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BBenenmne:

Kraccudukanum tpexMepHbIXx MHOr00Opa3nii OKa, HET, OITOMY €CTECTBEHHO COpP-
THPOBATH MHOTOOOPA3MUS 1O UX CIOKHOCTH. CIOKHOCT 3-MHOTOOOPA3H OIPEeIsier-
sl KAK MUHUMAJIbHO BO3MOYKHOE YUCJIO BEPIIUH JBYMEPHOro cKeseTa (Craiina) MHOro-
0bpa3usi, OKPEeCTHOCTDH JTI000# TOYUKM KOTOPOTro romeoMopdHa KOHyCy Ha moarpadom
MOJTHOTO 4-BEPITHHHUKA, CM. PUC. 1. OKPECTHOCTL BEPIIMHBI FOMEOMOP(HA, KOHYCY HA/T
4-pepiiuHHUKOM. [Tpy 10J/IE3HBIX CBOMCTBAX CJIOXKHOCTH (CJIOXKHOCTH CBSI3HOH CYyMMbI
€cTb CyMMa, CJIOXKHOCTE ) TOYHBIH OICUYET U JIazKe OLUEHKA CHU3Y — TPY/HbIE 3aJa9u.
Ho cux mop u3 OIEHOK CI0XKHOCTH cHU3Y u3BecTHbl paGorer C. B. Marseena, E. A.
ITepsoroii, C. Petronio, A. IQ. Becauna, A. B. CkonenkoBa: yepe3 Hy Jjis 3aMKHY-
THIX OPHEHTHPYEMBIX HENMPHBOAMMBIX MHoroobpaswmit ([1], Ecim M3 #£ S3 RP3 Lj 4,
to c¢(M) > 2logs|Tor(Hy(M))| +rk(H1(M)) — 1); gepe3 rk(m1) LS TOMOIOTHIECKHIX
cdep ([2], 1. 4b, 4uCaIO BEpUIMH JIOXKHOHA MOBEPXHOCTH HE MEHee Tk(sﬂl)); Jepes 06b-
eMBI I 3AMKHYTBIX OPHEHTUPYEMBIX runepfonmaeckux MHOrooOpasuii ([3], npem.
2.8, vol(M) < ¢(M) - v3, e v3 = 1.014...); ecTh OIEHKH st KOHKPETHBIX CEepHil —
3aMKHYThIX OPUEHTUPYEMBIX TUepOomIeckux MEOr00Opasnii Jlobemna u @ubonadadan
([3], e(Ly) > 10n,c(My,) > 2n,n > 1). Ing He3aMKHYTBIX MHOTOOGPA3Hil CIOXKHOCTh
HalieHa JJId ABYX CEpHil: [Jis HAKPBITHH HaJ JOIOJHEHHeM K y3iy "BocbMmepke' wim
ero "6muzreny"[4, 5], 1 K MHOrOOOpa3WsIM € TpaHuIeil u3 k TOPOB U MOBEPXHOCTH POIA
g > 2, TOTMYCKAINM WIeaTbHYI TPUAHTYISIIAIO U3 g + k Terpasnpos [6,7]. B Ha-
crosiieit pabore MpeJIToXKeHo yenaerne TeopeMbl 4b u3 [2] mo rk(m) — 1, ¢ oMol
JTIOKA3aHHOM JIeMMBI 0 Tpadax MpeTbsaBIeHa OIEHKA CIOXKHOCTH Yepe3 TPAHUILY s
HE3aMKHYTBIX OPHEHTHPYEMBIX MHOTOOOPa3Hii M3 HEKOTOPOTO KJIACCA, COMEPKAIIErO
MHOrOO6pasus u3 [6], yIyqInena onenKa KOJIMIECTBA TATEPOOINIECKIX MEOTOOOPA3Hil
u3 [6] ¢ 6™ 1o (6v/2)"° (¢ momompIo cremrambHOTO Tpada), MO CHaiiHaM THX MHO-
roobpasuii copmectuo ¢ A. T. DOMEHKO IOCTPOEHA, Cepusl IOJA3IPOB, 000OMIAIOIIAL
mpumMep Agamca — He MHOTOOOPA3Wsl, PETPATHPYIOIIErOCs HA CBOIO TPAHHUILY.




