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§ 1. BBenenmne

BrepBroie 3a1a9a 0 OMCKe MUHAMAJILHOM cetn ObLIa nmocrasiena @epma 10 1640
roga. A mmenno, @epma MHTEPECOBAJ OTBET HA, CJEAYIOIIHA BOMPOC: KAk PACTOAO-
grcums 1A naockocmuy mowky F mak, wmobv cymma paccmoanud om wee 0o mpex
Purcuposanmuvnr movex A, B u C 6waa naumenvwed? OO0mas 3amada o mouc-
Ke CBA3HOI KpaTdaillllell ceTu, CoOeJUuHAIONIe JaHHOe KOHEYHOEe MHOXKECTBO TOYEK
mockocTH, bputa nocrasiena Apuumkom u Kecciepom B 1934. B masnbmeiinem sra
KJIacCHYIecKas 3ajada moaydunaa Hazpanume npobmema [lreitnepa. [lis HEKOTOPBIX
MHO2KECTB CIEIHAJIbHOIO BUJA HA ILIOCKOCTH MuHuMmasbhble jepesbs lllreiinepa
u3BecTHbl. K mpuMmepy, kak Obuto mokazano fpuukom u Keccnepowm [1], kaxmas
KpaTJYaiinas CeTh, COEINHSIONAS MHOKECTBO BEPIIMWH MPABUIHLHOTO 7-yTOJbHUKA,
npu n > 13 cOCTOMT W3 BCEX CTOPOH 3TOrO N-YrOJIBHUKA, 3a MCKJIIOYEHUEM JTI000
oxuoit. Kpome toro, Apuuk n Kecciep nocrponsn o4eBUIHBIE KpaTdailline CeTu
s caydaes n, pasuoro 3, 4 u 5. Jluus B 1987 Iy u XBanur [2] 3aBepiuuniu onuca-
HU€ KPaTJYalIIuX CeTeil, COeINHSIONUX BEPITUHBI TPABUIHLHBIX MHOTOYTOJIbHUKOB,
JI0Ka3aB, 9T0 Ay 1 > 6 orBeT Takoil »Ke, Kak u Jud n > 13. PyOunmreitnom n
Tomacom [3] GbL1 11O/IyYeH PE3y/ibTrar, ONUCLIBAIOIMI Kpardailiuue ceru Jjis JaH-
Horo nabopa TO4YEK HA OKPYKHOCTU, & UMEHHO: ecyu M — KOHEYHOEe MHOXKECTBO
TOYEK TJIOCKOCTH, JIEIKAIUX HA OKPYKHOCTH PAINYCa T, ¥ IIPU ITOM He 60JIee OIHOM
CTOPOHBI MHOTOYTOJIbHUKA M mMeeT CTporo OOJBIIYIO YeM 1 IJIUHY, TO MUHUMAJIb-
noe nepeso lreitnepa gy muOXkecTBa M mpesacTaBiisier co0oit 00beIMHEHNE BCEX
CTOPOH 3TOr0 MHOTI'OYT'OJIbHUKA, 38 UCKJIIOYEHNEeM CaMOU JJIMHHOIL.

Koneunoe muO)ecTBO M TOYEK TMJIOCKOCTU HA3BIBAETCH 3U23G20M, €CJIU CYIIe-
cTByeT joMaHas [, MHOXKECTBO BEPIIWH KOTOPOH coBmagaer ¢ M, a 3BeHbs KOTO-
poit “moBopaumBaioT B pasHbie cToponbl’. Ilocnemmee o3madaer, 9To ecin PUKCH-
pPOBaTh HEKOTOPYIO OPUEHTAINIO JIOMAHOHN L, W KaXKI0# mape MOCJIeI0BATETbHBIX
BEKTODPOB-3BEHbEB JIOMAHON [ MOCTABUTH B COOTBETCTBHE 3HAK OPUEHTHUPOBAHHOTO
yIVIa OT LEPBOIO 3BEHA KO BTOPOMY, TO IOJIyYUTCH 3HAKOIEPEMEHHAs I10CJIe10Ba-
renbHOCTh. [y, XBaHr n Benr [4] monyunnn pe3yabTaThl, OMUCHIBAIONINE KpaTJaii-
e CeTH JJis 3Ur3aroB OmpeeseHHoro tuma. l[lox pykoBomcTBoMm PyOumimTeiina
BBITIOJIHEH IIUKJ pabot [5, 6, 7], OMUCHIBAIONIMX PA3JIMYHBIE CBOWCTBA KpAaTYaiInx
ceTeill, 3aTATUBAIONINX KOHETHOE MHOXKECTBO M BepIUH CTaHAAPTHON KBaIpATHON
pemterkn. DTu pabOTHI PA3BUBAIOT Pe3yJIbTATHI, IOy deHHbIe B [8] u [9], B mepBoii u3
KOTOPBIX ObLIH WCCJIEOBAHBI KPATYANIINE CETU, 3ATHATUBAIONINE TAK HA3BIBAEMBIE
JIECTHUIIBL, T.€. BCE BepIIUHbI ¢ Koopauuaramu (m,n), rme 1 <m < M, n=1,2, a
BO BTOPOIl — BBICKA3aHA IUIIOTE3a O TOM, KAK YCTPOEHbI KPATYANIINE CETU I Pe-
LIETKH, COCTABJICHHON U3 Bcex Bepiuun Buja (m, n), el <m< 2k w1 < n <2k,
Sra runoresa Oblta T0KazaHa B [6].

EcrecrBennniv 0600menunem mpobiembr lTeiinepa sBiisiercs 3aa49a OMUCAHUS
MHUHUMAJIBHBIX CETEH HA BAMKHYTBHIX IBYMEPHBIX MHOroobOpasmsx. Ha HUX BO3HU-
KaeT HOBBIN THUM JIOKAJbHO MUHUMAJBHBIX CETEll — 3aMKHYTHIE CETH, T.€. CETH, BCE
BEPIIUHBI KOTOPHIX UMEIOT CTENEHb TPU W OTCYTCTBYIOT TDAHWUYHBbIE TOYKU. JIjis
3aMKHYTBIX JIOKAJIbHO MUHUMAJIbHBIX ceTeil VIBanoBbiM n Tyskuauabim [10, 11] 6611
nosyden psij pesynbraroB. B paBore Heppes [12] onu Gbuin kiaccuduinpoBaHb
Ha CTaHJAPTHOM nBymepHOit cepe. Knaccudurarms 3aMKHYTBIX JTOKATLHO MUHH-
MAaJIbHBIX CeTell Ha IJIOCKHX TOpax ObLia monaydeHna B padbore Msamosa, IlTununoit



n Tyxkununa [13]. Taxxke ITtununoit [14, 15] OGbu1a momydeHa KiaccudUKALUS HA
nyiockux OyThiikax Kieiitma u paBHOrpanubix Terpadapax. VsanosbiM u Tyxusm-
HbIM [16, 11], a rak:ke Bnoeunoit n CesmmBanoBoii [17] ObUIN MPUBEIEHBI TPUMEDHI
3aMKHYTBIX JIOKA/JIbHO MUHMMAJIbHBIX CeTeil HA MOBEPXHOCTAX MNOCTOSHHON OTpH-
HATEbHON KPUBHU3HBI. IIpHMephl TAKMX CeTell Ha IOBEPXHOCTAX MHOIOTPAHHHUKOB
npusezienbl B padorax Crpesnkosoii [18, 19], sanosa u Tyxununa [20].

B ornimuume ot eBKIMIOBA CiTydasi, HA IVIQIKAX PEMAHOBBIX MHOI000Pa3usaX MUHU-
Masbabie nepeBbs lllTeitnepa 1711 KOHKPETHBIX TPAHUI] TPAKTUIECKHU HE W3BECTHDI.
Hamra e — onpesenuTh THIBI MUHUMATBHBIX jiepeBbeB IllTeiiHepa, coenuHsio-
X BEPIIUHBI JOCTATOYHO MAJIOW MPOM3BOILHON TPAHUIIBI HA PUMAHOBOM MHOIO-
obpasun. B mamboit pabore mosydeH pe3yabTaTr, ONUCHIBAIOININN OMHAPHBIE THUIIBI
MuHUMaJIbHBIX JepeBbes Lllreitnepa /s MPOM3BOIBHBIX MAJbIX IPAHUI, HA PUMa-
HOBOM MHOTroOOpasun. B majbHeiemM Mbl OIpeIesinM MpaBuIbHBIN MHOTOYTOIBHIK
HA PUMAHOBOM MHOTOOOPA3WHU, W OMUIIEM KOHKPETHBIE OMHAPHBIE TUTIHI, PEATA3YIO-
e MuHUMaJIbHbIe nepeBbs LllTelinepa jist BEepInH JOCTATOYHO MAJIOrO MPABUIb-
HOTO MHOTOYTOJIbHWKA HA MHOrooOpas3uu. Kak ciencrBue, MOKa3bIBAETCS, YTO HA
J11060M TTOJTHOM JIBYMEPHOM IJI3/IKOM PUMaHOBOM MHOI'000Pa3HH /It KayKI0ro n = 7
CYIIECTBYET JOCTATOYHO MAJiasi OKPECTHOCTh TOUKM X Ha Hell Takas, 94TO JJs JIF0-
6Oro JIezKaIero B Hell MPaBUIBLHOTO N-yTOJIBHUKA C MEHTPOM B X MUHUMAJIHHBIM
nepesom IllTeitnepa ABISETCA TPAHUIEA ITOTO N-YTOJbHUKA 0€3 ero HambOJbIIe
CTOPOHBIL.

st 1oKazaresbcTBa OCHOBHOM TeopeMbl B paboTe pacCMATPUBAIOTCS HU3MEHe-
Husg MeTpuk. B xome paboThl OBLIO 3aMEYEHO, 9TO W3 HEMPEPLIBHON 3aBUCHMOCTH
U3MEHEHUsI [IJIMH KPUBbIX [IPU BAPUAIIMH METPUKHU HE BHITEKAET HENPEPBIBHOCTDH PAC-
CTOSIHUSI MEXKJIy TOYKAMU B COOTBETCTBYIOIIEH BHYTPEHHEH METPUKE; HOCTPOEH CO-
OTBETCTBYIOIIHUI puMep. Bo3HWK BOMPOC: 94TO HYKHO TIOTPEOOBATH MIJIsT 0Oeceve-
HUsT HEIPEPBIBHOCTH paccTosHus?! B pabore chopMyImpoBaHO HEKOTOPOE YCIOBHE
(*), aBJAIONIEECS IOCTATOYHBIM. Jlajiee paccMaTpUBAETCS HENPEPHIBHOE M3MEHE-
HU€ PUMAHOBOW METPHUKM HA MHOTOODPA3UHU ¥ MOKA3BIBAETCS, 9TO €CJIM MHOTOOOpa-
3M€ SABJIETCs TOJIHBIM, TO yCJIOBHE (*) BBIIOJHEHO, B CJIEJICTBUE YE€r0 PACCTOSHUE
MEXKJIy JIIOOBIMU JIBYyMsI TOYKAMU MEHSETCS HEMPEPBIBHO. 3aTeM, MOJb3ysaCh ITUM
BBIBOJIOM, MbI JIOKAZKEM HEIPEPbIBHOCTH JJINHBI MUHIMAIBLHOIO HAPAMETPUIECKOrO
JIepeBa 33IAHHOIO TUIIA JIJIs 33/IAHHON TPAHKUIIBL HA PUMAHOBOM MHOIOOOPA3UH IIPH
HEIPEPBIBHOM M3MEHEHUH PUMAHOBON METPUKHU. DTOT PE3YJIbTAT SABJSETCH KJIIOYe-
BBIM JIJTST JOKA3ATEIHCTBA OCHOBHOW TEOPEMBbI.

§ 2. HenpepbIBHOCTH PACCTOSHUS U HEIIPEPBIBHOCTH JIJINH
KPUBBIX B cJIy4dae NPOU3BOJIBHOI'O METPUYECKOTIO IIPOCTPAaHCTBA

Paccmorpum MHOXKecTBO X 1 ceMeiicTBO MeTpuK p; Ha HeM, t € [0, 1]. Ilycrs Bce
OHU OTPEJIETISIIOT OJIHY W TY K€ TOIMOJIOTHIO, SIBJASIOTCSA KOHEYHBIMA W BHYTPEHHUMMU.
ITycrs mpu kaxkaom ¢ € [0, 1] merpudeckoe mpoctpancTBo (X, py) JIWHEHHO CBA3HO,
¥ KaxXK/asd KPHUBas CIPIMJIIEMA WU HE CIPAMJIIEMAa TO OTHOIIEHUIO KO BCEM pi
omHOBpeMeHHO. IIycTh Tak:ke 111 11000# KPUBOit 7y, CIPAMISIEMON O OTHOIIEHUIO
KO BCEM py, ee JuiuHa, [;(7y) 10 OTHOLIEHUIO K METPUKE p; HEIPEPHIBHO 3aBUCHUT OT L.
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Yeaosue (x): mycrs Fy, ; — MHOXKECTBO KPUBBIX v Takux, 4to [;(7y) < a. Torma
Jutst oboro a > 0, moboro ty € [0, 1] u mo6oro & > 0 Haiigercs takoe 6 > 0, 910
ISt BCEX ¢, YOBJIETBOPSIIONIAX HEPABEHCTBY |t — to| < O, BBIMOJIHEHO COOTHOIIIEHUE
Fa,t C F(1+£)a,t0-

TEOPEMA 1. IIycmo ewnosnenvl nepenuciertvie eviuie Ycarosus. Tozda dasn -
owz A, B € X ¢ynxuyua pi(A, B) nenpepweno 3asucum om t.

JIOKA3ATEJILCTBO. Byznem cuurarh, yr0 A u B He coBnagamor (ciayuait A = B
TpuBHAJbLHBIN). PaccMarpuBaeMmble METPUKK BHY TDEHHUE, ClIe10BATEIbHO pt (A, B) =
inf., I;(7y), e TouHas HUKHSS IDaHb OEPETCs II0 BCEM KPHBBIM 7, COEIHHAIOMIIUM
A wn B. Jokaxkem mempepblBHOCTEL pi(A, B) B Hekoropoii Touke ty € [0,1]. s
dukcuposannoro € > 0 Haiigerca coepunsiomasg Touku A u B kpusas ', yaosJe-
TBOpSTIOIAst HepaBeHCTBRY |ly, (V') — pt, (A, B)| < £/2. B cBo10 04Yepen, U3 TOrO, 9TO
nymHa (') 9Toi KPUBOI HENPEPHIBHO 3aBUCHT OT t, CJIEyeT CyIecTBoBanue o > 0
TAKOr0, YTO JIJIS BCEX t, YJOBIETBODSIIONIMX HEPABEHCTBY |t — to| < §, BBIMOJIHEHO
[l:(v") — Ity ()] < /2. B pesynbrare nmeeM:

pi(A,B) = i{}f Li(v) <1:(y)

YTO O3HAYAET MOJIYHENPEPHIBHOCTH CBEPXY.

