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BBenenne

AKTyaJIbHOCTH TE€MBbI

Juccepranys MOCBSIIEHa BBIYUCICHUIO TJIOOAJbHBIX TOMOJOIMYECKUX HHBAPHU-
AHTOB CJIOCHWH JINyBUILISA /1711 M3BECTHBIX CJIyYaeB MHTETPUPYEMOCTH MEXaHM-
KH TBEpJOro tejia. B pabore HAXOIAT aKTHBHOE MPAKTUIECKOE IPUMEHEHNe pa-
Hee MPEJJIOYKEHHbIE METO/[bl BEIYUCICHNST MHBAPUAHTOB (METO/I KPYTOBBIX MOJIE-
Ky |1, 2] u bopmyna Tomasnosa [3]), a Takxke JEMOHCTPUPYIOTCST HOBBIE MOIXOIBI
¥ TEXHUYECKUE [TPUEMBI.

MexaHnuKa TBEPJIOIO TeJia, BeJeT CBOI UCTOpuio ¢ 1765 roja, korga JI. Dite-
pom [4] Oblia 1OCTABJIEHA U DelleHa 3a/1a49a O JIBUXKEHUU TeJla, 3aKPEIJIEHHOIO
B IEHTPE MacC B MOJIE TSXKECTH. BhIIalommecs MaTeMaTuKl PpasHbIX 910X, B UX
gqucse Jlarpanx, Kupxrod, C. B. Kosasesckasi, H. E. 2Kykoscknit, A. M. JIsmy-
ros, C. A. Hameirun, JI. H. Cperenckuit n gpyrue, BHECIW B ee pa3BUTHE CBO
BKJIaJI. [To ceromusinmumii JeHh MexaHnKa TBEPIOTO TeJa OCTAETCs OJIHOW U3 -
HAMHUIECKH Pa3BUBAIOIIMXCA KIACCHIECKUX 00J1acTeil (pu3nKo-MaTeMaTnIecKoi
HAYKH.

B mammm quu B MeXaHHKe TBEPJIOTO TeJia MOXKHO BBIJICJNTH I€ThIPE OCHOBHBIX

HallIpaBJICHU I/ICCJIGILOBaHI/IfII

1. TTouck HOBBIX CJIy4YaeB MHTEIPUPYEMOCTH, B TOM YHUCJE C MPUBJIEUEHUEM

KOMIIBIOTEPHBIX METOJ0B, MMOJYYEHUE TTOJTHOI'O CIIMCKa MHTEIpUpPyEMbIX CHU-

crem (X. M. fxbs |5, 6], Cokosos |7, 8], T. Boabd, O. B. Ebumosckas |9,



A. B. Bopucos, 1. C. Mamaes [10] u ap.)

2. Uzyuenne uHTErPUPYEMBIX CHCTEM C TIPUBJICYCHUEM aJIeOPanvecKux MeTo-
JIOB, HCCJIEJI0BAaHNE CBOMCTB npejicrapienuii B ¢popume Jlakca u criekTpasib-
ubix kpusbix (M. Ogen [11], FO. A. Bpausios [12], A. B. Bopucos, U. C. Ma-
maes [10], B. B. Cokosios, A. B. Ilpirankos [13] u jap.)

3. UccuieioBanue Torosioruu hazoBoro mpoCTPanCTBa UHTEIPUPYEMbIX CUCTEM,
KJiaccupukaliyst ocobeHHocTel, nocrpoenue OUdypKaIMOHHBIX JInarpamMM 1
orpejiesieHue TUIOB OUMypKaInii, BbIYUCICHUE JIOKAJIbHBIX U TVI00AJIbHbBIX
WHBApUAHTOB cioennit Jluysusuist, Tpackrophbix usapuantos (A. T. @o-
menko, X. Humanr [14], A. B. Boucunos [15], A. A. Omewmkos [16, 17],
B. C. Margees [18], M. TI. Xapaamos [19], TI. Tonasios [3], O. E. Opex [20],
I1. E. Pabos |21, 22, 23, 24| u np.)

4. Vzyuenne 1 KOMIBIOTEPHOE MOJICJINPOBAHUE CUCTEM OJIM3KUX K MHTEIPUPY-
embiM, KAM-reopusi (B. B. Kosnos [25, 26|, A. B. Bopucos, K. B. Eme-

absiros [27], A. V. Kupbsinos [28] u ap.)

Jlannas juccepraluoHHast PadOTa NPUHAJJIECKUT K TPEThHEMY HallPpaBJICHUIO:
OHa, IIOCBSIIIIEHA, PA3BUTHUIO TEXHUKN BbIYUCICHUS I100aJIbHBIX WHBAPUAHTOB JIN-
yBUJLIEBbIX cyioenuit — unsapuanros Oomenko-Iumanra [1, 14] — u ee npak-
THYECKOMY MPUMEHEHUIO JIJIST HAXOXKJIEHUs TIOJTHOTO CIMCKA WHBAPUAHTOB Psijia
M3BECTHBIX cJiydaeB mAHTerpupyemoctu. Mnpapumant Pomenko-umanra Taxxke
Ha3bIBAIOT MEUEHON MOJIEKYJI0M MM TOHKUM JINYBUJIJIEBLIM WHBAPUAHTOM.

Borunciienre nHBapUaHTOB CJIOCHU B IPOCTERINNX CiIydasx diliepa u Jlarpan-
JKa MPOBOJUTCS MpsIMbIME MeTofgamu |1|, ofHaKo i Gojiee CJIOKHBIX CHCTEM
nmoTpeboBaJIOCh CO3/IaHue crenuaabioil Texunku. B pabore [2] A. T. ®owmernko,
A. B. Boacunos, I1. Puxrep npemioxKumm MeTon KPYroBbIX MOJEKY/I U yCIIEI-

HO IPpUMEHUJIN €I'0 JJIA BbIYMCJICHWA MHBAPUAHTOB BOJIYKaA KosaJieBckoii. Panee
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I1. Tonasios [3] namesn dhopmyity, ycraHaBIMBAIONLYIO CBSI3b MEXK/Iy TOMNOJIOTHEN
HECYIIero TpexMepHoro MHOroobpasus u naapuantom Pomenko-llumanra, 1ro
[IO3BOJIMJIO €My IOJTHOCTBIO BBIYHCJIUTH MEUEHbIe MOJIEKYJIbI Jijisd ciydas 2Ky-
KOBCKOT'O.

B nacrosmieit guccepTaliuu MOKa3aHO, KaK KOMOWHAIMS 9TUX JIBYX IOJIXO-
JIOB, C MPHUBJEYCHUEM HEKOTOPBIX JIOMOJHUTEIbHBIX COOOpaKeHWH U TexXHUIe-
CKUX TIPUEMOB, TIO3BOJISIET BBHIUUCIUTD MOJHBIA CIIUCOK WHBApUaHTOB POMEHKO-
[umanra B ciayvasix unrerpupyemoctu Kiebua [29], Crexiosa [30], Cokosio-

Ba |7], a rakxe Kopasiesckoit-Axbu [5, 6] npu HysieBoMm uHTErpaJie mwiomaei.

Ilesas paboThl

Boerauciienne nosHoro cnncka napapuanToB @omenko-Ilumanra n Kpyropbix Mo-
JIEKyJ1 0OcODeHHOCTel, KaccuduKallis HEBbIPOXK ICHHbBIX II0JIOXKEHII PaBHOBECHS
JUiss uHTerpupyeMbix cucreM Kirebina, CreksioBa, CokosioBa u KoaJieBcKoii-
fAxpu (npu HyseBoM umHTerpase miomaseii). [IpakTuaeckoe npumenenue u 060-

rameHnne TEXHUKU BBIYUCJICHUA 7100 IbHDBIX JINYBUJIJIEBBIX MHBAPHUAHTOB.

MeTtoabl nccJjiej0BaHUSA

B pabore ucio/ib3yoTcst METO/bl TOIOJIOI'MYECKOI'0 aHAJIU3a UHTEIPUPYEMbIX I'a-
MUJIBTOHOBBIX CUCTEM C JIByMsi crTerneHssMu cBobojibl. [Ipu 1npoBepke HEBbIPOXK-
JIGHHOCTH TIOJIOYKEHU T pABHOBECHST UCIIOJIb3YIOTCSA METO/Ibl JIMHEHHOW ajreOpbl 1
KJIaCCUYIecKoil uddpepennnaabHOi reOMeTPUN C PUBJICUEHUEM KOMITHIOTEPHBIX

[HaKETOB CUMBOJIbHBIX BbIYUCJIEHUNA.

Hayunasa noBusna

PGBYJIBTaTbI JAUCCEPTAINU ABJIAIOTCA HOBBIMM M 3aKJ/JIIOYalOTCA B CJIEAYIOIIEM:



1. Borunciennt Bce naBapuanThl Pomenko-Lnmmanra ciydaeB nHTErpupyeMo-
ctu Kuebmra, CrekoBa, CokosioBa, a TakxKe KopaJjeBckoii-fAxbu mpu Hy-

JIEBOM MHTeI'paJie ILJIoIIa eil.

2. Borunciiennr Bce KPYTOBbIE MOJIEKYJIBI BBITICIIEPEYNCIIEHHBIX MHTEI'PUPYE-

MDbIX CHUCTEM.

3. Tlomydeno jioka3aTebCTBO HEBBIPOXKJIEHHOCTH U JaHa KJIACCU(MUKAIIIS TO-

Y€K IMOJIOZKEHNA PaBHOBECHUA CUCTEM.

4. TTonydueHo TONOJIOTMYIECKOE JTOKA3ATEJIbCTBO U30MOPGHOCTU cjioeHnii JIn-
yBULIst crcreMm Jitsiepa, Kiebra n CreksioBa Jist psijia 3HAUEHUN Tapa-

METPOB.

TeOpeTI/I‘{eCKaﬂ n nmpakKTndeCkad nNeHHOCTb

[TonydenHble pe3yabTaTbl MOI'YT ObITH MCIOJb30BAHBI JIJIsI YCTAHOBJIEHUST MU30-
MOP(MU3MOB JINYBUJLIEBLIX CJIOCHUI pa3IUUIHbIX WHTEIPUPYEMBIX CHUCTEM, HpU
N3yYEeHUHN BO3MYIIEHNH NCCASTOBAHHBIX CUCTEM, B TOM YHCJI€ HEUHTETPUPYEMBIX.
[Tosinoe onucanue KPyroBbIX MOJIEKYJ MOXKET ObITb 110JIE3HO IIPU COCTABJICHUK
crucka HanboJiee TUIIMYHBIX OCOOCHHOCTEH CJI0CHUl B MHTEIPUPYEMbIX 3a/adax
mexannku u dusnku. [logpodHo onmcaHHast U POJEMOHCTPUPOBaHHAs HA KOH-
KPETHBIX IIPUMePaxX TEXHUKa BBIYUCACHUH I100aJbHBIX TOIMOJOIMYECKUX MHBA-
PUAHTOB MOXKET ObITh TPUMEHEHA ITPU KJIACCU(PUKAIIMT CJIOCHU IPYTHUX CJIyIaeB

WHTETrPUPYEMOCTH.

Anpobarus auccepramumn

Pesysbrarhl guccepTaiyy JOKIa bIBAJUCH Ha MEXKIyHAPOIHBIX KOH(DEPEHIHIX:
“Symmetry in Nonlinear Mathematical Physics” (Kues, 2003), Mex tyHapogabrii

cemunap nMenn Jlobaderckoro “CoBpeMentast reoMeTpusi U Teopust (pu3nIecKux
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nosieii” (Kaszanb, 2002). Pesysnbrarsr Takke JOK/JIaJbIBAINCH HA KOHMDEPEHIMHI
“Anekcanposckue arenus’ (Mocksa, 2006), na 3acemanusax Boporexckoii 3um-
reit Maremarudeckoii mkosbsl uM C. B. Kpeiina (Boponex, 2002), na reomerpu-
qeckoM cemuuape npod. Kuummepa (Boxymckuii yausepcurer, lepmanmust, 2003),
Ha ceMuHape “Innammueckue cucreMbl 1moj pyKoBogcrBoMm mpod. A. M. Cre-
nunra (Mex-mar MI'Y, 2001), va cemunape “HekommyTaTuBHAsSI TECOMETPUS U TO-
nosiorust” o1, pykoBojcTBoM 1pod. A. C. Mumenko (mex-mar MIY, 2006), a
TaK>Ke MHOTOKPATHO Ha ceMuuape “CoBpeMeHHbIE TeOMETPUICCKIE METO/IbI 1101

pykoBojicrBom akaj. A. T. @omenko u npod. A. C. Murenko (mex-mar MI'V).

IIybaukamnum

OcHOBHBIE PE3yJIbTATHI AUCCEPTAIMH OMYyOJIMKOBAHBI B MECTH paboTax, CIUCOK

KOTOPLIX IIpuBeacH B KOHI€ BBEIACHUA.

CrpykTypa n 0bbem

Juccepraliusg COCTOUT U3 BBEJICHUsI U IATU IJIaB. TeKCT guccepTaIiui U3JIOXKEH
Ha 146 cTpanunax un ponosnsgerca 10 radaumamu u 19 pucynkamu. COucox Jiu-

TepaTypbl cojlepKuT 46 HauMeHOBaHUIA.

Conep>xkanue paboTbl

Bo BBegeHUM (HOpMyIupyeTcs 1eb padOThl, KPATKO M3JIaTaloTCs ee pe3yIbTa-
Thl U COJIEPYKaHNe, a TaKyKe OCBelaeTcss MeCTO JIAHHBIX UCCJIe0BaHNi B COBpe-
MEHHOI MeXaHUKe TBEPJOTO TeJa.

B mepBoii ry1aBe BBOJATCA OCHOBHBIE TOHATHUS U U3JATAIOTCS KJITOUEBLIE
TeOPEMbI TOMOJIOTTIECKOH KTacCu(DUKAIUN HHTEIPUPYEMbBIX TAMUIBTOHOBBIX CH-

crem [1, 14]. Takxke omucanbl dhazoBoe MPOCTPAHCTBO U AudbepeHnnaIbHbe
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ypastenust Ha ajrebpe Jlu e(3)*, koropble BOZHMKAIOT B 3aja4e O JIBUKEHUN
TBEPJIOrO TeJIa; IEePEUnCICHbl OCHOBHDBIC U3BECTHBIC HA CEOAHAIINMUI JIeHb CIIy-
Jay MHTETPUPYEMOCTH ¥ JIOCTUKEHHA B 0OJACTH UX TOHOJOIMIECKO Kiaaccndu-

Kalliu.

Omnpenenenue. Croenuem JIuysuiii, omeewaouum 6noisne urnmezpupyemot
O 0] M?"
cucmeme, Ha3vBaemcesa pazbuenue haso6o20 MHo2000pa3us cucmembv, Ha

CBAZHBLE KOMNOHEHMDL COBMECMHBIT NOBEPTHOCMET YPOBHA UHME2Panos f1, ..., fr.

Onpenenenune. /[se unmezpupyemvie 2amusvmonoson cucmemvs (M, v) u (M’ v')
HA3BIGANOMCA NUYBUMNECO IKGUBAAECHTNHOLMU, €CAt cyusecmseyem duggheomop-
pusm ® 1 M — M', nepesodawuti auysuireco croenue nepeoti cucmemovl 6

AUYBUANECO CAOEHUE smopoﬁ cucmemal.

Byjiem pacemaTpuBaTh raMUIBTOHOBBI CUCTEMBI C JIBYMsl CTEHEHsIME CBOOO/IbI,
TO €CTh Takue, y KOTOPbIX (ha30BOE CUMILIEKTHUECKOe MHOrooOpasue M ume-
er pasMepHOCTb 4, a UHTErPUPYEMOCTH TapaHTUPYETCsl CYIIECTBOBAHUEM JIUIID
OJIHOTO (DYHKI[MOHAJHHO HE3ABUCHMOIO ¢ TaMUJIBLTOHMAHOM H JI0TIOJHUTEILHO-
ro unterpaja F. Besgkuit ciydail mHTErpupyeMocTd B MEXaHUKE TBEPJOTO Te-
JIa MpeJICTaBIsieT u3 cebst OJJHOMAPAMETPUIECKOE CeMEiCTBO HHTErPUPYEMbIX Ia-
MUJIBTOHOBBIX CHCTEM C JIByMsl CTETICHSIMU CBOOOJIBI, IIPU ITOM B KAJIeCTBE Mapa-
MEeTpa BBICTYTIACT 3HAUCHNE WHTErpaJia IJIOMAIe.

309HEpreTHIeCKOi TOBEPXHOCTHIO HA3BIBACTCS TOBEPXHOCTD YPOBHS TAMUITh-
ronuana @i = {H(z) = h}. loanbiv unsapuantom cioenust JIuyBusist Ha
HEOCODOH M309HEPTETUIECKOI TOBEPXHOCTH sBJIsIeTCst nHBapuanT Pomenko-11u-
IIAHTA, TAKXKE HA3bIBAEMbIH MEUEHOU MOJIEKYJION U/ TOHKUM JIMY BUJIJIEBbIM UH-
BapuanToM. On npejcraBisier u3 cebst rpad, pedbpa KOTOPOro COOTBETCTBYIOT

OJIHOIIApAMETPUUIECKUM ceMeiicTBaM TOpoB JIMyBuJLIst, a BEPIIMHBI — KPUTUYE-
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CKUM CJIOSIM, B KOTOPBIX MMPOUCXOAAT OupypKalnm.

OHpe,Z[eJ'IeHI/Ie. Kaace /Luyeu,/meeoﬁ IRE6UGANEHITNHOCTNU SGM%'HymO’LQZ OKpeECM-

HOCTU 0C00020 CAOA HA3VIBACTNCA 3-AMOMOM.

OkasbIBaeTcsd, B I0JIaBJIAOINEM OOJILIIMHCTBE CUCTEM pasHoobpasue oudyp-
Kalliii OrpaHMYUBaETCs YeTbipbMs HaboJjiee PaclpOCTPpaHEHHBIMH 3-aTOMaMMU,
kKotopble obosnagaor A, A*, B u (.

ObozHauenust 3-aToMOB ITOMEIAIOT B BepIiIuHbl rpada. Crocod cKeiiku rio-
6aJIbHOIO M309HEPIeTUIECKOI0 MHOI00Opa3ust Q% 13 TUX “YHUBEPCAJIbHBIX KIP-
nuueir’” 3a/J1aeTcs YMCJI0BbIMU METKAMU TPEX TUIIOB: T, € u n. Bmecre ¢ onncan-
HbIM I'pachoM OHU U cocTaBiisAoT uHBapuaHT Pomenko-Iluianra.

[Tocsietytoniue ryraBbl MOCBSINEHBl BHITUCICHUIO TOHKUX WHBAPUAHTOB CJIOE-
HU JIJIsT PA3JIMYHBIX CJIy9aeB HHTErPUPYEMOCTH W W3JI0XKEHbI B TTOPSIJIKE BO3Pac-
TaHWs CJIOXKHOCTH 3a/1a191 JINYBUJLJIEBOW KJIACCU(PUKAIIMA KOHKPETHON CHCTEMBbI.

Bo BTOpOI1 riiaBe nosydena JIMyBUILIEBa KIACCUPUKAIS HHTETPUPYEMOTO
cayuas Creksiosa [30]. Orrankusasich ot obiiero yreepx aenusi H. T. Synra [31],

JOKa3aHO BaKHOE C HpaKTI/I‘{eCKOfI TOYKHU 3peHU:A

IIpennoxxkenue. Ha pebpax, coedunmowur d6a c€ON08LT aMOMA KPY2080T MO-
AEKYNDL GuLPOdHCIen Ot 00HoMeEPHOT opbumuv,, memku r pasnovr 00. Ha pebpaz,
coedunarowur amom A ¢ cedrosvim, memru r Koneuno.. B 060ur cayuasr mem-

KU € pasnol +1.

BrIpoK IeHHbIE OJJHOMEpPHBIE OPOUTHI BMECTE ¢ TOUKAMHU MTOJIOYKEHUsT PABHOBE-
CHST IPEJICTABISAIOT U3 ceOs JIBa IVTABHBIX KJIACCA OCOOCHHOCTEH MHTETPUPYEMbIX
cucreM Ha, M*. C mpuMeHeHHeM MPUBEICHHOTO YTBEP:KICHNSA METOJ KPYTOBBIX
MOJIEKYJI IO3BOJISIET ITPOBECTHU 1V100aJ/bHbIH ana/m3 cucreMbl CTeKJIOBA JIO KOHIIA.
B sroM ciiydae MHTErpupyeMOCTH OCHOBHYIO TEXHUYECKYIO CJIOXKHOCTh COCTABJISI-

€T IIPOBEPKa HEBbLIPO2XKJICHHOCTHU [HOJIOYKEHU I paBHOBECHUA CUCTEMbBI, YTO CBA3aHO
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¢ OOJIBITTUM KOJIMYECTBOM TaPaAMETPOB M CJAOXKHBIMKA SIBHBIMU (DOPMYJIAMU MH-
TerpaJioB. KpaiiHe MmoJjie3HbIM 3/1eCh OKa3aJiI0Ch IPUBJIEUYEHUsS KOMIILIOTEPa, JIJIs
[IPOBEJICHUA POMEXKYTOUHBIX BBIKJIAIOK.

Tperbs raBa nocBslleHa JIMYBUJLJIEBON KJaccuduKaiuu cucreMmbl Kiieod-
ma [29]. B sTom ciyuae Habirroaercst obpaTHast CUTYAIHST: AHAJTUTHIECKAS 9aCTh
314U IIPOCTa, OJIHAKO TOIOJOIUIECKUl aHaIn3 TpedyeT KpaiiHeil CKPYITyJIe3HO-
ct. MeTos1 KpyTroBBIX MOJIEKYJT He JaeT OKOHYATEJIHHOTO OTBETA W TOJIHKO HEO/I-
HOKPaTHOE lIpUMEHEHUE B OlpeJiesIeHHON 1ocjiejoBarejibuoctT popmyJibl Tora-
JIOBa 1103BOJIsieT Pa3pelInThb KJtoueBble Heotpejejennoctu. [locie aroro ocraer-
Cs1 BBIYMCJIUTD Psijl E-METOK, UTO JOCTUIAETCs paccMoTpeHueM ciydas Kiebiia
KaK BO3MYIIEHUsI CJIydasi Ditjaepa B KJIacce NHTEIPUPYEMbIX CHCTEM.

CrencTBreM BTOPOi U TPEThE IJIaB SIBJISIETCST TOMOJOIMIECKOE JIOKA3ATE b=

CTBO JABYX €CTE€CTBEHHBIX I/IBOMOpCbI/ISMOB.

Teopema

1. Hp’LL docmamouno boAbUWUT 3HAYEHUAT IHEP2UU CUCITNEMDL Cmexarosa u

Kaebwa suysusnreso skeusarenmms, cayuaro Jisepa.

2. Ilpu docmamouno 60AWULT AOCOMOMHDIT 3HAMEHUALT UHMELPANG NAOULML-
deti cucmemv, Cmexaosa u Kiebwa AuyusIESO IKEUBAAEHMMDL CAYYUAI0
Diaepa K4k cucmemot Ha YeMuLperMeprom CUMNACKMULECKOM MH02000Da-

3UU.

B deTBepTOil T1aBe Mojyuena KjaaccupuKamys ciaoeHuit s caydas CoKo-
noBa [7], koropsiit 6611 OTKpEIT B 2001 Ty ¢ IpUMEHEHHEM KOMITBIOTEPHBIX Me-
T0/10B. IIpy 5TOM BHOBBL pUMEHSIETCSI KOMOMHAIIMS METO/Ia KPYTOBBIX MOJIEKYJI 1
dopmynnr TormamoBa. OCHOBHYIO TEXHUUECKYIO CJIOXKHOCTH COCTABJISIET IIPOBEP-
Ka HEBBIPOXKJICHHOCTH TOYEK ITOJIOXKEHUsT PABHOBECHS CHCTEMBI, UTO CBSI3aHO C

JeTBEPTOH CTEIEHBIO U CJIOXKHOM siBHOW (hOpMyJIOi Jiist uHTEerpadJia, F.
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Haxkonern, B maToii ryiaBe jlaHa JIMYBUJLIEBA KJIACCU(MUKAIUA WHTEIPUPYE-
moit cucrembl KoBasesckoii-Zxbu |5, 6]. Janublit ciyqail ormmdaaercs Tem, 910
HpeJicTaBlisger U3 cedsg He OJHO-, a JIByXIIapaMeTPHUYeCKOoe CeMeiiCTBO MHTEeI'PU-
pyembix cucteMm. Knaccuuecknii ciaydait KoBajeBckoil siBIseTcs oJlHOMApaMeT-
PUYECKUM IOJCEMEICTBOM, COOTBETCTBYIOMNUM HYJIEBOMY 3HAUEHUIO THPOCTATH-
4eCKOTO MOMEHTA CHCTEMBbI, ¥ MOJHOCTBIO ucciegoBan B [2|. Mbl ke B msaroit
rJIaBe UCCIEIOBAIN JIPYTOE €CTECTBEHHOE OJIHOTIapaMeTPUIECKOoe TOICEMENRCTRO,
COOTBETCTBYIOIIEE HYJIEBOMY 3HAUEHUIO UHTEI'PaJIa, 1J1011a iell. Pesysibrarbl 9mux
JIBYX MCCJI€JIOBAHUI JIOJI2KHBI CUJIBHO OOJIEIIUTH 33124y JIMYBUJJIEBON KJiaccu-
dukanum “cmerniaHHbIX CJIydaeB.

C TouKM 3peHusi JIMyBUJLJIEBON KaccuuKaiun HanbOIbINNGA WHTEPEC B IIsI-
TOI TyIaBe MPEJICTABJISET METO]I TOCTPOEHUS JIOIYCTUMbIX CUCTEM KOOP/IMHAT Ou-
dypkamuit B OKPEeCTHOCTU BBIPOXKJIEHHBIX OJHOMEPHBIX OPOUT C ITPUMEHEHUEM
dopmysbr TorasioBa, a Tak>Ke MPeJIJIOKEHHBIH CITOCOO BHIUNCJICHUST TOTIOJIOTUYe-
CKOI'O THIIa TPEXMEPHBLIX KPYTrOBbIX MHOI00Opa3Huii.

ABTop BbIpaxkaeT ryybOKyI0 0J1arolapHOCTh CBOEMY HaydIHOMY PYKOBOJIATE-
mo — akagemuky A. T. @omenko, a takxke npodeccopy A. B. Boscunosy u
morenty A. A. OmeMKoBy 3a MOCTOSHHOE BHUMaHKRE K paboOTe, MHOYKECTBO IEH-

HBIX 3aMevYaHuil U KOHCYJIbTaIIi.
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I'1aBa 1

NuBapuanrbl Pomenko-llnmanra

1.1 I/IHTeI‘pI/IpyeMLIe raMmnJIbTOHOBBI CCTE€MbI Ha CUMIINIEKTNNYIYECKOM

MHOTroo0pa3uu

1.1.1 TIlomaTue WHTErpUpyemoii raMUJILTOHOBOII cucrembl. PaccMOTPUM Tyaj-
Koe 2n-MepHoe CHMILIeKTHIecKoe MHoroobpasue (M*", w) ¢ 3ajanHoil Ha Hem
iajikoit dpyukmueit H. Iunammdeckyio cucremy v = sgradH HasbiBaloT ra-
MUJIbTOHOBOM JUHAMHUYIECKON CHCTEMOI C M CTeleHsAMHU CBOOO/IbI, a byHKIMo H
— ee ramuyibrorranom. (Bekroproe mose sgrad H ompeessiercst TOXKI€CTBOM
w(l,sgradH) = I(H), tje | — npou3BOJIbHBII BEKTOP KACATEJHLHOIO MPOCTPAH-
crBa, a [(H) — npousBognast dbyukimun H Brosb [.) B okagibHBIX KOOpHHATAX

1 Qn)

(ZC i TaKYIO CUCTEMY MO2KHO 3alluCaTb B BHUJE CUCTEMDbI OOBIKHOBEHHBIX

s depenialibHbIX ypaBHEHUI:

i = {2 H}Y,i=1,...,2n.

Bnech {, } — ckobka Ilyaccona ma muoroobpasun M2", onpenensieMast CHM-

MJIEKTUYECKON CTPYKTYPOM W TTOCPEJICTBOM TOXKJIECTBA!
{f, g} = w(sgrad f,sgradg).
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Omnpenenenue 1 [amurvbmonosa cucmema v HA3BLBAEMCA GNOAHE UHME2PU-
pyemoti no Jluysusnio, ecau cywecmeyem nabop esadkur dymrwuud fi, ..., fn,
MAKULT 4MO:

1)f1,..., fn — nepswe unmeezpasv, v (umo pasnocurvho ycaosuro { fi, H} =
0, svnoanenrom npu sobom i na ecem M),

2)onu GynKuUuOHaAbHO He3asucUMBL, MO ecmb nowmu 6ctody na M ux epa-
duenmol AUHETHO HE3ABUCUMDL,

SN fi, [} =0 npu arobwz i u g,

4 )eexmopnvie noas sgradf; noawol.

Yacro it KpaTKOCTU BIIOJIHE UHTErpUpyemble 110 JInyBUJJIIO CUCTEMbl Ha-

3bIBAIOT IIPOCTO UHMEZPUPYEMBIMU.

Omnpenenenune 2 Caoenuem Juysuiis, omeeuarouum 6nosHe unmezpupyemot
cucmeme, Ha3veaemca pasbuerue muoz006pasus M>" na ceasnvie KoMNOHEeHmM bl

COBMECTHDLT NOBEPTHOCMET YPOSHA UHMELPAN0S f1, ... [n.

OrmeTnM, 9TO B CiIydae HHTerpupyembix cucreM nmotokn sgrad fi, . .., sgrad f,

KOMMYTHPYIOT, IIOCKOJIBKY

{sgradf;, sgrad f;} = sgrad{ fi, f;} =0,

W SIBJISIOTCS TIOJIHBIME. DTO MO3BOJISIET ONPEIEUTh Ha MHOroobpasnu M2 jeii-
crBre abesieBoit rpymbl R”, mMOpokIeHHOE CABUTAMW BJIOJIh BEKTOPHBIX IMOJIEH

sgrad f1, ..., sgradf,. 9ro geiicTBue HazpiBaeTcsa deticmeuem [lyaccona.

1.1.2 Teopema JIuysmana. TO10JIOrKMsI BIIOJHE MHTEIPUPYEMON IaMUJIBTOHO-
BOW CHUCTEMBI B OKPECTHOCTU COBMECTHOW PEryJisApHON MOBEPXHOCTU YPOBHIA €€
[IEPBBIX NHTEI'PAJIOB TOJHOCTHIO OMUCLIBAETCsI Teopemoii JInysuiwist. Obo3HaINM

MMOBEPXHOCTH yPOBHSA 3a T¢:
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Perynsaprocts o3uagaer, ato muddepennuaibl df; TUHEHO HE3aBUCUMBI Ha

Te.

Teopema 1 (Teopema Jluysusns) [Tycmo na M** zadana enoane unmezpu-

pyemas no Jluysusno 2amurvmonosa cucmema v = sgradl u1Ty — peeyarapnas

COBMECTNHAA TOBEPTHOCTG YPOSHA UHME2Panos fi, ..., fn. Tozda:
1) T — eaadkoe aazpansiceso nooMno2000pasue, UHBAPUAHMHOE OTHOCU-
meAavho nomoxos v = sgradH wu sgradfy, ... sgradf,.

2) Ecau mnozoobpasue Te komnakmmo, mo Kastcoas KOMNOHEHMA CA3HOCTU
Te duppeomoppra n-mepromy mopy T". Taxue mopv nazviearomea mopami
Juysunia.

3)Caoenue Juysuara 6 nexomopot oxpecmmocmu U mopa Juyeuans Tg

mpusuarvho, m.e. duddeomoppro npamomy npoussederuro mopa T" na Juck

D".

4)B oxpecmmuocmu U = T"x D™ cywecmeyem cucmema K00pounam Si, . . . , Sp,
DLy - -+ s P, HA3VBAEMBLT NEPEMEHHBIE DETUCMEUE-Y200, CO CEOTUCTMEAMIU:
a)si, ..., S, — Koopdunamo, na ducke D" 1, ... @, — cmandapmuovie y2.n0-

suie koopdunamo, wa mope T, o € R/277Z.
0) w=> dp; N\ds;.
6) Ilepemennuvie deticmeue S; AGAANOMCA PYHKUUAMU UHMEPAN0S [f1, . .., fn.
2) B nepemennvix deticmeue-yz0a 2aMuAbMONOE NOMOK GUNPAMAACTNCA HA
kaorcdom mope Jluysuara uz oxpecmmocmu U, u 2aMUALMONOBYL YPABHEHUA

NPUHUMAIOM 610

5’2':0, gbz-zqi(sl,...,sn), i=1,...i=n.

18



OMo 03Haaem, Mo Ha KacHcAoM mope nomox v 3a0aem Ycro8Ho
-nepuodueckoe JeUNCEHUE, G TPAEKMOPUL ABAANMCA NPAMONUHETHHMUY 00~

MOTMKEAMU, TNOPa (pauUOHClJL’bH?)LMU UIU uppauuonaﬂbnmmu).

JlokazaTebeTBo TeopeMbl MOXKHO Hajitu B [1, 7.1, rur.1].

1.1.3 OTHOIEeHNsd >KBUBAJEHTHOCTH WHTETrPUPYEMBIX TIaMUJIbTOHOBBIX CUCTEM.
B Teopun rtorosiornueckoit Kjaccu@UKAIMN UHTEIPUPYEMbBIX TaMUJIBTOHOBBIX
CUCTEM TpPaIUIIMOHHO PaCCMATPpHUBalOTCA HECKOJIbLKO OCHOBHBLIX THUIIOB HX H30-

MOPQU3MOB.

Omnpenenenne 3 /Jlse dunamuueckue cucmemo, (M, v) u (M’ v") nasvisaromesn
MONONOUNECKYU, CONPANCEHHVUMU (2AA0KO CONPANCEHHDLMU), €CAU CYULLCMEYEm
2omeomopusm (dugdeomoppusm) ® - M — M’ nepesodawyuiti nomox o', om-

t

seuarouwuti cucmeme (M, v), 6 nomox o, omeeuwarowuti cucmeme (M’ 0"), m. e.

ot=®docgtod L,

JpyruMu cmoBaMu, COMPSIPKEHHBIE CHCTEMBI MOJYyYaloTCa JPYT U3 JPyra pe-
I'yJISPHOI 3aMEHON KOOPJIMHAT, 1109TOMY COIPSKEHHOCTh — CaMO€ CUJIbHOE OT-

HOIIIEHUE 9KBUBaJICHTHOCTU.

Onpenenenne 4 /lee dunamuueckue cucmemo, (M, v) u (M’ v") nasvisaromesn
Monoso2udecky (24a0K0) MPAEKMOPHO IKEUBAACHIMHBLMU, ECAU CYU,LCTNEYEM
2omeomoppusm (dugpeomoppusm) ® : M — M', nepesodausuti nepesodawui
OPUEHTNUPOSANNBLE MPALKINOPUL NEPEOTE CUCTIEMBL 6 0PUEHNUPOEAHHBLE MPAEK-

mopuY, 6Mopoti CUCMeMb.

[Ipu sTOM He Tpebyercs coxpaHeHus mapamerpa (BPEeMEHH) BJIOJb TPACKTO-

puit. lHbIMU c/IOBaMHU, TPAEKTOPUHM PaCCMaTPHUBAIOTCI 3JIeCh KaK KpHUBble 0e3
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napaMeTpusalii, HO C HallpaBJCHUEM, 3aJlaBaeMbIM TIOTOKOM. Besikue jiBe co-

IPsI?KEHHBIE CUCTEMbI, OUEBH/IHO, TPAEKTOPHO KBUBAJICHTHbI, HO HE HAOOOPOT.
JlanHas paboTa IOCBsITeHa KJIACCH(DUKAITMI HEKOTOPbIX U3BECTHBIX HHTEI'PU-

PYEMbIX CUCTEM M3 MEXaHUKH TBEPJOrO Tesa ¢ TOYHOCTBIO JIO OTHOIIEHUS /AU-

yG’U,,/L./L6607j IRE6UGANECHTNHOCTIU.

Onpenenenue 5 Jlee unmezpupyemuix 2amusvmonosvix cucmemor, (M, v) u
(M’ V") naswiearomes AuYy6ULIECO IKEUBAAEHTIHBLMU, ECAU CYuecmeyem Jud-
deomoppusm ® : M — M', nepesodawjuti suysurreso croenue nepeoti cucme-

Mbl 6 AUYBUNNECO CAOEHUE emopoil CUCTEMDL.

DTO OTHOIIEHUE SKBUBAJEHTHOCTH MOYKHO HECKOJILKO 0C/1abnuTh. B pesysbrare

BO3HUKAET MOHSTHE 2pYO0Tl AUYEUNNEE0T IKEUBANAEHMHOCTTIU.

Onpenenenune 6 Joe unmezpupyemvir 2amusomonosor cucmemovr (M, v) u
(M’ V") naswearomes 2pybo AUYEUNIEBO IKEUBAAEHHbLMU, ECAU CYULECMBY-
em 20meomopPpusm mescdy bazamu coomsememeyowus ciroenuti Jluysuiia,
KOMOPOUG A0KAABHO (M.€. 6 okpecmHocmu kaxcdol mouku) nodnumaemca do

nocaotinozo 2omeomoppuzma croenuti JTuysuina.

Hecnoxno BUJIETH, 4TO OTHOIICHUE JII/IyBI/IJIJIeBOﬁ 9KBUBAJEHTHOCTH €CTH 0CJIa0-
JIeHrne OTHOIIICHU A TpaeKTOpHOﬁ IKBUBaJICHTHOCTU: 3/1€Ch Tpe6yeTCH COXpaHeHune
JINIITb HOBerHOCTefI YPOBHA MHTEI'PaJIOB CUCTEMBI, B TO BPEMA KaK OTJEJIbHbLIC

TPaCKTOPHUU CUCTEMbI MOT'YT HapylIaTbCs.

