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BBenenne

O630p OCHOBHBIX U3BECTHBIX PE3YyJIHTATOB

[Torpyzkenus KpuBbIX Bcerjia Bbi3biBaJjin unrepec. [lorpykenne KpuBoi B ILJIOCKOCTb €CTe-
CTBEHHO BO3HUKAET KaK Mpoekis y3aa. Layce [25], em. crp. 271-286, paccmarpuBas KOHEUHBIE
HOCJIeIOBATETFHOCTH OYKB, KaKaas W3 KOTOPBIX BCTpedaeTcs IBaxKabl. OH 3a/1aBajcs BOMPO-
COM, KaKre U3 TaKUX IMOCTIeT0BATEIHLHOCTENH COOTBETCTBYIOT CAMOIIEPECETCHUSAM MPOEKITNY Y314
Ha IJIOCKOCTB. 3ajada Oblia perrena Tpeitburom [33)].

Yurhu [34] onpesessier 4ucsio BpalleHusl KAK KOJTHIeCTBO 000POTOB, KOTOPOe JIeTaeT BeK-
TOP CKOPOCTH KpUBO#. OH MpeIoKMI CJAeTYIONIYI0 KIACCH(PUKANNIO MOTPYZKEeHU KPUBBIX B

IIJIOCKOCTb.

Teopema 0.1 (Whitney-Graustein, [34]). Jee samrnymoie pecysaprvie Kpuevie mo2ym Ovims
npodehopmuposarv. 00HG 6 OpY2Yt0, M.e. MENHCIY HUMU CYULLCMBYEM 20MOMONUAL 6 KAUCCE
BAMKHYMBLT PE2YAAPHUL KPUBHLT, M0200 U MOADKO M020a, k0200 UT YUCAL BPAULEHUS COBNA-

darom.

VUTHE TakzKe CBeJ MOJCYET YHCJIa BPAIICHUS K IOACYETY KOJIMIECTBA TOUYEK CAMOIIEpECe-
deHusl pasHbIX THIOB, cM. [34], Teopema 2.
Cwmeiisr permu 3a/4a4y KJIacCUMpUKAINN TOTPYKEeHNI KPUBBIX B TepMHUHAX (DyHIaMeHTA b

HOIl I'PYNIIBI € IMHUYHOTO KACaTeJbHOIO PACCAOEHUS.

Teopema 0.2 (Smale, [32]). ITycmwv 1oy — mouxa edunuunozo xacameavnozo paccaoenus T M
pumanoea mmozo06pasus M. Tozda cywecmeyem 6buexyus mescdy m (T M, xg) u mmooice-
CMBOM KAGCCO8 (€ MOYHOCTBIO J0 PE2YAAPHOT 20MOMONUU, COTPAHANOULET, KOHUbL U HATNPAGAE-
HUA 6 HUT) Pe2YAAPHOT KpuenT Ha M ¢ 3aKpeniernuMu KOHYGMU U HANPABAEHUAMY 6 HUL,

300a6GEMBMU T(.

Peitaxapr [29] onpe/euit 9uc/I0 BpaleHusi Ha MOBEPXHOCTSX ¢ HemycThiM KpaeM. OH pac-
CMaTPUBAJI OPUEHTUPYEMYIO 3AMKHYTYIO KOMIAKTHYIO TOBEPXHOCTh U KPUBYIO ¢ (PUKCUPOBAH-
) i M TIM

HBIMU B OAa3UCHON TOUKe T € KOHIIAMH ¥ HallpaBJICHHUEM, 33/1aBAeMbIM BEKTOPOM X € 1, M.
Yucmo BpameHns ompeeIsaoch Mo MOILYTIO 3iIepoBOil XapaKTepUCTUKHA TOBepXHOCTH. Tod-
Hee, Pefiuxaprt onpejie/ina u I0Ka3a/l CyIecCTBOBAHNE U eIUHCTBEHHOCTH TOMOMOPpU3Ma Bpa-
menns w: mr(M,x¢) = Z, B3 TPyNIbl KJIACCOB PErYIAPHON TOMOTOIHOCTH KPHBBEIX B KOJIBIIO

MEeJIBIX YHUCeNT 110 MOJIYJII0 SHIepoBOil XapaKTepuCTUKY X MmoBepxHocTH M, Ajs KoToporo w = ()



HA HEKOTOPOM Habope 00pa3yroIux MOBEPXHOCTH, U w = | HA MPOCTOH CTATUBAEMON IMOJIO-
JKUTEJIbHO OPHEHTHPOBaHHOI KpuBoit. B mponoskennu [30] Peiinxapt pacmupui onpe/eaenue
YUCJIa BPAIEHUs JJI KYCOTHO-DETYISPHBIX KPUBBIX.

Yusmursope B crarbe [20] u ee npogosrkennn [21] 1a1 reOMeTpUYECKOe OLPEJIEJICHHE THC-
Ja BpareHust wy (7, ) OTHOCHTEJbHO BeKTOpHOTO Tosist X Ge3 mysei. HedopmanbHo, dncio
BpallleHns olpeJieigeTcsd KaK KOJIUIeCTBO 0DOPOTOB, KOTOPOe JeJaeT BEKTOD CKOPOCTH KPH-
BO#1, HEe MPOXOMAIIENl Yepe3 HyJIu BEeKTOPHOTO ToJid X, OTHOCUTETHLHO BEKTOPHOTO momd. [lrs

HEOPUEHTUPYEMOU MMOBEPXHOCTH OIPEJIETIeTC 110 MOJYJII0 2.

Teopema 0.3 (Chillingworth, [20], Teopema 3.1.). Tycms M — 2aadkas noseprrocms ¢ Heny-
cmuoim kpaem. ITyemo vy, Yo — 08€ COTPAHANOULUE OPUEHMAUUI PE2YAAPHBIE 3AMEHYMbLE KPUBHLE
na noseprrocmu M, ¢ cosnadarouyum sexmopom ckopocmu X (x) 6 nauasvhol mouke, 20e X —
sexmopnoe nose 6es nyaet na M ux € M. Hycmo [y1] =[] € m (M, x). Tozda v, peeyaapo

20MOMONHA Yo ommocumenvro X () moeda u moavko mozda, Kozda wx(V1,x) = wx (Y2, T).

[Tommmo 3TOTO, B padorax [20], [21] mokasbiBaeTCs IKBUBAJIEHTHOCTH (/7151 HEKOTOPOTO BEK-
TOPHHOTO MOJIs1) YUCIY BpalleHusi, onpeeaeHHoOMy PeffHXxapToM, a TakzKe OIPeessieTcs: TucaI0
Bpalenus s saeMenTa rpynnsl 7 (M, xg). B cratbe ectb 0606IIeHIsS HEKOTOPBIX Pe3yJIbTa-
TOB HA CJyYa¥ 3aMKHYTOH MOBEPXHOCTH, MEHAIONIEH OPHEHTAINI0 KPHUBOH WM OTCYTCTBUS
6a3uCHOM TOYKM, HO aHAJIOI TeopeMbl Y UTHH-I paynrreiina Jijisd TUX CJydaeB He 1OJIyYeH.

Bypwman u [Tossik [19] pacemarpuBaim OpHEHTHPYEMYIO CBSA3HY O TOBEPXHOCTH U 3AMKHYThIE
KpuBble 0e3 6asucHoit Touku. VX hopMy/Ibl yeTaHABIMBAIOT CBA3b MEXKIY UHCIAME BpPAIleHNs
U caMoIlepecevdeHNsIMH KPUBBIX.

Hukkynn [28] Boramcsmn uaBapuanT By mas KycOYHO-JMHEHHBIX HOTpyzKeHuil rpadoB B
IJIOCKOCTh W IIOKA3aJI, YTO JIBA IOTPYKEHHS PEeryaspHO TOMOTOIHBI TOTJA M TOJBKO TOTJA,
KOI'/Ia, MX HHBapHAHTHI By coBmamaror.

['pynna romeoMopdu3MOB IOBEPXHOCTHU JIEHCTBYET HAa MHOYKECTBE HOTIPYKEHHIl KPUBBIX B
IMOBEPXHOCTbD. MCCJIG,I[OB&HI/IG ATOTO ﬂeﬁCTBI/IH JaCTO IMOMOT'aeT yCTaHOBHUTH HETPUBUAJIBHOCTD
roMeoMopgu3Ma, T.e. ero HeM30TOMHOCTh TOXK AecTBeHHOMY. CKpyunBanue /[3Ha sSBIsIeTCS Mpo-
CTBIM IIPHEMEPOM HETPHUBHAIBLHOIO TOMEOMOP(U3Ma U BOSHHKAET B PA3HOOOPA3HBIX 3a1a49ax, a
IIOTOMY IIpeACTaB/JIdeT UHTEPEC.

Bupman u coaBropsl [18] paceMarpuBaroT OpueHTHPYEMY 0 KOMIAKTHY IO PUMAHOBY [TOBEPX-
HOCTH M, KazKaast KOMIIOHEHTa CB3SI3HOCTH KOTOPOH HMeeT OTPHUIATEIbHYIO IHIePOBY XapaKTe-

pucruky. Onu onpesessiior rpymny M (M) kraccoB u3oronnii aBroMopdusMoB (T.e. COXpaHsi-



OIIUX OPHEHTAIHI0 TOMEOMODhU3MOB) HOBEPXHOCTH M, COXPAHSIOMMX KKy KOMIOHEHTY
CBSI3HOCTH MOBEPXHOCTH W MEPEBOJIAIINX KarK/ Y0 TPAHUIHYIO OKPYKHOCTH B cebst. JTokasbiBa-
ercst, uro sobas abesnea noarpymma B M (M) KOHEIHO TOPOXKICHA, HE COICPKUT KPYUeHHS,
¥ PAHD OrpaHudeH ducjaom 3¢+ b — 3¢, rje g — poj HOBEPXHOCTH, b — KOJIMYECTBO IPAHUIHBIX
OKDY’KHOCTEH, ¢ — KOJMYECTBO KOMIIOHEHT CBSI3HOCTH. B TOIi JKe cTarbe yTBepKIAeTCs, YTo
ckpyunBanus /[9ma B1oJab HAO0pa HPOCTHIX MOMAPHO HEMEPECEKAIOTUXCS BIOKEHHBIX OKPY K-
HoCTell (T.e. KPUBBIX) HA OPHEHTUPYEMOIl TIOBEPXHOCTH TIOPOXKAAOT abesIeBy MOJATPYIIILY, PaHT
KOTODOIi IOCTHIaeT yKa3aHHY BepxHIO oneHky. CorraciHo pabore /Isua [22|, ckpyunBamus
JIsHa BJIOJIB BCEBO3MOXKHBIX JIBYCTOPOHHUX KPUBBIX MOPOXKIatoT rpymmy M(M).

YIOMSIHY THI{i BHIIIIE Pe3y/IbTaT BUpMaH U cOABTOPOB MMeeT BazKHble MpuiIoKenus. Hampu-
Mep, € MOMOIIBIO ITOr0 pe3ysbrara W BaxKHOro pesyiabrara Kyapssresoit u Ilepmsikosa |2|
o mpoctpancTBax QyHKIMHA Mopca Ha TPOM3BOIBHBIX (OPHEHTHPYEMbBIX U HEOPHEHTHPYEMBbIX )
nosepxuocTax, Kyapsasiesa B nukie pador [3], [4], [5], [6], [7] 6onee neTambro u3ygaer romoro-
MUYeCKUil TUI STHX TPOCTPAHCTB B CJIydae OPUEHTHPYEMbIX moBepxuocTeil. [logaepkueM, 910
YIOMSHYTHIH BBIIIE pe3yJbTaT BUpMaH W COABTODOB, a TaKzKe HCHOJb3YIONHHA ero Pe3yabrar
KyapsiBrieBoif, moJydeHbl TOJIBKO JJisi OPHEHTHPYEeMBIX ToBepxHocTeil. [Toaromy 3amada pac-
IPOCTPAHEHHUS Pe3yJabTaTa BHPMaH U COABTOPOB Ha CJIydail HEOPUEHTHPYEMBIX TOBEPXHOCTEN

IIpeacraBjdeTCd BeCbMa aKTyaﬂbHOf/I.

ITocranoBka 3amadn

[TonyunTs KpuTepuii peryasgpHoii FOMOTOITHOCTH KyCOYHO-PeryIdpPHbIX MOTPYyzKennii rpada
B CBA3HYIO KOMIAKTHYIO moBepxHOCTh M. llomyunTh Kiaccudukanuo TakuxX norpyzxesuii. B
YACTHOCTH, MOJYYIUTDH aHAJIOT TeopeMbl Y UTHU-I'paymTeiina 11d 3aMKHYTOI KpUBOIl HAa HEOPU-
eHTHpPYyeMOil moBepxHocTu 6e3 H6azucHoit Touku. Buraucurh panr abeseBoit noArpymibl rpyl-
MBI KJIACCOB OTOOpaskeHU il TOBEPXHOCTH, TOPOYKICHHON CKpyYnBaHugaMu /[3na BOKpyT monapHo

HellepeceKamInXcs: OKPYKHOCTEH Ha MOBEPXHOCTH.

PezynbTaTsl quccepranmun

1. IlocTpoen MHBAapUaHT 1NVy, F, PETYJIAPHON TOMOTOIHOCTH KyCOYHO-PErYyJIAPHBIX IIOTDY-
Kenuii rpachoB B KOMIAKTHbBIE TOBEPXHOCTH (OpPHEHTHDYEMble HJIH HEOPHEHTHPYEMbIE, ¢ KpaeM
win 6e3 kpas), obobmatomuii uasapuant B.J1. PeifHxapra — 4Yuc/o BpallleHUsl PeryJisipHbIX

MOTPYKEeHNI OKPY?KHOCTU B TIOBEPXHOCTH C HEMYCTHIM KpaeM, ¢M. pa3jien 3.1.



2. Tonyuena kiaccudukanmusg KyCOUHO-PETYIdPHBIX TOIPYKEHU JI000r0 KOHEYHOTo rpada
B MPOU3BOJILHYIO KOMIAKTHYIO MOBEPXHOCTH € TOYHOCTBIO JIO PEryJIgpHON romorTomnHoctu. B
JACTHOCTH, IOy IeH KPUTEPUH PETYAIPHONR TOMOTOMHOCTH ABYX NOTPYZKEHHI, CM. TeOPEeMBI 2.2,
3.1, 3.2, 3.3 i paborer aBropa |12, [14].

3. Boruncjien panr abeseBoil OArpyInbl TPYHIbI KJIACCOB OTOOPAKEHUl MOBEPXHOCTH, TO-
POXKIEHHOM CKPYYWBaHUAMY [[9Ha BOKPYT MOMAPHO HellepeceKaIUXCes IBYCTOPOHHUX OKPY K-

HOCTeH HA HEOPUEHTUPYEMO MOBEPXHOCTH, CM. Teopemy 4.1 win pabory aBropa [13].

Anpobarus pe3yabTraToB padboThl
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ITy6nukamunu
Bce ocnoBHBIE pe3yIbTATHI IUCCEPTAIMH TTOJIYIE€HBI ABTOPOM CAMOCTOSTEIBHO U OMyHJIHKO-

BaHbl B paborax 13|, [12], [14], B xxypranax u3 mepeuns BAK.



1 UYwmcio BpallleHus: olIpeiejieHd U IpeJBapuTeIbHbIEe pe-

3yJIbTAThI

1.1 Omnpenenenus

Mbl GyeM HCIIOJB30BATH OIPE/IEJICHAe YUC/Ia BPAICHHsI, pe/jiozkentoe B pabore [20] (u ee
npozposzKernn [21]), MOCKOJMBKY cunTaeM ero Hambosee eCTeCTBEHHBIM W AHAJOTHYHBIM KJIAC-
CHYIECKOMY OTIDEJIEJIEHUIO JIJisl KPUBBIX Ha II0CKocTH. XoTda B [20] mano onpepesrenue Jjisi pe-
I'VISPHBIX KPUBBIX, II0 3aMEUAHIIO CAMOTO aBTOPA 9TO ONpeIeIeHne U BCe Pe3yIbTAThl JIETKO
0000IIAIOTCS HA, CIYYail KYCOTHO-PEryIsipHBIX KpuBbiXx. OIpeiesieHne B HaIE ¢TaThe HECKOIhb-
KO 0000111eH0.

B nmamuoit pabore M — mpon3BoJIbHAS IVIaJIKas KOMIIAKTHAs CBSI3HAsI IIOBEPXHOCTH. Bymem
cuuTaTh, 4ro Ha M 3ajaHa CTPYKTYypa PUMaHOBA MHOIOOOPA3Ms, aBTOMATHYECKH 3aAfOILY 0

HOPMY Ha KaCaTeJhbHOM IIPOCTPAHCTBE B KaxKI0i Touke. O003HATNM
e py: TM — M upoeknuio KacareabHoro paccjiaoenust I'M ua M,

e py1: T'M — M UpoeKIuio eMMHUYHOrO KACATENBHOTO paccaoenus T'M Ha moBepx-

HOCTL M,

e pi: T°M — T'M HOPMEPYIONIYIO MPOEKIIHIO MPOKOJOTOTO KACATEIHLHOTO PACCIOCHUS

TM, cocTodlero u3 HeHy/JIeBbIX KacaTeJbHbIX BeKTOpoB, Ha T M.

[Iycts G — HEKOTOPDIiT KOHEYHBIN CBA3HDII rpad, BO3MOZXKHO, C HETISIMH U KPATHBIME pedpa-
mu, L — opueHTUPOBaHHBIH rpad, roMeoMOpdHBIl OTPE3KY, ¢ pedpaMu B OJTHOM HaITPABJICHUH.
OnpeneneHne KyCOUYHO-PETYJIIPHOIl KPUBOil u peryJigapHoii romoronuu. OTobpa-

xenune £: L — T M nazoBeM KycouwHo-pe2ysspHoLm, €CJIH

e ¢ HelnpepbIBHO Ha pebpax, U B KayK/10il BepIINHE UMeeT OTJIMYHbIE OT HYJId OJHOCTOPOHHUE

Ipe/esIbl B OJHOM CJIOe,
o {(u)eT°M,uelL,

® HHKaKHe JBa OJHOCTOPOHHHUX IIpelesia B OﬂHOﬁ BeplinHe He HUMeIOT IIPOTHUBOIIOJIO2KHbBIC

HallpaBJICHUID.

CewmeiictBo &, t € [0,1] KycouHo-perymsipubix orobpazkenuit &y, &1: L — TM Hazosem

pe2YAAPHOT 20MOMONUET, eCan



e orobpaxkenue & KyCOYHO-peryJasipHO Jyisi Kazxkzaoro t € [0, 1],

® /I KazKJIOr0 3aMKHYTOrO pefpa e MpHU J00NpeeeHun &, B BEPIIUHAX O HEMPEPHIB-

HOCTH ceMencTBo &, t € [0, 1], apagercst romoromnueii.

Kpusyto v: L — M Ha30BeM Kycouno-pe2yssproti, CJIE BEKTOP CKOPOCTH 7 OIIpejie/ieH B
Kak10if BHYTpeHHel Touke pebep, 1 MOzKeT ObITh J0OIpeIe/eH B BEPIIHHAX 10 HEIIPEPHIBHOCTH
cupaBa, u oroopaxenue v': L — T'M KycO4HO-DPEryjasipHO.

Tomoromuto 7y, t € [0, 1] KycOuHO-peryasipHbIX KPUBHIX Yo,V1: L — M HazoBeM pe2yasp-

1O, eCJId
e orobparkeHue y; KyCOUHO-DEryJsipHO Jyisi Kazkaoro t € [0, 1],
® 7, ABJISETCS PETy/IsSPHON FOMOTONHER 0TOOpakeHnit ) u ;.

[Morpyxenne f: G — M Ha30BeM KYCOUHO-PE2YAAPHBIM, €CJIH OHO KYCOUHO-DPErYJISIPHO
Ha KaxKJI0M mpoctom mytu. Eciam rpad G — mpoctoit muki, To morpy:kenue f OyaeM Ha3bl-
BATH 3aMKHYTOH OPHEHTHPOBAHHON KYCOYHO-perysisipHoit kpupoi. Lomorormuio f;, t € [0, 1]
KyCOYHO-PEryJsipHbIX morpyzkenuit fo, fi: G — M Ha30BeM pezyaapHotl, ecjau OHA PeryJsipHa
HA KazKJIOM [IPOCTOM Iy TH.

Onpepenenne wx(f, Oy,,Xo,f(0),0x,) € Z. llyctb S — rpad, sBistomuiics OpHeHTH-
POBAHHBIM MPOCTHIM IHKJIOM C BbIaeIeHHOH Toukoit 0. IlycTh HA KOMMAKTHON MOBEPXHOCTH
M namo BekTOopHOEe mojie X W KyCOYHO-pery/isipaoe orobopazxkenue f: S — T'M rtakue, 4To
puv(f(0)) =z u f(0) = X(zo) anst HekoTOpOit TOUKU o € M, u 06pa3 py o f He copepKuT
Hysm BekTOpHOTO o1t X . IlycTh O,, — HEKOTOpAas JIOKaIbHast OPHEHTAIUS B TOUKe Xg. LlycTh
Op: [0,1] — T'M - mekoropsiii uyTh B cjloe p]_vil(xg), COEJIMHATONIUIT HEIPEPBIBHO TOYKH
0.,(0) = p1(X(x0)) u b,,(1) = p1(f(0)). Begem nonarne wucaa épaujenus B 9eThIpe MIara.

Co))

[ar 1. IToctpoum HempepbIiBHOE OTOOpaxkenue f*, aBidiolneecs “peryadpusainueir’” oToo-
pazkeHud p; o f. JIas 3TOro paccMOTpUM OpHEeHTHPOBAHHLI mpocToit muka S* = S, monyden-
HBIT U3 TUKIa S pa3pe3aHneM B KazKJIOH BEpIWHE W COeIMHEHNEM JBYX MOJIYIEHHBIX BEPIIUH
HOBBIM pebpom JauHbl 1. Ha MCXOMHBIX OTKPBITHIX pedpax IOJOXKHM f* paBHBIM p; © f, B
BEPIIIUHBIX JOOIPEIeNM 10 HePEePHIBHOCTU M HPOIOJIXKIM Ha HOBHIX pebpax [* mo kpardaii-
meMy IyTH MezKjy oOpa3amu BeprmmH B cjoe. 3 kycodnoit peryssipuoctun orodparkenus f
caenyer, uto f*: S' — T'M onpeneneno KoppeKTHO U ofHo3zHauHo. [lasee momosHuM f* 10
fo =0y - f*- 0, S — T'M. Yepes 0, 06o3HaueHO NPOXOKIEHHE TYyTH O, B 0OpaTHOM

HaIlpaBJICHUHU.



ITar 2. HenpepbiBHoe oTobpazkenne pyrq o fi: S — M 3amaer uHIyIMPOBAHHOE PACCIIO-

eame p/: B/ — S co caoem S' Takoe, uTo nAmarpaMMa Ha PHCYHKe 1 KOMMYyTaTWBHA, rae F

Bf LT M
pf PM,1

M

pMmofy
Sl—=
Puc. 1: KommyraTtusnas jguarpamma

ABJIseTCH M30MOP(I3MOM Ha KaykK10M caoe. ToranabHoe npocTpancTso B/ apiagercs TopoM mwin
OyToLIKOI Kiteiina B 3aBUCHMOCTH OT TOTO, COXPAHSET Py © f; OPHEHTAIUIO UIH MEHSIeT.
ITar 3. Komnosunust (pyo X)o (pario fy): ST — T'M wHaynupyer e IMHCTBEHHOE CeUeHHe
X7 8t — EJ, sa koroporo F o X7 = (p1 o X) o (pua o fg). Orobpaxenne f; unayuupy-
er equncTBennoe ceuenne Z/: S1 — EJ jna xoroporo F o Z1 = fr. Uz f7(0) = 6,,(0) =
(X (20)) = p1(X(par1(£5(0)))) moayuwaem Z7(0) = X/(0), caemoparensno Z/ u X/ zana-
ot ssementhl [Z7], [X/] dynaamenranbuoii rpymust m (ES, X7(0)). Toapobuast muarpamma

OTO6pa)KeHI/II71 IIpeacraBjceHa Ha PUCYHKE 2.
F
Ef— X . T'M
pf || X5 zf o PM,1 || proX

4

PM,10fp

St M

Puc. 2: [lonpobuas quarpamma

[Mar 4. Ecan 3aMKHYTBII IyTh Py © fy COXpaHsgeT OPHEHTAIUIO, TO E/ — top, n

m (B, X7(0)) = (a,b | aba b7t = 1).

