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BBenenne

B pabote mncciemnyorcst cBoficTBa oToOpaXkeHust H, COMOCTABISIONIETO KAYKIOMY METPHIECKOMY
KOMIIAKTY CEMEHCTBO €ro HEmyCTHIX KOMIAKTHBIX MOAMHOXKeCTB. [lokazano, 910 310 OTOOpaKe-
HUE SIBJIS€TCS HENPEPBIBHBIM U 1-jmmierieBbiM. CyIecTByer rumnoresa, 9To He ObIBaeT OMEKTUBHBIX
n3omerpuii mpocrpancrsa ['pomoBa—Xaycaopda mHa cebsi, KpoMe TOXKIECTBEHHOTO OTOOparKeHUs.
‘H, BO3MOXKHO, sBJIS€TCs M30METPUYHBIM BJIOKEHHeM IpocrpancTBa I'pomosa—Xaycmopda B cebs.
B pabore mpuBeneHO HECKOJIBKO KJIACCOB MPUMEPOB MPOCTPAHCTB, PACCTOSTHUE MEYXKY KOTOPBIMU
COXPAHSIETCS TIPU JAHHOM OTOOpaXkKeHuu. B 1omosiHeHne MpUBOAATCS CBOWCTBA, KOTOPHIE BO3MOXKHO
YIPOINAIOT T0KA3ATEJIbCTBO H30MEeTPHIHOCTH H.

1 OcHoBHBIE OmpejieJieHNs 1 MPeIBapUTEIbHbIE PE3YJIbTAThI

IIycrs A — npoussosibHOE MHOXKeCTBO. Uepe3 #A Oyiaem 0603HAYATH MOUHOCTIL MHOXKECTBa A.

IlycTh Z — TpOW3BOIBLHOE METPUYECKOE MPOCTPAHCTBO. PacCTOSHAS MEKIYy €ro TOYKAMY T U Y
Oynem oboszHauaTh 4depe3 |zy|. Hepes diam Z oboznaunm auamerp Z. Ecim X, Y C Z — Henycrbie
noaMHOKecTBa, TO nojokuM | XY | =inf{|lzy| :z € X,y € Y}, a | XY | =sup{|zy| 1z € X,y € Y}
Eciu X = {z}, 1o Bmecro [{z}Y] = |Y{z}| u [{z}Y]| = |Y{«}| 6ynem nucars |zY| = |Yz| u
|2Y|" = |Yz|' coorBercTBenHO.

Hna wenycreix X,Y C Z nonoxum |XY|z = max{sup |zY|, sup |[yX|}. [Tosyuennas Benuuu-

reX yeyY
Ha Ha3bIBaeTcsa paccmoanuem Xaycdopda meocdy X u Y. CemelicTBO BCEX HEMYCTHIX 3aMKHYTHIX
OrPAHUYEHHBIX OJMHOXKECTB METPUYECKOr0 pocTpancTBa Z obo3nauum depes H(Z). Xoporio uz-
BectHO [1], uro H(Z) ¢ paccrosnuem Xaycaopda sBJseTcs METPUYECKUM IIPOCTPAHCTBOM.

IIycts X u Y — merpuueckue npocrpancrsa. Tpoiika (X', Y’ Z), cocrosinas u3 METPUIECKOTO
MPOCTPAHCTBA Z W ABYX €ro MoaMHOKecTB X' u Y/, m30MeTpuYHBIX COOTBETCTBEHHO X m Y, HA3BI-
Baercs peasusayuet napvs (X,Y). Paccmoanuem dap(X,Y) no I'pomosy—Xaycdopdy mescdy X u
Y HasbiBaercs TOYHAS HUXKHss CPaHb YUCEJ T, JJisi KOTOPBIX cyniecrByer peanusaus (X', Y’ Z)
naper (X,Y) Takas, aro |X'Y’|z < r. Ha maoxkecTBe M BCEX KOMIAKTHBIX METPUIECKHX MPO-
CTPAHCTB, PACCMATPUBAEMbIX C TOYHOCTHIO /10 u3oMerpur, dbyHxius dgy dBisercs Merpukoii [1].

