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1 ÂÂÅÄÅÍÈÅ 21 ÂâåäåíèåÂ íàñòîÿùåé ðàáîòå îïèñûâàåòñÿ àëãîðèòì ïåðå÷èñëåíèÿ òîïîëîãè÷åñêè ðàçëè÷íûõ îñîáåííî-ñòåé òèïà ñåäëî-ñåäëî äëÿ èíòåãðèðóåìîé ãàìèëüòîíîâîé ñèñòåìû ñ äâóìÿ ñòåïåíÿìè ñâîáîäû.Êàê îêàçàëîñü, çàäà÷à òîïëîãè÷åñêîé êëàññèôèêàöèè îñîáåííîñòåé òèïà ñåäëî-ñåäëî ìîæåòáûòü ñâåäåíà ê çàäà÷å ïåðå÷èñëåíèÿ íàáîðîâ ïåðåñòàíîâîê íåêîòîðîãî ñïåöèàëüíîãî âèäà.Àëãîðèòì ïåðå÷èñëåíèÿ ýòèõ íàáîðîâ ðåàëèçîâàí íà êîìïüþòåðå.Íàïîìíèì îñíîâíûå îïðåäåëåíèÿ.Îïðåäåëåíèå 1. Èíòåãðèðóåìîé ãàìèëüòîíîâîé ñèñòåìîé ñ äâóìÿ ñòåïåíÿìè ñâîáîäû ìûáóäåì íàçûâàòü ÷åòâ¼ðêó (M4, ω, H, F ), ãäå (M4, ω)�÷åòûð¼õìåðíîå ñèìïëåêòè÷åñêîå ìíî-ãîîáðàçèå, à H è F � ãëàäêèå ôóíêöèè íà M4, êîòîðûå êîììóòèðóþò îòíîñèòåëüíî ñêîáêèÏóàññîíà è ôóêíêöèîíàëüíî íåçàâèñèìû (ò.å. äèôôåðåíöèàëû ôóíêöèé H è F ëèíåéíî íåçà-âèñèìû ïî÷òè âñþäó íà M4).Îïðåäåëåíèå 2. Òî÷êà x ∈ M4 íàçûâàåòñÿ îñîáîé òî÷êîé èíòåãðèðóåìîé ãàìèëüòîíîâîéñèñòåìû (M4, ω, H, F ), åñëè â ýòîé òî÷êå äèôôåðåíöèàëû ôóíêöèé H è F ðàâíû 0.Â ðàáîòå [3] äàíî îïðåäåëåíèå íåâûðîæäåííîé îñîáîé òî÷êè è ïîêàçàíî, ÷òî ñóùåñòâóåò 4òèïà íåâûðîæäåííûõ òî÷åê: öåíòð-öåíòð, öåíòð-ñåäëî, ôîêóñ-ôîêóñ è ñåäëî-ñåäëî.Îïðåäåëåíèå 3. Îòîáðàæåíèå Φ : M4 → R
2, ïåðåâîäÿùåå òî÷êó x ∈ M4 â òî÷êó

(H(x), F (x)) ∈ R
2, íàçûâàåòñÿ îòîáðàæåíèåì ìîìåíòà.Ìû áóäåì ïðåäïîëàãàòü, ÷òî ïðîîáðàç ëþáîé òî÷êè ïðè îòîáðàæåíèè ìîìåíòà êîìïàê-òåí. Ìíîãîîáðàçèå M4 ðàññëîåíî íà ñâÿçíûå êîìïîíåíòû ïðîîáðàçîâ òî÷åê ïðè îòîáðàæåíèèìîìåíòà Φ. Ýòî ñëîåíèå (âîîáùå ãîâîðÿ, ñ îñîáûìè ñëîÿìè) íàçûâàåòñÿ ñëîåíèåì Ëèóâèëëÿ.Îïðåäåëåíèå 4. Äâå èíòåãðèðóåìûå ãàìèëüòîíîâû ñèñòåìû íàçûâàþòñÿ ëèóâèëëåâî ýêâèâà-ëåíòíûìè (èëè ïîñëîéíî ýêâèâàëåíòíûìè), åñëè ìåæäó ñîîòâåòñòâóþùèìè ìíîãîîáðàçèÿìèñóùåñòâóåò äèôôåîìîðôèçì, ïåðåâîäÿùèé ñëîåíèå Ëèóâèëëÿ ïåðâîé ñèñòåìû â ñëîåíèå Ëè-óâèëëÿ âòîðîé.Èç òåîðåìû Ëèóâèëëÿ ñðàçó ñëåäóåò, ÷òî â îêðåñòíîñòè òîðà Ëèóâèëëÿ ëþáûå äâå ñèñòå-ìû ïîñëîéíî ýêâèâàëåíòíû. Ïóñòü L = Φ−1(0, 0)�îñîáûé ñëîé, ñîäåðæàùèé íåâûðîæäåííóþîñîáóþ òî÷êó x. Ðàññìîòðèì îêðåñòíîñòü ýòîãî ñëîÿ U(L), ÿâëÿþùóþñÿ ïðîîáðàçîì íåêîòî-ðîé ìàëîé îêðåñòíîñòè òî÷êè (0, 0). Åñëè òî÷êà x�òî÷êà òèïà öåíòð-öåíòð, öåíòð-ñåäëî èëèôîêóñ-ôîêóñ, òî òîïîëîãè÷åñêàÿ ñòðóêòóðà ñëîåíèÿ Ëèóâèëëÿ â îêðåñòíîñòè U(L) äîñòàòî÷-íî ïðîñòà è äëÿ êàæäîãî èç ýòèõ ñëó÷àåâ îïèñàíà ñîîòâåòñòâåííî â [4],[5],[6]. Òàêèì îáðàçîì,åäèíñòâåííûì ñëîæíûì ñëó÷àåì â çàäà÷å êëàññèôèêàöèè ñëîåíèé Ëèóâèëëÿ (ñ òî÷íîñòüþäî ïîñëîéíîé ýêâèâàëåíòíîñòè) â îêðåñòíîñòè îñîáîãî ñëîÿ ÿâëÿåòñÿ îñîáåííîñòü òèïà ñåäëî-ñåäëî. Â ðàáîòå [6] äëÿ ýòîãî ñëó÷àÿ ïîñòðîåí ïîëíûé òîïîëîãè÷åñêèé èíâàðèàíò (íàçâàííûé

Cl-òèïîì) è äîêàçàíà òåîðåìà ðåàëèçàöèè.



