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1 IIpocreitniag OnaauapaHag 00JIaCTh.

Onpenenenune 1. Cemeticmeom copokychul Keadpuk HA3BIBAETCSI MHOXKECTBO
KPUBBLIX Ha IJOCKOCTH RQ C EBKJIMAOBBIMUN KOOpAWHaTaMU (Q},y), OTMUCHhIBaEMBIX
ypaBHEHHEM
22 y?
a2 o
rie a > 0 u b > 0 HaspIBaIOTCS MapaMeTpaMH 9TOTO CeMeHcTBa, a YUCTI0 A €
[0, maz(a,b)] - napamMeTpoM KpUBOil U3 ITOrO ceMeiicTBa WU TTAPAMETPOM KBa/I-

PHKHU.

=1, (1)

Sameuanue 1. be3 orpanundenusi oOIIHOCTH jJaJiee Beera OyaeM HpenosiaraTh,
uro b < a.

Bameuanne 2. [lo ompeneneHnio cauTaeM, 910 Caydaid A = a OTBeYaeT HMpsMOi
xr =0, a caygait A\ = b orBedaer dokagabHON mpsamoit y = 0.

3ameuanue 3. Kpupas u3 cemeiicTBa cOPOKYCHBIX KBAJIPUK ABJISACTC SJLTUIICOM
npu A € [0,b), runepbosioit ipu A € (b,a), IPsIMBIMH TIPH A\ = @ ¥ OpU A =
b. Duunckl ¥ THIEPOOTIB U3 ITOTO CeMeHCTBA MMEIOT OJTHU U Te yKe (DOKYCHI U
HePeCceKaloTCs 1oJ1 NpsAMbIM yrioM. [Ipsavas B ciaydae A = b IpoXouT depe3 HUX,
B CIyUae A = q ABJISIETCS CePeTMHHBIM MEPIEeHINKYISIPOM OTPE3Ka, COeTNHSIIOIETO
3TH (HPOKYCHI.

Omnpegnesenne 2. C 3TuM ceMefiCTBOM MOZKHO €CTECTBEHHO CBA3ATL JAAUNMUNE-
ckue kKoopdunamus (A1, A2), tae Ay € (b, a), Ay € (—inf, b)) (cm. puc. [1)).

Onpenenenune 3. [Ipocmetiwet busruapdnoti 0baacmvio HA30BEM IBYMEPHOE TJIa/I-

KOe MHOT0oOpasue w' ¢ KyCOYHO-TJIQJIKUM KPAeM, KOTOPOe MOYKeT ObITh BJIOYKEHO B

ILIOCKOCTh € BKJIMJIOBBIMU KOOPAMHATAME (T, Y) TaK, 9TO OHO OYJIeT OrpaHHYeHO

U Kpaii OyaeT siBIAThCA 00beIuHeHHeM YT U3 ceMeicTBa coOKYCHBIX KBaJIpUK,
™

YLJIBI, HAIIPABJIEHHBIE BHYTPb 0OJACTH, MKy KOTOPBIMH DABHBI 5.

Onpenenenne 4. Onpegenum busruapdhoe deuscernue no npocmediwels 6usIu-
apoHoti 0baacmu, Kak IBHIKEHHE MaTepPHaJIbHON JacTHIBI 0e3 TPEeHUs 0 IPIMbBIM
¢ abCOJTIOTHO YHPYTUM OTPaKeHUEM O IPAHUILy 00J1acTH.

3ameuanue 4. YcjoBHe Ha YIJIbl B ONPEIEICHUAN |3| pocTeiinieil OniinapaHoi
00J1aCTH SBJISIETCS eCTeCTBeHHBIM. JleficTBUTEIbHO, TOCKOJIBKY COMOKYCHBIE KBA/I-
PHUKH TI€PECEKAIOTCS MO/ IPSMBIM YIJIOM, TO YTOJI, HAIIPABJICHHBI BHYTPH 00JIaCTH

MOZKeT OBITh paBeH TOJIKO 5 H 37” B cayugae 37” BEKTOPHOE T10JIe, MOPOXKJIeHHOE

TPAeKTOPUAME JIBHKE€HUU YACTUILI OyIeT He MOJHBIM. A UMEHHO, PAacCMOTPHM



Puc. 1: DnmunTuyeckne KOOPAUHATHL. Puc. 2: Ilpumep upocreiineii 6uiu-
apIHO# 06JIaCTH.

TpaeKToOpuu, OJIM3KUE K TPACKTOPHH, HOTAJIAI0NIEH B Yo 37“ B 10601t ee okpect-
HOCTH €CTh TPACKTOPUH, KOTOPBIE TIPOJIOMKAIOT IBAYKEHUE MIPAMO, U TPACKTOPHH,
KOTOPbIE OTPazKAITCA O rpanniy obtactu (cM. puc. [3). SHauur, onHo3HATHO Onpe-
JIEJTUTD TPOJIOJIKEHNEe TPACKTOPUH TTOCJIe TIPOXOXKICHUST YIJIa MBI HE MOYKEM.

Puc. 3: IIpumep, WIIOCTPUPYIONNN HEBO3MOKHOCTH HENPEPBIBHO OINPeIeTuTh
TPAeKTOPHIO B CJIydae, KOIJAa CYIIECTBYeT yroJ Ha TpaHulle OWIIHAPIHONW obJa-
3T

CTH, PaBHbIH -

2 DbwunanuapaHas KHUXKKA.

Onpegenenne 5. QurcupyeMm OpoCTEHIIyI0 OULIHAPAHYIO 001aCTh W' W YHCIO
n € N. s Kaxk10il u3 Qyr rpaHuibl w', aBIMOMeHcs CBI3HON YaCcThio KBAJIPUKH
MPUIUIIEM TPOU3BOJILHYIO IIEPECTAHOBKY HOPAIKA 1 CO CJIEAYIONNMU yCIOBUAMU:



1. ecym gBe Ayru U3 I'PAHUIBI UMEIOT ODIILYIO TOYKY, TO €CTh SBJSIOTCI COCE/I-
HUMU, TO TTEPECTAHOBKH 01 U 09, IPUIUCAHHBIE UM, KOMMYTUPYIOT 01 O 0y =
02 0015

2. K BOTHYTBIM CO CTOPOHBI OHJLIHAPAHON 00JACTH JiyraM I'DAHUIIBI BCETIA TPH-
TMMCAHBI TOXKJECTBEHHBIE TTePECTAHOBKH.

[Tpocreiiniyo 6umapaayo 061acTh w' BMeCTe ¢ YKA3aHHLIMHU IIEPEeCTAHOBKAMME
Ha30BeM ckaelkol (cMm. puc. {4)).

Onpepenenne 6. QukcupyeM ckieiiky v. BosbmeM HecBsizHOE 00beiunenue n (V)
npocTeiimix GumapEbIx obacrei (aucmos) w'(v), 1o ects | MY w!(v) n npod-
P PA ] i=1 “i p

AKTOPHU3YEM 110 CJIEIYIOIEMY OTHOIIEHHIO SKBUBAJTEHTHOCTH, 3aBUCAIIEMY OT CKJIefi-
KH: JIyTW TPanut w;(v) u wj(v) 6yaeM cIuTaTh SKBUBATCHTHBIMA, €CTH OHH OTBeYa-
10T OJTHOM U TOfl 2Ke Jyre NnpocTeiineil OMLIHAPIHONR 00JIACTH U eif TPUIIHCAHA T1e-
pecranoBka o(V), y KOTOPO#i 10C/Ie DA3/I0KEHUs € B IPOU3BEICHNE He3ABUCUMbIX
IUKJIOB -blif M j-BIil SJIEMEHTHI HAXOAATCH OJHOM IHKJe. [10TyduBIIeecs Tomoo-
I'HYECKOEe TPOCTPAHCTBO w(V) 1= (|_|ZL:(”1) wi(v))/ ~ Gymem Ha3bIBATH OGUAAUGPOHOT
knuotckol (MMM KPATKO kHudtckol), oTBedaroneii ckieiike v (cM. puc. {)).

3ameuanue 5. [losyuuBiineecs TOMOJOTHYECKOE HMPOCTPAHCTBO HE 00A3aTE/IHHO
CBSI3HO.

