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§ 1. CuMILIeKTH9ecKne MHOT000pa3us ¢ KOHTAKTHBIMU

0CODEHHOCTIAMMU

KBaHTOBaHHEM CHMILIEKTHYECKOrO MHOrooopasus (M, w) Ha3biBaeTcs JinHeHHOE 0TOOpa-
enue F — ' MHOKecTBa C*(M;C) B upocTpaHCTBO JMHEHHBIX OIIEPATOPOB HA HEKO-
ropom (pen)ruisbeproBom npocrpancrse H [1], yaosiaersopsiomniee ycaoBusim:

1. 1 =1 (roxaecrBennbiii omepaTop);

2 {F,AG} = [F,G), tne [F,G] =i - (FG — GF) (kantoBas ckoGka Ilyaccona);

3. B+ = (F)*, e * — KOMILIEKCHOE COIPSZKeHHe WM COIPszKeHHBIN onepaTop;

4. J1si HEKOTOPOro IMoJiHoro Habopa dyukmuit Fp, ..., F, Habop omneparopos
Fl, . ,Fm SIBJISIETCS TIOJIHBIM. YCJOBUE IMOJHOTHI O3HAYAeT, 9TO Jirobas (PyHKIUsI, KOM-
MYTHDPYIOIasi ¢ KayKaoil Fj, siBIsieTcst KOHCTAHTON (AHAJIOTHYHO 7Tt orepaTopos). Eciu
BBITIOJIHEHO TOJIBKO 1, 2, 3, TO TOBOPSIT O MpeKBaHTOBaHuU [1].

Cypro u Kocranrom 6blia mpe/jiozkeHa KOHCTPYKIHS TpeJKkBaHToBanus |2,3|, ko-

Topas onucaHa B §2. B macrosimeit pabote oHa PaCHpOCTPAHSIETCS HA CUMILIEKTHIECKNE

MHOTr0o00pasus ¢ KOHTAKTHBIMA ocobenHocTamu [4,5].

Onpenenenune 1. [lycmov 1a muozoobpasuu M onpedesena 3amxnyman 2-opma w, u
nenycmoe mnoscecmeo © = {p € M : detw, =0} umeem mepy noav 6 M. Tozda napa

(M, w) Haswvieaemces CuMNAEKMUYECKUM MH02000PA3UEM € 0COBEHHOCTDIO.
Ecmu p € O, 10 Z, = Ker(w,) umeer pasmepaocts 2k > 2.

Onpenenenne 2. [Tycms (M,w) ecmb cumniekmuueckoe mmo2000pa3ue ¢ 0COOEHHO-
cmoto, dim Z, = 2k e nexomopoti mouke p € ©, u cyujecmseyem maxas 2Aa0KaA 2unepno-
seprrocms S C M, wmo p € S C © u dim Z, = 2k 6 kascdot moukey € S. Tozda mouxa

p naswieaemes Konwmarmnot, ecau Z, ¢ T,S u d** 1P f(w), # 0, ede Pf(w) = £V det w.

Venosue d** 1P f(w), # 0 o3Hauaet, 4To B HEKOTOPBIX (M TOTa B JIIOOBIX) KOOPIHHA-
Tax X € R?", 33 ]aHHbIX B OKPECTHOCTH p, Hafijercs uacTHas npoussognas or Pf(w)(x)
nopsiika 2k — 1, KoTopasi OTJIMYHA OT HYJs B TOYKe p. [Ipm 3TOM BCe MPOU3BOIHBIE
Pf(w)(x) mopsiakos or 0 10 2k — 2 B Touke p paBHBl HyJH0. B caydae k = 1 ompefe-
JeHne 2 ympormaercs 1o exunHcrsennoro yeaosus dP f(w)(Z,) # 0 [4].

Coruacao Teopeme 3 [4], Ha HEKOTOPOiT OKPECTHOCTH KOHTAKTHOH TOYKH p CYIIECTBY-

10T KOOPAUHATH (X, P,q) € R?* x R"* x R"* B KOTOPHIX w UMeeT kanonureckuli BT

xz k n—=k
w = d(;l (dib’z + ZQ$2j1d372j>> + Zl dp; N dg; , (1)
j= i=
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npu sroM Pf(w) = 2271 /281y rammabronosa cucrema sgrad(f) ma M\ © umeer i

. _ _10f
1= 7% e
. _10f _ 2 of of of
T2 = 2 8ar 22 <:E38—m+x587+...+x2k—13x2k71> 2)
: _ 2 of of 2 _of ,
Taj+1 = 32 <$2j+13_$2 T Pemrs ) LU T Zaen (1<j<k-1)
. 9 . 9 .
pi:_aiu q—ap{ (1<i<n—k)
Ecin p € © u limgy,,,sgrad(f)(y) = w € T,M, 1o BekTop w 06O3HAUAETCH

sgrad(f)(p). Qs sToro Heobxoanmo paserctso df (Z,) = 0, koropoe B 00IIeM He sIBJISETCH
JocrarodnbiM. Ho ecin ToUKa p BIsieTcsi KOHTAKTHOM, To moJie sgrad(f), onpenenienHoe
Ha HeKoTopoii okpectHocTH O(p), CYMECTBYET TOTA W TOJBKO Torma, Koraa df (Z,) = 0
I Beex y € © mocrarouno 6imskux K p (Teopema 1 [4]).

st 11000t KOHTAKTHON TOYKH p € O cyIecTByeT Takas ee OKpecTHOCTh U, 910
Kaxkaag Touka y € UNO gapasercs KoHTakKTHOR. O603HAUNM Xy MHOXKECTBO BCEX IUIATKUX
byukuuit f na U, kax1as u3 KOropbix yjaosiaersopsier yeaosuio df (Z,) = 0. Caenyromee

yTBep:KieHne ObLI0 MosIydeHo B [5)].

Ilpennoxxkenme 1. Muoosicecmeo Xy asasemcs anrzebpoti Jlu omuocumesvrno crkobku

Hyaccona, xomopas xoppexmmno onpedenena na Xy X Xy.