ITycTh MOMyHEMPEpPBIBHOCTH CHU3Y HET, TO €CTh CyMIeCTBYeT € > (0 M IoCaes0Ba-
TesabHOCTD {t,} € [0, 1], cxomsumasicss x to, Takue, 910 1, (A, B) < py, (A4, B) — e.
PaccmoTpum nmocnenoBaTebHOCTh KPUBBIX {7, }, n € N, coenmunsromunx A u B, ta-
KUX, 970 I, (Yn)—pt, (A, B) < £/2, a, cnepoBarensHo, Iy, (n) < pi, (A, B)—¢/2 = q.
Ilocnentee HepaBeHCTBO O3HAHUaeT, 4TO ¥, € Fy,; . Cormacuo ycmoBuio (k), mias
€1 = 4 maiinerca 6; > 0 rTakoe, 410 [yIa BCex t', yIOBIETBOPAIOMINX HePaBeH-
crBy [t —to| < 01, Bemomneno Fy v C Fije g, = F,, (A,B)-c/aty- Ocrainocs
3aMEeTHTh, YTO CYIIECTBYET HATYPAJIBHOE YHCIIO M TaKoe, 4To |t — to| < 1, TO
ecTh Yy € Fyyp, C Fpto(A,B),E/ALtO, OTKY/Ja BBITEKAET BBITIOJITHEHUE HEPABEHCTBA,
lto (vm) < pto (A, B) — /4 — nporuBopedne ¢ onpeie/leHHeM BHYTPeHHel MeTPpUKH:

pto (A, B) =inf, Iy (7). IloayHeIpepEIBHOCTD CHU3Y JTOKA3AHA.

3AMEYAHUE 1. YcsoBue (%) He BbITekaer u3 ocrajbHbIX ycjaosuii. Bosee Toro,
ecJM BCe YCJIOBUSI, KPOME YCJIOBWsI (%) BBITIOIHEHBI, TO PACCTOSTHHE MOYKET OBITh
Pa3pBIBHBIM.

JIOKABATEJIBCTBO. IlpuBemem npumep muOxkecTtBa X u ceMeiicTBA METPHUK Py
HA HEM, [JIs KOTOPBIX BBIIOJIHEHbI BCE yCJoBus, Kpome (x). Paccmorpum asymep-
HY10 cpepy U JIBe JuaMeTPabHO IIPOTUBONIOIOXKHLIE ToUKU A u B Ha Heiil. Boiieinm
HA HEHl CYeTHOE KOJIMYECTBO MOJIOBUH OOJIBIIAX OKPYKHOCTEH — JyT, COEUHSATONIX

A u B, u o6o3naunm ux Y, k € N. Ilycte X = kEJol'yk, a AJuHa HenpepbIBHOM

KPWBOil 7/, OCYIIECTBAAIONMEH TOMEOMOpMU3M ¢ 00pa3oM, JerKaIeil IEeIuKOM Ha,
HEKOTODOii JIyre 7, B METpUKe p; paBHa l(y') = (2 + cos(tk:)) &, TIe o — BeMYnHA,
yrua, ToJ KOTOPBIM BHIHA ' M3 meHTpa cbepbl (sicHo, 9ro () = 2 + cos(tk))
(puc. 1).

Taxum 06pazoM, pu KaxkaoM tg € [0, 1] MBI mOTy9IaeM KOHEIHYI0 BHYTPEHHIOK
merpuky Ha X: pi(C, D) = inf, l;(v), roe TouHas HUZKHSSA TPAHb OEPETCs IO BCEM
KpuBbIM 7, coemuusomuM C' u D, nexxamum B X (3aMeTnM, 9TO B 3TOH MeTpHUKe



JJINHBI KPUBBIX B TOYHOCTU TAKHNE, KAKUMU MbI UX ONPEICININ I/IBH&‘I&JIBHO). HpI/I
9TOM, JJIMHBI KPUBLIX HEIIPEPBIBHO 3aBUCAT OT t.

Puc. 1. Ilpumep: HEBBIIOJHEHWE yCJIOBHs (*) TPU HAJMYUA OCTAJTHHBIX yCIOBHIA.

Paccmorpum a = 2, € = 1/4, tg = 0. Torga B 11060 d-OKpecTHOCTH to HadigeTcs
ts = m/m (upu gocrarodHo GonbuioM m € N) Takoe, 9TO B METPUKE py, JJIHHA
KPUBOIL Yy, PaBHA Iy, (Ym) = 2 4 cos(tsm) = 1 < 2 = a, B TO BpeMs KaK B METPHKe
Pt, €e auHa paBHa I, (Ym) = 2 + cos(tom) = 3 > 5/2 = (1 4+ €)a. Do o3Ha4aer,
410 Ym € Futs, HO Ym € Fl14¢)a,ty> TO €CTH CYMIECTBYIOT CKOJIb yIOJHO OU3KHe K
to umcna ts Takwue, 9To Fy 1 ¢ F(i4e)a,, — YCIOBHE (%) He BBITOIHEHO.

IMokaxewm, uro paccrosuue pi(A, B) mexuy toukamu A u B pa3pbiBHO 110 t B
uyse. HeiticrBurenbuo, po(A, B) = 3, rak kax lo(yx) = 3 1u1s 1106010 HATYPAJILHOIO
k, no nna xaxgoro t € (0,1] maiinerca k € N rakoe, uro cos(tk) < 0, a 3nauamr
pt(A, B) < li(yk) = 2 + cos(tk) < 2.

Tenepp paccMOTpuUM MHOXKECTBO X U CeMEHCTBO METPUK p; HA HEM TAKOE, 4TO
paccrosinme pi(A, B) Mexay Jgi00ObIME IByMst TOYkaMn A m B HENpephIBHO 3aBH-
cut or mapamerpa t € [0,1]. TIpoaHammsupyem HEOOXOIMMOCTH OTPAHWYEHWH HA
METPHUKH.

3AMEYAHUE 2. 1) IIpu pasHbix ¢ METPUKH p; MOTYT ONPEIEIATH DPA3JIUIHBIE
TOIOJIOTUH.

2) Haunoe orobpazkenue v: [a,b] — X M0KeT ObITh HENPEPHIBHBIM MPH OJHUX ¢
¥ Pa3pPbIBHBIM TIPU JAPYTHUX.

3) Merpuka p; MOKeT ObITh BHYTPEHHEl 1IpU OAHUX ¢ U HE ObITh UPU APYIUX.

4) Merpuueckoe pocTpancTBo (X, pt) MOKET ObITh JTMHEHHO CBA3HBIM [IPU OJHUX
t v He OBITH TAKOBBIM TIPH JIPYTHUX.

Hpumep. Ilycrb X — maoCKOCTb, pg — €BKJIUI0BA MeTpUKa Ha Heil, p1(A, B) =1
s 06X Hepasubix A, B € X, a py = tp1 + (1 — t)pg. Hcuo, uro p; — mer-
puka, u pi(A, B) mexuy sobbiMu 1ByMs ToukamMu A u B HEINpPepbIBHO 3aBUCHUT
or napamerpa t. OJHAKO, METPHYIECKAS TOIOJIOTHS, MOPOKICHHAS P71, JUCKPETHA,
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a TopoXIeHHast pg — Her. @yHKIms v: [a,b] — X, HempepbIBHO (OTHOCHTEIHHO
METPHKH po) OTOOparkaroIasi OTpe3oK [a,b] B HEKOTODPBIH OTPE30K IMJIOCKOCTH, He
SABJISIETCS HEMPEPBIBHOW OTHOCHTEIHLHO METPUKHI p1: B 9TOH METPHKE OZHOTOYETHOE
MHOKECTBO OTKPBITO, HO €ro Mpoodpa3 OTKPBITHIM HE SABJIseTca. 2ICHO, 9TO MeT-
puueckoe mpocTpacTBo (X, pg) — JIMHEHHO CBA3HOE cO BHyTpeHHel merpukoii. Ho
METPHKa pj HE SBIAETCA BHyTPEHHEH, a MeTpudaecKoe mpoctpancTeo (X, py) — am-
HEHHO CBA3HBIM, TaK KaK OTHOCHTENHLHO METPHKH p1 HE CyHIECTBYET KPHUBBLIX B X,
COCIMHATONMX PA3IMYHbIE TOYKH.

Iycrs (X, ||-]|¢) — koHEIHOMEDPHOE HOPMEPOBAHHOE MTPOCTPAHCTBO MIPH JHOOOM t €
[0, 1], a HOpMma ||z||+ m0GOTO 371€MeEHTA & € X HenpephIBHO 3aBucHT OT t. Paccrosiane
MesKy JIeMEeHTaMH OTpeJesisieTcss Kak HopMa ux pasuocru: pr(A, B) = ||A — B||+.
SIcHo, 9TO BCe METPUKH pp 33JAI0T OJHY TOMOJIOIHIO. B 3TOM Ciiyuyae JyIMHBI KDUBBIX
HENPEPBIBHO 3aBUCAT OT .

TEOPEMA 2. ITycmo v: [a,b] — X — xpusas. Tozda ee dauna xoneuna uau
beckoneuHa 00HOBPEMEHHO NO OMHOWEHUIO KO 8Cem mempuram cemeticmea. Boaee
mozo, ecau 0auna () KPUBOT ¥ OMHOCUMENLHO MEMPUKU Py KOHEWHA, MO IMG
dauna Henpepuero 3asucum om t.

JOKABATE/ILCTBO. Paccmorpum enuanunyio cdepy Sy B Merpuke p,. OHa
KOMIIAKTHA, TaK KakK MPOCTPAHCTBO X — KoHeuHoMepHoe. Paccmorpum dyrKImio,
onpezenennyio Ha (X \ 0) x [0,1]:

IE3IE
{ESIT

f(fvvt) =

Ona HerpephIBHA HA KOMMakTe Sy X [0, 1], a, 3HAYNT, TPUHUMAET HA HEM HAWMeHb-
mee n manbomemee 3nadenns. Ilycte m = min{f(z,t) | z € So,t € [0,1]} n
M = max{ f(z,t) | x € Sp, t € [0,1]}. Takum obpasom, ast x € So u t € [0,1] BBI-
HosiHeHO HepaBeHCTBO M|zl < ||z|l: < M||x||t,- IlosmoxurenbHas 0XHOPOIHOCTD
PaCIPOCTPAHSET TO HEPABEHCTBO HA BCE NPOCTPAHCTBO. Tak Kak IIMHA KPUBOI
€CTh TOYHAS BEPXHHAS TPAHD JJINH BIUCAHHBIX B HEE JIOMAHBIX, & JJIMHA JIOMAHOM
€CTh CyMMa DACCTOSHWH, TO [JIsl JUIMHBI KPUBOU <y BBINOJIHEHO COOTBETCTBYIOIIEE
HepaBeHCTBO: My, (7) < li(y) < Ml (). U3 sroro cremyer, 4To AauHA KpU-
BOH Y KOHEYHA MM GECKOHEYHA OJJHOBPEMEHHO IO OTHONIEHHWID KO BCEM METPHKAM
CceMeiiCcTBa.

W3 pasHOMepHO#i HenpepbiBHOCTH dyHKIME f(,t) Ha KOMmakTe Sy X [0, 1] cie-
Jyet, 9To Jjisi (PUKCUpOBaHHOrO £ > 0 Haiimercs § > 0 , it KOTOPOrO MpU BCEX
t, YZIOBJIETBODSIONIMX HEPABEHCTBY |t — to| < d, BeImonHeHO |f(x,t) — f(x,t0)| < €
st mi00bIx @ € Sp.  YunmTbiBag 1o, 4T f(%,t9) = 1, mOIyd4aeM COOTHOIIEHHE
|f(z,t) — 1] < e, T0 ecTb

(1 =)ty < [l < (1 +e)]ls,-

W3 motoxuTeIbHOM OTHOPOIHOCTH CJIEAYET, 9TO A1 (GUKCHPOBAHHOIO € > () JaHHOE
HEPaBeHCTBO BbInojHeHo npu ¢ € X u [t — to| < §. Takum obOpaszom, jjid JJIMHBL
KpHBOii 7y BbiomHeHo HepaseHcTBo (1—¢&)ly, () < 1(y) < (1+€)le, (v), nomm |l () —
lt('y)|< ely (), M3 KOTOPOro BBITEKAET HENMPEPLIBHOCTH (hyHKImH [¢(7Y) B ciaydae ee
KOHEYHOCTH.



§ 3. HenpepbIBHOCTh pacCTOSIHUS B
ciydae riaJKoro puMaHoBa MHOroobpa3us

IIycrsb gaHO N-MepHOE CBA3HOE MIIAIKOe PUMAHOBO MHOTOOOpa3ue M,, ¢ MeTpukoi
ds?, HenpepBIBHO 3apucameii ot mapamerpa t € [0, 1]. Tlogpasymesaercs, aro ds? —
puMaHOBa MeTpuka npu Kaxaom t € [0, 1], u B kaxk 10t Touke x € M,, KOMIIOHEHTbI
METPUYIECKOr0 TEH30pa ggj(x) B KaXKJIBIX JIOKAJIbHBIX KOOP/MHATAX HEIIPEPHIBHO 3a-
Bucst or t. s s060it naper touek A, B € M,, paccrosuue pi(A, B) Mexiy HUMU
B MeTpHKe ds? onpeie/ifieTcsa Kak TOUHas HIKHAS TPaHb JTHH [y (7y), TOCINTaHHBIX
OTHOCUTEILHO METPHKH ds?, KyCOYHO-TIaJKUX KPUBBIX 7, coequusionmx A u B.
3amMernM, 9TO BCE METPUKHU Py OMPENENAIOT OJHY W Ty K€ TOMOJIOTHIO, SIBJISIOTCS
KOHEYHBIMU U BHYTPEHHUMMU.

YTBEPXKAEHUE 1. ITycmo v: [a,b] = M, — kycouno-zaadkas kpusas. Tozda
l:(y) asasemea nenpepuenol dynryued napamempa t.

JTOKABATEJILCTBO. Paccmorpum paszbuenme KpuBO# <y HA IOCJIEI0BATETbHBIE
KPUBBIE Y;, 00pa3bl KOTOPDIX JI€2KAT B HEKOTOPLIX KapTax. IIycrb KpuBas 7y JICKUT
B KapTe ¢ KoopauHaTamu (ul, ... u™). JIauna Kpusoit v (s) = (ul(s)7 . ,u”(s)) B
merpuke ds? paBHa

b

n
li(ve) = / Z gf’j (ul(s), . ,un(s))w(s)w(s) ds.
v \ig=1
B cuny menpepbiBHOCTH (DyHKIMI gf’j, [IO/IBIHTErPAJILHOE BBIPAZKEHUE, &, CJIEJI0Ba-
TEJILHO, U 3HAUEHUE ONPEIEJIEHHOT0 WHTErpaJia, HeMPEPHIBHO 3aBUCUT OT t. Takum
o6paszom, minHa i () KpUBOii -y, HEmpepbIBHO 3aBucHT oT t. HenpepbiBHOCTD [N~
HbI [; () KPUBO# Y BBITEKAET U3 aJAUTHUBHOCTH (DYHKIMOHAIA JJIUHBL.

