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AnnoTamus

B pabore paccMaTpuBaOTCI KOMNAEKCHBLE 20MUALMOH06VE cucmemb, Ha C X
(C\ {0}) co crammapTHOil cumnaexmuueckots cmpyrxmypol we = dz A dw u
pynwxyuet Tamusvmona f = az*+ Py(w) + Qm(1/w), tne P, u Q,, — MHOTO-
yjiennl cremerneil n > 0 u m > 0 coorBercrBeHHO. Takoll raMUALTOHUAH Ha-
3BIBAETCS 2UNEPIANUNINUNECKUM AOPAHOBCKUM 20MUADIMOHUGHOM CMeENeH
(m,n). V3y4yens HekoTOpbie Bompochl C-sunpamasemocmu WHTEIPATBLHBIX
TpaeKTOpHii BeKTOPHBIX roJieit sgrade f. Ioaydena kinaccudukaiius, ¢ TOIHO-
CTBIO JIO 206MUAbMON060T dK6uUsarernmuocmu, C-raMuIBTOHOBBIX CHCTEM, 3a-
JIABAEMbBIX TUHEPIJLITHIITHICCKUM JIOPAHOBCKUM T'aMUJIBTOHUAHOM CIEIHA/Ib-
noro Buga: f = az?+b/w+cw"+d, n = 0,1,2. Ycranasiupaercs, Kax TOIO-
JIOTHYECKN YCTPOEHBI (DAKTOPIPOCTPAHCTRA, MOy YeHHBIE OTOXK, IeCTBICHUEM
9KBUBAJIEHTHBIX CHCTEM, B KazKJIOM U3 PACCMOTpPEHHBIX Kiaaccos (n = 0, 1,2).
Takzke B paboTe yCTAHOBJIEHO, YeMy TOMEOMOPMEH Oudyprayuortvill KoM-
naekc Tpon3BoabHOM C-raMIIbTOHOBOM CHCTEMBI, 33 JaHHON THIEPILIAITH-
YECKUM JIOPAHOBCKUM TaMUJBTOHHAHOM U IMOJIYYEHA NOAYAOKAALHAA KAGC-
cupurayus 6osee obmero kaacca C-raMuIBTOHOBBIX CHCTEM, 3aIaHHBIX Ta-
musbronnanoM f = az? + R(w), rae R — panuonaibHag QyHKIMA.

Kamouesnie ciosa

Cumnaexkmuveckas cmpykmype, 2aMUADIMOHOBE CUCTEMG, 2GMUADIMOHOBH
IKBUBANEHMHOCTD, TONOA0RUYECKAA IKEUBAAEHMHOCTb, OUPYDKAUUOHHBLT
komnaexc, C-8bnpamisemocms 8eKMOPHO20 NOAA.
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1. BBeaenne

1.1. TlpeaBapuTenbHBIE 3aMeYaAHUS

HumioMuast paboTa MOCBSIIEHA PEITeHUIO PsJia 33189 B TEOPHH MaMHJIBTOHO-
BBIX CUCTEM, KOTOPbIE BO3HUKAIOT B CBs131 ¢ 1POO/IeMOii ux kjaccudukanuu (¢
TOYHOCTBIO JI0 HEKOTOPOTO OTHOIIEHUSI SKBUBAJIEHTHOCTH). B KadecTBe 00b-
€KTa, Halllero HCCJIeI0BaHust OY/IeT BHICTYATH KJIACC KOMILIEKCHBIX TAMUIBTO-
HOBBIX cHCTeM, 3aaHHbX B C? r010MOPGHBIM FraMIIBTOHAAHOM f CIIeIHATb-
noro Buna: f = az’*+R(w), rae a € C\{0}, R(w) — paunonanbras pyHKIus
mepeMeHHol w (T.e. OTHOIIEHNE JBYX MHOTOWIEHOB). 3/1€Ch T KOMNAEKCHOT
eamurvmonosoli cucmemots (nnn C-zamunrvmonosots cucmemots) (em. [8]) mbr
nonumaeM Tpoiiky (Me,we, f), tie Mg = MZY — mMuoroobpasne KOMILIEKC-
HOl pasmeprocTd 2N, we — 3aMKHyTasi HEBBIPOXKIEHHas rojoMopdHas 2-
dopma Ha 3ToM Muoroobpasuu, a f: Mc — C — rosomopduas pyHkmus,
Ha3bIBaeMas 2amusbmonuatom. B ciydae, korga f = az? + R(w), raMuiIbTO-
HuaH f Oy/eT Ha3bIBATHCA (2UNEPIAAUNMUYECKUM) PAUUOHAALHBIM 2AMUND-
monuanom. B 6oee wactaom ciayuae f = az® + P,(w) + Qu(1/w), rae P, n
@, — MHOTOWIEeHB! cTeneneit n > 0 w m > 0, ramMuabToHUAH [ OyAeT Ha3bl-
BATBCSL (2UNEPAAAUNTNUMECKUM) AOPAHOBCKUM 2AMUADTMOHUGHOM (Cmener
(m,n)). B oboux ciydasix B KAUECTBE CUMNACKMUNECKO20 MHO2000pasus Mc
oyzner pacemarpuarbest C x (C\ {dy,...,dn}), vae dy, ..., dp, m > 0, —
nostoca GyHKIUA R(w), O CTAHIAPTHON KOMNAEKCHOU CUMNAEKMUYECKOT]
cmpykmypoti we = dz N dw.

InTepec K KOMILIEKCHBIM FaMIJIBTOHOBLIM cucTeMaMm B C? obmiero Buia
BOBHHK B CBA3U CO CaeaylomuM 3amedanneM. Pacemorpum B C? = C?(z,w)
orkpbiToe 1HOJMHOKeCTBO U u acconuuposaunyto ¢ (U, dz A dw, f = f(z,w))
sewecmeennyto 2amusvmonosy cucmemy (U, Re(dz A dw), H = Ref). Oxa-
3BIBAETCS, YTO BEIECTBEHHAs cucrema (B CIydae, Korga rosoMopdHast GyHK-
nust f # const) wHTErpupyema ¢ JIONOJHATESbHBIM IE€PBBIM HHTErPAIOM
F = Imf. dpyrumu ciooBamu, dyukiun F' u H GYyHKIHOHAJIHHO HE3aBH-
cumbl Ha U, ux ckobka [lyaccona {F,H} = wgr(sgradF,sgradH), T.e. 3ua-
genne (opmbl wg = Re(dz A dw) Ha nape raMHIBTOHOBBIX BEKTODHBIX I10-
neit sgradF = wg' (dF), sgradH = wg'(dH), paBHa Hy/TI0. TO BHITEKAeT
u3 ycugopuit Komm-Pumana mra dyuknuun f. I3 3TuX ycjaoBUil TakKe BbI-
Tekaer pasenctBo sgradH = sgradcf = (—fu, f.). 3amernm, aro, BoobIIe
TOBODsI, HAIIIA BEIECTBEHHAS TAMHUJIBTOHOBA CHCTEMA He OYIEeT 6NOAHE UHME-
epupyemoti no Juysuaito, Tak KaK ee MOTOKH MOT'YT OKa3aTbCS HenOAHbLMU
(BelecTBEHHBII TApaAMeTP HA WHTErPATBHBIX TPAEKTOPUSIX BEKTOPHOTO MO~
ag sgrad H MozeT OKa3aThCsl OUPEJIeTeHHbIM He Ha Bcell mpgamoii). Takum
06pa30M, K KOMILICKCHBIM TaMHJILTOHOBBIM cucTeMaM B C? HempumeHmMa



KJaccmaeckast Teopema JInysuasa. Bosaukaer 3amada, nocrapiaerHas A.T.
DomeHKO, 06 06001eHNT TeopeMbl JInyBuiLIg Ha caydail TAKAX CHCTEM.

HexkoTopsie cMerkibIe ¢ chOPMYTUPOBAHHOM BHITIE 3a/1a4eil BOIPOCH U3Y-
genbl B paborax [2-5] u [8] T.A. Jlenckum u E. A. Kynpsiuesoit. Onu pac-
cmarpusaiu C-ramuibronosst cucrembl suaa (C2 dzAdw, f), rae f = f(z,w)
— MHOTOYJIEH JIBYX MepeMeHHbIX. B [2,5] uccaenyercs ycjaoBue moaHOTH O~
TOKOB JIJisl TAKMX CHCTeM (¢ MHOTOUYJIEHOM |, HEBBIPOZK IEHHBIM OTHOCHTEIbHO
CBOEro MHOTOyToJIbHHKA HbIOTOHA), HaeTcst aHagor TeopeMbl Jluypusuisi. B
paborax [3,4] paccmarpuBaercs Gosee y3kuii Kiaace C-raMHIBTOHOBBIX CH-
CTeM: TAMUJIBTOHHAH [ MPEINOJIAraeTCs 2UNEPIAAUNMUYECKUM NOAUHOMU-
aavrvim, T.e. mvetomaM Bug f(z,w) = az* + P(w), a € C\ {0}, rae P(w) —
MHOTO4IEH. /lJish TAKUX CHCTEM HOJIyYeHbI Pe3YIbTaThl O TOMOJOTHN JIarPaH-
JKEBBIX CJIOCHHUH, JI0Ka3aHa KOMILIEKCHAs TeopeMa JInmyBuLis.

YromsiHeM Takzke paborsl [6,7,11,15,18|. B HUX U3y4YalOTCS BOMPOCHI TO-
[OJIOTUM HEOCOObIX CJI0EB CJIoeHUil JInyBUILIS MHTErPUPYEMbIX CHUCTEM U MX
CUMMeTpHUil.

OCHOBHBIMU DPe3yJIbTaTaMU JTUILIOMHON pabOThI SIBJSIIOTCS CJIE Ty IOIIIe
(ompejiesieHust CM. HUZKE):

1 Usyuenst HekoTopbie BONpochl C-BRIMPSIMISIEMOCTH HHTETPAJTBHBIX TPa-
eKTOPHil aHATUTUIECKUX BEKTOPHBIX MOJIeil Ha KOMILTIEKCHBIX MHOT'000-
pa3usx.

2 Tlomydena xaaccudnkammsa C-ramuabToHoBHIX cucteM B C2, 3a1anABIX
JIOPaHOBCKHM raMuIbTonuanoM f = az? +b/w +cw™ +d, ab # 0, n =
0,1,2, ¢ TOYHOCTBHIO /IO TAMUJIBTOHOBOM SKBUBAJIEHTHOCTH.

3 Ycranosjeno, demy romeoMopder OudypKaluOHHBIA KOMILIEKC s
npousBoibHoit C-ramunbToHOBOM cuctembl B C2, 3aaHHON raMu/IbTO-
mnanoMm f = az® + B,(w) + Q,(1/w), a € C\ {0}, n >0, m > 0.

4 Tlosyuena moaynokaabHas Kiaaccudukamus C-raMuIbTOHOBBIX CHCTEM
suga (C x (C\{dy,...,dn}),dz A dw, f) ¢ THOEPITUNITHICCKAM Da-
IIMOHAJILHBIM FAMUJIBTOHUAHOM f.

Bce ocHoBHBIE OIIpe ie/IeH s, HCIOIb3yeMble B HACTOsIIeH paboTe, MOKHO
Halitu B caexyiomeM naparpade uwin B §4.1 (§4.1 B gocTaTouHOl cremeHn
HE3aBUCHM OT OCHOBHOTO TEKCTa, M HOCHT OO30pHBIH xapakrep). Bazosbie
MOHATHUSI W YTBEPZKJICHUS, CBI3AHHBIE C BEIIECTBEHHBIMU TaMUJIBTOHOBBIMU
cucTeMamMu, MOYKHO Hafitu B [1].



1.2. OcHoBHBIE OMpeIeJIEHUS

Onpenenenne 1.1. C-zamusvmonosot; cucmemoti naspiBaercsa tpoitka (Mc, we, f),
rie Mc — KOMILIEKCHOe MHOrooOpasne, we — 3aMKHYTast HEBBIPOXK IeHHAS T'O-
siomopduast 2-popma Ha 3TOM MHOr006pasuu, a f: Mc — C — romomopduas
hyHKIIHS, HA3BIBAEMAS 20MUALMOHUGHOM.

Onpenenenne 1.2. [lycrs Mév — N-MmepHOe KOMILIEKCHOe MHOroodOpasue,
v — BEKTOPHOE 110Jie Ha HeM. ByjaeM roBopuThb, 4TO HHTEIPaJbHbIEe TPACKTO-
pun 3Toro BekTopHoro noJd C-swnpamasromes Ha MHBAPHAHTHOM d-MepPHOM
KOMILIEKCHOM 11ojMuorooopasuu U4 C MY ecin cymecrsytor dynxius
A= Aw) # 0 (nas Beex w € U?) u norpysxenne h: U4 — C4/T" nas nexoro-
poit quckpernoit moarpynmel I' C C?, apawomuecs C-auddepeHnupyeMbMm
0TOOpaKEHUSAME, M TaKde, 4T0 h MepeBOJUT U B BEKTOpHOe ToJe h,(v) =
Avg, vg = const. B ciydae d = 1 ponosHATEIHHO TOTpedyem A = 1.

Onpeaenenne 1.3. BekTopHbIM 10JIeM Kocoti epaduenm byuknun f: Mc —
C ornocuresibro HOpMBI We HA3bIBaeTCs BeKTOpHOE oJie sgrade f na M ta-
KO€, 9TO JIJist JTF0OOT0 BEKTOPHOIO Mo v Ha M BHIIOJIHEHO DaBeHCTBO we (v,
sgradc f) = v(f), tae v(f) — mpoussonHas DyHKIMK [ TT0 HAPABIEHUIO V.
Herpyano Buners, uto ecomm Mg = MéN “MeeT KOMILTIEKCHYIO pa3Mep-
HocTh 2N, a we = dzAdw = dzy Adwy +. . . +dzy ANdwy, tie z = (z1, ..., 2N)
uw = (wy,...,wWy) — JOKaJbHbIE KOMILIEKCHbIE KOODJIMHATHI HA MHOIO00-

pasuun, 1O Sgrad(Cf = (_fw:fz) = <_fw17 SRR _waalea .- ->sz)-

Onpenenenune 1.4. Vpasnenuem amurvmona C-raMuIbTOHOBOR CHCTEMBI
(M, we, f) naseiBaercs ypasuenue £(t) = sgrade f|.«), nae t € I — napamerp
B HeKOTOpOM HHTepBaie | C R, 2z = (z1,..., 2oy) — JIOKAJBHBIE KOODJIUHATHI
Ha MHOrooOpasuu. Eciu sgradcf mMeeT B 9THUX KOOPAMHATAX KOMIIOHEHTHI
(v1,...,V2n), TO ypaBHeHue ['aMu/ibroHa Ciejyer paccMaTpUuBaTh KaK CUCTe-
My 4N ypaBHeHUIi:

I'k = Re Vg,

yk =Im Vg,
e 2 = T + iy, k=1,...,2N.

Omnpenenenne 1.5. losomopduas pynxnust h HABBIBACTCS NEPEHIM UHME-
epasom C-rammabronosoit cucrembr (Mc,we, f), ecim sgrade f(h) = 0.

Omnpenenenne 1.6. [Tycts gan muorounen f(z,w) = az? + byw™ + ... + by,
n €N, a,b,,...,bp € C, ab, # 0. On HA3BLIBAECTCI 2UNEPINAUNMUYECKUM
MHOTOWIEHOM cTereHu n (assunmuveckum MaorowreHoM mpu n < 4). Coor-
percrBytonryio C-ramuasronoBy cucremy (C? dz A dw, f(z,w)) B naabHei-
mem Gyem obosnavars uepes H,(a, by, . .., bo).

4



Onpenenenne 1.7. C-2amusvmorosot; cucmemot ¢ (2unepasiunmuseckum)
AOPAHOBCKUM 2amusvmonuanom cmeneny (m,n) nasoseMm Tpoiiky (C x (C\

m bz n )

{0}),dz A dw, f), tne f(z,w) = az’ + Y, — + Y cuw!, m € N, n €
=1 w0

NuU{0}, a,b;,¢c; € C, ab,, # 0 u ¢, # 0 upu n > 0. Paccmorpum gacTHbrit

n

cayuait, Korma ramuabronnan f(z,w) = az® + b/w + > cpw”. Taxoit Bug
k=0

PaMIJIBTOHUAHA, SIBJISIETCST €CTECTBEHHBIM 0O00OIIEHHEM THIIEPIIHITHIECKIX

HOJIMHOMHUAJIBHBIX TAMHJIBTOHHAHOB (CM. ONpeeseHne BhIIe), PACCMOTPEH-
HBIX B paborax [1-3|, Ha caywaii moaroca mepsoro nopsiaka. st ynobersa
COOTBETCTBYIOILYIO CHCTEMY HA30BEM CUCTMEMOT ¢ AOPAHOGCKUM 2aMUADITLO-
nuanom cmeneny n 1 obozuaanm depes £,(a, b, c,, ..., o).