OneHka CJIOKHOCTHU depe3 paHT (PyHIaMEHTAJIbHOM I'DYIIIBI

JIByMepHBIi KOHEUHBIH NOMU3AP P HA3BIBACTCS A0XHCHOT NOBEPTHOCTNGIO, ECIIH JJIsT
KaK/I0if TOUKM U3 P CymecTByeT ee OKPeCTHOCTb B P, romeoMopdHAs KOHYCY Wi
HAJ[ OKPYZKHOCTBIO, HJIH HAJl OKPY?KHOCTBIO ¢ JIMAMETPOM, WM HAJ, OKPY?KHOCTBIO C
3 paguycamu, cm. puc. 2. Toukn Tperpero Tuna HA30BEM BEPUIMHAMHU IIOAHIADA P.
TouKM BTOPOrO M TPETHErO THUIIOB HA30BEM 0C00bM 2pagiom monusapa P.

MuHUMANTBEHOE 9UCI0 OBpa3yomux ByHIAMEHTATBHOM TPYIITBL TOMM3Apa P Has30-
BeM pamzom 71 (P) u obozHauuM 3a rk(m (P)).

Hanomuuwm pesynbrar A. Onumenko, D. Repovs, A. CkomnenkoBa 2002 roja:
Teopema ([2], 4b). Eciin P — j103kHasI HOBEPXHOCTS ¢ 1 Bepummuamu u Hy (P, Z) =
0, TO BepHO HEPABEHCTBO: N > M.
Tlonb3ysach TOYHO TeMH K€ PACCYKIACHUIMHU, a UMEHHO (PAKTOM O PaHre CBODOMI-

HOT'O npou3BejieHus rpynn u reopemoii Ban Kavmnena, ycuium HepaseHCTBO:

Teopema 1. Ecau P — jioxkHast HoBepxXHOCTL ¢ n Bepuuaavu u Hy (P, Z) = 0, o
BepHO HepasencTBo: n > rk(m (P)) — 1.

[0 B ocobom rpace nmonmyapa P oTKrnHEM KOMIIOHEHTHI CBA3HOCTH, HE CONEPIKAIIIE
TOYEK TPeThero Tuma, u noaydum rpad G = |_|§:1 G; w3 | KOMIIOHEHT CBSI3HOCTH.
Paccmorpum U — perymspayo oxkpecTHOCTH Tpada G B mommusape P. Ilycts QU =
ClU)N(P\ U) cocrout u3 N okpysxuocreil. Ilpukienm k P mabop D = |_|f\;1 D;
u3 N JMCKOB I'DAHMUIAME K 3THM OKPYXKHOCTAM U IIOJIYYHM HOJIHIID P. Buaem, 410
Hy(P,Z) = 0wu Hy(D,Z) = 0, u u3 nocnenosarenbHoctu Maitepa-Bueropuca st
upocrpaucts U|JD u (P\ U)JD nonyunm Hi((P\U)|JD,Z) = 0. I3 pabors
Lasheras [8] cnenyer, uro ecnn noxkuad nosepxaocrs R = (P \ U)|JD ne mmeer
rouek rperbero tuna u Hi(R,Z) =0, 1o u m(R) = 0. Teneps upukieum k P nabop
I = |_|i\;1 I; u3 N — 1 orpeska, COeauHSIONNX OAHY n3 N IPAHUYHBIX OKPYKHOCTEH
¢ ocranbHbIME, cM. puc 3. Bee obpasyromue w1 ((P\ U) |JI) Bopazkaorcs depes I u
qepe3 N TpaHUYHBIX OKpy:kuOCTeil OU.

Bocnonbsyemcs caencreueM u3 teopembl I'pyrmiko ([9], rr. 10, map. 39): panr
€BOGOTHOTO MPON3BE/IEHNsT KOHEYHO MOPOKIEHHBIX I'PYII PaBEH CYMMe DAaHTOB CO-
mvuoxureneii. oxyanm rk(m(PJI)) = rk(m(P)) + N — 1. llpumenum Teopemy
Ban Kawmmnena gna npocrparcrs CU(U) | JI u (P\ U)J I, nonyunm rk(m (P UJI)) <
rk(m (UJI)). Eciu rpad G; umeer n; sepmun, to rk(m (G;)) = n; + 1, mosromy,
IPUMeHss CIeACTBHe n3 TeopeMmbl I'pymko nomxyunm rk(m (U JI)) = 22:1 n; +1+
(N-1)—(-1)=n+N.Urak rk(m(P))+ N-1<n+N.R

Bamerum, 4To Jyisl CHelUaIbHbIX CLARHOB (OlIPEJeJIeHUe CM. HUXKE) YTBEPXKIECHUEe
TeOpeMbl TPUBHAJIBLHO 1 6e3 Hi = 0.

Teopemy 1 MOXKXHO paccMaTpUBaTh KaK OIEHKY CJIOXKHOCTH HEKOTOPOTO KJIACCA
MHOT000pas3nii.