1.2 WaBapmarsl Pomenko-llumianra mHTErpupyeMbIX TaMUJIBTOHO-

BbIX CHUCTEM C ABYMHA CTEIIEHAMMN CBO60,I[I)I

Bysiem jiajiee paccMaTpuBaTh UHTEIPUPYEMbIE TaMUJILTOHOBBI CUCTEMbI C JIBYMs

CTEeIeHsIMU CBODOJIbI, TO eCTh cJiydait n = 2. Torja nHTerpupyeMocTh CUCTEMbI Ha
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M* rapanTupyercs CyIlIeCTBOBAHHEM JIHIb OIHOTO (YHKIMOHAIBHO HE3ABHUCH-
MOTo ¢ TaMuJibronnanoM H unrerpasa F'. B 3ToM MyHKTE MbI OIUIIIEM OCHOBHbBIE
Tallbl TOCTPOCHUsT u3BecTHOrO MHBapuanta Pomenko-lumanra (uin Medenoit
MoJiekysibl) |1, 1.1, ri1.4|, KoTopblil onuchBaeT TI00ATBHYIO CTPYKTYDY JILYBUJI-
JIEBa CJIOEHUS HA HEOCOOBIX TPEXMEPHBIX N309HEPTETUICCKIX TTOJIMHOTO00PA3UIX
dazosoro npocrpancrsa M* HHTErpupyeMoil TaMIIBTOHOBON CUCTEMBI C JIBYM:

CTEIEeHSIMU CBODOJIBI.

1.2.1 Wzo3Heprermdecknue moBepxHocTu. [I309HEPreTHIECKUMH TOBEPXHOCTSI-
ME Ha3LIBAIOTCA TpeXMepHble ToBepxHocTd Buia Q3 = {x € M*H(x) = h}.
Cpasy orpaHIIuMCst PACCMOTPEHHEM JIMIIL TeX i, TTPH KOTOPBIX, BO-TEPBbIX, ()3
KoMIaKTHa u, Bo-BTopbix, dH # 0 Beiogy na Q3. Tem cambiM Mbl rapanTupyem,
uTO (QF SIBJIACTCS VI IKNM KOMIIAKTHBIM 110iMHOroobpasuem B M*, a sexropnoe
noJsie v = sgrad H Hurjie He obpalaercs B HOJIb.

Hapstjty ¢ jinyBrLI€BO# 9KBUBAJIEHTHOCTHIO Ha BCEM CUMILICKTUICCKOM MHO-
roobpasun Mbl Oy/IeM TOBOPUTH O JIMYBUJLIEBOI 9KBUBAJECHTHOCTH HA N30PAHHDBIX
M309HEPTeTUICCKUX TOBEPXHOCTSX. [[J1s1 TOro 4T00OBI CTPOrO BBECTH ITO TOHSTHE,

JIOCTATOYHO B olpejieenusx b u 6 samenuts M? na Q3.

Omnpenenenne 7 Touxy v € Q° 6ydem nazveamv xpumuseckoti, ecau exmo-

poL sgradH u sgradF' 6 wnetl aunetino 3a6ucumol.

3aMeTuM 4TO, CHUHIYJIsIpDHbIE COBMECTHBIE IIOBEPXHOCTU yPOBHSI MHTErPAJIOB
T¢ B (> — 9TO B TOYHOCTH Te€ MOBEPXHOCTH, Ha KOTOPBIE IIOMAJIH KPUTHICCKHE
TOUKH, ¥ TeopeMa JInyBuiIg K HIM He IPUMEHUMA.

CrenaeM ele OJIHO IPEJIIIOJOKEHNE O U309HEPIeTHIeCKO! IIOBEPXHOCTH, Ka-
caloIeecs CBOMCTB KpUTUIECKUX ToUeK. JIerko mokasarhb, 9T0 KpUTHIECKHE TOU-
K Ha (% He MOTYT ObITH M30JHPOBAHHBIME. [109TOMY TIPEIONaraTh, ITo J0MOJI-

HUTE/IbHBI uHTerpas F' spisiercs dpyukiueit Mopca, 6ecembiciernno. OJiHAKO B
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ClIydae JUHaAaMWYECKUX CUCTEM CYyHIECTBYET €CTEeCTBEHHBIN aHaJIOl TOTO MOHA-

TH.

Onpenenenne 8 Jlonosnumenvroit unmezpanr F nasvieaemea unmeezparom Bom-
ma na dannoti uzoanepzemuveckoti noseprrocmu Q3, ecau 6ce e2o Kpumueckue

mo4ru op2aHuU306aHbL 6 HGG’prODfC(?GHH’bLe rpumuvecrue 7108MH02006pd3Uﬂ.

OTO O3HAYAET, YTO MHOXKECTBO KPHUTUUECKHUX TOUEK SIBJISETCS HECBSI3HBIM
obbeIMHeHNeM HEKOTOPBIX TJIAKUX IOJMHOr000Opas3uil, IpuieM KaxkKJa0e U3 HUX
HEBBLIPOZKJICHO B CJIEJIVIONIEM cMblciie. Bropoit muddepennnasn d?F HeBbIpOXK 1eH
Ha TIOJIIPOCTPAHCTBE, TPAHCBEPCAJIBHOM K 110J]MHOr000PA3UIO (B KaxKJI0if TOUKE).
Hpyrumu cjioBamu, orpanudenue gpyukiuu I Ha TpaHcsepcalsib K 110JMHOI000-
paszuio spJjsiercs pynkiueir Mopca.

B peasbHBIX WHTErPUPYEMBIX 3ajla9aX (PU3NKNA ¥ MEXaHUKU TUITUIHA CUTY-
allvsi, KOT/la HalJeHHBIH JOMOJHUTENbHBI HHTEerpas F' sBisercss 60TTOBCKNM
JUTsT Beex h, Kpome HEeKOTOpPOTro KOHedHOro Habopa 3uadennit. CiaydaeB ke, KO-

ry1a HeOOTTOBCKHE 3HAUEHUsI  OTCYTCTBYIOT ITOJTHOCTBIO, H3BECTHO KpaiiHe MaJio.

1.2.2 Budypkanuonnaa amarpamMma. PacCMOTPUM OTOOpaKeHre MOMEHTa, §,

KOTOPOE OIPEJIEJISACTCS CISAYIONINM 00Pa30M:
3 M* — R, f)

§:a— (H(x), F(x))

O0pa3 KpUTHUIECKUX TOYEK MPU OTOOPaKEHUU MOMEHTa Ha3bIBACTCS Oudhyp-
Kayuornrotl duaepammoti. Kak mpaBmjio oHa mpejcrapisier u3 cedst Habop IJiai-
KUX KPUBBIX HA MJIOCKOCTH, MMEIOIINX KOHETHOE YNCI0 TOYEK MePecedeHnsi, Kaca-

HUs ¥ BO3BPaTa. BO3MOXKHBI TAK»Ke 1 M30JIMPOBAHHbBIE TOUKK. BrdypKalnoHHyo
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JirarpaMmy yJ00HO KCITOJIb30BaTh KaK HEKOTOPHIH opTpeT (ha3oBOro npocTpaH-
CTBa UHTEIPUPYEMOIl CUCTEMBI C IEJbI0 BU3YaJU3AINUN CTPYKTYPbl KPUTUIECKO-
ro MHoxkecta. OTMeTHM, 4TO IPU OTOOparKEHUU MOMEHTa M309HEPIeTHUEeCKHe

ITOBEPXHOCTU IIEPEXOJAT B CeMeNCTBO I[TapaJlJIEJIbHBIX BEPTUKAJbHDBIX IIPAMDBIX.

1.2.3 CrpyKTypa KPpUTHYECKNX MHOXKECTB HAa M309HEPTreTUYECKOIl MOBEPXHOCTMH.
YcjioBre DOTTOBOCTH HAKJIaJIbIBAET CYIIECTBEHHOE OrpaHUYEHUE HA CTPYKTYPY
MHOYKECTBa KPUTHIECKNX TodeK B Q3. JleficTBUTeIbHO, KaK/1asd KOMIOHEHTA, €T0
CBSIBHOCTH JIOJIPKHA OBITH 3aMKHYTBIM [TOJIMHOI000pa3ueM pa3MepHOCTH 1 uiu 2.
U3 yenoBust v = sgradH # 0, cienyer, 9T0 Ha 3THX HOAMHOTOOOPA3UAX CYIIe-
CTBYET TJIaJIKOe BEKTOPHOE T0JIe, OTJINYHOE OT HYJs B Kak 10# Touke. CremnoBa-
TeJIbHO, 9TO WJIM OKPYKHOCTH, WJIM JBYMEPHBIH Top, win OyThiika Kieitna. B
U3BECTHBIX MMPUMepax MaTeMaTHIecKol (pU3NKKW KPUTHIECKHE MHOXKECTBA JIBYX
1OCJIEJIHUX TUIIOB BCTPEYAIOTCs KpaiiHe PeJIKO U UX 110siBJIEHUE CBS3aHO, KaK 1pa-
BUJIO, C HEYJIAYHBIM BbIOOPOM JIONOJHUTE/ILHOTO UHTErPaJia. TONoJIOrus TaKux
ocoberHocreil 1opobHo usydena B [1, 1.1, ri.4]. Mbl ke jajee Oyjem 1pejio-

JlaraTb, 94TO BCE KPUTUYIECKUEC HOﬂMHOFOO6pa3HH ABJIAIOTCA OKPY2KHOCTSAMM.

1.2.4 OKpecTHOCTHU CUHTYJIAPHBIX CJIOEB JNYBHJIJIEBA CJOEHUS HA W309HEPreTH-
geckoii mosepxnoctu. VIzosHeprernueckas nosepxHocTb (Q° npejcrasiser u3
cebsl oJlHOLIapaMeTPUYEeCKOe CeMeifiCTBO COBMECTHDBIX 1OBepXHOCTel yposHdA T
uHTerpaJioB cucrembl H u F') napamerpuzoBanHoe 3HaUeHUEM BTOPOI'O UHTErpa-
ja F'. Ecnn cranyTh KaxK/ylo KOMIOHEHTY CBA3HOCTH HOBepxHOCTell T¢ B TOUKY,
TO MbI [IOJIyYMM HEKOTODBIH OjlHOMepHbI rpad — 6asy cioenns Jlnysuiis (cM.
puc. 1). Hag xaxapiv pebpom takoro rpada “Bucut” MuHOroobpasue juddeo-
mopduoe T x (0,1). Bepmmnam rpada cooTBeTCTBYIOT CUHTYIApHLIE ciou. Tu-

MIUYHON ABJIAETCS CUTyallld, KOTJia Py Mepexoje Yepe3 KPpUTUIeCKUil YPOBEHb
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IUCIIO KOMIOHEHT CBA3HOCTN ¢ MEHsIeTCs.

Bynem paccmarpuBaTh 3aMKHYTYIO TPEXMEPHYIO OKPECTHOCTH OCODOIO CJI0si
B (Q°. OKasblBaeTcsd, YTO B OOTTOBCKOM CJIydac ¢ TOUYHOCTBIO JIO JUYBHJLICBOI
9KBHUBAJICHTHOCTH CYIIECTBYET JIUIIb KOHEYHOE YHCJO0 BO3MOXKHBIX IIEPECTPOCK
(budypkanuit), ecin GUKCUPOBATH KOJIUIECTBO KPUTHIECKUX OKPYKHOCTEH HA

CUHT'YJIADHOM CJIOE.

Onpenenenune 9 Kaacc suysuaresoti 9K6UBAAEHMHOCTNUY 3AMEHYMOUT OKPECTT-

Hocmu 0c00020 CA0A CAOEHUA ﬂuyeu,/m.ﬂ HA3BIBACTNCA 3-AMOMOM.

C KOHCTPYKTHMBHON TOYKH 3PEHUSI, 3-aTOM — 3TO TPEXMEpPHOEe MHOroobpa-
3U€ CO CTPYKTYPOI JINYBUJLJIEBA, CJOCHUST, COJIEPXKAIIEr0 POBHO OJIMH CUHIYJIsSIP-
HBIl CJION, TIPU 9TOM CUHTYJISAPHBIN CJIOH HpejioiaraeTcs cBsa3ubiM. Kpaii Tako-
o MHOIooOpa3usi COCTOUT U3 HEKOTOPOT'O KoJindecTBa TOpoB JIuyBuiiis. Jucso
KPUTUYECKUX OKPYYKHOCTEH HA 0COOOM CJIO€ Ha3hIBACTCS CJIOXKHOCTHIO 3-aTOMA.
B [1, 1.1, r1.3| usnoxken ajroputm, MO3BOJISIONIUI SBHO MEPEIUCTUTH BCE 3-
ATOMBI JTAHHOM CJIOXKHOCTHU. 3-aTOMBI IPUHATO 0003HAYATDH 3arJIaBHBIMU JIATHH-
CKUMU OYKBaMW C HATypPaJbHBIMU HUHJEKCAMU W 3BE3J0UKaMu. deTbipe HanbOo-
Jiee TPOCTBIX U 9acTo Berpedatonuxcst 3-aroma (A, A*, B, u C5) n300pakeHbl
Ha, puc. 2.

Ecau tenepb B BepimuHax rpada Ha puc. 1 MOCTaBUTH TOIXOAITIE 3-aTOMBI,
TO MBI MMOJYYUM TaK HA3BIBAEMYIO 2pybyto moaexyary. I'pydas MoJeKyaa HeceT
undopmaluio o b6aze cjoenus JInyBussis, a TakxkKe M03BOJISET JIOKAJbHO BOC-
CTAHOBUTH €r0 CTPYKTYPYy BOJIM3M KaK PEryJisipHbIX, TaK W CHHIYJISTPHBIX CJIOEB.

CupasejinBa

Teopema 2 (A. T. ®omenko) /lse unmezpupyemoie 2aMUAIMOHOEH CUCT.E-
3
oL (v, Q%) u (v, Q") 2pybo suysunieco sKEUSAACHMMUDL 6 MOM U MOABLKO TOM

cayuae, koe2da ux epyovie MOAEKYAbL COBNAAAIOM.
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[ToniHoe ¥ TOC/IEI0OBATE/ILHOE JIOKA3aTEIHLCTBO (DAKTOB, U3JIOXKEHHBIX B 3TOM
myHKTe, MOXKHO Haitu B |1, 1.1, 171.3|. 31ech Mbl chopmysTupyeM OCHOBHYIO T€O-

peMy, Ha KOTOPYIO OIAPAIOTCA 3T JOKA3ATEIbCTBA.

Teopema 3 (A. T. ®omenko) 1)Tpexmepnas okpecmmocms CunzyiapHo20 CA0A
MUYBUANECO20 CAOCHUA AGAACTCA paccioenuem 3etidepma, ocobvie caou Komo-
pozo (ecau onu cywecmesytom) umerom mun (2,1).

2)Ecau 0cobvix ca0e6 iy 9mozo paccaoend Hem, mo 0Kpecmuocms npeicma-
suma 6 sude npamozo npoussedenus P> x S, 2de P? — opuenmupyemas no-
GEPTHOCTNL € KPAEM U3 HECCAZHOIT OKPYACHOCTED.

3)Cmpyxmypa paccaoenus 3etihepma cozaacosana co cmpyxmypot AUYEUA-
NEB020 CAOCHUA, 6 TOM CMULCAL, UWMO SCAKUL CA0T paccaoenus 3etidepma (orkpyorc-

HOCm’b) UCAUKOM NEAHCUM HA HEKOMTOPOM CAOE CAOEHUA HUQGU./LJL.}%.

1.2.5 Marpuibl CKJIefiKi U JOIMyCTUMbIe CUCTeMbI KOOPAMHAT. J-aTOMBI OTIACHI-
BalOT JIOKAJILHYIO CTPYKTYpPY cJjioenust JInyBuiist B OKPECTHOCTH 0CODOI0 CJIOSI.
Jlist Toro, uTobbl BOCCTAHOBUTH CTPYKTYDY CJIOCHHs 1100ajibHO Ha BCeM @
HY>KHO 3HATh F'OMEOMOP(U3MbI, 110 KOTOPbIM CKJICEHbI 'PAHUYHbBIE TOPHI 3-aTOMOB.
Ecin Ha KaXXJIOM U3 Mapbl CKJIEHBAEMbIX TOPOB BbIOpPaTh 0a3MCHBIE IUKJIbI, TO
CKJIEMBAIOTINY TOMeOMOPhU3M 3a/1aeTcs MEeJ0UNCIeHHoM MaTputieil 2 X 2 ¢ orpe-
nenutenem 1. Ho 6a3uchkl MOXKHO BhIOMpPATH MHOTMMHU PA3HBIMU CIIOCODAMMU.
OkazbIBaeTcs, OJHAKO, YTO BCAKHUI 3-aTOM OIIpeJiesisieT Ha CBOUX IPAHMIHBIX
TOpax HEKOTOPBIH MUKJI, HA3BIBAEMbBIH 00HO3HAYHO 0NPedeseHibiM UUKAOM JTaH-
Hoit Oudypkaiuu. B ciaydae MUHEMAKCHOTO aToMa A 9T0 UK, KOTOPbIi CTSIIH-
BaeTCsA B TOUKY NPU MPUOJIVKEHUN K KPUTUIECKON OKPYKHOCTH — OH OIpeiesIeH
JIMIIb ¢ TOYHOCTHIO JI0 OPUEHTAIMU. B ciiyuae Bcex OCTaTbHBIX (CeJIOBBIX) aTo-

MOB (A*, B,Cy,...) 370 1IHKJI, H30TONHLINA CJI0siM paccyoenust 3eiidepra. Ilpu
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9TOM OPUEHTAIIS [[MKJIA OJIHO3HATHO 33/1a€TCsI TaMIJILTOHOBBIM ITOTOKOM CHCTE-
MBI,

OJIHO3HAYHO OIpeJieJIeHHBIH UK OudypKanuu Beerja bepercs 3a MepBblit
9JeMEeHT Da3nca Ha BCeX I'PAHMYHBIX TOPax paccMaTrpuBaeMoro 3-aToma. Bbije-
JINTH MOJOOHBIM 0OPA30M KaKOW-TO OJIMH NUKJ U3 MHOXKECTBa, KaHJIMJIATOB Ha
BTOPYIO MOBUIINIO B Da3uce He ymaercs. [loaroMmy orpaHnInBaioTCs BLIDOPOM O/1-
HOTO M3 MHOXKECTBa, ITUKJIOB, 00JIaJal0IMNX HEKOTOPBHIMHU OOIIMMHU CBOMCTBAMA.
DTO MHOXKECTBO B IIape € HEPBBLIM IUKJIOM COCTABJIAIOT KJIACC TaK HA3bIBAEMbIX
donycmumolx cucmem Koopdunam Jijis JTaHHOTO 3-aToMa. TOYHOe olpejie/ieHne
3aBUCUT OT THIIA aToMa u Oyjer jaHo Huxke. [Ipu 9ToM rpyiia 3aMeH BHYTPH
KJIACCa, JIOMYCTUMbBIX CHCTEM KOODJMHAT UMEET y>Ke OUeHb IIPOCTYIO CTPYKTYPY.

OnuireM yeaoBust, OPeIeIsTIONue BTOpble 0Da3UCHBIE TIUKJIbI JOITYCTUMbIX CH-

CTEM KOODJIMHAT. 3JIeCh CJIeJIyeT Pa3JindaTh TPU CJIydast:

1. MunnMmakcTHbIii aTom A

2. CejoBble aTOMBI O€3 3BE3/I0UEK, TO €CTh MPE/ICTABUMbIE KAK TPUBAAJILHOE

St- paccnoemnue 3eiidepra (atombr B, Cs, . . .)

3. CejmoBble aTOMBI CO 3BE3JI0UKAMHU, paccjaoenne 3eiidepTa KOTOPhIX UMeeT

OJTMH MJTH HECKOJIBKO 0CO0BIX catoeB Tuma (2,1) (arom A* u ap.)

B ciayuae muwamMmakcnoro aroma A 3a BTOpOi sseMenT OepyT Ji060i apy-
roii IUKJI, JIOHNOJTHSIIONMI 1epBblil 1o 6a3uca. [Ipu aTOM OpueHTalusi BTOPOro
6a3uCHOro MUK/ (PUKCHPOBaHA M 33/[a€TCA MaMUJILTOHOBBIM ITIOTOKOM.

Jl1s1 ceJIJIOBBIX aTOMOB 0€3 3Be3/109eK JIONOJHUTEIHLHO TPeOyIoT, YTOObI B CO-
BOKYIIHOCTU BTOpbIE IHUKJIbI 0a31CcOB 00pa30BbIBAJIN Ha 3-aTOME IJI0DaJIbHOE Ce-
qeHHe, HaJl KOTOPBIM 9TOT aTOM IPeJCTaBUM KaK TPUBHAJIbHOE S'-paccioenue.

B ciyuae cemioBbIX aTOMOB CO 3BE3J0UYKAMHU TAKOro II0OAJIBLHOIO CEUEHUsI

ne cymecrsyer. OJIHAKO €ro BCerja MOXKHO [OCTPOUTD, YJIAJUB U3 3-aTOMa Ma-
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JIbIE OKPECTHOCTH-TTOJIHOTOPUST 0COOBIX cioeB. [Ipu 3ToM HE0OX0IMMO HEKOTOPHIM
eCTeCTBEHHBIM 00Pa30M 3aKPEIUTh 9TO ceueHue BOJin3K 0coObIX cjioeB. Jljis sTo-
ro pacCMOTPHUM TI'PAHUILY OKPECTHOCTH OCOOOTO CJIOsl, sIBJIATONLYIOCS TopoM. Ha
HEM OJTHO3HAYHO OINpeJIeJIeHbI TUKJIbI A — CJIOW PacC/JIOeHUsT — U 3¢, CTATUBAIO-
MU#CS B TOYKY BHYTPH IMOJHOTOPUsA. BTOPOit UK MBI OPHEHTUPYEM TaK, YTOOBI
(A, 5¢) obpasoBbBIBaAJIA TOJOKUTETHHO OPUEHTHPOBAHHYIO TIapy, HE SBJISTFOITYOCST
OJTHAKO OA3UCOM, TIOCKOJIBKY pacCMaTpUBaeMble MUKJIBI UMEIOT JIBE TOUKH IMepe-
cedenns. [lajiee 3 COOTHOMEHUST A = 3¢ — 2[4 OUPEICIUM IUKJT L4, JOTOJTHSIOIIH
A J10 6azuca . Tak MOCTPOEHHBIE UKJIBI L OTPEJIEJISIOT CEYeHNEe TPUBUAJIBLHOTO
pPaccI0OeHus Ha I'PAHKUIAX BbIOPOIIEHHbIX 0COOBIX cjoeB. [locTrpoenHbie ceuenust
OysieM Ha3bIBATDH JIOMYCTUMBIMK, & BHICEKAEMbIE UMU Ha TPAHUIEAX 3-aTOMa K-
Jibl OyjieM OpaTh 3a BTOPHIE 3JIEMEHTHI €10 JIOMYCTUMbIX 0a31COB.

HeomnpejiesienHocTh B BHIOOpE OpUEHTAIMIT BTOPHIX OA3UCHBIX ITUKJIOB CEJIJI0-
BBIX ATOMOB ¥ MEPBOTO DA3MCHOTO MWKJIA MUHUMAKCHOTO aroMa A ycrpansercs
TpeDOBAHUEM CO2AGCOBAHHOCTIU OPUEHMAUUT ba3uco6, KOTOPOE 3aKJII0UaeTCsd B
CJIeJTYIOIIEM.

BadbuKcrpyem OpHeHTAIUIO Ha H303HepreTuIecKoil nosepxuocru Q3. Ipamnu-
IIbI BCEX 3-aTOMOB 9TOi TOBEPXHOCTH JIEJIATCS Ha MOJIOXKHUTEJIbHBIE U OTPUIa-
TeJbHBIE MO HAIMPABJICHUIO POCTa JOMOJHUTEIbHOrO wHTerpasa f. Ilorpedbyem,
aro0BI TPOiiKa (A1, A2, grad f), nie A1, A2 COOTBETCTBEHHO MEPBBII ¥ BTOPO 3J1e-
MeHTbI 6asuca Ha Tope, Oblia HOJOKUTEJILHO OPUEHTHPOBaHA B (3, ecinm Top
OTHOCUTCSI K TOJIOKUTEJHHON TPAHUIE aTOMa, U OTPUIATESIHHO OPUEHTUPOBAHA

B IPOTHUBHOM CJIy4dac.

1.2.6 Ywucaoseie merku. VIHBapmanTamMu JefCTBUSA TPYIIHI 3aMeH JIOMYCTHU-
MBIX CHCTE€M KOOpJUHAT Ha MHOXKECTBE MAaTPUI] CKJIEEK MOJIEKYJIbl ABJIAIOTCA

YunCJIOBbIE METKU 7', € U 7. OHU BBIYUC/IAIOTCH 110 MaTpHullaM CKJICEK IIOCPEACTBOM
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CJICJIYIOIIUX SABHBIX (DOPMYII.

IIycTb Ha pebpe ¢ MOJIEKYJIbl CTOUT MATPHUIA CKJICHKH

a; b;
Y
¢; d;
TOIJIA 10 OIIPEeIeHNTO:
{Z—Z} , ecan b; #£ 0 sign b;, ecin b; # 0
T, = , €5 =
o0, ecan b; =0 sign a;, ecqu b; =0

Paspexkem MoJIeKyily 110 BceM KOHEUHBIM pedpaM, TO eCTh TaKUM, 9TO T; 7 00,
Kycku, cojiepxkaliiye Jiniiib CeJJIOBble aTOMbI, Oy/ieM Ha3biBaTh cembAmu. MeTka

N OLPEJIEJSIeTCsl JIJIsi BCAKOR ceMbH, 110 (pOpMy.Ie:

Q; d; Ci

n = —| + ——| + ——

Z b; Z b; Z a;
BBIX.peOpa BXO/I.peOpa BHYT.pedpa

B [1, 1.1, ry1.4| jloKa3bIBaETCsI, 4TO METKU HE 3aBUCSIT OT BHIOOPA JIOIYCTUMbIX
KoopuHaT. [Ipy BEIOPAHHBIX JIONYCTUMbIX 0a3MCaxX MATPUIILI CKJIEEK 110 METKAM
BOCCTAHABJIMBAIOTCS OJ[HO3HAYHO.

YucaoBble METKU UMEIOT €CTEeCTBEHHBIH TOTOJIOrnYecKuil cMbIci. Tak 3HamMe-
HATEJIb METKH 7" — CyTh O€33HAKOBBII MHJICKC IIepecedeHusI OJIHO3HAUHO OIIpe/ie-
JIEHHBIX IUKJIOB OM(ypKalyii, KOTOpble COeJUHEHbI COOTBETCTBYIOIUM PEOPOM.
Merka € € {1, —1} roBopuT 0 COrIACOBAHHOCTH UJIM HECOTJIACOBAHHOCTH OPHUEH-
Talil KpUTUIECKUX OKPYKHOCTeill JBYyX OmdypKaluil, Korja Takoe cpaBHEHNE
KOPPEKTHO OIpeiesieHo. A MeTKa n € 7, paBHa YUCIy Jiljaepa pacciaoenns 3eii-
depTa, 0OpazOBaAaHHOTO CeMbeil, KOTOPOil OHa COOTBETCTBYET.

Haxkomnern ganum onpeenenne naBapuanta @omenko-Ilummanra u cpopmysin-

pyeM OCHOBHYIO T€OPEMY 3TOU IJ1aBbl.
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Onpenenenne 10 I'pybas monrexyra W, cuabocenmnas memeamu ri,€; U Mg,
naswvieaemca uneapuarmom Pomenko-Lluwanza (meuenot morekyiot, monkum

AUYBUANECDIM uneapua%mom).

Teopema 4 (A. T. ®omenko, X. Humanr [1, 1.1, ti1.4]) Jee unmezpupy-
emwie zamuavmonosv, cucmemn (v, Q%) u (v, Q") auysuareso sxeusaenmib

6 Mom U moadbko MOoM CAY1aAE, Ko20a ur Meuenvle MOAEKYADL coenadarom.

1.2.7 ®opmyna Tomamosa. Popmyra Tomanosa [3| caspiBaeT MeTKH MOJIe-
KYJIbI C TOMOJIOTMYECKUM THIIOM Hecymeil moBepxuocTr. OHa SBJSIETCS OJHUM
u3 Hanbosiee 3(hPEKTUBHBIX CPEJICTB JJI BHIUUCIEHUS WHBApHAHTOB DOMEHKO-
[[umanra 1 akKTUBHO TPUMEHSETCS B HACTOAIIIEH padore.

Koukpernsrit Bus popmysasl TornagoBa 3aBUCUT OT CTPYKTYPBI MOJIEKYJIBI 1
MOJIYIAETCS B COOTBETCTBHUU C AJTOPUTMOM, TIPUBEIeHHBIM B [3]. 31ech Mbl yKa-
YKEeM OTBET JIJIsI TTPOCTHIX, HauboJIee JacTO BCTPEUAIONIUXCA CJYYaeB, KOTOPBIX
OyJleT JI0CTaTOYHO JiJIsi HAIIUX 1EeJIeH.

[Tycrs nekoropasi moJiekysia W™ He cojiepkutr cemeit uz 6ojiee 4eM OJ[HO-
ro aToMa W MoCJe CTHPaHUs BHYTPEHHUX pedep cemeil MpUHUMAEeT BUJL JePeBa.
[Tycrs Takxke Bee atombl W* nmetor pos 0. (Arombr A, A*) B u Cy orHocsiTCs K
sroii kareropuu.) Tora sueprust mosiexysbr N (W*), seegennas [1. TonamoBbim,

ornpejiessiercst (POPMYJIOii:

0, ecoim tkH1(Q?) > 0
NW*=¢ &)
|Tor H1(Q3)|, ecim tkH1(Q?) = 0.
Bamernm, aro N (W) neamkom onpeiesieTcst Tonoaorneii MHOroobpasusi.
OmnpesiesnM JUIs KazKJI0ii ceMbi Ynciio o = n+ Y r;+ 5, rie n — ee n-meTka,

r; — METKH " Ha ee BHEIIHUX pedpax, a p — UHUCJIO0 3Be3J0UeK JAHHONI CeMbH.

YKaxeMm KOHKpeTHbIit B/, (popMmysibl TorajioBa jijist Tpex TuIoB MoJjiekyJsi. Huxe
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3a b; 0003HaTEH BTOPOIT JIEMEHT MaTPUIlhl CKJelikn pedpa e;. [Ipenmnonaraercs,
91O BCe pebpa €; KOHeUHbI, TO ecTh b; # 0. Iloa KommaecTBoM 3Be3/109€K CeMbH
IOHMMAETCS CyMMapHOe KOJIMIECTBO 0COOBIX CJIOEB COOTBETCTBYIOIIEIO PACC/IOe-
Hus 3eiidepra. Crpeska Ha pebpe yKa3bIBaeT, JOIIYCTUMBbII Oa31uc KAKOIo aToMa

MBI IIOJIY9YHM, YMHO2KHUB basuc BTOPOI'O aTOMa Ha MaTpUIly CKJICHKH.

1. Monekyna cocTouT n3 oHOM ceMbu F' ¢ p 3Be309KaMu, U3 KOTOPO NCXO-

AT pebpa eq, . .. e, Buga F —— A:

N(W*) = 225, ... b, (F) (1.1)

2. Mounekyia cocrour u3 dpparmenta Fy — Fy u pebep F} s A, Besymux

B aTOMBI A; cyMMapHOe YHCJIO 3Be3I09€eK JIBYX ceMeil paBHO p:

N(W*) = £2Pboby . .. by ((Fy)R(Fy) — by?) (1.2)

e e €;
3. Mousiekysia cocrout u3 dpparmenta Fy — Fy — F} u pebep F; — A,

BeJYIIUX B aTOMbI A; cyMMapHOe UKC/I0 3BE3/I09eK CeMeil PABHO P:

N(W*) = £2Pboby . .. by (R(Fp)R(F)R(Fy) — a(Fy)by 2 — a(F1)by?) (1.3)

1.3 MHWuTerpupyemMble TaMUJIbBTOHOBBI CUCTEMBI B MeXaHUKe TBEpPJI0ro

TeJia

1.3.1 @asosoe mpocrparctso. OmupeseauM mapy (M?, w), BO3HIKAIONIYIO B Me-
XaHUKe TBEPJIOTO TeJIa.
Pacemorpum asrebpy Jlu e(3) rpynmbt Jlu E(3) aBuskenuii TpeXMepHOTo eB-

o *
KJIHJIOBa MpocTpancTBa. Ha jmmHeitnom mpocrpamnctse e(3)” onpejesena cKoOKa
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JIn-Tlyaccona aByx mpoOmM3BOILHBIX MIaaknX (GyHKIWi f u g:

{9} (x) = =([dof, drg]),

e z € e(3)", a [, | — kommyrarop B anrebpe Jlu e(3).

B kanonnueckux KOOpJHHaATaAX:

(817 52,583,171, 7T2, 7’3)

o *
Ha JIMHEHHOM 1pocTpaHcTBe e(3)" 9ra CKoOKa 3aliChIBACTCs CJICYIOMUM 00pa-

30M:

{SZ‘, Sj} = Eijksk {TZ‘, Sj} = 5ijk:7’k {TZ‘,T’]'} = O, (14)

rie

Y- NG - -,

1<Z,],k<3, 5ijk:2

ITycrs Ha €(3)" 3ajana nekoropast dpynknus Lamunnrona H (s, r). Pacemor-

PUM CUCTEMY YPaBHCHUIA:

Sz’ = {Si,H},ﬂ' = {7”2', H} (15)

Oyurnmn f; = r% + r% + 7"§ U fo = $171 + Soro + S37'3 JIEXKAT B SIJpe CKOOKH
Jlu-Tlyaccona u mosToMy sIBJISTIOTCsI IepBBIME WHTerpajamu ypasaenuit (1.5). Ha

COBMECTHBIX UETLIPEXMEPHBIX MOBEPXHOCTSAX YpPOBHs (DYHKIHH f1 1 fo

M;:{ﬁ:T%JFT’%JFT?Q,:1,f22817’1+827“2+837’3:g}7

orpanuuenue cucrembl (1.5) npejcrapisier u3 cebst raMUJIBTOHOBY CHCTEMY C
4
AByMst crenensMu ¢Bobospl. TTopepxnoctn M sABAAIOTCA HEOCOOBIMU TIIAJIKH-
*
MU CHMILIEKTHYCCKIMH TIoMHaoroobpasuamu B e(3)", anddeomopdunivm T'S2,

CuMIIeKkTHIecKast CTPYKTypa 3aaeTcst orpanndenneM ckooku JIn-Ilyaccona n3
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* o

obbemJtroniero npocrparcTia €(3)". Cucrema Gyjier HHTErpupyeMoil Ha TOBEPX-
nocru M?, eciu na neit cymecrsyer dbyHKIHOHAJIBHO He3aBucuMast ¢ H riiajikas

pe yIiecTByeT GyHKIy it
dbyuknust F(s,r), Takas uro {H, F'} = 0. Ecin takas GyHKnus cyiecrByer
* 4

r0ba bHO Ha BeeM €(3)", TO Ha KaxKJoM M, Bosnukaer mHTErpupyemasi ra-
MHUJILTOHOBA CHCTEMa C JBYMsI cTermensiMu ¢BoOonbl. Ilapamerp g 3mech nmeer

dpu3nIECKI CMBIC MTOCTOSHHON ILIOIAIei.

1.3.2 OcHOBHBIE CJIyYau MHTETPUPYEMOCTH. CDyHﬂ;aMeHTaJIbHyIO POJIbL B MeXa-
HUKE TBEPJIOrO TeJia Urpaer ciaydaii uarerpupyemoctu Jitnepa (1765 rox) [4],
KOTOPDIIi COOTBETCTBYET CBOOOIHOMY JIBUMKEHUIO TBEPJIOTO TEJIa, 3aKPEILICHHOIO
B IEHTPE Macc. YKaxKeM KOHKDPETHDLIH BUJ, IraMuJbTOHHaHa H ¥ J0HOJTHATEIb-

HOro MHTerpaJja F' ciydas Ditiepa:

2 2 2
5 5 5
1 2 3
241  2A; 243

2 2 2
F:$1+32+33.

H —

31ech Berecrsennble mapaMmeTpbl 0 < A; < Ay < A3 UMEIOT CMBIC/I IVIABHBIX
MOMEHTOB MHEPIUU TBEPJIOro TeJia.
XopoIo W3BEeCTHLI TakKe ciaydan uHTerpupyemocru Kiedma u Crekiosa,

KOTOpPbI€ COOTBETCTBYIOT 3a/a4€ O JBU2KCHUMN TBEPAOI'O TeJia B 2KUIAKOCTHU:

Cayuait Knebrra (1871 rox) [29]:

H 3%+S%+S§+7A2+A2+A2)
24, 24, | 245 VLTI TASSS

1
F = 5(5% + s% + S%) (A2A37’% + A1A3r§ + A1A2r§).

_ £
2
Cayuait Crekmosa (1893 rox) |30]:

s, % 5

H—
54, 24, 24,

+ 8(1417“181 + AQ?“QSQ + A37°383)-|—
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2
5 (A4 + A9+ As(A5 + ADrS + Ay(AF + AD)r),

F = (S% + S% + Sg) — 28(A2A3817“1 + A3A1$27“2 + A1A283T3)

2/ 42 2.2 2 2.2 2 2.2
+& (Al(AQ — Ag) Ty + AQ(Ag — Al) Ty + A3(A1 — Ag) ?“3).

3sech € € R — nekoropsrii jeficrBuresbablil mapamerp. Kak BujHO, 3T JiBa
cllydasi MHTEIPUPYEMOCTH MOXKHO WHTEPIPETHPOBATh, KakK OJHONapaMeTpuie-
CKHe BO3MYIIEHUS ClIydast Jiljiepa B KJIacce HHTEIPUPYEMbBIX CHCTEM.

Kak m3BecTHO, TOMUMO Cjydas Jiijepa, CYIEeCTBYIO €Ile JBa CJydasi HHTe-
IPUPYEMOCTH 3aJa9W O JIBUXKEHWHU TSXKEJIOr0 TBEPJIOro Teja, TMOABENIeHHOIO B
noJjie TskecTn: ciaydan Jlarpamxa n KoBajeBckoit. YKaxkeMm JJ1s1 HUX BUJT HHTE-
rpajoB H u F'.