~Y

Eciu pyry o f5 menser opuentamuio, To EY — 6yroiika Kieitna, n 7 (E', X7(0)) = (a,b |
aba™b = 1). Moxno seibpars a = [X/], u b npejcraBieHEBIM OPHEHTUPOBAHHBIM CJIOEM
(p”)~1(0) ¢ monoxuTensuoit orrOCHTELHO O, OpHenTanueit. Toraa p{ (a) mopoxkaer mp (St =
Z n péc(b) = 0. I3 p{([Zf]) = p{(a) creayer aro [Z7] = b™a j1d HEKOTOPOTO €JIMHCTBEHHOTO
m € Z. Oupegenum wucao epawserus wx (f, O, To, f(0),0z,) = m.

HedopmaabHO 9nc/I0 BpallleHns paBHO YHCIY 000POTOB, KOTOPOE JAeIaeT BEKTOp [ OTHOCH-

tesibao X. YToObI HalpaBeHUs COBIAJIAIN B HAYAIbHOU TOUKe, f TOMOJIHAETCH BpallleHHeM

BIOJB 0, BHaYaIe 1 9;01 B KOHIIE.



B aByx cayuasx obo3HaueHHe dHCIa BpalieHnst MOKHO cokparuTh. Ecaun f(0) = X (xg), 10
MyTh 0y, MOYKHO BBHIOPATH TOKICCTBEHHBIM () = constx(z,). B 3TOM ciryuae ameao obozHaImm
BpallleHUA Wx (fv O:voa Zo, X<x0)) = Wx (fv Oxo’ Zo, f(0)7 ConStX(xo))'

Eciu nyTb pps o f coxpaHser opueHTanuio, 10 ectb I/ apigercs TOpoM, TO 4mMCJIO Bpa-
IIeHUsI He 3aBUCHT OT BbbOpa myTtn 0, : npu nobasjienun K 0,, OAHOrO 000pPOTA B CJIOE K
nytn Z/ pobasagerca obpasyiomad b srauasie u b~ B konme. CieZoBaTeJbHO 0GO3HAYCHUE
9HCIa BPAeHHs B 3TOM CIydae MOKHO cOKpaTuTh 10 wx(f,Ofq)). B caydae xorma myTsb
Py © f MeHsieT opHeHTalu0, 1pu jaodaBiaeHun K 0,, ogHOro 060poTa B C/I0€ YHCJIO BpAIIEHUSs

wx (f, Oy, o, f(0),0,,) yBenmaupaercst Ha 2. CrenoBaTeqbHO JJIs ABYX oToOpaykeHuit fi, fa,

pu(f1(0)) = pam(f2(0)) = o, f1(0) = f2(0), pasHocTs
wX(flvaoax(bfl(O)?exo) _wX(f27O$07x07f2(0>79x0)

He 3aBUCUT OT BbIOOpa 0.
B crarpe waiie BCero 4mc/I0O BpalleHus OyneT pacCMaTpUBATLCH JI BEKTOpa CKopocTa 7'
KyCOYIHO-peryaspuoro myta y: S — M. B sTom ciiy4ae OyJeM TOBOPHTBH O YUCJIE€ BPAIEHUS

KYCOYHO-PEryJIIPDHOTO MYTH U 0003HAYATH

wX(,yJ Owo? Zo, 7/(1’0)7 6:1?0) = wX(VC Omo? Zo, 7/('];0)7 91?0)

Onpenenenne neabrx guces N(v1, 01,72, 02,x) 1 N(71,01,72,7(0),x). [Iycte M —
KOMIIAKTHAsT CBSI3HAsT TIOBEPXHOCTH, MJI KOTOPOil mo(M) = 0. Ilycth v1 U v9 — 1Be roMOTOTI-
HbIE 3AMKHYTbIe OPHEHTUPOBAHHBIE, KYCOUHO-PEry/IsSpHble KpUBble Ha M 1 3aJaHbl JJOKAJIbHbIE
opuentanun O u Oy B roukax 71(0) u 72(0). ITycrs rouka o npunagyexur M\ (Imy; UImys)
M CYIECTBYET peryJjspHas roMoTonus vy, t € [1,2], mepeBoggias y; B 72, JOKAJIbHYIO ODHEH-
taruio O1 B Oy U IIepecekaolias TOUKY & TPAHCBEPCAJbHO KOHETHOE YHC/I0 pa3. Ecjiu KpuBble
Y1, Yo MEHSIIOT OPHEHTAINIO, TO JOMOJHUTEIbHO mpeanonaraeM, 9to y1(0) = 72(0) u xkpuBas
7:(0) coxpansier opuentanuio. HazoBem nepecedenne 7;(S) = & HONTOKHTENBHBIM, €CJIH Derep
(avé—t(s), 875—2‘?)) MOJIOYKUTEILHBINH B OPUEHTAINN, TiepeHeceHHoi n3 ()1 BIOb TOMOTOINHN, HHAYE

Ha30BeM IIepecedeHne OTpHuIlaTe/IbHbIM. O603HaYNM Pa3HOCTDH KOJHUYECTB IIOJOXKHUTEJbHBIX U

OTpUullaTECJIbHbIX HepecequI/Iﬁ

N(717017V270271‘) = N(717017727027'r7’yt)

JJIST KPUBBIX Y1, Y2, COXPAHAIONMAX OPUEHTAINIO,

N(%, O1, 72, %(O>a x) = N(%, O1,72, %(0)7 xz, %)
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JUIST KPUBBIX 71, Y2, MEHSIOIIAX OPHCHTAIIAIO.

Yucno N(v1, 01,792, Oz, x,7) MOKHO SKBHBAJEHTHO ONPEJEJNTh Yepe3 CTeleHb 0To0pa-
JKeHUst JIUIsT JI060H HEIpephIBHOA TOMOTOIHH ;. PACCMOTPUM OpHEHTHpYIOIIee HAKpbiTHe M
nosepxHocT M 1 KpuBble 71, Yo, HAKPBIBAIOLIHME 71, Y2 U HAYMHAIONIMECH B OJHOI TOUKe. Pac-
CMOTPHAM TOYKH 92’(1), £(2), HAKPBIBAIOIIE TOYKY T, TOMOTOIHIO 7, HAKPBIBAOIIYIO Y, 1 OPUEH-
tarmo #a M, cormacosannyio ¢ Oy(v1(0)). st kazkmoit u3 Todek %) paccMOTPHM OTKPHITHI
quck Dy € M\ (ImA; UTmA,), comepekammii Touky 7. Ilyers orobpazxenue p;: M — S2 ap-
nsiercs crarmammem Muozectsa M\ Dy B rouxy. Torma romoromus p;o¥,: [0,1] % [1,2] — S?
orobpazkaer rpanuiy kBajgpata 0([0, 1] X [1,2]) B omHy TOUKY, & 3HAYAT €e MOXKHO MTPEICTABATH

1),

KaK KOMIIO3HIUIO P; 0 = fiopgl), re p; : [0,1]x[1,2] — S? — craruBaHme rpaHUNIB KBapATA
B TouKky, fi: S% — SZ Oupegesnum uncio N(v1, 01,72, O, x,7;) wian N (1, O1,v2,7(0), ) xax
CyMMy cTemeneii oTobpaxkenuii fi, fo. Opmentanns na npoobpase S? mepeHocHTCs ¢ KBajapa-
ta [0,1] x [1,2], Ha KoTropoMm pemep <B’Y5—Es), a’g—?) CUUTaeM MOJTOKHUTEIBHBIM, a Ha obpase S2
3aJIaeTCA OpUEHTaIuel Ha M , corstacoBaHHoit ¢ Oy.

Cornacuo jemme 1.4 quciaa N(7y1, 01,72, 02, x) 1 N(71,01,72,7(0),z) B caydae mosepx-
Hoctu M orandHO#t orT cdepbl, MPOEKTUBHON MJIOCKOCTH, TOpa W OyThUIKN Kileiina He 3aBu-
caT OoT BbIOOpa peryispHoit romoronun Y. ducao N (v, O1, 79, 7(0), x) 3aBucur or Kpupoi
7:(0). Hame Bcero Hac OyJer WHTEPECOBATH I'OMOTOIMsI MEXKJy Y1 U Yo, COXPAHSIONIAs Ha-
JqasbHYI0 TOYKY. B sTOM ciaydae xpuBas ;(0) Gymer nocrossHHOM 1 0003HAYEHNE TIPUMET B/
N (71, O1,72,71(0), ).

Onpegnenenne uncaa dwx. Ilycts M — KoMIIakKTHas CBA3HAA MOBEPXHOCTD, OTJIMIHAS OT
S2, RP?, T?, KI?, na KoTOpoil 33/]aH0 BeKTOpHOe mojie X ¢ KOHEYHBIM YHCAOM HYJIeBBIX TOYEK
x;, 1 =1,..., K. Ilycts gaHbl iBa KYCOUHO-PETYJIAPHBIX oTOOpaykenust fi, fo: S — TM.

OnpenenuMm dwx B ciIydae, KOrJIa KpuBble pys © fi, par © fo TOMOTONHBI B COXPAHSAIOT OpH-

eHTalIO:

dwx(thl,mez)
K

= WX(thl) - wX(va 02) - ZiX(IEi)N(pM o f1,01,pm © f2702a$i)7

=1

riae Op, Oy — Hexoropbie sokanbisie opuentanuu B Toukax pa(f1(0)), par(f2(0)), a ix(x;) —
MHJIEKC BEKTOPHOTO 10Jisi X B TOYKe ;.
Teneps ompefenum dwx B cIydae, KOUJa KPHBBIE Pas O fi, pas © fo TOMOTOIHDBI U MEHSIIOT

opuentanuio. Ilycrs f1(0) = fo(0) u 3aman myts 6: ST — M, §(0) = par(f1(0)), coxpansiommii
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opuenTario. OQupeaenm

dwx (f1, 01, fa, 6, f1(0))

- WX(fl, Ol’pM(fl(()))’ f1(0)7 6)19M(f1(0))) - WX(f% Olva(fl(O))’ fl(o)’ epM(fl(O)))
K

- Zix(%)N(pM o f1,01,pm © fa,0,2;),

=1

rae 1 — HEKOTOpas JIOKaabHas opueHTanus B Touke py(f1(0)), a myTh

Opnrrio s [0,1] = Ty (g 0p M,

pm

Opar (110 (0) = X (par (f1(0))) /11X (s (FL(0)))]],

Oprs(rrop (1) = f1(0)/1[ £ (0)]

BBIOMpaeTcs IMPOU3BOJILHO. KaK yKazaHo B OIpele/IeHHH YHCIIA

WX(fy Ogy, 7o, f(o)v 01:0)7

BBIOODP TYTH O, (f(0)) He BaHseT Ha dncao dwx (fi, Oy, fa, 9, f1(0)).

B ciygae mocrosaHOTO TIyTH 0, 0003HAMEHNWE TTPUMET B/

dwx (f1, O1, f2,p0(f1(0)), f1(0)).

B cayuae, korga M = S? u X — BeKTOpHOe TOJ€ C €IWHCTBEHHBIM HYJIEM, OIpeIe/iIM
dwx (f1,01, f2,02) € Zs kax pazuocts wx (f1,01) 1 wx(fa, Os) MO MOIYITIO 2.

B cayugae, koraa M = T? umu M = KI? u X - BekTopHOe TIoJ1e Ge3 nyeii, uncao N 3aBHCHT
OT TOMOTOINK, HO OHO HE Yy4acTBYeT B omnpejesnennn dw. [Toaromy onpenenenue ocraercs 0e3

U3MeHeHUN:

dwx (f1, 01, f2,02)
= (JJX(f1701> — CUX(an 02)7
dwx (f1, 01, f2, par(f1(0)), f1(0))

- WX(fh thM(fl(O))? f1(0>7 QPA/I(fl(O))> - wX(f27 Ol7pM<f1(0))7 fl(o)v 8pM(f1(0))>‘

N3 Jlemmsr 1.5, ciegyer, 9To B cJiydae KPUBBIX Paso f1, Pas© fo, COXpAHSIOMHUX OPUEHTAIAIO,
ynca0 dwy He MeHseTcs LpH roMoronusx orobpaskenuil f; u fo. B ciywyae KxpuBbix pps o fi,

Par © fo, MEHSAIOMNX OPUEHTAIWIO, YUCJI0 dwy HE MEHSIETCS MPH TOMOTOIUSIX COXPAHSIOIINX

pu(f1(0)) = par(f1(0)) 1 f(0) = £1(0).
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AHaJIOTHYHO YHC/Iy BPAIEHUs, B CJIy9ae, KOTJa 0TOOparkeHus fi, fo SIBJISIOTCS BEKTOPAMU

CKOPOCTHU KYCOUYHO-PETYISIPHBIX KPUBBIX 71, Y2, 0003HATUM

dwx (71, 01,72, 02) = dWX(VL 0177§7O2>

dwx (1, 01,72,71(0),71(0)) = dwx (71, Or,73,71(0),71(0)).

Onpe/iesienne Yncyia BpalleHns: KpuBoii ocHoBaHo Ha pabore [20]. Onpenesrenns dncsia Bpa-

menus s oroopaxkenus : L — TM, a takxke ducen N U dwy sBJISIOTCS HOBBIMH.

1.2 JlemMmbl

Cdopmynupyem 3aeck Teopemy 3.1 u3 [20|. B opurnsanbhoi crathe Teopema 6blta copmyn-
pOBaHa JIJIsT KPUBBIX, COXPAHSIONNX OPUEHTAIINIO, HO JTOKA3aTEJIhCTBO JIOCTOBHO TOBTOPSETCS

JJI JIIOOBIX KPHUBbBIX.

Teopema 1.1 ([20], reopema 3.1). ITycmv 1 u vo — dee peayaaphvie samrrymue kpusoie wa M,
71(0) = ~4(0) = X (x), 2de X — sexmopnoe noae 6ez nyaed na kKomnaxmmot noseprrocmu M,
mouka x € M, u[y1] = [y2] € m (M, x). Toeda xpusvie vy, vo 2omomonmws, omuocumenvro X ()
moezda u moavko mozda, koeda wx (y1, Oy, x, X () = wx (72, O, z, X (x)), 2de O, — aokarvras

opueHmayuA 6 Movke I.

Jokaxkem jgemmy 1.4 0 HE3ABUCUMOCTH ONPEJIETCHUAS YUCET

N(717017’Y27 027x)7N<71701772771(0)7‘r)

OT BBIOOpA TOMOTOIINH, COoeMuHsIoNel v, u vo. Ham monamoburces ciemyrorias

Jlemma 1.1. ITyemov M — komnaxmuas c8A3HAA NOBEPTHOCMS, OMAUNHAA OM MOpa U OYy-
moakyu Kaetna. Hycmo a,b € m (M) — dsa kommymupyrowux ssemenma. Tozda natidymes

anemenm ¢ € (M) um,n € Z maxue, wmo a =™, b= c".

Jlokasamenvcmeso. Ecau moepxnocts M uMeer Kpaii, 10 dbyHmamenTaibaas rpymmna (M)
cBODO/THA, U JIeMMa JoKa3aHa B |26, mperoxkenne 2.17. Ilycrs gasee noBepXHOCTh M 3aMKHY-
ta. Paccmorpum romomopdusm dyngamentaaboi rpyumst (u, v | uvu"tv™t) ropa T B dynia-
MEHTAJILHYIO TPYIIITY TOBepxHOCTH M, epeBoadaIuii 00pa3yoIime u, v B 3JIEMEeHTH a, b. DTOT

roMoMopU3M HHIYIIUPOBAH HEelPephIBHBIM oTobpazkenueM f: T — M. Ilo Teopeme KHezepa

reomerpudeckas cremenb G(f) > 0 storo orobpaxkenus Jau6o pasua 0, 1060 YIOBIETBOPSET
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nepasenctBy Kueszepa x(7T') < x(M)G(f), em. [31]. TTosromy aubo x(M) > 0, mbo G(f) = 0.
Ecau x(M) > 0, to M sBasercs cdepoil winm MpoeKTHBHON MIOCKOCTBIO, a 3HAYNT yHIa-
MeHTas bHasa rpynma M nopoxmaercs me Gosee deMm omHuM meMentoMm. Eemu x (M) < 0, To
G(f) = 0 u 1o oupeie/IeHUIO reOMETPUYECKOIT cTereHr f TOMOTOIHO OTOOPAKEHUIO ¢, HE sB/Isi-
OIIEMYCsl CIODBEKTHBHBIM (T.e. 00pa3 ¢ COMEPKUTCS B IPOKOJOTON MOBEPXHOCTH M ). Tak kak
dyHIaMeHTaJIbHAS T'PYIIA IPOKOJOTOM MOBEPXHOCTH M €BODOIHA, TOJAYIaeM TOMOMOPMU3IM
(u,v | wvutv™t) B cBoGomHy0 Tpymmy. Ho B ¢cBOGOAHO# IpymIie KOMMYTHPYIONIHE 3JEMEHTHI
SIBJISIFOTCSI CTETIEHBIO OJTHOTO U TOTO JKe 3JIeMeHTa, a dbyHIaMeHTasbHas rpymna m (M) aBis-
ercsd (akTop rpymnmnoit (pyHgaMeHTaIbHO| TPYIITHI 7T1(M ). Mosromy npu x (M) < 0 awbbre

ABa KOMMYTHUDPYIOHIUX 3JIEMEHTa (byH,ZLaMeHTa.HbHOIL/'I I'PyHIIbl M apngroTcsa neJabIMU CTelleHdAMU

OJHOI'0O W TOrO ke djementa. Jlemma 1.1 moxasaHa.

JlemMma 1.2. IIycmo f: T? — M — nenpepwieroe omobpasrcenue mopa 6 KOMNAKMHYO no-
sepznocmv M, omauunyro om T?, K12, S? u RP?. Toeda natidemes ¢ € (M) maxoti, wmo
ons moboli kpueot v, [y] = ¢, omobpascenue f MOHCHO NPO2OMOMONUPOSAML MAK, UMO €20

obpas cosnadem ¢ 0bPa3oM 7.

Jlokasamenvemso. Iycrb a, b — obpasyiormue Topa. Torna snementst f|q, flp € m1 (M) KOMMY-
tupyiot. Coryacto jiemme 1.1 9TH KpUBBIE TOMOTOIIHBI CTEIeHsIM O/iHO# meT/iu y. [oMmoTomnueit
orobpazkenus [ jnobbemcst, urobsl f|, u f|, couamamu ¢ v u ", m,n € Z. Paccmorpum jsa
oToOparKeHus f,g: D? — M. OroGpaskenne [ OIpemesnsieTcs Kax f = fot, rmet: D* — T?
— NpUKJIeHBaHue aucka K obpasyromum. Orobpakenue ¢ 3aJaJuM Ha IOJOBHHE I'DAHHIHOI

OKPYZKHOCTH JIHCKA MKy ero HUzKHeil M BepxXHell TOYKAMHI DAaBHBIM KPHBOi ™"

1 Tpo-
JUIEM Ha, BeCh JHCK, IToJjaras ¢ HOCTOSHHBIM Ha KaykKIOM TOPH30HTAJIBLHOM OTpe3Ke. Takum
obpaszoMm, g orobparkaeT JUCK B KpuBYyio 7. OrpanudeHnsd f lop2 # g|ap2 coBHAIAOT, TOITO-
MY MOZKHO OIIpeJIe/INTh UX Ha JBYX HOJIyIIapuax cdepbl U HOJIYyUUTh oTobpazkenue S2 — M.
Ho mo(M) = 0, mo3romy 1ojiy4eHHOe 0TOOpazKeHue CTAIHBaeMO. 3HAUUT OTOOPAKEHUsI f g

romMoTomubl orHocnTebHo 0D?. Jlemma 1.2 noxkazaHo.

Jlemma 1.2 Biaeyer

JlemMma 1.3. Cmenenv nenpepuieHo2o omobpasiceHus mopa 8 KoMnaxmmyo noseprrocms M,

omavuryio om T2, K12, S? u RP?, pasna nyao.

Jlemma 1.4. IIycmo M — xomnaxmmas c8A3HAA NOGEPTHOCNG € KPAEM UL OMPUUGTNEALHOT

Atineposoti xapaxmepucmury, m.e. omaunnas om T2, K12, S? u RP2.
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(A) Hycmv v1,7v2: ST — M — dse c60600Hble NeMAU, COTPAHAIOULUE OPUEHTNALUIO, TOUK
r € M\ (Imy; Ulmry,). Toeda das awobvx 06ys 20momonud i1, Yo, NEPEGOOAUUT Y1 6 Yo U
01 6 Oy, wucaa N(v1, 01,72, 02, 2,7v:1) u N(71,01, 72, O2,,V12) cosnadarom.

(B) ycmov v1,72: ST — M — dee nemau, mensowue opuenmayuto, v1(0) = v(0). ITycmo
wpusas 6: ST — M, 6(0) = 71(0), coxpansem opuenmavuro, u dana mouxa x € M \ (Imvy; U
Imy,UImd). Tozda das moboix deyx 20momonut Vi1, Vi2, COCOUHAIOWUL Y1 U Y2, 044 KOTMOPLIT

%,z‘(o) =0, wucaa N(%a O1, 72,0, 5157%,1) u N(%, O1, 72,0, 37,%,2) coenadarom.

Lokxazamenvemeo. PaccMOTpUM NMOTHATHA 71, Yo TOMOTONWH 71, Y:o HA OPHEHTHPYIOIIEE
naxpoitae M.

(A) O6benuuenne romoTommii 3,1 U ;2 3amaer orobpaxkenne f: T? — M. Pacemorpum
nuck Dz, u3z onpenenennd ducaa N(vyi, O1, 72, Oo, z, ;) u crarupanue p: M — S? MHoxKecTBa
M \ D,. Cormacuo nemme 1.3, cremenb oroOparkenust f paBHA HYJIIO, a 3HAYAT U CTEIEHb
orobpaxkenus p; o f paBHa HYJIIO.

(B) O6bemunenne roMoTonuit 3,1 1 ;2 3a1aet orobpaxkenne f: S? — M. U3 (M) =10
HOJIYYaeM, YTO cTelleHb 0ToOparkeHus [ paBHA HYJIO, a 3HAYUT U CTEIeHb OTOOpazkeHus p; o f
paBHa, HYJIIO.

JlemmMma, 1.4 moka3aHa.

Jlemma 1.5. Ilycmv M — womnaxmuas cesasuas nogepruocmo, pry: IT'M — M - xaca-
meavroe paccaoenue. Iycmo na M 3adano sexmopnoe nose X ¢ KOHEUHOIM YUCAOM HYAET
xi, 1 = 1,..., K, u peeyaapraa 2omomonus &, t € [1,2], xycouno-pezysapruoz omobpace-
nwuti £,&: ST — TM, 2de xpusvie par o &1, par © & He npoxodam wepes ;. Iyems y X
nem wyaeti 6 cayuae M = T? uasu M = KI?, u eduncmeennwdi norv 6 caywae M = S2.
IIyemo sadanvy aokasvve opuermavuu O1, Oz, 6 mowrax par(€1(0)), par(£2(0)), coznacosan-
Hoe 600 Prro&s. B eayuae ecau prro&y u pyy o &y MEHANOM OPUEHMAUUIO, NPEONOAAZAEM, YN0
pu(€1(0)) = par(€2(0)), £1(0) = &2(0)), u nymo pas 0 &(0), t € [1,2], cozpanaem opuenmauro.

