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BBenenne

JuccepTanuonnast paboTa, MOCBSIEeHa PelIeHnIo psijia IpobJieM B aKTUBHO pa3-
BUBAOIIEHCsS B HACTOSIIEE BPEMSI TEOPUHU FAMUIBTOHOBBIX CUCTEM, KOTOPbIE UI'Da-
10T BaXXHYIO POJIb IPU ONMUCAHUNA (PU3UIECKUX TIPOIECCOB Oe3 nuccurainun. Baxx-
HBIMHU BOIIPOCAMK B TEOPUU MAMUJIBTOHOBBIX CUCTEM SIBJISIIOTCS 3a/1a91 UCCIIe/I0Ba~
HUs1 TIOJHOTBI TI0TOKA, ONUCHIBAIONIEro cucreMy (HeoDX0MMOe YCJIOBUE HHTEIPH-
pyemocTu cucreMbl 110 JlnyBusuio), u 3ajaun Kiaccudukanymu (¢ TOTHOCTHIO JI0
PA3JIMYHBIX OTHOIIEHUIT SKBUBAJEHTHOCTH ) TAKKX CHCTEM.

[Tycts M?" — ruajiKoe MHOroobpasme, w — CUMILIEKTHYECKas CTPYKTypa Ha
M? H : M?> — R — rnajgkas QYHKINS, HA3bIBAEMAS 20MUALIMOHUGHOM, T
nycth sgrad H — raMuanTOHOBO BEKTOPHOE ToJie ¢ raMmuabronnanom H na M.
Caeys |7, §1.5], ramunbronosy cucremy (M?",w, H) HazoBeM 6noane umnmezpu-
pyemoti (unu unmezpupyemot no Jluysuanio), eciu cymectTByer HAOOP TIATKAX
byukiuit fi = H, fo, ..., fn : M?™ — R, Taxoit 4ro:

1) fi,..., fn — nepsbie unrerpasnt sgrad H;

2) f1,..., fn byHKIEOHATLHO He3aBUCUMBI Ha M>", TO ecTh OYTH BCIOAY HAa
M?" uX rpaJMeHTH! JUHEITHO He3aBUCHMDI,

3) {fi, f;} =0 upu smobeix 4,5 =1,...,n;

4) Bekropuble noJist sgrad fi, ¢ = 1,..., n MOJHBL, TO €CTh €CTECTBEHHbIH apa-



METP Ha UX TPACKTOPUAX ONpesesieH Ha BCE YUCIOBON TTPAMOIA.

Ecsn BbinosHensl Jiunib yeaoBust 1-3 (a ycJioBre MOJHOTHI TOTOKOB He 00si3a-
TEJIHLHO BBIMOJIHEHO), TO CHCTEMY € COOTBETCTBYOIIMM HAOOPOM TIePBbIX WHTErpa-
JOB f1,..., f, HA30BEM unmezpupyemot.

Ecau ecrecTBeHHBIH MapaMeTp Ha TPAEKTOPHUIX XOTs ObI OJHOTO U3 KOMMYTH-
PYIOIIUX BEKTOPHBIX 1oJieit sgrad f;, ¢ = 1,...,n onpejiejieH He Ha BCeil YUCTIOBOA
IPsAMOi, TO HAOOP BEKTOPHBIX TTOJIeit 1 HAOOP COOTBETCTBYIONINX TTOTOKOB HA30BEM
HENOANBLMU, 8 CUCTEMY — UHME2PUPYEMOT, 2aMUADMOHOBOT CUCTNEMOT ¢ Heno-
HOLMU NOMOKAMU.

[Tpocreiiiiium 1puMepoOM HUHTEIPUPYEMON IMaAMUJIBTOHOBON CUCTEMbI C HEIIOJIH bi-
MU notokamu sisisierca cucrema (R?\ {0}, dz A dy, —y), sapannas na R?\ {O}
BeKTOpHBIM Hosiem v = (1,0) B cranjapTHBIX KoopauHaTax T,y Ha R?, rie O € R?
— HeKOoTOpasi Touka, cM. puc. 1. OgHaKo B JaHHOM TTpUMEpPE 0COOEHHOCTH BEKTOP-
HOrO 110Jisi ¥ B ToUke O SBJISIETCA YCMparnumoti, TTOCKOJIbKY MOXKHO TaK OIPe/Ie-
JINTh BeKTOpHOE noJie v B Touke O € R?, 40, BO-1IepBbIX, BEKTOPHOE 10JIe U OyIeT
OTIPEJIeNIeHO KOPPEKTHO Ha BeeM R2, a, BO-BTOPHIX, MOTOK, COOTBETCTRYIONTHIT BeK-
TOPHOMY TIOJTIO U, OyJIeT MOJHBIM. [JaHHbIi TpuIMep MOYKHO TaKKe PacCMaTpPUBATD
KaK [MPUMEp JUHAMUICCKO CHCTEeMbI, 3a/JaHHON BeKTOpHBIM TosieM v = (1,0) Ha
R?\ {O}, nnsa xoropoii Bekropubie noist v = (1,0) u u = (0,1) Bciogy nuHeii-
HO HE3aBHUCHUMBI, KOMMYTHUPYIOT W O0JIQJIaI0T HETMOJHbIMUA ToToKaMu. [Ipumepom
JIMHAMUYIECKOH CHCTEMBI C HEeYCmparumot 0cobenHocms1o 1 HEITOJTHBIMA KOMMY-
TUpYIOMUME oTOKamu siistercs cucrema Ha C\ {0}, 3amannas BeKTOPHBIM 1O-

n+1)

neM v = 2z~ B craHgapTHON Koopyuuatre z Ha C, ¢ mapoit KOMMyTHDYIOIIUX

BEKTOpHbBIX 1oJjieit v u ¢ v, rje n € N. Takast 0coOeHHOCTh HA3bIBACTCS NOAI0COM



nopadka n + 1, ee UHTErpaJIibHbIE TPACKTOPUHN PEJICTABICHBI HA PUC. 2.

P —
- * O a f— ///_ﬁ/'
> e
= 2~
- /N -
Puc. 1: Yerpanumas oco0eHHOCTD Puc. 2: Tlommoc nopsika 2

B knaccudeckux paborax 1o MCCIEI0OBAHUIO HHTEIPUPYEMBIX MaMUIBTOHOBBIX
CHCTEM:
1) cucrem, BO3HUKAIONIUX B MEXaHUKE U OMUCHIBAIOIINX JBUKEHUE TBEPIOTO Tea,
2) cucrem, 33JIAHHBIX YPABHEHUSIMHU Dilepa Ha KOMITAKTHBIX ajgrebpax Jlu
(em. [1], [2], [8], [6], [5], [11], [13], [17], [18]) ©e3yca0BHO BBITOMHINIOCH YCIOBUE
HOJIHOTHI IOTOKOB, YTO IO3BOJISAJIO UCIIOJB30BATh KJACCUYECKyto Teopemy Jlu-
yBuList (eMm. |7]) jist onmcanusi CBOMCTB TaKUX MHTErPUPYEMbIX cucreM. Tak Kak
JUISI UHTEIPUPYEMBIX CUCTEM C HENOAHBILMU NOTOKAMAU, TIO-BUIMMOMY, HEU3BECTHI
HUKaKWME aHaJOru TeopeMbl JInyBujLisi, TO KJIacc TaKUX CUCTEM IPEJICTABJISCTCS
BeChbMa, TPYAHBIM st u3ydenns. B ¢Basm ¢ srum A.T. @omenko mocraBu 3a1ady
00 06001meHnn Teopembl JIMyBULIS Ha CIydail MHTErPUPYEMbIX TaMUJIbTOHOBBIX
CHCTEM C HeIOJHBIMU MOTOKAMHU, & MUMEHHO: OIMCAHUE TOIOJOIMH CJIOSI, OIUCa-
HEE JIarpaHKeBa CJIOCHHA B OKPECTHOCTHU CJIOsI, IOCTPOCHUE aHAJIOTa TIepeMEHHBIX
jeiictBue-yros. OTMeruM Tak»Ke, ITO 3aJ1a49a JI0Ka3aTeIhCTBa WHTETPUPYEMOCTH
o JInyBUJIIIO TAMIIBTOHOBON CHCTEMBI caMa 1Mo cebe HeTpUBUAJIbHA. DTHUM, 110~
BUIUMOMY, OOBSICHSIETCS TO, UTO MCCIEJTOBAHUS YCJIOBUS MOJHOTHI MOTOKOB JIJIs

NHTEIpUPyEMbIX I'aMHWJIbTOHOBbLIX CHCTEM IIOABUJIMCH COBCEM HEIaBHO B pa60TaX

W. Gordon [39], A.}O. Mocksuna, /1.B. HoBukosa.
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B nacrosiieit pabore paccMaTpuBaeTcs KJacC MHTEIPUPYEMbIX FaMUJIbTOHOBBIX
CHACTEM

(C?, Re(dz A dw), Re(f(z,w))), (0.0.1)

obJ1aJI0IKUX B “O0JIbIIMHCTBE CjiydaeB’ HenoJHbIMU 110ToKamu, e f(z,w) —
MHOIOYJIEH JIBYX KOMIUIEKCHBIX mepeMenHbix 1 Im(f(z,w)) — nepsbiit uarerpad
cucreMbl. Takoil Kyace cucreM ObLT mpeaoxkeH st uccaegopanns A.T. Domen-
ko n A.U. [MlacdhapeBuvem, MockoJbKy OH TECHO CBsi3aH C KBAHTOBAHWEM KOM-
IJIEKCHBIX MHOTOOOpa3uii, B 4aCTHOCTH, ¢ OMMCAHUEM KBAHTOBLIX cucteM Kagos-

x)epo—Crpokku, cMm. [12]. Tlog C-zamusvmorosoti cucmemor

(M(%a we; f)a

e M(% — JIByMepHOe KOMILJIeKCHOe MHOTooOpasue, dimg Mé = 2, we — 3aMKHY-
Tasi HEBBIPOXKIeHHAs TosoMopduas 2-dopma na M2, f: ME — C — romomopd-
Hasi PyHKIMA, OyJIeM MOHUMATh JIMHAMUYECKYIO CUCTEMY, 3aJJaHHYIO “KOMILIEKC-
npivn” ypasuennsmu Lamnisrona @(t) = sgrad ¢ f|y), tae ¢ = (2!, 2%) — ao-
KaJibHble KOMILJIEKCHbBIE KOOpJiuHaThl, sgrad ¢ f := (wg %)?:1, wfg — KOMITOHEHTBI
obpaTHoil MaTpuisl K MaTpune 2-GbopMbl we B Koopaunatax (xl, x?), napamerp t

IIPEJIIIOJIAraeTCsl BeIeCTBeHHBbIM. B 9TOM ciiyvuae raMuJibTOHOBA, CHCTEMA, (0.0.1) C

TOYKHM 3peHnst ypaprennit [amuiabrona parocnibia C-raMmubToHOBOI crcTeme
(C?,dz A dw, f(z,w)), (0.0.2)

cM. onpenenenne 2.1.5 w temmy 2.1.7.
Kaxk mpaBuio, ycaoBue OJTHOTHI BEKTOPHOTO TIOJIS UCCJIEIOBAIOCH B TEPMITHAX
aJredpanvdecKnx U aHAJUTUICCKUX CBONCTB KOOPJMHATHBIX (DYHKINH BEKTOPHO-

ro noJssi. Bmecre ¢ Tem npeacraBJasaeT MHTEPEC 3ajada HUCCJACeN0BaHUA YyCJIOBHSA
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IIOJIHOTHI B F€OMETPUICCKUX TEPMHUHAX, HAIPUMED, B TEPMUHAX MHO20120AbHUKG
Hvromona, npencrapisitoniero coboii BBITYKIYI0 0DOJOUKY HEJOUYUCIEHHBIX TO-
9EeK — MHJEKCOB HEHYJIEeBBIX KO3(D(MUIMEHTOB TOJIMHOMUAILHOIO FaMUJILTOHUAHA,
(cM. mpumep Ha puc. 3). Drta 3a/1a9a PEraeTces B IePBOii JIaBe JUCCePTATTHOHHOI
paborsl st cucrem (0.0.2) ¢ ramusibronnanom f(2,w), HEBBIPOXKICHHBIM OTHO-
CHTEJIHHO ¢Boero Muoroyrosnbunka Hoiotona (teopema 11 u caencrsue 1.3.4(B)).
Kpowme Toro, B 3Toii ke ryiaBe B TepMUHAX MHOTOYTOJbHUKA HbloToHa BHIYKHCIIs-
IOTCS TUITBI OCOOEHHOCTEH TaMUJIBTOHOBA BEKTOPHOT'O MOJIA B “OECKOHEYTHO Y IaJIeH-
HBIX” TOYKAX MOMOJHEHHOTO cyiost (caepctus 1.3.2 u 1.3.4(B)). Muororpanunkn
Hbiorona (MHOrOMEpHbBIl aHajior MHOIOYyroJbHUKOB HbloTOHA) npuMeHsiinch B
paborax A.JI. Bprono (cm. [9]) st onucanust JIOKaJIbHBIX CBOHCTB CHUCTEM ODObIK-
HOBEHHBIX N PEPEHIMaNbHBIX YPABHEHUHA. DTO JICXKUT B CTOPOHE OT 3aJ1a4 Ha-
crosamieil paboThbl, TaK KaK B JUCCEPTALMK CHCTEMa, PACCMATPUBACTCS TIODAIHHO
W, B YaCTHOCTH, ONMMCAHBI TOMOJIOIMS M OKPECTHOCTHL Heocoboro cios f~LH(€) B

TepMUHAX MHOTrOyroJbHrKa Hehiorona maorowiena f.

Ilk

. j
Puc. 3: IIpumep muoroyronbunka HeioTona

B uderBepToii riaBe nuccepTanmoHHON pabOTHI JTOKa3aH aHAJOr TeopeMbl JIn-

yBuLIs st Kiacca cucreM (0.0.2) ¢ 2unepassunmuieckum 2aMuibmMONUGHOM
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f(z,w) = 2* + B,(w), orseuatromum muorouneny P,(w) crenenu n € N ¢ mpo-
CTHIMU BEIIECTBEHHBIMI KOPHSIMHU, B OKPeCTHOCTH HyJjesoro yposus f1(0) (cwm.
Teopembl 25 u 26). s Takux cucrem Jjarpamskesbl cion f1(€) romeomopdub
chepe ¢ [”T_l] PYyYKaAMU U 1 — 2[”7_1] IPOKOJIAMH, a IIPU N > 3 CUCTeMa 0bJagaeT
HETOJTHBIMU TTOTOKAMHU.

Jpyroit BaxKHOI 1poOIEeMOil B TEOPUHM MaMUJIBTOHOBBIX CHUCTEM SIBJISICTCS 3a-
Jlava, KJIacCUUKAIUA CHCTEM C TOYHOCTBIO JIO PA3JUUHBIX OTHOIIEHUN SKBUBAa-
JIEHTHOCTU. B Teopuy MHTErpupyeMbIX TaMUJIbTOHOBBIX CHCTEM PACCMATPUBACT-
Cs1 HECKOJIBKO OTHOIIIEHNH SKBUBAJEHTHOCTH CUCTEM: MaMUJIBTOHOBA SKBUBAJICHT-
HOCTD (O3HAYAIOIIAS CYIIECTBOBAHUE CUMILIEKTOMOPGU3MA (ha30BbIX IPOCTPAHCTB,
HEPEBO/ISIIEr0 TAaMUJIBTOHUAH OJIHOM CHUCTEMbl B TaMUJILTOHUAH JIPYTOil CUCTEMBI C
TOYHOCTBIO JI0 aJI[ATUBHON KOHCTAHTBI), TOMOJIOIMIECKasi CONPIZKEHHOCTh, TPACK-
TOPHAsi 9KBUBAJIEHTHOCTH, TOTOJOTHYECKas MOCJIOMHAsT 9KBUBAJIEHTHOCTH U JIPY-
rue. [lepeanciiennbie BIIE OTHOIIEHNsT SKBUBAJEHTHOCTH YTIOPSIAOUEHBI OT HaW-
OoJiee CcUJILHOTO JI0 HamboJiee caaboro. 3a1aun KiIacCuPuKanu HHTErPUPYEMbIX
raMUJIBTOHOBBIX CUCTEM B TTOCJEIHNE TOALI nccaenaoBaanch B paborax A.T. ®@o-
menko [23], [25], [26], A.B. Bosxcunosa [3], [4], A.A. Omewmxosa |19], M. Amepa,
I1. Ba Mep6eke [31], [32], JI. l'aspusosa [38], B.B. Kosznosa [14| u apyrux.

BaxxubiM KsaccoM raMmibTOHOBBIX cucTeM (0.0.2) ABIISIOTCS CHCTEMBI ¢ MOJTH-
HOMMAJbHBIM TaMUJIBTOHUAHOM f MaJIOi cTerneHn. DTO 00yCJIOBIECHO TTPEXK e BCErO
TeM, UTO TaKWe CUCTEMBI JTUOO fABJISIOTCS UHTETPUPYEMbIMU 110 JInyBuULIIO, OO
JIOTIYCKAIOT “BJIOYKEHWE B MHTErpupyemblie 10 JIMYBUJIIO MaMUJIBTOHOBBI CHUCTE-
mbl”. TToaTomy sBJISIOTCH aKTyaJbHBIMU 3a/1a4a O KJACCU(MUKAIIMU TaKUX CUCTEM

C TOYHOCTBIO J10 2aMUNDMOHOBOT IKBUBANECHIMHOCU, & TAKZKE 3a/lad9a O ITOCTPOE-



HUWM KAHOHUYECKUX Koopdunam deticmeue-y2os (MM UX aHAJIOTOB) B OKPECTHOCTH
HEocoDOTo JTarpaH»keBa, CJI0s TaKOi cucteMbl. Perenuio atnx 3ajad, B caydae I'-
NEPIJIIUIITUIECKUX TaMUJIBTOHUAHOB MaJIOil CTENeHu, MOCBSIIEHA BTOPas TIJIaBa
muccepraruu (eM. Teopembl 12, 13, 14, 15, 19, semmy 2.5.2 u caepcrsust 2.2.2,
2.4.6,24.7,25.7,2.5.8).

Bosee cnabbiM OTHOIIEHWEM SKBUBAJEHTHOCTH WHTEIPUPYEMbBIX T'aMUJIBTOHO-
BBIX CHUCTEM SBJISIETCS MONOA0UMECKAA NOCAOTUNAA IKEUBAACHMHOCTLL, TIOJ] KO-
TOPOit OyJIeM OHMMATH CYIEeCTBOBaHUE TOMeoMOpP(dU3Ma, (Pa30BbIX IIPOCTPAHCTB,
TIEePEBO/ISAIIETO JTArPAHXKEBbBI CJION OJTHOM CHCTEMbI B JJarPAHKEBbI CJION JIPYTOi CH-
creMbl. Takas 9KBUBaJIEHTHOCTH 0000IIAET U3BECTHYIO AUYEBUAAESY IKEUBAAEHITL-
HOCMb JIJIsi UHTErpupyemMbix 110 JInyBuiro raMujibTOHOBbIX cucreM. JInyBuiiie-
Ba 9KBUBAJIEHTHOCTH uccieoBaiach B paborax A.T. @omenko [23], [25], [26],
A .B. Bousicunosa [3], [4], A.A. Omenvkosa [19], Hryen Then Synr [41], [42], JI. Tas-
pusiosa [38], I.A. Taitmanonsa [20], JI. Beiirca [33] u apyrux. B orsmaue or 6041b-
MHCTBA 3TUX pabOT, B HACTOSIIEH JUCCePTAINU He MPEJINOJIaraeTcs MoJTHOTA Ta-
MUJIBTOHOBBIX ITOTOKOB. BoJjiee Toro, B “O0JIbINUHCTBE CJIyIaeB’ raMUJIBTOHOBBI 110~
TOKH He ABJISIIOTCS MOJHBIME. B 9acTHOCTH, TIPEJICTaB/IsIeT WHTEPEC UCCIIE/IOBAHIE
TOIOJIOTHH JIATPAHYKEBa CJIOEHUsT B OKPECTHOCTU KPUTUIECKUX TOUYEK, He SABJISTIO-
IIUXCsT, BOOOIIE TOBOPST, MOPCOBCKUMU (AOKAABHAA KAALCCUPUKAUUA OCODCHHOCTET
JIaTpaHKeBa CJIOCHUS ), & TAKXKE KITacCuMDUKATINS JIATPAHKEBA CJIOCHUST B OKPECT-
HOCTH 0COOOTO CJI0sT (NOAYAOKANLHAA KAGCCUPGURAUUA OCODEHHOCTEH JIArPAHKEBA
cioenwsi). Perenunio 9TuX 3a/1a4, B CJAydYae THMEPIIIUITHIECKUX TAMUIBTOHUA-
HOB, 1OCBSIIEHA TPEThs IlaBa juccepranuu (cM. npejgioxenus 3.2.1, 3.2.3, reo-

pemy 24).
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Hucceprannonnasi paboTa COCTOUT U3 YEThIPEX TJIaB.

B neproii riase nsyuaercs Tomnojorus neocoboro cios { f(z,w) = £} C C?,
¢ € C, yerbipexMepHast OKPECTHOCTH HEOCODOTO CJIOsi U YeThIPEXMEPHAsi OKPECT-
HOCTH GECKOHEYHO YJIAJIEHHBIX TOYEK, JIJIsi HEBBIPOXKEHHOIO MHOIOUYJIEHA JIBYX
KOMILICKCHBIX TTepeMeHHbIX f(z,w) — &, To ecTb MHOTOWIeHA, orpanudenue (f —
&)|r xkoroporo Ha Jiobyio rpanb ' MHOTOYrosbHUKa HblOTOHA HE MMeeT KpUTH-
gecknx touek B (C\ {0})*N{(z,w) € C* | (f — &)|r = 0}, ynaosnesrBopstio-
meMy craeyromeMy yeaosuio (i): st moboit Toukn (u,v) € P mpaMoyroabHIK
conv{(0,0), (u,0), (0,v), (u,v)} C P, rage P — MmuOrOyroipuuk HbooroHa MHOTO-
wiena f(z,w) — & Takxke uzydaercs HOIOJHEHUE JIAHHOTO CJIOsi OTHOCUTE/IbHO
METPUKH IIOIOJIHEHUS] P¢, ITOPOAKICHHON KOCOCHMMETPUYHBIM BEKTOPHBIM HOJIEM.
Tonosiorusi ¢j10st U OCOOEHHOCTH KOCOCUMMETPUTHOIO BEKTOPHOTO T0JIsi OIIUCAHbI
B TEPMUHAX MHOIOYTOJbHUKa HbIOTOHA KCXOJHOTO MHOIOUJIEHA.

O6osnaunm uepes Te = {(z,w) € C? f(z,w) = £} — neocobblii cJI0ii HEBDI-
POXKJIEHHOrO MHOTOUIeHa f (2, W), Yepe3 n, — KOJINYECTBO [EeJOUNCIEHHBIX TOUYeK
CTPOro BHYTPH MHOTOyroJbirKa Hhlorona, aepes ny, — yBeandennoe Ha euHAILY
KOJIMIECTBO TEJIOUMCIIEHHBIX TOUEK Ha CTOPOHAX MHOrOyroJibHuKa HbioTona ¢ mo-
JIOKUTEBHBIME KOOpJMHATAMU. Toria BepHa CJIe/yIolasi TeOpeMa, BbITeKaoIas

n3 paborsr A.I'. Xosanckoro [29].

Teopema 1 (A.T. Xosanckuit). ITyemo f(z,w) — & — nesviposicdennviti mmo2o-
waen. Tozda neocobwii caol Te ceasen u dugppeomopdpen chepe ¢ ng pyuramu,

be3 n, moues.

Bosnukaer 3ajia4a yrounenus reopembl 1 B ciydae, korma (C?, dzAdw, f(z, w))

— MHTerpupyemMast raMuJIbTOHOBa cucTeMa. B jiuccepraimontoi pabore ObLI 1pe)i-
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JIOYKEH METO/I MOTIOJHEHHS HCXOJHOTO CJI0st OTHOCHTEJIbHO METPUKH €CTeCTBEHHbBIM
00pa30M CBSI3aHHON ¢ MaMUJILTOHOBBIM BEKTOPHBIM OJIEM, & KMEHHO: HHTErPaJIh-
HbIe TPAEKTOPUU TAMUJIBTOHOBA BEKTOPHOTO MOJIsI COBIMAAIOT C Ie0jIe3nIeCKUMNU
METPUKH KaK [apaMeTPU30BAHHbIe KPUBBIE. 3AMETHUM, UTO TTIOXOKHIE KOHCTPYKIHNI
ncnosb3oBasncs B padborax C.II. Hosukosa(|43|, [44]) u JI. Beiirca(|34]). Takoii
TTO/IXO0/T, TO3BOJIAJT CBSI3ATH 3314y YTOUHEHUs TeOPeMbI 1 ¢ 3a1ateii necie10Banus

ITOJITHOTDBI HHTerpreMOﬁ raMUJIbTOHOBOU CUCTEMBI.

Teopema 2. ITycmo f(z,w) — & — HEBUPOAHCIEHHDIT MHO20UAEH OMHOCUMEND-
no ceoe2o mmozoyzoavnura Hvromona Pr_¢ , npuvem mmozoyzosvrur Hvromo-
na Py_g, ydosaemsopsaem ycaosuro (i) eviwe, v dimPy_¢ = 2 (cm. ompeseie-
aue 1.1.1). Toeda cywecmeyrom € > 0 u R > 0, makue wmo

1) daa w060t cmopono, I') mmozoyzonvnuka Horomona, ne sesicaweds na xo-
OPIUHATNBLL OCAT, CYULLCMEYIOM PO6HO NT, 20A0MOPPHHLIT 6a0dcernuts Jr, p

(Déz“o,fs) X (D(Q),a \{0}) — C*1<n< nr,, MaxKUT 4mo
fodrm(&u)=¢& Jf we = ultTolentUmolinlge adu,

2 2
(€ u) € Dg . x (D5 \ {0}), 2de nr, + 1 pasno xoauuecmey mouex ¢ yeaotuc-
AennuLmMu Koopdunamamu nwa cmopone L'y, (ar,, Br,) — necokpamumoll eexmop
enewnet nopmanu cmoponos L'y, u (ug,vg) € Iy — wrobaa moura na T'y;

2) obpasvl 6cex smux n, = Y, nr, eaoscenuts (omsevarouur 001oh u Mot sce
CTOPONE, MO PASHLIM 3HAMEHUAM T, AUOO PASHOIM CMOPOHAM MHO020Y20ADHUKA
Hviomona) nonapro ne nepecexaromes, u obsedunenue smux 0bpazos codeporcum

—1( 2 4 —1( 2
f(Dg, )\ Dy r (m.e. donoanenue omozo obsedunenua 6 f~(Dg ) ozpanuueno,

a nomomy %omna%mno).
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K pesyibraram 1epBoit 1yiaBbl oTHOCATCS Teopema, 11, B KOTOpoit Oblin BBe-
JIEHBI KOOPJIMHATHI (€, 1) B 9€THIPEXMEPHO# OKPECTHOCTH DECKOHEUHO YIaJIeHHbIX
TOYEK, TIPUUEM KOOPJAUHATa £ TIOCTOSIHA Ha, CJIOe, a KOOPJIMHATA U 3aJ1aeT OKPECT-
HOCTDb OecKoHeuHo yJiajeHHol Touku Ha cioe T¢, cuepcrsue 1.3.4, onuceiaonee
IIOIIOJIHEHNE Tg neocoboro cjiod T¢ OTHOCUTEBHO METPUKH (¢, & TaKKe OIUChIBa-
Iolllee B TepMHUHAX MHOIOyroJibHUKa HbloToHA KaccruUKAIUO CUCTEM Ha CJIOSX
C TOYHOCTBIO JIO0 TPAEKTOPHOM SKBUBAJECHTHOCTH.

Bo BTOpOIi Ty1aBe uccaeayercsa KaaccuuKaiyus raMimIbTOHOBBIX CUCTEM ¢ TOU-
HOCTBIO JIO TaMIJIBTOHOBOM SKBUBAJEHTHOCTH B CJIyYae THIEPIITUITHICCKON (DYHK-
mun Camunbrona suja f = 22 + P,(w), n = 1,2, 3,4. Kpome Toro, B 310l riase
JIOKa3aHa IMOJIHOTa IaMUJIbTOHOBBIX BEKTOPHBIX IoJieil 1ipu n = 1,2, mOCTPOeHo
BJIOXKEeHUE TIpU N = 3,4 TaKUX CUCTEM BO BIIOJIHE MHTEI'PUPYEMble raMUJIbTOHOBbI
CUCTEMbI, OIIMCAHA TOIOJIOIMsI HEOCOObIX CJIOEB, a TaKKe IOCTPOEHbI KAHOHWYE-
CKUE KOOPJMHATHI B OKPECTHOCTU HEOCOOBIX CJIoeB, cM. Teopembl 12, 13, 14, 15,
16, 17, 18, 19, 20, 21, 22.

O6osnaunm yepes 2, (a, by, . . . , by) C-ramuanronosy cucremy (C?, dzAdw, f(z, w))
¢ ramusibTonnanoM f(z,w) = az?+b,w"+- - -+byw+by, a, by, ..., by € C, ab, # 0.

B caenyrorieit Teopeme cobpaHbl Pe3yJibTaThl HACTOSINEH IJIaBbl, OTHOCSIIME-
cd K KJaccupUKaIUKU FaMUJIbTOHOBBIX CHUCTEM C TOYHOCTBIO JIO T'aMUJILTOHOBO

9KBUBaJICHTHOCTU.

Teopema 3. I[Tycmov dana C-2a.murvmonosa cucmema ¢ 2unepassunmuULeckum

2amusvmonuarom cmenenu n, n < 4. Tozda:

o Kaocdas C-zamunrvmonosa cucmema F(a, b, ¢) 2amusvmonoso sK6u6aLEHM-

(3 < )

Ha kanonuyveckol “aunetinott” C-2amusvmonosoti cucmeme
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(C%(p, q), dpAdq, fo(p,q) = p). Bee caou C-zamurvmonosoti cucmemv, 34 (a, b, ¢)

asasomesn neocobvimu, C-duppeomoppmvimu C.

e Kaocdaa C-zamuavmonosa cucmema H5(aq, by, c1,dy) 2amuibmonoso ax6u-
sasermmua cucmeme #3(a,1,0,0), das a = a1by € C\ {0}. Bee neocobuie

cnou C-zamuavmonosoti cucmemvr Hs(a, b, ¢, d) C-dugppeomopdrm R x St

o Kaocdaa nesvipoorcdennas C-zamurvmonosa cucmema H3(a,b,c,d,e) za-
MUADMON060 IKEUBANENMNHG cucmeme F5(r, S, 5,0,0) das nekomopwr T, s €
C, rs # 0. Bce neocobwvie caou C-zamurvmonosoti cucmemv, 765 (a,b, c,d, e)

2omeomopdrv T\ {p}.

o Kaoicdas nesvipoorcdennan C-2amunrvmonosa cucmema 6 (a, b, c,d, e, k) za-
MUABMON060 K6UBaAseHMMHA cucmeme F3(r, s, s(p + 1),sp,0,0) dasa nexo-

mopuix 1, s, p € C, rs # 0. Bee neocobvie caou C-zamurvmonosoti cucmemol

H(a,b,c,d, e, k) comeomopdro, T2\ {p1, p2}.

Bo BTOpoil rjaBe Tak>ke OIpeJie/ieHa MOMOJHeHHas cucTtema npu n = 3,4,
cM. onpeniesiennst 2.4.4, 2.5.5. 9To MOMOJHEHNE OMPEIEIEHO KOPPEKTHO, MOCKOJIb-
Ky dyHKius [aMUIbTOHA SABJISIETCS aHAJUTHICCKOM, IIPOJIOJIKEHIE CUMILICKTH-
YECKON CTPYKTYPbl W HEBBIPOXKJEHHO. OTMETHM, 4TO OrpaHUYEHUs] HEOCOOBIX
CJIOEB IIOIOJTHEHHOM CHCTEMBbl Ha UCXOJHYIO CUCTEMY SABJISIIOTCSA HEOCOOBIMU CJIOSI-
MU UCXOJHOM CUCTEMBIU.

OJIHMM 13 OCHOBHBIX PE3YJILTATOB STO IJIaBbl SABJIAOTCS cyencTBusd 2.4.5, 2.5.6
00 MHTErpupyeMocTr 1o JIMYyBUJLIIO IIOMOJHEHHON CHCTEMBbI, KaK BeIeCTBeHHOM
raMUJIbTOHOBOM cucTeMbl. [Ipyn 9TOM BeliecTBeHHbIE KAHOHMYECKUE KOOPIMHATHI

JJLA I/ICXO,ZLHOfI CUCTEMDBI IIOJIyYalOTCsdA Or'paHMYCHUEM BEIICCTBCHHBLIX KOOPDAHMHAT
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JIeCTBIE-YTOJI, ONPEICJICHHBIX JIJIs MOTIOJHEHHONR CHCTEMbBI B OKPECTHOCTH JII0OOT0
Heocoboro cJyiost, cM. ciejactust 2.4.6, 2.5.7.

B Tperbeii riaBe m3ydaeTcst TOMOJOIHsT JArPaHKeBLIX CJIOCHUH WHTErpUpYy-
eMbIX TaMIJILTOHOBBIX CHCTEM C JBYMs CTemeHsMu c¢BOOOJbI, orBedaonmx C-
raMIJIBTOHOBBIM CHCTEMaM C OJHONH KOMILIEKCHON cremeHbio cBoboabl Ha C2 ¢
runepasunTHIeckuMu dbyukiuamu lamuabsrona f = 22 + P,(w), n € N. Ta-
Kast CHCTEeMa, SIBJISIETCS HHTErPUPYEMOil (BEIeCTBEHHOM ) TAMUIBTOHOBON CHCTEMOI
((CQ, Rewc,i, H = Re f) ¢ qByms crenensmm ¢BoOODI C JOHTOJHATETHHBIM IEPBBIM
uarerpajom F = Im f, npudem Heocobble narpankesbl cion f~1(£) romeomopd-
Hbl cdepe ¢ ["T_l] pyUYKaMu U 1 — 2[”7_1] IIPOKOJIAMM, & I'aMUJIBTOHOBbI BEKTOPHbIE
110Jis1 ¢ raMmubroHnanamu H u F' HenosiHbl Ha KaxkKJoM cjioe 1upu n > 3. B aToit
rJ1aBe Pa3BMBAIOTCS METOJIbl, peJIoKeHHble B paborax [16], [21], [22], [24].

[se ronomopdusie dyakiun f; : M; — C HazoBeM TONOJOTMIECKH IKBU-
BAaJICHTHBIMU, €CJIM CYHIECTBYET COXPAHSIONINA OpUEHTAIUI0 roMeoMopdusm h :
My — M, rakoit, ato fi = fo 0o h + const. B Tperneit rmaBe onmmcanbl Kjiacchl
TOMOJIOTHIECKOW IKBUBAJEHTHOCTH THUMEPIIUITHICCKUX (QPYHKINNE f B MasbIx
OKPECTHOCTSAX 0coObIX ciioes f1(£) B 3aBUCUMOCTH OT N M KOMOMHATOPHOTO THIIA
cJ10s1 — HAOOpa KPATHOCTEH KPUTHIECKUX TOUEK B €J10€ (TOJIYTOKAJIbHAS TOMOJIO-
rudeckas Kiaccudukaiys ciaoenust Jluysuis). J[Be uHTErpUpyeMble TaMIIIBTO-
HOBBI CUCTEMbI (MZ-4, Rewc i, H; = Re f;) ¢ nonojnuTenbHbIM HEPBLIM HHTEIPAJIOM
F, = Im f;, 1 = 1,2, Ha3bIBAOT MOCJOHHO SKBUBAJEHTHBIMHU, €CJIH CYIIECTBYIOT
COXpaHSIONIe OpUeHTAINI0 ToMeoMopdusmel hy : My — My u hy : C — C Takue,
aro f1 = ho o fy o hy. Pesyiabrarsl 1yiaBbl HOKa3bIBAIOT, YTO B MaJIOH OKPECTHOCTH

moboro jarpanxkesa cios fH(€) mocsiofinas SKBUBAJIEHTHOCTD CHCTEM DaBHO-
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CUJIbHA, TOMOJIOTUYIECKON IKBUBAJECHTHOCTH (DYHKIMN f U MOJHOCTHIO OIPejieisi-
eTcsi KOMOMHATOPHBLIM THUITOM CJiosi, cM. Teopemy 24. Ha ocnose Teopembr P. Toma
(1965) onucanbl peasnsyembie HAGOPHI KOMOUHATOPHBIX THUTIOB OCOOBIX CJIOEB JIJist
TUIEPIJIATTHIECKIX TaMUAJILTOHUAHOB.

OJiHUM U3 OCHOBHBIX PE3yJIbTATOB IJIABBI ABJISIETCS OMUCAHUE CJIOCHUS B JIO-
KaJIbHOI OKPECTHOCTH 0CODO# TOUKU CHCTEM ¢ KOMILJIEKCHOZHAYHBIMU TTOJTUHOMU-
aTbHBLIMU TaMubToHHanamMu suja f(z,w) = 22 + P,(w), n € N pazzuensuo s
YeTHOTO U HEeYeTHOTO n. OT/IeNbHO UCCTe0BaH Caydail MOPCOBCKOM OCOOEHHOCTH.
B yacTHOCTH, JJI Y€THOTO M ONMUCAHKUE CJIOCHUsT c(hOPMYITUPOBAHO B CJICIYIONIEM

LIPEJIJIOKEH U Y.

IIpengsioxkenne 0.0.1. Ipu wemnomn € N daa arobozo e > 0 dynxyua g : Vﬁ —
C, 2de Vﬁ = {(z,w) € C? | |22+ w"| < &, |w| < 2}, g(z,w) = 22+ w" + &,
& € C, sxsusarenmma dynwsyuu ¢ = q, : M2 — C, 20e M* = ([0,€"] x St x
St x ([=1,0_]J[04,1]))/ ~, omnowenue sxcucarenmuocmu ~ 6 onpedeaenu

Mg1 nopooicdeno caedyrowumu n + 1 omnuowenuamu:

(r, pmod 27, %ﬂﬂk mod 27, 0_) ~q (r, o mod 2, %W mod 27,0, ),

(0, pmod 27, ¢ mod 27, h) ~9 (0,0 mod 27, v mod 27, h),
(0.0.3)

ede 0 < k < n-—1, gmod2r € R/27Z, t € [—m, 7], h € [—1,0_] ][04, 1],

q(r, o mod 2, ¢y mod 27, h) = re!#™ed2m) 1 €0 Bgecr, 04 := 0 € [04,1], O_ :=
—4 —2

0€[-1,0-] ug(V.)=q(M) =D,

DTO IpeIJIoKEHNE UMeeT CJIeIYIONuii “reoMerpudeckuil’” cMbIci. B mpocrpan-
crBe M2} KaxKjiplit CI0il ABJISETCH HECBA3ZHBIM OOLEeMHEHIeM JIBYX MOJIYIAJIHH-

apos {(r, pmod2m)} x S* x ([04,1]| J[=1,0_]), upudem neppbie cooTHOMmEHUS
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~1 1 dopmyasr (0.0.3) mpespariaer ero B cdepy ¢ n — 1-0if pyuKoil u J1ByMst 1po-
Kostamu. Bropoe coornomienne ~g B (0.0.3) 0TOXKI€CTBISIET JAPYT € APYTOM CJIOU
suga ({(0,omod2m)} x St x ([04,1]|J[=1,0_]))/ ~14, ¢mod2r € S (oco-
obtit cioit). U3 coornomennit B (0.0.3) ciemyer, 9To0 HA 9TOM CJI0€ OKPYKHOCTD
{(0,0)} x St x {0} crsrusaercst B Touky (“nepersizka’ Ha ocobom ciioe). lannoe
MOSICHEHYE TTPOUJLTIOCTPUPYEM CJiejiyformumu puc. 4 u b.

‘/-2{‘-'—'-\

1

Puc. 4: Cnoit 6ummskuiit Kk ocobomy

Pwuc. 5: Morogpomus cjios

Kpowme Toro, B TpeTheil riiaBe Onmcano CJI0CHUE B OKPECTHOCTH 0CODOTr0 CJI0S CH-
CTeM ¢ KOMILJIEKCHO3HATHBIMU [TOJIMHOMUAJIbHBIMY TaMUIbTroHnanaMu Bujia, f(z, w)
22 + P,(w), n € N. ITonydennas KOHCTPYKIMs KIACCUMDUKAIMN COSHNs ABJIS-
eTCsl YeTBLIPEXMEPHBIM aHaJoraM nonsTusa aroma, Beegennoro A.T. @omenko, To
eCThb OKPECTHOCTH 0CODOI0 CJI0sI, PACCJOCHHON Ha JIMHUUA YPOBHS TaMUJILTOHUA-
Ha U PacCMATPUBAEMOI C TOYHOCTLIO O IMOCJIONHON SKBUBAJIEHTHOCTH. ATOMBI
obutn Kytaccuduiposanbl B paborax A.T. @omenko [36], [37], A.B. Boscuno-
Ba [35] u apyrux. Kpome Toro, B 9T0M ciIydae yCIOXKHSETCSI KOHCTPYKIIUS Tak
Ha3bIBAEMOTO Kpecta (cMm. [7]), a CKieiiKn He MMEOT CTOJb HATJISIHOTO BHUJIA.

—4
Onnaxko mpu nepecedenun V_

OKpeCTHOCTH Heocoboro ciosi Tg, ¢ TI0CKOCTHIO
II={(z,w) € C*|Imz = 0,Imw = 0} BozHUKaeT CraHJapPTHLIl KPECT U ATOM,
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cM. puc. 6 n 7.

Pwuc. 7: JIBymepHBI# aToM

Puc. 6: /IBymepHbIit KpecT

Bynem wucnosnnzosars ciepyiomue obosnadenust. 1yt Ly gy, 1.0 = Te \
k
(Y Uée) — KOMILJIeKCHOe MHoroobpasue c¢ xkpaeMm, dime Ly, jg,...1,. = 1, Tomeo-
i=1
k

2 2 2 _ 2
mopdunoe Mg,y mpu n > 1, Mg, | | Mg, npu vernom n = > 1, u Mg, | upu
i=1
k

n—1 Ly 34(—1)" LA 9

nedernoM n = Y b, g = ["57] = Y3l h = —5—, b = > —5— My, —
i=1 i=1 ;

IIPOKOJIOTHIH 3aMKHYTBINH JBYMEepHBIH quck. Tormna BepHa ciemyromnas Teopema o

110J1yJIOKAJIbHO# TOIHOJIOIMYeCKOi KJIacCUDUKAIUMKY CJIOCHUS TUIIEP3JLIIMIITIYECKOI

roJiIoMOppHOI PYHKIMKU B OKPECTHOCTH OCODOI'0 CJIOSI C HECKOJbKUMHU KPUTHUE-

CKHUMM TOYKaMH, ABJIAIOIIAACA OJHUM M3 OCHOBHLIX PE3YJIbTAaTOB TpeTbeﬁ I'JIaBBbI.

Teopema 4. [Tycmov T¢, — 0cobuti caoli unepaarunmueckozo muozousena f(z,w)
cmenenu n > 2, codeporcawutdl posno k wpumuveckur movex pi,...,pr € T¢,
npuvem Kpammocmu 3mux movex pasuv, l1—1, ..., lp.—1,11,..., [ > 2, coomeem-
cmeenno. Tozda cywecmeyem €y > 0 maxoe, wmo das awboz0 0 < € < gy Pymxk-

e
YU ff*@é).s) MONOA0RUMECKU IKBUBAAECHINNG PYNKUUL fr gty 1 o My gy o —
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L —2 L -2
C' B&ec/b Mé,k,ll,...,lk,s - (l_l1 Vli,é‘) U (DSO,EXLn,k,ll,...,lk,E) = (|_|1 Vli’(-:) |_|(D§0’5><
1= n,kl el e =
k __
Logiydne)] (@~ Onity..p2(T)) noayueno us neceasnozo obsedunenud | | Vi,a
i=1

—9 . —4 .

u Dfo e X Ly piy e 0Modicdecmenenuem 10601 mowky T € 8+Vl,- L1<i<k, ¢
—2

ee 00pazom G, 1,e(T) € De, (XOLy i, e MPU 20MEOMOPHUIME Dp i, e -

k

—4 —2 5
| ] 8+Vl,»,e — D&))E X OLp k1, e, 3a0a6aemom hopmyrot
i=1

"),

Orkdronc(2,0) i = (22 +wh + &, o (arg w) mod 27, sgn Im 0

(z,w) € (9*7?“5, 1 <i <k, npul; yvemmnom,
Onkey... dpe(2, W) = (22 + wh + &, alargw + (l;argw + m — 2arg z)) mod 4r),

(z,w) € 8+Vli,€,1 <1 <k, npu l; newemnom, a dpynkyua f,1; sadaemca pop-
, 4 .
MYAAMU fn,k,ll,~-~7lk‘vf (z,w) = 22 +wh + &, (z,w) eV, ., 1 <i<k,
—2
(gax) - 5: (ga ZE) € Dgo,g X Ln,k,ll,...,lk,a-

—2
4 _
IIpu omom fn,k,ll,---,lk(Mn,k,zl,...,lk,a) = Dgo,e~

)

o Ty
f Wbt D e X Lkl e

B nmaToit riase joKazan aHaJor TeopeMbl JIMyBUILIS 1 MHTErPUPYEMbBIX T'a-
MMJITOHOBBIX CHCTEM ¢ HEIOJHBIM MaMUJILTOHOBBIM BEKTODHBIM TIOJIEM B CIydae
ramubronnana suga f(z, w) = 2%+ (w —wy) ... (w—wy,), rie w; € R, w; # wj,
1,7 =1,...,n, 1% j, BOKPECTHOCTH HYJIEBOI'O CJIOSI.

JlokazareanLecTBO TEOpEMbl OCHOBAHO Ha Pa3pe3aHud OKPECTHOCTH HYJIEBOI'O
ciog Ty = {f(z,w) = 0} Ha weTblpexMepHbIe PYUKH, HA KaXKJOW U3 KOTOPBIX
BBOJISITCA KAHOHUYECKUE KOOPJAMHATHI, BLIUACIAIOTCS EPUOJLI U BUAJL HHTEIPAJIh-
HBIX TPAGKTOPUI Ha HYJEBOM cJioe M300parkeH Ha pucyHke. Teopema mokasana
pa3eaLHo JIJI 9eTHOrO W HedeTHoro n. B uacrnoctn, nuxke c¢hopMyaIupoBaHa

TeopeMa IJisl HEYETHOI'O 7.
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Teopema 5 (komiuiekcHasi reopema Jlnysuiis). Jaa C-zamusvmonosoti cucme-
mol (C2 dz A dw, f) ¢ pynxyueti Tamurvmona f(z,w) = 22 + Popy1(w) u coom-
gememeyowe2o aazpandicesa caoenus (cm. onpeaenenue 3.1.6), 2de Po,q(w) =
(w—al) (’LU—CLQn_H), aeR i=1,....2n4+1, a1 < as < ... < agu+1,n €N,
cywecmsyem € > 0, makoe 4mo 6uinoAHEeHb CACIYOULUE CEOTICMEA:

1) dan mobozo & € C, €] < g, caoti Te = f7HE) asasemea neocobvim u
2oMmeomoppen chepe ¢ n pyuKamu U 00HUM NPOKONOM;

2) naepanorceso croenue 6 wemuvipermepnot &-oxpecmuocmu U (To) caoa Ty
MPUBUANLHO, T.€. NOCAOTHO 20MEOMOPPHO NPAMOMY npoussedenuto croqa Ty na
omkpeimoii deymepront duck Df, = {£ € C| €] < e};

3) 6 OKPECTIHOCTNU Ug(TO) cywecmeyrom 2n 20./LOM0])¢H?)L$ ¢y%%‘um‘z
Il,...,]n,Jl,...,Jn . UE(T()) — C,

a dasa kaotcdol wemwpermepnots e-pyuru Gep C Uc(Ty), k = 1,...,n, cywe-
cmeyem 2oaomopProe éaoocenue (3adasaemoe npu k > 1 “Komnaexcrnomu koop-

dunamamu deticmeue-yeon”)

C x (C/27Z), 2 <k<m
Ivla. ., prmod 2m) : Gop, —
ke prmod2m) - Gen =0 (1) (TRE ) Ve k=1,
IlEDs’l

ede npu k = 1 pynkyua pymod 21 Asasemcs MHO203HAUHOT AHANUMUYECKOT

Pynryued, wepes Té(i—‘ﬁ([l)) = C/2n(Z & fl—‘ﬁ([l)Z) 0003HaY%EH KOMNAECKCHBIT

mop ¢ napamempom ‘;—‘ﬁ(h) € C\ R, uepes v, C Té(‘é—‘ﬁ([l)) 0bosnauen 00-

Pa3 NPAMONUNETH020 0OMpPeE3Ka Aél)(ll)Ail)([l) C C (swpoorcdarowezoca 6 mou-

ky 6 caywae n = 1, em. n.6) nuoce) npu npoexyuu C — Té(i—'ﬁ([l)), u uepes

(Té(fi—‘ﬁ(ll))) \ V1, 0bosnaveno nonoanenue “nadpesannozo mopa” (Té(i—‘ﬁ([l))) \
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VI, OMHOCUMENLHO PUMAN060T Mempury dpi1dpy, co caedyrouums c6otUcmeamu.:
a) kaoicdan pynwkyus Iy, Jy : U(To) — C asasemes 2oromopdnot dymryu-
et Iy = I(f) v Jy = Jip(f) om f 6es xpumuueckur mouex, ee mMHoHcecmso

3Haverul

~

D.j, = I(UTo)) = It(Gep), Dep = Ju(U(Ty)) = Jp(Ges) C C

ommwpulImo 6 C u 20M€0MOp¢HO oOMmrEPHIIMOMY KPYY, OHA 6bIPANHCAEIMCA 6 OKPECT-

nocmu U-(Ty) wepes arobyto dpyeyro maxyro gynkyuto dopmyaamu

Iy = Li(f(10), In=1e(f(Je), Je=Ju(f(L0)),  Ji=Je(f(J0));
ede f(Ii) u f(Jx) — Pynryuu, obpamnwvie x dynryuam Ii(f) u J(f) coomeem-
cmeenno (k=1,...,n);

0) npu mobwx k=1,....n u l; € D.j Mnoocecmso snavenuts “KoMniexcuotl

koopdunamot y2or” @ mod 27 GepNTy(s,,) NOAYHAEMCA U3 HEKOMOPOT 3AMEHYMOT

obnacmu Wy, 1, C C, ozpanuvennots wecmuyz0avnukom ¢ 6epuunam A§k)(]k), . ,Aék)(lkj
C (sviposicdmowumes npu k = n 6 NapasLea0zpamm ¢ 6EPUUHAMU A§k)(]k), Agk)(]k),
Aén)(lk) = Afln)(lk), Aén)(]k) = Aén)(]k)) U CMOPOHAMU, COOMBEMCMEYOULUMU
eeodesuneckum di(f(Ir)), su—1(f(Ix)), sa—2(f(Ix)) C Tsu), a maxoice 2eode-
suneckum Sop(f(Ix)), Sour1(f(Ir)) C Ty, 6 cayuae k < n, ciedyrousum obpa-
som: (i) sukudueanuem ecex sepuwun (COOMEEMEMEYUWUT GeCKOHEwHO YIaseH-
noti mouxe pyr), u (1) omoocdecmenenuem (m.e. cracusanUEM) NPU NOMOULL
NAPasLeAvHO20 NEPEHOCa 0001 napve CMopor, omeevaouux 00Hot u mot e
eeodesuneckots (aubo dip(f(1Iy)), aubo s1(f(I1)) npu k = 1); npuvwem wecmu-
Y2ONLHUK (COOMBEMCMBEHNO NAPAIIEA0ZPAMM NPU Kk = N) 00no3HawHo 3adaem-
ca caredyrowumu yeaosuamu (em. puc. 4.5, 4.6 npu 1 < k <n, 1 < k =n

coomeemcmeeu%o):
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o wecmuyzoaviuk (uau napassesoepamm) OWy 1, C C obpasosan mpema na-
PAMU PABHVIT U NAPAAACALHVIT CMOPOH, COOMBEMCMEYIOULUL CADYIOULUM
2€00€3UMECKUM U NOAYHUAUUTCA Ipye U3 dpyea cAedyrouumy cdeuzami 6

naockocmu C:
AP (1) AP (1) = el di(€) = AP (L) AP (1) = er(di(9)),

AP AP (1) = (s 1(€) ~ 28 AP (1) AP (1) = or(sara(6)),
AP AP (L) = r(sa(€) ~ 28 AP (1) AP (L) = pr(smn (€), k<,

ede £ == f(I) € D(2),e7 wepes 0 : C — C obosnauen napassesvnoiti nepenoc

na sexmop & € C 6 naockocmu C, so(§) = s1(€),

(a2 () = )+ ok ().

e npu arbom k < n uinosHeno

AP @) AP (1) = AP (1) AP (1)

= (Spr (F(I)))g = 27 (dfl’zl (I) — dé’;f(lk) o (=) 132 (Ik)>

o moura nepecenenua duazonaneti naparseaozpamma A (L) AP (1) AV (1) AW (1)
pasha %(A}k)(lk) + Aék)(lk)) =0 = ¢i(0,a0:(f(Ix))) (omxyda moura nepe-
cenenus duazonanels (6uposcdarowezoca 6 ompesox npu k = n) napasse-
AOZPAMMA A ( )A( )(Ik)Aék)([k)Aék)(Ik) pasHa %(Aék)(lk) + Aék)(]k)) =
T = (0, ao11(f(1x))), a npu k = 1 yenwmpor omostcdecmeasemoix cmopon

Agl)(ll)Agl)(Il) U Agl)(ll)Aél)(]l) cymv omosicdecmeanemvie mowku £ (Dy(f(11)))1 3
p1(0,a1(f(11))));
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6 wacmmnocmu, npu k =1 daa abozo I} € D,y obpasom xomniercroti yeaocot

GearfTyy + Gen N Ty — (TR(GHI))) \ 1, asanemes

koopdunamot p; mod 27

« < < ) 2(dJy .
6ecy “‘nonoanennvid nadpesannevd mop” (Te(G7(11))) \ vr, (cosnadarouyudi ¢ mo-
2(dJy _ (1) (1)
pom TE(G7H(11)) 6 caynae n = 1) 3a uckarouenuem deyx movex Ay’ (Ir), Ay (I1)
(cosnadarowux dpye ¢ dpyzom 6 cayuwae n = 1), AGAAOWUTCA “KOHYAMU AUNUY
nadpesza” u omeeuaouuT 0eckonewno Yoaaennot movke;

6) (dz Ndw)lg., = dly Ndpy, k=1,...,n;

2) nepemennan “deticmeue” Iy = Ii(f) u dynryua Jy = Ji(f) umerom 6ud

| azk+1(§) . azk(§)
I (¢) = - / VE— Ponia(y)dy, Ji(€) = = / VE— Paa(y)dy, €€ D,
as(§) azk—1()

2de 6 Kauecmee PynkuuY /- 0EPYMeA ee 6eme, maxue 4mo \/—P2n+1(%(a2k + agki1)) >

0 6 nepsom cayuae, u i\/—P2n+1(%(a2k_1 + asr)) < 0 60 smopom cayuae;
d) das mobwx deyx pyuer G, Gey, codeporcauyur 6 ceoeti 2panuye 00no U
mo oice cemeticmeo zeodesuveckur s;(§), svnoaneno k =1, npuvem 6 cayuae

1 <k <n nepecevenue Gep, N Ge 1 Asasemes obsedunenuem 2eodesunecku

Gerx NGejy1 = U (521(&) U sops1(§)) = U (Prw‘Tg)il(Sk—i-l(f))?

