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PaccmorpuM ramuibTOHOBY cucTeMy, B (ha30BOM MPOCTPAHCTBE KOTOPOit
IMeeTCsl 3aMKHYTOe MOJMHOTrooOpasue A, CILIONIb 3aI0JTHEHHOE 3aMKHYTHIMU
TpaekTopusamu. ll3ydaercsa BOmpoc: CKOTBKO W KaKWe W3 ITUX TPAEKTOPHil
COXPAHITCS, JUMIb CIETKa TPoaehOPMUPOBABIINCH, TPU MAJOM BO3MYICHUH
cUCTEeMbl, U Oy/yT JIM COXPAHUBIIMECH IEPUOJIMYECKHE PEeIIeHUs YCTOUUYMBbI-
Mu? OJHUM U3 OCHOBHBIX PE3YJILTATOB PAbOTHI sABJsIeTCs IPDeKTUBHAS OTEHKA
YUCTa COXPAHUBIINXCS 3aMKHYTBIX TPAeKTOPUUl B T€PMUHAX TOIOJOTUU MO/I-
MHOroo6pas3us A. A MMEHHO, /IOKa3aHO, YTO MPU BLIIOJHEHHH €CTECTBEHHOIO
VCJIOBUS HEBBIPOXKIEHHOCTH A 9HCI0 TAKAX TPACKTOPU HE MEHbIITe MUHIMATh-
HOI'O 4YMCJIa KPUTUYECKHX TOYEK IJIa/IKON (byHKIuU Ha (HPAKTOP-MHOI000pa3uu
B=A/S%.

AHaJIoruvYHbBIe OIIEHKW MOJIYYeHbI B HEKOTOPHIX OoJtee 00mux curyarmusx. Ha-
mpuMep, B CIydae, KOTJa W309HepreTHdecKas IMOBEPXHOCTH SBJISETCS 0cOoDOil
1 eé MOIMHOYKECTBO, 3AMI0JTHEHHOE TePUOIHIeCKUME TPACKTOPUIMU, COTEPIKUT
[OJIOZKEHUSI PABHOBECUSI CUCTEMbI, a TaKKe B CJIy4dae IIPOU3BOJIbHBIX, BOOOIIE
rOBOPs HE TAaMUJIBTOHOBBIX, JIMHAMUYECKUX CHCTEM.

B kauecTBe nmpusioxKenus uccaeyercs MmIaHeTHO-CITy THUKOBAsI CUCTEMa, SIB-
JIIOMIAACS YaCTHBIM cIydaeM Imockoit 3agaan N + 1 ren. [Ipeanonaraercs, aro
Macca oHoro Tesa — CoaHna — MHOTO HOJIBIEe MACC OCTAJBHBIX TeJT — TJIaHeT
U COYTHUKOB, & Macca KayK/JI0# MIaHeTHl MHOTO OOJIbIIE CYyMMBI MacC €€ CIy THU-
koB. Kpome TOT0, paccrosinust Mex/1y KazKJ0i IJIaHeTOl 1 e€ CIIy THUKAMU MHO-
ro MenbIie paccrosiaust o1 CostHna 10 910it maanersl. Jloka3siBaercs, 9T0 mpu
€CTEeCTBEHHOM COOTHOIIEHUU MeYKIY MAJbIMU MapaMeTpaMi 33/Ia9d CyIIeCTBYeT
OOJIBINOe YUCTIO TIEPUOMIECKUX TBUZKEHUI TIIAHETHO-CITY THUKOBOII CHCTEMBI BO
BpaIaoIeiicsa cucreMe KOOpJIUHAT.
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BBenenue

JlanHast auccepranuoHHasg paboTa MOCBAIIEHA UCCIEIOBAHUIO MEPUOTTICCKUX
TPAEKTOPUIl ABTOHOMHBIX I'AMUJIBTOHOBBIX CUCTEM M CBS3aHHBIM C 9TUM BOIIPO-
cam.

[aMuIbTOHOBOI cHUCTEMOI HA3bIBAETCS JUHAMHUYECKAsT CUCTEMa, HA CHMILICK-
THYECKOM MHOI'00Opa3uu, OTBEYAIONIas BEKTOPHOMY I0JII0, 33/ JAaHHOMY HEKOTO-
poit rnagkoit ¢pyHKmueit H, KOTOPYIO HA3BIBAIOT TAMUJILTOHHAHOM CHCTEMBI.
B HekoTOpOit JI0KaIbHON cucTeme KOOpAMHAT (P, q) = (D1, Puy 1y -« qn)
9Ta JIMHAMUYECKAs CUCTeMa 33/1a6TCs raMUJIbTOHOBON CUCTEMON OOBIKHOBEHHBIX
nuddepeHInaIbHBIX YPaBHEHUH, T.e. CUCTEMO BUIA

p=—a£(p,Q), dzai(p,Q)- (1)

dq dq
Mpui Oyaem npejnosiararsb, 9To pynkmnus H He 3aBUCHT OT BpeMeHu t, T.e. CH-
cTeMa dBJISeTCS aBTOHOMHOI.

HamoMHEM, 9TO CHMILIEKTHYECKOe MHOTOOOpa3me — 3TO I[JIaJKOe MHOIO-
obpasue M, cHaOKeHHOe 3aMKHYTONH HEeBBIPOXKIeHHOH muddepeHnuanbHoi 2—
dopmoii wz, HA3bIBAEMOI CUMILIEKTUYECKON cTPyKTypoil. Kanonnueckumu Ko-
opauHatamu Ha M Ha3BIBAIOTCS JIOKAJIBHBIE KOOPAUHATHL (P, ¢), B KOTOPHIX CHM-
IJIEKTHYeCKas: CTPyKTypa umeeT Buj w? = dp A dg = YI_; dp; A dg;. N3Bect-
HO, YTO KAHOHWYECKHEe KOODJIWHATHI CYNECTBYIOT B OKPECTHOCTHU JIOO0ON TOUKH
CUMILIEKTHYECKOTO0 MHOTrooOpasust M; ypasuenusi (1) ompesensor ojHy u Ty
K€ TAaMUJIBTOHOBY CHCTEMY HE3aBHCUMO OT BbIOOPA KAHOHUYECKHUX KOOD/IUHAT.

PaccmarpuBaercs cieayioniast curyarus. Vmeercs raMubToHOBa crCcTeMa,
Ha3bIBaeMas Jajiee HEeBO3MYIIEHHOI, (ha30BOe MPOCTPAHCTBO KOTOPOW COJep-
AT TVIaJKoe moaMuoroobpasue A C H~Y(h), cmiomb 3amosiHeHHOE 3aMKHY-
TBIMH TPaeKTOpuaMu cucteMmbl. [Ipn Mamom Bo3mymennn ramuabronnana H,
a TeM CaMbIM U TaMUJIBTOHOBOW CHCTEMBI, MOJIMHOTOOOpa3ne 3aMKHYTHIX Tpa-
eKTOPHil pacrnagaercsi, HO HEKOTOPbIe U3 3aMKHYTBIX TPAEKTOPUN BHIKUBAIOT.
[enbro auccepTanuu sIBISIETCS BBISICHEHNE — KaKUe, CKOJIBKO, T/ MOSBJISTIOTCS
9TU BBIKUBIIINE TPAEKTOPUHU, KaKie U3 HUX ObIBAlOT ycroituuBbl! Bosee TouHo,
HYKHO OIIEHUTDb YHCJO ITUX TPAEKTOPUil, BBISICHUTH UX PACIOJIOZKEHUE, HAUTH
YCJIOBUS YCTOUUUBOCTH ITUX TPACKTOPUN W BBIICHUTD JIPYTUE BOMPOCHI, KOTO-
pbie OOBIYHO MPEJCTABISIOT WHTEPEC /TSl TTPUJIOKEHMIA.

Ornucannasi cuTyarusi 9acTO BCTPEYAETCS B MPUIOKEHUSIX, B YaCTHOCTH, B
3a/1a9aX 0 MEXaHUIECKUX KOJIEOAHUSIX, 33a9aX O JIBUKEHUHN 3aPSyKEHHBIX Ta-
CTHUII, & TaKzKe B 33J]ade O IJIAHeTHO-CIIyTHUKOBOI cucTeMe, KOTOpas UCCIe0-
BaHa B JaHHOI auccepranun. B manmoii pabore mokasana 3 deKTHBHAS OIEHKA,
JIUTSE 9UCJIA EPUOIMIECKUX JBUZKEHU N TIJIAHETHO-CITY THUKOBO# CHCTEMbI BO BPa-
MIAOIIEICsT CCTeMe KOOPIMHAT, IPUBEIEHBI YCIOBUSI YCTOWIMBOCTH B JIMHEHHOM
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NPUOJINKEHUH JJIsT OHOTO W3 3TUX JIBUZKEHUI M ONMUCAHBI “TIOPOK Aatonine’ [IBU-
»kennst. OOBITHO BOIPOCHI TAKOI'O COPTA PEIIAOTCHA s KarKI0i KOHKpPeTHOI
3aJIa9u OT/AebHO. B auccepramnuu jaenaeTcs MONBITKA HOJTYIUThH OOIIHe IT0IXO0-
NIBI K €€ UCCIeI0BAHMI0, TePEUYNCINTL ODIINe METOIbI, KOTOPbIe TOIATCS B 3TOM
CUTYAIHH.

Jlnccepralusi COCTOUT U3 TPEX TJIAB.

[TepBast r1aBa MOCBSIEHA TPEM BOMPOCAM: CYIECTBOBAHWIO, JIOKAIU3AIUN
B (»a30BOM IIPOCTPAHCTBE U YCTOWIMBOCTH 3aMKHYTBIX TPAEKTOPHil BO3MYIIEH-
HBIX cucTeM. IIpexae Bcero popMyInpyeTcs ecTeCTBEHHOe YCIOBHE HEBLIPOK-
JIeHHOCTH MOJIMHOTroo0Opa3us A, jgexkaiero Ha Heoco60il M309HEPreTHIECKOil To-
sepxuoctn H~'(h) 1 3a10/1HEHHOrO 3AMKHYTHIMH TPACKTOPHAME HEBO3MYIIEH-
Hoit cucrembl. /lasiee maércs apdekTuBHAs ONEHKA JIJIs YMC/Ia 3aMKHYTHIX Tpa-
eKTOpHUIl BO3MYIIEHHONH CHCTEMBI Yepe3 TOIOJIOruIo (pakTop-muoroobpasus B =
A/S' nomvmoroobpasus A 1Mo 3aMKHYTBHIM TPAeKTOPHAM HeBO3MYIIEHHOM CH-
CTEMHI.

OcunoBubiM pesysibrarom §1.1 sBisiercs cJieyionast

Teopema 1. Ilycmwv na cumnaekmuueckom mnozoobpasuu (M?" w?) szada-
Ha 2aMUALTIONOGA cucmema ¢ 2amusvmonuanom H. ITyemov A C H'(h)
KOMNAKMHOE He8bPOAHcIeHH0e NodmHo200bpasue (6e3 kpas), cniows 3anoiHeH-
HOE 3AMKEHYMOLMU MPLEKMOPUAMU IMOT Cucmems, v nycmsv wa N umeemcs
enadxas pynkuyus T nepuoda amuz mpaexmoput. Tozda das a0b601 GyHKryUY
H, C? 6auskoti x Pynkuyuu H, cucmema ¢ zamuavmonuanom H umeem no
menvwetl mepe 00ny 3amkrymylo mpaexmopuio 1a noseprnocmu H(h). Bo-
A€E MO20, “UCA0 MAKUT MPAEKMOPUT He MEHDUWLE, “YeM MUHUMAALHOE YUCAO
KPUMUMeCkus mover 2aa0koli gynkuuu na darmop-mmozoobpasuu B = A/ST.
C' yuémom Kpammocmets Yuci0 makux mpaexmoput He MeHbwe MUHUMAALHO20
YUCAL KPUMUYECKUT Mover MOPcosckoli dynryuu na B.

Teopema 1 o6obmaer pesyabrarsl pador M. Borrkosa [14| u I1. JI. Tuns6yp-
ra |4]. B pabore Borrkoaa [14] na A maksiagsiBaercs 6osiee CHIBHOE yCIOBHE
HEBBIPOXK/IEHHOCTH, & TAKKe MPEI0/1araloTCs OIPAHUYEHNsT Ha CUMILIEKTHYe-
CKYI0 CTPYKTYpPY (ee TOYHOCTH) JubO Ha TOMOJOrWI0 MHOrooOpasus B (Tpu-
BHAJILHOCTH TPYIIBI €r0 OJHOMEpPHBIX romosioruii). OpHako mojaxo BorTkoiaa
OYeHb OJMM30K K IMOAXOMY, TpejjTaraeMoMy B JaHHO# guccepranuu. B pabote
['un3bypra |4] paccmarpuBaercst cutyaliysi, KOrjia BCe TPAEKTOPHU HEBO3MY IIEH-
HOIl raMUJIBTOHOBOM CUCTEMBbI HA U309HEPreTUuYeCKON HOBEPXHOCTU 3aMKHYThI, U
JTIOKA3bIBaeTCs DoJtee cjiabdasi ONMEHKa JIjisi YUC/Ia 3aMKHYTHIX TPAEKTOPHiT BO3ZMY-
MEHHOH cucTeMbl. A uMenHo, onenka ['mH30ypra dopmynupyercs B TepMUHAX
KPUTHYECKUX MHOTOOOpa3mil TIaakuX (hyHKIHUH CHenmuaaibHOrO BHJIA HA BCEM
A, Koropbie BKJIIOYAOT B ce0st (DyHKIMH, SBJISIONMECT “HOAbeMOM” TJIAJIKUX
dyukiuit na B. Kpome Toro, 'musz0ypr paccmarpusaJji Jiniiib cjiydail, Korjia



o MHOr000Opasue A JTIOKaJIbHO-TPUBHAIBLHO PACCIOEHO HA 3aMKHYThIE TPAEKTO-
PUU HEBO3MYIIEHHON CUCTEMBI, & pe3yJIbTAThI JAHHON IUCCePTAUE ITPUMEHUMBI
TaKzKe B caydae paccjoeHuit 6osee obIero Bujia, a MMEHHO, JIJIT MHOTOMEPHBIX
paccioennii 3eiidpepra. Takume paccioeHns BOSHUKAIOT, HATIPAMEp, TTPU U3yHUe-
HUU 3aMKHYTBIX TPAeKTOPUl BOJIU3U MOJIOXKEHUsS] PABHOBECHS HEBO3MYIIEHHOM
3agaqan (cm. paborer A. Beitncreiina (34, 35, 36| u FO. Moszepa [25]).

B neiictBuTepHOCTH, Teopema 1 Oblta moydena B pabore |37| Beitucreiina.
OpHako mpejjiaraeMoe B JIUCCEPTAINU JOKA3aTeIbCTBO 00Jiee IIPOCTOe, TeOMeT-
pudeckoe u KOHCTpYKTuBHOe. Paspuas ugen A. [Tyankape [28|, mbl onmupaemcst
Ha KJIACCMYECKYIO TeopeMy O HesdBHOI dyHKIuu. B yacTHOCTH, MBI HE paccMmar-
puBaem 6ECKOHETHOMEPHBIE TTPOCTPAHCTBA TeTe b, NCIO0JIH30BaBINNECs B paboTe
[37].

Teopemy 1 MOXKHO paccMaTpuBaTh U KaK YACTUUHO IO/ITBEPIKIAIONIYIO H3-
BecTHYIO runore3y B. V. ApHoabma o TOM, 94TO reomerpumdeckas Tteopema [ly-
aukape |28, 1, 7| momyckaer obobiieHne Ha Ciydail MPOM3BOJIBHBIX CHMILICK-
THYECKUX MHOT00Opa3uii U MpOU3BOJIbHBIX (He 00s13aTeIbHO MAJIbIX) BO3MYIIE-
auit. B reomerpuyeckoit Teopeme [lyankape m3ydaercst COXpaHSONIEE MLIOTIATH
oToOpakeHue IJIOCKOTO KPYTrOBOI'O KOJIbIla Ha cebsi, TOMOTOIHOE TOXK/IeCTBEH-
HOMY H IIOBOpAYHUBAIONIee T'PAHUIHBIE OKPYZKHOCTH KOJbIA “B pa3HbIe CTOPO-
ubl'. Teopema Ilyamkape yTBep:KaaeT, 4To JI000€ Takoe OTOOparKeHHe HUMeeT
0 MEHBINEl Mepe JIBe HeNOBUZKHBIE TOUKH. JTa Teopema Oblia JokaszaHa [ly-
aHKape KakK pa3 B CHUTyalli, PACCMATPUBAEMON B JAHHOW JUCCEPTAINN: KOTIA
oTOOparkKeHue MOy IeHO MaJIBIM BO3MYIIEHHEM OTOOpazKeHUsl, UMEIOIIero meIyro
OKPY?KHOCTDb HEIOJIBUZKHBIX TOUeK. /loKazareqbcTBO Da3upoBaIoCh Ha Hjiee O
COBIAIEHUN HEIOJABUKHBIX TOUEK OTOOPAKEHUs ¢ KPUTUIECKUMHU TOYKAMHE €ro
npousBoisiieit pyHKIMN, KOTOpast JIeXKUT ¥ B OCHOBE MCCJIE/I0BAHUIL, IPOBEIEH-
HBIX B JanHOii quccepranuu. (Jlumb 3aTem reomerpudeckasi reopema [lyankape
B IOJIHOI (hOpMYJIUPOBKe, T.e. Oe3 TpeOoBaHUS OJM30CTH K HHTEIPUPYEMOMY
oTOoOpazKeHumio, ObLIA JToKa3aHa bupkrodom, og1HAKO 3TO J10KA3ATEILCTBO OBLIO
HEIPOCTHIM U UCHOJIB30BATIO COBCEM JIPYTHE UJIEH. )

Ciiesiyer OTMETUTH, 9TO MOJIYYE€HHBIH B JUCCEPTAIMU PE3y/IbTaT HEe MPETEeH-
JlyeT Ha TOoJIHOe 0000IIeHne reoMeTpudeckoil Teopembl llyankape na ciydaii
IPOU3BOJIbHBIX BO3MyIeHuit. O6o01enne 3Toif TeopeMbl JI0Ka3aHO 3/eCh JIUIIb
JIJIS MaJIbIX BO3MYINeHuil. Bo3MOXKHO, HAIl pe3y/IbTaT JIONMyCKaeT YCUJIeHHe, eC-
JIH BOCIIOJIB30BAThCS TEXHUKOI pabor |3, 4, 15-17, 23, 24, 27, 31-33, 37, 38|.

PesynbraTom §1.2 gBasgeTrcs MeTon ycpeaHeHns Ha MOAMHOroobpasuu. M3y-
4aeTcs BOIPOC O TOM, IJie UMEHHO B (Da30BOM ITPOCTPAHCTBE PACIIOJIOXKEHbI (a-
30Bble TPAEKTOPHUH BO3MYIIEHHON cucTeMbl. OTBET HA STOT BOMPOC 3aBUCHT OT
KOHKPETHOI'O BO3MYIIEHHUs, U B CJAydae BOZMYIIEHUs OOIIEIro MOJIOKEHUs OTBET
JTaéTcd B TepMHUHAX YCPEeJIHEeHUs 3TOTO BO3MYIIEHN 110 3aMKHYTHIM TPaeKTOpH-



sIM WCXOJIHOW cucTeMbl. B gacTHOCTH, H0Ka3aHa CJIedyIonast

Teopema 2 (Mmeron ycpeHeHust Ha moJAMHOroobpasun). Ilycmo, 6 ycaosuss
meopemuvi 1, nodmmoz006pasue N Hesviposcdeno, Ho He 064A3aMeNLHO KOMNAKM-
Ho. Ilycms 603MYu,EHHBIT 20MUADTNOHUAH 2AG0K0 3G6UCUT 0T MAA020 TAPI-
mempa €, m.e. umeem 6ud H = H + eH, + o(g). Pacemompum ma nodmmo20006-
pasuu N 2nadkyio Gyrryuo

H(m) = /OT(m) H(y(m,t))dt, m €A,

— ycpednenue eosmywenua H = Hi|yn no samxnymowm mpaexmopuam v =
v(m,t) C A nesosmywénnot cucmemo, 0 < t < T(m). ycmv mpaekmopus
Yo C A aeasemea Gommosckum Kpumuveckum noomno20006pasuem GyHKyUL
H. Tozda cywecmsyem 00HONAPAMEMPUECKOE CEMETCMBO 3AMERYMBLT MPaek-
moputi . C H™Y(h) sosmywénnoti cucmemol, 2aadko 3a6UCAUEE OM MAAOZO
napamempa € u cosnadaroujee ¢ mpaexmopueti o npu € = 0.

DTOT pe3yJIbTaT MOXKHO pacCMaTPUBATDh KaK 000OIIEHHEe METO/Ia yCpe THEHU S
Ha MHOrOOOpa3nu, MoJIyvIeHHoro pauee B pabore FO. Mosepa [24], rie pacemar-
pUBaeTCsd JIMIIb CJIy4dail, KOrJla HEBO3MYIIEHHAsS CUCTEMA SBJISETCS 1epUO/ude-
CKOIi, T.e. BCe €€ TPAeKTOPUH 3aMKHYTHI.

B neiictBuTenbrocTH, Teopema 2 (a TakKe YacTHBIA ciaydaii Teopembr 1)
Oblia J0Ka3aHa paHee B pabore Beiiucreiina [34], rje jpoka3aTeibcTBO MPOBO-
JIATCS B caeayiomue jaBa dtana. CHavaaa pe3yabTaT JOKa3bIBAeTCsI B YaCTHOM
caydae, Koraa ¢aszoBoe MpOCTPAHCTBO 3ada4uu M aBIsgeTcs KOKacaTeTbHBIM pac-
CJIOEHMEM K HEKOTOPOMY MHOT000pa3uio, Npu4yém noMHoroobpasue A jie:kur B
HYJIEBOM CEYEeHWH ITOT0 PACCIOeHus. A 3aTem O0IIHii CJIy4ail CBOIUTCS K STOMY
YACTHOMY CJIyYalo MyTEM YBEJIUYEHHS pa3MepHOCTH (ha30BOI'O IPOCTPAHCTBA.
JlokazaTenbCcTBO, IpejjiaraeMoe B JAHHOW JHUCCepTAIlid, OCHOBAHO Ha 0oJee
€CTeCTBEHHOM, IO MHEHHUIO aBTOPA, TeOMETPUIECKOM MOIXOIE.

B §1.3 npuBogsiTcs ycsioBusi OpOUTAIBHON YCTOWIMBOCTH B JIMHEITHOM TIpH-
OJIMYKEHUH JIJIsi HEKOTOPBIX 3aMKHYTBIX TPAEKTOPHUil BOZMYIIEHHO# cucTeMbl. 13
OoJ1ee OOIMKUX YTBEPZKAEHUI 3TOro nmaparpada BbITEKAeT, B YaCTHOCTH, CJeyIO-
masg TeopeMa.

Teopema 3. Ilycmo, 6 yeaosusaz meopemo. 2, 0 C H71(h) — masrenvras nao-
wadka ¢ H™Y(h), mpanceepcanvno nepecexaowas 3amEHymiyo mpaexmopuso
Yo Hycmo dA(m) : Tp,0 — Tp,0 — onepamop monodpomuu 6 mowke m = oMo,
onpedeasemuiii NOMOKOM HeG03MYULEHHOT cucmemot. [lycmb svinoanens, caedy-
0ULUE YCAOBUA COAACOBAHHOT 3HAKOONPEICAEHHOCTIU:

1. xeadpamumnmnan dopma Q(€) = wW?(dA(m)E, &) norostcumenvro onpedesena
na nodnpocmpancmee, mpancsepcarviom % T(AN o) 6 Tr,0;
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2. MPaexmopus Yo AGAAECMCA BOMMOBCKUM NOOMHO2000PA3UEM NOKAALHO20
marcumyma Gyrryuy H.

Tozda 3amrrymas mpaexmopus Y. G03MYULEHHOT CUCMEMDBL, CYULLCBYIOULAHA
coaaacho meopeme 2, opoumasvho Ycmolivuea 68 AUHEUHOM NPUOAUNCEHUL.

B §1.4 npuBojgrca TeopeMbl, aHAJIOTHYHbIE TeopeMaM 1, 2 u 3, Jijid Hemo-
JIBUZKHBIX TOYEK CHMILIEKTUIECKUX OTOOparKeHMHil.

JlokazaTeTbCcTBa 3TUX Pe3yIbTaTOB MpUBeJIeHbI B §1.5.

[naBa 2 nocesiena pa3BuTuio TeopeM 1, 2, 3 U UX BUJIOU3MEHEHUSIM B CJie-
AYIOIINX CATYAIAAX.

B §2.1 nokaspiBatoTcs anajioru TeopeM 1, 2 u 3 Jjid caydas, KOT/a Ha IOJI-
MHOT000Opa3uu A, 320 THEHHOM 3aMKHYTBIMHI TPACKTOPUSIMHI, MOCTOSHHA (Y HK-
ug nepuojga 1', a ramuabToHHaH H, BooOIe ToBops, He mocTosHeH. [Ipu sTom
JJIA BOSMYH_[éHHOf/’I raMUJIBTOHOBOM CUCTEMBbI oneHnuBaeTCAd 9YUCJIO U BbBIACHACTCA
PACIOJIOKeHNe 3aMKHYThIX TPAeKTOPHil, MMeromuX hUKCHPOBAHHBIN 1epros (a
He uKcHpoBaHHOE 3HAYEHNe raMuIbToHnana). Kpome Toro, mpuBoguTcest 0600-
IMeHne 3TUX TeopeM B cjaydae, KOTjia He TOJbKO Ha TaMHJILTOHWAH, HO W Ha
CUMILTEKTHIECKYIO CTPYKTYPY HAKIAIBIBACTCA MAJIOe BO3MYIIEHHUE.

B §2.2 npuBomurca caegyroimee obo0menue Teopembt 1. PaccmarpuBaercst
cuTyalud, Korjga IIOAMHO?KeCTBO ANCH 71(h), 3all0JIHEHHOEe IePUOJUICeCKUMU
TPAEKTOPUSIMHU, COAEPYKUT TOJOKEHUST PABHOBECHUsI CUcTeMbl. B 3Toit cuTyamun
MHOXKeCTBO A, BOOOIIE roBOpsi, HE SIBJIAETCS [VIQJIKHAM IIOAMHOrOOOpa3meM, O/I-
HaKO /TSI HETO MOYKHO OTPE/IeTUTH eCTEeCTBEHHOEe TMOHITHE HEBBIPOZKIEHHOCTH.

Jokazano, 4To Jiobasi 0COOEHHOCTHh KOMIIAKTHOI'O HEBBIPOZKIEHHOI'O MHOKe-
crBa A saBisiercst "KOHUYECKOiT”, T.e. ToMeoMOp(dHA 0COOEHHOCTH COOTBETCTBY-
IOIIEr0 MHOYKECTBA, /IS INHEeAPU30BaHHON cucTeMbl. DUKCUPYETCST MUn 603MY-
wenui TaAMIJIBTOHHAHA, IPA KOTOPBIX IMTOBEPXHOCTD H ~1(h) cTamosuTcs Heoco-
ooit. Ilo mMHOXKecTBY A ¢ KOHHYECKMMHI OCOOEHHOCTIMH U THILY BO3MYIIEHHS
OJTHO3HAYHO CTPOUTCS, ¢ TIOMOIIBIO aHAJIOTa MOPCOBCKHUX IMEPECTPOEK, TIATKOe
MHOrooOpasue A*, HazbiBaeMoe Mmopcosckum paspewenuem muoxecrsa A. Ha
MHOroOOpas3un A* onpejesieTcst eCTeCTBEHHOE JIeHCTBHE OKPYZKHOCTH.

JlokazaHna ciemayromnias

Teopema 4 (Teopema 8). Iycmv A C H ' (h) — xomnaxmmnoe neewiposic-
denHoe MOOMHONCECMBO, CNAOULD 3ANOAHEHHOE 3AMKHYMBLMU MPAEKMOPUAMIU
cucmemvt ¢ 2amuavmoruarom H u codeporcauiee nosostcenus pasHosecus amot
cucmemuvt. Pacemompum aobyro dyrryuro IZI, C*—bauskyro k H, das xomopoti
wucao h me asasemes kpumudeckum 3naveruem. Tozda ece ocobennocmu MHo-
orcecmea N ABAAI0OMCA KOHUMECKUMU U CNPABEAUB0 ymeepatcdenue meopemol 1,
8 KOMopom emecmo muoxcecmsa N emecme ¢ e20 paccaoeruem Ha 3GMKEHYMBLE
MPAEKMOPUL HYNHCHO PACCMOMPEMb 2aa0K0e MHo2000pasue N* ¢ paccroenuem



na Hém, 2de N* — mopcosckoe paspewernue mmoncecmsa N, omeeuwarousee pac-
CMAMPUBAEMOMY MUNY BO3MYWEHUA 2AMUNDITLOHUGHT.

Dra curyanusa 0600IaeT CUTYAIMIO, KOTOPYIO uccaeaoBaiu Beitacreitn (34,
35| m Mozep [25]. B arux paGorax paccMaTpuBaeMoe HAMU IIOJMHOKECTBO A
COBIIAJAET C MOJIOYKEHHEeM PaBHOBeCHsI, a MHOrooopasme A* gBisgercd HeUYET-
HoMepHoit cepoit. [Lis 9roit cuTyarun B yKazaHHbIX paborax J0Ka3blBAeTCs
clienraJibHasi OIeHKa YNCJIa TePUOANIEeCKUX TPAeKTOpHil BOIU3U TOJIOKEHUS
PaBHOBECUS CUCTEMBI, BHITEKAIONAs U3 CUMILIEKTHIHOCTU (paKTOpP-MHOI00Opa-
sua B* = A*/SL.

B §2.3 npuBoggarcsa dopmynupoBku TeopeM 1 u 2 7T CIyYas MTPOU3BOJIHHBIX
(BOOGIIIE TOBOPsI, HE TAMUJIBTOHOBBIX ) JMHAMHYECKUX CUCTEM. AHAJOIUIHbIE Pe-
3yabrarsl nmeiores B paborax @.B. Oysuiepa [18] u Mosepa [24].

[naBa 3 mocBsiimeHa MPUIOYKEHUIO YKA3aHHBIX METOI0B K 3a1ade HeOEeCHOI
MEXaHWKHN O ABUYKEHWW TJIAHETHO-CIYTHUKOBONW CHCTEMBI.

B §3.1-3.4 nokazana 3¢ dekTuBHasd OIEHKA JJIsd YUCIa IePUOIUICCKUX JTBU-
KEeHUH MJIAHeTHO-CHYTHUKOBOI CUCTEMBI BO BpAIlAIONIeiica cucreMe KOOPANHAT,
HPUBEIEHBI YCJA0BUsSE OPOUTAIBHON YCTORYMBOCTU B JIMHEHHOM NPUOJIMKEHUH
JIJISI OJTHOT'O W3 3TUX JBUKEHWil, JaHO ONucaHue “MOPOXKIAIONINX JIBUKEHUH.

Cdopmymupyem pesyabrar 6ojee TouHO. PaccMarpuBaeTcs 3a1ada, sTBIIsiO-
masgcsd YacTHBIM cjydaeM ILtockoit 3agadun N + 1 rejn. IIpeamonaraercs, 9To
Macca oaHoro Tejaa — CoJiHIIa — MHOIO OOJIbIIIe CYMMBI MAcC OCTAJbHBIX TeJT
— IUIAHET W CIyTHUKOB, IPUYEM MaCCa KazKJIOH IJIAHETHI UMEeT BUJL (M, T
m; = const. Kaxka0ii mianere comocrapisieTcss HAOOpP €€ CIyTHUKOB, HAXOIs-
muxcst BOJIM3K 3TO MIaHeThl, Ha paccTosgHuu nopsiyika p < 1. [Ipu srom jist
KazKJI0# ILJIAHETHl CyMMa MacC €€ CIIyTHHKOB MMeeT HMopsA/ioK vV < 1 mo cpaBHe-
HUIO C MACCOM ITOM IJIAHETHI, & YIJIOBble CKOPOCTHU BpallleHUil CIIyTHUKOB BOKPYT
IJIAHETHl UMEIOT TOPAIOK 1/w > 1 10 CpaBHEHUIO ¢ YIIOBOil CKOPOCTHIO Bpa-
IEeHnst 3TOi mianersl BOKPYT CosTHIA.

JlokazaHo, 9TO NMPH €CTECTBEHHOM COOTHOIIEHWH MAJIbIX MapaMeTpPOB OIH-
caHHOl 3a1a4m: p° ~ pw?, oTBedaromeM BTOpoMy 3akoHy Kemmepa, HeBosMy-
MEHHAS 3aja9a paclajaeTcs Ha He3aBUCUMBbIe 3aja4un Kemaepa s Kaxkoii
IJTAHETHI U “TIpefebHble” 3aJaui XHIa J19 KazKJI0ro cuyTHuka. C IMoMOIIbIO
pe3ysbraroB §2.1 0TCIOMa BBIBOAUTCS CJIEAYIONAs ONEHKA JJIsi IUC/Ia MePHOIU-
YeCKUX JBUZKEHHI MJIaHETHO-CIIy THUKOBOI CHCTEMBI BO BpAIIAIOIIEcs cucreme
KOODIUHAT.

Teopema 5 (Teopema 11). B paccmampusaemoti sadaue N +1 men urcupyem
HAOOP YACMOM Wy, . .. ,WN 044 KPY208LL deucenut naarnem okpye Coanua u
CNYMHUKOE BOKPY2 NAGHEM, 20€ YACTOMDbL BCEXT CNYMHUKOE UMENM NopAdok 1,
a %acmomol 6CET nAaHem umerom nopsador w, 0 < w <K 1. Ilyems amom nabop
AGAACMCA OTVHOCUMENBHO PESOHANCHUM: uepes nexomopoe epema T = O(1/w)
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NONOHCEHUS BCEXT MEA CUCTIEMDL OMAUNAIOMCA 0T, UCTOOHBLL NOAOACEHUT NOBO-
POMOM NAOCKOCTIU HaA 00uH U mom sce yeos amod 2w eokpye Coanuya. ycmo
BHAMEHUA NAPAMEMPOS (L U UV JOCTMAMOYHO MAAbL [ < [, V < 1y, 20e g
U Vg — HEKOMOPBLE MONOHCUMEALHBIE YUCAG, 3GBUCAULUE MOALKO om w. Tozda
BLINOAHEHO caedyroulee:

A) Ecau aomod 2w omadeaeno om myas, mo cyw,ecmsyem ne menee
PUOOUNECKUT 08UNCEHUT NAGHETHO-CILYMHUKOBOT, CUCTEMbL 60 8PAULAIOULETCA
cucmeme KoopouHam, bAUSKUL K KPY2068blM 08UNCEHUAM € OAHHOLMU CPEOHUMU

IN=2 pe.

YACTNOMAMU.

B) Iyemv ucrodnv 1abop cpednus wacmom yodoeaemeopaem cAedyiousum
YeaosuAM: 3navwenue amod T omadeseno om HYAs U KPY206ble 08UNCEHUA GCET
NAGHEM U CNYMHUKOE COHANPABALHDL, M.E. Y2A08bE CKOPOCTNU Wi UMEIOM 00UH
auak. Ipednososcum maxotce, wmo npoudsodausas Gynkuus “omobpastcenus 3a
nepuod” asasemea 6ommosckotl dynkyuet 6bausu N —-meprozo mopa, omeeywa-
0ULe20 KPY208HM 0BUNCEHUAM, U 6CE €€ KPUMUYECKUE NOOMHO2000PA3UA ACNA-
romes deymeprvimu mopamu. To2da asmu dsymeprvie Mopvl UHBAPUAHMHDL, U NO
MeHvULeT Mepe 00UH U3 HUT 0POUMAALHO YCMOTUYUSE 8 AUHETIHOM NPUOAUHCEHUL
Ha 00wet NOBEPTHOCTNY UHMEZPAAOE IHEP2UL U KUHEMUYECKO20 MOMEHINA.

Kpowme toro, cienya ugeam I[lyankape o6 obparumoctu 3amaaun N + 1 Tern,
JaéTcs OTBET Ha BOIIPOC O JIOKAIU3AINN YKa3aHHBIX B TeOpeMe 5 MePpUOTUIECKUX
JIBUZKEHHI: j10Ka3ano cymecrsosanne 2V =2 cummempuunoiz, ni “odparumMbix’,
MMepuonIeCKnux ,[LBI/I)KGHI/II‘/JI HﬂaHeTHO—CHyTHI/IKOBOﬁ CHUCTEMBI BO Bpamalomefmﬂ
cUCTeMe KOODJIMHAT. A HMEHHO, 9TH [BHKEHHS XapaKTepHU3yITCSI TeM, 9TO B
HEKOTOpPbIe MOMEHTBHI BpeMeHH, KpaTHbIe MOJIYIIEPUO/Ly, BCe Tejla CUCTEMBI pac-
MOJIATAIOTCsI Ha OJHOM TpsSMOii, T.e. HAO0IAI0TCA “Hapaabl’ IJIaHeT W CIIyTHHU-
KOB.

B §3.5 paccmarpuBaeTcst, B 4aCTHOCTH, CJIydail IJIaHETHON CHCTEMBI C “IBOi-
HBIMH T1aHeTaMu” (T.e. TJIAHeTAMW, HMEIOIMHI He 00Jiee OJJHOTO CIyTHUKA), I
JUIS CHCTeM € TaKUMH ILTAHeTaMH JIOKA3bIBA€TCd aHAJOIMYHOE YTBEpZKIeHHe,
0e3 peaInoI0KeHNs 0 MAJIOCTH OTHOIIEHHUSI MacChl CIIYyTHUKA K MAacCe MJIaHeTHI.

Dror pedysabrar 060bIaeT anasorndnblii pesyabrar . A. Kpacuuckoro (8] o
JBHZKEHHUN TIaHeTHOH cucrembl, a Takxke B. H. Txas [12]. B srux paborax pac-
CMaTpUBAJIACh TJIAHETHAsT CUCTEMA, B KOTOPOIl TJIaHETHl HE MMEIOT CIIyTHUKOB,
U I TIePUOJINYeCKUX JIBUZKEHUI 1IepBOTrO poja TaKoil CHCTEeMbl ObLIa J0Ka3a-
Ha TeopeMa 5. Kpome Toro, sra teopema o6o6miaer pesyibrar Mysabrona [26]
(oGobImatoIuii B CBOIO 0Yepe/ib pe3yabraT Xu/Lia), B KOTOPOM OHa ObLIA MOJTY-
gena s cucrembr Tuna Cosane-3emiisi-JlyHa, T.€. 1y1st ciydasi OHOM ILIaHeThI
W OJHOTO CIyTHUKA. leopema 5 B ciydae CoJrHIle-IIaHETA-CITY THUKH OBLIA, TI0O-
JydeHa panee B pabore [12] Txast.

Pezynbrarel JanHOl AuccepTauu JOKIAbIBAJIACH HA JEeBATHAIIATON cec-

10



cuu coBMecTHBIX 3acemanuii cemunapa um. V. I'. I[lerposckoro ' MockoBckoro
MaTeMaTH4IecKoro odmiecTBa B suBape 1998 1., Ha cemMuHape 1O BEKTOPHOMY H
Ten3zopuomy anagu3y uM. B. K. PameBckoro mexanmko-mMareMaTudeckoro ga-
kyabrera MI'Y, Ha HayunoMm cemmuHape Kademapsl HebGecHoi mexammku ['AWIII
(FocymaperBennoro acrporomudeckoro uacrutyra uM. [ltepabepra) npu MI'Y,
HAa HAYYHBIX ceMHUHapax Kadeap TeopeTudeckoil MexaHuku, JuddepeHimaib-
HBIX ypaBHeHUil, muddepeHnuaTbH0il TeOMeTPUN W NPHIOKEHUH MeXaHUKO-
MaTeMaTu4deckoro daxymaprera MIV.

ABTop rayboko Omaromapen Haydnomy pykosomuTenio H.H. Hexoporesy
3a IOCTAHOBKY 3aJla4u U IOCTOSHHOEe BHUMaHue K pabore. Takke aBTOp XO-
TeJs1 O BeIpasuTh Osiarogapraocts C. B. Bomoruny, B. B. Kosnosy, /1. B. Tpemé-
By, A.Jl. Bprono, B.H. Txar, A.U.Heitmraary, B. . Apronsay, B. M. 3aka-
mokuny, FO. HYekanony, I1. [Iymkapro, M. Konnesuuy, A. T. ®omenko, B. JI. T'o-
10, B. B. Tpodumosy, A. B. Boacunosy, b. Kpyraukosy, B. B. Kamamuankosy 3a
HEHHbIE 3aMeYaHus U 1oJie3Hble 00CY K/ ICHUS.
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1 Coxpanenne 3aMKHYTBIX TPaeKTOPUiI TaMUIb-
TOHOBBIX CHUCTEM IIPU BO3MYIIEHUAX

1.1 Ormenka 9ncjia 3aMKHYTBIX TPaeKTOPUii

PaccmoTpuMm 1raMu/IbTOHOBY CHCTEMY € TaMHJIbTOHHAHOM [ Ha cHUMIJIEKTHYe-
ckom mHoroo6paszun (M?", w?). Tlyerh Ha Heocoboit H309HEPreTHYeCKON MoBepX-
woctu M;, = H~'(h) C M*" umeercst cpasnoe moamuoroobpasue A, craontn
3al0JIHEHHOEe 3aMKHYTBIMI TPAeKTOPUSAME TOH CHCTEMBI.

[Iycts Ha A mMmeeTcs HempepbIBHAsI, & 3HAYAT, TIaKasd DYHKITHI

T:A— 1R

Heprojia 3aMKHYTBIX TPAEKTOPUIl HA TOJAMHOroo0pasuu A. DT0 O3HAYAELT, UTO
Ha A umeercs riajikoe jgeiicteue okpykuocTr. OHO paccianBaer A Ha HEOCOObBIE
1 0coOble cjion, romeoMopdHbIe OKPY2KHOCTH. OPOUTHI STOrO JIeCTBHSA COBIIA-
JTAIOT C 3aMKHYTBHIMH TPAeKTOPUIMH 33JaHHOI cucTeMbl Ha A, 1 Bpems JBHKe-
HUS 110 KaxKI0#i TPaeKTOPUHU MPOMOPIHOHATIHLHO eCTeCTBEHHOMY TapaMeTpy Ha
OKPYZKHOCTU C KO3 puimenrom % B uwactnocTu, 310 jieficTBUe OKPYKHOCTH
JIOKAJILHO CBODOOTHO (T.e. HE MMeeT HeMOJBUKHBIX TOYEK ), IIOCKOJIbKY H309Hep-
reTuvecKas IMOBEPXHOCTD I10 IPEIOI0KEHUIO SIBJISIeTCsS HeOCODOI.

PaccMOTpHM OPHEHTHPOBAHHOE [VIAIKOE PACCIOCHHE
P
S' A5 B (2)

CO CJIOEM OKPYZKHOCTb, CJOSIMU KOTOPOI'O CIYZKAT 3aMKHYTbIE TPACKTOPUU Ha
nojmuoroobpasun A, a 6azoit B — daxrop-muorootpasue A/S! ¢ ecrecrsennoii
daKTOp-TOI0JI0THEH.

Omnucannoe paccioenne A Ha OKPYKHOCTH Oy/1eM HA3BIBATH NePUOIUYECKUM,
Wi paccaoenuem 3etigepma. Ha HEKOTOPBIX TPAeKTOPHSIX, HA3BIBAEMBIX 0CO-
bvimu croamu paccioennsa 3eiidepra, GyHKINS 1 MOXKeT He SIBISIThCA MUHH-
MaJIbHBIM MEPHOIOM, & JIUIIb JAeJIUThCA Ha Hero Hamneso. [Ipmauna B TOM, 9TO
GYHKIMS MEHIMAIBHOTO TIEPUO/Ia He SABJISIETCsI, BOOOIIE TOBOPsI, HEIPEPHIBHOI,
a JIMIIb IOJyHelpepbiBHA CHHU3Y.

B ciaydae JOKaJIbHO TPUBHAJILHOIO PACCJOSHHUS P B KaUeCTBE HEIPepbIBHON
dyurnun T' MOXKHO B3AThH MHHHEMAJbHBI mepuos. [Ipu srom dhakTop-MHOT0O-
opasue B = A/S!, ouesnmno, Gyjer aBiaThes MIaJKUM MHOI0OOpa3ueMm.

1.1.1 Ilomarue V—-MHOroobpasus

Pacemorpum obmuit cirydaii mepuogndeckoro paccioenust (2) u OTMeTuM ero
CXOACTBA W Pa3JIMiIusd € YACTHBIM CJIydaeM JIOKAJIbHO-TPUBUAJIBHOTO PACCJIO-
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enns. [Tpeamonoxum, aro paccioenne (2) mmeer ocobwie ciaon. Torga daxk-
TOp-MHOroobpa3ue B yxke He dBIdeTCd IVIQJKUM MHOr0OOpa3ueM, OJHAKO Ha
HEM HMeeTcd CTPYKTypa TaK Ha3bIBAEMOTIO 0000ULéHH020 MH02000pa3UA, WITH
V-mnozo06pasus |30, 36|, anasmoruunas CTpyKType IJIAIKOTO MHOTOOODA3HUSI.

V-—muoroobpa3zuem pasMepHOCTH Kk HA3bIBAETCS TOMOJOIMIECKOE MPOCTPAH-
CTBO, JIOKAJIBbHO romeomopduoe daxrop-npocrpanctsy IRF 1o HekoTOpoil Ko-
HewyHO! moarpymme I' (3aBucdmieii or ToYKH) B rpyime JOKaJbHbIX Auddeo-
mopduzmos IRF — IR*, ocraBisiomux HaYag0 KOODAMHAT HEIIOIBHKHBIM. B
HAIlleM Caydae /s JTI000i TPaeKTOPUU ¢ MUHUMAJIbHBIM HIePUOIOM %, e N
— HEKOTOPOEe HATYPa/JbHOE 9YHCJIO, COOTBETCTBYIOIIAsl MOJArPYIIa u30MOpdHa,
MUKJINIeCKOi rpymme 2y .

Fnankast crpykrypa V-muaOroobOpasust B omnpenensiercss tak. Oyuknuo f
Ha (akTop-MHOTOOOpasuu B Ha30BEM INIaJIKOi, ecan eé oOpaTHbIil obpa3 p* f :
A — IR upu orobpakenun p : A — B gBiasercs riaaakoii pyHKIMeH Ha MHOIO-
oopasuu A. Kpurudeckumu toukamu riajakoit pyukiuu f : B — IR HazoBém
npoeknuu Ha B kpurndeckux opout pyuknuu p* f. Kpurnaeckyto Touxy ¢pyHK-
mnun [ Ha30BEM HEBBIPOKIEHHON, WM MOPCOBCKOM, €CJIM COOTBETCTBYIONIAs eif
KpuTHieckas opouta (GpyHKuu p* f aBiaserca OOTTOBCKOIA.

AHaATOrMYHO OIPEIEIdIoTCs IIaJKue orodbpazkenusa, auddeoMopdu3MBbl,
BeKTOpHBIe 1oy u auddepentuanbibie ¢popMel aasg V—muoroodbpasuii. Ha-
npumep, Ha V-—muoroobpasuu B = A/S' umeercs ecrecrBennas KOPpeKTHO
orpeeeHHas 3aMKHyTas 2—(opMa, a UMeHHO, “TIpoeKnust’ Ha [ orpanunydenust
CHUMILTEKTHIECKON CTPYKTYpbI Ha moaMHorooopasme A. OTHOCHTETBHO 3TOi 2—
dbopmbr hakTop-MHOrO06pa3He B MOKET ABIATHCS CUMILIEKTHIeCKIM (cM. [36],
a TaKyKe HUKE).

Kpome Toro, moxkno onpejesnth kKacarejabHoe paccioenue 1,5 K jiobo-
My V-—muoroobpasuio B. s 3T0Oro paccMorpum B KaxKiaoi Touke m € A
daxTOp-IPOCTPAHCTBO KACATEJBHOIO MPOCTPaHCTBA 1), A IO OJHOMEPHOMY I10/I-
IPOCTPAHCTBY, KACATETLHOMY K 3aMKHYTOI TpaeKTopuu Ha A, mpoxojagmeii de-
pe3 m. Ha mosyuennom pacciaoeHnn Haja A MMeeTcs eCTeCTBEHHOE MepHOInYe-
ckoe JeitcrBue OKpyzkHOCTH. [IpocTpancTBO OpOUT STOrO JIeHCTBUS SABJISETCS
HEKOTOPBIM (He JIOKAJIbHO TPUBHAJIBHBIM) paccyioeHneM HaJ V-MHOroo6pasnem
B = A/S!, u 310 pocTpaHCTBEO OPOUT HAZOBEM KacaTeJIbLHBLIM PACCIOeHHeM K
B. Anajormaso omnpejessgercs KokacaTeabHoe paccaoenne 1 B. OrmernM, 910
npocrparcTsa 1, B u T* B, kak u B, apasgiorcsa V—-MHOTO0Opa3usIMMI.

3ameuanmne 1. B neiicrButebHOCTH, TI060e V—-MHOTOOOpa3ne pasMepHocTH k
nesuipooicdero B caemyomeM cMbicie. Jlobas Touka b € B umeeT OKpecTHOCTD,
mddeomopdryio daxTop-npocrpanctsy IRF /T, mpoctpancrsa IR® o mexoro-
poii koneunoii noarpymnme 'y B rpynne GL(k) aunetinwz npeobpasosanud. py-
TIMH CJI0BaMH, JeificTBHe J060ii KOHeUHOj Tpymmsl B mpocrpancrse IRF nud-
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dbeomopdro amHEHOMY feiicTBHIO. (DTO yTBEpKIEHWE BEPHO JJisi JefiCTBHs
B npocrpancTe IRF moboit KommaxTHO# rpymmel Jlm.) [lna moxasaTenbcTha
PacCcMOTPHM JIO6YI0 PIMAHOBY MeTpUKY Ha mpocTpancTBe IRF m pacemorpum
cyMMy eé 0Opa3oB pH jeiicTBun aeMeHTamu noarpynnsl [y, [lonyaennas pu-
MaHOBa MeTpHKa Ha npocrpancTse IRF, oueBuano, MHEBAPUAHTHA OTHOCHTEILHO
neficTBus deMeHTaMu rpymmst ', B wacTHOCTH, Teome3ntdeckue 3T0i MeTPUKH
Ipu JeiicTBUU JI0ObIM 3jieMeHTOM ¢ € ['y mepeitayT B reogesmdeckue. Cieno-
BaTesbHO, mpu oroxaectaennn IRF ¢ TyIR® mpu momomnu SKCIOHEHINAIBLHOTO
orobpaxkenns exp, : ToIRF — IR¥, xacarennmoe geiictsue g, (0) amemenToM g Ha
ToRF nepeiiér B geiicrue stum sjgementoM ¢ na IRF. Takum obpasoM, eii-
creue rpynnst Iy na IR* mzomopdno xacaTeasnoMy 1eflCTBHIO 9TOH MDY HA
npocrpanctie ToIRF. TlociieHee neiicTBie, OUEBHUIHO, SBISETCS JIeilCTBIHEM KO-
HewHOi moArpynmbl rpynnbl GL(K) nuHeiiHbIX mpeobpa3oBaHuUii MPOCTPAHCTBA
ToIRF.

Orcro/ia, B 94aCTHOCTH, CJIEJIYET, 9YTO KacaTeJbHOe IMPOCTPAaHCcTBO 1B B TOU-
ke Buma b = p(y) € B, tae v — ocobwrii caoii, muddeomopduo dakTop-
npocrpanctsy IR* /Ty u, Tem cambiM, anddeoMopdHO HEKOTOPOiT OKPeCTHOCTH
Touku b B B.

1.1.2 @PopmyampoBKa OCHOBHOTO pPe3yJbTaTa

Hna moboit TpaekTopun v C A paccMOTpuM MaJeHBKYIO IIOMAIKy o C My,
TPaHCBEPCATBHO MEPECEKAIIYI0 9TY TPAeKTOPHIO B Ha3bIBaeMYyIo ceveruem 11y-
anxape. Paccmorpum orobpaxkenue [lyankape A : 0 — ¢ 3T0il mwiomajiku Ha,
cebst, 3a/1aBaeMoe MOTOKOM CHCTeMbl 3a BpeMsi, Oiu3koe K nepuony 1|, fcHo,
YTO TOYKA IepecevdeHus m = 7y () 0 UCXO/HON TpaeKTopuu 7y ¢ cedenueM llyan-
Kape o, Kak 1 Jifobas JIpyras TOYKa HoAMHOTo00Opas3us A M o, HeOABMKHA IIPH
orobpazxkennu A. PaccmorpuM nunelinyio dacts dA(m) orobpaxkenuss A B 310
HEIIOJIBUKHOI TOYKe.

Onpenenenne 1. Tlogmuoroobpasue A HA30BEM HEGLIPOHCICHHBIM, CCTH PAC-
cjoenue (2) sBsleTCs MEPUOANYECKUM, U JIs Jii000ii Tpaekropun 7 C A sapo
oneparopa dA(m) — I coBnajaer ¢ KacareabHbIM pocTpancTBoM 1, (A N o)
moaMHOroobpasuio A N o:

ker (dA(m) — 1) =T, (ANo),

rjie | — TOXKJECTBEHHBIN OmepaTop B KacaTeJbHOM MPOCTPAHCTBe 1,0 K cede-
nuto [lyankape o B Touke m.

Pacemorpum na (M?", w?) sosmywénnyio cucmemy ¢ HEKOTOPHIM FaMUJIBLTO-
mnanom H, 6muskum x H 1o mopme C2,
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Onpenenenne 2. B nacrosmeii pabore, roBOPst 0 3aMKHYMOT MPaeKmopul
BO3MYIIEHHOI CHCTEMBI, MBI Beerja Oy/eM HMeTb B BHIAY 3aMKHYTYIO TPAeKTO-
PHUIO 7, 00110y IO JTOMOJTHUTEIbHBIM CBOMICTBOM “TOYTH T —TepUOIMIHOCTH .
A umenHo, OyzeM IpeamoaraTh, YTO OHA OJHM3Ka K HOAMHOTrooOpasnio A, un eé
epuo/, 6,130k K nepuoiy 1|, HeKoTOpoit 6un3KOil K 4 HEBO3MYIIEBHHOIT TpaeK-
ropun v C A.

Teopema 1. Ilycmo nodmnozoo6pasue N C My, cnaows sanoanennoe 3a-
MEHYMOLMU MPLEKMOPUAMU HEBO3MYUWEHHOT cucmembvl, Komnakmmo (6es kpas)
u meswvpootcdeno. Ilycmo paccaoenue (2) nodmmozoobpasus N na 3amrHymole
mpaekmopuu Asasemca nepuoduneckum. 10200 “UCA0 NEHCAUWUT HA Ff’l(h)
2E0MEMPUYECKU, PASAUYHDLL 3AMKHYBLET MPAeKMOoPutl 803MYUL,EHHOT CUCTLEMDL
HE MEHBULE, YEM MUHUMAALHOE YUCAO KPUMUYECKUT MOoYer 24a0K0T GyHKuuL
na darmop-mrozoobpasuu B = A/S1. Kpome moeo, wucao maxuz mpaexmoputi
¢ YUeémom Kpammocmets e MeHbULE MUHUMAGADHOZ0 YUCAL KPUMUYECKULT MOYER
MOpcosckoti pynkuyuy na B.

13 570ii Teopemsr momyuaem (cm. [13, 11]) cremyromiee

Caencreue 1. B ycaosuax meopemvs 1 4UCAO 2€0MEMPUUECKY PASAULHLET
BAMENYMOT mpaekmoputi 603mywénnot cucmemvr na nosepzrocmu H(h)
ne menvwe kamezopuu Jlrocmepruka-Ilnupeavmana cat B armop-mmozoobpa-
susa B. Ecau npu amom paccroenue (2) A0KAABHO-MPUSUANLHO, MO YUCAO Ma-
Kux mpaexmopudl ¢ yuémom Kpammocmel ne menvwe cymmovs wucea Bemmu
> Bi(B) amozo m102006pasus.

B neiicTBurebHOCTH, TeopeMa 1 Oblaa JOKa3aHa paHee JIPYTUM MeTOJO0M
Beitacreiinom B padore [37].

113 Teopemsbl 1 u ciaegcrBus 1 moayduaeMm ciaeayionue 60jee TpyObie ONEHKH

JIJIS 9UCJAa 3aMKHYTHIX TPAeKTOPUil BO3MYMIIEHHON CHCTEMbl HAa MOBEPXHOCTHU
HY(h).
CaencrBue 2. B yciosusx meopemvl 1 4ucao 2coMeMPUNECKU PASAUNHLE 30-
MERYMOLE Mpaekmopudl 603Mywénnotl cucmems. na noseprrocmu H(h) ne
menvuie scat A. Kpome mozo, wucao samknymoiz mpaekmoputi ¢ y4émom xpam-
nocmeti ne menvwe 13- 3;(A).

B ciaydae JOKAJIbHO-TPUBHAILHOIO PACCIOCHUS (2) 9TH OINEHKU BBITEKAIOT
U3 CJIeJICTBASA 1 M CJIeyIoIuX HepaBeHcTs [13]:

cat A < cat S'cat B = 2cat B,
rae S — caoit paccaoenns (2), u

Gi(A) < Bi(B) + Biea(B), i€y
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(MOC/Ie THIOIO OIEHKY HETPY/HO MOJIY9IUTh W3 pe3yabraroB KHurH [5]). B ciayuae
IPOU3BOJILHBIX paccjioennii 3eiidpepra Mbl BbIBEJIEM HYKHBIE OIICHKU HEIIOCPE/I-
CTBEHHO u3 TeopeMbl 1 (wiu eé Gosiee clabbIX AHATIOTOB).

Joka3zareabcTtBo. CiecTBue 2 T1€rKO BEIBECTH HEMIOCPEICTBEHHO U3 TEOPEMBI
1 (Takum 2Ke cocobOM, KaK BBIBOASITCS ONEHKHU cjeactBusi 1). Mbl Jokaxkem
9TU OIEHKH JIJIst DOJIee MMPOKOTO KJacca (GpyHKIM Ha A, Ha3bIBAEMbIX WHOT/A
KpY2AbMU YHKYUAMU, — Y KOTOPBIX MHOZKECTBO KDUTUIECKUX TOUEK SIBJISICTCS
00beIMHEHNEM HElePeCeKAIOMNXC sl IIAKIX OKPYKHOCTE .

