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IIocTanoBKa 3aga4n.

IIycts g — xoneunoMmepHast anredpa Jlu vaa R, a g* — mBoiicTBeHHOe K Hell MpOCTpaH-
crBo (koanrebpa). Torma Ha MHOXKeCTBe TIaigkuX (DYHKUUH HA §* MOXKHO BBECTU CTPYKTY-
py beckoneunomeproit aiaredbps: Jlu, 3agas ckodky [lyaccona caemyrommuii obpazom. Ilycts
f,9:g" — R aBe nupousBosbHbIE rJ1agKkue QYHKUIUN, TOIIA

{f,9} (@) =< =z, [df (x),dg ()] >,

37eCh T — MPOU3BOJILHBIN 3JIEMEHT KoaareOpbl, auddepennuansl GyHKIME f U g B TOUKe
T MOXKHO pPAaCCMaTPUBATH KAK IJIEMEHTHI ajredphl §, KBAJAPATHBIME CKOOKaMu ODO3HAYEH
KOMMYTATOP, a TPEYroJbHBIMU — 3HAYEHHE KOBEKTOpa Ha BekTope. OTmeTnMm, 4T0 CKOG-
ka Ilyaccona AByX TOJMHOMHATBHBIX (DYHKINA HA §* TaKKe SBILETCHd TOJIUHOMUAIBHOM
dyukuueit. B manpHeitmemM HaM OyaeT yIoOHO TOJUHOMBI HA ¢ CUMTATH MOJTUHOMAMHU OT
JIEMEHTOB aJredphl g. MHOXKECTBO BCEX MOJTUHOMOB OT 3JEMEHTOB aireOphl § ¢ BBEIEHHOM
Bhie ckoOkoit Ilyaccona obpasyror GeckoHedHOMEPHYIO anredpy Jlu, KOTOpyio Mbl Oymem
HaszeBaTh anrebpoit [lyaccona — JIu m obosnagars P(g).

V anrebpst JIu g ecTs JBe XapaKTEPUCTHKH: ee pa3MepHOCTh dimg u mHaekc indg.

Onpenenenne. Habop nosurnomos f1,..., fr € P(g) Hasbieaemces nosnvm KoMMYma-
MUGHBLM, ECAYU BBINOAHEHDL CACIYIOULUE YCAOBUA:

1) {f,g}=00aaVijel, ... .k
2) f1,..., fx — nowmu 6ciody GYHKUUOHANLHO HE3AGUCUMDbL
3) k = 1(dimg+indg).

[MonubIe KOMMyTaATUBHBIE HAOOPHI TIPEICTABJISIOT OOJIBINON MHTEPEC, TTOCKOIBKY U3 Cy-
IIECTBOBAHUS TAKOTO HAOOpa CIeAyeT, YTO HA TPOCTPAHCTBE IBOMCTBEHHOM K ajrebpe Jlu
CYIIECTBYET BIIOJIHE WHTErpupyeMas 1m0 JIMyBWJLIIO TaMUIBTOHOBA CHCTEMA C TIOJAHOMU-
AJLHBIMU TIEPBBIMU HHTErpasiaMu. JleficTBUTENbHO, eCIU B3ATh OJWUH MOJUHOM U3 TOJHOTO
KOMMYTATUBHOTO HabOpa B KAYECTBE TaMUJIBTOHUAHA, TO OCTABIINECS TOJTHHOMBI OYIYT B~
JA9ThCs PYHKIMOHAILHO HE3ABUCUMbBIMU [I€PBbIMU UHTEIDAJIAMHU.

Anpuopu HeU3BECTHO, HA KAXKION JIM KOHEUHOMEpHOH anrebpe JIu cyriecTByeT XoTst Ob
OJIMH TIOJIHBIA KOMMYTATHBHBIH Habop moamHoMOB. B pabore [4] A.T. ®omenko u A.C. Mn-
IMEHKO OBbLIA BBIIBUHYTA CJIEIYIONIAS THIIOTE3A.

T'umoresa. [Tycms § — NPou3eOAbHAA KOHEUHOMEPHAL BEULLCTNEEHHAA UAU KOMNAEKC-
Has anzebpa Jlu, moeda na g* cywecmsyem noansvili KOMMYMAMUSHLT HAO0P NOAUHOMOS.

Asropamu runoresa ObLIa JIOKa3aHa sl Cydas, Korga aarebpa Jlu g — mosympocTast.

TMozxke C.T. CanaToB MOKA3AT TAHHYIO THIIOTE3Y [I7Isi IPOU3BOJIBHON anredpsr [1].

Teopema (Camaros, 2004). ITycmob § — npouseosvras KonewHomephas arzebpa Jlu nad
noaem K nyaesoil rapaxmepucmuru, moada na g* cyuecmsyem noanvill KOMMYMamueHsiil
HAOOP MOAUHOMOS.

JlokazaTeabCTBOM JAHHON TEOPEMBI SIBJISIETCS AJITOPUTM, KOTOPbIA 33341y MOCTPOEHUSI
TTOJTHOT'O KOMMYTATHBHOTO HADOPA HA KOHKPETHOH aaredpe Jlu cBOIUT K 3a1a4e TOCTPOEHUS
TOJTHOT'O KOMMYTATHBHOTO HAbOpa Ha ajredpe Jlu MeHbIell pa3MepHOCTH /10 TeX MOp, MOKA
MBI HE MPUIAEM K KOMMYTATUBHON WK MONympocToii anrebpe. g KOMMyTaTuBHON anres-
PBI TOCTPOEHKE TOJIHOIO KOMMYTATHBHONO HA0OpPA TPUBHUAJBHO, & B CJIYy4ae IOJYIPOCTOMH
ayreOpbl MOJIHBI KOMMYTATUBHBI HAOOP MOXKHO IOJYYHTh METOJOM CJABUIA APIYMEHTA,
npepnokeHHbiM A.T. @omenko u A.C. Murmmenko B padore [4].

OYeBUIHO, 9TO MOTYT CYIIECTBOBATH JBA PA3TUUYHBIX MOJHBIX KOMMYTATUBHBIX HAOOPA,
IPAIUEHThI KOTOPBIX 33JAl0T OJMHAKOBOE pacmpenenenue Ha koanarebpe. ITosromy ¢ reo-
METPUYECKON TOYKHU 3PEHUST BAXKHbBI HE CTOJBKO CAMU MOJIMHOMBI, CKOJILKO PACIPENeTIeHNsT,
33/1aBAEMbIE UX I'PAJIHEHTAMU. B CBSI3M € 9TUM BO3HHMKAET BOIPOC O IMOCTPOEHUU PACIIPE/Ie-
JIEHUST TPAIUEHTOB TOJTMHOMOB, MOy YeHHbIX MeTomoM Camprosa. B mamHoit pabore mosmyden
AJITOPUTM TIOCTPOEHHS TaKoro pacnpesenenus (cm. crp. 9 — 10).



Taxoke B 7aHHOI paboTe MOCTPOEHBI TOJHBIE KOMMYTATUBHBIE HAOOPHI MOJMHOMOB [T
BCeX BelecTBeHHbIX ajredp Jlu pasmeprocru 3, 4, 5 1 HUIBPIIOTEHTHBIX pa3MepHOCTU 6 Me-
ronom Camprosa (cM. TabmuIsl Ha cTp. 17 — 34).

AaroputM mocTpoeHus pacipeejJeHns IpaaneHTOB.

Haunem ¢ 6osee mogpobuoro omucanuga metoga CamdToBa, a KOHKPETHO € JIEMMBI, KO-
TOpasi UrPAeT KJIOYEBYIO POJIb B JaHHOM Mmeroze. Ilycre g — xoneunomepnas aaredbpa Jlu
wan nojem K HyneBoi#t xapakTepuctuku. Torma Jjist Hee BBIMTOJTHSIETCS OTHA U3 CJEIYIONTTX
BO3MOXKHOCTEH.

JIemma ([1], [2]). /Trobas aneebpa JTu g nad nosem K zapaxmepucmury nyassv ydosse-
MeopAem 00HOMY U3 CALIYOUUL YCAOBUTL:

1) g umeem xommymamuenoli udean ), ne A6AAOUWUTCA OOHOMEPHBIM UEHTNPOM GA2EODb
95

2) g umeem udeas Y, usomopdnoii anzebpe I'etizenbepea, u npu IMom UeHMpP § COBNaA-
daem ¢ yenmpom udeana H, ;

3) =LK, 2de aneebpa L nosynpocma;
4) g noaynpocma.

B caywasx 3) u 4) MCKOMBIH KOMMYTATHBHBIH HAGOD MOJYIAETCA METOJOM CIIBHATA APTY-
MEHTA, & B CIydagx 1) w 2) yaaerca ¢aenaTh MHIYKTHBHBIN nepexon K anrebpe Jlu menbmei
pasmepuocTr. IIpocaeamm, Kak GyIyT MEHATHCSA MPATUEHTHI TTOJMHOMOB [IPH MHLYKTHBHBIX
nepexoiax B cayuaax 1) u 2).

Coay4aii 1.

Anrebpa g uMeer KOMMYTATUBHBIN UIeas f) He COBNAIAIONINI C OMHOMEPHBIM IIEHTPOM.
ITycrs dimg = n, a dimh = k. Beibepeum B anredbpe g 6aszuc ey, . . ., €k, fkt1, - - -, fn TAK, ITOOBI
BEKTOpa €y, .. ., e, obpa3oBbiBaau Oa3uc B umease ). Torma B qannom 6aswce CTPYKTypPHBIE
KOHCTAHTBI anreSpbl g OyAyT BBITIAAETD CICIYIOMMUM 00Pa30M:

€1...€¢ fk+1---fn

€1
0 ag;ep
ek
Jr+1
aé’iep b%ep + cgij
In

TEH30DBI a) i bfj, cfj — KOCOCUMMETPHYHBI [0 HUKHUM UHIEKCAM, U UMH 33Ia€TCS KOMMYTa-
Top B anrebpe g. CTOUT OTMETUTH, YTO MHIEKC P MEHSeTCd B Ipenenax or 1 1o k, a HHIEKC
q MeHsgerca B upezenax or k + 1 go n. g Tensopa afj: 1<i<knk+1<j<nwum
k:+1Siﬁnﬂlgjgk‘.,Z[ﬂﬂTeHSOpOBbfjHcgj:k+1§i§n,ﬂk+1§j§n,.

