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1 Bsenenmne

Pabora orHOCuTCSa K Teopun KoHUIYpaluil MOJIMHONO0OOpa3nii — aKTHBHO Pa3BUBAIO-
IeMycs HallpaBJIeHUIO, CBI3aHHOMY C KOMOMHATOPHKON, ajaredpamdeckoil TOMOJIOTHei,
Teopueit y308, ajredpandeckoit reomerpueit. [loj Teopueit koudurypaiuii 1o MHOI000-
pa3uil Mbl UMeeM B BHUJy B IEPBYIO O4Y€pE/ib PE3YJIbTAThl, KACAIONUecs KOMOMHATOPUKU
U TOTIOJIOTUU KOHEYHBIX HaOOPOB ILIOCKOCTEH W UX JomnojHeHuil B apHUHHBIX U TPOEK-
THUBHBIX MPOCTPAHCTBAaX, a TakzKe 0000meHnsa Ha HAOOPBI MOJAMHOTO0O0pa3uil B JIPYTHX
MHOrOOGpasugax. baszosbie dakTel Teopun cM. B kuure I1. Opanka, X. Tepao [32] 1992 r.,
a reoMeTpHUecKue acnekThl — B 0630pe B. A. Bacuinesa [3| 2001 r. Pan o6oGimenuit s
IPOU3BOJILHBIX MHOT00Opasuit caenasn I1. Jemmnany [16] 8 2011 r.

O030p OCHOBHBIX U3BECTHBIX PE3YJ/IHTATOB.

Kombunamopura wucaa obaacmedi. Pazdbuenus BeiecTBeHHbIX adPUHHBIX U TTPOEK-
TUBHBIX TPOCTPAHCTB HADOpAMU OBEPXHOCTEH KopasMmepHocTu oaun uzydas . [Tlreitnep
[36] B 1826 romay. On paccmarpuBai pasbueHns TPEXMEPHOTO MPOCTPAHCTBA KOHEYHBIMU
HabOpaMH ILTOCKOCTell n cdep, mpuueM HAOOPHI COCTOSIN U3 CeMeilCTB mapaJsiie/IbHBIX
IJIOCKOCTEH M KOHHEHTPUIECKUX cdep, n cemeiicrBa HAXOAWIUCH B ODIIEM OJIOKEHUN
orHOCuTeILHO JpyT apyra. Z. [lreitnep mamtesn duciio obracreit mpocTpaHcTBa ISt Ta-
KX pa3OUeHnii ¢ yKa3aHHBIMU YHCIaMU OBepXHOCTeil B cemeiicTBax. P. Bak [11] B 1943 r.
HaIle/ T MAKCHMAaJIbHBIE BO3MOXKHBIE UHCIa kK —MEpPHBIX KJIeTOK B pa30HeHUsIX MPOEKTUBHO-
ro npocrpancrea RPY na6opamu n runepmiockocreii. P. Illernon [35] B 1976 r. nokazasn
HUZKHUE OIEHKW Ha YHCIa k—MepHBIX ILTOCKOCTEeH TepecedeHHs U k—MepHBIX KJIeTOK
B pasbuenusix upocrpancrsa RP? mabopamu n rumepmiockocreit (TpeboBasioch, 4TOObI
nepecevdeHme BCeX 7N THIEPIIOCKOCTER OBIIO TyCTBIM MHOXKECTBOM).

Dopmysa 3acaasckozo. T. 3acnasckuit [37] B 1975 1. ompemenns XxapakTepHCTHYE-
CKHUif MHOTOUJIEH HaOOpa rumnepiniockocTeil adpUHHOTO WK MPOEKTHBHOTO IPOCTPAHCTBA
¢ momoInpio hyuxknun Mebuyca 9JaCTHIHO YHOPSIIOUEHHOTO MHOYKECTBA ITepeceveHnii; Ha-
1ieJ1 JIMHeHHbIe KOMOMHAIINY 3HAYEHUN XapaKTePUCTUIECKOTO MHOTOYIEHA B HEKOTOPBIX
TOYKAX, 33/a0MHe IUCI0 BCeX 00/1acTeil u 9uc/a0 OrpaHuYeHHbIX 00/1acTeil B pa3OueHn-
SIX MPOCTPAHCTBA, HIEPIIOCKOCTSIME (/711 OTPAHUYIEHHBIX 00JacTeil Tpebyercst, 4ToObl
HepecevyeHre BeeX TUIEPIIOCKOCTe i GbLIO0 TOYKON WM MyCTHIM MHOYKeCTBOM). P. DpeH-
Gepr, M. Pau, M. Croyn [17] B 2009 1. onpejennin XapaKTepUuCTHIECKUH MHOTOUTIEH
U [PE/IbIBUJIA AHAJIOTHIHBbIE (DOPMYJIBL JI/Isi KJIETOYHBIX Pa30ueHunit MHOrOMEPHOIO ILI0C-
KOro TOopa HabOPOM IJIOCKHX TTOATOPOB KopasmepHoctu oxus. I1. demmany [16] B 2011 r.
06061m1 hbopMyIIbl 3acIaBCKOTO JIjist KOHMUTYpanuii moMHOroobpasuii (B onpeieieHnn
KoH(uryparmuit mogMHOoroodpasuii TpeboBaJIoCh, YTOOBI IepecedeHne MOIMHOIr000pa3nii
OBLIO JIOKAJILHO TOMEOMOPGHO MepecedeHnio mI0CKOCTel ).

Kozomonozuu donoanenus 6 xomnaekcnonx npocmpancmeaz. I1. Opauk u JI. Conomon
[31] B 1980 r. BeIpa3u/u KOJIBIIO MEJIOYUCIEHHBIX KOTOMOJIOTHIT JIOMOTHEHUsT K HAOOPY KOM-
IJIEKCHBIX THIEPIJIOCKOCTEN Yepes d.y. M. TlepecevdeHuii TUIePIIOCKOCTel (ToCTpOeHHAsT
asreOpa Oblta Ha3BaHa B uX 4ecTb). OHHU 3aMETHU/IHM, YTO XapaKTePHCTUIECKHH MHOTO-
YJIeH J71s1 Habopa BeNeCTBeHHBIX MUIIEePILTIOCKOCTell coBagaer ¢ MHorodwaeHom [lyankape
JIIT KOMILTeKCHupunupoBanuoro xaobopa. OTcioaa ciaeayeT, 9To IUCI0 obgacTeil pasdue-
HUsI BEIIECTBEHHOrO npocrpancTBa R HAOOPOM THIEPIIOCKOCTE PABHO CyMMe HYHCEI



Berru pononnenus B C™ k 00beuHEHNIO0 KOMILIEKCU(DUITUPOBAHHBIX THUIIEPILIOCKOCTENA.
O630p C. A. FO3Bunckoro [9] 2001 r. mocesmmen cpoiicrBam asrebp Opanka-CoomMona u
HEKOTOPBIM UX TTPUJIOKEHUSIM.

Tomomonuueckue ceoticmea donoanernud x nabopam naockocmed. I'. JI. Poibuukos [8]
B 2011 1. mocTpouI Be KOMOMHATOPHO dKBUBAJIEHTHBIE KOH(MUTYPAIUHE MPIMBIX HA KOM-
IJIEKCHO# IIPOEKTUBHON IJIOCKOCTH, Y KOTOPbIX (DYH/IAMEHTAJIbHbIE TPYIIIbI JIONOIHEHU
HE U30MOP(HBI.

Habopwv, ncesdonpamuix na npoexmusnot naockocmu. 1log HabopoM TCeBIOTPSIMbIX
MBI EM€eM B BHUJy KOHEUHBII HAOOP IVIaJIKMX 3aMKHYTBIX HECAMOIIePEeCEeKAIONINXCs KPH-
BBIX, JTIIOOBIE J[BE M3 KOTOPBIX IMePEeCceKaroTCs TPaHCBePCAJIbHO B eIMHCTBEHHO Touke. He-
pe3 t; 0603HaUYUM YHUCJI0 TOYEK, HPUHA/JIeZKAIIUX ¢ [ICeBJONPAMBIM; Yepe3 1 0003HaAYUM
YUCJIO TCEBJONPsAMbBIX Habopa. Vckiounm u3 paccMorpenusi HaOOPbI, B KOTOPBIX BCe N
HICEBJIONPSIMBIX TTPOXOJSIT Yepe3 OIHy TouKy. V3BecTHa cepusi pe3yabraToB (CM. 0630pbI
I1. Bpacc, Yun. Mozep, ¢. Tlax [12] 2005 r., H. Hunakanrau [30] 2005 r.), Beaymux Ha-
vasio oT runoressl Cuabsectpa to > 1. I1. Dpaem u I.B. [Typaun B [18] 1978 1. mosyumin
HEPABEHCTBO

1

max{ts,t3} >n—1 upu n > 25;

JIOKa3aJiu, 4To ecju to < n—1, to t3 > cn? JJ1d HEKOTOPOH 1TOJIO?KUTEIbHON KOHCTAHThI C.
Jxk. Cuuma n E.T. Coitep B [14, 15| 1993 . gokazamu, 4aro to > %n npu n > 8. 3Becren
npumep ¢ to = 4 JIg Y9eTHBIX 1 > 6, u rumnoresa Jupaka? yTBeprKIaeT, 9To ly > [g}
. Mesbxuop [27] 1940 r. moy4u JuHelHOe 10 t; HepaBeHCTBO, OOpalleHne KOTOPOro B
PaBEHCTBO SKBUBAJIEHTHO TOMY, UTO Bce 001acTu pazbuenud Tpeyroababie. . Xupredpyx
[23| 1986 r., usyuasi BO3MOZKHbBIC 3HAYEHHs] OTHOIIEHUs YUCesl depHa Jiis JIBYyMEDHbBIX
KOMILJIEKCHBIX MHOT000Opa3uil, JloKa3aJl Jjisi HabOPOB KOMILIEKCHBIX HPSAMbIX JIMHEIHOE 110
t; ¥ . HepaBeHCTBO (He SKBUBAJEHTHOe HepaBeHCTBY Mesbxuopa; Tpebyoliee, 9T00b He
bostee m — 3 MPSAMBIX [EPeCeKATNCh B OJHON TOYKE).

Ceasvb konduzypayud 2unepnaockocmets ¢ muozozpannukamu. 30H03IpoM B R? Ha-
3BIBAETCS BBINMYKJIBI MHOTOI'PAHHHUK, BCE THHEPrPAHU KOTOPOTO IMEHTPAJbHO CHUMMET-
puanbl. A. JI. Asekcangpos [1] B 1933 r. 3amernsi, 910 30HOAD SABJSETCs MEHTPATBHO-
CUMMETPUYHBIM MHOTOIpaHHUKOM. VMmeercs ciejyiomiast cBsi3b HaOOPOB THIEPILIOCKO-
crTeil B MPOEKTUBHBIX IPOCTPAHCTBAX (T.e. HAOOPOB MOAMPOCTPAHCTB adOUHHBIX TPO-
CTPAHCTB KOPa3MEpPHOCTH OJuH) ¢ 30HO3apamu, (cMm. B. I'proubaym [20], 1967 r.). s
KasKIOT0 TIOAMPOCTPAHCTBA p; KOHETHOTo Habopa moampocTpancTs B R Bozbmem enn-
HUYHBI OTPE30K, MepIIeH TUKYJIAPHbII p;, HOC/Ie 9ero Bo3bMeM cyMMy MIHKOBCKOro® 9Tux
orpe3koB. Hanpuwmep, i HaDOpOB NPSAMBIX HAa MPOEKTUBHOM MJIOCKOCTH MPSMbIE COOT-
BETCTBYIOT MOSICKAM 30HO3Ipa, obmactu miockoctn RP? — mapam MpOTHBOMOMOKHBIX
BEPIIHUH 30HO3IPA, TOUYKH IepecedeHus MpsaMbIX — IapaM MPOTHBOIIOIO0XKHBIX I'paHeil 30-
HOSIpa; TPeM He KOJLUTHHEAPHBIM HpsAMBIM Ha miockocTn RP? coorBercTByeT Kyo.

TIpuMep HecnpAMIgeMoro HaGOPa MCeBIOIPAMEIX MOYKHO HOCTPOUTE ¢ HOMOIIBIO TeopeMsl Jlezapra
0 KOJUIMHEAPHOCTH TPEX TOYEK MMEPECeveHnsi COOTBETCTBYIOIINX CTOPOH MBYX MEPCIEKTUBHBIX TPEYTO/Ib-
HUKOB.

2Unrepecubie pesynbrarsl noayunam B. Ipun, T. Tao [19] B 2012 1., HC0b30BaB METOIBI A TUTHBHOL
KoMOmHATOpUKHU. B yacTHOCTH, 3a5BJIEHO O JOKA3ATEIHLCTBE MUTOTE3bI Jlupaka A1t JOCTATOIHO OOMBIITNX
n.

3 pamoMumEM, 9TO cyMMa MUHKOBCKOIO ABYX Tel A 1 B, pacnono:KeHHBX B adGUEHOM IPOCTPAHCTBRE,

COCTOWUT M3 BCEBO3MOXKHBIX TOUeK a + b, rme a € Au b € B.



Huocrue ouenku wucaa obaacmedi 6 pazbuenusxr npoekmusnot niockocmu. b. I'pion-
Gaym [21]| B 1972 . BiepBbie MOCTaBUJI BOIPOC 00 OMUCAHUE MHOZKECTBA BOSMOKHBIX THCET
f obsracTeit B pa3dueHnsIX BENMECTBEHHON JBYMEPHOI MPOEKTUBHOI MIOCKOCTH HAbOpaMn
13 N MPOEKTUBHBIX MPSAMBIX U JI0Ka3aJ, ITO

f=23n—6 upu m<n-—2,

re M — MaKCHMaJIbHOE YHUCJIO0 MPSMBIX, MEePECeKAIoMuXcs B OdHOM Touke. TeM cambIM,
IHUCII0 00IACTel He MOYKeT TPUHAJIeKATh uHTepBaty (2n — 2;3n — 6). Takxke B. I'pion-
OayMm MpeJiIio/IoKu/I, YTO 1Ipu 1 > 9 4ucjio odsiacteil He MOXKET HaXOJIUThCS B UHTEPBAJIe
(3n — 5,4n — 12). Dy runoresy He3aBUCHMO APYT OT Apyra gokazasnn P. Kopmosui [13]
B 1980 r., /Ix. B. Ilypau [33] B 1980 1. aynst n > 40 u H. Maprunos [25] B 1990 r. [Lis
JlokazaTrebcTBa runoresbl b. ['prondayma /Ix. B. [lypau norpeboBaioch J0Ka3aTh, 9TO
ecJIu 711 HeKOTOPOTO IEeJI0T0 Jucaa k

m<n—k wu n=4k*+k+1, o f=(k+1)(n—k).
[Tozzke H. Maprunos [26] B 1993 1. n0JHOCTBIO OLHCAT BCE YUCIIA OTPE3Ka

2n — 2 n(n—1)
’ 2

KOTODBIE MOT'YT Peajin30BaThCs B Kadecrse ducsa obsacreit. B. V1. Apnosba 2| B 2008 .,
He 3Has1 0 pabore H. MaprunoBa, nocraBuJi 3aa4y 00 ONUCAHUH BCEX BO3MOYKHBIX UMCE/I
obnacreit “c mysnst’. OH Ha3BaJ JIAKYHAMHU TeJIble YUCJIa, TPUHAJJIEXKAINe WHTePBAIaM

(a;,b;), rme

+ 1],

ai=in—i+1)+C2,, b= (i+1)(n—1).

B. . Apuosba jjokazast, 910 9ucjao objacTeil He MOXKeT TPUHAIEXKATDH JIAKyHe HOMEep
i JJ1s JlocTaTodHo Gosbimux n (s n 2 i), oaHako B ero pabore |2| ocrascs Hesbisic-
HEHHBIM BOIIPOC, €CTh JIM B JIAKyHEe HOMEp 7 peajiu3yeMble 3HaUeHUus IUCaa o01acTeil mpu
E<nSPuizs

Becbma J110601BITHO CDABHUTH MHOZKECTBA nap uuces (n, f), peaausyembix Habopamu
MPSMBIX HA TPOEKTUBHOM IIJIOCKOCTH, C TEMU K€ MHOYKECTBAMHU, PeaIM3yeMbIiMu HabopaMu
MCeBIONPSIMBIX. ATTpHoOpu OBLIO HEU3BECTHO, COBMAIAIOT JIU 3TH MHOZKECTBA, MOCKOJIBKY
CYIIECTBYIOT IIPUMEPBI HECIIPAMJIAEMbIX HAOOPOB mceBonpaMbix. Oqnako H. Maprtunos
3aMeTHJI, YTO MHOYKECTBA COBIIQJIAIOT, TMOCKOJIBKY €ro paccy:kjienus [26| mis HaGopos
MPSIMBIX JOCTOBHO MEPEHOCATCS Ha HADOPHI MCEBIOMPIMBIX.

Samrnymuie 2eodesuneckue. [Trunpiaa [7] B 1994 1. u3ydana 3aMKHYTBIE JIOKAJIbHO
MHUHUMAJbHBIE CeTH HAa DABHOTDAHHBIX TeTpa’Jpax (IPaHd — DPaBHBIE OCTPOYIOJIbHBIE
TPeyroJbHUKH, ABTOPCKUil TEDMUH — KBa3UIPABIIbHBIE).

B.TO. IIporacos [5, 6] B 2007—2008 rr. mccsiegoBag NpocTbie 3aMKHYTHIE T€OJIE3U-
YecKne Ha TeTpa’dapax (B OCHOBHOM, HEPABHOTDAHHBIX); JIOKA3AJ, UTO I JFOOOH MpO-
CTOil 3aMKHYTOIl T€0/1€3UIeCKOIl Ha IPOU3BOJIHLHOM TETPad/pe CyIecTByeT KOMOMHATOPHO
SKBUBaJIeHTHasI el (T.e. mepecekarorias pebpa B TOM Ke MOpPsijiKe) 3aMKHYTasl IeoJe3H-
Jeckasl Ha TMPABWILHOM Terpa’ape. OTHecs B OJMH KJIACC 3aMKHYTHIE TE0/Ie3UYECKHe,
napaJiesbable ganHoit, B. FO. [IpotacoB goka3a/ KOHEYHOCTDH YHCIA KJIACCOB 3aMKHY-
TBIX IPOCTBIX I'e0/Ie3NUEeCKUX Ha HEpPaBHOTPAHHBIX TeTpadApaX W HaIlesJ BepXHHEe OIeH-
KU; TOJIY YU HEKOTOPbIe HEOOXOMMbIE U HEKOTOPBIE JOCTATOYHBIE YC/JIOBUS TOTO, 9TOOBI

4



Ha HEPaBHOIPAHHOM TeTpadjipe CYHIECTBOBAJA XOTd Obl OJ[HA 3aMKHYTas HPOCTas reo-
Jie3mdeckast; JJoKa3aj, 9TO e JMHCTBEHHbIe TPeXMepHble MHOTOTPAHHUKHN, Ha TTOBEPXHOCTH
KOTOPBIX €CTh OECKOHEYHOE YHCJIO KJIACCOB 3aMKHYTHIX MPOCTHIX TI'€0JIe3NYEeCKUX, CYTh
PaBHOTPDAHHBIE TETPAIIPHI.

ABTOp He peTeH/IyeT Ha JOCTATOTHO MOJTHBINH 0030D JUTEPATYPBI, YIOMSIHYTHI TOJTHKO
HEKOTOPbie paboThl, HanboJIee CBI3aHHbIE ¢ TEeMOU U pe3y/ibraraMu JUCCePTaIuu.

ITocTaHoBKka 3amadn.

[Tycts M? — cBasnoe 3aMKHyTOe MHOroO6pasme, A — oObeIUHEHHe N CBA3HBIX 3a-
MKHYTBIX TOJMHOT000pa3uii kopasmepuoctn omuH. [lycth f — 9nc0 KOMIOHEHT CBsI3-
noctn mononmenna M?\ A. Tpebyerca HallTH HIH OMHCATH MHOMKECTBA BCEX BO3MOK-
HLIx ancen f aig ganasix M? u n. IIpu 5TOM eCTeCTBeHHO HCKATH MHOMKECTBA, 9HCes f,
HaKJ/I3/IbIBask HEKOTOPbIE YCJIOBUS HA THII IOJMHOIo0Opa3uil njiu Ha ux madopnl. Harpu-
Mep, paccMaTpuBaTh HADOPHI 3aMKHYTHIX I'€0/Ie3MYeCKUX Ha JIBYMEPHBIX MHOTOO0OPA3MsIX
€ METPUKO# OCTOSTHHOM rayCcCOBO KPUBU3HBI, HAOOPHI ILJIOCKOCTEH KOPa3MEePHOCTH OJIUH
B aPUHHBIX WM MPOEKTUBHBIX ITPOCTPAHCTBAX.

PesynbraTsl guccepramum.
1. JT1s1 HAGOPOB ICEBIONPSIMBIX HA BEIIECTBEHHON MPOEKTUBHOM 10cKocTH RP? Haii-
JIEHO U JIOKA3aHO HePABEHCTBO

t2+§t3>8+z 9 — 7% t;
2 : 2
=4

npu ycaoBuu t, = t,—1 = t,—o = 0, T7e t;,— 3TO YHUCJI0 TOUeK, KaxKIaasd U3 KOTOPBIX
NPUHAIEKUT POBHO ¢ TCeBAONpAMbIM. Ha ocHOBe 3TOTO M ApyruX M3BECTHHIX paHee
JIMHEHHBIX TO t; HEPABEHCTB MOJYYEHBl HUXKHHUE ONEHKN YUCIA KOMIOHEHT CBI3HOCTH
gononaerns B RP? Kk o6be nHeRnsIM nceBaonpsaMbix. [loxpobree cm. Teopembl 2.2 n 2.3
juccepranun u pabory asropa [41].

2. [TosiHOCTBIO BBIYKCIEHB MHOXKecTBa F'(M, n) quces KOMIOHEHT CBS3HOCTH JIOTIOJI-
menuit B M K oObeuHEHNSIM 1 3aMKHYTBIX Te0JIe3MIeCKuX s caydaeB, korma M:

e JIByMepHEI TOp ¢ JT000i! TOKAIBHO eBKINI0BOH METPHKOi,
e ByMepHad OyTbhLIKa Kieiina ¢ j1i000ii JIOKaJIbHO €BKJINI0BOII METPHKOIA,

® TEeTpPa’p ¢ PABHBIMU IPaHAMU (JTHOOBIMU OCTPOYTOJBHBIME TPEYTOJbHUKAMH ),

6oJ1ee OIPOOHO cM. Teopembl 3.2, 3.3 u 3.5 auccepranuu wian paboTsl aBropa [39, 40].

3. /I HabOpOB M3 M CBSA3HBIX 3aMKHYTBIX OMHOr000pasuii A; KopasMepHOCTH OJIHH
B CBS3HOM IVIAJIKOM KOMIIAKTHOM MHOroobpasuu M9 6e3 kpas, IOmapHO TPaHCBEpPCATb-
HO MepeceKaoNXcs, HaiileHa U JoKa3aHa HUXKHSS OIEeHKa YHCIa CBI3HBIX KOMIOHEHT
JIOTIOJTHEHU ST

o Md\UAi >n—dim Hy_ (Md,G’)+1,
i=1

40TMeTHM, UTO IJIOCKAS METPHKA Ha TOPE 33JaeTCA HeBBHIPOXKIEHHON IBYMEepHON peIreTKol Ha II0Cc-
Koctu, a Muoxkecrsa F'(M,n) He 3aBucar or BHIOOpa peIeTKy



e rpyuna G = Z, ecain M u A; opuenrupyemsr, u G = Zy unade. dra OleHKA TOUYHA B
psijie CIydaen, BKAYAOIMNX HAOOPH MOITOPOB MJIOCKUX d — MEPHBIX TOPOB, HAOOPHI I'i-
MEPILIOCKOCTEH TPOEKTHUBHBIX MPOCTPAHCTR, HAOOPHI 3AMKHYTHIX KPUBBIX HA JBYMEPHBIX
OPHEHTUPYEMBIX 3aMKHYTBHIX MHOTOOOpa3ugx. Bosee moapobno cM. Teopemy 4.1 muccep-
Tanuu win pabory asropa [41].

4. JIns HenpuBOAUMbBIX HAOOPOB M3 N IJIOCKOCTEH KOPA3MEPHOCTU OJUH B d—MEPHOM
BEIIECTBEHHOM MPOEKTHBHOM mpocTpancTse RP? BeIdmcIensl mepsbie 4 110 BO3PACTAHUIO
qucjaa MHOKecTBa F' (RIPd, n) npu n = 2d+5 n d > 3; Beraucaensbl nepsbie 36 1Mo Bo3pac-
TAHUIO YHCeJ MHOXKecTBa, F (]R]P’3, n) JIJIsI HRIIPUBOIMMBIX HAOOPOB u3 1 > 50 miockKocTei
B RP?, cm. Teopemsr 4.5 u 4.6 muccepranun u pabory asTopa [41].

5. Tosnocrbio naiijens Muoxectsa F(LY,n) uuces KOMIOHEHT CBA3HOCTH JIOHOJI-
Henuit B d-MepHBIX mpocTpancTax Jlobadesckoro LY K 06beuHEHHAM N ILIOCKOCTEil
KOpa3MepHOCTH oauH. st nonosiHennii B 1aockux d — MepHbIX Topax 1'% Kk o6benn-
HEHUSM TJIOCKUX TTOATOPOB KOPA3MEePHOCTH O/INH Hali/leHbl OeCKOHEYHBbIe MOIMHOKECTBA
vuoxkects F(T9 n). BLaBuHyTa THIOTe3a, 9TO 9TH IMOAMHOMKECTBA COBIAJAIOT C MHO-
xecrsamu F(T? n) ma ocnosanun toro, uro g d = 2 cosuajenue uMeercs. Bosiee
101pobHo cM. Teopembl 4.10 u 4.9 nuccepranuu u paborsr aBropa [40, 41].

Anpobanusa pe3ysbTaToB pabOTHI.
PeSyﬂbTaTbI Auccepranuun J0KJIa/JAbIBAJIUCH:

e Ha MexayHapoaHoit KoHdepeHnnun “MeTpudueckas reoMeTpus IIOBEPXHOCTEH U MHO-
rorpanHuKoB”, mocBsIeHnoit 100 —netuto co aus poxaerus H. B. Edbumosa, Mock-
Ba, 2010 r.;

e na Mexaynapoguoit koudepenmun “FOoueitapiit Cumnosuym A. 3. Tlerposa 1o
O6meit Teopun Oraocurenbuoctu u ['pasuramun”’, Kazans, 2010 r.;

e Ha MexayHapoaHoit kondepennun “/lnddepennuanbusie Y pasuenus u CMexKHBIE
Bonpocwr”, nocssimennoit 110 - oit rogosmune U. I'. TTlerposckoro, Mocksa, 2011 r.;

e Ha Hay4dHoii koudepennuu “JIomonocosckue urenusi’, Mockna, 2011 r.;
® Ha MeXKIyHapoaHOil KoHdepenmun “AsekcanapoBckue arerust’, Mocksa, 2012 1.

e na MexryHapoyHoi kondepennuu “/luckpernas [eomerpus”’, nocssmennoit 100 —
Jgeruto co aust poxaerus A. JI. Anekcanapona, flpocrasin, 2012 r.

e na cemnuape “Algebraische Geometrie” (pykosoguresn Prof. Dr. Hubert Flenner,
Prof. Gerhard Rohrle, Prof. Dr. Uwe Storch), Boxym, Pypckuii yu-1, 2009 r.;

e na cemunape “T'eomerpus B riesiom” (pykoBoauresb ji.¢.-m.u. 1. X. Caburos), Mock-
Ba, MI'Y, 2009 - 2010 rr.;

e Ha reomerpuieckom cemuuape um. V. @. Ilapbiruna (pykoBogureau . .-M.H.
1. X. Caburos, a.¢d.-m.H. B. FO. ITporacos), Mocksa, MITHMO, 2009 r.;

e na cemuHape “MaremMarudyeckue BOMPOCH KHOepHETHKN (PYKOBOAUTEND J.(b.-M.H.
O. M. Kacum-3aze), Mocksa, MI'V, 2010;
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na cemunape “Teopust aBromaros” (pykosoauresb akal. B. B. Kynpssies), Mocksa,
MIY, 2011 r.;

Ha cemunape “CoBpeMeHHble reoMerpudeckue MeTojbl”  (PYKOBOAUTEU aKa/l.

A.T. ®omenko, a.¢p.-m.aH. A.B Bomacunos, a.d.-m.u. A.C. Mumenko, 1.¢.-M.H.
A.A. Omewnmkos, K.¢.-m.u. E. A. Kynpssresa, k.d.-m.u. 1. M. Hukonos), Mocksa,
MTY, 2008 —2011 rr.

na cemunape “/Inddepennmanbaas reomerpusi u npusozkerus’” (PyKOBOIUTEb AKA/L.
A.T. ®owmenko), Mocksa, MI'V, 20112012 .

Ha cemuHape “/IMCKpeTHAas reoMeTpus W reoMerpus uucesn’ (pykoBoguTenu ji.d.-
m.H. H.T[. Momesurun, ma.d.-mu. H.II. Honbuaun u g.db.-m.u. M. [1. Kosases),
Mockga, MI'V, 2011 rr.;

Ha cemuHape “Ajirebpanydeckas TONOJIOIUs U ee npuiioxkenus”, (pyk. 4i.-kopp. PAH
B. M. Byxmrabep, a.¢.-m.H. A.B. Uepnasckuit, a.¢.-m.u. . A. JIpiaaukoB, 1.¢.-
m.uH. T. E. [Tanos, k.d.-m.u. JI. A. Amanus, a1.¢.-m.a. A. A. TaidymmmH, K.¢.-M.H.
J1. B. MuiinoHImuKoB) B paMkax KoHdepenruu «/IoMoHOCOBCKEE UTeHusi», MoCKBa,
MIY, 2011 u 2012 rr.

Ha ceMUHape “Y3JIbl U TeOPus MPeCTaABICHUI” (pyKOBOJmTeﬂH Ja.g.-m.u. B. O. Man-
TypoB, K.¢d.-M.1. [I. 1. Waborko u k..-m.H. . M. Hukonos), Mocksa, MI'Y, 2010
u 2011 r;

Ha CeMHHADE 110 KOMOMHATOPHON T€OMETPUH U TOHOJOTHH (PYKOBOAUTETD 11.(D.-M.H.
B. O. Manrypos), Mocksa, PY/TH, 2012 r.



2 Kondurypamun rmceBaomnpsaMbIX HA ITPOEKTUBHOI I1JIOC-
KOCTH

Onpenenenne 2.1. Hazosem ncesdonpamot’® 24a0K10 3aMEHYMYIO HECAMONEPECEKAIO-
WYIOCA KPUBYI0 Ha, Beulecmeennol npoexmusol naockocmu RP?, ne 2omomonnyio omo6-
pasicenuto oxpystcrocmu 6 mouxy. Habopom® ncesdonpamoir nasosem woneunviti nabop A
u3 n = 3 ncesdonpamoir, A100ve 06e U3 KOTNOPBLIL NEPECEKAOMCEA 68 eOUHCNEEHHOT MOoYke
U NEePecerarmces mpaHceePCaibHO.

Habopy ucesuoupsimbix A coorsercrsyer paszéuenue wiockocru RP? B Bie Kj1eTo4Ho-
ro KOMILIEKCA, (KOTOpbIit Oyem 0603Ha1arh Tak ke, kak u Habop A) ¢ v(A) Beprnnamu,
e(A) pebpamu u f(A) gByMepHBIME KJIeTKaMU. BepHinHbl KOMILIEKCa — TOYKHU TIEPeceye-
HUS TICeBJONPSAMBIX, pebpa — JIyTH HCEBIONPIMBIX 06€3 BHYTPEHHUX TOUYEK IepeceveHus,
JBYMepHbBIE KJIeTKU (00JACTH) — KOMIOHEHTBI CBSI3HOCTH JIONOJIHEHUS B MPOEKTHBHOI
IJIOCKOCTH K 00'beJIMHEHUIO 1IceB/IonpaMbIX. V3 dhopMmyibl Jijis 9iijiepoBoOil XapaKTepucTu-
Ku (opu n > 2) ciemyer

v(A) — e(A) + f(A) =1

Habop nceBaonpsiMbIx Ha3bIBAETCS MPUBUAALHBLM, €CTTU Y BCEX TICEBIOTPIMBIX CYIIle-
cTByeT obmas Touka. B naspHeiimeM HAOOPHI MICEBIOMPSAMBIX MPE/INOIArA0TCSI HeTPUBHU-
anbHBIME (e He ckazano obparnoe). Ilcesronpsamele Ha miockoctn RP? maxomarcs B
00ULEM NONOIICEHUU, €CJIN HUKAKUE TPHU U3 HUX He uMeroT obmeil Touku. HerpuBuaibubiit
HA0OP MCEBJIONPSIMBIX HA3BIBACTCH  CUMNAUYUGALHOLM, €CJU KazKas 001aCTh TPUMbIKa-
eT 10 JiyraM POBHO K TpeM IceBjgonpsamMbiM. Jucsio obsacreit f = f(A) onenuBaercs mo
UHIYKIAA 10 7

M—2<f<1+ﬂ%§2,

mpuYeM MpaBoe HEPABEHCTBO OOPAIIAETCS B PABEHCTBO /1T HAOOPOB MCEBIOMPAMBIX 00-
HIero IOJIOXKEHUsI, a JIeBOe — JIJisi HADOPOB, B KOTOPBIX 1 — 1 HCEBJIOUPAMBIX ITPOXO/ISAT
qepes oy TouKy. Eciaumn > 2 1o KaxKgas 2 — KJeTKa TPUMbIKAET K JII000H TICeBI0IPIMOii
Habopa 110 He 6oJiee YeM OHOIT IyTre U TOJIBKO C OJTHON CTOPOHBI, 9TO MOYKHO JI0Ka3aTh, UC-
MOJIB3Y$ HEUYETHOCTh YHCJIa TOUEK MepeceveHns ABYX 3aMKHYTHIX TOMOTONMYECKH HETPH-
BHAJTBHBIX TPOCTHIX KOHTYPOB HA MPOEKTUBHON TIOCKOCTH. M30MOPPHHHLMYU CIATAIOTCS
HAOOPBI, KJIETOYHBIE KOMILIEKCHl KOTOPBIX HU30MOP(MHBI, T.e. JijIi KOTOPBIX CYIIECTBYET
B3aMMHO-0/IHO3HAYHOE COOTBETCTBUE MEK/y BepIIMHAME, pebpamu u 2 —KJeTKaMu, CO-
XPAHSOIIee BCe WHIINICHIUN.

Teopema 2.1. B. I'proubaywm, [20, pp. 401-402| /aa nempusuasohox Habopos npamoLr
v+1<f<2v—-2

NPUYEM HEPABEHCNBO CAEEG 0DPAWAEMCA 6 PABEHCMBO Mo20a U MOoAbKO mozda, Koz20a
nPAMbBLE 8 00WEM NOAOIHCEHUU, G HEPABEHCMBO CNPABE 00PAULAEMCA 8 PAGEHCEO MOo20a
U MOALKO M020a, k0200 HAOOP NPAMBLEL CUMNAUUUAGAOHVLY.

Snepesoy, pseudoline

Srepyun arrangement of pseudolines 37ech TIepeBOTUTCA KaK Habop ncesdonpamur. ECTb cxoxmit
00beKT: configurations — xoHduzypayuy, HAOOPHI TOYEK U MPSAMbBIX C JOMOJHUTETLHBIMYI TPEOOBAHUSIMHI
Ha, YUCJIO VMHIIUJIEHITAN].



