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BBenenne

Jluccepralysi MOCBSIIEHA TEOPUH IKCTPEMAJBHBIX ceTeil (3T0 «pa3BeTBIICH-
HbIH» aHAJOT Me0JIE3NYECKIX ) — OJJHOMY M3 aKTHBHO PA3BUBAIOIINXCS PA3JIEJIOR
reOMETPUN U TOMOJOTHH. VICCIeayIOTCsl reOMeTPUIECKIe CBOMCTBA 3aMKHY THIX
JIOKAJIbHO MUHUMAJILHBIX CeTeil Ha MMOBEPXHOCTSIX BBINYKJIBIX MHOIOTPDAHHUKOB
1 3aJia4a OIUCAHKUS KJIACCa BBIITYKJIBIX MHOIOIDAHHUKOB, Ha IIOBEPXHOCTH KO-
TOPBIX CYIIECTBYIOT Takue cern (ryiaBa 3). IIpu n3ydeHun 3aMKHYTHIX JOKaJb-
HO MHUHMMAJIbHBIX CETeil Ha, MHOIOIPDAHHUKAX BO3HMK €CTECTBEHHBIH BOIPOC
00 ycroitumBoCcTU Takux cereil. OTBETUTH Ha STOT BOIPOC YJIAJOCh B ropas-
JI0 OOJIbIIEil OOITHOCTH — B JIMCCEpPTAIUU JIOKa3aHa TeopeMa 00 yCTOWIMBOCTU
JIOKAJIbHO MUHUMAJILHBIX CETEil B IPOCTPAHCTBAX HEIIOJIOKUTEIHHOM KPUBUZHDI
B cmbicie A.Jl. Anekcansposa (raBa 2). B nanbreiimem 3aMKHYTBIE JIOKAJIb-
HO MMHUMAJbHbIE CETH HA MHOIOIPDAHHUKAX MbI OyJeM, JJisi KPATKOCTH, IacTO
HA3BIBATH TPOCTO MUHUMAADHOMU CEMAMU.

CeTbi0 MbI HA3bIBAEM TEOMETPUIECKYIO peasn3aliio (abCTpakTHOrO)
rpada, T.e. IpejcTaBjeHue BepIInH I'pada TOUKAMU HEKOTOPOI'O IPOCTpPaH-
cTBa, a pedep — KPUBBIMHU, COEJIMHSIONIMMU COOTBETCTBYIOIIME TOUKHK. JIOKaIb-
HO MUHUMAJILHBIE CETH HPEJCTABJILAI0T CODOM OJUH U3 BaPUAHTOB 0000IIEHUS
MOHATHS TeOJIe3UIECKO Ha « PA3BEeTBAEHHLIN» ciydaii. A nMenno, HedopMab-
HO T'OBOps, C€Th HA3bIBACTCS JIOKAJHHO MUHUMAJILHOMN, ecyiu Jiio0oii e€ jocTa-
TOYHO MaJiblil (pparMeHT siBjsieTcsi Kpardaiiiiei cerbio. JIoKajbHO MUHUMAJIb-
Hble CeTU C TPAHUICHA B €BKJMIOBOM MPOCTPAHCTBE BO3ZHUKAIOT MPU U3YUYCHUN
KpaTJaimmx cereil (Ha3bIBACMBIX TaKyKe MUHUMAJIbHBIMEU jepeBbsiMu [Teii-
Hepa).

Kparuaitimue n J1oKaJdbHO MUHUMAJIbHBIE ceTu. [lonck kparvaii-
1Ieil ceTu, COeUHMAIONICH JITaHHOEe MHOXKECTBO TOYEK B HEKOTOPOM IIPOCTpaH-
CTBE — OJIHAa M3 KJIACCMYECKUX 34184 TEOPUU IKCTPEMAJbHLIX CEeTeil, CM., Ha-
npumMep, 0030p B [29], |7] unu [5]. Hedopmasibho roBopsi, pedb uiéT 0 MOMCKe
KpaT4daiiieil CBA3HOW CUCTEeMbl JIOPOT, COCJIMHAIONICH JaHHble Topojia, Ha3bl-
BaeMble «I'PAHUYHbIMM TOYKaAMU» JIJIsi UCKOMOW Kpatrdaiiiieit ceru. [Ipu srom
JIOPOr'K He 00sI3aHbl HAUMHATHLCA U 3aKAHUMBATHCS B JAHHBIX OPOJAX, T.e. CH-
cTeMa JIOPOr MOXKET COJIEPYKATH MOMUMO HCXOJHBIX TOPOJIOB (IPAHUYIHBIX TO-
4eK) JIONOJIHUTENIbHBIE IEPEKPECTKH (BHYTPEHHHE BEPIIMHbBI CETH ). 3ajada 110-
CTPOEHUdA KpaTdailieit ceTu B Rd, COCJTMHAIONICHA JTAaHHDIE N TOYEK, ABJIACTCI
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N P-tpyuoit mist Beex d > 2; eM. [24] nmm [25]. OdueBuano, 1To Kpardaiimast
CceTh He MMeeT IUKJIOB, T.e. ABJseTcs JiepeBoM. HecmoxKHo mokasaTh caeayro-
[1e JIOKaJbHBbIC CBOMCTBA KPATYAHIINX CeTeil B €BKJIUJIOBLIX ITPOCTPAHCTBAX:
(1) pébpa siBisiforest orpeskamu, (2) BepiivHbl uMeoT cretedb 1, 2 uiam 3, (3)
B BepIIMHAX CTeleHN 3 péOpa CTBIKYIOTC 1oj yriaamu mo 120°, a B BepimnHax
crernenu 2 — 1oj yryiamu He Menbine 120° [26]. Dtu JokaibHbBIEe CBOWCTBA Jier-
KO MPOBEPUTH IS JIAHHOM CETH W JIETKO CTPOUTH CETH € TAaKMMU CBONCTBaAMMU,
HO BBITIOJIHEHWE 3TUX CBOWCTB He rapaHTUPYET, YTO CeTh SBJSETCS KpaTdaii-
meit. MozKHO yTBEpKIATH JHIID, ITO CeTh, obyaaionias cBoficramu (1)-(3),
SIBJISIETCS JIOKAJIbHO MUHUMaJLHON. CyIecTByolue aJropuTMbl TOYHOTO T10-
crpoenns Kpardaiiieil cern B RY 0CHOBaHbI Ha IIOCTPOCHIM BCEBO3MOMKHBIX JIO-
KaJIbHO MUHUMAJIbHBIX JIEPEBbEB, COEJIMHSIONINX JAHHOE MHOYKECTBO TOYEK, U
BBIOOpE CpeJiu HUX JiepeBa HauMeHbleil JyinHbl. [Ipn 3ToM sKcnoneHmaabHasd
CJIOYKHOCTH ITUX AJTOPUTMOB 0OyCJIOBJIeHA MePebOPOM BCEBO3ZMOYKHBIX KOM-
OMHATOPHBIX CTPYKTYP JOKAJHHO MUHUMAJBHBIX JEPEeBbEB. A JIIsd 3aJaHHOI
KOMOMHATOPHON CTPYKTYPBI JIOKaJBHO MUHEMaJbHOE Jjiepeso B RY ¢ naHHOI
rpaHuIeil eciim CyIecTByer, To eJMHCTBEeHHO [26], u B ciydae 1JI0CKOCTH ero
MOCTPOEHUE MOXKET ObITH BBIIOJIHEHO 3a JIMHEHHOE BpeMs C MOMOIIBIO MPEJIJI0-
YKEHHOTO XBAHTOM ajiroputma [28], mpejcTaBisionero coboil yiydienne aJ-
roputma Mesnsaka [32].

Hanpumep, juisi BepiivH HPsSMOYTOJbHUKA,
M300PaKEHHOIO Ha, PUC. 1, CYIIECTBYIOT JIBE JIOKAJIb-
HO MUHUMAaJbHBIE ceTh. [[yHkTrpHas ceTh — Kopoue,
OHA W ABJICTCS KpaTdaiIieil ceTbio, COeIUHATONIeH
JeTbhipe JaHHbIe TOUKH.

Kparuaiiimue cetu, a B CBI3U ¢ HUMH H JIO-

KaJIbHO MUHUMAaJIbHbIE CETHU, BOSHUKAIOT B IIPUJIOZKE-
Pwuc. 1: [Be n0KaJIbHO MUHHU-

MaJIbHBIE CETH, 3aTATMBAIOIINE
JAPYIHUX IPOCTpaHcTBax (CM., Harpumep, 0630p [29]), sepmmmer npsvoyrosmbHirka.

HUAX U aKTUBHO UCCJIEIYIOTCsA HE TOJILKO B Rd, HO U B

B TOM YHCJIe HA PUMAHOBBIX MHOT0OOpasusx (Hampumep, cM. [7|) u B mpocTpan-
CTBax orpaHuveHHo# KpuBu3Hbl B cMbicie A.Jl. Anekcanaposa |30], [18]. Umeer
MECTO CJEJYIONNI KPUTepuii.

Teopema (cm. [7, Teopema 3.1]). Cemov I' na pumanosom mmozoobpasuu so-
KAAOHO MUHUMAALHA M020a 1 MoAbKo mozda, Ko2da ona (603MONHCHO, NOCAE
NePenapamempusanut) YyoosAemeopAEm CACOYIOULUM YCAOGUAM:

® gce pebpa — zeode3uneckue,

® yeav, Meocdy cocednumu pebopamu e menvue 120°,
® sce sepuwuns, cmenenu 1 — epanuvtbie,
[

60 6CET BHYMPEHHUT GEPULUHAL CMENEHU 2 Y204 MeACIY Pebpamu pasen
180°.



B crarpe [4] mokazamo, 9To Te XKe caMble YCIOBUs, 33 NCKIIOTCHAEM TeT-
BEPTOro, HEOOXOUMBI JIJIl JIOKQJIbHON MUHUMAJILHOCTU CETH B IIPOCTPAHCTBAX
A. JI. ArekcanipoBa orpaHU4eHHO} KPUBU3HBI.

YcToiinBOCTDh JIOKAJIbHO MUHUMAJIBHBIX ceTeii. B riiase 2 jiuc-
cepTalu JIOKa3bIBA€TCs YyCTONYMBOCTD JIOKAJIbHO MUHUMAJIbHBIX CETEH B 11PO-
crpancrBax A.Jl. AnekcanpoBa HEIOJOXKATEILHOM KpUBU3HLL. Tak XKe, Kak u
B CJIydae reoJie3nuecKrX, JOKaJIbHO MIHUMAJbHAs CeTh BOODIE TOBOPSI MOXKET
JIOMyCKaTh MI06AIbHYIO j1ehOPMAIliio, YMEHbITAIOINYIO ee JIuHY (TpuMep —
HekpaTJaifias reojesndeckas Ha cdepe). OJHAKO M3BECTHO, 4TO HA pUMa-
HOBBIX MHOTOOODPA3MsIX HEMOJOKUTEHLHON CEKITMOHHO KPUBU3HBI (1 BOOOITE B
npocrpanctsax A. JI. AjekcanipoBa HEMOJOKUTETHHON KPUBU3HBI) JIJTHHA [€0-
JIE3UUECKOI HE MOXKET ObITh yMEHbIIIeHa HUKaKoi jiepopmarniueii. Mbl jjokaxkem,
YTO TEM 2Ke CaMbIM CBOMCTBOM BO Beex mpocrpancrBax A. I, Ajekcaniposa,
HETIOJIOXKUTETHbHOM KPUBU3HBI 00JIa/IAI0T U JIOKAJbHO MUHIMAJIbHBIE CETUH. DTOT
pe3yJIbTaT, ¢ OJHOM CTOPOHBI, 0000IIAET COOTBETCTBYIOIINE PE3YJIbTATHI O I'e0/Ie-
3UUYECKUX B TAKUX [IPOCTPAHCTBAX, C JPYI'Oif CTOPOHbI, TECHO CBA3aH C TEOPEMOit
O eJIMHCTBEHHOCTH JIOKAJHHO MUHHUMAJIBHBIX CeTeil Ha PUMAHOBBIX MHOT000-
pas3usax OTPHUIATEHHON CEeKIMMOHHON KPUBU3HBI, JoKazaHnoi IIponnansim [10].
B ciiyuae eBKJIMJI0BO#M MJIOCKOCTH PE3YJIbTAT, aHAJOTMIHBIN JOKA3hIBAEMOMY B
Juccepraln, Obl1 yeranosseH B [6).

[Tomumo paccmarpuBasiuxest [Tponnnbiv [10] mapamerpuuaeckux je-
dopmalmii, COXpaHIOIMX KOMOMHATOPHYIO CTPYKTYPY CETH, Mbl OyjeM pac-
cMaTpuBaTh U JlepopMalini, B IPOIEcce KOTOPhIX KOMOMHATOPHAS CTPYKTYpa
MOXKET MEHSThCsI, U JOKaXKeM, ITO Y JIOKAJbHO MUHIMAJILHON CETU B IPOCTpaH-
ctBe A.Jl. AnexcanapoBa HEIOJOXKHUTEILHON KPUBU3HBI CYIIECTBYET OKPECT-
HOCTh, B KOTOPO# ee HeJIb3st YKOPOTUTH U JIepOPMAIUSMU 3TONO BTOPOI'O BUJIA.
Orcrona BbiTeKaer, uTo B npocrpancTee A. JI. AjlekcanipoBa HEIOJJIOXKUTE b
HOJ KPUBU3HBI BCSIKOE JIOKAJILHO MUHUMAJILHOE JIEPEBO SIBJIAETCS KpaTdailinmm
CpeJu CeTeil, COJePzKAIUXCA B HEKOTOPOl ero MaJioil OHOCBA3HON OKPECTHO-
CTH.

3aMKHYTBhIE€ JIOKAJIbHbIE MUHUMAJbHBIE CEeTHU. [J1aBHas 1eJib JIUC-
cepTanuu — U3y4YeHUe CBONHCTB 3aMKHYTBIX JOKAJbHO MUHUMAJbHBIX CeTeil Ha
MOBEPXHOCTAX BBIMYKJIBIX MHOTOTPAHHUKOB. CJIOBO «3aMKHyTas» B 3TOM Ha-
3BaHUU MMeeT TOT XK€ CMbICJ, YTO U B CJIOBOCOYCTAHUU <«3aMKHYyTas I'eoje-
3uYecKad», T.e. B OTJIMYME OT KpaTdailmx cereil u 1pOou3BOJIbHBIX JOKAJIbHO
MUHUMAJIbHBIX CeTeil, pacCMaTPUBABIINXCS B TVIaBe 2, 3aMKHYTasl JIOKAJbHO
MUHAMaJIbHAS CeTh He MMeeT TPAHUIHBIX TodeK. V3 muTupoBaBIerocs BBIIIIe
KpUTEPUs JIOKAJbHOW MUHUMAJILHOCTU CETH HA PUMAHOBOM MHOI'00OPa3uu BbI-
TEKAET, YTO 3aMKHYTas JIOKAJTHLHO MUHUMAJIbHAST CETh Ha MHOT0OOpasuu (a Tak
JKe U Ha MOBEPXHOCTHU BBIMYKJIOTO MHOTOIDAHHUKA) — 9TO CETh, BCE BEPIIUHBI



KOTOPOIl UMEIOT CTEeIeHDb 3, a pébpa ABJIAIOTCSA Ie0Ie3UUCCKUMI U CTBIKYIOTCS
B BepIIMHaX 10/ yIyiamu poBHO B 120 rpa/iycos.

BaMKHYTbIE JIOKAJLHO MUHUMAJbHbIE CeTH Ha c]epe BO3HUKAIOT NPH
U3YUYEHUU OCODEHHOCTEH MbLILHBLIX ILJIEHOK. A MMEHHO, HPHU JIOKA3aTEILCTBE
npuHImnoB [lnaTo, omuceiBalonux 51 ocobernnoctu 34|, ucnosb3yercs Kiac-
cudpuKals 3aMKHYTBIX JJOKAJIbHO MUHUMAJLHLIX ceTeil Ha cdepe, IpeicTaBisi-
1o11ast cODO0I 9acTh KAACCU(PUKAINY «TI'€0JIe3UICCKUX CETeil ¢ OJIMHAKOBO YCTPO-
eHHBIMHU BepIuHaMu» Ha cdepe, ¢aeranHoii B pabore [27].

[Tomumo cdepbl, 3aMKHYThIE JIOKAJILHO MUHUMAJIbHBIE CETH OLLIN KJIAC-
cuUIMPOBAHbI Ha MOBEPXHOCTAX MIOCKUX TOpoB [14]. C nomorusio jBysiuct-
HbIX HAKPbLITHI Kiaaccudukalys cereil co cdepbl U IJIOCKUX TOPOB IIEPEHOCUTCS
Ha TPOEKTUBHYTO TIOCKOCTD [8], TOBEPXHOCTH pABHOTPAHHBIX TETPaspos |15]
u Ha OyTblLIKu KileliHa ¢ IJIOCKOH MeTPHKOi [8] V3BecTHBI TaKXKe MPUMEPDI
3aMKHYTBIX JIOKAJbHO MUHUMAJILHBIX CETEeH Ha MOBEPXHOCTSX ITOCTOSHHON OT-
PUIATETHHON KPUBU3HBI ¥ HA MPABUILHBIX MHOTOIDAHHHUKAX (MOBEPXHOCTSIX
MJIATOHOBLIX Te) [8].

Pesynbrarh! riiaBbl 2 NOKa3bLIBAIOT, YTO 3aMKHYTast JJOKAJIHLHO MAHUMAb-
Hasl CeTh Ha MOBEPXHOCTU BBIIYKJIOIO MHOIMOIPAHHKMKA UMEET CJeylouii (u-
3UYECKU CMbICH. Eé MOXKHO NMpeicTaBiaTh cebe KaK CeTh, CIEJTaHHyI0 U3 3J1a-
CTUYHOTO MaTEepUaJa, JOIYCKAIOIEro PACIIEIICHUs] B BEPIINHAX, U HATSHYTYIO
HA, MHOTOIPAHHUK TaK, 4TO OHA «HE COCKAJIb3bIBAET» C €ro MOBEPXHOCTH.

Pesyibrarbl 0 cBOMCTBAX 3aMKHYTBHIX JIOKAJbHO MUHUMAJIbHBIX CeTeil
Ha, [IPOU3BOJILHBLIX BBIIYKJLIX MHOMOIPAHHUKAX, [MOJYUYEHHBIC B JICCEPTAIUHY,
SIBJISIIOTCSI, C OJHOM CTOPOHBI, NPOJOJPKEHUEM WMCCICJI0BAHUS TaKUX ceTeil B
JIOKAJILHO [JIOCKKUX 1pocTpancTBax. C pyroil CropoHbl, paccMaTpuBaeMast 3a-
Jlaga, aBJisieTcst 000DIIeHneM 3aa491 0 3aMKHYTBHIX MeOJe3MIeCKUX U KBA3UI€O-
JIe3UIECKUX Ha BLIMYKJIBIX ToBepxHocTsax [2], |11], [23].

OTMmeTuM, 4TO OJKMH U3 OCHOBHBIX BOIPOCOB, PACCMATPUBAEMbBIX B JIHC-
cepraluu — O CyLIECTBOBAHUU 3aMKHYTOH MUHMMAJILHON CeTH Ha, JAHHOM MHO-
rOrpaHHUAKE — OTKPBLIT y2Ke B CIydae, KOrJa B Ka4eCTBE 3aMKHYTOH JIOKAJIBLHO
MUHAMAJIBLHOM CeTU PacCMaTPUBACTCHA 3aMKHYTasd I'e0/Ie3UUeCKasd, a B KAUeCTBe
MHOTOrpaHHiKa — (HepaBHOTpaHHbIH) TeTpasap [13].

C KOMOMHATOPHON TOYKM 3PEHUsT 3aMKHYTasd JIOKAJILHO MUHUMAJLHAS
CeThb Ha BBLIIYKJIOM MHOTOTPAHHUKE IIPEJCTABISACT COOOM 3-BaJCHTHDII IJIOCKW
rpad, Bce rpaHn KOTOPOro He Oojiee dem mectuyrosbubie. CyimecTByer Oora-
Tasi JIMTEpATypa, MOCBAIIEHHAS U3YyYeHUIO (¢ KOMOMHATOPHON TOYKHM 3PEHUs )
Takux rpadgoB Ha cdepe, ¥ IBONCTBEHHBIX K HUM IpadoB, T.€. TPUAHIYJIAIMA
cdepbl, a TaKKe BJIOXKEHUH PA3JIUIHBIX PErYJISPHBIX (T.€. ¢ 3aJJAHHBIMA OI'Pa-
HUYEHUSIMI Ha CTEleHU BEepIUH 1 IpaHeii) rpados B [pyrue mOBEPXHOCTH, CM.
rnanpumep [19], [20]. UnTtepec K 9T0ii Teme cBsI3aH B TOM WHCIE U ¢ GOTBITAM
YUCJIOM NPUJIOXKEHUI B XUMUK, KPUCTAJIOrpadUN U APYIUX €CTECTBEHHBIX Ha-



yKax. Y TOMsSHEM OJIMH U3 HanboJee MonyIIpHBIX CJIYIAeB: 3-BaJeHTHBIE Tpadbl
Ha cdepe, UMEIOITe TOJIHKO MATH- W IMIeCTHYTOJbHbIE TDaHd, B XUMUU Ha3bl-
BarOTCs (PyIepeHaMu W UCTIOJIB3YIOTCs JIIsT MOJICTUPOBAHUST MOJIEKYJISPHBIX
crpykryp [22].

Jljist HAC WHTEpeCcHO, UTo TpH W3ydeHWn u Kjiaccudukanuu (¢ KomMOu-
HATOPHOJ TOYKU 3DEHWsI) BJIOXKECHUI PEryJispHbIX rpadoB B MOBEPXHOCTH da-
CTO WCIOJIb3YIOTCSI PA3JIMTHBbIE TeOMETPUIECKUE Peasn3alni TaKnx rpados.
Hanpuwmep, Tépcron [35] s knaccudukainm KOMOHHATOPHBIX TPUAHTYIISITINL
cepbl UCTTOB3YeT JTOKAJIHHO TJIOCKUE KOMILJIEKCHI, CKJIECHHbIE U3 OJIMHAKOBBIX
MPABUJILHBIX TPEYTOJHHUKOB TI0 TIPABUJIaM, 3aaBaeMbIM JIAHHOW TPUAHTYJISI-
nueit chepol, U B pesyJibrare napaMerpusyer TpUaHrysisiiun cdepbl HabopaMmu
u3 20 mesbix auncest. Lesbrit psi napamerpusaiyii peryasipabix rpados (B Tom
anciie 0bobmenus ueit Téperona) onucamnsl B pabore |21]. A ynoMunasmascs
BBIIIE KJIacCHPUKaINs 3aMKHYTHIX JIOKAJIHHO MUHUMAJIHHBIX CeTeil Ha, MIOCKNX
TOpax MOYTH HUYEM HE OTJIUYAETCSI OT KOMOWMHATOPHOW KJIACCUMUKAINNA BJIO-
KEeHU# 3-BaJICHTHBIX G-PEeryssipHbIX (T.e. TOJIBKO C MEeCTHYTOJbHBIMU TPAHSIMH )
rpaoB B TOD, ¢jesanHoil HesaBucumo B [16] u [33]: s0boii Takoit rpad mMoxker
ObITH peaJIM30BaH KaK 3aMKHYTast JOKAJHHO MUHUMAJIbHAsT CETh HA HEKOTOPOM
MIJIOCKOM TOpE, TOJIBKO B CJIydae CeTeil TOSBJISIETCS BOIPOC O TOM, Ha KaKHUX
MMEHHO (C TOYKH 3PEHUsI METPUKH) IJIOCKAX TOPAX Pean3yeTcs MUHUMAJb-
Hasl CeTh JAHHONH KOMOMHATOPHOW CTPYKTYPHI.

B nuccepranyuu paccMoTpena 3ajiaua 0 peajusaliu miI0cKuX rpados Kak
3aMKHYTBIX JIOKAJbHO MUHUMAJBHBIX CeTeil Ha BBIMTYKJBIX MHOTOT'DAHHUKAX
M TTOJTHOCTHIO OTMCAHBI BCEBO3MOYKHBIE KOMOMHATOPHBIE CTPYKTYPHI W JJTHHBI
pedEP, KOTOPhbIe MOXKET UMETh TaKas CeTh.

B gacTHOM ciydae, Korja Bce péopa CeTH UMEIOT OJIHY U Ty ¥Ke JIJINHY,
3aMHYTBIE JIOKAJbHO MUHUMAJbHBIE CETH JTBOMCTBEHHBI TPUAHTYJISIUAM BbI-
My KJIBIX MHOTOTPAHHUKOB Ha MPABUIbHBIE TPEYTOJBHUKN, PACCMATPUBABIINM-
cst Tépceronom [35]. CyuecrBeHHo, 4TO U3yUYeHUE MUHUMAJBHBIX CeTel HEe CBO-
JINTCS K U3YYEHUIO TAKUX TPUAHTYJIANNNE, B YACTHOCTH TOTOMY, YTO Ha MHO-
rOrpaHHUKe MOXKET CYIEeCTBOBATL MUHUMAaJbHAS CeTh, HO HE CYINEeCTBOBATDH
MUHUMAJIBHOW CETH C PaBHBIMHU JIJTMHAME PEOEP.

CrpyKrypa paboTshl.

Pabota cocrout u3 BBeJieHUsI, TPEX IJIaB U CIUCKA JIUTEPATYPhI.

B 1niepBoii ryiaBe BBOJSITCS MOHSITUSI CETH, JIOKAJIHLHO MUHUMAJIbLHON ceTn
1 (POPMYJIUPYIOTCs LPEJIBAPUTEIbHBIC PE3YJIbTATbI, HEOOXOUMbIE JiJisi PAOOTbI
¢ 3TUMHU OOBEKTAMMU.

Bropas rjiaBa 1ocBsiieHa JIOKaJbHO MUHUMAJIbHBIM CETSIM B IIPOCTPAH-
crBax A.Jl. AjiekcarapoBa HEIOJOXKUTEIbHOW KpuBu3Hbl. B pasjene 2.1 cdop-
MYJIIPOBAHBI U IPOKOMMEHTHPOBAHBI JIBE TEOPEMBbI 00 YCTONIUBOCTH JIOKAJIHHO
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MUHAMAJBHBIX CeTell B 9TMX MPOCTPAHCTBAX, & B pazjese 2.2 MpuBeJIeHbl J10-
Ka3aTeJbCTBA ITUX JBYX TEOPEM.

Tperbst Ty1aBa MOCBSIIEHA 3aMKHYTHIM JIOKAJIbHO MUHUMAJILHBIM CETSIM
Ha& [IOBEPXHOCTSAX BbIIYKJIbIX MHOI'OI'DAHHUKOB, KOTOPbIE Mbl JIJisi KPATKOCTH
Ha3bIBaeM MUHUMAJbHBIMU ceTaMu. B paznese 3.1 maioTcsa ompejenenus u
npeBapuTeIbHbIe PE3YIbTATHI, HEOOXOAUMbBIE JIJisi paDOTHI ¢ BHYTPEHHEH reo-
MeTpHell Ha TTOBEPXHOCTU BBIITYKJIbIX MHOIOI'PAHHUKOB.

B paznene 3.2 GopMynupyioTcs Bce pe3ysbTaThl TpeTheil TiaBbl. Tam
JKe TTPUBOJATCA KOMMEHTApUM W KOPOTKHUE JJ0Ka3aTeabCcTBa. bojee JauHHbIE
JIOKa3aTeJIbCTBa BhIHECEHBI B Pa3jies 3.3.

Bubsinorpadus cojepxkut 39 naumenosanuit. Tekcr juccepraiiuu usJjio-
»KeH Ha 84 cTpaHuiax.

Crimcok OCHOBHBIX PE3yJIbTaTOB.
PesysibTars! Juccepraluu siBJISIOTCS HOBBIMU. B uccepraiuu 1oty deHbl
CJIeJTYIONINE OCHOBHBIE PE3YIHTATHI.

1. Jokazana yCcTORYMBOCTD JIOKAJBLHO MUHUMAJLHLIX CeTell B IPOCTPaHCTBAX
AJtekcaHIpOBa HEMOJIOKUTEIbHO KPUBU3HBL (TeopeMma 3).

2. TTonyvyeno HOBOE HEOOXOIMMOE YCJIOBHE CYHMICCTBOBAHMS 3AMKHYTOM JIO-
KaJIbHO MUHMMAJILHON CeTH Ha MHOrorpannuke. Ilokazano, 4To 1o yciio-
BUE CHJIbHEE M3BECTHOIO paHee HeOOXOJUMOrO YCJIOBUS, HO IIO-IIPEXKHEMY
HE SIBJISIETCsI OCTATOIHBIM (Teopembl 17, 18, 19).

3. Onmcanbl BCEBO3ZMOXKHBIE KOMOMHATOPBIE CTPYKTYPbI U JUIMHLL péOep Mu-
HUMAJIbHBIX CETel Ha BbIILYKJIbIX MHOMOIDAHHUKAX (Teopembl 7 u 8).

4. JJokazaHO CYIIECTBOBAHUE MPOCTLIX 3aMKHYTBIX JIOKAJILHO MUHUMAJIbLHLIX
cereil Ha, OTKPBITOM BCIOJY TJIOTHOM TIOJMHOXKECTBE NMPOCTPAHCTBA BhI-
IIYKJILIX MHOIOIDAHHUKOB ¢ KPUBU3HAMM BepIIUH, KpaTHbiMu 60 rpajrycam
(Teopema 21).

151 KpaTKOIo 3HAaKOMCTBA, C Pe3yJibTaTaMu JUCCEPTAIMK 11pe/iHA3HA -
Hbl pazzennl 2.1 n 3.2.

Metoapbl nccJieJ0BAHUS.

B juccepraliun MpUMEHSTIOTCS METO/bI MeoMeTrpuu u ToroJornn. Ve-
HOJIB3YETCsI TeXHUKa PabOThl ¢ BHYTPEHHEH reoMerpueil Ha MOBEPXHOCTH Bbi-
MYKJIBIX MHOTOIPAHHUKOB ¥ MeTO/IbI Teopunu npocrpancTs A.Jl. Anekcanposa
HETIOJIOXKUTETHhHOW KPUBU3HBI.

ABTOpPOM JIMCCEpTAlMKM BBOJMTCS HOBBIN IMOJIXOJ] K WMCCIEJOBAHUIO 3a-
MKHYTBIX JIOKAJbHO MWHMMAJIbHBIX CeTeii Ha BBIMYKJBIX MHOTOIDAHHWKAX,
OCHOBAaHHBI HA PACCMOTPEHUM CHCTEMbl pPa3pe30B U IPUMEHEHUU TEOpPEeM
A JI. AyekcanipoBa O BBITTYKJIBIX MHOTOIPAHHWKAX.



Arnpobamnusa paboThI.

PGSYJIBT&TI)I JAuccepranmu JOKJIaAbIBaJIMCh Ha CJACAYIOINX CEMUHApPaX U

KOH((pepeHIIX:

cemunape «CoBpeMeHHbIE FeOMeTPUYECKHEe METOJIbl» 0]l PYKOBOJCTBOM
akas. A.'T. ®omenko, mpod. A.C. Murmenko, npod. A.B. Boacunosa, morr.
A A. Omenmkosa, jor. E.A. Kynpsisuesoit (MI'Y, 11 wostopst 2009 roga)
Ha MEXK/IyHapOoiHOi KoHdepeHimn «Merpuueckasi reoMeTpusi MOBEPXHO-
cTeil 1 MHOTOTPAHHUKOB», TocdAriennas 100-geTuio co JHS poXKJIeHusd
H.B. Edumosa, (Mocksa, 20 asrycra 2010 roja)

Ha Mexx ryHapoiHoit HayIHON KOH(DEPEHIINK CTYAEHTOR, aCIMPAHTOB U MO-
J0/1biX yuenbix «Jlomonocos-2011» (MIV, 12 aupess 2011 rosa)

HA CeMHUHape <«¥Y3Jbl M TeOpHus IpeJICTaBJICHHI» 110J] PYKOBOJCTBOM
B.O. Manryposa, JI.IT. Mibtorko, .M. Hukonosa (MT'V, 13 nexkabps 2011
rojia)

Ha HayudHO#l KoH(bepennun «JlomonocoBckue urenusi> (MIY, 16 HOsIOpst
2011 roma)

Ha cemunape «Ilo reomerpun B esjom» 1oz pykorojicteoMm npod. N.X. Ca-
ourosa (MIY, 20 anpesst 2012 roya)

Ha MeXKyHapoaHoil Koudepeninu «Ajekcaniposckue arenusi> (MIY, 23
mast 2012 royia)

Ha ceMuHape JieTHed 1mKoJbl Mex 1yHapoiHoii jaboparopun «/Iuckpernas
v BeIUuCIUTeNbHAsT reomerpusi» um. B.H. Jlenone (Apocrasns—Kpacusrii
xosM, 30 uross 2012 roya)

cemunape «JInddepennnaibias reoMeTpusi U MPUJIOKEHUsT» 0] PYKOBO/I-
creom akajemuka A.T. @omenko (MY, 11 mapra 2013 roja)

Ha CeMHHAPE « DKCTpeMaIbHbIe CeTH» O] PYKOBOACTBOM Ipodeccopa A.O.
Uanosa u mpodeccopa A.A. Tyxumuna (MI'Y, 2008-2013 rr.)

Ilyonukanumn.

OCHOBHBIE DPE3YJIBTATHI JIUCCEPTAIN OIyOInKOBaHbl B paborax [36]—

|39|, u3 Hux nepsble Tpu — B KypHaJax u3 nepedns BAK.

BaaromapuaocTu.

ABTop OJiaroJapuT CBOEro HaydHOrO PYKOBOIMTENsI, Ipodeccopa

A. A. Tyxumna, u npodeccopa A. O. VBanosa 3a 0CTaHOBKY 3a/1a41, 1OCTO-

SIHHYIO HOJIIEPXKKY U BHUMaHUE K paboTe, a TaK»Ke BeCh KOJIJIEKTUB KadeIpbl

JnddepeHiabHOM reOMeTPpUn U PUJIOXKEHUH 3a TEIIyI0 arMocdepy U KOH-

CTPYKTHUBHbBIE 0OCY XK ICHUS.
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I'maBa 1

Ceru: onpejejieHud n IIpejiBapuTe/ibHbIe
pe3yJibTaThbl

1.1 Ilongrume cern.

JIrobast n3 HaIMX ceTeil BBITJISIUT IPOCTO KaK 00beMHeHe KOHEYHOI'O YnC/Ia
CIPSIMJISIEMbIX KPHUBbBIX, ¥ 4aCTO ObIBaeT yjA00HO IIPEJICTaB/ISIThH CeTh MMEHHO
KaK KOHEUHOE CeMeliCTBO KPUBLIX.

Onpegenenune. OOviknosennol cemyto OyjleM Ha3blBaTh 00bejrHEHre 00pa-
30B KOHEUHOI'O CEeMEeWCTBa, BJIOXKEHHBIX CIPIMJISIEMbIX KPHUBBIX, MOIApHO HE
UMEIOINX OOIINX TOYEK, 32 MCKJIUEeHreM ODIINX KOHIOB. KpuBbie OyieMm Ha-
3bIBATH PEOPAMU cemu, a UX KOHIIbI — sepwunamu cemu. Cern I' coorBeTcTBY-
er (abcmpaxmuwid) epagp G = (V, E), B KoropoMm pébpa u3 E cOOTBETCTBYIOT
KPHUBBIM, 33JIAI0IIUM CEThb, a GepuitHb, U3 V' COOTBETCTBYIOT KOHIIAM KPUBBIX.
Takoit rpad G mMbr HaszbiBaeMm munom cetu I'. OObIKHOBEHHAS CETH — 3TO MHO-
JKECTBO TOYEK, T.€. CETH, OTJMYAIONMEecs 3aMEHOR IapaMeTpa Ha KPUBOM, a
Tak>Ke JI00aBJICHUEM WU YIAJEHHEeM BEPIIUH CTEIeHU 2, Mbl HE Pa3/IMYaeM.

Taxkoe npocreiiiiee onpejiejieHue ceru 0yjieT UCI0JIb30BAThCs 1IPU PabO-
T€ ¢ MUHUMAJbHBIMHU CETSIMU Ha MHOTOI'DAHHHKAX BO BCEX pasjiesiax IJiaBbl 3,
KpoMe paszjiesia 3.3.5. IHTynTrBHO TakuM 00pa3oM orpeeaéHHast ceTh — 9TO
KapTUHKA, HAPUCOBaHHAs Ha KAKO-TO noBepxHoctu. Tui cetu (abcTpakTHbI
rpad) OTHO3HATHO OTPEJIEIISIETCST 0 KApTUHKE (00beIMHEHNI0 00pa3oB ceMeii-
CTBa KPUBBIX) TOJBKO B TOM CJIydae, €CJHH Mbl MPEJNOaraeM, 9TO KPUBBIE
MepecekatoTess JAPYr ¢ JPYroM TOJHBKO B ODIIMX KOHIAX, HE WMEIT CaMoTlie-
pecedeHuit, B CeTH HET BEPIIMH CTeleHU 2 U BbIPOXK/IEHHBIX KPUBbBIX (TOXKjIe-
CTBEHHO OTOOPAXKAIONIUX OTPE30K B TOUKY ). Ho BoOOIIE TOBOpPsi, OJIHO U TO XKe
MHOXKECTBO TOUYEK MOXKHO MPEJICTABISATH KaK O0beJuHeHne Pa3HbIX CeMeicTB
KpuBbIX. VHOIIA CeTH, OJMHAKOBBIE KAK MHOXKECTBA TOUYEK, XOUETCS CUNTATDH
OJINHAKOBBIMHU, MHOIJIA — pa3jndHbIiMU. Hampumep, MOXKHO IpeJCTaBUTDL Ce-
Oe ceThb, CACTAHHYIO M3 HECKOJbKHX 3JIACTUYHBIX HHUTel. [lepemerrias KOHIIbI
HUTEH, MOXKHO 1eOPMUPOBATH CE€Th, M B KAKOW-TO MOMEHT MOTI'YT BO3SHUKHYTh
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caMollepecevueHnst CeTH, WK MOT'YT COBIACTD JIBa pedpa CeTH — JBE HUTU MOTYT
UJITH ITapaJjieJIbHO PsSaoM Japyr ¢ ApyroM. C TOUKM 3peHusi KADTUHKKA BMECTO
JIBYX pédep Mbl oty ausin onH0. C TOYKU 3PEHUsT CeTH, COTKAHHOW 13 HUTEH —
uMeeTcs 1o-1IpeXKHeMy JjiBa pebpa, U 1pu MaJioil jiepopmaliuun ceTu ux CHOBA,
MOXKHO OyJIeT pa3/jndnuTh.

Bo Bropoii ryiaBe u pasjesie 3.3.9 Mbl OyJieM padoTaTh ¢ HellpepbIBHBIMU
JlepopMalivsiMU CETH, U IIOTOMY HaM OyJieT yjao00Hee paccMaTpUBaTh CETh Kak
TreOMETPUUIECKYIO peau3alliio HEKOTOPOro rpada, T.e. CINTATh, YTO IIPEXKIe
BCEro 3aJ1aH abCTpaKTHBIA Ipad, a 3aTeM 3TOT rpad 0ToOparkKaeTcs B HEKOTO-
poe MPOCTPAHCTBO. 3/1eCh BO3HUKAET HEOOXOAMMOCTH MOBOPHUTH O MapaMeTpu-
gytoiiem rpade ceru, nepenapaMerpusanuu cetd u T.). OJUH 13 BO3MOMXKHbBIX
IOJIXOJIOB K paboTe ¢ STUMHU MOHATUSIMH — TEOpHs TaK Ha3bIBAEMBIX CeTeii-
ciiesioB — ObLT paspaboran VBanoseim u Tyxusuusiv, cum. Hanpumep [8]. Mo
JACTUIHO 3aMMCTBYEM UX TEPMUHOJIOTHIO, HO BBOJIMM TAKXKe U CBOU OIpejiesie-
HUSI.

Cerpb Kak orobparkenmue. [lycrs jgan rpad G (10 ymosdaHuio — cBsi3-
HbIii, BOSMOXKHO — C KpaTHBIME pebpamu u nerismu). st kaxoro ero pebpa
PACCMOTPHUM OTPE30K, a 3aTeM PACCMOTPHUM TOIOJOIMIECKOe IIPOCTPaHCTBO 17,
MOJIYI€HHOE U3 U3 BIOHKTHOTO 00'bEIMHEHNST STUX OTPE3KOB OTOXK IECTBICHUEM
UX KOHIIOB B COOTBETCTBUK CO ¢TPYKTYypoii rpada G. IIpocrpancrso T Mbl Oy-
JIeM Ha3bIBATD MONOA0UYECKUM 2PapOoM, OTPE3KU — pedpami, a UX KOHIIbl —
GEPULUHAMU TOTTOJIOTTIECKOTO Tpada.

Cemwio muna G B npocrpancrBe X Mbl OyjeM Ha3bIBaTh TPOU3BOJIb-
HOe HempepbiBHOEe oTobOpaxkenue I': Ty — X. I'pad G OyneM Ha3bIBATH N.a-
pamempusyrowum epagom ceru I'. Obpas orobpaxkenus I’ Oynem obo3HavaThH
gepe3 Im(I'). Orpanndenne orobpaxkenust [ Ha Beprmuabl u pebpa rpada Oy-
JIeM Ha3bIBaTh GEPUIUHAMU U pebpamu cemu. Takum odpaszoM, Kaxjioe pedpo —
9TO HEKOTOpas KpuBast. Mbl He OyJeM pasjndaTb CeTH, OTJMIAININECsS MOHO-
TOHHOI 3aMEHOI IapaMeTpa Ha OJIHOM WJIM HECKOJbKHX pebpax ceru. Bynewm
paccMaTpuBaTh JIMINHb CETH, B KOTOPBIX BCE pedpa — CNPAMAAEMBIE KPUBDLE.
Jaunoti (I') cemu T Gyjmem Has3bBaTH CyMMY JUIHH BCEX ee pedep.

CeTn 4acTO BOBHMKAIOT B 3ajlauyaxX CJIEJYIONIEro THUIIA: JAHO KOHEUHOE
MHOYKECTBO TOUEK, TPeOyeTcst HAalTH CeTh, COCOUHANOULYIO ITO MHOKECTBO TOUEK
1 00J1a/10TIY 0 HEKOTOPBIMU CBOWCTBAMY, HAIIPUMED, UMEIOIIYI0 HAMMEHBIITY O
BO3MOXKHYIO JIIHHY. BO3HUKaeT HEOOXOUMOCTH PACCMaTPUBATH KJIACC CeTeil,
IPOXOJIAIIUX Yepe3 JIaHHOe MHOYXKECTBO TOYEK, U B CBA3U C 3TUM IIOJIE3HO CJie-
aytoriee nousatue. Cemb ¢ 2panuyeti — 3TO CeTh, B MapaMeTpusyioiiem rpade
KOTOPOil (DPUKCUPOBAHO HEKOTOPOE MOJIMHOXKECTBO BEPIINH, HA3BIBAEMbBIX 2pa-
nusHoLmu. Usomopdusmom mexy aByms (abcrpakTHbiME) rpadamu Oymem
HA3bIBATH OWEKIINIO MEYKJy MHOXKECTBAMW WX BEPIUH MPW YCJIOBUHU, 9TO JBE
BEPIIUHBI B OJIHOM T'pade coejimHeHbl pedPOM TOrjia U TOJIHKO TOIJIa, KOIjia
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X 00pas3bl coenHeHbl peOpoM BO BTOpoM rpade. [Be ceru ¢ rpanutieit ume-
101m 00uH Mun, €CJIU CyIeCTBYeT N30MOPMU3M MEXK/Ty UX IIapaMeTPU3YIOITIMU
rpadaMu, COXPAHSAIONIII MHOXKECTBO IPAHUYIHBIX BEPIUH W TAKO, 9T0 00pa3bI
COOTBETCTBYIONIMX I'PAHMYHBIX BEPIIUH 00eux cereil copuajaor. Bee cern Mbl
OymeM paccMaTpuUBaTh KaK CETH C IPAHUIEH, HOMYCKas, UTO IPAHUIA MOXKET
OBITH IIYCTOIA.