MeTtpudeckoe TpOCTPAHCTBO HA3BIBAETCS CUMNAEKCOM, ECITH BCE €T0 HEHYJIEBBIE DACCTOSTHUST OfIH-
HAKOBbI. 3aMETHM, 4TO CHMILJIEKC KOMIIAKTEH, €CJIM 1 TOJHKO eciin OH KoHedeH. CUMILIEKE, COCTO-
SIIUN U3 N TOYEK, PACCTOSHUE MEXKIy KOTOPBIMY paBHBI t, 0003HauuM 4epe3d tA,. Ecau t = 1, To
IPOCTPAHCTBO tA,, OyaeMm iy KpaTKOCTH 0003HaYaTh A,.

IIpennoxenue 1.1 ([2]). Jas namypasvhux p,q u sewecmeenuns t, s > 0 umeem mecmo
|t75‘7 ecau p =g,
2dau(tA,, sAy) = < max{t,s —t}, ecaup>gq,
max{s,s —t}, ecaup <gq.

IIpennoxenue 1.2 ([2]). ITycmo M — xoneunoe mempuseckoe npocmparcmeo, n = #M. Tozda
oasa waocdoecom € Nom >n ut >0 umeem

2dau (tAm, M) = max{t,diam M — t}.
J1J19 IPOM3BOJILHOTO METPUIECKOIO IIPOCTPAHCTBA M IOJIOKIM

e(M) = inf{|zy| : w,y € M,z # y}.



IIpennoxenue 1.3 ([2]). Hycmv M — xonewnoe mempuseckoe npocmpancmso un = #M, mozda
2dgp (tAn, M) = max{t — e(M),diam M — t}.

ITycts M — mpon3BOJIBHOE MHOXKECTBO, Toraa depe3 Dy (M) 06o3HaUNM ceMefcTBO BCEBO3MOXK-
HbIX pa3bmenuit M mwa k ero memycThix moamMuOXKeCTB. IlycTh Temepp M — meTpumdeckoe mpo-
crpactBo u D = {Mj,..., My} € Dp(M). lonoxknm diam D = max{diam X1, ...,diam X},
(D) = min [M;M;|, a f(D) = max | M; M;|'".

1%£] )

IIpengioxxenne 1.4 ([2]). ITycmv M — xomnaxmuoe mempuueckoe npocmparcmeo um € N,m <
#M. Toeda das awbozo t > 0 ewnoanaemca

2dcp (tAm, M) = inf { max(diam D, t — a(D), 8(D) —t) : D € D,,,(M)}.

2 OcHOBHBIE PE3YTHTATHI

Xopomio uzsectHo [1], uro eciiu X — KOMIAKTHOE METPUYECKOE HMPOCTPAHCTBO, TO H(X) — Toxke
komnakT. Paccmorpum orobpazkenne H: M — M, conocrapiistiomiye Kax/10My METPUIECKOMY KOM-
nakTy X ceMefCTBO BCEX €ro HEIyCTbIX KOMIIAKTHBIX IIOJMHOXKECTB. J{OKazkem, 4T0 OTOOpazkeHue
H swaserca l-numimenesbiM (U, CIEI0BATEIHHO, HETIPEPHIBHBIM ).

IIycts X, Y € M — Hem3someTpudHbIE METPUIECKHE KOMIAKTHI, U X, Y H30METPUIHO BJIOKEHBI
B METPHYECKOE MPOCTPAHCTBO Z. B cmiy komkarnoctr Y, ns moboro x € X cymecrByer iy € Y
rakoe, 4yro |zY| = |zy’|. BBegem obosnauenue y' = v(x), TeM cambiM onpenesuB orobpaxKkeHue
v: X = Y. IIyecrb A C X — upousBosibHOE 3aMKHYTOE HOAMHOXKecTBO, Torga y(A) € H(Y), rue
B obo3HavgaeT 3aMBIKAHNE TIOAMHOYXKECTBA, B METPHYECKOTO MPOCTPAHCTBA. JIOKarKeM HECKOIBHKO
OPEIJIOKEHU T, ONMCHIBAIOIIAX CBOCTBa KoMmakTa 7 (A).

IIpengioxxenne 2.1. JTaa a06020 A € H(X) ua € A umeem |ay(A)| = |ay(a)|.