Taxk xkak h — ngeast, To IPUCOCINHEHHOE TIPEACTABICHIE ad MOKHO OIPAHUYINTE HA, MIACAJ
h. O6ozuasmum orpaundenue: ad|y. [Ipu TaKOM IPENCTABICHIN KAXKIAOMY SJEMEHTY anreOpbl
@ COTIOCTABUM JHHEHHBIH oneparop Ha h. [TlocMoTpuM, Kakue omepaTophbl IPU 9TOM COOTBET-

CTBYIOT OA3MCHBIM dJEeMEHTaM. Tak Kak uaeas h KOMMYTaTHUBHBIN, TO 9JIEMEHTAM €1, ..., €k



COOTBETCTBYIOT TOXKJIECTBEHHO HYJIEBBIE OMEpaTopbl HA f. A KaxKaoMy 37eMeHty f,, cooT-
BETCTBYET OIEPATOP, KOTOPHIH B JaHHOM Da3mce 337aeTCsi MaTpuiei (ainj).

Iyers &, .00y &k, Met1,y - - -, i, OA3WC B KOATTEOPE g™, TBOMCTBEHHBIH K 6a3UCy €1, . . ., €k, fht1, .- -

Paccmorpum npencrasienue (ad|y)* nBoficTBenHOe K npeacTasaennio ad|y. [Ipu TakoM mpes-
CTaBJIEHUM KaXKJIOMY 3JIEMEHTY ajreOphl OyaerT COOTBETCTBOBATH omeparop Ha h*. Kakwue
OTIEPATOPHI OYAYT COOTBETCTBOBATH GA3NCHBIM dIeMEHTaM aarebphl g7 DIeMeHTaM €1, . . ., €k
OyIyT COOTBETCTBOBATH HYyJIEBbIE OIEPATOPhl Ha h*. A Kaxkgomy 3jaeMmeHTy fp, Oyaer coor-
BETCTBOBATb OLIEPATOP, KOTOPbLA B 6asuce &1, . .., &k Oyuer 3ajaBarbCs MaTpuilei (afnj)*.

Teneps cormacHo Merony Canarosa (cM. [2]) HEOGXOINMO PACCMOTPETH MHOXKECTBO BCEX
panuoRaTbHeX cedenuit W : h* — g, rakux uro V(h) € St(uq,)- (h) ana xaxmoro h € h*.
Baech St(qal, )+ (h) — crabummsarop snemenra h orHocuTenbHO JAedicTsus (adly)”.

k
Dukcupyem HEKOTOPBIH ssiemenT h € h* u Hadinem ero crabummsarop. Ilycts h = > hé;.
i=1
k n
PaccMOTpyUM TIPOU3BOJIBHBIA 3/IEMEHT & € @, IyCTh & = Y x;¢; + ». x;f;. Haiinem neii-
i=1 i=k+1

creue o6pasa nementa = Ha h npu npeacrasnennn (adly)*. O6o3naanm vepes A, — omepa-
TOP, COOTBETCTBYIOWMI diementy © upu upeacrasiaenuu (adly)*. Toraa

T € St(ad\h)*(h) <~ A, (h)=0€b”

10 ectb < A, (h),y >= 0 muga noboro y € h. 1o paBHOCUIBHO TOMY, uTo < A, (h),e; >= 0,

rae i = 1,..., k. Tenepp npumio Bpems Haiiti crabumasatop St(aq), ) (h):
k n n
<Ag(h), e >=> x; < Ag (h),ei >+ Y w; <Ap(h),ei>= Y a; < Ag(h),e; >
j=1 j=k+1 j=k+1

k
Tak Kak h = Y, hy&,, TO
p=1

n n k
Z T < Afj(h),ei >= Z .Iijhp < Afj(fp),ei > .

j=kt1 j=k+1  p=1
Brime ormedanocs, uto Ay, = (ay,;)*, mosTomy

< Ay (&), ei >=< &y, A} () >=< &y, aj,e5 >= al,.

k
BnaunT crabmimsarop saementa h = » | hyé, 3a71aeTcs cucTeMoit ypaBHEeHNH OTHOCHTEIHHO
p=1

T;-BIX :
n k
. P _ ;
g E zihpa;; =0, i=1,... k. (%)
j=k+1p=1
Cuenyer OTMETHTD, YTO B JAHHON CHCTEME OTCyTCTBYIOT HEU3BECTHBIE T1, . . . , Tf, IOITO-

MYy Pa3MEpHOCTb CTabusin3aTopa Jiboro sjeMenTta h, Bcerda Oosibiie uiu pasha k. Ilycrb
dimg St(h) = 1 (I > k). Torga | nemspecrTHbIX (6e3 moTEpU OBITHOCTH MOMKHO CUMTATH,

YTO ITO L1, ..y Thy Tht1,- - -, L1) 0OPA3YIOT (DYHAAMEHTAILHYIO CUCTEMY DEINEHUil, IT0ITOMY
OCTAJIbHbIE HEU3BECTHBIE: .Tl+1, N i) Bpra}KaIOTCH ‘{epeS HUX JUHENHBIM CHOCO6OMZ
Ti41 = C41k+1Tk+1 T+ Ce1,17

()

Tn = Cpk+1Tk+1 + -+ Cn, 1T

371€Ch C; j — PalMOHAIbHBIC QYHKIMHA OT hy, ..., .

s [



Temrepnb 60s1ee TOAPOOHO PACCMOTPUM PAITMOHAIBHDIE CEUEHHS PACCTOCHHUS CTAIMOHAPHBIX
nopaarefp, TO eCTh TaKhe palMOHaJbHBble oTobpaxkenmsa ¥ : h* — g, aro W(h) € St(h).

Kaxaoe Takoe cedenne cyTh HAOOP W3 1 PANMOHAJBHBIX QYHKIIUN X1, ..., Ty:
hi,h hi) — : :
(h1,ha, ..., ) (T1y e Ty Thog 1y e oy &L 5 Tlg1ye oy L)
MIPOU3BBOJILHBIE U3 CUCTEMBI (#%)
npudeM, B KadecTse pyHKIUH X1, . . . , T) MOKHO B34Th [IPOU3BOJIbHBIE PAIIMOHATIbHBIE (DYHK-
wu oT hy, ..., hi, 8 GyHKINT 2141, . . ., T, OYIYT UX TUHEHHBIMY KOMOUHAITUSAME ¢ KO3 Du-
[UEHTAMH ¢; j COIVIAcHO cucreMe (#+). Kax ormeuasnocs sbimie, K03bQUIUEHTHL ¢; j B CHCTEME
() panuonaibuble GyHKIUU OT by, ..., bk, OITOMY Tjt1,. .., Ty TaKKe OYIyT PALUOHAIb-
HbIMU QYHKIUAMEA OT hq, ..., h;. Sadurcupyem maioboe panuoHaIbHOE CEYeHHe, JJIsi ITOTO

JOCTATOYHO 3371aTh PAIMOHAIbHBIE (DYHKITHN:

vy = Ri(hi,... hg)
xr, = Rl(hl,...,hk)
3Had T1,...,T], HAXOIUM:
riy1 = Lipi(Regr, -5 R)
Tn = Ln(Rk+1a"'7Rl)
ompejeenue JuHeiHbix GyHKuyi Ly, . .., Ly, comepkurca B cucreme (x).

MHOXKeCTBO BCEX PAIMOHAIBHBIX CEUCHUH DACCTOEHHs CTAMOHADHBIX MOAANTe0p ecTe-
CTBEHHBIM O0DA30M HAMETAETCA CTPYKTYPO anreOpsl JIu, Ijist 9TOro TOCTATOYHO B3STh MO-
Toueunstit KommyTarop: [V, Us(h) = [P1(h), Ua(h)]. Teneps, cornmacuo obmeii KOHCTPYK-
UMK, HY?KHO 110 KazKJIOMY PAIMOHATLHOMY CEYEHHIO MOCTPOUTD (DYHKIMIO HA §* CIIeIyIomumM
obpazoMm:

fu(Q) =< ¥(my-(¢)),¢ >, (eg’

Kaxk u3BectHoO, Bce panmoHaabuble hyHKINT Ha §* co ckobkoii [Tyaccona obpasyror [lyac-
coHoBy anrbepy. JIerko mpoBepuTh, YTO OMUCAHHOE BhIle oToOpaxkenue U — fy saBjsierca
romomopdusmom: { fu,, fu, }(¢) =< [¥1, Ua](my= (), { >= fiw,,w,](¢) anrebper panmonass-
HbIX cedenuit B anrebpy Ilyaccoma. U3yumm amrebpy a — obpa3 ganaoro romomopdusma.
Hanx mepsonaganbubiM nomem K aarebpa a HeCKOHEIHOMEPHA, HO €€ TaKKe MOXKHO PacCMaT-
puBaTh Kak anrebpy Haz K(h) — nonem panmonanpubix dbyuximii Ha . Hag HoBbIM momem
OHAa CTAHOBHUTCS KOHETHOMEPHOH, IpUYeM UMeeT MECTO yTBEPKIeHHUe:

Yreepxaenne([2]). dimg ) a = dimg St(h) — dimg h + 1

Aokasameavcmeo: B Beenennbx mavm obozHadennsax: dimg gy a = [ — k + 1. [eficTsn-

k n
TEJIbHO, PACCMOTPHUM TIPOU3BONbHBIN 31eMent ¢ € g*, mycts ( = > &+ Y. (. Torma
i=1 i=k+1

k
Ty (¢) = ;Q&.
U(mg«(€)) = (Ri(Crse o5 Ch)yee s Ri(Cry ooy C)y Lig1 (Risers - - Ri), ooy Ly (Rige1, - - -5 Ry))
fo(Q) =< ¥(mp(C)), ¢ >=

=Ri(Cly s Ce)Cit -+ Ry )G Lig1 (R, -+ R G+ -+ Ly (Ri1, - - Ri) G

TeIepb, MONB3YsICh CHCTEMOH (#) pacnuireM GyHKIME L; 1epe3 ¢; ;, MOy THM:

fa(Q) =< ¥(my-(C)), ¢ >=



RiGi+ -+ RG+ (a1 pr1Res1 +- - Far1, 1 R)Gu + -+ (enptr1Re+1 + -+ en g Ri)C =
= R+ +ReCet R 1 (CGerrteigt w1 Gt e 1 Cn)+ - -+ Ri(GHery, i+ - - +cenin)