Or1eHKa CJI0XKHOCTH Yepe3 Kpaii MHOToOOpa3susa

JloxkHast MOBEPXHOCTH P HA3BIBAGTCH CNEUUAALHOLM CTIATHOM HE3AMKHYTOTO MHO-
roobpazusg M?> eciy BLIIOIHEHO 2 YCIOBHH:

a)P snoena 8 M3 u M3\ P romeomopdno M3 x [0,1).

6) P 6e3 ocoboro rpada romeoMopdHa HECBA3HOMY OOBEAUHEHUIO JIUCKOB U OCO-
Obiit Tpad 6e3 CBOMX BEPITUH TOMEOMOPdOEH HECBI3HOMY OObEeINHEHNIO NHTEPBAJIOB.

Teopema 2. [lycTb Kpaii KOMIAKTHOTO OPUEHTUPYEMOTO HE3AMKHYTOTO MHOT000-
pasus M? cocront us N cdep ¢ g; pyukamu, 10 ectb OM> = |_|fi1 S;. Torma uucmo
BEPIIMH 7 B CHenuaibHOM craitie M?® (ecim oHo He paBHO 1 mam 2) OIeHHBaeTCs
camsy: n > | YL, (1 - g;) — 1

JokazarenbcrBo COCTOUT U3 JIEMMBI M 110C4eTa 3i1epoBoii xapakrepuctuku X (M).

JIemma. Jau cesasubiii rpad G ¢ n Beplumnamu crenenu 4 kaxias (BO3MOXKHO ¢
nerssMu U KparHbiMu pebpamu). Paccmarpusaercs cemeiicrso nukios C Ha rpade ¢
CBOUCTBOM:

Kaxxmoe pebpo rpada mpuHaIIEKUT POBHO TPEM MUKJIAM W 3TH TPHU UK TPH
MOIXO/IEe K BEPIMHE MEPEXOAAT HA TP BBIXOIMAININe u3 Hee pebpa, TO eCTh KaXKIbIil
UK IePeXoauT Ha cBoe pedbpo, cm. puc 4. Torma

a) YMCII0 NUKJIOB B JI0GOM cemelicTBe He mpeBocxoauT 2n + 1 mpu n > 3 u He
IPEBOCXOIUT 2n + 2 mpu n = 1, 2.

6) s rpados ¢ puc 5a ectb cemeiicTBo u3 2n + 1 nuksa npu n > 3 u u3z 2n + 2
nukJa mpu n = 1, 2.

O Puc 56 ecTb 10Ka3aT€IbCTBO MYHKTA 6) JEMMBI.

JokaskeM TyHKT a):

Paccmorpum ocroBHOe nepeso rpada G u ero okpectaocth D B rpade G, cM. puc
6. Paccmorpum mepecedenne cemeiicTBa kOB ¢ rpacdom D — 310 cemeiictBo [ u3
3n + 3 orpeska. PaccMoTpuM TPOHKY IHKJIIOB, NMEIONIUX ODIILYI0 BUCAYIYIO BEPIITUHY
OCTOBHOTO JiepeBa. XoTd Obl 2 M3 HUX COIEpKAT MO KpaifHell Mepe 1m0 2 OTpes3Ka
u3 cemeiicra I. Ilycrb @ — 9HMCIIO HMKJIOB, COAEPXKAIIUX POBHO OJUH OTPE30K M3
cemeiicrea I, Torna a < n+ 1. Onenny o0mee 9ncio muKoB: g+ Si3=e — Snidie <
2n + 2. TlepebpaB HECKOJIBKO BAPUAHTOB (CM. PUC 7) MOAYIUM, YTO MPHU 1 > 3 YUCIO
muKI0B He npesocxoaut 2n + 1. Il

Teneps BBIBeAEM TeopeMmy, Haifaa x(M?3): Pacemorpum mommbre cdepsl ¢ g; pyaKa-
M S;’i. Tax xax cdepa S3 nonyckaer pasbuenne Xeropa sr060ro poaa, To X(S,i) =

2

= 1—g;. axnenm rpanruny M3 mommevMu cdepamu, MEOTO0Opazme M3 vazl S 31-

3aMKHYTO, nosTomy X (M?3) = Eij\il(l —¢;). Cnermanbubiii cnaitn M3 roMoTonuyuecku
SKBUBaJIeHTeH M3, a 3Ha4uT X(]WB) =n —2n + ¢, TJae ¢ — KOJUIECTBO ABYMEPHBIX
rpaHeil y craiiHa, OHO K€ KOJUYeCTBO IUKJIOB U 10 jemme 1 < ¢ < 2n + 1, mosromy
1—n < x(M?) <n+1, orkysa u claegyeT TeopeMa.