Yepes t;(A) 0603HaUALTCA IUCTO TOUEK MEPECEUCHUsT, TPUHAJIEZKAIUX § NCEBIONPSs-
mbiM 13 Habopa A, mast 2 < i < n. Yepes pj(A) obosnauaercss aucsio obsacreii, npu-
MBIKQIOIIAX 10 pebpam K j mceBmonpsaMbiM u3 Habopa A, aia 2 < j < n. Yepes m(A)
0b03HaYALTCA MAKCHMAILHOE YHCJIO MCEBIONPAMBIX Habopa A, uMeromux obIIyo TOUKY
(re. m(A) = max{i | t;(A) # 0}). dna aByx m3oMopdHEIX HAOOPOB YnCIa t;,p; U M
cosuagaior. Kak npasuio, jajnee Mbl GyeM OIyCKATh 3aBUCHMOCTD 4uces l;, p; 1 M OT
nabopa A.

2.1 Jluneiinble HEpaBEeHCTBA HA YNCJIA TOYEK HepecedyeHUd (PUK-
CUPOBAHHOUN KPaTHOCTH

Onpenenenune 2.2. Jlunetinvmu no t; nepasencmeamu bydem Ha3bi8aMb HEPABEHCNEA
6uda

Zaiti 2 Qp, (21)
1=2

2de Koappuuyuenmovl oy 3aB8UCAM MOALKO OM T U N, NPUMEM CPEIU “uces o He boaee
NOAOGUNDL HYACT O 00CTNAMOYHO BONDUUL .

K HacrosiieMy BpeMeHN U3BECTHO KAK MUHUMYM 4YeThipe (He3aBUCHMBIX) JTHMHEHHBIX
10 t; COOTHOIIEHUsT Jiyist KOHMUrYpanuil Ha IPOEKTUBHBIX IJIOCKOCTSX (HEKOTOPbIE JTOKa-
3aHBI JIJIsI KOMILIEKCHBIX TPSIMBIX, HEKOTODBIE Jisi mceBaonpsiMbix ). Camoe mpocroe u3
HUX CHPABEJIMBO KaK J/Isi HAOOPOB KOMILJIEKCHBIX MPSIMBIX, TaK U JJIsi HAOOPOB TICEB/I0-
HPSMBIX, U TIOJIy4AeTCs MOCIeTOM YHCIa Hap (MCeBI0)IPAMBIX:

n(n—1) = Zz(z —1)t; (2.2)

. - i(i—1
A mmvenHoO, KaxK 101 TOUKe mepecedenns ¢ (MCeBI0)IPSIMbIX IOCTABUM B COOTBETCTBUE 1(’2 )

nap npoxoJsmux 4depes Hee (1mcesno)upsiMbix. [TockosibKy Ji00ble JiBe (11CEeB/I0)psiMble
i(i—1)
2

IIePECEKAIOTC B OAHON TOUKE, TO B CyMMe y ., t; Kaxaast napa (ICeBIo)npsMbIX
YUIUTBHIBAETCS POBHO OJIMH pa3.

Hepasercmeo Meavzuopa, [27|. s HeTpuBHAIBLHBIX HAGOPOB MCEBIOMPIMbBIX HA ILI0C-

koctn RP?
ty>3+> (i—3)t. (2.3)

i>4

HepaBenctBo Menbxmnopa obpaliaeTcs B paBeHCTBO TOTJIa M TOJBKO TOT/Ia, KOrjaa Habop
MICeBIONPIMBIX CHUMILTAIHAIBHBIN. JloKazaTeabcTBo ciaemyer u3 Jjemmbl 2.2. E. Menb-
XUOP HEPBBLIM Ha4daJ/l ePeUrC/IaTh CUMILIMIUAJIbHbIE HAOOPBI 1iceBIonpsaMbiX. B. ['pron-
Gaym [22] B 2009 1. mpuBes CHUCOK CHMIUIMIMAIBHBIX HAOOPOB, MOJHBIH mpu n < 37
(MOMHMO CTIUCKA CYIIECTBYIOT GECKOHEUHBbIE CEPUU CHMILIUIMATBHBIX HAaGopoB). [list Ha-
OOpPOB KOMILIEKCHBIX IPSIMBIX, BOOOIIE rOBOps, HepaBeHCTBO MeibXuopa He BBIIOJTHACTCS

"rpeboBane TOrO, YTOOBI HEe MEHee HOJIOBUHBI KO3 MUINEHTOB GBLIH OTJIMYHBL OT HyJIs, MOXKHO 0
HEKOTOPOIi CTereHr BapbupoBaTh. K 9uCy NUHEHHBIX HEPABEHCTB HE OTHOCATCHA OIEHKH YUCEN t; THIa
reopembl CubBecTpa.



(KOHTPIIPHUMED MOZKHO ITOCTPOUTH, IIPOBE/Ist PsIMble Yepe3 TOYKH HEKOTOPOil KyOuaecKoit
KDUBOIA).

Hepasencmeo Xupuebpyza, [23]. st HaBOPOB KOMILIEKCHBIX MPSIMBIX Ha KOMITLJIEKC-
HOW NMMPOEKTUBHON ILJIOCKOCTHU CP? HpI/I m<n—2:

ty + t3 n+222— : (2.4)

[Ipu komiLiekcuduKkaum HaAOOpa BEIMIECTBEHHBIX MPAMBIX HA IIPOEKTUBHON ILJIOCKOCTH
RP? uncia t; He MEHSIOTCS, TeM CAMBIM, HEPABEHCTBO XUPIEOPYXa TaKzKe CIPABEILINBO
U151 HAOOPOB BEIIECTBEHHBIX IPAMBIX Ha mockocTn RP?. CyIecTBy0T HAGOPHI IPSIMBIX,
JUIsT KOTOPBIX B (2.4) jocTuraercs paBeHCTBO (MOAPOGHOCTH cM. B [23]), HAampumep,

e HaOOp 6 BEIIeCTBEHHBIX MPSIMBIX, SIBJISTIONIAXCS CTOPOHAMU W ANATOHAJJISIMA HEKOTO-
pOro 4eTBIPEeXyroJbHUKA, to = 3, 13 =4, t; =0 ana ¢ > 4, cm. puc. 1.

e Habop 9 mpambix ¢ ty = 3, t3 =4, ty = 6, cM. puc. 2 (Tpu TOYKH TepecedeHus HA
GECKOHEUHOCTH ).

Puc. 1:71:6, t2:3, t3:4

JloKa3aTe/bCTBO HepaBeHCTBA XUpIeOpyxa UCIOIb3yeT TeopeMy [lo. Musoxa [29] o

qucax Yepua % > % JIJIS TIOCTPOEHHOTO 110 HADOPY KOMILTEKCHBIX IPSIMBIX ajaredpande-
CKOTO MHOT000pa3us (MOJyIeHHOIO Pa3peIIeHneM 0COOEHHOCTeH Y Pa3BeTBICHHOTO HAJL
naGopom npsmeix makperrus nas CP?). B [12, c. 315] 6bu1 mocrasien Bonpoc 06 vaemen-
TapPHOM JIOKA3aTeIbCTBE HEPABEHCTBA XUPIEOpyXa. ITOT BOMPOC MO-MPEKHEMY OTKPBHIT.
Orako K03(pOUIMEHTH CIEAYIONEr0 HePaBeHCTBA JOBOJIBHO OJM3KH K KO3 UImeHTam
(2.4), XOTst OHU HE BBIBOJATCS JAPYT U3 JAPYTa HEMOCPEICTBEHHO.

Teopema 2.2. KombuHaTOpHBI aHaIoT HepaBeHCTBa Xupledpyxa. Jlii Hempusuaiv-
noz 1abopos ncesdonpamux na naockocmu RP* npu m < n — 2:

ty + t3 8+Z(z—7> (2.5)

>4

10



Puc. 2:n:9, t2:6, t3:4,t4:3

PasencrBo B (2.5) gocTuraercst Jjist € IMHCTBEHHOTO ¢ TOYHOCTHIO /10 H30MOpdhU3Ma Ha-
6opa cemu TICeBIONPSAMbIX. DTOT HAOOP 3aaeTcs JABYyMs ToukaMu A u B, yepes KaxK 1y
U3 KOTOPBIX MPOXOJUT 10 4 1ceBnonpsiMbie Habopa (OHa U3 MCEBIOMPAMBIX TPOXOIUT
vyepe3 obe Touku A u B). Torma t4 = 2, to = 9, t3 = t; = 0 npu ¢ > 5. Jlna Bcex
OCTATBLHBIX HAOOPOB MCEBIOMPAMBIX HMEEeM

3 1
b+ Sts >9+Z (2@—7§> t;.
14

[less mannoro maparpada — jgokasarh KoMOMHATOPHBI anasor (2.5) HepaBencTBa O. Xup-
nebpyxa, JIJIsi 9ero HaM TMOTPeOYIOTCS CJIeAYIONINe JIEMMBbI.

Jlemma 2.1. Jlas HempusuasvHolx Habopos ncesionpAMBET YucAa v, e U [ KaemouwHozo
KOMNAEKCA BVIPANCAIOMCA wepe3 t;:

v=> ti, e=> it F=1+4) (-1,
=2 =2 =2

Jokxazamenvcmeo. Hucmo v BhIpaxkaeTcss yKa3aHHBIM CIIOCOOOM TI0 OIPEIeIeHUI0 THCeT
t;. I3 Kaxk10it TOYKH IepecedeHns ¢ ICEeBAOIPAMBIX BBIXOAUT 27 pebep KOMILIEKCa, HMO-
9TOMY CyMMa Zi>2 2it; cyTh KOJIMYECTBO pedep, MOCUYUTAHHBIX JIBaxK/bl. U3 siliepoBoii
XapaKTePUCTUKU MTPOEKTUBHOIT TI0CKOCTH nMeeM v — e+ f = 1, oTkyia ciaemyer popmysia
Juts qucia f. O

Jlemma 2.2. E. Menbxuop, [27]. Jas nempusuasonoix 1abopos ncesdonpamols

D B-i)ti =3+ (j—3)p; (2.6)

i>2 j=3

11



Zokxazameavcmeo. Huciia Bepiun v, pebep € u obstacreir f KOMILIEKCA PaBHbBI
. 1 .
UZE% 6251152‘255]1% fZEPj-
i>2 i>2 j>3 §=3

Hamomuuwm, 4To 1 HeTpuBHa bHbIX HAOOpoB po = 0. ITo bopmyse Ditsiepa s mpoek-
THBHOI ILTOCKOCTH ITOJTYdaeM

3=3f—(2e+e)+3v=3Y pi— D jpj+ > iti| +3) ti=

j=3 j=3 122 122
> B=pi+ Y (B—it
>3 i>2

O
Hanee yaobHee paccMaTpuUBATh OOBEJINHEHHE MCEBIONPIAMbBIX (HETPUBUATHHOIO Ha-
6opa) kKak rpad, BIOKEHHBIN B IIPOEKTUBHYIO IJIOCKOCTh. Bepimunamu u peGpamu 910ro
rpada COOTBETCTBEHHO SIBJISIIOTCSI TOUKH TIePECeIEHNS TICEBIONPSIMBIX U JIyTH TICEBONPsI-
MBIX, HE COJEp:Kallie OTJIUIHBIX OT CBOUX KOHIIOB TOYEK MEPEeCcedeHus TCEBIOMPSIMBIX.
Crenenb 11060l BepHIMHBI (T.€. YHCIO UCXOAAIUX pebep) YeTHa, TaK KaK TOYKa Hepece-
YeHUd ¢ TICeBIONPSIMBIX ABJISIETCS BepIInHoi cTernenn 2¢. ClegoBaTeIbHO, YHCI0 BEPIINH
crerienu 2¢ paccMarpuBaemoro rpada pasho t; jiig ¢ = 2,...,n. Jliloboe pebpo rpada
JIUIsT HETPUBHUAJIBHOTO HAOOPA TICEBIONPSIMBIX MIPUMBIKAET K JBYM PA3JIUIHBIM 00/1aCTIM
Ha, NMPOEKTHUBHOI 110cKocTu. B rpade Her nereib 1 KpaTHbIe pedpa MexK Iy mapoii Bep-
IIAH, €CJIN OHU €CThb, JIEKAT HA OJHOU ICEBIOIIPAMON.

JIemma 2.3. (1emma o mpocroMm peGpe) ITycms das nabopa n ncesdonpamois eepro m <
n — 1. Ilycms cmenenu 060U KOHUOS8 HEKOMOPO20 PEbPA COOMBEMCMEYIOUE20 2pada
pashv, wemuvipem. Tozda u3 068yxr npumvikarowuxr x smomy pebpy obaacmetd xoms Ovl
00HG 02PAHUMEHE HE MEHEE UeM YEMBPOMA PEOPaMU 2paga.

Jokasamenrvemeo. O603HAYUM KOHILI 5TOr0 pedpa uyepe3 A u B, a nceBjoupsiMbie, 1po-
xoggmue yepe3 Touku A u B u orimunbie or ncespoupsamoil AB, depes [ u ly coorBer-
crBerHO. O0OO3HAYNM TOUKY TIepecevdeHust nceBaonpsMbixX [ u Iy gepes C'. [Ipeamomoxnm,
110 00€e mpuMbIKafue K peopy AB obiacTtu orpanndeHsl Tpems pedpamvu. OTHO U3 3THX
peGep — 310 AB, a aBa apyrux (s Kazkaoi 00JacTH) HAXOAATCS Ha MCEBIOMPIMbIX [q
u Iy 1 mMeroT oy o Touky. Touka C' — 5T0 eMHCTBeHHAS 00IIAas TOYKA IICEBIOMPIMBIX
[y m ly, modTOMy KazkJas U3 JIBYX IPUMBIKAONMX K peopy AB objacreil orpaHndyena
pebpom ¢ kounamu B Toukax A u C', pebpom ¢ konnamu B Toukax B u C' u camum pebpom
AB. CnenoBare/ibHO, Ha TICEBAONPSIMOIi | €CTh POBHO JIBE TOYKHN TEPECEUEHUST ¢ OCTAb-
HBIMH IICEBIONPSMBIMEI Habopa, u 310 Touku A u C. Ha mpoeKTuBHOII IJTOCKOCTH JTIOOBIE
JIBE Pa3/IHUHbIE MCEBIONPIMbIE MePEeCeKAIOTCsS B eIMHCTBEHHONH TOYKe, TOITOMY KarKIast
HCeBJIONpsIMast U3 HabOpa, KpoMme [y, npoxojuT uin depes T1ouky A, mian gepes rouxy C.
Crenennb Touku A paBHa 4eTbIpeM, T.e. dyepe3 TO4YKy A mpoxomut, He cuuras [q, TOJIBKO
ncepaonpsvMast AB. Torma depes touky C' BMecTe ¢ nceBaonpsiMoit l; mpoxomur n — 1
IICEBJIONPAMBIX, UTO NMPOTHBOPEYUT ycaoBuio t, 1 = 0. CiemoBaTe/ibHO, 00€ MPUMbIKAI0-

mue K pedpy AB obnacTtu He MOryT OBITH OrpaHHYeHbl TpeMsa peOpaMu rpada KazKaasd.
O
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Jlemma 2.4. (siemma 00 oneske ty cBepxy). Jas nabopos n ncesdonpamux ¢ m < n — 2
. .3
2y < 1+3p4+;]pj+; (z— 5) ti. (2.7)

Joxazameavemeo. st coorBeTcTBYIONEro HAOOPY HCEBJIOUPSAMbIX rpada 0003HAYUM
qepe3 T 4ucjo pedep, 00a KOHIA KOTOPBIX UMEIOT CTeleHb 4, a depe3 Yy — YUCJI0 pe-
Oep, oba KOHIIA KOTOPHIX UMEIOT CTelleHbh He MeHee deMm 6.

Illaz 1. Becero B rpade Zi>2 1t; pebep, Mo3ITOMY YHCJIO pebep, OJMH KOHeI KOTOPBIX
nMeeT cTeleHb 4, a Apyroil He MEHBIIYIO YeM 6, paBHO

Z(th) —T—y.
i>2

Kaxnag Bepmuna rpada cremenn 4 gBjasgeTcs KOHIOM YeThIpex pebep, XoTs Obl OduH
KOHEIl KazK/J0To W3 KOTOpbIX uMeer crernenb 4. [losromy cymmapnoe 1o Bcem pebpam
9HCJI0 WX KOHIIOB crTenenu 4 paBHo 4t U paBHO

4t2:2x+Ziti — -y = x:2t2+y—2iti. (2.8)

i>2 i>3

Ilaz 2. IlpeanosiozKuM, 9TO CYIIECTBYIOT JBE pa3andHbie TOUku A u B, Takue 4To
Jirobast IIceBI0IpPAMas n3 Habopa IPOXOIUT depe3 XoTd Obl 0/1HY u3 HuX. O003HATNM Yepes
a u b 9ucjI0 1CeBIONPIMbIX HAbOpa, Npoxoadnux yepe3 T1oudku A u B cooTBeTCTBEHHO.
BosMoxnbl jBa cirydast.

(i) B mabope mer ncesgonpsimoii, mpoxossiiieit yepe3 Toukn A u B. Torna a +b =n
u u3 ycaoBud t, o = 0 caemyer, uto a > 3 u b > 3. B aTtom ciydae

o ty=ab, Y .4 (i—%)ti =a+b-—3,
e py=ab—a—>b+3, p,=0mnupui>=>.
Teneph HepaBeHCTBO (2.7) MpoBepsieTCsi HEMOCPEICTBEHHO:
2ab<1+3(ab—a—-b+3)+a+b—3 & (@a—2)(b—2)+3>0.

(ii) B nabope ectsh nicesponpsivasi, mpoxojsinast gepe3 toukn A u B. Torga a+b = n+1
u u3 ycsoBud t, o = 0 caeayer, uto a > 4 u b > 4. B saTom ciaydae

ety=ab—a—b+1, Zi>3(i—%)ti:a+b—3,

e py=ab—2a—2b+4, p; =0 mpu 1@ >=05.
Tenepb HepaBeHCTBO (2.7) MpPOBepsieTCsl HEMOCPEICTBEHHO:
2ab—a—-b+1)<1+3a—-2a—2b+4)+a+b—-3 < (a—3)(b—3)—1=0.

B nanbHeiiem 10Ka3aTebCTBe JJIeMMbI (4 IMEHHO, B Iarax 5 u 6) Oygem cuuTarh, 9To He
CYIIECTBYET JBYX PA3JUIHBIX TOUEK, TAKUX YTO JI0OAs MCeBIOMpsaMasd Habopa MPOXOIUT
yepe3 XO0Ts Obl OJIHY U3 HUX.
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Ilaz 3. dusi gannoro rpada paceMoTpuM MHOXKecTBO F' obsiacreil (T.e. KOMIIOHEHT
CBA3HOCTHU OOIIOJIHEHUA K HpHMbIM), KaxK/Jasd U3 KOTOPLIX OI'PpaHUY€Ha HE MeHee YeM
YeThIPbMST peOpamMu U T'PaHWIA KOTOPOW COJEP:KUT XOTs ObI OJIHY BepINWHY cTeneHn 4
(BHyTpH OOsacTeit Touek rpada wer). st obracrtu I' € F' o6oznadum vepes x(I') aucio
orpannumnBaomux I' pedep, ob6a KOHIA KOTOPHIX UMeloT cremnedsb 4. g obmactu I' € F
o6o3naunm uepe3 $(I') uucsio ee Bepmmn (r.e. BepuuH Ha rpanune 1') crenenn He menee

yeM 6. Tosoxxum ( )
0, ecim s(I') > 1;
o) = { 1, ectm s(I') =0.

Jokazkem, 4ro eciin objactb I orpannydena j pebpamu, 10
sy < (j—1) —x(T) + (). (2.9)

Paccmorpum tpu cirydast.
(i) z(I') = 0. Torma s(I') < j — 1, Tak kak Ha rpanune ' ectb Bepimuna crenenn 4.
(ii) z(I') = 4. Torma s(I') = 0 u §(I") = 1.
(iii) 0 < z(I') < j. Pacemorpum orsesbho rpanuiy [, cocrosmiyto u3z j pebep. Cpenn
nux Beibepem z(I') pebep, 06a konua koropoeix umeror crenenb 4. Iycrs atu (I') pebep
obpasyor ua rpanune I' poBao z(I') KOMIIOHEHT CBSA3HOCTH, KazK1ash KOMIIOHEHTA — 3TO
HECKOJIbKO MOJIPs/L uAyIuX BeiOpanubix pedep. 13 z(I') > 0 caenyer, uro 2(I') > 1, a u3
z(I") < j cremyer, uro KazxK/aasg KOMIOHEHTa He 3aMKHYTa (T.e. roMeoMOpdHA OTPEe3KY ).
B KaxK10if KOMIIOHEHTe YUCJI0 BEPIINH CTeneHn 4 Ha eIuHUILy OOJIbIle Ynucja pedep 3Toii
KOMIIOHEeHTbI. Bee Bepuimubl 1 pebpa Pas/juMvHbIX KOMIOHEHT CBA3ZHOCTH PA3JMYHbI, 10-
sromy rpanuna obiacru I' conepxur ne menee (') + z(I") Bepmun crenenn 4. Tak kax
2(I') > 1, o

S(I) <j -1 (D)

O6osznaunm wepes s cymmy s = » rop S(I). Cymmmnpys (2.9) o scem obnacram I' € F,

IOy YNM
s<Y (= Dpj— > x(D)+ > a(D). (2.10)

j>4 TeF reF

a2z 4. Tlokpacum B KpacHblil 11BeT peOpa rpada, obda KoHIla KOTOPbIX HUMEIOT CTe-
neHb 4 u 00e MpUMBIKAIOINHe 00JIaCTH K KOTOPBIM OTPDAHWYEHBI HE MEeHee 9eM YeThIPbMs
pebpamu kaxkaas (T.e. 0be mpumbikawoime obgactu n3 F). OBo3HAYNM YHCIO KPACHBIX
pebep uepes a. Torya mo semme 2.3 (0 mpocTOM pebpe) UUCIo T — a PABHO YUCIy pebep,
o0a KOHIIa KOTOPBIX UMEIOT CTeleHb 4 U POBHO OJHA U3 JBYX IIPUMBIKAIOIINX 001acTeit
OrpaHuveHa He MeHee YeM YeThipbMsi pebGpamu (T.e. oJHa IpUMbIKatomas obaacrb us F).
CitetoBaTesibHO,
Y al)=z+a. (2.11)
rer
[Tokpacum B cuHuil BET YeTHLIPEXYTOJIbHBIE 00IACTH, BCE BEPIIUHBI KOTOPBIX UMEIOT
crenenb 4. JIokaxkem, 9T0 K KaxKI0i cuHeil 00/1aCTH TPUMBIKAET He MeHee JIBYX KPaCHBIX
pebep. st 517010 BBIBEEM U3 yCIO0BHS t,_5 = 0 aHamornano Jemme 2.3 (0 mpocToMm peb-
pe), 94To B KaxK/J0ii mape MpoOTHBOMOJIOKHBIX pebep Jio0oii cuHeil 006JacTH ecTh XOTsl ObI
0JIHO KpacHoe pebpo. Ilpennonoxum nporusnoe, 94ro 0ba pedbpa AB u C'D HekoTOPOIi cH-
neit obsiactu ABC'D He kpachbie. Torga k pedpam AB u C'D upuMbIKaiT TPEYroJbHbIE
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obactu ABH u C'DG, npudyem Touka nepecedenus npsmbix BC' u AD coBuajaer u ¢
toukoit H, u ¢ roukoit G. CienoBarenbuo, yepes 3ty Touky G = H npoxoasat n — 2 nces-
nonpsiMbie Habopa (Bce mceBmonpsivbie Kpome AB u C'D), 9T0 NPOTHBOPEYUT YCJIOBHIO
tn,Q == 0

Ob6o3naunm uncio cunux obmacteii gepes p. Cymma ) ., d(I') paBHa KoamdecTBy
obJtacreil, KazK/Jasi U3 KOTOPbIX OIDAHMYEHA HE MEHee 4YeM 4YeThipbMs pebpaMu u Bce
BEPIUHBI KOTOPOiT nmeror crernedb 4. [Tosromy

o) <p+ > pi (2.12)

reF §>5

O6osraunm uepe3 @ uncyo nap (C, k) cunux obsacreit C' u KpacHbix pebep K Ha
rpanune obiactu C. Tak Kax K 000l U3 p cuHHX 0bJacTeil MPUMBIKAeT He MeHee JIBYX
KpacHBIX pedep, To ¢ = 2p. C Apyroit cTOpoHbI, KaxK10e KpacHoe peOpo MPpUMBIKAeT K He
OoJiee deMm JIByM CHHEUM 00JacTsM u modromy 2a = . Ciepoaresnbho, a > p. Urak, us
(2.10), (2.11), (2.12) u HepaBeHCTBA G > P CJIELYET, UTO

s<3pi—x+ Yy jp; (2.13)
=5

Illaz 5. Paccmorpum mpou3BoJibHYIO BepiinHy V' crenenu He mMeHee 6 W yjajuM u3
rpacda Bce pebpa, Jiezkalie Ha MPOXOJAIINX Yepe3 TOUKY V TCeBIONPSMBIX (COOTBeT-
CTBEHHO HM3MEHSTCS CTEIeHH OCTABIIUXCS BEPIIUH, a HEKOTOpPbI€ BEePIIHHBLI, BO3MOXKHO,
ucues3nyr). Ob6o3naunm moaydenusiii rpad vepes G(V), a ucxoaustii rpad yepes G. Ilo-
cJie mrara, 2 JIOCTaTOuHO PACCMATPUBATD TOJIBKO T€ HADOPBI HCEBIONPIMbIX, JJIsi KOTOPBIX
HE CYIIECTBYET JIBYX TOYEK, TAKUX UTO JII00as MCeBIONPsiMast HabOpa MPOXOIUT 4epe3 XO-
Ts1 661 OjiHy U3 Hux. JIjist Takux HaGopos 1cenponpsaMbix rpad G(V') umeer xorst Obi jBe
pa3/MYHble BEPIIMHBI U KazK/ias 00/1acTh IPOEKTUBHOI ILJIOCKOCTH, OOpa3oBaHHAs I'pa-
dom G(V), orpannvena ne menee uem tpems pebpavu rpada G(V). Buauur, Touka V
HAXOJUTCS BHYTPU HEKOTOPOii obiacTu, obpazosanuoit rpacdom G(V'), rpanuna Koropoit
ectb d—yrojbHuK ¢ BepumHamu Aj, ..., Ay upu d > 3 (3aHyMepOBaHHBIME B IIOPSI/IKe
caenoBanust ). Jlokazkem, 9to Jist 1t060it Bepiunabl V€ G umMeeT MecTo XOTsi ObI OJTHO 13

CJIEJIYIONUX YTBEPZKICHUIA.

1. Bepmmnua V' coequnena pedopavu rpada G ¢ He MeHee yeM TpeMs BepIIMHAMH U3
muoxecrBa { A1, ..., A4}

2. Bepmuna V' coegunena pebpamu rpaga G ¢ pOBHO AByMsi BEPITHHAMEI U3 MHOKE-
crBa {Aj,..., Ay} u aBIsieTCsl BEPIIUHON TPAHUIBI OJHON 00JIACTH U3 MHOYKECTBA

F.

3. Bepmmna V' gBigeTcs BepIInHOII TpaHUIL He MeHee UeM JIBYX 00JacTeil m3 MHOMKe-
crBa F.

[Iycts g kakoro-to ¢, 1 < ¢ < d orpe3ok V' A; He aBaserca peopom rpada G. Torma
uarepBan V A; npunaiexxur odopasosannoii rpadom G obsacTi, IpaHUIa KOTOPOIl co-
JIEp:KUAT BepIuHbl V' 1 A;, 1 cOCTOUT M3 He MeHee deThipex pebep rpada G. Ecian sTa
obJlacTh He U3 MHOXKeCcTBa, F', TO ee rpaHuna ecrb MHOIOYIOJIbHUK C BepIIMHAMU

VoA, Apar, oo As A
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JUUISE HEKOTOPBIX unces k u [, T.e. Bce BepIUHBI rpaHulpl, Kpome V', cyTh Toukn Ag, ..., A,
a orpesku V Ay u VA asasitorest pebpavu rpada G. [peanonoum, 9o st BePITHHBI
V' yreep:kaenne (1) He BoinmosHsieTcs. Toraa BO3MOXKHBI JBa, CJIydast.

(i) Bepmmua V' coenmnena pebpamu rpada G poBHO ¢ JBYMsI BEPIIMHAMU U3 MHOZKE-
crea {Ay, ..., Ad}.

(ii) Bepmmna V' coeaunena pebpamu rpacda G ¢ He GoJiee 0JHON BEPIINHON U3 MHOMKe-

crBa {Aq, ..., Aq}.

B ciyuae (i) ob6o3nauum s1u jBe Bepuimbbl uepes Ap u A;. Torua cpean ocrasib-

upix d —2 > 1 Bepumn MuOkecTBa {Aj, ..., Aq} Haiigercs Bepumua A, Takas 4To
touka V' comepxkurcst B Tpeyroabunke A, A;A; (a TPEYrOJbHUK JIEXKHUT B 3aMBIKAHAH 00-
nacta Ay, ..., A,). Torga orpesok VA, ue ssasercsa pebpom rpada G u unrepsan VA,

cofiepKuTCs B obsnactu u3 MHOKecTBa F. CremoBaresbHo, B ciydae (i) BBIIOTHAETCS
yrBep:Kienue (2).

Caywuaii (ii). [Ipegmosoxkum, uro sepmuna V' coequnena pedbpom rpada G ¢ HEKO-
Topoii BepmuuOl Ay w3 muokectBa {Ag, ..., Ag}. Torga ncesnonpsmas V Ay, pasbusaer
muozkecTBO BepmiuH { Ay, ..., Az} \ {Ax} HA ABa HEMyCTBIX MOAMHOKECTBA, HAXOATIIUXCSI
0 pa3Hble CTOPOHbI (B 3aMbikanun obaactu A ... Ay) ot ncesmonpsmoii V Ag. Torga no
obe cTopoHBI OT ncepaonpamoii V Ay maiinercs obmacth u3 F, rpaHuia KoTopoil couep-
xkut Touky V. CuenoBaresbHo, Oyuer BbinosHeHo yrepxkienue (3). Ecan seprmua V
He coequnena pebpom rpada G Hu ¢ Kakoil BepmuHON n3 MHONKecTBa {A1, ..., Ay}, TO
BMeCTO TiceBaonpsiMoit V' A, Bo3bMeM JII00YI0 MCeBIONPAMYI0 HabOpa, TPOXOISIILY IO Yepe3
104Ky V. AHAJOIMYHO TOJYYUM, YTO JIJIsi BEPIIUHBI V' BHINOJHEHO yTBep:KieHue (3).

Ilaz 6. s npousBoybHOil Bepmmubl V' (HCcxXomHOTO) rpada CTelneHn He MeHee deM
6 o6oznauum uepes §' (V) cymmy umncina noaxopsmmux k sepumue Vo pebep, apyroit Ko-
HEIl KOTOPhIX UMEET CTEelleHb He MeHee 4eM 6, W YIBOEHHOIO YMCJ/Ia MPUMBIKAIIMUX K V
obJtacreit u3 muoxkectsa F'. Tak kak jyist jito6oit Bepmunabl V' crenenn He Menee yeM 6 BbI-
HOJIHSIETCsT XOTs OBl O/IHO U3 yTBepKaenuii (1) — (3) mpeapiaymiero mara, To §' (V) > 3.
O6o3HaunM vepes3 s’ cymmy

deg(V)>6

qucen s' (V') miast Beex Beprun V' crenenn He Menee yem 6. Tak kak s'(V') > 3, o

§>3§:q

123

C apyroii croponsl, s’ = 2y + 2s. CegoBaTesbHO,

3
yts>o) (2.14)

123

U3 (2.8) u (2.13) momydaem

3p4+ijj—s>x:2t2+y—Ziti = 3p4+2jpj+ziti_2t2>y+s'

Jj=z5 123 j=5 123

16



13 nocieanero nepasencrsa u (2.14) ciemyer, 4ro

3p4+2jpj+ziti—2t2222ti — 3p4+ijj+Z<i—;)ti>2t2.

j>5 i3 i3 j=5 i3

Jloxazameavcmeo meopemu, 2.2. 1lo nemme Menbxuopa 2.2 nmeem

D (93t =9+3ps+ > (3j —9)p

i>2 Jj=5
[To nemme 2.4 nosrydaem
3p4+ jpj>2t2— Z—§ ti—l.
, , 2
j=b 123
BameTuM, uTo 35 — 9 > j npu j = 5. CienoBatesbno, T.K. p; = 0, cipaBejnBo

. .3
2(9—32)ti>9+2t2—2<2—§) ti -1 = t2+ t3 8+Z(2’L )

i>2 i>3 i>4

O

Bameuanue 2.1. (A.T. Domenko). [lepenecem Bce uiensl HepaBeHcTB Meabxuopa (2.3),
Xupnebpyxa (2.4) u (2.5) B GOJIBIIYIO YACTH W COCTABAM W3 MOJIYUUBIIHXCsT KOIDbUIIN-
eHTOB 1pH t, ..., 1, Tpu BekTopa B R"1. A mMenno, koopaunara nomep i = 1,...,n—1

BEKTOPOB paBHa KOI(MMUIUEHTY 1IpH 1,11 B COOTBETCTBYIOINIEM HEPABEHCTRE:

- = - =
Jlokaxkem, uTo yriibl Mexk 1y BekTopamu N1 u No, a Takzke Mexjay Bektopamu No u N3

CcTpeMATCs K HYJII0 Ipu 1 — 00. Tak Kak

Rt (100 (1)) w0 R-Fi= 2k (10 (1)
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—
Ipu n — 00, TO IO TeopeMe KOCHIHYCOB U1 TPEeyroJbHIKa O CTOPOHAMI ﬁl, Ny u
TPeyroJbHuKa co ctopoHaMu Ny, N3 momydaem:

cos 4<]V1>7]V2>> 21—0(%> U COS 4(@’]@3 :1_0(%)

pu 1. — 0.

2.2 OmneHkn 4ymcJia objacTeil ajig HabOPOB MCEBAOIIPAMBIX C OTpa-
HUYE€HHBIMU BbIPO2KJIEHUAMU

MagkcumMasbHOoe YUCTI0 M IICEBAOIIPAMBIX, HMEIOIITNUX O6IlIyIO TOYKY, BBICTYIIa€T KaK HeKuit

IHOKa3aTeJIb BbIPO2KACHHOCTHU Ha60pOB ICEBAOIIPAMBIX. Hama IeJib — HOJIYYUTb HUZKHUE

OTleHKW duca obacreii f st pUKCUPOBAHHBIX duce n U m. [Ipn 93ToM KazxKast OeHKa
TpebyeT JOMOJHUTETHHBIX COOTHOIIEHWH MEeXKIy 1 U M.

MeTtoa moCcTpoeHus HUX@KHUX OIEHOK 4YucJja f depe3 JuHEHbIe Mo {; HepaBeH-
cTBa. J3aduKcupyeM YUCI0 MCEBAONPSIMbIX 12 1 MAKCHMAJIBHOE THCJIO M ICEBIOTPAMBIX,
nmMeronux obmyio Touky. [To jemme 2.1

m

f=1=) (i—1t,. (2.15)

=2

PaceMorpum stmaeiinoe 1o t; HepaBeHCTBO BUIA

Zaiti 2 Qp, (216)

122

rIe g, Ag, 3, . . ., (A, — KOHCTAHTHI IpH (PUKCUPOBAHHOM N Hampumep, /111 HepaBeHCTBa
Xuprebpyxa (2.4) 93T KOHCTAHTBHI PABHBI
3

= ay, =0, o=9—2¢ npu 1>=05.