ﬂonasameﬂbcmeo:

d{f1, f2}(Z,) = wy(Z,,sgrad{ f1, f2} () = w,(Z,, [sgrad(f1),sgrad(f2)](y)) =
= wy (2, Legrad(p) sgrad(f2)) = w (Z , 4 (5 sgrad(f2)) (y)) =
= L0, (91 2)y, (o5 sgrad(f2)) (y)) = Lw, (Z,,sgrad(f2)(y)) = 0,

rae ¢; — JOKAJIBHBIH MOTOK DIAIKOro mojs sgrad(fi), ompereseHHOro B OKPECTHOCTH
TOYKH p, coXpandoniuii popmy w BMecTe ¢ mojem ee sjep O.
Creyrotee yTBep:KaeHre n3 [4] BBOIUT TOMOJOMMYECKOE OPPAHNYEHNE HA KIACC CHM-

IIJICKTUYEeCKHUX MHOFOO6pa3I/II71 ¢ KOHTAKTHBIMH OCOOCHHOCTSIMH.

IIpensioxkenune 2. Ilycms cumnaexmuseckoe muozoobpasue (M,w) ¢ ocobernocmoio
BAMKEHYMO, OPUEHMUPYEMO U kadcdas mouka p € O geasemca woumarxmuot. Ecau

dim M = 2 uau dim Z, > 2 Vy € ©, mo H*(M,R) # 0.

Hawm morpebyerca orobpazkenne Fy @S2 1 x [—1; 1] — D", zamannoe dopmymnoii
Fo(s,t) = st, te s € S* 1 =09D* t € [-1; 1], D*" = {z € R*": |z| < 1}. O603nauum
O cdepy S x {0}, Torga Fy(0) = 0. [Iycrs M = S**~1 x [—1; 1]. Jlerko 1poBepuTh,
aro rk(d,Fy) =1 Vp € © u rk(d,Fo) =2n Vp e M \ ©.



®uxcupyem na mape D" cumiuiekruueckyio gopmy Qo = >0 dx; A dxyy; . Ec-

m wy = Fj(Q), 0 wpy = 0 Vp € © u det(wpy) # 0 Vp € M \ ©. B koopaumarax

(0, 01,...,00, 9,t), rae (¢,01,...,02, 2) — chepuueckue Koopaunarel Ha S*"~! gakobuan
oTobpazkenus Fy pasen t2"71 - cos? 20 - ... - cos by, 9. [losToOMy P f(wy) uMeeT mopsIoK
21 pu t — 0, 1, cIe0BaTEIbHO, KayK1ad TOUKa p € O gB/agercda KOHTAKTHOM 115 Wy.

Pacemorpum ji06yio napy (Ny, Qq) u (Ng, €s) cuMiiekTuaeckux MHOrOOGpasuit pas-
meproctu 2n > 2. Ecan (N1, Q) # (N2, €s), 10 o6o3Haunm N HecBsi3HOe 00beMHEHHe
NiT] Nao. Ecu (N1, 1) = (Ng,€Qs), To iyets N = N = Ny, CuMiutekTudeckas CTpyK-
Typa muOroobpasus N onpenessercs Taxoit popmoit Q, uto Q|y, = ;.

st kazkgoro j € {1,2} BriGepem mapy 3aMKHyTHIX mapos D" u E?n, TaK 4TO
Dy C int(ﬁ?n) C N; U CYWIECTBYIOT CHMILIEKTOMOPMUIMBI [ ﬁ?n — D?" (teopema
Hap6y). Ecan (N1, Q1) = (N, £22), 10 mapsl ﬁjn HE JOJIZKHBI I€PECEKATHCS.

Ipuknenm k N mamnap S**~1 x [—1; 1] nocpeacTBom oTOXKaecTBICHN TOYEK:
(s,t) = fi' (Fo(s,t)) mpn — 1<t < —1/2, (s,t)=fy ' (Fo(s,t)) upu 1/2 <t <1.
Tem caMbIM MBI TIPUKJICHBAEM PYUKY, HMesl CJIETYIONNE OTOXKICCTBICHUS IO MHOKECTB:
Sl {=1} = 0D)", §2 ' x [-1; —1/2] = D;" \ int(D?"), $° ' x {—1/2} = D"

S2Lx {1/2} = D", S x [1/2; 1] = Dy \ int(D2"), S**' x {1} = 0D;" .

BribpaceiBasg u3 Kazkaoro N; BHYTPEHHOCTD IIapa D?” nosgydaeM Muoroobpasue M c
r1aaKoi, 3aMKHyTOH 2-bopmoii w, xoropas cosuasaer ¢ ; na N; \ D" u pasna F(Qo)
na 5?1 x [~1; 1]. ®opma w HeBbipoykenHa Ha M \ © u paBHa HY/II0 BO BCeX TOYKaX
(2n — 1) — MepHoit cdepbl O, Tak YTO KaxKaas TOYKa p € O ABIAETC KOHTAKTHOI.

Takum obpasom, napa (M,w) sBIsieTcss CAMIUIEKTHYECKUM MHOTOOOpasueM ¢ KOH-
TAKTHBIMI 0COOeHHOCTSIME. [TOPOAMBINYIO ero KOHCTPYKIHIO, BBEIeHHYIO B [5], HazoBeM
npukJeiikoit © — pyuku k (N, ). B cayuae, korma (N1, Q1) # (Ng, Q) mHOr0O6pasne M
nuddeomopdno cps3noit cymme Ni#HN,.