2 ÎÑÍÎÂÍÛÅ ÏÎËÎÆÅÍÈß 32 Îñíîâíûå ïîëîæåíèÿÑîãëàñíî ðåçóëüòàòàì ðàáîòû [1] çàäà÷à ïåðå÷èñëåíèÿ ïîñëîéíî íåýêâèâàëåíòíûõ îêðåñòíî-ñòåé ñëî¼â, ñîäåðæàùèõ N òî÷åê òèïà ñåäëî-ñåäëî, ñâîäèòñÿ ê ïåðå÷èëåíèþ íåýêâèâàëåíòíûõ(â êàêîì ñìûñëå, áóäåò îïðåäåëåíî íèæå) ãðàôîâ ñëåäóþùåãî âèäà.Ðàññìîòðèì äâóõöâåòíûé (ñèíèé, êðàñíûé) ñìåøàííûé ãðàô ïîðÿäêà 4N . Êàæäàÿ âåð-øèíà ãðàôà èìååò ñòåïåíü 6, îíà ñîåäèíåíà äâóìÿ íåîðèåíòèðîâàííûìè ð¼áðàìè: ñèíåãî èêðàñíîãî öâåòà, â íå¼ âõîäÿò äâà îðèåíòèðîâàííûõ ðåáðà: êðàñíîãî è ñèíåãî öâåòîâ, è èç íå¼âûõîäÿò äâà îðèåíòèðîâàííûõ ðåáðà: êðàñíîãî è ñèíåãî öâåòîâ. Ïðè÷¼ì âûïîëíÿþòñÿ ñëåäó-þùèå ñîîòíîøåíèÿ:1. Åñëè äâèãàòüñÿ ñíà÷àëà ïî íåîðèåíòèðîâàííîìó ðåáðó êðàñíîãî (ñèíåãî) öâåòà, à çàòåìïî íåîðèåíòèðîâàííîìó ðåáðó ñèíåãî (êðàñíîãî) öâåòà, òî ïðèä¼ì â òó æå âåðøèíó, ÷òîè åñëè áû ìû ïîøëè ñíà÷àëà ïî ñèíåìó( êðàñíîìó) íåîðèåíòèðîâàííîìó ðåáðó à çàòåìïî êðàñíîìó (ñèíåìó) íåîðèåíòèðîâàííîìó.2. Åñëè äâèãàòüñÿ ñíà÷àëà ïî íåîðèåíòèðîâàííîìó ðåáðó êðàñíîãî (ñèíåãî) öâåòà, à çàòåìïî îðèåíòèðîâàííîìó ðåáðó ñèíåãî (êðàñíîãî) öâåòà, òî ðåçóëüòàò áóäåò òåì æå, åñëèáû ìû ïîøëè ñíà÷àëà ïî îðèåíòèðîâàííîìó ðåáðó ñèíåãî (êðàñíîãî) öâåòà, à çàòåì ïîíåîðèåíòèðîâàííîìó ðåáðó êðàñíîãî (ñèíåãî) öâåòà.3. Åñëè äâèãàòüñÿ ñíà÷àëà ïî îðèåíòèðîâàííîìó ðåáðó ñèíåãî (êðàñíîãî) öâåòà, à çàòåìïî îðèåíòèðîâàííîìó ðåáðó êðàñíîãî (ñèíåãî) öâåòà, òî ïðèä¼ì â òó æå âåðøèíó, ÷òî èåñëè áû ìû ïîøëè ñíà÷àëà ïî îðèåíòèðîâàííîìó ðåáðó êðàñíîãî (ñèíåãî) öâåòà, à çàòåìïî îðèåíòèðîâàííîìó ðåáðó ñèíåãî (êðàñíîãî) öâåòà.Áóäåì íàçûâàòü òàêèå ãðàôû 2f -ãðàôàìè ñëîæíîñòè N . Ïðèâåä¼ì íèæå îäèí èç ñïîñîáîâèçîáðàæåíèÿ 2f -ãðàôà ñëîæíîñòè 3.
• • • • • •

• • • • • •Îïèñàííûé â ðàáîòå àëãîðèòì ãîäèòñÿ äëÿ ïåðå÷èñëåíèÿ 2f -ãðàôîâ äëÿ ëþáîãî N , íî äëÿóäîáñòâà îãðàíè÷èìñÿ ñëó÷àåì ñëîæíîñòè N = 3.Çàíóìåðóåì âåðøèíû ãðàôà ñëåäóþùèì îáðàçîì:



2 ÎÑÍÎÂÍÛÅ ÏÎËÎÆÅÍÈß 4
•1 •3 •5 •7 •9 •11

•2 •4 •6 •8 •10 •12Òîãäà êàæäîìó 2f -ãðàôó ìû ìîæåì ïîñòàâèòü â ñîîòâåòñòâèå ÷åòâ¼ðêó ïåðåñòàíîâîê
τ1, τ2, ϕ1, ϕ2 ∈ S12, ãäå τ1 ñîîòâåòñòâóåò ñèíèì íåîðèåíòèðîâàííûì ð¼áðàì, τ2 �êðàñíûì íåîðè-åíòèðîâàííûì, ϕ1 ñîîòâåòñòâóåò ñèíèì îðèåíòèðîâàííûì ð¼áðàì, à ϕ2 �êðàñíûì îðèåíòèðî-âàííûì. Äëÿ 2f -ãðàôà, èçîáðàæ¼ííîãî âûøå, ÷åòâ¼ðêà ïåðåñòàíîâîê áóäåò ñëåäóþùåé:

τ1 =

(

1 2 3 4 5 6 7 8 9 10 11 12
2 1 4 3 6 5 8 7 10 9 12 11

)

τ2 =

(

1 2 3 4 5 6 7 8 9 10 11 12
3 4 1 2 7 8 5 6 11 12 9 10

)

ϕ1 =

(

1 2 3 4 5 6 7 8 9 10 11 12
3 4 1 2 9 10 11 12 5 6 7 8

)