[osbepem rakue 1noJoKuTE IbHBIE KOADMUIUEHTb ¢ U €y (1I0CTOsIHHBIE 1PH (DUKCUPO-
BAHHOM M), 9TO

ci(i —1) + oy <1 —1 JI19 BCEX 2<i<m. (2.17)

YMHOKIM HepaBeHCTBO (2.17) s KaxKJI0ro ¢ Ha t; U MPOCYMMHUPYEM 10 i = 2,..., M.
[TockosibKy 4umcya t; HEOTPUNATEIBHBI, TO MOJYUYUTCS HEPABEHCTBO

i=2 i=2 i=2 =2

Tak kak co > 0, To u3 mocsegHero HepaBeHcrsa, u3 (2.16) u toro, uro tp = 0 upu k > m,
ceyer
f=zann—1)+cap+ 1. (2.18)

JUIsI TIOJIOZKUTEIbHBIX KOHCTAHT €1 U Cg, YJIOBJIETBOPSIONINX cucTeMe HepaBeHCTB (2.17).
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Hu>xuue omenku ducja obJacreii f

Teopema 2.3. [fycmv das nempusuaivro2o wabopa n pasisusHulL NceslonpAMLT Ha 6e-
wecmsentot nPoeKmueHot NAOCKOCMU MAKCUMAALHOE YUCAO NCEBIONPAMBLET, UMENULUT
obugyro moury, paswo m. Iycmo T = m. Tozda

n? —n+2T
Z 22—, 2.19
/ T+3 (2.19)
(3m —8%) (n® —n) + (9m* — 21m + 1)
1= m? +3m — 15 (2.20)

npu 12 <m <n— 2.
JIas HEMPUBUAALHULT HADOPOS N PASAUMHBLT NPAMBLL HA NPOEKMUSHOT NAOCKOCTIU
2

RP npu b <m < n — 2 cnpasediuso HepaseHcmaeo

3m — 10)n? + (m? — 6m + 12)n
>

> 1, 2.21
/ m2+3m — 18 + ( )

3ameuanue 2.2. /719 HaAOOPOB MPSAMBIX BBITOJHAIOTCS BCE TPU HEPABEHCTBA TEOPEMBI.
Hepasenctso (2.19) caexyer u3 (2.20) npu 6 < m < n — 2.

Jloxazamenvcmeo. JlokazKeM MepBOe HEPABEHCTBO. 3alUINeM HepaBeHCTBO Mesrbxuopa
(2.3) B BUze (2.16) ¢ KO3bDbUIHEHTAME

CE():?), ai:3—i mnpn 222

BBe,ZLeM IHOJIOZKUTEJ/IbHbIC MHOXKHUTEJIN

2 T-1

“=Ti3 " e~ 71y

PacemorpuMm kBajipaTHbiit MHOTOYJIEH OTHOCUTEIBHO 1
w(i) =ci(i — 1)+ (3 —14) — (i — 1).

Tax kaxk 3HaueHus: MHOrowieHa w(i) Ha KoHnax orpeska [2, 7] paBHbl HyJI0 U crapiimii
ko3 durment ¢; > 0, To w(i) < 0 mias Beex 2 < ¢ < T. Orcroga u u3 (2.18) moaygaem

n?—n+2T
22— .
/ ( T+3 )

JlokazkeM BTOpOe HepaBeHCTBO TeopeMbl. Tak Kak m < n — 2, 10 t,_ 1 =t, o =01
BBITIOJIHsIETCs HepaBeHCTBO (2.5). Samumrem (2.5) B Buge (2.16) ¢ xoaddurmentamu

3 1
CJé():8, agzl, 04325, 051275—22

npu ¢ > 4. Tak kak m > 12, To cucrema HepaBeHcTB (2.17) MpuHUMaeT BU/

3 1
1 2 201 + Co, 2 2 661 + 562, 1—1 } Cﬂ;(i — 1) — Cy (2’& — 75) (222)
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st 4 < i < m. Jokazkem, 910 Jyisi KOHCTAHT ([OJIOXKHUTEIBHBIX 1pu m > 12)

3m — 83 m? — 3m + 2
g C g
m2 + 3m — 15’ T m2+43m—15

1

BBIIIOJIHSIOTCsT HepaBeHcTBa (2.22). Bo-nepsbix, 2¢; + ¢ = 1. Bo-Bropsix,

3 3 3
601+§C2:3C1+§(261+02):3014—5<2 =4

& < & (m—12)(m—3) > 0.

| =

B-Tperbux, paccMOTPUM KBaJIPATHBIH TPEXUJIeH
: » o1 :
R(i) = c1i(it — 1) — ¢y (2@ - 7§> —(i—1).

Paznoxnm Tpexdanen R(i) Ha MHOXKHTEN

(i —m) ((3m —83)i— (83m —193))
m2+3m — 15 ’

R(i) =

Bamerum, uro R(i) < 0 npu 4 < i < m, T.K. 1151 i > 4 BHINOJTHAETCSI

3m 82 )i (8tm—192) = 35m 14l =0
m=ey )t "Mt T Wy | ZopM T iy

upu m > 12. CienoBare/ibHO, i BBIOPAHHBIX KOHCTAHT €| U Co CIPABEJIMBA CHCTEMA
HepaseHcTs (2.22) u nepasencTso (2.18) npu o = 8 umeer Buj,

(3m —81) (n® —n) + (9m* — 21m + 1)
m? + 3m — 15

=

mpu 12 <m < n — 2.
JlokazkeMm TpeThbe HepaBeHCTBO. [IocKOIBKY M < N — 2, TO BRINOTHAETCS HEPABEHCTBO
(2.4). Banumiem (2.4) B Bume (2.16) ¢ koabdunnenTamu

3
Qg =mn, oay=1, agzzl, a, =0, o=9—-2

npu ¢ > 5. Tak kKak m > 5, To cucrema HepaBeHCTB (2.17) mpuHUMAET BUJ
3
1>22c¢4+cy, 226c+ 102, 3>212¢;, i—1>ci(i—1)— (20 —9) (2.23)

st 5 < i < m. JlokazkeM, 9TO Jijist KOHCTAHT (MOJOKUTETBHBIX TpU M = 5)

3m — 10 m2 — 3m + 2
= C =
m2+ 3m — 18’ 27 m2 4 3m — 18

1
BBITIOJTHSIIOTCST HepaBeHcTBa (2.23). Bo-mepsbix, 2¢; + ¢ = 1. Bo-Brophix,
< (m—4)(m—-5)+22>0.
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B-1perbux,
3 3 1 3 9
661 + ZCQ = 1(201 + C2> +4501 g Z + g < 2.

Haxkomer, paccMOTpuM KBaJIpaTHBIH TPeXIeH
Qi) = cyili — 1) — ex(2i — 9) — (i — 1).
Pazsnoxkum Tpextwien (Q(i) Ha MHOXKHUTEH

(i —m) ((3m — 10)i — (10m — 24))

Q) = (m = 3)(m £ 6)

Bamernm, uro Q(i) < 0 npu 5 < ¢ < m, TaK Kak, ecau m = 6, 10
(3m — 10)i — (10m — 24) > 5m — 26 > 0,

a ecim m =5, ro torga i = 5 u Q(5) = 0. rak, /st BHIOPAHHBIX ¢ U Co CIPABEJTHBA

cucrema HepaBeHcTB (2.23) u nosromy u3 (2.18) npu g = n ciepyer

3m — 10)n% + (m? — 6m + 12)n
m? +3m — 18

[z + 1

mpu b < m<n—2. U
C moMombio MOTyYeHHBIX HUZKHHUX OIMEHOK MBI JIaIUM HOBOE JIOKA3aTe/ILCTBO CJIE/IYI0-

meit temmvbl H. MapTuaoBa, KoTopas OyaeT Hy:KHa JI1s KJIacCuMUKAINT BCeX BOZMOZKHBIX

yuceJr obJ1acTei.

Jlemma 2.5. H. Maprunos, |26, th. 1]. Jas nempusuarvhox nabopos n ncesdonpamois
u yeans wucea k, maxuz wmo n = Cp., +3 um < k, cnpasedauso

f=zk+1)(n—k).

JIas Hempusuasvrolx Habopo6 N NceslONPAMBT U UeALT wucen k, maxur wmo n >
013+1 + 3 um < k, cnpasedauco

F=(k+1)(n—k). (2.24)

J11s HaOOPOB MPSAMBIX ITY JIEMMY MOZKHO aJareOpamvaecKd BHIBECTH U3 IIEPBOTO U TPETHETO
HepaBeHCTB TeopeMbl 2.3. /1 HabopOB TMCeBAONPAMBIX HAM MOHATOOUTCS JTOTOTHUTE b
HOe TmocTpoeHne. PaccMoTpuM deTwipe caydas.

(1) m < k,

(2)m=ku2<k<5,

(3)m:k:>61/1tk:1,

Cayuau (1) — (8). B cayuae (1) n3 HaGopa MCeBIONPAMBIX YAATAETCS JTH00AS TICEBIO-
upsiMasi, B ciydae (3) — nceBjonpsivasi, HpOXO/siiasi Yepe3 TOUYKY Hepecedenus k mces-
JlonpsMbIX. ducsio obsracteil mpu 3TOM TOJIBKO yMeHbIuTcs. [Ipumennm mepBoe HepaBeH-
CTBO TeOpeMbI 2.3 JIJIsT MOJIyYeHHBIX ceMeiicTB u3 1 — 1 1CeBIONPSIMBbIX ¢ MAKCHMAJILHOIT
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KparHocThio He Oosiee k — 1 B cayuasx (1) u (3) u st mcxogHOro Habopa U3 N MCEBIO-
HPSIMBIX € MAKCHUMAJIBHON KPATHOCTHIO k B caydae (2).

2 2k

cay4ait (2): f}?%;
—1)2—-(n-1)+2k-1
cayean (1), (3): f > 2 (ZHH( ).

JlokazkeM cJeayiolie HepaBeHCTBa, IPU YCIOBUH 1 > sz% + 3 (n mpu k < 5 B cayuae
(2)):
2
n —n + 2k
—— > (k+1)(n—Fk);
s (= )

n—12%=(Mn-1)+2k-1)
k42

Ot HEPpaBEHCTBa PAaBHOCUJIbBHbI HEPpaBEHCTBaAM

s K +4k+5 K +4k*+ Tk N

s(n)=n"—n 5 + 5 > 0;
k*+3k+8  k®+ 3k*+ 6k
q(n) =n*—n +2 i + i 2+ > 0.

JleBble gacTu JBYX MOCJIEIHUX HEPABEHCTB CYTh KBaJPAaTHbIE TpexdjeHbl s(n) u ¢(n) or-
2
HOCHTEJIBHO 71, /Il IPOBEPKHA HEOTPHIATEIBHOCTH KOTOPBIX pn 1 = = 4+3 nocrarouno

2 2
YCTAHOBUTH HEOTPUIATEJbHOCTh 3HAUEHUI S (% + 3) uq (% + 3):

2 4 ’

q(k2;_k+3) _ (k—3)(k+2) >0.

S(k:2+k:+3) :(G—k)(k2+1)—2k_

[Tpu k < 5 Bepro 6—Fk > 1, u nosromy s <@ + 3) > 0. B cayuasx (1) u (3) Bepro k > 3,
=

HO3TOMY ¢ (kQTJ“k +3 0. Urak, Bo Bcex caydasx (1) — (3) mouydusin HepaBEeHCTBO

f=2(k+1)(n—k).

Caywat 4. Hano m = k > 6 u t;, > 2. Torma naiigyrcs xorst ObI JBe TOYKH, B
KaskJI0i1 M3 KOTOPHIX Mepecekaercst k nceBaonpsiMbix. O003HAUNM 9T TOYKH 4depe3 P u
(). PaccMoTpuM KOHEUIHYTO TTOCIe10BaTeNbHOCTD Ag, A1, ..., A; ceMeiicTB CeBIOIPAMBIX,
B KOTOPOH KaKJoe CJIeyIollee ceMelCTBO Aj MOJIy4aeTCd U3 NpeAbIAyIIero cemeiicraa
Aj_l J100aB/IeHIeM OJHOM [CeBIOLPSAMON M3 UCXOAHOrO Habopa A, He LpuHaIexKaleit
CeMeﬁCTBy Aj—l (HpI/I 9TOM HE€ BazKHO, KaKad HMEHHO N3 OCTABHIUXCA IICEBIOIPAMBIX
nabopa A gobasisiercst K cemeiictBy A;_1). Bo3amoxkubl 1Ba caydast, B 3aBUCHMOCTH OT
KOTOPBIX MBI ompeaeanM Ay u A;.

(a) B cemeiicTBe A Her 1ceBIonpsMoil, poxosiei yepe3 touku P u ). B kauectse
Ap Bo3bMEM 2k —3/1eMEHTHOE MHOYKECTBO MCEBIONPAMbBIX, KayK/asi U3 KOTOPBIX MPOXO/UT
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yepe3 Xors Obl 0jiHy U3 Touek P u (), a B kauecrBe A; — cemeiicrBo A. Torya nosydaercs
I =n—2k.

(6) B cemeiictBe A ecTh mnceBjonpsivasi, poxosiiias depe3 Touku P u Q). Takas
[CeBIONpAMas B CeMeiicTBe eIMHCTBeHHas, Ha30BeM ee mceBaonpsmoii P(). 3a koHdu-
rypamnuio Ag Bo3bMeM 2k — 2 TCeBIONPSMBIX, OTIUIHBIX OT TCEeBIOMpsaMoii P(Q), KaxKaast
U3 KOTOPBIX MPOXOAUT depes ojany u3 rodek P u . Ilycrs cemeiicrBo A; obpasyior Bce
ncepgonpsivbie u3 A, kpome ncesponpsimoit PQ. B stom ciryuae I =n — 2k + 1.

Bynem paccmarpuBarh 00a ciiydast OJHOBPEMEHHO, MOKa, HE MOJIyYUM HEPABEHCTBO HA
f(A;). Oboznauum gepes

PA3HOCTh MEXKJly YABOCHHBIM YHCJIOM pebep U yTPOEHHLIM YHCI0OM obiacreil KoHdury-
panun A;. Tng Beex i Bepuo R(A;) > 0, rak Kak Kax/jaas u3 06JacTeil orpaHudeHa XoTst
Obl Tpems gyramu. Ilycrh cemeiicrBo A; momydaerca m3 A;_; J00aBICHHEM IICEBIONPH-
Mmoii [;. Ilycrs ncesnonpsMas [; TpOXOIUT Yepe3 U; TOUEK IIePECedeHus MCeBAONPSIMBIX
koudurypamun A;_; m eme nmepecekaer u; ncesgonpsaMmbix n3 A; 1 B u; Toukax. Torma
B Kondurypamuu A; Ha ICEeBIOIPAMON [; JIEXKNT U; TOYEK MepecedeHns KPATHOCTH JBa
U U; TOUYCK IepecedeHns KpaTHOCTH XoTd Obl Tpu. CremoBaTesbHo, ncepgonpaMast [; co-
crout (B Kouburypanuu A;) u3 u; + v; JAyT, KakKaas U3 KOTOPHIX JEJAT HEKOTOPYIO 00-
JIACTh, BhICEKaeMylo cemeiicrBom A; 1, na ase wacru. [Tosromy f(A;) — f(Ai1) = w; + v;.
Kpowme Toro, ncesonpsivast l; geut HaaBoe u; pebep u3 koudurypanun A; 1, mosromy
e(A;) — e(Ai—1) = 2u; + v;. U3 n1Byx mociaeanux ¢hopMyJ1 cjiejyer HepaBeHCTBO

[IycThb nceBaonpsiMas [; IpOXOIUT Yepe3 w; TOUeK MepecevdeHns ICeBI0NPIMbBIX CeMeiicTBa
Ap. Torpa ncesnoupsmas [; nepecekaer ncesaonpsimble cemeiicrsa Ag B n(Ag) — w; Tou-
kax. [Tycrb z; 1 x; 0603HaAYAIOT KOJIMYECTBA HE JIeKalluX Ha HCeBIONPAMbBIX ceMeiicTBa Ag
TOYEK IepecedeHus IMCeBIONPAMOii [; ¢ mceBaOoNpAMbIMU cemeiicTBa A;_1, KOTOpble Ipu-
HaIJTeZKAT POBHO OHON U XOTS OBI IBYM IICEBIOIPAMBIM ceMeiicTBa A; 1 COOTBETCTBEHHO.
Bce ocraBmnecss TouKu mepecedeHns ICeBIONPAMOil [; ¢ POBHO OHOI ICEBIOIPSIMOI 13
A;_1 nexar Ha npaMbix u3 Ay, moIToMy ocraBmuxcs Todek He Gosee n(Ag) — 2w;. Coe-
joBareibHo, u; < n(Ag) — 2w; + 2. Bamerum, uro v; = w; + x;. Toraa

Ha niceBonpsimoii [; HAXOAUTCS 2; + T; TOUEK MepecevdeHnsi, He MPUHAIIEKAIINX CeBI0-
npsameiM 13 Ag. [TosTomy

Cnoxus dopmyst (2.25) u (2.26) mo Beem ¢ = 1,2, ..., I noxyuum

R(A) — R(Ag) < In(Ag) =3 wi+ > z— >z (2.27)

F(A) = f(Ag) = In(Ay) — Z w; + Z zi + Z ;. (2.28)
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Beipazum 25:1 w; u3 HepaBeHcTBA (2.27) M mOJACTABUM B paBeHCTBO (2.28), yuurbiBas
2 R(Ay) 4¢ !
F(4) = f(Ao) + SIn(Ao) = ==+ 23 wit 2D 2 (2.29)

i=1 i=1

Tenepb paccMOTPHUM JIBa CJIydasd MO OTIAETHLHOCTH.
Cayuati (a). Hcepnonpsivas PQ) ue upunajiexur cemeiicrsy A. Torja, nogcrasiisst
B HepaBeHCTBO (2.29) mapamerpbl

n(Ay) =2k, I =n—2k f(A))=k>+2k—1, R(A4) =(k—1*+2, 2, >0, 2, >0,

HOJIYy4aeM HEPABEHCTBO
4kn — 6k*> + 8k — 6
f(A) > 3 .

Ocranock 3amerurn, uro f(A) = f(A;) u uro HepaBeHCTBO w > (k+1)(n—k)
paBHOoCHIbHO HepaBeHcTBy (k —3)(n — (3k —2)) > 0, KOTOPOE BBINOJHIAETCS TP JJAHHBIX
yenoBugx Ha 1 u k. [Tosromy B ciayuae (a) moaygaem f > (k+1)(n — k).

Cayuati (6). IlceBnonpamas P(Q) npunammexur cemeiictsy A. Oboznadnm gepe3 b;
KOJIMYECTBO TOYEK IepPecedeHms ICEBIONPSAMBIX ceMmeiicTBa A KpaTHOCTH j, JIesKallumx

Ha nceBaonpaMoil PQ u orimunbix or Touek P u (). Torga KoJmM4ecTBO HCEBIOIPAMbBIX

cemeiictBa A, He npoxojganux dyepes rouku P u (), paBao [ = Z?:z(j —1)b; =n—2k+1.

U3 onpepenennst aucen x; u z; Cieayer

I I k
D zzbyt. b ow Y x> (-3 (2.30)
i=1 i=1 j=3
Bbraucsium napamerpsl cemeiicrBa Ay :
n(Ay) = 2k — 2, f(Ay) =k* =2, R(Ay) = (k—2)* +2. (2.31)

[Moxcraum (2.30), (2.31) u dopmyay f(A) — f(t;) =2+ 2522 b; B HepasencTso (2.29):

k .
(4k—4)n—6k2+16k—10 45 -7
A) > b b, . 2.32
Tak kKak
b 4 -7 5
DSG-Ub=n—2k+1 w = >2(-1) mpn >3,

TO

i 457\ _ 5
b2+ij( ; ) > =2k +1).
7=3
YauTeiBast OCIeHee HepaBeHCTBO, Mpeobpasyem (2.32) K BuLy

8k — 3)n — 12k* + 22k — 15
5 :

Fay >
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Ocrajioch J0Ka3aTh HEPABEHCTBO

(8k — 3)n — 12k + 22k — 15

- >(k+1)(n—k) < n(2k—9)>6k*— 28k + 15,

KOTOPOe HMeeT MECTO IpH 1 > k?TJ“k +3 > 3k+ 3 uupu k > 6. Ciyuait (6) pazobpan. [
Eimte ogmna HMXKHAS OIlEHKA 4YHCJa obJiacreii

[Tox (n,m, f) koudurypaiueii 6ygem uMerh B Bujy HaOOD U3 7 MCEBIONPIMbBIX HA
MPOEKTUBHOI ILJTOCKOCTH ¢ MAKCHMAJbHONH KPATHOCTBIO TOYEK MepecedeHus 1, IpuIeM
JIOIOJIHEHUE K UX 00beJUHEHUIO COCTOUT U3 f objiacrei.

Jlemma 2.6. Jlas (n,m, ) xondueypayud ncesdonpamois

nin—1 -2
(n-1)  m
m

f=21+ (ta+ ...+ tmo1).

Joxazameavcmeo. Ilo nemme 2.1

Yucio nap rnceBaonpsiMbiX paBHO

n(n—1):§m:z‘(z’—1)

YMHOKHUM paBe€HCTBO 4YuUCJIa IIap Ha 2 1 BbIAEJIUM CYMMY H3 PaBEHCTBa JIEeMMbI 21,
m
OJIyYUuM

”(”T—l) _ i i(in_l l)ti — i(i —1)t; — zm: (z —1- i(iﬂ; 1)> t.

=2 =2 =2
Muoxkurenu B HOC.He;LHeI‘/’I CyMMe paBHBI

L= (i=Dm—i)  m—2

1—1 = > opu 2<t<m-—1.
m m m
[TosTomy
nn—1) ., . m— 2
< ;(2—1)@— —(tat -t )
! 1 2
n(n — m —
=21+ ( )+ (ta+ ...+ tm1).
m m
O
Teopema 2.4. J[aa (n, f,m) xondueypayuid ncesdonpamox npu m =4 un > m+ 1
2 2 3 2
+ (m*—2m —1)n —m> +3m
fz2(t ( ) : (2.33)
3m —1
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Joxazameavcmeo. Bosbmem Touky O nepecedeHus: m MCeBAONPSAMBIX lq, . . ., [,,, 0003Ha-
YeHHBIX B NMOPsijike ciaeaoBanusi. [lcesmomnpsivbre [y, . .., 1, 6e3 yaera ocTajJbHBIX MICEBJIO-
MPSIMBIX HAOOPa JEIST MPOEKTUBHYIO TIJIOCKOCTH Ha M obJ1acteit. Obo3naunm yepes D; 00-
JIACTb M€Ky TICEeBIONPAMBIMU [; U [;11, cauTas [, 1 = [1. Kaxkaas u3 ocrapmuxcs n—m
HCeBIONPIAMBIX Ly 11, - .., L, TIepecekaeT obsacTth D; mo mpoctoit gayre. Beibepem mMakcu-
MaJIbHOE TIO KOJIMYECTBY MHOKeCTBO M; nyr obstactu D;, HOmapHO He ePeceKaronuxcs BO
BHyTpeHHUX TOUYKax. OO03HauMM depe3 a; duciio jayr muoxkecrsa M;. O0benunenue ayr
MHOKECTBO OTPe3KOB obpasyer rpad 6e3 MUKJIOB (TO eCcTh Jilec — HeCBA3HOE 00he INHeHne
nepeBbeB). JleiicrBuresibHO, Yepe3 ToUky O U depe3 J0JH0 MOXKHO TPOBECTH MBICTEHHY O
ICEBIONPSAMYO U YIIOPAJOIUTH OTPE3KU TOMHOKECTBA TI0 MOPSAKY (JH000MY U3 JIBYX,
caurast or Touku O) CJIeJOBaHUs UX TOYEK HEPEeCeYeHHsi ¢ MbICJIEHHOM MCEBIONPSIMOIL.
Torma oba KOHIA MEPBOrO MO MOPSJIKY OTPE3Ka IPEJIIOIaraeMoro MukKJja CyTh KOHIIBI
JIBYX JIPYTUX OTPE3KOB IUKJIA, PACIO/JIATAIONINXCS IO OJHY CTOPOHY J0JIW OT MEePBOTO OT-
pe3Ka |, CJeJ0BaTeIbHO, IepeceKalonuxcsad Bo BHyTpeHHell Touke. B rpade 6e3 mukioB
YUCI0 pedep He MPEeBOCXOIUT YMEHbBIIIEHHOTO Ha e/IMHUILYy YHCJIa BepIInH. BepmuHbl rpa-
da pacnosararoTcss Ha MCeBAONPAMBIX [; U [;11, modTOoMy a; + 1 He HPEeBOCXOAUT YHCJIA
TOYEK HePeCcedeHnst MCeBAONPAMBIX [; u [; 11 ¢ ocraBumMucs (n —m) IpsMbeIME. 3a ¢; 1715

7 =2,...,m 0b03HAYNM KOJMUYIECTBO TOUYEK MepecevdeHnsi KpaTHOCTU j, PACIOJIOKEHHbBIX
Ha OPAMBIX [1, ..., l,, Kpome Touku O. lTax,
m m
m + E a; <2 5 cj. (2.34)
i=1 j=2

Kaxnasa 3 n —m — a; ayr, He BONIEANUX B MHOXKeCTBO M, mepecekaeT XOTs ObI
OJIHY W3 ero JyT BO BHyTpeHHeil Touke. [loatomy n — m — a; He MPeBOCXOIUT CYMMBI
(L0 TOYKAM HepecedeHns HCeBIOIPIMbIX, PACIOJIOKEHHBIX CTPOro BHyTpu obsactu D;)
YMEHBIIIEHHbIX HA €JIMHUILY KPATHOCTEH, TO eCcTh

n—m—a; < Zt;j—l (2.35)

j=2

.

rjie yepes t; 0603HaueHO KOJIMYECTBO TOUEK lepecevenus Kparnocru j B obuacru D;.

Torna
F=Y D G-+ gli-1)+ (2.36)
7j=2

i=1 j=2

TaK Kak C;+» . 1% — 970 KOJIMIECTBO TOUEK IePeCedeHnst Ha IIOCKOCTH RP? kpaTHoCTH
J, OTJINYHBIX OT TO‘IKI/I 0. 3amerum, 41O

ch(j —1) = m(n —m), (2.37)

TaK KaK KazKJas M3 OCTABIINXCS MCEBIONPIAMbIX TEPECEKAETCS ¢ KAXKIOH W3 M 1CeBI0-
UPAMBIX 1 ..., ly,. I3 paBencts (2.36) u (2.37) caenyer:

f=mn—m+1)=>"3"t(j-1). (2.38)

i=1 j=2
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Caoxum HepasercTBa (2.35) mo Beem ¢ = 1,...,m u ciaoxum ¢ (2.34):
mn—m+1) <Y Y (-1 +2(c+ ... +cm) (2.39)
i=1 j=2
[Mogcrasum B (2.39) pasencrso (2.38) u Boipazum f :
fz2mn—m+1)—=2(ca+ ...+ cn). (2.40)
O6o3HaunM 4epe3 s CymMmy Cg + ...+ Cp—1. 13 paBencrBa (2.37) u HepaBeHcTBA
co+2c3+...+(Mm—2)cpm1 =8

HMeeM:
e < M (2.41)
m—1

[Toncrasum (2.41) B (2.40), HCTOTB3YSA CYMMY S

2 — 2 2 — -2 -2
f=z2mn—m+1)—2s— mn = m) TR m(n — m)(m )+2m—23m :
m—1 m—1 m—1 m—1

(2.42)

[To emMme 2.6 BepHO HEPABEHCTBO

—1 —2
fe1erz m=2 (2.43)
m m

YMHOKHEM HepaBeHCTBO (2.42) na m — 1, nepasenctso (2.43) Ha 2m U CIOKUM:
(3m —1)f = 2m(n —m)(m — 2) +2m* + 2n(n — 1).

Orcroga noydaem TpedyeMoe HepaBEeHCTBO. ([l

Sameuanue 2.3. Haiizem Bce napwl qucen (n,m) ¢ m >4 un > m+ 1, npu KOTOPBIX
Teopema 2.4 cunbHee HepaBeHcTBa (2.19) Teopembl 2.3. CpaBHUM NpaBbie YacTH COOTBET-
CTBYIOIIUX HEPABEHCTB Ha 4ucja obsacteil f

n?*+ (m?*—=2m—1n—-—m*+3m? _n*—n+2m
> & (m—2)(n—m—1)(2n—m?
Y 3 (m—2)(n—m—1)(2n—m

—m) < 0.

m+m

Cnenoarenpno, mpu m + 1 < n < Teopema 2.4 cuibHee HepaBeHcTBa (2.19) Teo-

pembl 2.3.

n2—n+2m)
)

Bameuanue 2.4. Ecim png (n, m, f) koudurypanun ncesaonpsambix f = 2 ( P

TO KOH(MDUTYpaIus IPUHAIICKAT OJHOMY U3 CJCIYIONUX THIIOB.
1.
n=m+1 m=>=22 f=2n—-2,to=m, t3=...=1,.1=0, t,, =1.




Hamnpumep, u3 Broporo Tuna mojaxoasdr

n:6, m:3, f:12, t2:3, t3:4

n:7, m:3, f:16, t2:3, t3:6

JelicTBUTEIBHO, JOKA3aTETHCTBO HepaBeHCTBa (2.19) Teopembl 2.3 HCHOIB30BATIO HEpa-
BeHCTBa 2¢ > 3f u

(AB =)+ Bj(j —1))t; < (1 — i,

KOTOpbIE 00PAIAIOTCs B PABEHCTBO, €CJIM M TOJIBKO €CJIM Bce 00J1acTH KOHMUrypanuu
Tpeyrosbibie u t; = 0 npn 2 < j < m.

2.3 MHo>kecTBa 4nceJ1 CBA3HBIX KOMIIOHEHT JOIIOJHEHUIl K Habo-
paM n HCeBAONPAMBIX

Teopema 2.5. H. Maprunos, 1993. Hempusuasvhoii Habop u3 n nceslOnpAMuL Ha
naockocmu RP? deaum nocaednion na f obaacmeti mozda u moavko mozda, Koz2da cyuye-
cmeyem ueaoe vucao k, 1 < k < n — 2, makoe umo

(n—k)(k+1)+C; —min{n—k,C;} < f<(n—k)(k+1)+C}.
Bamernm, 4T0 00'beIMHEHnE OTPE3KOB
[(n—k)(k+1)+C; —min{n—k,C;}; (n—k)(k+1)+ CF]

o k, 1 < k < n — 2 nokphiBaer Bee mesbie ucaa orpeska [2n — 2; C2 4 1], xpome uncen
unTepBaIoB (a;;b;) — nakyn®, rie

ai=in—i+1)+C%,, b= (i+1)(n—1).
JlakyHa HOMep 7 COAEPXKUT XOTs ObI OJIHO I1eJI0€ YUCJIO TOTJa U TOJHKO TOT/1a, KOT/Ia,

)

O6osnaunm 4epe3 d,, CJIegYIOIee YUCI0
d, =max{d€Z |n>C3,, +3}

Pemasi kBajipaTHOE HEPABEHCTBO, MOJIYYUM

31
dy= [1/2n—5° — =
T T

8Tlockonpky B.W. ApHOIBA He HCKIIOYMA] TPHBHAJLHLIE HaOOPHI, TO B [2] makyHBI HYMepOBaJINChH
YUCTAMHE 4, HAYUHASL C eUHAUIBL. Be3 TPUBMATBHOTO HAGOPA MCEBIOMPIMBIX JaKyHa (a1, by) mponasgaer,
1 B Hamux obo3HadeHnAx 7 = 2.
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CaenctBue 2.1. Yucao aaxyn pasro d, — 1 u onu wymepyromesn wucramu i, 2 < 1 <
dy,. Qucao obaacmeti das nabopa ncesIonpaMvLE HE MONHCEM NPUHAONEHCAMD KAKOT-AUOO

3
nakyne. Iocaeduasn aaxyna saxarnvusaemca neped wucaom (n — dy)(d, + 1) = V2n2.
Jons ueawz wucen ompeska [2n — 2; C% + 1], pearusyemuis 6 kauecmee wucaa obracmeti,
cmpemumes ¥ edunuye npu n — 00. Bee aakynor codepotcames 6 ompeske

[2n — 2;(n —d,)(d, + 1)]

U QONA UCABLT HUCEA IMO20 OMPE3KA, PEGNUSYEMBIT 6 Kauecmsee wucaa obaacmerti, cmpe-
MUMCA K % npu n — oo.

ﬂeﬁCTBI/ITeﬂbHO, KOJIMYIECTBO COAECPZKAIIUXCA B JIAKYHaAX IIEJIBIX YHUCEJT PaBHO

N

d d
g (bi—ai—l)zg (n—C’fﬂ—Q)zTn

=2 =2

2n—2 4n—12 6n — 30

o ;
t f f 1
3n—6 5n—20 (d,+1)(n—d,) CE +

1

Puc. 3: MuoxkecTBo 4nces obiacTeit 1yt OOJIBIINX N

Jlemma 2.7. Apnoabg, [2]. Jas nempusuarvhor nabopos n ncesdonpamois
mn—m+1)<f<mnh-m+1)+C>_ |

NPUMEM PABEHCMBO CNPABA J0CMUAEMCH, €CAU NOMUMO M NEPECEKAOUUTCA 68 00H0T
movke NcesIonpAMHLEL 0CMANLHBLE N—11 NCEBIONPAMBLE HATOOAMCA 8 00ULEM NONOHCEHUL,
dpye K Opyey u K KOAAUHEAPHBM NCEGIONDAMbBLM.

Zoxazameavcmeo. Jlokaxkem jiemmy mHAyKnueit mo n, 6aza n = m + 1. Ilycrs aBoitnoe
HEPAaBEHCTBO BBINIOJIHACTCA JIJIA Ha60pOB n nCeBAoNpsAMbIX. TOF,ZLa mnpu ,HO6&BI[€HI/II/I eIre
OJIHOI TIceBIONpsAMOil HOMep 1 + 1 4mcyio obacTeil YBeIMUUTCA Ha YHCJIO TOYEK Iepece-
YeHUd JI00aBJIEHHOM IICeBIONPAMOI € MPeIbIIYIIUMHI, KOTOPpOe He MeHbIIIe m U He 60JIbIIe
n. 3aMeTHM, YTO PaBEHCTBO CJIeBa, BOOOIIE TOBOPSA, MOJKET He JOCTHIAThCA MPH m < 3.

O

Jlemma 2.8. ITycmo wucao obaacmeti Hempusuasvbioz20 Habopa n NcesilonpamMvLr npu-
Hadaescum aakyme Homep i, 2de i < d,,. Tozda m < 1.

Zlokxaszamesvcmeo. Ilpeanonozkum nporusBHoe, T.e. 9T0 M = ¢ + 1. Torma, ecnn ¢ + 1 <
m < n— 1, 7O 110 JjiemMme 2.7

femn—m+1)=(i+1)(n—1i)=0b,
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YTO NPOTUBOPEYUT TOMY, YTO YUCIO [ HPUHAJIEKUT JJaKyHe HOMeD ¢. Ecim m > n—i+1,
Ton—m<i—1uC?_, <C?,. Cienosareybno 10 jgemme 2.7

f<mmh-m+1)+C?  <in—i+1)+C2, =a,

9TO MPOTHBOPEYUT TOMY, YTO UUCAO0 [ MPUHAIIEKUT JTAKyHEe HOMED i.