§ 2. IIpeakBanToBanme no Cypro-KocTaHTy

Hac mHTEpeCyIOT Takue CHMILIEKTHYeCKHe MHOroobpasus (M, w) ¢ KOHTAKTHBIME OCO-
OennocTaMn (T.e. KarKJash TOYKA MHOXKECTBa O sBIIsSIeTCS KOHTAKTHOI), 4ro w, = 0
Vy € ©. Torma ma Joboit byukmuu f wa M ycenosue df (Ker(w,)) = 0 sKkBUBaJIEeHTHO

d, f = 0. IIpenkBanrosanne no Cypro-KocTanTy npuMmensiercs K MHOXKecTBY Fo DyHKITHI



f: M? — C, 115 KOTOPBIX THIEPIOBEPXHOCTL O ABJIACTCH KPUTHICCKUM IOIMHOI000-
pasuem. N3 npemioxenns 1 caeayer, 4ro MHOXKecTBO JFo = X))y aBisercs aaredopoit JIn

OTHOCHTE/IbHO cKOoOKHU Ilyaccona.

Teopema 1. Ilycmo (M?",w) — makoe cumniexmumneckoe mroz000pasue, 4mo o06pas
waacca [w/h] npu wanonuueckom usomopdusme epynnv, HAn(M) 6 epynny wozomono-
euti H2(U,R) npouseosvhnozo noxpwmus Jlepe U A6AACMCA UEAOUUCAEHHDLM KAACCOM,
ede h — nocmosmnas Iaanxa. Obosnauum (MZ",wy) cumnaexmuueckoe mHo20006pasue
¢ KOHMAKMHLMY 0CODEHHOCTNAMU, NOAYYEHHOE 8 PE3YAbINAME Npukselru © — pyuku ¥

(M?",w), max wmo
M= (M \ (D" UD3") U (S x [-1/2;1/2])  © =81 x {0}

Toz0a cywecmeyem aaasnoe paccaoenue P2 (M2 C*) co ceasnocmuvio, onpedessouel
rxosapuarmmoe duddepenuuposarue V 6 NPpocmpaHcmee GCcouuupoSaHH020 PACCAOCHUS,
L* 2 (ME™, C, C*, P?"*2). IIpu smom onepamop

- h
F=F+ _vsgrad(F)

27
deticmeyrowuti Ha cevenua paccaoenus L?2 ) onpedessem npedrsarnmosanue no Cypvo-

Kocmanmy pynrxuyuii F' us aneebpo Fo.
doka3zaTreanrCTBO TE€OpPEMBI

Jlemma 1. Ha mnozoobpasuu MZ™ \ (S*7' x [=1/2;1/2]) cywecmeyem makoe cemeti-
cmeo omxpumoir nodmmoscecms U = {Uy}taca, #mo 6ce onu, a maksce 6ce Henycmoie
NEPECeMENIs KOREUNbIT CeMeticme smut nodmmosicecms 2omeomopdns, wapy 6 R*™. Ipu
amom daa nexomopoti oxpecmmocmu Uy pyuwu S x [—1/2;1/2] ece mmoocecmea ce-
meticmea U emecme ¢ Uy obpasyrom A0KasbHO-KOHEwHOE nokpuimue Uy mH02000pasus
MZ", max wmo dan xasicdozo o € A wap U, ne nepecexaemes ¢ Uy uau mmoscecmeo

UsNUy = Uy, N (Up\ S x [=1/2;1/2]) 20meomopdrio wapy ¢ R*™.

Jloxazamenvcmeo. 3adburcnpyeM JI00bIe IBe Pa3IHIHbIe TOUKH T, T € M*". Ilpn
KaxkJoM J = 1,2 BbribepemM 3aMKHYTHII Iap 53" C OEHTPOM Ij, HA KOTOPOM CYIIECTBY-
10T KAHOHWYIecKne KOOPAMHATH Jtd (hopMbl w. PaceMorpuM mokpsiTre M2 OTKPHITHIMA
MHOKeCTBaMH

int(ﬁf”), int(ﬁ%"), M\ {2y, 25} (3)

[To Teopeme 3.7 raaser IV [6] cymecrByer JokaabHO-KOHeYHOe MOKphiTHE Jlepe U =
{Us}aca, Buncannoe B mokpoitue (3). Jlio6oe muoxecrBo U, He COACPKUT HU OJIHY H3

TOYEK T, Ty JTHOO ABJAETCS MOIMHOXKECTBOM int (DJQ”) Juist Hekotoporo j € {1,2}.
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Bribepewm Jiroboe muozxkectso U, C int (15]2") [Tpetoiokum, 9410
Ve e U, 36 # o (x € Ug), Torma

U, = U U, NUg (4)
BEA!, BFa

13 (4) caeayer, a0 MHOKeCTBO U, MOXKHO YAQJIUTh U3 MOKpbITHS U’ ¢ cOXpaHEeHHEM
Bcex ero cpoitcrs. [loBropum manubiil nponece ¢ a00bM gpyrum Ug C (DJQ") [TockosibKy
OKphITHE U’ TOKATHHO-KOHEYHOE, Yepe3 KOHeTHOoe dncJio maros (npu j = 1,2 ) moaydum

rakoe mokpbiTue U = {U, }aeca, 910:
Vi e{l,2} Jy; € 1532” U, C int(ﬁ?") y; € Us, & Va # aj (y; & Ua).

-—=2n -
Ob6osnaunm D sambikanne mapa U,,. B cuty okaabHOil KOHEYHOCTH IIOKPHITHS

CYIIECTBYeT TAKOU 3aMKHYTBIN I1ap Djz-” C UEHTPOM ¥, 9TO
2 . —=2n 2
Dj” Cmt(Dj ) & Va# o (Dj"mUa:(Z)),

—2
Vcnoab3ys mapsl DJQ-” u Djn, npukienm O — pyuky x (M?" w). Ilonydeno mMHOrO-
obpaszue MZ" ¢ dopmoit wy. Vckomas okpectrocts Uy = S*71 x (—1,1). Tloxpwrtue Uy

obpa3oBano MHOKecTBOM Uy 1 MHOXKecTBaMH cemeiicTBa U 3a uckmodernem Uy, n U, O.