Omnpenenenne 1.8. [ycrs gana Gyuxuus f(z,w) = az?+ R(w) aByx KoMm-

mwiekcHbIX nepemenabix (z,w) € C x (C\ {di,...,dy,}), Takag, uro a #
d

0, —R(w) # 0. 3necb R = R(w) — paruonanabHast GyHKIHsI MepeMeHHOI

dw
w,adj, j=1,...,m, — ee nomoca. Hazosem ee (2unepassunmuueckum) pa-

yuorasvrum 2amusvmonuarom cucrembl (Cx (C\{dy,...,d,}),dzAdw, f).
Bamernwm, 910 Kaacc C-raMuIBTOHOBBIX CHCTEM ¢ (THIEPIIHITHIECKHM )
PAIMOHAJBHBIM TaMWJIBTOHMAHOM COJIEPYKUT B ce0e KJIACCHl CHCTEM H3 OIpe-
JeneHuit 2.6 1 2.7, 0AHAKO KJIacC CUCTEM M3 OlpelesieHrs 2.7 He COIepKUT B
cebe KJlacc cucreM u3 onpejesienus 2.6, Tak Kak JIOPAHOBCKUIT TaMUJIbTOHUAH
06s13aTeIbHO IMeeT TOJIIOC B HyJle (OTHOCHTEIBHO MepeMeHHOH w).

Onpenenenne 1.9. [Iycrs gana C-ramunsronosa cucrema (MEY  we, f) ¢ N
nepBLIME HHTerpatamu fi, ..., fn (f = fi, dimcMZY = 2N). Torga oToGpa-
wenne F = (fy,..., fn): MEY — CV naswiaerca omobpastcenuem momen-
ma.

Caoem (nmm aucmom) Te C MEN yposns € bynkmmit fi, ..., fy, a TakxKe
coorBercTByIomeil C-raMUIbTOHOBOM CHCTEMBI, HA3BIBACTCS COBMECTHAS IIO-
BEPXHOCTH ypoBHst 91X dbynkmuit, T.e. Te = F71(&). Bmech € = (&, ..., EN),
& € C. Cuooit T¢ nasbiBaeTcs neocobvim, eCIl B KaxKJ0il €ro TOYKe PaHr
marpunsl fkobu (0, f;) Makcumasen.

Omnpenenenne 1.10. Bugyprayuornvim xomnaercom C-raMuIbTOHOBOM CH-
crempt (M2N we, f) ¢ N nepBoiMu uaTerpasaMu fi, .. ., fy HazbiBaercs dax-
TOPIPOCTPAHCTBO MHOI'000OPa3usi MéN 110 pa30MEHNI0 HA CBI3HBIE KOMIIOHEH-
T Ipoobpazos Touex CV mpu oTobparkennu MOMeHTA.

Omnpepenenne 1.11. [Iycrh gaH pannoHaJbHBIH TaMuabToHUaH f(z,w) =
az’+ R(w) cuctempr (Cx (C\{dy,...,dn}),dzAdw, f). Illycrs R(w) npuxn-
Maer snauenne £ B TOUKe Wy ¢ Kparnoctbio k, k > 1, r.e. (R(w)—&)D|,, =0



mpr j =0,...,k—1, R®(wgy) # 0. pn k > 2 Trouxy P = (0, wp) mazosem
ocoboti mouxoti kpammnocmu k cnoa Typy, a npu k = 1 npocmoti mouxor
9TOTO CJIOS.

Bamernm, 9T0 0coOble TOUKN (HeKOTOpoit KparHoctH) ciaost Te — 9T0 B
TOYHOCTH Te TOYKH cJog, B KOTopbix gradf = 0, a 3maunt, cioit T¢ Oyner
HEOCOOBIM B TOM W TOJIBKO B TOM CJIydae, KOTJA OH WMeeT JIWIIb MPOCTHIE
TOYKH.

Omnpenenenne 1.12. Ilyctes gawmsr gBe C-muddepennupyembie pyHKINNT
fi: My — Cu fy: My — C. OHu HA3BIBAIOTCS 9K6UEAAEHMHLMYU (COOTBET-
CTBEHHO MONOA02UNECKY IKEUBAAeHMHuMU), ecn cytiecTByeT C-nuddeomopdusm
(coxpanstomuii opueHTanUO roMeoMopdusm) h: My — My takoii, uto f1 =

fQOh.

Onpenenenne 1.13. Ilycts D¢, . — OTKPBITBHIH JBYMEPHBIH JUCK PaIHyca
e > 0 Bokpyr & € C. PaccMoTpuM nBa panuoHAJBHBIX TAMUJIBTOHUAHA fi
u fo. Byzmem rosoputh, uro fi; u fo (a TOYHee, COOTBETCTBYOIINE UM CJIOE-
HUA, T.e. pa30MeHud Ha CI0U fj’l(f), Jj = 1,2), noayaokasvro monosoeue-
CKU IKBUBANEHMHBL OMHOCUMENLHO 3HAeHUA &y, ecan ajg jaoboro § > 0
cymecrByer takoe € € (0,0), uro yHKIHH fl‘ffl(ﬁfo’e) u f2|f271(5£075) TOIIO-
JIOTHYECKH 3KBUBAJIEHTHBI.

Byznem rosoputh, uto fi u fo A0KGADHO MONOAORUMECKU IKEBUBANEHIHD
omHocuUMeAbHo moyvex Py u Py, ecu CyImecTBYIOT TAKHe CKOJIb YTOIHO MAJTBIE
okpectHoctn Uy u Uy 3mux Tovek, aro dyuKimu fi|y, u f2|y, Tonmosorndeckn
SKBUBAJIEHTHBHI.

Omnpegnenenune 1.14. /Ise C-ramuasronoss cucremst (Mc 1, we 1, f1) 1 (Mc 2, we g, f2)
HA3BIBAIOTCH  2AMUADIMOHOB0 IKGUBAAECHIMHBLMU, ECIA CYIIeCTBYeT OUI0JI0-
Mopduoe orodpazkenue h: Mg, — Mc o Takoe, 9TO BBIIOTHEHBI CJIeAYIOMITe
JIBa, YCJIOBUS:

1) wen = h*(we);

2) fi = fooh+ ¢, rie ¢ — HEKOTOpasi KOHCTAHTA.

2. C-BpINpaAMJISIEMOCTh MHTErPAJIbHBIX TPAaeKTO-
puii BEKTOPHBIX IOJIE HA KOMILJIEKCHbIX MHO-

rooopa3max
Teopema 2.1. Paccmompum npouszeosvroe sekmoproe noiev = (vq,...,Un),
sadannoe na MY, N > 2, zonomopdmvimu Gynkuuamu vy, ..., UN A0KGAL-

HOTL KOMNAEKCHDLL ﬁOOanHCLm Ha M(év Hycmb GEKIMOPHOE TONAE UV UMEETT



ocobue mouku (m.e. wyau) Pi, ..., Py, npunadiescauiue uH6aPUAHMHOMY
d-mepromy, d > 2, xomnaexcromy nodmmozoobpasuo U C MY . Ilyemy cy-
wecmeyem mouka P € {Py,..., Py}, ne asasowaica enympennetds moukod
MHOACECTNBA 0COOUT MOUEK BEKMOPH020 NOAA V|ya. Paccmompum uneapu-
arnmmoe nodmmozoobpasue UL\ {Py, ... P.}. Tozda unmezparvnve mpaek-
mopuu eexmoprozo noas v ne C-ewnpamaaromes na UL\ {Py, ..., Py}

Hoxazamenvcmeo. Ilycrs U — jpocraTrodHo MaJjiast mapoBas OKPECTHOCTh
toukn P B U TIpeAmnono:XKuM, 9T0 HHTErPATbLHBE TPACKTOPUH BEKTOPHO-

ro nois v Bumpamasioress ma U4\ {Py, ..., Py}. Torna cymectBytor (yHK-
mn u; = wi(w), i = 1,...,d, 1 A = Mw) # 0 JOKATbHBIX KOOMILJIEKC-
HBIX KoopauHaT w = (wi,...,wy), roaomopduse B U \ {P}, takue, uro

(ng v/ = MNw)v), npuaem BeKTOp KOHCTAHT vy # 0 (mHAawe P aBagercs
BHYTpPEHHEil TOUKOil MHOXKECTBA 0COOBIX TOYEK BEKTOPHOTO MOJIS V().

[Io nemMme 00 ycTpaHHMONW OCOOEHHOCTH I TOJOMOPMHBIX DYHKIMi
MHOTHX TIEPEMEHHBIX, (DYHKINU U; U A\ MOXKHO CIUTATH FOJOMOPMHBIME BCIO-
ay Ha U. Herpyano Bujierhb, 4To Tak Kak To4Ka P — 0cobas TOYKa BEKTOPHO-
ro nosist v, 7o A(P) = 0. Ho Takoro ue MozkeT ObITh. JleficTBHTEIBHO, TAK KAK
npokosiorast okpectrocth U\ { P} omHOCBsI3HA, B Hell onpe/iejieHa OHO3HAY-
Hasi BeTBb Jorapudma g = In A\ dynkunu A(w). CHOBa MOJIB3YSACH JTeMMO
00 ycTpaHuMoit 0COOEHHOCTH, TIOJIyYaeM, 9TO CYIIECTBYET TOJIOMOPQHOE IPO-
gosekenue g B U ¢ vekoropsiM 3uadenuem g(P) € C, upu srom seogy B U
mveeM \(w) = exp(g(w)), a 3naaur A\(P) # 0. O

ITpumep 2.1. Pacemorpum dyukmuo Favuasrona f cucremsr Hy(a, b, ¢, d).
Uurerpabubie TpaekTopun BeKTOpHOTO 11015 sgrade f He C-BhimpsamisroTes

ma C?\ {(0,—%)}.

PaccMmorpum npousBo/ibHOE BEKTOPHOE 110JI€ U, 33/IAHHOE Ha CBSA3HOM MHO-
roobpazun Mc, dimMc = 1, roromopduoit dbyukimeii v = v(z) A0KaIb-
HOIf KOMILTIeKCHOW KoopawHaThl z Ha Mc. Ilycts Py, ..., P, — ocobbie TOY-

KU BEKTOPHOT'O TI0JIsI ¥. PAaccMOTpUM WHBAapHaHTHOE MOJMHOroo0Opasue M \

dz
{P1,..., P} nl-dopmy o = —— na nem. Paccmorpum obpasyromne y; byH-

v(z)

namentanbHoil rpynubt m (Mg \ { Py, ..., Py}). O6o3naunm wepes [; = [«
Vi
HHTerpasl GOpMBI (v O IUKIaM ;. MMeeT mecTo

Teopema 2.2. Humezpasvrvie mpaexmopuu sexmophozo noas v C-svnpamaatomcs
na Mc\{Pi, ..., Py} moada u moavro mozda, xozda I; nescam 6 nexomopot
duckpemmnoti nodepynne I' C C.



Aowxasamensvemso. llycrs [ nexkar B HeKOTOPOI iucKkpeTHoit nogarpynme I' C
C. ®ukcupyeM HEKOTOPYIO OTMeUYeHHY 0 TOUKY 2o € Mc\{ P, ..., Py}. Ompe-
z

genm (MHOro3HauHyw) dyuknuo b tak: h(z) = [ «. 3nadenne h(z) B TOU-
20
Ke z, BOOOIIe roBOpsi, 3aBUCAT OT IIyTH, COEJMHSIIONEro 2o U 2. B cuiy 3a-

MKHYTOCTH (DOPMBI (v, /I ABYX TOMOJOIHYHBIX IyTeil, COCIUHAIOIMNX 2
U z, COOTBETCTBYyIOIMe 3HadeHus h(z) cosmagaior. Herpyano Bumerh, 410
h: Mc \ {P1,...,P;} — C/I" KOppeKTHO OLpeIeJeHHOe OJHO3HATHOE IIO-
rpy:kenue, npuiem dh = «, u, ciegosarensuo, dh(v) = 1. Tem cambim h
ocymecTBiageT nckomoe C-BolIpsaMIenue.

B o6paTHy10 ¢TOpOHY, MyCTh HHTErPAIbHBIC TPACKTOPUU BEKTOPHOTO II0-
ast v C-einpsivutstiorest #a Mce \ { Py, . .., P }. Torna, coracuo onpeesienuto
1.2, cymectByer norpyxenne h: Mc \ {P,..., P} — C/I" ansa nekoropoii
muckperroit moarpytmsl IV C C rakoe, uro dh(v) = vy # 0. Bes orpannuennst
obmuocTn, vg = 1. Pacemorpum h: Mc \ {Pi, ..., P} — C kak MHOro3Hau-

z

Hoe orobpazkenne. Herpyano sugers, uro dh = «, r.e. h(z) = [ a + const,
20

riae const He 3aBucUT oT z. OTciofa nosydaeM yciaosue Ha [;, TpebyeMoe B

TeopeMe. [

IIpumep 2.2.

1) Pacemorpum dbyukrmuio amuabrona f cucremsl Ho(a, b, ¢, d). Uure-
rpaJibHble TPaeKTOpuu BeKTOPHOTO 11015 sgrade f C-BoIpaMIsioTcs Ha KaK-
JIOM HeocoboM cJtoe (1 lazke Ha IOMOJTHEHUH K e IHHCTBEHHOMY 0COBOMY CJIOH0
T, tie & = & +d, e [8]).

21z(z — 1)
(2r+ 1)z — 27

2) nTerpajibHble TPAEKTOPHH BEKTOPHOTO TOJIsT v(z) =

21
) 2n+1J°

ue C-poimpamasitores va C\ {0, 1

3. 'amMuabTOHOBA SKBUBAJEHTHOCTh M (PAKTOP-
MMPOCTPAHCTBA

3.1. 3BecTHBIE pPE3yJabTAaTHI O TAMUJIBTOHOBOII 3KBUBa-
JIEHTHOCTU
C-raMuJIbTOHOBBIX CHUCTEM C JITUOTUIECKUM TaMUJTh-
TOHAAHOM

Pacemorpum C-rammisronosy cucremy H,(a, by, ..., by) ¢ TaMIILTOHHAHOM
flz,w) = az® + b,w™ + ...+ by. fcno, uro ona umeer ne Gosee n — 1 0cOOLIX



caoes, n cjaoit T¢ ocoOwlit TOrJa U TOILKO TOrA, KOrja { — KPUTHYecKoe
3HaUeHHe MHOTOUYIeHa b, w" + . . .+ by. Cucrema H,,(a, b, ..., by) Ha3bIBaeTCS
Heaupostcdennoti, ecan y MHOToUIeHa b, w" + . . . + by KpUTUIECKUX 3HATCHUI
posHO 1 — 1.

Teopema 3.1. (T. Jlenckwuii [8]). IIycmov dana C-zamuavmonosa cucmema
(C% dz Ndw, fr(z,w)) ¢ 2a0UNMUNECKUM 2AMUALTIOHUGHOM CTIENEHY T, T =
1,2,3,4. Tozda:

1) Kaorcdas C-zamuavmonosa cucmema Hi(a, b, c) eamusvmonoso sxeu-
sanenmma xanonureckots “aunetinot” C-zamusvmonosoti cucmeme (C*(u, v), du/
dv, f1(u,v) = u). Bee caou C-2amuavmornosoti cucmemvs Hy(a, b, ¢) asaarom-
cA Heocobvmu, duzosomopprvimu naockocmu C, u obpadyrom mpueuasvroe
paccaoenue ¢ bazot C.

2) Kascdas C-zamurvmonosa cucmema Hsy(a, b, ¢, d) eamuromonoso k-
BUBANEHMHA CUCTEME
Hs(a1,1,0,0), daa a; = ab € C\ {0}, u umeem odun ocobwii croti Te,, & =

2_
0_44;)‘1. Ozparuuenue cucmemvr na C* \ Tg 2aMuAbMON060 IKEUBAAEHMIO

“aunetinot” cucmeme ((C\ {0}) x (C/27Z), du A dv, fo(u,v) = 2 /a1u). Bee
neocobwe caou C-zamunrvmonosots cucmemv, Ha(a, b, ¢, d) 6uzoromopdros yu-
aundpy C/27Z u obpasyrom mpusuaavroe paccaoenue ¢ 6azot C\ {0}.

