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1 Bseaenne

Mp1 OymeM paccMaTpUBATH 33/1a9y O JBUZKEHUHU TAKETOTO THPOCTATA C TIOCTOSTHHBIM
TUPOCTATHICCKIM MOMEHTOM, B TOCTAHOBKE KOTOPOii BaXKHBIE PE3YJIHTATHI TPUHA/TJIEKAT
H.E.ZKykosckomy, [1.B.XapsiamMoBy u Apyrum KjaacCukam OTedecTBeHHOW U MUPOBOit
MexaHuK#. B HacTosIee BpeMst Mo-npeKHeMY He ocjiabeBaeT WHTePecC K 3TO mpodjiemMe.
[Ipexxte Bcero 3TO CBA3aHO C COBPEMEHHBIMU METOJAMH $BHOI'O WHTETDHPOBAHUS
yPaBHEHWIl, C KAYeCTBEHHBIMHE NCCJIeIOBAHUSMY TUHAMIIECKUX CHCTEM, C HHTETPHPYEMOCTHIO
no JImyBumrmio.

Fupocrary C.B.KosasieBckoit nocssinieno ne tak muoro paoor. [1.B.Xapiamon
HPE/IJIOKUJT PACCMOTPETh I'HPOCTAT, paclpe/ie/IeHue MAacC KOTOPOT'O TOIYMHEHO YCIOBUSIM
C.B.KoBaeBckoii, a rupocTaTHdecKnii MOMEHT HAIpaBIeH M0 OCH JIWHAMHYECKOI
cumMeTpun. VM yKa3ano nHBapHAHTHOE COOTHOIIIEHHE, TIO3BOJISIONIEE B SJITUNTHIECKAX
(GYHKIUSIX TPOUHTETPUPOBATH STOT YAaCTHHIN crydait. Kak mokazan X.M. fxbs1, mHTErpas
C.B.KoBaJsieBckoit mozxer ObiTh 0000MIEH HA THPOCTAT HPHU YCJOBUSIX, YKA3AHHBIX
[1.B.XapsiamoBbim. [1.E.Psi6oBbiM Obliin Bbiuuc/ienbl OudypKalnuoHHbIe MHOXKECTBA,
UHTETrPAJIOB HEPTUU U ILIOMAJeil, u jaHa ux Kjaccudukanus. TakzxKe UM ObLIU
IIOCTPOEHBI JUATPAMMBI CIydas SIXbu (HyseBas HOCTOSIHHAS IIIOMIA/IEl) ¢ HOMOIIHIO
MEeTO/I0B KOMIILIOTepHOTO MoaeanpoBanusd. I11.B.Mopo30B B cBoeil paboTe uccaemoBall
rI06ATbHBIE TOMOJIOTHYECKHE HHBAPUAHTHI cJIoenuii JInyBusiis (uuBapuanTsl PoMeHKo-
[umnranra) uaTerpupyemoro ciayvas KopaaeBekoit-SIxbu (1y1st cirydast HyJ1eBOi OCTOSTHHOI
JIOMIA/IEi ).

ABTop BbIpazkaeT ryiyboKyio 6J1arolapHOCTh CBOUM HAYYIHBIM PYKOBOIUTE/ISIM -
akagemnky A.T.@omenxko, gomnenty A.A.OmemkoBy, kKanaugary ¢ /v Hayk I1.E.Psa6osy,
kauauaaTy ¢ /M Hayk I1.B.Mopo30By 3a HOCTOSIHHOE BHUMAaHUe K paboTe, MHOKECTBO
IIEHHbIX 3aMEYaHUil U KOHCYJIbTAIA.



2 IlocranoBka 3agaum KoBaJjeBcKoii-fxbpn

Cayuait uarerpupyemoctu KoBasteBcKoii-fIxpu saBigercs 06001eHneM KJIacCuaecKoro
Bo.TYKa KoBaseBckoil Ha corydaii 3a/1a9u O IBUKEHUH TIKeJI0ro rupoctarta. [Ipuseaem
KOHKPETHBII BU/I yPABHEHUN U LIEPBbLIX UHTEIPAJIOB 3TON CUCTEMBI.

Pacemorpum asre6py Jlu e(3) rpyumst JIu E(3) gBukeHuii TpeXMEPHOro eBKJINI0Ba
npocrpancrsa. Ha simneiinom npocrpancrse e(3)* onpeenena ckobka JIu-Ilyaccona
JIBYX MPOW3BOJIBHBIX TaaKuX dbyHKiuit [ u g:

{f:93(2) = 2([ds f, dug)),

rae = € e(3)*, a [,] - kommyrarop B anredpe JIu e(3).
B kaHOHHYECKUX KOOpAUHATAX (Si,S2,S3,T1,7T2,73) HA JIMHEHHOM MPOCTPAHCTBE
e(3)* ara ckOOKa 3aMUCHIBACTCS CJIEYIOMHUM 00PA30M:

{Su Sj} = EijkSk, {7"1', Sj} = EijkTk, {ﬁ'ﬂ’j} =0, (1)
rie .
1<14,7,k <3, Eijk:I(i_j)(j_k)(k_i).