Jdemma 2. Jlaa noxpomus Uy (aemma 1) cywecmeyem maxoti xaace m € H?(Uy, R),
YMO 0AA HEKOTOP020 UEAOHUCAEHHO20 KOUUKAGL Magy € T CNPaBEIAUSO caedyroujee.

Ha xaosrcdom mmoocecmese U, u Uy s3adanve maxue 1-gpopmot O, u 0y, u na xasrcdom
nenycmom nepecevenuy Uy, NUg u Uy N Uy 3adans makue gynryun bog u by, coomsem-

cmeenno (o, B #0), wmo:
df, = WO|Ua = W|Ua dby = w0|Uo (9/3 - 004)|UaﬁU5 = hdbaﬁ (90 - ea)’UaﬁUo = hdbuo
VavpVy UsNUsNU, #0 = (bag + bpy + bya)|lvanusnu, = Mapy € Z
VEvy UgN Uﬁ N U’Y #* 0 = (bg@ + bgfy + bf)/o)‘UomUﬁmUw = Mogy € Z

Aoxazamenvcmeo. Popmbl 8, GyHKIHN bag 1 by, CyIIECTBYIOT B cuity jJeMMbl [lyan-
Kape, ¢popMma 6y — B cuny oTHOCHTENLHON JemMbl Ilyankape. 13 mokasarenncTsa cie-
crus 2 Jlekuust 21 |7] caenyer, a B 3ameuannu 2.1.1. [3]| ssBHO yKa3aHO, 4TO HPU H30MOP-
buzve HZ (M) — H?*(U,R), 0 KOTOPOM nieT pedb B yeaosun Teopembl 1, dopme w/h

COOTBETCTBYET KOIIUK.JI

Us NUg N Uy = bag + bgy + by = const € Z (5)



Caepytontue ase 1-opMbl JIOKaIbHO ompesiesienb Kak Ha MZ", tax u na M>" :

Qaj - eoanj\DJZn j - 1,2 .

BaMeHnuM Bee 1-KOUUKIBI by, Ha by, TAE

0, 0,  ~
f—#:dbam B # o,y .

ITocse T0r0 KOMUKI (5) HE M3MEHUTCS (3HAYMOK  OIMYCKAEM).

Bamerum, uro YU, € Uy U, NUy = U, N Uy, 1upu nekoropom j = 1,2 . Yrobw
ONPEJIeNNTD JJis MOKPHITHS Uy HCKOMBIT KOMUKJ B (D) OCTATIOCH BBECTH CJIEJIYIONIHE
obosnauenus. Ecau s HekoToporo a € A muoxkectso Uy N U, = Ua,; NU, me mycro, 10
nonaraeM boo = baja, TAC PYHKIAA by JOKAIBHO ONpenenena na M n O,

B nanbreiitem Gygem cantarh, 9ro (0 BXOJUT B MHOKeCTBO nHIeKCcOoB A. ITycTh
Cop = € 28 Yo, B € A (6)

rorga Cop @ Uy NUg — C*. U3 (5) caenyer copcayCya = 1. Ciren0BaTe/IbHO, Cop SBIISIOTCS
byHKIIAME CKICHKHA [T HEKOTOPOTO, OJHO3HATHO OIPEIACTCHHOTO, IJIABHOTO PACCIOCHUS
P22 (ME™, C*). OupejieiuM CBA3HOCTD B pacciaoenun P22,

[lycthb @q : 71 (Uy) — Uy X C* — Jl0KaIbHO-TpUBHAII3HPYIomuii 1uddeomopdusm.

Ha U, 3a1aH0 euHAYHOE CeUeHNAE
0o : Uy = P72 Vo € U, (0a(z) = ¢, ' (2,1)).

Bamernm, uro KaHoHnveckas 1-popma 0 va rpynne C* umeer Bug 6 = dz/z . Ilycts

dz dcag 2m1
Oup=Cp(@)=Cs| — ) = Ao =——0, .
p= ) = (T) = 2 "
[TpoBepum, uTo
dcq
Mo = da= (™)
Cap
HefictBuresbao, u3 gemvbl 2 u (6) mosrydum:
omi omi dc.,
As— Ao = =20 — 0,) = — L (hdbag) = —2midbas = dIncag = —22
h h C&ﬁ

[Tox morapudmom moHEMAETCS J1I00ast BeTBb OECKOHEUHOJIUCTHON aHAIUTHIeCKOH (DyHK-
1N, OIpeJieIeHHas HaJl OJHOCBA3HOI obmacTeio U, N Upg.

YuureiBasi, 910 JId KOMMYyTaTuBHOI Tpymmsl C* umeer mecTo adC;é =id, w3 (7) n
npeioxkennd 1.4 [naser 2 [6] caemyer, uro na P?"2 cymecByeT ¢cBA3HOCTD ¢ Takol ¢hop-

Moii A, uro A, = 05(\) Vo € A. CooTBETCTBEHHO, B MPOCTPAHCTBE ACCONUUPOBAHHOTO
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paccioenus L22 (ME", C,C*, P?™*2) onpeesiena onepanus KOBApUaHTHOTO puchdepen-

mupoBanus V. Omneparop

. h
F=F + _ngrad(F) (8)

211

neficTeyromuii Ha ceuenua L2"T2, ompegenser npenxsantosanme no Cypbo-KocranTy
dbynknuii uz anredper Fo. B cury npeyoxenns 1, VE € Fg none sgrad(F) koppekTHo
OTIPEJICNICHO Ha BCeM MHOroobpaszun ME".