Cayuait Jlarpamxa (1788 ron):

N D B
= —+ =+ —+ar = Ss3.
294 24 ' 2B 5 3

Cuyuait Koasiesckoii (1889 rog) [33, 34]:

PR . L. S
= — + —= + = + a1 + agr
24 24 A 171 212,

2 2 2 9
ST — S S1S8
F:( 12A2+a27“2—a17“1) +<%—a17“2—a2r1> .

Tax>ke n3BecTen ciydail vacTuIHoi nnTerpupyemoctu ['opsadesa-Hamibiruna
(1899 rox) 35, 36]. VY sroit cucrembr {H, F'} = 0 siniiib Ha 0JIHON TTOBEPXHOCTH

M4 0

g:

2 2 2

H + 2058+
= — + —= + —2 4 a7 + aor
24 24 A 171 212,
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F = 83(8% + Sg) — AT3(G181 + a282).

B npusejiennbix Boiiie npumepax napamerpbol A, B > 0 orpedalor 3HaveHusiM
IJIABHBIX MOMEHTOB MHEPIMKM TBEPJIOTO Teja, a,ai, as € R onpejesnsor Touky
3aKpelJieHus TBEPJIoro TeJla.

OKa3bIBAETCs, 9TO BCE MPUBEIEHHBIE BHIIIE CIy9ar HHTEIPUPYEMOCTH 3a1a91
O JIBMXKEHWH TBEPJIOTO TeJa B TOJIe TSIXKECTH JIONYCKAIT 0D0DIIeHUsT Ha CJIydaii
HaJUUINASA B CHCTEMEe ITOCTOSHHDBIX THpocTaTudecKnX cuj. GuzniecKkn 310 03HaTa-
€T, 9TO C TEJIOM KECTKO CBA3aH BOJJYOK, BPAIAIOININNCA C ITIOCTOAHHON YTJIOBOM
CKOPOCTH OTHOCUTEJLHO OCH CBOeil JuHaMUIecKoil cuMmMmerpuu. Jlanabie ciaydan
JIAIOT [MpUMEPbl BO3MYIICHUA OIMMCAHHDLIX BBIIIE CUCTEM B KJlacCe BIIOJIHE WHTE-
I'PUPYEMBIX 10 JImyBHILIIO.

Cayuait 2Kykosckoro (1885 rox)[32]:

H:

(81 + )\1)2 I (52 + )\2)2 n (53 + )\3)2
2A4 2A5 245

22,2
F =545+ s
Cuayuaii Jlarpamka ¢ rupocTaTOM:

2 2 2
S I ST il S A K = sa.
2A+2A+ 5B +CLT3, S3

Cayuait Kosenenckoii-fxnu (1986 rom)|[5, 6]:

2 82 (s3+ N)?
H=_L 4,22 4% "7/
2A+2A+ P + a1r1 + asro,

s? — 52 2 5152 2
F=(—4ayry—aiyr; | + (——a17’2—a27’1) -

2A A
2\ 4)\r
—E(S?, + 2)\)(3% + 3%) + A 5 (CL181 + CLQSQ).
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Cayuaii wacruanoii warerpupyemocrtu Cperenckoro (1963 rox) [37]:

s 83 2(s3+ A)?
=Ly 22 227 7
2A+2A+ 1 + air + asre,

F = (s34 2\)(s? + 52) — Ars(a;s; + agss).

[TapameTpnl A, A1, Ao, A3 € R 3a/1a10T IOCTOSIHHBIN TMPOCTATUIECKII MOMEHT.

B nociennne rojipl B CBsI3M ¢ OyPHBIM PA3BUTHEM KOMITHIOTEPHBIX METOJIOB U
MOSIBJIEHUEM BBICOKOTTPOU3BOIUTEBLHBIX TTAKETOB CUMBOJIBLHBIX BHIYUCICHUH yiTa-
JIOCh 3HAYUTEJILHO IIPOJIBUHY THCH B 3a/1a4€ HAX0XKJICHUs KB [PATUUHBIX MAMUJIb-
TOHUAHOB ypaBHeHuit (1.5), J0yCKAOIINX MOJMHOMHUAJBHbIHA JIONOJHUTEbHbIT
unrerpas. Ormerum paborsr B. B. Cokosiosa [7, 8], Bosbda u Edumosckoii [9)].
ObnapyrkKeHHble CJlydan MHTErPUPYEMOCTH 3a4aCTyI0 He UMEIOT SICHOM (husnte-
CKOJl MHTEPIIPeTaluy, 9TO, BIPOYEM, HE MEIIAeT 3aHUMATbCs HCCJIEOBAHUEM
UX TOMOJIOTUM KaK MHTEIPUPYEMbIX MaMUJIBTOHOBBIX cucreM. [Ipumepom ojHOi
M3 TAKUX CHCTEM MOXKET CJIYXKUTh ciaydaii maTerpupyemoctu Cokosiosa (2001
ron) |7], moapobuHo m3yUenubli B HACTOsIIEH padore:

1 1
H= 5(33 + 8% + 23%) + 1983 — §r§,

F = s3(s]+ 53+ 55 +2(rys3 — 1359) + 15 +13) 4 253(89 — 13) (r151 + 1252 +7353).

1.3.3 Pe3yapTaTsl JNyBULIEBOI KiaaccudpUKAINN HHTEIPUPYEMBIX cIydaes. lle-
peducjinuM OCHOBHbIE U3BECTHBIE Ha CGI’O,Z[H?{LHHI/II'/JI J€Hb PE3YJIbTAaTbl B HallpaBJIe-
HUn JII/IYBI/IJIJIGBOﬁ KJI&CCI/I(bI/IKaL[I/H/I KOHKPETHbIX MHTETPUPYEMbBIX CUCTEM MEXa-

HUKH TBEPJOr'o TeJia.
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JInyBuiiesa kiaaccudukalns ciaydaes Jityepa n Jlarpamka mogpoOHO U3J10-
x)ena B |1, 1.2, ri1.5]. B pabotre |2| A. B. Bosicunoseim, I1. Puxtepom u A. T. @o-
MEHKO OBLJT BIIEPBBIE MPEJTIOKEH Memod Kpy2o6uls MOAEKY.A, CTABIINNA TTABHBIM
MHCTPYMEHTOM BBIYUCJCHUS MEYEHHDBIX MOJIEKYJ CJIOYKHBIX UHTETPUPYEMbIX CH-
CTEeM, KOTOPDBIil TaK¥Ke ABJIAETCI OCHOBHBIM METOIOM MCCJICJOBAHUI B JTAHHOU pa-
6ote. ITpu momorny Hero aBTopaMu OBLTM BBIYUCIEHBI Bce NHBApUAHTHI DOMEHKO-
[Mumanra Bosuka KoBajesckoii. Tem caMbiM Obliia, 3aBepllieHa JIMYBUJJIEBA KJIac-
cupuKalns BCEX CJIyIAeB MHTEIPUPYEMOCTH 3312191 O JIBUXKEHUU TBEPJIOTO TEJIA,
IOJIBEIIIEHHOTO B I0JIE€ TSI?KECTH.

o sroro, B 1996 rosy, I1. Tonasios 3] nosyuus 06iyto popmyity, cBsi3bIBAIO-
Y0 YMCIOBBIE METKH MOJIEKYJIBI C TOMOJIOTHEN €€ N309HEPreTHIeCKOro MHOTO-
obpazusi, 9TO MO3BOJIMIJIO €My BBIYHC/IUTH BCE MEUEHBbIE MOJIEKYJIbI ciydast 2Ky-
KOBCKOTO, a B ciaydasix KosaJsieBckoit 1 CpeTeHCcKoro mojyduTh KOHEIHBIH CITH-
COK aJIbTePHATHRB JIJIsT TOHKUX JINYBUJLIEBhIX WHBApUaHTOB. Popmyasa Tonarosa
OKa3aJ1aCh MOTIHBIM CPEJICTBOM JIJII HAXOXK IeH U TJI00ATbHBIX JINYBUJIJIEBBIX UH-
BapUAHTOB CJOCHUN WM aKTUBHO MPUMEHSETCS B HACTOLAIIEH padore.

['pybas nuyBuieBa kinaccudurarnus caydaeB Kiebrra, CreknoBa n 2Kykos-
CKOTO OblLiTa TOJIydeHa B auccepTalmontoii pabore A. A. OmemkoBa u omny0Jin-
KoBana B |16, 17].

st cucrembr lopstuesa-Hamneiruna O. E. Open [20] 6b11a 1ana TpaekTopHas
Kjaaccuduranysi. Medenbie MosieKysibl ciydasi CpeTeHcKOro ObLIn BbIYUCICHbBI
B. B. Kopteesbim 11pu OMOIIM MeTOja KPYTrOBbIX MOJIEKYJl [38]; oTBeT MOXKHO
waiitu B [1, 1.2, 5.

B cepuu pabor I1. E. Psioosa , O. E. Opes, M. II. Xapaamona [21, 22, 23, 24|
ObLIM TTOCTPOEHBI OMQYpPKAIMOHHBIE JIMarpaMMbl U JlaHa rpydasi JIMyBUILIEBA
KJIAaCCUPUKAIS MHOTUX HEIaBHO OOHAPYKEHHBIX CJIOXKHBIX CIyIaeB WHTEIPHU-

pyemocT#, B ToM uucje cucrembl KoBaJjieckoii-fxbu nu Cokosioba.
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Ormernm Takxke 6osiee pannune paborsl M. 1. Xapnamona [19, 43| u T. U. Io-
rocsira (44, 45, 46|, B KOTOpBIX ObLIM BIEPBbIE MOCTPOCHBI OU(bDYPKATIMOHHBIE
JUarpaMMbl MHOTHX YIIOMSIHYTBIX BBIIIE CJIydaeB HHTEIPUPYEMOCTH.

Hannast paboTa MOCBsIIEHa MOJIPOOHOMY HCCJIEIOBAHUIO CTPYKTYPhI CJIOCHU
JImyBuiisa B ciyuasx CrekioBa, Kiebma, a Takyke CokosioBa n KoaJjeBckoii-
Axpu (mocnennee npu g = 0). lana kiraccudukanus Bcex HEBBIPOXKIEHHBIX T10-
JIOYKEeHU paBHOBecHs (CM. 2.3), BBIYUCICHBI BCE KPYTOBBIE MOJTEKYIbI (cM. 2.2)

u nnBapuantTbl Pomenko-Iuianra. Pesysibrarsl onybsinkoBaHbl B cepuu Cra-

reit [39, 40, 41, 42)].
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I'1aBa 2

JInmyBnineBa KJjaccuduKamus

nHTerpupyemoro ciaydas CrekjioBa

Brruucsienne ToHKux JIMYBUJIJIEBbIX MHBAPHUAHTOB OTJCJIbHBIX CJIY9a€B MHTEI'DU-

PYEMOCTH MEXaHWKH TBEPJIOro Tesa HatdueM ¢ cucrembl Crexiosa [30]:

9 9 9
81 S3 S3

— A A A
2A1+2A2+2A3+8( 17151 + A9greSo + 37"383)‘|‘

2
€
+5 (Ar(Az + At + Ao(A5 + AD)ry + Ag(A] + Ay)rs),

F = (S% + Sg + S%) — 2€(A2A3817'1 + A3A152T2 + A1A2837’3)

—|—€2(A%(A2 — A3)27’% + A%(Ag — A1)2T§ + A%(Al — Ag)zT’g).

[Topsijlok U3J103KeHUs JIJIst CJIy9aeB MHTEIPUPYEMOCTHU BhIOPAH UCXO/Is U3 IPUH-
IUI1a JIBUXKEHUST OT MMPOCTOI0 K CJI0XKHOMY. TexHWKa, U TPUEMbl BbIYUCJICHUS Me-
YEHHBIX MOJIEKYJI OYJIyT 0oDOramnaThCs MpU MEpexoje K KaykJIOMY CJIEJIYIOIeMy
nHTerpupyemMomy ciydaro. C 310l TOUKHU 3pEeHUsi eCTECTBEHHO HavYaTh CO CJIyvast
CrekJi0Ba, Jist KOTOPOTO METOJT KDYTOBBIX MOJIEKYJI |2] aeT oKoHYaTebHbIi OT-

BeT C [IPUBJICUCHUEM JIUIIb HEKOTOPBIX OOIIUX JIOIMOJHUTEIbHBIX COOOPaXKeHMiA,
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CIPABEJJINBBIX IS JII00OH JIpyroit MHTErpupyemMoit CucTemMbl.

2.1 TI'pybas muyBmieBa Kiaaccudukaiusa cucrtem ciydas CTekJioBa

Budypkaiyontbie jirarpamMmbl U 1'pyOble MOJIEKYJIbl JIJisi UHTEIPUPYEMOT'O CJLY-
aasi CreksioBa Obiiu Boraucsierbl A. A. OuemkoBbiM B pabore [17]. B arom nyHk-
T€ MBI BKPATIE NMPUBOJUM €r0 Pe3yJibTaThl U BBOJIWM IOHSITHsI U 0003HAYEHMS,
KOTOPBIE TTOHAI00ITCS HAM JIJIsT BHIYUCCHUST TOHKWX JINYBUJLJIEBbIX WHBAPWAH-
TOB.

Pacemorpum koMmmyTupyiolityio napy gpyHkiuii Ha e(3)*:
2 2 2 2 2 2 3,2 , 3.2, 32
Hy = a157] + ags; + agss + 2(ajsir + a5s9rs + azssrs) + ajri + ayr; + asrs,

2 2, 2 2,2, 2.2 | 22
Fy = s7+ 85+ 55 — 2(a1817m1 + a9sars + agssrs) — 3(ajry + asry + asrs),

rie ap + as + az = 0. Kak Buepsoie 3amerun A. A. OmeMkoB, j11000i TaMUAIBTO-

nuan H ciyuas CrekjoBa IpeJiCTaBUM B BHJIE,

H = aHy+ BFy+vfi1 +dfs,

rie
g g

a; = 5(2142143 — AzAy — A1 Ay), ap = 5(2143141 = A1y — AsAy),

— S2A Ay — AoAy— AgAr) 0= —

CL3—3 142 2413 31’&_25A1A2A3’

1/1 1 1 o [(2(A1 Ay + AyAz + A3Ay)?
1 _ A AA

b=5 <A1 +A2+A3) Y€ ( 27 A, Ay As 124

Ay A AsA AA
6:g<5(A1+A2+A3)—2< 28 el o 2))

Ay Ay As
Hanee OyneM paccMATpUBATL WHTEIPHPYEMYIO CHCTEMY ¢ TAMUJILTOHUAHOM

Hy n pononuurennsuniM unrerpajoMm Fy. Tem camMbiM MBI (DAKTHIECKH TTOHU-

JKaeM 4UCJI0 11apaMeTpoB ¢ derbipex Jio JByx. [lepenymepariiueil nepeMeHHbIxX
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JIOObEMCsT, UTOOBI

a1 <0< as <as.

Paccmorpum oTobpazkeHne MOMEHTa §:
§: My — R(f,h)

§:x— (Fy(z), Ho(x))

B caywae CreksioBa npu JoboM 3uadennn g OndypKamnoHHash grarpamMmma

COCTOUT U3 KPUBOi, 3aJlaHHOI ITapaMeTPUICCKU:
f==8ug—12p° h = —4p°g — 84°, —(g +as) <2u < —(g9+a1), (2.1

M Tpex Jiyueil JexKamux Ha npaMbix b = a;f + 4a3 + 4ga?(i = 1,2,3). Jlyun
sajatores Tak: {h = a;f +4a3 +4ga?, f > T —12a? —8ga;}, re T — nekoropoe
HEOTPUIATE/IHHOE YUC/IO.

Kpusas (2.1), 3ajiaHHast mapaMeTpUICCKH ¢ MApaMeTPOM [i, UMEET BU/T, N300~
pakeHHbIi Ha puc. 3.

a) g < —3as,

b) —3as < g < —3ax,

c) —3ay < g < —3ay,

d) g > —3a;.

Jist TOUKM KPUBOIL, OTMEUEeHHOH U POt 7, 3HaUeHKEe [TapaMeTpa PaBHO —%(g—l—
a;). To ToUKa 1epeceuenns Kpusoii u npamoit h = a; f +4a; +4ga?. s Touxn
BO3BpaTa KPUBOI Mbl UMEEM [l = % npu —3asz < g < —3a;. B Touke kacanus
JIyda C KPpUBOW 3HAYEHUE apaMeTpa Ha KPUBOU PaBHO a;.

B pesysbrare Jijisi pa3jiMuHbIX 3HAYEHUN ¢ MOJIydaeM B OOIel CJI0KHOCTH
10 Ka1ecTBEHHO Pa3JnIHbIX ONypKAUOHHBIX Juarpamm. OHI n300parKeHbl Ha,

puc. 4. CooTBeTCTBYIONINE 3HAUECHNST § TAKOBDI:
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a) g < —3as,

o

)—3a3<g<a1—a3,

c)ay —ag < g <ay— ag,

o

)al—a2<g<—3a2,

e) —3as < g < ag — ag,

—

) as —as < g < az — ag,
g) ag —as < g < as — ay,
h) ag —a1 < g < az — ay,
i) as—a; < g < —3ay,

J) g > —3a1.

Ha puc. 4 rnajkue jgyru oudypKaluoHHO! JuarpaMMbl 0003HAYEHBI MAJIbIMU

0 O 0 3 -
rpedecKkuMu OykBamu ¢ WHAeKcaMu. OKPEeCTHOCTH UX MPooOPa3oB B npeJt
CTABJISIIOT U3 cebsi OOTTOBCKHE IMEpPecTpOiKM TOpoB JIMyBMJLIA, ONKUCHhIBaEMbIe

3-aToMaMU. YKaxKeM UX THUIILL:

2A . Qq, G, i3, Oy, 5, g, (g, (10, X117, (V12

4A : ar, 08

2B 1 [, B2, B3, Bs
Co t m

20 @ Y273

Perynsapubie Toukn oTobpaskenus MoMmenTa ma R2(f, h) apasioresa obpazaMu
HEKOTOPOI'O KOJIMIECTBA, HECBI3HBIX TOPOB JINyBuLIsi. DTU TOPHI €CTECTBEHHBIM
obpa3oM pas3duBaloTCst Ha ceMeficTBa, KOTOpbie Mbl OyjileM 0003HAYATh PUMCKUMU
nudpamu -V (em. puc. 4). Hucso 1poobpasos jyist KaxKoii 061acTi peryJisip-

HOCTH TakxKe Bhiaucsieno B [17]. Vmeewm:
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ceMeicTBo | uncyio Topos JImyBumis

I1
I11
IV
v

O =N DN DN

B kaxxjoe cemeiicTBO MbI OTHECJN TOPbI, KOTOPhIE UCIBITHIBAIOT OJNHAKO-
Bble OM(dypKauu Ha rpaHunax obsactu perysisgpHoctu. [losgsienne nap Topos-
OJIM3HEIIOB He JIOJIXKHO HAC yAuBJIAThL. Jlejgo B ToM, 4TO ¢ra30BOE IPOCTPAHCTBO

B caydae CrekiioBa, 00J1a/1aeT OYEBUIHON CUMMeTpueit
O (s,r) = (—s,—T1),

rakoii uro @ : (f1, fo, Ho, Fy) — (f1, fo, Ho, Fo).

Ocobo oTMeTHM, YTO peryasapHbie TOPHI JIMYBUIIS MOTYT JIEXKATh U B TPO0O-
pazax KpuBbiX OU]YPKAIMOHHON JiMarPaMMbl, KaK 9TO [POUCXOJUT, HALIPUMED,
¢ ayroit B1. Jleno B ToM, uTo KpuBasi (31 siBjsieTCss OUQYPKAIMOHHOE TOJIHKO
st cemeitcra 111, a st cemeitcrsa II TopoB ara jyra siBjisiercsi 4acTbio 00-
JIACTH PEryJIIPHOCTU. DTOT 3pderT orparkaer ToT (haxT, 4T0 OudypKaImoH-
Hast JimarpaMma (BMeCTe ¢ peryJisipHbIM TOYKAMHU) €CTh Npoektus 6a3bl CIOCHHsI
JInysumns na R(f, h). B pesynbrare perynspubie 1 0coOble KOMTOHEHTRI CBSI3-
HOCTH OJTHOTO CJIOf, yJaJeHHBIC JIpyT OT Jipyra Ha M?, oTobpaxaiorcd B OjHY
TOYKY ILJIOCKOCTH.

Nexonmpiit ramunbronnan Creksosa H npencrasum B Bujie H = aHy+ 0K+
vf1+ 90 f2, B cuy gero npu oToOparKeHnn MOMEHTA, N309HEPTeTHIEeCKHIE TTOBEPX-
nocru Q3 = {H(z) = h} Gyuyr orobpaxarhcs B ceuenusi 6udpypKamuonnoii
JUArpaMMbl CeMEHCTBOM MapaJliebHbIX NpaMbiXx ah+ 3 f = c. [Ipu sTom ciemy-

eT paccMarpuBaTh TOJLKO T€ IPsiMble, KOTOPbIE lepecekatoT budypKaiuoHHyIo
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JIMarpaMMy 10 KOMITAKTHOMY MHOYKECTBY, He TTPOXOJISIT depe3 ee 0coOble TOUKH
1 [IePECEKatoT JIYyT'U JInarpaMMbl TpaHcBepcabio. TeM caMbIM Mbl FapaHTHpPyeM
BLITIOJTHEHWE YCJIOBUH PETYIIPHOCTH, HAKJIAbIBAEMbIX Ha H309HEPTeTUIeCcKHe
TIOBEPXHOCTH.

HecoKHO 3aMeTUTDb, UYTO MPEJCTABJICHHON B 9TOM IIyHKTE WH(MOPMAIUN J10-
CTATOYHO JIJIST TOTO YTOOBI ONPEIEJIUTH IPyOble MOJEKYJIbl 3TUX TTOBEPXHOCTEH,
YTO COCTaBJIAET IPyOyI0 JIMYBUJIEBY Kyaccudukaimio ciaydas CTeKIoBa.

[TocJie aroro st nosydenusi unpapuanToB Pomenko-Iuianra Ham ocraercs
BBIYUCIUTH YUCJIOBBIE METKH 3TUX MoJieKys. OJHAKO MblI pernnmM 0oJiee 0DIIyIo
3a/1a9y: HAY IUMCST BBIYHUC/ISITH MEIEHYI0 MOJIEKYJIY JIJIsl IPOU3BOJILHON donycmu-
Mot xpueot. [Tox gonycTumMoit KpuBOi MOHUMAETCsT TJIaJIKas KPUBasi, epeceKka-
oIast Jiyru OndypKamnoHHON JruarpaMMbl TPAHCBEPCAJIHLHO W HE TTPOXOJIAIAST
yepe3 eé ocobbie Touku. [lorpedyem, Kak u paHee, 9TOObI KpuBasi epecekasia
obpa3 0ToOpakeHnsT MOMEHTa TI0 KOMIAKTHOMY MHOYKeCTBY. B KOHIIe TyraBbl MbI
IpebsABIM aJTOPUTM BLIUUCECHUS MEIeHON MOJIEKYJIbI JIJIsi TTPOU3BOJILHOM J10-
MycTUMON KpuBOi B ciydae CTEKJIOBa U B KadecTBe MpPUMepa BBIUYUCIUM OJHY

N3 U309HEPTETUICCKUX MOJIEKYJI.

2.2 Kiaaccudukarnusa KpyroBbuix cjoenuii JImyBmias

Touku M, N, P, Q, R, L u z; na puc. 4 saBisiorcst 0coObIMU TOUKaMu Oudyp-
KaIMOHHON jimarpaMmbl. OHM 00pa30BaHbl TOYKAMHU TEPECeUeHsI, KaCaHUsT WK
BO3BpaTa TJIaJKUX KPUBBIX. PaccMOTpUM MpOM3BOJIBHYIO 0cOOyI0 TOUKy. Onu-
IIIeM BOKPYT Hee MaJIyI0 OKPY>KHOCTh. DTO YACTHBIA Caydail JOMyCTUMONR KPH-
BOil. B nipoobpasze OKPy»KHOCTH UMEETCst HEKOTOPOEe TpexMepHoe MHOTrooOpasue,
Ha KOTOpOM BosHmKaeT cioenue JInysuins. Uasapuant @omenko-Ilumanra sro-
ro CJOeHUs Ha3bIBAIOT KPYTOBOI MOJIEKYJIOH jaHHoli ocobennocTu. OKa3bIiBaeT-

Csd, 9TO, C OJIHON CTOPOHBI, KPYIOBbIE MOJIEKYJIbI MHOI'O “3HAIOT O IJIODAJbHOM
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CJIOEHWHN CUCTEMBI, a C ,ZprFOI/UI — MX HECJIO?KHO BBIYUCJINTDH, TaK KaK OHN HNEJIMKOM

OIIPEJICNIAIOTCS JIOKAJIBLHON CTPYKTYpPOil ciioeHusi BOJIU3U 0COOEHHOCTH.

Teopema 5 Kpyzosvie mosekysve 6cex ocobvir mouer cayyuas Cmeraosa npu-

sedenv, 6 mabauye 1.

HokazaTeIbCTBO 3TOI TeopeMbl OY/IET MOJYIEHO B JIBYX CJACAYIOMNX TYHKTAX.

2.3 Kiaaccudukarymsa HEBBIPOXKIEHHBIX TTOJI0XKEHNI PABHOBECUS

B mpoobpaszax Touex M, N, P, (), R u L 6udypKannoHHO# THArPAMMEI JIEXKAT
TOYKHU, B KOTOPBIX PAHI' OTOOPaXKEHMUs MOMEHTa HaJIaeT JI0 HyJisl. 9TO — 00pas3bl
CJIOEB, COJIEPKAINKMX OJIHY MJIM HECKOJILKO HEIOJIBUXKHBIX TOUeK JeiicTBust Ilyac-
coHa. Byjem najiee HazbiBaTh UX MOYKAMU NONOHCENUA PAGHOBECUA CUCTEMBDI.
Hajgnm onpejiesienne HEBBIPOXKIEHHOCTH MOJIOXKEHNsT PABHOBECHUsT JIJIsT NHTEI'PH-
pPyeMOii TaMUJIBTOHOBOW CHCTEMBI C JIBYMSI CTEIEHSIMIA CBOOOJIBI.

Ilycrs na (M?, w) 3anana nnrerpupyemas cucreMa ¢ raMuibronnanoM H u
JOTIONIHATEILHBIM uHTerpaioM F. Ilycers Touxka x € M* raxas, uro dH (z) =
dF(x) = 0. Torna ua T, M KOppeKTHO OLPEJIEJIEHDI JBa CUMILIEKTHIECKUX Olle-
patopa Ag = Q'd’H u Ar = Q 'd*F, nopoxpatonue B anrebpe Jlu sp(4, R)

HEKOTOPYI0 KOMMyTaTuBHYyO nojaaredpy K (H, F).

Omnpenenenune 11 [loaoocenue pasnosecus T HA3VIGAEMCA HEBLLPOHCIEHHBIM,

ecau nodanrebpa K(H, F) asasemes xapmanosckot nodanrzebpoti ¢ sp(4,R).

Ussecrno, uro B sp(4, R) cyiiecrByer pOBHO 4eThipe HECONPSIKEHHbIX 110,1aJ1-
reOpol Kaprana, pasjniaemMbiX 110 TUIY COOCTBEHHbBIX 3HAUYEHUI €e 3JIeMEHTOB.
B 3aBucuMOoCTH OT HUX, HEBBIPOXKJICHHOE TIOJIOYKEHUE PABHOBECHSI OTHOCAT K OJ1-

HOMY U3 CJICJIYIOIIUX TUTIOB:

1. ta, —tia,ib, —ib — neHTP-1EeHTD,
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2. a,—a,1b, —ib — cemyo-1ieHTp,
3. a,—a, b, —b — cenjo-ceso,
4. a+1ib,a —1b, —a + 1b, —a — 1b — pokyc-dpokyc,

rie a,b € RT.

Tenepnb ykarkem 3ppeKTUBHbBIN C110COO TPOBEPKU KAPTAHOBOCTH 10J1aJredphI
K(H,F).

st mavasia 3amerum, 9o oneparopbl Ay u Ap coBnajaior ¢ jinHeapusal-
SIMU BeKTOpHBIX moJieit sgradd u sgradF' cooTBETCTBEHHO, UTO MO3BOJISIET Jier-

KO BBIYUCJIATDH MaTpPHUIbl, KOTOPbIMKX OHHU 3aJ1al0TCiA B JIOKAJIbHbBIX KOOPDJANHATAX.

HeiicTBUTEIHHO,
O(sgradH)" 0 L OH . O*H R
: = —(W'— ) =w—— = (Q d°H)"
Ox A Y OzioLk ( );

KommvyTrarusnast nojairebpa B sp(4, R) sBisiercs KapTaHOBCKOM €CJIN U TOJIb-
KO €CJIM OHa JIBYMEpHa U CPEJiU ee 3JIEMEHTOB HallJIeTCsd JIMHEHHBIA OIIepaTop ¢
HOIIAPHO Pa3JIMYHbIMKU HEHYJIEBbIMU COOCTBEHHbIMU 3HaudeHusimu. Mrak, cHadva-
JIa, HY>KHO yOeauThest, 91o oneparopbl Ay u Ap jmHeifHO HE3aBUCHMBI, U 3aTeM
IIPOBEPUTDH, UYTO HEKOTOpas JuHelHas komOunaimst AAy + pAp umeer nomapro
paszyindHbie COOCTBEHHbIE 3HAUEHUS.

HeBwiporkieHHbIE TT0JIOXKEHNST PaBHOBECUs 00J1aJ[af0T MHOTHMU 3aMEYATE b=
HBIMU CBOficTBaMu. B gacTHOCTH OKpecTHOCTH uX cjioeB B M 4 [IpeJCTaBUMbl B
BU/JIE€ TIOUTHU MPAMOro IpoussejieHus 2-aToMoB. CTpyKTypa ciaoeHus JInyBuiis
BOJTM3M OCOOBIX CJIOEB, COJEPXKAIINX HEBBIPOXKIEHHDBIE TOJIOXKEHUsT PABHOBECHS,
MOJIHOCTBIO onucana. s ciydaeB MaJioil CJIOKHOCTH (IO KOJUIECTBY HEIO-
JIBUYKHBIX TOYEK HA CJI0€) UMEIOTCs KIaCCH(DUKATMOHHBIE TaOJUIIbI, B KOTOPBIX,
B YACTHOCTH, YKa3aHbl KPYTOBbIE MOJEKYbl. V310:KeHnio 3Toit Teopun mocBs-

mena iasa |1, ©.1, r1.9].
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Bepnuewmcst k ciayaaio Crekiosa.

Teopema 6 Vcarosus nesvpoocdennocmu, munve u npedcmasaenus 6 sude no-

wmu npAmMozo ’I"l,p0u36€a€HUﬂ o noaostcenuti pasHoOBECUA, ACHCAWUL 6 NPO-

obpasax mouex M, N, P, Q), R, L budyprayuonnot duazpammol ykasarv. 6

mabauye:
YCAOBUA HEBVPOHCOCHHOCTIU mun n/n npouss.

M| g € (—o0,as —a3) U (ag — az, +00)\{—3a1} | yenmp-uenmp | 2(A x A)
g € (ay — as,az — as) cedno-uenmp | 2(A x B)
N | g€ (—o0,a; —az) U (az — a1, +00)\{—3as} | yenmp-uenmp | 2(A x A)
g € (a1 — az,as — aq) cedno-uenmp | 2(A x B)
P g € (—o00,a; —a3) U (ag — ay, +00) cedno-uenmp | (A x Cy)
g € (a1 — az, a3 — a1)\{—3az} cedno-cedno | (B x Cs)
Q g € (a1 —ag,a; — as) cedno-uenmp | 2(A x Csy)
R g € (a3 — az,a3 — aq) cedno-uenmp | 2(A x Cs)
L g € (ag —as,az — ay) uenmp-uenmp | 4(A x A)

Kpyeosvie morexyave movex M, N, P, Q, R, L yxazanv. 6 mabauue 1. Ipyeuzx

Kpumureckur moyex y samusvmonuana Hy na M; Hem.

JlokazaTenbeTBO:

Koopunarst (s1, S, $3,71, "2, T'3) KPUTHIECKUX TOUEK raMubToHnana Hy Ha

M 6bumm nadigens A, A, Omemxosbiv [17]:

TM = :I:(g70707 17070)7
IN = i(0707970707 1)7

rp = i(07970707 170)7

zq = (0, (a1 — az)uy, (a1 — az)vy, 0, ug, v1)
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g—+ax— a; 2_g+a3—a1

2 .
uy = , V=, a1 — a3 < g < ap — ay;
o — as as — az
xr = ((az — ag)ve, 0, (ag — a1)ug, v2, 0, us)
9y gt az—a 9 gtay—as .
Uy="—"—", Vy="""—", a2— a3 <X ¢ < a2 — ay;
a3 — aj ai —as
TRp = ((CLg - 0,2)11,3, (a3 - a’l)v?n 07 us, vs, O)
9 g+ a; —as 9 g+ as —as
Uy = ————, V3 =——""— (a3— A2 < g < as—ay.
a; — as s — a1

OrmeTuM, 9TO B CUJIy HEBBIPOXKJIEHHOCTH CHUMILIEKTHIECKONH (hOPMBI W HA
M ;, yesiosust dHy v =0m sgrad Hy = 0 skBuBaJienTHbl. [IpoBepKa 1mokasbiBa-
et, aTo moJe sgrad Fjy B 9Tux Toukax TakxKe obnyssercs. CregoBaTesbHO, TOUKH
XM, ---, TR W TOJHKO OHU SIBJISIIOTCS HEMOJABUXKHBIMU TOUKaMmu jeficteust Ilyac-
COHA.

[IpoBepuM HEBBIPOXKIEHHOCTH ITUX MOJOKEHUN PABHOBECHUS MPHU YKa3aHHBIX
3HAYEHUuAX ¢. [lJ1s 3TOr0 BBIYUCIUM MATPUIIB JUHEAPU3AIINM BEKTOPHBIX MOJIei

isgradHy n isgradFy 5 e(3)*. Umeewm:
1 ) 1
5{81'; Hy},ri = 5{7“2', Hy} &
(1983 + s913) + (a3 — a3)rars

(CLQ - CL3)5283 a

w-
—
I

(a3 — a3)
$9 = (a3 — a1)s3sy + (a3 — a})(r3sy + s3r1) + (a3 — a})ryry
$3 = (a1 — ag)s189 + (a? — a3)(r1se + s1r9) + (a3 — a3)rire
1 = Qo893 — azs3ry + (a3 — ad)rors
o = agssry — a1s1r3 + (a3

: 9 9
T3 = a181T9 — 2S9m1 + (a7 — a3)rirs

)
— a?)r3r
)

(
Huddepeniupyst nmpapbie 4acT ypaBHEHU 1OJIydaeM MaTpUIly JUHeapu3a-

K A%O BEKTOPHOI'O TOJIST %sgradHo B KOOpjmHaTax (Si, Sa, 83,171,792, 73):
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6
A .= ,
C D
rie
0 (ag — a3)ss + (a3 — a2)ry (az — az)se + (a3
A= (a3 —ay)sz + (a3 — a?)rs 0 (a3 —ay)s; + (a3
(a1 — az)ss + (a3 — a3)r2 (a1 — az)s1 + (af — a3)r 0
0 (a5 — a3)ss + (a5 — a3)rs (a3 — a3)s2 + (a3
B = (a3 —af)ss+ (a3 —af)rs 0 (a3 — af)s1 + (a3
(af — a3)sa + (af —a3)ry (a3 — a3)s1 + (af — a3)r 0
O asTs —asTy
C - —a1Ts3 0 asnry
airo —Q92T1 0
0 (a3 — a3)rs —agss (a3 — a3)rs + asss
D=1 (a3 —a3)rs + azs3 0 (a3 — a)r; — ays
(a? — a3)ro — agsy (a2 — a2)ry + a1, 0

A B

2
_a3

2

3
_a/3

3
_al

)72

)1

)72

)71

Anajiornunpie BEIYUCICHUST HEOOXOIMMO TPOJIEJaTh JJIsl TOJIs %sgradFo.