ϕ2 =

(

1 2 3 4 5 6 7 8 9 10 11 12
5 6 9 10 4 3 12 11 2 1 8 7

)Çàôèêñèóåì äàëåå ïåðåñòàíîâêè
τ1 =

(

1 2 3 4 5 6 7 8 9 10 11 12
2 1 4 3 6 5 8 7 10 9 12 11

)

τ2 =

(

1 2 3 4 5 6 7 8 9 10 11 12
3 4 1 2 7 8 5 6 11 12 9 10

)Òîãäà êàæäàÿ ïàðà ïåðåñòàíîâîê (ϕ1, ϕ2), òàêèõ ÷òî
τ1ϕ2 = ϕ2τ1 (1)
τ2ϕ1 = ϕ1τ2 (2)
ϕ1ϕ2 = ϕ2ϕ1 (3)çàäà¼ò íåêîòîðûé 2f -ãðàô.Îïðåäåëåíèå 5. Íàçîâ¼ì äâà 2f -ãðàôà ýêâèâàëåíòíûìè, åñëè ñîîòâåòñòâóþùèå èì ïàðûïåðåñòàíîâîê (ϕ1, ϕ2) îíè ïåðåâîäÿòñÿ äðóã â äðóãà íåêîòîðûìè èç ñëåäóþùèõ îïåðàöèé:1. Îïåðàöèè Cg. Ìû ïðîèçâîëüíî ââåëè íóìåðàöèþ âåðøèí 2f -ãðàôà. Îäíàêî å¼ ìîæíîáûëî ââåñòè ïî-ðàçíîìó. Òàê êàê ìû çàôèêñèðîâàëè ïåðåñòàíîâêè τ1 è τ2, òî â êà÷åñòâåïåðåíóìåðàöèé íàì ïîäõîäÿò òîëüêî òå ïåðåñòàíîâêè g ∈ S12 êîòîðûå êîììóòèðóþò ñ τ1è τ2. Íà ÿçûêå ïåðåñòàíîâîê ïåðåíóìåðàöèè ñîîòâåòñòâóåò ñîïðÿæåíèå. Òàêèì îáðàçîì,ïîä äåéñòâèåì îïåðàöèè Cg ïàðà ïåðåñòàíîâîê (ϕ1, ϕ2) ïåðåéä¼ò â ïàðó ïåðåñòàíîâîê

(gϕ1g
−1, gϕ2g

−1).



2 ÎÑÍÎÂÍÛÅ ÏÎËÎÆÅÍÈß 52. Îïåðàöèÿ B. 2f -ãðàô íå èçìåíèòñÿ, åñëè ìû ñèíèå ð¼áðà ïåðåêðàñèì â êðàñíûå, à êðàñ-íûå � â ñèíèå. Íà ÿçûêå ïåðåñòàíîâîê ýòî áóäåò îçíà÷àòü, ÷òî ïàðà (ϕ1, ϕ2) ïåðåéä¼ò âïàðó (bϕ2b
−1, bϕ1b

−1), ãäå
b =

(

1 2 3 4 5 6 7 8 9 10 11 12
4 2 3 1 8 6 7 5 12 10 11 9

)3. Îïåðàöèè D1, D2, D3. Åñëè â 2f -ãðàôå çàìåíèòü íàïðàâëåíèå îðèåíòèðîâàííûõ ð¼áåð,òî ïîëó÷èì òàêæå ýêâèâàëåíòíûé 2f -ãðàô. Ïóñòü îïåðàöèÿ D1 áóäåò ñîîòâåòñòâîâàòüçàìåíå íàïðàâëåíèé ó ñèíèõ ð¼áåð, îïåðàöèÿ D2 �ó êðàñíûõ, à îïåðàöèÿ D3 �ó ñèíèõè êðàñíûõ îäíîâðåìåííî. Çàìåòèì òàêæå, ÷òî îïåðàöèÿ D3 ðàâíîñèëüíà êîìïîçèöèèîïåðàöèè D1 è îïåðàöèè D2. Ïðè îïåðàöèÿõ D1, D2 è D3 ïàðà (ϕ1, ϕ2) ïåðåõîäèò ñîîò-âåòñòâåííî â ïàðû (ϕ−1

1
, ϕ2), (ϕ1, ϕ

−1

2
) è (ϕ−1

1
, ϕ−1

2
).4. Îïåðàöèè A1, A2, A3 ïåðåâîäÿò ïàðó ïåðåñòàíîâîê (ϕ1, ϕ2) ñîîòâåòñòâåííî â ïàðû ïå-ðåñòàíîâîê (τ1ϕ

−1

1
, ϕ2), (ϕ1, τ2ϕ

−1

2
), (τ1ϕ

−1

1
, τ2ϕ

−1

2
). Ýòè îïåðàöèè ñîîòâåòñòâóþò ðàçíîìóâûáîðó ñåïàðàòðèñ ïðè ïîñòðîåíèè 2f -ãðàôà èç îñîáåííîñòè. Çàìåòèì òàêæå, ÷òî îïå-ðàöèÿ A3 ðàâíîñèëüíà êîìïîçèöèè îïåðàöèé A1 è A2.Èç ðåçóëüòàòîâ, ïîëó÷åííûõ â ðàáîòå [1] ñëåäóåò, ÷òî çàäà÷à ïåðå÷èñëåíèÿ íåýâèâàëåíò-íûõ îñîáåííîñòåé òèïà ñåäëî-ñåäëî ñâîäèòñÿ ê ïåðå÷èñëåíèþ íåýêâèâàëåíòíûõ 2f -ãðàôîâ. Íàÿçûêå ïåðåñòàíîâîê ýòîò ðåçóëüòàò ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì:Òåîðåìà 1. Çàäà÷à ïåðå÷èñëåíèÿ íåýêâèâàëåíòíûõ îñîáåííîñòåé òèïà ñåäëî-ñåäëî ðàâíî-ñèëüíà çàäà÷å ïåðå÷èñëåíèÿ êëàññîâ ýêâèâàëåíòíîñòè ÷åòâ¼ðîê (τ1, τ2, ϕ1, ϕ2) îòíîñèòåëüíîîïåðàöèé Cg, B, A1, A2, A3, D1, D2, D3 è èõ êîìïîçèöèé, ãäå