1.2 ledopmanuu m mepemnapaMeTrpu3aingd CETH.

Iapamempuuneckoti deopmayuets ceru (¢ rpamuneit) I' OymeMm HasbBaTH ce-
meiictro cereit Iy = D(+,t), t € [0,t0], tme T'o =T n D: Tz x [0,t)] — X —
MIPOU3BOJILHOE HEIPEPHIBHOE OTOOParKeHue, MOCTOsIHHOE 110 § Ha I'PaHUIE I'pa-
da, T.e. Touka D(v,t), Tae v — rpaHWYHAs BepIIWHA, He 3aBUCUT OT t. flcHo,
4qro Bee cetu 'y OyyT ceTssMu TOTO Ke THlla, 4To u I', 1 ¢ TOil »Ke rpaHuliei.

[Tapamerpudeckue pedopMaiimi MOXKHO OTPEIEJNTh W JJIsT OOBIKHOBEH-
HBIX CeTell, He 1epexo/is K cersiM-oTobparkeHusiMm. Ham ronajiodurcs 3o onpe-
nenenne B pasjene 3.2.3. Ilapamempuyeckot depopmarueti OOBIKHOBEHHOI ce-
i ' Tuna G OyneM HasbiBaTh ceMeicTBO OObIKHOBeHHbIX ceteit Iy, t € [0, ¢
toro xke tuta G takoe, ato 'y = I' u gy kaxgoro pedbpa a rpada G cemeii-
CTBO COOTBETCTBYIONMX KPUBBLIX ['4(a) siBjsiercst HeMpepbiBHOI medopmariueit
kpuBoii ['g(a), T.e. pebpa cern .

Kpome napamerpudecknx, Ham 1oHa100sTCst u H6oJiee obiue gedopma-
UK ceTeil, IPU KOTOPBIX TUII CETH MOXKET MEHSIThCS.

Bo-11epBbIX, oIpejes M olepalnio MMojpas3dueHus pedpa. 3aMeHHM B
rpade G mroboe pedpo ab Ha mapy pebdep ac, cb, 100aBUB HOBYIO BHYTPEHHIOIO
BEPIIMHY € CTEIIeHU 2, ¥ NOJIydeHnblii rpad obosznaunm yepes G/, Bamerum, 4to
Ter = Te (Kak TOHOJOIHYECKUE IPOCTPAHCTBA, T. €. PABEHCTBO 03HAYAET TOMEO-
mopduam). [losromy mobyio cetsb I': T, — X tuna G MOXKHO paccMaTpUBaTh
kak cerh Tura G, n naobopor. Takas 3amena napamerpusyiomnero rpada cern
B JlaJibHEIeM Oy1eT Ha3bIBAThCsT nodpazbueruem peopa.

Tenepb BBeneM mouATHE nepenapamempusavun. Ilyers It Tg — X,
H — cBazubiit noarpad B G, npudem Bce pebpa rpacda H peajn3oBaHbl B ce-
i [ ToueuHbIMU KPUBBIME, T.e. 00pa3 Bcero nojrpada Ty — ojHa TOUKA.
Pacemorpum dakrop-rpad G/H, coorsercryonuii Tonosioruieckuii rpad u
cranfapruyio npoekmuio 7: Tg — Tg/g = T /Ty u onpenenuM ceth Ua/u
kak akrop-orobpaxkenne I'q/p: Tg/Ty — X, 1.e. T p(m(x)) = ['(x) nna
Joboro x € Tg. I'panuna dpaxrop-rpada onpejesnsiercs: Kak m-00pa3 rpaHmIbl
ucxonuoro rpada. Mbl OyeM TOBOPUTD, UTO JBE CETU OTIUYUAIOTCI Ha Nepend-
PAMEMPU3AUUIO, €CJIA OHHU JIMOO IOJIyUIAOTCs OJ[HA U3 JIPYIOil OIMCAHHOMI Olle-
parueii (rak »xe, kak I'q/g nonyuunnace u3 I'), b0 MoryT ObITh coe/[uHCHBI
KOHEYHO! IEIOYKOM ceTeil, B KOTOPOU KazK/ible JIBE COCEHAE CETU 1Oy Ial0TCs
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OJIHa M3 JIPYTO#f Takoii omepaliieil nim oneparueil mojapasonenus: pedpa.

[Ipu nepenapamerpusanum oOpa3 ceTu He MEHIETCsT — Mbl MEHsIeM JIUIIh
11pooOpa3bl 00Pa30B BEPIINH CeTH, Koe-TJe 100aBJisis, a Koe-Tjie yiaaJsis pedpa
HYJI€BO# JuHbl (BbIpOXKieHHbIe). C MOMOIIBIO HepernapaMeTpusaliil Beera,
MOYKHO M30aBUTHCsI OT BBIPOXK/ICHHBIX pebep. Ormerum, uro B [8] mis kiac-
ca cereil, OTJIMIAIOIIUXCS JIUIID IepernapaMeTpU3alueil, NCIoIb3yeTcs TepMUH
cemb-caed; HaM OH He TIOHaJ00UTCs.

Hepopmayueti cemu BCIOgy HMXKE MBI OyleM Ha3blBATh HapaMeTpUUe-
CKy10 jiecbopMaIiuio Jirob0il ceTu, IMOJIyUeHHON W3 JIAaHHON CeTH IepernapamMer-
pusanueil.

Mb1 OyjieM rOBOPUTH, 9TO K CETH MPUMEHUIH NOCAeJOBAMENbHOCTL de-
dopmayud, ecau ObLIa BLIMOJIHEHA KOHEUHAS IIOCTIEI0BATEILHOCTD Iepernapa-
MeTpu3aluii 1 napaMerpuiecKux jedopMalimii.

[Tycrs «: [a,b] — T — nekoropsiii ytsh. Torga nyrs I'o a: [a, b] —
Im(T") 6ynem maspiBath nymem 6 cemu I'. Ecmm myTh o — BIOXKeHHBIH (T.€.
COOTBETCTBYIOIEE OTOOPAKEHNE UHHLEKTUBHO ), TO MyTh | 0 av OyieM Ha3bIBATE
npocmuvim. Ecim myTh o — 3aMKHYTBIA, TO 11yTh I 0 v OyieM Ha3bIBATH UUKAOM
B cetu I'. Ecoim a(a) m a(b) — rpanndtbie BepIIMHbBI TONOJOTHYECKOTrO rpada,
TO IyTh 1" 0 v OyIeM Ha3BIBATD 2PAHUYHbLM.

Hawm nonamoburcs cienyromnas JieMMa, HEIOCPEICTBEHHO BBITEKAOIIAs
U3 OlpeJIeJICHUT.

Jlemmvma 1.1. Ecau odna cemov noayuwena us dpyzoti nocaedosamensvrocmyio
depopmayuti, Mo 0aA A100020 YUKAG UAU 2PAHUNHO20 NYMU 6 NEPeoti cemu
Hatdemes 20MOMONHLIT eMYy YUK UAU 2DAHUNHDBLT NYMb 60 6MOPOT Cemi.

1.3 OOBIKHOBEHHBIE CETH U CETM-OTOOpaKeHm’s

Cetrb I" Oyiem Ha3bIBATH HEcaMonepeceraw,etica, eCim npoodpas 0o TOUKM
r € Im(I") mpu coorsercrByiomem orobpaxenun [': T — X — sro qmbo
OJiHa TOUKA, JinOO cBsa3ublil mojarpad B T (T.e. Ty /71 HEKOTOPOTO CBS3HOTO
noarpada H C G).

Ecsin orobpaxkenue I': Ty — X OuekTuBHO, cerb OyjieM Ha3bIBATh 640-
orcennoti. dero, aTo 060 OOBIKHOBEHHO!N CETH OJTHO3HAYHO (¢ TOYHOCTBIO JI0
MOHOTOHHO} 3aMEHBI [TapaMeTPOB Ha PEOpax) COOTBETCTBYET BJIOXKECHHAS CETh.
O6patHro, Jiroboil HecaMorepeceKkaroIeicst ceT (CeTn-oToOPayKeHNI0) MOXKHO
OJIHO3HAYHO [OCTABUTL B COOTBETCTBUE OOBIKHOBEHHYIO CETb, LIPU 9TOM COOT-
BETCTBYIOIasi 9TOI OOBIKHOBEHHOI CETH BJIOXKEHHAas CeThb OyJeT OTIMJaThCs
OT MCXOJIHO HecaMoIiepeceKaroIeiicss ceTn Ha mepernapaMerpusainio. Boobdie,
CeTSIM, OTJIMYAIONIMMCS Ha TIeperapaMeTpu3alnio, COOTBETCTBYET OJIHA U Ta XKe
OOBIKHOBEHHASI CETh.
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Ecin B camorepecekaionmeicss et 9ucao TOYeK Iepecevuennst KOHeUHO,
TO eii TOXKe OJHO3HAYHO COOTBETCTBYET OOLIKHOBEHHAsI CETh, OJHAKO B 5TOM
caydae IpH rmepexojie K OObIKHOBEHHOI CeTH, pa3yMeeTcsl, TepsieTcss nHpOpMa-
IUsi — O TOM, KAKHE «HUTH» ¥ KaK ObLIU COEJMHEHbI B CETH-OTOODArKEHUH.

TaxuMm ob6pa3oM, pu padboTe ¢ BIOKEHHLIMUA CETSIMU HEBaXKHO, KaK OT-
HOCUTBCSI K CETH — KaK K OTOOParKeHHUIO WM KaK K OOBIKHOBEHHO# ceTH, T.e.
MHOXKeCTBY ToYeK. VI Mbl B Takux csydasix (Bo Beeil riiaBe 3, 38 HCKJIIOUYEHV-
eM pasjiesia 3.3.5) He OyJieM OIMpeIessiTh 0TOOpaXKeHUsT U OyJIeM UCIOIb30BATh
ompeJie/ieHe OOLIKHOBEHHON CEeTH.

1.4 Cxoagdmascd ImocJje10BaTeJIbHOCTh CeTeill.

Mpgr 6yeM TOBOPUTH, UTO MOCJIEIOBATEILHOCTL ceTeil [, ogHOro Tuma B Mer-
pudeckom mpocrparctse (X, d) cxodumea xk cern I' Toro xke Tuma, ecsn
MOXKHO BbIOpaTh NapaMerpusaliuu pebep 3TUX ceTeil Tak, 9TO OTOOPaXKEeHUsI
[',: Te — X cxousitest K orobpazkenuto I': Ty — X B paBHOMEpHO#t MeTpHKeE,
T. €. sup,er, (I (2), I'(2)) crpemuTea x mHymio npu n — 0o.

Jlemma 1.2. ITycmo '), — nocaedosamenvrnocmsv cemeti 00nozo muna 6 npo-
cmparcmee X, nmpurem OAUHbL cemeti 02PanUMeHs C8EPTY HEKOMOPOT KOH-
cmanmot, a 06padv, cemeti codePHCaAmMes 6 HEKOMOPOM PUKCUPOBAHHOM KOM-
naxme K. Tozda moorcro evibpame crodswyroca nodnocaedosamenvrocmo Iy,
npuuem dauna npedeavroti cemu ne npesocrodum liminfy ((1,,).

Hoxaszameavcmeo. Ilapamerpuzyem karkjoe pedPO KaxKJ0il ceTn OTPE3KOM
[0, 1] mpomopruoHaJIbHO HATYpAJTbHOMY MapaMerpy. B ckjeeHHOM U3 OTpes-
KOB IIpocTpaHcTBe Tz PacCMOTPHUM ecTecTBeHHYI0 MeTpuky. Ilosydaem cemeii-
cTBO oTobparkenuit I',, u3 Merpuueckoro komiakTa T B METPUUECKUNH KOM-
nakt K. VI3 orpaHuYeHHOCTH JIJIMHBL CEeTE CJiejlyeT OrPaHuIeHHOCTD JIJINH Pe-
Oep, 1 MOTOMY CeMeiicTBO OTOOpaXkKeHuit Oy/IeT paBHOCTEIIEHHO HEIIPEPbIBHBIM,
a 3HAYNT W3 ITOTO CEMEWCTBA MOYKHO BHIOPATH CXOASAILYIOCS TTOATIOCIEI0BA
TEeJBHOCTH (91O cJejcerBre 0600IeHHON Teopembl Apresa, cM. [9, ri. 2, § 7,
Teop. 7; § 8, Teop. 1|), mpudem Jist JJIHHBI TPEIETbHON CETH BBIMTOJTHEHA YKa-
3aHHas B TeOpeMe OIEHKa, T.K. COOTBETCTBYIOIAsl OllEHKA BepHa JJIsi KaK 100
pebpa cetu [9, 1. 2, § 8, Teop. 2|. O

JIemMma 1.3. Ecau nocaedosamenvrnocms cemet I',, cxodumesn x cemu 1’ 6 sno-
KAAbHO 00HOCBAZHOM MEMPUYECKOM npocmpancmee X ¢ eHympeHHet Mmem-
pukotli, mo das awbozo £ > 0 cywecmsyem ng makoe, 4mo npu n > nyg
cemv 'y, moorcno noaywumosv u3 cemu I napamempuveckoti degpopmavueri
enympu B ().
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Joxasamesvcmeo. Pacemorpum takoe € > 0, aro st o60it Touku z € Im(T)
map Ba. (2) 0HOCBSA3EH (3TO BOBMOXKHO B CHITY JIOKAJIbHO# OJIHOCBSI3HOCTH PO~
crpancrBa n kKomnakrHocrn Im(T')). Pacemorpum ng Takoe, uro juist n > nyg
cerb I'y: Tg — X yposiersopser nepasencrsy sup,er, d(Iy(u),I'(u)) < €
(cM. ompejiesieHre CXOMISIIEHCST TOCTE0BATELHOCTH BhIlie). Boibepem KoHew-
Hyto cucremy Touek {u;} C T, coepxKaliyio Bce BepIInHbl Tpada U Takylo,
qTO JYIst JIOOBIX JBYX COCeJHUX TOdeK u; u u; Bbmosneno (I, (uu;)) < e
n ((I'(ujuj)) < e, rme depe3 w;u; 0DO3HATEH ydACTOK DeOpa TOMOJIOrHIe-
cKoro rpacda, 3aKJII0UCHHBIH MEXKJy BbIOpaHHbIMKM TOUKaMu. B cuiy BbIOOpA
n > ng IS KaXKJI0To § CyHMEeCTBYeT MyTh 7; JUIMHBI He 0OJIee € M TaKoi, 4To
7(0) = I'(w), 7i(1) = I'y(w;). Urak, ecan u;, uj — cocepnne, TO KaxKblil u3
nyreit v, Iy (wiwg), 75, [(ww,) ne qunnee €, a 3HaMUT, BCe OHU COAEPKATCH
B mape Bo (I'(u;)). Dror map oiHOCBA3EH O TPEJIOIOKEHIIO, 3HATHUT, CyTIe-
cryer romoromus IV : [0,1] — Bo-(I'(u;)),t € [0,1] kpusoii Ty = T(uwu;) B
kpuByio 'Y = ', (uzu;) makas, ato [V (0) = ~,(t), I (1) = 'yj( ). Bormosmus
TAKyI0 TOMOTOINIO OJIHOBPEMEHHO JJIsl BCEX yYaCTKOB CeTH I, 3aKJ/IIOUEHHDBIX
MEXKJLy COCCJIHUMM OTMEYCHHBIMU TOYKAMM, MBI MOJYYUM HapaMeTPUIecKyIo
nedopmanuio ceru I' B cers 'y, (Bayrpu Bo.(I')), uro u TpeboBasiocs. O

1.5 Bwujapbl 3KcTpeMaJbHbIX CETEIA.

Kparuaiimmue cetu. Kpamuatiuet cemvro 111 HEKOTOPOIO MHOXKECTBa TOYEK
M C X nasbiBaercs cBsisHas ceTb |, coenunsitornas maoxkectso M (1.e. M C
Im(T)), econ I we juiunnee si060# cBsi3HO# cern, coepunsttoneii M.

JIokaJabHO MUWHUMAJIBHBIE CETU./[0KANDHO MUHUMANDHAA CEMB —
9T0, HePOPMAJIHHO TOBOPST, CETh, JII0Dasi JIOCTATOTHO MaJias 9acTh KOTOPOM siB-
JigeTcs KpaTJdaiileil ceTbio JIJIA CBOeil ecTecTBeHHOM TpaHuIbl. [ akkypar-
HOT'O OIIpejiesIeHUsT HaM IIOHAI0OUTCs MOHATHE A0kaAbHol cemu. Ilycts To —
ronojioruvdecknit rpad, P € Ty — nannas Touka. Ilycrs U — okpecTHOCTH
Toukd P B Tonosorundeckom rpade, He cojeprKalias lerejb U BEePIIUH Ipa-
da T, 3a uckmouennem touku P (ecim P — BepiumHa). DTa OKPECTHOCTD
€CTEeCTBEHHBIM 00pPa30M HaJIe/IIeTCs CTPYKTYPOil TOIOJIOIMYeCKOro rpada, Ko-
TOPBIt MBI OyIeM Ha3bIBATH A0KAAbHOIM 2padom B Touke P u obosnavars depes
Gy. Ero rpanuma no onpeenennio pasua 0Gy = 0U U (01 N {P}), tae qe-
pe3 J1¢ obosnadena rpanuiia rpacda Tg. Jokarvrnol cemvio B JaHHON TOUKe
P € T nazpiBaercst orpaHuveHne ceTu Ha JOKaJbHbIN rpad), ¢ COOTBETCTBYIO-
uieit rpanuneit. s gannoit ceru I' paccmorpum nmapaMerpusalinio, B KOTOPOit
HeT pebep HyJIeBOii JIJIMHBI, U 0DO3HAUKNM IIapaMeTPHU3YIOIINA TONOJIOIMIeCKHit
rpad yepes T, Eciu juis ji00oii Toukn B rpade 1 HalijieTcs JIoKaJbHasl CeTh,
KOTOpasi SIBJISIETCST KpaTJadiieit, To cerh I’ Ha3bIBaeTCs A0KGADHO MUHUMAAD-

16



noti. B nuccepraruu Oy1yT paccMaTpUBATHCS TOJIHKO HECAMOIIEPECEKAIOIIIeC s
JIOKQJIbHO MUHUMAaJIbHbIE CETH.

£-OKPECTHOCTh MHOXKeCTBa U ycToiiunBbie cetu. Yepes B. (M) Oy-
JieM 0DO3HaYaTh 3aMKHYTYIO £-OKpecTHOCTh MHOkectBa M C X B cMmblcie
BHYTPEHHEH METPUKHU MPOCTPAHCTBA X, T. €. MHOXKECTBO TOUYEK, KOTOPHIE MOXK-
HO COEJMHUTHL ¢ TOUKaMHU MHOXKecTBa M myTeMm jymHBI He Oosee €. Ecan ' —
cetb, To osokuM B.(I") = B.(Im(I")).

Cerp I' MBI OysieM Ha3bIBaTH £-Ycmotiuueot, ecan Jodas CeTh, MOJIY-
aennast u3 I' jepopmanueii suyrpu B.(I'), umeer ne MeHbliyio juiMHY, Yem
cerp I'. [Ipu 3aMene CjI0B «HE MEHBIIYIO» Ha CJIOBO «DOJILIIYIO» IIOJIYYIAETCS
ompejiesiene cmpozo £-yemotnueot cemu. Cerb (cmpozo) yemotuusa, ecnn
oHa (CTporo) e-ycroiiunba jijisi Hekoroporo € > 0.

1.6 Kpurepum jJ0KaJbHOII MMUHMMAJbHOCTH Ce€Teil U 3a-
MKHYTbIE€ JIOKAJbHO MWHUMAJIbHbIE CETU HA IMOBEPX-
HOCTU BBINYKJIBIX MHOTOI'PAHHUKOB

Teopema 1 (cum. [7, Teopema 3.1]). Cemsv I' na pumanosom mmozoobpasuu
AOKANLHO MUHUMAALHA M020a U MOALKO M020a, K020a 0na (603MOHCHO, NOCAE
NEPenapamempusayu) yoosAemeopAEm CACOYIOULUM YCAOGUAM:

® sce pébpa — zeodesuneckue,

® yeavl meocdy cocednumu pébpamu ne menvue 120°,

® gce gepuwuns, cmenenu 1 — epanustoie,

® G0 GCET BHYMPEHHUT GEPUIUHAT CMENEHU 2 Y204 MeAcdy pEOpamu pacen

180°.

B crarbe [4] mokazano, 4To Te XxKe caMble YCIOBUsT, 38 UCKITIOTCHUEM TeT-
BEPTOTO, HEOOXOMMBI JIJTsl JIOKAJbHOW MUHUMAJbHOCTH CETH B IPOCTPAHCTBAX
A. JI. AnekcanipoBa OrpaHMIeHHON KPUBU3HBI.

CeTb Ha3BIBACTCS 3aMKHYMOU, €CIIA €€ TPAHUIA, IIyCTa. SAMKHYTasl JIO-
KAJbHO MUHHUMAJbHAS CeTh, OUEBUIHO, HE MOXKET MMETh BEpIIUH CTeIeHH 1.
Jlerko mpoBepuTh, 9YTO CETHh HE MOXKET IIPOXOJNTH Yepe3 BEPIIHHBI BBIITYKJIOTO
MHOTOI'PAHHUKA, U UMEET MECTO CJIEAYIOINN KPUTEPUil.

Teopema 2 ([8, Teop. 5.30, ci1. 5.41]). Cemw na noseprrocmu 6unyxk.A020 MHO-
202PANHUKG ACAACTNCA 3AMENYMOT NOKANDHO MUNUMAALHOT MOo20a U MOALKO
mozda, xoz20a

® gce pébpa — eeodesuneckue,

® KaoicdasA GEPUWUNA UMEEM CMenens 2 Uil 3,

® Y204 MeoHcdy cmencHuMu pébpamu 6 eepuiunar cmeneny 3 pasen 120°; a
6 sepwunaxr cmenerny 2 — 180°.
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XoTsT 3aMKHYTBIE T€0/Ie3NIECKIE eCTECTBEHHO CUYUTATH JACTHBIM CJTyda-
eM MUHUMaJBHBIX ceTeil, Mbl OyjleM pacCMaTpUBATh JIUIIb CETU, OTJIMIHBIE OT
BaMKHYTOM Teoje3ntdeckoil. Mpl OyeM HasbiBaTh 3aMKHYThIE JIOKAJIHHO MUHM-
MaJibHbIE CETU Ha MHOIOIPAHHUKAX KPATKO MUHUMAJIBHBIMU CeTAMU. Bciory
OyJieM cUMTaTh, YTO BEPIINH CTENEeHN 2 B MUHUMAJBHON ceTu HeT. flcHO, 4TO
9TO HE OIPAHUYMBACT OOIHOCTH.

B pazjiesie 3.1.2 mMbl 110po0HO 00CY/IMM, KaK YCTPOEHbI I'e0jie3ndecKue
Ha TIOBEPXHOCTH BBITYKJIOIO MHOTOTPAHHUKA.

Honosinenne Kk 06pa3y MUHUMAJBHON CeTH Ha MHOTOIPAHHUKE COCTOUT
13 HECKOJBKUX KOMITOHET CBSI3HOCTH, KOTOPhIE MbI OyIeM Ha3bIBATH AUEUKAMU
CeTu.

Omnpenenenue. Munumasibuyio ceth OyjieM Ha3bIBATH NPOCMOT, €CJIN KaXK 1ast
eé siueiika, cojiepKuT He 0oJiee OJHON BepIIMHbI MHOTOrpaHHuka. OcrajbHble
MUHUMAaJbHBIE ceTH OyIeM Ha3bIBaTh HEITPOCTHIMHU.

Mb1 6ysem rosoputhb, dro Jjise cetu I'1, 'y B npocrpancrsax X, Xo 20-
MEOMOPPHDI, €CIIA CYIIEeCTBYeT roMeoMopdu3M mpocTpancTs X u Xa, mepeBo-
TSN ceTr APYT B JApyra. Keam JInHbl COOTBETCTBYIOMINUX TPU TOMEOMOPh 13-
Me PEDbep JIBYX ceTeil OMHAKOBBI, TO JIBe CeTH Oy/1eM Ha3bIBATh U3OMEMPULHbI-
M. 3]1eCh J1JIsI OOBIKHOBEHHBIX CeTell CI0Ba “TIepeBOJIsIUil ceTH JpyT B Apyra’
IIOHSATH COBCEM JIETKO — JIBA MHOYKECTBA IEPEXOJIdT JPYT B JAPYyTra IPU I'OMEO-
mMopdusme. B cityuae cereit-orodpaskenuii peub ujiér o rom, uro I'y: T — Xy,
I'y: T — X9 u romeomopdusm h: X; — X9 makos, uro I'y = hoI';.

Ilrockuti epagp — 5TO BIOXKEHHAsI CeTh Ha cdepe, paccMaTrpuBaeMasi ¢
TOYHOCTHIO JI0 TOMeoMopdu3Ma, cdephl. fAdueiikam ceTn coOTBETCTBYIOT 2pati
1JI0CKOro rpada. bByjiem roBopuTh, 4TO CeTh Ha MHOTOI'DAHHUKE Peanu3yem
mnockuit rpad G, ecau oHa fABJSIETCs IIPeACTaBUTeIeM 3TOrO ILIOCKOro rpada
KaK KJIacca TOMEOMOP(QHBIX CeTel.

Basewennvim epagom (G, w) GyeMm Ha3biBaTh Mapy, COCTOSIILYIO U3 TPa-
dba G = (V, E) u nojoxuresibHON BeCOBOI (DyHKIMU HA MHOXKECTBE ero pébep

w: FE—RT.
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I's1aBa 2

YeTONMYMBOCTD JIOKAJIBHO MIHNMAJIbHBIX
ceTem

Onpeiesiennst yCTORIUBOCTH U JIOKAJIHHON MUHUMAJBHOCTH ceTeil ObLin cdop-
MYyJUPOBaHbI B pazjesie 1.5.

2.1 Pe3yabTaThl

2.1.1 VYcTolumBOCTH JIOKAJHbHO MWHHMAJIBHBIX CETEl B IIPOCTPaH-
CTBaX HEIOJIOXKUTEJIbHON KPUBU3HBI

Besikast ycroitauBasi cerb B JIOKAJbHO OJIHOCBSI3HOM METPUICCKOM IPOCTPaH-
CTBE SIBJISIETCS JIOKAJIBHO MUHUMAJBHOMN (3TO JIEMKO JIOKA3aTh, KPOME TOTO, 9TO
TPpUBUAJBHOE CJIeJICTBHE TeopeMbl 4, KoTopas Oyjer chopMyaupoBaHa B pas-
nese 2.1.2 u gokasana B pasjede 2.3). O6parHoe yTBepXKeHne B 0OIIeM CJIy-
4ae HEBEPHO, HAIIPUMED, BCsiKasl HEeKpaTdaiillias reojesumdeckasi Ha cdepe He
ycToitauBa. Mbl JJOKaXKeM, UTO B IPOCTPAHCTBE HEIIOJOXKUTEIHLHON KPUBU3HBI B
cmbice A. JI. AjlekcanipoBa BestKast JIOKAJIHHO MUHUMAJIHHAS CETh YCTOWIMBA.
Cirosa «B cMmbiciie A. JI. AnekcanpoBay Mbl OyjeM JJisi KDATKOCTH OIYCKATh.
Ompejiesienre TakKWX MPOCTPAHCTB MOXKHO HalTH B KHUTEe [3], HEKOTOpBIE WX
cBoiicTBa MbI cchopMmysinpyeM B pazjesie 2.2. OTMeTuM, 9To KJIacc IPOCTPAHCTB
HEMOJIOKUTEIHLHON KPUBU3HBI COIEPXKUT, B UaCTHOCTH, PUMAHOBBI MHOI00Opa-
3Usl HEMOJIOXKUTEJIbHON CeKIIMOHHOW KPUBU3HBI, B TOM YHUCJIE €BKJIMJIOBBI IIPO-
CTPAHCTBA U JIOKAJBbHO €BKJIMJJIOBBI MHOIOOOPA3Ns.

Teopema 3. JlokarvHo MUHUMAADHGA CEMB 6 NOAHOM NPOCMPAHCMEE HENO-
NOACUMENDHOTL KPUBUSHDL OO-YCMOoUuusa, ¢ 6 NPoCmpaHcmee Cmpo20 0Mmpu-
UAMEALHOT KPUBUIHDL — CMPO20 0O-Ycmotuuea. Jlokarvho Munumasbroe de-
PEBO CMP0o20 OO-YCMOotuuBo 6 A1000M NPOCMPAHCMEE HENONOACUTEALHOUT KPU-
BU3HDL.

DTOT pe3yJibTaT MOXKHO paccMaTpUBaTh KaK 00ODIIEHHE aHAJOIMIHOIO
dakTa 151 TEOIe3MIECKUX B IPOCTPAHCTBAX HEIIOJOKUTEIHLHON KPUBU3HBI, CM.
JIeMMBI B HavaJie pazjena 2.2.
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[Tporun [10] B cirydae mOJHBIX PUMAHOBBIX MHOTOOOPA3Hii CTPOrO OTPHU-
IMaTeJbHON KPUBU3HBI JOKA3aJI, YTO CPEIU ceTell, ToJydatonuxcs mapaMeTpu-
Jeckoit pedopmaliueit u3 JaHHOi ceTu, cyiiecTByer He 0oJiee OJIHON JIOKAJIHLHO
MuHKUMaJIbHOM. Halle jlokazaresibcTBO TeopeMbl 3 OUeHb BO MHOI'OM 1HOBTOPSiET
paccyxaenust [Iponwna [10]. [To cyTu MbI ucnosb3yem Bce Te ke coobparke-
HUS BBIIYKJIOCTA METPUKM, HO JIJIs IPOCTPAHCTB OoJiee obtiero suga. O1Hako
Halll pe3yJibTar 1 TeopeMa u3 crarby |10] ormyaroTes He TOJBKO BUJOM HPO-
CTPAHCTB, HO M JIOKA3bIBaeMbIMU cBoMicTBaMu. OTpeaes M JijIsi KOMITAKTHBIX
JIOKAJILHO OJIHOCBA3HBIX TMPOCTPAHCTB JIBA CBOUCTBA.

CsoiictBo A. Bce jokajbHO MUHUMAJBHBIE CETH B JIAHHOM MPOCTPAHCTBE
CTPOro OO-yCTONYUBDI.

CsoiicTBO B. B nanHoM nmpocTpaHcTBe HUKaKas JIOKAJTbHO MUHUMAJIbHAA CETh
He MOXKeT OBITDH jJiecpopMaliueil mepesejieHa B JIpyryio JOKAJIHLHO MUHUMAJIHHYTO
CeTh.

Hama Teopema 3 yTBepKJaeT, UTO BCe TMPOCTPAHCTBA CTPOTO OTPHUIIA-
TeJILHON KPUBU3HBI 00/ 1atoT cBoiictBoM A, a pesyibrar [Iponuna [10] mo cytn
3aKJII0YAETCS B TOM, UTO BCE PUMAHOBBI MHOTOOOPa3usi CTPOIO OTPUIATEILHOM
CEeKIMOHHON KPUBU3HBI 00J1aa10T CBOCcTBOM 3.

Jlerko mokaszaTh, 9To 3 cBOficTBa A BCeryja BhITEKAET CBOHCTBO B (cM.
aemmy 2.1 muzke). BosmMoxkHO, 0OpaTHAst IMIUTHKAIHST TOXKE BEPHA U CBOMCTBA
A n B paBHOCHMJIbHBI, OJIHAKO ABTOPY JIMCCEPTAIMK JIOKA3aTh ITOT (aKT He
yJ1aJ10Ch.

Jlemma 2.1. Ecau xomnaxmmoe A0KGADHO 00HOCBA3HOE NPOCMPAHCME0 X 00-
aadaem ceoticmeom A, mo ono obaadaem u ceoticmeom B.

Hoxazameavemeso. Ilycrs B jganHom npocrpancrse X, 00J1aJaioleM CBO-
cTBOM A, JIOKaJbHO MUHUMAaJbHAs ceTh |9 mosydena medopmarmeii u3 Jo-
KaJbHO MUHUMAJLHON ceTr ['1, T. e., o onpenenenuio gedopmanun, K 'y mpu-
MEHWJIM TleperapaMerTpru3aliiio, Moy dujin IPU 9TOM HEKyto ceTh 1, a 3arem
napamerpuueckoil jedopmariueii nepesesu Iy B I's. Torya B cuity coiicrsa A
mst cetr 'y Beimoseno ((I'y) > £(I'g). C apyroii cropons, ceth 1] cBsazana
¢ cerpio I'y mapamerpuueckoit gedbopmarueii, T.e. I'] Mmoxer ObITh HOMyUeHA
nedopmanmeit uz ceru 'y, nosromy £(I'y) > ((I). Ho £(T)) = ((T), re.
omuospemento ((I'1) > ¢(Ty) u £(I'y) > ¢(I'y), nporuBopetme. ]

2.1.2 «¥YcTOolYnBOCTH» OTHOCUTEJBHO ITOCJIEA0BATEILHOCTH 1edop-
MaIiuit

Paccmorpum e-ycroiiunBoe JiepeBo. YCTOWUMBOCTH rapaHTUPYeT, YTO JIJIMHY
9TOrO JIepeBa HeJib3st yKOPOTUTh (e-Madioit) gedopmarueii. Ho, Moxer 6biTh,
JUTAHY 9TOrO JIepeBa MOYKHO YKOPOTHTH IMOCIEI0BATETLHOCTHIO JedopMarimii’?
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Ha puc. 1 MOXKHO YBUJETH TPUMED JABYX JIEPEBHEB, KOTOPHIE MOXKHO COEJIUHUTD
MIOCJIEJIOBATETLHOCTRIO JiepopMallnii, HO HEJTb3sl COeTMHUTD JlepopMaliei.

Hst pannoit cetn ' wepes O (') Mbr 0603HATAaEM MHOXKECTBO CeTeil,
KOTOpbI€ MOI'YT ObITh 1OJIy4YeHbl U3 ceTu [’ KOHEUHOH 110CJIe/I0BaTe/IbHOCTHIO
nedopmarwit Buytpu B ().

B cirestytorneit TeopemMe Mbl pacCMaTpUBaeM MeTPUIECKOe TPOCTPAHCTBO
C BHYTPEHHEN METPUKON (T. €. pacCTOsIHNE MEXK/1y TOYKaMU PaBHO TOYHOU HUZK-
Heil TpaHy JJIHH COSMHSIONIIX UX TyTeil) U HaKJIa/IbIBAeM YCJIOBUST JIOKATHHOI
OJTHOCBSI3HOCTH M JIOKAJILHOW KOMITAKTHOCTHU MPOCTPAHCTBA OTHOCUTEJIHHO JTOi
MeTPUKH (J1J1s1 KaxK IO TOYKHM BCE JIOCTATOUHO MaJible Maphbl ¢ IEHTPOM B Heil
KOMIIAKTHBI 1 OJiHOCBsi3HbI ). Haire jiokazaresberBo Oyjer CylecrBeHHO uC-
MOJIB30BATh BCE 3TU CBOMCTBA, XOTS BIIOJTHE BO3MOXKHO, UTO TEOPEMa, BepHa U
B OoJiee ODIIUX IIPEIIIOIOXKEHUSIX.

Teopema 4. IIycmv I' — gp-ycmotivusaa cemv 6 AOKAADHO KOMNAKMHOM A0~
KaAbHO 00HOCBAZHOM METMPULECKOM NPOCTMPAHCINGEE ¢ 6HYMPEHHET MEMPUKOT.

Tozda:
1) cywecmeyem € > 0 maxoe, wmo £(I") = minpco_ry £(D);
2) ecau npu amom cemv I' empozo eg-yemotinusa, mo ee dauna cmpozo mero-
we, wem dauna 110601 dpyeoti cemu us O (T);
3) ecau U — omxpoimas odnoceasnad okpecmmuocms obpasa cemu I') codep-
orcauganca 6 B-(I') (m.e. Im(I') C U C B.(I")), mo cemv I' — xpamuaii-
waa cpedu cemed, seorcawux 6 U u coedunarowux epanuyy cemu I

Hesib3st He 3aMeTUTh, YTO PE3yJbTAThl, 3aKJIOYEHHbIE B ITYHKTaX 1) 41
2) TeopeMbl, — OUYEeHb OXKUJAEMble, BeJlb MaJjas OKPECTHOCTb CeTH OUYeHb Ha-
MOMWHAET CaMy CeTb, ¥ TIOTOMY «CYIIeCTBEHHOE» W3MeHeHne KOMOMHATOPHOI
CTPYKTYPBI CETU, CKOPEe BCEro, TOJIbKO Y/JIMHUT CETh, & UMEHHO TaKOe U3Me-
HEHUE U OTJIMYAeT OCIe0BATELHOCTD JlepopMalinii oT pocTo jlepopMaliiu.
Tak 4aTo pas cerb ycroiiunBa u ee (MO OMPEJEJEHUIO YCTONIUBOCTH) HEJIb3sI
YKOPOTUTL OOLIUHOM JlepopMariyeii, TO eCTeCTBEHHO OXKWJIATh, YTO MPU «CY-
IIIECTBEHHOM» M3MEHEHUN KOMOMHATOPHOM CTPYKTYPhl CeTh TeM DoJjiee HeJib3s
YKOPOTHUTD.

Pesynbrar 3) unrepecen jiyist iepeBbeB. SICHO, 9TO B JIFOOOM JOCTATOTHO
XOPOIIIeM IIPOCTPAHCTBE y HECAMOIIEPECEKAIOIIEeT0Cs JepeBa eCTh MaJjiasd OJHO-
cBsi3Hast oKpecTHOCTh. Halpumep, oueBujiHO, 4TO B JiIFOOOM €BKJIMJIOBOM I1PO-
crparctee yxke B.(I') Oymer ognocmsizHOi mpu Majbix €. OJHAKO aBTOp He
yMeeT JOKa3bIBaTh cylecTBoBaHue U B MPOU3BOILHOM JIOKAJIBHO KOMIAKTHOM
JIOKQJIBHO OJITHOCBSI3HOM METPUYECKOM IIPOCTPAHCTBE.

DopMasibHOE JI0KA3aTEJbCTBO ITOW TEOPEMbI IIPUBEJIEHO B pasjeie 2.3.
C yueToMm TeopeMbl 3 TIOJIydaeM CJIeTyTolee CaeJCTBHE JIJIsi IPOCTPAHCTB HEelo-
JIOYKUTEJILHON KPUBU3HDL.
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CaencrBue 1. B 10KaAbHO KOMNAKMHOM NPOCMPAHCIMEE HENONOACUMEN-
not xpususnovs 6 cmuicae A. JI. Anexcandposa scakas A0KAADHO MUHUMANDHAA
cemdv I' das nexomopozo € asaaemca kpamuatiwet 6 xaacce O (I'). Jdokaarvro
munumasvroe depeco I' das nexomopozo € sasasemesn eduncmeennod kpams-
watwet cemvio 6 kaacce O ('), u daa a0601 odnoceasnot oxpecmmuocmu U
maxot, wmo Im(I") C U C B.(I"), cemo I asaaemca eduncmeennot xpam-
watiwed cemwvro cpedu cemed, coedunarouux epanuyy I' u aeorcawux 6 U. B
CAYUaE NPOCMPAHCINGA CMPO20 OMPUUAMEALHOT KPUSUSHYL 10004 AOKANOHO
munumasonas cemnv I asasemen eduncmeennot kpamyatwets 6 O (T).

2.2  YCTOI4YUBOCTH JIOKAJbHO MUHIMAJbHBIX CceTeil B IIPo-
CTPAHCTBAX HEMOJIOXKUTEJbHO KPUBU3HBI B CMbICJIE
A.Jl.AnekcanapoBa

PopMyIUPOBKY TeOpeMbl U KOMMeHTapuii cM. B pazzaene 2.1.1. Jlna madana
HpUBEJIEM HEOOXOIMMbIE HAM Pe3yJIbTaThbl O HPOCTPAHCTBAX HEIOJ0XKUTEIHLHOM
KPUBU3HBDI.

Jlemma 2.2 ((cwm. [3, Teopema 9.2.2])). B noanom 0dnocesasnom npocmpancmee
HENOAOHCUMENOHOT KPUBU3HDL A100bIE d6e MOUuKU COEOUHUMYL €QUHCMBEHHOT
2eodesuneckoti. Kaorcdoiil 2eodesuneckuti ompesok asisemcs kpamyatiuer.

Jlemma 2.3 ((cMm. |3, 3ameuanne 9.1.18, pazmen 9.2|)). Beakoe noanoe npo-
CIMPAHCNEO NENOAOACUMENPHOT, KPUBUSHY AOKAALHO 00HOCEAZNO, U NOMOMY
UMEEM AOKAALHO USOMEMPUUHOE YNUBEPCAALHOE HAKPLIMUE, NPUEM HAKDbL-
garousee NPOCMPAHCINGO ABAAECMCA NOAHLIM O0OHOCEAZHBIM TPOCTNPAHCTNEOM
HENOAOACUMENLHOT KPUBUSHDL.

CJIe,Z[CTBI/Ie 2. B noanom npocmparncmee HENONOHCUMENLHOU Kpusu3rsvl 6
KAHCAOM 20MOMONUYECKOM KAACCE rpuevlr C daHHBLMU KOHUAGMU CYUWECMBYEN
eduncmeennan zeodesuneckas. Ona asaaemcs %pam%aﬁwef& 6 IMOM Kaacce.

Jlemma 2.4 ((cm. |3, mpemmoxkenune 9.2.13])). Hycmo (X,d) — noanoe odro-
CEAZHOE NPOCTPAHCNEO HENOAOHCUMENLHOT KPUSU3HDL, (S), B(s) — 2eodesu-
weckue, NApaMempu306anuvle NPONOPYUOHAALHO HATYPAALHOMY NAPAMEMPY,
uau nocmoannoie kpusve. Tozda gynxuyua d(a(s), B(s)) — ewnykaa.