Orcrona BuAHO, 9TO JTI00as (GYHKIMS, TOCTPOEHHAS 110 PAIHOHAIBHOMY CEYEHWIO, TTPE/I-
craBisiercsi B Buge cymmbl anementa nossa K(h) (nepsbie k ciaraembix) u auHeiHol KoMGu-
narun ¢ kosdbdummentamm n3 K(h) 6asucubix dynxmmit @; = ¢ + ¢41,:C+1 + - + €n,iCn,s
roe k+ 1 < i <. Tem cambiM, pasMepHOCTb ajredpsr ¢ pasHa l —k + 1. B

JI1060€e paImoHAILHOE CEUSHIE PACCIOCHHUST CTAIMOHAPHBIX TTOJAJITeOp 3a1aeTCsT HabopOM
pAMOHANBHBIX (BYHKIUHA T, ..., T, Ha §*, KOTOpBIE JNOJKHBI YIAOBIETBOPITH OMHCAHHBIM
BBIIIE YCAOBUSAM. PacCMOTPUM CJIEAYIONINE CEUCHMSI:

il =1 .
o = 0 1 =0
\IJ() : . \I}z
T = 0 k= 0
Tr1 = 0
T+l — 0
i=k+1,...,1
Ty = 0
Z] = 0
Tiy1 = Cly1y
Tn = Cng

Jlerko BuaeTh, uTo mipu roMoMopdusme ¥ — fy cedenne Vo MepexomguT B IJEMEHT
noss K(h), koroperit Mbl 0603HaUMM g, a cedenus U; nepexonar B GyHkumu ;. OyHKIMi
00, Pk+1s - - - » 1 0Opa3yroT Da3uc B aaredpe d.

Teneps IPeOIONOKUM, YTO A1 AJIreOpbl (0 HAIEeH [MOJHbIA KOMMYTATHBHBIN HAOOD 1O-
nuHOMOB Py, o € I. Teum caMbIM HAHIEHO pACIIpeIeIeHre IPAJIHeHTOB IOJIHHOMOB H3 [IOJIHOTO
nabopa. BekTopHoe 1ose, 3a1aBaeMoe rpaIieHTOM OJHOIO MOJNHOMA, IIPEACTABIIsIeT CODOit
BEKTOD AyiuHbl | —k+ 1 (pasMepHOCTh anreGphl @), COCTOSINNI U3 TIOJUHOMOB OT IEPEMEHHBIX
©0s Phk415 - -+, P1 ¢ KO3 unmenramu u3 mojs K(h).

ITo merony CamproBa, 9TOOBI U3 TOJTHOTO KOMMYTATHBHOTO HaGOpa P,,a €I na anrebpe
0 [OJIyYUTH IIOJIHBIM KOMMYTATUBHBIA HA0OD HA IEPBOHAYAJILHON ajrebpe g HeoOXOAUMO B
KazK/I0M HOJTHHOME P, 3aMeHuTb ¢, Okt1y-- -, Pl HA CIEAYIONTHE BbIPAYKEHNUS:

Yo — €1

vi — fitatiifivyi+oFenifa, E+1<i<L (%)

B nonyvenubix BhIpakeHnsxX m30aBUTHCH OT PAIMOHAIBHOCTH JOMHOXKEHUEM Ha OOIIuit
3nameHarenb. [loxydaum Habop moaumnomMoB P,,a € I. Teneps mobaBuB K HEMY ITOIUHOMBI
€1,...,€L MOJYINM MCKOMBIN MOJHBIH KOMMYTATUBHBIN HAOOp Ha anredpe g.

Teneps HaiteM pacrpeseneHue, 331aBaeMoe TPATHEHTAMH TTOJTHOTO KOMMYTATHBHOTO Ha-

6opa Ha aarebpe g. st 3TOro m0CTATOYHO HAKTH %I;Q ,a € I k+1<1i<n. OrmeruMm, 9T0

[IPOU3BO/IHbIE %12 2 a € 1,1 <1 < k He BAUAIOT HA UCKOMOE PACIPEETIEHHe, TOCKOJIbKY B
i

TIOJIHBINA HAOOP BXOIST TIOJUHOMEBL €1, . . . , €. JIETKO BUAETH, UTO
or, oP ,
—r - E+1<i<l]
afi 3%‘ Pi

7€ B IPABOii 9aCTH B 9aCTHOM IPOU3BOIHOM (0; — ble 3aMEHEHBI CONMIACHO (***). AHAJIOrHYIHO

8Pa:(5pa 815%“) [+1<i<n

- 7Cvlkl+...+7
ofi o1 T 0oy

Pi



3HaguT 11 TOrO YTOOBI MOIYYUTh PACHpeneIeHre IPaJHeHTOB MOJHOrO Habopa Ha aj-
rebpe g HEOOXOAMMO B34Th TPAAMEHTHI MOJHOrO Habopa Ha ajrebpe a, OTOPOCHTH y HUX

[EePBYI0 KOMIIOHEHTY (TO eCThb IPOU3BOIHY IO gi o ), B OCTABIINXCS KOMIIOHEHTAX (00, Pkt1, - - - 5 Pl

3aMEHUTH COTJIACHO (* * *), MOJYICHHBIE BEKTOPA JTOMHOXKHUTE CIIPABA HA MATPHILY BHIA:

( AP, ‘ 9P,
Opry1le?" 777 Opy

o ) 1 0 Cl+1,k+1" " Cn k+1
k2 .

1| CG+11 ---  Cny

D710 OyaeT TMPOEKIHsT UCKOMOTO DACIPEIe/IeHUsT BIOIb TEPBbIX k GA3UCHBIX BEKTOPOB.
Teneps 100aBUB MTUHEHHYIO 000JOUYKY IPATUEHTOB TIOJTUHOMOB €1, . .., € MOJIYIAM HYZKHOE
HaM pacIpe/iejeHune.

Cay4aii 2.

Aurebpa g couepxkut uiead 0, usomopdublii anredpe leiizenbepra, npudem nedaTp H,
COBTIAJIAET C IEHTPOM Bceil anredpbl. Hanomuum ompenenenue anrebpsl [eiizenbepra.

Oupenenenne. Axzepa b, Hasveaemea anzebpoti etizenbepea, ecau 6bNOAHERYL CAE-
dYouue Yeaosus:

1) xax aunetinoe npocmpancmeo Yo, AGAAEMCA NPAMOT CYMMOT 00HOMEPH020 TOINPO-
cmpancmen u 2m — meproz0 nodnpocmparcmsa: b, =< z > V32"

2) na V™ sadana cumniexmumeckas cmpyxmypa w
3) z asasemes 00HOMEPHBIM UEHMPOM
4) 0aa Yvi,ve € VA [ug,ve] = w(vy,v2)2.

IIycteb dimg = n, a dimb,, = 2m+1. Beibepem B anredpe g 6a3uc z, V1, - - -, Vam, f15- - -5 [
(rme k = n—2m—1), Tak 4T06BI BEKTODA 2, V1, . - . , U2y, OOpasoBbiBasu 6asuc B ugeane b, a z
ObLJI OJIHOMEPHBIM LEHTPOM. [IpeaonoKum, 9T0 CUMIJIEKTHIECKAs: CIPYKTYPa W B JAHHOM
Gasuce 3amaerca marpureit ) = (w;;). Torma cTpyKTypHBIE KOHCTAHTHI ajaredOpsl g OymyT
BBITJISJETD CASAYIOMUM 00pa3oM:

Z01...Vm  f1.- Sk

£ 10]0 ... 00 0
U1 0
: Wijz afj'up + bijZ

Vom| O
A0

ajivar

*

+bjiZ

fe o
p

371eCh @y, bjj — TEH30PBI KOCOCUMMETPHYHBIE MO HUKHAM MHJEKCAM, WHIEKC P MEHAETCS B
npeaesax or 1 1o 2m, 3Be3704YK0i 0003HAUEHBI CTPYKTYPHBIE KOHCTAHTHI MTPOU3BOJIBHOTO
BUJIA.

JIemma ([2]). Cywecmeyem nodanzebpa b C g, maxas wmo b+ b, =g u bNh, =<
z >. IIpu amom nodnpocmpancmeo V- C b, uneapuanmmno omHocumesbro npucoedurHenno2o

deticmeus b, u b deticmeyem na V' cumnaexmuneckumu npeodpadosarusmis.



YTo6b! B JAHHOM CJIyYae MOCTPOUTH MOJHBIH KOMMYTAaTUBHBIN HAOOD Ha aiaredpe g Heob-
XOJIUMO B34Th IMOJIHBI KOMMYTATHBHBIN HAaOOp Ha anrebpe b, 3areM B HEM 3aMEHUTH BCE
9JIEMEHTHI aJIreOPBI b Ha KBAIpATHYHBIE MOJTUHOMBI, KOTOPBIE SIBISIOTCS 00pa3aMu TAHHBIX
JIEMEHTOB TIPU OTOOPAXKEHUH

1
pp(x) =< B,z >< z,x > +§ <w ((adg)*m(z)),z >

rJie & IPOW3BOJIBHBINA 371eMeHT u3 g*, [ — syemenT moxanarebpsl b, pg(z) coorBercTByIO-
mmit eMy KBaJIPATHYHBIA nommHOM, 7T : g* — V* mpoekmus, (adg)* : V* — V* oneparop,
IBOMCTBEHHBIH K omeparopy adg : V — V, w — cuMiiekTudeckas cTpykKrypa Ha V, pac-
cMaTpuBaeMas Kaxk orobpazenne n3 V B V¥, w™!: V* — V — obparHsblil omeparop.

[Tocsie aTOrO K MOMYUEHHOMY HAbBOPY HYKHO TOOABUTH TOJHBIH KOMMYTATHBHBIN HAbOp
Ha by, HAIPUMED MOXKHO B3SITh 2, U1, - .., Upm, DO Ul,. . ., Uy, — DA3UC HEKOTOPOTO JIATDAH-
KeBoro monmpocrpancTsa B V. IlosTomy mamei OmmKkaiinreii meabio 0yaeT OnucaHne mogal-
rebpoI b.

