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1 Bsenenne

Henb 3T0it paboThl — pa3paboTKa W NpOrpaMMHAs PEAJTH3aIUs aJrOpPUTMa
[IOCTPOEHUS KOMMYTHUPYIOIUX OOBIKHOBEHHBIX Ju(pepeHimajibHbIX onepa-
TOPOB MO HEKOTOPHIM T€OMETPHIECKUM (CIEKTPATbHBIM) JTaHHBIM.

[locTpoeHune ABHBIX TPUMEPOB KOMMYTHUDPYIOIIUX OMEPATOPOB — CJIOMK-
Hag 3agada. Ee BaxkuocTb 0OycJoBIeHA TeM, 9TO KOIPEDUIUMEHTH TaKUX
OMepaTOpPOB JIAIOT SIBHBIE PeIleHUs] W3BECTHBIX HeTWHEHHBIX JauddepeHIu-
aJIbHBIX ypaBHeHUil, Takux Kak ypasuenue Kamomuesa-Ilersuampuin (KIT),
Kopresera-ae-®pusa (KaB), sin-Gordon, u t. a. (cm. mampuwmep 9], [4], [12]).
Oco0brit mHTEPEC TPEACTABIAIOT MPUMEPHl KOMMYTHUPYIOIIHAX OMEPATOPOB C
PAIMOHAJIBHBIMU KO3DDUIIMEHTAMHU: UCCIeI0BAHIE CBONCTB TAKUX OMEPATO-
DPOB MOKeT TIOMOYb B pellleHnn u3BecTHoOU mpobiaembl Inkembe. HamoMmuanM,
4o runore3a JIMkcMbe yTBEpkKIAET, YTO BCAKUN 3dHJIOMOPDU3M aaredbpbl
Beitna Dy = C[z][0,] aBasgerca aBromopduzmom. Kak ussecrno (cm. [1]), ru-
nore3a /Iukembe jutst aaredp D, SKBUBaJEHTHA JPYroil He MEeHee U3BEeCTHOM
TUNoTe3e 0 AKOOWaHe, YTBEPKAAOMIEl, YTO TOJHHOMUAIBHOE OTOOpaXKeHUe
u3 C" B C", skoOMaH KOTOPOro — HeHyJieBas KOHCTAHTA, — 0OPaTHMO.

HamomuuM, 9T0 KOMMyTaTHBHBIE aaredOpbl OOBIKHOBEHHBIX I depeHI-
AJIbHBIX ONEPATOPOB COOTBETCTBYIOT TAK HA3BIBAEMBIM CIEKTPAJTBHBIM JTaH-
HbIM. Tak, ec/in UMEeeTCs KOJIBII0 KOMMY TUPYOMIX audGepeHnajipHbIX orre-
pPaTOpOB, OPOXKIEHHOE HaJ mojeM k xapakTepucTuku (0 1ByMs OOBIKHOBEH-
HBIMU JuhdepeHInaIbHBIMHA OllepATOPAMHI

Pr= 0"+ tup ()02 o tug(z), Po= 0"+ vy ()07 L (),

TO, KaK 9TO ObLIO 3aMedueHo eie Bepunammom u Yayuau B [3], cymecrByer
HeHyeBoii moaunoM Q(A, 1), Taxoit uro Q(Pr, Py) = 0. [lononuenune C xpu-
Boit Q(\, ) = 0 HasbiBaercs cnexkmpaavrol kpusot. B obreii Touke (A, i)
IPOCTPAHCTBO coOCTBeHHBIX dyHKIwi ¢ (byuknun Beiikepa-Axuesepa):

Py =X, Pyp = )

UMeeT Pa3MEPHOCTD T, U 3TU (DYHKIIUU SBJIAIOTCA CEYCHUSIMU ITydKa 0e3 Kpy-
qeHusi F paHra T Ha CHEKTPaJbHOIl KpuBOil (/7151 GoJiee TOUHBIX YTBEPIK/Ie-
HUi 1 JajbHeHmuX getaseii cM. paboThl IPOIUTHPOBAHHBIE Bhiiie). [lomo-
uenue KpuBoit Q (A, 1) = 0, moxydenHoe po6aBIeHEeM He0C060i Toukn P (He
obsizaTesibHO HpoeKTuBHOE 3aMbiKanue B P?!), u rpoiika (C, P, F) spisiorcsa
JACTHIO TAK HA3BIBAEMBIX CNEKMPANLHULT GHHLL.

Kpuuesep ([9], [10]) man reomerpuyeckyto knaccndukanuio aaredp "ob-
ero MOJIOKeHus"paHra r B TepMHUHAX CIEKTPAIbHBIX JaHHBIX (KOrja



crekTpajibHast KpuBas — ruajkas). purdenbn [8] mpemmoxun aarebpo-
reOMEeTPHYECKYIO 1epedOpMyInpOBKY pe3yibraroB Kpuuesepa, Koropas Obl-
JIa BIIOCJIEICTBHE ycoseprmencrBoana Mamdbopmom [21] u Mymace [19)].

B nacrosiee BpemMst H3BECTHO TOBOJBLHO MHOTO MPHUMEPOB KOMMYTHPYIO-
IUX OIEPATOPOB. B ciiydae MaHHBIX paHra OJuH gBHbIE (DOPMYJIBI COOCTBEH-
HBIX YHKIHHE KOMMyTHpYomuX omeparopos (byHukiuun Beiikepa-axuesepa)
ObLin Hadigenbl Kpudeepom. [Ijig JaHHBIX paHra OJMH, B KOTOPBHIX CIIEK-
TpajibHasd KpHUBad palMOHA/IbHA, sBHbIE (DOPMYJIbI OBLIM TaKzKe JaHbl Bui-
conoMm (|23]). B cayuae maHubIX panra 60JbIIe 1 3a1a4a CYMIECTBEHHO YCI0XK-
HAETCsl, ¥ YHUBEPCAJbHBIX (GOPMYJI Jijist COOCTBEHHbBIX (DYHKIUHA W JIJIsI KO-
5 PUIMEHTOB KOMMYTHPYIOIIHNX OIEPaTOPOB MOKa He cylecTByer. Tem He
MeHee, CYIeCTBYeT psiji IpuMepoB. Tak, onepaTopsl paHra jBa, COOTBETCTBY-
IOIIHE SJLITUITHIECKHM CIIEKTPAJbLHBIM KPUBBIM, ObLIM HaiigeHbl Kpuuesepom
u HoukosbiM B [11]. B pa6ote [6] mpuBojsites siBabie hOpMYIIBI 0OIIEro BUIA
JIIs KOMMYTHPYIOLIUX oneparopos nopsika 4 u 6. Takue oneparopbl Toxke
COOTBETCTBYIOT T€OMETDHYECKIM JTAHHBIM paHTa 2 (M. HOIpOOHbIe Onpe/eie-
Hust B maparpadax 2, 4). Inkembe B [7] TocTpona npuMep KOMMY THPYIOTIIX
OIIEPATOPOB € IIOJUHOMHAJBHBIMU KO3((DUIIMEHTAMHE, COOTBETCTBYIOIIHX 3/I-
JUITHYECKHM CIEKTPAIbHBIM KPUBBIM. B CBA3M ¢ 9THM pe3yJbTaTOM M pe-
gyjbraramu Kpuuesepa u HoBukoBa mHTepecHo ormerurb Teopemy ['pune-
Buua ([5]), KoTopas gaerT KpuTepuil parMOHATHLHOCTH KO3(DMHUITHEHTOB KOM-
MYTHPYIOIIUX ONEPATOPOB, COOTBETCTBYIONIMX ITUITUIECKUM CIEKTPAJIb-
HBIM KpuBBIM. O1repaTopbl panra 3, COOTBETCTBYIOIIAE SJIUUITHIECKIM CIIEK-
TpaJbHBIM KPUBBIM, Oblin Haiinens MoxoseiM ([17]). B paborax [13], [14],
[15], [16] 6bLin Haiigenbl npumepbl oueparopos panra r > 1, COOTBETCTBYIO-
IIFe CIeKTPaIbHBIM KPUBBIM pofa g > 1, mpudem B pabotre [13] Oblan Haii/e-
HBI [IPUMEDBI OTIEPATOPOB PaHra 2 ¢ MOJUHOMHAJbHBIMU KO3 dunuenramu,
COOTBETCTBYIOIIUE TUIIEPIIUITHIECKIM KPUBbIM. CyIIecTByeT MHOMKECTBO
OPYIuX paboT Ha 3Ty TeMy, CCBLIKH Ha KOTOPBIE MBI 3J€Ch HE IPUBOIUM
BBHULY OOJBIIOr0 0ObeMa.