τ1 =

(

1 2 3 4 5 6 7 8 9 10 11 12
2 1 4 3 6 5 8 7 10 9 12 11

)

τ2 =

(

1 2 3 4 5 6 7 8 9 10 11 12
3 4 1 2 7 8 5 6 11 12 9 10

)à ïàðà (ϕ1, ϕ2) óäîâëåòâîðÿåò ñîîòíîøåíèÿì (1)�(3):Ïîïðîáóåì ïîíÿòü êàê óñòðîåíû êîìïîçèöèè îïåðàöèé Cg, B, A1, A2, A3, D1, D2, D3.Ëåììà 1.
B ◦ B = id (4)

D1 ◦ D1 = id (5)
D2 ◦ D2 = id (6)
D3 ◦ D3 = id (7)

B ◦ Cg ◦ B = Cbgb (8)
Cg1

◦ Cg2
= Cg1g2

(9)
Cg ◦ Ai = Ai ◦ Cg, i = 1, 2, 3 (10)
Cg ◦ Di = Di ◦ Cg, i = 1, 2, 3 (11)



2 ÎÑÍÎÂÍÛÅ ÏÎËÎÆÅÍÈß 6
D1 ◦ B = B ◦ D2 (12)
D2 ◦ B = B ◦ D1 (13)
A1 ◦ B = B ◦ A2 (14)
A2 ◦ B = B ◦ A1 (15)
A1 ◦ A1 = Cτ1 (16)
A2 ◦ A2 = Cτ2 (17)
A3 ◦ A3 = Cτ1τ2 (18)
Di ◦ Ai = Cτi

◦ Ai ◦ Di, i = 1, 2 (19)
D1 ◦ A2 = A2 ◦ D1 (20)
D2 ◦ A1 = A1 ◦ D2 (21)Äîêàçàòåëüñòâî. B : (ϕ1, ϕ2) 7→ (bϕ2b

−1, bϕ1b
−1), ãäå

b =

(

1 2 3 4 5 6 7 8 9 10 11 12
4 2 3 1 8 6 7 5 12 10 11 9

)Ñëåäîâàòåëüíî B◦B : (ϕ1, ϕ2) 7→ (bbϕ1b
−1b−1, bbϕ2b

−1b−1), íî b2 = id, è b−1b−1 = ((bb)2)−1 = id.Äàëåå, D1 : (ϕ1, ϕ2) 7→ (ϕ−1

1
, ϕ2). Ñëåäîâàòåëüíî D1 ◦ D1 : (ϕ1, ϕ2) 7→ (ϕ−1

1
)−1, ϕ2) = (ϕ1, ϕ2).Ïðîâåðèì (19): D1 ◦ A1 : (ϕ1, ϕ2) 7→ ((ϕ1τ1, ϕ2). Ñ äðóãîé ñòîðîíû: Cτ1 ◦ A1 ◦ D1 : (ϕ1, ϕ2) 7→

(τ1τ1ϕ1τ
−1

1
, τ1ϕ2τ

−1

1
) = (ϕ1τ1, ϕ2), ò.ê. τ1ϕ2 = ϕ2τ1, τ1 = τ−1

1
, τ 2

1
= id. Àíàëîãè÷íî ïðîâåðÿþòñÿâñå îñòàëüíûå ñîîòíîøåíèÿ.Ó÷èòûâàÿ ëåììó 1 ìîæíî ñôîðìóëèðîâàòü ñëåäñòâèå èç òåîðåìû 1Ñëåäñòâèå 1. Çàäà÷à ïåðå÷èñëåíèÿ íåýêâèâàëåíòíûõ îñîáåííîñòåé òèïà ñåäëî-ñåäëî ðàâíî-ñèëüíà çàäà÷å ïåðå÷èñëåíèÿ êëàññîâ ýêâèâàëåíòíîñòè ÷åòâ¼ðîê (τ1, τ2, ϕ1, ϕ2) îòíîñèòåëüíîîïåðàöèé

Cg (22)
Cg ◦ D1 (23)
Cg ◦ D2 (24)
Cg ◦ D3 (25)
Cg ◦ A1 (26)
Cg ◦ A2 (27)
Cg ◦ A3 (28)
Cg ◦ B (29)

Cg ◦ B ◦ A1 (30)
Cg ◦ B ◦ A2 (31)
Cg ◦ B ◦ A3 (32)
Cg ◦ B ◦ D1 (33)
Cg ◦ B ◦ D2 (34)
Cg ◦ B ◦ D3 (35)
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Cg ◦ B ◦ A1 ◦ D1 (36)
Cg ◦ B ◦ A1 ◦ D2 (37)
Cg ◦ B ◦ A1 ◦ D3 (38)
Cg ◦ B ◦ A2 ◦ D1 (39)
Cg ◦ B ◦ A2 ◦ D2 (40)
Cg ◦ B ◦ A2 ◦ D3 (41)
Cg ◦ B ◦ A3 ◦ D1 (42)
Cg ◦ B ◦ A3 ◦ D2 (43)
Cg ◦ B ◦ A3 ◦ D3 (44)

Cg ◦ A1 ◦ D1 (45)
Cg ◦ A1 ◦ D2 (46)
Cg ◦ A1 ◦ D3 (47)
Cg ◦ A2 ◦ D1 (48)
Cg ◦ A2 ◦ D2 (49)
Cg ◦ A2 ◦ D3 (50)
Cg ◦ A3 ◦ D1 (51)
Cg ◦ A3 ◦ D2 (52)
Cg ◦ A3 ◦ D3 (53)Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíóþ êîìïîçèöèþ îïåðàöèé