B crarbe A.B. Boucunosa [2] npeajioxken caenyromuii ciocod HaxX0xKAeHus 101a1re6pbl
2m n—1
b. Mycts & = oz + > &ui+ >, &ifi—om TPOUBBOBHLIN 3/eMeHT anrebpsl g. Ilycrsb
i=1 i=2m+1
2m
u =Y u;v; IPOU3BOJBHBIH ds1emenT u3 V. Torga komMyTatop [€, u] € by, MOKHO Pa3IOKATE
i=1
110 TMOANTPOCTPAHCTBAM < 2 > U V'

Eul=m+m, meV, me<z>.

Jlerko BHETH, YTO

2m 2m n—1 2m
N2 = E E Siujwijz + ( E E Sy [fi—Qman]) ‘H ceRIs A 7
i=1 j—1 i=2m+1 j—1 POCKIL
2m 2m n—1 2m
= (E E §iujwij + E E €iujbij)2-
=1 j—1 i=2m+1 j—1

Tak Kak < z > OTHOMEPHOE TOAMPOCTPAHCTBO, TO JIEMEHT 7)2 MOYKHO MPEICTABUTDL B
Buze 12 = l¢(u)z, rae le(u) muneiinsiit Gyunkiponan na V co suavenusmu B noie K. Tak kak
Ha V ecTb HEBBIPOXKIEHHAS CUMILIEKTHYIECKASd CTPYKTYPa, TO CYIIECTBYET €JIMHCTBEHHBIH
BEKTOD Ug € V, onuo3HaMHO oupenensaemplii 1o §, rakoil 4to l¢(u) = w(ue, u). Haiinem stor
BEKTOD Ug.

U

lf(u):(glwu,fn,l) - - =

B

U2m,

snech B = (b;;) marpuna pasmepa k x 2m. Tenepwb n3 toro urto lg(u) = w(ug, u) BEPHO Au1a
BCEX U HAXOJAUM

(Elv---vgn—l) - - = =(1L§1,...,U52m) Q



Ug,
=| E | —'B7

U,

OxaspIBaeTcs, 9To oroOpazkeHne { — & — Ug CYTh IPOEKINA aJreOpEl g HA HEKOTOPOE
TIOAIIPOCTPAHCTBO, HOIee TOTO, ITO MOAIPOCTPAHCTBO U SABJIAECTCA UCKOMOIT momaaredpoit b.
Oycte M = (my;;) = Q7 1BT, torna oneparop npoeknun B GUKCHpOBaHHOM HaMu Gaswuce
MOKHO 3alMCATh CJACAYIONUM 00pa3soM

110 ... 0|0 0
0 €o
. &1
: 0 M
O .
5 — U = 0 1 €2m
: 0 Som+1
0 . :
0 :
0 . 1 é‘nfl
Bei6epem B anrebpe b 6asuc z, f1 = f1 — Upysoons fe = fu— uy, . Hafimem o6pa3 6asucHbix

smementos anrebppl b npu orobpaxkennu p. Tak xax pg(z) =< B, >< z,@ > +5 <
w™((adg)*w(z)), x >, TO HETPYIHO BHIETH, ITO
2

Pz =z
2m 1 U1
Py, :z(fi—l—ijivj)—i—a(vl,...,vgm) Q~*(af )" : y1 < <E (% %x)
i=1 V2m,

Hpennonoxum, 9ro Py, € I MONHBIH KOMMYTATUBHBIH HAGOD HOJHHOMOB Ha ajrebpe
b (orMeruM, 4TO 5TO HOJIUHOMBI OT Z, fl, o fec ko3 dunmentamu u3 npexuero nois K).
Torma cornacuo meromy Canarosa, A1 TOTO ITOOBI MOMTYIUTDH MOTHBIA KOMMYTaTHBHBIH Ha-
Oop Ha anrebpe g HEOOXOAMMO B TIOJTHHOMAX P,, o € I 3amenursb fi,---, fr HA KBaIpaTHYHBIE
MOJIMHOMBI OT 2, U1, - -+ U2, f1, -« -, [k COTTIACHO (% * #). 3aTeM K MOJIYICHHDIM TOJHHOMAM
P,,a € I nobaBuTh TOMHBIN KOMMYTATUBHBIN HAOOP HA 0, TO €CTH HAIPUMED 2, U7, - . . , U,
(rzme uq, . .., Uy, GA3BUC HEKOTOPOrO JArPAHZKEBOIO MOANPOCTPAHCTBA B V).

Teneps HaiteM pacipeeneHne, 331aBaeMoe IPATHEHTAMH TOJTHOTO KOMMY TATHBHOTO HA-
6opa Ha @, JJIs 9TOrO JOCTATOYHO HANTU %%, %L};‘,a €l,1<i<2m,1<j <k Ormerum,

YTO TTPOW3BOIHBIE %PZ ~ « € [ He BANSIOT HA pACIpeJieJIeHNe, TaK KaK B MOJHBIH KOMMYTa-

TUBHBIH HAOOP BXOIMT z. JIerko BUAETH, UTO

k 2m 2m 2m 2m

op, 0P, . . :
37134 = (Z i (zmis + %(ZZwip(agq) vy + Zqup(afi) vq)))’ , 1<i<2m
Ui s=1 afs p=1q=1 p=1qg=1 P
S
oP, (0P, ,
af;, (afj Z)lp’lgj sk

. Ip;.
B MIPABBIX YACTSAX BMECTO 2, f; TIOACTABJIEHBL P, P 7, U3 (s * #x). Ilycrs G = ( 6z}f.;> MaTPHUIIA

M3 YACTHBIX IPOM3BOIHBIX, e¢ pasMepel k X 2m. Ormerum, uro marpuna G SBHO BhIparKa-
€TCsl 4€pe3 CTPYKTYPHBIE KOHCTAHTBI ajreOpbl § (COOCTBEHHO 9TO BBIPAKEHUE HAIUCAHO B
dbopmyie Bbie).



itst TOro 9To0BI MOIYYINThH PACIpENe/IeHe IPAIHEHTOR MOJHOTO HAabopa Ha aaredbpe g
HEOOXOINMO B3ATH I'PAJUEHTHI HMOJTHOTO Habopa Ha asredpe b, oTOPOCHTH y HUX IIEPBYIO

KOMIIOHEHTY (TO eCTb IIPOU3BOAHY IO %), B OCTaBINNUXCA KOMIOHEHTAX 2, f1, ..., fr 3aMeHuTDH
COMTIACHO (* * *%) Ha p, Py s+ P, HOMy4ECHHBIC BEKTOPA JOMHOXKUTD CIPABA HA MATPHILY
BHJIA:
(2),.... 28| ) :
afvlp? "7 af lp 0
G
0
z

D10 Oymer MPoeKIus NCKOMOTO PACIIPEIEIeHUs BIOIb BEKTOpa 2. Teneps 100aBuUB JinHEH-
HYI0 000JI0YKY T'DAJUEHTOB MOJUHOMOB 2, U], . . . , U MOTYIUM HY?KHOE HAM PACIIPEe/IETIEHHE.

Teopema. Pacupenenenne rpagueHTOB MOJTHOIO KOMMYTATHBHOIO HabOpa IMOJIUHOMOB,
moy4eHHOro MeronoM Caa3ToBa, CTPOUTCS SBHBIM AJITOPUTMOM, TIPUYEM AJTOPUTM CBO-
JUTCA K PElIeHUI0 JINHEUHBIX CHCTEM yPABHEHUM.

Anzopumm nocmpoenus pacnpedesernus 2padueHmos.

Meron CamsToBa B KOHEYHOM HTOTE MOXKET TPHUHTH JuDO K KOMMYTATHBHOM anreGpe,
b0 K MOJYIIPOCTOIA.

a) B cayuae kommyTaruBHON anrebpbl HOJHBIE KOMMYTATUBHBIA HAGOD COCTOUT M3 JiH-
HelHbIX 110JUMHOMOB (6a3UCHBIX BEKTOPOB a/1rebpbl) U PACUPEAEIeHIe IPAJAUEHTOB 110-
JWHOMOB B KaXKJIOH TOYKe COBITAJIAeT CO BCEM KOKAaCATEeIbHBIM ITPOCTPAHCTBOM.

6) B cayuae mosynpocroii aareGphl MOJTHBIH KOMMYTATUBHBIA HAOOD MOLydaeTcsl MeTo-
JOM CIIBUTa apryMeHTa W WCKOMOE pachpeliesieHrne TPAJUeHTOB €CTh PACIpeeeHune
IPAJIMEHTOB JAHHBIX ITOJJMHOMOB.

Teneps cuuraem, aro B Merone CamdToBa ObII COBEPIIEH WHIYKTUBHBIM TEPEXO OHO-
ro u3 JABYX BuJoB: 1) KoMmmyraruBHbl unean, 2) umean Leiizenbepra. Ilycrs wa anrefpe
t, K KOTOpOIi MbI MEPEILIN, PACIPEIeeHIe IPAJAUEHTOB HOJHONO KOMMYTATHBHOIO HAbOpa
y7Ke M3BECTHO, HalieM pacupejesenne TPaJrieHTOB TOJHOrO0 KOMMYTATHBHOTO HAabOpa Ha
UCXOMHOM anrebpe g:

1) B ucxomamoit ajredbpe g ObL1 KOMMYTATUBHBIA ujeas h He ABISONUACA OTHOMEPHBIM
MEHTPOM. 3HAYUT JJIs TOTO YTOOBI MOJYYUTh PACIPEeeeHre TPAIUEHTOB TOJTHOTO Ha-

Gopa Ha anreGpe g HEOOXOMUMO B3ATh TPA/IMEHTHI IOJTHOrO Habopa Ha anrebpe t, oT6po-

CUTH y HUX TIEPBYIO KOMIIOHCHTY (TO €CTh TPOU3BOAHYIO gf;‘[: ), B OCTaBIIUXCA KOMIIO-

HEHTAX 00, Pk+1, - - -5 P 3AMEHUTDH COTJIACHO ( * ), IOy YEHHBIE BEKTOPA JOMHOKUTD
CIIpaBa Ha MaTPUILy BUIA!

Cl41,k+1" " Cn k+1

(O?P]ljil ‘907;’ N ?)i? ‘901) 1

—_

Cl41,l --- Cnyl

MOIYYUM TTPOEKITHI0 UCKOMOTO DPACIPEIEIEHUs BIOIb MEPBBIX k OA3UCHBIX BEKTOPOB,
100aBUB K TOJYIYEHHOMY PACIPEISTIEHUIO PACIPeNeeHre, 3a1aBaeMOe MDA IneHTaAMI
TTOJIMHOMOB €1, . . . , € TOJYYUM HCKOMOE PAaCIIpE/IeIEHNE.