Tozda evinoarneno

dwx (&1, 01,62,02) =0

04 Kpusvx pry 0 E1, par © &2, COTPAHANUUT OPUEHTNAUUIO, U

dwx (&1, 01, &2, par © £4(0),61(0)) = 2wx (£:(0), O1)

05 Kpuevx prr 0 &1, Par © Eo, MERANUUT OPUEHMAUUIO.
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Joxazamensvcmeo. Oboznaanm v; = pyro&;. Ilycth KpuBbie 1, Yo MEHSIIOT OpueHTAIHIO. Boibe-
pem mponsBosILbHO 1yTh 0.0y [0, 1] = T ) M u3 onpesenenns wy, r.e. 6., 0)(0) = X (11(0)),
Oy, 0)(1) = p1(£:(0)). Ilepenecem 3TOT MyTh HEMpPepBIBHO BAOJb Beeil roMoTOnnH & TakK, 4YTO
B KaxK/10i1 Touke 7;(0)) ectb mwyrs Oy, 0): [0,1] — Tylt(o)Mv HEIPEPbIBHO 3aBUCAIIUNA OT ¢, Jjisd
k010poro 6,0)(0) = X (3(0)), 0, (0)(1) = p1(€:(0))

Ilycrs M otamuna ot S?, RP?, T?, KI?. IlepeneceM JoKaabHyIo opuenTanuio O; HelpephiB-
HO B10JTH KpuBoil Y4(0). Eciu Ha yuactke [t1,ts] ToMOTONMS HE MEpeceKaeT HYJIH BEKTOPHOIO

noJtst, 70 4ncsio wx (&, Op) mmm wx (&, O, 11(0), &(0), 0,,(0)) MOCTOSHHEO, T.K. OHO IejI0e U Hempe-

pHIBHO 110 t. PaccMOTpUM roMOTONHIO Yy B TOYKE fyt(u) IIpU TIepeCevYeHun HYAd XT; BEKTOPHOTO

Oi(u) Oy (w)

nostst X. Byznem durtars, uto pemep ( 9 ' ou

) HOJIO}KHUTEIEH OTHOCHTEJILHO OpUEHTAIINH
nepenecennoit u3 O Brob roMoTonnn. Kpupbie HE3a10/100 10 U HOCJe IepecedeHns: 0003Ha-
TUM Vi, , Vip- MOXKEM CUMTATH, YTO 3a HpejegaMu MaJoi OKPECHOCTH X; KPHBbBIE COBIAIAIOT,
M KPUBAs Yy, OTIMYAETCHA OT Y, J00aBiaeHueM neriau {s; BOKpYT To4ukd ;. Ilpu obxome B1osh
(s BekTOp £ 630K K & (u). B Masoit okpecTHOCTH T; MOXKHO CYUTATH HAMpaBiaenue & (u) mo-
CTOSIHHBIM, TIDH 9TOM BeKTOpHOe mojie X nemaer ix(x;) oboporos. CienoBaTesabHo, BIOAb Ly

BekTOp & Jenaer —iy (x;) 06oporos orrocuTebHO X . Takum o6pazom,

wX(é-tl? Otl) - Wx (&27 OtQ) = ZX(IZ)

nJjn
X(gtmotu%ﬁl( ) &1( ) ’Ytl(o)) X(&sztz’%z( ) &2( ) Yty (0 )) :iX(Ii)’

rae sokaababie opuentamun Oy, O, B Toukax 7y, (0), 74, (0) nomydatores w3z Op mepeHocoM
B101b roMoTonud. CyMMEUpOBAHS STH PABEHCTBA IS BCEeX II€PECeYeHUil TOMOTOIHMEH HyJieil

BEKTOPHOT'O IIOJIA X IIoJay4aeM

X(£1701) —WX(&,OQ)

_ZZX xl 7170177270273:1)_07
nJin

wx (&1, On, %(0) £1(0), 0,,(0)) — wx (&2, 02,72(0), €2(0), 0,(0))

_ZZX 717017’}/2,’}/15((» ) =0.

B caydae KpUBBIX 71, Y2, COXPAHSIONINX OPUEHTAIINIO, JJeMMa JloKa3aHa. lIlycTh v u v MeHsOT

opuenTanuio. Ocraaoch J0Ka3aTh, YTO

wx (&2, 02,72(0),2(0), y,0)) — wx (§2, O2,72(0), £2(0), 05, (0))
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= 2wx (&(0), 0y).

D10 caegyer u3 Toro, 9To O, oramuaercs or 0., ) Aobasiernem wx(&(0), O1) oboporos,
KasKIbIil U3 KOTOPBIX YBeJNUNBaeT YUCIO0 Wx Ha 2.

Cayuait M = S? anajornden obmemy. Juciia BpalieHns paccMaTPUBAIOTCA 110 MOLYJIO 2 U
UH/IEKC €JIMHCTBEHHOrO HYJig BeKTOpHOro nojgd X pasen 2. [loaromy npu nepexoje roMOTONNH
Yepe3 HyJb BEKTOPHOTO TOJId YHCJIO BpPAaIlleHUs KPUBOW HE MeHIeTCs.

B ciygae M = T? umn M = KI? u orcyTcrBus HyJelt BeKTopHoro nojas X TpebGyemoe
paBE€HCTBO cJjeayeT U3 TOro, 4To 4YucCJio BpalleHUA ABJIACTCA HEJIbIM M HEIIPEPbIBHO MEHACTCHA
IIpu TOMOTOITNHA.

JlemMma, 1.5 goka3aHa.

W3 semmbr 1.5 caegyer, 910 4nucjo dwyx HE MEHSIETCS HPU PEryJasipHbIX IOMOTOIHSAX OTO0-

paxkenwuit &1, &s.

2 PerynasgpHass TOMOTONHOCTh MOTPYXXKeHWit rpadoB B TIO-

BEPXHOCTHU

2.1 Kiaccudukarnusa norpyxkennii rpadoB B MJIOCKOCTh

Cmenens KyCOIHO-PEry IsipHOTO HOTPYKEHHS OKPYKHOCTH B MJIOCKOCTH - KOJHYECTBO 000PO-
TOB, KOTOpOE JefaeT BEKTOD CKOPOCTH MPH 00XO[e BIOJIb OKPYKHOCTH (B3sITOe ¢ 3HAKOM).
[Ipu 3TOM TpHU mepexoe Yepe3 TOUKY M3J0Ma KPUBOM cUUTaeM, 9TO BEKTOP MOBOpaYUBaeT 10
HAUMEHbBIIIEMY U3 BO3MOXKHBIX YIJIOB.

3amMeTnM, 9TO ITO KJIACCUYECKOEe ONPEJIe/IeHNe CTEIeHN MOTPYKEHHS COBIAIAeT C YHCIOM
BpallleHus MOIPYKEHNS OTHOCUTEIbHO TAaPaJLIeIbHOIO BEKTOPHOTO TOJIS.

XopoIio u3BeCTHO cJieyomee yreepxaenue (M. reopemy 0.1).

JlemMma 2.1. /Jlea wycouHo-peeysaprull no2pysiceHUuA OKPYHCHOCMU 8 NAOCKOCTIL PERYAADPHO

20MOMONHYL M0200 U TMOADKO moeda, Ko2da ux cmenenuy 0m06pa9fcemm pasHbL.

Onpenenenne maBapuadnta U. g dukcupopannoro rpada G BO3MOKHOE 3HAYCHHE

unsapuarma U saBjisiercss HAOOPOM CJIEIYIONIUX 00bEKTOB:
® KJacca OJHOMEPHBIX KOIOMOJIOruil rpada;
® IUKJIMYECKHUX MOPSIKOB pebep, BBIXOJAANINX U3 KarKI10# Bepruubl rpada G.
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Teneps onpenenum 3nadenune maBapuanta U ajiag norpyzxkenusi rpada G B MIOCKOCTb. BbI-
OepeM NMPOM3BOJBHO B Tpade OCTOBHOE JepeBo. Karkjoe pempo BHE MaKCUMaJILHOTO JIepeBa
eJMHCTBEHHBIM 00Pa30M JOIOJIHSIETCS pedpaMu OCTOBHOI'O JIepeBa JI0 HeCaMOIIepeCceKaIoerocst
nukJia. KaxjaoMy TakoMy HUKJ/LYy COIOCTaBUM IEJI0€ YHUCJIO, SABJILIONIEECs CTEeINEeHbI0 OToDpazKe-
HUSI 9TOTO MHUKJIA B TIOCKOCTH. COMOCTaB/IeHNEe KAXKIOMY U3 YKA3aHHBIX [IHKJIOB IEIOTO TUC/Ia
PABHOCUJIBHO 33JaHUIO KJIacca OJHOMePHBIX KoroMosoruit rpada (. 3navenne naBapruanta U

J1st morpykenus rpada G B ILIOCKOCTD SIBJISETCS HADOPOM CJIeIYIONIUX 00 beKTOB:

® OIIpeJIeJIEHHOTO BHITIE KJIACCA OJHOMEPHBIX KOrOMOJIOTHiT rpada;

® IUKJINYECKUX MOPSAIKOB pebep, BBIXOSIMNUX U3 Kaxk 10l Beprmmabl rpada G, B KOTOpOM
51H pebpa (0TOOpaykeHHBIE B IJIOCKOCTh) CJELYIOT MPH 00X0/1e BEPITHHBI TPOTHB YacOBOl

CTPeJIKH.

Nusapuant U ycranasimBaeT 0TOOparkeHne N3 MHOXKECTBA ITOrpyKeHuil rpada B 1mI10CKOCTh
B MHOZKeCTBO H' (G5 Z) & (BuccSaeq(u)—1), Tae deg(u) — crenens Bepiutbl U € G, a Sgeg(u)—1 —

MHOKeCTBO n3 (deg(u) — 1)! nukamIeckux mepectanoBok deg(u) 97T€MEHTOB.

Teopema 2.1. Unsapuarnm U ycmarnasaiusaem buexyuto us mMroxcecmea nozpyscernut 2pagpa

G 6 naockocms ¢ mounocms do p@Zy./LﬂpHOfZ 2OMOMonNuUU 68 MHOIHCECTNBO

Hl(sz) X (XUEGSdeg(u)fl)-

2.2 ®opmMyampoBKa pe3yJIbTaTa

Bompoc roMoTOmHOCTH KPUBBIX Ha MOBEPXHOCTSAX XOPOIIO u3yde, cM. [16], [17].

Paccvorpum npoussosibabiii rpad G u aBromopdusm g: G — G, COXpaHSIONH TOUKY 0.
MokHO canTaTh, 9TO v ABAsIETCS BepIuHOi rpada G, mpu HEOOXOIUMOCTH CIe/IaB ee BEPITHHOM
crenenn 2. BeimennMm B rpade G ocroBHoe nepeBo 1. HazoBeM onopHbuMm yuk.A0M KazXK I THKJT
C;, cocrosmuii u3 pedpa ¢; C G\ T 1 MPOCTOro MyTH, COSTUHSIONIETO BEPITHHLI pebpa e; 1Mo
nepesy T. Hazosem 6asuchoim onoprom yuksom C; C G ki, cocrosmuii u3 pebpa e; u 1Byx
HPOCTBIX IIyTell, COeIMHAIONNX BEPIINHBI €; C BepIINHO# v 1o jepeBy 1.

MOoKHO CcUMTaTh, 9TO KaxKjgoe pedpo e; COeIWHSIET JINCThs aepeBa 1, MpHIeM KayKIblit
JILCT UHIMJEHTEH He 6oJiee yeM OJHOMY Pedpy €;, U cpeju e; HeT 1eresib. Ecian 310 He Tak, TO
1006aBIM HA KarKJI0M pedpe e; [0 JIBe BEPIIIMHBI 1 OTHECEM KpaiiHue u3 Moy YeHHBIX Tpex pebep
K nepeBy 1. Takoe npeobpa3oBanue gact TpebyemMoe CBOKCTBO. AHATOTMIHO MOMKHO CUHTATH,

YTO B BEPIIMHY ¥ HE BeJeT HUKaKoe pedpo €;.
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IMpennoxxenue 2.1. [Tycmo M — noseprrocmo ¢ xpaem, f: G — M — nenpepwienoe omobpa-
orcerue, g2 G — G — asmomoppuam epaga G, corpanarouwui moury v. Toeda omobpascenus
f u fog eomomonnul, ecau u MoavKo ecau 044 Kascdoz2o bazucrozo onoprozo yukasa C; omob-

paoicerus fle u f o gla 2omomonnw ommocumenvro mouru f(v).

Hazosem orobparkenue rpada B HOBEPXHOCTH Pery/ispHbIM, €CJIM OHO PEryJispHO Ha pedpax,
n B Ka)KZLOfI BEPIIIHHE HaIllPpaBJCHHA KaCaTC/JIbHBIX BEKTOPOB K BLIXOAAIIUM M3 HEe pe6paM
paziauanbl. Tomoronus f;, t € [0, 1], orobpaxkenuit fo, f1: G — M peryasipHa, ecyid Kazjioe
orobpaxkenue f, t € [0,1], peryasipao u s KaxkKI0ro pebpa e KacaTeabHOe 0TOOpayKeHHe

T fi|le: T[0,1] — T'M nenpepsisro 3asucur or t € [0, 1].

Teopema 2.2. ITycmo M — K0MNaKMMAAL CEA3HAA NOBEPTHOCTD, omausnas om RP?. ITycmw
G — ceasnutl epad, v — Hexkomopas eepwuna, T — ocmosnoe depeso. Ilpednoaoscum, wmo pebpa
e T He ABAANOMCA NEMAAMU U coedunarom aucmba depesa T. Iycmov X — gexmoproe noae
na M 6e3 wynset 6 cayuae, ko2da M — mop, bymoiika Kaetina uau noseprrocms ¢ Kpaem,
u ¢ eduncmeennoim wysem r € M 6 ocmasvhoxr cayuaaz, fi, fo: G — M - dea peeyasap-
HOLL NOZPYAHCEHUA, 00DPa3vl KOMopwux He codeporcam . [lycmov 3adanb, AoKaAbHbIE OPUEHMAUUL
01, Oy 6 moukazx f1(v), fo(v). Ilycmo fi: G = M — npouseoavroe pezyasproe omobpasice-
HUE, Pe2YAAPHO 20MomonHoe fi, das Komopozo fl\T = fo|r, AokaavHaa opuenmayus 6 mouke
fl(v) = fo(v), nepenecennasn ¢ zomomonuet us Oy, cosnadaem ¢ Os, u fl 20mMomMonHo fo om-
HOCUMEAbHO Mouku V. 10206 cywecmeyem pe2ysaphas 20Momonus, npeobpasyowas f1 6 fo

u O1 6 Oy mozda u moavko mozda, k0204 6bINOAHEHD, CACOYOWUE YCAOBU.

1. Cywecmeyem 2omomonus, npeobpaayrouias omobpascenue fi 6 fo u A0KAANOHYIO OpUEH-

mavyuro O1 6 Os.

2. B kaostcdoli 6ePUIUHE YUKAUNECKUE NOPATKY BBXOOAULUL U3 Hee PEOEP NPU 0MOOPAHCEHUAL
f1 u fao cosnadarom omuocumenvHo AOKGALHUL opueHmayuli, neperecernnur us O u O

sdoav depesa T'.

3. Jlas xascdozo npocmozo onoprozo yukaa C;, COTPAHAIOULE20 OPUEHTNAUUIO, BBINONHAECTNCS

dwx (file,, O1, f2le;, O2) = 0.

4. Hucno dwx(filc;, Oz, folcy, fo(wi), folo,(wi)) odunaxoso u wemmo das ecex npocmuix
onopuuir yukaoe C;, MEHANWUUT opuenmayuto, 206 w; — bauscatiwas K v no depesy
T mouka yursa C;, a sokasvnas opuenmayus Os,; 6 mouke fo(w;) nepenecena uz Oq

6doav depesa T'.
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B cnyuae, korja rpad gBisgercd eJIMHCTBEHHONH TeT/Iel, mojydaeM aHajior TeopemMbl 3.1
u3 [20] Ha caydail 3aMKHYTO# MOBEPXHOCTH WJIM HE COXPAHSIONIEH OPUeHTAIMI0 KPUBOI TpH

OTCYTCTBHH DA3MCHON TOYKH.

2.3 T'omoromHOCTH rpadoB

HokaxkeMm mpennozkenne 2.1. CHauana qokazkeMm o0paTHOE YTBep:KIeHue. [TokaxkeMm, 4T0 TOXK-
nectBerHOe oTOOpakenune idg romoronHo orobpaxkennto «: G — G, npu KOTOpOM jepeBo 1’
oTobpazKaercss B TOUKY v, a Kaxkjgoe pebpo e; C G\ T - Ha Gasucubiii onopusiit nuka C; 6e3
TOYKH v. PaccMOTpUM TOMOTONNIO, HAYAJIBHBIM OTOOPAXKeHUEM FOTOPOi aBjseTcd idg, KaxKaast
Touka Jepea T JiMHEHHO JBUKeTCs 10 jepeBy K Touke v. Ha kaxaom pebpe e; = (0,1) B Mo-
MeHT BpeMmenn t cepenuna (t/4,3t/4) nuneitHo orobpazkaercs Bo Bee pebpo e;, a kpas (0,t/4)
u (3t/4,1) — B myTH OT COOTBETCTBYIOMIEHl BEPIIHHBI pebpa e; 10 obpasa 3Toi BepIIMHBI TP
y2Ke IOCTPOeHHOi romoronun Ha 1.

Paccvorpum rpad G sBsomuiics OyKeTOM OKPY KHOCTei C’i, HAXOJIATIIAXCI BO B3aWMMHO-
OJIHO3HAYHOM cooTBeTcTBuE ¢ pebpamu e; C G\ T rpada G. Orobpazkenne o MOXKHO HPEJI-
CTABATH KAK KOMIIO3HIMIO (U = (g © (v OTOOpazkenusi oy : G — G, SBISIONETr0CsT CTATUBAHEEM
jgepeBa T' B TOUKY, 1 OTOOParkKeHust (v : G — G, 0TOBPAKAIOMIErO KazK Y10 OKPYZKHOCTH () B
Gazucubiit onopuerii kg C;. Otobpazkennsi f u f 0 ¢ TOMOTONHBI f 0 Gy 0ty M f 0 GO (g 0 (4
coorsercTienno. W3 romoromnoctu f|s ~ f o g|s ornocuTenpro Toukm f(v) A8 KaxKIOro
nukaa C) CIeLyeT TOMOTOMHOCTE f 0 s o~ f 0 g 0 as ¢ (bUKCHpOBAHHON TOoUKOi v. OTcioma
CJIe/IyeT TOMOTOIHOCTD f o v =~ f 0 g o (v, & 3HAYUT W TOMOTONHOCTE f =~ f o g.

Teneps goKazkeM HpejjioxKenue 2.1 B npsMyo cTopony. Ilycrs npu romoromnuu oTodbpazke-
uit f u f o g obpa3 TOYKH v MPOXOJUT 3aMKHYTHIH myTh 0. Torma s mjs KayKaoro MUKJIA
C C G, couepKaliero Bepiiuny v, Bbiojineno f o glo =~ 671 f|cd ornocurensno touku f(v).
Paccmorpum niocieoBatensrocth nkaos ¢ (C), k € N. B rpade cymecTByeT KOHeqHOE THCTO
HOCJIeI0BaTeIbHOCTEH pebep (hpUKCHPOBAHHON JINHBL, TO3TOMY CPEIH ITHX I[UKJIOB HAaMIyTCs
nBa, ¢*(C) u g8t (C), samanommx oIMHAKOBYIO HOCIEI0BATEILHOCTL pebep U HApaBIeHui ux
npoxozxaeHus. Takne MUK TOMOTONHB B G OTHOCHTENIbHO v, a 3HaunT u mukasl C' u ¢"(C)
rOMOTONHBI OTHOCHTENbHO v. Torma flo =~ f o ¢"|c =~ § " f|cd™ ornocurenno f(v). Pynma-
MenTasbias rpynna (M, f(v)) aBiserca cBobonnoit u ee saeMenTs f|o m 0" KOMMYTHPY-

for. Cormacuo [26], npeozkenne 2.17, 5TH 3JIeMEHTHI SIBJISIIOTCSA CTEICHSIMH OTHOTO JIEMEHTa,

dbyunamentanproit rpymmsl. CiaenoBarenbro, f|o n § kKomMmyTupyior, a 3uaqur f o glc ~ f|o
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oTHOCHTEJILHO f(V).

2.4 HeobxoammocTts B Teopeme 2.2

Jlokaxkem npsamoe yrBepxkaenue Teopembr 2.2. [IycThb cymecTByeT peryaspHas TOMOTONNS, TIe-
pesozsias fi B fo u O1 B Oy. Perynsprast romoronust, mepeoisinas fi B fo, OyaeT ToMOTOIH-
eit, Tpedyemoit B ycaosun 1. [{ukanmdyeckue nmopsjaku pedbep B BEpITUHE OTHOCUTEIHHO OPUEHTA-
U TepeHeceHHON U3 BEPITUHBI ¥ BJOJb JlepeBa 1’ He MeHSIOTCS MPH PeTYISPHON TOMOTONHH,
4TO J0Ka3biBaeT ycjiosue 2. Boinojinenue ycjioBus 3 jokasano B Jlemme 1.5.

Jlokazkem Boinostaenue ycjaosus 4. Haitnerca peryngapuas romoronus hy, 1 <t < 2, Mexky
fl u fo. Paccmorpum mpom3BobHBIN oMOpHBIN muksa C;, MeHd0mMuil opuentanuto. CoriracHo

ompee/eHu0 dwy, BHIIIOJTHEHO
de(f1|Ciy02,ia f2|Ci7 f2(wi)>f2‘/ci(wi))
= dwx(f1|ci7 Oz,i, f2‘ci, ht(wi)a f2|,C<wz))

K
+ ZiX(xk)NU;ﬂC“ Oa, faley, hi(w;), xy)
k=1

K
— Zix(xk)N(fﬂcﬂOz,i, faloys fa(wi), o).

k=1

B wactnoctn, B cayaae M = T? nim KI?, wernocTs uncia

dwx(fﬂcm O, fo|c,, fa(wi), f2"ci (wi))

cJe/lyeT W3 OTCYTCTBHA HyJei BexToproro moss X. B caydae M = S? weTHOCTB CiemyeT u3
iy, = 2. 1151 JOKa3aTeIhCTBA YeTHOCTH B OCTAJIBHBIX CJIydYasdx JOCTATOTHO J0KA3aTh YETHOCTH
JUCTA

N(filci, O, folcy, he(wi), xi) — N(file,, Oz, folcy, folws), )
I KaKI0H TOYKH Tg.

Kpusbie fl‘Ci U fa]c, TOMOTOIHBI OTHOCHTEIBHO TOYKHU fo(w;). DTa roMoTOnHsI B 00He TiHHe-
HHH ¢ ToMoTomnueii h; naer orobpaskeHue Topa 2;1: T? — M. O6o3Ha90M HAJaJbHYIO TOUKY
xp Ha TOPE, 2;1(27) = fa(w;), ¥ OpueHTHPOBaHHBIE OOpa3yolIue TOpa a, b, rie 2; 1|, = hy(w;) n
Zi1lo = fa|c,. Boibepem opuenrtanuio O Ha TOpE, B KOTOPOIi pemep (a, b) nosoxuresen. Corac-
1o jiemMe 1.2, orobpazkeHne z; 1 MOKHO IIPOrOMOTOINPOBATE OTHOCUTENLHO fo(w;) Tak, 4TO0ObI
o0pa3s MoJIy4eHHOTI0 0TOOpaKeHus COBIAIAJ ¢ 06pa30oM oaHOo# KpuBoit. OD03HAYUM I'OMOTOIHIO

Ziu, w € [1,2].
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PaccmorpuMm nmoanaTug z; 1, Zio 0 éi7u\ht(wi) OTOOPAYKEHUI 251, %2 U Zjy|q HA OPHEHTHPYIO-
mee Hakportue M. [I0CKOIBKY Y KAZKI0T0 13 0TOOpaYKeHNit Zi1 M Z; 2 00pa3yIoas @ COXpaHseT
OPHeHTaIuIo, a obpasyiomas b MeHseT, Z;1 U Z; o ABJIAIOTCA OTOOPaKeHUAMHI IUJINHIPA B M.
BribepeM nogHATHA Z; 1, Z o UAYIIUMH MEXKJIYy Hapoil TOYeK, HAKPBIBAIOMINX fo (w;), B 0HOM
HanpapjeHnn. [TocKoJbKY OCHOBaHMS IUIWHIPA, zi7u|a COXPAHAIOT OPUEHTAITNIO, EM\G ABJISIET-
ca 0600pazkeHneM JIBYX HMHJIMHIPOB B M. MOXKHO TIpeICTABATE Ziula KAK OOBEIUHEHEE JTBYX
OTOOPasKeHHH UJINHIPOB 2W|£}) u 2i,u|((12)7 KasKJI0e U3 KOTOPBIX HAKPBIBAET Z; |-

Ob6vennnenne oToOpaykenuii Z; 1, 22-#\,(11), Zo U ii,u|82) sazaer orobpaxenne topa B M. Co-

. ~(1 ~(2
TJIacHO JieMMe 1.3 cTemeHb 3TOTO OTOOpayKeHWsl B KayKJIOH M3 TOUeK 1;,(6) n x,(g) paBHA HYJIIO.