1 1
§; = é{Si,Fo},f“i = 5{7% F} e

(a3 — ag)(ross + sor3) + 3(a§ - a%)Tﬂ’S

51

$9 = (a1 — a3)(r3sy + s3r1) + 3(a? — a?)ryr;

S3 = (Gf2 - CL1)(7”182 + 31r2) + 3(0% _ CL%)?HT’Q
7:'2 = 83t — S1TI'3 + (al — &3)7“37“1

r3 = S1r9 — Sor1 + (CLQ — al)Tng
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A B

6
AFO —
C' D
0 (aa - a2)7“3 (a3 - a2)7’2
A = (a1 — a3)rs 0 (a1 — az)r
(ag — Cll)TQ (CLQ — al)rl 0
0 3(a2 — a3)rs + (a3 — az)ss 3(a2 — a3)ry + (a3 — az)se
B = 3(a? — ag)rg + (a1 — as)ss 0 3(a? — a%)rl + (a1 — ag)sy
3(a3 — a®)ry + (ag — ay)sy 3(a3 — a?)ry + (as — ay)sy 0
0 T3 —T9
C/ = —Ts3 0 ™1
T2 —T1 0
0 (a3 —ag)rs — sz (az — ag)rs + so
D' =1 (a1 — as)rs + s 0 (a1 — az)r; — s
(ay —ay)ry — sy (ag —ay)r1 + s1 0

Paccmorpum Touky M. B ee npoobpasze Jie:KuT jiBa CUMMETPUUHBIX 10JI0XKE-
Hust pasHosecusi Ty = +(g,0,0,1,0,0). st onpejiesieHHOCTH, BO3bMEM TOY-
Ky COOTBETCTBYIOILYIO 3HaKy “+ . B KadecTBe JIOKaJIbHBIX KOOPJMHAT B ee 4-
okpecrrocTn Ha M2 MoxkHO B3aTH DyHKINH (S92, S r3). T 7

P g YHKII 2,53,7T9,T3). 1O0TJJa KAHOHNYCCKNU

6a3uc B KacaTeJbHOM MPOCTPAHCTBE 33/1aeTCsl MaTPUIIEH:

r r 981 —S89oT 7381 —S83T /
(__2 3 21221 31231\ OO

T1 T1 7‘1 7”‘1 O
1 0 0 0 1000
\ 0 1 0 0 0100
TMg: —
0 0 = —L 0000
0 0 1 0 0010
Ko 0 0 1 / \0001)
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OrpannumnBasi onepaTophbl A%O u A%O u3 e(3)* na TMM;, HAXOJUM MaTPUILI

CUMILIEKTUIECKUX orepaTopoB Ag, u Afg,:

(a3 — a1)g+ 0 (3 —ad)g+ )
+(a3 — a7) +(a3 — a)
(a1 — as)g+ 0 (a? — a3)g+ 0
Apg, =
+(at — a3) +(a7 — aj
0 as 0 (a2 —a?) — arg
\ —as 0 (a? — a3) + aig 0 )
[0 (a—a 0 3(af — a3) + (1 — as)g )
Ay = as — ay 0 3(a3 —a?) + (ag — a1)g 0
0 1 0 ay —asz—g

as —aiy+g

JIerko BHJIETb, UTO 9TU MATPUILI JIMHEHHO HE3aBUCUMBI IIPH JIIOOLIX §: JIJIs

9TOI'O JOCTATOYHO PaCCMOTPETH KBaJdpaTbl 2 X 2 B JIBBIX HUXKHUX yIvlaxX JIBYX

maTpuil. CjegoBaTesbHO, IEPBOE YCJIOBHE HEBBIPOXK IEHHOCTH BhINOJIHsIeTCs1. ITpo-

BepuM Bropoe yciosue. ITokaxkem, uro npu g ¢ {as — as, a3 — as, —3aq, a1}

marTpuiia Ap, nMeer nomnapHo pazjindHble COOCTBEHHbIE 3HAUEHUsI. DTa MATPUIA

numMmeer BUJL:

(0 A 0 B )

Ay 0
0 ¢

By, 0
0 D

\C» 0 Dy 0/

YpaBHeHKe Ha, COOCTBEHHBIE 3HAUEHUSI:

det(X — AE) =
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- )\4 - (A1A2 + 31C2 + BQCl + Dng))\2 + (AlDl - Blcl)(AgDQ — BQCQ) =
=M oD A A =M A= —bt+ A =0,

rie
p
t=M\2,
{ b= A1As + B1Cy + ByCy + D1Ds,
\ A= ANy = (A1D1 — BlCl)(AQDQ — BQCQ).

st Halero cjaydasi UMeeM:
b= ((az—al)(a1—4a3)—|—(a1—a3)(4ag—a1)—g2) = —(22a2a3—|—7a§+7a§+92) <0,

A = —4(a1—a3)(a2—a1)(g2—(ag—ag)Q) = 4(2@%—1—2@%—!—5@2@3)(gQ—ag—ag—l—Qagag).

Bbluucjium JIMCKPUMUHAHT KBaJPATHOIO YPABHEHUS:
D = (22asa3 + Ta3 + Ta3 + g*)* — 16(2a3 + 2a3 + Sasaz) (g — a3 — a3 + 2aza;3)

Kak BUJIHO, TUCKPUMUHAHT fBJISCTCS KBaJPATHUHON (QYHKIHMeil oT ¢2, IpuHU-
MaloIeil TOJOXKATENbHbIe 3HaUeHnd Ha +0o. HaiimeMm TOuKy MUHUMyMa W MU-

numasbioe suauenne ynxuun D(g?):

g?nin = —1 (2(22asa3 + 7a3 + 7a3) — 16(2a3 + 2a3 + Sasaz)) =
= 9(2asa3 + a3 + a3) = (3a1)?,
D iy = (22a2a3 + Ta3 + 7aj + 9(2aa3 + a3 + a3))*—
—16(2a3 + 2a3 + basaz)(9(2asa3 + a3 + a3) — a3 — aj + 2aza3) =
= 64((2a3 + 2a3 + basaz)? — (2a3 + 2a3 + Hasaz)(2a3 + 2a3 + Saszaz)) = 0.
Kopnu kBajipaTHoro ypapuenus ti,to € R, tak kak D > 0.
IIpu g € (ay — as, a3 — as) umeem A < 0 u no Teopeme Buera to < 0 < 1.
SHaYUT YeTbipe KOPHs A\; OMKBaIpaTHOIO YpaBHEHHs Ha COOCTBEHHBIC 3HAUCHUS

umetor Buj {+/|t1], £iv/|t2|}. CaenoBaresnbio, 0cOGEHHOCTL HEBBIPOXKICHA U

“MeeT THUII CeJIJI0-TIeHTP.
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[Ipu g € (—00,as — a3) U (a3 — ag, +00) umeem A > 0. C yueTom T0Or0 4T0
b < 0, o Teopeme Buera umeem t1 < to < 0, a 3HAYUT MHOXKECTBO COOCTBEHHbBIX
3HaveHuit umeer BujL {+i \/W , i \/@ }, ¥ HY?>KHO JIOHOJIHUTEJIbHO TPeOOBATD,
qTo0Bl 11 # to < D # 0 < g # £3ay. Torma ocobenHocTh UMEET TUI EHTP-
IEHTP.

Nrak Mbl iokazaqm, uro npu g & {as—as, az—as, —3ay, 3a; } MOJIOKEHUE PAB-
HOBECHsI Ty B Ipoobpase Toukn M HeBbIpoxK aeno. He mpuxoauTcst coMHEBATHCSI,
aro upu g € {as — as, ag — as, —3a1} Touka Ty AEHCTBUTEIIBHO BHIPOXK IACTCH,
TaK KaK IIPU 3TUX 3HAYEHUSIX HPOUCXOMST 1ePecTPoiiku 6udypKamoHHOR jina-
rpammMbl B Touke M. Opnako, 310 He Tak s ¢ = 3a;. Ha camom jene npu
3TOM ¢ BBIPOXKJICHKS [0JIO’KEHUsI paBHoBecusi Tp; He npoucxogut. Cobcrsen-
HBIC 3HAUCHWST MATPUIBI Af, |g—34, COBIAIAIOT, HO CPeJ JIMHEHAHBIX KOMOMHAIIHIA
(M, + 1AFR,) |g=3q, OCTAIOTCS MATPUIL ¢ MOMAPHO PABJIMIHBIME COOCTBEHHBI-
MU 3HadYeHusiMu. JIJis TOro, 9TOOBI B 9TOM YOEJIUTHCS JIOCTATOYHO MPOBEPUTH,
910 COOCTBEHHDIE 3HaUeHnst MaTpuiibl A, | =34, He coBnazator. leiicTBuTesnbio,

COXpaHssd BBEACHHDIE O603H8}16HI/IH, nMeeM:

( 0 a3 — 4a3+ 0 a3 — 4a3+ \

+3aias +3a1a§
4a3 — a3— 0 4a} — a3— 0
AH0‘9:301 =
—3aias —3a1a§
0 as 0 a3 — 4a?
\ —as 0 4a? — a3 0 )

—b = (a3+3ajaa—4a?)(a3+3a1a3 — 4a?) +az(a3+3a1a3 — 4a3) + az(a3 + 3aya} —
4a3) + (a3 — 4a?)(a3 — 4a?) = 32a} — 4a2(2a3 + 2a3 + 3aias + 3ajaz) + 2a3a3 +

6aja3az + 6aiaza3 + 9atasas + adaz + asal — dajas — 4adaz = 48at + 4atasas —
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8aja3 — 8atai = 4a}(12a% + asaz — 2a3 — 2a3) = 4a?(10a3 + 10a3 + 25asa3) =

20a?(2a3 + 2a3 + bagasz) > 0,

A =A1Ay,

Ay = (a3 + 3araz — 4a3)(ai — 4a3) — as(a3 + 3a1a3 — 4a3) = a3(a3 + 3ara3) —
4a2(2a3 + 3ayasz) + 16a; — a3(a2 + 3aja3) + 4alaz = —4a?(2a3 + 3aya3 — aya3) +

16@111 — 16@111 _ 8@%(0% + CL1G3) = 8@%(20,% -+ CL3G2) = 8&%(20,3 + 20% + 5&2@3)7

A = Ay = 8a%(2a3 + 2a3 + 5azaz), A = 64a;(2a5 + 2a3 + 5asaz)? > 0.
t2 —bt +A =0,

b

D 2
Z:(_> — A = 36a;(2a3 + 2a3 + bagaz)® >0, b<0, A>0=

2

= 11,19 € R, to <11 < 0, {)\z} = {:f:Z'\/ |t1‘, +14/ ‘t2|}

B npoobpazax Touek N u P 6udypKamonHoil juarpaMMbl JIE¥KaAT MOJI0KEHU i
pasrosecus ¢ koopjaunaramu £(0,0,9,0,0,1) u +(0,¢,0,0,1,0) coorsercren-
Ho. [IpoBepka mx yca0BWil HEBBIPOXKIECHHOCTH TPOBOINTCS TTYTEM TEX YK€ BbI-
KJIaJI0K, UTO U B cjydae To9Ku M, ¢ IpuMeHeHHeM MHKJINIeCKON IepecTaHOBKH
HHJIEKCOB ¥ MapaMeTpOB a1, A2, A3 U IEPEOIEHKON MOy IaloNuXCs HEPABEHCTB.

Obparumes tenepb K ToukaMm (), L, R. B ux mpoobpasax JIeXKUT 10 JeTbipe
OJIOKEHUsT PABHOBECHUsI, COOTBETCTBYIOIINX pPa3HBbIM 3HaKaM u;, v;. Haumem c
rouku (). st onpeneseHHocT BO3bMEM OCODEHHOCTD, COOTBETCTBYIONIYIO 3HA-
KaM “+”. B KauecTBe JIOKAJILHBIX KOOPJIMHAT HA M; BO3bMEM (1, S9,71,72). To-

118, KAHOHUYECKUiT 6a3UC B KacaTeJbHOM IIPOCTPAHCTBE 3a/1aeTCs BEKTOPAMMU:
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0
0O 10 0
0 -10 =
TQM;: : mez:%—Q(al—ag).
0 01 0 U1
0 00 1

\O 00—1/

Jluneiinyio He3aBUCUMOCTH o11epaTopoB Ag, n Ap, MOXKHO yEMOTPETD XOTsT Obl
t
u3 TOro, 4ro onu nepesogar sekrop (1,1, —1,0,0,0)" kacaresbHOro npocTpan-
crBa B BeKTopa, (%, *, %, agvi+agui, —ajvi, ayul)t u (x, %, %, v1+uy, —v1, u1)" coor-
sercreenno. [locseaue JinHeiHO He3aBUCUMBbL 11U Jit0boM g € (a1 —as, a; —az).
JasbHeiinue BBIKJIQKN 110 BBIYUCICHUIO MATPHUIIBI onieparopa A g cTaHOBST-
cs1 Kpaiine 'POMO3KMUMU, TI03TOMY B 9TOM MECTE Mbl IPUOEI/IN K IIOMOIIN AKeTa
cuMBOJILHBIX Bhiaucaenuit Matlab 6.5 Symbolic Math Toolbox. B pesynnrare ObI-

JIO HAlJIEHO ypaBHEHUE Ha COOCTBEHHBIC 3HAUCHUS:
det(Ap, — AE) = (A\* + 4(2ay + a3)g + 4a3 + 16aza3 + 16a3)-

-(A\? 4+ 4(2a3 + ay)g + 4a3 + 16azas + 16a3) = 0.

Hanomuaum, uro a1 < 0 < ag < ag u ay + as + az = 0, moaTomMy Ko3DDHUITUEHTI
I1 t=X2T t,t

npu g nojoxurenabubl. [Iycrs t = A°. Torma xopuu ypaBuenus tq, s ¢ pocToM ¢

auneino yosisaior. Ilpy nojcranoske MUHUMAIBLHOIO 3HAYCHUS iy = 1 — 03

B ypaBHEHUE OHO IIPUMET BUJL:
det(Ap, — AE) = t(t + 8a3 — 4asas — 4a3) = t(t + (3as)* — (az + 2a3)?) = 0,
(3a2)* — (ag 4+ 2a3)? <0 =t; = 0,1, > 0.
[Toxcrasisisi MakcuMaabHOE 3HAYEHUE Jmax = (1 — G UMEeM:

det(Ap, — AE) = t(t + 8a2 — 4agas — 4a3) = t(t + (3a3)* — (a3 + 2a9)?) = 0,
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(3a3)? — (as + 2a2)? > 0 =t; < 0,t, = 0.

B wurore, st npoMexKyTouHbX ¢ € (a1 — as,a; — as) Oyjem umernb t; < 0 <
to. CresioBatenbio coberpenmpie snatenus A; umeior B {Fiv/[t1], £1/]ta|}, u
TIOJIOKEHNE PABHOBECHS HEBBIPOXKICHO U UMEET TUII CEJJIO-TICHTP.

B ciyuae Touek R u L BBIKJIAJKHU TOBTOPSIOTCA € IMUKJIMIECKOI IepecTanoB-

KOl MHJIEKCOB y TIAPAMETPOB a7, a2, az. st Touku R OyjneM uMmers:
det(Ap, — AE) = (A\? + 4(2a1 + a)g + 4a5 + 16a1ay + 16a3)-

(A% 4+ 4(2ay + a1)g + 4a? + 16a1as + 16a3) = 0.
Koadpduimentsl npu g orpuniaTesibubl U KOPHU L1,y JUHEHHO PACTYT C POCTOM
g.

Jmin = @3 — a2 = det(AFO — )\E) = t(t + (3&1)2 — (a1 + 2&2)2) =0,

(3a1)* — (a1 +2a2)? >0 =t; < 0,t, = 0.
Jmax = a3 — a1 = det(AFO — )\E) = t(t + (3@2)2 — (CLQ + 2@1)2) =0,
(3a2)? — (ag +2a1)* <0 =t; = 0,1, > 0.

Huist ipomexkyToutbix g € (az — ag, ag — ap) Oyjem umers t1 < 0 < to. CejioBa-
TeJbHO, COOCTBEHHbIE 3HaYeHust \; umetor Bl { £iv/|t1|, £4/|t2|}, n nonoxenue
PABHOBECHST HEBBIPOXKJIEHO W MMEET THUIT CeJITIO-TIEHTP.

BHOBb IMKJIMYECKN EPECTABIISAST MHIIEKCDI, JIJTsl TOUKN L nMeem:
det(Ap, — AE) = (A\* + 4(2a3 + a1)g + 4ai + 16a1a3 + 16a3)-

(A2 + 4(2a1 + a3)g + 4a3 + 16a1a3 + 16a3) = 0.

Imin = @2 — az = det(Ap, — AE) = t(t + (3a3)? — (az + 2a1)?) = 0,
(3a3)* — (az +2a1)? > 0=1t; < 0,1, = 0.

gmax = g — a; = det(Ap, — AE) = t(t + (3a1)? — (a1 + 2a3)?) = 0,
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(3a1)* — (a1 +2a3)? >0 =t; = 0,1, < 0.

st ipomexyroutbix g € (ag — as,as — ay) Oyjgem umers t; < 0,9 < 0.
Cobersennbie snauenus \; nmeior sug {£iy/[t1], £iy/|ta}. Yenosue t = ty
paBHOCUIBHO ¢ = 3as € (as — ag,as — a1), HO IPOBEPKA MOKA3bIBAET, U4TO B
9TOM HCKJIIOUUTENHLHOM CJIydae coOcTBentble 3nadenust Ay, OyuyT nomnapHo pas-
qauanbl. CreoBaTesibHO, TTOJOXKEHNEe PABHOBECHsT HEBBIPOKIEHO W WMEeT THII
HEeHTP-TIeHTP.

Tem cambIM 3aBeplieHa MpOBEpKa YCJIOBHN HEBLIPOXKICHHOCTH W HaiieHbI
tunbl juist Touek M, N, P, ), R un L.

CIIOXKHOCTH PACCMATPUBAEMbBIX OCODEHHOCTEH He MPEeBOCXOIT deThIpex. B
TaOJIUIAX HEBLIPOXKIEHHDLIX MOJOKEHII PABHOBECHS MAJIOW CI0XKHOCTH, IPUBE-
neHHbx B [1, 1.1, r1.9], 171 Kaxk10it 0COOEHHOCTH yKA3aHbI IPEJICTABICHNE B BU-
JIe TIOYTHU IIPSIMOTO IIPOU3BEJICHUsST M KPYTIOBash MOJIEKYJ/Ia. 3HAs THUIIbI 3-ATOMOB,
HECJIOXKHO OIPEJICJUTh, KaKyl0 UMEHHO OCOOCHHOCTH Mbl HADJIIOMAEM B Cilydae
KaxKJI0M TOYKH.

Teopema jloKa3aHa.

2.4 Kpyrosble MOJIEKYJIBI BBIPOXKJIEHHBIX OJTHOMEPHBIX OpPOUT

Touku BozBpara u Kacauus z; (i = 1, ..,8) 6udypKaIEOHHON JuarpaMMbl IPe/I-
CTABJISIIOT JIPYTOil PACIPOCTPAHEHHbIN KJIaCC 0COOEHHOCTEH MHTErPUPYEMbIX T'a-
MUJIbTOHOBBIX CHCTEM C JIByMsl CTEIeHsIMU cBOOOIbI. B mpoobpase HeKOTOpoil nx
OKPECTHOCTHU raMUJIbTOHMAH H( He MMeeT KpUTUUECKHUX TOUYEK, a FaMUJILTOHOB
noTok v = sgrad H( ne obparaercsa B HOJIb. Bo3bMeM 3TO 3a omnpejiejieHne Bbl-
PO JIeHHbIX OjiHOMepHbix opout. TTosHoit kiaccudukalum Tux ocobenHocTel
Ha& CEeroJIHsIIHUI JIeHb He CYIIeCTBYET, OJIHAaKO HEKOTOpble UX OO0Iue CBOHCTBA

IMO3BOJIAT HaM IIOJIHOCTBIO OIMKUCAThb UX KPYT'OBbIC CJIOCHUA JIsA I/ICCJTGZLYGMOI'/JI CHu-
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CTEMBI.

Bysewm mpejnonaratb, 9To Bce 0ObEKTHI BellleTBeHHO-aHauTrnIecKe. Oroo-
pakeHue MOMEHTa, KaK 1 paHee, OyjemM o003HadaTh dyepes §. PaccMoTpum TOUKy
z budypKamoHHoil auarpaMMbl, Takyio 410 rk §lz-1) = 1 u chopmymnpyem
reopemy H. T. Bynra |31] jayist Hatero ciydast CuCTeM ¢ JBYMsi CTEICHSIMHU CBO-

0OJIbI.

Teopema 7 (H. T. 3ynr [31]) IIycmo aubo dim §1(z) = 1, aubo

dim §71(2) = 2 u FH2) codeparcum peayaapnyro mouxy. Tozda 6 oxpecmmo-
emu UYFH(2)) € M* eywecmeyem cumnaexmuneckoe anasumuieckoe A0KaibHo-
ce0600n0e deticmeue oxpysrcrocmu St ceobodnoe na mopar JTuysuiia u corpa-

HAIOULLE 0MOOPAHCEHUE MOMEHME .

Paccmorpum “kpyrosoe” muoroobpasue Q3. nexarmee B mpoobpase MaJioit
OKPY’KHOCTH ¢ HeHTpoM B z. Opburnr S'-jeficTBust 3a1a10T HA HEM CTPYKTY-
py paccioenust 3eiidepra, coryiacoBanHoro co ciaoenuem JInysuiis. Panee Mbr
obcyxanu (Teopema 3), ITO TAKOEe PACCIOCHUE BCETIa CyeCTBYeT Ha 3-aToMax.
3 TeopeMbl 3yHTa clleiyer, 4TO PacCIOeHHs Beex 3-aToMOB Ha (P coracoBaHbl
1 00pa3yroT ojHO TJjiobajibHOe paccioenue 3eitdepra. OTeJbBHO OTMETHM, UTO
JUUIsl TIOJIOYKEHUIT paBHOBECHSI 3TOT (DAKT HEBEpEH.

CrenaeM OTCIO/Ia BBIBOJIBI O CBOMCTBAaX KPYTI'OBBIX MOJIEKYJ U3yUAEMbIX OCO-

Obennocreii. B ycmoBusix TeopeMbl 7 CIIpaBeIInBO

IIpennoxxenne 1 Ha pebpax, coedunaruur dea cedrosvir amoma Kkpy2060t
MOAEKYADL BBPOHCIEHHOT 0OHOMEPHOT 0pOUMDBL, MEMKYU T pasuv, 0. Ha peob-
pax, coedunaowur amom A ¢ cedrosvim, memru r Koneuno. B obouxr cayvas

MEMEY € PasHv, +1.

JlokazaTebcTBO:
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XopoIo U3BECTHO, 9TO PABEHCTBO METKU I' DECKOHETHOCTH, SIBJISETCS] KPH-
TepHUeM TOI'0, UTO JIBa CEJIJIOBBIX aTOMa, KOTOPbIE COEJIMHACT PacCMaTpPUBacMOe
pebpo, obpaszyior eauHoe pacciaoenue 3eidepra [1, 1.1, rid|. C apyroit cro-
POHLI MUHMMAKCHAsI OKPY?KHOCTH aToMa, A sIBJISIETCSI CJIOEM STOIO PACCIOCHUS.
[Tosromy craruBaeMmblit UK aromMa A He MOXKET UMETh CO CJIOSIMH PACCJIOCHHS
Seiiepra HysneBoit nugekc nepecedenus. CiegoBarebHO, METKa I' pedpa “‘aToMm
A — cengoBoit arom” KoHedHa.

Jokaxkem BrTOpO€e yTBepxkK/JeHue. PaBencrBo merku € = —+1 o3Hagaer, 4To
KPUTUYECKUE OKPYKHOCTU-TPACKTOPUHU JIBYX aTOMOB MMEIOT OJIMHAKOBYIO OpH-
EHTAIMI0 C TOYKM 3peHusi obiero paccioennsi 3eitdepra. B mpoodbpasze Toukm
Ha TVIQJIKOH JiyTre OndypKanoHHON JrarpaMMbl MOYKET JIeyKaTh HECKOJIHKO KPH-
TUYECKUX OKPYXKHOCTEH aToma. V3BecTHO, 9TO B CiIydae TOMOJOTMIeCKNn yCTO-
YUBBIX OOTTOBCKUX EPECTPOEK, OHU OPUEHTUPOBAHbI OjinHakoso [1, 1.1, 1.3,
MO9TOMY JIaJiee MOYKHO PACCMaTPUBATH JIUITH OIHY KPUTHIECKYIO OKPY>KHOCTD.
Ho nipu jBuKeHnn BJI0JIb TJ1aJIKOI KPUBO OMQypKaIMOHHON JuarpaMMbl U IIPU
1epecedeHnuu 0cob0il TOUKM, KOTOPas COOTBETCTBYET BbIPOXKICHHON OJHOMEPHOI
opbure, 3Ta KpUTUUIECKasl OKPYKHOCTb HEIIPEPBLIBHO “ILJILIBET , HE MEHss CBOEi
opuenTaiuu, T.K. v # 0. CiaenoBaTesbHO, OPUEHTAIME KPUTUUECKH OKPYKHO-
cTeil pa3HbIX ATOMOB TaK>Ke COBIIA IAIOT.

[Ipeioxkenne g0Ka3aHO.

3ameuanue 1 Pasencmeo ecexr memok € = +1 pasnocusvho opuenmuposa-
O 3et 52
Hocmu basvl paccroenus 3etdepma, noImomy 6 nawem ciyuae smo chepa S ¢
g pyuxamu. Kaotcdas zeesdoura ma cedrosom amome daem ocobuiti crotli muna
(1,2), a xaocdas dpobmas memxa r =L — ocobudi caoli muna (p,q). Jiarepos
q

Kraacc Q?. 6 MOYHOCTU COBNAAGEM € N-MemKOT CEMDU, 06]9@306&’)—6’)—[/0’& 6CeMU

CceoNOBVIMU ATNOMAMIU.
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Bameuanue 2 Mampuua ckaetixu na pebpaxr “cedro — cedao” Kpy2060t mone-

1 0
KYAbL 8LPOAHCIEHHOT 00HOMEPHOTE OPOUMDBL 6Ce2da pasHa ,edek € 7.

E —1
Omo caedyem u3 onpedesenus MEMKEU T = 0O U CEOUCTME MAMPUL, CKACEK.

Bameuanue 3 Hapady ¢ kpy2o6uMu MOAEKYAGMU GOIPOHCIEHHLLT 0OHOMEPHDIT
opbum unozda 6vL6AEM NOAEIHO PACCMAMPUBEMD KPY208DLE MOAEKYNDL PERYAAD-
HoLx mouer budyprayuonnot duaepammot, m.e. 06pasos 3-amomos. Ipedrooice-

nue 1 0as HUT 0uesUIHO MOodice EPHO.

Jlokaxkem elre OJIHO IPeJIIOYKEHUE, KOTOPOEe XOTh U UMEeT WMCKJIFOUUTEIHHO
YaCTHBII XapaKTep, Ha MPAKTUKE MOXKET ObITh ITPUMEHEHO JIJIsi OUeHb DOJIBITIOro

KOJIM49eCTBa CUCTEM.

IIpenyoxxenne 2 Ilycmo mouka z coomeememeyem 6olporcoennots odHomep-
Hotll opbume, a 6 ee oxpecmHuocmu budyprayuonnas duazpamma npedcmasaiem
u3 cebsa 2aadKky10 Kpusyo ¢ moukot 6036pama 6 z, MEHAIOWYN NPU IMOM MU

3-amoma ¢ B na A. Toeda na pebpe xpyzosoti morexyav, B—A memxa r = 0.

JlokazaTenbeTBO:

Budypkannonnas guarpaMma paccMaTpuBaeMoil ocobeHHOCTH M300parkeHa
na pucyuke 5. [Ipoussegem gedopmanuio konrypa ABCyDy B koutyp ABC1D;.
[Ipu 5roM TOHOIOrMYEeCKKH THII MHOIO0Opa3us B IIPOOOPaA3e HE U3MEHUTCS: 1IPO-
obpas orpeska C'D onpejensierca B8 M* ypasuennem H = const, n3 ycious xe
M3BECTHO, UTO KpuTHueckux touek H B okpectHoCcTH 2 HeT. OCTasbHbIE 3BEHbS
KOHTYPa WMCIBITHIBAIOT TVIAJIKYI0 W30TOIHWIO, HE BCTpedast TOYeK OudypKalnii.
Konryp ABCyDy onpenesisier KpyroByIO0 MOJIEKYJy peryisipoii Touku. B ero
npoobpase oueBMAHO JiesknT Tpexmepubiii Top T3. CiemoBaresbio, KPyroBoe

MHOroobpasue z Toxe umeer THI TO.
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Kpyrosast MoJieky/ia paccMaTpruBaeMoi 0COOEHHOCTH COCTONT M3 JIBYX aTOMOB
— B u A — u 1Byx pebep: oJHO pedpo HAUMHAECTCS U 3aKAHUYUBACTCS B ATOME
B, Bropoe pebpo uier us aroma B B arom A. Marpuiia ckJeilku nepBoro peopa
UMeeT BUJI, yKa3aHHbI B 3aMeuannn 2. [Iycrs marpuna ckieiiku pebpa B — A

€CTh.

a b
c d
Hanee Hy(T3) = Z3 = N(W*) = 0 u no dbopmyse Tonanosa nmeem:

a

ﬁ:n+2ri+p/2: [ﬂ—i— _k —l—{%}—l—Oz%—k;,

(1.1) = (a/b—k)b=0=a=kb=1r=0

[Ipejioxkenue jloka3aHo.

Hagiee 6yem 3a r(x—y), 0b03HaUATH T-METKY pedpa, KOTopoe coejuHsieT Hu-
dypkanru x un y. Hanomuum odueBmjHOE NPasu.no CA0MCEHUA MEMOK: TYCTh
JUIsT pebep, OTHOCAIINXCST K HEKOTOPOMY CEeMeWCTBY TOPOB, M3BECTHBI METKH

r(z—y) = ro u r(y—2) = 0o, Torya r(r—z) = ry B TOM XKe cemeilcTie.

Teopema 8 Kpyzosvie morexyive ocobvir movex z; (i = 1,..,8) cayuas Cmex-

2064 npedcmasaensvt 6 mabauue 1.

JlokazaTenbeTBO:

JIerko BuIeTh, UTO yCJIOBHUS T€OPEMBI 7 BBIIOJHSIOTCS JIJI KaXKJI0i 13 TOUeK
2;, IO3TOMY OCTaeTCs BRITUCINTL METKH T Ha pebpax, BeayIuXx B aroMbl A. Pac-
CMOTPUM pedPO KPYTOBO# MOJIEKYJIbI TOUKH 2o, OTHOCsAIIeecs K cemeiicty III.

Omno coequnsier budypranun 1 U as. VI3 KpyroBoit MOJIEKyanl TOUKH P mme-
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em 1(01—y2) = 0, rouku QQ — r(yo—a5) = o0o. CiejoBaresibHO, 1O MPABUILY

cioxkenusi Metok, 7(B1—as) = 0. lyist Apyrux ceMeidcrB TOpOB MOJLydaeM:

® TOYKA 29:

cemeiicrso II:  r(01—y2) = 0,r(a—ag) = 00 = r(fi—az) =0

cemeiicrso II: r(01—y1) = 0,r(m1—ay) = 00 = r(f1—ay) =0
® TOUKA 23:

cemeiicreo I:  1r(ag—ag) = 0,7(a1—L02) = 00 = r(fa—a3) =0

cemeiictBo IV: 7(Ba—y2) = 0,7(y2—az7) = 00 = r(fe—ay) =0

® TOUKA 2y

cemeiictBo 1L r(ag—as) = 0,7r(—a5) = 00 = r(v—ag) =0
® TOUKA Z:

cemeiicto Vi r(ajg—ag) = 0,7(y3—ag) = 00 = 1r(y3—a12) =0

® TOUKA 27:
cemeiicrso II:  7r(ap1—ag) = 0,r(ae—pF5) = 0o = r(f3—a11) =0
cemeiicro IV: 7(f5—y3) = 0,7(y3—as) = 00 = r(f3—ag) =0

® TOUKA 2g:

cemeiictso Vi r(8Bs—3) = 0,7r(y3—ag) = 00 = r(fy—ag) =0
0

cemeiictBo 11 r(Bs—3) = 0,r(y3—a1) = 00 = r(fy—a)
cemeitcrBo I:  r(B4—y1) = 0,r(y1—a1g) = 00 = r(Bi—aqg) =0
Metku 7 nHa pebpax B—A MOJEKyJ TOUEK 2z U 25 TaKyKe HYJEBbIE B CHILY
peIIoXKeHns 2.

Teopema jloKa3aHa.

2.5 IlocTpoenme OMyCTUMBIX CUCTEM KOOPAWHAT

PaccMoTpuM MaJiblii OTPE30K, TpaHCBEepCaJIbHO MepeceKaoltuil 1yry oudypka-

IIMOHHOM JinarpaMmmbl. B ero ipoobpase jiexkuT MHOI00Opa3ue ¢ KpaeM — 3-aToM.
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Ero kpaii cocront u3 Hekoroporo 1ucia (B 3aBUCHMOCTH OT THIa GrudypKarmm)
IpaHUIHBIX TOpOB. Ham mpejicTont BuIOpaTh Ha KaXKJOM TAKOM TOPE JIOIYCTHU-
MYIO CHCTEMY KOOPJHMHAT B ero (pyHaMeHTaJbHOM IpyIIe.

OJIHO3HAYHO OIpe/JIe/IeH bl 1UKJ OudypKanuu * OyjgieMm 0003HaYaTh Ay. 110-
CTABUM HAIlell TeJIbI0 MPEIbABUTh Ha KaXKJIOM IPaHUIHOM TOpe OmdypKaruii
JONYCTUMYIO CHCTEMY KOODJIMHAT, BRIPAXKEHHYIO B MUKJIaX A.. s ompeesnen-
HOCTH JIOTOBOPHMCs pebpa BCceX aTOMOB OPHEHTHPOBATH 10O Bo3pacTanuio H).
Hpyrumu cjioBaMu, K HOJOKUTEJIbHON I'DAHUIENH BCSAKOIO 3-aToMa, OTHECEM Te
TOPbI, HA KOTOPbIX 3HaUeHue uHrerpasa Hy boJiblie.

B nauasie BbIOEpEM JIOMYCTUMbIE KOOPJMHATHI Ha CEJIJIOBBIX aTOMAaX.

Paccmorpum touky P mpu a; — az < g < —3ag. OHa umeer THIl ceJi0-
cejuio. Ee 4-okpecTHOCTDH TpejicTaBuMa B BUJIE MPSIMOTO TTPOU3BEICHNsT 2-aTOMOB
(B x C3). Ero comuoxkuresin n3obpaskenbl Ha puc. 6. I'paHudHble UKJIbI aTOMOB
B n Cy oboznauens 3a u, vy, V9 U P1, P2, 1, §2 COOTBETCTBEHHO.

Ob6osnaunM 3-aTombl, Osu3KHe K TOUKe P, cOOTBETCTBEHHO (., (~,, @3,

(),. Torma mmeeM:
1. @, = Cy x u;
2. Qq, = (Co x v1) U (Cy X v2);
3. Qs = (B xp1) U (B X pa);

4. Q@ = (B X ql) U (B X QQ);
BCHOMHH&H OHpeﬂeﬂeHHe rZLOHYCTI/H\/H)IX cucremMm KOOp,ZI;I/IHaT Ha CEJJIOBbLIX aTO-

Max 0e3 3Be3/I0veK, JJid MepBoro 3-aToMa (., nMeeM:

(U7QI) @ (I/‘I) (uv_pl)
Co)
(u, q2) (/” ”\” (u, —p2)
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Crpenoukn yKasbiBatoT Hanpasiaenune pocra Hy. Pumckue nndpor vag crpe-
JIOUKaMU 0DO3HAYAIOT CeMelCTBO TOPOB, K KOTOPOMY OTHOCUTCS JAHHBIN T'pa-
HUYIHBII TOP. 3HAK MUHYC TpeOyeTcs JJisd CONIaCOBaHUs OPUEHTAINNi CUCTEM KO-
OpJIMHAT Ha aTOMe.

B nmpoobpazax ocTaJbHBIX TpeX MNJKUX YT OudypKaIMoOHHON IrarpaMMbl,
CXOJIAIIUXCA B TOUKe P, JIEXKUT 10 JIBA 9K3EMILISAPa COOTBETCTBYIOIIMX ATOMOB.

Umeem g ¢ = 1, 2:

(% Q1) (\) (I/I) (Ui7 —pl)
]
(vi, g2) ( /) (IQI) (vi, —p2)
(I/{) (pi7 Ul)
(=) = B
0D (1)
(I;/) <Qi7 Ul)
(6 —u) & B
(Q/) (QZ7 UQ)

3ameTnM, 9TO mpu BEIOOPE JOMYCTUMBIX CHCTEM KOOPJIMHAT Ha aroMe (), Mbl

(YY)

IPOM3BOJIBLHO MTOCTABUIIN 3HAK y npaBbix 0a3MCOB, a HE Y JIEBbIX. TeM caMbIM

MbI (DUKCHPOBAJIN HEKOTOPYIO OPUEHTAINIO HA MHOI0OOpa3nun Q3 Onaxko rnocJie
Y1°

9TOI'0 IIPOU3BOJIA B BHIOOPE JIOIYCTUMBIX CUCTEM KOODJIMHAT JIJIA OCTAJIbHBIX TPeX

ATOMOB HET: OJIHO3HAYHBI OTBET JIaeT YCJIOBHE COIVIACOBAHHOCTH OpHUEHTAIlMi

Da31CoB.

Tenepb BCIIOMHHUM, UTO HEpBBIi 6a3UCHBIH UK/ OMQYpPKAIMU BCEr/ia COBIIA-

JIaeT C ee OJHO3HAYHO OIpeJe/IeHHbIM NUKIOM. OTKyHa UMeeM:

)\71 = u, )"YQ = Uy, )‘ﬁ1 = Di, )‘ﬁz = (g;.

63



Tem caMbIiM MBI BHIOpaJIN JIONYCTUMbBIE CHCTEMbBI KOOPJAMNHAT, BhIPasKeHHbIE B
OJIHO3HAYHO OIIPEJIe/IEHHBIX OA3UCHBIX UKJIAX, I AT Y1, Ve, 41 1 [P2. Pesynbrar

BBITVIAJANUT TaK:

CSIPYNIRN =)
02

(A Age) (Q (I\D (A, =As,)

(Ayes Ag,) (Q/) (I/I) (Ayer —As1)
02

(Ayas Ag,) (I}/) (Iil) (Ayes —=A3,)

(II) ()‘ﬁm /\72)

B

(Iil) ()‘517 >"Yz)

(I}/) (Mg M)
(Aﬂzv _>\')’1> (_I)> B

Do

v
(\) ()‘ﬁzﬂ)")’z)

Amnajiormano, paccmorpeB TouKy P mpu —3ay < g < a3z — ap, HoJIydaeMm
JIOIYCTAMBIE CUCTEMBI KOOPAMHAT Jiist Oudypkanuii J3, 54, Y3 1 BTOPOil BApHAHT

JAOIIYCTUMbBIX CUCTEM KOOpJIUHAT IJIA 7Yq:

(A =As,) (Q U/I) (A Ags)
a0

(Ayis =As,) (Q (I\{) (Ayis Ags)

(Ayss —=A3,) (Q (I)/) (Ayss Agy)
C’2

(A =Ag) Y U (A Asy)
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(Mg Av) (I\‘f)

Bﬂg - ()‘ﬁsa_A%)

(/\537 )‘73) (I}/)

—~
~

()‘547 )"Ys) i
(1)
Bﬁ4 - ()‘547 _)‘71)

()‘547 )‘73) (ﬁ)

3/1eCh TOJIBKO HEOOXOAMMO MOSICHUTH BbIOOD OpHEHTAI|ii BTOPbIX 0a3MCHbIX
uKJI0B. HamoMHuM, 910 11pu BHIOOPE JIOIYCTUMbIX CHCTEM KOOpJMHAT J1Jisi Ou-
dbyprammit y1,¥2, 41, o y Hac OblIa ajbTepHATHBA: B3ATh TaKHE 3HAKKM BTOPbIX
OA3MCHBIX IMKJIOB, Ha KOTOPHIX Mbl OCTAHOBHJIMCDH, JIUOO OJHOBPEMEHHO 3aMe-
HUTH BCE 3HAKM Ha IPOTHUBOMOJIOXKHBIE. OIHAKO TIOCTIE TOMO KaK Mbl (PUKCHPO-
BaJIM BHIOOP 3HAKOB Jisi OudypKaruii vy, ve, 51, f2, aHAJOTHIHOTO MPOW3BOJIA
JUIST YT Y1, Y3, 33, B4 yKe Het. [Tokaxkem, 9To BHIOOD 3HAKORB, YKA3aHHBIH BHIIIE,
SIBJISIETCS €IMHCTBEHHO BEPHDIM.

