MockoBcknit ['ocyrapcTBeHHbBIT Y HUBEPCUTET
umenu M.B. JlomoHocoBa

MexaHuKo-MaTeMaTuieckuii (pakybTeT

KypcoBaga pabora

YacTHbIE CJIyYand TMIIOTE3bI
n 1
P 2 in aiwi] <1) 25
JIJIsl HE3ABUCUMbIX OEPHYJIJINEBCKUAX
CJIyYaifiHbIX BeJIMYMH a;  Bekropa ||z| = 1.

Bomoanusa crynenTt 405 rpynnbl
MTuaypaukos .H.
nmoji pyk. akagemnka PAH

®domenko A.T.
14 anpeasa 2008



O630p paboTh:

B crarbe 2001 roma A.Ben-Taan, A.Hemuporckuii u K.Poc nokasamaum, 9T0 AJisi BCAKOTO BEKTOPA
(1,22, ...,T,) eAUHAIHON JJHHBL T5 + T3 + -+ + 22 = | U BCAKAX HE3ABUCUMBIX B COBOKYIIHOCTH CJIy-
HalHBIX GePHY/UINEBCKUX BEIUYUH a1, Ay, - . . , 4y (T.6. P(a; = 1) = P(a; = —1) = 1) Bepuo nepasenctso

W =
N =

n n
P(] Zaiaﬁi\ <) > u BuIABHHYJM THNOTEy  P(| Zaixi\ <) >
i=1 i=1

B nmacrosimieit pabore q0Ka3aHbI:

Teopema 1 — rumoreza mig n = 4,5, 6.

Teopema 2 — rumnoresa i 1 = Tg = -+ = Ty = ﬁ as jirodoro n > 3.

HpI/IBe,ELeHa reoOMeTpHYICCKasd WHTEepIpeTalud ITr'MIIOTe3bl U TeOPeM.

K coxxajenuto, MeTos JUHEHHBIX U KBaJpaTHUYHBIX olleHOK B T.1 um aHa/J or neHTpaJbHOM MpeeTbHOM
TeopeMbl B T.2 maabHEHRIIUX MPOABUKEHUI B THIIOTE3€ HE TAIOT.

DopMyJIMPOBKHN U J0KAa3aTeJbCTBA:

Teopema 1. IIycte n = 4,5 nmm 6. Ilycts a1, aq, ..., a, — HE3ABUCHUMBbIE B COBOKYITHOCTH CJIyJIaiHbIE
Bean4mHbL ¢ pacnpegenerneMm Pla; = 1) = P(a; = —1) = %, rae ¢ = 1,2,...n. Torna njs BCAKHX
YUCEN T1, T2, . .., Ty CO CBORCTBOM T3 + o3 + -+ + 22 = 1 BepHO HEPaBEHCTBO

N =

P(|Zall’l‘ < 1) 2
=1

O IIpu n = 4,5 nobasum dpukTuBHbIE yncaa Ts = r¢ = 0,6 = 0 u ceenem T.1 K caygaro n = 6. Same-
HUM CJIy4aiiHble BEJIMYHMHBI Ha BCEBO3MOXKHBIE HaOODPbL u3 6 gmces +1 mim -1 kaxzaoe. Chopmyaupyem,
K 1eMy cBemach T.1:

YrBepxkaeamne 1. JIna seaknx 6 aucen x1, T2, T3, T4, L5, Lg CO CBOHACTBOM x%+x§+x§+xi+x§+x% =1
kosmuectBo N (z) Habopos 6 gyucen as,...,ag, KaxJaoe U3 KOTopbix +1 wiu -1, He npesocxomut 16.

HokazaTenbCTBO yTBEPKACHNA 1 COCTONT B (PUKCHPOBAHUM U YIOPSIIOUNBAHUY THUCET X1 = Lo = T3 =
T4 2 Ty 2 Te, U B TOCITEAOBATETHHOM PACCMOTPEHUN TPEX CIYYaeB:

Cuayuait a). Bepuo —z1 + o2 + 3 + x4 + 25 + ¢ < 1, Torga ajs Begkoro mabopa aq, . .., ag, 49TO
2?21 a;x; > 1Bepaoa; = 1u xq +E?:2(—ai)xi <1l,TK.2> 271 = (2?21 aimi) + (:1?1 + 2?22(—@)%).
[Mosromy uncio N(x) He TPEBOCXOAUT TIOJIOBUHBL OT KOJUYECTBA BCEBO3MOKHBIX HAGOpOB u3 § uucesn +1
wm -1 xaxgoe, T.e. N(z) < 16.

Temepnb, ucxoast u3 —r1 + T2 + X3 + T4 + T5 + Tg > 1, TOAYIUM CAETYIONINE HEPABEHCTBA.

