MockoBcKuit TOCy/ITapCTBEHHBIII YHUBEPCUTET
nm. M. B. JlomorocoBa
Mexanunko-maremMaTudecknit pakyJIbTeT
Kadeapa anuddepennunaibHOl reoMeTpun U OPUJI02KEHI

JInniaomHaass pabora

Crerroxunaoin OJbrn MunxailjilOBHbBI

O cooTBeTCcTBUHU CJOYYaHBbIX OJIYKIaHUA
Ha yJbTPaMETPUYeCKON JUCKPETHON
pelieTke u p-aandecKoi IpaMoit

Hayunbiit pykKoBoauTe b

a.d.-m.H. mpod.
Aserucos Biaaguk ABanecoBud

MockBa
2010



1 BsBenenne

B nocsieanee BpeMsi Mojiein yJabTpaMeTPUIECKUX CJIYUANHBIX TTPOIECCOB aK-
THBHO HCIIOJIb3YIOTCS JI/Isi ONMUCAHUS PA3JIUYHBIX ABJIeHUN B pusuke u O6uo-
JIOTUHU, B YACTHOCTH, B (pU3HKe HEYHOPATOUCHHBIX KOHIEHCUPOBAHHBIX CPe/I,
duszuke OEJIKOBbIX MOJIEKY/ M JuHaMuke Ouonosimmeposn. [Ipu stom gacro
UCIOJIB3YIOTCs JiBa 1oaxoa. OJMH W3 HUX OCHOBAH HA, UCIOJb30BAHUHU D-
aJIMYeCKOr0 ypaBHEHUs YJIbTpaMeTpudeckoit auddysun, a apyroii Ha KOM-
bIOTEPHOM MOJICTUPOBAHUY CJIYIafiHOTO OJ1y2K/IaHUs Ha YIbTPaMeTPHIeCKOi
JIUCKPeTHOH pemérke. B ¢BA3M ¢ 3TUM BO3HUKAET BOIPOC O COOTBETCTBHUU
CAYYANHBIX OJYKIAHUN Ha YIBTPAMETPHIECKON TUCKPETHON periéTke u p-
aJIM9ecKoit npsiMoit. B jganHoil pabore ycTraHOBJ/IEH MAaTeMaTUYeCKHIT CMbIC/T
TaKOr0 COOTBETCTBUSI.

[Ipomecc Oruennckoro-IllTeiina, onucanusiii B ctarbe " /IluHaMuka B yiib-
Tpamerpudeckux npocrpanctax” ("Dynamics on Ultrametric Spaces") mpe-
cTaBigeT coboii caydaiinoe Oy KIaHIe HAa KOHETHOM OMHAPHOM 7-YPOBHEBOM
JiepeBe. DTO CJIydaiiHbIi MPOIECC ¢ HenpepbiBHBIM BpemeneM. CoCTosiHUSIMU
SIBJISTIOTCSI BEPIITUHBI-JIUCThs, 00pPa3yIoIle nepapxuieckyio cTpykrypy. Pac-
TOSHUE MEK/Iy HUMH OIPE/Ie/ISeTCA BICOTON COeIMHSIONIEel BEPIINHBI, JiezKa-
meil Ha IyTU U3 OJIHOIO COCTOSIHUS B Jipyroe. Tak 3a1aéTcs yibTpaMeTpude-
CKO€ TIPOCTPAHCTBO. UeM OoJIbIe paccTOSHUE, TeM BBIIIe Gapbep, KOTOPbIi
HYZKHO IIPE0JI0JIeTh JIJIs lIePeMelleHusI.

CocrostHust HyMepyoTcs: ecTecTBeHHBIM obpa3om ot 0 1o 2" — 1. MoxkHO
CYUTATH, YTO B HYJIEBOIW MOMEHT BPEMEHHU ITPOIECC HAXOAUTCS B cOCTOSTHUN ().
Torma onpejenena BepoaTHOCTD P;(t) HaX0AUThCs B MOMEHT ¢ B COCTOSIHUM 1.
BeposTHOCTh IEpexoa B eIMHUILY BpeMeHH depe3 i-blif bapbep 0003HaYaeTCs
€;. Yem GoJibliie ¢ (Bbiiie 6apbep), TeM MEHbIIE €;.