[lycth 84 : Uy — L2 — equnnunoe cedenue. [ mo6oro cevenns s : ME" — L2
Jo:Us—C sly, =¢-sa (sa(x);éOVxEUa) 9)

B cuny (9) oneparop (8) meitcteyer na bynkuuu ¢ € C*(U,, C). Ussectno, 4ro s

Ji100oro BekTopHOro nojs £ € U,
V§8a = )\a<€>3a = __ea(g)sa (10)

13 (10) caenyer, aro

Vels) = Ve(osa) = E(@)sa + 9Ves = (£0) = T0a(E)p)sa

Busno, 1o oneparop F nefictsyer na dynkunn ¢ € C®(U,, C) caemyomuy 06pasom:
A h
F(p) = Fo+ 5 AF ¢} — Oasgrad F) - ¢ (11)

[Tostyuen oneparop npeaksanrtopanus mo Curany — Baun-Xosy [1,8].
st mpoBepku yesoBust KBanToBauust F* = (F)*, He0OX0IUMO OIPEIETUTh SPMUTOBO

npousBe/eHre B npocTpancTe dbunnTHbX cedenuit L2, Cremnys [3| nonaraem:
(s1,82) = / ) (s1(x), s2(2)), - QUz) tHe Q=A_ w.
M2n

[Mocaoitaast 3pMUTOBA CTPYKTYPA (-, *); ONPEIENSETCS CJIEAYIOMUM 06pa3oM:

[ycts © € U, u s, — eauananoe (6asucuoe) cedenne (so(z) # 0 Vo € U,). Torna,

ecin $1(x) = f1(x)sa(x) u se(z) = fo(x)sa(x), TO
(s1(2), s2(2))0 = fr(2) f3 (2) (12)

IIpoBepuM KoppekTHOCTD onpeenenns (12). Ilycrs © € Ug u s1(x) = g1(2)sa(2), s2(x) =
92(2)sa (). TTockoubky s(x) = Sa(2)cap(x) 1 |cap| =1, TO

siz) si(x)  silw)  si(@) L @)

s5(0) $5(2)  sal@) s5(@) leap(@)P T

91(2)ga(x) =



s nposepkn csoiicrBa F* = (F')* m0cTarouHo g10Ka3aTh, 4TO JIsi BENIECTBEHHOI
¢yukuu F oneparop F — camoconpsizkerubiit. OrpaHnanMcst CIydaeM CedeHui, HOCuTe-
JIM KOTOPBIX JIe?KaT B HEKOTOpoii kapre U,. HyHo npoBepuTh, 410 omeparop Bujaa (11)

ABJIAeTCd CaMOCOIIPAZKEHHBIM. ,HOCT&TO“IHO JOKa3aTh, 9TO

h h *
/ —sgrad F'(¢) - ¢* - Q = © - (— sgrad F(¢)> Q)
]\/[gn e ]\/Ign 27TZ
4TO PABHOCHIBHO
/ sgrad F'(py™) - Q=0 (13)
M2
[Tycrs a(t) — (MokambHast) omHOMapamerpuueckas moarpymnma moss sgrad F. Tak kak

norok sgrad F' coxpansier hbopMy w, a 3HAYAT U ee cTenenb ), warerpan (13) pasen:

d

d d
/Mg" at|,_, (™) (arz) I eY*(air)a; i /WD

Teopema 1 gokaszaHa.

DTa TeopeMa pacHIupseT IpeaMeTHYI0 00JIaCTh TEOPUHN MeOMEeTPHIECKOro KBAHTOBA-
aust (o Cypro-KocTanTy) CUMILUIEKTHIECKIMH MHOTOOOPA3USIME ¢ KOHTAKTHBIMU 0COOEH-
HOCTSIMH, KOTOpble He UMEIOT HUKAKOW CHMILIEKTHYECKOH cTpyKTyphl. K HEUM OTHOCAT-
Csl CBSI3HBIE CYMMBI HEKOTOPBIX, MO-BHINMOMY MHOTHX, CUMILIEKTHYECKUX MHOTOOOpa3Hii.
ITpuMepsl TAKUX CBA3HBIX CYMM MOYKHO M3BJIeUb U3 paborsl [9].

Cornacuo .4 teopemst 3.8 [9], eciu 4-mepHOEe MHOTOOOpa3ue X pasziaraercst B CBA3-
uyw cymmy X = Y#Z, rae b3(Y) > 0 u b2(Z) > 0, 10 Bce nHBapuanTsl 3aiiGepra-
Burrena muoroobpasust X papubl Hymwo (T.e. SWx = 0). Orciona u u3 teopembr 4.1
[9] crenyer, uto eciim X — 3aMKHYTOe, CHMILIEKTHYECKOE 4-MHOT0000Opasue, TO OHO He
MOZKeT OblTh CBsA3HOM cymMoil MHOrooGpasuii, y koropbix b% > 0. Yucsio b1 pasHo pas-
MepHOCTH MaKcuMasbHoro nognpocrpancrsa B H?( X, R), na koropom Gununeiinas dbopma,
Q([wr], [wa]) = [ wi A ws ABIETCA NOTOKHUTEILHO-OIpPEEICHHON [9].

VuuThIBAsl, ITO MHBAPHAHT b2 & IATHBEH OTHOCUTEBHO CBA3HOH cyMMBbI [9], oTciona
cieiyer, 4ro Ha 11060M muorooGpasuu CP?# ... #CP? ne cywmecrByer CHMILIEKTHIECKOM
cTpykTypsr (Teopema 3.10 [9]). TIpm srom moboe CPY nmeer cramiapTHYIO CHMILICKTH-
YeCKYI0 CTPYKTYPY € IeI0UncaeHHbiMu mepuogamu [10].

Jpyroit mpuMmep cBs3an ¢ nosepxHocTbio K3 B CP?, ompemenseMoil ypaBHeHHeM
2} + 23 + 25 + 2 = 0, y koropoit b2 = 3 [9]. Torna b%(K3#...#K3) =3m > 0 (rae m
— YHCJIO CJATAEMBIX ), CIeJ0BATEIbHO CBA3HAS CyMMa JIIOOOTO YHCIa SK3eMILIsipoB K 3 He
SIBJISTETCS CUMILIEKTHIeCKUM MHOrooopasumem. Ilpu srom K3 ecTh 4-MepHOe CHMILIEKTH-

YecKoe MHOT00Opasue (KOMILIEKCHOE MOJAMHOT000pa3ue B KJIePOBOM MHOTO0OpA3UH CP3,
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B cuty gero K3 — kaseposo [11]). Tlepemermupas B cs3noit cymme ciaaraembie K3 u CP?,
HOJIyIUM JIPYTHE TPUMEDBI TOTO K€ POJIa.