Hamomuum [13], uro mokaszarenbcrBo dakra o kareropun JloocrepHUKA-
HTaupesabmana (cM. ciaegcrBue 1) ocHOBaHO Ha cJepyoneM Habmoennn. st
J060it riagkoit pyakmun F @ A — IR, MHOKECTBO KPUTHIECKUX TOYEK KOTO-
pOil COCTOUT W3 KOHEYHOro ducjaa CBsa3HbIX kKommouenT C; C A, 1 < i < N,
kareropus MuoxkectBa A, = {F < a} ne y6wiBaer mo a € IR u npu nepexose
Jepe3 KpUTHIEeCKoe 3HadeHue a (pyHkmum F' yBeamduBaeTcd He Oojiee deM Ha
makcumym kareropuit cat o, C; < cat C; nogmuoxecrs suga C; C {F = a}.
CxJtazbIBast 9TH NPUPAINEHUsI, B HTOTE MMEeM:

N
A< <N ;.
cat A < ;cat C; < 123;)}(\[ cat C;

Otciona nmosrydaeM ONEHKY Jjs dncyia N KpUTHIECKUX MOIMHOXKECTB (DYHKITUH

F: N> _——@tA ___ (cranoch 3aMeTHTD, 9TO0 KATETOPHst OKPYZKHOCTH PABHA
maxi<;< N cat C;

asyM: cat St = 2. ITosromy m1a mo6oit dbyrxmun F Ha MEOroodpasnu A, MHO-
JKECTBO KPUTHYECKUX TOYEK KOTOPOil ecTb 00beiunenue N HermepeceKarnumxest
JIAJKUX OKPYzKHOCTEH, mmeem N > %cat A.

B cayuae dyukimuu Borra F' Ha A, nmeromieil N KpUTHUECKUX MOJIMHOT000-
pazuit C;, 1 <14 < N, Bce U3 KOTOPbIX — OKPYZKHOCTH, JIETKO TOCTPOUTDH (DYHK-
o Mopea ma A puna F = F4¢F, UMEOTIYI0 POBHO 2N KPUTHIECKUX TOUEK,
rjie € < 1. Jlng sToro B KavectBe F} BO3bMEM IIaJIKyI0 (DYHKIHUIO, OIPAHUYE-
HUEe KOTOPOil Ha KayKIyio OKpyx)kHOCTh C; sisiercs (yukiueit Mopca ¢ poBHO
JIByMST KPUTHIECKUMHU TOIKAMUI 1M;_ U M;1: MUHAMYyMOM 1 Makcumymom. Toria
BOJIM3H 9TOH OKpyzKHOcTH (byHKIMS F UMeeT poBHO B¢ KPUTHHIECKHE TOUKII,
HaXOAMIIecs BOJIU3U TOUEK M U M;4. OOe 3TU KPUTHIECKNEe TOUKY SBJISTIOTCS
MopcosckuMmu ¢ uugekcamu ind pC; n ind C; 4+ 1 coorBercTBenno. Takum obpa-
30M, qncio N Bcex 60TTOBCKEHX OKpyzkHOCTeH C; byHkiun F' paBHO 1OJIOBUHE
4quc/ia KpuTudeckux Touek gpyukiuu Mopca F ua A. Cornacuo HepaBeHCTBAM
Mopca, nociaeanee qucio me Menbme Y ; 3;(A), orkyma N > 13 3;(A).

DTO0 J0Ka3bIBAET CJIeICTBHUE 2.
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1.1.3 HekoTopsle yacTHBIE CaydYan

Onpegesienne 3. Hazosém nmogmuoroodpasue A cmpozo neswvipostcoervim, ec-
JHM B KaXKJI0it Touke m € A kparHocTh 1 B cniekTpe oneparopa dA(m) (r.e. pas-
MEPHOCTH OTBEYAIOIIEro e MHIIE KOPHEBOIO HOAIpocTpancTBa) pasaa dim B.

Sameuanme. MoxKHO 1I0Ka3aTh, 4TO HOAMHOIo0Opasue A ¢rporo HeBbIPOZK 1e-
HO B TOM U TOJIbKO TOM CJIy4ae, Korja (¢pakTop-MHOroobpasue B CUMILJIEKTUIHO
OTHOCHUTE/IbHO €CTeCTBEHHON 2—(hopMbl HA HEM, WHIYIUPOBAHHON CUMILIEKTH-
qeckoit cTpyKTypbl Ha M. 31ech dhakTop-MHOroOOpasue B Mbl Ha3bIBAEM CHM-
IJIEKTUIECKAM OTHOCUTE/ILHO €CTeCTBeHHOU 2—(hOopMbl Ha HEM, €CJIU OrpaHute-
HIe MCXOIHOI CHMILIeKTHIeCKOl CTPYKTYPH w? Ha Hepecedenne TPAHCBEPCATN
o ¢ nojgMHoroobpasuem A siBjsiercst HeBbIPOXK IeHHOI 2—hopmoii. B wactHoCcTH,
Pa3MEPHOCTh CTPOro HEBBIPOXKJIEHHOTO A Bcerjia HeYETHA.

[Togaepkuém, 94To B TeopeMe 1 MBI He TIPEAIIOIAraeM, 9To MOAMHOro00pasne
A crporo HeBbIpOXKIEeHO (B orsmume or pabor [14, 36]). Kpome Toro, mbl He
HAKJIAIbIBAEM HUKAKUX OIPAHUYEHUN Ha CTPYKTYPY (hakTop-MHOroodpasusa B
¢ ecrecTBeHHON 2—hopmoit Ha HEM, ero pa3MepHOCTh WJIM TOmoJoru0. B gacr-
HOCTH, B MOZKET He dBJIATHCA HU CUMIIJIEKTUYIECKHUM, HU U30TPOITHBIM IIOJMHO-
roobpasmem. OHO MOXKET WMeTh JTIOOYI0 Pa3MepPHOCTh, U JlayKe ObITh HEOPUEeH-
THPYEMBIM.

OJIHAKO B HEKOTOPBIX CIEIUATbHBIX CJIydasiX U3 TeopeMbl 1 (mim eé Gosee
caabpix anajaoros |4, 14, 34, 35]) caenyer Gosee yjo0Hasi 1 KOHKPETHAS OIECHKA.
A umenHo:

1. Mosep [25] u Beitucreitn [36] 3amernnn, aro ecau dakrop-mMmuoroodbpasue B
CUMILIEKTUYHO (MJIM, 9TO B JJAHHOM CJIydae SKBHBAJIEHTHO, A CTPOro HEBBIPOXK-
JIEHO), TO CIPABE/JINBA OIEHKA

1 1
catBZidimB+1:§(dimA+1). (3)

Bosee Touno, B pabore [36] mokazano, 94T0 CUMILIEKTHYIECKAs CTPYKTYpa 3a1a-
€T 3JIeMEeHT TPYIIbI JBYMEPHBIX KOrOMoJioruit V-—muoroobpasust B, k—ras cre-
[eHb KOTOPOTO OTJIMYHA OT HYJIsl B KOJIbIE BEIeCTBeHHbIX Koromosioruit H*(B),
rae 2k = dim B. CuenoBarebHO, KOTOMOJOTHYECKas JIanHa B He Menbine k:
((B) > k. Orciona n u3 mepaBercrsa cat B > ((B) moayuaem (3). Cremo-
BaTeIbHO, Mobasg S'-unBapuanTHaa raaaxas dyHKIuS Ha A nMeeT He MeHee
k + 1 3aMKHYTBIX TPAEKTOPHii.

2. /Ipyrum HEOXKHTaHHBIM U He MeHee HHTePECHBIM sBJIsieTcs (haKT, 9TO MOCTIe/I-
HsIsT OTEHKA CIIPABEJINBA U B CIydae, KOIJa MOJIMHOTOOOpasne A ToMoToImIe-
CKH 9KBHUBAJEHTHO HedérHOMepHOI cdepe (cm. paborsr M. A. KpacHocesbckoro
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[21] u Beitucreitna [35]). Bosee Touno, B pabdote [21] gokazamo, ato st Takoro A
CYIIECTBYeT J0CTaTouHo O6osibinoe N, mpu KoropoMm MHoroobpasue A° = A/Zy
(T.e. IpoCTPaHCTBO OPOUT CBOGOIHOTO JelcTBIs KOHeuHOl noarpynnbt Zy C S
Ha A) mmeer kareropuio Bujga cat A° = dim A + 1 = dim B + 2. Ho, cornacuo
JI0Ka3aTebCTBY CileacTsus 2, mobas S'/Z y—nnBapuanTHas riajKas QyHKIIA
Ha A° umeer He MeHee UeM %Cat A° = %dimB + 1 xpuTHYeCKUX OKPYZKHOCTEIA.
CrenoBarenbHo, mobasg S'-mHBapuanTHad TTagkad GYHKIHT Ha A ToxKe mMeeT
HE MeHee ueM %dim B + 1 xpuTu4ecKux oKpyzKHOCTEI.

Orcroga moaydaem emé OJHO CJIeJICTBHE U3 TeoOpeMbl 1.

CaenctBue 3. Ilycmw, 6 ycaosuar meopemvl 1, 6uinoaneno 00no us caedyio-
wuxr 08YxT Ycaoeull:

1. aubo nodmmozoobpasue A cmpozo neswvipostcderno (cm. onpedeaenue 3),

2. aub0 nodmnoz2000pasue N 20MOMONUYECKY IKEUBANEHMHO HEUEMHOMED-
Hotl ciepe.

Toz20a wucro (2e0MEMPUUECKU PASAUNHBLTL) 3AMEHYMBLE MPAEKMOPUll CucmeMmbt
¢ e2amusvmonuanom H na noseprrocmu H (k) ne menvuwie, wem

1 1

m.e. boavUWE NONOBUHBL PA3MEPHOCTIU PhaKmop-mro2000pasus B.

Ouenka ciegcrBus 3 Oblia 1oka3ana B pabore Beitncreiina [35], rae ona 6bi-
Jia BeIBejieHa u3 GoJiee caboro axnasora TeopeMbl 1 (Teopema 1 Oblia jgoKa3aHa
BeiiHcTeliHOM UMb [M032Ke). A MMEHHO, B 9TOi pabore OBLIO JOKA3aHO, UTO
a1 mo60it KoHednoit moarpymmsl I = Zy rpynnel S 4mcio 3aMKHYTBIX Tpa-
eKTOPHIl CHCTEMBI ¢ TAMIIBTOHIAHOM H He MeHbIIe, 4eM MHHAMAIBHOE THCIO
KPUTUYECKUX OKpYyzKHOCTel ['—mHBapuanTHOW Kpyroit pyukinun Ha A. JToka-
3aTeJIbCTBO 3TOr0o pakTa, Kak u OoJiee O0IEro pe3ysbTrara HACTOSIIEH padoThI
(cM. yTBepKIeHIe 3 HUZKE), UCIOTB30BAIO DOJIee IPOCTYI0 TeXHUKY, Ye€M MOCIe-
JyIoTIee I0Ka3aTeIbcTBO TeopeMbl 1 B pabore Beiincreitna [37].

Bameuanue 2. Ilycrb paccioenue (2) He sIBISETCS JOKAJILHO TPUBHATBHBIM,
T.e. IMeeT 0cobbIe con. PaceMorpum oobeguaenne Ay, Bcex 0COOBIX TpaeKTOPHii
Ha nOAMHOro0Opasuu A, KOTopbIe 3aMbIKalOTCst Yepe3 Bpemst T'/k, rae k — nestoe
qucy10, 60sbinee equHUIB. OKA3bIBAETCS, ITO:

1. Hust siro6oit roajgkoit pyuknuu f Ha V-—MHOrooOpasum B cyiiecTByOT
KPUTHYECKHE TOYKHU 3TOi (DyHKIMM, npuHaaekamme MHOKeCTBY p(Ay).
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2. st MHOTHX 3aMKHYTHIX TPAEKTOPU BO3SMYIIEHHONW CHCTEMBI MUHIMAJIh-
HbIil nepuog, 6yaer 630k He K 1) a K wucaay suga 1'/k, roe T — uenpe-
puiBHas GyHKIUA nepuoga Ha A, k > 1.

B camowm jsieste, u3 cBoiicTBa HEBBIPOXKAeHHOCTH V —-MHOrO0Opasuii (cMm. 3ameda-
Hue 1) caeayer, 9To JJist 106010 k MHOZKeCTBO Aj COCTOUT U3 KOHEYHOIO YUCJIA
CBSI3HBIX KOMITIOHEHT Ay;, M KarKjiast U3 3TUX KOMIIOHEHT SIBJISETCS DJIAKHUM KOM-
HAKTHBIM IOIMHOTO00Opa3neM B A, HEBBIPOKIEHHBIM B CMBIC/IE OIpejeeHns 1
o otHomenno K dbyuknun nepuoga 1'/k.

CrhemgoBaTebHO, COTJIACHO TeopeMe 1, BOJIU3U CBA3HOTO MOAMHOTO0OpAa3HUs
Ag; 9MCII0 3aMKHYTHIX TPAEKTOPHiT BO3MYIIEHHONH CUCTEMBI C TIEPUOAMU, OJIH3-
kuMu K 1T'/k, He MeHbIIle, 4eM MUHUMAJTHLHOE YHCJI0 KPUTHIECKUX TOUEK IJIa KO
bynkuu na V-muoroobpasun Ay /S'. 1o joKazpiBaeT BTOpoe U3 YIOMAHYTHIX
YTBEP2KICHU.

C npyroii cTOpOHBI, Ha MHOTOOOpasmm A Bcerma cymecTByeT S'-mHBapnu-
AHTHAsl PUMAHOBA MeTpHKa. $ICHO, 94TO IPaJIMEHTHBI TOTOK (110 OTHOIICHUIO K
9TOi MeTpuke) J1t060it S LpupapuanTHoit GyHKIME f KOMMYyTHpYeT ¢ AeilcTBH-
em okpyzkHOocTH Ha A. OTCroma cieyer MHBAPHAHTHOCTD KayK/I0I0 MHOYKECTBA
Ay, otHOCHTETBEHO 3TOrO MOoTOKA. CliemoBaTebHO, rpaauenT (hyHKun [ Kacare-
JIeH K KazKJI0MYy MoaMHOrooopasuio Ay;. [ToaTomy kpurmaeckne TOUKT by HKIIT
fla,, coBuagaror ¢ kpurnueckumu roukamu byHKIUK f, JeKaIMME HA T10JMHO-
roobpasun Ag;. DT0 JOKa3bIBAET MEPBOE U3 YIOMSIHYTHIX YTBEPZKICHUII.

B wacrrocTH, J1000ii u304UposarHbil (B COOTBETCTBYIONEM MHOXKeCTBe Ay )
0co0bIil cJ10it paccaoenus (2) coxpaHsieTcs TIPH BO3MYIIEHUH, JIUIIb CJIErKa Mpo-
1e(bOPMHUPOBABIIUCD, T.€. “MTOPOXK/IaeT 3aMKHYTYIO TPAEKTOPUIO BO3ZMYIIEHHOI
CUCTEMBI C IIePUOIOM, OJIM3KUM K MUHUMAJIbHOMY [I€PUO/Iy HEBO3MYIIEHHOIT Tpa-
eKTOPHH.

1.2 Meroa ycpeaHeHUs Ha MOAMHOrooo0pa3uu

[IpeamonokKuM Temepb, 9TO B yCJAOBHUAX TeOpeMbl 1 HMCXOHAA TaMHJIbTOHOBA
CHCTeMa BKJIIOYEHA B O/IHOTIApAMETPUUECcKOe CeMeiiCTBO BO3MYIIEHHBIX TAMUIb-
TOHOBBIX CHCTEM HA CUMILTEKTHIeCKOM MHOTO0OOpasuu M, 3aBUCAIIIX OT MAJIOTO
rnapamerpa €, ¢ raMiuJIbTOHUAHAMU BUJIA

H=H+eH, + o(e), e — 0, (4)

rae Hy — ruagkas dyskius Ha MHOrooOpasuu M. OkassiBaercs [34], aro B
cJlydae BO3MYIIEHNUs OBIIEro BUa MpH J0OCTATOYHO MAJIBIX |€| 4HC/I0 3aMKHY THIX
TPAeKTOpHil BOBMYIIEHHON CHCTEMbI Ha IIOBEPXHOCTH H ~1(h) MOXKHO OIEHHTD
6os1ee TOYHO. A MMEHHO, C MOMOIIBI0 YCPEIHEHUST BO3MYIIEHUS

H = Hi|a (5)
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[0 EPUOJMYECKUM TPACKTOPUSIM HEBO3MYINEHHON cucTeMbl Ha A, U HaXOXKje-
HUs KPATHIECKUX TPAEKTOPHUil MOTYUYeHHOI ycpeqHenneM (hyHKIUN. DT KpU-
THYECKHE TPACKTOPUHU OYIYT MOPOZK/IATH 3AMKHYThIe TPAeKTOPUHU BO3ZMYIIEHHOIT
cucTeMbl. B 9TOM 1 3aK/TI0YAeTCS METOJT YCPEeIHEeHUS HA TOAMHOTO00DA3HH.

[lepeiiyiém k Tounbim opmyupoBkam. Paccmorpum dbyukiuio H — orpa-
HUYeHe BO3MYIIeHust Ha A\, n paccMoTpum e€ yepeduenue

H(m) = /0 Y om0 dt. me A, (6)

[0 3aMKHYTHIM TPAeKTOPUSAM HEBO3MYIIEHHON cucrembl Ha A; 3j1ech y(m,t)
— HepPHOIUYIECKOe PellleHne HeBO3MYIIEHHOH CHCTeMbl ¢ HAYAJbHBIM YCIOBHEM
v(m,0) =m, T : A — IR — uenpepoiBaas Gynknus nepuoja va A. Tloaydennas
bynxmua H ma A, 09eBHIHO, HOCTOAHHAA BAOTL Cloes paccaoenud (2). Taxmm
o0pa3oM, oHa KOPPEKTHO “onmyckaercss’ Ha (axTop-mHOrooOpasue B. Ciemxyio-
IIast TeOpeMa MOKA3BIBAET, UTO €C/IN BCE KPUTHUIECKHe TpaeKTopun (BpyHKIn H
— OOTTOBCKHE, TO BCE OHU MOPOXKTAIOT 3aMKHYTbIE TPAEKTOPUU BO3MYIIEHHOI
CHCTEMBI.

Teopema 2. [lycmv nodmmozoobpasue N C My, cnaowns 3anosnentoe 3a.mKHY-
MOLMU MPLEKMOPUAMU HEBOZMYULEHHOT, CUCTNEMDL, HEBBPOHCIEHO, HO HE 004-
3amenvro komnarmmo. Ilycmv 603MYywEHHBT 20MUNOMOHUGH 2A60K0 306UCUM,
0m Man020 napamempa €, m.e. umeem 6ud (4). Paccmompum ma A dynxyuro H
— yepeduenue (6) 603MYWEHUA 20MULDTMOHUGHE TLO 3AMKEHYIOLM MPAEKTMOPU-
am wa A, Ilyemv vg C A — bommosckas kpumuueckas mpaexmopus GyHKUUL
H. Tozda cyuwecmseyem 00HONAPAMEMPUIECKOE CEMETICNEO 3AMEHYMOLL MPAeK-
moput v. C lfl_l(h) BO3MYULEHHOT CUCTEMDL. IMO CEMETCMBO 2Aa0K0 346UCUM,
0Mm NAPAMEMPA B03MYWEHUS €, 20€ € JOCMATNOYHO MAAO, U Ve COBNAGAAEM C Yo
npu € = 0.

DTa TeopeMa 0000IIaeT MEeTO/I YCPEIHEHNST Ha TIOAMHOT000pa3ni, ¢M. paboTy
Mosepa [24]. Biepsbie Teopema 2 6blia cchopMymnpoBana u foka3ana Beiincreii-
HOM B pabote [34]. Oxnako npeamaraeMpiii B HacTosIei pabote cocod goKa3a-
TEJIbCTBA OTJIMIAETCH OT IpeioKenHoro Beitacreitnom. Hamr moaxon siBjistercst
B CYIIHOCTH Da3BUTHEM reoMeTpudeckoro mnojaxoia Ilyankape [28|, mpumensis-
merocst Takzxke B pabore Mosepa [24].

B cayuasx, xorma ¢yHKnus H OTIHYHA OT KOHCTAHTBI, HO HE SBJISIETCS
OOTTOBCKOI, MOYKHO IMIPUMEHITD CJAEYIONNEe YTBePZK ICHUSI.

YrBepxkaeuune 1. Ilycmo, 6 ycaosuaxr meopemo, 2, v C N — nexomopas mpa-
EXMOPUA HEBOSMYUWLEHHOT CUCTNEMDL, HE ABAINOULAACA KPUMUYECKOT OAA PyYHK-
yuu H. Tozda cywecmeyem oxpecmmocms 2 amoti mpaesmopuu 6 M>", makas,
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wmo npu 11066z docmamouro maivz € na noseprrocmu 2N H-Y(h) ne cywe-
CBYEM 3AMKEHYMOLL MPaekmoputl cucmemos ¢ 2aMusbMoHUGHOM H .

s bopMyTHPOBKI BTOPOIrO yTBEPKJAEHUS BBEJIEM CJeyIoIee

Onpenenenne 4. Ilycrb m — u30/aupoBaHHAS KPUTHYECKAS TOYKA TJIAIKON
byaxmun F : RF — R, F(m) = 0. Paccmorpum muoxkectso M = {x €
IR¥ | F(x) < 0}. Oupegenum wucaa Bemmu Bi(F,m) dbynxkmuu F B Touke m,
nonaras [(;(F,m) = rank H;(M, M \ {m}), 0 <i < k.

VrBepxkaenue 2. I[lycmo, 6 ycaosuax meopemov 2, v C A — (ne obasamenn-
HO 6OMMO6CKAA) USOAUPOSANNAA KPUMUNECKAA mpaekmopus dynxuyuu H na A.
Pacemompum oepanuvenue F = H|x omoti dynsuun 1a mopmasohyio & 5 nio-
wadky N 6 A, u paccmompum wucaa Bemmu Bi(F,m) noayuennoti @ymryuu
6 mouke nepecevernus m = v N N mpaexmopuu v ¢ amoti naowadkoti. Ilpeo-
NOAOAHCUM, UMO TOMA Obl 00HO U3 IMUL YUCEA OMAUYHO OM HYAA, G SHAYUM,
uz cymma 3 = 3 5;(F,m) nososcumenvhna. Tozda das 10601 okpecmmocmu
Q mpaexmopuu v 6 M* cywecmeyem g9 > 0, maxoe, wmo npu awbom &,
le| < eo, na nosepzrocmu Q N H'(h) cywecmeyem no menvuwet mepe 00-
HA BAMKHYMAA MPAEKMOPUA cucmemv ¢ 2amusvmonuarom H. Kpome mozo,
YUCA0 MAKUT MPAekmoput ¢ yuwémom kpammuocmed ne menvwe (.

CaenctrBue 4. Ilycmon, 6 ycaosusar ymeepocoenus 2, undexce ind ,(grad F')
epaduenma dynxyuu F = H|z 6 mouxe m = yNA omauuern om nyas. Toeda das
11060t oxpecmmocmu 2 mpaexmopuu y 6 M>" cywecmeyem gy > 0, maxoe, wmo
npu mobom €, |e| < o, na nosepzrocmu QO H1(h) cywecmeyem no menvued
Mepe 001 3AMEHYMAA MPAEKoPpUA cucmemvi ¢ zamussmonuanom H. Kpome
Mo020, YUCAO MAKUT MPAEKMOPUL 6 ¢ YUEMOM KPAMHOCTMET HE MEHDULE, YeM
ind ,,,(grad F').

B camowm jiesie, MOXKHO 1OKa3aTh, 4TO UHJEKC IrpajuenTa pyHkiun F B To4-
Ke m paBeH ajbTepHuposantoil cymme ind ,,(grad F) = 3 (—1)3;(F, m) uucen
Bertu. [lostomy crnencTBue 4 1eificTBUTETBHO CJIeIyeT U3 YTBEPKIEHU 2.

B neiicTBuTEIBHOCTH, CIIPABEJTUBO CJEYIONIEE YTBEPZK IeHIe, 0000IIaonee
TeopeMbl 1, 2 u yTBRepKaennd 1, 2.

[IperoioKuM, 9T0 raMUJIBTOHUAH H BO3MYIIEHHO# cucTeMbl O6Jin30K K H
o aHopme C", rie r > 2. O6o3HaINM

e=|H—Hl|¢, H =(H-H)]e,

n obo3naunM vepe3 H ycpennenue (6) Boamymiennst Hy|y 110 3aMKHYTBIM Tpa-
eKTOPHAM HEeBO3MYTIEHHON cucTeMbl Ha A.
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YrBepxkaeuue 3. B ycarosusx meopemu, 1 cywecmeyem okpecmuocms U noo-
mrozoobpasus N 6 M u ey > 0, makue, wmo npu awbom €, |e| < &g, cywecmey-
em eaoocenue i 2 A — U nodmmnozoobpasus A 6 U u zaadkue dymryuu S u T
Ha NodMH02000pasuy N, nocmoanHvle 0OMHOCUMENBHO ETCMEUA OKPYHCHOCT
u obaadarowjue CACOYOUUMU CBOTICEAMU:

1° Obpas A= i(A) nodmnozoobpasus A npu esosrcenuu i aescum Ha no-
sepznocmu H(h).

2° O6pasvl npu 8A0NHCEHUY T BCET KPUMUYECKUT OKPYHCHOCTEN GyHKUUL
S 6 mounocmu coenadarom ¢ 3aMKEHYMBLMU MPLEKMOPUAMU B03MYULEHHOT CU-
cmemvr wa U N I:I_l(h). B wacmmocmu, nodmnozoobpasue A codeporcum ece
3AMEHYMbBLE MPAEKMOPUY B03MYUEHHOT cucmemv, wa U N lflfl(h). Ipu smom
oA 2100017 Kpumuueckot okpyschocmuy v Gynkuuy S uUcso T(v) ABAAEMCA
nepuodom mpaexmopuu i(7y).

3° Oxpyosrcrocmo v C N asasemes bommosckoti Kpumuueckot oKpyYHcHO-
cmuvto PyHkyuy S 6 MoM U MOALKO oM CAyuae, Kozda eé 0bpas i(7y) npu 6.40-
HCEHUU T ABAAEMNCA MeBuPodcIennol (6 cmoicae onpedesenus 1) 3amrHymot
mpaexmopueti 603MYyuLenHot cucmemot. Boaee mozo, das A10001 mouku m € y
u cekywet eunepnoseprrocmu > C U, mpanceepcasvro nepecexarowets mpaek-
moputo 7y 6 mouke m, obpa3 npu Kacamesvrom omobpascenuu di(m) Hyaeeozo
nodonpocmparcmea zeccuana Pynryun S|sna 6 Mouke m 6 MmouHOCYU Co8nada-
em ¢ adpom onepamopa dA(i(m))—1I, 2de A : 6 — & — omobpasicenue ITyanxape
BO3MYWEHHOT cucmembl, 0 = X f]’l(h), I — mootcdecmeennvili onepamop.

4° Baootcenue i 6AU3KO K MOACICCNBEHHOMY, PYHKUUA T 6auska & Pyrix-
yuu T, a pynkyus —S bauska (¢ mownocmvro 00 NOCMOAHHO20 CAG2AEMO20) K
Pyrryuu H, noayuennot yepednenuem (6) eosmywenua Hy = (H — H) /e no
BAMEHYMVLM MPAEKMOPUAM HEBO3MYULEHHOT cucmemv, Ha A.

5° Ecau 6osmywénnuti 2amusvmonuan H e2aadko sasucum om manozo na-
pamempa, m.e. umeem eud (4), mo eaoocernue i : N — M u dynkyus S na A
mooice 2aa0K0 3asucam om 2mozo napamempa. (Ilpu smom cuumaemes, wmo
wUCA0 € 6 NPedudyuleM nyHKme — Mo Mmaivid napavemp, a ne |[H — H|cr.)

31ech 1moa OJU30CTHIO JABYX OTOOpakKeHuit Wi (DYHKINH TOHUMAETCS UX
e-6/mmsocts B O 1-merpuxe.

1.3 VYcTroiiunBOCTh 3aMKHYTBIX TPAeKTOPUIi

[IycTh v — 3aMKHyTas TPAEKTOPUS TAMUIBTOHOBON CHCTEMBI (HE SIBJISIFOIIASICST
0co6oii Toukoit). Yepes 100y1o Touky m € 7 nposeaém cevenne [Tyankape o, C
HY(h) — manenbkyto miomaaxky B H1(h), TpancsepcaibHO MepeceKarolLyo
rpaexkropuio . Ilycrs A : 0,, — 0,, — orodbpazkenue [lyankape, onpezesisieMoe
MOTOKOM HEBO3MYIIEHHON CHCTEMBI.
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Pacemorpum onepamop monodpomuu
A =dA(m): Thom — Thom

— JIMHelHYI0 YacTh orobpaykenus [lyankape B Touke m € A. Kak yxke ormeua-
JIOCD, onepaTop A sB/sIeTCs CUMILIEKTUIECKAM JIHHEHHBIM OTIePATOPOM.

Omnpegenenne 5. Paccmorpum kpaapaTuunyio dopmy @ = w?(Ax, *) B Ka-
caTeJIbHOM IPOCTPAHCTBE K TOUKE m. DTa (opMa HA3BIBAETCI Npou3eodauet
Pynryued cumiuiekTnaeckoro omneparopa A [1].

SlcHo, 9TO HyJIEBOE MOAIPOCTPAHCTBO 3TOH (DOPMBI COAECPKUT KACATEIHHOE
npocrpanctBo T, (AN oy,) Kk AN oy,.

g moKazaTeancTBa TeopeM 00 yCTOWYMBOCTH 3aMKHYTBIX TPACKTOPHH B
JIMHEHHOM NIPUOINKeHHH HaM HOHAI00UTCS CJICAYIONAs JTeMMA.

Jlemma 1. I[lycmo, 6 ycaosuax ymeepocoenus 3, 6 kaxncdol mouke m € A
npouseodawas Pynryus () onepamopa MoHOOPOMUL HESBLPOAHCIEHE HA MPAHC-
eepcaru k¥ NN oy, 6 0,,. Toeda eroocenue i : A — I:I’l(h) U 2aa0Kaa PYHKUUA
S A — IR us ymeeporcderus 3 obaadarom caedyrowum 0ONONHUMEALHBIM
c60UCMBOM:

6° ITycmov v C A — arobaa kpumuueckas oxpyscrocms gynkyun S, v = i(y)
— COOMBEMCMBYIOULAA 3AMKHYMAA MPAEKMOPUS B03MYULEHHOT cucmemdl. Pac-
cmompum npouseodawue Gyrryuu Q u Q onepamopos monodpomuy, omeena-
0WUT 3AMEHYMBbLM mpaexmopuam ¥ u . Toeda underc keadpamuurot Bopmol
Q pasen cymme underca keadpamuunoti opmo, Q) u undekca 2eccuana GyHKyUU
S 6 A10601 mouke kpueol y:

ind Q = ind Q + ind d?S.

Omnpenenenne 6. CobOcrBennoe 3Hadenne A € € CHMIIEKTHIECKOIO Omepa-
Topa A HA3BIBAETCS AAAUNMUYECKUM [2], €CIH OHO YIOBJIETBOPSIET OJHOMY W3
CJIeIYIOMNX SKBUBAJIEHTHBIX YCJIOBHUIA:

1. xBajgparudnag dopma Q(£) = w?(AE,€) 3HaKkoolpeje/ieHa Ha MaKCH-
MaJIbHOM HHBApPHAHTHOM IIOIIPOCTPAHCTBE, Ha KOTOPOM omeparop A e
UMEET JIPYTIUX COOCTBEHHBIX 3HAYEHUN KPOME A U A;

2. spMHUTOBa KBajapaTHdHasg dopMa =w?(£,€) 3HaKOOIpeieTena Ha OTBeYA-
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fOIeM A cOOCTBEHHOM IOIIPOCTPAHCTBE B KOMILIEKCH(DUITIPOBAHHOM Ka-

CaTeJIbHOM HIPOCTPAaHCTBE.
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Hamomunm, 9o JinHeiiHbIi onepatop A HazbiBaercs yemotuusvim (o Jls-
IIYHOBY ), ecai HOpMa omeparopa A" orpanumvena npu n — o00. CHUMILIEK-
THYECKHH omepaTtop A HA3bIBACTCS CMPYKMYPHO YCmoUuusbim, eCJU JII000i
CUMILTEKTHYECKUI OMepaTop, JOCTATOYHO OJU3KHN K omepaTopy A, dBiaseTcs
yCTONYUBBIM.

Onpenenenne 7. Ilepuoandeckoe pernienue 7y JaHHON raMUJIbTOHOBOI cucTe-
MBI HA30BEM 0POUMAALHO YCMOUUUBHM 6 AUHETHOM npubiusicenuy (I TPo-
CTO YemotUuusuM 6 AUHETHOM NPUOAUNCERUL), €CTH OTIEPATOP MOHOAPOMEUU A
ABJISIETCSI YCTOHUNBBIM. Perenne v Ha30BéM (OPOUTAIBHO) CmpykmypHo yemoti-
YUBHLM 6 NUHETTHOM NPUOAUNCEHUU, eCTH OMePATOp MOHOIApOMUU A sBigeTcs
CTPYKTYPHO YCTOHYNBBIM.

aJiee cjioBo “opbuTtajibHO” 1O OTHONIEHUIO K YCTOWYMBOCTU M CTPYKTYP-
HOIl YCTONYMBOCTH 3aMKHYTOW TPAEKTOPHH B JIMHEITHOM NPUOIMKEHUN Oy/1eM
OIIYCKATh.

Hanpuwmep, eciu Bce cOOGCTBEHHBIE 3HAUEHHUsI omepaTropa A JeKaT Ha eJu-
HU9HON OKpyzkHOCTH B € ¥ paz/iudnbl, TO pEIIeHUe 7y CTPYKTYPHO yCTORIUBO B
JmaeitnoM npubnzkernn. OTMETHM TaKKe, 9TO JII000e CTPYKTYPHO YCTORINBOE
[ePUOMIECKOe PellieHre YCTOYNBO W HEBBIPOK/IEHO (B CMBIC/IE OMpeieeH st
1).
3ameuanmne 3. B ciyuae, Korja cucreMa mMeeT JOTOTHUTENbHBIN MEePBBIi
uHTerpas F, coxpangomuiicad Tpu JAHHOM BO3MYIIEHHH, BMECTO 3aMKHYTOil
TpaekTopuu 7y Oy/IeM T'OBOPUTHb O COOTBETCTBYIONIEM MHBAPUAHTHOM JIBYMeEp-
HOM TOp€, B KauecTBe CeueHus o OyJ/ieM pacCMaTpuBaTh TPAHCBEPCAJL K TOPY
v B nosepxnoctu H-1(h) N F~L(f), a B xauectne orobparennusi [lyankape A
OyaeM OpaTh aHAJOIHYHOE OTOOpakeHHme Ha TpaHcBepcaau o. Onepamop Mmo-
HOOPOMUY TIO-TIPEZKHEMY OIpeiensieTcs Kak JuHeiiHas 9acTh A oToOpazkeHus
[Iyankape. JIBymepHbIit TOp 7 HA30BEM 0pOUMAALHO YCMOUYUBHIM B JIMHEITHOM
npub/inzKeHuu Ha obIIell MOBEPXHOCTU YPOBHSI MHTEerpasa “duepruu’ H u jio-
MOJITHUTETLHOTO WHTerpasa F', eciim onepatop MoHogpoMun A SBJISIETCST yCTOI-
YUBLIM. AHAJOTHYHO ONPEIEIAETCS CTPYKTYPHO YCTONIHBBIH TOD.

HamoMuuM u3BeCTHBIN (hAKT U3 TEOPHH CUMILIEKTHYECKUX ONEpaTopos [2].

IIpennoxxkenme 1.

A) Cumnaexmuueckudl onepamop ycmotinue 6 mom U MoAbKO oM CAY-
wae, K020a 0H KOMNAEKCHO OUARZOHAAUSYEM, U 6CE €20 CODCMBEHHBIE 3HAYEHUSA
aestcam Ha edurnuuroti okpyotcnocmu 6 C.

B) Cumnaexmuyeckud onepamop cmpykmypro ycmotuus 6 mom u mosvko
oM caAy4ae, k020a A10060e KOMNAEKCHOE CODCTNGERHOE 3HAMEHUE N IMO20 0Ne-
PAMOPA ABAAEMCA IANUNIMUYECKUM.
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3ameuanwne. [lycTh perenne v CTPYKTYPHO YCTOWYWBO B JIMHEHHOM TTPUOJIH-
»kennu. Torja Bce cOOCTBEHHbIE 3HAYEHUSI OEPATOPA A SABJIAIOTCS SJLTHIITHIC-
CKUMH ¥, B YACTHOCTH, JIeKAT HA eIuHUIHON OKpyzKHOCTH B € ¥ OTJIHIHBI OT
+1. DT0 3KBUBATEHTHO TOMY, UTO TPHU Masoi JedhopMalii CAMILTIEKTHIECKOTO
0TOOparKeHUs ITa HElOBUKHAS TOYKA COXPAHUTCH, ObITh MOZKET CJIerKa U3Me-
HUB CBOE TOJIOXKEeHUE, TPUUEM 003aTeTbHO OCTAHETCS YCTOWYNBON B JIMHEITHOM
HpUOINZKEHUH. DTO U 0ObsCHsET YIIOTpeb/IeHre TepMUHA CImpyKmypHot YCTOM-
YUBOCTU TEPUOINIECKOTO PeIeHs B JUHEHHOM MPUOTNKEHIH.

BpeéM moHATHE CHIBHO YCTOWIHBOrO MOAMHOTO00PA3Ns, 30 THEHHOTO 3a-
MKHYTBIMH TPAeKTOPHUIMHU.

O6oznaunm uepes Ri(A) C T,,0,, KOPHEBOE MOANPOCTPAHCTBO ONEPATOPA
A, orBeuaromee cobcrBenHoMy 3Hadenuio 1. Herpyano BuaeTh, 9TO HyJeBOe
IOJIPOCTPAHCTBO KBaAPATHIHON dopmbl @ = w?(Ax, *)|g,(a) B TOTHOCTH COB-
majiaeT ¢ cCOOCTBEHHBIM MOAIpocTpancTBoM [y (A) omeparopa A, oTBedaromum
cOOCTBEHHOMY 3HAYEHUIO 1.

Omnpegenenne 8. Ilycro A C H'(h) — nogmuoroobpasue, CILIONb 3aI10/IHEH-
HOE€ 3aMKHYTBIMHU TPACKTOPUAMU raMHUJIbBTOHOBON CUCTEMBI. By,ZLeM roBOpUTD,
ITO NOOMHO2000pasue N cuavho ycmoliuuso 6 AuNetHOM NPUOAUNCEHUL, eCITT
B KazK/JIOi TOUYKe m € A BBIIOJHEHBI CJIe/IyOIIie YCIOBHSI:

1. Bce cobcrBennbie 3Hauenust oneparopa A = dA(m) B T,,0,,, oOTdHBIE OT
1, ABASAIOTCS SJTUNTHIECKAMHE (CM. ompe/iesienne 6), B 9aCTHOCTH, JieXKaT
Ha eauHnYHONi OKpy:kHOCTH B € 1 oTim4Hbl oT +1;

2. kBagpatuunas dopma @ = w?(Ax,*) 3HaKoONpeseIeHa Ha HEKOTOPOii
TpaHCBepcaau K KacarejabHoMy npocrpanctBy 1,,(A N o,,) B KopHEBOM
noanpocrpancree Ri(A) omeparopa A, orBevaoriemM cOOCTBEHHOMY 3HA-
veHuro 1.

Hanee nyis onpeaeséHHOCTH Oy1eM CUUTATh, YTO IPOU3BoAdmad hyaknud () no-
nostcumenvro (OTPUIIATELHO) ONpeJieieHa Ha YKa3aHHON TpaHcBepcasu. Ecin
9Ta TPAHCBEPCaJb HyJbMepHa (T.e. noaupocrpancTso Ry (A) coBuajaer ¢ kaca-
TesibHBIM IpocTpancTBoM 1, (A N 0y,)), To npousBoasiyo GyHknuio Q) 6yaem
CUNTATH OJHOBPEMEHHO U NOAONHCUMENbHO, T OMPUUAMEALHO OTIPEICTEHHON Ha
3TOI TpaHCBEPCAJIH.

3ameuanne. Herpyano mokazarb, 4TO J10060€ CHIBHO YyCTORYNBOE B TUHEITHOM
IpUOINKEHTH TOAMHOT00Opasne A HEBBIDOXKIEHO (B CMbICTe Ompejesienus 1),
U B KaxKJI0if ero Touke m € A cuekrp oneparopa A JIeKUT Ha €JIUHUIHON
okpyzkuoctu B C u He comepxkur —1.
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Teopema 3. ITycmv nodmmozoobpasue A C H(h), sanoanennoe sammny-
MBLMU MPLEKTNOPUAMYU CUCTEMDYL C 2aMusbmonuarom H | curvrno yemotiuueo 6
aunetinom npubauscenuu. ITyemo amusvmonuan H eosmywénnoti cucmemo
2nadko 3asucum om Manozo napamempa € > 0, m.e. umeem eud (4). ITycmo
mpaexmopus Yo C A asasemes 60mmoscrum noOMHO2000PA3UEM NOKANDHOZO
MAKCUMYMA (AUOO MUHUMYME UAY MUHUMAKCA, 8 3G6UCUMOCTIY O CUMYALUL
6 onpedeaenuu 8) dynxyuu H, cm. (6). To ecmuv, umeem mecmo “coenacosan-
HaA 3nakroonpedesérnocms”. Tozda npu docmamouno marom g > 0 vlotcusao-
WaA CO2AGCHO MeEOPeMeE 2 3aMKEHYMAA mpaekmopusd Y- C F[‘l(h), 0 <e < e,
BO3MYWEHHOT CUCTNEMBL CMPYKMYPHO YCMOTUUUBE 8 AUHETHOM NPUOAUHCEHUU.

Tpaekropuio 7y U3 TEOPEMbl 3 HA30BEM IKCMPEMANOLHOUT OKPYHCHOCNDIO
yCPeJaHEHHOTO BO3MYIIeHus: H.

Caeacrsue 5. I[Tycmv nodmmnozoobpasue A C H(h), sanoanennoe samxmy-
MOLMYU MPLEKMOPUAMYU CUCTIEMBL C 2aMUNbMORUaGHOM H | cusvro yemotivuso 6
aunetinom npubauscenuu. ITyemo amusvmonuan H eosmywénnot cucmemo.
2nadko 3asucum om Manozo napamempa € > 0, m.e. umeem eud (4). ITycmo
yepednénnoe sosmyuenue H asasemes dyrruyuet Mopca na mrozo06pasuu B.
Tozda 603MYWEHHAA CUCMEMA UMEEM NO MeHbULET Mepe 00HY 3aAMKHYMYIO
mpaexmoputo Y. C ﬁ’l(h), CPYKMYPHO Yemoluueyro 6 AuHeHoM npub-
oicenuu. A umenrno, a0bas sxcmpemasvras okpyschocms Yo C A dynryuy
H, AGAAOUAACA €€ NOKANDHM MAKCUMYMOM (AUOO MUHUMYMOM UAU MUHU-
MAKCOM, 8 3ABUCUMOCTU OM CUMYAUUY 6 onpedesenuu 8), A6aremcs “noposic-
daroweti” daa HekoOmopo2o cemelicmea Cmpyrmypho Ycmotuusvr 3aMKEHYMbLET
mpaexmoputi V., 0 < e < gg.

B neiicTBUTEIBHOCTH, CIIPABEJIUBO CJAEIyIONee 0000IIEeHe TeOpeMbl 3, J10-

MIOJTHSIIOTIee yTBEePIK/IeHne 3 U BhITEKalolllee U3 Hero, JeMMbl 1 U pe/II02KeHn s
1.

YrBepxkaeune 4. I[lycmo, 6 ycaosuaxr meopemov, 1, nodmmnozoobpasue A C
HY(Rh), sanoanennoe 3aMEHYMOLMU MPAEKMOPUAMY CUCTNEMbL C 2AMUADINO-
nuarom H, cuavro ycmotivueo 6 aunetinom npubsusicenuu. Ilyemo 2amuns-
monuan H 803MYUEHHOT cucmemn, bauzok k H no nopme C”, 2de r > 2. Tozda
eaooicerue i 1 A — I:[_l(h) u 2nadkan gynkyus S @ A — IR us ymeepocdenus
3 obaadarom caedyrowum AONOAHUMEALHBIM CEOTCTEBOM:

7° Ilycmwv oxpyotchocms v C A aeasemes bommosckum nodmHo2000pasu-
eM NOKAADHO20 MUNHUMYMA (AUOO MAKCUMYMA UAU MUHUMGAKCG, 8 3046UCUMO-
cmu om cumyayuu 6 onpedesernuu 8) dynkyuu S. Toeda obpas 7 = i(7y) amod
OKPYACHOCTNY NPU BAOHCEHUY T ABAACTNCA CMPYKMYPHO YCotuuueot 6 Aunel-
HOM NPUOAUNCERUY 3AMEHYMOT MPAEKMOPUET, B03MYULEHHOT CUCTIEMDL.
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[Tpumernenne TepMuHa “CUIBHON yecTORYNBOCTH K TOJAMHOTOOOpasuto A, 3a-
HOJTHEHHOMY 3aMKHYTBIMH TPAeKTOPUIME, OO bACHIETCS CJIETYIONIIM CJIe/ICTBU-
eM U3 yTBepxKaeHnd 4.

Cnenctsue 6. I[lycmo nodmmozoobpasue N C H1(h), sanoanennoe samwmny-
MBLMU MPLEKMOPUAMYU CUCTNEMDL C 2aMULLMOHUGHOM H | curvro yemotuueo 6
aunetinom npubausicenuu. Iyemv H — zaadkas dymxyus na M, C?—6ausrasn
K pynxyuu H. IMycmo dynxuyus S us ymeepotcdenus 4 asasemcesa Gynryuet
Bomma, sce kpumuueckue nodmmozoobpasus komopoti — okpyostcnocmu. Tozda
cucmema ¢ eamuavmonuarom H umeem no menvwed mepe 00ny 8amkHymyio
mpaexmoputo 4 C H(h), yemotivueyio 6 aunedinom npubruscenu. A umen-
1o, Oas 2100010 Kpumuseckolt oxpyschocmu v C A dynkuyuu S, asasousedics
eé 60MmmoBCKUM NOOMH02000PA3UEM NOKAADHOZ0 MAKCUMYMA (AUOO MUHUMYMG
UM MUHUMAKCA, 6 346UCUMOCTNY 0OM Cumyauuy 6 onpedesenuu 8), eé obpas
7 = i(y) npu omobpasicenuu i ABAALMCA CMPYKMYPHO YCmoluueol 6 Aureli-
HOM NPUOAUNCEHUY, 3aMEHYMOT MPAEKMOPUET 603MYULEHHOT CUCTIEMDL.

1.4 HenoaBu>kHble TOYKU CUMILIEKTUYECKHX OTOOparKe-
HU

[TycTn, Kak u Bbime, M = M>" — cuMIIeKTrdIecKoe MEOT0o0pasne, CHabKeHHOe
CHMILTeKTHIeCKOl cTpyKTypoit w?. Ilyets A : U — M — cuMIIeKTH9ecKHit (T.e.
coxpansiomuii 2-popmy w?) audddeomopdusm Hekoropoit obractu U C M B
M. Pacemorpum muOKecTBO A C U BCeX HEMOABUKHBIX TOYEK OTOOPAKEHHS

A.

1.4.1 VYcaoBus HEBBIPOXKJEHHOCTH, CTPOTOil HEBBIPOXKIEHHOCTH WU
3HAKOONPEaeJIEHHOCTH

Omnpepnenenne 9. MuoxkecTBO A HENOABUIKHBIX TOYEK CHUMILIEKTHYECKOIO
orobpazkenuss A HA30BEM HeGLLPONHCOEHHBIM, €CIH OHO SABJISETCS DJIAIKHM I10/I-
muOroo6pasueM B M, u B Kaxaoit Touke m € A syipo oneparopa dA(m) — I
COBIIQJIAET C KacaTeJbHbIM IPOCTPpaHcTBOM 1, A K noaMmuoroodpasuo A:

ker (dA(m) — I) = T, A,

rjie [ — TOXKJIECTBEHHBIN oneparop B KacarejbHoM npocrpanctse 1, M k mHO-
rooopasuio M.

B J10Ka/IbHBIX KOOpAMHATAX M = (M1, ..., M;,) ITO YCJIOBHE IPUHUMAET CJIe-
JIYIOIIMI BUJI: PAHT PA3HOCTH MATPHUIBI SIK0oOH %(m) W eJMHUYHON MaTPUILLI
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I B 1100011 TOuKe M € A MakcuMaJieH:

rank ((‘(3;741(”7’) —I) = codim A.

Onpenenenne 10. MHoxKecTBO A HENOABUIKHBIX TOUeK 0TOOparkeHns A Ha30-
BEM CMP020 HEe8bPONHCIEHHbLM, €CITN OHO ABJISETC TTaJKIM IOIMHOT000pa3neM
B M u B Kax/10ii ero Touke m € A KparHocTh cOOCTBEHHOrO 3HaveHust 1 (uJm,
9TO TO K€ CaMoe, Pa3MePHOCTh OTBEYAOIIero 1 KOPHEBOIO MOANPOCTPAHCTBA)
oneparopa dA(m) pasua dim A.

Takoe ycaoBue Ha moAMHOrOOOpasue A HaK/IaAbBaJOCh B paborax BoTTko-
aa [14] n aBromaTuyuecku BhimoJHsIOCH B pabore Mosepa [24]. Ormernm, ato
Olpe/Ie/IeHNs] HEBBIPOXKIEHHOCTH U CTPOrOH HEBBIPOKJIEHHOCTU HE Ipe/IoJia-
raloT TaMUJIBTOHOBOCTH CHCTEMbI M, B YACTHOCTH, HAJIUYIHE CHMILIEKTHIECKON
cTpyKTyphl. ONHAKO CHMILIEKTHYECKAasd CTPYKTypa Ha A BiIusgeT Ha BO3MOK-
HYIO CTPYKTYDPY KOPAaHoBoii (opmbr oneparopos dA(m), m € A. Cnenyromee
YTBEepZKJIeHUe, B 4aCTHOCTH, NOKA3bIBAET, YTO yCJIOBHE CTPOTrOil HEBBLIPOKICH-
HOCTH A gBJIsIeTCA CYyNIeCTBEHHO 00JIee CHIBLHBIM, YeM YCIOBHe OOBIYHOI HEeBbI-
POXKIEHHOCTH.

IIpennoxkenne 2. I[lycmv mHoscecmso A HenodsusicHvlr mover cumMniekmu-
weckoz0 omobpascenus A neswvipootcdero. Toeda:

(a) B xascdoti mouke m € N paszmeprocmov Kopresozo nodnpocmparcmea
Ry (dA(m)) onepamopa dA(m), omeeuarowezo cobemeennomy snavenuro 1, we
menvue, vem dim A +dim ker (w?|7,,5). Cobemeennomy snauernuro 1 onepamopa
dA(m) auneapusayuu omobpascerus A omeewaem posno dim A scopdarnosois
KACMOK, Npudém cpedu nux poeno rank (w?|r, A) waemor umerom nopadok 1.

(6) Mroocecmeo N asasemces cmpozo HesuporHcoeHHbLM M0o20a U MOABKO TOo-
2da, k0204 OHO ABAAEMCA CUMNACKMUYECKUM NOOMHO2000pasuem 6 M .

() Ilycms 6 mouke m € A swnoaneno 00no u3 caedyrowus yeaosui:

1. aubo nodnpocmpancmeo T, A kousomponwro (nanpumep, razparsiceso uiy
cosnadaem co ecem T, M ),

2. aubo weadpamuunas popma Q = w(dA(m)*,x) snaxoonpedeena wa
mpanceepcary, 6 kopresom nodnpocmparcmee Ryi(dA(m)) x cobemeen-
nomy nodnpocmpancmey FEi(dA(m)) C Ri(dA(m)) onepamopa dA(m)
(omseuarougum cobemeentomy ananwenuto 1).

Tozda sce sicopdanoso. kaemku onepamopa dA(m), omeeuarousue cobemeenHomy
sranenuro 1, 6ydym nopsadka 1 uau 2. Cpedu nuz 6ydem poeno rank (w?|z, A)
kaemok nopadxa 1 u dimker (w?|1, A) xaemox nopadka 2.
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B nanpreiinem Mbl Bocmobdyemcst myHkTamu (6) u (B-2) 9TOTO mpeioxKe-
HUS.
Hoka3arenbcTBo. st J0Ka3aTeqbCTBA M. (A) BOCIOIB3YEMCsI CJIE/TYIOMIUIM
obmuM pakTOM U3 JTUHEHHON aaredpsI:

Pasmeprocms xopresozo nodnpocmpancmea Ryo(A) onepamopa A, omeeuarouwe-
20 cobemeennomy 3navenuto 0, pasHa cymme pasmepHocmets caedyouus nod-
npocmpancme: Ly = ker A N Im(A¥), k > 0, k € Z. IIpu smom scopdarosa
popma onepamopa A umeem posno dim Ly_; — dim L, otcopdarosvix xaemox
nopadka k, omeeuarouur cobcmsennomy anavenuro 0.

OTcroa 1 U3 HeBBIPOKIEHHOCTH A cpa3y mosydaeM, uto onepatop dA(m) ume-
er poBHO dim A »KOP/IAHOBBIX KJIETOK, OTBEYAIOIINX COOCTBEHHOMY 3HAYEHUIO 1.
[Tokazem Tenepb, uro posHo dim ker (w?|7, o) U3 3TUX KJIETOK MUMEIOT TOPSI0K
Goabite 1. Cormacuo obmmemy GakTy (CM. BBIIIE), TO YHCIO0 PABHO PA3MEPHOCTH
noanpocrpancrea Ly = ker (dA(m) —I)NIm(dA(m)— 1), tae I — 10K 1eCTBEH-
Hblit oneparop. Ho ais a060ro cuMILieKTu4ueckoro oneparopa A sapo u obpas
oneparopa A — I KOCOOPTOrOHAJLHBI, TaK Kak s jioboro n € ker (A — I)
nMeem

WAL =€) = V(AL n) — WP (AL An) = V(AL — An) =0.  (7)

Bousiee T0Oro, n3 HEBBIPOKJIEHHOCTH CUMILIEKTUIECKONH CTPYKTYPHI U COODparke-
HHUS pasMepHOCTeil moJydaeM, 9TO STH MOAIPOCTPAHCTBA, ABILIOTCA KOCOOPTO-
rOHAJTBHBIMHI JOMOTHeHuAME apyr apyra. Cremosarensno, Ly = T,A N Tn%A =
ker (w?|7,,a). IToaTomy posro dim ker (w?|7,,4) KT€TOK NMEIOT MOPSIOK GOTbITE
1, a suauut, posno dim A — dim ker (w?|7, 5) = rank (w?|7,,A) K/I€TOK UMeEIOT
mopsI0K 1.

Takum oOpasom, pa3zMepHOCTh OTBEYAOIIETO0 COOCTBEHHOMY 3HaUYeHWIO 1
KODHEBOIO TOJANpocTpancTBa omneparopa dA(m), we menbime uwem dim Ly +
dim L; = dim A + dimker (w?|7,,4), 9uTo U J0Ka3piBaeT m. (a) IpeiToKeHHs
2.

[Tyukr (6) oueBuaHO cieyer u3 1. (&), TAK KaK CTPOTask HEBBIPOKJIEHHOCTh
PaBHOCU/ILHA TOMY, YTO BCE YKOPJIAHOBBI KjeTku oneparopa dA(m), oreedaro-
e cCOOCTBEHHOMY 3HAYEeHHIO 1, UMEIOT HOpsIoK 1.

JokazkeM myHKT (B). B ciydae KOM30TPOMHOTO A 9HCJIO KJIETOK TMOPSIIKA
6oJibiiie 1 paBHO

dim ker (w?|7, o) = codim A,

OTKY/Ia CJEIYET, 9TO BCE ST KJIETKH UMEIOT MOPSI0K 2. DTO JOKA3HIBAET MyHKT
(B-1). Ocramoch moka3aTh IMyHKT (B—2).

Pacemorpum onepatop A = dA(m)|g, (ga(m)). 1I3BecTHO, 9TO KOpHEBOE MO/
npocrpancTBo L = Ri(dA(m)) gBAgeTcs CUMILTEKTHIECKHM, TMOITOMY A —
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CUMILIEKTHYECKHUIT OMepaTop, CHeKTpP KOTOporo cocrout w3 oauoit 1. Xoporro
HU3BECTHO, YTO JII000i1 JTHHEHHbIH omepaTop, CIEeKTP KOTOPOIro BellecTBEeH, pac-
KJIQJ[BIBACTCS B MPIMYIO CyMMY (BEIIeCTBEHHBIX) “ZKOPJIAHOBBIX KJIeTOK’ (T.e.
HEMPUBOIUMBIX OMEPATOPOB, MATPHUIIBI KOTOPBIX OTIUYAIOTCA OT CKAJIAPHBIX
MaTPHUIL T€M, YTO Ha COCEHEN C TVIABHOM JIMAroHaJbio CTOAT 1 BMECTO Hyﬂef/i).
[Ipeamosioxkmm, 9TO OHA U3 YKOPIAHOBBIX KJIETOK OIepaTopa A mMeeT mopsiIoK
00JIbIIIe ABYX. DTO 3HAYHUT, YTO CYIIECTBYIOT TPU BEKTOpa €1, €z, €3 € L, Jjis KO-
Topbix Ae; = e1, Aey = €1 + ea, Aeg = ey + e3. Tak Kak e; € Ry(dA(m)) \
FE1(dA(m)), To o yeaosmio Q(e) = w?(ey, ez) # 0. CrepoBarebHo, 3HaUCHEE
Q(Xe1 + e3) = w?(ea, Aey + e3) obpalmmaerca B HOMb OPH HOAXOAAINIEM BHIGODE
uncaa A. Ho Bekrop Buga Aey + e3 npunagyexur Ri(dA(m)) \ Ei(dA(m)), n
nosromy 3uauerue Q(Aej + €3) JOKHO ObITH OTJIMIHBIM OT HYJIsl. DTO MPUBO-
JUT K nporuBopeunio. Cjie/1oBaTeIbHO, BCe YKOPJIAHOBBI KJIETKHU, OTBEYAIOIIHIE
cOOCTBEHHOMY 3HAYEHHUIO 1, UMeIoT MOpsaoK 1 mim 2.
[Ipeaioxkenune 2 mMOJTHOCTHIO JIOKA3AHO.

3ameuanme. HeoOxoiuMocTh B HMCCJI€IOBAHUM KOU3OTPOIHbBIX M, B YaCTHO-
CTH, JIArPAHKEBBIX MOJAMHOr000pa3uii A HernoJBUKHBIX TOYEK CUMILIEKTHIEe-
CKUX OTOOpAYKEeHUi TMOSIBJISETCS JOCTATOYHO YaCTO, HANPUMED, B CIydae, KO-
[/1a HEBO3MYIIIEHHAS CUCTEMA, SBJISEeTCS HHTerpUpyeMoit. fIcHO, YTO B THITMIHOM
cIydae Takoe JIarpaHKeBo MOAMHOrooopasme A Oy1eT HEBBIPOXK IEHHBIM, HO CO-
IVIACHO HPEJIJIOKEHUIO OHO He MOZKeT ObITh CTPOI'O HEeBbIPOZKJIEHHBbIM. Takum
00pa30M, B 9TOM BarKHOM JIJIsI NPUJIOKEHUH JacTHOM ciydae A Oyjaer uMeHHO
HEeBLPOIAHCIEHHBIM, & HE CTPOTO HEBBIPOKIEHHBIM.