§l<e |€]<e
U Ha IMOM NEPECENEHUL KOMNALKCHDLE K00PIUHamvL Y204 01 mod 27 u o1 mod 27

ceazanvl dpyz ¢ dpyzom popmyaamu:

L:1(8) ritlsane) T i1 (§) = 11(6) (Pklsauie) — 7),

Il/c—|-1 (g) ¢k+1’52k+1(§) - 7T‘]I/c—|—1(§) - ]li:(g) (Spk|32k+1('£) T ﬂ-);

e) ypasnenusa Lamuarvmona 6 xoopdunamaz (I, or mod 2mw) na pyuke Gep,
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k=1,....n, npunumarom 6uo:

df (Ir)
dl, '

I, =0, ¢p=

4) anmuranonuneckas uncomoyus C* — C?, (z,w) — (—z,w), coxpansio-
was Lamurvmonuan f, nepesodum xasicdyro wemvipexmepryio e-pyuxy G 6 ce-
04, U 02paHUMEHUE IMOT UHBOMOUUY HA MY PYUKY 6 Koopdunamax (I mod 27

’ ks ¥k

umeem 6ud (I, prmod 2m) — (I, —prmod 27m), 1 < k < n.

ABTOp BBIpaxkaer riybOKYIO U HCKPEHHIOK MPU3HATEIBHOCTH CBOMM HAYy THBIM
pykoBojuressim A.T. @omenko u E.A. KyapsiBiieBoit 3a 00J/1b110e BHUMAHKE K Pa-
Oore 1 psij| EHHbIX 3aMeYaHuil, OlPeJIeJIMBIINX OCHOBHbIE HAllPpABJIEHUs €€ Pa3-
sutusi. Aprop Onaromapen A.U. [Mladapesnay, A.B. 2KersioBy 3a mnosiesnbie 00-
Cy»KJieHusi B miporecce paborsl Ha guccepramnueir, A. M. Crenury u JI.A. AnocoBy

3a BHUMaHHE K pa60Te 1 IIeHHbIC 3aMEYaHu:d.
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I'maBa 1

I/IHTeI‘pI/IpyeMbIe raMmJjibTOHOBbI CUCTEMbI
C HCIIOJIHbIMU ITIOTOKaMM "

MHOI'OYI'OJIbHUKMA HrnroTona

1.1 OcHOBHBIE OHATUA U YTBEPXKJIECHUS

Onpegnenenne 1.1.1 (30, §2.1 u §3.4]). Muozoyzoavrurom Hvromona Py C R?
— l,,,m 6

muorowiena f(z,w) = > a2z w™ Ha3LIBAETCS BBIMYKJIas 000JOUKA MHOKE-

Il,m>0
crBa Touek (I, m) € Z? Takux, uTo arm 7 0. Pazmeprnocmuio dim Py mOrOyTOMIDL-
nrka Hepiorona Py naszbiBaeTcs pazMepHOCTb MUHUMAJILHOTO ad)PUHHOTO MOATIPO-
2

crpancTBa B R?, conepzxkartiero muoroyroinbuuk Huiotona Pr. Muozoyzoavruxom

P? C R?, orpeuatomumM MHOroyrosibauky Hbiorona P f 1 KOBEKTOpY 1) € R2*,

HazoseM rpaib (pasmepuocru 0,1 win 2) muoroyrosnsunka Hoiorona Py, na ko-

TOpO# JlocTuraer MakcumyMa bynkuus Py — R, x +— (n,z), * € Py, tie uepes
R 06 R?

n,T) € [N 0003HaYE€HO 3HaYE€HUE KOBEKTOpPa 1) Ha BEKTOpE T € B YaCTHOCTH,

caM MHOroyrojbuuk Hpiorona P% = P f OTBEYaeT HyJeBOMY KopekTopy 1) = 0, a

KarkJlasd CTOpOHa MHOrOyrojbHuKa Py orpevaer csoemy “BekTopy BHelHeil HOp-
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majin”). Tlo muorouseny f(z,w) = Y a;,2'w™ u kosekropy 1 oupejeuM yee-
I,m>0
wennoiti mnozouaen f1(z,w) = >, apmzw™, em. puc. 1.1.
(1,m)eP"

Pwuc. 1.1: [Ipumep muoroyroapunka HeoToma

Huxe (ompemesenns 1.1.2, 1.1.3 u 1.1.4) BBe/ieHbI TPU MOHITHS HEBBIPOXK JICH-
HOCTH JiJIsi MHOTOWIeHa f(z,w) — &, & UMEHHO OMPEJINICHbI He6bPOHCIEHHOCTND
MHO204NEHA OMHOCUMENDHO CB0E20 MHO20Yy20AbHuKe Hbtomona, neocobocms cios
F7YHE) dna pynxuuu f u nenpusodumocms muorounena f(z,w) — £. Jlioboe u3
9TUX YCJOBUI BBITOJHEHO JIJIsi MHOTOUIEHOB “0bIero moyioxkenust . IIpu BbIIOJ-
HEHMM JIaHHBIX YCIOBUH yIaeTCs OIMMcaTh TONOJIOrHUecKue cpoficrsa cios f1(€)
(eMm. reopembr 7, 8,9, 10 u caepicrsue 1.2.3, a rakzke reopemy 11 u caepcrsust 1.3.2
u 1.3.4 unxe). Kak Gyjer nokasaHo HuzKe, JaHHbIE CBONCTBA sIBJISIIOTCS HE3aBH-

cumbiMu (cMm. ipumep 1.1.6).

Omnpenenenne 1.1.2 (|30, §2.1, onpenenenne]). Muorowien f(z,w) HaspiBaeTCs
HEBBIPOINHCIENHBLM OTHOCUNEADHO 6020 MH020y20nvnuka Hutomona Py, ecin
Juist JiI06oro KopekTopa 1 € R?* BBIIOJHEHO ciiejyoliee ycJaoBue: Jiis Jioboro
pemenns (z,w) ypasuenus f7(z,w) = 0, nexkamero 8 (C\ {0})?, muddepennnann

df(z,w) # 0.
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Onpegnenenne 1.1.3. Caoem T¢ C C? muorousena f : C*(z,w) — C nasbiBa-
erca Muoxkectso Te = {(z,w) € C?|f(z,w) = £}. Cnoit T¢ C C? naswiBaercs

neocobvim Jist bynkin f, ecan df (z, w) # 0 pist mobsix (2, w) € Te.

Onpepesienne 1.1.4. Muorowien f(z,w) HasbiBaeTCsi HENPUGOIUMBLM, €CJIU HE
CyLIECTBYeT €ro pasJjoxkenust Ha Mmuoxkuresu f(z,w) = pi(z,w)pe(z,w), e

p1(z,w) u po(z, W) — MHOTOWIEHBI, OTJIMUHBIE OT KOHCTAHThI.

B nanbHeiieM B OCHOBHOM OVJIyT paccMaTpUBATLCA TOJBKO HEOCOObIE CJIOU
HEBBIPOXKJIEHHBIX HEMPUBOIUMBIX MHOTOWIEHOB. KCTECTBEHHOCTH 3TOTO MPEJIITO-

JIOYKeHNS TTOKa3bIBaeT cjaejyiorniee 3amedanue 1.1.5.

Bameuanne 1.1.5. g 3agannoro Muoroyroabuuka P # () 1 nourn Beex MHO-
rowienos f, rakux 4To Py = P, BoinosiHens! ciejyomine cBoicTBa:

1) myzesoit cioit To = {(z,w) € C* | f(z,w) = 0} sBageTcst HEOCOOBIM (CM.
Teopemy 6);

2) muorousten f(z,w) SBAAETCS HEBBLIPOXKICHHBIM OTHOCHTENHLHO CBOETO MHO-
royroabanka Hoiotona Py (em. [30, §2.2, Teopewmal);

3) mHorowien f(z,w) sBJAAETCH HEIPUBOIMMbBIM.

IIpumep 1.1.6. B Tabumie HuxKe Ui KarkJIO0 U3 BBIMIACAHHBIX MHOTOUJIEHOB
YKa3aHO, BBIIOJHEHbBI JIX JIJId HEro CBOWCTBa HEOCOOOCTU HYJIEBOI'O CJIOSI, HEBbI-
POXKJIEHHOCTH OTHOCHUTELHO CBOEIO MHOTIOYTOJIbHAKA HbloTOHA M HEMpUBOIUMO-

CTHU.
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Mmuorounen Heocobocts Ty  HeBwipoxknennocts HenpuoaumocTs

z + + +
2%+ w’ - + +
22 4+ w? + 22w+ w + — +
2+ (w+1)? — — +
(z+1)(z+2) + + —
ZW - + —

(2% +w” + 1)(2* +w* +2) + - -

(z+1)3 — — —
3ameuanne 1.1.7. Kak nokazano B npumepe 1.1.6, ycaoBusi HeocOOOCTH CJ10sI
T¢ MHorownena f, HEeBBIPOXKJEHHOCTH MHOroujieHa f — & OTHOCHTEJILHO CBOETO
mHoroyrojbuuka Hbiorona Py_¢, nenpusogumocrn muorownena f — § apidrorcs

nesapucumbimu, rie & € C.

Teopema 6 (Koneunocrs MHOKecTBa 0c00bix 3Hauenuit [28], [40]). Tycmo f :
C? — C — wommaekchoili MHo20uAEH 0GYT KOMNAEKCHBIT NEPEMENHHIT, OMAUY-

noel om konemanmot. Tozda mnoorcecmso Xy C C ocobvxr snavenud xonewno,

m.e. umeem 6ud X = {&H,, 2de & € C,i=1,...,N.

Jloxasamenvcmeo. Pacemorum 8 C? riajikoe nojmuoroobpasue X = {(z,w, &) €

C? | f(z,w) = &} C C? u peryasipuoe orobpazkenue Pre : C3 — C, (z,w, &) — &.

P 6 P OPre(zw,6)
CryJAPHOCTD OTOOpazkenns Pre ciienyer u3 Toro, 4r0, B 9aCTHOCTH, — 57— =
1. Obpazom orobpaxenus F' := Pr¢|x asaserca F(X) = C, mockoabKy MHO-

roanen f(z,w) otnmuden or KouctanThl. [lo yenmennoii Teopeme Beprunu (jis
cxem) orcioma caemyer (em. [28, ImIIl, cremcrue 10.7]), a0 cymecTByeT OT-

KpbiToe 110 3apucckomy nenycroe muoxecrso U C C rakoe, uro Flpq)
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F~YU) — U sasastercs raagxum MopdU3MOM COOTBETCTBYIOIMAX CXeM B CMBIC-
ae [28, TuIll, §10, onpegenenne|. ITo reopeme [28, Tu.Ill, reopema 10.2] cxema
X¢ = Spec(Clz,w]/(f — £)) asusercs perymsiproit jyist soboro € € U, Te., B
YACTHOCTH, OHA PeryjigpHa B CIeAyIomeM cMbIce: 1 moboi Toukn (z, w) € C2,
Takoit 1To (z,w, &) € X, JOKaIbHOE KOJIBIIO JAHHON CXeMbl B TOUKe (z,w, &) pe-
rysisipao B cmbicie |28, [il, §5, onpenenenue|. [lokaxkem, aro orcroa crefyer,
qTOo (%(z,w),g—i(z,w)) # (0,0), Te. £ aBagercsa HeocoObIM 3HadTeHUEM (BYyHK-
nuu f. JeiicrBuresnbho, u3 Teopembl (eM. [40, Treopema 36, ¢.121] umm |28, .1,
yrpaxkaerue 5.13]) 0 Tom, 9To JIOKAJILHOE PerysisipHoe KOJIbIO He UMeeT JeuTesied
HyJist caiegtyer, uro f(z,w) — & — 910 1POU3BEJICHUE HEPUBOJUMbBIX MHOIOUJICHOB
Pi(z,w) 6e3 obiux HyJeil, 109TOMY HEPABEHCTBO (%(z,w),g—i(z,w)) # (0,0)
PABHOCUJILHO CUCTEME aHAJOTMYHBIX HEPABEHCTB JIIS KAarKJIOMO HEHPUBOIMMOIO
comuoxkuresisi Py(z,w). A jyist menpusogumoro muorowiena P(z,w) rpebyemoe
HepaBeHCTBO Jlokazano B |28, Tuil, reopema 5.1]. Besikoe orkpbiToe 1o 3apuccko-

my nernycroe nogmuokecrso U C C umeer suyy U = C\ {}Y,, orkyna obpas ¥

MHOKECTBa 0COOBIX Touek cofepykutes B {& 1Y |, T.e. Koneuen, O

1.2 (O0630p U3BECTHBIX PE3YyJILTATOB II0 TOIIOJOTHUH CJIOEB

1.2.1 JlocTaTo4Hble yCJIOBUA CBA3HOCTHU CJIOSA

Cnenyiomnme e Teopembl 7 W 8 yCTaHABIMBAIOT CBSI3HOCTH HYJIEBOTO CJIOST
MHOI'OUJICHA, ABJISIONIErocs JitOO HEINPUBOJMMBIM, JIHOO HEBBIPOXKIEHHBIM OTHO-

CUTEJLHO CBOEr0 MHOTOYTOJbHUKa HbioToHa, mMeroIero pa3MmepHocThb 2.

Teopema 7 (CasizHocThb ciioeB Henpuoumoro muorodsena (28, Tuil]). Iyemo
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mmozounen f = f(z,w) nenpusodum. Tozda nyaesoti croti To = f~1(0) ceasen.

Joxasamenvcmeso. Cornacuo |28, ['n.l, caencrsue 1.4 cioit Ty HenpuoguM Toria
1 TOJILKO TOI'JIa, KOIJIa UJ1eaJl, IOPOXK ICHHbII MHOTOUYJIEHOM f, SIBJISETCS IPOCTDIM.
DTO0, B CBOIO OUYepE/ib SKBUBAJEHTHO TOMY, UYTO MHOI'OUJIEH f SIBJISIETCS HEIIPUBO-
mumbiM. Hempusogumocts ciost Ty osmagaer (em. |28, T, onpenenenne B §1,
crp. 18]), uro me cymecrsyer Y7, Yo C Ty — cOOCTBEHHDBIX 3aMKHYTHIX (B CMBICITE
rounosiorun 3apucckoro) B Ty nopmuoxkecrs, rakux uro Ty = Y1 | Ya, uro Biever

CBSI3HOCTE 1. N

Teopema 8 (CBsi3HOCTH CJIOEB HEBBIPOXK IEHHOTO MHOTOWIeHa |29, §2.1]). ITyemw
mmozounen f = f(z,w) nesuposcden omMHOCUMEADHO CBOE20 MHO20Y20ADHUKG
Hviomona Py, u dim(Py) = 2. Tozda nodmmoncecmeo To := Ty \ ((C x {0}) U
({0} x C©)) nyaesozo cnoa To = f1(0) ceasmno.

oxazamenavemeso. IlycThb X — zambikanue MHOroobpasust X = TO B JJOCTATOYHO
nosinofi npoekTusHoil Topuueckoit komnaxtuduxkanuu M D C2 Cornacno [29,
§2.1, reopemal, X cpazno. Tak kak )A(;, X bupalmroHa bHO SKBUBAJIEHTHBI U UMEIOT
KOMIIJIEKCHYIO pa3MepPHOCTH 1, MHOXKECTBO X \ X koneuno. [Tosromy us csizHocTu

X 1noJjiydaeMm CBSI3HOCTH X . ]

1.2.2 TomoJsiorus cj0d HEBBIPOXKJAEHHOTO MHOTOYJIEHA

Onpenenenne 1.2.1. Ilyctb M — KOMIAKTHOE aHAJUTUUECKOE MPOEKTUBHOE
MHOrOo0Opasue pasmepuoctu dime M = n. Apugmemuneckum podom py(M ) MHO-

roobpasust M nazbiBaeTcs aJbTepHUPOBAHHAN CyMMa,

n

pa(M) == "(=1)F dimg(QF(M)),
k=0
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rje depes Qk(M ) 0003HAYEHO POCTPAHCTBO TOJIOMOPGhHBIX JinddepeHIaibHbIX
k-dopm na M (cm. [29, §1.1]). st HEKOMIIAKTHOIO AHAJIMTHYECKOIO MHOI0OOpa-
sust M’ apudmernveckuii poj onpejessiercst hpopmyiioit po(M') := p.(M), rue
M — j060e KOMIIAKTHOE aHAJUTUYIECKOe ITPOEKTUBHOE MHOroobpasue, Oupaimo-

HaJILHO 3KBUBaJjeHTHOe M.

NsBectHo, uTO Jjis1 OMpalMOHAJLHO 3KBUBAJEHTHBIX KOMIIAKTHBIX ajredparn-
qeckmx Muoroobpasuit My, My Bumomeno dime(Q%(M;)) = dime(Q2%(Ms)) u
Pa(M1) = po(Ms) (cm. |29, §1.1]). Tlosromy ompemenenue 1.2.1 KOppeKTHO JJist
HEKOMIIAKTHBIX aHAJUTUIeCKUX MHOrooopasuit. Eciu My u M, OGupanmnonalibHO
skBuBaJieHTHBI 1 dimc My = 1, To umerorcst Koneunbie nojmuoxkecrsa Ny C My

u Ny C My, rakue uro My \ Ny u My \ Ny komiuiekcho juddeomopdHbi.

Teopema 9 (Heocobocrs u apudmeruieckuit pos cios |29, §1.1, teopema 1 B
§1.3, Teopema B §2.1, Teopema B §4.1]). Caoti Tg = f71(0), onpedeernviii neewi-
pootcdernvim (0OmHocumesvHo c60e20 mnozoyzosviuka Hotomona Py) mmozoune-
nom f(z,w) # const ¢ menyaesvim c60000NIM UAECHOM, ACAACTNCA HEOCOOBIM
ona pynryuu f. Ezo apupmemuueckut pod p,(Ty) evuucasemea no gpopmy-
ae po(To) = 1 — (=1)4mPrBT(Py), 2de BT (Py) — xoaunecmeo yeaouwucaen-
HOLT TOYER, AEACAUUT CMPO20 6HYMPU MHoz2oyzoavruka Hviomona Py (6 mono-

02U MUHUMANLHOZ0 AUHETHO020 npocmpancmea, codeporcauiezo Py). To ecmo,
Pa(To) =1— B (Py) npu dimP; =2, u p,(Ty) =1+ B*(Py) npu dimP, = 1.
[Ipumep 1.2.2. [lna f(z,w) = 2" — 1 cnoit Tg = f710) ~ C x {1,...,n}
nmeer apudmerndecknit pox p,(To) = 1+ BY(Py) = n B cuny teopemsr 9.

CooTBeTCcTByIOIAs KOMIIAKTHAs aHAJATUUIeCKas mpoekTuBHas Kpubasg M D T,

OurosioMopHO dKBUBAJEHTHAsE €010 T, sIBJIsIETCS HECBABHBIM OO'bEJIMHEHUEM 1)
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skzeMiapos chep Pumana: M = C x {1,...,n}.

Corytacho 27, §19.14], ecsiiu X — KOMIIAKTHOE CBSI3HOE 1-MEPHOE KOMILJIEKCHOE
MHOroOOpasue (T.e. pumMano6a noseprnocmo), romeomopduast chepe ¢ ng pyd-
KaMH, TO Pa3MEPHOCTD IIPOCTPAHCTBA rooMopdHbx 1-dopm Ha Heil paBHa n.

Orcroa nostyaaeMm ciejyiolnee ciejicrsie reopem 8 u 9.

CaencrBue 1.2.3 (Komuuectso pyuek y ciost). [Tyemo muozounen f(z,w) — &
HEBLPOICIEH OMHOCUMENBHO C60e20 MHOo20Yyoavruka Hviomona Pr_¢, npuvem
dimPy_¢ =2 u £(0,0) # £. Tozda caoti Te asasemes neocobvim daa gynryuu f
u eomeomoppen cepe ¢ ng = BY(Py_¢) pyuramu u koreunvim wuciom npokoaos,

ede BT (P;_¢) xax 6 meopeme 9.

Omnpegenenune 1.2.4. BexropupiM nosem kocoti epaduenm sgrad ¢ f € Vect(C?)

rosomopduoit pynkimu f : C2 — C orHOCHTENBHO ro10MOpdHOi 2-POPMBL W =

Of (zw) Of(z,w)
w0 0z

dz A\ dw mazwiBaercs Bekroproe mosie sgrad o f = ( ), 3aJlaHHOE B

KOOpJIMHATAX (2, W).

Onpepnenenne 1.2.5. (A) Pumanosoti mempurot nonoanenus ge Heocoboro Ciost
T¢ puist bynkiun f nHasoBeM puMaHoOBy MeTPUKY g = Sym(Ag ® Zg), rJie 2040-
mopdran 1-popma A¢ onpenenena wa cioe Te coornomennem A¢(sgrad ¢ f|r,) =
1. OrMeTnM, 4TO pUMaHOBa METPHUKA ¢ ABJIACTCH IJIOCKOM, U HHTErPaJIbHble TPa-
eKTopuM BeKTOpHBIX noseit sgrad ¢ f|r, u isgrad ¢ f|r, ABnAOTCA ee reojesuye-
CKUMU.

(B) Ha cnoe T¢ onpenenena ¢ynruyua paccmoanus pe © Te x Te — R, e
qutst mobbix .,y € Te, pe(r,y) — HMKIAA PAHD JUIMH BCEX KPUBBIX, JIEXKATAX
B T¢ 1 coeuHAIOMUX TOUKHU T,Y, PACCTOSHUE B CMbBICJIC PUMAHOBOI METPUKH

LHOLOJIHEHUS Je.
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Teopema 10 (Kosmuectso pyuek u rosomopdubie 1-dopmbr Ha ciioe [29, yTBep-
xkaenue u ipumep B §2.2|). ITyemov mmnozousen f(z,w) — & nesviposicden ommocu-
meavno c6oe20 mno2oyzosvnura Hvtomona Py_¢, npuvem dim Py ¢ = 2. Tozda
nodmmoocecmeo Te == T\ ((Cx{01)U({0}xC)) croa Te = fH(€) zomeomopdno
cpepe ¢ ng = BT(Pr_¢) pyukamu u wonmeunvim wucasom npokoaos, 2de BT (Pr_¢)
kax 6 meopeme 9. Boaee moezo, 1-popmor Noz'w™ na X, 2de (I,m) € 7Z? —
GHYMPENHUE YEAOUWUCAEHNBIE TOYKY MH020Yy2oabvruka Hvutomona Py, obpasyrom
6a3uc NPoCMParcmea 20A0MoPPHHLLL 1-hopm Ha Hexomopot KoMnaxmmot ceA3HoT
AHANUMUYLECKOT NPOEKMUBHOT KPUBOT XD Tg, OU2ONOMOPPHO IKBUBANCHMHOT]

MH02000pa3UI0 Tg.

1.3 IloBenmenme raMmJabTOHOBA IMOJ B O€CKOHEYHO y/IaJI€H-

HbIX TOYKaX Ha IIOIIOJIHEHHOM CJIO€e

Omnpenenenne 1.3.1. (A) Ckaxem, 40 MepoMopdHOE BEKTOPHOE T10JIe U, Olpe-

JIeJIEHHOE Ha HEKOTOPOH KOMILJIEKCHON KPHBOI, nMmeeT noatoc nopadka k > 0 6

mouke T, €CIM B HEKOTOPOH OKpecTHOCTH [ TOUKM X BBLIMOJHEHO COOTHOIICHUE:
—h —k d . C —

v=huwu "2 e u: U — JIOKAJIbHAs KOODJMHATA B OKPECTHOCTUA TOUKU

x, h(u) — mekoropas rojomopduas dbyukius wHa u(U), Takue 110 u(zr) = 0 un
h(0) # 0.

(B) Ckaxewm, uro rosomopduas 1-popma A, ompejesnenHasi Ha HEKOTOPOIl
KOMILJIEKCHOI KpUBOM, nMeeT oAb nopadka k > 0 6 mouke T, eCid B HEKO-
TOpoit oKpectHOCTH U TOYKM o BBIMOMHeHo coornomenune: A = h(u)ufdu, rae
u: U — C — jiokajibHasi KOOPJIMHATA B OKPECTHOCTH TOUKK T, h(u) — HeKoTopasi

rosomopdnas Gynkius va u(U), rakue aro u(x) = 0 u h(0) # 0.

33



U3 onpegenenus 1.3.1 jerko caemyer, uro ecan rojgomopduast 1-popma A Ha
KOMIIJIEKCHON KPUBOI UMEET HOJIb TIOPsiJiIKa k B TOYKE T, TO B HEKOTOPO OKpPECT-
roctn U TOYKH & BBITIOJIHEHO coorHotenne: A = uFdu JIJI HEKOTOPOU JIOKAJHLHOM
koopauHathl U : U — C B okpecraoctu Touku x. [losmoc nopsijika k = 0 sBiis-
eTCs YCTPAHUMON OCOOEHHOCTHIO BEKTOPHOIO MMOoJsA. VHTerpajbHble TPaeKTOPUH

BEKTOPHOI'O I0JIsI U, UMEIOIIEro IOJIIOC MOPSIIKa 2, n300parkeHbl Ha puc. 1.2.

al a
\/ T . <
> a - — P =

Puc. 1.2: Tlostoc nopsiaxa 2

Ilycrs Muoroyrosbnuk Hbrorona Pr_g, ylI0BJICTBOPAET CIEYIONIEMY YCIOBUIO:
(1) muoroyrospuuk Hpiotona P = Pj_¢, cOJEpKUT BMeCTe ¢ KaxKJI0ii CBOeil Tod-
Koit (u,v) € P npamoyroasauk conv{(0,0), (u,0), (0,v), (u,v)} = Pauywiruiwwii.

Yenosue (i) sxBuBasentao Tomy, 9T0 Py ymi1 € Progy C Pliym iy ymyq IS
HEKOTOPBIX HEOTPHUIATEIbHBIX [, m € Z.

O6o3Haynm Dzo,e ={z € C||z— 2| < e}, orkpbirblil JIByMEPHbIl JUCK.

Teopema 11 (Hopmasmsanust HeBBIPDOXKICHHOTO MHOTOWIEHA U 2-hopMbl dz A dw
B “OECKOHEYHO yIaJieHHbIX TouKax ciioe). [lycmo f(z,w) — & — nesvipootcden-
ML MHOZOYUAEH OTMHOCUMENbHO 80€20 MHO20Y2oabHuka Horomona Pr_¢ . npu-
wem mrozoyzononuk Horomona Py_g, ydosaemsopaem yeaosuro (1) eviwe, u dimPy_¢ =

2 (em. ompegienienue 1.1.1). Tozda cywecmesyrom € >0 u R > 0, maxue wmo
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1) daa moboti cmoponw Iy mnozoyzoavnura Hviomona, ne aesicawed na xo-
OPIUHAMNHBLL OCAT, CYULLCMEYIOM POGHO NI, 20A0MOPHHUT 6A0dcenuls Jr, ,

D¢, x (D5 \{0}) — €2, 1 < n < nr,, maxuz umo
fodrm(§u) =& Jfu(dz Adw) =yl Ventominlae \ du,

2 2 ~
(€ u) € DE . x (D \{0}), npuvem limy_o[Jr, n(§, u)| = 0o pasnomepno no
2
€ Dg ., 1 <n<mnrp, edenr, + 1 pa6no xorunecmey yesouucseHivT Moer
na cmopone L'y, (ar,, Br,) — necokpamumoii 6exmop 6Hewnets HOPMast CmopoHb
[y, u (ug,v9) € Iy — robaa moura na T'y;

2) 0bpasvl 6cex smux n, = Y, nr, ea0xcenut (omseuarouur 001l u Mot sce
CMOPOHE, HO PASHLIM SHAMEHUAM T, AUOO PASHOLM CTMOPONAM MHO20Y2ONLHUKA
Hviomona) nonapro ne nepecexaromes, u obsedunenue smux 0bpazos codeporcum

~1( 2 4 ~1( )2
f(Dg, )\ Dy  (m.e. donoanenue omozo obsedunenua 6 f~(Dg ) ozpanuueno,

a nomomy €20 3amMuvikaHue 6 (CQ %OMTLCL%mHO).

CaeacrBue 1.3.2. [lycmv svinoanens, ycarosus meopemo, 11. Umeemesn rom-
naexchoe 9-meproe ceasnoe mmozoobpasue M* = ]\740,5 C KOMNAEKCHO AHAAUMU-
weckum amaacom us n,+1 xapm, noayuennoe us M* = M40,5 = f_l(DEmE) C C?
NPUKACUCANUEM Ty, IKZEMNAAPOS MHOIHCECTNEA D?M x D§. C C* npu nomo-
wu eaoocenuts Jr,, (cm. Teopemy 11), makoe wmo MY\ M* ~ DZ . x {0} x
{1,...,n,} (“6ecronenno ydarerwnvie” mowku per,,) u 3amoianue Tg c M*
Kaoicdozo cnoa Te = fHE) 6 M4, aeasemca meocobbum KoMNAKIMMLM CEA3-
HOLM  CAOEM 'Tg = f_l(f) HEKOMOPOTL 20A0MOPHHOT PyHKUUY ]7 L M4 — C,
£ € DZ ., makoii wmo flas = f. BUrp,, = Jrn(DZ . x (D§_\ {0})) € M*

sexmopnoe nose sgrad cf, I-opma A¢ w pumarnosa mempura nonosHenua ge

(em. onpegesienust 1.2.4 u 1.2.5(A)) umerom caedyrowyuti 6ud 6 koopdunamax
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(& u) € DE . x (Dg .\ {0}) us meopemot 11:

0
sgrad ¢ for, , = ul! oo im i

Af‘UFZ,n = u(uo_l)arl—i_(’vo_l)ﬁrl_1du’ 5 6 D§0,67
g{lUrl,n — (uﬂ)(Uo—l)OéFl“r(UO—l)ﬁFl—ldu dﬂ, f c Dg(]’g'

IIpu amom (ug — V)ap, + (vg — 1)Br, — 1 > 0 mozda u moavko mozda, kozda
mnozoyzonvnux Hoviomona Py_¢) codeporcum xoms 6w, 0dny snympennioro mouxy

¢ yeavimu Koopdunamamy, (m.e. xozda Te, 5 S2).

Bameuanue 1.3.3. [lpu £ — | < € BekTopHOE MOJTE sgrad Cfng Ha KOMITAKTHOI
CBABHOI 110BEPXHOCTH ’Tg = f_l(f) MMEET POBHO 7, OCOOLIX TOYEK, HHJIEKCHI
Koropbix pashbl (1 — ug)arp, + (1 — v)0r, + 1, em. caencrsue 1.3.2. Tlosromy
cymma nnjexcos pasua n, —25(Pr_¢), rae S(Py_¢) — maomanb MHOrOyroybHIKA
conv{ (1, 1)}u(U,I'}). C apyroit croponsl, 110 ciejpcruio 1.2.3 poj| HOBEPXHOCTH Tg
(T.e. kOsMUecTBO pytek) pasen ng = BT (Py_¢). Taxk kak cyMma HIHIEKCOB 0COOBIX
TOUEK BEKTOPHOTO T10JIst paBHa 2 — 2n,, nosydaem pasenctso n, — 25(Py_¢) =

2 —2B*(P;_¢), paBrocuibioe ussecTHOil Teopeme llnka.

Hoxazameavcmeo meopemo, 11. Chadasia oTMeTHM, 4TO B €Uy ycsioBus (i) Bbi-
noJieno ar, > 0 u O, > 0, npudem 1o KpaiiHeil Mepe 0JIHO HEPaBEHCTBO CTPOTroe.
[Tycrs guist onpegenennoctu (ug, vo) — HadaIbHast Bepiunta cropoust Iy C 0Af_¢,
10 OTHOIIEHUIO K TOJOXKHUTEJLHOH OpreHTalni (IPOTUB YacOBOIl CTPEJIKU) 3a-
MrHyTO#l stomanoit OA;_¢, C C. Torga nenounciennsie Toukn cropons! I'; mveror
KOOPJMHATHI (Uy, vy ) := (ug—nfr,, vo+nar,), n =0,1,..., np,. Hanee, paccmor-

pum BekTOp 1) := (ar,, Or,) BHEIIHe# HOpMaJu CTOPOHBI I') 1 oTBevaromuii emy
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’nr‘l

. ar,
ycedennplit Muorower f1(z,w) = Y ay, », 2" w' = 2w Pp, (Z}—FJ, e

n=0
nr, nr,
PF[ (y) = Z aun,vnyn - Z auo—nﬁpl,vo+narlyn'
n=0 n=0
[lycrb g1, ..., ny, — Kopuu ypasuenust Pr,(y) = 0. Samernm, 4ro Bce Kopuu

ypasuenusi Pr,(y) = 0 pasimunbl (tak kak f(z,w) — HEBBIPOXKJIEHHbBIH MHOIO-
qJICH) W HE PABHBI HYJIO (TakK KaK Gy, 7 0 1 iy g, = Qug—nr B vortnr =+

B cuty Toro, uro (ug,vg) u (unrl, Unrl) = (up — nr,0r,, Vo + np,ar,) — BepITMHbI
mHoroyrosibirka Heiorona). omoxum ¢ := g, tie n = 1,... np

B

[Tar 1. ITycts ar, # 0. Paccmorpum orobpaskenue

Lcvniny * (D3, \{ON) X Doy — €% (u,g) = (™, u™ (g 4 )1/,

rJie €9, €3 > 0 — HekoTopbie uncia. [Tokaxem, aro cymecrByer dbyHKIms g, (&, u),

TaKad 9TO BDBIIIOJIHEHbI COOTHOIIIECHM A

gn(& 0) =0, fo 161,52763,04Fl,ﬂ1“l,§(u7gn(€7 u)) =&

Faw™ mmorounena f(z,w) Ha ma-

B camom zese, 3HateHne 10600 MOHOMA @ 2
pe (2,w) = Iy ey ar, fr,.(Us ) PABHO @y 2 W™ = RO (g 4 gy =
Qg g~ T80 Oy oqr, (oK) £6r, (vo=m) (g4 gym/er, Baveruwm, uro ar, (ug—k)+0Or, (vo—
m) > 0, nockosnnky (k,m) € Py_¢, n ar,(ug — k) + fr,(vo — m) = 0 rorga un
TOJILKO Tor/a, Korya (k, m) € I';, mockombky (ar,, Or,) — BHeIHsAs HOpMaJb K 1.
Orciomta ciieniyet, 910 folo, e, ap gr,g(U; 9)—E = u™ =0 (Pp (§+g)+. .. ), re

HEBBITIMCAHHbBIE MOHOMbBI UMEIOT CTEIIE€HDb II0 HepeMeHHOﬁ u OoJipIre Janbo paBHYIO

ejpunune. Pacemorpum B obstactu C X D%’eg X D(Q)’e3 1oJIOMOPRHYIO (PYHKIUIO

F(& u,9) = (f © Ly eyap, o5t g) — Eut™ot = B (§+g) + ...
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1 paccmorpuMm ypastenue (€, u, g) = 0. 3amernm, aro jist jioboro £ npu u = 0
nojicraHoBKa, g = () jlaeT perenwe, MOCKOJIbKY § — Kopenb ypasuernnst Pp,(y) = 0,

ve. F(€,0,0) = 0. Tance, (9F/99)|icon = (P (5+9)+-leos) = Ph(3) #0,

TaK Kak (B CHJIy HEBBIPOXKJICHHOCTH MHOTOWIeHa [ — &) OTHOCHTEIBHO CBOETO

MHororoyrojibuuka Herorona Py_g ) muorownen Pr,(y) He mMeer KpaTHBIX KOp-
nefi. [losTomy, o Teopeme o HesABHOMN (DYHKINH, CYIIECTBYIOT €1, £9, €3 > 0, Takue

4TO CyIECTBYeT eJIMHCTBEeHHAs (DYHKIULA gr,p : Dgo .

x D§., — Dj., € Cco
CBOMCTBOM

grin(§,0) =0, F(& u,gna(8 ) =0,
a, cTagio 6bITh, Ic, ey ar or (U, gryn(€, 1)) € Te. Bosee Toro, cornacno teopeme o

HesiBHOI byHKImN, QYHKINSA gr,, = gr,.»(£, u) gBiasiercs rosoMopdHOiL.

[MTar 2. Jlasee, mojgoxxum

J€1,€2,€3,arl,5rl Y (& u) == 162,63,arl,51“l Y (u, ng,n(ga u))

1 BbBIYUCJIUM

T j(dz A dw) = (™) A d(w™ (G + gra(Sw) )

€1 762753701Fl 76Fl ay

—ar, — ) + gr (57 )) (- Ty /arl gF (Sa )
ar ld (y 1M ;M 2L 7 g
! U) A ( ar, u o€ 5)
; - g -1, OF (& u,grn) OF(E,u, gr s)
— (1 aI‘l)/OéFl ary ﬂFl 1 _ > s Uy 1,
(uo—1)+pPr, (vo—1)—1 (:g + gfl,n(fv u))(l—arl)/afl df A du
Pfl(?)+grl,n(€,u)) + 7

/i€ HEBbIIIMCAHHbIE MOHOMbBI, KaK M 1PEXK/Jie, UMEIOT CTelleHb 110 U 0oJiblie Jinho

= (_arlu

)dé A du

= uarl

paBhyio ejuHuie. [loaromy

J: (dz A dw) = oD (o==1y (¢ 4)de A du,

517527537aFl ﬂl“l 79
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riae h(€,u) — rosomopdHast oTjeseHHas OT Hyssi (DYHKIHUS JIBYX KOMILIEKCHBIX
MEPEMEHHBIX B HEKOTOPOit okpecTtHOCTH TouKHM (&), 0). Orcioa cymecrBytor € > 0
u 3amena koopjuuar ¥ : U(&y,0) — D?()’g X Dg,g, Y (&,u) — (€,Q), npudem

¢ = &, Takue 4To
(JE1,€2753,arl,ﬁrl,]Q o ¢_1)*(dz A dU)) _ aarl(UO—l)+5Fl(vo—1)—1d£ A d’&,

rie U(&y,0) C C? — nexoropasi okpecrnocth Toukn (&, 0) B C2

[ITar 3. Tokaxxem, 9T0 J€1752,€37arl B, — BIIOXKEHNE. JlomycTuM npoTuBHOE, TO-
ria cymectBytor (1, ur) n (&2, uz), raxne uro (§1, ur) # (€2, U2) M Jzy oy e5,ar,.80,.5(E1, U1) =
Jey enes o, or.9(§2, U2). Orciona § = &, Tak Kak §1 = f(Jz, ce50r,.00.9(§1,U1)) =
f(Jer eres.ar,00,.5(E2, u2)) = &2, obosnaunm § = & = &. C npyroit cToponbl,
vac ar (uy (G grn (€)Y = (™ uy G+ gry €, uz)) o),
10 gr, (&, w) = gr,.n(€,ue) u (B cuity B3ammHO# mpocTOTH ar, u Or,) U1 = Ug,
IPOTHBOPEUHE.

AHAJIOTHYHO ONPEIeNISIIOTCS OTOOPAKEHUS Jz, ¢, ey ar, fr,,5» €011 ar, = 01 O, #
0 (kak caegersue, O, = 1). Tem cambim nyskr 1) jgokasan. Jokaxkem imyHKr 2).

[ITar 4. JTokaxkem, 4To 00pa3bl IOCTPOEHHBIX BJIOXKEHUH 1IOIIAPHO HE lepeceKa-
FOTCS M 9TO Kaxkjj0oe u3 Hux nabektusno. llycrs Iy, # T'y,.

Cayuad 1. Myers ar, # 0, @ = 1,2. Honycrum, uro cymectsyior §,Js € C\
{0}, n1,ne €N, 1 <y < nr, , 1 <ny < np, , Takue 9To JIst IOOBIX CKOJIb YTOJL-
HO MaJlbiX €1, &9 > 0 cymmecrByior (&, u;), & — &o| < e1, |wi| < €2, 1 = 1,2, Takue
4TO BBITOJHCHO COOTHOMICHIE: Joy o) oy ar, B, g (&u) = Jereren.ar, fr, 4 (&2, u9).

Torma

7arl1 7aFl2 7/31_‘[1

_ ~ Var, _ 761112
Uy =uy °, up (1tgrm) 0

= Uy (3)2 + gFZQﬂ”Lz)

1/0[1“12
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. ap, /ar
ar, Bry, —ar,, Br; o (y2+gf‘l2,n2) ot

2 o Q1+9Fll,n1

, &, BHAYUT, Uy orpaHu-

Orcrona u
YEHO U OTJICJICHO OT HyJist (DU CKOJIb YIOJIHO MAJIbIX Us ), CJEJ0BATEILHO ar, Or,, —
ar, fr, = 0, orxysa sexropst (ar, , O, ) u (ar, , Br,,) 1TpONOPIHOHAJILHb, & 110-
TOMY COBIQJIAIOT, IPOTUBOPEYKE.

Caynati 2. yers ap, #0wnar, =0 (3aMeTnM, 9TO OJIHOBPEMEHHO PABEHCTBA
gymo ap, = 0, ¢ = 1,2, HeBO3MOXKHDIL, B cuity yc/aoBus L'y, # 1'},). Homycrum, aro
cymectBytor U1, Yo € C\{0}, ny,ny € N, 1 <ny < nr, ,; 1 < ng < nr, , Takue 4To
JIJIST JIIOOBIX CKOJIb YIOJHO MaJIbIX €1, €9 > 0 CyIIecTByOT (fz, Ui), !fl — 50] < €1,
|u;| < e9,i = 1,2, TaKKe ITO BBITOJIHEHO COOTHOTIICHHE: Jereren.ar, fr, 4 (&1,u1) =

1/Bry, —ory,

—ar ~
J5136235330713g2 (527 u2)' TOFrB;a’ ul ll - (y? +gF12 7”2) . OTCIO,IL& 'U,l

OrpaHUIEHO
¥ OTJEJEeHO OT HyJist (IIPU CKOJIb YTOJHO MAJBIX 1), UTO HEBO3MOXKHO B CHJIY
ycnosust ap, > 0, nporusopeue.

Haugee, paccmorpum cropony I Ilyers ar, # 0. Honycrum, 4o cymiecrsy-
or g1,92 € C\ {0}, 71 # @2, ni,m2 € N, 1 < ny < ng < np,, Takue 41O
JUIST JIIOOBIX CKOJIb YT'OJIHO MaJibiX £1,&9 > (0 CylIECTBYIOT (fz, Ui), !fl - So\ < €1,
|u;| < &9, i = 1,2, Takue 4TO BBIIOJHEHO COOTHOIIEHUE: Je1e2.3,0r,,Br, i (&1, uq) =
J€17527€37arl,ﬁrl,]f2(£27U'Q)- Torma g1 — U2 = gr,my (&2, u2) — gr,my (€1, u1), ITO HEBO3-
MOXKHO, B CHJIy TOTO, 9TO 1 7# Yo ¥ gr,»(§,u) — orpammdennas rosomopdmast
dbynkmusa, npuaem gr,, (§,0) = 0, npoTuBopeune. AHAJOTHYHO PACCMATPUBACTCA
caydait, korna Or, # 0.

[lar 5. Jokaxkem, ato mpu 0 < €1 < |apo — &o|/2 mHOKECTBO

f_l(Dgo,gl) \ U J€1,52,€3,arlaﬂ1‘l,@n (Dgom X (D(2)782 \ {O}))
I'in

orpanuueno B C2. O6oznaunm X = [J 1]51,52753,%ﬁrl,gn(D2 x (Dg., \ {0})).

o:€1
Fl,n ’
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2

¢,2,) \X orpanunueno. JlonycTum npoTuBHOE, TOr/A

Ocrasoch nokaszarh, uto f~1(D
CYIIECTBYET M0CJIE0BATENbHOCTD (2, W;j) € f_l(Dgoﬁl) \ X, j € N, rakast aro
mbo z; — 0o, mbo w; — oo. Torma |z;] = ¥, |w;| = €%, re a;,3; € R u
max{a;, 3;} — +00. BoamoxHbI jiBa cirydast.

Cayuwati 1. Jomycrum, 9To s Jioboit cropons! I'; Muoroyronbnnka Heiorona
I10CJIeJIOBATENILHOCTD (vj, 3;) OTJieIeHa ¢ TOYHOCTBIO [0 IPOHOPINOHATILHOCTH OT
pekTopa Hopmasu (ar,, Or,). Torna |f(zj,w;) — &| = %00 (|a, .| + o(1))
npu j — 00, tae & = f(zj, w;), Quy = Gy 1pu (u,v) # (0,0), Goo = apo — &,
U, Vo € Z — KOOPJIUHATBI BEPIINHBLI MHOTOYyroibHrKa HbloTona, Ha KOTOpoii 3Ha-
deHHe BBIPAKEHUs iU + [0y Hanbosibiiee (Takas BEPIIMHA B PACCMATPUBACMOM
caydae, 6e3 orpaHuueHus OOIIHOCTH, HE 3aBUCUT OT j HPH JOCTATOYHO OOJIBIIOM
7). JleBast 9acTh MOJIyYEHHOIO PABEHCTBA PABHA HYJIIO, & IpaBasi OTJMIHA OT HYJIsI,
IPOTHBOPEUHE.

Caywat 2. Takum 06pazom, MocsIe[0BATENILHOCTD (¢, (3;) € TOYHOCTBIO JIO PO~

MTOPIMOHAJILHOCTH CTPEMUTCST K BEKTOPY BHerHe# HopMasn (ar,, Or,) HEKOTOPOii

croponbl I'; MAHOTOyTONBHUKA HbioToHa. Bo3aMoXKHBI J1Ba TOACTydas.

Hodcayuad 2a. Jonycrum, uro (ar, Or,) = (=1,0). Torma |zj] = e7% — 0,
lwj| = e’t) — o0, e t; — 400 pu j — 00, U AJIA MOBOrO MOHOMA 25w =
elst=ro) 'y q € Z. Orciona ciepyer, uto 0 = f(z;, w;)—& = o(1)+£(0,w;)—¢;,
e & := f(z;,w;), mosTomy, BBILY TOrO, 94TO |Ww;| — 00, mmeeM f(0,w) = const,
10 ecth f(z,w) — & = 2zL(2z,w) nns vekoropbix KoHctanTel € C u MHOTOWIEHA
L = L(z,w), nporuBopetune Buay ycaosuit (1) n dim Py = 2.

