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§14. JJokazaTesbCTBO TEOPEM TOIOJIOIMYECKOI KiaccuduKanun reoesnyecKux
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I'1ABA 3. CEMEICTBO [IPUMEPOB 4-METPUK HA BYTBUIKE KJIENHA.
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MeTpuK Gapy-

TIPUJIOXKEHUE. TABJIMIA JIONYCTUMBIX ATOMHO-CE/IJIOBBIX CBSI30K U
COOTBETCTBYIOUIUMX KPYTOBBIX MOJIEKYJL.

BBE/IEHUE.

Tema JUCCEPTALUA U €€ OCHOBHDIE PE3YJIbTATHL JIEKAT B PAMKAX TOIOJIOTUYECKOH
MEXaHUKM — OJJHOT'O U3 Ba>KHbIX U UHTEPECHbIX HaHpaBJleHHﬁ pasBuTus COBpeMeHHOﬁ
MaTeMaTHK1, OCHOBbL KOTOPOro Obuin 3ajioxennl B pabore A.T. ®omenxo [?].

B nasbueiimeM 9TO HalpaBlleHHe UHTEHCUBHO pa3BuBajloch B paGorax A.B.
Boucunnora, A.T. ®omenko, X. lumanra (H. Zieschang) (nanpuwmep, [?], [?])
U IPyIUX MATE€MATUKOB.

PaccMOTpUM raMUIIBTOHOBY CHCTEMY HA Y€TbIPEXMEPHOM CUMILIEKTHYECKOM
muoroo6pazuu M4, nopoxnennyro ramuibronunanom H. D1a cucrema Ha3piBaercs
unmeepupyemot, ecin cymecrsyer dbyHKius f, IOCTOsHHAs HA TPAEKTOPUSX
cucrembl 1 (hyHKIMOHAIBHO HE3aBUCHMAs! € ramuibronunanom H . Ilog omobpasicenuem
momenma 6yem nonumars orobpazkenne ® : M? — R?, 3amasaemoe dopmy.ioi
&(z) = (H(z), f(x)). Orobpaxenue MOMeHTa OnpesaesieT cloenue JInyBuiiis
muoroobpazus M. Ciiosmu JInyBuILIs HA3BIBAIOTCH CBH3HbIE KOMIIOHEHTHI TIOBEPXHOCTEH
YPOBHSI OTOOPAYXKEHUs! MOMEHTA.

Tlommnuoxectso N C M* nasbiBaeTcs Macwuienmvim, €Cita OHO COCTOUT W3
LeJIbIX Ci10eB JInyBriLIst, 1BA HACHIIIEHHBIX MHOKECTBA HA3BIBAIOTCH MONOAOZUNECKY
IKBUBLAEHMHbLMU, €CJIN MKy HUMH CyIECTBYeT FoMeoMOPdU3M, IePeBosuii
cion JInyBuiuist B ciion JInyBuiuisi, KpUTHUECKHE OKPYIKHOCTH B KPUTHUECKUE
OKDY?KHOCTH, ¥ COXPAHSIIONINHA OPUEHTAIMN KPUTHUECKUX OKPYKHOCTEH raMUJIbTOHOBBIM
BEKTODHBIM MOJIEM.

ITj151 TEOPETHYECKONH MEXaHUKH OCOOBLH HHTEPeC IIPEJICTABIISIOT HATY PaJIbHbLE
UHTErpUpyeMble FAMUIIBTOHOBbI CUCTEMbL, TO €CTh CUCTEMbl, CUMILJIEKTHYECKUMH
MHOroo6pa3usMu KOTOPBIX sBJISIOTCs KOKACATE/IbHbIE PACCIIOCHU K JABY MEPHON
PUMAHOBOH IIOBEPXHOCTH, & [AMUIIbTOHUANDBL [IPEJCTABIAIOTCH B BUIE CyMMbl
HOJIOZKUTENILHO OIPEIEIIEHHOI KBaAPATH4HON (hOPMbL (KUHETHYECKON SHEPIruK)

Ha NOBEPXHOCTU U DYHKIMHU HA IOBEPXHOCTU (IOTEHIUAJIBHON SHeprun).

IToAX0AUTb K U3y 4EeHHUIO TOIOJIOIMY€CKOIO CTPOEHUS HATY PAJIbHBLX HHTEr PAPYEMbIX
raMUJIBTOHOBBIX CHCTEM MOXKHO cleayomuM obpasom. O6osnauum uepes @Qp
"n303uepreruyeckyo nosepxunocts"{ H = h}. MakcumalbHOe 3HA4€HNE IOTEHIINAJIBHON
snepruu 0603na4nM uepes a. Vzsecrno (mpuniun MonepTion), 4To n309HepreTuyeckast
[OBEPXHOCTb () Ipu h > @ TONOJOIUYECKH SKBUBAJIEHTHA IEOJE3UYECKOMY
[OTOKY HOAXOJANIEH METPUKU. 3HAUCHHUE @ SBJISIETCs KPUTUYECKUM 3HAYCHUEM
ramuibronunana H. IIpu nepexose uepes Hero NOBEPXHOCTb (J, IEPEeCTPAnBACTCS.

TIpu mepexoje uepe3 CieLyIOMMi KPUTUUECKUH YPOBEHb MOBEPXHOCTH CHOBA
[ePeCTPANBALTCH, U TaK jajiee. [103ToMy j1iist TOro, 4To6bL M3y YUTh TONOIOTUYECKOe
CTPOEHHE CUCTEMB!, JJOCTATOYHO U3y YUTh TONOJIOTHYECKOe CTPOCHHE HHTEIPUPYEMbIX
re0/Ie3UYeCKUX [OTOKOB U TAKUE IePEeCTPOHKY.

Ha noBepxuocTu @, J1e2KAT CUHTYJISPHBIE TOYKN HHTEIPUPYEMOfi TAMHJILTOHOBO
cucrembl. Bce nepecTpoiiku mpoucxoasT B OKPECTHOCTSX CUHZYAAPHHBIE CAOEE
JInyBuiwist, TO €CTH CJI0EB, COAEPIKALINX TOUYKHU, B KOTOPbIX 00HY/IsiI0TCs 1 anddepenimaln
byukuun H, n guddepennnan dbyunkunn f.

$IcHo, 4TO 3TH EPECTPOHKN TECHO CBsi3aHA C TONOJIOTMYECKUM CTPOEHUEM
TaKUX OKPECTHOCTE.

Takum 06pazoM, OJUH U3 TIOJXO/0B K N3YUEHUIO TONOIOTHYECKOTO CTPOEHUs



UHTErPUPYEMbIX TAMUIBTOHOBBIX CUCTEM COCTOUT B U3YYEHHH TOIOJIOIUYECKOTO
CTPOEHUS! HHTEIPUPYEMbIX [€0/I€3UIECKUX IOTOKOB U TOIOJIOTHYECKOIO CTPOEHUS!
CHCTEM B OKPECTHOCTSIX CJIOER, COJAEPMKAIINX CHHIYJISAPHBIE TOUKH.

TTepras riaBa AMCCEPTALMM NIOCBSIIEHA OMTMCAHNIO CTPOEHUSI UHTErPUPYEMbBIX
raMUJIBTOHOBBIX CUCTEM B HACHILIEHHOM OKPECTHOCTH CHHTYJISIPHOTO CJ1051, COJEP2KAILEr0
TOYKN TUIIA CEJJ10-CEJI0.

BBoAnTCst ONpesiesieHne HEBBIPOXK AEHHON OKPECTHOCTH TAKOTO CJIOst U CTPOUTCs
TONOJIOTMYECKHil HHBADHAHT HEBbIPOXKIEHHBIX OKPECTHOCTE{l. DTOT MHBADHAHT
(nazbiBaembiii Cl-munom) 6bui BBegen A.B. BoiucunoBbiM 1 aBTOpoM B |
OxasbiBaercst, Cl-Tun siBJISIETCs TOJIHBIM TONOJIOTMYECKUM UHBAPUAHTOM.

TEOPEMA (A) (Tononoruueckoii kiaccuukanuu HeBbIPOXKAECHHBIX OKPECTHOCTE!
TOYEK TUIA Cemil0-Cemio) /Jlee Hesupooicdennie OKPeCmHOCINU TNOYEX muna
€E0N0-CEON0 MONONOZUNECKY IKEUBAAEHTNHL TNOZ0A U TROALKO M020a, ECAU ECAU
uz Cl-munw ecmec 40 U3OMOPP

B ciyuae, Korjga CIoil COAEPIKUT POBHO OJHY CHUHTYJSIPHYIO TOYKY THIIA
CeJI0-CeIJI0, TAKOE TOHOJIOrnYeckoe onucanue 6bui0 jgano JIL.M. Jlepmanom u
S1.JI. Ymanckum B padote [?]. PesyibtaTsl 1epBOM ri1aBbl MOXKHO PACCMATPUBATD
KAK 0600IIEHIE UX PE3yJIbTATOB HA CJIOK COJEPIKAIINE JIBE U GOJIbILE TOYEK TUIA
CeJLII0-CeLIO.

3aMeTyM, 4TO TOMOJIOTMYECKOe OMUCAHNE MHTErPUPYEMBIX TAMUIIBTOHOBBIX
CHUCTEM B HACBIIIEHHBIX OKPECTHOCTSIX HEBBIPOXKIEHHBIX TOUEK OCTAJILHBIX TUIIOR
HAMHOTO Tpolie i GhUIO MOCIEA0BATENLHO OCYEeCTRIIeHO B padorax (7], [?], [?]

n[?].

Nurepecubim ciecrsueM Teopun Cl-THna CTain pesyibTaTbl O KPYTOBBIX
mosekynax. Hamomuuwm, uro, kak ciegyer us pator [?], [?], Tononoruueckoe
CTPOEHHE M309HEPTeTHUECKON OBEPXHOCTH ()}, ONUCHIBACTCs TAK HA3BIBAEMbBIMU
MmeuenbiMu Moekysamu. Kak Gbuio ormeuweno B pabore [?], Tonosoruueckoe
CTPOEHME I'PAHUIBI HEBBIPOXKIEHHONA HACHUIEHHON OKPECTHOCTH OCOGOro Cilost
TAKZKE MOKHO OIUCHIBATD B TEPMUHAX MEYEHBLX MOJIEKYJL.

TTosicuum Ba npuMepe. PaccMOTpuM HOBYIO TaMMIIBTOHOBY CHCTEMY, FaMHJIBTOHUAHOM
KoTopoii siBisiercst bynkims H2 + f2. Dra cucrema, oueBu/Ho, HTErPUpYEMa, B
KAueCcTBe MHTErpaia MOKHO B3sTb Gyukiuio H. Cion JInyBuiis HOBOI CucTeMbL
COBIAAIOT €O ciosmu JluyBuiuis crapoii cucrembl. Tak kax mnoxectso {H?2 +
f? = €} ommospemenno siBisiercs rpanuneii okpecrnocru {H? + f2 < ¢} u
"1303HepreTnuecKoi IOBEPXHOCTHIO HOBOJ CUCTEMBL, TO TOIOJIOIMYECKOE CTPOEHNEe
rpanunpst okpecrnocru {H? + f2 < £} omucbiBaercs B TEPMHHAX MEUEHDIX
MOJIEKYJI. DTa CUTYalsl SABJISETCH THITMUHOI: TIPU TIOIXOAAIIEM BbIGOPE TAMUIIBTOHHAHA
IPaHUILy HEBBIPOXKAEHHON OKPECTHOCTH MOXKHO PACCMATPHBATE KaK H309HEPTETHYECKYIO
MOBEPXHOCTH ¥ OIUCHIBATH €€ TOMOJIOrMYECKOe CTPOEHNE MEUYEHOH MOJIEKYJIOi.

Takue Me4eHble MOJIEKYJIbl Ha3bIBAIOTCH KPYTOBbIMU MoJieKyJiamu. OueBuano,

YTO KPyroBasi MOJIEKYJla sIBJISIeTCsl TONOJOIMYECKUM MHBapuanToM. B paGorax

[?], [?] 6bL10 nOKA3aHO, YTO KPYTOBasi MOJEKYJIa ABJISETCS TIOJIHBIM TOIOJOIHYECKUM
MHBAPMAHTOM HEBLIPOKJIEHHON HACHIIEHHON OKPECTHOCTH CJIOs, COAEPKALLEro

TOYKM TUIIA LEHTP-LEHTD, LeHTp-ceiio u doryc-okyc. Do, a Tak xe jgpyrne
aprymenrsl, nozsoinian A.T. @omenko copmyanpoBars runoresy 0 TOM, 4TO
KPYTOBasi MOJIEKYJIa ABJISETCS TIOJIHBIM TOOJIOINYECKUM HHBADUAHTOM TOIOJIOINYECKOTO

CTPOEHUS! PEryJIsPHOI HACHIIIEHHO OKPECTHOCTH CJIOs , COJEPIKAIIETO HEBBIPOXK AEHHbIE
cunryssipable Touku. K coxailenunio, aBTopy He yJajioch JOKA3aTh K OIPOBEPIHY T
31y runore3dy. OIHAKO JI0KA3aHA TEOPEMA, YTO JJlsi CIIOEB, COAEpKAUX He Oosee

JIByX TOYEK THIA Cejylo-cejio, runore3a Pomenko Bepua. B uacrnocru, Gbuin
[IOCTPOEHbL KPYIOBbIE MOJIEKYJIbl JIjlsl BCEX CJIOEB, COEPKAIUX POBHO JIBE TOUKHU

THUIIA CeJJI0-Ce10. 3aMETHM, YTO B KJIACCUYECKUX HHTEIPUPYEMbIX [AMUIIBTOHOBBLX
cuCTEMAX HEe BCTPEYAIOrCs CJIOW, cojepxainiue Dojee jJBYX TOYEK THUIA CEJJIo-
cezIo.

Bropas riaBa nocBsiena ucciieJOBAHUIO TOIOJOIHYeCKOrO CTPOEHUs KBAJPATUYHO
UHTErPUPYEMBIX [e0/Ie3nYeCKUX [IOTOKOB Ha JJBYMEPHBIX OBepXHOCTsX. MI3BecTHO,
YTO HA IIOBEPXHOCTSX C OTPUIATEIIbHOM 3i1J1I€POBOM XapaKTEPUCTUKOM IOJIMHOMHUAJIBHO
HUHTErPUPYEMBIX [e0/1e3U4eCKUX [IOTOKOB HeT. KBajparndno u jinneiiHo nnTerpupyembie
reoje3uuecKue IoToku na cdepe onucaust B paborax B.H. Kosokonsuesa [?], [?],
na Tope — B paborax V1.K. Ba6enko u H.H. Hexopomega [?]. Tonosorudeckoe
OIIMCcaHMe reojIe3N4ecKnX MOTOKOB Ha Tope Hauato B pabore E.H. Cenunsanoroit
[?] n 3akonueno B pabore B.B. Kanamnukosa |?

B jquccepranun noinocrsio onucansl Mmerpuxu na Oy rouike Kueiina, reogesunuecknii
[IOTOK KOTOPBIX KBaJpaTudHO uuTerpupyem. Bosee noapobuo, xaxaoi Tpoiike
(L, f, h), tae L — mososkuTebHoe 4ncio, f, b — nepunonyeckue nojoxKuTellbHble
Gbynkinun, npnuem yuxims h uerna, a (Gynkims f OTIMUHA OT KOHCTAHTHI,
cornocTapJisieTcs Merpuka G, 7. p) Ha 6yThuike Kieiina. Jlokaspisaercs clieyomas
Teopema.

TEOPEMA (B) leodesuueckuti nomox mempuxu G na 6ymuiaxe Kaetina xeadpamuuro
UHMEZPUPYEM, ECAU U TOALEO ecau mempuka G nepesodumca dugddeomoppusmonm
6 nexomopyro mempuxy G(L 5,n)-

Kax ol Tpoiike (L, f, h) conocraBiiena mevenas monexyia M(L, f, h). Hanomuunwm,
YTO MEYEeHAs: MOJIEKYJIa — IHOJIHBLil TONOJIOrnYeCKuil NHBAPUAHT UHTEIPUPYEMOL
raMuJIbTOHOBOM cucrembl. Jlokazana ciejyomas Teopema.

TEOPEMA (C) Meuenas moaexyaa zeodesuneckozo nomoxa mempuru Gy n)
coenadaem ¢ M(L, f, h).

JIOMOJIHUTENBHBIM JIIO0OIBITHBIM PE3YJIBTATOM H3Y4€HHUst TONOJIOIUYECKOrO
CTpOeHUs: KBAIPATHUYHO UHTEIPUPYEMBIX [€0j€3U4YeCKUX [OTOKOB Ha OyTbLiKe
Kiieiina, u310:K€H1I0 KOTOPOIO IIOCBAIIEHA TPETbs [JIABA JUCCEPTAIUH, CTAIO
nocrpoenue cemeiicrea merpuk Ha Oyrbuike Kueiina, reojesnueckue noroku
KOTOPbIX MHTErPUPYEMBbl MOJMHOMOM YETBEPTOH CTENEHM OT UMIYILCOB U HE
UHTErPUPYEMbl HUKAKUMU IIOJIMHOMAMU OT UMITYJILCOB MeHbINell cTenenn. 3amerum,
YTO reojie3U4ecKne MOTOKU C TAKUM CBOJCTBOM panee ObliiM M3BECTHBI TOJIBKO
st cepnt [?]. MccueioBanme TaKnX reojie3M4ecKnx NOTOKOB MO3BOIMIO HANTH
YUCTO AHAIUTUYECKOE JI0KA3ATEIILCTBO HEMHTEI PUPYEMOCTH HUKAKUM IOJINHOMOM
OT UMITYJIbCOB TpeTheil u Menbiueil crenenn. Tperss: riiaBa MOCBsIEHA IOCTPOEHHUIO
9TOr0 ceMeiicTBA U ero TOMOJIOrUYecKol Kiaccudukauu.

ABTOp mousb3yercs clydaem nobiarofapuTh CBOUX HAYYHBIX PYKOBOLUTEeil
Anarosnst Tumodeesnua @omenko u Asexcest Bukroposuua Bosicunora 3a nocranoeky
3a/1a4 U 33 [NOCTOSIHHOE BHUMAHME K pabore.




T/IABA 1. TIOJIHBIII TONOJIOTUYECKUIT UHBAPUAHT HEBBIPOXK/IEHHBIX
OKPECTHOCTEN CJIOEB, COJEPXKAIUX TOYKU TUMA CE/IJIO-CE/LJI0.

§1. OcHOBHBIE OIpEEJIEHNS.

Tox unmezpupyemoti 2amusbmonosoti cucmemoti Mbl Oy1eM MOHUMATH YETBEPKY
(M*,w, H, f), tne M* — maxoe riiajixoe ueThIpEXMepHOE MHOTOOGpasme, W —
TakKasi 3aMKHYTasi HeBbIPOXKZeHHas 2-opma Ha nem, H u f — Takue riajgkne
dbynxuun H, f : M* — R, 4T0 BHITOIHAIOTCH ClIe/TyIONME YCIOBMS:

1) ckoGka Ilyaccona dyukuuii H u f roxaecrsenno pasna 0;
2) bynkuun H u f GyHKIMOHAIBHO HE3ABUCHMBL.

Mox byHKIMOHANBHO HE3ABUCUMOCTBIO 3/1€Ch TIOHUMAETCs! JInHeliHas HE3aBUCUMOCTh
auddepennunanos GyHKIuA M0YTH BO BCEX TOYKAX MHOroobpasus. 3amMeTum,

YTO [EPBOE YCJIOBUE SKBUBAJICHTHO IIOCTOAHHOCTH (DYHKIMU f HA TPAEKTOPUAX
TaMUJIBTOHOBOIL CUCTEMBl, MOPOKIEHHOH rammibronnanom H, cM., Hampuwmep,
71

Omobpasicenuem momenma nasbisaercs orobpaxenune ® : M* — R2, onpenessiemoe
cuesyromum obpasom: ®(z) = (H(z), f(z)). Touka 21 € M* nasbisaercs ocoboti,
ecau panr juddepenunana orobparXKenuss MOMEHTa B ITON TOUKE MEHBILE JIBYX.

Touka zg € M* naspisaercs cunzyaspnot, eciu paur quddepenimaina orobpaenus
MOMEHTA B 3TOH TOuke paBen Hys0. O6pa3 MHOKECTBA OCODbIX TOYEK LpU
0oTOOparKeHn MOMEHTA Ha3bIBAETCst buyprayuonnoti duazpammoti. Budypraunonnyio
JAnarpammy ya06HO IPeJICTaBIIsATh, KAK TOJMHOMKECTBO [JIOCKOCTU € KOOPJUHATAMY
H,f.

Caoem JIuy6unss Ra3bIBAETCS CBsi3HAsi KOMIIOHEHTA IIOBEPXHOCTH yDOBHsL
orobpaxkennss momenta. Mssecrno, (cM. nanpumep, [?]), 4To KoMIakTHLIA cJ0#
JlnyBuiuist, ne cogepaaumii ocobbix Touek, auddeomopden aBymepuomy Topy.
Crpoenue ciioes JInyBuiis, Copepamux 0cobble TOUKH, CyIIECTBEHHO CIIOZKHEE.

Mycrs L2 € M* — cuoit Jluysuyis. TIpocras 3amxnyras xpusas O C L2
HA3BIBAETCH KPUMUNECKOT OKPYICHOCTIBIO, €CII

1) oHa COCTOMT U3 OCOGBIX TOUEK, HEe SIBJISIOMIUXCS CUHTYJISPHBIMA 1

2) B ee nexkoropoii okpecruocru U3 C L? ner Apyrux ocobblx TOUEK.

Ecuu juddepenunan dynkuun H ne obpamaercs B HOJIb B HA KDUTUYECKOT
OKPY2KHOCTH, TO KACATE/IbHOE K Heji Bekropuoe noJie sgrad(H ) takxke ne oGpamaercs
B HOJIb. B 3TOM Cllyuae OpueHTHpYeM 9Ty OKPY?KHOCTb BeKTOPHBLIM moiieM sgrad(H).

B nporuBrOM cilyuae OCTABUM KPUTUUECKYIO OKPYKHOCTh HEOPUEHTHPOBAHHOM.

Hacvuennsm MHOMCECTIBOM MBI OyieM HA3BIBATH MOAMEOXKecTBO U C M4,
cocrosiiiiee u3 ebix cjioeB JInyBuiuis. JIpyruMu ciioBaMu, HaChLIIEHHOE MHOXKECTBO
BMecTe ¢ J11060# Touko# ciiost JInyBuiLs cogepKut Bech ciioit JInyeuiuis. CoorsercrBento,
HACHUEHHOT OKPECTRHOCTIHIO MbL Oy/1€M HA3BIBATH OTKPHITOE HACBLIIEHHOE IIOJIMHOKECTBO
muoroo6pazus M*. Eciin e 0roBopeno mpOTHBHOE, TO HACHITIEHHbIE OKPECTHOCTH
Gy/1eM IIPE/IoIaraTh CBs3HbIMHU.

JIBe HACBIIEHHblE OKPECTHOCTH HA3BIBAIOTCS TNONOAOZUNECKY IKEUBAAEHMHBLMU,
eciin MeXK/ly HUMU CYIIeCTByeT romeomopdusm, coxpansiomuii cioun JInyeniis
U TIePEBOASIIN KPUTHUECKIUE OKPYIKHOCTH B KDUTHUECKUE OKPYYKHOCTH C COXPAHEHUeM

OpHMEHTAIUH.

Tycrs 2o € M*  cunrynspnas Touka. Pacemorpum npoctpanctso B 6uimneiinbix
dopm B TOUKE Z. DTO NPOCTPAHCTBO sBJseTCs: anrebpoit Jlu co ckobkoil [a, 8] =
awpf — Pwa.

Eciiu B OKpecTHOCTH TOUKH Ty (PUKCUPOBAHA CUCTEMA KOODMHAT, TO Ouituneiinble
dopmbl @, B n w 3anarorcs marpuuamu. Ilycrs a 3azaercs marpuuein A, 8
— marpuueil B, w — marpuueit . Torga ckobka [a, ] 3asaercs marpuueii
[4,B] = AQB — BQA.

Takast anrebpa JIn usomopdua anreGpe JIn sp(2, R), [?]. HeficreuTeisho,
eciiu puKCHPOBAHA CUCTEMA KOOPJIMHAT, TO B KAYECTBE KAHOHUYECKOTO (110 OTHOIEHUIO
K BbIOPAHHON CUCTEME KOOD/UHAT) M30MOPGBU3MA MOXKHO B3STb YMHOMXKEHUE
ciesa na Marpuny 2. JIErKO NPOBEPHETCs, YTO €CJIU B3iThb JAPYTYIO CHUCTEMY
KOOP/MHAT, TO KOMIO3MI[Usl KAHOHUYECKOro u3oMopdusMa B IEPBOH cucreme
KOOpAMHAT M u30MOpdu3Ma, 06PATHOTO KAHOHMYECKOMY /Jisi BTOPOii CHUCTEMbL
KOOD/IMHAT, €CTh IPOCTO CONpsizkenue airebpst B.

Tak xak ¢yunkuun H un f kommyTupyior, To nojairebpa, nopoxjaaemas
Bropoimu jguddepennuanamu Gynkuuit H u f, Kommyrarusna.

Omnpepnenenne 1 Cunzyaapmas mouxa zg € M* nasweaemea neswpooicdennoti,
ecau nodanzebpa anzebpw sp(4, R), sadasaemasn emopwmu duddeperyuaramu
dynryut H u f, asasemes nodaszebpoti Kapmana.

U3secruo, (cm., nanpumep, [?]), 4T0, ¢ TOYHOCTHIO J10 conpsizkenust, B sp(4, R)
cymecrByer poBro 4 mojanrebpsr Kaprana. Anajornunniii ¢akr Bepen n jyist
aurebpst B. Eciin B kKauecTBe KOOPJAMHAT B OKPECTHOCTH TOUKHU Zo B34Th CUMILIIEKTHUECKHE,
TO B KAuecTBe [IPeJICTABUTEIeH KIIACCOB COLPHAKEHNs] MOXKHO B3STh CJIe/LyIOIHe
4 nopairedpsl:

1) (yenmp-uenwmp) nomanreGpa, NOPOKICHHAS MATPUIAMUA

1 0 00 00 0O
00 0O u 0100
0010 00 0 0}
00 0O 00 01
2) (yenmp-cedao) — nojaurebpa, HOPOKIEHHAsE MATPULLAMU
1 0 00 00 0O
00 0O u 00 01
0010 00 0 o0}
00 0O 0100

3) (cedao-cedao) — moanrebpa, MOPOKAEHHAS MATPUIIAME

001
000
100
000

-

1) (omye

oxyc) mopanrebpa, HOPOXKIEHHAN MATPULAME



0 0 0 1 0 06160
0 0 -1 0 u 0 0 01
0 -1 0 © 10 00
10 0 O 0100

ITpuBeseM npuMepbl HHTEIPUPYEMBIX FAMUJIBTOHOBBIX CHCTEM, COJEPIKAIIUX
HEBBIPOXK/IEHHbIE CUHTYJISPHbIE TOYKM KaXKI0r0 U3 yIOMSHYTHIX THIIOB.

PaccMOTpUM CHMILIEKTUYECKOe TPOCTPaHCTEO RY ¢ KoopaunaTamu p, 2, q1, s
PaccMoTpuM ueThipe MHTErpupyeMmble ramuibTonOBbl cuctembr (RY,w, Hy, fi),
i=1,2,3,4, rue

1) Hi(p1,p2, q1,92) = pi+ai, f1(p1,p2, @1, g2) = p3+45. Takyio unterpupyemyio
raMMJIBTOHOBY CHCTeMY OyjeM Ha3blBaTh M00eabHOl cucmemol muna yenmp-
yenmp.

2) Ha(p1, P2, q1,92) = Pi+43, fo(p1,P2, 41, g2) = paga. Takyio unrerpupyemyio
raMUIIBTOHOBY cucTeMy OyjieM Ha3blBaTh Mmodeavnoll cucmemot muna yewmp-
cedao.

3) H3(p1,p2,q1,92) = 141, f3(p1, P2, q1,92) = pagz. Taxyio nnrerpupyemyio
ramMmJIbTOHOBY CHCTEMy OyjeM Ha3biBaTh MOJeAvHoll cucmemol muna cedao-
cedao.

4) Ha(pr,pa2,q1,92) = p1g2 — p2q1, fa(p1,P2,91,92) = page + p1ga. Takyio
MHTEIPUPYEMYIO FAMUJIBTOHOBY CUCTEMY OyjieM HA3bIBATE MOOEAbHOT cucmemot
muna goxyc-goxyc.

Hust xaxaoii u3 arux cucreM touka (0,0,0,0) siBisieTcs HEeBBIPOXKAEHHON
CHUHT'YJIAPHOH TOYKON COOTBETCIBYIONIEIO TUIIA.

3amerum, uro 6udypKanuonHas JuarpaMmMa MOEJIbHON CUCTEMbL TUIIA CELJ10-
CeJLI0 COCTOUT U3 ABYX Iepecekatomuxcst npsmoix {H =0} u {f = 0}.

Omnpegenenne 2 Ilycmo To HEGUPONHCOEHHARA CUNZYAAPHAA MOYKE TRUNE CEOA0-
cedao. Hacwusennyro oxpecmmocms U* mowsu zo 6ydem nasweams neevpooicdennot,
€CAU BHINOAHENDL CALOYIOULUE YCAOBUA.

1) Bugyprayuonas duazpamma 02paHuNEenNts 2aMUALTIOHO60T CUCTREMbL Ha
oxpecmmocms Ut cocmoum us napu mpanceepeasbio nepecexanuusces no 0onot
mouke (0603HauuMm 3TY MOoUuKYy A) 24a0KUT KPUBHT, NpuNEemM KadCIas KPUBAA
Mmooicem Gwmn 3adana zpaduxom Pymxyuu om nepemennoti H; obpas ®(U?)
dugipeomoppen xpyey {2 +y? < 1} u dudeomoppusm mooicro yempoums max,
wmo obpa3 budypray, i duazpammoi ¢ 0 ¢ nepecenenuem xpyza {2+
y? < 1} ¢ ocamu xoopdunam {x = 0} u {y = 0}.

2) Bce ocobwe (8 mom wucae, cunzyaspusie) mouwsu U? neavipooicens.
IIpoobpas ®~1(A) ceasen. Bce cumeyaapnve mouxu U* nescam & npoobpase
71(A).

3) Ozpanunenue omobpasicenus momenma ® na oxpecmuocms U* aeasemes
cobcmeerHbM 0TNOBPAdICEHUEM.

Hanomuum, uTo 11o/1 COGCTBEHHBIM OTOGPaYKEeHneM TIOHUMAETCst TAKOe OTODpasKeHue,
4ro npoobpas Jrb0ro KOMIAKTHOIO MHOXKECTBAa KOMIakTeH. B wacTtHocTH, BCe
cion JInyBuiuis, JieXKamue B HeBbIPOXKIEHHONH OKPECTHOCTH TOYKHU THUIIA CeJI0-
CeJ1J10, KOMIIAKTHBI.

JIBe HeBBIPOXKI€HHbLE HACHIIIEHHbIE OKPECTHOCTH Oy 1M HA3bIBATH MONOAOZUYECKU
IKBUBAAEHINHBLMU, ECIIH OHU TOLOJOIMYECKM SKBABAJIEHTHB! KAK HACBIIIEHHBIE
OKPECTHOCTH,

IIpokoMMeHTHPYEM yCJIOBUs HEBBIPOXKAeHHOCTH. HeobxosumocTs mepsoro
yCJIOBUS1 BBI3BAHO TEM, Y4TO TOIOJIOrUYECKOE CIPOEHHUE B OKPECTHOCTH BbLPOXK IEHHOI
CHHI'YJISIDHO TOYKN MOKeT OblTh OYeHb CJIOZKHBIM U He I10jIJaBATHCs ONUCAHUIO
B unuTHBIX TepMuHax. Bropoe u Tperbe ycioBue BOBHUKIIO B CBS13U C HATYPAJIbHBIME
cucremamu. Cuon JInyBuiuist HaTypasbHBIX CUCTEM KOMIAakTHBL. Kilaccuueckue
HATypaJlbHble HHTEIPUPYEMble TAMUJIBTOHOBDL CHCTEMbL aHAJUTUYeCKue (T.e. Ha
muorooGpasun M? BBesiena amajmTuueckas CTpyKTypa u dynkmun H, f n
dopma w ananuruueckue.). st anajiurudeckux cucreM 6udypKaluonnas juarpamma
OKPECTHOCTH CJI03, COJIEP2KAIIEr0 TOUKY TUIIA CELJI0-CeJI0, 00:43aTeIIbHO COCTOUT
13 [apbl TPAHCBEPCAJIBHO I€PECEKAIONTUXCsl [JIAJKNX KPUBbIX. Eciu Ipe/inoioxKurs,
YTO KACATEJIbHbIE BEKTOPbL K 9TUM KPUBbIM HEBEPTHKAJIBHBL B TOUKE [I€PeCeYeHust,

TO Tpo06OpPa3 HEKOTOPOii IMAPOBOi OKPECTHOCTH HA OuypKAIMOHHOI JuarpamMme
YJIOBJIETBOPHET yCJIOBUAM 2, 3.

TTOCTAHOBKA MPOBJIEM.
1)IIpo6iaema pacnozsnaBanust CyleCTByeT JiM AIrOPUTM, KOTOPBI 110

JBYM 33JJ@HHBIM HEBBIPOXK/IEHHbIM HACHIIIEHHBIM OKPECTHOCTAM OIIPEIEJIAET, TOMOJIOTNYECKH

SKBUBAJICHTHbL OHM WU HET?
2)IIpo6.iema nepeunciennst CyUecTBYeT Jin alrOPUTM, IIEPeUnCIs N
CejJI0Bble OKPECTHOCTU C TOYHOCTBIO [0 TOLOJOrUYECKON SKBUBAIEHTHOCTH?

KoppeKTHOCTb IOCTAHOBKY yKa3aHHbIX Ipobiiem Tpebyer yrounenus. Hyxuo
OObSICHUTH, KaK JIMYBUIJIEBO CIIOBHHE MOXKHO 33JaBaTh (DPUHNTHBIM 0OPa30M.
Tocrynum Kak B paGote [?]. Hazorem Kycouno-smneiinoe ueTbipexmMepHoe MHOrooGpasue
Upp ¢ 3a/1aHHBIM pa3GHEHNeM Ha TIOTIONUIIPBL KYCOUHO-MUHETHBLM AUYEULIEEBLM
CAOEHUEM, €CIIn CYIIECTBYET KyCOYHO-LIaAKni romeomopdusm MuOroobpasus
Up; na "ruaakuii opurunan, To ects na muoroobpasue U4 ¢ 3anannoii na nem
MHTErpupyeMoii raMuJIbTOHOBOW CHCTEMO, IIEPEBOASIMI Sj1eMeHThl Pa3buennst
muoroobpasust Upy B cion JInyeuiis. B pasusneiimem mbi nocrosnno Gyaem
UMEThb B By 3TO 3aMEuYaHue, He TOBTOPsisl ero KaXKblii pa3 3aHOBO.

OCHOBHBIMU PE3YJIbTATAMU TIEPBOMA [JIABBL JJUCCEPTALMU SIBJISIETCs TI0JI0KUTEJIbHBLL
oTBeT Ha 00e TMOCTaBJIeHHbIe MPOOJIEeMbl. A UMEHHO, KaXKJI0ii HEeBBIPOXKJACHHO
HACBIIEHHON OKPECTHOCTH COIOCTaBisieTcst ee Cl-mun, KOTOPBIA HpejicTraBiisier
coboii napy (C,1), rne C — KoHe4Hbl JBYMEPHbLA KJIETOUYHbLA KOMILIEKC, | —
napa aroMoB. IIpu 5TOM JiBe HEBBIPOXKIEHHBIE HACHLIIEHHbIE OKPECTHOCTH TOUEK
THUIIA CeJI0-CEJI0 TONOJIOINYECK) SKBUBAJIEHTHDBL ecin U TOIbKO ecun ux Cl-
TUIBL #30MOPQHDL B €CTECTBEHHOM CMBICIIE.

Onucano muoxecreo "peasinzyembix"Cl-tunos, r.e. Cl-Tunos, KOTOpble OTBEYAIOT
HEBBIPOXKIEHHBIM HACHIIIEHHBIM OKPECTHOCTSIM TOYEK THIIA CeJJI0-CeJIo.

§2. IIpeaBapuTenbHubie cBegennusi: geiicreue ITyaccona n Tonmojiornyeckoe

CTpO€HHue NHTErpupyeMblX TraMUJIBTOHOBBIX CUCTEM B OKPDECTHOCTH HEBBIPDOX/I€HH

0CcOOBIX TOYEK.
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PaccMoTpum nuTerpupyemyio ramuisronoBy cucremy (M4 w, H, f). Paccmorpum
BekTopuble nous sgrad(H) n sgrad(f). Hanomnum, uro ecin
g:M* = R ruagkas GynKius HA CUMILIEKTHUECKOM MHOTO0Opa3um (M“, w),
TO BekTOpHOE mnoje sgrad(g) onpeaeusiercs ycioenem w(sgrad(g),v) = v(g)
Jutst Jir0boro BekTopuoro nous v. Yepes v(g) 3aech 0603naueHa IPOU3BOAHAN
GbyHKUUK g BIOIIb BEKTOPHOIO 10J1s U. JIEIKO [IPOBEPAETCs, 4TO BEKTOPHbIE 0Js
sgrad(H) un sgrad(f) kommyrupyor. JleficTBUTE/IbHO, JOCTATOYHO [IPOBEPUTD B
TOYKaX, B KOTOPbIX OHM He Kojuinneapusl. ITo Teopeme JapOy B OKpecTHOCTH
Takux Touek Gynkuun H u f MOKHO JJONOJHUTD 10 CUMIIEKTUYECKOH CUCTEMBL
koopaunar H, f,qm,qs. B 9T0ii cucreme KOOpIMHAT BBIIOJIHAIOTCS PABEHCTBA
sgrad(H) = (0,0,-1,0); sgrad(f) = (0,0,0,—1). ITosTOMy BEKTOpHbIE HOJIsL
sgrad(H) w sgrad(f), kommyTupyior.

ITycrs TpaekTopun BeKTOPHbIX noiel sgrad(H) u sgrad(f) npoaosxaembl
Ha GECKOHEYHOCTh. DTO BCErIa TaK, eciu cioun JInyBuiis komnakTasl. Onpegeinm
neticreue rpynmet Jlu (R?, +) na mnoroobpasum M cieyiomum o6pasom. Djiement
(a,b) € R? meficTByer cBUTOM BJIOJIb TPAEKTOPHE BeKTopHOro noiist sgrad(aH )+

sgrad(bf) na Bpems 1. Tax kak Bexropubie noust sgrad(H) u sgrad(f) xommytupyior,

KOMIIO3UIIUsI CJIBUTOB HA Bpemst 1 BJloub BeKTopubix noneil sgrad(ay H)+sgrad(by f)
n sgrad(as H) + sgrad(bs f) aaer casur Baous sextopuoro noust sgrad((a; +
ay)H) + sgrad((b; + by) f), noaromy omnpeseienne KOPPeKTHO.

Onpenenenune 3 Onpedeaennoe eviwe deticmeue 2pynnuv. (R2, +) na M* 6ydem
nasweams deticmeuem Iyaccona.

3amerum, 4To CABUIK BJ0JIb BEKTOPHBLX nosieit sgrad(H) u sgrad(f) coxpausor
3nauenun Gynxkuuit H, f n dopmy w. CiuegoBaresbno, myaccoHoBo jeicrsue
coxpausier H, f n w.

Ussecrno, (cm., nanpumep, [?]) uro sobas opbura jeficrsus rpymmst (R, +)
muddeomopdna omromMy U3 cieyomux mecru Muoroodpasuii: 1) R2, 2) R x S1,
3) S' x S1,4) R', 5) S u 6) omna Touxa.

JIEMMA 1 ITycms 6 mouke * € M* das nexomopwz eeuwecmeennuis X u p
evnoansemesn pasencmeo AddH + pdf = 0. Tozda na eceti opbume nyacconosa
deticmeusn O(z), codeporcawet; mouxy x, AddH + pdf = 0.

Jokazaresncrso. Pacemorpum dynkuuto g = AH + pf. o yeuosuio, dg|, =
0. Tak xak geiicrsue [Tyaccona coxpaunsier ¢pynkuun H u f, 70 OHO cOxpausier u
sr0Byro nx smneiinyro kombunaimio. CienoBarensno, aubddepennuan Gynkimun
g pasen 0 Bo Bcex Toukax opbutst O(z). Jlemma jokasana.

CuecrBue Pasmepnocts opbutst O(z) paBra panry oTo6pazeHus MOMeHTa
® B TOUKE Z.