1.4.2 0O600menune reomerpudeckoii rTeopemsl llyankape. 'omosiorua-
HbI€ CUMIIJIEKTHYECKNE OTODpa KeHusd

Pacemorpum cumiutektuaeckuii quddeomopdusm A : U — M u (Bo3aMmyIiéH-
HbIil) cummekTuueckuii quddeomopduzm A, C'-6rmskmit Kk muddeomopdms-
my A.

[Ipeanosioxkum cHaYa a, 9TO JAHO OJHOMAPAMETPUIECKOE CeMeilCTBO CHUM-
wiekrHaeckux orodpaxennii A = A, : U — M, |e| < &, r1ako 3aBucsiiee or
MaJIoro mapamerpa € u copmnagatoriee ¢ A npu € = 0.

[FoBopgr, uro cuMiLiekTrnaeckue orobpaxkenus A, : U — M riagkoro cemeii-
crBa Ay, [u| < us, 2omonoeuunv, xpyr apyry [1], eciau upu Kazk oM u BEKTOPHOE
oJjie CKopocreit d%Au nMeet riiobasbuyio dyukiuio lamunsrona F, B obyactu
Au(U) (ux > 0). dpyrumu cioBamu, cemeiicTBo Ay, |u| < wu,, sasercs daso-
BbIM [IOTOKOM HEKOTOPOI HEaBTOHOMHON IaMWJIbTOHOBOI CHCTEMBbI C BpeMeHeM
u.
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Onpenenenne 11. Ilpoussodawetd dynryueld 2nadko2o cemelicmea TOMO-
JIOTHYHBIX CHMILTEKTHYECKHX OTOOpazkeHHi A, Ha30BEM INIAJKYI0 (DYHKIHIO
O(m,u), m € M, |u| < u, yIOBIETBOPSIONIYIO YPABHEHUIO

0P
rie $(m,0) = 0, F, — riobanbhag dbynkuusg [aMuIbTOHA MOJS CKOPOCTEi

d
Ay

dcno, aro orobpazkenne Ay n npoussonsmas Gynknusa @ (m, u) oqHO3HATHO
3a/1af0T CeMelcTBO oToOpaskeHuit A, .

3ameuanue 4. Yacto npomsBojgdmieil pyHKIMeH cemeiicTBa oTOOpazKeHUi
HA3BIBAIOT TakzKe (bYHKIUIO S(Mm, ), yI0BIETBOPAIONLYI0 ypaBHEHUIO [aMUIb-
ToHa-flkobn

oS

%(m7 u) + F,(m) =0. 9)

Ormerum, uro o6e dyuknun $(m,u) u S(m,u) 0AHO3ZHATHO ONPENEIAIOTCS
orobpazkennem Ay u cemeiicrBom ramuiabronnanos Fy,. Bepuo u obparnoe: Jiio-
Gast w3 TUX QYHKIUHA OTHO3HAYHO 3aJaéT ceMeilcTBO raMuabToHnaHoB [, (¢
TOYHOCTBIO JI0 KOHCTAHTHI, 3aBUCAMICH OT u), a 3HAYUT, U CEMeHCTBO rOMOJIO-
UYHBIX 0TOOpazkenuit A, (eciu 3amano orobpaxkenue Ag). [logcaum 5ToT dakr,
yKa3aB TeOMeTPHUYECKUil ¢MBIC Tpon3Boaamux dbyuxmuit ®(m,u) u S(m,u) ¢
TOYKN 3penust rpymubl Jlu, geficrByromeii (ciaesa) Ha MHOroobpasuum M cuwm-
ek TuueckuMu npeodbpasosanusvu. CoorsercrBytomlyio aarebpy JIu C (M)
obpasytor raagakue dbyaknun (ramuabronnanbl ) wa M co ckobkoii Ilyacco-
wa {F, G}, orBevaoleii CHMILIEKTHIECKON cTpyKType Ha M. Dra anrebpa Jlu
OTOKJIECTBIISIETCS C KACATEIbHBIM TIPOCTPAHCTBOM B ejuaute rpynms. (He cro-
UT JyMaTh, 9TO 3Ta I'PYIIa BKJAJIbIBACTCS B BUJE MOAIPYIILI B IPYIIY BCEX
npeobpazoBanuii MHOroobpaszust M: omHOomapamMerpuveckas MOJAIPYIIa, OTBe-
Jaolnas raMuabroHnanam F = const, meiictByer Ha M TOXKIECTBEHHBIM IIpe-
obpa3oBaHHeM; KPOMe TOr0, eCJi CBI3HOe MHOroobpasue M He SIBISIETCS KOM-
MAKTHBIM, TO UMeeT CMBICJ TOBOPUTH JIUIIb O “JTOKATbHBIX CHMILIEKTHIECKIX
npeoOPaA30BAHUSIX, IIPUIEM OTBEYAIONUX TOJIBKO HJIEMEHTAM I'PYIIIbl, OJTU3KHM
K eIuHUIHOMY 37eMenTy.) Jlerko nmokazarh, aro dynkuus P(m,u) (S(m,u))
SBJISIETCST TIaAKUM Ty TéM B airebpe Jlu C° (M), nmeronumM B KazKIplii MOMEHT
BPEMEHH U “TaKoil ke’ BEKTOp CKOPOCTH, Kak y mytu A, B rpynme Jlu. 3mech
KacaTeJbHOe TTPOCTPAHCTBO B JII00OOH TOUKe Ipymibl JIu omootcdecmenaemces c
anzebpot JIu upu nomorny JieBoro (IIpaBoro) ¢JABUra B rpyiilie.

Mpbr naum Gostee obmiee onpeieieHre roMOIOrHYHbIX 0ToOpazkenuit. [lycrs
maddeomopdusm A CV—6mzox x muddeomopdusmy A.

31



Omnpenenenne 12. Jlpa (ormesbHbX) cumiiekTHaeckux anddeomopdusva
Ap u Ay HA30BEM 20M0OA02UMHBLMU, €CJTT UX MOXKHO COEIUHUTD KyCOYHO-TIaTKIM
(kmacca C') mytém A,, 0 < u < 1, B npocrpancree C*®(U, M) Bcex Tiajkux
oToOpazkeHUit, 0OJAJAIONINX CACAYIONIAM CBOMCTBOM: I OO0 3aMKHYTOI
kpusoit v C U unrerpan 2—dopmbr w? 1o asymepnoii rpyoxe C'(Ag(7y), A1(Y)) =
Uo<u<14u(7), mosydenuoii u3 v orBevaronieii sromy mytu medopmarmeii, paBeH
HYJTIO:

/ W2 =0, (10)
C(Ao(7),A1(7))

3ameuanne 5. fcHo, uTo oTOOpazkeHus cemeiicTBa A,, Ie KaxKJI0e BEKTOP-
noe nosie - A, (m) mmeer rnobanbuyio dynkmmo lavmasrona F,, TOMOTOITYHEL

du ’
orobpazkenuto Ag. HeiicrBurenbno, 1o oupesenenuto tpyoku C(Ag(7y), Au(7))
nMeeM:

d d
7/ wzzj{ wQ(—Au,*)z—]{ dF, = 0.
du JC(Ao(7),Au(v)) Au(r)  du Au()

Dro nokasbiBaer coorHomenue (10). Bepuo u o6parnoe: ecyin Bce 0TOOpasKeHUsT
cemeiicTBa A, TOMOJIOTHIHBI OTOOpazKeHHI0 Ag, TO TpH JIOOOM U IOJE CKOPO-
creit %Au(m) umeer 1106aabHyI0 Gynkuuio Famunbrona F,. 910 caepyer us
[PUBEIEHHOM MENOYKH PABEHCTB, KOTOpasl IOKa3biBaet, 4To yciaosue (10) k-
BUBAJIEHTHO TOYHOCTH 1—hopmbl wz(d%Au, %), & 3HAYUT, ¥ CYIIECTBOBAHUIO TJIO-
6anbHOI yHKIUU ['aMUIbTOHA BEKTOPHOIO IOJISI %Au.

Coraamrenne. /Ipa Oauskur cumiiektndeckux guddeomopdpusva Ag = A u
A= A nazosém 20MOA02UYHDILMU, €CTTA B OIIpeaesieHnu 12 B KadeCTBe COeTNHSI-
omero mytu A, B3ar “kparyaitumit’”: ausa kaxkgpoi Toukun m € U myth A, (m),
0 <u < 1, apagerca KpaTdaiimeil Teo1e3nIecKoil, COeIMHSIONIe TOIKY m ¢ eé
obpazom A,(m) (orHOCHTENBHO KAKOH-1160 (DUKCUPOBAHHOII PUMAHOBON MeT-
puku). Takoii ke yTh A, Gymem paccmaTpuBaTh U B Gosiee 00IIeM ciaydae —
KOIJIa CYIIeCTBYeT CBsI3HOe moaMHOKecTBO A C U, apisgromeecs 1edopMaIimoH-

HbIM perpakToM U u Takoe, uro orobpazkenust Ag|y u Aj|y 61u3km.

3ameuanmne. B oxnocBasnoii obsactu U miobble gBa CUMILIEKTHYIECKHX 0TOO-
paykeHusi TOMOJIOTUIHBI. DTO CJAEAYeT U3 TOrO, UTO I CTITHBAEMON KPUBOIf
Bujga v = 0D, rie D — HEKOTOpOe KYCOUHO-T/IAIKOe OTOOpazKeHHne IBYMEPHOrO
kpyra B U, tpybra C(Ag(7), A1(7)) romomoruuna pasuocru D\ A(D) aucka D
1 ero obpasa mpu orobpaxkennu A, a naTerpasnl GopMbl w? 1Mo 060§ TOBEpPX-
Hoctu D u eé 06pa3y A(D) coBnasaloT B CHIy CUMILJIEKTUIHOCTH OTOOPAYKEHU ST

A.

3ameuanue 6. YcjoBUE rOMOJIOIUYHOCTH OTOOPAKEHUI HE 3aBUCUT OT IIPeJI-
CTaBUTE/Is KJIACCA TOMOTOIHBIX myTeidl A,, COeIUHSIONMX 3TU O0TOOPaYKEHUSI.
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HeiicTBuresibHo, romoTonHbiM nyTsim A, oredator romoronusie Tpyoru C(Ag(7y), A1(7))
(nutst sE0GO#E 3aMKHYTOl KpuBoii v C U), cle1oBaTeIbHO, 3HAYEHHE HHTerpaia

(10) cummIeKTHIECKOl CTPYKTYPBI 1O 3TUM TpyOKam — OIHO u To xke. OTcoja,

B YACTHOCTH, CJIEIYeT, YTO TOMOJOIHYHOCTH OTOOpayKeHWUil ABIAETCA OTHOIIE-

HUEM KBUBAJIECHTHOCTH.

Teopema 4. Ilycmv mHootcecmeo N HenodeusncHvlr mover CuMnAeKmuecko-
20 0mobpascenus A ABAACMCA HEBBPOAHCIEHHBIM KOMNAKMHBIM NOOMHO2000Da-
auem 6 M. ITycmo A — cumnaexmuuecrkoe omobpasicenue, Cl—bausxoe x A
u 2omonozuvHoe emy. To2da wuciro 2e0MeEMPUYUECKY PASAUMHBLL HETOOGUNCHBLT
mower omobpascenus A ne menvuie, Yem MURUMAALHOE YUCAO KPUMUHECKUT
mouex 2aa0kol dynryuy 1a mrozoobpasuu N. Kpome mozo, wucio nenodeustc-
HOLE TOYeK IM020 0MOOPANHCEHUS C YUEMOM KPAMHOCET He MEeHLULE MUHU-
MAABHO20 YUCAL KPUMUYECKUT MOYer Mopcosckoli pynruyuu Ha A.

B TaCTHOCTHU, YUCJIO T'eOMETPUYICCKHN PA3JIUYIHBIX HEIOJABUZKHBIX TOYEK HE
MeHbIre Kareropun JIocrepuuka-lllaupesbmana mMHOXKecTBa A, a UX 9HCIIO,
CUYNTasg ¢ KpATHOCTSAMHE, He MeHbIe CyMMBI dnces bertn MHOroobpasus A.

ITpumepbl rOMOJIOTUYHBIX OTOOPaAXKEHMIA.

1. Baxkublii npuMep roMOJIOTHIHBIX OTOOPazKeHHil Ja6T CJeyIoNas JeM-
Ma.

Jlemma 2. Ilycmo A : U — M — cumnaexmuyeckut duggdeomoppusm, A C U
— HEKOMOPoEe KOMNAKMHOE CEA3HOE NOOMHO2000pa3ue (803MOICHO, C KPaEM),
6Ce MOUKYU KOMOP0o20 HenodsustcHu, npu omobpascenuu A. Toeda 6 mexomo-
poti oxpecmuocmu U nodmmnozoobpasus A 6 U omobpasicenue A 20mon02u4H0
ONHCIECTNGEHHOMY.

JokazareabcTBo. BosbMeMm B KauecTBe U’ TpyOGUaTyIo OKPECTHOCTD IIOAMHO-
rooopasuga A B U. [Ina mo6oit 3amkuyTOi Kpusoii v C U’ pacecmorpum eé “mpo-
exuio” ¥ C A na A. Coeaunum kpusbie v u ¥ rpyokoit C' = C(v,5) C U’, cocro-
e U3 KpaTdaiimmx reo/le3nIecknX, COeJIMHSIONINX TOUYKH M € 7y ¢ UX “TIPO-
exmusamu” m € 7 Ha A. Tak Kak KpuBas y HENOJABUKHA NPU O0TOOpaskeHun A,
to nenb C'(7y, A(7)) romosornuna paszuocru nenu C u eé o6paza A(C') npu 0Tob-
paxenun A. Ho unrerpanst dopmbt w no nensim C' u A(C') coBnagaioT B cuity
CUMILIEKTHIHOCTH 0TOOpaxenns A. BHauUUT, [o(, a()) w? = (fo— fA(c))WQ =0,
T.e. oTOOpazkeHue A roMOJIOrHYHO TOXKIeCTBeHHOMY. JleMma 2 joka3aHa.
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2. Jlpyrum npumMepom roMOJIOTUYHBIX OTOOpaYKeHU SBJISIOTCS 0TOOparKe-
uus Ilyankape A : 0 — o n A — 0, OTBeYalonue JByM OJTU3KUM TaMU/Ib-
TOHOBBIM crcTeMaM. 3gech 0 = YN H Y (h) nu 6 = XN H'(h) — ceuenus
[Iyankape HeBO3ZMYIIEHHON W BO3MYUIEHHONH CUCTEMBI, OTpejIe/igeMble ¢ TIOMO-
IbIO JIFOOO# TUIIEePIIOBEPXHOCTH X B M, TpaHCBEPCAJIbHO IepeceKaionieil Tpaek-
Topuu cucreM. Boobie rosopsi, 3tu cevenus [lyankape He o0si3aHbI COBIIAIATD,
u osTOMy s orobpazkenuii [lyankape A u A Ha HEX He OIPEIEICHO MOHS-
THe TOMOJIOrTIHOCTH. OTHAKO MEZK/Ty STUMU CeUeHUSIMH UMeeTCsl eCTeCTBEHHBIIT
cuMmILTekTraeckuit auddeomopdusm ¢ 1 0 — 7. A IMeHHO, Ha THIePIIOBEPXHO-
CTH ¥ CUMILIEKTHUECKasl CTPYKTYpa w? BHIPOXKIEHA U B KAaXK/JI0H TOUKe ed s1po
ojiHOMepHO. PaccMoTrpuM Ha X MHTErpaJibHbie KPUBbIE 3TOTO 1OJid sjaep. Tak
KaK 9TH KPHBbIE TPaHCBEPCaIbHO TlepeceKaloT yposenb sneprun o = LN H (h)
(B crJly CHUMILIEKTHYHOCTH O ), TO JIBUYKEHHE BJIOJb STHX KPUBBIX 33J1a6T HEKO-
Tophiit auddeomopdusm ¢ : 0 — 7, KOTOPBI, OYEBUIHO, COXPAHAET CUMILIEK-
THYECKYIO CTPYKTYPY.

dAcno, aro C"-0mm3kum Gyukmusy [amuasrona H un H orseuaror C" -
omskne nuddeomopdmsmer A u P =@ o Ao .

Jlemma 3. Ilyemv A : 0 — o, A : 6 — & — omobpascenus I[lyankape,
omeeuarowgue C?—bauskum eamuavmonuarnam H u H coomsememeenno. Tozda
cumnaexmuueckue dudgeomopdusmom A u P = p~Lo Aoy 2omonoeunnu, 2de @ :
0 — 0 — nocmpoernnll sviwe cumnaexmuyeckul duddeomopdusm obaacmer
onpedesenus omobpasicenuti A u A.

HokazareabcTBo. [ljs jii060it 3amMkHyTO# KpuBoit v C U paccMoTpuM Iernb
C' = C(A(7), A(v)) u3 onpexenenns 12 u gokazxen coornomenne (10), T.e. 4T0
uaTerpas GopMbl w? Mo 3Toil Menn pased Hy/o0. “3aMkaéM” iens C' TpH MOMOTIN
JeTBIPEX “Tpy6oK’ B M?" caeayIonero BUia:
nepsasi Tpy6Ka Jexkut B nopepxnoctu H1(h) u obpasosana gazosbivMu Tpa-
eKTOPHUSIMU HEBO3MYIIEHHON CHCTEMBI, BBIMYIIEHHBIMI W3 UCXOIHOW KPUBOH 7;
BTOpas TPYOKa JIEZKHT B IOBEPXHOCTU H ~1(h) u obpaszoBana pazoBLIMHU Tpa-
eKTOPHUSIMH BO3MYIIEHHON CHCTEMBI, BBIMYIIEHHBIMU U3 KPUBOii 5 = ¢ (7);
TPeThs U YeTBEPTAS TPYOKH JIeKAT B CEKYTIeH TOBEPXHOCTH Y U COCTABIEHBI
u3 TpaekTopuii noJis “saep” bopMbl w|s (CoeUHAIONIX KPUBYIO 7 ¢ KPUBOIL 7
u kpusyio A(%) ¢ kpusoit ¢ (A(3)) = ¢~ o Aog(y) = P(7) coorBercrrenHo).
OGozuauum nosyuennsii 2-1uki vepes [C] = [C(A(v), A(Y))] (sror muk
ABJISIETCSI JIBYMEPHBIM TOPOM). B Culy HpuHIUIIA HANMEHbIEro jeficteus [a-
MHJIBTOHA [1|, OrpaHUYeHHe CUMILIEKTHIECKOIl CTPYKTYPHl W HA BCE UYETHIPEe
jobasieHHbie TPYOKU paBHO HyJf0. [lodTOMYy B JeficTBUTEILHOCTH HAM HY K-
HO JIOKa3aTh, 9TO uHTErpan 2—hopmbl w 1o nosydennomy 2-mukiay [C] pasen
mymo. JIjis J0Ka3aTelbeTBa BOCTIONb3yeMes 3aMKHYTOCTLIO (OpMBI w? 1 Tew,
970 GIM3KUM IaMUJIbTOHHAHAM H OTBEYAIOT FOMOTOIHDBIE 2—I(HKJIbI [C] B M?",
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CrenoBaTeIbHO, JOKA3bIBAEMOE CBOWCTBO TOMOJIOTHIHOCTH OTOOpazkenwmii [ly-
aHKape JI0CTaTOYHO JOKAa3aThb a4 OJJHON W TOW K€ raMHUJIbTOHOBOWH CHUCTEMbI
(B3st8 H B kagecrBe H). Ho m060e 0TOGpazKeHIE TOMOIOIHYHO CAMOMY ceGe.
DTO0 3aBepIIaeT JOKa3aTeTLCTBO JEMMBI 3.

3ameganune 7. Ilycrp, B yciaoBuax TeopeMsl 1, paccioenue IOIMHOI0O00Opa-
3ugd A Ha 3aMKHyTble TPaeKTOPUH HEBO3MYIIEHHOl CHCTEMBI TPUBUHATBHO. DTO
SKBHBAJICHTHO CYIECTBOBAHUIO TIobaabHoro ceuenus [lyankape o C H~'(h),
TPAHCBEPCAJIBHO IIE€PECEKAIONIEro Kaykylo TpaeKTopuio Ha A, npudém poBHO B
onHoit Touke. Tora yrBepk/ienne TeopeMbl 1 0 Yucje 3aMKHYTBIX TPAeKTOPHil
BO3MYTIEHHO TAaMHUTBTOHOBOM CHCTEMBI CPA3y CJAEAYET U3 TeOPeMbI 4, ¢ yI6TOM
JIEMMBI 3.

CaencrBue 7. Ilycmv A : o0 — o, A:6 -6 — omobpasicenus Ilyanxape,
omeeuarowue C"—6ruskum 2amusvmonuanam H u H coomeememeenno, r > 1.
Toeda cumnaexmuyeckue omobpasicenua Ay = A u Ay = o~ o Ao o moscno
coedurnumo nymém A, : 0 — o, 0 < u < 1, 6 npocmpancmese C™ 1 —bauskuz u
20MON02UNHBLE OpY2 0pYy2Yy cuMniekmuveckur omobpastcenud. pyeumu ciro6a-
MU, cywecmsyem 2iadkoe cemeticmseo gynkuyut F, na o, 0 < u < 1, makoe,
umo omobpasicenue A noayuaemcsa us omobpasicenus Ag = A 6 pesyasvma-
me 08uUNCEHUA 3G 6pema 1 6 Cusy HEaBMOHOMHOT 2aMUNDIMOHOBOT CUCTEMbL €
eamunsvmonuarom F, u epemenem u, 0 < u < 1,

JokazareabcTBo. /s nocrpoenusi orobpakenus A, paccmorpum orobpa-
xkenne [lyamkape, oTBedaroiee ramMuJIBTOHOBON CHCTEME C TaMHJIBTOHHAHOM
H,=(1—u)H+uH, 0 <u<1. 1o orobpaxenne AeACTBYeT B TOBEPXHOCTH
o, = XN H;'(h). Oanaxo 3Ty HOBEPXHOCTH MOYKHO OTOKJIECTBUTH C HOBEpX-
HOCTBIO 0 IPH MOMOIIHA €CTEeCTBEHHOIO CHUMILIEKTHYeCKOro auddeomopdusma
Yy 1 0 — 0y, aHaJIOrndHoro juddeomopdusmy ¢, B pesy/ibrare 4ero Mbl 10-
JiyauM uckomoe orobpaxkenue A, : 0 — o, 0 < u < 1. Coryacuo jemme 3,
0TOOpaKeHUsT MOJIYIeHHOTO cemeiicTBa romoiorudabl. C yaéTom 3amMedanus 5,
9TO JOKa3bIBAET CJEJACTBHE 7.

Orcroma mosydaeM, 9To JT060e ceMeiCTBO TOMOJOTHIHBIX OTOOpazKeHuil A,
0 < u < 1, ognosHauno 3auaérca orobpaxkenuem Ag = A u npoussBousieii
dbyukmueit ®(m,u) sroro cemeiicra (cMm. onpegesenne 11), KoTopasi B yKa3aH-
HBIX Hpeanosnoxkennax oymzer O™ wama.

1.4.3 Jlokanu3anusa HENOJABU2KHBIX TOYEK

CdopmyrupyeM MeTo/1, aHAJOTHYIHBIA METOY YCpeIHeHHd Ha MOJIMHOTO0Opa-
30U, TO3BOJIAIONIHIT 00JIee TOUHO HAXOAUTH PACIOI0KEHNE HEIIOABUKHbBIX TOYEK,
yY4auTbiBad BO3MYIIIEHUE.
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Yreepxkaeuune 5. I[lycmo mmuoorcecmeo N C M wnenodsuschoix mouer cum-
naexkmuyeckozo omobpasicenus A = Ay neswposcdeno, Ho He 00A3GMENLHO
komnakmno. IHyemo A = A,, le| < ex, — cemeticmeo 2omono2unmbLT 0MObpPaA-
otcenuti, 20e €, > 0. Ilpu xastcdom snavernuu € 0603HawuM Yepes F. 24006a1v11y10
dynryuro I'amuasvmona noas ckopocmed d%Ag(m). Iycmv mg — mopcoscrasn
KPUmu4eckas movwka Gynryus

S = —Ip|a. (11)

Tozda npu docmamouno marom g > 0 cywecmsyem 00HoONAPAMEMPUYECKOE CE-
meticmeo mouex me, |e| < &g, 2de Kascdan mouka m. AGAAEMCA HENOOSUNCHOT
mMoukotl 603MYWEHHO20 omobpaicenus A..

QOyuKIUIo S MBI OyIeM HA3BIBATH G03MYULEHUEM NPOU3BOOAULET, BYHKUUL.
DTOT TEPMUH 00biACHsAETCH onpejenenneM 11 npousBogdmeir GyHKIUM cemeii-
cTBa 0TOOpaKEeHUil.

Paccvorpum cirydait oTae/bHOTO CUMILIEKTHIECKOTO 0TOOParKeHU ST fl, roOMO-
JIOTHYIHOI'O TOXKIECTBEHHOMY U OJIM3KOro K oTobpazkenuio A. B srom ciaydae Her
MHBapHAHTHOTO ONpE/Ie/IeHus TPOU3BOIAIIeH DYyHKITNN ¥ 371010 0TOOpPaAYKEHUSI.
[IpousBoadIIyo (byHKIHIO MOXKHO OMPEeIeTUTh PA3HBIMU CIOCOOAMU, HEKOTO-
pble 3 KOTOPBbIX OyayT omucanbl HuzKe B 1. 1.4.5. Ormerum, 9To, jijIs JII000ro
criocoba eé mocrpoenus:, npousBojsiias Gpyukius W orobpaxkenus A Oyaer mo-
CTOAHHA Ha CBA3HOM IIOJAMHOr000pas3uu A ero HenoABUzKHBIX TOYEK U BCE TOUKH
9TOT0 MOJMHOTO00pa3us OyayT KpuTudecKuMu s pyuknun V.

Crenytoree yrBep:K/aeHne 00001aeT TeopeMy 4 U yTBep:KIeHue 5.

Yreepxkaeune 6. I[Tycmov muoorcecmeo N C M wnenodsuschoix mover cum-
naekmuveckozo omobpascenus A : U — M neswvipostcderno, 1o ne 00A3amMeNbHO
komnarxmmo. Ilycmo A:U — M — zomonozunnoe omobpancenue, CT—6auskoe
K omobpasicenuro A, 2de > 1. Oboznawum ¢ = ||A — Allor u nyemo ¥ —
NPOusEodAUAA PYNKYUA CUMNACKINUMECKO20 0mobpadicenun A (em. nuoice 6 n.
1.4.5). Tozda cywecmeyem oxpecmmuocmov U' nodmmozoobpasus A 6 M*", sa-
BUCAULAA TMOABKO 0T HEBO3MYUWEHHOZ0 OMOOPANACEHUA, TAKAA 4IMO NPU N000M
docmamouno manrom € > 0 cywecmsyem eaoocenue © : N — U nodmmozoobpa-
sua N 6 U obaadarwee caedyowumu ceoticmsaamu.

1° O6pasvr npu eao0otceruu i 8cex Kpumuveckuxr mouex pyrxyuu S = %\if o1
8 MOYHOCTU COBNAJAIM ¢ HENOJBUNCHLLMYU MOUKAMU B03MYUEHH020 0OMObPa-
oicenua A 6 U'. B wacmmocmu, nodmmnozoobpasue A = i(A) codeporcum ece
nenodeusichuie mowku omobpasicenun A.

2° Kpumuueckas mouka m Gynkuyuy S ABAAEMCA MOPCOBCKOT 6 MOM U
MOALKO MOM cayuae, kozda e€ o0pas i(m) A6AAEMCA HEGUPOHCIEHHOT HENO-
d8UNCHOT MOUKOT 0MObPaAHCEHUA A. Boaee moz20, 0bpa3 npu omobpadceHu
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di(m) nyaeso2o nodnpocmpancmea 2eccuana Gynryuy S 6 Mmouke m 6 MmouHo-
cmu coenadaem ¢ A0POM ONEPamopa dfl(z(m)) —1, ede I : TyyM — TiyM —
mootcdecmeertbill onepamop.

3° Baootcenue i 6au3k0 K mootcdecmeennomy, a gynkuua S bauska ® PyHk-
(R %\ifoh (¢ mounocmvio do nocmosnHo20 crazaemozo), 2de U° — mobas Opy-
204 NPOUSBOOAUAH PYNKUUA CUMNACKMUNECK020 0mobpasicenus A (unu omob-
pasicenus Ao A7V, umo ne cywecmeenno npu oepanuuenuy 1a A).

4° Eeau sosmywénnoe omobpascenue A 2aadko 3a6ucum om maaozo napa-
mempa: A = A., mo enoocenue i 2 A — M u dynxuua S na A mosce 2nadko
3a6uUcCAM 0M 3MO20 NAPAMEMPA, NPu%éM npedes Gyrryuy S = %\Ifs 0 i, Npu
e — 0 cosnadaem (c mounocmvio do NOCMOANN020 CAG2AEMO20) € BO3MYULLHU-
em (11) npoussodaweti fynkyuu, m.e. ¢ gynkyued S.

31ech moa OJM30CTHIO ABYX OTOOpakeHuit Wi (DYHKINA TOHUMAETCS UX
e-0auzocth B C"—MeTpuke.

1.4.4 YcTONYNBOCTHL HEMOABU>KHBIX TOYEK

OnpejieieHuss U yTBEPKJIEHUSA STOTO NMYHKTA AHAJOTHYHBI OINpEJICTCHUSIM U
yTBepKAeHusIM §1.3 00 yCTOWINBOCTH 3aMKHYTHIX TPAeKTOPUi TAMUIBTOHOBBIX
CUCTEM.

Mpbr mpuBesiéM yCa0BHUsI, TapAHTHPYIOIIHE YCTONYNBOCTH B JIUHEHHOM IpPH-
OJIM>KEHWN HEKOTOPHIX M3 “BBIKMBAIONINX HEMOJABUKHBIX TOYeK. Hamomumwm
CHaYyaJia Ollpe/ieJieHrne YyCTOMYUBOCTUA HENOJABUXKHON TOYKH B JIMHEHHOM IIPHU-
OJTMKEeHN.

st s1i000it HenmoaBUKHON TOUKH M € U CUMILIEKTHYIECKOTO 0TOOPaZKeHUSI
A : U — M pacemorpum oneparop dA(m) — nuueiinyio qacth orobpakenus A
B 3TOI TOYKE.

Omnpepenenne. HenonpuKuas TOYKa M CHMIUIEKTHYIECKOro oToOpazkenus A
HA3BIBACTCS YCmotiuueol 6 Aunetnom npubiusiceruy (WM yCTONIUBOI), ecan
nmuHelHbi onepaTop dA(m) aBagercs yeroiiuusbiM. Hemoasuzkaas TouKa m Ha-
3BIBACTCS CMPYKMYPHO YCmoliuueol 6 Aunetinom npubsusiceruy (M mIpocTo
CTPYKTYPHO yCToﬁanoﬁ), ecJi J1000i CUMILIEKTHIeCKHil orepaTop, J0CTaTOuY-
HO Gm3kuit K dA(m), sBasercs yeToRInBhIM.

13 ynomsHyToro ¢bakta W3 TEOPUH CHMIUIEKTHIECKHX OHEPATOPOB (CM.
npejiiokKeHne 1) ciaeyer, B 9aCTHOCTH, YTO Ji0Oast CTPYKTYPHO YCTOWYIHBAsK
HeNOJBUKHAS TOYKA HEBLIPOXKIEHA. BBEIEM IMOHATHE CUAbHO YCmOTlinuc020
noodMH02000pa3USs HENOABUKHBIX TOYEK JJIA CUMILIEKTHYECKOrO OTOOPAZKeHUsI.

O6o3uaunm uepe3 Ry (dA(m)) C T, M kopHeBoe MOAIPOCTPAHCTBO Ollepa-
topa dA(m), orBedaroniee cobcrBeHHOMY 3HaYeHuto 1. HerpyaHo BueTH, 9TO
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HYJIEBOe IIOJIPOCTPAHCTBO KBaapaTuanoit dpopmbl Q = w?(Ax,*)|g,(a) B TOU-
HOCTH COBIaJaer ¢ COGCTBEHHBIM HojnpocrpancTsoM [ (dA(m)) oneparopa A,
OTBEYAIONIMM COOCTBEHHOMY 3HAYCHUIO 1.

Crenylomee onpegeaeHne IOJTHOCTLIO AHAJIOTHYHO OIPEIeJIeHII0 8.

Omnpepnenenne 13. Ilycrs A — ruaakoe moaMHOro0Opa3ue HENOABUKHBIX TO-
YeK CUMILIEKTHYeCKOro orobpaykenus A. Hazosém 310 mojaMHOrOOOpasue cuib-
HO YCMOTUYUBHLM 6 AUHETHOM NPUbAUNCERUY, €CTH B KaxKIoit Touke m € A
BBITIOJTHEHBI CJIEIYIOIINAE YCTIOBHUSI:

1. Bce coberBennbie 3nauenusi oneparopa dA(m) B T, M, oruunsie or 1,
SBJISTFOTCS SJUTHITHIECKAMHE (CM. onpejiesierne 6), B 4aCTHOCTH, JIEZKAT Ha
equHngIHON OKpy:kHOCTH B € 1 oTmyanbl or +1;

2. kBajiparnunag dhopma Q = w?(dA(m)x,*) 3HaKoOIpeieJeHa Ha HEKOTO-
poii TpaHCBepCAIN K KACATEILHOMY HPOCTPAHCTBY 1), A B KOpHEBOM HOJ-
upocrpancrse Ry (dA(m)) oneparopa dA(m), orseuaromem co6CTBEHHOMY
3Ha4YeHno 1.

s onpegenéunoctu Oy/1eM CUUTATh, YTO MPOW3BOjdAIias MyHKIud ) noao-
orcumenvro (OTPUIATENHHO) ONpeJesieHa Ha yKa3aHHO# TpaHcBepcaiu. Eciau
9Ta TPaHCBepCaJb Hy/JbMepHa (r.e. nojupocrpanctso Ri(dA(m)) coBuajaer ¢
KacaTeJbHbIM 1pocrpancTBoM 1h,A), To mpousBomsigyo dyHKImo () Oyaem
CYUTATH OJHOBPEMEHHO U NOAOHCUMENDHO, T OMPUUAMEALHO OTIPEICTEHHON Ha
3TOI TpaHCBEPCAJIH.

Bameuanne. I3 onpejesieHus CHIBHO yCTONYMBOIO B JIMHEHHOM HpPUO/IMzKe-
HUW TIOJMHOro00pasust A ciegyer, 94To B KaxKjoii Touke m € A sjapo KBaj-
parnunoit hopmbl Q = w?(dA(m)*, *) B TOYHOCTH COBNAJALT C KaCATEILHBIM
npocrpanctBoM 1, A x A. Orcioga monydaem, 9ro uHIAeKC GHOpMbI () He 3aBu-
cut ot ToukH m € A, ecu A cBst3n0. Kpowme Toro, m060e CHIBHO YCTORINBOE B
JIMHEITHOM 1PUOJIMZKEHUU TOJMHOT000pasue A HEBBIPOXKIEHO, U B JIFODON TOYKE
m € A cuekrp oneparopa dA(m) ue comepxkur —1. 13 Teopun cumiiekruye-
CKUX ONEPATOPOB CJIEJLYET, YTO CIEKTP oneparopa dA(m) jeKur Ha e JMHUIHON
okpy:xuoctu B C.

Jlemma 4. Ilycmo, 6 ycaosusx ymeepocoenus 6, 6 kaxncdol mouke m € A
cnexmp onepamopa dA(m) ne codeporcum -1. Tozda npouseodswas Gyrryus ¢
onepamopa dA(m) nesviposicderna na mpanceepcasy x N. Kpome mozo, erooice-
wue i : A — U u enadkasn gyruxuyus S : A — R us ymeeporcdenus 6 obaadarom
CACOYOUUM JONONHUMENDHULM CE0TICTNGOM.

5° IIyemv m C A — arobaa kpumuueckas mouka dynryuu S, m = i(m)
— coomeememeyowan nenodsuscnas mowka omobpascernus A. Paccmompum

38



npouseodauyue Pynrkuyuu Q u Q onepamopos dA(m) u dA(m) coomeememesei-
no. Tozda undexc keadpamuyurot dopmor Q pasern cymme urderca Kkeadpamu-
noti hopmor Q u undexca zeccuana dyruryuu S 6 mouke m. Cmenenu 6vpotc-
denua dopmo, Q u zeccuana Pynkyuu S 6 mowke m coenadaiom dpyz ¢ dpyzom
U € pazmeprocmsvio cobcmeeno20 noonpocmpaHcmen 0nepamopa d[l(fn), omee-
YaUe20 COOCMBEHHOMY 3HAYEHUN 1.

O1a JleMMa OyaeT Jokas3ana B §1.5.
3 yrBep:kaeHus 6, mpeaaokennsa 1 u JeMMbl 4 HETPY/IHO BBIBECTH CJIEIY-
foree

YrBepxkaenne 7. [lycmo, 6 ycrosuar ymeepoicdenus 6, mruostcecmeo N C U
HENOJGUNCHOIT ToYueK cumniekmuveckozo omobpascenus A : U — M cuavho
ycmotinueo 6 aunetinom npubsuscenuu. Tozda eaoocenue i @ N — U u 2nadkas
Ppynryus S = U oi us ymeeporcdenus 6 06.0ada10m caedyIouuM JONOAHUMEND-
HbLM C80TUCTMEOM:

6° Ilycmv m € A — wmopcosckas Kpumuueckas mouka AOKANGHOZ20 MU-
HUMYMA (AUB0 MAKCUMYMA UAU MUHUMAKCA, 6 3G8UCUMOCTIU OM CUMYAUUL
6 onpedesenuu 13) dynryuu S = %‘if o (m.e. umeem mecmo “coenacosan-
nas suakoonpedeaénnocms”). Toeda eé obpas i(m) npu eaoscenuu i A6AALMCA
CPYKMYpPHo Yycmotuusot 6 AUHETHOM NPUOAUHCEHUY HENOIBUHCHOT MOUKOT]
omobpasicenus A.

Caencreue. Ilycms muoscecmeo N nenodeuscnur mouex omobpascernus A
cuavHo yemotinueo 6 aunetinom npubsuscenuu. Iycmv 603Myuéntoe cum-
naexmuueckoe omobpasicenue A zomonoeunno omobpascenuro A u 2aadko 3a-
sucum om manozo napamempa: A = A., £ > 0. Pacemompum 2aMunvmoruan
Fy noas cxopocmeti d%A5|5:0. ITyems mg € N — mopcosckan Kpumuveckas
MOUKA NOKAALHO20 MUHUMYMA (AUO0 MAKCUMYMA UAU MUHUMAKCG, 6 306UCU-
mocmu om cumyayuu 6 onpedeaenuu 13) dynruyuu S = —Fylp (m.e. umeem
Mecmo “coenacosannas 3naxoonpedeaénnocms”). Tozda sviorcusatousas cozaac-
HO YMBEPHCIEHUIO & HENOJGUNCHAA MOUKA My BOZMYWERH020 0MOOPANCEHUSA
A, £ >0, empyrmypho yemolnuuea 6 AUHETHOM NPUOAUNCEHUL.

Sameuanue 8. [lycrh BBINOJIHEHB YCJIOBHUS JIEMMBI 4, T.€.
—1 & specdA(m), m € A.

Paccmorpum npoussojsiue dyukiuu Ve u ge orobpazkenuii A u A coorser-
crBenHo (ompenenénnbie Huke B 1. 1.4.5). Torma (cM. 10Ka3aTeIbCTBO yTBEP-
Kaennii 6 u 7) Biaokenue i° u byHKIHIO S°, AHAJIOIMYHBIE BJIOXKEHUIO § U
dbyukIEE S, MOXKHO ONPEIETUTh CAEAYIONIAM eCTeCTBeHHBIM obpa3om. Jlero
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B TOM, uTO (Q = d*W¥°(M), n M03TOMY J11060€ HEBLIPOZKICHHOE TIOJMHOr006pasue
A C U, B xax10ii Touke m KoToporo —1 & spec dA(m), aBiagercss 6ommoscrum
KPUTUYIECKUM IOJMHOrooOpasueM mpousBojgameit dyukmun VO, Jlig mocTpo-
eHHS MOAMHOrOOOpasus A = i°(A) mpoBeséM uepes KaxKayro TOUKy m € A
MaJsieHbKY10 (HopMasibHyIo K A) noBepxuocts Ny, (dim N, + dim A = dim M),
TPaHCBEPCAJbHYIO K A 1 I1aJIKO 3aBUCAILYIO OT TOYKU m. Torma KaxKas TouKa
m/, nexkamaga B JOCTATOYHO Masoil okpectHoctn U momMuoroodpasua A B M,
HPUHA/IEZKUT POBHO OJIHON U3 MOBepXHOCTEH V,,, KOTOPYIO Oy/aeM 0003HAYATD
TakxKe uepe3 N, .

Oupeesnm moaMuorooGpasue A Kak MHOKeCTBO Beex Touek m € U, KOTo-
pble SBJIAIOTCS KPUTUYECKUMHU TOYKAMHU COOTBETCTBYIONIEH (pyHKImuu \I~/°| N,

A=i(A)={m e U | d¥°(m)|z,n, =0} (12)

[To Teopeme 0 HeABHBIX (DYHKIMAX, C YIETOM KOMIAKTHOCTH A, 3T0 MHOXKECTBO
JIefICTBUTEIBHO SIBJISIETCS IIOJAMHOT00Opa3neM BHU/Ia, A= i°(A), e i° - A — U
— HEKOTOpOoe BJIOZKeHUe, OJIM3KOe K TOXK/IeCTBEHHOMY.

Herpynao mokazarn, uTo Bioxkenue i° u pyHrmusa S° = %\IIO 0 i° obaaga-
0T HepedncjaeHHbIME cBoficTBamMu 1°-6° (eM. yrBepxKiaenus 6, 7 u jgemmy 4) u
CJIEIYIOIMMU CBOMCTBAMU, YTOUYHSAIOIIUMHU CBOMCTBO 5° n3 jieMMbl 4:

7° Obpaso. m = i°(m) npu eroscerun i° kKpumuueckur movex m € N @ynx-
yuw S° 6 MOUHOCTNU COBNAdaIOM ¢ KPUMUUECKUMU MOWKAMU (ynkyuy WO (uc
HENOJGUNCHBLMU MOWKAMU 0Mobpadicenus A ).

8° yecmv m € A — mobas kpumuueckas mouwka dgymnryuu S°, m = i°(m)
— coomeememeyowas nenodeuscras mouka omobpasicenua A. Tozda 6 amoti
mowke Keadpamuynas wacmo dynkyuu WO cosnadaem ¢ npoussodaweli dyrk-
yueti Q CuMNACKMUYECko20 0nepamopa dfl(m) (cm. onpedeaenue 5).

1.4.5 IlpousBoasgmniasg PyHKINA CUMILJIEKTHYECKOTO OTOOpaKeHus

Kak mb1 ormeuasu B 1. 1.4.2 u 1.4.3, j11000€ ceMeiicTBO rOMOJIOTHYHBIX CUMILIEK-
Tnaeckux orobpaxkenuii A., |g| < €, MOXKHO OJIHO3BHAYHO 3a/aTh TPU MOMOIILU
npousBogineil pyukiun P, 3roro cemeiicrsa, 3a1aB Takxke orobpazkenue A
(eMm. 3ameuanus 5, 4 u onpegenenne 11).

3/1echb MBI ONIpeIeTUM MPOU3BOILMIYIO (DYHKITHIO 0mMdeabH020 CUMILIEKTIHYe-
CKOro orobpazkeHusi A, TOMOJIOIHYHOTO TOXKJAECTBEHHOMY (T.e. HE 00sI3aTeIbHO
BKJIIOYEHHOTO B CEMEHCTBO CHMILIEKTHIECKIX OTOOpaKeHuil).

ITpumepsr npousBogamux yukmuii. Hepejko cumiiekTuyeckue oroo-
parkKeHusl 3a/1al0TCs C MOMOIIBIO mpous3Boidanux ¢yukmuit. Hanpumep, mycrhb
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Ha M wmeroTcsi KAHOHMYIECKHe KOOPIUHATHI

(P, q) = (P1,- -, P @1y - - -5 Gn)-

Torpa cummiekruueckoe orobpaxkenne A : (p,q) — (P, Q) kax upasuio (rod-
Hee, IPU BBIIOJIHEHUU YCJIOBU det(%—i) # 0) MOXKHO 3a/1aTh HESIBHBIM 00Pa30M
COOTHOIICHUSIMHI

OV (P,
P=p+é Q), Q=q
q

_O¥(Pq)

L. (13)

Beprno u obparnoe: eciau riajgkoe orodOparkenue A yIOBIETBOPSET TAKUM CO-
OTHOIIEHHAM (TaKoe OTOOpayKeHWe CYIIECTBYET TOIJA M TOJBKO TOTJA, KOI/Ia

2
det(I — aaqu> # 0), TO OHO ABTOMATHYECKHU SBJIACTCS CUMILIEKTUICCKIM Juch-
P

dbeomopduzmom. Ilpu 3Tom 0be MaTpuIn! %—p ul — %g’q HEBBIPOXKIEHBI U B3a-
UMHO OOpaTHBI.

Oynkuuio V(P,q) suna (13) nassiBator npousBojsieii dyHKImeii orobpa-
keuusa A. Dra QyHKImMsa 00/1a1aeT CJIAYIONUM BaXKHBIM CBOHCTBOM: Kpumu-
weckue mouku pynrkyuy U coenadarom ¢ HENOOBUNCHBLMU TOYKAMU 0MOOPa-
otcernusa A, npuuém mopcosckue kpumuueckue mouku gynrkyuu ¥ cosnadarom
C HEBBLPOHCIEHHVLMU HETMOIBUNCHUMU MOYKAMU 0MoOparcenus A.

B cBsizu ¢ stum chopMmysimpyemM I0CTATOYHOE YCJIOBHE HEBBIPOXKIEHHOCTH
MHOKeCTBa, A HEMOJABUIKHBIX TOYEK OTOOpaskeHust Ag B TepMHUHAX MPOU3BOJIsA-
meit pyHxmmm.

[Iycte A — HEeKOTOpPOE MOAMHOrOOOpa3ne, BCe TOUKH KOTOPOTO HEIOIBHZK-
HBI TIPH CUMILTeKTHIecKoM oTobpaxkennn A. Ilycts okpecrroctn U HEKOTOpPOIi
Touku m € A oroOparkenune A 3ajaHO C HOMOLILIO YKA3aHHON BbIIIE HPOU3BO-
ngmeit dynkunn V(P, ) (0THOCHTENLHO HEKOTOPHIX KAHOHHYECKHUX JIOKAJTbHBIX
koopauHat p, ¢ B U). Torma docmamounvim yeaosuem HesuporcoeHnocmu moji-
MuOrooOpasus A B obnactu U gBisieTcs ycmoBue 60TTOBOCTH A IO OTHOIIEHHTO
K dyuxmuu V(P, q), T.e.

dim ker d*¥(m) = dim A

B Kaxk0it Touke m € ANU.

CymiecTByI0T pa3Hble TUOBI TTPOU3BOAANINX (DYHKIUH CHUMILIEKTHIECKOTO
orobpazkenus, anasorudnbie byukiuu (13). Hanpumep, cumiiek ruaeckoe oto6-
paxkenne A MoxkeT ObITH 3aJ@HO YKa3aHHOI BbIle MPOU3BOJsIIEH (DyHKIneit
U(P,q), eciu det(%—i) # 0 (re. ecin dynkuun P, ¢ MOKHO B35Th B KadecTBe

PeryJIsipHBIX JIOKAJIbHBIX KoopauuaT Ha M). Eciau det(%—lg) = 0, To 3TO Wpe-
ISTCTBHE YCTPAHSIETCH 3aMEHOH HEKOTOPBIX II€PEMEHHBIX Dj, .- - - ,P;, Ha CO-
OTBETCTBYIONIUE G, . s .., ¢;, U OJHOBPEMEHHOH 3aMEHOW ITUX ¢, s - -, i, HA
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COOTBETCTBYIOIME —Dj, - -, —Pj,; U, 3HAUUT, oTOOpazKkenue OyjeT 3a/1aBaThCd
€ TIOMOTIBIO MTPOU3BOIAIIEl (DYHKITHH

v = \IJ(BN s ’Lk7 Q2k+17 ey Qina Qivs -y iy _pik+17 ey _p2n>7
trounyo dopmyay cMm. B [1|. [IpuHIMIHATBHBIX pa3anduii B 3aJaHuu 0TOOPa-
JKEHHIT ¢ MOMOIIBIO MPOU3BOAANIMX (DYHKIMIA ¢ pa3HbIMu HAOOpaMu 11, ..., 1

HET, TaK KaK OHU IMOJIYy9al0TCsl JIPYT U3 Apyra mepeobo3HadYeHneM JYacTH P Ha (
" ¢ HA —pP, TOITOMY JJIsi TPOCTOTHI MBI PACCMATPUBAEM JIMIITH MTPOU3BOISIILY O
dbyukmuo V(P q) Buga (13).

[IpeamosioKum Temnepb, 9To oToOpazxkenne A = Ay BKIIOYEHO B OJHOIIAPA-
METPHYECKOe CEeMEHCTBO TOMOJOTHYHBIX CHMILTEKTHYIECKHX OTOOpazkeHmil A..
[ycrs W, = W.(P,q) — npoussonsimaga dbyuxuus orobpaxenus A.. Tak kak
pu JIFOOOM £ T0JIe CKOPOCTeil d%AE obJtasiaeT ry1obaabHOM MYHKIHEH raMuIb-
toHa F., 70 MOKHO paccMoTpeTh npusBojgiyo Gyukmuo $(m,e) cemeiicTsa
orobpazenuit A., rae £®(m, ) + F.(A.(m)) = 0, ®(m,0) = 0 (cm. onpexeue-
uue 11). Pacemorpum dyukimio S = —Fy|A. Cornacuo yTBepxaeHuio 6,

S = V|5 + const,

d\I'g

rae V' = |6 0

3aMean1/Ie. Tak kak B onpejenennn HyHKIMH S KOOPANHATH HE UCIOJIb30-
BaJNCh, TO orpanndenne Gynkmuu V' Ha MHOKECTBO A HENOJABUKHBIX TOYEK
HEBO3MYIIEHHOIO 0TOOpaskeHnss A He 3aBUCUT HU OT BBIOOpA JIOKATHHBIX KAHO-
HUYeCKUX KOOPAWHAT P, ¢, HU OT TUIA Npou3Bodrieil dbyurnun V.

Ormernm Takzke, 4To anaaor Gyuximun ¥V u3 (13) B geficTBUTETLHOCTH MOXK-
HO OIPeJeTUTh I JTI000r0 0TOOpazkeHNsT A, TOMOJIOTHYHOIO TOXK/IeCTBEHHOMY
(T.e. orpannuenue det( ) # 0 HecymeCTBeHHo) Takas dyuxiusa Oyger 3aBu-
ceThb OT HIEPEMEHHBIX D, q W OIIPeJIe/ISIThCH CJIe/IyIOIUM PaBeHCTBOM:

d¥(p,q) = (P —p)dg — (Q — q)dP. (14)

Takasg dyuknua ¥V nmo-upexknemy OyaeT 001a7aTh HY2KHBIMI HaM CBOHCTBaMU:

1° Jhobas menodsusicras mouka omobpaxrcenus A AGAALMCA KPUMUYECKOT
moukot pynryuu V.

2° Kpumuueckue mowku oepanunenus pynxyuu U na HEKOMOPOE NOOMHO-
2006pasue N 6ydym coenadamo ¢ HenodeuscHvLMU MouKamu omobpasicenus A.

[Ipeamosiokum Temephb, 9TO B HEKOTOPOHl OKPECTHOCTH IMOIMHOr000pasust
A 3amanbl r106abHBIE KAHOHHYECKHE KOOPAMHATHI P, ¢, U OToOpazkenme A,
(p,q) — (P, Q) BaﬂaHO npousBosgiieii dyuknueit W (P, q), yaosiersopsioreit
yeaosuio det(2E ) # 0 BO BCeit 310i OKpecrHocTH. IlycTh MHOKECTBO A Kpu-
TUYECKUX Toqu npousBosieit pyukimun Vg sapisiercss 6orropckum. Herpyano
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JIOKa3aTh, 9TO B 9TOM CJIy4ae MHOYKECTBO HEIOJIBUKHBIX TOYEK OTOOparKeHUs
Ae B TOYHOCTH COBIAJIAET ¢ MHOKECTBOM KPUTHYECKUX TOUYEK IIPOU3BO/ISIIEl
dyukmun V.. U torma teopema 4 m yTBepKIeHHE D SBISIIOTCSI OYEBHITHBIMU
CTEICTBUSIMH COOTBETCTBYIONIUX TE€OPEM O KPUTHUECKUX TOUKAX (DYHKIU, STB-
JIAIOIIMXCS BO3MYIIeHusiMu pyukiuit borra.

Sameuanmne. C touku 3penusi rpyunsl Jlu, peiicTByromel CUMILIEKTHIECKH-
MH TipeoOpazoBanusivi Ha MHOroo6pasuu M (cm. 3amedanue 4), TPOU3BO/IsI-
mag GYHKIHUA 0moiesbHo20 CuMnNAEKMUYECK020 NPeodpaso6aHnUs, TOMOJOTTIHO-
IO TOXKJIECTBEHHOMY, SIBISIETCS 0mdesvhvim anemenmom anredpst Jlu C (M), a
He myTéM B anredpe JIu. [Ipu sTom nmpousBogdmmas MYyHKIES OTHOZHATHO CTPO-
UTCs 10 CUMILIEKTHYeCKOMY TTpeoOpaszoBanuio. Kpome Toro, s npoun3Bosieit
dbynknun Buga (13) obpaTHOe TOXKe BEpHO: ec/Iu det(%—i) # 0, To o pyHKIHH
U MOXKHO OJIHO3HAYHO BOCCTAHOBHUTL Ipeobpasosanme A. Opnako mociemee
CBOMCTBO /I HAC Jlajiee He Oy/IeT ABISITHCS CYIIEeCTBEHHbBIM.

[Ipu ucciaegoBaHUN YCTOWIHUBOCTH HEMOABUYKHBIX TOUYEK IMOJIE3EH eIné OIuH
(B HEKOTOPOM CMBbICJ/Ie DoJiee y3KH171) KJIACC HPOU3BOIAININX PYHKIUI, KOTOPbIE
MbI Oysiem obosnavyarh W°. [Ipumepom Takoit pyHKIimn sapjsgercs pyHKIUS CJie-
nytoriero Bujga. Ee nuddepennman nveer BuI

. 1
d¥°(p,q) = 5((P = p)(dQ + dq) — (@ — ¢)(dP + dp)). (15)
Jleno B Tom, uro dyukius V° obJagaer AOMOJHUTEIbHBIM CBOicTBOM 8° u3
3amevdanud 8:
3° B 410601 nenodsustchoti mouke m omobpastcenusn A zeccuan dynruyuy WO
cosnadaem ¢ npouseodaweli Pynryued cumniekmuueckozo onepamopa dA(m):

AW (m)§ = w*(dA(m)S, €).

Obriiee onpenesienue npousBoagdiieii pyukmuu. B geiictBurenbnocTn,
LJI00ATBLHYIO TPOU3BOAAIIYIO (DYHKIIHIO B OKPECTHOCTH A MOXKHO OHNpeIeTUTh
U B CJiydae, KOIJ/la He CYIIeCTBYeT 1J100aIbHbIX KAHOHUYECKUX KOOPJAUHAT D, (.
Takas “OeckoopauHaTHas” TPONU3BOIsAIIASA (DYHKINA T He Oyzer 3aj1aBaTh CAMO
oroGpazkenne A, o Gyzer o6aazarh coiicTsavu 1°, 2° (cM. BbIIIE).

JLns mocTpoeHus Mpou3Boadnieil pYyHKIUN pacCMOTPUM “TOMOTOIIHIO”, TOY-
nee, C"—rnagkoe orobpaxkenue g : M x M x [0,1] — M, g = g(m,m’,u),
m, m" € M, 0 < u < 1, oupegenénnoe upu J0O0M U B MaJOi OKPECTHOCTH
“mmaronamm” A = {(m,m)|m € M} 8 M x M, u y10oBJIeTBOPSAIOIIEE yCIOBUSIM

g(m,m',0) =m, g(m,m',1) =m/,

glm,m,u) =m, 0<u<l. (16)
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[Tpu 3TOM 3aBUCHMOCTH ¢ OT NEPEMEHHOW U MOYKEeT ObITh JHNIb KyCOYHO-
DIaJIKOil, a He 00g3aTeJbHO DKo, D10 3HAaUUT, 4To OTpe3oK [0, 1] MOKHO
[IPEJICTABUTL KakK O0beMHEHNe KOHEYHOTO YHCJA OTPE3KOB [U;, Uii1], B KazkK-
JIOM U3 KOTOPBIX OoToOpazkenue ¢ spigerca C'—raajkuM (r — KOHCTAHTA U3
yrBepzkenust 6). [Tosoxum

h(m,u) = g(m, A(m),u), 0<wu,v<1. (17)

Onpenenum Gyakuo ¥V caeayommM 00pa3oM: IJisd JIO0T0 myTH M, 0 <

v <1, B U nojioxkum
2
W(m) — W(mg) = /C e (18)

rae C(my,,0 < v < 1) = {h(my,u)|0 < u,v <1} C U — naBymepHas nosepx-
HoCcTh B M ¢ KoopauHaTamu u, v, obpasoBanHas orpeskamu h(m,, u), 0 < wu < 1,
(em. (17)), KaxKaplii W3 KOTOPHIX COEJMHSIET TOYKY M, ¢ €€ obpaszom A(m,),
0<v<1.

13 coornomrenust (10) moayuaem, uro dbyukiuss ¥ onpeenena KOPPEKTHO
(€ TOYHOCTHIO JI0 HOCTOSTHHOI'O CJIATAeMOI0) B TOM U TOJIBKO TOM CJIydae, KOrja
orobpakenue A roMOJIOrMYHO TOXKJIECTBEHHOMY.

Ounpepesenne 14. Jliobyo dbyukmuio VU Buga (18) Gygem HA3BIBATD Npou36o-
dawets ynryuet oTobpazkerus A, orBedaromeii ‘romoronun’ g.

Hampuwmep, npousBoggamas ¢pyuxknusa ¥ Buga (13) OTBeYaeT KYCOYHO-TJIA]I-
KO roOMOTOIHNN

9(p,q; P,Q;u) =

Y

IA A
—_ N

(p+2u(P —p), q), 0<u
(P,g+Q2u-1)(Q~q), 3<u
rae obosnaueno m = (p,q), m’ = (P, Q). Ipoussoasmas dynknusa VU° Buga
(15) orBevaer rIaJKON rOMOTONNH

Y

g*(m,m' u) =1 —uwm+um', 0<u<l.