CaeacrBue 3. [lycmv X — noamnoe npocmpancmeo HenosoHcumensvrot Kpu-
susnol, a(s), B(s) — eeodesuueckue, napamempusosannvie NPONOPUUOHAALHO
HAMYPANLHOMY NAPAMEMPY, UL NOCTNOAHHBLE KPUBHLE, Tg — HENPEPLIEHOE Ce-
meticmeo zeodesuneckux, coedunmouur mouky os) u B(s). Toeda dynryus
l(og) — eunykaa.
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Sameuanue 1. Ecin X — npocTpaHcTBO CTPOro OTPUIATENLHON KPUBU3HEI,
10 dyukius ¢(os) U3 CACICTBUS 3 CTPOTO BBIMYKJIA, JJist JTIOO0I HEITOCTOSHHOI

nedopmalun o.

Jloxazamenavcmeo. s jokasareberBa CIeCTBIS PACCMOTPUM YHUBEPCAJ b
HOE JIOKAJIbHO U30METPUYHOE HAKPLITUE HPOCTPAHCTBA X U LHOAHATHE FOMOTO-
U 04 KPUBOIi 0(. B HAKpbLIBAIOIEM IIPOCTPAHCTBE PACCTOSTHIE MEXKLY IIPO00-
pasamu ToueK «($), 3(s) Oymer B TOYHOCTH PABHO JJINHE eJIMHCTBEHHON COe/-
HSTOIIEH MX Pe0JIe3UIeCcKOi, T.e. JUIMHE Mpoobpasa 1myTn oy (eM. Jgemmy 2.3).
Ho 1npu poekiyu JyInHbl My Teil COXPaHsIIOTCs, IOITOMY 3TO PACCTOSIHIE PABHO
JUIMHE KpuBOii 0g. Ocraercs NPUMEHUTH JieMMmy 2.4, ]

T'eodesuneckoti cemwio OyieM Ha3bIBATH CETh, KayK10€ PEOPO KOTOPOil —
WJIM HATYPAJIbHO APAMETPU30BAHHAs! 1€0JI€3UIeCKast, UK HOCTOsiHHAS (TOUeu-
nast) KpuBas. U3ssectno (cum. [8]), uro Ha pumanosom mmnoz006pasuu Beskas
JIOKAJILHO MUHUMAJIbHAS CeTh SABJISAETCA IKCMPEMAALHOT, T. €. 9TO J1Jis 000
nedopmanuu [y J10KaJIbHO MUHUMAJILHON ceTu 'y BBIIOJIHSIETCsI HEPABEHCTBO
%f (Ty) ‘ o = 0, eciu Ta ponssojiHast cymectsyer. Cieyionas Jjemma — 310
HEKOTOPBII aHaJIOr 3TOH TEOpeMbI JIJIs IPOCTPAHCTB HEIOJIOXKUTETbHON KPH-
BU3HBDI.

Jlemma 2.5. ITyemv Hy, t € [0, 1], — napamempuneckan deopmarus 6 Kaac-
ce eeodesuneckur cemel AOKAALHO MUuHUMaAbHOT cemu Hy 6 npocmpancmee
HENOAOHCUMENOHOT KPUBUIHDL, NPULEM OAL KAHCIOT SEPUUHDL U NAPAMEMPU-
ayrowezo 2paga kpusas Hy(v) — usu moveunas, uasu zeodedureckan, napa-
MEMPU0BANHAL NPONOPUUOHAALHO HAMYPAALHOMY napamempy. Tozda cyuie-
CMBYEM U HEOMPUUAMENDHA NPABAA NPOU3EBOOHAA ONUHDL CEMU:

d
—((H > 0.
dt (%) t=0

oxasamensvcmeo. Ilycrs G — rpady, mapaMeTpusyomuii Hallld ceTr. '1oraa

(H) = S ),

e€E(G)

Paccmorpum

d
—L(Hy(e))

dt t=0
7t (bUKCHPOBAHHOTO pebpa € ¢ KOoHIamu vy, vy. Kcim pedbpo Hy(e) — He To-
YEUYHOE, TO MOXKHO HAIPSMYIO IIPUMEHUTH (DaKT, [IPUBEJIEHHbIN B 3, Teopema
4.5.6, ynpaxuenwue 4.5.10], u mosryanTsh, 9TO MpaBasi MPOU3BOHAS CYIIIECTBYET

U paBHA

d
—/((Hy(e)) = —kj cosay — kg cos a,
dt t=0
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rie k;j = ((Hy(vj)) (ymua KpuBoii, oHa yKe paBHa «CKOPOCTH», T.e. Koadbu-
[UEHTY [POIOPIMOHAILHOCTH MEXKYy HAIlUM [apaMeTpOM Ha KPUBOW U HATy-
PaJILHBIM [TAPAMETPOM), & (v — yros Mexjy reojesutecknmu Hoy(e) n Hy(v;)
B Touke Ho(v;).

Eciu xe Hy(e) — Toueunas Kpupasi, TO HaM JOCTATOTHO TOTO (haKTa,
4TO IIPOU3BOJIHA

d
G )|

cymectyer. Jokaxkem 370. IIycth € = viv9. Ecim xoTst ObI OfHA M3 KPUBBIX
Hi(v1), Hi(vg) — roueunasi, TO Hallle CyHIECTBOBAHUE IPOU3BOIHON OUEBHJIHO
(mockosbky dyuknus auneiina). [lycts remeps Hy(vy), Hi(ve) — HEBBIPOK ICH-
HbIE T€0JIe3NTECKNE, TOT/IA ONpe/Ie/eHa BeININHA ¢ YIUIa MEXK Ty HUMH, DABHAT
110 ONPEJICJICHIIO TTPEJIENTy BEJIMUUH COOTBETCTBYIONINX YIVIOB B TPEYrOJbHUKAX
cpaBHeHUsi. B yacrTHOCTH, OHA paBHA 1IpEJIe/y BEJMYUH yIJIOB IJIOCKUX Tpe-
YTOJNILHUKOB ¢ jiimnHaMu cTopou ((Hi(e)), kit, kot (obosnavenus Te xe, 91O n
BBIINIE), & YIJIbI TJIOCKUX TPEYTOJLHUKOB JIEPKO TTOCUYUTATE 0 TeopeMe KOCHHY-
cos. Tora
o — 1 ) (850 = ()
t—0+ 2k1k2t2
OTKY/Ia CJIEYEeT, ITO TPEIeT

lim ((Hy(e))
t—0+ t

cymectsyer (n pasen \/k? + k3 — 2kikg cos ).
st kaok1oit Bepiuabl v € V(G) paceMorpum poodpas

Hy ' (Ho(v)).

DTO HEKOTOPHIH CBs3HbII ToArpad rpada G, Bce pedbpa KOTOPOTO peaTn30BaHbI
TOYEUYHBIMU KPUBBIMU B ceTu Hy, B TOM ducjie 3ToT nojrpad MOoKeT OKa3aTb-
cs caMoil BepinuHoi v. Kaykiplit Takoit noarpad OyaeM Has3bIBaTb MoYe4HOTl
KOMNOHEHMOT.

Urak, nmponsBojiHast JUIMHBI CETU CYIIECTBYET U PACKJ/IAJIbIBAETCH B CYM-
My IPOUBBOJHBIX JINH pedep. [IpuueM npousBonHast pebpa HEHYJIEBOH JIJINHbBI
eCTb CyMMa, JIBYX cjlaraeMbIX, KaxKJi0e U3 KOTOPBIX 3aBUCUT OT OJIHOI'O U3 KOH-
110B 3Toro pebpa. Ileperpynmnupyem ciaraembie:

d
)| =3a0),

rje T upoberaer BCEBO3MOXKHbBIE TOYEUHbIe KOMIOHEHTbI cetn Hy, a A(T) —
CyMMa TPOU3BOJIHBIX HYJIEBBIX pebep KOMIOHEHTHI T U CJIATAEMBIX BUJA
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—k cos v, COOTBETCTBYIOIINX JIEXKAIIIUM B T KOHIIAM HEBBIPDOXKJICHHBIX pebep
ceru Hy.

Terneps OysieM J0Ka3bIBATH HAIIY JIEMMY OT ITPOTUBHOTO. [Ipe/inoioxum,
4710

%K(Ht(e)) < 0,

t=0
TOrJla HalJIeTcss HEKOTOpas ToOYedHas KOMIOHeHTa T Takas, 910 A(7) < 0.
Bpewmenno cjenaem nepernapamerpusaiuio cetu Hy tak, 4Tobbl B Heil HE ObLIO
pebep HyJieBoit jibl. Torjia B Ty TOUYKY, B KOTOPYIO OTODpaXkaJiach ToYevdHast
KOMIIOHEHTa, T, OyieT 0ToOparkaThCsi POBHO OJIHA BEPIIUHA CETH, 0DO3HAUNM €€
vyepes v. [1o ornpejiesieHno JJOKaJIHLHO MUHUMAJIHLHOW CETH HEKOTOPast JJOKAJJhHas
cetb ['pe € IIEHTPOM B BepimHe v siBjisiercs: Kpardaiiieir. Cemaem nepenapa-
MEeTPHU3AINI0 ceTu [y TaK, YTOOBI BMECTO BEPIIMHBLI U CHOBA ObLIa TOYEUHAS
KOMIIOHEHTa, T, U CJeJaeM IapaMerpudeckyio jedopmainio ['.; 9Toi cerw,
[IPY KOTOPO# BEPIIMHBI KOMIIOHEHTDI T JIBUXKYTCSI 110 TEM K€ KPUBBIM, U4TO U B
ciiydae ucxojHoi jedopmarun cetu Hy, rpaHudHbie BepiiuHbl cetu [, Hero-
JIBU2KHBI, a Bce pedpa B mporiecce jiepopMaliiil peagu3yioTcs reoie3nIecKIMu
M3 HY?>KHOI'O TOMOTOIIHYECKOTO KJIacca (TaKue reoJIe3uIecKue OMpeesIeHbl OJi-
HO3HAYHO, M. caegicrBue 2). Tora u3 npuBe/IeHHbIX BhIIE PACCy K JICHHUT SCHO,
ITO

d
Eg(rloct) o - A(T),

1o A(7) < 0 1Mo HaIIEeMy TPEIIONOKEHUIO. DTO 3HAUUT, UTO
g(Floct) < e(rloc)

MPU MaJibIX 3HAYEHUSAX {, 4TO MPOTUBOPEUYUT TOMY (PakTy, 4TO ceTh ['lo. —
Kparuaiiias. Jlemma jiokazana. L]

Tenepnb nepeiijieM K OCHOBHOM 3a/1ade 3TOTO pasjiesia — J0Ka3aTeJTbLCTBY
teopembl 3. Ilycrs I' — jlanHas JIOKaJbHO MUHUMAJbHAs CETh B NPOCTPaH-
crBe X. PaccMoTpuM Ipom3BOJIBHYIO TepernapaMeTpusanuio cetu I' u npons-
BOJIBHYIO IIapaMeTPUIECKYI0 JedopMalliio, IIepeBoJIdallyo ceTh ' B HEKOTOPYIO
ceTh, KOTOPYIO MBI OyjieM obosnadarh yepes I, Byjgem cumrarn, uro cetu I'
[V mapamerpusosannsl rpacdom G. Hama neab — nocTpouTsh ¢ NOMOLIBIO CETH
[ nexoropyio nedopmanuio H; cern Hy = I, yI0BICTBOPSIONIYIO YCIOBUSIM
JIEMMBI 2.0, 1 U3 HEPABEHCTBA

d

—V(H. >
dt (H:) o 0

HEKOTOPbIM 00Pa30M BbIBECTH, UTO



YTO U YTBEPKIACTCS B TEOPEME.

st kaxx0r0 HEeBBIpOXKAeHHOTO B cetr [ pebpa e € F(G) ¢ xoHnamu
u, v paccMoTpuM reojiesndeckyto ¢ koumamu [V(u), [V(v) u3 romoronuveckoro
kiacca Kpupoit [7(e), obosnadum ee uyepes ['1(e) (cm. caepcrsue 2). Cuena-
eM IapaMeTpuiecKylo jedopMannio cetu 17, HENOABMIKHYIO Ha BepHIMHAX 1
BBIPOXK/JICHHBIX peOpax M MEePeBOJIAIIYI0 KaxK10e HeBbIpOXKIeHHOe pebpo 1V (e)
B COOTBETCTBYIONLYIO reojesndeckyio 1'1(e). [Mosyuennyio B pesysibrare cerhb
obozuaunM uyepes I'y.

glcno, uro cers I’ MOXKeT OBITH TTOJTyYeHa MapaMeTpHIecKoil JedopmMa-
nueit uz cern I'. Obosnaunm rakyiwo jgedopmanuio vepes 'y, s € [0,1]. Hus
Kax10it Bepumubl v € V(G) pacemorpum nyrh I'g(v). Yepes v,(s) obozua-
UM IeoJIe3NICCKYIO ¢ TeMU ¥Ke KOHIIAME U3 TOTO YK€ TOMOTONNYECKOTO KJIacca,
nmapaMeTpu30BaHHy0 oTpe3koM [0, 1] mponopIoHa bHO HATYPAJTBLHOMY Hapa-
Merpy (caeacrsue 2).

Hnst kaxgoro pebpa e € F(G) ¢ KOHIMAMHU v1,Vy U JIJIST KAXKJOTO
s € [0,1] paccMOTPUM Teofe3nIecKyto ¢ KOHIAME Yy, (S) U 7y, (S) U3 romo-
TOTIMYECKOTO KJlacCa KPUBOM

(Yor (8) [0,51) 0 T'(€) © (7 (1) [0,91):

rjie depes o 0003HAUYEHO [POU3BEJIEHUE IyTel. DTy Ie0jIe3ndecKyio 0003Ha-
anm 1depe3 Hg(e). UsBecrno, uto Hg(e) menpepniBHO 3aBucutT oT S (cMm. |3,
npeoxkerne 9.1.17, reopemy o riobasuzaruu|). [losTomy coBokymHOCTD Teo-
nesndecknx {Hg(e) | e € E(G)}, s € [0,1], ecrecrBenubiM 06pa3oM 3ajaet
napamerpudeckyio jedopmanuio Hy cern Hy = I', upuuem Hy = I'y.

[To crepcTBuIo 3 juinHA Kaxk0ro pedpa cetu Hy — BblykJjiast QyHKIUs
ot s. CienoBaresibHo, 1 JiyinHa cet Hg — BbilyKjast PYyHKIUS OT §, KaK CyMMa,
BBITYKJIbIX (DYHKIWIA. B cuity BbIyK/i0cTH

Ho no nemme 2.5 nponsBomHasd

d
—/ HS 2 )
ds ( ) 5=0 !

orkyja caenyer, aro {(Hy) — ¢(Hy) > 0. Suaqnr,
(T = 4(Ty) = €(Hy) = ((Hy) = £(T).

Taxum 06pa3oM, JIOKA3aHO, YTO POU3BOJIbHAS CeTh 17, mOyYeHHas napamer-
pudecKoit gedpopmaniueit paciieneHus cetu [, uMeeT He MEHBIIYIO JITUHY, YeM
I', a s3maunr, cerb I' — ycroituuBa. B cuny 3amedanus 1 sicHO, 9TO B MPOCTpaH-
crBe crporo orpunaresbhoii kpusustbl £(IV) > ¢(T") ecau Tonbko ve IV = T,
T. €. UMEET MECTO CTPOTras YCTONIUBOCTH ceTn [
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Crporag ycroituuBocTh gepesBa. Ham ocranoch J0Ka3aTh CTPOTyIO
YCTOWIMBOCTD JIJIsi cirydasi, Korja I — gepeso. Ilpemnonoxnm, aro ((I7) =
¢(T"). Torma ¢(Hy) = €(Hy), n, B cuiy Beinykioctu, {(Hy) = ((Hy) = {(T), s €
[0, 1]. Bosiee Toro, 1HOCKOJILKY JijiMHa CETH paBHA CyMME JUIMH pebep, a Jjijiu-
Ha, KaxKJI0ro pedpa — BbIIyKJas (GyHKIUS OT S, TO U3 TOrO, YTO JIJIMHA CeTH
HOCTOSIHHA, CJICJYET, YTO JIJIMHA KaxKJ0ro pebpa — JuHeilHass (OyHKIys.

Jlemma 2.6. Bepwunoe cemu I' = Hy menodsustcruv, npu dedpopmavuu Hy,
m.e. I'(v) = Hg(v) Vs € [0,1],v € V(G).

Hoxazameavcmeo. Bee rpaHrdHbIe BEPIIMHBI HEIOJBUXKHBI 110 MOCTPOCHHIO.
[IpoBesiem 0Ka3aTEJHLCTBO MHYKIMEH 110 ducay Bepiina. OTMeTuM, 9To JIIst
CeTH, UMEIOIIEH JIUIb JIBE BEPIIUHBI, JeMMa OYeBU/IHA, TaK Kak 00e OHU 00si-
3aHbI OBITH IPAHUIHBIMH.

Eciu B fiepeBe HalijieTcs BUCsYast BEPIIMHA P, HHIMACHTHAaS HEKOTOPOI
BepIHe U crerneHn 2 (KOTopasi B CHJly HAIErO COMJIAIIEHUsI TOXKE sBJISAETC
'PDAHUYHON ), TO MOXKHO YJaJIUTh U3 ceru pebpo pu U TeM CaMmbiM lepeiiTu K
JIOKAJIbHO MUHUMAJILHOW CEeTU ¢ MEHBIIUM YMCJIOM BepIIuH. B nporuBHOM City-
qae HaliJIeTcst Tapa BUCSIUX BEPIIUH P U ¢, UMEOIINX 00IIyt0 BepIuHy u (JIJ1st
JIOKa3aTe/IbCTBA CYNIECTBOBAHUST TAKOW Taphl JOCTATOTHO YJIAJIUTh U3 JIEPEBa,
BCe BUCSYNE peOpa U PacCMOTPETh B HOBOM JiepeBe JII0OYI0 BUCSIUYIO BEPIIU-
iy ). Jokaxkem, aTo BepimuHa u HenojBr:KHA 1pu jgedopmarmu. [locte sroro
MOXKHO OyjieT BIOPOCUTE pedpa pu u qu w3 Hallei ceru u 00bSIBUTH BEPIITHHY
u — rpannunoit. HoBasi cerb, oueBu iHO, cHOBa Oy/1eT JIOKAJIbHO MUHUMAJILHOIA,
U OorpaHMUeHME Ha Hee Hallell jgedopmaruu OyjeT o6JiaaTh BCEMH CBOCTBa-
MU, KOTOpPbIE UMEJINCH Y UCXOIHOM Jgedopmalrnn. B HOBO# cetn Bepmnn Oyer
MEHbBIIIe, & 3HAYHUT JIJIsl Hee BEPHO MPEJIITOI0KEHNE MHTYKI[UNA O HEIOIBUXKHOCTH
BepmnH. CJieI0BaTeNIbHO, U Y UCXOIHON CETH BCe BEPUINHBI OBLIN HEIIOBUXKHEI,
U IIar WHJYKIUN CJIeJIaH.

Ocrajoch nMokasaTh, 9TO BEPINWHA U HEIOABMKHa. Kak ObLIO MOKa3aHO
BbIIIE, JUIMHA KaxKJ0ro pedpa — JjmHeitHas yHkims or §. OTMeTum, 910 Bee
cetn H, 1oKaJIbHO MUHUMAJILHBI, TAK KaK HHAYE UX MOXKHO ObLIIO ObI YKOPOTHUTD
MaJI0il nedopManyeil 1 nosyIuTh cerh I ¢rporo MeHblei JIMHbL, 9YeM ceTh 1.
[Ipudem Besikylo Takylo ceTh MOXKHO ObLJIO Obl 1ojiyunTh u3 cetu I napamer-
puueckoii gedopMaliueit BHyTpH Bg(F). DTO HPOTUBOPEUUT YK€ JIOKA3ZAHHOIM
qaCTU Hallleil TeOPEeMbI.

Ecmu pmmna pebpa Hg(pu) paBra HY/10 XOTsi Obl MDY JIBYX 3HAUEHUSIX
S, TO, KaK JiuHelHast PYHKINs, OHa JOJKHA ObITh TOXKIECTBEHHO PaBHA, HYJIIO,
U TOrJa OYEBMJIHO, UTO BEpIINHA U HemoaBu:KHa. Jlajiee paccmMaTpuBaeM 3Ha-
deHus S, TIPU KOTOPbIX 00a pebpa Hy(pu) u Hy(qu) nMeroT HEeHYIEeBYIO JJIHHY.
Ecsin pedbpo pu pean3oBaHO HEBBIPOXK JICHHON I'€01€3UUECKOM, TO ITPOU3BOHAS
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ero JIIMHBI BBIPAXKAETCA (POPMYIIOit

d
£€(Hs(pu)) = —k cos a,,

rjie k — 1OCTOsiHHasi CKOPOCTh, C KOTOPOil 0O0pa3 BepIIMHbI U4 €JIeT 10 I'eo/ie-

S$=S80

suueckoit Hg(u), a as, — yrost mexty reojesuueckumu Hy (pu) u Hg(u) (npu
OTIpEJICJICHUN YTUIa TIepBasl reojie3ntdecKas OPUEHTHPOBAHA OT U K P, a BTO-
pasi — B HalpaBJieHUN yBeJanderns napamerpa s). Ecan k = 0, 1o BeprmHa u
HENOJIBUXKHA U BCE JIOKA3aHO, a B IPOTUBHOM CJIydae U3 JIMHEHHOCTH QYHKIMHI
((H,(pu)) BBITEKAET, UTO 3HATECHUE COS (g, TIOCTOSTHHO, & 3HATHT, TIOCTOSTHHO TT0
So ¥ 3HaUenue yria Mexy reojesudeckumu Hy (pu) n Hy(u). [losromy masee
MbI BCIOJIY HCIOJIB3YEM, UTO (s = (.

Paccmorpum  00pasoBaHHbIH HAIIMMU  PEOJI3UIECKUME  TPEYTIOJIbHUK
A ¢ Bepmmuamu B Toukax Hy(p), Hy (u), Hs,(u). OueBugno, 910 3TOT
TPEYTOJMBHUK-KOHTYD OrpanuduBaer juck. Ho /s craruBaeMoro rpeyrosbiu-
K& B [IPOCTPAHCTBE HEMOJIOKUTEbHON KPUBU3HbI BBITOJHIETCS YCJIOBUE CPaB-
HEHHUS YTIIOB: €r0 YIJIBI He MPEBOCXOJIAT COOTBETCTBYIONIUX YTIIOB TPEYTOTHHUKA,
C TeMH 2Ke JUTMHAMI CTOPOH Ha €BKJIHIOBOM mockocT (cM. |3, Teopema 9.2.9]).
Bamerum, aT0o yriabl Tpeyroibauka A B BeprmHax Hg (u) w Hg,(u) B cymme
JIal0T He MeHblle T (OJiMH U3 HUX PaBEeH (v, a JPYroil He MeHblle T — oy, T.K.
CyMMa CMEXKHBIX YIJIOB HE MEHBINE 7). SHAUNT, TPETHil yroJ Tpeyroabauka A
PaBEeH HYJIO, ¥ BCE YIVIbl TPEYTOIbLHIKA CDABHEHUS PABHDI YIJIAM TPEYTOJbHUKA,
A. Toryia TpeyrofbHUK CPABHEHUST — BbIPOXKJICHHbIH, 1, TIOCKOJIbKY BEPIITHHbI
Hg (u) u Hy,(u) ne coBuajaor, jsa yria TpeyrojbHUKa, JOJKHbL ObITh PABHbI
HYJTIO, & TPETHil PaBeH 7. YTJIbI TPeyroIbHUKA A NMEIOT Te XKe 3HAUCHNUS, T. €.
cropoubl Tpeyrosbanka Ho(p)Hs, (u)Hs,(u) nexar Ha OJHON Teo/e3MIecKoil
JUIst JII0ObIX 3HAYEHUH S1, S M3 HEKOTOPOrO MHTepBasa. 3adUKCUPyeM HEKO-
TOpBIE S1, S2. AHasornwHO, cTopons! Tpeyronbuuka Hoy(q)Hy, (u) Hy, (u) mexar
Ha OJTHOI TeO/Ie3UTECKOi. Y ITUX JBYX TPEYTOJHHUKOB €CTh OOINas CTOPOHA
Hg (u)H,,(u) — y9acTok reoie3uvecKoii, o KOTOPO# BEpIUHA U JIBUYKETCS
upu jiepopmanuu. Touku Hy(p), Hy(q) He siexar Ha 3TOM OTPE3KE, IIOCKOJIbKY
MBI BbIOpaJI UHTEPBaJ, Ha KOTOPOM JIJINHBI pedep pu U qu He OOHYJISIOTCS.

BosmoxHbl  JiBa ciaydasi: JnOO B OJHOM TPEYrOJbHUKE (CKaxKeM,
Ho(p)Hs, (u)Hs,(u)) yron LH, (u) = m, a B apyrom — yroa ZHg, (u) = m,
b0 B 000WX TPEYTOJBHUKAX 3HAYCHWE T MMEET YTOJ ¢ BEPIIHHON B OHON 1
TOi1 Ke TouKe, cKaxeM, H (u).

B nepsoM ciydae mnojydaem, 9TO JJIsT KaXKJI0TO S,51 < S < So,
peopa Hy(pu) n Hg(qu) BMecre 06pasyioT OjIHY TEOJE3UUECKYT0, TOCKOJIbKY
pebpo H(pu) — 3sro uactsb reogpesudeckoit Ho(p)Hs,(u), pebpo Hg(qu) —
910 dacTh reomesumueckoin Ho(q)Hs, (u), a reomesmueckue Hy(p)Hs,(u) u
Hy(q)Hy, (u) umeror obmmit orpesok H (u)Hg,(u) u, ciejgosaresibHo, cojep-
XKarest B o0MIeit reojesndeckoit, coenunsiiormeit Hy(p) u Hy(q) (ma puc. 2.1
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H(uw)  p () ,,(u) Ho(q)

Pwuc. 2.1: [lepssrit corydaii.

Hy(v) H.(v)

Puc. 2.2: Cymma 8 yriios.

roukn Hy(p), Hy, (u), Hs(u), Hy,(u), Hy(q) crieruanbHo HApUCOBAHBI He JIeKa-
UMK HA OJJHOI TIPSIMOM, HO MBI TOJILKO UTO JIOKA3aJIM, YTO OHU JIeXKAT Ha OJ[HOM
reojiesnueckoii). Pacemorpuum erre 01HO pedpo, HHIMIECHTHOE BEPIIMHE U, HA30-
BeM ero uv. [lockonbky Bee cetn H IOKATHHO MEHIMAJBHBI, TO YTIIbI, KOTOPBIE

pebpo Hg(uv) obpasyer ¢ pebpamu Hg(pu), Hs(qu) mpu KazkjaoM § JIOJKHBI

ObITH HE MEHbIIe 2?” (em. [4]). Pacemorpum nyth Hg(v), o KoTopoMy JIBHZKET-

cst BepimHa v. Ecii Obl 9707 1y Th ObLI MOCTOSHHBIM (TOYEYHBIM ), TO ObL1 ObI

crarusaemblilt Tpeyroasunk Hy(v)Hy, (u)H,(u), B xoropom ZH, (u) > % n

ZH,,(u) > %ﬁ, a 9TO MPOTUBOPEIUT TOMY (PAKTy, ITO CYyMMa yTJIOB TPEYTOJIb-
Huka He Gosibine 7. 3uauut, Hy(v) — Hekoropasi reojiesudeckas. Paccmorpum
JIBa MOMEHTa BpeMeHHu a, b.

Teopesuueckue Hy(v) (a < s < b), Hy(uv), Hg(u) (a < s < b), Hy(uv)

00pa3yIoT CTATMBACMbII YeTHIPEXYTOJLHNAK, CYMMa YIJIOB KOTOPOTO He GoJIbIIe

4r

3
27

cyMMa yriaos npu sepumnax H,(v), Hy(v) ne 6ombire 5. Tenepn pacemoTpuM

27, HO cyMMa ero yrios npu BeprinHax H,(u) u Hy(u) ve Menbine <, 3HauuT,
IIsITh MOMEHTOB BpeMeHn s = a, b, c,d,e, s1 < a < b<c<d<e< sy, uobpa-
TUM BHUMaHWUE Ha CyMMY S BOCBME YIVIOB YEThIPEX COOTBETCTBYIOIIUX YeThi-
pexyronbHuKoB pu Bepinaax H,(v), Hy(v), H.(v), Hg(v), H.(v), cm. puc. 2.2.
CymMa cMeXHBIX yIIoB He Menbire 7. [losromy S > 3w. Ho, ¢ apyroit cropo-
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HBI, B KAyKJOM YETLIPEXYTOJLHUKE CyMMa JIBYX «BEPXHUX» YIJIOB 110 JOKA3AH-
HOMY BbILIEe He DOJIbIIe, 9eM %’T, nosromy S < %”. [Iporusopeune 3apepiiaer
JIOKa3aTEJILCTBO TIEPBOrO CIydast.

Bo Bropom ciiyuae okasbiBaercs, 4To yrosi mexjy pebpamu H, (pu) u
Hg,(qu) pasen mymo, u cetb Hg, MOXHO TPUBHAJBHBIM 00PA30M YKODOTHUTD
B MaJioil okpectHocT Hg, (1), 9T0 IPOTUBOPEIUT JIOKAJTHHONH MUHAMAJILHOCTH

cetn H,,. Jlemma nokazana. ]

OcraJjoch 3aMeTUTh, 4TO IPHU JedopMaliuu Bce pedpa 10 OIpeIe/IeHIIO
SIBJISTIOTCST T€OIE3NIEeCKUMHI, & 3HATUT B CUJIY CJICJICTBUS 2 W3 HETOJBUKHOCTH
BCEX BEPIIUH CJiejlyer HenojBrKHOCTh cetu. [losromy I' = I'1. A nockosbky
Kaxkji0e peopo cetu I 102KHO OBITH He JUIMHHEE COOTBETCTBYIOIIEro pedpa
ceru I'y u jexkur B TOM 2Ke romoronuueckoMm kisacce, To IV = I'y = T, uro u
3aBepInaeT J0Ka3aTeIhCTBO TEOPEMbI 3.

2.3  «YCTOMYMBOCTH» OTHOCHUTEJIHbHO IIOCJIeJOBATEIHHO-
ctu gedopmaiimi

DopMyMPOBKY TeopeMbl, KomMeHTapuii u onpejesenue Kiacca O (I') cm. B
pazjese 2.1.2. B srom pazene gepes X = (X, d) Bcrojry 0603HAUEHO JIOKAJTBHO
OJIHOCBSI3HOE 1 JIOKAJbHO KOMIIAKTHOE METPUIECKOE IIPOCTPAHCTBO ¢ BHYTPEH-
Heil MeTPUKOIA.

st okazareanhcTBa MEpBOi 9acTh TeopeMbl 4 JIOKayKeM CJIE YOIy o
JIEMMY.

Jlemma 2.7. Ilycmo I — npoussosvras necamonepecerarouwaaca cemo 6 X.
IIyemov €, — 04+ u '), € O, (I') maxue, wmo

(r'y,)— inf 4(D 0
(r) — | inf (D) =

En

npu n — 0o. Toeda cywecmeyem nodnocaedosamenvrocmo ny, u cemu I, €
O, (I') marue, wmo £(T'}, ) < L(I'y,) u xascdyro Iy, mooicno noaywumy us T
depopmavuets enympu B, (T'), 2de e, — 0+

Hoxazameavcmeo. Haima nepsasi 1iesib — BbIOpaTh U3 mociegoBareibuoctu 1,
CXOJISAIIYIOCS TOJIIIOCIEIOBATEILHOCTD. JJIst 9TOr0 Hy»>KHa, 110/1110C/I€/I0BATE b-
HOCTb CeTeil OJIHOIO THIIa, HO IIOKa BIIOJIHE MOXKET OKa3aThCsd, UTO Bce cetu [,
UMEIOT pas3Hblil TUI. Y TOOBI OrPAHUINTE YNCJIO BO3MOXKHBIX THIIOB, HY?KHO HC-
KJIIOYUTH HAJIMIUE [UKJIOB ¥ BUCSUMX BEPIIUMH B HEOIPAHUIEHHOM KOJUIECTBE.
DTOMYy IMOCBAIIEHA CJEAYIONas JeMMa.

Jlemma 2.8. Jlaa scaroid cemu D € OL(I') matdemca cemv D' € O.(T),

HE UMEIOULAA HELPANUNHILT 6ePULUN cneneny 1 U 2, cmAzu6aeMbls Yuki08 U
maxaa, wmo ((D") < (D).
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Qucao pebep 6 cemu D' ne boavwe nexomopoti eeaununve N, xomopas
onpedeaaemca cemuvro 1.

Hoxasamenavcmeo. IlepBasg qacTh — 0UeBUIHOE CIEJICTBHUE CJICAYIONIEH JTEMMBL.

JlemMma 2.9.

1) Ecau 6 cemu D € O(T') ecmv cmazusaemwudi 6 B:(I') yuka, mo npu
ydanernuu a106020 pebpa smozo yuksa us cemu D nosyuuswancs cemn
no-npestcuemy 6ydem aeocamv ¢ O ().

2) IIpu ydasenuu pebpa, unyudenmnozo mezpanuunol 6ucavel GepuLuHE,
cemv ocmaemcs 6 O ().

3) Ipu ydarenuu us cemu nezpanuywnot sepwunos cmeneny 2 u 0bsedunenuy
deyr unyudenmuuix et pebep 6 odno cemwv ocmaemes 6 O (T).

Jokasamenrvcmeo. Ilycrs cerb D € O ('), .e. D mMoxer ObITH MOJIyUeHA U3
" nocieosaressnoctbio jedopmanuit Buyrpu Be(T). TIpojoskum 1y nocie-
JIOBATEJILHOCTh — CJeJaeM MapaMeTpUiecKyio gedopMalino cetn [, cTaruba-
IOIIYI0 JIAHHBIA UK/ B TOUKY, HEIIOJBUXKHYIO BHE pedep, UMEIOIUX C UKJIOM
o0IIMe BEPIINHDBI, U «IIPOJIJIEBAIOILYI0» pebdpa, NMeIolne ¢ HUKJIOM 00IIre Bep-
IIMHBI, HO HE BXOJsINNE B HEro. B pe3yibrare Mbl MOJIydaeM CeTh, B KOTOPOIf
JIAHHBIA ITHUKJ oTobpaxkaercs B Touky. CrenaeMm mepenapaMeTpu3alliio STOi
ceTHu, yjajuB B rpade u3 JIaHHOI'O IUKJIa Jroboe pedbpo. 3areM cjiejiaeM Iapa-
MEeTPUYECKYIO JiepOpMaliio HOBOM ceTu, 0OPaTHYIO BHIIOJHEHHOMY JIO 9TOIO
cXKaTUIO NUKJIa. B pesynabrare mosyunMm cerb D', orimgaronryiocs or cetu D
OTCYTCTBHUEM HEKOTOPOI'o pedpa JAHHOI'O IHKJIA.

B cayuae ynajenus pedpa, WHIIUJICHTHOIO BUCsUel HEIPAHUIHON Bep-
IIUHE, CUTYyalUs ellle Mpolle, — JIOCTATOYHO CTSAHYThH 9TO PedPO B CBOIO HEBU-
CAUYIO BEPIIUHY U CAEJATh IepernapaMeTpusalun CeTH.

B nynkTe 3) m0cTaTouHO CeIaTh Onepaluio, 0OpaTHyo K Hoapa3bme-
HUIO pebpa, a 3Ta ornepalyst — 10 OIPeIeJCHUIO OJIMH U3 BUJIOB HeperapaMmer-
pusalum. [l

JokazkeM BTOpyIO 4acTh jeMMbl 2.8. Hepes v, e u v, ¢/ 0bo3nauum 4uc-
70 BepmmH 1 pebep cereit I' mw D', a 4epe3s n — YMCIO TPAHWYHBIX BEpIINH
(oHO OMHAKOBO B JiBYX ceTsX). [lockosbky Bee BHyTpenHue Bepimibl cetu D’
MMEIOT CTeleHb He MeHee Tpex, BoinosHeno: 3(v' — n) +n < 2¢/. C apyroit
CTOPOHBI, TIOCKOJILKY B cer D' HeT CTArnBaeMbIX IMKJIOB U KaXKJblil IUKJ B
cetu D' romororen nHekoropomy 1mukiy B cetu I' (emma 1.1), nukaomarmte-
ckoe unciio rpada cetu D' me 6oabiie, yem rpada cetu I', r.e. ¢/ — v < e—w.
3 nByx nepasencrs nosydaem 3(v' —n) +n+3(e’ —v') < 2¢/ +3(e —v), 1.e.
e < 2n+3(e —v). O

Nrak, 3aMeHuM ¢ HOMOIIBIO JieMMbl 2.8 Kax/iyto cerb [, Ha cerb 1.
Teneps unciio pedep B CeTSIX OIPaHUMYEHO HEKOTOPOH KOHCTAHTOH, MO3TOMY
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MOXKHO BLIOpATh MOJIIOCIEI0BATEILHOCTL CeTell, MapaMeTpPU30BAHHBIX OJHUAM
¥ TeM >Ke TUIIOM, KOTOPbIi Mbl 0b0o3HauuM depes G'. Ilo semme 1.2 BoibGepem
CXOJISITILYFOCST TIOJIITIOCTIEIOBATELHOCTE CeTell, KOTOPYIO CHOBa 0603HAUNM Yepe3
I[N Hpenenbuyio cerb oboznadum yepes IV, Tockosbky Im(IY) € B, (I') jus
kax10ro n, 7o Im(I") C Im(T). ITo semme 1.3 cetp [V moker 6pITH mapamer-
pudeckoii jiepopmalieil BHyTpH JIF0O0M MaJjioii -OKPECTHOCTH IIepEeBeJICHa B
cerb I npu Beex jocrarodno 6osibiux n. 3Hauut, B acraoctu, IV € O, (T')
npu Beex 1 (mockoabky I € O, (1)).

Hoxkaxem Ternepb, ato Im (1) = Im(T"). [Iycrs kakas-to Touka P cetu
I okazasmach BHE 0bpasa cern V. PaccMoTpum npocToil NUKJ MIv rpannyHblii
1yTh 7y B ceru ', npoxojisiiuit yepe3 rouky P. Ilo jiemme 1.1 cymiecrByer muk
VIV TPAHUIHBIN Ty Th ' B cetn [V, romoronustii mytu v B B, (I') (151 mio6oro
en). Hockombky Im(IV) C Im(T), myTs 7' ogrOBpeMenHO mpescTaBisier coboit
v nyTh B cetn I, Ho 7 # ~/, Tak Kak HyTh 7y IPOXOAUT 4Uepe3 Touky P, a
myTh 7 — Her. CyMMa 3TuX myTeil aeT HeTPUBUAJBHBI (T. €. He TOMOTOIHBII
mymio uytpu Im(I')) nukn B cetu I', craruBaemsiii B B, (I') mus moboro e,.
[TporuBopeune.

Buaunt, Im(I") = Im(I") u, nockosibky cerb I' — Hecamorniepecekarora-
sicst, To £(I) = ¢(T"). Kpowme Toro,

() =1lim inf ¢(D) <4(T),
e DeO.(I)

saaant, ((I") = ¢(I") u Kaxkgast BHyTpEHHSIsI TOUKA KaXKJJOT0 HEBBIPOXK ICHHOTO
pebpa cern I npunajuiexxut o6pasy Junib ojHoro pebpa ceru IV, Urtak, obpas
cern I comepkurest B obpase naweil nexognoit cern I, npuduem 110 Kaxkjiomy
HEBLIPOXKIeHHOMY yuacTKy ceru I cerb IV nmpoxoaut snmin oxHaxk bl OTcioa
BBITEKAET, YTO KaK/0e HEBLIPOXK IeHHOe pebpo cetu I’ coBnalaeT ¢ HEKOTOPHIM
pebpom cern IV (¢ Troanocrbio j1o BeIGOpa napamerpa Ha Kpusoii). Kpome Toro,
BoInosiHeHa jemMa 1.1, mostomy pebpa cern IV, coorBeTcTBYONME CMEKHBIM
HEBBIPOXKICHHBIM pebpam B cetr ' (00I1Iy10 BepIinHy KOTOPBIX 0003HATUM te-
pes A = I'(v)), nmmbo cmexubl B cetn 1V, mbo coepunennr B cern IV myrem,
orobpaxkaloIuMcst B 109Ky A. D10 03HaUaeT, 4T0 MOXKHO Cje/iaTh Hepernapa-
MeTPU3AIUIO ceT [, nmpespalamoonyio ee B ceth 1.

Ho panee Mbl JloKazaju, 9T0 jjist Jg00oro € > 0 mpu BeeX JOCTATOYHO
Goabmx n cerb I Moxker ObITH mapamMerpuueckoii nedopmanyeil nepeseaena
B cerb I ) 1e. jist siio6oro € > 0 1ipu Beex JIocTarovHo 60dbiux n cerb [ 11o-
aydena u3 ceru I' necdbopmarmeii Baytpu B (1), oTKy1a u BeITeKaeT Tpebyemoe
B JIeMMe. [

[Tokarkem, 9TO U3 TOJBKO 9TO JOKA3aHHOI JIEeMMbI BBITEKAET yTBEPAKIe-
uue 1) reopembl. Ecsin Ob1 yTBepxkjenne 1) reopeMbl ObLIO HEBEPHO, TO JIJIsi
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KazKJI0T0 €, Hamuiach 061 ceth [, € O, (I') makas, aro (I'),) < (') u

, 1
4(T,) — inf 4(D)| < —.
Deo,, (') n
Ho no snemme 2.7 jj1si HEKOTOPOI IOJIIOCJIEI0BATE/ILHOCTA Ny CETH F;Lk 1o-
Jyuenbl u3 ceru ' jgedopmalniueil BHyTpu B%k(F), a BHAYNUT, B CHUJY E(-
YCTOMYNBOCTH, HadMHas C HEKOTOPOTO MOMEHTa HMMeIT JINHY He MeHb-
. /
me £(I') — nporusopeune ¢ onenkoit £(I7 ) < (T,,) < £(T).

Jliist JlokazaTesibCTBa BTOPOH 4acT TeopeMbl 4 1PeJIoJI0KUM, YTO JiJis
KaXKJIOTO €, U3 HEKOTOPOH TOCJeJ0BAaTeNbHOCTH £, — (04 CyIiecTByeT ceTb
[, # T makas, aro ((I'),) = ¢(I"). Paccmorpum cymiectByiomniyo mo jemme 2.7

/ /

nocaenoparenbrocrs I, - € O, (I') taxyio, uro ((I7,) < £(I'y,), n kaxyio

/ . o
I',, Moxuo mosyunts u3 I' gedopmanueit suyrpu Be, (I'). B cumy crporoii
yCTORYMBOCTH HaunHas ¢ HekoToporo Momenta £(I', ) = ¢(I') w cern I', u I’
PaBHBI ¢ TOYHOCTHIO JIO NepernapaMeTpusalii. cHo, 4To pu yJIadeHnn «JIi-

!/
nnx» pedep us 'y, npu nepexoje k I', B jiemme 2.8 MOryT ObITh yjjajieHbl
TOJILKO pebpa HyJNeBOW JJINHEBL, T.e. cetu [, paBubl cetn I' ¢ TOYHOCTBIO 110
nepernapaMeTpusaliuy, YTO NPOTUBOPEYNT HalleMy Tpejanosoxenuto '), # I
OcraBiasicsi TpeTbsi 9acTh TeopeMbl 4 ode-

BUJIHBIM 00PA30M BbITEKAeT U3 1IePBOI YacTu u cJie-
JVIOIIEl JIEMMDI.