Joxasamesvcmeo. B cumy onpenenenust v, 1ys mo6oro y € Y BepHo, 410 |ay| > |ay(a)|, mosTomy
lav(A)l = nf _lay| = |ay(a)], rax kax v(a) € (A). =
y€v(4)

IIpenioxenne 2.2. Jas a06020 A € H(X) ewnoanaemea |Ay(A)|z = sup |ay(a)|.
a€A

JHoxazameavcmeo. Ilycrs y € y(A). Paccmorpum apa coyuas.
1. Ecau y € v(A), o cymecrsyer a € A rakoe, uro y = y(a). Ho tak xak |yA| = in}f4 lyal, To
ac
lyAl < |ay(a)|-

2. Ecim y € 0v(A), TO cyliecTByeT MOCIeI0BATEIBHOCTh {a,}2° | Todek W3 A rmakas, 49To
~v(ap) — y mpu n — oo. Tak KaK B METPUYECKOM KOMIAKTE JIH00as IOC/IeI0BATEIbHOCTD
TOUYEK MMEeT CXOIAMLYIOCA MOIIOCTEI0BATENBHOCTD, TO, 663 OrpaHUYeHH OOITHOCTH, MOXKHO
CYUTATh, YTO G, — @ € A. [Ipennonoxum, uro |ay(a)| < |ay|, rorma € := |ay| — |ay(a)] > 0.

Cymecrsyer nomep k > 0 rakoit, uro |aay| < § u [yy(ax)| < 5. 13 nepasencrsa TpeyroibHuka
st ay(a)ay, ToIydaem:

lary(a)| < |ay(a)| + |aar| < |ay(a)|+ 5 = |ay| —e + § = |ay| — 3¢ <
<lay| — |aa| — |yy(ax)| < |ary(ar)l,



nporusopeuue ¢ oupenenenueM y(ay). Buaaur |ay| = |ay(a)| u, creposarensno, |yA| <

< lav(a)|.
Nrak, anst moboro y € y(A) cymecryer a € A takoe, uto |yA| < |ay(a)|, orkyga sup |yA| <
yey(4)
< sup |ay(a)|. Bnaunr, B cuy npemaokenns 2.1,
a€A
|Av(A)|z = max{ sup [|yA|, sup |ay(a)[} = sup[ay(a)l,
yevy(A) a€ a€A
9TO U TPeOOBAIOCH. O

Caegcrue 2.1. /s a060z0 A € H(X) umeem mecmo |Av(A)|z < sup |zy(x)].
reX

IIpenioxenne 2.3. Jas amobwx A € H(X) u B € H(Y) umeem |AB|z > |Ay(A)|z.

Hokasameavcmeo. 3aMeTnM, 9ro s Jiroboro a € A mMeer mecto |aB| = in}fg lay| > in}f/ lay|
ye ye

= |ay(a)|. 3uauut, sup |aB| > sup |ay(a)| = |Av(A)|z, nosTomy
a€A a€A

|AB|z = max {sup |aB|, sup |bA|} > |Ay(A)|z,
acA beB

9TO U TpeOOBAJIOCH. U

Caencreue 2.2. /Jlas awbozo A € H(X) umeem: |AH(Y)| = |Av(A)|z.

Teopema 2.1. IIycemov X u'Y — mempuueckue KOMNAKMYL, NOZPYHCEHHBIE 8 MEMPUYECKOE NPO-
cmpancmeo Z, mozda
(HX)HY ) layz) = [XY |2

Hokazamesvcmeo. 3aMeTHM, 9TO U3 CIEACTBHs 2.1 BBITEKAET OrPAHUYEHHOCTh BCEX PACCTOSTHUIA
|Ay(A)|z Beauuunoit sup |zvy(x)|, a, 3uagur, sup |Ay(A)|z < sup |zy(z)| = sup |2Y|. Hpunu-
z€X AeH(X) zeX z€X

Masi BO BHUMaHWe cyencreue 2.2, moaydnm, uro  sup |AH(Y)| < sup |zY].
AEH(X) zeX

C mpyroit cropoust, aus gwoboro x € X emonusercsa |xy(z)| = {z}H{v(x)}z = {z}y{z})|z.
3uauwr,

sup [2Y| = sup |zy(z)| < sup |Ay(A)|z = sup [AH(Y)].
zeX zeX AeH(X) AeH(X)