Bamerny, uro pasmuua N(filc,, Oz, folc,, he(wi), 2i) — N(file, Oz, fale, fo(wi), 2i) pabna

. ~ ~(1 ~(2 -
CyMMe CTelleHeil oToOpazKeHusd Z;; B TOYKax $l(€) u xé ), 3amernM, 4TO 00pa3 Z; 9 JIEXKUT HA

o o ~(1 ~(2
HaKPbLITHHN 06pa3a OJHOU KPHUBOM, a 3HAYUT HE COACPZKUT TOYEK .I‘]g) n .fL'é) n ero CTeiucHn B

THX TOYKaX paBHbI Hy/ 0. Hakoner, cymMma creneneit oTrobparkeHust zm|£}) B TOYKaX i,(:), i,(f)
paBHA MHHYC TaKoif »Ke cyMMe 0TOOparKeHHsI 2i,u|t(12) coryacuo 3amedanumo 2.1. Ho B o6benuns-
I011eM OTOOparKeHWH TOPa OPHEHTAInd UJINHIPa B Ipoobpase éw\,(f) JIOJIZKHA OBITH 3aMeHeHa,
Ha TTPOTUBONOI0XKHYIO. [ToaToMy Tpebyemasi pazuuna yuces N paBHa MUHYC yJIBOCHHON CyMMe

. -~ ~(1 ~(2
cTereHeil 0TOOparKeHUsI zzu|((l) B TOYKax xgg) n :Jc,(C ), a 3HAYNT JeTHA.

ameuanue 2.1. [lycts f: K — M — HenpepbsIBHOe 0TOOparkeHHEe OPHEHTHPYEMOI MOBEpX-
Hoctu K B moBepxuocTh M, n orpanudenue f Ha JIIOOYIO 3aMKHYTYIO KPUBYIO COXPAaHSIET OpPH-
eararuio. [lyctnb f(l),f(z): K — M - apa nogusrus oroGpaskeHus f Ha opmeHTHpYyIOIIEE
HakpsiTHii M. Pacemorpum Touky @ € M \ Im(f|ox) n HakpwBatomue ee Touxkn 7, 3, To-
raa deg(fM), O, degi™,07) = —deg(f®, Ok, deg#®,0y;) ana mobux opuentammii O,
Oy Ha K 1 M.

Bameuanue 2.1 ciegyer u3 T0ro, 4ro KaxKAoMy Aucky B mpoobpaze (f() "1 (Usw)) okpect-

T

roct Uz Touku 7Y coorercTByeT anamormanbiit muck B mpoodpase (f2) ™1 (Us ), mpraem
0TOOPAZKEeHUS TUCKOB OPHEHTHPOBAHHBI IPOTUBOIIOIOXKHO.

Tenepnr paccMoTpuM erre OAUH ONOPHBIH ITHK.JT C'j, MEHAIONAN OPUEHTAIAIO A JTIOKAZKEM
de(fﬂci,Oz,z, f2|C7;7 f2(wz’)>f2‘/ci(wi))

—dwx(f1|cj, 02,j7 f2|Cj7 f2(wj)7 f2|,cj(wj)) = 0.

ITycTb TOUKE w; 1 w; coenuHAIOTCA B JepeBe 1" IPOCTHIM IyTeM V', OPHeHTUPOBAHHBIM OT W; K

w;. B cumy peryngproct orobpazenns by npu Kaxaom t € [1, 2], kpusbie hy | (wi) /||, (ws)]
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u hgli (wi) /| Ry (w;)| 8 T* M me nepecekatorcs. 3uauur, hele, () m hely, (w;) nenaror onurHaKo-

BOE YHCJI0 000OPOTOB OTHOCUTETHLHO X U

dWX(fl

s> Oz, fol ey, he(wi), fol e, (wi))

= 2wx (he| g, (wi), O2y)
= 2wx (huly (wi), Oa),

IJie IepBOe PaBeHCTBO ceayeT u3 jJeMMbl 1.5. AHajaorudHo
dwx(fl‘cj, O35, fzfcj, h(w;), f2’/0j (w;))

= 2wx (hele, (wy), O2)
= 2wx (he|y (wy), Oay ).

3aMeTHuM, YTO KyCOUHO-Pery isapHble oTobpaKkenus |\, (w;) u hy|i, (w;) coenunensr roMoTonueit

hili, (w,,), tre Touka w, npoberaer myTsh V. Cornacho Jlemme 1.5
wx (e (wi), Oa)
—wx (hely (wy), Oa5)

ix(zg)N(hi(w;), Oy, he(wj), Og 5, Tp).

K
k=1

[Tostygyaem

de(f1 ¢y 02, faley, fo(wi), fo /c(wz))
—dwx(f1|cj,02,]»f2|cjaf2(wj)7f2|/cy(wj))
Ci» 02,1'7 f2 Ci» ht(wi)a f2|/c(wz))

—dwx(f1|cj> O 4, faloy, he(wy), f2|/cj(wj))

= dwx(f1

ZX(xk)N(fl tht(wi)ﬂxk)

+ C“O2,i7f2

Wk

k

Il
A

ix(xe)N(file,: Oz ol f2(wr), )

M= 11>

ix(xk)N(f1|cj7 Oy, folc;, hi(w;), zy)

B
Il

1

ix ()N (file;, Oog, falo,, fo(wy), z)

=

b
Il
—
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= -2 Z ix<$k)N(ht<wi)7 02,1‘7 ht(wj)a 02(f2<wj))7 xk)

+ Zix(ﬂsz)N(fl

Cyi» 02,i7 f2

cis he(wi), )

ix(x1)N(file,, Oz, fo

Ci» f2(wi)’ xk’)
ix(zx)N(file;, Oags faloy, he(w;), zx)

K
+3 ix(@)N(file,, Oz, foloys fo(wy), xi).

B caygae M = T? umn KI? 3T0 BbIpazkeHHe paBHO HYJIO BCJIeJCTBHE OTCYTCTBUS HyJeil y
BekTOpHOro 1011 X . B citywae M = S? paseHcTBO HYJIIO 110 MOAY/IIO 2 cejpyeT u3 ix(xy) =
2. Yrobsl m0Ka3aTh paBEHCTBO BBIPAXKEHUS HYJIIO B OCTAJbHBIX CJIYYAAX, JOKAYKEM, UTO I

Ka)K,HOFO Hyﬂﬂ T BeKTOpHOFO 1014 X BBIIIOJITHEHO
—2N (hi(w;), Oz, hi(w;), Oa 5, )

+N(f1 Ci» ht(wi)v wk) - N(fl Ci» 0271‘7 f2|Ci7 f2(wi)v wk)

Ci» 02,7;7 f2

—N(];ﬂcj,Oz,j, fQ\cj, ht(wj)al’k) + N(fl\cj, Oz,j, lecj, f2(wj)a$k) =0.

Kak u B J0OKa3aTeJbCTBEC 4YeTHOCTHU de7 IIOKa2KeM, 94TO 3TO BbIpaKeHue paBHO CTEIIeHH HEKO-

Toporo orobpazkenus Topa B M. Kak U B 10Ka3aTe/IbCTBE YeTHOCTH dwy, PA3HOCTH

N(filess Oaiy fales, ba(ws), x1) — N(filess Oai, faley, fa(wi), x1),

N(f1|cj702,j, faloys hi(w;), o) — N(f1|oj, Osj, folc;, fa(wy), w)

. . = ~(1 ~(2
paBHBI CyMMaM cTelleHeii oToOpazKeHuil ;) U Z;1 B TOYKaX :L‘EC) n m,(c ). Tucno

—QN(ht(wi), 02,1;7 ht<wj>7 02717 xk)

" 6 TS A ) 6 B, |
paBHO cymMe cremeHeil otobpazxennii hy|y,’ u hy|y’, Tne Ha nmmHIpe B TpooGpase |y’ opu-
eHTallis IIPOTUBOIOJJIOXKHA TOU, KOoTopas 3ajaercd romoronuei. Obbeaunenne oTobparKeHui

- 7@ = e
Zi1, ht|§/), Ziim ht|§/) 3a/iaeT 0TOOpayKeHue Topa, YTo JOKa3biBaeT TpedyemMoe PaBeHCTBO.
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2.5 ocrtaTognocth B Teopeme 2.2

JlokazkeMm, 9TO U3 ycjoBuit 1-4 ciemyer peryiasgpHas TOMOTOINHOCTH oTobOpazkeHuit. CHadasra
pacemoTpuM cayuait M = S2. IIporomoronupyem orobpazkenne f, b fl(l) TaK, 9TOOBI J/IsT KazK-
JIOTO OIOPHOTO IMUKJA, BBIIOJJHAIOCH wX(fl(l)]ci, On) = wx(fale;, On) niast HEKOTOPO# OpHeH-
ranun Oy Ha M. JInst 97010 JOCTATOYHO MPOHECTH f1|c, Yepe3 TOUKY & HYzKHOe YHCJIO pas3,
KaKIbId pa3 MeHsiss 9ucao wy Ha 2. Ilocae sToro m3 cdepbl MOXKHO yIAIUTh OKPECTHOCTH
TOYKH T W CBECTH TEOPeMy K CJIy4alo IJIOCKOCTH, pa3obpanHoMy B [12].

Hayee cauraeMm, 4To noBepxHoctb M orimdna ot cdepsl. Byjgem paccmarpuarh 0TobOpa-
xenud g: G — M Bmecte ¢ jloKaabHOlN opuenTarueil Oy, B Touke g(v). Iapst (91, 014,(v))
(925 O2,g,(v)) TOMOTOIIHEI €C/TH CYTTECTBYeT TOMOTONHA, IepeBoAAmad g1 B go 1 O1 g, (v) B O2 g, (v)-

CrauaJia nposejiem peryispayio romoronuio napsl (fi, O1 1, (v)) B ( fl(o), O , TAKYIO 4TOObI

Lf£°><v>)

BBIILIOJTHSJIOCH fl(o) (v) = fa(v) m O ) = Os.1,(v). Coracuo ycioBuio 1, mapsl (fl(o), O1,1,(v))

1,f1(0)(v

# (f2, O2,p,(v)) TOMOTONHEL [lycTh 06pa3 BepIIMHBI ¥ IPOXOAUT IIPU TOMOTOINH MePeBOJISIIeH
0

fl( ) B fo myTb 0. Torma § coxpaHsieT OpUEHTAINIO, U I KayKJI0r0 ODA3UCHOIO OMOPHOTO IMUKJIA

< 0 _

C; nern fl( )|C'i u 0! fole - 0 romoronner orHOCHTEIBHO fo(v). TIpOBeIEM IPOH3BOJIBHYIO

0 1 .
PEry/IsSpHyI0 TOMOTOIMIO IAPLI (fl( ), O, f(o)(v)) B (fl( ), 0, f(l)(v)), IpHU KOTOPO#l BEPIIMHA U IPO-
»J1 2 1

X0 5. B 6 C M v
IUT IyTH 0. B pesyabTaTe mis Kazkaoro 6asucnoro onopuoro mukiaa C; nermu f1 | 1 falg,

IOMOTOIIHBI OTHOCUTEIBHO f3(v).

1 2
[IpoBegem peryasgpHyI0 TOMOTOIHUIO OTOOPpaKeHUsd fl( ) g fl( ) OTHOCHTETBHO TOUKM v, 9TOOBI

(2) C 4
17| conagano ¢ fo|r. Cornacuo yeaoBuio 4, 9ucio

dwx (e, O o), Foloss Fa(ws), folte, (w;))

OJIMHAKOBO U YETHO JJIsI BCEX OMOPHBIX MUKI0B C;, MEHSIONX OPHEHTAIHIO.

BadukcupyeM HEKOTOPYIO MeTpuKy Ha moepxHoctu M. Pacemorpum 3aMKHYTBIE THCKH
Do, D1 u Dy MaleHbKUX DPAIUYCOB £/2, € U 2& COOTBETCTBEHHO C NEHTPAMU B TOYKe () =
fo(v). Cumraem, aro Dy He comepKuT HyJielt BekTopHoro mos X. PaccMoTpum oTobpazkerue

fr: T — M, obnagaroree CjeayoOIIMI CBOICTBAME:
e oTobOpaxkeHue fr KyCOUHO-PEryJIAPHO U UHHEKTHBHO,
e Imfr C Dy,

e fr(v) = @, Bce ocrambhbie BepiuHbl Tpada T nomaganT mpu 0ToOpazkeHuu fr HA TPY-

uuiy 0D,
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® IUKJINYECKNEe TOPSAKN pebep B KayKJI0i BepiinHe npu orobpakenuax fr, fi u fo coBmna-

JTAIOT.

Badukcupyem opuentaiuio Op ra Do, cormacoBannyio ¢ Oy g, (y).-

[IpoBegemM KyCOUHO-PEryasipHble TOMOTOIINU OTOOparKeHu it f1(2) 1 fo, B pe3yabrare KOTOPBIX
orpaHmyYeHust 0ToOpazkeHuit Ha jepeBo 1’ copuajer ¢ fr. g ciaydas IIOCKOCTH TaKasi TOMO-
Tonus onucana B [12] (Tam Bce BepHIMHBI JieXKaT HA IPAHUIE JUCKA, 3/eCh BePIIHHA U Oy1er
HAXOIUThCS B MEHTPE JINCKA), HA TPOU3BOIBHOI TOBEPXHOCTH MOCTPOeHNE He oTindaercs. Jla-
Jlee Ha KaxkJIoM pebpe e; MpoBeieM TOMOTOINI0 0TOOpazKeHHH Tak, 9ToOBl Kpas pebpa IILIu 10
paguycy ot 0Dy 10 0D;, a octanbHas dactb Obiia BHe Di. [logyuenuble oToOparXKeHUs 060-
3HAYUM f1(3) n f2(3). TomoTonuu MOXKHO NPOBECTH COBHAAAIONIUMEU HA 1" U Tak, 4T0OBI 0O6pa3bI
oTobpazKeHuil He cojiepzKkaan Hysaeilt BekTopuoro nmosid X. HYucna dwx g nap orobpazkKeHwuii
f1(3)|ci; f2(3) |, OyAyT TaKUMH Ke, KaK JJTsd Iap fl(z) lc,s f2|c, TaK KaK OHU IeJible W HellepepbIBHO
MEHSIIOTCSI TIPU TOMOTOIIUH.

Ecau cpesn onopHBIX MUKIOB f1|c, €CTh MEHsSIIOINe OPHEHTAINIO, TO TPOBEIEM JTOTOJIH-
TeJIbHYI0 ToMoTonuo. s 9Toro mocrpoum usoromuto I, u € [0, 1], ToXKaeCTBEHHOTO aBTO-
Mopdusma M B cremeHb ckpyumBaHus J[3Ha BOoKpyr Toukm v. Ilomoxkum apromopdusm I,

ToxkaecTBeHHBIM HA M \ Dy, Ha mucke Dy 3amaaum [,|p, BpalenueM SUCKa Ha, yIOJ
) 0

1
2mu - sdwy (f{V]c, O, 13" o 1P (wi), 117, (wi))

B TIOJIOXKUTETHHOM OTHOCUTEhHO O p Hanmpapiaernn. COracHO YCIOBUIO 4, 3TO 9UCJIO HE 3aBU-
cuT OoT onopHOro MukJaa C;, MEHSIONIET0 OPUEHTAIINIO, a 3HAYUT [, onpejieeHo oJHo3HavHO. Ha
s ap Do\ Dy uzoronuio I, npojioJizKiuM HElPEPbIBHO U JIMHEHHO B HOJISIPHBIX KOOP/IMHATAX.

Cornacuo jjemMe 1.5 BBITTOJIHEHO
3 3 3 3
de(IO o fl( )’CZ7OD7[1 < fl( )’wal( )(w1)7 fl( )llol(wl))

= 2wy (I, o P (wy), (I o £2c,) (wy))).

Ilo mocTpoenuto I, 3T0 4UCIO PABHO de(fl(g)|Ci, OD7f2(3)|C“ 1(3) (w;), f1(3)|/ci(wi))~ 3aMeTHM,
q9T0

dwx (I o fPe,, Op, £, £ (wi), £ (wi))
= dwx(Io o fP)c,, Op, 12100, 1 (ws), £ (wy))

_dWX<]0 © f1(3)|sz ODa I o f1(3)|ci7 fl(S)(wl)a f1(3)|/01(w1)) =0
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C; 06 Y= 1o fY
JUIS KazkJioro onopHoro 1ukiaa Cj, MeHsomero opuentaruo. Obosnauum f; = Iy o f;” n
f(4) _ f(3) B ci
5 = Jo . ydae OTCyTCTBUS B Ipade HPOCTHIX OIOPHbBIX IUKJIOB, MEHAIONIUX OPUEHTAIHUIO,
4) _ £
nonoxkuM f; 0 = fi7.
Jlas kaxkaoro omopHoro muksa C; MOCTPOMM HEKOTOPYIO BCIIOMOTATEIBHYI0 T'OMOTOIIHIO.
4
Pacemorpum otobpazkenue fi;: C; — M, coBnazaoniee c fl( ) e npoobpasa gucka i, a Ha
npoobpasze D; (T.e. HA HAYATIHLHOM M KOHETHOM y4acTKe [UKJA) HIYIIee [0 PAJUYCY U3 MEeHTDa
4
JucKa. AHAJIOTHYHO ompenennM oTobpakeHue fo,;: C; — M 10 0TOOpazKeHUIO fQ( ), Samernm,

4
4T0 0TOOpazKeHHe fi; peryasapHO FOMOTOIIHO OTOOpaKeHUIO fl( )|C7-, U fo; PETyJIAPHO TOMOTOIIHO

4
0TODPaXKEHUIO f2( ) ¢y, IPUYEM IOMOTOIM 00IIAsl B OKPECTHOCTH TOYKH W;. SHAUUT

de(fl,ia OD> f2i7 OD) = de(f1(4) Ci» ODa f2(4) Ci» OD)
ecau fi,; COXpaHseT OPHEeHTAINIO, I
dwxc(fr6, Ops fais Fra(wi), f14(w:) = duox (F{" |0, Op, £571cws £V 0w 176, (w3)

eciu f1; MeHseT OPHEHTAINIO.

Pacemorpum masienbkuii auck D, C Dy, comepzkammuii Touky () Ha CcBOeil rpaHule, s
kotoporo Int(Dy,) N f1:(C;) = 0. Bamernm, uT0 Kpusble f1; U fo; UAYT U3 HeHTpa () MO OAHOM
1 TOM ke 1mape pajauycos, nosromy Int(Dy) N fo,;(C;) = 0. Orobparkenue f1(4) MOZKHO 3apanee
PEryJasipHO MPOrOMOTONUPOBATH TaK, YTOOBI FOMOTONHUS ObLIA MOCTOSTHHA Ha ( f1(4))_1(D1), u
oTobpaxkenus fi,; u fo; 6ot romoronnsl B M\ (IntD, U {z}) (w8 M \ Int Dy, ecim y X wet
HyJIeil) OTHOCHTEIBHO (), T.€. 3a1aBasn copnaaomue nemeHTs rpynbt m1 (M \ IntDy; Q). To-
raa wx (fii, Op, fri(wi), f1;(wi)) = wx (f2, Op, foi(w;), f3,;(w;)), m cormacwo [3], Teopema 3.1,
II0JIyYeHHbIE OTOOpasKeHHs OYAYT KYCOUHO-PEryISAPHO FOMOTOINHBI OTHOCUTEJBHO TOYKH () B
nosepxuoctr M \ (IntD, U {z}) (wm B M \ IntD,). PaccMOTpuM 5Ty KyCOUHO-PETY/ISPHYIO
romorornuio f;, 0 <t < 1. MoxKHO cunTaTh, 9TO OHA IEpeceKaeT TOYKY () TOJIBKO B oOpasax
BEPIIKMHBL V.

OnpenesmM roMoTonuio Pyy 1jis MpOU3BOJIBHOM 3aMKHYTON KYCOUYHO-PEryasipHON KPHUBOi
v: [0,1] = M, v(0) = v(1) = @, ans xoropoii y(u) # Q, u € (0,1). 3nech P, sBisiercs ore-
paTopoM, JefCTBYIONINM Ha MPOCTPAHCTBE YKA3AHHBIX KPUBbIX 7. CHaYa I8 TTOCTPOUM FOMOTO-
mito Py orobpaskenus | 1. Jia kazcoi rouku u € 4~ (M \ Dy), nomosxmm Pry(u) = (),

€ [0,1]. dua kaxoii roukn u € v 1(Dy \ Q) oboznauum paccrosuue or y(u) 1o Touku @
aepes r(u), 0 < r(u) < 2. Homoxum Pry(u) paBubiM Touke B Dy, /erKarieil Ha Tyde u3 TOU-

Ku () B nampasienun y(u) na paccrosguun 2 — (2 — r(u))(1 — 0.5¢). Takum obpazom, TOUKa
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Pyy(u) nuzxercst B qucke Do suHeiino no t, npu ¢ = 0 conagaer ¢ y(u), a upu t = 1 gexur
Ha paccrostHum Oosiee € or nenTpa @, T.e. Piy(u) € Dy \ D;. Tenepb mocTponM roMOTONHIO
P,y orobpazkenns . Lonoxum Pry(0) = Py(l) = Q. llpu 0 < u < t/4 nmonoxum Pry(u)
PaBHbBIM TOYKE€ Ha PaCCTOAHUU 45U OT TOYKHU O B HallpaBJICHUN KaCaTeJIbHOI'O BEKTOPa KpI/IBOﬁ
v B rouke 0. [Tpu 1 —¢/4 < u < 1 nonoxknm Pyy(u) paBubiM Touke Ha paccrogunu 4e(1 —u) ot
TOYKH () B HAIPABJIEHUN KACATEJbHOIO BEKTOpa KpuBOi v B Touke 1. Ilpu t/4 < u < 1 —t/4
P ( ) P (u t/4) I o
nostoxkuM Py (u (17 OJIYI€HHAST TOMOTOIIHS SIBJISETCS KYCOUHO-PEryIsIPHOIA.
[Ipeobpasyem romorornuio f;. HoBasi KycodHo-peryasgpHasi rOMOTONHUs OyIeT TOC/Iem10Ba-
TesibHOCTHIO ToMmoTonuit P fy, 0 < t < 1, 3arem P f;, 0 <t < 1, mw3arem P;_,f;, 0 <t < 1.
[Tonydennas romoronus o6JagaeT CBOMCTBOM, YTO B KaxKIblii MOMEHT BPEMEHH OTOOparKeHHe
HEPEBOJUT Kpas OTPe3Ka B Pajuychl jJucka Di.
B (4) (4) C.
. %
epHEeMCH K [IOCTPOEHHIO ToMoTonnu Mexay f; u fy . Jjis Kayk10ro onopHOro IukJia
MBI IOCTPORJIN BCIIOMOTATeIbHYI0 KYCOYHO-PETYIAPHYI0 TOMOTONHNIO OTOOpaykeHuN f1; U fa,
4
npudeM oToOpazKeHUs fi,; 1 f,i )|Cm k = 1,2, coBnanator Bae Dy (u gaxe Bue Dgy) ¢ TOUHO-
CTBIO JI0 Tepenapamerpu3anun. s Kaxka0ro pedpa e; onpejaenM TOMOTOIUI0 Ha IIPpoodpase
("
1

npoobpas. Ha gepese T' roMoTonuio onpeaeanM ToxKaecTBeHHON. OcTaaoch onpeae/nTh TOMO-

;) H(M \ Dy) cornanatonieii ¢ BcioMoratebHoii romoronueit ais nukia C; Ha Takoii ke

TOIMIO Ha KpasiX pedep e;, NepexodInuX Ipu f1(4) B umunap Dy \ Do. Beesem na nuiunape
MOJISIPHBIE KOOPIHHATEL 7, 0, 1 € [€/2,¢], ¢ € [0,2r]. OnpeesnM roMoTONUIO Ha TPAHUIHBIX
OTPe3Kax €; B KazK/Iblii MOMEHT BPEMEHH COeIMHSAIONIeH JUHEHHO y2Ke Olpe/IeJIeHHbIe KOHIbI Ha
0Dg u 0D;. Ilonyduennoe B pe3yabTaTe 9TOM peryasipHOi TOMOTOIIMH 0TOOpasKeHne 0003HATNM

f1(5). Corytacao jgemme 1.5

dwx (£, O 5™ (wny? A, £, (w) = 0

JUIsT Kaxk10ro onopHoro mukJjia C;. CiegmoBaresibHO
4 5) f(4 4
de(fl( )7 Ol,f1<4)(w¢)’ fl( )7 fl( )<wl)7 fl( )’/C'Z(w’L))
5 NG 5
= dwox (1,0, ;0 £ 17 (), £, (w)

dwx (11,0, jor e S5 f7 (i), f016 (wi) = 0.