Onpeaenenune 7. OupeaeauM 6ustuapIHoe deuicenue no KHuicKe, OTBEYAIONIeH
CKJIeiKe v, KaK JBUKeHHe 6e3 TPEeHUsT MaTepUaIbHOM Touku (cM. puc. [4)) Mo KHIK-
K€ W TaKoe, 4TO:

1. BHyTpH BCeX JIMCTOB, U3 KOTOPbIX COCTOUT OUJLIMAD/HASA KHUKKA, MATE€PU-
aJibHasg TOYKA JBUZKETCH 1O NpAMOil 6e3 TpeHnus;

2. Ha rpanuie abCoJIOTHO YIPYTO OTPaXKaeTcs, Mepexod Ha JPYToil JUCT 10
HepecTaHoBKe o (), IPUIUCAHHON K Jyre, OT KOTOPO OHA OTPasKAeTCs;

3. B TOUKe yIUIa, KOTOPas sBJsercd o0Ieil TOIKOH ABYX JIyT ¢ IPUIHCAHHBIMU
MEePECTAHOBKAMHE 0 U 09, OHA MEPEXOJUT C JINCTA i Ha JUCT (07 © 03)(i) u
ujier B 0OpaTHOM HallpaBJIEHUU.

3ameuanue 6. OrpanndyeHus Ha IePECTAHOBKHU B ONPE/IC/ICHIH [D| CKJICHKH U (ak-
TOpU3aIHsl B OIpejiesienun 6| Ouimnapanoii KHUKKH SBASIOTCS €CTeCTBEHHBIMH.

1. IlycTh mepecTaHoBKY 07, 09, IPUNACAHHBIE K COCEJHUM JIyraM KHUZKKHA (mep-
BOH ¥ BTODO# Jiyre COOTBETCTBEHHO), He KOMMYTHDYIOT. To ecTb cymiecrByer
TAKOM JILCT %, 94TO 01 © 03(i) # 03 0 01(i). Torma B 71060i OKPECTHOCTH Tpa-
€KTOPUH, WJYINEH 1Mo JHUCTY ¢ B HAIPABJEHUU YTJa, 00Pa30BAHHOTO STUMH



O8]

02

04

g3
1 auct 2 JUCT 3 JHUCT

F_\\

Puc. 4: Tlpumep ckJjieiiku, cOOTBETCTBYIOIIEH eif OMLInapAHON KHUMKKH U OJIHOM
A3 TPACKTOPUI HA HEW.

JYTaMu, eCTh JBa BHAa Tpaekropmil (cm. puc. ). 1o rpaekropun, xoro-
phle yAapsoTcst 0 TEPBYIO AYTY MePeXoisiT 1Mo TepecTaHoBKe Ha Juct oq(i),
HOTOM YAAPAIOTCS O BTOPYIO W IIEPEXOAAT HA JIUCT 01 O 09(i), HPOI0JKAast
Ha HeM IIyTh. 1 TpaeKTOpUH, KOTOPbIE YAAPSAIOTCA CIEPBa O BTOPYIO YTy
MEePEXOJIAT MO MePeCTAHOBKE HA JIUCT 03(i), HOTOM YAAPSIOTCA O TMEPBYIO U
HePEeXOJsT HA JIUCT 0y © 01(1), PoJo/zKas Ha HeM IyTb. Takum 0b6pazoMm,
B 000 OKPECTHOCTH €CTh HeOJU3KHE APYT K APYTY TPACKTOPHH, KOTOPBIE
IPOJIOIZKAIOT CBOE JIBUZKEHHME HA PA3HBIX JIHCTAX U OJHO3HAYHO OILPEIEJUThH
TPAEKTOPUIO, TONABIIYIO B YOI HA i-OM JIHCTE Mbl HE MOZKEM.

2. IlycTh K BOrHYTO# Jyre KHUZKKHU IIPUTTHCAHA HETOXKIECTBEHHAs TIEPECTAHOB-
ka 0. Torma cyiecTByer JTUCT 4, Takoii, 9ro o (i) # i. [IocKoIbKY /yra BOrHY-
Ta, TO CYIIECTBYeT TPACKTOPHUd, KOTOpad HaUMHAaeT CBOE JIBUZKEHHE HA 1-OM
JINCTe W KacaeTcs 3Toit BoruyToit ayru. Torma B /000f OKpeCTHOCTH 3TOi
JYTH €CTh TPAEKTOPHUH, KOTOPBIE MPOXO/IAT JaJjee 1Mo NpaMOoil Ha 4-OM JIUCTE,
U TPaeKTOPHUH, KOTOPBIC YAAPLIOTCA O BOTHYTYIO IPDAHUIY U MepeXoddr Ha



muct o(i) (em. puc. [f)). tu TpaekTopun He Gnmskme. Tak 4TO CHOBA MBI He
MOZKEM OJIHO3HAUHO OTPEJIENUTh TPACKTOPHIO, KACAIONIYIOCS JIyTH.

3. Hekoropbie HEBOTHYTBHIE AyTH MbI TPOGAKTOPU30BAIN. IDTO OBLIO HEOOXO-
JIUMO, TIOCKOJIBKY /[T KazK/I0#f HEBOTHYTO JIyI'H CYIIECTBYET Hpeje/bHasd
TPaeKTOPHs, KOTOpas WeT TOJAbKO 1o Helt. [Ipu sTom Gsim3kue K 910 Tpa-
eKTOPHHU TEPEXOJIAT ¢ OJHOTO JUCTa Ha Apyroil (em. puc. [7)). [Tosromy Toukw,
HA ITOI NMPEJIEbHON TPACKTOPUH U, COOTBETCTBEHHO, HA ITON JIyTe JOJIKHBI
MPUHAIeKATH 000UM JINCTAM.

Puc. 5. HeBo3moxkuo
OTHO3HAYHO ompe/ie-
JIUTh  TPAaeKTOPHIO B

Puc. 6: Hesosmoxkuo
OJTHO3HAYHO OIPE/IeIUTH

TPAEKTOPHIO, KACAIOIILY- Puc. 7. Ilpenenbnas
yIJLY, €CJU HPUIHCAHDI p p . Y p
F0CsI BOTHYTON T'DAHUIHI, TPAEKTOPHSL.
HEKOMMY THPY OIIHE .
eCaM Ha Hel HeToXKJe-
MEePECTAaHOBKN COCETHUM
CTBEHHasI IIepPeCTaHOBKA.
JIyTaM.

3 JImHammdeckas cucTeMa OMJIIMApPIHO KHUXKKI.
NHuTerpansbl.

Janee MBI Oy/ieM H3y9aTh TOIOJOIHYECKoe TpocTpancTBo M? - 00beKkT auHaMnde-
CKOHl cucTeMbl OM/LIHAPAHON KHUYKKHU, COOTBETCTBYOMEH cKieiike v. Omupemgennm
M* caepyromummM obpa3oM:

Onpepenenne 8. Bo3bMeMm HecBsa3Hoe 0ObeuHEHNE N TpOCTEHUX OuLIHap/I-
HBIX ObstacTeil w’, yKa3aHHBIX B CKJeHKe U W CHAOIUM KayKIyI0 TOYKY BEKTOPOM

7



CKOpPOCTH, T.e. YMHOKUM Ha R?. ITpH 3TOM CYIIECTBYeT KGHOMUMECKAA NPOEKUUL
7 (L, wi) x R? — ' C R?, KoTopast 0CYIIeCTBIsIeTCs 3a0bIBAHIEM KOODIHHAT
3 R? 1 Toro, KaKoi CBA3HOI KOMIIOHEHTe MPHHAJIEKIT TouKa. IIpodakTopnsy-
em (], w}) x R? m0 OTHONIEHNIO SKBHBAJEHTHOCTH, YKA3AHHOMY HHZKE, KOTOPOE
ONUCHIBALT, KAK TPACKTOPHU OTPAZKAIOTCSA M HA KAKOW JIMCT MepexoidaT (CM. pHC.
§). Touxn (z1,v1) m (w2, v2) w3 (L]{L; wf) x R?, rae 1, x5 € (LI, w)), v1, v2 € R?,
OyJeM CUUTATh SKBUBAJEHTHBIMU, €CJIH BBITOJHEHBI CJIEIYIONINE YCIOBHUST:

L. m((x1,v1)) = 7((x2,v2))
2. w((z1,v1)) m w((xe,vy)) ekaT Ha rpaHuUIe W
3. BEKTOPbL U] U Vg UMEIOT PABHYIO JJIUHY |v1| = |vg]

4. BEKTOD U] —Ug PABEH HYJIIO HJIH OPTOrOHAJICH KACATEILHON K TPAHUIE 00IACTH
W' B Touke 7((x1,v1)), ecau TpaHuna obaACTH W' - TIAIKAS B 9TOH TOUKe