nddepennuaibioe ypaBHeHUE Ha, IJIOTHOCTH BEPOSITHOCTU BBITJISJIUT

CJIEJIYIONUM 0Opa30M:
dP(t)
—= =€P(t
= eP(1),

riae P(t) — BeKTOp, KOMIOHEHTaAMH KOTOpOro saBsiorest P(t), a € — marpuna,
e Ha MeCTe 3JIEMEHTA €;;, © 7 j CTOUT BEPOsITHOCTD LIePeX0/a U3 -I'0 COCTO-
SHUSL B j-0€, a Ha JuaroHanu €y = — (€ + 2€s + 4eg + -+ - + 2”*1%), TO €CTh
CyMMa, HeJIMaroHAJIbHBIX 3JIEMEHTOB CTOJIONA, B3ATHIX C OOPATHBIM 3HAKOM.

2  OcCHOBHBIEC IIOHATUI

Breaém HekoTOphIe 00IIIe TOHTHSI, HCIIOJIb3yeMbIe B 3TOil padbore. DT0 Kpat-
KHUii 0630p CBEJICHUIT, CBI3aHHBIX C ITOJIEM P-aIMIECKUX YUCe U TeOpueit cy-



YJaUHBIX ITPOIECCOB.
ITosne p-ammueckux uucesa. Q— mose pannoHaJbHbIX Ynce. Beeaém Ha
Q p-aduneckyro nopmy | - |,, oupesesnus eé ciepyomum o6paszoM:

Y

m
2], = p~ re r = Wﬁ) 0#meZ, neN, (mn), p—mupoctoe,

0], = 0.
p-ajuecKas HOpMa yJI0BJIeTBOPAeT CTaH/lJapTHLIM CBOMCTBAM HODMbI:

1. |z[,>0,u |z[,=0 & =0,

2. |5Ey|p = |$|p|y|pv

3. |z + yl, < max(|x|,,|yly), npuuém ecan |z|, # |y|,, TO KocTHraeTcs
PaBEHCTBO. 3aMEeTHM, YTO €CJIM JIAHHOE HEPABEHCTBO BBINOJHEHO, TO
HepaBeHCTBO TpeyrosibHuka |r + y| < |x| + |y|, 06bruHO HCHOIB3YEMOE
B OIPEJIeJIEHUI HOPMBI, BBINIOJHSETCH TeM Oosiee. [T09TOMY OHO Ha3bI-
BAETCS CUNLHBLM HEPAGEHCTEOM MPEY20NbHUKA.

[Tonmorenne Q mo p-agmdeckoit HOpMe TaéT noae p-aduneckux wucen Q.
Kaxkmoe 0 # 2 € Q,, nmpeacraBisgercd B KAHOHHYECKOM BHJIE:

z=p (xo+azp+ 320" +...),

rney=7v()€Z, z;=01,....p—1, j=0,1,... ;u 29#0.Pax
(1.1) cxomurest IO p-aIMYecKoil HOpMe, W p-aIndecKas HOpMa & paBHa |z, =
p~7, rae (—y) HazbBaercs nopadkom uuciaa x. IIOpsAIOK Hysst CcaUTAETCS
PaBHBIM —O00.

p-ajndecKasi HOpMa TPUHUMAET TOJHKO CUYETHOE YuC/a0 3HadeHnit. Ona
Heaprumedosa. JTO O3HATAET, YTO MBI HE CMOZKEM MOJIYIUTD THCJIO T, ||, =
p7, CKIampIBas ducJaa ¢ HOpMOil Menbmeii p?. Biarogapa sTomy, npocrpan-
CTBO pa3buBaeTcs Ha IIAPbI:

By(a) ={z € Q| [z —al, < p'}.
[[Tapsr pazdouBatTcs Ha chephl:
Sy(a)={z € Qp| |z —al, = p'},

B (@)= S ().

<y
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Takske KaK/Iblii map pa3OnBaeTcd Ha p IMApOB MEHBIIErO PaIuyca. DTO
JIETKO YBHUJAETDH, €CJIM IMOCMOTPETH Ha KAHOHUYECKYIO 3alliCb YuUCJIa. Hlap
By = By(0) obo3nauaercs: Z,, u sSBISIETCs KOJIBIIOM UYeABT P-3UIeCKUX YU~
CeJI, TO €CTh YUCEI, HOPpMa KOTOPBIX MEHBIIe eJIMHUIIbL.
Hpobrag wactes {r}, wncia x € Q, onpesensercs U3 KaHOHHIECKOTO
PA3IOKeHAS:
{z},=0, ecim v(x) >0,

{o}, =p" (SUo +rip+---+ m_v_lp_v_l) , ecan v (z) < 0.