B, Cg, A1, A2, A3, D1, D2, D3, â êîòîðîé îíè ìîãóò ðàñïîëàãàòüñÿ ïðîèçâîëüíûì îáðàçîì:ïîâòîðÿòüñÿ è ò.ï. Ïðåîáðàçóåì å¼ â ñîîòâåòñòâèå ñ ñîîòíîøåíèÿìè èç ëåììû 1.1. Åñëè â äàííîé êîìïîçèöèè ïðèñóòñòâóþò ïîäðÿä ñòîÿùèå îäíîèì¼ííûå îïåðàöèè, òî,èñïîëüçóþ ñîîòíîøåíèÿ (4),(5),(6),(7),(9),(16),(17),(18), èõ ìîæíî ñâåñòè ëèáî ê òîæäå-ñòâåííîé îïåðàöèè, ëèáî ê îïåðàöèè Cg.2. Â ñèëó ñîîòíîøåíèé (10),(11),(12),(13),(14),(15),(19),(20),(21) ïîñëåäîâàòåëüíîñòü îïåðà-öèé A , D ñâåä¼ì ëèáî ê Ai ◦ Dj , ëèáî ê Cg ◦ Ai ◦ Dj .3. Íó è íàêîíåö, èñïîëüçóþ ñîîòíîøåíèå (8) ïðèä¼ì ê îäíîé èç ñëåäóþùèõ êîìïîçèöèé:
Cg ◦ B ◦ Ai ◦ Dj

B ◦ Cg ◦ Ai ◦ DjÏðè÷¼ì êàêèå-òî îïåðàöèè, âõîäÿùèå â ýòè êîìïîçèöèè ìîãóò îòñóòñòâîâàòü, à èíäåêñû
i, j èçìåíÿòüñÿ â ïðåäåëàõ îò 1 äî 3.



3 ÀËÃÎÐÈÒÌ 83 ÀëãîðèòìÍàïîìíèì, ÷òî
τ1 =

(

1 2 3 4 5 6 7 8 9 10 11 12
2 1 4 3 6 5 8 7 10 9 12 11

)

τ2 =

(

1 2 3 4 5 6 7 8 9 10 11 12
3 4 1 2 7 8 5 6 11 12 9 10

)1. Âû÷èñëèì Φ1 = {ϕ ∈ S12 : τ2ϕ = ϕτ2}, Φ2 = {ϕ ∈ S12 : τ1ϕ = ϕτ1}.2. Âû÷èñëèì Φ = {(ϕ1, ϕ2) : ϕ1ϕ2 = ϕ2ϕ1, ϕ1 ∈ Φ1, ϕ2 ∈ Φ2}.3. Óäàëèì èç ìíîæåñòâà Φ òå ïàðû ïåðåñòàíîâîê, êîòîðûå êîäèðóþò íåñâÿçíûå ãðàôû.Î÷åâèäíî, ÷òî 2f -ãðàô ñâÿçåí, åñëè õîòÿ áû èç îäíîé âåðøèíû êàæäîãî ¾êâàäðàòà¿èä¼ò îðèåíòèðîâàííîå ðåáðî õîòÿ áû îäíîãî öâåòà â êàêîé-íèáóäü äðóãîé ¾êâàäðàò¿.4. Îñòàâèì â ìíîæåñòâå Φ òîëüêî ïî îäíîìó ïðåäñòàâèòåëþ êëàññîâ ýêâèâàëåíòíîñòè îò-íîñèòåëüíî ïðèìåíåíèÿ îïåðàöèé (22)�(53).



4 ÐÅÇÓËÜÒÀÒÛ 94 Ðåçóëüòàòû4.1 Îñíîâíàÿ òåîðåìàÍà îñíîâå ðåçóëüòàòîâ ðàáîòû ïðîãðàììû, èñïîëüçóþùåé âûøåîïèñàííûé àëãîðèòì, ìîæíîñôîðìóëèðîâàòü òåîðåìóÒåîðåìà 2. ×èñëî òîïîëîãè÷åñêè ðàçëè÷íûõ îñîáåííîñòåé òèïà ñåäëî-ñåäëî äëÿ èíòåãðè-ðóåìîé ãàìèëüòîíîâîé ñèñòåìû ñ äâóìÿ ñòåïåíÿìè ñâîáîäû â ñëó÷àå îäíîé, äâóõ è òð¼õîñîáûõ òî÷åê ñîîòâåòñòâåííî ðàâíî 4, 39, è 147.Ðåçóëüòàòû äëÿ îäíîé è äâóõ îñîáûõ òî÷åê ñîâïàëè ñ ðåçóëüòàòàìè, ïîëó÷åííûìè â ðàáîòàõ[2],[1]. Íèæå ïåðå÷èñëåíû ïàðû ïåðåñòàíîâîê (ϕ1, ϕ2) è 2f -ãðàôû, êîäèðóþùèå òîïîëîãè÷åñêèðàçëè÷íûå îñîáåííîñòè òèïà ñåäëî-ñåäëî äëÿ ñëó÷àÿ òð¼õ îñîáûõ òî÷åê. Â ñïèñêå 2f -ãðàôîâñëîæíîñòè 3 äëÿ êàæäîãî èç íèõ óêàçàí òàêæå l-òèï ñîîòâåòñòâóþùåé îñîáåííîñòè òèïà ñåäëî-ñåäëî.



4 ÐÅÇÓËÜÒÀÒÛ 104.2 Ñïèñîê ïàð ïåðåñòàíîâîê (ϕ1, ϕ2), êîäèðóþùèõ 2f -ãðàô ñëîæíî-ñòè 31. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,3,4,9,10,7,8,11,12)2. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,3,4,9,10,7,8,12,11)3. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,3,4,9,10,8,7,11,12)4. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,3,4,9,10,8,7,12,11)5. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,3,4,9,10,11,12,7,8)6. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,3,4,9,10,11,12,8,7)7. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,3,4,9,10,12,11,7,8)8. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,3,4,9,10,12,11,8,7)9. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,4,3,9,10,7,8,12,11)10. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,4,3,9,10,8,7,11,12)11. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,4,3,9,10,8,7,12,11)12. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,4,3,9,10,11,12,7,8)13. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,4,3,9,10,11,12,8,7)14. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,4,3,9,10,12,11,7,8)15. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,4,3,9,10,12,11,8,7)16. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,7,8,9,10,3,4,11,12)17. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,7,8,9,10,3,4,12,11)18. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,7,8,9,10,4,3,11,12)19. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,7,8,9,10,4,3,12,11)20. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,8,7,9,10,3,4,11,12)21. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,8,7,9,10,3,4,12,11)22. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,8,7,9,10,4,3,11,12)23. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,8,7,9,10,4,3,12,11)24. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,8,7,9,10,12,11,3,4)25. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,8,7,9,10,12,11,4,3)26. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,3,4,7,8,11,12)27. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,3,4,7,8,12,11)28. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,3,4,8,7,11,12)29. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,3,4,8,7,12,11)30. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,3,4,12,11,7,8)31. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,3,4,12,11,8,7)32. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,4,3,7,8,12,11)33. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,4,3,8,7,11,12)34. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,4,3,8,7,12,11)35. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,4,3,12,11,7,8)36. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,4,3,12,11,8,7)37. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,7,8,3,4,11,12)38. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,7,8,3,4,12,11)39. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,7,8,4,3,11,12)40. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,7,8,4,3,12,11)



