMBIX C TOYHO-
CTHIO /IO COXPAHSIOIIEr0 OPUEHTAINIO NBUKeHns. | 0BOpst HedOpMaIbHO, OHA TTO3BOJISET BBISICHUTD,
HACKOJIBKO “XOPOITO” MOXKHO COBMECTHTH JBa KOMIaKTa. [[oKa3aHo, 9TO /I TPEXTOUETHON Tpa-
HUI[BI, 00PA30BAHHON KOMIIAKTAMU MHOXKECTBA X, SABJISIOIMIMMUCS OKPECTHOCTSME OTPE3KOB, TOYKA
[Ireitnepa peasusyer MEHAUMAJIBHOE 3AL0JIHEHUS U TAKXKE PUHAJIEKUT MHOXKECTBY X .

1 OcHoBHBIE OnIpeieJIeHUs

IMycrs M obo3navyaer MeTrpudeckoe IPOCTPAHCTBO ¢ MeTpukoii d, P(M) — MHOXKECTBO €ro Heiry-
CTBIX NOAMHOXKECTB, H (M) — MHOXKECTBO HENMYCTHIX 3aMKHYTBIX U OFPAHMYEHHBIX OJMHOXKECTB
M. Ob6o3unaunm depe3 G TpyMIy COXPAHSIOMNX OpPHEHTaIuo apuxkennit R"”. B gactaOCTH, Oymem
paccmarpuBarh H(R™) ¢ BBeIEHHON HA HEM YKBUBAJEHTHOCTBIO V: JIBA JJIEMEHTA V-IKBUBAJICHTHBI,
€CJI OJUH MOXKET ObITh IOoJIydeH u3 apyroro asuxkenuemM O € G. IIpocrpaHCTBO KJ1acCoOB SKBHUBa-
seaTHOCTH 0003HAaImMM H,(R™).

Onpepenenne 1. g kaxmoro A € H(R™) gepes [A] obo3naunm Brmogaommit A sjmeMenT u3

Ho(R™).

Onpenenenne 2. 3amknymot oxpecmmuocmoio By.(z) mowku x € M paduycom r Ha3biBaeTCH
mHokecTBO {y € M : d(z,y) < r}.

Omnpenenenne 3. OmnpenennM paccmosnue om mouku Yy J0 NPou3eosbHozo muodcecmea A €
P(M): d(y, A) = infeea{d(y,a)}.

Ounpegesnenne 4. 3amxnymots oxpecrmuocmovto B.(A) paduycom r muosrcecmea A € P(M) Hasbl-
Baercst MHOKecTBO {y € M : d(y, A) <r}.

Oupegenenne 5. Ilycts A u B — snementst P(M). Paccmosnuem no Xaycdopdy mexmy sruMu
MHOXKECTBAMU HA3BIBAETCsI BEJIMUMHA



d(A,B) = inf{r (ACB.B))A(BC BT(A))}.

3amevanue 1.1. XOpoOIIo W3BECTHO, YTO dp SIBISETCS METPUKON Ha MHOMKECTBE BCEX HEIYCThIX
3aMKHYTBHIX OPPAHNYEHHBIX MOAMHOMKECTB METPUYIECKOrO MPOCTPAHCTBRA [1].

Ounpepesienne 6. Ilycrs A u B — snements u3 H(R™). Paccmoanuem 8 e6KAu0060 UHBAPUAHMHOT
mempure I'pomosa—Xaycdoppa mexay A u B Ha3bIBAETCS BETHIMHA

dpa(A, B) = gelfc{dH(A, OB)}.

Ounpenenenne 7. [Ipukenue O € G, na koropoMm jgocruraerca dpcp(A, B), 6yaeM Ha3biBaTh
onmumasvhoim, a napy (A, OB) — onmumasbHbim 63GUMHBLM DACTLOAOHCEHUEM.

Sameuanne 1.2. OurumasibHOe JBUXKEHUE Beera cyuiecrsyer [2], a dpgy 1OPOXKIAAET METPUKY
Ha H,(R™), KoTOpyI0 MBI GyseM 0603HAYATH TeM YKe 00pPa30M.

Oupegnenenne 8. Cezmenmom ¢ KoHIaMu B Toukax A u B merpudeckoro npocrpancrsa (M, d)
HA3bIBAETCS MHOXKECTBO Beex ero Touek C, sexamux mexay A u B, to ectb Takux, uro d(A, B) =

d(A,C) +d(B, ).

Onpenesenune 9. ITycre M — koreunoe muoxkecrso, a G = (V, E),V C X — HEKOTODBIH CBA3HbIH
rpad. Bymem roBoputs, uro G coedunsem M, ecmiu M C V.