Mexk1y Tem, BCe BBIIIENEPEUNC/IEHHbIE IPUMEPBI ObLIM HallIeHbl DaK-
TH4ecKn 0€3 HCII0Jb30BAHUS 3HAHUS O CIEKTPAJbHBIX JAHHBIX U3 TEOPEMBbI
kiaccudukanun Kpuuesepa. Tak, clieKTpaJsibHble JaHHBIE IS OIEPATOPOB
Kpuuepepa-HoBukosa ObLIN HaliIeHBI JJId CJydas TIaJKHX KPUBBIX II03/HEE
B pabore [22], a qjist 0COOBIX KPUBBIX - JIKITH B padore [2].

B s70it pabore jijis IOCTPOEHUST IPUMEPOB KOMMY THPYOILIMX OLIEPATOPOB
MBI CTAPTYEM CO CIIEKTPAJbHBIX JAHHBIX U JajIee UCIO/Ib3YeM KOHCTDYKTHB-
uyto teopuio Carto (cM. 0630p B [4] mam [18]), a Takxke HEKOTOpPBIE HOBBIE
CO00OpaKeHUsI U Pe3yJIbTaThl U3 paboThl [2]. B pesyibrare Mbl moJydaeM Teo-
PeTHYECKHI AJITOPUTM HOCTPOCHHS TPUMEPOB KOMMYTHPYIOIIUX OIE€PATOPOB
JIIO0OIr0 paHra 110 3aaHHBIM HAYAJbHBIM CIIEKTPAJbHBIM JAHHBIM B CJLy4ae,



KOTJIa CIIEKTPaJibHasT KPUBAs PAIMOHAIBHA. AJITOPUTM COCTOUT U3 JIBYX Ya-
cTeil: cHaYaJIa MO CIEeKTPATbHBIM JTAaHHBIM CTPOUTCS TOYKA B I'PACCMAaHHAHE
Caro (mnmm mapa Illypa, cm. naparpad 3). 3aTeM 10 Hell CTPOSTCA KOMMY-
TUPYIONTHE OnepaTopbl. MBI TpUBOAUM B 3TO# paboTe MPOTPAMMHYIO peasiu-
3AIMI0 BTOPOI YacTW ajropurMma Jjid ciaydas, korja mnapa [lypa ompese-
JISIET OTepaTophl ¢ pannoHagbHbiMu Koadhdununentavn (Takne mapsr [1lypa
HIYTCsI ¢ OMOIIBIO aHaaora Kputepus ['puHeBnda). A HMEHHO, pean30BaH
HaKeT MPOTrpaMM, HEOOXOJIUMBIX JJIs MpuMeHeHHs Teopwn (CaTo: HaXOXKIe-
uue oneparopa Caro mo mape [llypa, pabora ¢ nceBnoauddepeHnuaabHbI-
MH orneparopamu u ¢ JuddepeHnnaibHbIMU OnepaTopamMu, Ko3(ppuIimenTbl
KOTOPBIX — paIMOHAJIbHBIE (DYHKIMH, TPOTPAMMa BOCCTAHOBJIEHUS PAIHO-
HasnbHOI dbyHKIMU Mo ee psay Teiinopa. IlepBast yacTh ajroputma (Teope-
THYecKas1) OnucaHa B [2|, mporpamMmHuoil peannsaiuu ee moka Het. B Gypytem
MaKeT MPOTPAMM MOYKHO YCOBEPIIEHCTBOBATH JIJIsl MOUCKA MPUMEPOB JIJIs JTIO-
OBIX PAIMOHAJIBHBIX KPUBBIX, U JaKe, BO3MOZKHO, HE PAIMOHAJIHHBIX.

CrpykTrypa paborsr TakoBa. B naparpadax 1-4 Mbl HanoMuHaeM HEOOXO0-
quMble ceefierns n3 Teopun Caro.

B naparpade 5 mpemsaraerca uies peaqu3aluy aJrOPUTMa BOCCTAHOB-
JIeHUs IPOOHO-PAIMOHATBHON (DYHKIMY 1Mo ee psaay Teitsopa.

B naparpade 6 Mbl npuBOuM ONKUCAHUE AJTOPUTMA OCTPOCHUST KOMMY-
TUPYIONUX ONEPATOPOB.

B maparpade 7 Mbl TPUBOIUM OMHUCAHKE ITAKETA MPOTPAMM.

B naparpade 7 MBI TpUBOINM HECKOJIBKO IPUMEPOB KOHKPETHBIX BBIUUC-
JIEHU#t 1 KOMMYTHUPYIONINX OTIePATOPOB.

2 IlceBpoaunddpepenHiinaabHble OIIEPATOPHI

Onpeaenenne 1. Jludpdepenyuanrvmbmu KoA0UAMU, NOAAMY U GA2EODAMU
HA3BLBANOMCA KOADYUG, NOAA U AA2E0PBL, CHAbICENHBIE duddepenyuposaruem
— yHapHot onepayuet, ydosasemeoparowet npasusy Jletibruya, ducmpubdy-
MUBHOT NO CAOHCEHUID.

EcrtectBennbrit npumep auddepeHIHaATLHOTO O — MOJIe PATTMOHAT b
HbIX GYHKIMH 0HON KOMIIeKCHOH /BemectBennoit nepementoii Clx] / Rz,
onepanuu juddepeHnupoBanus cooTBeTcTBYeT Andpepennupopanme mno .