Loxazameavcmeo meopemv, Mapmunosa. docrarounocts. g ganuoro k, 1 < k< n—2
u 9ucjaa f, TaKoro 9To

f=m—-KE+1)+CE -t 0<t<min{n—#kC;}

OCTPOUM HAOOP U3 M HPSMBIX, JIeJANuil II0cKoCcTh HA f obsaacreii. [lycrs gepes ommy
TOYKY MIPOXOIUT T — k’ MIpAMBIX, OCTaJIbHBbIE IIPpAMBbIE€ HAXOJATCA B O6IH6M ITOJIO?KEHN N
[0 OTHOIIEHHIO JpYyr K JApyry. llpm 3Tom ¢ mpgaMbIX U3 Tex, KOTOpPbIe IMPOXOIAT depe3
OJIHY TOYKY, IIPOXOJAT Uepe3 t TOUEK IepeceveHns MPAMBIX, HAXOIAIUXCA B OOIIEeM I0-
noxennu. [TpoBecTu Tak mpsiMblie BO3MOXKHO, T.K. 0 < ¢ < min{n — k,C’z}. Hetpyano

HOJCUATATD, 4TO uuca0 obsacreit pasuo f = (n —k)(k+ 1)+ C7 — t.
HeobxognmocTts ciaeayer n3 jgemm 2.8 u 2.5, B KOTOPOii B KadecTBe ducaa k ciemyer
B3STh HOMEp ¢ THIIOTETHYECKOi JIAaKyHbI, coaepzKaliieil ancao obmacreii f. 0]

3ameuanmne 2.5. Eciin paccMaTpuBaTh BMECTO MCEBIONPAMBIX HAOOPHI IPSIMBIX, TO MHO-
JKECTBO BCEX BO3MOKHBIX 4HCeT 0obJacTeil He M3MEHHUThCHA, T.K. NpUMEp OBLIT IMOCTPOEH
JIIsI IPSIMbIX, & He0OX0uMOCTh B TeopeMe MaprTuHoBa Jijisl IIPSMbIX OYE€BUJIHO CJIE/LyeT
U3 HEOOXOIMMOCTH JIJIsi TICEBIOIPSIMbIX.
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3 HabGopbl morpy>KeHHbIX OKPY2KHOCTel Ha JIBYMEPHBIX
IMMOBEPXHOCTAX

[Iycts M — cBs3Hasg AByMepHas IVIaJKasg KOMIAKTHAS MOBEPXHOCTH Oe3 Kpasg, S =
S |- ]St — mmsbionkTHOE OOBemMHEHHE N OKpy:KHOCTEd, ¢ @ S — M — morpy-
JKEeHUEe C KOHEYHBIM YHCJIOM MPOOoOpPa30B TOYEK IepeceueHusi, T.e. C KOHEYHBIM YHUCJIOM
nap pasJUvHbIX TO4eK (x,%), Takux 4ro ¢(z) = p(y).

Hac Gyner unTepecoBaTh 9uCI0 f KOMIIOHEHT CBA3HOCTH jonosinenus B M k (.S).
MHOKeCTBO BCeX BO3MOXKHBIX 4YnCeT f JJIg JaHHOTO MHOTOOOpasus W YHCIa 1 OymeMm
(kak u panbiie) oboznadars depes Fj,(M,n). Ilpu srom okasbiBaercs, 410 6€3 JONOJI-
HHUTEJHHBIX OPAHUTCHUIT HA MOrPYIKeHne ¢ MHOKeCTBO F),(M, n) moaydaercs 10BOIBHO
npoctbiM. Ecu ke 3adukcuposars Merpuky Ha M u BMecto ¢(S) paccmarpusarh Habo-
PBI U3 1 3AMKHYTHIX Te0/IE3NIECKIX, TO MHOKecTBa F'(M, n) duces KOMIOHEHT CBSI3HOCTH
OyayT OoJiee HHTepecHBIMHA. Mbl HaliieM B SBHOM BH/Ie IOCTEIHAE MHOYKECTBA /IS PaB-
HOI'PAHHBIX TETPa’APOB, TOPOB n OyTbLIOK KileiiHa ¢ JIOKAJbHO €BKJ/IM/I0BOW METPUKOM,
NpUYEeM OKazKeTCs, YTO MHOXKECTBA He 3aBUCAT OT KOHKPETHOTO BhIOOPA IJIOCKOW METPUKHU
WJIM OT COOTHOIIEHUN MeXKIy JJIMHAME pedep PaBHOTPAHHOTO TeTPad/ipa.

3.1 O umcie CBA3HBIX KOMIIOHEHT B HEKJIETOYHBLIX pa30meHusax
cdep ¢ pydKamu

Onpenenenne 3.1. Hasosem pasbuenue noseprrocmu M? woneunvim 1abopom 3amrxmny-
ML 2AG0KUT PE2YAAPHOLT KPUBHLT KAECTMOYHOIM, ECAU 6CE KOMNOHEHMbBL CEAZHOCU 00-
noarenus 6 M? x 06Bedunenuo KpUusHT 20MeoMOPPHIbL OMKPLIMHLM OUCKAM.

3ameuanne 3.1. Kiierounbie pa3dbuenust MoBepXHOCTU POJia ¢ = 2 JIEHCTBUTE/IHHO CYTh
IpeJICTaBIeHNS TOBEPXHOCTU B BUJE KJIETOUYHOTO KOMILTEKCA.

g mabopa A n3 n NpaMbBIX Ha OPOEKTHBHOI IIOCKOCTH XapaKTePUCTUICCKHA MHO-
rOYIeH UMeeT BH/T
o) =2 —nt + 300~ Dt
i>2
rjae tz — 39TO YMCJIO TOYEK, LPpUHalJlezKallluX 7, HPAMBIM. CﬂeﬂOBaTeﬂbHO, 110 TeopemMme
Bacsasckoro uncio obsiacreil IPOEKTHBHOI 1/10CKOCTH paBHo 1+ ) . (i — 1)t;.

Jla M aHaJIOTUIHOE OTpeesIenne MHOTOUIeHa @ 4(t) mus nabopa OKpyzKHOCTE, 1o~
IPYZKEHHBIX OKDYKHOCTEH B 3aMKHYTYI0 PHUMaHOBY moBepxHocTh M poma g > 0 (ro-
Meomopduyto cdepe ¢ g pyukamu). Oboznaunm yepes S = S| |...|[ ]S musblonkTHOE
o0beIMHEeHnEe N OKPY:KHOCTeil, a depe3 ¢ : S — M morpyzxKeHme ¢ KOHEUHBIM YHCJIOM
Touek camonepecedenns. O6osHaunM uepes t; uncjao Touex M, npoobpas ¢ 1 KOTOPBIX
COCTOUT U3 1 TOYEK JJIsI 7 > 2.

Omnpenenenune 3.2. Xapaxmepucmuueckum MHO20UAEHOM ONA NOZPYNHCEHUA O HA306EM

MHO20YNEH
pslt) =t —nt+ > (i— 1)t

=2
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B ormsimume or npoeKTHBHON I1JIOCKOCTH, YHUCJI0 00JIacTell pUMAaHOBOU OBEPXHOCTH
HEJIb3s1 BBIPA3UTh TOJBKO Y€pe3 XapaKTePUCTUUECKU MHOTOYJIEH, T.K. 00JIACTU MOTYT
OBITH He TOMEOMOP(HBI JTUCKY.

Teopema 3.1. Ha szamrnymot pumarosoti noseprrocmu M poda g = 0 paccmompum
noepyscenue ¢ @ S — M dussronkmmnozo obsedurenus N oKPYHCHOCTET € KOHEUHBLM
wucaom movek camonepecevernus. Tozda oasn wucaa ceaznor kKomnonenm |mo(M \ ¢(5))]
donoanerus 6 M K mmoorcecmesy ¢(S) eepro

o (M \ $(S))] = ©4(5)(0) + 1 = g + [70(&(S5))] + k — u,

2de py(5)(t) — amo zapaxmepucmuneckud mnozousen, |mo(P(S))| — wucao womnonenm
ceasnocmu muoscecnea ¢(S) C M, k — cymma podos komnonenm ceasrnocmu M\
#(9), u — cymma podos Komnowenm ceaznocmu peaysaphol e-oxpecmmuocmu Uz (p(S))
mroocecmea ¢(S).

Caencrsue 3.1. (a)
[mo(M\ 6(5))] = $o(s)(0) +2 =29,

npusem, ecau 6ce komnonenmol, ceaznocmu M\ ¢(S) 2omeomopdro. ducky, mo docmu-
20eMcA PaseHcmaso.

(0)
[mo(M\ ¢(5))] = n —2g +1,

NPUYEM PABEHCME0 docmuzaemcsa 0aa Habopa 2g 0bpasyouus GyHdamenmarvhotl 2pyn-
no, M.

(6)
To(M\ 9(5))] < @o(5)(0) + [m0(6(S))| + 1,

npusem 0As nabopa, cocmoswsezo ud 00not npocmoti 2eodesuveckoti, deasuseti MHo2000-
pasue M poda g = 2 na dee obaacmu, docmuzaemcs PaseHcmaso.

(2) Jaa dsymepnoti cmandapmnoti chepo, S* u 06zedunenus n 3amMEHYMYLT 2€00€31U-
weckuzx, noaywum |mo(P(S))| =1, k =u =0 u, caedosamenrvro,

[m0(S*\ 6(9))] = @as)(0) + 2.

(0) Zlas dsymeprozo naockozo mopa T? = R?/Z? u obsedurenus n 3aMKHYMBLT 2€0-
desuneckur, ezamoezo 3a G(S), noayuum k=0, g=1u

[70(T2\ 6(5))| = $s(5)(0) + [mo(6(S5))| = w.

Ecau cpedu 2eodesuneckur ecmv xomsa bv, dee He napasseavrue dpye dpyey, mo

m@S)=u=1 u  |1(T*\ 6(S))| = us)/(0).

Ecau sce 3amkrymote 2eodesuveckue nonapro napasieibHi, mo
TSNl =n, w=0u5(0)=0 u  |m(T*\é(S))=n

Jlokasamenvcmeo meopemo, 3.1. Tlocuuraem DitnepoBy xapakrepuctuky X (M) muoro-
obpaszust M un npumenum jBa ¢pakra:
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JlemMva 3.1. /las KoHeuHOLT CUMNAUUUGAOHBLT KOMNAEKco8 X u Y 6epHo

X(XJY) = x(X) +x(Y) = x(X ().

3decvr X u'Y cuumaromes nooKomMniekcamu 6 HEKOMOPOM 006EMAIOUEM KOMNAEKCE.

Jlemma 3.2. Jhoboe xomnaxmmoe dsymeproe nodmmoz2000pasue chepv, ¢ § pyurkamu 20-
MEOMOPPHO HECBAZHOMY 00BEOUHEHUIO CPHEP € PYUKAMU U OVPKAMU, NPUUEM CYMMA POAOES
KOMNOHEHM, CBAZHOCTIU HE NPEBOCTOIUM, YUCAL (.

B kauecTBe X BO3bMEM DETYJISPHYIO OKpecTHOCTH ¢(S), B KadecTBe Y — 3aMbIKAHHE
JonosiHenust B M K peryasipHoii OKpeCTHOCTH MHOKeCTBa ¢(.S). 0

3.2 MmuoxecTBo unceJs obJsiacrteii B pa3dbneHnsdX 1MmoBepxXHoOCTeil ce-
MelcCTBaAMM KPUBBIX

Onpenenenune 3.3. Jonycmumovim cemeticmeom kpusor I' 6ydem Haszvieams mmootce-
CMBO 3AMKHYMDBIT 2AG0KUT KPUBHLL HG 3AMKEHYMOM 2A00K0M 08YMEPHOM MH02000DA3UL
M? co caedyrouumu ceoticmeamu:

o daa mobot y € I' sce mouku camonepecevernus y 060GHbIE U UT YUCAO MUHUMANDHO
8 KAGCCE 3AMEHYMOBLT KPUBHLT, C60000H0 20MOMONHBLT 7Y,

o daa mobwxr v € I' u vo € I' wucao mouex nepecevenus y1 u Yo ¢ yuemom Kpam-
HOCMU CAMONEPECEYEHUA MUHUMAALHO 8 KAACCE 3AMEHYMBLT KPUBHLT, 6000010 20-
MOMONHBIT Y1 U Va2,

e daa 06020 KoHeuHo2o0 Mmoscecmea movex S noseprnocmu M? u nempueuans-
nozo anemenma a @dyndamenmanvroti epynnw M? cywecmeyem xpusas v € T,
20MOMONHKAA G U He NPOTOJAWAHA Yepe3 MoKy u3 S,

o daa moboti mouku A na noseprrocmu M? u nempusuasvnozo asemenma a dymoa-
menmanvrot 2pynno. M? cywecmeyem xpusas v € T, 20momonmnas a u npoxoda-
was wepez mouky A.

Yepes F(M? T, n) 0603Ha4nM MHOKECTBO BCEX BO3MOYKHBIX YHCE] KOMIOHEHT CBSI3-
HOCTH J0IoJHeHHd B M? K 00beIMHEHNIO N PA3JIHIHBIX KPUBBIX H3 [

T'unmotesa 3.1. Ilycmy M? zomeomopdno cepe ¢ g = 2 pyurwamu, a I' — npoussorvhoe
donycmumoe mrosicecmeso kpuenx na M?. Tozda

FM*T,n)={meN|m=>n-—2g+1}.

B cuny cnenctBug 3.1 octaeTcs peaan3oBaTh BCe HATYPAJbHBIE YUCTIA, OOJIBIIHE N—24,
HabopaMu KpusBbiX u3 I'.
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3.3 MmuoxkecTBa gances obJsiacteili B pa3bneHnsax TOpoB U Oy THIJIOK
Kineiina

Pa3z6uennsa HabopaMu 3aMKHYTBIX reofe3umdeckmux. llog miockum Topom T2 mam
miockoit Oyteiakoit Kieitna K L? nmeem B Buay napasienorpamm ABCD C R? na es-
KJII/TOBOI TIJIOCKOCTH € OTOYKJECTBJIEHHBIMHA CTOPOHAMM

AB~DC, AD~BC u AB~ DC, AD~CB

coorBeTcTBenno. Ilyers py : R2 — T2 u py : R? — KL? cooTBeTCTBYIOMHTE JOKATHHO
M30MeTPHYHbIE YHUBEPCATbHbIE HAKPBITHS. [[0HATHE re0e3udecKOil (0T JAHHONW TOUKH
ILJIOCKOCTH) SIBJISIETCS TIPSAMOIi, MpUYeM 3aMKHYTOCTH T'e0Je3MYeCKOil PABHOCHIbHA CO-
U3MEPUMOCTH KOOD/MHAT HAIPABJISIIONIETO BEKTOPA MPSIMOi, Pa3/I0KEHHOTO 1O 0a3ucy
{AB, AD}. HazoBeMm 3aMKHYyTBIE T'e0Je3UYECKUE NAPUANCALHBLMU, €CJIU JIO0Be nX Ha-
KPBIBAIOIIKE MpsiMble Mapajuieabubl. Onycrum Boicory BH Ha nipsamyio AD u obo3Hadnm
gepe3 u,v u w BekTopa AB, AD u ﬁg COOTBETCTBEHHO. /11 B3aMMHO IMPOCTBIX IMEJIBIX
ancen k,l zeodesuueckoti muna (k,1) na Tope T? HazoBeM 3aMKHYTOH Ie0e3HYCCKYIO,
JIUIsE KOTOPOI J1100asi ee HAKPbIBAIOIIAs HpsiMasl mapaJiiesibHa BekTopy ku + (v. Teodesu-
weckoti muna (2k, 1) na K L? Ha3oBeM 3aMKHYTYIO Ie0Ie3MUeCKYI0, LI KOTOPOi HaiiaeTcs
HAKPBIBAIOIAs ee MpsiMasi, napaJjielbHas BeKTopy 2kw + [v, 3a UCKIIOUEeHneM JIBYX 3a-
MKHYTBIX T€0JIe3NYeCKHX, MePHeHIUKYISIPHBIX v U uMerormux Juhy ||w||. Tun stux aByx
reojie3andeckux Oygem cuntath paBubiM (1,0). s Habopa 3aMKHYTHIX T€0Ie3NIeCKUX Ha
tope un Ha 6yrblike Kueiina K L? ¢ eBK/INJIOBBIME MeTPUKAMU 4depe3 t; 0003HA4YUM HC-

JIO TOY€EK, IIPpUHaAJIezKallluXxX Z reole3nIeCKuM € y4eToM KpPaTHOCTU CaMollepecevdeHud Ha
KL2.
Jlemma 3.3. Jlee samknymue 2eodesuneckue Ha naockom mope munos (a,b) u (c,d)

nepecexatomes 6 |ad — be| moukaz.

Jlokasamenvemeo. Cunraem, uro |ad—be| # 0, T.x. nHave Touek nepeceuenus uer. [auHnpr
JAHHBIX Ne0JIe3NIeCKUX Y1 U Y2 PaBHBI ||au+bv|| u ||cu+dv|| coorsercTBenno. Paccrosimst
MEXKJIy COCETHUMU BUTKAMH 7y U Yo PABHBI

S S

b= 2 S
Y au o] T Jeut avl|

COOTBeTCTBEHHO, r1e S = ||[u, v]|| — mromans Topa. Torma

lad — bc|S
lau + bv|| - ||cu + dv||

sin Z(y1,72) = |

HOSTOMy pacCTodHnuEe Me2KAYy COCEJHUMU 110 7Y TOUYKaMHU IepecevdeHud paBHO

ha _lau + b
sin Z(vy1,72)  |ad —be|

BuaunT, Ha 7y HAXOAUTCA |ad — be| TOUEK mepeceveHusl. O
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Jlemma 3.4. (a) Samrnyman zeodesuueckan muna (2k,1) na naockot oymuare Kaetina
K L? umeem |kl| mouex camonepecenenus, xpammnocmu 06a kasicdas.

(6) ee samxnymuoie nenapaniesvnve 2eodesuneckue na K L* umerom xoma 6o, 00ny
mouky nepecenenus. Jamrnyman zeodesuveckas muna (2,0) nepecexaem nenapanienv-
HY10 el 3aMKEHYMYI 2€00€3UYECKYI Y NO Kpatinet, mepe 6 08YT MouKaxr Uil Nporodum
Yepe3 MouKy CamMonepeceeHUs .

Jlokasamenvcmso. (a) ns kl = 0 memma oueBuHa, cantaeM Jajee, uro kl # 0. Hepes
106y10 Touky K L? TeonesmdecKkas IPOXOIUT He 0ojee ABYX pa3, T.K. HAKPHIBAIOIIIE ee
HPSMBIE COCTABILAIOT C U OJUH U3 YIJIOB {@, T — ¢}, 11

g 2]
el

[IycTh npsamas
¥(t) = A+ (p1 + lt)v + (p2 + 2kt)w

HaKpbIBaeT JaHHYIO Teoje3ndeckyto v npu t € R g nekotopwix p; € R, py € R. Ilycrs
AH = av. Touka camonepecedeHns Y MPOUCXOIUT IPHU IMapaMeTpax t1 U to HaKpPBIBAIOIIE
HPAMON TOrJIA U TOJIBKO TOrJIA, KOTJIa

4kl ’ 2 4kl

; (2ac — 4p1)k — L+ 2(kj — l7) , (2a —4py)k + 1+ 2(kj + li)
1:

JIIsT HEKOTOPBIX TesIbiX gucest ¢ u j. Crepyroniue apoOHbIe YaCTH PABHBI

_Ja—=2p1 j 2 +1
{t1+t2}—{ I +l} n {tg tl}—{ o },

IIO3TOMY TOYKH CaMoOIlepeCedeHHud 7y OAHO3HAYHO COOTBETCTBYIOT IIapaM II€JIbIX YHCEJI

(i,7), roe
ie{0,1,..., k| -1} wu je{0,1,... ]I] -1}

(6) HakpeiBatorue npsiMble 3aMKHYTHIX He [apaJlJle/IbHbIX Ne0e3NUeCKNX NMEI0T TOU-
Ky IIepecevdeHsi, IOITOMY U TeOJIe3UIECKIe IePeCceKaroTCsl. 3aMKHYTasl [e0/Ie3nIecKast 7,
He mapaJieibHas reomesmdeckoii tuma (2,0) mmeer gubo tum (0,1), mubo tun (k1) ¢
kl # 0. Ilepsblii ciyvait oueBuJeH, a BO BIOPOM I'€0J€3UUECKYI0 Y HAKPBIBAET JABA CeMeii-
CTBA IIAPAJLIEJIbHBIX IIPIAMBIX, U ¢ KAQXK/IbIM U3 HUX II€PECeKAeTCsl HAKPBIBAIOIIAs IPsMast
JUIst Teojie3udeckoii uma (2,0). O

Jlemma 3.5. Ecau Habop 3aMKHYMOLE 2€00€3UMECKUL HA NAOCKOM MOPE UMY HG NAOC-
kot bymuiare Kaetina codepotcum xomsa 6v, d6e nenapassesvhovie, mo 6ce 00pa306aHHbLe
0bAaCMU 20MEOMOPPHHBL OMEPLIMOMY JUCKY.

Jlokazamesvemeo. JTocTaTOMHO JOKA3aTh JIEMMY B CJydae, KOraa Habop COCTOUT U3 JBYX
3aMKHYTBIX HeHapasleJbHBIX reofesndeckux Ha 12 man K L? wam u3 oqmoil reojesmde-
ckoit Tumna (2k,1) ¢ kl # 0 na K L?. PaccMOTpuM HaKpBITHS

pr:R?P = T? u py:R* = KL
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[IpejiiiosioxkuM, 4TO KaKue-To JiBe pa3/jindnbie TOUKH X 1 Y CBA3HON KOMIIOHEHTBI ITPO00-
pasa HEKOTOpPOil 00J1acTH 0TOOPAXKAIOTCS B OJIHY TOYKY ITPU HAKPBITUU Pp WU Py. TOTjIa
9Ta CBsI3HAs] KOMIIOHEHTA COJEPKUT OECKOHEUHYIO JIOMAHYIO C PABHBIME IO JIJINHE 3Be-
HbSIMH, OJTHUM 3BEHOM KOTOpOil dABisgercda oTpe3oK XY . Tak Kak cBga3Hasd KOMIOHEHTA
mpooOpas3a 0bJacTu orpaHudeHa, TO Takux Touek X u Y He cymecTByeT. CaegoBaTesb-
HO, KaxkJias 00J1acTh roMmeomopdua cBoemy 1poobpasy — JIUCKY. U

Jlemma 3.6. Ecau ece obaacmu mopa T? uau 6ymoaru Kaetina KL? ¢ esxaudosvimu
MEMPUKAMU, 00PA30BAHHBLE HADOPOM 3AMKEHYMBLET 2€00€3UNECKUL, 20MEOMOPPHYL JUCKY,
Mo “ucao obaacmets pasHo

> (-1t
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Jokxazamenvcmeo. Ecnu Bce obactu romeoMopdHBI IUCKY, TO HAOOP reoe3ndecKux 00-
pa3yeTr KJaeTouHoe pa3bueHue MOBEPXHOCTH, TMOCKOJIBKY Ha JII000i reome3nvdeckoii oyaer
X0Tst Obl OJIHA TOYKA Nepecedenus. B 9Tom pasbuenunm » | 1; BEPHIMH — TOYEK Nepece-
YEeHUs TeOJIE3NUECKUX, » . it; pebep — OTPEe3KOB Te0Ie3nIeCKuX u [ JBYMEPHBIX KJIETOK
— obJtacTeii. DitepoBa XapakTepucTHKa Topa 1 OyThIkn KieiiHa paBHa HY/II0, OTKYIa
noJydaeM Tpebyemoe. U

Teopema 3.2. /laa mopa T? ¢ aokaavro eskaudo6oti Mempukoti MHOJICECEA “UCEN
obaacmeti npu n = 2 caedyrousue:

F(T?n) ={n—1,n}U{l eN|l >2n—4}.
A mmooiceemso F (T?1) = {1}.

Jlokasamenvcmeo. Tlpusegem npumvepsl HAGOPOB 1 2> 2 3AMKHYTHIX TEOJE3NIECKUX: 1L — §
reomesmdecknx tuma (0,1) u s reogesmdeckux Tuma (1,0) obpasyor n — s obracreil Ha
tope aus s € {0,1}. Ha tope n — 2 napamtenbubix reogesndeckux tuna (0,1), ogna
reosesudeckas Tuna (1,0) u onna reogesudeckas Tuna (1, a), He IPOXOAAIIAS Y€PE3 TOUKH
nepecedenus reojgesndecknx Tumna (0,1) ¢ reomesnveckoii tuna (1,0), obpasyor 2n—4+a
obacreii st o6oro mexoro a > 0 (o semvam 3.3, 3.5 u 3.6), cMm. puc. 4.

Puc. 4:n=28, a=3
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Tenepn gokaxkem, 9To B MuozkecTBax I (T2, n) mer apyrux umcen. Paccmorpum mpo-
W3BOJILHBIH Habop [ n3 n > 3 pasauvHbIX 3aMKHYTHIX Teoe3ndecKnx Ha 12, obpasyiontmit
f = f(I') obaacreii. Obo3HaunM Yepe3 m MaKCHMATIbHOE YHCJIO TAPAJIETbHBIX Te0Ie3N-
qeckux B Habope I

Ecmu m = n, to f = n. Ectu m = n — 1, o f menurca namneno Ha n — 1. Ecian
2<m < n—2, 10 KaxKJias U3 N — m ocrapimxcd B [ reojieanvyeckux nuMeer 1o KpaitHei
Mepe M TOYEK MepecevdeHus C M MapaJsiebHbIMU Te0Ae3NYeCKUMU, TO3ITOMY I10 JeMMaM
3.5 m 3.6 momydaem

f=m(n—m)>=2n—4.

Ocrasica ciaydait m = 1. Ecan mio0bie 1Be reoje3ndeckue u3 ' mepecekaroTcs He MeHee,
yeM B JIByX TOYKax, TO u3 Jjemm 3.5 u 3.6 caenyer, uro f = 2n — 2. Eciu Hekoropbie
reojieanveckKue y; u Yo u3 ' mepecekarorcst B OJIHON TOYKe U JIF0Oast U3 1 —2 OCTaBIIUXCS
B [ reogesnueckux nepecekaer oobeauuenne v | v, He MeHee 1em B ABYX TOUKAX, TO U3
aemMm 3.5 u 3.6 cienyer, uro f > 2n — 3. /lokakeM, UTO €CJIU MOIApPHBIE IMepecevIeHns
HEKOTOPBIX T€0IE3UIECKHX Y1, Vo U Y3 U3 ' COCTOAT M3 OIHON TOUYKH U 9TA TOYKA OOIIasd,
To Jr06ast u3 n — 3 ocrasmuxcda B [ reosesuueckux nepecekaer v, | ve |73 He Menee uem
B JABYX To4YKax. I3 3Toro u u3 jsemm 3.5 u 3.6 caexyer, uro f > 2n — 4. Samenum 6a3uc
{u,v} pemerkn Ha MIOCKOCTH, MOPOKIAIOMIEH TOP, TAK, 9TO B HOBOM OA3MCE THIIBI Y] 1
72 GynyT pasubl (1,0) u (0,1). Torma tun 73 6ymer pasen (1, —1) win (1,1). g mo6oit
ocrapiieiics B [' reojiesnueckoit (Kpome 7y, Yo u y3) Tuna (z,y) B HOBOM Ga3uce IHCIIO
Touek nepecedenus ¢ v |Jye |J7ys mo memme 3.3 He Menbie uem

2| + Jy| + [z y] —2 > 2.
O

Teopema 3.3. /lna 6ymuiaku Kaetina KL? ¢ nokarvno e6xiudosoti mempukoti Muoice-
cmea wuces obaacmets umerom caedyrowuts eud npu n = 2:

F(KL*n)={n—1,nn+1}U{l € N[l > 2n — 4}.
A mmosiceemeo F (KL* 1) = N,

Zoxazameavcmeo. Tlpusesem npumepbl HAOOPOB N 2> 2 3AMKHYTHIX M€0A€3UIECKUX: 1L — S
reozesmdecknx tuna (0,1) u s reogesudeckux Tuma (1,0) obpasyor n — s obracreil Ha
oyToiike Kneitna K L? gnaa s € {0, 1}. Teonesuueckas Tuna (2,a) u n — 1 reomesndeckux
tuna (0,1), He TPOXOJAIINX Yepe3 TOUKN caMoIiepecedeHus mepBoii, 06pasytor 2n — 2+ a
obusracreit myst sioboro nesoro a > 0 (o semmam 3.4(a), 3.5 u 3.6), cm puc. 5.

Ha 6yrbuike Kieiina n reogesnveckux tuna (2,0) obpasyor n+ 1 ob1acrb; Ha Oy ThLI-
ke Kueitna n — 1 — s reomesnueckux tuma (2,0), reomesnveckas tuna (0,1) u s reogesndve-
ckux tuna (1,0) obpasytor 2n — 2 — s obaacreii mpu s € {1,2}. Ocranock 3aMeTUTh, 9TO
na K L? oana reofesnyeckas Tuna (2, a) obpasyer a ob1acreit 1is 11060ro HaTypaabHOIO
gucsa a (1o gemmam 3.4(6), 3.5 u 3.6).

Tenepn jokazkeMm, 9To B MuOkKecTBax F'(K L? n) Her apyrux unces. PaccMoTpum 1po-
W3BOMLHBIH Habop I W3 n > 3 pasAmvHBIX 3aMKHYTHIX Teofesmdecknx na 12 mmm K L2,
obpasytomuii f = f(I') obmacreii. O6o3HaunM uYepes m MaKCUMAJIbHOE UHCJIO Mapal-
JIeJILHBIX Teojie3ndeckuX B Habope [, Ipu 3ToM caMolepeceKaommasics reoe3ndecKkas He
CUMTAETCH Napa/LIeIbHON HU cebe, HU JPYIUM Ie0Ie3UIeCKUM.
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Puc. 5:n =8, a=2

Jlrobas u3 m napajieabHbIX reojesudeckux npu m > 1 nmeer tun (k,l) ¢ kl = 0,
HOCKOJIbKY reojesnueckas tuna (k, 1) ¢ kl # 0 cama cebe ne napamienbna. Ecim m = n,
to f € {n—1,n,n+ 1}. Ecim m = n — 1 u ocrasmasica B I' reogesnueckas umeer tun
(k,1), To upu kl = 0 nonyuaem f € {n —1,2n —4,2n — 3,2n — 2}, a upu kl # 0 u3
nemm 3.4(6), 3.5 u 3.6 caeayer, uro f > 2n — 4. Ecm 2 < m < n — 2, To Kaxkjaasi
u3 n — m ocrapmuxcst B [’ reomesnueckux umeer mo jgemme 3.4(6) KaK MUHUMYM OJHY
TOUKY HepecedeHns ¢ KaxKIoil U3 m mapasie/]bHBIX Teoaesndeckux. Torma u3 jgeMMm 3.5
u 3.6 caenyer, uro f = m(n —m) = 2n — 4. Ocranca cayqait m < 1. Boygenaum ase
reojie3uueckne B I’ tak, uroObl Bee reojesuveckue B I tuna (k,1) ¢ kl = 0 okasaauch
Obl BbIJeIeHHBIME. KazKas u3 n — 2 HeBbIJIEJIEeHHbIX reoje3ndeckux umeer tun (2k,1) ¢
|kl| > 1, mosromy u3 gemm 3.4(a)(6), 3.5 u 3.6 cienyer, uto f > 2n — 4. O

Pa36uenusa Topa m 6yreiiku KieitHa HabopamMu mceBI0reoae3n4ecKux

Onpenenenune 3.4. Hazosem ncesdozeodesuueckoli Ha 08YMEPHOM MoOpe 3AMKEHYMYO
2AG0KY10 HECAMONEPECERAIOWYIOCA 20MOMONUYECKY He MPUBUAIbHYI0 Kpusyto. Hasosem
ncesdozeodeauneckoli na bymuiake Kaetina 3amkHymyo 2aa0Ky10 Kpusyro, 20MomonHy0
Kakol-nHubydo 2eodeauneckoti na naockoti bymuake Kaetina, ¢ 080GHMMU MPAHCEEPCAND-
HOLMU MOYKAMU CAMONEPECEUEHUA, YUCAO KOMOPHIT MUHUMAALHO 6 KAGCCE KPUBHT (C
memu gice ceolicmeamu), c60600H0 20MOMONHULE 0aHHOT (20MOMONUA 3AMEHYMBLE KPU-
6l 0e3 ozpanunuenull na camonepeceuenus). Konduaypayuet (nabopom) ncesdozeodesu-
Yeckuxr Ha mope uasu wa oymuiake Kaetna naszosem koneunvil nabop ncesdozeodesue-
CKUT, OAA KOMOPO20 YUCA0 MOYEK NEPEcedeHUs Mo 06YT ncesdozeode3uueckur v u
Yo PABHO MUHUMAALHOMY GO3MONACHOMY YUCAY MOYEK NEPECEUEHUS 3AMKEHYMBLL HECAMO-
NEPECERAOULUTCA KPUBHLL, C60000H0 20MOMONHBLL Y1 U Yo, € YUEMOM KPATMHOCTMU MOYEX
CAMONEPECEUEHUA.

Bribepem HekoTOpBIE 0Opa3yioIue €, eo MyHIaAMeHTATbHON IPpyInbl Topa. Toraa ro-
MOTOIMYECKHN KJIACC 3AMKHYThIX OPHEHTUPOBAHHBIX KPUBBIX HA TOPE Oy/JIeT OIPeIe s Th-
cst napoit nesibix uucen (k, [). Tlpu 910M HEecaMonepeceKkammuMecsi KPUBBIM COOTBETCTBYOT
napbl B3aUMHO TpoCThiX unces (k,1).
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Teopema 3.4. Mnooicecmea 6cex 803MOAHCHBLT wuces obaacmets 6 pa3bUueHUALT Mopa U
oymuiaku Kaetna nabopamu u3 n ncesdo2e00e3udeckur pasHv, COOMBEMCMBEHHO GHA-
AOZUNHDLM MHOACECTNEAM OAfA PA30UEHUT NAOCK020 MOopa U Naockot oymuowiky Kaetina
HAOOPAMU U3 T 3AMKHYMOBLT 2€00€3UMECKUL 2€00€3UYECKUL.

Joxazameavcmeo. st HabOPOB TICEBIOTE0€3UIECKUX BBIIOJIHSIOTCS CJIe/IYIOIne aHa-
Jgorn jemMm 3.3, 3.4, 3.5, 3.6.

e Tlcesnoreosesuveckue Ha Tope Kiaaccos (a,b) u (c,d) (oaHoro mabopa u B OIHOM
Gasuce) nepecekarrcs B |ad — be| Toukax.

e Tlcesnoreosesunueckas na Oyrbuike Kieiina kiacca (2k,1) (1.e. romoronnast reoje-
3uveckoil Ha mI0ckoit Oyrbuike Koeitna tuna (2k,1)) npu kl # 0 umeer |kl| Touex
caMoTIepecedeHns.

[ J ECJII/I n3 ABYX IICEeBAOI€O/e3nNYCCKUX HHU OJ/[Ha HE I'OMOTOIIHaA HeKOTOpOﬁ creneHun
JIPYTOit, TO OHU MMEIOT XOoTs Obl OJIHYy TOYKY mepeceuenus. [IceBaoreosesnyeckas
tuna (2,0) nepecekaer ncepporeoaesnveckyto tuna (2k, 1) ¢ [ # 0 1o kpaiineii mepe
B JIBYX TOYKAX WIH IIPOXOJUT Yepe3 ee TOUKY CaMOIepecedeHHs.

e Ecymm HabOp 1CeBIOTEOAe3MIeCKUX Ha TOPE COMEPIKUT XOTs ObI IBe HEIOMOTOIHbBIE,
TO BCe 0Opa30BaHHbIE 00J1ACTH rOMEOMOP(MHBI OTKPBITOMY JucKy. Ecyim Habop mces-
Joreojie3ndeckux Ha OyToLIKe KiteiiHa comepKuT X0Tst OBl OHY CaMOIEepeCceKarony-
10CsI, TO Bce 0Opa3oBaHHbIE 001aCTH TOMEOMOPGMHBI OTKPBHITOMY AUCKY. Eciu Habop
[ceBIoreoie3ndecknx ua Oyroiike Kieitna cogepKuT aBe MmceBIoreo1e3ndecKue, 3
KOTOPBIX HU OJHA HE TOMOTOITHA HEKOTOPOIl CTeleHu Apyroif, To Bce 00pa30BaHHBIE
obJtactu roMeoMOp(HBI OTKPBLITOMY JIUCKY.

e Eciu Bce obJiacTu Topa mim OyThlIKN Kiteitna, oOpa3oBaHHbie HAOOPOM TICEBIOT€0-
JIE3UIECKUX, TOMEOMOP(HBI IUCKY, TO YUCI0 00JIACTel PABHO

> (i -1t
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JlokazarenbcTBa TeopeM 3.2, 3.3 mepeHocsaTcs 6e3 M3MeHeHHil Ha pas3OueHus HabOpaMu
MICeBIOT€0Ie3NIECKIX, IPUIEM BMECTO JIeMM HCIOIb3YIOTCI X aHAJOTU s IICEeBIOTe0-
JIe3UYeCKUX. ]

3ameuanue 3.2. Eciiu B onpejie/ieHUN 1ICEBJIOT€0/I3MYECKUX Pa3PEHIUTh UM HPEJICTaB-
JIITH BCEe HETPUBUAJIbHbIE TOMOTOIMYECKHUE KJIACCHI, TO MHOYKECTBO YKce I 00/1acTeil MOXKeT
n3MenuThest. Hanpumep, kpusas kiaacca (0,0) va Tope umeer [ — 1 Touky camonepeceve-
HHUS.