Onpenenenne 10. M nasbiBaercs eparuteli Bcex rpados, coequasaomux M.

Omnpenenenne 11. Touxot IlImetinepa njis TpexTodedHoil rpanunbl Aq, Ao, A3 Ha3bIBaeTCs Takas
3
Touka S, aro y ;_; d(A;, S) MUHEMATIBHO.

Ounpenenenne 12. Ilycro M = (M, p) — KoHedHoe lceBioMerpudeckoe npocrpaicrso, G =
(V, E) — rpad, coemnusttommii M, n w: E — R, — HeKOTOpOe 0TOOpaykeHne, Ha3hbIBaeMOe 8ec0601
Pynryued u nopox paomee B3perennbiil rpad § = (G, w). PyHKIMA w TOPOKIAET IICEBIOMETPUKY
d, Ha V:

Omnpeaenenune 13. Paccmoanuem meocdy sepuiunamu, G HA3BIBAETCS MUHUMAJLHBIN BeC myTei,
COE/IUHAIONINX STH BEPIINHBI.

Ounpenenenne 14. B3pemenuniii rpad § Ha3BIBAETCA 3anoanenuem npocmpancmea M, eciu mjist
J00bIX TOYEK p, ¢ € M umeem p(p, q) < dy,(p,q)-

Ounpenenenne 15. MunumasvbHo.m 3anosneruem Ha3blBaeTcs 3anoianenue Gy rakoe, yro w(Gy) =

infg w(g)

2 OcHOBHBIE PE3YyTIHTATHI

IIpennoxenune 2.1. Ilpocmparcmeo ecex Komnakmuur nodmuoocecms R™ ¢ mempurot Xaycdop-
Pa ABAAETNCA 0ZPAHUNERHO KOMNAKITVHBIM.

Jlokasamesvemeo. HamoMunM, 9TO MPOCTPAHCTBO ABJSETCS OTPAHUYEHHO KOMIIATHBIM, €CJTH JTIO-
0ol 3aMKHYTBI map B HEM KOMIAKTEeH. PacMOTpMM map ¢ HEHTPOM B HEKOTOPOM KommakTe A:
B*(A) = {C : dy(A,C) < r}. Torna aas moboro a € A najinerca tTakoe R > 0, 4ro ajs m060ro
C € BM(A) sepro C C BE"(a). Tax xax BY (a) — xommaxt, 1o n H(BY (a)) Towe KOMTaKTHO.
Buauut, BM*(A) C H(BY (a)). Illap B(A) asnserca samkuyTbiv noamuoxkectsom H(R™), a tax
KaK sIBJASETCS 3AMKHYTBIM MOJMHOKECTBOM KOMITAKTA, TO M CaM KOMIakTeH [1]. O



Hanee, paccmorpum npoeknumio 7: H(R™) — H,(R™). Tak Kak Ipoekus — HEMPEPbIBHOE 0TOD-
pazkeHwue, To 06pa3bl KOMIAKTHBIX B H (IR™) mapoB Tak»ke KOMIAKTHBI. Torna o6oii map u3 H,(R™)
COIEPIKUTCS B HEKOTOPOM TAKOM 00pase M 3aMKHYT, TO €CTh SABISETCS 3MKHYTBIM MOIMHOXKECTBOM
KOMIIAKTa. 3HAYUT, J11060i map u3 H,(R™) asisgerca komnakrom. Vmeem: 10600 3aMKHY ThI map B
NPOCTPAHCTBE C €BKJINJI0BO MHBAPMAHTHONW MeTpukoil I'pomoBa—Xaycmopda sSBagercs KOMIAKTOM,
3HAYUT, JJAHHOE IIPOCTPAHCTBO OIPAHMYEHHO KOMIIAKTHO.

Jlemma 2.2. B 02POGHUYEHHO KOMTIAKTIMHOM NPOCMPAHCINGEE CESMEHTIT KOMNAKIMEH.

Hokaszamesvemeo. Paccmorpum muoxkectso C = {C : d(A,C) 4+ d(B,C) = d((A, B)}. Paccmorpum
dyukuuio f(K) = d(A,K) + d(B, K). I3 roro, yro C' naxomurca mexay A u B, caenyer, 4ro
f(C) = d(A, B). ®yHK1us pACCTOSTHNST HEMPEPHIBHA, a MTPOOOPa3 3aMKHYTOTO MHOMKECTBA 3aMKHYT,
snaunt, f~1(d(A, B)) = C 3amMKHYyTO.