Jlajium onpe/ieJieHue HEeBBIPOXKIEHHOCTH OJHOMEPHO# 0pouThL. IlycTs A, p
k03 duumentnl 3aBucumocrn mexay anddepennmanamu Gyuxkuuit H u f na
ostomepHoii opbure O, O1HO unCI0 U3 Mapht A, (4 OTJMYHO OT 0, IPEIIOJI0KUM
s onpeaesennocru, 4ro g # 0. Torna puddepenunan dyukuun H orinuen
OT HyJis B TOYKax op6urhi O'. PaccMOTpUM NMpOM3BOIBHYIO TOUKY & OPOHTHI

11

O!. Orpanuunm dyukuuo f na nosepxnocrs @, = {y € M?* : H(y) = H(z)}.
Tak KaK ITyaccoHOBO JieiicTBue coxpanser dynkmuio H, To opbuta O sexur B
Q.. Paccmorpum guck D? C @, rpancsepcaibho nepecekaromuii O B Touke
2. Touka = aBisiercs 0co60ii TOUKOI orpanuuenus dbynkuuu f na quck D2,

Omnpenenenne 4 Opbuma O' nasweaemcsa neewpodicdennot, ecau ozpanunenue
dynxyuu f na duck D? umeem mopcosckyio ocobennocms 6 mouxe .

Tak KaK CABUI'M BJOJDb BEKTOPHOIO noust sgrad(H) coxpansior dyukuun H
u f, TO 3TO oupejeJeHre He 3aBUCAT OT BbIOOpA TOUKK T HA opbure. IIpoekuus

B/I0Jib BEKTOPHOTO noiist sgrad(H ) na TpancBepcaibublii ucK siBisiercs auddeomopdusmom

coxpanstfonuM ¢yukuuio f. CileoBaTesbHO, Ope/ielieHne He 3aBUCUT OT BbIG0pa
JBYyMEpHOIi TpaHCBepCaJln.

HeBbipoxKIeHHYIO OAHOMEPHYIO 0pOuTy OyjeM Ha3bIBATL 2unepbosuveckot,
eciu orpanuuenue ¢pynkuuu f na auck D? umeer ocobennocts uniexca (1,-1)

B TOYKE Z.

Iycrs op6uta O1 TOUKY 1 OJHOMEPHA U HEBBIPOXKIEHA U IIyCTh JIjist HEHYJIEBOL
napbl unced (A, p) auddepenunann Gynkunit H u f juHefinO 3aBUCUMBL C
koapduipentamu smneiinol 3aBucumocT A u g, 10 ects (AH + ,uf)‘o‘ = 0.
PaccMoTpuM MHOXKECTBO 0CO0bIX Touek K B HeKOTOPOii MaJioii okpecraocTn W
KaKO#i-uubyap Touku u3 O;.

JIEMMA 2 Mnootcecrneo K 6 Hexomopoti 0Kpecmuocmu mouky T u3 He6bporcienHot
odromepnoii opbumm dugdipeomopdno R%. Obpas ®(KUW?) aeasemea 2aadroti
xpueoti, npuuem eexmop (p, —A) wacaemcsa smot xpueot 6 mouxe P(z1).

Cuencrue IlycTh TOUKA & JIEXKUT HA HEBBIPOXKJIEHHON Unepbo/InYecKon
op6ure. Torma cymecrsyror takue dyukmun H, f : R? — R u Takue KOOpaAHHATHL
P1,P2, 1,2 B OKPECTHOCTU TOUKHU &', YTO B OKpeCTHOCTU TOukK & H = H (p1,p2qo),

f = f(p1,p292).

Jloka3aTeibCTBO 3TOM JieMMbl ipuBesieno B [?]. Hanomunwm ero. st onpesielienHOCTH
Gyaem npenonarats, uto 4 # 0. Torna dH # 0. Ilo Teopeme TapOy B OKpecTHOCTH
TOYKY T MOXKHO BBECTU CHMILJIEKTHYECKHe Koopaunarsl H, p, qu, ¢. B 9Tux xoopaunarax
dbopma w pasna dH Adgy +dpAdg, a koopaunaTs ,amq)d)epenum?los byukuniit H

of of [}
u f sanucpisaiorcs, coorsercrenno, kax (1,0,0,0) n (57, 55 5> 57)- CliesoBaTelbHO,
5%, = 0, u Jus Juneilnoil 3aBucumocru guddepenunanos byukuuit H u f
HEOBXOIMMO U JIOCTATOYHO BBIIOJIHEHUs! PABEHCTB % =0 n % =
of _
o) op =
Paccmorpum cucremy ypasuenuii { 57 o Taxk kak opouta O1 HEBBIPOXKIEHA,
8 —

TO sikobuaH a1oii cucremsl ypaBruenuii orinyen ot 0. CileoBaTesbHO, CyIIECTBYeT
OZIHONIAPAMETPUYECKOE CEMEACTBO OJHOMEPHBIX OPOUT B OKPECTHOCTU TOYKH 1.
Dyukunst H siBisiercst napamerpom 3toro cemeiicrsa. IToaromy 6udypraunonnas
JIMarpamMmMa OKPECTHOCT! TOUKH I JIefiCTBATEIILHO TIPeICTaRIisieT cODO# riaiKyo
KpuBYyIO. Jljist HAXOXK I€HNs1 KACATEJILHOTO BEKTOPA K TOW KPUBO 3aMeTuMm, 4To,

of _ of _ -
ecm 5, = 0 n B = 0, To KoopaunaTHas 3anuck guddepennualios Gynkuuit
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H u f nmeer Buz (1,0,0,0) n (%,0,0, 0), coorBercrsenno. CieoBATEIBHO,
K03 PUIMEnTD JIHEHOM 3aBUCUMOCTH (C TOYHOCTBIO 10 YMHOMKEHUs! HA KOHCTAHTY )
paBubt A = gz, p = 1. Ilo Teopeme o nesmnoii dynxiun, Tanrenc yria
HAKJIOHA KACATEeJILHOTO BEKTOPA K KPUBOH 6udypKalMOHHOl AuarpaMMbl PaBen

_TA' Jlemma ji0Kka3ana.

§3. TonoJiornyecKoe CTpOEHHE B I1APOBO OKPECTHOCTU HEBBIPOXK JEHHBIX
TOYEK TUIA CEJI0-CeJI0.

Tomosiornueckoe CTpOeHue B OKPECTHOCTAX HEBbIPOK/IEHHbIX TOYEK U3y4dajin
MHOTHE MaTeMaTuku. B ,L'laHHOﬁ pasOTe Mbl 6y,E[eM UCMOJIB30BaTh pe3yJibTaThbl
JI.M. Jlepmana, $1.JI. Ymanckoro u JI. Dunaccona (L. Eliasson).

Byjiem roBopuTs, 4To 0{HOMEpHAst OPOUTA NPUMBKAEN K CUHTYJISPHON TOUKE,
€CJIN 3Ta CUHIyJIsspHAad TOYKA JIE2KUT B 3aMblKaHUU ITOHU 0p6HT]>l.

JIEMMA 3 ([?]) Odnomepnas opbuma, npu OULAR K HEBBPONCOEHHOT, CUNZYAAPHOT
mouke panea 0, HEBUPONHCIEHA.

Ormernm, uro JI.M. Jlepman u f.JI. YMauckuil paccMaTpuBa/IM AHAIUTHIECKH
UHTErpupyeMble raMuJIbTOHOBbL CUCTEMBL. OﬂHaKO, B JIOKa3aTeJIbCTBe 3TOM JIEMMBbL
AHAJIMTUYHOCTH (baKTlfl‘ieCKl/l He UCIMOJIb3YeTCH.

J1. Dumaccon paccMaTpuUBall TONOJIOrUYECKOE CTPOEHUE MHTEIPUPYEMbIX TaMUJIBTOHOBBLX
CUCTEM C IIPOU3BOJIBHBIM YHCJIOM CTeeHed CBOOO/bl B MMAPOBBIX OKPECTHOCTHX
HEBBIPOXK/ICHHBIX CUHTYJISPHBIX ToYeK. OTpaHnuenune ero pesyJibTaToB Ha UHTErPUPyeMble
raMUJIBTOHOBBL CUCTEMBL C JIBYMSI CTEIEHsiMU CBODO/bL chopMmyliupyem B Buje
TEOpeMBbL.

TeoPEMA 1 ([?]) Cywecmsyem cozpanmowut caoenue JTuysurrs duppeomoppusm
HEKOMOPOTi OKPECTNHOCTY HEBUPOAHCOEHHOT CUNLYAAPHOTE MOUKY HA HEKOMOPYI0
OKPECTRHOCTNG CUNYAAPHOT MOUKU MOOCALHOT UNMEZPUPYEMOT 26 MUNLMON060T
cucmemuL MaKozo gice muna.

U3 sroii TEOpeMbl BbITEKaeT P/l II0JIe3HBIX CJle,[LCTBMI‘/’I.

CueacrBue 1 Ognomepnas opbuta, IPUMBIKAOMAs K CUHIYJISIPHOM TO4Ke
TUIA CeJI0-CeI0, runepbosnyecKas.

JleiicTBUTEIIbHO, TAKUME OPOUTAME HA MOJIEJIBHO CUCTEME SIBJISIOTCS TOJIBKO
opbutbt {p1 = 0,1 = 0,p2 = O}, {;m = 0,¢1 = 0,g2 = O}, {p2 = 0,» =
0,q1 = 0} u {p» = 0,¢g2 = 0,p1 = 0}, a oun, oueBngHO, runepboIUUECKNE.
CuiesoBaTebHO, cioit JInyBuILIs, comepsKaimuii 3Ty OpouTy, B OKPECTHOCTH TOUEK
OpOUTBL JIOKAJIBHO TOMeOMOPdEeH IPOU3BE/IEHUIO KpecTa (Iape TPAHCBEePCAIILHO
nepecekarnmuxcs PlHTepBaJIOB) Ha UHTEpBaJl. Uz HEBbIPOXKIEHHBIX Op61/lT TOJIBKO
runepbosinyueckue 06s1a1a10T 3rum ceoiicreom. CiiecTBrE JI0KA3AHO.

Cuanencreue 2 ITycrs 6udypranmnontas jnarpaMmMa OKPeCTHOCTH TOYKH THITA
cejy10-ceiio romeomopdna kpecry. Toraa cymecreyer guddeomopdusm nexoit
OKPECTHOCTH STOH TOUKN HA MOJIEJIbHYI0 HHTEIPUPYEMY IO TAMUIIBTOHOBY CUCTEMY

13

THIA CeJI0-CELI0, COXPAHSIOMUII COBMECTHBIE OBEPXHOCTH yPOBHs (DyHKImi

3aMeTMM, YTO JJIst aHAJIMTUYECKUX MHTeI‘pMpyeMle raMuJIbTOHOBBIX CUCTEM
yCJlOBMe CJIeICTBUS 2 ABTOMATUYECKU BHIIIOJIHACTCH, a yTBep)K,[LeHI/le CJle,ELyeT un3
reopembl JIx. Buubsimcona (J. Williamson), [?].

Tokazaresnsereo. O6o3naumm uwepes U4 OKpecTHOCTh TOUKH THIA CeJIO-
CeJ1J10, TOMOJIOTMYECKU S9KBUBAJIEHTHYIO MOJICIbHON. YI00HO MPEAN0/IaraTh, 4To
okpecrrocts U? siBjisiercs mpooGpa3oM HEKOro Kpyra MaJioro pa yca na 6udypranuonnoi
smarpamme. Pazobpem U? na ciom Jlmysmiuis. Paccmorpum npocrpancrso I
3r1oro pazbuenns. Haromuum, 4o npocTpancTsom pa3buenust, 0 ONPEIEIeHUIO,
HA3bIBAETCsl TOIIOJIOIUYECKOE IPOCTPAHCTBO, TOUKAMU KOTOPOI'O SBJISIOTCS JIEMEHTbL
pas3buenus (T.e., B HAILIEM Cilyuae, Ciou JInyBuiLIst), C CAMON TOHKOII TOIONIOrMel
13 Tex, B KOTOPbIX €CTeCTBEHHOE 0TOOpaKenue, IePeBOIsIIlee TOUKY B COAEPKAIIUi
3Ty TOUKY CJIOf, HENPEPBIBHO.

TTo reopeme JI. Dunaccona npocrpancrso pasbuenns [ romeomopdHo npsimomy
[POUBBEIEHUIO KPECTA HA KpecT. [IeCTBUTeIbHO, MUMEHHO TAKOE IPOCTPAHCTBO
pasbuenust y mogensnoil cucrembl. O6o3naumm 10T romeomopduszm uepes &.
Kpecr Gyiem paccMaTpuBaTh KAK OJHOMEPHbIH KJIETOUHbL KOMILJIEKC, COCTOSIIHI
M3 YeTHIPEX OJHOMEpHBIX pebep ¢ oanON obmiell s Bcex peGep BepInnHOIL.
Tor/ja Ha NPSIMOM TIPOU3BE/IEHNI KPECTa HA KPECT €CTECTBEHHO BBOAUTCS CTPYKTYPa
JIByMEPHOTO KJIETOYHOTO KOMIUIEKCA. 3aMETHM, 4TO Pebpa 3TOro KOMILIEKCa
COCTOAT U3 0COOBIX CJIOEB CJioeHust JInyBuiis.

Taxk kak ¢bynkuuu H u f nocrosinibl Ha ci10sX JInyBuILIsL, TO MOXKHO PACCMATPUBATE
ru Gyukuun Kkak (Gynkuun pa npocrpancrse paszbuenus I'. Moxno BBecTn
[IIQJKYI0 CTPYKTYPY HA BHYTPEHHOCTSIX JIByMEPHbBIX IPaHeil TaK, 4T0 0T00pazKkenue
(H, f) : T — R? apusiercs riaaxum orobparxenuem na o6beluHeHU BHY TPEHHOCTeTH
JIByMEPHbIX I'Paneil u uro ecrecrsennoe orobpaxxenue okpectuoctu U B I siBisiercst
rJ1aJIKUM Ha ero npoobpase.

3amerum, uro mpoobpas GudypKAIMOHHON JAUArpaMMbl TIpU OTOOPAZKEHUN
(H, f) coBnajaer ¢ ofHOMEpPHBIM OCTOBOM Kommiekca [. JleficTBuTeibHo, Tak
KaK OudypKanuonHas AnarpaMmMa, o ONpeesIeHIIO, SBISeTCs 00pa3oM 0COBbIX
TOuYeK, TO npoobpa3 Juuuii GudypKAUMOHHON anarpamMmbl BKIIO4AeT B cebsi
Bce ocobbie cioun. C apyroii cToponsl, CiIOH, He copepzKammii 0COObIX TOUEK, HE
MOXKET JIe2KATh B 1poobpase 6udypranuonnoii juarpammsot. JeificrBuresbno, 3mo
TaK Jisi OKPECTHOCTEH TOYEK HEBBIPOXKIEHHBIX OJHOMEPHBIX HEBBIPOXKIEHHBIX
opburt, a Jroboii CiIoH, TepeceKaroUuics ¢ Majloii OKPECTHOCTHIO TOUKHU THIA
CeJIJI0-CeJIII0 TIEPECEKAETC s C MAJIOH OKPECTHOCTHIO OJTHOMEPHON OPOUThL, IPUMbIKAIOIIEH
K 9T0i 0coboii Touke. VI3 Tex xke coobparxkenuii mojyuaem, 4to mpoobpas jyua
kpecrta 6udypkanuonnoii Juarpammot Ha I’ coctout u3 JaByx pebep 0HOMEPHOrO
0CTOBA.

JIerko Bujerh, 4T0 HA OJHOMEPHOM OCTOBE MOXHO IIOMPABNTH TOMEOMOPGhU3M
¢ asroguddeomopdnamom Tak, urobbl OH COXpaHsl MTPOOOPA3LI TOUEK NPH
orobpaxkennn (H, f), 1 4TO MOXKHO NPOAOJDKUTH 3TY NONPABKY HA JBYMEPHbIE
rpann kommiekca. CiiecTBue j0Ka3aHo.
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§4. CBeieHue 331a4M TOIOJIOTNYECKOMN KilaccnuKanum HEBbIPOXK IEHHBIX
HAacCBbIIII€EHHBIX OerCTHOCTeI‘/‘I TO4Y€K TUIlla ceJIo-Ce/lJ10 K 3aja4ye Kuaccncbnxaunn
ceJIOBBIX OerCTHOCTeﬁ.

B srom mnaparpade mbi cBejem 3ajavy TOIOJIOIMHYECKON Kiaccudukannm
HEBBIPOXKIEHHBIX OKPECTHOCTEN TOUEK THIA CE1JI0-CE1I0 K 3aa4e Kiaccudukanumu
6JIM3KUX, HO TEXHUYECKH Gosiee y100HbIX 00HEKTOB, HA3bIBAEMbLX JJis KDATKOCTH
CEJ/JIOBbIMU OKPECTHOCTAMMU. Ce,ELJIOBaH OKPECTHOCTDb TaK2Ke ABJIAeTCsHA MHTeI‘pMpyeMOI’l
raMUJIbTOHOBO# cucteMoii. OTiinuune COCTOUT B TOM, uTO GudypKalMoHHas Juarpamma
OTOGPa)KEHMH MOMEHTa COCTOUT U3 [IePECEKAIONIUXCs HHTEPBaJIOB KOOPJANHATHBIX
oceii iockoctu R2. IIpu 9T0M Hu OjTHA U3 KPUBbIX OudyPKAIIMOHHOM THATPAMMBL
HE [IPEJICTABIISETCs B Buje rpacuka HekoTopoil (pyHKkimn Apyroii KOOPAUHATEL.
ITosTOoMy MbL BbiGUpaeM Apyroii cnocob opuenTannu KPUTUUECKUX OKPY2KHOCTEH:
KazKJas U3 HUX OPUEHTHPYETCst KOChIM I'PAJIUEHTOM COOTBETCTBYIONMIEH KOOPAUHATDL.

Omnpegnenenne 5 (Cedao6otli 0KpecmHOCMbIO HA3HIBAETNCA UHMEZDUPYEMAA 2AMUNLTNOHOBA
cucmema (U, w, f1, f2), ydosaemeopaowas caedyowsum ycaosuiM.

1) O6pas mnozoobpasus U npu omobpasicenuu momenma ecmv edunuunniii
xpye { f2+f2 < 1}; budyprayuonnas duazpamma cocmoum us naps, UNMEPEAL06:
{i=0,1f2l <1} u{fo=0,|f1] <1};

2) Bce ocobbie (6 MoM HUCAE CUHZYAAPHBLE) MOUKU U* neswipooicdens. 1Ipoobpas
@-1(0,0) cessen. Bee cunzyasprvie mouku Ut aescam 6 npoobpase ~1(0,0).

3) Omobpasicernue momenma ® seasemes cobemeernnvim omobpasrcenue.

Ormerum eme pas, 4To Tak Kak muoxecrso {fi = 0,|f2] < 1} na miockocru
¢ KoopuHaTamu f1, fo Heub3s 3a4arb rpacdukom GyHKIUM OT NEPEMEHHON fi,
TO C€/JI0Bast OKPECTHOCTb HE HBJISETCsl HEBBIPOXKIEHHOI OKPECTHOCTHIO TOUKH
THIA CefII0-CeLJI0.

JIBe ce/II0BbIE OKPECTHOCTN By/IeM HA3BIBATE SK6UBAACHMHbLMU, ECILH MEKILY
COOTBETCTBYIONIMMHU MHOTOOGPA3USMHE CYIIIECTBYEM FOMEOMOP(hU3M, TIePeBOIAIIMi
cion JInyBuiuist B ciion JInyBriuist, KpUTUYECKHE OKPY?KHOCTH B KPUTHYECKHUE
OKPY?KHOCTH € COXPAHEHUEM OPUEHTAIMU BeKTOPHBIM moJieM sgrad(fi + fa).

3ameTum, 4TO /st CE/IOBbIX OKPECTHOCTEN IOHATHE SKBUBAJIEHTHOCTU OTJINYAETCH
OT [OHSITHS! TOLOJIOINYECKO! SKBUBAJIEHTHOCTH HACHIIIEHHBIX OKPECTHOCTE! UHTErPUPYEMBLX
FAMUJIBTOHOBBIX CUCTEM, TAK KAK KPUTHYECKUE OKPYXKHOCTH OPHEHTHPYIOTCS
Pa3HBIMU BEKTOPHBIMH HOJISMH.

Culeyromas JileMMa roBOPUT, 4T0 33,1344 KJacCuhUKALUY Ce/JI0BbIX OKPECTHOCTE]
9KBUBAJIEHTHA 3a,1a4€ TOIOJIOTHYeCKOH KJ1acCuUKAIUU HEBBIPOK AEHHBIX OKPECTHOCTE!
TOYEK TUIIA CeJI0-CeIO0.

JIEMMA 4 Cywecmeyem omobpadicenue us MHONCECTNGA HESBLPOHCOEHHUT OKPeECMHOCTE
MOYEX MUNG CEONO0-CE0N0 HA MHOICECTNEO CEONOBHLT OKPECMHOCMED, Nnepesodauiee
MONONCZUNECKY IKBUBAAEHMHBIE HEBLIPONHCOEHHBIE HACHIUEHHDBIE OKPECTRHOCTU
MOYEX UNG CE0N0-CEON0 8 IKEUBLAEHMHBLE CEOA06bLE OKPECTIHOCTNU, G TRONOACZUNECKY
HEIKBUBAAEHMHBIE — 6 HEIKBUBAAEHINHDIE.

,HOKB,BaTeJleTBO. HaHOMHIAM, YTO HEBBIPOXK/JIEHHY IO HACHIIIIEHHY 0 OKPECTHOCTh
MO2KHO pacCMaTpUBaTh KaK HHTEIDUPYEMYIO FraMUJIBTOHOBY CUCTEMY HAa CUMILJIEKTUYECKOM
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muoroobpasun U4 ¢ ravmisronnanam H u unrerpasiom f. O6pas muoroobpasus
U* (oboznauum obpas D2, no onpenenenuio,D? romeomopden JucKy) Jiexxut
B 1J0cKoCTH € Koopiaunaramu H, f. O6pa3 Touku Tuna cemuio-ceiio Oyjpem
obo3nauars A.

Budypraunonnas juarpaMma HEBbIPOXK I€HHOM OKPECTHOCTN COCTOMUT U3 JIBYX
TPAHCBEPCAJIBHO NEPECEKAIOLINXCH KPUBbIX, KAX/asl U3 KOTOPhIX MOXeT OblTh
3a1ana rpadukom ruaaxoit Gyukunu nepemennoit H. O6o3nauum 311 Kpusble
Y1 1 7y2. H siBisiercst TaJKuM [IapaMeTpoM Ha KDHUBBIX Y1 U Y2. He Bbi3biBaer
comuenus, uto cymecrsyer quddeomopdusm € : D2 — {f2+f2 < 1}, nepesoasmuii
nuck D B kpyr {f2 + f2 < 1} Tak, uro

1) kpuBas y; nepexoaut B untepsan {f; =0, |f> < 1}, npuuem st 066X
rouex X1, Xy € 71 us H(X1) > H(X;) cnenyer f(§(X1) > f2(€(X2))-

2) KkpuBas Yo nepexoaur B unrepsai {fo = 0,|f1| < 1}, npuuem s y106b1x
Touek X1, Xo € 72 u3 H(Xl) > H(X2) cieayer f1 (f(Xl) > f1 (f(Xz))

IIycrs sror auddeomopdusm sagaercs napoit byukunii fi = fi(H, f), fo =
f2(H, f). PaccMOTpUM raMuIIbTOHOBY CHCTEMY Ha CUMILIEKTHYECKOM MHOrooOpasuu
U*, sanapaemyio ramuwibronuanom fi. JIErko mpoBepsieTcs,, 4To Ona MHTerpupyemas,
[IPUYEM B KAYECTBE JONOJIHUTE/IBHOIO MHTErPAJIA MOXKHO BbIOPATh DYyHKIUHMIO fa.
Yerrepka (U, w, f1, f2) 3a1aer ceuionyto okpecrnocts. Ciion JInyBuminist HoBoO#

CHUCTEMbI COBMAJAIOT €O cliosimu JInyBriuist crapoit cucrembl. Kpurnueckune okpyKHOCTH

HOBOHl CHCTEMbL COBNAJAIOT ¢ KPUTUYECKUMH OKPYXKHOCTSIMU CTAPOil CUCTEMBbL.
Eciiu OpHEeHTUPOBATH KPUTHYECKUE OKPYXKHOCTH HOBOH CHCTEMbl BEKTOPHBIM
nosiem sgrad(fa)+sgrad(f1), To Torma Toxecrsennoe oroGpaxenue id : M4 —
M* cyrs audbdeomopdusm, coxpansomuii cioenne JluyBuiis, Kpurnueckue
OKPY2KHOCTH M OPMEHTAIMIO KPUTHYECKUX OKpPy2HOCTeil. JleMma jokazana.

§5. ATOMHO-Ce/jJIOBbI€ CBA3KH.

B sTom naparpacde BROANTCSs JOCTATOUHO CJIOXKHbI KOMOMHATOPHDL 00HEKT,
HA3BIBAEMBbIH GMOMHO-CE0A060U C6A3KOU.

Tlon, amomom mu1 Gynem nommmars mapy (P?,G), roe P2 JByMepHas
BO3MOXKHO HECBsi3HAsI IOBEPXHOCTb, G BJIOXKEHHDIH B Hee OPUEHTUPOBAHHBIA
rpa¢ crenenn 4, npuyem

1) B KaX/I0fi CBA3HOI KOMIIOHEHTe TOBepxHOCTH P2 JIesKuT POBHO O/lHA CBsi3HAS
kommnonenta rpada G.

2) Pasnocts P? \ G pacnajaercs B o6beaunenne koner S x (0, 1).

3) Konbia P? \ G rak pa3burbl Ha JBa Kjacca (OJIOKHUTEIbHDBIE KOJIbLA U
OTpULIATENBHBIE KOJIBLIA), YTO K KaxoMy pebpy rpada G HOAXOAUT POBHO 1O
OJJHOMY KOJIbILy U3 KayKJOro KJjiacca.

4) T'pad opuenTHpOBaH Tak, YTO B KaXK/ylo Bepiuuny rpada BXoguT jasa
1 BBIXOJAUT JBa pebpa, IpuyeM Majiasi IMapoBasi OKPECTHOCTH J11000i BepIIUHbL
rpacda ycrpoena Kak na puc. 1.

DTO onpejeseHHEe OTINYAETCss OT OPUIMHAJIBHOIO OIPEJeJeHust n3 PaboTh
TEM, YTO HAINM ATOMBL He cojepkar Bepmun crenenu 0 u 2, rpads atomor
OPUEHTUPOBAHBL M YTO Mbl JOMYCKAEM HECBs3HbIE aTOMbl, (DUKCUPYst TIPH STOM
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Puc. 1: Oxpecmmnocms eepuunv, 6 amome.

pa36uenue X KoJiel[ Ha JBa KJjiacca.

Haznm onpeesenue aberpakTHOro ceioBoro kommiekca. Cioso "aberpakTubil nenonbsyercs:

J1st TOrO, 4ToDbl MOJYEPKHYTh, YTO 10KA aOCTPAKTHBLIA CEIJIOBON KOMILIEKC
HUKAK HE CB$I3aH C CEJIOBbIMU OKPECTHOCTSIMHU.

Bepmnny komiuiekca G6y/jem Ha3bIBATH MOJIEJILHOI, €CJIN TIEPECEUeHNE KOMITJIEKCA
C HEKOTOPO#i MaJ10i1 OKPECTHOCTHIO BEPIIIMHBI FOMEOMOPMHO MIPSIMOMY [TPON3BEIEHUIO
ABYX KpectoB. Hanomunm, 4o nojy KpecTom Mbl IOHMMAEM APy 11€PECEKAIOLINXCst
B OJIHO}i TOUKE MHTEPBAJIOB.

Touky 1, Jiexkallyio Ha pefpe KOMILIeKca, 6y/1eM HAa3bIBATH MOJICIBHO!, eciin
nepeceyeHne KOMILIEKCA C HEKOTOPO# MaJloli OKPECTHOCTBIO TOUKH 1 TOMeoMOPGhHO
IPSAMOMY [IPOU3BEECHUIO KPECTA HA UHTEPBAJL.

Omnpenenenne 1 Abcmpaxmuoim c€0N06bIM KOMNALKCOM HAZIBAEMCA MAKOT
deymepnnti (603mooicno, beckoneunnd) CW -komnaexe, pebpa 00HOMEPHO20 0CTNOBG
KOMOP020 AKX OPUEHTIUPOSANL U pasbumut na 06a Kaacca (beawd u wepnuiti),
MO BHNONHAINMCA CAEOYIOULUE YCAOBUS.

1) Bce 6epuiunst KOMNAECKCE MOOEALHDL.

2) Bee mouku, aescausue 6Hympu pebep KoMNAEKCa, Modice MO YL

3) B xaoscdyro eepwuny 6xodam dea beaws u d6a wepnus pebpa u 6uTo0am
dea beaviz u deéa wepHHT pebpa.

Paccmorpum aberpakrubiii cemioBoil kommieke C u TAKyi0 Iapy aToOMOB
(Pw;Gw) u (Py,Gy), uro rpad G, romeomopden ¢ COXpaHEHHEM OPUEHTALUH
0bbeunenuio belbix pedep kommiekca C, a rpad Gy romeomopden ¢ coxpanennem
opuenTanum o6beuHennio uepublx pebep Komriekca C'. PUKCUpyeM OTOXKAECTBIIEHHE
rpacda G, un obbeaunenue Genbix pebep kommiekca C, oToxgecrBienue rpada
Gp u obbeannenue vepubx pebep kommiekca C.

Tpoiiky (C, (Pw,Gw), (Ps,Gs)) Oynem HasblBaTh ATOMHO-CE/JI0BOI CBA3KOM.

Jlge aromusie-ceuonnie ces3ku (C, (Py,Gy), (P, Gp)) n
(C’, (f’w, Gw), (pb,éb)) Gyaem cuntars n30MOpQHBIMY, CIIHU CYIECTBYET roMeomMopdbusm
Y :CUPUP, — CUP,UP,, coxpausiomuii OpUEHTAIMIO OHOMEPHOIO OCTOBA
KOMILIEKCA U pa3buenue Kojlel, ATOMOB Ha JiBa KJlacca.
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Bamernm, uTo Jiio6oii romeomopdusm ¢ : C U P UP, - CUPB U P,
nepesoauT kommieke C' B komrmieke C' 1 sIBISIETCH KJIETOUHBIM OTOBpazkeHneM
komiiekcos. Ojnako mbl e Tpebyem, urobbl romeomopdusm 1) 1ePeBoLUI ATOM
(Py,Gy) B arom (By, Gy); romeomopdusm ¢ mozker mensts Mectamu (Py, Gp) u
(P, Gu)-

Heynopsiaouennyto napy 6yks ((Py, Gw), (P, Gp)) Oyaem Ha3blBaTh abCcmparmmonm
l-munom.

§6. CenyioBoii KoMIJIeKC.

Heur cuexyromux aByx naparpadoB COCTOUT B MOCTPOEHMH OTOOPaXKeHust
13 MHOXKECTBA CEIJIOBBIX OKPECTHOCTE(l B MHOXKECTBO aTOMHO-CEJJIOBO# CBH30K.
Tlycrs uersepka (M4, w, f1, f2) 3amaer cemioByio okpecTnocTs. PaccMorpum
npoobpasz ®1(0,0). Ilo onpesesennio O CBH3EH U, CIIEJOBATEILHO, HBJISETCH
cioem JInyBuiuis. Kak n iiro6oii ciioit, on cocrout u3 opbur geiicrsus Ilyaccona.

JIEMMA 5 ITycmw opbuma O, deticmeus ITyaccona codepoicum 6 c60em 3aMbKAHUY
opbumy deticmeusn Iyaccona Os. Toeda cmabuausamop emopoti opbumo: codeporcum
6 cebe cmabuausamop nepeoti.

Jokazareinscrso. Byiem o6o3nauars uepes (a, b)z 06pa3 ToUKn T npu geicTBUR
suementa (a, b) rpynnet JIu (R?, +). PaccMoTpuM MoCIieI0BaTe)IBHOCTD T; TOUEK
n3 opbursl O, cxogsuyocs K Hekoropoil Touke y € Oy. Ilpeanonoxum, uro
suement (a,b) rpynnb: Jlu (R2,+) sexxut B crabuimsarope opbutet O;, TO ecTh
(a, b)z; = z;. ITo Teopeme 0 HenpepbiBHOil 3aBucnMocTy pemenunii guddepenupuanbroro
yPABHEHUs! OT HAYAJIbHBIX yCJIOBUE IOy yaeM, 4o (a, b)y = y, 4To 1 rpeboBaoCch
JIOKa3aTh.

Ormerum, 94TO CTAbUIU3ATOP OJHOMEPHON OpOUTHL CyTh npsiMast Aa+ b = 0.
Koadbdunuents: A u p 3Toil npsiMoii coBnagaoT ¢ Koadduiuentamu JInHeRno
zaBucumoctu quddepenunanos byunkunii fi n fo na opbure.

JIEMMA 6 Bce deymeprvie opbumnl, codepoicaujue 6 3aMuKEGHUL TNOYKY TUNG
cedno-cedno, zomeomopdun R2.

JHoxazaresncrro. [Tycrs apymepuas op6ura 02 coiepskuT B CROEM 3aMbIKAHUK
TOuKy THNa ceayio-ceaio. Torma opbura O? COMEPKUT B CROEM 3aMBIKAHUM JIBE
0jiHOMepHbIe Op6uThl, romeomopdubie R, ¢ nenponopuuonasibubiMu K03dduiuenramu
3aBucuMocTu Mex ity quddepentuanamn Gynxuuii fi u fo. Ucnonsays npeabyiyniyo
JIeMMY, [0JLy4aeM, 4To CTabuin3aTop ABYyMEPHOil OpOUTHL COJEPIKUTCS B IEPECeYCHUN
JIByX OPSIMBIX, U, CJIEJJOBATEJIHHO, OH TpuBHaJieH. Jlemma jokasana.

JIEMMA 7 Caoti C umeem ecmecmeennyro cmpyxmypy dsymeprozo CW -xomnaexca,
k-MEpHBLMU KAETNKAMU KOTNOPOZO ABAAIOMCA 30, A opbum pasmepHocmu

k.

ﬂOKaSaTEJleTBO. PaCCMOTpMM MHO>KeCTBO KpMTMLleCKMX "n CMHI‘leﬂprlX TOYEK
K ={z € M*,rank(d®,) < 1}). Paccmorpnm nepeceuenne muoxecrs K u C.
O6oznauum uepes L KOMNOHeHTY cBaznocTn MuHOXKectBa K N C, comepxamntyio
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TOYKY TUlla CeJJ10-CeJio. lIOKa.)KEM, YTO BCE CUHIYJIADHBIE TOYKH, JiexKalllue B
3TOU KOMIIOHEHTE CBABHOCTH, HEBbIPDO2K/IEHbL U UMEIOT TUII CeJ10-CeJ10. ﬂEﬁCTBPlTeJleO,
OHHU HEBBIPO2K/EHbL 110 OIIpEe/eJIeHUI0 KOMILJIEKCA, & U3 HEBbIPO2KJEHHDbIX TOYEK
B 3aMblKaHUH runepﬁo.imqecxoﬁ 0p6MTb1 MO2KeT Jie2KaTb TOJIbKO TO4YKH THIIA
CeJ10-CeLI0.

O6o03uauum uepes D obbeaunenne MHOXKECIBA T€X JBYMEDHbIX OpOUT, B
3aMbIKAHUU KOTOPbIX JIE2KUT XOTsi Obl 0jina To4ka u3 L. Jlokaxem, uro DU L =
C. HelicTBUTEIBHO, MYCTh NOCIEI0BATEIBLHOCTh TOUEK HEKOTOPOH JIBYMEpHOM
0p6PlTb1 CXOUTCA K HeKOTOpOﬁ TO4YKEe Hu3 L. TOF,Qa ee 3aMblKaHue JIe2KUT B
06beunenun 31oil opbutst n L. CiiegoBareibho, sta ABymephast opbura romeomopdua
R?, u3 cpasnocru C TOJIyHYaeM yTBEPIKICHUE JIEMMBL.

OpuenTupyem pe6pa ognoMeproro ocrosa kommiexca ® (0, 0) BekTopHBIM
nonem sgrad(fi + fo).
Pe6pa 01H0MepHOT0 0CTOBA €CTECTBEHHO Pa3bUBAIOTCs Ha JBa Kiacca (HA30BeM
nx Gesbiit u wepnbiit). Besble pebpa onpejensiiorcs yciosuem dfs = 0, uepnble
yeiosuewm dfy = 0.

Onpegesienne 6 Kaemownuiti xomnaexc ®1(0,0) ¢ ecmecmeennvimu pasbuenuem
Ha KaemKu, opuenmayuet, pebep u pasbuenuem pebep na 064 KAGCCA HA306€M
ce0A06bM KomnAeKcoM U Oydem ob6osnavams C.

Jlerko mpoBepsieTcs, 4To CeJJI0BON KOMILIEKC $BJISIeTCs aOCTPAKTHBIM CEJIJIOBBIM
KOMILJIEKCOM. JIefiCTBUTEIIBHO, B OKPECTHOCTY BEpPIIUH OH YCTPOEH MOJAEIBHO 110
Teopeme JI. Dumaccona, a B okpectnocTn pebep  Tak Kak pefpa siBISLIOTCH
HEBBIPOXK/ICHHBIMU TUNEPOOJIMYeCKUMU OPOUTAME.

§7. |-Tu ceai10BOii OKPECTHOCTH.

MHOKeCTBO 0COOBIX TOYEK CEIJIOBOI OKpeCcTHOCTH Oyjem 0003HauaTh Yepe3
P. lokaxkem, 410 P nmeer eCTeCTBEHHYIO CTPYKTYPY APbl ATOMOB [1€PECEeKAIOIINXCS
no Bepmunam BJOKeHublx rpados. deficrsurensno, pacemorpum P, = {z €
M* : dfy, =0}, P, ={z € M*:df;, = 0}. Muoxecrso P, obpasyer
TJIAJKYI0 IBYyMEPHY O TIOBEPXHOCTh. ﬂeﬁCTBMTeJleO, "3 JIEMMBI 2 CJlielyeT, 4ToO B
HEKOTOPOii OKPECTHOCTH HECHHTYJisipHO# TouKn Py, anddeomopdno qrymepromMy
aucky. 13 reopemst JI. Qumaccona cieayer, uro P, B HEKOTOPO# OKpeCTHOCTH
CUHTYJISPHOI Toukn auddeomopden JByMEPHOMY JUCKY.

Cuioit C' nepecexaercst ¢ noBepxuocTsio Py 110 rpady crenenu 4. Paccmorpum
orpannuenune dyukuuu fi na nosepxuocrs Py. Ee tunuuecknii cioii siBiisiercs
KPUTUYECKON OKPY2KHOCTBIO, ciiejoBaressno, rpad C N P, pasbusaer P, na
nabop kouen. ITouoxkuresbuble Koibla 3Toro Habopa ONPeJEIIsIOTCs yCIOBUEM
f1 > 0, orpunarensubie — f; < 0. VI3 JIOKaJIbHOTO TONOJIOTUYECKOTO CTPOEHUSE
B OKPECTHOCTH TOYEK THUIIA CEJI0-CEeIJI0 CIIEJYeT, YTo K KaxkjoMy peGpy rpada
[PUMBIKAET POBHO OJHO IIOJIOXKUTEJIBHOE U OJIHO OTPUIIATEBHOE KOJIbIO.

CuenoBarensro, napa (P;, Gp) obpasyer arom. Anaiornuno, napa (P, Gy)
Toke obpasyer arom. ITosepxuocru P u P, 1€pPECEKAIOTCst 10 TOUKAM, B KOTOPbIX
nuddepennpnans: Gynkiuit fi n fo paBubt 0, TO €CTb IO BEPIIMHAM KOMILIEKCA.
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Onpenenenne 7 Iapy opuenmuposannuz amomos | = ((Py,Gy)(Puw,Gy))
nagoeem L-munom cedaoeoti oxkpecmmocmu.

3amerum, uro Tpoiika (C, (Ps, Gp), (Puw, gw)) ABISETCH ATOMHO-CEJIOBON CBA3KOM.
Hedicrurensno, rpadst Gy u G,y CyThb, COOTBETCTBEHHO, YepHAs U Gesiast 4acTu
oHOMEPHOTO OCTOBA cejioBoro kommekca C. U3 jiokaubnO# CTpyKTyphl B
OKPECTHOCTH TOUEK THIIA CE/JI0-CE/LII0 U HEBbIPOXKAEHHDIX TOUEK rUIePOOIMUecKnx
op6uT cileayer, 4To opuenTanus pebep rpadoB B OKPECTHOCTH JiI060H BepIuuHbL
BBITJISIUT Kak Ha puc. 1, tak uro tpoiika (C, (Py, Gp), (Py, gw)) AeficTBUTEIBHO
o6pasyer aTOMHO-CELJIOBYIO CBSI3KY.

To ecrb, MbL nOCTpOMIU OroGpakenue (0603HAaUMM ero F) U3 MHOXKECTBA
CeJLUIOBBIX OKPECTHOCTEH B MHOKECTBO ATOMHO-CE/JIOBbIX CBS30K.

Onpepenenne 8 Cl-munom cedaosoii okpecmuocmu U* nazoeem o06pas amoii
cedaosoti oxpecmuocmu npu omobpasicenuu F.