Orobpaxkenune f(5) 0 f(4) 0 ;
P 1 yAeT OTJIn4aTbCd OT 9 TOJIbKO Ha I'PAHUYHBIX OTPE3KaX peoep e€;.
Kazkiplit rpannynblii OTPE30K Jie/laeT HeCKOJIbKO 0D0pOTOB BOKDPYT g, mpudeM TPaHUYHBIE

)Cq) Or-

4
OTPE3KH OJHOrO pefpa e; AeTal0T paBHOe IHCI0 000poTOB B cmity wx (f1;) = wx( fl(

pe30K, aenaioniuit k 060poToB B IMUINHIPE MOXKHO PErYIsIPHO IPOrOMOTOIIHPOBATHL B OTPE30K,
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MY TIH 10 PAJMyCy MeKly OCHOBAHUSIMU, ¢ k TeTyisiMu (IIPU 3TOH TOMOTOIMMU KOHIIBI OTPe3Ka,
HH B KaKOii MOMEHT BPEeMeHH He CTAHOBSITCS KacaTeJbHBIMH K OCHOBaHWSIM IMAWHApA). Ec-
Jau onopHbIH mukJa C; MeHsdeT OpHEHTAIWIO, TO MeTIN Ha TPAaHWYHBIX OTpe3KaX OJHOTO pebpa
€; OPUEHTUPOBAHbI 1IPOTUBOIIOJIOXKHO, 11O3TOMY MOXKHO IIE€TJIM C OJHOI'0 KOHIIA €; IIPOHECTH Ha
JpyToit KoHer BJIOJb pedpa. [lapbl NpOTHBOIO/JIOKHO OPUEHTHPOBAHHBLIX TeTe/ b YOupaorcs

peryasgpHoii romoronuei. Eciu onopubiit muka C; MeHsIeT OPUEHTAIUIO, TO

4 5 4 4
de(fl( )7017f1(4)(wi)7 1( )7f1( )(wz)vfl( )|,Cl(wl)> =0

O3HavYaeT OTCYTCTBHE IIETEJIb. HOﬂy‘{eHHOG IIocJie y6I/IpaHI/IH neresjab OTO6pa)K€HI/Ie COBIIalaeT C

4 .
f2( ). Takum 00pa3oM, KyCOUHO-Pery/sipHasi TOMOTOITHOCTL OTOOpazkeHuit fi u fy goKa3aHa.

3 Kiaaccudukamnusa morpyxkeunii rpa¢oB B IIOBEPXHOCTHA C

TOYHOCTBIO 10 perﬂﬂpHOﬁ romMmoToinmum

3.1 Omnpeaenenne MHBaApUAHTA

Kak u panee, M — Tiajgkas CBA3HAs KOMIAKTHAS CBSI3HAS MOBEPXHOCTDL, OTIHTIHAsS oT RP?.
[TosepxnocTb M MozKeT OBITH OPUEHTUPYEMOI NN HEOPUEHTUPYEMOI, 3aMKHYTOH MJIH ¢ KPAEM.
[poexmuu pyr: TM — M, pyry: T'M — M wu py: T°M — T'M onpenenenst B pasaene 1.1.

Omnpenenenne wx (£, Ox,, bx,)- Llycts S — rpad, apasgomuiics OpueHTHPOBAHHBIM TTPO-
CTBIM IUKJIOM € BbigeeHHol Toukoit 0. [lycth Ha noBepxunoctu M naHo BekTOpHOE 10Jie X H
KyCO9IHO-peryssipaoe orobpazkenne &: S — T'M taxue, aro pp(£(0)) = zo u £(0) = X (z0) st
HEKOTOPO# ToukHu o € M, u 0bpa3 pys o £ He cofep:KuT Hyan BeKTopHOTO N0 X. Ilyers O,
~ HEKOTOpas JOKATBHAS OPHEHTAIUA B TOUKe To. [IycTn 6, : [0,1] — TTM — nekoTopsiii myTh
B c10e Py (2o), coenumsomuii nenpeppBaO TouKH O (0) = p1(X (20)) 1 04,(1) = p1(£(0)).
Ompenenum wucso Bparmenud wx (&, Oy, 0z,) = wx (€, Oy, To, E(20), Oz, ). Onupeenenne Gymer
SKBHBAJICHTHO NPHUBEJIECHHOMY B pasiese 1.1, Ho Kopode u yaobHee Jjisd JaHHOK cTaTbu. /s
KPATKOCTH MBI OyJ1eM OIycKaTh To 1 (o) B 0OO3HAYEHUN YUCIIA BPAIECHHS.

Tocrponm peryrsapusammio &: S — T'M kak B pasaene 1.1, mar 1 onpegesnenns ancyia
wWx (f, Ouys o, f(20), b4, ). Pacemorpum citoit h = p;{{l(xo) eIMHUIHOTO KACATEIHHOTO PACCIOe-
aug TP M man Toukoit xg. Jlokanbauag opuentanus O,, 3aJaeT OpUEHTATINIO HA h. 3aMeTnw,
aro €5(1) = §(0) = p1(X(20)) = p1(X (para (§(0))) = p1(X (par. (§(1)))). Coreomareaio,

onpesiesiena 3aMKHyTast Kpusagd g = & -+ (p1 o X o pyr10&5) ™Y, tae (pro X opyry 0 &)~ obo-
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3HaYaeT HmyThb P; © X O parg © &, UPOiIeH b B 0OPATHOM HAIPABJICHUH. 3AMKHYTHIH IyThb
PM10g =Prmi10&p- (pM,l 055‘)_1 CTSITUBAEM OTHOCHTEJIbHO HAYaJIbHOU TOYKH, CJIeJOBATENBHO ¢
romororien h"™ oraocuTesbHO P (X (29)) s HEKOTOpOro m € Z. OupesenM “ucio 6paueHus
WX(S’ 00607 09&0) =m

[Tokazkem, 9TO YUCJIO BPAIIEHHUS ONPEJIeeHO OHO3HAYHO. [IpeanoioKuM, 9T0 CyIecTByeT
roMoronusa & MexKJy creneHsgMu cjaod h™ u h", m,n € 7, OTHOCUTEJIbHO BBIJICJIEHHOW TOY-
ku. [IycTh M~ YHHUBepcaJbHOe HaKpBhITHE oBepxHOCTH M. Torma T'M asnsercs HAKPBITHEM
TYM, B xoTOpOM €10t h HAKPBIBAETCA HECBA3HBIM 00beIHHEHICM 3aMKHYTBIX KpUBBIX. IIycTh
h — omHA W3 TAKHX KpuBbIX. ['oMoTONIMS & TOIHUMATECS JO TOMOTOINHUH B T M, upeobpasy-
omteit ™ B h". ®ynmamentansmas rpymma i (T M, h(0)) = Z nopoxmaercs snementom [h],
CJIEJIOBATE/IBHO M = N.

[TokazkeMm SKBUBAJEHTHOCTD ONPeeIeHII0 U3 pa3ena 1.1 (ucmoan3yst BBeeHHbIe TaM 060~
sHaveHus ). B paszzgene 1.1 4uca0 BpallleHus ONPEIENsIOCh KaK CTeleHb 1M B Pa3IokKeHHH
(2] = o™X, wm [Z7-(XT) 7Y = ™. Bamernwm, aro Fy(b) = [h], F(Z)) = &, F(X/) = pjoXo
par10&;, caenoBarenbuo Boinoanserca (& - (pro X opy10&) 7Y = [h™] € mi (T M, pi (X (20)))
JIUIST TOTO YK€ 3HAYEHWS M. JKBUBAJEHTHOCTH JIOKA3AHA.

Yncaa

N(’VlaOl),}/%Oan)v N(’71701>’727%(0)7517)a
dwx (f1,01, f2,02), dwx(f1,01, f2,0, f1(0))

ompejiesieHbl B paszaese 1.1. ByaeM ucnoib30BaTh cOKpalleHHbIe 0003HAYCHUA:

N(%, 01,72@) = N(%, 01772771(0)@)

B ciaydae mocTossHroro myTw Y (0) u

dwx (f1, O1, fa) = dwx (f1, O1, f2, par(f1(0)), f1(0))

B CJIyYae MOCTOSHHOTO MyTH 0.

[Tycts G — komeuHBIil CBA3HBIN Tpad, v — HEKOTOpas BepinuHa, 1 — OCTOBHOE JI€PEBO, W
pebpa Bue T' He ABJIAIOTCS METASIMHU U COCJUHSIIOT JUCThs jepeBa 1. Bymem HazsiBaTh 0pu-
EHTNUPOBAHHBLM KYCOUHO-De2YAApHbM nozpysicenuem mapy (f, O) KyCOIHO-PEryJIsipHOTO MO-
rpyxenus f: G — M w jokanbuoit opuenrtanuu O B Touke f(v). /IBa opueHTHPOBAHHBIX
KyCOTHO-perysipabix norpyzxkenns (f1,01) u (fa, O2) Oynem HA3BIBATH (DE2YAAPHO) 20MOMON-

HOLMU, ECTTH CYTIIECTBYeT (peryjsipHast) roMoronusi, mpeobpasyoias fi B fo u O1 B Os.
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JLnst mpon3BOJIbHOM JoKaabHON opuenTanun O 0603HaunM —(O IPOTUBOMOJIOKHYIO JIOKATEb-
HYIO OpHeHTanuo. /15t OpueHTHPOBAHHOIO KYCOYHO-peryasipHoro morpyzxenus (f, O) u mpo-
M3BOJIBHOM BepmmuHbl U € G oboznaunm 0% JoKambHYIO OpHeHTaNuio B TodKe f(u), Iepene-
cennyio u3 f(v) Baosb f|r.

s xaxxaoit Bepmunet v rpada G 0003HATAM Sgeg(y)—1 MHOXKECTBO MUKITICCKHX HEePECTa-
HOBOK BBIXOJISIIUX W3 BepIIUHbBL u pebep, cocrosiiee u3 (deg(u) — 1)! asmementoB. Pacemorpum

MHOXKECTBO S — UKJINYECKUX IMOPAIKOB BO BCeX BepmuHax rpada G. JId KazKJ10-
deg(u)—1

ueG

IO JIEMEHTa S MHOXKECTBA, Sdea(u)—1 OIPEIESICH 3JICMEHT —S, COCTOLINANA N3 NUKIMICCKUX
g(u) J

ueG
MOPSITKOB, OOPATHBIX 33/1aBaeMbIM 3jieMeHTOM S. Ecu B rpade G ecTh BepinHa CTElNeHn He
MeHee 3, TO JIeMeHTHI § U —s pasaudibl. Eciim B rpade G crenenn Bcex BeplnH He OoJiee 2,
TO § U —S COBIHAJAIOT, U JFo CONEPKUT €IMHCTBEHHbIN dj1eMeHT fo, Op.

Hazosem 6asucroim nabopom Fo = {(fs,0s) | 5 € [[,eq Sdeg(u)—1} HAOOP mONapHO TOMO-

TOIHBIX OPHEHTHPOBAHHBIX KYCOUHO-PErYISPHBIX morpyzkeruit (fs, Og) €O ClepyomuMu CBOii-

CTBaMU.

1. pus kaxkmaoro s € [] Sdeg(u)—1 HAOOP MUKIHYCCKHX HOPAIKOB Pebep, BBIXOIAIINX H3

ueG
KayKJI0l BepIIAHbI U, TP TOTPYKeHAN f; OTHOCHTEILHO JOKAIbHOH opuenTamun Of",

COBTA/IaeT C MOPSAKOM, ONPE/IeIsIeMbIM 3JIEMEHTOM S,
2. obpa3bl fs HE COMEpPKAT HYJIM BEKTOPHOTO TOJIsT X,

3. ecmu (fs,0;) u (f_s,O_s) romoronusl u B rpade GG €CTh BepIIHHA CTEHEHH HE MeHee 3,

10 fs = fosm O_y = —0,.

O6o3naunM [ Fy] MHOKECTBO OPHEHTHPOBAHHBIX KYCOTHO-PErYJISIPHBIX MOTPYKEHUI TOMOTOTI-
HBIX 3JeMEeHTaM Jq.

Onpenenenne onopruoro mukjiaa C; gano B paszgene 2.2. Oboznaunm C, u C, MHOMKECTBa
ONOPHBIX MHUKJIOB B Tpade G, HA KOTOPHIX TEMEHTHI f; COXPAHSIOT W MEHSIOT OPHEHTAIUIO
coorsercrBenno. O6o3uaunm |C,| u |C,,| MOIIHOCTH 9THX MHOXKECTB.

Onpenenienne invy r,. OnpeneauM WHBApHAHT PeryasdpHOR MOMOTOINNH OPHEHTHPOBAH-

HBIX KYCOYHO-PErYJIdpHBIX MOrPYzKeHui

invx. g [Fol = | [ Saeg—1 | x 21 x (21 j2z) M # 52,

ueG

invx,foz [f()] — H Sdeg(u)fl X Z|260|, M = Sz.

ueG
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Yepes ZI[6! /27, 0603HAYEHO MHOXKECTBO BEKTOPOB M3 [V, IEJBIX 9UCET ¢ TOYHOCTHIO JI0 HPHU-
GaBIeHNsT OMMHAKOBOTO TeTHOTO 9HCIa KO BeeM KoopamHaTam. [pu |C,| > 0 mveenm ZICl /27, =
Zy x 771 1pm |C,,| = 0 mmozkecTBo ZI°0! /27, apnsgerca omrosmeMeHTHBIM.

CocraBuM MHBAPUAHT KAK BEKTOP C TPEMsi KOOPAUHATHBIMU OTOOPAYKEHUSIMI:

ianJ-'o(fa O) = (invl(fa 0)7 Z‘n’U?{’]:O(f, O)v inv%(,]—'o(fa O))

Takzke 1peIcTaBuM im;_% 7 (f,0) n inv% 7 (f,O) 4epes UX KOOPAMHATHI:
inv%(,]—'o(fa O) {ZnUX v (fa O) | C”L € Co};

i 5, (£,0) = {imr,(£,0) | Cs € Cul.

OOparuM BHEMaHUE HA TO, 9TO OTOOPAKEHUsI z'nv?(’ffo( f,O) uHIEKCUPYIOTCS HOMEPAMU UK~
J7I0B, Ha KOTOPBIX morpysxkennst fs, (fos, Os) € Fp, COXPAHIIOT OPUEHTAIHIO, & in’ui’(’f;o (f,0) -
HOMepaMHU ITUKJIOB, Ha KOTOPHIX fo s MEHAIOT OPHEHTAIHIO.
[Tonoxkum inv! (f,O) paBEBIM HAGOPY MUKIAYECKUX TOPAIKOB pedep, BRIXOAAIINX U3 KaK-
T BepITHHLL U, OTHOCHTE,IbHO opuenTanun O/,
Hazosem onoproti sepuiunoti w; OanzKaiimyio K v BepriuHy onmopHoro mukiaa C; BIOIb je-
1(f,0)"W

: finv
pesa T'. Bynem cokpamars obosuadenue OO = Oim;l(f o) - [Tomoxum

ZnUX]—'g(f 0) = dwx (finv (1,0) |C”O(fo wi fle,, O™, C; ecC,.

[IycTh OpHeHTHpPOBAHHbBIE KYCOYHO-pery spHbie norpyzxenus (fi,O1) u (f2, Oz) romoron-
apl 1 invt(f1,01) = inv'(fa, Oz). OGozuauum ff, o, f,.0, IPOU3BOJILHOE KYCOUHO-DETYJISPHOE

MOTpy KeHne, 1 KOTOPOTO

(ffl,omc%o27 O,) peryasipuo romoromso (f1, O1),

* ff17017f2702|T = falr,
® f,.01.72.0, TOMOTOITHO fy OTHOCHTEHHO TOUKH fo(v).

Ot (.0)" [lonoxxum

O6o3Ha9nM f:ﬁo,fo ffOf

invl(f,0)
ZTLUX]—'O(f O) - de(fznv fO)|CNO(f7 o ffO]—'o|C) Cz S Cn

B onpenesnenun inv§(7f0( f,0) BblbOp fr0 7, ABiIfeTCs HeogaHo3HAuHBIM. Ilycrs fi u fo
~ JBa LOIPYXKEHUs, YAOBJIETBOPSIOMUX OUPeAeaeHuto fro r. OpueHTHpOBaHHBIE KYyCOYHO-
peryasipuabie norpyxenns fi, Oiyi(r,0) 1 f2, Oinol(f,0) PETYISPHO TOMOTOIIHBI, CJIEIOBATEILHO,
coraacuo Teopeme 2.2, ancio

de (f1|Ci; O(ﬁO)’wi) f2|Ci)
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OIMHAKOBO 1 veTHO 11g Beex C; € C,. U3

de (f~1 ‘Ci) O(f’O)7Wi7 f2

Ci)

= dwx (fim(1.0)lc;, OV fole,) — dwx (finvt (r.0)lci, OO filcy)

nostydaeM, 4To 4ucia dwx (finw(1,0)lc;; OUV:Owi fo 5 7 |c,) OUPEIENenbl ¢ TOTHOCTBIO J10 TIPH-
DaBIeHUST OJUHAKOBOIO 4eTHOro uncia. CraeaoBaTebHo, im)j;’(? Fo (f,O) omHO3HAUHO 3a/13€T JIe-

MEeHT Z'C"|/ 27. Onupegesienne THBAPUAHTA NV, F, 3aBEPIICHO.

3.2 @opMyJIMPOBKA Pe3yJIbTAaTOB

Teopema 3.1. ITycmo M — K0oMNAKMHAA CEAZHAA NOBEPTHOCTD, omauynas om RP?. ITycmo
G — ceasnunili epad, v — nekomopaa sepuiuna, T — ocmosnoe depeso. Ilpednoroscum, wmo pebpa
sre T He ABAAOMEA nemaamu u coedunatom sucmos depesa T'. ITycmv X — sexmopnoe noae
na M 6es nyaseti 6 cayuae, xozda M — mop, 6ymuaka Kaetina uau noseprHocmo ¢ Kpaem, u ¢
edurcmeennoim nysem r € M 6 ocmanvroir caywaazr. IHycmo danor basuchvit nabop Fo opu-
EHMUPOBAHHBLEL KYCOUWHO-DERYAADPHVLT NOZPYHCEHUT U OPUEHMUPOBAHHBLE KYCOUHO-DERYAADHVLE
nozpyscenus (f1,01) u (f2,02), comomonnwvie sremenmam Fo, das womopux obpasv fi u fo
ne codeporcam x. Tozda (f1,01) u (fa, O2) peeyaapro 2omomonmnv, moz2da u MoAbKO mo20a,

kozda invx x (f1,01) = invx 7 (fa, O2). Omobpasicenue inv cropsermueHo.

Teopema 3.2. llycmo M, G, T, X, Fo, fi, O;, 1 = 1,2, — xax 6 meopeme 3.1. [ycmo fo = fi
u 02 = —01. Obosnavum (f(),Oo) = (finvl(f1,01)7Oirwl(h,ol)) € JT"().

Ecau 6 epage G ecmo sepuuna cmenenu ne menee 3, mo

invl(fl, —Ol) = —invl(fl, Ol), (31)
Z-n'l}‘%(’f]_—o (fl, —Ol) = —invg(’ffo (fl, Ol), Oz € Co, (32)
invi’(’ffo(fl, —0,) = —invi’(’f]_-o(fl, Oy), C; €C,. (3.3)

Ecau epagp G asasemes npocmulm yuxiom u f1 corpamngem opuenmauuio, mo obpasws inv'

U NV, 7, ABAAIOMCA 00HOINEMEHTIHBLMU, U cywecmeyem yeaoe wucno K7' o o C; € C, maroe,

Ymo 6uinoAHeEHO

invi’ffo(fl, —0) = —invi’ffo(fl, O1) +2K3 o, C; € C,. (3.4)
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Jucno K20,00 ne sasucum om (f1,01) u onpedeasemesn gopmyaot (3.5). Moscro evbpamo
OPUEHMUPOBAHHOE KYCOUHO-pe2yaapHoe nozpysicerue (fo, Op) 6 danmom kaacce 20MOMONHO-
cmau mak, 4mo wucao K2 bydem npurumams arwboe waneped 3adarHoe 3HaveRUue, 6 M.Y
b f0700 y p p ) - U
HYACBOE.
Eeau epagp G asaaemes npocmoim yukiom U fi Menaem opuenmayuto, mo obpasv inv' u

inv% F, AGAAOMCA OOHOINEMEHTHBLMAU, U GHNOAHENO Ycaosue (8.3).

Omnpenenenne invx r,. ObosnaummM [Fjl; MHOKECTBO KyCOUHO PEryJISPHBIX IIOIDYrKeHmit
roMoTonHbIX fg, Te (fs, Os) € Fp. Oupenenum WHBAPUAHT PETYJISPHON TOMOTOIHU KYCOUHO-

PETYIAPHBIX TOTPYKEeHUN

Z.TIL.UX,]-'O(fl) = {inUX,Fo(flaOl) | (flaOl) ~ (fs>05)}’

IJ1e MHOZKECTBO GEpPercst i Tex JOKaabHbIX opuentanuii O B Touke fi(v), aj1s1 KOTOPHIX OpH-
eHTHPOBAHHOE KyCOYHO-peryssiproe morpyzxenue (f1, O1) romoronuo nmpousBoabHoMy (fs, Oy)
us3 ./—"0.

Mycrs M # S?, RP?. Ecimu (fs, Os) u (fs, —O,) He TOMOTOIHbI, TO JIOKA/IbHAS OPHEHTAIHS

01 ompegensgercs OJHO3HAYHO, CJEI0BATEILHO

invxz: [Fols = | ] Steg—1 | x 2% x (21%1j2z), M # 5°.

ueG

Ecu (fs,Os) u (fs, —O,) romoronusl, To 3Ha4enus invx r, (f1, O1) u invx 7 (fi1, —O1) co-

OTBETCTBYIOT OJHOMY H TOMY 7K€ 3HAYCHHIO HHBapUAaHTa (nvx 7 (f1), cIemoBarensHo

invxz: [Fols = | | ] Steg—1 | x 2V x (211 )22) | /2o, M # 5,

ueG
rae JefictBHe IPyHIbl Zg OTOXKIECTBISICT 3HadeHus vy, g, (f1,01) 1 invx 7 (f1, —01), cBa-
3aHHbIe POPMYTaMU U3 TeopeMbl 3.2.
B cayuae M = S? opuenTHpOBaHHbIe KyCOUHO-peryaspble norpyzxkenue (fs, Og) He TOMO-

torHo (fs, —Os), n

Z'T.L.UX,]:OI [fO] — H Sdeg(u)—l X Z|2CO|, M = 52.

ueG
Teopema 3.3. Ilycmv M, G, T, X, Fo, f1, f2, — kax 6 meopeme 3.1. Ilycmo omobpasicerus
fi u fo eomomonno.. Tozda fi u fo peeysapro zomomonmnv, mozda u moavko mozda, Koz20a

iﬁvxfo(fl) = iﬁvxfo (f2). Omobpasicenue Z‘/);L.’UX’]-'O CIOPBERMUBCHO.
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CaenctBue 3.1. ITycmov M, G, T, X, Fo — kax 6 meopeme 3.1, u epap G asisemea npocmovim
yukaom. Iyems (fo, Op) — npoussosvroe opueHmMupoBaHH0e KYCOUHO-PERYAAPHOE NOZPYHCEHUE
u3 baszucrozo nabopa Fo. Toeda omobpasicernua invx r, U iNVx 5, uMeom ciedyouue obpasw

6 Kaoscdom u3 cayuaes A, B, C, D:

AM=5?

Im(invx 7,) = Zs, Im(invx z) = Zs,
B M # 5%, xpusas fy corpamnaem opuenmavuto, (fo, Og) 2omomonno (fo, —Op)

Im(invx 7)) = Z, Im(iﬁvx,fo) = Za,

C M # 5%, xpusas fo cozpansem opuenmavuio, (fo, Op) ne 2omomonno (fo, —Op)

Im(invx 7)) = Z, Im(invy z,) = ZZK?O,OO’

206 Z 2 — MHONCECTNBO UENABIT YUCEA HE MEHDUUL K2
21<f07 anOO7

Op

D M +#+ S?, xpueas fy menaem opuenmayuo

Im(invx 7,) = Zo, Im(z’ﬁvX,]:O) = Zs.