A wvarpuma (2, ckoOkn Jlu-Ilyaccoma BRIIIAANT Tak:

0 S3 —S9 0 T3 —T9
—S83 0 S1 —Ts3 0 1
0 . S9 —S1 0 ] —T1 0
GN=1 0 r - 0 0 0
—T3 0 T1 0 0 0
T2 —T1 0 0 0 0

[Iycts Ha e(3)* 3amana mekoropas dyukmus amunsrona H(s,r). Pacemorpnm
CUCTEMY ypaBHCHUIA:

5;1‘ = {Si, H}, T'Z = {’I“Z‘,H} (2)

QOyuknun f; = r% + 7‘% + T% u fo = 8171 + 8979 + S373 Jiekar B sjpe cKoOku JIu-
[Tyaccona u mo3TOMY SIBJISIFOTCS TIEPBBIMU HHTErpajiaMu ypasuenuii (2). Ha coBmecTHbIX
JeThIPEXMEPHBIX IOBEPXHOCTAX YpOBHs (byHKImi fi u for

M;:{fl:T%‘H”g"‘?”g:17f22517”1+827’2+837”3:g}7

OrpaHuveHne CHCTeMbl (2) mpejcTaBisieT OO0l TaMUIBTOHOBY CHCTEMY € JBYMS
crenengmu ¢Bobosbl. [ToBepxnocTu M, ; SBJIAIOTCS HEOCOOBIMY TJIAIKUMU CUMILTIEKTHICCKIMHI
noaMuoroo6pasusivu B e(3)*, mubdeomopdupivu T'S?. CumiiekTIecKas crpyKTypa
3aj1aeTcst orpanndenuem ckookn Jlu-Ilyaccona u3 obbemitioniero npocrpancrsa e(3)*.

Cucrema Oyer nHTErpHpyeMoil Ha mosepxuoctu M, ;, ecJTu Ha Heil cymecTByeT (hyHKIINOHATHHO
nesapucuMas ¢ H riagkas dyuximus K(s,r), rakasg aro {H, K} = 0. Eciu takas
dbyuKIHMS cymecTByer riobaabHO Ha BeeM e(3)*, To Ha KaxkjgoMm M, ;‘ BO3HUKAET
UHTErpupyeMasi raMujIbTOHOBA CHCTEeMa, ¢ JByMsi crerneHsimu cBoOOjbl. [lapamerp

g umeeT (pU3MIECKUil CMBIC/T TOCTOSHHO T1101Ia1eil.



Paccmorpuwm cireyiomiee 06001eHne raMuibTronnana KoBaJieBCKoii:

2 2 2
s s (s3+ A)
1 2 3
H="L4+ 242" 4 air +ar
A Ay Az
Kaxk Brepsore ykazan X.M.fxbst [1, 2| st Hero cyuiecTByer JOHOJTHUTEIbHbIT
UHTErpaJl YeTBEPTON CTENeHn:

$7— 8 818
K= (12—AQ + aorg — a17’1)2 + (172 — Q179 — a2r1)2—

2\ 4)\r

ﬁ(si% +20)(s7 + 53) — 73(61131 + azs2)

B mamem ciydae, rupocTaT MOIINHEH CJIEIYIONIIM YCIOBUSIM: TJIABHBIE MOMEHTHI
MHEPIUH YIOBIETBOPSIIOT cooTHOMmeHnsaM Ay = Ay = 243 := 2A (%), rupocraruveckuii
MOMEHT IIOCTOSIHeH W HANpPAaBJIEH IO OCH IMHAMUYECKON CHUMMETPHH BOJTYKA A\ =
Ao = 0,):= X3 #0 (%), mapamerpsl a; U ay 3aJaI0T MOJOKEHHE TOUKH MOIBECA
BOJIYKA B 9KBATOPHAIBHON MJIOCKOCTHU SJLIMIICON/1A WHEPIUH, IIEHTP MacC HaXOUTCs
Tak:Ke B 3Toil miaockoctu. [Ipu A = 0 mosryuaem kiaccmdeckuii caydaii KoBaJieBckoii.