Yucsio BepIUH B CHENUATBHOM CHAMHE, BOOOIIE TOBOPS, HE COBIAMAET CO CJIOKHO-
CTHI0 MHOTO0OpAa3usd, HO [IJisi HEKOTOPOTO KJIACCa MHOTOODPA3uil, COAEPHKAIIEr0 MHO-
roobpazus u3 [6], 970 BepHO, U 15 HUX OoneHKa B Teopeme 2 moaydaercsd TOYHOM.



OrneHka KoJm4iecTBa MHOrooOpasuii 3aJJaHHON CJI0XKHOCTH

JIJTst OLIEHKH YHCIa THMEPOONIHIECKIX MHOTOOOPA3wil CIOKHOCTH N OIEHUM KOJIV-
YECTBO CIIANRHOB € 33JaHHBIM KOJHIECTBOM BEPIIHH N

Crenua/bHbIl CIIAfiH HA3BIBAETCS OPUEHIMUPYEMDBIM, €CIIL OH MOXKET ObITh yTOJI-
IEH 0 OPUEHTUPYEMOr0 MHOTO0Opa3us.

Muoroobpa3ue OIHO3HAYHO YTOJIIAETCS 0 CBOEMY CIENUATLHOMY CIIAMHY.

s weTHOrO N > 2 HOCTPOMM HA, IIOCKOCTH R? rpad G, U3 n BEpIINH CTENeHH
4, cm. puc 8. Paccmorpum 4 + 2 OKpy»KHOCTeH eMHMYIHOTO Pajuyca C HeHTpaMu B
roukax (2k,0), tne k = 1,2,..., 5 +2u § — 1 OKPy2KHOCTb pajmyca % C UEHTPAMU B
TOYKAX (2k+4,%), riek=12,...,5—1

Jlemma. s moGoro wernoro n > 4 cymecrsyer Kak muHamyMm 3 - (64/2)7 74
OPMEHTUPYEMBIX CIAMHOB ¢ 0coObiM rpadoM G, U C OIHON IBYMEPHON KJIETKOM.

U JlokazkeM jiemMMy WHAyKIme# mo n. Bymem paccMaTpuBaTh He CaM¥W CHAMHBI,
a OKpecTHOCTH uX ocoboro rpada G,, T.e. TPOKOJeM AByMepHyIO Kjerky. Ha puc
9 m3obpaxkena okpectHocTb Go. s (G2 BO3bMEM MOIYyYEHHYIO TPAHUYHYIO OKPYK-
HOCTb ¥ ee TPU OTPe3Ka, Ipoxousdiux Bob ayru (5,0) — (6,—1) — (7,0). Ilepeiinem
K n = 4, To ectb nodasuMm K G eme 2 okpyKHOCTH. [IPpOIOIKUM 9TH TPU OTPE3KA
rpaEmgHOi S! BIOML MOGABIEHHLIX OKPYXKHOCTEH: HA KAMKIYIO U3 HEX OJUH IPOIOJ-
JKEHHBI OTPe30K HaMOTaeTcs 2 pasa, W ele oJuH HamoTaeTcs 1 pas, cm puc 10. Ha
KaXKIyi0 10OABIEHHYIO OKPYKHOCTH OKPECTHOCTH Tpada mpomoszKaercsa 6 cocobamu
(c coxpaHeHMEM OPUEHTUPYEMOCTH M €JIMHCTBEHHOCTH JABYMEpHOIl kjerku.) BouiGop
TPEX OTPE3KOB HEeOAHO3HAYEH (MX MOXKHO LepecTaBuTh Mexiy coboil 6 cuocobamu, u
ayry (5,0) — (6,—1) — (7,0) mMoxHO nepenyrarh ¢ xyroi (5,0) — (6,1)), nosromy
ansg n = 4 HalimeHo % = 3 cnaituna. [lonydennble cnaiiibl He TOMEOMOPQHBI APYT
JIPYTY, TaK KaK €CJH y TOMEOMOPQHBIX CIAWHOB BBIICICHHBIE OTPE3KHU COBIIAIYT, TO
JIAJIBINE BCE TPOJIOJXKEHUS COBIIATYT.