ITo mepaBencrBy Koru-ByHIKOBCKOTO mjist 9ucen &, Ta, T3, Ty : xl*“j“’ﬁ“ <4/ I§+I§ZI§+13 < %,
MO3TOMY X1 + T2 + 23 + 24 < 2w 29 + x4 < 1. [Ipeanonoxue 1 + 22 — 3 + x4 — 5 — Te = 1 1 coKUB
c —x1+ 22+ 23+ 24+ 25 + 26 > 1, mOAydIUM TPOTUBOpPEUNE C T2 + T4 < 1, OTKyJa MOJIyYaeM, 4TO
T1+To — T3+ T4 —T5 — Tg < 1 m uTO CymecrByeT He Oostee omHOro HAbOPA a1, ..., A5, COCTOSIIETO U3 HE
MeHee deM Tpex -1, TAKOoro 9ITo Z?:l a;r; > 1. OrMerum, 4T0o TakKux HADOPOB a; ¢ He Dojiee, YeM OHOI
-1, poBHO 7, u st onerku N (x) 0CTAIOCH PACCMOTPETh HABOPDI ¢ AByMs -1.

Cayuaii 6). Bepao —x1 + 2o+ x3+ x4+ o5+ 26 > 1 u —x1 + 2o+ 23+ 24+ 25 — 26 < 1. [Ipeanonoxus
JIONOJTHUTENHHO 1 — T + X3 — T4+ 5+ T > 1 v OrpyOuB MpeamnoOKeHHOe 10 X1 + Tg > 1, MepeMHOKAM
JBA HEPABEHCTBA, Tg > 1 —T1 U X2+ T3+ T4+ a5 +26 > 1+ 77 ¢

2 2 2

lfxl:x2+~-+x§>x6(x2+--~+x6)>17:1:1.

IIpoTuBOpEeUMe MPUBEIO K COBOKYITHOCTH —X1+22+23+T4+25—Te < lu 1 —22+23—24+25+26 < 1,
OTKYZa MCKOMBIX HAGOPOB a; ¢ aByMs -1 He Gosee 8 u rorma N(x) <7+ 841 = 16.

Cuayuaii B). Bepuo —x1 + o+ x3+ x4+ o5 +26 > 1 u —x1 + 22+ 23+ 24+ 5 — 6 > 1. [Ipeanonoxus
T+ 2o —x3+ T4 —T5+2Tg =1 u cnoxkuB ¢ —x1 + T2 + T3 + T4 + x5 + T > 1, HONyUIUM IPOTUBOPEYUE
¢ g + x4 < 1. ToaTOMy HCKOMBIX HAOOPOB a; ¢ aByMs -1 He Gosee 6, u Torma N(z) < 7+6+1=14 N

Teopema 2. Ilycthb n > 3 HaTypajbHOE YUCIO U L] = Tg = *++ = Xp = ﬁ Ilycts ay,a9,...,a,
He3aBHCUMbIE B COBOKYIIHOCTH CJLydafiHble BeMduHbl ¢ pacupenenerneM P(a; = 1) = P(a; = —1) = 3,

rme ¢ = 1,2,...n. Torga BepHO HEPABEHCTBO



N | =

P(|Zazxz‘ < 1) 2
=1

0 3amenum cirydaifHble BEJIUYUHBI HA BCEBO3MOZXKHBIE HAOODH! a; w3 n aucen +1 wim -1 kaxkmoe. Ecau

B Habope a; poBHO k wmncen-1u Y . ; a; > /n, 1o (n—k)—k > \/n, re. k < ”72\/%. KonuuecTso Habopos
a; ¢ poHO k uncnamu -1 pasno C¥. nostomy

2”~P(§:ai>\/ﬁ): Yooc
=1 0<i< i/

Cdopmynupyem, K demy cBemach T.2:
Yr1Bepxkaeaue 2. /[1g BceX HATYPATbHBIX N 2> 3 BEpHO HEPABEHCTBO:

Yooch<on?
Vv

0<i< 71—2

ITaan doxasameavcmea ymeepocdenus 2: s 3 < n < 15 svuucaum obe wacmu HEPABEHCMEG AGHO.
Jaan > 16 nepenuwem nepasencmeso wepes cymmy " venmparvruns” CF, oyenum nociednue no gopmyae
2
Cmupaunea, a ux cymmy wepes [ e 2 dt.