5. BEKTOD vy + U9 paBeH HyJ0, ecau Touka 7((zq,v1)) Ha rpanure obaacta w’
ABJIAETCA TOYKOH Ireperuda

6. BeKTOp v1 Hampab/eH U3 001acTh W', BEKTOD Uy - BHYTPb obacTi w’

/ /
7. ] €w;, T2 € We(i)s /1€ 0 - HEPECTAHOBKA, NMPHITHCAHHAA K IDAHHIE obJtactu,
Ha KOTOPOit HaxomuTest Touka 7((x1,vy)), ecau Tpanuna w’' - TIaIKast B 9TOR
TOYKE

!/
0'100'2(

IpaHUIbl 00JaCTH, HA KOTOPHIX HAXOAUTCs TouKa 7((x1, v1)), €cam 9ra ToIKa
ABJIAeTCd TOYKOI neperuba Ha rpanuie odbjactu w’

8. 11 € W, x9 Ew ;> TJIe 01 U 03- NEPECTAHOBKH, HPHIUCAHHLIC K JlyraM

[Tonyuennoe mocje pakTopuzamum TOMOJOIHYECKOe MPOCTPAHCTBO U OygaemM 000-
3HauaTh nasgee kak M2.

Bameuanne 7. Touka ma M* - 310, O cBOEil CYTH, TOJOKEHNE MATePUAIbLHOH Ta-
CTHIIBI, JBUKYIIIeiica 110 00J1acTh, KOTOpoe (PUKCUPYETCst TOUKONH Ha OHJLIHApPIHON
KHUXKKE U ee BEKTOPOM CKOPOCTH.

Ha M* ectp nBe bYHKIMH, KOTOpble MOCTOSHHLI Ha MPOTSAMKEHHN BCel Tpa-
eKTOpUU (MHTErPaJIbl), - 9T0 KBAIPAT MOJYJIsS BEKTOPA CKOPOCTH, MOCKOJIBKY MBI
paccMarpuBaeM JIBUKEHUE MaTepUaIbHON 4YacTulbl 0e3 TpeHus u ¢ abCosoTHO-
YIOPYTHM OTpayKeHHeM O TPAHUILY W mapamMeTp KBaJpUKH, O KOTOPOM TOii1eT pedb
HUKE.



O8]

o1 = (123)
09 O9 = (123)
04 O3 — (1 2) O (3)
o4 — 1d
g3
'\ 1 suct 2 JUCT 3 JUcT

Puc. 8: Tlpumep, Ha KoTOpoM n3obparkeHa cKJjeiika, OWLInapaHas KHUKKA, COOT-
BETCTBYIOIIAs ITOW CKJeliKe W HUZKe OJHUM IBETOM H300PaKeHbl BEKTOPHBI, KOTO-
pBle MBI CYHTaeM SKBUBAJIEHTHBIME B ONpeJeTeHIH [J]

B kuure B.B. Koznosa u /I.B. Tpeména [I, ri1. 4] ckazano, 4o arobast GuiLin-
ap/iHas TPAeKTOpusd B 00JIACTH, OTPAHUYEHHON TyraMu cOPOKYCHBIX KBAJIPHK, Ka-
caeTcst HEKOTOPO# ApYTroil copOKYCHOM ¢ HUMHU KBAIPUKK (CM. PHUC. @ DTO MOXKHO
IPOBEPUTH HEMOCPEICTBEHHBIM BBIUUCIEHUEM B SJUIMITUYECKOI crcTeMe KOOp/Iu-
Har. Kacanme B 9acTHOM Cjiydae - B 3JUIMIITHIECKOM OHJLIHADIE CJIEIYeT U3 €Ire
Gostee panmnero axra - U3 Kiaaccuaeckoii Teopemsr Sxobu-Ilamrs 2.

Teopema 1 (fkobu, [anb). Kacamesvnvie npamovie & 200e3u4eckol AUNUL Ha
Keadpuke 8 N-MePHOM e6KAUJOGOM NPOCMPaHcmee, nposedenHvie 80 6CET MOYKAL
eeodesuneckotl, xacaromes kpome amol keadpuky ewse n — 1 KonporkasoHur ¢ Hed
K6adpuKr, OOHUL U MeT HCe ONA BCEL MOUEK 2e00€3UMeCKOT.

Ciyuait Onmmnapaaoil KHUKKH B 9TOM CMBICJIE HIYEM HE OTJIHYAeTCS OT CJIy-
yasg Omummapja B 00JIacTH, OrpaHUYeHHON JiyramMu cOOKYCHBIX KBaJpukK. Jleii-
CTBUTEJBHO, €CJTH BCE JIUCTHI CIIPOCNUPOBATH HA OJIUH, TO HOJYIUTCHA OUILTHAP



a) 6)

Puc. 9: Ha Bcex pucyHkax paccMOTpeH OWLTHAD/ B 00JACTH, OTDAHUYEHHON Ty-
ramu copOKYCHBIX KBaIpuK. Ha pucyHke a) TpaekTopus Kacaercsa CODOKyCHOTO
JLINTICA, HAa DUCYHKe 0) - codOKyCHON rumnepboJibl. PHCYHOK B) MLTIOCTPUPYET
ouuaps B dJjutumce. B manHoMm ciydae TPaeKTOpHUs KacaeTcs ele OJiHOTo codo-
KYCHOT'O ¢ HUM JLIUIICA.

B mpocteiimeii obacTn w’, orpaHuYeHHO| ayraMu copoKycHbIX KBajapuk. 1 To-
/18, Ha TIPOTKeHNH Beell TpaeKTopun Oy/1eT COXPAHAThCS HapaMeTp KBaJIPUKH N,
KOTOPO# KacaeTcst Tpaekropus nociae npoekuun (eM. puc. [10). Do u Gyzer ewte
OJTHUM WHTErPAJIOM.

SIBubI B uHTErpajos. [lycts m € M*. 6epem mobyio Touky m' n3 Kiaacca
SKBHBAJIEHTHOCTH TOUKN M. 1o Oyaer touka u3 (|1, w)) x R%. 1 conocrasum eif

Touky m” = (x1, T2, v1,v2) B IpocTpancTse RY, mojryuennyio 3abblBaHueM, KAKOMY
u3 ucTos npuHamexut m'. Torma uarerpananl OyayT UMeTh BUI:
2,2
v = vy + vy (2)
\_ (109 — T9v1)? + vIb + v3a )
v} + v3

n / 2
B cmy onpezgenenus skBuBajeHTHOCTH Ha mpocTpancTse (|_]i_, wi) x R (cm. omp.
3HaueHne BYHKIUN He 3aBUCAT OT BHIOODA IIpecTaBuTe st 1M, TO eCTh PyHKIUNI
KOPPEKTHO 33/IaHBl.

Onpenenenne 9. Hzosnepzemuueckum monoso2uMeckum npocmpancmeom Ha30-
BeM Q3 := {m € M*: v(m) = 1}, rie v(m) sanaerca ypasuennem (2)).

Bynem usyuars Tonosoruio (93, pacciaupad ero Ha ypoBHH HHTerpasia A. s
3TOrO HAM TOHAJIO0MTCS MHCTpYMeHT, onucanubii B kKuure [3] A.B. Boscunosa,
A.T. ®omenko, a UMEHHO: TOHATHUS ATOMOB U MOJIEKYJI.

4 Artom. MoJaekyJa.

Paccvorpum rtagkoe maoroobpasue X u Ha Hem taakyio pyakmuio f 1 X — R.

10



2 JjmcT

1 gmer —

3 nucr

\»A o =(123)

T gy = (1)0(2)0(3) = id

09

Puc. 10: Ilpumep, WTIOCTPUPYIONINMA, YTO TPACKTOPUS HA OW/LIHAPIHON KHUMKKE
TaK:Ke KacaeTcd KBAJIPUKH, cOOKYCHON ¢ TpaHHIeit

Omnpenenenne 10. Touka x HazBIBaETCS Kpumuyeckot niast pyuaknun f, econ Bce
JaCTHBIE IPOM3BOIHBIE PABHBI HYJIIO B 3TOH TOYKe. B IpoTHBHOM ciydae TOYKA
HA3BIBAETCA PE2YAAPHOT.

Onpegpenenune 11. Kpurnyeckas ToYKa & HA3bIBACTC HeGwbiposcdentoti 1id PyHK-
nuu f, ecJin onpeeuTe b MAaTPHIILI YACTHBIX MPOU3BOIHBIX OTJIMYECH OT HYJI.