Jluneitnoit 3amenoii Koopauuar na e(3)*

( A ~ -

S1 = wi(—alsl + (1282),
A ~ ~

S2 = 4/ z(—fmsl - G1S2)7
A ~

83 = \/; 35

_ al = ag = 3
TL= T+ T, (3)
B a nd a ing
Ty = =@ — ET,
r3 =73,
_ AN
\ " 2)\

re ¢ = a?+a2, 1o6UBalOTCs NCKII0UeH s TapaMeTpoB A, a;, ay. B HOBBIX epeMeHHBIX
(81, $2, 83,71, 72, 73), ckoOka Jlu-Tlyaccona, Gyer MpOIOPIUOHATIBHA UCXOTHOM:

2
Q(E,f) = ZQ(S,T)
VuTerpansl fi, f, OCTaHyTCA TOYHO TAKUMU K€, 8 TAMIJILTOHUAH H JIONOTHATCILHBII

uHTerpag K IpuMyT YIPONIEHHBIA BUI:

s 82 (s3+N)?
g % STA
IRV "
52 — 52 515 A
K = (S 2 ) 4 (57 r2)? = s+ 20) (s + 83) — 22,

31ech u jajiee Mbl JJI HPOCTOTHI HCIOJIB3YyeM CTapble 0003HAYEHMS J1JI HOBBIX
nepeMeHHbIX.



Ypashenus (2) B KOOpMHATAX 3AIUCHIBAIOTCS B BHJIE:
52

51:—5(83—{—2)\), ’f’lzT—Tg(Sg‘l')\),

. S1 . 5173
522—3(83+2)\)+T3, T2:—T+T‘1(53+)\)7
. S$1T2 SaT"1

S3 = —Tg, 7“3:7—7.

Juist manbpHeRUX nccjie0BaHnii HaM OyIeT TakzKe yI00HO MOJIb30BAThCS KOOPIMHATAMA
(w, V), B KOTOPBIX ypaBHenus Ditnepa-Ilyaccona (IBuKeHUs TPOU3BOTBHOTO TBEPIOTO
Tesla ¢ 3aKPEIIeHHO TOUKOit) UMEIOT BUJI:

&

jl_t
w
& + (A — Apwiws + w1y — wady = (€1 — eary)7,

A (4)
"

—+ (Ag — AQ)WQU){; + u)Q>\3 — wg)\g = (€2V3 — 631/2)’}/7

= W3l — Wal/3.

= Wl — W1l.

W
_tz + (Al — A3>w3wl + W3>\1 — u)l)\g = (€3V1 — 611/3)’)/,
&,
— = W1lV3 — wW3lq.
\dt 173 3Y1

3/1eCch W - BEKTOP YIJIOBOiT CKOPOCTH TeJIa-HOCUTEJIS; € - € IMHUIHBII BEKTOP, KOTOPBIi
HaIpaBJeH U3 HEMOABUKHON TOUKY K MIEHTPY Macc; 7 - mapaMeTp [lyankape, paBHbIit
MPOU3BEJIEHUIO BECA TUPOCTATA HA PACCTOSHUE OT €ro MEeHTPa MaCC /10 HeTO/IBUZKHOT
TOYKH.

Cas13b Mexk 1y KoopauHaTamu (s,7) u (w, V) yCTaHABIMBAET CJIELYIONAs JeMMa:

Jlemma. (A.O.Owemxos [3]) Omobpasicenue ¢ : R%(s,r) — R%(w,v) sadasaemoe
dopmynamu
S; — —(Aiwz- + )\Z),

ri =V,

()

yemanasausaem uzomopdusm cucmemos (2) u cucmemol (4).

IIpu srom rammabronnan u ¢ysmuu f; u fo B KoopamHatax (w,V) ¢ yIeTOM
cooTHOIIeHuit (%), (%) TPUMYT BUJI:

Aw}
2
fi=vi+v;+vi,  fo=2Awiv + 2Awars + (Aws + N)us.

A wvarpuna (2, ) ckobkn JIu-Ilyaccona Oyaer BHIISIETh TaK:

H = Aw? + Awj + + a1y + agvs,

—Awz—\ % Vo

0 =i w 0 -3 7

T R S

0 _l —W9 w1 0 —Uls 1Z4% 0
@I =gl o %y 0 0 0
5 0 —» 0 0 0
=m0 0 0 0



Buibepem 110/iBUKHbBIE OCH TAK, YTOOBI IIEHTP MACC HAXO/IUJICS HA EPBON U3 HUX:
(e1,e2,e3) := (1,0,0) u cmenaem 3ameny (OH T03BOJIsIET N30ABATHCST OT MAPAMETPOB

A7a1>a2)2
Wi = \/g(dl)v
v, = V~17
- 6
A= MA, (6)
T=1t\/T,

371eCh \/Z - eJMHUIA U3MepeHus YIJIoBoil ckopoctu. OOpaTHas BeTNINHA \/g -
eJIMHUTA U3MEPEHNs BPeMeHH.
Marpuna dbopmer g 5) nMeer Bu:

A0~ 2 0 -4
2 ~):L G5 & 0 - 5 0
VAl 0 -2 00 000
20 -» 0 0 0
-2z 2 0 0 0 0

Banuriem ypaBHEHHUs JBUMKEHUs THPOCTATA B Ge3pa3MepHBIX BeJUUnHAX (W, V),
¥ BEPHEM /IJIsl HOBBIX IIEPEMEHHbIX MpekHne 0bo3HaueHust (yoepem THIIbI0YKH):