2) B ucxonnoit anrebpe g 6bu1 uaean by, uzomopdubiii anrebpe lelizenbepra, npudem
IIEHTP UIeaJ1a COBITAIAJ C IIEHTPOM Beeit anrebpsr. IlosToMmy a1 TOTO ITOOBI MOy IUTh
pacnpeenenne rpaJIreHTOB TIOJTHOTO KOMMYTATHBHOrO HabOpa Ha ajredpe g HeoOXO-
JUMO B3Th IDAJIMEHTBHI TIOJIHOIO KOMMYTATHBHOrO Habopa Ha ajnrebpe t, oTOpocHTh

y HUX TEPBYI0 KOMIOHEHTY (TO €CTh MpPOU3BOAHYIO 8;; ©), B OCTABIIUXCS KOMIOHEH-
Tax 2, f1,. .., [k 3AMEHHTD COLJIACHO (* * *%) Ha P, s P, L0y YEHHbIE BEKTOPA
JMOMHOYKWTH CTIPaBa, HA MATPUILY BUJIA

0P,
P O

aP,
(57

,) 0

MOJIyYMM MPOEKIUI0 UCKOMOTO PACIPEIENIeHNsT BIOIb BEKTOPA 2, JODABUB K TIOJTYYEH-
HOMY paclpenefeHuio Pacipeneienne, 3aJaBaeMoe TPaIueHTaMu TOJTUHOMOB 2, U7, . . . , Uk
MOy UM UCKOMOE pPacIpeiesieHne.

Koner agropurma.
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ITostHbIE KOMMYyTATUBHBIE HAOOPHI MTOJIMHOMOB Ha
aarebpax JIm maJioii pa3mepHOCTH.

B pabore 6b11a HCOMBb30BaHA KIacCHUKAIMS BEIIECTBEHHBIX aarebp JIu pa3zmepHocTeit
TPU, Y€ThIPE, IATh U HUJILIOTEHTHBIX PA3MEPHOCTH IECTh, KOTOPAs MpUBEIeHa B crarbe J.
Patera, R.T. Sharp, P. Winternitz [3]. Jas kaxmo0it n3 5Tux anre6p GblI MOCTPOEH MOTHBIH
KOMMYTaTuBHBIN HaGOp moanHOMOB MeTomoM CaadTosa.

IIpuaepxupasgch 0603HadeHuit B crarbe [3] Mbl Kaxaoil ajarebpe mocTraBuM B COOTBET-
cTBUE CUMBOI Ay, TI€ W — PA3MEPHOCTH AATEOPHI, & M — ee MOPSIKOBEIN HOMep B KJIac-
cuduranum ajredp TON XkKe PA3MEPHOCTH.

Pezynbrar mocTpoeHust MOMHBIX KOMMYTATHBHBIX HAOOPOB HA JAHHBIX aJredpax mpuBe-
JeH B Bumge TabauIl Ha crpanunax 17 — 34, Kaxkaass Tabauia cCOCTONT U3 IeThIPEX CTONOIOB.
B mepBom cromnbie mpuBemena TabInUIa yMHOKEHHsT aaredphl, 3a0a01as KoMMyTaTop. Bo
BTOpOM CroJibue yKa3aHbl OUDAHUYEHHs HA llapamerp (ec/id PACcCMaTrpUBAECTCH HE OJHA aJl-
rebpa, a cpady Iejioe CeMeHCTBO, 3aBUCAIIEe OT apaMerpa) U Habop WHBAPUAHTOB JAHHOM
anreOpsl. Bee HaGOpHI HHBAPMAHTOB GBLIH TaKKe Moy4eHb! B pabore [3]. B Tperbem crosbiie
VKa3aH MOJIHBIA KOMMYTATUBHBIN HAOOD TTOJIMHOMOB, KOTOPBIH MOJTy9aeTCs MOC/e TpUMeHe-
nus merona Cazgsrosa. B mociennem deTBepToM CTOJOIE YKa3aH CUMBOJ JAHHOIN ajredpbl.

Anrebpsr JIu Masioit pazMepHOCTH MOYKHO Pa30HTh HA IMECTh KJIACCOB, TAKUX YTO JJId
Bcex anrebp u3 ommoro Kiacca merorn Camsrosa ycrpoen ommHakoso (Meron CamsToBa mo
CYTH SBJISIETCS AJTOPUTMOM, ¥ Ha KAXKJIOM IIIare aJropuTMa eCTh HECKOJIBKO BO3MOXKHOCTEIH,
MBI TOBOpHUM, 9TO MeTon CamdToBa mjid AByX aaredp yCTPOEH OJWHAKOBO, €CJIU Ha, KaXKIOM
niare y 9Tux anredp BhIOUPAIOTCS OJIMHAKOBBIE BO3MOXKHOCTH). JlJid KasK I0r0 U3 [IIeCTH KJIAC-
COB MBI TIEPEINCINM BCE ANredpPhl B HETO BXOISAIINAE U JJIs OJHON M3 3TUX anredp moapobHo
npuseneM Mmeton CaadTosa.

IMonynpocTeie ajare6poi.

Cpenyn paccMaTpUBAEMBIX HAMM airefp eCTh JBE TOJIYIpOCThIe, a nMeHHo Asg (910 B
rouanoctu anrebpa su(1,1)) u As g (310 B TounOCTH anrebpa su(2)). dag nosynpocTphix at-
re6p mMeroz Cag3ToBa COBIIAJAET ¢ METOJOM CABUIA APTyMEHTa, HO3TOMY 3JeCh MBI He OyaeM
MPUBOJIUTH TIOCTPOEHHUE TIOJHOTO KOMMYTATHBHOTO HAOODA.

Anrebpbi, B KOTOPBIX CyIiecTByeT OOJIBINOH KOMMYTATUBHBIN ueall.

Cpean paccMaTpuBaeMbIX HAMHU airedp eCTh CeMbIecaT anredp, B KOTOPHIX CYIIECTBYET
OOJIBITNION KOMMYTATHBHBIN HMIEAJ, TO €CTh TAKOH KOMMYTATHBHBIN HIEAJ, ITO ero 0asmc
(paccmarpuBaemblit Kak HaOODP JIMHEHHbLIX LOJIMHOMOB) 0Opa3yeT IOJIHBIA KOMMYTATUBHbLIL
Ha6op Ha Bceit aﬂre6pe. 210 anre6pb1: A371 7A377; A471 7A477; A4’9; A4_’11; A4712; A5’1; A5_’2;
As g — As 245 As o7 — As 355 As 385 As305 As1; Asj2; As,a — As20. Hampumep, pacemorpum
anrebpy Asa:

0 O €1
Az 0 0 | —eg
—€1 () 0

Ee pasmeprocts dimAs 4 = 3, a urgekc indAs 4 = 1, 109TOMy HONHBIN KOMMYTATHBHBIH
Habop JOJI2KEH COCTOATH U3 k = %(3 + 1) = 2 nonmuuoMoB. JIErKo BHIETH, 9TO B JAHHOM
asredpe CyIecTByeT KOMMYTATUBHBIN Weas, OH HATSHYT HA BEKTOpa e U ey. B cuy Toro,

11



9TO MIEAT TOCTATOYHO OOJBIION, TIOTHHOMOB €1, €3 XBATAET [JId [MOJHOTO KOMMYTATHBHOTO
nabopa.

OrmeTuM, 9TO €CIU B JAHHOM CJIydae mpoBecTH darTopusaimio' mo KOMMyTaTHBHOMY
nJeasy, TO eCTb PACCMOTPETh aaredbpy parvoHAILHBIX CEUeHUI PACCIOEHHS CTAIMOHAPHBIX
noJiasredp HaJL PACHIMPEHHBIM IIOJIEM, TO OHA IPOCTO OYIeT OJHOMEPHOA.

Aare6psl, B KOTOPBIX CYIIECTBYeT KOMMYTaTUBHBIN Haeall, a ajredbpa pamuo-
HaJIbHBIX C€YE€HUIl IByMepHa.

Crenytromuit kmace ajaredp, K paCCMOTPEHHIO KOTOPOTO MBI IEPEXOINUM, COCTOUT U3 aJl-
reOp, B KOTOPBIX CYIIECTBYET KOMMYTATUBHBIN ujeas (He sBJSIOIUACI OIHOMEPHBIM IIeH-
TPOM), & anarebpa ParMOHAIBHBIX CEYEHUH PACCJIOEHUs CTAIMOHAPHBIX MOAAJrebp HAJ Pac-
IIAPEHHBIM IIOJIEM ABYMePHA. JTOT KJIACC COCTOUT u3 cemu anrebp: Agg; As 3; As 365 As 403
Ag 35 Ag 215 Ag,22.

Paccmorpum, Hanpumep, anredpy Ags:

0 0 0 0
0 0 €1 €9
A478 :
O —€1 O —E€3
0 —€9 €3 0
Ee pasmepnocts pasma dimAsg = 4, a ungexc indAyg = 2, MO3TOMY TOJHBIH KOM-

MYTATHBHBIH HAOOp JIOJKEH COJepXKaTh k = %(4 + 2) = 3 nosunoma. B nannoii anrebpe
CyHleCTByeT KOMMyTaTI/IBHbH/I niaeaJi, OH HaTHHyT Ha BEKTOPa €1 U €2.

Cornacuo meromy CamdToBa Tenepb HEOOXOAUMO TiepeliTu K aarebpe ParMoHAIbHBIX Ce-
qeHuil PACCTAOEHNSA CTAITMOHAPHBIX MOJAAreOp Ha PACIINPEHHBIM TIOJIEM, I 9TOTO HEODX0-
JIUMO PEMINTL CUCTEMY yPaBHEHUIT Ha CTaOHIN3ATOp 3JIEMEHTa OOIIero MOJIOKEHHS.