3.3 okazareabcTBo Teopemsbr 3.1

JI1st mocTpoeHust OpPHEHTHPOBAHHOTO KYyCOYHO-peryaspHoro orobpaxkenus (f, O) ¢ 3ajaHHbIM
3HavYeHIeM MHBAapUAHTa invyx, 7, (f, O) A0CTaTOUHO J0OABUTH K HOIPYKEHUIO finyl(f,0) HECKOIb-
KO MAaJeHbKFX IIeTeb Ha KaxKaoM pebpe e;. Kaxkmas MajaeHbKas IeTJs YBeJINIUBAET WJIN
yMEeHbIIaeT Ha 1, B 3aBUCHMOCTH OT HalPaBJEHHUs, COOTBETCTBYIONIEE 3HATCHUE va”FO( f,0)
3

IR INVY fo( f,0), He u3MeHsist ocTaIbHBIE COCTABJISAONINE WHBapHaHTa. TakuM o6pa3oM, 0To6-
pazKeHue inv CIOPbHEKTHBHO.

W3 sr060r0 U3 AByX CJAeayIONuX IPealoI0KeHUi: peryaspHas rOMOTOIIHOCTh OPUEHTHPO-

BAHHBIX KyCOUHO-peryaspubix morpyzxenuit (f1,0q) u (f2, Oz) wiam paBeHCTBO

invx, 7, (f1,01) = invx x (f2, O2),
cJaeJlyeT PaBeHCTBO
inv}(,fo (f17 Ol) = Z'nv,%(,]:o <f27 02>
3aMeTuM, 4TO PaBeHCTBA
O01),w; SW;
dwx (fino (1000, OOV filc,, OF)
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- de(finvl(f%OZ) ‘Cﬂ O(f2702)7wi7 f2’0¢7 0{27Wi)7

f1,01),w;

de(fmvl(fl,Ol)lcmO( 7ff1,01,-7:0|01:>

= dCUX (finvl(fQ,Oz) ‘Cia O(f2702)7u%7 ffz,Oz,]:o ‘Cz)

9KBHUBAJICHTHDI

dwx (filc,, O™, falos, OF™7) = 0,

de(fthh]:o ’Cw O(f1’01)7wi7 fo,Oz,]:o ’Q) =0.

SaMeTuM, 4TO
ffholJ:o‘T = ff2702,]:0’T = fim)l(ﬁ,Ol)‘T'

OpHeHTHPOBAHHOE KYCOYHO-PETYJISIPHOE MOTPYKeHue ( ff27027f0700) nosnyuero u3 (fa, O) pe-
ry1dapHoit romoronueit fo,, t € [0,1]. PaccMoTpuM IPOM3BOIBHYIO PEryasSpPHYIO [OMOTOIHIO
OPHEHTHPOBAHHOTO MOTPYKeHust ( szl,Ol, 7, Op), orpannvenne KoTopoii Ha mepeBo 1’ coBmagaer
¢ romoromnueii fo |7, Te t Mengerca B oOpaTHOM Hanpasienu, ot 1 10 0. B pesysabrare 310i ro-
MOTOIIIH TIOJIYIAeM OTOOpaszKeHue | £1.01.f2,05- 14K KaK peryssipHble TOMOTOIHN U3 ( f £1.01.705 O0)
B (f1,.01.12.00, 02) 113 (ff,.00.70, O0) B (fa, O2) coBnagaior ma gepese T, TO IPH KazK IOM 3Hade-
HUW TITapaMeTpa TOMOTONHUI ONPeaeIeHO YUCI0 dwx JIjIsi OTPAHUYEeHUH COOTBETCTBYIOIIEH Mmaphl

norpyzkennit Ha C;. Takum obpazom,

f1,01),w;

dwx (fr,.0,.7]c;, O  Fronrle) = dwx (F1.01.12.051C) O™ fole),

a SHAQYUT PpaBE€HCTBO

de (ff1,017f0‘0i7 O(fLOl)’wiv ff2,027]:0‘0i) =0

IKBUBAJIEHTHO
de(ffl,Ol,f2702‘C¢7 ngwi? fQ‘Ci) =0.

Taxum obpazoM, MBI cBesir Teopemy 3.1 Kk Teopeme 2.2.

3.4 JlokazareabcTBO Teopembl 3.2

IIyecmov 6 2pade ecmv eepuuna cmenenu we menee 3. Yeaopue (3.1) caeayer w3 TOro, 9ro
HUKJIMIECKHE TMOPSIKA B KarKI0i BepIInHE NPH OTOOpayKeHHH fi OTHOCHTEIbHO JIOKAJIBHBIX
opuerTanuii O; 1 —(Oq IPOTUBOIOJIOKHHI.

JlokazkeM BoimosHenue ycaosus (3.2). 3ameTuM, 9ro

O(fh_ol)’wi = finvl(fl’_olywi = Of_invl(fl’olwwi = —Ofim,l(fl,ol),wz. = _O(f1301)7wi
invl(f1,—01) —invl(f1,01) invl(f1,01) :
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CienoBaresibHO

Ci» O(fhiOl)a fl Ci» _0{1,1111')

mv%fo(fl, —0,) = dWX(fmul(fl,f

_O(fLOl)? fl C,

17

—Ofy = —inv, (f1,04).

= dWX<finv1(f1701) C

JlokakeM Boimosnenue ycaosus (3.3). 3ameTum, 9ro

ff17_017-7:0 = ffl7_Ol1finvl(f17701)70inv1(f17,01) = ffla_olzfinv1<fl701)7_01',,“)1“1101)

- ffl’ol’fiml(h701)’Oinv1(f1vo1) - ffl’_ol’]:o'
[IpeaiocsiejiHee PaBeHCTBO CJIEJYeT U3 TOTO, 9TO €CJU PEry/aspHAs TOMOTONUS IePEeBOJIUT
(f1,=01) B (ff,.— O1 L1 (11019 Osml (1101 —Oinwl(,,0,)), TO OHA TIOJIXOJUT W TIOJ OIPEJeICHHE
romoronuu, nepesoasmeit (f1,01) B (ff1,01,fm1(f1 01y Oiml (11,01 Oinvl (f1,01)) (mOCIIE 326BIBAHUA
JIOKAQJIbHBIX OpUEHTAlUi Vv KaxKA0u FOMOTOHI/II/I).
ITyemov epap G asazemes npocmuim yukaom u fo corpansem opuenmayuio. JloKazkem

BBIIIOJIHEHHE yeaoBus (3.4).
invy' z (f1, —01) = dwx(fo, Og, f1,—01)

= wx(fo, O0) —wx (f1,—O1) = Y ix (k) N(fo, Ov, fr, —Ox, z).

k

3aMeTuM, 4TO

WX(fla —01) = _WX(fla 01)

u
N(fo, Oo, f1, =01, k)
= N(fo, Oo, fo, —Oq, x) + N(fo, —Oo, f1, —O1, Tx)
= N(fo, Oo, fo, —Oo;, z1) — N(fo, Oo, f1, 01, 1),
OTKY/Ia

invy' s (f1,—01) = —dwx (fo, Oo, f1,01)

+2C<JX f0,00 ZZX xk f0a007f07 OOaxk)‘

Yucno N(fo, Oy, fo, —Op, x)) onpeneneno, tak kak (f1,O1) romoronuo (fi,—0;), a 3HaYUT

(fo, Op) Tomoromuo (fo, —Op). Onpemennum

K]%O,Oo anOO ZZX fo,Oo,fo, Oo,l’k). (3.5)

k

l\DI»—l
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Mokazxkem, uro K3 € Z, 10 ectb Y, ix(2x)N(fo, Oo, fo, —Oo, x) werno. Ecou y BexTop-
Horo moisa X HeT HyJsei, To cyMMa He CO, Ecim M = S?
, y JIEPKUT CjlaraeMblX W paBHa Hy/0. Ecan ,

TO CyMMa OIYCKaeTCs B olpeleeHud duciaa dwy. Ilyers M # S? u y X ecTb Hyau, B 4acT-
noctu, M orsmano or T2 u K12, Cymectsyer roMoronusd, npeobpasylonas KpuByo fo B cebs,
HO MeHsIoIas opueHTanuio B touke fo(v). [Tycrs 06pa3 TOYKHM v HPOXOAMUT MPH TOMOTOIHH
uyTh d. Torma kpusble fo # 0 - fo - 0! TOMOTONHBI OTHOCHTEJNLHO GasucHoi Touku. Corac-
Ho Jlemme 3.1, kpuBbie § U fy TOMOTOIHBI OTHOCUTENIHHO GA3UCHON TOUKHU MEJTBIM CTEHEHIM

. . m n

oaHOI KpuBoii: 6 ~ a™, fy ~ a". KpuBasg 0 MeHsgeT OpHEHTAINIO, CJIEJI0BATEJIHLHO ¢ MEHSET

opuentanmio. Kpusas fy coxpanser OpueHTaIMIo, CJIEJI0BATEALHO 1 YeTHO. 3aMETHM, 9TO
n
N (fo, O, fo, =00, zr) = N(fo,Op,a", O, x)

+N<an7 007 a'rl7 _007 Ik) + N(an7 _007 f07 _007 Ik)

Kpusyio a” M0:KHO TPOrOMOTOIUPOBATH B ce0d “MPOKpyUHBast’ BIOJL ceOsd, T.e. Oepsad KOM-
HO3UINIO ¢ BpalieHneM npoobpasa. Takas roMoTonnsi MeHsieT OPUEHTAINI0 B 00pa3e TOYKHU v

1 He IIepecekaeT HyJd BEKTOPHOTO IOJad X, CJeJI0BATeNbLHO
n n
N(a", Og,a", —0q, z1) = 0.

3aMeTuM, 9TO
N<an7 _007 f07 _007 'Ik) = _N(f07 _007 an’ _007 Ik)
= N(fo, 0o, a", O, ).

CnenoBaTebHO
2 B , n
K3, 0, = wx(fo, Oo) ZZX(xk)N(f07007a , O, Tg.).
k

MozKHO oIy unuTh J1000€e 3HadeHne K 1%0,007 J100aBJIss MaJieHbKue eTau K fo. Kaxkmas metis
yBenuuBaeT win ymenbimaer wx(fo, Op) Ha eJUHHUIYY B 3aBUCHMMOCTH OT HAIPABJIEHUS U He
menstet » . ix(xk)N(fo, O, a”, Op, x)). Bermoanenne yciosus (3.4) noxasano.

Hyemo epagp G asasemes npocmovim Yukiom u fo mensem opuenmayuro. JlokazkeMm BbI-

noHenne yeaosus (3.3). Ompegesnm aucio

K?O,Oo = dwx (f07 O, ffl,ohfoyoo) + dwx (va O, ff1,—01,f0,00)'

3
Tpebyerca nokaszare, uro Ky ., 1eTHOE.
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3
Cuauasna mokazkeM, 4ro npu ¢urcupoannoM (fi, O1) 9eTHOCTH 4HCIA Ky o, He 3aBu-
9 F F P F
cnT OT BBIOOPA ff, 01,f0,00 W ff1,—01,f0,00- PACCMOTPHM JBa TPOM3BOJLHBIX TIOTpyzKeHus f 7,
f(Q) f f(l) ]E(Q)
|/, YIOBJICTBOPLIOMNX ONPEIeJIeHUIO ff, 0, f,,0,» & TaKXKe ABa morpyxkemus f.°, -, ymo-
BJIETBOPSIONINX OLUPEAEJICHUIO fr, _0, f,.0,- PaccMOTpUM dncia K 30 04> OUPE/ICJIEHHbBIE 110 3TUM

0TOOPAZKEHUSIM:

K?(;SIO)O - de(an OOJ fg—l)> + de(f(h 007 fEl))7
K?(;SQO)O - de(an OOa fJ(rz)) + de(fO) 007 fEQ))

PaccmorpuMm mx pasnoctb
K]?%S?))O o 2K]?;07E(1?)0 = de(fO, OOa f—f)) - de(f(]? 007 fj—l)>

+dwx ( fo, Oo, JZ@) — dwx (fo, Ov, fﬁl))
— dwx (), 00, £12) + dwx (f, 0y, FP).

3aMeTuM, UTO COTJIACHO ONPeIeIeHUI0 OPUEHTHPOBAHHBIE KYCOUHO-PETrYIsPHBIE MOI'PYKEHUS

( fJ(rl), Op) u ( ff), Op) peryasipao romoronubl. 113 Teopembr 2.2 ciemyer, ato qucia

dwx (f, 00, ), dwx (£, 00, f2)

X N N
qeTHbl. Taknm 06pasoM, 4eTHOCTD ducaa Ky o) He 3aBUCHT OT BBIOODA [, 04,000 U [ 11,-01,/0,00-
Hasee HaM HOHAI00UTCA CleAyIoNad JeMMa, ABJIMIomasacd PacCMOTPEHIeM JIOIOJIHUTE b

HOTO caydad K Jlemme 1.5.

JlemMma 3.1. Ilyecmv M — xomnaxmuas naseprrocmsv, py: T'M — M — xacameavroe pac-
caoenue. Hycmo na M 3adaro eexmopnoe nose X ¢ KOHEUHOIM YUCAOM HYAeT, U PE2YAADHAA
eomomonusa &, t € [0,1], wycouno-peeyaapnviz omobpasicenudi &y, &2 ST — T M, 2de ppro&; ne
npoxodum weped Hysu eekmoprozo nosst X. [lyemov py o &, 1 = 0,1, menarom opuenmanuio,
swnoareno §(0) = £1(0), u nymo pr 0 &(0), t € [0, 1], menaem opuenmayuto. Ilycmo 3adaro

npouseoavHas aokasvras opuenmarus O 6 moure xo = par(£o(0)) u nymo 0: [0,1] - T'M ¢

caoe pyy (o), 0(0) = p1(X(x0)), O(1) = p1(£(0)). Tozda
wx (§0,0,0) + wx (&1, 0,0) = 2wx (£(0), 0, 0).

Zoxasamenvemeo. llycts h = pgjl(xo) — CJI0H eIMHAYHOTO KacaTelbHoro pacciaoennd 1M

HaJ TOYKOU Ty C OpHeHTalueil, 33 JaHHO JToKaJbHON opueHTarueir O ¥ HAYAJILHONR TOUKOIA
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p1(X(29)). CorsacHo onpejie/IeHHIO YnCJIa BPAIEHHUs, CJAEIYIONIIe Mapbl KPUBBIX TOMOTOIHDI

OTHOCHATEJILHO 0a3MCHON TOYKHU

007" X(pi(&o)) ! ~ hx @O0, (3.6)
0-6(1)- 07" X(pi(&(1)) " ~ hxEO00, (3.7)
0-&(0)- 67 X (pi(&(0))) " ~ hx(EO00), (3.8)

0607 X(pi(&)) ! ~ hex @00, (3.9)

3ameTnm, 9TO KpUBbIE

o &(1) ~ &(0) - &

X(par(&o)) - X (par(&(1))) ~ X(par(&(0))) - X (par(&1))
I'OMOTOIIHBI OTHOCUTEJbHO KOHIIOB, & 3HAYUT KPHUBDIC
0807 0-6(1) 07" X((&1) - X(p1(&)™

~0-6(0)- 07 0-& 07 X(pi(&) T X(pa(&(0)

TOMOTOITHBI OTHOCUTEILHO OA3UCHON TOUKH. PaccMOTpPUM ceprio TOMOTOINUNE OTHOCUTEILHO Oa-

3UCHOI TOYKH
0-8-07"-0-&(1)- 07 X(pi(&(1) - X(pi(&) ™
~ 0 &g XSO X (py (&)
~ (08071 X(pi(€0) ") - (X (pa(&o)) - XSO0 X (p1 (&) 7)
~ B OO (X (py(&)) - X EDOD . X (py (€))7

~ hex(£0,0.0) | p—wx (£(1),0,0)

[TocieHsIsT TOMOTOMHOCTD CJIeayeT U3 Toro, 9To 3aMKHYThIH yTh par(X(p1(£0))) = par(&o)

MEHSIEeT OPUEHTAINIO. AHAJIOTHIHO
0-&(0)- 07 0-& 07 X(pa(&)) ™ - X(pa(&(0))
~ th(gt(O)voro) . hwa(glzove)_
[Tosyuaem paBeHCTBO

WX(€07 070> - wx(gt(l)van) = WX(gt(O)’ 070) - wX(fl,O,H).
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Ocramock 3amernTh, 9to Kpusbie &(0) u (1) coBnamator. Jlemma 3.1 nokasana.

CymecTByeT rOMOTOINS, MEPEBOIAIIAS OPHEHTIPOBAHHOE KYCOUHO-PETYIsIPHbIE MOrPYKe-
awue (fo, Op) B (fo, —Op). Touka v mpoxoauT P ITOH rOMOTONNH HEKOTOPBIH MYTh §, KOTOPBI’
MOKHO BbIOpaTh perysspiaabiM. Onpeesnm BeooMoraresbayo romoronuto Fy o, t € [0,1],
SABJISIONLYIOCA aHAJOTOM CTAaHAAPTHON TOMOTOIUHU, Mpeodpal3yloleil HEKOTOPYIO KPUBYIO Y B
Kpusyio 0 - -0~ L. [Togoxum Fioo= ffl,Ol,fo,Oo- Ha eguncrBennom pebpe e; BHE OCTOBHOIO JIe-

pesa 1’ BBIIENM CPEJHIOI TPETh €; U oupeleuM Fy ;o Ha €; KaK PaBHOMEPHOe pacTATUBaHue

B1OIb F 10l.,. Bamernm, uro G\ UE; asisiercs mepesom. s xazxnoit Touku u € G\ €; oupe-
JeJIUM TIYTh [, KaK HecaMOTePeceKaroNHicst MyTh OT u J0 BePIIUHBI U BAOJb Jepea G\ UE;.
Onpenermnm Fy ;olr(u), t € [0, 1], kak myts Fy o0l1,, -5-Fi7070|l_ul, e KazKaplil u3 nyTeit Fy ool ,
0, Fi,070|l;1 HIPOXOJIUTCS 38 TpeTh BpemeHu. [IycTb uy, ug — JiBe TOYKH OJIHOTO pedpa e;, TJie U SIB-
JISIeTCsT BEPIINHOMN, a U — OmizKaiitmas K Heii Touka €;. [lycTs [ug, uq] — Hecamonepecekarmuiics

. 1
IyTh, COCJMHAIONINHA Uy U Uy 1O pedpy €;. Oupegennm Fi ol = Fi,070|lu1 -0 - Fi,0,0|lu1-

Onpegemnm romoronnio Fy ;o Ha OTpesKe [ug, u1] Kak IpeobpasoBaHue H3 J1.01.50,00 l[ug,un] B

1 _
Fi10ljuzan) = Fro0l, -0 Fi,O,O’lul BIOJIb O0BeMHAIONEro Ty TH [y ooy, 0+ Fioo oy

T'omorommsa Fly ;o He siBisteTcst peryaspHoil. OHa MOYKeT OBITh MPeoOPa30BaHa B PETYISPHYIO
roMOTOIHeR B MasIoit okpecTHOCTH 06pasa. Tounee, pacemorpum romoronuio Fly g0 G x [0, 1] x
[0,1] = M, rue t,s € [0,1], co caemyiomumu cBOfiCTBAMUE:

® Fios=[f,0100,00: S € [07 1]7

e F,1 KycouHo-peryispHo, t € [0, 1],

o Fiqilr = Fiaolr,

e [} ;s He mepecexaeT HyJ! BEKTOPHOTO HOA X.

3amernuM, 4To oToOparkeHue F ;1 yIOBIETBOPAET OUPEAEICHUIO fr _0y, fo.00-

3 fo_
Bepremcs K J10Ka3aTe/IbCTBY TOTO, 4TO 4nCI0 K o sBisgerca derHbiM. OGosnatnM fi =

ff1,01,f0100 u f— = ff1,—01,f0,00 - Fﬂ:,l,l'

2K} o, = dwx(fo, O, f1) + dwx (fo, O, f-)
= wx(fo, Oy, 9) - WX(f+7 Oy, 9) + wX(f(b Oy, 9) - WX(JE—7 Oy, 9)
— > ix(@e)N(fo, Oo, frowx) = Y ix (k) N(fo, O, f-, k).
k

k
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Tomoronus Fy i, t € [0,1], mesxay KpuBbIME fi B f_ He IepeceKaeT HyId BEKTOPHOIO MOJIH

X. Cornacuo gemme 3.1a

WX(f+, 0070) + WX(f—7007 9) - 2&))((&(1)),00,9),

re & ;(w;) — BeKTOp CKOpoCTH KpUBOi Fly ;1 B TOYKE v. 3aMETHM, YTO
N(fo, Oo, f+, %) + N(fo, O, f-, xk)
= 2N (fo, Oo, f1, ) + N(f1, Oo, -, ).
Ecyin y BekTopHoro nojig X Her HyJieil, TO
> ix(zi)N(fy, Oo, f-, ) = 0. (3.10)

[Tycts y BexTOpHOTO Hosg X ecTh HyaH, B gactHocTH, M ormmano or T2 n K2, Bemmognaercs

N(fy, 00, f—, 1) = N(fr, Oo, Fir0,21) + N(Fi10, O, f—, x1).
Tomotonus Fy ., u € [0, 1], He mepecekaeT HyJH BEKTOPHOTO mojst X, CJIeOBATEIBHO
N(Fi10,00, f-,21) = 0.
IIo mocTpoenuro
Fiio=0"1-f -0

Tomoronuio mexay fy u Fy o, coxpausmomyio 104Ky fi(v), MOXKHO HPEJCTABUTH KaK 0TOO-
pazkeHne Topa B MOBepXHOCTh M, rae oTobpaskeHne Ha 0Opa3yONUX TOpa COBHAIaeT ¢ fi u d.
Corsnacuo Jlemme 1.2, 310 oToOpazkeHne MOKHO IIPOrOMOTOIIMPOBATH TaK, UYTO 0Opa3oM Oyaer

KpuBad, & 3HAYAT

N(f+, 0o, Fi1,21) = 0.
Takwum 0O6pazoM, B ciIydae HaaudIus HyJeit y X Takzke BbIIoJHEHO paeHcTBO 3.10. [loryguaem
K?o,OO = wX(fO? 007 0)
_WX(gt(U)v 007 e) - Z ZX(:L‘k)N(fm 007 f—i—a {Ek)

k

3
Mpr noxazamm, aro Kj o 9€THO.
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3.5 JlokazareabcTBO Teopembl 3.3

[Iycrs (fs, Og) u (fs, —Os) He romoTomHbL. Toraa cymuecTBYOT e THHCTBEHHbIE JJOKATbHBIE ODH-
eataruu Op, O, 9TO OPUEHTHPOBAHHBIE KYCOUHO-peryagpubie norpyxenns (fi, Oq) u (fa, Os)
npuHaexkar JFo.

ITycTs cymecTByer peryisipaasi romotomnusi, mpeobpasyomas fi; B fo. Torma ona mpeobpa-
syer Op B Oy. CirenoBaresibHO, 110 TeopeMe 3.1 BbinoIHEHO NV, 7, (f1, 01) = invx £ (f2, O2), a

3HAYUT
invx 7 (f1) = {invx 7 (f1,01)} = {invx 7 (fa, O2)} = invx 7, (fa).

OGparno, myctsb invx z (fi) = invx.r,(fs). Torna ais HEKOTOPHIX JOKAIBHLIX OPHEHTA-
nuit Oy, Oy BumomHeHo invx 7 (f1,01) = tnvx £ (f2, O2). Ilo Teopeme 3.1 opuenTHpOBaHHBIE
KycouHO-peryspubie norpyzaenns (fi,O1) u (fa, O) peryaspHo roMOTOTHBL.

[Tycrs temepb (fs, Os) n (fs, —Os) Tomoronubl. PaccMoTpuM MpOU3BONBHYIO JIOKAJIBHYO
opuentaiuio 01 B Touke f1(v).

[Tycrs fi peryasipao romoronno fo. Torma (f1, O1) peryssipao romoronso (fo, Og) mist HeKo-
TOpoit oKaIbHOM opuentarun Oy B ToUkKe fo(v). ITo Teopeme 3.1 Boimomnneno invx x (f1,01) =
invx 7 (f2, O2). Ilo Teopeme 3.2 takzke Buimosneno invx x (fi, —01) = invx x (fa, —02), a

SHaYUT

invx 7 (f1) = {invx 7 (f1, O1), invx 7 (f1, —O1)}
= {invx 7,(f2, Oa),invx 7, (f1, —O1)} = invx 7, (f2).
OGparHo, mycThb inv x5 (fi) = invx r,(f2). Toraa ais HeKOTOPOH JOKAIBHOM OpHEHTAIIHI
Oy B TOUKe f3(V) BBIIOIHEHO

invx 7 (f1,01) = invx 7, (f2, O2),

invx 7, (f1, —O1) = invx 7 (f2, —02).

[To Teopeme 3.1 opreHTHpPOBaHHbBIE KyCOUHO-peryaspHbie norpyskenust (f1, O1) u (fa, Os) peyr-
JSPHO TOMOTOIHBI, & 3HAYHAT fi U fy PEryJIgpHO TOMOTOIIHBI.