(2(,01 = <W3 — )\)u)g,

2&)2 = —(u}3 - /\)w1 — ls,

Cfig = o, (1)
D = VW3 — V3Wwo,

Vo = V3W1 — 1W3,

\ V3 = V1Wa — oW,

rjie To4UKa - auddepennupoBanme 1Mo 6e3pasMepHOMY MapaMeTpy T = \/gt.
[IepBble HHTErpaJIbl CHCTEMBI IIEPEiIyT B ciemyonme OyHKIIT:

fl = V12+V22+I/32 =1.

w3 + A)v
fo=win +w21/2+%=g,

2 2 ws”
HEu)l —+ Wo +T—V1:h,
K = (wi? — w? + 1) + (Quiws + 10)*+

+2/\(CU3 — )\) (w12 + WQQ) —f- 4/\(.()1V3 = k’,



Takum 00pa3oM y HAC €CTh YeThIPe CUCTEMbl KOOPJAUHAT, MEXKJIY KOTOPBIMU Mbl
MOZKEeM CBOOOJIHO TepeMeIIaThCs, MOJIb3YsACh MPUBEJICHHBIMU BHITIE 3aMEHAMMU:

(s,7) =2 (w,v)

(8,7) (0, D)

Ha BCAKOM 4Y€TbIPpEXMEPHOM CUMILJICKTUYC€CKOM MHOI‘OO6pa3I/II/I M; IJ14d 3a/JaHHDBIX
3HAYEHUI A\, ¢ MBI IOJIy9aeM HHTErPUPYEMYIO0 TAMUIBTOHOBY CUCTEMY C JIBYMSI CTEIIEHSIMU
cBoGobL, 3amaBaeMyo napoit (H, x, K, »).ITo Teopeme JlnyBuiist, koTopast moapo6Ho
obcyxkaaercs, nanpumep, B [4, T.1. 1.5], Bcakas Heocobasi KOMIIAKTHAS COBMECTHAsT
MOBEPXHOCTH YPOBHS MHTEI'PAJIOB SIBJISIETCs 00beIMHeHIeM HEKOTOPOTO YHUCIa JIBYMEPHBIX
TOPOB.

Onpegpenenune. Caoenuem JIuysuirs, omeeuaowum urmezpupyemots cucmeme,
HA3BIBAEMCA Pa3bueHue MH02000Da3UA M; HA CEAZHDLE KOMNOHEHIMbL COBMECTNHBLL
noseprHocmets yposrns urnmezpansos H, K.

3 Broramciaenne omypKamnoOHHBIX JAarpaMm

B stom mynkTe Mbl n3naraem pesyiabratsel M.I1.Xapmamosa u I1.E.Pga6oBa, Koropbie
6y,ZLyT HNCIIOJIb30BaHbl HAMHU B ,ZLaHbHEﬁmeM, a TaKZK€ BBOAUM HeO6XO,ZLI/IMbIe IIOHATNA
n 0003HAYEeHNS.

Bseiém oTrobpazkenne MOMEHTa, KOTOPOE OIIPEIEISIeTCs CJIeIYIOMIM 00Pa30M:

Hx K : M, — R*(h, k) (8)

Onpenenenue. O6pa3 KPUMUYECKUT MOYEK NPU OMOOPAHCEHUL MOMEHNG HA3BLBAETCA
. . A,g
budypryyuornol duazpammots 3’y .

BameTnM, 9TO 3/1eCh HapaMeTpbl A U ¢ 3a(UKCHPOBAHHI.

budypkanunonnas quarpamma mpeacraBisgeT co0oii HabOp T IKUX KPUBBIX, HMEIOIHX
TOYKH TepecedeHns, KAaCAHNI U BO3BpAaTa.

B [5] yxazanbt kpusbie na miockoctu R?(g, \), pazjenstoniue 06,1aCTh ¢ pa3/inaHbIMHA
TuttaMu OndypKAMMOHHBIX JuarpamMM. A Takzke HailleH siBHBIN BUT On(yPKAIMOHHBIX
KPUBLIX Ha 11ockoctu R2(h, k).