Pacemorpum muddepeninuanbioe Koabino A (accoruaruBHOe, KOMMYTa-
TUBHOE, C eJUHUIEeH) 00603HaunM dYepe3 O - omeparop auddepeHnnpoBa-
Hus. BbigcHuM, Kak KOMMYTHPYIOT OHepaTopbl 0 W OMEPATOp YMHOXKEHUS
Ha ¢pyuknuo u3 A

a, feA



(O(xf))a=0(f xa) = (9f) x a+ [ (Da) (1)
((xf)0)a = [+ da

nepenuiiem (1) B 6e3MHIEKCHOM BUIe

I(xf) = +(0f) + (+f)0

(O™ f 6ynem obosmagars f™)
Hauunas orcioga BMecTo *f OyaeM mucaTh IpocTo f, MOCKOIBLKY Oyaem
rOBOPHTD TOJBKO 00 omeparopax. Torga (1) mepenumrercs Kak :

of = f'+ f0

OPUMEHS 3TY (POPMYJIy MHOIOKPATHO, IOJIYIUM:
n
n
k=0

Bsenem dopmanbio oneparop 01, obparubiii x 0
2007 =0"'o=1

PaccmoTpuM, Kak OH JOJIZKEH KOMMYTHPOBATH C OMEPATOPAMHU yMHOZKE-
Hus Ha (pyHKIMN 13 A

of = f'+ fo
o lofo =0 fot + 9 fa9 !
fa—l — 8—1f18—1 + a—lf
OTCIO/La
aflf _ fafl _ aflf/afl

IPAMEHAA 3TO MHOTOKPATHO, MOJIYYUM

a—lf _ fa—l . f/a—l + a—lf//a—l — = (_1)kf(k)a—1—k

k=0
Ounpenenenune 2. [Icesdoduddeperyuarvrovm onepamopom(IL70) ¢ koagh-
Puryuenmamu u3 KoAvUua A Ha3u8aEMCA POPMAALHVLT NOPAHOBCKUT PAOD

p= Z a0, ac Anez

1=—00



Hawubosbimast crenenb 0 ¢ HeHY/I€BBIM KO DUIMEHTOM HA3BIBAETCS IO~
paakom I1J1O, obosnadaercs ord p. OupegesuM yMHOKEHIE MOHOMOB (hop-
MyJIO#

0"a = Z Cha® o=t ncZac A
k=0

U pacopoCcTPaHUM IO JIMHEHHOCTH

Teopema 1. ([20, ch.III, §11]) Ilcesdoduddepenuanrvrvie onepamops ¢ 66e-
OEHHBLM GHIULE YMHOHCEHUEM 00PAYIOM ACCOUUAMUBHYIO AN2E0DY.

Hanee kosabno ncsenoauddepeHnraJIbHbIX ONepaTOPOB HAI KOJBIOM
Teittoposekux psaaos (Ha moaem K) Gyaem obosuauars E, a Kobio gudde-
peHnuaabHbIX onepaTopos - . Takyke 3Tu KoJibla ABJILIOTCS aJredpaMu HaJL
K. Eme oaun BaxKubiil npumep - ajgredpa ncespoanddepennuaibHbX ore-
pPaTOpOB C IOCTOAHHBIME KO3 dUIineHTaMu, gaBJIdroasca moaaareopoii [E.
O603naunM ee depes E'. OueBuano, E' aBisgerca KoOMMYyTaTUBHOM aareGpoii.

n

E' ={p,p= Z 0, c; € K}

1=—00

Onpeaenenune 3. Koavuo ncesdoduddeperiuuasvhoil onepamopos packic-
OBBaAEMCA 6 NPAMYIO Cymmy koavua Juddepenyuarvuns onepamopos (B
usu D) u Koavya onepamopos ompuuaMeAbHo20 NOPAJKQ.

E=E, +E_

E_= Z a0, a€ AneZn<0

1=—00

Onpeanenenune 4. Kommymamusnas nodanszebpa B € D nasvieaemces an-
AUNMUYECKOT ecau codepatcum aremenm P nopadka 6oavwe nwyss ¢ edunu-
HOLM CMAPWUM YAeHOM. [TAs aaunmuveckoli nodaszebpvl B mootcno onpede-
AUMD PaH2

rk B = ged(ord Q,Q € B)

Ob6o3rvum wepes B, MHOMCECMBO 6CET INUNTMUNECKUT KOMMYMATMUCHBLET T0-
danzebp D parea r.

Aneebpo, B u B’ na3weaomes sK6USAAEHMHMU, ECAU CYUECMEYEM 00-
pamumvtl pad f,maxod wmo

B/ — fB/ffl



Omnpenemnm depe3 B,-MHOKeCTBO I depeHIaIbHBIX OIePATOPOB, KOM-
mytupyionmux ¢ P. To ects B, = {Q € D, [Q, P] =0}

Teopema 2. (Ilyp, cp. [18, Lemma 7.5]) Jas aobozo dupdepernyuanvro-
20 onepamopa P noaostcumenvrozo nopadka ¢ eQUHUMHDIM CMAPULUM YAe-
HOM, cyuiecmayem oopamumsili ncesdoduddepenyuarvrut onepamop Hyae-
6020 nopadka S makot, wmo mmoscecmeo A, = ST'B,S cocmoum us nces-
Q00updepeHuuarbHbLT ONEPAMOPOS ¢ NOCMOAHHBLMU KOIPHULUEHMAMU.

A,=S'B,SCFE

B,CS-E .St =cC(P )

Onpegenenne 5. Obpamumniii Onepamop HYse6020 NopAdka S HA3bIBAEMCA
donycmumwim, ecau SOS™ - necesdoduddeperyuarvrvd onepamop ¢ nocmo-

AHHBMY KopPuyuenmamu. Bee donycmumvie onepamopu 06pasyrom epynny
G,.

Hoxazamenavcmeo. Tlpoepum rpynmnosbie cBoiictBa. Tak kak G, C E ocra-
eTCsI IPOBEPUTH TOJIBKO 3aMKHYTOCTD

51851_1 cF
(5,057 1) = 5,075} € E'

(5152)0(5182) 7' = 519505, 57 = 51 Y @S = Y (5105 e B

9TO U TPedOBAJIOCH JIOKA3aTh O

3 Ilapsi Ilypa

[Tycts V' - npocrpancTsBo JlopaHOBCKUX PsAI0B HaJT TPOU3BOJIBHBIM 1oJeM K.
Jlasee, eciu He OrOBOpeHO MHOE, OyaeM mojararhb, 9ro K = Q

V:{Zaizi},nez,ai eK

=n

[Iycth E - Koab10 TceBnoaudGepeHnnaIbHbIX OepaTopoB ¢ Koddduimen-
TaM¥ U3 KOJbIA TEHAOPOBCKUX PAJIOB.