Taxum obpasom, sup [AH(Y)| = sup |2Y].
AeH(X) zeX
ITocrponB anasornygHoe -y orobpaxkenue x: Y — X, nonydum, uto  sup |BH(X)| = sup |yX]|.
BeH(Y) yey
Ho Torna

H(X)H(Y)|(z) = max{ sup [AH(Y)|, sup [BH(X)|} =
ACH(X) BEH(Y)

= max{sup |[2Y],sup [yX|}| = | XY |z,
zeX yey

9TO U TpeDOBATIOCH. O



Teopema 2.2. Jlas s1006vix mempuveckur xomnaxmos X u Y 6epHo, wmo

Joxasamenvcmeo. 13 Teopembl 2.1 BoiTekaeT, 4to eciu ast X, Y cymecrsyer peanusamus (X, Y, Z)
Takas, aro [XY|z < g, o ana H(X),H(Y) cymecsyer peammsamus (H(X),H(Y),H(Z)) ra-
kad, 910 [H(X)H(Y)|3(z) < g. Torma, B cuny onpenenenns paccroguue no I'pomosy-Xaycaopdy,

CaeacrBue 2.3. Omobpasicenue H HenpepueHo.
CaencrBue 2.4. Omobpasicerue H ABaAemMCA 1-AUNUWEYEBHIM.

Zokasameavcmeo. U3 Teopembl 2.2 cireayer, 9T0 OTOOpaykeHne 7 sIBISETCs JIMMITUAIEBBIM C KOH-
craatoit C, tne C' < 1. Ilokaxem, uto C' = 1. X0poIo u3BECTHO, YTO PACCTOSIHUE OT OJHOTO-
YEYHOrO MPOCTPAHCTBA 10 JIFOOOI0 METPHUIECKOrO MPOCTPAHCTBA PABHO HoJioBHHE JuaMerpa. Ode-
eano, uto H({z}) = {z} m d(H(Y)) = d(Y), rme d(X)— mmamerp npocrpanctsa X. 3naunr,

{z}Y| = ‘H({x})H(Y)’ IMostomy C > 1, cnenosaremsuo C = 1. O

3 Ilpumepsr

B sTom pazzesie OyayT HOCTPOEHBI HECKOJIBKO KJIACCOB IIPUMEPOB, B KOTOPBIX COXPAHSIETCS PACCTO-
auane ['pomoBa—Xaycaopda mexxay X u Y mpu orobpazkenun H.

IIpeamoxenne 3.1. Omobpasicenue H coxrpansem paccmosnue mMencoy CuMnierCam.

[oxazamesvemeo. 3amerum, uro H(tA,) = tAgr_;. IlosTomy, cormaco dbopMyre ykazaHHOil B
upeagoxkeanu 1.1, H coxpauser paccrosuue ['pomosa-Xaycmopda mexk 1y mpOn3BOJILHBIMU KOHEY-
HBIMH CHMILTEKCAMH. O

Ilpennoxenune 3.2. Ilycmv M — xonewnoe mempuueckoe npocmparcmeo m = #M,n > m u
t > 0, moeda
den(tAn,, M) =dan (H(tAn),H(M))

oxazamevcmeo. 3amernm, uro £(M) = inf{|zy| : z,y € M,z # y} = e(H(M)) n diam X =
= diam H(X). U3 npeayoxenus 1.2 u npegyoxenus 1.3 cienyer Tpebyemoe. O

ITokazkem CreIyIONLyI0 OIEHKY PACCTOsiHUs Xaycaopda.

IIpengioxxenne 3.3. ITycmv X = {z1,...,2,} v Y = {y1,...,yx} — Koneunwe mempuueckue
nodnpocmpancmea Z, mozda 0as aoboti nepecmanosku o ewnoansemcs | XY |z < max |ZiYo ()]
1<:i<n

1<5<k

Aoxasamesvcmeo. 3amernm, 9to Jia mo60il Touku x; mMeeM |7;Y| < [2:y,(;], crepoBaTempo

litllgn|mzY| < 1ré1igxn\xiyg(j)|. Awnasoruuno, 1ilj}lg)k|yg(j)X| < 1I£?<xn|xiyg(j)\, suauur u | XYz <

1<5<k 1<5<k
max |T;ye(;)|, 410 1 TPEOOBATOCH. O
1<i<n
1252k



JJ1st HoCTpOEHMs €lle OIHOIO KJIACCA IPUMEPOB HeOOXOAUMO A0Ka3aTh cuaepyomuil dakr (uues
JOKa3aTeIbCTBA B3sTa U3 [3]).