ITodcaywati 26. Takum obpasom, ar, > 0 u fGr, > 0. Hanomuuwm, uro ne-

JIOUUCIIEHHbBIE TOYKU cTOpoHbl ') mmeror kooppuuarst (ug — nfr,vo + nar,),
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n=0,1,...,np, tae (up,vp) — HauajbHAs BepinHa cTOpoHbl I} C OAf_¢ 110
OTHOIIEHUIO K TTOJOKUTEJILHON OpUeHTaIny (IIPOTHB YaCOBOH CTPEJIKK) 3aMKHY-
toit somanoit 0As_¢, C C. Ilycrs gust onpegenennocr ap, # 0 (torma ap, > 0,

Br, > 0 u |zj| — 00), paccmorpum (ar,-3Ha4HOE) OTOOpaKeHUe

b« (@) = (z,w) = (@7, 2%yt

l

1
obsactu (C\ {0}) x C B cebs1. Torga z; = $?Fl, wj = :zrjﬁ.rlyj/ “TU st HEKOTOPBIX

z;,y; € C. Unmeem z; — 00, |y;| = |xj\0(1), OTKYIIa,

‘f(szwj) - sz(Zjawj) — §j| — O(|:Ej‘U(]OZFZ"‘U(]ﬁFl—]_/Q),

nr, 'y
upar, +vofr, vn/ar, upar, +vofr, vo/ar, n
fri(zj,w;) = X Z 0, Y = Y; Z Qupv,Yj ) >
n=0 n=0

rje Uy, 1= ug — nPr,, vy = v + nar,. [losromy

nrl

0= fzjw) — & = ;™[O 2 45" 0,00

n=0
npu j — oo. Orcioza nosydaem, 4to rnocyeoBaresnbHocTs y; € C Moxker crpe-
MUTBCST TOJIBKO K Geckoneunoctu (mpu vy < 0, Unp, < 0), xk myso (mpu vy > 0,
Uny, > 0) 1 K KopHsAM MuOrowiena Fr,(y) := ST Gy 0, y" TIepBOE HEBO3MOKHO,
Tak Kak f(z,w) ABaAsieTCst OOBITHBIM MHOTOUICHOM (a He MHOTOUIeHOM JlopamHa),
a noromy vg > 0 u Upp, 2 0. Bropoe Toxxe HEBO3MOXKHO, TaK KaK B IPOTHUBHOM
CJIydae BBIIOJHAIOCE Obl |2 — 0o u |y;| = |2;|7% — 0 st mexkoroporo €; — 0,
orkyia €; > 0 (maunnas ¢ nexoroporo j), u |z;| 712 = |y;|V/ %% = o(|y;|"/m),
qTO HPUBOAUT K mporusopednio. [osromy nociegosarensuocrs y; € C orpamu-

Y€Ha 1 MOXKET UMETH CBOMMMU IPEJCJIbHBIMN TOYKaMM TOJIbLKO KOPHU MHOI'OYJICHA

PFl(y)'
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Bes orpannuenus obnpocTn Oynem cuntarh, 9To limj oo yj = Yp = § € Cn
Pr,(y) = (y — 9)Q(y), rie Q — muorowien crenenun nr, — 1, Torna g # 0 B cuiy
YCJIOBUS HEBBIPOXK JIEHHOCTH.

Onpesiesum nepementbie (u, g) = hr, ;3(z,y) = (71, y — ), Torna B 31HX TIE-
PEMEHHBIX B OKPECTHOCTH HadaJia KoopiuHar otHomenne (f o hy, — &) /z 0w +vodr
sBJsteTCst rojoMopduoit dbyukimei F'(€, u, g), coBnasaoiieil ¢ BBeJICHHOI Ha Ia-
re 1. Tak kak (u;, g;) — (0,0) (B cuny z; — 00 1 y; — ¥ [O JOKA3AHHOMY BBIIIE),
& — &| < e1m F(&,u;,9;) =0, To B cuany mara 1 umeeM g; = gr, (&, u;), Ha-
quHas ¢ HeKoToporo j, rje & = f(z;,w;) u gr,n(&,u) — dbynkmusa u3 mara 1.

Orcrona u U3 mara 2 umMeeM
_ - —Br, .
(2j,wj) = hry o hply(ug, g7) = (uy ™ ;™ (G + gg) Vo)

= 1527537011“1 7/6Fl 7@(“]7 g]) - J517€27537a1—‘l 751_‘[ 73} (€J7 u.j) :

Orciona (2, w;) € X, HaUMHAsT C HEKOTOPOT'O j, IPOTHBOPEUNeE. O

Caencraue 1.3.4 (YcioBre KOMIAKTHOCTY MOMOJHEHHBIX CJI0EB, TUITHI 0COOEHHO-
creit noss sgrad ¢ f|r,). Iycmo f(2,w) =& — nesvipoorcdennvii mrozouaen om-
HOCUMEADHO C60€20 MHO020Y20avnuka Hoiomona Py ¢, ydosaemsoparowud ycao-
suro (1), npuvem dimPy_ = 2, 2de dimPs_¢ — pasmeprocmo munumaivrozo
aunetinozo npocmpancmea 6 R?, codeporcawezo Py_g . Tozda cywecmeyem € > 0
makoe, wmo daa mobozo £ € C, |€ — & < e, eunoaneno:

(A) mmnozounen f(z,w) — & — mesuposicden OMHOCUMENDHO CB0E20 MHO20-
yeoavnura Hvromona dimPy_¢, & — neocoboe snavenue, dim Py = 2;

(B) npu n, == BY(P;_¢) > 1 nonoanenue T¢ caon Te = f7H(E) ommnocu-
MENLHO MEMPUKY NONOAHENUA (¢ ABAACMNCA KOMNAKMHOT C6A3HOTU NOEEPTHO-

CMbI0 € NAOCKOU Mempwcoz‘z U KOHUYeCrKumMUu OCO6€HHOCmﬂMU,' ama noeePrHocmbs
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20MEOMOPPHA CAO0N Tg = ]7_1(5) (em. caencrsue 1.3.2), comeomopdna cepe ¢ ny
pyuxamu, npuuem |Te \ Te| = n,, u 6 mouxax muoocecmea Te \ Te, nasveae-
ML GECKOHEIHO YIAJCHHBIMU, MEMPUKG UMEECT KOHUYECKUE 0CODEHHOCTIU; NpPU
n, = 0 nonoanenue T¢ 06020 cnoa Te ommuocumenvno mempuru nonoanenu
ge cosnadaem ¢ camum caoem Te u usomempuuno e6KAud0600 NAOCKOCTIU UAY
NAOCKOMY UUAUHODPY;

(B) pasausunvim cmoponam muozoyzosviuka Hotomona coomsememeytom pas-
Aunnvie Geckonenno ydanennvie mouky na Lg; KOAUMECME0 PasauMnbT Gecko-
HEUHO YOAAEHHVLT MOYUEK, 0OMBEUAOUUT 00HOT U MOt Jce CMOPOHE MH020120/b-
nuka Hvlomona, pasno nr,; npu ng > 1 (coomsememsenno ng, = 0) 6 Kkaoic-
doti us omux mover sexmopnoe nose sgradc flr, umeem ocobenrocmv noatoc
nopadka (1 — wg)ar, + (1 — vg)fBr, + 1 > 0 (coomeememeenno noav nopadia
(up — Dar, + (vo — 1)Br, — 1 > 0); npu nyg > 1 naockas mempura na nonoa-
nennom caoe Te umeem 6 Kkaoicdoti becronenno yoarennot mouxe KOHUNECKYIO

ocobenrocmy ¢ noanoim yeaom 27 ((1 — ug)ap, + (1 — vo) Or, + 2).

Hoxazameavcmeo. Tlynkr (A) caemyer uz Teopembl 6 1 Toro daxra, 4T0 B CH-
ay yeaosusi (i) muoroyrossuk Hpiorowa muorownena f(z,w) — & comamaer
¢ MHOroyrojbuuKoM Hbtorona muorowiena f(z,w) — &. Ilyukr (B) crenyer us
caencreus 1.2.3, reopembl 7 u ciepctsus 1.3.2. [lynkr (B) cienyer uz Teopembr 7

n caeacreug 1.3.2. ]

1.4 IIpumepsni

IMpumep 1.4.1. Ilycrs f(2,w) = 2> + w?, Torna ocoboe 3HadeHEE OJHO U PABHO

0. dust soboro £ € C\ {0} neocobwiit caoit Te &2 T2\ {pe 1, pe2, pes}t — Top Ges
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Tpex OeCKOHEeYHO yJlaleHHbIX ToYeK. B kark 10it beckoneuHo yjaJennoil Touke pg ;,
1 = 1,2, 3, Bekrophoe noJie sgrad ¢ f nMmeer ycrpanumyio ocobennoctsb. [leiicTBu-
TesIbHO, KpuTrueckas Touka pasha (0,0), ocoboe snadenune paBao 0, MHOXKECTBO
neocodbix 3uadennii copnagaer ¢ C\ {0}. Muoroyrossuuk Hriorona st mio-
rounena f(z,w) — & = 23 +wd — & € € C\ {0}, aBnsgerca TpeyrojbHIKOM ¢
peprmHamu B Toukax Aj(3,0), As(0,3), A3(0,0), cm. puc. 1.3. IIposepum, ato
muorownen f(z,w) — &, € € C\ {0}, aBagercsa HEBBIPOKIEHHBIM OTHOCUTETHHO
cBoero MuoroyroJjbuuka Hprorona. Obosnaunm cropony AsAs MHOrOyrojbHHUKA,
Horotona uepes I'y, cropony A;As uepes I's, cropony A;As uepes I's. Muoro-
ujien, orsedaonuii rpanam Iy u T's, pasen Pr (y) = Pr,(y) = y> — £ u ne umeer
KpaTHbIX KopHeil. Muorouwien, orsedatoniuii cropoue I's, pasen Pr,(y) = y° + 1
¥ He uMeer KpaTHbIx kopheir. OTcroja ciejyer, 4To ycaoBus TeopeMbl 11 Bbi-
nostHeHbl. KOMUecTBO 1EeI0YMCICHHBIX TOYEK CTPOTO BHYTPH MHOTOYTOJILHUKA,
Hurorona pasno ng = 1, KOIH4ecTBo HEJOIHCICHHBIX TOYEK Ha cropone ['3 paBHo

2, noaromy n, = 3. Ilo Teopeme 11 cnoit T¢ nmeer Tpedyemble cBoiCTBA.

ii
3_ Fk\
N

R j

—>
J

—y

Puc. 1.3: Muoroyrossauk HetoToHa MHOTO™TE- Puc. 1.4: Muoroyromruk HeioTona MEOrOMIE-

na f(z,w) =23 +w? — ¢ Ha f(z,w) =27+ w? —¢

IMpumep 1.4.2. [Tycrs f(z,w) = 2P +w?, p,q € N, torja ocoboe 3Hauenue 0jHO
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n pasno 0. st mo6oro £ € C\ {0} meocoburit cioit T¢ romeomopden cdepe

c((p—1)(g—1)—(ged(p,q) — 1)) /2 pyuxamn n 6e3 ged(p, ¢) GeckoredHO yia-

JIEHHBIX TO4YeK. B kax 10/t GeckoHewHO yjasennoit rouke pe;, @ = 1,...,ged(p, ),

(p=D(¢g=1)—1 1.

BeKkTOpHOE Toie sgrad ¢ f uMeeT 0COOEHHOCTH MOJIIOC MOPSJIKA 2ed(pg)

HeiicrBuTenibHo, KpuTuieckas Touka pasa (0, 0), ocoboe 3uadenue pasao 0, MHO-
KecTBO Heocobbix 3uadenuii copnagaer ¢ C\ {0}. Muoroyrossank Heioromna s
muorownena f(z,w) —& = 2P +w? — ¢, £ € C\ {0}, apasiercst TpeyronbHIKOM
¢ BepmuHamu B Toukax Ap(p,0), As(0,q), A3(0,0), em. puc 1.4. Ilposepum, aro
muorownen f(z,w) — &, € € C\ {0}, apagercsa HEBBIPOKICHHBIM OTHOCHTETHHO
cBOEro MHOroyroJjbuuka Hprorona. Obosnaunm cropony AsAs MHOroOyrosbHuKa,
Hurorona uepes I'y, cropony AjAs uepes 'y, cropony Ay As uepes I's. Muorouen,
orsevatonuii cropore 'y, pasen Pr (y) = y? — & u He umeeT KpaTHbIX KOPHE.
Muorousien, orpedatonuii cropone 'y, paen P, (y) = y¢—& u He uMeeT KpaTHbIX
Kopueii. Muorouien, orseuatomuii cropone I's, pasen Pr,(y) = y&d®9) 41 u ne
MMeeT KpaTHbIX KopHeit. OTciona cieayer, 9To yCeaoBust TeopeMbl 11 BBITOJIHEHD.
KomuecTBo 1eI0YMCIeHHBIX TOYEK CTPOrO BHYTPH MHOTOYToJbHUKA HbloTona
pasao ng = ((p—1)(¢ —1) — (ged(p, ¢) — 1)) /2, KOIUUIECTBO EIOUNUCTEHHBIX TO-
dek Ha cropone I's pasuo ged(p, ¢) — 1, mosromy n, = ged(p, q). Ilo Teopeme 11

cioit T¢ umeer Tpebyemble CBOICTBA.

IMpumep 1.4.3. Tycrs f(z,w) = 2% + P,(w), e P,(w) — MuOrousien ojHoii

n
nepemennoii crenenn n, P,(w) = Y qpw®, ay...,a, € C, a, # 0, Torga oco-
k=0

oble suavenust pasubl & = Po(w!), rae w) — kopenns ypasuenns P (w) = 0,
i=1,...,n—1. qna moboro £ € C\ {&}-! neocobuiii cioit T¢ Tomeomopden

cepe ¢ [(n — 1) /2] pyuxkamu u 6e3 (3 + (—1)") /2 GeckoneTHO yIATEHHBIX TOUEK.
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B kaxi0it GeckoHeuHO yjaenHoit Touke pe;, @ = 1,...,(3 4+ (=1)") /2, Bekrop-

(n—2)

scd(n2) — 1. Jle#icTBuresib-

Hoe 1osie sgrad ¢ f uMeeT 0ocobeHHOCTD TTOJIIOC TTOPSIJIKA

0

Ho, KpuTHueckas Touka pasha (0,w!), rae w) — xopenn ypasuenus P (w) = 0,

i=1,...,n — 1, orcroa ocobble 3nauenns pasubl & = f(0,w?) = P, (w!

7), MHO-

KecTBo HeocobbIx sHadenuii copmagaer ¢ C \ {&}. Muoroyromsuuk Hpioroma
nyia muorounena f(z,w) — & = 22+ P,(w) — &, € € C\ {&}1-], asnaerca Tpe-
yrosibHUKOM ¢ BeprmuHamu B Toukax Aq(2,0), A2(0,n), A3(0,0), ecaun ag — & # 0,
cM. puc 1.5, 1 TpeyroJbHUKOM ¢ BepumHamu B Toukax Ai(2,0), A2(0,n), A3(0,1),
ecin ag — & = 0, mpuuem B 5ToM ciaydae ap # 0, Tak Kak & — Heocoboe 3HaueHne,
cu. puc. 1.6. TIposepum, uro muorousen f(z,w) — &, & € C\ {&}12]}, asaser-
Csl HEBBIPOXKICHHBIM OTHOCUTEILHO CBOEro MHOroyrosbHuka Hpiorona. O6o3na-
qum cropony AsAsz muoroyrosibnuka Hbiorona uepes I'y, cropony AjAsz uepes
['s, cropony A1 Ay depes I's. Muorodsien, orsedaromniuii cropone ['y, paBen jmbo
Pr,(y) = y*+ag—¢, ecii ag—E& # 0, b0 Pr,(y) = y?+ay, ecin ag—& = 0. B cune
TOro, uTo £ — Heocoboe 3navenne, ag—E& = 0 1 a; = 0 He MOTYT BBITOJTHATHCS O]
HOBPEMEHHO, T09TOMY P, He MeeT KpaTHbIX KopHei. MHorowieH, oTBevaoniii
cropore I'y, pasen Pr,(y) = P,(y) — £ u He mMeer KpaTHbIX KOpHei. Muoro-
wjied, orsedatonuii cropone I's, pasen Pr,(y) = 9* + a, U He uMeeT KpaTHBLIX
KopHeii. Orciosa ciaejiyer, 4To ycaoBust Teopembl 11 BuinosHensl. Kosuuecrso 1ie-
JIOYHUC/IEHHBIX TOUEK CTPOTO BHYTPH MHOroyrosbauka Hetorona n, = [(n — 1) /2],

KOJIMIECTBO TEJOTUCICHHBIX ToYeK Ha cTopore I's pasro (1 4 (—1)") /2, mosromy

n, = (34 (—1)") /2. Ilo Teopeme 11 cnoit T¢ umeer Tpebyemble cBoiicTBa.
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Puc. 1.5: Muoroyrossauk Hptorona maorodse- Puc. 1.6: MaOroyronsank Hbetorona Maorodie-

\

\

Ha f(z,w) = 2%+ B,(w) — & mpu £ # ag Ha f(z,w) = 2%+ P,(w) — & mpu € = aq
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I'1aBa 2

I'amMuabTOoHOBA KJlaccumduKaIug CUCTEM C

QJININIITNYCCKUM TI'aMUJIbTOHNAHOM CTEIICeHU

1,2,3,4

2.1 OcHoBHBIE TIOHITHUS U YTBEPXKJICHUS

Omnpegnenenue 2.1.1. Tamuivmonosoti cucmemoti Hasbisaerca Tpoiika (M, w, H),
rie M?" — ruajkoe MHOroobpasme, w — CUMILIEKTHYecKas cTpyKrypa Ha M2,
H : M?" — R — rjajxas BeleCTBCHHO3HAYHAsA (DYHKITHS, HA3bIBACMas [aMU/Ib-
TonnaHoMm. Cucrema Ha3bIBACTCS UHMeEPUpPyemoti, eCii CylecTByeT Habop u3 n
raJKuX DYHKIHH fi, ..., fn : M?" — R, Ha3bIBAEMBIX NEPELIMU UHMEZPAAAMU,
TaKOi UTO BBIIOJHEHBI YCIOBUS:

1) na6op fi,..., fn dbyHKIMOHATLHO HezaBucuM Ha M?", To ects df, ..., df,
JMHEHHO He3aBUCHMBI B KasKJI0il TOUKE BCIOMY TJIOTHOTO TOAMHOXKeCTBa B M2",
f1=H;

2) upu Jobbx 4,7 = 1,...,n f; 1 f; HAXOAATCA B MHBOJIOIME OTHOCHTEJIHHO

. a i 8 j
CUMILIEKTHUYECKON CTPYKTYPbI W, TO ecThb { f;, fj} = wkla—gﬁﬂa—ﬁ = 0 B JIOKQJIbHBIX
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KoopanHaTax T, ..., "

Omnpenesieane 2.1.2. BekTopHbIM 107eM kocoti epaduenm Gyuxuun f : M —

R nazpiBaercs nofe sgrad f, Takoe uTo s mo6oit bynkimn g 1 M — R BuITION-

neno coornomenue {f,g} = sgrad g(f). B snokambnbix koopaunarax xl, ... z"
BexTopHoe noJe sgrad f umeer suj (sgrad f)! = wij%.

C KaxJ10#f raMIJIbTOHOBO# CHCTEMOil CBs3aHO ypaBHeHue ['aMuibTOHA.

Onpegnenenue 2.1.3. Vpasuenuem Iamusvmona ramunbronosoit cucrembt (M w, H)
nasbiBaerca juddepenmansnoe ypasuenne i(t) = sgrad H |, tie t € I — ma-
pamerp B Hekoropom uaTepBajse I C R. Ecin ramMmmibronoBa cucrema siBIsSeTCs
WHTEIrPUPYEMOIl 1 Bce pellienust ypaBHeHnst ['aMujibToHa CyIecTByoT T100aJIbHO,
TO eCTb JIOIYCKAIOT Ipojo/KeHne mapamerpa t #Ha R, To cucreMa Ha3bIBaeTCs

unmezpupyemoti no Jluyeu.irto Wi enosne unmMe2pupyemoil.

OHI/IC&HI/IG HEBBLIPOXKJICHHDbIX BIIOJIHE MHTCI'PUPYEMbBIX I'aMHWJIBTOHOBBIX CHUCTEM

cm. B [7).

Onpepenenne 2.1.4. Caoem (usu Aucmom) THTETPUPYEMOil TAMIJIBTOHOBO# CH-
creMbl (M?",w, H) ¢ IepBLIMU UHTerpajaMu fi, ..., f, Ha3bIBAETCS KOMIOHEHTa
ceaznoctn nogmuokecrsa Te o = {z € M |fi(z) = &,..., fulzx) = &}
Caoit Tg, ¢, HazbBaeTCA 1Heocobvim, eciu B KaxK o ero touke dfy, ..., df, nu-
neitno nezasucnmbl. Orobpaskenne ® : M — R™ @ : 2 +— (fi(x),..., fo(x)) Ha-
3bIBaeTcd omobpasicernuem momenma. Budyprayuonnot duaepamots Xy, . C R”

Ha3bIBAE€TCA MHOXKECTBO KPUTUYECKUX 3HAYCHU I OTO6pa}KeHI/IH MOMEHTa..

Onpenenenue 2.1.5. Anamornuno, xkommaekcnas C-zamuavmonosa cucmema

(M?", we, f) n eexmopnoe noae sgrad ¢ f onpejensitores, Korja na M>" ppejiena
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KOMIIJIEKCHAsA CTPYKTYPa, We — 3aMKHYTasd, HEBLIPOXK ACHHAA KOMIIJICKCHOSHAaYHAA

mmddepennnanbaas 2-popma wa M2 wan C, f : M?" — C — KOMIUIEKCHO

Jjudbdepeniupyemasi PyHKITUS.

BaxkubIit kj1acCc KOMIJIEKCHBIX TaAaMUJIBTOHOBBIX cuctem. I[lycrs M =
C?(z,w). Paccmorpum gerbipexmepnoe muoroobpasue R(xy, y1, 29, 92) n nud-
dbeomopdmsm RY (w1, y1, 22, y2) — C*(z,w), (21,41, 22, y2) > (x1-+iy1, To+iys) =
(z,w). Ha R?* BBesiem cummiekTnueckyio crpykrypy w = dxy A dwy — dyp A dys,
sameTnM, 9To w = Re(dz A dw), takxke Beesem dyukimio H = Re(f(z,w)) :
RY — R, rne f(z,w) — KOMTJIEKCHBI MHOTOUJICH IBYX KOMILICKCHBIX TIepeMeH-

npix. COrracHo cieiyionieit JeMMe, raMIIbTOHOBA CHCTEMA
(R, w, H) = (C*(z,w),Re(dz A dw), Re(f(z,w))) (2.1.1)
VMeeT JIOMOJHUTENbHBIN nepBbiil waTerpan F = Im(f(z, w)).

Jlemma 2.1.6. Ecau mnozouaen f(z,w) omauuen om woncmanmo, na C*, mo
2amusvmonosa cucmema (2.1.1) asasemcea unmezpupyemoti ¢ donoAHUMENLHDIM

nepsovim unmezpasom F = TIm(f(z,w)), npuvwem sgrad F' = —isgrad H.

Jloxasamenvcmeo. Pacemorpum dbyukiuio F @ RY — R, e F = Im(f(2,w)).

Hokaxem, uro F sapisercs nepBbiM naTerpajom cucremst (2.1.1). B koopaunarax

T1,Y1, To, y2 umeem sgrad H = (—H,,, H,,, H,,, —H, ),sgrad ' = (= F,,, F,,, F,,, —

[Tockosbky f(z,w) = H + iF — MHOTOWIEH, UMEIT MecTo yciaoBus Koru-

Pumana:
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H, = F,,
) H, = —F,,
H, = F,,
| H, = —F,.

Orciona sgrad F' = (Hy,, H,,,—H,,,—H,,) = —isgrad H. Eciiu H n F 8-
astroTCest (BYHKIHOHATIBHO 3aBUCHMBIME Ha HEIYCTOM OTKPBITOM TMOJIMHOMXKECTBE

D C R* ¢ koapdpurmenTaMn mponopuuoHaIbHOCTH A, —t € R, 3aBHCATNMHA OT

roukn ma D, npuaem A # 0, 10 H, = —48F, = §H, = —(§)°F,, = —(%)*H,,

X
wa D, oTKyjia % = 0 na D. Anajsoruano 6%21”) = 0 na D. Buauur, f(z,w)

1oCcTOsinHa Ha, [, poTuBOpeyre.

Ocragoch j1okazarh, uro hyHknun H u F HAXOJSITCsT B WHBOJIIOIUNA OTHOCH-
resnio w. Ckobka [lyaccona {H, F'} pasna {H, F'} = H,,F, —H, F,,—H,,F, +
H,F,-=-H,H, +H, H, —H,H, +H,H,, =0. ]

Jlemma 2.1.7. Bexmopnroe noae sgrad H cosnadaem ¢ kocowm epaduenmonm sgrad ¢ f
KOMNAEKCHO3HauHOT Pynkyuy f(z, W) omHuocumesvno KoMNAekcHo3HavHOT CUM-
aexmuneckoti cmpyxmypot we = dz A dw na C*(z,w), mo ecmv sgrad H =

sgrad o f (cm. onpedeaenue 2.1.5).

Hoxasamenavcmeso. Tak xkak sgrad H = (—H,,, H,,, H,,, —H,) = (—Hy,, —F,,, H,,, F,)),

TO B TIEPEMEHHBIX 2z, w BoinosHeno sgrad H = (—fy, f.) = sgrad ¢ f. O

ITo nemme 2.1.7 ypasnenns Lamuabrona cucrem (R, w, H) = (C?, Re(we), Re f)
n (C% we, f) cosnagator. Jamee 6ynem paccmarpupaTh ToibKo C-raMHIbTOHOBDI

cucrembl. Jlemmvbr 2.1.6 n 2.1.7 npuBOAAT K CJIEAYIONIMM OTIPEJICJICHUSIM.
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Onpenenenne 2.1.8. [Ige C-ramuibronosst cucremst (M, we 1, f1) n (Ma, we 2, f2)
HA30BEM 2AMUNDMOHOBO IKEUBANCHMHBLMU, €CIIA CYIECTBYET KOMILIEKCHO -
depenimpyemoe orobpazkenne h : M; — My Takoe, 4TO:

1) orobpaxkenue h spisercs auddeomopdusMom riajgKux MHOr00Opasuii;

2) BBIIIOJIHEHO cooTHOIenne we1 = h*(weg);

3) f1 = f20h+ const.

Onpepenenne 2.1.9. /e qunamutdeckne cucremsr (T, (sgrad o f)|1,) n (Ts, (sgrad ¢ f) |,
Ha Heocobwix ciosix T, u Ty, a,b € C, C-raMnibTOHOBOI CUCTEMBI HA3BIBAIOT CO-
NPANCEHHBLMU, €CITH CYTIECTBYET KOMILIEKCHO JuddepeHiupyemMoe 0TobparkeHue
h:T, — T, Takoe, aTo:

1) orobpaxkenue h spisercs auddeomopdusMom rIagKux MHOTOOOpa3uii;

2) Boimostaeno coorrorenue hy((sgrad ¢ f)|r,) = (sgrad ¢ f)|T,;
U NOYMAU CONPANCEHHDLMAU, ECITH:

2’) Boimostaeno coornomenue h,((sgrad o f)|r,) = A(sgrad ¢ f)|1,, A € C.

Omnpenenernne 2.1.10. Ilycrs dime M* = 2. Mempukoti nonoinenus ciaos T C-
raMu/IbTOHOBOM cucrembl (M?, we, f) HazoseM pumanoBy MeTpuky g = Sym(As®
A¢), tiie 1-popma A¢ nan C onpesenena na cioe ¢ npokosamu T¢ \ C' cooTHO-
menueM Ag(sgrad ¢ f|r\¢) = 1, mie € C M* — MHOXKeCTBO KPUTHUECKIX TOUEK
dbynkuun f. Ha cnoe T¢ oupenenena gynwyus pacemosanua pe : Te X Te — R,,
rte jyist s06bix 2,y € Te, pe(x,y) — rounas HUKHSISL IPAHD JUIMH BCEX KPUBDIX,
neskamux B Tg U COSMHAIONMX TOUKH T, Y, B CMbIciie MeTpukh ge, Ry = {r € R |

r > 0} J{oo}. Ecitn € C u x # y, 10 6yaem nonarars pe(x,y) = pe(y, x) = oo.

Jlemma 2.1.11. /laa a0b6020 xomniexcrnozo muozounrena P, : C — C emenenu

n € N u 06020 xomnaercnozo wucaa & € C cywecmsyem seuecmeenmoe 4uco
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R > 0 makoe, wmo na mnoocecmee Vi = C \ Dy mnozoznaunas @ynryua

g = g(w) := Y Py(w) — &, umeem odnosnaunyro eemesv gy : Vg — C, xomopas
2 (% (3

ABAACTNCA 20MEOMOPPUIMOM Ha 00pas3, 2de Dy — omxpumoti deymepnoii duck

paduyca R = R(E), npuvem R nenpepwvieno sasucum om .

Joxazamenvemeo. Iyers P,(w) = a,w™ + ap_ 1w + ... + a1w + ag. Honoxxum
u = u(z,§) = C% (an,lx +ap_ox® + ...+ a1+ (ag — 5):6”), rz € C. Tax

kak ©(0,€) = 0 u dynkuus u(z, &) Heupepbisha, cyuecrsyer g = €9(&) > 0

T

Va, (14+u(z,f)
£0, IJIe YUCI0 {/a, OTBeYaeT HEKOTOPOH (IPOM3BOJILHON) BeTBU (DYyHKIUH o/

rakoe, uro |u(z,&)| < 1 upu |x| < g. [onoxum y(z) = 7 lz| <

a dynxmusa (1 + u)Y/™ onpepensiercs Kak cymMma cxojamerocst psja 1 + %u +

1l - 1)%—? +id -1 - 2)%—? + ... upu |u| < 1. TTo nocrpoenuto yukius
y = y(z) aBasiercs anannruueckoit B kpyre |z| < gy. Tak kak y'(0) = —— #

0, cymecrByer ¢ = €(§) < go(§) rmakoe, uro orobpaxkenwe xr +— y(x), |z| <
g, dBnsieTcs romeomopdusMom Ha obpas. Herpymuo mokazars, 9To qmcIa £¢, €

1

MOTYT ObITH BRIOPaHBI HenpepbisHo sapucamumu ot §. Homoxum R = R(§) = =,

go(w) = m =wy an(1+u(%,§))1/n, lw| > R, Torna (go(w))" = P,(w)—&, To
ecth QyHKIHUSA gy = go(w) siBIsIETCs BeTBBIO (byHKIMN g = g(w). [To nokazanroMy

byHKIMS gy siBIIsieTcst roMeoMopduamMoM obsiactu |w| > R Ha obpas. O

Onpenenenne 2.1.12. KoMmIiuieKCHBIH TTOJMHOMAAJIBHBINA MAMUJIBTOHUAH BHUIA
f(z,w) = 2% + P,(w) GyjeM TakxkKe Ha3blBaTh IMIEP3IANITHYECKAM TaMUIb-

TOHUAHOM CTETEHU 1 (MMEeTCst B BUJLY CTEICHb IO W).
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2.2 TunepaummnTuydeckuii raMuJbTOHUAH CTENI€HU OAWH

Omnpenesierne 2.2.1. C-zamurvmonosoti cucmemots ¢ 2unepasisunmueckum 2a-
MUALIMONUAHoM crneneny odun HazbiBaercs Tpoiika (C2, we, f), rie C? = C?(z, w),
f(z,w) = az> +bw + ¢, a,b,c € C, ab # 0 u we = dz A dw; 0603Ha4UM 3Ty Ta-

MUJBTOHOBY cHcTeMy depes 1 (a, b, c).

Teopema 12 (Kowmruekcubie kanoHHUecKHe KoopanHatsl). Kaowcdaa cucmema

J(a,b, c) 2amuavmonoso skeusasenmua xaronuveckot “aunetnot” C-zamunv-

monoeoti cucmeme (C*(p,q),dp A dq, fo(p,q) = p). Boaee mozo, umeemca C-

cumnaexmomopgpusm h us (C? we) 6 ceba, sadacaemuidi dopmyaramu (z,w) —
AN 2 zZ\ _. <

(f(z,w),—37) = (az® + bw + ¢, —3) =: (p,q), maKol Mo 6 KAHOHUMECKUT KOM-

naekcuuir Koopdunamax p,q dynxyus Lamusvmona u ypasnenus Lamurvmona

umerom eud foh t(p,q) =p, p=0, ¢ = 1. B wacmnocmu, dynxuua Lamuny-

momna fo = foh™t:C%? — C cropsexmuena u ne uMeem KpUmuveckus movex.

oxaszamesvcmeo. Orobpaxkenne h siBiistercst C-cuMinieKToMopdu3MoM, TOCKOIb-
Ky h B3auMmuo onHosHauHo. Umeem h*(dp A dg) = (2azdz + bdw) A (—3dz) =
dz \Ndw = wc, h*"p=poh = f. H

CaencrBue 2.2.2. Bce C-zamunvmonosv, cucmemvi 4 (a,b, c) asamsomes 2a-
MUADMOHOBO dKGUBAACHMHOLMY Ipye dpyey. Bcee caou C-2amunrvmonosot cu-
cmemnv, F(a, b, c) asasomes neocobvimu, C-duddeomopdrumu C, a ozpanune-
HUA MO HUL CUCTIEMbBL ABAANOMCA COnpadcennvmu dpye dpyezy. Bexmopnvie noas
sgrad H = sgrad ¢ f u sgrad F' = —isgradcf noanow. Jaa mobozo caosa Te cy-
wecmeyem womnaekcuvil duppeomoppusm fe: Te — C na womnaexcnyro naoc-

Kocmob, marot wmo (sgradcf)|r, = #‘l&, 2de #‘l& € Vect(T¢) — woopdunammnoe
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sexmopnoe noae na caoe Te, omeeuarowee woopdunammomy dudgeomoppusmy
fe, mo ecmwv dudeomopdusm fe sunpamasem urnmezpasvrvle MPAeKMoOPUL Ha

T¢, usobpasicennvie na puc. 2.1.

Yy VFrY

Puc. 2.1: arerpanbubie TpaeKTOpUU cucTeMbl S (a, b, ¢)

CJ'IG,D;CTBI/IG 2.2.3. C-2amusrvmonosa cucmema c cunepaarsunmuvecrum camMuab-

MOHUAHOM CMENEHU 00UH ABAACTNCA GNONHE unmeepupyemoﬁ no ﬂ’U,yGU./LJ”O.

OrMmernM, 9TO AHTUKAHOHUYECKAsT MHBOMIONUA (2, w) +— (—2,w) COXpamHser
TaMUJIbTOHUAH f, HA KAXKJOM CJI0€ UMEET OJIHY HEMOJBUKHYIO TOUKY, a B KOM-

JIEKCHBIX KOOPJIMHATAX P, ¢ U3 TeopeMbl 12 umeer Bun (p, q) — (p, —q).

2.3 TunepaumnTuyeckuii raMuJIibTOHUAH CTEIIEHNU /IBA

Onpenenenue 2.3.1. C-2amurvbmorno6oti cucmemoti ¢ 2uNEPINISUNMUYECKUM 2a-
MUALTROHUAHOM cmenenu d6a HasbiBaeTcs Tpoiika (C2, we, f), roe we = dz A dw,
C?=C*z,w) u f(z,w) = az’> + bw? + cw +d, a,b,c,d € C, ab # 0; 0boznaumM

51y C-ramuiibToHOBY cucremy uepes J3(a, b, ¢, d).

Teopema 13. /[se C-zamurvmonosv, cucmemv 75 (ay, by, c1,dy) u H5(ag, ba, co, do)

20MUADMOHOBO IKBUBAAEHMHBL MOo20a U MOoAbKo mozda, kozda aiby = asbs.
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oxazamenavemeso. Ilycts a1by = asbo, onpenennm 0T06pa>KeHI/Ie h:C?(21,wy) —

C? (29, w) bopmynamn zo = \/721, Wy = \/7 (w14 ) Torna h — raMuiin-

TOHOBA 9KBUBAJIEHTHOCTD. JleiicTBuresbio, fi(zs, wg) = 925 +byw3 +cowy +doy =

a1z} + biw? + cywy + (01121)\1/@2 + 62(621\/;27\/7) +dy = fi(z1,wr) +dy—dy + 2762%
h*(we2) = dzo A dwy = \/Z:; Z—;dzl A dwy = weg B ety arhy = aghy (,Z[JIH
COTVIACOBAHHBIX BBIOOPOB BeTBeil 0benx (hbyHKIUil KOPEHB ).

Ob6parHo, mycTh h — TraMUJIBTOHOBA SKBUBAJIEHTHOCTH MEXKy 5 (a, 1,0,0) u
F(a2,1,0,0), I, . = {(2, —e/—a;z) | z € C}, te ¢ = %1, j = 1,2. Torna
fAl = § Ay, ie A; — 1-bopma naj C Ha ocobom ciioe fi Y0) =11, UTII;

ho’y
6e3 ocoboit Touku (0, 0), gBoiicTBennast BekropaoMy 1outio sgrad ¢ f, 7 — 3aMKHy-

Toiit nyTh ¥ () = (2™ \/—a1e*™), t € [0, 1]. Tak kax fj_l(O) =1L, . UII, _, tue
I, ~II;_~Cull; N II;- = {(0,0)} u xpusast v nmpocrasi u HecTAruBaeMas
B f71(0)\ {(0,0)}, T0 h o~y romonoruuna B f5 1(0) \ {(0,0)} onnoit u3 KpuBHIX
Y4 (t) = (2™, 4, /aze>™), uian nojryuennbIx U3 HUX cMeHoit opuentaiu. OTcioa

I/II/I3A

X3 _ _ N2
2% dw|f 0)\{(0,0)} MMEEM fAl— \/—Tzl_ingQ_i\/—Tg’ OTKY/Ia
v+
ayp — Q9. []
CaeacrBue 2.3.2. C-zamusvmonosa cucmema (a1, by, c1,dy) ¢ sunepaasun-
MUYECKUM 2AMUADMONUAGHOM CMeEnent d6a 2aMUNDTOHOE0 IKEUBAACHMHA KAHO-

nuveckol “aunetnott” cucmeme 76 (a, 1,0,0), daa a = a;by € C\ {0}.

Jlemma 2.3.3. Cywecmeyem posho odun ocobwii caoli T 2. On asasemca 065-
4b

edunenuem 06YT MpPanceepCaibHbLT KOMNACKCHOLT NPAMUT {2 = z\/g(w +53)}
{z=—iy/2(w+ §)}.

Joxazamenrvcmeo. Cragasa gokaxkem jgemmy it C-raMusibToHOBBIX cucreM 73 (a, 1,0, 0).
Bekropnoe nouie sgrad ¢ f = (—2w, 2az), orkya pasencrso sgrad ¢ f = 0 pasHo-
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cnibio 2 = w = 0. Tlosromy ocoburii cioit — aro To = f~1(0), Tpancsepcanbhoe
_ w
I€PECceUeHne JIBYX KOMILJIEKCHBIX MPSMbIX {2z = :l:%}.
st mpousBosibHo# C-raMusibToHOBOM cucrembl %5 (a, b, ¢, d) 1oKa3aTebeTBO
OJIYYAETCs [IPUMEHEHMEM I'aMUJILTOHOBON 3KBUBAJCHTHOCTH U3 JIOKA3ATEILCTBA

TeopeMbl 13. ]

Teopema 14 (KowmruiekcHbie KOODJIMHATHI JEHCTBIE-YIOJI BHE 0CODOTO CJI0si).
Bexmopnwe noaa sgrad H = sgrad ¢f w sgrad F' = —isgrad ¢ f noanw. Ha do-

2 cucmema 6 (a, b, ¢, d) 2amusbmornoso ax-

4b

noarenuy x ocobomy caor V=T
susaaenmua kanonuveckot “aunetnot” C-zamuromonosots cucmeme ((C\{0}) x
(C/27Z)(p, qmod 2), dp A dq, fo(p, gmod 27) = 2v/abp). Boaee mozo, umeem-
ca C-cumnaexmomopdusm h : (C*\ V,we) — ((C\ {0}) x (C/27Z),dp A dq),
3a0a6aemvili KAHOHUNECKUMU KOMNACKCHMU KOOPOUHAMAMU

f(Zaw) - (d_
2v/ab

Hoxazameavemeo. CHavdaga Jokaxkem Teopemy it C-raMuibTOHOBBIX CHCTEM

2

E), —iln <\/5z + ivVb(w + 2%)) mod 27

(p, gmod 27) :=

3(a,1,0,0). Paccmorpum ypashenusi [aMuibrona Ha HEKOTOPOM HEOCOOOM CJI0€

Te, £ # 0

z = —2w,

w = 2az.
Pemenne nmeer Buj (2(t), w(t)) = (Ce?V~4De V= —\/ZaCe>V ="\ /—aDe 2V=),
rie C, D € C — KoHCTaHTHI, 3a/laHHbIEe HAYaJbHOI ToUKOl TpaekTopun, 4aC'D =
¢. TlockonbKy perrienne ompejesieHo JganHoi dpopmymoi npu jgwobom t € C, To
BeKTOpHDbIE 1o sgrad ¢ f u —isgrad ¢ f TOJTHBI.

[Tokaxxem, uro h — Baoxenue. [Tycrs h(z, w) = (p,¢gmod 27). Boipazum (z, w)

L €42\ apeie €2 /ape~ "
uepes (p, qmod 27): z = — e MW= .
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Orobpaxkenne h CIOPBHEKTHBHO, TaK Kak st JiioObix p #= 0 m gmod 27w cy-
mmectByeT perienne (z,w) ypashenust h(z,w) = (p,¢gmod 27), BbIpaxKaromeecs
aepe3 (p, g mod 27) 1o BhIIENPUBEEHHBIM (DOPMYJIaM.

Cummyiektuyeckas crpykrypa (h™1)*(we) = (R71)*(dz A dw) = %\@.d(eiq +
2v/ape™) A d(e' — 2\/ape™") = dp A dq. @ynkuus Tamumnsrona h*(2+/ap) =
2\/apoh = f.

st mpousBosibHOl C-ramMusibToHOBOI cucrembl J45(a, b, ¢, d) 10Ka3aTeIHCTBO

I[IOJIy9a€TCs IIPUMEHEHNEM raMUJIBTOHOBOI 9KBUBAJICHTHOCTU W3 JOKa3aTeJIbCTBa

TeopeMbl 13. ]

CaencrBue 2.3.4. B xanonuveckur KoMniekcnox xoopdurnamax p, g mod 2w Ha
donoanenuu x ocobomy caoro Gynkyus Lamusvmona u ypasuenus Iamuivomo-
na umerom eud f(p,qmod2r) = 2v/abp, p = 0, ¢ = 2/ ab. Ozpanuuenua C-
2aMUNLMON060T cucmemv, 5 = (a,b, ¢, d) na mobvie neocobvie caou conpatce-
no, dpye dpyey, u das a0bozo neocobozo caoa T¢ cywecmeyem xomnaexcro
duppeomoppusm fe = femod2r @ Te — C/27Z na yurundp, maxod wmo
(sgrad ¢ f)|T, = 2\/%6%, ede d% € Vect(T¢) — woopdunammoe sexmoproe no-
ae na caoe Te, omeeuwarouee xKoopdunammomy dupdeomoppusmy fe mod 27w, mo
ecmo duggeomopdusm fe mod 21 svinpamasem urnmezpasvrvle MPAEKMOPUL 1A
Te.

Ha puc. 2.2 m306parkennl HeOCOOBIH CI0# U NHTerpaabHble TPACKTOPUU CHCTe-

Mbl H(a, b, ¢, d) na Bioxenuu cios B R? u coorsercrytomeii passeprke B R,

Sameuanue 2.3.5. (A) HdokazareabcTBo TeopeMbl 14 MOKa3bIBAET, YTO KAHOHU-
YeCKUe KOOPAMHATEI P, ¢ Mmod 277 IIPOJI0JIZKAIOTCA JI0 KAHOHUYECKUX KOOPIMHAT Ha

ponosuennn K npamoit I = {z = —i/9(w+55)} C T, .2, 3a1a10mux ramiuis-
4b
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Puc. 2.2: Unrerpanbubie TpaeKTOPUH CUCTEMBI H5(a, b, ¢, d)

tonony sksusajientiocts h_ : (C2\I1,, we, f) — (Cx (C/27Z), dp Adq, 2v/ abp).
AHaJIorHHO onpeiesnM raMimIbToRoBY akBuBagenTocts by ¢ (CP\II_, we, f) —

(C x (C/27Z),dp A dj, 2v/abp) dopmymnamu

flz,w) —(d—2)
2v/ab

Oynxmua mepexoaa hy o hZ! o (C\ {0}) x (C/27Z) — (C\ {0}) x (C/27Z)

(p, gmod 27) := < ,11n <\/5z — 2\/5(10 + 2%)) mod 2%) .

umeet BujL (p, g mod 2m) — (p, gmod 27) = (p, ¢+ i1n(2vabp) mod 27) u 3amaer
nocsoiiaelit aBromopdusm tpusnasasuoro paccaoenus (C\ {0}) x (C/27Z) —
C\ {0}, xoTopslii MOCIOHHO HE TOMOTOTIEH TOXKIECTBEHHOMY aBTOMOpdU3My. [To-

aTOMy h_|c2\v 1 hy|c2\p OIIPESEAIOT “TONONOTHYECKH PA3IMIHbIC” TPHBAAIL3A-

mun snarpamxkesa cioenns 8 C2\ V & (C\ {0}) x (C/27Z) ¢ 6azoit C \ {0}.
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(B) Benyuaea = b = 1/2, ¢ = d = 0 runepiiockocrs I1° := C(RxR) € CxC
VHBAPUAHTHA W sIBJISIETCs O0beMHEHNeM “Hcue3aolux MuKIos” (cM. 3ameda-
rne 3.2.2) u ocoboit Touku (0,0). 3nech “ncuesaromuii UK Ha HEOCOOOM CJIOE
T¢ — oT0 06pas nepuomaeckoii TpaekTopun Ye(t) = (v/7e"/% cost, \/re'?/?sint),
t € [0,27], rne € = re'?, r > 0. On Ha3bIBAETCS UCUE3AIONUM, TaK Kak Ye(t) =
(0,0) paBuomepto 1o t € [0, 2x]. [Ipu raMuaIbTOHOBOI SKBUBAJEHTHOCTH hi HC-
gesatoNHil K e nepexoaut B he(e(t)) = (£t + £ In§mod 27), t € [0,27].

[Tostomy obbeunenue 13\ {(0,0)} ucuesatomux 1mukios nepexoaut B {(re'? i+

ZInfmod2m) | r > 0,¢mod 27, ¢y mod 27 € S} ~ R x S' x St

2.4 TunepaaunnTuydeckunii raMuJIbTOHUAH CTEeNIeHU TPU

Omnpeneinierne 2.4.1. C-zamurvmonosoti cucmemots ¢ 2unepassunmueckum 2a-
MUALIONUAHOM cTneneny, mpu HazbiaeTcs Tpoiika (C2, we, f), rae C? = C?(z, w),
we =dz ANdw n f(z,w) = az® + bw® + cw?® + dw + e, a,b,c,d,e € C, ab # 0.
Ob6ozuaunM 31y cucremy depes J3(a, b, c,d, e). Cucremy #3(a,b,c,d,e) Hazo-
BEM HEBbPOIICOEHHOT, €CJIN KPUTUIECKAM TOYKaM (PYHKIMK f COOTBETCTBYIOT J1Ba,
PasJIMUHbIX KPUTHUECKUX 3HAYCHUs! (9TO PABHOCUJILHO yCI0B1I0 ¢ # 3bd, To ecrb
ToMy, 9TO [ — KOMILIeKCHO3HadHas pyHKIms Mopca, M. 10Ka3aTehbCTBO Teope-

Mbl 15).

Teopema 15. Beaxaa nesvipoorcdennan C-2amunvmonosa cucmema 3(a,b, ¢, d, e)
24MUNDMOHOB0 IKBUGAACHMNHA cucmeme F3(r, s, s,0,0) das nexomopwx r, s €
C, rs # 0. C-z2amusrvmonosa cucmema F6(r, s, s,0,0) nesvpoorcdena npu a100vix
r#0,s # 0. Ase nesvpoorcdenmvie C-zamurvmonoso, cucmemv F5(r1, s1, $1, 0, 0)

u (T, S2, S2,0,0) 2aMusLMOH060 IKEUEAAEHMHDL MO2DA U MOALKO MO20A, KO-
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2dary =179 U S = £S9.

Joxazamenvcmeso. IlycTs wy — KpuTHaeckas Touka Gynkmu bw? 4 cw? +dw+e,

toraa f(z,w) = az? +b(w —wp)*(w —a) + B, tie a, 3 € C, a # wy. Onpenennm

w—wWo
’ wo—a

orobpazkenne h : C* — C? opmyioit h(z, w) = ((wo—a)z ). Orobpaxkenue
h — uckoMasi raMuJIbTOHOBA KBUBAJEHTHOCTD.

Ocobbie TouKkKM p1 U po BeKTOpHOro noJisi sgrad ¢ f cucrembr J43(r, s, s,0,0)
rakosbl: p1 = (0,0) upy = (0, —%), orkyga f(p1) =0wu f(ps) = —%s. Boipaxkenue
f(p1) # f(p2) paBroCHIBHO s # 0, 9TO, coriacHo onpejesernio 2.4.1, BBIIOJIHEHO.