4 ÐÅÇÓËÜÒÀÒÛ 1141. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,8,7,3,4,12,11)42. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,8,7,4,3,12,11)43. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,11,12,3,4,7,8)44. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,11,12,3,4,8,7)45. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,11,12,4,3,7,8)46. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,11,12,4,3,8,7)47. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,11,12,7,8,3,4)48. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,11,12,7,8,4,3)49. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,11,12,8,7,3,4)50. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,11,12,8,7,4,3)51. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,12,11,3,4,7,8)52. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,12,11,3,4,8,7)53. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,12,11,4,3,7,8)54. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,12,11,4,3,8,7)55. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,12,11,7,8,3,4)56. (1,2,3,4,5,6,7,8,9,10,11,12) (1,2,5,6,9,10,12,11,7,8,4,3)57. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,3,4,9,10,7,8,12,11)58. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,3,4,9,10,8,7,12,11)59. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,3,4,9,10,12,11,7,8)60. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,3,4,9,10,12,11,8,7)61. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,4,3,9,10,8,7,12,11)62. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,4,3,9,10,12,11,7,8)63. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,4,3,9,10,12,11,8,7)64. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,8,7,9,10,3,4,12,11)65. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,8,7,9,10,4,3,12,11)66. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,3,4,7,8,12,11)67. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,3,4,8,7,12,11)68. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,4,3,8,7,12,11)69. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,8,7,3,4,12,11)70. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,8,7,4,3,12,11)71. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,11,12,3,4,7,8)72. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,11,12,3,4,8,7)73. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,11,12,4,3,7,8)74. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,11,12,4,3,8,7)75. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,11,12,7,8,3,4)76. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,11,12,7,8,4,3)77. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,11,12,8,7,3,4)78. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,11,12,8,7,4,3)79. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,12,11,3,4,7,8)80. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,12,11,3,4,8,7)



4 ÐÅÇÓËÜÒÀÒÛ 1281. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,12,11,4,3,7,8)82. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,12,11,4,3,8,7)83. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,12,11,7,8,3,4)84. (1,2,3,4,5,6,7,8,9,10,11,12) (2,1,5,6,9,10,12,11,7,8,4,3)85. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,7,8,9,10,11,12,1,2,3,4)86. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,7,8,9,10,11,12,1,2,4,3)87. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,7,8,9,10,11,12,2,1,4,3)88. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,7,8,9,10,12,11,1,2,4,3)89. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,7,8,9,10,12,11,2,1,3,4)90. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,8,7,9,10,12,11,1,2,4,3)91. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,1,2,11,12,3,4,7,8)92. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,1,2,11,12,3,4,8,7)93. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,1,2,11,12,4,3,8,7)94. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,1,2,11,12,7,8,3,4)95. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,1,2,11,12,7,8,4,3)96. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,1,2,11,12,8,7,4,3)97. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,1,2,12,11,3,4,8,7)98. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,1,2,12,11,4,3,7,8)99. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,1,2,12,11,7,8,4,3)100. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,1,2,12,11,8,7,3,4)101. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,2,1,11,12,4,3,8,7)102. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,2,1,11,12,7,8,3,4)103. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,2,1,11,12,7,8,4,3)104. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,2,1,11,12,8,7,3,4)105. (1,2,3,4,5,6,7,8,9,10,11,12) (5,6,9,10,2,1,11,12,8,7,4,3)106. (1,4,3,2,5,8,7,6,9,12,11,10) (5,6,7,8,9,10,11,12,1,2,3,4)107. (1,4,3,2,5,9,7,11,6,10,8,12) (5,6,10,9,1,2,7,8,4,3,11,12)108. (1,4,3,2,5,9,7,11,6,10,8,12) (5,6,10,9,1,2,12,11,4,3,8,7)109. (1,4,3,2,5,9,7,11,6,10,8,12) (5,6,10,9,3,4,7,8,2,1,11,12)110. (1,4,3,2,5,9,7,11,6,10,8,12) (5,6,10,9,3,4,12,11,2,1,8,7)111. (1,5,3,7,2,9,4,11,6,10,8,12) (10,9,12,11,6,5,8,7,2,1,4,3)112. (1,5,3,7,4,9,2,11,8,10,6,12) (10,9,12,11,8,7,6,5,2,1,4,3)113. (1,5,3,7,9,2,11,4,6,10,8,12) (10,9,12,11,6,5,8,7,2,1,4,3)114. (1,5,3,7,9,4,11,2,8,10,6,12) (10,9,12,11,8,7,6,5,2,1,4,3)115. (1,5,3,7,9,6,11,8,2,10,4,12) (1,2,8,7,5,6,11,12,9,10,4,3)116. (1,5,3,7,9,6,11,8,2,10,4,12) (6,5,8,7,9,10,11,12,2,1,4,3)117. (1,5,3,7,9,6,11,8,2,10,4,12) (6,5,12,11,9,10,4,3,2,1,7,8)118. (1,5,3,7,9,6,11,8,4,10,2,12) (6,5,8,7,9,10,11,12,4,3,2,1)119. (3,4,1,2,7,8,5,6,11,12,9,10) (5,6,7,8,9,10,11,12,1,2,3,4)120. (3,4,1,2,7,8,5,6,11,12,9,10) (5,6,7,8,9,10,11,12,2,1,4,3)