3) Kaoicdaa neswvipoocdennasn C-zamuarvmonosa cucmema Hs(a, b, c,d, e)
2aMUALMOH060 dK6UBaAeHMHG cucmeme H3(r, s, 8,0,0), das nexkomopwzr r, s €
C, rs # 0, u umeem dea ocobwx caosn Te;, j = 1,2. Bee neocobwe caou C-
2amuavmono6ot cucmemus Hs(a, b, ¢, d, e) buzosomopdno, T3\ {p} dan nexo-
mopoeo A = A\(§) € C\ R, sasucawezo om caoa T¢, 20e T3 = C/(27Z + N\Z)
— deymeprwiti mop, p € T3,

4) Kaotcdaa nesvpootcdernnan C-2amunvmonosa cucmema Hy(a, b, ¢, d, e, k)
2aMUALMON060 dKksusasermua cucmeme Hy(r, s, s(p+1),sp,0,0), das nexo-
mopoux 7,8, p € C, rs # 0, u umeem mpu ocobwx caosn Te,, j=1,2,3. Bee
neocobwie caou C-zamuavmonosots cucmemor Hy(a, b, c,d, e, k) buzoromopdp-
Hot T3\ {p1, p2} daa nexomopozo A = \(§) € C\R, sasucsawezo om caosn Te,

ede p1,ps € T3, p1 # pa.

B pabore [8] mosrydensl Tak:ke KpUTePHH FaMHJILTOHOBOMH SKBHBaJIEHTHO-
CTH ITap CUCTEM %Q(Gh 17 07 O) u :}{:2<a27 ]-a 07 0)7 %3(7"17 51, 81, 07 0) u %3(T2a 52, 82, 07 0)7
Hy(ri, s1,51(p1 + 1), 5101,0,0) m Hy(re, s2, s2(p2 + 1), s2p2, 0, 0).

3.2. Ciayuaii moJjrroca mepBoOro MmopsaKa

Pacemorpum C-ravmabronoBy cucrtemy £o(a, b, ¢) ¢ TOpaHOBCKEM MAMHIBTO-
HUAHOM CTeleH! HYJIb.



Teopema 3.2. Kaowcdas cucmema L£o(a,b,c) 2amusvmonoso skeusaseHm-
na cucmeme Lo(7y,7,0) npu v = b?/a. Jhobwe dee cucmemve Lo(71,71,0) u
Lo(72,72,0) 2amuavmonoso sksusasenmuv, mozda u mosvko moeda, koz2da
M = V2. Bee caou T¢ asamomes neocobvimu, 6u20A0MOPHHOMU NAOCKOCTIAU
C ¢ dsyma npoxoaamu npu € # ¢ u ¢ 00HuM NPokosom npu & = c.

Joxasamesvemeso. Crenaem 3ameny koopamuar B C x (C\ {0})(z,w) mo
dbopmynam: u = az/b, v = bw/a. Honoxum v = b*/a. Torma, ouesuHO,
du A dv=dz Adwu yu? + /v = az? + b/w.

JlokazkeM BTOpOe YTBEDZKIEHUE TeopeMbl. [IpejInooKuM, 9To CyIecTBy-
eT TaMIJIBTOHOBA YKBHBAJEHTHOCTH MexKIY £o(7V1,71,0) u Lo(72,72,0) ¢ Gu-
rosjomopdueiM otobpaxenunem h = (u,v): C x (C\ {0}) — C x (C\ {0}),
u=u(z,w), v=v(z,w). Beiemem orciona, 41o y; = 7.

[To onpemeseHnio raMUIBTOHOBO SKBUBAJICHTHOCTH HMEEM

2, N 2, 2
Mzt + —+C =yu + —, (1)

w v
rie C' — HekoTOpast KOHCTaHTa. PaccMOTpUM TPOU3BOJILHBIN CJIOM T% YPOBHsI
¢ cucrembl £o(71,71,0). On romeomopden iBymepHoit cdepe ¢ 3 npokojamu
upu £ # 0 u cepe ¢ aBymsa npokosamu npu £ = 0. Orciona ciaemayer, IT0O
“nyneroit” cioit Th cucrembr £o(7y1,71,0) obst3an nepefiTu Mpu raMuiIbLTOHO-
BOl 9KBHBAJCHTHOCTH B “HyaeBoil” cioit T2 cucrembr £4(7s,Ye,0). Snadnr,

C =08 (1). Iycts fi1(z,w) = y2%+ ﬂ, a folu,v) = yu? + 72 Herpyano
w v
piiers, w10 sgrade fy = (11/w?,2912), sgradefy = (12/0%, 275u).
Pacemorpum € # 0. Toraa h(Té) = T?, npudeM “BBHIKOJIOTHIC TOUKH’

EePBOTO CJIOsI TMepeiiiyT B “BBHIKOJIOTHIE TOYKH  BTOPOTO CJ0st (IIOJ] BBIKO-
JOTBIMH TOYKaMH CJIOEB Tg, j = 1,2, Mbl TIoJpa3zyMeBaeM WX I'DAHUYHbBIE

_2 J—
Toukn B C, rme C — momnosiHeHHAas KOMILIEKCHAsT IJIOCKOCTH, TOMeoMOopd-
Has JByMepHOil cdepe). B cioe Té BBIKOJIOTBIE TOYKHU HMEIOT BH]IL PSE1 =

(££4/%,00), Py = (00,0), a B cioe T2, coorercrBenHo, Pé = (£4/ %, 00),

o Y2
Py = (00,0). IlokazkeM, aro h(Pe 1) = Peo. s 9T0T0 OUpesenm Ha ciioe
T¢ rosomopdnyio 1-bopamy A Taxyio, 4To Aé(sgradcfﬂTé) =1 (amasorny-

HO ompeaeuM GhopMy Ag) Herpyaso mpoBepurh, 9TO 3aMBIKAHHE Té CJI0s1
=2 . . L=
Te 8 C aBasiercs peryngapHoit Kpusoit, 6urosomopduoii C, npuaem npoex-

nusa Pr,: Té — C, (z,w) > z, aBiserca 6uroaoMopdHbIM 0TOOPaZKEHUEM, T

dz

W& — 2R

B touke P:; 9Ta dhopMa nMeeT yCTpaHUMYIO OCOGEHHOCTH — HYJIb BTOPOTO
nopsizika (4T00bl B 9TOM yOeuThCst, HyKHO CJe1aTh 3aMeHy z — 1/z), a B

qTo B KoopuHate z dbopma Af sammmercs B Buge A; =

10



TOYKAX Pgi1 HEYCTPAHUMYIO OCOOEHHOCTH — TOJIIOC BTOPOTO MOPsiiKa. AHaJIO-
ruaao (opma Ag IMeeT YCTPaHUMYIO OCOOEHHOCTB B TOUKe Fgo M HeycTpa-
HUMYIO OCOOEHHOCTb B TOYKAaX PSEQ. BadurcupyeM masoe € > 0 u mocanTaemMm

I/IHTeI‘paﬂbI
1 1 ]' 2
i / B m 5o / A 2)

£ £ =
ENEIE /£ =<

JIg BuIMUCIEHUS MHTErPAJIOB UCHOJAb3YeM (DOPMYJIy i MOJCUYeTa BbIYeTa
MPOU3BOJILHON MepoMOpdHO DYHKIUU ¢ B IOJIOCE ¢ TOPIIKa Kk :

1 d*!

res,g(z) = =) lgrclb e (g(z)(z — a)’f) .

Tak Kak WHTErpaJibl B (2) CyTh BEIYETHI COOTBETCTBYOINX (byHKIHMI (ToTHEee,
+ + .
1-cbopm) B TOUKAX Pg’1 u P€’2, IPSIMOIi IONCYeT JaeT

1 F1
_ Al = — —
2mi / CAn(VEMm)?

£ -
l2Fy/ 5y 1=e

(3)
1 9 F1
_ P P
2mi / ¢ 4yo(\/&/72)?

-
[uFy/ 55 |=¢

[losydenmpie ducia OTIXIHBL OT HYyJsd, a 3HAYCHUS AHAJOTHIHBIX WHTErpa-
JIOB, B3ATBIX BOKPYT ToueK FPgq U Pk o, paBubl Hy10. Tem cameiv, h(FP: ;) =
P 5, orxysa h(Pgl) = ng Th0i h(Pgl) = Pg,. Buauut, u3 pasencrsa unre-
rpasios B (3) ciemyer, uto 1 (1/E/71)? = £72(/€/72)3. Bozoasa nosyuennoe

PaBEHCTBO B KBa/JpaT, [IOJydaeM Y1 = 2. [l

Caencrsue 3.1. Jlobue dse cucmemv, Lo(ay, by, c1) u Lo(az, by, c2) 2amuan-
MOHOGO IKGUCAAECHTHLL 0204 U MOALKO mozda, Kozda axb? = aib3.

Pacemorpum C-ravusibronoBy cucremy £4(a, b, ¢, d) ¢ JOpaHOBCKAM Ta-
MHJIBTOHHAHOM CTEIeHHU OJIMH.

Teopema 3.3. Kaowcdaa cucmema £1(a, b, c,d) 2amusbmonoso sxeusaserm-
na cucmeme £1(r,7,7,0) npur = ¢ uy = Vbe. Jhobuwe dse cucmenm
L1(r1,71,71,0) u £1(re, Y2, 72, 0) 2amusomon060 sK6UEAAEHMHYL MO20G U MOAD-
Ko moeda, koeda 1 = T u Y = £y. Cucmema umeem 06a 0cobvLLL CAOA
Te,, & =d=x 2v/be. Bee neocobue caou Te 2omeomopprio. dsymepromy mo-

py T? ¢ deyma npokosamu.

11



Hoxazamenvemeo. Caeraem 3ameny koopanuar B (C x (C\{0}))(z,w): u =
\/gz, v = \/gw. [onoxum r = 9, v = Vbe. Torna, oueBunno, du A dv =
dz A dw u ru® + /v + yv = az® + bj/w + cw.

JTokarkeM BTOpOe yTBepzkjenue Teopembl. [IycTh mMmeercs raMuaIbTOHO-
Ba KBUBaJeHTHOCTH h Mexmy £1(r1,v1,71,0) u £1(r2,72,72,0). Pacemor-
puM ocobble ToUKE (T.e. Hyau) BeKTOpHBIX noseii sgradef; B C x (C\ {0}),
rae f; — raMHJIBTOHHAHBI COOTBETCTBYIOIHX cucreM, j = 1,2. Kax merpyxu-
HO BHAETH, 310 OymyT Touxm (0,£1). Obosmaunm nx uepes P*. Tlpu ra-
MUJIBTOHOBOW 9KBUBAJIEHTHOCTH 0COOBIE TOUKH TIEPEXOJIAT B OCOOBIE, 3HAUUT
fi(PH)—=f1(P7) = £(fo(PT)—f2(P7)), oTKyza 1 = £y2 1 0COOBIE 3HAYCHHUST
cyTh £ = fi(PF) = +27.

JList JoKa3aTe/bCTBa PABEHCTBA T'1 = 'y PACCMOTPHUM JIMHEHHBIE OlePATO-
pbl — JIHHEAPU3AIH COOTBETCTBYIONNX BEKTOPHBIX MOJIEl B 0COOBIX TOUYKAX.
OnHu uMeroT BuI

At — 0 F2v
J 2’/’j 0

IIyctb ocobrie Toukn P* mepexonsar B cebs. Torma AT = ((dh)|pz) ™' o AF o
(dh)|p+. A snauut, detAT = detA7. Ecin ke 0cobble TOYKH MEHHIOTCS Me-
cTamu, TO OyAeM HMeTh detAli = det A5 . B mepBoM ciyuae nveem 117y, = ro7s
U 71 = 72, @ BO BTOPOM T17Y] = —Tg7Ys U Y] = —7Y2. B 000uX ciaydasax r; = ro.
To, uro cucremst £1(r,7,7,0) u £1(r, —y, —7,0) raMUIBTOHOBO SKBUBAJICHT-
HBI, OYEBH/IHO.

Jlst 3aBepIeHnst TOKA3aTEIbCTBA TEOPEMBI OCTAIOCH TOKA3aTh, 9TO BCe
HEoCcoObIe C/I0M TOMEOMOPMHBL TOPY € JBYM# MpoKojaMu. PaceMorpum Kom-
nakTudukanuio Te m060ro Heocoboro cros Te (“3akIenBaonIy0” mpoKOJIbI
HEeoco00To €/10s1 GECKOHETHO YAAJeHHBIMH TOUYKAMHU) U €r0 MPOEKIHI0 Ha TI0-
MOJHEHHYIO TLIOCKOCTh Pry,: Tg — C, (z,w) — w. HeTpyamo mposepurs,
9TO 9TO 0TOOpAKEHHE SIBJSIETCS JIBYJMCTHBIM PA3BETBJCHHBIM HAKDBITHEM C
9eTHIPbMST TOYKAMU BETBJIEHWs HHIAEKca aBa (Ham Todkamu w = 0 n w = 00
HOIMOJTHEHHOHN IIJIOCKOCTH €CTh BETBJICHUE, TIO9TOMY B KadecTBe KOMIAKTH(MH-
Kaluu Tg cnod T¢ MOKHO B34Tb €TI0 3aMbIKaHUe B @2). [To dbopmyne Pumana-
[ypBuna Mbl MoJIydaeM, 9T0 KOMIAKTH(DUKATIN Tg HEOCOHOTO CJIOsT TOMEO-
MopdHa 1ByMepHOil nosepxHocTn poga g = 5 > (k;—1) — (m—1) = 1. 3xecn
k; — WHIEKCHI BeTBJEHHI B 0COOBIX TOYKAX, a M — 4uCa0 auctoB. Orciona
HeocoOwit ciioit T¢ romeomopdpen Topy ¢ JIByMs IPOKOJIAMU. O]

CaencrBue 3.2. Jhobwe dee cucmemvi £1(a1,by,c1,dr) u £1(az,bs,co,ds)
2AMUADINOHOB0 IKEUBAAECHIMHBL M0204 U TOABKO T020a, K020a agbf = alb% U
blcl = bQCQ.
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Pacemorpum C-ramuabronoBy cucremy £9(a, b, ¢, 0, d) ¢ topaHOBCKUM Ta-
MHJILTOHHAHOM CTCIeHHU JIBA.

Teopema 3.4. Kaowcdas cucmema £(a, b, c, 0, d) 2amusvmonoso sxeusasenm-
3

na cucmeme Lo(r,v,7,0,0) npu r = a(‘—g)2/3 uy = Vb2 Jhobve dse cu-

cmemvt Lo(11,71,71,0,0) u £o9(r2, 2,72, 0,0) 2amurvmonoso sksusaseHmMbL

mozda u moavko mozda, K020a T1Y1 = TaYe U Vi = Vs, M.€. k0200 GLINOAHEHO
. 2mwi(k—1)

0010 u3 caedyrouur mper ycrosud (3decv e = e~ 3, k=1,2,3 — xkopru

mpemuvet, cmeneny u3 eQuHULbL)

1) rg =11 uy =,
2) T = €371 U Y1 = €372,

3) To = €271 U 71 = €272.

Cucmema umeem mpu ocobvx caos Te,, 5? = %cb{ J =1,2,3. Bce neoco-
ove caou Te 2omeomopdine dsymepromy mopy T? ¢ mpema nporosamu.

Joxazameavemeo. Caeraem 3ameny xoopaunar B C x (C\ {0})(z,w): u =
</§z, v = {/2w. Tlonoxum r = a(§)*3, v = V/cb?. Torma, ouesnano, du A
dv =dz A dw u ru® + v/v 4+ y? = az® + b/w + cw?.