VYTBEPXKIAEHWE 2. Ecau M, — xomnaxmmo, mo ycaosue (x) 6unosHeHo.

JLOKA3BATEJLCTBO. Ilycrb ||€||: — HOpMa BekTOpa £, npuHaIeKANIErO Kaca-
TesbHOMY paccioennio Thy K MHOroobpasmio M, oTHOCHTeTbHO Merpukn ds?. B
JIOKaJIbHBIX KoopuHaTax (ul, ..., u™), OHpese eHHbIX B HeKOTOPOH KapTe, 9Ta HOp-
Ma 3aIUCHIBACTCS CIEIYIONIM 00pa3oM:

||§||t = Z gf,g(ulﬁvun)fzgja

ij=1

re v = (ul,...,u") — Touka mpuaokenus sekTopa £ = (&1, ...,£&M), a, 3HAUMT, OHA,
HEIPEPBIBHO 3aBUCUT OT X, £ U ¢ (Tak Kak gf,j HepepbIBHBI 110 t). Sadukrcupyem tg
U paccMOTpuM (hYHKIHIO, OMPEIEIeHHYI0 Ha, (TM \TO) x [0,1], tae Ty — HyseBoe
ceuenne 1);:

_ ||§Hto

 lelle

Omna HenpepbiBHA, &, 3HAYUT, PABHOMEPHO HenpepbiBHA Ha KoMmmakre Sy X [0, 1],
rae Sy — cdepusaius KacaTeJbHOIO PACCIOEHUS B METPUKE dsfo. Takum obpazom,
st € > 0 madigercs 0 > 0 Takoe, 9T0 Ui BCEX t, YAOBJIETBOPSAIONINX HEPABEHCTBY

f(&1)
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|t — to] < 6, Bummonueno |f(€,t) — f(&,t0)| < € mpu MOOLIX £ € Spy. YUIUTBIBAS TO,
aro f(§,to) = 1, momyuaem coorrommenne |f(€,t) — 1| < &, To ecTh

||§Ht0
[1€] ¢

Hanee, u3 toro, uro f(AE,t) = f(&,t) nmpu A # 0, caenyer, uro ans e > 0 Haiigercs
§ > 0 Takoe, 9TO JJIs BCEX ¢, YIOBIETBOPSIIONIAX HEPABEHCTBY |t—tg| < §, BBITIOJHEHO

IISIE
14]"

l—e< <l+e.

l—e< <l+¢

npu & € T \ To.
ITycts pn HEKOTOPOM ¢ TaKoM, 4ToO |t —to| < J, kpusas y(s): [0,1] — M, gexxur
B I, ;, TO ecTb

L(y) = / 15(5)luds < a.
0

Paccvorpum ee mmHy B MeTpHKE dsfoz

1 1
(1) = / 13(3)llods < / (1+ )l leds < (1+)a
0 0

Tak Kak HOPMBI ||Y(8)||¢, 7 ||F(s)||+ paBHBI WM He paBHBI HYJIIO OTHOBPEMEHHO, W,
crnenoBarenbHo, ||Y(s)||:, < (14 ¢)||¥(s)||: mpu mobom s € [0,1]. DrTo B TouHOCTH
O3HA™AET, ITO ¥ € F(14c)a,t,- Y TBEPIKIEHHUE JTOKAZAHO.

CaexactBuk 1. Ilycrs M,, — komunakruo, A, B € M,,. Torua paccrosinue pi(A, B)
HEIIPEePbIBHO 3aBUCUT OT t.

JTOKABATEJILCTBO. Bce ycinoBus teopembl 1 OBLTH HEMOCPEICTBEHHO ITPOBEpE-
HBI.

Crencreue 1 MOXKeT OBITH PACIPOCTPAHEHO HA PUMAHOBBHI MHOrOOOpasms Gosiee
00I1Iero Bua, eciu moTpedoBaTh, YTOOBI KAXK bl 3aMKHYTHIN IMap ObLI KOMIIAKT-
HbIM (Takue MHOrooOpa3us Ha3bIBAIOTCHA OIPAHMYEHHO KOMIAKTHbIME). OTmerum,
9TO OrPAHUYEHHAS KOMIAKTHOCTH PUMAHOBA MHOTOOOpPAa3us PABHOCUJIbHA YCIIOBHIO
ero nosiHOThl. Umes 1oKa3aresibCTBA HEMPEPHIBHOCTH PACCTOSIHUS B 9TOM CJIydae
IPOCTa — MbI PACCMOTPHUM JOCTATOYHO OOJIBINON KOMIIAKTHBIN IIap, COMePKAIuii
Touku A u B, u cBejieM K CiIy4dar0 KOMIIAKTHOIO MHOrooopasus. s 31oro Ham 1o-
HAJOOUTCS TOKA3aTh, YTO TPU MAJIOM U3MEHEHUU METPUKHU PACCMATPUBAEMBII mIap
oCTaeTcs AOCTATOYHO OosbmuM. IIpomenaemM 3TO aKKypaTHO C MOMOIIBIO YCIOBHS

().
TEOPEMA 3. Ecau (M, p;) — noanoe mempuuecroe npocmpancmeo npu A1060m

t € [0,1], mo daa aobwx mouex A, B € M, paccmosnue pi(A, B) nenpepuiéro
3aeucum om t.

JIOKABATEJILCTBO. lokaxkem HenpepbiBHOCTD pi (A, B) B HEKOTODOIi TOUKE t) €
[0,1]. B cuuy cBs3HoCTH MHOroO6pa3us, CyLIECTBYET KyCOYHO-IJIAJKas KPUBas



v : [0,1] = M, rakas, aro v1(0) = A,v1(1) = B. ®yukuus l;(1) HEMpephIBHA MO
nepemenHoil ¢ Ha orpeske [0, 1], B caencTBHE Wero BelWUMHA M = MaXc(o,1] l¢i(71)
koHeuna. Paccmorpum 3aMkHyThil map K = {z € M,, | ps,(4,2) < m + 1}, xo-
TOPBI ABIAETCA KOMIIAKTOM, Tak Kak M, — momaoe. 3aMeTnm, 94To 06pa3 KpuBOi
~1 mommOoCTHIO eKuT B K. Ilycrs v — kpuBasg, coemunasiomas A u B, o6pa3 KoTo-
poit He jexur moaHOCcThIO B K. Paccmorpum Touky D, mpuHAIIE)KAILyI0 00pa3y
KpuBOii -y, HO He jexarnyio B K: Il (7) > pi,(A, D) > m + 1. Takum obpaszom,
TOYHAs HUZKHss IPaHb JUIMH BCEX KPHUBBIX, coeunsiomux A u B, B Merpuke ds?,
COBIIAJIAET C TOYHON HU2KHEH IPAHbIO JIJIMH KPUBBIX, coeauusaommux A u B, o6pasbr
KOTOPBIX JIeKaT B K, B 9TOil METpHWKe, TaK KaK HE TTPEBOCXOIAT 1.

PaccmoTprM MHOKECTBO KpPHUBBIX L, 00pa3bl KOTOPBIX JiexKaT B K, 0IUH KOHEIT
KOTOPBIX COBMAIAET ¢ A, a apyroit jexxur ua rpanune 0K. Eciu v € L, u P — ee
KoHerr, siexkarmit Ha 0K, 1o I, (77) = pi, (A, P) = m+1. Ilokazkem, 9T0 CyIIecTByer
d > 0 Takoe, a0 TipH |t — to| < § BEmMOIHEHO [;(Y) > M mma moboit KpuBoi ¥ € L.
IIpeanonoxum, 9T0 3TO HE TAK, TO €CTh CYLIECTBYET MOCJIEA0BATEIbLHOCTD {t,},
CXOIAAACA K tg IPH N — 00, U MOCJEI0BATEIBHOCTD KPUBBIX 7Y, U3 L Takue, 410
lt, (Yn) < m, TOECTL Yy € Fryp, . Hpusrom vy, & Fiyp1/2,4,, Tak Kak I, (7,,) = m+1,
W3 Wero BBITEKaeT, UT0 Fi, ¢ ¢ Fpi1/24,- MBI HOTyumim, 9TO ycaosue (*) we
BBITIOJIHEHO — MPOTUBOpPEYNe KOMIaKTHOCTH K.

Paccmorpum kpuByio v : [a,b] — M,, v(a) = A, v(b) = B, obpa3 Koropoii
ne nexnt B K. Ilycts s = inf{s|s € [a,b],7(s) ¢ K}. Orpammuenne Kpupoii
Y Ha OTpe3oK [a, sg] — 3TO KpuBag m3 L, a, cIeioBaTelbHO, I (7|[a750]) > m mpu
|t — to] < . W3 sroro cremyer, uro li(y) > lt(ﬂ[wg]) > m mpu |t — to| < 0.
TakuM 06Pa30M, TAK KAK TOUHAS HEKHS IPAHD JUIMH BCEX KPUBBIX, COEIMHSIIONIIX
A u B, B mMerpuke ds? He NPEBOCXOJIUT 1M, TO OHA COBMAJAET C TOYHON HUKHEIl
IrPaHBIO JJTMH KPUBBIX, coeauHAI0muX A n B, 06pa3bl KOTOphIX exkat B K, B TOi ke
merpuke ds? npu |t —to| < 8. Onpenemum pf (A, B) = inf [,(7y), nae Tounas mmkuss
rpab 6epercs 110 BCEM KyCOYHO-IJIaJIKMM KPUBBIM Y, coeauHsomuMm A u B, obpasbl
KoTopbix jexkar B K. U3 jokasannoro panee cieyer, 9to pit (A, B) menpepbiBHO
no t, Tak kak K — xommaxT. Ilpu sTom mbl mokazamm, uto pk (A, B) = pi(A, B)
npu |t — tg| < §, a, 3HauwT, pi(A, B) HEMPEPHIBHO B TOUKE ty.

§ 4. MuHUMAaJIbHBIE CETHU: OCHOBHBIE
onpe/ieJIeHUsI M BCIIOMOTaTeJIbHbIE€ PEe3yJIbTaThI

I'panuyeti rpada OymeM Ha3bIBATH HEKOTOPOE BBIAETEHHOE MHOMKECTBO €ro Bep-
muH. B manbreiimem OyaeM cIuTarh, UYTO BCE PACCMATPUBAEMbIe rpadbl CBIA3HBIE
U MMEIOT TPAHUIBI, MHOIA IIyCThie. Bunaprum depesom Oyem HA3bIBATH JIEPEBO C
rpaHuneil, BEPIKUHbI KOTOPOro MMEIT CTeleHu | u 3, & IPaHuIA COBIAJIAET C MHO-
JKECTBOM BepmuH crernenn 1. Bymem paccMarpuBaTh BCeBO3MOKHBIE GUHAPHBIE T1e-
pesbst G; = (Z, E;) ¢ OIHAM U TeM yKe MHOXKecTBOM BepinH Z = {1,2,...,2n — 2},
M = {1,2,...,n} C Z — MHOMXKeCTBO I'DaHWYHBIX BepuIMH (cTermeHn 1) KaxKIo-
ro u3 paccmarpuBaeMbix gepesbes. Ilycrs (X, pr) — METpPHUYECKOE MPOCTPAHCTBO
npu kaxgom ¢t € [0,1], ¢: M — X — dukcupoBaHHOe IpaHUIHOE OTOOPAKEHHE,
a{vy,...,v} C X,v; = p(i),s = 1,...,n, — ero obpa3. Cemwvto I' muna G; ¢
epanuyet; @ Oynem uasbiBarh napy (G, f: Z — X) rakyio, uro fly = ¢ (mun
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— 3T0 OMHAPHOE NEPEBO C JAHHBIM MHOXKeCTBOM BepriuH). us ceru I' monaraem
si = fln+1),i =1,...,n — 2, — INOJOXKEHNS ee BHYTPEHHUX BEPIIHH. 3aMeTHM,
9TO MHOXKECTBO THIIOB KOHEYHO — obo3uHaumMm wux G1,Ga,...,G,,. Byzem Hasbl-
Barb cerb I' = (G, f) peaausayueti Gunapuoro nepesa G;. Oupenenum uny
pe(T) cern ' = (Gi, f) B merpuke py: py(D) = 3, cppe(f(0), f(w)) — cymma
paccrosinuii Mexky oOpa3aMu CMEXHbIX BepuimH. Jamerum, uro jmuHa p () ce-
tu I' siBaistercst ynkuumeii or obpasos Bepiuun, napamerpa ¢t € [0,1], u tuna Gj;:
pt(T) = U(t,v1,...,0n,81,...,Sn—2,G;) (s ynobcTBa U3JI0KEHUS], Mbl OTOXK/e-
crBuM Bepiuunbl rpada G u ux o6pasbl upu peanusauuu). Ilepenuiiem Besnuu-
HY [(,01,...,Un,81,...,8n—2,G) B Buge I(t,V,S,G), rne S = (s1,...,8,-2), V =
(v1,...,0p). Hyers PNV, G) = infgexn—21(t,V,S,G) — Tounass HUKHAA TPaHb
JUIMH TaKUX CeTell OTHOCUTEILHO METPUKU p;. Tam, riae rpaHudHbIe BEpITHHBI OY-
JIeM CYATaTh (DUKCHUPOBAHHBIMU, BEJIUMIUHY lfﬁn(V7 G) OyumeM 3amucbiBaTh B BUIE
[min(@).

YTBEPKAEHUE 3. [Iycmo X u'Y — mempuueckue npocmparcmea, ¥ — Kom-
nakmuo, a f: X xY — R — nenpepuenas gynryus. Tozda dynryuu g(r) =
infyey f(z,y) u h(x) = sup,cy f(2,y) — Henpepvicryl.

JLOKA3ATEJIBCTBO. Ilycth dbynkuus g(z) paspbiBHa B Touke x*. Paccmorpum
nocaeaoBaTenbHOCTh x; € X, ¢ € N, x; — o npum ¢ — 00, TaKkyio, YTO /I HEKO-
Toporo £ > 0 Bermosaeno |g(x;) — g(a*)| > & nua moboro i € N. [aznee, B cuiry
KOMITAKTHOCTH Y , PACCMOTPHUM TOUYKY y* € Y u mocjenoBarenbHOCTh y; € Y, 7 € N,
rakue, uro g(x*) = f(z*,y*) u g(x;) = f(x;,y:), u B nocienoBaresbHoCTH Y3y 1 € N,
BBIJIEJIUM CXOJAIIYIOCS K HEKOTOPOil Touke y' mozmocienoBareabHocTb (6e3 orpa-
HWYeHusT OOmHOCTH, OyfeM cauTarb, 9To y; — Yy’ mpm i — o0). Takmm obpa-
som, |f(z*,y") — f(z*,y*)| = &, a B cmy Toro, uro g(x*) = f(a*,y*), umeem
flz*,y) = f(z*,y*) + ¢, cmenomarenwro, mpu ¢ > I; aust wekoroporo I; € N
BeimosiHeHo f(x;,y;) > f(x*,y*) + /2. Ilpum srom, mpu ¢ > Iy Jyist HEKOTOPOTO
I, € N Bomosseno f(z;,y*) < f(z*,y*) + /2. B wurore, npu ¢ > max(Iy, Iz) BbI-
nonuserca f(x;,y*) < f(zi,y;), 970 nporuBopeduT BHIOOPY ¥;. Takum obpazom,
g(x) — HenpepbiBHas DYHKIMA. AHAJIOTMYHO MTOKA3BIBAETCS HENPEPLIBHOCTH h(x).