Huxe OGymeM ucnosib30BaTh BBEIEHHBIE Bbine 0Oo3HaueHws. Cucrema Ha crabuin3a-
4 2

TOp Obmiero mosoxenus umeer Bua »_ », rjhyal; = 0, i = 1,2. Hamommum, uto h =
j=3p=1

(h1,ha) ameMenT OOLIEro TOJOKEHUS W3 MPOCTPAHCTBA MBOHCTBEHHOTO K WIeANy, a T =

(1,2, T3, 24) 23neMeHT anrebpel Ay g. [pu bUKCHPOBAHHOM h IPOCTPAHCTBO PeNieHnil CH-

CTEeMBI U OyIeT SABASATHCH CTaOUAU3aTOpOM 3jeMenta h. B Hamem ciaydae cucremMa COCTOUT

U3 OHOTO yPABHEHWS W MMEET BUJ

Zl'ghl + IL‘4h2 =0.

ITosTOMY PasMEpHOCTb CTaOUIU3ATOPA 3JEMEHTa OBIIero noaokenus pasua dimSt(h) =
4 —1 = 3, oTKya MOJay9aeM, YTO PA3MEPHOCTH AJTeOPHI PAIMOHAJIBHBIX CEUEHUH HAJ pac-
MIUPEHHBIM 1osieM paBHa dimpg(e, ¢,) @ = 3 — 2+ 1 = 2. Crenyloniue panyoHaIbHbIC CeveHns
00pazyior 6a3uc B aarebpe parnoHATbHBIX CETCHIMI:

Uy @ xp = 1 U, : z = 0
Xro = 0 To = 0
r3 = 0 r3 = 1
Ty = 0 Ty = 7%

CooTBeTCTBYIOIME UM TOJUHOMBI B aaredpe a UMerT BUI:

fo, = e1
f\I/l €2€3 — €164.
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Beimme MBI yeTarOBHIIN, UTO aarebpa o AByMepHa, HO B aarebpe panuoHaIbHBIX CeUeHM
paccyioeHs CTAIMOHAPHBIX MOJAJIreOp BCErJa CyMIECTBYET LEHTP, MOITOMY asredpa a KOM-
MYTATUBHA, 8 3HAYUT B KAUYECTBE TMOJHONO KOMMYTATHBHOIO HAOOPA HA HEN MOXKHO B3STh
IPOCTO JUHEHHbIE MOJUHOMEL fg, U fu, .

YT00bI MOIYyYnTh TOJHBIE KOMMYTATHBHBIN HA0OOpD HA MEPBOHAYAIBHON ajrebpe A4,8
HeOOXOIMMO K TIOJIMHOMAM, COOTBETCTBYIOIIUM [IOTHOMY HAOOPy Ha asrebpe a mobaBuTh Oa-
3uc B uease (uHeiiHble moauHoMbl). B urore nomyyaem, 4o e, ez, eses — €164 — NOJHBII
KOMMYTaTHBHbLI HAOOP Ha asrebpe Agg.

Aare6pbl, B KOTOPBIX CyIIeCTBYeT KOMMYTAaTUBHbBIA naeal, a ajirebpa pamuo-
HaJIbHbIX C€YE€HUH TpeXMepHAa.

Eme onuu xnacc cocrout u3 apyx amrebp Asos u As 2. B arux amrebpax cymecrsyer
KOMMYTATHBHBII UAeaJl HE SABJIAIOMIUACA OSHOMEPHBIM LEHTPOM, TAaKOH 4yro ajrebpa paiu-
OHAJIBLHBIX CEYEHUH PACCIOCHUST CTAIMOHAPHBIX MOJAITEOP HA PACIIMPEHHBIM MOJIEM TPeX-
MepHa.

st mpumepa pacemorpuM anrebpy As os:

0 0 0 0 2peq
0 0 el 0 peates
As 25 0 —e1 | 0 0 |pes-es

0 0 0 0 bey

—2]961 -pes-e3 |-pes-t+ea —b€4 0

OrmMerum, 910 3TO HE OfHA ajredpa, a Iejoe CeMeficTBO aiaredp 3aBHUCLINEe OT JIBYX
nmapamMerpoB b ¥ p, IpUYeM Ha MapaMeTphbl HAJIOKEHO eIMHCTBEHHOE yeaoBue b # (.

Pazmeprocts anrebper As o5 pasna dimAs s = 5, a mngexc indAs o5 = 1. Ilostomy
TIOJIHBIM KOMMYTAaTHBHBIN HAOOp JOMKEH COmepKaTh k = %(5 + 1) = 3 nommuOoMa. B mammoi
anrebpe CyImecTByeT KOMMYTATUBHBIH Ueasl, OH HATIHYT HA BEKTOPA €1 U €4.

Tenepp corsacao merony CamproBa HYKHO EpeiT K ajiredpe pallnoOHAIbHBIX CeYeHUH
PACCIOeHNS CTAIMOHAPHBIX TOHAATe0D HAJ PACHIUPEHHBIM TIOJIEM, IJIs TOr0 HEOOXOIUMO
PEIUTh CUCTEMY Ha CTAOMIU3ATOD OOIIEro MOJIOXKEeHNs, B HAIEM CJIydae OHa OyaeT MMeThb
BU/T:

—2phll‘5 =0
{ —bh4£5 = 0.

Tak kak h 3;1eMeHT ODIETO TOMIOKEHNST, TO CTAOUIN3ATOD OYIEeT 3a7aBaThCA OIHUM yPaB-
meaneM x5 = 0. IlosToMy pasMepHOCTH CTAOHIN3ATOPA ODIIEro MOMOKEHUS OYyIeT PaBHA
dimSt(h) =5 — 1 =4, a pasMepHOCTD aNreOpbl PAMOHATIBHBIX CEUYCHUH PACCIOCHAA CTAIH-
OHAPHBIX HoJANredp HaJ PacIIEPeHHbIM HojaeM dimpg(e, o) 0 = 4 — 2+ 1 = 3. Caeayrommue
PAIMOHAJBHBIE CeUeHUsT 00pa3yIoT Da3uC B aIredpe PaAIMOHAIBHBIX CEUEHUIHA:

\Ifo Y 1 \Ifl LT = 0 \:[12 LT = 0
Ty = 0 Ty = 1 Ty = 0
3 = 0 xz3 = 0 x3 = 1
zy, = 0 gy = 0 zs = 0
x5 = 0 zs = 0 rs = 0

CoorBercTByoNMe UM TIOJTHHOMBI B aiaredpe a OyJayT uMeTb BU/I:

f‘lfo = €
Ju, = e2
f‘l’z = €3
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JIerko BUAETDH, ITO TAOMNIA YMHOKeHNs anreOpsl a B 6asuce fy,, fo,, fv, uMeer Bum:

0 0 0
a: 0 0 f\po
0 _f\Ifo 0

Hom4epkuewm, uTo 3to anrebpa waj momeM R(er,es). Tak kax dima = 3, a inda = 1,
TO TIOJIHBIH KOMMYTATWBHBIN HAOOD Ha ajrebpe 0 JOJKEH COCTOATh u3 k = %(3 +1)=2
nosnmaoMoB. Ho B anrebpe a cyimecTByeT GOMBINOH KOMMYTATUBHBIR H7eas, OH HATIHYT HA
BekTOpa fy, U fu,, MOSTOMY B Ka4eCTBE MOJHOIO KOMMYTATHBHOIO HAOOPa MOXKHO B3ATH
JIMHEHbIe 10AMHOMbL (6a3UCHbIE BEKTOPA JAHHOIO MJIeala).

Tenepsr m0OaBUM K MOJYYEHHBIM TOJTUHOMAM OA3MCHBIE BEKTOPA KOMMYTATUBHOTO HU1€A~
sa B anrebpe As 95. OKOHYIATEIBHO IOIYYIaeM, ITO €1, €2, €4 MOIHDIH KOMMYTATHBHEIH HAOOD
[OJMHOMOB Ha UCXOMHOU anrebpe As os.

Augrebpa A4 0.
B sToM myHKTE MBI pazbepeM KJIacC COCTOSIIIHI U3 OAHOM anreOpsr — Ay 1.

0 0 €1 —€s3
Asq0:

0 —€1 0 €9

0 €3 —€9 0

PazmeprocTs 310it anredpst pasua dimAy 10 = 4, a ungekc indAy 10 = 2, mosToMy TOI-
HBIfl KOMMYTATUBHBIH HAOOP ITOJIXKEH COCTOATh U3 k = %(4 + 2) = 3 nonuuomos. B naunoit
asirebpe He CyIIeCTByeT KOMMYTATHBHOIO U1eaJla He COBIIA IAIONIET0 C OJHOMEPHBIM IEHTPOM
anrebphl, 3aTO eCTh uaeaT n3oMopdHbIH anredpe 'efizenbepra b1, MIpudIeM TEHTP UAEaTa COB-
maaeT ¢ meHTpoM aarebpol. oean HaTaHyT Ha OA3UCHBIE BEKTOPA €1, €2, €3, TIE €1 ABIAETC
LUEHTPOM Kak ujeasa, rak u ajurebpol Ag 1o.

Cormacuo Merony CaJsToBa Temepb HEOOXOANMO PACCMOTPETh TPOEKINIO aaredpsl Ay 10
Ha HEKOTOPYIO momanredbpy b. B mamHOoM ciaydae momasirebpa b marsuyTa Ha eq u ey. s
JaHHOMN anrebper b cymecrsyer Baozkenune B P(A4 10), KOTOPOE yCTPOEHO CaeayIomuM o6pa-
30M:

1
pa(x) =< B,z >< ey, x> —|—§ <w ((adg)*7(2)), 2 >

rae f € b Ipou3BOIBLHELY 3/1eMeHT aredpset b, f3 00pa3 BIoskeHUsT (KBAIPATHIHEIN IOIHHOM
Ha A} 1), T TPOM3BOMLHEIH 3TeMenT u3 Aj 1.

Jaiee HEOOXOMUMO TOCTPOUTH TOJHBIN KOMMYTATUBHBIN HAOOP MOJIMHOMOB Ha, aareb-
pe b u B3aTh 06pa3 MOJIHOTO KOMMYTATHBHOIO HAOOpPa IIPH OMHCAHOM BBIIIE BIOKEHHH. K
MIOJTyI€HHBIM MTOJIMHOMAaM J00aBUTH MOHBIN HAOOD HA h1.