Onpepnenenne 12. Yposenb (f = ¢) Ha3bIBaeTCs KPUTHUECKHM, €CJIM HA STOM
YPOBHE €CTh XOTs Obl OJHA KPUTHYECKasd TOYKA, B IIPOTHBHOM CJIy4ae OH Ha3blBa-
eTCS Pe2YAAPHHIM.

Onpenenenne 13. [taakaga dyHKnug HaszeiBaeTcd gynryuet Mopca, eciu Bee ee
KPHTHIECKHE TOYKH HEBLIPOKICHDI.

[Iycts f - pyaxmus Mopca.

Omnpenenenne 14. Bpejem na X ciejyiomniee OTHOIIEHNE SKBUBAJEHTHOCTH: HA
KaKJIOM ypoBHE (DYHKIHH f TOUKE T1 U Ty € X Oy[eM CUNTATH IKBUBAJIEHTHBIMH,
ecJiu OHM NMpHHAJIeKAT OJIHOW KoMmIoHeHTe cBa3HocTu. IIpodakTopuzyem X 1o

11



9TOMY OTHONICHUIO YKBUBAJECHTHOCTH U MOJYIUM Hekuit rpad (em. puc. [11)), KoTo-
phIit HazBIBaeTCs epagom Puba nias dyHknum f Ha TOMOJOTHIECKOM IMPOCTPAHCTBE

L p , 'i’
£2 s °
g
= () —

& = ,
)
< |W N d
A
Puc. 11: TI'padp Puba mia Puc. 12: Monekyna a1g GyHKIUN BICOTH HA

dpyHKIMI BBICOTHI HA TOpE U Tope u cdepe ¢ AByMs pydIKaMu

cdepe ¢ AByMsT pydKamu

Onpenenenune 15. PaccMOTpUM TOCTATOTHO MAJIVIO € —OKPECTHOCTH HEKOTOPOii
touku rpacda Puba, npunajyiexkaieil ¢cBI3HON KOMIIOHEHTE CJI0¢, I'/Ie €CTh KPUTH-
qeckast Touka. e mpoobpas ¢ TOYHOCTBIO /10 MOCAOHHOrO ToMeoMopdu3mMa Oyaem
HA3bIBATD GIMOMOM.

3ameuanmne 8. Bce Bepmmmnnl rpada Puba sexkar na xpurudeckom cjoe. Kpowme
TOI'0, MHOYKECTBO KPHUTHYECKHX 3HAYEHUN MMeeT Mepy HYyJb, a B IIpoobpase Bcex
PETYISIPHHBIX 3HAYEHUIT JIEKUT 1 — 1-MepHBII TOp.

Onpepenenune 16. ['pacd Puba BMecTe ¢ ykazaHHBIMU aTOMaM# B COOTBETCTBYIO-
IUX TOYKAX HA HEM Ha3bIBAeTCHA 2py00t Mosekyrol g pyHKIun f Ha MHOT000-

pasun X (cu. puc. [12).

Bresennnie BbIle onpe/eeHnsT N3HAYAIHHO OBLIN OTPEIe/IeHbl JIJIA TJIaKIX
dyukmuit Mopca na Muoroodpasuu. Ho, mocko/ibKy B HallleM cjiydae 9TO He TaK,
MBI 0O0DOIIUM 3Ty KOHCTPYKIHMIO JO cJydas, Korga X TOIOJOIHIecKoe IIPOCTPaH-
CTBO, Y KOTOPOTO TOYTH Bce TOUKU auddeomopdub aucky D", a dbyukius f :
X — R Ha HEM TOJIBKO HENpPepbhIBHA.

I'pac Puba MOoKHO OTIpee/IuTh TAKUM YKe CIIOCODOM.

Onpepenenune 17. PaccmorpuMm 11ipoobpa3 Touku Ha rpade, KOTOpbIi HE ITOMeo-
Mopden n — I-mepromy Topy. [Ipoobpa3s jlocTaTodHo Majoil € —0KPECTHOCTH ITOM
TOYKH C TOYHOCTDHIO JI0 TOCTONHOTO TOMeOMOPMU3MA HAZ0BEM GMOMOM.
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Onpegenenune 18. ['pacd Puba ¢ ykazaHHBIME aTOMaMH B COOTBETCTBYIONIUX TOY-
KaxX HazoBeM 2pybotl mosekysoti N GYHKIUU [ Ha TOMOJOTMIECKOM IIPOCTPAH-
crBe X.

ameuanue 9. fcHo, 9To B ciaydae, Korjga X - IVIQJIKOE JIBYMEpPHOE HJIU TPEX-
MepHOe MHOroobpasue, a f - rmagkas pynknusa Mopca, Takoe onpejeienne Oyger
coBIaaTh ¢ Obosiee panuuM. Ilosromy, 310 JeiicTBUTEIbHO 0000IIEHE OlIpe Ieie-
HUIA.

B cayuae, korga X - riajikoe JAByMEpHOE WJIM TPEeXMEpHOe MHOroobpasue, a
f - rmagkas dyskuus Mopca, B kuure [3] A.B. Boncunosa, A.T. Pomenko B sB-
HOM BHJIe ONHCAH BHJ BCeX aTOMOB M MoJekya. Kpome Toro, ecau 6u1 M* y Hac
OBLIO TUVIQJKHM MHOTrooOpa3ueM, TO TeopeMa JIMyBuwId gaja Obl HAM TO, 9TO B
npoobpase BceX peryasipHbIX 3HAUEHUH HAXOAATCA TOphI. B Hamem ciydae MBI He
MOZKEM I10JIB30BaTHCA O6OI/IMI/I ITUMHU CbaKTaMI/I7 TaK Y9TO 6yﬂ€M JOKa3bIBaThb BH/
MOJIEKYJIbl HE€3aBUCHUMO. O,ZLHaKO, aHaJI0Tnd ¢ TaMHJIbTOHOBBIMH JAMHAMHUYCCKHUMH
CucreMaMm CymeCcTBYeT. B TeoOpuu TraMUJIBTOHOBBLIX JUHAMUYECKUX CHUCTEM MOJIe-
KY/1a OIHUCBIBAET TOIOJIOTHIO OKPECTHOCTH KaxKI0r0 OTAeIbHOrO YpoBHH. [losToMYy,
ONKCAB MOJIEKY/IY Hallleil TMHAMUYIECKOH CHCTEeMBI, MBI CMOXKEM YKa3aTh ¢ KAKUMH
JMHAMHWUYCCKUMHU CUCTEMaMU U B KaKoi OKpeCTHOCTHU COBlla/Jda€T Hallla.

5 OO0mmii Bua 3-aToMOB.

B ciayuae, korma maorooopaszue X mMeeT pa3sMepHOCTH 2, TO aTOMBI OyaeM Ha3bI-
BaTh 2-GMOMaMU, KOTJa Pa3MEPHOCTb 3 — 3-amomamis.

Huzke B paszzese Oyjer ommcaHa Teopwusi, MOAPOOHO M3/0KeHHas B KHure |3
A.B. Bosicunosa, A.T. Pomenko.

2-aTOMBI OIACHIBAIOT MEPECTPORKY OIHOTO KOJIUIECTBA OKPYKHOCTEH B IPyTOe,
3-aTOMBI - IEPECTPORKY TOPOB, TaK KaK Ha pedpax CTOAT pery/asipHble TOUKH.

AroMbl OBIBAIOT JIBYX COPTOB: aTOMbI THIIA A (MUHUMYMa B MAKCUMyMa (QyHK-
IIHHU) ¥ CeJJIOBBIE aTOMBI. ATOMBI IEPBOIO TUITA TTOCJTORHO TOMEOMODMHBI JABYMepP-
HOMY JmcKy D, paccaoeHHOMY Ha OKPY’KHOCTH, B caydae 2-atoma n D x S', pac-
CJIOEHHOMY Ha TOPBI, B CJIydae 3-aToMa.

Onpepenenune 19. Kpecmom nasbiBaercst Hpoodbpas e-okpecTHoCTH TOUKH () hyHK-
mun 22 — y2, 3aJIaHHON B HEKOTOPOi okpectHOCTH TOUkE (0, 0) cO cTPYKTYpOil
CJIOeHUsI, HeOOXOMUMOM JIJIsI TOr0, YTOOBI TOBOPUTH O HOCJIONHOM romMeoMopdusMe
(eMm. puc. . 31ech ypoBeHb 0 - KpUTUYECKHIT.