Omnpenenum addumueroti zapaxmep nossa Q,. 1o byukmua x : Q, —
C , obmanaromnag cBoiicTBaMu

Ve,y€Qp,  x(z+y)=x(@)x), [x(@)|=1

A InTUBHBLT XapaKTep X, HA3bIBAETCS cMaHIapmMHbLM U OTIPeIeNIsdeT OCTAb-

Hbl€ XapaKTephl X: .
Yo (2) = 27 0,

X (@) = xp (€2) = ™ rre €€ Q,.

Ha npocrpanctse Q, mMoxkHO BBecTH Mepy d, (-), KOTOpas Ha3bIBACTCS
mepoti Xaapa. OHa HUHBApHAHTHA OTHOCUTE/IHHO CABUIOB U HOPMUPYETCSI:

dpiC:dp(l'—l—a),

/ d,x (Mepa eIMHHYHOTO mIapa),
Zp

a 3HAYUT ollpejiesieHa s BceX mapoB B (Q,, KOTOpBIe 00pa3yioT MOTyKOIb-
110 MHO2KeCTB. Takum 00pa30M, Mepy MOXKHO IIPOIOJIKUTH HA T-aJredpy, mo-
poxaénnyio mapamu B Q. Iloctpoennas mepa 1mo3BoJiseT TPON3BOANTD 3a-
MeHY TlepeMeHHBIX TI0 (bopMyIIe

d, (azx) = |al, dyx .

Tenepb MOXKHO TTPOU3BOIUTH UHTEI'PUPOBaHUE 10 Mepe Xaapa. Ecim M C
Q, — m3mepumoe 1o Mepe Xaapa MHOYKeCTBO, TO mHTerpa bynkuun f :
Q, — C 3anumercsa B Buje

/Mf(:v)dpx.

Cuyuaiinsiii nponecc Ha Q,. Cormacuo akcmomaruke Kosmoroposa,
M3MEPUMBIM NPOCTPAHCTBOM HasbiBaercs napa {2, X}, rae 2 910 HekoTopoe



MHOZKECTBO, & Y eCTh o-aarebpa IOAMHOKECTB MHOKecTBa ). Bepogrrnoct-
HBIM NPOCTPAHCTBOM Ha3biBaeTcs Tpoiika {Q, X, P}, rue {2, X} — usmepu-
MO€ TPOCTPAHCTBO, a P — CYéTHO-a/IMTHBHAs Mepa Ha X, YIOBJIETBOPSIIO-
mas ycaosuto P () = 1. Duement A € ¥ Ha3biBaeTcsd COOBITHEM, a Mepa
P (A) BepostrHocTbio cobbitust A. Ilycrs {Y, B} — HekoTopoe m3mepmnmoe
npoctpancTBo. Orobpazxkenue £ : 2 — Y HaspBaror X|B-u3MepuMbIM, ec/in
EHB)C Y. €(w), w e Q, naspiBaercs ciydaitHofl BeJMYHHOI.

[Iycrs F — npousBo/ibHas o-aJredpa, cojepzKaiiasics B 2, a & — ciydaii-
Hasl BeJMYMHA HA BEPOSITHOCTHOM mpocrpancree (£, 3 P) ¢ mamemamue-
crum oorcudaruem [o, & (w) < 0o. Torma YeaosHbM MATNEMATIUNECKUM 09HCU-
danuem CIydailHOU BETWYUHBI & OTHOCUTEIBLHO O-anareOpbl J Ha3bIBaeTCs
cayuaitnas Besmuuna E{& | F}, F|B-usmepumasi u npu upoussoabaom B
VJOBJIETBOPSIONIAsS COOTHOIEHUIO

/BE{§|]-"}dP:/B§dP.

YcaoBHOE MaTeMaTHdecKoe OKHJaHNe OTHOCUTENHHO CAyYaifHON BeTMINHBI
onpenensierca P{¢ | n} = P{¢ | F,}, e F,, = {n~ ' (B), B € B}. Yeaosnasn
seposmmocmos P {A | F} gaBisercss 4acTHBIM CIy9IaeM YCJIOBHOTO MATeMATH-
YECKOI'0 OKHJJaHUA U OlIpeAe/idercd KakK

P{A|F} = E{xal| F},

rie x4 (w) — xapakrepucrudeckas yHKIHs MHOKecTBa A.