B wmamem ciayvae nomanrebpa b apymepHa M KOMMYTaTHBHA, MOITOMY B KadecTBe TOJ-
HOrO KOMMYTATUBHOTO HADOPA HA HEl JOCTATOYHO B3ATb OABUCHBLIE 9JIEMEHTHI (JUHEHHDbIE
[OJIMHOMBI), TO €CTh €1 M €4. JIerKo IPOBEPUTh, YTO IPU BJIOKEHUU UX OOpasamu OyIayT
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CJIGILyIOHLI/Ie IIOJIMHOMBI:
_ 2
Jao = € 17,2, .2
feo = ereqa+ 5(e3+e3)

JobaBistss K HUM €1, eo — TOJHBIN KOMMYTaTUBHBIN HAOOD Ha h1, TOIyUaeM, 9TO TOJTUHO-
MBI €1, €3, €164 + %(e% + €2) 06pasyIOT HOMHbIH KOMMYTATHBHbIH HaGOp Ha HCXOTHOM amrebpe

Ay 0.

Aunrebpa As 37.
MbI mepexoiuM K PacCMOTPEHMIO MIOCJICIHEr0 M3 IIeCTH KJIACCOB, KOTOPDLIA COCTOUT U3
OfHOM anrebper As 37.

0 0 0 2eq 0

0 0 e1 €2 —e3
As 37 : 0 —e1 | 0 es es
—281 —€9 —e3 0 0

0 €3 —€9 0 0

Pazmeprocts manvoit amrebpsr pasua dimAs 37 = 5, a ungexc indAs 37 = 1, mostomy
IIOJIHBIHl KOMMYTATHBHBIA HAOOD JOTKEH COCTOSATh U3 k = %(5 + 1) = 3 nonmuHOMOBE.

B mammoit anrebpe CyImecTByeT OTHOMEPHDBIH KOMMYTATHBHBIH HIACAT HE SBJIAIOMIHICA
oxHoMepHBbIM TieHTpoM. OH HaTAHYT HA BeKTOpP e1. Ilepexons Kk anrebpe pannoHAIBHBIX Ce-
YEHUN PACCIOEHUST CTAIMOHAPHBIX MOAAITe0p, HAXOOUM CTaDUIM3aTOpP OOIIEro TOJTOKEHNS,
KOTODBIN 331aeTCA CUCTEMOIA:

—2h1:L‘4 =0.

Tak kak h 37emMeHT 0oOIIero moI0KeHNsT, TO CTAOUIN3ATOP OOINEro MOJIOXKEHMS 3aJaeTCA
ypapuennem: x4 = 0. Ilostomy dimSt(h) = 5 —1 = 4, a dimg(,ja = 4—-1+1 = 4.
Crenyromue pannoHasibabe cedenns o0pa3yoT 6a3uc B aarebpe parmuOHATIBHBIX CEUEHUI:

\I/(] LT = 1 \Ifl LTy = 0 \1/2 LT = 0 \Ild LT =
zo = 0 9 = 1 xe = 0 Ty =
z3 = 0 z3 = 0 rx3 = 1 r3 =
Tryg = 0 T4 = 0 ry4 = 0 Trg4 =
zs = 0 zs = 0 x5 = 0 I

COOTBQTCTByIOIHI/Ie M IIOJIMHOMBI B anre6pe a UMEOT BHU:

f\IJo = €
fo, = e
Jv, = es3
f\I/3 = €5.

[TosTomy Tabmumna ymHOKEHNUA aareOpsl a B basuce fv,, fu,, fu,, fu, Oyaer caemyrommeii:

O 0 f\I/o _qug
0 | —fu,| O | fu,

0 Ju, | —fu,| O

15
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Tak kak ungexc inda = 2, a dima = 4, To mo/IHBIA KOMMyTaTUBHBIH HabOP JOJIKEH COo-
crositb u3 k = 3(4 4 2) = 3 nosmnomos. Hecmorpst Ha to, 4o anrebpa a Has nosem R(eq),
ee CTPYKTypPHBIE KOHCTAHTHI B JIAHHOM bazuce mpuHaiekarT R u coBMagaoT co CTPyKTYp-
HBIME KOHCTaHTamu ajurebper A4 1. IlosroMmy B KadecTBe MOSHOTO KOMMYTATHBHOLO HABGO-
pa Ha ajrebpe 0 MOXKHO B35TH MOJIHBIH KOMMYTATHBHBIN Habop Ha anrebpe A4 1o. dobas-
Jigsi K HeMy Ga3uCHbIA BEKTOD OJHOMEPHOrO ujeasa (JIMHEHHbIA [OJMHOM) II0JIyYaeM, YT
€1, €2,€e165 + %(e% + e%) 00pa3yIoT MOJHBI KOMMYTATHBHBIA HAOOD MOJIMHOMOB HA UCXO/HOM
anrebpe As 37.

Bce BolmeckazanHOe Pe3IOMUPYET CAEAYIOMAA TeopeMa.
Teopema.

1)

2)

3)

4)

Ha kaorcdoti mpexmeproti sewecmeennot ne noaynpocmot aszebpe Jlu cyuecmeyem
NOAHDLT KOMMYMAMUSHBLT HAOOP AURETHBLT NOANUHOMOS.

Ha anzebpe ¢ xommymamopom: [ea,es] = e1, [ea, eq] = e, [e3,e4] = —e3 noanwviti xom-
MYMAmMUeHbl Habop NOAUHOMOE: Y1, Yo, Y2Uy3 — Y1Ys. Ha arzebpe c xommymamopom:
[e2,e3] = €1, [ea, e4] = —e3, [e3, €4] = €2 NOANDBIT KOMMYMAMUSHBLT HAGOD NOAUHOMOS:

Y1, Y2, Y1ya + %(y% +y2). Ha 0cmasvHois “emupeTMephslT 6eULecmeenuls a12e6pas
Ju cywecmeyem noaHsl KOMMYMAMUEHbT HAOOP AUHETHBLL TOAUHOMOG.

Ha anzebpe ¢ xommymamopom: [e3, e4] = ea, [e3, e5] = e1, [e4, €5] = €3 noanviti Kommy-
mamuenwii HaboP: Y1, Y2, Y3, Y194 —Y2Ys. Ha anrzebpe ¢ xommymamopom: [e2, e3] = e1,

[e1,e4] = €1, [e2,e4] = €2, [e2,€5] = —ea, [e3,e5] = e3 noanwd Kommymamuerv na-
6op: y1, Y2, Y2ys + 11ys. Ha anzebpe ¢ xommymamopom: [ea,e3] = e1, [e1,e4] = 2eq,
[e2,e4] = ea, [es,eq] = e3, [ea,e5] = —e3, [e3,e5] = ex noanwti Kommymamuervii
nabop: Y1, Yo, Y1ys + %(y% + y2). Ha anzebpe ¢ xommymamopom: [e1,ea] = 2ei,
[e1,e3] = —ea, [e2,e3] = 2e3, [e1,e4] = €5, [e2,e4] = eq, [ea,e5] = —es5, [e3,e5] = ey

NOAHVIT KOMMYMATUSHBLT HABOP: YoYsYs — Y1Ya + Y3Y2, Ya, Ys. Ha ocmarvnur namu-
MEPHBLE BEULLCMBEHHVT anzebpar JIu cyuecmsyem noAnbl KOMMYMaAMueHul Habop
AUHETHBLT NOAUHOMOS.

Ha anzebpe ¢ xommymamopom: [e1,es] = eg, [e1,e3] = e, [ea,e3] = e5 noanviii xom-
Mymamuensiti #abop: Y3, Ya, Ys, Y6, Y2Ys — Y1Ys. Ha anzebpe ¢ KoMMYMAMOPOM:
[e1,ea] = es, [e1,e5] = eg, [e2, €3] = eu, [e2,e4] = e5, [e3,€4] = €6 noanv KOMMYMa-
muehbiti Habop: Ya, Ys, Ys, Y2Ys — YsYs. Ha anzebpe ¢ xommymamopom: [e1,es] = es,
[e1,e3] = es, [e1,e5] = eq, [e2,e3] = eu, [e2,e4] = €5, [e3,€4] = €6 noOANBGE KOMMYMa-
muenvli Habop: Ya, Ys, Ye, Y2Ye —Y3Ys. Ha 0cmasbmuT wecmumeptbr 6€UecmeeHHblT
HUABTIOMENMHBLT aazebpax JIu cyuecmeyem noansli KoMmymamusHul nabop Auneti-
HOLT TOAUHOMOG.
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TpexMepHBIe ajIreOpbI.

0 0 0 T Y1, Y2 Az
0 0 el
0 —eq 0
0 0 er || exp[—32 Y1; Y2 Az 2
0 0 |eiteo

—eyp |-e1-e3| 0
0 0 e % Y1, Y2 As 3
0 0 es

—e1 | —e2 0
0 0 e L1722 Y1, Y2 Azy
0 0 —eg

—e1 (2 0
0 0 €1 0<lal <1 Y1, Y2 As s

xoxy ¢

0 0 aes

—e1 | —aez| 0

17




2 2
i+ A
0 0 —ey 1 2 Y1, Y2 3,6
0 0 €1
€s —eq 0
a>0 Y1, Y2 Az 7
0 O ael-eg 9 9 2y +iz .
1 2 |12a
(w1 + z2)[;1;1—m2]
0 O e1+aez
raei+eol -e1-aes 0
2
T5+ 112 METOJI CIABULA A
0 e | —2e, 2 173 0, CIT, 3,8
ApryMeHTa
—€1 0 €1
262 —€1 0
3 + 23 + 23 METOJI, CJIBUTA Az g
0 €3 —€2
apryMeHTa
—e€3 0 €1
€9 —€1 0
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YerbipexMepHbIE ajIiTeOphI.