JlokazkeM BTOpPOE€ YTBEPZKIEHHE TeOPeMBL. 1IyCTh UMeeTcsa raMIIbTOHOBA,
IKBHUBaJICHTHOCTb ME2K/Y
Lo(r1,71,7,0,0) 1 Lo(72,72,72,0,0). Pacemorpum ocobbie TOUKH BEKTOP-
HeIX nogeit sgrade f;, rae f; — raMUIBTOHWAHBI COOTBETCTBYIOMINX CHCTEM,
j = 1,2. Kak merpynno Bugersb, 310 Oyayt toukn (0,g;), k = 1,2,3. Beero
nMeeTcsa 6 BO3MOXKHOCTeH “IlepeMernuBaiusy’ ocoObIX Touek. [Ipuwdyem B meii-
CTBUTEJILHOCTH PEAJU3YIOTCH TOJBKO 3: Jinb0 BCe 0COObIE TOUKU OCTAIOTCH Ha,
Mecte, JinbO HU ojHA He ocTaercd Ha Mmecte. Jlokaxkem 3to. [Ipeanonoxum
cHavasia, 910 To9ka (0,£1) ocraercs Ha mecte. Tak Kak raMHIbTOHOBA K-
BUBAJIEHTHOCTDH COXpaHsSeT pa3HOCTb (PYHKIHMH fi; B 0COOBIX TOYKAX, B 9TOM
cIydae MBI IIOJIY9aeM, YTO OCTABIIMECS TOUKH TAKZKE OCTAIOTCS HA MeCTe.
,ZLQI'?'ICTBI/ITGJIBHO, B IPOTUBHOM CJIy4ae 71 — 7Y1€3 = Y2 — 7Y2&2 U 71€2 — VY1E€3 =
Y23 — Y2€2. IlycThb Tenepsb Touka (0, e1) nepexomur B (0, ), a rouka (0, £x) B
(0,e1), k= 2,3. Torma Touka (0, e5_x) mepexomut B cebsi, OTKYAA TOJYdaeM
caenyiomee pasencrBo: (1 —eg)/(ep — 1) = (1 — e5-1)/(ex — €5-k), KOTO-
poe, OYEeBHIHO, HE MOMKET HMETh MECTO. TeM CaMbBIM, OCTAIOTCH CJIeAYIOIIne
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BO3MOXKHbBIE€ YCJIOBUA Ha ’)/jl

1) = Y2,
€3 — &9
2)m = 1——53%’
€9 — €3
3) 71 = 1——52%'

OTH TPH YCJIOBUA SKBHBAJEHTHBI CJIyYasiM, OMHCAHHBIM B Teopeme. UToObI
HOJIyIUTb YCJIOBUS Ha 7j, MOKHO PaCCMOTPETDH JHHeapHU3aIluHd BEKTOPHBIX
noJie B 0COOBIX TOYKAX:

AJ - (er 0

Tax xax MaTpunel A; OJHH U Te XKe NI BCeX OCOOBIX TOUYEK, aHAIOTHYHO
JI0KA3aTeIbCTBY TeopeMbl 4.2 moIydaeM, 9TO 717y, = 7972, OTKYyIa CIEIYIOT
YCJIOBHS HA T';.

Eme HykKHO TOKa3aTh, IYTO BCE TPHU COydasi, OMUCAHHBIE B TeOpeMe, pe-
anusytorcda. JloctarodHo pacemorpers ciydail 2). IlycTs umerorcs ape cu-
crembl £9(7,7,7,0,0) u La(e3r, €977, €97, 0,0). Cuenaem 3aMeny KOOpAUHAT B
C x (C\{0})(z,w): u = e32, v = eyw. Torma, oueBuano, du A dv = dz A dw
u 2+ y/w 4+ yw? /2 = e3ru? + g9y /v + 9702 /2.

AHaIOrnuHO J0Ka3aTeIbCTBY TEOPeMbl 3.3, PaCCMOTPUM KOMIAKTH(HUKA-
o T¢ sro6oro Heocoboro cnost T (“3akIenBalonIyo” MPOKOJIBI HEOCOOOTO
c/1os1 GECKOHEYHO Y/IAIeHHBIMI TOYKAME) U €ro TPOEKIHI0 HA MOMOJTHEHHY IO
ILJIOCKOCTh Pry,: Tg — C, (z,w) + w. Herpyano nposeputh, 4T0 310 0T00-
pazKeHue SIBJISIeTCS JIBYJIMCTHBIM PA3BETBJIEHHBIM HAKPBITHEM C U€THIPHMSI
TOYKAMU BETBJIEHUS WHICKCA ABA (Ha,ZL TOUKOM w = (0 B HONOJIHEHHOM ILJIOC-
KOCTH €CTh BeTBJIEHHE, a HaJl TOYKOH w = 0O €ro HeT, HoaTOMy B Ka4YeCTBe
KOMIAKTU(DUKAIUY Tg cstod T¢ MOKHO B34Tb €10 3aMbIKaHNe B Ce “packJie-
enHoii” 6eckoreunocTho). [To dopmysne Pumana-I'ypsura Mbr mostygaem, 91o
KOMITaKTUDUKAIU Tg Heocoboro ¢10d roMeoMopdHa IBYMEPHOMH MOBEPXHO-
cru pona g = 1. Orciona HeocoOwlit cioit T¢ romeomopden Topy ¢ Tpemsa
IPOKOJIAMH. 0

Caencrsue 3.3. Jliobuie dse cucmemuv, £o(ay, by, c1,0,dy) u £o(ag, by, co,0, ds)
2AMUNBIMOHOG0 IKEUCLACHMHYL MO020a U MOALKO Mo20a, K020a c1b? = cob3 u
a1C1 = a2Cy.
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3.3. IIpocTpaHcTBa raMnJIbTOHOBO HESKBUBAJIEHTHBIX CU-
creM 1 OudypKaAITMOHHBINT KOMIIJIEKC

HO'J MPOCTPAaHCTBOM IN'aMHUJIBTOHOBO HESKBUBAJIEHTHBIX CUCTEM JAHHOI'O KJIaC-
ca £ C-raMuIbTOHOBBIX CUCTEM MBI OYAEM I0JIpa3yMeBaTh (DAKTOPIPOCTPAH-
CTBO MHOKeCcTBa £ M0 pa3sOHeHHI0 Ha FaMIJIBTOHOBO IKBUBAJIEHTHBIE MEXKIY
coboit cucrembl. PaceMorpuM raMu/ibToHOBbL cucrembt Buja £o(a, b, ¢), £1(a,b,c,d) n
Lo(a,b,¢,0,d). OHE UMEIOT eCTECTBEHHYIO CTPYKTYDY KOMILIEKCHBIX MHOTO-
obpazuit, Gurosomopdubix, coorsectrenno, (C\ {0})? x C, (C\ {0})® x
Cu (C\ {0})® x C. Usyuum TONOJOrHIO TPOCTPAHCTB TAMHILTOHOBO HEIK-
BHBAJIEHTHBIX CHCTEM THX KJIACCOB. s 3TOro BBEJEM CJIeayIOIIee OlIpeie-
sterne. Ilycrb nmmeercs: komiuiekcHoe MHOrooopaszue X u ero pasbuenue F.
Ckazkem, arto dakropupocrpancTBo X/FE umeer ecmecmeennyto cmpykmy-
DY KOMNAEKCHOR0 MH02000DA3UA, €CTH HA HEM CYIECTBYeT TaKasl CTPYKTYpPa
KOMILIIEKCHOI'O MHOT00OPa3usl, OTHOCUTEIHHO KOTOPOH KAHOHHYIECKAsS IPOeK-
must p: X — X/E apasiercs koMiureKcHo auddepeHnupyemoii cybmepcneit
(T.e. KOMILTEKCHO auddepeHnupyeMbiM oTOOpazkeHueM, auddepeHuan Ko-
TOPOTO SIBJISIETCsT SUUMOPGDU3MOM B KazKI0f TOUKe). 3aMETHM, 9TO M0 Teope-
Me O HESIBHBIX (DYHKITHSIX, 9TO YCIAOBHE SKBHBAJIEHTHO ToMy, uTo X/ E sBjsier-
sl MHOTOOOpa3ueM (OTHOCHTEIBHO (hAKTOPTOMOIOTHY) U HA HEM CYIIECTBYeT
Takoii KoMieKCHbIi attac {(Uy; ¢o )} ¢ KOOpARHATHBIME TOMEOMOPdHU3MAME
Oo: Uy — V,, 9TO €10 MOKHO TTPOIOTIKHUTE 0 HEKOTOPOT0 KOMILIEKCHOTO aT-
naca {(Uq.5; Pop)} Ha X, ¢ KoOpaunaTHbiMu oKpecTrOCTME Uy g C p~H(Uy)
1 KoopauHarHeiME roMeoMopdusmamu Buga P s = (9q 0 P, Vag): Usps —
Vi, X W, tie V, C C* u W, 5 C C!' — OTKpBITBIE TI0JIMHOZKECTBA COOTBET-
CTBYIOIINX KOMILIEKCHBIX KOOPAHHATHBIX IPOCTPAHCTB.

Teopema 3.5. [Ipocmpancmea 2aMUuAbMOH0G0 HEIKGUGAACHTNHOLT CUCTIEM
suda £o(a, b, c), £1(a,b,c,d) u Lo(a, b, c,0,d) umerom ecmecmeennyro cmpyx-
MYPY KOMNAEKCHOET MH02000pasutl, buzosomopdmnuz, coomseememeenno, C\

{0}, (C\{0})* w (C\{0})™.

Jlokasamenvemeso. PaceMOTPUM KJIACC TAMUIBTOHOBBIX cucteM Bujia £o(a, b, ¢)
u orobpaxenue ap: (C\ {0})? x C — C\ {0}, vae ap(a, b, c) = b?/a. Tycrs
Ey — pas6uenne X, = (C\ {0})? x C ma ciom a5 (&), & € C\ {0}. Co-
riaacHo caeactrrio 3.1, dakroprpocrpancTBo Xo/Ey — 3T0 B TOYHOCTH TTPO-
CTPAHCTBO TAMHJIBTOHOBO HESKBUBAJIEHTHBIX crcTeM Bua L£o(a, b, ¢). Tak Kak
byHKIMA (g CIOPBEKTUBHA, BCIOAY aHAJUTUIHA U UMeeT BCIOLY OTIMYHBINA OT
HyJs1 auddepennuast, To OHa, SIBJISIeTCs NCKOMOI cybmepcueii.

PaceMoTpuM Kiace raMuaIbTOHOBHIX cucteM Buaa £1(a, b, ¢, d) u orobpa-
wenne ap: (C\{0})>xC — (C\{0})?, te a1 (a, b, ¢, d) = (ac/b, be). lycrs By
— pasbmenne X; = (C\ {0})% x C ma ciom a; (&1, &), (&1,&) € (C\ {0})2
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Cornacuo caegctsuio 3.2, dakropnpocrpanctBo Xi/E; — 3T0 B TOYHOCTH
IPOCTPAHCTBO TAMUJIBTOHOBO HEIKBUBATEHTHHIX cucreM Buia £1(a,b,c,d).
Tak Kak 0TOOpayKeHue vy CIOPbEKTUBHO, BCIOAY AHAJIUTHIHO U €10 MATPHUIIA
ZIKoOu mMeeT BCIOJY MAKCHMAJIBHBIH DAHT, TO OHO SIBJISIETCSI MCKOMOMH Cy6-
Mepcuei.

Paccmorpum ocrasmmiics coyqaii. Ilycrs h(r,y) = (r,ry) — Gurosomop-
busm u3 (C\{0})? B ceba. Ou nepesoaut Bee Tpextound suga {(r,7), (e2r,€37), (e37,27)}
B Tpextouns Buga {(r',v), (ear’',7'), (e37',7')}. 3neco nepemenusie (r,7y) u
KOPHHU M3 eIMHUIBI €5, j = 1,2,3, Kax B TeopeMe 3.4. Vcnoabp3ysa HOBbIE IIe-
pemennbie (1, v') B (C\ {0})?, onpenennm orobpazxenue ay: (C\{0})>xC —
(C\ {0})? dbopmyaoit as(a,b,c,d) = (r'",+') = (a3c®/b?, ac). Herpyano Bu-
J€TD, 9TO, [0 AHAJOTUH C IPE/IBLIYIIME CJIYIasME, MBI IOy IUM yTBEPIK/Te-
HUE CJIeJICTBUI. ]

[IycTh f — TPOM3BOMBHBI JIOPAHOBCKHI TaMUIbTOHEAH crermenu (1,mn),
T.e. nycrs f(z,w) = az? + P,(w) + b/w.

Teopema 3.6. Bugyprayuonnwd xomnaexc cucmemv, (C x (C\ {0}), we, f)
2omeomoppen C.

Zoxazamenvemeso. g Hadaaa 3aMeTnM ciaenyiomee. [IycTth mMmeeTcs Hempe-
pbIBHOE clOpbekTHBHOE orobpazkenue f: X — Y ronosormveckux 17 (to
€CTh BCe TOYKH 3aMKHYTHI) npocTpancTs. [lycrs F — pasbuenne X Ha cion
/! (y). Tipennonozknm, uro ecrecTennas Guekmus g: X/E — Y asngerca
OTKPBHITHIM 0ToOpazkerueM. Toraa dbakroprnpocrpanctBo X/ FE romeoMopdHO
Y, u g aBasercsa romeoMopdU3IMOM.

BaMeTuM TakzKe, 9TO OTKPBITOCTH OTOOPaXKEHUsI § PABHOCHJIbHA TOMY,
4TO JI7Is J1060T0 OTKPBITOro B X obbeutnenus ciaoes p~ L (U) obpas fop~t(U)
otkphIT B Y. 31eck p: X — X/E — KaHOHWYeCKasH TTPOEKITHSI.

B mamewm caygae X = C x (C\ {0}), a Y = C. dokaxem, 9T0 IpO-
obpas f~1(€) ceasen B X maa moboro € € C. Ouepuano, uTo Moboil ¢10it
Te = f~1(¢) aBynucTHO pa3sBeTBIeHHO HAKpBIBaeT MIocKocTh C oToGpake-
mueM Pry,(z,w) — w, (z,w) € T¢. Buaunr, T, cocroutr ne Gostee vem u3 gByX
KOMIIOHEHT CBsi3HOCTH. Ho, nesast 06Xombl BOKPYT HYJi B ILTOCKOCTH TIepe-
MEHHON w, MBI OyJ/IeM MEPEeXOIUTh C BETBU HA BETBb BCEI/IA, €CJU W OJU3KO
K HYJIIO, B CHJIy HAJIMYUs TTOJIOCA IEPBOTO MOPSIIKA.

Takum 06pa3oM, B CHIY TOTO, YTO OUDYPKAIMOHHDBI KOMILIEKC CUCTEMBI €
raMuIbTOHUAHOM [ — 910 B TouHoCcTH X / F, 0CTa/I0Ch JIUIIb JIOKA3aTh OTKPbI-
TOCTb COOTBETCTBYIONIEro 0TOOpakeHus g. J[ist 3Toro paccMOTpUM OTKPBITOE
muoxkectso U C X/E u ero npoobpasz p~(U) npu KaHOHHHYECKO#H TIPOEKIINH.
[Iposepum, aro muozkectso f(p~!(U)) orkpeiro B Y. Ilyers yo € f(p~H(U)).
Torma croit f~1(y) C p~}(U) conepxuT Jumb KOHETHOE TUCIO OCOGBIX TO-
4eK M OECKOHEYHO MHOTO HeocoObX ToueK. [lycth (29, wy) — HEOCODAst TOUKA
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Ha sroM cyroe. Torma (f,(zo, wo), fu(z0, wo)) # (0,0). TTo Teopeme o HesIBHBIX
bynknuax ypasuenne f(z,w) —y = 0 B Majoii okpecTHOCTH O ) TOU-
KU (20, Wp) Pa3penuMo OTHOCUTETHHO OIHOH W3 mepeMeHHbIX z,w. llycts,
JJIST ONPEeJIEHHOCTH, 2 = z(w,y) B 970l okpecTHOCTH. PacemoTpuMm (yHK-
o z(wop,y). OHa saBisiercst HenpepbIBHOW (yHKIMEH B HEKOTODOIl Masioi
okpectrocTH Oy TOUKN Yo, npudeM, (z(wg, Oy, ), W) C Oz wy)- OueBuno,
MOZKHO ¢aHTaTh, 910 Oz wey C p~H(U). Tem camsv, Oy C f(p~H(U)) n,
3HAYUT, OTOOPAKEHNEe § OTKPHITO. O

Sameuanue 3.1. Ilycth f — JOpAHOBCKHMII TaMUJIBTOHUAH CTeleHH (1M, n).
Paspemum m upunumars 3nadenue 0. [Torpebyem, urobni npoobpas f~1(&)
6ei1 csizer B C x (C\ {0}) mua moboro € € C. Torga, Kak BUIHO U3 J10-
KazaTeJabcTBa TeopeMbl 3.6, 6udyprarmmonusrii kommiaeke cucrembl (C x (C\
{0}),we, f) 6ymer Takxke romeomopden C. Ilpeanonokum Temepb, 9To Cy-
mectByet Takoe & € C, uro mpoobpas f~1(£) mecsasen B C x (C\{0}). Takoe
BO3MOZKHO TOLJa U TOJILKO Torja, Koraa f = az? +b/w? + ¢ ajs nexkoropbix
k € NU{0}, a,b,c € C u ab # 0. Herpyao nmokasarb, 4To 6udypKaIMOHHBIIT
kommtexc cuctemsr (C x (C\{0}),we, f), tae f = az? +b/w?* + ¢, romeomop-
den daxTopupocrpancTBy HecBsa3HOTO 00bequHeHna C LI C 1ByX 9K3eMILIs-
POB JIBYMEPHO# ILIOCKOCTH 10 Pa3OUEHHUI0, CKIEHBAIOIIEMY JIBYXTOUNS BUJIA
(£,£) e CUC, & # ¢, mpu k # 0, u oguo aByxrtoune (¢ +b,c+b) € CUC
upu k = 0.