E { zn: a,—(&r)i},n S Z,CLZ' = io:aijl'j
i=—00 7=0



Omnpenenenne 6 (orobpazkenne Caro).

p:E—V

n

ec Ee= Z ei(0,),

n o0

ple) = Z (e; mod x)z 7" = Z (e_; mod x)z"

1=—00 i=-n
OnpenennM Takzke orobpazkerue p’

Omnpenenenne 7.
p:V—E

o
veVu= E v;2°
1=n

1=—00

Orobpazkenust p u p' 3a7a10T OWEKIMIO MeXKIy daemeHTamu u3 V u F'.
Hasee B TekcTe, yMHOXKAs 91eMeHTsl U3 V' u E, Mbl Oyzmem omyckatsb p() u
p'(), moapasymeBasi UTO YMHOYKEHHE 3JTEMEHTOB MPOUCXOauT B E. 3amerum
rakxke, 9410 p(p'(a) - p'(b)) =a-b

Onpeaenenne 8. [lycmo W - nodnpocmpancmeo 6 V. Hasosem nocumenem
W' npocmparcmeo, noposcienioe cmapuium. MOHOMAMY GCET INEMEHMOB

W.

oo
suppW =< anzV,a = Zaizi eWw >
i=N

Onpeaenenune 9. Hazosem npocmparcmeo Wy enoane cousmepumovim ¢ Ws,
ecau supp Wi = supp Wy

[Iycts Wy - TpOCTPaHCTBO, HOPOKACHHOE MOoHOMaMH 2%, 1 < ()
Wo = K[z

Ompenenenne 10. Hasosem 6a3uc npocmparcmen 6noAHE COUSMEPUMOZ0 C
Wo donycmumvim, ecau on umeem 6ud

wg = z*k—l—Zaizi,z’ e Nu{0}
i=1



Teopema 3. (Camo, [18, Th.7.4]) /las awboz0o npocmparcmea W, enoare
cousmepumozo ¢ Wy, cywemceyem eduncmeennnvii onepamop S € E, nasoi-
saemuili conpazarowsum, wmo W = Wy - S

Teopema 4. ([18, Lemma 7.2]) Ilycmv P € E. Ecau Wy - P C W, mo
PeD

Onpenenenune 11. Cmabuarusamopom npocmpancmea W C V' uasvieaemes
npocmpancmso A C V| 0as Komopozo 8binosHAEMCA Yeao8ue

Va e AVw e W,a-weW
Jlemma 1. Cmabuisusamop A6AAEMCA KONDUOM.
oxazamenvemeo. OUeBUIHO. O

Omnpenenenne 12 ([apwr Ilypa). Ilapy npocmparcmeo-cmabuniuzamop
(A, W) naswsarom napoti Hlypa.

A-WCW

Teopema 5. Ilycmo W - npocmpancmeo, enoane cousmepumoe ¢ Wy, A -
emabuauzamop W, S - conpazarouuti onepamop. Tozda SAS™' C D, 2de D
- KoALYO updeperuuarbnvlr onepamopos.

Hoxazamenvemeo. W = W, - S no Teopeme Carto
WAQW:>W05AQWOS:>WQSAS_1QWO
IIo Teopeme 4, SAS™! - nuddepennuanbHbIii. n

Onpenenenune 13. Ilopadkom saemenma npocmpancmsea V. Ha3ui8GeMCA
CMENeHs e20 CMPALe20 MOHOMG. a4 = Y oo a;2" orda = N

Ounpenenenne 14. Panzom napw (A, W) nasweaemea naubosvuwuti obuyut
deaumens nopadkos INEMEHMOE CMAdUAUIAMODA.

rk(A, W) = ged(orda,a € A)

Omnpenenenne 15. Parzom npocmparncmea W nasvieaemces Haubosbwull
0bwut desument Nopadkos INEMEHMOE €20 MAKCUMANOHO20 CMAOUNUZAIMO-

pa.
rkW = ged(orda,a € A)

['pynma gomyctumbix omeparopos G, aefictByer Ha mapsr [lypa ciremy-
M 0Opa3om
T(A,W) = (TAT ', TW),T € G,



Oupenenenne 16. apw [Hypa (A, W) u (A", W') naswsearomea uzomopgh-
HULMU, ecau cyuecmeyem donycmumul onepamop T € G, maxot, wmo

T(AW) = (A" W)

Teopema 6. ([18, Th.5.6, Cor.5.7]) Cywecmesyem 63aummnoodnosnaunoe co-
0MBETNCEUE MENHCIY KAAGCCAMU IKEUBANEHIMHOCTIU KOMMYMAMUSHOLE INAUN-
MuUYeckuT anrzelp parza r u kaaccamu usomopdrox nap Llypa panea r

,ﬂonaa’ameﬂbcmeo. 9TO COOTBETCBHE MOZKHO IIOCTPOUTDH KOHCTPYKTHUBHO
B— (AW),A=S"'BSW =p(S7'D) =S"'W,

rjae S - omepatop u3 TeopeMsl [lypa.
B obparnyio cropony:

(A,W) — B=SAS™' W = S~ 'W,

rae S OTHO3HAYHO olpejiesercs Teopemoit Cato ]

4 T'eomerpuydeckue JaHHbIE

Onpenenenne 17. [eomempuueckue danHvle paHaa T — MO HAOOP
(C. P, F.p,9),

2de

o U — npoexmueHas Kpusas Had nosem k rapaxmepucmury HoAb.

o P c C — neocobas mouxa.

p:Oc — k[[2] — usomopdusm aoxanvros k-arzebp.
o F — Kozepenmuuil ny4ox 6e3 Kpyuenua panaa 1.
e o F — @%’” — UBOMOPPUIM NYUKOS @c—MO(?y,/Leil.

Herpyano BBecTH nonsTHE M3MOPGMU3MA MEOMETPHUECKUX JAHHBIX (CM.
|19]). ImeeT mecTo craemyiomee yTBEPIKICHUE:

Teopema 7. ([18, Th.53.7]) Cywecmeyem 63aumro-001o31auHOE COOMBEM-
cmeue mexncdy Kaaccamu usomopdrox nap Ilypa parea v u Kaaccamu uszo-
MODPHYT 20MEMPUNECKUT OGHHOLT DAHEA, T
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DTO COOTBETCTBHE MOXKHO 33/aTh KOHCTPYKTHBHO (cM. [19] mwin [2]). U3
pe3yabTaToB paborhl [2] ciepyer, aTo s Jio6oro mydka 6e3 KpydeHHs Ha
palMoOHAJIBHONU KpuBOH HaJ moseMm (Q cylmecTByeT TpUBHAJIH3AIMS ¢, TaKas
9TO cooTBeTcTBYIOMasa napa Illypa Oymer ompemenena Toxe Haa moixeMm Q.
Bosiee Toro, panr mpocrpaHcTBa B 9TOM cjiaydae Oyier paseH 1. 9To 1m03-
BOJIFET PEATH30BAThH aJTOPUTM MOCTPOCHUST KOMMYTHPYIOIIUX OIEPATOPOB €
panuoHanbHbIME KO3 dunmenTamu (M. HuKe pasgen 6). OTmernm, 9To Bee
TPUBHAJIH3AINY ¢ OTIHIAIOTCA JIPYT OT JApyra Ha aBTOMOPMU3M MPOCTPAH-
crBa k[[z]]%", sagaBaembiii MmaTpurneii w3 rpynmnsr GL(r, k[[2]]).

B pabore |2] Takzxke OblLIH ONUCAHBI BCe MyYKH 0€3 KPyUYeHHs] paHTa 2 Ha
pannoHAJBHBIX KPUBBIX pojga 1 (T.e. Ha KPHUBBHIX, 3a/aBA€MbIX yDaBHEHHEM
2y? — 4x® — goa2? — g32° = 0 B P?, rje auckpumunant gi -+ 27g2 = 0), n
Halienbl apsl 1llypa 11 HEKOTOPBIX TPUBUAIU3AIMI, YIIOMSHYTBIE BBIIIE.
OTH TpUMePHl MOCTYKIIH B KAYeCTBE TECTOBBIX MPUMEPOB JJIs TPOBEPKH
paboThl IPOTPAMM.