4 ÐÅÇÓËÜÒÀÒÛ 13121. (3,4,1,2,7,8,5,6,12,11,10,9) (5,6,7,8,9,10,12,11,1,2,4,3)122. (3,4,1,2,7,8,5,6,12,11,10,9) (5,6,7,8,9,10,12,11,2,1,3,4)123. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,1,2,8,7,3,4,12,11)124. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,1,2,11,12,3,4,7,8)125. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,1,2,12,11,3,4,8,7)126. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,2,1,8,7,4,3,12,11)127. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,2,1,11,12,4,3,7,8)128. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,2,1,12,11,4,3,8,7)129. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,3,4,8,7,1,2,12,11)130. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,3,4,11,12,1,2,7,8)131. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,3,4,12,11,1,2,8,7)132. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,4,3,8,7,2,1,12,11)133. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,4,3,11,12,2,1,7,8)134. (3,4,1,2,9,10,11,12,5,6,7,8) (5,6,9,10,4,3,12,11,2,1,8,7)135. (3,5,1,7,2,9,4,11,6,12,8,10) (2,1,5,6,3,4,9,10,7,8,12,11)136. (3,5,1,7,2,9,4,11,6,12,8,10) (6,5,9,10,2,1,12,11,3,4,8,7)137. (3,5,1,7,9,8,11,6,2,12,4,10) (6,5,8,7,9,10,11,12,2,1,4,3)138. (3,5,1,7,9,8,11,6,4,12,2,10) (6,5,8,7,9,10,11,12,4,3,2,1)139. (3,5,1,7,9,12,11,10,2,8,4,6) (6,5,12,11,9,10,4,3,2,1,7,8)140. (5,6,7,8,9,10,11,12,1,2,3,4) (5,6,7,8,9,10,11,12,1,2,3,4)141. (5,6,7,8,9,10,11,12,1,2,3,4) (5,6,8,7,9,10,12,11,1,2,4,3)142. (5,6,7,8,9,10,11,12,1,2,3,4) (5,6,11,12,9,10,3,4,1,2,7,8)143. (5,6,7,8,9,10,11,12,1,2,3,4) (5,6,12,11,9,10,4,3,1,2,8,7)144. (5,6,7,8,9,10,11,12,1,2,3,4) (6,5,8,7,10,9,12,11,2,1,4,3)145. (5,6,7,8,9,10,11,12,1,2,3,4) (6,5,12,11,10,9,4,3,2,1,8,7)146. (5,6,7,8,9,10,11,12,3,4,1,2) (6,5,8,7,10,9,12,11,4,3,2,1)147. (5,9,7,11,1,10,3,12,2,6,4,8) (6,5,11,12,10,9,4,3,1,2,8,7)
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4 ÐÅÇÓËÜÒÀÒÛ 154.3 Ñïèñîê 2f -ãðàôîâ ñëîæíîñòè 31. • • • • • •

• • • • • •

(B, B, B) G1

2. • • • • • •

• • • • • •

(B, B, B) G1

3. • • • • • •

• • • • • •

(B, B, B) G1

4. • • • • • •

• • • • • •

(B, B, B) G1
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5. • • • • • •

• • • • • •

(B, B, B) G2

6. • • • • • •

• • • • • •

(B, B, B) G2

7. • • • • • •

• • • • • •

(B, B, B) G2

8. • • • • • •

• • • • • •

(B, B, B) G2
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9. • • • • • •

• • • • • •

(B, B, B) G1

10. • • • • • •

• • • • • •

(B, B, B) G1

11. • • • • • •

• • • • • •

(B, B, B) G1

12. • • • • • •

• • • • • •

(B, B, B) G2



4 ÐÅÇÓËÜÒÀÒÛ 18
13. • • • • • •

• • • • • •

(B, B, B) G2

14. • • • • • •

• • • • • •

(B, B, B) G2

15. • • • • • •

• • • • • •

(B, B, B) G2

16. • • • • • •

• • • • • •

(B, B, B) H2
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17. • • • • • •

• • • • • •

(B, B, B) H2

18. • • • • • •

• • • • • •

(B, B, B) H2

19. • • • • • •

• • • • • •

(B, B, B) H2

20. • • • • • •

• • • • • •

(B, B, B) H2
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21. • • • • • •

• • • • • •

(B, B, B) H2

22. • • • • • •

• • • • • •

(B, B, B) H2

23. • • • • • •

• • • • • •

(B, B, B) H2

24. • • • • • •

• • • • • •

(B, B, B) H ′

2
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25. • • • • • •

• • • • • •

(B, B, B) H ′

2

26. • • • • • •

• • • • • •

(B, B, B) G3

27. • • • • • •

• • • • • •

(B, B, B) G3

28. • • • • • •

• • • • • •

(B, B, B) G3
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29. • • • • • •

• • • • • •

(B, B, B) G3

30. • • • • • •

• • • • • •

(B, B, B) G′

2

31. • • • • • •

• • • • • •

(B, B, B) G′

2

32. • • • • • •

• • • • • •

(B, B, B) G3
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33. • • • • • •

• • • • • •

(B, B, B) G3

34. • • • • • •

• • • • • •

(B, B, B) G3

35. • • • • • •

• • • • • •

(B, B, B) G′

2

36. • • • • • •

• • • • • •

(B, B, B) G′

2
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37. • • • • • •

• • • • • •

(B, B, B) H1

38. • • • • • •

• • • • • •

(B, B, B) H1

39. • • • • • •

• • • • • •

(B, B, B) H1

40. • • • • • •

• • • • • •

(B, B, B) H1
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41. • • • • • •

• • • • • •

(B, B, B) H1

42. • • • • • •

• • • • • •

(B, B, B) H1

43. • • • • • •

• • • • • •

(B, B, B) F2

44. • • • • • •

• • • • • •

(B, B, B) F2



4 ÐÅÇÓËÜÒÀÒÛ 26
45. • • • • • •

• • • • • •

(B, B, B) F2

46. • • • • • •

• • • • • •

(B, B, B) F2

47. • • • • • •

• • • • • •

(B, B, B) F1

48. • • • • • •

• • • • • •

(B, B, B) F1
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49. • • • • • •