[Tycrs mexty cucremamu 73(ry, s1,51,0,0) u (19, S2, 52,0,0) 3a1ana ra-
MIJIBTOHOBA 9KBUBAJEHTHOCTH h. 3amerum, 4ro jmbo h(p; ;) = h(ps;), 6o

h(p1;) = h(p23—j), j = 1,2, vje pi1,pi2 — OCOOble TOYKN BEKTOPHBIX MOJIEI

sgrad ¢ f;, © = 1, 2. IlosTomy h coxpansier pa3HOCTb KPUTHIECKUX 3HAUEHUI: JIHOO

fip11) = fi(pi2) = fa(p21) — fo(p22), mmbo fi(pi1)— fi(p12) = fa(p22)— f2(p2.1),

_ _ 2 _
coorsercrenno. Tak xak p;; = (0,0), pia = (0,—3), To mbo s; = sy u
h(p1j) = p2.j, b0 51 = —s9 1 h(p1j) = P23—j COOTBETCTBEHHO.
Jlist TOJIyIeHns PaBeHcTBa I'y = rg PACCMOTPUM JIMHEHHbIH omepaTtop A,
2 _
B 1), ,C> — omeparop numeapusanun Bekropuoro nons sgradcf; = (—s;(3w +

2)w, 2r;z)T B Touke Pij; B KOODJIMHATAX 2, W OH 3a/1a€TCs MaTpULed

0 —2s; 0 2s;
A’L71 - ) AZ,2 - )
27“2' 0 27“i 0
orkyna det A;; = 4r;s; u det A; o = —4r;s;, © = 1,2. VI3 goxkasanHOro BblIIe

CIeflyeT, uTo 51 = £So, IpUUEM TIpH 51 = Sy uMeeM h(py ;) = paju Agjodhl, , =
dh|y, , o Ay, orkyna det Ay ; = det Ay ;, mostomy 71 = 19. Ilpu 5 = —s9 umeem
h(pl,j) = p273fj n A2,3fj O dh‘pl,j = dh|p17j O Al,j; OTKYy/la det Al’j = det Az’gfj,
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MO3TOMY 7] = T'3. []

Teopema 16. [Iycmo Tg — NONOAHEHUE NPOU3BONLHOZO (HEODAZAMENDHO HEOCO-
6020) cnoa Te cucmemo FG(a, b, c,d,e) omuocumesvbno Mempury nonosHeEHUA
ge (mounee, omnocumenrvno dynkyuu paccmoanua pe, cm. onpedeaenue 2.1.10).
Tozda:

1) evonoaneno T = Te|J{pe}, 2de pe — mouka, nasweaeman beckoneuno yoa-
NEHHOU;

2) ecau Te — meocobwiii crot, mo cywecmeyem 20MeomopPhusm Tg ~ T?;

3) cywecmeyem Komnaekcraa K00opounama 6 okpecmmocmu beckonewno yoa-
AEHHOT oYK Pe € Tg 6 Tg, asamouasca C-duddepenyupyemots 6 nporxosomot

OKpeECIMHOCMU.
ZLOKHB&TGJIBCTBO HCIIOJIb3YET JIBE€ JIEMMbI, IIPDUBEACHHbLIC HU2KE.

Jlemma 2.4.2. Jlaa a060z0 (ne obasamenvro neocobozo) croa Te, € € C, cyuye-
cmeyem maroe noxpvimue npocmpancmea C? 3aMENYMOLMU NOOMIONCECTNEAMU
Ui C C2) 2omeomopdmvmu C x D’ c C x C,7 e N, umo Us; C U npu
1 < 7, Ej Uei = C* u das moboeo i swnoaneno Te\Ue; ~ D?\{x}, 2de D* —

i=1
omrpvimuLl 06yMepHbIt JUck.

Aokazamesvecmeo. lar 1. Cornacno semme 2.1.11, muis moboro € € C cymecTBy-

eT BermecTerHoe 1o 1o(€) > 0 Takoe, UTO ompesiesena BeTsb +/ bw3 + cw? + dw + e — £
-9 —-—2

C\ D, — C, sBamomasca romeomopdusmom na obpas, rne D, C C,, — 3a-

MKHYTBII JIBYyMepHbIii map pajuyca ro(€) ¢ nearpom B 0. [omoxkum ry := ro(E).

Onpegesum orobpaxkenue he @ C, x (C, \Ezo) — C* dopmyaoit he(z,w) =

(vaz, ¢/bwd + cw? + dw + e — &), ryie dukcuposana ojHa U3 Bersei y v
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Toryia h¢ onpejiesieHo KOPPEKTHO U sIBJIsIeTCA TOMEOMOP@U3MOM Ha 0Opas, KOop-

JIMHATAMU Ha 00pas3e siBJISTIOTCS

F=\az, W= bwd+cw?+dw+te—¢E (2.4.1)

[Tostoxkum 7 = \/ﬁfg |bw3 + cw? + dw + e — . Hokaxem, aro Ug; = (C x
0
@) Uhe (Cx D2 [(6)) — MCKOMasl II0CJIeJI0BATEILHOCTD, Tie 13 = 15(§) = To+1.
PaCCMOTpHM orobpaxkenue Pr; : (Czw — C, rie Prz(2,w) = 2.
[lar 2. Jokaxkem, aro Prz o he(Te \ Ue;) = C; \ﬁii(ag ~ D*\ {0}.
[Tokaxem cuagarna, aro Prz o he(Te \ Ue;) C Cs \ bi(ag. Ilycts Zy € Pr; o
he(Te \ Ue ), paccmorpum Wy takoe, 910 (2, Wo) € he(Te \ Uesi), orkyma |wg| >
Ti, & 3HAUUT, |Zy| > 7“1-%.
Obpatho, nycts 2y € C; \Eig, TOTJIA CYIIECTBYeT Wy Takoe, 4To Z3 + ws = 0
u |wg| > r;. Bee kopuu ypasuenus bw® + cw? + dw + e — & = W3 pazIuUHBI U 110
MoytyJito Goiibitie 1o, oTKy1a (2o, Wo) € he(Te \ Ug;) n orobpaskenne Przohe|r,\p,,
SIBJISIETCsT HEPA3BETBJICHHBIM TPUJIMCTHBIM HAKPBITHEM ¢ Da30ii C\D ~ D?*\{x}.
[Tar 3. JokazkeMm, 1To HakpbiBaotiee mpocrpanctso e (Te\ Uf,i) cBsi3HO. Pac-
3 mit .3 2wt 3 it

cmorpum nogusarne Y(t) = (r2e™ r’e” s ) samxuyroro nyrtu y(t) = r2e™

0 <t <6, npu HaKpPLITUN Pr5|h§(T£\Uﬁ). Torja v — mPOCTOIl 3aMKHYTHIN 1y Th,
TPUJIMCTHO HAKPBIBAIOIIUI TPOCTOH 3aMKHY T myTh Y(t), 0 < ¢t < 2 orkyna

HaKPbIBAIOIIEE TPOCTPAHCTBO CBA3HO. [l

Jlemma 2.4.3. Bunoaneno coommnowenue pe(x,y) = o(l), ede R — oo, x,y €

Te\ (C x D).

Joxazamenvemeo. Hyers f(Z,0) = 22 + @3, Oc = dzZ Adw u £ = 0, Torna
. . 3 N NN . 3
o = 3R 1 250 0 By = DL Toonny 240 = 0
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~ 9 g~ g~ 4 g -~ 4432 5 ~ N =
na Ty, —3w?dZ + 2Zdw = 9“’2;“’ + 2zZdw = %dw na Ty, snaunr Ay = ‘é—g’,

= dw? _ |dw]?
OTKYAA Jo = E7 = 4P
Hagee, nycrb xg u yo Takue, 9ro |z| = |zo|, |y| = |yo| u o = (iR?;/Q,Rm),

Yo = (z’RS/ 2 Ry) nist nekoropeix R, > 0 u R, > 0. ComiacHo J0Ka3areabCrBy
nemmbl 2.4.2, takue xo, yo € fH(0) =: V cymecrsyor. Bepuo nepasencrso

po(z,y) < po(z, o) + po(zo, vo) + Po(vo,y)-

Ouennm po(z, xo) u ﬁo(y, yo). Pacemorpum asysncrnoe nakpoitue p: V\(C x

tuno foy, yo) < JR—-

Ounenum po(zo, Yo) ’fR \/M m'
T+ by

1 s
\/min{Rx,Ry} \/_ \/mln{Rx,R i

Cormacro jokazaresnberBy jgemmbl 2.4.2, mar 1, 8 C x (C \Eio@) CyIIeCTBYeT

samena koopyuHar he(z, w) = (Z,0) = (Vaz, </bw3 + cw? + dw + e — £), oTKy-

Jia (f—f)ohgl = f = 22+0%. Onenum A¢: nveem (hel ) Ao = A,

Te\hg '(Cx
rie bynkimsa A @ Te \ (C x 52) — C omnpejenena ycjaoBueM Agw@ = hiwc.

_ 3bw?+2cw+d _ _
Tax xax A¢ = \/53(bw3+cw2+dw+e—f)% = A(1 +0o(1)) upu R — oo, rge A =

\/5\?/5 e C\ {0}, ro pe < %ﬁo. Ocrajoch 3aMeTUTh, 9TO m = O(%) npu

R — o0. ]

Zoxaszamenvemeo meopemuv, 16. 1IyHKT 1 aBasgeTcs IpaMbIM cJieicTBUEM JieMM 2.4.2
u 2.4.3. JlokaxxkeM nmyHKTHI 2 u 3. V3 jemMm ciemyet, 9To JII0O0OH CJI0i Tg KOM-
nakren. Pacemorpum orobpaxenne p : Te — C, rie p(z,w) = w — passersien-
HOE JIBYJINCTHOE COXPAHSIIOIIee OpUEHTATINO0 HaKpbiTHe. OcoObIMU 3HATCHUSIME (TO
ecTh 00pa3aMi TOUYEK, B KOTOPBIX P He SIBJSETCS JIOKAJIBHBIM TOMEOMOP(MUIMOM)

ABJIAIOTCS KOPHU ypasHenns bw? + cw? +dw +e— & = 0 1 6ecKoHe HO y/iaJeHHas!
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rouka. Corsacno dbopmyne Pumana-Typeuna, umeem x(T¢) = 2x(C) — 4 = 0,
OTKY/JIa Tg rOMEOMOPQHO TOPY.
Beejiem KoOpjuHATY Ue Ha cjioe T¢ B IPOKOJIOTOf OKPECTHOCTH GECKOHETHO

y,[[aJIeHHOﬁ TOYKU COOTHOIIIEHUEM

?

= iug3,
(2.4.2)
w = ug2,

e ue - Te '\ hg—l ((C X Eé(f)) — Dio(g)‘% \ {0}. TIpogosxum juddeomopdusm

ug¢ J10 romeoMopdusma, U : Tg \ hf_l ((C X Ei0(§)> — Di : B OECKOHETHO y/1a-
0

_1
2

JIEHHYIO TOYKY cooTHoIenneM g (pe) = 0. O

Onpenenenne 2.4.4. C-zamurvmornosvim nonosnenuem C-raMuibTOHOBOM CH-
crembl J3(a, b, ¢, d, e), obosuataembim F3(a, b, ¢, d, €), HazoBem C-raMuIbTOHOBY

cucremy (M*, Wc, f), rue

o vuoxecrso M4 = | T,g ={( ) € Cuxe Tg} obJ1ajlaeT CTPYKTYPOii
&eC
C-rnajikoro MHOroobpaswus, 3ajaBaeMoil cieaytomuM Habopom Kapt U =~

V, U, = Vg, taie U, Uy, € M*, & € C, u dyukuuii nepexoyia: kapra U =~
V = C*(z,w), cemeiicreo kapr Uy, =~ Vi, = {(§,u) € C* | |€ — &] <
g, |ul <e}, & € C, rne e = £(&) > 0, a dynknua nepexosa ¢, : Ve — V7,
rie V' = {(z,w) € C* | |f(z,w) — &| < &, (z,w) € h}?(lsz)(@g X (Cg \
Driea))} 1 VL = Vi \{(£,0) € C2 | |¢ = &| < ¢}, onpenesiena c
nomolipio npeobpazosanuii (2.4.1) u (2.4.2): ({,u) — (z,w) = hgl(é =

w3 = u?);

® BBITIOJIHEHO We |y = ¢¥we u T\U = foy, e p: U — V — KoOpJAMHATHBIN
romeoMopdusm Jijist kaprol U ~ V.
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4
Ormernm, uto 1o onpejesennto M* Touku pg, # pe, pasnumunbl npu & # o
Tasiee 6ynem oToxiecTBiIsATh MHOKecTBO C? = V' ¢ OTKPBITHIM MOJIMHOXKECTBOM

U C M* nipu nomory KoopanHaTHOTO roMeoMopdusma ¢ : U — V.

Teopema 17 (Cymiecrsoanue C-ramusbronosa nomnosinenust ). Jas 060t C-
2amusvmonosoti cucmemv (C% we, f) = H4(a,b, ¢, d, e) evmonnennt caedyrousue
ceoticmea:

1) daa mobozo & € C dpynryua ¢, : V§’0 — V' unsexmuena u umeem 6crody
HEHYAEB0T AKOOUAH,

2) na xommaexcrom mnozoobpazuu M* C-duddepenyuarvnan 2-popma We u
Pynryua Tamusvmona f onpedenervr KOPPeKMHO U ABAAOMCA GHAAUMULECKU-
MU

3) 2-popma Wc mesviposicdena, mo ecmv 6crody omauuna om wyaa wa M4 u
asasemcea C-cumnaiexmuveckot cmpyxmypot.

Taxum obpazom, aobas C-zamunrvmonosa cucmema H3(a,b, c,d, e) umeem edun-

cmeennoe C-zamurvmonoso nonoanenue (M*, e, f).

Teopema 18. /laa aoboti C-zamurvmonosoti cucmemv, (C% we, f) = H4(a, b, c,d, e)
GUINOAHEHDL CACOYIOUUE CBOTLCMBA.!

1) wpumuneckue mowku @ynwyuu f codepsicamea ¢ C* u cosnadarom ¢ wpu-
muueckumu mowkamu gynryuu f; F5(a,b,c,d,e) crot Tg C-2a.murvmonosot
cucmemnvt Hz(a, b, c,d, e) acisemcs neocoboim;

2) eexmopnuie noas sgrad of wisgradcf noanv, na M* u ne umerom nyaet

ere mouek pi, ps € C.

Hoxazameavcmeo meopem 17 u 18. VI3 pokazarennbcrBa jJeMmbl 2.4.2, mar 1, u

bopmyist (2.4.2) caeayer, 9TO ¢, MHBEKTUBHO, U 4TO B KoopjauHarax (2, W) :=
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he,(z,w) B8 CZ,, \ (C x D &) 2-bopma (hgl)*w@ = B¢, dZ N\ dw |, rjae yHk-

nust Be, = —— oupejenena B obacru C x (C\ D~ (&) onpesenenns (Z, ),

h_
Be, (2, W) 7é O u \Bgo(é, W)| orpanuven Ha obsactu oupejesenus (Z,10).
Koopaunarst (2, W) = he, (2, w) Beipaxatorcs depe3 (&, u) mocpeacTBoM 0Tob-
paxkenust he, © ¢g, @ (§,u) — (Z,0) = hg, 0 hf_l(iu_g,u_2) Tak: ¢g, : (&, u) —
(z,w) = hgl(iu_?’,u_Q), F=dud = (£ — &+ u )3, orkyna (he, © ¢g,)*dZ A
Qi = i1+ (€ — Q)b 3dE A du w dwe = (he o dg) (hg)we = i(Be o
he, 0 ¢, ) (1 + (€ — fo)u(j)*%dﬁ A du. OTcrofa cieayer CylnecTBOBAHNE HEIPEepPbiB-
HOl U BCIOJ[y HEBBIPOXKJIEHHOM CHMIUIEKTHIECKO CTPYKTYPBI lg, (£, u)dé A du na
Ve, = {l§—&0| <&, |u| < e}, coBnanatomeii ¢ p; we na {|€—&| <&,0 < [ul <e},
rie le, (&, 1) = i(1 + (€ — &)uS) "By, o he, 0 e, (€, 1) = i(z(foéz%gz)g — OrpaHu-
qeHHast, BCIOy Hemysesas dbynkiwms, lg (£,0) = % — —L— CM. JIOKa3aTeJbCTBO

Vavp’
memmbl 2.4.3. Tak kak sxobnan GyHKINN nepexoia ¢g, paser lg, (£, ), on BCOLy

OTJIMYEH OT HYJIs.
Oyukiust Tamuibrona f o hg B obsact {|{ — &| < ,0 < |ug| < €} C
C2%(z,w) umeer Buj f o hg)l =22+ WP 4+ &, f o, =&, nosromy B KOOpMHATAX
(€,u) byukuus f umeer Buj f = &, 3HAYUT f KOPPEKTHO ONPE/C/ICHA, ABJISCTCH
AHAJINTUYECKON W He mMeeT Kputuuecknx touek B M4\ C2.
Teopema 17 u Teopema 18, nmyHkT 1), JOKA3aHbI.
PaccMorpum raMusibToHOBO BekTOpHOE Tosie sgrad ¢ f B KoopjauuaTax (€, u),
1 10 7
sgrad o f = (0, W) = o€ dur OTKYIA BEKTOPHOE mojIe sgrad ¢ f He umeer
— —2
nyneit na Te¢ \ (C x D, ).
Bekropnbie nons sgrad ¢ f u isgrad ¢ f nonsl Ha M?, 6y1ydn riajKkiuMi Bek-

TOPHBIMU ITIOJIAMU Ha Ka2KIOM MHBaPpHUaHTHOM KOMIIaKTHOM IIOJMHOXKECTBE Mé« =
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U Tg C M*, conepxatem Bce ocobbie cion, riae C' > 0 — mobasi KOHCTaHTa,
¢l<C

npeBocxosiiag maxd|f(p1)|, | f(p2)|}- O

Huist io6oro uucsa A € C\ R pacemorpum B abesiesoii rpyune (C,+) nos-
rpyunbl 202 = 7, ML = 7 v 21l + N2 = 7 & 7. Tak kax uncia 27, A € C
Juneitno nesasucumbl naj R, to daxrop-npocrpancrso T = C/(27Z + A\Z)

romeomopdHo nByMepHoMy Topy T2 = St x St

Caencreue 2.4.5 (Koopaunarsl JeiicTBEE-yroy jijis MOMOJHEHHON CHCTEMbI).
Jas C-zamusvmonosa nonoinenus 3(a,b,c,d,e) ao6ot C-zamuirvmonosod
cucmemnvt (C% we, f) = s(a,b,c,d,e) eexmopnvie noas sgrad ¢ f u isgradcf
noanv.. Jas 06020 neocobozo caon Te cywecmeyiom wucaa M) € C\ R,
we € C\ {0} u xomnaexcnwti dudipeomopdusm fe = femod (2m, A\(€)) : Te —
Ti(@ = C/(27Z + N&)Z) na dsymepnvii mop, maxue wmo sgrad CTlTE = wgﬁ,
2de %& € Vect(T¢) — woopdunammoe sexmopnoe noae na caoe T¢, omeeuaro-
wee Koopdunammomy duddpeomopdusmy fe mod (2w, A(§)), mo ecmo duddeomop-
dusm fe mod (21, A\(€)) swnpamasem unmezparvivie mpaexmopuu na Te. Beue-
CTNGEHHBLE KAHONUYECKUE KOOPOUHAMDYL Oeticeue-y204 0AL NONOANENHOT cucme-
wmoe H3(a,b, c,d, e) onpedencnvn (neodnosnannvim 06pazom) 6 Mmaaoti oxpecmo-

cmu 2106020 neocobozo caos ¢ M.

Joxazameavcmeo. TlogaHora BeKTOPHBIX TOJIEH jIOKa3aHa B TeopeMe 18, myHKT 2).
CormacHo Teopeme 16, MyHKT 2), W JIOKA3aTEJIHCTBY BEIECTBEHHON Teopembl JIu-
YBUJUISL JIJIs TAMIJIBTOHOBOM cucTeMbr (M 4 Rewc, Re 7) C JIOIOJTHUTEJIbHBIM WH-
TerpaJjom Im? (em. emmy 2.1.6), ciioit Tg roMeoMOpP(deH JIBYMEPHOMY TOPY, IIpK

9TOM OIIPEJIEJIEHO TPAH3UTUBHOE U JIOKaJbHO cBobojHoe C-muddepennupyemoe
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neiicriue pe @ C x Tg — Tg¢ mockocru C na cioe T capuramu BJOJL HHTe-
rpaJibHBIX TPACKTOPHil BeKTopHbIX Tosieii csgrad ¢ f, ¢ € C, 3a spems 1. Crabu-
JIU3aTOP TOUKH JIJIST STOTO JEHCTBUSI HE 3aBUCUT OT TOYKHU W SIBJISIETCS PENIeTKO#
B C Buma A(€)Z + N (§)Z, tae aucaa A (€), A2(§) € C nuneitHo He3aBUCHMbI

naJi R. Ilosromy jia moboit Touku Pr € Tg C-muddepennupyemoe orodbparkenme

(pelexqp.y) o e mamymmpyer C-nuddeomopdusm je : C/(27Z + N(§)Z) — Te,

rne pe @ C — C — oneparop ymHOXKeHHs Ha %&), A = 2%1\38 B kaue-

crBe KoopauHaTe! fe mod (27, A(§)) BozbMeM obparubiit guddeomopdnsm jgl =:
T /\1 )\1

femod (27, A\(€)). Torna sgradcfﬁ& = %d% = wgﬁ, e we 1= #

CyiecrBoBaHre BeleCTBEHHBIX KOOPJIUHAT JEHCTBUE-YIOJ JIJIs HOIOJHEHHOR
CUCTEMbI CJiejlyer, B cujly Teopembl JInyBuuis, u3 cylmecTBOBaHMs OIOJHEHHO

cucrembl (eM. Teopemy 17) u komnaxraoctu ciioes Tg C M* (em. Teopemy 16). [

AHaJIOrTIHO JOKA3aTeILCTBY CJIeJCTBHUA 2.4.5 paccMarpuBaercs R-JInHEeRHbINR
orepaTop ,uéR : C — R?, onpegenennslit Ha 6asuce dhopMynamMu ,u]lg(/\l(f)) =
(27, 0) m p(X2(§)) = (0,27). Torma orobpaxenue (pelcx(p.y) © e MHAYIHPYET
R-mnpdbeomopdusm j 0 R?/(27Z)* — Te. Tlonoxum pe modd 27 := (7~
Te — (R/277Z)% =: T%. C nOMOIMIBIO 3TOTO CTPOATCS (CM. JIOKAZATETHLCTBO TeOpe-

Mbl JInyBuHILIs) BEIIECTBEHHbIE KAHOHUYECKUE KOODJIMHATHI JICHCTBIE-Y IO
(I, Iy, @1 mod 27, ¢y mod 27) : Ug, — D* x T? (2.4.3)

nst “nonosinenns’” (M4 Rewe, Re f) ramussronosoit cucrembr (C?, Rewg, Re f)
¢ JIOTOJTHUTEILHBIM TIEPBBIM HHTerpasom Im f, ompeneseHubie B Masoii OKpecT-

nocru Ug, = |J T¢ € M* moboro meocoboro ciost T¢, u mpuHUMAaIONIne 3Ha-
[€—&o|<E
qenns B oomactu D? x T2, rne D? C R? — o6aacts, romeoMmopdHas OTKPBITOMY
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Kpyry, € = (&) > 0 — gocrarouno majoe ducio. [Tokaxkem, 4To 3HAUEHUE TTepe-
MEHHDBIX YTOJT Ha, MHOYKECTBE BECKOHETHO yiajlenibix Touek pe € Uy, MOxeT 6brTh
BbIOpaHo pasHbIM (1 mod 2m)(pe) = (p2mod 27)(pe) = Omod 27. Tem cambim

MHTEerpajbHble TPAEKTOPHUU CUCTeMbI F73(a, b, ¢, d, e) n3obpakeHbl Ha puc. 2.3.

L _ _ _

<l

Puc. 2.3: larerpaibHble TPaeKTOpUH CUCTeMbl 73(a, b, ¢, d, e)

CaencrBue 2.4.6 (BerecrBernbie KOODMHATHI JEHCTBHE-YTO TSI UCXOTHOI
cucrembl ). Bewecmeennvie koopdunamos deticmeue-yzon Iy, I, o1 mod 27, o mod 27
6 OKpPECMHOCTIU Ufo He0c06020 CA0A T&) 6 M* dasa “nonosnennot” cucmemo
(M*,Rewc, Re f) mozym 6vumo 6vibparvr maxum 06pasom, “wmo us 02panusenue
na C? N 050 3adaem GeuULECMBEHHBLE KAHOHUMECKUE KOOPIUHAMbL 8 OKPECTNHOCTIU
cros Te, daa eamuavmonosot cucmemwr (C?, Rewe, Re f), npunumarowue sna-
yenua 6 obaacmu D? x (T?\ {(0,0) modd 27}). ITpu smom 6 yxasannoti okpecm-

nocmu nepsvie unmezpaivt Re f u Im f asaaromesn pynxuusmu om Iy, Io.

Jloxazameavcmeo. Pacemorpum nosepxuocets A = {p¢ | £ € C} = M*\ C?
COCTOSATILYIO 13 HECKOHETHO yateHHbpx To4uek. Ilyers v € 1), A, v # 0, Torna mapa

(v,iv) — 6azuc B T, A. Cumiiexruieckas crpykrypa w(v,iv) = Rewe(v,iv) =
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0, orxyna A — narpamxkesa nosepxuocts B M. Orciona cieyer, 4To nepeMeHHble
YyroJl MOXKHO BBIOpATh (JJIst 3a3/laHHBIX MEPEMEHHBIX JeficTBre) TakKuM 06pasoM,

aro (1 mod 27)(pe) = (2 mod 27)(pe) = 0mod 27, |£ — &| < €. O

OrMmernM, 9TO AHTUKAHOHUYECKAsT WHBOMIONUA (2, w) +— (—2,w) COXpaHser
raMuJIbTOHUAH f U Ha KaxJOM HeocoboM cjioe T¢ MMeer ueThipe HemoBUKHbIe
TOUKH, BKJIIOYast OECKOHEUHO yaJIeHHy 0 TOUKY Pe. B koopaunarax (€, u) us onpe-
nenennst 2.4.4 sra unposonus umeer suj (&, u) — (&, —u), em. (2.4.1) u (2.4.2).
B Bemecrsennbix KoopauHaTax jgeiicTBue-yros ms ciaegacrsust 2.4.6 mnsosonus

umeer Bujl (11, Is, o1 mod 27, o mod 27) — (I, I5, —p1; mod 27, —ps mod 27).

Caencrue 2.4.7. Jlaa C-2amusvmonosoti cucmemv, 763(a, b, c,d, e) 6 oxpecm-
nocmu U, neocobozo cros Te, C Uy, & € C\ Xy, suavenus xoopdunam det-

cmeue (11, 1) na crnoe Te C Uy, moeym boimo éviucaense no Gopmyram:

1
I,(Te) = ;Re/zgw)dw, (=12

Vel

ede z¢(w) = \/5—bw3—c;1)2—dw—e — odna u3 deyr eemesetl, HenpepvleHo 3a6UCAUAA
om &, Ye1,ve2 ¢ [0,1] — C — npocmue nymu, sedyuue us we; 6 Weg U U3
We o 6 We3 COOMBEMCIMEENHO, NEPECEKUOULUECA TONDEO 6 KOHEUHOT MouKe We 3
U HENPEPHIGHO 3a6uUcCAUUE 0M §, Wem, M = 1,2,3 — Kopnu ypasnernus bw? +
cw? + dw + e = &, nenpepwsno sasucawue om &. Iepemennas deticmeus I
omeewaem yuxay na T¢, noayuennomy nociedosamenvromy npoxoscdernuro nymau
(e, vee®)), € [0,1], 1w nymu (—2(e0(1— 1)), 71— 0), ¢ € [0,1], € =
1,2.
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2.5 TunepamnTuydeckuii raMuJIbTOHUAH CTENIEHN YeThIpe

Omnpenesierne 2.5.1. C-zamuavmonosoti cucmemots ¢ 2unepasisunmu4eckum 2a-
MUNOMOHUAHOM  CIMENEHU YeNmbl g C? C? =

pe HazbiBaercs Tpoiika (C* we, f), e =
C%(z,w), f(z,w) = az® + bw* + cw?® + dw? + ew + k, a,b,c,d, e,k € C, ab # 0
n we = dz A dw. Obosnaunm 31y cucremy uepes #i(a,b,c,d, e, k). Cucremy
H4(a, b, c,d, e, k) HazoBeM nesviposicdennoti, ecau GYHKIUA f UMeeT POBHO TpH
PA3INIHBIX KPUTHIECKUX 3HAUCHUsT (9TO PABHOCUIBHO TOMY, U4TO f — KOMILIEKC-

Ho3HauHas 1poctas Gyukius Mopcea, cM. siemmy 2.5.2 Huxe).

JIlemma 2.5.2. Beakaa C-zamusvmonosa cucmema F4(r, s, s(p + 1), sp,0,0),

r,s,p € C, rs # 0, umeem ne boaree mpex ocobvir caoee Tyqyy, j = 1,2,3,

=3(p+1)—4/9(p+1)2-32p
8 )

HEKOMOPBLE U3 KOMOPHLT MO2ym cosnadamy, 2det; = 0, ty =

o — =3(p+1)++4/9(p+1)2-32p
3 8

. C-2amurvmonosa cucmema H4(r, s, s(p+1), sp,0,0,0)
neswuipostcderna mozda u moavko mozda, xozda rs # 0 up & {0, £1, %ﬁ}. pigY;
aroboz20 j € {1,2,3} cywecmeyem C-zamusvmonosa cucmema H#4(r1, 1, s1(p1 +
1), s1p1,0,0), eamusvmonoso sxeusarenmnasn H4(r, s, s(p+1), sp,0,0) ¢ 2amu.nn-

monosoti skeusasenmmuocmovio h; maxot, wmo h;(0,t;) = (0,0).

Jorasamenvcmeo. Tlonoxnm ¢ = /9(p+ 1) — 32p jy1s1 IpoU3BOJILHOI BeTBH

/—. Ocobble ciion cucTeMbl oTBedator 3nadenusM f(p;), 7 = 1,2,3, rae p; =

(0,0), pr = (0,t2), p3 = (0,t3), rie ty = —22H=0 4 — BWHIG Pape eax

f(z,w) = 72?2 + sw?(w + 1)(w + p), 10 f(0,t5) = S(q+3p+3)2(—q;gp—3)(q+3p—5) "

—3p—3)2(g+5p—3)(—q+3p—5
£(0,t5) = sl4=3e=3) (q+21192 JZ013075)  Heppiposk e HHOCTD CUCTEMBL 03HAUAET, 4TO

sunadenust f(p;), j = 1,2,3 nomapuo pasindubl. Bbraucienns m0Ka3blBaoT, 14T0

I0CJIEJIHEE YCJIOBUE PABHOCUIBHO ToMy, uro p ¢ {0, +1, %}. Paccmorpum rpu
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KaHOHWUIECKUX MpeobpasoBanust: hy : (z,w) — (2, w),

(7T+9p>+q+3pg+2v/2+/5 — 6p + 5p® + q + pq),
(7T+9p>+q+3pq—2v/2+/5 — 6p + 5p* + q + pq).

hy : (Z,’UJ) = (Z__;Zu —aw), rae & =

1
8
hs: (z,w) — (52, —aw), rie a = 3

JlaHnHble 1Ipeodpa3oBaHus YJI0BJIETBOPAIOT TPEOOBAHUSIM JIEMMBbI. [l

Teopema 19. Beskas nesvipoorcdennan C-zamurvmonosa cucmema #4(a, b, c,d, e, k)

24MUNLMONO0B0 dK6UGANEHMHG cucmeme (T, s, s(p + 1), 8p,0,0) das nexomo-

puxr,s,p € C,rs £0,p ¢ {0,+1, H%ﬁ}. Jee nesvpoorcdennvie C-2amurvmonoso
cucmemv, 74 (11, $1,51(p1+1),p1,0,0) u F4(ra, S2, So(p2+ 1), S9p2, 0,0) 2amu.ns-
MOHOBO IKGUGAACHMND, MO020a U MOALKO Mo2da, Ko2da Aub0 T1 = Ty, S1 = S U

P1 = P2, AUOO T = ]%, S| = Sop3 U P = p%, nPU YCA06UL MOo20, 4o 00pas 0cobot
2

mouru (0,0) omuocumenrvro 2amusomonosot sxeusasenmuocmu paser (0,0).

Tokazamenavcmso. Ilycrs wy — kpurnuaeckas: Touka dbynkimn bw? + cw? + dw? +
ew + k, rorna f(z,w) = az® + b(w — w1)*(w — a)(w — B) + 7, rae a, 3,7 € C,
a,0 # w ua # B, f(0,w) # f(0,ws), rie we u w3 — JiBe Jpyrue KpUTH-
geckne Toukn dyukumm bwt + cw? + dw? + ew + k. Onpenesm oTobpazkenne

h : C?* — C? dopmynoit h : (z,w) — (z(w; — a), LY

1
w1 —«

). Orobpaxkenue h —

4 w;—f3

a s:b(wl—oz),p:wl_a.

(w1—a)?”

HCKOMAasl S9KBUBAJEHTHOCTD JJIsI 1" =

[Iycts Mexy cucremamu J44(r1, S1, s1(p1 + 1), $1p1,0,0) u F(r2, s9, S2(pa +
1), s9p2,0,0) 3aana raMUIBTOHOBA SKBUBaJEHTHOCTH h. Ocobble cjion cucrem
orBevaloT 3nadenusm f;(p;;), i = 1,2 u j = 1,2,3, tae pi1 = (0,0), pi2 =
(O,ti’g),p@g = (O,ti,;g), rae tz"g = W, ti’g = w, 1 = 1,2, rae

¢; onpejesieno Kak B jloKazareiberse jgemmbl 2.5.2. Tak xax fi(z,w) = riz% +

sin(w + (w + p;), 10 fi(07ti,2) _ SZ_(Qi+3pi+3)2(_Qi;zpi_3)(Qi+3pi_5) " fi(Oati,S) _

S (¢i—3pi—3)*(qi+5pi—3) (—qi+3pi—5)
i 512 .
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Paccmorpum smneitnsiit onepatop A; ;i B Tpi,jC2 — oreparop JiMHeapusalum
sekroproro nosis sgrad ¢ fi = (—s; (4w’ +3(p; + 1)w? 4 2p;w), 2r;2)" B Touxe p; 4,

7 =1,2,3; B KoopjiuHaTax z,w OH 3aJlaeTcs MaTpuliei

0 _QSZ‘pz‘ 0 _Siqi%“i‘?"“gpi 0 _Siqiqz‘—3—3pi
Aig = Ao = i ,Aiz = s
27’@ 0 27“1‘ 0 27“2' 0
OTKyda det Ai,l = 47“2‘82']91', det Ai’g = TiSiQiW u det Ai,3 = Tisiqi@, rjie
i=1,2.
[Tycrs npu orobpaxenuu h Bbinonneno h(pyj) = pas;), tie j = 1,2,3 u

o € S3 — nexoropas nepecranoska. meem Ay ,(;y0dhl,, . = dhl|,, oA j, nosromy
det Ay ; = det Ay o(j), n fi(pre) — fi(pri) = fa(Pror) — f2(P2.o)), Tie J, k1 =
1,2,3. Orcrona moJsiydaeM CHCTEMY ypaBHEHHI Ha BEJIMUUHBL T'9, So, P2, 0 € S3
IIpU 3aJaHHBIX 7', 1, P1, BBITEKAIOIILYIO 13 TAMUJIbTOHOBOI SKBUBAJECHTHOCTH. DTa

CHCTeMa UMeET POBHO JIBa PA3IMIHbBIX pelieHus co coiictBoM (1) = 1, a umerHO

pemenue ro = 11, S9 = S1, P2 = P1, 0 = ld, 1 pelieHue ro — ;—%, S9 = Slpil, D2 = le’
o= (23).

Pemenue ry = ry, S = $1, p» = p1, 0 = id cooTBETCTBYET TaMUJILTOHOBOIL
9KBUBAJIEHTHOCTH (21, w1) — (21, w1) = (29, W), & pelieHne ro = ;—%, Sy = 817,

P =L 0= (23) coorBercTBYET raMUJIBTOHOBOI 9KBUBAJICHTHOCTY (21, W)
b1

(p121, 24) = (22, w2). [
D1

Teopema 20. [Tycmo Te — nonoanenue npoussosvruozo (neobasamenvro neoco-
6020) caoa Te cucmemw 76 (a,b, ¢, d, e, k) omnocumervro mempuru nonosnenus
ge (mounee, ommnocumenvrno Gyuryuy paccmoanua pe, cm. onpedesenue 2.1.10).

Toz0a:

1) evmoaneno Te = Te|{pe1, peat, 20e pe1,pea — dee mouku, nasvicaemvie
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OeCKOneUno YoaNeHHOLMU,

2) ecau T¢ — neocobuiii caoti, mo cywecmeyem 2omeomopdusm Tg ~ T?;

3) cywecmeyem KoMNAEKCHAA KOOPIUHAMA 6 OKPECTHOCTNU Kadtcdol u3 bec-
KOHEYHO YOAACHHOLT TNOYUEK D¢ j € Tg, 1=12s Tg, asasrowaacs C-dudgepen-

YUPYemot 6 npokosomot oKpecmmocmi.

JlokazaTebCTBO MCIIOJAb3YEeT JBE JIeMMbI, aHaJorndHbie jemmam 2.4.2 u 2.4.3

" NIPpUBEAECHHbIC HU2KE.

Jlemma 2.5.3. Jaa a06020 (ne obasamenvro neocobozo) croa Te, € € C, cyuye-
cmeyem makoe noxpwmue npocmparcmea C? 3aMEnymuLMu n00M10HCECTNEAMU
Uei C C%, zomeomopprvimu C x D cCx C,ieN, wmo Ug; CUgj npui < j,
Ej Uei = C?, u dan 06020 i eunoaneno Te\Ug; = (D*\{*}) | |(D*\{x}), 20e

i=1
D? — omxpwmuodi deymeproi duck.

Aoxazamesvecmeo. lar 1. Cornacuo semme 2.1.11, muist moboro € € C cymecTBy-

eT BermecTBerHoe 1o 1o(£) > 0 Takoe, uTo ompesienera BeTsb v/ bwl + cw? + dw? + ew +
-9 —2

C\ D, o) — C, aprmomasnca romeomopdusmom na 00pas, rae D oy C Cyy —

3aMKHYTBI JIByMepHbIi map pajuyca ro(€) ¢ nearpom B 0. osoxkum rg := r9(§).

Onpegesum orobpaxkenue he @ C, x (C, \Eio) — C* dopwmyaoit he(z,w) =

(vaz, v/bw* + cwd + dw? + ew + k — €), rie duxcuposana ojHa U3 BeTBEH y
/— u & . Torga he onpejiesieH0 KOPPEKTHO U ABJISICTCS TOMEOMOP@U3MOM Ha

obpa3z, KoopJinHaTaMi Ha 00pa3e SIBJISIOTCS

F=\az, = /bwt+ cwd+dw?+ew+k—E (2.5.1)

lw|<ro

[Tostoxkum 7o 1= il/max |bw? 4+ cw? + dw? + ew + k — &|. Hokaxewm, uro Uy, :=
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(C x Eio(f)) U hgl((C X Eii(@) — UCKOMast 110CJIEJI0BATEIbHOCTD, tjie T3 = 1;(£) =
To + . Paccmorpum orobpaxkenue Prs : C;ﬁ) — C, vpe Prz(2,w) = Z.

[Tar 2. Jokaxem, uro Prz o he(Te \ Ue;) = C, \Ezi(g)z ~ D?\{0}.

[Tokaskem chauana, 1ro Prz o he(Te \ Ue;) C C, \Eii(g)g. [ycrs 2y € (Prz o
he|tau,,), pacemorpum Wy Takoe, uto (2o, wo) € he(Te \ Ug;), otkyna [wo| > 14,
a sHaunT, |Zo| > r?.

Obpatno, nycts zy € C \ﬁzg, TOTJIA CYIIECTBYET Wy Takoe, uTo 25 + Wi = 0 u
|[wg| > 7. Bee kopuu ypasuenus bw? +cw3+dw? +ew+k—§ = W] pasnuannt u 1o
MOy GoatbIne T, OTKyza (20, Wo) € he(Te \ Ue;) n orobpaxkenne Prz ohe|p v, ,
SBJISIETCS HEPA3BETBJICHHBIM YEThIPEXJUCTHBIM HakpbiTueM ¢ 6aszoit C \ Eiz R
D?\ {*}.

[Tlar 3. JTokaxkeM, 4TO HAKPBLIBAIONIEE POCTPAHCTBO UMEET JIBE KOMIOHEHTBI

~ 2 it 2mittm
cesasrocTr. Pacemorpnwm nBa nomasatust Y4 (t) = (r7e™ r;e” @ ) 3aMKHYTOTO TIy-

__ .2, mit - 5 I
™ y(t) = rie™, 0 <t < 4, upu nakpbirun Przf, v, Torma kaxpii us J4
[IPOCTOY 3aMKHYTBII IIyTh, JABYJIMCTHO HAKPBIBAIOIIUN IPOCTON 3aMKHYTBLIN IIyTh
v(t), 0 < ¢t < 2, orKyjla HAKPHIBAOIIEE [POCTPAHCTBO UMEET JIBE KOMIIOHEHTbI

CBSI3HOCTH. ]

Jlemma 2.5.4. Bunoaneno coomnowenue pe(x,y) = o(1), 2de R — oo, x,y €

Te \ (C x Eiz) u x,y aescam 6 00nol xomnonenme ceaznocmu Te\ (C x Ei).

Jloxasamenvcmeo. Ilyers f(Z,0) = 22 +wt, Oc = dZ Adw u £ = 0, Torna
. 3 . . o 3 3
sgrad o f = —4w3% + QZ% u Ay = W'T%' [lockonbky 22 4+ @ = 0

~ ~ - S =6 1.7 . 26452 5 ~
na To = f71(0), —4iPdz + 2Zdw = LI 4 22dwp = 180 HE qip na T, snauur
A db ~ |dw]* _ |dw|?
AO — 93> OTKYyJa go = 477 T 4t
- 2
Hasiee, nycrb xp u yo rakue, uro |z| = |zol, |y| = |vo| u zo = (iR3, R.),
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Yo = (iRz, R,) nust mexkoropbix R, > 0 u Ry, > 0. CoruacHo JloKa3aTebCTBy Jiem-
Mbl 2.5.3, Takune To, Yo € f1(0) = Ty, nexkaume B O4HOH KOMIIOHEHTE CBAZHOCTH
T\ (C x D3%), cymecrryior. ITycrn Tp \ (C x D%) = Vil |Van xo, 90 € V4. Bepro
HepaBeHcTBo po(z,y) < po(z, 2o) + oo, Yo) + Po(Yo, ¥)-

Omnerm po(z, z0) 1 po(y, yo). Pacemorpum aymncrioe nakpsirae p : Vi \ (C X

1
AR:

EZ) — C, p(Z,w) = w, otkyna po(x, ) <

< |dw| = £-. Ananormano
[W|=Ry

po(Y, vo) < Rly-

R W LS
Onerm pe(xo,30) < | [ A5 < smpremy- Orxvaa pe(@,y) < Ftimmrmy T
T 8

R, — min(R,,R,)"

Cormacno JiokazaresberBy Jemmbl 2.5.3, mar 1, 8 C x (C \Eﬁo@) CyIIeCTBYeT

samena KoopuHat he (2, w) = (2,0) = (yaz, v/bw* + cw’ + dw? + ew + k — £),

orkysa (f —&)oh ! = f =2+ Ouennm Ag: nveem (h§|T$\h61(CxD;>)*Ao =

AcAe, tie dynkmua A @ Te \ (C x Eé) — C onpejenena ycnosueMm Agwe =

fwc. Tak kak A¢ = dbwltdew’ fdwte  _ A(] 1 R — o0, r11e
gWC. AR KAR A \/54(bw4+cw3+dw2+ew+k—g)% (1+0(1)) mpu E — oo, ra

A= /avb e C\ {0}, 10 pe < %,50. OcraJjioch 3aMeTuTh, 410 m =O0(%)

pu R — oo. [

Zoxaszamenvcmeo meopemuv, 20. 1IyHKT 1 aBiageTcss IpaMbIM CJIeICTBUEM JIeMM 2.5.3
u 2.5.4. JlokaxxkeM nyHKTHI 2 1 3. U3 jemMm ciemyet, 9To JII000 CJI0i Tg KOM-
nakren. Pacemorpum ortobpaskenue p @ T¢ — C, mie p(z,w) = w — passers-
JIEHHOE JIBYJINCTHOE COXPAHSIOIee OpueHTaIno HaKphiTre., OcoObIMU 3HAUECHUSIMI
(To ecTh OOpasaMy TOYEK B KOTOPBIX P HE SIBJISIETCSI JIOKAJIBHBIM TOMEOMOPQhU3-
MOM) fABJIfAIOTCA KopHu ypasenns bw? + cw? + dw? + ew + k — & = 0. Becko-
HEYHO yJlaJIeHHAs TOYKA HE sBJISETCs TOYKOM BeTBJIEHUS, TaK KaK MUMeeT POBHO

JiBa 1poobpasza. Tak Kak cymiecTByer xoTst Obl OJHA TOYKA BETBJICHHUS, HAKPbI-
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BaloIee MPOCTPAHCTBO Tg csizro. Coryacuo ¢dopmysie Pumana-I'ypsuiia nveem
x(T¢) = 2x(C) — 4 = 0, orkyna T¢ romeomopdno Topy.
Brejiem koopjuHatry g ; Ha cJoe Tg B ITPOKOJIOTON OKPECTHOCTH OECKOHETHO

YAAJICHHON TOYKH Pg j, J = 1,2, coornomennem:

7 = (=17 Y2,
(F) (2.5.2)
w o= ugjl,

e ug ;0 V; — Dgo(g)—l\{0}> e Vj — cBst3HAsi KOMIIOHEHT, Tg\hgl ((C X Eio(@) R
(D2 \ {x}) LI(D*\ {*}), rakast uro pe; € V; (cm. semmy 2.5.3). Tponoskum
mddeomopdusm ug ;1o romeomopduzMa Ug ;i : Vj — D%)(g)—l B OECKOHEUIHO

YJIaIeHHY10 TOUKY Pg j COOTHOIIeHneM U ;(pe ;) =0, j = 1,2. O

Onpenenenue 2.5.5. C-2amurvmonosvim nonosnenuem C-ramMmuibToHOBO CH-
crembl 4 (a, b, ¢, d, e, k), oboznauaembivm 4 (a, b, ¢, d, e, k), razosem C-raMuibTOHOBY

cucremy (M*, e, f), rae

o muoxkecrso M* = |J T¢ :={(¢,2) | € € C,z € T¢} obaasaer crpyKTypoit
C-rnagkoro MHOFO%%%&SI/IH, 3ajaBaeMoit ciemytomnmM Habopom kapt U =~
V, Ugj & Ve jy = 1,2, tne U, Ug, ; € M*, & € C, u Gynxnuii nepexoja:
kapra U ~ V := C?(z,w), cemeiictso xapt Uy, ; ~ Vg, ; := {(£,u;) € C?* |
€ —&] < e lujl <€}, & e C,j=1,2 e e =¢e(&) >0, a dyuxnus
mepexozia ¢g,j ¢ Ve o — Vi me V= {(z,w) € C* | [f(z,w) — & <
£, (z2,w) € Nyl (€2 X (Ca\ Drypea))} 1 Vi 1= Vo \ {(6,0) € C? |

€ — &| < e}, onpenenena ¢ momormpio mpeobpazoBanuii (2.5.1) m (2.5.2):
Euj) = (z,w) i =h1 (2= (—1)"Y%u;2, 0 = ut);
J 13 J J

e BhuIOHEHO Wely = Ywe u fly = fop, tie ¢ : U — V = C? — xoopu-
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HaTHBII ToMeoMopdusm st kKaptol U =~ V.

Ormerum, uro 1o oupejenenuto M4 rouku pe, ;, # pe, j, pasimuunbl npu & # &
Wi j1 # jo. Jasiee 6ynem oroxectiarh C? = V ¢ OTKPBITBIM HOJMHOKECTBOM

U C M* nocpejicrsom KoopiuHaTHoro romeomopdusma ¢ : U — V.

Teopema 21 (CymiecrBosanue C-ramusibronosa mnonosnenus ). Jaa 060t C-
2amunvmonosoti cucmemv, (C* we, f) = H4(a, b, c,d, e, k) svinoanenv caedyro-
wue ceoucmea:

1) das mobozo & € C u j = 1,2 dynwyua ¢g,; : Ve o — V' unsexmuena u
umeem 6c100y Henyaesol AKOOUAH;

2) na xommaexcrom mnozoobpazuu M* C-duddepenyuarvnan 2-popma We u
Pynxyua Tamusvmona f onpedenerve KOPPEEMHO U ABAAOMCA GHAAUMULECKU-
M.

3) 2-popma We neeviposicdena, mo ecmv 6crody omauuna om wyai mwa M*
asasemcea C-cumnaexmuveckot cmpyxmypot.

Taxum obpazom, aobas C-zamusvmonosa cucmema 4 (a, b, ¢, d, e, k) umeem edum-

cmeennoe C-zamurvmonoso nonoanenue (M* g, f).

Teopema 22. Jlaa a0601i C-2amurvmonosoti cucmemv, (C2, we, f) = H(a, b, ¢, d, e, k)
GOIMOAHEHDL CACOYIOUUE CBOTCTNEA.!

1) wpumumeckue mowku gynxyun f codeporcamea ¢ C? u cosnadarom ¢ xpu-
museckumu moukamu Gynkyuy f; 6 wacmuocmu, OAA A100020 HEOC00020 CAOA
Te C-camurvmonosots cucmemo, 4 (a, b, c,d,e, k) caot Tg C-2amurvmonosot
cucmemvr F4(a,b, c,d, e, k) acasemeca neocobvim;

2) sexmopnvie noaa sgrad ¢ f u isgrad cf noanv na M* u me umerom nyaef

6He mouex pi, pa, p3 € C.
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Hoxazameavcmeo meopem 21 u 22. VI3 jokazaresibcTBa JieMMbl 2.5.3, mar 1, u

bopmyist (2.5.2) creyer, 9To (g, j HIBEKTUBHO, U 9TO B KoopjuHaTax (2, W) =

he,(z,w) B CZ )\ (C Xﬁzo(fo)) 2-bopma (hg)l)*w@ = B¢, dZN\dw, rie Be, =

onpegesiera B obiactu C x (C\ ﬁ?;o(&))) onpenesenust (Z,1W), Be(Z,w) # 0 u

1
—1
AgOOhEO

| Be,(Z, )| orpanutden na obiactu oupejenenns (Z,0).

Koopauuarer (Z,1) = he, (2, w) Beipaxkatorcs qepes (€, u;) I0CpecTBOM 0T
paxkenust he, © ¢, @ (§,uj) — (Z,W) = hg, 0 hgl((—l)j_liuf,uj_l) TaK: Qg
(& uy) = (z,w) = h (1) iuy uph), 2 = (=17 Vw2, = (6= &o +uy ),
oty (hey o Peng)*(d3 A di) = (—197 51+ (€ — Eo)ul) S A duy w ¢, jwic =
(hey © eg)"(he)we = (=1)7715(Bg, © hey © 9g,5) (1 + (€ = &o)uf)~1dE A du;.
Orcrofa ciejlyer CyIecTBOBaHUE HEIPEPLIBHOW M BCIOJY HEBBIPOXKJJIEHHOW CHM-
JIEKTHIECKOi CTPYKTYPBI lgy (€, uj)dE A duj na Ve, j = {|€ — &| < &, |u;| < €},
copnanaomeit ¢ @i we Ha {|§ — &l < ,0 < [u| < e}, rae lg ;(§uy) =

3
1 _s3 _qi(14(€—E)ut)~1
(— 1) (1 (E = €o)ud)~E Bey o, 06,5 (6, 1) = (=1)7 20— orpan-

2\/2{%

JIOKazaTesIbcTBO JeMMbl 2.9.4. Tak kak sikoOuan QyHKInM nepexoja @, ; paBe

qeHHast, BCIOy HenyseBast bynkius, lg, ;(€,0) = (—1)j_1ﬁ = (—1)1

, CM.

le, i(€, 1 ), OH BCIOMY OTJIMYEH OT HYJIS.