5 Boccranosienue JIPOOHO-PAIMOHAJILHOM
dbynkmnunu no ee paay Teiijgopa

[TocTamoBka 3amaun

3ech u Jaee paccMaTpPUBAIOTCS Psibl Teitytopa Hajd TOJeM  paru-
OHAJIBHBIX 4Hces. llycThb umMeeTcs aJropuTM MO3BOJLAIONIMI BBHIYUCIATD
CKOJIb YTOJHO MHOTO 4ieHOB psgiaa Teitmopa HeKoil paruoHaabHON (DYyHKIHH
P(z)/Q(x),deg P,deg Q < c¢,c = const. Tpebyercsa naiitu K03bDhUITHEHTEI
muorowienos P(z), Q(z)

Onpenenenune 18. Hasosem psad w obpammvim 1, eciu w -1 = 1
Jlemma 2. Jlaa aobozo pada r,rg # 0 cywecmseyem obpammoii.

Hoxazamenvcmeo. IlocTpoum TpebyeMblit psi

U)o:l/?“o

i—1
w; = —1/7”0 E wj . Ti—j
Jj=0

Jokaxkem 910 7 - w = 1 MycTh 7 - w = u TOTJAA Uy = Wg - g = 1

—_

) i—
U; = Z(wj-ri_j) = <UJj -ri_j)—kwi-ro =0
Jj=0 J

Il
o



JlanHast KOHCTPYKIMS JIaeT HAM aJTOPUTM JIJIs MOCTPOEHUsT 0OPATHOTO Psiia
C 33JJaHHOII TOYHOCTBIO.

]

[Tycth umeercsa dpyukiug F, paznoxumas B paj Teiyiopa B Touke x = (.
Byzsem roBoputh uTO parmoHasibHas apobb R = P/Q,qy # 0 npubiuxaer
33 IAHHYI0 (DYHKIHIO ¢ TOYHOCTBHIO n, ecau psan Teitnopa dpyukmum F — R
HAUYMHAETCA C 4JIeHa CTeleHu OOJIbIe N

Teopema 8. I[Iycmb umeemcs dee payuonasvhue dpobu R = P/Q u R =
P'/Q" maxue, wmo deg P,deg Q,deg P',deg Q' < n u onu npubausicarom F
¢ mounocmuio 2n. Toeda R = R’

Loxazameavemso. Ilycrs R # R

_ /_P'Q/_P/'Q
R-R = —Fot7#0
P-Q—-P-Q+#0

deg(P-Q — P -Q) <2n

Torma gucauTeb JeJUTCA HA © B cTelleHH He 6osee dem 2n. Torma B pasiio-
kenne R — R B pan Teitaopa Haunnaercs ¢ wieHa creneHu He 6oee deM 2n.
Ho, no-ckonbKy psaapl dyukuuii R, R u F' coBnagaior no kpaiineii Mmepe B
HEPBBIX 2N YeHaX, psil, npejacrapiasionmii R — R’ nojzken jJeaurcsa Ha T B
cTenieHHu He MeHee 4eM 2n + 1. [IpoTuBopeune ]

Jlemma 3 (Caencreue). /Ias mozo wmobwv, natimu kosdduyuermo payu-
onasvrot dpobu P/Q,deg P,deg @ < n docmamouno 63amov 2n uienos ee
pada Tetinopa.

[Tyctb umeercst panmonanbhas Gyukius R = P(z)/Q(x), gy # 0,deg P <
n,deg Q) < m u ee pax Teitnopa r;.

Ecit m > n u g # 0, Berancanm oGpaTHBIT pag ™1 w CBesieM 3a1a9y K
BoccTanoBIeHmo Apobu R = Q(z)/P(z). Vcxoamas Apo6b BEHMHECIACTC KaK
1/R

Eciu m < n wiu rg =0,
R=(R—r)/z,deg P <n—1,degQ <m

3a/aua CBOANTCS K HAXOAKIEHHIO Apobu R. R = R - x + 7o.
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6 Omnumcanme ajJropurMa

Anroput™ coctout u3 JAByx udacteil. B mepsoit yactu, onucanuoii B [2|, mo
3ajianHbiM reomerpudeckum ganabiv (C) P, F, p, ¢) paura r Haj nojem Q,
rae C' — panmonajabHasg Kpusas, crpoutcs napa Illypa (A, W). IIpocrpan-
¢TBO A — 3TO HOJKOJBIIO KOJIBI[A MHOIOWIEHOB OT OJHON I€peMeHHOil, u
OHO MOKeT OBITH 3aJaHO KaK Hogaaredpa KOHEUHBIM YHCJIOM 00Pa3YIOIIHX.
[IpocTtpancrBo W 6eckoHEYHOMEPHO, TIOITOMY IepBas YacTh aJTOPUTMa Ha
BBIXOJIE BBIJIAET JI000E HAlepes 3aJaHHOe YUCI0 00pa3yIoNuxX 3TOr0 IIPO-
cTpaHcTBa (TOYHEe, MePBbIe JIeMeHTHI moiycTumMoro Gasuca). Ilpn 3ToM Ko-
JITIECTBO OTepaInii, HeOOXOAMMBIX JIJIs POy IIMPOBAHNS N 3JIeMEHTOB Oa3u-
ca, JuHeitno 1o n. Eime u3BecTHO, 9TO JJIsd HEKOTOPBIX TPUBUAJIU3AIMI Bce
K03 PUIIMEHTH CONPSATAIONIero omeparopa S, a TakxkKe Bce K0IDOUITUEHTHI
KOMMYTHUPYIOIIUX OLHEPATOPOB — PallMOHAJIbHbIE (DYHKIIUH.

Bropas yacTb ajnropuTMa — HOCTPOEHHE KOMMYTHPYIOIIUX OIEPATOPOB
mo mape [lypa. DT0 MOXKHO CIeIaTh, UCIOIB3YS CAEAYIONee cOOOparKeHne:
eCJIM H3BECTHO JI0CTATOYHO OOJIBIIOE KOJIUIeCTBO KOADMDUIIMEeHTOB omepaTopa
S (paBHOE cTemeHH oepaTopa, KOTOPbBIi Mbl WIIEM, WIH, 9TO AHAJIOTHYHO,
MOPSAJIKY JEMEeHTa B KOJIbIe A), TO UCKOMBIN ONEpaTop MOKHO HANWTH MO

dopmy.te

(SaS™")+ (2)
rjie a € A — IPOU3BOJIBHBII 9JIEMEHT, WK C MIOMOIIBIO PEIIeHUsT Y PABHEHHSI
P = ay,

rje P — uckoMblii oneparop, a v = S(exp(zz~1)) — dyuknusg, nostyyaomnia-
dca nmpuMeHeHneM onepatopa S k skcnonenre (exp(zz~!)).