Jlemma 2.10. Ecau odnoceasmnan oxpecmmuocms U
maxosa, wmo Im(I') C U C B.(I'), mo mobas P
cemn, codeparcawasca 6 U u umerousas my osrce 2pa-

nuyy, wmo u L', codeporcumes ¢ O (T).

oxazameavcmeo. Pacemorpum IPOU3BOJILHY IO

ceTb, cojiepxaliyiocss B U u uMeronyio Ty xe

rpanuity, uro u I', cMm. puc. 2.3. Cuenaem nepenapa- Puc. 2.3: [lepeso MOXKHO Je-
METPU3AINI0 TaK, 9TOObI BCE TPAHUYHBIC BEPITUHbI (I’ORMHPOBaTb B CETH THIA
uMesn crerenb 1. 3arem mapaMerpuueckoit gedop- oo TR
Mallieil CTSSHeM B TOYKHU BCe IUKJIBI B 3Toi ceTu. [loce mepenapamerpusaiuu
nosiyauM Jiepeso D. Tenepb, 0ueBUIHO, HEKOTOPOIl TapaMeTpuiecKoit gedop-
marein Dy, 0 < ¢ < 1 BayTpu obpasa cern D (1. e. Im(D;) C Im(D)) moxHO
JI0OUTHCs, 4TOOBLI BCe BHYyTpEHHHWE BepIIMHbI cetu [J] u ojiHa I'paHUuuHAs
0TOOPaYKaAJNCh B HEKOTOPYIO TOUKY P, U B 9Ty K€ TOYKY OTOOpasKaJiuch BCe
pebpa, 3a uckmodenueM |0 — 1 pebep, coenumsonux Dy (P) ¢ ocTaabHbIME
rpanndHbiMU Bepiinaamu (depes |01 0603HAUEHO YHCIO IPAHUYHBIX BEpIIUH
cetu I'). Tlocme mepemapaMerpusaliui MOJyYUM CETh THIA «3BE3J0UKay (C
eIUHCTBEHHON BHYTpPEHHEH BepmHHoﬁ). fcHo, 4To srOOBIE JIBE CETH THUIIA

«3BE3/0YKa» C OJIHON M TOW »Ke TPaHUuIeil COCUHAIOTCI HapaMeTpPUIecKOin
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nedopmaliieil BHYTPU OJHOCBsA3HON okpectHoctn U. Takum obpasom, Bce
ceTn, cojiepxkarmuecd B U u uMmeronye Ty »Ke TpPaHHIly, UTOo # ', cBA3aHBI
MeXKJIy cODOIl 110C/IeoBATE/IbHOCTHIO JedOpMAaIinil, a 3HATUT, BCE OHU JIeXKaT

B O(T). ]
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I's1aBa 3

BaMKHyTbIe JIOKAJIbHO MMHNMaAJIbHbIC
CE€TU Ha BbLIIIYKJIbBIX MHOI'OI'DaHHHNKAX

3.1 Omnpegenenus n npeaBapuTeIbHbIE PE3YIbTATHI

3.1.1 MmuororpaHHUKW, MHOTOTPAHHbIE METPUKN U Pa3BEPTKMU.

Omnpenenenue. Muororpantoit MeTpukoil OyJeM Ha3bIBAThb BHYTPEHHIO
METPUKY Ha JIBYMEPHOM MHOT000pa3uk, OTHOCUTE/HHO KOTOPOH Kaykjlas BHYT-
pPEeHHsisi TOYKa MHOI0O0Opa3usi UMeeT OKPECTHOCTh, U30METPUUIHYIO JINOO ILJ10C-
KOMY KpPYTYy, JIHOO OKPECTHOCTH BEPIIMHBI KOHYCA C IJIOCKOH METpUKOii, a
KayKJ[as I'paHnydfas TOUYKa MHOTOOOpa3us UMeeT OKPECTHOCTD, N30METPUIHYTO
OKPECTHOCTHU BEPIINHBI CEKTOPa C IJIOCKOU METPUKOI.

3/1eChb METPUKA HA3BIBACTCS GHYMpPeHHet, eCJu PACCTOSTHUE MEXK LYy JIF0-
ObIMU JIByMsI TOYKAMU PABHO TOYHOW HUXKHEH I'PaHM JJIMH COEJIMHSIONIUX X
KpuBLIX. [loj cexmopom ¢ MOTHBIM yTJIOM @ < 27 MBI MOHUMaeM CEKTOp Ha
IIJIOCKOCTH, OIPAHUYIEHHBIN JIBYMS JIy4aMU C OOIIMM HAYaJIOM M YIVIOM (¢ MEXK-
iy mumu. oy xonycom ¢ OJIHBIM yIJIoM (¢ < 27 Mbl [IOHUMAEM METPUYECKOE
HPOCTPAHCTBO, MOJYYEHHOE U3 CEKTOPa € YIVIOM (¢ OTOXK/JIECTBJICHUEM JIBYX €0
IpaHUYHBIX Jy4deil. PaccMarpuBas yHuBepcaabHOE HAKPBITUE HAJT MIJIOCKOCTHIO
6e3 OJIHOI TOYKHM, JIEI'KO OIIPEJICJUTh CEKTOP U KOHYC C IIOJIHBIM YIJIOM, 0OJIb-
UM 277, HO HaM OHU He TOHA I00ATCs, TO9TOMY Mbl HE TIPUBOJIUM IO POOHDIE
OTIpeJIeJICHUSI.

fcHo, 9TO Ha KOMIIAKTHOM MHOI'00Opa3uy ¢ MHOI'OIPAHHONI METPUKOi
HaliJIETCs JIUIb KOHEYHOE YMCJI0 TOYEK, He UMEIUX M30MEeTPUYHON KpyTy
OKPECTHOCTU. DTU TOYKHU MbI OyJIeM HA3bIBATH GEPULUHAMU MHOTOTPDAHHON MeT-
puK#. Kpueusia BEPIINHBI IO OIPEICJICHUIO paBHA 27T MUHYC NOAHGIT 1204 TIPA
9TOi BepInuHe (T.e. TOJIHBI yToJI IIPU BEPIIHHE KOHYCA, KOTOPOMY H30METPU-
Ha OKPECTHOCTH JlaHHOi Bepimabl). [Ipo ocraibHbie BHYyTpeHHIE TOYKH Oy/1eM
I'OBOPUTDH, YTO OHU UMENM HYAEEYI0 KpuudHy. Mbl OyjileM paccMarpuBaTh
TOJIBKO MHOTOT'PAHHbIE METPUKU HEOMPUUAGMENdHOT KPUSU3HDL, T.€. METPUKH,
B KOTOPBHIX KPUBU3HbBI BCEX BEPIIUH MOJOXKUTETHHBI.
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J171s1 KOHKPETHOrO 3a/IaHisl MHOIOTPAHHON METPUKHM MbI OYJIeM HCIOJIb-
30BaTh MOHATHE Pa36EPMKY B ceyonieM cMbicie |[1]. Pacemorpum mpoussosib-
HOEe KOHEYHOE CeMelCTBO IIJIOCKUX MHOIOYTOJIbHUKOB. Ha MHOXKecTBe X ¢cTOpOoH
3a/1JIUM NPAsUAG CKACTUKU, T.€. YKAXKEM Mapbl COOTBETCTBYIOIINUX JIPYT JIPYTY
CTOPOH U JIJId KaxKJIOM mapbl 3a/1aJIUM U30METPHUIO OJIHOI CTOPOHBI Ha JIPYTYIO.
(CoorBeTcTByfOIUE CTOPOHBI JIOJKHBI UMETh OJMHAKOBYIO JHHY.) Kaxkmias
CTOPOHA, JIOJKHA COOTBETCTBOBATH He Oojiee, deMm ojHoil apyroi cropone. Co-
OTBETCTBOBATH JIPYT JPYTY MOTYT B TOM YHCJE€ U CTOPOHBI OJIHOTO U TOTO YKe
MHOTOYTOJIbHUAKA.

Onpenenenne. Pa3pépTka — 3TO KOHEUHOE CEeMEHCTBO MHOIOYTOJbLHUKOB U
IpaBUJIa CKJIEUKH UX CTOPOH, yJIOBJIETBOPSAIONINE ONUCAHHBIM BBIIIE YCIOBUAM.

Terepb paccMOTPUM JIMIBIOHKTHOE OOBETUHEHUE BCEX MHOTOYTOJILHU-
KOB Pa3BEPTKU U OTOXKJECTBUM B HEM TOUYKHM CTOPOH, COOTBETCTBYIOIIUE JPYT
JPYTY [PHU BHIODAHHBIX M30METPHsIX («CKJIEHM» MHOIOYTOJbHUKH BJIOJIb HEKO-
TOPbIX CTOPOH, 10JpadyMeBaercs aOCTPaKTHOE OTOXKJIECTBJIEHUE TOYeK, 0e3
MPUBA3KN K KAKUM-JTUO0 CKJIEMBAHUSIM U CTHOAHUAM (DUBUIECKIX MHOTOYTOJIb-
HUKOB B TPEXMepHOM mpocTpancTie). [losyuentnoe Tomosornieckoe mpocTpaH-
CTBO €CTECTBEHHBIM 00Pa30M HaJIEJIsieTCsl BHYTPEHHEH METPUKON — PaccTosiHu-
eM MeXK/JTy JIByMsl TOUKaMHU CUATaeM WH(MUMYM JJTHH COCIMHAIONINX WX TTyTeH.
3/iech JIIMHA MyTH, MPOXOLAIIEro Mo OJHOMY MHOTOYTOJILHUKY BBIUUCJISAETCS
B OOBIUHOI €BKJIMJ/IOBOW MeTpUKe, a JIJINHA ITPOU3BOJILHOTO IIyTH PaBHA CyMMe
JUIMH 11yTell B IPOU3BOJILHOM Pa30UeHUn JIAaHHOT'O 1IyTH Ha 4aCTH, KaxK/as u3
KOTOPBIX COJEPXKUTCA B OJITHOM MHOTOyTroJibHUKe. OUeBUIHO, YTO B pe3y/abTaTe
MoJIydaeTcst MPOCTPAHCTBO ¢ MHOTOI'PAHHON METPUKOM B CMBICJIE HAIEro Olpe-
JleJienus, jJanHoro B pasjesie 3.1.1. B sarom ciiydae OyjieM rOBOpUTH, YTO 3Ta
pa3eépmira 3adaém amy MHO0202PAHHYI0 MEMPUKY, U ITO 3Ta PA3BEPTKA €CTh
pazeépmira dannoti Muozozparnot mempuru. Mbl OyeM roBOpUTh O pa3BEPTKE
KaK O METPUYECKOM TIPOCTPAHCTBE, UMesl B BUJLY 3Ty METPUKY.

ObparHo, J11060e KOMIIAKTHOE TPOCTPAHCTBO ¢ MHOTOTPAHHOW METPUKOM
MOKeT OBITH IMPEJICTABICHO B BHJIE PAa3BEPTKH, T.€. JIONMYCKaeT pas3OueHue Ha,
JaCTH, U30METPUIHbBIE TJIOCKUM MHOT'OYTOJbHIKAM. DTO JIEI'KO IPOBEPUTD: TI0-
KpbIBae€M IPOCTPAHCTBO KOHEYHBIM HMCJIOM MaJEHbKUX IJIOCKUX TPEyTrOJIbHU-
KOB (BOODIIE TOBOPSI, MEPEKPBIBAIOIINXCS ), & 3aT€M TaCTH, HA KOTOPbIE TDAHM-
I[bI 9TUX TPEYTOJbHUKOB pa3OMBAIOT MPOCTPAHCTBO, OObABISIEM MHOTOYTOJIb-
HUKAMW Pa3BEPTKHU.

Hesvipootcdertvim uinykivim MHo202pannukom OyieM Ha3bIBATH I'PAHN-
11y BBIMYKJION 060JI0UKN HECKOILKIX TOYeK B R®, He JIeyKAIIX B OJHOM MIOCKO-
cru. Bupoorcdenmvim sunyravim mmozozparnnurom (WIin 06ascdve nokpoLmoLM
BUNYKABM MH020Y200bHUKOM) OyjieM HasbiBaTh chepy, CHaAOKEHHYIO MHOIO-
I'PAHHON METPUKOI, pa3BEPTKA KOTOPOI COCTOUT U3 JIBYX PaBHbIX BbIIIYKJIbIX
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MHOTOYTOJIbHUKOB, CKJIEEHHBIX IO COOTBETCTBEHHBIM CTOPOHaM. Besjme HuUKe
I0JI CJIOBAMHU <«GbINYKAGIT MHO202PAHHUKS WU IPOCTO «MHO202paHHUK» Oy-
JIeM TIOHMMAaTh BBIPOXKJEHHBIH WM HEBBIPOXKIEHHBIN BBIMYKJIbIF MHOIOTI'PaH-
HiK B R3.

Omnpeneaenne. [loanvili y2os 6epuwuHDL MHO202PAHHUKA — ITO CYMMa YIJIOB
rpaHeii MHOIOIpaHHUKa [IPU ITOU BepIIUHE.

Omnpeneaenune. Kpususznol eepuiunvt MH0202paHHUKG Ha3HIBAETC BEJIUINHA,
paBHas 27 MUHYC TOJIHBII YTOJI B 3TOI BepllnHe.

fcro, 910 ecrecTBeHHAs BHYTPEHH:S METPHKA Ha BBIIYKJIOM MHOIO-
TpaHHNKe SBJISIETCS MHOTOTPAHHOI METPHKON MOJIOKHUTENBHO KPUBU3HBI (N
KPUBHU3HBI BEPIIUH 9TOH METPUKH DAaBHbI KPUBU3HAM BEPIIUH MHOTOTDAHHH-
Ka). Bepro u obparHoe.

Teopema 5 (|1]). Aaa 410607 mHo202pannot Mempuky noAOAHCUMEALHOT KPU-
GU3HBL HA CHEPe CYuecmeyem unykAvll MHo202pannuk, 0baadarouyut 5mot
MEMPUKOT. IMom MHO202PAHHUK ONpedeséH 00HO3HANHO ¢ MOYHOCTILIO 00
deusicenua ¢ R, 6 mom wucae mobas usomempus (6 cmvicae ernympenmet

MEMPUKU) MHO20ZDAHHUKG HA CEOA MONCEM OVIMb PEAAUI0BAHA OGUINCEHUEM
3
6 R”.

13 aBTOPCKOTO JIOKA3aTENHCTBA TIOC/E/IHEH TeOpeMbl, a UMEHHO u3 |1,
.2 8§20 2 u . 4§ 2 siemMa 3] HENOCPEJICTBEHHO BbITEKAET CJIEJLYIONIee
YTBEp:KICHIE.

Jlemma 3.1. Omobpasicenue, cmasawee 6 coomeememeue dannot MHo202Pa-
HOT, MeMPUKE BVINYKALT MHO202DAHHUK, HENPEPLIEHO OTHOCUMEABHO CAEYI0-
wux monono2utl. Jlee MHo202parHvle MEMPUKU ¢ 00UHAKOGHIM YUCAOM GEPULUH
E-0AU3KU, ECAU CYULLCMBYIOM UL PA3GEPMKU, COCTMOAUUE AUUD U3 MPEY204b-
HUKO6 U uMenuue 00unakosoe Komburamoproe cmpoenue (m.e. 2omeomopgh-
Hole KAK MPUaH2YAAULUY chepul), COOMBEMCmEyusue Cmopots. KOmopulr 0m-
aunaomes me bosee, wem Ha €. flea mmozoepannura ¢ 00UHAKOBLIM “YUCAOM
sepuU E-6AUSKU, ECAU UT MOIICHO PACTOoA0dcUmb 6 R mak, wmobu, paccmo-
AHUE MEHCAY COOMBEMEMBYIOULUMU GEPULUHAMU OBLAO MEHBULE E.

Boaee mozo, npu smom omobpascenun, 06pas 2panut, MHo20Y20AHUKOG
PA3GEPMKU HA MHO202DAHHUKE HENPEPLEHO 3ABUCUI, OM PA3GEPTKU.

3ameganue 2. MHororpanHuk HeceéT B cebe nHMOPMAIUIO JIBYX BHUJIOB: BHYT-
PEHHIOIO METPUKY U c110co0 peasuzainy B R3. B ciyuae BbITYKIIBbIX MHOTOIDaH-
HIKOB BHYTPCHHAS METPUKA OJHO3HAYHO OIpee/IfeT pealns3anmio B R3, HO 1o
3aJIAHHOI MHOI'OI'DAHHOI MeTpUKe BOODIIE TOBOPSI TPY/HO HANTH 3Ty peajiu3a-
1o (TPYJHO HafiTh pEOpa — reojie3ndecKue, o KOTOPhIM HYYKHO «CrubaThy ).
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3ajauu, paccMaTpuBaeMble B JIMCCEPTAINY, 3aTPATUBAIOT JIUIIH CBOW-
CTBa BHYTPEHHEll METPUKUM MHOTOIDAHHWKA, T.e. HE 3aBUCAT OT peaJU3aIUu
MHOTOTrpanHiKa B R?, 1 MoTOMY MOTYT paccMaTpuBaThCs Kak 3aJadi O CeTX
Ha ITPOCTPAHCTBAX C MHOTOI'DAHHOW MeTpukKoii. HacTo st mepexojia oT MHO-
TOrPAHHON METPUKU K MHOTOTPAHHUKY OyIeT MCIOJb30BaThCA TeopeMa o. Bo-
IPOC CIIOCOOOB TIONCKa Peau3allid METPUKHA MHOTOTPAHHUKOM 3aTParuBaThCs
He Oyjier.

3.1.2 T'eone3mvecKre 1 MHOTOYTOJIbHUKU

Crenyionue 06bHEKTHI MbI ONMPEJIETUM JIJIsT IPOU3BOJHHOM MHOTOIPAHHON MeT-
PUKH HEOTPUIATETHHON KPUBU3HBI (& 3HAYUT, U HA POU3BOJHHOM BBITYKJIOM
MHOTOIDAHHHKE).

Kpamuatiwet ¢ dannvimu xonyamu OyneM Ha3bIBaTh KPUBYIO, UMEO-
Y0 HAUMEHDBIIYIO JIIUHY CPpeJad BCeX KPUBBIX C 9TUMU KOHIIAMU.

Ecin kakjiast BHyTpeHHsisi TOYKa, JIAHHOW KPUBOI MMeeT OKPECTHOCTh,
M30METPUYHYIO KPYTY HJIH CEKTOPY Kpyra (€C/in TOUYKa JIEKUT Ha IPAHUIIE MHO-
roobpasust), MPUIEM TIPH U30METPUH KaxKJI0# TAKOH OKPECTHOCTH HA KPYT WJII
CEeKTOpP KpyTra Yy4aCTOK KPUBOil, COMEPKAIUAINCS B 3TOI OKPECTHOCTH, [IEPEXOTUT
B JIMAMeTp KPyra, TO KPUBYIO OyjeM HasbiBaTh 2e0de3uveckoti. OTMeTum, 9To
reojiesnveckas Beerjia sBJdeTCd JIOKAJbHO KpaTdailineil KpuBoi, a B cjydae
MHOTOTPAHHOW METPUKN MOJIOXKHUTETbHON KPUBU3HBI HA cdepe BepHO U 0OpaT-
Hoe: JIIobast JIOKaJbHO KpaTJdaiiiiias KpuBas SBJsIeTC Teoie3ndecKoil. [eodesu-
weckotl Aomanot OyJileM Ha3bIBATDH Iy Th, KOTOPbIH MOXKHO Pa30UTh HA KOHETHOE
IUCT0 Ty Teil (36enves), KaXKablii N3 KOTOPBIX SBJISAETCS TeOIe3MTeCKOil.

PaccmoTpum HenmpepbIiBHOE OTOOpaXKeHue MI0CKOr0 3aMKHYTOTO KpyTa B
[IPOCTPAHCTBO C MHOTOI'PAHHON METPUKOI, OrpaHnveHne KOTOporo Ha BHY TpeH-
HOCTbh KpyTla siBjsieTcst roMmeoMopgu3MoM. ['paHudHast OKPY»KHOCTh [1JI0OCKOI'O
KpyTa MepeiiJIeT Ipu 3TOM B HEKOTOPYIO HENPEPBIBHYIO 3aMKHYTYIO KPUBYIO.
Ecnu sra KpuBag siBJIsseTCs MeoJIe3MIecKoil JJOMaHo, TO 00pa3 Ha pa3BEPTKe
BHYTPEHHOCTU KPyTra OyJileM Ha3blBaTh MH020Y20A0HUKOM, a 00Pa3 OKPYKHO-
CTH — €T0 epanuuyeti. ieam rpaHuity Heb3s MpeicTaBUTh KaK 3aMKHYTYIO TeO-
JIE3UIECKYIO JIOMaHYI0 MEHBIIe, UeM C 1 3BeHbSIMU, & C N 3BEHbSIMU — MOXKHO,
TO MHOTI'OYTOJIbHUK OyJjieM Ha3bIBATh N-yTOJLHUKOM, & Y3Jibl 3TOW JIOMaHON —
BEPUUHAMU MHOIOYT'OJIbHUKA.

Mrakx, MHOTOYTOJTBHUK — OTKPBITOE MHOYXKECTBO, TOMEOMOP(HOE OTKPbI-
TOMY JIByMepHOMY JucKy. Ecim rpanniia MEHOTOyTOTbHUKA HE UMeeT caMolepe-
CeYEeHUl, TO MHOI'OYTOJIbHUK C JI00aBJICHHOW K HEMY IpaHullell OyJieM Ha3bIBaTh
3AMEHYMOIM 2€00€3UMECKUM MHO020Y204bHUKOM. B qacTHOCTH, J1I000H JTUCK C
MHOTOI'PAHHON METPHUKOHN dABJIFAETCA 3aMKHYTBIM T'€Oe3NICCKUM MHOI'OYI'OJIb-
HukoMm. Ho rpanuiia MHOrOyroJibHIUKa MOYKET UMETh CaMOTIePECeueHts, U TOT 1A
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3aMbIKaHIE MHOT'OYTOJIbHAKA Ha MHOTOIPpAHHUKE He 00s3aTeIbHO TOMEOMOP(d-
HO 3aMKHyTOMY Kpyry. Hampumep, MHOrorpaHHUK C BBLIODOIIEHHBIM peOpoOM
AB — »ro asyyrosabnuk. Ham Oyner mosesna ¢popmyra JJjisi CyMMbBI YIJIOB
MHOI'OYI'OJIbHUKA, — OJ[HA U3 JIMCKPETHBbIX Bepcuit (popmyiibl [aycca—bonne.

Jlemma 3.2 ([1, ['n. 1 § 8 reop. 2|). Ilycmo oy, i = 1,...,n — snympennue
yeavl n-yeoavnuka, o ki,j = 1,...,8 — Kpususnvl 6epuiun MH0202paHHOT
MEMPUKU, HATOOAUULTCA SHYMPU N-y2osvruka. Tozda

ZCYZ' :W(n—2)+2kj
1=1 j=1

Teodesumvecku evinyxavim OyJleM Ha3bIBATH IIOJMHOXKECTBO IIPOCTPAH-
CTBa C MHOTOIPAHHON METPHUKOI, eCJI JII0ObIE JIBE IO TOUKH MOXKHO COEJIMHUTH
re0/Ie3NYEeCKOM, JIeXKAIllel MEeJMKOM B 9TOM MHOXKECTBE.

Jlemma 3.3 (|1, ror. 1, § 8|). Ha arobom samrknymom (kax mempuseckoe npo-
CMPANCME0) MHO2000pPA3UL ¢ MHO202PAHHOT, METPUKOT NOAOHCUEALHOT KPU-
BU3HYL Kastcdvie d6e MoKy MONHCHO cOeAUHUMD Kpamyatiwed. Idma Kpamyai-
waa Asaremes eeodesuneckol asomanot. Ipuwém npesomasmoca (umemo c
KaKOU-o CMOPOHDL Y204, OMAUYHHT OM T ) KPAMYatiwan MOACEM MOALKO 6
BEPULUHAL 2PAHUYDBL MHO2000DA3UA, Y204 6 KOMOPLIT OOALULE T.

CaencrBue 4. Mnozoyzoivruk, 6ce y2avh KOMOP0o20 MEHBULE UAU PAEHDL T,
ABNACNCA 200€3UMECKU BVNYKADILM.

Ham monaobutcss BHyTpH TAKOI'O MHOTOYTOJbHUKA «COETUHATH I'e0jie-
3UYECKUMI» OOJIBITNE, YeM JIBE TOYKK. DTOMY TOCBSIIEHa CIeayIOIast JIEMMA.

[Iycrb pano nogMuoxkecTBo U HEKOTOPOrO MHOIOIDaHHMKA, W MHOXKE-
crBo X C U. Bunyxaot obosoukot C(X,U) mmnoocecmea X C U 6 mmooice-
cmee U OyneMm Ha3bIBaTh HaUMEHbIEE 110 BKJIOUYEHHIO MHO)KecTBO C' Takoe,
yro X C C' C U n mobast copepxaiasics B U reojesndeckast ¢ kournamu B C'
nejgnkoM cojgepxkurcs B C.

Jlemma 3.4. ycmo X = {X3,..., X,,} — muoorcecmeso sepuiun muozozpan-
HUKA, NONGBWUT HYMPb MHo20y20Avhuka U, yeav, xomopozo < m. Tozda
suinyraan oboroura C(X,U) — amo aubo samrnymoid 2eodesuueckuts mHo-
20Y2000HUK ¢ Yeramu < T, 8EPUWUHBL KOMOpPozo codepocamcea 6 X, aubo 2eo-
desuneckan ¢ konyamu uz X, aubo mouka (npu n = 1). Hpuwém npu n > 2
yeav, guzypo. U \ C' 6 sepwunar C ne menvuie .

HokasarenbcTBo. [ng kaxjoit napnt X;, X; obosnauum uepes 7;; Kpar-
FARIIYI0 CPeIU COCJUHSIONIMX UX KPUBLIX, Jiexkamux B U (B cuity jseMMbr 3.3
KaxK/[as U3 KpaTdaiimmx OyJIeT reo/Ie3ndecKoil Ha OBEPXHOCTH MHOTOTDAaHHM-
Ka). Tenepb cpean BCEBO3MO2KHBIX 3aMKHYTBIX 7T-3B€HHBIX JIOMaHBLIX C MHO-
JKeCTBOM BepimnH X ¥ 3BEHbSIMHM CPEJIN BBHIOPAHHBIX KpATIANIINX BBIOEDEM
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JIOMaHYIO HaumMeHbIe# JanHbl. OT HPOTHBHOTO JIETKO JOKa3aTh, YTO TaKasl
JloMaHas OyJeT HecaMollepeceKaroleiicss U, 3HaUUT, OrpaHuINBaeT HEKOTOPDIi
reoJIe3ndecKnii MHOTOYTOJILHUK M.

Eciu juist nexkoropeix X;, X cymecrsyer reojie3nieckas y ¢ KOHIlaMu
X, X, crporo cogepxamiasics B U \ My, to v pasbusaer U \ M; na jBe 1a-
CTU: OJIHAa M3 HUX romMeoMopdHa KOJIbILY, a Jipyrasd roMeoMopdHa Kpyry H,
BHAYUT, SIBJISIETCS Me0JIe3NIEeCKUM MHOTOYTOJIbHIUKOM, KOTOPbIH Mbl 0003HATUM
yepe3 Ny. Pacemorpum My U Ny = M. JlokaxkeM, 9TO MHOTOYTOJBHUK Mo
UMeeT CTPOro MeHble Bepinud, dem M. elictBuTenbno, BHYTph My moma-
JatoT Bepmunbl My, naxojgiyecst Ha ero rpanuie Mexjiy X; n X; u spisio-
mecs epiuHamu N, OTcyTeTBrUe NCUE3HYBIINX BEPIIUMH 03HAYAJIO ObI, 9TO
Ni gBnigercs JBYYyrOJbHUKOM, OTPAHUYIEHHBIM TI'€OJIe3MIEeCKOl Y U CTOPOHOI
MHOTOyTroJibHUKa M7, HO J110DOi JIBYYIrOJbHUK COJIEP:KUT BHYTPH CeOS TOUKY
MOJIOKUTEIHHON KPUBU3HBI, a ux BHyTpu U \ Mp Her no nocrpoennto. [a-
nee, Ha k-om mare paccmarpuBaem U \ My u, eciau CymecTByeT reojie3nde-
ckas BayTpu U \ M} ¢ KoHramu B Bepiimuax My, paciumpsieM ¢ MOMOIbIO Heé
MHoTOoyTrosIbHUK M 10 Mj. 1. I[TocKOJIbKY YUCI0 BEPIINH TIPU 9TOM YObIBaET,
IPOLECC OCTAHOBUTCSI HAa HEKOM MHOroyroJibhuke M, takom, uro B U \ M,
He CYIIEeCTBYeT T'eoe3ndecKoil ¢ KoHramu B BepmuHax M. Hamomuum, 9To
M,, conepxutr (BHYTpH niu Ha rpanutie) Bcé X, T.e. Bce comepxaruecs B U
BEPIIMHBI MHOIOI'PAHHUKA.

Hokaxem, uro Bee yribl U \ M,, B Bepuiunax M, e meHbliie 7.

[lepsobrit caydait: M,, — onnoyroabnuk. 13 dpopmyinsr ['aycca-Bonne s
MHOTOYTOJILHUKOB (IO HAIeMy ONpeJeJeHuI0 TOMEOMOPMHBIX JIUCKY) JIErKO
BBIBECTHU, YTO B CJIydae HE COJIEpPrKalllero BEePIINH HEHYJIEBOH KPUBUBHbBI U T'0-
meomopduoro kosibity U\ M, ero cymma yrios pasua y ..y a; + 5 = w(n+1),
e o; — yribl MEOrOyrosbhuka U, f — yroa U\ M,, B Bepiinae 0JHOYTOJIbHIKA
M.,,. TTockonabKy «; < 7 110 YCJIOBUIO JIEMMBI, 3 > 7, 9TO HaM U TPeDOBAJIOCK.

Bropoit ciyuait: M,, umeer xors Obl jiBe Bepiiunbl. [Ipejnoioxum, 4ro
yron U \ M, B Bepimae Xy muoroyroibauka M,, menbine 7. [lycrs on o6pa-
soBan cropoHamu X1 Xo n X9 X3 (Bosmoxno, X; = X3). Pacemorpum kpat-
dailiinyo cpejiu Kpusbix, cojepxkaiiuxcst B U \ M,,, coepuusitomux X u X3 u
romoronHbix B U\ M,, nomanoii X7 X5 X3. Dra KpaTdaiinast siBIsieTcst Teoje31-
TecKOil oManoii ¢ y3imamu B Bepumuax U \ M,, ¢ yriom 6osbine 7 (remma 3.3),
T.€. € y3JIbl He MOTI'YT JieXKaTh Hu B Bepmuaax U, au B Bepmnne Xo. C npyroi
CTOPOHBI, OHA HE MOXKET ObITh BTOPOW IIOJOBUHON I'PAHUIIBI MHOI'OYI'OJIbHUKA
M,,, Tak KaK 3Ta BTOpas MOJOBUHA He TOMOTOIHA jJoMaHoit X1 X9 X3. Snaqur,
9Ta reojie3nuecKasi JJOMaHast COJEPyKUT 3BEHO, Jiexkairee ¢crporo Baytpu U\ M,
u coejiuHsitonee Bepiuubl M,,, HO 3TO 3BEHO €CTh Ireojie3nvecKast, KOTOPhIX He
cymecTByeT 1o onpejenennio M,,. [IporuBopedne 3apepiraeT J0Ka3aTeIbCTBO
Toro ¢dakra, ato Bee yriibl U \ M,, B Bepimnax M,, He MeHbIIIE 7.
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HoxkaxkewMm, aTo jJi0bast cojepzxkaiasics B U reojesndeckast ¢ KOHIIAMHA B
M,, menukom cojpepxkutcad B M,,. IIpeanonokum, 9T0 3TO HE TaK, TOr/a CyIe-
CTBYET reojie3nvecKast vy ¢ KOHIaMu Ha rpanute M, u BHYTPEeHHOCTHIO BHYTPH
U \ M,,. Teouesuueckasi vy pasobusaer U \ M,, na jase vacru. Hacrb, romeo-
MopdHas KpyTy, IpeJcTaBiisger coboil reoie3aniecKnii MHOIOYTOJIbHIK, BCE yI-
JIbI KOTOPOI'O, 3a UCKJIIOUYEHHEM JIBYX YIJVIOB B KOHIIAX 7y, 3aB€JIOMO OOJIbLIE T,
HO 310 nporuBopeunt popmysie l'aycca-Bonne.

Haxomerr, jokaxkem, uTo Jjiroboe muoxkectso C' takoe, uto X C C' C U
u Jjiobas cojepzxkatasicss B U reopesudeckast ¢ kouamu B C' IEJIUKOM COJEp-
xurcesa B C, copepxkur M,,. Tem cambim Oyjer gokazano, aro M, = C(X,U).
AcHo, 9T0 BCe reosesndeckue, coejuusione X; u Jjexamue B U, comepxkar-
ca B mroboMm C'. CuennaeM TpUaHTYJIANRIO MHOTOYTOJbHUKA M, reojie3nuecKuMu
TaK, 9TOOBI MHOXKECTBO BEPIIUH TPHAHTYJISAIIN COBIIAIAI0 ¢ MHOX)KecTBoM X |1,
L. 4,8 1,siemma 2|. Bee ¢cTOpOHBI TPEYrOJIbHUKOB TAKOH TPUAHTYJISIIUK JIEXKAT B
C'. JI1oboit 13 e€ TpeyroJbHUKOB — U30METPUUEH IJIOCKOMY, 3HAUUT, J00as ero
TOUKA NPUHAIJIEIKAT HEKOTOPO Te0Ie3UTECKOil ¢ KOHITAMH Ha, €er0 CTOPOHAX, a
snaunT, Toxke jgexkur B C. MTak, Bce TOYKN TPEYroJLHUKOB TPUAHTYIISIIIAN, a
3HAYUT U BCE TOUYKM MHOTOyrosbHUKaA M, , sexkar B C, 910 n TpeboBajoch. [

3.2 Pe3yabraThl

3/1eCh MbI IPUBOJNM BCE PE3YJILTATHI IVIABBI, a TaK»Ke YIIOMUHAEM JIPyrue n3-
BeCTHBIE HaM (PaKTbhl O MUHUMAJIbHBIX CETsIX Ha MHOTOrpaHHHKax. Koporkue
JIOKA3aTeJIbLCTBA MBI IPUBOJIUM 376Ch Ke, a 0oJiee JIIMHHbIE BLIHECEHBI B Pas-
nest 3.3. Onpenenenns cereil ObLIM BBeJeHbI B riiaBe 1, 0cOOEHHO HaM IIOHA-
J100siTCsT onpejiesiennst, Janabie B pazjeine 1.6. Ceiivac Mbl JIMIIL HAITOMHUM,
4TO BO Bcell 9TO# 1JiaBe, 3a UCKJIOUYEHUEM paszjiesia 3.3.5, Mbl paccMaTpuBaeM
OOBIKHOBEHHBIE CETH, a C yIETOM KPUTepHs 2 MOXKHO JIaTh CJIE/yIolee OIpe-
JleJlenne MAHUMAJILHOW CeTH Ha, BBIMYKJIOM MHOTOIDAHHWKE, SKBUBAJECHTHOE
00IIIeMy OIPEJIeJIEHNI0 3aMKHYTOR JIOKAJIbHO MUHUMAJILHOW CeTH, JTaHHOMY B
pazjzene 1.5.

Oupenesieane. Munumanivrias cemv na GuNYKAOM MHO202PANHUKE —  ITO
CBSI3HAsT CETD CO CJIeyIonmMy cBoiicTBamu: (1) Bee e pébpa — reomesmtaeckue,
(2) Kaxkjiast BepIIuia UMeeT CTerenb 3, (3) yroJa MexKy CMeXKHBIME PEOpamu
paBen 120°.

3.2.1 Heobxoanmoe ycioBue Ha KPUBU3HBI BEPIIUH.

[Iycth mana MUHMMAJbHAST CETh HA MHOTOIDAHHUKE. SallINeM JJis KayKIoii
" . 2

sueiikn cetn opmyny Iaycca-Bonne (nemma 3.2): 53* = w(n —2) + > k(v),

rJe CyMMUDOBAHHE HJET MO BEPIIMHAM MHOIOMDAHHUKA, MONABIIMM BHYTDb
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JTAHHON N-yTOJBbHOM sveiiku u k(v) — KpHUBHU3HA BEPITUHBI U (CM. OMpejeste-
aus B pasgese 3.1.1). [lomywaem cremyromue yTBepK ieHUs.

Jlemma 3.5 (|8, Ilpemn. 5.34]). Jaa n-yeorvnot auvetru Munumaiviol ce-
MU CYMMA KEPUBUSH NONABUWUT 6 IMY A4CTUKY GEPUUN MHOLOZDAHHUKS DAGHA
> o k(v) = 21 — B Munumanrvnas cemv ma 6unyriom MHo202pannuKe co-
cmoum uz ne boaee wem wecmuyzoavrux aveek. lecmuyzorvnvie auetiny ne
codepotcam 6epuLun MHO202PAHHUKA.

Teopema 6 (Heobxomumoe yciaoBue Ha KPUBHU3HBI). /lia mo2o, 4mobui
HA BVINYKAOM MHO202PAHHUKE CYULECTNEOBAAL MUHUMANOHAA CEMB, HE0OT0U-
MO, 4MOoObL MHOodcecmeo V' e20 sepuiun MOACHO ObLAO Pa3dumsd Ha HECKONDKO
nodmmootcecms V=V U ... U Vs mak, umo cymma Kpususmn epuLUH 8 KadHC-
dom nodmmootcecmeae Vi Kpamua % u Menvue 27, m.e. pasHa 00HOMY U3 YUCEN

wk 3
?;kzl,...,5.

Hamomunm, 910 cymma Beex KpuBU3H (CheprIecKoro) MHOTOIDAHHUKA
paBHa 47, u, SHa‘{I/IT MUHKUMAaJIbHAS CeTh HEKOTOPbIM 00pa3oM pa3duBaeT 47 Ha

qacTu BI/IZLa %L Beero cymeCTByeT AT Takux pas3dueHuit (T €. periennii ypapHe-
HUA T15 3 T+ xg T+ a3 +x4 + $5 = 47 B 1eJBIX HEOTPUTIATEIbHBIX qI/IcnaX).
[37] 6bIJI IIPUBEJIEH IPUMEDP He UMEIOIero MUHUMAaJIbHBIX ceTeil TeTpa-

2m
3
k(B) = 3, k(C) 4 k(D) = 2. Takum o6pasom, HeOGX0AMMOE JJIsi CyIIie-

CTBOBAaHNY MUHUMAJIbHOIX CeTI/I yCJIOBUE HA KPUBU3HLI MHOTOTPAHHN-
Ka 13 TeopeMbl 6 He sBJIFeTCsd J0CTATOYHBIM y2Ke B CJIy4dae TeTpa-
9apoB. Ormerum, 4To npuBeIEHHOE B [37] jJloKa3aTe/IbeTBO 3TOr0 (hakTa OblIo

35/Ipa, KPUBU3HBI BEPIITH KOTOPOTO YIOBJIETBOPSIIOT cOOTHOMEHUIM k(A) =

JUIMHHBIM ¥ HenpospaunbiM. B reopeme 19 (pasjes 3.2.5) Mbl HOKAXKeM, Kak
C TIOMOIIBIO PE3YJIbTATOB JUCCEPTAIUA COBCEM KOPOTKO JOKA3aTh HEJOCTATOY-
HOCTH HEOOXOIMMOI'O YCJIOBHST U3 TeopeMbl 6.

3.2.2 Peanmsanug miaockKuX rpacgoB Ha MHOTOTPAHHUKAX B BUIE MU-
HUMAJIbHBIX CETEMN.

Ecin 3a0bITh 1Ipo JJIHHBI PEOED U YIUIbI MEXKY HUMHU, TO MUHUMAJIbHAS CeTh Ha
MHOT'OI'PDAHHUKE — 5TO OJIHA M3 BO3MOXKHBIX peaJin3aliuii Ha cepe HEKOTOPOro
mj1ockoro rpada. ITonpodbyem mnoitru B obparHOM HalpaBjeHun. PaccMoTpum
MPOU3BOJLHBIN IJIOCKUI I'pad ¢ BepIIMHAMHU CTEIeHd 3 U He Oojee ueM Iie-
CTUYTOJIbHBIME I'paHsgMu. [IpunumeM Kax oMy pedpy HEKOTOPBIil BeC — I0JI0-
JKUTEJHHOE TUCTI0. 38 IMMCsT TIEIBI0 TOCTPOUTH MHOTOI'PAHHUK, HA KOTOPOM
5TOT I'pad OblI Obl peaM30BaH Kak MUHUMAaJIbHAs CeTh, JJIMHBI PEOEpP KOTO-
poii paBHsJIMCH ObI BecaM COOTBETCTBYMOIIUX pédep rpada. Ecmm Obl Taxkas
MUHHMaJIbHAA CeTh HalllJIach, TO KaKJias €€ sueiiKa IpeJicTaBiidia Obl co0oii
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reoIe3nUeCKuil MHOTOYTOJIbHUK, B KOTOPOM HaM HU3BECTHBI BEJIMUUHBI BCEX yT-
708 (120°) u muHb Beex cropon. Cienyiornias jJeMma 00bsICHSeT, HACKOJIbKO
3TU JIAHHBIE 33JIAI0T I'e0JIe3UIeCKNil MHOTOYTOJIbHUK.

Jlemma 3.6. (1) [eodesuneckut n-yeosonux ¢ yeaamu no 120°, daunamu no-
cAed0BAMENPHBIT CTNOPON, Q1 . . ., a4y (6ce a; > 0, danee cyumaem airn, = a;
das 6cex i) u He codeparcauyuti 6HYMPU cebs MOover OMPuUamesbrot Kpu-
GU3NBL CYUECMEYEM M020a U MOAbKO Mo2da, K020a 6bnoANeNs: CAedYIoujue

YCNOBUSA

npun==06:a+ a =as+as u as + az = as + ag
npun=>5:a; < a9+ a3, t=1,...,5
npun=4:a; < a1+ 20,09+ a3, 1=1,...,4

npu n < 3 cywecmasyem 6cezda.

(2) IIpu evnoanenuu ycaosud usd nynwkma 1 cyuecmsyem u n-y2oivHuk, co-
deporcawyuti enympu cebsa ne boaee 00HOT BEPULUHBL HEHYAELBOT KDUBUIHDL.

(3) Mnozoyzonvnuk us nynkma 2 eduncmeenen ¢ MoYHOCMbI0 00 U30MEMPUL;
€20 pas3seEpmKa mootcem 6vimsb NOCMpPoena KoHCmPYKmueHo.