13 KpyroBbIx MOJIEKYJI OCOOBIX TOUEK 24 U Z¢ CJACILYET, YTO Ay, = Ag, U A\, =
Ap, Ha TOpax cemeiictBa IV. ObpaTumes K JomycTuMbIM 6asucam budypkanuit vs
1 (33, COOTBETCTBYIONIUM IOCIEIHEMY ceMeiicTBY. VI3 CTPYKTYpbI CJI0OeHUsT BOJU3H
TOUKHU Z4 CJIEAYET, YTO OHU JIOJXKHBI OBITH OJMHAKOBO OPUEHTUPOBAHLL. It 7o
MBI BBIOpaJTi 6a3uc (A, Ag, ), TOdTOMY 17151 33 CIeiyeT BHIOpATh 6asuc (Ag,, Ay,),
Kak 1 ObLIO ¢jlesato, a He (Ag,, —Ay,). Taknm obpasom ycrpaHsercs Hpou3BoIl
B BbIOOpE 3HAKOB BTOPbHIX OA3MCHBIX HUKJIOB JUIsI JIyT V1,73, 33 U 4.

OcraJjioch BbIOpATh CHCTEMbl KOOPAMHAT Ha aTomMax A.

HamomuwmM, 9T0 JOMyCTHMBIE CHCTEMbl KOOpAMHAT Ha A-aTomax mmeroT oj-
HO CYIIECTBEHHOE OTJIMUNE: PEryJarupOBKa OpHUEHTAIMh Oas3uca OCYIeCTBIISeTC s
3a CYeT COOTBETCTBYIOIIErO BLIGOPA OPUEHTAIMN MEPBOro 6a3MCHOrO MUKJa (OH

OMpEJIeJIeH OJIHO3HAYHO TOJIBKO € TOYHOCTBIO J10 opuenTarnuu). M 9o nmonsTHo,
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Tak Kak y aroma A BTODPOil, a He NmepBblii Oa3MCHBII MK UMEeT eCTeCTBEHHYIO
OPHUEHTAIINIO, 3aJaBaeMyi0 IraMUJIbBTOHOBBIM IOTOKOM.
B nauaje chopmynupyem IpejioyKenne, KOTOpoe Cpa3y CjeiyeT U3 olpejie-

gernst Metku 7 (cm. 1.2.6),

IIpengioxkenue 3 Memka r(x— x %) = 00 mozda u Moavko mozda, K020a UH-
dekc nepecevenus YukA06 As U A MG MOPAT 3Mo20 cemeticmea pasen 0 (m.e.
YUKADL 20MOA02UYHDL ¢ MOYHOCMBI0 do opuenmayuu); 7(x— * %) = 0 & wmo-
dyav underca nepeceuenus A U A paser 1 u napa (As, M) 06pasyem basuc;

r(x—x* %) = 1/2 & modyav undekca nepecenenus A U A pasen 2.

BribepeM JIOMyCTUMYIO CHCTEMY KOOPJIMHAT JIJIst aTOMa (V] MCXOJIsd U3 KPYTro-
BOW MoJIeKyJIbl ToukK 2g. Merku 7 = 0, nmosromy napa (£M,,, £Ag,) obpasyer
Oazuc Ha Topax cemeiicrsa I. Ocranock pazobparbes ¢ opuenranueii. Ilepes Ag,
¢ HeOOXOIMMOCTBIO JIOJIXKEH CTOSATH 3HAK “+ TaK KaK Ha COOTBETCTBYIOIIEM Ped-
pe KPYroBoii MOJIEKYJIbl TOYKH 2g CTOUT MeTKa € = +1. 3HaK nepej \,, JuIeH
CMBICJIa, TaK KaK 3TOT IUKJI [I0Ka OIpEJIeJIeH ¢ TOYHOCThIO JI0 opueHTaluu. [To-
CTaBUM Ilepej] HUM 3HaK “+”) a OPHEeHTAINIO0 \,, BbIOEpeM TaKoil, YTOObI Da3uc
(Aays Ag,) EMEJT TAKytO Ke OPHEHTAIMIO, KaK ¥ MPOYne GA3UCHI MOJOKHUTETHHBIX
rpaHul] aToMoB cemeiicta 1. Mrax:

I
A (_)> ()‘0417 )‘ﬁ4)
st ocTanbabIX aTOMOB A M3 KPYTrOBBIX MOJIEKYJ TOYEK 2; AHAJOTHUIHO TI0-

Jlydyaem:

(1)
()‘0427A51) - A

(1)
(>‘0437 )‘ﬁz) - A
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(11)
()‘0447>\ﬁ1) - A

(I11)
(Aass Ag) — A
(I1)

()‘0467>"Y2) - A
(Iv)
(Aars Agy) — A

(IV)
A
— (Aags Ay)

(V)

A - ()‘0497 /\54)
(1)

A - ()‘04107 )‘ﬁ4)

(V)
A - ()‘04127 )‘73)

2.6 OmnpeneneHne B3aMMHOT'O PACIIOJIOXKEHNA 0Aa3MCHBIX ITUKJIOB

[Tpoanasmsupyem nHGOPMAIMIO W3 KPYTOBBIX MOJIEKYJ W CIUCKA, JTOMYCTHMBIX
CUCTEM KOOPIWHAT JIJIsT ONMpeJeJeHIsT B3aMMHOM PACIOJIOKEHWH IINKJIOB A, Ha
Topax cemeiicts [-V.

Paccmorpum cemeiictBo [. Ha Kaxkjom Tope sToro cemeiicrsa Oudypraiun
OLPEJETAIOT IUKIDBL Aays Aags Aayy gy Agss Ayy U Ayy. B cuity npejoxkenusa 3
13 KPYTrOBBIX MOJIEKYJ 0coObIx ToueK M, P, R, z3, 24, 28 MOYKHO U3BJI€UDb CJIEJLY-

0Ny 0 HHGOpMaINo 00 UHJIEKCaX IepecedeHus MIKJIOB:
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nmapa IMUKJIOB | MHJIEKC Mepecevdenust
Aars Aas 1
Aays Agy 0
Aargr Ay, 0
ABys Ay, 1
ABys Ay, 1
ABys Ay 1
Aays Ay 0
Aass Ag, 1
Aass Ag, 1
ABys Ay 0
Aays A, 1
Aargs B, 1

C apyroit ¢cToponbl, 6a3nUChl HaA MOJOKUTEIBHBIX U OTPUIATEILHBIX IPAHUIAX
ATOMOB JIOJIZKHBI HMETH Pa3HyI0 OPUEHTAINIO. B CUJIy Uero u3 Crimcka JIOmyCTy-
MBIX CHCTEM KOODJMHAT CJejyer, 9To 0a3uchl (Aay, Ag,)s (Aayes Agy), (Ayys Agy),
(A, —A8,), (Mg, —Ag,) JOTKHBI MMETH OJIMHAKOBYIO OPHEHTAINHMIO, & OA3KCDI
(Aags Asy)s (Mg, —Ay,) — IPOTHBONIONIOKHYIO UM.

HecioxkHO yOeuThest, 9TO 9TU YCIOBUS ONPEJIE/SIOT B3AUMHOE PACIIOJIOKe-
HUE BCeX IUKJIOB PACCMATPUBAEMOIO CeMefiCTBa OJIHO3HATHO.

AHajin3 oCTaIbHBIX CEMEHCTB TOPOB MPOBOJUTC AHAJOIHYHO. Mbl He Hpu-
BOJIM 3JICh ITH PACCYXKJICHUST B CUJIY WX TPUBUAJHLHOCTH. B KaxKjoM Ciydae
UHMOPMAIY U3 CIIUCKA KPYTOBBIX MOJIEKYJ U JIOMYCTUMBIX CUCTEM KOODJHHAT
OKa3bIBAETCsl JIOCTATOYHO, YTOOBI OJIHO3HAUHO OLPEJEJUTh B3AUMHOE PACIOJIO-
YKEHUE [UKJIOB.

Ha puc. 7 npejicrapiien urorosbiit pesyiibrar. QyHjiaMmeHTaabHbIe TPYIIIhI Ce-
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MeRCTB TOPOB M300parkeHbl B BUJIE IEIOUNCIEHHON PEIeTKr Ha, MJIOCKOCTH, a
IUKJIbI — B BUJIe BEKTOPOB Ha Hell. DTO IO3BOJIAET HAIVISIHO OTOOPA3UTH CO-

OpaHHYy0 HH(MOPMAIILIO.

2.7 Asaroputrm BbIUucCIeHUsi nHBapuanTa Pomenko-lluimanra

Puc. 7 ciemyer cuntaTh OTBETOM Ha MOCTABJIEHHYIO B JIAHHOW padoTe 3a/ady.
HeiicrBuTe/ibHO, 3Hasl B3aUMHOE pPacloJiOKeHre 0Aa3UCHbIX IUMKJIOB Ha TOpax |
BCE JIOIYyCTUMbIE CUCTEMbl KOOD/IMHAT, MOXKHO BbIYUCJIUTH MOJIEKYJY, COOTBET-

CTBYIOILYTO JiF0OO#t jtonycTumoit kpupoii. [leficTBoBarh ciejyer Tak:

1. zobpasurh KpuByio Ha OUQYPKAIIMOHHON JuarpaMme.
2. 3ajaTh HA KPUBOI OPUEHTAITUIO.

3. Brinmcars gornycruMbie CHCTEMbI KOOPJAMHAT Ha aTOMaX, JEXKAIIUX B ITPO-
obpa3ze KpHBOif; MOJIKOPPEKTUPOBATH OPUEHTAIMNA ATOMOB, COTJIACYS UX C
opHeHTaluell Ha KpuBoil. HamoMuuM, 94T0 pu cMeHe OpueHTaIlny Ha, CeJ1JI0-
BBIX aTOMaX, MEHSIOTCs 3HAKKM BCEX BTOPBIX OA3UCHBIX IHUKJIOB, a B CJIydae

aroma A — 3HaK MepBoro 6A3MCHOTO IUKJIA.
4. BpimucaTbh MaTPUIlLI CKJIEEK Ha pedpax MOJIEKYJIbI, T0JIb3ysICh puc. 7.

9. Bpraucaurs no MaTpHullaM CKJI€EK YUCJIOBbIC METKH T, & U 7.

2.8 Ilpumep BbIUHCJIEHUA MeY€HOI MOJIEKYJIbI

B kadecrBe mnpumepa HMPUMEHEHUS BBIINIECU3JI0KEHHOTO aJI'OPUTMa BbIYUCIUM
METKN MOJIEKYJIBI, COOTBETCTBYIOINIEH BEPTUKAJILHON MIPAMOI, IIPOXOAIIEH TTpa-
Bee Bcex 0COOBIX TOUEK OMQYPKAIMOHHOW JrarpaMMbl. DTO TaK Ha3biBaeMast

MOJIeKyJTa O0TbInX duepruii (jiyisa nexopuoro ramuiabronuana Crexiaosa H).
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OpuenTupyem npsimyio 1o Bospacrtannio Hy. Eit coorBercrByer rpybast Mo-

JIEKyJIa:
A N\, A
Cy
A N A

Bormutem JAOIMYCTUMbIE CUCTEMBI KOOPpAWHAT aTOMOB MOJIEKYJIbI:

(1 Ay A @ D\, =\ (1)
A Y (>‘a1’ /\/34) ( Y1 Bz) AN J ( 71 B1> (/\a27 >‘ﬁ1) S A
AT O Ag) “f) s Ag) 2 A
o (>"Y1v Aﬁz) (Q (I\I) ()\’Yl’ >‘ﬁ1> "

[To puc. 7 BbIUKCIIEM MaTPHUIIBI CKJIEEK:

A, 11 Ao,
As, 10 As,
Aoy 1 1 A,
As, 0 —1 — s,

Boraucagas no MaTpHullaM CKJIEEK METKH, ITOJIydaeM OKOHYATEeJIbHbI BUJ MH-

BapuanTa Pomenko-umanra s paccMaTpuBaeMOil IPSIMOIi:

r=20 r=20

e=1 €=

AN A
Co

A/ n=2 A

r=0 r=20

e=1 e=1

ComocTaBiisist 3TOT pe3yJbTaT C pe3yJibTaTaMu JII/IYBI/I.H.HGBOI'/JI KﬂaCCI/I(bI/IKaL[I/H/I

caydas Ditepa [1, 1.2, 1.5], 3aKI09aeM, ITO UX MOJIEKYJIbI OOJIBITUX SHEPIHil
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copmaator. CraegoBaresibro, cucreMmbl CTekJioBa n Jitjiepa JINyBUJIIEBO SKBUBa-
JlenThl Ha Q3 Ipu J1ocTaTOuHO GoMbIIX /1. DTOT (haKT MOKHO TAKKE IOJLYUUTD,
paccmaTpuBas ciaydail CTekoBa Kak OHOIapaMeTPHIeCKOe BO3MYIIEHHE CJIy-
qasi Diljepa B KJacce HHTETPUPYEMbIX cucTeM (M0 aHajoruu ¢ teopemoit 11).
To, 9TO HAIIN BBITUCJIECHNS IIOATBEPIKIAIOT 3TOT BBIBOJ, TOBOPUT B IOJIL3Y IIPa-

BUJIBHOCTHU IIPOAECJTIaHHOTI'O aHaJIn3a.
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I'maBa 3

JInmyBnineBa KJjaccuduKamus

nHTerpupyemMmoro ciaydas Kiiebiia

B janmnoii riaBe BBIYUCIAIOTCA TOHKHE JILYBHJIEBbI HHBAPUAHTHI HHTEIPUPYe-
moro ciaydait Kmebmra (1871 rogp) [29] aBukenust TBepOro Tesa B 2KHUJIKOCTH.
CymecTByeT Takke apyras busndeckast HHTEPIPETaIs — JBIKEHIE TBEP/IOTO
TesIa, 3aKPEIIEHHOTO B IIEHTPE Mace, B juHeitnoM noste cuit [39]. Ona npuBoanT K
TeM ke g depeHTnanbHbIM ypaBHEHUSIM. [aMIIbTOHIAH U JTOTIOJHATETHHBIH
MHTErpajl CHCTEMBI, 3aMCAHHBIC B KAHOHUIECKUX KOOpIrHATAaX Ha €(3)*, mMero
BI;

2 2 2

S1 S9 83 g 2 9 9
2A1 2142 2143 2( 17’1 2T2 3T3)’

H:

1 €
F = 5(5% + S% + S%) — §(A2A37’% + AlAgT’% + A1A2T§).

ITpocrora strx ¢yHKnmi nmo cpaBaeruio co ciaydaem (CTekJsioBa OOMaHYIN-
Ba: JIJIsl BEIYUCICHUSI METOK MOJIEKYJI TMPUXOIUTCS MPUBJIEKATHL OOJIee MUPOKM
CIIEKTDP MeTOJ[0B. VIMEHHO TTO9TOMY MBI M3JIaraeM IJIaBbl, MOCBSIIEHHBIE CJIyYasi-
mu CreksioBa u Kiebma B Takom nopsjike. OTe/IbHO OTMETUM, YTO B CUCTEME
Kiiebira HaOJ110/1a10TCsl BCEe YeThIPE THUIIA TOYEK HEBBIPOXKJICHHOI'O II0JIOXKEHMUS

PaBHOBECHSI: TIEHTP-IIEHT]P, CEJIJIO-TIEHTD, CeJIJ10-ce 110 1 (poKyc-okyc. [Ipu arom
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0CODEHHOCTH CEJIJIO-CEJIJI0 UMEET TUIT HE TTPSIMOT0, a MOYTH MPSIMOI0 TTPOU3Be/Ie-

Huga 2-aTOMOB.

3.1 Dbudypkammmonable gumarpaMMbl, ceMeiicTBa TOPOB W WX IIepe-

CTPOUKM

B ramunbronunan ciydas Kiebma BxondT dernipe mapamerpa: Ap, A, As, n
e. Monarast A, = /]e| u nogesus ravunronnan na /||, Mbi nosyuaem ra-
musibronuan ¢ napamerpamu A}, AL AL u e = £1. Takum 00pazom, MOXKHO
MCCJIeI0BATD JUIIbL FaMUJILTOHUAHBI ¢ € = *£1.

Kax u B cimygae CrekiioBa, Bce TaMUJILTOHUAHDI cyiydas Kiiebra npejcraBu-

MbI B BUJI€ JINHEHHON KOMOWMHAIUN JIBYX KOMMYTUPYIONINUX (DYHKIINH:

HZO&HO"‘ﬁFO,

Ho = (si+ 55+ s3) + (1] + cor3 + cs13),

2 9 9 2 9 2 9 2 9
Fy = (c157 + cas5 + c3535) — (cir] + c5r5 + ¢515),

e c1+co+c3 =0, c; < ¢y <0< c3. Tem cambiM MBI (PAKTUIECKH TTOHUBUAIIH
YUCJIO TTAPAMETPOB CUCTEMBI JI0 JIBYX.

Ha pucynke 8 nokazano, Kakoil u3 ramujibTOHMAHOB cjy4as Kiebina mosiy-
qaeTcs Upu pasyndHbix 3Hadenusi « u 3. Ecau npsimast ah + Bk = 0 jexur
B 30He I, TO umeem ramumsbronnan Kiebma H = aHy + BF) ¢ € = +1 — T1ax
HA3bIBAEMbBI CJIydail MPUTSIKEHWST; ecin e npsaMas ah + Bk = 0 jnexxut B 30He
II, To nmeem raMuJIbTOHMAH C € = —1, HA3bIBAEMbIH CJIyYaeM OTTAJIKUBAHUS.

Budypkannonubie juarpaMmbl ciaydas Kiebiia ObLIM MMOCTPOEHBI U UCCIIe-

nosanbl T .U. Ilorocsrowm |43, 44, 45, 46]. Ouun npusesensl Ha puc. 9. Bygem
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Pa3IMyuaTh 9eThIPe KAUeCTBEHHO PA3IMYHbIX CIydast:
a)g=20
b) ¢° < p1
c)p1 < g° <ps
d) ¢° > p2
Brech p1 = 3c3 — /9¢2 — (c1 — )2, p2 = 3c3 + /92 — (c1 — )2, Tlpn

IIPOTUBOIIOJIO?KHBIX 3HAYEHUAX [ 6I/Id)ypKaHI/IOHHbIe JAnarpaMMbl OJJMHaKOBDI.

YpapHenue OudypKaimoHHON KpuBoil yji00HO 3alucarhb B l1apaMeTPUIeCKOi
dopwme, e h u k 3aBucsT oT JIByX HapaMeTpOB T U Y, KOTOPHIE B CBOIO OYEPE/Ib

CBSI3aHbl COOTHOLIEHUEM. A UMEHHO:

h=—2x — g(0102 + cac3 + 3¢ + 327,
Y

g
k= cica + cocy + e3¢ — 22 — L(w

Y

rie y* = (x — 1) (2 — ) (z — c3).

P — z(c102 + cacs + c301) + 2c10003),

[Ipu sTOoM OHpYpPKAITMOHHONR KPUBOIi, sIBJSIETCS HE BCd 3Ta KPHUBasi, a JUIIL ee
JaCTh, MOKasaHHas Ha puc. 9. Acummroramu 6ndypKaIMOHHON KPUBON SIBJISIOT-
cst Tpu npsimbie: k = cih + cocg, k = coh 4+ ¢3¢y u k = c1h + cocs.

[najkue jyru 6udypKannoHHOR JuarpaMMbl Mbl 0003HAYMIIM MAJIBLIMUA IPete-
ckuMu OykBaMu ¢ nnjgexcamu. OKPecTHOCTH UxX poobpasos B (O3 npejcrasisior
u3 cebsi BOTTOBCKME HepecTpoitku TOpoB JInyBuLIs, ONMUChIBa€MbIe 3-aTOMaMM.

x Tunel 66t yeranosierbl A. A, OmemkoBbiM [17]. Ykaxkem ux:

2A a, Qig, (g, (g, Ay

2B 617 /82
Ca 1,72
Perynsapubie ToUKE oTobpaskennsa MoMenTa #a R2(h, f) asasiores obpaszaMu

HEKOTOPOI'O KOJIMYIECTBaA HECBASHbLIX TOPOB HI/IYBI/IJLHH. Dru TOPbI €CTECTBEHHbBIM
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obpa3oM pa3dbUBAIOTCs HA CeMECTBa, KOTOPhIE Mbl 0003HAUNIM PUMCKUMU 1A (-
pamu [-II1 (em. puc. 9). Hucmo npoobpazos jist KaxK10it 00acTH PeryisipHOCTH

Takxke Bbrauciaeno B |17]. meem:

ceMeicTBo | uncyio Topos JImyBums

| 2
11 2
I11 2

B kaxjoe ceMeiicTBO MBI OTHECJN TOPBI, KOTOPbIE UCHBITHIBAIOT OJMHAKO-
Bble OM(pypKaIuu Ha rpaHuiax obsactu peryiaspHoctu. [losgsienne map Topos-
OJIMBHELIOB HE J0JRKHO HAC YAuBJsThL. Jlenmo B Tom, 410 (hazoBoe mpocTpaHcTBO

cucrembl Kiebrra, kak un B ciaydae CrekjioBa, 0bJaaerT 04eBrIHON cuMMeTpreit
O :(s,1r) = (—s,—T),

Takoil uro P : (fl;fQ;HOaFO) — (fl; fg, Ho,Fo).

3.2 Kiaaccudukarusa HEBBIPOXKIEHHBIX ITOJIOXKEHNIT PAaBHOBECUS

Touku M, N u P oudypkanuronnoit juarpammbl cucrembl Kiebia na puc. 9
OTHOCSITCSl K HEBBIPOXKJICHHBIM TOJIOYKEHUsIM paBHOBecus. Jlanubiit naparpad

IMOCBAIIIEH NX OIIMCAaHUIO.

Teopema 9 Vceaosusa meswpootcdennocmu, munsvt u npedecmasienus 6 6ude no-
YU NPAMOZO NPOU3EEIEHUA ONA NOAOHCEHUT PABHOBECUA, NEACAULULT 6 TLPOOO-

pasax movex M, N u P ougyprayuonrots duazpammol, cayvas Kaebwa yrasaro

75



6 mabauye:

MOUKA | YCAOBUA HEGVPOHCICHHOCTIU mun n/n npouseedenue
M geR UEHMP-UEHM] 2(Ax A)
N geR cedno-ueHmp A x Cy
P > < p ce0A0-cedno (Cy x C9)/Zs
P < 92 < P2 poryc-poryc -
g% > po UEHMP-UEHMP 2(A x A)

Kpyzosvie monexysve mouex M, N, P npusedenvr 6 mabauue 2. pyeux wpu-

MuUYeCKUT movex y 2amusvmonuara Hy Ha M; Hem.

JlokazaTebcTBO:
. A6 6 L1
Boruucinm marpunpt jinneapusanuit Ay w An Bekrophbix noseit gsgrad Hy

u 3sgradFy B e(3)*. Umeem:
.1 .1
$; = 5{317 Ho}, 7 = 5{7% Hy} <

$1 = (cg — c3)rors

S9g = (c3 — c1)r3m

S35 = (c1 — c)r172
) (3.1)
71 = SaI's — S3T2

Ty = 8371 — S17'3

T3 = 8172 — SaT']

\

Hudpdepeniupyst ipaBble 4acTu ypaBHEHU, 110JIy4aeM MaTPUILy JIMHeapU3aluu

A%O BEKTOPHOI'O [10JIsI %sgradHO B KoOpauHaTax (81, So, 83,71, T, 7'3):
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0 0 0 0
0 0 0 (cz—c1)rs 0 (c3 — 1)
- 0 0 0 (c1—co)re (1 — o)y 0
Hy =
0 r3  —T9 0 —S3 52
—rz3 0 S3 0 —S1
\ ro —r1 0 —S2 S1 0 )

(Cg — 63)7’3 (CQ — Cg)TQ \

AHajiornaHbie BRIYUCACHUST HEOOXOAUMO IPOJIEJIaTh JIJIsl 0JIsi %sgradFo.

1 1
$; = §{Si,F0},7'“i = 5{% R} e

S3

7;1 — C259T3 — C3S5372

7;2 C3S5371 — C1851T'3

T3 = C151T2 — C289T]
\

$1 = (cg — ¢3)(s253 — c17973)
$9 = (c3 — c1)(s351 — car3ry)

(1 — ) (8152 — c31172)

Huddepeniupys npapble 4acTU ypaBHEHUI IIOJydaeM MaTPHUILY JHHEAPU3AINHI

A%O BEKTOPHOI'O I10JIs1 %sgradFo B KOOp/MHaTax (81, S2,83,71,T2,73):

A

6

Fo —

0 (CQ — 03)83 (CQ - 03)82 0

(c3 — c1)s3 0 (3 —c1)s1 caler —c3)rs

(c1 — )82 (1 —c2)s1 0 c3(cog — ¢1)ro

0 CoT's —C3T'g 0

—C1T3 0 C3T1 C3S3

C172 —CoT 0 —C989

7

ci(cs —ca)rs cies — e2)ro
0 ca(cr — e3)ry

c3(co — 1)y 0
—C383 CoSo

0 —C151

C1851 0



B cuiy HEBBIPOXKIEHHOCTH CUMILIEKTHYECKOi (opmbl w Ha M ;1, YCJIOBUE
dHO‘M; = 0 sxBuBaJienTHO ycyoBuio sgrad Hy = 0. [IpupaBHuBas npaBble 4acTu
ypaBHeHuit (3.1) HyJ0, HAXOJAUM KOOPJMHATHI KPUTHICCKAX TOUCK TaMUTHTOHN-
ana Hy na M ;:

xy = £(9,0,0,1,0,0)
zy = £(0,9,0,0,1,0)
rp = £(0,0,9,0,0,1)

[Togcrass Haiijenuble TOuku B (3.2), yOEKIAEMCsI, UTO OHU JKe SIBJISTIOTCSI
HEIO/BUXKHBbIMU TOYKaMu JieficTBus [lyaccona.

[Tpoepum BbITIOJIHEHNST YCJIOBUIT HEBBIPOKJIEHHOCTH.

Paccmorpum touxky M. [lyist onipejiesieHHOCTH, BO3bMEM HEIOJIBUYKHYIO TOU-
Ky, OTBETCTBYIOILYI0 3HaKy “+”. B KadecTBe JIOKaJIbHBIX KOODJIWHAT B ee 4-
okpecrrocT Ha MY Moxno B3arTh Gynxiun (So, 83,79, 73). Orpannumsas ore-

p g YHKIL 2,53,72,73)- p
paTopbl A%O u A%O u3 e(3)* na TMM;, HAXOJIUM MaTPUIIbl CUMIIEKTUYCCKUX

ornepaTopoB Ay, n Ap,:

0

(c1 —c2)g 0 c3(co — 1) 0
Ap, =
0 C3 0 —C19g
\ —C9 0 c1g 0 )

JIerko BHJETH, UTO STH MAaTPUILI JMHEHHO HE3aBUCUMBI IIPU JIOOBIX ¢, 1

TEM CaMbIM, II€EPBOE YCJIOBHE HEBBLIPOXKJICHHOCTH BbLIIIOJIHACTCA. Tenepb IMpoBe-
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pum BTOpOE yciorue. Ilokaxkem, uro marpuna Ap, Bceryja uMeer MomnapHo pas-
JIUIHDbIE YUCTO MHUMDbIE COOCTBEHHBIE 3HAUCHUSI.

YpaBHeHue Ha cOOCTBEHHbBIC 3HAUCHUS:
det(Ag, —AE) = X' —bN + A=t —bt + A =0,\ =1 (3.3)
[l1st paccMaTprBaeMoro cjiydasi UMeeM:
b= (c1 —c3) +(c1 — ) — g* = g* — 3¢1 > 0,

A= (CQ — Cl)(Cg — Cl) > 0.

Boraucinm Tak>ke JUCKpUMUAHAHT D:
D =10 —4A = (92 — 301)2 —4(cg —c1)(e3 — 1) = g4 — 60192 + c% — 4eoc3 =

= g4 — 60192 + (Cg — 03)2 > 0.

CuiestoBaresibro, 110 Teopeme Buera ypashenue (3.3) umeer kopuu t1 < to < 0, u
YyeTblpe KOpHs \; OMKBaIPATHONO YPaBHEHUsI HA COOCTBEHHbBIC 3HAYCHUS UMEIOT
BUJL {:i:z\/w , :I:i\/@ }. A 3HAuMT, TOUKA PABHOBECHsI HEBBIPOXKJIEHA U UMEeT
TUI [EHTP-IEHTD.

[Muksnuecku nepecrapiisiss WHIEKCh, Jjist Touku N umeem A = (¢35 — ¢o)(c1 —
c2) < 0. CaenoBarenvio, t1 < 0 < to u \; = {ii\/m,i\/W} — cobCTREH-
Hble 3HAYCHUSI IOLIAPHO PA3IMYHDL, & IIOJO0XKEHUE PABHOBECUs UMEET THUII CEJIJI0-
LEHT.

Hanbosiee clioXKHBIM OyIeT aHAJIN3 Caydasd TOUKA P.

b <0, npu g% < 3cs,
b292—303= pun g 3
b >0, npu g°> > 3cs.

A= (c; —c3)(ca —c3) >0,
D(g*) = g* — 6c3g” + (c1 — c2)*.
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Umeem D(0) = (¢1 — ¢2)* > 0, Dyyipy = D(g% = 3¢3) = —9¢5 + (¢1 — ¢2)* < 0 m,

crenosarennio, D(g?) umeer nBa KopHs

g° =p1 = 3c3 — \/9C§ — (¢ — ¢2)?

g° = ps = 3c3 + \/9c§ — (c1 — )2

MEXKJIy KOTOPBIM OH HPUHUMAET OTPUILIATEIbHBIE 3HAYCHWS.

[Ipn orpunarenbho auckpumunante D(g?) xopun t; n tg — COMpsiKEHHbIE
MHHMBIE ¥ TOYKA PABHOBECHUs mMeeT THI (POKyc-POKYC.

IIpu ¢> < p1, D > 0, b < 0, A > 0, a 3Hauur t; > to > 0, \; =
{£ \/W : j:\/@ }, ¥ MBI OJIydaeM HEBBIPOXKJIEHHYIO TOYKY THIIA CEJJI0-CEJIJIO.

IIpu ¢> > po, D > 0, b > 0, A > 0, a3maunr t; < to < 0, \; =
{+i \/W , i \/@ }, ¥ MBI IOJIy YaeM HEBLIPOK JICHHY IO TOUKY THIIA IEHTP-IEHTP.

CIOXKHOCTH paccMaTpUBAEMBIX OCODEHHOCTeH He mpeBocxonar 2. Twumbl me-
PECTPOEK TOPOB B UX OKPECTHOCTSIX M3BECTHBI. V3 Tabuiuil, mpuBeeHHBIX B |1,
1.1, r1.9], Haxo/UM TIpeJICTaBIeH s B BUJIE IOUTH IIPSAMbBIX [IPOU3BEJICHUI U KDY-
roBble MOJIEKYJIbI Touek. Vckiouenue 3/iech cocrapiisier Touka P, Koropast npu
P < g% < po umeer Tun Goxyc-Gokyc. OCOBEHHOCTD TAKOTO THIIA, He TIPEICTABH-
Ma B BUJIE [TOYTH IIPSIMOIO IIPOU3BEJIECHUSI 2-aTOMOB, & €€ KPyroBast MOJIeKyJia, —

9TO OKPY>KHOCTb, OCHAIIlEHHAasi MaTpuIiieir Mmonojpomun. B 1. 3.7 Oyjier nmokasaHo,

10

YTO OHA PaBHA
11

Teopema jloKa3aHa.

3.3 Kpyrosbie M0JIEKYJTbI BHIPOXKJAEHHBIX OJJHOMEPHBIX OpOUT

Teopema 10 Kpyzosvie mosekavt 0COOLIT TOYER 21, 22, 23 U Z4 CAYYaA Kaebwa,
COOMBEMCMBYNULUL BOIPOAHCIEHHBM 0OHOMEPHBIM OPOUMAM CUCTIEMDL, NPUBE-

denvr 6 mabauye 2.
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JlokazaTenbcTRO:

B cuny npemioxkenns: 1 ocTaeTcst BLIYUCIUTH 7-MeTKH Ha pedbpax B—A. Tou-
KU BO3BpAaTa 23 M 24 MOJIAJIAI0T 1101 IIpeioxKenue 2. [IosroMy ux Kpyrosbie Mo-
JIEKYJIbI [IeJIMKOM u3BecTHbI. B wactrocTu, umeem r(ay—F31) = 0 u r(ay—0F2) = 0
B cemeiictpe III, uTo maer r-meTKu i pedbep 3TOro ke ceMeiicTBa MOJIEKYJI TO-
YeK 21 U Zo. OKa3bIBAeTCsl, UTO BHIYMCIUTDL OCTABIINECS T-METKU, OTHOCAIINXCS
K cemeiicTBy II, 3 Kakux-aub0 3JieMEHTapHBIX COOOparKeHuil, KaK 5TO ObLIO B
ciaydae CreksoBa, HeBO3MOKHO. [Tozxke B 11. 3.5 Mbl yOeuMCsi, 9TO OHU TaK»Ke
HyJIEBbIE. 3J1€Ch MbI IIPUBOJIUM STOT (DAKT JIJIsT OJTHOTHI.

Teopema jloKa3aHa.

3.4 JlomycTuMble CUCTEMbI KOOPAWHAT

YKaxkeM JIOIyCTUMbIEe CUCTEMbI KOOPJIUHAT 3-aTOMOB B T€PMHHAX IUKJIOB .
HomycruMble cHCTEMbBI KOOPAMHAT Ha CeJJIOBBIX aToMax 31, (B2, 7y1 U 72 BbiOe-

peM HCXO/Isl U3 IPEeJICTaBIeHNsI OCOOEHHOCTH TOUKNA P THIIa Ce/lJIO-CeJIJI0 B BUJE

noutu npstMoro npousseenus (Cy X Co) /Zs, npudem rpynna Zs jeiicTByer 1em-

TPaJIbHOI CUMMETPHEil Ha KarXKJIOM 13 coMHOXKuTteseit. imeem:

—
~
~

~—

—

—

(>"717 )\51) \ }‘ (A'Yl? _>"Yz)

Ve { (>"Y17 _)‘72)

VS
P
S
=
b
=@
=
N—
~
~
S~—
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2 N

Bﬁ (g) ()‘ﬂn >"Y1 + )‘ﬂl)
1
Ao+ s,y (ITT
(>‘517_ BQ B) (/)
sy g,
(g =572) (I\I) (I7)

B - ()\52?_(>\72 +)\ﬂ2))

P2

/\51 +/\ﬁ2 (I17)
(Aﬂm 2 ) /
Tenepnb BuIOEPEM JIONYCTUMBIE CUCTEMbI KOOPJIMHAT Ha, MUHUMAKCHBIX aTOMaX
A oudypxanuit o, . . . as.

HomycTumblii ba3uc Ha aToMe A BLIOWPAETCS U3 KPYTOBOM MOJIEKYJIBI TOU-

KU 23, UCXOJIsl U3 TeX »Ke CoOOparKeHu i, YTO IPUBOIUINCD JiJisd ciydas CTek/oBa.

(I11)
A - (>‘0447>‘51)

OrmernM, 9TO paccMaTpuBasi KPYTOBYIO MOJIEKYJY TOUKHU 24, JJIsI 3TOM OM-
dbypKaIyn MBI MOTJIH Tak:Ke BBIOpaTh 6asnc (A, Ag,). OTcioma ciaegyer, 910
napbl (A, Ag,) 1 (Ao, Ag,) UMEIOT OJIMHAKOBYIO OPUEHTAIHUIO.

[Tozke B 11. 3.5 Mbl yBUUM, 4TO Ha pedOpax MOJIEKYJ TOYEK 2| U Zo, OTHO-
cammxest K cemeiicrBy 11, crosgr merku 1 = 0. D10 JacT BO3MOXKHOCTH BHIOPATH
JIonycTuMblit 6asuc oudypkamun ag. Mbl ykasbiBaeM €ro 3jech st HOJHOTbI

CIIMCKa, OJJHAKO TTOJIb30BATHCA 9TUM ITIOKa HE 6YIL€M3

(1)

A — (Aag, Ag,)
Bajaua BbIOOpaA JIOMYCTUMBIX CHCTEM KOOPIMHAT JJIsI OCTAJLHBIX aToMOB A

SBJISETCS HETPUBHAJBLHON. B KaxXJ oM cirydae MbI JIerKO HaiijieM MUKJ, JTOIOJI-

HSIIOIIUI TIepBbIi J10 0a3uca, OJIHAKO 110 TPeOOBAHUSIM JOIMYCTUMOCTH OH ellle
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JIOJIZKEH WMETh OPUEHTAIINIO, COTJIACOBAHHYIO C TAMUJIBTOHOBBIM MTOTOKOM BOJIN-
3u oudypkanuu. N3-3a orcyrcrBrus 0coOEHHOCTEN BBIPOXKJICHHBIX OJIHOMEPHDBIX
OpOUT, B KOTOPBIX OBl YUACTBOBAJIK PACCMATPUBAEMble aTOMbBI A, IPOBEPHUTD 3TO
CTAapLIM METOJIOM He yIaCTCA.