Takum 06pazoM, 3a7a9a CBOTUTCS K TOMY, YTOOBI HAUTH JOCTATOYHOE KO-
JimaecTBO Ko duimenTon omneparopa S. s 3Toro ucnosb3yercs reopema
Caro. Ee mokazaresbCcTBO KOHCTPYKTHBHO, W MOTOMY MOYKET OBITH 3aIpPO-
rpaMMmupoBaHo. [Ipy 3TOM Ha BXOje ajgropuTMa 3aaeTcsd HEKOTOPOe KOJIU-
YeCTBO MEePBLIX OA3WCHBIX 3JeMeHTOB mpocTpaHcTBa W, a Ha BBIXOJ/E BBIBO-
narcsa KoadduiuenTsl panop Teitnopa nmepBeix Ko3hOUIEEHTOB oIepaTopa
S. KosmaecTBo BEIBOIUMBIX KOI(MD(DUIIMEHTOB 3aBUCUT OT KOJUIECTBA Da3uc-
HBIX 371eMEHTOB Ha Bxoje. CI0KHOCTD 3TOTO aJATOPUTMAa OMSTh JTHHEHAs.

Ecnun w3BectHO, 4uTO KO3 duImeHTs omeparopa S — paluOHAJbHBIE
(GYHKIINN, TO MOYXKHO HCIOJIB30BATH AJITOPUTM BOCCTAHOBJIEHHS PAIMOHATh-
Hoit bynknum 1o ee psay Teittopa.

AJlropuT™M OCTAaHABJIMBAECTCS TOL/A, KOLJA IMOJydeHHbie 10 dopmyste (2)
OTEePaTOPbI C PAIUOHAILHBIME KOI(MDMUITHEHTAMI KOMMYTUPYIOT. BaykHo, 9T0
IpOBepKa KOMMYTHPOBaHHS JBYX ONEPATOPOB — TOYHOE (He 3aBUCsIIee OT
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TOYHOCTH KOMITBIOTEDHBIX BHIYHCICHHUIT) BBITUCICHNE, TaK KaK MOJIe OTpe/ie-
sgerus — Q.

7 OmnwmcaHme makeTa IIPOrpaMm

Jna paborsl ¢ 1nceBaoauddepeHIuaIbHBIME OlIepaTOpaMyu B 3TOi padoTte
HamucaHa oubanoreka C+-+, peanusyonasg HEKOTOPble OCHOBHBIE OTIePAITIH.

YMHOZKEHHAE
CJIOZKCHUE

BbIYHC/IEHIE apU(DMETHIECKOr0 KOPHS SJUIMIITHIECKOr0 oneparopa (pe-
menne ypasuenus L" = P)

BBIYHCJICHIE OOPATHOIO OIEpaTopa (g OIePaTOpPOB CO CTAPIIHM MO-
HOMOM O")

BBIUHC/ICHNE CONPATAIONIEro OepaTopa s JUIHITHYECKAX ONePaTo-
pos (perenue ypasuenus S - 9" - S~! = P)

BOCCTAHOBJIEHHE ONEPATopa Mo mpocTpancTBy (Teopema Cato)

BOCCTaHOBJIEHIE JIPOOHO-PaAIMOHAJIbHON DyHKIHN 110 P Teittopa

Teopema Caro mo3BoJIsIET BOCCTAHOBATH ONEPATOP ¢ KO DUIueHTamm
B BHIE DAJ0B (C 3ajanHHOil TOYHOCTHIO). [laHHAs mporeypa HyKHA
9TOOBI BOCCTAaHOBHUTHL olleparop ¢ KodddunueHramMu B Buje JIPOOHO-
PAIMOHAJIBHBIX (DYHKIIHIA.

Bce Borancaenusa HUCIIOJIB3YIOT ITaKeT TOYHbLIX PAallMOHAJIBHBIX YHCEJI, IT10-

9TOMY JTII0OBIE PE3YyJbTaThl ABJAOTCA abCOJIIOTHO TOYHBIMH U He HY2KJar0TCdA
B OIl€HKEe IIOI'PEIIHOCTH.

7.1

IIceBpomud pepennmanbHbIe OIepaToOpPHI.
DPolynom.cpp, DPolynom.h

JLng npejcrasienus ncesnoaud@epeHnuaibHbIX OlepaTOPOB UCIOAb3YETCs
mabounbrii kiaacc DPolynom<T>. IMlabnon T npejgcraBiager Tun JaHHBIX,
UCIOIb3yeMblil B KadecTBe Ko3pduimenTon. [IpeycmoTpeno ucmo/ib30Banme
MHOTOYJIEHOB, PsAoB Teilsiopa W panuoHAJbHBIX (DYHKIW, peaJn30BAHHBIX
COOTBETCBYIOIIMMU K1accaMu. /laee mpuBeeHbl 3ar0JIOBKH U OMMUCAHUE TTe-
HOB U MeToJI0B KJjacca. [lceBioauddepeninaibublii onepaTrop XpaHuTcs B
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BHJIE MAaCCUBa KOI(PDUIMEHTOB MOHOMOB CO CTEIEHW N 1O cTernedb m. Mo-
HOMBI CTEIleHW O W MJIQJIIe MBI CUHTaeM HeW3BeCTHBIMHU. Ecium omepartop
IpeJicTaBlIeH TOYHO O = n + 1. DTO MO3BOJIAET PeaTn30BbIBATh Kak JAud-
depeHIUATBHBIE ONEPATOPHI, TaK U MceBaoAuMGEepeHITnATbHBIE OTIePATOPHI,
HE UMEIOIHe KOHETHOrO SBHOTO TPEJCTAB/ICHUI.

template <typename T >
class DPolynom

{

private:

public:

int n;

int m;

int o;

T* a; //Maccus xoapuyuernmos

DPolynom(const T& b); //konempyrmop, cozdarousud onepamop nyaeeot

cmenenu ¢ 3adanmnvim Kospdhuruermom b

HO

// Cnooicenue, ymuootcenue, uHumanue, YHapHoitl Munyc
DPolynom operator+ (const DPolynomé&) const;

DPolynom operator- (const DPolynom&) const;

DPolynom operator® (const DPolynomé&) const;

DPolynom operator- () const;

static DPolynom D(); //Cosdaem onepamop O

static DPolynom D(int); Cosdaem onepamop O™

/[ lanee, apeymenm - cmenerns MOHOMA ¢ MOYHOCMBI0 00 KOMOopot Hyotc-
NPOUZGECTNU, BOIUUCAEHUE

DPolynom sopr(int) const; //Buwuucaerue conpazaouwezo onepamopa
DPolynom obr(int) const; //Buuucaerue obpammozo onepamopa
DPolynom sqr(int) const; //Buouucaenue kopria

b

7.2  Ywmuoxenune(DPolynom.cpp)

for (int i = n; i >= m;i-)

for (int j = b.n; j >= b.m; j-) {

big_int Cni = 1; // 6unomuaavrud kospduyuenm

big int ir = 0;

dBj = blj|; //dBj - dunamuuecku sunucasemas npouseoonas kosdhduu-

enma b;
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for (int p =1+ j;p >= cm; p-) {

¢lp] = clp] + ((*this)[i] * dBj) *(Cni); // ¢ - pesyavmamupyrowsuti one-
pamop

if (p > c.m) dBj = dBj.d(); //dunamuueckoe swvucaenue npouseoonol

Cni *= (i-ir);
I
Cni /= ir;

}
}

[pu ymuoxkenwnun 1110

an O™ + ap, 10+ L+ @, 0™+

b, 0" + by, 1027+ 4 b,,0™2 +

C102KHOCTH aJITOPUTMA

KOJIMYECTBO MUKJIOB: (ny —my + 1) * (ng — my + 1) x (ng + ngy — min(ny +
ma,ny +my))/2 = O(n®) rje n - KOJIMYECTBO 4JIEHOB B PE3YJLTUDYIOIIEM
omeparTope

BHyTpI/I IUKJIa AUHAMWUYECKU CUYUTAIOTCA TMPOU3BOJHLIE U 6I/IHOMI/IaJIb—
ubie KoddduimenTsl. CJI02KHOCTD OJIHOIO IUKJIA ONPEIe/IaeTcs YMHOMKEHUEM
IBYX K0dduiumentos u auddepeHimpoBanueM Koy puimeHTa.