Ipeanoxenue 3.4. Ecau X — ceasuwoii mempuseckut komnaxm, mo H(X) mooice ceasno.

Jokasameavcmeo. 3ameTnm, uro ecan X CBSI3HO, TO CBsi3Ha W Jirobasi ero crenenb (X", d,), rae
dp(z,2') = max d(x;, ;). PaccmorpuM Bioxkenne m,: X" — H(X), onpe/esieHHOe CJIe/IyIONM
1<i<n

n
obpazom : m,(x) = J {z;}. OueBngno, aro 7, (X™) aBnsercs ceMeiCTBOM BCEX KOHEYHBIX HOMHO-

i=1
xectB X ¢ He Gosee ueMm n 3yementamu. B cuiy mpenmoxkenvs 3.3, w, SIBISETCS 1-JUMITHIEBHIM,
CJIeJIOBATENILHO, HenpepbiBHbIM. [Toaromy 7, (X™) Oymer cBsi3HO, KaK 06pa3 CBSI3HOTO TIPOCTPAHCTBA

IpH HempepbIBHOM oTobpaskernn. 3uaant |J 7, (X™) Toxe cazHo, moToMmy uTo T, (X ™) N7y (XF*) =
n

7, (XF) # () npu Beex k < n. Ho KoHedHbIe MHOMKecTBa BCIOAY MIOTHBL B H(X), cliegoBaTebHo,
H(X) = |Jmn(X™) Toxe cBA3HO, KaK 3aMBIKAHHE CBA3HOIO IIPOCTPAHCTBA. O

n

Jlokaxkem cjieyioniee CBOMCTBO CBS3HBIX IIPOCTPAHCTB

n

IIpengioxxenne 3.5. Ecau X = | | X; — c6a3n0e mempuueckoe npocmpancmeo, mo 0asa 1006020
i=1

ramypavrozo i < n cywecmeyem j # i maxoe, wmo | X;X;| = 0.

Zloxasameavcmeo. Tlokaykem, 94TO eCiiu AJI HEKOTOPOrO HATYPAJIBHOTO § TPH JIIOOBIX j 7 ¢ BBIMOJ-
usercs | X;X;| > 0, To X HecBs3HO.

JokazkeM CHadaJsa 3TO yTBepKIAeHne A4 ciaydad n = 2. Ilpeamonoxkum, aro X = X7 U Xo, rae
| X1 X5 > 0. Tlokaxkem, ato |X; Xo| = inf{|z12s| : 71 € X1,20 € Xo} > 0, rme X oboznauaer
3aMbIKAHHe. 3aMeTHM, 4YTO i JIOObIX X1 € X; H Lo € Xo CYIIECTBYIOT HOCIIEIOBATEILHOCTH

{z}}°, C X1 m {x? 721 C Xa, T KOTOPHIX x} — m1,i — o0, a 7 — xa,j — oo. Ho Torma

L1, = J
|z1220| > 1anf|xllx§|, CIIeMOBATENBHO, |T122| > 0, Te. | X7 X3| > 0. Ho X3 N Xy = (), 3nauur un

X1 N Xy = (. Tlonyuaercst, 910 MBI TpecTapuan X Kak 00beJUHERNe ABYX HEMyCThIX 3aMKHYTHIX
HeTepeceKalomuxces moaMHoKecTB X1 U Xo, ciefgoBaTebHo, X HECBA3HO.
Teneps mycts n > 2. Paccmorpum npoussosibaoe 1 < 4 < n. [Ipenmosoxkum, 910 It J1I000T0

j # i mveem |X;X;| > 0. Ho torza | X;(J X;)| > 0, Tak KaKk y HAC KOHEYHOE HHCIO MHOXKECTB.
J#i
Ucnonb3ysa cay4ait n = 2 nomydnm, 910 X OISTH HECBI3HO. O

Ilpenmaoxenne 3.6. I[Tycmv X — ceasnvili mempuueckull Komnaxm, moada das A106020 deticmeu-
meavHoz0 wucaa t makozo, wmo t > diam X, u 4106020 namyparvrozo p umeem

dGH(tAp,X) =dgy (H(tAp),H(X))

Joxazamesvemeo. IokazkeM, uro dap (tA,, X) = %t =dgy (H(tAp), H(X)). JI711 3TOr0 BOCIIONb-
3yemcs popMysioi u3 npesyoxenns 1.4:

2dcr(tAp, M) = inf { max(diam D, t — a(D), 3(D) —t) : D € Dy(M)}.