[ToguepkHuéM, 9TO yCa0BHE ODOTTOBOCTH TOJAMHOIO00Opasuss A OTHOCHTEHHO
npousBojigdineit pyukiun ¥V gpiagercsa docmamouHvMm Oaf HeGbLPOAHCICHHOCTIU
A B cMbIcTe onpenesienns 9, HO He ABIAETCS HeobxodumbiM. B 9acTHOCTH, ecin
dbyukmua ¥ copnagaer ¢ dbyukiueii Buga W (Hampumep, CTPOUTCS € TIOMOIIBIO
reo/Ie3NIeCKuX HeKOTOPOit aduHHOI CBSI3HOCTH), TO HEBBIPOZK ICHHOE HOIMHO-
roobpasue A HEMOJABUKHBIX TOUEK 0TOOparkeHust A siBjisieTcss GOTTOBCKUM J1JIst
dyukun W° B TOM U TOJBKO TOM CJIydae, KOrjia HeT To4ek m € A, B KOTOPBIX
muddepeniuan dA(m) orobpaxkenus A “nepeBopadnBaer” KacaTeJIbHbIE BEKTO-
pa, T.e. —1 gBistieTcst cOGCTBeHHBIM 3HaYeHneM oneparopa dA(m). Ormernm ermé
pa3, 4To JI00€e CUJIBHO YCTOWUYNBOE MOJAMHOro00pasue A siBjisieTcsi DOTTOBCKUM
Jutst pyukiun Ve,
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O6miue cBoiicTBa npou3Boagamux pyukiuii. Dukcupyem OJUH U3 CIIOCO-
O0B MOCTpOeHUs MPOU3BOAAMIEll PYHKIINN, ONUCAHHBIX BHIIIE. DTO SKBUBAJIEHT-
HO (bUKCHPOBAHUIO KaKOH-HUOY/ b “romMoronun” Buaa (16).

[Tycts A — m1060€ CHUMILTEKTHYIECKOe 0TOOpaZKeHue, TOMOJOIHIHOe TOXKIe-
crBennomy, ¥ — npousBojisinas pyHKIUs 3TOro orodbpazkenus. Torja, nezaBu-
CHUMO OT criocoba rmoctpoenns, pyukims ¥ obsiataer caeayoiuMi CBORCTBaAMHE:

1° Ecau A — mootcdecmsennoe omobpascenue, mo W = 0.

2° Ecau A(m) = m das nexomopotd mowku m € M, mo d¥(m) = 0.

3° Ilyemv A C M — awboe ceasnoe nodmmozoobpasue, Ay u Ay — dsa
cumnaekmuueckur omobpascenua, maxue, wmo Ai|y = As|p. Tozda Vi|y =
Ws|p + const.

Paccmorpum Teneps JiBa criocoba nocTpoeHus Npou3Boisdineil pyHKIT, OT-
Bedalole HeKOTopeiM roMoronusam g u ¢° Buga (16). Iycres W u W° — npusso-
ngmue YHKIUT 0TOOpakeHust A, OTBevYalonue roMOTONUSIM ¢ U §° COOTBET-
cTtBeHHO. Torma pa3HOCTh ITUX (DYHKIUN 0071a/1aeT CJIETYIONIIM CBOUCTBOM.

4° Jlse npoussodawue pynxyuu W u W° odnozo u mozo osce cumniexmume-
cK020 omobpasicenus A omaunaromes na GyHKyuo 6uda

U(m) — ¥°(m) = O(dist (m, A(m))?),

ede dist (m, m') — paccmoarue mescdy 08YMmA MOUKAMU, NOHUMAEMOE 6 CMBLC-
A€ HEKOMOPOT, PUMaH060( Mempury Ha Mro2000pasuu M (kak nuscnas epars
daun kpuewr 6 M, coedunmouur mowku m u m').

Hokazxkem coiicrBo 4°. U3 onpezesnenusi (18) nmpoussomsieii dbyHkmun ¢
yI8TOM 3aMKHYTOCTH (OPMBI Ww? JIETKO CJIeLyeT, 9To s J1060it Touxkn m € M
pasznoctb W(m) — ¥°(m) pasua unTerpasy GpopMmbl w? M0 MaJeHLKOI 1BYMep-
Hoii moBepxuoctn C, orpanudentoit kpubivu h(m,u), 0 < u < 1, u h°(m,u),
0 < u < 1. (Kaxjas u3 3TuX KPHBBIX coeauHsier Touku m u A(m), or-
Bedaer cBoeil “romoronmn” ¢ u ¢° Buma (16) m oupexpessiercs mo dopmysie
(17).) He orpann4mBasi 06IIHOCTH, MBI Oy/JeM CYHTATh, YTO HOBEPXHOCTH C' 00-
pa3oBaHa KpaTdailllliMu OTpPe3KaMH, COEIMHSIIONMMU COOTBETCTBYOIIME TOY-
KU JIByX €6 IPaHMYHBIX KPHUBBIX. TaK KakK JJTMHBI O0EHX ITUX KPHUBBIX HMe-
tor nopsok O(dist (m, A(m))), To mwiomanb nosepxuoctu C' uMeeT MOPSIOK
O(dist (m, A(m))?). Caenosarenbno, unrerpas bopmbl w?
Toxke umeer nopsgok O(dist (m, A(m))?).

o nosepxuocru C

1.4.6 CsBa3p MeTOZla YCPEAHEHUs C IIpou3Boadiieil pyHKmei

Cornacao nemme 3, orobpaxkenus llyankape A u A, orBedarommue IByM ra-
MUJIBTOHOBBIM CUCTeMaM ¢ OJin3KuMu raMujibronuanamu H u H, romoJiorny-
ubl. Bojiee To4HO, ecim Y — cekyinas rureproBepxuHocts B M, u ¢ : 0 — 0
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— eCTEeCTBEHHbIIl cuMILIeKTudecKuit quddeomopdusm Mexay cedenusmvu [ly-
ankape 0 = SN H Y (W) ué =SXNH ' (h), Au A — orobpaxenus Ilyankape,
TO oTOOpakenna An P = p~lo flgp romosiorudubl. CrieioBaTe IbHO, OTOOpazKe-
mne P o A™! roMoorn4no TOXKIECTBEHHOMY U 3HAYHT, COTJIAcHO 1. 1.4.5, oHO
uMeer npousBojgdilyo dyukiuio. [lycrs U — HPOU3BOJIAIIAs (DYHKIUSA ITOIO
orobpazkenus (KaKOro-ambo Tumna).

Kaxk moka3sbiBaer Teopema 6 (0 pacrosioKeHun HEMOIBUZKHBIX TOUYEK BO3MY-
MEHHOTO OTOOPAYKEHHUsI), YACTO BAYKHO 3HATDH, XOTs Obl MPUOJIUKEHHO, SBHBIIA
B byrknnn V. OKa3bBaeTcs, 90 9Ty HYHKIHIO MOXKHO HOIYIHTh U3 “BO3MY-
wenus” H— H dyuxiun H nyrém ero “yepejnenus’” 110 TPAEKTOPUSIM CUCTEMbI
¢ raMuJibTOHUAaHOM H .

Y0661 chopMyInpOBaTH 3TO YTBEPIKIAeHHE 00JIee TOUHO, OTPE I UM TTOH -
THe yCpeIHeHUsl, COBEPIIEHHO aHAJTIOTUIHOE yCpeHeHu o (6) 0 mepuouIecKum
TPAeKTOPHSIM.

[lycte H : M — IR — rnagkas dyHKIUS HA CHMILIEKTHYECKOM MHOTO-
obpasuu M, h — eé peryasipHoe 3Hadenue. Paccmorpum wHa M raMuibTOHOBY
cucremy ¢ ramuiabronnanom H. Iyers o C H1(h) — mobas rutieproBepXHoCTh
(He 0bsI3aTesIbHO CBSA3HASI ), TPAHCBEPCATHHO Mepecekaronias ha3oBble TPAeKTO-
pun 3toit cucremsbl Ha H1(h). Ilycth 0/ C 0 — HeKOTOpoe MOAMHOZKECTBO, Ha
KOTOPOM KOPPEKTHO ompeeseno orobpazxkenue [lyankape A : 0/ — o, orBeva-
fotiee dtoit cucreme. s siroboit dyuknuu H Ha muoroodopasuu M onpegenanm
eé ycpednenue H 1o Ga30BHIM TPAEKTOPHIM CHCTEMBI € FaMUILTOHHAHOM H
noJrarast

H(m) = /[)T(m) H(y(m,t))dt, m e, (19)

rae y(m,t) — dasoBast TPAEKTOPHsT CUCTEMBI C TAMUJIBTOHUAHOM H | BBIYIIEH-
Hag u3 Touku m = y(m,0) € o, T(m) > 0 — BpeMsl JBUKEHHsI [0 TOH TPAeK-
TOPHU JI0 CJIEIYIONIEr0 MEePeceveHus ¢ CeKyIeli MoBepxXHoCThIo 0. (B yacrHoCTH,
y(m,T(m)) = A(m).) [Homuepkuém, uro dbynkmus (19) onpemesena B OTKpHITOl
obactu 0’ B 0, B ormdme OT ycpeIHéHHOro Bo3myinenus (6).

CupaBeyIinBo CJIe/IyIOIIee yTBePIK IeHNE.

VrBepxkaenne 8. [Tycmo 2amunvmonuar H 603mywénnot cucmemv 6Au30k
x H no nopme C”, 20e v > 1. Obosnavum ¢ = |H — H||cr, Hy = (H — H)/e.
Ilyemv ¥ C M — cexywaa 2unepnoseprnocms, u nycmv A u A — omob-
pascenua Ilyanxape na noseprrocmazr o = XN HYh) u & = XN H'(h),
0MBEYAIOUUE HEBOZMYULEHHOT U B803MYWEHHOT CUCTEMAM COOMBEMCMEEHHO.
ITyemv ¢ : 0 — 0 — ecmecmsennvll cumnaexmuveckuli dugpeomoppusm ceue-
nut ITyankape (cm. aemmy 3). Pacemompum cumnaekmuneckoe omobpastcerue
P = ¢ 1o Aoy na noseprrocmu o, zomonozunmoe omobpasceruro A. Ilyemo

U — npouseodawas @dyrryua omobpasicenua P o A™L. Tozda npu aobom do-
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CMAMOYHO MAAOM E PYHKUUA é\If o0 A bauska k ozpanuvenuto na o Pynryuy H,
noayuennotl yepednenuem (19) eosmywernus H = Hi|a no dasosvm mpaexmo-
PUAM HEBOSMYULEHHOT CUCTILEMDL.

31ech 1oy OJHU30CTHIO TIAAKUX (DYHKIUH MOHUMAETCsI HUX E—OJU30CTH B
C™ ! nopwme.

[IpuBeaém ciieACTBHS U3 STOIO YTBEPKIAEHUsI, KOTOPbIe Mbl COPMYIUPYEM
B BUJIE 3aMEYaHUM.

Sameuanme. Ilycrh, B ycioBusix yrBepKaenus 8, r > 2 U TaMUJIBTOHOBA CH-
creMa ¢ ramuibTonunanomM H mmeer mommuoroobpasue A C H~'(h), cuiomb
3aMIOTHEHHOE 3aMKHYTBHIMEH TpaeKTopusaMu. CormacHo jgemme 2, 0ToOpazKeHue
A, a 3uauur, u orobpazkenne A (M. JileMMy 3), TOMOJIOTHYHO TOXK/ECTBEHHOMY.
[IycTb U — npoussoaaman pyHKIua orobpaxkenua P = ¢! o Ao w. B cury
obmero cpoiictBa 3° nponsBoigamux dbyskmmii (eM. m. 1.4.5) orpanudenus Ha
nojMuOr006pasue A = A N o dyrKIHT T u Ipou3BojIdIeil pyHKIIn oToOpa-
xerus P o A™! cosnagaior. ClieoBaTe/IbHO, U3 yTBEPZKICHAA 8 MOTydaeM, ITO
dbyuKiys i\i/\]\ e—6mmska k dynxuun H|x (o mopme C™1). Ormernm taxske,
aro dhyuknus H|; 00 onpesesIeHuio He 3aBUCHT OT BHIOOPA CEKyIIeil TOBEPXHO-
CTH 0 W COBNAJAeT ¢ YyCPeIHEHHBIM Bo3MyIienneM (6).

Sameuanme 9. B cuwiy mpemsayiero 3amedanus, Memod YcpeoHeHus Ha
nodmnozoobpasuu (T.e. TeopeMa 2 M yTBepKIeHus 1, 2) sIBISETCS CJIeICTBHEM
TeopeMbl 4 u (GoJiee 00OIIEr0) YTBEPKIEHUS 5 O HEMOJABUKHBIX TOYKAX OTOODa-
Keuuit. AHajioruaaeiM 00pa3om, reopema 3 u ciejgcrsue H 00 ycmoldwusocmu,
3aMKHYTBIX TPAEKTOPHil CUCTEM CJIEAYIOT U3 yTBEpZKieHusi 7 00 yCTONIMBOCTH
HETIOJIBUZKHBIX TOYEK OTOOPaKeHMIA.

[lycrs momvuoroo6pasue A C H~'(h) mpusuarvro paccaoero Ha 3aMKHY-
Thle TPAEKTOPUU HEBO3MYIIEHHON CHCTEMBI. DTO KBHBAJIEHTHO TOMY, UTO CY-
mecTByeT riaobanbhoe (2n — 1)—Meproe ceuenne Y21 C M?" TpanceepcanbHO
nepeceKamlee Kayk/Jyl TpaeKTopuio Ha A, npu4yéMm pOBHO B OJHOIW Touke. B
qacrnoct, A N o muddeovoppro B = A/SY, u mur Gynem oroxgaecTBisTh
B ¢ A N o. Pacemorpum (2n — 2)-mepuble mopepxuocTn o = 3 N H1(h),
& =X N H'(h), nazsiBaeMble cedennsivu 1lyankape, n o6o3naanM B = AN o.
Paccmorpum orobpaxkenns: Ilyamkape A : 0 — o n A:6 — 0, OTBeYaIoIIue
HEBO3MYIIEHHOW M BO3MYIIEHHON CHCTEMaM COOTBETCTBeHHO. Kak MblI yike OT-
MevaJIu, HEIOIBUZKHBIE TOUYKH 0TOOparkenus [lyaHkape B TOYHOCTH COBIAIAOT
¢ TOUKAMU TePeCedennst 3aMKHYTBIX TPACKTOPHil Ha TOBepXHOCTH H “1(h) ¢ ce-
venneM [lyankape o.

Cornacuo aemme 3, oroGpazkennst A u ¢! o Aoy romonornasst, rie ¢ : o —
0 — ecTeCTBEHHbIN cuMiuieKTudeckuii jjuddeomopdusm obacreil onpejie/ieHus
oroGpazkennit A n A, nocrpoennsiit B 1. 1.4.2.
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CretoBareibHO, U3 JIFOOOTO YTBEPKIEHUS O HETIOABUZKHBIX TOYKAX TOMOJIO-
TUYHBIX CHMILTEKTUYECKHX OTOODAXKeHWUil, JIETKO MOJIYYUTh COOTBETCTBYIOIIEe
YTBep:K/JeHne O 3aMKHYTBIX TPAeKTOPHUAX BO3MYIIEHHOI cuctembl. [lpm sTom
B (bOpMYIHPOBKE TOJTYYAIONIEr0CsS YTBEPK/IeHUS HYZKHO BOCIIOTB30BATHCS TEM,
410 (pyHKIMS i\m A 6umska K dyukmuu H|;. B wactnocTn, u3 yrep:aenuit 6,
4 n gemMmbl 1 mosryvdaeM cJjejryioniee

Yreepxkaeune 9. [lycmov, 6 ycrosuar meopemv 1, paccaoenue A na 3amrmy-
mule mpaekmopuy, mpusuarvro. Tozda npu awbom docmamouno marom € > 0
cyutecmsyrom eaoscerue i 2 B — Y nodmmozoobpasus B 6 X u esadkue dymk-
yuu T u S na nodmmozoobpasuu B, obaadarousue caedyrowumu céoticmsamu.

1° Ob6pas B = i(B) nodmmozoobpasus B npu esosiceruu i aexcum na no-
eeprnocmu & = XN H'(h).

2° Obpasv. npu 8A0IACEHU | BCEX KPUMUNECKUT MOvek GyHKyuy S 6 moy-
HOCMU COBNAdAM ¢ MOYKAMU NEPECEVEHUA € NOBEPTHOCTBIO T 3AMKEHYMBLL
mpaexmopudi cucmemv ¢ zamusvmonuanom H, aescawux na noseprrocmu
HY(h). B wacmmnocmu, nodmmnozoobpasue B codeporcum mowku nepecewenus
6Cer 3aMENYMLE Mpaekmoputl sosmywérnoti cucmemv wa H'(R) ¢ cevenuem
a. Ilpu amom das ar060t kpumuveckold mourxu b € B dynxuyuu S wucro T(b)
ABAACTNCA NEPUOIOM MPAEKTNOPUL BOZMYULEHHOT CUCTIEMbL, TPOLOOAULET epes
mouxy i(b).

3° Toura b € B asasemcs mopcosckots kpumuueckot mowkold dynkyuu S
6 MOM U TOALKO MOM CAYHGe, Koz2da eé obpas i(b) npu eaosceruu i npunad-
AEAHCUM, HEBVLPOIAHCIEHHOT 3AMEHYMOT MPAEKMOPUL CUCMEMDL C 2GMUALMOHU-
anom H. Boaee mozo, o6pas npu kacamesvnom omobpancenuu di(b) nyaesozo
nodnpocmparncmea zeccuana gynryuu S 6 mowke b 6 mounocmu cosnadaem c
adpom onepamopa dA(i(b)) — 1, 20e dA(i(b)) — onepamop monodpomun 6 moure
i(b), I — moorcdecmeennwili onepamop.

4° Baootcenue i bAU3KO K MOACOECMBEHHOMY, PYHKUUA T Gauska % Pyrk-
yuu T, a dynxyus S 6auska x dynxuyuu —H, noayuennot yepednernuem (6)
sosmywenua (5) no samrmymom mpaexmopuam na A.

5° Eeau 603mywénnoti 2amusvmonuar H 2aadko s3asucum om manozo na-
pamempa, mo eaooicenue i : B — X u pynryus S nwa B mooice 2aadko 3asucam
0m 9Mo20 NAPaMempPa. .

6° ITycmov b € B — mobas kpumuveckas mouwka dynkuyuu S, b = i(b) —
COOMBEMCMBYIOULAA MOYKAE NEPECEYEHUA NOBEPTHOCTNU T € 3AMKEHYMOT MPaek-
mopuets y 603MyuLernot cucmemol. Paccmompum npoussodawsue dymnryuu Q u
Q onepamopos MmoHoOPOMUL, OTNEEUAIOULUT BAMEHYMbLM MPLEKMOPUAM Y D b
u . Feau npoussodawan dynkyus (Q onepamopa moHoOPOMUL HEGBLPONHCOEHE
na mpanceepcaru ¥ B = AN o 6 o, mo undeke keadpamuunoti gopmwu Q pa-
seH cymme undekca keadpamuunot gopmo, QQ u undekrca zeccuana Gyrryuy S
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8 10001 mouke Kpusol y:
ind Q = ind Q + ind d?S.

7° ITycmv nodmmnozoobpasue A C H1(h), cusvno yemotinuso 6 aunetinom
npubsusfcenus, u nycms movwka b € B asasemces Mopcosckotll mowkot A0KAAb-
HO20 MUHUMYMG (AUO0 MAKCUMYMA UAU MUHUMAKCA, 6 3A8UCUMOCTIU OM ClU-
myayuu 6 onpedeserun 8) dynruuu S. Tozda obpas b= i(b) amoti mouku npu
BAOHCEHUY T NPUHAONEAHCUM CMPYKMYPHO YCMolUuueol 6 AuHetHoM NPpubsu-
AHCENUU BAMENYMOT TPAEKMOPUN CUCTNEMbL ¢ 2aMUNLMONUGHOM H .

31ech 1Mo OJM30CTHIO ABYX OTOOpaykKeHWit Wi (DYHKINH TOHUMAETCS WX
e-6mm3octh B O™~ ' -MerpuKe.

OrmernM, uTo yTBepKeHne 9 (0 JOKAIU3ANUN U YCTOHYUBOCTH 3aMKHY-
TBIX TPAEKTOPHl) “HOUTH COBNAAET’ ¢ yTBEPKICHUIME 3, 4 — ¢ € ITMHCTBEHHOI
pasHuIEeil, 9T0 B yTBepKAeHnn 9 BiiokeHue ¢ u PYHKIMs S OnpeiesieHbl He Ha
BCEM TOJAMHOr00Opasuu A, a JIMIlb Ha €ro nepecevdeHnn ¢ CeKyIei moBepXHO-
cThio 0. KoHeuHo, B paccMaTpUBAEMOM CJIyYae MOYKHO “PaCCJIOUTh’ OKPECTHOCTh
nojmuoroobpasug A B H'(h) na oaHomapameTrpuueckoe ceMeiicTBO CeKyTlux
IIOBEPXHOCTeH, aHAJOTUYHBIX IMOBEPXHOCTH 0. [IpK 3TOM Ha KaxKJI0# Takoil 1mo-
BEPXHOCTH MOXKHO paccMoTperhb orobpazkenue I[lyankape u ero mpon3Bosiyio
GYHKIHIO, TJIA/IKO 3aBUCSIINE OT CeKYIIel OBEPXHOCTH, a TaKKe COOTBETCTBY-
I0Illee BJIOYKEHUE B Heé, aHAJIOTUYHOE BJIOYKEHHIO 7. B pe3ysbrare Mbl MOy YUM
Hy KHBbIe BIOKeHne u (GyHKIHUIO, onpeaenéHabe Ha BcEM A. OmHAKO MOTydIeH-
Hag TakuM oOpa3oMm ¢yHKus Ha A He OymeT, BOOOIIe roBopsi, MOCTOSHHON Ha
3aMKHYTBIX TPAEKTOPHUAX HEBO3MYIIEHHOI cucrembl Ha A. B arom u cocrout or-
JIMIne YTBEPK/IEHNS 3 O 3aMKHYTBIX TPAeKTOPUAX BO3MYIIEHHONW CHUCTEMBI OT
HEMHOTO 6oJiee ¢1aboro (HO 3aT0 GoJiee MPOCTOr0) YTBEPKAeHUsT 9.

SaMeruM, 4TO yTBEpkKIeHue 9 He OXBaTBIBAET CJIydaii JIF0OOTO pacc/JO0eHus, u
Jlazke B CJydae TPUBUAJIBHOIO PACCIOCHUS SBJIAETCA MeHee OOIIHUM, YeM yTBep-
xaenue 3. Tem He Menee, 044 NPUAOIHCEHUT ITO YTBEDPKJICHUE OYEHb BAYKHO,
TaK KaK

1. B mpuiokKeHUSAX CaAydail TPUBUAJIHLHOTO PACCTIOEHUS OUeHb PACIpPOCTPa-
HEH, U KpoMe TOTO,

2. C TOYKH 3peHHs NPUIOKEHUN pa3HUIA MeXKIY “CHIbHBIMU H ‘‘Caa0bl-
Mu” YTBEPKICHUSAME B CIyUae TPUBHATBHOIO PACCTOCHHS COBEPIIEHHO He
IPUHIUINATIBHA (T.e. OHU COBEPIIEHHO PABHOIEHHBI ); GoJiee TOro, yio6Hee
MOJIB30BATHCsT MMEHHO TTocsIeHuMHE (Gostee ciabbiMu, HO 3aT0 GoJiee mpo-
CTBIMH) YTBEPK/IEHUSAMHE, TaK KaK B HUX 6OJee MPOCTO U SIBHO CTPOUTCSI
IpOU3BOSAIAs (DYHKIIHA.
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st nokazaTeibCTBa YTBEPIKIEHHST 8 MbI JJOKaKeM ero 0000IeHne, OTHOCSI-
meecst K cemeticmeam raMIIbTOHOBBIX CHCTEM.

[Iycts H, : M — IR — oxnomapaMeTrpudeckoe ceMeiicTBO IIaakuX (pyHK-
Uil Ha CUMILTeKTHIeCKoM MHOrooopasuu M, h € IR — perynsgpHoe 3HaUYeHHe
srux pyuknuid, 0 < u < uy. PaccMorpum ceMeiicTBO raMu/IbTOHOBBIX CUCTEM C
ramuibronnanamu H,, 0 < u < ug. Iycrs X C M — yirobast runeprioBepxHoCTb
(He 0bsI3aTesIbHO CBSA3HASI ), TPAHCBEPCATBHO MepeceKaronias (ha3oBble TPAeKTO-
pun stuX cucreM. Paccmorpum cedenna Ilyamkape o, = ¥ N H,'(h) u coot-
BETCTBYIOIIHE CUMILTeKTHUecKne auddeoMopdusMer ¢, : 09 — 0, 0 < u < g
(em. stemmy 3). Ilyers X' C ¥ — rmakast 06sacTh, 4T0 B KazK/10ii obaacru o), =
Y'NH,'(h) C 0, KoppekTHO onpeiesieno orobpaskenue [Tyankape A, : o), — 0y,
oTBevaromiee cucreme ¢ ramuabroananom H,, 0 < u < wuy.

Onpenenum “Bo3mytnenue” dbyuknun Hy Ha MHOrooopasun M Kak ceMeiicTBO

byHKIIiT
0H,

ou ’

Bepha cieayormas jemMMa, yrounsmoras (1 0bo0maonas) yreepkienue 8.

H, =

0 <u<ug. (20)

JIemma 5 (O6 ycpeaunénuom Bo3mytenuun). Paccmompum wa cumnier-
muveckom mHoz2000pasuu M cemelicmeo 2aMUALMOHOBHLT CUCTEM C 20MUAb-
monuaramu H,, 0 < u < ug. Ilpu Kaosrcdom 3HaveHUU U PACCMOMPUM BO3MY-
wenue H, Pynkyuu H,, 0 < u < ug, m.e. 2aadkyro gynkyuto (20) na M. B
obaacmu o', C o, paccmompum dyrnryuro H, — yepednenue (19)) cozmywenu
H. no gasoswvim mpaexmopuam cucmemot ¢ 2amusomonuarom H,, 0 < u < ug.
I[Iycmo A, : o0, — o0, — omobpascenue [lyankape, omseuarowee 2aMusbMO-
o080l cucmeme ¢ 2amusvmonuarom H,, @, @ 0p — o, — ecmecmseeHHvill
cumnaexmuveckuts duppeomoppusm cevenud Iyankape, 0 < u < ug. Iycmo
O (m,u) — npouseodswas GyYHKUUSL CeMETCMBa 20MONOLUNHVLL CUMNACKMUYE-
ckux omobpasicenuti P, = ot o Ay, 0 p, na noseprnocmu oy (cm. onpedenenue

11). Tozda gynxyuu ®(m,u) u H, ydosiemsoparom ypasreruto Iamurvmona-

AHxobu 90
e m,w) + Halpu(m) = 0,

0 <u<wuy, mea (cp.c(9)).

Jpyruvu ciioBaMu, cemMeiicTBO TOMOJIOTTIHBIX CAMILIEKTHIECKUX 0TOOpazKe-
muit P,, 0 < u < ug (orBevaromux orobpazkenusiM [lyaHkape), Ha OBEPXHOCTH
0g COBIIQJIaeT ¢ KoMmo3unueit oroopazkenns Ag u $Ha30BOro MoToKa g HEaBTO-
HOMHOI raMHJIbTOHOBO# CHCTeMbI ¢ rammibronnanoMm F = F,: P, = g o Ay,
rie Fl, = Hyo Al o, 0 <u < .

HdokazareabcTBo. /[l jokazaresibcTBa JeMMbl HAM HYXKHO 10Ka3aThb, YTO
npousBojsmas Gyukuust ¢(m, u) cemeiicrBa roMoIOrHUHBIX OTOOpaXKeHuit P,
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nuMeeT BUJL

O(m,u) = — /Du Ho (0w (m))du';, 0 < u < ug. (21)

Paccmorpum “pacmmupennoe daszopoe npocrpancrso”’ M2 x IR?, — nps-
Moe mpou3sBeiente az0BoOro mpocTpancTBa M>?" Ha BeIeCTBEHHYIO MIOCKOCTD
IR? ¢ koopaunaramu t, u. B 3TOM HPOCTPAHCTBE PACCMOTPHM CEKYILYIO I'H-
neprosepxuoctsh L X IR? u raaaxyio gyrkmuio H, onpenesénHayio paBeHCTBOM
H(m,t,u) = H,(m). Paccmorpum Taxske jBe 2—popmbl B mpocTpancTie M2 x
R?%: w? u O = w? — dH, A dt, tae 1-dopma dH, ompeaenderca 1o HoOpMy-

ne dH, = dH — 2udy = dH — H,du (cm. (20)). (B jnoKaabHBIX KOOpH-

narax (m,t,u) = (m',...,m?" t,u) na M*" x R?, dbopma dH, umeer Bup
dH, = %(ml, o, m*™)dm'.)

Ha nosepxuocru (X x IR?)NH (k) B pacmupennom ¢pazoBom npocTpancTse
PaccMOTPHUM TpH ceMeiicTBa 0ToOparKeHmil:

Poy = u: 0o % (0,u) — o, x (0,u),
Pi=A,0p,: afx(0,u) = 0, x (T,,u), (22)
Po,=P,=p, oA, 0p,: oy X (Ty,u) — ag x (Ty,u),

0 < u < wg, rae wepes T, yca0BHO 0003HAYEHO Bpems ABukenust 1,(m) 1o
dba30Boii TpaeKTOPUM CHCTEMBI ¢ TAMHIBTOHUAHOM H,, 10 CJIeIYIOIero nepece-
YeHHsI ¢ CeKyIeil MOBEPXHOCTBIO 0, (3TO BpeMsl 3aBHCUT OT HAYAJIBHON TOYKH
m € o), pacCMaTpUBAEMOl TPAEKTOPHN ).

[Tycts m, m' — mobbie aBe Touku obaactu op; ¥ = y(v), 0 < v < 1, — mobas
riaajkasg Kpubas, coeaunsgiomas aru touku, y(0) = m, v(1) = m/. Tia noboro
snavenust u oboznauum uepes Cy,(7) 2-nens B M x IRZ, ¢ koopaunaramu u', v
(0 < <u,0<wv<1), obpazoBannyo 06pa3zamMu KPUBOHi Y TPH OTOGPAZKEHHIX
(22):

Ci (7) = UOSU'SUPW' (7)7 L= 07 17 2.

Bamernm, uro nenb Co, () nemkom jiexut B 0g. Kpome toro, nurerpan ¢Gopmbl

w? no nemu Co,(7y) pasen Hy/o, a unrerpajibl gopmbl w? 1o nenam C,(y) u

Cou(7y) coBuamator:

/ w? =0, / w? = w?. (23)
Cou(7) Cru(7) Cau(7)

N3 onpenenennsa 11 mpousBojagiieit dyukiun P cemeiictBa oToOparkeHmit
ciefyet, uTo pazHoctbh ®(m’ u) — ®(m,u) pasaa unTerpamy Gopmb w? mo 2-
uenn Cy,(7) C 0p. Orcrona, ¢ yuérom (23), nosydaem:

O(m',u) — ®(m,u) = ( /C I AR (24)
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U3z kaxmoit touku m = @u(v(v)), 0 < v < u, 0 < v < 1, nenm Cy,
BBILIYCTHM (Pa30ByI0 TPACKTOPHUIO CHCTEMBI ¢ FaMHJLTOHHAHOM H, 10 ciaemy-
IOIEro eé TepeceveHus ¢ MoBepxHOCThio Y. O6oznaduum uepes D, (7y) 3-1enn
B H'(h) ¢ M x IR?, ¢ xoopaunatamu t,u',v, 0 < u' < u, 0 < v < 1,
0<t<Tuy=Tu(pw(y(v))), 0OpazoBaHHYIO STUMHU TPACKTOPUSIMU.

dcno, uro rpanuna nosydenuoii uenu D, () cocrour u3 mecru “rpaHei”,
JIBE U3 KOTOPBIX COBHAIAIOT C IICILSIMHE

Cou(7) = Du()li=0,  Cru(7) = Du(V)li=1,,,

a OCTaJIbHBIE YeThIPe TPaHA

Cu(7) = Du(Mlo=0,  Co(v) = Du(V)lo=1,  Du(V)|w=0, Du()|w=u

00pa30oBaHbl HEKOTOPHIME (Pa30BBIMH TPAEKTOPUSIMEI CUCTEM C TaMUJIBTOHUAHA~
mu H,. B cuny npunnuna lavunbrona [1], uarerpan dbopmbl w? mo mocsieanm
JIBYM T'DaHSIM paBeH HY/I0, TaK KaK OHH 00PA30BAaHBI TPAEKTOPUIMHU OTHOU U
TOI K€ TaMUJIBTOHOBOM CUCTEMBI U JIeKaT B €€ M309HEePreTUIeCcKOil mOBEPXHO-
cri. B cuny samxmytoctn dopmbl w?, eé maTerpan nmo rpanuue uemu D, ()
pasen Hy.0. CieoBaresibHO, pa3HOCTh (24) paBHA

O(m',u) — ®(m, u) = (/M —/m))w?, (25)

rie Ha nensix Cy, () u C) () paccMaTpuBarOTC KOOPIUHATHL U, ¢ (KAK 3a/IA0TIHe
Ha HuX opuenTanuio du A dt). Orcioga moayvaem, 9To

d(m,u) = / w?  me o). (26)
Cu(v)

(deitcrBuresnbro, u3 (25) cieyer crnpaBeyinBOCTh paBeHcTBa (26) JUIb ¢ TOY-
HOCTBIO JI0 MOCTOSTHHOTO CJIATAeMOT0, HEe 3aBUCAIIEr0 HU OT 11, HU OT U; HO 9TO
cJlaraemMoe paBHO HyJi0 B cuiy yeaosusg ®(m,0) = 0 u3 onpenesnenns 11.)

YT00BI BBHIYUCTUTH WHTErpas (26), 3aMeTuM, 4To, COrIacHO NpuHIumy [a-
vunbroHa |1, narerpan dopmer Q2 = w? —dH, Adt no nenu C, () paBen HyIo.
[ToaTomy

O(m,u) = / dH, N dt.
Cu(v)

Bamernm Takzxke, uTo orpanudenue popmbl dH = dH, + H,du #a moBepxHOCTDH
H=Yh) D C,(v) pasuo nymo. Orciona, ¢ y4éToM TOr0, UTO OpHEHTAIMs Ha
2—nenu C,,(7y) 3amaérest hopmoit wiomaau du' A dt, nmeem:

d(m,u) = — Hy du' Adt =
Cu('Y)
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u Tu’(‘Pu/(m)) , u _ ,
- Ha (e (pur(m), ) de d’ = = [ Ho(ipur(m)) dt
0 JoO 0

rae Y,(m,t) — dazoBas TpaekTOpHsS CHCTEMBI ¢ TaMHJILTOHUAHOM H,, BbI-
nyuenHas w3 Touku m € o, T,(m) — BpeMmsi JABUKEHHsI 10 ITOH TPAEKTO-
PHH JI0 CJIEIYIOIIEro Mepecedenns ¢ CeKyIeii MoBepXHOCThIO 0y. (B gacrHOCTH,
i, Tu(m)) = Ay(m).)
[TocieiHeEe PABEHCTBO COBIAJIAET ¢ TPeOyeMbIM coOTHOImeHneM (21).
Jlemma 5 00 ycpe iJHEHHOM BO3MYIIEHUH JIOKA3aHa.

[TokazKeM, 1TO U3 JeMMBI b caeayer yreepzxaenne 8. Ilyers dynkuusa H #
H C"—6mm3ka k dbynkuun H, t.e. umeer sun H = H + ¢oH,, rae |Hil|cr = 1
(r > 1), 0 < g < 1. Jocrarouno nokaszarb, 410 QyHKIUH UoAueH
£3-OsmsKy, T.e. orvalorcs Ha Gyukiuio nopsjika O(e3). (3aeck u Beroy ja-
Jiee “OJIM30CTH” ¥ “OrpaHUYEHHOCTDH IO OTHOIIEHWIO K (DYHKIUIM, BEKTOPHBIM
IIOJISIM WM OTOOpazKeHHAM IOHIMaioTcda B cMmbicae O™~ -HopMbI, oTBedaromeit
KaKoii-11060 pIMaHOBO MeTpuKe Ha MHOrooOpasuun M, T.e. 6JIM30CTH BMECTE CO
BCEMH YACTHLIME IIPOM3BOIHBIMU [0 KOOPAMHATAM TOUYKH 17 MOPAIKOB, MEHb-
IIUX 7.)

[Tpumennm 0003HAYEHMS JIEMMBI 5 K CeMEHCTBY IaMUJIBTOHOBBIX CHCTEM C
ramuabronnanavu H, = H +eH,, 0 < e < g.

[Iycte m € o — mwbas Touka, u nycts y(m,t), 0 < t < T'(m), — daso-
Bagd TPACKTOPUs FAMIJIBTOHOBON CHCTEMBI ¢ TAMIJILTOHMAHOM H, BRINyINeHHAS
u3 rouku m = y(m,0) g0 caemyionero nepeceuenus (B HEKOTOPbIHi MOMEHT
Bpemenn t = T(m)) ¢ cekymeii moBepxHOCTBIO 0. [Ipn KaykaoM 3HaueHUH €
PaCCMOTPHUM aHAJOIMYHYIO TpaekToputo Y-(m,t), 0 < t < T.(m), cucremsbl ¢
rammibToHuanoM H., rie v.(m,0) = p.(m) € 0., 0 < e < &y.

3amMeTnM, 9TO BEKTOpPHOE moJe V., 3a1al0IIee TaMIIbTOHOBY CHCTEMY C Ta-
musibronnanom H., go-6imsko (B C"'-nopme) k BekropHomy nosio V', 3aja-
I0IIEMY TaMHJIBTOHOBY CHCTeMy ¢ ramuiabronunanom H. Orciona m u3 Teopun
OOBIKHOBEHHBIX TP depeHmaIbHbIX YpaBHEHUT MoIydaeM ciejayrolnme ¢gak-
TBHI, HA KOTOPBIX OyIeT OCHOBAHO IOKA3ATEILCTBO JIEMMBI 5:

1. @yukmus T.(m) ep—6amu3ka Kk byukuun 1'(m).

2. Tlpu xaxgom 3uavennu t, 0 < t < T'(m), orobpaxenue m — ~y.(m,t)
£0—0/13K0 K orobpazxkenuto m — y(m,t), 0 < e < g.

3. Orobpazxkenne P., o A™' £9—6IM3K0 K TOKIECTBEHHOMY.

. " P,
4. B kaxnoit Touke xpusoit P.(m), 0 < & < gy, BeKTOp cKopocTH %=(m)
OrpaHUYCH.
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[Tycrs ®(m, ) — npoussojsinas hyHKnus cemeiicrsa orobpazkennii Pr, 0 <
e < gg (eMm. ompegenienne 11). VI3 ieMMbl 5 1 IEPBBIX JABYX YIOMSIHYTHIX (haKTOB
cIeIyeT, ITO

®(m, g9) — e H(m) = O(&p).

Hanomuum, aro ¥ oboznavaer npoussojsityo dynkinuo (18) ormenbHoro
otobpazenns P., 0o A™!, orpeuaronryio HekoTopoit romoronuu g. 13 Tperbero u
YETBEPTOTO YIOMSIHYTHIX (DAKTOB CJIEIAYET, UTO

®(m,e9) — Vo A(m) = O(e).

JleficTBUTE/IbHO, U3 OIpe/Ie/IeHA TPOU3BOAAIIeH (DYHKIMHN /I ceMeiicTBa
oTOoOpakKeHuit u 711 OTAETBHOIO0 OTOOPAXKEeHH, C YIETOM 3aMKHYTOCTH (DOPMBI
w?, J1erko caesyer, 4ro pasuocrs ®(m, eg) — Wo A(m) pasna unrerpaiy Gopmbl
w? 110 MaJIeHbKO# 1BYyMepHOi ToBepxHOCTH C, OrpaHUYeHHON KPHUBHIMH P.(m),
0 <e <egpug(Alm), Py(m),u), 0 < u < 1. (Kaxkzgast u3 3Tux KpUBHIX CO-
enunsier Toukun A(m) u P. (m), Bropasg KpuBas orBedaer ‘romMoronuu’ ¢ BHJIA
(16).) He orpanu4uBasi 0GIIHOCTH, MBI OY/JIEM CUHTATE, YTO HOBEPXHOCTH C' 06-
pa3oBaHa KpardaflluMu OTpe3KaMu, COeUHAIONUMU COOTBETCTBYIONIME TOYKHU
YKa3aHHbIX I'DaHUYIHbIX KPUBbIX. TaK KaK JJINHDBI O6eI/IX 9TUX KPHUBBLIX HUMEIOT
nopsiok O(go), To miomaap nosepxunocru C umeer nopsaok O(g3). Cremona-
TesIbHO, uHTerpa dhopmbl w? 1o nopepxuoctu C' Tozke umeer nopsaok O(e).

B cuny ckasammoro, pasnocts W o A(m) — egH(m) umeer mopsmok O(e2) (s
CMBICTIE C”"‘LHOpMH). 9TO0 JOKA3BIBAET YTBEp:KIeHHE 8.

1.5 /loka3aTejbCTBa TEOPEM O HEMOABUKHBIX TOUYKaAX

CHauajia JOKarKeM YTBEPXKJIEHHsI O HEMOABHKHBIX TOYKAX CHMILIEKTHIECKHIX
oTobOpaxkenuii, chopmyiupoBannbie B §1.4, a 3aTeM — yTBep:K/IeHUS O 3aMKHY-
THIX TPAEKTOPHUAX FAMHJIBTOHOBBIX CHCTEM, copMyaupoBanubie B §1.1-1.3.

1.5.1 CymlecTBOBaHNE U PacHOJIOYKEHUE HETOABUKHBIX TOYEK

Kak mbl yxe ormedanu (cm. 1. 1.4.3), Teopema 4 (OIeHKa YHC/Ia HEIOBHK-
HBIX TOYEK) U yTBepzKIeHne 5 (JIOKaIu3anus HeloABUKHBIX TOUEK) CJEIYIOT U3
yTBepKaenus 6. JJokaxkeM 3T0 yTBep:KIeHHE.

Pa300béM J10Ka3aTeIbCTBO Ha HECKOJIBKO IIaroB.

[Ilar 1. Paccmorpum orobpazkenue A : U — M, u B KaxK10il HENOIBUKHOMN
Touke m € A paccmorpum “kosiipo” oneparopa dA(m) — I. JIjast 3roro noctpo-
M cHavana ero obpasz D, = Im(dA(m) — I), a 3aTem npoBeéM MOBEPXHOCTH
0,, > m B M T0ii ’Ke pasMepHOCTH, ITO U A, TPaHCBEPCATHLHYIO K TOMY 00-
pa3y (310 MOXKHO cjiesiarh B cuity HeBbipoxaeHnoctu A). Bysem canrars, 410
noBepxHocrb 6, C M rjaajiko 3aBUCHT OT TOYKH M € A.
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Jlasiee 6ymem camTaTh, 9TO MOCTPOEHHAs MOBEPXHOCTH 0, C M onpenenena
s Bcex ToueK m € U, ¢ coXxpaHeHHeM CBOHCTBA IJIaJIKOW 3aBHCHMOCTH OT
TOYKH.

[Iycts U C M — pmocTaTodHo Majas OKpeCTHOCTh HMOAMHOrooOpasus A B
M. 3agaaum B npsimom npoussejiennn U X U kakyo-HUOY/Ib KyCOTHO-TJIAIKY IO
(ksracca C™) romoromnuio CT—riaakux orobpazxkenuit g, : UxU — M, 0 < u < 1,
go(mo,m1) = mg, g1(mo,m1) = mq, 00JANAIOILYIO CJIELYIONIUM CBOMCTBOM:
orpaHuveHue 3Toii romoronuu Ha “nuaronans’ B U X U gBiasgercs TOXKIECTBEH-
HBIM OoTOOpakenmeM. /Ipyrumu cioBamu,

gu(m,m) =m

upu Becex m € U, 0 < u < 1. Orciona ciaemyer, 910 Jjisi JIOOBIX JABYX OJIM3KUX
TOYEK Mg, M1 COEJUHAIOMAsT UX KpubBast g,(mg,mi), 0 < u < 1, aBiasercs
“KOpOTKO#I” T.e. UMeeT JJINHY TOPsIJIKA PACCTOSIHUS MEYKJIy TOYKAMH Mg U 1
(B cMbIc/e Kakoli-HHOY1b puMaHOBOi MeTpuku Ha M).

OtrMernM, 4T0 0TOGpazKenust A 1 A rOMOJOIHYHBL TOKIECTBEHHOMY B CHITY
JIeMMBI 2 1 3aMedanud 6. 3HAUUT, /I HUX KOPPEKTHO ONPEeIeTeHbl MPOU3BO-
jsmue pyaknun ¥ ou \i/, cM. 1. 1.4.5. Mbl HAIIOMHUM HMX IIOCTPOEHUE HA Iare
3.

[[Mar 2. Onpeaenum BO3MYIIEHHOE TOIMHOI00Opa3ue A C U kak MHOXKECTBO
Bcex To4uek m € U, 1 KOTOPhIX fl(m) S 9~m:

A={meU]| A(m)eb,} cU. (27)

Hetpyano BumeTh, 9T0 1719 HEBOBMYIIEHHOTO OTOOPAYKEHHST 3TO MHOYKECTBO COB-
najaer ¢ A, u corylacHO TeopeMe O HesIBHbIX (DYHKIMAX, ITO MHOKECTBO UMEET
Bug A = i(A), rue Buoxenne i : A — U C"-6IM3KO K TOMKIECTBEHHOMY, UTO
JIOKa3bIBaeT MEePBYIO YacTh CBOWcTBa 3° yTBep:kKaeHus 6. Teopema 0 HedABHBIX
GYHKIUAX IPUMEHAMA, TOCKOJIbKY:

1. orobpaxenune A C"—0/M3KO K HEBO3MYIIEHHOMY OTOOpazkeHuio A u

2. 10 HOCTPOEHMIO HOBEPXHOCTEl #,,, m € A, NX KacaTeJbHbIE IIPOCTPAHCTBA
TpancBepcaabibl B 1, M k obpasam oneparopos dA(m) — I, toe I —
TOXKIeCTBeHHBIH onepaTop B 1), M.

Ormernm, 9TO, MO MOCTPOEHUIO MHOXKECTBA A C U, oHO aBTOMATHYECKU
CONEPIKAT BCE HEOIBHIKHBIE TOUKH OTOOparkeHms A.

[lar 3. /lanbHeiimmue HAIMA MOCTPOEHUS AHAJIOTHYHBI IOCTPOEHUSAM U3 Pa-
6orel T'unzbypra [37], B KOTOPOi paccMaTpUBATHUCH HEPHOUUECKHE CUCTEMBI.
[Tocrpoum B U npoussojsityo dyaknuio ¥ no dopmyste (18). Hanomuum: sra
dyHKIUS onpejie/ieHa ¢ TOYHOCTHIO /IO MOCTOSHHOTO CJIaraeMoro, U pa3HocTh eé
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3HAYEHMI B JIIOOBIX JIBYX TOYKax Mg, mp € U pasua uaTerpasy 2—hopmbl w
o 2-uenu C = C(m,,0 < v < 1) ¢ KoOpAUHATAME U, ¥ U3 “IPAMOYIONbHIKA”
0 <wu,v <1.31ece my,, 0 < v <1, — moboit myth B U ¢ KOHITAMH B TOYKaX
mo, My, nemb C' cocTaBaena u3 KpuBBIX h(my, 1) = gu(my, A(m,)), 0 < u < 1,
KazKJlad U3 KOTOPBIX COeJMHSET TOUKY M, ¢ eé 00pa3oM A(mv):

B(my) — (mo) = / /C — (28)

113 rOMOJIOTHYHOCTH OTOOpazKeHns A TOXKIECTBEHHOMY CJIELYET, 9TO IJIAJIKast
byHKIUST U gpigercs TI0GATBHOMN onHO3HAUHON dyHKIHMeH B U, 0aHAKO OHA
OlpeJieJIeHa HE OJHO3HAYHO, & ¢ TOYHOCTHIO JIO IPOU3BOJBHOIO IOCTOSTHHOIO
ciaraemoro. Jlust onpepeiéHHOCTH OyIeM CYUTaTh, YTO 9Ta (PYHKIMs OOpalia-
eTcst B HOIL B TOUKe i(mg) € A, rae my — mekoropas (bUKCHPOBAHHAS TOUKA
Ha A, i — BIOXKeHHe, MOCTPOEHHOE Ha MpeJIbIAYIeM Inare. ICHO, 9T0 HEBO3MY-
ménnasg Gyakmug U ToKIeCTBeHHO paBHa Hymo Ha A. Ompemeanm Tiagkyro
bynxiuio S Ha noamuorooGpasun A, nomaras €S = U o .

TIpe oo, 4To oTobpazkenne A IIajKko 3aBHCAT OT HEKOTOPOLO MAJIO-
ro napamerpa. Torja 3 TeopeMbl O HesIBHBIX (DYHKIHMSAX MBI CPa3y MOJIy9aeMm
[JIQJIKYIO 3aBHCAMOCTD BJIOXKeHus ¢ 1 GyHKIuu £S5 o1 3T0ro napamerpa. Orcio-
JIa JIETKO CJIJYeT W IJIajiKasl 3aBHCAMOCTh (DYHKIUU S OT MAJIOro mapamerpa,
4TO JIOKA3bIBaeT HEPBYIO 4acTh cBoicTBa 4°.

[ITar 4. Haiigém siBabiit Buj guddepennnana ey S @ A — R. Tias
11060# Toukn m € U pacemorpum “kopoTKyo” Kpusyio h(m,u) = g,(m, A(m)),
0 < u < 1, coemunsontyio Touky m = go(m, A(m)) ¢ eé obpazom A(m) =
g1(m, A(m)) (em. mrar 1). Herpyano Bugers, uro muddepenmuan Gynkmun ¥
B IIPOM3BOJILHOM Touke m € U paBen

1
d¥(m)n = / wQ(ah(m’u), Oh{m, u)n)du, n € T,,M. (29)
0 ou om
B uacrHocTH, 1106ast HEIIOABHZAKIAS TOUKA 11 0TOOpasKeHust A sSBJISeTCs KPUTH-
qeckoit Toukoit pynxmun U, tax kak h(m,u) =m, 0 < u < 1.
PaccMoTpuM cHauasa 9acTHBIA cayuait — korga kpusbie g, (mg,my), 0 <
u < 1, ABJIAIOTCS IeoIe3NIeCKUMI HEKOTOPOil addUHHON CBI3HOCTH:

QU(mO’ml) = gz<m0’m1)7 ﬁ(m7 u) = Bo(m’u) = gZ(mv‘A(m))

Jlns nproboro kacareabHoro Bektopa & € T,,M obo3nauum depes3 &, €
ThimuwM, 0 < u < 1, napajule/IbHBI IEPEHOC 3TOr0 KacaTeJbHOI0 BeKTopa
Baosb nytu h(m,u), 0 < u < 1, OTHOCHTETHHO 9TOI ¢BA3HOCTH. PaccMoTpum
omnHeitHy10 GopMy Q ua U Buma

. 1 ohe
Qléorn) = [ w6, 5, (m, un)du.
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Torna nnddepennnan d¥° coorsercryomeit Gynkunn U° mmeer Bu

- -

dv°(m)n = Q(%,n), (30)

g _ Oh° . o « ”

rie {o = G- (M, u)|y=0 — BEKTOP, KOTOPHIl HA30BEM “BEKTOPOM CMeEIIeHWsT
TOUKH M (ITOT BEKTOP 3aBUCUT OT OTOOpazKeHuss A m oT CBI3HOCTH).

s mo060ii HemoABUKHOI TOUKH M oTOOpazkeHusa A mosydaeM cJeyiomue

dopMy.IB: .
Q& n) = 5w (& dA(m)n + n), (31)

2

4B (m) =0, V() = S ([dAGm)n — 1, dAGm)n +n) = WH(dAlm)n, )
(32)

B 4acTHOCTH, B PACCMATPHBAEMOM CJIydae KBAIPATHIHAS YaCTh (PyHKIun WP

B 11000 HEIOJBUXKHOI TOYKe M He 3aBUCUT OT BbIOOpa ad@dUHHONE CBI3HO-

CTH: OHA B TOYHOCTH COBIIQ IAET C NPOU3BOJIsIIeil (DyHKINEl JIMHeapn30BaHHOIO

orobpazkenns: dA(m). Dro jokassiBaeT cBolcTBO 8° U3 3aMedanns 8 (CM. 1.

1.4.4).

13 dopmyast (31) crepyer, 9To B pacCMATPHBAEMOM YACTHOM CJIydae B JIHO-
6oit Touke m € A, npu n € T, A, umeem Q(x,n) = w?(*,n) (119 HeBO3MYIIEH-
Horo orobpazenust). Orciona, ¢ nomonipio dbopmysst (30), Hosydaem eagrcHoe
caedemeue: 1uist 1106010 noaMuoroodpasus A, Cl-6auskoro k A, mist m06oit ero
Toukm M € A 1 106010 KacareabHoro BekTopa 17 € T A mveem

dW° (m)n = w*(&o,n) + o(|o| - [n]) (33)

npu € — 0, re 50 € T,,M — BexTOp cMellleHHusI TOYKH 1M NPH OTOOPAYKEHUHU
A, 1ymHA KAaCATEIbHBIX BEKTOPOB MOHUMAETCS [0 OTHOIICHHIO K KAKOH-IHO0
buxcupoBanHoil puMaHOBOH MeTpuke Ha M>".

Hokazkem Ternepb dhopmyny (33) B obieM ciyuae — He TOJTBKO Jist (hyHK-
nuu VO, Ho u jijis J11000it pyukmuu W, ornpe/ie/IEHHON IPU TOMOIIUA KaKOI0-/1100
cemeiicTBa “koporkux” kpusbix h(m,u), 0 < u < 1, BooOIIe TOBOPSI HE SIBJISIO-
muxcs reogesuaeckumu h°(m, u), 0 < u < 1, nanuoii adbdurnoi cBA3HOCTH (CM.
maru 1, 3). Bojee TO4YHO, MBI JIOKaXKeM CJIEAYIONLY0 (hOPMYJIY, aHATOTHIHY IO
dbopmyie (33):

¥ (m)n = w*(&o,n) +o(léol - [nl), m € A,y € TA, (34)

mpu € — 0.
st pokasaresnbcrBa (34) 3amerum, uro h(m,u) = m upu Bcex m € A,
0 <wu <1, orkyzna %(m,u)n = n upu Beex n € T, A, 0 < u < 1. TTosromy

O (1, u)n =1+ of|n]) = O(|n|) upn seex m € A, 1 € TA.
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OroxaecrBum Masyio okpectHocth U’ (kapry) moukm m B M ¢ wmasoii
OKPECTHOCTDBIO HyJId B KacaTeabHOM npocrpancTse 1, M B 3Toil TO4YKe, HAaIpu-
Mep, TPH TOMOIIY KCIOHEHINAJIbHOTO oTobpaKenus exp,, : 1, M — M, or-
Bevalomero nannoi adpuHHON CBA3HOCTH. TaKoe OTOXKICCTBICHHE IIO3BOJISET
OTOXK/JIECTBJIATH KacaTeJbHOE IPOCTPAHCTBO B J1000ii Touke U’ ¢ KacaTeabHbIM
HPOCTPAHCTBOM B TOYKE 1. DTO OTOXKJACCTBACHNE TIAIKUM 00Pa30M 3aBUCUT OT
napsl Todex B U'.

Tak kak g(m,m,u) =m, ﬁ(m,u) = g(m, A(m),u), To

—=(m, A(m), u) = O(|&])-
CorytacHO JOKa3aHHOMY, TIPU KaYKJIOM U HMeeM:

Oh Oh Oh Oh :
w%(m,u)(%(mv u), %(m7 u)n) = Wm(%(mv u), %(mv w)n) + o(l - |nl) =

oh . . -
(G (mw)sm) +o(l6o] - nl),  m € Am € T

WNuaTerpupyd mocieamee BBIDAZKCHHUE 110 U Ha OTPE3Ke [0,1] u 3ameuas, uTo B
BHIOPAHHO# KapTe [y 5 1 ok o (m, u)du = €0, nosyuaem Tpebyemyio dbopmyay (34).
Takum obpaszom, (bopMyﬂa (34) cupaBemuBa st JIIOOO¥ MTPOU3BOISIIEH
dbyukmun ¥ Buga (28) u 106010 MOAMHOrO0OpA3HsT A, C"-6mmskoro x A n,
B JaCTHOCTH, JI/Isl TIOJIMHOr000pasnd, onpeienénmoro mo dgopmye (27).
[Har 5. Temepp Bo3bMEM MOOYI0 KpHTHYeCKyIo TOUKy m € A dyHkmum

\Il\ i U IOKaykeM, 4TO OHA SIBISETCS HENMOABUIKHOII NMPH OTOOpazKeHHN A T.€.

8hmu

YTO BEKTOpP “CMereHus’ fo ]u 0 paBeH Hy/I0. B mporuBHOM ciydae

euEnaHbIT BekTOpP &o/|Eo| OBLI 651 630K K OAnpocTpaHcTBy 1,0y, (10 mo-
CTPOEHMUIO MOAMHOT000pasusa A, . (27)). C apyroit CTOpOHBI, W3 PABEHCTBA
HYJIIO BbipazkeHust (34) cJiejyer, 4To 3TOT eJUHUYHbIH BeKTOp OBLT ObI 0JIM30K
K KOCOOPTOI'OHAJILHOMY JIONOJIHEHUIO Tn%/& K [OJIITPOCTPAHCTRY T, A. CaenoBa-
TeJIbHO, oanpocrpanctsa 1,6, u TnJ;]X coJiepzKaJiu Obl OJIM3KHE JIPYT K JIpyry
eJIMHUYIHBIE BeKTOpa. HO moc/e Hee mMpOTHBOPEYUT MOCTPOCHUIO MTOBEPXHOCTEI
0, m € U, MOCKOIBKY B KazKJIOil TOYKE 1M KOMIAKTHOIO IIOAMHOT00ODa3HSI
A C U moampocrpanctsa 1,0, 1 T-A = Im(dA(m) — I) TpancBepcaabHbI
IPYT K APYTY U UMET JOIMOJHUTETbHBIE PAa3MEePHOCTH.

Taknm 00paszom, Kpuruieckne TOUKKM QyHKIUN ﬁ/| A COBIIQJIAIOT C HEIllO/BUK-
HBIME TOYKaMu oToOpaykenuss A. DTo j0Ka3bIBaeT CBOWCTBO 1° JI0Ka3hIBAEMOTO
YTBEPKICHUSI.

Jlokazkem CBOICTBO 2° 0 HEBBIPOZKICHHBIX HETIOJIBUKHBIX TOUKAX 0TOOpazKe-
s A.
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[Tycrb m € A — nobast HemojgpuKHasE Touka orobparkenust A. Torma
h(m,u) = m, Tak 9ro gh(m u) = 0. Orcioma u u3 dopmynsr (29) mudde-
penruasia ¢pyukinun VU nojydaeM, 9T0 B TAKOH TOYKe 1M KBAIPATUIHAS aCTh
dbyuxkuun V|; umeer ciepyomuii Bug (Kak cumverpudHast ouauHeitnast ¢bop-

Ma):

U mmn = [ W2 o,y O (o, ) (39
0 omou "’ "om> ’
n, n € L,M.