7.3 W3Bneuenne kopusi(DPolynom.cpp)

Bynem pemats ypaBaerue L™ = P, rje n - mopsaoK oneparopa P
[Ipenmonaraem uro Pln| = 1
[Iycts nam uzBectunl koddpdurumentsr ¢ 1 no j+1 oneparopa P;
L; - oneparop, xoaddunmentsr KoToporo ¢ 1 mo j+1 copmamaror ¢ Koag-
durumentamu L;
p=L

COCTABUM ypaBHeHHue Ha j-it Koy duimenT omneparopa L
(Lj + L[j]o))* = (0 + L[0] + L[-1]0" ' + ... + L[j + J&" ™ + L[j]o")" = P

Pln+j—1] = Pjjn+j— 1]+ nL[j]
Lijl=(Pln+j—1] = Pjn+j—1])/n

Takum obpazom, KOIIDUIHEHTH onepaTopa L MOXKHO BBIYUC/IATD ITOC/IEI0-
BaTeabHO. Ko/, peann3yomuii n3BjedeHne KOPHS:

for (int m = 1; m >= accuracy; m—) {

Llm| = T::id _add();

DPolynom<T> Pj(L);
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for (inti=1;i < n;it++) Pj=Pj * L;

T k;

k = ((*this)ln + m - 1] - Pjjn 4+ m - 1]);

if(m<1)k =k /mn

Lim] = k;

}

ChnoxuocTh anroput™a: [lpu BelYHCIeHIN KaxK10T0 KO3DDUIUEeHTa ome-
paTopa L Hy?KHO BO3BECTH B -I0 CTelleHb L; , IpOU3BECTH BbIIUTaHUe KO-
durmentos. Ecim MBI cuuTaeM ¢ TOYHOCTBIO 0 - M -TO WIEHA KOJIUIECTBO
ymuozxenuit O(m *n) Cnoxknocrs ymuoxenus O(m?) Uroro O(n *m*) upo-
u3BAeHuil u guddepennupoBannii K0O3hHPUITUEHTOB.

7.4 Beruucaenue obparHoro oreparopa(DPolynom.cpp)

[IycTs crapmmit MOHOM S cTeleHr HOJIb U paBeH ejunuie. Vjes ajiropurva
Ta ¥Ke, 9TO U B MPEJbIIyIIeM pa3jesie. Bygem pernars ypaBHEHUE

S1S=1

Ilyers S; 1 _ omeparop, xKoabdumenTsr KoTOporo 10 j+1 coBmagaor ¢
ko duryentamu S

CocrasuMm ypasHenue Ha jit Kosdpdpunuent S

(S + 571 507) - S =1

Sj] = (851 S)l]

Byznem moc/egoBaTe/ IbHO BBLIYUCIATL KO3(MpUImenTsl oneparopa S—!

for (int k= -1; k>= accuracy; k) {

S[k] — (*this) K

S1[k] = T:id_add();

S1[k] = -(S1 * S)[k];

1

JL1g BBIMHCIEHUS KaXKJIOr0 CJIeAyoNero koddgduimenrta, Tpedyercs Bbi-
IOJIHUTH OJIHO yMHOKeHHe. DTo jaer caoxknocth O(n') rie n - KoauvecTso
WIEHOB UCXO/IHOTO OIEPATOpA.

7.5 Bpluucienue COMPSATAIONIETO orieparTo-
pa(DPolynom.cpp)

Kak u B npejpaymux ciydasix, OyaeM BolYuC/IsiTh KOIMDOUIueHTo S mocie-

JoBarebuo. Beegem BcrioMorareibHbIH oneparop Sy

Koadpdunmentsr OyaeM BBIYHCAATH MO PEKYPEHTHLIM COOTHOIIEHUAM

S[0]=1, S,[0] =0
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STk + 1) = —(S7L9)[k + 1]

S [k] = LIk — (S~1S,)[K]

SIk] = J S.lK]

J11s1 BBIMHCIEHUS KazKJI0r0 CJIeayolero koddgduinenTa, TpedyeTcs BbI-
IOJIHUTH J[Ba yMHOMKeHUs. 1o gaer caoknocts O(nt) rie n - xoamvecTso
YJIEHOB MCXOJTHOTO OIEPATOPa.

7.6 BoccraHoBiieHne APOOHO-pPANOHAJBHON (DYyHKITNN

Pan Teitnopa OyjieM XpaHuTh B BUJie PAIMOHAIBHON JAPOOU 7', 3TO MO3BOJILET
BBIYHCIATH 00paTHBIil psijt 3a Bpemst O(1) a BoranTarh KoHcranty 3a O(n) n
neauth Ha X 3a O(1). st BBIYUCAEHUS T'g HY2KHO MPOCTO Pa3/IeTUTh HYJIeBO
YIeH YUCUTE Is] HA HyJIeBO# WjleH 3HaMeHaTesd. 3aBeleM JBa IVIOOAIbHBIX
MAacCUBa - KO3(MDUITHEHTOB YUCIUTE I U 3HAMEHATE s, /1 BEIUYUCIeHu 00-
paTHOil npobu mju Jie/IeHus] Ha X, JOCTATOYHO MPOCTO CABHHYTH yKa3aTe-
JIM Hadaa MaccuBa. J1g BBIYUTAHWSA KOHCTAHTHI MCIOJIb3YeTCs TPOIELYPa
minus_c(rational< >) koropas Ha BXOJ MOJIy9aeT YHCJI0, KOTOPOE HYKHO
BBIYECTh M3 JIPOOHO-PANMOHAJIBHON (DYHKIIMH, HMPEICTABJISIONICH HCXOIHbIH
pan Teitnopa.

Caenaem pekypeusayio dynknuio MakeRat(int k), koropas na Bxos mo-
JIy9aeT OJUH mapaMerp - k =n—m, rae h u m - OIeHKH KOJUIeCTBa, 1IEHOB
YUC/IUTEIS U 3HAMEHATEJI UCKOMOM JIPOOHO-PAITMOHAIBHON (DYHKITUN.