• • • • • •

(B, B, B) F1

50. • • • • • •

• • • • • •

(B, B, B) F1

51. • • • • • •

• • • • • •

(B, B, B) F2

52. • • • • • •

• • • • • •

(B, B, B) F2
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53. • • • • • •

• • • • • •

(B, B, B) F2

54. • • • • • •

• • • • • •

(B, B, B) F2

55. • • • • • •

• • • • • •

(B, B, B) F1

56. • • • • • •

• • • • • •

(B, B, B) F1
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57. • • • • • •

• • • • • •

(B, B, B) G1

58. • • • • • •

• • • • • •

(B, B, B) G1

59. • • • • • •

• • • • • •

(B, B, B) G2

60. • • • • • •

• • • • • •

(B, B, B) G2
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61. • • • • • •

• • • • • •

(B, B, B) G1

62. • • • • • •

• • • • • •

(B, B, B) G2

63. • • • • • •

• • • • • •

(B, B, B) G2

64. • • • • • •

• • • • • •

(B, B, B) H2
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65. • • • • • •

• • • • • •

(B, B, B) H2

66. • • • • • •

• • • • • •

(B, B, B) G3

67. • • • • • •

• • • • • •

(B, B, B) G3

68. • • • • • •

• • • • • •

(B, B, B) G3
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69. • • • • • •

• • • • • •

(B, B, B) H1

70. • • • • • •

• • • • • •

(B, B, B) H1

71. • • • • • •

• • • • • •

(B, B, B) F2

72. • • • • • •

• • • • • •

(B, B, B) F2
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73. • • • • • •

• • • • • •

(B, B, B) F2

74. • • • • • •

• • • • • •

(B, B, B) F2

75. • • • • • •

• • • • • •

(B, B, B) F1

76. • • • • • •

• • • • • •

(B, B, B) F1
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77. • • • • • •

• • • • • •

(B, B, B) F1

78. • • • • • •

• • • • • •

(B, B, B) F1

79. • • • • • •

• • • • • •

(B, B, B) F2

80. • • • • • •

• • • • • •

(B, B, B) F2
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81. • • • • • •

• • • • • •

(B, B, B) F2

82. • • • • • •

• • • • • •

(B, B, B) F2

83. • • • • • •

• • • • • •

(B, B, B) F1

84. • • • • • •

• • • • • •

(B, B, B) F1
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85. • • • • • •

• • • • • •

(B, B, B) E1

86. • • • • • •

• • • • • •

(B, B, B) E1

87. • • • • • •

• • • • • •

(B, B, B) E1

88. • • • • • •

• • • • • •

(B, B, B) E1
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89. • • • • • •

• • • • • •

(B, B, B) E1

90. • • • • • •

• • • • • •

(B, B, B) E1

91. • • • • • •

• • • • • •

(B, B, B) E3

92. • • • • • •

• • • • • •

(B, B, B) E3
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93. • • • • • •

• • • • • •

(B, B, B) E3

94. • • • • • •

• • • • • •

(B, B, B) E2

95. • • • • • •

• • • • • •

(B, B, B) E2

96. • • • • • •

• • • • • •

(B, B, B) E2
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97. • • • • • •

• • • • • •

(B, B, B) E3

98. • • • • • •

• • • • • •

(B, B, B) E3

99. • • • • • •

• • • • • •

(B, B, B) E2

100. • • • • • •

• • • • • •

(B, B, B) E2
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101. • • • • • •

• • • • • •

(B, B, B) E3

102. • • • • • •

• • • • • •

(B, B, B) E2

103. • • • • • •

• • • • • •

(B, B, B) E2

104. • • • • • •

• • • • • •

(B, B, B) E2
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105. • • • • • •

• • • • • •

(B, B, B) E2

106. • • • • • •

• • • • • •

(B, B, B) E1

107. • • • • • •

• • • • • •

(B, D1) G1

108. • • • • • •

• • • • • •

(B, D1) E3
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109. • • • • • •

• • • • • •

(B, D1) G3

110. • • • • • •

• • • • • •

(B, D1) E2

111. • • • • • •

• • • • • •

G1 (B, C2)

112. • • • • • •

• • • • • •

G1 (B′, C2)
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113. • • • • • •

• • • • • •

G3 (B, C2)

114. • • • • • •

• • • • • •

G3 (B′, C2)

115. • • • • • •

• • • • • •

H1 H1

116. • • • • • •

• • • • • •

H1 E1
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117. • • • • • •

• • • • • •

H1 E3

118. • • • • • •

• • • • • •

H1 E ′

1

119. • • • • • •

• • • • • •

(B, B, B) E1

120. • • • • • •

• • • • • •

(B, B, B) E1
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121. • • • • • •

• • • • • •

(B, B, B′) E1

122. • • • • • •

• • • • • •

(B, B, B′) E1

123. • • • • • •

• • • • • •

(B, C2) G1

124. • • • • • •

• • • • • •

(B, C2) E3
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125. • • • • • •

• • • • • •

(B, C2) E3

126. • • • • • •

• • • • • •

(B, C2) G1

127. • • • • • •

• • • • • •

(B, C2) E3

128. • • • • • •

• • • • • •

(B, C2) E3
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129. • • • • • •

• • • • • •

(B, C2) G3

130. • • • • • •

• • • • • •

(B, C2) E2

131. • • • • • •

• • • • • •

(B, C2) E2

132. • • • • • •

• • • • • •

(B, C2) G3
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133. • • • • • •

• • • • • •

(B, C2) E2

134. • • • • • •

• • • • • •

(B, C2) E2

135. • • • • • •

• • • • • •

G1 G1

136. • • • • • •

• • • • • •

G1 E3
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137. • • • • • •

• • • • • •

H1 E1

138. • • • • • •

• • • • • •

H1 E ′

1

139. • • • • • •

• • • • • •

F2 E3

140. • • • • • •

• • • • • •

E1 E1
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141. • • • • • •

• • • • • •

E1 E1

142. • • • • • •

• • • • • •

E1 E3

143. • • • • • •

• • • • • •

E1 E3

144. • • • • • •

• • • • • •

E1 E1
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145. • • • • • •

• • • • • •

E1 E3

146. • • • • • •

• • • • • •

E1 E ′

1

147. • • • • • •

• • • • • •

E3 E3
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