3.4 Pa30uenus reTpa’dapoB HabOpaMu 3aMKHY THIX I'€0Ie3MIeCKIX

[eomesnyeckumMu Ha TeTpasdpe HA3LIBAIOTCS JIOKAJIHHO KpaTdaifiime KyCOudHO-TJIaJKne
KpuBble. ['eojie3ndeckue cyTh JIOMaHbIe ¢ y3/JaMu Ha pebpax TeTpasd/ipa W 3BEHbSIMH Ha
€ro TpaHsgX, TaK#ue, ITO
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® CoceJIHMe 3BEHbd JIeyKAaT Ha PA3HBIX I'DAHAX,
® JIOMaHble COCTOAT He MeHee 4eM U3 YeTbIpeX 3BeHbEB,

® yIUIbI MeXKJy peOpoM TeTpasd/ipa M COCETHUMH 3BEHbAMH T'eOJe3WYecKOil ¢ oOImei
BEepPIIMUHON Ha 3TOM pedpe paBHBI;

® JIOMaHble He MPOXOAAT Yepe3 BEePIIUHBI TeTPa’dpa.

Onpenenenune 3.5. Tempaadp T, 6 mpexmeprom e8KAUAOBOM NPOCMPAHCMEE HA3VIB-
EMCA PABHOPAHHIM, ECAU €20 2PAHU CYMD PAEHBLE MPEY20ALHUKY.

3aMKHYTHIE Teoje3nmdeckne 6e3 camornepecedennii OyjgeM Ha3bIBaTh MPOCTHIMUA. Ha
PABHOI'PAHHBIX TETPadpaxX BCE 3aMKHYTHIE 'e0/Ie3UUeCKHe MPOCThIe U JIET'KO OIMHChIBAIOT-
s € TIOMOIIBIO JIBYJIICTHOTO PA3BETBJIEHHOTO HAKPBITUSI PABHOTPAHHOT'O T€TPasdipa TOPOM
C IJIOCKON MeTPUKON (TOYKM BETBJIEHUS HAaJl BEPIIMHAMU TeTpasd/pa). B srom naparpa-
de Ha NpPOM3BOJBHBIX TeTpadpax OyJleM paccMaTPUBaATh TOJbKO IIPOCTHIE 3aMKHYTHIE
reo/Ie3nIeCcKue.

s rerpasapa T wepes F(T,n) 0603Ha9MM MHOZKECTBO BCEX BO3MOXKHBIX UHCE]T KOM-
IOHEHT CBS3HOCTH JOMOJTHEeHH K 00beTMHEHUSIM 1 PA3TUIHBIX 3aMKHYTHIX IPOCTHIX I'€0-
nesudeckux. A.T. Pomenko mocraBui 3agady — Haiitn muoxkectBa F(T,n). B.FO. IIpo-
TacoB BoLaBuHya runoredy, uro F(T,n) C F(T,,n) na ocuoBanuu csoeii Teopembt [5] o
TOM, 4TO JII00as MPOCTas reo/ie3ndeckast Ha MPOU3BOJIHLHOM TeTPa’yjipe peaan3yercs KOM-
OMHATOPHO SKBUBAJIEHTHON €ii IPOCTOil I'e01e3nvYecKOoil Ha IMPaBUILHOM TeTpasdape. Mol
Haiigem muoxkecta F(T,,n), a 3aTeM OPeJIOKUAM MOAXO/ K JOKA3ATETHCTBY TUIIOTE3bI
B.1O. IIporacosa.

Pa36uenus paBHOIrpaHHBIX TETPA’IAPOB 3aMKHYTBIMH TI'€01€3MIE€CKUMM

3ameuanue 3.3. ['paHgaMu paBHOTPAHHOIO TETpPa’dapa MOTLYT CAY:KHUTDH JIFOObIE OCTPO-
YI'OJIbHBIE TPEYTrOJbHUKHU, JJId 3TOrO JIOCTATOYHO COrHYThb OCTPOYI'OJIbHBIA TPEeyroJbHUK
BJOJIb €r0 CPeJIHUX JIMHAMN.

SIBHOE omucaHme 3aMKHYTBHIX Ie0JIe3NIeCKUX HAa PABHOIPAHHOM TETpasdjipe JaiuM B
oboznavenusx B.FO. [Tporacosa u3 [5]. Bo3bMeMm npou3BoIbHBI pABHOIDAHHBII TETPA3IP
ABC'D u pa3BepHeM ero rpanu Ha mi10ckKocTb A BC', MOTyIuTCcs TpeyroJbHUK ¢ BePIIHHA-
mu D1 Dy D3, ITpomomKast pa3BopaunBaTh Ha II0CKOCTh A BC rpann TeTpasapa, oIy duM
3aMOIIEHIE TLIOCKOCTH OJIMHAKOBBIMU TPEYroJibHUKaMu. KazK 10# TOUKe MI0CKOCTH COOT-
BETCTBYET OJIHA TOYKA HA Te€TPad/pe, T.€. 3aMOIIEHNe He 3aBUCUT OT TIOPs/IKa Pa3BEPTOK.
[Toy1aem pa3BeTBIeHHOE HAKPBITHE TETPAdIPa IJIOCKOCTHIO, C TOYKAMU BETBJICHHSA HA/T
ero pepimmHaMmu. Beegem koopaunaarsl Ha maockocTu ABC, tak uro Beprmuabl A, B u C
mmesn 661 koopauuatsr (0,0),(3,0) u (0,3) coorBercrsenno. Hamomumu, |ro reoxesn-
yecKas He MMPOXOJMT 4Yepe3 BePIIMHBI TeTpasd/pa U B TOYKAX HepecedeHusi pebep yribl,
“Hakpect’ JiezKalllye Ha pa3HbIX rpaHsdX, paBubl. [loaToMy mnojHsATHE 3aMKHYTON Teo/ie-
3MYECKOll Ha TeTpasdjpe Ha IJIOCKOCTh eCTh NpsiMas, napaJjueibias sekropy (k1) ais
HEKOTOPBIX B3aMMHO IIPOCTHIX MEJbIX dncea k u [. 3aMKHyTBIe Teo/ie3udecKne Ha3biBa-
0TCS U30MOPPHOLLMU, €CTH OHHU TepeceKaloT ogau u Te ke rpann ABC'D B ogmHAKOBOM
nopsizke. [TapasuiesbHOCTh HAKPHIBAIOIIMX IPSIMBIX paBHOCUHIbHA (CM. |5]) nzomopduszmy
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3aMKHYTBIX Teojie3ndeckux. MTak, KaxK oMy KJIaccy B30MOPMHBIX 3aMKHY THIX T'€0/1e3UIe-
CKUX CTABUTCS B COOTBETCTBHE MAPa IEJIbIX B3aUMHO IPocThiX unce (k, ), onpejeennas
OJIHO3HAYHO € TOYHOCTHIO JI0 3HaKa (Mpu (GDUKCHPOBAHHON CHCTEMe KOODANHAT MJIOCKOCTH
U HyMepaluu BepiiuH TeTpadapa). [eonesnveckas tuna (k, 1) mepecekaer KazK Iyl IPaHb
TeTpasapa 1o k + [ orpeskam. Pebpa Terpasapa pa3dUBaOTCI HA TPU HAPBI IIPOTUBOIO-
JIOZKHBIX, Teoje3ndeckas tuna (k, 1) umeer 10 k41 y3/10B Ha KaxK10M pebpe OpHOi napsl,
1o k y3/10B Ha KaKJ0M pedpe BTOPOii mapwl u 10 [ y3JI0B HA KayKI0M pedpe ocTaBiieiics
Hapehl.

Jlemma 3.7. /lse sammnymole 2eodesuueckue ¢ coomeememeyrouumy napamu (a,b) u
(¢,d) nepecexaromes 6 2|lad — be| moukax mempasdpa.

Jlokasameavemso. Joctpoum tpeyronbauk Dy Dy D3 (cM. obo3HaveHus BHIINE) 10 Ta-
pastesorpamyma Dy Dy D3 Dy (mopsimok 06xoma Bepiua 1234). OTOXKIECTBHB CTOPOHBI
DDy ~ DyD3 u DDy ~ DyDs, moaydum TOp, ABYJIUCTHO HAKPBIBAIONINNA TeTpasIp
ABCD. Ilpu 5T0M BepIIHHAM TETPa’d/[pa COOTBETCTBYIOT TOYKH BETBJEHHs (BTOPOIO 10~
psizika). Tak Kak reoje3nmdeckasi He MPOXOAUT Yepe3 BEPIIUHBI TeTPAd/pa, TO ee MOIHS-
THe Ha TOP €CTh JIBe 3aMKHYThIe reoje3mdeckne Ha Tope. Vcmomn3yem jemmy 3.3: 1Be
3aMKHYTBIE Te0/Ie3NYeCcKie Ha IJIOCKOM TOpPe ¢ COOTBeTCTByomuMu napavu (a,b) u (¢, d)
nepecekatoTcst B |ad — be| Toukax ropa. CiiegoBaTeIbHO, HA HAKPHIBAOIIEM TOPE HMe-
em 4|ad — be| Touek nepeceuenuss nopHATHIX reoge3udeckux. OCTajioCh 3aMETHTD, YTO
B KaK/YI0 TOYKY IePeCcedeHusl re0e3nvIeCKuX Ha TeTpadjipe MPOernupyoTcs B TOUYKA
nepeceveHusl MOTHATHIX Te0e3MIeCKUX Ha, TOPE. 0

Obo3HaunM 4depe3 f 9mC/I0 KOMIIOHEHT CBA3HOCTH JOMOJTHEHHS K O0beINHEHUIO Ieo-
Je3ndecKuX (sl KaxK0ro Habopa mosrydaercs coe 4ucyo f). KOMIOHEHTHI CBI3HOCTH
JIOLOJIHEeHHsT K O0'beJIMHEHUIO reojie3udeckux Habopa Oyjem HasbiBaTb obaacmamu (Xo-
TSI OHHM He Beerja roMeoMopdHbl OTKPbITOMY aucKy). OGo3HAYNM Hepe3 t; Ynucjo TOYeK
TeTpas/ipa, MPUHAIEKAIIUX POBHO ¢ T'e0Je3NIeCKuM Habopa i 1 > 2.

Jlemma 3.8. Ecau ne 6ce samknymoie zeodesuveckue Habopa u3omophrol, mo

f=24) (-1

i>2
u 8CE 00AGCMU 20MEOMOPPHHBL OMEPLIMOMY QUCKY.

Jokxazamenavcmeo. JlokazkeMm cHavasa, 9To Bce 00JIacTH CYyTh AUCKH. [Ipeamooxkum, 9To
HECKOJIbKO 3aMKHYTBIX I'€0e3M9eCKUX JeJIST TeTPad/Ip Ha 001acTu, roMeoMopdHbIe Iuc-
Ky. JlobaBum K HAOOpY elie OAHY 3aMKHYTYIO T'€0/Ie3MYeCKyI0, UMEOILYI0 XOTsI ObI OJIHY
TOYKY TiepecedeHus ¢ npeabiayimuMu. JlobaBiennast reojie3ndeckast nmepecekaer JIrodyio
obacTb Terpasipa (00pa30BAHHYIO TPEIBIIYIIIUME TeOIe3UIeCKUME) 110 He3aMKHYTOI
MPOCTOI JIOMaHO#l M, CJaeJ0BAaTENbHO, JEIUT 3TY 00JAaCTh Ha JBe MOJ00JaCTH, TOMEO-
Mopdubie jgucky. [Tosromy Bce obsiactu Terpasjpa, oOpa3oBaHHbIEe HOBBIM HADOPOM, I10-
npexkaemy OyayT romeoMopdHbl AucKy. OcTaaoch NPABUIBHO YIOPSI0YUTH J00aBIIEHIE
reojie3nydeckux. llepBasi BhIOMpaeTcs MPOU3BOJILHBIM 00pa30M, BTOpasi BhIOMpaeTcs: He
n30MOp(MHOI IIepBOii, OCTAIbHBIE BEIOUPAIOTCS IPOU3BOJILHBIM 00pPa30M.

Tenepnb paccMoTpuM rpad, BEpIIHHBI KOTOPOTO — TOYKH IME€pPecedeHns IeoIe3nIeCKuX
Habopa, pebpa — OTPE3KHU I'e0e3nYeCKuX, He COoJleprKalliie OTJUYHBIX OT CBOUX KOHIIOB
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sepumn rpada. Jucao Bepmun u pebep rpada pasubl Y L; m Y il; COOTBETCTBEHHO,
oTkyaa mo dpopmyne Jitaepa At CBA3HBIX rpadOB HAXOIUM YUCI0 001aCTeil. O

Jlemma 3.9. Muootcecmseo mouex nepeceuenuss mper nonapro HeudomMophHuLL 3a.MKHY-
ML 200€3UMECKUT COCMOU, HE MeHee Yem u3 mpexr moyek. Jlobas 3amknymas zeode-
auueckaa nepecekaem obsedurenue 08Yxr He u3oMopPhHoir el 2eodesuneckur no Kpalned
Mepe 8 MPer MOYKAL.

Jloxazameavemeo. JloKazkeM mepBoe yTBepzKaeHue. PaccMOTPIM IIOJIHBIE TPOOGPA3HI STHX
TPeX IeoJIe3NYeCKuX Ha ILIOCKOCTH, PA3BETBJIEHHO HAKDBIBAIOMIE TeTpasap (CM. BbIIIe
noapobuoctn). Ilomyanm Tpu cemeiicTBa MAPALIETBHBIX NPAMBIX, IEIANAX MI0CKOCTh
Ha MHOI'OYI'OJIbHUKH. Cpe,ZLI/I 9TUX MHOI'OYTI'OJIbHUKOB 6y,ZLeT TpeyroJibHuK (BO3bMeM CHa-~
4JaJjia KakKoi-HuOY/[b TPEYroJIbHUK, 0OPA30BAHHBIN MPAMBIMEA PA3/JIUYHBIX CEMEUCTB, €C/In
€ro MepeceKkaioT HAKPHIBAIOIINE TPSIMbIE, TO BRIOEpEM B HEM MEHBITH TPEYTOJIbHUK U T./I.,
npornecc Oygaer Koneden). VTak, HaiijeH TPEYroJbHUK CO CTOPOHAME HA HAKDBIBAIOIIAX
reoJie3sMuecKue MpsIMBIX, TAKOH YTO BHYTPH HEr0 He COJCPIKUTCH TOYEK HAKPBIBAIOIINX
HpsMbIX. Ero BepliMHbl POECHUPYIOTCH B pa3/IMuHble TOYKU TeTPad/ipa — TOUYKHU lepece-
YEeHHU A UCXOAHBIX I'€eOAe3NIeCKNX, KOTOPbIX IMO9TOMY HE€ MEHBbIIEe TpeEX.

Ecim 6Bl 3aMKHyTasl reojie3ndeckad nepecekasa o0beJuHeHne JIBYX Hen30MOP(HBIX
eil reoe3nYecKuX B JABYX TOYKAX, TO STH TOYKU ObLIA Obl €IMHCTBEHHLIMH TOYKAMHE
HONAPHLIX Iepecedenuii. ITo HEBO3MOXKHO, T.K. TAKHX TOYEK He MEHbLIIe Tpex.

OrmeruM, 9TO MHOYXKECTBO TOYEK IOMAPHBIX HepecedeHnit Tpex Hem30MOpP(HBIX 3a-
MKHYTbBIX I'€OJEe3UYECCKUX HE MOZKET COCTOATH U3 TPpeX TOYEK, U IMO3TOMY COCTOUT M3 HE
MeHee YeM 4YeTbipex Toudek. lIpumep jijisi d9eThipex TOYeK MOYKHO IOJIYUYUTh, B3SIB TPHU
YETBIPEX3BEHHBIE 3AMKHYTBIE Ie€0JIe3UUECKUe, MPOXOJIMAIINe Yepe3 OJHY TOUYKY (3BeHbs
KazKJI0fl 9eTHLIPeX3BeHHO Teoe3UIecKoil mapa/ie/ bl Hape IPOTHBONOIOKHBIX pebep
TeTpasIpa). O

JIemma 3.10. /[as a060t napv. yeawx wucea (n, k) npun = 3 u k > 0 cywecmeyem
HAOOP U3 N 3AMKHYMDBLE 2€00€3UMECKUT Ha mempaadpe, das komopozo f = 4n — 6 + k.

Jlokasamenvcmeo. Bo3bMeM 3aMKHYTYIO Te0Ie3MUeCKy 0 Tuna (1, a), reoie3nveckyo Tu-
ua (1,0) u n—2 3amknyThIX reojgesnueckux Tuna (0, 1), 4uc/10 @ — nesoe u HeoTpULATE Ib-
Hoe. Ecimm a = 0, To nosiyuum 4n — 6 obsaacreit rerpaspa. Eciau a > 0 u reojesnyeckue
tuna (0, 1) He TPOXOAAT Yepe3 TOUYKH Tepecedenus reogesnveckux tuna (1,a) n (1,0), To
nosnyunrcsa [ = 4n — 6 + 2a obnacreit. Ecm a > 0 u poBHO ojHA Teoje3ndecKasi THIIA
(0,1) mpoxoauTr vepe3 OJHY TOUKY Ilepecedenus reojesudeckux tuna (1,a) u (1,0), To
nonyuurcs f = 4n — 7+ 2a obsacteii. O

Jlemma 3.11. Ecau 6 nabope Hem udomopdrus 2eodesuveckux, mo f = 4n — 6 npu
n > 3.

Jokazamenvcmeo. Ecau mo0bie 1Be 3aMKHYTHIE I'eojie3ndeckne Habopa mepecekaroTcs He
MeHee 4eM B 4eThIPeX TOYKaX, TO 10 jieMMe 3.8 1oy daeM, 4To Yuc/10 00J1acTei Terpa’ipa
He MeHblIire yeM 4n —2. Jlokazkem, 9T0 ecjii HEKOTOPbIE JIBE I'e0/Ie3nIecKre Yy, U Yo Habopa
ImepecekarTCd pOBHO B IBYX TOYKaX, TO TOTJa BCe OCTaJIbHbIEC 3aMKHYTbhIE€ Ie0Je3nIeCKue,
3a UCKJII0YEeHHEeM MOZKeT ObITh JIBYX, IIepeceKaioT oobeinHenue vy, Uy, 1o KpaiiHeil Mepe B
JeThIpex TOYKaX. PaccMOTpUM ABYIHCTHOE pa3BeTBIEHHOE HAKPBITHE TETPadIpa TOPOM
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1 IOAHUMEM 3aMKHYTbIE I'€O/Je3UNICCKUEe Ha TeTpadape A0 3aMKHYTBIX I'€OA€3NnYCCKUX Ha
Tope (¢ mockoii Merpukoii). Torma ¢Bsi3HBIE KOMIIOHEHTHI Y1 U Yo MOJHSITHSI N€Oe3ute-
CKUX 71 U Yo TIEPECEKAIOTCs Ha TOPEe B OJHOI TOYKE W MOITOMY MOTYT OBITH BHIODAHBI B
kauecte Oasmca (1,0) u (0,1) (o6pasyromux ¢yHIaMeHTaTbHON TPYIIBI TOpa). 3aMKHY-
Tag Teojie3nyueckas Tuna (&,y) Ha TOpe MepeceKaeT O0beUHEHHe TeO/Ie3NUeCKUX THUTIA
(1,0) u (0,1) e menee yem B |z| + |y| — 1 roukax (cm. semmy 3.3). Ocranoch 3ameTursb,
aro |x| + |y| — 1 = 2 ans Bcex ynmopsijioUeHHBIX nap eJIbX 9uces (1, y), OnpeeJeHHbIX
¢ TOYHOCTHIO 110 3HaKa, kpome map (0,1), (1,0), (1,1) u (1,-1). CremoBarennto, nobast
3aMKHyTas Teojle3udecKas 7 Ha Tope, He HMeoInas THX YeTbIpeX THUIIOB B 6asuce 7, H
o, mepecekaer y; U Yo X0Td ObI B ABYX TOYKAX. A 3HAYHUT, €€ IMPOEKIUs Ha TEeTPAdIP —
3aMKHYyTasd reoje3udeckad 7y uepecexkaer 7y; U yo 10 KpaliHeil mepe B 4eTblpeX TOYKaXx,
IIOCKOJIbKY IIOAHATHUE 7Y Ha TOP COCTOUT U3 ABYX 3aMKHYTbLIX I'€OAE3NICCKUX A’YJ, KazK/J1a4d
N3 KOTOPBIX COACPZKUT XOTA 6BI AB€ COOTBETCTBYIOIINE TOYKHU IEepeCcedeHUd.

Urak, Kazkjiasg 3aMKHyTas reojesndeckas Habopa, KPOMe 7yi, Yo U elle MOMKET ObIThb
JIBYX (73 M 7Y4), mepecekaer o0bequHenne 7y, U yo MO KpaifHeil Mepe B 4eThIpeX TOUYKAX.
A kaxkjasi U3 BO3MOXKHO CYIIECTBYIOIIUX 73 U Y4 Hepecekaer obbegauuenue y; U ye 1O
KpaiiHeil Mepe B Tpex Toukax 1o jemme 3.9. [eojesuueckue 7y, vy Jejast rerpadap Ha 4
qacru. [Jobasiisist reojie3uueckue y3, Y4 U OCTAIbHBIE I'e0/le3nuecKie Habopa Mo OYepe/i,
nosyaaeMm [ = 4n — 6 mo jgemme 3.8. O

Teopema 3.5. /[aa npouseosvrozo pasrozparrozo mempasdpa T, u wabopos uz n pas-
AUNHBLE 3AMEHYMOLE 2€00€3UMECKUT HA HEM MHONCECMBO BCET BO3ZMONCHBLT YUCEN CBA3-
HOLL KOMNOHEHM JONOAHEHUSA UMEEM 6UJD

F(T,,n)={n+1,2n}U{meN | m > 4n — 6}

orsn = 3,
F(T.,1)={1},  F(T.,2) ={3,4,6,8,10,...}

Jokaszamenvcmeso. llpusemem npumepsbl HAGOPOB, PeATUIYIONIUX BCE BO3MOYKHBIE THCJIA
obsiacreii f. Habopbl u3 n u30MOP(MHbIX 3aMKHYTBIX I'€0JAe3u4ecKux obpasyor n + 1 0b-
JlacTh Ha Terpadjpe. Habop U3 n 4eTbipex3BEHHbIX I'€0/Ie3MYeCKUX, U3 KOTOPbIX POBHO
n — 1 usomopdHubl, gaer 2n obacteit Ha Terpasdape. Liasg n > 3 ocrasoch yaecTh JeMMy
3.10. g n = 2 Bo3bMeM 3aMKHYTYIO reojie3ndeckyo Tuma (1, a) u 3aMKHYTYIO Ieo/1e31-
veckylo Tumna (1,0), morxyuntesa 2a + 2 obractu aag jgoboro mesroro a > 0.

JlokazkeM, 9TO APYTHX YUCET 00JacTeil /I pABHOTPAHHOTO TeTPadIpa ObIThH He MO-
xet. Ecjiu n = 1 wim n = 2, 1o 310 ciaejyer u3s jiemm 3.7 u 3.8, a TakzKe U3 TOIO, YTO
3aMKHYTbBIe I'e€0J/Ie3UYeCcKre Ha PaBHOTPAHHOM TeTpajjpe He camornepecekaiorcs. [lycrb
n = 3, Torga 0003HAYNM Yepe3 1M MaKCUMATIbHOE YHCI0 W30MOPMHBIX (TapaiebHbIX )
3aMKHYTBIX reoje3ndeckux B Habope. Eciu m =n, to f = n+ 1. Ectu m =n — 1, 10
no aemmam 3.7 u 3.8 umeeMm f = 2 + 2(n — 1)k jy1st HEKOTOPOrO HATYPATBHOIO YUCTA K.
Ecimu 2 < m < n — 2, 1o no sjemmam 3.7 u 3.8 noayqaem f > 2+ 2m(n —m) = 4n — 6.
B ocrasmemcs ciydae m = 1 npumensiem jiemmy 3.11. U
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Pa30uennsa HepaBHOTPAHHBIX TETPAYJAPOB NPOCTHIMHU reoae3mdeckumu. [lycrs
T = ABCD — He paBHOI'pPaHHBIH TETPasdAp, HA KOTOPOM CYIIECTBYIOT 3aMKHYThIE Ieojle-
3uveckue Ge3 camornepecedenuii (JocTaTouHbIe YCIO0BHS CM. B [5]).

Teopema 3.6. B.1O. IIporacos, |5, 6]. (a) Jlwbas samknymasn npocmas 2eode3uueckas
Y HA NPOUEOALHOM MEMPas0pe coomeememesyem 3amxnymoti 2eodezuneckoti 3y Ha npa-
sUALHOM Mmempasdpe, nepecexaroweti pebpa 6 mot sce Nocaedo8aMesbHOCY (MexHcoy
BEPULUHAMYU MEMPAIOPOE 3aPAHEE YCNAHOBACHO COOMBEMCMEBUE).

(6) Cpedu scex: noseprrocmeli MPeTMepHvLET MHO202PAHHUKOS PAGHOZPAHHBLE TEMPa-
30pbl U MOALKO 0HU CO0EPAHCAM, BECKOREUHOE YUCAO HEUSOMOPPHOLL (NO3GEHHO HENAPAL-
NEALHBLT) 3AMKEHYMBLT NPOCMBLL 2€00€3UMECKUL.

Tunoresa 3.2. B.1O. IIporacos. Jlas muoocecnea F(T,n) wucea obaacmet pasbuenu
NPoOU3EOALH020 Mempasdpa T HaOOPAMU U3 T PASAUNHBLE NPOCTNBIT 3AMEHYMBLET 2€00e3U-
YECKUL UMEEM

F(T,n)C{n+1,2n}Uu{meN|m>4n — 6}

npun = 3,
F(T,2) {3} u{2m | m e N,m > 2},

NPUYEM KaAHCIOE U3 8KAMOUEHUT 00PAULLEMCA 6 PABEHCMEBO M020a U MOAbKO Mo2da, Koz20a
mempaadp T pasnoepannoili. Boaee mozo, dis nepasnozpanhvlr mempasdpos T mrootce-
cmea F(T,n) xoneunv, das 6CEx HAMYPANOHULT YUCEA .

BameruM, 4To KOHEUHOCTH MHOKeCTB F'(T', 1) j1/1s1 HEpaBHOIPAHHBIX TETPA3IPOB JIETKO
creqyeT u3 Teopembl 3.6. Hurke Mbl mpumBOIMM HeW, KOTOPBbIE, CKOpee BCEro, MOZKHO
JIOBECTHU JI0 JOKA3ATeTbCTBA TUTOTE3Bl B MOJOKHUTETHHOM CMBICTIE.

[Iyctb 71 u 772 — paz/imuHble 3aMKHYTbIE reojie3ndeckue Ha 1 6e3 camonepecedeHuii.
3ajla/uM Ha TeTpa’djipe OPUEHTAIUIO, B COOTBETCTBUU C KOTODPOil 06X0/bI pebep rpaHu
TeTpad/ipa MOXKHO OYJET pa3/ie/isiTh Ha MOJOKUTEJIbLHBIE U OTPUIATE/IHHBIE.

Onpegenenne 3.6. Hasosem nodzodsweti napy He3aMKEHYMBLE HECAMONEPECEKAIOULULCA
k—seenmnoir somanviz somanvix by C vy uly C va, ecau k = 2 u das eepwun Xq, ..., Xgiq
u Yy, ..., Y1 aomanoix i u ly coomeememeento 8uinoAHAIOMCA YCAOBUA:

e mouxu X; u Y; npunadaexncam o0HUM U mem dice pebpam mempasdpa 0i8 SCEL 1,
2de 2 <1 < k,

o mouku X; uY; aescam Ha pasnvlx pebpax mempasopa ora it =1 ui=k+1,

e Hanpasaenue obxoda pebep mempaadpa, codeporcawuxr mouku X1, Y1 u Xo, cosna-
daem ¢ nanpasaenuem 0bxoda pebep, codepocawyur mouku Xpi1, Y1 u Xk.

T'unmoresa 3.3. (a) Ecauly C v uly C 2 — nodzodawasn napa, mo somansve 11 u ly
NePecekamcs 6 eduncmeentot movke.

(6) Ecau P — mouka nepecenenus 3aMEHYMBLE NPOCMYLT 200€3UNMECKUT Y1 U Y2, MO
Hatidemesa nodxrodauwias napa ly C v1 u ls C v, makas, wmo P — mouka nepecevenus
Aomanvix 1y u ly.

(B) (ConegcrBue nepBbIX JBYX IYHKTOB THIOTE3bI). Hucao mouek nepecevenus 3a-
MEHYMBLT NPOCMBLT 2€00€3UMECKUL PABHO YUCAY NOOTOOAUUT NAD NOMAIHBLEL OAA HUL.
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(r) Ecau 3amMKERYMbLM NPOCBIM 2€00€3UNECKUM Y1 U Y2 Ha mempasdpe T coomsem-
cmeyom 2e00e3uneckue Y1 U Yo Ha NPABUALHOM MEMPaIIPe, Mo “UCA0 MOYer Nepeceye-
HUA 2€00€3UNECKUT Y1 U Yo PAGHO YUCAY TMOYEK NEPECEYEHUA 2€00€3UMECKUL V1 U V2.

[Iyuxkr (1) caeayer u3 (B), T.K. HOJXOJSIINNE TAPBI JJIsI PeOJE3UIECKUX Y1 U Yo B3AUMHO
OJIHO3HAYHO COOTBETCTBYIOT IapaM JIIf TeOJe3HUeCKuX Y; U Ya.

3.5 3aMKHYTBIE reojie3mvdeckrue Ha 3aMKHYThIX rurnepboJmiecKnx
MOBEPXHOCTAX

[Iycts M — cBa3nas riajikast IByMepHas 3aMKHYTas MOBEPXHOCTH 0€3 Kpas ¢ MEeTPUKOi
MMOCTOSTHHOW OTpUIATEIbHONW KpuBU3HbI. M romeomopdna chepe ¢ g = 2 pyykamMu uin
¢ k > 3 nucramu Mebuyca (o reop. laycca). HazoBem npocmoti 3aMKHYTYIO reojie3ude-
cKyIio 0e3 camornepecedenuii. KoMmoneHTsl cBI3HOCTHU JomOHeHHST B M K 00beTHHEHUIO
3aMKHYTBIX I'€0J/Ie3u4eCKrX Oy/ieM Ha3bIBATh 00J1aCTAMU, XOTs OHU MOL'YT ObITh HE FOMEO-

MOPQHBI JTUCKY.

Teopema 3.7. I[Tycmov M — cea3nas 3aMKHYMaGA 08YMEPHAA NOBEPTHOCTL C 2UNEPOONU-
weckol mempukot. Tozda cywecmeyom KoOHCMaHMbL C1, Co U C3, MAKUE YN0 OAA AI0OBLLT
08YT PABAUMHBLL 3aMKEHYMBLT 2eodesuneckur Y1 U Yo na M daunw Ty u T
(a)
mo(M\ {n Uneb)l < el NTe + (T + T3),

(6) ecau obe 2eode3uneckue He CaMONEPECERAOMEA, Mo
|To(M \ {71 Ue})| < esThTo.

Jlokasameavcmeso. (6) Ilycthb 1 1 2 mepecekaroTess B p Todkax u obpasyior f obracreit
na M ;. ['panumna J110060it 001aCTH COMEPIKUT OTPE30K KAKOW-TO Ieoae3ntdecKoil, mpuiem
KazKJIbIil OTPE30K CO/IePKUTCS B TPaHUIAX He OoJiee deM JByX obsacteil. [losromy umcso
obsacTeil f He MPEBOCXOIUT YABOEHHOTO YHCJIA OTPE3KOB U

f<4p upm p=>1 u f<4 mpu p=0. (3.1)

[Ipu p = 0 rpanumamu obyacteit OyayT camu reojgesmdeckue. OIMEeHUM Temepb UHUCJIO
P TOYEK IMEepPEeCeYeHrs JABYX IPOCTBIX 3aMKHYTBIX IeojesndecKux ¢ mHavu 17 u Th.
Jluckpernas rpynna G aBuzkeHnii miockoctu JIobaueBCKOTO MOPOK IeHA, CABUTAME BIOJIb
upsmbIxX B; B o, Ha paccrostuust p(B;, Bita,). O6passt muoroyrosasunka A Ay ... Ay, npn
neiicTBun rpynnbl G MOKPBIBAIOT BCIO ITOCKOCTH JIobadeBckoro. OBo3HAYNM MHOKECTBA
obpazos touex O u Ay, As, ..., Ay, npu geiicrBun rpynmst G gepe3 {O;, i =1,...,00} n
{A;, i=1,...,00} cOOTBETCTBEHHO.
st 6eCKOHEYHOI0 MHOZKEeCTBa

{0:JAii=1,... 00}

IIOCTPOUM 3aMKHYTBIe MHOTOYTOJIbHBIE sdeiiku Bopownoro. O6osmaunm uepes U; u V;
siueiiku, cogepzkanie touku O; u A; coorBercrBenHo. Jlokaxkem, 4rTo sdeiika TOUKM
O coBuajaer ¢ MHOrOyrojabHukoM By Bj ... By,. Paccmorpum rpeyrossuuk OA; B;. Tak
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kKak ZA,0B; = % = /B1A10, 10 orpe3sku OB; u A;B; cuMMeTpUYHBI OTHOCUTE b
HO CPeJMHHOIO nepreHankyispa k orpe3ky OA;. Ananornuno orpesku OBy, u A; By
CUMMETPHUYHBI OTHOCHTEIHHO CPEIWHHOTO TepreHanKyaspa K orpe3ky OA;. Craemona-
TeIbHO, B1 By, — cpeaunnblilt nepnenukyaap Kk OA,. Ananorunyso, npsmele B;_1 B; pas-
Hoydasensl oT Touek O u A; nna ¢ = 2,...,4g. [losromy Muoroyronsuux B1Bs ... By, —
910 siueiika Touku O.