[Iycts T = [0,00) — MHOYKECTBO, MMeIee CMBICT BpeMenu. Cayuaii-
HOLM NPOuEccoM HazbiBaerca orobpaxkenue £ : T x Q — Y, apigomeecs
npu ¢ukcupoBanuoMm t € T ciaydgaitnoit Bequmuannoit & @ 0 — Y, To ecrh
Y| B-uzmepumbiv orobpazkennem u3 () B Y. Ciyuaitasiit npomuecc € () Hasbi-
BAeTCd MApKOBCKHUM ecu Juisd Jo0bX 0 <t <ty < --- <t, <tu B € B
BBLIIIOTHACTCA COOTHOIICHHE

P{E(t) e BI&(t),&(ta),. .. & (tn)} = P{E(t) € B|E(tn)}-

Mapkosckuii mporece 00Hopodhwii, ecan cymecrsyer dykius P (t,x, B) ,t €
T,z € Q,B € B xoropast:

1. X|B-uzmepuma 1o = npn HUKCHPOBAHHBIX ¢, B,
2. npu (HUKCUPOBAHHBIX t, T ABJISETCS BEPOATHOCTHON Mepoit na {Y, B},

3. ynosJierBopsier ypaBuenuio Kosmmoropona-Yenvena

p(HS,x,B):/p<s,x,dy>p<t,y,3>,

Y



4.(3B€pOHTHOCTbH)1 COBIIaJa€T C YCJIOBHBIMH BEPOATHOCTAMMU

P(t,a,B)=P{¢(t+s)€ B|€&(s) =}

3 llocranoBka 3aga4m; W pelneHne 3aJIa9n

Pacemorpum cucremy, umeroriyo p” (p-ipocroe) cocrosinuii. ComocraBum
Kaykaomy coctossanio wHjaeke ¢ = 0,1,...,p" — 1 m Ha30BEM MHOYXKECTBO BCEX
cocrosgauii mapoMm B,. llogenmum B, Ha p mapos Bflill),k:l =0,---,p—1,
KazK/Iplil U3 KOTOPBIX COAepKHUT cocToguud i = kip™ L, ... (b +1)p"~t — 1.
Ananoruuno OymeM JeIUTh KazKABId Imap Bﬁlill) Ha P IIApOB Bﬁ’ilf 2),k2
0,...,p — 1. Ilpomomkum mporeaypy a0 ypoBHS By, Ha KOTOPOM KarKIblii
rap COJIEPKUT 1O OJHOMY COCTOSIHUIO. BeposiTHOCTD mepexojia 3a, €IuHUILy
BpeMeHu BHyTpH mmapa B, s = 1,...,r Mmexay noamapamu B, paBHa (s,
npraéM, geM GOJIBINe S, TeM MeHbIe ¢s. Beeném ¢o = — Y ., (p — 1) p* 1gs.
Torya MOXKHO HaIKMCATh KHHETHYECKOE YpaBHEHHE
of (t)

_755_ ::(Qf(t)a

rae f () — BekTop miorHoCTEl BepoaTHOCTH f; HAXOUTHCA B MOMEHT BDEMEHU
t B i-OM COCTOSTHWH, TIPU ONPE/ICJIEHHBIX HAYaIbHBIX YCJIOBHSX, a Q — Marpuna
[Tapusu (npumep st p = 3,1 = 2)

: |l

G 91 @1 492 42 G2 G2 G2 G2
g1 9o @1 92 42 G2 Q42 42 Q2
g1 41 9o 42 42 42 QG2 42 Q2
92 g2 42 40 1 g1 42 G2 G2
Q= @ @ @ 0 0 © ¢ ¢
2 492 42 @1 @1 qo G2 G2 G2
2 92 492 42 42 g2 qo q1 q1
92 42 42 42 492 G2 q1 qGo Q1
(42 42 G2 42 G2 G2 41 41 o]

Buano, uro marpuna [lapusu umeer nepapxudeckyio OJIOYHYIO CTPYKTYPY.
[Tocrpoum orobpaskenue x (i) MHOKECTBA HATYPAJIBHBIX YUCET, TADAMET-
PUBYIONIUX COCTOSHUS, B PAMOHAJbHBIE TUCTA:

r—1 r—1
i = a:(j)p'y N Z xgi)p—fwr—l _ x(i)’
v=0 ~v=0

rje xsf) =0,1,...,p— 1, a |29, < 1. Torma s1ements marpunsr lapu-
31 Qj,% F J, OUPEJETIAIOTCH TOJMBKO P-aJU9IeCKUMH PACCTOAHHAMA (Q;; =

5



p(|z2® —2D],), rae p(p’) = g, Torna xuHeTHYECKOE ypaBHEHHE MOKHO
Hepenucarh B BUJE CUCTEMbl P’ ypaBHEHUI

8f§t(t) _ Z p (1D = 2®L) (f (t) — £ (£)) .