TEOPEMA 4. ITycmwv py — nenpepuishnoe cemeticmeo mempux na X (044 4066w
x,y € X dynryua pi(x,y) nenpepwena no t € [0,1]). ITycmo npu écex t npo-
cmparncmeo (X, py) ozparuuenno xomnaxmuo. Tozda dauna Kaxncoolt MUHUMAALHOTE
napamempuueckoti cemu I (V, G) nenpepuisno sasucum om t.

JOKABATEJILCTBO. U3 ycmoBusi cienyer, aro [(t, V, S, G) HenpepbIBHA TIO Te-
pemennbiv V, S u o nepemenoit t. Ilpu stom (V. G) = infgexn—2 (¢, V, S, G),
W JAHHAS TOYHAS HUZKHSS TPAHb JOCTHTAETCA B CUJLy TOTO, 9TO X — OrpaHWYeHHO
KOMIAKTHO 1ipu Beex ¢ € [0, 1]. Uckomblit pe3ysbrar ciieayer u3 yTBepxKIAeHUs 3.

B nanbreiinem OyneM pacCcMaTpWBATDH IVIAIKOE CBSI3HOE TOJIHOE PUMAHOBO MHO-
roobpasue M} pazmepuoctu k. PaccMoTpum ogHOMapaMeTprudecKoe HEmpPEPBIBHOE
1o ¢ cemeiictBo ds? pumaHoBBIX MeTpuk Ha My, t € [0, 1], Taxoe, uTo npu Jio6oM ¢
paccMaTpUBaEMOe MEeTPUYECKOe MPOCTPAHCTBO ABJsieTCs 1MoJHbIM. depes pi(A, B)
OyzeM 0003HAa4YaTh PacCTosHue MexKAy Toukamu A, B € M) OTHOCHTEJIbHO MeTpu-
ku ds?. U3 mpeapuiymux pe3ynbTaTos (YTBep:KIAeHHs | W TeopeMmbl 3) Cleyer,



g0 JymHa i (7y) J060f KyCOUHO-TIIAIKON CIPSMIISIEMON KPUBOI 7y M pPACCTOsTHUE
pt(A, B) 3aBucsaT or ¢ HempepblBHO. Takum o0pa3oM, W3 MpPEAbIAYIIEH TeopeMbl
BBITEKAET CJIEAYIOMUI pe3yabTarT.

CJEJICTBUE 2. Bemmuuna [ (V, G) HenpepbIBHO 3aBHCAT OT t B CJIydae moJ-
HOI'O PHMAHOBA MHOroo0Opa3us.

VTBEPKAEHUE 4. ITycmo 1.(t,S,G) — dauna peasusayuu zpaga G ommocu-
meavro mempuru c-ds7, ¢ > 0. Obosnavum 12" (G) = inf gy m—2 (8,5, G). Tozda
’ k

min (@) = ¢ [7(@).

c,t

JOKABATENBLCTBO. Eciuy(t): [a,b] — M} — Kycouno-riagkas kpusas, a lc ()
— ee JUIMHA OTHOCHTEILHO MeTpUKHU ¢ - ds?, TO

b

loa(y) = / e ()lgszdt = ¢ ().

a

IIpu 3TOM, pacCTOSTHIE MEXK Ty TOYKAMY — ITO TOUHASA HUKHSAS I'PAHD JJINH KYCOIHO-TJIQIKUAX
KPHUBBIX, COEIMHSIONINX 3TH TOYKH, a JJINHA peajn3anun rpada — 3To cymMma pac-
CTOSIHMI MEXK/ly OlpPEIeJeHHbIMYU BepIIMHAMM, OTKyAa cieayer, 410 l.(t,5,G) =
c-U(t,S,G). Takum obpa3zom,

g‘én(G) = inf [.(t,5,G)= inf c¢-Il(¢t,5,G)=c- l;nin(G),
’ Semp? SemMmp—?

U3 1ero crenyer rpebyemoe pasencrso [ (G) = c- [P (G).

O6o3nauum uepes di(D) puamerp nogmuoxecrsa D C My orHOCUTENIbHO MeT-
2
pukn ds;.

VTBEPKAEHUE 5. Ecau D — xomnaxm, mo sesunvuna di(D) nenpepwisho 3a-
sucum om t.

JIOKABATE/IBLCTBO. Ilo onpenenenmio di(D) = sup, ,epipt(z,y)}. Ipn srom,
pt(x,y) HempepbIBHA MO COBOKYNHOCTH CBOMX IEPEMEHHBIX. B CHIIy KOMIAKTHOCTH
D Tpebyemoe BbITEKAET U3 YyTBEPKIEHUS 3.

Taxnm 06pa3zom, KOPPEKTHO OMPeIeIAeTCs BEINIHHA dyyaq (D) = maxeqo,1] dit (D),
KOTOPYIO Gy/IeM HA3BIBATH MAKCUMAALHOLM QUAMEMPOM KOMTIAKTA D.

YTBEPXKAEHUE 6. ITycms D C My, D — xomnaxm. Tozda das durcuposan-
nox t,tg € [0,1] ecywecmeyem C > 0 maxoe, wmo daa awbuwr mouex r,y € D
sunoaneno py(r,y) < Cpy(x,y).

JOKA3ATEJ/ILCTBO. M3BeCTHO, 9TO METPUKH pi, U Pt 3aTAI0T ONHY U Ty K€ TO-
MOJIOTHIO. DTO 3HAYUT, YTO OMEKTUBHOE OTOOPAYKEHUWE METPUYECKUX MPOCTPAHCTB
f:(D,py,) = (D,pt), mepeBojginee Bce TOYKH B cebst, SBISETCA HEMPEPHIBHBIM.
HeiicTBuTennbHO, TPOOOPA3 OTKPHITOIO OTHOCUTEIHHO Py MHOXKeCTBA U OTKPBIT OT-
HOCUTEJIbHO py,, Tak Kak cosuagaer ¢ U. Ilockonpky D — komuakr, T0 orobpazxe-
uue f sisasiercst C'—JNMIINEBBIM JJIsT HEKOTOPO#t KOHCTAHTBI C, TO ecTh py(x,y) <
Cps,(x,y) nas mobbIX Tovek x,y € D.
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YTBEPXKAEHUE 7. IHycmo D C My, D — xomnaxm, X € D. Toeda dan 3adan-
Hnozo € > 0 cywecmeyem xomnaxm Dy, codeporcawuti mouwky X u aeocawuti 6 D,
maxoti, ¥mo dpmq. (Do) < €.

JIOKA3ATEJILCTBO. 3adukcupyem ty € [0,1]. B coorsercrBuu ¢ yrsepxkueHu-
em 6 ayia mexoroporo ¢ € [0, 1] naiinerca C' > 0 raxoe, 10 p(,y) < Cpy, (2, y) mua
J100hIX TOUeK x,y € D. IlycTh B, — KOMTAKTHBIN 1ap pajanyca r ¢ IMeHTPOM B TOU-
ke X OTHOCHTEJILHO METPUKH py, , exkammuii B D. Bamerum, uro dy(B,) < Cdy,(B,),
cIeIoBaTeIbHO, BRIOpaB 7 TakuM, 9T00bI di, (B,) < 55, momyunm, uto di(B,) < €.
Takum obpazom, mus kaxzgoro t' € [0,1] cymecrByer KoMnakT Dy, comeprKarimii
rouky X u jiexkaruit B D, 1ist Koroporo BoinojaeHo dy (Dy ) < €. CremoBaresbHo,
B cuity HerpepbiBHOCTH dy(Dy/) 110 nepeMeHHoi ¢, y KaxKJI0ro ¢’ CyIecTByeT OKpecT-
wocrs U(t') C [0,1] Takas, uro npu ¢ € U(t') Bemonneno di(Dy) < e. B cmry
KoMmakTHOCTH OTpe3ka [0, 1] BbIIeMM ero KOHEIHOe MOKPBITHE STHMH OKPECTHO-
crsavu Uy, ..., U;. llepecedenue coOTBETCTBYIONIUX ITUM OKPECTHOCTAM KOMIIAKTOB
Dy, ..., D; asaderca KoMmakToM, cofepxKaimmm Touky X. Hazosem ero Dj. Kazk-
J10e t MPUHAIJIEKUT HEKOTOPO OKPECTHOCTH U; M3 KOHEYHOTO TOKPBITUSA OTPE3KA,
a, 3Haunt, di(Dg) < di(D;) < . CrnemoparenbHo, mjs joboro ¢t € [0,1] nnamerp
dy(Dy) < €, m3 "ero caemyer, 9To dyqe (Do) < €.

§ 5. Tuner MmuanMaabubix gepeBbeB IllTeilinepa B
MAaJIbIX OKPECTHOCTHX TOUYEeK PUMAHOBBIX MHOT000pa3mii
Iycts O € My, u 2', ..., 2" — jJokajbHBIE KOOPIMHATHI B HEKOTOPOil OKPECTHO-
ctu W touku O, rakue, uro O = (0,...,0), 1 B 9TUX KOOPIUHATAX MHOXKECTBO W —
3BE3/IHO, T.e. Jis mroboit Touku (z1,x2,... %) € W u ana mo6oro C € [0, 1] Touka
(Cxl,Ca2?,..., C2¥) xoppekrHo onpenenena u nexut 8 W. IlycTh MeTpuka MHO-
roobpasus ds?, 3amanHas Ha KapTe W, B TaHHBIX KOODIMHATAX 3a,aeTCA MATPHTIEH

gt a?, z%). Mycrs Takxe B kKapre W 3a1aHbl 7 TPAHHYHBIX TOYUEK.

PaccMOTpUM TTPOM3BOMIBHBIN KOMIAKTHBIH map [ OTHOCHTEILHO MeTpuku ds? ¢
meatpom B O, comepxammutica 8 W. Ilycrs S — ero rpanwuia, KOTopas, B CBOIO
OYEpEeIb, TOXKE ABIAETCA KOMIakToM. Jlus xommakrta D', comepskamerocs B D,

pacecmorpum Besmanny L(D') = inf{d;(z,y)|x € D',y € S,t € [0,1]}. Bamernwm,

uro eciim Dy C D, To L(D1) > L(D3). PaccmorpuM HEKOTODBIH KoMIakT D', miist
koroporo L(D') > 0. U3 yrBepxkienus 7 CJIEAYET, 9TO CyIIeCTByeT KoMmakT Dy,
BIOXKeHHBIH B D', Takoit, 9ro (n — 1)dpmaes (Do) < L(D') < L(Dy). Ilycrs nanHble
7 TPAHUYHBIX TOYEK JexkaT B Dy.

3amerum, 9TO JJIMHA JII0O0r0 MUHUMAILHOIO OCTOBHOIO J€PEBA, COEAMHSIONIETO
JTaHHYI0 TPAHUILYy, OTHOCUTEIHHO JI060# MeTpuku cemeiicTsa ds?, t € [0, 1] He mpe-
BocxoruT (n — 1)dpmaz (Do), TpH 3TOM IJIMHA, JI000# CeTH, COeTMHSIONEH TaHHYO
IPAHMI M BbIXOJsIIEi 3a mpeensl D, 6oabiie L(Dg). Taknm obpa3om, Kpardaii-
e CEeTH, COEIUHSIONIEro JAHHYIO TPAHUILY, COMEPIKATCSA CPEIU CeTeil, JIeXKaIluX
HNOJTHOCTBIO B D. DTO 3aKIIOUEHHAE TIO3BOIAET B JATBHEAIIEM MEPEHTH K PACCMOT-
PEHHUIO CeTell, MOJHOCTBIO JeXKAIINX B Kapre W, u MPOBECTH TOKA3ATENBCTBO TEO-
PEMBI 5 B KOOPJMHATAX ITOH KapPTHI.



Paccmorpum na W eBkiauaoBy merpuky. fIcHO, 9TO [j1si €BKJIMIOBOII METPUKH
1pU npeobpa30BaHuU 10100MsT IPAHUIILI TUIILI MUHUMAJIbHbLIX Jiepesbes [ reitnepa
ue Menstiorcs. [lycts muanmasnbibie qepesbs [ telinepa i 1aHHON TPAHUIIHI B €B-
KJIUJIOBOM MeTPUKe U3BECTHEL, & G1, . . ., G, — UX THIBL (HX MOXKET GBITH HECKOJIBKO).
Onepayuet cocamus 6 C pa3 Ha30BeM M3MEHEHHE JAHHON I'DAHUIIBI, TOUKH KOTO-

poii mMeIn KOOPJANHATHI (xl 22, .. xk) ¢ = 1,...,n, Ha TPAHUILYy, TOUYKH KOTOPOI

umeror koopauHaTht (v}, 22, ... aF)/Cli=1,.

TEOPEMA 5. Cywecmsyem oxpecmuocms U mouxu O maras, 4mo 0is Kadic-
0020 2DAHUYHOZ20 MHOHCECTNEA U3 N Movek, codepacawsezocs 6 U, natidemcea Cy > 0
MaKoe, Ymo i 9M020 2PAHUUHO20 MHOodCcecmea, cocamozo 6 C pa3 npu Kaxicdom
C > Cy, munv, munumarvnur depeeves IlImetinepa ommocumenvrno mempury dss
npunadaesicam muooicecmey {G1,...,Gp}.

JOKABATEJIBCTBO. Ilycth okpecTHOCTH U COBMAIaET C BHYTPEHHOCTHIO TOCTPO-
€HHOTO BbIlle KoMmakTa Dy. PaccMoTpuM HENMPEPHIBHYIO IO ¢ TOMOTOTHUIO METPUKHU

to1 2 BN _ 101 42 k
gij(w, 2%, %) = g (te to”, . t2”), t € [0, 1]. (5.1)
Ipu t = 1 — 370 ucxomHas Merpuka ds?. MeTpuka g%(ml, z2, ... ,xk) 3a/1aeT-
Cs TIOCTOSTHHOM MaTpwuIeit (Jg, paBHOH MaTpPHUIlE METPUKNA MHOTOOOpasws B TOUYKE
O. Marpuna )y — TOJIOKHUTEIHLHO ONPEIeIeHHAs], CHMMETPUYIECKAsI, HEBBIPOXK-
Jennast, a, 3Hadut, Merpuka g (z',a?, ..., x*) — eskmmmosa. Takum o6pasom, B
paccmaTpuBaeMoii Mmerpuke, ipu t = 0, G1,. .., G — TUIBI MUENMATHHBIX JIePeBLEB

Ireitrnepa mis mamHOM TpaHuIlbl. B pesysibrare, s JAHHON IPAHUIIBI BBIOJIHEHO
lmll’l(Gl) — lmln(GQ) lmln(G ) < lmln(G )7

Juist moboro tuna G, ormmanoro or Gy, ..., Gp.