Kak Mbl y:Ke OTMETH/IN, gffl (m, u) = 0+ o(jn|) upu n € T,A. Tak xax
g(m,m,u) = m, 10 %(m m u) ( ,U) SIBJISIETCS] TOXKJIECTBEHHBIM
OIEePaTOPOM 1 a‘?jgu(m,m,u) + am,au (m m u) = 0. Orcioga %(m u)m =
8fn2§u(m, m,u)(n —dA(m)n) = O(|dA(m)n, —n1|) B moGoii HemoBUAKHOMN TOU-

Ke m OTO6pa}KeHI/IH A, m € T,,M. Kpome Toro, B Jit060ii HEIIOJBUKHONH TOUKe

m oroGpaxenust A umeen: [; 83 gu (m, w)mdu = dA(m)n, — ;.

IToncrapaasa stu paBeHCTBa B dopmyay (35), umeem:

PUmmn = [ (2 (m w1+ ol )

W (dA(m)ns —n1,m) + o([dA(m)ns —m| - [n]) (36)
upu e — 0,y € Tp,,M, 1 € T,,A.

I3 mocrpoenns HOIMHOro06pasus A crenyer, uto BekTOpH BHmAa & =
dA(m)n—ny, tae m € Thy A, Kacarenbubl K 0BepXHOCTH 6,,. OTCIOMA, ¢ yI6TOM
HEBBIPOZKICHHOCTH CIAPHBAHHS HA TOAIPOCTPAHCTBAX O, 1 Ty A pn momomm
bopMbI w2, MOJLyHAEM, UTO HyJeBOe IPOCTPAHCTBO reccnana d2(W| i) B TOUKe M
COBITQIACT C AIPOM OIEePaToOpa

B : TmA - Tm0m7 B(nl) - dfl(m)m — M-

B uacrHOCTH, HeBBIPOXKIeHHOCTH reccuana d2(WU|;) B TouKe M IKBHBAJEHTHA
TOMY, 9TO oriepatop B siBjsiercsi n30MOpu3MOM.

Ocrasioch moKa3aTh, 9TO 41po oneparopa B coBNazaer ¢ sapoM oneparo-
pa dA(m) — I. Dro caeayer u3 roro, uro omeparop (dA(m) — I) : TpM =
(Tmf\) ® Ny — TyuM = (T1,0,,) © (TA) 3agaérea 6rounoit MaTpuIeii Buga

0 C
Kakoii-1m6o (bUKCHPOBAHHON pUMaHOBON MeTpuKn), MaTpuina C' HeBHIPOK/IEHA
B CHJIy YCJIOBUsI HEBBIPOKAeHHOCTH A.

Takum o6pazom, TOUKa M SIBIAETCA MOPCOBCKON KPUTHIECKON TOUKOM (DyHK-
un ‘i/| A B TOM M TOJILKO TOM CJ/lydae, KOrja 3Ta TOYKa ABJIAeTCs HEeBbIPOXKIeH-
HOIl HENO/IBUZKHON TOYKON 0TOOpaKeHust A. Bounee TOro, B JIIOOON KPUTHYECKOiT

B x -
( , e N, — oproronasibuoe jgonosanenue K 1, A B M (orHOCHTEIHHO
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TOYKe M (pyHKINH \il| i HyJIEBOe IIPOCTPAHCTBO T'ecCHaHa 3Toi (DYHKIHUU coBHA-
JIAeT C gJIPOM OIlepaTopa dfl(m) —I. DT0 10Ka3bIBAET CBOICTBO 2° YTBEPK/ICHUS
6.

Nrax, cBoiicTBa 1° u 2° m0oKa3aHbI, & BMECTe ¢ HUIMH JI0Ka3aHa TeopeMa 4 00
OICHKE YMCJIa HEIIOABHUZKHDBIX TOYEK OTO6pa)KeHI/IH /I

PacniosioykeHne HEeMOABU>KHBIX TOYEK. (cTasoch /I0Ka3aTh BTOPbIE YaCTH
coiicts 3° u 4° (0 6m3ocTu GyHKINUKM S = %\Ivoi K OIPaHWUYEHUIO TPOUBBOJISATIEH
dbyukmun Ha A) yrBepkaenns 6. Orcroga Oymer caegoBaTh yTBEp:XKIACHHE 5 O
PACIIONOKEHAN HEIOBIKHBIX TOUEK 0TOOpazKeHus A.

[TokazkeMm, 4TO 71 J1000M Jpyroil mpou3BoadIeil (pyHKIun o BO3MYTIIEH-
HOrO oTobpazkenust Gpyuxmun U o i u ‘Ilo| A OTJIMYAIOTCS Ha Maayio (YHKIHIO
nopsijika €2 (¢ TOUHOCTBIO JI0 TIOCTOSHHOTO CJIAraeMoro).

Paccmorpum pasnocts 3nadenuit pyHKIUN T° B JBYX TOYKaxX Mo W My MOJI-
muoroo6pasus A. Coepuaum 51 To9KU KpuBoit v = {m,, |0 < v < 1}, nexamieit
ua A. Cornacho onpejenennto (28) npousBosiieil hyHKINM, 3Ta PA3HOCTH PAB-
Ha HHTErpaay (popMbl w? 1o JABYMEPHOH Ienu C’o(mo, m;), OTBeYAIOIIeH KPUBOii
7. A uMeHHO, 1elb C’O(mo,ml) COCTaBJIeHA U3 KPUBBIX

V8 = {h°(my,u) | 0 < u < 1},

W €€ IPAHHIA COCTOMT U3 YeThiPEX KPUBBIX 75, 75, 7 1 A(7y).

Coemunum Toukm mg = i(mg) u my = i(my) kpusoit ¥ = i(y) = {m, |0 <
v < 1}, ma A, rae m, = i(my), 0 < v < 1}. Jlaa pasnoctn W(rmy) — W (1)
DACCMOTPHM AHAJTOTHIHYIO ABYMepHYIO 1emb C(1mg, my), OTBeYaloNLyo KPHBOIl
3. )

Ham HyzkHO m0KasaTh, 4To muTerpajbl popmbl w? 1o nenam C(mg,mp) u
C(mo, my) ormuuaiorcsa ua seqnuanny o(e). Ho 9Tu aBe menm sBAsIOTCS mpoTH-
BOIOJIOYKHBIMY I'paHsMu HeKoTopoit 3—1nenu DD C U, koTropasi ctpoutcs Tak. Ha
KazKJ0il 2-1enu C’(mo,ml) u C'(mgy, m1) ecTh ecTecTBeHHBIE KOOPJAUHATHI U, U,
0 < wu,v < 1. CoeIMHUM TOUKH, HMEIOTIHE OTHHU U T€ K& KOOPIUHATHI, OTPE3KOM
reoe3ndeckoit. OObeuHeHre TAKUX OTPE3KOB 10 BCEM U, U, ABJIACTCA NCKOMOM
3-uennio D. O6o3HauuM €€ TPeThio rPaHb, MPUMBIKAIONIYI0 K KPUBBIM Y U 7,
qepes C, a 4eTBEPTYIO IPanb, IPUMBIKAIONLYIO K Kpusbim A(y) u A(%), uepes
AC'. JIge octasmmecs: (MaJgeHbKie) IPAHI, IPHMBIKAIONHE K TOYKAM 7o H 11,
obo3uaunMm depe3 Cy u C] COOTBETCTBEHHO.

B cuny 3amrmyTocTH GOpMBI w?, eé WHTerpan 1o rpanuie memu [ papeH
nymo. CiiesoBarebHO, MHTEPECYIOmast HAC PA3HOCTh UMEET BH/L

s ™o = Ui 2+ (= [

60



Tepsas pasnocts B mocieneii cymme e2-6mska k pasuoctn ([o) — Jo)w?,
KOTOpasl B CBOIO OY€pe/b PaBHA HY/IIO B CUIY CUMILIEKTHIHOCTH OTOOPazKeHUs
A. Bropas pa3HOCTh B 9TOil cymMMe MaJja, TakK Kak miomaan memneit Cp u C
IMEIOT HOPSIOK 2.

Takum obpaszom,

T (i(m)) — B(i(mo)) = T (my) — T°(mo) + O(2),  mo, my € A,

JITIS JTIIOOBIX JIBYX ITPOU3BOAANINX (DyHKITHT U u U 0TODpaAZKEeHHSI A.

9TO0 M0Ka3BIBAET BTOPYIO YaCTh CBOMCTBA 3° yTBep:KaeHus 6.

[Iycrb Tenepb orobpazkeHue A BJIOUEHO B oJlHOITapaMeTpudeckoe cemeii-
CTBO TOMOJIOTHYHBIX CHMILIEKTHUECKHX oTOOpazkenmil: A = A.. Pacemorpum
nponsBogityo dyukmuo O.(m) = $(m,e) sToro cemeiicra (cM. onpeseeHwe
11). fcHo, 9TO MpHUBEAEHHOE JOKA3ATEIBCTBO JOCIOBHO MEPEHOCUTCS HA CJIy-
vyait pyHKIUn PO = ®. B KavuecTBe MpouU3BOAAMNIEH (DYHKIINA OTOOPaKEeHUA A.
Takum obpasom, pyukus S = %‘115 0 1. £-0u3Ka K PyHKIUM %®5| A- Tak kak
CI)O = 0, TO

1 0

g@e = $®€|6:0 + 0(5) = —F() + 0(5).

Buauut, upu € — 0 dyskmus S = %\PE o i, cTpeMuTcs K dyHknun —Foly = S.
DTO JIOKa3bIBaeT BTOPYIO YaCTh CBOWCTBA 4° yTBepkKIeHud 6.

YT1Bep:KieHne 6 MOJTHOCTBIO JO0Ka3aHO. TeM caMbIM, JOKa3aHbl TaKzKe Teo-
peMa 4 u yTBepIKIeHue J.

1.5.2 VYcToifiunBOCTh HEIOABU>KHBIX TOYEK

3/1ech MBI JOKazKeM YTBepKJeHHe 7 U BCIOMOoraTeJbHyo JeMMy 4 u3 m. 1.4.4.

B 060it Touke m € A paccmorpum oneparop monoapomun A = dA(m).
Paccmorpum npoussosiiy o hyuknuio (Q = Q(m) sroro oneparopa, T.e. KBa/i-
parinyio hopuy Q€ — w2(AE,€).

[Tokazkem, 9TO KacaTeabHOE NMPOCTPAHCTBO K A COMEPKUTCH B sijipe KBa/l-
paruanoit hopmbl (). /leiicTBUTEIBHO, COOTBETCTBYIOIIAS CHMMETPUIHAS OUIH-
neitnas popma umeer sug Q(€,1) = 2 (w?(AE, n)+w?(An,§)). B cuiy cumiiex-
THYHOCTH onepaTopa A 1 KococumMerpuanocTn dhopmbl w?, nmeem: w?(An, £) =

w?(A%n, Ag) = —w?(AE, A%p), orkyza

Qe 1) = 3w (AL — A%). (37)

[Tockombky J060it BekTOp ) € 1, A HemoaBmKeHn mpu orobpazkenun A, TO B
cuny (37) on “oproronanen” mo6omy BekTopy & € T, M orHocuTebHO HOPMBI
Q: Q(&,n) = 0. 910 u 3HAUUT, YTO

T C ker Q). (38)
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[Tycts —1 ¢ spec A. 113 dopmyiast (37) U HEBBIPOKIEHHOCTH CHMILIEKTH e~
CKOil CTPYKTYPBI JIETKO CJIEYeT, YTO IMPH yKA3aHHOM IIPE/IIOJI0KEHNH B JTI000i
Trouke m € A Bioxenue (38) He apisiercst crporum, T.e. T, A = ker Q. JIpyruvu
cIoBaMu, TpousBogias Gyukims () = (Q(m) HeBBIPOXKIeHA HA “HOPMATLHOM”
noanpocrpancrse K 1,,A B T,,M, 1.e. na nogupocrpancrse suga N, C T,,M,
rje dim N, +dim A = dim M. C y4érom Bropoii yactu cBoiicTBa 8° MpOU3BOIs-
meii byuxmun Buga WO (cm. 3amedanue 8, mokazannoe Ha mare 4, (32)); orciona
OJIydaeM, 9TO MOAMHOroobpasme A gBjisgercs GOTTOBCKHM MOJIMHOI000Opa3HeM
Kputudeckux Touek ¢pyHKiuun V°. OTcioga m TeopeMbl O HesIBHOW (hyHKIHH
JIETKO CJIe/lyeT CBOHCTBO 7° U3 3aMedaHus 8.

Joka3areabcTtBo jJeMMbl 4. Hamomuum ycioBue 3T0it J1€MMBI.

B nemme 4 mpemosiaraercs, 9To B KaxK10i TOUKe m € A cmekTp omepaTtopa
monozgpomuun A = dA(m) ue cogepxur -1.

[IycTh Tenepb m — KpuTudeckas To4Ka (PyHKIUN \if|/~\ Tem cambim, coryiacHo
YTBEPIKICHNIO 6, OHA HEMOABIKHA pH oToGpaskernn A. Pacemorpnm oneparop
MOHOZpOMEE A = dA(m) B sToii Touke 1 Mpom3BosITyI0 byHKIHO Q = Q(M)
9TOTO OIepaTopa, T.e. KBapaTndnyio hopmy QF = w?(Af, €).

Jlemma 4 yTBepHKIAET, UTO B TOUKE M UHACKC KBasparuunoii gpopmb Q
paBeH CymMe WHJIeKca KBaJpaTuinoii hopMbl (), 1 nnjekca reccuana Qynxuun
V5. .

Hamomuum (cm. mar 2 u3 . 1.5.1), uro mojaMHOroobpasue A onpeaessioch
KaK MHOKECTBO BCEX TOUeK B okpectioct U D A, B koropsix A(m) € 6, (27).
Cl1e10BaTE/IbHO, B JII000I HELOABIKHOI TOUKe M 0ToOpazenns A kacareapnoe
MOAITPOCTPAHCTBO T..A x A B 310il TOUKe cocTOUT M3 Beex BekTOpOB 1 € 1, M,
JIJIST KOTOPBIX An —n € T,0,,, T.e. umeer BUT

ToAC{neT,M|An—neT,b0,} (39)

(B JIeHiCTBUTEIBHOCTH, 9TO BJIOYKEHUE SBJISETCS PABEHCTBOM).

B kaxjoit rouke m € A paccMOTPEUM KOCOOPTOIOHAJIBHOE JIONOJIHEHUE
K HOAIPOCTPaHCTBY T1,0,,. 3aMeTnm, 9TO HOIyYeHHOe IOANPOCTPAHCTBO O
TpaHcBepcagbHO K 1), A (HOCKOJIBKY KOCOOPTOTOHAJTbHBIE HONOTHEHUST 1,0y,
u T-A X 3THM TOAIPOCTpaHCTBAM TPAHCBEPCATbLHDLI IO TMOCTPOCHHIO MOBEPX-
nocreit 0,,). [losToMy MBI ero Gyaem obosnadatsh 0= = N,,. Taxum obpaszowm,
KACATETLHOE IPOCTPAHCTBO (39) K MOAMHOr006pasmio A nMeer Bi

TA C {n € T,M | W*(An—n,v) =0,v € Ny}

B cuy cummiekTudnocTH oneparopa A uveem: w?(An—mn,v) = wi(n, A v) —
wi(n,v) = w?(n, A~'v — v), Tak uTo

Toh C {neTpM |*(n Ay —v)=0,ve N,} (40)
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Tak kak omeparop A + [ obparum, rje I — TOXK/IECTBEHHBIN OMEpaTOp B
T, M, TO IpHU JTOCTATOYHO MAJIOM BO3MYIIEHUHU OIIPeIeIeHO MOIIPOCTPAHCTBO

N2 = (A4 1)'N,,.

[TokazkeM, 4TO mommpocTpancTsa 1, A n N° “OpTOrOHAIbHBI” OTHOCUTENLHO
dopmsr Q. JleficTBATENBHO, 1S TOGOTO BeKTOpa & € N ° pexTOp v = & + AS
IPUHAIEKUT ToAnpocTpancTBy N,,. Cormacuo dbopmyse (37),

Q(.&) = 2 (An, (T~ A%)E) = Jw*(An, (1 - A)w) =

S, AT = Ap) = Py, A7 - 0),

Cornacno (40), mocyie/inee BhIpayKeHne PaBHO HYJIO JIst 1) € T A, & € No. Dro
U 3HAYUT OPTOrOHAJIBHOCTE moanpoctpancts 1, A n N, ornocureabro Gpopmbt
Q. o

Ocrajioch 3aMeTuThb, 4To moampocrpaictso N2 = (A + I)7'N,, 61usko K
HOoAIpOCTPaHCTBY N, (m) = (A+1 )_1Ni_1(m). Kpowme Toro, moampocTpaHcTBO
Nio_l(m) TpancBepcasbio K Tj-1(,) A, Tak Kax mnaue cymiecTBoBaJs Obl Hemyile-
BOit BekTOp 1) € Tj-1(,) A, 1s1 KoTOpPOTO BeKTOp A1) + 1) = 27) NpUHAITEKHUT
Ni-1(my. Cnenoparensno, dbopma () mepbipoxkiena Ha Ny, oTKyzaa dopma @

HEBbLIDO2K/I€Ha Ha NO n UMeeT TaKOU ke MHIOEKC:
ind Q| g, =ind Q|yz, = ind Q. (41)

Hanee, B cuy (36) u (37), B 060 HENOABUIKHON TOUKE M OTOOpPaKe-
must A orpanmuenust kpagpaTuaHbx BopM d>U(m) u Q na TOJIPOCTPAHCTBO
T, A 61u3K0 B caeyomem cmbicie. Pacemorpum omeparop B = (A — I N &

Ton — T),0,,. Beumy (36) dbopma d>¥(m m)|p i EMeeT BH

d2\ij(m)77177 = @O(Bnla 77)7 M, 1 € TmA7

rae Wy — HeKoTopas Ousmuelinasg (opma Ha IPAMOM NPOU3BEACHUH IIOAIPO-
crpaucts 1,,0,, u T,,A, 6im3kas k dhopme w2|(Tm6m)X(Tm;\). I3 (37) nosayuaem,

4TO CUMMeTpHudHas Onnnneiinas ¢popMma Q!Tm;\ nMeeT TaKOil yKe BH/I;
Qmn=o1(Bn,n), m,nel,A, 0<t<1,

e 01(€,n) = Jw(&, An + 1) roxe Guanska K dopme W2 (1300 x (T &) TLPH JTTO-
6om t, 0 < ¢ < 1, paccmorpum Gumuneiinyio dopmy @; Ha (1,0,) X (T,A) 1
ounmuneiinyo dopmy @Q; Ha T, A BuIa

Or = (1—t)@o +twr, Qmn = &(Bm,n).
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13 HeBBIPOKAEHHOCTU “‘cliapuBaHusi’ BEKTOPOB MOIINPOCTPAHCTB T u T)0,0,
pu moMoInu pOpM Wy CJIEIYeT, YTO AApo OmauHeiiHoi GopMbI (; COBIAIAET C
aapom omeparopa B (mpu arobom ¢, 0 < ¢ < 1). Orcroga, BBUILY CHMMETPUIHO-
ctu OmauHeiHsIX dhopM )y, ux mHIeKcH coBmagator, 0 < ¢t < 1. B wactHoCTH,
ind Qg = ind @4, T.e.

ind d*W (m )z, —1ndQ|T A

B urore mosydaem, 9ro uHaekc GpopMsl () paBem CyMMe HHIEKCOB & OrpaHH-
YeHuil Ha B3aNMHOOPTOrOHATBHbBIE TIOANpocTpancTBa Ty, A N° (orHOCHTETBHO
sroit bopwmsr), T,, M = T A @ N° . Orciona, ¢ yuérom (41),

ind @ = ind Q| A+1ndQ|No = ind d*¥(m)|,, ; +ind Q.

[TepBoe ciiaraemoe B 1OJIyY€HHOU CyMMe COBIIQJIAeT C MHJIEKCOM reccuana (hbyHkK-
mn S = %\il 04 B paccMaTpUBaeMoil Touke i (m).

DTO0 3aBeplIaeT J0Ka3aTeIbCTBO JEeMMBI 4.

3aMeTHM, UTO TpH 3aMeHe MOAMHOroo0pasug A Ha MOIMHOTOOGpA3He BH-
a A° w3 (12) yTBepxKaenue jeMMbl 4 OCTaHETCs CIpaBeTUBBIM. s 10Ka3a-
TEJILCTBA HTOTO (paKTa HYKHO 3AMEHUTH B IPUBEIEHHOM PACCY K JIEHUH TIOITPO-
crpancTBo Ny, (“oproronasbHOE” K MOAIPOCTPAHCTBY T, A oTHOCHTEIBHO dop-
MBI Q) Ha WCXOJIHOE MOANPOCTPAHCTBO Ny, (“OpTOroHambHoe” K TOAMPOCTpAH-
ctBy 1) A° oTHOCHTETHHO dbopmbr Q). B gactHocTm, temMma 4 cupaBeginBa I
MPOU3BOIsIIeH (DYHKIINKM BUIA o (B kauecTBe hyHKINH \il)

D10 3aBepIraeT J0Ka3aTeabCTBO CBOicTB dynkimun V°, nepevducjieHHbIX B
3amedannn 8.

Jloka3arenbcTBO yTBepKAeHud 7. Ilycrh m — mopcoBckas kpurnieckas
TOYKA, JTIOKAJTLHOTO MUHUMYMA (hyHKIHN S = f\Ifo@ CortacHo yTBepKIeHuIO 6,
TOYKa 7(M) ABJISIETCS HEBBIPOKJIEHHON HEIOIBUKHON TOUKOIl 0TOOpasKeHMst A.
Hawm my»kHO moka3aTh, 9TO Bce COOCTBEHHbBIE 3HAUEHNS OllePATOPA MOHOAPOMHUH
A = dA(i(m)) gBIFIOTCS SJUIMITHYECK M.

Jlng mokazaTenbcTBa HAM TTOHAJIOOUTCS CJIEIYIONAT JTeMMA.

Jlemma 6. ITyemv A — aunetinwti onepamop 6 npocmpancmee RY | u nyems
K, L — unsapuanmmuvie nodnpocmpancmea smozo onepamopa, K + L = IRY,
dim K 4+ dim L = N. IIpednoaootcum, wmo cnexmpu, onepamopos Ak u Alf
ne nepecexaromea. Pacemompum w1060t aunetinod onepamop A : RN — RY,
e—bauskul k A. Tozda cywecmeyrom (eduncmeennvie) unsapuarmmoie 0Nk A
nodnpocmpancmea K, L C RN, e—6auskue x K u L coomsememeenno.

HoxkazarenbcTBo. O6o3naunm A = Ay, A = A.. JlocrarouHo noka3arb, 910
CyHIeCTBYeT £-0M3KHil K TOXKIecTBeHHOMY JuHeiinbii onepatop 1 = 1. B IRV,
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Takoif, 4To nojnpocrpancrsa K u L MHBApUAHTHBI OTHOCHUTEJIHHO ONEpaTopa
TAT' =T. AT
I[Ipu paccmarpuBaeMoM npejacrasiennn IRY = K + L npeobpaszoBanue A,

. . a. ¢b.
3ajaéres marpuneit Buga A, = ce. 4. | TAe e b., c. n d. orpanudve-
€ €
I X,
ubl. [IpeobpazoBanue 1. OyjaeM uckarh B Buje MaTpuibl 1. = Y] ,
13
X., Y. 0 T
rie X., Y. orpanmdensl, Toraa npeodpasoBanue 1. - ¢ TOYHOCTHIO JI0 BeJNINH
2 . - I —gXE
HMOpSIIKA €7 3aJa€TCsI MaTpUIeil BUIa -y I . NaBapraHTHOCTD 1O/I-
- €

npocrpancTs K u L oTHOCHUTEIBLHO OoIepaTopa

s e(b: + Xcd,) I —eX.

-1 _ 2\
LAL = | (v, +c) 0. Ly 1 ) TOE)=
Qe €<be - asXs + Xsde) 2
5(Y6a6 - dé}/&‘ + Ca) ds O(E )

9KBUBaJIEHTHA (C TOYHOCTHIO JI0 O(s)) BBIIIOJIHEHUIO YCJIOBUIA
apXo — Xodo = by, doYy — Yoap = cp.

[Tokaxkem, 9T0 OTCIO/Ia OJIHOBHAYHO HAXOIATCs MaTpuIlbl Xg u Yy. st sToro
HYZKHO 1MOKa3aTh, 9TO JUHEHOe mpeodpa3oBaHne MaTPUIl BU/IA

X — aoX — Xdo (42)

nMeet HyJsieBoe siipo. [IpuBeném omeparop ag K KopaaHoBoii (hopme, T.e. mepeii-
M K (KOMILTEKCHOMY) 6as3ucy B K¢, B KOTOPOM OIepaTop ag 331aéTcst 6I09HO-
MHaroHaabHOI MATpHIeil, HAa AMarOHAJIBHBIX OJI0KAX KOTOPO CTOAT “?KOPIAHO-
Bol kKjaeTkn”. (Ham BaskHO JiuIb, 94TOOB MATPUNA Gy OBLIA “BEPXHETPEYTOJIb-
HOI".)

[Tycrs Mmarpuna X npuaaiekut sapy oneparopa (42), 1.e. apX = Xdy. [To-
kazkeM, uro X = (0. Ecm nocienuit 6;10K MaTpuIbl ag SBISETCH KOP/IaHOBOIM
KJIETKOM ¢ YUCJIOM A\ Ha JUArOHAJIU, TO MOCJEIHS CTPOKA MATPHUIIBI agX COBIIa-
JlaeT ¢ Az, e ¥ — nocjaenaHsas crpoka marpunsl X. B cuny Xdy = apX cTpoka
X SIBJIAETCS COOCTBEHHBIM BEKTOPOM MaTPHILI dy ¢ COOCTBEHHBIM 3HAYECHUEM .
Ho 1o ycaoButo jgemmbl A € spec dy. CiieioBareibHO, CTPOKa X paBHA HYJIIO.
PapeHcTBO HYJIIO OCTATBLHBIX CTPOK MATPHUIBI X JTOKA3bIBAETCS 10 WHIYKIIAH.
Takum o6pa3om, JTuHeiiHOe mpeobpa3oBanue (42) AeficTBUTETLHO HEBBIPOK IEHO.

[Tockonbky MaTpunbl Xg u Yy HAXOAATCA OJTHOZHAYHO, TO 110 TeOPeMe O HesIB-
HOt PyHKIMU MaTpuilbl X, U Y. TakzKe HAXOJAATCs OJIHO3HAYHO, €CJIN € JIOCTa-
TouHO MaJId. JlemMma 6 J10Ka3aHa.
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Jlokazkem Tenepnb yTBepKIeHHE 7.

Illar 1. Bo3bMeM B KauecTse omeparopoB A u A OIepaTOpbl MOHOIPOMUM
dA(m) n dA(m). Ipu sTom noanpocrpancrsa Ty, M u Tim)yM, B KOTOPBIX fe€ii-
CTBYIOT 9TH OIePATOPLI, MBI 6YIeM OTOXKIECTBIATE ¢ IR?™ IpH HOMOTTH KaKHX-
Jin00 (DUKCUPOBAHHBIX JIOKAJbHBIX KOOPJAUHAT B OKpecTHOCTH Touku m B M. B
KavuecTBe MHBAPUAHTHBIX MOIIPOCTPAHCTB omeparopa A paccMOTPUM ero Kop-
HEBOe IO/IITPOCTPAHCTBO

K = Ri(A) C T,,M,
OTBeanomee CO6CTB€HHOMy S3HAYEHUIO 1, nu KOCOOpTOFOHaHbHOQ ,ILOHOJIHeHI/Ie
L=K"

Kk K 81T, M.

BameruM, 4TO moAupocTpaHcTBa K u L gBIAIOTCS WHBAPUAHTHBIMU CHM-
IJIEKTUIECKUMHE MTOAIPOCTPAHCTBAME oniepaTopa A, Npudém CIIEKTD OrpaHude-
HUsI 9TOTO OTlepaTopa Ha moAnpocTpancTso K cocrout u3 1, a crexkTp ero orpa-
audenus Ha L He comep:kut 1. B 9acTHOCTH, 3TH CIIEKTPHI HE MePEeCceKarOTCs.

CorsiacHo jiemMe 6 CyIecTByeT HHBapUAHTHOE JIJIst A cuvmexTIIECKOE TO-
npocTpancTBo K, 6imskoe K K. B CHIy CHMIIEKTHYHOCTH OMEPATOpA A, ero
KOCOOPTOrOHAJILHOE 010/ HeHne L = K+ Toxe nHBAPHAHTHO OTHOCHTENBHO A.
flcHo, 9TO MOAIPOCTPAHCTBA, L u L toxe 61u3Ku.

Ilar 2. Tak kak omeparop A|; Gimsok x A, u (no ycaosmio 1 onpee-
JIeHUsl CHJIBHOM ycroitunBocTH A) Bce cOOCTBEHHBIE 3HAYeHHs omepaTopa Alf
SIBJISTIOTCSI SJUTHIITHYECKAME, TO YK€ BEPHO JIJIT OllepaTopa A] .. Apyrumu cio-
BAMH, BCe COOCTBEHHBIE 3HAYEHHs omepaTopa A, “ornenénnbie” oT 1, ABASIOTC
JTMITHYeCKIME (Kak u Jijist onieparopa A).

[MTar 3. [Tokazkem Terepnb, YTO MPOU3BOASIIAS DYHKITHAS Q omnepaTopa A 1o-
JTOZKHTE/IBHO OIIpeIe/IeHa Ha moanpocTpancTse K . Orcona OyJeT cJieJIoBaTh 3J1-
JIMIITUYHOCTH BCEX COOCTBEHHBIX 3HAUEHHIT oepaTopa A] > & 3HAYAT, C yIETOM
HIPEeJIBIIYIINX IIAaroB, SJTHITHIHOCTh BCeX COOCTBEHHBIX 3HAUEHUH OomepaTopa
A.

BamMernuM, 9T0 MOPCOBOCTH KPUTUIECKOH TOYKH 1 10 OTHOIIEHHWIO K (PYHK-
muu S BJIEYET HEBBIPOXKJIEHHOCTh HENOJBUYKHON TOUKH 7(m) oToOpaskeHust A
(cormmacuo cBoiicTBy 2° yrBepxkaenust 6). [loc/ieiHee BI€YET HEBBIPOKIEHHOCTD
bopmst Q| # (B ety Toro, 4To spec A # —1). ClieI0BaTeIBHO, TS TOKA3ATE b~
CTBa MOJIOKUTE/IHLHON Opeies I HHOCTH (DOPMBbI Q| / HaM JIOCTATOYHO 110Ka3aTh,
9TO €€ MHEKC PaBeH HYJIIO.

Tak kak kBajgparnaHas dhopma Q)| HEBBHIPOK/IeHA (B CHIIY yCJIOBHST 1 CHITb-
HOli yeroituuBocTu A), To 61M3Kast K Heil KBaaparudnas ¢hopma Q] 7 TOZKE HEBBI-
POZKJIeHa U UMeeT TaKOl Ke MHIEKC:

ind Q|; = ind Q|.
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Kpome Toro, B cujty jiemMbl 4, ¢ y9ETOM TI0JIOKUTEIHHOI ONPEIeIEHHOCTH T'eC-
cuana d?S(m) (Tax Kak m — MOPCOBCKas TOYKa JOKAILHOIO MUHUMYyMa (YHK-
nmun S) ¥ HeOTpUNATeTbHON onpegenéanoct dbopmbl Q| (B cuiy yciaoBus 2
CUIBHOH ycToitunBocTu A), umeeM:

indQ = ind Q + indd*>S(m) = ind Q = ind Q| + ind Q|x = ind Q| .

Takum obpaszom,
indQ = ind Q| = ind Q|;.

C npyroit cTopoms, indQ = ind Q] ; + ind Q] i~ CrenmoBarenbno, craraemoe
ind Q| B mocsenHeit cymme paBHO Hy/TO, T.e. dopma ()|iz HEOTPHIATETHHO
orpejiesieHa.

Orcrofa ciieayer 3JIMOITHIHOCTD BCEX COOCTBEHHBIX 3HAYEHUI OIepaTopa A
1, TeM CaMbIM, CTPYKTYPHAs YCTONYUBOCTL HEIIOABUKHON TOUKH i(m) oTobpa-
JKeHUS fl, cornacHo npejnoxkenuio 1. CoiictBo 6° U3 yTBep:K/IeHHSA 7 MOJHO-
CTBIO JIOKA3AHO.

YVrBepxkienue 7 JJ0Ka3aHo.

CoBepIlieHHO aHAJOTHIHO W3 JIEMMbI 4 BBIBOAMUTCS CBOWCTBO 6° st mpoms-
BojdIIel OyHKIIT ¥°. 10 nokaseiBaer cpoiicra 1°-8° dyHKIII ‘i"’, cdop-
MyJIupoBaHHBIE B 1. 1.4.4.

1.6 Jloka3aTeJbCTBO TEOPEM O 3aMKHYTHIX TPAEKTOPUAX

[Iepeitaém K T0KA3aTEIBCTBY YTBEPKIEHUI O 3AMKHYTHIX TPAEKTOPUAX TaMUThb-
TOHOBBIX CHCTEM.

Paccmorpum dacTHblil ciiydail cuTyanuu Teopembl 1: KOrjia paccjoeHue p
o AMHOr000pasus A Ha 3aMKHYThIE TPAEKTOPUH HEBO3MYIIEHHON CUCTEMBI MPU-
BUANDHO.

Kak mbl 3amernan B 11. 1.4.2 (M. 3amedanue 7), B 9TOil CHTyannu CIIpaBe/in-
BO YTBepzKJaeHue 9, BBITEKAIONIEe U3 YTBEP:KAeHn 6, 7 1 TeMMBI 3 O HEITOIBUK-
HBIX TOYKAX OTOOPaxKeHuii, ¢ y4éToM yTBepzKIeHus 8 O METO/Ie YCPEeIHEHUS.

Hanomuuwm, uro yrepxkaenue 9 sipisiercs “cjiabbiM BapuaHTOM  YTBEpK/ie-
Huil 3, 4, 1 U3 HETO Cpa3y CAeAyI0T YTBepkKIeHud TeopeM 1, 2, 3 o ducie, Jio-
KaJIU3aIuNd U YCTOMINBOCTU 3aMKHYTHIX TPAEKTOPHUil BOZMYIIEHHON CHUCTEMBI, B
YKa3aHHOM YaCTHOM CJIyYae.

Paccmorpum renepb o0wmumii ciaydaii — Korga paccioenue A Ha 3aMKHYTbIe
TPpaeKTOPpUU HE ABJIACTCA, BOO6HI€ T'OBOp4, TPUBUAJIbHBIM.

Kak msr yxe ormedann (cum. m. 1.4.3), 1y 1oka3aTeabcTBa Teopem 1 (oren-
Ka YHCJIA 3AMKHY THIX TPAEKTOPHii), 2 (JTOKaIu3aIus 3aMKHY TBIX TPAeKTOPHii) u
yTBepKaeHnii 1, 2 10cTaTOIHO JI0Ka3aTh yTBepKaeHne 3. /loKazkeM 3TO yTBep-
xaerane. OHO Oy/eT aHAJIOTUYHO JIOKA3ATE/IbCTBY yTBEPZK ieHust 6 0 HEIOBU K-
HBIX TOYKAX OTOOParKEeHUIA.
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[Ipeanosnozkum (COrIacHO CUTyaluy yTBEP:KIACHUs 3), YTO raMuaIbToHnal H
BO3MYIIEHHOI cucTeMbl 6,in30K K H mo Hopme C7, rie r > 2. Obo3HAIUM

= || ~ Hllcr, Hi=(H—H)/e,

u oboznadnM depe3 H ycpenuenne (6) Bosmyrnenuss H = Hi|p 10 3aMKHYTBIM
TPAEKTOPHUAM HEBO3MYIIEHHOIT cucTembl HA A.

1.6.1 CymecTBoBaHNE 3aMKHYTbBIX TPAaeKTOPuii

31ech MBI JIOKazxKeM cBoiicTBa 1°, 2°, 3°, 5° M3 yTBep:KIeHHSA 3, U3 KOTOPBIX
caemyer TeopeMa 1.

JlokazaTeibcTBO MPOBEIEM B HECKOJIHKO TTAroB.

[[Tar 1. OupenenuM OCHOBHBIE OOBEKTBI, YIACTBYIOIIHME B JOKA3ATEJIbCTBE
YTBEPZKIEHU.

[Iycts T'(m), m € A, — rnaakast GyHKIUS MEPUOJA CUCTEMBI ¢ TAMUJIBTO-
nuanom H na A.

s kaxk10it Toukn m € A BBeséM cjieayIonye HOHATUS U 0003HAYEHUSI.

1. Ilycrb v = Ym(t) — dasoBas TpaekTOpHsi CHCTEMbBI ¢ FAMHJIBTOHUA-
HoMm H, npoxoasiiast uepe3 Touky m: ¥, (0) = m. IIpoBeném uepes Touxy m
MaJIeHbKYI0 IHIIepIIOBepXHOCTD 0, C H!(h), TpancsepcaibHyIo K TPaeKTOPUH
Ym B U303HEPreTHYECKOl TTOBEPXHOCTH:

Tyn0m © T Ym = Trn(H1(R)), m € A.

[ToBepxHOCTH 0, HA30BEM ceuenuem Ilyanrape B Touke m. bymem caurarth, 9T0
9Ta MOBEPXHOCTH TJIAIKO 3aBHCUT OT TOUKH m € A.

2. Ha moBepxHOCTH 07, €CTECTBEHHBIM 00PA30M OLPEIETUM 0MmoOPadtceHue
ITyankape A, : 0!, — O, Tl 0 — JOCTATOYHO MaJiasi OKPECTHOCTh TOYKHU 1M B
Om, TIAJKO 3aBUCsIIAas OT Toukn m € A. A umenno, u3 yo6oit rouku m’ € o/,
BBITyCTHM (DA30BYI0 TPAEKTOPUIO CHCTEMBI ¢ TaMUJIBTOHHAHOM H 10 mnepece-
denus ¢ cedenueM llyankape o, depes Hekoropoe Bpems T,,(m’), Giuskoe K
T(m). D1y TOuKy mepecedeHust Mbl U obo3Hauum uepes A, (m'). Jluneiinyio
qacrb dA,,(m) 3moro 0TobpaKeHus B TOUKE 1M HAZ0BEM 0NEPATNOPOM MOHOOPO-
MUY B TOYKE M.

3. O6o3znauum B, = AN o/, . U3 ycioBus veBbipoxkennocru A ciejyer,
9TO MOJAMHOTrO0Opasue B, B TOUHOCTH COBIAIAET ¢ MHOYKECTBOM HEIIOBUKHBIX
Touek orobpaykenust A,,.
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4. Tlocrpoum B TOYKe m moanpocrpanctso 6, C 1,0, pa3mepHOCTH
dim#,, = dim B,, = dim A — 1, rragko 3aBucamee or Toukn m € A. (Do
OITPOCTPAHCTBO AHAJOTHIHO HOBEPXHOCTH #,, C 0 U3 J0Ka3aTeILCTBA YTBEp-
®Kaenns 6.) g 370ro paceMoTpuM B mpoctpancTse 1,0, 06pas

D,, = Im(dA,,(m) —I), m €A,

oneparopa dA,,(m) — I, tne I — roxpecrBennbiit oneparop B 1,,0,,. B cuiy
HEBBIPOXKIEHHOCTH A pasMepHOCTb HOAIPOCTpaHcTBa [, B TOYHOCTU paBHA
KOpa3MepHOCTH TOAMHOroobpasus B, B d,,. Ilycts 6,, — noanpocrpancTBo B
1,0 m, TPaHCBEPCATIbHOE K IMOAIPOCTPAHCTBY D,y

em > Dm = dOm-

5. “Ilepenecém” u3 Toukm m mnoanpocrpancTso 6, C T),0,, BO Bce TOUKN

m’ ceuenns Ilyankape o, IpH DOMOIM KaKOrO-HHOYIb LJIAJKOIO CeMeHRCTBa
OIIepPaTOPOB

P 0y — Ty Oy, m' € oy, (43)

TAKOIO, 94TO HUPU M = m' omeparop sBJsieTCsl TOKIACCTBeHHbIM: P, ,,, = Idy, .
O6pas oneparopa P,y 0003HaIUM depe3 Oy, .

Bynem cuurars, He orpannduBas obmuHocT, 4To cedyenue [lyankape oy,
oAPOCTPAHCTBO O,y C 1,0, U IIAAKOE CEMECTBO 0mepaTopoB P, v, m' €
Om, TJIQJIKO 3aBHCAT OT TOUYKH m € A.

N3 Teopembl 0 HEIBHBIX (DYHKITUAX CJIEIYET, YTO KazKaad 3aMKHYTasl TPaeK-
topust ¥ C A, obuajiaer crosib masoii “rpy6uaroit” okpecruocrsio U, 8 H1(h),
[IaJIKO 3aBUCAINEl 0T TpaekTopun 7 (TouHee, oT Touku M € A, rjae v = V),
YTO B 9TON OKPECTHOCTHU BBITIOJIHEHO CJIE/IyIOIIee:

1. Ceuenna Ilyankape o, N U,, m € 7, orBedaiomue TOYKaM TPACKTOPUU
7, TOMAPHO He MEePeCeKaTCs W PACCIAUBAIOT BCIO 3Ty OKPECTHOCTH HA
TucKu 0y, N U, xopazmeprnoctu 1. (B meficTBuTesbrocTH, Kak/I0e Takoe
paccjioeHne TPUBHAJIBHO, T.e. auddeomopdHO mpsaMOMy MpOU3BeIEHUIO
JIUCKA HA OKPYKHOCT. )

2. Kazptit oneparop P, ., m € v, m' € 0,,NU,, aBrsieTcsa n3omopduzMom
Ha CBOil 00pa3 Oy, /.

Jlanee mbl Oygem cuwWTaTh, 9TO B KadecTBe cedenusi [lyanmkape o, c camoro
Hadasa ObLT B3AT AUCK 0y, N U, , m € A.

B wactrocrn, q14 m060it Touku m’ ykaszaHHOiT okpecTHOCTH U, CyIIecTByeT
poBHO ogHa Touka m = m(m') € v, rakas, uro m' € o,,. llomyuennoe oTob-
pazkenne obosuauuM p, : m’' +— m. OuHo sBIsieTcst 24adK00 pempakyuet, T.e.
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IJIAJKAM O0TOOpazkeHHeM OKpecTHOCTH U, Ha TPaeKTOPUIO Y, OIPAHUYEeHHe KO-
TOPOTO Ha 7y ToxAecTBeHHO. O003HaUNM depe3 O, BEKTOPHOE PACCIOCHHe HaJl
OKpecTHOCTBIO U, co coeM 0, (/) m: HaJ T1000i TOUKOIL m' e U,.

IIycts U = UycaU, — mocTaTodHO Masasg OKPeCTHOCTh HOJMHOI00Opa3us
A B H7(h). ®ukcupyem m1100y10 2aadkyto pempakyuro p: U — A, T.e. raamkoe
orobparkeHune, OrpaHnYeHne KOToporo Ha A ToxaecTBeHHO. (DTY PETPaKIHIO
MOZKHO OCYIIECTBUTH, HAIIlpUMep, IPU IIOMOIIU OPTOIOHAJIBHOIO HPOEKTUPOBa-
uusg U Ha moaMuaOroobpasue A B cMbIC/Ie KaKOH-HIOY/ b PUMAHOBOI METPUKH HA
H=Y(h).)

[Mlar 2. Ilepeuncium BazKHBIE CBOHCTBA cemeiicTBa MOANPOCTPAHCTB 6, C
T0n0m, m € A, Ha nojgmuOroodpasun A. B pesysibrare Mbl HOCTPOUM €CTECTBEH-
HOe JieficTBIUe OKPYKHOCTHU Ha 3TOM CeMeiCTRe, STBJISIONIeecs “ToAHATHeM Ieii-
CTBHSA OKPY:KHOCTH Ha MHOroobpasmum A.

OnpeeuM 4eThbIpe eCTeCTBEHHBIX BEKTOPHBIX PACCIOCHHS HAJ MHOTOOOPa-
suem A:

1. BekTopnoe paccioenne (3 Haj A, coeM KOTOpOro B J000it Touke m € A
ABJIETCS POCTPancTso 1,,B,,, rne B,, = AN o,,.

2. BexkTopnoe paccioenne Y Hag A, cioemM KoToporo B Jii000it Touke m € A
SIBJIIETCS IIPOCTPAHCTBO 1,0p,.

3. Ilogpaccnoenune D paccioenus X, CJI0eM KOTOPOro B JI000H Touke m € A
ABJISIETCSI TIOANPOCTPAHCTBO Dy, C 0y, T.€. 06pa3 oneparopa dA,,(m)— 1.

4. Bekropuoe pacciaoenne E nax A, cioem koTroporo B 11060t Touke m € A
ABJIseTCsI Kosiipo oneparopa dA(m) — I, 1.e. pakTOp-npocTpancTBo

Ey = (Tom)/Dm, m €A,

KacaTeJIbHOrO MPOCTpaHcTBa 1,0, 1O HOAIpOCTPaHCTBY D,,. Ipyruvu
caoBaMu, paccioenne F gapiagercs daKTOp-paccaoeHHeM pacCIOeHUs Y.
110 nogpaccaoenuto D o6paszos oneparopos dA,,(m) — I, m € A.

Bameuanme 10. B kaxmoii Touke m € A moampocTpaHcTBo 6, ecTecTBEHHO
n3omMopdHo pakTop-npocTpancTBy F,,. Bosiee Touno, oTobparkenune BKIIOUCHHS
0, — Tpomm uagynupyer usomopdusm 6, ~ E,,. CienoBaresibHO, paHr pac-
cinoenusi £ — A paBeH pasmepHOCTH HOAIPOCTPaHCTBA 0, T.. paen dim B =

dim A — 1.

PaccmorpuMm Ha pacciioenuu Y cieyIoniue JOTOJHUTETHHBIE CTPYKTYPHI.
[Tycrob g%, t € IR, — ba30BbIil MOTOK TAMIIBTOHOBOM CHCTEMBI C TAMUIIBTO-
HuanoMm H #a MHOrooopasum M. DTOT MOTOK MHAYIHUPYET KacaTeJbHbIi TOTOK
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(¢%)«, t € R, B Kacareabuom pacciaoennu T, M. PaccmorpuM kacameavnwiti no-
MoK B PACCJIOCHUH Y, WH/LYIIUPOBAHHLIN eCTeCTBEHHBIM 00pa30M, B 0003HAYUM
ero Takxke uepes (gl ), t € IR. PaccMOTpUM Ha pacclOeHHH Y. eCTeCTBEHHOE
nosie A onepamopos monodpomuu A, = dA,,(m), m € A. dcuo, uTo B M10060i
TouKe M € A omeparop MOHOAPOMHU COBIIAJAET C KacaTeJbHbIM O0TOOpaKeHMU-
emM (gg(m))*(m) “3a mepnox’. Tlose A MblI Takzke OyeM HA3BIBATH OMEPATOPOM
MOHOJpOMUH (H/TH OTOOpazKeHHeM “3a MepHoJ’) HA PACCTOSHUH ..

PaccMoTpuM Ha pacc/ioeHun Y o/te w? |y GUIHHeiHBIX KOCOCHMMeTPUYeCKHX
dbopm W?|7,,4,,, T.€. B KazKI0i Touke m € A paccMOTpPUM OrpaHHYeHHe CHMILIEK-
THYECKOIl CTPYKTYPbl w? Ha IPOCTPAHCTBO 1h,0p,. XOPOIIO U3BECTHO, YTO T3
dopma HEBBIPOXKIEHA ¥, TEM CaMbIM, 3aJaéT CUMNAEKMUYECKYIO CMPYKMYPY
Ha CJI0SX PACCIOEHUS 2.

Jlerko BH/ETDH, YTO CHMILIEKTHYECKasd CTPYKTypa w?|s uneapuarmma oTHO-
CUTETBHO OIepaTOpa MOHOAPOMHUN A Ha pacc/joeHHH Y. U, 6ojee TOro, OTHOCH-
TEJBHO KacaTeJabHOro noroka (g4 ). B X, MHIYHMPOBAHHOIO IIOTOKOM I'aMUJIb-
TOHOBOM CHCTEMbI ¢ TaMUJILTOHUAHOM H .

Jlemma 7. Ilodpaccroenusn D u B paccroerus ¥ obaadarom caedyrousumi, ceot-
CMBaMU:

1. Iodpaccaoerus D u B kK0c00pmo2onasvHvl 6 paccioeHut > 0mHOCUMEN-
HO YKA3AHHOT CUMNAEKMUNECKOT cmpyKmypol. JIpyeumu cio8amu, 6 Kastc-
doti mouke m € A nodnpocmpancmea D,, u B,, Asifomcs kocoopmozo-
HAALHBLMU QONONHEHUAMY IPY2 OPY2a OMHOCUMENDHO CUMNAEKMUYECKOT]

cmpyrmypol Wlr,,q,. .

2. Ilodpaccaoenus D u B unsapuarmms, 0mHocumesvHo onepamopa MoHo-
dpomuu A na X u, 6oaee moz20, OMHOCUMENDHO KACAMEABHO20 NOMOKA
(9%)« 6 X, undyuupo6annozo nomMoKoM 2aMUABIMOHOGOT CUCTNEMDL C 20-
Mmuavmonuarom H:

AD=D, (¢,),D=D, teR.

AB =0, (gu)B=0, teR

CnoiictBo 1 MBI y2K€ HEOJHOKPATHO yroMuHa . OHO BBITEKAET U3 CJIEIYI0-
Iero CBOMCTBA JII0OOTO CUMILIEKTHIECKOTo oreparopa A: siipo u obpa3 onepa-
Topa A — I gBIAIOTCS KOCOOPTOTOHAIBHBIMU JOMOJHEHUSIME JPYT JIPYTa, TJIe
I — toxknecTBenublit omepaTop. CBOMCTBO 2 dABJIAETCSI OYEBHIHBIM CJIEICTBHEM
cBoiicTBa 1.

U3 Broporo u nepBoro yTBepzKieHui JJeMMbI 7 Oy 9aeM JBa COOTBETCTBY-
IOIIUX CJIEJICTBUS:
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CaencrBue 8.

1° Kacameavnot nomox (gi). na paccaoenuu Y undyyupyem Koppexmmo
onpederénnnili nomok wa paccaoenuu E, npuuém omobpascenue A, : E — E
“3a nepuod” na paccaoenuu E aeasemcea moocdecmeeHHbLM:

A, =Idg.

Jpyeumu crosamu, deticmeue okpyotcnocmu na N nodnumaemes ecmecmeen-
noim 0bpasom na paccaoenue E — npu nomowu xacameavnozo nomoxa (gt ).
2aMUNDMOHOB0T CUCTEMDYL ¢ 2aMUALTOHUAHOM H .

2° B kaotcdotl mouke m € N umeemca neswvposcdennoe busunetinoe cna-
pusanue mexncoy npocmpancmeamu. E,, u By, onpedeasemoe dopmoti w?. Imo
CNAPUBAHUE UHBAPUAGHIMHO OMHOCUMEALHO 0eliCMEUSs OKPYICHOCTIUY Ha 000UT
PACCAOEHUAT U UHIYUUPYEM ecmecmeerHulll uzomophudm paccioeruts £ ~ (5*.

3ameuanme 11. U3 cBoiicTBa 1° nostydaem, 4To Jijist JIOOOr0 BEKTOPHOT'O OIS
Vua A, tae Vy, € By, m € A (Tee. cedennst pacciioennst ), KOPPEKTHO olpe-
JIeJIeHO yepedhenue V) ITOTO ToJsd. A UMEHHO, yCpeIHeHne — 3TO HHBAPHAHTHOE
MoJIe TAKOTO 2Ke BUJA, OmpeiesgeMoe hopMyJIoil

1

21
. o
Vin = oy /0 (5)” Va,myds, m € A. (44)

Buech a; : A — A — ecrecrBennoe jeiicrBue okpyx)Hoctn Ha A, ag @ F,, —
Eq, (m) — €CTecTBeHHOE JeficTBUe OKpY?KHOCTH Ha paccaoennn E (s € S1).

[Tpu momory ecTecTBEHHOTO N30MOPMU3MA TOJIsT HOAIPOCTPAHCTB By, M €
A, u paccioennsi E (cm. 3amedanne 10) nmepeHecéM Ha 1M0JI€ MOAMPOCTPAHCTB
0, m € A, ecTecTBeHHOE MeiicTBHE OKpYyzKHOCTH Ha paccioenunn F. Cornac-
HO CJIEJICTBUIO 8, 9TO JieiicTBHE TOKe 00JIaTaeT YKA3aHHBIM B 3TOM CJIeJCTBUH
cpoiictBoMm 2°. Kpome Toro, coriacuHo 3aMedannio 11, Aag BEKTOPHBIX IOJIei
Vi € 0, m € A, oupesesniena onepanust ycpeanenusi (44).

[Mlar 3. ChopmyaupyeMm OCHOBHYIO JIEMMY, SIBJISIIONLYIOCST 00OOIEHHEM pe-
3yabraTa paborel Borrkosa [14]. Ona Oyaer nokaszana Ha marax 4-5.

Dra JeMMa OTHOCHTCS K IIPOM3BOJBHBIM JHHAMHYECKAM CHCTEMaM, He sIB-
JISTFOTITIMCsI, BOOOIIE TOBOPSI, TAMIIBTOHOBBIMH.

Dukcupyem Ha MHOrOOOpasuu A puMaHOBY MeTPHKY (WJH, 110 MEHbIIEH Me-
pe, addUHHYIO CBI3HOCTH, HAPUMED, DHMAHOBY ).

[Mycrs U C€ H™'(h) — goctaroano Majiasi OKpecTHOCTH MoaMoroobpasus A
B noepxuoctu H~1(h).

PaccMOTPHM TaMEIBTOHOBY CHCTEMY C TaMEIbTOHHAHOM H, Gauskum K H
B C?-nopwme. [lepenecém us obnactu U B nesosmyménnoit nosepxuocru H~'(h)
Ha “BO3MYLIEHHYO” MOBEPXHOCTE H ~1(Rh) cnemyromue 06HeKTHI:
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1. mogmHOro0Gpasue A BMecTe ¢ pUMaHOBOI METPUKOIT U JIeHCTBHEM OKPY K-
HOCTH Ha HEM;

2. nouie ceuenwuii [Tyankape o,,, m € A, BMecre ¢ ceMeliCTBOM OKpeCTHOCTET
U, D v n ux rnagkux perpaknuii p, : U, — v (cm. mar 1), mepeBosimnx
moboe cedenne Ilyankape 0, B TOUKy m, TJe m € ;

3. moste nognpocrpaucts b, C T,,0,, m € A, BMecTe ¢ MOCTPOEHHBIM BBITIIE
(cMm. mrar 2) meificTBrHeM Ha HEM OKDPYKHOCTH;

4. nose oneparopos Py, s i 0, — 1,0, BMecTe ¢ ux obpazamu O, n/, T1e
m' e U,, m=p,(m') € A (cm. mar 1);

5. okpectrocTh U BMecre ¢ ruajkoit perpaknueii p : U — A (em. mar 1).

DT0 mepenecenne MOKHO OCYMECTBATD, HAPHMeD, IPU TIOMOITH KaKOTO-HHOYTh
nuddeomopdusma U — HL(h), 6aM3K0ro K TOXKICCTBEHHOMY.

Coraarmenune. YTo0bl HEe BBOIUTH HOBbIEe 0003HAUEHUsI, TIPU IEPEHECEHUH
BCexX yKa3aHHBIX 00beKTOB Ha moBepXHocTh H ~1(h) MBI OcTaBUM /19 HEX Te 7Ke
o6o3Hauenus, Kakue oun umeu Ha nosepxuocru H1(h).

OGosmaunm wepes V u V BekTopmbie m01s B 0Kpectroctn U C H™'(h), or-
BEYAIOIIHE OrPAHMUCHHSAM CHCTEM ¢ raMuibronnanamu H u H Ha HOBepXHOCTH
H='(h) u H(h) coorsercrBenno (¢ y4éTOM OTOXK IECTBICHHS STHX OBEPXHO-
crefi, cM. coryianienne). 3HadeHus STUX moJjeil B Touke m Oyjaem 0603HAYATD
qepe3 V,, u Vm COOTBETCTBEHHO.

[Tpexie yeM chOpMyIHPOBATH OCHOBHYIO JIEMMY, BBEJEM BCIIOMOIATeIbHOE
HOHATHE.

[Tycrp Ha raagkom muaoroobpasuu A bukcupoBana pumManoBa MeTpuka (uim,
110 MeHbIedi Mepe, adGuHHAs CBA3HOCTD, HAIIPUMED, PUMAHOBA) U 33/1aHO TJIA/1-
Koe JieficTBue oKpyskHoCTH. st J1t000it Touku m € A paccmorpum eé “apamer-
PU30BAHHYIO OpOUTY” MPH 3TOM JEHCTBHU, T.€. TIAJKYI0 KPHBYIO Ym = Ym(S),
s € S, vn(0) = m. Ilyers 7(s), s € S', — Hexoropas Iajkasg Kpupas, 6J13-
Kag (HOTOUEYHO) K KPHUBOi v, (s), s € St. [Ipn Kaxk10M 3HaUeHHH TIapaMeTpa
s € S! coeMHUM COOTBETCTBYIOIIHE TOUKU Yy, (S) u (S) 3TUX KPUBBIX KpaT-
vaiinreii reogesudeckoii g5(t), 0 < t < 1, te g5(0) = vn(s), gs(1) = F(s).
[Iycts 1, = %|t:()gs(t) — IOJIe BEKTOPOB CKOPOCTH 3THUX KPHUBBIX B TOYKaX
KPHUBOH 7Yy, (). (DTO moOsIe OHOZHAYHO OMpeessieTcsi KPUBBIMI Yy, (s) u (s),
s € S1.) Tlepenecém BeKTOpHOE MOJIE 7)5 BAOIL KPUBOii Yy, (S) B TOUKy m (uin B
JHOOYI0 JIPYTYIO TOUKY €6 OpOUTHI Y, (S)) mpu oMoy JAeiicTBusI OKPYZAKHOCTH
u “ycpeaHuM’ MOJIyYeHHYI0 KpuBYyIO B mpoctpancTse 1, A. JIpyrumu cioBamu,
pPacCMOTPHM B TOYKE 1M KacaTesbHbI BeKTOp 79 € T, A, onpeienseMpiii 1o
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dopmy.te
1

2
—1
= — *sd‘

Bxech s — nmapamerp nHa okpyxuoctu St = R/(2nZ), a, : A — A — neiicrue
semMenTa s Ha A.

o

Onpenenenne 15. VHBapHAHTHOE BEKTOPHOE IIOJIE ]y = 4,70 BAOJIb KPUBOi
Ym () HA30BEM OMHOCUMENLHOIM UEHMPOM MacC (MM OMHOCUMEALHbLM YCPED-
Henuem) KpuBoit ¥(s) 110 OTHONIEHHIO K KPUBOH Y, (s), s € S'. Eciin BexTophoe
oJie 7)s PABHO HYJIIO, TO KPUBYIO Y, ($) HA30BEM yenmpom macc (wnn yepedhe-
nuem) Kpusoit y(s), s € St

[Iycts f : A — A — moboe rimagkoe oTobpazkerne, OJIM3KOe K TOXK IeCTBEHHO-
My. ByzeM roBoputh, 9To 3T0 0TOOPaXKEeHHe COLPAHACI, UEHMPDL MACC TPALKTO-
puii Ha A, ecin 1106ast KPUBAS Yy, (S) ABISIETCH HEHTPOM MACC COOTBETCTBY IO
kpusoit Buga f(y,(s)), s € St

Ha mrarax 4-5 MblI JJ0KaKeM CJIeTYIONLYI0 OCHOBHYIO JIEMMY.