Takum 06pa3oM, IPUMEHATENHHO K CBA3HBIM CyMMaM CHMILIEKTHIECKAX MHOT000Opa-
3uii 3aga4a kBanTtoBanus 1o Cypbo-KocranTy, Boobie roBopsi, He umeeT cMmbicia. Ho ee
Mo uduKalus, onrucaHHas B TeopemMe 1, IpuMeHnMa K CBA3HOH CyMMe JIIoOBIX MHOI000-
pasuii, KaxKJ0e 13 KOTOpHIX JomyckaeT (mpejx)kpanroBanne o Cypho-KocranTy.

[Ipumepom ciaysxkur sobas csasuas cymma CPY# ... #CPY, ecan 3adukcnposath
na CPY dopmy w = hQo, rae y — crammapTHas CUMILIEKTHYIeCKast crpykrypa na CPY,

KOTOpasi B OJHOPOJHBIX KoopanmHatax (2o @ ... : 2y) 3a7aercs Boipazkernem [10]:

i(fozo k2% chvzo dzy, N\ dzp — ngvzo zpdzy, N Zivzo deZZ>

0 = N .
27 <Zk:0 zkz;k)

[Mockonbky 29 — menounciaennas dopma [10], w3 Teopem 2.1, 2.2 [1] caeayer, uro Ha

(CPY,w) cymectyer mpenkpanTopanme 1m0 Cypso-KocranTy. B ciny Teopemsr 1 oo cy-
IECTBYET U Ha CUMILIeKTHIecKoM Muorooopasun CPY# ... #CPY ¢ konTakTHBIME 0CO-
oennoctamu. [Ipu 3T0M, KaK OKa3aHo Bhile, Tpu N = 2 OHO HE UMeeT CUMILIEKTUYeCKO
CTPYKTYDHI.

Sameuanne. [lokaxkem, uto ycnosue d, ' = 0 Vy € O ma dynkmmm F € Fg C
C“(Mg"; C), KOTOpbIE KBAHTYIOTCS B CHJLY TEOPEMbI 1, He aBaseTCst (PU3NUECKH OTPaHUIH-
TeabHbIM. /g 1100011, KaK yrogaHo MaJioit, Tpybdaroit okpectaocTu U runeprnoBepxHOCTH
O cymecTByeT Takad riaiakad Gynkmus y : M3 — [0;1], uto x(©) = 0un x(MZ"\U) = 1.
Ilpu sTom d,x = 0 B Kaxk10it Touke y € © (IOCKOJBKY X JOCTUTAET IIOGATHHOTO MH-
muvyma Ha ©). Torma misa moboit f € C°(ME™; C) dynkmusa F = fx npunaiexut
asrebpe Fo u orimyuaercs or f JiAinib B OECKOHEYHOT OJIM30CTH OT TUIEPIOBEpPXHOCTH O.

[Ipu srom dbynxuua F (jokaabHo) geauTes Ha 3, Tie X € R*™ — KanoHumdyeckue
koopauuathl (1). [Tosromy u3 (2) cremyer, uro nose sgrad(F') conmpukacaercs ¢ TunepIo-
BEPXHOCTHIO O.

ITpumep k Teopeme 1. Beemenm na cdepe S? CHMIIEKTHYECKYIO CTPYKTYPY W = ho,
rjie o — ¢dopma miroma . Puxkcupyem nokpoitue Jlepe U xkapramu Uy nipu k= 1,2,....,7,
U300paKeHHbIMH Ha pUCyHKaX 1 u 2 (cepblil UPSIMOYTOJBHUK HAa PHUC. 2 COOTBETCTBYET
muoxkectBy Uy N Us NUg N U7).

Ecmu w|y, = db, 1o obpa3 kmacca [w/h] npum xamommdeckom wu3zoMopdusme

H2,(M) — H*(U,R) asngerca xaaccoM koromosoruit [C] ¢ mpegcraBagiomumM ero 2-



KOIMKJIOM:
U.nUNU, — Cium € R, k,l,mé{l,Z,...,?}, UkﬂUlﬂUm#@,

vae  (bi + b + bmk) lusroinv, = Crim 1 (0 — 0))|u,nv, = hdby

DTOT KOIMKJ MOYKHO BbIOpATh Tak, dTo0bl Bee uncaa C, ObLIM paBHbI Hya0. s
9TOI'0 HEOOXOUMO MOoA00paTh (pyHKIHH by, TpubaB/isgs K HUM IIPOU3BOJIbHBIE BelleCTBEH-

HbIE KOHCTAHTBI, YTOOBI TOKICCTBEHHO BBIIOJHAIUCH ypaBHenus (14):

b3 + 030+ 041 =0 big+bss+bs1 =0 brg+ a5 +050=0
bas + b3g +be2 =0 baz 4+ b3y +bra =0 bog + bg7 + b7a =0
bsy + 046 +be3 =0 bss+bs7+b73 =0 by +bs7+ b7y =0
bys + bs6 +bgs =0 byg + bgy + b7y =0 bz + bgr + bys = 0

[lockobKy orpanmdenne bopMbl w Ha 3KBaTOp S§ cdepbl S? paBHO HYJIIO, B CHIY
orHOCcHTebHOM JeMMbl [Tyankape [11] w = df miasa nekoropoii 1-dopmer 0, onpeeseHHON
St 1.5 [12 i

Ha okpectHocTH Sy. V3 mokasarenbcrBa JleMmbl 1.5 [12] caemyer, 9To B KadecTBe 3TOM
OKPECTHOCTH MOKHO BbIOpaTh MHOXKecTBO Us U Uy U Us U Ug U Uz, HOCKOJBKY OHO CTSITH-
Baerca Ha Sp. Takum 06pa3’oM MOKHO CIHTATh, 9TO O — 6, = 0 u by = 0 npm k,[ > 3.