JI10boit cemtopoit 2-arom P MoxkeT OBITH CKJjeeH u3 k € N KpecToB Tak, 4TO-
Obl KaxKapIil yposenb (2 — y? = ¢), ¢ € (—&,+¢€) HA OTHOM KDPECTe CKJIEHBAJICS
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Puc. 13: Kpecr. 3akpamiensr yposau ¢ € (—&,0), He 3aKpallieHbl YPOBHU ¢ €
(0, +¢).

CnosxHOCTL 2
Ne | Atom | HRon OpueHTHpyeMble
CrnosHocTs 1
Opuentupyemsie
1 —Ci—
1 A—
2 0y
2 =B—
3 Dl%
Heo
1 —B— 4 TEDy

Puc. 14: Tabauna wekTopbix 2-aToMOB. TyT MOXKHO SBHO YBHJIETb, KaK HYZKHO
CKJIEMBATH KPECTHI, YTOOBI MOJIYIATH ATOM.

coorsercrByiomum yposem (z2 — y?> = ¢) ma apyrom kpecre (cm. puc. [14). k
Ha3LIBACTCS CAONHCHOCTLIO amoma P.
MoryT moayunThCH, KAK OPHEHTHPYeMble (KaK CaMOCTOATEIHHOE MHOTOOGDa-
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31e) aToMbl, TaK ¥ HeopueHTHpyeMmble. OpHEHTHPYEMbIe ATOMBI MOTYT OBITH IO~
I'PYKEHBI B ILJIOCKOCTh.

EcrectBenno cBga3biBaTh ¢ 2-aTroMOM rpad, KOTOpBIH gBJISETCS MPOOOPA30OM
KPUTHUIECKHX YPOBHEIH, HECKOJIBKO KOJI€Il, SBJSIONUXCsT TPpoobpazoM (—¢, ) 1 HeCKOJTb-
KO KoJiell, aBigonuxcsa npoobpasoM (0,4¢). ¥ 1akoro rpada BepHInHBI MOIYT
OBITH TOJBKO KpaTHOCTH () mwam 4.

3ameuanme 10. 3-aToMbl OBIBAIOT TaKXKe, KAK OPUEHTUPYEMBIMHU, TaK U HEOPU-
eHTUPYEMBIMU. Kcn Ha KaKOM-TO ypOBHE BO3HHUKAeT HEOPUEHTHPYEMBIH aToOM, TO
MHOI00Opa3ue B IeJIOM MOy YaeTcsd HeOPUEHTHPYEMBIM. B Teopuu HHTErpupyeMbIX
TaMHJIBTOHOBBIX CHCTEM OBIBAIOT TOJIBKO OPHEHTHPYEMbIe MHOT0OOOPA3HUs, IIOITOMY
BOIIPOC O TIPEJICTAaBJAEHNH HEOPUEHTUPYEMBIX 3-aTOMOB MOKAa HEaKTYyaJIeH.

J110060i1 OpreHTHPYeMBIil ceIJTOBO# 3-aTOM MOYKeT OBITH TIOJIYY€H OTHUM U3 JIBYX
C110CODO0B:

1. IlpaMbiM IpoH3BeieHreM HeKOTOPOro OPHeHTHPYEMOIo CeIOBOro 2-aToMa
Ha OKPY2KHOCTDL S

2. Bropoii criocod ycTpoeH HeCKOJIBKO CJI0XKHEee. 3J1eCh Mbl IOJYIUM GMOM CO
36eazdoukamu. [IycTb 1an 2-MepHBI OPHEHTHPYEMBIH CeII0BOM aToOM P. s
onpeiesieHHOCTH (PUKCHUPyeM Ha HEM DYHKIIUIO f , KOTopad 3a/1aeT CJI0eHue.
[TpeamookuM, 4TO HA HEM 3aJaHA WHBOJIIONKS, T.e. IJIaJKOe 0ToOparkeHne
TP — ]5, obJ1a1atonee CaeyIoNuMI CBORCTBAMMU:

(a) 72 =id,

(b) 7 coxpansier yposeus, r.e. f(7(x)) = f(z),

(¢) T coxpaHsieT OPUEHTAIHUIO,

(d) mekOTOpOE KOHEYHOE UHCI0 KPUTHICCKHX TOUEK ABIACTCHA HETOBHIK-

HbIMHX TOYKaMH HHBOJIIOIHUN T

st moctpoerus 3-aroma pacemoTpum muausaap P X [0, 27] u ckirenM ero
OCHOBAHUSI [I0 MHBOJIIOIUA T, OTOXKAecTBJstst Touku (x,2m) u (7(x),0). B pe-
3yJIbTaTe MbL IIOJIy YUM OPUEHTHDYeMOe 3- muOoroobpaszue U ¢ KpaeM. QyHKIHUS
f ecrecrennniv 06paszom npogomzkaercs na U, nockoasky f(7(x)) = f(z), n
€e IMOBEPXHOCTH YPOBHS 33JaI0T CTPYKTYPY cjaoeHusd Ha U ¢ e JMHCTBEHHBIM
0co0BIM cj1oeM. OTMeTHM, YTO TONOJOTHYeCKH MHOroobdpasue U sBisgercs
PACCJIOCHIEM HAJl OKPYKHOCTBIO CO ci1oeM P.

Ecim npodakTopuzoBath P 110 WHBOJIIOIUA T, HOJIYIHAM JAPYroil 2-arom P.
BBI,ZLGJ'H/IM Ha HEM 3BE3104YKaMM TOYKH Ha KpI/ITI/ILIGCKOIU/I OKPY2KHOCTH, KOTO-
pble COXpaHAIOTCs 1MoJ AeficrBuemM wHBOJOIMKA T. [lomydenusiit 2-atom P ¢
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BBIJICJICHHBIMH 3BE3/I0YKAMH HA3BIBACTCS GMOMOM CO 36€3004KAMU, & 2-aTOM
P naswiBaercsa dybaem P.

Wuoria B mocsie (pakTOPHU3AIIH TOTYIaeTCs KOJIBIO, PACCTOEHHOE HA OKPY K-
Hoctu. B aTom ciydae OymemM camTarh, 9TO y HAC aTOM A €O 3BE30UKAMH.

;.[CHO7 qTO ,ZLy6JH) P asngerca pPa3BeTBJEHHBIM ABYJIUCTHBIM HaKPBITHEM HaJl

2-aToMOM P, mpu4eM TOYKAMEI BETBJICHUS ABJISIOTCSA KaK Pa3 3BE3I0YKU aTO-
ma P.

Cnexyer mMeTh BBHIY, 9TO AyOJeil y OZHOTO aToMa CO 3BE3T0YKON MOKET
OBITH HECKOJIBKO U BCE OHM 3aJIAI0T OJUH U TOT 2Ke 3-aTtoM. IloaTomy mHOTO-
obpasue U 0IHO3HAYUHO OIpeIeIsieTcss aTOMOM CO 3Be3aoukamu P.

CasizkeMm ¢ TakuM aToMoM rpady, sBigomuiics rpadpom misa 2-aroma P, HO
J100aBIM K MHOZKECTBY €r0 BePINUH 3Be310UKH. CA0HCHOCTD AMOoMa CO 36€3-
doukot - TO YUCJIO BEePIIUH ero rpada.

Takum obpaszom Bce opueHTUpPYeMbIe 3-aTOMbI MOYKHO OTHCATH OPUEHTHPYEMbIMH
2-aToMaM¥M U OPHEHTUPYEMBIMH 2-aTOMaMH, Ha KOTOPBIX CTOUT KOHEYHOE YHUCJIO
3BE3J09E€K HA KPUTUYECKOM YPOBHE.

IIpumep 1. Ha puc. mpuBeeH mpuMep mnpocrtoro 3-aroma A*. O ycrpoen
HECKOJIBKO CJIOXKHee atoMma B (em. puc. 7 KOTOPBII SIBJASIETCS IPAMBIM IIPOU3BE-
JIEeHHEeM BOCbMEPKHU Ha OKPYKHOCTb. Hy2KHO yjla/inTh U3 HOJHOTOPUS JUIIb OHO
TOHKOE ITOJTHOTOPHE, HO 00XOIdIIee ABa pa3a BA0Ib ocu. OcoObiil cioit L moaydaer-
Cs1 TPOTACKUBAHWEM BIOJIb OKPYYKHOCTH BPAIIAIONIEHCS BOCBMEPKH, YCIEBAIOIIEit
HPOBEPHYTHCA Ha YroJ 7 3a oaun obopoT. [Ipu mpoxoxkaenun depes ocoObId ypo-
BEeHb OJIMH TOP IIePECTPauBAETCs B OIUH TOP.