U3 MeToK r = 00 KpPYroBoit MoJieKyJibl TOUKE N cJejlyer, uTo MUKJbL Ay, U
Ay, TOMOJIOTHYHBI (¢ TOTHOCTBIO 10 OpHeHTAIHN ). VI3 KpyroBoii MOJIEKYIIbI TOUKN
P rtuma cenyo-cesyio, morydaeM, U9TO WHAEKC IepecedeHnus A, U g, paseH 1.
CuiestoBaresibio, napa (A, £ Ag, ) obpasyer 6azuc budypranuu a;. Paccyxias

a,Ha,JIOFI/ILIHO7 MBbI 3aBepH1aeM CIINCOK ILOHyCTI/IMbIX cucremMm KOOp(ZLI/IHa,TZ
(11)
(Aays £Ag,) — A
(I)
(/\0@, :|:>\72) — A

(1)
()‘0457 i>‘71) - A

[Tozxke B 11. 3.6 OyIeT MOKa3aHo, UTO MPABUILHBIN BAPHAHT B KaXKJOM U3 CJIY-

4aeB COOTBETCTBYET 3HAKY “+, OJIHAKO JiJist 9TOr0 Oy/IyT HpUBJIEYEHbl HETPUBU-

aJIbHbIEC JIOIIOJIHUTEJIbHBIEC PACCYKIACHMA.

3.5 OmnpeneneHne B3aMMHOT'O PACIIOJIOXKEHNHA 0Aa3MCHBIX ITUKJIOB

st onipeiesieHnst B3aMMHOTO PACTIOJNIOKEHUsT IIUKJIOB A, Oy/ieM paccMaTpuBaTh
ceMeiictBa TopoB I-11I moouepesno.

Haunem ¢ camoro mpocroro cemeiicta III. Ha kaxkgom Tope aToro cemeii-
cTBa OMdYpPKANUU ONPEJesIioT UKIBL Ay, Ag, B Ag,. B cuity npejjoxenus 3
13 KPYIOBBIX MOJIEKYJ OCOOBIX TOUeK P, z3 M z4 MOXKHO U3BJIeUb CJIEJIYIOINLYIO

nHGOpMAaINi0 00 UHJIEKCAX HepecevdeHusl IUKJIOB:
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nmapa IMUKJIOB | MHJIEKC Mepecevdenust
Aags Ag, 1
Aags A, 1
ABys AB, 2

C npyroii cTOpOHDI, 6A3UCHI HA HOJOXKUTENBHBIX ¥ OTPUIATENIbHBIX I'PAHUIAX
ATOMOB JIOJDKHBI MMEThL PasHyl0 OpHEHTAIWi0. B CHJIy 4ero u3 CHucKa JIOIy-
CTHMBIX CHCTEM KOODJMHAT CJejyer, 9To 6a3uchl (Aa,, Ag, ), (Aay, Ag,) JOTKHBI
MMETD OJTMHAKOBYIO OPUEHTAINIO, & 0a3uChl (Mg, , —%), (As,, m) — IIpo-
TUBONOJOKHYI0 UM. HecmoKno yoenThes, 9To 9TH YCJIOBHUA ONPEJIeNAI0T B3a-
VIMHOE PACIIOJIOKEHNE BCEX IUKJIOB PACCMATPUBACMOrO CEMEHCTBA OJHO3HATHO.
Pesysbrar uzobpazken na puc. 10 B Bujie BEKTOPOB Ha, LEJOUUCICHHON PEIIeTKe
TOpa.

[lepeitjiem K ncciieoBanunio cemeiicrna I1.

PaccMOoTpuM KpyroByro MOJIEKY/1y TOYKM 23. VI3 CIIMCKa JOIyCTUMBIX CUCTEM

KoopauHaT u puc. 10 HaXoAMM MaTpuIly cKjeiiku #a pebpe B — A, orHoCs-

IeMycsi K y»ke uccjegoBannomy cemeiicty I11:

Aoy 11 Ag

)\5 —l—)\g
s 10 )\ —abe

1

1

B cuny zameuanust 2, Ha pebpe oTHOcseMcst K cemeiicTy 11, umeem coornorre-

Hue:

s, 10 Ay
\ - )\51+)\52 7k < Z
Ay ko1 —

ITpumensisi bopmysty Tonasosa (1.1) k Kpyrosoit Mosiekysie Touku 23, Q2 = T3,

N(W*) =0, umeem:
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1-(1/1+[-k/1]) =0 k=1=

/\51 + >‘52 o )‘51 + /\52

)\ﬁl + )\71 = )\51 + 2 1 2

S A

[IpoBojist Te 2Ke paccyXIeHus s KPyroBOil MOJIEKYIbI TOUKU 24, UMEEM:

Ay -1 1 B,
- s, g,
A8, -1 2 b 5 b
B, _ 1 0 g, Y7
_()‘52 + )‘72) k-1 @ 7

1 (—1/1+ [-K/1]) =0k = -1 =

At As, _ st A

_()‘51 + /\72) - _)‘51 9 2 T 9

&\

JIBa 1oJiydeHHbIX COOTHOIIEHUST B KyTie ¢ MH(opMalmeil 00 nHjieKcax rnepece-
YEHUsT U3 KPYTOBBIX MOJIEKYJI U 00 OpHeHTaln Da3uCOB U3 CIUCKA JOMYCTUMbIX
CUCTEM KOODJIMHAT OIIPeJIeJIsoT B3aUMHOe HOJIOXKEeHHe IIUKJIOB Ag,, Ag, B Ay, Ay,
onro3HaqHO (cM. puc. 10).

U3 kpyroBoii MosieKyabl TOYKH [N UK Ay, TOMOJIOTHYEH C TOYHOCTHIO JIO
OPHEHTAIlUN UKy A,,. Bompoc 06 ero opuenraiun Oyjer pertet B 11. 3.6.

OTHOCUTENBHO UK Ay, TIOKA COXPAHAETCS TOTHAS HEONPEIeTIeHHOCTD, CB-
3aHHAsl C TeM, YTO Mbl HE 3HaeM T-MeTOK B cemeiicTe II Mojekysn Touek z; u
Z9.

Paccmorpum MoJieky/ly B 1IpooOpase BEePTUKAJIbHON IMPSMOi, HPOXOsIeit
CrpaBa, OT BCeX 0COObIX TOUeK OndypKaIMOHHONW JuarpaMMbl. DTO TaK Ha3bl-
BaeMasi MOJIeKyJia OOJIbINX dHepruit (juist uexogHoro ramMusibronnana Koebia
H). Boinuiem MaTpuibl CKIEHKN Ha ee pedpax Jyist Crydast g% < p1, HACKOJIBKO

OHU HaM cerdac U3BECTHDI:
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a b 0 =1
* ok +1 O

Arag) ™ /" Aay)
O]
Aaz) N Aas)

a b 0 £1
* % +1 0

Kak u3BecTHO, MOJIeKYJ/1a OOJIBIITUX IHEPIUl B MEXaHUKHU TBEPJOIO TeJjia 6Ce-
2da wveer Tonoornyeckuit Tun RP3 (1, 1.2, r.5|. Umeem Hy(RP3) = Zy =
N(W*) =2, u npumensisi hopmysy Tonamnosa (1.1):

b <%+%+%+%) — 12 ab=+1
B pesynbrate mis m3obpaxkeHus MUK Ay, Ha puc. 10 ocraercs derbipe Ba-
puanra: (1,—1),(1,-3),(—=1,1) u (—1,3). Boluuciss nepsble CTPOKK MATPHIL
CKJIEHKHN Ha pebpax KPYrOBBbIX MOJIEKYJ TOUEK 21 U Zp JJIsl KaXKJOH U3 ajbrep-
HATUB, YOEXKIAEMCsI, ITO TOJBKO Jyist ciaydas a = b = 1 & A, = (1, —1) Bce

JeThbIpe MeTKHU € paBHbI +1:

A 11 A

as _ A 51/\ :>€:+17
* x % — "1; Ba
A -1 1 A

(6%} _ \ 61 :>€:+17
* x % A8 FAsy

2

4TO B CUJIy IIPEAJIOKECHU A 1 JOJI2KHO BBIITOJIHATBHCA C HeO6XO,ZLI/IMOCTbIO. Tewm ca-

MBIM IOJIOXKEHNE UK Ao, B cemelicTBe II HamMn ycraHOB/IEHO OJ[HO3HAYHO.

Samedanue 4 Hndexc nepecevenus yukaos Ay, ¢ Ag, U Aoy € Ag, pasen 1,

CAEA0BAMEALHO, HA PEOPAT KPY208LIL MOAEKYA MOuer 21 u Zy cemeticmea I
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memru =0, a 6asuc (Ao, Ag,) A6AAETNCA dOnYycmUuMbLM 044 OuByprayuy .

3ameganue 5 K dannomy MomMewmy namu yYycmaro8aeno, 4mo MoAeKYAd DOAb-

wux anepeuts 6 cayvae Kaebwa umeem euod:

r=20 r=
e=1 e =7

(1) (1)
A\ A

Co

(1) _ (1)
A/ n=2 \A
r=20 r=20
e=1 e =7

Ocrasoch ySCHUTH B3auMHOE TIOJIOXKEHNE TINKJIOB B ceMeiicTse .

Ha sroMm cemeiicTBe onpejiesieHbl HUKIbL Ag,; Aqs, Ay, U Ay, IPU 9TOM U3BECT-
HO, YTO IUKJIBL A, M Ay, € TOYHOCTHIO JIO OPUEHTAIMU I'OMOJIOI'MYHBI, & l1apa
(Ay,, Ay ) 0Opazyer Gas3uc MOJOKUTENHHOM IPAHUIBI ATOMA.

Opuenralyst ukia Ay, Oyjer naitjena B 11. 3.6. YcTaHOBUM M0JIOXKEHUE 1[HK-
Ja Aqs. DBITHIIEM MaTPHUIHl CKJIEHKH [T MOJIEKYJIbI OOJIBINNX SHEPruii st

caydast g2 > Py, HACKOJIBKO OHM Ha JAHHbIH MOMEHT HAM W3BECTHBI:

Aragz) ™ ar
O]
] 7 ~Aas

-1 1 a v

0 1 +1 0

CrenaeM BaxkHOE
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Bameuanue 6 B cayuae Kaeowa morexyra 6oavwur snepeuti 00unaxosa oAl

A10001 3Havenut g.

JleiicTBUTE/IbHO, COOTBETCTBYIONINE U309HEPreTHUYCCKUE TOBEPXHOCTU MOTYT
ObITBH IepeBeJICHbI JIPYT B JIPYTra IJIaJKO M30TOINEH ¢ U3MEHEHHEeM IapaMeTpa
g, He BCcTpedasi 0coObIX Touek OudypkKalnoHHo# jauarpammbl. CiieioBaTesibHO,
Ul cjioeHus JInyBuias Ha HUX HE U3MEHUTCS.

PaccMaTpuBasi panee MOJIEKYJY OOJIBIIMX SHEPrHil B ciaydae ¢> < pi, MBI
YCTAHOBMJIM, UTO MeTKa 7 Ha pebpax cemeiictBa I pasna 0, a metka n = 2. B
1. 3.6 Oyzer nokazaHo, 4o Merka € = +1. B pesyabrare na kosddunuenror a’

u b umeem yciobust:

r=0=d/t ez,

e=1=0>0=0=1,

1 a’ )
n=2&n=2 1 + 2 7 =2&a =2.

TeM cam moJioyKeHHe TUKIIA Ay, OJHO3HATHO YCTAHOBJIEHO.

st cemeiictBa I oTenbHO ciiejiyeT 0OroBOPUTH CJIEYIOIIEe 00CTOATEIbLCTBO.
B cayuagx g2 < p1 u g > py aJTOPUTMOM BBLIUUCJICHNASA MEYCHOI MOJICKYJIbI JIJId
TPOM3BOJILHON JOTMYCTUMON KpuBOii (1. 2.7) MOXKHO TOJB30BATHCS 03 KAKUX-
6o m3Menenuit. OHAKO B ciIydae p; < §° < po, Korua B cemeitctse 1 “cuaut”
ocobast Touka P runa Gokyc-pokyc (cM. puc. 9 ¢); Tak MOXKHO 1OCTYHATH JIUIIb
JIJIsT KPUBBIX, TPOXO/ISIIIX CJIEBa OT HEe, TO €CTh BJI0JIb OCTOBa OnypKaIMOHHOIT
JquarpamMMmbl. B ciydae, Korja KpuBasi NMPOXOJMT CIIpaBa OT TOYKH P, MeTKu

MOJIEKYJIbl YCTaHaBJINBAIOTCA N3 3aME€YaCHUA 6.
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3.6 Pazspemnienue HeompeaeIeHHOCTEN ¢ OpUEeHTAIINS MU

st 3aBepienus JInyBujieBoit kjiaccudukaiuu cucrembl Kiebia nam ocra-
JIOCh YCTPAHUThH HEOIPEJIEJEHHOCTh, CBI3aHHYIO C OpHEHTalMell BTOPhIX Oas3uc-
HBIX 1IMKJIOB Oudypkanuii oy, e 1 . [locsie aroro opuenTanuu mnukiaos Ay, M
Aa, BBIOMPAIOTCS UCXOJIs1 M3 TPeDOBaHUS CONJIACOBAHHOCTH OPUEHTAInl 0a31coB

(em. . 1.2.5). Bocrnosibzyemest caeftyonmm hyHaMeHTAIbHBIM (DaKTOM.

Teopema 11 Cayuau Kaecowa u Iirepa auysusie6o sK6USaAEHMHDL NPU D0-

CMamoyHo 6oADUWUT 3HAYEHUAT IHEP2UU.

JlokazaTenbeTBo:

Bynem paccMmarpusarh ciyuail Kiebma, sagasaemblii napoit (H., F.), Kak
BO3MYIIEHUE ciiydast Jitjiepa, nosydatorierocs npu € = (. 3aduxkcupyem 3Ha-
yenne g # 0 u OyjeM paccMaTpuBaTh OJHOIAPAMETPUIECKOe ceMeiicTBO Oudyp-
KaIMOHHBIX guarpamm H. x F.. Amanus mokasopiBaer, uto npu € — () nmeem
¢, — 0 = p1,po — 0, modTOMY, HaUMHAas ¢ HEKOTOPOT'O JIOCTATOYHOIO MAJIOTO
3HauveHus €, Oudypkalontas JiuarpamMma HpuMer Bujl, yKazanHubiit Ha puc. 9 d,
a B IIpejieie IpeBpaTuTcst B Oy pKalMOHHYIO JuarpaMMy ciaydast ditiepa. Or-
MeTuM, 4T0 OudypKalnnoHHas jauarpaMma ciaydast Diiepa (cM. puc. 12) kade-
CTBEHHO He oTimuaercst ot 6udypKannonnoii auarpammbl Kiebima npu g2 > po.

PaccMmoTpum BepTUKaJIbHYIO MPSIMYI0, KOTOPas B Ipoiiecce jedopMaliui ocTa-
eTcst cripaBa, OT 0COOBIX TOUYEK OMypKaIMOHHONW JnarpamMmbl. V3 nipuBeieHHbIX
BBIIIIE PACCY2KJICHUI CJIe/IyeT, YTO 3TO BCErjia MOXKHO C/esiaTh. Takas mpsaMast co-
OTBETCTBYET MOJIeKyJie 00/IbIInX SHepruil. OHa UCHBITHIBACT IVIAJIKYI0 K30TOIINIO
U cJIoeHue B ee 1Ipoobpase He MeHseTCs.

st coydas g = 0 yTBep2KaeHue TeopeMbl TaK»Ke BEpHO B CHJIY 3aMedanusi 6.

Teopema jokazaHa.
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MoustexkyJia 6oJIbIUX SHEPTHil ciaydas Ditnepa ussecrna u3 [1, 1.2, ri.b]: ona
COBIIJIAET C MOJIEKYJION, YKa3aHHON B 3aMedYaHUd D, NIPU ITOM BCE ee MEeTKU
e = +1. CaenoBarenbio, u B ciaydae Kiiebina MeTKu €, oTHOCsIIUECsS K peo-
paMm cemeiictBa | — enuHcTBenHbIE, OCTABABIINECST JIO HACTOSAIIETO MOMEHTa He
BBIYNCJICHHBIMU, — PaBHBI +1. 3aMeTUM, YTO OCTaJbHbIE METKH MOJIEKYJIbI ObI-
JIN BBIYHMCJIEHBI HAMU 0e3 WCIOJIb30BAHUA ¢ Priori SKBUBAJEHTHOCTH Jiijiepa U
Knebma. To 4To 9TH METKM COBTAJU C OXKWJIAEMBIMU TOBOPHUT B TOJIB3Y Ipa-
BUJILHOCTHU 11POJIEJIAHHOI'O aHAJIN3A.

Teniepb BoCHOJIB3YEMCsT HalJIEHHOW MOJIEKYJION OoJibiiux suepruit Kiebina
JIJIsl paspelienns HeolpeieJIeHHOCTEe ¢ OpUeHTAIIUSAMU 1IUKJIOB.

I[Ipu ¢ < p; Ha pebpe cemeiicrsa 1 nmeem:

Aoy 0 +1 Ay
£, +1 0 Ay,

Ns-3a Toro, uro merka € = 1, 3aKJjilo4aeM, 4TO UMEET MECTO Cjydail 3Haka “+,
1 IPABUJIbHBIA BAPUAHT JOIYCTUMOIO 0a3uca Jijist Quo:
()
(Aazs Az) = Argy)

Paccmarpusas ciyuaii g2 > po, Juist GudypKalui o5 MMeeM:

)‘045 . 2 £l )\'Vl —1 A A (1) A
= e =1= (Ao, M) =
£\, +1 0 — Ay,

OpueHTalMO BTOPOro 0A3MCHOIO NMUKJIA, JJisd OupypKaIUd (v YCTAHOBUM HC-
xojist u3 ocobennoctr Touku N Tumna cepiio-nentp. Coracuo [1, 1.1, r1.9] kpyro-
Basi MOJIEKYyJIa OCOOEHHOCTH THIIA CEJJIO-IIEHTP objajlaeT cBoiicTBOM: € = +1 Ha,
BCEX MCXOJSINX pedpax u € = —1 Ha BcexX BXOMIIIUX pedpax, min HaobopoT —
B 3aBUCHMOCTH OT OpHeHTAINHN Ha Q3. BerumceamM e-MeTKn Ha pebpax cemeiicTsa

I:
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Ao, 1 0 A

)‘72 0 —1 _/\Wz
Torma na pebpax cemeitcrsa I qomkna crosith MeTKa € = —1:
Ay F1 0 Aoy

_ o= 1= (haphg) Arar

Aj 0 +1 £,

1

1 JIONYCTUMBIH Oa3uc Jiis budypkaiumu vy Ternepb yCTaHOBJIEH.

3.7 BbruncjieHne MOHOJPOMHUM OCOOEHHOCTHU TUIMa (POKyc-(poKyc

[Tonoxkenne pasHoBecusi P npu p; < g2 < Do sABJISETCS OCODEHHOCTBIO THIIA
dboxryc-dokyc. Kak nzsecrno |1, 1.1, 19|, Beskas cBs3Has KOMIIOHEHTA CHHTY-
JIIDHOI'O CJIOsl B TOM CJIydae — 3TO TOP C M IEePEeTIKKAMHU. DTU MEePeTKKHI U
eCTb HeIOJBUXKHbIe TOUKH JieiicTBus [lyaccona. KoumuecTBo HENOJABUXKHBIX TO-
YeK Ha CBS3HOI KOMIIOHEHTE CHHI'YJISIPDHOI'O CJIOA OIpeJie/isieT KJACC JIMBUJIJIEBO
9KBHUBAJIEHTHOCTH OCODEHHOCTH (POKYC-POKYC M, B YACTHOCTHU, €6 MOHOJIPOMUIO.
Ecnu va Tope (bUKCUPOBATH HEKOTOPLIN 0a31c, TO MOHOJIPOMUSI 331a€TCsT MaT-
purieit mpeodbpa3oBaHusi 3TOrO Oa3uca mpu 00Xore 0COOEHHOCTH IO OKPYKHOCTH.

M3BecTHO, 9TO €Ciii KOJIMYECTBO IEPEeTsi>KEeK PaBHO M, TO B OJX0/IsIIeM Dasuce

10

MaTPUIA MOHOJPOMUK UMeEeT BHU/I
m 1

Ham uzBectHo, 4TO B Ipoobpaze ToUKu P JIeXKUT JiBe HEeIOJIBUXKHbBIX TOYKH,
OJIHAKO He sICHO, PaCIONaratoTCs JU OHU Ha €JIMHCTBEHHON KOMIIOHEHTE CBA3HO-
CTU CHUHTYJSPHOIO CJIO, WJAW 2Ke CUHTYJISPHBINA CJI0I COCTOUT M3 JIBYX KOMIIO-
HEHT, TO €CTh JIBYX TOPOB, KaxKJblil U3 KOTOPBIX UMEET 1O OJIHOI IMepeTsKKe.
[IpoBeeHHbBII B TPEABIAYIMUX IYHKTAX aHAJN3 MOBOJUT HAM JIETKO BBIYUCIUTD

MOHO/[POMUIO U TE€M CaMbIM YOEJIUThCs, YTO UMEET MECTO BTOPOI BapuaHT.
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TleficTBATEILHO, PAcCMOTPUM 6GUdYPKAIMONHYIO ANATPAMMy TpH P < 2 <
p2 (puc. 9 ¢) W BBIUKCIMM MAaTpHILy CKJICHKH Ha pebdpe cemeiicTBa 1 mosieky-
JIbI OosbIIMX dHepruii. V3 3aMevanus 6 HaM M3BECTHBI BCE METKH, MOITOMY C

HGO6XO,II;I/IMOCTBIO [IoJIy1acM:

-1 1 2 1
0 1 10

Arag) ™ /" Ay
Cg
] 7 ~Aay

-1 1 21
0 1 10

[IyTh BoKpyT Toukm P mpejcTaBuM B BUJIE KOMIIO3UIIUHT Ty TH, COCTUHSIONIETO

JIYI'Y Qig € JLyTOW Y1 ¢JieBa OT TOUKU P, U 11yTH, COEJIMHATOIIEr0 JIyTy Y1 C JIyToi (i

1 0

crpaBa oT Hee. MaTpuria ckjeiikyu mepBoro myTH paBHA , & MaTpuIa
0 —1

CKJICIIKH BTOPOI'O IIyTU €CTh MaTpHUlla CKJIEHKK Ha pedpe cemeiicTBa [ MoJIeKyJIbl
OOJIBIINX HEpPruil mpu p; < g2 < po 1 ObLIA TOJLKO YTO BbluKCJeHa. B urore,

HAXO0JIUM MaTpuily MoHojpomun U:

Hecnoxmo Y6G,HI/ITI)CH, qToO 9Ta MaTpHIlla JE2KUT B OJJHOM KJIaCCe COIIPAZKEHHOCTN

10
C MaTpuriei . HefictrBuTenbHO:
11
4 10 1 —1 10 -1 1 2 —1
U=C C = =
11 2 —1 11 -2 1 1 0
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3.8 IlosHBIiT clIMCOK M303HEPreTUYecKNX MoJieKyJ caydas Kiebrma

B npejibliynux myHKTaX HaMu OJIYYEH HOJHbIA CIUCOK JIOIYCTUMbBIX CUCTEM
KOOD/IMHAT M YCTAHOBJIEHO B3aMMHOE TOJIOYKEHWE IHKJIOB A, B ciaydae Kiebra.
Hannast uagopMalms 1Mo3BoJsSIeT BbIYUCJIUTH MEUEHYIO0 MOJIEKYJIY JII00Oi JioIy-
CTUMO# KPUBOM B COOTBETCTBUU C aJITOPUTMOM 1. 2.7.

B kadecTBe mpuMepa pacCMOTPUM BarXKHBIi CIydail N309HEPTeTUIECKUX MOJIe-
KyJ. Kak y»>kKe orMedaJjioch, H309HEepreTuiecKue oBEpXHOCTH IIPU OTOOPaKEeHUK
momenta Hy X Fy mepexojar B npsmble ah + f = ¢ ¢ yrjioM HakjJIoOHa H3
3o [ u Il puc. 8. Paznuunbie ceuennsi OudypKarmuoHHONR JuarpaMMbl TaKHMU
HIpsSIMBIMK [TOKa3aHbl Ha puc. 11. HacTbh u3 HUX JJjIs yA00CTBa n300parkeHa, Kpu-
BBIMH, KOTOpPbI€ COOTBETCTBYIOT U30TOIIHLIM UM IIPAMBIM IPU JIPYTUX 3HAUCHUSIX
ImapamMeTrpoB C1,Co U C3.

Homepam npsimbix Ha puc. 11 coorBeTcTByIOT MOJIEKYIIbI B Tabsunax 3 u 4. B
1IEPBO 1IPUBEJIEHBI MOJIEKYJIbI C C MATPUIIAMHU CKJIEEK, BO BTOPOI — MeueHbie MO-
JiekyJibl. B nocsiejineit rabsiniie Takyke yKazaHbl TONOJOIMYECKHUE TUIIBI COOTBET-

CTBYIONIMX M309HEPreTHuecKux nosepxnocreil 7, sorunciennbie A. A. Omewm-

koBbIM [17]. 3a N3 obosnadena cpsasnas cymma (St x S?)4(St x S?)#(S! x §?).

C ygerom Toro, uro moJiekysibl HoMep 1 m 11, a Takxke 10 u 12 coBmajaoTr ¢

TOYHOCTHIO JIO BHIOOpA OPUEHTAIMN HA Qz, MOJIydaeM YTBEPXKJICHUE TCOPEMBbI:

Teopema 12 [loanviii cnucok u309HEP2EMUYECKUT MOAEKYA CAywas Kaebuia
npuseden 6 mabauue 4. Ipu pasnoir 3navenusr nocmoannot niowadetd g u

anepeuu h obnapyocusaemes 10 neskeusarenmoir croenuti Juysuiia.

3.9 DkKBUMBaAJEHTHOCTHU cjydaeB ditjepa, Knedbma u CrekjoBa

HpOBerZLeHHbIﬁ aHaJIn3 I103BOJIACT B YaCTHOCTHU YCTAHOBHUTHb €CTECTBEHHDLIC 9KBU-

BaJICHTHOCTH MEXK/1y CJIydasiMi HHTerpupyemoctn Jditiepa, Kiebira n Crekiona.
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Teopema 13

1. IIpu docmamouro 6OADUWUT 3HAYEHUAT UNMELPAAOE IHEPLUL CAYUAU DT~

AeEpa, Kaebwa v Cmexaosa AUYBUANECO IKEUBANEHTIVH L.

2. Ipu docmamouno 6osvwur no ModYAI0 3HAUEHUAT NOCMOAHKOT NAOUGIET
g cayyau Kaeowa v Cmexaosa suysurieso K8USAACHMMHBL CAYHAI0 DUAEPa
C HEHYAeB0T NOCTNOAHHOT NAOULAIET KAK CUCTNEMbL HA YEMBLPETMEPHBLT

cumnaermuvecrur MH02006pa3Uﬂ117 (mo ECTNL 6 CMDBICAE OHdeGJLGHUﬁ 5)

JlokazaTeibCTBO:

[TepBoe yrBepkKaeHre TeOpeEMbI Cpagdy CJAe/yeT U3 COBIAJIEHUS MOJIEKYJT 00JIb-
IIUX SHEPIrUuil Tpex CUCTEM.

st joKazare/ibcTBa BTOPOTO yTBEPXKJIEHUST PACCMOTPUM OUdypKaIMOHHbIE
smarpamMmbl ciyuas Kiebia nmpu g2 > pe u cayuait Ditepa npu ¢’ # 0 (puc. 12).
Cuayuait CrekI0Ba, paccMaTpPpUBACTCS AHAJIOTTIHO. Y TBEPXKIAETCST CYIECTBOBA~

Hue nocjioitnoro guddeomopduzMa deTbIpeXMEPHbIX IIOBEPXHOCTEI:

O: M — M,
g g
31eck nopepxnocTh M coorsercrByer caydato Knebma, a M — caydgaro Ditnepa;
g >prug #0.
Paccmorpum paspesnt 1, 2, 1’ u 2°, paznensiomue 01mdypKaIHOHHbIE JuarPaM-
Mbl Ha 30HbI, 0D03HAUYEHHDbIE PUMCKUMU (D PaMHU.
[Ipoobpas kaxjoit u3 3ou I, I, III u III’ cyrb HecBsiznoe oObeubuenust aByx
OJIMHAKOBBIX OKPECTHOCTE ocobeHHoCTH Tla 1eHTp-1ieHTp. Ha puc. 12 nuzobpa-
YKEH 3aMKHYTBHIN JIUCK D1 U OTKPBITHIH JincK Da, KarXKJIblil 13 KOTOPHIX PACC/IOCH

Ha OKpy)HOCTH. OKPECTHOCTH 0COOEHHOCTH TEHTP-TIEHTP MOXKeT ObITh 3a/aHa
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kak D X Dy (To ecrb npoussejenue 2-atomoB A X A). Kpaem muoroo6paswusi
CJIY2KUT PACCJIOEHHOe Ha TOPbI JInyBusis mognoropue D1 X Ds.

[Ipoobpassl 30H II u II” gBisAtOTCS YeThIpeXMEPHBIMU OKPECTHOCTSIMU OCOOEH-
Hoctu cefyo-menTp tuna A X Co U aHaJoru4IHbIM 00pa30M MOTYT OBLITL IIPE/I-
CTaBJIEHBI B BHJE MPSIMOIO MPOU3BEJEHUSI OTKPLITOrO JUCKa [)3 U JByMEpHOI
nosepxuoctu Cy ¢ kpaem 0Cy u3 deThipex OKpyzKHocTeii. JIBe u3 HEX cOOTBET-
cTByIOT pazpesy 1 u obpasytoT uacth kpas C5 | a JBe Ipyrux — paspesy 2, ux
oboznaunm 3a 0C, . Kpaem dernipexmepHoro MEOrooopasus ciyxut 0Cy X Dy =
(OCF x D3) U (0C, x D3) — obbenenne 4eThipex PaceIOeHHbIX Ha, Topbl JIu-
YBUJLJIsL TIOJTHOTOPUI.

Muoroobpazusi M, ; u M’ 3, MOYKHO TOJIy9WTh, IpuKjenBas K “0aze” Co X Dj
“pyukn’ D1 X Dy ¢ coxpanenuem CTPyKTypbl cioenus JInyBuiis. st 3Toro
TpedyeTcst yKazaTh nocyaoitHbit muddeomopdusm aByx mnoaHoropuii. OT BBIOO-
pa Tap CKJIENBAEMbIX TOPOB PE3yJIbTaT, OU€BUIHO, HE 3aBUCHT. A crocod CKJieii-
KU Ka KJI0# apbl TOPOB MEJUKOM OIIPEIEISIeTCI METKAME Ha COOTBETCTBYOIIEM
pebpe MoJsieKysbl Oosbinmux sHepruii. Ho onn onunakoBbl, ciiegoBaTesbHO, MHO-
rooopasuss M ; u M’ é, OyayT mocyoitno nuddeoMopdHbI.

Teopema nokazaHa.
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I'1aBa 4

JInmyBnineBa KJjaccuduKamus

nHTerpupyemoro cjaydass CokoJjioBa

4.1 T'aMuJIbTOHMAH U JIOMOJHUTEJIbHBIN MHTeTrpaJ ciaydas CoKoJioBa

Nurerpupyewmbiit cayuaii Cokosiosa [7], obnapyxenubiii B 2001 rojy, 3a/aercs
Ha e(3)* ramusibronuanom H:
1

1
H = 5(5% + 53 4+ 253) + 1983 — 57’32)

JlomosiHuTebHBIN HHTEerpaJ F' 4eTBepTOil CTeeHN UMeeT BU/T;

F = 33(5% + 524 s% +2(ros3 —r382) + rs 4 7“32,) +253(89 — 13)(r151 + ros9 +1353).

OrmeTuM, 9TO 9TOT CiIydail MHTerpupyeMocTy OblI OOHAPYKEH MPU TTOMOIIN
KOMITBIOTEPHBIX METOJIOB. B HacTosIIel r1aBe MoJHOCThIO UCCJICOBAHO JINYBUJI-
neBo cucrembl COKOJIOBaA: JaHa KIacCHPUKAINs HEBBHIPOXKIEHHDBIX TTOJIOXKEHW

paBHOBECH:A, BbIYUCJICHBI BCE€ KPYI'OBbIC U M309HEPI'€TUICCKUE MOJIEKYJIDBI.

4.2 PezyabraTrs! II. E. PaboBa

['pybas muyBuIeBa Kiaccudukalius nHTerpupyemoro ciaydas CokosioBa ObLIa

nostydera Psibosbim [24]. B 910M 11yHKTE Mbl BKDATIE HPUBOJUM €10 PE3YJIbTAThI.
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Teopema 14 (I1. E. Pa6os [24]) Ha naockocmu R*(f, h) 6udyprayuonnan
duazpamma cucmemo, Cokonosa npedcmasasem coboti obsedunernue 2aadkus Kpu-
eox I';, 1 =1,..5, 2de

Li: f=-¢"h>3"-1),

[y: f=20°h—g" 3(¢° = 1) <h < ¢

Ly: f=(h+3)°-g"h>g" -3

F4: f:h2,h292—%1,

I's: f=0,
h >0, ec.nuOégé%,
h>g—3, ecaus < g<l,
h}%, ecau g = 1.

[Ipy IpOTHBOIOJIOXKHBIX 3HAYCHUSIX ¢ MOJIydaeM H30MOPQHBIE CUCTEMBI, I10-
STOMYy Jlajiee OyjeM mpejnosararb, uro g > 0. Ciemyer pasiudarhb deTbIpe
KAYECTBEHHO PA3JIMIHBIX BUJIa OUDYPKATMOHHBIX Juarpamm (cum. puc. 13):

a) g =0,

ho<g<?

2)

)5 <g<l,

d) g > 1.

Ormerum, aro npu g = 0 B npoobpase JieBoit crenkn 6udypKarmoHHOM Jina-
IpaMMbl JiexKaT Kpurudeckue Tophl. Jlasee Oyjiem paccMaTpuBaTh TOJbKO HEKPU-
TUYECKNE 3HAUYCHUS ¢.

Ha puc. 13 rnagxue jgyru 6mdypKannoHHON JuarpaMMbl 0003HAUEHbI MaJIbi-
MU I'pedecKuMu OyKBaMu C HHJeKcaMu. B ux mpoobpazax JiexkaT OOTTOBCKHE

nepecTpoiiku TopoB JInyBu/IA, OnuchIBaeMble 3-aTOMaM#. Y KaxKeM UX THUIIBI:
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a7 2A ﬁl . 2B
a9 2A 62 . 2B
Qg . 2A 62 . 2B
Qy . 4A M CQ
Qg . 2A Yo ! 202
ag: 2A 61 24
dy  2A*

CewmeiicTBa TopoB JInyBusis obo3naudensl pumckumu mudpamu -V, Kaxas
Touka cemeiicTB I-IV obpazoBana napoit CMMMETPUUIHBIX OTHOCUTEIHHO NHBOJIIO-
muu P : (s,7) — (—s, —r) Topos. CemeitcTBO V COCTOUT U3 YETHIPEX KOMIIOHEHT
CBSI3HOCTH.

B npoobpase npsimbix A, B, C, D, E, F, G, H u I nexxar uzosneprerudeckue
MMOBEPXHOCTH Q% C pasHbIM TUIOM JiyBujiesoro ciaoenus. I1. E. Psbos [24]
yKazaJl rpyOble MOJIEKYJIbI, KOTOPhIE UM COOTBETCTBYIOT, ¥ BHIUYHUC/INI TOIOJOT U~
deckne TUIb! 9T noepxuocreit. Onu Takossi: A, B — 252 C, D, H, I — S'xS?;
G —(S'xSH#(S!xS?)4(St xS?); E, F — RP?. Hameit rasHoit 3a1a4eii spisercs

BbIducJjienue 7, & u 1. METOK 3THUX MOJIEKYJI.

4.3 HeBbIpOoXKOeHHBIE MTOJIOXKEHNsI PaBHOBecusda B ciiy4dae CoOKoOJIOBa

B stom I[IYHKTE€ MBI Ja€M KJI&CCI/I(bI/IKaIJ;I/IIO HEBBLIPOXKIECHHDBIX [MOJIOXKEHU A paBHO-

Becus cucreMbl COKOJIOBA U BBIUUCJISIEM UX Kpyrosbl€ MOJIEKYJIDBI.

Teopema 15 Veaosua nesvipoostcdenrnocmu, munov, u npedcmasienusd 6 sude no-
YMU NPAMO20 NPOU3BEIEHUA ONA NONOHCENUT PABHOGECUSA, AEAHCAULUT 6 NPO-
obpaszaxr mouex M, N, P, (), L, R oudyprayuonnot duazpammor yka3anv. 6

mabauue.
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MOYKa | YCAOBUA HEBBPONHCIEHHOCU mun n/n npouseedenue
M g>0 UEHMP-UeHmp 2(A x A)
N 0<g<3 cedao-uenmp 2(A x B)
P 0<g<l1 cedno-cedno B x Cy
Q % <g<l1 cedno-uenmp 2(A x Cy)
L g > % UEHMP-UEHmp 2(Ax A)
R g>1 ce0N0-UEHmMp A x Oy

prZOG’bLG MOAECKYADL ITMUT 0CobBLT MoYex npueedem)c

KpUmMuMeckur moyex y samusvmonuana H wa M; Hem.

JlokazaTenbeTBO:

6 mabauye 5. pyeux

Cucrema ypasuennit lamuiabrona v = sgardH, 3anucannasi B KOOpUHATAX

(81, 52, 53,7’1,7’2,7“3), nMeeT BUJL:

si=A{s, H},7i={r,H} &

31 = (—82 +7“3)(7°2 + 83), 7."1 =T389 — 27“283 — 7“%,

S9 = 8381 + S17T92 — 1113,

S3 = —T153,

7'“2 = —S1T3 + 27’183 + 179,

T3 = 8172 — SaT']

[IpupaBnuBas K HysII0 IpaBble YacTH ypaBHEHHUI, HAXOMUM KOOPJUHATHI KPUTH-

yeckux Touek H na M 94. Haiiiennbie Touky Tak:>Ke sIBJIAIOTCS TOUKAMU 10JIOMKE-

HUA paBHOBECHUA CUCTEMBI.
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YCJI. CYII. | KOJI-BO | KOODJIMHATBI
P.QlgeR +(g,0,0,1,0,0)
9 __ g g 1
N,L ER :i: O,¢7 2 I L 707 L ) J
Q |i<yg<1 + (Fv29—1,vT=9,0,Fv29 — 1,/T—g,/T—g)

Jokazkem, 4To0 JiJist KaxK 0l U3 TOYeK, cOOCTBEHHbIE 3HadeHust oneparopa Ay

I[IOIIaPHO Pa3JIMYHbI, OTJIMYHBI OT HYJIA M COOTBETCTBYIOT YKAa3aHHOMY THITY.