4. TormoJsorugd OKpeCTHOCTU CJIOd PallMOHAJIbHO-
ro raMuJIbTOHUAHA,

4.1. I3BecTHbBIE Pe3yJbTAThl O TOIOJOTUU CJIOEHUI

A. TomoTonmyeckuii Tun cjaod B TepMuHaxX qucej MuaHOpa

[ycts f = f(z) — muorowsen n + 1 KOMIUIEKCHBIX MEPEMEHHBIX Z =
(21, -+, 2ns1). Hyers Touka 2° € f71(0) aBnsiercst ero w30MMpoOBaHHOl 0CO-
6oit Toukoit. Onpegenum orobpaxkenne [': S2'H — S+ hopmynoit ['(z) =
gradf(z)
lgrad f(z)|
¢ nearpoM B Touke 20, a S**1 — crampapruaa (2n + 1)-mepmas cdepa
equamaHOTO pagmyca. Ilyers K = f~1(0) N S?"*1. Beemem orobpazkenue

2

@: S\ K — St dbopmyitoit ¢(z) = /()

1f(2)]
Teopema 4.1. (/lowc. Muanop, [9]). Ecau € > 0 docrmamouno maio, mo
nocmpoennoe eviwe omobpasicerue p(z) ABAAECA NPoexyuets HeKomopozo

. 3aech S?"T1 — cdepa pasmepnocrn 2n + 1 pajmyca € > 0

. meet MecTo Teopema
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AOKAABHO MPUBUANLHO20 paccroerus (paccaoenue Muanopa).

Kaoicowdi caoti o~ (e?) asasemea enadkum 2n-meprvm mroz006pasuem,
u umeem 2omomonudeckuti mun oykema S™V S™V ...V .S" n-mepnox chep,
npuuem Koauuecmeo cep 6 amom bykeme gy (wucao Muanopa) pasno cme-
nenu omobpasicenus I

B cBs3u ¢ 3T0i1 TeopeMoii BO3HHKAET BOIPOC: U9TO MOYKHO CKa3aTh O TO-
nostoruu cioes f1(€), € € C, 3nas kak ycTpoennsl paccioenus MusHopa
B OKPECTHOCTSIX 0COOBIX Touek f?7 OTBeT Ha TOT BOMPOC (T HEKOTOPHIX
CIIEITUATBHBIX KJIACCOB MHOTOWIEHOB) moayden B paborax [16], [17]. Cdop-
MYJIHPYEM COOTBETCTBYIOLIME PE3Y/IbTaThl.

Onpenenenne 4.1. Muorouien f Ha3bIBACTCH PYHHOIM, ECJIH CYLUECTBYET
d > 0 Takoe, 9TO JJIsA BCEX MOCJIEAOBATENLHOCTER 2' ¢ 2| — 0O BBIIOIHEHO
lgrad f(z")| > § s qocTaToIHO GONBITHX 1.

[lycts g — cymma guces MustHopa, B3dTas M0 BCeM OCOOBIM TOYKaM f.
[lycrs pf, € € C, cymma umcesr MuiHopa, B3gTas MO BeeM 0COOBIM TOUKa f,
nouasmum B cioit f1(E).

Teopema 4.2. (cm. [16]). Tyemo f — pyunoti muozounen. Toeda das ecex
¢ € C caoti f71(€) 2omomonunecku sxeusarenmen bykemy us p— pi° n-cfhep.

Omnpenenenne 4.2. Muorounen f wazwiBaercs GI-mHo20uAeHOM, €CTH [T
aroboro & € C komnakTudukanus caosg f~1(£) B CP" (ocymecrBisiemast ¢
OMOIIBIO epeMeHHo# () TpaHcBepcaibHa runepiiockocta ( = 0.

Teopema 4.3. (cm. [17]). Obwudi caoti GI-mmozounena f cmeneru d 20mo-
monusecku sxeusasenmer, 6ykemy uz (d — 1)" n-chep.

IMpumep 4.1. Paccmorpum muOorouten f = z2 + w?. On asigercd Kak pyd-
HbIM, Tak 1 GI-muaOTOUYIeHOM. [l09TOMY €ro HyJIeBO# CJION rOMOTONHNYECKH
9KBUBAJEHTEH TOYKe, a J00H HEHYIeBOl CJI0fl TOMOTONMMYEeCKH SKBUBAJIEH-
TeH oKpyzkHOCTH S’

B. Tononorumsa cjod B TepMuHAX MHOroyrojgbHuka HbioTona

Paccmorpum B kauecrse dynkuuu f(z, w) upousBoibHblii MHOTOUYIEH J10-
paHa JBYX KOMILIEKCHBIX [eDeMEeHHBIX (HampuMep, JOPAHOBCKHUH raMUIbTO-
HUAH HeKOTOPO# crenenn). Ham mMOHAMO00ATCST coieiytoline onpeieeHnst
Omnpenenenne 4.3. Ilycts f(z,w) = > a;,2'w™ — nopanosckuii MHOTO-

I,m€eZ

WIEH OT JBYX KOMILTIEKCHBIX TepeMeHHBIX. Boimykirast o6onouka Touek (I, m) €
7% Takux, 9TO arm # 0 Ha3BIBAETCS MH020Y2000HUKOM Hvr0mona J10paHOB-
CKOro MHorouwiena f um obosHadaercd depes Fj.
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Hsa kaxgoit rpann (pasmeprocru 0,1,2) muoroyroibuuka Heorona Py
ONpe/IesIeH yCeUeHHBIH MHOTOUJICH, COCTOAIIUIT U3 TeX CJAraeMblX a2 w™
muoTOWwIeHa f(z,w), I KOTOPBIX TOYKA (l,m) 9TON TpaHu NMPUHAIICKUT.
g ymobeTBa, ycedeHHBIe MHOTOUYIEHBI OyIeM KOAUPOBAThL BEKTOPAMHU HA
IIOCKOCTH (JIIOOBIM BEKTOPOM COOTBETCTBYIIErO BEPXHErO KOHYCA, JJIsl TPaHeit
Pa3MEepPHOCTH HyJ/Ib, BEKTOPAME BHEITHEl HOPMAJIM I TPAHeHl pa3MepHOCTH
1 ¥ HYJIeBBIM BEKTOPOM JIJIsl pa3MepHOCTH 2) 1 06o3Ha4YaTh Yepe3 f.

Omnpenenenne 4.4. 'panb (WM COOTBECTBYIONIMH el yceYeHHbIH MHOTO-
wieH) Py HA3BIBACTCS HEGUPOAHCOENHOT (HEBBPONHCOEHHBIM), CITH IS COOT-
BECTBYIOIErO YCEYEHHOr0 MHOro4weHa [ BBIIOJIHEHO CJeAyIOmee yCJI0BHe:
nyist ioGoro pertenus (2, w) ypasuenus f7(z, w) = 0, nexamero B (C\{0})?,
muddepentnan df(z,w) # 0. Jlopanosckuii MmuOrowsen f(z,w) Ha3pBaeT-
CST HEBVLPONHCOENHBLM OTHOCUMEADHO CB0€20 MH020Yy20nvHuke Hvtomona P,
ecaiu J06ad ero rpaib HEBBIPOXKICHA.

Ounpenenenne 4.5. [lycts Qi (M) — npoctpanctBo roaoMopdHbIX Tudde-
PEeHIaJIbHbBIX k’—CbOpM Ha KOMIIAKTHOM aHaJIUTUY€CKOM IIDOCKTHBHOM MHO-

roobpaszun M. Apugpmemuueckum podom x(M) nazwiBaerca uncao x(M) =

B caygae, korga M — KOMIAKTHas CBA3HAasd PUMAHOBA IOBEPXHOCTH, B
cuty 3amedanus u3 [12, §17.10], umeem caenyrornyto dopmyay st apudme-
tuaeckoro poga: x(M) =1— g, tae g — uucao pydex wa M.

O6o3nauum gepe3 BT (Py) 4ncJio nebix To49eK, BHyTpeHHux st Py (B T0-
IOJIOTUH MEHUMAJILHOTO JINHEITHOTO IPOCTpatCTBa, cofepxatero Py). ITycrs
M — docmamouno noanas (cm. [13]) komnaxruduxanua aig Py, CoracHo
Teopeme 1 u3 [14, §1.3], mmeem y (M) = 1—(—1)4mPr B¥(P}). U3 ckazanHOTO
BbIIIEe, a Takke u3 [14, §2.1] u Teopembr u3 [14, §4.1] BeITeKaeT

CaencrBue 4.1. IIpednonroscum, wmo dynrxuyus f umeem HeHYses0U c80-
600nwiti waen, a dimP; = 2. Tozda nyaesoti caot f~(0) asasemea neocobvim
onsa Ppynkuyuy f. Ipednoroscum, wmo amom caol ceasen. Toeda oH 2omeo-
mopdrvm cepe ¢ g = BT (Py) pyuxamu u k npoxosamu, ede k — amo wucao
UEABIT MOER, ACHCAULUT NG 2PANUYE MHO20Y20avHUKE Py

IIpumep 4.2. Pacemorpum Muorowten f(z,w) = 22+w+1/w+c, ¢ # 0. On
SIBJISIETCS HEBBIPOZKJIEHHBIM OTHOCHTEJBHO CBOEIO MHOIOYroJibHuKa HproTona
P; Torpa u TosnbKo TOrga, Korga ¢ # £2. Tak xak dimPy = 2, mpu ¢ # £2,
nysiesoii cyioit f71(0) romeomopden JByMepHOMY TOPY C OJHHM IIPOKOJIOM.

B. Tononormsa oKpeCcTHOCTHU CJIOHA
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znoxkenne B 3TOM TyHKTE Oy/JeT KOHCIEKTHUBHBIM. BoJjee moapoOHyio
naopManuo (onpeeieHns, TOJIHbe (POPMYJIUPOBKH T€OPEM W UX JOKa3a-
TEJBCTBA) MOXKHO HaiiTu B paborax [1], [3], [L0] u [19)].

OJHUM W3 OTHPABHBIX PE3YILTATOB O TOMOJOTUU OKPECTHOCTH CJIOS WHTE-
IPUPYEMOil TaMUJIBTOHOBOW CHCTEMBI SIBJISIETCS PUBOAUMAs HUKE TEOpeMa
JImyBmiga. Paccmorpum BIoJiHE HHTErPUPYEMYIO BENTECTBEHHYO MaMUJIBTO-
oy cucremy (M,w,H), dimgM = 2N, ¢ N mepBbIMU HHBOJTIOTHBHBIMU
maTerpatavu H = Hy, ..., Hy. IMeeT MecTO

Teopema 4.4. (Teopema Jluysuarsa). Jlobas c6A3Has Pe2YrAPHas NOGEPT-
Hocmb YposHsa unmeepanros H;, i =1,..., N, duddeomoppra npamomy npo-
useedenuro RE x TN=F 20e TN=F — (N — k)-mepnwti mop, 0 < k < N.
B cayuae k = 0 noayuaem N-mepruii mop (mop Jluysusrs). Caoenue 6
okpecmmocmy, mopa JIuysuiia mpusuasvro, m.e. ouddeomopdhro npamomy
npouzsedernuto mopa TV na duck DV .

Takum obpazoM, chOpMyJIUPOBAHHAS BHIIIE TeOpeMa TOBOPHUT, YTO Ma-
JIble OKPECTHOCTHU TOPOB JIMyBUJLIS CUCTEM C OJIUHAKOBBIM YUCJIOM CTereHeit
¢BODOIBI “yCcTpOeHbl 0nHAKOBO . Bo3HnkaeT Bonpoc: Kak 3pdekTuBHO KJac-
cudUIIPOBATH MaJIble OKPECTHOCTH OCOOBIX CJIOEB MHTETPUPYEMBIX CHCTEM C
TOYHOCTBIO JI0 MOJYJIOKAIbHOM JInyBULIeBOI (MOTYJIOKATBHON TOMOJIOrHYe-
ckoii) sxBuBasienTHOCTH? [IpUBEIEM HECKOBKO U3BECTHBIX PE3YJIBTATOB.

Teopema 4.5. (cm. [10]). Jdse cedaoswie ocobenmocmu enoane urnmezpupye-
ML 2aMUALIMONOEUT cucmem ¢ N cmenenamu c60600v noaysokaivro Jlu-
YBUNNEBO IKBUBAACHIMHYL 020G U TMOABKO 0206, K020a COOMEEMCMBYHULUE
um fN-epadivl IK6UBANEHTIHDL.

Teopema 4.6. (cm. [19]). Jlee monoaozuuecku yemotuusne Gorycrvie 0co-
BENHOCTNU BNOANE UHMEZPUPYEMBLET 2AMUADIMOHOBHT CUCTIEM € KOMNAKIT-
HOMU CAOAMU U 2 CINENENAMYU ¢800600b NOAYAOKAALHO Juysusreso skeu-
BaAEHMNYL M0200 U MOALKO M0o20a, K020a COOMEEMCMEYIULUE UM 0cobble
CAOU UMEIOM 00UHAKOBYIO CAOHCHOCING (M.e. 00UNHGKOBOE “YUCAO 0CODEHHO-
cmet muna @okyc-goryc).

Teopemsr 4.5 u 4.6 UMeIOT J1eJ10 ¢ BIIOJIHE HHTETPUPYEMBIMH CUCTEMAMH, Y
KOTOPBIX OCODEHHOCTH HEBBIPOXKIeHB. B pabore [3] paccmarpuBasics Kiaace
HHTErpupyeMbiX (HO B OOJIBITMHCTBE CJAy4YaeB He BIOJIHE HHTEIDUPYEMbIX )
cucrem H,(a, by, ..., by), y KoTOpbIX ocobennocT umeror Tun Ag, k € N, u,

TeM CaMbIM, JITOO BBIPOZKJIEHBI JITOO UMEIOT THI (POKYC-POKYC.
. 11 1
Teopema 4.7. (cm. [5]). Jee unmezpupyemoie cucmemor 3, (a',b,, ..., bp)

u Hopy(a®, 02, ..., DG) NOAYAOKAALHO MONOAORUNECKY, IREUGAACHIHD, OTHO-

cumenvto £ mozda u moavko moezda, K020a Ny = Ng, U COOMBEMCMBYIOULUE
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CAOU YPOBHA Eg IMUX CUCEM UMEIM 00UHAKOBBLE HADOPYL KPAMmHocmel 0co-
6oL MONexK.

B [3] Tak:ke qoKa3amo, 9TO CJAOCHHE B OKPECTHOCTH JTIOGOT0 HEOCOGOTOo
CJIOST THHEPAJINITHYECKOTO MHOTOWIEHA YCTPOEHO TPUBHAJIBHO, T.e. Jud-
deoMopdHO MPAMOMY IIPOU3BEACHUIO CJIOSI HA JABYMEpHBIH Auck. OTMeTnM,
9TO B CJAydae PalrOHAJBLHOTO TAaMHJILTOHHAHA 3TO He BCerja Tak (Mbl T10-
kakeM B §4.2 (cMm. caencrBue 4.2), 9TO CJ0EHEE B OKPECTHOCTH HEOCOOOTO
CJI0sl PAIMOHAJIBHOIO TaMUJIBTOHHAHA TPHBHAJIBHO TOJIBKO IIPH HEKOTOPOM
“YCJIOBUU HEBBIPOKJIEHHOCTH” B BECKOHEUHOCTH ).

4.2. BcriomorareabHbIE€ JIEMMBI 1 yTBEPKJICHUS

PaccmorpuM panuonaabHbli ramuabronnan f(z,w) = az? + R(w) cucreMpr
A, (w
(Cx (C\A{d,...,dn}),dz Ndw, f). lIycrs R(w) = B (0] e A=A, (w)
m(W)
u B = B,,(w) — B3auMHO IPOCTbIe MHOTOYIEHBI cTeneHeir n > 0 u m >
0, R(w) # const. He orpanmuuBast OOIHOCTH JATBHEHIIAX PACCMOTPEHUIA,
cuntaeM a = 1 u n # m (mocrarouno noaeauTh R(w) HA a u mpubABUTS,
ecsiu moTpedyercs, KoHcTanTy). Pacemorpum mexotopoe & € C. Ha coe T,
MMeeTcs KOHeIHOe 4ncao s- > 0 0cobbix Touek P, ..., P,r ¢ KpaTHOCTAME
li,...,l;p m komEwHOE |HCiO $9 > 0 mpocThX Todek Q1. .., Q. (umcia
sP, s9, P; u Qy, 3aBucar or &). lpu srom > [;+s% = max(m, n), upu £ # 0,
uy li+ s =n, ecm € = 0, T.K. P; 1 Q) — Bce TOYKH, COOTBETCTBYIOMINE
perennio ypasuenus f(0,w) = &.