Ormernm, uto arom (Py, Gp) nepecekaercst ¢ 4epHbIM 10ArpachoM 0JHOMEPHOrO
ocroBa cemnosoro kommiekca C' no rpady Gp. Ananornuno, arom (P, Gy)
nepecekaercs ¢ GessiM nogrpagom cemiosoro kommiekca C' o rpady G-

TEOPEMA 2 /]6e ce006be OKPECTRHOCTIU IKEUCAAECHTTIHYL ECAU U TROABKO ECAU
uz Cl-munv usomopPnoi.

Joxazarenncrso. B oany cropony reopema oueBmMjHA: €CJAM OKPECTHOCTH
9KBUBAJIEHTHBL, TO OI'DaAHUYeHNe yCTaHaBJINBAKONIErO 3KBUBAJIEHTHOCTh I‘OMeOMOpd)PlBMa
SBJISIETCs ecTecTBeHHbIM u3oMopdusmom Cl-tunos. JefcTBUTENIBHO, TAK KAK
TOJIBKO OJIUH cioit .HI/IyBI/l.JlJUl CeﬂJlOBOﬁ OKPECTHOCTH B OKPECTHOCTU HEKOTOPbIX
TOYEK TOrO CJ10st TOMEOMOPGEH [IPIMOMY [IPOU3BEAEHUIO KPECTA HA KPECT, TO TO
romeomopdu3M, COXPaHIIONIEM CJIOM IIEPEBOAUT CE/JI0BOM KOMILIEKC B CE/1JI0BOM
KoMILIEeKC. Tak KaK B OKPECTHOCTH TOYEK ATOMOB [-THIIA CJIOM, CopepKaiuii 3Ty
TOUKY roMeoMopdeH IPAMOMY ITPOU3BEIEHNIO KPECTa Ha MHTEPBaJL, TO TOMeoMopdhu3m
IIepeBOJUT aTOMBL B aTOMbL U KDUTUYECKUE rpacbbl aTOMOB B KpUTU4eckKue I‘pa(l)]:l.
Jokaxkem, 4ro romeomopdusm coxpaunsier pasbuenne KOJiel, aTOMOB HA JBa
kjacca. Byjgem nasbiBars jgsa topa Jluysuiuis 17 u 15 cemyioBoii oKpecTHOCTH
[IOXOXKUMHU, €CJIKM uX 00pa3bl pu 0TOOPAYKEHUNM MOMEHTA JIEXKAT B OIHOM KBA/[PAHTE.
VYcranaBiinBaomuii SKBHBAJIEHTHOCTD CEJJIOBBIX OKPECTHOCTEH romeomopdusm
TepeBOJUT IMOXO0XKUe TOPhL B IIOX0XKUe. ,Z[eﬁc’rBwreano, onpenenMm "HOXO)KECTL "B
UHBapUaHTHBIX OTHOCUTEJIBHO romeomopd}nzma TepMUHAX. COE,ELI/IHMM JABa Topa
myTem 1) He IPOXOJAIIUM Uepe3 Ce/UIOBOii KOMILIEKC U 2) KOTOPBIii nepecekaeT
npoobpa3 6udypKannonHoii 1uarpaMmbl TpancBepcalibuo. [Tocuntaem Kojim4ecTBo
nepeceyenuii TpooBpasa BePTUKAIBHOM JiuHun GudyPKAIMOHHON JUAarpaMMBbl 1
KOJIMYECTBO Hepecevenuii npoobpasa ropu30HTaIIbHOM JinHuKn 6udypKanunonnoi
AunarpaMmMmbl. JIEI‘KO BHJIETH, UTO TOPbL [IOXO2KHE €CJIX U TOJIBKO eClIn 0621 KoJim4yecTBa

uernbl. Ciie0BaTEIIBHO, CBONCTBO TOPOB ObITH MOX0XKUMHU COXPAHAETCst TIPU roMeoMopdusme

COXPaHAIOLIEM CJl0eHune. HyCTb JBa KOJ1bIIa aTOMa l-Tuna siexar B OJIHOM KJlacce.
TOI‘,ELB, K 3TUM KOJIbIIAM MO>KHO HO,QOﬁTM CKOJIb yI'OJJHO 6J1M3KO 0 TOYKaM IMOXOXKUX
TOPOB. Ecim JABa KoJiblla aToMa l-Tuna nexar B Pa3ublX KJjlaccax, TOrja HeJlb34d.
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OTC}O}L& cjiegyer, 4To pa36nenne KoJiell Ha JIBa KJiacCa COXpaHAeTCHd IIpU yCTaHaBJInBaOIIEeM

cooTBeTcTBHE ToMeoMopduame. B onny cropony reopema Jokazana.

B apyrymo cropony J0Ka3arejbCTBE CyLUIECTBEHHO OOJee CJIOXKHOE.

JIoKazKeM, 4TO MOXKHO IIPOJIOJI2KUTh [OMEOMOP(MU3M CeJIOBbIX KOMIIIEKCOB
JI0 yCTAHABJIUBAIOLIErO 9KBUBAJIEHTHOCTD FOMEOMOP(du3Ma Ce/JI0BBIX OKPECTHOCTEH.
Hawm y106H0 npeanoiaraTs, 4To ceyioBast OKPeCTHOCTD SBJISIETCst MHO000Opa3ueM
¢ kpaem. CoorBercreenno, o6pa3 CeaJloBOH OKpecTHOCTH Hpu oToOpaxkennu P
cocrour u3 kpyra {f + f3 < 1}.

Hycrs (M*, w, fi, f2) — cemyosas oxpecrnocts ¢ Cl-tumom
(Cl ((Pb: Gb)v (PwyGw))'

Cuieytonum 06pasom nocrpoum merpuxy G na M4,

Y KaxKJ10#i CUHIYJISIPHON TOUKH PACCMOTPUM OKPECTHOCTD, B KOTOPOi B HEKOTOPBIX
MOOEALHUT KOOPIUHATAX P1, P2, G1, g2 GYyHKIMYU f1, fo PABHDL, COOTBETCTBEHHO,
P1¢1 4 Pago. CymecTBoBanMe TAKOH OKPECTHOCTH Cliefyer u3 reopeMsbl JI. Duunaccona.

VY KaxJ0i1 0cob0it TOUKH, He ABJIAIOMIEHACH CUHIYIISPHOIL, PACCMOTPHM OKPECTHOCTb,
3aMblKAHUE KOTOPOIi He COJEP2KUT CHHIYJISPHBIX TOYEK, H B KOTOPOii CyIeCTBYIOT
TaKue modeabHbie KOOPIUHATEL P1, P2, q1, g2, 4T0 hyuKkiun fi, f2 B 9TnX KOOpAMHATAX
PaBHbBL, COOTBETCTBEHHO, P1 U Pa¢s. CyliecTBOBaHUE TAKONH OKPECTHOCTH M TAKUX
KOOP/IMHAT CII€yeT U3 JIEMMbI 2.

VY kax10ii Heocoboit TOUKKM PACCMOTPUM OKPECTHOCTD, HE COJEPKALLY IO OCOOBIX
TOYEK.

Mb! HOJLy 4nIIM OTKPBITOE IOKPBITHE. BhiGepem u3 Hero KOHeYHOe HOANOKPbITHE.
B kax10ii 0OKpecTHOCTH, COjlepIKAleii CUHIYJISPHY IO TOYKY, PACCMOTPUM METPUKY
g, B MOOEAbHBIT KOODJAUHATAX P1, P2, q1,(2 33/1aBAeMy0 €JIUHUYHON Marpuuei.

B kax/10i1 OKpecTHOCTH, CojiepaKalieli 0cobble, HO HE COJePKAIIEH CUHTYIIsIPHbIE
TOYKH PACCMOTPUM METPUKY §, B MOJEAbHBLL KOOPAUHATAX P1, P2, €1, ¢2 33ABAEMYI0
enunu4HO Marpuueil. B ocraBmunxcs okpecTHOCTAX BblGEPEM IIPOM3BOJIBHYIO
MeTpuKy.

Paccmorpum pasbuenue euHUIbL, TOAYMHEHHOE STOMY MOANOKpbITHIO. [TycTh
i-OMy 3JIeMEHTY HOJNOKPLITUSI COOTBETCTBYET (DYHKIUS ¢; STOro pasbuenus n
merpuka g;. Onpezgeinm merpuky G Kak cymmy > gid;.

Paccmorpum muoxectso M4\ C. Iloctpoum riiakoe BEKTOPHOE TIOjie U HA
M*\ C.

Hycrs Touka = aesxkur 8 M\ C. Ilycrs 3nauenns dynxiuii fi u fo B TOuKe
T paBHBI, COOTBeTCTBeHHO, a u b. Ha miockoctn R? ¢ xoopmunatamu (f1, fo)
PaccMOTPUM HpsMYIO o = {afo — bfi = 0}. Iycrs cnavana ¢ — neocobas
rouka. IIpoobpas npsMoil ¢, npun orobpakeHun MOMeHTa 0BO3HAYMM uepe3
Qa,p- B OKpecTHOCTH TOUKN & MHOKECTBO Qg b ABIISIETCS TIIAJKHM TPEXMEPHBIM
nomMuoroobpasuem mMuoroobpasus M*. Paccmorpum orpanuuenue merpuku G
Ha 310 1MogMHoroobpasue. Pacemorpum dynkuuio af; + bfs. Bekropuoe nose
¥ B TOYKE Z MOJIOXKUM PABHBIM %. ITox rpagnentom pynkuun Mbt
NMOHUMAEM BEKTOPHOE M0Jie, KOTOPOe MOJLYYAETCst, €CIU ONYCTUTh C MOMOINIBIO
METPUUECKOro TeH30pa unjekc y quddepennuaia, paccMarpuBaemMoro Kak TeH3op
(1,0). B kauecrse merpuxu Gepercs orpanunyuenne merpuku G na nojgmuoroobpasue
Qa.p- Yepes ||.|| oboznauaem HopMy BeKTOpA.
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Ecin touka z ocobasi, TO K Heil CKOJb YrojHO GJIM3KO MOXKHO MOJOHTH
0 HeocoObiM TOuKaM Qqp. JIOOIpeje/nM BEKTOPHOE IOJE U B TOYKE T IO
HEeNPEepPbIBHOCTH.

JIerko IpoBEpPSIeTCst, 4TO IPE/EJI [I0CIIEJ0BATEIILHOCTH KACATE/IbHbIX BEKTOPOB
He 3aBUCUT OT BbLOOPA I10C/1€/J0BATE/ILHOCTH, 110 KOTOPO§i Mbl I0JXO0AUM K 0COGOH
TOUKE.

Bekrophoe nosie v 00.1a43€T CAeAyIOmUMN CBOCTBAMM.

Iycrs 3navenus Gynkuuit fi u fo B Touke x pasubl a u b. Yepes v (z)
Oyaem 0603HAYATH TOUKY, [OJIY4AEMYIO U3 TOYKH & CABUTOM BJIOJIB TPAEKTOPHU
BEKTOPHOI'O [OJIst U HA BpeMst {.

Csoiicrso 1 Tpaexmopus npodoasicaema 6 mevenuu epemenu i < a® + b%,
2, 2 . 2 2 _

npuvem dazn | < a® + b ewnoansemca pasencmeo: fi(vi(z)) + f2(vi(z)) =

2, 52

a® +b° — .

J10Ka3aTesIbCTBO TPUBUAJILHO, JeHCTBUTEIbHO, U3 COOCTBEHHOCTH OTOOPAXKEHU s
® cuesryer npojioizKaeMocTs pemenus B toukax M? C C. Tak kak jgudbdepenmai
dyukuun f2 + f3 nponopuuonanen adfy + bdfa, o f2(vi(z)) + f2(vi(x)) =
a’ +b% 1.

113 onpejieiienus: CiIeLyerT, 4To eCiii HauallbHasi TOYKA TPAEKTOPUH BEKTOPHOLO
[0JIst JIEXKHUT HA (Jq 5, TO M BCs TPAGKTOPUSI BEKTOPHOI'O IIOJIs U JIEKUT HA Qqp.
13 cpoiicrBa 1 BbITEKAeT, YTO CABUI B/OJIb TPAEKTOPUN BEKTOPHOLO IO ¥
COXPAHSET TOMOJOTMYECKOE CTPOCHUE.

Iycrs 0 < i1, 2, .., in, .. — TOCIIEJIOBATEIHHOCTH BEIIIECTBEHHBIX YHCEJ], CXOAAIIIASCS
k a? + b?. PaccMOTpUM MOCIIEI0BATENBHOCTE Vy, (T), Uy, (T), -, Uz, (T), .. TOUEK 13
M1,

CsoiictBo 2 Ilocaedosamenvrocmy vy, (), vy, (), .., vy, (T), .. cxodumes x mouxe,
aeorcauets na C.

B yacTHOCTH, M3 3TOTO CBOHCTBA CJIEYeT, YTO Npe/Iel He 3aBUCUT OT BbiGopa
nocieoBaTesbhocty 0 < i1, lo, .., by, .. = a® +b% .

Jokazarenscrso. 113 komnakrnocrn C' u u3 ceoiicrea 1 cuegyer, uro na C

JIEKUT TIPE/IeJIbHAS TOUKA I10CIEA0BATENBHOCTH Uy, (T), Vg, (2), .., Vg, (2), ... OG03HAUNM
npeJielbHYI0 TOUKY 4epe3 z. IlyCTb Touka & COBIAJaeT ¢ BePIMHON KOMILIEKCA.
B okpecrHocTn T B KOODAMHATAX D1, P2,q1,q2 METPUKA 33]A€TCs €AUHUYHON
marpuneii, quddepennuaibioe ypaBHeHue, ONpeelisieMOe BEKTOPHBIM MOJIeM
¥, $IBHO PEIAETCs M U3 AHAJIU3A PeIleHMsl BBITEKAET, YTO B 9TOUW OKPECTHOCTH
TOYKM Z JPYIHX IPEJEJbHBIX TOUYEK HET.

Ilycrs Tenepn TOuka z Jsiexkut nHa pebpe kommiekca C. U3secrno, uro B
OKPECTHOCTH runepbosimuecKux OpouT B 3aMbIKAHUU JIFO0OOH TPAEKTOPUU [P UEHTA
raMUJIBTOHUAHA JIEXKHUT He OoJiee OJHON TOUKH U3 IMIepPOOJIMYECKOil OPOUTBL.

Hakouel, eciiu TOUKa & JIEXKUT BHYTPH JBYMEPHOH I'PAHU, TO €IUHCTBEHHOCTD
[Ipe/IelIbHOM TOUKY BBITEKAET U3 TEOPEMbL eJUHCTBEHHOCTH JJist JudbepeniualbubIX
ypasuenuii. CBOACTBO JJOKa3aHO.

Onpeennm oTobpaskenue ¢ : M* — C' cienyomum o6pasom.
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Puc. 2:

ITycrs cradana To4ka & nexut na cioe C. ITo onpejenennio cuntaem ¢(z) =
z. Iycrs Touka z ne sexxur na cioe C. Onpegennm ¢(z) paBHbIM IpPeEIOM
MOCIIEA0BATENLHOCTH Uy, (2), Uty (Z), .., v, (), ... JIerko Bugers, 4ro orobpaenne
¢: M* — C nenpepnisno.

Kak u npexe, 6yemM 0603HauaTh, COOTBETCTBEHHO, Yepe3 a u b 3nauenus
dbyukumii fi u fa B Touke z. Orpanuuenne oro6pakenus ¢ na mpoo6pas Phi~!(a, b)
Oyjiem 0003HAYATD Cap-

Croticteo 3 ITycmv a # 0, b # 0. Tozda wucao mouex 6 npoobpase ¢ (y)
mouku y € C paeno 1, ecau mouka y aescum 6Hympu 2-xaemxu, pasno 2,
ECAU TOYKG Y AENCU SHYMPU Pebpa, U PABHO 4, ECAU MOYKE Y 8epUIUNHA
KOMNAEKCA.

Csoticreo 4 Ilycmv a = 0, b # 0. Tozda wucao mouex 6 npoobpase ¢ (y)
mouxu y € C pasno 1, ecau mowka y aescum aubo ewympu 2-xaemxu, aubo
BHYMPU “EPHO20 PEOPA PABHO 2, €CAU MOUKA Y Aedcum na beaom pebpe.

Caoticteo 5 Ilycmv a # 0, b = 0. Tozda wucao mouex 6 npoobpase ¢~ (y)
mouku y € C pasno 1, ecau mouka y aescum aubo ewympu 2-xiemxu, Aubo
enympu 6enozo pebpa pasro 2, ecau TOUKA Y AENCUTR HA YEPHOM pebpe.

@Dakrnuecky, cBoiicrea 3,4,5 ObLin JOKA3AHbL BbLILE.

OxpecTHOCTS 111000/ BepIuHbL KPUTHYECKOro rpada aroma [-rTuma ycrpoena
KakK Ha puc. 2. Ha PUCYHKE MOJIOXKUTEJIbHbIE KOJIbIla 3aT€MHEeHbl. O603Ha'ﬂflM
Bepmuny uepe3 A. Hazorem A-yriiom mapy pebep, 0OHO N3 KOTOPBIX BXOAsIIEe,
a Jpyroe BbIXOIsINEe U3 BepIInHbL A. Yroa GyAeM Ha3bIBATH IMOJIOKUTEJIBHBIM
(oTpuaTebHbIM), €Ciu B OKPECTHOCTH BEPIIMHBL K 060MM pebpaM IpUMBIKAeT
noJjioxkuTesbHoe (OTpuIaTebHoe) Koublo. st Kaxk1oil Bepmunbl A cymecrsyer

POBHO JBa IOJIO2KUTEJIBHBIX U JIBa OTPUIIATEJIBHBIX yTila. Tlomernm OJuH OTpHuaTeJleblﬁ

yrou Kax1oil Bepuunbl rpados I-tuna ((Py, Gp), (Pw, Gw)) unciom +1, apyroit
— unciuom —1. To ke camoe CieJ1aeM C TIOJIOKNTENBHBIMU YTJIAMK.

CorocraBum Kax<jo# Touke & MHOroobpasmsi M? mekuii umcioroii Habop
("koa") no cuepyromemy npasuiy. ITycrs 3navenns dynkumnit fi u fy or sroit
TOYKe PaBHbI, COOTBETCTBenHO, fP u f9.
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Paccmorpum 5 ciyuaes.

1. Touka ¢(z) JiexkuT BHyTpH AByMepHO# rpanu komiuiekca C. Toraa conocraBum
0 0
rouxe z xox (f7, f2,¢(z)).

2. Touka ¢(z) exnr BHyTpH pebpa Kommiekca C, Touka £ — 0cobast TOUKa.
Torza conocraBum Touke T Kof (fL, f3, ¢(z)).

3. Touka c(z) nexur BHyTpH peGpa e kommiekca C, Touka z — neocobas
rouka. [Tycrs, jist onpesesiennocTy, pebpo e yeproe. Pacecmorpum ciofi JlnyBuiiis
L2, comepxamuii Touky T, u majiyio okpecrnocts U2 C L2 toukm z B cioe
Jlnyswiis L2, Paccmorpum o6pas c(U2) oxpecrnocru U? oboznauum uepes
c(U?). ¢(U?) jiexxuT B JByX COMPHKACAIOMUXCH TIO pebpy € JBYMEpHbIX IPaHsIX
(06osnaumm 31w rpanu a n ). Paccmorpum Bepmuny A xommiekca C, oTkyaa
Boixoaut pe6po e. Cpeu Geubix pebep rpaneii a u § Gyayr jgpa Geubix pebpa,
OJIHO U3 KOTOPBIX BXOJUT, a Jpyroe BbixoquT u3 Bepmunbl A. ComocraBum
rouke z ko (£, f9,¢(z), +1), ecin 1a mapa pebep Ha COOTBETCTBYIOIEM ATOME
nomeuena uuciom +1, 1 (f2, f9, ¢(z), —1), econ 91a napa pebep nomeuena Yuciom
—1.

4. IIycrb Touka ¢(z) siBisieTcst Bepunuoil kommiekca C, n IMyCTb TOYKA T —
ocobas Touka. PaccMoTpum kpuTuueckyio okpyxuocts O, conepiKaryio TouKy
z. Paccmorpum maityio okpecTnocTh TOuku T B okpyxnoctu O'. O6pas sroii
OKPECTHOCTH JIE2KUT BHYTDPH apbt pebep, obpasyromedi ¢(z)-yroi KpUTH4ecKoro
rpacda aroma. Conocrasum Touke z ko (fY, f3, c(z), +1), ecun 3ra mapa pebep
nomeuena uunciom +1, u xox (f2, f9,¢(z), +1), ecun sta napa peGep momeuena
unciiom —1.

5. Ilycrb Touka ¢(z) siBJsieTcs BepuuHOl Kommiekca C, U MycTh TOUKA T
— neocobas Touka. Paccmorpum ciioit Jluysmiis L2, comepxamuii TOuky T,
u maiyio okpecrnocts U2 C L? rouku z B cioe Jluysuiia L2, O6pas npu
CBUTE HA BpeMst (f{])2 + (f3)2 oxpecrroctu U? o6osnauum uepes c¢(U?). ¢(U?)
couepxkut Gesbiit u yepubiit yros. ITycrs nx MeTkn paBHbI, COOTBETCTBEHHO, Np
1 1y Comoctasum Touke x kox (f2, f3, ¢(x), np, Naw)-

Hycrs (M*,w, fi, f2) u (M*,&, f1, f2) — aBe cemnosbie okpecruocru, Cl-
st (C, (Py, Gp)s (Puw, Gw))) 1 (C, (Po; Gp), (P, Gw))) KOTODBIX eCTecTBeHHO
uzomopdubl. [Tomerum yrimt aromos l-tuna ((By, Gy), (Py, Gy))) Tax, urobet
ecTecTBeHHbL n3o0Mopdu3m coxpansii MeTkn. lomeomopduam Mex Iy KOMILIeKcamMu
obosnaunm uepes . [lepenmenoBannem yskuuii fo n fi u cmenoii 3naka sTux
GbyukImii 1066eMcst, 4uToObl romeomMopdu3m € coxpaHsii BET pebep 1 IMepeBoIuiL
HOJIOKUTEIIbHbIE KOJIBIA ATOMOB B MOJIOKUTENIBHDIE.

Tlocrasum B coorsercteue touke z € M* ¢ xomom (fY, f9,¢(z)) rouxy u3
M* ¢ xomom (f2, f9,&(e())). Hocrasum B coorsercraue Touke = € M* ¢ komom

(0, 12, e(x),n) rouxy 3 M* cxomom (f7, f3,£(c(z)), n). loctaBum B coorsercTBUE

rouke z € M* ¢ xomom (f0, f9,¢(x), np, ny) Touky uz M? ¢ xomom (0, f9, &(c(x)), np, nay)-

Omnucannoe orobparkenne 0603naunM yepe3 7. OueBWIAHO, YTO T — GUEKIUSI.
JleiicTBUTEIIBHO, 13 CBOWCTB OTOOPAYKEHNUS ¢ BHITEKAET, YTO JIst KasKJI0i TOUKHM
u3 M* cymecrsyer Touka uz M* ¢ coorsercryiomum xogom. Jlokaxem, uto m
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Puc. 3: Keadpam.

HEIPEepPbIBHO.
ﬂEﬁCTBMTEJleD, €CJIM TOYKA T JIE2KUT BHE KOMILJIEKCA, TO U3 HEIPEPbIBHOCTH
pemenust AudHepeHIualbHOr0 yPABHEHHsT OT HAYAJIBHBIX YCJIOBU BBITEKAET,
4TO 0T06pa)xenue T HEeIIPepPbIBHO B TOYKE T . HyCTb TO4YKA JIE2KUT Ha KOMILJIEKCe
C. PaccMOTpPUM T10CII€/10BATEIIBHOCT TOUEK, CXOAAILYIOCs K Touke Z. st Toro,
LlTOﬁbl noCJ1e10BaTEJIbHOCTH TOYEK CXO/InJlaCh K TOYKE T HeOﬁXO,EUAMO " JJ0CTAaTO4YHO,
urobbl ¢(z)-wiennl, fl-wiensl u f9-ujienbl KOZOE TOUEK MOC/IEJOBATENLHOCTH
CXOJUJIUCH, COOTBETCTBEHHO, K TO4YKe T, K 3HA4YeHUI0 0 N K 3HAYEHUIO 0 CJleﬂOBaTeJleO,
OTOGPH)KEHME T IepeBOJUT I10CJIeJOBATEJIBHOCTh TOYeK, CXOAAINYI0Cs K TO4Ke T,
B II0CJI1eJI0BATEJIBHOCTh TOYEK, CXOAAIIYIOCA K TOUKe 7((1‘)
Teopema pokazana.

§8. CsoiicTBa Cl-TUNOB CeAJIOBBIX OKPECTHOCTEM.

Orobpaxkenne F, nepeBosiiiee ceJIOBY 0 OKpeCTHOCTD B ee Cl-TuI, ne siBisiercst
orobpaxkenuem na. Ileus sroro n ciepyromero naparpada CoCTOUT B ONUCAHUN
06pasza MHOXKECTBA BCEX CELIIOBBIX OKpecTHocTel nmpu orobpaxkenun F. B aTom
naparpacde OnuchbBaOTCst CBOXCTBA ATOMHO-CE/JIOBbIX CBs130K, OTBEYAIOUIUX CE/IJI0BbIM
okpectHocTsM. B cienyiomem naparpacde 10Ka3bIBAETCs, 4TO OMUCAHHBIX CBOUCTB
M KOHEYHOCTH abCTPAKTHOrO CEJJIOBOrO KOMILieKca "xBaTaer' mjist TOro, 4Tobbl
aTOMHO-Ce/JI0Bast CBsi3Ka Obuia Cl-THIIOM HEKOTOPOii CeJIOBOH OKPECTHOCTH.

ﬂByMeprle TpaHu KOMILJIEKCA IPEACTaBJIAT COGOﬁ MHOT'OYTOJIBHUKH, CTOPOHbL
KOTOPBIX OPUEHTUPOBAHbL U pacKkpamuenbl. JIBymepuyio rpanb Oy/1eM Ha3blBATH
nsadpamo./w, €CJI1 OHa OrPaHUYUBAETCH POBHO Y€ThIPbMS CTOPOHAMHU, IPUYEM UX
ODHMEHTAlUS U PACKPACKA TAKAsl K€, KAK HA puc. 3.

CpoiictBo 1 Kaoicdaa dsymepras epans xomnaexca C xeadpam.

Bepositho, BiepBbie 3T0T (hakT 6611 3ameuen Jlepmanom n Ymanckum. Pazinunbie
JloKazaTelbCTBa Obum npusesenst B (7], [?] n

JokazaresberBo. PaccMoTpuM npou3BosibHYIO TOUKY A JBYMEPHOI KJeTKu
O3. Boiyctum 13 3T0i TOUKM JBE MHTEIPAJIbHBIE TPACKTOPUM: MHTEIPAJIBHYIO
TPAEKTOPHIO BEKTOPHOTO 10Jist $grad(fi) 1 MHTErpallbHyI0 TPAEKTOPUIO BEKTOPHOTO
noust sgrad(fz). PaccmorpuM npejeibHble TOYKM KaxI0H Takoil TpaekTopuu
Ipu BpEMEeHU [ cTpeMsimeMcst K +00 u —oo. Tak Kak Mbl paccMaTpuBaeM jBe
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TPAEeKTOPUM U YCTPEMJISEM BPEMs K JBYM PA3JIMYHBIM [IPEJEaM, TO Mbl UMEEM
4 paszimunble npejeibible Toukn. O4eBHAHO, YTO TaKue NpeJelbHbE TOYKH
sexar BHyTpu pebep. JlefcTBUTENBHO, TIYyCTh TPAEKTOPUsi BEKTOPHOIO MOJIst
sgrad(f1) "sroikaercs"s Bepwuny npu ( — oo. Torsa nesaBucuMO OT TOrO,
KAKYIO TOYKY Mbl B3sIM 33 HAYAJIbHYIO TOUKY A, TPAEKTOPUs BEKTOPHOIO 1O/
sgrad(fi), Boixoasman u3 910l TOuKn, Oyaer "BroikaTbCs"B Ty 2Ke Bepluumy.
CulejoBaTEJBHO, 9T BEPILMHA $IBJISIETCs BEPILMHONA aByX Oesbix pebep, a 1o
HEBO3MOKHO U3-3a TONOJIOTHYECKOrO CTPOEHUs: B OKPECTHOCTH BEPINUH KOMILIEKCA.

U3 xommyTaTusrocTu rpymmst Ju R? ciejyer, uTo na Kask1oM pebpe KileTKu
O s1e3kuT x0Ts1 Obl 0JJHA U3 YETHIPEX [IPEJIEJIbHBIX TOUEK, U YTO JBE IPee/IbHbIE
TOYKM HE MOI'YT JiexKaTh Ha oguoM pebpe. CuieoBareibro, Kierka Oy — 4eTblpexyrojbHUK.
OueBn/HO, 4TO OPUEHTAIUs U PACKPACKA STOIO YEThIPEXYIOJbHUKA KAK y KBa/IPATA.
CBoicTBO JI0KA3aHO.

Kax Mbl BUJuM, Bce CTOPOHBL KBaIpaTa Mo cBoeMy uuanBuyaibubl. (T.e. ne
CYIIECTBYET KJIETOYHOIO KYCOYHO-JMHEHHOro oToOparkenns KBajpara na cebs,
COXPAHHIONIEro [BeT u opuenTanuio pebep. JIge cropousl kBaapata Geible, ase
CTODOHB! KBajpaTa 4yepuble. JIBe CTOPOHbL OAHOIO I[BETA OTJIMYAIOTCH OJHA OT
JIpYrofi Tem, YTO B BEpILUHBL OJHONH CTOPOHBL (GyA€M HA3BIBATL ITY CTOPOHY
npuUMAZUEaI0UWET CTOPOHOI) BXOAAT pebpa MPOTHBOMOJIOKHOIO IIBETa, & N3 BEPIIUH
sipyroii (ommaaxuearouseti CTOPOHBL) BBIXOSAT.

Paccmorpum jpa kBaapata (a u ), ckieennbix no pe6py e. Ilepeceuenne
peryusipoii okpectnocTn pebpa ¢ kBajapatamu (o u ) romeomopdHO ABYM
ckieennpiM ipsiMoyronbEnkam @ = {|jz| < 1,-1 < y < 0} u B = {|z] <
1,1 > y > 0}, upu srom romeomopdusm nepesogut pebpo e B orpesok {y = 0}.
OTOXKI€eCTBUM [IEpecedeHne peryispHoil okpecTHocTH pefpa ¢ KBajpaTaMu C
IpsMOyroibHUKAMY &, § ¢ moMomBIo 3T0ro romeoMopdusma. BeprukaibHbimu
CTOPOHAMM NPSIMOYTOJIbHUKOB Ha30BeM cropoubl {z = +1} u {x = —1}. Opuentanus
1 pacKkpacka pebep KBaIPaTOB MHyIUPYET OPUEHTALMIO U PACKPACKY BEPTHKAJIBHBIX
CTOPOH NIPSIMOYTOJIEHUKOB.

Bysem roBopuTh, 4To napa CKj€eHHbIX 110 peOpy KBAaPATOB 00pa3yeT AByTPaHHbI
yroit (N0 OTHOEHMIO K PeGpy €), €CJn BEePTUKAJIbHbIE CTOPOHbI KBA/PATOB
OpUeHTUPOBAaHHBL GO BBEepX, jn6o Buu3. (3anpemaercs peGpam GbiTh OPUEHTHPOBAHHBIME
HABCTpeuy JPYr APYrY Wid B pasuble CTOpoHbl.) JIpyrumu cioBamm, pebpo
€ sIBIISieTCst OTTAJKUBAIONIEH CTOPOHOM OAHOrO KBajpaTa M [PUTsCMBAMOIEi
cToponoii apyroro ksaapara. )uesu/Ho, 4To Onpe/iesienue He 3aBUCUT OT BbiGopa
romeomopdusma Mex/1y KBajparamu @, U IpsMOyroibHUKaMu &, [3.

Beprukaibuble CIOPOHBI IPAMOYIOJIbHMKOB PACKPAILEHb] B OJJUHAKOBBLIl I[BET.
Paccmorpum arom [-tuma, coorBercrBymomumii sromy usery. Hamomnum, rpad
aroma paspesaer aToM Ha Habop Kouel, u 4To (UKCUpOBaHO pasbuenue Kosely
HA JIBA KJIACCA.

Cymecrsyer koub1o K 3Toro aroma, npumbikaomee k nape pebep {z = 1} s
okpecrrnoctu Bepmunbt (0, 1). Cymecrsyer Koubuo Ko 3T0Oro aromMa, IPUMbIKAIONee
k nmape pebep {z = —1} B okpecrrocTn Bepmunbt (0, —1).

Oupepnesienne 9 /Jsyzpannniii Y204 Ha36l6AEMCA COZAACOBAHHBM, ECAU KOALYUA
K, u Ky aesicam 6 odnom xaacce.
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Puc. 4: a) Oxpecmmocmv eepwunve 6 amome. b) Oxpecmmocms eepuunse 6
MeueHom epage.

CaoiictBo 2 Jlobotl deyzpannuidi yzoa xomnaexca L-muna
(C, ((Py,Gp), (Py,Gw)) cozaacosan.

JeficTBuTesbHO, paccMOTpUM peGpo € U ABYIPAHHBLA YIojl IO OTHOIMIEHHIO
K pebpy e. Ilycrb, s onpejenennoctn, pebpo e Gesoro usera. Paccmorpum
muoxecrso {fo = 0}. Paccmorpum koubno Kiq. VI3 HEBBIPOMKAEHHOCTH TOUEK
9TOrO KOJIBIIA CJIEJLYET, YTO Jist JIF0DOi TOUKH CyIeCTBYeT TPAEKTOPHsl BEKTOPHOIO
nous sgrad(fi), 3amMblkanue KOTOPOH coaepkut 31y Touky. Ho 31a 2xe Tpaekropust
B 3aMBIKAHUU CONEPIKUT U TOUKY 13 K 2. JIeliCTBUTEIILHO, BHITYCTHE TPAEKTOPHIO
BEKTOPHOrO 10Jist sgrad( fi) n3 uepnoro pebpa KBajpaTa Mbl ONAIEM Ha JPYroe
pebpo, a JaJibIie 10 TEOPeMe HeIPEPbIBHO# 3aBUCUMOCTH pernennst JuddepennaibHoro
ypaBHEHUst OT HAYAJIBHBIX JaHHbIX. JJOKa3aHO.

§9. Teopema peajim3anuu.

Onpegeserne 10 Amomno-cedaosasn c6:a3xa Hazveaemces donycmumot, ecau
ona ydosaemeopsaem ceoticmeam 1, 2 npedudywezo napazpaga. Amomno-cedaosasn
C6A3KA HABBLEAETNCA KOHEWHOT, ecau ee abempakmmbill 00601 KOMNAEKC KOHEYEN.

TEOPEMA 3 O6pa3 omobpasicerus F cocmoum u3 6cex KOHEYHHT JONYCTNUMBLT
AMOMHO-CEON0EBLT CEAZOK.

Jpyrumu ciioBamy, Jiio6ast KOHEYHAs JIONYCTUMAst ATOMHO-CE/JI0Bast CBsi3Ka
"peajimzyercs"kak Cl-Tun HEKOTOPOH CEIJIOBON OKPECTHOCTH.

JlokazaTe)bCTBO TeopeMbl peaiim3anuu. B sTom naparpade ygobnee BMecTo
aTOMOB paccMaTpuBarh Meuenbie rpadsl. PaccmoTpum opuentuporaunnsiii rpad
cTenenn 4, OKPECTHOCTH KazK 0l BEPIIMHBL KOTOPOTO BHILJISIUT Kak Ha puc. 4(b.

B xax/10#i Bepluune BbueJHM Iapy peGep, OJHO U3 KOTOPBIX BXOJUT B 9Ty
BEpILKHY, & APYTOe BBIXOJUT U3 TOI BEpPINHMHbL, X APy JONOIHUTEIbHBIX pebep
("Beprukanbubiii yron"). Takoe Bbyiejenue OyjeM Ha3blBATb BEPTHKAJILHBIM
OCHAILEHUEM, HA PUCYHKAX BbljeJIeHHbIE Tapbl pebep Oy 1y T 0603Ha4ATHCs 1y KKOi.
TTo onpesenennio, B OKPECTHOCTN KaX10# Bepnubl rpad yCTpoeH Kak Ha PUc.
4(a. Tonyuennnii 06bekT OyleM Ha3bIBATh MedeHbIM rpadoM, 1Ba MEUYEHbIX
rpada SKBUBAJIEHTHDL, €CJIH MKy HUMU CYIIIECTBYET COXPAHSIONINH OPUEeHTAIUIO
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romeomopdusm, nepeBojsmIuii BCe BbLAEJIEHHbIE Napbl pebep B BbLIEJIEHHbIE
napbl, J1ub0 NEePeBOANIIMI BCe BbLIEJIEHHbIE Tapbl peOep B HEBbLIEJIEHHBIE Iapbl.

IIycrs (P,G) — OpueHTHPOBaHHBL aTOM.

MHOXKECTBO OPUEHTUPOBAHHBIX ATOMOB HAXOANTCs B €CTECTBEHHOM OueKkuuu
C MHOXKECTBOM Meuenblx rpados. JeficTBuTesbHO, I0KAXKeM, KAK 110 ODUEHTUPOBAHHOMY
aTOMY O/JHO3HAYHO (C TOYHOCTHIO [0 SKBUBAJIEHTHOCTH) CTPOUTCH Meyenblii rpad,

U KaK 10 Me4yeHoMy rpady 0AHO3HAYHO CTPOUTCs OPUEHTUPOBAHHBIA ATOM.

Ha3zosem ojun Kjiace Kojiel nojioxutesbabiM. [1o onpejesienuio, OKpecTHoCTh
Kaxk/JIOH BepIiuHbL BBINsAMT Kak Ha puc. 4(a. Ilapy pebep rpada G Gyzem
CYUTaTh BBLIECJIEHHBIMU II0 OTHOINEHUIO K BEpIlNUHE, €C/In B OKPECTHOCTU ITOM
BepIUUHbL K HUM IIPUJIEraeT 10JI02KUTEJIbHOE KOJIBIIO. Us orpejelieHusd OPUEHTUPOBAHHOI'O
aToMa CJIejlyer, 4To KpuTuieckuil rpad aroma ¢ TakuMm BblieienueM pebep cyThb
meuenblii rpad.

B apyryio cropony. OpueHTnpoBaHHBIM IMKJIOM HA MedeHoM rpade Gyaem
HA3bIBATH TAKYI0 KOHEUHYIO IOCJIE0BATEIBHOCTD €1, €, ..,€6n PEGEpP MeueHoro
rpada, 410 pebpo e; BXOAUT B BepILHHY, U3 KOTOPOIl BBIXOIUT PEOPO €41 Jist
i < n u pebpo e, BXOAUT B BEPIIUHY, U3 KOTOPO# BbxoauT pebpo e;. Cunraercs,

YTO JB€ IMOCIEIOBATEIBHOCTHU €1, €2,..,En 3aJAI0T OJUH U TOT 2K€ IIyTh, eClin
0/1HA 110CJ/I€/J0BATE/IbHOCTE NEPEBOJINTCH B JIPYT'YIO IIUMKJIMUYECKOH 11epeCTaHOBKOM!
pebep jumHOM n.

OpuenrupoBanublii uuki OyJeM HA3BIBATDH 110JOXKHUTEILHBIM, €CIH KaXKjast
napa pebep €;,€;4+1 st § < N BbJEJEeHA 110 OTHOILEHHUIO K BEPILUHE, B KOTOPYIO
BXOAMT PEOPO €;, u napa pebep €,,e] BbLIEIEHA 110 OTHOMIEHUIO K BEpILUHE,

B KOTOPYIO BXOAUT peGpo e,. COOTBeTCTBEHHO, OPUEHTHPOBAHHBIA IUKI Oy1em
HA3bIBATH OTPUNIATEJIbHBIM, €CIIH KaK1as Tapa pebep e;, e;1 Jiist i < 1 Bbleliena

[0 OTHOILEHUIO K BepIuHe, B KOTOPYIO BXOAUT pebpo e;, u mapa pebep ey, €1
BbLIEJIEHA [10 OTHOILEHUIO K BEPILUHE, B KOTOPYIO BXOAUT PEOPO €y,. IIpukienm

110 rpanulie n0JyOTKPbITOE KOJIBIIO K KazK/I0MYy I10JIO2KUTEJIbHOMY HUKJLY. Hpmmee}mb;e
KOJIbIla HA30BEM I10JIO2KUTEJIbHbIMHU. HpMKJleI/lM 110 Ipanue 110J1yOTKPbITOE KOJIbLIO

K KaXKJIOMY OTPUIATEJIbHOMY [UKJ1y. [IpuKiieenHble KOJIbI[a HA30BEM OTPUIATEIIbHBIMA.
Mab1 NOCTpOnJIN OpPlEHTIrIpOBaHHblﬁ aToM. HEI‘KO IIpoOBEpsAETCs, 4TO OIUCaHHAA
orepanusi IOCTPOEHUs ATOMA 110 Me4eHoMy rpady oGpaTHa onepanun NoCTPOLHMs!
meuenoro rpada mno aromy.