YHEM C BBbIUUCJIEHUS MATPUIbl JIUHEAPU3AIUN raMUJIBTOHOBA ITOTOK
Haunem c ciie a eapusa A% ra OHOBa 1I0TOKa

v = sgradH B e(3)* B 061IEM BUJIE:

\rz

—(rg + 83) —S2+ 73 0 —S9+ T3 To+ 83 \
0 S1 —7r3 S1 -7
0 -7y —S3 0 0
r3 —27y 0 —2(s3 + 19) 59
0 27 2583419 T1 —S1
-7y 0 —S9 S1 0 )

Paccmorpum touku P u R. B mpoobpase KaxKkJioil JIEXKUT 110 JIBA CHUMMeET-

PUYHBIX MOJOXKEHUsT paBHOBecust ¢ kKoopauaaramn +(g,0,0,1,0,0). [Iposegem

BBIUKCJICHHS JIJIs CJIydasl 3Haka “+ . B KauecTBe JOKaJbHBIX KOOpAUHAT Ha M 94

BO3bMEM (S92, 83,72, 73). Torma KaHoHUUECKHWH OAa3UC B KACATEJHLHOM MPOCTPAH-
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CTBE 3a/1aeTCsA MaTPUILECil:

(_% _:_;15 TQSlT_%SQTl T3817%83T1\ (0 00 O\
1 0 0 0 1000
) 0 1 0 0 ) 0100
T™, = = TprM, =
0 0 -2 - 0000
0 0 1 0 0010
\ 0 0 0 L \0001)

I MBI JIerKo HAXOIUM MATPHUILY HCKOMOTO omeparopa Ay = A?LI|TP, M
(0 g g -1)
0O -1 0 0
0 1 1 —g

\-1 0 g 0 )

YpaBHeHne Ha COOCTBEHHBIE 3HAUEHUS:

det(A—AE) = (A= 1D)A+ 1)V 4+g—1)=0= A=+l Mgy =+/1—g

Kak BujHO, 1npr ¢ = 1 HPOMCXOINUT BBIPOXKJEHUE: TOUKa P mpeBpariaercs: B
TOYKY R, MeHsist CBOW THIT C CEJJIO-CEJI0 Ha CeJJIO-TIeHT].
[Ipogenaem Ty ke npouenypy st Touku M. B ee npoobpase Jsiexxut jBa

CUMMETPHUYIHBIX ITIOJIOZKEHN I PaBHOBECH !

2
1
+ 07 J ) J ) 07 J y .
VE+1T V@+1 i+l JE+1
IIpoBesieMm BbIUMCIIEHHS JJIsi cJiydast 3HaKa “—" . B KadecTBe JIOKAJIbHBIX KO-

OPJIMHAT BO3bMEM (1, S2,71,T2), TOTJIA:
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[

_n
3

TM* =
0

\ 0

T

T3

0
0
0

0 0

0 0
T183—81T3 T'283—527T3

r3 r2

1 0

0 1

1

T3

)

/

o o O
o o o O

0

\0

g
0
0
0

7)

Omneparop A% HEPEBOJIUT JIAHHBIH 0a31C KacaTe/IbHOrO IMPOCTPAHCTBA B BEKTOPA:

AS Ty

(

-

0 g(1+9%)
g*+1
0 0
0 0
O 1+292
N/
1 0
Vi
J 0

Vo

g2+1

1+¢°
VgA+1
0

Pazyiaras naiigeHnble BeKTopa 1o BhiOpannomy dazucy B 1y M, ;, noJiydyaeM Mat-

putty onepatopa Ag = A% |7,

\/g2+1-AH=

[ o
9(1+g%)
0
\ 1+g°

0
0

0

0 —1)
1+2¢> 0
1 0 g
¢ 0 )

B pesynbrare naxomum cobcrsenmbie 3nadenus det(y/g? +1-Ag — AE) =0 =

Mo =ti/g>+ 1, A34 = +i(g?+1), coorBercTByIomue TUIY NenTp-1enTp. [Ipn

g = 0 onu paBubl (i, 1), 1 TPOUCXOIUT BHLIPOK ICHHUE.
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PaccmarpuBast 1ojioskeHne paBHOBECHSI, COOTBETCTBYIOIEE 3HAKYy ‘47, Jijisi

rouek N u L B JIOKaJIbHBIX KOOpAUHATAX (S1, So,71,72), HMEEM:

(1 0

0
01 0 0
T, M — o-%oéq |
e 0 0 1 0
0 0 0 1
\0 0 0 —%/
[0 (@l 0 —L(+d))
(gQ—i-i) 0 —g 0
[ 1 0 0 L g2 0
92+Z'A%'TNL_ 1 : | 2, 1 =
0 (9+%) 0 —2(P+3)
—q 0 292 0
\ 3 0 9 U
[ o (6> +1) 0 —g )
(21 0 1(,241 0
/92+2-AH= (9° +7) s (7 +3)
0 —q 0 24>
\ 2 (+1) 0 —2(+1) 0 )

Coberentble navuenns oneparopa /g + 1 - Ap:

Mg = £1y/1 — 16g*
X34 = £24/16g" + 129 + 2

IIpu g = % uMmeeM A1 = 0. Mbl BUinM, 9TO TOUKa BBIPOKIAETCA, MCHAA CBOIl
THUII C CEJIJIO-TIEHTP, Ha TEHTP-TICHTP.

Hakoner, paccMaTpuM HOJIOKEeHNE PaBHOBECHUS

(—\/29—1,¢1—9,0,—\/2g—1,\/1—97\/1—9),
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Jexaliee B 1poobpase TouKu (), B JIOKAJILHBIX KOOPJAUHATAX (S2, S3, T2, 3). NMe-

eM.:
1— 1— 1—
( \/gg—ﬂ o1 0 —\/5T )
1 0 0 0
. 0 1 0 0
ToM) = — — |
0 RV 7o SR V&
0 0 1 0
\ 0 0 0 1 )

(1—g 0 g—1 g \
2—3g 2g—1 1—-39g 1—g

\/29—1'14[{:

—g 0 2-3g -y
\49-3 0 1 2-2)

CobcrBennbie 3HavYeHnst onepaTopa /29 — 1+ Ay

Mg = =£(29 - 1)
A3q = +2iy/—2g2 +3g — 1

CBUJIETEILCTBYIOT O TOM, UTO IIPH % < g < 0 TouKa HEBBIPOXKJIEHA U UMeeT THII
CeJITIO-TICHTP.

Mrax Mbl 3aKOHYWIM BBIUKACIEHHE COOCTBEHHLIX 3HadUeHuil omeparopa A,
HO HEOOXOJIMMO ellle IIPOBEPHUTH €ro JIMHEHHYI He3aBUCUMOCTH C OIEPATOPOM
Ap. N3-3a Toro, uro maTerpan I gBAsSETCS CIOXKHBIM IIOJUHOMOM UETBEPTO
CTEIeHH, CAeJaTh 9TO He TakK Jerko. [109ToMy MBI BBIYMCINM JIMIIH YacTh KO-
3 DUIMEHTOB MaTPUILbI JIMHEAPU3AIUN A% BEKTOPHOT'O IOJIS %sgradF B e(3)*.

Nmeewm:
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Hri, F} = —ssro(st+ 83+ 85+ 2(ras3 — r382) + 73 4+ 1r3)+

+83(89r3 — 8379 — 13 — 1r3)+

+ (7181 + 1289 + 1383)(S3r3 — S99 + ToT3),
{ro, F} = syri(st+ s5 + s34+ 2(ross — r380) + 13 +13)+

+83(83r1 — 8173 + 7172) + (1181 + rosy + 1353) (8271 — T911),
sArs, F} = s5(s1ra — sar1 4 r3r1) — (ris1 4 rasa + r383)r153.

10
a i7F71<'7‘<37
2&(),j{?“ b1<d, ]

10 o
(A%)i+3,j+3 = 5%{7“@', F},1<i,7<3,

(A%)H&j -

Pacemorpum toukn P u R. Bekrop v = (0,1,0,0,0,0)" € TppM non neii-

crBueM oneparopa Ay = A%’|TM nepexosuT B BeKTop (*,%,%,0,0, —1), a nosx
eficrBueM orre Ap = AS —
P paTopa Afp FITM B BEKTOD
6 6 6 t_ t

(%, %, %, (A% )12, (A% )52, (A%)62)" = (%,%,%,0,9,0)". Tlocaeanue jnBa BekTOpa
3aBEIOMO JIMHEIHHO He3aBUCUMBI Ipu ¢ # 0, a cyegoBare/bHO U oneparopbl Ag
u Ap OyiyT JIMHEHAHO HE3ABUCUMDI.

JLy1st ocTasbHBIX MMTOJIOXKEHNI paBHOBECHST JIMHEHHYIO HE3aBUCUMOCTH OllepaTo-

poB Ay u Ap ycMaTpuBaeM U3 COOTHOIIEHUH, IPUBEIEHHBIX HIXKE.

e touka M:
v =(0,0,0,1,0,0)' € Thr M,
AHU — (*7 *, K, 07

t
9 __¢g
\/92+17 92+1 ?
t

_ __ g
Apv = (*,*,*,0,0, (92+1)%) :

Apv n Apv 3aBe1oMO JIMHERHO He3aBUCHMbBI TP g 7 0.

e 1ouku N u L:

v =1(0,0,0,1,0,0)' € Ty M,
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t
2

4g __ 2
’ \/492+1’ \/492—1—1 ’
9*(4g>~1) (492—1—1693)(3192—1)
VIV R A(4g2+1)2 ’
Apgv n Apv 3aBeOMO JINHERHO He3aBUCUMEI Ipn g 7 0, :I:%.

Agv = | *,%,%,0

t

Apv = [ *,%,%,0

e Touka (:

v=( %,1,0,0,0,0? e ToM,

t
Anv = (*’*’*’Vl‘g’%w%) !
AFU: (*7*7*7_9\/1_ 7_gv2g_170)t'

Apv u Apv 3aBeJIOMO JIMHEHHO HE3aBUCUMBbI 1IPU % <g<l

Tem caMbIM 3aKOHUEHA IIPOBEPKA YCJIOBUN HEBLIPOKACHHOCTH. OTMETHM 9TO
IIPHU IIPOBEJIEHNN TPOMEXKYTOUHBIX BBIKJIAOK Mbl AKTHBHO OJIHL30BAJINCDH MaKe-
TOM CUMBOJIbHBIX Bbhlunciaenuit Matlab 6.5 Symbolic Math Toolbox.

[Tocsie aTOrO THILI, IPEACTABICHNAS B BHJE MOYTH MPSIMBIX IPOU3BEICHUAN 1
KpyroBole MojieKynnl Touek M, N, P, (), L, n R ompenensioTcs mo TabauIam
npuBeieHHbIM B |1, 7.1, T1.9].

Teopema jloKa3aHa.

4.4 Kpyrosbsie MOJIEKYJIbI BBIPOXKJIEHHBIX OJHOMEPHBIX OpPOUT

Touku 21, 29, 23 U 24 COOTBETCTBYIOT HEOOTTOBCKUM KPUTHYECKUM OKPYXKHOCTSM

cucrteMmbl COKOJIOBA.

Teopema 16 Kpyzosovie morekysve movex 21,29, 23 U 24 NPUGEIeHb, 6 MabAU-

ue 9.

JlokazaTenbeTBo:
B cuny npejoxkenns: 1 ocTaeTcsl BBIYUCIUTL METKH T Ha pedpax, BeayInux

B atombl A. Bynem 3a r(x—y), 0b03HauaTh r-MeTKy pedpa KOTOPOE COEMHSIET
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oudypkanun r u y. Paccmorpum pedbpa KpyroBoi MOJIEKYJIbI TOYKU Z1, OTHO-
cammecs K cemeiictBy V. Ouu coenunsitor obudypranuu 31 u ay. 13 Kpyrosoii
MoJIeKyJTbl ToukE P umeem r(51—7y2) = 0, Touku Q — r(ye—ay) = oo. CienoBa-
TeJIbHO, [0 MPABIILY cjIoXKenus Merok (cM. 1. 2.4), r(f1—ay) = 0. AnagornaHo
TOJTy TaeM:
® TOUKA 21:
cemeiicrso I: r(f1—y1) = 0,r(y1—ag) = 00 = r(f—az) =0
® TOYKa 29!
cemeiicro IV: 1(d1—ag) = 0,7(y2—ag) = 00 = r(61—y2) =0

® TOUKA 24

cemeitcro II:  r(By—y1) = 0,r(y1—a3) = 00 = r(fr—as)

0
cemeiicrso 1L r(fo—s) = 0,r(y9—as5) = 00 = r(fe—a5) =0
0

cemeiictso IV: r(fy—) = 0,r(y9—ag) = 00 = r(Fr—ay)

B pesyibrare He BBIUUCIEHHON 0CTaeTcsi TOJIHLKO MeTKa 1 Ha peope A—B mo-
JIEKYJIbI TOYKHU 23. B JIefiCTBUTE/ILHOCTH, OHA PABHA % DTOT PaKT MBI TTOJYIUM,
BLIYUCJIUB U309HEPTETUIECKIE MOJIEKYJIbI. 3/IeCh MbI IPUBOJIUM €TI0 JIJIsT TTOJTHO-
Thl KAPTUHDI.

Teopema nokazaHa.

4.5 IlocTpoeHme AOITYCTUMBIX CHUCTEM KOOPIMHAT

Hormycrumble cucTeMbl KOOPARHAT Ha, 3-aTOMax KPUBBIX (31, B2, V1, Yo BHIOMpPAIOT-
Cs1 MCXOJI U3 4-OKPECTHOCTH TOUKH CEJJIO-Ceiyio P, KOTopast UMeeT THII IIPSAMOro
npousBesiennsi B X Cy — makoit xke, kak B ciaydae Crekjoa. CTpesodkn yka-

3bIBAIOT HallpaBJieHue pocra [
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()‘%7)‘51) (i) (I/I) ()‘717_)‘52)

(/\71 ) )‘ﬁl) (Q (I\I) ()‘71 ) _)‘52>
()"72 ) /\51 ) (K) (Ijl) (/\72 y /\52 )
i)
()‘727 /\51> (ﬁ) (Q/) (/\727 _/\52>
(?) (>‘51 ) )‘72)

b

(K) (>‘517 )‘72)

T (hgy, M)
s —Aq) & B

o

(I{/) (Mg A

HomycTumbie cucTeMbl KOOpAUHAT Ha aToMaxX A BbIOEpeM, MOJIb3ysCh TeM, ITO
Ha COOTBETCTBYIOIINX pedpax KPYroOBBIX MOJIEKYJ Touek M, 21, 29, 24 T-METKH
pasubl 0. st Oudpypkalimu o, opueHTalus Broporo 6a3ucHoro 1mukJjia ycraHan-

JIMBAETCS UCXOJIsl U3 TOTO, 4TO 1pu g — () KpUuTHiecKre OKPyKHOCTU aTOMOB (]

u 7y; 6eckoneuno cosmxkarores. [losmydaem:

(1)
A - ()‘0417 >‘71)
(1)
(>‘0427 Aﬂl) - A

(I1)

()‘0437>‘ﬁ2) - A
V)
(Aags Agy) — A

(ITT

)
(Mg Agy) — A
(IV)
A
(Aagr Agy) —
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(V)
(>‘517)‘72) - A51

Mpbr He OyjieM BbIOMpPATh BTOpbIe ODA3UCHBIE IMUKJIbI JIJI aTOMOB B

B TepMHUHAX A,. OOO3HAUNM UX T3, —Y3, —Ts, Ys-

CYREIIE

(V)
B - ()‘537 _yﬁ)

B3
()‘537xﬁ) (I}/)
i ., (I
(Asyy —5) A 5 i (Ass, Us)

13 3ameqanus 2 caejyer, 9TO

xg = Ag, + k1A,
yg = Ag, + ko,
Ts = Ay, + K35,
Ys = Ay, + ks,

rie k; € Z — Hen3BeCTHDI.

B3

n A

4.6 OmnpeaesieHne B3aMMHOI'O PACIIOJIOXKEHUS 0a3MCHBIX ITUKJIOB

[Ipoananusupyem nHMOPMAIUIO U3 KPYTOBLIX MOJIEKYJ U CIIHCKA JIOMYyCTUMbBIX

CUCTEM KOODJIMHAT JIJIsl OIIPeJIeJICHUsI B3AaUMHOI'O PACIIOIOKEHNN ITUKJIOB Ay, By-

JIeM paccMaTpuBaTh ceMmeiicTBa TopoB JImysumig I-V moouepenno.

CewmeiicTBo 1

Ha a2k /ioMm Tope 31oro cemeiicrsa budypKaium oupejession HUKIbL A, Aq,,

ABys Ay, M3 Kpyroseix mosekyst ocobbix touek M, P, R,z B cuiy npejjioxe-

HUS 3 MOJIydaeM CJIeayIollyio nHpopMaruio o0 WHJEKcaX rnepecedenns MUKIOB

A
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nmapa IMUKJIOB | MHJIEKC Mepecevdenust
Aays Aoy 1
ABys Ay, 1
Aags Ay 0
Aags A8, 1

C npyroit cTOpoHbI, 0A3UCHI Ha MOJOKUTEILHBIX U OTPUIATEILHLIX TPAHUIIAX
ATOMOB JIOJI?)KHBI IMETh PA3HyI0 OpUEHTAINIO. B cuty uero m3 cmmcka JOMyCTH-
MBIX CHCTEM KOODJMHAT CJiejyer, 910 6a3uchl (Aay, Ag,), (Ays Agy), (Mg, —Ay,)
JIOJIKHBI UMETh OJIMHAKOBYIO OpUeHTaluio, a 6as3uc (A, , Ag,) — HPOTHBOIOJIOK-
HYTO UM.

Hecnioxxno yoeanThest, 9T0 9T yCJIOBUSI OMPEAE/ISIIOT B3aMMHOE PaCIIOIOXKe-
HIE TIMKIOB Ay, A, U Ay, OFAHO3HAYHO, & TPO IUKJI Ag, MOXKHO YTBEDXKJIATh,

qTO

)\51 = )‘041 + l1>\71, l, € Z.

Ha puc. 14 dynjamenTaibHas rpyiiina Topa n300paskeHa B BUJIE TEJI0UNCIICH-
HOW PereTKu Ha, TJI0OCKOCTH, & IINKJIBl — B BUJIE BEKTOPOB Ha HEil. DTO MO3BOJISIET
HAIJISIJIHO OTOOPa3UTh COOPAHHYIO MHMOPMAIUIO.

CewmeiictBo 11

HUKIbL ceMeficTBa: Aoy, Agys Ay, Ady -

Wunekcol nepecevyeHns MUKJIOB:

napa IUKJIOB | HHIEKC TepecevdeHus
AByy NS, 0
ABys Ay 1
Aags Ay 0
Aass Agy 1

3 MeTOK € KPyroBOi MOJIEKYJIBI TOUKHU 23 CJEIYET, YTO Ag, = Ag,.
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[Ipn 910M Gasuchl (Aag, Ag,), (Agy; Ay, ) HMEIOT OIMHAKOBYIO OPUEHTAIMIO.
[lepeunciiennble yCgoBUs OJTHO3HATHO OIPEJICIISIIOT B3AUMHOE PACIIOJIOKEHUE
IUKJIOB A, 3TOro cemeiicta. Pesynbrar nzobparken Ha puc. 14.

Cewmeiicto 111

LUKIBL ceMefCTBa: Aoy, Agy, Adys Avyyy Ady -

Wuexco! nepecevueHns MUKJIOB:

napa IMUKJIOB | MHJIEKC Mepecevdennst
ABys sy 0
ABys Ay 1
Aass Ay, 0
Aass A3, 1

I3 KpyroBoil MOJIEKYJIbI TOUEK 2o U 23 CIEJYeT, UTO Ag, = As, U Ag; = A,.

IIpu sTom 6asucet (Aay, Ag,) U (Ag,, Ay, ) IMEIOT HPOTHBOIOIOKHYIO OPHEHTA-
TTHIO.

[lepeunciienuble YCIOBUS OJTHO3HAYHO ONPEJIENIAIOT B3AUMHOE PACIIOIOXKEHNE
IUKJIOB A, 3TOTO cemeiicTBa. Pesynbrar nzobparken Ha puc. 14.

Cewmeiicto IV

LUKIIbL ceMeBCTBA: Aoy, Agy s Avyyy Agy -

NHekcol nepecedenns MuKJIOB:

Mapa NUKJIOB | MHAEKC IIepecedeHunA
Ay, A, 1
Ay As, 1
Aags Aoy 0
Aags A, 1
Aags As, 1
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[Ipn srom Gasucst (Aag, Ag,), (As,, Ayy) UMEIOT OAMHAKOBYIO OPHEHTAIMIO, A
6asuc (Ag,, Ay,) — IPOTHUBOIOJIOKHYIO M.
[lepeuncsientble yCa0BUsS OJHO3HAUHO ONMPEJIESIIOT B3AUMHOE PACIOJIOKEHYE

IIUKJIOB Aqg, Agys Ay 1IPO ITUKIT As, MOXKHO yTBEPXKAATh, UTO

>\51 = —)\52 + l2>\,y2, Iy € 7.

Bosee Toro, ma pebpe B—A MONEKYJbl TOUKH 23 METKa I" KOHEYHA, & METKA
£ = +1, M03TOMY ¢ HEOOXOUMOCTHIO BBIITOJIHEHO 9 > 1.

CewmeiictBo V

LuKIbL ceMeficTBa: Aoy, Ag,, Agys Ay, -

Unekcol nepecevdenns MuKJIOB:

napa HUKJIOB | MHJEKC TepecedeHust
ABys Ay 0
ABys Ay 1
Aags Ay, 0
Aags Ag, 1

13 KpyroBoil MOJIEKYJIbI TOUKU 29 CJCAYET, UTO Ag, = A,.
I[Ipu s1oMm Gasucet (Ag,, Ag,) 1 (Ay,, Ag,) UMEIOT OJMHAKOBYIO OPUEHTAIHUIO.
[lepeunciientbie ycjoBUust OJIHO3HATHO OLPEJIEJISIIOT B3AUMHOE PACIIOJIOXKEHUE

IUKJIOB A\, 9TOTO cemeiicTBa. Pesynbrar nzodpaxken wa puc. 14.

4.7 IIpumenenme dopmyabl Tomasosa

PesynbraThl JIBYX IPEJIbLIYIIUX IYHKTOB IIO3BOJISAIOT BBIIACATH MATPHUIBI CKJIe-
€K M309HEPIreTUIECKUX MOJIEKYJI ¢ HeM3BECTHBbIMU Kodddurmentamu ki, ko, ks,
ky, l1, lo. Oun npusejiens! B Tabsmie 6. OKa3biBaeTCsl, 9TO JIJI TOrO YTOOBI BbI-

YUCJIUTD 110 3TUM MaTpuUullaM METKH T°, € 1 1, BOBCE Heo0sI3aTeIbHO 3HATH TOUHDIE
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3HaYEHUsT BeeX KOdhummenTon. Jlerko Bugern, aro or ki n ko MeTkn BoOOIIE

He 3aBUCAT, a 0T k3 1 k4 3aBUCUT TOJBKO N-MeTKa Ha aTromMax A* mosekyibl F.
IIpengoxenue 4 Ha amomax A* 6 morexyare F memwan = —1; 11 = 1,1, = 2.

JlokazaTenbeTBo:

Host mostekyn E, F npumenum dopmysty Tomasnosa (1.3):

N(W*) = £27(inn® — 2ab, ) | ] by,
J

rjie Iucao ny coorsercryer aromy Chy, n — atomam B nmm A*, by — koaddu-
IIMEHT MATPUIbI CKieliku Ha pebpax Co—B nubo Cy—A*, a npoussenenue [ | ;i bj
bepetrcs 1Mo BceM pedpaM MOJIEKYJIbI.

Ham ussecrno, uro s mojekyn E u F Q3 = RP? = H1(Q?) = Zy =
N(W*) =2

st Mostexyibl E uveem n(B) = [—+] = —1 (Begap o > 1), 7ty = =214,

Popwmysia Tonasosa naer:

1 1
i2:l§(—2l1(—1+1—l—)2—2(—1+1—l—))(:)ll:il+l2:>l120
2 2

Hst mosiekyint F = n(A*) + %, ny = —2I;. Houyuaem:
* 1 2 * 1
+2 = 4(=2l;(n(A") + 5) —2(n(A") + 5))

+2 = (=20 (2n(A*) +1)? — 4(2n(A*) + 1))
+1 = (2n(A") + 1)(11(2n(A") + 1) +2)

[Tpu ycsoBum [ > 0 970 ypaBHEHWE B MEJIBIX TUCIAX UMEET €IMHCTBEHHOE
pemenne n(A*) = —1,11 = 1 = [y = 2. Yro 3aBepiaer J0Ka3aTeIbCTBO.
Teneppb 1o Tabsiure 6 MOYKHO BBIYHCIUTH BCE METKH M309HEPIeTUYECKIX MO-

nekyn AB ..., L
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3ameuanue 7 Uz monrexysve B, 6 wacmmnocmu, caedyem, wmo memxa v = %

na peope B—A Kkpy20601 MoseKyAbL MOUKY Z3.
ChopmysnpyeMm UTOrOBbI Pe3yJibTar JIABbL.

Teopema 17 Ioanwt cnucox unsapuanmos DPomenro-Luwarnza drs caywasn
Coxonosa npueeden 6 mabauue 7. Ipu paznovir 3HaUEHUAT NOCMOANHOT NAOULG-

deti g u anepeuu h obnapyotcusaemcs 9 HeakeUSANEHMHLT croenutl Juysuiia.
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I'1aBa b

JImyBujieBa Kjaccudukalius
MHTErpupyeMoro cjaydas

KoBajaeBckoii-Axbu npu g = 0

Cnyuait uarerpupyemoctn KoaJsieBCKoi-AXbu — 970 000IEeHNE KIACCHIECKO-
ro Bosuka KoBajieBcKoi Ha cydail 3aJa9u O JIBUYKEHWH TSXKEJIOTO I'MPOCTaTA.
Bo MHOI'iX OTHOIIEHUSIX OH sIBJISICTCS CAMbIM CJIOXKHBIM M3 U3BECTHBIX CJIyYacB
UHTErPUPYEMOCTH MEXaHUKU TBEPJIOro Teja. i BCIKoro 3HaueHus rupocTaT-
geckoro napamerpa A napa (H)y, F)\) Kosajesckoii-SIxbu jlaeT nHTErpupyeMyio
raMUJIbTOHOBY CHUCTEMY C JIByMsl CTEIEHSIMU CBODOJIBI Ha, KaXKJOW IOBEPXHOCTH
M;. [Ipu 3TOM OKa3bIBaETCsI, UTO TOIMOJOIHYECKas CTPYKTypa (ha3oBOro mpo-
CTPAHCTBA CYIIECTBEHHO 3aBUCUT OT oboux mnapamerpoB. Ha puc. 15 Ha m1ockKo-
ctr R?(g, \) n300paskensl KpuBLIe, PaseIaioniue obIacTH ¢ KaueCTBeHHO Pas-
JIMIHBIM BHJIOM OMypKAIMOHHBIX JuarpamMMm cucteMbl. OHM ObLIM OJIYYEHBI
I1. E. Psa6osbim u M. T1. Xapsuamossim [21]. Kak Bu/iHO, 1pU pasHbIX 3HAUEHUSIX
napamMeTpoB HabJoaercs 18 ycToianBbix TUITOB OM(YPKAIMOHHBIX JIHATPAMM.

Pabora [2] nocssiiena onucanuio CTpyKTYpbl JIMYBUJLIEBA CJOCHUs] B KJIACCH-
geckom carydae Kopasesckoii (A = 0). B 910ii ryiaBe Mbl periaeM aHaJordaHy 0

zajiady Jist caydas g = 0. VcuepnibiBatolnee ncciiejioBaHue 110 JINYBUJLICBO
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KJIACCU(DUKAIIMY BCEIO MHOXKECTBA 3HAUEHUI MapaMeTpoB B paMKax JIaHHOM pa-
60TBHI HE IIPEJICTaB/ISIeTCS BO3MOXKHBLIM. 1eM HU MeHee, [P U3y YeHUU TOIOJOINN
CJIOEHUH B KaKOU-IMOO TOUYKE ODIIEro IMOJOXKeHNsT CUCTeMbl KoBaaeBcKoi-Axbn
MoJIHAS KJIACCU(PUKAIA JIBYX “00pa3ytonux’ ceMefcTB MOYXKeT MOCIYKUTH XO-
poieii orupaBHO# TOUKOM. OTHAeIbHBI UHTEPEC IPEJCTABISIEeT UCCJeI0BaHKe

KPUTUYIECKUX JIBUKEHUI, HAIIPUMED, COOTBETCTBYIOMNX TOUKe A,

5.1 T'aMuabTOHMAH W JIOTIOJHUTEJIbHbIA NHTETrPaJI

Paccmorpum ciejyioiiee 0b6obienune raMmuiabronnata KopaJjieBckoii:

st 55 (s3 A
2A  2A A

Kak Brepsoie B 1986 rojny ykaszan X. M. fAxba [5, 6] s wero cymecrsyer

H =

+CL17’1+CL2?”2

,HOHOJIHI/ITGJILHI:)II/UI HHTEerpadJl quBepToﬁ CTelleHn.

2 2 2
F = % + asr9g — a1 + (% — a1y — CL2T1> —
2\ 4\
_E(SS + 2)\)(3% + Sg) + /(3 (CL181 + CLQSQ).

Brech (A, A, é) - IJIaBHBIE MOMEHTBI MHEPIMU TBEPJIOTO TeJja, HapaMeTphl aq
1 G 33Jal0T MOJOKEHNEe TOUKH TIOABECA BOJUKA B 9KBATOPUATILHON IJIOCKOCTH
SJLIUIICOU I UHEPIUU, & A — BEJMYUHY HOCTOSHHOIO I'MPOCTATUICCKOIO MOMEH-
T4, HAIPABJIEHHOI'O 110 YCJIOBHUIO BJIOJIb OCUA JIMHAMUYCCKON CUMMETPUU BOJIUKA.

ITpu A = 0 nonyuaem Kiaccuaecknii ciaydait KoBasieBeKoii.
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Jluneitnoit 3amenoii koopunar Ha e(3)*

( $1 = \/g(—?l% + %52)
2= /5 (25 - 25)
< S3 = \/§§3
ry= =%+ Er
ry = —“—gﬁ — ?17”‘2
| 73 =173

rie ¢ = +/a? + a3, nobusaroTca UCKiodenus napamerpos A, a; u az. B HoBbIx
nepemennbix (81, So, 83,71, T2, 73), ckobka Jlu-Ilyaccona, onpejessiemas cOOTHO-
menusiMu (1.4), Oyjer nponopruoHaibHa UCXOHOM, a raMUJIBTOHUAH ¥ JIOMOJI-

HUTE/IbHBIN nHTEerpas KoBajieBcKoit-Axbu npumyT yrpoieHHbiii BU/I;:

§2 _ g2 2 515 2\
F— <—1 ] 2 +7~1) T+ <%+r2> — 5(33+2/\)(s%+83)+2)\817“3~

3/1ech 1 ajiee Mbl JJIsi TTPOCTOTHI WCITOIb3yeM CTaphie 0003HAUEHUST JIJIsT HOBBIX
nepeMeHHbIX. 3a HOBBIN TapaMerp A obo3HadeHa MexoHasi Besuanta y/CAN.

[Ipn sTom ypasrenus (1.5) B KoopmHATAX 3aMCHIBAIOTCS B BUJIE:

5‘1:—%2(83—{—2)\) 7;1:%—7’2(834—)\)

S9 = F(53+2N) + 13 o = =22 4 1i(s3+ A) (5.1)
5’2:—7’2 7.“32%—8227”1

Mrak, Ha BCAKOM YeThIPEXMEPHOM CUMILIEKTHIECKOM MHOroobpasuu M ; JUTST
3aJIAHHOI'O 3HAYCHUS A MBI I10JIy4aeM UHTEI'PUPYEMYIO FaMUJILTOHOBY CUCTEMY C

JIBYMSsI CTEIIeHSIMU CBOOOJIBI, 3aiaBaeMyto napoit (Hy, F)).
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B wacrosiieit raaBse, OTTaJKUBasCh OT PE3yJIbTaTOB 110 CTPYKType Ondypka-
IIMOHHOI'O MHOXKecTBa, paHee noJiydeHHbix M. II. XapiamosbiMm u II. E. Psbo-
BbIM |21, Beraucsiensr Bee naBapuanThl Pomenko-Llumanra cucrembr KoBasieBekoii-
Axpu ipu g = 0 (reopema 20). Beero obuapyzkeno 10 TuIOB cjioenuii, COOTBET-
CTBYIOIUX PA3JIUHbIM YPOBHSM SHEPIUM U 3HAUEHUAM T'MPOCTATHIECKOTO Iapa-
meTpa A. Takske MOydeHoO oIMMCcaHWe BCEX KPYTOBBIX CIoeHuil (Teopema 19) u
JaHa KIACCU(DUKATNST HEBBIPOXKIEHHBIX TOJIOXKEHHUH PDABHOBECHSI CUCTEMBI (Teo-

pema 18).

5.2 DBudypkanmonHble gumarpaMMbl, ceMeiicCTBa TOPOB M UX IIepe-

CTPOMKMN

B srom nynkre mbl uzsiaraem pesyabrarsl M.I1. Xapiaamosa u [1.E.Psibosa [21],
KOTOPBIE OY/IyT UCIOJIH30BAHbI HAMU B JTaJbHENIIEM, a TaKKe BBOJIUM HEKOTOPBIE
0bo3HAYEHUSI.

Paccmorpum oTobOpazkeHne MOMEHTa §:

F:M* = R*f,h)
§:x— (F(z),H(z))

B cnygyae KoBasieBckoit-fAxpu 6udypKammontas quarpaMMa Oy1eT 3aBUceThb
or napamerpos g u A. B [21] naiijen siBHblit Buji KpuBbix 6udypKaIMOHHBIX JI1a-
I'paMM IIPU BCEX 3HAUEHUX 1apaMeTpPoOB, a TaK»Ke YKa3aHbl KPUBbIE Ha ILJIOCKO-
ctu R%(g, \), pasjensione 00JaCTH ¢ PA3IMIHBIMU THIAME 61Uy PKAIIMOHHBIX
auarpamm (eM. puc. 15). IIpu 3amene 3naka y ¢ Wi A MOJydaeM CHCTEMY W30-
MOP(MHYIO UCXOIHOM, TIOITOMY Jlajiee MOXKHO Mpearnoaarath, 9to g, A > 0. B pac-
cMaTpruBaeMoM Hamu ciaydae g = 0 ciejyer pasjudarh MATh TUIIOB JUarpaMm

(em. puc. 16):
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a) A
b)0<)\2<1

2
c)l< A< 3\f
d) = <A <2
))\2>2

lnankue jqyru OudypKaruoHHbIX JAarpaMM Mbl 0003HAUMIN MAJbIMU I'Pede-
CKUMHI OYKBaMU ¢ UHIeKcaMu. B ux mpoobpasax jexkar O0TTOBCKHE epeCcTPORKM

TOpOB JIMyBuILIsI, KOTOPbIE OLUCHIBAIOTCS 3-aToMaMu. VIX THIIbl yKa3aHbl HUXKE:

A oo, o, a4, a5, 06, 09, A0, 11, (V2

2A : as,a7,ag

A* 41,69

B 1 (1, B2, 33, B5, Bs
2B : py

Cy vy

Perynsapubie Touku oTobpaskenus MoMmenTa ma R2(f, h) apasaiorcsa obpaszaMu
HEKOTOPOT'O KOJIMUECTBA HECBSI3HBLIX TOpOB JInmyBuiisa. VX umcio st KaxKmaoi
00J1aCTH TAaKXKe BbIYUC/IeHO B [21]. Dru Topbl ecrecTrBeHHbIM 00pa3oM pasbusa-

forcs Ha cemeiicrBa. Mbl obo3naunin pumckumu udpavu I-VII.

cemeiicTBo | uncyio Topos JInyBuiiis
| 1
I1 2
I11 1
IV 1
\Y% 1
VI 1
VII 2
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3
Nurepecytoniye Hac n309HepreTndeckne moBepxHoctn (Y Jjexkar B Mpoodpa-
3ax ceveHnil OudypKAIMOHHBIX JHAIPAMM FOPU30HTAJbHBIMU IPIMbIME A, . . ., J.

yCTaHOB.HeHO, 9TO OHM MMEIOT CJICAYIOIHE TOIIOJIOI'MYIECKHUE THUIIbI:

IPSIMAast tan Q7
A B,C,F s?
D.E,G R P
H (St x SH)#(St x S?)
I,J St x §?

HecoKHO 3aMeTUTD, YTO MPEJACTABJICHHON B 9TOM MyHKTE WH(MOPMAIUN J10-
CTATOYHO JIJIT TOTO YTOOBI HAHTH TpyOble MHBAPUAHTHI CJOCHUH JIMyBUIISA HA
TUX MoBepxHoCTaX. [locye aToro pusg nonydenus naBapuanToB Oomenko-Inmanra,

HaM OCTa€TCsl BBIYUCJINTL YU CJIOBbIE METKHW MOJIEKYJI.

5.3 Kiaccudukarnusa HEBBIPOXKJIEHHBIX ITOJIOXKEHNIT paABHOBECHUS

ﬂaﬂI/IM OIIMCaHne HEBLIPOKAEHHBIX TOYEK ITOJIO?KEHUA PABHOBECHSA CUCTEMBI

KosaJieBckoii- Axpu.