O603HaunM epe3 O(g, \) MHOKECTBO, KOTOPOE COCTOUT U3 TeX 3Hauenuii (g, \) €

2 A9
R?*(g,\), mpu mepexojie uepe3 KOTOPbIe MEHSIETCS BUJ CeYeHUst 2}k TUIOCKOCTBIO
{g = const, A = const}. Torja 3T0 MHOKECTBO yCTPOECHO CJIEAYIOMIUM 0Opa3oM:



Teopema 1. (II.E.Patos) O(g,\) = J)_, T, 2de

Li(g,\)=1—4X\g =0,

4t —1 1
To(t) =< =234/ — te |———
{4 { T } e[ ﬂ’o]’

Fy(t) = {\/_ <3t24t_3 1)27 \/(t2 ; 1)3} |
re = { B e o

DTO MHOXKECTBO M300parkeHo Ha pucynke 1. Buamwm, ato ciaemyer pasiumgaars 18
TUIOB JUArPaMM.
A9
Budypxanuonnoe MHOKeCTBO X7y, COIJIACHO CJIEYIONIUM YTBEP2K ACHUSIM, BBILJISIAT
TaK:

Teopema 2. (II.E.Psabos) Bce kpumuueckue 3HaEHUS 0MOOPAHCEHUA MOMEHMA
(8) 6 sadaue C.B.Kosanresckot-X. M. xvu npunadaescam x1 U X2, m.e.

S C xa U,

ede

k=1 k=1+(h—2)2 hew2 42 _ 9
X1: bl >\2+( 2)7 g:(), w1+42 wi? 9%07
h k=1+wi+ 29w,

h=0 h=20" =% —s+ 35
: . )\:07 2 2827 5o 5 A 0.

Teopema 3. (II.E.Psabos) B caywae 1 —4Xg > 0 das s € (—00, 51) Ha Kpusod Xz
omeymemesyom kpumuseckue dsuscenus. B cayuae 1 — 4 g < 0 das s € (—o0, Sy)
Ha Kpusol X omcymemeyom kpumuyeckue deuscenus. depes s, 0603nauaemcs
0010 U3 3Hauenul napamempa na Kpusot Xo, OAA KOMOPO20 Xi NEPECcEKaOmMeA, S, =

—1—4/1-16)2g2

8g2

Teopema 4. (I1.E.Pabos) Bce kpumuueckue okpysichocmu nepeceraom niockocmoy
H:{WQ:VQZO}.



4 Kaaccudukaiimsa HEBBIPOXK AEHHBIX MOJIOXKEHIIT paBHOBECUS

Urax, My = {fi =vi +v5 +v; =1, fo = 2(wiv1 + worn) + (w3 + N)vs = 29}, 11e fi
u fo - PyHKIMH, JeKalue B aape ckooku Jlu-Ilyaccona m gBIgIONEecd IepBLIMI
MHTErpaJaMu ypaBHEHMIA:

w; = {w;, H}, v; = {v;, H}

Omnpenenenne. Towra x € M) Ha3v6aemca MOUKOT NOAOICENUA PAEHOGECUA, ECAL
dH(z) = dF(z) = 0.

Teopema 5. B cayuae Kosanesckoti- Axvu mouku nosostcenus pasHosecus Ha $a3osom
NPOCMPAHCMEE CUCTNEMbBL UMEIOT, CACOYULUE KOOPOUHAITLL.

—~——2g92 — A 292 — A 1
wlzj: 22—1L7w2:(),w3:gz—’ylzi—’]/2:0’y3:—’
222 -1 222 -1 z z

ede z - delicmeumesvhblll KOperd YPasHEeHUA:

—)\)2 _

2
=D T 222~ 1

Jpyeuz spumuveckus movex y eamusvmonuaros Hyy na M; HEm.
Joxazamensvcmeo. KoopanHaThl TOUEK MOJTOKEeHHT paBHOBecH HA (ha30BOM IIPOCTPAHCTBE

cucrempl Oyaem uckarb u3 ycaosus dH|ya(z) = 0.Torpa sgradH(z) = 0, a 3nadur
npaBbie 4acTu ypaBHenuii (7) oGHyIsATCS.

4 4
(u}g - )\)wg = 0, (QJ3 - )\)WQ = O,
(w3 — Nwy +v5 =0, (w3 — Nwy + 13 =0,
Vy = 07 PN Vo = 07
Vow3 — V3wy = 0, vawy = 0,
v3wy — rwsz = 0, vawy — viwz = 0,
(V1w — 1owy = 0, (Viwe = 0.

Ecin npenosnoxurs, aro we # 0. Toryga nosydunm:

.
V2:Oa

(W3 — /\)LUQ = 0,
(w3 = A)wy + 13 =0,
V3 = 07

v3wy — rws = 0,

(V1 =0.



DTOT BapuaHT HEBO3MOXKeH B cujly coorHomenus I = v? + v2 + v2 = 1. Takum
obpazom HeobxoauMo Vo = wy = 0. U cucrema nmeer BuI:

r
U2:07

we =0,

(wg — Nwy +v3 =0,
v3wy — vws = 0,
vi+uvi=1,

2wy + (w3 + N)vg = 2g.