3amMeHuM B ATOMHO-CEJIOBOH CBsi3KE ATOMBblL HA PACKPACKY OJHOMEPHOIO
ocToBa B JiBa IBeta (Geiiblii 1 uepHBI) 1 BePTUKAIBHOE OCHAIleHHe GeNoro u
uepnoro rpada. Iouyuennbiii 06LEKT HA30BeM MeueHbIM KoMIleKcoM. Tak Kak
10 Meuenomy rpady OJJHO3HAUHO BOCCTAHABJIMBAETCsL ATOM, TO TEOPEMY MOXKHO
nepepopMyIIHpOBATE CJieAyIOmUM 00pPa30M: KaXK/blili KOHEUHbIH JOMyCTHUMbLI
MeueHblil KOMILIeKC peayusyeM. [ist 10Ka3aTesbeTBa HaM IOTpebyeTcst HECKOJIbKO
JlemMM.

Tycrs A, B — A101yCTUMbIE MEUEHBIE KOMILIEKChI (BO3MOXKHO, GECKOHEUHDIE).
Kuerounoe oroGpaxkenue B B A HA30BEM NPABMJIBHBIM, €CJIU OHO COXPAHSIET
LBETa M OpMEHTALMIO PeGep M NePEeBOAUT BEPTMKAJILHOE OCHALIEHWME MEPBOrO
KOMILJIEKCA B BEPTUKAJIBLHOE OCHAIEHME BTOPOro Kommiekca. Hanomuum, uro
01, KJIETOYHBIM 0TOOPA’KEeHUeM HA3bIBAETCst OTOOParKeHNe, [IePeBO/IAIIEe KIETKH
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B KJIETKU U JIMHEHHOE Ha KJIeTKaX.

JIEMMA 8 ITyemv U — odnocesasnuti donycmumnti meuenvit xomnaexc, A
— npouseoavnwiti donycmumvit mevenwt xomnaexc. Paccemompum deymepnyro
xaemky u Komnaexca U u deymepuyro xaemxy a xomnaexca A. Cywecmeyem
u eduncmeenno npasuavroe omobpasicenue & : U — A, nepesodawee xaemxy u
6 KAemKy a.

Joxazaresncrso. Paccmorpum nyTs «y nalf, coejuHsI0IMil CEPEANHY KIIETKHI
U ¢ cepeIuHOi Ipou3BoJbHOH 2-KieTkn u C U. Ero Moxno BbIGpaTh Tak, 4To OH
TPAHCBEPCAJIbHO MIEPECEKALT OJHOMEDHbLl OCTOB B BHYTPEHHUX TOYKaX pedep.
IlycTh 7 moC)ieOBATEJILHO NepecekaeT pebpa ey, €s,..,€n U IOCHIEeJOBATEILHO
npoXoauT 4epe3 Kuerku by = a, by, bs,..,b, = u. ComnocraBum 3romy myru
[0CJIEI0BATENBHOCTD 4eTBePOK (4, B;,04,1;), rae

{; paBHA KOOD/IMHATE TOYKK [IEPECeyYenus IyTH ¥ 1 pedpa e;;

Bi =1, ecun pebpo e; Gesoe, B; = —1, ecin pebpo e; YepHoe;

0; = 1 ecun pebpo €; ABJIHETCsH OTTAJIKUBAOMIUM 10 OTHOLIEHUIO K KBAPATY
b;, B npoTuBHOM Cliy4ae 0; = —1;

n; = 0 ecin peGpa €;_1 U €; SABISIOTCs OJHOBPEMEHHO SIBJISIOTCS OTTAJIKMBAOIIUMY
WM IpUTsrMBalomuMu pebpamn KBajpata b;, n; = 1 ecim kBajaparsl bj—1 u b;
06pasyIoT MOJIOKUTENbHBIHA yroi, n; = —1 B IPOTUBHOM Cliydae.

JIerko BujeTH, YTO CyIIECTBYET TAKOH HAYMHAIOUMHCS B LEHTPE KJIETKH
a nyth y; HA A, 4TO COOTBETCTBYIOMIAsi €My MOCJIEI0BATEJIBHOCTh YETBEPOK
COBIIQJIaeT C IOCJIEJ0BATEIILHOCTBIO 4eTBepoK mytu 7. Ilycrs Komer myTwu 7
JIEKUT B KileTKe a. PaccMoTpuM JimHelny0 COXPaHSIOIIYIO [BE€Ta OPUEHTAIUIO
6uekuio &, : u — a. Tak kak Komiuiekc Y OAHOCBsi3eH, TO Ouekius & : u — a
HE 3aBUCHUT OT BbIOOpA 1yTH 7y Ha Komiuiekce . QueBuHO, 4TO ecin KIEeTKH U
u Uy KoMmiulekca U umeror obiee pebpo uim Bepmuny, 10 Euy |2 nay = Suslaynay -

CaencrBue C TOYHOCTBIO JI0 IPABMJILHOIO OMEKTMBHOIO OTODDAXKEHUs,
CyIIECTBYET PDOBHO OJIUH OJHOCBSI3HBIH JIOIIYCTUMBIHA KOMILIEKC.

OﬂHOCBﬂBHblﬁ ,ELOHyCTMMbII’l KOMILJIEKC U HAOCTATOYHO MPOCTO MPEACTABUTH.
Paccmorpum Geckoneunoe gepero crenenn 4. Opuentupyem pebpa Tak, utob B
KAXK/[y10 BEPINMHY BXOJNJIO U U3 KAXKJI0# BEPIIMHBL BBIXOUJIO POBHO JIBa pebpa.

B KB)K,ZLOI‘;I BepIlUHEe pPACCMOTPUM ITPOU3BOJIBHOE BEPTUKAJIBHOE OCHAIIlEHNne. PaCCMOTpI/lM
JIBa TAKUX MedeHblX rpada: Geibiit u uepubiil. PaccMoTpuM nx npsimoe npoussejieHue.
STO ,HByMeprlﬁ KOMILJIEKC. OAHOMeprlM OCTOBOM 3TOrI'0O KOMILJIEKCA COCTOUT

u3 IPOU3BejeHKs BepiuuH oguoro rpacda na apyroi rpad. Ha kaxjoi takoi
KOMIIOHEHTE OJJTHOMEPHOI'O OCTOBA BBEJEM OPUEHTAIIUI0, BEDTUKAJIbHOE OCHAlllEHUe

U UBET KAK HA coOTBercIByOmEM rpade. JIerko nposepsiercs, 4ro mosyYeHHblii
MeueHblll KOMILIEKC JOIYCTUMBLil, O4€BU/IHO, YTO OH OJIHOCBA3HBIA.

Paccmorpum rpynmy npaBuiibEbiX aBToMopdusmoB Y — Y. Dra rpyinna umeer
JIOCTATOYHO IIPOCTYIO CTPYKTYPY: OHA N30MOPGHA NIPSMOMY IPOU3BEIEHUIO TPYIII
aBToMopdu3moB Gejioro u uepuoro Mevenoro rpada. ITox asromopduzmom meueHoro
rpada 3/1eCb IOHUMAEM COXPAHSIIOIEEe OPUEHTALMIO U BEPTUKAJIBHOE OCHALIEHUE
KJierounoe orobpazkenue. IIpejcrasiienue rpynibt aBToMophu3mMoB 6ECKOHEYHOrO
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Puc. 5: Bocvmepxa.

JepeBa cremenu 4 B Buje o6pa3yioOlUX M COOTHOIIEHHMIi ecTh < a,s|s? =1 >.
JleficTBUTEIIBHO, C OIHON CTOPOHbL, AHAJIOTUYHO JOKA3ATEIbLCTRY JIEMMBL 8, [IPOBEPSIEM,

uTO cTabuim3aTop Jiroboro pebpa TpuBnalien. Paccmorpum meuensiii rpad, n306paskennbiii

HA pHC. 5.

Ha ynusepcaibnom nakpoitun U paceMoTpuM aBToMophu3MBbl, IOPOXKACHHbLE
as1eMenToM a (byHIaMeHTa)IbHOl rpy bl "BocbMepKu ' n ieHTpaibHOM cummeTpuei
s. JIro6oe pebpo e; rpada U; moxuo nepesectu B siro6oe pebpo €z KOMIO3UIMel
aBToMopdu3MoB a u . JleficTBuTeNbHO, JeficTBYs ajieMenTaMu GyHIaMenTalbHOR
rpynmbl "BOChMEPKH ' MOXHO IEPEBECTN HAYAJIBHYIO TOUKY pefpa €1 B HAUaJIbHY IO
TOUKY pebpa €3, a JaJibIIe IPUMEHsIEM, €CIIU HYKHO, aBroMopdu3m s. Vcnoun3yst
TPUBHAJIBHOCTH CTAbMJIM3ATOPA KAXK,I0r0 pebpa, 1oLy yaem, 4ro Jiroboit aBromopdusm
"BoceMepku" peasnsyercs komnosuiuei aBTomopduzmos a u s. C Apyroii cToponst,
TaK Kak (ynjamentaibnas rpynna "BocbMepKu'mopoxkjiena ofpasyomumMn a
n sas u cBOGOJHA OT COOTHOIIEHUH, TO Tpylna aBTOMOP(U3MOB GECKOHEYHOTO
nepesa usomopdua rpynne Aul =< a,s|s?> = 1 >. Ciuenosareinno, rpymma
aBTOMOPGU3MOB OJJHOCBA3HOIO MEYEHOI0 KOMILIEKCa udomopdua Aul x Aut.

DynjamMenTalbHas PPYIIA JF000r0 MEYEHOr0 KOMIIJIEKCA MOKHO PACCMATPUBATE
KaK noarpynny rpynnst Aut x Aut. Just Toro, urobsr noarpynna S rpynnbt Aul x
Aui 6bu1a GyHIAMEHTAIBHOM MDY IO HEKOTOPOTO JOIYCTUMOIO KOHEUHOIO KOMIIJIEKCA
HEOBXOUMO U J0CTATOYHO, 4T00bl 1) .S 6bLIa TOArPYINOi KOHEYHOIO HHEKCA U
2) S geiicrBoBasa cBOGOAHO. [IefiCTBUTEIBHO, €CIIH BBIIOJIHSETCS] IEPBOE yCJIOBHE,
10 (PAKTOPKOMILIEKC KOHEUEH, & €CJIU BBIIOJIHETCsl BTOPOE YCJIOBUE, TO JIOKAJIbHASL
CTpyKTypa GaKTOPKOMILIEKCA MMEHHO T4, KOTOPAsi HAM HyXKHA.

ITepeiisiem COGCTBEHHO K JJOKA3ATEILCTBY yTBEPKIEHUs TeOpeMbL. PaccmoTpum
KOHEUHBI J0mycTnMbiii Meuenblit Kommieke C. Peainsyem ero kak cemjioBoit
KOMIIJIEKC HEKOTOPO# Ce/JI0BOH OKPECTHOCTH.

Paccmorpum miockoeth R* ¢ koopiaunatamm Ti,y;,Ts,ys u bopmoii w =
dzy Ady; +dzs Adys. Paccmorpum nse bynkiuu fi, f2 : R* - R, onpeneisiembie
dopmynamn f; = ((z; — )% + y2)((z; + 1)2 + ¢?), i = 1,2. Orpanuunm stu
¢bynknun na mnoxecrso M4 = {0.5 < fi < 1.5, 0.5 < fo < 1.5}. Yersepka
(M*,w, f1, f2) 06pasyer unTErpUPyEMyIO FAMUIBTOHOBY CUCTEMY. 3AMETUM, YTO
nepsas (pyHKUNs 3aBUCUT TOJBKO OT T, Y1, BIOPAst — TOJBKO OT T2, Y2. YA0OHO
[IPeJICTAaBIATE ciioenue JInyBriuist Kak IpsiMOe Npou3BejieHue ciioeB (pyHKImn
fi:R2 = R, fi = ((x1—1)2+y?)((z1 +1)®+y?) na cion dbynxuuu fo : R? — R,
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Puc. 6: Jlunuu yposna gynxyuu fi.

fo=((z2 — 1)® + y3)((z2 + 1)® + y3). Junuu yposns Gyskuuii f; usobparxenn
na puc. 6. Kpurnuecknii yposens 1 dbynkuun f; romeomopden "Bocsmepke".

JIerko mpoBepseTCs, 4TO UHTErpUpyeMas ramumiibTonoBa cucrema (M4, w, f1, fa)
siBJIsieTcst ceioBoii okpecrnocrsio. Cuoit {fi = 0, fo = 0} cogepxur TOUKy
Tuma cemio-cemio (0,0,0,0).

PaceMOTpuM yHuBepcajibnoe nakpbitue 7 @ M* — M4, Tloganmem na M?*
dbyukuun f; n dopmy w. Cuoit {7*(fi) = 0, 7*(f2) = 0} cyrb ogHOCBA3HBLA
meuenblii kommiekc U. Pacemorpum I rpyny aBromopdusmoB unrerpupyemoii
raMUJIbTOHOBOI cucrembl (10 ectb aBroguddeoMopdu3MOB, COXPAHAIOINX 3HAUEHUN
dyukunii u dopmy). Ipynna I' cogepkur B KauecTse CBOSH HOAIPYIIbL IPYIILY
Aut x Aut, nopoxzennyio dyngamentaibnoil rpynmnoit M 4 u cummerpusiMu
s; MY = M*, si(xi,y:) = (—ai, —vi)-

Paccmorpum dynaamentaisuyio rpynmy m(C) kommiexca C'. Ee MOKHO OTOXK1€CTBUTH
¢ noarpynnoii Auix Aut. ra noarpynna jeicrsyer cBoGOIHO HA M*u COXpaHseT
¢dopmy n 3nauvenus bynkunii. Paccmorpum dakTopnpocTpancTBO M"/,r(c) .

Tak kaKk jeficrBue moarpymmbl coxpansier dyukimuu 7*(f;), 10 dynkuun f;

unaynupyior bynkuun 7 (fi) /() na M4/,,(c) . Tak KaK JeficTBUe MOArPyIIIbL

¢BOBOJIHO, TO [J1a/KAsl CTPYKTYpPa HA M 4 u popma 7*(w) UHAYIHDPYIOT rIIAIKYIO

crpykTypy 1 dopmy 7 (w)/x(c) na M*/.(cy . Tax kax uersepka (M*,w, f1, f2)

06pa30BbIBAJIA UHTEIPUPYEMYIO TAMUJIBTOHOBY CUCTEMY, TO YE€TBEPKA (M“/ﬂ(c) s T (W) [0y s T (i) () )
CyTb MHTEIPUPyEMast FAMMJIBLTOHOBA cuctema. [Tokaxkem, 4ro (M4/7r(c) T (W) (o s T (fi) /() )
— Ce/lI0Bast OKPECTHOCTD € ceuioBbiM KomiiekcoM C. JleficTBuTeNbHO, TAK KAK

rpymna 7(C) ecTs rpynna Koneunoro unjgekca B Aui X Aul, To cion JInysuiis

MOCTPOEHHOH HHTErPUPYEMON TAMUIIBTOHOBO# CHCTEMBL KOMIIAKTHBL, U 110 IOCTPOEHUIO

CeJJIOBOM KOMILJIEKC CEJIJIOBOIi OKPECTHOCTH (]\;I“/,,(C) (W) ey T (fi) /() )

ecrecrBenno romeomopden C. Teopema jokaszana.

§10. Teopema 3ynra.

B 1995 rony Hryen Twen 3yHnr npejioxkui mHTEpPECHbIH CrOCOD Omucanms
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TOMOJIOIMYECKOTO CTPOCHUSI HHTETPUPYEMbIX TAMUJIBTOHOBBIX CUCTEM B OKPECTHOCTH
HEBBIPOXK/IEHHBIX TO4YeK. Eciin orpannynThes ciryyaem ceJjloBbIX OKPECTHOCTEN],
10 Teopemy 3yHra MOXKHO CHOPMyYJIMPOBATE CJEAYIOLINM 00PA30OM.

Paccmorpum jiBe CBsi3Hble OpHeHTHPOBaHHbIe oBepxHocTH P2, rae i = 1,2.
Opuenrupytoutyto dopmy na nosepxnocru P? 6yem o603nauars o;. Pacemorpum

rakue bynkuun Mopea f; : P? — R, uro

1)OHU UMEIOT €/JUHCTBEHHOE KPUTHYECKOE 3HAYEHHE, IPOOBPA3 9TOr0 KPUTHUIECKOIO
3HAYEHHU: CBA3EH;

2) BCe KPUTHYECKNE TOUKH nMeroT unjekc (1,-1)

3) npoo6pas Ji1060ro 3HaUeHNsE KOMIAKTEH.

Paccmorpum npsimoe npoussezenue Py X Py, pacCMOTPUM Ha HEM UHTEIPUPYEMYIO
raMubTOHOBY cuctemy (Py X Py, 01409, fi, f2). To ecTb, MHOrOOGpa3ueM uHTErpupyeMoit
raMUJIbTOHOBOM CUCTEMbL #BJISIETCs IPsMOe [Ipou3Beienue nosepxuocreil. Cumiiekruyeckoi
Gbopmoii siBiisieTCst Cymma opueHTUpyomuX (hopM epBoil 1 BTOPOIi IIOBEPXHOCTH.

Eciin B J10KaJIbHBIX KOOPANHATAX T';, §; HA TOBEPXHOCTsIX (DOPMA 0'; 3AIIUCBIBAETCS!
dz; A dy;, TO B KOOPIMHATAX I1, Y, T2, Y2 HA MOBepXHOCTH hopMa

01 + 09 3anuceiBaercs dry A dy; + dza A dys

OTa cuCTEMa SIBJISETCs CEIJIOBON OKPECTHOCTBIO, CEJJIOBblE OKPECTHOCTH,

KOTOPbLe MOXKHO [OJIyYUTh TAKKM CIOCOOOM HA30BEM NPAMBLMU CEONOBbLMU OKPECTHOCTHMHE.

IIpeanonoxum, 4To HeKoTOpasi Koneuynast rpynna I' geiicteyer na Py X Py,
npuyeM JeficTBue yAOBIETBOPSeT ClIeyIOIUM ycioBusiM. Bo nepebix, geficreue
COXpaHSeT CTPYKTYPY CeIII0BOI OKPECTHOCTH, TO CTh COXPAHseT 3Ha4YeHus: QyHKIuii
n ¢opmy. Bo Bropbix, jgeficTBre jeficTByeT NOKOMIOHEHTHO. DTO O3HAYAET, 4TO
JI000# duiement JeiicTByer Kak mpsimoe npoussejenue asroguddeomopdusmon
P;. B rperbux, aeiicrsue rpynnst csoboano. Paccmorpum daxropmuoroobpasue
P; x P, /1 ¢ nnaynupoBanHoOil CTPYKTYPOii cei10BOii okpecTHocTH. Takue ceiioBbie
OKPECTHOCTH Oy/eM HA3BIBATb KEA3UNPAMBMY CE0A06bLMU OKPECTHOCTSIMY.

TEOPEMA 4 (ZUNG) JT106aa ce0a06as 0KpeCmHOCTNG IKGUBAAEHING HEKOMOPOT
K6a3UNPAMOT ce0A060T OKPECTRHOCTIU.

Sra TeopeMa, OKA3bIBAETCsL, JIETKO CJIEYEeT U3 JOKA3ATe/ILCTBA TEOPEMbL Pean3alUN.
JleiicTBUTEIIBHO, Pealin3yeM CeJJIOBYI0 OKPECTHOCTD OIIUCAHHBIM B IIPEIbLILY IIEM
naparpade crnocobe. Oroxaecrsum yngamentanbuas rpynny m(C) cemioBoit
OKDECTHOCTH € HOArpynmnoii koneunoro unjexca B Aut X Aui. Ham pocrarouno
Jiokazarb, 4o B 7(C) cymecrsyer noarpynna sujga A; X As, rae Ay nexur B
nepeoii komnounenre rpynnbl Aui X Aui, a As — BO BTOpOii. A 31O OUEBHIHO,
JlefiCTBUTEIIbHO, paccMOTpuM niepecedenne noarpynn Auix 1 u 7 (C). Do nepeceuenne
SIBJISIETCs TIOATPYTIOi Koneunoro unjekca B Aut X 1. Paccmorpum nepeceuenune
noarpynn 1 x Aut u w(C). D10 nepeceyenune siBiseTCst NOATPYNIIOii KOHEYHOTO
nugexca B 1 x Aut. O6bejunenne STux nepecedenuil, OUeBUIHO, SABIISIETCH IOAIPYIIOH
koneunoro nujexca B 7(C) u umeer nyKHblii Ham Buj, JJOKA3aHO.

3amerum, uro B nHamem noarpynna rpynnst Aui X Aui peiicreyer ceo6ogHO
€CJIM U TOJIBKO eCIIU 9Ta TIOJTPYIIIA He COAEPIKUT JIeMEHTOB KOHEUHOTO [OPs1/IKa.
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§11. KoJimyecTBO HE3KBUBAJIEHTHBIX CeJIOBbIX OKPECTHOCTEﬁ MaJiblX
BE€COB.

Becom ce/10B0# OKpecTHOCTH MBI Oy/1eM HA3BIBATE YNCIIO TOUYEK TUTIA CEJJI0-
cejy10 B Heil. Tak KaK, ¢ TOUHOCTBIO JI0 9KBUBAJIEHTHOCTH, CEJ1JI0Bas OKPECTHOCTD
3ajaercs Cl-TUIoOM, IpK 3TOM BeC B TOYHOCTH PABEH KOJIMYECTBY BEPIIUH KOMILIEKCa
Cl-tuna, TO, ¢ TOYHOCTBIO J0 TOIOJIOIMYECKOH SKBHUBAJIEHTHOCTH, KOJIUYECTBO
CeJIJIOBbIX OKPECTHOCTel Beca 1 KOHEeUHO M PABHO KOJIMYECTBY Ce/IJIOBbIX KOMILIEKCOB
C N BepIIMHAMU.

TEOPEMA 5 C mouwnocmuio 00 MOnoAozu4eckot 5K6UBAAEHIMHKOCTIU, CYULECTREYET
POBHO

4 cedaosvie oxpecmuocmu eeca 1,

39 cedaoenir oxpecmuocmet seca 2,

256 cedaoewiz oxpecmuocmet seca 3.

JlokazaTesbCTBO ITOH TeopeMbl OCHOBaHA HA IpocToM nepebope. Tus seca 1
reopema 6buia gokazana JI.M. Jlepmanom u S1.JI. Ymanckum B [?]. Jus Beca 2
sTa reopema 6bu1a gokasana A.B. Boicunosbiv B [?]. I[Tepeuncienne gomycTuMbix
abCTPaKTHO CEIJIOBBIX CBA30K Beca 3 ObLIO BBIIOJHEHO HA KommbioTepe H.A.
MakcuMOBOii 1O pejI0KeHHOMY aBTOPOM ajroputmy. Pesyiibrar onybinkoBan
B [?].

§12. KpyroBas moJjiekyJia u runoresa ®$omeHko.

PaccMoTpuM HEBBIPOXK/IEHHYIO OKPECTHOCTb TOUKY TUIIa ceuio-cepiio. O6pas
TOYKH THUIA CeJJI0-Ce)1o Ha Gudyprannonuoil juarpaMme obo3naunm uepes A.

PaccmoTpum OKpyKHOCTB MAJIOro pajguyca € ¢ enrpom B rouke A. [Ipoobpas
9TOl OKpyxKHOCTH Gynem obosnauars (. Tak Kak B Mol OKPECTHOCTH TOUKA
A kacareibHOe K KPUBBIM Gu(yPKAIMOHHON JuarpaMMbl HEBEPTUKAIBHBL, TO
nuddepennnan Gyukiuun H ne obpamaercs 8 0 na Q. CilegoBareibHo, BEKTOPHOE
noie sgrad(H) s1BJs€TCs raMUIIbTOHOBBIM BEKTOPHbIM 110j1eM Ha (. OueBunano,
4TO OHO MHTerpupyemoe. B kauecrse murerpasa MOXKHO BbIOpATh, Hampumep,
yrou ¢ na okpy2nocru. Tak KaK OKPy2KHOCTb [lepecekaer Jiunuu 6udypranuonnoii
JMarpaMMbl TPAHCBEPCAJIBHO, TO uHTErpall ¢ 6orroBckuii. ITosromy, Tonoioruueckoe
cTpoenue MHOrooGpasust (. MOXKHO ONUCATh MedeHoi monekyJoit W*(Q.).

Onpeaesierne 11 Meuenyro moarexyay W*(Q.) 6ydem nasmeams xpyzo6oti
MONEKYAOT.

o‘ieBM,E[HO, YTO MeUeHas MoJieKyJla sABJISA€TCA TOMOJIOTHYECKUM NHBAPDUAHTOM,
TO €CTh eCJIX JIBe HAChlIIIEHHblE PEeryJisipHble OKPECTHOCTH HEBbIDOXKIEHHBIX CJIOEB
THUIIa CeJ10-Ce1J10 TOIMOJIOTUYECKH 3KBUBAJIEHTHbBL, TO KPDYIOBbIE MOJIEKYJIbl OTUHAKOBbL.
I/IHBapHaHT T HEKOTOporo cemeiicTBa OObEKTOB Ha3bIBAETCS NOAHBIM, €CIIn U3
COBIIa/I€HUsl UHBAPUAHTORB Cile/lyeT 3KBUBAJIEHTHOCTh 06’beKTOB.

TunoTe3A(®omenko A.T.) Kpyz06as MOAEKYAG ABAAETNCS NONHLM MONOAOZUECKUM
UHBAPUGHTMOM HACHIUEHHVT PELYAAPHHLE OKPECTRHOCTIET HEBBPOHCOEHHBIT CUHZYAAPHOLT

Movex.
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3 pesyasratos [?] u [?] cuexyer, uro rumoresa Bepha Jyisi OKPECTHOCTER
TOYEK TUIIA NEHTP-IEHTD, eHTP-Ceio, pokyc-okyc. Tak 4To ocTanocs pazodpaTbes
CO CilyHaeM CeLlo-CeLIo.

K coxaiienmio, aBTopy He yaJ10Ch JOKA3aTh Wil OMPOBEPTHYTh 3TY TMIIOTE3Y
B obwem Buge. Onako st OKpecTHOCTEl Beca 1 u 2 runoresa BepHa.

TEOPEMA 6 ([?]) Kpyzosas MOAEKYAG ABAACTNCA MOAHBM MONOAOLUNECKUM
UHBAPUAHTIOM HACHIULEHHYIT PELYAAPHUT OKPECTIHOCTRET HEGWPOINCIEHNBT CA0EE
muna cedao-cedao seca 1 u 2.

JlokazaTesbCTBO COCTOUT B IOCTPOEHUA KPYTOBBLX MOJIEKYJL Jist BCEX CEJIOBBIX
okpectHocTedl Beca 1 u 2. Pesyubrar nocrpoenus: npusegen B tabuune 1. Kak
ciieyer u3 TabiinIbl, KPYTOBbIE MOJIEKYJIbl TOIOJIOIMYECK) PA3JINHbIX CEJIJIOBbIX
okpecrHocTeil Beca 1, 2 pa3iiu4HbL, YTO U COCIABJISET yTBEPXKIEHHE TEOPEMDL.
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TJIABA 2. TONOJIOTUYECKAS KJIACCUOUKAIUSA UHTETPUPYEMBIX M'EOJIE3UYECKUX

MOTOKOB HA BYTHIJIKE KJIEMHA.
§1. OcHoBHBIe onIpefesIeHNns .

JIuneiHo M KBaApPATMYHO MHTEIPUPYEMbIE I'E0JEe3MYECKUe MOTOKNM HA TOpe
onucaubl B [?]. 106bl onncaTh JMHEHO 1 KBaJPATHYHO UHTETPUPYEMble IOTKH
na Gyrsuike Kiefina, naMm Opujiercst IOBTOPUTH 3TO OIIUCAHUE.

Mycts M? — riajgxas 3aMKHYTAs TOBEPXHOCTD C 33 JAHHOMN HA Hell PUMAHOBOMH
merpukoii G. Hain4ne MeTpuKy 03BOJIsI€T KAHOHUYECKUM 06Pa30M OTOXKIECTBUTD
KacaTesibHoe npocrpancrso I'M? nosepxuoctu M? ¢ ee KOKACATE/IbHBIM IPOCTPAHCTBO
T*M? u, Tem cambiM, BBECTH pUMaHOBy Merpuxy na 7*M?2. Paccmorpum na
T*M? crangapThyo 3aMKHYTYI0 HeBBIpOXKaennyio 2-bopmy w = dp A dr m
dbynxuuo H =| p |2, rae uepes p obosnauen sexTop umnylisc. eodesuneckum
nomoxom merpuxu G Ha3BIBAETCH FAMUIBTOHOBA cuctema na 7 M? ¢ raMuiibTOHHAHOM
H = | p|*. Xopomo u3BeCTHO, YTO TPACKTOPHH STOH CHCTEMb! IPOEKTHPYIOTCH
B reojie3auuecKue Kpusbie na M2,

Teone3nuecknii MOTOK HA3BIBAETCH UHMEZPUPYEMbLM, €CIIA OH UHTEIPUPYEM
KAK TAMHJIBTOHOBA CHCTEMA, TO ecTh cymecTsyer dynkmus F : T*M? — R,
MOCTOSIHHAs HA PEIleHnsIX CUCTeMbl 1 (BYyHKIMOHAILHO He3aBucumas ¢ H. ITog
GbYHKINOHAIBHON HE3ABUCUMOCTBIO ABYX (DYHKIMT MblL Oy/1€M IOHUMATE JINHEHHY IO
nesaBucuMocTh Juddepennnaior 3tux ¢ynkiuii mourn Bcriogy. Pynxius F
[IPU 9TOM HA3BIBAETCS UHTMEZPANOM .

Teoje3nueckuii NOTOK HA3BIBACTCH AUHETHO UNMEZPUPYEMDBLM, ECIIHL Y HETO
CyIIECTBYET UHTErpall, KOTOPbLi B HEKOTOPO# OKPECTHOCTH KAXK 0| TOUKY HMeeT
Bua F(2,y,ps,py) = a(@,y)ps + b(2,y)py, 14€ £,y — JIOKANBHDIE KOOPAUHATDL
HA IIOBEDXHOCTH, Py, Py — KAHOHUYECKH COIPHZKEHHDBIE UM UMIIYJIbCBL, & a,b —
riiagkne QyHKIUH.

Teoje3uuecknii MOTOK HA3BIBAETCS KEAOPATNUYHO UHMEZPUPYEMBIM  ECIIH,
BO-IIEPBBIX, OH HE SIBJISIETCsl JINHEHHO MHTErPUPYEMbIM M, BO-BTOPBIX, Y HEro
CyHIECTBYeT UHTErpajl, KOTOPBbLil B HEKOTOPO# OKPECTHOCTH KAXKJI0U TOUKHU UMeeT
But F(2,y,p0,py) = a(,y)p3 + b(@,y)papy + c(z,y)p}, tre a,b,c — rnagxue
Gbynxunn. JInneiHO u KBaJAPATUYHO NHTEIPUPYEMBIE T€0E3UYeCKHE IOTOKH Ha
OPUEHTHPYEMBIX [OBEPXHOCTSIX IIOJIHOCTHIO OIUCAHBL. A MMEHHO, U3BECTHO, YTO
HA NOBEPXHOCTHX C OTPUIIATEJILHOMH 311J1ePOBOil XaPAKTEPUCTUKOM TAKUX MeOe3UYeCKuX
MOTOKOB Her, ¢M. [?]. BaMKHyTasi OpueHTHpyeMasi TOBEPXHOCTh ¢ HEOTPHIATENbHO!
5ilJIepoBO#i XapaKTepUCTHKO# romeomopdHna Jimbo Topy, Jmbo cdepe S2. Kranparuuno
U JIMHEHHO MHTErpupyeMble reojie3ndeckne IOTOKK Ha TOpPe ONUCanbl B ctarhe 1.

K. Ba6enko u H. H. Hexopomwesa [?], na cdepe B pa6orax B. H. Kosokoubuesa
121, [2]

TomoJI0rH4ecKoe CTPOeHHE JIMHEHO 1 KB IPATHYHO HHTEIPUPYEMbBIX [€OJEe3NYECKUX
noToKOE Ha Tope onncano B paborax E.H. Cesmsanoroii [?], [?] u B crarse B.B.
Kanamnnkoza [?].

§2. KBapaTuuHo HHTErpUpyeMbIE T€0Ae3UYeCK e IIOTOKH Ha Tope.

HyCTb L — nosoxwuresbHoe Yuciio, % — I0JIO2KUTEeJIbHOE paluOHaJIbHOE
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uncio, menbmee 1, f,h : R - R riiajIkue IOJIOKUTeJIbHblE OTJIUYHBbIE OT
KOHCTaHTbL hynKiun, npuuem Gynxius f nepuoguuna c nepuogom L, byukuuns
h nepuopuuna ¢ mepuojom 1. Paccmorpum miockocrs na R? ¢ koopaunaramu
z,y u merpukoii ds? = (f(z)+h(y))(dz?*+dy*) napy sexroposu = (1,kL) uv =
(0,mL). Paccmorpum jeiictsue ¢ rpynubt Z X Z, IOPOXKAEHHOE CABUIAMH B/OID
BEKTOPOB U U ¥. Jlerko nposepsiercs, 4To 310 jeiicTBue CBOOOJHO U COXpaHHET
merpuky ds?. Paccmorpum daxropnpocrpancrso R2/¢. Ouesnano, uro R?/,
romeomopdHO JByMepHOMY TOpy. Tak Kak jeiictBue ( CBOOOJHO U COXpaHsieT
MeTpuKy, To Merpuka ds’ mmaymmpyer merpuky (0603naunm ee G(L,f,h,ﬁ)) HA

rope R?/..

Onpegnenenne 1 Mempuxy Gy, ;) =) na mope R? /. nasosem ncesdonuyeuraesoti

mempuxoti. Ecau ﬁ = 0 mo ncesdoruyeurresa Mempura G(L,f,h,ﬁ) = G(L,1,n,0)
HA3BIBAEMCA AUYBUANEBAT MEMPUKOT.

BaMETMM, UTO JIMYBUJLJIEBY METPUKY MO2KHO I1PEJCTaBJIATD cebe Kak METPUKy
na rope S* x S!, zanasaemyio dopmyuoii (f(d1) + h(¢2))(dd? + dp?), rae
¢1 € R(mod L) u ¢y € R( mod 1) — KOOpAMHATBL HA NEPBOH U BTOPOH
OKPY2KHOCT#AX, COOTBETCTBEHHO.

TEOPEMA 1 T'eodesuueckuii nomox mempuxu G na mope T? xeadpamuuro

UHMEZPUPYEM, ECAU U TROALKO ECAU CYUECTNEYEM TCEE00AUYEUALESD METNPUKA

G(th Ly U dugpeomoppusm k : T? — R2/., nepesodswuti mempuxy G &
Wby

MEMPURY G(L,f,h,ﬁ .

Cuaencreue Teomesnuecknii motok Merpuku G ma Tope T2 KRajpaTHuHO
MHTETPUPYEM, €CiIi CYIIECTBYIOT TOD TJZMYB C JimyBUILIeBOH MeTpuKoi Guyr u
nakpbirue p: T2 — lell/ly}b neperosimee Merpuky G B merpuxy Gnys-

OrmMeTum, 4TO JAHHOE B TEOPEME OITMCAHUE OTIINYAETCsl OT ONMCAHUS, TPE/IJIOXKEHHOTIO
B crarne [?]. B crarbe [?] GbL10 g0Ka3aHO, 4TO /151 J1I060r0 KBAAPATHYHO MHTETPUPYEMOTO
reojIe3nYecKoro MOTOKA HA TOPE CYIIECTBYET TAKOE KOHEYHOE HAKPBLITUE STOrO
TOpA, YTO reo/Ie3nYecKuii MOTOK MOJAHUMAETC J0 Te0JIe3UYEeCKOro MOTOKA HEKOTOPOii
JILYBHJUIEBOI METPUKHU.

OxkasbiBaercst, 4To pazinunble yersepku (L, f, h, &) MOr'yT, BOOBIIE FOBODs1,
3a/aBaTh OJMHAKOBbIe MeTpuku. Ha muoxecrse wersepok (L, f, h, %), roe L —
neJioe uucio, f u h — nepnoguueckue (hpyHKIUU C IEPUOJAMU, COOTBETCTBEHHO,
paBubivu 1u L, a % — PALMOHAJIBLHOE OJIOKUTEIILHOE YUCIIO, MEHDBILEE €/JUHUIIbL,
3a/1a/UM YeThIPe ONepaluu: ay, rae v € R, B, v u é., rje ¢ € R.

av((Lyflhag)):(L:f:hvg)l rae f(m):f(z'—v)
B S 2y = (L fon ™), e (&) = f(-2)
WL S Sy = (A0 5, e f@) = PhLa), hw) = 125 (Ly),
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m>k>0 a k=0,ecmk=0, u k=1(mod m)

k
k 25 k 2
5E(Laf7h1 E) = (Lyfahy E)) rue f(
Onepanun @ u 3 MOXKHO HHTEPIPETUPOBATH KAK IIEPEHOC M CHMMETDPHIO
KOOD/IMHATHOM OCH Z, OIepalsl 7y [ePecTaBisieT MeCTaMU T U Y, onepaius 0
HE MeHsieT MeTpMKy.
Tosromy Top ¢ merpukoii (L, f, h, %) n30MEeTpUUeH TOPY C JI06OH n3 MeTpux

a((L, f,h, £)) , BUL, £, £)) uy((L, £, b, £)).

Iycrs G(LJ)h’%) n G ~— IICEBJIOJIMYBUJUIEBbl METPUKN HA TOPAX

(L.fh %)
R’/¢ u R’/;, coorsercreenno.
TEOPEMA 2 Cyuwecmeyem dugheomopusm & : R*[¢ — R*/ ¢, nepesodauguii
mempury Gy k) 6 mempury G ; ;7 &) €CAU U MOALKO €CAU “eMGEPKY
(L, f, b, £) moorcno nep mu 6 DKY (ﬁ,fﬁ,%) onepayuamu a , (3,
v ud.

TeOpeM]:l 1u2wmbl 6y,ﬂ.eM Ha3blBATh TEOpeMaMu K.]laCCPl(bPlKaLLMPl KBaJgpaTU4HO
UHTEIPUPYEMBbIX I'e0Je3UYeCKuX IMOTOKOB Ha TOpeE.

3ameuanne MOxKHO JIErKO 1IOKA3aTh, 4T0 eciuu uersepku (L, f,h, %) u
s oa e
(L, f, h, 5) 331210T Oy | Ty K€ METPHKY, TO CYIIECTBYET [OCJIeI0BATEbHOCTD
. k Pk

onepauuii a, 3,7, d, nepesogsimas uersepxy (L, f, h, ) B uersepky (L, f, h, )
u cozeprkaias ne bosiee aByx onepauumii o, ne Gosiee ayx onepauuii 3, ne Gosiee
JIBYX OIlepanuu y u ne 6oiiee ouoil onepanun . Anajoruunbiii akr, a UMEHHO
OrpaHUu4YeHHOCTb CBEPXYy 4ucia onepaum‘&, epeBoAAIUX OJHO JOIMYCTUMOE 3aJaHne
METPHKHU B JIPYryi0, Oy/IeT BePEH B IOXOXKUX CUTYAIUSIX JJIsi JINHEHHO HHTETPUPYEMBbIX
reoJe3n4eCcKux IOTOKOB Ha TOpe u JIMHEUHO n KBa/IpaTU4HO UHTErPUPyeMblX
reoje3uyeckux noTokos na Oyrouike Kueiina.

§3. TokazaTeJibCTBO TeOpeM KJiaccuduKanun KBaJpaTU4HO MHTETPUPYEMBIX
reoJie3an4ecKnX MOTOKOB Ha TOpe.

st ynoberea Oyaem paccMaTpuBaTh PUMAHOBbI IIOBEPXHOCTH € TOWHOCTHIO
710 n3omeTpuueckoro anddeomopdusma, To ects ecin cymecrryer auddeomopduzm
¢ M? MQ, nepeBojsiuii Merpuky G B METPHKY é, 10 mapmt (M2,G) u
(M2, G) Gyaem cantaTh OUHAKORBIMY.

Mycts, kak u npexse, R? — JABymepHas MUIOCKOCTH C KOOPAMHATAMH (Z,Y).
Paccmorpum 1Ba Bektopa u u v. Ilycts dynknus A : R? — R mojioxuteinbna u
COXpaHSeTCs: IPY CABUTAX HA BEKTOpA U U ¥. MeTpUKy Ha IJIOCKOCTH, 33/1aBAEMyI0
dbopmyuioii ds? = Az, y)(dz? + dy?), 6ynem oboznauars Gy. Jeficsue rpymmet
7 X Z, NOPOXIEHHOE CJBUTAMMU BJIOJIb BEKTOPORB U 1 v, Oyem 0603nauarh Gy y-
Paccmorpum agymepubiit Top RZ/Cu,.,- Tak kak (yHKINS A MHBADHAHTHA 1P
C/BUTAX HA BEKTOPA U,V, TO MeTpuka () NOPOXKAAET METPUKY (0603}1&‘1}11\4
Guwa) 12 Tope RY/., ..
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,IIJlﬂ JAOKa3aTellbCTBa TeOpeM KJlaCCI/l(i)MKaU,ldPl HaMm HOHaﬂ,DﬁﬂTC}l HECKOJIBKO
JIEMM.

JIEMMA 1 Jhobas mempura G na mope T? sasasemcsa mempuxoti Gupx 00
NO0TOOAUWUT 6EKMOPOS U, U U PYHKYUU .