Jlemma 4.1. /las waorcdoti mouxu Pj, j = 1,..., s, cywecmeyem maxasn
ee YEMBPETMEPHAA OKPECTIHOCTMb UjP, umo 6 Hell gynrkyua f(z,w) sxeu-
sanenmua Pynryuu g - Vo, — C, 2de gf (2, w') = 2% +w™ + &, Vo, =
{(Z',w) € C2 | |22 +wl| < g |w| < (26)Y4}. Jaa wasicdoti mouxu
Qr, k= 1,...,59, cywecmsyem maras ee wemupermMepHas OKPeCHOCING
U,?, umo 6 netl pynryua f(z,w) sxeusarenmmua Gynryuy g,?: Ver — C, 2de
g,?(z’,w’) =22 +w' +&. 3decv € > 0 mosrcem Goims 6u6pano eOuHbIM OAA

scex mouex P; u Qy, a sce Ujp u U,? MO2Yym. OviMb COCAGHBL NONAPHO HE
NEPeceraOUUMUCH.

Jlokasamenvemso. Cuoenysi jokazarenbcrBy |3, §2, Jlemma 4], pacemorpum
pon3Bo/IbHYI0 TouKy P; = (0,w;). B HekoTopoii ee okpecrnoct f(z, w) =
22+ g(w)(w—w;)' +&, rae g = g(w) — ronomopduag pyHkUs, TaKkagd, 9TO
g(w;) # 0. Paccmorpum cTosb MaIyo okpecTHOCTH U TOUKH w; (B MIOCKO-
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CTH MepeMeHHOI w), 9To0bl sl HEKOTOPOH BETBH KODHSI e oToOpakeHue

bpj:wi—w = (w—w;) Y g(w) (4)

o110 muddeomopdusmom U™ Ha ¢p;(UY). lonokum hp; = ide X ¢p;.
Bosbmem crosb manoe € > 0, urobwr Vo, C hp;(C x UY) = C x ¢(U"),
U TOJOKHAM U]P = hajl-(‘/alj). Orobpazxenne hp: UJP — V_u, ocymecTnisger
TpebyeMyIo SKBHBAJEHTHOCTb (hyHKIUH f ’U]P u g]P . AHaJIOrMYHO TOCTYTIMM
¢ npocTbiMu TOYKamMu Q. YMmenbInasi, ecjin norpedyercs, € > 0, moaydaum
yTBEpAKAEHNE JTEMMBI. O

3ameuanue 4.1. Takum obpasom, ocobennoctu C-raMUIbTOHOBBIX CHCTEM
¢ palUOHAJIBLHBIM TaMuIbToHHaHOM uMmeroT tun A, k € N. B wacrhocrn,
ocobennoctu unrerpupyembix cucrem H,(a, by, ..., by) (cm. §4.1, nynkr B)
umeror Tum Ay.

Pacemorpum oTkperThil 1By MepHSbIi quck D, . BOKpYT (0co00ro) 3nade-
Hug & panuonajbHoro ramuabronnana f = z2 + R(w). TlycTh, Kak u BbiIIe,
Py, ..., P, — ocobble Touknu ciod T¢, cooTBeTcTByOmUX KparTHocTeit [, a
Q1,...,Qs — mpocTble TOUYKH ITOrO cjaosd. [1log oKpecTHOCTbIO KOHEYHOT'O
Habopa TOYEK BCIOJy B jaJjibHeiiiiieM OyjeM umerb BBUJLY OObeJMHEHHE I10-
HAPHO HeMepeCceKamuxcst (BMeCTe ¢ 3aMbIKAHHAMIE) CBS3HBIX OKPECTHOCTEN
9THUX TOYEK.

Jlemma 4.2. Iycmw & # R(oo) := lim R(w) € C. Tozda daa moboti ue-
w—r00

mupezmeproti okpecmuocmu U’ nabopa movex P; u Q. cywecmeyiom € > 0
u wemupermepran oxpecmuocmo U C U’ nabopa mouex P; u Qy, maxue,
Ymo GyHKuUL f|f_1(D§0,a)\U axeueasermua pyrnkyuu Pri: De, o X L — Dy, .,

ede L = T&) \U’ Pfl(fan) = 5

oxazameavecmeso. Paccmorpum Masyio “KpyroByo” okpectrocTb U Habopa
TodeKk P n () B IUIOCKOCTH IIEPEMEHHOH w (C IPOKOJIAMHU, OTBETAIOMINMM
noocam pyaknun R = R(w)). llycrs € > 0 takoBo, atonpu § € D, . nw ¢
U dyuxmust u(€, w) = £ — R(w) oraenena ot uyss. Takoe € > 0 cymectByer,
TaK Kak panuoHajibHas yHkuus R — & = R(w) — & upogoszkaercs 10
rosomopdHOro orobpaskerns kommnakta C — C, Hy/IsIM#I KOTOPOTO SIBITSIIOTCST
B TOYHOCTH TOYKH (PACCMATPHBAEMbIe B IUIOCKOCTH HepeMeHHoi w) P u Q)
u3 U" B cuny yeaosust R(oo) — &y # 0. Tonoxum

U= {(£/€ — R(w),w) € C2| € € Dg,., we U"}. (5)

YMeHblIast, ecJid HY?KHO OKpecTHOCTh UY 1 & > 0, mosyunm U C U’. [Toka-
skeM, 4To U gBjigercsa HCKOMON 4eThIPeXMEePHON OKPECTHOCTBIO To4eK P, (.
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Paccmorpuwm ciay4ail, korja muorooopasue T, \U JInHeitHO cBsa3HO. PuKcH-
pyem HeKkoTopyio Touky (zo,w) € Tg, \ U. Bribepem BeTBL KOpHS TakuMm
obpazom, 9Tobbl 29 = /& — R(wy), 1 IPOJOKUM ee OTHO3HAIHO B HEKOTO-
PyI0 OKpecTHOCTh. OUeBHIHO, MOYKHO CYMTATh, YTO NP W, OIU3KAX K Wy, U
Beex & € Dy, . onpegeneno snavenne y/u(€, w) = /€ — R(w), raako 3aBu-
csiee oT € U w.

Bamerum, uro (/& — R(w),w) € Te \ U mist Becex w ¢ UY, £ € Dy, ..

[TosTomy, ana xaxmoro § € Dg, ., MBI MOXKEM DacCMOTPeTh POCTOK KOp-

Ht \/u(€, Wo) M AHATUTUYIECKH €r0 TPOJIOIKUATEH (HEOTIHO3HAUYHBIM 00pa30M)
ua ciaoit T¢ ¢ nomompio nepemennoit w ¢ UY, mensiomeiics na Oase Ha-
kpeitus Pro: Te \ U — C, Pro(z,w) = w. Paccmorpum HekoTopslii myTh
7Y B IUIOCKOCTHU II€PEMEHHON w, He NPOXOAAINI depes I1oJIoca R(w) u U,
On wnayrmupyer nyTh u(€,7) B IUIOCKOCTH HEPEMEHHON u. 3HAYEHHe KOPHS
v u(&, w) 3aBUCAT OT YeTHOCTH YucIa 060pOTOB 1(€,Y) BOKPYT HYJS (B II0C-
KOCTH [EPEMEHHON ) IPH aHAJUTHICCKOM npojo/uKennn. Tak kak u(€, w)
OTJEJIEHO OT HYJIsA, 9TO YUCJI0 0OOPOTOB COBIAIAET C YHCJIOM 0OOPOTOB Iy TH
u(&,y) + & — & Tlocnennee, B cBoO 04epen, ecth u(&y, ).

Pacemorpum orobpazkenue ji: f~H(Dg, o) \ U — Tg,, onpesenentoe co-
orromerneM p(z,w) = (v(z,w),w), tne v*(z,w) + R(w) = &. DPynk-
s v(z, w) crpoutes ciaeayonmm obpasoM. Ilyers (z,w) € Te, Torma z =
+y/u(§, w). Ilyers myers v BBIGpaH Tak, uro z = +/u(&,w). Ilonaraem
v(z,w) := \Ju(&, w), rae 3Haderne KOpHs \/u(Ey, W) OIPEENAETCS TeM Ke
nyteMm 7. [To mocrpoernto U, ananntuaeckoit dyHkmnn /u(€, w), a Takxke
B ety Junefinolt ceasnoctu T, \ U, byHxus v onpeesena KOppeKTHO Ha
fH(Dgc) \ U. Tem cambiM, KOPPEKTHO ompesieeno otobpaskenue ji(z,w),
TOZKAECTBeHHOE Ha cioe T¢, u Taxoe, uro fu(z, w)|T5\U SIBJISIETCSE OUTOJIOMOP-

busmom Te \ U — T, \ U npu xauaom € € Dy, .. -
Oupenesmm teneph otobpazkerne hy: f1(Dg, ) \ U — D¢, o X L creny-
IOIIUM 0Opa3oM:

hy(z,w) = (f(z,w), u(z,w)) (3aecn p(z, w) — Touka ma croe Te,).  (6)

[Iycts Hy = iohy, tae i: Dg, . X L — Dy, . x C* — oroOpaskenne BKIIOUEHUSI.
Herpyano Bujers, aTo panr marpuibl Akobu orobpazxkenus H; makcuMasien
B KaxKJ0# Touke. /leficTBuTE/1IbHO, MaTpuna fkobu mmeer B

foov. 0

fo v 1)7
npuaem #a muokectse fH(Dg ) \ U Bepro mepasenctso f, # 0. Tak kax
oTobpazkerue hq 110 IMOCTPOEHHUIO B3auMHO 0H03Ha1HO, C-auddeperiupyemo
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un ero audepennua ABasieTcss U30MOPGU3IMOM B KaxKJ0if TOUYKEe, TO OHO
apyigercsd ouromomopdusmom. OdeBuano, f = Priohy, orkyma u ciemyer
yTBep:KIeHHe JeMMbl B ciyuae ceasnoro Tg, \ U.

Ecmu Te, \ U cOCTONT U3 ABYX JHHEHHO CBA3HBIX KOMIIOHEHT, TO TIPH
nocrarouno MaaoMm € > 0 Bee caon Te \ U, € € Dy, ., TaK#e COCTOAT W3
JIBYX JINHEHHO CBA3HBIX KOMIIOHEHT. [[0BTOPsSIST paccy:k/eHusi, TPOBeIeHHBIE
BBIIE, /I KaKJAOU U3 JABYX JIMHEHHO CBI3HBIX KOMIIOHEHT, MBI MOJIydaeM
VTBep:KJIeHUE JIEMMBbI. O

JIemma 4.3. ITycmov &y # R(00). Tozda das 060t wembipexmeproti okpecm-
nocmu V' nabopa mouex P; cywecmeytom € > 0 u uemvpermepras oxpecm-
nocms Vo C V' uabopa mouex P;, maxue, wmo dynxyua f|f*1(D§075)\V mo-

noaozunecku axeusasenmna ynryuu Pri: De o X L — Dg ., ede L =

Te, \ V. Pri(€m) =¢.

Aoxasamenvcmso. 1IpoBesem Bce MOCTPOEHNS, OTTUCAHHBIE B IOKA3ATEIbCTBE
jgeMmMmel 4.2. Ecam na cioe Tg, orcyTerByIoT npocTbie TOYKH (), TO BCE J0-
ka3ano. [IpenmomoxumM Temepb, 9TO OHU €CThb, U PACCMOTPUM OJHY U3 HUX
— 1ouky @ = (0,wg,). B okpecrnoct Toukn (), cormacuo jgemme 4.1, cyrme-
CTBYIOT KoopauHaThl (z,w') Takue, uro B HuX f(z,w') = 22 +w' + &. B a1ux
koopauHaTax (z,w’)(Q) = (0,0) — npocras Touka Ha cioe T¢,. s kaxoro
¢ € Dg, . Gysem uvers npocroie Touku Q° = (0, we) na cioux Te¢, 6inskue K
ToYKe (), IPUYeM MOKHO CYHTATh (B CHILy JeMMbl 4.2), 9TO CBsI3HAS KOMIIO-
HeHTa oKpecTHOCTH U 13 meMMbl 4.2, cogepzkaiias (), COnepAKUTCsS B 00JacTh
onpesiesenns KoopauHat (z,w'), u Bee Toukn Q° mpu £ € Dy, . npuHAITE-
KaT 9Tol cBa3Holl Kommonente. B wacrnocrn, (z,w')(Q%) = (0, — &), u B
YKa3aHHO# CBA3HOM KOMIIOHEHTE APYTHUX OCOOBIX WU MPOCTHIX TOYEK HET.
Pacemorpum mexkoropoe § € Dg, o 1 CBA3HYI0 KOMIOHEHTY Ug OKpecTHO-
cru UY u3 nemmbl 4.2, copeprKalilyio TOUKy Wg,. Paccmorpum romeomopdusm
Ve TIOCKOCTH TlepeMeHHoM w, KOTophiit ocTapiger HenoapmxupivMu C\ UY u
MaJIyI0 OKpecTHOCTD rpanunbl QU obnactu Uf, a TakKe cOBIaJaeT ¢ 0T00-
pazkenneM w' — w' + &y — & B MaJI0O# OKPECTHOCTH TOUKH Wg (B HamIel HOBOI
koopauuare w'). Takoit romeoMopdu3M MOKeT GbITh IOy YeH CJABUTOM BJIOJIb
HHTETPAIbHLIX TPACKTOPHIT BEKTOPHOTO Mosd X¢, KOTOPOEe CTPOUTCS CJIejTy-
oM obpaszoM. PaccMOTPUM B IJIOCKOCTH TMEPEMEHHO w oKpecTHOCTh Wy
TOUYKH We,, COIEPKAILYI0 TOUKH We IpH J11000M § € Dy, -, 1 OKpecTHOCTb Ws
TaKue, 94YTO Wl c Wy C Wg C Ué" , & TaKzKe TVIaIKYIO BellleCTBeHHO3HAYHYIO
dyukmo o = a(w), TOXKECTBEHHO paBHYIO eaunune B Wi u Tox1ecTBeH-

d
Ho papHyto Hymo BHe Wy, Homoxum Xe = a(w)(& — §)——. Samernm, 9T0

dbyHKINIO (v MO’KHO BBIOPATh eunoit 114 Beex § € Dy, .. Toraa orobpazkenne
Ve OyJeT riajxo 3aBuceTb oT §.
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[Tocrponm orobpaxenne hy: O(Q) — Dg, . X Tg,, tne O(Q) — mamas
JeThIpeXMepHasi OKPEeCTHOCTh TOYKH (), B KOTOPOH BBEJIEHBI KOODIHHATHI
u3 gemmbl 4.1 (¢, BooGuie rosopst, apyrum & B (hOPMYJIUPOBKE), U KOTOPast
COZIEPKUT COOTBETCTBYIOILYIO CBSI3HYI0 KOMIOHEHTY okpectHocTH U u3 (5).
Jlia mocTpoennsa orobparkenus hy BBegeM cemeiicTBo oTobpazkennit ge: Te N

O(Q) = Tg,, & € De, ., bopmynoii (z,w')(ge(z,w)) = ( —w’(%(w))aw'(%(w))>7

rjie BeTBb KOPH# BbhIOMpaercss TaKuM 00pa3oM, 4ToObI OTOOparkeHue (e, Obl-
710 orobpazkenueM BkiodeHus Tg, N O(Q) — Tg, u monoxum ho(z, w) =
(f(z,w),gf(%w)(z,w)).

Ocranoce “obbemuunTs’ oTobpazkenne hy u3 (6) ¢ oToOpazKeHUSIMH BH-
na ho, MOCTPOEHHBIME It KaxKaoit Touku Q. [losydennoe orobpazkeHue
F 7 (Deye) \ V= Dgye X (Tey \'V), te V. — oGbesnnenne CBA3HBIX KOM-
nonenT okpectHocTH U u3 (5), comepzKamiux ocobble TOUKH Fj, OIpeeseHo
KOPPEKTHO W, KaK HETPY/IHO BUIETh, MPOIOIKAETCA 10 ToMeoMopdu3Ma

h3: f_1<D§0,€) \ V- D§07€ X (TEO \ V) ) (7)

OCYIIECTBJISIONIEr0 TPeOYeMy IO TOIIOJOINYECKY 0 IKBUBATIEHTHOCTD (DY HKIU
f u Pry, pacemarpuBaembix Ha MHOKecTBax [~ (Dg, o) \ V u D, o X L coor-
BETCTBEHHO. [

CaencrBue 4.2. [lycmov & # R(00), u caoti T¢, ne codeporcum ocoboix
mouex. Tozda caoenue, sadasaemoe dynxyuets f(z,w) = 2* + R(w) 6bausu
croa T, mpueuaavro, m.e. zomeomoppno (u dasice dudgeomopgdro) npa-
MOMY NPou3eedenuto caos wa dsymepnud duck. Ecau sce & # R(00), mo
coOmeememeyouee CA0eHUE He MPueuarbno, m.k. caou Te, bausrue x T,
eMy HE 20MEOMODPHDL.