Puc. 15: 3-atom A. Puc. 17: 3-atom A*.
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6 MojaerupoBaHue 3-aTOMOB IIPHU IIOMOMIN OMJIIN-
apIHbIX KHUXKEK

T'unore3za (A.T. ®omeHKO) Buiiuaponvie KHUMCKU NO360AAIM MOJEAUPOBATID:
1. sce 3-amomwt
2. ece epybvie moaekysv, Pomenro
3. ece meuennvie mosekysv, Pomenxo-Iluwarea

Yragoch g10oKa3aTh nepByoo dacThb rumoresnl A.T. DomeHko.

Teopema 2. Jlia 4106020 c€0406020 OPUEHMUPYEMO20 3-AMOMA CyYULecmeyem ou.n-
AUAPONGA KHUIICKA, TAKAA YN0 6 € U0IHEPLEMUNECKOM MH02006pasuu Q® nati-
démea e-oxpecmmnocms 0cob020 yposHa X = b, nocaotino zomeomopdran Imomy
amomy.

3ameuanme 11. Ocobomy ypoBHIO A = b COOTBETCTBYIOT TPACKTOPHUHU, JIeZKAIIIHE
Ha IPSAMBIX, KOTOPBIE MPOXOIAT Yepe3 (pOKYCHI.

Bameuanme 12. 3amernm, 9TO CIydail HECEITOBOTO 3-aTOMa HAM HE WHTEPECEH,
HOCKOJIBKY OH BCTpedaeTcs B KaxKAoi OmInapaHoil KHUZKKe Ha YPOBHAX A = 0 u
A=a.

HeficTBUTE/IbHO, PACCMOTPUM, HALIPUMED, HPOCTERIIY IO OU/IInapHyI0 00J1aCTh,
OrpAHUYEHHYIO SJUIHIICOM, THHePOOIOf U JAByMs IIPSAMBIME (CM. PHC. . A Owm-
JIMapJHasg KHUZKKA IYCTh COCTOUT W3 OJHOTO JIUCTA, TO €CTh NEPEeCTAHOBKHU Ha
IPAHUIAX - TOXK/IECTBEHHbIE IIEPECTAHOBKHU U3 OJHOTO JIeMEeHTA.

BenoMHEM KaHOHIYECKYIO Tpoeknnio 7 : M* — w' u3 onpeeneHud . Pac-
CMOTPHUM 3Ty IMPOEKIHNIO TOJLKO Ha TOYKaX U3 (Q° U 9TO cy:KeHue OydeM Ia/bIIe
TaKzKe HasbBaTh 7 : Q5 — W'

Vposuio A = 0, oTBe4YaeT TPaeKTOPUA, KOTOPas JABUXKETCS TOJIbKO 10 IDAHUIE
sstumca. To ecTb TPOEKIUs T U3 OmpejeneHus |8 9TOro ypoBHa Ha w' - 3T0 jJyra
jumnca. A B Ipoodpase KaxKI0i ee TOUKH JIeXKAT TOJLKO BEKTOPBI, HIYIITHE HaJIe-
BO U HAIIPpaBO, IPUYEM, CTAJTKUBAsChH O JIEBYIO WU MIPABYIO TPAHUILY JeBbIil BEKTOD
CKJIEMBAETCs C IPABBIM, 00pa3yst OKPYZKHOCTH (CM. DHC. .

Buskue perysisipable ypOBHHE - 3TO YPoBHU A = €. JIokakeMm, 4TO ero npoodpas
TOP. YPOBHIO A = € OTBEYAIOT TPACKTOPUHU, KOTOPHIE KACAIOTCS AJLIUTICA, OJU3KOTO
K rpanmasoMy. [Ipoexknus 7 Beex Touek u3 Q3 JexKaIux Ha 9TOM YPOBHE ecTb w'
6e3 BHYTPEHHEH JacTH JUIHICA ¢ TTApAMeTPOM € (CM. PHC. , MOCKOJBKY TOYKH
BHYTPHU JIIUICA HE MOTYT JIEZKATh HA MPAMbBIX, Kacaommuxcs ero. Obo3HaduM 3Ty
qacTh W' 3a w.. Torma B mpoobpase KayKao# TOYKH JIEKHAT 4 BEKTOPA U1, Uz, Us, V4.
Ha Bepxneit n nuzKHe#l rpaHuie CKJICHBAIOTCS BEPXHUN W HUXKHUN BEKTOPHI, HA
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JIeBO#l M mpaBoil rpaHUIle - JIEBbI ¥ IpaBblii BeKTOpbl. Ecian m300pa3uTsh deThipe
JIBYMEPHBIX JIHCKa, COOTBETCTBYIONIHNE YeThIpEM BEKTOpaM, a Ha IPaHUIAX 0003Ha-
YUTh CKJIEHAKU 3THX BEKTOPOB U CKJEUTDL UX, HOJIYyYUM ABYMEPHBLII TOD (CM. puc.

7).

Kputnueckuii ypoBeHb (OKpyXHOCTb)  biamM3Kkuii K KpUTHYECKOMY YPOBHIO (TOP)

Puc. 18: Bunnunapanas KHHXKKa, MOIEIApYIomas 3-atoM A .

>
B

29

Puc. 19: Ckueiika n1ByMepHBIX JHCKOB, OTBEYAONINX BEKTOPAM U1, U, U3, Ug, B TOP.

Takum 06pa3oM OKPecTHOCTH YPOBHA A = () COCTOUT UX TOPOB, YMEHBIIAIOTHX-
cs 10 OKPYKHOCTH, HAXOJSAIIEHCsT HA KPUTHIECKOM YPOBHE, a 9TO H €CTh 3-aTOM
A. A m060it Hecem10BOI aTOM - 3TO aTOM A MHUHEMYMa WM MAKCAMyMa (DyHKITIH.

AaroputMm moctpoenud. [lycrb jan npousBojibabiil ceioBoil 3-atom U 6e3
3pesznouex. Torma U = P x S', tae P - coorsercrBytommii emy 2-atom. OH mipei-
cTaBJIseTCd B BUJE CKJeliku u3 k kpectos, rje k € N - cioxkaOCTh atoMa. P MOXKHO
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MOTPY3UTh B IJIOCKOCTH ¢ coxpanenneM opuenrtamuu (cM. [3, crp. 96]). Toraa Ha
KaxkI0M u3 pebep rpada, COOTBETCTBYIOMIEro aToMy P MOXKHO 33JaTh HAIIPAB-
JICHHE TaK, 4TO0BI OTPHUIATEJbHBI YPOBEHb OCTABAJICH CJAEBa. DTO HAIPABJICHHE
MOZKHO PaCIpPOCTPAHNUTh 10 HEIPEPBHIBHOCTH Ha, OJIM3KKUE peryaspHbie ypoBHH. Pas-
JIETMM €T0 IIONOJIAM IO IOJIOKHTEJLHOMY YPOBHIO. Torma KazKaplii KpecT BBILId-
JIAT TaK, KakK ykazano ua puc. 20l 3adburcnpyeM mosoxenne KpecToB B IIOCKOCTH,
KaK IMOKA3aHO Ha pUCYHKe. Temepb MbI MOXKEM HA3BLIBATD IIOJOBHHBI KPECTOB BEPX-
HUMF M HUZKHAMH. 3aHyMepyeMm Kpectbl. Ha i-M Kpecre mocraBum CBepXy WHJIEKC
21 — 1, camnzy 2i. U Tenmepsb MbI MOZKEM yKa3aTh cKjeiiky. Ckjeiika cOaepKuT mpo-
CTeRnyIo OMIIMapIHyI0 001aCTh, OrPAHUYEHHYIO SJLIANCOM, THIIEPOOIOi 1 By M
IPAMBIMHA, YKA3AHHYIO Ha PHUC. OcTranoch TONIBKO 3aaTh MepecTaHoBKA. 1Ipo-
BeJIeM aHAJIOTHIO: MOJOBHHA KPECTa - 3TO MpocTeiimasd Ouimnapaias 001acTh, U3
KOTOPOM CKJIeeHa KHMXKKA, HalpapjieHue Ha peOpax rpada - Haupab/ieHue Tpa-
eKTOPHH. 01,03, 03,04 OyJyT IepecTanoBKaMn u3 2k amemenToB. Tpu u3 HUX MbI
MOZKEM Cpa3y HalnuCaTh.

o1 =(12)(34)...2k—12k), 03=04=id (4)

OcTranoch yka3arTh HepecTaHOBKY 0g. CMOTPHUM Ha HCXOJSAINEe HAIPABICHUE 1-Oii
MOJIOBUHBI KPECTa. ITO pedPO CKIEEHO ¢ HEKOTOPHIM BXOJSIIIIMM HAPABIEHUEM j-
oif TIOJIOBUHBI KpecTa. 3ajnaeM oo(i) = j. IIpojenaB Takyio OIepanuio Jjis BeexX
MOJIOBHH KPECTOB, MOJYIUM HEPECTAHOBKY 09 U3 2k 371eMEHTOB.