Ora siemma, daKkTHUeCKn, siBisieTcst nepedopmylimporkoii Teopembl Kobe.
Tlo reopeme KoGe Top T2 ¢ meTpuxoii G KoH(MOPMHO 3KBUBaJIEHTEH HEKOTOPOMY
miockomy Topy Tjiock € MIIOCKOR MeTpukoit Grjiock . DTO 03HAUAET, UTO CYIIECTRYET
muddeomopdusm @ : T2 — Tryjock, mepesoasmuii Mmerpuxy G' B METPUKY, B
KaXKJIOH TOYKE OTJINYAONMYIocs OT MeTPUKH Grjjock YMHOXKEHHEM Ha TJIAJKO
3aBUCSIIEE OT TOYKK YUCI0 (HazblBaeMOe Kongopmmvim muodcumesem). 3sectro,
410 110CKuii TOp cyTh TOp R? /¢, 1 € MeTPUKOii Gy pp,1 (M1 IOAXO/AIIIX BEKTOPOB
unv). CuegoBaresbo, Komnosunus 31oro uddeomopdusma u guddeomopdusma
® ecth coxpansionuii Merpuxy guddeomopdusm ety Topom T2 ¢ MeTpukoii
G u mozeubabiM TopoM R2/(, , cO MOaeibHOl (u, v, ) MeTpuKoii, re dynKius
A ecTb KOH(OPMHBIA MHOXKUTEJIb. JlemMMa JoKa3zana.

Ilycrp nexoTopas METPUKA HA IUIOCKOCTH 3ANUCHIBACTCH B KOOP/MHATAX T, Y
B Buje (7, y)(dz? +dy?), a B koopauuatax &, — B Buge A(Z, §)(d22 +dj?). Mut
YTBEPIKIAEM, UTO TOIAA KOOPAMHATHL £, {j CBsI3aHbl C KOOPAMHATAMU T,y JnbO
dopmyuioit £ = Zoz + Z1 , imbo 2 = ZoZ + Z1,tne z =+ iy, 2 =E + iy
KOMILJIEKCHbIE [IepeMeHHble, Zg U Z7  KOMILJIEKCHblE KOHCTAHTBL, & 4ePTa CBEPXY
O3HAYaeT KOMILIEeKCHOe conpsixkenne. JleficrBurensno, asroguddeomopdusm ¥ :
R? — R?, cBa3biBaromumii KOOpMHATEL T,y U &, §j kondopmen. CiieoBareiibHO,
on Ju60 rosomopden, jnbo anrurosomopden kKak GyHKuUs IEPEMEHHON z = T+
iy. M3Bectno, uro rosiomopdusie asroauddeomopdusmbl KOMILIEKCHOH [L10CKOCTH
ecTh JiuHeiinble npeobpa3oBanus, anTuroiiomopdusie aBroaudbdeomopdusmbl
KOMIIJIEKCHOM IIJIOCKOCTH €CTh aHTHIIMHeHHble Ipeobpa3oBanust, 4To i TpeGOBaIOCH
JIOKa3aTh.

Taxkue xoopjaunarst Z, § Oyjem HA3bIBATH FOJIOMOPGHbIMA.

$lcHO, YTO CABUrM HA BEKTOpA U , ¥ B KOOPAMHATAX Z,§, CyTb CABUIM HA
BeKTopa i , U, KOOPJMHATHI KOTOPHIX CBA3AHBL C KOOPMHATAMY BEKTOPOB U U
dopmynamu Uy + ity = Zo(uy +1us) u Uy +ivs = Zo(vy +1ivs). B rosiomopdubix
xoopiunarax uerpuxa ds? = A(2)(dz® +dy?) umeer sun ds® = |Z;%(A(£)(dd* +
dj?), npuuem Top R?/(y ., coBnagaer ¢ ropom R?/(u s

JIEMMA 2 Ilycmo zeodeauweckuti nomox mempuru Gy, x Ha mope RZ/CW,

umeem nempusuarvhul keadpamuunwit unmezpan F. Tozda 6 nexomopux 2oaomop@nox
xoopdunamaz (Z,§) Pynxyus X umeem 6ud X(&,§) = f(&)+h(§) o nexomopuz
pynryud f uh, a unmeepan F' umeem 6ud F(Z,§, o, py) = MW’

2de Cy — Koncmawma, a P, u P, — 0000WEHHbIE UMNYALCO, KOHOHUMECKU
CONPANCEHNBIE NEPEMEHNBM T U §, COOMEEMCMEEHHO.
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,HOK&BaTEJleTBD. TamuiibTrOHMAH reoIe3n4eCKOro NOoTOKa uMeeT Bu /1 H(I, Y, Pz, py) =

2 2
Beber. Tyers unterpan umeer su F(z,y,pe,py) = a(z,y)p3 + b(z,y)papy +

c(z,y)py”, rae xosdduuuentsl a, b u ¢ COXpaHAIOTCs IPU CABUTAX HA BEKTODA
u n v. Pacemorpum dyukuuo R, 4 (2) = a(z,y) —c(z,y) +ib(z, y) Kommiekcuoii
nepemennoii z = z + iy. Ilycts koopaunarsl (&, ) CBs3anbl ¢ KOOPAUHATAMU
(z,y) coornomenuem 2 = Zgz, rae Zg — KOMILIEKCHAsl KOHCTAHTa, a 2 = & + iy.
Tycrs B KoopaunaTax (&, §) nurerpan F umeer sug F (2, §, ps, By) = a(&,§)p2 +
E(i,@)ﬁzﬁy + &(&,9)p,”, rae Py u P — 0OOBIIEHABIE MMITYIIHCHL, KAHOHHIECKN
CONPsIKEHHbIE K II€PEMEHHBbIM Z 1 §j coorBercrBento. Paccmorpum dynkuunio
Rs.4(2) = a(, §) — &(&,§) +ib(&, ) Tlo reopeme Konoxonsuora ([?], cm., raxxe
[?]) dyukuun Ry y n R; 4 siBusitorcst ronomopgubiMn GyHKIMsAMY TIepeMeHHO
2 M CB43aHbL COOTHOINEHneM R, , = ZgRiyy». Tak kax ¢pynkuns R, , orpanuuena
B CIIly €e MHBAPUAHTHOCTU OTHOCUTEJBHO CBUIOB BJOJb BEKTOPOB % U U, TO IO
reopeme JlnyBuiisi Ona paBHa Koucranre. Jlokaxem, uro R, , # 0 Paccyxzaas
OT IPOTUBHOIO, Aonycrum, 4ro R = 0. Banuwmewm ycuosue {H, F'} = 0.

{H,F}=Hp Fy + Hp, Fy — Fp, H, — Fp Hy =

= 2072 ((az A +ad)pE+(ayA+ad,)pipy+(ac A+ad, )pep,’ +(a A +a)))p,®) = 0,
(a)), =0

OTKY/Ia [I0Jly4aeM CHCTEMY { (a)) 0 Cule10BaTEIBHO, JJist HEKOTOPOT KOHCTAHThL
y

- _D _ _D
D,a= X(z.g) NOACTABUE @ = 3 B dopmyuy mis dyskuun R, nouayuaewm,
uro F'= DH, uro npoTuBope4nt (yHKIMOHAIBHON HE3ABUCUMOCTH NHTErPAId
Y raMUJIBTOHUAHA.
Tak kak R, # 0, To MOKHO 0106paTh KOHCTAHTY Zq TAK, 4TO B COOTBETCTBYIOMIUX
1ol Koucranre rojomopdunix koopaunarax (&,§) bynkums Ry = 1. Toraa

b(#,§) = 0, a(#,§) = é(&,9) + 1. Yenosue {H,F} = 0 sanumercs B Buge
CUCTEMbL (@(z,9)), =0 O1CI02 HEIIOCPEICTBEHHO BbITEKAET, 4To (aX),, —
@(@,9)0); = Ay P ’ =

zly

o e
=0, A= f(z) + h(y) n F(&,3,ps,p,) = LB (U 1C0:

Aay — (a/\)yz
49TO U TPeGOBAIOCH JOKA3ATE.

JIEMMA 3 Iyems f: R — R, h: R — R — ozpanuvennvie gynxyuu u 6exmop
u = (uy, uz) maxos, wmo f(x+ u1) + h(y + u2) = f(z) + h(y) daa mobwz z, y
. Toeda f(z +u1) = f(z) u h(y + u2) = h(y).

JTokazarenscrro. Io yeioeumwo f(z+u1)—f(z) = h(y)—h(y+us). CiiegoBarensno,
Juist nekoropoii Koucrantel C, f(z+u1) — f(z) = = h(y) —h(y +us2). Jokaxem,
uro C = 0. Hpegnonoxum nporusnoe. Toraa f(z + nu) = f(z) + nC, uro
nporuBopeuut orpanuyensoctu gpynxiuu f. Jlemma gokazana.

JIEMMA 4 [lyemw xoopduname (&, 9) na naockocmu R? ceasanwm ¢ xoopdunamamu
(z,y) aubo gopmyaoti 2 = Zoz+ Z1 (20n0mopdrwit cayuat), aubo 2 = ZozZ+ Zy
(anmuzoaomopdruti cayuat), 2de, xax u ewwe, z = T + iy, £ = & +ij —
Komnaekcuoe nepemennvie, Zg # 0 u Zy — xomnaexcuvie xonemanmo. Ecau
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PynKEyuA N 02pANUNEHA U OMAUNHAG OTR KOMCTGHGL, U ECAU Agy = A
mo wucao Zy aubo wuctmo 6ewecmeennoe, Aubo wUcmo MHUMOE.

JLyist IPOCTOTBL IPOBEIEM JOKA3ATEIILCTBO TOJIBKO J1Jist TOJIOMOPGHOIO Ctyyast.
ITycrs xoopaunarst (£, §) ceszaubt ¢ koopaunaramu (z,y) dopmyunoii 2 = Zgz+
7, . Mycrs Zg = re*®. Torma mepexoj OT KOOPAMHAT &,y K KOODAMHATAM Z,
3aaercst popmysiamu & = r(xcos ¢ +ysing) , § =r(—zsing + ycosg) u

Asy = 2 cos ¢ sin d(Azz —Ayy) = 0. Hosromy Zg — uncro BemecTBennoe JnGo
YHUCTO MHUMOE Zg YUCIIO, JHB0 Agy — Ayy = 0. IIpeamonoxkum, 9o Age —Ayy = 0.
Tak KaK (DYHKIUS Ayy 3ABUCUT TOJUBKO OT IIEPEMEHHON T , GYHKIMs Ayy 3aBUCHT
TOJIBKO OT NIEPEMEHHOI ¥, TO Az = Ayy = const. 113 orpannuennocru ynxuun
A nosyuaem, uro A = const. Ioinyuennoe npoTuBopeune JOKa3bIBAET JIEMMY.

Cuencrsue. Ilycrs nonoxurenshas ynkuus A : B2 — R orpanunuena
U OTIMYHA OT KOHCTAHTHL U mycTh muddeomopdusm x : R2 — R? coxpanser
merpuky A(z,y)(dz?+dy?). Torna muddbeomopdusm x : R2 — R? npescrapisiercs
B Bpjie KOMIO3UIUM CABUIOB, CUMMETPUH OTHOCHTEIBHO KOODAMHATHBIX OCEH,
«

romMoTeTUl u IIOBOPOTOB HA yIroJi 9

IIpucrynum K jgokasarenscrBy Teopemsbt 1. [lycrb reojie3anyeckuii OTOK METPUKH
Gy,» KBajpaTnuno unrerpupyem. Ilo siemme 2 cymecTByior rojomopduble
KOOD/IMHATHI T, J, B KOTOPbIX MeTpuka umeer Bus ds? = (f(z)+h(y))(dz? +dy?).
Cuenosarensno, dynkuus (f(z) + h(y)) coxpausieTcst npu ¢ABUrax Ha BEKTOpa
u = (u1,uz) n v = (v1,v2). I3 nemmnr 3 cuenyer, uro f(z +u1) = f(x) =
fl@+o1), Wy +uz) = h(y) = h(y +v2) .

JTokazkeM, 4To U U U1 COU3MEPUMBL, TO €CTh UX OTHOIIEHUE JINGO0 PAMOHAIBHO,
umbo paBno Geckoneunoctu. ITpenonoKum NPOTUBHOE: MYCTh UX OTHOIIEHUE
uppatmonaibno. Torja uenounciennoil KoMOUHAIMER YuMCe) U] U U] MOXKHO
MOJLYYNTh CKOJIb YTOAHO MaJloe 4ucio, A00aBjIeHUe KOTOPOro K apryMeHTy He
mensieT 3nauenns ¢pynkuun f. CiiegoBarensno, f = const. Ho rorjga ramnibsronnan
H wne 3aBucur Or z u JumHelinas 1mo umnyubcam dynkius F = p, siBisiercs
HHTEerpajioM reojieanueckoro noroka. Jeficrsurensuo, { H, p, } = H, = 0. Ilonyuaem
[POTUBOPEYHE C ONPEEJICHHEM KBA/PATUYHOA HHTEIPUPYEMOCTH.

AHAJIOrMYHO JI0KA3BbIBAETCS! COM3MEPUMOCTD U U V3.

Taknm 06pa3oM, CyLIECTBYIOT MOJIOKNTE/IbHBIE KOHCTAHTBI €] , €3 U TAKHue
napbl B3aMMHO TPOCTBIX LEJbIX 4nced ki, ko u my,ma, uto uy = kiey , us =
myes, v1 = koer , va = maes. CuiegoBarensro, ynkuus (f(z)+h(y)) coxpansercs
npu casure na Bekropa (e1,0) u (0,e2). C Apyroii cTOpOHBL, BEKTOPA U U U €CTh
LeJIOUNCIIeHHble JInHefinble KoMGunanuu BekTopos € = (e1,0) u € = (0,e2).
Paccmorpum ronomopduble koopaunaret (&, §), CBa3aHHbIE C KOOPAUHATAMU
(z,y) npeobpasopanuem (£,§) = (&, L). B nux &1 = (1,0) , &2 = (0,82).
Paccmorpnm akrop miockoctn R? 1o geiicreuio, (z, z,, TOPOXKIEHHOMY CABATAMU
Ha BEKTOpA €1 U €. OueBmAHO, 4TO 3TO  TOp C JmyBuiieBo# merpukoi. C
Jpyroii cropomnbl, Top 72 KOHEYHO HAKPHIBAET €ro, IPUYeM MATPUIA HAKPBITHs

ki
A umeer Buj ( k . Juist joKa3areibCTBA TEOPEMBL B OJ[HY CTOPOHY OCTAJIOCh

2 Mg
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k T(:L),mem>k20,

YMHOXKEHHEM CJIEBA HA 1[eJI04UCIeHHbIe oOpaTumble 2 X 2-marpuist. [Ipusejem
COOTBETCTBYIOIIEe PACCY K AeHHe. 3aAMETHM, 4TO IPeOOPA30OBAHUA MATPUIIbL, IPU
KOTOPBIX CTPOKa 3aMEHAETCs Ha CyMMY 0601/1)( CTPOK peaJlu3yITCs YMHOXKEHUEeM
1 +1 1 0

Ha MaTpUIbL 0 1 ) n (il 1 . CJle,ZLOBaTeJleO, UCIIOJIB3y4 aJITOPUTM
1 0
ll lz
U3 IePBOro CTOJ6IA BIOPOl, MOXKHO IPUBECTU €€ K HY?KHOMY HAM BHJLY.

B oxny cropony Teopema 1 pokazana.

st JOKa3aTelbCTBA TEOPEMbl B JPYTyI0 CTOPOHY HAM HYJKHO JOKa3aTh,
UTO y reofe3UdecKoro MOoTOKa MEeTPUKH G(L,f,h,%) €CTh KB3JIPATUUHbI! U HET
JINHEHHOTO uHTErpalla. O‘{EBM,[LHO, 4TO KBaﬂpaTPl‘iHblﬁ nHTEerpaJl eCThb. HeHOCpe,ELCTBeHHOﬁ
noBepKoii ybexjaemes, uro F(z,y, pe, py) = % SABJISETCH KBAIPATUYHBIM
HUHTErpaliOM. Paccy)x,uaﬂ OT IIPOTUBHOI'O, AOILYyCTUM, YTO JIMHeHas 110 uMmilyJjbcam
dyukuus a(z, y)p,+b(z, y)py sBisercs unrerpaiom. Toraa KBajgpar ee sBiseTCs
KBaJpaTUYHbIM HUHTErpaJIOM. I/ICIIOJ[]:ByH TO, 4TO Oﬁ]_[ﬂ/lﬁ BuJ KBaJpaTUYHBIX
UHTErpalJiOB OMUCaH B JjleMMe 2, moJjlysaeM, 4TO JJist HEKOTOPBIX KOHCTAHT g Cl

J0Ka3aTh, 4TO MaTpuiy A MOXKHO IIpUBECTU K BUIy <

OBKJIMA, MOXKHO IpuBecT MaTpuny A K Bugy A = ( ) . Jaiee, Bbruntas

CTIpaBe JInBO PABEHCTRO ﬂ%}pi+2ﬂ%l%lpzpy+ bi(c#lpjﬁ _ (J(@)=Co)py®—(h(y)+Co)pa* .

f@)+h(y)
Orkyja ciegyer cnpasegunsocts pasencrsa (h(y) + Co)(f(z) —Co) = 0, n
MOCTOSHHOCTD OJHOM 13 bynkunii f, h. Iloiy4yennoe IpOTUBOPEUNE JOKA3BIBAET
TEeOpeMY.

JlokazaresibCTBO Teopembl 2. Jlokazem, uTo onepauuu @, § , y u 6 peaju3yrorcs
asronuddeomopbuzmamu Topa 12, B cuity reopemst 1 Top 12 MoxkuO cuntars
TOPOM RZ/C(L“)‘(OIM_) TOPOM €O MeTPUKOit G s h,(1,kL),(0,mL))- Henocpeacrsennoit
NpOBEPKOii ycTanasiuBaeM, 4o guddeomopdusmel, A,, B u C, na MojeibHOM
HaKpbITUM 3ajaBaemble dopmynamu A, (z,y) = (z + a,y), B(z,y) = (—,y),
Cz,y) = (¥, %) nepesomsr (L, f,h, &)-serpuxy 5 verpuxn aq(L, f,h, &) .
B(L, f, h, %), Y(L, f, h, %), coorsercrsenno. Ouepanust § He MEHsET METPUKY,
Tak kak 3amena ynkunii f(z), h(y) na f(z) + ¢, h(y) — ¢ ne mensier pynxkuuio

f@) + h(y).

Jlokazkem Teopemy B aApyryio cropony. Ilycrs cymecrsyer auddeomopduzm
R?[¢(.y = B?/¢(a.0)> nepeBopsimuii merpuy G 7 k) B METPHKY G fiky

L,f,h

Yepes u, v, @,  06o3nauensl, cooTBercTBenHo, Bektopa (1, kL), (0,mL), (1, kL), (0, ﬁlj
Tlomnumenm ero 10 auddeomopdusmor ynusepcaibubix nakpoiruii £ : R2 — R2.
Tuddeomopdusm ¢ nepesopur merpuxy (f(z) + h(y))(dz? + dy?) B Merpuky
(f(2) + h(§))(dé? + dij?) 1 nepeBOANT PelmeTKY, 3a1aBAEMYI0 BEKTODAMH U, U B
pelerky, 3ajaBaemyo Bekropamu i, 0. VI3 siemmbi 4 cuepyer, uro guddeomopduszm

& MOXKHO I10JIy YU Th KOMIIO3UINE CABUIOB, FOMOTETHH U CUMMETPUH OTHOCHTEIBHO
mpsimbix y = 0 u ¢ = y. Komnosunueii asropuddeomopdusmos A,B u C
MOZKHO TIOJIy4HUTh JIIO0OA CABUI M Takue cuMMeTpuu. I103TOMy MOXKHO CYMTATS,

uro Touka (0,0) cucrembl KoopuHaT z,y coBnajaer ¢ toukoil (0,0) cucrembt

3

[t
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KOODJMHAT £, §J, 4To npsiMast y = 0 B CUCTEMe KOOPAUHAT I, § 331a€TCsl yPABHEHUEM
g = 0, u uro mpu BO3pacranuu z Bo3pacraer &. Tak KAk BEKTOD U MOMKHO
ONpPEJEJNTh KAK ITPOCTO BEKTOP PeIeTKy, Jexammii na nosyocn {y = 0,z >
0}, To B 3TOM CJlyuae BEKTOp v coBnajaer ¢ sekropom . Teopema jgokasana.

§4. JInHeliHO MHTErpupyeMble IOTOKH HAa TOpPE.

JlokazaHHble B IpebLIyeM naparpade jieMMbl IO3BOJISIOT OMUCATD JINHEHHO
UHTErpUpYeMble reoje3nyeckue NoToku Ha tope. Ilycrs f: R — R — ruajgxas
[IOJIOKUTEJIbHA OTJIMYHAS OT KOHCTAHTbL (pyHKius ¢ mepuogom 1, a { u L
— BeIeCTBEeHHblE HeoTpuuaTejbHble yucia, npuyem 0 < ¢ < L. Paccmorpum
BEKTOpa U M v ¢ Koopaunatamu, coorsercrsenno, (0,L) u (1,¢). He onacasice
nyTanuipl, 6ygem obosnauarh uepes f dbymkumio R2 — R, f(z,y) = f(z)-
O‘{EBM,H'HO, 4TO beHK]_u/l}l f COXpaHsdeTCd [Ipu CABUrax Ha BEKTOpa u u v. PaCCMOTpI/lM
MeTpuKy G v, . Hamomnum, uro uepes Gy, x 0603Ha4a€TCs METPUKA, MH/LY [[APOBAHHAS
merpuxoii A(z,y)(dz? + dy?) na daxrope mioCKOCTH TIO CIBUraM HA BEKTOPA U
no.

TEOPEMA 3 Ilycmo zeodesuueckuii nomox mempuxu G na mope 12 auneiino
unmezpupyem. Tozda mempuxa G aubo naockas, AubO CYWECMEYEMm NOAOHCUMENLHAR
dynmyua f ¢ nepuodom 1, wucaa 0 < t < L u dudpeomopdusm ¢ : T2 — R/c. .,
nepesodauuti mempury G 6 mempury Gy, f.

Kak u st KBaZpaTuuHO MHTEIPUPYEMbIX Ie0/Ie3NUeCKUX TOTOKOB, HEKOTOPbIE
rpoiikn (f,{, L) 3agator oguy u Ty ke merpuky. Ha muoxecrse tpoek (f,(, L)
BBeJIEM Olepauuu ., 5, y.

a(fit, L) = (f,1,L), e f(z) = fz+¢),

ﬂ(fv’:aL) (f) 7L) r;],ef'(z):f(—m), f:L_il
Y(f b, L) = (f,4,L), tne i=L—1.

TeOPEMA 4 Cywecmeyem dudeomoppusm & : Rz/CM — R2/<a.w nepesodauyutl
mempury Gy 1 6 Mempury Gf i i ecan u moavko ecau mpotixy (f, 1, L) moocro

nepeeecmu 6 mpotiKy (f, [,ﬁ) onepayuamu o, B u .

JokazaresbeTBo TeopeM 3,4. OueBnaHO, YTO reoIe3n4ecKuii MOTOK MIOCKOH
MeTpuKH JiuHeiino unTerpupyem. Ilycrsb reojesuueckuii norok merpuxu G JiuHeiiHO
unTerpupyeM u merpuka G me sBisiercs miockoii. Torga, mo siemmam 1 u 2
cymecTByer (Juist IOAXOASIIUX BEKTOPOB u, v u dynkuuit f : S1 — R, h :
S = R) nuddeomopdusm mexy ropom T? u ropom R? /¢, ., neperossimmit
merpuky G B Merpuxy Gu,v,f+h. Jokazem, uro subo f = const, uu6o h = const.
JeficrBurenbHo, mycTb JuHeinbll unrerpan umeer sui a(z,y)ps + b(z,y)py.
Torna byukuus (a(r,y)ps + b(z, y)py)? sBisieTcst KBaJPATHYHBIM UHTETPAIOM.

(f(=)~Co)py® — (h(y)+

To siemme 2 j11060i KBagpaTuunbli nnrerpal umeet Bug F(z,y, pe, py) = T Thy)
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s moaxoasmeii koncrantsl Co. Hostomy 2a(z, y)b(z, y) = 0, a®(z,y) = —Lféﬂ%%g,
b2 (z,y) = %, orkyaa subo f(z) = Cp, smbo h(y) = —Co.

Bes orpanuuenus 06MIHOCTH MOXKHO CYMTATh, 4T0 h = 0, f # const. Ilycrs
BEKTOPA U, U UMEIOT KOOPAUHATHL (U1, Us) 1 (V1,V2), COOTBETCTBEHHO. JJOKANKEM,
YTO [EPBblE KOOPAMHATBI BEKTOPOB COM3MepuMbl. JleficTBuTenbro, 1o jemme 3
dbynkuns f coxpansiercs npu A00aBJIEHIE K aPIyMEHTY [1eJI0UNCIIEHHOM JInHeAHOI
KOMOUMHAI[MY YNCEJl U ¥ Vg, M U3 HECOM3MEPHMOCTH YMCEl BHITEKAJIO Obl IOCTOSHCTRBO
Gbyukunn f.

[TosTOMY, CyIIECTBY€T TaKasi HeHyJ1eBast [apa B3aUMHO [IPOCTBIX YHCE) T, T €
Z, urto mv +n = (w;,0), rge w1 > 0. B pemerke, N0poxk/eHHON BEKTOpAMHI
u,v, BbIOEpEM BEKTOp 8 = (81, 82), JONOJHMTENbHBLA K Bekropy (wi,0). Ero
MOKHO BbIGpaTh TaK, uro 0 < 81 < w;. Paccmorpum cucremy xoopaunar (&, §),
CBsI3aHHYIO ¢ cucTeMoii Koopaunar (z,y) dopmyiamn z = wi &, y = wi§. B neil
merpuka G umeer mun wi f(wi£)(d2* + dj?). Obosnaumm ¢ = 2L, L = 22
Bekropa pemerku B koopaunarax &, umetor eug (0,L) n (1, il). Mosromy
merpuka G ssusiercs (f, i, L)-merpuxoii. Teopema 3 jokazana.

Jlokazaresberso Teopemsi 4. ITyers mudbdeomopdusm x : R?2 — R? nepesomut
merpuky f(z)(dz?+dy?) B merpuky f(&)(d#?+d§?), u mycrs npu sTom Auddeomopduame
pewerka, nopoxaennas sexropamu (0, ) u (1, L) nepexoaut B peIeTKy, IOPOXKIEHHY IO
sexropamu (0,4) u (1,L).

Torma, B cuiy siemmbl 4, 310T Auddeomopdusm MOKHO NPEJCTABUTL KaK
KOMIIO3UITUIO TIOBOPOTOR HA YOIl §, TOMOTETHii, CUMMETpHUii OTHOCUTEJIBHO OCeH
koopaunar u casuros. Tak kak merpuxa f(z)(dz?+dy?) ne saBucur or 3nauenus:
Y-KOOPAUHATH! TOYKH, TO HOBOPOTHL "3anpematorcs” . CiiesoBaTeibHo, FOMOTETUH
Toxke "sanpemaorces”. OcranbHble JOMYCTHMblE JBHMKEHHs MOXKHO IIOJIY4YHUTH
KAK KOMIIO3MIUIO ¢BUroB (z,y) — (z + ¢,y) u (z,y) — (z,y + d), cummerpuit
(z,y) = (—z,y) u (z,y) = (z, —y). [epsbiii casur u cummerpun cyrs "peainsauun",
coorsercrsenno, onepaumii @, 3 u v. Tak xax merpuxa f(z)(dz? + dy?) ne
3aBUCHUT OT 3HAYEHUS! Y-KOOPUHATBL TOUKH, TO BTOPOH CJIBUT HE MEHSIET TPOUKY
(f,t,L). Teopema jnokazana.

§5. KBapaTn4Ho NHTErpUPpy€EMbIE reoie3n9ecKne OTOKU Ha Gy ThliIKe
Kueiina.

OueBuiHO, 4TO IpU OpueHTUpYIOmEeM Hakpbituu Oyrbuiku Kuefina ropom
MeTPHKA € KBaJPATUYHO UHTEIPUPYEMBIM I'€0e3UYeCKUM IOTOKOM IO JTHUMAETCH
JIO METPUKU HA TOPE € KBAAPATUYHO WJINU JINHEHHO UHTEI DUPYEMBIM I'e0/I€3UUEeCKUM
TIOTOKOM.

Omnpeaenenne 2 Mempuxa G na 6ymuiaxe Kaetina K2 nasvisaemca auyeuanesot,
€CAU NOOHATIUE HA OPUEHTRUPYIOULEE HAKPHITIUE ECTNG AUYEUALESE MEMPUKE HA
mope.

Omnpeaesenue 3 Mempuxa G na 6ymuiaxe Kaetina K2 ¢ xeadpamuyno unmezpupyemoim

2eode3uneckum NOMOKOM HA3BLBAEMCA KEa3UusuNelnot, ecau zeodesuneckuti nomox
€€ NOOHATNUA HA OPUEHTIUPYIOULEE HAKPBINUY AUHETHO UNMEZPUPYEM.
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Mbi ne ynomsinyin MeTpuku Ha Oyrbuike Kulefina, Kotopble mpu mepexoje
K OPUEHTHUPYIONEMY HAKPBITHIO JAIOT [ICEBIOJHYBHILIEBbl, HO HE JILYBUILIEBbL
merpuku Ha Tope. Oka3piBaercs, Takux Merpux na Oyrbuike Kieiina ner.

TEOPEMA 5 Jhobas mempuxa na 6ymuaxe Kaetina K2 ¢ xeadpamuuno unmezpupyemvim
2€00€3UMECKUM TIOTNOKOM ABAAEMNCA AUOO Auysuste6ot, aubo Keéasuruneldnod.

B cuiy Teopem kiaccudukanun KBaJApaTnyHo UHTEIPUPYEMBIX [e0I€3UYeCKUX
MIOTOKOB Ha TOPE, MHOMKECTBO JINY BUILIEBBIX MeTPUK Ha K2 1 MHOXKECTBO KBa3UIIMHEHAHBIX
merpuk na K? ne mepecexaiorcs.

IIycre L — nonoxuresnsnoe uncio, f,h: R — R — r1ajKue nojioxKuTeJbHbIe

dynxuun, npuyem Gyuskius f OTIMYHA OT KOHCTAHTDL U I€PUONYHA C IEPUOIOM
1, a ¢yuxuus b nepuoguuna ¢ nepuosom L u uwerna, tak uro h(y) = h(—y) =
h(y + L). Ha miockocru R? co cTan apTHBIMM KOOD/IMHATAMY T,y PACCMOTPUM
merpuxy ds® = (f(z) + h(y))(dz® + dy®) n napy mexropor u = (1,0), v =
(0, L). Paccmorpum nojrpyniy I rpynmbt ABUKEHUH IOCKOCTH, OPOXKIAEHHY IO
CJBUTAMU HA BEKTOPA U U U U CKOub3sueil cummerpueit (z,y) — (z +1/2, —y).
Ecrectsennoe gefictsue ¢ 3Toil MOArpyIb cBOGOIHO U COXpanseT MeTpuky ds?.
Paccmorpnm daxroprpocrpancrso R? /¢. Ono romeomopduo 6yrsuike Kueiina.
JelicTBUTEILHO, TAK KAK CKOJIb351111asi CAMMETPUsI MEHSET OPUEHTALMIO, TO R2/§
neopuentupyemo. Tak Kak JeiicTBue coxpansier Bektoproe mose (1,0), To na
dakropnpocrpancTse cymecTByeT BeKTopHOe nosie 6e3 ocobennocreii. CiieJoBaTesbHO,
DiillepoBa XapaKTepUCTUKA Rz/g paBuaOn Rz/g romeomopduo 6yThuike Kieiina.
Tak Kax jeficTBHe COXDAHHET METPUKY, TO METPHKA ds? WHIyIUPYeT METPHKY
(bymem obosnauars sty merpuky Gz ,4)) Ha Gyrsuike Kieiina R?/¢. Bamernwm,
uro ecim bynxius h = const, To Torga merpuxa G 5,») KBasmimMHe#na, a ecim
byukuus b orimuna or KOHCTAHTDI, TO MeTPuKa G (f, f p) JIHYBHILIEBA.

TEOPEMA 6 [leodesuneckuii nomox mempuru G na 6ymmaxe Kaetina K? xeadpamuuno
UNMEZPUPYEM €CAU U TROALKD ECAU CYWECTBYEM NOA0dHCUMENsHOe wucao L,
nepuoduHas ¢ NePuodom % 2a0%05 NOAOKHCUMENbHAR PYHKYUA [, NnepuoduwHas
¢ nepuodom L zaadxasn noaooscumesvrasn wemuas gynxyus h u dupdeomopdusm,
nepesodawyuti 6ymuaxy Kaetina K? 6 6ymoaxy Kaetina R?/¢ u mempuxy G 6
mempury G fn)-

Kax n B ciyuae topa, pasuble Tpoiiku (L, f, h) MOryT 3a/1aBaTb OJHY U Ty
ke Merpuky. Ha muoxecrse tpoek (L, f, h), rae L — HOIOXKUTeNBHOE YUCIO, &
f uh — byukuun na OKpyxKHOCTs#X S1 U SI COOTBETCTBEHHO, BBEIEM YeTbipDe
onepauuu: a,, e v € R, 8, vyu ., rae c € R.

ao(L, f,h) = (L, f,h), tae f(z)=f(z+v)
B(L, f,h) = (L, f,h), tne h(y)=h(y+
YL, f,h) = (L, f.h), tae f(z)=f(-z)

(5(L,f,h)=(L,f,h), rae f(z):f(z)+c! il(y): (y) —c
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TEOPEMA 7 Cywecmeyem cozpansousuti mempuxy duddeomopdusm x : R /¢ —
R2/£, nepesodawsuti mempury G (L, 5 ny 6 Mempury G([Z f.h) ECAU U MOADKO £CAU

mpotixa (L, f, h) nepesodumes 6 mpotiny (L, f, h) onepayuamua , B,y u 6.

§6. TokazaTeJibCTBO TeOpeM KJiaccudukanun KBaJpaTU4HO HHTETPUPYEMBIX

reoe3n4ecKnuXx IOTOKOB Ha 6yT]>IJIKe Kueiina.

Jokazareibcreo Teopemsl 6. ITycrs y reogesunueckoro noroka merpuku G na
Eyrouike Kueiina K2 ecrb kBapaTnunbiii nnrerpal. PaccMoTpum opuenTtupyoimee
naxpoirue 6 @ T2 — K2 u nognsrue 6*(G) merpuku G. B cuiy semm 1 u 2
MOXKHO oToxaecTenTs Top T2 ¢ Topom R?/¢, ,, a merpuky 6*G ¢ HekoTopoii
merpukoii (f(z) + h(y))(dz? + dy?), coxpansiomeiics Ipu cABUraX Ha BEKTOPA U
nv. Ecun f = const; u h = consty, To MeTpuka G m10cKasi, 1, ClleJOBATENIBHO, ee
reoje3nyecKuii OTOK JIMHeHHO uHTerpupyem. [ljisi ONpe e/ HHOCTH IPETI0/I0KIM,
uro dyukunst f orumuna or koucranrsl. Torpa romorerneil n 3amenoii 6azuca
B pellerke, NOPOXKJIEHHON BEKTOPAMM U M U MOXKHO JOOUTHCs, 4TODbI BEKTOD
u umen koopgunarsl (1,0) m uToObL mEpBast KOOPAMHATA BEKTOpPA U JiexKala
ua monynurepsaie [0,1). Iyers o : R?/¢, . — R?/.,,  uuBomomus Topa
R?/, ,, ABoiicTBennas K HAKPBITHIO f (T.e. IEPECTABIMIOMAS TOUKH B KAXKIOM
cii0e HaKpbiTus ). II0AHUMEM STy HHBOJIIOIMIO HA YHUBEPCAJIBHO HAKPBIBAIOILY IO
miockocrs B2, Tak KaK OHA MEHsieT OPUEHTAIMIO U COXPaHHeT KOHMOPMHYIO

CTPYKTYPY, TO NOAHSATHE HHBOJIIOIKUY (0603HAYUNM €0 Yepes3 0) ABISETCH CKOIb3AMEeH

cummerpueil. B cuiy siemmbr 4 ock aroii cummerpuu 1) inbo napaluieibaa ocu
{x = 0}, 2) umbo napauensna ocu {y = 0}, 3) ymbo nepecexaer mox yriom J
9TU OCH.

B nepeom ciuyuae dyukiust h oTim4HA OT KOHCTaHTbL. JeficTBuTelbHO, B
NIPOTUBHOM cCily4ae JINHEeHHbI] unHTEerpall F= py COXpaHsJICa 6]:1 MHBOJ]]OuMeﬁ n
y re01e3u4ecKoro noToka ua Oyrouike Kueilna 6bu1 6bl JuHeAHbIA nuTerpas.

3 nenocrosinnoctu Gpyukuuu b ciejryer, 4ro, 3aMEHUB T HA Y, MblL epeiijiem
B CUTyalluI0 BTOPOTrO ciiy4asd.

B TpeTheM Cliy4ae y reoJe3n4ecKoro noToka HOle‘iEHHOﬁ METPUKU HET KBa/IpATUYHOIO

unrerpana. Jeficreurensno, obumii Buj KBAJIPATHUHOTO MHTErpalia ONucan B
semme 2 u 3anaercs dopmyioii F(z,y, ps, py) = C1 %-}—OH(L Y, PasDy)s
rae Cy # 0, Cy — nIpou3BOIIbHBIE KOHCTAHTEL. JIEKO TPOBEPSIETCS1, UTO CKOJIb3sIIast
CUMMETPUSI MEHSIET 3HAK Y EPBOTO 3JIEMEHTA CYMMbL i COXPAHSIET BTOPOH 3J1EMEHT
cymumbl. Ciie1oBaTeNbHO, KBAIPATUYHO UHTETPUPYEMblE TE0JIE3UUECKHE TIOTOKN
na Gyrsuike Kiiefina mosy4aiorcs TOJIBKO BO BIOPOM ClLydae.

IIycTsb cKONB3simAst CAMMETPUS! IEPEBOAUT TOUKH (Z,y) B TOUKU (T +a, —y).
Tak Kak OHA NOPOKJAET HBONIONUIO 0, TO a = L. 113 niemmbl 3 moiyyaem, 4To
f(z+ 1) = f(z) n h(y) = h(—y). Tak KAK y UHBONIONUH 0 HET HENOJBUAKHDIX
Touek, To Bekrop v umeer uj (0, L). CieoBarensno, hyukius h nepuojudna ¢
nepuojom L, To ectb merpuka G aeiicrBuresibHo nepesoaurcs quddeomopdusmom
B MeTpuky G(r 1 .p)-

Hawm ocrasiocs 10Ka3aThb, 4TO reojieauteckuii noTox merpuxu G (g, r,ny KBaJIpaTu4HO
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unrerpupyem. KBajpaTuunblii HHTEr paji 9TOrO reoe3n4ecKoro IOTOKA, O4eBUIHO,
cymectByer. IIpeanonoxum, 4To cymecTByeT Junefinbil unrerpan a(z,y)py +

2 2
b(z,y)py. Ksagpar ero pasen unrerpany F(z,y,ps,py) = 01% +

oH(2,Y,ps,py); tae Cp u Cy — noaxoasmue koucrantel, CiejgoBarensto, h =
Cop u JuHefinbIf nHTerpasl uMeeT Bui, Clpi. Ho sror nurerpai e coxpansieTcs
neiicteuem . TTojyuennoe mpoTuBOpetne JOKAa3bIBAET TEOPEMY.

JoxkazaresbcrBo Teopembt 7. Iognumem auddeomopdusm, nepesomsmuii
meTpuky Gz, f,p) B METPHKY G(iﬂfvh)’ Ha yHUBEpCalbHOe HAKpbiTHe. JleficTBYys1,
KaK IPHU J0Ka3aTelbCTBE TEOPEMbl 2, mojydaeM, 4To 31oT Auddeomopdusm
(0B03HAUMM €r0 K) MOXKHO peaju3oBarh Komnosuuueil jubdeomopdusmos A,
B, C. Paccmorpum rpynny, nopoxennyio guddeomopdusmamu A, B, C. Tak
kak juddeomopdusm x nepesosut och abeuuce aubo B cebs, subo B och {y =
%}, TO K IIPEJICTABIISITCs B BIJE KOMIO3UIUY [IEPEHOCOB U CUMMETPHL OTHOCUTEJIBHO
oceii opjunar u abeuuce. C Apyroil CTopoHbL, 04€BUIHO, YTO ONEPAIMU PEANIN3YIOTCH
coxpansiioum MeTpuky auddeomopduzmom. Teopema jpokazana.

§7. JIunelino UHTerpupyemsble reojesuvecKne MOTOKU Ha OyTHUIKe
Kueiina.