Tar 1. CocraBum Tabmuily u3 obenx dacreil HEPABEHCTBA U KOJIMYECTBA YIACTBYIOIIHUX B CYyMMHUPO-
Banuu C) ansa 3 <n <15

n 345 6 7 8 9 10 11 12 13 14 15
M1 112 2 3 3 3 4 4 5 5 6 6
SCE 1 1 6 7 29 37 46 176 232 794 1093 3473 4944
2"=2 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192

Jns n > 16 monbsysace C = Cn " un — ("}Vﬁ = L”Z‘/ﬁj, nepenuieM TpefyeMoe HEPABEHCTBO:
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Vny
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IIar 2. Ouennm C},, ucnons3ys dbopmyry Crupmumra n! = (2)" - (v2mnel2n ), roe 0 < 6, < 1, 1
dysxuno sarpormn H(x) = —zlogyx — (1 — x)log, (1 — ) -

n 9.,7, 97‘, en—i
Ci = . _ : n ). _ 2m cel2n 12020 | >
" il(n — 1) it (n —4)(n—1) 2mi2m(n — 1)
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Bsenem penuuuny t = - — 5, BbIpa3suM 4epes Hee

WV
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4i(n — 1 4(24+nt) (2 —nt ) n 1 2 T 3n(1—4t2)
i(n Z): (5 ) (5 ) — n(1 — 412 w onerxy  C! > 2 H(”z)[.e )
n n T /n(l —4t2)
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Onpenemum QyHKIHIO f@) = 2”H(t+2) £

Ha oTpeske [t <

V1 — 4¢2

OTPE30K MosTydmics u3 [i — 4| < @ ITpeobpazyem

2nH(t+%) - _ 2n(—(%+t> logg(l-l—?l&)—(%—t) logg(l—Qt)) 6—%ln(1—4t2)—ntln( 1+2t>
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, [JIst onpenesenus hyHKINNT



1 1+ 2t n+1 1
= =t — ——— — — 1 — 4t? < ——=.
h(t) :=In(f(t)) = 2nt Sl — 1) ntin (1 — 2t) 5 In( t*), mpm |t NG

Qyukuus h(t) uernas u h(0) = — 5, mokaxem A'(t) > 0 npu 0 < t < f’ CTPYIIHPOBAB CJIAraeMble
U PA3JIOKKUB BTOPYIO TPYNILY B PsiJL IO CTEneHam 2¢ :

2t 8t 2t 1+ 2t
®) (14t2 3n(14t2)2)+(14t2+ " ”"(12t))

2t 4 > 2L (2t)2HT 2t 41 > 2n(2t)?
1 _ 2 2k+1 i 2 2k+1 1 _
(1—4152( 3n(1—4t2))>+<z(t Z 20+ 1 ) (1—4t245)+<2( 2 2k +3

k=0 =1 k=0

Tak Kak n > 16, 0 < t < § n n(2t)? < 1. U3 wernocrn h(t) n neorpunaremsroctu A/ (1), 0 <t < ﬁ

nomyaum h(t) > h(0) = —3-u f(t) > f(0) = e~ mn g [t] < 72=, OTKYZa CJIe/Iyer
. 2 1
CTZL > 2" %6_27“52_37“ pu n|t| = |Z _ g| < g
./132 .’L‘2 .’E2
Ilar 3. U3 (e~ 2 )" = (22 — 1)e” 2 mOMydnM BBITYKIOCTH BBepX byHKmmu e 2 mpu |z < 1. s
b g2 (a+b)?

J0boro orpeska [a, b], e —1 < a < b < 1, BepHO f e 7 de < (b—a)e” 8 , HOCKOJIBKY KPUBOJMHEHHAST

12

Tpanenus ((:c,y)a <z <bh0<y<e 2 ) B CHJIY BBINYKJOCTH COJEPIKUTCS B TPATENNH, OTCEKAEMOU

z2 (a+b)?
KacaTelbHOH K TpaduKy ¥ = € 2 B TOUKe (“H’ e~ 8 ) or nomynonocer (a < ¢ < b,0<y). Ana-

2
1 22 _(atb)”
sormaro nosmyumm g —1 < a < “EP < 1 < b mepasencTso [ e 2de < (b—a)e” 8 . OGo3madum

MHOYKECTBO HeJIbIX YUCes] OTPEe3Ka H” 2\/517 L%J] za I, u ansa kaxjoro ¢ € I, 06o3HAYMM YMCIO
2y/n(L — 1) 3a z;, rorna no mary 2 nomyunu:

2
i

2
_ n _z .
OuenuBag e 2 CHuU3Y 4yepes 5 / e 2dxr, 3aMmeuad mMaTicr,T; > 1_ﬁ’ min;er, T; < 14
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3ameuanune 2. B kuure A.H. Illupsiesa ”Beposaraocts” Tom 1, map. 11 3agada 2: Ilyctsb ay He3aBu-
CHMbIE ONHMHAKOBO PACIIPEIE/ICHHBIE CIyuaiinble Beanaunsl ¢ Fay = 0, Day = 02, F \ak\?’ < 00. Torna

a1+"'+an)_ 1 /et;dt < cEla;|?
oy/n Vor S oVl + Jz))?