Ecmu k < 0 u rg # 0, BeIaucIuM 00paTHyo IpOOHO-PAIHOHATBHY IO (DyHK-
mEio 71 W cBeJeM 3ajady K BOCCTaHOBIeHHIO apobu R = Q(x)/P(x). Uc-
XojHas Apobb Beraucisercs kak 1/R

Ecmu 0 < k wau rg = 0,

R=(R—r)/z,deg P <n—1,degQ <m

3a/aua CBOANTCS K HAXOZAKIEHUIO Apobu R. R = R - x + 7.
HcnomageMbIit KO
RatFunc MakeRat(int k)
if (n < 1)
return RatFunc(rational< >(rn[0]) / rational< >(rd|[0]));
RatFunc res;
rational< > tmp;
Polynom<big int> x(1);

x[1] = 1;
if (rn[0] == 0){
m — Coml))
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res = MakeRat(k-1);

res — res * x;

}

else {

if (k >=0) {

tmp = rational< >(rn|[0]) / rational< > (rd[0]);

minus_c(tmp);

res = (MakeRat(k) + RatFunc(tmp.numerator())) /
RatFunc(tmp.denominator());

if (k<0) {
SW — rn;
m = rd;
rd = sw;

res = MakeRat(-k);

res = RatFunc:id _mult() / res;

return res;

[lycts  cTemenn wmcanTeNss ¥ 3HAMEHATEIs HCKOMOH  JPOOHO-
panmoHanabHOil dyHKIUM He Oosee yem n. Torma wam morpebyercs: He
Gosee wem 2n Bbrumrtanmil. Kazkioe BeluuTanme paboraer JIMHEHHOE 10 1
spems. CozkrOCTH anropurma mostydaercsa O(n?)

8 IIpumepsnl

[IycTh cnekTpaabHas Kpubasg C' — pamnuoHanbHag Kpubad 24> — 25 = 0 B
P? ¢ ommoit ocobennocThio B Hysae B Buje "kacmatouka P = (0 : 1 : 0).
Jagrakoit kpuBoii B [2] Gbiin Beranciaensr Bee npejacrapuresn map [lypa
JITs. BCeX BO3MOYKHBIX IMYYKOB Oe3 KpydeHHsd panra 2. Bce Takme mydkn sB-
JA0TCs TUO0 Pa3IOKUMBIMU, T.e. IPIMBIMA CYMMAaMH JBYX IIYYKOB DaHTa
1, mubo HepazmoKUMBIME. B mocaeaHeM caydae ecTh ABa OJHOIapaMeTpude-
CKHUX CeMefiCTBa Iy YKOB-CeYeHUH BEKTOPHBIX PACCIOeHHH (ceMeiicTBO ATbu 1
JOMOJTHUTEJILHOE ceMeﬁCTBo), ¥ OINH BBLIJCJICHHLIN HE JIOKAJHHO CBOOOIHBIMN
IIYYOK.

Ilpumep 1. IIpumep pabomu. arzopumma

e Broduvie dannvie (MaAmMpuya npocmaHcmea 0ai NYwKa u3 00NOAHU-
MeAvHo20 cemeticmea):
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00010 0 0 O
00100 —40 -2
01000 0 0 O
10000 2 0 1

Pane napw Hlypa - 2.

Conpaearowut onepamop 6 sude pados, 6OCCMAHOBACHBIT NO Meopeme
Camo

1+ o(z?h)

071 : 10/11907z19 — 1216/51032'® + 4006/243x7 + 17/47628216 —
256/17012'5 + 1024/81z™ + 1/90722' — 52/56722 + 256272 —
10/1892° + 64/92% — 1/362° 4+ 16/3z° + 422 + o(2*°)

972 © —100424/357212' + 13141/31752¢'7 — 28648/17012'° —
100397/47628x°+160/567x'* — 796 /632 '3 —14339/9072x'2 +4 /21211 —
3583 /378210 — 32/2749 4 8/632® — 64/927 — 8925 + 1/124° — 1632 —
2/3x3 — 42t + o(2'?)

03 : 14342/17012'7 — 50173/952562'6 — /1892 + 1195/1892™ —
32/812'% — 4/1892'2 + 7169/15122" — 8/272'0 — 1/1262° + 32/92° —
2/927 + 8/32° — 1/62* + 22 + o(x'8)

0~ —14342/17012'¢ + 50173/952562 + 8/189x'* — 1195/189x13 +
32/812'2 + 4/189z" — 7169/15122'0 + 8/272° + 1/1262° — 32/927 +
2/92% — 8/3x* +1/62% — 22" + o(2'7) +O(077)

Conpazarowutd onepamop ¢ koapduyuenmamy, 6 eude PayuUOHAALHBLEL
dpobeti

—72541008z2 9—1 2125 —16823—1008z 9—2 —4224450422 -3
L+ x7—336m3+2528 + 7 —336x3+252 0 + x7—336x3+2528 +
4223 —504z o4

z7—336x3+252

Coomeememeyouue KOMMYMUPYOULUE ONEPAMOPbL CAUWKOM 2POMO30KU,
NOIMOMY Mbl UL 30€CH He NPUBOIUM.

ITpumep 2. Ilpocmpancmeo W daa odnozo npedcmasumenrs cemeticmsa
Amou evieasdum max:

W=(-1+z—22 2 +1+2222273..).
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Conpazarowui onepamop:

a2+ 3 L 622 +12

§=1-4—2 T2 L
4+ 122 + 12 x4 + 122 + 12

Kommymupyrowue onepamopoi:

2% — 1223 — 3622 + 36

62
(z* + 122 4 12)2

Py =0"—16

+32x9 + 627 — 5425 — 1442° + 90x* — 28823 + 21622 + 648x + 648a
(a1 1 122 + 12)°

S5a'? — 602 + 7082° + 16922° — 86427 — 504025

(x4 + 122 + 12)4

—112322° — 194402* — 86402 — 259202 — 25920
(x* 4 122 4+ 12)*
2% — 1223 — 3622 + 36 _,
(x4 + 122 4 12)?
+96x9 + 327 — 5425 — 14425 + 452* + 25223 + 21622 + 540z + 540 Pt
(x* 4 122 + 12)3

3x12 + 60210 — 11402° — 310028 + 86427 + 10800x° + 246722° + 37488z*+

+8

Py =0°%—24

—36

155522% — 921622 + 282241 + 37440
(z* + 122 + 12)4

1 — 64213 + 1047212 + 3188z — 720210 — 2192427 — 688682° — 9153627+

62

—144

993625 + 13564825 + 106128z + 9446423 + 708482 — 1710722 — 188352
(x* 4+ 122 + 12)°

7z'8 — 238210 + 316825 + 112002 — 105623 — 13164022 — 4940162 —

0

+72

639264210 + 4968002 + 25758082 + 400896027 + 3489408x° + 2142722°—

40608002 — 288921623 — 72576022 — 42716162 — 3815424
(z* + 122 + 12)0
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IMpumep 3. Ilpocmparcmeo W das swidesernozo nyuka bes KpyueHus 6vi-
aaadum max:

-1 -2 -3, .2 4 5
W= {(1,2"" 2"z +2,2",27°,...).
Conpazarowuti onepamop:

i ot +5 z

S=1-5
x® + 30 x® 4+ 30

72,

Kommymupyrowue onepamopoi:

3(25 — 120 2725 — 90 3210 _ 14545 + 450
27— 120) o 300 (72 ) 5418000737 T+ 450)

Py =8"—20 =
* (25 4 30)2 (® + 30)3 (25 4 30)*

3(2® — 120)84 N 60x2(x10 —10652° + 12150
(2 + 30)? (° + 30)?
2 (59210 — 253525 + 5850
(2% + 30)4
128215 — 137552 + 14535025 — 54000
18000 0
(a5 + 30)5 *
244921 — 105152 4 28305025 — 972000)
(x5 4 30)6

Ps = 95— 30 P+

9000 9*—

90000
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