TMycre L — nosoxntensuoe uncio u f : R — R — ruiajikas M0JI0KUTeJIbHAs
uernas bynxius ¢ nepuomom 1. Hamiockocrn R? co crangapTHBIMU KOODMHATAMY
z,y paccmorpum merpuky ds? = f(z)(dz? + dy?®) u napy sexropos u = (1,0),

v = (0, L). Paccmorpum noarpynmy I' rpynnbt gBuzKeHuil ILIOCKOCTH, HOPOXKAEHHYIO
CJBUTAMU HA BEKTOPA U U U U CKOJb3siedl cummerpueil (z,y) — (-, % +y).
Ecrecrrennoe jeficteue £ 3T0i MOArPYMITbl CBOGOIHO U COXPaHSET MeTPUKY ds?.
Paccmorpnm daxroprpocrpancrso R? /¢. Ono romeomopduo 6yTsuike Kieiina.
Tak Kak jJeiiCTBUe COXPAHHET METPUKY, TO METPUKa ds? MHIYIUPYeT MeTPHKY
(6ynem oboznauars ee Gy, y)) na Gyrouike Kieiina R?/¢. B uactnocry, eciu
¢dbynkuua f  xoncranta, To Merpuka G(r, 5y WIOCKAH.

TEOPEMA 8 ['eodesuueckuii nomox mempuxu G na 6ymwaxe Kaeiina K?
AUHETHO UNTNEZPUPYEM ECAU U MONLKO ECAU CYWECMBYEM YETMHAL NOAOHCUMENLHAA
dynryus f ¢ nepuodom 1, noroocumenvnoe wucao L u dugppeomopdusm x :

K? - R?/¢, nepesodawuti mempuxy G ¢ mempuxy Gy, y)-

TEOPEMA 9 Cywecmeyem duddeomopdusm, nepesodsusut mempury G (L. 5) 6
MEMPUKY G(i,f) ecau u moavko ecau L = L u aubo f = f, aubo f(z) = fA(f ).
JokazareibcTBo Teopemsbt 8. Ilycrs reojesmuecknii morok merpuku G na
6yrouike Kuefina simneiino narerpupyem. Paccmorpum opuenTupyiomee Hakpbirue
6yrouiku Kuefina ropom 72, Merpuxa G npu 9TOM HAKPBITHH TIOTHUMAETCH JI0
METPUKH Ha TOPE € JINHEHHO NHTEIPUPYEMBIM Te0E3U4eCKUM IOTOKOM. MeTpuku
Ha TOpE C JIMHENHO MHTerMpyeMblMM TreoJe3nYeCKuMmM NOTOKaMu OIUCaHbl B
reopeme 3. B cuity reopemni 3, op T'? MOXKHO paccMaTpuBaTh Kak (hbakTopIpoCTPaHCTRO
mockoctu R? 1o geficrruio rpynms Z2, MOPOXI€HHOMY CABUTAMHU HA J[BA BEKTODA.
TlosusaTHe METPUKH HA TWIOCKOCTH R? B NOIXOIANIMX KOOD/MHATAX UMEET BUJ
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f(z)(dz® + dy?). Ecmm f = const, 1o merpuka na Gyreuike Kieiina miockas u
yTBepxKeHue Teopembl BepHo. IlycTs (ynkuus f oTiMYHA OT KOHCTAHTBL.

Paccmorpum MHBOJIIONUIO 0, ABOHCTBEHHYIO K HAKPbITHIO OyTbuikn Kielina
TopoM. Dra UHBOIOIMA UHAyIUpYyer aToguddeomopdusm miockocru k2, Tax
KAK UHBOJIIOLMS COXPAHET METPUKY, TO U 310T aBrouddeomopdusm miockocru
R? coxpansier merpuxy. Vcnoun3ys neopmentupyemocts 6yrouiku Kiefina u
OTCYTCTBUE HENO/BUZKHBIX TOYEK y NHBOJIIOIMY O, [I0JLy48€M, 4TO 310T aBrojuddeomopdusm
sBJIsieTCs CKoub3simell cummerpueil. ITo semme 4 ock 3T0# cummerpuu Jubo
1) mapajuiesibHa KOOPJMHATHON ocu @, Jnbo 2) napasuiesbHa KOOPAMHATHOI
ocu y. IlepBbifi ciiyuail HEBO3MOXKEH, TaK KaK TaKasi CKOJIb3AIAsi CUMMETDHs
MeHsieT 3HAK JIMHeHHOro nnrerpasa. Bo Bropom ciyuyae ucnosib3yst OTCyTCTBHE
HEIIOJBUKHBIX TOYEK IOJy4AEM, YTO B KAYECTBE OABUCHBIX BEKTOPOB MOXKHO
BbIOpATH [IAPY BEKTOPOB, OjIUH U3 KOTOPBIX [IAPAJLICJIEH OCH Z, & JAPYTOil mapaJuie/ex
ocu y. lomorerneii u cmeHOi 3HaKA KOOPAMHATHL & MPUBOAUM BEKTOPA K BHIY
(1,0) u (0, L). Teopema 8 nokazana.

JloKazaTesbCTBO TeopeMbl 9 MOJIHOCTBIO AHAJIOTUYHO JOKA3ATEJILCTBY TEOPEMBL

7.

§8.qTO Mbl 6y,11eM IICHUMATh I CIIACAHUEM TOIOJICTUYECKOTOC CTpOeHUudA
recie3n4eCcKux moTOKOB.

OueBnjiHO, YTO HHTEIPUPYEMAst [AMHUIIBTOHOBA CUCTEMA CAMA $IBJIHETCs HACBIIEHHON
OKPECTHOCTBIO. /IBe nHTErpupyeMble raMUJIbTOHOBbL CUCTEMbL DyjI€M HA3bIBATH
TNONOAOZUNECKY, IKEUBAAEHTIHBLMY, €CIIU OHI TOTIOJOTNYECKH SKBUBAJIEHTHBI KAK
HACBLIEHHblE OKPECTHOCTH, T.€. €CJIU CYLIECTBYET FOMeOMOPGH3M MEXK Ly COOTBETCTBYIOIUMU
MHOrooGpasusiMu, epeBosiunii ciion JInyeuiuis B ciion JInyBuiuis, Kpurudeckue
OKPY?KHOCTH — B KDUTHYECKHUE OKPYYKHOCTH, i COXPAHSIONUI OPUEHTAIINIO KPUTHYECKUX
OKPY?KHOCTEl FaMUJIBTOHOBBIM BEKTOPHBIM IIOJIEM.

Kak u mpexze, 1o uzosnepzemuseckoti nosepzrocmsvio Qcopgt Mbl Oyaem
NOHUMATh IOBEPXHOCTD, OpeenseMyio ypasuenueM H = const. [Ipu sTom 3nauenne
const HA3bIBAETCSH YPOBHEM IHEPZUL.

Hogblii 10j1x0/1 KaK K N3y4€HUIO CTPOEHNSI M30IHEPIETHYECKUX [IOBEPXHOCTE!
MHTErPUPYEMbIX TAMUJIBTOHOBBIX CUCTEM, TaK U K U3YYEHUIO CTPOEHUsI MHTEIPUDPYEMBIX
raMUJIBTOHOBBIX CUCTEM B 1LieJioM, 6bul mpejuioxken B paborax [?], [?]. B arux
paboTax Kazk 0/ HEBBIPOXKAEHHO! B HEKOTOPOM CMBbICJIe OPHEHTUPOBAHHON H309HEPreTUYeCKOH
NOBEPXHOCTH TaMUJIBTOHOBOH CHCTeMBI Gblila CONOCTABIIEHA TAK HA3bIBAEMAasi MeYeHas!
moutekyuia. [Ipuuem cymecrByer coxpansiomuii opuenTanuo romeoMopdusm u3
OJIHO}l HEBBIPOXKJEHHOH N309HEPIeTUYECKON IIOBEPXHOCTHU B APYTYIO, IEPEBOAAIINI

1) cuon Jlnysuiuis B caion JInysuiwis,

2) KPUTHYECKHE OKPYXKHOCTH B KDUTHUYECKHE OKPYXKHOCTH C COXPAHEHUEM
OpHMEHTAlNK FAMUJIBTOHOBBIM BEKTOPHBIM IIOJIEM,

€CJIU M TOJIBKO €CJIM MEYeHble MOJIEKYJIbl 3TUX [OBEPXHOCTEeH OJUHAKOBbL.

IToapo6uoe onpe/ieiienne HeBbIPOXK IEHHOCTH U309HEPreTHYeCKUX [IOBEPXHOCTelH
U ONPEJIEJIEHUE MEYEHbIX MOJIEKYJl MOXKHO Haiitu, nanpumep, B [?]. 3aecs mbl
TOJIBKO HALIOMHUM BKDATIE, YTO TAKOE Medenas MoJieKy/d. Meuenas mosekyia
npecTaBisieT OO0 JOCTATOUHO CJIOKHBLA KOMOuHATOPHbLA 0O6bekT. Meuenast
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MOJIEKYJIa  3TO OPUEHTHPOBAHHBILA rpad co cJiely0meil JOMOIHUTeIbHO CTPYKTYPOii
Ha HEM.

i) Bepuuuam rpada conocraBienbl aTOMbl.,

i) Pe6pam — uncuopbie "merkn"e € {+1,—-1} ur € {(Q N[0,1)) Uocc}.

iii) HexoTopble n0AMHOKECTBA BePILKH OO'bEAMHEHDL B TAK HA3bIBAEMbIE CEMbH.
CeMbsM, HE COIEPKAIMM BEPILUH, KOTOPbIM COOCTABJIEHbL ATOMbL A, COLOCTaBJI€HbL
MeTKu n € Z.

B sroii paGore Mbl Gy/1eM MOJIB30BATLCs TepMunoiorueii [?].

Mb! B1anM, 4TO yCiioBust 1) n 2) CyTh yCIOBUs TONOJIOTUYECKOH 9KBUBAJICHTHOCTH
U303HEepreTu4ecKux HOBerHOCTEﬁ KaK HaCbIIIEHHbIX MHOXKECTB. KaHOHI/l‘iECKPl
OPHEHTUPYEM M309HePreTuyeCKue IOBEPXHOCTH Ie0e3UUeCKUX IIOTOKOB CJIe Iy FOIUM
obpasom. B kauecrse opuentupyiomeil ¢popmbl o Bbibepem Takyio Ghopmy, 4To
dopma 0 A dH opuenTUpyeT KOKACATEIbHOE PACCJIOEHHE K [IOBEPXHOCTU TAK
Ke, Kak ¢dopMa w A w = 2dp, A dz A dpy A dy. DTum yClIOBMEM OpHEHTaIust
M309HEPreTUUECKON TIOBEPXHOCTH Ie0/Ie3NUECKOr0 TIOTOKA OIIPEIEISeTCs OJHO3HAYHO.

BaMETldM, YTO TOIIOJIOTUYECKOE CTpOeHue M303HepreTuqecx01‘& IIOBEPXHOCTHU
Qconst = {H = const > 0} IOJIMHOMBAIBHO UHTEIPUPYEMOTO TEOIE3UUECKOrO
[OTOKA HE 3aBUCUT OT BbIOOpA KOHCTAHTBL const. JleficTBUTeIbHO, IyCTh CONsty
n consty — JBa MOJOXKHUTENBHBIX uncia. Pacemorpum jguddeomopdusm w

- " y/const, const;
Qconst, — @const,: onpenessiemblii opmyioii @ (z, y, pa, py) = (2, Y, 7/760“;1’1; 7\/%%

Sror auddeomopdusm, 04EBUAHO, COXPAHSET TOMNOJIOIMYECKOE CTPOEHUE.
PaCCMOTpI/lM MHO2KECTBO KBa/[paTUYHO NHTETPUPYEMBIX I'e0e3n4eCKuX IOTOKOB,

n303HepreTuyeckKue MNOBepXHOCTU KOTOPBIX HEBBIPOXKAEHbL B CMBICII€ OHpe,IIeJleHMﬁ

[?].

I3 TOro, 4T0 TONOJIOrMYECKOe CTPOCHUE U30IHEPIeTUYECKOl IIOBEPXHOCTH HE
3aBUCHUT OT YPOBHSI SHEPTMU, U U3 PE3YJILTATOR [?] CileyeT, 4To TOMOIOrnYecKoe
CTPOEHNE I'e0Ie3UYeCKOr0 MOTOKA TTOJIHOCTHIO OMPEILIISIeTCH MEUYEHON MOJIeKYJI0H
Msoaﬂepre'rmqecxoﬁ TIOBEPXHOCTH 3TOTO NMOTOKA: JBA MHTErPUPYEMBIX T€0I€3UYECKUX
IIOTOKaA TOMOJIOTNYECKU 3KBUBAJIEHTHBL €CJIX U TOJIBKO €CJIH ME4YeHble MOJIEKYJIbL
U303HEepreTu4ecKux noxzepxnoc’reﬁ (HO.]IO)KMTEJI])HOI‘O YpOBHA BHEPFMH) nmepBoro
U BTOPOTO reoJe3n4eCcKOoro noToka OJuHaKOBbL.

ITox monoaoczuyeckum onucaruem CeMeCTBA MHTErPUPYEMBIX T€0/1€3UYECKUX
IIOTOKOB Mbl 6y,ueM IIOHUMATDb IIOCTPOEHUE MEYEHbIX MOJIEKYJI /1J1 HEBbIPO2K/JIEHHOI'0O
B cmblcite [?] noscemeiicTea 3T0ro cemeficrea. UM caMbiM Mbl Kak 6b1 "3a6biBaem" o
HE6OTTOBCKMX OTOKAX. B onpasanue ckazkem, 410 Ipu JI0KA3ATEILCTBE TEOPEM
O MEYeHbIX MOJIEKYJ/laX Mbl OIIMIIEM BC€ II0OTOKH, JIpyroe jieJji0, 4TO 3TO Oucanue
ne Oyjer onucanuneM B (DUHUTHBIX TepMHHAX. Boilee TOro, eciu paccMOTPETh
Cl)aKTOpIIpOCTpaHCTBO BCEX KBa/IpaTUYHO UHTEIDUPYEMbIX IIOTOKOB 110 TOIOJIOTUYECKOM!
9KBHUBAJIEHTHOCTHU, TO CTPYKTYPA ITOr0 IIPOCTPAHCTBO OYAET JOCTATOYHO CIIOMKHOIA.

§9. HeB]:IpO)K,EleHHI:Ie reoJe3snd4ecKue noToKM.

HaromHunM onpe/ielienne HeBbIPOXK JEHHOCTH H309HEPIeTHYECKNX TOBEPXHOCTE!
n3 [?].

Omnpepesienne 4 H3zoanep wecKan PIHOCTD Q (gl HOBBLBAETNCA HEBBLPOIHCOEHHO
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ECAU

1. Oepanunenue unmeepana F na sy nosepzrocms asasemes bommosckot
dynxyued.

2. Tonoaozuneckoe cmpoenue U30IHEPZEMUNECKUL NOBEPTHOCTET
Q(constie) NPU JOCIMATMONHKO MAANT E HE OMAUNGEMCA O MOMOAOZUNECKOZO
CMpoeHUA U30IHEP2EMUNECKOT NOBEPTHOCTIY @ consi-

BaMeTI/lM, UTO ISt KB3JAPATUYHO MHTErPUPYEMbIX T'e0Je3n4eCKuX MOTOKOB
ycaiosue 2 BBITIOJIHSIETCS ABTOMATUYECKHU.

TEOPEMA 10 Oezpanuuenue na usosnepzemuuecxyro noseprrocms { H = const >
0} xeadpamuunozo unmezpara zeodesuveckozo nomora mempury G(L fp) Ha
bymuiaxe Kaetina asasemes 6ommosckoti ynxyueti ecau u moavko ecau aubo
dynxyuu f u h aeamomes gynxyusmu Mopca, aubo Pynkyus h nocrmosnna, a
Pynxyua f asasemca gynxyued Mopca. Ozpanuvenue Ha U30IHEPZETNUYECKYIO
nosepznocms {H = const > 0} aunetinozo unmezpara 2e00e3unecroz0 nomoxa
mempuxu G(r 5y Ha bymulaxe Kaetina aeasemes bommoscxoti pynxyuedi ecau
U moavko ecau pynkyus f asasemca dynxyuet Mopca.

ra Teopema, HAKTUUECKH, SIBJISIETCs CJIEJCTBUEM TeopeM 0 GOTTOBOCTH 3
paborst [?]. B [?] Gblin npoBepenbl Ha GOTTOBOCTL KBAAPATUYHO HHTErPUPYEMblE
reojie3nyecKue moToku Ha Tope. OueBnHO, YTO CBOHCTBO re0/Ie3nUYECKOro MOTOKA
6bITh GOTTOBCKUM COXPAHSETCs TTPU KOHEUHBIX HAKPHITHSIX.

JoxkazarenbcrBo TeopeMbl. QUeBHIHO, YTO CBONCTBO Fe0€3UYECKOr0 IOTOKA

6b1Th GOTTOBCKMM HE 3aBUCUT OT BbI6OPA N303HEPTeTUYeCKOli HOBEPXHOCTH, PACCMOTPUM
nzosnepreruyeckyio nopepxuocts {H = 1}. O6o3nauum uepes K (f) (coorBercrsenno,

K (h)) muoxectso ocoGbix Touek dynxuuu f (coorsercrsenno, h). Jokaxewm,
UTO MHOKECTBO OCODbIX TOUEK I€0/Ie3U1eCKOr0 NOTOKa MeTpuku G'(r, j ry COCTOUT

n3 o6begunenus Muozkecrsa O, cocrosimero u3 rouek Buja (¢ € K(f),y,0, £/ f(z) + h(y)),

n munoxecrsa O = {(z,y € K(h), £1/f(z) + h(y),0)}. JeiicTBurensno, Touka

A € {H = 1} ocobas ecin u ToubKo ecin auddepenunanst bynkuuii F n H xak
dbyukuuii : M4 — R suneiino 3asucumbt B rouke A. Juddepenmman dynkmun

F pasen
W+ bW @), @@ ),
(@) + h(y)? @ + 32
2py f(x) _ 2pgh(y)
T F) + )P TG + hiy) P
Huddepennnan bynkuun H pasen
_E AP (=) PPN () 2py 2p,
U@ +h@)2 ™~ G@ +rrE ™t 7@ +hw) Pt 7@+ h) P

Oru guddepennnalbl 3aBUCUMbL €CIN U TOJIBKO €CIIU PAHI MATPUIIbL

(—h(y)f’(w) f(@)W (y) —pah(y) pyf(z)>
f'(@) H(y) P Py
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MmenbIue AByX. Vccieyst MUHODbL 3TON MATPUIIbL, IOJIYYAEM, YTO TOUKA 0coBast
€CllM M TOJIBKO ecinm ona jexkur jiubo B muoxecrse Of, inbo B MHOXKECTBE
Oy, JeficTBUTENIbHO, TPEANIOIOKNM, YTO panr marpunbl Menbime 2. Toraa Bce
TJlaBHbIE MI/lHOpbl paBHbl 0 HO MMHOp COCTaBJleHHblﬁ n3 TpeTbeFO n ‘ieTBepTOI‘O
croubos, pasen —(f + h)pyp,. Ucnoussys nonoxurensnocts dynkuuil f u h,
Hosly4aeM, 4ro pypy, = 0. Eciu npejgunosoxurs, uro p, = 0, To rorza p, #
0. Munop, cocraBjenublii U3 1EPBOro u 4ETBEPTOro CcToAGUOR, pasen f'(z)py,
cuegoBareisno, f'(z) = 0. Ecun npeanonoxuts, uro uro p, = 0, T0o Torga
pz # 0. PaccmarpuBasi MUHOD, COCTABJIEHHDIH M3 BTOPOTO M TPETHEro croibua,
noiyuaem, uto h'(y) = 0, oTKyjga ciejyer, 4o Touka Jexut B Muoxkecrse Op.
Anajiornuno, ecin py = 0, 10 TouKa Jiezkur B MHOKecTBe Of.

Casi3upiMu Komnonentamu MEOKeCTB O ¢ u Op, sBJISIOTCH OKPY2KHOCTH, I T0ObI
JI0KA3aTh T€OPeMy, HeOOXOJMMO [IOKA3ATh, YTO ITU OKPY2KHOCTU HEBBIPOXKICHbL,
TO ecTh orpanuuenue pyukiun F Ha TpancBepcalb K HUM sBIsieTcs dyHKImedi
Mopca. W3-3a cMMMETPUYHOCTH CUTYal[MU 3TO JOCTATOYHO JOKA3ATh TOJBKO
JUlsl KPUTHYECKUX OKPYZKHOCTEH, KOTOPbIe COCTOAT M3 TOuek, Jiexkamux B Of.
Iycrs O; rakas okpyzunocrs. Toraa nosepxnocts {z = const} TpancsepcaibHo
nepecekaer opouty, npuuem orpannyenune pynkiun F Ha 3Ty 10B€pXHOCTH UMeer
%. B kauecTBe JIOKAJIBHON [IAJKOI CUCTEMbl KOOPIMHAT HA ITOH
noBepxHOCTH BhiGepeM (ByHKIuM P, U py. B 3T0i cucreme koopaunar BTOpOii
nuddepenunan dynkunn F pasen —Zh(y)gg+2f(z)%, OH, OUEBHTHO, HEBbIPOXKIEH.

BH/L

Teopema pokazana.

§10. MeueHble MOJIEKYJIbl KBAaJPAaTUYHO HHTETPUPYEMBIX reoJe3n4eCcKnX
notokoB Ha Gyrbuike Kuieiina.

V10610 pazjiesuTh KBaJIPaTUUHO HHTETPUPYEMblE TOe3NUECKIEe TOTOKY HA
6yrouike Kulefina na smysniuiesst (GynKius h OTIIM4HA OT KOHCTAHTBI) N KBa3MJIMHEHHbIE
(bynkuns h paBHa KOHCTaHTe, KOTOPYIO B CHJly OMEpalMi § MOYKHO CUUTATH
nyJieBoit). CHauaiia paCCMOTPUM JILYBUILIEBbL METPUKH.

TTocrponm 1o kaxjoii tpoiike (L, f,h), rne L  nosnoxutensunoe uncio, f
n h  nonoxnrensusie ¢pyrkiuun Mopca na npsMoii, npuuem f nepuoguuna
C 11epuosoM 3, a h uerna u nepuojMuHa ¢ nepuojoM L, Meuenyio Mouexyiy
M(L, f, h) cueayromum 06paszom.

Paccmorpum jeiicrue ¢ rpynnbl Z na npsmoit R, NOPOXKJIEHHOE CJIBUIOM
z — z + 1. @akropupocrpaucrso R/ romeomopduo okpyxnocru. Tak xak
neiicrsue coxpansier bynkuuio f, o dynxius f unayuupyer bynkuuio (obosnaunm
uepes f)na R/&. Tak kak dbyHKuust f MOPCOBCKAst U [IOJIOKUTENbHA, TO (DYHKIHsE
f: R/§ — R — mopcosckas mojioxutelibias hynkuus. O603naunm MunuMalibHoe
3nauenne Gynkiun f uepes frin-

PaccMoTpum cylecTBenubifi nogrpaduk yuKmun f — MHOKECTBO
Dy ={(z,y) : fmin <y < f(r)}. Beesem na nem oTHOMEnKE SKBUBAJICHTHOCTH
a cuepyomum obpaszom. e toukm, (21,y1) € Dy u (z2,y2) € Dy Gyaem
CYUTATH SKBUBAJEHTHBIMH €CJIU, BO [IEPBBIX, Y1 = Y2, U, BO BIOPbIX, JJIs OJHON
u3 asyx ayr C okpyxnocrn S' ¢ KOHIAMH B TOUKAX T1,Tz MHOXKECTEO {T €
C,y = f(z)} neumkom sexur B noarpadpuxe Dy. Kuacen: sxksupasenrnocrn
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Puc. 7: Amomw P,.

Puc. 8: Amomw Vi.

6yJleM HA3BIBATE 20PUSOHINAALHOLMU CEYEHUAMY.

@akropnpocrpancteo I' = Dy /a siBisiercst gepeom (rpadom Ges uKIIOB).
Bepmunamu 3T0ro JepeBa siBISIOTCS [OPU30HTAJbHBIE CEYEHUs, COLEPKAIIUE
Toukn Buja (zo, f(zo)), ¢ yenouem f'(zp) = 0. Beeaem na nem ciiepyromyyio
JIOLOJIHUTEJNBHYIO CTPYKTYPY.

1) Beljeinm BepInuny, COOTBETCTBYIONTY 0 Huxkued ayre {y = fiin } moarpaduka

Dy n opuentupyem pebpa Mo HaNpaB/IeHUIO M3 Bbilellennoil Bepmunbl. [IycTs
CTENeHb BBLIEJIEHHON BepIIUMHbL PaBHA N. Bbyiesiennoll Bepmune CONOCTaBUM
arom P,,. Arombr P,, u306pakenbl Ha puc. 7.

2) Heeblaesennbiv BepmunaM cremnenn 1 comocraBum atom A.

3) Heebiaenennbiv Bepmunam crenenu k > 1 conocraBum atoM Vi_o. AToMbL
Vi n3obpaxensl Ha puc. 8.

4) PeGpam, BXOASIIMM B HEBBIIEJIEHHYI0 BEPIIMHY CTeneHn 1, cOnocraBum
merky r = 0, ocrasibHbIM PeOPAM CONOCTABUM METKY T = 0O

5)Bcem pebpam comnoctaBuM MerTky € = +1.

Tosyuennwiii 06bexT 6yem obo3nauars Wy. Ha puc. 9 nzobpaskennbi Ipumephbi
Wy mis pasupix Gynkuunii f. 910661 He 3arpOMOXKIATH PUCYHOK, CTPEIKH U -
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Puc. 9: I'paguru Pynxyui f u coomsemcmeyrousue Wy,

METKHU Ha peﬁpax YACTUYHO OIIyIIEeHbL.

Orpannunm ¢ynkuuo h na orpesok [0, %] IIycTh HamMmenbInee 3HauEHnE

dbyukuun h paBno hy;, . Pacemorpum cymecrsennbii noarpadux Dy = {(z,y) :
hmin <y < h(z)} dbynxuun h. Beesem na nem ciieyiomiee OTHOIEHHE SKBHBAJICH THOCTH
B. Touky (z1,y1) OyaeM CUUTATD SKBUBAJIEHTHONR TOUKE (T2,Y2), €CIU Y1 = Yo 1
Bech orpesok {(z € [z1,z2),y = y1)} uexur B Dj.

@axropupocrpancreo I' = Dy, /8 sisusiercs gepesom. CnaGaum ero ciejyommm
OCHATIIEHUEM.

1) BoiesuM BepmiuHy, COOTBETCTBYION[YIO HUXKHEMY OTPe3Ky {y = hyin}-
Opuentupyem rpad I' no HanpaBJieHUIO OT BBLIEJIEHHOH BEPIIMHDL.

2) BceM HEBbLI€JIEHHBIM BEePILUHAM Ccrenenn 1 conocrasum atom A.

3) Touku rpadpa, COOTBETCTBYIOIUE FOPU30HTAILHDIM Ce4eHUusM noarpaduka,

npoxozsumm uepes rouku (0, (0) u (4, (%)), Gysem paccmarpusath Kak BepIMHDbL

(6wt mosker, crenennu 2). Ecam roukn (0,h(0)) n (4, h(£)) sksusauenrun (o
€CTh JIe’KaT HA OJIHOM CEYEHUN), & COOTBETCTRYIOMIAs MM Bepinna rpada umeer
cTenenb k U OTIMYHA OT BBbLIEJIEHHON BEPIIMHBL, TO CONOCTABAM 3TOH BepILUHE
arom V¥, . Ecam rouxn (0, h(0)) n (%, h(%)) axsupanentnsl, a coorsercTsyiomas
um Bepiuna rpada uMeer Crenenb k U sBJSIETCH BbLIEJIEHHOH BEPILMHDI, TO
conocrasum 310l Bepmune atom V¥, .

Ecum touxn (0, 2(0)) u (%, ﬁ(%)) He SKBUBAJIEHTHbL, JIByM Bepiuuam rpada,
coorsercTByOmMM npoxoasimuy uepes touxn (0, h(0)) n (%,ﬁ(%)) CeveHusIM,
COIIOCTABMM ATOMBI 110 CJlelyIomemy npasuity. Ecim Bepimmnna ne sipjsiercs Bbl e eHHOoi
RepIuHOii, TO conocTarum eii arom Vi'_,. Ecin Bepmuna sipiisieTcs: BbljejeHHoii
BEpINMHOH, TO comocTaBuM eil atom Vi'_;. Atombr Vi n V™ mzobpaxenbl na
puc. 10.

4)OcTalbHBIM HEBbIICJIEHHBIM BepiiuHam crenenn k > 1 cormocraBum aTom
Vi—a-

5)PeGpam, 0fi1H N3 KOHIIOB KOTOPBIX [IOMEYEeH ATOMOM A 1 TOYKAMI KOTOPbIX
SIBJISIIOTCs CeveHust, cojepxkamue Touku noarpada Dy ¢ nepBoii KoopAuHATOl
0 min %‘, COIIOCTABUM METKH I' = % OcraibubiM pe6paM ¢ KOHIOM B atome A,
conocrasum Metky r = 0. Bcem ocraibubiM pebpaM COMOCTaBUM METKM T = 00
Beem pebpam conocraBum MeTku € = +1.

Ioinyuennbiii o6bexT Gynem oboznauars Uy. [Ipumepst Uy n3o6pazkenb: Ha
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Puc. 10: Amomw Vi u Vii*.

o~

5

Puc. 11: I'pagpux dynxyuu hu ocnawennot epad Up,.

puc. 11.

Paccmorpum jBa sk3emmisipa ocnamenuoro rpada Up n ofun sK3eMmisp
ocunamiennoro rpaga Wy. Coeunum peGpamn Bbijie/ieHHblE BEPILUHBL OCHAMIEHHbBIX
rpacos Up, ¢ Boiaesiennoii sepmunoii Wy. Opuentupyem stu peGpa Kak-uuby b,
conocraBum um MeTku 7 = 0 n € = +1. Ionyuennslii ocnamennsiii rpad nmeer
3 cembn.

Cembe, cocrosmeil n3 ocnamennoro rpaga Wy 6e3 okpecTHOCTE BepIiuH
crenenn 1, conocrasum merky n = (. CeMbsiM, COCTOSIIMM M3 OCHALIEHHBIX
rpados U, 6e3 okpecrnocreil Bepmunn crenenn 1, conocrasum merky n = —1.

Onpenenienne 5 Iloayuennyro moaexyay 6ydem obosnawams M(L, f, h).

Ipumepst mosekys M(L, f, h) nzobpasxenst na puc. 12.

TEOPEMA 11 Meuenas moaexyaa zeodesuueckozo nomoxa mempuxu G(r, ¢ ny,
20e h # 0, ecmv» M(L, f, h).
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Puc. 12: Moaexyaw M(L, f, h).

§11. MeuyeHble MOJIEKYJIBI F€0AE€3NYECKUX IIOTOKOB KBa3UJIUHENHBIX
merpuk Ha Gyrhuike Kieiina.

Iycre f:5) - R nonoxurensnas ¢pyunkius Mopca, L > 0. Paccmorpum
ocuamennblii rpad Wy u aBe TOUKH, KAXK/IOil U3 KOTOPBIX CONOCTABJIEH ATOM
Tonasuosa (cm. [?]) K2. Coeaunum pebpom Bbiesennyio sepmuny rpacda Wy ¢
Kaxk10il u3 nux. Kak- unbyub opuenrupyem srn pebpa. CornocraBum um MeTKy
Tonanosa (0 : 1), ([?]). ExuncTBenHO! ceMbe MOJy4€HHOIO OCHAIIEHHOTO rpada
conocraBum MeTky n = 0.

Omnpepenenne 6 Ioayuennyo moaexyay nazosem M(L, f)-monexyaoti.
IIpumep monexyust M(L, f) mouexyubt n3o6pazken na puc. 13b.

TEOPEMA 12 Meuenas moaexyra zeodesuneckozo nomoxa mempuru G g r.0)
ecmy M(L, f,0).

§12. Tomosiorn4yecKoe onucanue JUHENHO NHTETPUPYEMBIX I€01e3UYeCKuX

noTOKOB Ha GyThlike Kilelina.

Iycre f : R - R — uernas nouoxuntenbnas (ynkius Mopca ¢ nepuojgom
1. PaCCMOTpI/IM ABa 3K3eMIuispa Uf U CcoeJMHUM UX BblJCJIEHHbIE BEpIIUHbL
orpeskom. OpueHTupyem 3TOT OTPE30K KakK-HUOY/b, COMOCTABUM €MY I-METKY
r = 0o n e-Me1ky € = +1. Ecun paspexem rpad monekysbr no peGpam, r-
METKA KOTOPbIX OTJIMYHA OT GECKOHEYHOCTH, TO IIOJYYUM POBHO OJHY CEMBIO,
ne cozepxamgyio aromos A. ConocraBum el n-merky n = —2. Iouyuennyio
mojtekyily 6yaem obosnasars M(L, f). Ipumep uzobpasken na puc. 13a.

TEOPEMA. Meuenas morexyaa zeodesuueckozo nomoxa mempuxu G(r, f)
ecms M(L, f).

§13. Ynciio Siiyiepa u ero cB43b C N-MeTKaMu.
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A b)

Puc. 13: a)llpumep moaexyavi AUMETHO UNMEZPUPYEMO20 2€00€3UNECKOZ0
nomoxa na 6ymuwaxe Kaetina. b)IIpumep morexyavi 2e00e3unecxozo nomoxa
K8a3UAUHETHOT MEMPUKY.

Jlu1s1 BbIYUCIIEHUS N-METOK HAM [I0HA100UTCst HEKOTOPast HHMOPMALUSL O IOBEIEHUH
N-METOK [IPU HAKPBITUAX.

IMycrs M - 3amKHyTOE OpHeHTUPOBaHHOE MHOrOOOpasue 3efidepra ¢ OpUeHTUPOBAHHBIME

ciossmu. Boibepem B M nenycroii na6op O1,0s, . .., O, ClI0€B, BKIIOUAIOMUI BCe
ocobble cioun. O6o3naunm uepes N; HenepeceKaionuecs MOCIOiHbe TOPUYecKue
okpecrroctu cioes O, 1 < i < s. Torma mnoroobpasue My = M — N{_,Int IN;

umeer suj, My = F x S, rje nosepxnocrs Fyy mosiyuaercs u3 nosepxuocTu F
yJajlennemM § OTKpPBIThIX jauckoB. Ha xawaom tope ON; C Fy x S' Boibepem
CUCTEMY KOOD/MHAT, B351B B KAUEeCTBE MEPUAUAHA 1M; MOJXOSILYI0 KOMIOHEHTY

kpast noBepxuoctn Fy X {x}, B kadectse nmapajuienn l; - ciofi paccioenus.
Mepujiuanbl U IapajuleJn OPUEHTHPYEM TaK, 4TOObL BMECTE ¢ BHYTPEHHUMH
HOpMauisiMu K TopaM ON; OHM JaBaiy BbIOPAHHYIO OPUEHTALMIO MHOT00Opa3ust

M. Torpa nernopmanusosarnsie uneapuanmos 3eiidepra a;, f;,1 < i < s moroobpasus
M onpepeistioTCst yCIOBUEM, YTO st KayKJIOr0 i KpuBast my - l;* J0JKHA CILyXKUTb
mepuuanom nonnoropust Nj. Pasymeercs:, juist i1060ro @ uncna a;, 8; J0JKHBL
6blTb B3aMMHO IPOCTbIMHU.

Omnpepenenne 2 Yucaoe(M) = —-%;8;/; HA3BGALTNCA HENPUCEOEHHDIM HUCAOM
Stinepa mnozoobpasus M. Qucao (M) = (8 — Bi)/i, 20e 0 < B < o u
Bi = Bi mod a; nasvieaemca npueedeHnuM YUCIoM Uaepa.

Henpusejennoe uncio dijepa obnagaer ciegyommmu cBoiicrsamu, cum. [7]:
1. OHO KOPPEKTHO OIPEJIEIIEHO, TO €CTh HE 3aBUCUT OT IIPE/ICTABJIEHUs] MHOrOOGpa3ust
My B Buge Fy x S1;
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2.e(M) = —e(—M), rae — M obosuauaer muorooGpasue M ¢ IPOTHBONOJIOKHOM
OpHUeHTaluei;

3. Ecum M ne nmeer ocoGbix cioes, 10 uucio e(M) = é(M) cornagaer ¢
0BbIMHBIM 4UCIOM DiJIepa PACCIIOEHUs CO CIOEM OKPYZKHOCTb.

Eme 0110 BakHOE [yisi HAC CBOACTBO HEIPUBEJIEHHOrO uucia Diiiepa Mbl
copmy/pyeM B BUJE TEOPEMbL.

TeOPEMA 13 ([?]) Iycme M, M' — opuenmup obpasus 3etihepma
¢ basamu F, F', unyems f : M — M'  cozpansrowee opuenmayuu nocaotinoe
omobpasicenue. Tozda e(M) = (m/n)e(M'), eden  cmenens undyyuposannozo
0TOOPUNCENUA HA HEOCODOM CAOE U CTNENEHb UHOYYUPOBAHHOZ0 OMOOPANCEHUA
ba3.

Hanomuunm, uro 3eiideprosa peainsanus cembu & MOJIEKYJIbL [IPEICTABIISET
coboii opuenTupoBannoe muoroobpasue 3eiidepra M (€), B Kaxk10i KOMIIOHEHTE
kpas T)j KOTOpOro yKazana pocTas 3aMKHyTas KpuBasi y; — CJIO# IpuMbIKaiommeit
CEeMBbHU NJIM MepuJuaH MOJIHOTOPHUS, OTBEYaK0IIero aroMmy A BaKJleMM KOMITOHEHTbL
Kpas morooGpasus M (€) nosnoropusiMu Tak, 4ro0bl UX MEPHANAHDL HONAIN
B Kpusble 7;. Iloiyuennoe muoroobpasue 3eiidpepra obo3naumm uepes M(f)
CrpaBeIiinBOCTE CJIELYIONIEH TEOPEMBI JIETKO CJIEYeT i3 OIPEJIesIeHNs N-MEeTKH
n(€) n onpejenenus npuBeseHHOro uncia Jiiiepa.

TrOPEMA 14 n(€) = &(M (£)).

§14. TokazaTebCTBO T€OPEM TOMOJIOTHYEeCKOM KiIacCu(pUKAIUN reoqe3necKn:

nmoTokoB Ha GyThuike Kieiina.

Tlycth Ha KOMMAKTHON OpMEHTMDYeMOil moBepXHOCTH ¢ Kpaem P2 zamana
Gbynkuus Mopca g, mpuuem Bce ocobbie TOUKM 3TOH (YHKIUM PACTIOIIONKEHDL
BHYTDH [OBEPXHOCTH U 3HAYeHMH (DYHKIMM HA KAXKJIOH CBA3HON KOMIOHEHTE
Kpas nocTosnno. Pacemorpum muoroo6pasue P2 x S x I, rie uepes S* o6osnauena
OKDYJKHOCTb, a yepes I orpesok [—1,1]. Beibepem kakyo-uuby/1b OPUEHTUDYIONTY IO
2-bopmy o na nosepxnocru. Ha muoroo6pasuu P2 x S* x I pacecmorpum 2-popmy
w = 0 + d¢ A dz, rae yepe3 ¢ 0003HaYEH YrOJ HA OKPYXKHOCTH, & 4EPe3 T —
Koopjunara na orpeske I. Jlerko nposepsercs, 4ro (bopMa w 3aMKHYTAst, TAK
uro mapa (P? x S x I,w) sBiisiercs cummiekTuueckum muorooGpasuem. Ilycrn
P, q — KOODJMHATEI Ha IOBepXHOCTH P?; B KauecTse KOOPIMHAT Ha MHOT000pa3uu
M* ynobuo B3sTh KOOpAMHATEL (D, q, @, T).

PaccMOTpuM raMuiibTOHOBY CHCTEMY HA CHMILIEKTHYeCKOM MHOroo6pasuu
M?*, nopoxiennyio ramuisronnanom H(p, ¢, ¢, ) = . D1a raMuiibTOHOBA cucTEMA
UHTErpupyeMa, IPUUEeM B KAYeCTBE HHTErpala MOXKHO B3sThb Gyukuuio F(p, q, ¢, z) =
9(p, q). PaccmMoTpuM M303HEPreTnyecKyio MOBEPXHOCTD Q(p2 ) = {H = consl =
0}. Opuentupyem ee 3-bopmoii
dpAdgAdé. Vizosnepreruyeckas MoBepxXHOCTE Q(p2 4) HeBpoxena. leficTeuTelnbho,
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OHA, OYEBUIHO, TOMOJOIMYECKN YCTOWUMBA U, TaK KaK (Gynkuus ¢  dynkuus
Mopca, 60TTOBCKASL.

TOMO0JIOrMYeCKOe CTPOEHUE M303HEPIeTUUECKON I10BEPXHOCTHI
Qp2g) = {fi = 0} sierko npeacrasurnb, Ciosmu JInyBuilist H303HEPreTUYecKol
HOBEPXHOCTH ()(p2 ) HUBJIHIOTCH NPHMblE NPOM3BE/IEHUH CBA3HBIX KOMIOHEHT
smnnii yposus dynkuumn g na okpyzunocrs S'. Kpuruueckumm OKpy2KHOCTSME
HBJIHIOTCH [IPOM3BEICHHs OCOOBIX TOUeK DyHKIMK g HA OKPY2KHOCTH S' . Bekropnoe
nose sgrad(H) B kooppunarax sanucbiBaercs kak (0,0,1,0) u opuentupyer
KPUTHYECKUE OKPY2KHOCTU B CTOPOHY BO3PACTaHUs YIJIA ¢.