x Y1, Y2, Y: A4<
0o o ol o]l R !
ZL'2 — 2£L'1:L'3
0 0 0 e1
0 0 0 es
0 —e1 | —esn 0
a#0 , Y2, A
0 0 0 aey # . Y1, Y2, Y3 4,2
T exp(fg)
0 0 0 es g
1
0 0 0 |extes
-ae1 | —eg |-e9-e3| 0
Z2 Y1, Y2, Y3 A4,3
0 0 0 e1 -
T exp(—g)
0 0 0 0
0 0 0 es
—€1 0 —€9 0
ry exp(— 2 Y1, Y2, Y Ay,
0 0 0 o 1 (2 ”1) 1, Y2, Y3 4,4
2x1T3—15
0 0 0 |eites “
0 0 0 |extes
—€1 |-€1-€2|-€2-€3 0
ab#0,-1<a<b<1|y1, Y2, Y3 Ay
0 0 0 el 22
Za
0 0 0 aes b
T3
0 0 0 bes
—e1 | -aey | -beg 0
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a#0,b>0 1, Y2, Y3 Ay
0 0 0 | aer 5/&7 Y1, Y2, Y :
0 0 0 bes-e: iT3 \i
wes|| (o3 + o) (2kiza b
0 0 0 ea+bes
-aeq |-beat-esl -ea-bes 0
HeT Y1, Yo Az
0 0 0 | 2¢ ’
0 O €1 ()
0 —eq 0 |estes
—261 —€9 |-€2-€3 0
0 0 0 0 x Y1, Y2, Ay
XToX3 — T1T4 Y2Ys — Y1Y4
0 0 e1 €2
0 —eq 0 —€3
0 —€9 €3 0
-1<b<1 , A
01 0| 0 [1sb)e = v v 9
HEeT
0 0 el €2
0 —e 0 b63
(1+b)e] —es | -beg 0
x1 Y1, Y2, A4,10
0 0 0 0 5 9 9 102, 2
124 + 15 + T35 Y1yats(y2+ys)
0 0 el —e3
0 —e1 0 €2
0 €3 —€2 0
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0 0 0 | 2aes a>0 Y1, Y2 Ag 11
HET
0 0 €1 |aez-e3
0 —eq 0 |extaeg
-2aeq |-aeatej-ez-aes] 0
0 0 o | —es HET Y1, Y2 Ag 2
0 0 €2 el
—e1 | —eg 0 0
) —eq 0 0
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IlaTumepHble ajarebphI.

. A
0 0 0 0 0 Ty, T2, Y1, Y2, Y3, Y4 5,1
Tol3 — L1X4
0 0 0 0 0
0 0 0 0 el
0 0 0 0 €2
0 0 —e; | —e3 0
A
0 0 0 0 0 ;z;;, Y1, Y25, Y3, Y4 5,2
T35 — 22123,
0 0 0 0 ‘1 T3+3x3w4-371 T274
0 0 0 0 €2
0 0 0 0 €3
0 —eq —€9 —€3 0
. ) A
0 0 0 0 0 Sﬁ;, x2, Y1, Y2, Y3, 5,3
T5+2T2T5-221T4 | Y1Y4 — Y25
0 0 0 0 0
0 0 0 €2 e1
0 0 —e9 0 €3
0 0 | —er| —e3| O
As
0 0 0 0 0 T Y1, Y2, Y3 24
0 0 0 el 0
0 0 0 0 el
0 —e1 0 0 0
0 0 —e1 0 0
A
0 0 0 0 0 X1 Y1, Y2, Y3 5,5
0 0 0 0 €1
0 0 0 el €2
0 0 —eq 0 0
0 —€1 —€2 O 0
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) A-
0 0 0 0 0 T Y1, Y2, Y3 5,6
0 0 0 0 el
0 0 0 el €2
0 0 —ey 0 es
0 —€1 —€9 —E€3 0
b 0 =4
0 0 0 0 e aobc 7& B Y1, Y2, Y3, Y4 Ao,?
—1<e<b<a<l,
0 0 0 0 aes || z¢ =} af
T2 T3? T4
0 0 0 0 bes
0 0 0 0 cey
—eq | -~aeg | -beg | -cey 0
0< <1 -
0 0 0 0 0 Jﬁl < Y1, Y2, Y3, Y4 Asg
xy, i
0 1 0T 01 0 ] @ Haep(-22)
0 0 0 0 es
0 0 0 0 cey
0 —eq1 | —eg | -ceq 0
0 <b A
0 0 0 0 e I;A i;i Y1, Y2, Ys, Y4 5,9
T30 T4
0 0 0 0 e1+e2 T, exp(_%)
0 0 0 0 bes
0 0 0 0 cey
—eyp |-e1-eo| -beg | -ces 0
0 0 0 0 0 l’;, Y15 Y2, Y3, Y4 As 10
x5 — 22123,
0 O 0 O €1 T4 eXp(—%)
0 0 0 0 es
0 0 0 0 ey
0 —eq —€9 —e€4 0
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& 0 < Ar
0 0 0 0 e L;’é Y1, Y2, Y3, Y4 5,11
0o | o] o] 0 [eire| ™
AT gy eXP(;%)v
0 0 0 0 |estes||ozs _ X3
Ty :El
0 0 0 0 cey
—e1 |-ej-es|-e9-e3| -cey 0
_z2 Ar
0 0 0 0 e T1 eXp(w2 z1 )7 Y1, Y2, Y3, Y4 5,12
2% _ =2
xq ml’ 3
0 O 0 O €1+62 3x74 o To2T3 + “'C72
0 0 0 0 |estes
0 0 0 0 e3+ey
—€1 |-€1-€2|-€2-€3|-€3-€4 0
a 0, la] <1 : Ag 1:
0 0 0 0 e q# 72‘ | = Y1, Y2, Ys, Y4 5,13
23 7’
0 0 0 0 aeg || 27 a3+a3’
9 o
0 0 0 0 pes-qeq xlq(giij )l
0 0 0 0 |ges+ped
—e1 | -aea |qges-pes|-ges-pes 0
x A
0 0 0 0 0 1, i Y1, Y2, Ys, Y4 5,14
— T, (a3 +o3) (Z2tiza yip,
D | |(@3+a3) exp(~2p22)
0 0 0 0 |pes-e4
0 0 0 0 |es+ped
0 —€1 |-pesteq -e3-pes 0
al <1 A
0 0 0 0 €1 |I?\ = Y1, Y2, Y3, Y4 5,15
01 0] 0] 0 [erres| ™
LTy exp(—32)
0 0 0 0 aes T3 exp(_%)
0 0 0 0 e3taey|
—e1 |-e1-es| -aes |-es-aeq|] O
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0 0 0 0 e |19 fpo Y1, Y2, Y3, Ya As 16
Ty
7 2
0 0 0 0 |eites Tt .
x?q(w)’
0 0 0 0 pes-qeq mzrlz;z )
1 exp -
0 0 0 0 qes-tped T1
—e1 |-e1-ex |qes-pes|-qes-ped O
s#0 Y1, Y2, Y3, Y4 As 17
0 O 0 O per-€e2 (w§+x§)q ’ I )
21 22)p
0 O 0 O e1+peg (;Elggi(M)zp
1 —izy/
0 | 0 ] 0] 0 |oewsed] (alad)(ztizy
0 0 0 0 lses+qeq
-pe1tes|-e1-pes | ses-qes|-ses-qeq| 0
0 0 0 0 p=z 0 Y1, Y2, Y3, Y4 A5,18
per-€e2 1‘113*1‘313
itz ’
0 0 0 0 ei1+pe2 (22 izgi(m)w
T, —iwg )
0 0 0 0 61-:41763 (x3+a3)x
0 0 0 0 pii;)(’ei % exp(f2p%)
-pe1tez| -e1-pes '81'810483 —egsf 0
0 0 0 0 aeq b 7& 0 Y1, Y2, Ya A5’19
Ty
0 0 €1 0 €9 T
0 —€1 0 0 (a-1)es
0 0 0 0 b€4
—aer | —es |-(a-D)eq -bes | O
0 0 0 0 aeq Z1 exp(_a%) Y1, Y2, Ya A5’20
0 0 e1 0 e
0 —e€1 0 0 (a-1)es
0 0 0 0 e1+aeyq
-ae1 | —ea |-(a-1)ed -e1-aeq| 0O
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o Y1, Y3, Ya As 21
0 0 0 0 | 2 || o
0 O €1 O ea+tes
0 —€1 0 0 e3+eq
0 0 0 0 ey
—261 -eg-e3 |-e3-€e4 —€4 0
0 0 0 0 0 T Y1, Y3, Ya As 22
0 0 el 0 es3
0 —eq 0 0 0
0 0 0 0 eq
0 —E€3 0 —€4 0
0 0 0 0 2, bf 0 Y1, Y3, Y4 As 23
1
2
0 0 er | 0 Jestes||
0 —eq 0 0 es
0 0 0 0 bey
—261 -e2-€3 —€3 —b€4 0
0 0 0 0 %, e==1 Y1, Y3, Ya As 24
z1 exp[—2¢(3)]
0 0 €1 0 extes
0 —€1 0 0 €3
0 O 0 0 geq+2ey|
—261 -€9-€3| -€3 |-cei-2e4 0
0 0 0 0 | 2pes b Z’é 0 Y1, Y2, Y4 As 25
KN
2
0 0 el 0 peztes 4p
0 —e1 0 0 pes-e2
0 0 0 0 bey
—2p€1 -pez-e3 |-pes+ea —b€4 0
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0 0 0 0 | 2pe ]l +1 Y1, Y2, Ya As,26
x1 exp[—2ep3?]
0 0 e 0 |pestes
0 —e1 0 0 |pes-es
0| 0| 0| 0 [=,
-2peq | -pez-es |-pestea| “ope, | 0
0 0 0 0 o z1exp(—3*) Y1, Y3, Ya As 27
0 0 el 0 0
0 —e1 0 0 |estes
0 0 0 0 |eites
—eq 0 |-es-es |-e1-es 0
0 0 0 0 ae; % Y1, Y3, Ya As 28
0 0 el 0 |(a1)e2
0 —eq 0 0 Jestes
0 0 0 0 ey
-aeq H(a-1es|-es-es | —€4 0
0 0 0 0 el x3 Y1, Y2, Y3 As 29
0 0 0 el es
0 0 0 0 0
0 —eq 0 0 es
—e1 | —es 0 —es 0
0] 0] 0| 0 Jwone|| E2msle (Yo As.a0
0 0 0 el aes
0 0 0 €2 |(a-1)es
0 —e1 | —eg 0 ey
-(at+1)e] -a€s |-(a-1)egd —e€q4 0
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0 ] o ] o | 03 ||ttt Y1, Y2, U3 A1
0 0 0 er | 2es
0 0 0 e es
0 —€ep | —eg 0 |estes
-3e1 | -2e0 | —e3 |-es-eq 0
0 0 0 0 e 20 exp[zg_j%] Y1, Y2, Y3 As 32
0 0 0 €1 (D)
0 0 0 €2 |aeites
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