Sameganue 4.2. PaccMoTpuM mponsBoIbHYO 0c00yI0 TOUKY P; B cOOTBeT-
cTBylolee eif orobpazkenue ¢p; u3 (4). Torga B KadecrBe cofeprkarieil ee
(B IWIOCKOCTH HEePeMEHHON W) CBA3HON KOMIOHEeHTH MHOZXKecTBa U™ (B j10Ka-
-1
3aTEILCTBE JIEMMBL 4.2) MOXKHO B3ATh ¢P,j(Do,(25)1/lj)~ [Mocrpoum 10 MHOXKe-
ctBy U" okpecTtHOCTH V' Kak 3TO omucaHo BeIime. HeTpyano BugeTh, 9TO Ta-
Kasl 9eThIPEXMePHast OKPeCTHOCTH V' Habopa 0co0bIX ToYeK P; yaoBjersopser
YTBEDIKACHHUIO 1eMMbl 4.3. 3aMeTuM TaksKe, 9To B caydae, koraa R(w) = whi
a o = 0, okpecTHOCTH V' B TOYHOCTH COBHAJIET € OKPECTHOCTHIO VL ;. M3 J1eM-

MbI 4.1.

Cornacno jemmbr 4.3, upu & # R(0c0) u moctarouno masioMm € > 0 Bce
muoroobpasust Te\ V ¢ xkpaem, £ € Dy, ., nonapao romeoMopHEL, a B CJIydae
Heocoboctu ciog T, Bce caon T, § € Dy, ., monapao romeoMopdHbl. 31ech
(un Bcroy B masbHeiiem) V' — Masas deThlpexMepHasi OKPECTHOCTh Habopa
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ocoObIx Touek F; u3 3amedanus 4.2. Bojsee Toro, mpu J0CTaTOYHO MaJIOM
e > 0, Bce con T¢, £ € Dgy o, & # &, HEOCOOLI U MONAPHO FOMEOMOPQHBIL.
[IycTh M,‘Zk — AByMepHad cdepa ¢ g pydKaMu, h IbIpKaMA U k ITPOKOJIAMHU.
[ycrnb, Kak u Bbime, I;, j=1,...,s", 06oznauaior KparHocTh 0COGBIX TOUEK
Pj na cinoe T¢,, a s% 0b03HAUAET YHC/IO HPOCTHIX TOYEK Ha 3TOM cjIoe. BBerem
KPATHOCTH MOJIIOCOB (B KOHEYHOMN YaCcTH MJIOCKOCTH ) PAIMOHAIBHOT DYHKIN

w
n
R=R(w) = B (( )), koropeie oboznaunm depes [, k= 1,..., sP. Bamerum,
w
m
aro [; Beerja Gosblie ejuuuipl, a lf, Boobue roBops, 6oJiblle WIM PaBHbI
D
epunune, Y ,_, 4 =m.
Crenyroree yTBep:K/I€HIHE OMUCHIBAET, C TOTYHOCTHIO 10 TOMeoMOphu3Ma,
Tomostornio MEOroo6pasmit Te \ V' ¢ kpaem, a Takzke Tomosornio cioes Te.

CaencrBue 4.3.

1) Ilyemo mmozoobpasue Te, \V' ¢ kpaem ceasno (amo svinoanerno mozda
U MoAbKo mozda, Ko20a cyulecmseyem Toms O0v. 00Ha NPOCMad MOYKa Ha
cnoe Te,, uau Koeda xoms v, 0dno us wucea l;, 18 newemmo) . Toeda ono
20MEOMOPPHO MH02000DA3UI0 M,ﬁk ¢ Kpaem, 20e

)

2 2
h=p+s",

3 —1)E

k:M—FL.

2

3decv edenn, caedyrousue 0603HaAUEeHUA:

L=3s%+(s" —p)+ (25" = M),
R
C 14+ (=1)b
p=y
j=1
SD 3 ( 1)ld
-|- — k
M=)y "~

Hyemy J = max{m,n} + 2s” — M. Tozda ece mnozoobpasua T¢, & €
1 3+ (-1)7
D¢, e, & # &o, 2omeomopgdriv. cihepe ¢ 3 (J — L

2
3+ (=1)7
2

MU CKACEHHBIT mover U k npoxoAaGMU.

) pyukamu v M +

nporoaamu. Croti Te, 2omeomopdpen chepe ¢ g pywkamu, p napa-
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2) Iycmo mnoeoobpasue Te, \ V' ¢ kpaem neceasno. Tozda amo mmozo-
obpasue 2omeomopdno receaznomy obsedunenuro My, | | My, , 2de

g=0, h=s" k=s"+1.

Ipu s¥ > 1 caoti Tg, noayuen us deyzs sxsemnanpos chepvi ¢ k npokosamu u
s¥ ommenennvmu mowkamu ckaeusaruem s¥ nap coomeemesyowur omme-
wennoir mover. Ipu s =0 caot Te, neceasen u zomeomoppen, Mg, | | Mg,
Yucno pyuer u npoxosos y muozoobpasuil Te, & € Dy ., € # &, (sce onu
CEAZHDL) CHUMAETNCA TO MeM dice Gopmysam, ¥mo u 6 1).

SaMeruM, 9TO CJAEJACTBUHE OCTAETCs BEPHBIM M B TOM CJydae, Korua & =

R(0).

Jlokasamenvecmeo. Pacemorpum KOMIIaKTH(DHUKAIIIO T&] cioa T, 3axien-
BAIOIILY IO MPOKOJIBI “OECKOHEYHO yIaIeHHBIMU ToOYKaMu . [Toiydum KoHeuHbli
JIBYMEPHBIH KJIETOYHBIH KOMILIEKC — chepy ¢ pydKamu u “meperskkavu’ . 113
PacCyzKICHUH, IPOBEJICHHBIX B leMMax 4.1 — 4.3, a TakzKe U3 CHENUATLHOTO
BpIOOpa okpectHOCTH V' cienyer, 4yTo T¢, mosydaercd U3 K/IeTOYHOIO KOM-
ILJIeKCa Tgo \ V' caexyromeit onepanueii. Bepercst ocobas touka P € V N T,
KpaTHOCTH [ U cojepzKalias ee cBa3Has komnouenTa Vp okpectnoctu V. Ec-
au | megerno, To rpanuna 0(VpNTg)) ecrb OKPYyZKHOCTD, U MBI IPUK/ICHBAEM
B0 Hee Kommteke VpN T, , romeomopdubiil AByMepHOMY 3aMKHYTOMY JTHC-
Ky, 110 obeii rpanue. Ecin [ wetno, To rpannna O(VpNTg,) ects necns3HOE
o0be/IMHEHNE IBYX OKPYYKHOCTEH, U MBIl TPUKJIEWBAEM B/IOTh HETO KOMILIEKC
VpNTe,, romeoMopdHbIil IByMEPHOMY 3aMKHYTOMY LUIHHIPY, Y KOTOPOL'O
OJINH UK/ CTIHYT B TOYKY.

Hcnonwsyst sTo mabmogenne, a takxke Qopmyny Pumana-I'ypsuna s
JBYTMCTHBIX Pa3BeTBIeHubix HakphiTuit Te — C, NpAMBIME BLIYHCICHHAME
oJIydaeM YTBepXK/IeHUe CJIe/ICTBUS. O

ITycts € > 0 gocraTouno Maso u l; — HEKoTopoe HaTypaJbHOe THCJIO,

3aBHCAIIee OT mapamerpa j. Ilyers ono gerno. OnpemeanM 9eThipexMepHoe
4. 1 1

muoroobpasue N = ([0,e] x 5 x S' x [=1,0_]][04+,1])/ ~ ¢ xpaem (cnm.

[3, §3, yrBepkienue 1]). 3aech ~ MOPOXKIAECHO CJELYIONMAMUA OTHOIICHUSIMU:

(r, ¢ mod 2, w mod 2w, 0_) ~ (r, ¢ mod 27, M mod 2, 0,),
J J

(0, ¢ mod 27, ¢» mod 27, h) ~ (0, 0, ¥» mod 2w, h),

rme 0 < k <

0 i, r € [0,¢], ¢ € [0,2n], ¥ € [0,27], t € [-m, 7], h €
[_170—”_'0-1-71

[
). Tlosoxkum g;: Nélj — C, q;(r, 0,1, h) = re'® + &.
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[Iycts [; meverno. OmpefeanM deThIpeXMepHOe MHOTO0Opasme Ne4,17 =
([0,e] x ST x St x [-1,0])/ ~ ¢ xpaem (cm. |3, §3, yrBepnenue 2|). 3xech
~ TIOPOZKJIEHO CJIEYIONMME OTHOITEHUSIMU:

lj

(r, ¢ mod 2, LHE2E  1od 47, 0) ~ (1, ¢ mod 27, 5‘”;—?“4—277 mod 4, 0),
(0, ¢ mod 27, ¥ mod 47w, h) ~ (0, 0, v» mod 47w, h),

rie 0 < k <lj, rel0¢], p€[0,2n], ¢ € [0,4n], t € [-m, 7], h € [-1,0].

Mosozum g;: N2y — C, g;(r, ¢,9, h) = re' + &.

Uunexc j nymepyer ocobbie Touku P; € Te,, j=1,...,s", a l; 0bo3Ha-
P

S
gawoT ux kparaoctu. Onpegeanm dbyHkmo q: | | Nélj — C cienpyromum
j=1
obpasom: q|ys, (r,¢, ¢, h) = q;(r, ., h). Ananornuno onpesennm ¢yHk-
el

P

S
. 1/ o oo M2 1
mato g: | | Ve, — C dopmynott gl | (2, w') = 2% + w' + &.
j=1 &
Harmomuum, aro gepe3 V' Mbl 0003HaYa€M MAJIYIO Y€ThIPEXMEPHYIO OKPECT-
HOCTBL Habopa 0coOBIX Todek P m3 3amevanus 4.2.

Caencteue 4.4. Cywecmeyem € > 0, makoe, wmo dynryua fly monoao-
QUYMECKU IKBUBANEHMHA PYHKUUAM § U (.

oxazameavemeo. PaccMoTpum CBSI3HYI0O KOMIIOHEHTY OKpecTHocTH V', CcO-
JIepzKallyIo HeKOTopyto ocobyio Touky Pj kparnocrtu [;. Ilo nocrpoenuio V', B
KoOpAmHaTax u3 JemMbl 4.1, 9Ta KommonenTa copnaaer ¢ V.. 13 nemmbr 4.1

— P —
nomydaem romeomopdusm hy: Vo— | I Ve, mae h4|UJp(z, w) = hp,;(z,w),
OCYIIECTBILAIONHI TPEOYEMYIO TOMOJIOTHIECKYIO SKBUBAJCHTHOCTH (DY HKIIUI

fly7 m g. Tonosornveckasi IKBUBAICHTHOCTD DYHKIMI g U g caeayer u3 |3,
§3, yreepxaenust 1 u 2]. O

Jlemma 4.4. yecmo X, X|, X, — monosoeuueckoe npocmpancmeo, X
u X9 — 3amrnymoie nodmuoxcecmsa npocmparcmea X maxue, wmo X, U
Xy = X. Ilyemo Hj: X; — X}, j = 1,2, — 2omeomopfusmol. Craeum Xi
u X5 no omobpascenuro Hyy: Hy (X1 N Xy) = Hy(X1 N Xy), ede His = Hyo
Hf1|H1(leX2)- Obosnavum amy crreliky wepes ~1a. Toeda omobpasicenue
H: X — (X]UX3)/ ~12, onpedeaennoe npasurom H|x, = Hj, j = 1,2,
ABAAETNCA 20MEOMOPPUIMOM.

Hoxazameavemeo. Tak kak orobpakenme H 10 MOCTPOEHUIO B3aMMHO O/I-
HO3HAYHO M OTKPBITO, JIOCTATOYHO MPOBEPUTH €r0 HEmpepbIBHOCTHL. [lycThb
O — orkpsitoe Muoxectso B (X U X))/ ~1o. Ham myxuo mokasars, 9To
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vuaoxkectso H1(O) = H;'(Olx,) U Hy '(Olx,) otkpeito B X. Pacemorpum
pou3BOIbHYI0 Touky € H; '(O|x,) U Hy ' (Oly,). Iyets 2 € X; N X5, To-
r7a CYIIECTBYIOT TaKas ee OKPeCTHOCTh Vi B X W Takas ee OKPeCTHOCTh Vs B
Xy, uto Hi(V1) C O|x; u Hy(V2) C O|x;. PaccmoTpum oTKpbITHE B X MHO-
xkecrBa Uy u Uy Takue, aro Uy |x, = Vi, Us|x, = Va. Honoxum U = Uy N Us.
MuoxkectBo U siBAsteTCst OKPECTHOCTHIO TOYKH T B TIPOCTPAHCTBE X, IEINKOM
conepzameiica B H~1(0). Ilycts Touka x ¢ X1 N X,. Toraa jij1d Hee Takzke
HallIeTCA OKPeCTHOCTh B X, HeIMKOM comepxKamasdca 8 H1(O), sBumy To-
ro, uro Hy n Hy apnsgiorca roMeoMopdu3MaMi, a TAKKe BBULY 3aMKHYTOCTH
muOXKeCcTB X1 u Xo B X. ]

4.3. OcHOBHBIE PE3YyJILTATHI O MOJIYJIOKAJbHOI KJaccudu-
Kalluy O0CODeHHOoCTel

Beenem muoxkecrso 07V.y, = {(z,w) € C* | [22 +wli| < ¢, |w| = (2¢)"/5}.
Kax B semme 4.3, mogomnm L = Tg, \ V. Tyers (2, w) — orobpaxkenue,
Takoe ke Kak B ¢opmyse (6), m mycrs 2’ = z, w' = ¢p;(w). MoxknO cunTars,

9TO ONPEJIETIEHO 3HAYCHHE u(z’,gb;é(w’)) = <\/ —w’la',qb;’lj(w/» IpU BCex
(#/,w'") € 0%V, ans wexoropoit Bersu Kopusi V —w'i. Pacemorpnm otoGpa-
wemna vy 0TV, — Dg, - xOL, tre vj(2',w') = (z’2 +w' + &, u(2, c;S]_g}j(w’))) =
(2’2 +w' + &y, V —w’lj,qbg,’lj(w’)). Orobpaskenus v; romeoMopdHO 0TOGpa-

xaror 0TV, na cpoii 06pas.
i

S J—
[Ipomssenem ckreiiky mmoxects | | (Vo UOTVL, ) m Dg,. x L 1o Beem
j=1
orobpaxkenuam v;. O0o3HAINM 3Ty CKJeiiKy depes3 ~. VmMeer mMecTo
Teopema 4.8. ITycmv & # f(0,00). Toeda cywecmsyem € > 0 makoe,
wmo dynryua fl-1(p,, ) J Y D¢, c) — C monoaoeuuecku sksusarermma
dynwyuu G: M* — C, 2de

sP

M4 = (DEO,E X f) U |_|(V;:,lj U 8_‘—‘/6,1]') / ~

j=1

na mnoocecmese De, o X L dynryus G ecmo npoexyua: G = Pry, a na mro-
oicecmear Ve, U0V, sadaemea dopmyramu G(2',w') = 22wl 4+ &.

Joxasamenvemeso. Oyuxinug G olpe/iesieHa KOPPEKTHO, TaK Kak /g JI060ro
jupu (2, w') € 0"V, semmommeno pasencrso G(2',w') = Pry oy (2, w’). Ilo-
crpoum romeomopbusm h: [ (D, .) — M*, ocymectBastonuii TpeGyemyo
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TOMOJIOTUYECKYIO SKBUBAJECHTHOCTDH (DYHKIIHiT f|f_1(D§0€) u G. IlpeacraBum

f N Dee) kak (f7(Dey ) \VI)U (VN fH(Dg,y ). Cormacuo semme 4.3 u
caeacrsuio 4.4, onpenesnnm h(z, w) Tax:

h(z,w) = {h?’(z’w) mpu (2, w) € iﬁl(Déme) \V,
) h4(z,w) = (z’,w’) npu (z,w) cvVn f_l(Dfo,s)-

Orobpazkenue h oupeneneHo KOppekTHO. leficTBUTENBHO, V) 0 hy(z, w) =

vz w') = (2% + wh + &, pu(z,w)) = (f(z,w), p(z,w)) = hs(z,w) npu
(z,w) € OV N fH(Dg,e).