Jlemma Oyner jokaszana B pasjene 3.3.1. A ceifgac BbIBeIeM U3 ITOI
JIEMMBI CJIEJICTBHUSI. ByJieM roBoputh, 910 nA0CKul 636ewentblll 2pagd peain-
3yeTcs Ha MHOTOrpaHHUKe P KaK MUHUMAaJbHAs CeTh, €CJIM Ha MHOIOIDAHHUKE
P cymectByer MUHUMAaJIbHAS CeTh, peau3yiollas 9TOT IJIOCKUI rpad 1 uMero-
mas JIMHbl pédep, paBHbIE BecaM COOTBETCTBYIONUX peéoep rpada. fAcHo, aTo
JIJIs KarK 10 MUHUMAJIbHOM ceTu OJIHO3HAYHO OIIPEJIeJIEH 1LJIOCKUI B3BEIIEeHHbIA
rpad, KOTOpbIil OHA peaJin3yer.

BesikoMy MHOTOIpaHHUKY ¢ MUHUMAJIHHOW CEThIO Ha, HEM €CTEeCTBEHHBIM
00pa3oOM COOTBETCTBYET CEMEHCTBO IeOJIE3MIECKIX MHOIOYIOJBHUKOB (s4eek
CeTH ), & JUTUHBI UX CTOPOH YJOBJIETBOPSIIOT COOTHOIEHUSIM U3 JIeMMbI 3.6. 3Ha-
YUT, STUM COOTHOIIECHUAM 00sA3aHbI YJIOBJIETBOPATD Beca, pédep Jiroboro MjI0CKO-
I'0 B3BEIIEHHOI'0 I'pada, KOTOPhIi MOXKET ObITh peajin30BaH KaK MUHUMAJbHAS
CeTh.

ObpatHo, J1s KaxKJIOi IpaHU ILJIOCKOro Ipada ¢ BecoBoii (pyHKIIMEId,
VJIOBJIETBOPSIIOIIECH 9THM COOTHOILIECHUsSIM, B COOTBETCTBUHU C IIEPBLIM IIYHKTOM
JIeMMBbI 3.6, CyIIecTBYeT reofe3nvecKrnii MHOIMOYTOJIbHUK ¢ yriaamu no 120° u
JUIMHAMK CTOPOH, PaBHBIMU BecaM COOTBeTCTBYIONUX peébep. [locTpoum Takume
MHOTOYTOJILHUKHK JIJIs BCeX IpaHeil miockoro rpada. 3a1ajuM Ha MHOXKECTBe
3TUX MHOTOYTOJILHUKOB TIpaBHJIa CKJIEHKH, OTOXKIECTBIIsAs JIBE CTOPOHbBI (Bep-
IMHBI) MHOIOYTOJBHUKOB B TOM CJIy4ae, €CJu ITH CTOPOHBI (BEPIIMHbBI) COOT-
BETCTBYIOT OJJHOMY ¥ TOMY ke peOpy (win Bepinnue) rpada. JIerko mpoBepurs,
YTO IPU STOM IOJydaeTcs romeoMopdgHoe cdepe npocTpaHCTBO ¢ MHOI'OIpaH-
HOM METPUKON TOJIOKUTEILHON KPUBU3HBI. [Ipruém 110 1MOCTPOEHUIO I'PaHUIbI
MHOT'OYT'OJIbHUKOB 3TOH PasBépTKu 00pa3yi0T MUHUMAJIBHYIO CETh, pPeaiu3yio-
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YO JaHHBIA IJIOCKM B3BerneHHbId rpad. [Io Teopeme 5 sTa MeTpuka pea-
JIN3yeTCd HEKOTOPLIM BBIIIYKJIBIM MHOIOIDAHHUKOM, W TEM CaMbIM JlOKa3aHa
JIOCTATOYHOCTH COOTHOIIEHUI U3 JeMMbl 3.6 Jijisl CylecTBOBaHUSI MHOT'OT'PAH-
HUKa& C MMHUMAaJIbHOM CeThIO, peasusyiolieil janubiit B3seiiennbiii rpad. Urax,
U3 JeMMbI 3.6 Mbl BbIBEJIM CJIEIYIONIYI0 TEOPEMY.

Teopema 7. [las 63sewennozo naockozo epada (G, w) cywecmsyem 6ovi-
nyKkAvl mrozozparnuk, na komopom (G, w) peaiudyemca Kax MUHUMAADHAA
cemy, mozda u moavko mozda, kozda (G, w) obaadaem ceoticmeamu.:

(1) cmenenv Kastcdot sepuiurvt pasHa MpPem;

(2) seakasa epans Asasemces ne bosee 4em WeCmuy20abHoT;

(3) w(v1vg) + w(vevg) = w(v4vs) + w(v5v6) daa w060l Hymepayuy vy . . . Vg
NOCACIOBAMENOHBLT BEPULUH A1000T ULECTNUY20AbHOT 2PaHU;

(4) w(vivy) < w(vevs) + 2w(v3vy) + w(vav1) daa 10600 HYyMepayUY VY . . . Vy
NOCACAOBAMENOHBLT BEPULUH A1000T YeBIPETY20ADHOT 2PaH;

(5) w(vive) < w(vzvy) + w(vgvs) daa 060G Hymepayuy vy . . . Vs nociedosa-
MEALHLT BEPULUH A1000T NAMUY20ALHOT 2PAHU.

st mroboro mockoro rpada G BecoBast (DyHKIMSI, TPUHUMATOIIAS HA
KakJIoM pebpe 3HadeHue 1, yjl0BJETBOPSET YCJIOBUSM 3—D, OTKY/Ia BbITEKAET
cJieJiytornee cyiejiCTBUe.

CaencrBue 5. /laa ecarozo naockozo epaga G, y K0omopozo cmenensv cex
BEPUIUH PABHA MPEM U 8CE 2PAHU HE DOAEE YEM WECTNUY20ADHBLE, CYULLCMEYEM,
BUNYKAVT MHO20ZpanHuK, Ha Komopom G peasudyemcs kax MUHUMAAOHAA
cemao.

Caepytoiast TeopeMa — eIié OJHO CJIeJCTBUE JIeMMBbI 3.0.

Teopema 8. Jlaa scarozo epaga (G, w) co ceoticmseamu (1) —(5) u3 meope-
Mol 7 eyweemeyem  eduncmeennwiti (¢ mounocmuio do deusicenua 6 R?) 6oi-
nYKAL MHO202parHUE, Ha kKomopom (G, w) peasusyemces kax npocmas Mur-
MANOHAA CEMB, NPUUEM HA ITOM MHO202PAHHUKE CYULECTNEYEM eOUHCMEEHHAA
¢ mounocmuio do deuscenua R munumarvras cemn, pearusyrow,as 0anmold
636eUWEHHBLT 2pad.

Hokasamenvemeo. JlokazaTebCTBO CYIECTBOBAHUS IPEICTaBIAeT COOOM 1M0-
BTOpPEHUE JIOKA3ATEJIbCTBA JIOCTATOYHOCTH B IPEJIbIIYIEN Teopeme, HO ¢ yUé-
TOM IIyHKTa, 2 jemMmbl 3.6. JLjisi jlokasare/ibcTBa €JMHCTBEHHOCTH 11PEJIII0JI0-
KMM, YTO HAILIUCh JBa MHOTOIDAHHUKA, HAa KaxKJIOM M3 KOTODBIX JIAHHBII
MJIOCKUIT B3BEIIEHHBIH Tpad peasin3yercs Kak MpocTas MUHUMaJbHas ceTh. B
CUJIy IIYHKTa 3 JieMMbl 3.6 sdeiiku jiByX cereil, COOTBETCTBYIOIIME OJIHOU u
TO#l Ke TPaHU TJIOCKOTO rpada, TpeCcTaBIsdioT OO0 W30METPUIHBIE MHOIO-
yroapauky. [[ockombKy KoMOuHaToOpHas CTPYKTYpa JIBYX ceTeil OJJMHAKOBA, TN
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SYEH KU CKJIeeHbI MEXKTy cO0O0# B JIBYX CETIX OJMHAKOBBIM 0OPa30M, MOITOMY,
00be/INHsAST UB0OMETPUH AP S9eeK, MOJyIaeM U30METPHUIO OJIHOTO MHOTOI'DAH-
HUKa Ha JIPYTOi, TIePeBOJISAINYIO JaHHbIe MUHUMAJIbLHbIE CeTH JIPYT B Jipyra. [1o
TeopeMe b Takasd U30MeTpUs MOKeT ObITh peasn3oBana jpmkenneM R3, 4ro n
TpeOOBAJIOC. ]

3.2.3 JIBaxkabl MOKPHIThIE TPEYTOJbHUKN

Teopema 9. B cayuae mmozozpaniukos ¢ mpems eepuiunamu (m.e. 06astcdv
NOKPLLIMBLE MPEY20ADHUKOE) HEOOTOOUMOE YCAOBUE MG KPUBUSHLL U3 Meope-
Mol 6 Asaaemcesa docmamounbim.

Jloka3zaTeabCcTBO. ljisi BBIIOJHEHUS HEOOXOIUMOI'O yCJIOBHUS M3 TEO-

peMbl 6 BepHIMHBI MHOTOIPAHHMKA JOJYKHBI MMETh KPUBHU3HBI {%”, %”, 4% ,
4w 5w 2n bm 5w
{7, 3, %5t nm {57, 5, 5} Kasxiomy u3 91ux 1abopos KpUBU3H COOTBETCTBY-

er oJuH (C TOYHOCTBIO JIO TOMOTETHH) JBAXKIbI MOKPBITHIN Tpeyrosbuuk. Ha
puc. 3.1 s KaXkJI0oro U3 cjaydaeB n300parkeHa pa3BEpTKa MHOIOIDAHHUKA U
NpuMep MUHUMAJLHON CeTH Ha HEM. [l

Teopema 10. Ha dsaorcdvl nokpuimom mpeyzosvhuke 10064 MUHUMAADHAA
cemb Mootcem bvimb nepesedena napamempuveckot deopmaruet 6 Kaacce
MUHUMABAOHDIL CEMET 6 CEmb, dAUHDL 6Cex PEOED KOMOPOT 00UHAKOBDL.

B

Jloka3aTeJbCTBO OMMUPAETCs Ha TeopeMy 8 u
TOT (PaKT, 4YTO B cjiydyae TPEX BEPIIUH WX KPUBUBHbI @

OJIJHO3HA4YHO OIIPE/JICJIAI0OT MHOI'OI'PAHHUK C TOYHOCTBIO

2
Q

J10 110j100ms. MTak, mycTsb Ha, J1I0O0M U3 TPEX BO3MOXK-
HBIX JIBAYKJIBI TOKPBITHIX TPEYTOJILHUKOB NMEETCS M-
HUMaJIbHas ceTh | Tuna (G, peanmsyionas HeKOTOPbIit B
mwiockuii rpad (G, w) (t.e. gmuna pebpa ['(e) pasua B
w(e), e € E(G)). Paccmorpum cemeiicTBO B3BeIeH-

ubix rpados (G, w:),0 < t < 1 ¢ BecoBoit (yHKIHN-

eit wi(e) = (1 —t)w(e) + t. Hokaxem, uro Bee aru A
B3BelleHHble Ipadbl pean3yIoTCs KaK MUHAMAJbHBIE

ceTu Ha MHOrorpaHuukax. [ljist Toro npoBepum Bhi- B B
HOJIHEHUE yCJIOBUiT TeopeMbl 7. YcjoBus 1 u 2 BbI-

nosiHeHbl, Tak Kak (G, wy) peanusyercs. Kpome to- 4

ro, wi(e) = 1, mosromy mist (G, w;) Tak¥Ke BBIIOJ-

HEHbI Bce ycjioBusi Teopembl 7. [Ipu dpukcupoBannom B

G ycioBust 3-5 OIrpaHUYMBAIOT BBIIYKJIOE TOJIMHOXKE- Puc. 3.1: Bee jsasis mo-
CTBO B MHOXKECTBE BCEX BECOBBLIX (DYHKIIUIL, II0O9TOMY  pmithie TpeyroanHIKy, mme-
Wy, KaK BBINYKJIas JUHEHAsS KOMOMHAIMA Wy U Wi, OIFe MIHUMATILHYIO CeTh
TAKXKe YJIOBJIETBOPSET YCJIOBUAM 30, a 3HAUUT, 110 TeopeMe 8, CyIIeCTBYET Bbl-

MYKJbIE MHOTOIpaHHUK P, Ha KOTOPOM B3BEIIEHHBIN IJIOCKHUI Tpad (G,wt)
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peanusyercs Kak MpocTass MUHUMaJbHas ceTh. Torjga MHOTOTpaHHUK P J0JI-
’KeH UMEeTh POBHO TPU BEPIIMHBI TeX YK€ KPUBU3H, UTO W MUCXOJIHDBIN JIBAKIbI
MOKPBITHIA TPEYTroJbHUK Py, a 3HauuT, P; MOXKeT OT/ndaThcst oT Fy TOJbKO
pPaCTsi>KEHUEM C HEKOTOPBHIM KO PUimeHToM k. SHAUNUT, KarXK/blii B3BEIICH-
Hblii rpad u3 cemeiicra (G, kltwt) peanuzyercsd Ha Py Kak MUHUMAaJbHAs CETh.
Oboznauum sty ceTb depes ['y. Ham ocrasoch nokazars, 4TO TapaMeTpuiecKas
jnedopmanus ['y venpepbisua. Koadduiuenr k; nernpepbiBeH, Tak Kak OH ITPO-
MOPIMOHAJIEH TIIOMAN Pa3BEPTKU, & OHA HEMPEPBIBHO 3aBUCUT OT Wy, TIOITOMY
cemeiicTBO B3BeleHHbIX rpados (G, kitwt) HEIIPEPbIBHO. 3HAYUUT, COOTBETCTBY-
[OITIe MHOTOTPAHHBIE METPUKHU HENPEPBHIBHO 3aBUCAT OT t (B CMBICJIE TOMOJIOI N
u3 jiemmbl 3.1). Pacemorpum orobparkenue, craBsiiiee B COOTBETCTBUE PA3BEPT-
Ke (MHOTOrpaHHON MeTpuke) mapy (M30MeTpUUHbI eif MHOrOIDaHHUK, TDAHM-
bl MHOT'OYTOJIbHIKOB Pa3BEPTKH, HAPUCOBAHHBIC HA TOM MHOTOrpaHHuKe). B
cuity JieMMbl 3.1 910 0TOOpaXKeHHe HENPEepPbIBHO (OTHOCHTENLHO TOMOJOMMH B
obpasze, cunTaroeil OJU3KUME OJU3KKIE MHOTOTPAHHUKY ¢ OJTU3KNM pa30neHN-
eM Ha MHOIOYTOJIbHUKH Pa3BépTku). B Hammem ciayvae obpas rpaHuil MHOTO-
YTIOJILHUKOB Pa3BEPTKU — 3TO CETh, OTKYJa U BbITeKaeT, 4To [y HenmpepbIBHO
3aBUCUT OT t. U]

3ameganue 3. I3 Teopem 8 u 10 BbITEKaeT, YTO MUHUMAJIbHbIE CETH Ha J[Ba-
XKJIbI TIOKPBITHIX TPEYTOJbHUKAX OJHO3HAYHO (C TOYHOCTBLIO JI0 JIMHEHHOMH jie-
dbopmanum) CoOTBETCTBYIOT 3-BaJIEHTHLIM IJIOCKUM TpadaM ¢ TpeMms Tpamsi-
MH CTEIleHH MeHbIne 6 ¥ OCTAJLHBIMU TPaHsSMH CTerneHu poBHO 6. Vmm, K-
BUBAJEHTHO, JIBOHCTBEHHbIM rIpadam, T.e. (paccMaTpuBaeMbiM ¢ TOYHOCTHIO
110 romeomopdusma cdepbt) TpUaHryIIAEsIM cepbl, Bce BEPIIMHbI KOTOPbIX,
34 MCKJIIOYEHNeM TPEX, UMEIOT CTelneHb 6, a TPU OCTABIINECS UMEIOT CTelle-
au (1,2,3),(2,2,2) wm (1,1,4). MHOXKeCTBO TaKUX TPUAHTYIIANMN, KaK yKe
OTMEYaJIoCh BO BBEJIEHUM, U3y1eHO B pabore [35].

B ciiyyae MHOrOrpanHUKOB C TpeMsi BEPLUIMHAMU IeOMETPUIECKasi KOH-
CTPYKIIUs TIOCTPOEHUsI TPUAHTYJIAIMI, onucanHas B [35], okasbiBaeTcsi coBcem
IPOCTOM U 1aéT pe3yabTaT, KOTOPbIi Mbl (DOPMYJUPYEM B CIEJACTBUK 6 HOCIE
KPATKOIO OIMUCAHK KOHCTPYKIINN.

KoncTpykius. Bo3bMém J1100yi0 u3 n300pakEéHHbIX Ha puc. 3.1 pas-
BEPTOK (MBI BOBBMEM «IHCTYIO0» Pa3BEPTKY, 63 HADUCOBAHHON Ha Hell ceTw) u
IIOMECTUM €6 Ha IJIOCKOCTD, Pa3OUTYIO Ha MPaBUJIbHDLIE IECTUYTOJLHUKY, TaK,
4TOObI BCE BEPUIMHDLI PA3BEPTKU OKA3AIUCh B EHTPaX IIECTUYTOJLHIKOB pas-
Ouenust. «BopexkeM» pasBépTKy M3 IJIOCKOCTH W CKJICUM JIBAXKHI TTOKPBITHIN
rpeyrosbiuk 1. Tlonasimme na pasBépTKy «CJe/bl» IMECTUYTOJLHUKOB pasou-
eHHUsI IPEBPATATCS B MUHUMAJLHYIO ceTh Ha 1.

CaenctBue 6. /110664 MUHUMAALHAA CEMD Ha DBAHCIBL NOKPOIMOM MPEY204D-
nuke mooicem 6vimo Aunetnot depopmanueti 6 Kaacce MUHUMAALHBLE Cemed
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nepegedena 6 MUHUMAGALHYIO CEMb, NOAYYENHYIO 6 pe3ysvmame Imoti Kon-
CMPYKUUY.

st Tpom3BOLHOTO MHOTOTPAHHWKA aHaJOru TeopeMbl 10 m 3ameda-
HUs 3 HEBEPHBI JlaKe B cJiydae IPOCTbIX ceTeil, 4To U JiesaeT 3ajlady O MUHU-
MaJIbHBIX CETsIX Ha MHOI'OIPDAHHUKAX HE TOJIbKO KOMOMHATOPHO, HO U I'eOMeT-
PUYIECKOI.

Sameuyanune 4. /IBaxXJbl MOKPBLITHIE TPEYTOJbHUKN

4 4w 4w 4t 5w
?7?7?} 1 {Tr??a?} JOLYCKaloT

Pa3BETBJICHHBIE HAKPBITUA IJIOCKUM TOPOM, CKJIee-

¢ KpuBu3HAMEU {

HbIM 13 pomba ¢ yriom g (cm. puc. 3.2). Orcioja ciie-
JyeT, 4To JI0bas MUHUMAJbHAS CeTh HA TAKUX MHOIO-
TPAHHMKAX TP TOMOIIN TOJHATHS KAHOHUIECKH MO-

»KeT ObITh IepeBejileHa B MUHUMAJIBHYIO CeTh Ha, 9TOM
m1ockoM Tope. ObparHO, Bce MUHUMAJIbHBIE CETH Ha,

9TOM TIJIOCKOM TOpe, O0JIaJIaioline OIpeIe/IEHHBIMI
CUMMETPUAMU, TPOCHUPYIOTCA B MUHUMAJbHbBIC Ce-

TH H& JIBAXKJIbl TIOKPBITBIX TPEYTOJbHUKAX. DTO 103
BOJISIET TIPH JKEJAHUH «CIIPOCIUPOBATHY OMUCAHHYIO
B |8, 14| kmaccudukanymo MUHUMAILHBIX ceTeil Ha Puc. 3.2: Hakperrus ropou.
IJIOCKMX TOPax U IMOJyYUTh KJIACCHPUKAINIO MUHUMAJIBHBIX CeTell Ha JIBYX
YKa3aHHBIX JBAXKIbI MOKPBITBIX TPEyroibHUKax. MbI He Oyjgem 9THM 3aHu-
MaTBCs, TaK KaK B CHJIY MPEIbIYINEro 3aMedannst 370 (haKTUICCKH TPUBEJIET
K YaCTHBIM CJIydasiM onucanHoil B [35] kiaccudukarmm.

3.2.4 MuHumaJjbHbIE CETH Ha TeTpa’dapax

BbiilyKJibl#i MHOI'OI'PAHHUK C Y€ThIPbMs$ BepIIMHAMU — 3TO JIMOO TeTpa’jip, Ju-
60 JIBaXKIbI TIOKPBITHIN BBITYKJIBIN 9eThIPEXYTONbHUK. Huzke MbI Oyjiem mormyc-
KaTh BOJIbHOCTh PEYU U HA3bIBATH TETPAIPAMU BCE BBINYKJIbIe MHOTOTPAHHUKHA
C 4eTbIpbMsl BepIIMHAMMU.

Teopema 11. Ecau na nosepxnocmu mempasdpa cyu,ecmeyem MuHUMAADHAA
cemnb, Mo Habop MOAHBLEL Y2408 MEempPardpa uMeem 00uH U3 CeMU GUI0G:

(paBHOTpanuse) {m,m, 7, 7}

(1-1) {n/3, 7/3, a, 5}

(1-2) {n/3, 27/3, a, B}

(1-3) {n/3, 7, a, B}

(1-4) {n/3, 47/3, o, B}

(2-2) {27/3, 27/3, «, B}

(2-3) {27/3, 7, a, 5}
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3ameganune 5. 35ech «, f — MOJHBIE YIVIBI BEPIIUH, IIPO KOTOPBIE B TEOpEME
HUUYEro He yTBep:kjiaercs. Hamnmncannoe B KpyIvIbIX CKODKax codeTaHue Iudp
Oy/ieM Ha3bIBATH MUNOM COOTBETCTBYIOIIEro Terpasapa. OJnH 1 TOT YKe TeT-
pPas’ip MOXKET IIPUHAJJIEXKATH HECKOJIbKIM THIIAM.

oxasamenvcmeo. Bemomunaem Teopemy 6. [IockobKy BepIInH deTbipe U UX

cyMMapHasi KpUBU3HA paBHa 47T, BOSMOXKHBI JiBa BapuaHTa: 1) KpUBU3HA KaXK-

JIO BepILIMHbI KpaTHa g, 2) KPUBU3HbI JIBYX BEPILIUH KPATHbI %, a KPUBU3HbI

JBYX JPYIUX B CyMME JIAlOT CTPOro MeHblie, dem 27. B Bapuanrte (1) subo
CyMMa KPUBM3H JIIOOLIX JIBYX BEPIIMH paBHa 27, W TOTJa KPUBU3HA KarKJOil
BEPIMHBI TeTpas/ipa paBHa T, a 910 o3Hadaer [12) 3ajaua 2.32], 4ro rerpa-

57p PaBHOI'paHHBI (Bce ero TpaHm — paBHBbIE TPEyroJbHuKK). JIubo, Tak xKe
T
3
cyMMapHOi KpuBKU3HOI OoJibIie 27. IIpocThiM epedbopoM 1osrydaem, 9To mnapa

KPUBU3H 3TUX BEPIIMH MOXKET IIPUHUMATH HIECTh 3HAYCHUN (5{ n 2T %” u 4?”,

3
% 5w 2r 4w 4 4w
SUT, FUT, 53U, U 7). VIM cOOTBETCTBYIOT TIECTH AP MOJHBIX YIJIOB,

YKa3aHHBIX B (POPMYINPOBKE TEOPEMBI. [l

KaK U B BapuanTe (2), HalljéTCs Tapa BepIuH ¢ KPUBU3HAME, KDATHBIMUA &, U

Crenyroruit HeCJI0XKHBIA (haKT caeyeT, HalpuMep, u3 KiaccupuKalnm
MUHUMAJIbHBIX CeTeil Ha paBHOIDAHHBIX TeTpadjipax |8, 15].

Teopema 12. Ha m0b60m M1H0202panHuKe ¢ HEMBIPOMA GEPULUHAMYU U KPUCUS-
namu {7, T, T, T} cywecmeyem npocmad MUHUMAGALHAA CEMb.

Teopema 13. Ha scex mempasdpax, xpome HEKOMOPLIT Mmempasdpos muna
1-4  cywecmeyem MUHUMAADHAA CEMD.

JloKazaTeabcTBO HEMOCPEICTBEHHO BLITEKAET U3 CJIEAYIONIell TeOpEeMbI.

Teopema 14. Ecau y mmozoepannuka ecmov dee sepwunve A u B xpusush

LYY 4r 57 it 4Arm 5T 47
1) 5.5, 2) 3%, 3) 3.3, 4) 7,5, uw d) 7,5, mo na smm Mmozo-
2APHHUKE CYWELCTNEYEN MUHUMAALHAA cemb. Boaee mozo, das awboli A-B-
2€00€3UNECKOT Ha IMOM MHO202PAHHUKE CYUECMEYEM MUHUMAALHAL CEMD,

pacnoisoxncernHad 6 CKOAb QBO(QHO Manotl OKPECTNMHOCTNU amoti 2eodesuneckol.

Jloxazameavcmeo. PaceMoTpum 00YIO TeOJIC3NIECKYIO 7Y, COSIMHSIONLYIO JBE
JIaHHbIE BEPIIMHbI (XOTs1 ObI 0/JHA TaKasi Ne0JIe3nIeCcKast BCErjia CyIecTByeT, CM.
ciencreue 4). PaceMoTpum Masioe € takoe, 9TO OKpecTHOCTh B (7y) He comep-
JKUT JIPYIUX BEpIIMH MHOTOUpaHHUKA. BoimycruMm u3 Bepmmnbl A j1yd reoje-
3UYECKOH Y4, COCTABJIAIONINNA paBHbIC YIJVIBI C TE€0/I€3NICCKON 7y (yI‘.HbI usmepsi-
FOTCsl BO BHYTDEHHEH METPUKE Ha [MOBEPXHOCTH MHOTOIDAHHUKA), ¥ [POBEJEM
9TOT JIyd JIO TepecedeHust ¢ rpaHureil okpecrnocru B (7). Anasorudno mo-
CTPOMM J1y4 Yg U3 Bepimnbl B. CrejaeM pa3pes IMOBepXHOCTH MHOIOIPAHHUKA
BJIOJIb JIBYX NPOBEAEHHBIX Jiyueit. Muoxecrso B-(y) \ v4 \ 75 — reojesuue-
CKMiIi MHOTOYTOJILHUK, HE COJEPKAIIUNA BHYTPH e BEPINNH MHOTOTPAHHUKA,
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Puc. 3.3: MunmMmaabHble ceTH, pacloIOKeHHbIe B £-OKPECTHOCTH Te0Ie3NTECKOM, COeTUHI-
[o1eil mapy BepIIMH MHOTOTPaHHUKA. PsijioM ¢ Kaxk/10if BepIINHON yKa3aHa eé KpUBU3HA.

MO3TOMY €ro MOXKHO <«Pa3BepHYTb Ha ILJIOCKOCTb», DOJiee TOro, BO BCEX Ha-
IAX MATU CJydasdgx OH U30METPUYEH MJIOCKOMY BJIO)KEHHOMY MHOT'OYTOJILHUKY,

cM. puc. 3.3. Ha JieBoit BepxHeil kapTuHKe U300pakKEH CJiydail BEpIIUH ¢ KPU-
5r 5m
373
Orpesok AB — reonesudeckas v, orpeskn AAj, AAy cooTBeTCTBYIOT paspesy

BU3HAMU 1 OTMeYeHbI BCe BEPINMHBI MOJYUIUBIIEr0CsT MHOTOYTOJLHUKA.
BJI0JIb Y4, BBy, BBy — pa3pesy BoJIb g, Ipatuiia okpecrHoctu B () co-
crouT U3 JByX orpeskoB A1By u AsBs. Bo Bcex usitu ciydasix Ha PUCYHKE
n30parkEH IpuMep MHHUMAJbHOR ceTu. JIerko BuIeTh, UTO NpPU CKJICHBAHUU
N300parKEHHBIE CETH TTPEBPAIAIOTCS B MUHUMAJILHYIO CeTh Ha MHOTOIDaHHUKE
1 4TO IIOCTPOEHUE FTUX CeTeil BO3MOXKHO B JIFOOOi CKOJIb YIOJHO MaJIOi OKPECT-
HOCTH oTpe3ka AB, T.e. Teo1e3nIecKoit 7. ]

Kaxk y»ke ObLJI0 cKa3aHO B pazjiese 3.2.1, Ha HEKOTOPbIX TeTpa’jiax THIIA
(1-4) muHMMaJbHBIX ceTeit HeT. Mbl Jlokaxkem 3ToT QakT B pasjene 3.2.5
(reopema 19). A ceituac npuBejIEM HPUMED TETPAIJIPOB ITONO TULIA, UMEIOIIUX
MUHUMAJIbHYIO CETh.

Teopema 15. Cywecmsyrom mempasdpov, muna (1-4), ne npunadisescausue
dpy2um MuUNam, Ha KOMOPvLLT eCMb MUHUMAALHAA CEMD.

Hoxazameavcmeo. Ilycrs B Terpasgape ABC' D mnojHble yribl IPU BePIIXHAX
B u A pasubt 7/3 u 47 /3 u BRIIONHSIETCS CIeyOIIee yeaosue: pedbpo AB co-
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Puc. 3.4: Terpasap tuna (1-4): npuMep ¢ MEHEMAJIBLHOR ceThbio. Ha pa3BépTke MyHKTHPOM
OoTMeUeHbl péOpa TeTpaapa. B m3obpaxkénnoMm caydae Touka X — cepenuna pedopa CD.

crasiisier ¢ pédpamu AC' n AD yruibr, 6osbime /6. Torga wa 3ToMm TeTpaspe
cymecrByer ceth Tuia O-O, cM. puc. 3.4. IIo aToMy pHCYHKY, B 9aCTHOCTH,
BUJIHO, UTO TeTpasapbl Tuna (1-4), obJajafoliue yKa3aHHbIM YCJIOBHUEM, CY-
mecTByioT. Teopema goKazaHa. ]

Teopema 16. EC/LU KPUBUSHDL 6CET BEPUUH MHO202DAHHUKG C YEMBIPLMA BEP-
WUHAMU KPATIVHDL <
cemo.

3, mo Ha 9MoM MHO202PaGHHUKE CYULECTNBYET MUHUMAADHAA

oxazamensvecmeo. PaccMOTpUM JiBe BEPIIMHBI ¢ HAMOO/IbIINMY KPUBU3HAMMU.
YUuThIBasi, 4TO CyMMa YeThIPEX KPUBU3H paBHa 47, 1ojiydaeM, 4To JiBe Hau-

OOJIBIINX KpI/IBI/IBHbI MOTYT OBITH PaBHBI JII/I6O 7,7 (B clydae paBHOIDAHHOTO

477 A br 4w bw bmw
=5 JII/I6O , T, b0 =, ¢, qmbo 5, . Cy-

mecTBOBaHUE MI/IHI/IMa,JIbeIX CeTeI/I Ha paBHOFpaHHbIX TETPpadApax BbITEKAECT N3

TeTpadIpa), JH/I6O , T, 0O

paborel [14] (reopema 12).;;, a BO Beex OCTAJIbHBIX CJydasiX — U3 TeopeMbl 13
(mtmr w3 Teopembr 14). O

3.2.5 Cucrema pa3pe30B: TeOMeTPUIEeCKOe HEOOX0MMOe yCJIOBUE.

[TycTth mMHOrOTpaHHWK P yJI0BJIETBOPSIET HEOOXOJMMOMY YCJIOBHUIO W3 TEope-
mbl 6. Paccmorpum kakoe-uubyjib u3 pasdueHuit MHoxkecrsa V' ero BepiinH
Ha mogMHOXKecTBa Vi L. .. UV, mogxoadiue moji 3To ycaopue. Kak HaliTH Mu-
HUMAJIbHYIO CETh, Pa3OUBAIOIIYIO BEPIIUHBI TUM CIOCOOOM (miu yOeuThes,
aro Takoil cetu Her)? st KaxK0ro V; Mbl 3HAEM, YTO €ro BePIIUHbBI JOJKHbI

coJlepKaThCst B OJIHON k;-yTrOJIbHOM siueiike ceru, 1jie k; OlpejesiseTcss COOTHO-
27Tki

5+ (memma 3.5). Hamra 3amaua — «HapHCOBATD»

menueM v k(v) = 21 —
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«BOKDYT» KayKJIOTO MHOXKecTBa V; cBoil ki-yrompuuk U; (s19eiiky) Tak, ITo0bI
X BHYTPEHHOCTHU HE IIEPECEKAJUCh MEXKJy co0oii, 1, 6ojee Toro, 4Tobbl 00b-
ejnHenne rpanui Beex U; MOXKHO ObLJIO, BO3MOXKHO, 100aBUB HEKOTOPbHIE PED-
pa, IPEeBPATUTh B MUHUMAJIbHYIO ceTh. OjHA U3 CJIOXKHOCTEN 3/1€Ch B TOM, UTO
«OKpYy2KaThb» HECKOJIbKO TOYEK MHOIOYTOJbHUKOM MOXKHO CYULECTNEEHHO Pa3-
HOLMU CNOCOOAMU, T.€. He TOMOTOIHBIMY B KJIACCE POMOTOIIMI, HE IIPOXOJIAIINX
yepe3 BepIIMHbl MHOIOrpaHHUKA. UT0ObI (hopMaJin30BaTh MOHATUE «CIIOCODA,
OKPY2KEHUS BEPIINH dueiiKaMu», Mbl BBOJUM CJEAYIOIee olpeeaeHue.

Onpenenenne. Cucmemoti pazpe3os Ha MHOrorpannuke P OyjneM Ha3bIBATDH
pasbuenue ero mHoxkecrsa BepmuH V. = Vi U ... U Vy u cucremy mnomapHO
HEeNepeceKaoIuxcsi MOAMHOXKeCTB MHOrorpanuuka { M;}i_,, ecin juist Kax10-
roi=1,...,s

(1) V; ymoBrierBopsier yeaoBrio TeopeMbl 6 (T.e. cyMMa KPUBU3H BEPIINH, BXO-
namux B Vi, paBHa ogaoMmy u3 uucen 7w /3, 2w /3, w, 47 /3, 51/3)

(3) M; — sro smbo Touka uz V;, smbo reojesuueckas ¢ konamu B V;, jiubo 3a-
MKHYTBIH Me0Ie3uIeCKIii MHOIMOYTOJILHUK, BCE BEPIINHLI KOTOPOI'O COJAEPIKATCS
B Vi

(4) Bce yruibl muOrOyrosbHUKa P\ M; Goubiie uin pasubl m (ecau M; He oj1-
HOTOYEYHO. )

Ilycrs mama MUHEMAJILHAS CETh C HEMIECTHYTOJLHBIME stueiikamu U,
¢t = 1,...,s Ha MHOrorpanHuke ¢ MHoxkectrBoMm BepmmH V. Ilomoxkum V; =
VU n M, = C(V;,,U;) (3recy C(X,U) — BbinyKJias 000J109Ka MOJMHO-
x)eerBa X C U, cm. onpejesienusi B pazjesie 3.1.2). U3 semmbt 3.4 ciuejyer,
aro {V;, M;};_, — cucrema paspe3os. Byjgem ropoputs, 4To Ta cucrema paspe-
30B coomeemcmeyem JaHHON MUHUMaILHOW ceTn. VTak, JoKa3aHo ciaemayoiee
HEOOXO/IMMOE YCJIOBHE CYIECTBOBAHNS MUHUMAJILHON ceTH.

Teopema 17. Ecau na svinykiom muoz2o2pannuke eCms MUHUMANDHAA CEMD,
Mo Ha IMOM MHO202PANHUKE CYULECNBYEM, CUCNEMA PA3PE308.

DTO HEOOXOJIMMOE YCJIOBHE CUJIbHEe, YeM HEeOOXOJUMOe YCJIOBUE U3 TeO-
pembl 6 (cMm. Teopemy 19 mHuke). OHAKO OHO MO-TIPEXKHEMY HE SIBJISIETCS JIO-
CTATOYHBIM.

Teopema 18. Cywecmseyem mHo202parHuK, UMEOUUT CUCTEMY PA3PE30E,
TOMA HA HEM HEM WU 00HOT, MUHUMAAOHOT cemu.

JlokazaTebcTBO Mbl IIPUBOJIKM B pazjelie 3.3.3. B kadyecrBe nckomoro
npuMepa OyJeT IOCTPOEH MHOTOIPAHHUK, HAIIOMUHAIONIUN OYeHb BLITSHYTHIHA
IPSMOYTOJIbHBIN MapaJuiesenune. OTMeruM, UTo 3TO JI0Ka3aTeJIbCTBO 0000~
aer ujier HeolyOJIMKOBAHHOW JiuijioMHOl paborhl Makcuma [oprunckoro,
MOCBSIIIEHHON MUHUMAJILHBIM CeTAM Ha KyoOe.
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IIpumep: mpsaMoOyTroJibHBII MapaJyesjenumea. PaccMorpuM mpsamo-

yroJibHbII mapaJuiesnenume) P ¢ pazmepamu £ X w X h. KpuBusna Kaxkoii ero

BepiIMHbl pasHa 3. Kakoit moxer ObiTh cucrema paspesos? Uz mynkra (1)

onupezaeJieHnyda CUCTEMbI Pa3Pe30B BbITEKACT, 9TO KazKJ0€ MHOXKECTBO ‘/Z JLOJI2K-

HO COCTOSITH M3 JIBYX BEPINUH (X CyMMapHas KPUBU3HA paBHA 7). B KauecTse

MHOXKeCTB M; MOXKHO paccMOTpPeTh JiIoOyI0 4eTBEPKY IOIapHO HellepeceKaro-

MKUXCA IreolE3NICCKUX C KOHIIaMW B BEPIIMHaAX ITapPaJiJICJICIINIIC/Ia (OTMGTI/IM7

3

aro mpu oM yribl P\ M; paBHbI % > T, T.e. BCE YCJIOBUA U3 ONPEJCTCHHS

CHCTEMBI Pa3PE30B BBIOJTHEHBI).

Ha Jjirobom mapadJiiesnenuriejie CyIecTBy-
eT MUHUMaJbHas ceThb. Hamnpuwmep, nycrs £ >
w > h, Torja HECJO0XKHO IPOBEPUTH, UTO CY-
IIECTBYET CeThb, U300parkEHHas Ha pUC. 3.0 Ha
OJIHOII U3 CcTaHAPTHBIX PA3BEPTOK IHapaJljielie-
numneaa £ X w X h. Cucrema pa3pe3oB, COOTBET-
CTBYIOITadA 3TO MUHUMAJLHON CeTH, COCTOUT
U3 JIBYX CaMbIX KOPOTKUX PEOGED M JIBYX Cpe/i-
HUX 110 JyinHe (OHU BBIJEJIEHbI IIyHKTUPOM ).

JlokazaTesJbCTBO  CJAEJyIONeil  Teo-
pemMbl 19 1oKa3zbiBaeT, HUTO HEOOXOJUMOE
yCJIOBUE Ha KPUBU3HBI M3 TeopeMbl 6 ciabee

1
1
1
1
1

@)

Puc. 3.5: Cers na napasesuienunese.

HEOOXO/IMMOT'O YCJIOBUST HA HAJIMYKME CUCTEMbI PAa3pe30B U3 TeopeMbl 17.

Teopema 19. Munumanrvrnoti cemu nem na arobom mempasdpe ABC D, ydo-

BAEMBOPAIOULEM CAEOYIOULUM YCAOBUAM HA KPUBU3HBL GEPULUN, OAUNY PedpPa
CD u naowads noseprrocmu S (cymmy naowadeti 2pared)

(1) k(A) = 2, k(B) = %, T < k(D) < 5, 1= < k(C) < &,

S 1 2’
(2) eom <17

3amevanue 6. MoxXHO IIpOBEPUTH, YTO 3TA
TEOPEMa, ITPEJICTABIISIET CODOW yCUIeHNe Teope-
™Mbl b u3 paborel [37|, ynoMmunasimeiicss B pas-
nene 3.2.1.

Ha pwuc. 3.6 mokazano, Kak IOCTPO-
uth npumep paspéprku A1C1DCAyB  jBa-
JKJIBI TIOKPBITOTO deThipéxyronpanka ABC D,
I0JIXO/ISAIIEr0 110/ yCaoBus TeopeMbl 19. 3ech
X A1 BAy — powmb ¢ yriiom g, Touka D npunaji-
nexxut guaronanun X B pomba, ZC1DCy ayTh

3

Puc. 3.6: Paszséprka Terpas/pa.

bonbiie 3, a jiuna A;C1 = A3Cy Masia 10 CpaBHEHHMIO CO CTOPOHOI poMba.

okaszamensvecmeo. Tlokaxkem, aro Ha mHOrOorpananke ABC D, yaoBaeTBopsiio-

meM yCJIOBUAM TEOPEMbBI, HE CYIIECTBYET CUCTEMbI Pa3pe30B — TOI'/la II0 TeOpe-
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Me 17 Ha HEM He CYIeCTBYeT ¥ MUHUMAJBHBIX ceTeil. [IpeamosoKmm mpoTuBHOe
u pacmorpum cucremy paspesos {V;, M;}. U3 yciosus (1) caemyer, 9410 Kpu-
BU3Ha Kak10i u3 Bepiun C'u D He KpaTHa 3. YUUThiBasg TOT akT, 4TO CyM-
Ma KPUBU3H BCEX BEPIIMH CHEPUIECKOr0 MHOTOIPAHHUKA paBHa 47, OJIydaeM,
aro k(C) + k(D) = 5T u e;nHCTBEHHOE BO3MOXKHOE PA30HEHHE BEPIINH HA TP
IOJIMHOXKECTBa, B cucreme paspesoB — 3o Vi = {A}, Vo ={B}, V3 = {C, D}.
Pacemorpum muoxkecrBo Ms. TTockonbKy mogiabiil yroa B Bepiinie C' MeHbIIe
7, C' He MOXeT JiexKaTh Ha rpanuiie Mz, WHaUe HAPYIIUTCS CBOHCTBO (4) w3
OIIpeJIeJIeHUsT CUCTEMBI PAa3pe30B. SHAUNT, HA rpaHuiie M3 JIeKUT TOJTHKO Bep-
muna D, T.e. M3 — OJHOYTOJILHUK C BepHInHON [, comepxKalmii BHyTpHU cebst
Bepiuny C'.