Tak kak QyHKIus paccrosuus Heorpunarenbua, o d(A,C) < d(A, B), suauur, Bce Touku C)|
sexkaiue Mexy A u B, obpasyior map ¢ nenrpom A paauyca d(A, B).

B orpaHn4eHHO KOMIAKTHOM IIPOCTPAHCTBE MOJIyYeHHBIH MIap 3aMKHYT, 8 3HAYHUT, KOMIIAKTEH.
Yo u TpebOBATIOCH JOKA3ATD. O

3ameuyanue 2.3. B padore Usanosa A.O., Hukomaesoit H.K., Tyxunnua A.A. [3] nokasaHo, 4ro
B OIPAHMYEHHO KOMIIAKTHOM MPOCTPAHCTBE paspemmuma npobdaema [lTeirepa.

Ilokazkem, KakK 3TO MOXKHO CIEJaTb, HA IPHUMEpPe IPOCTPAHCTBA C €BKJ/IMIOBO WHBAPUAHTHOMN
Merpukoit ['pomoBa—Xaycmopda.

Teopema 1. ITycmv A — smo ra-oxpecmuocmo ompeska [Ay, As] daune a, a B — amo rp-
oxpecmuocmy ompesxa [By, Bo] daunn b. Tozda dpcr (A, B) = max{|ra —rp|,|2 — % +rp —ral}.

Zloxazameavcmeo. [lpu HEHYIEBBIX IJIMHE OTPE3KA U PATUYCE KAXKIBII U3 KOMIAKTOB A u B — 310
“muuHIp”, K OCHOBAHUAM KOTOPOTO MPUKPEIJICHBI MOJIyIIaphl ¢ IEHTPAMK B KOHIAX OTpe3Ka, (1pu
HYJIEBOIl JjIMHE OTPE3Ka IUJIMHAD BBIPOXKIAETCA B IIap, a IPU HYJEBOM DaJUyCe — B OTPE30K).
Bynem paccmarpuBarh Takwe NMIWHIADPHI, ¥ KOTOPBIX PAAAYC W [JIMHA OTPE3Ka HE PABHBI HYJIIO
O/THOBPEMEHHO.

3aMerum, 4TO E-OKPECTHOCTHh KAXKIOIO U3 KOMIAKTOB A u B — HWJIMHADP TOrO »Ke BUIA, Y4TO
u caM KOMMakKT. st HaxXoXKaeHus dpgy TAKXKE 3aMETUM, 9TO MUIHHIP X MOKHO MTOMECTUTH B
munHap Y, ecau 1) paguyce X He npeBocxoauT paauyc Y; 2) cyMMa JJIMHBL OTPE3Ka U YABOEHHOTO
pagmyca X He MPEeBOCXOIUT CYMMBI YABOEHHOTO DPAJAUyCa W JITMHBI OTPe3Ka Y .

Ioaromy kaxgoe € > 0, [Aj1st KOTOPOrO B £-OKPECTHOCTH A MOXKHO [TOMECTUTH 1B U B £-OKPECTHOCTD
B moxHO nomecturh A, JOJKHO YIOBIETBOPITH CJELYIOIMEH cucreme:

strate>
%JFT’BJFEZ
TA+eE>Tg,
rg+e>ra.

+rB,
+7a,

e Nl

Kpowme Toro, eciin Takoe € HaidiZieHO, TO, ToMecTnB oTpe3ku [Ay, As] n [By, Ba| Ha onHYy TIpsSMyIO
" COBMECTUB UX CEPEAUHDbI, TMOJYYIUM IIOJIOZKEHNE, B KOTOPOM BbBITIOJTHAIOTCA 06a ycaoBu4d. Pemaﬂ
CUCTeMY, TIOJIydaeM HEePABEHCTBO HA £:



e > max{|r,4 —rl,|§ — % +7a —TB|}.

ITo ompenenenunio eBKINIOBA paccTositus ['pomoBa—Xaycaopda, HaM HYKHO HAWTH HAWMEHbIIEE &,
YZIOBIIeTBOpSIIONIEE CUCTeMe, To9ToMy € = max {|[ra — rg|,|$ — 5 +ra — rp|} — mckombril pamuyc
okpecTHOCTH. 3HAUNT, dpcr(A, B) = max{|r,4 —rBl,|§ — g +r4— rB|}. O

Ipennoxxenne 2.4. ITycmv X', X2, X3 — mouku manzemmenckoti naockocmu. Tozda mowka
HImetinepa S npunadaescum Conv{ X!, X2 X3}

Joxasamenvcmeo. Ilycrs (z1,y1), (22, y2), (T3, y3)— KOOPAUHATHI JAHHBIX TOYEK, (Zs,Ys) — KOOP-
nuaatsl Toukn [Ireitrepa S.