AJTOPUTM MOCTPOEHUST CETOBOTO 3-aTOMa CO 3BE3J0UKAMHU OIHUIIEM KPATKO.
Cuauasia crpouM JyOsib Jijisd aToMa CO 3Be3/I09KaMHu. DTO OyJeT ceIoBOil aToM
6e3 3Be3ouek. [Ipumensiem K HeMy TepBYIO 4acTh ajroputrMma. Il ykasbiBaem o
Tenepb He TOXKJIECTBEHHOIl, a B COOTBETCTBHH C HHBOJIIONHEH, KOTOpas OIpe/ieeHa
Ha jyo.e.

Jloxazamenvcmeo meopemu [ JJokazkeM, 9TO MOCTPOEHHAS MO AJATOPHTMY OWJI-
JMApAHas KHUKKA JIefCTBUTEJHLHO MMeeT Ha ypPOBHE A = b Hamepej 3a aHHbII
opueHTHDPYeMbIil cejiyioBoit 3-atom U 6e3 3Be3youek. [lycrsb 3-atom U 6e3 3Be3710-
YeK mMeeT CJOKHOCTH k. [lo aqropuTMy MBI TOCTpOMM CKJIEHKY v, MO KOTOPOil
OJTHO3HAYHO CTPOUTC OWJITHAp/IHAS KHUYKKA € 2k YHCJIOM JIHCTOB.

BenoMHEM KaHOHMYecKyio Ipoekimio 7 : M* — w' u3 ompejenenus . Pac-
CMOTPHUM 3Ty IPOEKINIO TOJLKO Ha TOYKaX U3 (Q° U 9TO CyzkeHme OyaeM Ia/IbIe
TaKzKe HasbhBaTh 7 : Q5 — W'

Ha ' ecth sjumunruaeckne KoopauHaThl. PukcupyeM runepboJty - KOOpAnHaT-
HYIO JIMHHUIO, TepeceKaonyo w’. U paceMorpuM ee 9acTh, Jexamyio B w'. lasee
Oy/IeM OMyCKaTh TO, 9TO 3TO AyTa TUIePOOJIbl, IMEHYs TPOCcTO runepboaoit. Uzyumm
11poobpa3 (pUKCHPOBAHHON TUIEPOOIH B (Q° B £-OKPECTHOCTH yPOBHSI HHTErpaJia
(A = b). TTokazkeMm, 9TO OH SKBHUBAJEHTEH 2-aTOMY P, COOTBETCTBYIOIIEMY 3-ATOMY

U.
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Bepxuasa

QO —€ g 09

+< 03
g4

Huxnaa 01

Puc. 20: Kpecr, pasgenennbiii Ha Bepx-
HUE U HUXKHUE TOJIOBUHBI M C YKa3aH-
HBIM HAIpaBJeHUEM. 3aKpallleHbl YPOB-
u ¢ € (—¢,0), He 3aKpaIIeHbl YPOBHH
c € (0,+e).

Puc. 21: Ckuneiika - mpocreiiias Ou1L1u-
apaHasg 00J1aCTh, OIPAHNYEHHAS JJLINII-
COM, TurepOoJIOl U JIByMs HPAMBIMHU C
YKa3aHHBIMHU II€PEeCTaHOBKaMMH.

®ukcupyem yposenb unTerpaaa (A = b). B srom ciydae Tpaekropuu Jiexkar
HA TIPAMBIX, KOTOPHIE TTPOXOAAT depe3 (hOKYChl. SHAUUT, /I KazK/I0i BHYTpEHHeil
TOUKH T € w' ee mpoobpa3 ' (x) cocTouT u3 8k BEKTOPOB ¢JIMHAYHON JIJTHHBI, KO-
TOpBIe HAIIPABJIEHBI OT WM K OJTHOMY U3 JBYX (oKycoB Ha Bcex 2k muctax. Torma
B 11pooOpa3e (PUKCUPOBAHHON TuepOoJibl JjiekaT 8k BEKTOPOB, YMHOXKEHHBIX HA
OTPEe30K (CM. puC. . [Tpubsimkasch K GoKaJbHOI OCH BEKTODPbHI, HAIPAB/ICHHbBIE
BHU3 M COOTBETCTBYIOIIHE UM BEKTOPHI, HAPABJIEHHBIE BBEPX, CTAHOBATCA OJIMXKe,
n Ha (HOKaIbHOI ocu yke coBnaaaioT. To ecTh oTpe3ku TaM coeauHsoTcd. [loy-
Jal0TCsd KPUTHYEeCKHe YPOBHU 4k TMOJTOBUH KPeCcTOB. 2k TMOJTOBUH KPECTOB COCTOUT
U3 BEKTOPOB, HATTPABJICHHBIX BJIEBO, OCTABIIHeCS 2k MOJOBUH - U3 HAIIPABJICHHBIX
BIPABO. YKaykKeM Ha KazKJIOM MOJIYKPeCTe HAalpaBjeHHe: eC/Id BEKTOD HAlPaBJIEH
BBEPX, TO OH COOTBETCTBYET MCXO/IAINEMY HAIIPABICHUIO HA pebpe rpada moayKpe-
CTa, BHA3 - BXOJSIIEMY.

Puc. 22: [Ipoobpa3s rumepboinl Ha ypoBHE A = b.
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Taxum obpaszom, Ha KazKJIOM JHCTe Mpoodpa3 rumnepboJibl Ha YpoBHE A = b
eCTh KPUTUUIECKHU YPOBEHD ABYX HOJYKPECTOB ¢ (PMKCHPOBAHHBIM HAIPABICHHEM.
OHOMY 13 TOJIYKPECTOB COOTBETCTBYIOT BEKTOPBI, HAIIPABJIEHHBIE BJ/IEBO, JIPYTOMY
- BIIPaBO.

PaccmorpuMm 6sim3KHe perysigpHble YPOBHHA K KPUTHIECKOMY BCE TaKzKe B IIPO-
obpase runepOoJIbl. Y POBHIO A = b — € 0TBeYalOT TPAEKTOPUH, KOTOPbIe KacaioTCs

Yy

Puc. 23: Tlpoobpas rtunepbonst wa  Puc. 24: IIpoobpa3 rumnepbosibl Ha
ypoBHE A = b — €. ypoBHE A = b + €.

TOHKOTO 3JLIATCA, OJN3KOro K (POKaJIBHOMY OTpe3Ky. [Ipoekiust 7w BCcex TOUeK u3
(3, nexkalux Ha 3TOM YPOBHe ecTh w' 0e3 BHyTpeHHeil uacTu 3/umunca (CM. puC.
23)), MOCKOJIbKY TOYKHU BHYTPH JITHIICA HE MOTYT JIEZKATDH HA MPSIMBIX, KACAIOTHXCS
ero. O6o3HaunM 3Ty 4acTh w’ 3a w;_.. Torga B mpoobpase BHYTPEHHUX TOUEK W) .
JaexkuT 8k BeKTOPOB(CM. pHC. . BexTopsl Hanpas/ieHHbIe BHU3 U COOTBETCTBYIO-
e UM BEKTOPBI, HAMPAB/IEHHbIE BBEPX TaK K€, KAK W HA KPUTHIECKOM YPOBHE
A = b ckJIeuBaOTCs, MPUOINKASICh K TpaHuIie ajnica. [losromy mpoobpas rurmep-
OO0JIbI TaK2Ke COCTOUT M3 JIBYX CKJCEHHBIX OTPe3KOB. OJIHAKO, TYT OHU HE JIOXOJIAT
710 (POKATBHON MPAMON M HAXOIATCHA BBIIIE KPHTUYECKOTO YPOBHs. 3J1eCh MOXKHO
TaK¥Ke YKa3aTh HANPABIEHHE, KAK U HA KPUTUIECCKOM YPOBHE (CM. PHUC. .