JokaxkeM, 9TO TaKOro OJHOYTOJbHUKA Ha HaIlleM TeTpasjape He CyIie-
crByer. [lo-nipexxaeMy mpejiosiaras MpoOTHBHOE, HAWEM KpaTdaiInyio reoje-
sudeckyto v Bayrpu Ms, coepunstiontyio C' u D (nemma 3.3). Torga Ms \ v —
reo/Ie3NIeCKNil TPEyTOIbLHUK, N30METPUUIHBI PaBHOOEIPEHHOMY TPEyTOJbHI-
Ky C'Dy Dy na mnockoctu. IIpuuém B Tpeyronbanke C' DDy yros npu BepiinHe
C' pasen noqnomy yruy nipu Beprmae C' Terpasjpa, T.e. %’r < /LD1CDy < %”.
Ouennm mowas rpeyroasuuka S(C Dy Do) = 1|CDy| - |CDs|sin ZDC Dy >
5(L(7))* - 5 > 1|CDIJ?, mockombky pebpo Kopode ool TeofesnIeckoil, co-
euHALINEH ero KoHNbl. Ho moma/p TpeyrojibHuKa paBHA ILIONAJN OJIHO-
yroibHuka M3, KoTopast, B CBOIO OYepejh, MEHbINEe TJIOMAAN MOBEPXHOCTH
rerpadjipa, 0003HaUeHHOH depe3 S B dopmysuposke Teopembl. [loydaem
S > S(D1CD,) > +|CD|?, uporusopetne ¢ ycaosuem (2) 10KasblBaeMOl TeO-

PEMBIL. [l

3.2.6 CsBegeHue 3aJa4M K IPOCTbIM MUHHNMAJILHBIM CETSIM.
U3 reopem 7 u 8 BbiTEKAET CJIeyIONINNA (PaKT.

CraencrBue 7. /lia 6cakoti munumanrvnoti cemu N Ha 8uinyKAOM MHO202P0H-
nure P cywecmeyem eduncmsennol svinykaviti mmozozparnnur Ps(N), na xo-
MOPOM CYULECMBYEM NPOCNAA MUHUMANOHAA CEMDb, U3oMempuynas cemu N .

BoJiee Toro, B pazjene 3.3.2 Oyjer nmokaszaHo, 4TO JiJis BCEX MUHMMAaJIbHbBIX
cereit N Ha MHOrorpanauke P, KOTOPLIM COOTBETCTBYET JIAHHAs CUCTEMa Pas-
pe3oB, Muororpaniuk Pg(N) Oymer ofHUM ¥ TeM Ke, T.e. BEpHA CJIELYIOMasi
TEOpEMA.

Teopema 20. Jas xasicdoti cucmemnv, paspesos M, na mmozoepannuxe P
cywecmeyem u eduncmeenen, muozozpannur Pg(M,) makot, wmo das ato-
6oti munumanrvnoti cemu N na mmozozpannuxe P, xomopoti coomsememeyem
cucmema paspeso6 M, cyuecmseyem npocmas MUHUMAAGHAAL CETND Ha MHO-
eoepannure Pg(Myt), usomempuunas cemu N.
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B jokazarenbcTBe OyeT IOKa3aHO, YTO Pa3BEPTKY MHOTOI'DAHHU-
Ka Pg(Meyt) MOXKHO TOCTPOUTH KOHCTPYKTHBHO. Takum 0Opas3oM, Jijis u3yde-
HUsI MUHUMAJIbHBIX ceTeil Ha JaHHOM MHOTOI'DaHHUKE PP MOXKHO paccMOTpPETh
BCEBO3MOXKHbIE CUCTEMbI pa3pe30B Ha P, jiist KaxkJioil cucreMbl pa3pe3oB M.,
MOCTPOUTEH COOTBETCTBYOIINIT MHOTOrpAHHUK Pg (M) 1 Ha HEM U3YUIUTDH MPO-
CTble MUHUMAJIbHBIE CETU. 3aTeM IIePEHECTH [O0JIyYeHHbIE Pe3yJIbTaThl 00PaTHO
Ha muororpanuuk P. IIpu srom, Boobiie roBopsi, He Bce IPOCThIe MUHUMAJIb-
Hble ceTH, peajusytworunecs Ha Pg(Me,), peamusyiorcs Ha P, BEpHO TOJBKO
yTBEpKJeHUE B 0OPATHOM HallpaBJICHHUU.

DTa KOHCTPYKIWS TPUHIUITHAJIBHO CBOJIUT 331y MOWCKA MTPOU3BOJIH-
HbIX MUHUMAJIbHbBIX ceTell Ha JJaHHOM MHOTOI'paHHuke P K 3ajiaue 1oucKa, 1npo-
CTBIX MUHUMAJBHBIX CETell Ha HEKOTOPOM ceMeiicTBe MHOTOrpanHukoB S(P).
Bropasi 3aji1aua B HEKOTOPOM CMBICJ/IE IIPOIIE IIEPBOil, IIOCKOJIbKY IIPOCThIE MU-
HUMaJIbHbIE CETU CYIIECTBYIOT JIUIIIh HA MHOTOI'PAHHUKAX, BCE KPUBU3HBI KOTO-
pBIX KpaTHb! §. K coxanenmio, rapanTupoBaTh, 9T0 ceMefictBo S(F) Komeno,
MBI HE MOKEM, ITOCKOJIbKY CYINEeCTBYIOT MHOIOIPDAHHUKN C OECKOHEUHBIM UHC-
JIOM CHCTeM Pa3pesoB (Hampumep, Ky0).

Bameuanue 7. [lockosnbKy st JTI0OBIX JIBYX TOUEK MHOTOTDAHHEKA MHOXKe-
CTBO TEOJIE3NIECKIX C KOHIIAMK B 9THX TOUYKax He GoJiee 4eM CUYETHO, MHOXKe-
CTBO BCEX BO3MOXKHbBIX CHCTEM Pa3pe30B Ha JIOOOM MHOIOIDAHHUKE, a 3HAUUT
n cemeiictBo S(P), Toxke He Dostee TeM CUETHO.

I'mmore3a 1. Kaoicdoili svinykavili Mruozozpannuk umeem we boaree vem Ko-
HEYHOE YUCAO CUCTEM DPA3PE306, KOMOPLILM COOMEEMCMEYION MUHUMANDHLE
cemau.

3.2.7 ®akThl U TUNOTE3bl O CYHIECTBOBAHUM MHWHHMAJIbHBIX ceTell
Ha MHOTOIPaHHUKAX

[TockosibKy HEOOXOZMMOE YCJIOBHE HA KPUBU3HBL (TeopeMma 6) He sBJISETCS JI0-
cratodHbIM (pazzgen 3.2.5 Teopema 19), BO3HWKAET BOMPOC O JIOCTATOUHOCTH
cJiejtyroliero 6oJee CUIIbHOTO yCJIOBHsl (He sIBJISTIONIEroCs: HeOOXO[MMBbIM ).

s

3, Mo Ha

T'umoresa 2. Ecau kpususnv, 6cex epuiut, MHo202paHUKG KPAMHbL
IMOM MHO202PDANHUKE CYUWLECTNEYEM MUHUMAALHAA CEMD.

Kak Mbl y>ke 3HAEM, 970 BEPHO JIJisi JIBaXKJIbl TOKPBITHIX TPEYTOJbHUKOB (Teo-
pema 9) u Terpasnpos (Teopema 16).

I[To nemMe 3.5 U3 cylIecTBOBAHUS IPOCTONR MUHUMAJIBLHOM CeTH Ha MHO-
rOrpaHHUKE CJIeJIyeT, 9TO KPUBU3HA KAk 0l BEPIIUHBLI 9TOr0 MHOTOTPAHHUKA
pesmnres na 5. Clejyomas ruioresa — yCuJIeHue TUIoTesbl 2.

us

3, Mo Ha

T'umoresa 3. Ecau kpususmnv, 6cer epuiut, MHo202paHUKE KPAMHDL
IMOM MHO202DANHUKE CYULELCMEYEM NPOCNAA MUNHUMAALHAA CEMD.
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CrpaBeyInBOCTD 3TOM TUIIOTE3BI JOKA3aHA TOJLKO B CJIydae MHOIOTPAH-
HUKOB C TpeMs BepinnHamu (Haia Teopema 9), B cjlydae PaBHOIPAHHBIX TETPa-
s/1pos (Teopema 12) u B ciiydae TeTpasipoB ¢ KpubusHamu {%, 3, 5?”, %”} (em.
Teopemy 22 HUXKE).

Caenytomyio TeopeMy 21 MOXKHO pPacCMaTpUBATL KAK HOBDI apryMeHT

«B TIOJIb3Y» T'HIIOTE3bI J.

Teopema 21. ITycmo P(ky, ..., k,) — MH0MCECME0 MHO202PAHHUKOS ¢ N GEp-

WUHAMU U KPUBUSHAMU ]“17”, ., 85 ede ky € L,k > 0. Toada mmooicecmeo
MHO202PAHHUKOSE, UMENULUT NPOCTNYI MUHUMAADHYI CEMDB, OMEDPLIMO U GCI0-

dy naommuo 6 P(ki,..., ky).

OTKPBITOCTD U BCIOJY ILIOTHOCTH 3/1€Ch IMOHUMAETCsl OTHOCUTEJIHLHO TO-
nosiorun Ha P(ky, ..., ky), TOPOKIEHHOI cireayromuM oTHOIIeHreM. [IBa MHO-
rOrpaHHUKA C N 3aHYMEPOBAHHBIMU BEpPIIMHAME E-0AU3KU , €CJU UX MOYKHO
pacrookuth B R? Tak, 4T0 PaCCTOSHUS MEXKJly COOTBETCTBYIOIMME BEPIIIH-
Hamu Menblie €. JlokazaresiberBo TeopeMbl 21 npuBejieHo B pasjesie 3.3.4.

3.2.8 ®dusmyeckme cooOpakeHWdA W TeTpa’3Apbl C KpPUBU3HA-
m™ bm 5w

vu {3, 5,5, 5
BepHéMCH K CﬂeﬂaHHOMy BO BBeﬂ\eHI/H/I SaMeanHIO, YTO MUHHUMaAJIbBHAas CEThb
<<HaTHHYTa, Ha MHOFOFpaHHI/IK N HEe COCKaJIb3bIBa€T C €ro HOBerHOCTI/I». HC—
HOj YTO Ha JIIO6OM MHOI‘OFpaHHI/IKe MO2KHO HapI/ICOBaTb CKOJIBKO YFOILHO HEMU-
HUMaJIBHBIX ceTei. ECTeCTBeHHO CHpOCI/ITb: a 4dTO HpOI/ICXOﬂI/IT C COOTBeTCTBy—
IOH_H/IMI/I ceTdMUU U3 DJIaCTUYHBIX HI/ITGI/UI7 T.€. «Ky,[La» OHU «COCK&.HbSbIBaIOT»?
CocKab3bIBast, CeTh COKPAIAeT CBOIO JUIMHY, U €CJIM B HEKOTOPDI «peryJisp-
HbIIi» MOMEHT COCKAJIL3LIBAHUE IPEKPATUTCH, TO 3TO OYIeT 03HAYATDh, YTO CETh
,ZI;OCTI/IFJI& JIOKAJIBHOTO MI/IHHMYM& 'Z[.HI/IH])IJ T.€. HpeBpaTI/IﬂaCb B MHHI/IM&HBHY}O
cern! OJIHAKO Halle TAKOEe COCKAJIb3bIBaHUE 3aKAHUNBACTCS TEM, 4TO PEOpa cern
«HAE37KAIOT» Ha BEPIIMHBI MHOTOTPAHHUKA, MEPEeXONAT Uepe3 HUX, U, B KOHIC
KOHHOB, BC4d CETb OKa3bIBa€eTCHA BHyTpI/I OﬂHOﬁ FpaHI/I, rjae m C2ZKuMaeTcCsd B TOqu
— abCOJIIOTHBIT MUHUMYM JIJIMHBIL.

EC.HI/I 2Ke yﬂ;aéTCﬂ HOKaBaTb, 4YTO Ha JaHHOM MHOI‘OFpaHHI/IKe «COCKaJIb-
3bIBaHUE» JTOJI2KHO <<OCTaHOBI/ITbCH>>, TO 9TO SHa‘{I/IT, 49TO Ha JaHHOM MHOFOFpaH—
HUKE CYIIEeCTBYeT MUHUMAabHas ceTh. Hampumep, MOXKHO moKasaTh, 4To pedpo
CeTHU HE MOXKET «HaeXaThb» Ha BepHH/IHy C IIOJIHBIM ypﬂOM HE 60ﬂbﬂle Tr. HO, K CO-
}KaﬂeHI/HO, MHOI‘OI‘paHHI/IKOB, y KOTOprX ITOJIHBIE YFHBI BCeX BepHH/IH HE 60.HBH_[e
7 (T.e. KPUBU3HBI HE MEHbIIIE T ), OYCHb MAJIO: 3TO PABHOTPAHHBIE TETPAIIPHI U
;LB&)KLLI;I HOKprTbIﬁ paBHOCTOpOHHI/Iﬁ TpeerﬂbHI/IK; C MUHUMAJIBHBIMHU CETAMU
Ha 9TUX MHOFOFpaHHI/IKaX n TaK BCé dACHO.
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Onucanuple CcOOOpaXkeHHWsT OKa3aJIiCh

II0JIE3HBI B CJIy4ae MHOT'OIPDAHHUKOB C KPUBU3-
5T ST T T

HAMU {5, %, 5, 5

Teopema 22. Ha arwbom mempasdpe ¢ kpu-

oM ST T T

313733

MUHUMAAOHAA CEMDb, 0 UMEHHO, 6Ce20a CYuie-

cmeyem MUHUMAADHAL Cemb, Peasu3you,a Puc. 3.7: Cers raroro runa peamsy-

. . . €TCs Ha BCEX TETPad/ipax C KPUBHA3HA-
nAoCkul 2pagh, usaobpascEnnl na puc. 3.7. g (5T Bmomom

BU3HAMU cyuLecmsyem npocmas

357313130
JlokazaTe/ibCTBO 5TOIl TeopeMbl Mbl HpHUBOJKUM B pasjenie 3.3.5. Cerb,
CyIIEeCTBOBaHNE KOTOPOI YCTaHABIMBAETCSA B JIOKA3aTEIHCTBE, MMEET HAauMEHb-
LIYIO JUIMHY CPEJIU ceTell Ha JIaHHOM TeTPadjipe, UMEIOIINX TUIl, N300ParKEHHbIi

Ha puC. 3.7, ¥ COMIepKAITUX BHYTPH KaXK0i CBOEH MATUYTOIbLHON d9eiiKN OTHY
s

BEPIIUHY TETPasjipa KPUBU3HBI =,

5
OJIHY BEPINHY KPUBU3HBI 5.

OrMeruM, 9T0 aHaJIoOr TEOPEMbI 22 JIJIsI IIPO-

a BHYTPHU KaK/I0il OJTHOYTI'OJIbHON AIeHKN —

U3BOJILHOIO T'pada M TEeTPasdpoB C COOTBETCTBY-
IOIMMK  KpPUBU3HAMU HeBepeH. Hanpumep, Mox-
HO JI0OKa3aTh, 4YTO MHUHUMAJbHAdA CEThb, PeaJn3y-

oimas rpad, n300paxkénublii Ha puc. 3.8, cyme- Puc. 3.8: Cers raxoro ruma
cymecrteyer HE  ma  Bcex
Terpasgpax ¢ KpHUBH3HA-

}. OTKDBIT clletylonumii BOMPOC yu {4, 4x 2n 27y

CTByeT He Ha BCEeX MHOIOIpaHHUKaxX C KpUBU3HA-
dm dm 2m 27
37372373
(MMETOIIIT CMBICJI IIPU YCJIOBUM, YTO BEPHA TUIIOTE-

vMu |

3a 3): BEPHO JIH, ITO JIJIsT KayKJIOT0 CeMefiCTBa MHOTOIDAHHUKOB ¢ (DUKCHPOBAH-
HBIMW KPUBU3HAMHU, KpaTHbIMA 5 (T.e. MuoxkecTBa P (K1, ..., k,), BBEAEHHOTO
B (opMyIpoBKe TeopeMbl 21); cyiiecTByer Mmiockuii rpad, peaausyromuiics

KaK MUHHMaJIbHasd CETHh Ha BCEX MHOI'OI'DaHHUKaX 3TOI'O ceMelicTBa.

3.3 Jloka3aTeabCTBa TE€OPEM IIPO CeTM Ha MHOTOTPaHHMU-
Kax

3.3.1 Jloka3aTejbCTBO JieMMbI 3.6 0 JJMHAX CTOPOH reo/ie3niecKoro
MHOTI'OyTOJIbHUKA

[Ipu n = 6 u3 dbopmynsr aycca-Boune (emMma 3.2) BbITEKaeT, 9TO CyMMapHast
KPUBU3HA BEPIIUH BHYTPU IIECTUYTOJIbHUKA ¢ yriamu 110 120° jgoJiKHa ObIThH
paBHA HYJIO, T.e. PeUb UJIET O TJIOCKOM IIeCTUYTOoJbHUKe ¢ yryiamu 1o 120° u
3aJaHHBIMH JIJIMHAMHU CTOpPOH. IlycTh ay + as = a4 + a5 u as + ag = as + ag.
Paccmorpum npaBuiibHBII TPEYTOJBHUK CO CTOPOHON a1 + a9 + ag U oTpexkem
OT HEro TpW yIJia B BUJIE MPABUJILHBIX TPEYTOJbHUKOB CO CTOPOHAMU A1, (3
n as. 3 paBencts a; + as + a3 = asz + a4 + a5 = as + ag + ap ciuenyer,
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YTO MOJIYUUBIIHANRCS TIECTUYTOJIBHUK OYJeT UMeTh Tpebyemble JITMHBI CTOPOH.
st tokazaresibeTBa B 0OpATHYIO CTOPOHY HY2KHO, Ha00OOPOT, JOCTPOUTH IIle-
CTUYTOJBHWK JI0 MPaBUJIBHOTO TpeyroJbHuKa. [[yHKTHI 2 1 3 JIeMMbl B 5TOM
cJydae O9eBU/JIHDI.

ITpu n < 6 cymmapHas KpUBU3HA TOYEK BHYTPU N-YTOJbHUKA C yTIJIAMU
120° pasna 2w — Zn (nemma 3.2). Us teopemsr 8 xuuru |1, ria. 5, § 1| BbrTe-
KAeT, ITO €CJIN JIJIsT JIaHHBIX JJIMH CTOPOH W YTJIOB CYIIECTBYET T€0/Ie3NIeCK Uil
MHOTOYTOJIBHUK, TO CYIIECTBYET TaKO# MHOTOYTOJBHUK, COMCPKAIINil BHYTPH
cebs1 eJIMHCTBEHHYIO BEPIIUHY MOJOKUTEIbHONH KPUBU3HBI (CM. TAK¥kKe CHOCKY
K JIOKa3aresbeTBy 91oil Teopembl 8 kuuru [1, mi. 5, § 1]). Iosromy mynkr 2
JieMMbl 3.6 BbITeKaeT M3 IyHKTa 1, M Jijid JlOKa3aTejbCcTBa IyHKTa 1 jlocTa-
TOYHO pacCMaTPUBATH MHOTOYTOJBHUKH, COJEp:Kalllie POBHO OJIHY BEpIINHY
MOJIOXKUTEBHON KpuBu3Hbl. JlasbHeiinme paccyxenus (Kpome jeMMmbl 3.7)
BO MHOI'OM aHAJIOTMYHbBI JIOKA3aTebCTBY TOH Ke TeopeMbl 8 kuuru |1, rii. 5,
§ 1], HO MBI MPUBOJUM UX JIJIsT OJTHOTHI.

ITycts st JaHHBIX @1, . . . , G, CYIIECTBYET Ie0JIe3UIeCKii MHOTOYTOJIb-
auk A1As ... A, ZA; = 120°, comnepxammnii BHyTpuU cedsi € IMHCTBEHHYIO Bep-
IIUHY [OJIOKUTEJbHON KpuBu3Hbl X . Hepes 7y; 0003HaUUM KpaTdaiinyro BHYT-
pU 5TOTO MHOTOYTOJBHUKA, coequusionyio X u A; (7y; CymecTByOT U sBJIsi-
FOTCS TeOJIe3UICCKUMU, CM. JeMMy 3.3). JIerko mokasarhb, 9TO B HAIIEM CJIydae
7y; OIpeJieJieHbl OJJHO3HAYHO M HE IepecekaloTcs Mexjy coboit. TpeyroJibHu-
ku A;A; 1 X, orpanudeHHbie Y;, Yiy1 M cropoHoit A;A; 1, He cojepKarT BHYTpH
ceOs1 BEPITUH HEHYJIEBOH KPUBU3HDBI, U TIOTOMY H30METPUYHBI TPEyTOJbHUKAM
Ha TIocKocTh. Hapucyem 5T TPeyroanbHWKNW Ha TJIOCKOCTH TMOCJIEI0BATE b
o, cuavasa A} X'AL (usomerpuunbiii Tpeyroabanky A1 X Ay), zarem AL X' Al
(m3oMerpuuHbIi TpeyroabHUKY Ao X A3, 110 IpyTyio cTopoHy oT orpeska Aj X'),
U T.J1., & MOCJeHIH TPEyroJbHUK, H30MeTpUIHbIH Tpeyroabauky A, X Aj, 0bo-
snaunM depes Al X' AY. Torjga cymMmmapHblii yrosi TpeyrosibHUKOB MTPH BEPIITHE
X' paBen noJHOMY yrjly MHOrOUpaHHO# MeTpuku B Bepumune X, T.e. gn. Or-
CIOJIa, sICHO, YTO TPEYTOJbHUKH HE MEePEKPBLIBAIOTCS, U UX OObeJIMHEHUE TIPE/I-
cTaBJisieT cOOOM BJIOXKEHHBII (n + 2)—yI‘OJIbHI/IK Ha IIJIOCKOCTH, OTPaHUYCHHDBII
samkhyToit somanoit AJA, ... Al A X' A}, npuuém AL X' = () = |AT X,
LA, =120%0 = 2,...,n, |ALAY| = a1, |AJAL | = ai, |4 AT = ap, £ZX' =

T

3
- o A X = A'X! -

CylllecTByeT, TO 3aJaB Ha HEéM ckieliky A7 X" = ATX', nojnyunMm pa3BépTKy

n. ObpaTHO, ec/ii TAaKOil IJIOCKUN MHOTOYIOJIbHUK JIJIsd JAHHBIX A1, ..., Gy

TpedyeMoro reojie3ndeckoro Muoroyrojibiuka. Mrak, nyukr 1 jemmbl 3.6 pas-
HOCHUJIEH CJieyroreit jemme 3.7.

Jlemma 3.7. ILiwockui mmozoyzorvuur AjAL ... Al ATX" co ceoticmseamu
/ | __ I A/ _ / " __ / I i / ! o s __
|AVAY| = an, [AJ AL | = ai, [ALAY] = an, A X = |ATXT], ZA] = 120°,40 =
2,....n, ZX' = In cywecmeyem npu n < 3 : dasa mobwx a; > 0, a npu
) L) 3 ’
boavuuxr 1 — mozda U moavko mozda, K020a
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Puc. 3.9: B nenrpe: a > 30° < 2(% + az + a3) > a4 + a3; cupasa: 3 > 60° & a5 < ag + as.

npun =4 :a; < a1+ 20;02 + ajp3, 0 = 1,...,4 (cuumaem a;yqy = a; o
6cer i);
npun=>5:a; < aiyo+ a3, t =1,...,5 (cuumaem a; 5 = a; das 6cex i).

[Ipexxjie 4eM mepeiiT K J0Ka3aTeabCTBY JieMMbl 3.7, 3aMeTuM,
aro somanas A} AL ... AL Al omnosnauno 3amaérest JUIMHAMM CBOMX CTOPOH
(a1,...,a,) u (opuenrupoBannbiMu) yruamu (Bee o 120°). [losoxenue Toukn
X' ToxKe onpesiesIeH0 OJHO3HAYHO — 3TO BEpIINHA PABHOOEJIPEHHOIO TPEyTroJib-
HIKA C JAHHBIM OCHOBAHHEM M YIJIOM. 3HAYUT, HAOOD af, ..., a, OJHO3HAYHO
3a1aET IOCTPOCHHYIO0 HAMU PA3BEPTKY Ie€0Ie3MIECKOI0 MHOIMOYTIOIbLHUKA, a 3Ha-
YUT U CaM MHOI'OYI'OJIbHUK, T.€. JIOKa3aH IlyHKT 3 JieMMbl 3.6.

JlokazaTeabCcTBO JgeMMbl 3.7. /11 3ajalAbIX a1, . . . , 4, PACCMOTPUM
mtockyio somanyio AJ AL ... Al A] ¢ naHHBIME JUIMHAME CTOPOH ¥ yTJIAMH 110
120°, a 3arem nocrpouM ToUKy X' Kak BepHIMHY PaBHOOEIPEHHOIO TPEyIroJib-
nuka AJAYX' ¢ nyxupiv yroom X', Tlpu n = 1,2, 3 Buyrpennnii yrox X'
nomamnoit AjAy ... Aj ATX' pasen =
ALAL AL AT XY AL He mveer camoriepecedennii 1 orpaHnYNBAET BJIOXKEHHBIH

< 7T, MMO3TOMY OYE€BHUJIHO, YTO JIOMaHasd

MHOI'OYI'OJIbHUK, T.€. ciydail n < 3 paszobOpaH.

[Ipu n = 4 muoroyrombuuk A} Ay AL A} A mpu Jo0bIX ay, . . . , a4 ABIS-
ercst BRIMYKJbIM. [lycts Hymeparmst sepimnn B A} A5 A5 A} AT naér o qacosoit
crpesike. bByjgem rosopurs, uro LZABC noaooicumenen, ecau jiyd AB nepexo-
quT B Jiyd BC' 1npu moBopoTe MPOTUB YaCOBO CTPEIKK Ha YroJj, MEHbIIH 7.
OrcyrerBre camonepecednnii y 3amuyTtoit momanoin Aj AL AL AL AT X' A) pas-
HOCHJIBHO TOMY, 4T0 TouKa X' sieskut BHyTpH nsaruyroiabhnka Ay AL AL AL AT a
9TO PABHOCHJILHO HosiozkuTestbHocTn yriaos ZAAL (X' i =1,2,3 n LAJATX'.
JlokaxkeM, 4TO IOJIOKUTEJLHOCTD YIJIOB PABHOCUILHA CUCTEME HEPABEHCTB.

CuauaJgia gokaxem, aro Z A} A7 X' nonoxuresen Torja u TOJIbKO TOIIA,
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Koraa ag < as + 2ag + ay. Hocrponm mpasunbabiii AA5A) R n psMoyTosb-

9] / / ™ T T ) / /
npiit AA}A5Q ¢ yrnamn g, 5, 5 1 runorenysoit Ay Ay u pacemorpum APQR ¢
yriaamu g, %, 5, M. puc. 3.9 (B uenrpe). Samernm, uro |QR| = % +ay +as, a

|ALR| = ay+as. Buauur, |PR| = a1 +2as+2a3 > as+az = | A} R| paBHocusib-
HO ToMmy, uTo A JlekuT BHYTpH runoTenysnl Tpeyrojbhnka PQR, u moromy
pasnocuibHO yenopumio LAY ATAY > &, e, ZAJATX' > 0, uro u TpeboBasock.

Pacemorpum Teneps sio6oit u3 yriuos LA (A X' i = 2,3,4, n 3a-
MKHYTYIO joManyio L(k), cocrosmiyio u3 orpeskos A7X' X'A, u yuacrka
nomanoit A Ay A AL AT or A no Af. losepuéum somanyio L(k) na & no ua-
coBoit crpesike Bokpyr touku X'. ITpu srom rouka AY nepeiigér B A}, 06-

pa3 Beputbl ALk < i < 4 obosnadum depes A7 u paccMOTpUM JIOMAHYIO

Al LCATATAL AL . Bee yrust 9Toit tomarofi mo nmocrpoennio pasubr 120°,
JUILHBL CTOPOH — Gy Qi1 - - -, G, Q1,4 - - -, Gp—1, |ALX'| = |ALX'|, «BHyTpen-
auity LA X'A]l = 240°. T.e. 910 OMaHasi ¢ TeMu XKe CBOWCTBAMHU, HO JIJIs
nabopa (ag, Qgi1, ..., 0n, a1, ..., 0k_1). Yeaosue toro, aro LA, A, X' noo-

JKHUTEJEH PABHOCKJILHO YCJIOBHUIO, YTO HOJIOXKUTEJIEH ero obpas Ipy [0BOPOTE,
T.e. LA} JA]X' a 310 yke BbIBeJIEHHOE HAMU YCJIOBHE HA MOJOKUTEIHHOCTD
«kpaitaeros yria st Ay .. AJATAL AL JALXT ) Te. B TodHOCTH COOTBET-
CTBYIOIIEE HEPABEHCTBO CUCTEMBI.

Cunydait n = 5 MOXKeT ObITh pa300paH aHAJOI'MYHO C HCIOJb30BaHUEM
puc. 3.9 (npasblii pUCYHOK). O

3.3.2 JlokazarejabCcTBO TeopeMbl 20 0 MHOTOrpaHHUKE, HA KOTOPOM
MWHUMAJIbHBbIE CETU PEaJIN3YIOTCA KaK MPOCThIE.

[lycrs mama cucrema paspesoB My, = {V;, M;}. Paccmorpum HesaMKHYTHII
MHOTOTpaHHUK (), ToJydatommniicss n3 P BbiOpachiBaHWEM BCEX HEOHOTOUEH-
ubix M;. Ilo onpeneneHnio cucreMbl pa3pe3oB yribl () BO BCEX I'PAHUYHBIX
BEPIUHAX HE MEHBINE 7, T03TOMY 10 Teopeme |1, rir. 5, § 1, Teop. 8] cymecrsy-
eT U €JIMHCTBEHEH 3aMKHYTbIi MHOIOTpaHHUK Pg, cojep:Kalnuii He3aMKHY ThIil
MHOTOTPAHHUK ()1, M30METPUIHBIH () M TaKOi, 9TO BCsiKasi KOMITOHEHTA, CBsI3-
HocTH Pg \ (Q1 cOMep:KUT POBHO MO OJIHOMN BepiuHe MHOrOrpanuuka Pg. B [1]
pa3BéPTKa MHOTOIpaHHUKa Pg CTPOUTCA KOHCTPYKTUBHO — HUCIOJIB3YETCs I10-
CTPOEHVE PA3BEPTKN I'e0e3MTeCKOr0 MHOTOYTOJIBLHNKA C 3aJaHHBIMY JIJINHAMU
CTOPOH U BeJUYUHAMHU YIJIOB U €JIMHCTBEHHON BEPIINHON TOJIOKUTEJIBHON KPU-
BU3HBI. JTO MOCTPOCHHE BBIMNOJJHSICTCS C MOMOIILIO Pa3BEPTKU, aHAJOIUIHOM
passéprke A1 A, ... Al A7 X' u3 npegpiayiero myHKTa.

Ecin munumasbhoit ceru N Ha MHOrOIpaHHUKe PP COOTBETCTBYET CUCTE-
Ma pa3pe3oB Mo, To N C Q). Tlockosibky MHOrOrpanuuk (J1 usomerputer @),
Ha HEM nMeeTCs ceTh [N, M30MeTpUTHast (KAK MHOXKECTBO, B CMBICJIE BHYTPEH-
HUX MeTpuk Ha () u 1) muaumasbHoit cern N. o mocTpoennio B Kaxk 1o
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HEITeCTUYTOJBHON dueiike ceTn N1 COMEPKUTCA POBHO OJIHA BEpINMHA MHO-
rorpannnka Pg. VTak, Bce MUHMMAaJbHBIE CeTU C JIAHHOM CHCTEMOIl pa3pe3oB
Ha P peaymn3yiorcsi Kak MPOCThie MUHUMAJIbHbIE CeTH Ha MHOrorpaHHmnke Pg.
EjuncrBennocrs Pg BbITEKaeT U3 TeopeMbl 8. L]

3.3.3 IIpumep mHOrOorpaHHUKaA 0€3 MUHUMAJBHBIX CETell, MMeIoIe-
ro cucreMy paspe3oB (Teopema 18).

DTOT pasjes MOCBSIIEH JIOKA3aTeJbCTBY TeopeMbl 18. B kauecrBe MCKOMOro
IpUMepa Mbl IMOCTPOMM MHOTIOIPDAHHUK, HAIOMHUHAIOIIUI OUYeHb BLITSAHYTBIHA
IPSIMOYTOJIbHBIH HapaJiiesenuiies. /leso B ToM, 9TO IpU JIOCTATOYHO OOJILIION
mutHe ¢ (1o cpaBHeHWIo ¢ w 1 h) Ha napaJsuiesenunese £ X w X h He cyiecTByer
MUHAMAJIBHOM CeTH ¢ CUCTEMO Pa3pe30B, COCTOAIIEH U3 YeThIPEX PEOED JIJINHDI
¢. OnHako, KaK Mbl OTMeYaJu B pazjesie 3.2.5, Ha JIFoO0M HapaJijiesIelniIesie Cy-
IMECTBYET MUHUMAJbHAS CeTh (XOTh ¢ KAKON-HUOY/b CUCTEMOli pa3pe3oB), Tak
YTO caM IapaJuleselnie]] He MOAXOMUT JJIsl JOKA3aTeJhCTBa TeopeMbl 18. MbI
YYTh-UyTh IMOIIEBEJUM BEPIIUHBI «JJIMHHOIO» IMapaJjesenuneia TaK, ITOOLI
HA HEM <«HE OCTaJIOCh» CHCTEM Pa3pe30B, COJIEPXKAIIUX OTHOCUTEJIHLHO KOPOT-
Kie reojiesnveckre (Kak B MpuMepe Ha puc. 3.5), — Torjga MUHUMAJbHAs CeTh
JIOJIPKHA UMETh CUCTeMY Pa3pe30B ¢ JUIMHHBIMU T'€OAe3MICCKUMU, UTO, KAK MbI
MOKarKeM, HEBO3MOXKHO, U TeM CaMbIM OyJIeT JJ0Ka3aHO OTCYTCTBHE MUHUMAJIb-
HBIX ceTeil Ha 9TOM MHOI'OI'DAHHUKE.

Jlemma 3.8. Jlas ar00vix nosostcumenrvroix £, w, h U € U npamMoy204bH020 Na-
pasnesenuneda P pasmepom £ X w X h cywecmeyem mmozoeparnnur P* ¢ 6o-
cemwro sepwunamu u ouexyua B: V(P) — V(P*) makue, wmo

(1) |k(v) = 5| < € daa 6cex v € V(P*);

(2) daa v1,v9 € V(P) pasencmeo k(B(v1)) + k(B(ve)) = 7 swnoanaemea mo-
2da u moavko mozda, K020a V1 U Vo — KOHUDL HeKOMOpPozo pebpa daunvi L,
npuuém 6 amom cayvae paccmoanue meotcdy B(vy) u B(ve) na muozoepannuke
P* ne menvwe £ — 2¢;

(3) nuowadu noseprrnocmu S(P) u S(P*) d6ys Mnoz02pannukos omausaom-
cA He DoNeE ueM Ha €.

loxazamesvbcmeo aemmor COCTOUT B ONUCAHUU PA3BEPTKU MHOIOIpaHHUKa P~
n3o0paxkénnoit Ha puc. 3.10. Obo3HaumM BepIINHBI NapaJjuienenunesa P ue-
pes A,B,C,D,K,L,M,N, nyctb AK = BL = CM = DN = /(. Pac-
CMOTPHUM [POU3BOJIbHBIH BBIYKJIbIH dyeThipéxyroiabnnk Ay A} K7 Ky, B KoTopom
AKy =0, LA = LKy = 45°, u nyctb As A5 K5 Ky — paBHbliii eMy 9eTbIpéx-
YTOJbHUK. PaccMoTpuM NU3BIOHKTHOE OObeIUHEHNe I'paHeil mapaJiesernuie-
Jla ¥ JBYX MOCTPOEHHBIX YEeThIPDEXYTOJbHUKOB W 33J[a/TUM Ha 3TOM MHOXKECTBE
npaBuJia CKJEHKN: OTOXKJIECTBJISAI0TC PEOpa rpaHeil napaJijiesenuiesia, cooT-
BETCTBYIOIIUE OJTHOMY pedpy, 3a MCKJIIOUYEHHEM Tapbl CTOPOH, COOTBETCTBYIO-
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Puc. 3.10: Paseéprka Muororpamauka P*, MOJy9eHHOr0 MaJbIM MIEBEJICHUEM MaPAJLICTCIIITe A,

mux pebpy AK; oroxjecrnisiiores cropoubl A1 AT = A A5, AJKT = ASKS,
KiK, = KjKjy; cropona A; K oroxjecrsasercs co croponoit AK rpamnu
AKND, a cropona As K9 — co croponoit AK rpann AKLB. Ilonydaem ro-
MeoMopdbHyIo cdepe pasBEPTKY OJOKHUTEJLHOR KPUBU3HBI (CM. OlpejieieHre
pa3BépTKu B pazjese 3.1.1), KoTopasi o TeopeMe 5 H30MeTPUIHa HEKOTOPOMY
BBIITYKJIOMY MHOTOI'PAHHUKY. 3aMeTuM, 9To Toukd A u K B HOBOil pa3Béprke

VMEIOT HYJIEBYIO KPUBU3HY (K MMEBIIEMYCsl OJHOMY YTy 37” Mbl TIPUKJICUIIN

s

JBa yrjia 1o 7
KM, oJyuennble npu ckienBanun A7 n Az, K7 n K3. [lpu arom, Menss jginmbl

), 3aT0 nosiBriMCh Bepimibl A* u K* (tak Mbl 0603HaYaEM TOY-

cropon A1 A7 u K1 K7, Mbl MOxKeM MeHsTb KpuBu3nbl Bepiina A* u K*, 1o B
CyMMe OHU B JIFOOOM cjiydae OyjiyT jiaBarh .

Tem ke crmocobOM <«IPHUKIEHM» K HapajlIesIeNuIeny eIné TPH IOXO-
’Kie, HO IIONApHO He paBHbIe <«3alllaTKuy» BJoJb pédep BL,CM, DN, cwm.
puc. 3.10. IIpu sTom BbIOEpEM TNpPUKJIEMBAEMbIE YETHIPEXYTOJBHUKNA TaK, UTO-
Obl yIVIbI YETHIPEXYTOJBHUKOB B BEPIIMHAX CO 3BE3JI0YKAMU ObLIK TTOHAp-
HO Pa3JIMUHbI W OJIM3KHA K ?jf, a OOKOBBIE CTOPOHBI MAaJibl (HE TPEBOCXOJST
min(e, 7g7)). Torma momyunsmuiica B pesynbrare MHOOrpaHHEK FP* ¢ Beprm-
navu A*, B*, C*, D*, K*, L*, M*, N* Oyjer yaoBJIeTBOPSATH TPeOyeMbIM CBOJi-
CTBaM. [l

Hagee OyjieM paccMaTpuBaTh MHOI'OIpaHHUK P*, IOCTPOEHHBIH € IIOMO-

I[HIO ITO JIEMMbI JIJIsi MAJIEHBKOTO € (CKayKeM, MeHbIIe Wlo> 1 00JbIIoro
(ckaxkem, £ > 100(w + b+ €)).

[Tpennonoxxum, aro Ha P* cymectByer MuHuMaJjbHas ceTb N 1 M., =
{Vi, M;} — coorBercTByIomas eii cucrema paspe3oB. 11oCKOIbKY KpPUBU3HBI

BEPHIMH MHOTOIDAaHHUKa P* e-0IM3KM K 3, CyMMa KPUBU3H JIOOBIX 172 BEPIIMH
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m mm
Tog-OmmsKa K 75,

s

3
HYIO KPUBHU3HY 7). YUUThIBast MyHKT (2) JIEMMbI, OJy4aeM, 9TO ¢ TOTHOCTHIO

a 3HAQYUT TPYIIa BEPIINH ¢ CYMMapHOil KPpUBU3HON, KPATHON
¥ MEHBIIE 27T, MOXKET COCTOSATH TOJIBKO U3 JIBYX BEPIIUH (U UMETh CyMMap-

110 u3MeHenust Homepon V; soinodsiercst Vi = {A* K*} Vo = {B*, L*}, V5 =
{C*, M*},Vy, = {D*, N*}. Janee, kaxjoe MHO)ecTBO M; — 3T0O Teoje3nye-
cKasl JUIMHON He Merbiie ¢ — 2¢ (0IHOYTOMBHUKOM OHO He MOXKET ObITh H3-3a
2
YTOJNLHUKA COIEPXKUTCS €IMHCTBEHHAS BepIiHa, T0 1o dhopwmyiie Laycca-Bonme

TOI'0, YTO KPUBU3HBI 00enX BepIlnH B n1ape V; OJIM3KKU K 5, a €CJIu BHYTPHU OJIHO-

(memMa 3.2) eé KpUBHU3HA He MEHBIIE 7).

Jlemma 3.9. Ilycmov € < Wlo

codepoicaweti napy eepuwun A* u K*, ne menvwe const - €2, 2de const — nexo-

u £ > 100e. Tozda naowadv avetixu cemu N,

MOPOE NOAOAHCUMEALHOE YUCAO, HE 3aBUCAWEE N 0m 6vibopa €, £, P*, nu om
sulbopa MUHUMAALHOT cemu N .

Joxazamenvcmeo semmol. Ilycts Pg( M) — MHOTOrpaHHUK, HA KOTOPOM CETh
N peasusyercst Kak 1pocTasi MUHUMaJIbHas ceThb (Teopema 20) u f: P*\UM; —
Ps(M_yt) — u30MeTpUIHOE BJIOXKEHEE, TOCTPOCHHOE B JIOKA3ATEILCTBE TEOpe-
mbl 20. Toryma muororpanank Pg(M,,;) wMeer deThipe BepIuHbl KDUBU3HBI T,
T.€. sIBJISIETCsI PABHOTPAHHBIM TeTpa’dipoM. PacecMoTpum sideiiky MUHUMAJIbHOI
cetu N, comepzxarnryto sepmmubl A*, K*. [lo nemme 3.5 s1a stueiika Tpeyrosn-
ras. CooTBeTCTBYOMAs TPEYTOIbHas sideiika ceTu f(IN) Conmep:KuT eIMHCTBeH-
HYTO BepiHy MHOrOrpanunka Pg( M, ), obosnaunm 3ty stueiiky qepes Y YoY3,
a Bepuuty BayTpu — vyepe3 X. [Iycrs Con(X) = Y1YoY5\ f(P*\UM;). Unbi-
mu cioBamu, Con(X) — 3T0 TOT JABYYTOJIbHUK, KOTOPBIM B JIOKA3ATEIHCTBE
TeopeMbl 2() Mbl 3aKJIEUBAJIU JIBIPY, TOJYUUBIIYIOCS TIOC]E pa3pe3a BJIOJIb T'eo-
jesudeckoit My, coenmusitomeit Bepmmubl A* n K*. Huxe f-obpasbl Bepiimn
A* u K* na muororpanunke Pg(Me,.), T.e. Bepmmumbl qByyroabauka Con(X),
MBI OyJIeM IO-TIpezKHeMy 0003HauaTh depes A* u K™,

Coequnum X u Y7 kparuaitmeit XY
BHYTpH siveiiku (caegcrBue 4) u uzoMeTpuy-
HO 0TOOpasuM MHOTOyTOJBHUK Y]YoY3 \ XY] Ha
IJIOCKOCTD. [lOCKONbKY KpuBH3HA BepIIMHLI X
paBHA 7, MOJYYUM IJIOCKUA BBITYKJIBI YeThl-
PEXYTONMBHUK, cM. puc. 3.11. Ilycrs T° — Touka
nepecedenus KpaTdaiimeit XY] u TpaHuIlbl IBY-

yroabauka Con(X). Torga obpas jByyroJbHHU-
ka C'on(X) npu pasBopaunBannyi — 3TO HEKOTO- Puc. 3.11: Passéprka sueiiku ce-
poblil gernipéxyroabpuuk 11T K*A*. T Ha MHOTOrpaHHIKe Pg( M) 1 66

PaCCMOTpHM MHOFOyFOJI])HI/IK OCHTPAJIBHO CUMMETPpUYIHAA KOITNA.
VYo Y3Y/T'K*A*T. Tlo nocrpoenuio OH  TOJIydaeTcss pPasBopavdvBaHUeM

obsiacru f(P* \ UM;) N Y1Y5Y5, re. roit wacru siveiiku Y1Y5Y3, koropasi
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U30METPUYHA pa3pe3aHHoil 1o reojesndeckoit My gueiike cetu N Ha MHOIO-
rpanauke P*. 3uaqwt, miomnaas MHoroyronbiuka Y1YsY3YT'K*A*T pasna
MJIOMIAIA sTIEKN U3 YCJIOBUS JIEMMBI, T.€. JIEMMa CBOJUTCS K JIOKa3aTe/bCTBY
onenkn S(Y1YoY3Y{T'K*A*T) > const- (2. Jlajiee Bce paccy»ieHus TPOBOJIM
JIIsT MHOTOYTOJIbHIUKOB Ha IIJIOCKOCTH.