Oyuxrms [amuabrona foh(;)1 B obstactu {|€—&| < €,0 < |uy| < e} € C*(2Z,w)
FMeeT BUJL f O hgol =22+t + &, fops; =&, 7 =1,2, mosToMy B KOOpMHATAX
(&,u;) byukmus f nmeer Bug f = £, 3naqnt f KOPPEKTIHO OIpeIesIena, sBIIAeTC
AHAJINTHYCCKON W He uMeeT KpuTuuecknx Touek B M4\ C2.

Teopema 21 u Teopema 22, myHKT 1), TOKA3aHBDI.

Pacemorpum rammiibronoso sexropuoe noge sgrad o f 8 koopaunarax (€, u;),
sgrad ¢ f = (0, ——) = —&—-% orkyzua BexropHoe noJe sgrad ¢ f He nmeer

ey Eui) ) T ey, (Euy) Ouy
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= —2
nyJeit na Te \ (C x D, ).
Bekropusie nosis sgrad ¢ f u isgrad ¢ f mosmst na M?, Gyayun riajKumu Be-
TOPHBIMU IOJIAMU HA KAKJIOM MHBAPUAHTHOM KOMIIAKTHOM HojMHOMKecTBe MY, 1=

U Tg C M*, conepxatem Bce ocobbie cion, riae C' > 0 — mobasi KOHCTaHTa,
¢l<C

npesocxoismast max{|f(p1)l, [f(p2)|, [f(p3)}- -

B ciiejiyroniemM ¢jiejiCTBUM UCIIOJIb30BaHbl 0003HAYEHUs U3 CiejicTBus 2.4.5.

CaencrBue 2.5.6 (Koopmunarter jeiicTBue-yros jijist MOMOJHEHHONW CHCTEMBI).
s C-2amurvmonosa nonosnenus %4(&, b,c,d, e, k) aobot C-2amurvmonosot
cucmemvi (C2,we, f) = H(a, b, c,d, e, k) sexmopnnvie noss sgrad ¢ f u isgrad ¢ f
noanel. Jlaa a106020 meocobozo caon Te cywecmeyrom wucaa AE) € C\ R,
we € C\ {0} u womnaexcnvii dudpeomopdusm fe = femod (2m, \(€)) : Te —
T?\(ﬁ) = C/(27Z + N&)Z) na dsymepnui mop, makue wmo sgrad <C7|Tf = wgd%,
ede d% € Vect(T¢) — moopdunamnoe eexmopnoe noae na caoe Te, omeeuaio-
wee woopdunammomy dugddeomoppusmy fe mod (2w, A(£)), mo ecmo dugpeomop-
Ppusm femod (2m, A(§)) sunpamasem unmezpasvioe mpaekmopuL na Tg. Bewe-
CMBEHHBIE KAHOHUYECKUE KOOPAUHAMDL DeTCMEUE-1204 0AA NONOAHEHHOT Cucme-

mve I q(a, b, c,d, e, k) onpedesenvi (neodnosnaumnvm 0bpazom) 6 marot okpecm-

nocmu 4106020 meocobozo caos ¢ M*.

Hoxaszamesvcmeo. JlokazaTeabCTBO JJAHHOTO CJIEJICTBUS TOJIYyYaeTCs JOCTOBHBIM
MOBTOPEHUEM JIOKA3aTEIbCTBA, caejicTBUsA 2.4.5, ¢ UCIOJB30BAaHUEM TeOpeMbl 22,

nyHKT 2), Teopembl 20, myHKT 2), seMmbl 2.1.6, a Takxke Teopem 21 u 20. O

Anagornuno (2.4.3) u jokazaTenbcTBy ciaegcTsuit 2.4.5 u 2.5.6, cTposTcsa Be-
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IIECTBEHHbIE KOOPJAMHATEI JCHCTBAE-yTOJI
(I, I3, o1 mod 27, 9 mod 27r) : U§0 — D? x T?

nust “nonosmenns’” (M* Re@we, Re f) ramunsronosoit cucrembr (C2, Rewe, Re f)

C JIONOJTHUTE/IbHBIM TEePBbIM WHTErpajoM Im f, omnpejiesieHHble B MaJIOil OKPeCT-

nocru Ug, = |J  Te € M? soboro neocoboro ciost T, u npunumMatoniye 3ua-
[§—&ol<€

genus B obsacru D? x T2, rne D? C R? — obuacrb, romeomopdHasi OTKPLITOMY

Kpyry, € = £(&) > 0 — pocraTouno mMajoe anciio. [lokaxkem, 910 3HAUEHUS TTEPE-

MEHHBIX Yol B OeCKOHeuHO yJlaJeHHbIX TouKax pe 1 € Ug, MoryT ObITh BhIOpaHbI

pasubiMu (1 mod 27)(pe1) = (w2 mod 27)(pe1) = 0, a B GeCKOHETHO YA eHHbIX

TOYKaX P¢o € ﬁgo Oy/IyT UMETh CIeIUaJbHbIN BU/I.

Caencrue 2.5.7 (BeuecrBeHnbie KOODJIMHATHI JICHCTBUE-YIOJ JIjisi HCXOJHOM
cucrembl). Bewecmsennvie xoopdunamu deticmeue-yzon Iy, I, o1 mod 27, 9 mod 27
6 0KPECMHOCTMU [750 neocobozo cnos Te, 6 MY das “nonoanennod” cucmemo
(M*,Rewc, Re f) mozym 6vumv 6vibparoe maxum o6pasom, wmo us 02panusene
na C? N Ufo 3adaem euLecmeenHHvle KaHOHUMECKUE KOOPOUHAMbL 6 OKPECTNHOCTU
caos Te, Ona eamurvmonosoii cucmemn (C?, Rewe, Re f), npunumarowue sna-

yenus 6 o0baacmu

(D2 X (Tz \ {(07 0) modd 27T})) \ 1_\(dJ) modd 27>

20¢ T(apymodazn = {(I1, Ia, 57 (I, Is) mod 2, & (11, Iy) mod 27) | (I, Iy) € D?},
J : D* — R — nexomopaa 2aadran dynkyua, makas «mo Ty medazr (1(D? X
{(0,0) modd 27}) = @. IIpu smom 6 yKa3annot okPecmHOCU NEPEve UHIMELPI-

avt Re f u Im f asaaromes pynxuyuamu om nepemennvir deticmeue Iy, Is.
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Aoxasameavcmeo. Hanomnum, uro nepemennnie jieiicrsue B Ug, MOXKHO o11pejie-

marn 110 dopmynam 1;(Te) = % [ a, 1§ —&| < & e a — 1-dpopma na Ugo

g
Takasd, 4To do = Retg, s¢j — 6a5fI/iCHbI€ IIUKJIbl Ha TOPE Tg, j = 1,2. Paccmor-
pum MuoxectBo M4\ C? GeckonedHo ynaJeHHbIX TOYEK, OHO COCTOUT M3 IBYX
nosepxrocreit A; := {p¢; | £ € C}, j = 1,2. Ilycrs v € T),, Aj,v # 0, Torga
napa (v, i) — 6asuc B 1), A;. Cumnnexrudeckas crpykrypa Rewe(v,iv) = 0,
oTkyma A m Ay — marpamkesnl nosepxunoctu B M*. Otciona cieayer, 9To Ie-
PEMEHHBIE YTOJI MOXKHO BBIOpATH (JJIsT 3a/IaHHBIX MEPEMEHHBIX JICHCTBIE) TaKIM
obpazom, ato (¢ mod 2m)(A1) = (g mod 27)(A;) = 0. Ilocrpoenunie nepemen-
HpIe jeiicTBie-yroax B Uy, sABASIOTCS KAHOHUTCCKAMH I 337aI0T TOMEOMOP(hH3M
Ufo ~ D?xT? rne D? := I(Ugo), I = (I, I,). Onpesennm dbynximio J : 050 — R

bopmynoit j(Tg) = [ o« |§—¢&)]| <& rue e — nyrb na nosepxuocru A,
VeVEVe
Yej(t) = Pa-pgrtej, 0 <t < 1, j = 1,2, ¢ — mexoroperii myTs na tope T,

BeJLyIuit 13 OECKOHEUHO YAaJIeHHON TOUKHU D¢ B OECKOHEUHO yJAJEHHYIO TOUKY
D¢ U TAKOW, UTO 3aMKHYTBIN IyTh 75,17575;:7501 CTATUBAEM B Ufo ~ D? x T
VKa3aHHbLA HHTErPas He 3aBUCUT OT BbIOODa 1yTH Ve (1pu (PUKCHPOBAHHOM I1yTH
Ye,) B CHILY JIAIDAHXKEBOCTH TOPA Tg. Onpejienm yuxunio J : D? — R yeio-
puem J o I = J. Torma (p; mod 2m)(pes) = g—i([(p&g))mod%r, € — & < €,
j=12. ]

Tem cambIM HHTErpabHbBIE TPACKTOPUE CUCTeMbl 4(a, b, ¢, d, e, k) uzobpaxke-
HBI Ha puc. 2.4.

OrMmernM, 9TO AHTUKAHOHUYECKAsT WHBOMIONUA (2, w) +— (—2,w) COXpaHser
raMuIbTOHUAH f, Ha KaxJIOM HeocoboM coe T¢ MMeeT ueThipe HemoJBUMKHbIe

TOUYKHU, upuHaiexkatine Te, n nepecrapiser Apyr ¢ Jpyrom OECKOHEUHO yjlaJleH-
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Puc. 2.4: UnrerpaibHble TpaeKTOpUN cucTeMbl 4(a, b, ¢, d, e, k)

HbIE TOUKU P¢ 1 U Pe2. B koopimunarax (&, uy) u (€, ug) us omnpesesenns 2.5.5 ara
nHBosToNuA nmeet BuJ (&, uy) — (€, ug 1= u1), em. (2.5.1) u (2.5.2). B Bemecrsen-
HBIX KOODJMHATAX JICHCTBUE-YTOJ U3 CJeACTBUA 2.5.7 JaHHasd WHBOJIOIMUS UMEeT
BuJl (11, I2, o1 mod 27, o mod 27) — ([4, I, g—ljl(ll,lg) ¢1mod 27, 2 5 L ([, 1) —
2 mod 27r).

Caeacrsue 2.5.8. Jlia C-2amusvmonosoti cucmemuv 74 (a, b, ¢, d, e, k) 6 oxpecm-
nocmu Ug, neocobozo caos Te, C Uy, & € C\ Xy, snavenus woopdunam det-
cmeue (11, Is) u pynryuu J us caedemeus 2.5.7 nwa caoe Te C U, mozym 6vimeo

6HLYUCAEHDL 1O ¢0pMy/LClM.'

1
I)(Te) = ;Re/zg(w)dw, (t=1,2,

e

379 =2 [ ( Sselwrdu - Judze(w)).
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bwt —cw3 —dw? —ew—Fk
§—
a

2de ze(w

— 00Ha u3 deyxr eemeeli, HENPEPHIEHO 30.6U-

cawan om &, Ye1,7e2 ¢ [0,1] — C — npocmuie nymu, sedyujue us we1 6 Wey
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U U3 Wgo 6 Wea COOMBEMCMEENHO, NEPECEKAOULUECA MOALKO 6 KOHEUWHOT MOoY-
Ke We 4 U HENPEPUIEHO 3asucauue om &, Wy, m = 1,2,3,4 — xopnu ypase-
nua bwt + cw? + dw? + ew + k = £, nenpepusno zasucauwue om &, u Ve
0,00) = C — noaynpaman, ewrodawas us we 1, He NPOTOOAULAA KU wepes 00un
U3 We,m, M = 2,3,4 u nenpepvisro sacucaujan om §. Ilepemennan deticmeus I
omeewaem yukay na Te, nosyuennomy nocaedosamenvrvim nporosclenuem ny-
it (26 (), e (D), £ € [0,1], w ngmu (—z(e.(1— 1)), 7e.(1—8), £ € [0,1],
(=1,2. OQyuryua J omeewaem npocmomy nymu na Te, coedunarousemy becko-
HeuHo ydasennole Mouky De 1, Pe2 U NOAYUEHHOMY NOCAEO0BAMENDHBLM TPOTOMHC-

denuem nymu (—z¢(Ve(1 — 1)), 7(L — 1)), t € (0,1, w nymu (z(ve(t)), 7e(t)),
tel0,1).
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I'maBa 3

TonoJsiorust jarpal>keBbIX CJOEHUIA

3.1 OcHOBHBbIE IIOHATUYA U yTBEP2KJICHUSI

Omnpenenenne 3.1.1. [amurvmonosoti cucmemoti naspiBaercs Tpoiika (M2, w, H),
rie M?" — raaakoe MHOrooGpasme, w — CHMIVIGKTHUCCKAs CTPYKTypa Ha M2",
H : M* — R — rnajxas BelecTBeHHO3HAUHAA (DYHKIH, Ha3bIBaCMAasd (K-
eti Tamurvmona (win 2amurvmonuanom). Cucrema Ha3bIBACTCs UHMEPUPYEMOT,
ecJlu CylecTByeT Habop U3 n riaakux GyHKuit fi, ..., fo : M?" — R, nasbiBae-
MbIX NEPEuLLMU UHMELPAAGMU, TAKON YTO BLIIOJHEHBI CJIEJIYIONINE YCJIOBUS:

1) nabop fi, ..., fn dyuknuonansuo nesapucum na M>" ro ecrb dfy, ..., dfy
JIMHEIHO HE3aBUCHMBI B KayKJI0il TOUKe BCIOJLY TJIOTHOTO MOAMHOXKecTBa B M2", 1
fi=H;

2) npu s06bIX 4, j = 1,...,n yHKImE f; u f; HAXOAATCS B MHBOJIONUE OT-

. _ klOfi Ofi
HOCUTEJIBHO CHMILIEKTHICCKON CTPYKTYPBI W, TO ecTh { f;, fj} = W Sk = 0B

1

JIOKAJIbHBIX Koopaunatax ', . .., 22", rie w*

— KOMIIOHEHTBI MaTPHUIIbI, 00paTHOI

marpurie ||wyl|-
Omnpenenenne 3.1.2. BekropubiM nosem xocoti epaduenm Gynxunn f : M?" —
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R nazniBaercs noje sgrad f, Takoe uTo st s060it bynkimn g 1 M?" — R BbIToI-

neno coornomenne { f, g} = sgrad g(f). B nokanbubix Koopamuarax l, ..., x?"

BexTopHoe noje sgrad f mveer sug (sgrad f)! = wij%.

C KaxJ10#f raMIJIbTOHOBO# CHCTEMOil CBsI3aHO ypaBHeHuWe ['aMUJIbTOHA.

Onpepnenenue 3.1.3. Vpasuenuem Iamuavmona ramunbronosoit cucrembl (M w, H)
nasbiaercs juddepennnaibuoe ypasuenne o(t) = sgrad H |, ), rae t € I — na-
pamerp B Hekoropom uHTepBajie I C R. Ecin raMmmibTroHOBa crcTeMa siBJISIETCs
MHTErPUPYEMOIl U BCe pelleHus ypaBHeHusi [aMUIbTOHA CYIIECTBYIOT IVIODAJIb-
HO, TO €CTh JOINYCKaIOT Tpojo/KeHne mapamerpa t Ha R, To cucremy HasoBem

unmezpupyemot no Jluysuairto nim enoare unme2pupyemod.

Omnpenenenne 3.1.4. Touka ¥ € M?" naspiBaerca kpumuueckoti (111 oco-
6o1i), ecma df1(z), . .., df,(x) muneiino zapucumbl. Orobpaxenue ® : M — R™,
Oz (fi(x),..., fu(r)), HaseBaerca omobpasicenuem momenma. Obpaz P (x)
M1000# KpUTHUECKO# TOUKN & € M?" Ha3BIBACTCS KPUMUMECKUM 3HANEHUCM OTOO-
paxkenusi MoMeHTa. Budyprayuonnoti duazpamoti g C R"™ HasbIBaeTCST MHOXKE-

CTBO KPUTHYECKHUX 3HAQYCHU I OTO6pa)K€HI/I$I MOMCECHTa..

Bameuanue 3.1.5. [Ipu n = 1 ocobwie Toukn & € M? coBmajafoT ¢ KpUTHUe-

CKUMHU TOUKamu pyHknun ['amuiibroHa.

Onpenenenne 3.1.6. Jlazpanotcesoim croeruem, OTBEIAIONTUM BIIOJHE HHTETIPH-
pyeMoii FaMHIJIBTOHOBOII CHCTeMe, Ha30BeM pasbuenue MHoroobpasus M 2" na cBss-
HbIE€ KOMIIOHEHTBI COBMECTHBIX IIOBEPXHOCTE yPOBHS HHTErPaJIOB f1, . .., fn. Cao-
em (UAU AUCTIOM) MHTErpUpYeMoil raMuIbTOHOBOM cucteMbl (M2, w, H) ¢ mep-

BbIMM HMHTECI'DaAJIaMU f17 .. .,fn Ha30BEM KOMIIOHEHTY CBA3HOCTHU IIOJMHO2KECTBA
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Te,. e, = {x € M*|fi(z) = &, ..., fa(z) = &}. (Cnon sBastiorest narpan-
YKEBBIMI TIOJMHOTO00PA3NAMNI ¢ OCODEHHOCTAMN; MOAMHOXKeCTBO T¢, ¢ CBA3HO,
ecan Habop dyukwi (f1,..., fn) COCTONT U3 BEIECTBEHHBIX ¥ MHUMbIX YacTeil
KOMILJIEKCHO3HAUHbIX MHOro4jieHoB JlopaHa n nepeMeHHbIX, 00pa3yIoNuX “HeBbI-
POKJIEHHBII JIJIsT CBOMX MHOTOIpaHHUKOB Hbtorona” wabop u3 n/2 MHOrOWIEHOB,
M eI pasMepHOCTH MHOrorpanHnkos Hbrorona pasubl n |29, §2, Teopemal; mo-
CJIeJIHUE YCJIOBHS BBIIOJHEHBI, HAIIPUMED, JIJI THIEPIJIUITHIECKOIO0 KOMILIEKC-
HO3HATHOrO MHOrOouwIeHa f(z,w), paccmarpuBaeMoro B jaHuoil pabore.) Cioii
Te, . ¢, HA3BIBACTCA HEOCOOLIM, €CIN BCE €r0 TOUKM HeocoOble (TO eCTh B Kax-
J0# ero touke dfy, ..., df, nuHeiiHO He3aBUCKUMDBI), UHAYE 0cobbM. JIBe nHTErpU-
pyeMble TaMuiILTOHOBbI cucrembl (M w;, H;) ¢ nabopamu HepBbIX MHTErPaJIOB
®; = (fi1,..., fin), Takue uro Bee cion ®; (&), ..., &,) cpasupl, i = 1,2, Ha-
3bIBAIOT NOCAOTUHO IKEUBAAEHMHbLMY [T, oupejesenue 1.29], ecsin cyiiecrByoT
COXpaHsIIOIIe OpueHTaInion romeomopdusmbr hy @ My — My u hy : R" — R”

Takne, 9T0 O = ho 0 Py 0 hy.

Onpegenenne 3.1.7. Ananornuno ounpegesennsm 3.1.1 u 3.1.2 oupejesiior-
¢ C-zamuavmonosa cucmema (M?", we, f) 1 BekTopHOE HOJIE KoCcoti 2paduenm
sgrad ¢ f, roe M?" — xomiiekcroe MHoroobpasue pasmepnocrn dime M = n,

We — KOMILIEKCHO3HAUYHAs 3aMKHYyTasi HEBbIPOXKJeHHas JuddepeHnmraibHast 2-
dbopma na M?", f: M* — C — ronomopduas bynkims na M>".
3.1.1 BaxKHBIl KJIaCC KOMILJIEKCHBIX aMUJIBTOHOBBIX CUCTEM

IIycrs M* = C?(z,w). Pacemorpum gerbipexmepnoe Muoroodpasue R (a1, y1, 2o, 40)

u guddeomopbusm R (21, y1, 22, y2) — C*(z,w), (21, Y1, X2, y2) — (w1+1y1, T2+
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iys) = (z,w). Ha R* BBesieM cuMIiekTuaeckyio crpyKTypy w = day Adzy — dyy A
dys, 3amernm, aro w = Re(dz A dw), takxe Beenem ynknnio H = Re(f(z,w)) :
RY — R, rme f(z,w) — KOMTJIEKCHBIH MHOTOUJICH IBYX KOMILICKCHBIX TlepeMen-

npix. COrTacHo cireiyionieit JeMMe, raMIIbTOHOBA CHCTEMA
(R*, w, H) = (C*(z,w),Re(dz A dw), Re(f(z,w))) (3.1.1)
VMeeT JIOMOJHUTENIbHBIN nepBhiil waTerpan F = Im(f(z, w)).

Jlemma 3.1.8 (Jlemma 2.1.6). Ecau mmnozouren f(z,w) omauuen om Koncman-
muve nwa C2, mo zamunrvmonosa cucmema (3.1.1) aeasemes unmezpupyemoti c
donoanumenvroim nepsvim unmezparom F = Im(f(z,w)), npuvem sgrad F' =

—isgrad H.

Jlemma 3.1.9 (Jlemwma 2.1.7). Bexmopmnoe noae sgrad H cosnadaem ¢ xocvim epa-
duenmom sgrad ¢ f xKomnaexcnosnaunot gynkyuu f(z,w) omnocumervno Kom-
nAeKCHO3HAUNOT cumaermuyeckoti cmpykmypv we = dz A dw na C*(z,w), m.e.

sgrad H = sgrad ¢ f (cm. ompenenenne 3.1.7).

ITo nemme 3.1.9 ypasnenus Namuinbrona cucrem (R, w, H) = (C% Re(we), Re f)
u (C% we, f) cosnajaior. dasee 6ynem paceMaTpubaTh TobKO C-raMuIbTOHOBLI

cuctembl. JlemmMpr 3.1.8 n 3.1.9 npuBoIAT K cJeIyIoneMy onpeaeaeHuo.

Onpenenenue 3.1.10. [Ipe C-mudbdepennmpyembie dbyukmuu f; : M; — C,
i = 1,2, Gynem Ha3bIBATH IKEUBAACHMHUMYU (COOTBETCTBEHHO MONOAOLUNECKY
IKGUBANEHMMHBLMU), €CITA CYTIIECTBYET KOMIUIEKCHBIH i deomopduam (coorser-

CTBEHHO COXPaHAIM opueHTanuio romeomopdusm) h : My — My takoit, 1To

faoh=fi.
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B §3.2 n §3.3 uccienyorcst KJaacchl TOMOJOTHIECKOH SKBUBAJEHTHOCTH THITED-
ILTUIITHICCKUX MHOTOWIEHOB [ = f(z,w) B MaJbIX OKPECTHOCTSIX KPUTUIECKUX
TOYEK (COOTBETCTBEHHO KPUTUIECKUX CJIOER), T.€. MOJIyUdeHa JIOKaJIbHast (COOTBeT-
CTBEHHO TIOJIYJIOKAJIbHAS) TOMOJOINICCKas KIacCupUKaIsad OCOOCHHOCTE TaKnX
dynknuit. flcHo, YTO M3 TONOJOrMIECKO SKBUBAJECHTHOCTH TaKUX (DYHKIIUN CJie-
JIyeT TMOCJIONHAs SKBUBAJEHTHOCTH COOTBETCTBYIOTIUX JIATDAHYKEBBIX CJIOCHU (CM.

onpesenenns 3.1.6, 3.1.10).

Omnpenenenne 3.1.11. (A) Pumanosoti mempukotl nonoamenus dsg Ha HEOCODOOM
cioe Te = f71(€) nna Gynknun f HasoBeM pUMaHOBY METPUKY dsg = AcAg =
%(Ag ® A¢ + Ae @ A¢) na Tg, tiie zonomopgnas 1-hopma A onpejiesiena na cjioe
T¢ coornomennem Ag(sgrad ¢ f|r,) = 1. OrmernM, 4To puMaHOBa METPHKA ds?
ABJIACTCA TJIOCKOI, M MHTErpabHble TPAGKTOPUM BEKTOPHBIX moseil sgrad ¢ f|r,
n i sgrad ¢ f|r, ABIAIOTCA ee TeONe3NIECKIMM.

(B) Ha cnoe T¢ onpenenena gynryua paccmoanua pe = Te x Te — R, mne mra
mobbix 2,y € Te¢, pe(x,y) — HIKIAS TPaHb JUINH BCEX KPUBBIX, Jexanmx B T

n COCJUHANOINNX TOYKU T, Y, AJIMHA B CMbICJIE pHMaHOBOﬁ METPUKHU IIOIIOJIHEHM A

2
dsg.

3.1.2 T'unep3naunTuydecKrne MHOTOYJIEHBI: TOMOJIOTUS HEOCODOTO CJI04,
JIoOKaJIbHadA KJaccudukaliuss OCOOEHHOCTEell JiarpaH2KeBa CcJioe-

HN1A

Mg mobnix 7 > 0, & € C obosnaunm

D} ={¢eC|le—¢&|<r}, Di, ={¢€C|lt—¢&|<r}
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Omnpegnenenue 3.1.12. Kpurnueckast Touka p € C? muorounena f(z1, 2?), B xo-
“ Rl

TOPOIl MATPHIA BTOPIX YACTHBIX NPOM3BOAHBIX || =55, Hesbpoxiena, ma-

3BIBACTCS MOPCOGCKOT Kpumuyeckot moukot. MHOrodsien Ha3biBaeTcs MopcoG-

CKUM, €CJIN BCE €I'0 KPpUTUYECKHE TOYKHN MOPCOBCKHE.

Omnpenenenne 3.1.13. Kpammnocmvio kpurnueckoit Toukn p € C2 muorousena

f(z,w) (uucaom Muanopa) nasbisaercs crenenb orobpawenus ' @S2 — S§3)

(%(z,w),%(%w))
(Z,UJ) = |(‘g—£(z,w)7g7{,(sz))|

maJioro pajuyca € (em. [15] u [10, Tul, §3, npemioxenwue 1]).

, e S2 — cdepa B C? ¢ HEHTPOM B TOUKE P JIOCTATOUHO

Omnpenenenne 3.1.14. Kommekcnbtii muorowten suja f(z,w) = 22 + P,(w),
rie P,(w) — muorousen crenenn n € N or w, OyjeMm TakxKe Ha3blBaTh 2une-
DIAAUNMULECKUM MHO20UACHOM cmenenu N (IMeeTCst B BUJIy CTEleHb 10 W), &

TaK2Ke 2UNEPINAUNTNIUYECKUM 2AMUADTIOHUAHOM CMENEHU T CUCTEMbI ((C2, dz N

dw, f(z,w)).

Jlemma 3.1.15. ITycmos & € C — neocoboe 3nauenue 2unepissunmueckozo mmo-
2ounena f(z,w) = 224+ P,(w). Tozda caoii T¢ = f1(€) C C? 2omeomoppen chepe

+(=1"

_ 3
¢ [25] pyumamu u Ges =2~ mouer.

Joxaszamenavcmeo. PaccMoTpuM ABYJINCTHOE pa3BeTBJEHHOE HAKPLITHE Prw|T£

Te — C, (2,w) — w. Toukn BerBieHUsT B KOHEYHOH YACTH IJIOCKOCTH COB-
MaJIAl0T ¢ KOPHSIMU ypaBHeHusi P,(w) = &, BCero m KOHEYHBIX TOYEK BETBIIE-
nust. Pacemorpum Touky oo € C u cenaeM 3aMemHy HepeMeHHOH U = % [Iyctn

P (w)—¢& = (w—w)...(w—w,), tne w; € C,i=1,...,n Torna z(u) =

+ivu\/(1 —wiu) ... (1 — wyu). Orcona npu vernom n rouka u = 0 He sBJs-

eTcd TOYKOI BETBJICHUWS, & IPXU HEYCTHOM 7 ABJIACTCA TOYKOM BETBJICHUS. BHaHI/IT,
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>¢ IMeeT OJIMH MPOKOJI TP HEYeTHOM 1 1 JjBa MPOKOJIa TPH YeTHOM 1. Diijieposa,

341"

xapakrepuctura x(T¢) = 2x(C) — n, orkyna 2 — 2g — =5 S =2—n, e g

KoJIm4IecTBo pydek. Orcrona g = [”T’I] Jlemma jiokaszana. ]

Jlemma 3.1.16 ((sokasbhas Kiaccudukalst 0COOEHHOCTEl: 0CODEHHOCTD THITA
Ap_1)). das mobozo euneparsunmumeckozo mmozouaena f(z,w) = 2% + B,(w)
u 060t e2o kpumuneckot mourku p € C? xpammocmu k — 1 cywecmeyiom & >
0 u 3amEHYMAA OKPECNHOCTD T c C? mowu p, makue umo pynryus f|1
IKEUBAAEHMHA GYHKUUL § Vj’k — C, 2de g(z,w) = 22 +w" + f(p),

Vi={(zw) e C* || +uh] < e Ju] < (209)"4). (3.1.2)

Joxasamenvcmso. Tlycrs p = (29, wy) — KpuTuueckasi To4dKa, Torja zg = 0 u
f(z,w) = 224+ (w—wo)*Qu_r(w)+f(p), e Qn_i(w) — Muorousnen crenenn n—k,
npuaem Q,_(wy) # 0. Pacemorpum okpecrnocts UZ C C Toukn wy Takyio, 4To
a1 moboit Toukn w € U2 sumomnneno |Qn_p(w) — Qp_r(wo)| < |Qn_i(wp)|. B U2
KOPPEKTHO onpejieierio otrobpaxenne ¢ : U2 — C, w +— 1 = (w—wy) \’“/m ,
e/ — OJHA U3 BeTBeil B U12. Cy1ecTByeT OKpPeCTHOCTD U22 C U12 TOYKH W

TaKag, 9To Q|yz : UZ — o(U32) — nuddeomopdusm. Bribepem € > 0 Takoe, 4o

V., CCx(p(U2)) = (ide x ) (Cx U2). Honowmu U := UZN(ide x ) "LV ),

rorja (ide X ¢)|z : U — Vik — muddeomopdusm, u g o (ide X ¢)(z,w) =
92, (w=100) {/Qu (W) = 2+ (w=wo) Qu_y(w)+ f(p) = f(2,w), (z,w) €T .
JlemMa JoKazaHa. O

Bameuanmne 3.1.17 ((xomirekcnas semma Mopca)). Cormacuo emme 3.1.16 mpu
k = 2, qyst 11060r0 TTOJMHOMHUAJIBLHOTO raMusibToHrana f(z, w) u joboii ero Mop-

coBckoit kputuueckoil Toukn p € C? cymecrsyer € > 0 u 3aMKHyTas OKpPeCT-
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—4
nocrs U C C? roukn p € U* rakast, uro dbynxuus f |U4 9KBUBAJIEHTHA (DYHK-

M g : Vﬁ — C B okpecrnocru V? C C? rue g(z,w) = 22+ w? + f(p) u

v

= {(z,w) € C* | |22+ vw?| < ¢, |w| < V2e}. B geiicrsurenbuoctn, yKa-

S — .
3anHble cyioetust B U 1 V. cuMIIeKTOMOP(HBI OTHOCUTEIBHO CUMILIEKTHUECKOH
crpykTypbl we = dz A dw [7]. Takue ocobeHHOCTH JIarpaHIKEBa CJIOEHUS] UMEROT

tun “(okyc-pokyc” [7]. st KOMIAKTHBIX CJIOEB JIAIPAHIKEBO CJOEHHUE ¢ 0CODEH-

HOCTBIO THIa “DoKyc-dokyc” omucano B |7, npuioxenue 3.

[To siemme Mopca B OKpecTHOCTH MOPCOBCKOM KPUTUYECKON TOUYKU P MHOI'O-

wien f umeer suj f = (21)% + (22)% + ¢, B HEKOTOPBIX JIOKAJIBLHBIX KOOP/MHATAX

21,22, ¢ € C. [losToMy KpaTHOCTH KPUTUUECKOIT TOUKHM P paBHa 1 (eM. onpejiesie-

nue 3.1.13).

3.1.3 Habopbl KPpaTHOCTEN KPUTUYIECKNX TOYEK HA OCOOBIX CJIOAX

Teopema 23 ((P. Towm [45, reopema (1)])). Jlioboti cucmeme {&;}3_1 pasauunvix

k;

KOMNAEKCHDLT wuces u 100017 cucmeme Habopos HAMYPANOHOLT “YUCEA (p;-)izl,

ki
1 < j < s, makuz wmo npu aobom j € [1,8] evnosneno Z(p; +1) <nu
i=1

k.
S J
i _
> 2P = n — 1, mooicno conocmasumy muozouaen P = Py(w) cmenenu n,

j=1li=1
UMENULUT MHOHCECTNBO KPUMUNECKUT 3HAYEHUT {fj}jzl u Habop Kpammocmed

(pz)fil xpumuyeckur mover us P~1(&;) das wascdozo j € [1, s].

Jnst runepssunTyeckoro Muorodiena f(z,w) = z2 + B,(w) oboznauum Ko-

JIMIECTBO PABJIMIHBIX 0COOBIX 3HaUeHUi depe3 S(f), & KOIUIeCTBO KPUTHIECKUX
— =1l . ;

ToueK Ha ocobom cioe Te, = f71(§;) — 1epes kj, 1 < j < s(f). Habop kpatmo-

" N
cTeil KpUTHIECKHX TOYeK Ha ocobom cnoe T¢, oboznaamm (pz-)ij: 1, & CYMMY 3THX
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ko
kpaTHocTelt obosHaumM fij = Y p%, 1 < j < s(f). Us Teopembr Toma (cum. Teope-
i=1

My 23) MoJydaeM CIIeyrolnee yTBEpKICHNEe 0 KOJHIECTBAX KPUTHIECKUX TOUEK

Ha 0CODBIX CJIOSX JUIA TUIIEPIJIIUIITHNYECKUX MHOT'OYJIEHOB.

CaeacrBue 3.1.18. IIycmv dar npouseosvHbill 2uNEPIAIUNTIUYECKUT MHOZ0-
wnen f(z,w) = 22 + P,(w) cmenenu n € N. Tozda:

)+ +pgp=n—1,

2) ki < g, kj+ pj <n daa mobozo j =1,...,5(f).
Bepno obpammnoe: dasa amobvr wucea s € NU{0}, ki, ... ks, pi1, ..., is € N, ydo-
6AEMEOPAIOUWUT Yeaosuam 1) u 2) eviwe, 1100020 pasbuenua (p;)szl Kaotc0020 [L;
6 cymmy kj caazaemwz, 1 < j < s, u mobwr pasiuinvir mover &1, ...,E € C
CYULECTNBYEM, 2UNEPINAUNTUNECKUTT MHO20UAEH CnEneruy 1 = [ + -+ + ps + 1,
uMenwutl Po6HoO S PAZAUNHBLT Kpumuveckur snavenut, pasnor &1, . .., s, npu-

Yem Ha 0COOOM CAOE ng Umeemcsa poeHo kj wrpumuvecrkuxr movekr, ¢ Kpammocms-

1 ki o
MU D, .., p; =18,

3.2 Tononorus cjioenus B OKPECTHOCTHU 0CO00ii Toukm (JI0-
KaJbHasg ToHoJiormYecKad KJaccudukaliymsa ocoOeHHO-

creil)

Anasiornano (3.1.2), auist 11066ix n € N, € > 0 oboznaunm

V., = {(z,w) € C*| |22+ u"| <&, |w| < (2e)V7},

g,n

VA = {(z,w) € C?| |22 +w"| < e, |w| < (26)/"}.

g,n

(3.2.1)

ITpensioxkenue 3.2.1 ((Tomosorust CJOEHUsST B 3AMKHYTONH OKPECTHOCTH KPUTH-

deckoit Touku uerHoit Kparuoctn)). IIpu wemmom n € N das mobwxr € > 0 u
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& € C pynuxuua g = gy - Vin — C, g(z,w) = 2% + w" + &, monosozunecku

IKEUGCANCHNG PYNKUUL ¢ = ¢, : Mén — C, ade Mén = ([0,¢] x St x ST x
([=1,0_]J[04,1]))/ ~, omnowenue sxsusarenmmuocmu ~ noposicdeno caedyio-

wumu n+ 1 omuowenuamu:

(r, pmod 27, %ﬁﬂk mod 27, 0_) ~1 1 (r, o mod 2, =22 1164 277, 0, ),

n

(0, pmod 27,9 mod 27, h) ~9 (0,0mod 27, ¢ mod 27, h),
(3.2.2)

0<k<n,rel0¢], pmod2r, iy mod2r € R/27xZ,t € [—7, 7], h € [-1,0_]| |[04, 1],
q(r,omod 27, mod 2, h) = re’¥ + &. 3decv 04 = 0 € [04,1], 0_ = 0 €

—4 —2
[_17 0—] u g(ve,n) - Q(M;l,n) — Dfo,s'

Bameuanne 3.2.2. (A) (Mcuesaomas OKpy:KHOCTb WM HCIe3a0NHil Tpad).
Ipocrpancrso M2, := ([0,€] x ST x S'x ([-1,0-]U[04,1]))/ ~ noaydeno u3 Tpu-
BUATHHO PACCIOCHHOTO TTPOCTPAHCTBA Mén = [0,¢] x ST x St x ([-1,0_]U[0,, 1])
IyTeM OTOXKJIECTBJIEHUH, OlUCAHHbIX B (3.2.2) n umeroux cjiejyomuit “reomer-
puueckuii’” cMbici. B npocrpancrse Mén ka1t ciioit {(r, o mod 2m)} x St x
([—1,0_] LU [0, 1]) siBasiercst HecBs3HBIM OObEMHEHUEM JIBYX [MJIMHJIPOB, T1PU-
4eM [ePBOe COOTHOIIEHHE ~ 1, MOPOXKJEHHOe HaDOPOM COOTHOIIEeHU# ~qj ¢op-
myabl (3.2.2), 0 < k < n, npespaimaer CJIoi B CBA3HYIO JIByMEPHYIO MOBEPX-
HOCTH POJIa ”772 C KpaeM M3 JIBYX KOMIIOHEHT, OTOXKJIECTBJIsASA “BepXHee OCHOBa-
HUe MepBOTO MUJINHJPa, pasbuToe Ha n PaBHBIX JAyr (KOTOpHIE MOMETHM MOCJe-
JIOBATEJTLHO CUMBOJIAMU @1, . . . , Gy TPHU MOJOXKUTEJHHOM 00XO0J/I€ OCHOBAHWSA ITU-
JMHIpA), ¢ “HIKHAM® OCHOBAHWEM BTODOTO IIJIKHJPA, Pa3sOUTBIM HA 1 PABHBIX

Ayr (KOTOpre IIOMETHUM IIOCJIEJJOBATEJIbHO CHUMBOJIaMU Ay, ..., A7 IIPU ITOJIO2KH-

TEJILHOM 00XOJ1e OCHOBAHUS IUJIMHJIPA), IPUIEM MepBoe pasOueHne Ha JIyrh Mo-
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BEPHYTO Ha yroJi (/M B HAlPaBJIEHUU CBOEH OPHEHTAIlMU, & BTOPOE pasbueHue
— Ha TOT YK€ YroJl B HAIPABJIEHUU MPOTUBOIMOJOXKHOM CBOEH OPUEHTAIMY, MPH
MOMOIIY TOMAPHOTO CKJIEMBAHUST COOTBETCTBYIONUX JIYT C yIETOM OPWEHTAIHH.
Ha xaxxnom cioe ({(r,pmod2m)} x St x ([=1,0_] U [04,1]))/ ~1 nonydaem
rpad ({(r, pmod 27)} x St x {0_,0,})/ ~1 ¢ AByMs BepmuHaMu U n pebpamu
a1, ..., 0, KAXKJI0€ U3 KOTOPBIX COEJUHsIET 00€ BepIInHbI, roMeoMOp(HBII rpady
Ky, n nasbiBaeMblil ucuesarowum epadom das pynxuyuu g,. llpu n = 2 ucue-
3alomuil Tpad romMmeoMopdeH OKPY>KHOCTH ¥ HA3LIBACTCS UCHE3AI0ULET OKPYIHC-
nocmuro. OcTaBIeecs: COOTHOIIEHHE ~9 B (3.2.2) OTOXKIECTBIISET IPYT C APYTOM
cirou suga ({(0,pmod2m)} x St x ([-1,0_] U [04,1]))/ ~1, pmod2r € St
(ocobbiit coioit). U3 coornomiennii B (3.2.2) ciejyer, 4ro Ha 0COOOM CJI0E HCU€3a-
oruii rpad ckienBaercs B Touky (“nepersikka’ Ha ocobom csoe). Takum obpa-
30M, ceMeicTBO nevesatonux rpados (Kcuesalonux OKpyKHOCTE mpu 1 = 2) Ha
HEOCOOBIX CJIOSIX CTPEMUTCS K 0c000i Touke (“ncdesaer”) MpH CTPEMJICHIH CJIOS K
0coboMmy.

(B) Uz (A) n mokazarenncrBa yrBepxKaenns 3.2.1 ciejyer, 9mo ncUdesaronmii
rpad ¢ ma meocobom cioe Te = g 1(&), € € 32075 \ {&}, umeer Bug o =

n—1
(Prolr,) ! ‘Uo Vo.uwie )> i€ Pry, ¢ (2, w) /= w, w; ¢ — kopuu ypasnenns w" = §—&,
-

0 < i < n, uepes 7, 0003HaUeH HpAMOIMHERHbI oTpe3ok Ha C ¢ konnamu

a,be C.

Hoxazamenvemeo ymeepocdenus 3.2.1. Ilar 1. OyHkus q : Mén — C ompeje-

JIeHa KOPPeKTHO, Tak Kak npu 0 < k < n

o Ett+ 21k

mod 27, 0z) = re*+&y, q(0, o mod 27, ¢ mod 27, h) = &.
n

q(r, o mod 27,

[Mlar 2. Hus aobbix n € Nyn > 2, o9 € R, 0 < a < b paccmorpum B
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mtockocT C mogMHOXKecTBa
, 7
Anag007a7bai = {w = /".6“0 6 C | a S r S b7 O S :l:(gp_gpo) S 5}7 Bnag007b7i = A?’l,@o,o,b,i'

Bsejiem BerecrBennble KOOPAUHATDL (U = Up oy 4,V = Up oy +) Ha By g 5+ COOT-

nomenueM ue!(P0En) 4 et = w e 0 < u < b, 0 < v < dyp(u), dop(u) =

—1U COS %—I—\/bz — u? sin2(%). [TommmuoxecTBO Ay ) 0+ C By g b+ B KOODAWHATAX
(u,v) 3amaercst coornomenusivu dy, ,(u) < v < dpp(u) 1 0 < u < b. Onpepennm

roMeoMOPMUIM Qg a.bt © Brgo bt — Anpgab+ B Koopauuarax (u, v) dpopmyioi

u,v), U > a
oy = ) ,

n,00,a,b,£\ U, = d 4
(u, dyo(u) + v%), u < a.

Orobparkenne o, 4 b+ KOPPEKTHO OTIPEJEJICHO 1 HEITPEPBIBHO, TaK KaK MpH U =

dn,b(u)*dn,a(u) )

a BHIMOJHEHO (u, dy, o(u) + V=225 ) = (u,v) B cuny dyq(a) = 0. Beegem

MHOZKECTBa An,QDO,CLb = An7¢07a7ba+UAn7900aa7b7_7 BnﬁOOab = Bn7@07b7+UBn7@07b7_, nu
roMeoMopdU3M Qo ab © Brogob — Angab, HOTIATAL 0y o) 0 b(W) 1= O p.a.b,+ (W)
npu w € By, o) p+-

[ITar 3. llpu wernom n onpenemum orodpaxkenue hy @ V_, — Mén dopmyitoit

4

a(w)|—rt/m n —i
<T7¢7 _narg&(w)an(gg()l)rtﬁ) , T Z 0; w'e P §§ [07T]7

hi(z,w) == (r,¢, —narg a(w),0,), r>0, we ¥ €[0,r],

| (0,0,0,0-), z=w=0,
rJle Bropas U TPeTbs KOOpJAMHAThl Touku hi(z,w) € M2  paccmarpusaioTcs 110

Mogyitio 27, 22 + w" = re', r € [0,¢], 0 < o < 27, @ := 0 upu r = 0,

;

sgn (Im —=5), 7 >0, w'e™ & [0, 7],

—sgn (=), 1 >0, w'e™ € (0,7),
n=n(zw) = J |
-, r>0, w"=re¥, z=0,

| —sen(zZz), >0, w=0,



a(w) = (W) = o, srrizn 1 g0y (W), wucno L= 1U(r,p,w) € ZN[0,n — 1]

onpegensiercs yeaosusivu (1, 0) := 0, argw € [Wrn%l, ‘p+27;(l+1)) pu w # 0.

[TpoBeprM KOPPEKTHOCTH Ompejesiernst 3uaka 1(z, w) = +. B mepBoix nByx
cydaax umeem w 7 0, monoxknM A = A\(2,w) := —=, OTKy/la re’¥ = 22 " =
(A2 4 1)w". Iosromy B nepsom cayuae A2 & [0, +00), orkyna A € R, a Bo BTopom
ciydae A2 > 0, nostomy A € R\ {0}. B uereprom ciyuae uz w = 0 umeem
z = +r!/2¢%/2 nosromy o = +r1/2 ¢ R\ {0}. Buaunr, n(z,w) u hy(z,w)
OIpe/IeJIeHbl KOPPEKTHO.

2+uw”

OrMeTuM, 9TO BO BTOPOM CJiydae ompejesieHus 1)(z,w) BBIIOJHEHO =

n

N1, A € R\ {0}, orkyna d=E2" = 20\, u Tm(dA(z, w)) = o5 Im(dZE2"),

w

[MTar 4. [Tposepum, 1ro orobparkenue hy HEIPEPHIBHO B KaxK10i TouKe (2, 10) €

A

Vin. [Iycrs 7, @, Z, n = n(Z,w), & = osz(w) ur,pl,n=n(zw), a:=
Q. i(w) — coorBercrBylOmuUe 3Hadenuss B ToUKax (Z,W) n (z,w). O6o3mHatnm
yepes | € 7 takoe uncio, uto |¢ + 2wl — ¢ — 2xl| < 7 (ecim o & @+ + 277Z).

4 . . 74
O6osnaumnm 1epes V_, (2, 9) mHoxecTBo Beex Tovek (z,w) € V_

JUIST KOTOPBIX
| :=1(r,o,w) = [ n3uavenns hy(z,w) u 1 := 1(z, W) BHYUCIAIOTCS IO TEM ¥Ke
dbopmynam, aro hy(Z,w) u 7. Torna hy(z,w) — hy(Z2,w) npu (z,w) € an(,@,w)
n (z,w) — (2,w). llycrs namnee Touka (z,w) € V?n JIOCTATOIHO OJH3Ka K (2, W).
PaccmoTprM Bce BOBMOXKHBIE TOJIOKEHUsT TOUKH (2, W),

A. Jonoanenue x ucuesarouemy epady 6 neocobom caoe. llycrs 7 > 0, w"e™% ¢

0, 7]. Torma smavenus hy(z,w) u n = n(z,w) BEITUCATIOTCS MO CBOUM MTEPBBIM

dopmynam, orkyma n = 7). Ecim argw > %, TO [ = l~, oTkyIa (z,w) €

74

en

o+2nl
n

(2,%) u Bce jokaszano (cm. Bbine). Eciau argw = , 10 a5 (W) = W

1 0y, (W) = w st s060i Toukn (2, w) U3 Masoi OKpectHOCTH TOUKH (Z, )
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(mesaBucHMO OT @, 1), B CHIy MOCTPOEHHSI TOMEOMOPMUIMA (s o p HA IIATE 2.
[Toaromy orobpaxkenue hi(z,w) HEMPEPHIBHO B JIAHHONW OKPECTHOCTH.

B. Jlonoanenue x ucuesarouemy epagy 6 ocobom caoe. Ilyers 7 = 0, w #£ 0.
Torna oy, (W) — (W) = W = & upu (2,w) — (£, W) (me3aBucumo or ¢, 1). B
MaJIofi OKPECTHOCTH TOUKH (2, W) 3uadenus hy(z, w) u 1 = n(z,w) BBIUACIAIOTCA
o mepBbiM GopMytaM, mostomy 1 = 1 u hy(z,w) — hy(Z,w) opu (z,w) —
(2, ).

B. Omxpwmoe pebpo a;, , ucuesarousezo epagda na neocobom caoe. Ilycrn 7 >
0, w"e~ € (0,7]. Torna snauenne hy(2,w) BHMUCAAETCS 110 BTOPOil (hopMye,
a 3uavenue 1 = N(Z,W) — 10 BTOpoil miu rperbeit popmyse. Uveem w # 0,

o+2ml+t
n

¢+2xl
n 7

1/n st wekoroporo t € [0, 7).

arg w = |&| =74/ arga =
Eciu 2 # 0 u (z,w) & V?n(é,v)), T0 we™% & [0,7] n Kaxjoe 3HAYCHUE
hi(Z,w) u n(Z,w) (coorsercrBerto hi(z,w) u n(z,w)) BbIUKCIIETCS 10 CBOEH

BTOPOIl (coOoTBETCTBEHHO TIEpBOii) opMyJie, MPUYEM BBIIOJHEHO Jubo argw €

(4p+27rl~ o+2m(I41)
n

n Y

o+2m(l-1) p+2rl
n

n Y

Yul =1, mbo argw € ( )ul=1—1. B nepsom

A

ciaydae npu (2, w) — (2, 0) nmeeM, BO-1ePBbIX, Q. (W) — ozf’m(w) = @, OTKYJIa
(W) — |&] = 7Y u arg a, . (w) — argd = @*QTM, a, BO-BTOPBIX, 3HaUe-
nue n = n(z,w) = sgn(Im —=5) = sgn (Im A(z,w)) (Beramciennoe 1o neppoit
dbopwmyne) B cuity AeER \ {0} u dopmymnr qus Im(dA(Z,w)), cm. mar 3, paBHO

< 22_|_wn _ < oA .
spadenuio sgn (A Im =5%) = —sgn A = 7 (Beraucaennomy no BTopoii dhopmyie).

[Tosromy 3uadenue hy(z, w), BHIYUCIEHHOE 10 TIEPBOil hOpMYJIe, CTPEMUTCS K 3Ha-

P Y] N .
adeHuio (7, P, —UWTW, 0;;) = h1(2, W), Beraucsennomy 1o Bropoii dhopmyse. Bo

BTOpOM citydae upu (2, w) — (Z,10) nmeeM, BO-LEPBbIX, Qi (W) — a7 (W),

. p+2ml—t
otkyna |ayp(w)] — Y u arg ap e (w) — =L u po-propeix, snauenne
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n(z,w) = sgn (Im —=5) = sgn (Im A(z,w)) (Beramciennoe no nepsoii Gpopmyiie)
B ety A € R\ {0} u popmysst st Im(dA(Z,0)), eM. mar 3, paBHO 3HAMCHHIO
sgn (5\ Im ZZJ—Z"”) — sgn )\ = —17) (BeIamCsIeHHOMY 110 BTOpO#i bopmyite). [Toaromy

snavenue hy(z,w) (BbraucsieHHoe 1Mo mepBoit GopMyse) CTpeMUTCs K 3HAUCHUTO
(727 @7 ﬁ—u O—ﬁ) Nlj (Ta ©y =N 077) = hl(éa UAJ)

(BBIMHCICHHOMY 110 BTOPOii hopMyIie). 371eCh MBI HCIOJIB30BAJIN COOTHOIICHUE ~ | j
Y

B npocrpancree M2 = cm. (3.2.2).