Tax kax dbynkmusa [ (G) mempepwiBHa 10 , TO CyTIecTByeT to > 0 Takoe, 9TO
npu ¢ < to, IpH KaxaoMm ¢ = 1,...,p, n Kaxkzjaom Ounaprom tune G' ¢ {G;}7_;
BoImosHsAeTCA [ (G;) < lmm(G’ ), TaK KaK TaKUX OMHAPHBIX THIIOB — KOHEYHOE
KOJTMYECTEO.

Monoxum Cy = 1/tg. Hokaxewm, uro npu C > Cy 11 JAHHON TPAHUIIBI, CKATOM
B C pas3, BBINOJHEHO yTBepKaeHue reopembl. [lojoxkum ¢ = 1/C u 3amerum, 9To

Mycrs (acl,mQ xk) i =1,...,m, — KOOPAUHATHI TOUEK MCXOTHOI TDAHUIILL.
deno, uro (x},22,...2%)/C,i = 1 N, — KOOPAWHATHI TOYEK CKATON TPAHUIHL.
Beenem HOBBIE Koop;LHHaTbI (ul,u2, . ,uk) ! =Ca?j=1,... k.

3amerum, 4TO B HOBOH Cucreme KOOp,ILI/IHaTbI Toqu C2KaTOil IPAHMIBL PABHDIL
(ub,u2,...,uf)=(C-2},C-22,...,C-2¥)/C = (z},22,...,2F), a merpuxa ds? B
HOBBIX KOODJMHATAX TIPAMET BH/T

k
Zg” dz' dacj—tQZg” (tu) du' du? =
1,j=1 i,j=1

—tzzg” du’ du? = t*ds?.
i,5=1
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TO €CThb COBIIQIET ¢ METPHUKOLL 12 -dsf. Urax, B HOBOII crcTeMe KOOPAUHAT Mbl IMEEM
IPaHUIly ¢ MCXOJHBIMU KOODJMHATAMU U MeTpuKy 12 - dsi npu t < tg. Kak GbLio
OTMEYEHO PaHee, /i ITOM IPAHUIIGI IPU TAKUX ¢ BBIMTOJIHEHO

NGy < MG, i =1,...,p, Torma upu a > 0

a-IMNGy) < a- MG, i =1,...,p,9TO PABHOCHIBHO

mGy) < IPMGN,i=1,...,p, npu a >0, B HacTHOCTH, UPH @ = L.

13 sroro caemyer, 410 B crapoil cucTeMe KOODJAMHAT il C2KATON I'DAHUIBL U MeT-
pUKH ds? BLITOTHEHO

(G < B(G), i=1,...p,

TaK KakK 9T0 — OJIHO U TO 2K€ COOTHOLlIeHue, 3allUCaHHOe B PAa3HbIX CUCTEMAaX KO-
opaunaar. 3uaunt, npu C > (Cy mas mawHON rpaHwunbi, cxkaroii B C' pa3, THUII
MUHHMAJIBHBIX JepeBbes [IlTeitnepa npunaaiexar Muoxkectsy {G1,...,Gp}.

Ilycrs dsg — ekmioBa MeTpuka B Kapte W, a F' — cemeiicTBO rpaHUIHBIX MHO-
2KECTB, Jieskamx B kapre W, mony4eHHbIx u3 PUKCHPOBAHHON N-TOYEIHON IPAHU-
upl By BceBo3aMoxKHbIMU BpameHusmu BOKpYr Touku O = (0,...,0) u romorerusimu
¢ nerrpoM B O B koopauHaTax ', . .., ¥, oTHOCHTEIBHO METPUKH ds% (Bce rpanuibl

u3 F “nog06Hbl” OTHOCUTEILHO €BKJIMIOBON METPUKH).

TEOPEMA 6. Cywecmeyem makas okpecmuocmos U mouku O, wmo das 10600
epanuyvs B C U, B € F, mnooicecmeo munos xpamuatiwur (6 mempuke mrozo00pas3us)
depeswes, coedunaowur B, codepoicumes cpedu munos xpamuatiwus (6 eekaudo-
601 mempuke) depesves, coedunauwur mrodcecmeo B € F 6 eeraudosoti mempu-
Ke.

JOKABATEJIBLCTBO. Paccmorpum romoronuio merpukn 5.1. Ilyere D C W —
3aMKHYTBIl AP C TEHTPOM B HYyJI€ OTHOCHTEIbHO Mmerpuku ds3, a Fy C F — ce-
MEHCTBO MPAHUYHBIX MHOXKECTB B W, 1Oy Y€HHBIX 13 IPAHULBL By BCEBO3MOXKHBIMU
BpAIIEHUAMHI BOKPYT TOuKH O OTHOCUTENHHO MeTpuKH ds3. IlycTh () — MHOXKECTBO
THUTIOB KpaTUallllinX JepeBhes, CoeTnHAmuX By B Merpuke ds3. MoxkeM cauTaTh,
aro By € D" (a, 3uagur, u B € D™ nng moboro B € Fy). Takum 00pa3om, B CUILy
paBHOMepHOiT HempepbisHOCTH bynKTIHE [P (V, () Ha kommaxte [0, 1] x D™, ayis 3a-
nanaoro € > 0 cymecrByer dg > 0 Takoe, 4To npu |t| < §p BBIIOIHEHO HEPABEHCTBO
|2 (V, G) — 15 (V, G) |< & anst mo6oro Tuna G u moGoii rpanuust V = B, B € Fy
(rak Kak OMHAPHBIX TUIOB G — KOHEYHOE KOIHYECTBO). 3aMeTHM, 9To {) — MHOXKe-
CTBO THUIIOB KPATYaillluX AepeBbes (B eBKJIMIOBON METPUKE), COSJIUHAIOIIMX IPAHU-
uy B s mo6oit B € F', a jyinHbl MUHUMAJIbHBIX 1APDAMETPUYECKUX CETEH OJHOrO
U TOro e Tuna (B eBKJINIOBOI METpuKe) [y Beex rpanul] B € Fy pasabl. Ilycrhb
€0 = mingeq, G,g_@]lgﬂn(BO, G')—13in(BY, G)‘ Bribepewm & = /3, Toraa ayis cooT-
BercTByIomero § > 0 npu [t| < § nojydum, uTo B MeTpuKe ds; 115 T000i TPaHUIIBI
B € Fy, MHOYKECTBO THUIIOB KPATYANIINX JePEBHEB, COSIUHSIONINX 3, COMEPKUTCS B
Q. Torna, cornacuo Teopeme 5, ayis Kaxkaoi rpanunst B € Fy, cxaroit 8 C' pa3 npu
C > Cy = 1/6, Tunbl munumanbhbix gepebeB 1reiinepa (OTHOCHTENLHO METPUKY
ds?) mpumajeKaT MHOKeCTBY (). DTO M O3HAYaeT CyIMEeCTBOBAHHE OKPECTHOCTH



U touku O Ttakoii, yro mjs joboi rpanunsl B C U, B € F, MHOXECTBO THUIIOB
KPaTYaMInX IePEBHEB, COEAUHSIONNX B, COMEPKUTCS CPEeau TUIIOB KPATIAUIITHX
JIePEBBEB, COEIUHSIONINX MHOXKECTBO B € F' B eBKJINI0BOI METPUKE.

§ 6. Munumanbusbie gepeBbs IllTelinepa i MpaBUITbHBIX
MHOTOYTOJbHIUKOB HA PUMAaHOBBIX MHOT000pa3usix

Paccmorpum kacarenbHOe MpOCTPAHCTBO K MHOTOOOpaszuio My B Touke O u BbI-
GepeM B HEM JByMepHYTO mi1ockocTb I1. OnpesesinM MHOXKECTBO BEPIIUH [TPABHUIIb-
HOrO N-yrojabHUKa ¢ 1neHrpom B O Ha MHOroobpasum M) Kak 0Opa3 MHOXKeCTBA
BEpINUH TMPABUJIHLHOIO M-YTOJBHUKA C MeHTpoM B (O, JIeXKAIero B TIOCKOCTu 11,
OpU SKCTIOHEHIIUATBHOM 0TOOpasKeHUH (TaKUM OOPa30M, MbI OIPEIEIsieM PABHIIb-
HBIfl MHOTOYTOJIbHUK Ha MHOTOOOPAa3WH JIUIh B HEKOTOPOH OKPECTHOCTH TOouku O
9KCIIOHEHITNAJIHHOE OTOOPAYKEHNE MO3BOJISET PACCMATPUBATH B ITOW OKPECTHOCTH
€BKJIUJIOBY METPUKY). Paduycom MpaBujbHOrO MHOIOYIOJIbHUKA HA MHOIOOOpa3uu
Oy/ieM Ha3bIBATH PACCTOSHUE OT JIO0OH €ro BEPIIUHBI JI0 €r0 MEeHTPA.

Ilycts Ay, A, ..., A, — BepIIMHBI TPABUILHOTO MHOTOYTOJIBHUKA, HA MHOTOOOPa-
sur, O — ero neHTp. PaccMoTpum ceThb, coenuusonyo Ay, As, ..., A,, THI KOTO-
poit — GuHapHOe J1epeBo ¢ MHOKecTBOM Beputun { Ay, As, ... Ay, B1,Ba, ..., B,_2}
(B; — BHYTpEeHHUE BEPIIMHBI CETH) U MHOKECTBOM pebep {(Bi, Biy1),i=1,...,n—
3,(Bj,Aj41),5=1,...,n—2,(B1,41),(Bn-2, An)} O603Ha9UM 3TOT THIT Yepe3
G; (puc. 2). 3amerum, 4TO I'DAHULIA MHOrOyroJbHuka 6e3 croponsl A; A, — cerb
6unapuoro tuna Gy (nekoropsie pebpa Bbipoxensbt). Torna Kpardaiiuee gepeBo
B Kjlacce cereit Gumapuoro tumna (G ABIAETCS MUHUMAILHBIM gepesoM Illreiime-
pa OTHOCHUTE/ILHO €BKJIMIOBON MeTpuku. B ciaydasx n = 3, 4, 5 310 mpoBepsieTcs
umerocpeacteenno. Coydait n > 6 BeITEKAET U3 CIELYIOMEH TeOPEMBbI.

Puc. 2. TI'pad Gi.

TEOPEMA 7. (Jarnik, Késsler [1], Du, Hwang, Weng [2]) IIpun > 6 munumarn-
oM depesom IIImetinepa 0aa 6EPUIUN NPABUADHOZ0 TL-Y20AbHUKG HA €6KAUIOE0T
NAOCKOCTNU AGAAECMCA €20 2panuya 6e3 A1060t cmopotbl.
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Samernm, 9ro mpu n > 6 cymecTByer eme n — 1 OuHApHOE IepeBo, n30MOpd-
Hoe G (obosnauum ux Ga,...,G,), Takoe, 4TO rpaHUId MHOTOYTOJIbLHIKAS, (€3 CTO-
poubr A;A;11 ecth Kpardaiiiiee jgepeBo B Kjacce cereil omuapHoro tuna Giii,
i =1,...,n — 1, OTHOCUTE/ILHO €BKJIUIOBO} MeTpuku (1pu n = 3 TUIl, Peaau3y-
omuit MuanMabHoe gaepeBo IllreftHepa, enwHCTBEHHBIN; npu n = 4 uUX ABa; IpHU
n = 5 ux 5, HO B 3TUX Cjy4Yasx MuUHHUMaJjbHble jepeBbs Lllrelinepa He ABJISIOTCS
rpanunaMu 6e3 ctoponsl). O6o3HaYUM yepes ), MHOKECTBO THUIIOB, PEaJU3yOIINX
MUHUMAJIbHBIE JepeBbst [IIreitnepa 1715 BEPIUH MPaBUIBLHOTO N-YTOJBHUKA, B €BKJIU-
nosoit Merpuke (Q, = {G1,...,G,}). 13 Teopem 6 u 7 moaydvaercs ciemyrommnii
BBIBO/I.

CJHEANCTBUE 3. [ns mamHOrO M cymmectByer 7o > ( Takoe, 4TO JJjis BEPIIUH
J1I000r0 MPABUIBHOTO N-YTOJIBHUKA C MEHTpOM B O u paamycoMm 7 < ro Ha PHMa-
HOBOM MHOTroo0Opas3un My, THIIBI MEHUMAJIbHBIX JaepeBbes lllTeiinepa mprHaIIesKaT
MHOKeCTBY 2y,.

B panbmeiiimem Oyaem paccMaTpwBATHL ABYMEPHOE TOJHOE TJIAJIKOE PUMAHOBO
MHOroobpasmue My, MbI mOKaxKeMm, 9To mpu n > 7 Ajaa Kaxkaoit roukn O € My
cymiecTByeT ro > () Takoe, 9TO KparTdaifineil ceThi0, COeIUHATONIEN BEPIIUHBI JII000-
IO MIPABUJIBHOTO N-YTOJBHUKA C TIeHTPOM B O U PAAnycoM 1 < 7 ABJISIETCS TPAHUIA
MPABUJIBHOTO N-yTOJMbHUKA 03 HanOOoIbIIeil ero CTOPOHbI. PaccrosiHne MeXX Iy TO4-
kamu A, B € M, Gyuem obosnauars p(A, B). Byuem roBoputhb, 4TO MHOXKECTBO
V' todyex mHOrooOpasusd 6vinyk.A0, €CIU KAXK/As 1Iapa ero TOYEK COAEPKHUTCH B V
BMeCTE ¢ JTI000# KpaTdaiiiieit KpuBoOi, COeIUHATONIEH STH TOUKU. Buotnyx.aot 06040%-
%ol conv V' mHOKecTBa V OyIeM HA3LIBATH HAWMEHBINEE TI0 BKJIIOYEHUIO BBIMTYKJIOE
MHOYKECTBO, cozep:kariee V.

B mepByio odepenn, 3amMeTuM, UTO My KaxKAoW Touku X € My cymecTByer
rx > 0 Takoe, uro npu r < rx okpectHocrb U(X,r) = {Y € M|p(X,Y) <
r} romeomopdua R? u apiasgercs BbITyK/I0#, nmpudeM Jrobbe ase Toukn A, B €
U(X,r) coeHenbl eMHCTBEHHOl reoqe3nydeckoii, gexarieii B U (X, r), u ee niuna
pasua p(A, B). auubiii pesynbrar moxuo Haiitu B [21; § 3, Teopema 3.6]. Oty
reoJie3n4ecKyio OyeM Ha3blBaTh OTPE3KOM, coemuHsormmMm A u B. s kazkiaoii
rouku X € My Gynem obosnaqars U(X) = U(X,r) upu nekoropom 0 < r < rx.