Paccmorpum obpas derbipéxyroibaukos Y, Yo Y3Y! u TT' K* A* nipu cum-
merpun ¢ nearpom B touke X. ITo nocrpoenuto XT = XT' XY) = XY/,
MoTOMY OObeJMHEHNe YeThIpéxyrosbhuka Y1YsY3Y! u ero obpasa mpu cum-
METPUU — 3TO HEKOTOPLIH MEeHTPAJLHO CUMMETPUUHBIA IIeCTHYTOJLHUK, BCE
yTJIbl KoToporo pasubl 120°. O6beannenne yerpipéxyronbiuka 1T K* A* u ero
0bpaza — 510 poMb, JIIIMHA CTOPOHBI KOTOPOI'O PaBHA JJIMHE CTOPOHBI (<« PABHO-
OesiperHOroy ) nBYyroibanka Con(X ), KoTopasi B CBOIO 04Yepe/lb paBHA JIJIHHE
reofesndeckoit My. Yriapl aroro pomba paBHbI KpuBu3uaMm Bepimma A* m K*
MHOTOTpaHHuKa P* u, 3Hauut, e-0JM3KY K 5.

Paccmorpum pom6 R co cTopoHO# AauHBI 1 M yriamu, £-OIU3KHMU K
5. PaccMoTpuM BCeBOZMOXKHBIE HEHTPAJIbHO CUMMETPUYHBIE IIECTHYTOJbHUKNI
¢ yraamu 1o 120°, cogepxarnue aror pom6. Ilycrs o(R) — Tounas HUXKHSS
IpaHb IJIOMIAJEH TaKuX mecTryrojbHukoB. Torga o( R) ¢crporo 6oJiblie 1iola-
mu S(R) narero pomba — B IPOTUBHOM CJIydae CyIeCTBOBaJa ObI TIOCTIEI0BA-
TEJILHOCTD MIECTUYTOJBHUKOB, COJEPKAIUX POMO U CXOJISIIMXCA K HeMy (CKa-
xKeM, B Merprke Xaycjaopda) — HO Takasi M0C/IeJ0BATEIBLHOCTD MTECTHY O b-
HUKOB HE MOXKET CYIIECTBOBATH M3-3a HAIMX OIPAHUYEHUN Ha yTJibl pomba u
mmecTuyronbHuKoB. Urak, uncio §(R) = o(R) — S(R) monoxuTteabro. 3HATHUT,
MTOCKOJIBKY MHOXKECTBO PAaCCMaTPUBAEMBIX POMOOB KOMITAKTHO M JIJIST KAk I0TO
u3 Hux O(R) nosoxuresnbno, soinosnsercs infp d(R) > 0, rye undumym Ge-
PETCs O BCEBO3MOXKHBIM pombaMm R co cropomnoit 1 u yriamu, ﬁ—6JII/ISKI/IMI/I K
5. Obosnaunm sror nndumym infr §(R) = const;. Ouesuano, uro jyuia pomba
co cToponoii T Bhinosnsercst §(pomba) > consty - 2.

Bepuémes k naieii passéprke, cM. puc. 3.11: S(V1YoY3Y/T'K*A*T) =
S(Y1Y2YsY]) — S(TA*K*T") = 3(S(wmecrmyronbunka) — S(pomba)) >
16(pomba) > fconsty - |[K*A*|? > Lconst - (¢ — 2¢)* > const - (%, nanpnmep,
JUIst const = %lconstl. Kak MblI 1OKa3aJii BBIIIE, U3 9TOH OIEHKN BBHITEKAET
JIoOKa3bIBaeMag JeMMa. L]

Temepb MBI FOTOBBI 3aBEPIIUTD JI0KA3ATEILCTBO TeOpeMbl. PaccMoTpum
MPSIMOYTOJILHBIN napaJsuiesenumes P ¢ takum 0osbimuM £, 9TO ero TIona b
nosepxuoctn S(P) = 20 (b+w) + 2bw < const - £2, ryie const — KoHCTaHTa U3
OCJIeTHE JTeMMbI. 3aTeM ¢ TIOMOTIBIO JIEMMBI 3.8 MOCTPOUM MHOTOI'PAHHUK P~
npudéM Tax, 9Tobbl cHOBa BbinosHaAIoch S(P*) < const - (2. [Ipeanonaras, 4To
Ha P* cyliecrByer MUHUMAJIbHASL CeTh, epexouM K Pg( M) v nojydaem, 410
o jJemme 3.9 ImIonaab yKe OfHOM Sueiiki ceTn Ha MHOTOrpaHHuKe P* Gosbiie

const-¢2, XoTs MI0IMa,1b BCeil OBEPXHOCTH MHOTOIPAHHHUKA P* MeHbIIe const-£>
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— mporuBopeune. Teopema 18 mokazaHa.

3.3.4 JlokazareabCTBO Teopembl 21 O CymnieCTBOBAHUM MUHUMAJIb-
HbIX ceTeili Ha MOYTU BCe€X MHOTOTPAHHUMKAX C KpPUBU3HAMWU,
T

KpaTHbIMHA 3

B Teopeme 23 mokakeM, 9TO MHOXKECTBO MHOTOI'PDAHHUKOB C MHUHHMAJbHOI
CeTbIO BCIOJly IIJIOTHO, & 3aTeM B TeopeMme 24 J0KaxKeM, 9TO OHO OTKPBITO B

Pk, .. k).

Teopema 23. /[r4 2106020 6vinyk.rozo muozoepannuka P, ece wpusudnvl rxo-
mopozo deasamea na g, u daa mobozo € > 0 natidémea e-bauskud x P mnozo-
epannux P, na xomopom ecmv npocmas MURUMAADHAL CEMD.

Jloka3zaTeabcTBO. (O0O3HAYMM BEpIIMHBI JIAHHOT'O MHOI'OIpaHHUKa P de-
pes Ay, Ag, ..., A,. Boibepem Ha mnoepxHocTH P 1POM3BOIBHYIO TOUKY X,
MyCcThb 7y; — KpaTrJaiimas, coeauusiomas X u A;, ¢ = 1,...,n. Hecaoxuo mpo-
BEPUTD, YTO Pa3JIMUHbIE KpaTUaiIiue y; He MOI'YT IepeceKaThCsa MEeXK, 1y COoDOii.

~1v: m3omeTpu-

B [17] nokazano, 4To reofe3nveckuii MHOrOyroJabHUK P\
YeH BJIO)KEHHOMY MHOI'OYTOJIbHUKY Ha ILJI0CKOCTH. OOO3HAYMM 9TOT IMJIOCKU
muOroyroiapuuk depes M = X A1 XA ... X, A, T1e reome3udeckoit vy; co-
orBercTByioT cropoubl A; X1 u A;X;, i = 1,...,n (Bcoogy cumraem, 4TO
Xpi1 = Xi). DT0T MHOrOYrOJBHUK C €CTECTBEHHBIMHU TIPABUIAMHU CKJICHKH
(A; X1 = A; X)), oueBujiHO, sIBJIsIeTC PA3BEPTKON Jijisi MHOrOMpaHHUKa P,
KOTOPYIO 9acTO HA3BIBAIOT 36E30H01.

Paz306béM 1I0CKOCTh Ha paBHBbIE NMPABUJILHBIE MECTUYTOJBHUKNA C JIJIH-
HOM CTOPOHBI, PABHON HEKOTOPOMY 0, Tak, 9TOOBI BEPIIMHBI HAIIErO MHOIO-
yroiabauka M oKazaJauch BHYTPH Pa3JUUHBIX HIECTUYTOJHHUKOB Pa3OneHMS.
O603Ha1M depe3 X! EeHTD MIeCTUYTONbHIKA, cojiepkartiero Bepruny X;. s
KazkJioro ¢ = 1,...,n nocrpoum pasHOGenpennbiit Tpeyronbank ALX/ X! | ¢
ocHopanneMm XX, |, nogobubiit rpeyrosnbuuky A; X; X1 1 Tak e opueHTH-
poBaHHbIil Ha TocKocTH (T.e. ecau A;, X; u X1 pacrosoXKeHbl Mo IacoBoil
crpesike, To n A, X; w X/ | pacrnosnoxennl Tak »e). Mbl Bciojy cunraem,
aro Xp1 = X1, X, = X{. Yroa npu sepumue A; muoroyrossiuka M 1o
TOCTPOCHUIO paBeH TMOJHOMY YIJIy Tpu Bepminue A; muororpannmka P, T.e.
T 27 Yy

3,55 T, 5, %5+ SHAYMT, MOCTPOCHHBIH

HaMy paBHOOeapentblii Tpeyroabunk A;X[ X/, nubo paBHOCTOpOHHMI, J11OO

MOKeT ObITH paBEH OJHOMY M3 YHUCEJI

BBIPOXKIeHHBIH (¢ yruiom 7 npu Bepriune Al), jubo umeer yrubt 120°,30°, 30°.
YunrbiBast, 4To X, 1 X;,; — IEHTPbI HEKOTOPBIX MIECTUYTOJILHUKOB, HECJIOKHO
IIPOBEPUTD CJIEJLYIOTILYIO JIEMMY.

Jlemma 3.10. /s xaoicdozo i mouxa A, — aubo yewmp, aubo cepeduna cmo-
POHBL HEKOMOPO20 UWECTNUY2OADHUKA PA3OUECHUA.
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Puc. 3.13: Onenka |A; A}.

B caywae, ecoim kakwme-to m3 Touek Al oka-
3aJIUCh CepeIMHAMU CTOPOH IIECTUYIOJbHUKOB, pPac-
CMOTpPUM pas30bueHne MJI0CKOCTU Ha DoJiee MeJIKUe Ie-
CTUYTOJIbHUKKM, B KOTOPOM BCE LEHTPLI U CEPEJIUHbI
CTOPOH IIECTUYTOJLHUKOB CTAPOIo Pa3OMEHUs siBJIsI-
I0TCS IEHTpaMu MIEeCTUYTOJIbHUKOB, CM. puc. 3.12.
) Puc. 3.12: Tlogpastuenue
Jlemma 3.11. | X, X]| <6, |4 Al <26,i=1,...,n.
Joka3zaresabcTBOo. [lepBoe oueBniHO, HOCKOJILKY X; HAXOUTCS BHYTPU 1IPa-
BIJILHOTO IMIECTUYTOJbHUKA € MEHTpoM X/ U CTOpOoHO# jiuHbl §. Jlokaxkem
BTOPOE HEPaBEHCTBO. Uepe3 € obo3HaunM ciepyiolee adduHHOe 1peodpaso-
A; Iyt
Banue, nepesojdiiee sekTop X;X; 1 B BekTop X;A;, a Bekrop X; X 4 B
BekTop X/Al: B cayuae £X;A; X1 = 180° — ckarne B jiBa pasa, B ciydae
/XA X;y1 = 60° — nmosopor Ha 60° B HyxHyto cropony (puc. 3.13), a B
cayaae ZX;A; X; 11 = 120° — komnosunuio moBopoTta Ha 30° u cKarus B V3
pas.
— — - — —
" Y IRV . Y. — X!
Torpa [A; A = ‘(Xl‘\Xi + 5(Xz'Xi+1)) e(XiXin)| = |<X2Xi

— ; > - —
e(XiX))) + e(XiX] + X{X[\) — XiXin)| < (1XaX{| + [Xim X[ 1)) < 26.

Hpegnoeneﬂﬂee HEPaBEHCTBO CJjieyeT N3 HEPaBEHCTBa TPCYI'OJIbHUKaA W COOT-

Homenuit |z — ex| = |ex| < |z|, KOTOpPBIE JIEIKO POBEPUTH JIJIs KAXKJIOTO W3
TPEX HAIUX €. [l

[Tockonbky momanas X;A1X0As... X, A, X orpanmumBaer BJIOXKEH-
HbIII MHOTOYTOJIbHUK TI0 CBONWCTBY 3BE3IHON pa3BEPTKU, U3 JieMMbI 3.11 BbITe-
Kaer, 4To [pH JocTaTouHo Madbix 6 jgomanast XA XA, ... X Al X He umeer
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camorepeceuennii. B orpanndyennom eio Muoroyrosbauke M’ pist KaxKjoro i
cropounl A7 X; n A} X!, | UMEIOT 110 HOCTPOEHUIO OJ[MHAKOBYIO JUIHHY. 33/1a1M
na M’ npasmia ckiueiikn AJX] = A/X! | nosyuum pa3séprKy, 3aaOINyio
MHOTOIPAHHON MeTPUKY Ha c¢depe ¢ TeMu K€ KPUBU3HAMM BEPUIMH, YTO U Y
muororpannuka P. [Tosromy m30MeTpuuHbIi 3TOil pa3sBéPTKe BLITYKJIbLIA MHO-
rorpanauk P’ cymectByer (Teopema 5) u IMeeT Te XKe KPUBU3HbI, ITO U MHOTO-
rpanauk P. B cuily HelpepbIBHOCTH O0TOOPaXKeHUsi, CTaBsIIIEero B COOTBETCTBUE
pa3BEPTKE M30METPUIHBIN eil MHOrOrpaHHUK (1emMa 3.1), § MOXKHO BBIOpATH
TaK, 4To MHOrorpannuku P u P’ 6yayr e-0susku.

Ocraérest yoepanThest, 4T0 IPAHKUIbI [ECTHYTOJILHUKOB pPa3Ouenust, 1mo-
nasmme BHyrpb M’ npu nepexome kK Muororpannuky P’ obpasyior Ha
HEM MHUHUMAJbHYIO ceThb. IIpumep dparmenta Mmuoroyrojabuuka M’ wu300-
paxkén Ha puc. 3.14. fcHo, 9TO0 BO BCeX BHYTPEHHHX TOYKAX MHOTOYTOJIb-
Huka M’ cBoiicTBa MUHMMAJILHOH CETH BBINOJIHEHBI (IO ONPEJEJCHUIO M-
HUMAJIbHOI ceTw, JaHHOMY B Hadaje pasjena 3.2). Paccmorpum mepecede-
Hue HekoTopoit cropoubl AL X[ muOroyrombuuka M’ u HEKOTOpO# cTOpO-
HBI TECTHYTOJbHNKa pasomnernnst. [lockombKy yros mpu Beprmue Al Kpa-
%, oroxjectsiennio cropon AiX] = A;X],, coorsercrByer mosopor
¢ meaTpoM B Touke A; (HATTOMHWM, 9TO TEHTD HEKO-

TEH

TOPOTO MIECTUYTOJbHUKA DPa30MeHnst) Ha yroJ, Kpat-
upiii 7. Pasbuenne Ha 1mMecTHyroJbHUKM MHBAPUAHTHO
OTHOCUTEJILHO TAKOI'0 110BOPOTA, OTKY/Ia BbITEKAET, 4TO
TOYKN TPAHUI TMECTUYTOJHHUKOB Ha T'PAHUIE MHOTO-
yrojibauka M’ ckiienBaroTcst onapHo u ¢ COBJII0IeHNEM

CBOMCTB MUHUMAJILHOH ceTh. DTO HAOJIOJICHUE JIBOM-
CTBEHHO YTBEPKJICHUIO [IPO TPUAHTYJISAINN U3 |35, pas-
nent 7]. Utax, Mbl HAILTE MHOTOIDAHHUK C TIPOCTON MU-

HUMAJILHOR CeThIO, £-OJIM3KNUI K JJAHHOMY, 9TO U Tpe-

OoBaJiOCh B Teopeme 23. O puc 314 Oparvent M.

Teopema 24. Ecau na mnozozpannuke P ecmv munumaronas cemn, mo nai-
démes € > 0 maroe, wmo na 6cex £-0AUSKUT MHO202PAHHUKAT C MMEMU HCE
KPUBUSHAMU 6EPULUN, TNOJCE ECTND MUHUMAALHGA cemb (npuuém mozo oice
muna).

HokazaresabcTBo. llycts I' — Munmmambnas
cerh Ha muHororpanuuke P € P(ki, ..., k,). Yepes
Bs(T") oboznauum d-okpecrHocrs ceru [ r.e. MHOXKe-
CTBO TOYEK MHOTOI'PaHHUKA P, KOTOpbIEe MOXKHO CO-
eMHUTL ¢ ceTbio ' myTém juimHbl He Oojee 6. fc-
HO, YTO IPHU JIOCTATOUHO MaJioM 0 MHOkecTBO Bg(T)
HE COJICPXKUT BEPIINH MHOIOTPDAHHUKA, U MOXKET ObITh
Puc. 3.15: Yacte B;(I).
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pazObUTO HA HECKOJIBKO IMe0JIe3MIeCKUX MHOTOYTOJILHUKOB JIBYX BUJIOB: M30MET-
PUUHBIX TUIOCKUM MPABUJIBHBIM TPEYTOJBHUKAM CO CTOPOHON JUIMHBL 20 (OHU
COJIEPKAT BEPIIUHbBI CETH) U W30METPUIHBIX MJIOCKKM HEKBAJPATHBIM TIPSIMO-
YIOJIbHUKAM IHPUHBL 20 (KaxKJoMy DPeOpy CeTH COOTBETCTBYET OJIMH TAKOI
MPSIMOYTOJIbHEK ), ¢M. puc. 3.15. Qukcupyem masoe (B yKazaHHOM CMbICIE) .
Paszséprky okpecrroctu Bj(I'), cocrosiyio u3 ONUCAHHBIX TPABUIBHBIX Tpe-
YTOJBHUKOB ¥ MPSIMOYTOJIbHUKOB C €CTECTBEHHBIMY MTPABUIAME CKJICHKH, Oy/1em
obo3HavaTh uepes D.

Tpuanrynupyem MHororpaHHuk P caemyomuM obpaszoM. CHadasa
norpuanryaupyem  Bs(['), pasous Kaxkjplii <«IpsIMOYTOJILHUKS OKPECTHO-
cru Bs(I') yi060it u3 jiByx ero jmaroHajeil Ha JiBa TpeyroJbHUKA. 3aTeM pac-
cMoTpuM JT00yI0 KoMorenTy casznoct P\ Bs(I') — 910 reogesndaeckuii muo-
royrojpHukK ¢ yriamu mno 120°, obosnaumm ero 4depe3 M. Boibepem Jso0yto
BepiuHy Ha rpanuiie M u, nojab3ysich cjaejcTBueM 4, cOeJIMHUM €€ I'eojie3u-
TEeCKUMU 7y; C KAXKJIOM U3 BEPIIMH MHOTOTPAHHUKA, cojepKaruxcs B M (ecin
Takue BepIinHbl ecTh). Torma M \ U;y; — Teojie3andeckuii MHOTOYTOJIbHUK, He
COJZIeP KAINNii BHYTPHU cebsi TOUEK HEeHYJIeBOW KPUBU3HBI. TOYHO TaK ke, Kak
B jlokazaresnscrse |1, T4 §1 nemma 2|, pasodbém M \ U;y; Ha TpeyrojbHUKH
HETEPECEKAIOTIIMUCS TUATOHAJSIME (T.€. Te0JIe3UIeCKUMU ¢ KOHITAMU B BEPIITH-
Hax MHOTOYTOJIbHIKA M \ U;7y;, TPUTIEM HAYAJIO U KOHETT JUATOHAJH HE JIOJKHbI
COBITAJIATH ).

B wrore nojiyduM HEKOTOPYIO TPUAHIYJISIUIO 1T BCEro MHOIOIpaHHMU-
Ka P, KaXXJIblil TPEYTOJbHUK B KOTOPOU HE COJIEPXKUT BHYTPH ceOsl TOUEK HEHY-
JIEBOI KPUBU3HBI, T.€. u3oMeTpudeH miockomy. B cuiy [1, T 4, § 2, Jlemma 1|
Juts Jiroboro p > 0 cymecrsyer v > 0 Takoe, 4TO Ha JIIOOOM V-OJIMBKOM K
P muororpannuke P’ cymecrsyer Tpuanrynsiusa T Toi e KoMOUHATOPHOI
CTPYKTYPBI, uTo 1 T, 1 TaKas, 9TO JIJIMHBI COOTBETCTBYIOMUX pEdEp ABYX TpPU-
AHTYJIAIMN oTynaaroTes He bosiee dem Ha f. CiioBa «Toit ke KOMOMHATOPHOI
CTPYKTYPbI» 03HAYAIOT, YTO CyIIECTBYEeT TOMEOMOPMOU3M Ypom : P — P’ nepe-
BOJIATINI BEPINUHBI MHOIOTPAHHWKA PP B COOTBETCTBYIOIINE BEPIIUHBI MHOI'O-
rpannnka P, a rpuanrynasumio T — B rpuanryiasinuio 17, Ilyers p: P — P —
KycouHO-adPuHHBI rOMeoOMOPMU3M, KOTOPHIIl Ha BepiinHax TpuaHryJsmnuu 1’
COBIIAIACT C Ypom U KaxKIbIH Tpeyroapauk A € T addunno orodbpazkaer Ha
Yhom(A). Bnecs o adipunmvm omobpasicenuem AN na Yy (A) Mbl MOHE-
maem xommosunmio (f ) toho foroe f: A = A CR2u f: Ypom(A) —
(Vrom(A)) C R? — usomeTpudnble BIOXKEHUs] TPEYTOJbHUKOB B ILIOCKOCTD,
h: A" — (Ynom(A)) — addunnoe orobpaxkenne MIOCKUX TPEyTOTHHUKOB.

Orobpazkenue : X — Y OyneM Ha3bIBaTh €-u3oMempuet IPOCTPAHCTB
¢ suyrpenneit merpukoit (X, px) u (Y, py), ecim ¢ — romeomopdusm u
lpy (p(a), (b)) — px(a,b)| < & mrs a06BIx a,b € X. U3 ckazaHHOTO BBIIIE I
cBOiCTB adDUHHBIX 0TOOPaXKEeHU BLITEKAET JIEMMA.
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Jlemmva 3.12. Jlaa mobozo ¢ > 0 cywecmeyem € > 0 makoe, wmo daa a0-
6020 mnozoeparnnuka P, e-6auskozo x P, nocmpoennoe namu omobpascenue
V: P — P asasemea C-usomempueti.

Paccmorpum jisoiictBennbiit rpad D* passéprku D (1.e. abcTpakTHBIIH
rpad, MHOXKECTBO BEPIIMH KOTOPOI'O — MHOI'OYI'OJIbHUKU Pa3BEPTKU, a PEOpa
COOTBETCTBYIOT CKJIGeHHBIM cTopoHaM). OueBu a0, aT0 rpacd D* orimdaercs
ot rpada G cetn I mumb gobaBieHneM BEPITUHBI CTEMEHN 2 BHYTPh KayKI0TO
pebpa (9ra BEpIIMHA CTENEHN 2 COOTBETCTBYET MPSMOYTOJbHUKY PA3BEPTKM).
Haitném B rpacde D* ocroBHOE JepeBo D 1 ompefie MM HOBYIO pa3BépTKy Dy
C TE€M K€ MHOXKECTBOM MHOI'OYT'OJIbHUKOB, 9TO ¥ B [), HO C MEHBLIIUM HabO-
POM TIPABMJI CKJIEHKN — OTOXKJIECTBJISIIOTCS TOJIBKO CTOPOHBI, COOTBETCTBYIO-
mue pedbpy ocrosroro jepesa Djy. Hedbopmanbio rosopst, Mbl paspesaeM pas-
BEpTKY D 1o Tem pébpaM, KOTOPBIM B JIBOMCTBEHHOM rpade COOTBETCTBYIOT
péopa, He Bxoxadmue B Dy.

st muororpannuka P € P(ky, ... ky), e-6auskoro k P (masioe € mbl
ompesesuM mozke), mocrpouM . IlogmuoxkectBo (Bs(I)) muororpamnuka,
P', Bmecte ¢ nepenecénnniM ¢ D ¢ OMOIIBIO 1) pa3dreHueM Ha TPEeyTroJbHUKN
M 9eTHhIPEXYTOJIBHUKHN, TTPEICTaBIsgeT CODO pasBEéPTKy, KOTOPYIO MbI 0DO3HA-
yum uepes D'. B ppoitcreennom rpade passéprku D' paccMOoTpuM COOTBET-
cTByIoree octoBHoe gepeso (Dg)* = ¢*(Df) (3mecy 1epes ¢*: D* — (D')*
obo3Ha4YeH U30MOPMU3M JIBOWCTBEHHBIX I'PpadOB, NHYIUPOBAHHbBI I'OMEOMOP-
dbusmom ) u onpejeum passéprky Df ¢ TeM ke HaOOPOM MHOIOYTOJIbHY-
KoB, 4T0 u D’ u npasuiamu ckJeiiku, 3ajanabivu rpadom (Df)*. fAcno, aro
pa3séprku Dy u D{) n30MeTpUUIHbI IUCKAM ¢ MHOTOIDAHHBIMU METPUKAMU HY-
JIeBO KPUBU3HBI. ['paHWIBl 9THX JNCKOB Oyiem obosnadaTh depe3 0Dy, 0D).
Orobpaxkenue 1) nuynupyer orobpaxenue ¥;: M; — M na Kax0oM U3 MHO-
rOYTOJILHUKOB M, COCTaBIAOIMNX pas3BEPTKY [, a 3HAUUT M Ha KarKJIOM U3
MHOT'OYT'OJILHUKOB, cocTaBiidomux Dy. O0beinHenne Beex 1; J1aéT orodpazke-
uue Yy: Dy — D). Takum obpazom, ¥ ectb dakrop-orobpazkerne oTodparKe-
HUsE 1y 110 OTOXKJIECTBJIEHUIO CTOPOH pa3Béprku Dy, npespainatoniemy Dy B D.
fcHo, uTo Yy ABgeTCS £-U30MEeTpHeil IPU BCEX €, IPU KOTOPBIX 1) SIBJISETCS
E-M30MeTpueil.

Obpaswr Touek ceru I' wHa paszséprre Dy 00pasyior ceTb, KOTOPYIO MbI
obosnaunm uepes I'y. Hedbopmanbhno rosops, cers 'y monyuaercs us cetu ' B
pe3yJbTare pa3pblBa HEKOTOPBLIX €€ pébep mpu paspese pa3BépTku [) 10 CTO-
poHaM, He JiexKaruM B D).

J0KaNv1H0 MUHUMAALHVM depesom OyieM HAa3bIBATh CETh, THUIT KOTOPOi
— JIepeBo, BCe BEpIUIMHBI KOTOPOI0 UMEIOT cTereHb 1 u 3, pébpa — reoye3nte-
CKHE, a yIJIbI MEXKJly cMexKHbIMU péOpamu papabl 120°. MHOXKECTBO BUCIINX
BEPIIUH JIOKAJILHO MUHUMAJILHOTO JiepeBa H Oyjem Ha3biBaTh €ro 2panuiet n
oboznauaTh yepes OH. fdcuo, uro cern 'y — m0KaILHO MUHUMAILHOE JTEPEBO
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(mockombky Df — mepeBo), npuuaém 0y C 0Dy.

Harma 1iesib — HapucoBaTh Ha D)) JIOKAJHLHO MEHIMAJIBLHOE JIEPEBO € TPa-
auneit ¥o(0ly) u Toro ke Tuna, 1ro u [y, Koropoe npu nepexoje or Dy 06-
parno Kk D' npespainajaocs 661 B MunuMasibhyio cerh Ha D', Ha nuockocru sio-
KaJIbHO MUHUMAaJIbHOE JIEPEBO JIAHHOI'O THUIIA C JIAHHON I'PaHUIeil MOXKeT OBbIThH
IIOCTPOEHO ¢ MOMOTIBIO ajropurMa Menmsaka [32|, aHajor KoToporo st Juc-
KOB C MHOTOI'DAHHON METPUKOM, MMEIONINX PasBEPTKY Tumna [, n 3aKI0UEH B
JIOKa3aTeabCTBe cienyiomeit jeMmMmbl. Cama jemma 3.13 mpejcrasiisier coboit
0bo0IIIeHre Ha HAL Cydail ciaejcTBus u3 ajaropurma Mejsaka o HelpepbIBHOI
3aBUCHMOCTH JIOKAJHHO MUHUMAJIHHOTO JIepeBa, JAHHOTO THTIA, Ha TJIOCKOCTH OT
cpoeit rpanunpl |6, [Tpeji.5.2].

Jlemma 3.13. Ilycmv A — 2o0meomoppran ducky pazsépmra, cOCMOAULAA U3
HEKBAIPAMHBIT NPAMOY20ALHUKOS WUPUHDL 20 U NPABUALHBLT MPEY20ALHUKOG
co cmoponotll 20, CKACEHDBIT N0 HEKOMOPHLM CTMOPOHAM OAUHDL 20 ;

H — aoxarvno munumanvroe depeso na A ¢ epanuuet OH C 0A, npuwém
nepecevenue 2100020 NPAMOY20ALHUKG Padsépmru ¢ cemvto H pasno cpednet
AUHUY IMO20 NPAMOY2ONOHUKG, COCOUHAIOWET CTOPOHDL OAUHDL 20, a4 nepece-
wenue 1006020 mpeyzorvruka pazsépmru ¢ cemvto H cocmoum uz mpéx nep-
NEHOUKYAAPOS, ONYUWEHHLT U3 UEHMPL MPEY20NOHUKA HA €20 CIMOPOHDL;

T — mpuaneyrayus passépmru A, nosyuwennas 6 pesysvmame pasbuenus
KaotcAd020 NPAMOY2ONLHUKG HA 068G MPEY20AbHUKG 110001 U3 d8YT €20 duaH20-
Hanel.

Tozda das arwbo20 X > 0 cyuecmeyem ¢ > 0 maxoe, umo das 110607 (-
usomempuu e A — A’ adpunnoi na mpeyeorvrurar us T, cywecmeyem
A-usomempua Py: A — A" maxas, wmo Yxloa = VYcloa v H = P\(H) —
AOKANOHO MUHUMANLHOE JEPEBO.

Jloka3aTesbCTBO JIEMMBI [IPOBEIEM UHYKIHEH 110 YUCTy IPAHUIHBIX
(T.e., HamomHmM, Bucsunx) Bepimma cetn H. Ba-
3y uHjyKiuu 1posepuM st [0H| = 2. B srom
ciydae Jepeso H cocrouT JIMINL U3 OJHOrO pedpa-
reoJIe3NIeCcKOi v, a pa3BépTKa A COCTOUT U3 HECKOJIb-
KHUX TIPSIMOYTOJBHUKOB OJMHAKOBON HIMPUHDI, CKJIC-
EHLIX MOCJIEJ0BATEILHO, W M30METPUUHA IIJIOCKOMY
NPAMOYTOJILHUKY €O cpefHeil junmeit 7. Zcno, 4to
npu manom ( passéprra A" = 1)(A) uzomerpumi-
Ha T1JIOCKOMY MHOTI'OYTI'OJIbHUKY, CKJICCHHOMY U3 I1J10C-

KUX YeThIPEXYTOJbHUKOB, OJTU3KUX K IPSIMOYTOJIbHH-
o
KaM pas3seprku A, u npu majoMm ¢ orpe3ok 7', coenu-

HAOMMIT 1)¢-00pas3bl KOHIOB Te0/Ie3MIeCKOil 7, copep-  Puc. 3.16: Basa: A u A'.

2KUTCA BHYTPHA 3TOI'O MHOI'OYT'OJIbHUKaA KW JEJIAT €I'0 Ha JBa MHOI'OYI'OJIbHHKA.
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TpuanrynupyeMm KaxKIblil U3 3TUX JIBYX MHOTOYTOJBHUKOB-UACTEl HEepeceKa-
IOIMUMECS JINarOHAISIME W CJesiaeM KOMOMHATOPHO TaKHe Ke TPHAHTYIIANNN
MHoroyrosibHukos A \ 7 (¢ BeprmuHamu B ¢51—06pa3ax BEPITIUH TPUAHTYJIsI-
it muoroyrosibankos A\ 7). Onpegennm kycouno adgdunnoe orobpaxenue
Pyt A — A coBnajaonee ¢ ¢ Ha BepIIMHAX TpUAHTY/IANNA U adbduHHO
oToOpaxkatoree KaxK/blii TPEyroJbHUK TPUAHIY/IANNNA Ha A B TpEeyrojbHUK
rpuanryaanuu uwa A’'. fdcno, uro npu gocrarouno masnom ¢ orobparkenue 1)y
oyser TpedyeMoit A-m3omeTpuei. S S

[lar uHgAyKIUH: IyCTh JeMMa JIoKa3a- RN a° © °b
Ha JIUIs ceTeil ¢ k TpaHUYHBIMU BEPITUHAMU, SR
paccmorpum cerb H ¢ [0H| = k + 1. Haiijém
B cern H mapy BHUCSUIMX BEpIINH, HMEIOIIHX
OOIIYIO CMEXKHYIO BEpILIMHY, ¥ ODO3HAYMM HX
COOTBETCTBEHHO P, (, ¥, a depe3 u 0003HATNM

TPEThIO BEPIINHY, CMEXKHYIO C BEPIINHON v.
Ob6osnaunm depes A; obbeauHenne Bcex MHO-

rOyTOJLHUKOB Pa3BEPTKN A, mepecexaronmxcst e o)
¢ péopamMu pv, qU, VU, W CJEJTAeM W30METPU-
HOe BJIOXKeHue Aj B IJIOCKOCTB, cM. puc. 3.17
(BJIOXKEHHE CYIIECTBYET, MOCKOJIbKY TPH Ipsi- Puc. 3.17: O A x A
MOYTOJIbHUKA, TTOCTPOEHHBIE Ha CTOPOHAX MPABUIHLHOTO TPEYTrOJhbHUKA, HE MO-
ryT HepeKpbiBaThest). Ha 1miockocT 1ocTpouM 1paBUiIbHBI TPEYroJbHUK ¢
OCHOBaHMWEM Pg W TPETHEl BEPIINHON S, JiexKalleil Mo JApyryo CTOPOHY OT MIps-
MOit pq, vem Touka v. CornacHo u3BecTHOMY (bakTy MIaHuMeTprun (KCIoJIb3y-
OIIEMYCsl B KJIACCHYIECKOM asiroputMe Messaka), Todka v JIeXKUT Ha mepece-
YEHUHU OTPE3Ka 1S U MEHBIEeH YT pg OKPYXKHOCTH, OMUCAHHON OKOJIO Apgs.
[Iycts A(v) = zyz — TpeyrojbHUK pa3BépTKu A, copepKaiiuii BepumHy v,
npuiIéM TY — ero OCHOBaHWe, Tepecekaioiiee pedbpo uv, a M — MHOTOYTOJIb-
HUK Pa3BEPTKH, lpuKJeeHblit K A(v) 10 cropone xy. Yjajaum u3 passéprku A
BCe MHOI'OYT'OJILHUKHM, Ilepecekatoriue peéopa pv,vq u J100aBUM ILJIOCKUN Ipsi-
MOYTOJIbHUK abyr, B KOTOPOM § — CepejiuHa CTOPOHBI ab, NpUKJICCHHBIH 110
OTPE3KYy TY K MHOrOyroJbHuKy M Tak, Kak 9TO peajn30BaHO Ha IJIOCKOCTH.
Hosyto passépTky obosnaunm depes Ay U paccMOTpHUM Ha Heil ceTh, mepeceue-
HUE KOTOPOil CO BCEMHU «CTapbIMH» MHOI'OYI'OJIbHUKAMHU TaKoe »Ke, KaK y CeTH
H, a nepeceuenune ¢ HOBBIM MPSIMOYTOJILHUKOM PABHO €ro cpeaneit snann. Tem
cambiM 13 cetu H ynajienbl pédpa pv,vq, a pedpo uv 3ameneno Ha us. Ilosy-
YUBIIYIOCSA CeTh Ha pas3BépTke Ay obosnaunm uepes Hy. fcno, aro passéprka
Ay u cerb Hj yIOBIETBOPSIIOT YCJIOBUSIM JIEMMBI U, O0jiee TOro, yTBep:KIeHne
JIEMMBI JIJIST HUX BEPHO MO MPEJMOJIOXKEHNIO0 WHLY KUK,

ITycrs ¢ : A — A’ — (-m3omerpust pazBépToK (/151 HEKOTOPOTO (, KOTO-
poe MbI ompejiesinm Huxke), adduHHast HAa TPEyroibHUKaX 13 1, paccMOTpUM

70



1 = ¥c(Ay) — obpa3 Toit qacTu pasBEpTKH A, KOTOPYIO MBI pa3BOpatnBa-
JIF Ha TJIOCKOCTD BBIIIE, U CJIEJIAeM H30METPUIHOE BJIOXKeHWe A B MIIOCKOCTD.
Hust touex p' = ¢(p), ¢ = ¢(q) crponM Ha MIOCKOCTH MPABUIILHBI Tpe-
yrosubuuk p'q's’ u napasnenorpamm a'b'y’'x’ ¢ ocnosanuem 'y, st Koroporo
s’ — cepequna croponnl a'b’. Ynansgem uz A’ MHOrOyroJILHUKH, COOTBETCTBY-
omue yaaaéaanpiM 13 A, n nobasisem napasienorpamm a'b'y'x’, npukieenpii
no z'y’; HoByto passérky obosmadaem uepes A). OupepesseM oTobpazkeHne
Yoo Ay — Aj, coBnagaoee ¢ ¢ na AyNA, 1 adbdunno orobpaxkaioniee mpsi-
MOyTroibHUK abyx Ha napasuensorpamm a'b'y'z’. fdcno, uro mist moboro ¢ > 0
MOXKHO 110106path ¢ > 0 Tak, 110 ¢ Oyzner (-uzomerpueit pazséprok Ay, u Aj.
I[To npenonoxenuto nuaykiuu st jgoooro X > 0 cymecrsyer ¢’ Takoe, 4To
Haitnéres N-nsomerpust ¢y : Ap — Aj rakas, 1ro H, = ¢y (Hy) — J0KaIbHO
MUHUMAJIBHOE JepeBo, puiéMm Yy (s) = o (s) = .

I[Ipu jnocrarouno masbix ¢, ¢ u X pebpo s'u’ nepesa Hj (rme v =
Yy (u)) mepecekaer MeHbIyO YTy p'q" OKPYKHOCTH, OMUCAHHON 0KOJI0 P's'q,
B TOUKe, Jiezkareil BHyTpu Tpeyrosbanka ¢ (A(v)) (obosuadnm 3Ty TOUKY
depe3 v') u, Gosiee Toro, orpeskn v'p’; v'q Ha niockocrtu gexar BayTpu A
— IIOCKOJIbKY aHAJIOTMYHOE CBOMCTBO MMEET MECTO Juist A M coxpaHsiercs upu
HENpPEePBLIBHOM M3MEHEHWM pa3BEPTKU. SHAUUT, MOXKHO PaccMOTperh cerh H'
Ha passéprke A', orymuatontyiocst or cetu H,; 3amenoit pebpa u's’ na u'v’ n
nobasaennem péoep p'v’, ¢'v'. VI3 cBoilcTB BIMCAHHBIX YIVIOB BBLITEKAET, 9TO BCE
yribl npu Bepiune v’ pasubl 120° u noromy H' — J0KaJbHO MUHUMAJIBHOE
JepeBo ¢ Tpebyemoit rpanuneit. Orobpaxkenne 1y : A — A’ onpegenum renepb
Ha, MHOTOYTOJILHUKAX Pa3BEPTKU A, BXOAAIMX B Pa3BEPTKYy Ay, PABHBIM Uy,
a Ha A; — Kak KycouHo adgdunnoe orobpaxkenue s Tpuanryssinuii Ap \ H
u A\ H' amajorudso Tomy, Kak 310 ObLIO clejgaHo B 6aze whmykiwu. [Ilar
WHJIYKIMK clenan. Jlemma jmokasana.

OueBuano, uTo passéprra Dy u cethb Iy yI0BIETBOPSAIOT YCIOBUSAM JICM-
mbl 3.13. Haitgém st A = 1 umciio ¢ U3 9TOi JieMMbl ¥ PACCMOTPUM € U3
jgeMMbl 3.12 Takoe, 4o st J11060ro e-6m3koro K P Mmuororpannuka P’ oTo6-
paxkenne y: Dy — D{, ectb (-uzomerpusi. [loctponm ¢ nomoripio gemmb 3.13
JoKaJIbHO MuHUMaJibHOe Jepeo Iy = ¥ ([y) C Dy,

PaccmorpuM napy «, 3 cropon passéTku Dy, CKJIenBaeMbIX B Pa3BEPTKe
D'. Tlo nocrpoenuto orobpazkeHue 1y, Tak »Ke Kak 1 1)y, 0TOOpazkaeT oTpes-
Kk « u B addurno Ha wekoropbie croporbl o u [ passéprku D|. [Tosromy
Jio0ast mapa TOUYEeK CTOPOH v U 3, OTOXK IeCTBIIsieMast B [, IepexouT npu 0Tod-
PayKEeHUW ) B Mapy TOUEK PasBEPTKE D)), OTOKIECTBISIEMbIX B pa3BépTke D'
3HaYUT, KOPPEKTHO ompeeeno dakrop-orobpaxenne ¢y : D — D'. B Tom
quciie, JiBe TPaHUYHbIe BEePIIUHBI (IIyCTh 9T0 Bepiinibl a € a u b € ) cetu I
IIPY OTOXKJICCTBJICHU CTOPOH (v U 3 CJICUBAIOTCA U IIPEBPAIIAIOTCS B HEKOTOPYIO
104Ky ¢ Ha pedpe cetu [, a Bepmunnt o' = ¥y(a) = Yo(a) u b = ¥y(b) = 1o(b)
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cern Iy B passéprke D' ckiensaiores B Touky ¢ = (c).

dcno, uro Yy asngerca 2 -uzomerpueil passéprok D u D', nepesojs-
meit cerb ' B Hekoropyto cerb V. Tlockoubky I — JloKagabHO MUHUMAIBHOE
JepeBo, cerb [V obuiajiaer coiicrBaMu MUHUMAJIBHON ceTn (CM. orpejiesienue,
JTaHHOE B Hadaje pas3jiesna 3.2) BO BCEX CBOUX TOUYKAX, 33 HCKJIIOUCHUEM MECT
«CKJIeiikn» — Touek ¢ u3 upenpayiiero abzana. Jokaxkem, 94To B KaxK10ii Ta-
Koit Touke ¢ = (c) yroa mex iy jBymsi péopamu ceru IV, unnumgenrabivu
pasen 180°. Haitném B nepese [ mpocroit myTs, coequnsionmit a’ u b'. B cern [
STOMY IyTH COOTBETCTBYET 3aMKHYTasl eOjle3nuecKas JoMaHasd ' ¢ KOHIaMU
B ¢/, orpaHnuIMBaONias HEKOTOPBI reogesudecknii muoroyroabuuk M. TlyTn
%71(7’ ) B cetu I orpannanBaer MHOrOyroJbHUK M, MpUUIéM 110 TIOCTPOEHUTO
BCE YIJIbl MHOTOYTOJNLHUKOB M 1 M’ 0jMHAKOBbBI, 38 NCKJIIOYEHUEM, BO3MOXKHO,
yrioB B Toukax ¢ u ¢ (yros muoroyrojbukua M B ¢ pasen 180°, a mpo yrod
M’ B ¢ wmbl noka Hudero He 3naeM). Ho no ompenenenuio D' u u3-3a BeiOOpa
P,P' € P(ky,...,k,) cymMa KpUBU3H BepIIMH MHOTOIpaHHuKa P’ nonasumx
B M’, paBHa cyMMe KpUBU3H BEepIIMH MHOrorpannuka P, nonasmmx B M. 3na-
aut, o dhopmyise Laycca-Bounne (emma 3.2), yron M’ B Touke ¢ Takxke paBeH
180°, uro u TpedboBaIOCh.