€,n’

[Tycts Temepn 2 = 0 (cepeduna pebpa a; , ucuesarowezo epaga) u (2, w) &

=4 . R Lo .
V_,.(2,w). Torna smauenme 1) = 7(2,1W) BBHIMACIACTCA TIO TpeThell dbopumyne B

ompejeseHun 7(z,w), MOITOMY JHOO Kaxkmoe 3uHadenue hy(z,w) u n(z,w) BHI-
YUCJIAETCS O CBoeil mepBoii hopMyse, aud0 KaxKjioe — IO cBoeit BTOpoii (hop-

myJie. [ajibHefiliee jloka3aTe/ibCTBO aHAJOIMYHO IIPUBEJIEHHOMY BbIIIIE, C YUeTOM

roro, uro t = 0 (orkyna arga,,(w) — £2% = argd) u wro napa Touex

s
(P, @, FEEE, 04) OTOKIECTBISIETCS. B OJ|HY TOUKY B Mén BBUJIY COOTHOIICHMUSI

~pjTpurt = 0.

I'" Bepwuna ucuesarousezo epaga na neocobom caoe. Ilycrs 7 > 0, w = 0. To-
raa 3Haderue hy (2, W) Beraucssiercs no BTopoii ¢popmysie, a 3nadenue 1 = 1(Z, W)
— 1o werseproii gpopmyse. [lockombky [ = [(7,£,0) = 0m & = a;.50(0), To

Q
|| = 7P/" u arg & = ‘ﬁ#, OTKyza 1 = —sgnei%2 u hi(2,0) = (7, ¢, —f]%,()ﬁ).

Ecru (z,w) — (2,0), To u3 w — 0 nomyuaem |y, (w)| — 71/" mesapucumo or
©, L.

Iokaxem, uro 1) = (—1)""*sgn (Re =%5) npu (z,w) — (2,0). IIpu w = 0 310
cenyer u3 derseproii dopmyinl i (2, w) seumy [ = 0. Ipu w"e™ % € (0,7)

w427l
n

MMeeM argw = ,arg(w™?) = £ 4 7l, orkyja 1o Bropoit dopmyie s
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ip/ —
n(z, w) nmeem n = —sgn (—=5) = —sgn(z]:;/z - =%5) = (=1)""'sgn (%5). Hako-

wer ipn w"e ™% & [0, 7] mveem argw € (L2 ‘p+27;(l+1)), arg(w"/?) € (£+7l, £+

m(l + 1)), orkysa no nepsoit popmyne i n(z, w) nmeem n = sgn (Im —=7) =

sgn (Im £22) - sgn (Re =25) = (—1)""'sgn (Re =25). 3/1eChb Mbl IPUMEHUIN Da-

wn/2 eir/2 eir/2

sercrso sgn (Im%) = sgn(Im1) - sgn(Rew) npu v? + 0> =1, v — 0, v ¢ R,

n/2 I—1
e z . w _ z _
OJIO2KUB U = 20920 v = 120072 OTCIOZL& n = (—1) sgn (Re m) =

(=1 sgn (Re ) = (1) sen () = (=) i sy o+ 270 — &

eigp/2+7rl~i eip/2

—4
Hns moboro Iy € ZN [0, n — 1] obosnaunm gepes V_,, ; MHOXKECTBO BCEX TOYEK

(z,w) € Vin, jutst koropbix [ —1 = ly. Torga npu (z,w) — (2,0) u (z,w) € Vg,n,lo

nveeM 1(z, w) = (—1)Ph =: 1y (cM. Bblme), U B cuity @ + 27l — H BBITOIHEHO

O+ 7+ 27l

- hi(z,w) € (0,e] x S* x S* x {noh | h € [0,,, 1)},

arg Oz?ﬂa@vl (w) -

v hi(z,w) Bblumcssiercs 10 1epBoil uiu BTOpoit dopmyle, orkyia hi(z,w) —

p+m+27ly

7, @, = T2, 0y, ). Hosyuennas npejenbnas Touka (7, ¢, —npZtmi2mh o

n

~Y

H— 2l . A A
£ 0_) € MZ, ne sasucnr or ly u coBuagaer ¢ Touxoii hy(2,w) =

P, @, —HE 05) ~ (F, P, £I%0_) B cuity 19 = (=1)%:) u coornomenuit ~ j npu

. Hevesarowyuid epag (“nepemasicra”) nwa ocobom caoe — ocobas mouka. Ilycrn

r=0,w=0.Torma 2=0wu hy(2,0) = fll(O, 0) = (0,0,0,0_) o Tperbeii hop-
myse B ompesesnenun hy(z,w). Ilpu (z,w) — (0,0) nmeem r — 0 (T.e. cjoii
crpemutcs K ocobomy) u w — 0, orkyna |a, 4 (w)| — 0 HezaBucumo or ¢, 1, T.e.
Touka hy(z,w) crpemurcesa k ucuesaomemy rpady {(0,0)} x ST x {0_} B oco-
Gom caoe {(0,0)} x ST x ([=1,0-] U [04,1]). Tak kak B M7, yxasanmbiii rpad
oroxaecteisiercst B Touky (0,0,0,0_), umeem hy(z,w) — (0,0,0,0_) = izl(O, 0).

[Mlar 5. IMokaxem, aro orobpaxenue hi unbekrusHo. [lycrb hy(zp,wy) =
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hi(22, ws) =: (1, o mod 27,1 mod 27, h). Torna 22 + w} = 25 + wh = re'?. Ecim

h ¢ {0_,04+}, To kaxgoe hi(z;,w;) u xaxmgoe 1(2;,w;) BLIYUCISIOTC 110 HEp-

_pl/n _n1l/n
i oo, J = 12 m onay b = ST e
Y = —narg oy, (W) = —nearg oy, (we) umeem sgnh =mn = n =1 nu

<,0+27T(lj+1)) .
)

_ . 427l .
&T,%ll(wl) = ar,w,lz(wﬂ =:! (v, OTCIOJIa arg o € | — - 7 =1,2, noato-

My l1 = ly 1 (LHOCKOJIIBKY vy 5.0, — FOMEOMODPDU3M, CM. LIAT 2) W) = Wa, & B CUILY

n = sgn (Im n/Q) = sgn (Im n/Q) nMeeM 21 = 2o, T.e. (21, w1) = (29, ws). Ecim
h € {0_,01} ur =0, To kaxj0e hi(zj, w;) BoIMECIAAETCA 10 TpeTheit hopmyste
n nmosromy (z;,w;) = (0,0), j =1,2.

Iycrs b € {0_,04} u r > 0, rorga xaxoe hy(zj,w;j) BbIYUCISETC O BTO-
poit dhopmysie, 5 = 1,2. Bes orpanundenusi obuHoctu cunrtaem, 4ro h = 0_. Ilo

_ ptti2nl

HOCTPOEHUIO UMeeM arg (., (w auist Hekoroporo t; € [0, 7], orky-

ti4+2ml; t;+2ml
Ha h1(2j7wj) - (Ta 2 _nj%aonj) 1, ( %Lﬂ 0- ) (Ta ¢7w70—)7
e ;.= n(zj, w;), § = 1,2. [losromy B ciyuae ¢ € @Tﬂ—l—%ﬂz umeeM t; =ty =7
mw, =wy, =0, =1l =09 = 8077] , 7 = 1,2, orkysa n; = 19; a B Clly-
(,0+27le

qae 1 & “DT” + %”Z uveem 0 < t; < 7 n w; # 0, otkyja argw; = ——2,

w — <P+27le—7]jtj

- , 7 = 1,2, mosromy 1y = ly =: I, t1 = t, )1 = 19 (TaK Kak 1pu

t; = 0 umeem 7; = —1 10 Tperbeil dbopmyie), OTKYIA Q1 (W1) = Oy, (W2), 10-
ITOMY W = Wy (TAK KAK Qyy 5 a5 — FOMEOMOPdU3M, cM. mmar 2). Ecim ) € %%—%Z,

— — — — - P s ptm 2w _
0t =t =0unz1=2=0aecmt € -+ 7 nump € ==+ 7, 10 N = 19
BBIYHCJISTIOTCS TI0 BTOPOii (COOTBETCTBEHHO UeTBepTOii) hopMyiie, OTKYIA 21 = 2o.
Buaunt, (21, wr) = (22, ws).

4

[Tar 6. JTokaxem, 4To hl(V&n) = Mén. Pacemorpum jitobyto Touky (1, ¢, 1, h) €

Mén. AnajiornuHo mary 5 nokasbisaercs, 4ro B Kaxjom ciaydae h € {0_,0,} u
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h € {0_,0,} umeercs rouka (z,w) € Vin;

rakast uro hy(z,w) = (r,p, 1, h).
Tak kak orobparkenue hq HENPEPbIBHO, OMEKTUBHO U OIIPEJIEJIEHO Ha KOMIIAKTE

—4

V. p, TO OHO siBJIsieTCst roMeoMopdusmom. Yreepxienue 3.2.1 nokasaHo. ]

IIpengioxkenue 3.2.3 ((Tomosorusi CJOCHUS B 3aMKHYTONH OKPECTHOCTH KPUTH-
9eCKOl TOUKN HedeTHOH KparHoctn)). Ilpu nevemmnom n € N daa aobvx € > 0 u
& € C pynruua g = gy, Vin — C, g(z,w) = 22+ w"+&), monosozunecku sK6u-
sanenmua Gynsyun ¢ = g, : M2, — C, 2de M2, = ([0,e] x ST x ST x[=1,0])/ ~,
OMHOWEHUE IKBUBAACHMHOCTNU ~ NOPOACIeHO caedyrowumu 1 + 1 omuouwenus-

MU

(r, o mod 2, %ﬁﬂk mod 47, 0) ~q . (7, ¢ mod 2, %ﬂﬁk + 27 mod 47, 0),

(0, pmod 27, ¢y mod 47, h) ~9 (0,0 mod 27, ¥ mod 4, h),
(3.2.3)

0<k<n,re|0c¢, pmod2r € R/277Z, v» mod4dr € R/4xZ, t € [-m, 7], h €
[—1,0], g(r, pmod 27, mod 47, h) = re® + &. ITpu smom g(an) = q(M;{n) =
—2

Déo,e'

Bameuanne 3.2.4. (A) (Ucuesaomuii rpad). Anajsorndno samevanuio 3.2.2,
npocrpancrso M7, = ([0,e] x ST x S' x [=1,0])/ ~ nouyueno u3 rpusnaibuo
PaCCJI0CHHOIO TPOCTPAHCTBA, Mﬁn = [0,¢] x ST x St x [~1, 0] myrem oroxaecTs-
JIeHNU#, ONUCAHHBIX B (3.2.3) M UMEIOIIUX CJAEYIOnii “TeoMeTpuIeckuii” CMbICII.
B npocrpancrse an KasKIblii c1oit stsyistercst musnpom { (7, o mod 27) } x St x
[—1,0], npuueM neproe COOTHOIIEHUE ~1, TIOPOXKJIEHHOE HADOPOM COOTHOIEHUH
~1x Gopmyner (3.2.3), 0 < k < n, npespaimaer cyoil B CBA3HYIO JBYMEPHYIO
n—1

NOBEPXHOCTb POJIa “5— € CBA3HBIM KPaeM, OTOXKJIECTBJIAA TOUKU “BEpXHEro’ oc-

HOBaHUs IUJIMHJPA, PazbUTOr0 Ha 2n PaBHBIX Jyr (KOTOpBIE MOMETHM IMOCJIe-
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-1

., TIpU TOJIOXKUTEJLHOM 00X0j1e OC-

JIOBaTEJIbLHO CUMBOJIAMU A1, . .., Oy, al_l, o, a
HOBAHMS IMJIMHJPA, MPUYEM paszdueHue Ha JIyI'M MOBEPHYTO Ha yroi 5= mod 27
B HANPABJIEHUNM OPUEHTAIMH STOTO OCHOBAHWsI), TP MOMOIIK MOTAPHOIO CKJIe-
WBaHMsI COOTBETCTBYIOIIUX Jyr C obpalieHneM opueHTaiuu. Ha kKaxxkjgom cioe
({(r,omod 2m)} x St x [-1,0])/ ~1 nomyuaem rpad ({(r, pmod2m)} x St x
{0})/ ~1 ¢ nByms BepimHaMu u n pebpamu aq, . .., G,, Ka¥XKJI0€ U3 KOTOPBIX CO-
eMHAeT 0Oe BepIINHbI, FoMeoMOpdHBLI rpady Ks , 1 HA3BIBAGMBIN UCYE3AI0ULUM
epagpom daa Pynkyuu g,. (llpu n = 1 wcaesatomuii rpad ABISETCS OTPE3KOM. )
OcraBtiieecst COOTHOIIEHUE ~9 B (3.2.3) OTOXKIECTBIISIET JIPYT € JIPYTOM CJIOU BHJIA,
({(0, pmod 2m)} x St x [=1,0])/ ~1, pmod 21 € St (ocobbiit caoit). U3 coor-
nomennit B (3.2.3) ciejyer, 4T0 Ha 0COOOM CJI0€ UCUE3AOINI rpad CKICHBACTCH
B TouKy (“mepersikka’ Ha ocoboMm ciioe). Takum 0OpazoM, cemeiicTBO HcUe3ato-
X rpadoB Ha HEOCOObIX CJIOSIX CTPeMHTCst K 0coboit Touke (“mcuesaer”) npu
CTPEMJICHUU CJIOST K OCODOMY.

(B) Us (A) u nokazarenbcrBa yTBepKAeHUs 3.2.3 CJE/YeT, 4TO JJist NCUe3ak0-
mero rpacda ag Ha neocobom cioe Te = g 1(€), € € 320’6 \ {&}, Bepra Ta xe

dbopmysa uro u B 3amedanuu 3.2.2(B).

ymeeporcdenua 3.2.5. JlokazaTe/bCTBO MPOBOJUTCS aHAJOTUIHO JOKA3aTeIbCTBY
—4
yrBepxkenns 3.2.1. llpu sTom romeomopdusm hy @ V., — Mf’n IIpu HeIeTHOM

n ompejesnsiercs (popMmyJioi

a(w)|—rt/m
(0 2amg(v/aw)), ~ 7 ) L (2,w) # (0,0),
(0,0,0,0), (z,w) = (0,0),

hi(z,w) =

76 BTOpasi ¥ TPEThsl KOOPJIUHATHI TOUKU hy(z, w) € an paccMaTpPUBAIOTCS TI0

Moiyaio 27 u 4w coorsercrsenno, 22 + w" = re, r € [0,¢], 0 < ¢ < 2,
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¢ = 0mnpu r =0, dyuxkuun | = l(r,o,w) € ZN[0,n — 1] u a(w) = a1 (w)
OTIPEJICJIAIOTCST TeMU »Ke (POpMyJIaMHi KaK B JI0Ka3aTelbCTBE yTBepXKaeHns 3.2.1
(em. mar 3), mpudem B KauecTBe dyHKINKM 1/ (w) Gepercst ee BETBh, Takas 94TO

npu |w| = (2e)/", 22 + w" = re™ u r € [0, g] BoiTOIHEHO Im(\/a—w <0. O

CaencrBue 3.2.5 ((Tomosorusi CJIOGHUST B OKPECTHOCTH MOPCOBCKOH KpUTHUE-
ckoit Touku)). s mobozo € > 0 dynkyus g : Vﬁ — C, ede Vi = {(z,w) €
C? | |22+ w?| < g, |w| < V2e} € C?, g(z,w) = 22 +w?+ &, & € C, mo-
noaozunecky sxeusasenmna dynkyuu q : M2 — C, 2de M2 = ([0,¢] x St x
St x ([=1,0_]J[04,1]))/ ~, omnowenue sxsusarenmmocmu ~ 6 onpedeaenu

M2 nopooicdeno caedyrowgumu coommowenuAMU:

(r, pmod 27, ¥ mod 27,04 ) ~; (7, p mod 27, —1) + ¢ mod 27, 0_), (3.2.4)

(0, p mod 27,9 mod 27, v) ~5 (0,0 mod 27, 1 mod 27, v),

0p =0 € [0,,1], 0. =0 € [-1,0], 0 < r < g, pmod2r € R/277Z,

Ymod2r € R/277Z, h € [—1,0_] ][0+, 1], ¢(r, o mod 27, ¢ mod 27, h) = reil$med2m)
—4 —9

50; U g(vg) — Q(Mf) = ngg.

3.3 TomnoJsorug cjoeHuss B OKPECTHOCTHU CJIOH

(mosrysi0KaJibHasl TOMOJOTUYecKas KJiacCuuKarus 0co-

b6enHOCTEI )
k
Ha mporskennu nannoro naparpada obosuaunm | == J ;, tne [ —1,. .., [;—1
j=1
— Habop KpaTHOCTE(l Beex 0COObIX TOUEK Py, ..., py Ha ciaoe T, = f1(&). [pn

k = 0 monoxuwm [ := 0. Obo3znaunm depe3 M ; , KOMIIAKTHYIO CBSA3HYIO OpHEHTH-

POBAHHYIO TOBEPXHOCTH poja g > 0, Kpait Koropoit cocrout u3 b > 0 KOMIIOHEHT.
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Ona romeomopdnua cdepe ¢ g pydkamu, U3 KOTOPOH BBIKWHYTHI BHYTPEHHOCTH
b momapHO HENePEeCceKaIoIMXCsl 3aMKHYTHIX JIBYMEPHBbIX JHCKOB. O0o3HadnM de-
pes ]\492 5.5 CBABHYIO ODHEHTUPOBAHHYIO HOBEPXHOCTD, TIOJIy YeHHYIO N3 KOMITAKTHOM

nosepxunoctu M g2b BBIKHM/IbIBAHUEM h BHYTPEHHUX TOYEK.

Jdemma 3.3.1. Iycmv Tg, = f71(&) — (ocoboe uau neocoboe) mmoscecmeo
YpoeHA 2unepassunmuieckozo muozousena f(z,w) = 22 + B,(w) cmenenu n >
2, codeporcawee posno k > 0 wpumuueckuxr mouer pi,...,pr € T¢, npuuem
Kkpamuocmu amux movex pasuv, Iy — 1, ..., 1l — 1 coomeememesenno, ly, ... I >
2. Toeda | < n, |l < n+k u cywecmsyem g9 > 0, makroe umo daa 2106020
e € (0, 9] cywecmsyrom 3amrnymvLe LeMbPETMEPHBIE OKPECTHOCTIU Uj,e movex
pj, 1 <7 <k, makue wmo:

(A) pynxyus flza  oneusasenmna gynryuu g, : v
J2,€

i, — C, 2de g, (z,0) =
22+ b + &, em. (3.1.2) m (3.2.1), a maxoice MON0AORUNECKY IKEUCAACHMNHA
Pynryuu q; Mélj — C (em. yreepkpenns 3.2.1mw 3.2.3), j=1,...,k;

(B) dynryun fl——
(F (D, I\

_ TMONOA0UMECKY, IKGUGAACHITINA dynrxuyuu fo

Uj,s)
1

W'C?r

=2 k —4
Dgo,E X ankaaallw"vlk - (CJ (57 x) = 57 Zae Ln7ka5all7"~7lk = Tgo \ (U Uj,E) — KOM-
j=1

naexcnoe mnozoobpasue ¢ kpaem, dime Ly, g o1,

_ 2
1, = 1, 2omeomopprioe aubo M,

npun > 1 uau cywecmeosanuu xoms 6v, 00no20 newemmnozo Ly, aubo M021 L M§1 i

k n
npun =1 (omxyda k > 0) u 6cex wemnwvz 1, 2de g = [—”51] — 2[%], h = —3+(2_1) ;
j=1

b — i 3+(—1)lj'

2
j=1
Jloxazamenvcmeo. Hepasenctsa [ < n, [ < n + k caenyior u3 cregacrsus 3.1.18.
—2

Hist kax ot Toukn p; = (0,wp ;) pacCMOTPUM 3aMKHYTBIe OKpecTHOCTH U je |
)

=4 —2

U;. C Cx U, rouek wp; u pj COOTBETCTBEHHO, a Takxke Juddeomopdusmpl
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—4 —4
Uje = V., Kak B

=2 =2 . :
@i+ Uj. — Dy, 95 0w — @, u (ide X cpj)|Uj€ U,

jgemme 3.1.16 u ee nokazarenberse, 1 < 7 < k. Boibepem croJib majioe €1 > 0, 9410
U ., 1 <j <k, nonapno ne nepecekaiorcst. [lynkr (A) ciejyer us nemmpr 3.1.16
u yrBepxkenuit 3.2.1 u 3.2.3. Hokaxem (B). ITosoxum Uj%g = gpj_l(Dg

Ul = ((id¢ x (pj)‘UjE)_l(V:lj), 1<j<k cm (3.2.1).

’(25)1/lj)7

[Tar 1. Ipu nobeix € € (0,61), € € Ezo’g PaccMOTPUM OTOOParKeHe Prw|T y
¢

NCa=

j=1

2 k
4 2
Te\ (U U;.) = C\ (U U%,), (z,w) — w. Ono ABIsIeTCA IBYTUCTHBIM Pa3BeTh-
j=1 j=1
k
JIEHHBIM HAKPBITHEM ¢ n—[ Toukamu BeTsjienns naj nosepxuocrsio C\(|J U?,) ~
=1
k
M&Lk. IIpu n > [ nakpsiBatoree npocrpanctso Te\ ([ U;-fé.) CBSI3HO, TaK KaK Ha-
=1
KPBITHE JIBYJIUCTHO U UMEET TOUKH BeTBJeHust. [Ipu n = | HAKpPBITHE JIBYJIUCTHO U

He UMEET TOUEK BETBJICHNS; HaJl KOMIOHEHTOi Kpas OU 3-26 HAKPbITHE TPUBUAJIBLHO

TOIJIa U TOJIKO TOIJia, Korja [; 4eTHO, B IIPOKOJIOTON OKPECTHOCTU “DeCKOHEUHO

yaasennoit Toukun’ oo € C HakpbITHE TPUBHAJIBLHO TOTJA U TOJHKO TOTJIA, KOTJIA
k L

[ = >_1; uerno, nosromy makpeisaiomee npocrpancrso Te \ (|J U;,) necsss-
J=1 j=1

HO TPM BCEX YETHBIX [j, M CBA3HO, ecim XOTs Obl OJHO [; HedeTHO. SHAYUT, MPH

n =l n Bcex 4eTHLIX [; HaKpbIBalollee NPOCTPAHCTBO N'OMEOMOP(HO HECBAZHOMY
00'beIMHEHUIO JIBYX SK3EMILIAPOB MOBEPXHOCTH M021 -

IIycTh HaKpbIBatoInee MpOCTPAHCTBO CBsA3HO. Torjia KOJM4ecTBO h IIPOKOJIOB

paBHO w, CM. JI0Ka3aTesibeTBO JieMMbl 3.1.15, a kosnnuectBo b = |my(O(Te \
k k _
(U U}.)))| KOMIOHEHT CBS3SHOCTH TPAHHIIBL PABHO # B CHJIY YTBEpXKJe-
j=1 j=1
k
nuit 3.2.1 u 3.2.3. Ilo dbopmyse I'ypsuna nmeem x(Te \ (U1 Uﬁg)) = 2x(C\
]:
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k
_ _34(—1)n
(UU2) —(n—1) = 2—2k—n+1 Orciona u u3 pasencrs h = =,

b 31l g n—1 il
b= =5 x(Te \ (U Uj.)) =2 =29 — h — b nonyuaem g = [*57] — 3 [3].
j=1 j=1
[Tar 2. Inst a0boro & € 52078 PACCMOTPUM JIBYJINCTHOE PA3BETBJIEHHOE HAKPbI-

k k
e Pr,| & T\ (U Uj) — C\ (U U?), (2,w) — w. Touxu Bersnenus
Te\(U Ut.) j=1 7 j=1

j=1

ko
sajaforcs ypasaenusamu 2z = 0, Py (w) = & u (z,w) ¢ U U;{g. [Tocaeanee coor-

k
HOIIIEHUE PABHOCUJIBHO W ¢ U U . O6o3HauuM 0Opa3bl TOUEK BETBJICHUS [IPU

| aepe3 w;(€), 1 < i < n—1[. Pacemorpum gy € (0, 4]
Uje

orobpaxkenun Pry|

/
—
=

3
J

— ko
u 7 > 0 makue, aro w;(£) € D?ui(fo),f W Dii(go)ﬁ ﬂ(U1 Uj’g) =Pupnl <i<n-—I,
J:
a TaKkKe ﬁi}i(fo)ﬁ ﬂﬁiﬁ(&)ﬁ =@ upu 1 <i<iy <n-—1, s gwoboro § € EEMO.

Pacemorpum nipn 0 < € < gy ceMeiicTBO 0TOOpaXKeHmit

k
Ze: (F7(Dg,.) V(UG UU®ra) (D3 6. =

(z,w) — (/& — Pu(w),w), € € Ezo,g, rJie BeTBb ,/ BbIOpama TaK, 4To P, = id.

T2£C+’I“T2

Onpegiesium orobpaxenue pr, @ [—7,7] — [T, 7] dopmyunoit p.,(z) = T

npu s06bix 7 € R, 7 > |r|. Torga orobpaxenue p., upu r € (—7,T) sABIseTCs
romeomopdusmonm, npuem pr,(0) = r u pro = idj_, ;). Oupesennm orobpakenue

—=2 —=2 .
prr = Dy, — Dy, dopmymnoit

(ﬁ /722 [r2_ 2(513'),y), |y‘ <7
pTvT(x7 y) = v Y

(z,y), ly| > .
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Torga orobpaxenue p,, npu r € (—T7,7T) SBIAETCA FOMEOMOPQUIMOM, TPHIEM
prrlopz  — Toxuecrsentoe orobpaxkennue, pr-(0,0) = (r,0) u prg = idg2 . s
T ’ ’ 0,7

kaxaoro § € D . m1 <i <n— [ onpenemm orobpaxenne

2

@wnﬂmmﬂmuww4%ﬂmmﬂmwwn

dbopmyi0it P ; — (/& — Pu(g;(w)), We i(w)), rie Bersb GyHKIIY | /
- : - —2 —2
BbIOpaHa TakK, 4To Q¢ ; = id, a romeomopdusM we ; : Doyie)r — Duyiey),r O1PE

JlesteH yesoBusMu W ; -= id npn w;(§) = w; (&),

uﬁg,i(w) — eiarg(wi(f)*wi(go))(pT,|wi(§)_wi(§0)|)fl (eiarg(wi(f)wi<§0))(w _ wi(&)))>+wi(&))

npu w;(§) # w;(&). Torga orobpazkenue P¢; sBIAETCS TOMEOMOPDUIMOM, TIPU-

sem Pei(0, wi(€)) = (0, wi(&o))-
Mlar 3. Onpenennm cemedicrso orobpaxennii ¢ : Te \ (U Uj.) — T, \
j=1

)

o

—9 .
(U U;'l,g)a £ S Dgo,ga d)OpMy.)’[OI/I
7=1

n—I

Be(ew), (2w) € T\ (U U UU (Pra) (D2, )

905(’27 w) = j=1 i—1
~ 1,52 .
pr,i(zaw)a (z,w) S T€ ﬂ(Prw) 1(Dwi(§0),7)7 1<i1<n-1.

Torya orobpakeHue ¢ KOPPEKTHO OLpPEJeJICHO U ABJIAeTCH MOMEOMOP(hU3MOM.

—2 b —2
Onpejenum orobpazkenue ho : (f_l(Déoﬁg)) \ (U U]‘-fs) — D¢, o X Lyke,,..1, dop-
1
Mynoit hy : (z,w) = (f(z,w), 0fcw)(z,w)). Torna hy asngerca romeomopdus-

MOM U f| = fp o ho. Jlemma, 3.3.1 nokaszana. O

-2

(=D U U2

k
—4
Ilycrs, kak BbIte, [ := Y 1, ¢ > 0, 0bo3Ha"MM V.t v
i=1

gl

—4 ‘ | .
a+Vj7g = {(Z,'IU) c (C2 | |Z2 _|_ wlj| S 8, ‘w‘ — (25)1/lj} — Ve’lj \ ‘/;%lj7
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1 S -.7 S k7 CM. (32'1)7 Lnak7€7l1a"'al ~ Mn%k,h,...,lp Fﬂe M’f%,k

k

. 2
7lla~'~7lk T Mg7h’ab <HpH

_ 2 A2 2 _
n > [ nim cymecrsopannu nevernoro L), My, = Mg, [ [ Mg, (npun =1
1 Beex deTHbIX [j) Kak B jeMme 3.3.1. QuKcnpyeM OpHEHTAIMIO Ha M0 =

Ly keygy...1, 1 pACCMOTPUM J110001# ToMeoMOpdu3M

k
TYn ki, L - |_| ((R/(3 - (_1)lj)7TZ) X {]} X {(_1)Zj7 _1}) - aLn,k,a,ll,...,lky

TaKO! YTO MOBEPXHOCTD Ly, ko1, 1, JIEKUT CIIPABA IPU TIPOXOXKJICHUN BJIOJIb KaxK-
JIOTO U3 CBOMX I'PAHUUHBIX 1yTel v;, (1 mod (3—(—1)4)7) := 4, .1, (¥ mod (3—

(_1)lj)7T7 j? 77) E 8L’n,,€,l17...7lk,7 77 G {(_1)ZJ, _1}, 1 S J S k

Teopema 24 ((Tomosiorns cjroeHns B 3aMKHYTON OKpecTHOCTH €71051)). ITycmu
Te, = [ (&) — (ocoboe uau neocoboe) mroscecmeo yposHA 2unepsasunmue-
cko20 mmoeousena f(z,w) = 22+ P,(w) emenenu n > 2, codeporcausee posHo
k > 0 xpumuueckux movex pi,...,pr € Tg,, npuvem xpamnocmu smuz moyex
pasnor i — 1, ..., 1l — 1 coomeememesenno, ly, ..., lp > 2. Toedal <n,l <n+k

U cywecmeyem £y > () maxoe, 4mo d./Lﬂ 2100020 € € (0,80] gﬁy%%uu.ﬂ f‘ffl(EQ
£0-€

L C. 3decw

)

e
MONOAORUMECKU IKBUBAAEHING PYNKUUYU fr gty gyt Mg g

k
—4 —=2
Mﬁ,kﬁ,&',lh...,lk - (I_I Vj,E) U (Dfo,E X L’I’L7k,5,ll7n~7lk)
j=1

Pkl oy,

k
—4 -2
= ((|_| Vj,é') |_|(D£0,5 X Ln7ka6ally"'7lk))/(x ~ ¢nak7€7l1a"'alk (:U))
j=1

NOAYUEHO U3 MEC6A3H020 0bsedunenus mnoocecme V., . 1 < j < k, u mmno-
)

3 —4
omooicdecmenenuem 060t mowku v € OV, c ee
1 e 2
obpasom npu 2omeomopfusme Gppeiy... - |1 0TV, — Dg o X OLpgei,. .y

Jj=1

—2
oicecmea De o X L geiy,.
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3adasaemom Hopmysamu

: . z
Subettn(510) 1= (2 + 05 +6, s, ((arg w) mod 2, j, sgn (Im ——)

—4
npu wemmom lj u (z,w) € 07V, _,

Orteein (2, W) = (22 + w5 + &, Yk, 1 (2arg(v/w) mod 47, 5, —1))

—4
npu newemmom l; u (z,w) € 0TV

jer 20e 6emen \Jw npu nevemmnom lj u (2, w) €

(‘3+Vj’€ onpedesena ycrosuem Im (\/%)zj < 0,1 <5 <k, adynwyua fori.. 1

aadaemcs Popmyramu

ok Ik jer 1 <7<k,

| —4
Vj(z,w) =224+ wli+ &, (z,w) €V

=2
fn,k,ll,...,lk (57'%.) = 57 (57 x) 6 D§O7g X Ln,k,s,ll,...,lk-

—2
DfO;EXLnyk,EJL...,lk
_4 4 )
IIpu omoostcdecmenenuu ng ~ Mgl_ C NOMOWBIO MONOA02UMECKOT, IKBUBANCHIN-
b 5 ‘7

n,k,é‘,ll,...,lk O+V
J,€

umeem eud
((10,2] x 81 / ~) x 8" x {(=1)s, =1} = Dy . X OLictr.. iy,

(r, pmod 27,9 mod (3—(=1)%) 7, n) = (re"*+&, Y ki, (1 mod (3—(—1)")m, 4, 7)),

n € {(=1)4, —1}, ede ommowenue sxcucarenmmocmu ~ noposcdeno ommouse-

nuamu (0, pmod 2m) ~ (0,0mod 27), pmod 2w € S, a dynxuua frri,.. 1 -

umeem 6ud
(r, pmod 27, mod (3 — (=1)")m, h) — e + &, 1<j<k

=2
4 —
Hpu 3m0M fn’k,ll,...,lk (M’I’LJf,E,ll,..-,lk;) - D£07€'
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Aoxasameavcmeo. bes orpannyenns obIHOCTH CYUTAEM, YTO TOBEPXHOCTD Ly 1 21, 1,

T¢, onpenenena kax B jgemme 3.3.1(B), opuenranus na neit nngynuposana KoM-

MJIEKCHOH CTPYKTYDPO#, 1 TOMEOMOPMUIM Vo ki, di = Vnkedyo..ls (HapaMeTpHSy—

101 0L jcy....1,) OUpeseer GpopMyoi
Vnkedion(Wm0d (3 — (1)), 5,m) = (niv/2ee5072, o7 ((26)V0e™)),

n € {(—=1)4, =1}, rue jmuddeomopbusmbl p; : w — W KaK B JOKA3ATELCTEE

aemm 3.1.16 n 3.3.1, 1 < 5 < k. IIpukneusatoniee orobpazkenue @, 1,1, Olpe-

—4
~ + z_.
JIEJICHO KOPPEKTHO, Tak Kak u3 (2,w) € 07V, _mn 5 = A € R cnenyer € >

|22 405 = (N2 4+ 1)@ = (A2 +1)2e > 2¢; OHO CIOPHEKTUBHO, TaK KaK MPH deT-

+iphi/?

nom I st (Fidh/2 @) € 8*7;5 BbinosiHeHo sgn (Im ) = £1. Jlerko mpo-

BepAETCH NHBEKTUBHOCTD @y, ko1, 1. OTOOpaxkenue f, p1, .1, Mﬁksll o C

- —4
OIPEJIEIEH0 KOPPEKTHO, TaK Kak Jyist JiIo0oi Toukn (2,W) € 3+Vj BBIIIOJTHEHO

3

Fuetsdslyt (2:0) = 22400 +&0 1 k...l O P oy ds (2, W) =

00e XLndee iyt

22 +wh + &

Corsnacno jsemmam 3.1.16 u 3.3.1, cymiecTByoT £y > 0 u HAOOpP ceMeicTB 3a-

—4

MKHYTBIX OKpecrHocreit U, . rouek pj, 0 < € < &g, takue, 410 Jyis Jg000ro

—14 —2
e € (0,e0] dbynkuma flz+ sksusanenrna dyukuun fopy, il Vi — Dy .,
J,€ J,€

1 <j <k, adyuxius f| TOIOJIOIMYECKN YKBUBAJIEHTHA (PYHK-

@3, \U UL

e fo = fn7k,ll,...,lk|52 " . [locTpoum TOmOJIOrMIECKY IO SKBUBAJIEHTHOCTD
£0,€ n,k.e,ly,. Ll

. . 4
h mex iy dyHKIHe f|f_1(§50£) u dynkuueir fy, 7, .7, Ha BCeM Mn7k,€,l1,...7lk' Pac-

. ko . k
emorpim mnonecrso (D, ) = (U U, U(f 1 (Dg, )\( U UL)). Mpn (2, w) €
J= J=

U, . nosoxum h(z,w) = (z,p(w)) € 74

e e 1 <5 <k, cMm. jloKa3aTe/IbCTBO JIEM-

. k
wbt 3.1.16. pn (z,w) € f~(Dg, ) \ (U UZL) nonomun h(z,w) = ha(z,w) =
j=1
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(f(z,w), opw (2, w)) € Ezw X Lip ke .05 CM. JIOKa3aTesbCTBO JleMMbl 3.3.1(B),

mar 3. Orobpaxenue h : f_l(ﬁzoﬁ) — M?

nkedy...l, OUPEEICHO KOPPEKTHO, TaK

Kak Jiuist Jiroboit Touku (z,w) € Uie ﬂ(f_l(ﬁzo,g) \U}.), 1 < j <k, Boinoaseno:
kel © h|Uj_6(Z7 W) = Opkey,... 0 (2, 05(w))

= (22 + (pj(0)Y + &0, Yaken,....1, (arg pj(w) mod 27, 7, sgn (Im

et

W)(%(w»lm’w)) = (f(z.w), @1 (2, w))

— h2(27w) - h’f—l(

= (2> + P,(w), (isgn (Im
Z,W)

—2
‘DEO,E)\U_;},E (

IPU YeTHOM [, 1
P edy,ely © h|U;%_8(Z7 W) = Opkey,... 0 (2, 05 (w))

= (22 + (i ()" + &0, Yk, (2ar8(1/ @ (w)) mod 4r, j, —1))
- (Z2+Pn(w>7 (_Z( ij(w))lj’ w)) - (f(Z, w)v Spf(z,w)(za w)) - h‘f—l(ﬁzoﬁ)\Uﬁa(Z? w)

. —4
pu HeueTHOM [;. 37eCh MbI KUCIOJIBL30BAJIN, UTO JUIS JIIOObIX (z.w) € OTV.
J ) ) 7,60

z ~l;/2 __ .
j/z)wﬂ/ = Z UpH YeTHoM [;,

Taknx uTo 22 4 W' = 0, Bumomneno isgn (Im —
w
—i(v@)4 = 2 npu neuernom ;.

[IpoBepum, ato h — TomosOTHIeCKast SKBUBAJICHTHOCTD (DYHKIWIA: pu (2, w) €

—4
U;.. BHITOTHEHO fr g1, .1, 0 h(z,0) = fupay,..0. (2, 05(w)) = 2%+ (@j(w)) + & =
L k
224 Po(w) = f(z,w), npn (z,w) € f71(Dg, )\ (U UL) somoaneno h(z, w) =
j=1

—
ha(z,w) € D, X Lpkety,. i fakir..,0h(2,w0) = fopn, 0, (f(2,0), 01w (z,w)) =
f(Z, U)), OTKY/la f - fn,k,l1,--~,lk o h.

BTOpaH 9aCTh TEOPEMbI CJjeayeT U3 TOro, 4TO B JJOKa3aTEJILCTBE YTBEPXK/E-

—4

—4
Huit 3.2.1 u 3.2.3 orpanundenue romeomopcusma hy @ V_;, — Mflj Ha (9+V57lj

E,lj
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Jeiicreyer 1o dopmyie (z,w) +— (r, o mod 2w, —n arg(w) mod 27, ) npu Uer-

Hom lj, n (z,w) — (r,pmod 2, 2 arg(y/w) mod 47, —1) npu HederHOM l;, tne

z z

0 _ 2 ol
re'? = z* +wY, n = sgn(Im —7) npu vernom [, Imm < 0 mpw HEYETHOM

1
w

l;. Teopema jiokazana. [
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I'1aBa 4

Komiuiekcnast Teopema JInyBuiLig s

I'MIepa3JJINIITNIYECKNX I'aMNJIbTOHNAHOB

4.1 KowmniekcHas TeopeMa JInyBuJjIg AJid TUTIEPIJIJIAIITHA-

YeCKNX raMUJIbTOHNAHOB HEYETHOI CTeleHN

Bgejiem HeKoTOpbIe 0003HAUEHUs U CHOPMYJIUPYEM TexHU4UecKue jeMMbl 4.1.1,
4.1.2 n BuITekatomue n3 Hux yrBepxaenus 4.1.4, 4.1.6 u caencrsua 4.1.3, 4.1.8,

HEOOXO/IMMbIE JIJI MOHUMAaHUsI OCHOBHOT'O Pe3y/bTaTa mnaparpada — TeopeMbl 25.

Jlemma 4.1.1. ITyemo f(z,w) = 2% + Py(w), 2de Py(w) — w060t mmozounen
cmenenu N > 1 ¢ Komnaexcnomu kospduyuenmamu, ne uMerOWut KpammoLr
wopueti, To = f~1(0). Tozda:

(A) Omobpascenue Prylr, : To — C, (z,w) — w, asasemca dsyaucm-
HOLM PA3GEMBACHNHM HAKPLmMueM U nepesodum sexmoproe nose sgrad ¢ f|r, 6
sexmopnoe noae £(Pry).(sgrad o f|1,), Koppexmmuo onpedesennoe ¢ mounocmoio

do snaka, m.e. daa aobwx (z1,w), (20, w) € Ty makuzx, wmo z; # 29, 6epHo

(Pro).(sgrad ¢ f(z1, w)) = = (Pry).(sgrad o f (22, w));

116



(B) Ecau sce koappunuenmur mnozousena Py eeuecmeenno,, mo onpedenei-
noe ¢ mounocmovio do anara eexmopnoe noae +(Pry).(sgrad o f|r,) na Cy cum-
MEMPUUHO OMHOCUMELLHO OMPANHCEHUA OMHOCUMEALHO BEULLCMEEHHOT NPAMOT,

m.e. uneapuanmmo ommocumenrvrno dugpeomoppusma C,, — C,, w — w.

Joxazameavcmeo. (A) B rouke (z,w) € Ty Bbinosneno sgrad ¢ f(z, w) = (—Py(w), 22),
nosromy (Pry).(sgrad ¢ f(z,w)) = 220/0w. Ouesnyno, nobbie jBa n1poobpasa
(z1,w), (29, w) € Ty Toukn w € C,, cBsi3aHbI COOTHOIIEHUEM 2] = —2o. [loaTOMY
Pr,|T, siBAsieTcs pasBerBiaeHHbIM ABYMCTHRIM HakpbITHeM 1 (Pry, ). (sgrad ¢ f (21, w)) =
2210/0w = —2290/0w = —(Pry)«(sgrad ¢ f (22, w)).

(B) Ompenenum orobpaxkenue sym : Ty — Ty, 3agantoe dbopmymnoit (z,w) —
(Z,w). Orobpazkenue sym olpejie/ieHo KOPPEeKTHO, HOCKOJILKY ecin 22+ Py (w) =
0, 10 22 4+ Py(W) = 22 + Py(w) = 0, 1/ie mepBoe paBEHCTBO BHIIOIHEHO BBHLY

TOro, 4TO BCe Ko3bdumentsr Muorouietna Py(w) BermecrBennsl. V3 paBeHcTB

(Pr,).(sgrad o f(2, ) = ((Pry).sgrad o f) (Pry(w)) = ((Pr,,).sgrad o f) (w),

Sym o Pr,, = Pr,, o sym,

sym, (sgrad o (z,w)) = (~ Py (w), Z2) = sgrad o f(sym(z, w))

cJIelyeT, 4To
Sym,(((Pry).sgrad ¢ f)(w)) = Sym, ((Pry ). (sgrad ¢ f (2, w)))

= (Pry)«(sym,(sgrad ¢ f(z, w))) = (Pry).(sgrad ¢ f (sym(z, w)))
= (Pry).(sgrad o f (Z,w)) = ((Pry).sgrad ¢ f)(w) = ((Pry).sgrad ¢ f)(Sym(w)).

[]
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Jlemma 4.1.2 ((HopMasin3aIst TUIEPIJIINIITHIECKOI0 MHOTOWJICHA HEYETHOM CTe-
nenn u 2-popmbl dz A dw B “GeckoHedHO yuateHHbix Toukax”’)). [Tyemo f(z,w) =
22+ Py q1(w), ede Poyi1(w) — 1060t mnozouaen cmenenu 2n + 1 ¢ xomnaexc-
oMU Koappuuyuenmamu, n € N. Tozda cywecmeyrom € > 0 u 20a0mopproe

saoocenue h = D§ . x (D§ .\ {0}) — C*, maxue wmo
foh(§u)=¢& h(dzAdw)=u"d{ Ndu, (& u) € Df. x (D5 \{0}),

npuvem lim, g |h(€,u)| = oo pasnomepno no & € D, u donoanenue mmooice-
h (D? D? 0 M?* = fYD? C?. B

cmea 5. X (D§-\{0})) ¢ M := f~(Dj.) oepanuneno ¢ C=. B wacmmo-

CMAU, UMEECA KOMIAECKCHOE 2-Mephoe ceaznoe muozoobpasue M2 ¢ Komn.aexcno

0 MY c C? -

AHANUMUECKUM AMAGCOM U3 08YT Kapm, noayuennoe us M: C npuK.seU

sanuem mmoocecmea D3 . x DE . C C* npu nomowsu eaovicenua h. Ipu smom

]\/Zf \ M2 =~ D§,. x {0} (“Gecronewno ydanenmoe” mowsu pe, & € D§ ).
Toxazameavecmeso. Cwm. caegcrsue 1.3.4. ]

Cnencreue 4.1.3. IIycmo f(z,w) = 22 + Poi1(w), 2de Popy1(w) — aroboti
MHO02040eH cmeneny 2n + 1 ¢ Komnaexcnvmu koapduyuenmamu, n € N. Tozda
cywecmeyem € > 0 maxoe, wmo noseprrnocmy ypoeus Te = f~1(E) neocoba npu
£ € C,0 < |¢] <e. Boaee mozo, neocobas noseprrocmo ypoera Te 2omeomopdra
cihepe ¢ n pyukamu u odrnum nporosom 6 beckonewno ydarernnot movke pe. Bex-
mopnoe noae sgrad ¢ f|t, u pumanosa mempura nonosnenua dsg 6 docmamoyuno
manoti npoxosomot oxpecrnnocmu Ue C T¢ beckoneuno ydarennotc mouru pe

umerm 6ud

= ur? dsg = 22?2 du, d,
ede u : Ug — Dag \ {0} € C — “koopdunammnvii” dugdeomopdusm, marod wmo
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lim u(g) = 0. B wacmnocmu, nonoanenue Te = Te U {pe} caoa Te omnocu-
9g—D¢

MEABHO PUMAHOGOT MEMPUKU TLOTONHEHUSA dsg KOMNAKMHO, 20meomoppro cghepe
c n pywkamu. Ha T¢ umeemca enadkoe noae meompuyamenvio onpedesenmols

Kkeadpamusnolr Gopm d_sg, makoe 4mo d_<9§|T§ = dsg, d_sg(pg) =0npun>2, u

d_sz(pg) 20 npun=1.

4.1.1 IlepmoaMYHOCTHh MHTETPAJILHBIX TPAEKTOPUII HA HYJIEBOM CJIO€

Ipemmoxenne 4.1.4. ITycmo f(z,w) = 2% + Payyy1(w), 20e Py,yi(w) = (w —
ai) ... (w—agi1),a; ERi=1,....2n+1, a1 < as < ... < agus1, n € N. Tozda
6Ce UHMELPANLHBIE MPAEKMOPUL 6eKMOPHO20 NoAA sgrad ¢ f|r,, He asamouuecs
cenapampucamu (m.e. ne 6xodaujue 6 6ECkOHeUNno YOGAEHHYIO MOUKY Dy U He
suirodauyue u3 nee, cm. caedemeue 4.1.3), asamomesn nepuoduueckumu. Boaee
mozo:

(A) unmezpasvnvie mpaexkmopuu eexmopnozo noas sgrad ¢ f|r, (u ux obpasvl
npu npoexyutu Pry|r, : To — C, (2,w) — w, cm. aemmy 4.1.1(A)), svieasdam

kax na puc. 4.1 npun = 3; cpedu smux mpaexmoput umeemcs posro 2n — 1 ce-

napampuc Si,...,Sop—1 C TO (600m66m6m66HHO n cenapampuc Sl, ceey Sn C (C,
— -1 _ -1 —

maruxr 4Ymo s1 = (Prw|T0) (Sl), Sop_o U Sop_1 = (Prw\TO) (Sk), k= 2, Ce ,n),

Kromopuwie pa36uemom cA0T TO Ha n C8A3IHBIL KOMNOHEHM C1, ..., Cp, 20M€0M0p¢—

norr enympennocmu yusundpa ST x (0,1) (coomeememeenno pazbusarom naoc-
kocmv C na n obaacmet Cy,...,C, C C, maxux wmo [agg, asgr1] C Ck, cp =

(Prylr,) "H(Ch), k = 1,...,n); 6 xaoicdoti yurundpuneckoti obracmu ¢ mpaex-
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mopuu nepuodudHvL ¢ Nepuodom

A2k41

dw
Tk: , kIl,...,TL;
—Popi1(w)
a2k

BCAKGA CENAPAMPUCE UMEETN HAYAAO U KOHEY 6 0eckoneuno ydarennot mouke

—_— n .
po € To, u daunv, cenapampuc 6 mempure dsi paenvi |sop_o| = |sar_1| = D (=1)*T;

i—k

n

npuk =2,....nu|s|=> (=1)"1T};

(B) na caoe Ty cymecnz,s;em nabop cenapampuc dy, . .., d, 6exmopnozo nois
vsgrad ¢ f, umerowur nawaro u Korney 6 beckoneuno Yyoarenrot movwke py, MaKUT
wmo dy, C ¢ u ux 06pasv Pry, |1, (dr) = Dy npu npoexyuu Pry|p, : Tog — C,, co-
depoicames 6 Cy, npuvem npu k = 1,...,n—1 mpaexmopua Dy, nepecexaem om-
pe3ok [ask, askr1] C Cy, a mpaexmopua D, cosnadaem ¢ aywom [ag, 1, +00) C
Cy, em. puc. 4.2 npun = 3;

(B) ynopadouusanue napw, cenapampuc Sop—2Usor 1 = (Prylr,) 1 (Sk) 6 n.(A4)
u evibop 0dnoti us deyx cenapampuc dy C (Pry|t,) (D)) 6 n.(B) 0dnosnauno

onpedeservl CACOYOULUM YCAOBUEM. NOOMHONCECTNEO

Ty" = {(W,w) |Imw20} C Ty

(2de 6 Kauecmee Pynkyuu /[ 6u0PANG €€ 6EMEb, MAKAA 4IMO \/—P2n+1(%(a2 +az)) >
)

0) umeem nenycmoe nepecevenue co caedyrowumu cenapampucamu: I(dy),

n—1 n

](S4k)7 I(d2k+1)7 1 S k S [ 9 ]7 S4k—2, d?k‘; 1 S k S [2]7

2de I : C* — C? — unsomouus, onpedeasemasn gopmyroti I(z,w) = (—z,w).