Caenosaresbio (14) cBomuTCs K cucremMe ypaBHEHHIL:

biz+bs1 =0 biy+0b51=0

(15)
baz +bra =0 byg + b2 =0

[IpousBosibno 3acdukcupyem pyukmun bs1, bro U moadepeM cBOOOIHBIE KOHCTAHTHI — CJla-
raembie B by3, baz Tak, uro6bl ypasuenusi (15) crasim TOXKAECTBAMEI HA COOTBETCTBYIOIIIX
muoxkecrsax U, N U, N U,,.

Takum 06pa3zoM MOKHO cauTaTh, 9T0 Bee Ciim = 0. Ilockonbky kiacce [C| aBiagerca
nejourcaeHHbIM [3], Ha MHOroo6pasun (S?, w) cymectsyer npeakpanTobanue 1o Cypbo-
Kocrauty. [Toatomy K (SZ, W) MOXKHO JII060€ YUCI0 Pa3 IPUMEHUTH Teopemy 1, npukien-

Bast pyuku K muoxkectBy (U; UUs) \ (Us U U, UUs U Ug U Uy). Jokazano yTBep:KeHue.

Teopema 2. Ha mobom 3amknymom, opuenmupyemom muozoobpasuu M? poda g > 0
CYWLeCmeyem makas CUMNACKMUYECKAA CMPYKMYPE € KORMAKMHOLMY 0CODEHHOCMAMU,
YIMO MHONCECNBO O ABAAECTNCA HECBAZHBIM 00BEOUHEHUEM § BAONCEHHBLL 0KPYHCHOCMED,
u daa Pyrryul us areebpu. Fo onpedesero npedksanmosanue no Cypvo-Kocmanmy (npu

g = 0 ocobennocmeti nem u Fo = C>°(M?* C)).

10



Ham norpebyercsi noHsiTe HOPMAaJIbHBIX KOOP/IMHAT HA PUMAHOBOM MHOI0OOpa3uu
M [6]. Koopaunatsl xy,...%, B Kapre V S p Ha3bIBAIOTCS HOPMAJBHBIMH, €CJIH OHU
nHynupoBausl tuddeomopduzmom 7, : O — V Hekoroporo mapa O B R™ ¢ nearpom B
TOYKHU HOJIb, KOTOPBIi 1151 HEKOTOPOTO, PUKCHPOBAHHOrO Oa3uca ey, . . ., ey, B 1, M cTaBuT
B COOTBETCTBUE [IPOU3BOJILHOMY BEKTODY T = (1,...,%n) € O touky T,(x) = y(1) € V,
e y(t) — rakas reogesuueckas B M, aro y(0) = p u (0) = >, x;e;. Torma 6asuc
0/0xy,...,0/0x,, B TOUKe P COBIAIAELT ¢ BABUCOM €1, . .., €y, KOTOPBIH MOXKHO CIUTATH

oproHOpMaIbHBIM. [Tpu 310oM p umeeT kKoopauHaTel (0, ..., 0) u Ha3bBaeTcs meHTpom V.

IIpeanoxenune 3. [lycmo (M?" w) — cumnaexmureckoe mMHo2006pa3ue ¢ KOHMAKMHDL-
mu ocobennocmamu. Cywecmsyrom maxas mpybuamasn oxpecmuocms Uy sunepnosepx-
nocmu © u nokpumue Jlepe U mnosicecmea M*™ \ Uy, wmo YU, € U ecau mmodsicecmeo

U, NUy 1e nycmo, mo ono we nepecexaemea ¢ © u 2omeomopdno wapy ¢ R2".

Joxazamenvcmeo. 3adbuxcupyem Ha M>" kaxyio-HIOYIL PUMAaHOBY METPHKY. B Kaue-
ctBe Uy Bo3bMeM JT00yI0 Tpy6UaTyio OKpecTHOCTL © ¢ Taakoit rpammneit P21 = 9U,.
13 nokasaresnbeTBa TeopeMbl 3.7 [uaBer 4 [6] BugHO, uTo cyiecTByer mokpwithe Jlepe
muozkectsa M?"\ Uy kapramu U, ¢ HOpMaJIbHBLIME KOOPIMHATAME. DTO IIOKPBITHE MOAKHO
BBIO 0 U pn-t

paTh TakK, 9T00bI HEHTPHI BCeX MHOXKeCTB U,, Mepecekarommuxcs ¢ , JIeXKaJl Ha
9TO# TumepnoBepxHOCTH, & camu U, He mepecekanch ¢ O. Tenepb HaAM HYKHO BBIOPATH
9TH KapTHl TaK, 9TOOBI UX mepecedenus ¢ Uy 6u11u romeoMopdHbl mapy B R?7,

P 0 U pn-t

accMOTpuM J1Ioboe MHOXKecTBO U, ¢ HIEHTpOM p € U HOPMAJBHBIMH KOOP-
JUHATAMHA 1, . .., T2, CooTBeTCTBYIOmMMUI Oasuc ey, .. ., ez, B 1, M MOKHO BHIOpDATh TaK,
9TO0LI BEKTOPHI €1, . . ., €2,_1 KACAIHCH MoBepxHocTH P71 a BekToOp €y, GBI eif opTo-
T i D>t c U i =0
ronajiet. Torja reoje3nmdeckuil Juck C U,, onpeje/igeMblii ypaBHeHUEM Ta, = 0,
ngemut U, Ha JIBa BBIIYKJIBIX ITOJIMHOXKECTBA, KaXKJI0€ U3 KOTOPBIX TOMEOMOP(HO APy
B R?", Tlockonbky D?"1 u P>~ conpuxkacaiorcss B Touke p, Boibupas U, Z0CTATOTHO
MaJIbIM MOKHO J100uThcst Tor0o, 4T00hl U, N Uy 06110 auddeomopdHO TOMY BBITYKJIOMY
noaMuozkecTBy U,, KOTOpoe orpanndeno guckom D21 O,