Mpr chopmymupyeM OCHOBHYIO JIEMMY 7Sl TPOU3BOIBLHBIX JTUHAMUIECKHUX
CUuCTeM, HE ABJIAIOIIUXCH, Boo6me roBops#d, raMmuJjibTOHOBbIMU. :[‘I&HOMHI/IM7 q9TO
OTpesieIeHne HeBuPOAHCIeHHOCMU TIOAMHOTO0Opasus A\, 3aMOJTHEHHOTO 3aMKHY-
TBIMH TPAeKTOPUAMH, B IeHCTBUTEIbHOCTH HE HCIOTb30BAJI0 TAaMUAJIBTOHOBOCTH
9TOl cucTeMbl (TOUYHEe, FAMUIBTOHOBOCTH OPAHUYEHNS CUCTEMbBI Ha H309Hepre-
THYECKYIO MOBEPXHOCTD). KpoMe TOro, mpu MOCTPOEHUH MOJIst MOAMPOCTPAHCTB
O, m € A, BMeCTE ¢ €CTECTBEHHBIM JICHCTBUEM Ha HEM OKPYKHOCTH, IaMUJIb-
TOHOBOCTH CUCTEMbI TAKKe HE MCIOJIH30BAIACD.

Jlemma 8. I[lycmov A C U — mesupootcdennoe nodmmozoobpasue, 3anoaHeH-
HOE 3AMKHYMBLMU MPAEKMOPUAMY cucmemv, V , He codepacawee nosorcenul
pasrosecus. [lyemo T : A — IR — coomsemcemeyrowan aradkasn dyrryus ne-
puoda mpaexmoputi na A (T > 0). Iycmov sexmophoe nose V 6 okpecmmnocmu
U C" ' 6ausko % sexmopromy nomo V. (1 > 2). Obosnavum e = ||V — V| cr1.
Tozda cywecmeyem oxpecmmuocms U' nodmmozoobpasus N 6 U, makas, wmo
npu A1060m docmamourno marom 3navenuu € > 0 cyuiecmeyem enadkas Gyrik-
wua T na A, C"'—6auskas x Pywryuu T, 2aadkoe sexmoproe noae &y, € O,
m € A, na nodmmnozoobpasuu A u eaoorcenue i : A — U', C""1-bauskoe x
MOACOECBEHHOMYY, 00440010 UUE CACOYIOUUMYU CEOTLCMBAMU:

1° Qynryua T u sexmoproe noae &y, M € A, UHEAPUAHMILLL OTRHOCUMENBHO
ecmecmeennozo deticmeus okpyscrhocmu Ha N u na noae nodnpocmparcme 0,,,
meE N (em. waz 2).

2° Jlas a1000t mouku m € A umeem mecmo pasercmeo

T'(m)

dz(m)Vm = W(‘/z(m) - Pm’,i(m)gm’)a
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4

ede m' = p, oi(m) — “npoexyua” obpasza i(m) Mouku M Ha MPAEKMOPUIO
Yms P @ Om — Ommy — nocmpoennoe 6 (43) cemeticmeo onepamopos (cm.
wae 1).

3° Veaosuamu 1°, 2° u caedyrowum donosHUMENDHHM YCAOBUEM BAOHCEHUE
i u eexkmoproe noae &, € 0,,, m € A, onpedeasromes 00Ho3HaUHO: OAs A10601
mpaexmopuu Y C A cucmemv, V' kpueas 7(%3), s € S, cosnadaem ¢ uenmpom
mace obpaza amotl kpueot npu omobpascenuu poi : N — A, 2de p : U —
A — enadkan pemparyus (em. waz 1). Jpyeumu crosamu, 0as 00H03HAUHOT
onpedeséHHOCY BAOHCEHUA | HYNHCHO JOMOAHUMEABHO NomPebosams, 4mobwl
omobpasicenue pot COTPAHAND UEHMPLL MACC BCET 3AMKEHYMBLE MPAEKMOPUL Ha
A.

4° ITodmmnozoobpasue i(A\) codepotcum ece 3amrHymvLe MPAEKMOPUU CUCTE-
mo Ve U'. Bmu MPAEKMoOPUL 8 MOYHOCTU COBNAAAIOM ¢ 00PA3AMU NPU BAO-
orcenuY i 0cobuT okpysrcrocmets noas £, m.e. oxpyscrnocmet vy C A, das xomo-
poz &, = 0.

5° Ecau 6osmywénnnt 2amusvmoruan H eaadko sasucum om manozo na-
pamempa, mo eaodcerue © 2 A — M u nose & na A moowce 2nadko zasucam om
9M0O20 NaApaMempa.

CaencrBue. Baoowcenue © u sekmopnoe noae & u3 aemmot 8 obaadarom ciaedy-
OUUMU DOTONHUTNEALHBLMU CEOTICTNEAMAL.

6° ITycms mpaexmopus v C A cucmemvt V' cocmoum u3 0cobwvix mover noas
¢: &l = 0. Toeda neswposicdenmocmv 3amknymoti mpaexmopuu i(7y) cucmemot
V pasnocusvha neupostcdennocmu 0coboti mowku m € Y 0mHoCumensHo noas
€|lo,.nn. Boaee mozo, das 10601 mouku m € vy 00pa3 npu KacamesvHom omob-
pasicenuu di(m)|r,, (o.,nA) Adpa onepamopa %%”(m)]Tm(gmmA) 8 MOUHOCU COBNA-
daem ¢ adpom onepamopa dA(m) — I, 2de dA(M) : Thom — Tnom — onepamop
Monodpomun 6 mowxe m = i(m), i(o, NA) = om N A, T — moscdecmeenmoii
onepamop.

7° Ilycmo €V, — npoexyus 6eKMoOPa 803MYULEHUA (f/ — V)| na nodnpo-
cmparcmeo 0, eédoav nodnpocmparcmea D, BT, Ym, €Am — anarozuurnas npo-
eRYUA BEKMOPA CMEWEHUA 6 TOYKE M Ha nodnpocmpancmeo O, V — ycpedue-
nue (44) eexmoprozo noas V na A. 3decv nod eexmopom cmewerus 6 mouke m
NOHUMAEMCA KACAGMEADHBLT 8EKMOP %iﬂuzo K kpamuatiwet 2eode3uneckol g,
0 <u <1, coedunarowetd mouku go = m u g, = flm(m), ede flm YO0y — Op —
soamywenroe omobpascenue Iyankape. Toeda sexmoproe nose %T(m)fm €0,
C"2-6ausxo x nomo Ay, € 0,, (603mywenue omobpasicenus ITyankape), a max-
oice | noao Vo, € 0, m € A (ycpednénnoe sozmyuienue).

Beuay cpoiicrBa 2°, BeKTOpHOE mojie £ Ha A ecTeCTBEHHO HA3BATh 02PAHUYE-
HUeM 603myuleHus cucTeMbl Ha A. YeaoBue 1° HHBApHAHTHOCTH O3HAYAET, UTO
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9TO OTPAHUYEHHOE BO3MYIIEHUE COBMAJIAET CO CBOUM “yepemaHeruem’ €.

3ameuaHme. B HeKOTOPBIX cilydasx MOHATHE “‘COXpaHeHUe IeHTPa Macc’ MOK-
HO MOHUMATh TO-APYTOMY.

A umenno, nycrs Ha 6aze B = A/S' MOxHO BBeCTH CHMILTIEKTHYCCKYIO
cTpyKTypy. Hampumep, 310 Tak, eciam HEBO3IMYIIEHHAS CHCTEMa SBIISETCS Ta-
MUJIBTOHOBOM (TOque, OrpaHu4YeHueM Ha H309HEPreTUuYIeCKYIO IIOBEPXHOCTDb
HEKOTOPOI TaMHJIBTOHOBOM CHCTEMBI), U OAMHOr006pasne A ¢cTporo HeBBIPOK-
neHo (cMm. ompesenenne 3). B aroM ciydae BeKTOpHOe mosie Ha A coBmajgaer ¢
mosieM gjaep 2—@dopMbl w2\ A Ha A, cM. 3aMedanune 1mocJie onpeaeaeHus 3.

Yenosue 3° jleMMbl 8 (€JIMHCTBEHHOCTD) OCTAHETCS CIIPABE/JIUBO, €CJIU TO/
orobpaxkennem A — A, COXpaHSIIOIIMM HEHTPbl MACC, HOHUMATH JII000E 0TOO-
paxkenue f : A — A, rOMOTOIHOE TOXKIECTBEHHOMY W 20MOA02UYHOE MOHC-
decmeennomy B caepyiomeM cmbicae. g moboit Tpaektopun v C A HEBO3-
MYIISHHOI cucTeMbl uaTerpan [, w? pasen nymo, rae C' = C(v, f(y)) — aBy-
MepHast TpyOKa B A, orpanuuentas KpuBoii v u eé obpazom f(7). (Cuuraercs,
q1o TpyOKa C' 1oJiydyena u3 KpuBoii 7y 1pu oMoy (pUKCHpPOBAHHONR MOMOTOIUI
MezKJly TOXKJIECTBeHHBIM OTOOpazkeHneM n orobpazkenuem f.) I[Tpu Takom moxu-
MaHUU “COXpPaHEHUs MEHTPa Macc BJIOXKEHHE i U3 JIeMMbI 8 Oy/IeT OompeeeHo
OJIHO3HAYHO ¢ TOYHOCTBIO JI0 JIBUKEHUIT BIOJb TpaekTopuii Ha A (T.e. ¢ TOYHO-
ctpio 10 auddeomopduzmMoB A — A, coxpaHAOMUX 3aMKHYTbIE TPaeKTOPHH
HEBO3MYIIEHHON CHCTEMbl M caMmy 9Ty cucremy). st 1m0JHO# 0HO3HAYHOCTH
BJIOKEHHSI © MOYKHO JIOTIOJTHUTEJIbHO HOTpedoBaTh, HAIPUMED, YTOObI OTHOCHU-
TEeJIbHBIN [EHTP Mace 7y obpasa KpHuBOiil v,,(s) npu orobpaxenun f = poi
OTHOCHTEJIBHO 3TON KpuBoil (cM. ompejesenue 15) GBI OPTOTOHATIEH BEKTOPY
CKOPOCTH K 3TOH KPUBOH (IO OTHOIIEHUIO K KAKOH-THO0 S \_pmBapmanTHOil pu-
MaHOBOH MeTpuke Ha A).

[MTar 4. Jma mokazaTeabcTBa JeMMBI 8 MBI MOCTPOUM JIJIA OOEUX CUCTEM
— mcexoauoit cucrembl Vou OT1-6am3koif K Heif BO3MYIIEHHOI cucreme VvV —
COOTBETCTBYIOILYIO “HAJICTPOEHHYIO  JUHAMUYECKYIO CHCTEMY B KayKJIOM IPO-
crpancTse O,,, m € A (em. mar 1).

Hanacrpoennas cucrema. Omnuiiem onepanuio “HaacTpoitku’ mis j1r000it qu-
Hamudeckoil cucreMmsl W, 3amannoit B okpecrnoctu U, HEKOTOpOl 3aMKHYTOM
TPaeKToOpHH ¥ = ¥, C A. B pe3ysbrare Mbl MOJTyIUM JUHAMHIECKYIO CHCTEMY,
ompefieIéHHyI0 B IpocTpancTse © = O, = Uyvepy, 0, (m/),m’, TIATKO 3aBUCATITY IO
or TouKM M € A u 00/IaJAIONLY 0 CJIELYOIIUM CBORCTBOM:

Hyaesoe cevenue Uy, paccaoenua ©., A6AAEMCA UNBAPUAHMHOLM 1LOOMHO2000Da-
auem “nadempoennoti” dunamuteckot cucmemos, U €€ 02paHUMEHUE HA HYNEBOE
cevenue U, paccaoenusn O, cosnadaem c ozpanuveruem ucrodnoti dunamuse-
cxoti cucmemoti na U, 2de v = 7p,.
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Qukcupyem 3aMKHYTYIO TpaekToputo v C A HeBo3mymignHoit cucrembr. O6o-
suaanM I = T|y; U = Uy Oy = Oy, Py = Py, tie m' € U,
m = p,(m') € v; © := O, (cm. mar 1).

[Iycts W — BekTopHOe mosie Ha U, oTBevaroliee JaHHOW IWHAMHIECKOI
cucreme. Oupesges M “HAJICTPOCHHYIO” JTUHAMHYECKYIO CHCTEMY HA HPOCTPAH-
cTBe paccyoenust O ciaenyomum o6pa3om. [TagKyro J0CTaTOIHO MATIYI0 KPUBYTO
m(t) € U, (1) € Omp), |t| <to (0 < 1o < 1) B mpoCTpAHCTBE STOTO PACCIOEHU
HA30BEM peULeHUueM HAICmPOEeHHOT CUCMEMbL, €CJTU CYIIECTBYET BEKTOPHOE HOJIe
§°(t) € 0, (m(r)) BAOIB 7y, TAKOE, UTO:

1. Bekropuoe mose £°(t) MHBAPUAHTHO OTHOCHUTENHLHO €CTECTBEHHOTO Jeii-
CTBHsI OKPYZKHOCTH Ha HOJIe IIOCKocTel O,,, m € A (cMm. mrar 2).

2. BexrTop ckopoctn %m(t) K “npoektun” m(t) sroit kpusoit Ha U nmeer Buj
d o
am(t) = Wity = Pn)§°(t).

HeTpymHo BHIETH, UTO 9TH YCIOBUS KOPPEKTHO ONPEIENSIOT JUHAMUICCKYO

cHCTEeMy Ha POCTPAHCTBE PACcC/oeHusi O, NpudYéM 3Ta cucreMa 00JIalaeT yKa-

3aHHBIM BBITIE CBOficTBOM: HyJsieBoe cedenne U = {{ = 0} sroro paccioenust
237

MHBAPUAHTHO OTHOCUTEJIbHO “HAJCTPOEHHOI” JTUHAMUYIECKON CHCTEMBI, H Orpa-
HUYEHHe 3TOi CHCTEeMBbI Ha HYyJIEBOE CeUeHne COBIAIAeT ¢ UCXOIHOM cucTtemoit W

na U.

Hancrpoennoe oroopakenmne Ilyamkape. Ilycrb Tenepb BEKTOPHOE 110JIE
W B U 61u3K0 K BeKTOpHOMY 10110 V' HEeBO3MYIIEHHOi cucrembl, u F, : 0, —
om — ero orobpaxkenne Ilyankape, anamornanoe orobpazkenuto Ilyamkape A,,,
m € A.

QukcupyeM TOUKy mgy € v C A, obo3HauUM 0 = 0y,,. Hadcmpoennvim
cevenuem Ilyanxape B TOUKe My HA30BEM THIIEPIOBEPXHOCTH O = O, B O,
cocrostiyto u3 “rouex” (m,§) Buga m € o, £ € O,,.

13 kazk10ii “rouku’ (m, £) cedeHns 0 BHILYCTUM HHTETDATHHY IO TPAEKTOPUIO
m(t), &(t) “magcrpoennoit” cucremsr, m(0) = m, £(0) = £ Ob6oznauum gepes
T(m, &) = Ty (M, ) MoMenT Bpemenn, 6;u3kuit K nepuoay 1’ = 1’|, B KOTOpHIii
9Ta TPAEKTOPUS NepPecedér cedenue o, T.e. npoexkuust m(t) Toii TpaekTopun
na U mepecedérest ¢ cekyieit moBepxuocthio 0. Paccmorpum orobpakenne F
MOBEPXHOCTH 0 B ce0st, nepeBojstiiee “rouky” (m, &) B 3HAUYEHWE BHIIYIIEHHON
u3 nHeé tpaekropun (m(t),£(t)) B moment Bpemenu t = 7(m,§). Ioaydennoe
orobpaxenne F = F,, wazoBéM nadcmpoennvm omobpascenuem Ilyarxape B
rouke my € A. dcno, uro nmysnesoe cevenne U No = {(m,§) € o|{ = 0} B
0 WHBApUAHTHO OTHOCHUTEJbHO oToOpaxKenus F, u orpanmyenue oroOpazKeHust
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F na sro nynesoe cedenue cosnajaer ¢ oObIYHBIM oTOOparkenuem Ilyanxape
F=F, 0—o0.

Hancrpoennsrii oneparop MoHogpomuu. (O6o3naunMm vepes A, u Amo,
mo € A, nazcrpoenusie oTobpazkenus Ilyankape, orBedaroniue HeBO3MYIEHHOIT
1 BO3MYIIEHHOH cucremam V u V. d1u orobpazkenns C" ' —GIu3Ki.

OTMeTnM BazKHOE CBOMCTBO HEB03MYULEHH020 HAICTPOSHHOTO OTOOPAYKEHUST
[Tyaukape A,,,. dcuo, uro mobas Touka (m,0) mogmuOroodpasus

B :={(m,&) €0y | m € AN 0y, & =0}

B O, HEIOJBIKHA pU oToOpazkenun A, . Jluneapusanuwo dA,,, (m,0) orod-
pazxkenust A,,, B 9T0ii TOUKe HA30BEM HAJCMPOCHHBLM ONEPATNOPOM MOHOOPOMUL
B Touke (m,0). Haiiném siBubiit By oneparopa dA,,,(m,0).

Beejiém HA 0 = 0, JIOKaJIbHbIE “KOOpAMHATH” Bua (M, &) U BbIpA3UM Olle-
parop mouozapomuu dA,,, (m,0) depes “Bapuarn”

(6m, 6€)

srux Koopauuar B Touke (m,0). Bosee TOYHO, paCCMOTPUM €CTECTBEHHOE pas3-
JIOYKEHNIEe KaCATeIbHOr0 MPOCTPAHCTBA 1(m 00 B TOUKe (M, 0) B HPsIMYIO CyMMy

T(mp)a =T,0®0,,

MONPOCTPAHCTB O, 1 T},,0. (DTO pasiozkKeHne OJTHOZHATHO OTMPEIETSETCS TeM,
4T0 HPOEKIus J1I000r0 KacarebHOro Bekropa B Touke (m,() Ha nepsoe 10j-
IIPOCTPAHCTBO $IBJISIETCS €r0 eCTeCTBEHHOI IPOeKIMell Ha HyJIeBOe CeveHue o
pacciioennst @.) Jlst m060ro KacareapbHOro BeKTopa K 0 B Touke (m,0) o6o3ua-
anmM depes (0m, 0§) KOMIIOHEHTBI STOTO BEKTOpA IIPH YKA3AHHOM Da3JI0KEeHUH.

JIemma 9. Ilyems dA,,,(m,0) — nadempoennoiii onepamop monodpomuy 6
mouke (m,0) € Bp,, m.e. AUHEAPUIAUUA HEBOSMYUWEHH020 HAOCTPOEHHO20
omobpascenus ITyankape A, 6 e2o nenodeusichol mouke (m,0). Toeda ao-
60t Kacameavnwl eexmop (dm,d€) 6 moure (m,0) nepesodumes onepamopom
dA,,,(m,0) e sexmop 6uda

(0m',6&") = (dm — T + d, 6€),
ede d = d(dm, 6¢) € Im(dA,,(m) — I).

CaencrBue 9. Jhobot kacameavhoili 6eKMODP, HENOISUNCHBLT OMHOCUMEND-
Ho Hadcmpoennozo onepamopa morodpomuu dA.,,,(m,0), kacamesen ¥ nyseeo-
MY CENEHUN Oy = U N Oy 8 Opy. [pyeumu caosamu, 6 410600 mouke m €
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Oy MHONCECTNGA HENOOBUNCHDLL BEKMOPOS ONEPAMOpa MoHoOpomus dA,,(m)
u madcmpoenrozo onepamopa morodpomus dA,,,(m,0) cosnadarom, mg € A.

CaencrBue 10. Ilycmov dA,,,(m,0) — nadcmpoernwid onepamop mornodpo-
muu 6 mouke (m,0) € @y, I — moorcdecmeennuii onepamop 6 KacamesvHoM
npocmpancmese 6 mouke (m,0) x nadempoennomy ceuenuro Hyanxape a. Tozda
06pas onepamopa dA.,,(m,0) — I coenadaem ¢ KacamesvHvim NPOCMPaHCNEOM
K HYACBOMY CEUEHUIO Ty 6 Oy

HokazarenbcTBo. Ilycts {* € T(;;,0)© — mi0060it umeiinbiii GyHKIIOHAT B
touke (m,0), orpaHnYeHne KOTOPOro HA CyMMY MOJNPOCTPAHCTBA

D,, = Im(dA,,,(m) — I)

1 KacaTeJbHOTO MMPOCTPAHCTBA K TPAEKTOPHH 7Y, PABHO HY/IO. /[19 10Ka3aTe b-
CTBa JIeMMbI 9 HAM JIOCTATOYHO MOKA3aTh, ITO

&om’ = & (dm — ToE). (45)

Beinycrum u3 rouku (m,0) dasosywo Tpaekroputo (m(t),£(t)), 0 <t < T,
HaIcTpoeHHoit cucrembl. Oua umeer Bug m(t) = v, (t), £(t) = 0. Iepenecém
KacaTeabHblil BeKTop (dm, 0§) BAOIb ITON TPAEKTOPUU IIPU MOMOUIN KACATEIb-
HOT'O TI0TOKA, OTBEYAIOIIEro HaJICTPOEHHOI JUHAMUYECKOH cucTeMe, 0003HATNM
[OJTyYeHHOe 1oJie BeKTOpoB depes (dm(t),0€(t)), 0 <t < T'. Tak Kak omeparop
MOHOJIPOMUHE COBIAJAELT ¢ OTOOPaZKEHHEM “3a mepuojl’ 9Toii cucTeMbl (TOUHee, ¢
KOMIO3HIHEl 3TOro 0ToOpakKeHns W MPOeKINH Ha 1{y, 0)0 BIOIb KACATETHHOTO
pocTPaHCTBa 1 {(m 0)Ym K TpaekTopun), 1o £*(dm') = £*(0m(T)).

[Tepenecém pynrmmonays £* B KacareJbHbIE MPOCTPAHCTBA K JIPYTHM TOY-
KaM TPaeKTOPUH 7y, P4 IOMOIIH KoKacaTesbHoro noroka ((g4)™')*, orsevaro-
mero cucreme V. O6o3HaunM mosrydentHoe moJe byHKIHOHAIOB Yepe3 {*(t) =
(g97)7€*, 0 <t < T. Torma u3 onpe/ieIeHus HAICTPOSHHOI CHCTEMbI MOy daeM:

d

(€ om(e) = =€ ()E(H), 0<t<T,

dcuo, uro £F(1)0E(t) = £*0€ (Tak Kak 110 IOCTPOEHUIO HAJICTPOCHHOI CHCTe-
MBI BekTOop 0&(t) coBnazaer ¢ BekTopoM (gk)*0& ¢ TOYHOCTHIO JI0 HEKOTOPOTO
3/1eMeHTa HOAIPOCTPAHCTBA Dy p) = Im(d A,y (m(t)) — I)). CaegoBatensho,

&(T)om(T) = & 6m — TESE.

flcHO TakzKe, 9YTO IpH OTOOPazKeHUH “3a 1mepuo;’ (PYHKIUOHAT £ He N3MEHUTCS
(Tak Kak oH mepeiiaéT B dynknuonan £*(T) = (dA™N)*¢ = & + (dA™YH)*(I —
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dA)* & = & e dA = dA,,,(m)). Orcrona nosrydaem Tpebyemoe paBeHCTBO
(45).

JlemMma 9 mokaszaHa.

Jlna nokaszaTenbCTBa CIeACTBAA 9 3aMETHM, 9TO HOIIPOCTpaHcTsa 0, u
Im(dA,,,(m) — I) B 0 uepecekarworcst juiib 110 HyJ1eBomy Bektopy. Ciemosa-
TeJIbHO, Tak Kak 0§ € 6,,, TO paBeHCTBO HYyJIO BekTOopa Buga —10& + d, rie
d € Im(dA,,,(m) —I), T > 0, BJ€9ET PaBEHCTBO HYJII0 BeKTOpa 0. DTO T0Ka-
3bIBaeT caeacTBue 9.

Hoxkaxkem cienctsue 10. B cury ciaeactBusg 9 u ye1oBUS HEBBIPOKIEHHOCTH
A, aapo oueparopa dA,,,(m,0) — I umeer paszmepuocts dim B,,, = dim 6,,.
Caenosaresnbno, pasmeprocts nognpocrpancrsa Im(dA,,,(m,0) — I) pasma
codimg,, 0, = dimo,,,. C apyroit cTopombr, Tak Kak j060i BeKTOpP (dM, )
[ePEXOJIUT MPU OllepaTope MOHOJAPOMUH B BEKTOD BuIa (*,0&), To obpa3s ore-
paropa dA,,,(m,0) — I 1ekuT B HOAIPOCTPAHCTBE 1 (1m,0)0m,. 113 cOObpazkeHns
pasMepHOCTeli, OTCIoJa II0JIydaeM, 9TO TOT 00pa3 B TOYHOCTH COBIAJAeT C
T(m,0)0mg- DTO AoKaspiBaeT ciaegcrsue 10.

O6oznaunm wepe3 A, obpas noxmuoroobpasusi A N U, 1npu ecrecTBeHHOM
BJIOJKEHHUH B HyJIeBOe cederue O..

3ameuanme 12. U3 cieacTBus 9, B 4aCTHOCTH, CJIEIyeT, 9YTO MOJIMHOT000pa-
3ue A\, gaBigeTca neevposcdentvim IOIMHOI000PA3HEM, 3aI0THEHHBIM 3aMKHY-
TBIMHU TPACKTOPUSIMU Hadcmpoerholi cucmemol, orsedaonieii cucreme V. (Crpo-
'O T'OBOpsl, HAJCTPOEHHAsI CUCTEMA, K KOTOPOH Mbl IIpUMEHsIEM 3/leCb TEPMUH
HEBBIDO2KJIEHHOCTH, HE ABJIAECTCH, BOO6H.[€ T'OBOp4, OrpaHUYE€HHUEM T'aMHJIBTOHO-
BOIl CHCTEMBI Ha M309HEPTeTHIECKYIO IOBEPXHOCTD, B OTJINYNE OT OIpEIeTeHIs
1. Tem He MeHee, KaK yzKe OTMEYAJOCH BBIIIE, 3TO ONpeeseHHe OYeBUIHBIM
06pa3oM 0606IAeTCsT HA CIydail TPOMU3BOIBHBIX JUHAMHYIECKHX cucTeM.) Ilpn
3TOM, B cuily ciejacTsus 10, cemeiictBo noaupocTpancTs 1y, 0y0m, m € A, B da-
30BOM IIPOCTPaAHCTBE Ha,ILCTpOGHHOfI CUCTEMBI MOXKET CJAYXKUTH IMOJIHBIM aHaJIO-
oM CeMelicTBa MoAIpoCTpancTs 0,,, m € A, B (pa30BOM IPOCTPAHCTBE CHCTEMBI

V.

IITar 5. Ompe/e/nM BO3MYIIEHHOE TIOIMHOKECTBO By, B HAJCTPOCHHOM Ce-
genun Ilyankape o,,, kak MuozKecTB0 Beex “rouex” (m, §) € 0y, 00pa3 Kax10ii
13 KOTOPBIX TIPH HAJICTPOCHHOM 0TOOpaskennu [lyankape A,,, umeer su (m, *),
rJie * — HEKOTOPBIil BEKTOP U3 MOJIPOCTPAHCTBA Uy i

Bmo = {(m,f) € O, | Amo(mvg) = (m’ *)}

O6o3HaYNM

Ay = UngeyBimg-
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DTO MHOXKECTBO JIEXKAT B O, = Uy cyOpm,. OTMeTnM 3aMedaTesibHOe CBOUCTBO
MHOZKeCTBa A :

Mmroorcecneo A, cosnadaem c obseduneruem 6cer 3aMKHYMBLL MPaeKmopu
603MYWENHOT nadcmpoennotd cucmemst 6 O..

B camMoM jee, HAM JOCTATOYHO MOKA3aTh, UTO MHOKECTBO By, B TOYHOCTH
COBIAJIAET ¢ MHOYKECTBOM HEMOJBUKHBIX TOYEK HAJICTPOCHHOTO OTOOPAYKEHWS
[Iyankape Amo. Ho 310 Jierko ciieiyer u3 onpejiejieHusi MHOXKECTBA Bmo, TaK
KaK, COrJIACHO ONPEJIEACHNIO HAICTPOEHHON CHCTEMbBI, HAJICTPOEHHOE 0TOOparKe-
nue [Tyankape nepeBoaut m00y10 “Touxy” (m, Py m€) B T0UKy Buga (k, P, ).
Takum obpasoMm (cMm. 3amevanue 12), 1jisi HEBO3MYIIEHHON CHCTEMBI MHO-
JKECTBO ]\7 coBmajaeT ¢ A, H, 3HAYUT, gBJSETCS IJIAJKHM [IOJIMHOr000pa3u-
em. 13 Teopembl 0 HesaBHBIX (DYyHKIUAX, ¢ y4érom ciaejgctBus 10, ciempyer, 9To
IPH JOCTATOYHO MAJIOM BO3MYIIEHUU MHOKECTBO /~\q, TOXKE SABJISIETCS TJIaIKUM
MOJMHOr000pa3eM U MMeeT BH/I /N\7 = j,(A,), vae Baoxkenne j, : A, — O,
C1-61usko x TO:KIecTBenHOMY. [T OmpeeIEHHOCTH OIIpeIe/InM BIOZKEHHe
J~ OMHOBHAYHO ycaOBHeM p o j,, = Idy , e p: U — A — rmagkas perpakius
(eMm. mrar 1).
Jlasee mbl OyjieM paccMaTpuBaTh f&v C ©, kak nogmuoroobpasue B U,.
Ouxcupyem J1100y10 MAPOBYIO OKPECTHOCTH A,y TOUKM Mo B Ay U3 mroboit
TOUKH j, (M), rme m € A, BBILYCTUM TPAEKTOPHIO Yy = Yy.m(t) C A, BO3-
MYIIEHHON HAJICTPOEHHOI cucTemMbl. OG03HAYNM Yepe3 Ty(m) MOMEHT BpEeMEeHH
t, 6muskuit kK T' = T'|,, B KOTOPBIit 9Ta TPAGKTOPUST BEPHETCS B TOUKY J. ().
JIs1st mocTpoeHus MCKOMOTO BJIOKEHHMS 1 HAM HYKHO BBIOPATH CPEJM BCEX
TPACKTOPHI oy 1 (t), M € Ay, TAKYIO TPAEKTOPHIO, KOTOPYIO MBI COMOCTABHM
UCXOJTHOM TPAeKTOPHUH 7y Ipu 0ToOpakeHuu ¢. CIpoeKTUpyeM MOIMHOT00Opa3ue
1~\7 Ha A mpu momormu perpakmum p @ U — A. B pesyabrare Mbl mosydaum
TPaeKTOPUH Ha MOJAMHOrooOpasnn A Buja

P('?%m(t))v 0<t< Tv(m),

pu 3ToM P(F.m(0)) = m, m € Ap,.

flcHo, 9TO KakKast TPAEKTOPUS Ty, = p(%m(Tg(;n)s)) C"'-6iu3Ka K Cco-
OTBETCTBYIOIIEH HEBO3MYMIEHHON TPACKTOPUHU 7, = ”ym(Té?:)s), s € St Pac-

CMOTPHM OTHOCHTENBHBIH HEHTP MACC 1] = Tmym.s, S € S’ (T.e. oTHOCHTETBHOE
YCPeJIHEHHE) TPACKTOPHU 7y, 110 OTHOIICHUIO K TPACKTOPUH Y, CM. ONIPE/IeJIe-
aue 15. HarmoManM, 9T0 OTHOCUTEILHOE YCPEIHEHHUE 1) SIBJISeTCS WHBAPHAHTHBIM
BEKTOPHBIM I10JIEM BJIOJIb TPAEKTOPHH Yy, . [IOKazKeM, 4TO cylecTByer u e/inH-
CTBEHHA TOYKA M € A,,,, /I/Ig KOTOPOil 3TO OTHOCUTEJIbLHOE yCpeJIHeHNe PaBHO
mymo. (Obpa3 9Toif TOYKH IpH 0TOOPAYKEHHUN j, MBI I 0003HAYNM Uepes3 i(my).)

B camowm jese, pacemorpum orobpaxkenue A,,, — T, A, nepesojsiiee To4-
Ky m € A, B OTHOCHTEJIHHOE YCDeJIHEHHe COOTBETCTBYIONEHl KPHUBOif, T.e.
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B BEKTOD gm0 € Imo/\. Jlerko Bumaers, 4To mpn HEBO3MYIIEHHOM OTOODA-
KeHnu (T.e. OTBEYAOIIeM HEeBO3MYIIEHHOI cucTeMe V') TOYKA 1) MEPEXOJUT
B 0, n auddepennuan HeBO3MYNIEHHOIO OTOOpaKeHUsl B TOUKE M SBJISETCS
mootcdecmeennvim onepamopom B T, A. ZlcHo, 9T0 BO3MYTIEHHOE OTOOpaZKeHUe
C"1-6,1u3K0 K HEBOBMYIIEHHOMY (TaK Kak BO3MYIIEHHAsE HAJICTPOEHHAs CUCTe-
Ma CT~1-61am3Ka K HEeBO3MYIMIEHHOI HAJCTPOEHHON CHCTEeMe, TO yKe BePHO I
BJIOZKEHUS J, & 3HAUUT, U JJI TPAEKTOPHUil ¥,,). CrreroBarenbHo, IO TeopeMe o
HesIBHON (DYHKITHH, CYIIECTBYeT POBHO OIHA TOYKa m = m(mg) € A,,, KOTO-
past IpH BO3MYIIEHHOM 0ToOpaxkennu mepexoaut B 0. [Tomoxum i(mg) = j,(m),

T(mo) = Ting (Jy(m))-

AHaOrn9YHOe TMOCTPOEHHE TPOBEIEM LIS BCEX TOYEK 1M, TPAEKTOPHHU 7, a
3aTem M I Beex Tpaektopuii v C A. B wurore Ml mosyunM HeKOTOpoe 0TO6-
paxenne ¢ : A — U u dpyHKIHIO T:A—R.

’ T(mo) 1 R

[ToxazkeM, 4TO JT106ad TOUKA M) = Yo (52 5") € 7 1pn 0TOOparKeHuu 1
T

HEePEeXOJAUT B COOTBETCTBYIONLYIO TOYKY m' = %,m($s’ ) TpaekToOpuM Ha/I-

CTPOEHHOI BO3MYIIEHHON CHCTEeMBI, BHIXOAAIIEH U3 Toukn m = i(mg). JIpyru-

MHI CJI0OBAMHU, HY’KHO MOKa3aTh, 4TO Jyis Joboro sjementa s € S rpaexTo-
T ~ T

PUSA Yy ( (2’:0) (s+ ")) siBiIsIeTCS LIEHTPOM MACC TPACKTOPUH Y (2";0) (s+5)),

s € St. Dro caemyer n3 caeayIOmIeil TeMMBI.

Jlemma 10. Ilycmo na mHozoobpasuu A 3adano enadkoe deticmeue okpyHcHO-
cmu, U Kpuead Ym(s), s € St, — opbuma mouxu m € A npu smom deticmeu.
ITyems Kkpusas Ym(s) asasemes uenmpom macce nekomopot kpusoti Y(s) na A,
s € 8. Tozda das aoboz20 anemenma s' € ST kpusas V(s +s') acasemes uen-
mpom macc kpueoti y(s+s'), s € S1. Jpyeumu crosamu, esamue yenmpa mace
KOMMYMUPYEM ¢ eCMecmeentvLM 0eticmeuem 0KpYHCHOCTIU Ha NPOCTPAHCTIGE
NAPaMempu306aHHLET 3aMKEHYMOLE KPUGHLET.

HoxkazarenbcTBo. Hy»KHO nOKa3arh, 9T0 HEHTP Macc KpuBoii Y(s + '), s €
S1, ornocurennio KpuBoit v, (s + '), s € S, pasen nymo. O6ozHauum Yepes
a, : A — A neiicTBue s1eMenTa s € S ma MmEOroo6pasuu A. Torna KacaTeIbHBIH
BEKTOD B TOUKE Y, (8), AHAIOTUYHBIH BEKTOPY 7l B TOUYKE 7y, (0), uMeer BHI

2m 2m
() = [ @ s = [ (@) (a7l ) nesrds = (a0) 7

[To onpeiesienuio 15 MeHTpa Mace BEKTOP Tjo PABEH HYJII0, HO3TOMY BEKTOP 7o (s’),
TOXKE PaBeH HYJII0. DTO JoKa3biBaer jemmy 10.

Taxum obpazom, moctpoerroe orobparkenne ¢ : A — U ymaoBieTBopsier ycJio-
BuaM 1°, 2°, 3°, a Tak:Ke YCJOBHUIO H° JIeMMBI 8.

Hoxkaxkem cBoiictBo 4°. IIycTh 7, — 3aMKHyTas TpaeKTOPUSA BO3MYIIEHHON
CUCTEMBL, Y = Y, — LEHTD Macc Tpaekropur p(¥y,) va A. fcuo, uro 7, C A,
Jlerko Bugerb, 9o i(mg) = m u i(Ym,) = FYm. DTO JOKa3bIBaET CBOHCTBO 4°.
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Ocrasioch 1mokasarb, 4ro orobpaxkenue ¢ : A — U sBiasercd riajikuMm u
C"'-6/mu3K0 K TOKecTBeHHOMY (OTCIO/a aBTOMATHYeCKH Gy/eT CcJjel0BaTh,
YTO OHO SIBJISIETCS BJIOJKEHHEM). DTO CJIEJyeT U3 TEOPeMbl O HesBHBIX (DyHK-
MUAX C YIETOM CJIeAYIONUX (haKTOB:

1. majcrpoennas cucrema na U, IIajiko 3aBucut or “napamerpa’ mg € A;
2. IS HEBO3MYIIEHHOW CUCTEMBI BJIOXKEHUE § TOXK/IECTBEHHO;

3. ceMeficTBO BO3MYIIEHHBIX HaJCTpOeHHbIX cucreM C"'—6insko Kk cemeii-
CTBY HEBO3MYIIEHHBIX HAJCTPOCHHBLIX CHCTeM (II0 HepeMeHHBIM My € A u
meU,, )

JeiicTBuTesibHO, 0TOOpazkenue poi : A — A, mg — m(my), 3a1aéTcs cCOOTHOIITE-

T(m)

HEEM “OTHOCHTE/IBHBIH HEeHTD MacC TPACKTOPHH P(Vy m( e
K TPaeKTOpUI ’ymO(T(;O)s) pagen nyao (s € S1)”. Jlng Bo3aMym@EnHoil cucTeMbl
370 coorromenune C” 1 -GIM3K0 K aHATOTHIHOMY COOTHOIIEHHIO 7T HEBO3MY-
MEHHON cucreMbl. 1 HEBO3MYIIEHHONW CUCTEMbBI 3TO COOTHOIIEHHE 33/1a6T TOXK-

JIECTBEHHOE OTODparkeHue, MpuIéM STKOOMaH U3 TEOPEMbI O HEesIBHBIX (DYHKITUIX

$)) O OTHOIIEHUIO

BCro/Ly oryimded or HyJisg. Crie0BaTe/IbHO, IO TeopeMe O HesBHBIX (DYHKIHUAX, C
y4aéToM KoMmmakTHOCTH A, oTobpazkenue poi C" 1-6aM3K0 K TOXKIECTBEHHOMY.
Tak kak orobpazxennue j : A — A roxe C"'-6IU3KO0 K TOXKIECTBEHHOMY, TO U
orobpazenue i = jo (poi): A — A C""GuuMBKO K TONHKIECTBEHHOMY.

JlemMa, 8 OTHOCTBIO JOKa3aHa.

JIoKa3aTeJbCTBO CJAEACTBHS JIeMMbI 8. $lcHo, 4ro BeKTOpHOE 1HOoJe V,, €
Om, m € A (ycpeauéunoe Bosmymienue) 6am3ko K nonto A, € 60, (Bo3myiie-
Hue orobpazxkenus [Tyankape). /s JoKa3aTe bCTBa CBORCTBA 7° 3aMETHM, UTO
posmymenne A orobpazkenns [lyankape mamno Mensgerca npu C"~-61m3KnX K
TOXKIECTBEHHBIM JedopManugax moaMHorooopasus A B U, IOCKOIBKY 9TO BEPHO
JUTst HeBO3MYHIEHHON cuctembl. CJie10BaTe/IbHO, YCPEJIHEHHOE BO3MYIIEHUE HA,
HoAMHOr000pasun A 6JIM3K0 K yCpeIHEHHOMY BO3MYIIEHHIO Ha ero jedopMaliun
A= i(A). Ho mociensee B TOYHOCTH PABHO BEKTOPHOMY IOJIIO éff B CHJIY €ro
MHBAPUAHTHOCTH (CBOiCTBO 2°).

JokazkeMm cBOiicTBO 6° 0 HEBBLIPOXKIEGHHBIX 3aMKHYTHIX TpaeKTopusax. Pac-
CMOTPHUM JIIOOYIO TOUKY Mg € A, B KOTOPOit &,y = 0. B cuty maBapuanraocTH
nosst & uveem |, = 0, 1ae 7 = Yy, C A — (HeBO3MyLIEHHAS) TPAEKTOPHSI,
BBITIYTIEHHAsT U3 TOUKN mg. OTCroa ciejyer, 9to 7 = i(7y) — 3aMKHyTast TPAeK-
TOpHS BOSMYIIEHHOI cuerembl. Ilyers T = T(mo) — IepHoJ, 3TOil TPAaeKTOPHUH.
Ham HYZKHO HafiTH COOTBETCTBYIOIIHUIi OMEPATOP MOHOJAPOMHUU B TOUKE 7(1My).

1. O6o3naunm [epes g%/ HOTOK BO3MYIIEHHON cucrtembl. OOO3HAYNM Yepe3
dge. COOTBETCTBYIONINN KacaTeJbHbIN MMOTOK BIOJb TPAEKTOPHUH 7.
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[Tposeaém vepes3 TOUKy i(mg) MaJeHbKYIO TPAHCBEPCAIL 0 K TPAEKTOPUH
B U. Yno6HO npu 310oM cuutarh, 410 0 N i(A) = i(0m, N A). O6o3naunm gepes
dA(i(mg)) omepaTop MoOHOIpOMUHI B TOUKe i(1mg), JHCTBYIOMHA B TPOCTPAH-
crBe Tj(mmy)0. DTOT OoHepaTop paBeH KOMIIOZUIME OlepaTopa dg‘:; U IPOEKINU

Ha IPOCTPAHCTBO Tj(1)0 BIOJIB BEKTOPA V.

2. Qukcupyem J1t060i BeKTOp 0& € 0, 1 IEPEHECEM €ro B OCTAIbHBIE TOUKH
M TPaeKTOPUH Y [PH MOMOIIH €CTeCTBEHHOIO JIeficTBUs OKPYZKHOCTH Ha IOJIe
HOAIPOCTPAHCTB B,,, m € A. Ilepenecém 1oJyIeHHbIE BEKTOPLI B TOYKH KpH-
Boit ¥ = i(7y) mpu momMomu omepaTtopoB P i) 1 O — Opyiim), m € 7, Tae
m' = m/(m) = p, oi(m). B urore Mbl noayunm B Kaxoii Touke ¥(t) = i(m)
TPAEKTOPUH 7 HEKOTOPBIl BeKTOP 0§ € Oy im), 0 <t < T = T(m), rue
08 = 0&5.

PaccmoTrpum BcmomMoraTeIbHBIN JIMHEHHBII oepaTop
Lmo . 9m0 - T’i(mo)o'a

MePeBOIAIINI BeKTOP 0 B MPOEKITHIO BEKTOPA,

T -
5 — /0 dgTt5¢, dt

Ha TPOCTPAHCTBO Tj(10)0 BAOIL BEKTOPA V(). OOpas oneparopa Ly, B Timq)o
MBI 0003HATIM depe3 ().

O6oznaunm gepes Dj(,,,) KaKoe-HHOY/Ib NOAIPOCTPAHCTBO B Tj(,)0, O1Hu3K0e
K T0ApPOCTPaHcTBY Dy = Im(dA,,, (mo) — ).

[Toxazkem, 9TO HOATPOCTPAHCTBO Oj(my) UMEET Ty ¥Ke Pa3sMepHOCTb, UTO U
IOJTIPOCTPAHCTBO Oy, j(mg), U TOZKE TPAHCBEPCATLHO K MOANPOCTPAHCTBY Di(ry)-
Jpyrnvu cioBamu, oneparop L,,, sdBiasercsd m30MopdU3MOM HOIPOCTPAHCTB
Omo 1 Oi(mg), TPEIEM mMeeT MecTO Pasiokenue Lm0 = Oimg) © Digmg). B
caMoM JieJie, JIJId HeBO3MYIIEHHON CHCTEMBI HMeeM:

L& =TE+d(E), tae d(€) € Im(dApn, (mo) — I). (46)

SHAYNT, IPHU JOCTATOYHO MAJIOM BO3MYIIEHHH TPAHCBEPCAJLHOCTH 00pa3a ome-
paTopa L, K moanpocTpancTBy Dj(y,) COXpaHAeTCs.

3. Mbr yrBep:kaaeM, 4ro Ha a000M BeKTOpe 7 € Time) (A N o) omeparop
MOHO/IpOMUHU JieficTBYET 110 POpMYyJIe

ARG = i+ Ly o

B camom nene, myctb 77 = di(mg)n, tme n € T A. O6osnauum m; =
T

(mo) o (di(mq))~"4. (47)

T, -
7m0(%t) € A, n. = dgy; (mo)n — Bekrop u3 mpocrpanctsa T, A, 0 <t < T.

84



Huddepennupyst paBeHCcTBO U3 cBOiicTBa 2° Ha 0c000# KpuBOil 5 = i(7y), MOJIY-
qaeM, 9TO CEMENCTBO BEKTOPOB

i =dgl " odi(my)n, 0<t<T,

B TOUKe (M) YIOBIETBOPSET CJIEIYIONIEMY YPABHEHUIO:

d T—t 7
Baecwh 6& = 0&,(n) — MHBapUAHTHOE BEKTOPHOE IOJI€ BJIOJIb KPUBOM 7, OTBEYa-
foree BeKTOpy 0§ = 0&(n) = %g—g(mo)n € Oy (cM. 1. 2).

Haiiném pasnocts BekTopoB 7o = dgi o di(mo)n u 77 = di(mo)ns. C oxmoit
CTOPOHBI, PA3HOCTH BEKTOPOB 1) U 7y TPOTOPIHOHATBHA BEKTOPY Vi, . [T03TOMY
Pa3HOCTb Tjp — 7)j PaBHA 3

dA(i(mo))i — 17
¢ TOYHOCTBIO JI0O BEKTOPa, NPOIHOPIUOHAIBHOTO BEKTOPY ‘Z(mo)- C apyroii cro-
POHBI, U3 ypaBHeHusl (48) HAXOANM, YTO MPOEKIMsT ITOI PA3HOCTH HA MOAIPO-
cTPAHCTBO Tj(1me)0 BAOJB BEKTODA f/i(mo) paBHa

T _ T agm
Lmo5§(77) - Lmo © om

(mo) o (di(mq))™'1).

ITo jOKA3BIBACT paBeHcTBO (47) T8 MO6Oro BekTopa 7] € Time) (AN 7).
4. Takum obpasom, B cuiy (47) ob6pa3 npu orobpazxkenun di(mg) siapa ome-
paropa a%fm|gm0m(mg) B TOYHOCTH COBIIQJIAeT C SJIPOM OIIEPATOPA

B : T,;(mo)(]X No) — éz’(mo)a Bn = djl@(”"o))ﬁ — 1.

B gactrocTu, mist j11000it 0c000i TOUKHU 1) BEKTOPHOTO MOt € |(,m0 nA HEBBIPOZK-
JIEHHOCTH HTOW TOYKHU O3HAYAET, 9TO Oneparop B saBjsercss n3oMopdu3Mom.
Ocrasoch oKa3aTh, 9TO siAPO ofeparopa B coBmnazaer ¢ si[poM oneparopa
)

dA(i(mg)) — 1. D10 caeayer u3 roro, uro B cuiy (47) omeparop

(dA(i(mo)) = I) : Timeyo = (Time) (AN 7)) & Nigrmg) = Tino)0 = Oitmo) S Do)

. B x
3a7aéTcsd OJI0YHON MaTpHUIleil BHIA ( 0 C ), rie Marpuiia C' HeBBIDOXKIEHA B

cuiy ycaoBust HeBbpozkieHHOCTH A. 31ech Nj(m) — TpancBepcaib K Tim,) (o N
A) B Tj(my)0, 6imskas k rpancsepcant K Ty (0mg N A) B Thg O

Takum obpasom, B 0c000it TOUKe Mgy 1oyt & 00pa3 npu KacaTeabHOM 0T00-
paxkennn di(mg) sAapa omepaTopa JMHEAPU3AIAK N0 &|q, AA B TOUKE Mo B

TOYHOCTH COBHAJAET ¢ sapoM omeparopa dA(i(mqg)) — 1.
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B wacTroCTH, 0cODast TOUKA 1Mo ABAACTCS HEBBIPOKICHHO A1 M0 &7, A
B TOM U TOJIBKO TOM CJIydae, KOrJa 00pa3 3aMKHYTON TPACKTOPHH Yy, TIPH OTO0-
paXKeHUN ¢ SABJISETCS HeBBIPOXKJIEHHON 3aMKHYTONH TpaeKTopueil BO3MYIIEHHOMN
CHCTeMBI.

D10 JoKazbIBaeT CBOHCTBO 6°, a TeM caMbIM, U BCE CJIEICTBHE M3 JIEMMbI 8.

Bepuémcs K 10Ka3aTeabCTBY YTBEPKICHUS 3 O 3aMKHYTBHIX TPACKTOPHAX
raMIJIbTOHOBBIX CHCTEM.

[lar 6. 31ech MBI TOCTpOUM (DYHKIHIO ¥ Ha A, MOCTOSHHYIO HA 3aMKHYTBIX
TPACKTOPHUAX HEBO3MYIIEHHONW CHCTEMbI ¢ TAMIILTOHHAHOM H, T.e. MHBapHaHT-
HYIO OTHOCHTEJbHO JelcTBUst OKpyzKHOCTH Ha A.

Mycrs i : A — H'(h) — Bioxkennue, ya0BIeTBOPSIONICE YCIOBHSM JTEMMbI
8.

Oyukius 1 6yaer onpejeieHa ¢ TOYHOCTBIO 0 KOHCTAHTHI, U Pa3sHOCTb €€
3HAYEHWH B JIIOOBIX JIBYX TOYKAX Mg, My € A onpemesnM cIeayomuM 00pa3oM.
CoeuHIM TOYKY Mg U M1 KAKOH-HUOY b KyCOYHO-TIaAKOi KpuBoit m, € A, 0 <
v < 1, u pacemorpum 2-tenb C(my) B A ¢ KoopuHaramu v, S, 00pPa30BaAHHY O
TPACKTOPUAMU ymv(T(QTr“)s), 0 < s < 27, BBIILYNIEHHBIMU U3 TOYEK ITOH KPUBOW
(0 < v < 1). (Ora menpb He siBIsieTCs, BOOOIE TOBOPsI, BIOXKEHHOI B A, T.e.
pasHbIM 3HaUYeHUAM napamerpos v, § Ha C'(1m,) MOXKeT OTBEYATH OJIHA U Ta JKe
touka Ha A.) TTosoxum

Dlma) — (o) = //m(m*))”Q‘

JTokazkeM KOPPEKTHOCTH 3TOTO ONPEJEIeHHsl, T.. YTO PA3HOCTh ¥(my) —
1(mg) He 3aBuCHT OT BHIGOPA ILyTH, COEIUHSIIONIETO TOUKH Mg U M. ITO IKBU-
BaJIEHTHO TOMY, YTO JJIs JIIOOOTO 3aMKHYTOTO 1yTH m,, 0 < v < 1, uaterpa
dbopmbl w? 1o 0bpaszy coorsercTrytomero 2-mukiaa C(m,) OIpH BIOXKEHH | pa-
BeH Hya0. Ho orobpakenme ¢ He MeHsIeT KJIAacC KOTOMOJIOTHil IUKJIOB Ha A,
TaK KaK OHO OJIM3KO K TOxKJAecTBeHHOMY. CJie/IoBaTeIbHO, B CHJIY 3aMKHYTOCTH

2
//7, ﬁ * ’

dopmbl wW?,
Taxk xax nuka C(m,) HEJUKOM JIEKUT HA H309HEPIETHYECKOH NOBEPXHOCTH
H~'(h) u obpasoBan TpaeKTOPUAMEH CHCTeMbl ¢ raMujbTOHHaHoM H, To, B cu-
JIy TIPUHITUTIA HANMEHBITero feficTBust [aMuibToHa, MOCIeTHUI HHTErpaJl paBeH
HY/TI0. DTO JI0Ka3bIBa€T KOPPEKTHOCTD OIpe iesienns byHkun ¢ uHa A.

[To mocTpoenuto, GyHKIU 1) HHBAPUAHTHA OTHOCUTEIHHO JIeHCTBHS OKPY K-
Hocru Ha A.

st onpeiesiéHHOCTH Oy/1eM CUYUTATh, 9TO 3Ta (PYHKIMSA 00paIiaeTcs B HOJIb
B HEKOTOpOii pukcupoBanuoii Touke my € A. Tak kak npu ¢ = 0 QyHKIUS
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1) TOXKJECTBEHHO PaBHA HYJIIO, MBI Oy/eM 0003HAYATH MTOCTPOEHHYIO (DYHKIIHIO
qepes3 ¢ = &8S.

[[Mar 7. Haitném asublit Bua quddepennuaia GyHKIAR 1.

[Tycrs Q = Qn(&,7n), € € O, n € Ty A, m € A, — mo6oe mo1e GUInHEHHBIX
dbopm Ha noxmuoroodbpasuu A. Oupenesnm yepeduenue Q = Q,,(€,m) aroro no-
JIs. 9TO — MHBapHaHTHas OuInHeiiHas popMa TAKOro »Ke BUIA, OIpeaesasieMast
o opmyJie

_ 1 27 R
Qm<£777) = 5= Qas(m) (as£7 (as)*n)dsa m € A.
21 Jo
Baech a5 : A — A, ag(m) = ’ym(Tg:)s), — eCTeCTBEHHOE JIEHCTBUE OKPYZKHOCTH
Ha noaMuoroodopasun A, &g : 0, — Oy (m) — ecTecTBeHHOE JeficTBHe OKPY K-

HOCTH Ha 1oJie noanpocrpancts 0,, m € A. fcho, uro dopma () wHBapuaHT-
Ha OTHOCHUTEIHLHO €CTECTBEHHOTO JEHCTBUS OKPYKHOCTH Ha moJsAx O, u T, A,
m € A.

Pacemorpnm Ha A moste 6umnmeiinsix hopM Q = Qm(€,1), € € O, 1 € T,
m € A, nosaras

Qm(ga 77) = WQ(Pm’,i(m)ém’a dl(m)n))

rae m' = p,,, 0i(m), & € b,y — BekTOp, MosTydatomuiicss u3 BekTopa & € Oy,
IIEPEHeCEHNeM B TOUKY M’ € 7y, OJIU3KYIO K TOYKE 1M, IPH MOMOIIH €CTeCTBEeH-
HOTO JIefiCTBHSI OKPYZKHOCTH Ha IOJIE HOAIPOCTPAHCTB B, m € A. ITycrs Q —
noJie GUInHEHHBIX hOPM, ABIAIONIEECs YCPeTHeHHeM (CM. BBIIIe) OIS Q.

[Tokaxkem, uro juddepennuan Gyukuu ¥ B 11000it Touke m € A umeer
BH/I -

dip(m)n = T(m)Qp,(Emsn),  m € Ay € T, (49)

tne T u &y € 0y, m € A, — bynxuus Ha A U BEKTOPHOE 1OJIE U3 JEMMBI 8.
OrmeruM, 4TO OTCIOAA OyJeT cjenoBaTb, 4TO B JII000H 0coboii Touke m € A
moJist £ KBaJpaTudHash 9acTh (PYHKINUN 1) PABHA

1
Pmpmn = Tm)Qn(5nm), 1€ Toh. (50)

B camom zeite, quddepennuan pyHkiuu ¢ B Touke m € A umeer Bu

27 . * T m
avtmin = [ @iy )@, TV s
[To croiictBy 2° Biioxkenust i (cm. jemmy 8) umeem di(m)V,, = %(Vi(m) —

P im)&n). Ho BexTopnoe nose V' KOCOOPTOTOHATBHO BCEM BEKTOPAM, Kaca-
TeIbHBIM K nosepxnoctd H~'(h) u, B wacTHocTH, BekTopy di(m)(a,).n. Kpome
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1010, &a,(m) = As&m 10 CBOMCTBY MHBApHAHTHOCTH 1° BekTOpHOrO MOJIs & (CM.
aemmy 8). Orcroga cienyer dopmya (49) nuddepernnana GyHKImH ).

3ameuanue. /[l HEBO3MYIIEHHON CUCTEMBI, T.€. B cay4dae ¢ = [dy, Ounnneii-
Hag ¢opma (), onpeneéHHAs BBIIIE, HMeeT BI

Qm(&,n) =w?(&,n), meNEEb,neTyA,

T.e. COBIAQJAET CO CHAPHBAHHEM IIPH IOMOIIU CHMILTEKTHIECKONH CTPYKTYPHI.
CorutacHo cieacrBuio 8, cM. mar 2, cuapuBanue () HHBAPMAHTHO OTHOCUTE/ILHO
€CTECTBEHHOTO JIEHCTBHUS OKPYKHOCTH Ha, TOJISX HOAIPOCTpaHcTs O, u T,,A,
m € A. Tlosromy ycpennenue Q dopmer @ cosnagaer ¢ dopmoii Q. Snaunr,
HeBO3MyTIEHHAs hopMa @ 33Ta6T Hesuposicdernoe GITHHeHOe ClIapHBAHIe HA,
MOANPOCTPAHCTBAX O, U [y, m € A, tiie B, = Trn(0m N A).

[Ilar 8. Temepb BO3bMEM JIIOOYIO KPUTHYIECKYIO TOUKY m € A dyHKIMM 1) 1
IOKAKeM, uTO €€ 00pa3 i(m) aB/IseTcs HenoABUKHOI TOYKOH npu 0TOOpazkeHun
[Tyankape A,,, T.e. uro BekTOp “c™menienus” &, paBeH Hy/0. /leficTBUTE/NBHO,
0 HAIeMy TPeI0J0KeHn0, ¢ yaéTom (49), 3T0T BEKTOP OPTOTOHAJIEH BCEM

KacaTeJbHBIM K A BeKTOpaM OTHOCHTENBHO (DOPMBI (), CM. IpeblayInii mar.