PaccmorpnM 3aMKHYTYIO KPUBYIO <y 6e3 camornepecedenuii, oopa3 KOTOpOil HaXO-
murcst B U(X). Tlo Teopeme 2Kopnana, kpusasi v menur U(X) Ha ape oGiacTh.
0O06s1acThIO, OrPpAHWYEHHOM KPUBOU -y, OyIeM HA3BIBATH Ty W3 HUX, UTO HE TIPUJIE-
raer kK OU(X). Mnoeoyzoavnurom B U(X) Oynem Ha3bIBaTh 3aMbIKaHue 00JIaCTH,
OTPAHMIEHHON HEKOTOPOH KyCOYHO-Te0Ie3NIeCKOil 3aMKHYTOH KPUBOit 63 camorie-
peceyennii.

VTBEPXKAEHUE 8. ITycmob v — samxnymasn kpueas 6es camonepeceveruti 6 U(X),
U 68 00AGCTIU, 0ZPAHUNEHHOT KPUBOT Y, ALHCU SuNYKALT MHo2oyzonvhuk Ty (ezo
BEPUWUHDL U CTNOPOHBL MOYM NPUHAILEIHCAMb 00pasy kpueot v). Tozda nepumemp
MHO20Y20AbHUKA Ty He npesocTrodum Orunv, KPUBOT Y, NPUYEM PABEHCME0 JOCTU-
2a€MCA AUWD M020a, K020 2PAHULG MHO20Y20AbHUKG coénadaem ¢ 0bpazom smot
KPUBOU.

JTOKABATEJILCTBO. Ilpm 06xome BAOIb IPAHUIIBI MHOTOYTOTbHUKA 1( Ha30BEM
ero BepumHbl Aq, Ay, ..., A, (puc. 3). IIpomoskum orpe3ok AjAs 3a Bepiuuny



U(X)
Puc. 3. Tlepumerp Ty He 6osblile JIMHBI KPUBOH 7.

Ay, a orpe3sok A, 14, 3a Bepumuny A,. B cuny sbmykisocru Ty, paccmarpusa-
eMble 1POJoJIKeHUs JubO 1epeceKyTes APyr ¢ APYyroM (B 9TOM Cily4ae Mbl [OJLY-
YUM BBIMYKJIBI MHOTOYTOJBHUK C 1 — 1 BEPINUHON, MEPpUMETP KOTOPOTO OOJIbIIe
nepumerpa Ty, Tak Kak cropona Aj; A, muOroyromwpuuka Ty — Kpardaiias; mpo-
JlelaéM C HUM TO K€ camoe), jubo KaxkJoe Iepeceder Kpubyio . llepsoe mepe-
cedeHne MpoJOJIKeHus orpe3ka AjAs ¢ KpuBoil v HazoBeM Bi, a mepBoe mepece-
YeHue MpomoKenus: orpeska A, 1A, ¢ kpusoil v Hazoem B,. Touku By u B,
JIeNAT KPUBYIO 7y Ha JBe dactu. Ty 9acTh, KOTopas B OObEIWHEHUU C OTPe3Ka-
mu BiAg, AsAs, ..., Ap_2A,_1, Ap_1B, dBaserca 3amkuyTOil KpuBoii (6e3 camo-
nepeceyenuii), orpanndesanlieii 061acTb, B KOTOpoil coiepxkurca Ty, HA30BEM 71
(BbIpOKIeHHbII ciydail — By coBuagaer ¢ B, u 7y Bblpoxkjaercs B TO4Ky). ®u-
Typy, TPAHUIEHl KOTOPO# SBJISETCS 3Ta 3aMKHyTas KPUBAsA, & 1 JIEXKUT BHYTPH
Hee, HazoBeM 17. JlnwHa rpanunsl 17 He MeHbIe iepuMerpa 1, TaK KaK CTOPOHA
Ay A, MHOTOYTOJIBHUKA T() — KpaTdailas, TpUuYeM PABEHCTBO JIOCTUTAETCS JIMIIhH
TOT/IA, KOTJIa KPUBAas 1 COBIAIAET CO CTOpoHOit Aj A, Mmuoroyroasuuka Tp. lanee,
MPOJOJIKUM 0Tpe30K A Az 3a BepmmHy As 0 TIEpBOrO mepecedenus ¢ KPUBOM 7,
KOTOpoe HazoBeM By. Anasmorndno, paccMorpuM Gurypy Ts, comepzKalryio purypy
T1, rpaHuia KOTOPO# OT/IMYAeTCs OT IpaHulbl 17 TeM, 4T0 0Tpe3oK As By 3aMmeHeH
Ha oObenuHeHue orpe3ka AsBs U COOTBETCTBYMOIIEH 4acTh KPUBOM 7y, COEIUHSIO-
meit By u Bo. lnuna rpanutipl Th HE MEHbIIE JITUHBI TPAHUIIBL 17, TaK KAK OTPE30K
A By, mpunagneskammit 0T, siBasgerca kpardaiimeit. IIpomoimskas 3ToT mporecc,
Ha n — 1 mare mMbl paccmorpuM Gurypy T,,_1, TPAHUIA KOTOPO — OObEIUHEHHE
9aCcTH KPUBO ¥ U 0Tpe3ka By, _1 By, (IjmMHa 370l rpaHulbl HE MEHbIIE JIJIUH IPAHUIL
duryp Ty npu k < n —1). Tak KaK 3T0T OTPE30K — KpaTdaiilias, TO JJIUHA BCeil
KPHUBOIi y He MeHbIle JuHbl Tparunbl T, 1. Takum oOpa3oMm, MbI TOKA3ATH, YTO
JUTHHA KPUBOH vy He MeHblne mepumerpa 1y, ¥ PABEHCTBO JOCTUTAETCs JIUITH TOTIA,
KOIJIa I'PAaHUIIA MHOIOYTOJIbHUKA Ty COBIIaIaeT ¢ 00pa3oM 3TOi KPHUBOM.

YTBEPXKIAEHUE 9. ITycmoe V. — xoneunoe muoorcecmeo mouex ¢ U(X). Tozda
BUNYKAGA 00040%KA CONV V 3M020 MHOHCECMEA ABAALMCA BVUNYKABLM MHO20Y204b-
HUKOM (803MONHCHO, GHIPOAHCOEHHBLM).
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JTOKABATEIBLCTBO. Ciydail, B KOTOPOM BCE TOUKHM MHOXKECTBaA V JiexKar Ha O/
HOW PeoJIe3nYIecKol, ABJIgeTCs TpuBUAIbHbIM. [lycTh Bee TOUKM MHOXKecTBa V' He
JIeXKaT Ha OTHOM reoae3ndeckoit. PaccMoTpuM MHTEPBAT T€0Ae3UIeCKOH, KOHITBI KO-
roporo sexar na OU(X). Ou menur U(X) na nse obnacru. O6benunenue oxHol
00JIaCTH C 9TUM WHTEPBAJIOM T€OJE3MIECKON OyIeM HA3BIBATD TOAYOKDECTIHOCTIBIO.
3aMeTnM, 9TO MOJYOKPECTHOCTD SBJISETCS BBIMYKJIOH. OTPe30K, COeInHSIONINN ma-
py Touek u3 V', Oymem Ha3bIBAThH 2paHUYHbLM, €CJIU OH HE TMPOXOIUT 4epe3 ApyTrHue
TOYKH MHOXKECTBA, V, W BCE TOYKM MHOXKECTBA V Ji€KaT B OJHON W3 IBYX TOJIY-
OKPECTHOCTEH, 00PA30BAHHBIX T€OAe3UICCKON, ABISIOMENRCS MPOIOIKEHHEM ITOTO
oTpe3Ka.

Samernm, 9TO KaxKjas TOYKA MHOXKecTBa V jiubO He FBJISETCS KOHIIOM HUKA-
KOrO I'PAHUYHOIO OTPE3KA, JIMDO SBJIAETCS KOHIIOM POBHO JBYX I'DAHUYHBIX OTPE3-
koB. JleiicrBurenbuo, nyctb AB — rpanununbiit orpe3ok, A, B € V. Paccmorpum
mekoropyio Touky C' € V. Ecau orpe3ok AC He sIBISETCS TPAHUYHBIM, TO B TO-
JIYOKPECTHOCTH, OOPA30BAHHON TTPOIOIKEHUEM ITOTO OTPE3KA, W HE COAep:KaIeit
TOouKy B, jpexwut mekoropas touka C muoxkectBa V. Ilepeiimem k ee paccmorpe-
HUIO ¥ TPOJEIAEM Ty K€ TMPOIEIYyPY. 3aMeTHM, 9TO B MOJIyOKPECTHOCTH, 00pa30-
BaHHOI mpogoskenuem orpeska ACT, u comepxameiit Touky B, nexwur touka C.
Tak kKak MHOXKeCTBO V' KOHEYHO, 4epe3 KOHEYHOEe KOJHYECTBO IMArOB MbI IPHIEM
K paccMOTpeHuto HeKoTopoil Touku Cjy Takoif, aro orpe3ok AC) dBisgercs rpaHud-
ubiM, B # Cy. Ilpu srom sicHO, 910 TOYKa A HEe MOXKET sIBJISITbCS KOHIIOM TPEeX
IPAHUYHBIX OTPE3KOB. JIeHCTBUTEIBHO, B TAKOM CJIy4ae [POJOJIZKEHUE OJHOIO W3
HUX PA3IeNsyio Obl pa3JIMIHbIE KOHITBI IBYX APYTHX.

Paccmorpum rparmdHbIil 0Tpe30K AgA; U TOIYOKPECTHOCTH (), 0OPA30BAHHYIO
MIPOJIOJIZKEHUEM 3TOTO OTPE3KA, COMEPYKAIILYI0 Bce TOUKH MHOXKecTBa V. Ilycts A1 As
— BTOpPO# IPAHUYHBIN OTPE30K, KOHIIOM KOTOPOTrO sBjsercs Touka Ap. Jlobasum K
orpe3ky AgA; orpe3ok AjAs, M HA30BEM ) KYCOYHO-TEOJE3NIECKYI0 KPUBYIO, 00-
pa3oM KOTOpoi#i ABsieTcss ux oobenumuenne. Ilepecedenne (Jy M MOTyOKPECTHOCTH,
obpazoBanHO# mpogoKenneM orpe3ka Aj As, comeprkalieil Bce TOYKU MHOXKECTBA
V', nazosem Q1. Ilpomoszkasi JAHHYTO MPOLETYPY, HA HEKOTOPOM IIIATE MbI ITOJIY UM
3aMKHYTYIO KyCOYHO-TEOJIE3UYECKYI0 KPUBYIO i 0€3 caMorepecedeHuil, u MHOXKe-
CTBO (Q), SIBJISIIOIIEECS BBIMYKJIBIM KAK MMEPECEUEHNE BBIMYKJIBIX TMOJTYOKPECTHOCTEIH.
IIpu sTOM Q) ABIASETCS 3aMBIKAHUEM OOJIACTH, OTPAHUYEHHOM ;. Takum obpasom,
Q) ABJSETCS BBIMYKJIBIM MHOTOYTOJBHUKOM C TPAHUIIEH V), BEPIIHMHBI KOTOPOTO —
HEKOTOPbIE TOYKU MHOXKECTBa V', u Bce Touku u3 V comepxarcsa B Q. U3 sToro
creayer, 9to conv V C Q. Ilpu sTom, o6pas vy, sexxkut B conv V', TaK KaK SBISIETCS
oObeMHEeHNEM OTPE3KOB, COeNMHAMNX Todkd u3 V. Jliobas BHyTpeHHssT TOYKA
F € Q makxke jexkuT B conv V', Tak KakK JEKHUT HA HEKOTOPOM OTPE3KE, KOHIIbI
KOTOPOro Jiexkar Ha Y. Takum obpaszom, @ C conv V. 1o o3nagaer, 9ro Qf
coslaiaer ¢ conv V.

TEOPEMA 8. Jlaa durcuposannvr n € N u mouxu X € My cywecmeyem ee
oxpecmmuocms Uy (X) makas, wmo das 1106020 muoscecmea us n mosex V, codep-
orcaugezoca ¢ Uy(X), wpamuatiwas cemv, coedunarowas V, aeocum 6 eunykiol
0bosoure conv V. mnoorcecmea V.

JIOKA3BATEJILCTBO. Paccmorpum okpecrrocrs U(X), ucnosnb3yemyio B yTBep-
xaeann 8. OO6o3HaYMM e€e pagamyc 4epe3 r. PaccMOTpUM TakKe OKPECTHOCTD



Up(X,r9) ={Y € M2|,0(X, Y) < ro} mpm HEKOTOPOM T, YIOBIETBOPSIOMEM HEPaA-
BeHCTBY (2n — 3)rg < 7. Has mroboro mMHOXKecTBa V', COCTOSIIETO WX N TOYEK W
coneparrerocst B Up(X), JimHa 1106010 MUHIMAIBHOTO OCTOBHOTO JI€PeBa, COeIN-
Hstomero V, He npesocxoaut 2 (n — 1) rp, CeJ0BaTEIBHO, TI0 ONPEIETIEHNIO T, OHA
MeHbIle, yeM 7 — rg. Takum o6pa3oM, JUIMHA JIOO0r0 MUHUMAJIBLHOTO OCTOBHOIO
JlepeBa, COeINHSIONIEro V', Crporo MeHblle, YeM JJINHA JI000i ceTu, coeuHsoned
V', 0bpa3 KoTopoii He coaepKuTcs noHocThio B U(X), Tak Kak ara jmmHa 60Jbiie
WM paBHA 1 — Tg. U3 3TOrO cremyer, 9To 00pa3 Kpardaiiiei ceru, CoeTuHsIONeit
Joboe n—rouednoe muoxkecrso V', comepxaieecs B Up(X), NOJHOCTBIO JIEKUT B
U(X). B nanbueiitiem 6yieM paccMarpuBarTh TOJIbKO CETH, 00Pa3bl KOTOPBIX JIEZKAT

B U(X).

B coorsercrBuu ¢ yrsepzxenuem 9 Bbliyksad o0osouka conv V. muoxecrsa V
SIBJISIETCSl BBIMYKJIBIM MHOTOYTOJBHUKOM, 0003Haumm ero udepe3 M. Ilycre H —
CeTh THUIA JIEPEBO, COEJMHSIONAs MHOXKecTBO V|, He jexamas B M, pebpa KoTO-
poit — orpe3kn. Ilokazkem, 4To cyiecTByer Oojiee KOpOoTKasi ceTh. Jlyist yao6cTBa
U3JI0KEHUS OyIeM OTOXKIECTBJIATH CETh U ee 00pa3 Ha MHOTOOODa3WH.