Omnpenenenne 7 Ilycms na muozoobpasuu ¢ xpaem M* sadana unmezpupyemasn
2AMUNBTNONKOBA CUCTNEMA, NPUYeM Kpal cocmoum u3 mopos Juysuaas smot
cucmemvi. Bydem zosopumov, wmo usosnepzemuveckas noseprrocmo @ omot
cucmemu, umeem monoaozuneckuii mun (P2, g), ecau ona monoaozunecku sxeueasenmma
nosepzrocmu Q(pz g)-

IIpucrynum K JI0OKa3aTeibCTBY TEOPEM TOLOJIOMHYECKOil KilaccuduKaum KBaipaTuiHo
¥ JINHEHHO NHTErpUPYEMbIX Fe0jIe3UYeCcKuX MOTOKOB Ha OyThuike Kieiina.

HaHOMHI/lM, 4TO METPpUKa C KB3a/JApaTUYHO MHTerMpyeMblM reoe3n4eCcKum
norokom Ha Oyrbuike Kueiina nepesogmrest auddeomopdusmom B merpuky
G(L,f,n)- Ecim dbynxims h # const, To takasi METPUKA HA3BIBACTCH JINY BUILIEBOH.
Ecin h = const, 10 Takasi METPUKA HA3bIBAETCs KBA3NJIMHEHHO!, TPUUEM TPUMEHEHneM
orepalmu § MOKHO J106uThest, 4uTo6b! const = 0. PaccMoTpum chauasna jimyBuiLieBy
merpuxy G(L,f,n)-

Paccmorpum miockocts R? u seficTeue rpynmb Z2, NOPOXKIEHHOE CABUTAMHI
Boub sexropos (1,0) u (0, L). Ckonbssmas cummerpus (z,y) — (z + §,—y)
nopoxaer unsosonuio (obosuauum ee o) ropa R2/,2. Tak xax unpoiOUus
COXPaHHAET METPUKY, TO OHA IOPO2K/IAET UHBOJIIOIUIO N309HEPI€THYECKOIl IOBEPXHOCTH
Q. O603Ha4uM MHBOJIIOLUIO M305HEPreTUYECKON mosepxuoctu () uepes o. B
KOOP/MHATAX T, Y, Pz, Py HUHBOILIOLNS § 3AIIUCHIBAETCs CJIEIYIOMUM 00pasoM: 6 (z, ¥, Py, Py) =
(z + %, —Y,Pz, —Py)- Tak Kak uHBONIOMst § COXpaHsieT unTerpal F,1o ona
nepeBouT TOpbl JInyBuiis B TOpbt JInyBuiist. MOXKHO IPOBEPUTH, YTO HHBOJIIOIAH
0 [ePeBOJUT KPUTHYECKUE OKPYZKHOCTH B KDUTHYECKHE OKPYZKHOCTH C COXPAHEHneM
OPHEHTAIUH.

Ilian goKaszarebCTBa Teopembl 6y et TakoB. Crauasia Mbl onumem (HCIOJIB3Yst
BBEJIEHHOE TIOHSITUE TOTOJIOTMYECKOTo cTpoenust Tuna (P2, g)) Tonoioruueckoe
CTpOEHME Te0jIe3MYeCKOro MOTOKA Ha TOpe. 3aTeM M3yuuM I[OBEJEHUe CIOEB
JInyBuiuisi IpN NHBOJIIOIUA &, U, TEM CAMBIM, OIMINEM TOMOJIOTHYEeCKOe CTPOeHNne
reosie3uueckoro noroka na 6yreuike Kieiina. ITocie sToro neperenem onucanune
HA $13bIK MEYEHBIX MOJEKYJL.

Paccmorpum npsimyio Ru dynkuuio f na neii. Paccmorpum geficrBue rpynmst
Z , nopoxjiennoe capuramu £ — - + 1. @aKTOpIpoCcTPaHCTBO IPAMOIi [0 9TOMY
JeiicTBuio oroxkaecTeum ¢ okpykuocrbio Si. Tak kak (ynkuus f coxpaunsiercs
npu CABMIax Ha eauuuiy, 70 Gynkuus f ungynupyer dyHKOuio (He onacasich
nyranuubl, Oyjgem ofo3nauars 3ty (GyHKUuIO TOXKE uepe3 f) HA OKPYKHOCTH
S1 = R/z. Paccmorpum dynkuuio f na muumegpe S X R, onpezeisiemyio
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bopmyaoii f(z, p,) = f(z)—p2. Paccmorpum wacts nuimnapa St X R, onpesessiemyio
nepasercreom f > 0. O6oznaunm ee Wy. D10 opuentupyemoe MHOroobpasue ¢
kpaem, dynkuns f nocTosinHa HA CBSI3HBIX KOMIIOHEHTAX KPasi.

Paccmorpum reosesuueckuii norok merpuxu (f(z) + h(y))(dz? + dy?) na
KOKACaTeJhHOM pacciioennu K Topy R?/ z2. TaMuIIbTOHMAHOM 3TOrO re0/1e3uecKoro

2 2
noroka sBisiercs dyukuns H = %. B kauecrse umnrerpaia sbibepem
_ f(@)pl—h(y)p2
bynxmmio F' = =y

Paccmorpum runepnosepxuocts (¢ kpaem) {H =1, F < 0}.

JIEMMA 5 Tunepnosepznocmu{H = 1,F < 0} cocmoum u3 cocmoum u3 deyz
CEAZHUET KOMNOHENT, KAXHCOAA U3 Komopus umeem monoaoeuueckyro mun (We, f).

Joxkazaresscrso. Ciosimu JInyBuiuist, 00 OLPEJIEIIEHUIO, SBJISIOTCS CBs3HbIE
2

el
KOMIIOHEHTB! Pelennii CUCTeMbL sz;;;h—(?(z)p? . DTa cucreMa, O4eBHIHO,
: y
fl@)+h(y)  —
. [F=f(@)-p}
9KBUBaJIEHTHA CJIeIyIOIIen: 2 . SaMeTI/lM, YTO IIEPBOE ypaBHEHUE
F =p; — h(y)

BTOPOii CUCTEMBI 3aBUCHT TOJILKO OT NEPEMEHHBIX (T, Py ), BTOPOE — TOJBKO OT
(y, py)- D10 O3HAUAET, 4TO cyion JINyBHILISE SBISIOTCS [IPSMbIM IIPOM3BEJEHHEM
cioes ypoeust bynximn f(z) — p2 na cion yposus dynxiun pi — h(y). Dust
3aBepILEeHHs! JOKA3ATEbCTBA JOCTATOYHO 3aMETUTh, YTO CIOH ypoBHs (byHKIMI
P2 — h(y) (upu F < 0) cocrour u3 aByx Okpy»HoCTeli. Ilepsas OKpYXKHOCTD
ompe/ie/iseTcs HepasencrTsoM py > 0, sropas — p, < 0. Jlokazano.

Cosepuweno anasoruuno pacemorpum (ynkuuio h = pi — h(y) na uwacru
Wy, wununapa R/z x R (rpynna Z peiicrByer capuramu na sexrop (0, L)),
onpezessiemoil nepasencrsom h < 0. Muoxecrso {H = 1,F > 0} cocrour u3
JIBYX CBS3HBIX KYCKOB, KaXK/Jblii U3 9TuX KyckoB umeer tun (W, h).

3ameTum, 4TO IPsSIMOE [IPOU3BE/IEHUE OKPYKHOCTU HA JIBYMEPHYIO IOBEPXHOCTH
MOXKHO PacCMaTpUBAaTh Kak MHOroobpasue co cTpykrypoil 3eiidepra. Uz [?]
CJIeJIy€eT, YTO HeBBbIPOXKIEHHAs H309HEPIETUYECKAs! [IOBEPXHOCTD NHTEIPUPYEMOit
raMUJILTOHOBO}I CUCTEM bl KAHOHUYECKH (€ TOYHOCTBIO 10 M30TONMY PA30UBAIOIIUX
nosepxnocreil) pasbusaercs na Kycku co crpykrypoii 3eiidepra. 3eiidbeprosnt
crpykrypana {H =1, F > 0} KaK Ha IpPsIMOM IPOM3BEIEHUN 1 KaK HA HEBBIPOXK AEHHOM
N303HEPreTHYeCKOi TOBEPXHOCTH UHTEr PUPYEMO#i FAMUIIBTOHOBON CUCTEMbL COBIAIAIOT.
Jluist JOKA3aTeNbCTBA JOCTATOYHO IPOBEPUTH, YTO KPUTUYECKHE OKPY2KHOCTU
SIBJISIOTCS CJIOSIMU IIPAMOLO [IPOU3BEIEHUs!, & 9TO OYEBUJIHO.

MuBosonust 6 AefCIBYeT Ha CBA3HBIX KOMIIOHeHTax mnosepxuoctu {H =
1, F < 0} cuepyrommum o6pasom. Ojina CBsi3HAst KOMIOHEHTA ONPEIEIISIETCs HEPABEHCTBOM
py > 0, Bropas — nepasencrsom py < 0. Tak Kak MHBOJIIOIMS § MEHSIET 3HAK
Py, TO OHA NEPECTABJISIET CBu3HBIE KOMIOHenThl nosepxnoctn {H = 1, F < 0}
mecramu. Tak KAK MHBOJIIOLNS COXPAHSIET TONOJIOINYECKOe CTPOEHNUE, TO (PAKTOPIPOCTPAHCTE
0 9TO! MHBOJLIOLMM MMEET TONOJIOruuecKyio crpykrypy (Wy,f).

TTocMoTprM, KAK HHBOJIIONUS JIEACTBYET HA CBA3HBIX KOMIIOHEHTAX IOBEPXHOCTH
{H = 1,F > 0}. Tak Kak Ha OJHO} CBs3HOIl KOMIIOHEHTE Py IOIOKHUTEJIEH, a
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HA JPYro#l  OTPUNATENIEH, a UHBOJIONUS HE MeHsieT 3HAK (YHKIUU Py, TO
MHBOJIIOIHs [IEPEBOJUT KAXKYIO CBH3HYIO KOMIOHEHTY B cebsi. OToXKIecTBUM
CBs13HYI0 KOMIOHeHTy MHOxkecrBa {H = 1,F > 0} ¢ npsmbiM Ipou3BejeHueM
nosepxnocru Wy na okpyzknocrs Si. Torja jeiicrBue MHBOJIOIMN KOMMY TUDYeT
C eCTECTBEHHDIMYU IPOEKIMAMY IPAMOIO npou3seenus na Wy u na Sy . Jleiicrsue
uHBOJIIOLUU HA nOBepxnocTU Wy onpeaeisiercs bopmyioit 6 (y, py) = (—y, —py).
JleficTBue MHBOJIIONUY HA OKPY2KHOCTY S1 €CTh B TOYHOCTHU IIOBOPOT HA [IOJOBUHY
JUIMHBL OKPYJKHOCTH.

3aMeTuM, 4TO HENOJBUIKHBIMHM TOYKamu unsououun (y,py) — (—y, —py)
sBustoTes Toubko Toukn (0,0) n (0, %). Bpemenno Bri6pocun 3TH TOUKH BMecTe
€ MaJIbIMU APOBbIMK OKpecTHOCTsiMU. [TIapoBble OKPECTHOCTH MOXKHO BbIOPATH
TaK, 4T00bL MHBOJIIONU: ObLIA KOPPEKTHO OLpejieena Ha ux gonosnenun. OcraBmyocs
yactb Oyjsem 0603Ha4aTh Wf. Tak xak na Wf UHBOJIIOLHMs! A€HCTBYeT 6€3 HeloIBUKHbIX
TOUeK, T0 (haKTOPIPOCTPAHCTEO 110 3TON HHEOJIIONUU €CTh IIPSMOE IPOU3BEIeHIe
daxroprnpocrpancrea Wy o "uenrpausnoit cummerpun(y, py) — (—y, —py).
TTocuie pakropusanun okpecrnocreii cioes (0,0) % Sy u (0, L) XSy o uusosonun
[OJIy4aeM CTAHAAPTHYIO OKPECTHOCTH 0coBoro cios tuna (2,1) muorooGpasust
Bedidepra.

Wrak, mbi onucaun "kyckn"{H = 1,F < 0} u {H = 1, F > 0} uzosneprernueckoii
nosepxnocru @ = {H = 1} u jeiicreue nnpononuu na nnx. Ipucrynum x
MOCTPOEHUIO MeueHoi MoJieKyJibl. 'padom MOJEeKyIbl SIBJISIETCSI TPOCTPAHCTBO
paszbuenus n3onepreTnyeckoii nosepxnocty @ na Topst JIuysuiis. (Hanomunaewm,
YTO IPOCTPAHCTBOM pa3bMeHust HA3bIBAETCsl TOMOJIOIMYECKOE IPOCTPAHCTBO, TOYKAMU
KOTOPOTO sIBJISIIOTCs! CJ10M pasbuenns.) OTOXKIECTBUM IPOCTPAHCTBO pasbuenns
¢ rpacdom monekyist M(L, f, h). Ilycts cnavana snavenne dynkuun F na cioe
JInysuwis T ne mewsme fii. Hamomnnm, uro muoxecrso {H = 1,F > 0}
OTOXK/IECTBJIEHO C YACTBIO HPAMOro mpomssenenuss S; X R x S'. Ilpoexiuio
[PSIMOIO IPOU3BEJIEHUsI HA IEPBYIO KOMIIOHEHTY 0003HA4NM 4Yepe3 7.

Paccmorpum o6pas 1 (1) ciost Jluysuis 1" na oxpyxuocru Sy . U3 cesisnocru
cuost T cuenyer, uro o6pas m (T') ceasan. Ilycts 3nauenne unrerpana F' na
cuoe Jlnysmiuiss T pasuo Fy. Torpa obpas 71 (1) coBnajaer ¢ npoekiueil na
S1 COOTBETCTBYIOMEH KOMIIOHEHTbL CBA3HOCTH pemenuii ypasuenns f(z,p,) =
Fy. Tlocuesnnee ypasnenue nepenucbisaercs kak p2 = Fy + f(z). Ouesuano,
4T0 npoeknus Ha "oCb"p, = 0 KOMIIOHEHTbI CBH3HOCTU peleHuil ypaBHEHUs
f = Fy + p? cocrour us ayru, mpuuem ¢ynkuus f Gousme uin pana Fy Bo
BHYTPEHHUX TOYKAX JyTu u npunumaer 3nauenne Fy na xonmax ayru. Oxouo
KOHIIOB 3To#i myru pasuocth f(z) — FO mensier 3nax.

Culei0BaTeIBHO, CYIIECTBYET U €IMHCTBEHHO FOPU30HTAIIBHOE CEYEHNUE CYIIECTBEHHOTO
noarpaduka Gynkuun f, jexamiee naj ayroii (T.e., COCTOsIIEE N3 TOUEK BUJAA
(z, const), rie x nexut na gyre. ConocTaBuM paccMaTpuBaeMOMy CJ10I0 JInyBuILIst
970 cevenne. HanomMuuMm, 4To, 10 HOCTPOEHUIO, FOPU3OHTAIIBHBIE CEYEHUS SIBIIAIOTCS]
roukamu rpada I'y. JIlerko Bujers, 410 nocrpoennoe orobpazkenune GUeKTHBHO.

Paccmorpum muoxecrso {H = 1,F < 0}. Bbime Mbl 0TOXAECTBHIN 3TO
MHOKECTEO C JBYMsl 9K3EMILISIPAMY TTOMHOXKeECTE Muoxecrsa Sp X R x S1/6.
Paccmorpum npocrpancTeo pa3buennst Ha TOpb JInyBuiLis 1 OTOXKAECTBAM €ro
¢ JByMsi 3Kk3eminisipamu rpada I'p.
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Iycre 3navenue ¢dynxkunn F' na cioe JIuyuiins T Menblue ninm pPaBHO
—hmin. ConocraBum sromy ciioo Touky rpada I'y mo ciemyromemy npasuiy.
Tak KaK UHBOJIOIMS ' KOMMYTUPYeET C IPOEKIUAMN [IPSIMOIO IPOU3BEIEHHs!, TO
[IPOEKIUs IIPAMOIO IPOU3BEIEHHs] Ha IEPBYIO KOMIIOHEHTY [IOPOZK/aeT OTo0pazkenue
Ha (PAKTOPIPOCTPAHCTBO [IEPBOY KOMIIOHEHTDI 110 MHBOJIIOLUKY 6. O603HAYMM TO
orobpazenue depe3 7. PaKTOPIPOCTPAHCTBOM OKPYKHOCTH Sy, 110 HHBOJIIOIUY
0 sBJIsieICs OTPe30K. TaKk KaK KOOD/JMHATA § HA 3TOM OTPE3KE M3MEHHETCs, C
TOYHOCTBIO JI0 UHBOJIOIMY, B IpOMeXKyTKe oT 0 10 %, TO €CTECTBEHHO OTOXKIECTBUTh
ator orpesok ¢ orpeakom [0, £]. Pacemorpum o6pas w1 (T) cios T Cymecrsyer
U €JIMHCTBEHHO CeYeHne CyIecTBeHHoro noarpaduka Gyukuun h, nexamee naj
nosyuenubiM orpeskoM. ComocraBuM ciioo JIuyBuiList 9TO cevenne.

Paccmorpum teneps muoxkecrso {H = 1,—hpin < F < frin}. Tops
JluyBuiuist, 3nauenue ¢pynkiuu F 0T KOTOPBIX JIEXKUT B UHTEPBAJIE
(—hmins fmin); OPTAHM3YIOTCs B JBA OJHONAPAMETPHYECKHX cemelicTsa. [leproe

cocront u3 Topos Buga {(z,y,v/f(z) — F,£/h(y) + F)}, BTOpoe — u3 Topos
euga {(z,y,v/f(z) — F,£\/h(y) + F)}. TlepBoe cemeficTBO TOPOB COEAMHSIET
OfIHy CBsi3HYI0 KOMIOHenTy muoxkecrsa {H = 1,F < 0} c¢ muoxecrsom {H =
1, F > 0}. Bropoe cemeiicTBO TOPOB COEJUHSIET BTOPYIO CBAU3HYIO KOMIIOHEHTY
{H=1F <0} ¢ {H=1F >0} drum cemeiictBaM TOPOB, OYEBUHO,
COOTBETCTBYIOT COEJMHAIONINE Bblgejennble sepmunpl rpados I'y u T'y pebpa.

Joxaxewm, uro ocnaienue mosexyist M(L, f, h) aromamu npaenisnoe. Hanomuunm,
YTO ATOM, COOTBETCTBY IO KPUTUUECKOMY CJIOK0, CTPOMTCS CJIE LY I0IHUM 06pazoMm.
B 0KpecTHOCTH KPUTHYECKOTO CJ10si CYIIECTBYeT TaKasi eMHCTBeHHAs (¢ TOYHOCTBIO
JI0 M30TONMK) CTPYKTypa paccioenus 3efidepTa, 4TO KPUTHUECKHE OKPY2KHOCTH
3TOrO CJIOs SABJAIOTCs CyiosaMu Jeiidepra. M3oTonueil MOKHO 100UTHCs, 4TOOBL
cion JlnyBuiuist cocrosum u3 uenbix cioes eiidepra. Torpa moBepxHOCTHIO
aroma siBiisieTcst 6a3a pacciioenus 3efidepta, a KpuTuueckuM rpadom, BIOXKEHHBIM
B aTOM, SIBJISIETCs TIPOEKINsI KPUTUUECKOTO CIIOSL.

Iycre crauana 3nauenue Gynxkuun F' HA KPUTHUECKOM CJIOE He MEHbINe
frin- Torma OKpecTHOCTh KPUTHYECKOTO CJIOH TOIOJIOIMYECKH SKBUBAJIEHTHA
[PSIMOMY IIPOM3BEJEHHUI0 OKPECTHOCTH COOTBETCTBYIONIEH KPUTHYECKOH JIMHUU
yposns ¢ynkiuu f na mopepxuoctu Wy. CileioBaTe)ibHO, ATOM, COOTBETCTRY FOIIHiL
[OBEPXHOCTH eCThb napa (Kpuruyeckuil cioii dynxuun f, ero peryispuas OKpeCTHOCTH
B mmwmngpe S x R). Tak kak f = f(z) — p2, 1o mobas obpasyomas Buia
{z = const} nepecekaer rpad ne Gojee uem B AByX TOUKaxX. JIErKO BUJETH, 4TO
TAKOMY CBOHCTBY CPEJIU BJIOXKEHHBIX B IMIMHJD IPadOB ¢ BepIIUHAMYU CTEIEHU
4, yJIOBJIETBOPSIIOT TOJIBKO rpadbl, PErylisipHast OKPECTHOCTh KOTOPBIX SIBJISIETCS
(mst mopxonsmero n) nu6o atomom Vi, smbo aromom P,. Ilpudem ecin ner
obpasyomux, KOTopble He nepecekaior rpad, To 3o arom Pp, a ecin ecrsb,
TO 3TO  aTtoMm V.

ITycrs reneps 3nauenue Gynkiuu F' Ha KPUTUYECKOM CJI0€ He Boibime — Ry iy .
Basoii pacciioenus eiidepra ciykut auck, mpuuem npsmble Buja {y = consi}
nepecekaroT kpurnueckuii rpad ne Goiee uem B AByx Toukax. CiegoBarensho,

B BepIinHax rpaca MoiieKyJibl crenenu 2 u 6oJibIne CToAT Jinbo aTombl Vi, jiubo
aToMbl, IoJy4YaeMble u3 aTtoMoB V,, jobaBiienneM 3Be3704eK (BepIIUH CTEIeHn
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2).
IIycTb ceuenne cymecTBeHHOro noArpaduka, COOTBETCTBYIOIEE KPUTUUECKOMY
cuowo, cogepxnur touky (0,h(0)). Toraa Touka BerTmieHus Jexur Ha rpade
aroma Vj,. Bbiie Mbl 1mojyuniin, 4T0 TOUKAM BETBJIEHHUsI COOTBETCTBYIOT 0COObIE
cuou tuna (2,1) paccioenns 3eiidepra. CiesioaTesbHo, Ha Kpuruueckom rpade
aromMa HAaXOAMTCs 3BE3/04KA. AHAJIOrMUYHO, CIOH CONEPIKUT 3BE3J0UKY, €Cin
HA COOTHETCTRYIOMEM cevenun uexut touka (%, h(%)). Coorsercrsenno, eciun
ceuenne cozepxur opuospemenno u Touky (0,h(0)), u rouxy (£, h(%)), o
COOTBETCTBYIOMIMI ATOM siBIsieTCst (Jyist TIOAXOASIEro ) atomom Vi*.
Jlpyrux 3Be3jj04eK HA KPUTHYEeCKHX rpadax aToMOB HET, JeACTBUTENBHO,

ocobbiMu Cl1I0siMu pacciioenus 3efidepra siBISIIOTCS TOJIBKO CII0U, IPOEKTUPYIOLINeCs:

B Toukn (0,h(0)) u (4,h(%)).

IMokaxkeMm, uTo MeTkn Ha Mosekyie M(L, f, h) Boruncienst npasuibno. Kak
u npexje, 6yaem oroxaectsists {H = 1,F > 0} ¢ npsMblM IPOU3BEICHHEM
Wy na okpyxnocts S;. B kauecrse ceuenmsi paccioenns 3eiipepra BhiGepem
1poobpas GUKCUPOBAHHOI TOUKE HA OKPY2KHOCTH S1 [IPU €CTECTBEHHON IPOEKIHY,
Ha xaxxiom tope JluyBuiuis Bbibepem 6a3uc, napaiieiblo KOTOPOIO HBIISETCH
cuioii 3efidpepra, a MepuMaHOM — IEepecevenre ¢ BHIOPAHHBIM CEYeHHEM. DTOT
6azuc Gyzer JomycTHMbIM (IO ONpPEJEIEHUI0), MAaTPUIbl NEPEX0ja, KOTOpble

01
OCHAINAIOT BXOJsAINNE B BEPINNHBL CTEIIEHN 1 peﬁpa, PaBHbL 10 . Ha ocranbsubix

pefpax OCHAIAKIIME MATPHUIIbl PABHBL ((1] _01 ) .

CuiepioBaTelbho, Ha peGpax rpada Iy, CoeUHSIONNX HEeBbLIEJIEHHY 0 BEPILUHY
crenenn 1 ¢ npou3BOIBLHON BepIUNHON, CTOMT I-MeTKa 7 = (), & HA OCTAJILHBIX
pebpax CTOUT I-METKa T = 00, & BCE £-METKHU PaBHblL € = +1.

Haiinem - u e-merku na pebpax rpada I'. Ilycrs cnauana pebpo rpada
COEJIUHSIET JIBE BEPINHUHbL, KaXK1ast 3 KOTOPbIX UMEeT CTeleHb, GOJIBILY 0 €U HUIIbL.
TTapasuieisio gormycTumoro 6asuca, o OnpeIeIe IO, sIBJISETCs CIIOH PACCIOeH s
3elidepra, NIOPOKIEHHOIO COOTBETCTBYIONUMU KPUTHYECKUMYU OKPYIKHOCTSHMY.
Tak kak muoroobpasue 3eiipepra {H = 1,F > 0} momyckaer riobaibuoe
cuoenue 3efidepra, 1 TAK KAK KPUTUUECKUE OKPY2KHOCTH FAMUJIBTOHOBOM CUCTEMbL
SIBJISIOTCS! CJIOSIMU pacclioenns 3eiidepra, TO r-MeTKK Ha TaKUX pebpax paBHbL
00, a E-MeTKM paBHbI 1.

Paccmorpum pebpo, BXozsiiiee B BepIuHy cTelenn 1 1 pacCMOTPUM CedeHnne
CYIIECTBEHHOro NoArpaduka, COOTBETCTBYIOMEE ITOH BepiuHe. DTO cedeHne
cocront 13 0Ok TouKk. Ecin o1a Touka omimuna ot rouek (0, h(0)) n (£, h(£)),
To Torja cioii efidepra nepecekaer Mepuauan B OAHON TOUKe, odTOMY T = 0
n e = 1. Ecum 9ma Touka coenauaer unbo ¢ roukoit (0, k(0)), smbo ¢ roukoii
(%, h(%), TO COOTBeTCTBy}OLﬂa}l Kpurunyeckas Opr)KHOCT]) SABJISAETCH CJIOEM TUITA
(2,1) paccuoenus 3eiidepra. Torpa cuoii efidepra nepecekaer mepuanan B
JIBYX TOUYKAaX, OTKYJA ' = % ne=1.

Paccmorpum pebpo, coepunsironiee rpadut Ty u T'p. Jus onpegesennocty
paccMoTpuM pebpo, Topbt JInyBuiuist 3TOro pe6pa B KOOPMHATAX 3alUCHIBAIOTCH

{(z,y,1/f(z) — F,£+/h(y) + F)}. B kauecrBe napaueneii gomycrumoro 6asuca,
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npumeamero ¢ {H = 1,F > 0}, MoxHO B3sTb OKpyxuoctd {z = consi}.
B xauecrse mapauleseii jomycrumoro 6asuca, npumemmero ¢ {H = 1,F <
0}, MoxHO B3sitb OKpyknocru {y = const}. Okpyxuocrs Buja {z = consi}
epeceKaeT OKPYy2KHOCTD Buja {y = consi} posro B oanoii rouke. Cie0Bare/bHO,
r-merka Ha 3tux pebpax pasua 0.

Paso6bem MoJleKyily HA CeMbU U HAMAEM N-METKY KaK/107i cembu. MHOKeCTBO
pebep € r-merkamu, OTJIMYHBIMM OT 0O, COCTOUT M3 BCEX pebep, BXOJSIMX B
BepImuHbL cTenenu 1, u u3 pebep, coepunsiiomux rpad 'y ¢ rpacdamn I'y,. Ecin
paspesaTs rpad) MOJIEKyJIbL 10 TUM pefpaM, TO BO3HUKAIOT TPU CBA3HbIE KOMIIOHEHTBL,
He cozepxkaiue Bepmun ¢ aromom A. Paccmorpum cradasia cembio, COCTOSIIY IO
n3 rpacdal’y c orpe3annbiMm HEBbLIEI€HHBIMY Bepmunamu crenenu 1. Paccmorpum
coorsercTByomyo yacts Dy runepnosepxnocru {H = 1}. Kak 6bL10 nokasano
Boime, Dy npejicTaBiisieTcs B Bujie IPsAMOr0 Ipou3Beienns nosepxunoctu Wy 6e3
MaJlbIX [apOBbIX OKpecTHOCTel Touek uujiekca (1,1) dynkuun f. Ocnamenne
IPaHUYHBIX TOPOB IUKJIAMI H30TOIMHO (HA KaYK/[OM TOPE) OCHAIIEHUIO, TOPOKJAEHHOMY
1poo6pa3oM IPOU3BOIBHOM TOYKH OKPY2KHOCTH [IPU €CTECTBEHHOH IPOEKIHUn
m: 8t x R — S'. CiienoaTenbho, n-MeTKa 310ii cembu pashna 0.

Haiigem n-merky cembn, cocrosimeii n3 rpaca 'y, ¢ oTpe3anHbIMy HEBbLIEJIEHHBIMI
Bepmunamu crenenn 1. Paccmorpnm coorsercrByiomyo uacts Dy, runeprosepxuocTu
{H = 1}. Ynauum u3z Wj, okpecrnoctr Touek nnjekca (1,1) gynxuun h. Ocrasmyocs
wacTh 0603naunm W,. Kak 6110 nokasano BBLINE, Wi, xS, JIBYJIMCTHO HAKPBIBAET
Dy,. Jlerko mpoBepsieTcsi, UTO OCHAIIEHUE IPAHUYHBIX TOPOBR Dj mogHUMAETCst
IIpH 5TOM HAKPBITHH 70 OCHAIEHHS TPAHHYHBIX TOPOB W), X Si, IOPOXKAEHHOTO
Ipoo6Gpa3oM IPOU3BOJIBHOM TOYKH OKPYKHOCTH [P €CTECTBEHHO IOBEPXHOCTH.
JleficTBUTEIIBHO, OCHANIIEHUE [PAHUYHBIX TOPOB CTPOMTCS IO TONOJIOTUYECKOMY
CTPOEHUIO, 3 HHBOJIIONU, IBOACTBEHHAS K OIIUCAHHOMY JBYJINCTHOMY HAKDBITHIO
COXPAHHET TOILOJOIMYECKOe CTPOEHHE.

Tak KaK n-Merka [poCTPAHCTBA Wh X S1 pasua 0, u na Wh X S| HeT 0cobbIX

cuoes 3eiidepra, To kiace Ditepa € muoroobpasus 3eiidepra Wi, x Sy pasen 0.
TTo reopeme o noBegenun Kuacca Diijiepa Ipu HAKPHITUAX, HOJIYYaeM, YTO KJIACC
iinepa muoroobpasus 3eiidepra Dy, pasen 0. Tak kak muoroobpasue 3eiideprta
D), COAEPKUT POBHO 2 KPUTUYUECKUE OKPYKHOCTH, Ipuyem obe umerot tun (2,1),
T0 npuBesenubii Kiace Diinepa pasen & = 0— 1 -1 =-1.13 reopembl 0 cBs131
KJyacca Jjlepa U N-MeTKN BBITEKAET, YTO MeTKA 1 paBHa — 1.

Wrak, moileKyJia reosie3uteckoro noToka merpuxu G(r, 1 py Ha byrouike Kauefina
cosnasia ¢ mosekyoit M(L, f, h). Teopema jpoxka3zauna.

JToKa3aTelbCTBO TEOPEMbL TOMOIOTUYECKOil KilacCu(uKaumu reofe3n4ecknx
noToKoB MeTpuK G (1, ,0)-

B xauecTBe nHTErpajla reoje3uuecKoro noToka Bo3sMeM Gynkuuo F(z, y, py, py) =
p;. Paccy»k/1as1 anajioruyHo J0Ka3aTebCTBY TEOPEMbL TOIOJIOT MYECKON Kilaccuuranun
reojIe3uYeCcKOro MOTOKA JIMYBUILIEBBIX METPHUK, [HOJIy4aeM, YTO MHOroobpasue ¢
kpaem {H = 1,F > 0} umeer tonosoruuecknii tun Wy. Muoxecrso {H =
1, F < 0} romeomopdro aBym 6yrsuikam Kueiina. JleficTBUTENBHO, B KOKACATEIEHOM
pacaioenun k Topy R?/ ;2 muoxecrso {H = 1, F < 0} onucbiBaeTcs: cuctemoi
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2 2
PPy _
g(z) 0_ . Orciona cieayer, 4ro pi = 0 n peenne COCTOUT U3 JIBYX CBA3HBIX
py <
komnonent: {(z,y, /f(z),0)} n {(z,y, —/f(z),0)}. Kaxcaas u3 srux komnonenr
romeomopdua Topy.
Tax KaK UHBOJIOUMs & 3a13e1cst hopMyJIoit

(, Y, Par Py) = (45, —Y, Pe, —Py), TO baxropupocrpancrro Topos {(z, y, /f(x),0)},

o
{(z,y,—+/f(z),0)} no aToit unBoIOIMK TOMeOMOPHO ABYM GyThLikam Kieiina.

ToOHOJIOrMYeCKOe CTPOEHUE HHTEIPUPYEMbIX FAMHIIBTOHOBBIX CUCTEM, HEKOTODbIE
cion JInyBuiist Koropeix romeomopdubl G6yThuike Kieiina, 6puio u3yueno B
crarpe [?]. VI3 pe3ysibraTos 910l paboThL Clleyer, 4To K KaxK/10ii Takoil Oy Tblike
Kuefina npumbikaeT ojHolIapamerpuyeckoe cemeiictso TopoB JInysuiuis. Ha
9TUX TOPAX KAHOHUYECKM CTPOUTCst Gasuc (C TOYHOCTH JO M30TOINUM M CMEHbL
HalpaBJeHus Cpady Ha obenx uKJIOB ba3uca) cieayromum obpasom. Ha okpecrnocru
Gyrbuikyu Kueiina euucrBennbiv (€ TOYHOCTBIO 0 U30TOIMU U CMEHbL OPUEHTALIUN)
BBOJUTCS CTPYKTypa MHoroobpasust 3efidpepra ¢ JByMst OCOOBIME CIIOSIMM THIIA
(2,1). Ecun BBIGPOCHTH OKPECTHOCTH 3THX CJIOEB M OCHACTHTH BHOBB MOJIy Y€HHBIE
IPaHUYHbIE TOPbl MEPUANAHAMHU MOJIHOTOPHil, TO CYIIECTBYET €JUHCTBEHHOE (C
TOYHOCTBIO JI0 IOCIOHHO{E n30TONKMY) Ceuenue paccioenus 3eiidepra, nepecekaomee
9TU FPAHUYHBIE TOPB! 10 OCHAIAOIIMM IUKIIAM.

IMapasuiensio Kanonudeckoro 6asuca na topax JluyBuiuis siBisiercs ciioi
pacciioenust 3efipepra, MepuanaHOM — MepeceueHust BHIGPAHHOIO CeueHust €
ropamu Jluysniis.

Kax 6b110 IOKA3aHO BblIlE, B HAILEM Cllydae CJIOEHUE HAa OKPYXKHOCTH BUJA
{y = const} sBusiercs cinoenunem 3eiidpepra tuna (2,1). JonycTumbiM cedenueM
saBusieTcs cevenne {z = const}. Clie0BaTeNBHO, OCHAIEHUE IPAHUYHBIX TOPOB
muoroo6pasus 3eiidepra ¢ xpaem {H = 1,F > 0} rakoe xke, kakoe GbLIO B
cily4ae reoje3udeckux noTokos JIuysuiieBoi merpuku. Ilosromy n-merka na
rpacde I'y cosnagaer ¢ n-merkoii na rpade I'y s JIlnyBuilieBbiX METPUK U
pasra 0, a Ha coejuuaOImUX coorercrByomue Oyrouikam Kuefina Bepmunbt
pebpax crour merka Tonanosa (0 : 1). Teopema gokasana.

JloKa3aTeIbCTBO TEOPEMBL TOMOJOIMYeCKON Kiaccudukanun st JuHEHHO

UHTETPpUPYEMbIX I'e0/Ie3n4eCKUX IMOTOKOB Ha 6yTlelKe Kiieiina anajiornuno npeablaynmM

JloKazareiberBam. Bosseem Jmnefinbiii nnTerpal B Kkajapar. Muoxkecrso {H =
1,F = 0} cocTonT u3 0JHOrO TOpa. DTOT TOP Pa3JEUAT U303HEPreTHYECKYIO
nosepxnocts {H = 1} na aBa Kycka, Kaxk/blii U3 HUX MMEET TOIOJIOrUYECKuit
un ¢axropnpocrpancrea Wy X S; no unposnonuu 6. Tak kak mapasuienn,
npuuesmne ¢ 060X KyCKOB Ha PA3/IEJIsiONuii TOp, M30TOIHbL, TO TONOJIOTHYECKOe

cTpoenue nopoxaaer raobaisnyio 3eiideprosy crpykrypy na {H = 1}. CaienoBareinsno,

r-MeTKa Ha pebpe, CoeJuHHIOIeM J1Ba 3K3eMiLisipa rpada 'y, parna co. B kaxjom
KYCKe JIEZKAT POBHO 2 0COObIX C10st, Kaxblil umeer tun (2,1). Ciuenosareisno,
BO BCeM MHOroo6pasuu jiezkut 4 0CoBbIX CJI0# 1 110 TEOPEME O IIOBEJEHUH KJIACCA
Diluiepa npu HAKPBITHAX N-METKA PABHA -2.
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TJIABA 3. CEMENCTBO IIPUMEPOB 4-METPUK HA BYTBLIKE KJIENHA.
§1. OcHOBHBIE ONpeaeIeHNs.

Ilycrs M2 — pumanoBa MOBEPXHOCTB.

@ynxuus F : T*M? — R nasniBaeTcsi 00H0POOHHLM TOAUROMOM N0 UMNYALCAM,
€CJIM B OKPECTHOCTH KaX</10# TOUYKM B JIOKAJIbHBIX KOODJMHATAX &L, Y, Ps, Py » L€
Z,Y — KOOpJAMHAThI HA MOBEPXHOCTH, & Py U py — KaHOHMUYECKHU COIIPsKEHHbIe
UM uMIybChl, Gynkuus F' npejcraBisiercst B Buje

F(z,y,p0:py) = Y Aii(e,y)Pip),
i+j=k

rae ko3 duuuentsr A;(z,y) ecrs rnagkue Gynkiuun AByX nepemenusix. IIpu
9TOM 4UCIO kK HA3BIBAETCs CTENEHBIO IOJUNHOMA. SICHO, YTO 9TO OLpeje/IeHune He
3aBUCUT OT BbIOOPA CUCTEMBL JIOKAJIBHBIX KOOPAMHAT.

Teone3unuecKuii MOTOK HA3BIBACTCH NOAUHOMUGALHO CENEHY k NHTErPUPYEMbIM,
€ClIM HEKOTOPBIH OJJHOPOHBLA MOJMHOM CTENeHH K M0 MMIYJbCaM SBJISETCH
MHTErpajioM, U He CYIIECTBYET MOJINHOMUAJIBHOTO 1O UMILYJbCAM MHTErpajla
MeHbILeH CTenenu.

TosuroMuaibHO cTenenn 1 uHTerpupyeMble Feo/Ie3H4ecKUe IOTOKYU Ha3blBAIOTCH
TAKXKE JIMHEWHO I/lHTeI‘pMpyeMblMI/l, IIOJIMHOMMAJILHO CTEIleHn 2 MHTerMpyeMble
reoje3nyecKue NOTOKMU Ha3blBAIOTCsH TaK2Ke KBa/IpaATUYHO I/lHTerMpyeMblMI/l.

ITa riasa AMCCePTALUMU OCBSIIEHA TOCTPOEHUIO U TOMOJIOTMYECKOMY OIUCAHUIO
ceMeiiCcTBa IOJIMHOMUAJIBHO CTEIeHH 4 HHTerPUPYEMbIX [e0JIe3U4eCKUX II0TOKOB
na 6yrbuike Kueiina.

TocTpoenue onucano B mepsom naparpade, Bo BTopoM IPeIbABIISETCS TT0JIMHOMUAIbHDLIA
HHTEerpaJl YeTBepTOii CTEIeHH U JIOKA3bIBAETCs OTCY TCTBUE JIMHEHHDIX U KBAPATHUHBIX
nnTerpanos. OTCyTCTBHE HOIMHOMHUAIBHOTO HHTEIPAJIA TPEThel CTElIeHH JOKA3AHO
B TperbeM naparpade. B uerseprom CIposiTcs MeueHble MOJIEKYJIbl TAKUX [e0/e3U4eCKUX
[IOTOKOB, M, T€EM CaMbIM, OIUCHIBAETCH UX TONOJOIHYECKOE CTPOEHUE,

§2. ITocrpoenne.