Ho 3ameuanue, ciesanHoe Ha HpeblAyIleM LIare, MOKa3biBaeT, 4To ¢dpopma ()
3a/1aéT HEBBIPOZXKIEHHOE CIAPHBAHUE Ha IOIIPOCTPAHCTBAX O, U B, m € A.
Otcioga moaydaeM, 9TO U3 PaBEHCTBA HYJO 3HAUECHUA @m(gm,n) IpH JTI0O0M
n € T,,A cienyer, uro &, = 0.

Haxownern, u3 dopmyast (50) ¢ yaérom cpoiicTBa 6° (cseacTBue OCHOBHOIN
JeMMbI 8) mostydaeM, 9To obpa3 npu orobpazkenuu di(m) HyJeBOTO MPOCTPAH-
cTBa reccuana (GpyHKIMH ¢ B KPUTHYECKOH TOUKe m € A coBHATAET C SIAPOM
oneparopa dA,,, (i(m))—I. B uacraocTH, GOTTOBOCTH KPHTHIECKOi TPACKTOPHH
v C A g dynkiuu ¢ 0 A — IR 9KBUBaJIeHTHA HEBBIPOXKIEHHOCTU 3aMKHY TOI
TpaekTopuu i(7y) BO3SMYIIEHHON CHCTEMBI.

Orciona HeMeJIeHHO caeyioT cBoiictBa 1°-3°, 5° u3 yrBepxkaenusa 3. CBoii-
cTBO 4° M3 ITOro yTBEpXK/eHUs, a TakkKe cBoiictBa 6° u 7° (u3 semMbl 1 u
yTBep:KIeHus 4) OyayT JOKA3AHbI HUKE.

Urak, Teopema 1 joka3ana.

1.6.2 PacnonoxeHue 3aMKHYTBIX TPaeKTOpPHil

B sTOoM myHKTE MBI JJOKayKeM MeTO/I YCPeIHeHusT Ha 1o MHOrooopa3un. Tounee,
MBI JIOKakKeM 0oJiee CUIBHYIO (DOPMYJIMPOBKY METOJIa YCPEeJIHEHUs , T.e. MyHKT
4° yTBepxKIeHuSd 3.

Pacemorpum dyukmmio S = %w Ha TOIMHOTO00pa3uu A, IOCTPOEHHYIO BBIIIIe
(mar 6). Mbl jgoskHbl MOKa3aTh, 910 dyHkus —S Oanska K Gynknuu H,
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%(]:I — H) 10 3aMKHYTHIM

nosiydenHoii ycpeanenneM (6) Bosmymienust H =
TPaeKTOPHUAM HEBO3MYIIEHHOIT cucTeMbl Ha A.

3aMeTuM, 9TO 3TO — JIOKAJTbHOE YTBEPXKIEHHUE, T.e. ero JOCTATOYHO MPOBe-
PUTH HA KOHETHOM UHCIE KAKUX-TH00 (PUKCHPOBAHHLIX ObacTeil B A, MOKpHIBa-
foux BCE A. Mbl JIOKazkeM 3TO yTBEPXKJIEHHE B IIAPOBOil OKPeCTHOCTH JII000i
ToukM m € A um, TeM camMbiM, B TpyOUATONl OKPECTHOCTH COOTBETCTBYIOIIENT
TPaeKToOpuu ¥, C A (B cmiy KOMODAKTHOCTH, MHOrooGpasme A MOKpbIBaeTCs
KOHEUYHBIM THCJIOM TAKUX OKPECTHOCTEI ).

[Iposeém uepes Touky m € A ceuenne Ilyankape o, B H1(h), Tpancsep-
CaJIbHOE K TPAEKTOPHUH 7p,. Ilycts A : 0, — 0, — orobpaxenue Ilyankape,
A Om — Opm — BO3MyIIEHHOE oroOpaykenue [lyankape, T — TPOU3BOIATIIAS
byHKIMS 0TOOpaZKeHust A.

Ilycts &, € 6,,, m € A, — BexkTOpHOE moJie U3 JemMmbl 8. CorjacHo ciej-
cTBUIO 5T0il JMeMMbl (cBoficTBO 7°), BekTopHOe mote tT(m)&,, m € A, C" -
6s3K0 K BO3myinenuio A orobpaxkenus [lyankape, T.e. K BEKTOPHOMY 1OJIIO
A, €0, tune A,, — upoexuus na 0,, “Bexropa cmenienust’ Touku m. [Tosromy
bopuyna (49) muddepenmana Gynkimmm S coseprrenno anagornana dopmy-
ne (34) nuddepennuana orpanndenus Ha A npousBogiieil GyHKINH é\If Ho
COTJIACHO YTBEPIKJIEHUIO0 8 0 MeTojie yepeanenus (cum. 1. 1.4.6) nocaenusis ¢yHK-
mns 6;m3ka K byHKnmm —H.

D10 JA0Ka3bIBaeT MyHKT 4° yTBepKaenust 3. TeM caMbIM, METO/] YCPeTHeHUsT
MOJTHOCTHIO JTOKA3aH.

1.6.3 VYcToiiumBOCTh 3aMKHYTBHIX TPAE€KTOPUil

3/ech MBI JJOKazKeM CBOMCTBO 7° m3 yTBepzKaeHud 4 00 yCTONINBOCTH 3aMKHY-
TBIX TPAEKTOPUI BO3MYIIEHHON TaMUIBTOHOBOM CUCTEMBI.

JlokazaTeTbeTBO MPOBEIEM COBEPIIIEHHO AHATIOTUYHO JIOKA3ATETHCTBY B CJIY-
9ae HelOJBUZKHBIX TOYEK OTOOPaKeHMUIl.

Kak B npejibiiyiineM myHKTe, yTBEPKICHUE ABJISIETCS “JIOKAJBHBIM ) T.€. HET
HEOOXOIMMOCTH PACCMATPHBATH IEJIYI0 OKPECTHOCTD Mo AMHOr000pasus A, a 1o-
CTATOYHO PACCMOTPETH MIAPOBYI0 OKPECTHOCTH Kakoif-u60 Touku m € A. I1po-
BeJéM depe3 TOUKY m cedenue llyamkape o, B H'(h), TpanceepcambHoe K
TPAEKTOPHUH V. [Iycts A : 0,, — 0, — orobpazkenue Ilyankape, A6, — 6m
— BOo3MyIIéHHOe orobpaykenne [lyankape.

Ilycrs S : A — IR — rnajkas GyHKIMS U3 yTBEPXKIEHUS 3, U IIyCTh M € A
— eé kpurudeckast Touka: dS(m) = 0. B wactrocrn, i(7,,) — 3aMKHyTas Tpa-
eKTOpHs BO3MYIIEHHON cucrembl. OG03HAYUM vepe3 m = &, N i(Yy,) TOUKY
nepecevdeHusi 9TO 3aMKHYTOU Tpaekropuu ¢ cedenuem llyankape &,,, 1.e. m
— HeNOABMIKHAS TOUKA 0TOOpazkeHnss A. PaccMoTpuM B TOUKAX M U M KBaJI-
paruumsie popmpl Q = w(dA(m)*, %) u Q = w(dA(m)*, ). dru popmbl —
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npoussozsime GyHKIMK omepaTopos Monoapomun dA(m) B Touke m u dA(m)
B TOYKE M.

1. /lokaxkem cHadaja cBoicTBO 6° U3 jieMMbl 1 00 HHIEKCAX reccuana pyHK-
mun S u kBajgparHaHoil hopumbl Q:

ind Q = ind Q + ind d2S(m). (51)

Hamomuum: B silemme 1 mpejmosiaraercs, 9To B ToUke m (Kak W B J060 TOUKe
Ha A) mpowssogsimas dynknusg () = (Q(m) HeBBIpOXKIeHA Ha “HOpMATbHOM”
noanpocrpanctse K 1, (A Noy,) B 1,0, T.e. HA OAIpOCTpancTBe BUga N, C
1,0, TIe

Np @ Tn(ANoy) = Thom. (52)

D710 IKBUBAJIEHTHO TOMY, 4TO oneparop dA(m) + [ HeBbIPOXK/IeH.
Kak u B ciaydae orobpazkeHuil, /I J0Ka3aTeIbCTBa paBeHcTBa (51) Ham
JOCTATOYHO IIOCTPOUTH JIBA HOAIPOCTPAHCTBA;

1. moxmpocrpanctso Ny, C T,,0, B Touke m, obaajgatoriee cBoiictBoM (52),

2. 6mm3koe K HeMy nojnpoctpancrso Ny, C 150, B TOUYKe M, OPTOrOHAJIb-
HOe KacarejabHoMy npocTpaHcTBy 1s (G, N A) ¥ 6, N A orHOCHTENIBHO
KkBajparudnoii popmbl Q, rae A = i(A).

PaccMOTpUM HOAIPOCTPAHCTBO Oy, 13 JO0KA3ATEIbCTBA CJICACTBHS JEMMbL 8.
HanoMH#M, 9TO 9TO MOANPOCTPAHCTBO OJU3KO K HEKOTOPOMY IIOIIPOCTPAHCTBY
B TOUKe M, TpaHcBepcanabuomy K Im(dA(m)— 1), u obnagaer ciegayomum CBoii-
CTBOM: Ji/is1 JII060r0 Kacare/ibHoro Bekropa 1) € T (Gm N A) sexrop dA(m)i — 7
MPUHAJIEZKUT TOAITPOCTPAHCTBY b7,

[locaieHee B TOMHOCTH O3HAYACT, UTO HOAIPOCTPAHCTBO Ti (G, MA) 06maia-
eT 110 OTHOWIEHHIO K IOANPOCTPAHCTBY By cBoficTsoM (39). JIpyrumu cioBanu,
KACATEIBHOE IPOCTPAHCTBO K IOIMHOT000PA3HIO &y, NA B TOUKe 171 HMeeT B TOU-
HOCTH TaKOU BUJI, KaK ec/ii Obl Mbl CTPOMJIM 3TO TIOJMHOr000pasue 1o cemeficTny
HOANPOCTPAHCTB B, (cM. ciydait orobparkennii, 1. 1.5.2).

Orcroa, UCmoIb3yst MOCTPOeHUsI U3 1. 1.5.2, JIerKO MOCTPOUTH MOAMPOCTPAH-
cra N2 u N°. A umenno, nyxuo nogoxurs NS = (dA(m) + I)"' Ny, e
N; = é#b, I — ToxaecTBeHHBIH omepaTop B 17,0.,.

C yuérom dopmyst (37), nosupocrpancrsa N2 u Ti (6, NA) neficrsuress-
HO OPTOrOHAJIBHBI OTHOCUTEIbHO KBAaJIPATUIHONU (hOPMBbI Q.

2. Basepiienne JI0Ka3aTeabCTBA JEMMbI 1 MPOBOANTCS COBEPINEHHO aHAJIO-
TUYHO cJIydaio oToOpaxkenuil. IIpoBeiém 310 paccyzxKjieHue emeé pas.

fcno, uro dpopma () HeBbIpoKIeHa Ha N, oTKya dhopma () HEBBIPOKIEHA
na N2 I mMeeT Takoii e WHIEKC:

ind Q’Ne = ind Q|ye =ind Q.
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Octrasoch MoKa3aTh, 4TO WHIEKC HOPMBbI Q|Tm(&,,m[\) PaBeH MHJEKCY reccua-
ua d*y(m) dyukmuu ¢ (a sHauut, n Gyukmuu S) B Touke m. B cuy (50), (47)
u (46) reccnan pynxmun [, (3 B TOUKe 1M UMeeT BuJL

Y (m)mn = @o(dA(m)m — ),  m,n € Tp(Gm NA), (53)

rjle Wy — HeKoTopas OumuHeiliHasg (hopMa Ha MPAMOM HPOU3BEJIEHUH MOJIPO-
crpancts O u Tir(G, N A), Giuskas k dopme w2|§m><(Tm(&mﬂfX))' B wacrHocTH,
oumneitnas popmMa Wy HEBLIPOXK/ICHA.

Anasoruaasiv obpasom, GusnHeliHas ¢popmMa Wy BUIA

1 ). ~ -
@1(6777) = §W2<57df4(m)77 + 77)> 6 € 07%777 € Tﬁ’L(&m N A),

a rakzxke Ouwmuneiinbie popmbl @ = (1 — t)Qg + twy, TOXKE ABAAIOTCH HEBBIPOZK-
neaabivi, 0 <t < 1. OTcioga, B CHIy CHMMETPUIHOCTH OntmHEHHBIX (hopm (),
siga Qunn = &(Bny,n) na nomnpocrpancrse Tiy (6, NA), nx ungexcs cosma-
naror, 0 < ¢t < 1. CiienoBaTesibHO, HHJIEKC KBaApaTndHOil hopMbl Buga (53) He
U3MEHHTCS, eCJIM B €€ OlpejieIeHNN 3aMeHUTh OMInHenyo dopmy wy Ha Gop-
My @1. DTO U 3HAUHT, 9TO MHIEKCH KBaJpaTHaHbX (opm d*(m) u Q|Tm(&mm[\)
coBnaamoT, T.e. BepHa dopmysa (51).

9TO0 3aBepIraeT J0Ka3aTeaIbCTBO JeMMBbI 1.

3. Urak, MBI J0Ka3aaud cBoiicTBO 6° jieMMBI 1 O CBA3M MHIEKCOB I'€CCHAHA
dbysKIMKE 1) 1 KBaIpaTHIHOH (HOPMBI wQ(dfl(i(m))*, ). Orcroga, J0CTOBHBIM
MOBTOPEHHEM PACCY:KJEeHHUIl B caydae OTOOparKeHUil, BBIBOJIUTCS CBOHCTBO 7°
yrBepk/ieHust 4 06 opOuTajibHON yCTORYUBOCTH 3aMKHYTBIX TPAaeKTOPUU BO3-
MYIIEHHOI CUCTEMBI.

1.7 Hekoropble YacTHBIE CJIyYan

@opMyJIHPOBKA OCHOBHOM JIeMMbI 8 00Jafaer ciegayromuMu (Hen30e:KHbIMN )
“HegocTaTKaMun’.

1. DTa dhopmyIHpPOBKa ABISIETCS JTOBOJIBHO I'POMO3JIKOM, MMOCKOJIBKY Tpeby-
eT JIOIOJHATETbHBIX IOCTPOEHHIT: HY?KHO OIIPeIeUTh CeMEHCTBO MOIIPO-
crpancTB 6,,, m € A, ¢ jeiicrBueM Ha HEM OKPYKHOCTH U CEMEHCTBO Ole-
paropoB “nepenoca’ P,y 9THX IOANPOCTPAHCTB B IEJYI0 OKPECTHOCTH
noaMHOroobpasus A.

2. YcoBus 3TOM JIEMMbI HEe TapaHTUPYIOT €JIMHCTBEHHOCTH HCKOMOTO BJIO-
JKeHUS 7, eCJIU He HAJOXKHUTD JOMOTHUTEILHOTO TPeOOBAHUSI COXPAHEHUS
nmeHTpa Macc. [Ipm 3ToM moHATHE TeHTpa MacC TOXKe HYXKHO CHeNuaIbHO
olIpeJleJisiTh, U 1IPU 3TOM OlLIpeJleJIeHUH BCE PABHO OCTAETCsl IIPOU3BOJI LIPU
BbIOOPE PUMAHOBOI MeTpUKHM Ha A W MOCTPOEHUN NMPOEKTUpOBaHUs Ha A.
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DTH HEJOCTATKU YAAETCs YyCTPAHUTH B HEKOTOPBIX CIEIUATBHBIX (HO BazK-
HBIX IS IPUJIOYKEHNH) YACTHBIX CJIyYasiX.

1.7.1 Cuayuait cTporoit HeBHIPO>KIEHHOCTHI

Y100b1 chopMyIupoBaTH OCHOBHYIO JIeMMY 8, HaM IOHAJI00M/IOCH OIPEIETUTh
JOBOJIBHO CJIOXKHBIA (U, IO CYTH, JOTOJHUTETbHBIN, T.6. TEXHUUYECKHI) 0OBEKT
— ceMeiicTBO nopocTpancTs 6, € T,,M, m € A, Bmecre ¢ jeficrBuemM oKpyK-
HOCTH Ha 3TOM T0JIe TOAITPOCTPAHCTB.

B 5TOM IyHKTe MBI ONMIIEM YACTHBIA CJaydail, B KOTOpoOM (hopMyJInpOBKa
JIEMMBI YIIPOIIAETCH, TaK KaK HeT HeOOXOMMMOCTH BBOIUTL STOT OOHEKT.

B paGore Borrkosa [14] nokazan wactublii ciydait Teopemsr 1 (Todnee, co-
obIaeTcst uiest JJ0Ka3aTeIbCTBa). A IMEHHO, B OTJINYHe OT TeopeMbl 1, B pabore
BorTtkosa mogMHoroodbpasme A mpejnonaraercsi cmpozo nesupostcoetnvim (eM.
ompejesierne 3), T.e. B Ji000ii Touke m € A KOpHEBOE IOIIPOCTPAHCTBO Ollepa-
topa dA,,(m), orBedatotiee cobcrBeHHOMY 3HadeHuto 1, copnajgaer ¢ T,,ANo.
(B meiicTBUTEILHOCTH, B 3TOi paboTe BOTTKO mpemnoaaraeT Takzke (B raMuTh-
TOHOBOM CJIy4ae), 94To JMOO CHMIUIEKTHYECKAs CTPYKTYPA sIBJISIETCS TOYHON B
okpecrnoctu A, mu6o H'(A) = 0. Ouako 310 orpaHnyenne 0JMHAKOBO HECYIIle-
CTBEHHO KaK B Hallleil KOHCTPYKIIWK, TaK U B KOHCTPYKIMK BOTTKOJIa, MTO3TOMY
MBI €r0 3/1eCh He PACCMATPUBAEM. )

HamomuuM, 94T0O B J0OKa3aHHON BBIIIE TeopeMe 1 moaMHOroobpasue A mpe/-
[OJIATAETCsI JIUIID Hesupootcoenibim (CM. onpejesierne 1), 1 He HAK/IA/IbIBAIOTCS
HUKaKNe OTPAHUYEHUS HA CUMILIEKTUYECKYIO CTPYKTYPY HWJIM TOMOJOTHIO Pac-
ciaoennsi S' — A — B.

OKa3BIBAETCS, YTO B CJIYUAE CIMPO20 HEGLIPOICIentozo A ceMeiicTBO moapo-
crpaucts 6, € T,, M, m € A, u geiicTBue OKpyKHOCTH Ha paccaIoeHun Uy,ep b,
He HYKHO CTPOHUTH CIICIUAIBLHO, TAK KAK OHH YK€ €CTh:

1. Posab nognpocrpanctsa b, (m € A) B 3T0M cIydae UrpaeT OPTOrOHATBLHOE
nononuenue B T, A K Kacarenbuomy BekTopy V(m) K TpaekTopuu, mpo-
XOJAIIER Yepe3 TOUKY M. 3/1eCb OPTOrOHAJIBHOCTD MOHUMAETCSI B CMbICJIE
KaKoit-m60 S'-uHBapuaHTHOil pUMaHOBO# MeTpuKH Ha A.

2. [leiicTBue OKpY:KHOCTH Ha YKa3aHHOM IOJI€ TOAITPOCTPAHCTB UHIYIIUPY-
eTCs1 eCTeCTBEHHbIM JIeficTBHEM OKPYZKHOCTH Ha A.

C y4éToM TaKoro ompejeeHus MOAIPOCTPAHCTB B,,, m € A, dbopmyaupos-
ka Borrkosa nosnocreio anagorndna gopmyauposke jgemmbl 8. ([Ipu srom
BorTkos He BBOJMJI, KOHEYHO, CHENUAJIBHOIO 0003HAYEHUS JIJIsi ITUX IOJIPO-
CTPAHCTB.)
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Cdopmymmpyem pesyabrar Borrkoaa [14] 6osee Touno. Pukcupyem 00y 0
puMaHOBY cBazHOCTL Ha H '(h) B oxpectHOCTH A M mepeHecéM KarKaoe II0jI-
IpoCTPancTBo O,,, m € A, B 6iuskue Kk m Touku m’ € H'(h) npu momornu
SKCIIOHEHIIIATLHOIO OTOOPAKEeHUS, OTBEYAIOIIEro CBA3HOCTH. Bosee TouHo, ome-
parop P, . “nepenoca” u3 rouku m B T0uKy m’ = exp,,(£o) oupemensiercs kaxk
P (€) = exp(Eo + €).

Teopema Borrkosa [14] yrBepkaaer, 4T0 CyImecTByeT Biaoxenue i : A —
H~'(h), S* nuBapmanTHOe BeKTOpHOE TOJTe & Ha A, Kacarenbmoe K A U 0OpTO-
roHaJTbHOE OTPAHMYEHHIO HeBO3MYIIeHHOro moag V ma A, n S' wHaBapnanTHas
bynxuus T wa A, Gimskas x T, Takue, 4to B 11060# Touke m € A

di(m)Vy = =—=V(m) + P itm)ém-

Kpowme Toro, takume BJIO)KeHUE ¢ W BEKTOPHOE moJjie & OmpejesieHbl OJHO3HA-
HO, eC/Ti TI0TPebOBaTh JOIOJHUTENILHO, YTOOb KaxKaas Tpaekropus Y(t) C A
COBIIQIAJIa, C MEHTPOM Macc eé obpasa mpu orobpaxkenum p o i : A — A, rme
p: U — A — oproronanbHas MpoeKIusa Ha MOoaAMHOrooOpasue A.

[Ipu oMoty 3roro yrBepk/ieHuss BOTTKOJ CTPOUT UHBAPUAHTHYIO (DyHK-
o S Ha A COBEpIIEHHO aHAJOTMYHO HaleMy nocrpoenuto (cm. 1. 1.6.1).

Ormernm, ato BoTTKOM HE TPUBOAUT MOAPOOHOTO JOKA3ATETHCTBA CBOEH
TeopeMbl, a JIUIIb COOOIIAaeT ero uaem B czkaToM Bue: “/lokazaTesbcTBO COCTO-
UT B PEIIEHUN JTMHEAPU30BAHHON CHCTEMBI U 3aTeM PEIIeHUU CUCTEMBI MyTEéM
ureparuu. [lapasuie/ibHbiil HEPEHOC HYZKEH HE TOJIBKO ISl IPUJIAHUS CMBIC/IA
YPaBHEHUIO, HO M €r0 HE3aBUCUMOCTH OT JuddepeHiuaia BAOKEHUs ¢ HEOD-
Xo/Ma 9To0bI M36eKaTh MOTepIo MPOM3BOAHBIX npu ureparun’ [14] (mepeBos
moii — E. K.). Dra ujes coBnajgaer ¢ ujieeil IpuBeEHHOIO J0KA3aTEIbCTBA (CM.
. 1.6.1), ecoiu mox “ureparueii’” MOHUMATDH “pellleHne HAJICTPOSHHON THHAMEYE-
ckoii cucrembl” (MOCTPOEHHON HAME B XOJ€ JIOKA3ATEIbCTBA), a MO “moTepeit
HPOU3BOHBIX  — “HECOBIIa/IeHNE KacaTe/bHBIX BEKTOPOB B TOYKE camMoliepece-
YeHUs] TPACKTOPUM .

1.7.2 Cuaydyait niaockoii 6a3b1

Pacemorpum erié onun 9acTHBIN ciaydail curyanun teopembl 1. Ilycts 6aza B
pacc/I0eHus MOAMHOT000pa3us /A Ha 3aMKHYThle TPACKTOPHUHE SIBJISIETCS IIOCKOIA,
T.e. 00JIAJIAeT NA0CKOT apdPurHotll c8A3HOCTBIO.

B s1om ciiydae nocrpoenusi, Heobxoaumbie it (DOPMYJIUPOBKUA U JIOKA3a-
TeJILCTBA JIEeMMbl 8 (& 3HAYUT, W JIOKA3ATEJbCTBA TEOPEMbI 1) MOXKHO 3HAYH-
TeJIbHO YIpPOCTUTh. [lpu 3TOM 0fHO3HAYHOCTH HOCTpOEHUs OY/IeT B €CTeCTBEH-
HOM CMBICJIE BBINIOJIHEHA, U He MOHAJ00OUTCS MOHATHE TEHTPa Macc.
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Bameuanne 13. Ecaun npu 3rom nogmHoroobpasne A ¢Tporo HEBHIPOKIEHO
(M. mpeabLAynHil TyHKT), TO GOPMYIHPOBKA JeMMbl 8 elmé 6oJiee YIpoCTUT-
cst. VIMeHHO Takast cuTyanus (TOUHee, CHelualbHbIi caydaii eé 0000IeHust, M.
caeayomuii MyHKT) u3ydanack B pabore Mosepa [25]. Bonee touno, B 3T0i
pabore JI0OKa3bIBaETC OINEHKA YUCJ/Ia 3aMKHYTBIX TPAeKTOPUN TaMHIBTOHOBOM
CUCTEMBI Ha I/ISOSHepFeTI/I‘{eCKOﬁ ITOBEPXHOCTHU B6JII/ISI/I IMOJIO2KEHH A PAaBHOBECUA
m € H~(h). PaccmarpuBaerca MacmTabHad 3aMeHa, B pe3yibTaTe KOTODOIl
HEBO3MYIIEHHON CHCTEMOIl CTAHOBUTCS JIMHEAPU30BAHHA CUCTEMA, 3a/aBaeMast
KBaIpATHYHOI YacThio pyHKIMH [aMUIbTOHA, a MOAMHOrooOpasue A (B HAIIIX
0003HAYEHHSIX ) ABJISCTCS CTaHAAPTHON ¢epoil B 96 THOMEPHOM CHUMILIEKTHYE-
ckoMm nomnpocrpanctee K C T, M. OcHoBHBIM pe3yabraToM paboThl Mosepa
[25] (oTHOCSATMMCST K TaMUJIBTOHOBY CJIy9ar0) siBisieTcst Teopema 4 [25], cormac-
HO KOTOPOii TPH JIOOOM JOCTATOYHO MAJOM £ YHUCIO 3aMKHYTBIX TPAeKTOPHUit
cHCTeMBI ¢ TaMuIbToRnanoM H Ha nosepxuoctu H ! (h+e?) He Menbe % dim E.

Pacemorpum BekToproe pacciaoenue uax A co caoem (1,,A) /(T ym) B JH0-
ooit Touke m € A. Torza Ha 9TOM pPaCCJIOEHUU JIETKO HOCTPOUTH ILIOCKYTO
CBSIBHOCTH, SABJSIONIyIOCs “‘nogustueM”’ adduuHOl cBs3HOCTH Ha Oaze B. A
MMEHHO, MOAHsATHE TI0CKOi c¢Bsi3HocTn Ha paccaoenne (1, A)/(Tmym), m € A,
OJTHO3HAYHO OIpeJesdeTcs CAeYIONNM YCIOBHEM: npoexyus wa B napasnens-
H020 nepenoca 6004 a1000U kpueol wa N Asaiemcs napassesvHbLM NEPEHO-
com na B. B gactHocTu, ecrecTBeHHOE JIefiCTBHE OKPYKHOCTH HA PACCIOCHUU
(T \)/(Tym), m € A, siBisieTcst napaJlieIbHbIM EPEHOCOM UCKOMOM CBSA3HO-
CTHU U TIOJTyY€HHAsT CBSI3HOCTH KOMMYTHPYET C €CTECTBEHHBIM JIefiCTBHEM OKPY K-
HOCTH Ha 3TOM PACCIOEHUU W TOYKe SBJIETCS TIOCKON.

Dra CBA3HOCTH 00JIAAET CIAEAYIONMM (XapaKTePUCTHIECKUM) CBOHCTBOM:
JIUTST JTI0DOTO MUKIA 7 S m Ha A, TOMOTOMHOTO 3aMKHYTHIM TPAEKTOPHAM Ha A,
orepaTop TOJOHOMUH, T.e. MaPAJIIEJbHBIIl TEPEHOC BIOJb Y, SB/ISETCS TOZKIe-
crBeHHbIM oneparopom B npoctpaictse (1, A) /(T Ym)-

[lepenecém 3Ty MIOCKYIO CBA3HOCTD Ha IOJI€ TOAIPOCTPAHCTB b,,, m € A, cm.
mar 2. PacemorpuMm Kakoe-HHOVIb “TIpOA0JIZKeHHE” STOTO MOJIsI MOITPOCTPAHCTB
BO Bce TOuKH okpecTHocTH U mommuoroo6pasus A 8 H~1(h), T.e. paccmoTpum
nosie © nopupocrpancrs 6,,, m € U, orpanndenue KoTroporo na A cosuajaer
C MCXOJHBIM. YKa3aHHYIO TJIOCKYIO CBSI3HOCTH HETPYIHO MPOJIOJIKUTH HA ITO
moJjie moAnpocTpancTs 6,,, m € U, Tak, 9T00BI MOJyYeHHAasT CBSI3HOCTH CHOBA
ObLIIa TJIOCKOIA.

B tepMuHax mocTpoeHHON CBI3HOCTH OCHOBHYIO JIEMMY 8 MOXKHO mepedop-
MyJiupoBarh Tak (Mbl nepedopMyIHpyeM TOJBKO OCHOBHbIE cBOjicTBa 1°, 2° n
3° 91O JIeMMBI).

IMpennoxxeuue 3. I[lycmv 6 ycaosusxr aemmor 8 basa B paccaoenus nood-
MHo2000pasus N na zamrrymue mpaekmopuu obaadaem naockol agddunmoi
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ceasnocmuro. Tozda cywecmeyiom S'—unsapuanmmuas 2aadkas dynxyua T na
A, bauskan ® Pynxyuu nepuoda T, u eroocenue i : A — ﬁ[’l(h), bauskoe
mootcdecmeernnomy, obaadarouwjue caedyrouwumu ceoticmsamu. g 11060t mou-
ku m € A sexmop

Eitm) = Vigm) = = —di(m)Vin
T(m)
6 mowke i(m) npunadaescum nodnpocmpancmey Oiyy. Ipu smom eexmoproe
noae &y € O, m € /~X, HG NOIMHO2000pa3UU A= i(A) napanrreavro ommocu-
MeAbHO YKA3aHHOT NA0CKOT C8AZHOCTIU HaA paccroenuts © = Uycybp,.

MU Ycao6us ONPedessom 8A0HCEHUE T 00HOZHAYHO, C MOYHOCBIO d0 dug-
peomopPusmos nodmrozoobpasus A na cebs, corpanaowuxr ecmecmeentoe deti-
cmeue oxpyotcrocmu. B wacmmocmu, nodmmnozoobpasue A emecme ¢ detiemeuem
Ha HEM OKPYAHCHOCTU ONPEIENEHO 00HO3HAYHO.

Jdoka3aTeabCTBO IIPEJJIOKEHHS 3 MMOJTHOCTHIO AHAJIOTUYHO JOKA3aTeIbCTBY
OCHOBHO# JieMMbl 8. OTIH4YMe COCTOUT B TOM, UYTO B JaHHOI CHUTyallUH BCe
“HaJacTpoeHHbIE” CHCTEMBI COBIAJAIOT HA MepecevdeHHr CBOUX obJacTeil ompe-
sesienusi. [Toaromy MOxKHO paccMoTperhb “eJIuHyI0” HaJICTPOEHHYIO CUCTEMY, He
3aBUCAIIYI0 OT TpaekTopun v C A. Y 370if cucTeMbl OJIHO3HAYHO HAXOUTCS
noaMHOro0Gpasue A = J(A), 3anonHenHOe €€ 3aMKHYTBIMI TpaeKTopusMu. Ha
9TOM IOAMHOTO00PA3UU O OOBIIHON (POpPMYJIe CTPOUTCS IIaaKas PYHKIHI S,
HHBaApHAHTHASA OTHOCUTEHHO JeHCTBHUSA OKPYKHOCTH.

Yrobbl BbIOpaTh Kakoi-Huby/ b jauddeomopdusm i : A — A, COXPaHSIONINIA
JIefiCTBIE OKPYZKHOCTH, MOYKHO MOCTYIHUTh KaK B OOIIEM CJIydae: BHIOpATh CHa-
JaJia Kakoit-uubyab auddeomopdusm j : A — /~\, OJIM3KUI K TOXK/IECTBEHHOMY,
1 o106paTh (y2Ke OJHO3HAYHO) oToOpazKeHue i Tak, 4Todbl auddeomopdusm
j~loi: A — A coxpaHsm MeHTPH Macc.

Ha amasjoruvnoii ujaee ocHOBAHO JOKa3aTeJIbCTBO pe3ysbrata padborbr Mo-
3epa 25|, B KOTOpOIl paccMaTpuBaJICs CeNUATbHBIN CIydail OMMCAHHON CUTYa-
nmun. B 3T0it pabore J0Ka3aH CAEAYIONMIT aHAJIOT YTBePXKIAEHU 3 /s OMHUCAH-
HOIT B 3aMedanunu 13 curyaruu: das 4100020 d0CMAMOYHO MAAO20 € CYULLCNEY-
tom eaadkue dyrryuu S u T na cdepe N, unsapuarnmmwe ommocumenvro det-
cmeua oxpysicnocmu ST, u makoe eaoscenue i amoti chepvt 6 Masyo OKpPec-
HOCMb TOYKY M, 4MOo 00pa3 NPy 6A0ACEHU © A1000T KPUMUYECKOT OKPYHCHO-
cmu dynwyuu S aesicum na noseprnocmu H—Y(h + €2) u aeasemea samrxny-
mot mpaexmopuet paccmampusaemoti 2aMUuUALMOH060T cucmemot. OTandne OT
YTBEPZKJIEHUsT 3 COCTOMT JIMIIb B TOM, 4TO 00pa3 cdepbl A 1pu BJIOKEHUH © HE
JIeYKUT, BOOOIIE TOBOPS, Ha MW303HepreTudeckoit nosepxuocrn H(h + %), no
TeM He MeHee 00pa3 00l KpUTHIECKOH OKPYKHOCTH (DyHKIUH S JeXKHUT HA
97Ol moBepxHOCTH. Kak MbI yxKe ormedann (cm. ciepctsue 3 u3 m. 1.1.3), u3
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NPUBEIEHHOTO YTBEPK IeHus ¢ yuaéTom paboTsl Beiincreiina [36] qeiicrBuresbHO
cJIejlyeT, 94TO UHCJI0 3aMKHYTHIX TpaeKTopmil na mosepxnocta H'(h + %) ne
MEHBIIIe % dim E.

HokazarenbcTso Mo3sepa [25] aHamIornano J10Ka3aTelbCTBY MpeIToKeHust 3
B cjydae miIockoit cBszHocTu. O HAKO TPeJIOKeHne 3 He NMPUMEHNMO K CH-
Tyamun, pacemorpennoii Mozepom. [leo B Tom, uTo ecau Ha 6aze B = A/S?
CyIIecTByeT Iockas addUHHAA CBI3HOCTH, TO Ha IOAMHOrooOpasuum A Toxke
cymecTByer miockast addunHas cBsa3HOCTh. (/s pUMAHOBBIX CBS3HOCTEH T10-
cresiHee yTBepzKaeHue HeepHo!) Jleso B ToM, uTo KacaTeabHoe paccaoenue Ty A
uas A uzomopduo npsimoii cymme paccesioenust ¢o ciaoem (T, A) /(Tym), m € A,
¥ TPUBHAJIBHOrO JiMHeiHOro paccioenust Hag A (t.e. co cioem R). Tak kak Ha
000UX PACCJIOHUSIX eCTh TLJIOCKasi CBSI3HOCTD, TO /\ sIBJIsSIeTCsT TJI0CKUM. A B CH-
Tyanun, paccMoTpernoir MozepoMm, A saBisgercs cdepoil, KoTopas He SBJISIETCS,
BOOOIIIE TOBOPS, ILTOCKOIA.

OuxHaxko, ecjiu J00aBUTh HPAMYIO K KacareabHoMy paccioenuio T, A x cdepe,
TO MOJIYYEHHOE paccaoeHue Haj chepoit A craHeT TPUBHAJBHBIM, U TO3TOMY
Oy1eT 06J1a7aTh TJIOCKOH CBA3HOCTHIO. OKA3BIBAETCS, 9TO B 9TOM CJIydae aHAJIOT
IpeJIJIOKEHHS 3 OCTAHETCS CIIPaBe I TUBBIM.

B crenyromem nmyHKTe MBI c(hOPMYIUPYEM YTBEPKIEHNAE, KOTOPOe 0000ITaeT
caydail IIocKoi 6a3bl B 1 MPpUMEHNMO B CUTYAIIMH, paccMOTpeHHo# Mo3zepoM.

3ameuyanme. YKaxkeM OTJIHYHE JIOKA3ATEJIHCTBA TeopeMbl 1 B 00IIeM cirydae
— KOTJIa HET HUKAKWX OFPDAHWYEHUH HA TOMOJIOTHIO PACCJIOEHUS MOJIMHOI000-
pasug A C H !(h) Ha 3aMKHyTbIe TPaeKTOPHH HeBO3MYIISHHOH cHCTeMbl. B
4acTHOCTH, KOIJla He IpeJmojaraercd, 9ro 6asza B = A/S! storo paccioenns
ob.1agaeT mI0ckoi apGUHHON CBI3HOCTHIO, HJIN UYTO PACCTOEHHE VIOBIETBOPSIET
YCJIOBUSIM TIpe/JI0zKeHns 4.

HokazarenbctBo (cm. 1. 1.6.1) yrBepxkaenust 3 (obobimatotniero reopemy 1)
MPOBOJMIOCH TI0 CXeMe JI0KA3aTeThCTBA MPEIOKEHHUsT 3: Mbl PACCMATPUBAIH
“HaJICTPOEHHYIO” JTUHAMHYECKYIO CHCTEMY, T.e. CUCTEMY B IIPOCTPAHCTBE HEKO-
TOPOTO PACCTOEHUS HAJT UCXOTHBIM (hba30BBIM TPOCTPAHCTBOM, OTPAHUYEHUE KO-
TOPOWl HA HYJIEBOE CEYEHUE COBIAJIAET ¢ JAHHON cucremoit. Orimuune 1oKa3a-
TeJIbCTBA COCTOUT B TOM, 9TO HAICTPOEHHAs] CUCTEMA ObLIA A0KAAbHOU: OHA 3a-
BHCeJIa OT mapameTpa — Tpaekropun v C A, u Obl1a onpejiesieHa JIUIb B MaJIoi
okpectHoctu U, 370t TpaekTopun. Kakiyio Takyio JOKaIbHYIO HAJICTPOCHHYTO
CUCTEMY MBI CTPOWJIH B JEHCTBUTEILHOCTH MPHU MOMOIIU HEKOTOPOH N.a0cko1l
afpunnoti ceaznocmu B oKpecTHocTH TOUKH p(7y) Ha 6aze B, DIaako 3aBHCS-
mieii ot 3aMKHyTOi Tpaektopun ¥ C A. (JlokaabHO, T.e. B OKpecTHOCTH JH060I
TOYKH, MJIOCKAsI CBSI3HOCTH BCerja cyrecTByer!)

Urak, B 0bmieM ciaydae mpu J0Ka3aTeJIbCTBE TeOPEeMBbI 1 MBI pACCMOTPEH Te-
JIoe cemeticmeo HadCmpoerHbly cucmem, B KOTOPOM MapaMeTPOM CIYKUT TOIKA
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p(7) na 6aze B = A/St, uam zamxuyras Tpaextopus v C A. I'py6o ropops, Mbl
daKTUIeCKN pacCMOTPEH “ABaK/Ibl HAJICTPOCHHYIO CHCTEMY, T.e. CHCTEMY, 3a-
JaHHYI0 B IPOCTPAHCTBE HEKOTOPOro paccaoenus Uyep©,-1(;) Hax B. Bee cion
9TOT0 pPAaCCJIOeHUST WHBAPHUAHTHBI OTHOCHTETbHO HAJICTPOEHHOI CHCTEMBI, U eé
orpanuyenue Ha J000it cj10it ©, ABiIgeTCS B CBOIO OYepelb HAJICTPOEHHOI CH-
CTEMOVWA.

1.7.3 Cuaydgait mJI0CKOro njan cTabmjiabHO MJIOCKOTO MOAMHOrooopa3ms

[Tycre Gasa B pacciioennsi A Ha 3aMKHYTbIe TPAeKTOPUH HE SIBJISIETCSI, BOOO-
e roBops, miockuM. Ho mycrs camo moaMuOroobpasme A obmagaer naockot
apPunnoti ceA3HOCMBIO, KOMMYMUPYOULET ¢ deticmeUuem 0OKPYHCHOCMU, U I
KOTOPOIi OmepaTop roJOHOMUE SBJIsteTcst TOxKaecTBeHHBIM. (ITpu sTOM JelicTBue
OKDPYZKHOCTH YK€ He SIBJISIeTCsl, BOODIIE TOBOPSI, MapaJlJIeJIbHBIM [EPEHOCOM. )

Ecan ke A He gBjsieTcst mIOCKUM, TO HPEIIOJ0KNUM ellé 0oJiee 0OLLyIO CH-
Tyanuio. A UMEHHO, HPeANoIOKUM, 9T0 A gBJsgercs cTabUIbHO IJIOCKHM, T.€.
mocJie IpudaBIeHNs] TPUBHATBHOIO PACCIOEHHSA K KACATEJTHLHOMY PACCIOEHHIO
T, A, HA TOJYIeHHOM pPACCIOCHIH

E=RY@T.A (54)
HaJ[ A CylIecTByeT naockas CA3HOCMb, KOTOPas

1. cornacoBana (T.e. KOMMYTUDYET) ¢ delicmeuem OKPYICHOCTU, 1

2. It KOTOPO# 0Nepamop 2040HOMUU ABAACMCA MOHCOECMEEHHBIM ONEPa-
mopom

(N — gocrarodno GoJibiioe HaTypajabHOe 4ucsio). [Ipu sTom mpesmoaaraercs,
4TO OKPYKHOCTD JeifcTByeT Ha mpocrpancTse IRY Toxk1ecTBeHHBIME Ipeobpa-
30BaHUSIMH, & IIOJT OIIEPATOPOM IFOJIOHOMEH IIOHAMAETC HapasiiebHbII IepeHoc
BJIOJTb 3aMKHYTOIl TpaekTopun Ha A.

Eciin cucrema 3asucur or N 1apamerpos, To B KadecTse npocrpancrsa IRY
MOYKHO B3SITh HMPOCTPAHCTBO MapaMeTpoB cucreMbl. Hampumep, B pabore Mo-
3epa [25| paccmarpuBaercst B feiictBuTesibHocTH caydail N = 1, u B KavecTBe
npocrpancTsa IR! Gepércs nmpocTpancTBo 3HAUeHHiT SHeprun H.

3ameuaHme. Yc/I0BUE COTJIACOBAHHOCTH CBI3HOCTH C JE€HCTBUEM OKPYZKHOCTH,
OIIpeTeIEHHBIX Ha OJHOM H TOM Ke paccioenmn F Hax A momyckaer ciemyro-
myio nepedopMyIupoBKy. PacemorpuM Ha paccaoennu £ = RY @ T, A nome K
omepaTopoB K,,, m € A, Ha3zbIBaeMoOe K08apuaHmMHOU Npoussodnoti deticmeus
OKPYIAHCHOCTIU U OTIPEJIe/IieMOe PABEHCTBOM

K& = V%as(m)(das(m)fﬂszo, e E,,meA, (55)
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rae as : RY ® A — RY @ A — neiictue si1emenTta s € S' na MHOr0O6pa3nn
RY @ A, day : E,, — Eq,(m) — cooTBeTcTByIOIIee KacaTelbHoe 0TOOpazKeHue.
Torma cortacoBaHHOCTH CBA3HOCTH C JIEHCTBHEM OKPYKHOCTH PABHOCHIbLHA 7.a-
PAANEALHOCTNA TIOJIS OTIEPATOPOB K OTHOCHTEIBLHO STOH CBA3HOCTH:

VK =0,

rie V — omepaTop KOBapHaHTHOTO JudHepeHIupoBaHnsd, OTBEYAONINNA CBI3-
HOCTH Ha paccsoenun (54).

Jpyruvu cioBaMu, Mbl TIPEIIOIaraeM, 9To JTeiCTBIEe OKPYKHOCTH HA pac-
caoennu (H4) siBisiercss “paBHOMEPHBIM” 110 OTHOIIEHHIO K IJIOCKO CBSI3HOCTH.
1o ycaoue HAa A 0000MIaeT yCa0BHE TPEIOKEHHs] 3, TOCKOJIbKY B CIydae
IJI0CKOiT 6a3bl B cymecrByer miockas adpGuHHAs CBI3HOCTD Ha, A\, IBJISIONIASICS
“momusTHEM” ILIOCKOI CBSI3HOCTH Ha B, TaKas, 9TO KOBapHaHTHAS IPOU3BOIHAI
IC neiicTBUS OKPYKHOCTH TOHCICCTNBERHO PAGHA HYA10, & HE TOJBKO HapaJLIe b
na. [locaeanee ciegyer u3 TOro, 4T0 B 9TOM CiIydae JIeHCTBUE OKPYKHOCTH HA
T, A cam6 siBjIsieTcst apaJlJIeJIbHBIM [T€PEHOCOM.

Bameuanne. B kaxioit Touke m € A oneparop e~ ?™*m copnamaer ¢ onepa-

TOPOM TOJIOHOMUH, T.€. C ITAPAIEIbHBIM HEPEHOCOM BJOJIb OKPYKHOCTH as(m),
s € S, m mosromy sBaserca ToxgecTBeHHBIM. OTCIONA ClemyeT, UTO CyIie-
crByeT S'-mHBapmaHTHad pHIMaHOBa MeTpHKa Ha HOIMHOroobpasmm A, cora-
COBaHHAS CO CBSA3HOCTHIO HA paccyoeHun (54), T.e. COXPAHSIOMASICA TPU Ta-
paJuiesibHOM 1eperoce. OTHOCUTEJILHO 9T0i MeTpuku oueparop kK, sBisercs
KOCOCUMMETPHUYIHBIM.

Kak u B 1pejpliyemM [yHKTe, IePeHeCEM 9Ty IIOCKYH0 CBI3HOCTD (BMecTe
¢ 1oJieM oneparopos K, 1 pUMaHOBON METPHUKOil) Ha I0JIe HOIIPOCTPAHCTB

R @0, mecA, (56)

vie 0,,, m € A, — nose, onucannoe na mare 2, RY™ = R,,; ® RY, R,,; =
T Ym- Tax kax usomopdusm mexiay pacciaoenusMu Upep (TnA) /(T ym) n
Umea0m KOMMYTHDYET ¢ JeldcTBHeM OKpYyKHOCTH (caeacTBue 8, ¢M. mar 2),
TO IepeHecéHHas CBSI3HOCTH TOXKe Oy1eT KOMMYTHPOBATEH C €CTeCTBEHHBIM JIeii-
CTBUEM OKDYKHOCTH Ha T10Jie ToAnpocTpancTs (56). B uacTHOCTH, TIEpeHecéHHOe
1oJie oneparopos K, onars Oy/aer napaJiie/bHbIM.

Kak u BbItre, paccMoTpuM JII000€ “IIPOI0JIZKeHNe” MOt HOAIIPOCTPAHCTB 0,
m € A, Bo Bce Touku okpectHocTH U niogmuoroobpasust A B M, T.e. paccMOTpuM
I0JIe HO/IPOCTPAHCTB

RY>* @0, mecU, (57)

orpanudenue koroporo Ha A coBuagaer ¢ nosem (56). Ilepenecénuyro miockyio
CBA3HOCTH BMeECTe ¢ moJieM oneparopos Cp,, m € A, HeTpyIHO NPOJOJIKUTH Ha,
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noJie mompocTpancTs (57), Tak, 9TOObBI MOy YeHHOe TI0Je 01epaTopoB KC,,, m €
U, na paccioennu (57) cHOBa ObLIO MapaJjielbHO OTHOCHTEIBHO IOJIyYeHHOi
CBSI3HOCTH.

CupaBe/TUBO caeayiomiee 0000IIeHne TpeIT0KeHHs 3, AHAJOTHIHOE JIeMMe
8, U3 KOTOpOro ciejyer pesyibrar pabors Mozepa [25] (mpu N = 1).

IIpeanoxenne 4. B ycrosuax semmoi 8 pacemompum paccaoenue RY O (T, N)
nad A ¢ ecmecmeennvim deticmeuem oxpysicrocmu St na ném, 2de N € IN,.
ITyemov cywecmeyem naockas CA3HOCING HaA IMOM PACCAOEHUU, KOMMYMUPY-
0ULAA € eCMECMBEHHBIM JeTCmEUeMm OKPYAHCHOCMU, NPUYEM ONEPAIMOPDL 2040~
HOMULU, OMBEYUAIOULUE 3AMKEHYMBLM Mmpaekmopuam na N, asiaromes mosicde-
cmeennoimu. Ilyemo K — coomeememsyrouee napasiesvroe noie onepamo-
poe (55) wa amom paccroeruu. Pacemompum coomeememsyrousue deticmeue
OKPYACHOCTNU, NAOCKYI CEAZHOCTG U NAPAALEALHOE NoAe onepamopos K Ha
paccaoenuu (57). Toeda cywecmeytom eaoscenue i : A — RN x U, 6ausxoe x
mostcdecmeentomy, u eaadkasn St —unsapuarmnasn dyrruyus T na A, 6auskas
K pynryuu nepuoda T, obaadarouwjue caedyrouumu ceolicmeamu.
1° Jlasa moboti mouku m € A eexmop
T(m) ~
6 = o View = dilm) Vi

NPUHADAEHCUM NOONPOCPAHCTEY ]Rf\([:g)l

8 MoKy M opmo2oraseH 8eKmopy Vi, .
2° Bexmopmoe noae £ 60oav nodmnozoobpasus i(N) ydosaemeopaem ypas-
HEHUIO

® Oi(m), u e20 napasreavroli neperoc

2m
Vdi(m)Vmgm = W’Cz(m)gma m € A7

2de V — K06apuanmmas npouseoonas 0mHoCUMesbHo NAOCKOT C8AZHOCTNU Ha
noae nodnpocmparcms (57).

3° Cpeodnee anavenue sexkmop-gynkuyuu h o 1 6doav xascdol mpaekmopui
v C A pasno 0, 2de h : RN x U — RN — npoexyus na nepswiii commoscument.
B wacmmocmu, das aobot mpaexmopuu vy, makot, wmo &|iy = 0, eé o6pas i(7y)
ueaurom aesicum na noseprnocmu h=1(0).

4° ITpu amom 603mywénmnoe nodmmnozoobpaszue A euda A = i(A) eduncmeen-
no. Boaee mozo, eroocenue i onpedeserno 00HO3HAUHO ¢ MOYHOCTBIO J0 Jup-
peomopPusmos nodmrozo00pasus A na cebs, corpansowuxr ecmecmeerHoe deti-
cmeue okpyatcHocmu ma A.

OrMeTnM, YTO B 9TOM MpPEIOXKEHUH TpeOyeTcsl CYNEeCTBOBAHUE ILIOCKOIL
cBsaA3HOCTH Ha, pacciaoenun Hag A co cioem RN @ (T),A), pasmepHOCTH KOTOPOTO
Ha N + 1 Gosbilte, 4emM pa3sMepHOCTH CJI0sI U3 MPEeIoKeHus 3. 3a CI€T HTOro
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“nHajgcrpoernnoe”’ (a3oBoe MPOCTPAHCTBO B JA0KA3aTeJIHLCTBE MpeiokeHns 4 Oy-
JIeT HMeTh pa3MepHOCThb Ha 2N 42 0oiblie, 4eM B JI0Ka3aTeTbCTBe aHATOTHIHOI
JeMMBI 8. A HMeHHO, KpoMe yKa3aHHOro yBenudenns Ha N + 1 pasmepHocTH
cnos, HyKHO BBecTH N + 1 JTOMOTHUTETHHBIX MTapaMeTPOB CHCTEMBbI: 3HAUYEHHE
nepuona T u 3uadenns napamerpos h € RY.

SBameuanme. Ilycrs N = 0, 1.e. nogmuorooopasue A sBjsercs HJIOCKUM H
cymiecTByer Tpebyemasi MJI0CKasi CBA3HOCTH Ha, paccioenun T, A, T.e. KomMMmy-
THPYIOIIad ¢ JAeficTBHEeM OKPYKHOCTU W HMEIONAsl TOXK/IECTBEHHBIH OIepaTop
TOJJOHOMHUH, OTBEYAMOIINNA 3aMKHYTHIM TpaekTopuaM Ha A. Torma cupapemsmBo
CTeyIoNIee YTOUHeHUe MpeaaoKeHns 4. A UMEeHHO, TYHKT 3° 3TOTO IpemozKe-
HUA MOXKHO 3amenuthb ycjaosuem ¢(A) C h=1(0).

Jloka3aTenbCTBO NPEIOKEHNd 4 COBEPIIEHHO aHAJOTUIHO JIOKA3aTENbCTBY
IPEeJIOKEeHNA 3 U OCHOBHOMH JieMMbl 8. OCHOBHOE OTJIMYHE COCTOUT B TOM, UTO
IpH JI0Ka3aTe beTBe npeioxkenns 4 (Kak u npu Jokasareabcrse Mosepa [25])
paccmaTpuBaercs Hexomnarmmoe nogmuoroodbpasne RY x A ¢ RN x U, 3a-
[IOJTHEHHOE 3aMKHYTBIMU TPAEKTOPHUSIMH HEBO3MYIIEHHON cucreMbl. CTpouTcs
coorBercTByIomiee Biroxkenne i : DV x A — IRY x U, 61u3K0e K TOXKIeCTBeHHO-
My, TIpH KOTOPOM 00pasbl 3aMKHYTBIX TPAEKTOPHUI He /esrcam, BOOOIIe roBops,
Ha nosepxuocTax {h = const}, rae DY — oxpecrnocts nyaa s RY. Tlocie sro-
10, 94TOOBI BbIIEIUThH TPaeKTOPUH Ha HyJaesoM yposae H ~1(0), paccmarpubaercs
ra noamuoroobpasun i( DY x A) “yepennénnas” Bekrop-bynkuus h* u 6epercs
muozkecTBo yposug (h*)™1(0) sroit dyukmuu [25]. SlcHo, uro mocTpoenHoe mo-
MHOT000Opa3ne eCTeCTBEHHO PACCJIOeHO Ha OKpYy:KHOCTH, mauddeomopdro A u
COAEPZKUT BCE 3aMKHYTbI€ TPACKTOPUU BO3MyHléHHOfI CUCTEMbI Ha IIOBEPXHOCTHU

h=1(0).
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2 Hexkoropnie 0600mIeHNS 1 JOMOJTHEHUSA

2.1 Pouap mocTossHCTBa 3HAYEHUIA YHEPrUu, PYHKIUU IIe-
PUOJA M CUMILJIEKTUIECKON CTPYKTYPhI

2.1.1 3amkHyTbIe TpaeKTopun (PUKCUPOBAHHOIO IIEPHOIA

OTMmernM, 9TO M3 TeOpeMbl 1 cjeayeT CyIecTBOBaHHE YKA3aHHOIO YHCIa 3a-
MKHYTBIX TPaeKTOpUil Ha JII0O0N HM309HEPreTHUYeCKON MOBEPXHOCTHU H _1(h’),
OJIM3KON K MCXOJHOM, a HE TOJIBKO Ha MOBEPXHOCTH ﬁfl(h), IIOCKOJIbKY 3Had4e-
HUE SHEPrunu MO2KHO pPaCCMaTpUBaATh KaK ,HOHOI[HI/ITQIIBHBIIL/'I ImapaMeTp BO3MY-
menus. B obom ciydae, TeopeMa 1 oleHUBaeT YUCI0 3aMKHYTHIX TPaeKTOPHIA,
JIeZKaIuX Ha OJHON M TOi Ke W3039HepreTmdecKoil moBepxHocTu. OKa3bIBaeT-
Csl, YTO BMECTO 3HAYEHHUs SHEPIUU MOKHO (PUKCHUPOBATDH I€PHUOJ[ 3aMKHYThIX
TPACKTOPUI U 110J1y4aTh AHAJOIMYHYIO OLEHKY JIJId YUC/Ia TAKUX TPACKTOPUN.

[IpuBeném 3j1ech anaJjior TeopeM 1, 2 u 3 Jjijid cjaydas, KOrja MEepHOJ, 3a-
MKHYTBIX TpaeKTopuii Ha moamuorooopaszun A C M mocrogHeH, m TpeOyerT-
¢ ONEHUTH YHUCJ0 3aMKHYTBHIX TPAeKTOPHUH BO3MYIIEHHON CHCTEMBI C TeM Ke
nepuogaoM. Ilycrs, HampuMmep, Bce TPaeKTOPHH HEBO3MYIIEHHO cucTeMbl Ha A
UMeIOT eproj 1 (J1si HEKOTOPBIX TPAEKTOPHIL STOT IIEPHOJ] MOXKET He ObITh M-
HUMAJTBHBIM). OTMeTHM, 9TO B JAHHOM CJIy9ae MOBEPXHOCTH A He 00si3aTebHO
JIEZKAT Ha HW309HEPreTHYECKON MOBEPXHOCTH U, OoJiee TOro, MOXKeT COJepzKaTh
KPUTHYECKHE TOYKH TaMIJILTOHHAHA, TaK UTO Cpeau TpaeKTopuii Ha A mMoryr
OBITL ocobble Touku. Onpegenum otobpazkenue [Iyankape Kak moTok A = gk
cucrembl 3a BpeMsi 1 Bo BcéM ha30BOM HPOCTPAHCTBE (HO HE KAK OrDaHUYCHHE
9TOTO MOTOKA JIMIIb HA W309HEPIeTHYECKYIO OBEPXHOCTH ).

OmnpejieieHre HEBBIPOKIEHHOCTH W CUJILHOMN ycToiianBocTH A B 9TOM Ciiydae
COBIAaeT ¢ ompejeeHusaMu 9 u 13 B caydae oTobparkeHuii.

Teopema 5. [lycmv nodmmnozoobpasue N C M, sanosnennoe samrrymoimu 1—
nepuodUUECKUMY MPAEKMOPUAMYU HEBO3MYWLEHHOT cucmembl, Komnaxmmo (6e3
kpas) u neewposcdeno. Tozda wucro samrnymoir 1-nepuoduveckur mpaexmo-
Puli BOSMYULEHHOT CUCTNEMDL HE MEHDULE, HEM MUHUMAALHOE HUCAO KPUMUYE-
ckuz mouex aaadkoti ynryuu na garmop-mmozoobpasuu B = A/S*. ITpu smom
YUCAO MAKUT MPLEKMOPULl ¢ YUEMOM KPAMHOCMEN HE MEHDULE MUHUMAADHOZ0
wucaa kpumuveckur gynkyuu Mopea na B.