B obo3naueHnsx npeaioKeHus: 3 MOKHO ¢hOpMYIUPOBATD YCJIOBHE, TP KOTOPOM Ha,
(M?",w) cymectsyer npeakpanropanue 1o Cypro-Kocranry. CHadaa 3aMeTuM, 4T0 Ha
kazx oM MHOXKecTBe U, u Uy 3aganbl Takue 1-dopMmbl 0, n 0y, 1 Ha KaxKJIOM HEILyCTOM

nepecevennu U, N Uz u U, N Uy 3anansl Takue Gyukimn bys u by, (o, 5 # 0), uro:
d@a = w]Ua dQO = CU|U0 (05 — Qa)|Uar‘|U[g = hdbaﬁ (00 — 004>|UaﬂU0 = hdbao
V(XVBV’}/ U, N Uﬁ N U,Y 7é N = (bag —+ bgfy -+ bfj,oé)’UamUBmUAY = Capy € R
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VoYY Uy N Uﬁ N U,y #* 0 = (bog + bgfy + bryo)‘UomUBmUﬁY = COB’y eR

[TepBooOpasusie GyHKINN bog 1 bog OIPeJEIEHBI ¢ TOTHOCTHIO 10 MPOM3BOJILHBIX CJIarae-

MBIX — KOHCTAHT. EcIm 9TH KOHCTAHTBI MOYKHO IIOJ00OPATh TaK, 4ToObl Bee uuciaa Cogy 1

Cop~ OKa3aJIMCh TEJIBIMA, TO CYIIECTBYET PeIKBaHTOBaHUe (BDYHKIWH u3 aaredbpol Fo.
08y ) €]

[TockoJIbKY MHOKECTBO

nu |J Ua (16)
UaNUp#0

CTSTHBAETCS HA IHIEPIOBEPXHOCTH O, coorBercTByoniue (hopmsl Oy u 0, MOXKHO CIUTATH
orparmdenusmu #Ha Uy u U, Hekoropoit dopmbr 6, 3amannoil Ha muokecTBe (16) n siB-
nsromeiicsa neppoodbpasnoit 11a w. Takum obpasoM, Bce DYHKIUE byy, & TakKe Bee byg,
oTBevaromye napaM HerrycTox nepecedennit U, N Uy n Ug N Uy, MOKHO cUNTATH PAaBHBIMA

Hy110. OTCIO/1a BEITEKAET YTBEPKICHHE.

Teopema 3. [Tycmv (M?",w) — cumniexmuneckoe MHo2006pasue ¢ KOHMAKMHBLMU 0CO-
bennocmamu. FEcau cywecmeyem maxas mpybuamas oxpecmuocms Uy 2unepnoseprro-
cmu ©, wmo cumnaexkmuyeckoe mnozoobpasue (M2 \ Uy, w) donycraem npedxsarnmosa-
nue no Cypvo-Kocmanmy, mo u na (M?",w) cywecmeyem npedxsarmosanue no Cypwo-

Kocmanmy dynrxuyuii us arzebpol Fo.

12



Puc. 1:

13



Ui | e 3
L s !
Us HsUs U _| v,
| UsU7 !
; U6 ;UT
L o — — |

Puc. 2:

14



Crmcok jaurepaTypbl

1]

2]

3]

[4]

[5]

[6]

[7]

18]

19]

[10]

[11]

[12]

A A. Kupuinos. "l'eomerpudeckoe kBantopanue" | Umozu nayku u mexnuku. Cep.
Cospementvie npobaemo, mamemamury. Pyndamermanvrve nanpasierus, 4 (1985),

141-178.

J.M. Souriau, "Quantification geometrique" , Commun. Math. Phys.,.374 (1966),
374-398.

B. Kocranr. "KsautoBanue u yHuTapubsie mpejactasienus” , YMH, 28 (1973),

163-225.

J.B. 3otbe, "KoHTakTHBIE BRIpOXKICHHS 3aMKHYTHIX 2-popm" , Maremarndeckuii

cGoprnk, 198 (2007), 47-78.

J1.B. 3otbeB, Cumniekmuneckue MHuo2000pa3us ¢ KOHMAKMHOLMU 0CODEHHOCTNAMU,

JiccepTalusd Ha couckanue cT. j.¢.-m.uH., MY, mex-mar, 2011.

[II. Kobasicu, K. Homunzy, Ocnoswr dugdepenyuarvhoti zeomempuu, M.: "Hayka" |

1981.

M.M. I[loctaukoB, Jlekuyuu no ceomempuu. Cemecmp I11. I'nadkue mroz000pasus, M.:

"Hayxka'" , 1987.

LE. Segal, "Quantization of non-linear systems" , Journal of Mathematical Physics,

50 (1960), 468-488.

M. Xaruunc, K.I'. Tay6e, "Begenune B Teoputo 3aiibepra-Burrena s cuMiuiek -
qeCcKuX MHOrooOpasuit" , B cOopauke CUMNACKMUYECKAA 2EOMEMPUA U MONONO2UA,

o pej. f. Dumambepr, JI. Tpeitnop, M.:MITHMO, 2008.

A.T. ®omenko, Cumasexmuueckasn 2eomempus. Memodv, u npunroscenus, M.: I3n-Bo

MI'Y, 1988.

B.. Apuosba, A.B. 'uBentanb, Cumnaiekmuueckan eomempusn, Cospemertvie npo-
onemol mamemamurt. DPyndamenmanvrvie nanpasaenus, M.: BUHUTU, 4, 1985,

7-139.

A.B. Boscunos, A.T. @omenko, Unmezpupyemvie 2aMusbMOHOEY, cucmembs. Tono-
aoeus. Ieomempua. Kaaccudurayus. I mom, VKeBcK: YIMYPTCKHNA YHHBEPCHUTET,

1999.

15