BameruM, 4To mist oboro pasbuenns D oimonasgerca diam D < diam X < tu (D) = mjx | X, X;| <
i#]



< diam X < t. B cuy npepnoxenus 3.5, umeem a(D) = Ir;éln | X;X;| =0, nosromy t — a(D) = t.
i

Buauur max(diam D, ¢ — a(D), B(D) — t) = t, cienosarensuo, day (tA,, X) = 3t.
B cuy Toro, uro H coxpaHsieT cBs3HOCTE (npemnoskenne 3.4) u quamerp, aias H(X) BepHBI Te
xe paccyxaennst, nosromy dep (H(tA,), H(X)) = 4t, 910 1 Tpe6OBATOCH. O

4 JlomoJiIHUTEJIbHBbIE CBOIiCTBa OoTOOpakeHUdA H

B sToM pasmese MpUBOAATCSA PACCYYKIEHUS, KOTOPBIE MOTYT TIOMOYb B JOKA3aTEJLCTBE (MU Ha-
XOXKJIEHUU KOHTPIIPUMEPA) u3oMeTpudroctu H.

Ilpennoxenune 4.1. I[Ipednosoocum, wmo omobpasicerue H cCoOTpaHAEM PAccmMoarUe Mexcdy mo-
KaMU HEKOMOPO20 6c00Y naomnozo nodmuooscecmsa K C M. Tozda H usomempuywro na ecem M.

Joxasamenvcmeo. Tak kak H sasigerca l-junmenesbiv (ciegctsue 2.4), TO OHO, OUEBHIHO, CO-
xXpaHgeT cxoauMocTh. Temneps mycts X um Y — IIpOM3BOJLHBLIE METPUYECKUE KOMIIAKTBI, TOLJA,
B cuily BCrody morHocrd K B M, cyllecrByIoT IOC/e0BaTeIbHOCTH MEeTPUYeCKMX HPOCTPAHCTB
{X;} u {V;} us K rakue, yro X; — X, a ¥; = Y upu i — oo. Torma H(X;) — H(X), a
H(Y;) — H(Y), Gomee Toro, B cuiay HepaBeHCTBa TpeyroabHuka, dap(X;,Y;) — deu(X,Y), a
dan (H(X3), H(Y:))— deu ((H(X),H(Y)) npn i — co. Ecam H coxpanseT pacCTOsHIE MEXK Ly KOM-
naktamu u3 K, To 1y mo6oro HaTypaibHOro ¢ mmeer Mecto day(X;,Y:) = dany (’H(Xi),’H(Yi)),
smaant, dap(X,Y) = dep((H(X),H(Y)) ans mo0bix MeTpuYecKux KOMIAKToB X u Y, 4TO n
TpeboBaIOCh. O

CaenctBue 4.1. Ecau ozparuyvernue H Ha MHONHCECTNBO 8CEXT KOHEWHBLT MEMPUYECKUL NPOCMPAHCME
U3OMEMPUBHO, MO OHO UBOMEMPUYHO Ha 6cem M.

Konegynoe merpudeckoe mpocTpaHCTBO HA30BEM NPOCMPAHCMBOM 00ULE20 NOAOIHCEHUSA, ECTTU BCE
€r0 PACCTOsAHUS IIONAPHO PA3JINYHbI, 3 HEPABEHCTBO TPEYTOJIbHUKA BCEI/1a CTPOrOE.

Caencrsue 4.2. FEcau H corpansem paccmosanus mencly npocmpaHcmeamy 00uLe20 nosoHcenus
¢ 00UHAKOBBLM HUCAOM TOUEK, MO OHO USOMEMPUYHO Ha 6cem M.
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