Ilycre @ u b — narypasibuble B3auMHO npocrbe umcna, f : B — R —
[J1aJIKasi [OJOXKUTEIIbHAs OTJINYHAs OT KOHCTaHTbl (DYHKIMst C Iepuojom 1.
PaccmoTpum miockocTh R? €O CTaHJApPTHBIMM KOODAMHATAMHU T,Y, METPUKY
ds® = (f(z) + f(z + %))(dz? + dy?) wa meii n napy sextopos a = (a,—a),
b = (b,b). Jlerko nosepsieTcsi, uTo MeTpUKa ds? COXPAHSETCs KaK MPU CIBUTAX
Ha BeKTOpa @ u b, Tak M Tpu cKoub3smed cumverpun (z,y) — (¥ + 2,z + &),
Paccmorpum jefictBue @ rpynnst Z + Z, HOPOXKJIEHHOE CABUTAMM HA BEKTOpa
@ n b. ®axrop miockoctn R2 no geiicrsuio a o6oznaunm Typ. OueBnano, uro
Top romeomopden aBymepromy Topy. Tak Kak AefCTBHE @ COXPAHSET METPUKY
ds?, o merpuxa ds? unmymupyer merpuky (o6o3naumm ey Gabe) Ha Tope Typ.
Pacemorpum asrognddeomopdnsm 8 ropa Typ, NOpoxKaeHHbBII CKOJIBb3siEH CuMMeTpueit
(z,y) > (y+ L2+ L). Daxrop Topa Ty 1O UMKIMUECKOMY JEHCTEMIO 9TOTO
subdeomopdusma romeomopden 6yrouike Kueiina (o6osnaunm ee Kgp). dro
clleJlyeT U3 TOro, Y4TO MHBONIONUs (3 HE MMeeT HENOABUIKHBIX TOYEK M MEHSIeT
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Puc. 14:

opuenranuio. Tak KaK HHBOJIIOLM [ COXPAHAET METPUKY Gfb 5 TO METPUKA Gfb y
nnjgynupyer merpuky (oGo3naunm ee Ggpf) na Oyrbuike Kueiina Kgp.

Ha puc. 14 u3o6parkenbl BEKTOPA @, b, 0Ch U BEKTOP CKOJIb34IIEH CUMMETDHH
(z,y) = (y+%,2+%) usaremnen bynsamentanbubiii napasiesorpaMy aeficrsus
a.

3ameuanue Moxno nokasars, uro mexy Gyreuikamu Kuetina K. u K j
cymectByer guddeomopdusm, nepesogsumii Merpuky Gaps B METPUKY G&,;f,

ecim u TounKo ecim a =@, b=bu f(z) = f(z + 1) mun nekoroporo i.

TEOPEMA 1 T'eodesuveckuti nomox mempuru Gapp NOAUHOMUGALHO CMENEHU
4 unmezpupyem.

JIpyrumu clioBaMu, y Te0Ie3UYecKOro N0TOKa MeTpiKn G gpf €CTh MOJMHOMHUAIIBHbLI
MHTErpaJjl CTemeHu 4 U HeT IOJMHOMUAJIBHBIX MHTErpajioB cremenn 1, 2 m 3.
JlokazaTesibCTBO 3TOil Teopembl OyjieT nmpoBeJeno B maparpadax 2 u 3.

§3. OTcyTcTBHe KBaApPATHYHBIX IO UMIIYJIbCAaM MHTErPaJIOB.

Hpeﬂ'b}lBPlM TIOJINHOMUAJIBHbBIH unHTEerpall reoe3anveCcKoro nmoToka MeTpukun
paf(yt3) -y f(z)
Fy+5)+f(=)
uepes p, u p, 0603naueHbl 0606IIEHHbIE UMITYJIBChl, KAHOHHYECKH COLPS2KEHHBIE,

COOTBETCTBEHHO, K KOOpJMHATAM T 1 Y. ®ynkums F? sBiiseTcs MHTErpajiom
reoJIe3UYeCKOro MOTOKA. DTO MOMKHO IPOBEPUTH HENOCPEJCTBEHHO, IIOCUUTAB
cko6ky ITyaccona dynkiuu F2? u ravnisronnana H. Heckoinko Goiee Jierkum
BBITJISIANT ClleyIolee JIOKa3aTelbcTBO 3Toro (hakra. Paccmorpum mopmsiTne
Fr dyukunn F' na top T,p. D10 nogusiTue OyJeT MHTETPAIIOM Te0e31YecKoro
TIOTOKA METPUKU ng I Nupourounst B neperoaur Fr B —Frp, u, clieoBaTeibHO,

Gabs. Paccmorpum ynkuuio F (2, Y, pe, py) = , /1€, KaK U TIPEXKJIE,

coxpansier Fr?. Cuesopareisno, F2 ecTh WHTerpajl reoiesnteckoro moTOKa
merpukn Ggpy na Gyrouike Kieiina Kqp. OueBnino, uto F? gpjisiercsi OHOPOHBIM
NOJIMHOMOM CTeneHu 4 [0 UMITYJIbCAM.

JIOKAZKEM OTCYTCTBHE IIOJMHOMHUAIIBHBIX CTEIeHH 2 MHTErPAJIOB, DTUM CAMbIM
MBI OJJHOBPEMEHHO JIOKAYKeM OTCYTCTBUE MOJINHOMHUAJILHBIX CTETNEHN 1 NHTErpalios,
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TaK KaK KBaJPaT [IOJIMHOMUAJIBHOLO CTENeH: 1 NHTerpasia sBIseTCst OAHOPOJAHBIM
[OJIMHOMOM CTEIeHH 2 [I0 UMITYJIbCAM M, O4EBHIHO, TOXKE SIBJISETCS HHTEIPAJIOM.

U3 semmbl 3 ruaesl 2 caegyer, 4To Jjii000i OIMHOMUANBHDBLA crenenun 2
MHTErpaJl Te0/1e3UeCKOro oToKa MeTpuku GL, ; 1a tope T umeer sug e Fr +
¢coH, e 1 #0 1 5 — KOHCTAHTBL.

HyCTb TNO/IHATHUE TTOJIMHOMUAJIBHOTO CTEIIEHU 2 MHTErpalila Ha TOp UMeeT BUuJj
K = ¢; Fr+coH. Torpa npu unsonrouuu 3 , ¢ oguoii croponst, K coxpansiercs,
a ¢ apyroit croponst, B(Fr) = —Fr , B(H) = H. CiuenoBarensno, ¢; = 0.
Tosy4ennoe npoTuBoOpeyne JOKA3BIBAET, YTO ¥ FE0Je3UYECKOrO IOTOKA METPUKH
Gapf HET NOJIMHOMHAJBHBIX CTeNeHn 1 1 2 HHTErpalioB.

§4. OTcyTCcTBHE MHTErpaJioB cTeneHu 3.

Hawm ocrasiocs JA0Ka3aTh, 4TO y I'€OJE3UYeCKOro IIOTOKA METPUKHU Gllbf Her
TOJINHOMUAJIBHBIX CTEIeHn 3 UHTErpaJioB. Mpb1 AOKazKeM boJiee CuIbHBLI d)aKT.

JIEMMA 1 YV zeodesuueckozo nomoxa Auyeusresoli Mempuxu Ha mope Hem
NOAUHOMUAALHOZ0 MPembel] CMeNeHU UHMeZPaa.

Cuencreue Y reojieanyecKkoro noroka merpuku Ggpy na 6yrouike Koeiina
Kp HET IOJIMHOMUAJIBHOTO TPETheil CTeNeHn MHTerpalla.

,IIOKBE!BTEJI])CTBO CJIeICTBUA (B IIPeIIojIO2KeHnn , 4To JieMMma Bepha) . Hpeﬂ,HOJlO)KPlM
nporusnoe. Torypa na tope Tgp y reoj€3uyeckoro NOTOKa METPUKH Gabe ecTb
[OJIMHOMUAJIbHBLA TpeTbeil crenenu unrerpai. Pacemorpum sekropa (0, ab) u
(ab, 0). ®akropmpocrpancTro miockoctu R2 1o geficTBuio rpynmb Z+ 7, NOPOKIEHHOMY
C/[BUraMy Ha 9TH BEeKTOpa, romeomopden topy. O6oznauum ero TBig' Merpuka
IJIOCKOCTH MHIYLUMPYET JIMYBHJLIEBY METPUKY HA 3TOoM Tope. On ecrecTBeHHO
nakpoisaer Top Tgp, Tak kak sexropa (0,ab) u (ab,0) ecrb uesouucieHHble
JinHeliHble KOMOMHALMN BEKTOPOB @ 1 b. Cuie/10BaTEIIBLHO, Y I€0/IE3UUECKOr0 IOTOKA
METPUKHU Ha TOpe TBlg TOXKE eCTh MOJINHOMUAJIbHBIN CTeleHn 3 uHTEerpaJl. HOle‘{aEM
NpOTUBOpeYne ¢ JieMMoii 1.

ITpusegem aBa jjokazaresbecrsa Jiemmbl 1. [lepBoe u3 nux npoie, HO IPOXOAUT
TOJIBKO B IIPE/IIIOJIO?KEHUH, YTO YUCJIO TOUCK Ha OKPY2KHOCTHU, B KOTOPbIX JJOCTUTAETCHA
r1106abHbLH MUHUMYM (DYHKIMA g n b, KOHEYHO, U YTO YUCIIO 3HAYCHUL JIOKAJIBLHOTO
MunuMmyma byHKIuii g u h TOXKe KOHEUHO. DTO BCErjia TakK, HANPUMED, eCiu
bynkuuu f u h asustorcs dynkiuusmun Mopca. Jajee Gyjer mokasano, uTo
WHTErpaJl YeTBEPTOl CcTernenu GOTTOBCKUIA e€ciiu U TONBKO ecin dyukuuu f u h
ABJIAIOTCH d)yHKL[I/l}lMld MOpCa, TaK 4TO MOXKHO OTPaHUYUTHCH 3TUM CllydaeM.

Bropoe 70Ka3aTe)bCTBO B IIOJIHOM BHUJIE JIOBOJIBHO [POMO3/KO, IOITOMY MbL
NIpuBOIUM COKpaLLleHHblﬁ BAapUaHT, OIyCKas 4aCTh BbIKJlAaI0K.

Hokazarenscreo 1. O6o3naunM naumenbiuee 3navenue (GyHKuum g uyepes
9min-

TIpe/noii03KuM, 4TO OJHOPOAHBIA CTENEHN 3 MOJIINHOM

K(2,, s, py) = A1(2,y)P3 + B1(z,y)p2py + A2(z,y)p.p] + Ba(z,y)p)
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SIBJISIETCS UHTEIPAJIOM Fe0/IE3UYECKOr0 OTOKA CTaHIAPTHON JINY BUJIJIEBON METPUKH.
Jokasag, uTo Bee K03 PUIMeHTh! N0JIMHOMA TOXKIECTBEHHO PABHBIL 0, Mbl JIOKAYKEM
semmy. Ilycrs cnauana rouxa (oo, Yo) TaKosa, 410 g(To) # gmin- Aokaxem, uro

Ai (20, y0) = Az(20,90) = 0. \ ,

Jlerko nposepsiercst, uro dynkuus F(,y,ps,py) = % SABJISIETCH
UHTErpPajioM Teo/Ie3MYECKOro OTOKA.

Cymecrsyior takue 7.,z € S, uro g(z4) = g(z_) = gmin ¥ Ha Toii ayre
7y okpy»HocTi S' ¢ KOHIAMY B TOUKAX Ty, T, HA KOTOPOii JIEXKUT TOUKA T, HET
ToueK riiob6ajibHOTO MuHUMYMa (ynkmuu g. Iycrs € > 0 — gocTaTouHo Majioe
uncio. IIycrs ey € 7y, Te— € 7y TaKne TOUKU HA JyTE ¥, 4TO §(z.y) = g(z.—) =
Gmin +€ » ¥ TOUKA Ty JIEXKUT C TOH Ke CTOPOHBL OTHOCHTEJIBHO TOUKH Zg, 4TO0 U
T4, COOTBETCTBEHHO, TOUKA T JIEKHUT C TOH YK€ CTOPOHbL OTHOCUTEJIBLHO TOUKH
T, UTO M T_.

O6o3naunm uepe3 L. cieayiomiee mojAMHOKECTBO IPOCTPAHCTBA

T*(S* x 8Y):

Le = {(z,y, i\/g(z) ~ 9min — € ,\/h(y) + 9min +€);

rae T € [Te_, T4],y €S}

L. — rop Jlnysuist (no ornomenuto x dbyunkuun F). JleficrBurensno, ¢ 0anoit
CTOPOHDI, [OJCTABMB KOOPAMHATHI JI000I1 TOUKKM MHOXKeCTBA L. B BbIpaiKeHne
aus F, nonyaaem, uro F(Le) = —gpin —¢. C apyroii croponst, L jeiicrBuressHo
romeomopden TOpy, TaK KaK IOJAMHOXKECTBA

Leup = {(z,y, \/g(w) = 9min —€ ,\/h(y) + 9min +¢),
e T € [xe—,Ter],y €S}, m

Lg,down = {(1‘, Y, —\/g(z) —9min — & \/h(y) + 9min + 5):
ez € [T, ety € S,

ouernHo, romeomopdunt Koubly. Koubna L up u L, oy cKilenpaores B Le
s
10 IPAHUYHBIM OKPYKHOCTSM

{(@et59,0,4/h(y) + gppip +€), ey €S'} m

{(ze—,9,0,1/h(y) + gmip +€) , Taey € S'}.

W3 pokasaresbcrBa Teopembt 10 ruaBbl 2 ciiejlyeT, uTo Bce TOUKH L. sIBISIFOTCS
HEBbIPDOXK/JIEHHBIMUA TOYKAaMU BEKTOPDHOTIO IT0JIS Me0Je3n4eCKOro rnoToKa.

Mozxno Bbi6parTh Takue masible €1 > €o > 0, uro Topst L, 1 L., HePE30HAHCHBL.
JeiicTBurennno, u3 paborst [?] cueayer, uro dbynxuus Bpamenus p or topa L,

uMeer BUJL
Tet

Ik \/%7%
e /9O =9min—¢
p(Le) =2

J

——d
g1 A/ MO+apinte
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TlosTomy, B okpectroctr € = 0 bynkuus p(e) = p(L.) He NOCTOsHEA U, CJIEJOBATEILHO,
NPUHHMAET CKOJIb YTOAHO MHOTO MPPAIMOHAJBHBIX 3HAauenmii. Bosbmem mapy
JIOBBIX TOJIOXKUTENBHBLX £, BHA4YeHns (DYHKIUU P OT KOTOPBIX HPPALUOHAJIBHDL.
Coorsercrsyiomue um Topsl Jlnysuiuis Gy 1yT HEPE3OHAHCHDL.
Jlus xparkocru 0603nauum p1 = \/9(To) — gmin — €1
P2 = 1/9(20) — min — €2, @1 = v/A(Yo) + gmin + €1 1 a2 = \/h(Yo) + gmin + E2-
Tax Kak TOuK# (Zg, Yo, P1,¢1) U (To, Yo, —P1, q1) JIEXKAT HA OJJHOM HEPE3OHAHCHOM
tope Le,, To K(zo,y0,p1,q1) = K (o, Y0, —P1,q1). Beruurast u3 npasoii uacrn
JieByio, mojiyuaem pasenctBo A (o, yo)p? + A (2o, yo)pigl = 0. Anajormuno,
n3 paBencrsa 3navenuii Gynxkuun K B roukax (Zo, Yo, P2, ¢2) 1 (Zo, Yo, —P25q2),
nosyuaem A; (zo, yo)ps + Az(zo, yo)p292 = 0. Jlerko nposepsiercst, uro pipyq2 #
pip1g?, mosTomy cucrema

{ A1 (z0,y0)p} + Aa(20,yo)prgi =0
A1(z0,y0)p3 + A2(z0,yo)p2g3 =0
¢ neussectubiMu A1 (2o, Yo), A2(Zo, Yo) umeer Toubko Hysesoe pewenue. Cile10BaTEIBHO,
Ai (w0, y0) = Az (20, y0) = 0.

Mb1 JA0Ka3aJiy, 4TO BO BCEX TOYKaX, OTJIMYHbIX OT TO4YEK rJlOGaJleOrO MUHUMYMA
byunxuun g kosbdunuentor Ay, Ay pasubt 0. Ilo nenpepbiBaocT oHu pasubt 0
na Bcem tope S x ST,

Anasiornuno jokassiBaercs pasencrso 0 kosddunuenros By u Bs. Jlemma
JIOKA3aHA.

Teneps gokaxkem Jiemmy B obmem ciyuae. Jus yjobersa nepeobo3uayuum py
4epe3 p, py — 4epe3 q. Kak u B npejbuiymem J0Ka3aTeIbCTBE, IPE/IOJIOKUM,
YTO OJHOPO/HBIH CTEIeH: 3 [IOJIUHOM

K(z,y,p.q) = A1(z,9)p’ + B(z,y)p’q + Az, y)pd® + Ba(z,y)q’

SIBJISIETCs HHTETPAJIOM [e0/Ie3U4€eCKOr0 IOTOKA CTAHIAPTHOM JIny BUIIJIEBO! METPHKN.
TTo Teopeme Konokonsuesa (|?] win [?]) bynxuus A, (z,y)— A(z,y)+i(B(z,y)—

By (z,y)) rosomopdua kak dynkums nepemennoit z = z + iy. Tak xak ona
NEPUOJMYHA, TO OHA PABHA HEKOW KOMIJIEKCHON KoHCTaHnTe —a + iff. 3amenns
A; na A — a, By na B — 8, nepenumewm unrerpai K B Buje

K(z,y,p,9) = (Alz,y) — )p* + B(z,y)p’q + A(z, y)pq” + (B(z,y) — B)q".

Ckobka Ilyaccona unrerpasa K u ramumibronnana H siBiisieTCst OJHOPOJHBIM
[OJINHOMOM 110 umiyJibcam. IlpupaBuss ko3dduuuents: 3roro nosmuoma K 0 u
pou3BeIs HeoOXOANMble COKPAIeHHst, TOJLyYaeM CJIeIYIONIYI0 CUCTEMY Y PDABHEHHUH
B 4aCTHBIX IMPOU3BOAHBIX

= B(f(z) + h(y))y (z) + h(y))
2(f(z) + h()By(z,y) + 3((f(z) + h(y))zAlz,y))+
+B(z,y)(f () + h(y))y — a(f(2) + h(y))z =0



Ipomuddepennupyem nepeoe ypaBHeHUe IO T U BTOPOE IO Y U CIOKHM
pesyubtarsl. Honyunm ypasuenue A((f(z) + h(y))B(z,y)) = Bhyy(y), rae A
obo3nauaer oneparop Jlamaca. ITo reopeme JInysuius bynkumst (f (z)+h(y))B(z,y)—
Bh(y) pasuna xouncranre. O6o3naunm sty koncranry C. IIposuddepenuuposar
TepBOe yPaBHEHME IO Y, & BTOPOE N0 T, U BBIUTH PE3YJILTATHI, MOJyYUM, YTO
dyukuus (f(z) + h(y))A(z,y) — a(fee(r)) ToXKE paBua xonCTanTe, KOTOPYIO
obozuauum D. Umeem (f(z)+h(y))A(z,y) = afre(z)+D n (f(z)+h(y))B(z,y) =
Bh(y)+C. IoacTaBue 9Tn BbIPAXKEHHs! B TPEThE YPABHEHNE CUCTEMBL, TOJLYyYUM,
uro fi(z)A(z,y)+hy(y)B(z,y) = 0. YMuHOXKUB 310 ypaBuenne Ha f(z)+h(y) u
eme pa3 nozcraBus Boipaxkenust st (f(z) +h(y))A(z,y) n (f(z)+h(y))B(z,y),
nonyusaem (af(x) + D)f.(x) = —(Bh(y) + C)hy(y). Tak xak npaeas uacrs
[I0CJI€/IHEI0 PABEHCTBA 3aBUCUT TOJIBKO OT &, A JIeBast — TOJUBKO OT Y, 10 (o f (z)+
D)f,(z) = const, Bamerum, uro (af(z) + D)fo(z) = (£f%(z) + Df(x))s.
3 orpannuennocru dyukiun f noiyuaem, uro const = 0 u subo a = 0,
smbo ¢yukuus f nocrosiuna. Ananoruuno, jnbo ¢yukuus h nocrosinua, iubo
B = 0. Ho onnospemenno a u ( ne moryr 6b11b pasubivu 0. JleficrBuressno,
B 9TOM Ciiyuae unrerpas K pacnajaercs Ha IPOM3BEJEHHs! TAMUJIBTOHHAHA M
01HOPOAHOrO moinHOMA crenenn 1. Torjga 9TOT OFHOPOAHBLA MOIMHOM TOXKE
SIBJISIETCSL UHTETPAJIOM ¥ U3 KJaccupuKalny JIMHEHHO NHTErPUPYEMBIX TE0I€3MUECKUX
TOTOKOB Ha TOpe cliefyer, 4To Jinbo f, imbo h paBna Koncraute. IToiyuennoe
NPOTHBOPEUNE JOKA3bIBAET JIEMMY.

§5. TonoJsiornueckas KiaccuduKanus HHTEIPUPYEMBbIX Fe0e3u4eCKuX
0TOKOB MeTpuK Gopf.

Kak u B ruase 2, noj Tonosioruyeckoii kiaccudukauneil Mbt 6y/1eM IOHUMATD
[OCTPOEHUE MEYEHBIX MOJIEKYJI 1Jist GOTTOBCKUX MHTEIPUPYEMbBIX I€0/I€3U4ECKUX
TIOTOKOB.

TEOPEMA 2 Ozpanunenue unmezpana F? zeodesuveckozo momoxa mempuxu
Gabs Ha usosnepzemuyeckyro noseprrocms {H = consl} asasemes bommoscxoi
dynxyuet ecau u moavko ecau gynryusa f aeasemes Gynryued Mopca.

JeficrBuTe)bHO, CBOICTBO MHTErPAJA OblTh GOTTOBCKAM COXPAHHEICH P
HakpbiTusX. 113 reopemst 10 roasel 2 cuegyer, uro uurerpas Fp GorroBcknii.
Tak kak ypoeeub {F = 0} 3TOro mnTerpaja He siBISETCs KPUTHUYECKUM, TO
KBaJjpar unrerpana Fr toxe siBiisiercst 60TToBCKNM nuTerpasioM. Teopema jjokazana.

Ecun a, b — B3auMHO NPOCTHIE MOJOKHUTENbHbIE Yncia, TO Yepes k(a,b), nim
npocTo uepes k, Mbl 6yem o6o3nauaTh Takoe Jiexkamee nHa untepsaie (0,2ab)
1[eJI0€ YNCII0, YTO

1) 2a genur k—1un

2) 2b pesnt k + 1.

JloKarKeM, 4TO YUCI0, YIOBIETBOPAIONEe yCJIoBUsM 1) u 2) cymecTByer u
eauucrrenno na unrepsase (0,2ab).

CywmecrroBanne. Tak kak uncia @ u b B3auMHO 1POCTHIE, TO CYIIECTBYET
TaKas 1apa LeJiblx uucel I, y, uro za—yb = 1. Torpa paccmorpum unciio za+by.
Ono, 04eBUIHO, YAOBIETBOPsET yeJoBusaM 1,2, tak kak za +yb—1 = za +yb—
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Puc. 15: a)Monexyaa zeodesuuecxozo nomoxa mempuru Gopy. b) Monrexyra
zeodesuveckozo nomoxa mempuxu Giag, 20e f — npocmas dynxyua.

(za—yb) = 2za n za+yb+1 = za+ yb+ (za — yb) = 2yb. Jus npoussoibnoro
LeJI0r0 4ncia ¢ Bepro pasencTso (z+bi)a— (y—at)b = 1, cueosaresibHo, 4ncio
za + yb + 2abt roxe yjoriersopsier yciosusim 1, 2. TTogbopom uuncna ¢ Mmoxuo
106UThCst, 4T0OBL UMCIIO Ta + yb + 2abi €xai0 B HYIKHOM HHTEPBAJIE.

Ejuncreennocrs. ITycrs uncia ky n kg yosiersopsior yciiosusim 1, 2. Toraa
uncio k; — kg, ¢ 0jHOI CTOPOHBI, J€INTCs HA 2@, C JAPYTOil CTOPOHbI, JAEJINTCs
na 2b. Ciegosarennno, uncio k; — ko pennrces na 2ab.

3ameruM, 49TO ycioBust 1,2 B OIpejeIeHHH YMCIA K MOXKHO 3aMEHUTH HA
cuemytomee yciosue: k? = 1(mod 2ab).

Paccmorpum jiBa sk3eminisipa ocnaiennoro rpacda Wy, HOCTPOeHHOro B peibLLy mieii
ruase. COeIMHNM MX BbLIEJICHHbLE BEPILMHDL PEOPOM, OPUEHTUDPYEM €0 B [IPOU3BOJILHOM
HAIPABJIEHUH, COLIOCTABUM €My METKY I' = —2%. Paccmorpum ewe ase TOUKH,
comocrasum um arom Torasiosa K 2. Coeunum 0fIHY TOUKY C BbijIeJIeHHON BEPIIHHOMN
EPBOTO 9K3EeMILIsIPA OCHAIEHHOrOo rpada Wy, Ipyryio — ¢ BblIeJEeHHO# BepIIHHOi
BTOPOrO 9K3eMILIsipa ocHamennoro rpada Wy. ConocraBum HOBbIM pebpaM METKY
Tonauosa (—a,b). [Tonyuenusiii o6bexT Gysem obosnasars M(a, b, f), cm. puc.

15(a).

TEOPEMA 3 Meuenaa monexyaa zeodesuneckozo nomoxa mempuxu Gapy ecmo
M(a, b, f).

Hanpuwmep, ecin Gbyukuus f npocmas, TO €CTb UMEET BCErO OJMH JIOKAJIbHbLI
makcumyM Ha otpeske [0, 1], a mapa (a,b) = (1,2), To Meuenas MOIIEKYJ1a Te0/I€3UUECKOT0
noroka MeTpukn Gapy n300paxkena na puc. 15b.

JlokaszaTesbeTro Teopembl 3. PaceMoTpum sefictBre rpynmbt Z2 Ha MIOCKOCTH
R?, noposxiennoe csuramu Baob BekTopos (1,0) u (0, 1). @axkropnpocTpancTso
10 310MY JIeficTBIIO romeomopduo Topy. Oboznaumnm ero Ty 1) Tak Kak BekTopa
(a, —a) n (b, b) ssBusoTCst JMBENHBIMN KOMOuHamsiMu BekTopos (1,0) u (0,1), To
10p Ty KanOHHUECKH HAKPBIBAET TOP Ty 1. OToBparKkenne HAKPEITHs IePEBOIUT
TOUKY C KOOpAMHATamu (Z,y) B TOUKY C KOOpjuHaramu (ApoGHas 4acTh I,
JpobHast 4acTh y).

Tak kak geiicreue casuramu na sekropa (1,0) u (0,1) coxpansier merpuky
(f(2) + f(z + §))(dx? + dy?), To ona nuaynmupyer na Tope Ty .|| HEKOTOPOIO
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meTpuky Ggp o). [lonnsarue merpukn Gg 1) KAHOHHYECKUM HAKPBITHEM €CTh

merpuka Gy ¢ 3amerum, uro Merpuxa Gy o1 JIMYBUILIEBA, IOSTOMY €€ Fe0jIe3UYeCKuil
[OTOK HHTErpUpyeM. KBagpagqub’fﬁ 10 MMIIYJIbCAM MHTEIPAJL UIAYUHPYeTCs
dyuxuueit F(z,y,pz,py) = % HA KOKACATEJIbHOM DACCIIOEHUH K
miockocru R2. Hakpoirue 10pa T an T0pom Typ IOPOXKIAET HAKDDITHE H309HEPIeTHUECKOi
nosepxnocru {H = 1} uzosnepreruyeckoii noepxunocrsio {Hg o = 1}. Dro
HAKPBITHE, OYEBNIHO, IEPEBOJUT TOPbI JInyBHILIst B TOPBI JInyBHILISt U COXpaHsieT
OPHMEHTAIMIO KPUTUUYECKUX OKPYXKHOCTEM.

TONOJIOrM4ECKOE CTPOEHUE JIMY BUILIIEBBIX METPUK, (PAKTHUECKH, BbLIO OIUCAHO
npu jokasarejncree Teopembl 11 ruaesl 2. B wacrnocru, 6b110 n0Ka3aHo, 4To
muoxecrso {Hgy ) = 1, Fgay > 0} umeer ronosoruueckuii tun (W, f).
Hoxaxewm, uro muoxkecrso {H = 1, F > 0} roxe numeer Tononornyeckuii tun
Wy, 1).

Byaem paccMmarpuBarh IpsiMOe IPOM3BEJIEHHE OKPYXKHOCTU HA JBYMEPHYIO
OBEPXHOCTH KaK MHOroobpasue 3eiicdbepra 6e3 ocobbix cioes. Ciosimu 3eiidbepra
SABJIAIOTCs Cedenus cioes Jluysuiuis nosepxunocrsamu { = const}. Iloguumem
cTpykTypy paccioenus 3eiidepra na {H = 1,F > 0}. I3 Toro, uro uucia
a n b B3aMMHO IIPOCTBL CJIEJYeT, YTO KPAaTHOCTb HAKpbITHs clloeB 3eiidepra
paBHa 2ab u coBIaJaer ¢ KPATHOCTHIO HAKpbiTust Muoxkecrsa {H = 1, F > 0}
muokectsoM { Hg o) = 1, Fgp a1 > 0}. CiienoBare)ibio, HaKpbiTHe TOPOXKIALT
romeomopusm 6a3 paccioennti 3etidepra muoxecrs {H = 1, F' > 0} u {Hgpy o =
1, Fgman 2 0}, n TaK KAK HAKPBITUE UHTErPAIL Fgp 1) TOAHUMAETCS JI0 MHTErpasia
Fpp, TO MHOMXKECTBO {Hsmall = 1L, Fgpan 2 0} umeer Tomonornyeckuii THI
(Wfs f).

Yno6uo npeacTarisiTh cebe yCTPOHCTRBO ITOr0 HAKPHITHS C TOMOIIBIO €CTECTBEHHBIX
npoexiuu Ha TOPbl Typ 1 Ty, o1- Ilog ecrecTsennof npoeximeit T* P~ P2 KOKacaTejibHOTO
pacCiioeHust K [OBEPXHOCTU Mbl NOHUMaeM OToOparkeHue, [EePeBOJsIee Napy
(TouKa Ha IIOBEPXHOCTH; KOBEKTOP) B TOYKY Ha NOBEPXHOCTH. B namewm ciyuae
cion 3efidepra npoekTUpyOTCs (IPU €CTECTBEHHON IPOEKIUU) B OKPYKHOCTH
Buja {r = const}. TiobanbHoe cevenue CIOEB NPOEKTUPYETCst B OKPY?KHOCTH
{z = const}. B kauecrse 6a3uca pemerku, NOPOXK/IEHHON BEKTOpamMu @ u b,
Bbibepem napy sekropos (1, k) u (0, 2ab). Torana ceuenunem paccioenus 3eidepra
Oy/er siBJIATHCH IPOOOPA3 [IPK eCTECTBEHHON IPOEKIMY OTPE3KA, COEIUHSIONIEr0
roukn (0,0) u (k,m).

Mot monyunin, uro MuoXkecTBo { Hr = 1, Fp > 1} COCTORT 13 JJByX KOMIIOHEHT
CBSI3HOCTH, KaXKjasi U3 KOTOPbIX umeer romonornueckuit tun (Wy,f). Ogna
KOMIIOHEHTA CBs13HOCTH (Oy/eM HA3BIBATHL €e NEPBOii) ONPEAeNSeTCs yCIOBUEM
py > 0, Bropas — p, > 0.

3ameTnM, YTO eCTECTBEHHAs TPOEKIMst ceuenus: paccioenus 3efidepra na
10p Typ, € TOYHOCTBIO S0 U30TOMUU, COCTOUT U3 OTPE3KA, COEUHSIONIETO TOUKY
(0,0) ¢ rouxkoii (1,k).

Cogepmenno anajornuno, muoxecrso {Hp = 1, Fp < 1} cocrout n3 asyx
KOMIIOHEHT CBSI3HOCTH, KAaXK/[as U3 3TUX KOMIIOHEHT UMEeT TOIOJOIHYeCKHil THII
(Wy, ). Onna komnonenta cesznoctu (Gy/1eM HA3BIBATE ee IEPBO) ONPeJeIseTcs
ycioBuem p, > 0,  onpegeisierca yciosuem py > 0.
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PaccMOTpUM MHBOJIIONHIO & KOKACATEJIBHOTO PACCI0eHNs TOPa gy, TOPOXKIEHHY 0
nuBosonueii o. VuBononus & mepeBOAUT TOUKY ¢ KOOpAUHATaMu (Z,Y, Pa,Py)
B TOuKy ¢ koopaunaramu (y + &,z + &, py, p,).

OueBnIHO, THBOJLIOLMS! (& IEPEBOJUT MEPBYIO CBSI3HYI0 KOMIIOHEHTY MHOXKECTBA
{Hr =1,Fr <1} B nepsyo ces3nyio komnoneunry muoxecrsa {Hr =1, Fp >
1}, Bropyo xomnouenry {Hp =1, Fp < 1} — BO BTOpYIO CBS3HYIO KOMIIOHEHTY
muoxecrsa {Hp =1, Fp > 1}.

Paccmorpum Topst JInyBriLIst, COOTBETCTBYIOIIHE HyJIEBOMY 3HAYEHHUIO HHTErpala
Fr. Ux usersipe:

29 V@ 1@+ D), o, VT@, 7+ ),

2y, ~VT@ o fe + )} oy, ~VT@, —/ fle + D))

Unsouonus & nepesogut op {z,y, v/f(2), —\/m)} B TOp

{z,y, —\/f(_z), \/f(z—Jr%)} U OCTABJISIET HA MECTE TOPbL

{9, /T (@), \/f(z—+g)} u{z,y, —/F(@), 7\/m)}. Otern 10, AKTOPIPOCTPAHCTEC
10pos {z,y, /F@),\/F (@ + 1)} u

(o9, VF@), 7\/m)} 10 nHBOMOMM & ToMeoMOpdHO TBYM Gy ThUIKAM

Kueiina. CiiejoBaTesibHO, MOJIEKYJIA T€OJIE3UYECKOrO IOTOKA MeTPUKK Ggpf COCTOMT
u3 JByX 3k3emmispoB Wy, coequnenubix peGpom, u ayx aromos Tomasosa,
nepsbiii arom Tonasosa coeaunen pe6poM ¢ nepBbiM dk3emiLispom Wy, Bropoii
arom TonajioBa coeJjuHEH CO BTOPBIM dK3eMILisipoM Wy.

Hawm ocrasiocs nmocunrars r-merku a "HoBbix"pebpax u n-merku. s Toro,
4TO0bl [OCYUTATH METKH, HANjeM JOIyCTUMblEe HAa TOPAX, COOTBETCTBYIOMIUX

"noBbiM pebpan". 3amernm, uto 1op {7, y, +1/f(z), —\/f(z + L)} auddeomopdna
npoekTupyercst Ha TOP Iyp. Bblile Mbl HOCTPOWIIN IPOEKIUH JOMYCTHMOIO CEYEHUs!
paccioenus: 3eiidepTa, NOPOKIEHHBIX TONOJIOTUYECKUM CTPOBHUEM MHOMKECTB
{Hr = 1,Fr > 1} u {Hp = 1,Fp < 1}. IMn siBISIIOTCS1, COOTBETCTBEHHO,
orpesku, coeaunsironiue Touku (0,0) ¢ roukoii (1, k), (0,0) ¢ Toukoii (1,2ab—k).
O6o3znauum uepes k* pasnocts —k. Marpuna nepexo/a oT 0OJJHOTO JIOIMyCTUMOTO
2ab
B
BhIe/ennble Bepmunbl rpacos (Wy, ), pasna 72%.
Jluis1 OJ/ICUeTa N-METOK U METOK Ha pebpax ¢ Bepmunoii B arome K Heo6X0aumo
BBIYMCIIMTH MATPUILY [epexoja Ha peGpax ¢ Bepmuuoii B arome K. Ona pasna

a b
k4l k=1 |
26 7a

OTKyJa Clleyer, 4To Ha 3Tux pebpax croar merku (—a : b), u Bce merku n = 0.
Teopema jgokazana.

-k
6a3uca K JIpyromy paBua ( 1 kk* . IToaromy, r-meTka na pebpe, COeUHIONEM
2ab
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ITPUIOKEHUE. TABJIUIIA ATOMHO-CEJ/IJIOBBIX CBsI30K BECA 1,2 U COOTBETCTBVYIOIIUX

KPYT'OBBIX MOJIEKV/JI.

KommeHnTapnii Hanomuum, 9T0 1101 aTOMHO-CE/1J10BO# CB513KOi Mbl IOHUMAEM
rpoiiky (C, (Ps, Gp), (Pw,Gw)), tie C — abCTpakTHbIl CeUI0BOH KOMILIEKC,
(Py,Gp) n (Py, Gy) — OpHEHTHPOBAHHDIE ATOMbL, IPUYEM YKA3aHO OTOXKIECTBIICHUE
rpada Gp u obbeaunenus vepubix pebep kommierca C, rpada Gy, n 06beunenus
Geubix pebep kommiekca C. B nepBoii u Bropoii Kosonke Tabiiuibl Iepednciienbl
(€ TOYHOCTBIO 110 €CTECTBEHHOrO n30MOPGU3Ma) BCE JONYCTUMbLE ATOMHO-CE/JIOBbLE
cBn3Ku Beca 1 u 2. A UMEHHO, CeJI0BON KOMILIEKC IIOJLY4aeTCst, eCilU CKIEUTh
HAPUCOBAHHBIE B [IEPBOil KOJIOHKE KBAJIPAThL [I0 CTOPOHAM, OTMEYEHHbIM OJ{MHAKOBbIMH
6yxBamu nin nudpamu. Ilogpasymesaem, 4T0 CTOPOHBL KB3IPATOB OPUEHTUPOBAHHBL
CHU3Y BBEPX M C/I€BA HANPaBO. BeprukaibHble CTOPOHBL KB3JPATOB CYUTAEM
6eJibiMU, TOPU3OHTAJIBHBIE — YEPHBIMA.

Bo Bropoii KojloHKe n306pakensl COOTBeTCTBY0mue [-Tuibl. Mbl He yKazaiu
opuenTanuo rpadoB ATOMOB 1 OTOXKAECTBIIeHHE TPAGOB ATOMOB U OHOMEPHOIO
OCTOBA KOMILIEKCA, TAK KAK ATOMbl MAJIOH CJIOXKHOCTH B HEKOTOPOM CMBICIIE
cummerpuynbl. C TOYHOCTBIO O CUMMETPHIL ATOMOB M KOMILIEKCOB, IOPOXK AE€HHbBIX
€CTeCTBEHHBIMH aBTON30MOP(GU3MAMH ATOMHO-CEJIOBbIX CBH30K, OPUEHTAIUS U
OTOXK/IECTRIIEHUE OIPEJIEJISIeTCs OJHO3HAUHO.

B rperneii xosonke n3o6pazkena COOTBETCTBYIOIAS KPYroBasl MOJIEKYJIA.
IIpexnnonaraercs, 4To peGpa 3TON MOJIEKYJIbl OPUEHTUPOBAHHDL [I0 YACOBOH CTPEJIKe.
TToxxoasmum BbI60POM OPUEHTAIMY COOTBETCTBYOMIEH H309HEPIeTHYeCKO! II0OBEPXHOCTH
MOXKHO JI0OMTBCst, 4TOOBL BCe g-MeTKu Obuin paBHbl +1. MeTkn n 0JHO3HAYHO
BOCCTAHABJIMBAIOTCs II0 aroMam u r-merkaMm. [Tokazkem, Kak.

ITycrs nexkas Bepuuna KpyroBO# MOJIEKYJIbl CEjJIOBON OKPECTHOCTH IOMEYeHa
aromom R, cogepxamum k 3Be3jjouek. [Iycrs B 3Ty BepIIUHY BXOJAT U U BBIXOAST
u pebep. O603nauum BXOjsmue pebpa €y, ..,€y,, & BHIXOMALIUE — €yp1y ey Cyfur
Ilycrs 7 Merka na i-om pebpe pasna 2‘—

Torjja MeTKa n Ha 9TOH BepILMHE PABHA MUHYC CyMMe

v " vtu

ey ey,

i w1 &

L€ p; 03HAYAET TAKOe leJi0e 4ucio, 4ro p;p; = —1 (mod ¢;) u ¢; > p; > 0.

Takum 06pa3oM, OCHAIIEHHE KPYTOBOil MOJIEKYJIbl CE/UIOBO OKPECTHOCTH T
MeTKaMU 3JlIeMEeHTapHO CTPOUTCH 10 aTOMHOMY U 7'-METOYHOMY OCHAIIEHUIO.

Ha kpyroBbix MOJI€KyJ1aX, COOTBETCTBYIOIINX ATOMHO-CE/IJIOBBIM CBsI3KAM BECA
11 2, He BCTPEUaroTCs aTOMbL, Tpad KOTOPBIX COAEPXKUT GoJiee YeThipeX BepINuH.
ATOMBI ¢ OJHOH, ABYMsi M TpeMsi BepIIMHAMM TIePeYnCienbl B paGore |

Bcerpeuatomuecs: B tabiinie 1 ATOMbL € YeTbIPbMsi BEPIIUHAMY [IE€PEUUCIIEHbL
B Tabuune 2.
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