Ecan v3 = 0, Torga:

(ws = MNwy =0, (w3 = Awr =0, (w3 = Mwy =0, wg —A=0,
—Ww3 = 07 o ws = 0, o W3 = O, o w3 = 0,
vi=1, v = *£1, v = *£1, v = *£1,
2wy = 2g, 2wy = 2g, wy = =g, wy = *g,

Taxum obpaszom, eciu v3 = 0, o A = 0. I Toukn mosoxKeHuii paBHOBECHS UMEIOT
KoopanHATH Ha M*:

w1 =Fgwy=0;w3=0;11 =F1;15 =0;v3 =0.

Ilycrs Teneps v3 # O:

.
wW3wilV1 — )\wll/l + vy = 0,
(wg—)\)W1+l/3:0,|-I/1 9
0] w Vswy — Vlwgwi =0,
Vswp — w3 = U, | - w1 vy 2
24 21 ]2 0 SN 1=,
vi +v3=1,[:v5(vs #0) V3 12
2wy + (w3 + Nz = 2g.] = v3 2w1ﬂ+w3+)\:2—g,
\ V3 V3
1 v
Cpnemnaem 3aMeny nepeMeHHBIX. llycth — = 2, 2= Bamerum,uro z # +1. Tak
V3 V3

Kak ecqim 2 = +1 = v3 = £1, U U3 TpeThero ypaBHEHHUSA CHCTEMBI CJIEJI0BAJIO OBI,
yro vy = 0, a cucrema nmesia O6b BHT:

(w3—)\)w1 +1 :O,

Wy = 07

= J
V3 = :i:l,
(ws + A) = +2g,

(Tak Kak HECOBMECTHBI II€PBbIE JIBa YDABHEHUsI CHCTEMbI)
Nrak, Bepuémcs k 3amene. CJI02KUM TIepBbIe JIBA yPaBHEHUsT cucTeMbl. [lomyanm:

vsw? — Moy + vy =0, ] 1 V2 2wi — sz +s=0, 2w? — Mwsz+s=0,
V3wi = 1w, | : V3 o Jwr = sws, o Jwr = sws,

52 4+1 =22 52 4+1 =22 524+ 1 =22,

2wis + w3 + A = 2gz, 2wis +ws + A = 2¢z, 25%ws 4+ wg + X\ = 292,

10



(
2w? — dwisz + s =0,

w1 = SWws,

s2 4+ 1 =22,
29z — A

w3 = ————

(T 224 1)

(
208 — dwysz + s =0,

29z — A
BUERRDYC R
s =422 -1,

29z — A
(T 22+ 1

[TojicTaBuM B 1epBOe ypaBHeHHe cucteMbl S(2) u wi(z):

(22— 1)z

(292 = N)?
(222 — 1)

(zwf — Awisz + s =0,

oy = y/E 1292 A
222 -1’

s=+vz2%2 -1,

29z — A
w3 =

\ 222—1,

(2o )T Lo,

222 -1

]

[Tycrs na (M* w) 3amana cucrema ¢ raMUIbTOHMAHOM H M JIOTOIHETEIHHBIM
unterpaiom K. ITycrs Touka x € M* raxosa, wro dH(z) = dF(z) = 0. Torga na
T, M KOppeKTHO OIpeeTeHbl ABa CHMILIEKTHUeCKHX omeparopa Ay = Q7 'd*H u
Ap = Q7'd*F, nopoxatomue B anreope JIu sp(4, R) HEKOTOPYI0O KOMMYTaTHBHYIO

noganre6bpy K(H, F).

Ounpenenenne. [loioosicenue pasHOGeCUA T HA3BLEACTNCA HEGHUPONCACHHBLM, ECAU
nodanzebpa K(H, F) aseasemes kapmanosckoti nodarzebpoti 6 sp(4,R).

Ounpegenenne. Kommymamuenas nodaszebpa 6 sp(4, R) asasemes kapmanosckot
ECAU U MOALKO €CAU 0HA JBYMeEpPHa U cpedu eé snemenmos HatiEmes Aunetinbil
OMEPAMOP € NONAPHO PA3AULHBLMYU COOCMEEHHVLMU 3HAYEHUIAMU.

Taxum 06pa3omM, ITOOBI IPOBEPUTH HEBLIPOK IEHHOCTH HAllJeHHBIX TOUEK IIOT0KEeHHl
PaBHOBECHUS, HYZKHO TIPOBEPUTH KAPTAHOBOCTD mojanreopsl K (H, F').

Jlist Havasia 3aMeTHM, 4TO oueparopbl Ay 1 Ap coBUAJAIOT C JIMHEAPU3ALUSIMU
BEKTOPHBIX mosieit sgradH w sgradF’ coOTBETCTBEHHO, ITO MO3BOJSSIET JIETKO BHIUUCIATH
MaTpUuIlbl, KOTOPhIMU OHH 3aJaI0TCd B JIOKAJBbHBIX KOOpAWHATAX. ﬂeﬁCTBeTeﬂbHO,

d(sgradH)" 9 (o GH) _ 0*H
oxJ Qi oxk’ OxiOxk

Mrak, cHavasa Hy2KHO yOeuThCs, 9T0 oneparopbl Ay n Ap TuHEHHO He3aBUCHMBIL,

U 3aTeM IPOBEPUTH, UTO HEKOTOPAad JUHeiHas KOMOUHAIIN
AA o+ LLA F

uMeeT MONAaPHO Pa3JIMYHbIe COOCTBEHHbIE 3HAYCHUS.