Mycrs H uenukom copepxkurca B U(X). Ilycrs (Q — Bepiuna cetu H, ne Jje-
xkamasg B M. MuoxkecTBO Bcex TO4YeK mepBoro Bxoaa B M myteit u3 () K BepiminHam
V' no pebpam cetu H obo3naumm E. U3 () Beixoaut He MeHee aByx pebep cetu H,
a, 3HAYUT, CYNIECTBYIOT J[B€ PAa3JIMYHbIE BEPIIMHBI MHOXKECTBA V Takwue, 9TO IIyTH
JIO HUX OT BEPIIUHBI () comepzkar 3T pebpa COOTBETCTBEHHO, CJI€I0BATEIbHO, MHO-
xkectBo E comepxkur xora 6br aBe touku. Ilycrs K, N € E. Kpusyio, koropas
coemuusier Toukd K u N u jiexkut B ceru H (Takas KpuBasi €IMHCTBEHHA, TaK KaK
THUTI CETH — JIEPEBO), HA30BEM Y. 3aMETUM, 4TO T KPUBAS MOJHOCTHIO HE JIEKUT B
M. Touku K u N pasbusator rpanuily M Ha ase jomanbix. Ty u3 HEX, 9TO B 00b-
€ITMHEHWN C KPUBOH 7y TaeT 3aMKHYTYIO KPUBYIO, HE PA3AEIIONIyI0 BHYTPEHHOCTH
M u rpanuny QU (X), nazosem 7. Bymem roBoputh, 4uTo KpuBas v, JexKalias Ha
OM, coomeemcemsyem nape K, N € E (puc. 4).

Puc. 4. xpusasg 7o, coorBercTByomasa nape K, N € E.
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Paccmorpum rouky K € E. Ilyctsb ona jexxur Ha pedbpe AB muoroyroabuuka M
u He coBmamaer ¢ B. llepecedenue maJjioii okpecTHOCTH TOuKU K, He comepzKareit
apyrux todek m3 F, ¢ orpeskom K B mazosem [. Ilycts F; — MHOXKECTBO TOYEK
N; € FE rakux, 9410 KpuBBIe, Jexamme Ha OM u coorBercrBymue napam K, N;,
couepKar orpesok [, a By = E'\ Ey. Hus ni00biX 1ByX KPUBbIX, COOTBETCTBYIOLIUX
napam K, N; u K, N; npu N;, N; € E;, obpa3 onHO# U3 HUX COJAEPXKHUT B cebe
obpas apyroii. Aunajoruunoe Bepuo st Fo. Takum oOpa3oMm, B CHIIy KOHEUHOCTH
E, Boibepem B E7 TOouky Nj Takyro, 9T0 00pa3 KpPWBOMH, COOTBETCTBYIOIIEH mape
K, Ny, conepxut B cebe 00pa3bl KPUBBIX, COOTBETCTBYIOMMX BceM mapam K, IN;
npu N; € E;. Bseibepem Touky Ny € FE5 ¢ anajormdnbiM cBOiicTBOM. Ecim Fj
mycro, 1o BMecto Ny Beibepem K, mpudem K # No, Tak kak E comepKut XoTs Obl
aBe Touku. Takmm obpasom, oOpa3 KpuBOii, coorBercTByomei mape Ny, No € F,
CONIEPKUT B cebe 00pa3 COOTBETCTBYIOIIEH KPUBOIi it J1000i Apyroil mapbl TOUEK
n3 E. Bynem cunrarb, aro K m N, pacCMOTpEHHbIE paHee — W eCTb [Tapa TOYeK
Ny, No € E .

3aMeruM, 9TO y KaxKJI0ro MyTH OT TOYKHU () 0 HEKOTOPOI TOYKH MHOXKeCTBa V'
o ceru H Touka mepsoro Bxoja B M jexKuT HA 7Yy, TAK KAK JIEXKUT HA HEKOTOPOI
COOTBETCTBYIOIIEN KPUBOi, 06pa3 KOTOPOil comepKuTcs B obpase yy. Taxkum oOpa-
30M, B ceTU H y9aCTOK 7y C BEIXOISIIUMEI U3 HETO MYTSIMHU 0 Yo MOYKHO 3aMEHUTH HA
KPHUBYIO Yo, ¥ MOJIYIUTCA 0OJIee KOpOTKas ceTh. JleficTBUTEIbHO, B 00IaCTH, Orpa-
HIYeHHOHW KpuBoit YU K N, JIe?KAT BBIMYKJIBIH MHOTOYTOJIBHUK ¢ TpaHuneit yo UK N.
CoryiacHO yTBEpPKIEHUIO 8, €ro epuMeTp MeHbIle JyuHbl KpuBoii v U KN (oua Jje-
xkur B U(X)). Dro o3navaer, 4To AiauHa vy GOJblIe JUIHMHBL Yo. Takum obpazowm,
[IOCJIe OMHUCAHHOW BBIIIE 3aMEHBI AefCTBUTEHHO MOJIYyIUTCsA 0OJlee KOPOTKAs CeTh,
1 9T CeTh COEIUHSAET BEPIIUHBLI V.

CaeEaCTBUE 4. Ilycrs mMHOroOOpasme M, romeomopduo R?, mobble aBe TOU-
ku A, B € M,y coequHeHbl €IMHCTBEHHON Ie0Ie3WYeCcKOl, IJIMHA KOTOPOH paBHA
p(A, B), a V — goneuHoe MHOXKecTBO To4dek n3 My, Torma kpardaiimast ceTb, co-
eIuHSIONAast vV, JIeXKUT B BBIMYKJI0# 0bosouke conv V muOXKecTBa V.

SAMEYAHUE 3. IIpumepom Takux MHOrooOpasuii SBJISIOTCH €BKJIUIOBA IJIOC-
KOCTh ¥ TJIOCKOCTH J106aueBCKOro.

CUEANCTBUE 5. IlycTh KOHEYHOE MHOXKECTBO TOYEK JABYMEPHOU cdepbr V' co-
JepkuTcs B OTKPbITOi mosrycdepe S. Torma kparyaiimas ceTh, coeauHsomas Vv,
JIEXKUT B BBIMYKJIOH 060s0uke conv V' muoxkectsa V.

JIOKABATEJIBLCTBO. Ilomxycdepa S amasercs mapoBoii OKPECTHOCTHIO HEKOTO-
poii Toukn X, m MoxKeT ObITh paccMorpeHa B KadectBe U(X). JlocTarodHo MmoOKa-
3aTh, 9TO 00Opa3 KpaTdaiieil ceTn, coeauHsIIoNeit V', moJHOCTHIO JIEKUT B S.

IIycts cers H, coemmusiomias V', #e jexur neaukom B S. YHacrs 3T0it cern,
JIEJKAIIYIO B JIOMOJHEHUH S, 3aMEHUM Ha ee OTPaKEHWe OTHOCUTENbHO JS, B pe-
3y/JbTaTe Yero MOJyduM ceTh Hi TOM »Ke JJIMHBI, JIEXKAIYI0 B 3aMbikanun S. [lpu
5TOM, BCe BepimHbl cetu Hy, nexamme wa 0S5 — nubo Bepiunbl crenenu 2 (coezu-
HUB [IBYX COCEIeH KarKI0i TaKoil BEPIINHBI C(PepUIECKHM OTPE3KOM, u yOpaB 3Tu
BEPIMUHBI U BBIXOISAIINE U3 Hee pedpa, MbI mepeiiieM K He 6osee qIUHHON ceTn 6e3



BepIuH crenenu 2 ua 9.5), MO0 BEPIIUHDBI CTENEHN 3, TPUYEM Cpeau pebep, BBIXO-
JANAX W3 TAKOW BEPITUHBI, HAWIETCS mapa pedep, Yrol MeKIy KOTOPBIMUA MEHBIIEe

2?71—, a 9TO 3HAYUT, YTO 3Ty CETHh MOZKHO CIEJIaTh KOpO4e.

Jig I0Ka3aTeIbCTBa CIEAYIOMEro Pe3yabTaTa BOCIONb3YeMC TEOPEMOM, J0Ka-
3aHHON AJIEKCAHIPOBBIM.

TEOPEMA 9. (Ausexcandpos [22]) Ecau xpususma pumanosa muozoobpasua R,
pasmeprocmuy m He boavwe k, mo yaave mpeyzosvruka 6 R, ne boavwe coom-
BEMCMBYNOUUL Y2N08 MPEY20ALHUKA C MEMU HCE OAUHAMU CTNOPOH 8 NAOCKOCTU
NOCMOAHHOU KPUGU3HBL K.

Monoxum Ci(X) = {Y € Ma|p(X,Y) = 1}. £IcHO, 9T0 IpH JOCTATOUHO MAJIbIX
[ > 0 muoxkecrBo Cj(X) sapuserca obpa3oM 3aMKHYTOIl KpuBoil 6e3 camomnepece-
venuii. B takom ciyuae 6ynem nasbiBars Cj(X) oxpyostcnocmoio ¢ yenmpom 6 X
u paduycom 1, a Di(X) = {Y € M2|p(X, Y) < I} — xpyzom ¢ uenmpom 6 X wu
paduycom l. Kpususuy mMuOroo6pasms B Touke Y € My Gymem oboznavars K (V).

YTBEPXKAEHUE 10. ITycms X € Ms. Tozda das abozo € > 0 cywecmseyem
Ix > 0 maxoe, wmo npu aobom | < lx dasn aobwz deyx mowex A, B € C)(X) yeant
/XAB u /X BA mpeyzoavnura AX B omauuaromcs, om # MEHDWE, UeM
Ha €.

JTOKABATE/ILCTBO. PaccMOTpuM HEKOTOpyIo maposyo okpecraocts U (X) 1o4-
ku X, B Koropoil kpususHa orpanudena: |[K(Y)| < Ky upu mekoropom Ky > 0 ms
m060it Touku Y € Ms. fcuo, uro cymecryer [y rakoe, uro mpu jobom [ < [y
oiosmeno Di(X) ¢ U(X).

Paccmorpum e Toukn A, B € Cj(X). BepmmHbl TpeyrojibHUKA C TEMH ¥Ke
JUIMHAMHA CTOPOH, YTO W y TpeyroabHuKa X AB, HO JIEXKAIEro B MJI0CKOCTH MTOCTO-
sunoi kpuBusHbl Ky (Ha cdepe kpuBusnbl Ky, KoTopyio OymeMm 0003HaYATh 4e€pes3
Sk,), HazoBeM X7, A; u By coorBercrBenHo. Tpeyrombank X AB jeXuT B U(X),
3HAYWT, MO TeopeMe AJIeKCaHIpOBa, ero yribl He OOJBINEe COOTBETCTBYIOIIMX YITIOB
rpeyrosbauka X1A1Bi. IIpu stom, yrawl ZA, u ZBy tpeyronbuuka X1A1 B pas-
HBI, TaK KaK 9TO — PaBHOOEIPEHHBIN TPEyroOJbHUK Ha cdepe.

Hausee, nnsa dpuxcuposanuoro € > 0 BpibepeM HOJI0KHATEIHHOE 9ucio [y < lj Tak,
410661 1pu Ji0boM [ < Ix wiowais S kpyra Di(X) u nwnowaus S kpyra paguyca l
Ha Sk, OBLIN MEHbIIE ﬁ ITo Teopeme T'aycca-Boune, mist tpeyromsankos X AB
u X1 A1 B BBINOIHEHBI CIEAYIOMINE COOTHOEHUS:

T+ / Kdo=/X + LA+ 4B,
AXAB

T+ / K0d0'1 :ZXl—i-lAl—‘rZBl,
AXlAlBl

rae do u do; — GOpMBbL IJIOWAAN HA, U (X) u Sk, coorBercrseHHO.
B cuny Boibopa lx, umeem:

Kdo| < / |K|do < KoS < /2, u, aHanOruvHo, / Kodoi| < g/2.
AXAB AXAB AX1 AL B,
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Takum obpasom, |7 — £LX — LA — /B| < ¢/2 u |v — £LX; — LA — £By| <
£/2. Dro o3navaer, uro cymma LX + LA + /B oramvaercs or cymmbl /X +
LA1 + £B1 He Gojee, yeM Ha . YUATBIBasg TOT (PakT, uro LX1 = £LX, LA >
/A, /By > /B wu LA) = /By, nonyuum, uto yrisl /A u /B otiuyaiorcs apyr
oT Apyra He Hojee, YeM Ha €. ITO O3HAYAET, 4TO yriabl /A u /B orawgaiorcs
% He Gosiee, yeM Ha £/2. B cBoro ouepep, BesudnHa %

# HA BEJTUIUHY % | Kdo, abcomornoe 3HaU€Hne KOTOPOI,
AXAB
KaK HaM u3BecTHO, Menbiue /4. Takum obpazom, yrubl ZA u /B TpeyrojibHuKa

AX B ormm4arorcs or # MEHbIIE, 9YeM Ha €. UTO u TPebOBAIOCH.

OT BEJIMYUHBI
OTJINYaeTCA OT

CHEACTBUE 6. ITycrs X € M,. Torma mna mo6oro € > 0 cymecrsyer 1’ > 0
TAKOE, 4TO HPH 1 > 3 1 JI000M 7 < 1/ BCe yIJIbl JII0OOro NPaBUILHOTO 1 —yTOJbHUKA
¢ meHTpoM B X W PaAWyCOM 7* OTJIUYAIOTCSA OT @ MEHBITIE, YeM Ha €.

JOKA3ATEIBLCTBO. CornacHo yrBepxkaenuio 10, 1y (DUKCHPOBAHHOIO € BbIDE-
pem ' > 0 tak, 9Tobbl mpu g06oM T < 1’ maa mobbx aByx Touek A, B € Cp(X)
yrasl ZXAB n ZX BA tpeyronasunka AX B oTinvannck ot # MeHbIIIe, YeM
Ha £/2.

Ilycts Ay, As, ..., A, — BepIIHHBI TPABUILHOTO MHOTOYTOJIBHUKA, C EHTPOM B X
u paguycom r < ', n > 3. Yraer LA1 X As n LA X A3 paBHBI 27“ 10 OIPEIEJICHUIO
IPaBUJIBHOIO MHOIOyroJibHuKa. Takum obpaszom, yribl ZA1As X u £ X Ay A3 ornu-

—2
% MEHBIIe, 9eM Ha € /2, cie0BaTenbuo, yroa £ A As Az otnuaaerca

MEHBbIIIE, 9€M Ha £. AHa.HOFI/I‘{HO, Ka}K,ILbII./,I yros OaHHOr'0O TPaBUJIBHOTO

—2
MHOTOYTOILHAKA, OTTHIAETCS OT w MEHbIIE, YeM Ha €.

YalTCda OT

or (n—2)m
n

TEOPEMA 10. Jlasa mouku O € My u dannozo n > T cywecmseyem maroe
ro > 0, wmo das eepwun 2100020 NPABUALHO20 N-Y20sbHUKE ¢ yermpom 6 O u pa-
duycom r < 19 HA NOAHOM PUMAHOBOM MHO2000pasuy Mo MunuMasbHBLM depesom
IIImetinepa ABAAEMCA 2DAHUYA IMO20 N-Y20AbHUKA 0€3 €20 HAUOOADWET CTNOPOHDL.