Teopema 18 B cayuae Kosanresckot-Hrou npu g = 0 u nekpumuveckuxr 3na-
venuar \° ¢ {O, 1, %, 2} mouku oudyprayuonnot duazpammo. M, N, P, @,
R u L coomsemcmeyrom nesupostcdennvim nosostcenuim pasrosecus. Hx mu-

nsv u npe@cmaeﬂenu,ﬂ 6 6ude nowmu npAamoeco npouseedenwz Yra3arsvl HUIIMNCE.
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modxka mun n/n ’prO’LL36€a€HU€

M | yenmp-uenmp Ax A
UEHMP-UEHMP 2(A x A)
cedro-uenmp Ax B
cedao-yenmp 2(A x B)

cedno-cedno (B x C4)/Zs

V|2 N O =

cedno-cedro B x B

Kpyeosvie monsexysve amux ocobennocmeti npusedenvs 6 mabauue 8. Jlpyeux

Kpumuveckur mover y 2amuisvmonuanos Hy na My—g nem.

JlokazaTebCTBO:

B navaJie HeOOXOMMO HANTH KOOPJIAMHATHI TOUEK TTOJIOYKEHW PABHOBECHS Ha,
dbazoBoM mpocTpaHcTBe cucTeMbl. Byjiem uckarh ux us yeaosust dH |pa(z) = 0.
Torpa sgradH (x) = 0, a 3HaunT npaBas dacthb ypasaennii (5.1) obHyssiercs.

U3 Tperbero ypasuenus cucreMbl uMeeM 1o = 0. Torma, ecam mpejinonoKuTh
aro s # 0, TO u3 derBeproro ypasHenus (Ha 1) caempyer, 9to 13 = 0, a u3
mecroro — uto 71 = 0. Ho 9T0 HeBO3ZMOKHO B CIJTy COOTHOIIEHUs fi = 1} + 173 +
r§ = 1. raxk ¢ HeobXoaInMOCThIO Sy = 19 = (.

ITocse sroro npapbie yacTu ypapHenuit 1, 3, 4 u 6 0OHYJISIIOTCSA aBTOMAaTHIE-

CKH, U MbI IIOJIYy49a€eM CJICAYIOIHE YCJIOBUA Ha TOYKHU IIOJIO2KEHUA PaBHOBECHUA:

f1:T%+T§:1

fo=7151+1r383 =0
X (5.2)
%—F)\Sl +7r3 =20

L —%‘1‘)\?"14-837“1 =0
ITycth s1 = x, 83 = y, Tor/ia U3 NEPBHIX JIBYX ypaBHEHU (5.2) CJIeJlyer, 4To

KOOPpAHMHATBHI NCKOMBIX TOYEK MMEIOT BU/IL:
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Yy X
xaoayai 707:F
( /x2_|_y2 /x2+y2)

[TojicraBiisist B TpeThe U derBeproe ypaBHeHue cucreMbl (5.2) nosydaem:

YA A=t

Vg (5.3)
2% + 22 +2\y =0

Ecin z = 0, T0 ¢ HEOOXOMMMOCTBIO § = —A, U MBI TOJIy9aeM JiBa PEIICHUS:
(0,0,—X,1,0,0) u (0,0, —\, —1,0,0). IIpoBepka 1moKa3bIBAET, YTO IIEPBOE COOT-
BercTByeT Touke M O6udypKalnoHHO#I IuarpaMmbl, a Bropoe — Toukam N, P u

() B 3aBUCUMOCTH OT 3HAYCHUS .
Bynem uckars ocranbibie perenust. [lycrs @ # 0. Bropoe ypasuenune (5.3)
nepermceiBaerca B suge 12 = —2y(y +\) = y € (=), 0). [loxcrapnss Boiparke-

HUE JUId T2 B 11ePBOE yPaBHEHUE, 1OJ1YYaeM:

2
y+2\ =+ S y+20) =2 —20) =4 —y(y+22)°> =4

—y? —2\y

I/ICCJIG,D;yeM BOIIPOC: KOTI'/la IIOCJIEAHEE YpaBHECHNE UMEET KOPEHb U3 MHTEPBaJla

(=, 0)?

fy) =—yly+2))° = f(y) = =2(y + 2X)*(2y + A) = ymax = —A/2

HGO6XO,ZH/IMI)IM ycJjgaoBueM HaJINIKNA KOpHeﬁ ABJIAETCA:

27 8
f(?/max):—A4>4<:>)\2 > —

16 3v/3

OHO Ke SIBJISIeTCsI IOCTATOUHBIM JIJIsi CYIIeCTBOBaHU KOPHS yYg (cM. puc. 17).
J1is1 cyecTBOBaHMST KOPHSI Y7, JIOHOJHUTEILHO HE0OX0uMO T0TpeboBaTh: f(—A) <

4 2L 2.
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Haiinenrbie Toukn paBHOBECHsT COOTBETCTBYIO ToukKaM R u L Oudypkammon-
HOI jrarpaMMbl. OTMETUM, 4TO B OTJIMYKME OT IIEPBOIO CJiydas, 3/eCh B IIPO00-
pase JIEXKHUT 110 JBa, IOJOXKEHN PAaBHOBECHsI COOTBETCTBYIONINE Pa3HbIM 3HaKaM

X.

Hroru noucka ToUeK IMOJIOXKEHIUSI paBHOBECH:A IIOABEIECHDLI B Ta6.HI/ILL€.

TOYKA | YCJI. CyTIL. KOJI-BO | KOODJMHATEI

M AeR | (0,0, A, 1,0,0)

N.PO|XeR | (0,0, — X, —1,0,0)

2 _8 Yy _ z

R AZ > 33 2 (a:,O,y, \/Wjo, \/332—‘1'92> )
rie — y(y +27)% = 4,9y* € (0, %2),
r=4/2yly+ N

8 2 S o Y
L 3\/§<)‘ <22 (:L‘,O,y,\/xz—W,O, W),

me —y(y + 20 = 4,2 € (X, %),
r=1/2yly+ N\

Teniepb poBepuM, 4TO B HaWJIEHHBIX TOYKAX 110JIOXKEHUS PABHOBECUSI Ollepa-
Top Ay ¥Meer HeHyJIeBbIe MONapHO Pas3jiMdHble COOCTBEHHbIE 3HAYCHUS] U YCTa-
HOBUM TuIIbl TOUeK. [Tnddepennnpyst npassie uacru ypastaennii (5.1), nosydaem

varpuiy AY; suneapusainun sekroproro noroka ssgradH na e(3)* B Kooputa-

Tax (817 $2,83,71, T2, TS):
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( 0 —(83 + 2)\) —89

0
S3+ 2\ 0 S1 0 0 2
) 0 0 0 0 —2 0
AH —
0 T3 —2r9 0 —2(33 + )\) S9
—T3 0 21 2(83 + )\) 0 —S1
K T9 —T 0 —S59 S1 0 )

Paccmorpum mosioxkenne paBHoBecus: B 1ipoobpase Touku M. Bozbmem
(82, 83, T2, 73) 32 JIOKAJIbHBIE KOOPMHATHI. TOrIa KAHOHUIECKHI Ha3UC KacaTe h-

roro rnpocrpancrsa k M4 B Touke M umeer Bu:

(OO )\\

0
0
0
0
\0 001

IIo eficTBreM ollepaTopa AG OH IIepeXOJUT B BEKTOPa.
H

/—Ao R

—_
(e}
o o o O

o o o O
o o O
| —

0 0 0 2+ A2
A8 Ty A — 0 0 -2 0
0 00 0
0 20 0
\—10 0 0 )

124



_ A6 :
CrestoBaresibio, MaTpuiia uckomoro oneparopa Ay = AY |7, v

(00 0 A+2)
00 -2 0
02 0 0

\100 0

Ero cobcreennbie snadenust +2i, +(v/ A% + 2)i 94ucTO MHUMbIE U TIONAPHO pas-

auanbl 1pu A2 # 2. TakuM o6pa3oM, IPH YCIOBUM JIMHEHHON HE3aBHCHMOCTH
omepaTopoB Ay m Ap ncciaegyeMast TOUKa MOJOXKEHUST PABHOBECHUST HEBLIPOK 16~
Ha U UMeeT TUT HEeHTP-IEeHTP.

Anajiornano st rouek N, P u () umeem:

(000 -2 [ x

0
100 0 0 0 0 2-

L lo1o o Ll o0 =2 o
000 0 0 0 0 0
001 0 0 -2 0 0

000 1) L1 0 0 0 )
(00 0 2-x)
00 -2 0
AH|TM4 =

-2 0 0

\1. 0 0 o0 )

Coberpennble 3Hadenns +2, £1/2 — A2 nonapHo pasinyHbl 1 OTJIAYHBI OT HYJIs

npu \? # 2, c1e0BaTeIbHO, IPU YCJIOBUY JINHEIHOI He3aBUCHMOCTH OIIEPATOPOB
Ay n Ap nonoxenue paBHOBecHs HEBBIPOXKIeHO. [Ipu A\? < 2 Bce cOOCTBEHHDBIE

3HAUEHUS JICHCTBUTENLHDI, IIOJyUaeM THUIl CeJIJIO-CeI0 — cay4dait Touek N u P.
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[Ipu A2 > 2 j1Ba cOBCTBEHHBIX 3HAUECHUS JICHCTBUTEILHBI, & JBA JPYIUX — YUCTO
MHHUMBIE, I MBI IMEeM THII CEJIJIO-IEHTD — CJydail TOUKu ().
Ilepeiiiem K paccmorpenuto Touek R u L. B kauecTBe JJOKaIbHBIX KOOPJIUHAT

na M* BosbMem dyukiuu (s1, 82,71, r9). Umeen:

(10 o o \
01 0 0
¥ 0 (x2+12;2)% 0
TR7LM4 = r . =
00 1 0
00 0 1
\00 L 0
[0 —+2N 0 0
2 9\3
2y + A 0 (@+y7)2+2y 0
An = 0 z 0 2(y + \)
224292 3x2y+21° +2) 22
\ o O 2 o)
CoBepimas To/ICTAHOBKY B COOTBETCTBUH C TOXAeCTBOM 22 = —2y(y + \), momry-
UM
( 0 ~(y +2)) 0 0o )
2(y+ )\) 0 (*y(y+2A))%+2y 0
An = 0 N 0 —2(y+ A)
—y(y+22) 4
_w (2020 0
\ r/ —y(y+2X) y+A )

Pacemarpusag ciayuait A > 0, y+2X € (A, 2)) > 0, u3 roxaectsa —y(y+2A)° =

4 umeeM:




OTKY/1a:

[0 —(y+2n 0 0
y 2(y + A) 0 0 0
H = O x(y+2/\) O 2(
sty oy 1A
A(y+2)) (y+2)) (2y+))
R Y

[IOCJIe 4ero COOCTBEHHDBIC 3HAUCHUST M OIIEpATOpa AH HaXOJIATCA B ABHOM BUJIEC:

1o = *i\/2y% + 6y + 4)2
fizq = =in/4y® 4+ 10y + 4)2

OI_LGHHM SHaKM IMOJKOPHEBBLIX TPEXYJICHOB!

202 + 6 y+422 = 222(£2 4+ 3t +2) = 2X2(t+1)(t+2) > 0 npu t = = € (—1,0),

>

1
dy* + 10My + 4X% = 2X\2(2t% + 5t +2) = 4X\*(t + 2) <t + 5) =

>0, mpnte€ (—1,0) &y e (—3,0) — cayqaii Toukn R

<0, mpute (-1, —%) Sy € (=, —%) — caryvait Toukn L.
TakuM 06pa3oMm, B ciydae TOYKHM L MBI UMeeM I1apy YHCTO MHHUMBIX U HApy
BEIIECTBEHHBIX COOCTBEHHBIX 3HAUCHMI, UTO COOTBETCTBYET THILY CEJIO-LIEHT,
a B caydae TOYKM R — JIBe Iapbl YACTO MHUMBIX COOCTBEHHDLIX 3HAYCHUI, 9TO
COOTBETCTBYET THUILy IIEHTP-IIEHTp. B mocieaneM ciaydae eme HeoOXOAUMO YI0-

CTOBEPUTHCsI, YTO COOCTBEHHBIE 3HAUEHHS IIONAPHO PAa3JUIHbI. IJTO JIET'KO yCTa-

HaBJIMBaCTCA U3I:
20 + 6y + 422 = 4% + 100y + 4\ &

S22+ =1 +3yh e yly+2)) =0 <y € {0, —2\}, voy € (—\,0).

,ZLHH 3aBepHIcHNA JO0Ka3aTeJIbCTBa HEBLIPOXKIACHHOCTHU HaﬁﬂeHHle I[TOJIOZKE-

HUIl paBHOBECHSI OCTAJOChL MPOBEPHUTDL, UTO B KaXKJIOH TOUKe omepaTopbl Ay u
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Ap Oynyr auHeiHo HezaBucuMbl. M3-3a Toro, uro waTerpan F' ABIsSeTCs CJI0XK-
HBIM TIOJIMTHOMOM YeTBEPTO#l CTelmeHu ciejaThb 3TO He Tak Jierko. [loaromy BbI-
YUCUM JIMIIL YacThb KoadduiuenTos MaTpuiisl Juneapusamn A% Bexropmoro

noutst ssgrad ' B e(3)*. Unmeenm:

{ri,F} = — (# +7”1> SoT3 + (% +19) 173+
+3Ara(s] + s3) — A(s3 + 2X)sars,
{ro, F} = — (# + r1> s1r3 — (22 + 19) sor3—
—a M1 (s? + 83) + A(s3 + 2X\)sir3 — 2Mr3,
{rs, F} = (3%4;8% + 7"1) (s172 + sor1) + (22 + 19) (S92 — $171) —

—>\(83 + 2)\)(817“2 — 827“1) + 2>\T27”3,

10

(A%)i+37j 28 {TlvF} 1 < 37
1 6

(A6 >z+3,j+3 28 {Tu F} 1<,7 <3,

Paccemorpum Touky M. Bexrop v = (0,1,1,0,1,0)! € Ty M* nox neitctaiem
onepatopa Ay = A% |7y nepexonut B BekTOp (%, %, %,0,2, —1)!, a nox yeficreu-
em oneparopa Ap = A%|ry — B BekTop (%, %, %,0,0,1 4+ A?)!. [ocaeanue jpa
BEKTOPaA 3aBEJI0MO JIMHEHHO HE3aBUCUMbI, a CJIeJI0BATEJLHO U onepaTopbl Ay u
Ap OyyT JIMHEHHO HE3aBUCUMDI.

st rouek N, P u Q nmeem: v = (0,1,1,0,1,0)" € TM,

Agv = (%,%,%,0,—2,1)", Apv = (*,*,*,0,0, 1— AQ)t. Apv n Apv 3aBenomo
JMHeiHo HezaBucuMBbl ipu A2 # 1.

st touek L u R, npejcraBuB UX KOOPJIUHATHI B BUJIE
<a: 0,y, L2 ) _ WW) Gysiem uvers: v = (0,0,0,0,1,0) € TM, Agv =
(s, %, %, =2(y + \), 0,2)", Apv = (*,*,*, (y+)‘) ,0, m — )\(y—|—2>\)x)t. Agv
u Apv 3aBesioMo JMHeiRHo HezapucuMbl mpu y ¢ {—2\,0}, HO, KaK U3BECTHO,

€ (—=A,0).
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Tem cambiM 3aKOHUEHA MTPOBEPKA YCJIOBHN HEBLIPOK AeHHOCTH. OTMETHM 9TO
[IpU [IPOBEJIEHUN TPOMEXKYTOUYHBIX BbIKJIAJIOK Mbl aKTUBHO I10JIb30BAJUCH I1aKe-
TOM CUMBOJIbHBIX Bbhiunciaenuit Matlab 6.5 Symbolic Math Toolboz.

[Tocste sToro w3 tabsui, npusegeHubx B |1, 1.1, 11.9], Haxomum mpepcrasiie-
HUS B BHUJIE TTOUTH MPSIMOTIO ITPOU3BEJIEHUsT U KPYTOBbIE MOJEKYJIbI.

Teopema nokazana.

5.4 Kpyrosble MOJIEKYJIBI BHIPOXKJIEHHBIX OJHOMEPHBIX OPOUT

Hajinm onmcanue KpyroBbIix MOJIEKYJT BbIPOXKJICHHBIX OJIHOMEPHBIX OPOUT CJryvast

KosaJgesckoii-Axbu nipu g = 0.

Teopema 19 Kpyzosuvie mosekysv, ocobvir mouex z; (i = 1, ..,6), a makoce mo-
NONORUMECKUEC MUNDL COOMBEMCMBYOULUL KPY206bLL MH02000pasuti npusedernl

6 mabauue 8.

JlokazaTenbeTBo:

C yueroMm mpeioKeHHs 1 HAM OCTAETCA BBIYMCIUTL METKH 7 Ha pebpax,
BEJIYIINX B aTOMBI A.

Paccmorpum pebpo KpyroBoil MOJIEKYJIbI TOUKH 21, OTHOCSINEECS K CeMeii-
ctBy 1. OHo coenunsier oudypkranun 1 u . VI3 Kpyrosoit Mmosieky/bl TOUK# P
nmeeM 1(61—033) = 0, Toukn Q — r(f3—az) = 0o. Cieg0BaTesIbHO, TIO MPABIILY

caokeHust MeTok 7([1—ag) = 0. AHAJIOTHYHO TOJTyIaeM:

® TOUKA 271:
cemeiictso 11: T(ﬁlfﬁgl) =0, 7“(64*0(3) =00 = T(ﬁlf&g) =0
® TOUKa 25

cemeiictBo VII: r(ar—ag) = 0,7(ag—0F1) = 00 = r(fsy—az7) =0
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® TOUKA Zg:

cemeiicro II:  7(Bs—04) = 0,7 (By—a3) = 0o = r(fs—as) =0
cemeiicro I1I:  7r(035—05) = 0,r(f3—ag) = 0o = 1r(F5—a9) =0
cemeiictBo IV:  1(B3—0F) = 0,r(03—a19) = 00 = r(fs—a19) =0
cemeiictBo VII: 7(85—0F4) = 0,r(Bs—ag) = 0o = r(fs—ag) =0

st Touku 29 Ha peope B—A merka r = 0 B cuily OpeJjioyKeHus 2.

Touka z; wabsomaercs TOAbKO pu A = (0 ¥ OTHOCHTCST K KJIACCHIECKOMY
cayqaro Kosasesckoit. Ee kpyrosas Mosiekyna ykazana B |2].

HecoxkHo BUJIeTH, 9TO HEJOCTAIONIAE METKH MOJIEKYJl TOUYEK 23 U 24 HeJb-
39 BBIYMCJIUTH TaKUM 3dJEeMEHTapHbIM criocoboM. OKoHUATe/bHBIM OTBET Oyjier
MOJIyYIEeH B MOCTEAYIONNX IMYHKTaX. 37IeCh MBI IPUBOJUM €r0 JIJIs TIOJIHOTHI.

OnpeeuM TakzKe TONOJOMMYecKIe THIILI KPYTOBLIX MHOTr006pasuii Q2 BbI-
POYKJIEHHBIX OJTHOMEPHBIX OPOUT.

PaccmoTrpuMm TOUKy z3. Bo-TepBBIX, 3aMeTUM, UTO B JEHCTBUTEJHLHOCTH eii
OTBEYAET JIBE HECBSA3HBIX OCODEHHOCTH, KOTOPBIE CIPOCHUPOBAHBI B OJHY TOY-
Ky OudypKaIMOHHON JrarpaMMbl OTOOPaKEHUEM MOMEHTa. DTUM O0bsICHSIETCS
HaJIMYIMe JIJIsT Hee JIByX KPYyroBbix. PaccMoTpuM 0COOEHHOCTH, OTBEYAIONLY 0 MO-
nekyine A—A*—A. Ee 6udypkanuonnas jauarpaMma n3odpakeHa Ha puc. 18.
[Tpoussegem nedopmaimio konrypa ABCyDy 8 ABC1D;. Tlpu srom Tomoso-
MIIecKnii TUIT MHOrooOpaswsi B Mpoobpas3e KOHTypa He U3MEHUTCs: Tmpoobpas
orpeska C'D onpesnensercsa 8 M* ypasuennem H = const, a u3 Teopembl 18 nam
U3BECTHO, 9YTO KpUTUUIeCKUX ToueK H B okpecTHOCTH 23 HeT. OcTajbHbIe 3BEHb
KOHTYpa WCIBITHIBAIOT TVIAJKYIO W30TOMUIO, HE BCTpedas TOUYeK OudypKaluii.
Konryp ABCyDy onpeienisieT KpyroByto MOJIEKyJy Heocoboit Touku Oudypka-
IMUOHHON JTHArpaMMbl, DOJIee TOUHO — KPYTOBYIO MOJIEKY/IY 3-aToma A KpuBOii
ag. Takume KpyroBble MOJIEKYJIBI MOJTHOCTHIO onucanbl B |1, 1.2, rir.1]. [pusegem

TOIIOJIOTMYECKHNE THUIIbI KPYI'OBbIX MHOFOO6paBI/H71 JJ14l OCHOBHDBIX 3-aTOMOB:
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3-aTom THIT KPYTOBOT'O MH-HsI
peryyspHast TOUKa T3
A St x §?
A* H3
B St x (S? + 2g)
Co St x (S? + 39)

Bnecnh (S? + Ng) — cdepa ¢ N pyukamu; 3a H? obosnaueno paccioenue 3efi-
depTa co croem oKpyKHOCTD 1 6a30it T2 ¢ AByMs 0COOLIMHE TOuKaMu Tuma, (2, 1).
Taxum obpazoM, KpyroBoe MHOI0OOpa3ue pacCMOTPEHHOI 0COOEHHOCTH TOUKU
23, Jlexkalee B mpoobpase koutypa ABC| D, Tononorunyuecku spisgerca St x S2.
[TpoBojst anajgornunble pacCyKIACHUS s APYTUX BBIPOXKIEHHBIX OIHOMEP-
HBIX OPOUT M UCIOJIb3Ysl LPUBEJIEHHYIO BbILIE TAOJIMUILY, LOJYYAEM TOLOJIOrHYe-
CKME TUIIbl OCTAJIbHBIX KPYIOBLIX MHOIOOOpa3uil TOUeK z;.

Teopema jloKa3aHa.

5.5 IlocTpoeHue JOMyCTUMBIX CUCTEM KOOpPAMHAT

[TocTtaBuM Haleil 1e1bI0 BIOpATH JIJIs KAaXKJ0I0 3-aTOMa, JIOIYCTUMbIE€ CHCTEMbI
KOOPJIMHAT, COCTaBJIEHHDbIE U3 IUKJIOB A,.

JlonycTuMble cucTeMbl KOOPJAMHAT Ha CEJIJIOBBIX aTOMaX BbIOEpEM MCXOJs U3
[IpecTaBeHnus B BUJIE IOYTH IPSIMOI0 IPOU3BeIeHust ocobennocreil Touek N u
P tuna cenyio-ceyio. AHasorudaHas mpore/ypa mpojiebiBaercs B [2] s kiac-
cuieckoro ciyuast KoBajgeBckoii, rie 0coOeHHOCTH THIIA CEJIJIO-CEJIJIO B TOUHOCTH
rakue »xke. [Toaromy HaMm ocraercst BbIIUCATH OTBET.

Paccmarpusast touky N ¢ npeacrapienuem (B X Cy)/Zs, nonyqaem:
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A A
()‘52’ - ﬁfz'_ 52) (Q
(1)
Ba1— (Agys Agy + Ag)
A A
()‘527_ 52; 51) (V/I)
Ao, F g\ VD) . (Vv
(>\517 ° 9 ﬂ) <_>)A51 (_2 ()‘517 )\’Y)
Ao, F g\ () . UV
<>\(527 ° 9 ﬂ) (_)> A52 (_)) ()‘527 )\’Y)
(/\77_)‘51) (<) (I/I) (>‘77>\51)
02
<>"Y7_)‘52) (I/“/) (I\I) ()"Y’>\51)

Paccmarpusas Touky P ¢ npencraBienueM B X B momxydaem:

()

SN PYIOYH

A3, —A B
( B 53) — 3
O (s As)
(I§I) ()‘537_)‘55)
()
A3y AB, B
( B3y \B ) - Bs
(I\“/) (Aﬁsv_Aﬁa)
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Ga

V1) (>‘557 )‘/34>

Ay — A,
(Ags —=Ag;) — G

Y (s M)

(I/I) ()‘@3 ) >‘54)
B

(V)
(>‘567 _)‘53) —

s

O g Aa)

Tenepb Bbl6epeM JOIMMYCTUMbIE CUCTEMBI KOOPJAWHAT Ha MUHUMAKCHBIX aTOMaXx

Ha pebpe KpyroBoil MOJIEKYJIbl TOUKH 27, COOTBETCTBYIOIIEMY CeMelcTBy I,
r(a1—F2) = 0. CieJloBaTesIbHO, TIUKJIBL Ay, U Ag, UMEIOT WHJICKC TlepecedeHns 1
1 00pa3ytoT O6aznc. IIocKoIbKY BTOPOIl UK UMeeT OPHEHTAINIO, 33/JAHHYTO Ta-
MHUJIBTOHOBBIM TOTOKOM, 0a3Wc BJSETCS JOMYCTUMBIM JIJIsT PACCMATPUBAEMO-
ro aroma A. Paccyxas aHATOTMYHO, TTOTYYaeM JIOMYyCTAMbIE OA3UCHI JJId
OCTAJBHBIX Ondypkammii. Vckmodennem sBIAIOTCS aTOMBI A T A, TS
KOTOPBIX Mbl 110K HE MOYKEM yKa3aTh BTOPble Da3MCHbIE [IUKJIbl, 13-3a TOI'O YTO
COOTBETCTBYIOIIME T-METKU KPYI'OBbIX MOJIEKYJl HaM ellle HeusBecTHbl. VX Mbl

HaliieM T032Ke, a 3/1eCh IPUBEJIEM OTBET JIJIs1 3aBEPIIEHHOCTH CITUCKA.

(1)
A - ()‘0417 Aﬂz)
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5.6 OmnpeneneHne B3aMMHOT'O PACIIOJIOXKEHNHA 0Aa3MCHBIX ITUKJIOB

[Tpoananuzupyem nHMOPMAIUIO U3 KPYTOBBIX MOJIEKYJI U CITUCKA, JIOMYCTUMbBIX
CUCTEM KOODPJIWHAT JIJIs ONMpPeJeeHrsT B3aUMHOTO PACITOIOKEHUST IIUKJIOB A, Ha
KaKJIOM U3 CeMEKCTB TOPOB.

Paccmorpum cemeiictBo [. Ha Kaxkjom Tope sToro cemeiicrsa Oudypraiun
OIPEJEINIAIOT TUKIBL Aayy Aay, Aayys Adys Adys Agy B Ag,. VI3 KpYyTroBBIX MOJIEKy

ocobpix Touek M, N, P, () u 21, z7 u3BJeKaeM CJIEAYONMY0 HHMOPMAIUIO 00

HHJIEKCAX TePecevuennii IMUKIIOB Ay:
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nmapa IMUKJIOB | MHJIEKC Mepecevdenust
Aays Aoy 1
Aays A, 1
Aags A8, 1
Aags Ags 0
Aairs g, 1
A8y Ag, 1
ABys Agy 1
A3y, Ad, 2

C apyroit ¢cTopoHbl, 6a3UCHI Ha MOJOXKHUTEJBLHBIX U OTPUIATEILHBIX IPAHU-
1ax 3-aTOMOB JIOJKHBI MMETh PasHylo OpUeHTalMIo. B cuily 4ero us crimcka
JIOIYCTHMBIX CHCTEM KOODJMHAT 3aKJH0YaeM, 9T0 0a3uchl (Aay, Ag,), (Ao Agy)

1 (Agy, Ag, T Ag,) JIOJZKHBI IMETH OJIMHAKOBYIO OPUEHTAINIO, & 0a3uChl (Aay, Ag, ),

)\52+/\32 )\52—1—)\52
()‘aw /\51)7 ()‘517 —)\53), ()‘ﬂu )‘52)7 ()‘527 2 ) n ()‘527 — T 3 ) — HPOTHUBOTIO-
JIOXKHYIO UM.
DTN yCIOBUST OTPEJICISTIOT B3ANMHOE PACTIOJIOKEHIE BCEX ITUKJIOB KPOME Ay,
ojaHo3Ha4vHO. [locaemauit MUK OTHOCUTCA K KJaccumaeckoMmy ciaydaio Kosajes-
ABy—

As
P22 Mpl ostydaeM u3 [2].

CKOIl ¥ COOTHOLICHHE Ha HETO Aq,, = 25

BzauMHOe pacioJioyKeHHe IUKJIOB OCTaJbHBIX CEeMEHCTB aHaJU3UPYeTCs II0
aHajornaHoi cxeme. Ha puc. 19 dpyHmaMenTaIbHbBIE IT'PYIIILI TOPOB N300PaKEHbI
B BUJIE IIEJIOUNCJIEHHBIX PEIIeTOK Ha, ILJIOCKOCTH, & IUKJIbl — B BUJI€ BEKTOPOB HAa
HUX. DTO MO3BOJISIET HATIJISIIHO OTOOPA3UTh COOPAHHYIO HH(OPMAIHIO.

[TonoxkeHne MUKJIOB Oy, Qi5, Q5 U (7, OJHAKO K€, OIPEJEIUTh TaKUM MeTO-
JIOM HE yJIaeTCsi. DTO CBA3AHO € TEM, UTO Mbl JIO HACTOAIIEIO MOMEHTa HE 3HAEM
HEKOTOPBIX METOK KPYI'OBBIX MOJIEKYJ. JJaHHYIO HEOIpee/eHHOCTh Mbl OKOH-

YaTE€JIbHO YyCTPpaHMM B CJIIE€JYIOIICM IIYHKTE, IIOKa 2KE€ OTBET IJIs1 9THUX IHMKJIOB
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n300paXkeH MyHKTUPOM.

5.7 IIpumenenue popmysbr TomasioBa

Ternepnb Mbl ucnosbzyem dopmysy Tonasosa B Bapuanre (1.1) jist pasperierusi
OCTaBIINXCA HEOIIPEJICJICHHOCTEH.
PaccMoTpum KpyroByro MOJIEKYJly TOYKHU Zo. Haxojum MaTpuily CKJelKu Ha
beckoHeuHOM pebdpe:
g, 1 0 g

Ago+A
——B22 % 1 —1 )\52 —|—/\ﬁ31

2

Ha xoneynom pebOpe MaTpuila CKJICHKH MMEeT BUJI;

>\Oé4 _ m 1 )\)\QQA m e 7
As, 10 e el

Tononormdeckuit THI KpyroBoro Muoroobpasus - T3, Hy(T3) = 73 = N(W*) =

0. Umeem:
ﬁ:n—i—Zm—i—p/Q:m—l, (1L.1)=(m-1)-1=0=m=1

Tem caMbIM OTNpejiesIeHo MOJIOYKEHHe UK \,, OTHOCUTETHHO JIPYIHUX IUKJIOB
cemeiictBa VI.
*
HaJjiee paccMOTPUM KPYLrOBYIO MOJIEKYJIY TOYKM 23, UMEIOLLYTo Buj A—A*—A.
Terepb Mbl MOXKEM BLIYMCJIATHL MaTPUILy CKJEHKKM Ha ee pedpe, OTHOCSINEMCs K

cemeiictBy VI:

)\a4 -1 1 )\51
- A +/\ﬁ == 0
5
)\52 -1 2 12 2
a b
Bropyio Marpuily CKJIEHKH MOJIEKYJIb OlpeJIeJINM U3 YPaBHEHUS
c d

Tonanosa. Tononormaecknit Tun Muoroobpasusd - St x §?, Hy(S! x §?) = Z =

N(W*) = 0. B cuny upepiioxenusi 1 € = 4+1 = 5b> 0.
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1
27

e Enooe i) -1+ {5} 4

(1.1)=(a/b—1/2b=0=>2a=b=>a=1,b=2

[} > e

r=1/2.

Mbr I[IOJIY9MJIM COOTHOIIEHME Ha AOIIYCTUMbIC CUCTEMbBI KOODJIMUHAT, OIIPpEaEJIsA-

[OTIIee TOJIOYKEHUE TIIKIIA Aqy:

Mg 1 2 A5,
= kel
x k 2k —1 -y

Bropast crpoka 3aj1aeT MHOYKECTBO JIJIsT BLIOOPA BTOPOTO 3JIEMEHTA, JIOMYCTHMOTO
b6azuca Jiisg g, B crmcKe JIOMyCTUMbBIX CUCTEM KOOPJIMHAT MbI JIJIsi OIIPeJIesIeH-
HOCTH 3a(pUKCUPOBAJIA BapuaHT cooTBeTcTBYyIomuii k = 0.

Anaim3 KpyroBeIX MHOrooOpasmii TOUEK 25, & 3aTeM 24 MO3BOJISIET B TOTHO-
CTW aHAJOTMYHO OTPEJICNINTD TTOJOXKEHNE TUKIOB Ao, U A, W BBIOPATH BTOPOIl
OA3MCHDIN 3JIEMEHT JIJIs (vs.

Tem caMbIM 3aBeplIeHbl BBIYUCICHHE KPYTOBBIX MOJEKYJ, BBIOOD JOIIYCTH-
MBbIX KOODJIMHAT U OIPEJICJICHIe B3aUMHOIO PACIOJIOXKEHHUSI DA3MCHBIX I[UKJIOB,
[I0CJIE 9erO BBIUMCJICHNE U309HEPIreTHIECKIX MOJIEKYJI IIPEBPAIAeTCs B HECIOXK-
HYIO aJIFOPUTMUIECKYIO IpoIeypy. M3 crincka JOmyCcTuMbIX CHCTEM KOOPIMHAT
1 B3aMMHOI'O PACIIOJIOXKEHNST OAa3MCHBIX IUKJIOB BBITUCISIEM BCE MATPUIILI CKJIEEK
M303HEPreTHIecKnX MoJieKy/. Pesyiabrar npusejien B Tabsmie 9. [lo marpuiiam
CKJICEK BBIUKCIsAeM YncaoBble MeTKu. ChopMyanpyeM HUTOrOBBI pe3ysbTaT B

Bua€e TE€OpEMBLI.

Teopema 20 Iloanwi cnucox unsapuanmos Domenro-Luwanza ors cayas
unmezpupyemocmu Kosanresckot-Hrovu npu g = 0 npuseden ¢ mabauue 10. B
3A6UCUMOCTNU 3HAYEHUT 2UPOCTNAMULECKO20 NAPAMEMPL X U YPOBHA IHEP2UL

obnapyoscusaemca 10 neskeusarenmulr caroenut JIuysuira.
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Cnouncoxk tabdJmix

10.

. Kpyrossie mostekynnl ciaydas Crekiosa,

. Kpyrossre mostekyinr ciaydas Kiebria

Marpuiibl ckjieifiku u309HepreTuiecKkux MoJjiekysi B ciydae Kiebia

Mzosneprerndeckne MOJEKYJIbI ciaydas Kiebma

. Kpyrosbie mosiekyiibt ciydas CokosioBa

MaTpunibl CKIeHKN N309HEPTETUIECKIX MOJIEKY B ciiydae CoKoJloBa
Nzosuepreruteckne MosieKysibl ciydas CokosoBa
Kpyrosbie mosiekyJibl ciyudast Kosajesckoii-Axbu 1ipu g = 0

Marputipl cKaeiiku n303HepreTuIecKux MOJIeKysa B ciaydae KoBaseBcKoii-

Axpu ipu g =0

Nzosnepreruyeckue MosieKyJibl ciaydasi Kosajesckoit-Axbu npu g = 0
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CIIICOK pUCYHKOB

1. ITpumep 6a3bl ciaoenns JInyBuiisa
2. Ocnosuble 3-atombl: A, A*, B, Cf

3. Paznumuaemble ciaydan Jijis HapaMeTpUIecKoil KpUBOil OndypKarnoHHOMi Jua-

rpaMMbl cucTeMbl CTeKJIoBa,
4. Budypxaruonnnie guarpaMMbl ciaydas CTeKIoBa

5. Hedopmaliyss KpyroBoro KOHTypa B OKPECTHOCTH TOUKM BO3BpaTa OUdYp-

KaIlMOHHOI JuarpaMMbl

6. IIpencrapienue 4-0oKpecTHOCTU OCOOEHHOCTH B BHJIE NPSIMOI'O IIPOU3BE/IE-

HUsa 2-aTOMOB

7. PacnoJioxkenne oHO3HATHO OIPEJIe/IEHHBIX TUKJIOB OudypKaluii Ha ceMeii-

CTBaX TOPOB B CJIy4ae CrekoBa

8. BOHbI, COOTBETCTBYIOINUE CJIydasdMU IIPUTAXKEHUA U OTTAJIKUBaHWA B 3aa49€

Kuiebia
9. 7 budypxarnuonnsle guarpaMMbl caydas Kiebma

10. PacnoJsioxkenne oJHO3HAYHO OIpe/IeJIeHHBIX MUKJI0B OndypKalmii Ha ceMmeii-

cTBaX TOpPOB B ciyuae Kiebrra

11. WzosHepreTniecKue IpssMble ¢ pa3IudHbIM TUIIOM CJIOEHUsI B ciaydae Kieo-

1a
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12.

13.

14.

19.

16.

17.

18.

19.

DKBUBAJEHTHOCTH ciydaeB Kiebma n Ditrepa na M, ;
Budypxkanuonnbie jguarpaMmmbl ciaydas CokojioBa

Pacriosio;keHue 0JIHO3HAYHO OIIPeIeJIeHHbIX ITUKJI0B OndypKaluili Ha cemeii-

CTBaX TOPOB B CJIy4ac CoxkoJioBa

Obnacru pa3anyuabiX OMyPKAIMOHHBIX JrarpaMM ciaydas KoBaJieBCKOii-

AXb¥ B 3aBUCHMOCTH OT g U A
Budypkannonnble quarpaMMbl ciaydas Kosagesckoii-fAxbu mpu g = 0
YenoBus CyIecTBOBaHUs pellenuil Yy, U Yr

Hedopmaliust KOHTYpa KPyroBO#l MOJIEKYJIbl BLIPOXK JIEHHO 0JIHOMEPHOI Op-

OUTHI

Pacrosioxkenne oIHO3HAYHO OIIPeeeHHbIX ITUKJI0B OndypKaIiuil Ha cemeii-

cTBaX TOPoB B ciaydae Koasepckoii-Axbu mpu g = 0
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