HeBprO}K,ZLeHHbIe TIMOJIO2KEHU A PaBHOBECHUA O6ﬂaﬂaIOT MHOTUMU 3aMevYaTeJIbHBIMU
cBoiicTBaMu. B wacTHOCTH HX OKpecTHOCTH B M* IIpe1cTaBIMBI B BIJIE HOUTH IIPAMOTO
HPOU3BEJICHU 2-aTOMOB. DTO, a TaK:Ke JPYyrhe BarKHbIE CBOICTBA 3TOr0 KJIACCA
0cobeHHOCTel moapoOHO 0bCcyKmaoTes B |3, 7.1, Tr.9|.

= (Q'PH).

Teopema 6. B cayuae Kosaresckoli-Hxvu npu HEHYAEBDLT 3HAYEHUA NAPAMEMPOS g

u A mouku bugypravuornrvr duazpamm Cy, Co, Dy, Do, By, Eo, F. G, Go, H, M, N1, No, N3, Ny
COOMBEMCMBYIOM HEGBIPOHCIEHHIM NOAOAHCEHUAM pashosecus. Ux munv ykazaro

HUIICE.
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mouka mun

Ch, Do, Ey, Gy, M, N3 | yenmp-yenmp
Cy, Dy, By, Gy yenmp-cedno
F,H, Ny, Ny, N4 cedno-ceono

Jlokazamesvcmeo. Byaem BecTu JI0Ka3aTeIbCTBO TEOPEMbI B KOOpAWHATAX (S,T),
TaK KaK B 9THX KOOpJuHaTaX cKoOKa Jlu-lIlyaccoma sammcwiBaercs mporre, 4eMm B
KoopauHarax (w, V).

1. ITpoepum, aro ipu A = 1, u = 0 jimneiinas koMOuHaus Oy/1eT UMETh ITOTAPHO
pas3uaHble COOCTBEHHBIE 3HAYEHUSI.

Pacemorpum nimaeapusanuio BekToproro noroka (2) wa e(3)*. Inddepennupyst
npaBbie 4acTu ypapuenuii (7), mosydaeM MaTpuily orneparopa 2Ag:

0 —(s3+2\) —s2 0 0 0
2\ + S3 0 S1 0 0 2
0 0 0 0 —2 0
2AH o 0 T3 —2’/“2 0 —2(83 + )\) S3
—T3 0 27’1 2(83 -+ )\) 0 —S51
T9 —T1 0 —S9 S1 0
B rouke mostoxkenus: pasuosecusi (1, = so = 0):
0 —(s3 + 2\) 0 0 0 0
s34+ 2\ 0 $1 0 0 2
A — 0 0 0 0 —2 0
= 0 T3 —2ry 0 —2(s3+A) 0
—TIs 0 27“1 2(83 + )\) 0 —381
0 -7 0 0 S1 0

gradf; = (0,0,0,2r,0,2r3)
gradfs = (7’1, 0,73,51,0, 53)

B kauecTse 6a3uca KacaTebHOIO HpoCTpaHcTBa K M? B 3THX TOYKAX MOMKHO
B34Tb BEKTOpA:

0 0 —T3 —S3

1 0 O 0

4 0 0 (&1 S1
M= 00 0 —rg
01 0 0

00 O T

ITox neiicTBuem omeparopa 2Ag OHE HEPEXOIAT B BEKTOPA:

12



—2)\ — S3 0 0 0

0 0 r181 — 3(2)\ + 83) 2’/“1 + S% — 83(2)\ + 83)
. 0 92 0 0
A - TM" = rs —2(\ + s3) 0 0
0 0 1+ 77 r181 — r3(s3 + 2A)
—T S1 0 0

3HAYNT MATpPUIA HCKOMOro onepaTropa 2Ay B BoIOpanHoM Gasuce Ha T M*:

0 0 75y —1r3(2X +83) 21y + 87 — s3(2)\ + s3)
0 0 7"%"—1 r181 —T3(53+2>\)
AH’TM“ = | sv _siss
1 173 0 0
-1 & 0 0

T1

Teuepn uniem eé cobcrBennbie 3uavenus. Ciaestaem 3ameny a = ris; — r3(2A +
_ 2 _ .2 __ s _ 518
$3),b=2r1 +s7 —s3(2A+ s3),c=ri +1,d = nof =

Torna
0 0 a b
0 0 ¢ a
2ulrae = | ¢ g
-1 d 00
—t 0 a b
0 —t ¢ a
24y —tE = i f —t 0
-1 d 0 -t

xa(t) =t* 4+ (b — 2ad — cf)t* + (a* — be)(d* + f),

Ilycrs a = (b — 2ad — cf), 8 = (a® — be)(d® + f):
th+at?+ 3 =0,
D = o? —48.
Eciu
1. D = 0: KOpHHU COBmAIAIOT =—> HaJA0 OpaTh APYyrHe KOHCTAHTHI B JIMHEHHON

komOunanuu AAgy + pAg.
2. D < 0: 9eTbIpe KOMILIEKCHO-COIPSIZKEHHBIX KOPHS == TUII TOYKH PoKyCc-POKyC.