13 cropbeKTuBHOCTH NVX 7, CIELyeT CIOPbeKTUBHOCTD iNUx, 7. leopeMa 3.3 10Ka3ana.
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4 JluHeliHag HE3aBUCUMOCTH CKpy4duBaHuii /[pHa

4.1 OmnpeneneHnd

[Tycrs M — KOMIaKTHasi CBsi3HASE IIOBEPXHOCTH. PaceMOTPUM JIByCTOPOHHIOIO (T.€. COXPAHSIO-
Y0 OPUEHTAIINIO) TPOCTYI0 3aMKHYTYI0 KpuByio 7y Ha M. CkpyuuBanuem [Isna [22| Broan v
Ha3piBaeTcs romeoMopdusm M Ha cebsi, KOTOPDI €CTh pe3ybTraT padpesanus nosepxuoctu M
BJI0JIb 7Y, CKDYYHUBAHUEM OJIHOTO U3 TOJYYeHHBIX KOHIIOB HA 27 U IpUKJIenBanueM obpatHo. Ho-
curesib romeoMopdusMa (T.e. 3aMbIKaHHE MHOKECTBA TOYEK, He SIBJIAIONTHXCS HEMOBUKHBIMU
TOYKAMH TOMeOMOPdhI3Ma) JIeKUT B IUJIHHIPE, OCHOBAHHST KOTOPOTO FTOMOTOIIHBI 7Y KaK KPHUBbIe
B 9TOM nmmHape. B koopaunarax (0, h), 6 € [0;27], h € [0;1], Ha nuiuHIApe TOMeOMOpPhU3M
umeer Bug (6, h) — (0 + 27h, h).

Jlnst 3ananus ckpyunBanus J[3Ha HEOOXOMMMA JTOKATHHAS OPUEHTAINAST B OKPECTHOCTH KPH-
BOit y. sl TaHHOM JIOKAJIBHON OPUEHTAIMH MOYXKHO BBIOpaTh Koopauuatsl (6, h), 6 € [0; 27],
h € [0;1], Ha TMIMHApPE BO3JIe KPHUBOW 7 MOJOXKUTEIBHO OPHEHTUPOBAHHBIME. [Ipu 3amMene
JIOKAJILHOM OPHUEHTAIMK IIOCTPOEHHOE TaKuM 00pa3oM cKpyuuBanue /I3na Oyner meHdThCd HaA
rOMOTOITHOE OOPaTHOMY.

CkpyuuBanue [I9na sBIseTCs OJHUM U3 HTPOCTEHINUAX roOMeOMOPMU3IMOB, HE TOMOTOMHBIX
TOXK/IECTBEHHOMY (eC/in KpuBast Y He OUPAHUYUBAECT HA HOBepXHOCTH M JMCK, IUJIMHAD WA
aucr Mebuyca), 0ITOMY OHO 9acTo Hcmosb3yercs (moapobuee cm. [24]).

OcHoBHo# pe3yabTaT pazjena — reopeMa 4.1. B ciydae opuentupyemoit nosepxuoctu M oH
SIBJISIETCST YTOUHEHNEM KJIaCCHIecKoro, cM. [18], memma 2.1(1), xoTst aBTOpY HE yAag0Ch HANTH
onyOJIMKOBAHHOTO JIOKA3aTe/IbCTBA. B caydae HeopumeHTHpyemoil moBepxuoctu M pe3yabrar

HOBBIII.

4.2 DopMyInMpPOBKA OCHOBHOTO Pe3yJIbTaTa

O6o3naunm gepe3 Homeo(M; 0M ) npocTpancTBO ToMeoMOphu3MOB MOBepXHOCTH M| TOXKIe-
cTenHpX Ha OM, a wepes Homeo’(M;0M) C Homeo(M;OM) — KOMIOHEHTY CBA3ZHOCTH
ToxrecTBennoro romeomopdusma B Homeo(M; OM). Tycrs wyp = 7/ (M) U (M, 0M), tie
7/"(M) — mpocTpaHCTBO KIacCOB CBOOOMHBIX IeTeNb, T.e. TOMOTOIMIECKIX KJIACCOB 0TOOpa-
xkeunit okpyzxuoctu B M, a w(M, OM) — npocTpancTBO Kiiaccos myTeii B M ¢ kKonnamu na M

C TOYHOCTBIO JIO TOMOTONUN ¢ (DUKCUPOBAHHBIMHA KOHITAMHU.

Teopema 4.1. Ilycmv M — xomnaxmnasa c8A3HAA NOBEPTHOCTS OMPUUAMEALHOU IUNAEPOBOT
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TAPAKMEPUCTNUKY (OPUEHMUPYEMAA UAU Hem, ¢ Kpaem uau 0e3). ITyemo {v;}1, — xoneunwid
HAOOP NONGPHO HENEPECEKAIOULULCA NPOCTNULE 3AMKEHYMBLT 08YcmoponHuT kpuewx 6 Int(M),
maxoti wmo mobas KomMnonenma ceasznocmu muoocecmea M\ (Uy;) ne asasemca wu om-
Kpoimoim QUCKOM, HU OMEPLIMBGIM YUAUHIPOM, HU ehympennocmvio aucma Mebuyca. Hycmo
t,, € Homeo(M;0M) — cxpyuusanua Jona sdoav kpuswiz ;. Tozda

1) xaacew [t,,] € Homeo(M;dM)/Homeo" (M; M) smuz zomeomopdusmos nopostcdarom
nodzpynny, usomopPHyro ceobodnotll abesesotl epynne pPaHaa, PaGHO20 KOAUYECTMEY KPUBHLT;

2) 2100058 HEMONHCOLCTNEEHHAA KOMNOZUUUA YEAVT cmenerel YKA3AGHHUET 20MeoMOPPUIMO8
HEMPUBUANOHO JeTLCMBYEM HA NPOCMPAHCMBE Ty ;

3) cywecmeyem nabop npocmuz kpuewx Y;, 1 < i < n, kaaccos [§;] € my makod, wmo
KPUGBLE Y; U Yj He NEepeceKarmcs npu i # j u xpueve v; u tﬁﬂi HE 20MOMONHDE NPU A0O0M

k#0.

Hajiee OyjieM cUUTATh, 9TO KaxK/Jas KpUBasd 7y;, TOMOTOINHAsS KOMIIOHEHTE CBI3HOCTH Kpasd,
BCs TIPOXOJUT 110 Kparo. Habop KPUBBIX 7y; MOYKHO JOMOJHUTH JI0 TAKOTO HAOOPaA, YTO KarKIast
KOMITOHEHTA CBSI3HOCTH MHOXKecTBa M \ U;7y; siBastercs mubo cdepoii ¢ TpeMst MPOKOJIAMH, JIU-
00 OTKPBITHIM MUJINHJIPOM ¢ TIeHKOi Mebuyca, muO0 OTKPBITHIM JAUCKOM C ABYMs ILI€HKAMHU
MebGuyca (r.e. mmeer siiiepoBy xapakTepucTuky —1). Takoil HaOOp KPUBBIX HA30BEM MaKCH-

MaJIbHBIM. TeopeMy J0CTaTOYHO JOKAa3aTh AJ4d MaKCHUMAJIbHOI'O Ha6opa.

Bameuanue 4.1. [Iposepum, svnosnena au meopema oan noseprnocmu ¢ X(M) > 0. Feau
noseprrocmv M asasemes chepoti, duckom, NPoexmMuUsHOT NAOCKOCTBIO UAU Aucmom Mebu-
yca, mo Ha Hetl B03MONCEH TMOALKO NYcmoti Habop Kpuewvx v;. Feau noseprrnocms M asasemcs
MopoM, MO MAKCUMAAbHBLT Habop cocmoum u3 00nol kpueol 1. Tozda ewbepem Kpusyro 7y, ¢
COUHUYHBIM UHOEKCOM nepecevenus ¢ kpusot v, . Kpusas t,";ﬁl umeem urndexc nepeceverus k ¢
Kpusot Y1, NOIMOMY NPU PASHLLT K MaKUE KPUBBLE HE2OMOMONHLL U MEOPEMA OCTNAETNCA BEPHA.
Ecau noseprrnocms M asasemea yuaundpom, mo meopema mardice eepha. Jokazamerbemeo
AHAN02UYHO, MOALKO KPUBAsA Y1 udem om 00not 2paruHoti okpyscrocmuy do opyzot. Caywad,
Kozda noseprHocmv M — bymuarxa Kaetna, aeasemcs eduHcmeeHHvim, K020a meopema He
svinoansemes. Maxcumaronudl Habop cocmoum us 00Hotl kpueot 1, donoanernue 0o Komopot
asasemes yusurdpom. Ilpedemasum t?ﬂ KaK KOMNO3uyuw 08yr ckpyuueanud /ona 6 npumoi-
Karouwur yusunopaz. IIponecem 00un us yusuHOPo8 8MeCE ¢ COOMBEMCMEYNVULUM CKPYSUBH-
Huem wepes ecto bymutary Kaetina. Opuenmauus yusunopa udMeHumces, a sHaUUM, CKPYBU6a-

nue Jlona samenumces Ha npomusononosichoe. Iloasywuraco 2omomonus til ~ tmt;ll ~id. Ilpu

45



Imom 00HO ckpyywusarue /ona He 20MOMONHO MONHCICCMBEHHOMY, MAK KAK CYULLCTNBYEM KPU-
6as Y1, undexc nepecevenua komopot ¢ cobot pasern 1 mod 2, a undexc nepecevernus ¢ty

paser 0 mod 2. Taxum obpaszom, ckpywusanue ana noposcdaem 2pynny 20MeomopdHyio Ls.

Bameuanue 4.2. B [253] dano onpedeaenue Mapruposku Ha KOMNaKmMHOU opuenmupyemot
noseprrocmu S 6e3 xpaa ¢ npoxosamu. Ecau 6 cayuae opuenmuposannoti noseprnocmu M
ydaaumsv uz M ece xomnonewmo, kpas, a u3 wabopa {(V1,%1)s .-y (Yn, Yn)} BBKUHYMD 6CE
KpuGble y;, 20MOMONHKBLE KPAI0, U COOMBEMCMEYULUE KPUBnie Y; (onucarnve 6 dokazamens-
cmee meopemot), Mo NOAYUUMCA MAPKUPOSKA ocmaswelics noseprrocmu. B wacmmuocmu, ecau
OM = 0, mo nabop {(v1,%),- -, (Vn,Tn)} A6asemea mapruposrot na M. B obwem cayuae
na6op {(71,%1), -« -y (Yny V) } ABAAEMCA 0600UEHUEM NOHAMUL MAPKUPOSKY OAS HEOPUEHMU-

PYEMOT NOBEPTHOCTU C KPLEM.

4.3 TI'pad O, nBoiicTBeHHBIII HADOPY OKPY>KHOCTEM 7;

B nm. 4.3, 4.4, 4.5 nmoeepxuocts M opuentupyema, {7;}"; — MakcuMmaabHblii Habop. [locTpo-
um rpad © = O,y 1,,1. Kaxoit komnonenre csaznocru muozecrsa M \ U;; Oyuer orBedarn
BEPITINHA CTeNeHn 3, KaykK/I0il KOMIIOHEHTE CBSI3HOCTH MHOXKecTBa OM — BepIllnHA CTelneHn
1. /IBe BepmiuHbI coeuHUM k pedpaMH, €CJIU 3aMbIKAHHSA OTBEYAIONIUX BepIIMHAM MHOXKECTB
EPeceKaloTCsT Mo k OKPYKHOCTAM. Kaxkaoil OKpYyzKHOCTH 7;, JexKalieil B 3aMbIKAHUH TOJThb-
KO OJTHOTO MHOYKECTBA, COOTBETCTBYIOIIEr0 BEPINWHE, COMOCTABHM METII0 C KOHIAMHU B 3TOMH
BEPITIHHE. 3aMEeTUM, UTO 3aMBIKAHUS MHOYKECTB, COOTBETCTBYIOIINX BEPITHHAM, MEPECEKAIOTCS
TOJIBKO II0 OKPYKHOCTAM 7y;. TeM caMbIM OKPY?KHOCTHU 7; HAXOAATCA BO B3AUMHO OJHO3HAYHOM
cooTBeTCTBUU C pebpamu rpada O.

[MocTponM (HEOTHO3HAYHO) CIOPBEKTHBHOE HermpepbiBHOe oTobpazkenue & @ M — O. Iycrs
7 — noaMHOZKecTBO M, oTBeuaroinee Bepinuie rpada ©. Ecin Z — koMmnonenTa casa3Hoct OM
TO oTOOpazkeHue £ MEPEBOJIUT BCe Z B COOTBETCTBYIONIYIO BepinmuHy cTenenu 1. Eciun Z — cdepa
C TpeMs JbIPKAMHU, TO B Hell MOYKHO BBIJETUTH (HEOJHO3HAYHO) OYKeT n3 JABYX OKDY:KHOCTEH,
JIOIOJTHEHUE JI0 KOTOPOTO SBJIAETCA HECBA3HBIM OObEIUHEHHEM TPEX OTKPBITHIX IMUJIHHIPOB.
Orobpaxkenne & MepeBOJUT ITOT OYKET B COOTBETCTBYIONIYIO BEPINHHY cTernmeHHu 3. Bourbiie
npoobpa3oB y BemuH Her. /lonosinenne o0beuHeHsT TPOOOPAZOB BCEX BEPIIUH B IIOBEPXHOCTH
M gmnsieTcst HECBA3HBIM 00beIMHEHIEM OTKPBITHIX ITUJIHHIPOB, 3aMBIKAHNE KaXKI0T0 3 KOTO-
PBIX COJIEPKUT POBHO IO OJHON OKPYKHOCTH 7;, a 3HAYUT COOTBETCTBYET HEKOTOPOMY peOpy

rpacda O. OrobpazKkenne & onpeJaeuM Ha IMIIAHIAPE CACIYIONUME YCIOBUIMH:
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¢ oTobpazkaeT MUJINHID CIOPBbEKTHBHO HA COOTBETCTBYIOINIEE OTKPHITOE Pedpo;

& HETIPEPBHIBHO HA 3aMBIKAHWW MUTAH/IPA.

Hazosem rpad Oy Tomosorudeckum noarpagom rpacda O, ecim O SABJISETCS TONOJOTHYE-
cKuM nonpocTpancTsoM rpada © m kaxkaas sepuinna rpada O sBjsieTcs BePIIUHON TaKoi
ke crenenn rpacda O. [Ipu 3Tom ToUKa, sBAAONAsACS BepiuHOi rpada © u nexamas B O,
HeoOsg3aTe IbHO BepiinHa rpada 6Oy, ['pad Oy MoxkeT He OBITH HOArpadpoM O ¢ KOMOUHATOPHOM
TOUYKH 3pPEHUsI, HO OH ToMeoMOpdeH HEKOTOpOMY mnoarpady, u 3ToT noiarpad MoxKer OBITH 10-
JaydeH u3 O mobaB/ieHneM BEPITHH HA HEKOTOPBIX pedpax. fcHo, 910 1000 TOmoI0rnIecKmit
noarpad rpada g aBaseTcss TomoJorndeckuM noarpadpom rpada O.

Ilo mpomsBoabHOMY TOTONOTHYIeCKOMY ToArpady O rpada © noctponm nosepxuoctun Mg,
u Meo C Me,. IloBepxnocrn ]\;[@0 C M saBasiercs MaJjioil peryssipHoii OKpeCTHOCTHIO MHO-
xkectba £71(0g) B M. PaccMoTpuM 3aMblKaHHe MOBEPXHOCTH M(.)O B M w crdneM B TOYKY
KazKJIYI0 KOMIIOHEHTY Kpas, He SBJIAIONIYIocd KomnoHeHToit kpas s M. [losydennyro mo-
BePXHOCTH 0bo3adnm Meg,. fcno, 9To M@O C Mg, n M@O noaydaercsa u3 Me, BbIKaJIbIBAHIEM
KOHEYHOT'O 9hC/Ia ToUeK. Ha moBepxHoCTH ]\7[@0, a 3Hauut, u Ha Mg, D M@)O OTIPE/IeIeH WHTY-
IIMPOBAHHBINT HAOOP OKPYKHOCTEH 7y; o, — ITO T€ OKPYKHOCTH 7; Ha TOBEPXHOCTH M, KOTOpBIE
JIeXKaT B M@O.

ITosepxnocrs Mg, ¢ Habopom okpyzkHOCTER {7;0,} AOIyCKaeT u KOMOHHATOPHOE OILHCA-
ane. Kazxnoit Beprmae crenenn 3 rpada Oy coorBercTByeT chepa 6e3 Tpex OTKPHITHIX IUCKOB,
KazKJIoi Beprune crenenu 1 — muaunap. Kaxkaomy pedbpy rpada Oy cOOTBETCTBYET CKJICHKA
IPAHUIHBIX OKPYZKHOCTEH MMOBEPXHOCTEH, COOTBETCTBYIONINX BepiunaM. [lj1s onpenenenus Ha-
npaBjeHuit ckiaeiiku cdep 6e3 AUCKOB JOCTATOTHO 33/aTh OPUEHTAINIO HA KaZK/I0H MOBEPXHO-
CTH, COOTBETCTBYIOIIEH BEPITUHE, U JIeJIaTh CKJIEHKY B COTJIACOBAHUU C BHIODAHHBIMU OPWEHTA~
nugamu. Kpusble 7; g, COBIAJAIOT ¢ OKPYZKHOCTAME CKJIeiiKu. ['oMeoMOpGhHBIM TOIOIOTIIeCKIM
noarpadam coorBeTcTBYIOT romeomopdusle nosepxunoctu Mg,. Kombunaropnoe onucanue mos-
BOJISIET CTPOHUTDH HOBepXHOCTL Mg, ¢ nHabopom okpyzxkmocreit {7;e,} 1o Ja06omy rpady O ¢

BepIIMHAMHE CTelleHd 1 U 3, a He TOJBKO 110 TOIMOJOIrHYecKoMy moiarpady rpada ©.

Jlemma 4.1. ITycmo Oy — ceasHwili monoao2uveckut nodzpad epapa ©. Tozda cyuecmeyem
HENPEPuBHaA cropsexuus o,: M — Me,, makxaa, wmo omobpasicerue >‘@0|]\7[O cosnadaem ¢
<0

omobpasicenuem srarovernua Mo, — Mg, .

st tokasarenbcTBa JJeMMBL 4.1 HAM TOHAT00UTCS
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YrBepxkaeuue 4.1. [Tycmv Oy — ceasnvili nodzpad) ceasrozo epaga ©, omauunui om ecezo
©. Tozda natidemesa omxpwmoe pebpo e 6 ©\ Og, maroe, wmo aubo e ne mocm, m.e. 2pad O\ e

ceasen, Aubo e sedem 6 sepuuny cmenewu 1 epaga O.

3/1ech u jiajee Mo pedpoM MOHUMAETCS OTKPBITOE pedpo.

Paccrognuem ot Bepmuubl rpada © 1o noarpada Oy HazoBeM MUHAMAIBHOE KOJHIECTBO
pebep, HeoOXOoaIMMOe 11t TOTO, ITOOBI J00PAaThCs OT BepinuHbl 10 Oy. Ecau cBasubiii moarpad
O comep:KuT BCe BepIuHbI rpada O, To pedpo BHE O He MOXKeT OBITH MocTOM. ajee canrtaem,
4YTO HaleTcs BepimuHa BHe Og. Ilycrh v — m0basg u3 HauboJiee galeKux oT Oy BepiuH rpada
O, e — 10boe U3 BeIXOAAINX U3 v pedep. IIpemsmonokum, uro e — mocrt. Eciin BepimuHa v JeKuT
B TOWl ke KoMMOHeHTe cs3HocTH Tpada O \ e, uro u noarpad Oy, 1o B rpade O paccrosinue
OT BTOPOii BepiuHbL v' pebpa e 10 rpada Oy Ha e IuHUILY OOJIbIIE, YeM OT BEPIIUHBI U, TAK KaK
mo60it myTh 0T v 10 ©¢ TPOXOAUT Uepe3 pebpo e. SHAUMUT, BEPIINHA U JEXKHUT B KOMIOHEHTE
cazHocTu rpada O \ e, He comepxkaieii nojgrpad Og. Eciu Bepriuna v umeer crenenb GoJibiine
1, TO OHa coeIWHEHA ¢ HEKOTOPOIl BepmmHoi v’ (BO3MOXKHO, coBmajaromieii ¢ v) pebpom €,
OTJUYHBIM OT e. Ecim v” # v, To moboit nyrs or v” n0 ©y OpOXOIUT dYepe3 BEpIIUHY v,
nosromy v” pasbie or Oy, YemM v, 4TO NPOTHBOPEYUT BHIOOPY Bepmuubl v. Kceau v’ = v, 10
pebpo € C O\ Oy — nerid, a 3HAYAT He MOCT. YTBepKaeHHe 4.1 10Ka3aHo.

Tenepp nokazxkem jgemmy 4.1. Ecim ©9 = O, 10 g, = idy. llycrs ©9 € O. Byaem crpo-
UTb OoToOpakeHme \g, mo mHAyKnuu. [lycTh oToOpaxkenme Ag, HMOCTPOEHO st HEKOTOPOTO
CBSI3HOIO TomoJIornyueckoro moarpada 60, rpada O, comep:kaiinero Oy B KagecTBe CBOETO TOIO-
noruaeckoro nogarpada. Cornacuo yreepxienuto 4.1 B ©1 \ ©g Haiimerca pebpo e rpada Oy,
aub0 BeIylllee B BEPIIMHY CTeleHu 1, 1ubo He sBisgonieecss MocToM. OmuimeM MaKCHMAJIbHBIHA
0 BKJIFOUEHHUIO TOMOJIOruYecKuii moarpad Oy C O, He comepxkamuii pedbpo e. Ecau pedpo e
He SBJISETCd MeTieii, To Oy moaydaercsa u3 O yaajleHneM BHYTPEHHHX TOYeK pebpa e, yiajie-
HHEeM KOHIIEBOM BEPIIHHBI CTEEHH 1, eCJIM TaKkas eCTh, I 3aMeHOI KarKJ0i KOHIIEBOil BePIIIHBI
cTemeHn 3 ¢ ABYMs He BXOIANIAUME B € peOpaMu Ha omHO pebpo. Ecam pebpo e saBisercs merT-
Jet, To Hafijercss pebpo €, BHIXOJMAIee U3 KOHIEBOW BEPIIHHBI METJIH € W 3aKaHINBAIOIIEECs
B BepiunHe v crenenn 3. I'pad O, mosyuaerca uz O ynajgenueM pebep e u € BMecTe ¢ UX
o0bIIelt BepIIMHOM M 3aMEHOH BEpINMHBI U M JIBYX OCTABIIUXCSA BBIXOIMAIINX U3 Hee pebep Ha
0JIHO PeOPO. 3aMeTuM, 4To yJAAJEHHbIE OAMHOXKeCTBO O \ Oy rpada O He nepecekaercs HU ¢
KaKHM TOMOJOTHIECKUM Toarpadom O, OTIuIHBIM OT Bcero O, a 3aaunt Oy C O,. 3amernm
TakK»Ke, 9TO BepIIMHBI rpacda O, He ABJISIONIMECS BepIInHAME O, He SBJISIOTCS BEPITHHAME

HHUKAKOT'O TOIOJOTHIECKOTO Toarpada ©1, ormmdaHoro ot Bcero 0. Takum obpazom, rpacd O
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SIBJISIETCS TOTIOJIOITYECKUM moarpadom rpada O,.

N3 BrIIOYEHUS TTOBEPXHOCTEH M@2 - M@l C M@1 cJIeIyeT, 9TO JOCTaTOYHO HOCTPOUTH
HeIPePBIBHYIO CIOPBEKIUIO Ao, o, : Mo, — Mg, € yciaoBueM g, o, |M@2 = idM@2 U OIPEIeIUTh
)\@2 =S )\@17@2 o )\@1.