P

[Tonoxkum X = f_l(D5075), X{ = .|_|1(‘/€7lj U 8_‘_‘/571].), Xé = DSO,E X Z,
H, = hy, Hy = h3. Torua u3 jgeMmmbl 4.4jno,nyqaeM, 910 h — romeoMopdusm.
OcTasoch NPOBEPHUTH, YTO N OCYINECTBIAET TONOJOIMIECKYIO SKBUBAJIECHT-
HocTb GyHKUMi f|r-1(p, )1 G. meen: Ha MHOKeCTBe VNfYDe, ) xomnozunus Go
h(z,w) = 2?+w'i+& = f(z,w), ana muoxecrse f~1(Dg, .)\V komnosurus Go
h(z,w) =&, tne £ = f(z,w) no onpenesenuto. Teopema joKa3aHa. ]

sP

B cuny caencreus 4.4, muoroobpasue | | Ve1; € KpaeM MOXKHO OTOXK/Iie-
=1

sP

creuth ¢ || N2,
Jj=1

TOHOJIOTHYECKON SKBUBAIEHTHOCTH (gBHBIE (DOPMYJIBI KOTOPOH MOKHO HAHTH
B [3, §3, yrBepxaenusi 1 u 2|). [Ipu 9TOM OrpaHHYeHHE ITOTO OTOKIECTBIIE-
must Ha 01V, obparro romeomopdusmy ([0,€) x ST x ST x {—1,1}/~) —

1
OTVzy,, sanasaemomy dbopmynoii (r, ¢, 1, £1) — (£Vrel — 2e elli¥ (2¢) ™).
[Tosrywaem ciemytoniee

a byHKIuHI g|vequ ¢ GYHKIUAME ¢; C IOMOIIBIO HEKOTOPOit

Caencreue 4.5. Ilycmov & # f(0,00). Tozda cywecmsyem € > 0 maxoe,
ymo Pynxuus f: fH(De,c) = C monoaoeuuecku sxeusarenmna Pynryuu

Q: N* = C, 20e

N4 = (E&),E/? X z) L (U Né@) /N/ .
J

3decv uepes ~' 0bosnanena crielira, UHIYUUPOBAHHAA CKRACTKOT ~ U YKA3AH-
HOLMU sbLwe omostcdecmenenuamu. Ha mrootcecmee Dy, - X L omobpasicenue
Q ecmwv npoekyua: (Q = Pry, a na muoorcecmeax Nflj 3adaemcs Gopmysamu

Q(T) ¥, 77Z)7 h) = Teicp + 50' O
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Onucannast KOHCTPYKIMA TTOCTPOCHUS 110 3aJaHHBIM THHEPIJLIANTHYE-
CKOMY DaIlMOHAJIBHOMY TamuiabroHunany f = f(z,w), ypoBHIO & U UHCITY
e > 0 npocrpancrea M* ¢ dynxuueit G na HeM (coorsectBento, N4 ¢ dbynk-
nueit ()) ocyIecTBIsAIach B peanoaokennn, uro f(0,00) # &. Anamsorud-
HOE [OCTPOeHHe MOXKHO HpoBecTH U B ciay4dae, korma f(0,00) = &. [eii-
CTBUTEJIHLHO, €CJN JIUIS TUIEP3JINITHIECKOTO PalMOHAIBLHOIO TaMUIBTOHH-
ana f = 22+ R(w) umeer mecro pasenctso f(0,00) = &, TO, HelpeMeH-
10, R(w) mMmeeT moJioca B KOHEUYHOH vacTu mtockoctu. Pacemorpum omaun
U3 THUX TOJIOCOB M 0003HAYUM ero 4epe3 wy. ChemaeM 3aMeHy HepeMeH-
HBIX W — w' = w_lwo. Ona ycranaB/jmBaeT 3KBUBAJIEHTHOCTH (BPyHKIHH f =
f(z,w) m g =g(z,w) = f(z,wo+ =), tae roukn (z,w') ¢ w' = 0 cunTawrcs
BBIKOJIOTHIME U3 0oOstacTu onpenenenus pyuknuu g. g dbyakium g yxe
BepHO HepapeHCTBO ¢(0,00) # &, 3HAYNT, [T HEe MOYKET GBITH OCYIIECTB-
JIeHO HocTpoenue IpocTpancTsa M* u3 TeopeMsl 4.8, ¢ TOi JIMIIL pa3HUIEi,
YTO B MJIOCKOCTH MEPEMEeHHOM w’ HYKHO ¢IeaTh JOMOJTHUTENbHbIH TPOKOJI
B HyJe (xorst Touka w' = 0 me saigercs nosocom dyuknun ¢(0,w’) BBuLY
g(0,0) = & = f(0,00) # 00). DTa BHIKOJIOTAs TOYKA SIBISETCS YCTDAHH-
Moii ocoberrocThio i hyHKIun ¢(0,w'), 3HAYUT, KOPPEKTHO TOBOPUTH O
kparHocTH (0c060it) Touku (0, 00) cmos f~1(&).

PaceMoTpuM JiBa (PUIEPSIIUITHYECKIX ) PATMOHATBHBIX TAMUJIBTOHUAHA
fi m fo. Ilycrb onu He umeror “BbikosioTbix” (0COOBIX) TOYEK B CJIOSX T%O =

Ji' (&) u TZ, = f57' (&), ormrunsix ot (0, 00). meer mecto

Teopema 4.9. Ilyemv f1(0,00) # & u f2(0,00) # & wau fi1(0,00) =
f2(0,00) = &. Toeda dynxyuu fi u fo noayrokasvrno monosozuvecky Ix-
BUBANEHMHDL OMHOCUMEABHO 3HaueHus &y moeda u Mosvko moezda, Ko20a
caou Tg u T comeomopdros u umerom odunaxosvie HabopvL KPAMHOCMED
ocobur mouer (sxatouasn kpammocmo (ocobot) mouru (0,00) npu f;(0,00) =
S, = 1,2). B cayuae, xozda f1(0,00) # fo(0,00) = &, dymmyuu fi u fy
NOAYNOKAALHO MONOAORUMECKY, HE IKEUBSAACHIMHBL OMHOCUMENLHO ZHAUEHUS

€o-

Joxazamenvemeo. Bropoe yTBepzKiaeHne T€OpPEeMbI CJIeyeT U3 JeMMbI 4.3,
TaK KaK COOTBETCTBYIOIIEE JIEMMe yTBep:KIeHHe BepHO I (DYHKIUH f; U
HeBepHO it hyHKIuu fo (17151 11060i YeThipexMepHoil oKpecTHOCTH V' 0CO-
OBbIX TOYEK CJIOSI Tgo M JIOCTaTOYHO MaJioro € > () mpocTpaHCTBa Tg \Vu

TZO \ V' ne romeomopdust mpu & € Dy, ., £ # &). Jokaxem mepsoe yTBep-
JKJICHHE.
Cuepsa pacemorpum ciydait fi(0,00) # & u f2(0,00) # &.
Heobxo0 Y T! T? -
eobrodumocmy. Yenosue Ha romeomopduocth cioes Tg u TZ BhiTexa
eT U3 OIpeJeJIeHUs TOIIOIOTHYECKON IKBUBAJIEHTHOCTH (DyHKINi. BouiBemem
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YCJIOBHE Ha COBIAJEeHHe KpaTHocTeil. JlocTarouno mokasarh, 9To (pyHKIHN
gy = 22 +w" u g = 2? + w' TOKATBHO TOHOJOTMYECKH YKBUBAJCHTHBI OT-
HocuTesibHo Touek Py u P, P, = P, = (0,0), Torma u TOJIHKO TOT/IA, KOTIA
k = [. IIpeAmooKumM, 4TO CYIIECTBYET TOMOJOTHYECKAs SKBUBAJICHTHOCTH
h: Uy — U, dyuxkmit g, u g;, viae Uy u Uy — majbple OKPeCTHOCTH TOYKH
(0,0).

Onpegenum orobpazkenne 'y: Uy \ {0,0} — S® dopmynoit Ty(z,w) =
(%% o)

9 Ok
(9, 5|

1o onpeennm I'y: Uo\{0,0} — S?. Pacemorpunm komnozunuio I'oh|,-1(ssy: h7H(S2) —
S3 rae S2 — Tpexmepnas cepa J0cTaTOuHO MaIoro pajuyca € > 0. Herpyi-
HO BHJIETDH, 9TO deg (Fl o h/\h/_l(sg)) = deg (Fl o h|h—1(S§)) = degI'[gs, e A’
6sm3ko K h. C apyroit croponbl, ecaun h' riaagkoe orobOparkeHHe, MaTpPUIIA
IK0OH KOTOPOro BCIOLY HMeeT MOJOKUTEIbHBIH OIpeIe/INTe b, B CHJIy HHBA-
PHAHTHOCTH CTEIEeHN OTHOCUTEILHO JedopManmii, umeeM deg (Fl o h'|p-1( Sg)) =
degI'x|ss. Ho moxno nposeputs, uro crenens degI'y[gs = k—1, a degI'y|ss =
[ —1, orkyna k = [. B obpaTnyio cTOpoOHy yTBEPXK/IEHUE OYEBHUJIHO.
Hocmamounocms. 3anymepyeMm HaOOPBI OCOOBIX TOYEK CJIOEB Téo u Tgo Je-

Pt P2

pes Pl u P?, j=1,...,s" =s"", max, aro6pr kparnocTn ocoGhix Touex P}

2 )
u P? copnanain. O6oznaumm 11 Kparnoctu 4epes [;. Jlna xaxnoit dynk-

man fi 1 fo ¥ HEKOTOPOTO AOCTATOYHO MAJIOro € > () MpoBemeM MOCTPOEHHS
IPOCTPAHCTB

. 31ech S? — TpexmepHad cdepa eMHIIHOrO pajuyca. AHaIOrHY-

SPl

M = (Do x T U [ [0V, 00" V2) | /1
j=1
SP2

Mé = (DEmE X z2> L |_|(‘/6,lj U a+‘/;,lj) / g

J=1

u3 Teopemsr 4.8, rme Ly :Téo \Viu Ly, = Tgo \ V2. O6o3naunm coorser-
crBytomre (PYHKIUH U3 TeopeMbl 4.8, TOMOJOIHYECKH SKBHBAJEHTHBIE f1 1
fa, aepe3 Gy u Gs. Jdokaxkem, aro ¢yHKnun G u (G5 TOMOJOTHYIECKH IKBU-
BaJIEHTHBHI.

B cuny romeomopdHOCTH C10€B Tl0 i1 T20 U COBIAJEHUS HAOOPOB KpaT-
HOCTEH X 0COGBIX TOUEK, ToMeoMopdubr Mioroobpasus T \ V' u TZ \V? ¢
kpaeM. PaccMorpum [t Kazk10il CBA3HOH KOMIIOHEHTbI MHOXKecTBa De, o X
O(Tg, \ V') ee meGompmoe pasmytue B De, . % (Tg \ V'), romeomopdmnoe
IPSIMOMY [IPOM3BEJICHHIO JBYMepHOro jmucka Dy, . Ha Koabio [0,1] x S', u
J00AaBUM 3TU Pa3LyTHs K MHOMKECTBY |_|j Vo, = V. IonydnM 3aMKHyTOE B
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M} muoxectro V1. Anasornano noctymum co cjioem Tgo U TIOJTYIAM 3aMKHY-

Toe B M,y MHOXKECTBO V2. Herpy/iHO BUIETh, UTO CYIIECTBYeT COXPAHSIONUIL
opuerTarmio romeomopdusm id X by De, o % (T§, \ V1) = D, ¥ (T, \ V2).
Ha muoxkecrsax V. ;. U 8+V€J]. paccMoTpuM romeoMopdusm hy,, 3a1aBaeMblit
dbopmymoit (z,w) — (z,w). PaccMoTpuM CBSI3HYI0O KOMIOHEHTY MHOYKECTBA
‘71\|_|j Ve, romeomopduyo De, . x [0,1] x ST, u orpanuuenus orobpazkenuit
hi u hy ma coorsercrsyomue qacrn rpamups O(VE\ | ] ; Vei,) (romeomopd-
Hble TOHOTOPUAM Dy, - X S1). TTo OCTPOEHNIO CKIIEEK ~1 M ~y, HHIYIIPO-
BAHHDBIC ODHEHTALNE HA ABYX “rpanmunbx nommoropusx” uz O(V?2\ Ll; Vei,)
coryacoBanbl Apyr ¢ apyrom. OTcrona cieyer, 9To cymeCTByeT FOMeOMOp—
dusm, nepesossmuit V1 | | i Vey, B B V2\ L, V=i, Taxoii, uro on “ckirenpaer”
romeoMopdusmbl hy u hy B eaunbIit FOMeOMOpCbI/ISM har: M} — M3 (rst
JIOKA3aTeIhCTBA ITOTO YTBEPKJACHUSA MOKHO BOCHOIL30BATHCA TeM (DaKTOM,
9TO MPOCTPAHCTBO COXPAHAIOIINX OPUEHTAIMIO TOMEOMOPMOU3IMOB OKPYKHO-
cru B cebst JInHeHHO ¢Bs13HO). [To mocTpoernto, romeoMopdusMm hy; ocyIiecTs-
JIsieT TpeOyeMyI0 TOMOJOTHIeCKYI0 9KBUBAJTEHTHOCTH byHKINH G 1 Go.
Tenepnb pacemorpum ciygait f1(0,00) =& u fo(0,00) = &.

Heobxodumocmob. Be3 orpanntdenunst 00IIHOCTH MBI MOYKEM CUUTATh, 9TO £ =

1 2
0, filz,w) = 22 + glg w) fa(z,w) = 2% + 22211)3’ rne A, B, j =1,2 —
B3anMHO ITPOCTHIE MHOT'OYJIEHBI, CTEIIEHN KOTOPHIX YIOBJIECTBOPAIOT HEPABEH-
cream deg A' < deg B!, deg A% < deg B%. I3 cKa3aHHOTO BHIIIE BLITEKAET,
aro ciaon T n T3 momKHBL GBITH TOMEOMOP(HBI U UMETh OJMHAKOBBIE Ha-
OOpbl KpaTHOCTEH 0COOBIX TOUYEK (He BK/IIOYAs KPATHOCTL (0c000il) TOYKH
(0,00)). Mbr XOTHM TIOJYIUTH YCJIOBHE HA COBHajeHne KparHocreil (0coboil)
roukn (0,00) mias dyakuuii f1 u fo. JpyruMu cioBamu, Mbl XOTHM T0KA3aTh
paserncTso deg B! — deg A! = deg B? — deg A2. Ilyctp deg B? = deg B! + k,
k € NU {0}. Pacemorpum cion T u T3, rae & > 0 mazno. Ouu 3a1ai0rcs
B (w) — AY(w) B (w) — A%(w)

nz== COOTBeT-

B (w) B?(w)

creerno. Tak xkak § > 0 mamo, cmow T} n T? HE0COOHI, a IO ONMPEIETEeHIIO TO-
JIYJIOKQJIbHOIT TOMOJIOTHYECKON SKBUBAJICHTHOCTH JIOJZKHBI OBITH TOMEOMOP(-
HBI, T.€. IMETh OJMHAKOBOE YUC/I0 PYUYEK W IMPOKOJIOB. VICIOML3ys 9T0 3aMe-
JaHne, a TaKyKe CKa3aHHoe BbIme 3akmiodaeM, uro deg A2 = deg A + k, a
snaunT deg B! — deg A' = deg B% — deg A2.

Jlocmamounocmo. Beemem dynkmun g = ¢1(z,w') u g1 = go(2z,w'), sxBU-
BaJIGHTHBIE f1 U fy W MMEIOIIKe TPOKOJ B HYJIE B IJIOCKOCTHU [T€PEMEeHHOM W',
KaK 3TO onucano nepej popmysimpokoii Teopemnl 4.9. mes ycioBue cos-
HajieHnst KPATHOCTel 0coOBIX TOYeK (BKJOYAs KPATHOCTH (0c060i) TOYKH

ypaBHEHUSIMU z = *+
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(0,00)), MBI MOYKEM MTPOBECTH JOKA3ATETHCTBO TOMOIOTHYECKOT IKBUBATEHT-
HOCTH (DYHKITHN ¢ U g9 TI0 TOM 2Ke cXeMe, 9YTO U BBIIIIe, JjId Caydad pyHKIHi

fim foc f1(0,00) # & u f2(0,00) # &. Teopema moxazamna. ]
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