Ilepeiinem Temeps or n K n + 2: gobasjeHne eme AByX OKpykHOCTel faer 6 - 6
BAPUAHTOB TPOIOJKEHUsT OKPECTHOCTH OBIBIIEro 0coboro rpada Ha HOBBIHA OCOOBII
rpad (amanoruano nepexony Go — G4). OAHAKO HA OPONULIOM mare n — 2 — n
nobaBIIsieMble OKPYKHOCTYA OBLIM OIMHAKOBBI, 8 TEMEPh Ha, OJHON M3 HUX BUCAT eIl
2 OKpPY>KHOCTH, 3HAYUT Ha Iare n — 2 — n MOJy9aeM yIBOEHME YHCIIa BAPUAHTOB
OT TOTO, HA KAaKyI0 U3 2 HECHMMETPHUYHBIX OKPYKHOCTEN OyIeT Ha9aTo MPOIOJKEHE
okpectHOCTH 0c000TO rpada. M

B cnydae medeTHOro n HAIO HAYWHATDL C IEMOYKH YETHIPEX KACAIONIUXCSI OKPYIK-
Hocreit (eM. puc 11) u 106aBagTh OKPYKHOCTH aHAJIOIMYHO 9eTHOMY Ciiydaio. B utore
MOTYyIUTCT 3 - (6\@)"’5 OPUEHTHUPYEMBIX CHANHOB C OJIHOU ABYMEDHOM KJIeTKOIl Npu
n > 5.

CuteerBue neMMbl 1 TeopeM 13 [6]: JIast 1060ro HaTypaIbHOrO N > 5 CYIIECTBY-
er KaKk MUHEMYM 3 - (61/2)" "% KOMIAKTHBIX HE3AMKHYTHIX ODHEHTHDYEMBIX IUnep6o-
JMYIECKUX MHOTOOOPA3HUil CJ0KHOCTH 1 C TeOIE3NIECKON IPAHUTICH.



O06o00menus npumepa AgamMmca

Teopema 3. Paccmorpum pery/sipHble OKpecTHOCTH 0co0biX rpadgos G B cuaii-
HaX, UMEIOIINX OJHY JTBYMEPHYIO KJIeTKy. Bce 3TH OKpPecTHOCTH peTparupyorcs Ha
CBOI0 TPAHUYHYI0 OKDYXKHOCTH S (TO €CTh Ha IDAHMILY IUCKa, BHIOPOIICHHOTO U3
JIBYMEPHOIN KJIETKH).

(] Ucronb3yeM TEOPUIO TPEMATCTBUI: €CIN TPAHNIA, JUCKA OTOOPAXKAETCST HA OKPY K-
Hocts S co cremenpio 0, TO OTOOpaXKEHHME MPOJIOIAKACTCH JI0 OTOOPAZKEHHS BCErO
JIACKA.

Cokumas P — okpectHocTh G, mojydnm orobpawenue f : S§ — G. Buibepem
Kaky-Hubyab BepinuHy rpada G, Torma Ha X0oTs Obl OMHO W3 4 BBIXOAANIAX U3 HEE
pebep (IycThb Ha €) OKPYKHOCTDb S§ 0TOGparKaercs co crenenbro +1 uiu -1, cm. puc 12.
Teneps Bee G \ e oTobpazaem B TOUKy T € S, a pebpo e 0ToOpazKaeM €o CTeneHbIo
+1 wim -1 ma S coorsercrenno. A S} orobpasnm na S} Toxmecrrenno. Coemumum
xo ¢ ToUKoi n3 G\ e myTeM m u 0To6pa3uM m B TOUKY X, cM. puc 13. Teneps rpanua
mucka (P \ (GUSEUm) = (S§ —e) + G\ e orobpaxkaercs co crenenbio 0 Ha S§,
TO3TOMY OTOOPaXKEeHHMe MOKHO MPOIOIKUTE Ha Bech craid. Ml

A amc paccMmarpuBas TPORHOM aucr Mebuyca, cCOeqMHEHHBIH JTEHTOYKOR ¢ 0ObIY-
HBIM JILCTOM (TO €CThb JIOKHYIO OBEPXHOCTH) U PETPArMPOBAJI €€ Ha IPAHMILY.

Eciu koMIakTHAS MOBEPXHOCTD € OCODEHHOCTSAME PETPATHPYETCH HA CBOIO IPAHU-
Iy — MOAMHOTO00Opa3ne, TO MPU PETPAKIME OCOOEHHOCTH OTOOPA3SATCS HA TPAHUILY
CIOpbeKTUBHO. [l09TOMY BCE JABYMEpHBIE aHAJOTH NMpuMepa Ajamca JOJKHBI UMETh
KaKoii-To rpad 0COOEHHOCTEHH.
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