3.D>0:

G >0,a<0:4 geiicrBuresbHbIX KOpH = Tuil To4ku Cezmo-Cezo.

B >0, >0 :4 9ucTo MHUMBIX KOPHSI == TuIll To4ku LleHTp-LeHTp.

B < 0 : onna mapa JiefCTBUTEIHHBIX W O/IHA apa MHUMBIX KOPHEil ==> THIl TOYKH

LeuTp-Cepno.

JlemMma. 3nax duckpumunarma D cosnadaem co 3HAKOM BbIPAHCEHUA:

s3(4g + s3) (0)
rirs '
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Joxasameavcmeo. D = (b — 2ad — cf)? — 4(d* + f)(a® — be), rae

a =151 — 13(2\ + 83),
b=2r; + s — 53(2)\ + s3),
c=r?+1,

— =

=

_ _sisy

T1iT3

[Tocsie MOACTAHOBKM W YIPOLICHUST OJIYYUM:

D 16 # #)?4s1534(1 4+ 17)(2r1 + 57 — 53(2A + 53)) _ 256(x * *)?s3(1 + 17)(4g + s7)
mrs mrs '
Bripazkenus (* * %) U (x % *) He IPUBOJATCA B CHITY HEHAJOOHOCTH M TPOMO3JIKOCTH.

]

OTrMeTuM 9T0 HPH NPOBEACHUH IIPOMEKYTOUHBIX BLIKJ/IAI0K Mbl aKTUBHO I10Ib30BAJIKChH
MaKeTOM CUMBOJILHBIX Bhramcaennit Wolfram Mathematica 6.0.

2. OcTayioch IPOBEPUTD, UTO B KazKJI0i TOUKE IOJI0KeHHUS PABHOBECU OIIePATOPI
Ay n A muneitno HesaBucnMbl. V3-3a Toro, 4ro uHTErpas K gaBadercs CJIOKHBIM
HOJIMHOMOM 4-CTeleHu ¢JiejiaTh 3T0 He Tak Jierko. [loaromy OyjieM BbIYHUC/ISITD JIUIIb
qacth Koaddumumentos marpunn Ax = (grad(Q - gradK))T.

Pacemorpum Touky moJiokenusi pasHoecusi r, Bektop v = (0,1,0,0,0,0) €
T,M*.

[Tox peitcrBuem oneparopa Ay on mepeiiiér B BekTop (—2\ — s3,0,0,73,0, —71),
a nox jeiicreuem oneparopa Ax B BekTOp ¢ KoOpauHaTamu (*,0, asg, *,0,%). s
JIOKA3aTe/bCTBA He3aBUCUMOCTH JIOCTATOYHO IPOBEPUTDH, YTO a3 7 (.

d(sgradK)?
az(r) = 8—32(@
3 8185
S — T + 4ri181 + Sor9 — )\31(53 + 2)\) — 2Ar3
2
53— % — 48911 + 5172 — Asa(s3 + 2))
A
dK = ;(s% + s2)
2
517 5
2
5 + 2r
5189 + 219
—2>\81
5182 575
(sgradK)? = sy(s3 — 5 + 41181 + Sor2 — As1(s3 +2X) — 2Mr3) — s1(s5 — 5
52 — 52
4sor1 4 8179 — ASa(s3 + 2X)) + 7“2(% +2r1) — ri(s152 + 2r9).
3 sls% 9 3%

az(z) = st — 5 + dris1 4 sora — Asi(s3 + 2A) — 2Ars — si(—sy — 4r + 5

A(s3 4+ 2X)) = 1,583 + Trisy — 2Ar3.

B cmty reopemst 1 GudypKaruoHHbe JuarpaMMbl BHYTPH Kazk10i u3 18 kamep
roMeoMOpPMHBI, & 3HAYUT MBI MOXKEM B3fTh TaKdHe 3HAUCHHS MapaMeTpoB ¢ U A
BHYTDPH KazK/[0if KAMepbl, YT0 HafiIeHHbIE KOODIUHATHI TOYEK IT0JIOKEHU I PABHOBECH ST
VJIOBJIETBOPSIIN COOTHOMIEHUIO : ag2(x) # 0.
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