VpoBHIO A = b + € oTBeYal0T TPAEKTOPUH, KOTOPbIE KAacarTCd y3KOil rumep-
60.1bI, OJIN3KOI K JIydaM Ha (DOKAJBLHONH MPAMOii, BHIXOAAIUM 13 (POKYCcOB B Oec-
KOHeIHOCTD. lIpoeKkmus m Beex Todek m3 (Q3, jesKammx Ha 3TOM ypOBHE ecTb W,
HOCKOJIbKY THIIEPH0JIa afzis + % = 1 jexXuT BHe W' U U3 000N TOUKN U3 W' MOK-
HO IPOBECTHU KacaTeabHyIo K Heil. Torma B npoobpase BHYTPEHHUX TOYEK W' JIEXKUT
8k BeKTOPOB (CM. pHC. , a B 1poo0pase KazK/0i dyacTu (pUKCUPOBAHHON runep-
60.1b1 J1e2KUT 8k BEKTOPOB, YMHOXKEHHBIX Ha oTpe3ok. Ha dokanbHoll npamoii onn
He cKaenBatTcsa. KpuTuduecknii ypoBeHb TP MAJIOM CABHTE Ha, € Ha KayKI0M MOJI0-
BHHE KPECTa paclagaeTcd Ha JIBe CBA3HBIE KOMIOHEHTHI: BEKTOPDI, HIYIIAE HABEPX
u BHu3. Ha HEX Takke MOXKHO PacIIpPOCTPAHUTL HAIPaBJEHHE COOTBETCTBYIONIEE
BEKTODAM JIBUKYIIHMCsI HABEPX W BHU3 (CM. pHC. .

Takum obpazom, Ha KaxKJOM JHUCTe TpooOpa3 rumepdbo/ibl B £-OKPECTHOCTH
ypoBHS A = b ecTh JIBa MOJYKPECTa, HA KOTOPHIX MOYKHO €CTECTBEHHBIM 00Pa30M
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dukcupoBarh HampasseHre. OTHOMY U3 TMOJYKDPECTOB COOTBETCTBYIOT BEKTODHI,
HAIPABJIEHHBIE BJIEBO, IPYTOMY - BIPABO.

Ocrajioch TPOBEPUTH, ITO 2-aTOM PP IpaBUIBLHO CKJIeeH U3 MOJIyKpecToB. [lycTh
BCE TaKzKe (PUKCHPOBaHA THIEPDO/Ia U3 LIHITHIECKNX KoopanHat. CMOTpUM Ha
ee Ipoobpa3s.

Y10 TpoMCXOAUT HA YACTU T'PAHHIIBI, COCTOSIIENH U3 oTpe3Ka (DOKAIBHON Mps-
MOIi?

Ha i-m mucre BeKkTOp, HAIPAB/IEHHBINH BHU3, CKJIEHMBACTCS C COOTBETCTBYIONIAM
BEKTOPOM, HANPABJIEHHBIM BBePX Ha 07(i)-M JIHCTE COMJIACHO OTHOIIEHUIO SKBH-
BaJleHTHOCTH U3 ompenenenns [§ M?. B ciaydae yposHa A\ = b + £ Ha KaxKJI0M
HOJIYKPECTe eCTh TOJIBKO OJWH TaKOi BeKTOp. B ciydae ypoBHA A = b ToxKe OuH,
HO TOT, KOTOPBII MOJYYUICS CKIeHKOil BEKTOPOB, HATPABJIEHHBIX BHU3 U HAIIPAB-
JIeHHBIX BBepx. 10 ecThb, 1m0 cyTu, TaM ckjenBaiorcs 4 Bektopa B 1. B ciyuae
ypoBHS A = b— ¢ TaKuX BEKTOPOB u BOBce HeT. [Ipu 3TOM, ec/ii BEKTOPHI KacaIuch
9JLIUTICA, TO OHHU TEPEXOAAT Ha JAPYTOil JHUCT, TaKyKe KacasCh TOTO 7K€ 3JLINIICA.
Amnanorungno c runepbo.ioit u pokycamu. [losTomy yposennb octaercst Tem 2ke. Kpo-
Me TOTO, JIBa MOJYKpecTa OYIAyT CKJIeeHBbl KPECT, eCJU Mbl YKazKeM MePEeCTaHOBKY
or=(12)3 4)...(2k—1 2k).

YTo mponcxoanT HA JJLIANTHIECKONH rpanute?

BekTopsl, HanpaBieHHbIE BBEPX HA i-M JIUCTE CKJEUBAIOTCS ¢ COOTBETCTBYIO-
MIAMU BEKTOPAMHU, HAIIPABJEHHBIMEI BHU3 HA 03 (1)-M JIHCTE COMTACHO OTHOIIEHUTO
9KBUBaJeHTHOCTH B onpeestenun [§| M. To ectsb ncxonsiiee pe6po i-ro HOIyKpecTa
CKJIEUBAETCS CO BXOMASIMIUM PeOpoM 09 ()-To mosaykpecta. [losTomy, aTo6bI 3a1aTh
cKJIefiKy aroma P W3 KpecToB, HY’KHO yKa3aTh 02(i) B COOTBETCTBHH €O CKJ€fi-
KOl KPECTOB, UTO MBI U CIAEIAJHN B aJIrOpuTMe. SICHO,9TO MPHU ITOM CKJIEHBAIOTCS
COOTBETCTBYIOITE YPOBHU.

Taxum obpazom, B mpoobpaze 7~ runepOoJIbl B OKPECTHOCTH YPOBHS A = b MBI
HOJIYYWIN J1Ba 2-aToMa P, coorBeTcTByIOmmX 3-atomy U. OauH U3 HUX OTBEYAeT

1

BEKTOPAM, HAIPABJIEHHBIM B IIPABO, JPYroi - BaeBo. OCTasoCh MOHITH, TOYEMY
OKPECTHOCTD yPOBHA A = b MOCJIOIHO 3KBUBAJIEHTHA TPO0Opa3y runepooJibl, COOT-
BETCTBYIOIEMY TIPABBIM (WJIH JIEBBIM) BEKTOPaM, YMHOKEHHOMY HA OKPYKHOCTb.

Ha npapoii ssmnrudeckoii u J1eBoii rpaHNUIIaX IPaBble H JEBble BEKTOPHI CKJIEH-
BaIOTCsI, HOCKOJBKY K 3TUM TPAHUIAM IIPUIUCAHBI TOXKIECTBEHHBIE ePECTAHOBKH.
To ecrb Ha BHYTPEHHHUX TOYKAX Y HAC JIBA IIOJYKPECTa, COOTBETCTBYIONINE IIPABLIM
U JIEBBIM BEKTOPaM. A Ha IPAHUIIAX 9TH KPECTHI CKJIEHBAIOTCS, TEM CaMbIM 00pa3yst
OKPY2KHOCTB (CM. puc. [25).

Taxum 06pa3oM, OKpeCTHOCTb YPOBHA A = b MOCI0#HO SKBUBaJIEHTHA IIPoobpa-
3y TUIepOOJIbl, YMHOXKEHHOMY Ha, OKPYZKHOCTb, TO CTh 2-aToMy P, YMHOKeHHOMY
Ha OKPYKHOCTb, & 3T0 1 ecTb 3-aroM U, 410 n TpedoBaJIoch JI0Ka3aTh.

JlokazareabcTBO Caydast, Korja 3-arom U - co 3Be3109KaMU TTPOBOIUTCS AHA-
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Y -

Puc. 25: Ckieiika JIeBBIX B IPaBBIX BEKTOPOB JTAeT OKPYKHOCTH MOIYKPECTOB .

JIOTHYIHO, TOJILKO Tellephb Ha JIeBO# IpaHuile 00JacTH y HAC TPOUCXOIUT MEePEeXO/T
C OJIHOTO JIMCTa Ha JAPYyroil, B coorBercTBUu ¢ uHBOJIONHEH. 11 Tem cambiMm 110-
JlyqaeTcd He OObIYHOEe YMHOYKEHUE HAa OKPYZKHOCTH, & PaCcC/JOCHHE, ONMUCAHHOE B

KOHCTPYKIINH aTOMa CO 3Be3J04Koil Ha cTp. [15]
m
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