Yerpemststst 17 — 00, MBI OMOJTHAM MHOZKecTBO {2 (1)} 10 By = {z | |z|, < 1}.
Tenepp OyeM CIUTATDH, ITO COCTOSTHUSIMHE MPOIECCA SBIISIOTCS BCE TOUKH D-
agmaeckoro mapa By. [lo aHajorum ¢ AUCKPETHBIM CIy9aeM 3alluiieM Cje-
JyIOlIee yDABHEHHUE:

w:/Bop(!a:—y!p)(f(y,t)—f(xvt))dpya

rae f (x,t) mMeeT CMBICT ILTIOTHOCTH BEPOATHOCTH. KOTOPOE HA3BIBACTCA yPaB-
HeHueM yabTpaMeTpuaeckoii muddysun. Torma BepoaTHOCTh HAXOAUTLCA B
MOMeHT Bpemenn ¢ B Muozkecrse B Buipaxaerca [, f (x,t) dy.

Bseuém dakrop-upocrpauctso By/B_., rne B_, = {z | |z|, < p~"}, upo-
UHTErpupyeM obe 9acTi KHHeTHIECKOrO yPaBHeHUs YIbTPa-MeTPUIeCKOil aud-
dby3uu 110 B_, 1 HA30BEM II0JIy Y€HHOE YPAaBHEHUe [Pe/ICTABIEHHEM P-a[HIeCKOr0
ypaBHeHUs yIBTPAMETPUIECKOr0 CIydaiiHoro oy anus na By/B_.,.

Teopema 1 [Ipedcmasaenue p-aduveckozo ypasHerus YAbMPAMEMpPUdecro-
20 cayuatinozo bayorcdanus na By/B_., skeueaienmmno ypasrenuio cayuai-
H020 OAYHCIAGHUA HA YALMPAMEMPUYECKOT duckpemnol pewémrke.

Pazobném map By na p? mapukon B(f)7 [IpounTerpupyem p-ajimdeckoe

ypaBHeHHe YIbTPaMeTPUIeCKOTr0 CIydaitHOro OJIy K/ IaHIS IO HEKOTOPOMY IITa-
puxky B2

0
% o f(x,t)dpyx = /B(_k,z dpx /BO p(lz—yl) (f (y,t) — f(2,1)) dpy.

Beeném o6oznaenne [ s [ (2,1) dpr = fi.. Ha xaxmom TakoM nrapuke (yHk-

mus p ( |z — y|,) nocrosiuna. Torma ypaBHeHHEe MOYKHO IEPENUCATH B BHIE

afk /Bw /Bw (lo = ylp) (f (g, 1) = f (2,1)) dpy +

+/<k)mzp rx—yrp/ (F (1) = F (2, 0)) dyy.

i1#£k



[IepBoIit mHTErpa OOpaIaeTcss B HOJTb, OITOMY YpaBHEHHE IePeIHnIIeTCs

8fgt(t) ) ; p (120 = 2OL) p= (£ (1) — fi () dyy,

rne ®), 2 — npeacraBurenn cooTBeTcTBYIONMII MAPOB, & p~7 — Mepa Mmapa
B_.,. TakuMm obpa3oM HOIYy4IHJIOCH YPAaBHEHHIO CAy4YaifHOTO Oy KJaHus Ha
YABTPAMETPUIECKOl TMCKPETHO! peréTKe

If (t)
ot

_ Zpl ([#® — 2O (f: (&) = fi (1) dyy,

/ _ —
rae p' () =p()p7".

Tak YyCTaHOBJIEHO COOTBETCTBHE ME2KAY pP-aIUYE€CKHM yYpaBHEHHEM YJIb-
TPAMETPUUECKOIO CJIydailHOro OJ1yzK/aHusi HA BO/B,7 U ypaBHEHUEM CJIy-

yaifHOro OJ1yzK/IaHus HA YJILTPAMETPUUYECKON JIUCKPETHOH pelnéTke.
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