Hoxazamensvecmeo. ODO3HAUUM MHOXKECTBO TOUEK, HMPUHAJJIEIKANINX HHTEPaJIb-

HBIM TPACKTOPUSAM BEKTOPHOIO 1oJist u = sgrad ¢ f|p,, BXOJAIIUM B GECKOHETHO
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Ss|

S3

Puc. 4.2: Tlpoeknuu wHTErpajbHBIX TPACKTO-
Puc. 4.1: Tpaexkropun noss sgrad ¢ f|r, u ux

puit mosa isgrad f|p, ma miaockocts C,, mpu
ob6passl nipu upoeknuu Pry|r, : Tog — C,,, npu

n=3
n=23

N
YIATEHHYI0 TOUKY Py WM HCxoasimuM u3 mee, depes I, . [Iycts Ty \ I, = | ¢,
i=1
IJIe ¢; — BCE Pa3/IndHble KOMIOHEHTbI jinHeiinoii cesizunocrn To\ L, i = 1,..., N.
U3 caepersus 4.1.3ciejyer, 4ro BEKTOPHOE T10JIE U, MOJHO.
[MTar 1. Jomycrum, 4To CyIiecTByeT epuojinieckast MHTerpajibHas TPaeKTOPUs
v; C ¢; jist Hekoroporo 1 < ¢ < N, nepuoji ; pasen T > 0. Toryia mnokaxxem,
YTO BCsiKasl MHTErpaJjibHast TpackTopus ¥ C ¢; sIBJISETCS EPUOJIMIECKO ¢ TeM XKe

nepuojiom 1.

Kak Bririe, obosnadnm depes u Bektoproe mosie u = sgrad ¢ f|r,, depe3 v
OPTOrOHAJILHOE €My OTHOCHTEJILHO pUMaHoBO# Merpuku dsi := Sym(Ag ® Ay)
BekTOpHOE ToJie v = isgrad ¢ f|r,. [lockosbky [u,v] = 0, T0 cymecrByer € > 0

TaKoe, 4TO s JIIOOOro T € (—¢&,€) BBIMONHEHO ¢77; — IMEePUOJNIECKAs TPACK-
TOPUs BEKTOPHOT'O 1OJIg ¢ mepuojioM 1', rje g; — CJABUT BJIOJb BEKTOPHOI'O
nossg v Ha T € R. Orciona obbenunenune T-mepuoiniecKnX HHTErpaJbHBIX Tpa-

eKTOPHUii BEKTOPHOTO TOJIS U|., SBIACTCS OTKPBITHIM momamHOKecTBOM B T (11 B
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¢;), Koropoe obozHaunm udepes I';.

[Tokaskem, uro muoxkectBo I'; C ¢; 3amMKHYTO B ¢;. IlycTh TOUkKa § € ¢; sB-
JIieTcsT TIpeJiesibHOR TouKoi MHOXKecTBa [';. Tak Kak BeKTOpHOE T0JIe u|ci OJI-
HO U § € ¢;, TO JUIsd JIOCTATOYHO MaJjioro € > (0 omnpejiesieHo oToOpakeHue i :
0, 7] x [—e,e] = Ty, (t,7) — ¢7g%(g). B moboit 6eckoneano Masoit OKpecTHO-
CTU TOUYKHU § CYNIECTBYIOT TOUKHU, Y€pe3 KOTOPLIE MPOXOJSIT IePUOSNIECKAE HHTE-
rpajibHble TPACKTOPUH MOJIA U ¢ mepuojoM 1 (T.e. mpuHaJIeKaIIe MHOKECTBY
;). TTosTomy (3amensist KaxKIyro TaKyt0 TOUKY Ha MepecedeHne COOTBETCTBYOIEl
MHTErPATbHOM TPAeKTOPHUU ¢ KpuBoii ¢ (), T € [—¢,€]) momydaem CyImecTBOBa-
Hue nocjegosaressaocr 7, — 0 npu j — 00 (BozmoxHO, Tj = 0 j1/ist HEKOTOPBIX
), Takoit uro g (§) € Ty. Tockonbky [u,v] = 0, 1o ¢ : (t,7) — gLg7(§), orxyna
$(T.7) = 9797 (§) = g7 (9) = (0, 7). Buanu, (T, 0) = (0,0) = §, me. e-
pe3 TOUKY § HPOXOANT MepuoAnvecKas NHTErpaabHasd TPACKTOPHUA 7Y ¢ TEPUOIOM
T (n munuMasbhbiM ieprogoM 1'/k nist wekoroporo k € N). Tlepuon T siBaisiercs
MUHUMAJILHBIM [IEPUOJIOM 3TOi TpaekTopuu (T.e. k = 1) B CHJLy OTKPBITOCTH 00h-
enurennsi (T'/k)-nepuonnaeckux tpaekropuii, cMm. Boie. [losromy ¢ € T, aro
JIOKa3bIBaeT 3aMKHYTOCTH MHOXKecTBa ['; B ¢;.

Tak kak I'; # (), aBngeTCs OTKPLITBIM U 3aMKHYTBIM B ¢;, TO I'; = ¢;.

Iar 2. Pacemorpum mpoexmuio Pr, : Tg — C,, (2,w) +— w. dannas mpo-
eKITUSI SIBJISIETCSI IBYJIUCTHBIM PA3BETBICHHLIM HAKPLITHEM ¢ TOYKAMU BETBJICHUS
ai,...,amm41, {00} € C,. Bes orpanmdenns obmuocTn mycTh a1 < ag < ... <

a2n+1, TOL'JIA P2n+1‘(a1,ag)u(ag,a4)u...u(a2n+17—1—00) >0mn P2n+1|(—oo,a1)U(ag,ag)u...U(agn,agnH) <

0. [Tosromy (ompejiesieHHOe ¢ TOYHOCTBIO JI0 3HaKa) BekTopHoe mnoJe £ (Pry, ). (sgrad f|r,) =

+2./— Py 1(w)d/0w na C, kacarenbno semecrsennoii npsmoit R C C na nogi-
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mMHOXKecTBe (—00,a1) U (as,az) U ... U (ag,, aspy1) C R u oproronaibHo 370i
MpsAMOit Ha mojMHOXKecTBe (ag, az) U (as, as) U ... U (agp41, +00) C R,

Iar 3. TIocKOIbKY B OKPECTHOCTH TOUKH Py € T BekTopHoe nofe sgrad ¢ f T,
UMeeT 0COOEHHOCTD TIOJTIOC 21 — 2-T'0 MOpsijIKa, KOJIMIEeCTBO CelapaTpuc B TOUKE Py
paBHO 2(2n — 1), a Tak KaK TOYKA Py sIBJISIETCA TPOOOPA3OM TOUKHU BETBJICHUS 0O,
TO KOJHUIECTBO Cenaparpuc (OMpeeJeHHOTO ¢ TOYHOCTBIO JI0 3HAKA) BEKTOPHOTO
nonst 4 (Pry)«(sgrad f|r,) B Touke {00} € C,, pasno 2n — 1.

Vsyunum cenaparpuchl Bektoproro mnons +(Pry,).(sgrad f|r,) na chepe C,.
CymectByer cenmaparpuca (0603HaIUM ee S7), COBIAJIAIONAT KAK MHOXKECTBO C
(—00, a1], em. mar 2. Takxke cylecTByer n 0JHOIAPAMETPUICCKUX CEMEHCTB 11e-
PUOJIMIECKUX TPACKTOPUIL, 0OXOJSIIUX BOKPYT OTPE3KOB [aok, agki1], kK =1, ..., n.
Orciopa, npumensist K Bekropaomy noso +(Pry,).(sgrad f|r,) n ykasanubim n
ceMeiicTBaM MePUOINICCKUX TPACKTOPHI PACCYXKJICHNT, aHAJOTHIHBIE TTPUBE/ICH-
HBIM Ha Trare 1, moJjydaemM, 9To NMpu KaxkjgoMm k = 2,...,n CyIIecTByeT TOYKa
g« € [agk_l,CLQk] C R c C,, koropasi BO-TIEPBHIX SIBJISETCS TOYHON BepXHEH
IPAHbI0 MHOYXKECTBA TOUYEK MEPecevdeHrsi ¢ OTPE3KOM [dog_1, Qo] MEPUOAMIECKUX
tpaekropuii (k — 1)-ro cemeiicrBa (0OXOASNMX BOKPYT OTPE3Ka |aok—2, Ak—1]),
a BO-BTOPBIX NPUHAJJIEXKUT HEKOTOPO CermapaTpuce, KOTOPYI0 0DO3HAUUM Uepes
Sy. Oboznaunm uepes C 00beIMHEHNE BCEX IEPUOINICCKIX TPpaeKTOpuil k-ro ce-
meiictBa, k = 1,...,n. 3aMeTnM, 4TO Kakjas cemaparpuca Sy, ..., .S, UIMeeT He
6oJee oiHOTO Tepecedenus ¢ Bermecrsennoi npsamoi R C C,,, Tak Kak B IPOTHUB-
HOM CJIydae, BBUJLY CUMMETPUUIHOCTH WHTErPAJBHBIX TPACKTOPUl OTHOCUTETHHO
BerecrBennoi npsimoit R C C,,, ona Oblyia Obl EPUOAUICCKON, HE MPOXOSINEH

aepes 1ouky {00} € C,. Takske, BBUJY CUMMETPUUHOCTH UHTEIPAJIbHBIX TPACK-
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Puc. 4.3: Unrerpaabusie Tpaekropun nois +(Pry,),(sgrad f|r,) na chepe C,

TOPHiT OTHOCUTENHHO BemecTBenHol mpsimoit R C C,,, Besgkast cemaparpuca S,
IIPOXOAAIIAs 4epe3 TOUKY Gy, kK = 2,...,n, UMeeT HadaJo U KOHel, B TOYKe
00 € C,,. Tem caMbIM, BbIIIE ONICAHO CTPOEHUE BCEX CENAPATPUC BEKTOPHOI'O I10-
ns1 +(Pry, )« (sgrad f|r,) na cdepe C,,. Bnaunt, C,, ecTh 06beMHEHNE ONUCAHHBIX
BBIIIE cermapaTpuc Si,...,S, W 3aM0JHEHHBIX MEPUOJINICCKUMU TPACKTOPUSIMI
obnacreit C, ..., (), n uATErpajabHbIe TPACKTOPUU UMEIOT BHUJ| KaK Ha puc. 4.3.

[Tepros| neprogimvecknx WHTErpaIbHbIX TpaekTopuii k-ro cemeiicra (u3 Cj) pa-
a2k+1

gen Ty = [ \/]f—“’i(w), k =1,...,n, a nomna |Sy| cemaparpucel Si pabHa
—42n+41
a2k

n

_ —k _
1Sel = > (=) T, mpu k=1,...,n.
i=k

[TosToMy mHTErpasbHble TPAeKTOPUN BeKTOPHOTO mouist sgrad ¢ f |1, Bbiruisisar
Kak Ha pucyHke 4.1. Cpeu 3TUX TpaeKTOPUil UMeeTcsi pOBHO 2n — 1 cemapaTpuc
s;, 1 < 1 < 2n — 1, Koropble pazouBaroT cjioit T Ha N CBA3HBIX KOMIIOHEHT
cr, k= 1,...,n, noe Kaxjaasi ¢, COCTOUT U3 MEPUOIUICCKUX TPAEKTOPHUii, 00-
Pa3yoILUX OJIHOIAPAMETPUUECKOE CEeMERCTBO LEepUoiniecKux Tpaekropuit. Ilpu
TOM BCsIKasl Ceraparpuca MMeeT HadaJjio U KOHell B OeCKOHEYHO YJIaJIeHHOW TOYKe

po € To; Kaxkasi U3 cenaparpuc Sop_o M Sop_1 uMeer jyiuHy |Sk| u OuekTuBHO

NIPOECKTUPYETCA NPU JBYJUCTHOM HAKPBITUU PI‘w|T0 : Ty — C,, na cemaparpucy
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Sy Bekropuoro nosist +(Pry, ). (sgrad f|r,), kK = 2,...,n, a cenaparpuca s; nme-
er juiuHy |S1| ¥ JBYJIMCTHO IPOEKTUPYETCsT HA cenapaTpucy S1 BEKTOPHOIO T0JIst
+(Pry).(sgrad f|r,). Takke mobast TpackTopust B objactn ¢ nmeet nepno Ty n
b0 MPOEKTUPYETCst OMEKTUBHO HA OJIHY U3 MEPHOMICCKUX TPaeKTopuil k-ro ce-
MeficTBa mepuoinaeckux Tpaekropuii Bekropuoro nos £(Pr, ). (sgrad f|r,) (u3
C), uOO TPOEKTUPYETCsT ABYJIUCTHO Ha OTPE3OK |agk, askr1] C Ck, k=1,...,n.

[Ipemioxkenne 4.1.4 nokasaHo. ]

O6o3navenne 4.1.5 ((paspesanue HyJeBOro CJIOsi cenapaTpucamMu Ha [UJIHH-

1pbi)). B obosnadenusix yreepxaenust 4.1.4 nmeem pasbuenns
Co=51U...US,UChU...UC,, To=s1U...Usy,1UcqrU...Ug,

na cenaparpuchl 81 = (Pry|r,) 1 (S1), Soro U sop_1 = (Pry|r,) 1 (Sk), k =
2,...,m, u 0baacTU—OTKpbIThIe TIHHAPH ¢ = (Pry|r, ) H(Cr), k = 1,...,n.
['pannnsr odmacreit Cf, C C umeror Bug 0Cy = Sy U S mpu k=1,...,n — 1,
0C, = S,, oTKyJa npu n > 2 PaHUIbl IUINHIPUIECKUX 00J1acTell ¢ MMEIoT
Busl Oc; = s1 U So U 3, Ocp = Sop_o U Sop_1 U Sop U Sopq ipur k = 2,...,n — 1,

dc, = Sap—9 U Sop_1.

4.1.2 CewmeiicTBa reo/ie3n4ecKnX ¢ KOHIIAMA B 0ECKOHEYHO YyIAJIEHHBIX

TOYKaX Ha CJI04dX, O/IM3KUX K HYJI€BOMY

Ipennoxenne 4.1.6. [Tycmo f(z,w) = 22 + Py, 1(w), n € N. Iycmo d_sg
— noAe HEOMPUUATNEALHO ONPEICACHHBIT KEAIPATUNHYLET POPM d_s% na NonoaHe-
nuu To croa To = f71(0) (em. onpenenenue 3.1.11 u cnepersue 4.1.3). IHycmo

v :[0,1] = Ty — 2eodesuuecrasn noaa xeadpamuunvz gopm dsi, umerowas na-
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a0 U Koney 6 beckoneuno ydaaennot mouxe py (cMm. caencrsue 4.1.3 u nosicHe-
nne 4.1.7(A)). Tozda cywecmeyem € > 0, makoe wmo das awbozo & € C, |£] < g,
caoti Te asaaemea neocobvim, u cyuecmsyem 2eodesuveckan e : [0, 1] — Tg no-
A K6adpamuiHulr dopm d_sg (em. onpenenenne 3.1.11 u caencrsue 4.1.3), nenpe-
POLBHO 3A6UCAWAA 0M &, UMEOWAA HAYAAO U KOHEY 6 beckoneuwno ydansennol

mouke pe (M. nosicuenue 4.1.7), ydosaemeoparuan coommowenuro Yy = .

INosicuenme 4.1.7. (A) B bopmynuposke yrepxkenus 4.1.6 mox zeodesuneckots
I0JIsI KBaJIPATUIHBIX (DOPM d_sg HAa Tg, uMeroleil HayaJio U KOHell B OeCKOHEUHO
yJIaIeHHON TOUYKE pg, MOHMMAETCsl HelnpepbiBHOoe oTobpaxkenue e : [0,1] — Tg,
Takoe 110 Y¢(0) = Ye(1) = pe, 7¢(t) € T¢ mpu mobom t € (0,1), 1 Ye|o1) :
(0,1) — T¢ aBnsIeTCA reoIe3nIecKoil PUMAHOBOI METPUKH dsg na Te.

(B) B dopmynuposke yrepkenust 4.1.6 o] yeJIOBHEM O HEMTPEPBIBHON 3aBU-
CHMOCTH Teojie3uteckoit v @ [0, 1] — Tg oT & MOHUMAETCs CJieyioniee: 0Tobpa-

2KeHune

Dj.x [0,1] = M= | Te, (&1) = %(t),
HEIIPEPBIBHO 110 COBOKYIHOCTH nepeMenibx (&, ) € D§ %[0, 1] (em. nemmy 4.1.2).

oxazameavcmeo. Cornacao teopeme 11 cymecrByior € > 0,67 > 0, Takue 4T0

st gioboro € € C, €] < e, cymecTByIoT OKpecTHOCTh U§2 C T¢ Geckoneuno

2

YJAJICHHONH TOYKHU pg € Tg ¥ KOOpJMHATA Us : Ug — Dz

_, mpuieM ug(pe) = 0
n (ug)s(sgrad @f\ng) = w2 e u — koopmumarta 8 D? C C. Orciona
((u@‘ﬂ*(d??bﬁz) = |u|* 1| du|? — nose HeoTpUATENBHO ONPE/IETEHHbIX KBaIpa-
THUYIHBIX (POPM, ITPOIOPIUOHAJILHBIX €BKJIUI0BOI, B 00/IaCTH Dgl C C(u), ompee-
asotee QYHKIUIO PACCTOSHUS (ugl, ugl)*pg = peo (ugl, ugl) B DZ | u ABJIsIONIe-

ecst obpaTHbIM 00pa3oM 110J1si (POPM dsg, OIPEJIEJILAIONIEI0 (DYHKITUMIO PACCTOsIHUSE
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p¢ B Ug . [Tosromy reojieauueckue, Bbixojisime u3 Touku u = 0 € D?l, cojiepKar

2

., @ rpanuna 8D§1 3TOrO Kpyra ABJIAETCA OKPY K-

paJInyCchl OTKPHITOrO Kpyra [

4n—3
HOCTHIO (B CMbICsIe (DYHKINK PACCTOSTHUS (ugl, ugl)*pg) pajyca e, = 7— > 0.

ITockonbKy ciioit T neocobwlit u Muozkectso To\ U koMnakTHO 110 Teopeme 11, To
AO‘TO\U(? — roJjioMopd Has U oTjeeHHasA OT Hyisd 1-gpopma. [TosTomy cyinecTByior
€9,€3 > 0 U KOMILJIEKCHO-aHAJUTUUIECKOe BJoxkeHue v : Iy — Ty npsamoyrosib-
HUKA,

Il := {goEC‘EQSRegog1—82,|Im§0‘SEg}CC,

TAKHAE ITO Y0 |[zy,1—2,] = V|[ep,1-25], 0OPA3LI BeeX BepmuH mpsAMoyronbuuka [ly mpn
BjoKenun Py upunagiexkar UZ (1.e. vg(ey £ie3),vo(1 — ex tie3) € UF) n dzy =
(10)*Ag. Orcroga coepyer, 410 CymecTByor €4 > 0 U ceMeicTBO KOMILIEKCHO-
anasinrndeckux siaoxkenuit ¢ @ Iy — Te, £ € C, |€| < &4, Takue uro obpa-
3bl BCEX BEPIINH HPAMOYToJbHuKa [y mpn KaxK10M BJIOXKEHHH )¢, IPUHAIIIERKAT
Ug, dZy = (Y¢)*A¢, n orobpaxenue (§,Zy) — e(Zy) sABISIETCS KOMILIEKCHO-
anajutndeckum. Otcioma cymecrtByer €5 > (0, Takoe ato juis Jjioboro £ € C,
|£ | < &5, CYIIECTBYET €JIMHCTBECHHDLIA MPAMOJIUHEHHBIN OTPE30K B MPAMOYTOJIHLHA-
ke Iy C C(Zy) (a cramo 6bITh, reojie3utdecKas PUMAHOBON METPUKH dsg), OpTO-
ronanbublit gyram (1e) ' o (ug) "1(OD2) B 0benx TOUKAX CBOECTO HEPECEICHHS C
JIyraMu, U sBjsgiomuiica mnepecedenneM Ily ¢ HeKOTOpoil BemecTBeHHOM MPAMOil B
C. Ilponomxkas sty reomesnmdeckyio B kpyre Us = Dfl JI0 TIeHTPA, ugl(O) = p¢
9TOr0 KpyTra IO PaJycaM, MOXKHO IMOJYIUTh MCKOMYIO T€OJIe3MIECKYIO Ve, CM.

puc 4.4. ]

Obosnaunm vepe3 ap(€) xopenb ypapuerust Po, ., 1(w) = &, OGauskuii K ay,

1 <k < 2n+4 1. Ucnonwsyst yreepxkaenus 4.1.4 u 4.1.6, nojiydaem ciieryiomiee
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Puc. 4.4: TIponoskenne reo1e3M9ecKnx

CJIeJICTBHE.

Cnencreue 4.1.8. ITycmv f(z,w) = 22 + Py, 1(w), 2de Poyii(w) = (w —
ai) ... (w—agi1),a; ERi=1,....2n+1, a1 < as < ... < agus1, n € N. Tozda
cywecmeyem € > 0, makoe wmo daa aobozo & € C, |£| < e, caoli T¢ asasemca
neocobwvim, a maksice cywecmseyem nabop 2eodesuveckur $1(€), . .., sop_1(€),d1(€), ...
Te noas xeadpamuunviz dopm d_sg, €| < e, nenpepweno sasucawuxr om &, ume-
WUWUT HAYAA0 U KoHey 6 beckoneno ydarennot mowke pe (cM. ciaegcrsue 4.1.3 u
nosicaenue 4.1.7), ydosaemeopaowux coommuowenuam sp(0) = sg, k=1,...,2n—
1, dn(0) = dpm, m = 1,...,n, u ne npovodawuzr wepes mouku (0,a;(&)) € Te,
1=1,...,2n+ 1, 2de s, d,, xax 6 ymeeporcdernuu 4.1.4.

O6o3uauenue 4.1.9 ((paspesanue cjiosi, GJIU3KOTO K HYJIEBOMY, M€0I€3UICCKUMU
Ha murHApse) ). Cormacuo ciencrsuio 4.1.8, mpu mobom £ € DaE nMeeM CJeJy-

fomue pasduenns 1wiockocrn C = Cy, u cnoa Te = f _1(5 ), AHAJIOIUYHBIE BBEJICH-

HbIM B oOo3Hadenun 4.1.5 npu £ = 0:

C = S51(§U. . .US,(HHUCI(E)U. . .UC, (&), Te = s1(§)U. . .Usgu—1(§)Uc1(§)U. . .U, (§),

rie Ck(€) — xommonenta casasuocTu Cy,\ (S1(£)U. . .US,(€)), comepxarias TOIKNI

agp (&), ao611(€), 1 < k < n. Ilpu n > 2 rpanuupl HUJIMHJAPUIECKUX ODJacTed
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cx(§) umeror sy dei (§) = s1(§) U s2(€) U s3(§), eg(§) = s2k-2(§) U s2-1(§) U
82k<€) U 82]€+1(€) npn k = 2, e, = 1, acn(ﬁ) = Sgn_g(g) U Sgn_l(g).

4.1.3 KomiuiekcHbie KOOPAMHATHI “aelicTtBue-yroyr’ m (pyHKIuUU nepe-

xoga. KomrmiiekcHass Teopema JInmyBuas

Onpenenenne 4.1.10. Ilycrs € > 0 kak B ciejcreuu 4.1.8. Yemuvipexrmeprot
e-oxpecmmuocmuio nyaesozo caoa Ty nasosem obsacrs U:(Ty) := |J Te C C? a

Sl<e
k-0t wemwmpexrmepnoti e-pyuxot G, j HA30BEM ee MOJAMHOKECTBO

)

Gsk::UCk—(f)CUs(TO)a 1 <k<n,

|€l<e

e ¢,(§) — sambikanue nurHgpudeckoit obiactu cx(§) C T¢ uz obosnate-

nug 4.1.9.

OTMeTnM, 9TO KOJUIECTBO I€THIPEXMEPHBIX £-pyuek G, paBHO n (cM. 0003Ha-

aerne 4.1.9), u pyuKE MOKPBIBAIOT BCIO deThbipexmephyto e-okpectHocTh U (Ty)
n

ciost To, re. U-(Ty) = | G- B wacTnocTn, s 31IMnTHU€CKOTO0 MHOTOMIEHA,

k=1
(n = 1) pyuka poBHO osiHa 1 coBrajaer ¢ e-okpecraoctbio U (Ty) coost Ty.

Teopema 25 ((kommiekcHast Teopema JINyBUIIIS JIJTsT THTIEPAJUTHTITHIECKOTO Ta-
MUJIbTOHMAHa HeverHol crenenn)). Jaa C-zamuavmonosoti cucmemvr (C?, dz A
dw, f) ¢ pynxyued Tamusvmona f(z,w) = 22+ Poyy1(w) u coomeememeyiousezo
nazpanoicesa croenus (cm. oupenenenue 3.1.6), 2de Popyi(w) = (w —aq) ... (w —
aoms1), ¢ ER, i =1,....2n+ 1, a1 < as < ... < agu1, n € N, cywecmsyem
e > 0, makxoe wmo sunosnenv, caedyrouyue ceolicmea:

1) dan mobozo € € C, |&| < &, caoti Te = f71E) asasemea neocobvim u

2omeomoppen, chepe ¢ n pyuKamu U 00HUM NPOKONOM;
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2) aaepansiceso caoenue 6 wemuvipexmeprots -oxpecmmuocmu U-(Ty) caon Ty
MPUBUAALHO, T.€. NOCAOTHO 20MEOMOPPHO Npamomy npoudsedenuto caos To Ha
omxprimuiti deymepnvidi duck DE . = {& € C| €] < €};

3) 6 OKPECITNHOCTNU Ug(To) cywecmeyrom, 2n ZOAOMOpﬁHbLCIZ ﬁyH%uuﬁ
Il,---,]n,Jh---;Jn . U&*(TO) i C,

a daa waotcdot wemwpermepnol e-pyuru Gep C Uc(To), k = 1,...,n, cywe-
cmeyem, 2oromopdroe saoncenue (3adasaemoe npu k > 1 “Komnaexcnvimu xoop-

dunamamu deticmeue-yeon”)

C x (C/27Z), 2<k<n;
1 ,ormod 27) 1 G j —
UilG., prmod2m) : e U (B} x @) s k=1,
11€D5,1

ede npu k = 1 Pynkyua pymod 21 Asasemces MHO203HAUHOT AHANUNMULECKOT
Pynruued, uepes TC(djl( 1)) == C/2n(Z & L A (1)Z) obosnaven xomnaexcroil
mop ¢ Napamempom 2‘1]1 (I;) € C\ R, uepes v, C T(C(d‘]1 (I1)) obosnauen 06-
Pa3 NPAMONUNETH020 0OMPE3Ka A( )([1)A( )(]1) C C (swpoorcdarowsezocs 6 mou-

Ky 6 cayuae n = 1, cm. n.6) nuoice) npu npoexyuu C — T(C(d‘]1 (1)), u uepes

(Té(%(ll))> \ v, 0603naneno nonoanenue “‘nadpezarnnozo mopa” (T2(d‘]1 (1)) \
Y1, ommocumenvto pumanocoti mempuxu dpidpr, co caedyrougumu c6oticmeamu:

a) waorcdas dynwyus Iy, Ji © U-.(To) — C asasemea 2onomopdmots dynryu-
et Iy = I(f) v Jy = Ji(f) om f 6es wpumuueckux mouer, ee mmoscecmeso

3HaveHul

~

D. . := I (U(To)) = It(Ger), Doy := Je(U(To)) = Je(Gep) € C

omxpoimo 6 C u 2omeomopdro omepoimomy Kpyey, ona Gupatcaemcs 6 oKpecm-
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nocmu U-(Tg) wepes mobyro dpyeyro makyro dymnryuio gopmyaamu

I, = L(f(Le), Irn=IL(f(Je), Jr=J(fL0), Jr=J(f(J0));

ede f(Ii) u f(Jp) — Pynryuu, obpamnvie x dynryuam Ir(f) v J(f) coomeem-
cmeenno (k=1,...,n);
0) npu aobwxr k=1,... ,n ul} € E&k MHOIACECTNBO 3HAYEHUT “KOMNAEKCHOT

koopdunamor yeor” @i mod 27| NOAYUACTNCA U3 HEKOMOPOT 3aMKEHYMOT

T p(1)
obnacmu Wi, 1, C C, oepanurennot wecmuy20avnuKom ¢ 6epuunam AYC)(Ik), . ,Aék)(]kj
C (swpoorcdarowgumesn npu k = n 6 napaiieso2pamm ¢ EPUUNAMU Agk)(lk), Agk)(]k),
Aén)(lk) = Ain)(IkL Agn)(]k) = Aén)([k)) U CIOPOHAMU, COOMEEMCIMEYIOULUMU
eeodesumectum di(f(Iy)), sok—1(f(Ix)), san—2(f(Ix)) C Ty, a maxoice zeode-
sumeckum s (f(Ix)), sarp1(f(Ix)) C Ty 6 cayuae b < n, caedyrousum obpa-

som: (i) surudueanuem ecex sepuun (COOMEEMEMEYIOUWUT OECKOHEWHO YIareH-

noti mowke Pyr, ), u (i) omosicdecmenenuem (m.e. craeuGAHUEM) NPU NOMOULU
NapasLesvno20 nepenoca A000t napve cmopor, omeeuaouux 00Hot u mot e
eeodesunecrot (aubo di(f(1y)), aubo s1(f(11)) npu k = 1); npuuem wecmu-
Y20NONUK (COOMBEMCMBENNO NAPAAIIEA02PaMM NPU Kk = 1) 00no3naqHo 3adaem-

ca caedyrouumy yerosuamy (em. puc. 4.5, 4.6 npu 1 < k <n, 1 <k =n

coomeemcmeenno}:

o wecmuyzoavrur (uau napassesozpamm) OWy 1, C C obpasosan mpema na-
PAMU PAGHBIT U NAPAAAEALHDIT CMOPOH, COOMEEMCMEYIOULUL CACOYIOULUM
2€00€3UMECKUM U NOAYHANULUTCA Ipye U3 dpyea cAedyrouumy cdeuzamiu 6

naockocmu C:

2w

AP @) AP (1) = on(d(€)) 25 AP (1) AP (1) = ou(di(€)),
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Aé"“)(lk)Aé’“)(Ik) = or(s21-1(§)) Rty Aﬁk)(lk)Aék)(Ik) = or(s26—-2(§)),

—(Di(&)k
AP (1) AP (1) = (sa(©)) 28 AW (1) AW (1) = pr(s01(€)), K <,

ede & = f(Iy) € D&E, wepes 0 : C — C obosnaven napassesvrod nepenoc
na sexmop 0 € C 6 naockocmu C, so(§) := s1(§),

(a2 () = =) + ok ().

® npu A0bom k < n 6uinosHeno

AP @) AP (1) = AP (1) AP (1)

— (Sea(FI)) =2 (dj;j () - 2 0) + ..+ <—1>”—k—1fl—§;<fk>) ,

® MouKa nepecenenua duazoHaNET NAPAALENOZPAMMA Agk)(Ik)Agk)([k)Aék)(Ik)Aék)(Ik)
pasha %(Agk)(lk) + Aék)(lk)) =0 = (0, a0k (f(Ix))) (omryda mouxa nepe-

cevenus duazonanet (supooicoarouezoca 6 ompesok npu k = n) napasie-
A02PAMME Aék)([k)AELk)(Ik)Aék)(]k)Aék)(Ik) pasna %(Agk)(lk) + Aék)([k)) =
T = @r(0,a0k:1(f(I1))), a npu k = 1 yenmpuvr omostcdecmsasemvix cmopoH

Agl)(Il)Agl)(Il) U A?)(]l)Aél)(ll) cymv omosicdecmeanemvie mowku (D (f(1)))1 3
21(0,a1(f(11)))):

6 wacmnocmu, npu k =1 daa aobozo I} € D,y 0bpasom xomniercroti ye.no6ot

Ger Ty - Gen N Ty — (Té(z—ﬁ(h))) \ v, ABasemcs

Koopduramut p1 mod 27

gecv “nonoanennvili nadpesdarnvil mop” (Té(i—‘ﬁ(h))) \ v, (cosnadarowsuti ¢ mo-
pom Té(%(ll)) 6 cayuae n = 1) 3a uckarouenuem Jd6yxr mouex Aél)(ll), Ail)(ll)
coenadarowux dpye ¢ dpyeom 6 cayvwae n = 1), asrarowurcs “CoHUAGMU AUHUY
( wuz dpye ¢ dpy Y : w y

nadpeza” u omeenarwur beckoneuno ydarennot movke;
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6) (dz Ndw)|g., = dly Ndpy, k=1,...,n;
2) nepemennan “deticmeue” I, = Ii(f) u dynryua Jy = Ji(f) umerom 6ud

62k+1 ) a2k 5)

/ \/5 P2n—|—1 dg) Jk: / \/5 P2n—|—1 )dy7 € S DO £

a2k( ) azk—1(§)

2de 6 Kauecmee PynKuuY /T 0EPYMCA ee 6emeu, maxue 4mo \/—P2n+1(%<a2k + agki1)) >

0 6 nepsom cayuae, u i\/—P2n+1(%(a2k_1 + asr)) < 0 60 6mopom cayuae;

d) daa mobwx deyx pyuer G, Gey, codepocauyur 6 ceoeti 2panuye 00no U
mo oice cemeticmeo zeodesuveckur $;(§), svnoaneno k =1, npuvem 6 cayuae
1 <k <n nepecevenue Gep N Ge 1 Asagemes obsedunenuem 2eode3unecku

Gop N Geppr = | (526() Usas1(§) = | (Pralrd) ™ (Sks1(€)).
€| <e |€|<e
U Ha IMOM NEPECEUEHUU KOMNAEKCHBLE KOOPAUHAMbL 204 ) mod 27 u @1 mod 27

ceasanovl dpye ¢ dpyzom popmyaamu:

I11(8) ritlsane) T i1 (§) = L(E) (Pklsauie) — 7),

I01(8) @rstlsmnine) — ™11 (&) = Li(€) (Orlsoparie) — 7);

e) ypasnenua Lamuromona 6 xoopdunamazx (I, r mod 2m) na pyuke Gep,

kE=1,...,n, npunumarom 6uo:

df (Ir.)
dl, '’

I, =0, ¢p=

4) ammuranonuneckas unsomoyus C* — C?, (z,w) — (—z,w), cozpansio-
was Lamurvmonuan f, nepesodum xasicdyro wemvipexmepriyio e-pyury Gz 6 ce-
04, U 02paHuYEnUe MOt UHBOAOUUY Ha MY PY4KY 6 Koopdunamax (I, pr mod 27)

umeem 6ud (I, prmod 2m) — (I, —prmod 27), 1 < k < n.
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Ace

An,3

Puc. 4.5: Mlectuyroawank OWy, ;, C C,, mpm
Puc. 4.6: [lapannenorpamm OW,, 1, C C,,
1<k<n

Joxazameavcmeo. Tlynxr 1) cuepyer nz caegcrsust 4.1.3. Tlynkr 2) caepyer us
YacTHOTO cJiydast JieMMbl 3.3.1: korja Ha cioe Ty Her ocobbix Touek. Jlokarkem
MyHKT 3).

[lar 1. Oupenemum byuknun I = I;(€), Jp = Ji(€) dopmynamu myHkTa 1).
HokaxeMm TyHKT a), T.e. rosomopduocts dbyuknuit I (£), Ji(€). [lo mocrpoenunto
3HaUeHMe “TepeMeHHoit neiictBue’ [ 3aBucuT TOJLKO OT &. JlaJsiee,

A 1 a”“/“(g)dm =~ i (w))
i€

d¢ T dw + a1 (E)VE — Ponti(azi1(€))

az(§)

azk+1(8)
1 dw
—d — Py, =5 '
aty (§)V/ € — Panyr(asi(€)) 2 o VE = Pongr(w)

a2k

Orciona ciemyer, ato cymecrsyer € > 0, rakoe uro npu || < & npousBojHast
dl;(§)/dé cymectryer, nostomy I = [(§) siBisiercst ronomopdHOi hyHKIHET.
Bosiee Toro, nockonbry dli(0)/d§ # 0, To moxkHO cuutarh, uTo Igx|pz  apiser-

cst ucbeomopduzmom orkpbiToro Kpyra D . pajuyca € Ha obnactb D, =

azk(§)
I(D3.). Ananornuno Jj(§) = 5= [ —=—2—. Ilynkr a) noKa3an.

2 _
Wa%_l(f) E—Popy1(w)

134



lar 2. dna n1000# KycouHO IVIaJIKOI OPUEHTUPOBAHHOI KPUBOH (¢ Ha CJ10€

T¢ oboznaunm

(o) ¢=/a Ag, (g == ;ZE?), ¢ e Dy, (4.1.1)

rjie Ag — ronomopduast 1-popma na cioe Te, cm. onpexpesenne 3.1.11(A). Tax

Kak dopma Ag 3aMKHyTa, TO ee HHTErpas (Qg) M0 JIOOOMY OPHEHTHPOBAHHOMY
nukiy ag C T¢ ne Mensiercss npu JIoObIX FOMOTONNAX IMKJIa B cjoe. Paccmorpum

HEIPepLIBHbIC 110 & ceMeficTBa OPUEHTUPOBAHHBIX [IUKJIOB
I -1
Qg = (Prw‘Tg) (7a2k(§)7a2k+1(§)) C Tf N G&k?

&g,k = (Prw‘Tg)_l(,yaqu(f)ﬂ%(f)) C Tg

C TaKOWl OpHeHTanueil, 9To Qi i U Qo j ABIAIOTCA NHTETPAJbHBIMU TPACKTOPUAMU

noJieit sgrad ¢ f u ¢sgrad ¢ f coorBercrBenno, k = 1,...,n. Torma

(ogk) = 2101 (), (aen) = 2mJi(E) (4.1.2)

B cuity bopmyit s I (€) u Ji(§), em. mar 1. [Tostomy (g ), = 27 u cyiecrByer
equncreentas dbynknus g mod 27 : G.j, — C/27Z npu 2 < k < n, ¢ mod 27 :
Ge1\ U s1(§) — C/2nZ npu k = 1, takas 110

|€l<e

Ga,kﬂTg\Sl(f)) - Af/lllc(g)a Pk mod 27‘-(07 a%(g)) = Omod 2, f S Dg,s'

d(SOk

dw

[Tyukr B) caegyer us toro, uro dly Adoy = I (f(z,w))df (2, w)/\mbm =

2zdzAdw

5= |a., = (dz AN dw)]|qg.,. IlynKr e) crenyer us IyHKTOB a) U B).

[lar 3. Jokaxem myukt 6). Cornacto caencrsuio 4.1.8, cyImecTByoT reoje-
siaeckne s1(§), ..., s20-1(§) + (0,1) — T¢ pumanosoii merpukn ds; na Te C

T, C ]\Aff C KOHIAMH th%i si(&)(t) = tlilln si()(t) =pe € Te, 1 <0 < 2n— 1,
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Puc. 4.7: Hagpesanusiit win npo- Puc. 4.8: Obaacre—mauaap Puc. 4.9: Ob6aacTb—uanaip

KOJI0TBI TOp ¢1(§) U s1(§) C Te cx(§) CTeupul <k <n cn(€) C T

3aMbIKQHUsI KOTOPbIX B ]\/Zf OJIMBKM K 3aMblKQHUSIM MHTEIPAJbHBIX TPACKTOPHIi
S1y- .., Sop—1 BekTOpHOTO TOJIst sgrad ¢ f. AHAJIOIMYHO, CYIIECTBYIOT I'eojie3unde-
ckne di(§),...,dy(€) na (T, dsg), 3aMBIKAHUST KOTOPBIX OJIN3KN K 3aMbIKAHUSIM
WHTerpajbHbIX TpaekTopuii di, . . ., d, BekTopHoro nosis ¢ sgrad ¢ f. [losTomy yka-
sanmble reofiesnyeckue na cioe Te, nx obpasst B C mpn mpoexnyun Pry |1, : Te — C
u nusinapuaeckue obmactu ¢ (€), 1 < k < n, BoityisiiaT Kak Ha puc. 4.7, 4.8, 4.9.

Pazpexewm 1uimnpuyaeckyio obacts ¢ () C Te (cm. obosnatenne 4.1.9) no
reosie3ndeckoil di (&) m paceMoTpuM 0Opa3 MOJIYIeHHON OTHOCBSI3HON (paspesaH-
Hoit) obmactu ¢ (&) \ di (&) mpu 0TOOpaKEHUN (P, SBISIOMEMCST BETBBIO 0TOOpasKe-
Hust ©p mod 27, BBejeHHOro Ha mare 2. Tak Kak rpaHulla paspe3aHHoii 00JacTu

COCTaBJIEHa U3 I'e0IE3NICCKUX:

di(§) U sap—2(&) U sap—1(&) U s21(&) U sar1(§), 1 <k <,
dk‘(g) U 3271—2(5) ) 32n—1(£)7 1 < k = n,

A(cr(E\dr(§)) =

e so(&) = s1(&), To rpanuna ee obpasa i (cx(§) \dp(§)) C C cocrour uz npsimo-
nuHefinbix orpeskos B mnockoct Cy, . Herpyino mokasbiBaercst, IT0 KOMILIEKCHO
sHaHasg GYHKIAL Ok |e, (e)\dp(e) * Ck(§) \dr(§) — C nnbexrusna, mostromy ee 0bpas

SBJISIETCST BHYTPEHHOCTHIO HEKOTOPOTO 6-yroJibHUKa (TIpH k < 1) WK 4-yTOJbHIKA
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(mpu k =n)
W1, = A (1) AP (1) AP (1) AP (1) AP (1) AP (1)

B mwiockoctu Cy,, rae Iy, := I;(£). 3nauur, MHOXKeCTBO 3HaYeHUl “KOMILIEKCHOM
KOOPAUHATBL YTO” Qg |e,en\di () Ck(§) \dr(§) — C na paspesannoii mununpue-

ckoit obsactu ¢ (&) \ di(§) sABNsIeTCS BHYTPEHHOCTHIO 9TOTO MeCTHyToabHIKA. [Lo-

STOMY MHOXKECTBO 3HaUEHHl “KOMIIEKCHON KOOPAMHATHI yros @) mod 27|q, AT,

na 3aMbplkaini ¢ (&) = Ge N Te 9100t 0bMaCTH MONTyIaeTcs u3 3aMKHYTOi 00J1a-
cru Wy, 1., OTPaHUYEHHOM 3TUM IIECTUYTOJbHUKOM, BBIKHMJILIBAHUEM BCEX BEpIINH
1 OTOXKJICCTBJICHUEM I1ap CTOPOH, OTBEYAIOIIUX OJIHON U TOU 2Ke Ie0JIe3UICCKOA.

Bbraucium HalpaBJsiolnue BEKTOpa CTOPOH IIeCTUYTOJIbHUKA (9ka I,
k k k k
AP (L) — AP (1) = AP (1) — AV (1) = (dk(€))r = (Dr(E)rs

AP (1) — AP (1) = AP (1) — AV (1) = (sa—a())i = (s2e1(E))k =2 (S(E))s
AP @)~ AP (1) = AP (1) — AP (1) = (5o (€)= (59101 () ) =2 (k1 (€)1

rje I1mocJjejandd Iell09Ka paBEHCTB BbLIIIOJIHEHa IIPpU k < n. Ocramgoco 3aMETHUTD,

qTo

(Sn(€)) = (agn) = 2mL(€),  (Sk(€)H{(Sk1(8)) = {agk) = 21 (§), 1 < k <,

(D1(8)) = (Gea) = 27J1(8),  (Dr-1(E)H(Di(§)) = (Gg) = 2mJ(€), 1 <k <m
B cugty (4.2.2). C yuerom (4.2.1), orcroa mnosydaeM TpebyeMble paBeHCTBa

o e (O = DO -+ ()

(Sk+1(€)) ],'f(f) , 1 <k<n,
(Du(E)) = o T(8) = S (§) I+,;(§) + (—1)’”J{(€), l<k<n
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[Tynkr 6) JoKa3aH MOJHOCTHIO.

[Mlar 4. JJokaxkeM MyHKT J). 3aMeTHM, 9TO B CHJIy OIPEJEJICHHUs YeThIPex-
MepHbIX pyuek G.j Boinosnneno GGy # 0 Torma n Tosbko Torja, Korja
| = k£ 1. B cuny nynkra 6), KoopuHaThl ) mod 27 u @)1 mod 27 Ha mepe-
ceaeHnn Sor(€) U sop1(€) = (Prw\Té)*l(SkH(ﬁ)) cBOUX ObJiacTeil olIpejeeHus
CBSI3aHBI JIPYT C JPYTOM CJIEYIONUME COOTHOIICHUSIMU: Ha TEO/Ie3NIECKON Soi (&)

OHHU CBA3aHbI COOTHOIIIECHUEM

el 1 1)+ Dea€) _ L) (1 (SO T (Du©)
i 211, (€) GRA 21(€)

),

KOTOpOE paBHOCHUJILHO IIEPBOil Tpedyemoit hopmyiie

Il/q+1(§) @k+1|52k(§) + 7TJ12+1(5) = [;(§) (@k|32k(§) - ),

a Ha TeoJIe3NIeCcKOil Sojy1(£) OHU CBSAZAHBI COOTHOIECHUEM

(Ski1(8)) — (D1 (§)) L€ (Sk(8)) — (Di(§))
@k+1|82k+1(§) + 2]I/€+1(€) - ]];+1(€) (ka|82k+1(§) o 21};(5) )’

KOTOPOE PaBHOCUJILHO BTOPOi Tpedyemoii hopmyiie

I1(8) Orrtlsopire) — Ty 1(8) = L&) (@klsppar(e) — 7)-

[IyHkT 3) TOJHOCTBIO JOKA3AH.

[Tyukr 4) caepyer u3 TOro, 4To JaHHAT WHBOJIONUS COXPAHAET FAMUJILTOHUAH
f, mensier suak y C-cumiuiekTuueckoit crpykrypbl dz A dw, U coxpaHser TOYKY
(0, azi(£)), B KOTOPOIt YK (0, agk(§)) = 0 mod 27 BBUY 3),6). Teopema 25 jokaza-
Ha. [l
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4.2 KowmniekcHas TeopeMa JInyBuJjIg AJid TUNEPIJIJIUIITHA-

YeCKNX raMUJIbTOHNAHOB YE€THOI CTeIlleHN

Bgejiem HeKoTOpBIEe 0003HAUEHUs U CPOPMYJIUPYEM TeXHUUecKue jeMMbl 4.2.1,
4.2.2 n BpITekatomue u3 Hux yrBepxaenus 4.2.4, 4.2.6 u caencrsuda 4.2.3, 4.2.8,

HEOOXO/IMMbIE JIJI MOHUMAaHUsI OCHOBHOT'O pe3y/bTaTa mnaparpada — rTeopembl 26.

Jlemma 4.2.1. ITycmy f(z,w) = 2% + Py(w), 2de Py(w) — w060t mmozounen
cmenenu N > 1 ¢ xomnaexcnomu Kospdunyuenmamu, re umMeOUUT KPAMHOLT
wopueti, To = f~1(0). Toeda:

(A) Omobpascenue Prylr, : To — C, (z,w) — w, asasemca deyarucm-
HOLM DA3GEMBACHNM HAKPLmMueM U nepesodum sexmoproe nose sgrad ¢ f|r, 6
sexmopnoe noae £(Pry).(sgrad o f|1,), Koppexmuo onpedesennoe ¢ mournocmoio
do snaka, m.e. daa aobwx (z1,w), (20, w) € Ty makuzx, wmo z; # 29, 6epHo
(Pr). (ssrad o f (2, 0)) = —(Pro). (srad o f (2, 1)),

(B) Ecau sce koafpuyuernmuo, mnozounrena Py sewecmesenmo, mo onpedenen-
noe ¢ mounocmuio do snaka eexmopnoe noae +(Pry).(sgrad ¢ f|r,) na Cy cum-
MEMPULHO OTHOCUMEADHO OTNPAACEHUA OTHOCUTNEADHO BeUECMEeNH0T NPAMOT,

m.e. UHBAPUAHMHO omHocumenvro duppeomoppuszma C, — C,,, w — 0.

Hoxazameavcmeo. (A) B rouke (2, w) € Ty Bomosmeno sgrad ¢ f(z, w) = (—Py(w), 22),
nostomy (Pry).(sgrad ¢ f(z,w)) = 220/0w. Ouesnnno, mobbie nBa mpoobpasa
(z1,w), (29, w) € Ty Touku w € C,, cBA3AHBI COOTHOIIEHUEM 2] = —2o. [loaTOMY

Pr, |1, siBiistiercst pasBerBieHHbIM JIBYJIMCTHBIM HaKpbiTHeM U (Pry,). (sgrad ¢ f (21, w)) =
2210/0w = —2290/0w = —(Pry)«(sgrad ¢ f (22, w)).

(B) Onpegenum orobpaxkenne sym : Ty — T, 3agannoe dopmysnoit (z, w) —
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(Z,w). Orobparkenue Sym onpeJieeHo KOPPEKTHO, MOCKOIbKY ecin 22+ Py(w) =
0, To 22 + Py(W) = 22+ Py(w) = 0, rje nepsoe paBeHCTBO BBHITIOJIHEHO BBUILY

TOrO, 9T0 BCe Ko duimeHTh MuOrOwIeHa Py (w) BemecrBentbl. 13 paBeHcTB

(Pr,).(sgrad o f(2, ) = ((Pry).sgrad o f) (Pry(w)) = ((Pr,,).sgrad o f) (w),

Sym o Pr,, = Pr,, o sym,

sym, (sgrad ¢ f (2, w)) = (= Py(w), 22) = sgrad ¢ f (sym(z, w))

cJIelyeT, 4To
Sym, (((Pry).sgrad ¢ f)(w)) = Sym, ((Pry ). (sgrad ¢ f (2, w)))

= (Pry).(sym,(sgrad ¢ f(z,w))) = (Pru).(sgrad ¢ f (sym(z, w)))
= (Pry).(sgrad ¢ f(z,w)) = ((Prv).sgrad ¢ /) (W) = ((Pry).sgrad ¢ f)(Sym(w)).