3amernm, uro AOB 1By, = AAB1Bsy, u, ciegosarensno, Z0B1By, = 45°. To-
ria £B;_1B;Bix1 = 90° ana ¢ = 1,...4¢g. I3 pasencrsa tpeyronbuukos AOB1 By, u
AA BBy, cnenyer, uto adeiiku Touek O n A; cyTb paBHble 4¢-yIOTBHHKY, BCE YIJIBI
KOTOPBIX paBHbl 90°, a JUIMHBL BCeX CTOPOH paBHbl p(Bi, By). Takum obpasoMm, sueiika
U; roukn O; — 310 4g—yroJibHUK, CTOPOHBL KOTOPOI'0 TAKXKe sIBJILAIOTCA CTOPOHAMHU S4€eK
Viy ... Vi, Toaex Aj ..., Aj, I HEKOTOPBIX HHIEKCOB J1, . . . Jag. PaccMoTpum mpsvbie
l1 u ly na nockocru Jlobauesckoro, Takue 910 y; = @(ly) u y2 = @(lo). [psambiv [y u Iy
IOCTaBAM B COOTBETCTBHE JiBe OECKOHEYHBbIe B 00€ CTOPOHBI IIOCIEI0BATETHHOCTH A9I€eK
BopoHoro, ¢ KOTOpLIMI OHH HMEIOT OOIHe TOYKH, YUNTHIBAS CJEAYIOIee: eC/IU MPIMas
LPOXOJMUT Yepe3 BeplinHy () Kakoi-T0 g4eilKu, TO U3 YeThbipeX s4eeK, COAEPrKAIIUX TOY-
Ky (Q, B IOC/JI€JOBATEJILHOCTH BK/IIOYUM TPU AYE€HKH B TAKOM HOPsiaKe, 4T00bl gueiiku U
JepeJoBaINCh ¢ a4eiikamu Vj; a ecim mpamas TPOXoAuT 1o cropone sueex U; n Vj, To B
noc/ieoBareibHOCTL BKItounM U;. Torma moaydarcs jBe O€CKOHETHBIE IOCTIET0BATE/b-
nocru II; u Il, B Koropeix adeiiku U; depenytorcd c dueiikamu V.

BuiGepem orpeskn [X;Xo| u [Y1Ys] Ha npsvbix Iy u ly gmunoit 71 u Ty cOOTBETCTBEH-
HO, TaK 4ToObl TOuKM X; W Y; npuHajjexkaan sdeiikam U;, un Uiﬁ. Tak kKak JIIAHbI
reo/ie3udecKnx pasHbl jmmHaM oTpe3koB [X;Xs] u [Y1Ys], o Touku ¢(X;) = ¢(X2) n
oY1) = ¢(Ys). osromy Touku Xy n Yy npunasexar staeiikam Uy, u U, 1y1st HEeKoOTO-
PBIX HHJIEKCOB 4 U i.. [lepecedenne orpeska [X;Xs] ¢ mpon3BosbHOl stueiikoii Boponoro
€CTb WK OTPEe30K, WU TOYKA, WJIH IMyCTOoe MHOKeCTBO. ODO3HAYNM HEIyCThIe Iepecede-

uus orpeska [ X Xo] ¢ aueiikamun U;, € 11} wepes [Eop_1 Eox] st k= 1,..., K B nopsijike
ceoBanus sueek B 11y, Anajormano, 06003HaIMM HEMyCThie nepecedenus orpeska [Y;Ys]
¢ staeiikamu Uj, € 1y wepes [Fy_1Fy| ams | = 1,...,\ B HOpsiJKe CJIeIOBAHUS STICEK B

II. B cuny Boibopa Touek X, Xo, Y1, Yo umeem
E1:X17 Flz}/la EZKZX% FZ/\:}/Q-

OmnenuMm uncna £ u A depe3 11 u T5. dueiika Boponoro U; umeer mo ommoil obImeit
rouke ¢ 4g stueiikavu Uy nipu s # 1. Paccemorpum

r; = min (p(ZhZQ) | ZveUs, Zs € Uj, Uz‘mUj - ®>
J

MHUHUMAaJIbHOE paccrognue or gdeiiku U; 10 Tex gueek Uj, ¢ koropbimu gueiika U; He
nmeet o0mux To4Yek. Tak kak rpynna G cocrout u3 uzomerpuii miockoctu JlobadeBckoro,
TO YHCJIO T; HE 3aBHCHT OT i, T.e. T = r; — KOHCTaHTa (npu (BDUKCHPOBAHHOM YHCJIE §).
PaccMorpuM Tpu oTpeska (BO3MOZKHO, BBIPOZKIAMOIINECS B TOYKH )

[Eok—1Eo]) C Uiy, [Eokg1FEont2) C Ui i1 [Eokt3FEoria) C Uiy io

npunajyieskamue orpesky [X;Xo|. IIpeamonoxum, uro sueiiku U;, u U;, ,, nmeor 06-

HIYI0 TOYKY. D10 o3Hauaer, yro siueiiku U;, u U;

k+2

rio Haxomarca B 4g—yronbuukax Dy u
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Dy, nmeronux o0I1yI0 CTOPOHY H II0JIyYeHHbIX U3 HCXOAHOIO 4g-yrosnbuuka AjAs ... Ay,
HEKOTOpBIME JABHzKeHusiMu u3 Tpynibl G. Torga n otpe3ok [Fay 1 Foyy 4] HAXOMUTCS B 00H-
equnennn Dy | Do. CrieioBaresibio, 0Tpe3oK |Eogi1 Eog 2] HAXOANTCST BO BHYTPEHHOCTH
obwenuuenust Dy | Dy. Opuako BayTpennocts obbeuuenust Dy | Dy umeer o6imue To4-
K ¢ sgueiikamu U; TOTBKO HpU § = iy U © = iky9, YTO IMPOTUBOPEUUT TOMY, UTO OTPE30K
[Eops1FEory2] C Uy, Urak, siueiiku U;, u U;, ,, He uMe0T 00X TOYEK, CJIEI0BATEIBHO
p(Eok, Eoxy3) > r 1o onpenenennto uucaa r. [osromy p(Eog_1, Bori3) > 7, T.e. cymma
JUTHH JIBYX COCEIHUX OTPE3KOB |Foy_1 Fopl; [Faog i1 Fogre] n aByx unrepBanos (FogFogi1);
(Eogr2Eok13) He Menbmte 1. OTCI0a CJI€IYeT, 4TO
K < 2—T1 + 2.
r

Anajiorudso Jjist Y, umeeM A < @ + 2.

Tenepb OLEHUM YHC/I0 TOUEK HEpecedeHns 1 U Y. KarKjaas To4Ka nepecedeHus Ha-
XOIUTCS MJIA HA NaPe OTPE3KOB

[EgkflEQk] n [Fgllegl] JJIA k= 1,...,/ﬁ}; = 1,...,)\,
1IN Ha IIape HHTEepBaJIOB
(EQkE2k+1) n (FQZFQZ_H) JJIA k= 1,...,:‘%— 1; = 1,...,)\—1.

Orpesku [Eo,_1FEo] n [Fy_1Fy| naxopsites B stueiikax U, u Uj, nosromy ¢-o06passi
0TPe3KOB [Eop_1 Eox] m [Fy_1 Fy| umetor me Gosee aByx obmmx Tovek. /Ipe obmme To4-
KU BO3MOYKHBI, HAIPUMED, KOTJIa OTPe3Ku |Foy_1 Fox] u [Fy_1 Fy| mepecekatoTcst BHYTpH
gaeliku, comepzkaeil Touky O, H, KpoMe TOro, BBIIOMHACTCS Fop = Byy1, Fy = By. To-
riaa ¢(Far) = ¢(Fy). Ananornano, ¢-o6passt uarepBasos (FaopFog 1) u (Fy Fyy 1) nveror
He Oosiee oxHOI 00mIeit Touku. CremoBaTebHO,

12
p26A+(k—1(A=1) <3rA < — (Th +7)(T2 +7).
T
O6o3HaynM 4Yepe3 ¢ MUHUMYM JIJTHH ITPOCTBIX 3aMKHYTBIX reojie3ndeckux Ha M, 92. Torna

Ti—i—'rg(l—i—%)Ti g i=1,2,

U TO9TOMY
12 T\ 2
p < ) <1 + —> T1T2.
T t

YanreiBast (3.1) u 36 (% + %)QTng >36>4> f ana p =0, nonygaem
11\’
f<36 (— n —> T\Ts.
t

2
Nrak, xoucranta ¢ = 36 (% + %) VJIOBJIETBOPSIET YCJIOBHIO MYHKTa (6) TEOPEMBI.

(a) Amasornuno nyskry (6).
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Teopema 3.8. Cywecmsyem ceasnasn dsymepras 3amrrnymasn noseprrocms M poda g =
2 ¢ eunepboruneckoli mempurol, i KOMOPOU BLINOAHAECMNCA KAHCIOE U3 CAEIYIOULUL
ymeepotcoenul.

(a) dan awbozo wucaa T > 0 natdymes dee npocmuvie samrHymoe 2eodesuueckue c
dnunamu Ty > T u Ty > T, obpasyrousue odny obaacmo na M.

(6) Cywecmsyem koucmanma co > 0, makas wmo das 4106020 wucaa T > 0 natidymes
dae pasauvnovie npocmouie 3amrnymoie 2eodesuneckue wa M ¢ daunamu Ty > T u Ty > T,
obpasyrousue He menee wem coTyTy obaracmeti na M.

(8) Jlas a106020 wamypaavrozo wucaa fcywecmeyem 3aMEHYMaAA 2€00e3unMeckas,
obpasyrowas [ obaracmeti wa M.

Jokxazamenavcmeo. PaccMOTpuM 3aMKHYTYI0 PUMAHOBY IIOBEPXHOCTH M, ; poia g = 2cru-
1epbOIMIEeCcKOit MEeTPUKOii cJreaytonero Buga. OToXKIeCTBUM MTPOTHBOIIOJIOKHBIE CTOPO-
HBI Y 4g-yroJIbHIKA Ha TJI0CKOCTH JI00ad1eBCKOTO ¢ paBHBIMKI CTOPOHAMU U C YTIJIAMHU, PaB-
HBIMU 2”—9. [Ipu oTOoXK IECTBICHUH IOy daeTcsd MHOrooOpasue, romeomopduoe M, g2. O6o3Ha-
YHM BepIINHBI MHOTOYTOIBHUKA depe3 A, Ay, ..., Ayy. PaccMoTpuM AuCKpeTHYIO TPYHITY
G nBmxennit maockocTn JlobageBckoro L2, mzomopdryio dbyHIaMeHTaTbHOI rpymme M 92
U HOPOXKJIEHHYIO CABUTAMHU ILIOCKOCTH L2 BJ0AbL 2 NPAMBIX, IPOXOALIINX depes3 cepe-
JIMHBI IPOTUBOHOJIOKHBIX CTOPOH MHOrOyrosibHuUKa A As ... Ayy, HA paccTOSIHUE MeZKLy
srumu cepeanaavu. Tak kak jeiicteue rpynnsl G Ha miockocTn JlobavueBCKOro He mve-
eT HeIOJBHKHBIX ToueK, To dgaxToprpocrpanctso L?/G ~ M, 92 HAJIe/IIeTCI CTPYKTY POl
IJIJIKOIO0 MHOTOOOPA3Hs C UHAYIHPOBAHHON MEeTPUKOil TOCTOSIHHON OTpHIIATETbHON KPH-
susubl. O6o3Haunm vepes ¢ : L2 — M 92 cooTBeTCTBYIONIEe oToOpazkenue (pakropuszaiuu
(¢ — yHuBepCaIbHOE HAKPHITHE).

[Tnockocts JloGadesckoro L? nmokpeiBaercs obpazaMu MHOTOyrobauKa Aj . .. Ay, npu
neifcTBUN AUCKpeTHoil rpynnel apuzkennii G. O6o3nauny gepes S C L2 MHOKeCTBO 00pa-
30B BepIINH MHOrOyroabHHKa A ... A4y, cepenun ero cropon u nenrpa O npu JeiicTBUH

rpyuibl G.

Ob6oznaunm 4epe3 B; cepeaunnl cropon A;A; 11 MuHOrOyrospuuka Aj ... Ay mist ¢ =
1,...,4g. Yepes p(X,Y) o6o3nauum paccrosiaue Mexky Toukamu X u Y Ha IJIOCKOCTH
JlobaueBcKoro.

(a) B kauecTBe 1 BO3bMEM 3aMKHYTYIO Te0JIE3NUECKYI0, COCTOAIILY 0 U3 k+ 1 OTpe3KoB:
142 1 A2 1 42 1 2
A1A17 A2A27 A3A3’ Tt 7Ak+1Ak+17

rne A} = Ay, A7, = Asgp1, a Toukn A7 n A} pacnonoxenst Ha cTopoHaxX AsgAsg iy u
Ay Ayy muoroyronbrauka Aj ... Ay, coorBercrBenHo, npuuem rouku A? n A}, | oupeessor
OJIHY TOYKY Ha cdepe ¢ pydKamu ]\4g2 npu i = 1,... k, cm. puc. 6.

B xadectBe 7, BO3bMEM aHAJOTHIHYIO 3AMKHYTYIO M€OI€3UIECKYI0, COCTOSINYIO n3 k

orpeskos BI B2, i=1,...,k BospmeM k > 1~ 1€ ppin — 9T0 MHHAMAIBHOE PACCTOsI-

min

HHEe MexKIy ToukaMmu oTpe3koB Aj Ay, m AsgAsgii. Torma namHBl reomesmuecKux v, I Yo

OyyT Gosibiie 1.

3aMKHYTYIO Te0Ie3U9eCKyI0 Yo MOZXKHO TOJIYIUTh U3 Y cjeayomumM obpazom. Bosb-
mem k orpeskos A}A? i = 1,...,k u maunem ux "mosopaunsaTh'"Ha Masble YLJIbl U
"cmemars" Ha Masble paccTOfHHS, Tak 9To0b Touku A7 m Al onpemensim Obl OHY
TOUYKY Ha cdepe ¢ pyukamu npu ¢ = 1,..., k — 1. Toukn Af. OyIyT mepeMeniaTbcda Mo OT-
pe3kam A?A?H, npuveM HepBoil TOYKON u3 A?, j=1,...,k, KOTOpas JIOCTUT'HET TOYKH

48



7 - ~ N
s
y A, mea Ag N .
/ \
I A, As \
: |
| I
\ /
A
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\ /
N N A A} B A] Ag P 4
~N e
~ -

Puc. 6: g=2, k=2

A2, Gyzer Touka Af. CreoBaTebHO, IPH TAKOM IIpeobpasoBanmn ¢ oTpeskn A;A%, j =

1,...,k ofpasylor 3aMKHYTYIO '€0JIe3U4ecKyIo Yo, upuiem B? = p(A?) € (A?A7, ) upu
i=1,....,k—1u B = p(A?). Tak kax Touku B? naxoaarcs cTporo Mezx iy Toakamu A?
wAZ  upni=1,...,k—1, ro nareppans A}A? u B;BJQ» HE TIePeCeKaTCst, U MOITOMY

reoJIe3UYecKue y; U Yo 00pa3yiorT ojHy objacTh Ha cdepe ¢ g pyukamu M, 92.

(6) Bo3bMeM MOCTPOEHHYIO B JIOKA3ATEIbCTBE MYyHKTA (&) re0e3udecKyo 7y, COCTO-
AIYyI0 U3 k + 1 0OTpe3KOB, COeAMHAIONINX TOYKH Ha cTOpoHaX A; Ay, m AgyAsgy1 MHOTO-
yrosbauka Aj ... Asy. B kKadecrse reojesnueckoit v, BO3bMEM aHAJIOIHMYHYIO 3AMKHYTYIO
re0/Ie3UIeCKYI0, COCTOSIIY IO u3 [+ 1 0TPe3KOB, COeANHAIONINX TOUYKH Ha cTopoHax AgA g
u AsyAsg+1 MHOTOYTOMBHUKA Aj ... Ayy, M. puc. 7.

Puc. 7. g=2, k=2, 1=1
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Torma 3aMKHYTBIE T€OJE3UUECKUE Y, U Yo 00pa3yior OoJiee dem kl obsacreit Ha cdepe
C ¢ pydKamu Mgz. ObGo3HAYNM YepPe3 Ppax MAKCHMAJIBHOE PACCTOSTHHE MEXKIY TOYKAMU
orpe3koB Ay Ayy m AggAsgi coorsercrBenno. Torpa ps aymu T u T reone3ndeckux 7,
U 7o UMeeM
TI g pmax(k + 1)7 T2 g pmax<l + 1)

CaenosarenbHo, ipu k > 2, | > 2 reome3ndeckne y; U Yo 00pa3yor Oojee dem

4 AT\ T,
kl>—(k+1)1+1) > 2
9( LA 9p2 o

obutacreit Ha cdepe ¢ pyakamu M, 92 . rak, koucranTa ¢y = ﬁ VJIOBJIETBOPSIET YCJIOBUIO
nyHukTa (6) Teopembl.

() TIpuBeseM mpuMepbl TAKUX TEOJE3UIECKUX OTIEIBHO JIJIsi YeTHOTO U HEYETHOIO
qncen f. Ilycts f weuerno, f = 2k + 1. [locTpoum reoge3amveckyio y, CAMMETPHIHYIO

orHOCHTe/IbHO 1eHTpa O MHOrOyrosibHuka Aj ... Asy, cM. puc. 8.

7~ - = ~N
Ve AN
/ Ag_Di _As \
/ Cq I \

/ \
7 NAs
| |
\ |
v Al / A, !

\ ¢ /

\ \§ 1 /
N A1 B, A2 /
~ 7
~ _ -~

Puc.8: g=2, k=1, f=3

Brimycrum s1y4 [y u3 BepmuHbl Aggy o MHOTOYTOABHHAKA A ... Ayy JOCTATOIHO GIUBKO
kK mearpy O. Torma myu [y mepeceuer ctopory A;A; B Touke B; 0K0JI0 BepmuHbl Ap 1
HOCJIe TIePeceveHts BCeX OCTAJIbHBIX CTOPOH (KazKylo 110 OJHOMY pa3y) li Bblijer u3
croponsl Ay yoAsgis B Touxe Cy okoj10 Beputuubl Aggio. [Ipu 3TOM yromr mexiy Jytuom
l1 n croponoit Aggi9Asgis B Touke C MeHbIIIe YeM TaKoil ke yros B Touke Agg o, IlycTn
Tenepb JIy4 [y, BeImeamuii n3 Touku C}, ongars npoiiger 6,1u3Ko K meHTpy O MHOTOYTOIb-
HHUKa 1 1mepecedeT cropony A; Ay B Touke Bs, nmeskareit Ha orpeske A; Bi. Iloce mepece-
YeHUsl BCEX OCTAJIbHBIX CTOPOH MHOI'OYIOJIBHUKA, JIy4 [1 BeiiigeT u3 cropoust AggioAsgys
B Touke Cy. Ilpu srom Touka Cy sexur Ha orpeske CyAy,, 3 6iu3ko k Touke C. Vrou
MeK1y JIyIOM [y u cTOpOHOit AgyioAsgis B TOuke Cy MeHBIIIE YeM TaKOi JKe yroJ B TOUKe
1. I[lycTpb siya [y anamormdasiM oOpa3om mepecekaer cropony A;As B Toukax Bs, ..., By
U BBIXOJHUT U3 CTOPOHBI Aggi9Asgi3 B Toukax Cs,...,C . Tenepr BbiOepeM HavanbHOE
HallpaB/jeHue Jjyda [; Tak, 9410 1nocJe Bbixojaa u3 rouku C jiyd nonajaer B Bepuiuay Aj.
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Takoe HampapjeHne Jyda CyIIeCTBYeT, IIOCKOJIbKY IPU HEIMPEPHIBHOM YMEHbIIEHUH YIJIa
o (Y} T

MesK1y JIyIOM Iy u cTOpoHO# AgyyoAgyt s B HAMAIBHOM TOUKe Aggyo OT 3HAUEHHS 15 TOUKa
Bj11 Oymer HenpepbIBHO JBUTATHCS 10 cTOpoHe A Ay ¥ Mpu HEKOTOPOM YTJIe monajer B
BepmuHy A;.

[IycTs nyd Iy OGymer cuMMeTpudeH Jaydy [; OTHOCHTETbHO MeHTpa () MHOIOYTOJHLHUKA,
Ay ... Ayy. To ecrs siya Iy uger u3 Touku As, nepecexaer cropony Aggi1Asgie B TOUKax
Dy, ..., Dy, Boixogur u3 cropoubl As Az B Toukax Efp, ..., Ej u nocje BbIX0Ja U3 TOUKH
E), nonagaer B Bepinuy Asgyq. B cuity cuMmerpun yros MexIy JIydIoM li U CTOPOHOI
Aggi1A2g+2 B TOUKe Aggyo PaBeH YIVIy MexKay JydoM [y m cTopoHOit A;As B Touke As.
Kpowme Toro, yroam mexkay Jydom [y u croponoit Ay As B Bepmnue Ay paBeH YTy MexKIy
jy4doM ly u cropoHoit Aggi1Aggre B Touke Aggyq. Ilosromy ykasaunbie orpesku Jjyueit [y
1 [y 3a4210T 3aMKHYTYIO IVIQJIKYIO Me0Ie309ecKyIo v, KoTopas oopasyer 2k + 1 obJracreit
Ha cdepe ¢ pyukamvu M7 npn k > 1.

Oy obacTh 0Opa3yeT 3aMKHYTas Meoje3ndecKas, COBIAIAI0NIast CO cTOpoHoit A Ay
MHOTOYTOJTbHHKA.

Ternepp nmocTpouM aHaJOrUYHBINA TPUMEP 3AMKHYTON I'€0e3U4ecKoi 7y, obpasyromieit
f = 2k obnactu na chepe ¢ pyakamu M, 92 upu k > 1. Teose3udeckasi 7 IpoOXoauT depes
toukn O, Ay n Aygiq u cummerpuuna ornocuresbuo Toukn O. Hazosem sywamu [y u [y
orpe3kn 7y Mex 1y Toukamu O u A; u mex iy toukamu O u Agy1 COOTBETCTBEHHO, TOIIA
v =l Jly. Tlycrs styun 1y u ly uayr u3 nearpa O MHOrOYTOJbHUKA B IIPOTUBOIIOIOKHBIX
HaIlpaBIeHUAX OGIU3KO K BepmmHaM Ay n Agg i coorBeTcTBeHHO. JIyu [ mepecekaer cro-
pouy A1 Ay B Toukax By, ..., By, Beixogutr u3 cropoubl AggioAggis B Toukax Ch, ..., Cy
u nocsae Toukn Cj nomnagaer B Bepmuny A, cm. puc. 9.

Puc.9: ¢=2, k=1, f=2

IIycrs syu Iy anajsoruvno nepecekaer cropony Aggi1Asgyo B Toukax Dy, ..., Dy, BbI-
XOaUT U3 cTopoubl AsAs B Toukax Fi,..., Ej u nocie Touku E) monajgaer B BepIIUHY
Aggi1. B cnny cuvmmerpun yros Mexk iy sydoMm [; u ctoponoit Ay A, B Bepmure A; paBen
YIJIy MexXKIy JydoM ly U cTOpOoHOU AggyqAsgio B ToUKe Aggi;. IlosTomMy ykazanuble oT-
pesku Jiydeit [; u lp 3a/1a10T 3aMKHYTYIO IVIAJKYIO I'€0/Ie3u9ecKyio 7y, KoTopas obpasyer
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2k obuiacreii na cdepe ¢ pyukamu M7 upu k > 1. O

Sameuanue 3.4. [locrpoennbie nmpu joKa3areabcTBe MyHKTA (6) TEOPEeMbI MPOCThHIe 3a-
MKHYTBIE T€OJe3UIECKUE Y1 U Yo MEePEeCeKAIOTCs B OJHOIN TOYKeE.

l'unmoreza 3.4. /lisa dannwzr g > 2 u ]\/[g2 cywecmsyem koucmarnma Ty > 0, maras
wmo aobvie d6e 3aMKHYMbBLE NPOCTbLE 2€00€3UYECKUE, OAUHBL KOMOPLLL He Mmenvue 1y,
uMmerom xomsa bvl 00HY 00ULYI0 MOUKY.
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4 Habopsl moagMHOT000pa3mii KOPa3MEPHOCTHU OAMH

Onpegenenne 4.1. [lycmv M — ceasnoe 2aadkoe seusecmeertoe d—mepHoe mHo2000pa-
aue 6e3 kpaa. Kongueypayuet nodmmozoobpasud kopasmeprocmu odunr 6ydem Haszvl6amo
Koneunwili nabop Ay, ..., A, 3amrHymur nodmmozoobpasuti xopazmeprocmu odum 6 M,
NOOMH02000DA3UA KOMOPO20 NEPECEKAIOMCA NONAPHO MPAHCEEPCANLHO.

4.1 T'omoJjormyeckad OIleHKA YMCJIAa KOMIIOHEHT CBA3HOCTH

[Tycts M™ — cBsI3HOE n—MepHOe IIaJIKoe KOMIAKTHOe MHOroobpasue 6e3 kpast, A; C M"
— pasJinuHble CBsi3Hbie (n — 1)—MepHble 3aMKHYTbhIe 1104MHOr000pasus B M", 1 < i < k.
BosbsMmem obbegunenne

O603nauum unciao |mo(M™ \ A)| cBa3ubix komuonent jgonosinenust B M™ k A uepes f.
BosbMeMm peryistpayio oTkpbiTyio okpecrnoctb U A muoxkecrsa A 8 M™. Ilycrhb

f
M"\UA=| | N,

=1

rjge N; — KOMIOHEHTBI CBA3HOCTH JOIOTHeHHs B MHOroobpasun M" K okpectHocTH U A.
Ecnmu M™ u Bce mogMHOrooOpasust A; OpueHTHPYEMBbI, TO B KA4eCTBEe IPYIIIbI KODuIm-

eHTOB Oynem Oparh rpynny G = Z. Eciu xots 061 oguo u3 A; win M"™ HeOpHeHTHPYeMoO,
o G = ZQ.

Jlemma 4.1. Ecau samrxrymoie nodmnozoobpasus A; C M™, i =1,..., k pazmeprocmu
n — 1 nonapno nepecexaromesa mpaHceepcarvHo, mo

dim(H,_,(UA, G)) = dim(H,_,(A,G)) > k

Hokaszameavemeo. Perynspuast okpecrnocth UA romoronuveckn 3kBuBajieHTHa A, 110-
9TOMY BCe Ipymibl romosioruii y muoxkects A u U A coBmagaror. /lokazkem nHIyKImeii mo
k, aro

dim H,_; (U, 4;,G) > k.

Hns k= 1 910 04€BUIHO, T.K. JJIs CBA3HOTO 3aMKHYTOTrO (1 — 1)—MepHOro MHOrooOpasust
H, 1(A;,G) = G. Tlpeanoaoxum, 9410 yTBEpKIeHne BepHO st k — 1 moqmHuoroodbpasuii
U JI0KazkeM ero jig k moamuorooopasuii. ITycrs

k—1

A=A
=1

Torma Mo npeanoa0KeHu0 WHLY KUK

dim H,_ (A, G) > k — 1.
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Bamumenm aig mapel A, Ay, Tounyo nociaenosaresbaoctsh Maiiepa — Boeropuca:
— Hn_1<A/ N Ak) — Hn—l(A/) D Hn—l(Ak:) — Hn—l(A/ U Ak) —

Tax kax Jro6ble JBa HoaMHOro06pasus A; u A; mepecekaiorcs TpancsepcaabHo, 1o A'NAy,
CyTh KOHEUHOe O0beuHenue He Gosiee yem (n — 2) — MepHbIX HOAMHOr00Opasuii B M".
Orkyna H,_1(A"N Ai) = 0 u orobpakenue

anl(A/) D anl(Ak) — Hn,1<A/ U Ak)
mouoMopduo. Cire10BaTeIbHO,

dim Hn—l(A, U Ak) 2 dim Hn—l(A/) + dim Hn—l(Ak) 2 k.

O
Jlemma 4.2.
H,(M™ UA,G) =G’
ﬂomzsameﬂbcmso.
H,(M",UA,G) = H,(M"/UA,G) =
= Hy (U N/ Wy 0N, G) = Hy (VI N; /0N, G ) =
f ~
=@ H.(N;/0N;,G) = G,
j=1

rme n > 1, V — OyKeT mpoCTPaHCTB, ﬁn — I'pyla NpUBEJIEeHHBbIX T'OMOJIOTHIA, (9Nj —
rpannna N;. ([l
Teopema 4.1. ITycmo Ay, ..., A — ceasHble 3aMEHYMDBLE NOOMHO2000pa3UA KOPAZMED-

HOCTU 00UH 6 CEAZHOM 3aMKHYMOM MHo2000pasuy M™. Ecau nodmmnozoobpasus A; no-
napro nepecexaromes mpancseepcarvhio u A = U;A;, mo

mo(M™\ A)| = k + 1 — dim H,_, (M", G).

oxazamenvemeo. st ritouenust ¢ : UA — M"™ 3anuimemM TOYHYIO TOMOJIOTHYECKYIO
IIOCJIEJOBATEIBHOCTD Hapbl ¢ Kodddunuentamu B G:

H,(UA) — H,(M") — H,(M",UA) — H, 1(UA) — H,_1(M") —

3amernm, 9TO

H,(UA) = Hy(A) =0, H,(M,)=G.

13 TounocTu mocsepoBarebuoct B wiene H,(M™) cieayer, uro oToOpazkeHue
H,(M") — H,(M",UA)
ectb MoHOMOpdu3M. Ilo memme 4.2

H,(M",UA,G) =G
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Herpyano Bujiernb, 4ro
dim H,, 1 (UA) < dim Im0, + dim Imi,,
rjie TOMOMOP(U3MbBI
O Hy(M", UA) — H,,_1(UA), iw: Hy 1 (UA) — Hp 1 (M").
Bamernm, 9TO
dim Imi, < dim H,_1(M"), dimImo, < f — 1.

[To nemme 4.1 dim H, 1 (UA) > k, otkyna k < f — 1+ dim H,_1(M™). O

3ameuanmne 4.1. Herpyano BuieTh, 9T0 /115 IBYMEpPHBIX MHOrooOpas3uit — cdep ¢ g = 0
pydYkaMu, OyTBIIKE KieiiHa 1 MHOTOMEPHBIX TPOEKTHBHBIX IIPOCTPAHCTB, chep U TOPOB
(HpuMepBl Il TOPOB CM. HHZKE) CYIIECTBYIOT HAOOPHI U3

n > dim H,_,(M™)

oJIMHOT000pa3uil, TaKue 4TO HEPpaBEHCTBO B Teopeme 4.1 obpaliaercss B paBeHCTBO.

4.2 Ilpumenenme pyukiuu Mebuyca ajisa KoHduUTypalrmii Tunep-
IJIOCKOCTEN

ITycrs A — xoHeunbrit Habop runepriockocTeii mpocrpanctsa V, rje V' — 310 eBKINI0BO
npocrparctso RY win npoekrusaoe npocrpanctso RPY. MuoxkecTBo nepecedenmuii L(A)
COCTOUT U3 BCEBO3MOXKHBIX HEMYCTHIX TepecedeHnii TumepIiockocTeii u3 A, BKioodas ca-
Mo 1poctrpancTBo V. Ha MHOKecTBe 1epecedennii BBeIleM 4aCTUUHbIH OPs1JIOK, 0OpATHbII
BKJIIOUEHHIO, T.e. U < v < u 2 v. Onpenennm dynkunio Mebuyca p: L(A) x L(A) — Z,

0, ecn u A v
plu,v) =< 1, ecIn u = v;
- Zujw%v ,u(u, w)7 ecan u < v.

Samerum, 9T0 TUM oupeaesennem Gyakius Mebuyca 3amaercsa ognosuaqdno. [lycrs P
— oana u3 runepiockocreir nabopa A. Yepes A’ 0603naunm HAOOP OCTAIBLHBIX THIEP-
nockocreit n3 A. Yepes A” obosznauanm nabop nepecedenuii miaockoctn P ¢ muockocTsimu
u3 A’ r.e. A" ectb nHa6op (d — 2) —mepubIx miockocreii B (d — 1) —mepHoii miockoctn P.
Tpotixoti nabopos nazoseMm Tpoiiky (A, A, A”), rne A" u A" o6o3uavens Boime. [jist MHO-
xkecrB nepeceuennii nabopos A, A’ u A” nocrpoum coorsercreyomue pynknun Medbuyca
w, ' mop”. Dnementor L(A) Gynem naswiBarh pebpavu. B mambreitimem ja1s HabOpOB B
npocrpancree V' u pebep v Bmecto pu(V,v) Oyaem nucars p(v).

JIlemma 4.3. ycmo (A, A, A”) — mpotixa nabopos. Ecau pebpo v npunadaescum L(A')
u L(A"), mo
pu(v) = p'(v) — ' (v).

Ecau pebpo v npunadaescum L(A") u ne npunadaesncum L(A"), mo
p(v) = —p"(v).
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Ecau pebpo v npunadaesrcum L(A') u ne npunadaescum L(A"), mo

p(v) = p'(v).
Zokxazameavcmeo. Cnenyer u3 onpenenennst pyakinun Mebuyca WHIAyKIHeH M0 KOpas-
MepHOCTH pedpa v, HaUYWHAs C HYJIS. 0

CaencrBue 4.1. Jlasa mobvz pebep u, v Habopa 2unepniockocmeti, Maxur 4mo u = v:

Sign(lu(u’fu)) — (_1)dim(u)+dim(v)

Jlokasamenvcmeo. VIHAyKIus 110 pa3sMEpPHOCTH NPOCTPAHCTBA U, MHAYKIHMA IO KOpas-
MEPHOCTH ¥ KaK IIOAIPOCTPAHCTBA B U. O

Yepes f(A) 0603HaUUM IHMCIO CBSI3HBIX KOMIIOHEHT JIONOJIHEHUSA K O0HEMHEHUIO Th-
nepiiockocreii u3 A. XapakrepucruiecKuM MHOro4eHoM Habopa A Ha3biBA€TCS MHO-

To4J1€eH 4
XA(t): Z M(U)tdzm(v)

veEL(A)

3amMeTuM, 9TO JIJid TPOUKH HAOOPOB

F(A) = f(A) + f(AT)

xa(t) = xa(t) — xar(t)
Otciona cieayer

Teopema 4.2. Bacaasckuii, |37|. (a) s nabopa A 2unepnaockocmedi 6 npoexmueHom
npocmpancmee RP?

() = (XA EXACD s

dim(v) E2,v€L(A)

(6) Jlas nabopa A zunepnaockocmeti 6 esxaudosom npocmpancmee R?

FA) = (~D)Nxal=1) = Y lu(v)]

veL(A)

(6) Ecau dns mabopa A eunepniockocmeti 6 esxaudocom npocmpancmee Re ne cywe-
cmeyem npamoti, NAPAAIEALHOT BCEM 2UNEPNAOCKOCNAM, MO “UCAO 02PGHUMEHHDIT 00-
aacmeti R\ A paso
FlA) = (=1)"xa(1)

Ob6beauaenne TUIIEPILIOCKOCcTel Habopa A OyneMm obo3nauars depes A. Ilycrs A u B
— JiBa HADOpa Pa3JIMYHbIX I'UIEPILIOCKOCTEH B ITPOEKTUBHOM UJin apPUHHOM BeliecTBeH-
HBIX pocTpancTBax. Ecau pebpo v € L(B) ne upunajiexur A, 1o uepes A, 0603Ha11M
Habop nepecevenuii pebpa v ¢ runepriaockocraMu u3 A, npuueMm 31oT HAOOP €CTh Ha-
OOp T'HIIEPILTIOCKOCTEl B ¥, pacCMaTPUBAEMOM KaK CaMOCTOSATebHOe mpocTpancTBo. Co-
OTBETCTBEHHO, MOCTPOUM XAPAKTEPUCTHUYECKUIT MHOTOUWIEH X 4,(t). @yHKImuioo Mebuyca
muoxkectBa L(B) obo3naunm vepes fis.
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Jlemma 4.4.