]

3.3.5 Jloka3aTeJabCTBO TeopeMbl 22 O TeTpajJapaX € KpHUBU3HA-

T m™ 5w bmw
mu {3, 5,5, 5}

B sTom pasjiesie Mbl OyieM HCIIOJIb30BaTh OIIPE/IeICHIE CeTH KaK OTOOParKeHusd
(eM. ruaBy 1), OCKOJIbKY B IPOIECCE JIOKA3ATEIbCTBA OHAI00UTCST paceMaT-
puBaTh JlepOpMAIUU CETH ¥ HEBJIOXKEHHbIE CeTH. XOTs U 3J1eCb 4acTO MOXKHO
Oy/ZeT OTHOCUTBCA K CETH KaK K HAPUCOBAHHON Ha MHOI'OIpaHHUKE KapTUHKE,
T.€. UCIIOJIb30BaTh Ollpe/jie/ieHrne OObIKHOBEHHOM CeTH.

Mgbr  jpokaxkem, uTO Ha JiroO0OM MHOrorpanHuke 1 ¢ KpHUBU3HA-

MU {%, T %”, %’T} CYIIECTBYET TPOCTasi MUHUMAJIbHAS CETh, PeaJin3yolias Mmjioc-

kuii rpad G, nzobpakéuubiit Ha puc. 3.7. Hepes Tjy 0003HATNM TTOBEPXHOCTH
MHOTOTpaHHUKA, 1" ¢ BHIOPOIIEHHBIMY BEPITHHAMH.
O6o3HaunM 4yepe3 ) MHOXKECTBO BeeX (HEOOI3ATEIHHO MUHUMAJD-

Hblx!) cereit I' co caenyonmummu croicTBaMM
e [" peasmzyer miockuii rpad G B Ty (cM. onpejesienne B pasjere 1.6)

® KaykJlasi OJHOYTOJibHaAs sidefika cetu ' copepxKkutT BHYyTpH cebsi OJHY Bep-

IMMHY MHOI'OI'PaHHUKa KPHUBU3HDbI 5?77

® KaxkJiasd MATUYTOJMbHad d9eiika ceTu [ cofiepKUT BHYTpH ceOst OHY Bep-

IMHY MHOTOIDAHHUKA KPUBU3HDI 3.

Ormernm, aTo Bee ceru u3 ) — BJIOXKEHHBIE, TaK KaK OHHU peaju3y-
10T IJIOCKUI rpad, SIBIAIONIIICS BIOXKEHHON CeThIO TI0 HAIIEMY OIpe/IeJIeHUO.
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Puc. 3.18: Cupamienne n BKJIeHKa TPONHUUIKA.

Wubivu ciioBamu, cetu u3 §) He UMEIOT CaMOIIepeCceueHnii U BhIPOXK ICHHBIX Pé-
oep.

Teopema 22 o1ueBuIHO BBITEKAET U3 cieayonmx aByx jemm. Yepes ((I)
MbI 0bo3HadaeM JiinHy cetu I

Jlemma 3.14. Cywecmsyem cemov Uy € Q maxas, wmo ((Tny) =
minpeq ¢(1).

Jlemma 3.15. Ecau Uy € Q w £(Tyn) = minpeq 4(T), mo Ty — munu-
MAALHASL CEMD.

Jloka3zaTeJbCcTBO JieMMbl 3.15 coBceM HecsioxKHO. OmpejiesiuM JiBa IIPOCTHIX
Bijia jedopMaluil ceTu, yMEHBINAIIUX €€ JUIMHY: CHPAMACHUE U BKAEUKY
mpotinuyra. Crapsamienue. Ilycrs B rouke P BHYyTPpH HEKOTOPOIo pedpa ceru
OJIMH U3 YIJIOB MeHbIIe 7. Torga Bo3aMoxKHa MaJias gedopMmaiius pedpa, n3obpa-
>kéHHast Ha puc. 3.18 ciera. Bkaeiika Tpoitnnyka. [lycts P — Bepiinna ceru,
péopa, unmujgeHTHbie P, BOgu3u P npejcrapisior coOoil OTpe3Ku reoje3ude-
CKUX, 1 OJIMH U3 YIVIOB MEKIy PEOpPaMU CeTH, MHIMICHTHLIMU P, MeHblue 2X,
[Iycrs X (1), Y (t) — rouknu Ha sTux pébpax Takue, uro | X (¢)P| = |Y(¢)P| = t.
[Tpu masbix t umeercst rpeyrosbauk X (t)PY (1), u3oMeTpudHbIil MJIOCKOMY |
uMeroluit BbIOpaHHbIit yroJi npu Bepiiune P. PaccMoTpum jijist 3T0ro mjiocko-
I'o paBHOOEIPEHHOTO TPEYTOJIbHUKA KPaTUaiIylo CeTh: OHA COCTOUT U3 TPEX
PEGEP, CTHIKYIOIMIMXCST TIOJ, YIIaMi 2?” B jonoJiHITEIHHON BepiiuHe P'(t) [26], u
MMeeT MeHbIIyto jiuuHy, uem jioMmanas X (1) PY (t). [Tpu jedopmanuu B MoMeHT
BpeMeHHU t MBI OyJiIeM paccMaTpuBaTh ceTh 1, orimyatorntyiocs ot ['y mepeno-
com Bepummtbl P B Touky P’'(t), 3amenoii yuacrko pébep X (¢)P,Y (t)P na
X()P'(t),Y(t)P'(t) n ynnuuennem Tperhero pebpa wa yuacrok PP'(t), cu.
puc. 3.18 cupasa.

BepnaéMmcs tenepb K JI0Ka3aTeJIbCTBY JIeMMbI 3.15. HaMm mocraTodno mpo-
BEPUTH, YTO BLIMOJHSAETCS ONpejieienrie MUHAUMAJIbHOM CceTH, JaHHoe B Hada-
Jie pazjesia 3.2. Eciin kakoe-1o peOpo He siBJIsieTCsl Ie0e3uIecKOoit, TO MOYKHO

27

cienarh cupamienue. Ecin B Kakoi-TO BepIIMHE HE BCE YIJIbI PABHBI 5, TO
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KaKOI-TO U3 YIJIOB MEHBIIIE %ﬂ, 1 MOXKHO ¢JlesIaTh BKJIEHKY TpoiitHu4ka. B obonx
caydasix mnojydaem 0oJsiee KOPOTKYIO CETh, MO-TIPEXKHEMY PUHAJIIEKAILYIO (),
— IPOTUBOpPEUHE. L]

OTMeTuM, 9TO 3TO JIOKA3aTETLCTBO MTPOXOUT JIJIs JIIOOOTO MJIOCKOTO I'pa-
da u jyist yoboro muororpannuka. JlokasarenberBo Jiemmbl 3.14, Haobopor,
CYIIECTBEHHO UCTOJIB3YEeT U CBOMCTBa MHOTOrpaHHuKa 1', u cBoiicTBa rpada G.
U3 onpesnenenns cpa3y BUJIHO, YTO MHOXKECTBO ) He sIBJIS€TCS 3aMKHYTHIM HU
B KQKOM E€CTECTBEHHOM CMBICJIE — HEMPEePBhIBHO J1e(POPMUPYSICh, CETh MOMXKET
«HaexaThby Ha BEPIIMHBI MHOIOIPDAHHWKA, WM MOYKET BBIPOJUTHCS PeOpPo — n
MOJIYUUBINAsICS ceTh yke He Oyner jsexarh B (). [Tostomy ToT haxT, uro Mu-
HUMYM JIJIHHBI JIOCTUTAETCS Ha KaKOi-To cetn u3 {) j1ajieKo He OYeBH/JICH.

[Tpexje, 1veM TPUCTYIUTH K JOKA3aTeIhCTBY JieMMbl 3.14, majgum
HECKOJIbKO Olpe/jiesieHn# u 00cy/iuM cBOMCTBA {2, HE 3aBUCHIIME OT MHOI'OI'PAH-
HUKa 1 rpada.

Hamnomunm, uro B pazesie 1.4 Ob1I0 1aHO ONPEJIe/IEHIE CXOMUMOCTH JIJIsT
MOCJIEJIOBATEILHOCTH CeTeil OJIHOTO THIIa B METPUIECKOM mpocrpancTre. Huxe
MBI OyJIeM TPUMEHSTH 3TO OINpeJie/ieHue Jiisd ceTeit u3 {2, B KauecTBe METPUKH
MBI pacCMaTpUBaeM BHYTPEHHIOI METPUKY Ha ITOBEPXHOCTH HAIIIETO TETPa3/IpPa.

MuoxkectBo cereit I', [T KOTOPBIX CYIIECTBYET MOCJIEI0BATEIHHOCTh
[, € Q, cxopsimasicst kK 17, Oyjiem HasbiBaTh 3amvikanuem 2 u 0bo3HaUATH

gepes ).

Jlemma 3.16. Ecau '), € Q — munumusupyrowas nociedosamesbrocmn,
m.e. £(I'y) — infpeq 0(T), u Ty — pasnomeproiii npedes smot munumusupy-
roueti nocaedosamenvrocmu, mo péopa I'y — xoneuno 3eennvie 2eodeaumeckue
AOMAHVLE, BHYMPEHHUE GEPULUHDL KOMOPHIT (€CAU ONU €CTND) PACTLONONCEHDL 6
BEPUUHALT MHO2OZPAHHUKA.

oxazameavcmeo. IlpejiioyioxKum, 410 310 HE TaK, U BO3bMEM JIIOOYIO TOUKY
P na pebpe ceru I'y Takyio, utro P He sBJsIeTCs BEPUIMHON MHOIOIpaHHUKA U
HU B Kakoil okpectHoctu P pebpo ceru ['y He sapisercs reojesmdeckoit. Pac-
cMorTpuM Kpyr B.(P) Ha TOBEPXHOCTH MHOTOTDAHHUKA C [EHTPOM B TOUKe P,
HACTOJIbKO MAJICHbKUI, YTO OH HE COJEPXKUT HU BEPIIMH MHOTOIPDAHHUKA, HU
BepimuH cetu ['y. BodaMoxKHO, 1mepecedenne 3Toro Kpyra ¢ ceTbio COCTOUT DoJiee
d4eM U3 OJ[HOH KOMITOHEHTHI CBSIZHOCTH. KaXK/yI0 KOMIOHETY CBSI3HOCTH (T.e.
y4acToK pebpa cerTu OT OJIHON TOUYKM IepecevdeHus ¢ I'paHuiieil Kpyra (TquH
BXOJIa) JI0 CJEIYIONel (TOYKM BBIXO/IA)) 3aMEHUM Ha XOpJy KPyra, COeTuHSI-
IOIIYI0 KOHIIBI 9TO# KOMIIOHETHI CBS3HOCTU. VIHBIMH CJIOBaMHU, CJeIaeM OJIHO-
BPEMEHHO HECKOJIbKO crpsimiennii. [losyausinytocst cerb obosnaunm depes I',.
Touno Tak ke nocrynum ¢ cersamu 1y, 3ameHuM ydacTku pédbep Ha XOp/ibl TOIO
xke camoro kpyra B.(P). OdueBugHo, npu Takoil 3amerne B cetu 1, He MOTyT
BOBHUKHYThH CaMoIlepecedeHnsi W HOBas ceTh 1 mo-TpeskaeMy JiexnuT B (), a
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nocsietoBaTesbaocTh I cxomurest k cetn Iy, Ho cers I crporo kopote, wem
cetb L'y, Te. lim (1)) < lim ¢(I',) — nporuBopetme. O

JlemMa 3.16 mo3BoIT HaM Jlajiee HHTEPECOBATHCA TOJTHLKO TEMH CETIMU
u3 {1, KOTOpbIE SBJSIIOTCS KOHEUHO3BEHHBIMH IMe0JIe3NTECKIMU JIOMAHBIMU, ITO
Mbl U OyJieM JiesiaTh JIJIsE YIIPOLIEHUSI TEXHUKH.

Jlemma 3.17. Cemwv Iy, pébpa xomopoti A6AA10MCA KOHEUHOZEEHHVLMU 2€0-
0e3UMECKUMY AOMAHBIMY, AedHCUM 6 3amvikanuy () mozda u mosvko mozda,
Kozda

o l'y: 1 —T

o [y ne umeem mpanceepcarvnvlx camonepeceywenut,

o cyuwecmeyem buexkyus o Mexncdy 2panamu naockozo e2paga G u sepuiuna-
mu mempasdpa T co ceolicmseamu: das xasrcdoti epanu f eepwuna o(f)
aestcum enympu uau wa eparnuye avetru I'(f) u ecau epans np-yeorvuaa,
mo sepuiuna o(f) umeem wpueusny (2w — Fny).

Ipuném daa waocdoti T € Q cywecmeyem cxodawaaca x I nociedosamens-
nocmo Iy, € Q maxaa, wmo (I',) — (1) npun — co.

JokazareabcTBo. [Iycto I' € Q u I, €  — nekoropasi cxoJsasics Hoce-
JIOBATEIHLHOCTD. JJIsT KarXK010 1 ONpeie/inM eCTECTBEHHYI0 OMEKIINIO 0, MeXK-
ay Bepiimnamu muororpantuuka V(1) u rpansimu rpada F(G): rpanu coot-
BETCTBYET BEpIINHA MHOIOIPAHHNKA, JexKalas BHyTpu 1',-o0pa3a 3Toii rpanm.
ITockosibKy OMeKInit MeXK 1y JABYMSI Y€TBHIPEXTOICUHBIMIA MHOYKECTBAMHI KOHEU-
HOe 9HCJI0, Mbl MOXKEM BbIODATh MOJIIOC/Ie/I0BaTeIbHOCTS cereit [y, ¢ onHolt
Toit e Oueknueit o, =: 0. O4eBnIHO, YTO JUIs 1pejebHOl ceru 'y Ouexius
0 YIOBJETBOPSIET ONMUCAHHBIM CBOHCTBaM.

[Tycts Tenepn gast cern [y, peanmzyrtorreit rpad G #a muororpanunke 1,
U Jijist OMEeKIMK 0 BBINOJIHAIOTCS yKa3aHHbIE B jjeMMe cBoiicTBa. [lo onpesesre-
HUIO KaXKJI0€ pedpo CeTH — 3TO HEKOTOpas KOHETHO3BEHHAS JOMaHasl. SHAUNT,
GUCJIO0 CAMOIIEPECETCHIH, CAaMOHAJIOKEHUH (Map ydacTKoB pébep, oTobpaka-
OIIMXCS B OJIHY M Ty YK€ KPUBYIO) M MPOXOXKJIEHUIT depe3 BEPIIHHbI MHOIO-
I'PaHHMKA KOHEIHO. B MaJioit OKpeCTHOCTH KaXK/I0I0 U3 9TUX CJIyIaeB HEMHOTO
momeBeuM ceTh 'y Tak, 9T00bI yOpaTh caMoIepecedennsl U MOMECTUTL Bep-
IIMHBI MHOTOTPAHHUKA B 0-COOTBETCTBYIOIIME UM siueiiku ceru. Cresaem 310
TaK, 9TOOB! JIJINHA CETH yBEJNIUIach He Dosiee 1Yem Ha, % W TIOJTy TUBIITYFOCST CETh
obosnauum uepes I',,. Torna I'), € €2, I',, paBHOMepHO cxongaTcs K Iy, a 3HAUUT
[y € Q. Kpome Toro, npu 9ToM JUIHHBL CeTell B IIOCTPOCHHOI 110C/IE10BATE b-
HOCTH CTPEMSATCs K juinae cetu 1. O]

Pacemorpum I = infpeq £(I') u BoiGepeM MUHUMUBUPYIOILYIO HOCJIE0-
Baresbrocts 1y, € Q, ¢(T',) — I npu n — oo. Ionbsysich semmoit 1.2, mbl
BBIOMPAEM CXOMAIILYIOCS IIOJIIIOC/IEI0BATEILHOCTD, KOTOPYIO CHOBA ODO3HATUM
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aepes I',,. [Ipenenpuyio cets obosnaunm depes I'y. Ilo onpenenennio Iy € Q u
110 jieMMe 3.16 eé pebpa sIBJISIOTCS KOHEYHO 3BEHHBIMU I'€0JIe3UIECKUMU JIOMar-
HBIMHU, CJIEJIOBATE/ILHO, OHa 00J1ajlaeT CBOMCTBAMU U3 JieMMbl 3.17.

U3 siemmbl 3.17 BbITeKaeT, 4TO J1106as1 CeTb 13 ) MOXKeET ObITH PUGJII-
»kena cetsiMu 13 §) 6stm3Koit gaunbl. Ilpenen a000it mocie 0BaTeILHOCTH ceTeit
u3 Q nexxur B Q. [TosToMy BepHA Ciejyolas JeMMa.

Jlemma 3.18.
min /(") = inf ¢(T") = £(T)
req INS Y]
CaencrBue 8. Péopa cemu I'gy — 2eodesuneckue somamnvie, sHympenrue ep-
WUHDL KOMOPOLT (€CAU OHU ECTNG) PACTIOAONCENDL 6 GEPULUHAT MHO202DAHHUKA
KPUGU3HoL 73,
KYIOUWUMUCH 8HE BEPULUH, MHO202PAHHUKA, DOABULE U PAGHDL

a Yeavt MeNCAY CMEACHBLMU HEBBIPOAHCICHHVMU PEOPAMU, CTNI-
2

5

okaszamensvemeo. IlepBasg dacThb cJeJICTBUSA y2Ke Oblia JOKa3zaHa B JIeM-
me 3.16. Ecau Bepmnna x cetu 'y He siBjsieTcst BEpPIIMHON MHOIOIDaHHUKA,
TO MaJas jiepopMalins HOCPEICTBOM BKJEHKN TPOMHUYIKA, (CM. olpe/esieHue B
JIOKA3aTeIbCTBE JIeMMbI 3.15) B 9TOi TOUKe He HApYIIaeT YCJIOBUi jeMMbr 3.17,
T.e. npojedopMupoBantas (YKOpOUeHHAs) CETh OCTAETCS B Q, 4TO MpPOTUBOpE-
qur jgemMme 3.18. I[losroMy BHE BepilinH MHOTOI'PDAHHUKA, YIVIbI MEYXKJLy MapaMu
HEBBIPOXKJICHHBIX PEOEP Godibiie nim pashbl 120° (MHAYe B HUX BKJIEHBACTC
YKOPAUMBAIOIIMI TPOWHIIOK). B BepumHax HaIero MHOTOTpaHHUKA KPUBU3-
HBI ‘%ﬁ TOJIHBIN yTOJI DABEH 7,
Bepiuuy V', 10 yros pedbpa B 3T0i BepiiinHe ¢ 00enx CTOPOH MEHbIIE T, U MOXK-

HO JIeJIaTh CIpsIMJIEHEE B JIF0OYI0 U3 JBYyX cTOpoH. IlocMoTpuM Ha OHeKIuio o,

M03TOMY €cJir PeOPO CETH MPOXOJIUT YepPe3 TAKYIO

COOTBETCTBYIOILYIO ceTu [y, ¥ cienaeM crupsMjeHue Tak, 4ToObl BepiinHa V'
oKazanach BHyTpu coorsercTryiomeii eit rpann o (V). TIocKoabKy ocTambHbIe
BePINMHBLI MHOIOIPAHHUKA 3Ta, JlepopMaliust He 3aTparuBaeT, COOTBETCTBUE O
COXPAHSIETCsI, YCJIOBHUSA JIeMMbI 3.17 IO-IIpesKHeMy BBIIOJHEHDI, a 3HAYUT IPO-
1edOpPMUPOBAHHAS CETh OCTAHETCA B (), UTO CHOBA HIPOTUBOPEUUT TOMY, UTO

cetb ['g — kparuaiimas B €. ]

Ilepeiiném Temeph HEMOCPEACTBEHHO K J0KAa3aTeJIbCTBY JieMMbl 3.14.
glcno, uro HaMm gocrarouno Haiitu cern [V €
Q) Toit e mMHBI, 9TO U I, WK JOKA3aTh,
yro [y € Q. U3 ciencrBusg 8 BhITEKAET, UTO
ecan cethb [’y HE MMeeT BBIPOXKJIEHHBIX PE-
Oep, camorniepecedeHuit u cojepkurcs B 1y, 10
['y € Q2. MBI paccMoTpuM Bce BO3MOXKHbBIE Ba-
pUAHTBI KOH(MUryparmuit, B Koropoix 'y &€ €2,

W IS KaykJIoro ciiydas Jinho JIOKaXKeM, 4To
OH HEBO3MOXKeH, Jubo mepeitném or cetn Iy Puc. 3.19: I'pad G
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K HEKOTOPOIl JIPYroil ceTu, Ha KOTOPOW TaKzKe JJOCTUTACTCA MUHUMYM JJTUHDBI
B ) (MHOXKECTBO Beex Takux cereil obozHadmM 1depes (i, ).JlBUrasgch TakmmM
00pazoM M0 MHOXKECTBY {2min, MBI B KOHIIE KOHIIOB TPUJIEM K CETH, JIeXKaIleil B
), 1 TeM caMbIM JIOKaXKeM JieMMmy 3.14.

Haitném nia ceru 'y cooTBeTcTBHE 0 MEXKy BEpIIUHAMU MHOTOTDAH-
nuka 1" u rpansamu rpada G, onucannoe B jiemMme 3.17. 3aHyMepyeM BepIIHHbBI
rpacda u 0bo3HauMM OyKBaMu BEPIINHBI MHOTOI'DAHHUKA TaK, KaK 110Ka3aHO Ha
puc. 3.19, rie KaxKjasg OYKBa HalucaHa BHYTPHU COOTBETCTBYIOINEH eif rpaHu
rpada. Ilnan mokazaresbcTBa CJIe Ty IO,

1. (a) Cuyuaii £(11) = 0 = £(12) HeBO3MOKEH.
(b) Ecim £(11) = 0 # £(12), To cymecrByer cerb 'y € Quin, OTIMYAIO-
masicst oT I'g JiMilb B CKOJIb YIOJHO MaJIOi OKPECTHOCTH BEpIIUHBI A,
muist Kotopoit £(11) > 0.

(c) Ecim £(11) > 0, o A ¢ [11], T.e. BepmmHa A He MOXKET JIeXKATH HH
BHYTpHU pebpa 11, uu B ero Bepiiune 1.

(d) Cymecrsyer cerb I'y € Quin, ommmdaiomnascsa ot ' Juiib B CKOJIb
YIOJIHO MaJioit okpecTHOCTH pebpa 11, st Koropoit pedbpo [11] He co-
JICP?KUT BEPIIMH MHOIOIPDAHHUKA.

(e) Cymecryer cerb I's € Quin, ommuatomniasics or 'y Juib B CKOJIb
YIOJHO MaJioii okpecrHocTu pebpa 11, jist koropoii £(12) > 0.

2. Anajoruunnle yTBepXKIeHNsI BepHDI 151 Bepimnubl B, pédep 44 u 43. Ilo-
9TOMY Jlajiee Oe3 orpaHudeHnst OOIHOCTH cUuTaeM, 9To B ceTu ['g € Qi
pébpa 11,12, 43,44 nesbipoxkjienbl, npuuéM pédpa 11 u 44 (BJovas ux
KOHIIbI) HE MPOXOJISIT Yepe3 BepIuHbBI MHOTOTDAHHUKA.

3. Hu onxo us pédep 23 He MoxKeT ObITH BBIPOKJICHO.

4. Bepmmna C' we Moxer Jiexkarh Ha pebpe 12 (BKJIIOUast €ro KOHIIbI), aHAJI0-
ruano D ¢ [34].

5. Ha naHHBI MOMEHT MbI IOJIyUmMJIK ceThb 1’y € yin, B KOTOPOIi Bce pébpa
HEBBIPOXKJIEHBI, Bepiuibl A n B MHOrorpaHHmKa JieyKaT BHYTPU CBOUX
siqeex, a Bepimiabl C' u D — b0 BHYTPH CBOMX sideek, jimbo Ha pébpax
23 (BHyTpH 9THX PEOEP WK, BOBMOXKHO, B UX KOHI[AX).

(a) Cuyuaii, uro obe Bepiutbl C' u D npunajiexar pébpam 23, HEBO3-
MOYKEH.

(b) Ecim posro ogua u3 sepuud C' uim D npunajgiexur pébpam 23,
TO cymecTByer cetb IV € O, omnmyalomasics ot [y UL B CKOJIb
YTOJIHO MaJioif OKpecTHOCTH pébep 23, 1utst KoTopoit 0ba pebpa (23] He
IIPOXOJIAT Yepe3 BEePIINHLI MHOIOIPAHHUKA.

Urak, B pesyiabrare Mpl HOIy4uM ceTh I/ € Qi N2, T.e. 10KaxKeM, 4To
MUHAMYM JIJIKHBI JOCTUTAETCsI Ha HEKOTOPOil cerr BHyTpH ), 94T0 U Tpedyercs.
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Puc. 3.20: Cxkarue gueiikn.

OcraJjoch JIoKa3aTh KaxKablil n3 myHKToB. HaM monaiobsTces crenuaib-
Hble JlepopMalliy CeTH, He MEHSIONIMe e€ JIIMHY — CXKATHUE U PaCTA>KEHUE
gaeliku. Hauném co cxarus. [lycrs sueiika cetu npejicrapiisier coboit MHO-
TOYTOJBHUK, BCE YTJIbI KOTOPOro paBHBI 120° W HAXOAATCS B BEpIINHAX CETH
(T.e. pébpa ceru, obpasyrolue sueiiky, He UMEIOT U3JIOMOB CO CTOPOHBI sAUeii-
KU; TIPU 9TOM OHU BOODIIE IOBOPsi He 00si3aHbl OBITH I'€0JIE3UIECCKUMM, TaK KakK
MM HE 3allPEelaeTcst UMEeTh M3JI0M ¢ BHeliHeil croponbl). Beibepem masienbkoe
€ U IIOCTPOMM BO BHYTPEHHIOIO CTOPOHY Ha KaXKJ0#l CTOpOHE HaIero MHOI'O-
yIOJIbHUKA KaK Ha OOJIbIIIeM OCHOBaHMM paBHOOOKYIO Tpameruio ¢ yrjaom 60°
1 OOKOBO¥ CTOPOHOI €. 3aMEHUM Telepb B CeTH MCXOMHBIA IUKJI 13 OOJIBIITNX
OCHOBaHUI 9TUX TPaleruili Ha 1X ODOKOBLIE CTOPOHBI ¥ MEHBIINE OCHOBAHUS, CM.
puc. 3.20. Jlerko nmpoBepuTh, YTO MPH STOM JIJINHA CETH HE M3MEHUTCS.

dAcHo, uTo 1IpM ycJioBUM, YTO BCe PEOpPa, OrpaHUUNBAOIINE TUCHKY, STB-
JISIOTCS 1'€0JIE3NYECKUMU, U B KaXK/I0W BEPIIMHE CETU Ha I'DAHUIE siUelKU TPU
HEBBIPOXKJIEHHBIX pebpa cxondaTcs moj yriaamu B 120°, BosMoxkHa oOpaTHas
olepaliis — pacTsizKeHue SIeiiKu.

1 (a). [Ipeanonoxum, aro £(12) = 0 u Bepuuna A coBnajaer ¢ TOUKOIf
1. Torja Bepimba 2 ceTu HAXOJAUTCA B BepiuuHe A MHOrOrpaHHUKa, LOJIHbBIT
yroJi B KoTopoii pasen 7. [losromy ecim 0ba pebpa 23 HEBBIPOXKIEHBI, TO YOI
MEyK/ly HIMH B BEPINHE 2 MEHbBIIe, YeM %”, 1 BKJICHKa TPOWHUYKA B 9TOT YTIOJI
YKOpauMBaeT CETh, HE Hapyllasi COOTBETCTBUS 0, a 3HAUUT OCTaBJIsisi CETh B
Q. TlporuBopeune, 3HAYUT, POBHO OHO 13 PGep 23 BBHIPOXKJIEHO (OUEeBUJIHO,
4910 002 OHU BBIPOXK/ICHBI ObITH He MOryT). Torma BepiuHa 3 TOXKE HAXOJHUT-
¢ B Touke A. Eciau pedpo 34 HEBBIPOXKJIEHHO, TO aHAJOIHYIHO HMPEJIbIIYIIEMY
PacCyK/IeHUIO II0JIydaeM [IPOTUBOPEUYUE BKJIEUKON TPOMHUYKA B YIOJ MEXK/Y
HEBBIPOXKJIeHHbIMK péOpaMu 32 u 34. 3HauuT, pedpo 34 ToxKe BLIPOXKJEHO, U
A = 4, snaunt, 4 # B, T.e. pebpo 44 HEBHIPOKIEHHO, & yroJ sueiiku 44 B
Bepiie 4 = A menblie 2{ — BKJIEHIK& TPOWHMYKA B 9TOT yI'OJl IPUBOJUT HAC
K OKOHYATEJILHOMY IPOTUBOPEUHIO.

1 (b). [Iycts £(11) = 0 # ¢(12). ChenaeMm «pacTsKeHHE» BBIPOKJICH-
HOTO OfHOyTOJIbHWKA. MaJiast OKpecTHOCTh TOUkn A m3omerpudna KOHYCy €

s

JIOKAJIbHO JIOCKOIl METPUKOH UM HOJIHBIM yIJIOM 5 LU Bepiube, a pebpo 12
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U30METPUIHO OJHON M3 0Opas3yIoIUX 3TOTO KOHYCA.
Ha puc. 3.21 nokazana pa3BépTKa KOHYycCa, IIOJIYIeH- \

Hasl B pe3yJibTaTe pa3pesa BJIoJib 00pa3yroleil, u Ha- / \

A
R
/

\
pUCOBaHA 110JIyYEHHAs B pe3yJibTaTe PaCTsKeHUs OJ1- / X

HOYTOJIbHAS d9eiika ¢ Bepiunoit B Touke X . Bmecto X

yaactka AX B crapoil ceTu B HOBOI CETH IOSIBJISIET-

cst pedbpo X X Toit ke JUIMHBI, TaK 4TO JIEI'KO BUJIETh,

UTO JJINHA CeTH IIPHU Takoi nedopMalny He MEHIeTCs. Puc. 3.2 Oanoyronprnx

1 (c¢). Ilpeamonoxkum, uro £(11) > 0. Bepmmua A ne mMoxer jexarhb
BHYTpH pedpa 11 no ciegacriuio 8. Ilpeanosoxnm, aTo BepiimHa A coBmafa ¢
104KOi 1. Pebpo 12 HEBBIPOKJIEHHO 110 JIOKa3aHHOMY B IyHKTE 1(a), 03TOMY
CHOBA MTPUBOJIUT K MPOTHBOPEUHIO BKJICKa TpoitHuuKa (B JII000# U3 IBYX YIJIOB
Mex Ty péopamu 11 u 12).

1 (d). Kak mbl yxke mokaszasn, BepiinHa A HaxXOJUTCs BHYTPH CBOEl
sTIeiKY. SHAUUT, yTOJI 9TOH stueiiku B Bepinnne 1 He menbie 120° (nnate BKIICI-
Ka TPOWHUIKA B 9TOT YIOJI TIPUBOJIUT K poTuBopednio). Ecmu BayTpu pedbpa 11
NMEIOTCs KaKWe-TO JIPyTue BEPIIUHBI, TO YTOJ ¢ BHYTPEHHEH CTOPOHBI Hallei
SYeKM B 9TMX BepIIMHAX He MeHbIle 7 (MHAYEe CHPSIMJIEHUE BHYTPb HMPUBO-
JUT K MPOTUBOPEUHIO). SHAYWUT, €CJIM BCErO B sSUEHKe 7 yTJIOB, TO WX CyMMa
ne mebue (n — )7 + & = (n — 2)7 + 5. Ho no dopmyne Faycca-Bonue
(emma 3.2) cymma yriioB stueiiku J0JDKHA ObITh paBHa Kak pa3 m(n — 2) %”,
3HQUUT, yroJ [pU Bepiimue 1 — poBHO 2{, a OCTaJIbHbIE BHYTPEHHUE <YIJIbI»
SYEfKU paBHBI 77, T.€. JIPYTUX M3JIOMOB HET. 3HAUUT, MOKHO TTPUMEHUTH OIH-
CaHHOE BhIIe CxKaThe sideiiku, mocse Koroporo pebpo 11 (Briovas Touky 1)
yKe TOYHO He OyJieT cojiep»KaTh BEPIIMH MHOT'OIPDAHHUKA.

1 (e). C yuérom mpojielaHHbIX oneparuii siaeiika 11 ymoBierBopsieT Bcem
YCJIOBUSIM, HEOOXOUMBIM JIJisd cxKaTus. [loaTomy ecim pebpo 12 B narmeii cetn
BBIPOXKJICHHO, ¢Jle/laeM cxkaTue stuaeiiku 11 u Tem cambiM yjimHuM pedpo 12.

3. IIpejiionioxKum, 410 01HO U3 PEdEP
23 BoIpOKJIeHO. Torma B Touke 2 = 3 cxo-
naTest 4 HEeBBIPOXK IEHHBIX pedpa — pedbpo
12, pebpo 34 u JjiBa KOHIIA HEBBIPOXKJIEHHO-
ro peopa 23. Oun 06pasyior 4 yria, 3HATNT,

XOTsI Obl OJTUH U3 HUX MEHbBIIIe 2?77 Cresaem

BKJICKY TPOMHMYKA B 9TOT yroJl M JIOKa-
JKEM, 9TO TOJIy YUBIIASCS B PE3YJIbTATE CETh
npunaiiexkutr (). Bo-mepBbIX, JIErKoO Ipo- Puc. 3.22: K mynkry 3.
BEPHUTD, UTO HOBas CETh OYJIET peajin30Bbl-

BaTh 1yiockuit rpad G, cm. puc. 3.22. Bo-Bropnix, ecin Hu BepmuHa C', Hu
BepimmHa [ He COBHAIaJM ¢ TOYKOH 2 = 3, TO COOTBETCTBHME O i HOBOM

Ce€TU O4Y€BUJIHBIM 06pa30M I[IOJIYy9a€TCA U3 CTapOIro COOTBETCTBUA. Ecnn Ke, Ha-
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npumep, C' = 2 = 3, TO cuTyalusi HEMHOI'UM CJoyKHee — Touka C' JIexKuT
Ha T'paHUIle 00eHX ISITUYIOJbHBIX siueeK HOBOM CeTH, TaK UTO CTapoe COOT-
BETCTBUE 0 CHOBA TOXONUT. VITak, HOBast, 6ojlee KOPOTKas, CeTh JICKUT B €D,
1IPOTUBOpEYHE.

4. ITpennonoxxum, uro BepinuHa C' jexxuT BHyTpu pedpa 12. [Tockonbky
HOJIHBIN yros B Bepinuae C' MeHbIe 27, BOSMOXKHO CIIpsiMJIeHne pedpa B 9TOi
TOYKE XOTsi Obl B OJIHY M3 JIByX cTOpOH. [losiyuennasi B pedyJibrare CripsimJie-
HUSI CETh KOpPOUe U MO-IIPEsKHEMy PUHAIEKHUT () ¢ TeM ¥Ke COOTBECTBHEM O,
IIOCKOJIbKY B MCXOJIHOI CeTH 10 00e CTOPOHBI OT pedpa 12 HaxoauTcd ddeiika,
coorsercrByiomas C. Eciu ke Bepmmaa C' momajia B OJUH U3 KOHIIOB pedpa
12, 70 K mpOTUBOpPEUNIO MPUBOJUT BKJIEHKA TPOMHUYKA B yroJ, MEHbIIW 2?”
JIerko mpoBepuTh, UTO BKJIeKa TPOMHIYKA B J1I00OH U3 (LHeCTI/I IMOTEHIINAJIBHO
BO3MOXKHBIX) YIJIOB COXPAHSET COOTBECTBUE 0.

5 (a). Ipemnosoxkum, uro obe seprunabl C' u D npunajgexar péod-
pam 23. B Takom ciiygae obe 3T BEpIIMHBI JIeXKaT Ha TPAHUIAX 00EUX MATH-
YIOJIbHBIX S9€EeK, [TO3TOMY IOMUMO BBIOPAHHOI'O HAMHU COOTBETCTBUS O, U300-
pPakKEHHOTO Ha puc. 3.19, NOJAXOMNT U eme OJHO COOTBETCTBUE 0, B KOTOPOM
o' (C)=0(D),c' (D) =0c(C).

B nynkre (4) mbl jokazamu, uro C' # 2 u, anagorudno, D # 3. Eciu
C = 3, pacCMOTPUM COOTBETCTBUE 0 — JIJIsL 9TOI'O COOTBETCTBU PACCY XK ICHHE,
nposeéunoe B (4), naér, uro C' # 3. [peanosnoxum rerepb, uro Bepriuna C
JIEXKUT BHYTPHU Kakoro-to pedbpa 23. Toryia xorst Obl 0jiH U3 y1JI0B 3100 pedbpa
B 9TOIf TOUKE MEHbIIE 7, clieJlaeM CIpsMiieHre. B cern, mosyuuBiieiicsa mocie
cipsimyiennst, Touka C' Oyger jexkaTh y»Ke He Ha pebpe, a BHYTPH OIHON u3
HSITUYTOJILHBIX IpaHeil, T.e. ynbo suyTpu rpanu o(C'), jubO BHYTpU rpaHu
o'(C), a Bepmuna D mo-mipexkHeMy OyjeT JiexkaTh HA TPaHUIEe 00enx TpaHeii.
BHauuT, 11 HOBOH CeTH IOAXOAUT JinbO cooTBeTCTBUE 0, OO 0, T.e. HOBas
cerhb JiexKuT B (), IpoTHBOpEYNe.

5 (b). Ilycrb Bepruuna D naxo-
JINTCA Ha pebpe 23 wau B BeplinHe 2,
a Touka (' — BHYTpPU CBOEHl STUEHKH.
ITo dopmyuie Faycca-Boune (nemma 3.2)
JIJIS 9TOU MATUYTOJBHON AYEHKU TOJIY-
JaeM B IEPBOM CJIydae o - 2?” + 4D =
(5 — 2+ 1) + 3, orkyna £D = ,
WJIM BO BTOPOM cJjiydae, korjia D = 2

obozHaunM depe3 /D BHYTpPEHHUI yTOJ

Puc. 3.23: K nynkry 5(b).

sueiiku o(D) B Touke D = 2, Torja

3 - %ﬂ %ﬁ — /4D = m(5—2) + 3, orkypa £D = Z. BHauut, yrinl gueiikn
o(C) B Touke 3 B CyMMe JTaloT %“. Kpoume Toro, Kaxkiplii 13 HAX HE MCHBIITE 2
(nHAYe BO3MOXKHA BKJIEHKA TPOHHIYKA), I09TOMY 06 OHH DABHBI 2.
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Nrak, Mbl oKazaaun, 9to sueiika o(C') mpejcrasisier co00i MATHYTOJ b
2w

HUK, BCE YIJIbI KOTOPOTO PaBHBI -, HOITOMY OHa IIPUTO/IHA /I CoKaTus. [Ipas-
J1a, 9Ta syeifka uMeeT caMoHaJIoXKeHre rpatHuilpl (pedpo 12), Ho 910 He Meraer
HIPOBECTU COXPAHSATONIYIO JUIMHY CETH Oll€PAIUIO, aHAJOIMYHYIO CXKATUIO — 110~
cTpouTh Ha pébpax 23 BHYTpH stueiiku o(C') jBa mapaJjiejorpaMmma ¢ yrjiom
60°, cm. puc. 3.23. Ilocye «ciaBuras pédep 23 «BJIeBO» Ha MECTO IIyHKTHPHBIX
JIMHUN MBI TIOJIYIUM HOBYIO CeTh U3 (2, Y2Ke He cojeprkalyio Ha péopax 23
BEPIINH MHOIOT'PAHHUKA.

rak, joKa3aHbl BCe 3asIBJIEHHbIE YTBEPXKICHUS, U JOKA3ATEJIHLCTBO JIEM-

MbI 3.14 3aBepIieHo. [l

HOMI/IMO CymeCTBOBaHI/IH HpOCTOﬁ MUHUMAJILHON CeTU Ha BCEX MHOI'O-
T m bwm 5w

rpaHHUKAX C KPUBUBHAMU 7§, g, %0, 5, IPUBEJIEHHOE PACCYZKJICHUE UMEET CJie-
JIYIOIIMANA MHTYUTUBHBIA CMbICI. EcCn Mbl BJIOXKHUM CeTb M3 SJIACTUYHBIX pe-
suHOYeK Tuna (, TaK YTO BEPIIMHbBI MHOTOI'DAHHHKA, HAXOMSTCS B HYKHBIX
sueiikax (Tak, Kak OMUCAHO B ompejiesieHn ), 1 BCTaABUM UTOJKU B BEPITHHbI
MHOTOIPDAHHUKA TaK, YTOOBI CETh HE MOIJIA COCKOJIL3HYTH ¢ HUX, NPUIEM I10-
IIPOCHM CETh «OTOJBUIATHCSI» OT BEPIINH MHOIOTPDAHHUKA B TOM CJIyUae, ecjIu
eCTb BO3MOXKHOCTbH CJiejIaTh 9TO, He MEHss JJIMHY, pa3peimuM péopam 12 u 34
nepeckaknpaTh depes Bepinabl C' 1 D COOTBETCTBEHHO, a TaK »Ke 3alpPeTHM
CeTH MEePECTPAUBATD CTPYKTYPY, TO CETh JIUOO HPEBPATUTCSI B MUHUMAJIBHYIO,
Jmbo Oyner HaTdHyTa pédpamu 23 Ha Bepimuabl C, D. Eciu pazpemuts emé un
OJIHOBPEMEHHOE TIePEenphIrMBaHie depe3 HUX, TO CeTh B KOHIE KOHIOB (CJIe/1yst
HAIIIMM PEKOMEHIAIUSAM 110 OTOJBUIAHUIO OT BEPIIMH) TPUJIET B yCTOHIMBOE

ImoJiozkenue, T.€e. IpeBPaTUTCA B MUHHMAJIbHYIO.
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