JOKABATEJIBLCTBO. B coorsercrsuu co ciencrsuem 3 u TeopeMoii 8, cyiecrsy-
er r; > 0 Takoe, 4TO Ui BEPIIMH IPABUJILHOINO N—YIOJbHUKA ¢ neHTpoMm B O u
paguycoMm 7 < 1] MUHHUMAJbHBIE JAepeBbs llITeiiHepa, COeIUHSIONINE WX, JIEXKAT B
BBIMYKJION 000JIOYKE STUX BEPIHUH, 8 WX THUIBI TPUHAIJIEKAT MHOXKECTBY €),. [Ipu
9TOM, B COOTBETCTBHH CO CJIEJICTBHEM 6, CyIIecTByeT 1o > () TaKoe, ITO BCE YIJIbI JIIO-
00ro MPaBUIBHOTO N —yTOMBHUKA C IEHTPOM B O U PaguycoM 1 < ry OTJIMYAIOTCH OT
(n—2)7 1 (n=2)m > 5

n

MeHbITIe, YeM Ha ;5 7. 3aMeTHM, YTO MPH 7 > 7 BBINOTHEHO ~——— > = T,

Y, 3HAYAT, BEJIMYNHA KAXKJIOr0 yIJia MPABUJIBHOIO N—YyTOJbHUKA C meHTpoM B O u
1 29

pagmycom r < 19 60JIBIIE %77 — T =5T> %W. Takum 0Opazom, rpaHUId TAKO-
ro MHOTOYTOJIbHUKA, 6€3 JII060 CTOPOHBI — JEHCTBATEHHO JIOKAIbHO-MUHUMAIbHAS
cerb. B pesysmbrare, 10CTATOMHO MOKA3aTh, 9TO CymECTBYeT rg < min{ry, ro} takoe,
YTO HE CYIIECTBYET MUHUMAJBHLIX TAPAMETPUUECKUX JE€PEBheB OUHAPHBIX TUIIOB U3
Q,,, COEIUHSIOMNX BEPIIUHBI TPABUIBLHOTO N—yTOJIBHUKA C IeHTpoM B O U paju-
ycoMm 1 < T, OTJIMYIHBIX OT TPAHUIL ITOTO MHOTOYTOJIHHUKA 6€3 COOTBETCTBYIOIINX
CTOPOH.

IIycrb, Kak u panee, A1, As, ..., A, — BEPUIUHBI IPABAJILHOIO MHOIOYTOJILHAKA
¢ mentpom B O, r — ero paamyc, r < min{ry,ro}. dusa onpenenennocru, pac-
cvorpum tun Gy € ,. PaccmarpuBaemblil IpaBUIbHBIA 7 —YTOJIBHEK 0003HAYHM



uepe3 M, a cerb, coBmajaoIlyio ¢ rpaxuneii M 6e3 croporsr Ay A,, depes H.
Paccmorpum JiokanmbHO-MUHUMAIBHYIO ceTh H Tuma (1, COEIUHSIONIYIO BEPITUHBI
M. Ee BHyTpeHHHEe BEpIINHBI, KaK U paHee, obo3naduMm depe3 Bi, Bs, ..., B, _o.
IIycrb Buyrpennue Bepiuunbl ceru H jiexkar B muoroyrosibuuke M (puc. 5), v.e. B
BBIIYKJION 0060JI0YKe ero BepuiuH (JUilb B 9TOM cilydae cerb H MoxKer oka3arbCs
kparuaiieit). TTokaxkem, 410 1pyU JOCTATOUHO MAJIOM PAJIUYCe ITa CeTh 0bs3aTeII b
HO coBrmagaet ¢ Hy (Ipyrux JOKaJIbHO-MUHUMAJIBHBIX cereil Tuma G HeT).

Puc. 5. Cers Tuna (G1, COeIUHSIONIAs BEPIIMHBI IPABUIHHOIO MHOIOYTOJBHUAKA.

Mmuoroyronsuuk A1B1Bs...B,_3B,_2A, obo3naunm uepe3 1. Bepruay A;
MHOTOyTOIbHUKA M OyneM Ha3bIBaTh COOTBETCTBYIONIEH Bepinae B; 1 MHOTOYTO/Ih-

wuka T mpui = 2,...,n—1, Bepuuae Ay pu i = 1 u A, ipu i = n. Ecaun Bepumna
B; we coBmajaer ¢ TOUKON A;41, TO yroja MHOrOyroabuuka 1" mpu Bepiunae B; pa-
BeH 2%, Tak Kak H — JOKATbHO-MHHEMAJTBHAS CETh, H, CI€JOBATEIHHO, MEHBIIe

3
yriia MHOroyrosabHuKa M mpu Bepiiuae A;;1, TAK KaK ero yribl OOJIbIIe %’“ Ecmn

BepimHa B; coBmajaer ¢ TOYKO#M A;y1, TO yroja MHOroyroJbHuka T mpu BepiiuHe
B; ue 6osibiie yrina M npu Bepimune A, 1, TaK KAK BCE BHYTPEHHUE BEPIIUHbBI CETH
H nexar qmbo Bo BHyTpenHnoctu, udo Ha rpanute M. Ecmu cerb H ornmdaercs
ot Hy, TO HEKOTOpast BepInHa By He COBMAmaeT ¢ TOUKON Agi1.

Kak m3BecTHO, KpUBU3HA MOJIHOTO MHOrO00pa3ns B KAXK/IOM KPyre OrpaHUYIEHA.
Taxkum obpaszom, cymecrsyer Ky > 0 rakoe, uro |K(X)| < Ko ang X € D, (X).
TIo reopeme laycca-Bonne, misa muaOroyronbHukoB M u T’ BBIMTOTHEHDBI CIEIYIONINAE
COOTHOIIEHUS:

(n—2)7r—|—/Kd0: > ZA;
M i=1

n—2
(n—2)m+ /Kda =Y ZBi+ LB1A1Ay + LBy 3 An Ay,
T

i=1
e do — ¢dopma miomann za Mo,
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Borurem u3 mepBOro BhIpAsKEHNs BTOPOE (MHOTOYTOILHUK T’ JIEKUT BHYTPH MHO-
royrojibHuka M), u oIy dnm:

/Kda— Zm) (243 + LB A Ay + LBy 2 A0y ).

M\T

Samerum, 4To IIpaBas 4acTb €CTbh CyMMa Pa3HOCTEHl COOTBETCTBYOMIUX YIJIOB MHO-
royronbHUKOB M u T coorBeTcTBeHHO. BCe 3TM pa3HoCTH HEOTPHUIIATEIHHBIE, a TaK
KaK BCE YIJIbI MHOTOYTOJIbHUKA M OOJbIle % T, TO PA3HOCTD YTJIa, MHOTOYTOJTHLHUKA,

M mipu BepiuHe A1 ¥ yIyIa IPU COOTBETCTBYIOMIEH BepIuTe By, MHOTOYTOIHHUKA

T ©osbIlie BETMIUHDI % ™ — %77 = 412 . Takum obpazom,
/ Kdo > n"
M\T

IIpu 3TOM scHO, UTO

Ko Sy > / Kdo,
M\T

rje Sy — mwioma s Maoroyroabauka M. Ocraercs: 3aMeTuThb, 9TO MpU paguyce 1 <
T TPU HEKOTOPOM T IJIOMAIb S)y MHOTOyrosbHuKa M MeHbIie 421K T, &, 3HAYUT,
npu r < rg eIMHCTBEHHOU JIOKAJIbHO-MUHUMAJIBHOHN cerbio Tuna G apisercs Hy,
TaK KaK BC€ BHYTPEHHHE BEPDIINHDbI Bl JOJI2KHbI COBIIaJaTb C COOTBETCTBYIOIIMUMHU
Bepumaamu A;11. D10 03Hadaer, 4ro Hy — 5T0 MUHMMAJBHOE HAPAMETPHYECKOE
JEPEBO TUTIA G17 n aApyrumx MUHUMAJIBHBIX TMTaAPaAMETPUIECKUX JTE€PEBHEB HET. LITO n
TpebOBAJIOCH.

IIycts M}, — puMaHOBO MHOT0OOOpa3ne MOCTOSHHON KPUBU3HBI. PaccMOTpuM Imma-
posyio okpectHocTb U Touku O. JItoboe opToroHaibHOe Mpeodpa30BAHUE KACATE b
HOrO MpOoCTpancTBa K My, B 9TOI TOYKe Ompe/iesiser npeodbpa3oBaHue OKPECTHOCTH
U, coxpaungiouiee Merpuky MHoroobpasus (a, 3uauut, u Merpuky 5.1 upu sobom

€ [0,1]). B uacrHocTH, TIpeoGpa3oBaHust OKpecTHOCTH U, TIePeBOJISIINE MHOMKE-
CTBO BEPINWH MPABUIHLHOTO MHOTOYTOJBHUKA ¢ IeHTpoM B O B cebst, COOTBETCTBY-
IOIIe BPAINEHUIO B MJIOCKOCTU [l ABISIOTCH M30METPUSAMHU. IDTO O3HATAET, UTO
HA MHOTOODPa3USX MOCTOSHHON KPWBU3HBI BCE YIVIBI M BCE CTOPOHBI MPABUIHLHOTO
MHOTOYTOJIbHUKA PABHBI MKy coboil. TakuMu M30MEeTpHUsIMU MOXKHO MEPEBECTH
MUHHAMAJIBHOE TAapaAMETPUIECKOe JepeBo JToboro Tuma u3 {2, B MUHUMAILHOE mapa-
METPUYIECKOE JIEPEBO JIF0O0ro IPyroro tuma u3 §2,. IIpu s3Tom, ABa IpaBUIBLHBIX MHO-
POYTOJIbHUKA OHOIO PAIUYCa MEPEBOAATCH APYL B JIPyTa ¢ MOMOIIbIO M30METPHii,
B PE3yJIbTATe Yero MOC/IeIyoNnue ONeHK He 3aBucdaT oT To4ku O MHOroodbpasusi.
st Toro, 9YTOOBI OIEHKA PAANyCa ObLIa HE3ABUCHMA OT TOYKH, TPEOYETCs, ITOOBI
JIJIsT HEKOTOPOTO 7' B KaxKJIOH TOYKE MHOT000pasns KOPPEKTHO ONPENEIsINCh Mpa-
BUJILHBIE N-YTOJIBHAKN PAIAYCOB MEHBINE 77’ ¢ IEeHTPaMU B 9TUX TOYKax. [l aroro
paccMOTpUM MHOro00pa3wsi MOCTOSHHON KPUBU3HBI, PAJANYC WHHEKTUBHOCTH T°; KO-
TOPBIX MOJOKHATETEH. TakuMm 00pa3oM, i 000 TOYKH MHOTOOOPA3Us MIAPOBas
OKPECTHOCTH C IIEHTPOM B 3TO# TOUYKe u pajguycom 7 < r; nuddeomopdna coorser-
CTBYIOIIEH MIAPOBO# OKPECTHOCTH HAYAJIA KOOPJIUHAT KACATETHLHOIO MPOCTPAHCTBA



B 9TOI TOYKe Toro ke pamuyca (muddeomopdusm 3a0aeTcsa IKCIOHEHIUATHHBIM
orobpakernem). OTCIOa BBITEKAET CIIEAYIONHMN PE3YIbTaT.

CHEJACTBUE 7. st mannoro n cymecrByer g > (0 Takoe, 94To /1Jisi BEPIIMH JIF0-
60ro HPaBUIBLHOIO N-YIOJIBHUKA U PAJAUYCOM 7" < T HA IIOJJHOM PUMAHOBOM MHOI'O-
00pa3ny MOCTOSTHHONW KPUBU3HBI M, C MOJIOKUTETHHBIM PAINYCOM WHBHEKTUBHOCTH
MHOXKECTBO THUIIOB MUHUMAJILHBIX aepeBbes lllTeiinepa coBmamaer ¢ §2,,.

Takum obpaszom, u3 ciencrBusi 7 u TeopeMbl 10 BBITEKAIOT CJI€IyIOIIUE PE3YIlb-
TaTHI.

CHEJNCTBUE 8. [yist manHOrO N > 7 CymecTByeT Takoe 1o > 0, 9T0 i BepIinH
J11000r0 MPABUIIBHOTO N-YTOJBHUKA Paamyca r < Tg Ha AByMepHOW cdepe MUHU-
MasbHBIM AepeBoM lllTeitnepa siBisgeTcs rpaHuiia 3TOro n-yroJabHuKa 6e3 J1oboit ee
CTOPOHBIL.

CHEJICTBUE 9. st manHOro n > 7 CymiecTByer Takoe 1o > 0, 9T0 1 BepIinH
J11000T0 TPABUIIBHOTO N-YTOJIBHUAKA PAARyca r < 7 Ha mI0cKocTu JlobateBcKoro Mu-
HuMaabHbIM JepeBoM [llTeiiHepa ABIAETCA TPAHUIIA STOrO N-YIOJbLHUKA 6€3 JTI000it
€€ CTOPOHBI.

3AMEYAHUE 4. Ha mmockoctu Jlobadesckoro npu n < 7 IpaHUIA TPABUIBHO-
ro n—yrojbHUKa 6e3 KakoW-1ub0 CTOPOHBI HE sIBJISETCs] JOKATLHO-MAHUMATBLHON
CeThIO.

JIOKA3ATEJILCTBO. CymMMa yIJIOB TpeyrojbHUKa Ha IJIOCKOCTH JlobateBCcKOoro
paBHa T — 8, TJle § — €ro IJIOMab, 3HAYUT, CyMMa YIJIOB N—YyTOJbHUKA DAaBHA
(n—2)r — S, rne S — nuom@aab 3Toro n—yroyibHuka. Tak Kak yribl IPABUILHOIO
N—yTOJBHUKA PABHBI MEKIy OGO, TO Ipu 1 < 7 OHH BCEI/Ia MEHbIe 2%

3

Tem we menee, Ha TT0OCKOCTH JI00a9eBCKOTO pu N < 7 MUHAMAJIbHbBIE TAPAMET-
pUYecKue 1epeBbs B KJIACCAX ceTell OMHAPHBIX TUIOB u3 ), ABISIOTCS KpaTdaii-
[IIIMY TP TOCTATOYHO MAaJOM PAJIUyce MHOTOYTOJIbHUKA. B CHITy MOTHOTBHI ILIOC-
koctu JI06adeBcKOro, TOYHAS HUKHSAS I'PAaHb (PYHKIUU JJIMHBI CETU JTOCTUTAETCH.
Takum obpazom, MmuHUMAIbHBIMEA JepeBbavu [llTeiinepa SBIAIOTCS CETH TUIIOB U3
Q,,, BHyTpeHHHE PeOpa KOTOPBIX HE BBIPOKIAIOTCH, TAK KAK B HPOTUBHOM CJIy4ae
CeTh COMIEPIKUT BEPIUHBI cTernenn 0osbieil 3. HekoTopbe rpaHnyHble pebpa 3TUX
cereit MOTyT OBITh BBIPOMKIEHBI.
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