Xaus(t) = Z 15(v) x4, (1)-

veL(B),v¢A

Jokasamenvemeo. J1oKa3blBAeTCs 110 MHAYKIMK 110 YUCJLY IJIOCKOCTeH B B, HCIIO/Ib3YeTCs
jgemMma 4.3. O

Hu>xHue oneHkn 4dmucja obdjiacreii

Ecin nepeceuenune Bcex runepiiockocreii nabopa A Hemycro, T0 HaOOp Ha3blBaeT-
csl mpusuasvhum. B 1anbpHelitiem 0yaeM paccMaTpuBaTh TOJIHKO HETPUBUAIbHBIE HAOO-
PHI THIepILIocKocTelt. /1y HabopoB B eBKIMI0BOM IpocTpancTBe RY morpebyem Taxxe,
4TOOBI IepecevdeHne JTI00bIX d THIEPILIOCKOCTeH OBLIO He MyCTBIM MHOXKeCTBOM. ['urep-
mwiockocTu Habopa A pasbuBaior npoctpancTBo V' Ha MHOrOrpaHHuku (He 00s3aTeIbHO
orpaHuYeHHble JJIs eBKInIoBoro npocrpanctsa V). Hepes fi(A) obo3Haunm dnciio Beex
k—MepHBIX TpaHeil MHOrOrpaHHUKOB Jisi pasouennst HabopoM A (rpanb, mpuHaezKaiiast
HECKOJIbKUM MHOTOTDAHHUKAM, CUATAETCsI OJIUH Pa3).

Caenctsue 4.2. /lasa nabopos 2unepnaockocmet A u B 6 d-meprom npocmparcmee

fAUB) = 3 [s(0)] faimce) (As).

veEL(B)v¢A

O6o3uaunm uepes m = m(A) MakcuMaIbHOE YUCIO THIEPILIOCKOCTell Habopa A,
MMEIOIUX HEeIyCToe Iepecedenue.

Jlemma 4.5. /Jlada Hempusuasvrozo Habopa n 2unepniockocmets 6 npoexmueHom npo-
cmparcmee RP?
f=>m—-—m+1)(m—d+2)2°2

okasamenavemeo. Paccmorpum m runepiiockocreii Aq, ..., A, ¢ HelycTbiM Lepecede-
nuem (. Pazmepnocrs () paBHa HyJ110, a runepiiockocru Aq, ..., A, nojsy4aiorcs B3saTu-
eM KOHyCa C IEeHTPOM B () HaJl HEKOTOpbIM Habopom B u3 m runepiiockocreii B (d — 1) —
MEPHOM HOAIPOCTPAHCTBe. Tak Kak B HeTpuBHAILHBI HAOOD, TO IO U3BECTHON OIEHKE
uncsa obaacreit (eM. [35])

fd_l(B) = (m —d+ 2)2d_2

Ha kaxkj0if u3 ocTaJbHBIX I'MIEPILIOCKOCTel Habopa miockoctu Aq, ..., A,, Bbicekaior
KOH(pUTypaIuo, TpoeKTHBHO 3KBUBaIeHTHYIO . [TosToMy npm Kaxkmaom gobaBIeHHH K
runepIuiockoctam Aj, ..., A,, 0CTAJIbHBIX N — M MHIEPIUIOCKOCTEll OJHA 32 OJHON YHCJIO
obacTeii GyaeT yBeamuuBaTLCA He MeHee deM Ha (m — d + 2)2472, O

Jlemma 4.6. IIycmv A — nabop 2unepniockocmets 6 e8KAUIOGOM UNU BEULLCMEEHHOM
NPoexMuUEHOM d—mepHulx npocmparcmear. Ilycms pebpo v npuradiedcum i 2unepnioc-
xocmam. Tozda

\p(v)| =i —d+dim(v) + 1.
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Jlokasamenvemeo. Mapyknus no kopasmepuoctu s = d — dim(v). Baza: ays kopasmep-
nocreit 0, 1 u 2 HepaBeHcTBO ObOpariaercs B paBeHcTBO. [Ipejnosoxkenne: HepaBeHCTBO
BBITIOJIHSAETCS JIJIsT BceX pebep Bcex HAOOPOB ¢ KOpa3MepHOoCThio He OoJstee s — 1. [lepexo:

BeIOEpeM u3 Habopa § = d — dim(v) runepmiaockocreii Ay, ..., As, mepecedenne KOTOPBIX
sByigercs pedbpom v. OcTalbHbIe THIIEPILTOCKOCTH Habopa 0603HadnM depe3 Agiq, ..., A,.
Pacemorpum nocsieioBare/ibHOCTh HAOOPOB runepiiockocrei Ay, ..., A, _s, e

AO — {Al,...,As},

Ai=Ai1 U Agyy.

Tax kak Ay — HAGOD ¢ HOPMATBLHBIME IEpecevTeHnsIME, TO (4, (V) = (—1)%. Ecrm v € Ay,
TO 1o JleMMme 4.3

HA; (U> = HA;_4 (U)

Ecim v C Ay, 10 1o jiemme 4.3

HA; (U) = HA;_, (1)) — MA N A (U)
3amerum, 4TO

sign(pa, ,(v)) = (_1)0z+olim(v)7 Sign(MAs+imAi_1(U)) _ (_1)d71+dim(v)'

[Tosromy B ciayuae v C Agy; umeem

|, (0)] 2 o, (V)] + 1.

O

Teopema 4.3. ITycmv A — nabop u3 n eunepnaockocmeti 6 R v 3adano wucao 1 < i < d,
npuvem nepecevenue 00T i 2unepnaockocmet us A menycmo u ne cywecmsyem nps-
MOTl, napasresvroti ecem zunepnaockocmam us A. Tozda das dynruyuu Mebuyca mmo-
oicecmea nepecevernuti nabopa A umeem

S )] > (m—d 1)

dim(v)=d—1i m—d+i

To oce nepasencmeo eepro 0as Habopos A 6 6ew,ecmeentbir NPOeKMUEHLEL NPOCTIPUH-
d - .

cmeax RPY, npuuwem mpebyemca, 4mobvl He cyuecmseosano j—mepHot naockocmu, npu-

Haorescau,ets ecem 2unepnaockocmam npu j = d — i+ 1.

d—i : ,
Jloxasamesvcmeo. Ob6o3HaunM depes ag- ) aneno (d — i)-MepHBIX TIOCKOCTEIl U3 MHO-

KecTBa nepecedenuit L(A), mpuHajiesKanux j runepiockoctam, riae ¢ < j < m—(d—1)
((d — i) —MepHas WIOCKOCTh HE MOYKET TPHHAIeX)KATH GoJiee 1eM m — (d — i) THIepILIoc-
KOCTSIM, T.K. HaiiJyTcsl elne He MeHee deM d — ¢ IHIEPIIOCKOCTeH, ¢ KOTOPbIMH Yy Hee
HEILyCTOe [epecevdeHne).

Kaxkmomy mommabopy m3 ¢ rumepmuiockocreit Ay, ..., Ay, m3 A mocraBuMm B cOOT-
BercTBue Bee (d — i)—Mepuble mwiockoctu u3 L(A), Jexaiiue B HEMYCTOM MepecevdeHun
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A, NN Ag,. Ilpu 970M IJI0CKOCTD, MPUHAJJIEZKAIINAS J TUIEPIJIOCKOCTSIM, Oy/IeT ydre-
na Cj pas. ITosromy

m—(d—1) o m—(d—1i)

) . Ct )
i (d—1) i (d—i)/ - . m—d+i
Cn< ]z:; (IJ C < ]2:; Clj (]_Z+1)m——(1—|—1
I[To slemme 4.6 umeem |pu(v)| = (j — ¢ + 1), mosromy
m—(d—1i) e
Yo @G-t < Y (u)l,
j=t dim(v)=d—i
OTKY/Ia IOJIydaeM TpebyemMoe HepaBEeHCTBO. U

Sameuanue 4.2. Hepasencrso (4.3) obpaiaercs B paBeHCTBO Jijist ¢ = 1 u Jyist HabopoB
OOIIero MOJIOXKeHHs IJIs J1000ro 7.

Cnencrsue 4.3. IIycmb A — nabop zunepnaockocmeti 6 R, yoosremeoparowyudi ycro-

suam meopemuvl, 4.3. Iycmv A. — nabop xomnaexcuduuyuposantox naockocmedt ¢ Co.

Tozda o
dim H(C*\ A,) > (m —d+ 1) =—"—

m—d+i
Cnenyer u3 teopemsr 4.3 u dakra u3 [31]:

dim H'(C?\ A.) = Z (V)]

dim(v)=d—i

Teopema 4.4. IIycmv A — nempusuarvhvili HaboOp 2uNepniockocmet 6 NpoeKmueHoOM
npocmpancmee RPY. ITycmov m — MaKCUMGALHOE WUCAO 2UNEPRAOCKOCTET, UMEIOUUL
obugyro moury. Tozda

(4

] ,
-2
f=z(m—-d+1) T
j=0 ~'m—2j
Jokasamenvcmeo. Crnemyer u3 teopem 4.2 u 4.3. [

4.3 MHoxkecTBa YnceJ1 objacTeii B pa3dueHnsaX MPOEeKTUBHBIX ITPO-
CTPAHCTB

PaccMorpuM KoHeuHbBIH HAGOp A runepmiockocreii (IPOEKTUBHBIX MOAMPOCTPAHCTB KO-
Pa3sMEpPHOCTH OJ[MH) B BEIIECTBEHHOM IIPOEKTUBHOM IIPOCTPAHCTBE RP?. Hanommuwm, 4ro
TPUBHAJIBHBIM Ha3bIBAETCS HADOP, BCE TJIOCKOCTH KOTOPOI'O MPOXOJAT Y€pe3 OJHY TOUKY.
HazoseM munumanviom’ HeTpuBHaIbHbIH Habop n rumepriockocteii B RPY, B kotopom
n — d + 1 runepiiockocTeit UMeI0T 001y I0 d — 2-MepHYIO ILJIOCKOCTh, a ocTaabHbie d — 1
TUTIEPILIOCKOCTel HaXoaaTcs B obiem nosoxkenun. [[lennon [35] moaydun HuKHEE TOU-
HbIE ONEHKH JIst 9ucja k—MepHbix miockocreil gip(A) u ayst aucsia k—MepHBbIX KJIETOK

Ynepeson TepmuHa near pencil
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fr(A) B HeTpuBnabubix Habopax A, COCTOAMUX U3 N TUNEPIIOCKOCTEH B RP? u naures
HA0OPBI, HA KOTOPBIX OHU JOCTUTAIOTCS:

g (A) = Cil + (n—d—1)C5_,, 0<k<d—1
fio(A) = n2FCh + 21 (d + 1 — n) — k2°ChH, 0

VAN

k<d
Yacrawrit ciyyait (4.2) aist d = k 6pir qokazan MakMrosieHoM:
fa(A) =27 (n—d + 1) (4.3)

Hepagencra (4.1) st 0 < k < dwm (4.2) mags d > 2 u 0 < k < d obpamaiorcs
B PABEHCTBA Jisi MUHUMAJbHBIX HAGopoB. Ilpu k = 0 nepasenctso (4. 2) obparaercs B
PaBEHCTBO HE TOJBKO JIJisi MUHUMAIBLHBIX HabopoB [10], [35], Ho u, nanpumep, 1yist HaGopa,
B KOTOPOM @ U 71— @ IIOCKOCTEl IIPOXOIAT COOTBETCTBEHHO Uepe3 ABe HellepeCeKarouIecs
HpsiMbie B RP? npu jgodom 2 < a < n— 2.

O6o3HauM depes FiY) MHoKecTBO Beex Bo3MOKHBIX unce fy(A) s HeTprBHATLHbIX
Ha00pPOB A 13 N pasJIMYHBIX MUIIEPILIOCKOCTEl B BEIIECTBEHHOM IIPOEKTUBHOM (—MEpPHOM
IPOCTPAHCTEe. W

MakcuManbHbIi 37eMeHT MHOXKecTB Fp ' paBabl (cM. [34])

1+071L,1+ +Crnax{n ld}

Teopema 4.5. [lycmv d > 3 un = 2d + 5. Tozda nepsvie wemuvipe 1o 603PACMAHUIO

d
INEMEHTIA MHOHCECTNEBO F,S ) meﬁymuue:

(n—d+1)27 3(n—d)2%2,  (3n—3d+ 1272 7(n—d)2¢72

Joxazamenvcmeo. doxazkem, aro f < 7(n —d)2%3 mpu m < d+ 1. Ecin m = d, To ru-
MEePILTOCKOCTH HAOOpa HAXOAATCS B OOIIEM IOJTOXKEHUN U YHCI0 00JIacTeil MAKCHMAaIbHOe
Bo3MoxkHOe. Ecin m = d + 1, To o Teopeme 4.4 umeem

Cit't nn-=1)(n=2)(n-3) (n—d+2)
n—d 3d+1 d d—-1"" 4

T.K. n = 2d + 5.

Tenepn gokaxkem Teopemy i d = 3, n > 11. Bosbmem nerpuBnaibubiii nadop A B
npocrpanctse RP?) m — MakcHMAIbHOE YHC/IO MHIEPIIOCKOCTEll ¢ HEIYCTBIM Hepecede-
HueM. Paccmorpum Tpu cirydasi.

1.m=n—1.Torna f(A) = 2p, rie ¢ € F2_,. MuoxkectBo F?_| ©3BeCTHO 1O Teopeme
Maprunosa 2.5:

f= (n—d+1)>7-2%(n—d)

{feF* | f<4n—16} = {2n —4,3n — 9,3n — 8,4n — 16}.

2. m =mn — 2. AHAJIOTUYHO CJIYYalo 2 U3 HePexX0la WHJLYKIUH.
3.5 <m < n— 3. Ilo memme 4.5 umeem

fz2n—m+1)(m—-1)>8n—-32>7Tn—21

upu n = 11.
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st npoussoabHoro d > 3 ucnosibzyeM mHayKiuio 1o uuciay d. Basa d = 3 yxe

d
nposepena. [Ipejio/ioxkenne nHJYKIIMU — 1epBble 4 4ucjia MHOZKECTBA Fy(L ) imeror yKa-

3aHHBIN Bug 11 J100oro 3 < d < d u n > 2d + 5. Tlepexox: Bo3bMeM HeTPUBHUAJILHBIN
nabop A B npocrpancrse RPY, m — MakcHMaibHOe YHCIO THIEPIIOCKOCTE!! ¢ HEIyCTHIM
nepecevenueM. PaccMoTpum Tpu cydad.

1.m =n—1.Torma f(A) = 2p,tae ¢ € Fﬁ]l). [IpuMenss mpeamnooKeHne NHTYKITHH

(d-1)
K MHOKecTBY F, ;"' mojydmm, 4To Jub0 ¢ coBHaJaeT ¢ OJHUM U3 4 duces
(n—d+1)2972 3(n—d)2"3 (3n—3d+1)27°, 7(n—d)2**,

m6o ¢ > T(n — d)2¢4.

2. m = n — 2. PaccmorpuM n — 2 TUIEPIIOCKOCTH D1, . . ., Dp_2, UMEIONIUX OOIILYIO
touky. Onn gensr RPY ua ¢ obnacteit, riae ¢ € F,';l:%. Ob6o3naunMm 4depes | nepecedeHne
JIByX OCTAaBIIUXCs THIEPILTIOCKOocTel. 1o nmpeamnomoKeHnio wHIyKInn

o=(nm—-d)29? wm ¢>3n-—d-1)243

(mpenooKeHre WHIYKIMA MOXKHO HCIOJIb30BaTh T.K. N — 2 > 2(d — 1) + 5). Eciu

torna f = 3y u cayuaii pazodbpan. Ecin

n—2
i=1

Torjga obo3HaunM depe3d B MHOXKecTBO miockocteit p; N1 B [, toe | paccmarpuBaercs
Kak obobemstoniee (d — 2)—MepHOe MPOEKTHBHOE MPOCTPAHCTBO. MOXKHO JIOKA3aTh, UTO
B — 310 kouburypanusg Kak MEHEMYM n — 3 IJI0CKocTeil B [ (M mepeceuenue Bcex ee
nI0cKocTel ecth mycroe Muozkectso). Torga f(B) > (n — d)2473 1o reopeme Ilennona
[35]. TlockosbKy

f=3p+ f(B)=T7(n—d)2d -3,

TO 3TOT CJIydail pa3oOpaH.
3.d+2<m<n—3. Ilo nemme 4.5 umeem

fen—m+1D)(m—d+2)272 > (4n —4d — 4)272 > 7(n — d)2*3

npun > d+ 8.
O

Jlemma 4.7. Jlas nempusuasonux Habopos A u3 n eunepnaockocmetd 6 npoekmusHol
npocmparcmee RP?
n?—n

> 22—
/ m—d-+5
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Zloxazameavcmeo. IIpoBegemM pou3BOJILHYIO JIBYMEPHYIO ILJIOCKOCTH P 0DIIEro moJjioxe-
HUst 110 oTHONIeHnto K Habopy A. Toraa runepriockocru u3 A obpasyror Ha P wabop Ap
13 N MPAMBIX, IPUYEM B KayKI0i TOYKe Tepecekaercss He bosee m — d + 2 npsvbie. 13
IIePBOTO HEPABEHCTBA TeOPeMBI 2.3 cjejiyeT

n®>—n

O

Jlemma 4.8. I[lycmo ky, ..., ks namypasorve wucaa, k= Y ki Ilyemo d > s +2 u
n>k+d—s+1. Toeda

FO 2 {e-[[ki+1) | ¢ € B} (4.4)
=1

Joxazameavcmeo. Ilycrs ¢ € Fﬁ_,:). Bosbmem nabop Ay u3 n — k ruunepiuiockocreil B
npoexTHBHOM mpocTpancTse RP™ takoii aro fu_s(Ag) = . Hocrponm maGop A; u3 n—
k + k1 runepmiiockocTeii B mpoekTuBHOM mpocTpancTBe RPY*H rakoii uro fa—st1(A1) =
o(ky +1). dns sroro BosbMem KoHyc HaJl Habopom Ay ¢ nearpom B Touke O n nobasum
ki runepiuiockocteit, mpoxognux epe3 (d — s — 1)—mepHyo mwiockocTs U, jiezKaliyo Ha
KaKOH-HHOY Ib maockocTu u3 Ay u He cogepzkaniyto touky O. [locrpoennsriii Habop Oyaer
HETPUBUAJIBHBIM. AHAJOIMYIHO IIOCTpouM Habopsl As, . .., A,. B urore

FIA) = [k +1) € L.

)

d
CaencrBue 4.4. Mnooicecmeo F,g codepotcum wucaq

(2n —2d +2)297% (3n — 3d)247%, (3n — 3d + 1)2%72, (4n — 4d — 4)2772,
(4n — 4d — 3)2972, (4n — 4d — 2)2%72, (4n — 4d — 1)2%72, (5n — 5d — 10)2%72.

HamomanMm, 9T0 TPOEKTHBHBIE MOAIPOCTPAHCTBA PAa3MEPHOCTEH ¢ U j MPOCTPAHCTBA
RP" Haxoadarcs B 00wem noaosHceru, eCau UX Mepecedetne ecThb i+ j — N-MepHOe IMPOeK-
THBHOE TOJIIPOCTPAHCTBO IPHU ¢+ J > N U MyCTOe MHOZXKECTBO 1IpH ¢+ 7 < n. CKaxkeM, 4TO
IPOEKTUBHOE MOIMPOCTPAHCTBO HAXOIUTCH B OOIEM IOTOKEHIN OTHOCUTETbHO KOHMUTy-
paIliy TUIIEPILIOCKOCTE, ecain OHO HAXOAUTCA B OOIIEM TOJIOKEHUHU ¢ THIEPILIOCKOCTMI
1 BCEMH MEePECEUEeHUSIMU JTI0O0r0 KOJMIECTBA TUIEPIIIIOCKOCTEI.

Jlemma 4.9. (/37]) ITycmv A3 — nabop us n naockocmeti ¢ RP?, nabop A>_| noayuen
uz A3 ydanrenuem naockocmu U. Ilepecenenus naockocmeti us A3 ¢ naockocmuvio U
obpasyrom nabop A? npamwz na U. Tozda

FAL) = f(An ) + (A7),
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st mabopa A” runepmyiockocreit B RP™ o6o3nadum vepes ! 4mcjao j— MepHbIX
KJIETOK, TpuHaJIekaux ¢ rurepiiockoctsm i 0 < 7 < m— 1. Torma uuciio obJracreit
f(A™) moxkHO BbIpasuTh vepes t! anamornano dgopmynam 3acaasckoro [37].

IIpensoxxenne 4.1. Ecau nepecevenue ecex n 2unepnaockocmeti nabopa Al ecmo mou-
KA UAYU NYCMOE MHOHCECTNEO, O

f(A™) =1+ Z(z —1) (& —ti+t = +t"7?)  dan wemmozo  m, (4.5)
i=1

f(AY) =n+ Z(Z —1) (—t? bt — it t;n*Q) ons newemmnozo  m.  (4.6)
i1

Jokazamennbcmeo. 3aHyMepyeM MHIEPILIOCKOCTH U O003HAUNM Yepe3 ¢] IUCJI0 j-MEePHBIX
KJIETOK, IPUHA/JIeZKAIIMX 1-if runepiiockoct. s 4eTHbIX m nocuuTaeM 3i1epoBy Xa-
PAKTEPUCTUKY ¢-if TUTIEPIITIOCKOCTHI

¢ —q =gt =0

Bamerum, ut0 Y. ¢ =y . it] nis j =0,...,m — 1. Ciaegosarensuo,

DUETI= T =Y T = @ ) = DT e 1)),

Tenepb ucnosb3yem 3iiepoBy xapakrepuctuky RP™:

f:1—Z(t?—t}+---—t;”—1)=1+Z(z‘—1)(t?—t}+t$—---+t;”—2).
=1

i
JIJ1st HeYeTHBIX M JI0KA3aTeIbCTBO aHAJIOTUIHO. [l

IIpennoxkenune 4.2. (ananoz wepasencmea Meavruopa [27]). ITycmv makcumarvroe
wucao naockocmetd; nabopa, umerowur obuyo mowky, pasro m. Eciu m < mn, mo

D=2t =n+ Y (i -2t

i>3 i>2

Jokasamenavcmeo. O6o3HadmM udepes g7 uucjao obaacTeil i-# MIOCKOCTH, pasieJeHHOi
epeceveHnsiMu ¢ OCTAJIbHBIME TLIOCKOCTSMU. Ecaum m < n, To Bce TpexmepHbie 00./1a-

3 no 2 3
cru RP” orpanmvenst me Memee WeM 9eTHIPbMs TpamsMu, modTomy » o i q; > 2f(A;).
HNcnonb3ysa aemmy 4.1, momydaeMm

np Y ith =Y i) =2 n+ Y (-t =Y (i — 1)t

7
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Teopema 4.6. Ilepsvie 36 N0 603pacMaHUI0 YUCES MHONHCECTNEA Fég) oaa n = 50 caedy-
twgue (m.e. ece peasusyemvie wucaa obracmeds enaoms do 12n — 60)

dn — 8, 6n — 18, 6n — 16, Tn — 21, ™n — 20, 8n — 32, 8n — 30, 8n — 28,
8n — 26, 9n — 36, In — 33, 9n — 31, 9n — 30, 10n — 50, 10n — 48, 10n — 46,
10n — 44, 10n — 42, 10n — 40, 10n — 39, 10n — 38, 10n — 37, 10n — 36, 10n — 35,
11n —44, 11n —43, 11n — 42, 11n —41, 11n —40, 12n — 72, 12n — 70, 12n — 68,
12n — 66, 12n — 64, 12n — 62, 12n — 60.

Joxazameavemeo. Jlokaxkem, 4ro jpyrue ducia, menbinue 12n — 60, He mpunajjiexar
MHOKECTBY joisl Pacemorpum wa6op A u3 n runepmaockocreit, f = f(A). Tycrs m —
MaKCUMaJIbHOE YHUCJIO TJIOCKOCTEl, MMEIOIINX HelycTtoe nepecedenune. Paccmorpum Tpu
cydas.

1. m = n — 5. IlepebopoMm ybekaaeMcsI, 9TO IUCI0 [ W NPUHAIICKAT YKA3AHHOMY
MHOXKeCTBY, wian OoJibiiie 4eM 12n — 60. Bcee ykazamubie uncia obacTeit peaan3yioTcs
HabopaMu IJI0CKOCTEl ¢ m = n — b.

2.8 < m < n— 6. Torma mo memme 4.5 nmeem f > 7n — 49.

3. m < 7. llo nemme 4.7

> 12n — 60

upu n = 50. OJ

3ameuanne 4.3. Kaxk BugHo u3 TeopeMbl 4.6, MHOXKECTBO YHCes]T 00JacTeil J0CTaTOUIHO
CJIOXKHO YCTPOEHO y2Ke JijIsi pa30ueHuil IJI0CKOCTSIMU TPEXMEPHOI'O IIPOEKTHUBHOIO IIPO-
crpancTBa. [109TOMY HEy IMBUTEIBHO OTCYTCTBHE TOYHOTO (HOPMYIHLHOTO) OMUCAHWSI MHO-
xectB F (RIP’d,n) st d > 2. Bo3MmoxkHO, 1e1ecoo0pa3sHo CTaBUTh BOMPOC O TJIOTHOCTH
pacipejeeHus peajn3yeMbIX YHCes Ha ONpE/Ie/IeHHBIX, JOCTATOYHO OOJIBIINX OTPEe3Kax.

Pa36uenuss TpexMepHbIX MPOEKTUBHBIX MPOCTPAHCTB BCEBO3MOXKHbIMI HabO-
paMu TJIOCKOCTEN.

3/iech MBI OTKazKeMcsl OT TpeOOBaHUs HETPUBUAJIBHOCTH HAOOPOB M3 71 ILJIOCKOCTEM
B BENIECTBEHHOM d — MEpPHOM HPOEKTHBHOM MPOCTPAHCTBE M y3HAEM, UTO TOTJA MOXKHO
OyJer cKasarb O MHOMKECTBAX 4uce] objacreii, Koropble Oyjgem obosnauarh depes F2.
MakcumasbHoe amuceao MEoxkKectsa F)4 06o3Haunm uepes fuay(d, n). Hac 6yayT unrepeco-
BaTh NPENMYIIECTBEHHO MHOYKecTBa Fo, T.K. MHOKecTBa F> U3BECTHbI, a MHOKECTBa Fg
npu d > 3, BepodaTHO, GoJiee CJI0KHbI, dem Fo.

IMpumep 4.1. Muoxectsa F2 u F? nnan < 7.

3 3,4 3,4

4 4, 6,7 4, 6,7,8

5 5, 8 —11 5, 8 —12, 14,15

66, 10, 12—16 |6, 10, 12—16, 18, 20— 26
77, 12, 15—22 |7, 12, 15— 22, 24, 26— 42
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O603HaunM uepe3 L MHOKECTBO HEJIbIX TUCE]T MEXKIY N U fmax (M, 1), He peanusye-
MBIX ITPU JAHHBIX M U N B KadecTBe duces o0JacTei, T.e.

Ly ={f eN[n<f< fuax(m,n)}\ F.

[TonvuO)KecTBA MHOKeCTBa L)', cOCTOSIINE N3 TOAPST WYX [eJbIX dnces Oy1eM Ha-
3BIBATH AakyHaMmu (BCIe 3a [2]) u HyMepoBaTh 10 MOPSIIKY BO3PACTAHUS COIEPIKAIIUXCSI
quces. O6o3HauuM 4depes d,, Ipu N = 3 IUCTO

23 1
Jon— 22— 2.
" 2]

JLns jiByMepHOro cjlydast MHozkecTBa F)2 Gblau Haiijiensl B [26] n okazajioch, 4To 4HCIIO
JaKyH B MHOKecTBe L2 pasHo d,, u 4TO

d, =

Li:U{geN|z’(n—z’+1)+C§,1<g<(i+1)(n—z’)}.

=1

Bamernm, uto ipu n = 6 u n = 7 (cm. upumep 4.1) muoxkecrso L3 comepxkut 601b-
e yuces, yem MHoxkecTBo LZ2. OHAKO NPH J0CTATOYHO GOJIBIINX 7 OKAa3bIBACTCS, UTO
MHOKeCTBO L2 cofepKutcs B MHOZKecTBe L2.

3 2
Teopema 4.7. L; C L; npun > 71.
EcrecTBeHHO mompo6oBaTh HAlTH HECKOIBKO MEPBBIX YACET MHOKeCTBa Fo.

Teopema 4.8. IIpun = 16 sepro

{feF}| f<6n—16} ={f € F?| f<6n—16} U{4n —8,6n — 18,6n — 16}.

2n—2 4n—12 6n—30 6n — 18 C2+1

! ' ! '

o e e eseee R .

f f f !

f
n  3n—6 5n—20 (dn + 1) (n —dy) C3+n

Puc. 10: Muoxectso F> g 601bIIHEX 1

Jlna nokazarenbcTB TeopeM 4.7 u 4.8 HaM MOHAIO0ATCA BCIOMOTATEIbHBIE JIEMMBI.
O6oznaunM depes ¢, u A, coorsercTsenno uuciaa (d, +1)(n —d,) u 1+ C? — q,.

Jlemma 4.10. IIpun > 71 sepro

2 _
3Qn72+n_4<n “

+ 2.
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Zloxazameavcmeo. Ilpeobpasyem HepaBeHCTBO, IPOM3BEJIS 3aMeHy N = M + 2 U ¢, =
(dm + 1)(m — d,,) ¥ BUIY

(m — (3dy, +2.5))% = — (32d%, + 56d,, — 15) (4.7)

o

2
Tak kak m > @ +3 (1o onpegeseHnio Yucaa d,,, cM. pasgen 2.3) u m = 69,d,, > 11,
2
TO HepaBeHCTBO (4.7) 10CTATOYHO JIOKA3ATh I M = —dm;dm

uMeeT BU/I

+ 3. B sTom ciiydae OHO

(d?, — 5d,, +1)* > 32d%, + 56d,,, — 15
1 BBINOJIHAETCA, IIOCKOJIbKY YHCJIO (de + 1)2 OTJeJideT JIEBYI0 4aCTbhb HepaBeHCTBa OT

npapoit mpu d,, > 11. O
HanomuanmMm, 4To
foax(2,n) =14+ C2 w0 fua(3,n) =n+C2.

Badukcupyem ancio n koudurypamnnu rumepiiockocreii B RP?. O6osnatmm tepes fmax(2)
U frin () unca

fmax<i) =n-+ Cg - Crngifla fmin(i) = fmaX(i> - (Z + 1)An*l —1 (48)

s 2 < @ < n— 3. 3amerum, uT0 fiax (i) — 9TO MakcuMasibHOE 4ucao obacreii, o6pa-
30BaHHBIX KOHMUIYpanusivu 1 mwiockocreil B RP?, B KOTOPBIX CylLIecTByeT ToUKa, obuast
JIJIST 1 TIJIOCKOCTEI.

Jlemma 4.11. fi.c(i—1) = fum(i) npu3<i<n—4un>7.

Jlokasamenvemeo. Tlonb3ysich onpegenenusimu 9ucen fua(t — 1) u fiin(2), nepenumem
HCXOJ/IHOE HEePABEHCTBO B BU/IE

Hugsi=n—4uni=n—5 (Ay=1, As = 3) ono Bepro. Cuauraem gajee, 9ro i < n — 6,
caesiaeM 3aMeHy n — ¢ = m. Tenephb J0CTATOYHO J0Ka3aTh HEPABEHCTBO JJIsl 1 = 3:

AN, +3>C2 . = m?P+m(d, —Td, —3)+8(d% +d,) +12 > 0.

[Tocneanee HEPABEHCTBO 3aBEIOMO BBITIOJIHSAETCS pu m > 6 n d,,, > 2. O

Jdemma 4.12. Ecau d,, = 2, mo ao6oe ueaoe wucao mescdy ¢, u 1+ C2 ecmv wucao
obaracmeti konguzypayuu A? NpAMBT 1A NPOEKMUSHOT NAOCKOCTIU CO CACOYIOULUM 1YCAO-
suem. JIubo natidemea mouka @3, npunadiesicawan posHo mpem npamvim us A% aubo
natidymes dee pazauvnvie mouky Qo u Qf, Kascdas ud KOMOPLIT NPUHAOAEHCUM POGHO
deym npamvim us A* u maxumu, wmo npamas Q2Qy ne npoxodum uepes dpyzue MouKy
nepeceuenua npamor u3 A% u ne npunadaescum A2,
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Joxazamenvcmeo. B |26] moboe neoe aucsio mexiy ¢, u 1+ C? peamusosaaoch ciey-
omuM 00pasoM. Hepes oIHYy TOYKY MPOBEAEHO N — Kk MPAMBIX Uf, . . ., Uy_k. OCTaIbHBIE
kf MPAMBIX HaXOJATCA B O6HI€M MMOJIOZKEHU U APYT OTHOCHUTEJIHLHO JApyra, IMpu4ieMm l nux TO-
YeK IepecedeHns J1eKaT Ha HPAMBIX Ui, ..., U, k. Llpn 3Tom u3 d,, = 2 caeayer, 9To
2<k<n—2 Ecml>1, to neMmMa joka3aHa, T.K. Haiigena touka (J3. Ecan [ = 0,
TO k OPpAMBIX Up—k+1,-- -, Un O6IH€FO IIOJIO2KEHH A MO2KHO IIPpOBECTHU TaK, 4YTO JIB€ TOYKHU
nepecederust Qo = Uy NUp_gr1, Q4 = UsNUy_g12 OYAYT VIOBIETBOPATH YCJIOBUIO JIEMMBI.

O

HamoMmHEM, 9TO MpOEKTUBHBIE MOANPOCTPAHCTBA PA3MEPHOCTEH ¢ U j IPOCTPAHCTBA
RP" Haxoagarcs B 00wem noaosicenu, eCa UX MepecedeHne ecThb i+ j — N-MepHOe IIPOeK-
THBHOE TOAMPOCTPAHCTBO IPHU ¢+ J > N U MyCTOe MHOXKeCTBO IpH ¢+ 7 < n. CKaxkeM, 9TO
IIPOEKTUBHOE ITOAIIPOCTPAHCTBO HAXOAUTCA B O6H.[eM ITIOJIOZKEHNU U OTHOCUTEJIBHO KOH(i)I/II‘y—
pAIlHU TUITEPILIOCKOCTE, eCcIn OHO HAXOAUTCSA B OOIIEM TOJIOKEHUHU ¢ THIEPILIOCKOCTSIMI
1 BCEMHW TEePECEUEeHUSIMU JTF0O0r0 KOJMIECTBA TUIEPIIIIOCKOCTEI.