P

Yro 10Ka3BIBAET TEOPEMY 2 IIPHU YCJIOBUHM MAJIOH KOHCTAHTHI C.

IlepedopmyaupoBKa runoresbl:

Ounpegnenenune. lan n-mepubiii Ky6 ¢ koopaunaramu Bepius (1, £1,...,+1) € R™ u Buucannas B
Hero equEEIHaA cepa ¥3 + 13+ - - -+ 2 = 1. Bymem micath, 9To KacaTelbHasg K cdepe MUNepIIoCcKOCThb
a omcexaem Beprnny A Kyba, ecau Touka A u neHTp ¢hepbl HAXOAATCS CTPOTO TI0 PA3HBIE CTOPOHBI OT
TUIEPITIOCKOCTH V.

Ipumep. [unepmiockocTs 1 4 T2 = /2, Kacaomasics chepsl B TOUKe (§7 g, 0,...,0), orcekaer
2"~2 BepIIUHBI, B TOYHOCTH T€, ¥ KOTOPBIX IIEPBbIe B KOOPIMHATHI PABHLI 1.

Vreepxaenne 1(Posbkiop). Hdana touka © = (21,...,%,) Ha emmamaaON cdepe |z| = 1.
IycTh a; He3aBHCUMBIE CIydaiiible BeJIMUMHBI ¢ pacnpenenenuem P(a; = 1) = Pa; = —1) = %, rae
i=1,2,...,n. Torna P(| Y1 a;z;| < 1) > L skBuBaseHTHO yTBEp:KEHUIO, YTO KacaTelbHAs THIEP-
IJIOCKOCTH B TOYKE T BIHCAHHON cepbl oTceKaeT He Gostee yeM 2"~ 2 BepIInH n-MepHOro Kyoa.

O Ycnosue oTcedenus mMeer BUI i, a;T; > 1 ; — i n
oY i 4% , TJI€ G; — KOODAMHATBI OTCeKaeMoi BeprumHbL. 13
CUMMETDHY MHOKECTBA BEPITUH KyOa OTHOCHTETHHO 3AMEHBI 3HAKA BCEX KOODAWHAT BEPIAHbI, MOy IHM

P(] Zaixi| <1l)=1- 2P(Zaixi > 1).
i=1 i=1

PAC |

Otceuenne He Gomee Tem BepIIUH n-MepHoro Kyba pasHocusuo 2P(30  az; > 1) < 4

Caencrsue 1(yrBepx)aenus 1). IIycts a;, toe ¢ = 1,...,n HE3aBUCHMBIE CITy9AfHBIE BEITUIUHBL C
pacnpeenenuem P(a; =1) = P(a; = —1) = 1, tne i = 1,2,...,n. Toraa ycaosue P(| Y1 | a;x;| < 1) >
3 A7s1 moGOTO BEKTOpa & TAaKOro, uTo ||z| = 1, SKBHBAIEHTHO yTBEPIKIEHWIO, 9TO J00as KacaTelbHAs

I'UIEPILIOCKOCTh K BIMCAHHOMN cdepe oTcekaeT He Gojee ueM 2" 2 BepIIMH n-MepHOro Kyba.

CuaencrBue 2(teopem 1,2).

a) Jliobas KacarTesbHas TMIEPIUIOCKOCTh K BOUCAHHON B 6-MepHbIil KyO cdepe orcekaer ne Gonee 16
€ro BEPIIUH.

6) T'unepniocKocTs T +xo + - - - + &, = /N, Kacaromasicsa cephbl B TOUKE (in, in, cee in)7 OTCEKAeT

He Gosee, 1eM 2" 2 BepumH Kyba.

Vreepxkaenne 2(dunbman I'neb). Tunepiiockocrb 1 + o + + - - + @, = /N, Kacaolwasucs Biu-

CAHHOH B Ky0 eIMHUYHON cdephl B TOUKe (ﬁ, ﬁ, e ﬁ), OTCEKAET POBHO } . _n-va C! sepmun Kyba.
2

O [Iycrs KOOpAWHATHI OTCEKAEMOM BEPINUHBI Ky0a COCTOAT U3 k enuHUIl U N — kK MUHYC eIWHUIL, TOTIa,
k—(n—k)>+/n, 0 ecrb n — k < # Ocrasioch 3aMeTutThb, o cymecrsyer C7F pepmun xy6a c
poBHO N — k orpunarenbubiMu Koopanuaramu. Ml

Takum obpasom, TUNIOTE3A U TEOPEMBI 1 U 2 UMET TeOMETPUIECKYI0 WHTEPIPETAIHIO.
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