[]

Jlemma 4.2.2 ((HopMasu3alysi MMIEPIJUIMIITHIECKOI0 MHOIOYJICHA YETHOI cre-
nenn u 2-popmbl dz A dw B “GeckoHevHO yiateHHbix Toukax’)). Hycmo f(z,w) =
22 + Py io(w), ede Poyio(w) — 10601 mnozouaen cmenenu 2n + 2 ¢ xomnaexc-
oMU Kospduyuenmamu, n € N. Tozda cywecmeyrom € > 0 u dsa 2010MmophrvLT

snooicenus hj : D§ . x (D§ .\ {0}) — C*, j = 1,2, marue wmo
fohj(§u)=¢ Ri(dzAdw)=u""dENdu, (& u) € Di.x (D \{0}),

npunem lim |h; (€, u)| = oo pasnomepno no & € D, u donoanenue mnoscecmea
u—0 ’

(h1 (D52 x (DF\AOD)) U (h2 (DF. x (D \{0}))) 6 Mz := f7(D5.) ozpa-
HUY€eHO 6 (Cz. B wvacmuocmu, UMEEMCA KOMNAEKCHOE Q—Mepnoe CBA3HOE MH02000-

pasue M;L C KOMNAEKCHO AHAAUMUYYECKUM AMAAGCOM U3 TMPET Kapmm, NOAYUYEHHOE
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us M2 C C? npuraeusanuem deyx mmoscecme Di. x D§. € C* npu nomousu
gnooicenuts by, j = 1,2. Hpu amom M2\ M} ~ (Dj. x {0}) U (D, x {0})

(“Oecronenno ydarennve” mowru pej, & € Dg ., j=1,2).
Hoxazameavemeso. Cwm. caejcrsue 1.3.4. ]

Caencreue 4.2.3. Ilycmo f(z,w) = 2% + Pya(w), 2de Py, yo(w) — aroboti
MHO20UAEH ceneny 2n + 2 ¢ komniekcnumu koapduyuenmamu, n € N. Tozda
cywecmeyem € > 0 maxoe, wmo noseprnocmy ypoeusa Te = fH(E) neocoba npu
£ € C,0 < |€] <e. Boaee mozo, neocobas noseprrocmo yposua Te zomeomopdra
chepe ¢ n pyuramu U d6YMA NPOKOAAMU 6 DeCKOHEUHO YIAAEHNLT MOUKAT De j,
J = 1,2. Bexmopnoe noae sgrad ¢ f|r, u pumanosa mempura nonosnenus dsg 6
docmamovno manot npoxoromot oxpecmuocmu Ue j C Te¢ beckoneuno ydanernnot

MOMKU D¢ j UMEIOM 6UJ
w=u"", ds;i= w1 du da,

ede u : Uy — Di. \ {0} € C — “roopdunammniis” dugeomopdusm, marot

Ymo glir;l u(g) = 0. B wacmnocmu, nonoanenue Te = Te U {pe1} U {pea} caoa
¥

Te ommocumenavno pumanoscoti mempuru nonoanenus ds; KOMNAKMNO, 20Me0-

mopgno cepe ¢ n pyukamu. Ha T¢ umeemes 2aadkoe noae neompuyamevho

oNpedeNeHHbLT KE8adpamuaHoLr Hopm d_sg, makoe wmo d_sghg = dsg, d_sg(pg,j) =0

npumn > 2, u d_s,g(pm) #£0 npun=1.

4.2.1 IlepuoanvHOCTHh MHTETPAJILHBIX TPAEKTOPUII HA HYJIEBOM CJIO€

IIpennoxenne 4.2.4. [Tycmo f(z,w) = 2% + Payyio(w), 20e Py, io(w) = (w —

Cll) RN (w_a/2n+2), a; € R, 1=1,....2n+2, a1 < as < ... < Aop+2, N € N. Tozda
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6Ce UHMELPANLHBIE MPAEKMOPUL 6eKMOPHO20 NoAA sgrad ¢ f|T,, He asamouuecs
cenapampucamu (m.e. ne 6Todausue 6 OECKOHEHO YIAAEHNIE MOYKY Do 1, Po2 U
ne eurodauyue u3 nee, cm. caedemeue 4.2.3 ), asaaromea nepuoduveckumu. Boaee
mozo:

(A) unmezparonove mpaekmopuu eexmopnozo noas sgrad o f|r, (v ux obpasovl
npu npoekyuu Pry|r, : To — C, (z,w) — w, cm. semmy 4.2.1(A)), evieasdam

kax Ha puc. 4.10 npu n = 3; cpedu smuxr mpaexmopuli UMEEMcs PO6HO 2n ce-

napampuc Sy, ..., Ss, C Ty (coomsememsenno n cenapampuc Sy, ..., S, C C,
maxux wmo Sa_1 U sop = (Pry|r,) "1 (Sk), k = 1,...,n), xomopwie pasbucaiom
caoti Tog man+1 c6A3HMT KOMNOMENM C1, . . ., Cpil, 20MEOMOPPHLT GHYMPEHHO-

cmu yuaundpa ST x (0,1) (coomeememeenno pasbusarom naockocms C na n+ 1
obnacmeti Cy, . .., Chy1 C C, maruz wmo [asg_1, as] C Ch, ¢ = (Pry|T,) 1 (Ch),
k=1,...,n+1); 6 kaocdol yusundpuyeckol obaacmu cj MPAEKMOPUL NEPUO-

AUUHDL ¢ NEPUOIOM

E=1,....n+1;

a2k d
Tk — / v 5
\ —P2n+2(w)

a2k —1
BCAKAA CENAPAMPUCE Sof—1 UMEEM HAYAN0 U KOHEY, 8 DECKOHEeUHO YIarennot mo-
ke poq1 € To, a scaxasa cenapampuca Sa uMeE HAUAAO U KOHEY 6 DECKOHEUHO
ydanennoti mouke poo € To, k= 1,...,n, u daunv, cenapampuc 6 mempure ds?
k
_ _ k—i _ .
pasnol |Sop—1| = [Sor| = D (=1)" T npu k =1,...,n;
i=1
(B) na croe Ty cywecmeyem nabop cenapampuc dy, . . ., dyy1 6eKMOPHO20 N0AA
vsgrad o f, npuvem di, d,y1 umerom mnawanio u Kowey 6 Heckoneuno yoarenrodl

mouke pPo1, @ da,...,d, umerom navaro 6 beckoneuno yoarernnol mouke Py U

Koney 6 beckoneuno ydasennot mouke po2, makur wmo dp C cp u ur 0bpasovl
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S3 Sy S3

ds —

Ss| Se Ss

dy  ds

Puc. 4.11: Tlpoekiuu nHTErpaibHBIX TPACKTO-
Puc. 4.10: Tpaexropun noas sgrad ¢ f|r, u ux

puit mosa isgrad f|p, ma miaockocts C,, mpu
ob6passl nipu upoeknuu Pry|r, : Tog — C,,, npu

n=23
n=23
Pry|T,(dr) = Dy npu npoexyuu Pry|r, : To — C, codeporcamen 6 Cy, npunem
Dy = (00, a1] C Cy, Dypi1 = [agnio,00) C Cy, npu k = 2,...,n mpaexmopua

Dy, nepecexaem ompesox [agg, asgr1] C Cy, cm. puc. 4.11 npu n = 3.

Hoxazamenavecmeo. ODO3HAUUM MHOXKECTBO TOUEK, IPUHAJJIEIKAIINX HHTEPaJIb-
HBIM TPACKTOPHAM BEKTOPHOTO mouist u := sgrad ¢ f|r,, BXogAnmM B GecKoHed-
HO yJaJIeHHBble TOYKU Po1, Po2 WIN UCXOAAININE U3 HUX, depe3 [, ITycrn

N
TO \ Ipo,l,po,z

= |J ¢, e ¢; — Bce paznuUHbIE KOMIOHEHTHI JTMHEHHON CBSI3HO-
cru To \ 1,

0,1,P0,2*

=1
1,...,N. U3 cuencrBusi 4.2.3 caejiyer, 4T0 BEKTOPHOE 110J1€

0,1,P0,2? i =
Ul¢, TOJIHO.

[Mar 1. JomycTum, 9T0 CyIIECTBYET IEPUOIMIECKAs HHTEIPAIbHAs TPACKTOPHUsI
v; C ¢; jist Hekoroporo 1 < ¢ < N, nepuojt y; pasen T > 0. Torjyia mnokaxem,
YTO BCsiKasl MHTErpaJjibHast TpacKTopusi ¥ C ¢; sABJISETCS EPUOJIMIECKON ¢ TeM XKe

nepuojiom 1.

Kak Bbime, obosnadum depes u BekTopHoe mojie u = sgradcf|r,, depe3 v
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OPTOTOHAILHOE €My OTHOCHTENLHO puManoBoil Merpukn dsi := Sym(Ag @ Ag)
BekTopHOe ToJie v = isgrad ¢ f|r,. [lockosbky [u,v] = 0, T0 cymecrsyer € > 0
TakKoe, 9To I JII0OOro T € (—&,€) BBINONHEHO ¢i7; — TEPUOJNTEcKas TPAeK-
TOpUs BEKTOPHOTO TOJIE U € mepuojioMm 1) Tje g7 — CIBUT BJOJb BEKTOPHOIO
nosiss v Ha T € R. Orciona obbepunenne T-IepruojnIecKix UHTErPaJbHbIX TPa-
eKTOPUil BEKTOPHOTO TMOJIA U|., SBISETCS OTKPBITBIM TOJAMHOXKeCTBOM B T (1 B
¢;), Koropoe oboznaunm depes I';.

[Tokaxkem, uro MHOXKecTBO I'; C ¢; 3aMKHYTO B ¢;. IlycTh Touka g € ¢; sB-
JISIETCST TIPEJIeJIbHON TOUKOM MHOXKecTBa ;. Tak Kak BEKTOpHOE MOJE U, TOJI-
HO U § € ¢;, TO Jijisi JJOCTATOYHO MaJjioro € > (0 ompejiejieHo orobpazkenue 1 :
0, T] X [—&,e] — Ty, (t,7) — ¢7g.(g). B moboit 6eckoneuno MaJioil OKpecTHo-
CTH TOYKHM § CYHIECTBYIOT TOYKH, YePE3 KOTOPDIE IPOXOJAT IEPUOJIUICCKUE NHTE-
rpaJjibHble TPACKTOPUHU T0JIst U ¢ repuojgoM T (T.e. IpUHA/JIEKAIINE MHOXKECTBY
[';). [Tosromy (3amensisi KaxK/Iyto TaKyIo TOYKY Ha [EPecedeHre COOTBETCTBYOIIEH
WHTErpasbHOM TpaeKTopun ¢ Kpuboii g7 (g), 7 € [—¢,¢€]) nonyuaem cyriecTBoBa-
HUe nocsiesoBaresibaocTn 7; — 0 npu j — 00 (BO3MOXKHO, T; = 0 J1JIs1 HEKOTOPBIX
), Takoit uto g, (§) € Ty. Iockompky [u,v] = 0, T0 ¢ : (t,7) — ¢l g7(§), oTKyna
(T, 75) = g% (§) = 6(8) = (0, 77). Buas, (T, 0) = 16(0,0) = §, m.. ve-
pe3 TOUKY § MPOXOJUT [MEePUOUTIECKasT NHTErPATIbHAT TPAEKTOPHSI Y, C IIEPHOJIOM
T (u MurumasbubiM iepuogoM 1'/k nayst nekoroporo k € N). Ilepuog T siBasiercs
MUHUMAJIBHBIM [EPUOJIOM 3TOi TpaekTopuu (T.e. k = 1) B CUIy OTKPBITOCTH 00b-
enunnenus: (1/k)-nepuogudeckux tpaekrtopuii, cMm. Boimme. [losromy g € T, uro
JIOKAQ3bIBAET 3aMKHYTOCTH MHOXKeCTBa I B ¢;.

Tax kak ['; # (), sBisiercst OTKPLITBIM U 3aMKHYTBIM B ¢;, TO I'; = ¢;.
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[lar 2. Paccmorpum npoeknuio Pry, : Ty — Cy, (2,w) +— w. Haunasg mpo-
eKIIUsl SABJISIeTCS JBYIUCTHBIM PA3BETBJICHHBLIM HAKPLITUEM ¢ TOUKAMU BETBJICHUSI
ai, ..., Qm19, {00} € C,. Bes orpanudenust oOMHOCTH TYCTh 41 < Qg < ... <

A2p+2, TOI'TA P2n+2‘(—oo7a1)U(ag,ag)U...U(a2n+2,+oo) > 0 n P2n+2|(a1,ag)U(ag,a4)U...U(a2n+1,a2n+2) <

0. [TosTomy (ompesiesieHHOe ¢ TOYHOCTRIO J10 3HaKa) BeKTopHoe mose £ (Pry, ). (sgrad f|r,) =
+2./— Py 0(w)d/0w na C, kacarenbno semecrsennoii npsmoit R C C na nogi-
muoxectse (a1, as) U (as,aq) U ... U (@opi1,G2ne2) C R u oproronajibHo 310
NpsiMOit Ha ToJMHOXKecTBe (—00, a1) U (az,az) U ... U (a2, +00) C R.

[ITar 3. ITockoJbKYy B OKPECTHOCTAX TOYEK Po1,Po2 € Ty BeKTOpHOE TOJIE
sgrad ¢ f |1, MMeeT 0cobeHHOCTH TOJIOC 1. — 1-T0 TIOpsijiKa, KOJMIECTBO CenapaTpuc
B TOUKe Do j, j = 1,2, paBHO 2n), a TaK KaK TOYKH Py 1, Po2 ABJISIOTCS 1pooOpasa-
MU TOYKH OO, TO KOJMIECTBO CenapaTpuc (OMpeieJIeHHOT0 ¢ TOYHOCTBIO JI0 3HAKA)
sektoproro nons 4 (Pry, )« (sgrad f|r,) B Touke {00} € C,, pasmo 2n.

Vsyunm cenaparpuchl Bektoproro nons +(Pry,).(sgrad f|r,) na chepe C,.
Cymectsyer n + 1 onHoOmapaMeTpUIECKUX CeMECTB MepUOInIeCKUX TPACKTOPUIi,
OOXOJISTIIX BOKPYT OTPE3KOB [agk_1, k], k = 1,...,n+ 1. Orciona, npumeHsist K
BekTOpHOMY T0JTI0 £ (P, ) (Sgrad f|1,) n yrazamuniM n+ 1 cemeitctBam mepuoin-
JECKUX TPACKTOPHIl pACCY K ICHN, AHAJOIMYHbIC TPUBEICHHBIM Ha [1are 1, mosy-
daeM, 4To P KaxkJoM k = 1,...,n cyuecrByer Touka ay . € [agk, aok+1] C R C
C, KOTOpast BO-IIEPBLIX SBJIACTCS TOYHON BEPXHEH IPAHbI0 MHOXKECTBA TOUYCK 11e-
pecedeHust ¢ OTPE3KOM [dog_1, Qx| NEPUOJMUECKUX TPAEKTOpUil k-ro cemeiicrsa
(0BXOAIUX BOKPYT OTPE3Ka, [aok—1, A2k|), & BO-BTOPBIX MPUHAJJIEKUT HEKOTOPOIT
cermmaparpuce, KOTopyio 0obozHaunM depes Si. Obosnaanm uepes C) o0benHenne

BCEX MTEPUOMIECKNX TpaekTopnii k-ro cemeiictpa, k = 1,...,n+1. Samernm, 910
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Puc. 4.12: Wnrerpanbubie rpackropun noss +(Pr,),(sgrad f|p,) ma cdepe C,

KaykJias cemaparpuca Sy, ..., 5,11 UIMeeT He 0OoJiee OJTHOIO IIepeceueHrs ¢ Bele-
creernoit npsimoii R C C,,, Tak Kak B IIPOTUBHOM CJlydae, BBUJY CHMMETPUIHO-
CTU MHTErPaJbHBIX TPACKTOPUII OTHOCUTEIbHO BemlecTBerHoi npsimoit R C C,,
ona ObLi1a Obl IEPUOMUECKOi, He npoxojdieil yepes Touky {oo} € C,,. Takxe,
BBHU/JIy CUMMETPUIHOCTH MHTEIPAJIHHBIX TPACKTOPHUI OTHOCHTEIHHO BEIECTBEH-
noit npsamoit R C C,,, Besakas cemaparpuca Sy, IPOXOAAIIAs depe3 TOUKY
k=1,...,n+1, nmeer HaUaJI0 1 KOHEI] B TOUKE 00 € C,. Tem CaMbIM, BbIIIIE OTHU-
CaHO CTpPOEHHE Bcex cenmaparpuc Bektoproro nodst +(Pry, ). (sgrad f|r,) na cde-
pe C,. 3uaunt, C,, ecTb 06bEINHEHNE OMUCAHHBIX BbIIIE Cenaparpuc Sy, ..., Sy
1 3all0JHEHHBIX IIePUOJInIeCKUMU TpaekKropusiMu obsacreir C1,...,Cphiq, U HH-
TerpaJibHble TPAeKTOPHH MMEIOT BHJ Kak Ha puc. 4.12. Ilepuon nmepuoanueckux
azg

HHTErpaJibHBIX TpaeKTopuil k-ro cemeiicrsa (u3 C).) pasen 1), = —dw
p p D ( ) P a%f_ Vs
k
k=1,....,n+ 1, a juuna |Sk| cenaparpucesr Sy pasua |Sg| = > (—1)
i=1

k—ij’;_ npu

k=1,...,n.
[TosTromy mHTErpasbHbIe TPACKTOPUU BEKTOPHOTO 1015 sgrad ¢ f |, BbITVIsAAT
kak Ha pucyake 4.10.Cpejiu 3TuX TpaeKTOpuil UMeeTcss POBHO 21 cernapaTpuc S;,

1 < ¢ < 2n, xotopele pasdbuBaior cjoit Ty Ha n + 1 CBA3HBIX KOMIIOHEHT Cg,
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k=1,...,n+ 1, rie kaxjas ¢, COCTOUT U3 TEPUOJIMIECKUX TPACKTOPUil, 00-
pas3yroIX OJHOTTAPAMETPUIECKOE CEMEHCTBO Teproandecknx Tpaektopuit. [1pn
9TOM BCsiKasi cenaparpuca Sop_1 MMeeT HAYaJI0 W KOHel B OECKOHETHO yaaJIeHHOM
Touke po1 € To, a BeAKas cemapaTpuca Soj, HMeeT Hauaslo H KOHer B 6eCKOHed-
HO yjlaeHHoit Touke pos € Lo, k = 1,...,7n; Kax/jasd U3 CemapaTpuc Sop i |
Sor MMeeT JUIUHY |Si| u OMEKTHBHO MPOEKTUPYETCs MPH JIBYJIUCTHOM HAKDBITHHU
Pr,|r; : Tog — C, na cenaparpucy Sy sexropuoro noust £(Pry).(sgrad f|r,),
k=1,...,n. Takxe n00as TpaeKTOpusi B 00JaCTU Cj UMeeT mepuoj 1 u ando
IIPOEKTUPYETCsI OMEKTUBHO Ha OJHY U3 MEePHOIUIECCKUX TPACKTOPHil k-To cemeii-
CTBa EPUOJMIECKUX TPaeKTopuil BekropHoro nosst +(Pry, )« (sgrad f|r,) (u3 Cy),
JubO POEKTUPYETCsi JIBYJIMCTHO HA OTPE30K [ag_1,a9t] C Cr, k=1,...,n+ 1.

[Ipennoxenne 4.2.4 jokazaHo. ]

OGozuauenue 4.2.5 ((paspesanue HYJIEBOrO CJIOs CEMapaTpUCAMU HA TUJIUH-

1pbl)). B obosnauenusix yreepxenus 4.2.4 nmeeMm pasOueHust
Cw:Slu...USnUClLJ...UCnH, TO:slu...USQnUclu...Uan

Ha cenapaTpuchl Sop_1Usor = (Pry|r,) "1 (Sk), k = 1,...,n, 1 061acTH-OTKPLITHIE
mannapbl o = (Pry|r,) "H(Cy), k = 1,...,n + 1. Tpanunp obnacreir Cp, C C
umeior Bug 0Cy = Sp U Spympu k =2,...,n, 0C; = 51, 0C,, 11 = Sp11, OTKyIa
Ipyu N > 2 rpaHulbl MWIKHAPUYECKUX objacTeii ¢, uMeor Bujg dcp = Ss1 U So,

Ocp = sop—3 U Sop_o U sop_1 U sop ipu k = 2,...,n, 9¢pq1 = Sop—1 U Sop.
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4.2.2 CewmeiicTBa reo/ie3n4ecKnX ¢ KOHIIAMA B 0ECKOHEYHO yIAJIEHHBIX

TOYKaX Ha CJI04dX, OJIM3KUX K HYJI€BOMY

Ipemnoxenne 4.2.6. [Tycmo f(z,w) = 2% + Py, yo(w), n € N. Iycmo d_s(% —
NOAE HEOMPUUATNEALHO ONPEIEAEHHVT KEAIPAMUUHBLET POPM d_s% HA MONOAHEHUU
Ty caoa Tog = f71(0) (cm. onpepenenne 3.1.11 u cneacrsue 4.2.3). Hycmo 7y
0,1] — Ty — 2eodezuneckas noss K6adpamuunvlr Gopm d_s(%, UMEIOULAA HAYANO0 6
00101 U3 beCKONEeYHO YOaAEHNIT MOYeEK Do1, Po2 U KOHEY 68 0010l U3 DeCKoHe O
ydanennox movexr po1,po2 (eMm. caencrsue 4.2.3 u nosicnenne 4.2.7(A)). Tozda
cywecmeyem € > 0, marxoe wmo das nobozo £ € C, |£] < e, caot T¢ asanemes
neocobvim, u cyuecmeyem zeodesuneckan e : [0,1] — Te noas xweadpamuunvi
popm d_sg (cm. ompenenierne 3.1.11 u caencreue 4.2.3), HENPepvi6HO 3a46UCAULAA
om &, UMENUa Havai0 u Koney 6 DeCKOnewno YOaNEeHHbIT MOYKAT Pe 1, Peo (CM.

nosicaerne 4.2.7), ydoeaemeopau,as coommowenuto Yy = .

IMosicuenne 4.2.7. (A) B dopmynuposke yrBepxienust 4.2.6 noj 2eodesuueckot
OJIs1 KBaJAPaTUIHLIX (HhOPM d_sg na T¢, umeronieil Hauaja0 U KoHerl B GeCKOHEUHO
yJIaIeHHbIX TOUKAX P 1, D¢ 2, HOHUMAETCS HelIpepbIBHOE oTOOpakenue ¢ : [0, 1] —
T, Taxoe uto Y¢(0), v (1) € {pe1,pea}, Ve(t) € Te npu mobom t € (0,1), u
Yelo,1) : (0,1) — T¢ aBngercs reofe3snIecKoil pUMAHOBON METPUKH dsg na Te.
(B) B dopmynuposke yrBep:kaenaust 4.2.6 0| yCJIOBHEM O HEMTPEPHIBHON 3aBU-
cumocTu reofesndeckoit e : [0,1] — T¢ or € monnmaercs cieyiomee: 0To6pa-

KeHue

D2 x[0,1] — Mi=JTe, (&) xl(t).

HEIIPEPLIBHO 110 COBOKYMHOCTH mepeMennbix (€, ) € Df . x [0, 1] (em. nemmy 4.2.2).
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oxazameavcmeo. Cornacao teopeme 11 cymecrByior € > 0,61 > 0, Takue 410
qutst moboro € € C, [€] < e, cyImecTByIOT OKpECTHOCTH Ug ; C Tf OECKOHETHO Yia-

JICHHBIX TOYCK D¢ j € Tg, ¥ KOOpJIMHATa, U j Uéj — Dgl, npudeM ug j(pe ;) = 0
n (ug j)«(sgrad Cf\ngyj) = u1*”%, j =1,2, e u — xoopauuara 8 D2 C C. Ot-
cloJ1a ((u&j)*l)*(d_sg\(]éj) = |u|*""?|du|?> — nosie HEOTPUIATENLHO ONPE/ICICHHBIX
KBa/JIpATUIHBIX (POPM, IPOIOPIHUOHAILHBIX €BKJIKJIOBOI, B 00JIaCTH D?l C C(u),

omnpejesoniee GyHKIUIO PACCTOSHUSI (ugjl,ugjl)*pg = pe O (ug;,ug;) B Dgl, u

SIBJISIOITEECsT 0OpaTHBIM 00pa30oM 110Jist (hopM dsg, OIIPEIJISTIONIEro (PYHKITUIO PAC-

CTOSHUA pP¢ B Ug I’ ITosTomy reomesuyeckue, BLIXOAAIINE U3 TOUKH U; = 0 € Dgl,

2

COJIEPXKaT pajJIuyChl OTKPBITOrO Kpyra D,

a I'PaHMI, 8D§1 9TOTO KPyra siB-

JISIeTCst OKPYKHOCTBIO (B cMbicJie (DYHKIMUA PACCTOSHUSI (ug;,ug;)*pg) pajnyca

Eéllnfd

1~ 4n—3

T > 0. TTockonbky cioit Ty neocobbiit u muozkecrso To \ (UZ, U UZ,)
KOMIIAKTHO 110 Teopeme 11, To AO‘TO\(U[?JUU&Q) — roJoMopd Hast 1 OTJeJIeHHAs] OT
nyast 1-gpopma. TTosromy cymecTByior 9,63 > 0 1 KOMILIEKCHO-AHAJINTHIECKOE

Byioxkenne 1 : IIp — Ty npssmoyrosbauka,
Il := {50 eC ‘ g9 < Rezy < 1—52,|Im§0\ SEg} C(C,

TAKNE UTO 1y |(c, 1-cy] = V][es,1-e,]s OOPA3BI Beex BepiuH mpsAMoyroabunka [l mpn
BJIOXKeHUH 1)y npunajiexar UZ (T.e. ¢g(ex £ie3), v¥o(1 — ey tic3) € UF) n dzy =
(10)*Ag. Otciofa ciemyer, 9TO CyMmeCcTBYIOT €4 > 0 U ceMelcTBO KOMILIEKCHO-
anasmTudeckux Bnoxkennii Ve : g — Te, € € C, |£] < €4, Takme 410 0OpA3LI BCEX
BEPIINH IPSMOYTOIbHAKA 1) Ipy KazKJI0M BJIOKEHUH )¢, MPUHAJIEKAT Ugl U
Uiy, dZy = (Ye)*A¢, m orobpaxerue (&, 2)) — e(Z) ABMACTCH KOMIICKCHO-
anayuruaeckum. Orcioa cymectsyer €5 > 0, Takoe urto jijis joboro § € C, €] <

€5, CYLIECTBYET €JIMHCTBEHHbBIN PIMOJIMHERHbBII OTPE30K B 1psiMoyrosibHuke 11y C
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<

Puc. 4.13: Tlpoponkenne reoae3ndecKmx

C(Zy) (a craso ObITE, reojie3UICCKAS PUMAHOBOH METPUKH dsg), OpPTOrOHAJILHDIIA

ayram (e) o (ug;) 1 (DZ), j = 1,2, B 06enx TOUKAX CBOETO MEPECCUCHHS C

JIyraMu, U sBJsiomuiica nepecedenneM Ily ¢ HeKOTOpoil BemecTBeHHOM MPAMOit B
2~ 2 “1

C. Ilponoskast sty reosiesnyeckyto s kpyre Ug; & DZ no neurpa ug ;(0) = pe;

9TOr0 KpPyra [0 PaJdycaM, MOKHO HOJYYUTb MCKOMYIO I€0JIe3UYECKYIO Vg, CM.

puc 4.13. [l

O6oszuatnm 1epe3 ai(€) kopenb ypaBHeHust Py, o(w) = &, Gmuskuit x ay,
1 <k < 2n+ 2. Ucnonways yreepxkaenus 4.2.4 n 4.2.6, noysydaeMm cjeayloniee

cJIeJICTBHE.

Cnencreue 4.2.8. ITycmv f(z,w) = 22 + Py, o(w), 2de Poyio(w) = (w —
ai)...(w—agmi2),a; ER,1=1,...,2n42, a1 < as < ... < agpso, n € N. Tozda

cywecmeyem € > 0, marxoe wmo das nwobozo £ € C, |£] < e, caot T¢ asanemes

neocobuiM, a maksice cyuecmeyem nabop zeodesuiecku $1(€), ..., Sa,(€), d1(£), . ..

T¢ noas xeadpamuunvix popm dsg, €| < e, nenpepueno sasucauwuz om &, umero-
WUT HAUAA0 U KOHEY, 6 DecKonewno Yydarennolr moukax pe j (M. caeacrsue 4.2.3 u
nosicaenue 4.2.7), ydosaemeoparouux coomnowenuam sp(0) = sk, k=1,...,2n,

dn(0) =dyn, m=1,...,n+ 1, u ne nporodawur wepes mouru (0,a;(§)) € Te,
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1=1,...,2n 4 2, 2de si, d,, xax 6 ymeepotcdenuu 4.2.4.

O6o3na4venne 4.2.9 ((paspesanue cj10st, OJIU3KOTO K HYJEBOMY, M€0JIe3NIECKUMU
na numnps)). Cornacno caejersuto 4.2.8, npu sobom € € D3 . umeem ciiey-
rormpe pasbuenns niaockoctn C = Cy, n cios Te = f ~1(¢), anajmornunbie BReICH-

HbIM B obozradennn 4.2.5 npu £ = 0:

C = S1(&U. . .US,(EUCI(EU. . .UC41(E), Te = s1(&)U. . .Us2,(§)Uct (€)U. . .Ucy11(§),

bie Ch(€) — kommonenta cssnoct Cy\ (S1(E)U. . US, (€)), conepsaimas 1otk
o 1(6), agp(€), 1 < k <+ 1. Tlpu n > 2 rpanuiipl (M pHIeCKIX 06IacTel
cx(§) mmeror Bt dei (§) = 51(8) Usa(§), Ock(§) = sar—3(8) U sap—2(§) U sap—1(§) U
Sor(§) mpn k= 2,...,n, 9c,(§) = s20-1(8) U s2,()-

4.2.3 KomMmiekcHbIie KOOPAWMHATHI “IeiicTBue-yror’ mn HKIIUU TIepe-
yl pil y YHKI,

xoga. KommiekcHas TeopemMa JInmyBuias

Onpenenenne 4.2.10. Ilycrs € > 0 kak B cuejcrsuu 4.2.8. Yemuvipexrmeprot
e-oxpecmmnocmuto nyae6ozo caon To nasosem obaacts U (Ty) := |J Te € C% a

[§l<e
k-0t wemwmpexrmepnoti e-pyuxot G, HaA30BEM ee MOJAMHOKECTBO

GskZZUCk—(g)CUs(TO)y 1<k<n,

3

|€|<e

e cp(€) — sambikanne uimHpuaeckoii obiactu ¢, (§) C Te uz oboznade-

nusa 4.2.9.

OrMeTrM, 9TO KOJMYECTBO YeThIpeXMepPHbIX £-pydek G pasHo n + 1 (cwm.
obosnadenue 4.2.9), U pyUYKH HOKPHIBAIOT BCIO YETBIPEXMEPHYIO £-OKPECTHOCTh

n+1
U&‘(TO) CJIOA T(), T.C. Ug(To) = U Gg’/f.
k=1
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Teopema 26 ((kommiekcHast Teopema JINyBUIIS JIJTsI THIIEPSJUIUITITHIECKOTO Ta-
MuJIbTOHNaHa yetHoii crenenn)). s C-zamuavmonosoti cucmemv, (C dzAdw, f)
¢ pymwyuets Tamurvmona f(z,w) = 22+ Pa,yo(w) u coomsememeyrouseeo nazpan-
orcesa caoenua (em. onpeenenue 3.1.6), 2de Py, o(w) = (w—ay) ... (w — agy12),
a;, €eR i=1,....2n4+2, a1 < as < ... < agpio, n € N, cywecmsyem € > 0,
MaKoe Mo GoNOAHEHL CACIYIOULUE CEOTICMEA:

1) dan mobozo & € C, €] < g, caoti Te = f7HE) asasemea neocobvim u
2omeomoppen chepe ¢ n pyukamu u d6YMA NPOKOAGMU;

2) aazpanoiceso caoenue 6 wemuvipexmeproti e-oxpecmuocmu U-(Tq) caoa Ty
MPUBUAALHO, TN.E. NOCAOTHO 20MEOMOPPHO NPAMomY npouseedenuto caoa Ty na
ommpvimuili deymepnoiti duck Dg . = {€ € C|[€] < e};

3) 6 okpecmHrocmu US(TQ) cywecmaeyrom 2n + 2 80JLOM0p¢H’bL$ @yH’IﬁuU’lj
Ila <. 7]n+17 J17 SR Jn—l—l : Us(T()) - Ca

a daa xascdoti wemwvpexmepnot e-pyuru Gep C U(Ty), k=1,...,n+1, cywe-
cmeyem 20a0mopProe saoocenue (3a0a6aemoe “KOMNACKCHUMU KOOPOUHAMAMU

deticmeue-yzon”)

(Lk

Ge,mgpkmOdQﬂ—) IGg,k‘H(CX ((C/Qﬂ'Z), 1<k<n+1,

CO CACOYIOUUMU CEOTICTNEAMIL:
a) waocdas dynwyus Iy, Ji : U-.(Ty) — C asasemea 2onomopdmoti dynryu-
et Iy = I(f) u Jy = Jip(f) om f 6es wpumuueckux mouex, ee mHostcecmeo

3Haverull
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omxpvimo 6 C u 2omeomopdro omepoimomy Kpyey, ona GupaiHcaemcs 6 oKpecm-

nocmu U-(Tg) wepes mobyro dpyeyro makyro dymryuio Gopmyaamu

Iy =I(f(L0), I =I(f(J0), Ji=J(f(L0), Jr=Jk(f(J0));

ede f(Ii) u f(Jx) — Pynryuu, obpamnwve x dynxyuam Ii(f) v Ji(f) coomeem-
cmeenno (k=1,....n+1);

0) npu aobwr k = 1,...,n+1 u I € D.j mnoocecmso suavenutd “xom-

naekcrot Koopdurnamo, yzoa” o mod 27T GoxTy,) NOAYHUAETNCA U3 HEKOMOPOT
samrnymot obaacmu Wy C C, oepanuvennotd wecmuyzoavnurom ¢ eepuiu-
HaMU Agk)(lk),...,Aék)(]k) e C (swpoocdarowumea npu k = 1 6 napasne-
aozpamm ¢ cepuunamu Al(L) = Ay(L), AX(L) = Ai(L), Al(L),ALD), u

npu k = n+ 1 6 napairesozpamm ¢ epuUHAMU A§”+1)(In+1),Ag”“)(lnﬂ),

AL (Lgr) = AV (L), AV (L) = AP (Lsa)) u emoponas, co-
omeememeyrouumu 2eodesuvectum di(f(11)), s1(f(11)), s2(f(11)) C Ty npu
k=1, di(f(Ix)), su-3(fIk)), s2-2(f(Lk)), sor—1(f(Ix)), s2(f(Ik)) C Ty,
npul <k <n+1, dy1(f(Ins1)), Son-1(f(Lns1)), Son(f(Lns1)) npu bk =n+1,
caedyrouwgum 06pazom: (i) 6uKUINGaANUEM BCET GEPUUN (COOMBEMCMEYIOUUL bec-
KONEUHO YOAAECHNOLM TONKAM D (1)1, Df(I,).2), U (1) omoocdecmenenuem (m.e.
CRACUBANUEM) NPU NOMOULY, NAPAAAEALHOZ0 NEPEHOCE A1000T NaPbL CMOPOH, 0M-
seuatowur 00noti u mot oce zeodesuueckoti di(f(Iy)); npuvem wecmuyzoivruk
(coomsememeenno napasresoepamm npu k = 1,n + 1) odnosnauno sadaemcs
cAedyOUUMY YerosuaMy (cm. puc. 4.14, 4.15, 4.16 npuk =1, 1 <k <n+1,

k =n+1 coomeemcmeenno):

o wecmuyzoavrur (uau napassesoepamm) OWy 1, C C obpasosan mpema na-

PAMU PABHOLLT U NAPAANEALHOIT CMOPOH, COOMBEMCMEYNUUT CACIYIOULUM
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2€00€3UMECKUM U NOAYUAULUTCA Opye U3 dpyea cAedyrouumy cdeuzami 6

naockocmu C:

2

AP 1) AP (1) = oi(di(©) 25 AP 1) AP (1) = ei(di(€)),

AP 1) AP (1) = gr(sn5(€) ~ 28" AW (1) AP (1) = pr(sar()), k> 1,
APL)AP(L) = (oo 1(€) ~ 28" AW (1) AW (1) = ou(s0(€)), k< n+1,

2de & = f(I) € D} o> uepes 0 : C — C obosnauen naparresvhoni nepenoc

na sexmop d € C 6 naockocmu C, so(&) := s1(§),

dJy dJx—1

(DuC e =2 () = St + ok (1))

o npu aobom k < n—+ 1 evinosreno

AP () AP @) = AP (1) AP (1)

= (St (FL)))g = 27 (dfl‘gl (L) — dé’zz(lk)+...+( 1)"h- 132{ (Ik)>

e mouka nepecevenua duazonanets (6vpoorcdarowezoca 6 ompesox npu k = 1)

napa/L,/Le/LoepaM./waA ( )A( )(Ik)A( )(Ik)A( )([k) pasha %(Agk)(lk)—l—flék)([k)) —

0 = pr(0,a0k—1(f(Ix))) (omryda mouka nepecevenua duazonanets (6vipootc-
darowezoca 6 ompesok npu k = n+1) napasresozpamma A ( )A( )(Ik)A( )(]k)Aék)(J

PacHa %(Aé )(Ik) + A5 ([k)) =7 = (0, aa(f(I1)));

6) (dz Ndw)|g., = dly Ndpy, k=1,...,n+1;

2) nepemennan “deticmeue” Iy = Ii(f) u dynrkuua Ji, = Ji(f) umerom eud

azk(§ azk—1(§)
/ VE= Puaidy. 1) =+ [ VE=Panlids. €€ D3,
azk—1(§) azk—2(§)
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2de ap(§) := —o0, u 6 Kauecmee dynkyuu / Oepymca ee 6emeu, Makue 4¥mo

—P2n+2(%(a2k_1 + asy)) > 0 6 nepsom cayuae, u i\/—PQnJrQ(%(agk_z +ag_1)) <
0 60 emopom cayuae;

d) daa mobwx deyx pyuer G, Gey, codeporcauyur 6 ceoeti 2panuye 00no U
mo oice cemeticmeo zeodesudeckur $;(§), svnoaneno k =1, npuvem 6 cayuae
1 <k <n+1 nepecevenue G, NGy j41 Acaaemea obsedunenuem 2eodesunecku

Ger N Geprr = | (s2e1(§) Usan(€)) = | (Prulrd) ' (Sk(9),
|€l<e |€l<e
U Ha IMOM NEPECEUEHUU KOMNAEKCHBLE KOOPIUHAMbL Y204 ) mod 27 u @1 mod 27

ceasanvl dpye ¢ dpy2om popmysamu:

L1 (8) prrlsni(e) + 7531 (§) = I(6) (#klsarrie) — 7),

II,§—|—1(£> 9016—1—1‘5%(5) o 7T‘]l/€+1(£) - Il/c(g) (SDkISQk(g) - 7T);

e) ypasnenusa Lamurvmona 6 xoopdunamaz (I, or mod 2mw) na pyuke G.p,

kE=1,...,n+ 1, npunumarom eud:

df (Ir)
dl. '’

I,=0, ¢p=

4) anmuranonuneckas uncomoyus C* — C?, (z,w) — (—z,w), corpansio-
was Lamurvmonuan f, nepesodum xasicdyro wemvipexmepryio e-pyuxy G 6 ce-
04, U OZparuMenUe IMOT UHBOAOUUL Ha IMY PYuKY 6 Koopdunamar (I, pr mod 21)

umeem 6ud (I, prmod 27) — (I, —prmod27), 1 <k <n+ 1.

Joxasamenvcmso. Ilyukr 1) cremyer w3z caencrsus 4.1.3. Ilyukr 2) crenyer u3
JaCTHOTO cJiydas jJeMMbI 3.3.1: Korya Ha cjioe Ty HeT ocoObix Touek. Jlokaxkem
IyHKT 3).
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Ace

An+1
A1 An+1a e
A1 Ags
Ay,
A An+1,2
. Ay Ak Aca
A1,3 An+1,3
. Puc. 4.15: [MTectryroan-
Puc. 4.14: IlapanmesorpaMm Puc. 4.16: Tapaieorpay
ik OWp g c C npu
aWLh C (Clpl Ipu n > 1 k Pk 8Wn+1’[n+1 C Cwn+1

l<k<n+1

[Mlar 1. Onpenemum byukuun I = [;(€), Jp = Ji(§) dbopmynamu myHkTa T).
Hokaxxem myHKT &), r.e. rojsomopduocrs byukuuii [;(€), Ji(£). Mo nocrpoenuto

3HaYeHue ‘“epeMenHoi jeiicreue’ I 3aBucuT ToJibKO oT £. HaJiee,

e 1 ”/’“@ A /E= Porra))
dg§

d¢ T dw + ahy.(§) V€ — Pango(azi(€))

a2k-1(§)

azk(§)
1 dw
B, — Popyo(ag; = o '
a1 (E)V/€ = Pontalaz1(9)) | = o o VE Pua(w)

asp—1(

Orciona ciepyer, ato cymecrsyer € > 0, rakoe uro npu || < & npousBojHast
dl(§)/d¢ cymectryer, nostomy I = [(§) siBisiercst ronomopdHOii dyHKIHETH.
Bosiee Toro, nockonbry dli(0)/d§ # 0, To moxkHO cuutarh, uTo Ix|p2  apiser-

cst jucbeomopduzmom orkpbiToro Kpyra Di . pajuyca € Ha obnactb D, =

azk—1(§)
I (D§ ). Ananoruuno J;(§) = &= f( | #m(w)' [Tyukr a) jokazai,
azk—2(§ "

lar 2. dna 11000 KycouHO IVIaJIKO OPUEHTUPOBAHHOI KPUBOH (¢ Ha CJ10€

T¢ oboznaunm

09 = [ e lagu= 1oL et 121)
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rjie A¢ — ronomopduast 1-popma na cioe Te, cm. onpenesenne 3.1.11(A). Tax
kak (opma A¢ 3aMKHyTa, TO ee MHTErPal () 10 JI0OOMY OPHEHTHPOBAHHOMY
nukiy ag C T¢ ne Mensercs npu JiroObIX rOMOTONNAX IMKJIa B cjoe. Paccmorpum

HelpepbIBHBIE 110 £ ceMeiicTBa OpUEHTHPOBAHHBIX ITUKJIOB
e —1
ek = (Pru1,) ™ (Vageoi(¢).az(€)) C Te N Gep,

&f’k = (Prw‘Tg)_l(7a2k_2(§),a2k—1(§)) C Tf

C TaKOWl OpHeHTanueil, 9To Qi i U Qo j ABIAIOTCA NHTETPAJbHBIMU TPACKTOPUAMU

noJieit sgrad ¢ f u ¢sgrad ¢ f coorBercTBenno, k = 1,...,n + 1. Torna

(ogr) =2mL(€),  (Gen) = 2m i (E) (4.2.2)

B cuity opmyit st I (€) u Ji(§), em. mar 1. [Tosromy (g ) = 27 u cyiecrByer

equncreennas Gynkiwst @pmod 2w 1 G — C/27Z npn 1 < k < n + 1, rakas

qT0
d(@k Gs,kﬂTg) - A€/II’<;(£)’ ¢ mod 27(07 a2k—1(§)) = O mod 2, § € Dg,e'
7/ dw —
[Tyukr B) caemyer us roro, aro dly Adey = I(f(z,w))df (z,w) AW'%k —
22dehdw) = (dz A dw)]g, . TIyHKT €) cejyer u3 MyHKTOB a) 1 B).

[lar 3. Jokaxkem nyukr 6). CorsacHo cyrecTBuio 4.2.8, CyIEecTBYIOT Ieo/Ie3u-
seckue 51(§), . . ., 520() 1 (0,1) — T¢ pumanosoii merpukn ds; na Te C T C M*
¢ xommamn lim sy 1(§)(t) = lim sp1(E)(t) = pe1 € Te, Jim s2,(E)(8) =
t1_1>r1n_ 59i(E)(t) = pea € Te, 1 < i < n, 3aMblKaHust KOTOPHIX B M?* Gnuskn x
3aMBIKAHUSIM MHTEIPATBHBIX TPACKTOPHIl S1, . . ., So;, BEKTOpHOTO mosTst sgrad ¢ f .
Amnagornano, cymectsyior reofesuteckne di(§), . .., dny1(§) ma (Te, ds?), 3ampi-

KaHUsI KOTOPBIX OJIM3KKM K 3aMbIKQHUSIM HHTEIPAJIbLHBIX TPACKTOPUil dy, . .., dyiq
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Puc. 4.17: Hapape3anublii wnim
Puc. 4.18: Obnacrb—umwaunap Puc. 4.19: ObacTb—
IpPOKOJIOTHIH Top ¢1(&) U s1(€) C

- k() CTeupu 1 <k <n uuaagap ¢, (§) C T
3

Bekroproro nouist ¢ sgrad ¢ f. Tlosromy ykasammbie reojesnteckue na cioe Te, ux
obpazel 8 C npu npoexnyun Pry|t, : Te — C n munmnpuaeckne obnacru ci(§),
1 <k <n+1, Beitusaar kak Ha puc. 4.17, 4.18, 4.19.

Pazpexewm 1uiunpuyaeckyio obacts ¢ () C Te (cm. obosnatenune 4.2.9) no
reojie3ndeckoit d (&) u paceMoTpuM 0Opa3 MOJIYIeHHON OTHOCBSI3HON (paspesaH-
Hoit) obmactu ¢ (&) \ di (&) mpu 0TOOpaKEHHUN (P, ABISIOMEMCST BETBBIO 0TOOpazKe-
Hust ©p mod 27, BBejeHHoro Ha mare 2. Tak Kak rpaHulia paspesaHHoil 0bjacTu

COCTaBJICHa U3 I'eOJE3NICCKUX:

() U son5(€) U sop_o(€) U sop_1(6) Uson(€), 1<k <n+1,
O(cr(§\dr(&)) = § di(€) U si(€) U sy(8), k=1,
dn—H(S) U 3271—1(5) U SQn(S)a k=n+ 17

\
To rpanuta ee obpasza @i (cx(§)\di(€)) C C cocrout U3 npsaMOTUHERHBIX OTPE3KOB
B mwiockoct Cy,. Herpyano mokasbiBaercs, 4To KOMILIEKCHO 3HAUHAs (DYHKIIUS
Okl ew@ndn(e)  cx(§) \ di(§) — C mnbexTuBHA, IOSTOMY €e 00pa3 ABIACTCH BHYT-

PEHHOCTHIO HEKOTOpOro 6-yrosibuuka (mpu 1 < k < n+ 1) uu 4-yrospauka (mpu

158



k=1n+1)
oWy 1, = AV (@) AP (1) A (1) AV (1) AP (1) AP (1)

B wiockoctu Cy,, rae Iy, := I;(€). Snaunr, MHOXKeCTBO 3HaUeHUT “KOMILIEKCHO
KOOPJMHATEL YTO” Qg (e\du(e) * Ck(§) \di(§) — C na paspesannoii uuannpue-
ckoii obstactu ¢ (&) \ di (&) siByisieTcst BHYTPEHHOCTBIO 9TOTO MECTUYT0JIbHUKa. [1o-
9TOMY MHOXKECTBO 3HAUYEHUH “KOMILJIEKCHON KOOPJMHATHI yroy ok mod QW‘Gs,kaE
Ha 3aMbIKAHIN m = G, N T¢ o100t 0bsacTn mosyvyaercd U3 3aMKHYTOil 0bJ1a-
ctu W, 1., OTDaHWUYEHHOI STUM IECTHYTOJBHIKOM, BEIKIIBIBAHNEM BCEX BEPIINH
A OTOXKJIECTBJICHUEM IIap CTOPOH, OTBEYAIOIIUX OJIHON M TOU 2Ke TeOIe3UICCKOI.

Beraucinm HampaBgionge BEKTOPa CTOPOH IIEeCTUYTOJTbLHIKA 8Wk7 I
k k k k
AP (L) — AP (1) = AP (1) — AV (1) = (di(€))r = (DR()rs

AP (@) -AP (1) = AP (L)~ AP (1) = (sa=3(E)) = (s21—2())i =2 (=1 (€
AP @) — AP @) = AP (1) — AP ) = (sae1(E)) = (591 =t (SK(E))

IJie CpeJiHss IEeN0oYKa PaBeHCTB BblmojHeHa 1npu 1 < k < n + 1, u nocienHss

IeII0UKa paBeHCTB BhinosiHeHa pu 1 < k < n + 1. Ocrajoch 3aMeTUTh, 9TO

(51(8)) = {aga) = 2701(S),  (Sn(€)) = {agnr1) = 271,11 (6),

(Sk-1(8)) + (Sk(€)) = {aer) =270 (&), 1 <k <n+1,
(D1(8)) = (Ger) = 2mJ1(§), (Dra(E)+H(Di(§)) = (Gep) = 2mJ3(8), 1 <k <n

B cuity (4.2.2). C yuerom (4.2.1), orciona mosydaeM TpebyeMble DaBeHCTBA

= 27I_Il/§+1<€) — o)+ ...+ (1) F1(€)

(i (6)) e ,

1 <k<n,
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THE) = Ty (&) + .o+ (1)L (€)
1;(€) |

(Dr(&))r = 27

[Iynkr 6) jmoka3an MOJTHOCTDIO.

[lar 4. JlokaxkeMm MOyHKT J). 3aMETHM, 9TO B CHJY OIPEJECJCHUS TeThIPEX-
MepHBIX pyuek G.j Boimosneno G. [ )G.; # () Torma n Tonbko Torma, Koraa
| = k+ 1. B cuny nynkra 6), koopauaatsl @ mod 27 u @g1 mod 27 Ha Te-
pecedennn Sop—1(£) U sok(§) = (Prylr,) ' (Sk(€)) cBoux obmacreii omnpesesnenus
CBSI3AHBI JIPYT C JPYTOM CJIEYIONUME COOTHOIIEHUSIMU: Ha TeOJIE3NIECKON Soi (&)

OHHU CB#A3aHbl COOTHOILICHUEM

(Sk+1(§)) + (D1 (§)) 1§ (Sk(§)) + (Di(£))
ka+1‘82k(f) + - ZI]/Hl(f)k - ]2j_1(5) (ka|s2k(§) —— 21’;(5) : ),

KOTOpPOe paBHOCUJILHO IEPBOi TpebyeMmoit hopmyiie

I,;H(é") 90k+1|52k(§) + 7T<]llc+1(€) = I;(§) (ko) = ),

a Ha reoJIe3nIecKoil Sox (&) OHM CBs3aHBI COOTHOIIEHEEM

(Sk(€)) — (D(§)) _ Li(&) (Sk(€)) — (Dx(§))
Sﬁk+1\szk(£)+ i 2112(5) d = ]éil(f)(%h%ﬂ(g)— d 2]]2(5) ¢

),

KOTOPOE PaBHOCHUJILHO BTOPOiI Tpedyemoii hopmyiie

L0 1(8) Orttlsone) — TJis1 (&) = 11(8) (Prlsanie) — 7).

[TyHKT 3) HOJHOCTBHIO JIOKA3AH.

f, mensier snak y C-cumriiekruaeckoit crpyktypbl dz Adw, u Ilyukr 4) ciey-
eT U3 TOrO, YTO JIAHHAsT HHBOJIIOIMS COXPAHSIET TAMUJIBTOHUAH COXPAHSIET TOUKY
(0, agk—1(&)), B KOTOPOIH VK (0, agx—1(§)) = 0mod 27 BBUY 3),6). Teopema 26 j0-

Ka3aHna. ]
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