Jlemma 4.13. (/37]) Iycmo A3 — nabop uz n naockocmedi 6 RP?, nabop A3 | noayuen
uz A3 ydanrenuem naockocmu U. Ilepecenenus naockocmeti uz A3 ¢ naockocmwvio U
obpasyrom nabop A? npamwx na U. Tozda

FAR) = f(An ) + (A7),

Jlemma 4.14. Ilycms m naockocmeti Konduzypayus A3 npoxodum wepes 00HYy MoKy u
obpasyrom (6es ocmanvhux naockoemeti uz A3) fo, obaacmeti. Tozda

Fu(l+n—m) < F(A3) < ful+n—m)+C2 (w) -

3

Joxazameavecmeo. npyknusi no n — m, ucnoab3ys jgemmy 4.13. TIpaBoe nepasencTso
oOparaercs B paBeHCTBO, €CJIH OCTAJIbHBIE 12 — M IJIOCKOCTeHl HAXOAATCd B 00IIeM MOJIO-
JKeHHH C 1M MJIOCKOCTIMH. 0

Jlemma 4.15. Ilyemos 2 < i <n—4 un = 9. Toeda mmoocecmeo Ff:’ codepotcum 6éce
ueavie ucaa ompesra [ fumin(4), fmax(?)]-

Jlokasamenvcmso. Jloboe nenoe quciao f, f € [fumin(?), fmax(?)] MOXKHO mpemcTaBuTH B
BUJIC

. 2.
f=0G+1)fi+C} (n— g(z+1)> -, (4.9)
rie 0 <r <iugu < fai <1+ C? .. TlocTpoum npumep Habopa IUIEPILIOCKOCTei,

nensmero RP? wa f O6JIaCTeI/I e f BI/I,ZLa (4.9). Bozbmem naop A%, cocrostimuii uz n — i
HPSIMBIX Ha IPOEKTUBHOM ILJIOCKOCTH, YIOBIETBOPIOIINIA YCIOBHIO JIeMMBbI 4.12, tesisiuii
niockocTh Ha f(A%) = f,_; obnacreii (3T0 moHamOOUTCA B JaibHeiilieM TOMBKO B CIy-
gasx (8) u (r)). Baoxum RP? C RP?, ribepem Touky O ¢ RP? u nposesem miockocTn
Ui, ...,U,_; gepes Touxy O u npambie u3 A2, Ioayuum nabop A2, cocrosmmuit us n — i
maockocreii B RP?. Bamernu, uro jmobast mI0cKocTh U, He mpoxosias depe3 104ky O,
B nepecedennn ¢ A2, obpasyer KoHdbuUrypanuio npgambix Ha U, IPOEKTHBHO 3KBUBAJICHT-
nyto A2. Ilposegem maockocts Uy, i1, ..., U, B 06IeM HOJOKEHAN IO OTHOIIEHHIO APYT
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K Apyry u K Habopy A3 .. Obosnaunm gepes A%fiﬂ' kondurypanuio nupamoix Uy MU, i 5,

rae 1 < k < n — i+ j #Ha npoekTuBHOi miockoctn U,y ana 1 < j < @ Yepes Af’l_iﬂ-

obozHauuM Habop miaockocreit Uy, ..., U,_i1; B RP3. Torna
f(Ai—i—f—j) = f(Ai—i+j—1) + f(A?l—i—&-j) mpu 1< j <4 f(AE:’z—i) = fa—i.
Samernm, 9TO
f(AsziJrj) =fo-it =)+ +(n—itj—2)=foi+ Crzkiﬂel - Cr_s.

CnemoBaTebHO,

FOAD) = faci + D> F(AL ) = (i 4+ 1) fasi + CF (n _ §<i i 1)) .
j=1

Takum obpaszoM, mostyden Habop A3 mmockocreit ¢ uncmom obnacreit f(A3) suma (4.9)
upu r = 0.

Mgt > 0 mapymmm o0IHOCTH mos0zKeHust wiockocteit Uy i1, ..., U, (cxkumast 06-
aactu B Toukn). [Ipu srom mmockocru Uy, it 1, . .., U, OyayT "noaru" obimero nojoxeHus,
TaKHe 9TO

f(Ai—H-]) = fnfi + O?%—i-i—j—l — CZ—Z — aj7

rJe a; — HeOTPUIaTeTbHbIe IIeTble THCIA I ijl a; = r. Ecau ygacTes mpoBecTH MI0CKO-
cru Uy_ji1, ..., U, Takum 06pa3om, TO MOy IUTCsE HADOP U3 N IJIOCKOCTEH ¢ TpedyeMbIM
B (4.9) ancaom obmacreii ms soboro 0 < r < i. Pacemorpum dersipe ciydast.

Cayuat (a): 0 < r < i— 1. IIposemem miaockoctb Uy, ;1 TPOU3BOJIBHBIM 00pa30M, HO
me 1epe3 Touky O. Torma

f<Ai—i+1) = fnoi >n—1i.

CnenoBarenbao o TeopeMe CuiabBecTpa-lamian Haiigerca Touka Pj, mpuHaIIeKAIIAsT
POBHO JiBYM IpsimbiM 13 Kordurypauun A%, . [Iposesem mwiockoctb Uy, _io uepes T04-
Ky P tak, yroos! npsmas U, ;11 NU,_;12 He npoxo/iuia Obl Yepe3 Jpyrue TOUYKH Iepece-
uennst koudurypanun A2, . Torna a; = 1, T.e. 3a cuer Toukn P, nponasa oaxa 00J1aCTh.
[Ipomeraem To ke camoe ¢ mirockocTamu Uy, 3, ..., Uy _iiri1. A IMEHHO, BEIOEPEM TOUKY
Pj, npuHa/jIeKamyo poBHO IBYM IpaMbIM u3 A2 +j U IpoBeJieM II0CKOCTh Uy, iy ji1
gyepe3 104Ky F; Tak, 4100bl II0CKOCTh Up_it i1 He HpoXojausa Obl 4epes Jpyrue TOYKH
nepecedeHus HPsAMbIX KoHdurypamuit A2 .. A% L
or 1 mo r. Touku P; cymectByror no Teopeme Cunbbectpa-lamian. MHOXKeCTBO Touex
nepeceveHns npsaMbIx Koudurypanuit A2, ..., A2, +j KOHEUHO, CJIeJIOBATEILHO MPO-
BecTU IJ10CKOCTh Uy, iy j11 MOKHO. OcTampable MI0CKOCTH Up_iqria, ..., U, OpoBegeM B
obmeM mosioxKeHnn. HeTpyaHo BHaeTH, 9TO

Wujiekce 7 npuHuMaeT 3Ha4eHust

a2:a3:...:ar+1:1, alzaHg:...:ai:O.

Cayuat (6): v =i > 4. llpoegem mnockoct U, ;1 n U,_j19 TAK XKe, KaKk B Caydae
(a). ILnockocthb U,_;13 mpoBejgem 4depe3 TOUYKY P Tak, 94To6bl MI0¢KOCTh U, ;13 HE CO-
JepzKaa Obl APYTHX TOUEK IepecedeHns IpaMbIX Kondurypamuii A2 anm AZ . 4o IIpo-

BegeM iockocT Uy _jya, ..., Uy_ipp—1 anagornano ciaydaio (a). OcrajibHble HIOCKOCTH
Upn—ivry..., U, OynyT B 001IeM 1oJi02keHuu. Toraa mossyyum
a3=3, G=a=...=0a@_1=1, a=a,=...=a; =0.
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Cayuat (8): v =i = 2. IlpoBesem mwiockocrb U, 1 HPOU3BOJIBHBIM 00pa30M He depes
Touky O 1 HoaydnM KOH(MUTYPAIUIo NPAMbBIX A2 |, yI0BIETBOPSIONIYIO YCIOBUIO JIeMMb
4.12. CiiejioBaTeIbHO, CyIIECTBYET JM00 TouKa ()3, nbo Touku Qo u (). Torma nposeaem
wiockocTh U, depe3 TOUKy (J3 miam depe3 npamyio (J2()), COOTBETCTBEHHO TaK, ITOOBI
niockocTh U, He mpoxoamsia Obl Uepe3 Apyrue TOUKH IlepeceueHus MpaMbIX 3 A2 .
[Tostyaum a1 =0, ay = 2.

Cayuati (2): v =i = 3. [lposeaem miockoctu Uy, n Uy,_1 Tak e, Kak ObLIH IPOBEJIE-
wb! miockoctn U,y n Uy, B caygae (B). [lnockocts U, mpoBeieM aHAJIOMHIHO MIIOCKOCTSIM
Un—itjrr mas 1 < j < r w3 cayqas (a). Torma ap =0, ag =2, a3 = 1.

Wrak, pa3oOpaHbl BCe Caydand U MOCTPOEHBI IPUMEPLI HAOOPOB ILIOCKOCTEl ¢ IHCIOM
obutacreit Tuna (4.9). Takue Habopbi, BOOOIIE TOBODS, HE €MHCTBEHHBDI. O

Jlemma 4.16. Ecau ece npoexmusnvie naockocmu nabopa A3 npoxodam wepes odnuy
obuyro mouxy P, mo f(A3) € F?. Ecau ece kpome 00Moti npoexmusHvle NA0CKOCTU
nabopa A3 npoxodam wepes odny obuyyro mouwry P u obpasyrom f,_1 obaacmed, mo

f(AEL) = 2fn71-

Zokazamenvcmeo. Jlokazkem mepBoe yTBepkKaeHne. PaccMoTpuM IPOEKTUBHY IO ILIOCKOCTD
U, ne cofepzayio Touky P. Ilycrs miockocTu Habopa A2 mepecekaroTcs ¢ MIOCKOCTBIO
U 10 UPAMBIM U1, . . . , Uy 1 A2 = {uy, ..., u, }. Kaxoit rouxe X, He jiexkanieil Ha mI10CKO-
crsax |J; U; mpOeKTHBHOIO MPOCTPAHCTBA MOCTABUM B cooTBercTBHE TOUKY Y = PX (U
nepecevdenus npsamoit PX ¢ mockoctbio U. [Ipu 9T0M cOOTBETCTBUM TPeXMEPHBIM 00J1a-
cTgaM, obpaszoBaHHBIM 10cKocTaMU Uy, . .., U, OyayT B3aUMHO OJITHO3HAYHO COOTBETCTBO-
BaTh JIByMepHbIE 0071aCTH, 00pa30BaHHbBIE IPIMBIME U1, . . . , Uy, Ha mIocKocTH U. [TosTomy
f(A3) = f(A2), re. f(A3) € F?. Bropoe yTBep:K/eHue ceayer u3 Jemmbl 4.14. O

Jlemma 4.17. Ecau ne cyuwecmsyem movuku, npunadsescauweld ne menee wem m + 1

npoexmuenot naockocmu us nabopa A3, cocmoawezo us n naockocmet u m < n, mo

n*—n+2(m-—1)
m+ 2 .

f(47) > 2

Zoxazameavcmeo. Jlobast mpsimMast npuHaIIeKAT He OoJiee 1eM m— 1 MPOeKTUBHOI TJIOC-
koctu u3 A3. Paccmorpum miockocTh U obiero mosozkenus orHocutesibio A3, [lepece-
genus I1ockocTeit uz A2 ¢ miaockocrnio U obbemunum B HaGop A2, cocroamuii uz n
npAMbIX 1 pasbusaomuii mwiockoers U na f(A2) obnacreit. Kaxoit asymepnoii obnacru
h C U coorsercrByer Tpexmepas obmacts B H C RP?, o6pasosannas A®, taxas 4aro
h = HU. Tosromy f(A2) < f(A3). Tns nabopa A2 ma miockocru U ue cymecrByer
TOUKH, NpUHa/IeKaleil xoTda 661 m npambiM 13 A%, OcTanoch NTpUMEHUTh HepaBeHCTBO
MyHKTa (a) TeopeMsl 2.3:

Ecnn ne cymecTByeT TOUKY, IPUHAIEKAIIEl He MeHee 4eM 17 TPOeKTHBHBIM MPIMBIM

u3 Habopa A2 IpAMBIX Ha HPOEKTHBHOMN IIOCKOCTH U M < N, TO

n?>—n+2(m—1)
m+ 2

f(47) =2

O

Zokazamenvcmeo meopemw. 4.7. Cornacuo jiemme 4.15 MHOXKECTBO Ff:’ COIEePXKHUT BCe
HesIble YUCaa MEKAY finin(1) U fiax (i) mug Beex 2 < i < n—4. U3 emmbr 4.11 BoiTekaer,
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91O OTPE3KH [ finin (1), fmax(?)] mOKpbIBatOT Bee neabie aucaa ot fiin(2) 10 fimax(n — 4).
[Tockosibky

fmax(n_4):n+cg_]-7 a fmln(2>:3Qn—2+n_4<CrZ+2

upu n > 71 1o jemme 4.10, To muozkectso F2 comepxkut (npu n > T1) Bee nesble quc/ia
mexkay 14 C2 un+ C? (Brmountennro). Tosromy 060e HepeanusyeMoe B KavdecTBe
ancia obacreit na RP? uncio g € L3 menbme 1+ C2 u, nockonsky F2 C F3, raxxe ne
peammsyerca ma RP?. Crenoparensno, L3 C L2. Ocranoch 3amerntn, uro LP # L2 npn
n>13, rk. 4n—8¢ L3 udn —8 € L2. 0J
Jokasamenvcmeo meopeml 4.8. Obozmaunm yepes f uucio obaacreit f(A3). Oboznaunm
depe3 m MaKCHMAaJbHOE YHCJI0 IIocKocTeil Habopa A3 mpoxondmnux uepes oy TOUKY.
O6osnaunM uepes f, € F2 gucio obaacreii, 00pa3oBaHHBIX HPOXOAAIIIME Yepe3 OLHY
Touky m maockoctamu u3 A3, Ecam m = n, To no memme 4.16 umeem f € F2. Ecinm < n,
TO frn 2 2m —2, T.K. WHaYe M MI0CKOCTel mMe s Obl ODIILYI0 MPSIMYI0, & 3HAYUT HAILINCH
o6l m + 1 mwIockocTh, uMeromue obmyo Touky. Ecium m = 3, To ImI0CKOCTH HAXO/IATCS B
obmiem notoxkenun 1 f =n+ C2 > 6n — 16 npu n > 7. PaccMOTpuM ocTa bHbIe CTydYaH.

Cayuati 1, m = n — 1. Toraa no nemme 4.16 monydaem f = 2f, 1, fu1 € F2 ;.

Cayuati 2, m = n—2. Torga no jgemme 4.14 umeem f > 3f,_o. Ecan f,_o > 2n—>5, t0
f = 6n—15. Eciu f,_o = 2n—6, To u3 m miockocTeil, mmeromniux ooyt Touky P, m —1
IJTOCKOCTDH UMEIOT 001myto mpamyto [. Obozuaunm depes3 Uy, Us, Us mmockoctu Habopa, He
HPOXO/IAIUe depe3 MpaMyio [, mpudeM IL1ockocThb Us comep:kut Touky P. Obo3nadum
aepes [ npamyio Uy ((Us. Eciu [y C Us, to f = 6n — 18. Nnaue [; He nepecekaercs ¢ .
CitestoBaTesibHO, 1 TIepecekaeT M MI0CKOCTeH He MeHee 4eM B 1 — 3 TOYKaX U 10 JIeMMe
4.13 umeem f > Tn — 21.

Cayuati 3, 5 < m < n—4. [lo remme 4.14 nmeem

f=fun—m+1)>=2(m—1)(n—m+1) > 6n— 16.
Cayuati 4, m = 4. Tlo nemme 4.17 ipu n > 16 numeem

2
f}nTM>6n—16.

O

Ipumep 4.2. [lycTh NpoeKTHBHBIE LIOCKOCTH Habopa A2, mpoxomar depes oamy 06-
1IyI0 TOUKY U IIYCTh €CTh elle Habop A3 miockocTeil, HUKaKue TP U3 KOTOPBIX HE UMEIOT
obeit mpsimoit. ITycth nabopst A2, u A? naxoasrcest B 0G1IEM 110/102KEHUH JIPYT OTHOCH-
TeJILHO JpyTa, T.e Bepiuubl A2, He jiexkaT Ha miockocTax u3 A3 u HaoGopot, pebpa A}
He mpoxoaat uepes pebpa A3, . Torma

k(k—1)

S (A k.

FA LAY = R+ 1) F(A ) + (n = k)

IIpumep 4.3. Bozbmem Habop A2, mpaMBIX Ha HEKOTODOil IPOEKTUBHOl IJIOCKOCTH U
erme oJIHY IpaAMYto [ Ha 3Toii 3ke miockocTu. Ilyets npsamvbie nz A%, mepecekatoT npsamyio [
B ¢ TOUKAX, IpudeM | He coBuajaer uu ¢ kaxoit upamoit uz A%, . Teuepnb nocrpoum nabop
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u3 N MPOEKTUBHBIX II0CKOCTeH. [TycTh n — k NPOEKTUBHBIX MJIOCKOCTEH MPOXOJAIT Yepes
061ryio Touky P u uepes nupsimbie nabopa A2, ¢ coorBercTByOmUMI HOMepaMu. [TycThb
OCTaBIHeCst Kk TJIOCKOCTeH MPOXOIST Yepe3 MpsiMyio | W He TPOXOAAT depe3 Touky P.
Torna npu 2 < k < n—2 aya nocrpoennoro nabopa A2 sepno f(A3) = (k+1)f(A2 )+
(k—1)q.

IIpumep 4.4. Bospmem HabOp Ai_k OPAMBIX HA HEKOTOPOH MPOEKTUBHOH ILIOCKOCTH
u BoiOepem u3 Hero jBe npsimbie, [y u lp. Ilycth TOuka mepecedenusi npsambix [; u [y
npunaiexut r npambiv u3 A2 . Tlocrponm Habop A2 U3 n MPOEKTUBHBIX ILIOCKOCTEl
B NPOEKTHBHOM mHpocTpancrse. Ilyctb n — k MpOeKTUBHBIX ILJIOCKOCTEHl TPOXOIAT depe3
obryto Touky P u 4epe3 npsamMbie HaGopa A%, ¢ cooTBeTcTBYOmMEUME HOMepamu. IlycTh
k= ky+ ko, rme ky > 1 u ky > 1. [lycrs octaBimmecsa k miockocTeil He MPOXOAAT Uepe3
Touky P, npuuem ki NJI0OCKOCTEH W3 HUX MPOXOJSAT depe3 mpsamyio i, a ko maockocreit
MPOXOAT Yepe3 npsamyto lo. Torma npu 2 < kK < n — 2 BepHO

FAY) = (k+ D) f(A3) + (n =k =7+ 1)kiks.

4.4 Pa306ueHunsd mjiIoCKnx d—MepHBIX TOPOB M IIpocTpaHCcTB Jloba-
4EeBCKOTO
Omnpenenenne 4.2. [Lrockum d-meprom mopom T naszveaemea garxmopnpocmpancmeo

apunriozo d-meprozo seuecmeennozo npocmparcmea R no d-mepnoti pewemxe Z¢ (ne
obazamervro pewemxe ueaws wucen). [lodmop wopasmeprnocmu odun ¢ T zadaemes

YPasHeHUueM
E a;x; =,
i

ede a; — payuonasvHbe YuCAa, T; — Koopdunamu, npocmparncmea RY 6 xaxom-nubydv
basuce, nocmpoennvle No KaKOMY-1ubyds bazucy pewemru Z¢, ¢ — npouszeosvroe eeue-
CMBEHHOE YUCAO.

I[TonTop KOpasMepHOCTH OJMH — 3aMKHYTOe TTOIMHOT000pasue B Tope T, romeomopd-
noe (d — 1) — mepaomy TOpY.

Teopema 4.9. Mnootcecmeso F' (Td, n) BCET BOZMONCHBLL YUCEA KOMNOHEHM CEA3HOCTU
donosnenuti 6 d-mepHom NAOCKOM Mope K 00BeIUHEHUAM T NAOCKUT NOOMOPO8 KOPa3-
MEPHOCTY 00UH COOEPAHCUN MHOHCECTNEO

F(T'n)2{n—d+1,...,n}U{leN|1>2(n—d).}

Joxasamenvcmeo. Ilycrs T? = R?/Z? u B pemerke Z¢ ribpan 6asuc e. IIycts (11, .. ., 74)
— KoopauHATH TpocTpancTsa RY B 6azmce e. [TocTponM mpuMeps! KoRMUTyparmii ¢ quc-
JIOM f CBSI3HBIX KOMIIOHEHT OTIENbHO 1 f < n u gug f = 2n — 2d.

Paccmorpum Habop u3 n runepmiockocteit 8 R (kaxioe ypaBHeHue coOTBETCTBYeT
OJIHO¥T TUTIEPIIJIOCKOCTH ):

7, =0, 1<i<k,

Thi1=Cicg, k+1<1<n
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qutst Hekoroporo netoro k, 0 < k < d — 1 u BemecTBeHHBIX YHCEI C;_j C PA3IUIHBIME

0 IT 0 R4 — R4/ 74 0
JapobubiMu dacTsamu. [Ipu orobpazkernun akTopu3amun — MOJIyIUTCsT HAbOP
{Tid_l,i =1,... ,n} W3 1 TOATOPOB KopasMepHOCTH oanH. [Ipn 3ToM J0TOJIHEHTEe TOMeo-
MOPGHO TPSIMOMY TTPOU3BEICHUIO

T\ JTE = RE x (SU\ {pr,- o opai}) x (S5,

rae yepes S\ {p1,...,pn i} OOO3HAYEHA OKPYZKHOCTL Ge3 n — k Todek. OTCIOAA YHUCTIO
CBSI3HBIX KOMIIOHEHT JOTOJIHEHUsI PpaBHO N — k, Tie k — Jar000e 1eoe 9ucjao, Takoe, 9To
0<k<d-1.

Tenepsb BO3bMeM IeJ10e HeOTPUIATEILHOE YHCI0 k& U HOCTPOMM IIPUMep KOH(MUTY pAIHH
¢ 2n — 2d + k cBA3HBIME KOMIIOHEHTAMH JONOTHEHHA. 322/ IUM HOJATOPHI yPABHEHUAMHE:

r;=0, 1me 2<1<d,

l‘g:kl’l—f‘§,

r1=c¢; gna j=1,...,n—d,
upudem 4ucia kc; + % He TleJible HU MPH KAaKuX j. (DTO yCIOBHE TOTO, YTO IEpeceveHne
Tpex MOATOPOB
1
:EQZI{::B1~|—§, Ty =c¢j, T2 =10

ABJISICTCA IIYCTBIM MHO}KeCTBOM.) Herpynno Bumern, uato
d
TN\ | J{zi =0} = T? x R,
=3

B aBymepHOoM TOpe ypaBHeHUsI

1’220,
$2:k$1+§,
rn=caaj=1,...,n—d

3a/1a10T HAOOP U3 N — d + 2 3aMKHYTBIX T'€0/Ie3UIeCKnX, 00beJMHeHNe KOTOPBIX JIeJTUT
Top Ha 2n — 2d + k ¢BaA3HBIX KOMIIOHEHT (6oJiee moapoOHO pa3bueHne IBYMEPHBIX TOPOB
reo/Ie3UIeCKUME 00CYKIAJI0CHh B pasee 3.3). ]

Pazouenusa npocrpancrBa JlobaueBckoro Habopammu IOANPOCTPAHCTB KOpas-
MEPHOCTHU OJIWH

B kagecTBe Mojie/in m-MepHOro npocrpancTsa JlobaueBckoro L™ BoO3bMeM MHOZKECTBO
TOYEK

{(z1,...,7n) € R™ | 7,, >0} ¢ merpukoii ds® =

Bmonme reogesmdeckne moaMHOr000Opasusa KOPa3MEPHOCTH OJUH — 5TO T'HIEPILIOCKOCTH
npocTpancTBa JlobaueBcKOro, T.e. eBKJINIOBHI HOIYCGEpPH ¢ IEHTPOM Ha abCOIOTe U €B-
KJIMJIOBbBI 11OJIYILJIOCKOCTH, HePIeH/UKYJIsapHbie abcoIory Ty, = 0.
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Teopema 4.10. [Tycmv n pazsuvHvle 2unepniockocmets m-meproz20 npocmparcmsea Jlo-
bauescrozo deaam nocaednee wa fobaacmeti. Tozeda

n+1<f<1I+C+C -+ O, (4.10)

2de buromuarvrviti kosdduyuenm C° cvumaemea pasroim wyao npui > n. Joboe ueroe
wueao f, ydosaemeopaiowee nepasencmeam (4.10) dra durcuposarnnor n u m, moosrcem
PEAAU3OBAMBCA KAK “UCAO obaacmel m-meprozo npocmparcmea Jlobauesckozo, pasde-
AEHH020 T -2UNEPNAOCKOCTLAMU.

JLns mokazaTeibcTBa TeOPeMBbI MTOHAI00ATCS CIeIyIoNue onpeenenusd u jemma. O60-
3HAYNM IPOCTPAHCTBO ILTOCKOCTEH KopasmepHocTu oguH B L™ udepe3s H™. Ob6oznadnm
HPOCTPAHCTBO HAOOPOB, COCTOSIIMX M3 N PA3JUUHBIX YIOPSAJLOYEHHBIX ILJIOCKOCTEH KO-
pasmepuocTu ogue B L™ wepes A™ C H™ x ... H™. @ukcupyem gucia m u n. [lycrs
Ay m Ay — aBa pasimunbix Habopa uz A", Jledopmayueti nabopa A; B Hadop A, Ha-
30BeM HenpepbiBHOE oTobpazkenue s : [0,1] — A™" rakoe uro s(0) = A; u s(1) = As.
Yucsno obracreii, oopasosanubix HabopoMm A € A™" B npocrpancrse JlobaueBckoro L™,
o6ozuauum uepes f(A). Hazosem moment Bpemenu ty € [0, 1] xpumuueckum, ecim unc-
n0 obnacreit f(s(t)) we mocrosHHO B 060N CKOJb YTOJHO MAJOH OKPECTHOCTH TOYKH
to € [0,1]. B panpreiiniem Mbl OyeM pacCMaTPUBATH TOIBKO AeOpMaum ¢ KOHEUHBIM
YHUCJIOM KPHUTHYECKHX MOMEHTOB BpemeHH, npu 3ToM Todku 0 m 1 He Kpurumdeckme. B
KPUTUYECKHI MOMEHT ty U3MEHSAeTCd YUCI0 0bJacTeil, mpuieM U3MeHAeTCd Ha

|[f(s(to +€)) — f(s(to) — €)|

JUISE JOCTATOYHO MAJIOrO €.
Haszosem Habop A € A" uckarovumenrvuvim, ecu cymecrsyer aedpopmaius s(t) co

CJIJIYIONIUM CBORCTBOM. JIjIsi HEKOTOPOro KPUTUIECKOro MOMeHTa tg BepHo A = s(tg) u

quesio obsacreii uaMensiercs npu jgedopmarun S(t) B MOMEHT ty He MeHee YeM Ha J[Ba.

JlemMma 4.18. Mnooicecmeo uckaonumesviovlx; Habopos ecms NoOMHOHCECTNEO KOPA3MED-
nocmu dea ¢ A™M.

Jokxazameavcmeo. Eciu B MOMEHT ty mcue3aeT 001aCTh, TO OTPAHUYHBAIOIINE €€ TUIep-
wiockocru (upu t < o, HE yMeHblias 0OLUHOCTH ), BO3MOXKHO, BMeCTe ¢ abCcooToM Oy1yT
HPOXOAUTh TpU t = o 4Yepe3 OfHY TOYKY (KOTOpasi MOKeT ObITh Ha abcosrore). DTo
HEKOTOPOE YCJIOBUE, BBITIOTHSIONIEECS] HA, TIOBEPXHOCTH KOPA3MEPHOCTH OAuH B A™™.
Ecnu npu t = ty ucuezaror mo Kpaiineit Mepe jaBe 00J1aCTU, TO OHU OBLIM OTPAHUYECHBI
Pa3HBIME MHOXKECTBAMHU THUIEPILIOCKOCTEl (B KOTOPBIX, BO3MOXKHO, HEKOTOPBIE THIEp-
IJIOCKOCTH COBHAAMN). [109TOMY yCIOBHS HCUe3aHus 00IacTell He3aBUCUMBI U OJIHOBDe-
MEHHO BBITIOJIHSIIOTCSI Ha MMOBEPXHOCTU KOPA3MEPHOCTHU HE MeHee JByX B A™™. U

Jlokaszamenvcmeo meopemui 4.10. Hepapencrso f > n + 1 m0Ka3pIBae€TCSI WHAYKIHEH 110
n. dpyroe nepasencrso u3 (4.10) gokasbiBaercs 1o nape uHAYKIHUA 10 m u n. BuemHss
UHJYKIMS 110 m, 6a3a m = 2, HpeJoJIoKeHne — HEePABEHCTBO BBINOJIHSAETCS JIJI Pa3-
MepHOCTe, MEHBITUX M, U JI000ro ynuciaa n. Nuayknus mo n BHyTpennss, 6asza n = 1,
IIPEe/IOIOZKeHNe — HEePABEHCTBO BBITOJIHSIETCS I JAHHONU Pa3MepHOCTH 1M U MeHbIIIe-
ro 4YncJia THIEPIIOCKOCTell. BRIKIa KN Takme Ke KaK W B J0KA3aTeJTbCTBE aHAJOTHIHON
OIEHKH JIJIsl THIIEPIIOCKOCTER B eBKJMI0BOM 1pocrpancrse (dopmyst lneddin).
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Hokazem, aro soboe nenoe uuciao f, yaosiersopsiomee (4.10) moxker ObITh 4YuC-
Jiom obgacteit. PaccMorpum HabOp W3 1 THNEPILIOCKOCTE eBKJINI0BOIO MPOCTPAHCTBA
R™ ob61iero moJiozKeHus, B KOTOPOM BCe OTpPaHUYeHHbIE 00JIACTH UMEIOT JTOCTATOYHO Ma-
JIBII JHaMeTp W PACIoJarajnch B BepXHEM IMOJIYIPOCTPAHCTBE X, > (. 3aMeHnM Temepb
TUIEPILIOCKOCTH €BKJIMIOBOTO IMPOCTPAHCTBA Ha KACAIOIIHMECS HX THIEPIIOCKOCTH IIPO-
crpancrsa Jlobadesckoro. st jjocTaTouHO MaJIOro JiuamMerpa OrpaHuvYeHHbIX obJiacTeil
IpPU 3aMeHe IHIEePIIOCKOCTell 9ucao obiacreit (Beex, He TOJBKO ONDAHUYEHHBIX) He W3-
MEHHTCSI U OYJeT PaBHO

fnlaX:]-_FCi—i_Cg_'—”'—i_an'

BosbmeMm mocrpoennslii Habop runepiniockocreii B L™ B kKauecTBe A1, a HAbOp U3 N Hele-
PECEeKAIINXC THIEPILIOCKOCTel B KadecTBe As. IToCKONIBKY MHOMKECTBO KOpPa3MepHO-
CTU JiBa HE JeuT HpocTpancTBo A™" Ha CBs3HBIE KOMIIOHEHTbI, TO Habopbl A; u A
MOXKHO coennHuThb gedopManueit $(t), e mpoxoagamieil depe3 MCKI0UATeIbHbIE HAGO-
pol. Torma gucio obnacreit HAOOPOB S(t) M3MeHsIETCsST B KAXK bl KPUTHIECKUH MOMEHT
BpeMeHH He Oosiee, ueM Ha ojuH. CjegoBaresibHO, JiF0b0e dnuco obmacreil f, Takoe 9TO
n+ 1< f < fuax, BeTpedaercs B Habopax jedopmarun S(t). O

3ameuanue 4.4. JInga aBymepHoit miockocTu JIlobadeBCKOro MOXKHO SIBHO HMOCTPOUTH
HaOOP MPSAMBIX, JEJSIIH IJI0CKOCTh Ha f obJacTeil, rie

n(n—i—l)‘

n+1<f<1+ 2

JI1s1 9TOrO TpeaCTaBUM YHCIO f B BHIE CYMMBI

k(k—1)

l
5 +

f=n+1+
st neabix gucen [, k, rakux, ato 1 < kK < n—1u 0 < [ < k. Pacnonoxkum k tps-
MBIX P1,...,Pr TaK, 4TO JIIOObIE JBE U3 HUX [EPECEKAIOTCS W HUKAKHE TPH U3 HUX He
epecekaTcsa B OAHON Touke. [IpoBegeM MpsaMyIO pri1 TakK, 9TO OHA IepeceKaeT POBHO [
U3 OPSMBIX P1, ..., P, U He IPOXOJHUT Yepe3 TOUKM UX MOMNAPHBIX Hepecedenuit. Kaxkmas
U3 OCTAJIBHBIX HPSAMBIX Dki2, - - ., Pp HE TMEPECEKACTCS HU C KAKOH MPsAMOil 9TOro Habopa.

k(k—1 N
Herpyuno yBugers, uro nojayunrcs n+ 1+ % + [ obnacreit mnockoctu JlobaweBCKOro.

5 3akJiiouyeHue.

MuozecTBa guces f CBA3HBIX KOMIOHEHT JOIOJHEHHsI OMUCAHbI B paboTe B TOI WM HHOM
Mepe i psifga Koudurypanuii moaMaoroodpasuii. B Tex ciydasix, Korjaa MHOXKecTBa, [
yIaBaJI0Ch HAWTH SIBHO WM TMPAKTUYECKH SIBHO, aJTOPUTM HAXOXKIEHWST MHOYKECTB ObII
CJeNYIOIAIL:

® BBECTH HAPAMETD 1 BBIPOXK/eHUs KOHMUIYPAIUMH [TO0AMHOroo0pasuit (Haupumep,
MaKCHMAJIhHOE YHCJIO TIePECEKAOIINXCST B OJHON TOUYKE);

e 1epedpaTh Bce KOMOMHATOPHBIE TUIIBI KOH(MUTY paIuii ¢ 60IbIION CTeeHbIO BBIPOK-
JeHud;
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® Deain30BaTh MOYTH BCE BO3MOYKHBIE 3HAUYEHUS 9UCIA [ KOH(DUTYDAIUIME CO “Cpe/I-
Hell” CTeneHbIo BIPOZKJICHUS;

® JI0Ka3aTh, YTO YUCJIO f CBA3HBIX KOMIIOHEHT HE MOXKET IPUHAJIJIEZKATD JIAKYHE MHO-
xkectBa F' (ecam onn ectb). [liist 91010 HaiiTh HUKHUE ONEHKH 4ucjaa f depe3 m u
n.

CaMbIM TPYJIHBIM U 9aCTO C HEOOXOIUMOCTBIO UCIOJIB3YIONIUM PA3/JIUIHbIE PE3YJIbTATHI
U TEOPUHU SBJISIETCS MOCJEeHUN MYHKT, & UMEHHO, HUXKHUE oneHKu. [[osromy mosyuenue
HOBBIX HUYKHHUX OIIEHOK TPEJICTABJISeTCs 00Jiee MHTEPECHON W TepCIeKTUBHOM 3aj1aqeit,
YeM OIHMCAHHE MHOYKECTB YHCes CBS3HBIX KOMIOHEHT. VIMeeT cMbICT (& BEpOSITHO, W MPH-
JIOXKEHUs! HAlJIyTCs) CTPOUTH HUYKHUE ONEHKH JIJIsi KOHMDUIYpAIUii ¢ PA3INIHBIMA Tapa-
MeTpaMU BbIPOZK/IEHUs, HAIIPUMEP, I'OMOJIOIHYECKOI'0 XapaKTepa.

[Ipu uzyuenun HabOOPOB reo/Ie3MYECKUX HA HOBEPXHOCTSAX € I'UIIEPOOJINIECKOR MeTPH-
KO, BO3MOYKHO, OKayKeTCsl TMOJIe3HOM cJie/1yIomast

Il'umoresza 5.1. Ilycmv S — bGeckoneuroe cemeticmeao C8AIHHIL 3AMKEHYMDBLT KPUBSHLT NO
CBAZHOM KOMNAKMHOM dsymeprom mrozoobpasuu M 6es wkpas. ITycmo o(L) — xoauue-
cmeo kpusuir us S daunw, we boaee L. Mycmo fim(M,n) — munumarvhoe 603moncroe
YUCAO CEAZHBIT KOMNOHeHm donoanenus 6 M x 0bsedureruro n pasiuvHbLL KPUGHLT U3
S. Toeda pymnryus fuin(M,n) monomonno we yoweaem u npu L > 0

fmin(M7 SO(L)) 2 CM’/LL

s Hexomopot Koncmanmo, Cyy, 3asucauet om M.

BaaromapuaocTtu. [1yboko npusnaresien ceoeMmy HaydHoMmy pykoBogute o A. T. Do-
MEHKO 3a HOCTAaHOBKHM 3a/la4 U BHUMaHue K padore. [iyboko Osaromapen H. II. Tonou-
quny, E. A. Kyapssnesoit u B. FO. [IporacoBy 3a HeogHoKpaTHBIE 00CYZKIeHUs 33029 U
II0JIE3HBIE CCBLIKM Ha JuTeparypy. OcobenHo mobrarogapurhb Xoreaoch Ob1 B. 1. ApHOJB-

Jda, IIPUBJIEKIIEro BHUMaHHUE K 3a/a4€ U MNOIIYJIAPU3UPOBABIICI'O €€ B OTKprTOfI JICKIINN
2007 1.
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