Ecau pebpo e saBasieTcs meTieil win BeJeT B BEPIINHY CTEIeHH 1, TO ONPEIe M CIOPHEKITUIO
Ao,.0,| Mo, \ I, KK OTOOpazKkenme, 06pa3oM KOTOPOTO ABMAETCs onHa Touka Mo, \ Me,. Ilo-
JydeHHOe 0TOOpazkeHne \g, o, OyJeT coBIaJaTh cO CTATHBaHHEM HoaMHOXKecTBa Mg, \M@2 -
Mo, B omHy TOYKY, a 3HA4NT, HeIPepHIBHO. IlycTh BepmmHB! pedpa € pPasjndHBl U UMEIOT
crerierb 3. Torma mHONKecTBO Mg, \ M@2 SBJISETCS 3aMKHYTBIM IUJIRHIPOM, & MHOYKECTBO
Mo, \ M@2 COCTOMT M3 JIBYX TOo4YeK. Pebpo e B 9TOM ciydae He siBIseTcs MOCTOM Ipada Oq,
OITOMY HAMIETCS IIyTh MeKJy BepminmHaMu pebpa € 1o rpady Os, a 3HAUUT, HAHAETCS IIyTh
7:[0,1] = Me, Mexay aBymst Toukamu MuoxectBa Mg, \ Me, 1m0 mosepxaoctn Meg,. Omnpe-
JIeTAM OTpaHUYeHne OTOOpaXKeHud \g, o, Ha MHOzKecTBO Mg, \]\~4@2 KaK KOMIIO3HIINIO O0TO0-
pPaxKeHHsI B OTPE30K, MEPEBOJISIIEr0 OCHOBAHUS IMJIMHIPA B KOHIIBI OTPE3Ka, U OTOOPAYKEHUS

7. Takum 0OpaszomM, CIOPBEKIUd Ao, @, HOCTpoena Ha Bceil mosepxuoctn Mg, . Ilo muayxmun

OyJieT moydeHo oTobpazKkeHme \g,. Jlemma 4.1 mokaszana.

4.4 JleMMBI O HETOMOTOITHOCTU KPUBBIX

s 1okazaTeabcTBa JJeMMBI 4.3 HaM MOHAJI00MTCS CJIEJICTBUE U3 TEOPEMBI O CONPAXKEHHOCTH

B CBOGOJIHBIX TIPOU3BEJICHUSX € aMaIblaMUPOBAHHON TOArpyIoi [26], Teopema 2.8, a UMeHHO

YrBepxkaeuue 4.2. I[lyemv G, H — zpynno, A C G — nodepynna, noposcdernan o0num
anemenmom g, ¢ - A — H — monomopdusm. Pacemompum epynny P = G _z( )H. Iycmo
a,c € G\ A, b,de H\ ¢(A) u anemenmuo, ab u cd conpsorcerv, 6 epynne P. gfoega natioymes
up = g™ uy = g", maxue, wmo 6 epynnaxr G u H 6unoinAOMEA paseHcmead a = uy Cly U

b= uy 'du, coomeememeentio.

HokazareabcTBo. [lo Teopeme 0 HOopMasbHON opme it CBOOOIHBIX NPOU3BEIEHUIT C
aMaJbraMUpOBaHHOM moarpymmnoii [26], teopema 2.6, rpynnsl G u H ecTeCTBEHHO BJIOKEHbI
B P, mo3TOMYy Bce 3JeMeHTHhl MOYXKHO paccMaTpuBaTh Kak ddeMeHTH w3 P. Ilo Teopeme 2.8
u3 [26] waitperca saement u € A, raxoit, uro ab = u'cdu wim ab = u'deu. Cnyuait ab =
u~'deu meBo3mozken 1o Teopeme 2.6 u3 [26]. O6osmaunm ¢ = u”'c € G, d = du € H, Torga
(¢7'a) - (bd~") = 1. Ilo Teopeme 2.6 u3 [26] momygaem & 'a € A, bd ' € A. Orcrona a = uy ‘cuy

nb= u;ldul I Uy = ¢ 'a € A. O
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Jlemma 4.2. [lycmov w — epanuynas okpyscrocms nosepruocmu M, noseprnocms M a6.45-
EMCA 3AMUKGHUEM KOMNOHEHMYL C8A3HoCMU MHoscecmea M \ Uyy;, codepocum w u omauuha
om yuaundpa. Tozda natidemes samxnymas xpusas w 6 M ¢ 3aKpeENACHHOMU KOHUAMU HA W,

MAKaA, Mo KPUGHE C 3AKPENACHHMU KONUAMU W U tEO ne comomonnet 6 M wu npu xaxom

yesom k # 0. B wacmuocmu, xpusas & ne 20momonna wr.

JokaszareabcTso. [Tosepxuocts M spisercs 1u60 cdepoii 6e3 Tpex OTKPBHITBIX JHCKOB,
6o TopoMm ¢ apiproit. CHauama paccMoTpuM caydail, korma M ssiasiercs cdepoit 6e3 Tpex
OTKPBITBIX JUCKOB. OGO3HAUNM 4Yepe3 i U 7o JBe TPAHUUHbIE OKPY:KHOCTH M, OTIHYHBIE OT
w. BeibepeM KpUBYIO W TaK, 9TOOBI KPUBBIE Y] U Yo JIEKAJIH B PA3HBIX KOMIOHEHTAX CBSI3HOCTH

mHOKecTBa M \ W, a KpuBas w JieyKajia B OIHON KOMIIOHEHTE CBSI3HOCTH ¢ KpuBoii ;. Kpupas

k k

k& romoronna wrwwF, mokazKkemM, 9TO OHA He FOMOTOIHA (.

IIpeIOoMoAKIM, 4TO 3aMbIKaHuie MHOZKecTBa M \ M HECBS3HO, T.e. SBISETCH 00be uHeHTeM
aByx nosepxuocreit My u My, . Torga rpynna 71 (M) uzomopdua cBoOOIHOMY NPOU3BEIEHUTO
rpyun 7y (M) u m(Ms). Hrobsr 3adukcuposars nzomopdusm m (M) = m (M) * m (Ms),
JIOCTATOYHO JIOTIOJIHATH KPUBBIE Y1 U Yo OTPE3KAMHU JI0 3aMKHYTBIX KPHBBIX 41 U Y2 C KOHIIAMH,
COBIIAJAIONIUME ¢ KOHIIOM KPHBOiHl w. OTpe3KN BLIOEPEM TaK, YTOOBI Y U o MEPeceKalIu w

TOJHPKO B KOHEYHOH TOUKe. KpuBas ¢ 3aKperieHHbIMI KOHIIAMH W TOMOTOIHA Yo € 71 (Ms), a

k k

w ToMoTONHa 717,. Kpusag wf@w™* romoronna (7179:)*@(7192) ~* u e npunamnexur m (M,),

k k

O9TOMY KPHUBBIE C 3aKPEIJIEHHBIMU KOHIIAMA W U W Ww ™" HErOMOTOIIHHI.

[TpeanonokuM Ternepb, 9To 3aMblKaHue MHOKecTBa M \ M c¢Bsi3HO. Torma B rpade O Haii-
Jiercs Tonojorundeckuii noarpad ©’, apasiomuiics obbe uHEeHIeM He3aMKHYTOro pedpa u meT-
JM, B KOTOPOM BEDINHHA CTEleHH | COOTBETCTBYET w, a BepINUHA CTelleHu 3 (KaK BepIInHA

¥ POMOTOIHBI, TO W WX 0OPa3bl IPH

rpacda ©) — moBepxHOCTH M. Ecnn Kpusble & u wFyw™
oTOOpaXKeHUN \g' TOMOTOIHBI B moBepzKHOCTH Mg/ . [ToBepxHOCTL Mg gBJISIETCA TOPOM C JIbID-
Koii. PyHaaMenTa bHasg rpynna nopepxaoctu Mg cBoboaHa. HeromoTomHocTs KpUBBIX Agr O W
1 Ao 0 WFQw™F nokaszbIBaeTCS paccMOTpeHneM 00pPa3yIoMuX GpyHIaMeHTAILHON TPYIIILL.

Cityaait, korja noBepxHoCcTh M SBJISIETCS TOPOM C JBIPKOil, AHATOTHYEH CJIyYai0 CBI3HOTO

vroskecra M\ M. JTemma 4.2 noxaszana.

Jlemma 4.3. I[Tycmv M, u My — xomnaxmmuwvie noseprrocmu ¢ kpaem, nosepruocms M no-

aywaemes uz My u My cxaeusaruem 600av 00HOT 2paHuwHOT OKPYHCHOCTIU W. 3AMKHYMAA
kpueas Y\ = % ) Yo, © = 1,2, noaywaemcsa obsedunenuem 3aMEHYMBLET KPUBHLT 79 St — M,y

1 2
w7y, 2 St — M. IIyemv xpusvie % ) vf ) ne zomomonnm kax nemau c PurcuposaHHbHLMU
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k HE2OMOMONHDL KAK NEMAU C &U%CU}?OGU,HH’OLMU KOHUAGMU 8

ronuyamu 6 My, a xpusvie Vo u w
My nu npu kakom uesom k (6 wacmuocmu, vo necmazusaema). Tozda
(a) wpusvie vV u 2 ne 2omomonnv xar ceobodnve nemau 6 M;

(b) kpusas YD e 2omomonna nuxakoti samrrymot xpueot 6 M;.

JokazarenbcTso. Ipemnonozxnm, aro v i v romoronusr kax csobombre nerau. Tora
OHU COIIPsiZKEeHbI Kak jementol 1 (M). VI3 yrBepxkienust 2 ciejyer, 4ro jijist HEKOTOPBIX HEJIbIX

1 (2
m u n B (M) Bemonneno pasencrso 10 = w ™y Pun a B m (M) — pasencrso yy =

W M yw™. Eciu m = n = 0, To %1) u %2) FOMOTOITHBI KaK KPUBBIE ¢ (PUKCHPOBAHHBIME
KOHIIAMH, YTO IMPOTHBOPEUYUT YCJIOBHUIO. SHAUUT, YUCIA M U N HE PABHBI OJHOBPEMEHHO HYJIIO.
Buibepem B My obpasymoriue Tak, 4Todbl w Obla oaHOll u3 HuxX. Torjia 3ammcu KpUBbBIX Yo H
W yw™ [epes obpasyromiye rpynibl w1 (Ms) 3aBEIOMO pa3IHIHBIL.

IIpenmonoxkum, uro v romoromnna Hekoropoit kpusoit 3 B M;. Cranem moBepxHOCTb M

B T0o4Ky. [Tojryunm, uro kpuBas vy, crsarusaema B nosepxuocru My /w. CiiegoBaresibHO, KpUBasi

72 TOMOTOITHA CTeIeHU W B My, 4TO IPOTUBOPEYHUT yCJOBHIO JeMMbI. Jlemma 4.3 jnoka3ana.

CaenctBue 4.1. Ilycmv pebpo e; epaga © asasemes mocmom. Tozda watidemea xpusana v; €

T, HE MEPeceraowasn y; npu j # i, maxas, wmo xpuewe ¥; u tk4;, k # 0, zadarom pasnvie
M s 74 u i NPy g ’ ) D Vi %,-)/” ’ p

anemenmuo, 6 Ty, Boaee mozo, awbaa kpueas us wyr, HE MEPECEKANOWAA i, 3G0GEM INEMEHT

Tar, OMAUNHBLT 0 ;.

HokazareabcTBo. [lycTh pebpo e; Beqer B Bepiuny crenenu 1. Torga ciaeacrsue 4.1 cpasy
noJaydaeTcsa u3 JeMMbl 4.2.

[Iycrs kaxkjas BepinuHa pebpa e; umeer crenenb 3. Kpuas 7; pa3zduBaer 1moBEpXHOCTb
M wa nse nosepxunoctu My u M,y. PaccMorpuM 3aMKHYTBIE KPHBBIE Y1 H Yo B ITOBEPXHOCTSX
My w My cooTBeTCTBEHHO, TOJydaeMble IO JiemMMe 4.2, a TakKe 3aMKHYTYIO KPUBYIO 7; =
A1 - Y. Cumraem, uro Hocurens ckpyunsanus Isma t.. nexur B M. Cormacmo temme 4.3(a),
NpUMEHEeHHOH K KPUBBIM 7y; U t,’jﬁl B noepxuoctu M; m K KpuBoil ¥ B moBepxuoctu Mo,
cBOOO/THBIE TETIN y; U t’fyﬁz-, k # 0, me romoromnuel. Heromoronnocts 4; u J000# KpUBOii,

HerepecekaoIeii v;, cpasy ciaeayer u3 jemmbl 4.3(b). Crencreue 4.1 mokasaHo.

4.5 Jloka3aTeabCTBO Teopembl 4.1 J/1jisT OpUEHTUPYEeMOii TOBEPXHOCTH

M

JlocTaTro4dHo J0Ka3aTh, 4TO JJIs JIIOOOTO pebpa e; HalijgeTcs KpuBas 7; € Ty, He IepeceKaronias

7; IIPH j # @, TaKag 9TO KPUBBIE 7; U t’;ﬁi He romotonubl npu k # 0. Ecau pebpo e; aBasercs

o1



MOCTOM, TO 3TO YTBEpXKIeHHe A0Ka3aHo B ciaegcTsun 4.1. Paccmorpum ciryuait, korga pedbpo e;
HE SIBJISIETCST MOCTOM.

ITocTpouM cBA3HOE ABYIHMCTHOe HakpbiTHe O rpada O. PacemorpuM nse komuu rpada O.
Yaasum obe kouuu vivh u v{vh pebpa e; u gobaBum pebpa vivy u vivh. Tak kak pebpo e;
He SIBJISIETCST MOCTOM CBsi3HOTO rpada O, mosyuennbiii rpap © Takske Gyger cesazmbiM. Ha
rpade © ecTecTBeHHBIM 06Pa30M OIpeIeIeH0 oTobpaskeHue p : © — O, 3aja01Iee CTPYKTYPY
JIBYJIICTHOTO HAKPBITHUSI.

HenpepwiBras ciopbekiug £ : Mg — © HHAyIUpyeT acCOMUUPOBAHHOE IBYJIUCTHOE Ha-
kpoitie p* 1 Mg — Mg u otobpaxenue g : Mg — O. 3aech mosepxHOCTh Mg sABISETCA
MOBEPXHOCTDHIO, IOCTPOCHHO# 110 Tpacdy © aHamorm4HO moBepXHOCTIM Me, 1718 TOHOIOTHYe-
ckux nogarpagos Oy C O.

) ()

7w e;” — npa pebpa rpada O, maxpeiBatomme pebpo e; C O. Torma peGpo el

ITycTs e ;
O = 6\ P

SIBJISIETCS MOCTOM TOTIOJIOTHYeCKOro nogarpada 6y = O\ e;” (yKa3amno paBeHcTBO MOAMHOKECTB

© Kak TOMNOJIOIMYeCKUX MPOCTPAHCTB). PaccMorpum KpuByIo 4; 6, € T Mg, » TOCTPOCHHYIO IO

cnepcreuio 4.1. Mayoft romoromnmedi MOKHO J0OUTHCA, 4TOOBI KpUBas ¥; g, HE NPOXOJIUIIA Ye-

pe3 jByxToueqnoe muoxecTBO Mg \ Mg, . Taknm 06pa3oM, MOKHO CUHTATH, YTO ITA KPUBAST

coBHaJaeT ¢ HeKOTOPO#l KpHBOH ¥; g Ha mosepxnoctu Mg, C Mg.

Oboznauum 4; = p* 0%, 5 € 7. Ilo moCTPOCHUIO 3Ta KpUBast He HepeceKaeT OKPYKHOCTH

. . A~ k A

v npu j # i. Jlokaxewm, 9TO KpuBble Y; W ¢5.7; He romoronHsl npu k # 0. IIpeamomsoxmm
npoTtuBHOe. Vcnoap3ysa TeopeMy 0 HaKPBIBAIOIIEl TOMOTONNT, TOJHAMEM TOMOTOTWIO KPUBBIX
A; 1tk 4; 10 romoromun KpuBbIX B Mg. IlomyunTcs roMoTonns KpuUBHIX ;6 U t° 4. o. Ilo-

1 vyi 1 - 1,0 Y%,6 1,0
cJle B3ATHA HellpepblBHOIO oroOpazxkenus: \g, : Mg — Mg, Oyaem uMeTb TOMOTOIMIO KPUBbIX
Y6, U t,’j_ s Yi.6,5 9TO HPOTUBOPEYUT BHIOODY KPUBOil %, g . Iloyuennoe nporusopedne JoKa-

) i,0¢ ) )

A~ k- A~ .
3BIBAET HETOMOTOITHOCTH KPUBBIX ¥; U t5.%;. Teopema 4.1 nyst opuenrupyemoii mosepxuoctu M
JIOKa3aHa.
A~ - - k ~ N .

Tenepn fokazkem, 9TO KpuBas ; He TOMOTOIIHA HUKAKOH Kpusoil 7 7;, j # i, k € Z.
9T0 MOHAIOOUTCA MPHU JOKA3aTeIbCTBE TeOpeMbl JIjisd HeopueHTupyemoit nosepxuoctu M. Ilo
IOCTPOEHUIO tﬁj% He TepecekaeT ;. Ecam pedbpo e; sIBIsgeTcss MOCTOM, TO HETOMOTOITHOCTD 7;

k4. 4.1. TI . E A k4.
u t7 7; cpasy nomydaerca us ciaencrsus 4.1 Tlycrs nanee e; me moct. Eciau kpussie 5; u t7 7;
TOMOTOITHBI, TO FOMOTOTIHBI M HaKPhIBAIOIIAE WX KPUBbIE ; o 1 3, Tie 3 — o1iHa U3 JBYX KPHBHIX,
HaKPBIBAIOIIAX tﬁjﬁj. Torma roMOTONHBI KPHBEIE ; 6, = A0%Y; @ H A© 3, 4TO HEBEPHO, COIJIACHO

cuaejcreuio 4.1.
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4.6 JlokazarTeabCcTBO Teopembl 4.1 Ajid HEOPUEHTUPYEMOI ITOBEPXHO-

ctu M

[Iycte M — HeopuweHTHpyeMas MOBEPXHOCTh. Kakmasd KOMIIOHEHTa CBA3HOCTH MHOYKECTBA
M \ U;y; aBastercs 00 cdepoii ¢ Tpems ABIpKaMu, JuOO OTKPBITHIM IHJIHHIPOM C TLICH-
koit Mebuyca, 160 OTKPBITBIM JIUCKOM C JAByMs njeHkamu MeOuyca. B kaxkmoit neopuenTu-
pyemoii KOMIIOHeHTe CBsa3HOCTH MHOZKecTBa M \ U;7y; BBIGEpEM OJIHY WJIH JIBe OKPYKHOCTH Wy,
JIOTIOJTHEHYE JIO KOTOPBIX sIBJIsieTcs chepoil ¢ TpeMst JbIpKaMu (OKPYKHOCTH Wy, COOTBETCTBYIOT
mwienkam Mebuyca).

PaccMoTpuM opreHTHpyeMoe ABYJIHCTHOe HakpuiThe p : M — M mosepxuoctn M. Kaxnas
1)

OKPYZKHOCTD 7; COXpaHA€T OPUEHTAIINIO, a 3HAYUT, HAKPBIBACTCA ABYMA OKPY2KHOCTAMU 7y, ~ U

%(2). Kaxk1as oKpyKHOCTH wj MEHSET OPUEHTAINIO, a 3HAYUT, HAKPBIBAETCS OMHON OKPYKHO-
CTHIO W. KazKaast KOMIOHeHTa cBsA3HOCTH MHOXKecTBa M \ U;7;, siBasiomniascs cdepoit ¢ Tpemst
JIBIPKaMH, HaKpbIBaeTCd JByMs cdepaMu ¢ Tpems abipkamu. Hwnunap ¢ miaenkoit Mebuyca
(cooTBETCTBEHHO JUCK ¢ MIeHKOH Mebuyca) HAKpBIBAeTCs ABYMsl chepamu ¢ TpeMsl JbIpKa-
MM, CKJEEHHBIME 10 OJHON (COOTBETCTBEHHO JBYM) OKDYXKHOCTH Wy. Taxum o6pazom, HabOp

OKPY2KHOCTEH ’y(l) @)

i 0 I

, Wk JUTS BCeX 1, k pa3buBaeT noBepxHocTb M Ha cdepbl ¢ TpeMs JblpKa-

Mmu. CoryiacHo y»Ke JOoKa3aHHo# Teopeme 4.1 1j1d opueHTHpyeMoil nmoBepxnoctu M, Haiigercs

~(1) £(2) ~
HabOp KPUBBIX %( ) ,%( ),wk, KayKj1asl U3 KOTOPBIX MOXKET IePEeceKaTh TOJbKO COOTBETCTBYIO-

6 1 (2 M ~ (1) +(2)
LIYI0 KpUBYyIo Habopa 7; ', 7, , wWk. MOXKHO cunTaTh, 4TO KpUBbIe po 7, ~ U po 7, COBIAJAIOT.
(1)

IHonoxkum 4; = po7y,; ’ € my. Ilpeanosozkum, 4To KpUBBIE ; I t’;ﬁl TOMOTOIIHBI IIPY HEKOTOPOM

k # 0. Ilo Teopeme 0 HaKpBIBAIOIIEH TOMOTOIUHU MOIHUMEM 3Ty MOMOTONHUIO HA MOBEPXHOCTH

M. Tlosiyuurcs romoTonus KpuBoit ’y(l) 1 OJTHOH W3 KPUBBIX tk(lfy-(l) u tk<2)’}(2). Kpusbie ’y-(l) u
Vi Vi

(1) (1) (1) (2)

k ~ - A ~ k N
tvﬂ(l)% HErOMOTONHBI TI0 BRIOOPY KpuBoii 7, *. HeromoTomnocTs KpuBLIX 4, ' 1 tv@)% , BBITe-
T T

1

Kalollad U3 TOr'o, 4TO OHH He IIepeCceKaroTCd, JO0Ka3aHa B IIpeAblAYyIIeM IIYHKTE.

5 3akJiioyeHue

B pabore nosyuena kiaaccupuraiusa norpyx)enuii rpadoB B MOBEPXHOCTH C TOYHOCTHIO [0
peryaspHoii roMoronuu. s 9TOro mocTpoeH MHBAPUAHT IOTPY:KEHHUs, OIMUCAH 00pa3 9TOoro
HHBApHAHTA M JI0Ka3aHa OMEKTUBHOCTH O0TOOparKeHHsI KIAaCCOB SKBUBAJIEHTHOCTH TMOTPYKEHM
Ha oOpa3 unBapuanta. IluBapuanT CTpOUTCS KOHCTPYKTHUBHO U JIETKO BBIYUC/ISETCH i KOH-

KPETHOI'O IIOI'DYZKEeHUI. On asiderca O606HL€HI/IGM KJIaCCHYI€CKHUX HMHBapHaHTOB, OIIMCaHHBIX
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Yuran 1 Y uimHIBOPCOM.

Taxyke B pabore paccMaTpuBaloTCA CKpyduBaHus /I[3Ha BOKPYr HEKOTOPOro cemeicTBa
OKPYZKHOCTell Ha MOBEePXHOCTHU. J[oKa3biBaeTcsd JWHEHHAsS He3aBUCUMOCTH CKpydunBaHuit [sHa.
Jloka3arejibcTBO BO MHOI'OM OlMpaercs Ha JeficrBue ckpydyubanuii /[9Ha Ha Kpubbie Ha 10-
BEPXHOCTH.

WNaTepecHb! cieayomniue HalpaBIeHnd JaJbHEeRITNX WCCaeT0BaAHMI.

o Kitaccudpukanusi KyCOUHO-PETYISPHBIX TOTrPYzKeHnit rpadoB B MPOEKTUBHYIO IIOCKOCTH

€ TOYHOCTBIO JI0 PeryJIsipHOl TOMOTOIIHH.

e llccnaenoBanue MOATPYNI T'PYMIBI KJIACCOB OTOOPAYKEHWI MOBEPXHOCTH, MOPOKICHHBIX
ckpyunBanusgmMu /[ana BOKpyr HAOOPOB OKpyzKHOCTEl 6e3 TpeboBanusg OTCYyTCTBUS Tepe-

cedyennii. B obmem ciydae moarpymnisl He OyayT abeeBbIMH.

BJIaI‘O,D;apHOCTI/I. ['my6oko mpusHaTeIeH CBOUM HAYIHBIM DYKOBOJHUTEISIM aKaJIeMUKY
PAH A.T. ®omenko n k.p.m.H. E.A. KyapsBuepoii 3a HOCTAHOBKY 3a1a49, MHOTOYUCIEHHBIE
obcyx)aeHnst U BHUMaHue K pabore. [iyboko Gaaromapen mpodeccopy A.A. OrmemkoBy 3a
00CyXKJIeHUs U COBETHI. Byiarojgapio Bcex coTpyaHuKoB Kadeapsbl auddepennuaibHoii reomer-
pUU U TIPWJIOXKEHUH 3a TBOPUECKYI0 OOCTAHOBKY WM BHUMaHHe K paboTe. Biaromapio 0Iu3KuX

3a BJOXHOBEHHE.
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