MunuMu3Upysi CyMMapHOE pACCTOsiHHE OT S JI0 MPAHUYHBIX TOYEK B MAHXETTEHCKOM MPOCTPAH-
CTBE€, Mbl HE3ABUCUMO MUHHUMHU3UPYEM CyMMAapHOE €BKJIUJIOBO PACCTOSHUE OT g JO X1,To,L3 U OT
Ys 10 Y1, Y2, Y3 Ha npsamoii. g Takoil 3a1a9u XOPOIIO W3BECTEH OTBET: ONTHMAJBHOE TOJIOKEHNE
KOODJIWHATHI Ts — ITO CPEIHSISI U3 TPEX TOYEK X1, T, T3-

Torpa Touka S mWMeeT KOOPAMHATHI CPEIHUX MPOEKIUH, IOITOMY eCJIH Yepe3 Hee MPOBECTH OCH
MAHXETTEHCKON MJIOCKOCTH, TO OIHA W3 IPAHUIHBIX TOYEK OyIeT JieyKaTh Ha OHON OCH, a Apyras
— na apyroit. Ilycrb, 6e3 orpanudeHus OOIIHOCTH, ITU JIBE IPAHUYIHBIX TOYKHU JIEKAT B IEPBOM
KBaIPAHTE, TOT/IA W3 YCJIOBUs "KOOPAWHATHI TOUKM S — CPeIHUe MPOEKINY ' BEITEKAET, 9TO TPEThs
rPAHWYHAS TOYKA JIEXKUT B TPOTUBOMOJIOKHOM, TPETHEM KBAJIPAHTE, &, 3HAYUT, TOUKA S [eiCTBU-
TEJIbHO COIEP>KUTCS B BBIMYKJIONH 000I0YKE TPEX IPAHUIHBIX TOYEK.

O

Paccmorpum crenyromue kommakTel A, B, C; myctb nanbl orpe3ku qauabl a > 0,0 > 0,¢> 0 un
paccmarpuBaioTed ux 14 > 0,7 > 0,7¢ > 0-0OKpecTHOCTH COOTBETCTBEHHO.

Teopema 2. /J[asa onuchnoti eviwe 2panuybt M = {[A], [B], [C’]} C Ho(R™) cywecmeyem makoi
[S] € Ho(R™), wmo 36e3da ¢ yenmpom 6 S u epanuunvimu sepwunamy [A], [B] u [C] asanemces
MUHUMAALHUM 3anoanenuem. B wacmuocmu, maxue [S] npedemasasrom cobot mowku IlImetinepa
oas epanuys, M.

Joxasamenvcmeo. O6o3HaunM depe3 X moaMHOKecTBO B H,(R™), cocTaBieHHOe U3 KJIaCCOB IKBU-
BAJIEHTHOCTH BCEX OKpecTHOcTe# Bcex oTpe3koB B R”. Ilycts X — 3T0 rx OKpecTHOCTb OTpe3Ka
numnbt . Pacemorpum orobpazkenue f: X +— (rx,x/2+7rx). Torna f — usomerpuunoe orobpazke-
nue u3 X B R, nepesogamee X' B nepsbiit kpaapant K. ITo reopeme Opcannukosa [4], ais mro0bix
P,Q,R € R% wmmanvambhoe fepeso IllTeiinepa, coenunsiomee P,Q, R, apjisercs MAHUMATLHBIM
sanosaenueM. [lockombky RZ, W30MeTpuuHa MaHXETTEHCKOH MIOCKOCTH, TO MO TPeJIOKEHUIo 2.4 B
R2, Touxka IllTefinepa JIezKUT B BBITYKJIOH 060JI09KE IPAHUIIBI.

CnenoBarensho, eciu A, B,C € X, to f-obpa3bl 3TuX TOYEK Jexar B K, MOITOMY U TOYKA
[Ireitnepa s 3tux f-06pa3oB TakzKe JiezKUT B K, 3HAYUT, 3TOH TOYKE COOTBETCTBYET HEKOTOPLIA
snement S € X. Tak kak f u3omerpudno, 3Be3/a ¢ Bepiuunoii B S u rpanuneit A, B, C' aBisercs
MUHUMAJIbHBIM 3aTOJHEHUEM U, B 9aCTHOCTH, MUHUMAIHHBIM gepeBoM lllrteiinepa kak B X, Tak u
BO BceM H,(R™).

O
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