[Tpu sTom pyrknus f Ha hakTOp-MHOrOOOpa3un B HA3BIBAETCS TJIa KO, eC-
mu dyuknus fop Ha A aBaserca raankoii. ['magkas dyaknus [ Ha B Ha3bpiBaeT-
cs1 MOPCOBCKOIA, ectit pyHKIus f o p Ha MHOroobpasun A saBisgercss 60TTOBCKOIA,
u J11000e e€ KpUTUYeCKoe MOJMHOI000pa3ue sB/IeTcsd 3aMKHYTOH TpaeKTopueil
HEBO3MYIIEHHOM cucTeMbl Ha A (HampuMep, MOJOKEeHHEeM PABHOBECHS).
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Teopema 6. Ilycmv 6 ycaosuaT meopemvl 5 B03MYULEHHAA CUCMEME 2400-
KO 3Q6UCUM O MAA020 NAPLMEMPA €, M.€. UMEEM 2aMULLMOHUAH 6uda (4).
Pacemompum wa N yepednénnoe sosmywenue, m.e. 2aa0ky10 Gyrryuto euda
H(m) = [y H(y(m,t))dt, m € A, 2de H = Hy|s, v(m,t) — pewenue nesos-
MYWEHHOT cucmemv, ¢ Hauasohom yeaosuem y(m,0) = m. Ilyemv v C A
— bommosckas kpumuneckas mpaekmopua dynryuu H. Tozda cyuecmeyem
00HONAPAMEMPUIECKOE CEMETCTNBO 3AMERYMLLL 1-nepuoduyeckur mpaexmopud
Ve BOBMYULEHHOT cucmembl. Mo cemeticmeo 2aadko 3a8Ucum om napamempa
B03MYWEHUA €, 20 € Jocmamouno Mano, u Y. cosnadaem ¢ Yo npu € = 0. Ilpu
IMOM, ECAU MPAEKMOPUA Yo ABAAETCH NOAOHCEHUEM DPABHOBECUA, MO MPAEK-
MOPUA Yz MONCE ABAAETNCA NONOHCEHUEM PAEHOBECUA.

Teopema 7. Ilycmov 6 ycaosuar meopemvs 5 nodmmozoobpasue N C M cusvro
yemotivueo 6 aunetinom npubruscenuu. Iyemo 2amusvmonuan H 603mywén-
HOT cucmembl 2A00K0 3a8UCUm 0m Man020 napamempa € > 0, m.e. umeem sud
(4). Iyems mpaexmopus o C N aeasemes bommoscrum nodmnozo06pasuem
NOKAALHO20 MAKCUMYMA (UAU MUHUMYME AUOO0 MUHUMAKCG, 6 346UCUMOCTI
om cumyayuu 6 onpederenuu 13) dynxyuu H, m.e. umeem mecmo “coena-
cosannas 3narxoonpedesérnnocms”. Tozda eworcusarousas cozaacno meopeme 6
damrrymasn 1-nepuoduneckas mpaekmopus Ve, 0 < € < €9, 803MYULEHHOUT CU-
cmembl CMPYKMYPHO Yecmotuuea 6 AUHETHOM NPUOAUNCEHUL.

B rteopeme 7 cTpyKTypHasi yCTONYMBOCTH 3aMKHYTOH TPAaeKTOPHH Y. IO-
HUMaeTCsd B CAeVIONeM CMbIcTe. B ciaydae, Korjga TpaeKToOpus 7y SBISETCS
IIOJIO?KEHUEM PaBHOBECHS, YTBEPZXKJIACTCH, 9TO IOJIOKeHHEe PABHOBECUA 7Y AB-
JISIETCS CTPYKTYPHO yCTOWYUBON HEINOJBUZKHON TOYKON 0TOOparKeHUSsI A= g};,
a B CJydae, KOrJa Yo He dBAIeTCd IOJOXKEHWEM PaBHOBECHS, YTBEPXKIAETCHd,
YTO 3aMKHYTas TPAaeKTOPHS 7. OPOUTATBLHO CTPYKTYPHO YCTOWYNBA B JIHMHEN-
HOM TPUOIVKEHUH HA COOTBETCTBYIOIIEll MMOBEPXHOCTU H _l(h).
dokazareancTBo. Paccmorpum B paciiupeHHoM (a30BOM ITPOCTPAHCTBE

M x ]R(h) X S(lt) (58)
raMHJIBTOHOBY CHUCTE€MY OTHOCHTEJILHO CUMILIEKTHYIECKOMI CTPYKTYPbBI
w? —dh A dt (59)

u bynxuun Fammisrona H — h, tae tmod1 € R/Z = S' — napamerp na
OKPY>KHOCTH. VI3BECTHO, YTO pElIeHUsIM TaKO#i CUCTEeMbl Ha HEe0C0o0Ol n303Hep-
reruueckoii nosepxunoctn { H —h = 0} oTBevaroT pemenns HCXOAHON CUCTEMBI.
¢IcHO, 9TO IPH ITOM COOTBETCTBUU 1-TEPHOJNYECKUM TPACKTOPUIM HCXOITHOI
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CUCTEMbBI B TOYHOCTHU OTBEYAIOT NEPUOJNYIECCKUE DEIICeHU A HOJIyquHOﬁ CUCTEMBI
ua nosepxuoctu { H —h = 0}. Ilpu s10oM Kazk10ii 1-Tlepuonaeckoii TpaeKTopun
HCXOIHOM CHCTEMBI, He SBJISIONICHCA MOJIOKeHHEM PAaBHOBECHS, OTBEYAET OHO-
mapaMeTpruueckoe ceMeiicTBO MepuouIecKuxX TpaekTopuii cucremsr (58), (59),
rjie napaMerpom cemeiictsa cayxkur spems ¢ € S, (B ueiicrsuresbnocru, 1+
nmepuonvecKkasd TpaeKTOpud I/ICXOILHOI;‘I CUCTEMBI — 39TO TOZKE IMapaMeTpUu30BaH-
Hag kpubasg (), rie y(1) = v(0), oaHAKO OOBIYHO TPAEKTOPHUHU, OTJINIAIOIHECS
CJIBUTOM BPEMEHH, CYUTAIOT COBIAIAONTIMI. )

VenoBre HeBBIPOKICHHOCTH A SKBHBAJIEHTHO TOMY, 9TO 3aMKHYTBIE TPaeK-
ropuu HOBOI cucremsr (58), (59) 3aMeTAIOT HEBBIPOXKIEHHOE HOIMHOro0Opasue

AxS'Cc{H—h=0}.

CorracHO yTBEPKICHUIO 3, CYNIECTBYIOT IVIAQJIKOE BJIOKEHWE 7 U IJIa IKasi
Sl-unpapuantnas Gynkmus S na mogMHOroobpasun A x S, yrosaersopsromnme
YCJIOBUSIM 3TOTO YTBepKAeHnsd. Tak Kak cucreMa nMeeT MUKJINIECKYTO TepeMeH-
HYIO t, TO BCE OOBEKTBI, CTPOSIIUECs PH JIOKA3ATeJbCTBE YTBEpKAeHus 3 (u
HeoGxoauMble Jii (POPMYJIUPOBKH OCHOBHOfH JIeMMBI 8), MOYKHO B3Th HE 3aBH-
csumu ot t. Tak Kak 1npu JoKa3aTe/ibCTBE YTBEPK/JICHUS 3 yKa3aH OJ[HO3HAY-
HBIH c110CO0 TOCTPOeHUsT (DYHKITNH S U BJIOZKEHUSI ¢, TO PYHKIMSA S U BIOKEHHE 1
Oy/IyT MHBApUAHTHBIMU OTHOCUTEJIHLHO CIBUTOB Bpemenn t — t+ty. Orcroma cire-
nyer, 910 MYHKIHA S 00H03HA4HO OIIYCKALTCS HA MCXOMIHOE IOIMHOTO00Opa3ne
A, a BiIOXKeHHEe ¢ KOMMYTHDPYeT CO CABUIOM BpeMeHH B (ha30BOM MPOCTPAHCTBE
(58). Kpome Toro, cortaco yrBepzx/aenuio 3, GyHknus S MHBAPUAHTHA OTHO-
CUTEIHHO eCTeCTBEeHHOTO feiicTust okpyzkuoctu Ha A x S1. Ciegosaresnnno, sra
byHKIHUSA 0HO3HAUHO onycKaeTcs Ha dakTop-muoxkectso B = A/SY. Orciona,
¢ yU€TOM yTBepxKJaeHuil 3 u 4, caeayioT TeopeMbl o, 6, 7. IIpu aTom B caydae,
Korza Yo C A He gBJgeTCs MOJOKEHNEeM PABHOBECHS, HYKHO BOCIOJIb30BATHCS
cBOMCTBOM 3° M3 yTBEpKIEHUS 3 O COBHAJIEHUHN 0Opa3a reccuana (bpyHKmum S
upu oroGpazenun di(m) ¢ sapom oneparopa dA(i(m)) — I.

AHasormYHOE J10KA3aTeJhCTBO IMOKA3BIBAET, UTO TAKHE YK€ YTBEPKICHUS
BepHBI B CJIeylomeii Oojiee oOIIeit curyannm.

2.1.2 3amMKHYTbIe TpaeKTopun (PUKCUPOBAHHOTO THUIA

ITycrs B wiockocrn IR} ) 3a1ana riajKas peryaspaas Kpusas (1 (0GBITHO MOZK-
HO CYHTATh, YTO OHA CBSI3HA W 3aMKHYTa). Bosiee TOYHO, paccMOTpuMm Jioboe
[OIPY2KEHUE OKPYZKHOCTH WJIM MPSIMOH B 9TY IJIOCKOCTh, IJie OKPY?KHOCTb HJIA
npsiMast PACCMATPUBAETCsI ¢ TOYHOCTHIO JI0 TVIAJIKUX 3aMeH napamerpa. Hanpu-
Mep, KpuBasi ft MOxKeT uMerh B {h = const} nam {\ = const}.
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[Tycrs A — riajikoe moaMHOr00Opa3ne B CUMILIEKTHIECKOM MHOI00Opa3nu
M, ciutonmb 3amoTHEHHOE 3AMKHY TBIMU TPAEKTOPUSIMU CUCTEMBI C TAMUTILTOHN-
anom H, mpumuém Ha A 3amana riagakas ¢pyukmusg nepuoga 1'. Pacemorpum ma A
ase Tiagkue S'-mapapuantabie Gynknuu: H u T, a TakxKe 3a7aBaeMoe 3THMMI
dbyakmuamu riaakoe S'-uHBapuanTHOE 0TOOpPAYKEHUE B IIOCKOCTD

A—TRj,, h=H(m),A=T(m), meA. (60)

[Iycts 06pa3 roro orobparkenus JjiezKUT Ha Kpuboit p. [Ipu 3Trom cumraercs,
YTO €CJIM KPUBAsl [i UMEET CaMOIEPECEeYeHus, TO JIJIs KaxKJIoil Toukn m € A
VKa3bIBAETCs TaK:Ke 3HaYeHne mapamerpa v = u(m) Ha KpUBOM [, TIAJIKO 3a-
BHCAIIEe OT TOYKH M, Takoe, 4to p(u(m)) = (H(m),T(m)).

[Tpeamooxkmm, IT0 B JII000iT TOUKe m € A BBIMOJHEHO OJHO U3 CJIEIYIOTINX
YCJIOBUA:

1. 6o dH(m) # 0,

2. 6o KacarenbHag K kpupoil p(u) C IRZ \ B Touke ug = u(m) He napai-
JIEJIbHA OCH A WJIM, 9TO SKBUBAJEHTHO, KpuBas [i(U) JOKATHHO UMEET BUJL
rpacduka Gyuknuu A = A(h).

Paccvorpum B pacmmmpenaoM $ha30BOM IPOCTPAHCTBE
2
M x IR(,W\)
IIOAMHOr000pa3ne KOPasMepHOCTH 2, UMeIOIee BHU/I
{H(m) —h =0, (h,\) € pu}. (61)

B cuny yenosuii 1, 2 370 MHOXKECTBO 4BJIgeTCs HOAMHOroobpasueM Boau3n A.

Jna moboit dyukmun H Ha MHOroobOpasmu M paccMOTPUM OTPE3KH Tpa-
ekropuit (), t € [0,\], cucremst ¢ ramuapronnanom H. Tpaekropuu 7, 1jis
KOTODBIX 3Heprusi h = H|, u HPOMEKYTOK BDEMEHH A YJIOBJIETBOPSIIOT COOT-
Homennto (61), HasoBém Tpaektopusmu Tuna (61). dasee Mbl Gygem cauTaTh,
aro Tun (61) Tpaekropuii bukcupoBan. TpaeKTOPUI ITOTO TUIA, 3AMBIKAOTIH-
ecs depes BpeMs A, HA30BEM 3AMKHYMOLMU MPLEKMOPUAMYU PUKCUPOCAHHOZ0
muna.

Yepes 1100y Touky m € A nposeaém cedenne [lyankape o B moaMHOT006-
pasuu (61), T.e. THIIEPIIOBEPXHOCTH, TPAHCBEPCATBHO T€PECEKAOINLY0 (ha30BYIO
TPAEKTOPUIO, IPOXOILINYIO Yepe3 TouKy m. Paccmorpum orobpazkenue Ilyan-
kape A moBepxHocTH o Ha cebs, 3amaBaemoe Tpaekrtopuamu y(t), t € [0, A,
dbukcuposannoro tumna (61). Ipyruvu crosamu, A : (0) — v(A).
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[ToamuorooOpasne A Ha30BEM HEGBIPOINHCIEHHBIM, €CTH OHO YIOBIETBOPSIET
YCJIOBHIO OIpejie/ieHns 1 M0 OTHOIIEHHUIO K OCTPOEHHOMY oToOpazkenuto Ilyan-
Kape A.

Yreepxkaeune 10. [lycmv mmoocecmeo N C M, sanosnennoe 3amKEHYMDL-
MU MPAEKMOPUAMY, Purcuposarnozo muna (61) cucmemovl ¢ 2aMUABMOHUGHOM
H, neswvipoorcdeno. Iycmo H — zqadkas dynryua na mrozoobpasuu M, C*—
oauskas x pynkyuu H. Tozda cnpasediusov. nosvvie anarozu meopem 5, 6, 7
0 Yucae, PacnOLOACEHUY U YCMOTUUBOCTU 3AMKEHYMBLE MPAeKmoputl Gurcupo-
sanmozo muna (61) cucmemot ¢ 2aMUNMOHUGHOM H.

Hoxazareabcrso. Pacemorpum B Muoroobpasun M x IRY, y) x S(,) rumepro-
BePXHOCTb

M:MX,U,XS(IT),

rae p C ]R%h A) — bery/dpHas KpuBasl, ONNCAHHAsA BBIIIE. Pacemorpum orpanu-
)
YeHUEe HA TY MOBEPXHOCTH 2—(OPMBI

0 = w*(m) — Mdh A dr.

Herpyano Bujersh, uro MEOTOOOpasue M sBAsSeTCsS CUMIUIEKTHYECKHM OTHOCH-
TeJbHO CUMILIEKTHICCKOH cTPYKTYphl 22| 5.

dcuo Takxke, uro tpaekropun Y(t), t € [0, ], cucTeMBl ¢ TAMUJIBTOHHA-
oM H na M (ruua (61)) B3auMHO-0HO3HAUHO OTBEYAIOT TPaekTopusM y(AT),
7 € [0, 1], cucrembr ¢ ramunbronnanom (H(m) — h)|y; Ha HEOCOGOH n309HEpre-
Trueckoit opepxuoctu {H(m) —h =0} B M.

B wacrroctu, B dazoBoM mpocrpamcTBe M Iocseameil cuCTEMbl HMeeTcs
HeBBIPOZKIEHHOe KOMIIAKTHOe HoaMHoroobpasue, auddeomopduoe A x S u 3a-
MOJTHEHHOE 3aMKHYTBIMH TPACKTOPUIM.

[Tpumenenne K 1oc/1e1Hell raMuILTOHOBOM CHCTEMe JOKA3aHHBIX YTBePIK 1e-
HUI O 3aMKHYTBIX TPAeKTOPUAX ¢ (DUKCHPOBAHHBIM YPOBHEM 3HEPIUH, IAET
COOTBETCTBYIOIIE YTBEPZKJICHASA O 3aMKHYTHIX TPACKTOPUAX (PUKCHPOBAHHOIO
tuna. [Ipu 5T0M, Kak u B caydae GUKCHPOBAHHOTO TEproAa (CM. BBIIIE), HyZK-
HO BOCHOJIB30BATLCA TeM, YTO TAMHJILTOHHAH U CHMILICKTHYCCKAs CTPYKTYpa
MHBAPUAHTHBI OTHOCUTEJbHO CABHUIOB T — T + Tg, U 103roMy (yHKImd S Ha
A x S' u BrOXKenUe ¢ OyIyT WHBAPHAHTHBI OTHOCHTEIBLHO TAKUX CIBHUTOB.

VrBepxkaenne 10 gokazano.

OrmernMm pasjmame MeToJa ycpejgHenusi B Teopemax 2 um 6. B Teopeme 2
MBI PACCMATPUBAEM HECTAHIAPTHOE YCPEIHEHUE 10 BPEMEHMU, T.e. Mbl HE JIeJINM
unrerpas (6) Ha dbyuknuo T meproga 3aMKHYTON TPAEKTOPHH. DTO CYIIECTBEH-
HO TIPU UCCJIeOBAHUN MOPOKIAIONINX 3aMKHYTBIX TPAeKTOpHUilt mpu (hukcmpo-
BAHHOM 3HAYEHWM YHEPIuu, Tak Kak (pyHknus mepuoga 1', BOOOIIEe roBops, He
Asaaemes nocmoannoti na nogmuoroodpasuu A C H-1(h).
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O1HaKO B HEKOTOPBIX BAYKHBIX CJYUAAX (DYHKIHS MEPUOIA HA TOIMHOT000-
pasun A u3 Teopembr 1 OyaeT KOHCTaHTOIl. A HMEHHO, BEPHO CJIeIyIOIIee YTBep-
KeHue.

YrBepxkaenue 11. I[lycmov N — ceasnoe nodmmozoobpasue ha3oozo npo-
cmpancmea (M?™, w?), cnaown 3anoanentoe 3aMKEHYMLMU MPAEKMOPUAMU 20-
MUABMON060T cucmemvl ¢ 2amunvmonuanom H. ITyemv duddepernyuan d(H|y)
oeparunenus pynkyuu H na N ecrody omauuen om wyas na N. IHycmo nwa N
umeemces nenpepvienas Gyrruus T nepuoda cucmemor 60046 3AMKEHYMBLL MPaA-
exkmoputi. Tozda ama pyrruyus asraemcs 2aadkotl Gynkyued suws om 3Haue-
nua h eamusvmoruana H na N. Boaee mozo, 6 amom cayyae Gynkuus nepuoda
umeem 6ud T = dI(h)/dh, 2de snanuenue 1(h) pasno unmezpanry dopmo, w* no
2-uenu, cocmasiernot ud T -nepuoduveckuxr mpaekmoputs 00HONaAPaMEMpPUYE-

ckozo cemeticmea mpaexmoputi 6uda v,y C N N HY(W), hog < W < h.

Jpyrumu cjioBamu, pyHKIU mepuoa 1’ B 9TOM caydae paBHA POU3BOIHOM

o h or “mnomanu” I(h), 3ameraemoit 3aMKHYThIME T —IEPUOITYECKIUMHA TPACK-
TopuamE BuAa Yy C N N H~'(h') nammoii cuctemsl, rae hg < b’ < h, ho —
¢durcupoBanHOE 3HAYEHUE raMuIbToHMaHA H .
HokazareabcTBo. llMeercs reomerputdeckoe J10Ka3aTe/IbCTBO YTBEPKICHUS
11, KoTOpOE B JAHHON CHTYAIMH COBEPIEHHO aHAJOIMIHO cTaHgapTHOMY [19,
24|, paccMarpuBaBIIeMyCsl B CJlydae, KOrja Bcé (ha3oBoe MPOCTPAHCTBO 3aI0JI-
HEHO 3aMKHYTBIMH TpaeKTOpusaMH. MBI 37eCh JIOKazKeM JIMIIh MEePBYI0 YacCThb
YTBEPzK/IeHUsI, TaK KaK OHA JIETKO cJjejayer u3 merosa ycpeanenus. [Ipu srom
OyleM npejlojiaraTh, 4To Kaxjoe mnojmuoroobpasue suga A = N N H (h)
MOYTHU BCIOJIY HEBBIPOXK/IEHO B CMBIC/Ie ompeseieHust 1.

Bo3bMméM BO3MYIIEHHBI TAaMUJIBTOHHAH BHIA H = H —e. BameTny, 910 BO3-
MYIIEHHAS CHCTEMA HA HCXOAHOM YpOBHe sHeprunm H ~1(h) coBnamaer ¢ HeBO3-
MyM@HHO} cucTemoif Ha 6mu3koM yposae H'(h + ). OueBnmno, uTo ycpen-
HEHHOe BO3MyIeHne H Ha A ¢ TOYHOCTBIO JI0 3HAKA COBHNAJAET C mepuogoM 1’
rpaekTopuii Ha A. ITosromy, ecin pynknus nepuoga T’ OTIMYHA OT KOHCTAHTHI
Ha HOAMHOroobOpasuu A, TO U3 yTBep:KIeHHsa 1 cpasy CIeayeT, 9YTO TO IO/I-
MHOTr000pa3ue HeJlb3s BKJIIYATH B CEMEHCTBO aHAJOTUIHBIX MOIMHOT000pa3uii
A. C H ' (h+¢€), Ag = A. 9To IPOTHBOPEUHT YCIOBHIO OTINUHS OT HyJs Tuch-
dbepennmana Gynkunu H|y na A. YrBepxaenue q0Ka3aHo.

Takum obpazom, ecim ucxoiHoe noamuoroobpasue A C H '(h) moxno
BKJIIOYUTH B OJHONAPAMETPUYECKOE CeMeiiCTBO aHaJOMMYHBIX OJAMHOr000pa-
suit A = Ay, 30 THEHHBIX 3AMKHYTHIMH TPAEKTOPHUSIMU CHCTEMbI U 3aBUCSIIIX
OT 3HAYEHUs] TAMHJIBTOHHAHA, TO HempepbiBHAs (YHKIUs mepuojga 1 3aMKHY-
TBIX TpaekTopuit Ha A Gyaer KoHcTaHTOi. [T03TOMY yCpeIHEHHOE BO3MYIIEHEE
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B 9TOil CUTyaIllnl MOXKHO ONPE/IeUTh 10 (bopmyJie

H(m) = ;/OTH(W(m,t)) it meA,

M IPpH TaKOM €ro OIpejieJIeHUN TeopeMa 2 U yTBep:Kaenus 1-3 ocTaHyTcs Bep-
ubivu. Ecym npu stom dyuknus I(h) Bemykana, T.e. I”(h) # 0 Bciomy na N, To
MHOKECTBa [IOCTOAHCTBA SHepruu Ha /N B TOYHOCTHU COBIAIAIOT ¢ MHOYKECTBAMHU
mocTogHcTBa nepuoga Ha N. CiemoBarebHO, TOAMHOr00Opasusa A u3 Teopem 1
u 2 OyayT COBIAIATEH ¢ MOAMHOroobpasuamu A u3 Teopem 5 u 6.

2.1.3 BoamyieHne cuMOJIEKTHYECKON CTPYKTYPbI

OTtmeTnM, 9TO BO BCEX MIPUBEIEHHBIX BBITIE TEOPEMAaX CHMILIEKTUIECKAs CTPYK-
Typa w? mpeanonaragach GUKCHPOBAHHOI Ha MHOrooOpasnu M2". B npuioxe-
HUAX CUMILIEKTHYeCKas CTPYKTypa WHOIIa MeHseTcs Mpu Bo3MmytmeHnu. Oka-
3BIBAETCS, YTO B HEKOTOPLIX TAKUX CJIydasdX MPUBEIEHHBIE TEOPEMbl OCTAHYTCS
sepubiMi. Hanpumep, 1o tak, ecim H?(A) = 0, 6o HY(B) = 0, 1u60 BbI-
IOJIHEHO HEeKOTopoe GoJiee ciaboe orpaHudeHrne Ha TOMOJIOTHIO paccaoeHust (2).
Bnech H*(A) — rpynma asymMepHbIX Koromosioruii ae Pava muoroobpasus A.

OHAaKO BO MHOTHUX CJIy9YasX, BAZKHBIX /T IPUJIOKEHUH, HAIpuMep, Koryia /A
— TOP, YTBEPZKIEHUS ITUX TEOPeM yzKe He OYIYT BePHBI TP MPOU3BOTHHBIX Ma-
JIBIX BO3MYIIEHUSX CUMILIEKTUIECKON CTPYKTYpbl. TeM He MeHee, 3Tu TeOpeMbl
06001at0TCst 1 Ha 00U cirydail, ecjin HAJIOXKUTh eCTeCTBEHHBIE JIJIST TaMUJIBTO-
HOBOW MEXaHWKW OTPAHWYEHUs] HA JOIMYCTUMBIE BOZMYIIEHUST CUMILIEKTHIECKOiT
CTPYKTYDHI.

[TycTh HA DJIaKOM CBI3HOM MHOTOOOpasuu A 3a1aH0 JaeficTBIe OKPYKHOCTH.

Omneparuio ycpeHeHns: Ha TAKOM A MOXKHO MPUMEHATH He TOJBKO K (DYHK-
nusM, HO U K JuddepentnaibubiM popmam. s jgoboro mytu m,, 0 < v < 1,
Ha mojMHoroobpasun A pacemorpum renb C'(my,) ¢ KoopauHaTamu v, t (3a1az0-
muMu Ha Heil opuenTanuio dv A dt), obpa3oBaHHYI0 (Ha30BBIME TPAEKTOPUIMU
Y, (1), 0 <t < T'(m,), BHIMYIIEHHBIMA U3 TOYEK ITOTO MYTH.

Onpenenenne 16. 3amvknyryio 2-dopmy o ma MHOrooOpasznnm A Ha30BEM

coxpansoweld yernmp mastcecmu |1, 16, 4], ecau mast 106010 3aMKHYTOrO 1Ty TH
my,, 0 < v < 1, na maoroo6pasun A unrerpas dopmer a? no nenu C'(m..) pasen
HyT10. Yepednenuem Takoit 2—hopmel Ha A Ha30BEM IIaaKy0 (DYHKIHIO Y Ha
A, oupesenénnyio 1o gopmy.ie

Xma) = x(mo) = [ o, mo,mi € A

Herpyno Bujiersb, 4To0 1ocje/HUl MHTErpaJl He 3aBUCUT OT BbIOOpa IyTH,
COEJIMHSTOIIET0 TOYKY Mg, My Ha A\, Tak 4T0 (DyHKIHs X ONpejiesieHa KOPPEKTHO
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€ TOYHOCTBIO /IO TOCTOSTHHOTO cj1araemMoro. OyHKIws ', O4eBU/IHO, MHBAPUAHTHA
OTHOCHTEJILHO JIEHCTBHS OKPYZKHOCTH Ha A.

BameTnMm, 9TO 71 JTIOO0T0 OJHOCBA3HOTO MHOr0oOpasusa A grobas 3aMKHY-
Tas 2-dopMa a? Ha 3TOM MHOT000OpA3NH COXpaHIeT MeHTP TAKecTH. AHATOrHY-
HOE BepHO s MHOroobpasmuii A, y xoropeix H2(A) = 0, mu6o H'(B) = 0, rae
B=A/S%.

W3 jokazaresibCcTBa YTBEPZKJICHUS 3 JIETKO CJIeyeT CJIe/yIolnee yTBepzK/ie-
HHe.

YrBepxkaenue 12. Teopemw. 1, 2, 3, 5, 6, 7 u ymeeporcderue 10 ocmanymcs
GEPHBLMIU, ECAU NPU 603MYWEeHUL cucmems. donycmumo Cl-manoe 603myue-
nue @2 cumnaekmuneckoti cmpyrkmypuL w?, Nompebosas NPU IMOM COTPAHEHUE
eé Kaacca Kozomorozuli. Boaee mozo, nocaednee mpebosarue MoAHcHO 3aMEHUMD
caedyrouum 6osee cAabLLM YcrosueM: 2—popma

Ha nodmmozoobpasuu N coxrpansem uewmp mascecmu. Ilpu smom 6 memode
ycpednenua 6Mecmo YcpedHénnozo 6o3MyuleHus H 2aMULOMOHUAHA HYHCHO

w 1.2 _
paccmompems e2o cymmy H + x ¢ ycpef?HeHueM X 603MYWEHUA ZQ° CUMNACK
museckot cmpykmypo.. 3decv H = %(H — H)|an — 603mywserue 2aMuibmon-
ana, H — ezo yepednenue (6), € = |H — H||c2 + ||©? — w?||cn.

[TomuepKHéM emé pa3, 9T0 Ha HCXOTHYIO CHMILTEKTHIECKYIO CTPYKTYpPY w?
HE HY’KHO HAKJIQ/[bIBATh HUKAKHX OIDAHMYECHUil (BCe HYZKHbBIE YCJIOBHs OyyT
aBTOMATHYECKH BbINOJIHEHB!). [lasee, B riaBe 3, Oy/Jer ONMcaH PE3yJabrar Mo
HebecHOlT MexaHWKe, rae 0000IEHHAas TeopeMa [lyankape nmpuMeHsieTcst K eIné
6oJ1ee 00IIEMY CJIydaio — KOTI/Ia HEBO3MYIEHHAS CUMILIEKTUYECKAsS CTPYKTYpPa
BBIPOZK/I€HA.

2.2 llosoxxeHuss paBHOBecHUs

Tenepnb MBI TIepeiiiém K 0000IIEHIIO TeopeMbl 1 B cJIeIyIONIeil CUTyaluu: KOT,1a
MO/IMHOZKECTBO, 3aII0JTHEHHOE 3AMKHYTBIMU TPAeKTOPUIMU HEBO3MYTIEHHOI CH-
CTEeMBI, COJIEPKUT NONOHCEHUA PABHOBECUA CUCTEMBI U, TEM CaMbIM, JIEKUT HA
0c060U usoanepzemuveckoti noseprrocmu. Ilpu 3rom, Kak B yrBepxienun 12,
Oy/ieM peJInoaraThb, YTo CUMILIEKTHYECKast CTPYKTYPa TaKKe U3MEHSIeTCs IPH
BO3MYIIEHUN CUCTEMBI.

[Tycth, kKak u B Teopeme 1, A — HEKOTOpOe CBSI3HOE MHBAPUAHTHOE MOIMHO-
JKeCTBO H303HepreTudeckoii mosepxunoctn H~'(h), 3amonHeHHOe 3aMKHYTBLIME
TpaekTopusaME cuctembl. [lycTh, Kak u paHblile, paccjioeHne A Ha 3aMKHYTbhIE
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TPAEKTOPHUH SIBJISIETCS TEPUOJAMYECKUM, T.e. Ha A 3a1aHa HENPEPuIEHAA NON0-
otcumenvhas Gyaknusg nepuoga T : A — IR, Takas, 4ro gg(m)(m) = m, rue
1epes gh; 0003HAYEH MOTOK CHCTEMBI ¢ TaMHIBTOHHAHOM H. /Ipyrumu cioBamu,
KazKJ1as TpaekTopus 7y Ha A “3ambikaercs” gepes Bpemst 1.,

B orsimame or Teopembr 1, Mbl OyaeM Temnepb CUYNTATh, YTO HEKOTOPHIE U3
TpaekToOpuii Ha A SBISIOTCS NOAOHCEHUAMU PABHOBECUS, T.€. KPUTHIECKUMUI
TOYKAMHU TaMUJIbTOHHAHA. B 9acTHOCTH, paccMaTpuBaeMas H309HEPreTHIecKast
nosepxHocTb H ' (h) He sBIgeTcs peryaspHOil.

[IycTs TOUKa m € A aBIsSeTCS MOTOKEHHEM PABHOBECHUS CHCTEMBI C TAMUTb-
rounanom H. HerpymHo mokasarb, 9TO €CJIM TOYKA M HE SABJISIETCS H30JIHPO-
BaHHO# B A, T0 unc/io 1 gBasieTcst OJHUM U3 COOCTBEHHDBIX 3HAYEHMH CUMILICK-
THYECKOro oneparopa A = dgz(m)(m) B 9TOit Touke. Bynem mpeanosarars, 9To
B OKPECTHOCTH 0CODOH TOYKH M MHOXkKecTBO A “ycTpoeno” Tak »Ke, Kak s
COOTBETCTBYIOIIEHl THHEAPU30BAHHON CHCTEMBI. DTO HPUBOJUT K CJIEIYIOIIEMY
OIIPE/IE/IEHUIO.

Omnpenenenne 17. Ilycrs muoxecrso A C H~'(h) cuoms 3anomnneno 3a-
MKHYTBIMH TPA€KTOPHUSIMH T'aMUJIHTOHOBON CHCTEMBI C TaMUJIbTOHHAHOM M, n
nmeercst HenpepbiBaas ¢yukius nepuoga 1 : A — IR. Tlycrs Touka m € A as-
JIeTCs TOT0ZKEHNeM PABHOBECUS 3TOH CHCTEeMBI. TOUKY M HA30BEM HEBLLPOIHC-
dennoti 0cobernocmuvlo MHOZKECTBA A, ecJii BHITIOJTHEHBI CJIEIYIOIINHe YCIOBUS:

1. Exwnnma aBjsercs OOHUM U3 COOCTBEHHBIX 3HAUCHUN CHMILIEKTHIECKOTO
T(m)
oneparopa A = dgy ' (m).

2. Orpaunuenne d*H (m)|g(m) reccnana Gynxuun H na orseuatomee 1 cob-
crBeHHoe moanpocrpanctso E(m) = Ey(A) C T,,M oneparopa A siBJisi-
€TCd HEeBLIPOXK/IEHHOI KBaApaTudHoi POPMOil B TOUKe M.

Yucso dim E(m)—1 Ha30BéM pasmepHocmvio MHOKECTBA A B TOUKE 1M, & HHJIEKC
kBagparnanoit popmer d?H (m)|gm) — nHgexcom 0coGoit TouKm m.

SIcHO, 9TO MH/IEKC HeBLIPOXK IEHHOI 0000 TOYKM HeOTpHUIATeIeH U He 00/Th-
11e pa3sMepHOCTH MHOzKecTBa A B 3101 Touke mioc 1. Onpeenenue 17 o6o6maer
AHAJIOTHYHbIE ONpe/ieJieHns u3 pabor Beiincreiina 35| u Moszepa [25], B koropbix
IPeINONATATACH 3HAKOOPeAeTéHHOCTD hbopMbl d2H ()| p(m). I3 onpenenenns
17 nostydaem ciieyroniee

CaencrBue 11. I[lycmv mouka m € A asasemces nesuposrcoennoti 0coberHo-
cmuvro muooicecmea AN. Tozda:

T(m
1. Cobemeennoe nodnpocmpancmeo E(m) onepamopa A = dgH( )(m), om-
seuarousee cOOCMBEHHOMY 3HAMEHUIO 1, ABAAECNCA CUMNAEKMUNECKUM U,
8 UACTHOCTU, YEMHOMEPHDLM.
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2. Touxa m asasemces Mopcosckots Kpumuyeckot moukot dynwkuuy H.

3. Ha nodnpocmparcmee E = E(m) cywecmsyrom kanonuueckue koopdu-
HAMYL P1,q1, - - - Pd,Ga (2d = dim E ), 6 xomopwvir 2amusomonuat u cum-
NAEKMUYECKAHA CMPYKMYPL AUHEAPUI08aHHOT cucmemos Ha £ umerom sud

1 d d
PHm)|p==> wilpl +q), ' (m)g=> dpindg,  (62)

2 i=1 i=1

2de w; — HEKOmMOopwill HAOOP HEHYAEBVLT Huces 6uda wW; = %’(T;f;), k; € 7,
2d = dim E. B uwacmmnocmu, uHdekc HESupostcIeHnoti 0coboti mouku m

ABAACMCA YEMHBLM YUCAOM.

Orcroa mogydaeM, 9To CYIIECTBYET PA3IOKEHUe
T.M=E&F (63)

KaCaTeJJbHOTO IIPOCTPAHCTBA B TOYKE M B IPAMYI0 CYMMY CHMILIEKTHICCKUX
MOAIPOCTPAHCTB, TAKUX, UTO 00a moampocTpancTBa F u [ mHBapHaHTHBI OT-
HOCHTEJILHO OIlepaTopa JHHeaApU3aIlluid CHCTEMBI ¢ TAMIIBTOHHAHOM H B TOUKe
m, NIPUYEM BCe TPACKTOPUU JIMHEAPU3OBAHHON CUCTEMBbI Ha MOINPOCTPAHCTBE [
3aMbIKatoTcs depe3 Bpems 1 = T (m), a na noanpocrpancrse F' Her HE0COObIX
TPaeKTOPHil, 3aAMBIKAIOIINXCS depe3 Bpems 1.

HokazarenbcTrBo. 1) [TokazkeMm, 94T0 COGCTBEHHOE IMOAIPOCTPAHCTBO F(m)
omeparopa A aBnsgerca cumiiekrndeckuM. O6o3uadnM Yepe3 B omepaTop Jin-
Heapu3aluu cucTeMbl ¢ ramuabronnanoM H B touke m. Torma A = €75,
CuteroBaresibHo, oniepatopbl A 1 B KOMMYTHDYIOT, & 3HAYUT, TOIIPOCTPAHCTBO
E = E(m) uasapuanTHO OTHOCUTEILHO oneparopa B. C apyroit ¢ropoHsbl, 1mo
OIIpEeIeIEHUI0 TAMUJIBTOHOBOM CHCTEMBI, /I JIFOOBIX BEKTOPOB 1), & B TOUKE M
w?(&,Bn) = d*H(m)én. Orciona, ¢ y9éToM yeaoBHs 2, HOJydaeM, UTO Orpa-
Hndenne ¢hopMbl w? U omepaTopa B Ha HOAIPOCTPAHCTBO F HEBLIPOXKICHEL B
YACTHOCTH, HOANPOCTPAHCTBO [ sIBJISI€TCS CUMILIEKTUIECKIM.

2) B cuy cuMmieKTHYIHOCTH TOANPOCTPAHCTBA E,| ero KocoopToroHaibHOe
nonoyiHeHre ' Tozke CUMIUIEKTHYHO, W CIpaBeinBo pasiaoxkenue (63). Cremno-
BaTeIbHO, OTpaHUYEHNe JTUHeApU30BAaHHOI cucTeMbl Ha F' He mMeeT HEOCOOBIX
TPaeKTOPHii, 3aMBIKAIOIMUXCa depe3 BpeMms 1. Orcioma ciaeayer HeBBIPOXKIEH-
noctb popmbl d2H (m)|p 1, TeM caMbiM, MOPCOBOCTH TOUKH 1.

3) @ukcupyem na mpocrpanctee F jo6oe S'-umpapuantHoe cKajspHOe
npon3BejieHne (ero MOYKHO TIOCTPOUTh MPU TIOMOIIH YCPEeIHEeHUs! 110 IeHCTBHIO
OKPYZKHOCTH KaKOIO-HUOY/ b CKAJISPHOTO Tipon3Bejierus ). CoracHo Teopeme u3
JIMHEHHOH anredpsl, CYIeCTBYeT OPTOrOHAMBHBIN Oa3uc, B KOTOPOM KBaIpaTH -
nag dopma Q = d?H(m)|p upusoauTca K “IMaroHajbHOMY BULY”, HPHYEM Ha-
O0p JinaroHaJIbHBIX 3JIEMEHTOB 3TOi (hopMbI He 3aBucHT 0T Hasuca. Paccmorpum
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COOTBETCTBYIOIEE Pa3/IoyKeHne MPOCTPAHCTBA £ B MIPSIMYI0 CYMMY OPTOTOHAJIb-
HBIX ITO/IIIPOCTPAHCTB I, KOTOpBIe OPTOrOHAIBHBI OTHOCUTEILHO (hbopMbl () 1 HA
KOTOPBIX 3Ta (pOopMa IPOIMOPIHOHATbHA CKAISIPHOMY KBAIPaTy, IPHIEM Pa3HBIM
MOAIIPOCTPAHCTBAM OTBEYAIOT pas3Hble KOIMMUIUEHTHI TPOIOPIHOHATEHOCTH.
CorytacHo TeopemMe u3 JIMHEHHOIT areOpbl, TAKOe PAa3/I0KEHNE €TMHCTBEHHO.
BaMeTI/IM, 9TO IMOAIPOCTPAaHCTBaA EZ WHBapuaHTHbBI OTHOCUTEJIbHO JIMHEeApPH-
30BaHHOI CUCTEMBI, IMIOCKOJBKY JIMHEAPU30BAHHAA CHCTEMa COXPAaHAET CKaJIsp-
Hoe mpou3Benenne u ¢opmy (), a 3Haunt, u pasnoxkenne F = @G F;. Orcona,
¢ Y9IETOM HEBBIPOKIEHHOCTH (OPMBI (), CAeayeT CHUMILIEKTHYHOCTD IIOIIPO-
crpancTB Fj, a Takke uX momapHasg KOCOOPTOTOHAJIBHOCTH. Ocrajaoch 3ame-
TUTh, 9TO [0 TeopeMe W3 JNHEHHOil ajaredphl B KarKJI0M W3 MOJIIPOCTPAHCTB
E; cymectByeT opTOroHaJibHbIN 6a3WC, B KOTOPOM OTI'PaHWYEHUE CUMILICKTH-
YeCKO# CTPYKTYpbl Ha F; MPUBOIUTCI K KAHOHHUYECKOMY BHJLY, T.e. 3aJa6TCS
0JI09HO-THATOHATBHON MATpHIEil, HA AMACOHAIN KOTOPOH CTOAT OJIOKH BHUIA,
A\ 0 —1
“\1 0
KasKJIOMy TaKOMy OJIOKY, Ha COOTBETCTBYIOIIEe 4YHCI0 1/ Vv\i. B kagectse nc-
KOMbIX KQHOHUYECKHX KOOPJAUHAT D1, q1,---,Pd,(q B X BO3bMEM KOOPIUHATHI,
OTBeYaIOIINe TOCTPOEHHOMY Da3uCy.
CaencrBue 11 gokaszano.

, oje \; > 0. JlTomHOokuMm mapy 0a3MCHBIX BEKTOPOB, OTBEYAIOIIIX

Omnpenenenne 18. Tlycrs A C H!(h) — noaMHo»KecTBO, CILIONIL 3aToJIHeH-
HOE 3aMKHYTBIMU TPAeKTOPHAMHI CUCTEMBI ¢ FaMIJIBTOHIHAHOM H 1 comepzkamiee
[OJI0KeHUA PABHOBECHS TO cucreMbl. HazoBéM A neswipostcderivim, ecam oHo
UMeeT JIMIIb HeBbIPOXKIEHHbIe 0COOeHHOCTH. Bosee TouHO, A 10/12KHO ya0BIIe-
TBOPATH CJIE/IYIONTUM YCIOBUSIM:

1. JIwoboe momoxkenne paBHoBecust Ha A ABIA€TCS HEBBIPOKIEHHOI 0COOEH-
HOCTBIO 9TOI'0 HOJIMHOYKECTBA, B YaCTHOCTH, OHO SBJISETCH MOPCOBCKOI
Kputudeckoir Toukoit pyuknuu lamuabrona H.

2. JlonosHenue B A K MHOXKECTBY BCEX IOJIOXKEHUH PaBHOBECHUSI ABJIACTCS
HEBbLIDO2KI€HHBIM B CMbICJIE OIIpeAcJICHUA 1, B 9aCTHOCTH, OHO ABJIACTCHA
IJIQKAM TI0IMHOT000OpasueM (ha30BOro MPOCTPAHCTBA.

[Ipu sTOM mpesmoaraercs, 9T0 Pa3MEPHOCTb MOC/IEIHEIO MOAMHOI00Opa3Hs
COBIIAIAET C PA3MEPHOCTHIO MHOXKeCTBa A B Kark10ii ero ocoboii Touke. Kpome
TOTO, JJIs1 JII0OO0# 0cOOO0i TOUKY, NMEIOTIel WHIEKC DOJIbIIIe HYJ/Is U MEHbIIe pa3-
meproctu A, nepeceuenne muokecrBa A\ {m} ¢ mo6oit ckomb yrogHo masoi
OKPECTHOCTBIO TOUKH 1M HEIYCTO.

OxaswIBaeTcs, 9To JI000e KoMnaxmHoe HEBBIPOXKIEHHOE TTOIMHOI000Opa3ne
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A umeer TosbKO “KOHMYECKHE 0COOEHHOCTH, T.e. OCOOEHHOCTH CJIeIYIOUIEro Bu-
J1a.

Omnpenenenne 19. Ilyctb m € A — HeBBIpOXKIeHHAsS 0¢00asd TOUYKA MHOZKe-
cTBa A, CILTOIIb 3aI0JTHEHHOTO 3aMKHYTBIME TPAEKTOPUAMHA. TOUKY m HA30BEM
KOHUYECKOT 0C0OEHHOCTNHI0 MHOZKECTBA A, €Cjii BBIIIOJIHEHBI CJIEYIOIIUe YCJI0-
BUA:

1. Cymecryer Broxkenue i° (kaacca C™ Bue nyis u guddepeHiupyemoe B
HyJIe, HO, BOODIIE IOBOPs, He IVIAJIKOe B HyJje) nojupocrpancrsa E(m) B
CKOJIb YTOHO MAJIYIO MIAPOBYIO OKPECTHOCTH Uy, TOYKH M, MPU KOTOPOM
KOHYC

C(m) ={¢ € E(m) | d*H(m)¢ = 0} (64)

IIEPEXOIUT B Mepecedenne MHOKeCTBa A ¢ okpecTHOCTBIO U,,, Bepmmua ()
konyca C(m) nepexonur B Touky m u di°(0) = idpg(m).

2. Ilpu BiozkeHnN i°|¢(mm) TPACKTOPUT JHHEAPH30BAHHON CHCTEMBI Ha KOHYCe
C(m) nepexoadar B TpaekTopuu cucteMbl Ha A. TIpu 5TOM BEKTOP CKOPOCTH
JIMHEAPU30BAHHOM cucTeMbl B J1060# Touke £ € C(m) nepexour B BEKTOP
ckopocTu cucrembl B Touke m’ = i°(£) ¢ koaddburmenrom T'(m’) /T (m).

IMTosicuenne. Onpenenenne 19 o3Hadaer, 9To0 B KaCATEILHOM IIPOCTPAHCTBE
T,»M B Touke m umeercs HeHyJIEBOE COOCTBEHHOE TOIpOcTpancTBo £ = F1(A)
omeparopa A = dgg(m) (m), orBevaroniee coO6CTBEHHOMY 3HaUeHUIO 1. DTO MoJI-
MPOCTPAHCTBO PACCI0EHO HA T-Tlepnondeckne TPAeKTOPUN JTHHEAPU30BAHHOIT
cucreMbl B Touke m. [Tpu aToM Konyc (64) B 3TOM TOAIIPOCTPAHCTBE B TOYHOCTH
COBIIQIA€T C MHOXKECTBOM BeKTOPOB B 1), M, “Kacare;bHBIX” K MHOXKECTBY A.

Bamernm, uro noamuoroobpasue C.(m) = {d*H(m) = e} N E(m) B E(m),
rje € # 0, “HBapUMAHTHO OTHOCUTE/ILHO €CTECTBEHHOIO JIeHCTBUS OKPY2KHOCTHU B
E(m) upu nomomnu uHeapu30BaHHON CUCTEMBI B TOUKE M (IIOCKOJIBKY IeCCHaH
d*H (m) sieasiercst unrerpajom noroka dgh (m)).

Hamoxkum masoe Bosmyimennme Ha dyHkmuio [amumiabrona H, mpu KoTo-
POM H309HEpreTHIecKas MOBEPXHOCTH H ~Y(h) cranosurcsa peryagpHoit. Yro-
Obl cchopMyJIMPOBATH OCHOBHOE YTBEPZKJIEHUE, HAM HYZKHO HOCTPOUTH IJIaJIKOe
nojMuoroobpasue A* C M, nosydatorieecst u3 A HEKOTOPBIME TTEPECTPORKAMUI
THIIA, MOPCOBCKHX OKOJIO KazKJ0i 0ocoboii Touku m € A. ljig mocrpoenus 31oro
O/IMHOTO00PAa3Ksl HaM MOHAI00UTCS CJIe 1y I0Tast

Jlemma 11. ITycmv m — nesvposicennan ocobaa mouka mmoscecmea A.
Paccmompum 02panuMenus AUNeapuso6antoti Cucmemv, Ha 066 UHGAPUAHI-
noir mmoorceemea: konye C = {d*H(m) = 0} N E(m) u nodmmnozoobpasue
C. = {d*H(m) = e}NE(m), 2de € # 0. Cywecmsyem npoexyusar : C. — C, npu
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KOMOopot 02PaHUMEHUE AUHEAPUOBAHHOT CUCTIEMDYL Ha NodmHo2000pasue C. ne-
pexodum 6 ozparuvenue amot cucmemos Ha kKonyc C, npuuém npoobpad Ha4wa.ia
Koopdunam npu smoti npoexyuu dugpeomoppen (2k — 1)-mepnoti chepe S,
2de 2k — underc xeadpamuunot dopmo —ed?H(m)|gim). Ozpanunenue 0m06—
pasicenus v na mroscecmeo Ce \ S*L asasemes dudpeomoppusmom smozo
nodmmoz2006pazus na nodmmozoobpasue C \ {0}.

HokazarenbcTBo. IlycTh p1,q1, ..., P4, (4 — KAHOHUUECKHE KOODIMHATHI HA
noanpocrpancree £ = FE(m) u3 caencreus 11. Be3 orpanuuenust obuiHOCTH
Oynem cuautath, 9ro B dopmyie (62) cw; > 0mpu ¢ = 1,....k u ew; < 0 upu

1=k+1,...,d. Obo3Haunm

u = (p17q17 s 7pk7Qk)7 v = (pk+17Qk:+17 s 7pd7qd)7

1 BBEJIEM Ha HOJIIPOCTPAHCTBE [ CKaJIsIDHOE 1IPOU3BE/IEHUE BU/JIA

b d
< 9
Sqreilita) =g 3 wlita)

=1 i=k+1

Taxum obpazom, ed?H(m)|p = u? — v?, C. = {u* —v? = &2} C E. 3avernu,
yro u # 0 Ha C.. Onupenenum upoexknuio 7 : C. — C 1o dopmy.ie

02

r(z,y) = (u ?’U)'

[Ipoo6pazom Touku 0 mpu 310if npoekuun spisgercs (2k — 1)-mepHas cdepa

C. N {v = 0}, BHe KoTOPOIi mpoeknus sBasercs auddeomopduzmom. Kpome

TOrO, MPHU YKa3aHHOU MPOEKInu JI000e pellleHrne JTHHeapU30BaHHON CHCTEMBI,

OYEBHU/IHO, IEPEHIET B HEKOTOPOE APYTroe PelleHre THHeaPU30BAHHOW CHCTEMBbI.
Jlemma 1oka3aHa.

[Ipunuiem KaxkJ0My [OJIOKEHHIO DABHOBeCHst L = m; € A 3Hak € = ¢; =
+1 10 caeyonIeMy eCTECTBEHHOMY MPABUILY. DTOT 3HAK 3aBUCUT OT TOTO, GOJIb-
1€ [ MeHbIIe 3HAYCHHe SHEPIHH fi, JeM 3Hauenne fi; BO3MYyIEHHOTO TaMILIb-
Tonmana H B ero KpHTHIECKOH TOUKe 171, 6:1H3K0i K Touke m;: £; = sgn (h—h;).
HaGop {¢;} Tux 3HaKOB MBI HA30BEM MUNOM BO3MYULEHUA.

ZlcHO, UTO ec/M MOJMHOZKECTBO A KOMIIAKTHO U HEBBIPOZKIEHO, TO OHO COJIED-
JKUT JIMIIb KOHEYHOE YHUCJIO My, . .., My NOJOXKeHui paBHOBecus. K Kaxkaomy
Konuveckomy moozxkennio pasuosecuss m = m; € A, 1 < 57 < N, npumennm
CJIEYIONLY IO KOHCTPYKIIHUIO.

1) Beikunem u3 A TOUKY m U pacCMOTPHM MaJieHbKuii map Uy, ¢ eHTpOM B
910l Touke. Byjem oroxaecrsisats muoxkectso U, NA ¢ konycom C(m) C E(m)

3 (64) npu nomonw Bioxkenus i° : E(m) — U, u3 onpexenenus 19.

113



2) lasee, paccmorpuMm B nioanpocrpancrse E(m) C T, M riaakoe moaMHO-
roobpasue (“pyuky”)

C-(m) = {§ € E(m)|d*H(m)§ = ¢}, (65)

rJie € — JIOCTATOTHO MAJIoe IO MOJYJ/IIO 9HCJI0 3HaKa €: || < 1, sgne = ¢; = £1.
3) Hakowner, npukenm K noamuorooopasuo ANU,, \ {m} rragkyio “pyuxy”
C. =C.(m) C E(m) u3 (65) npun moMoImu oToopazkeHns

7’|CE\S2I¢71 . C€ \ SQkil — C \ {O},

e r = r; — oTobpazkenue w3 semmbl 11, 2k = 2k; — unnekc bopmer —e;d*H (m)|
31eChb MbI HCIIOJIB3YeM YKa3aHHOE Bbillle 0TozxaecTBiaenue konyca C = C(m) ¢
MuOkectBoM A N U,,.

B pesyabTaTe MBI HOJIy9HM HEKOTOPOE 3aMKHYTOe LIaJKOe MHOroobpasue
A*, KOTOpOe MOXKHO peaau30BaTh KaK TIaJKoe HOJAMHOroobpasue

J

A C AU (UL Un,) C M,

OJIM3KO0e K IMOJAMHOKeCTBY A.

Omnpenenenne. lloaydennoe riaaakoe Muorooopasme A* BMecTe o CTPYKTY-
poil 11epuOoJIUIeCKOr0 Pacc/jioeHusl Ha HEM HA30BEM MOPCOBCKUM PA3PeULeHUeM
HCXO/IHOTO MHOXKECTBA /\, OTBEYAIONINM JAHHOMY THUILY BO3MYIIEHUST TaMUJIbTO-
HUAHA.

¢lcno, uTo B caaydae, Korga A He COMEPKHUT IIOJIOKCHHH PABHOBECHS, HMEEeM
A =A.

[To mocTpoenuto, MEOr0oOpasne A* 3aBUCHT TOILKO OT HeBO3MYMICHHOI CH-
cTeMbl, HaOOpa BJIOXKeHUIT U3 onpeje/ienus 19 u Tuia Bo3MylleHus, T.e. Habopa
snakoB {€;,1 < j < N}. IIpu srom Ha A* umeercst ecrecTBeHHAsi CTPYKTYpa
MEePUOINICCKOTO PACCIOCHUS CO CJI0EM OKPYZKHOCTh, M MMEETCS eCTeCTBeHHASd
IIPOCKITH

r: AT — A, (66)

IPU KOTOPOH BCE CJIOM ITOI'O PACCJIOEHMS LEPEXO/AT B TPACKTOPUU HEBO3MY-
ménnoit cucremsr Ha A. ITpoobpas kazx10it 0cobOM TOUKH M HPU ITOI HPOEK-
nun guddeomopden (2k — 1)-mepnoit cdepe, tae 2k = 2k; — ungexc Gopmbr
—&;d*H (m;)| p(m,)-

Mrak, MOpCOBCKOe pa3perrenne A* sBIseTcs IIaIKIM MHOTO0Opa3ueM U To-
JIYYIaeTCs M3 HEBBIPOXKIEHHOTO MHOYKECTBA A, HMEIOIIero JUib  KOHUYECKHE
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0COOeHHOCTH, BHIKMIBIBAHIEM KazKI0i 0cO00it TOUKM 1M ; 1 BKIENBAHNEM BMeCTO
Heé cdeppl pasMepHOCTH 2k; — 1, eCTECTBEHHO PACCTIO€HHONH HA OKPYKHOCTH.

Teopema 8. [Tycmv A C H(h) — nodmmoosicecmeso, cniown 3anoamennoe 3a-
MEHYMBMYU MPLEKMOPUAMU CUCTIEMBL ¢ 2aMUAbMOHUGHOM H u codeporcawee
NOAOHCEHUA PasHo8ecus Imoti cucmemol. [lycms nodmmoscecmso A xomnarm-
HO U Hesupodtcdeno (em. onpedeaenue 18), m.e. codeporcum auuib HeBHPOINHC-
dennwie ocoberrnocmu. Tozda ece amu 0cobeHHOCMU ABAAIOMCA KOHUMECKUMU
u cyuecmeyem wucao € > 0, makoe, wmo das 210600 2aa0%k00 HYHKYUU H u
cumnaexmudeckoti cmpyrmypo, W2, 2omono2unmoti cmpyxmype w?, 2de

1H — Hljos + [|10° = ?ler <, (67)

eunoaHeno caedyrouiee. Ecau h e asasemes kpumuveckum snavenuem @Gyrk-
yuu H, mo wucao 3amknymus mpaekmopudi 2amMusbmonosoti cucmemo ¢ 2a-
musemonuarom H u cumnaekmuueckol cmpyxmypoti &2 na noseprmocmu
ﬁ]’l(h) HE MEHDUIE, YEM MUHUMAALHOE YUCAO KPUMUYECKUT MOYer 2A60K0T
dyrryuu na daxmop-mmnozoobpasuu B* = A* /S, 2de A* — mopcoscroe paspe-
wenue mroscecmea N, omeeuarowee dAHHOMY TMUNY B03MYULEHUA 2AMUABIMO-
HUAHA.

B jieficTBUTEIBHOCTH, TEOpEMa 8 OCTAHETCs] BEPHOM, €CJIH YCJIOBUHE TOMOJIO-
PUYHOCTH BO3MYIIEHHONH M HEBO3IMYIIEHHON CHMILTEKTHYECKONH CTPYKTYDbI 3a-
MEHHUTD CJIeLyIomuM yeaosueM: 2-dopma w? — w? coxpanser IeHTPhl TazKeCTH
(em. ompesenenue 16).

Kak mbI yke oT™eda/in, pa3MepHOCTH OTBEYAIONIEro 1 cOOCTBEHHOTO MO/I-
npocrpancrea £ = FE(m) = Ej(A) omeparopa A = dgg(m)(m) BCerJa 4EéTHA
(tak kak Ha F \ {0} umeercsa JoKaJIbHO CBOGOIHOE JeHCTBHE OKPYZKHOCTH MPU
oMoty 1oroka dghy (m); uérnomepnocrs E ciiejyer TakiKe U3 ero CHUMILIeK-

THYHOCTH, CM. cjeacrsue 11):
dim E(m) = 0 (mod 2).

Kpowme Toro, Tak Kak mepecedenne mnojMHorooopasust A* ¢ okpecrroctsio U
SIBJISIETCsI TUIIEPIIOBEPXHOCTHIO B F/, TO €ro pa3MepHOCTb HEYETHA U paBHA

dimA* =dim F — 1.

B wacTHOCTH, PA3MEPHOCTH COOCTBEHHOTO mojnpocTpancTsa E = Fy(A) onnna-
KOBa, JIJI BCEX 110JI02KeHuil paBHoBecus Ha A.

Bameuanne. Ilycrb A He sgB/IsSIETCS] OT/IEIBHBIM HOJIOKEHUEM DABHOBECHS, T.€.
dim A = dimA* > 0. Jlerko BujeTh, 94TO B 3TOM CJydae Jijist Jir00i 0co0oii

115



toukn m € A reccuan d?H(m) dyukinuu TaMuibToHA HE ABJISETCs 3HAKOOTIPe-
JeJIEHHBIM Ha oTBevaromeM 1 cobcTBeHHOM mojnpocTpancTse E(m) = Ei(A)
ontepatopa A = dgh™ (m). 3amerum raxxe, uto reccuan d2H(m) dyuxkuun H
ABJISIETCSI HHTEIPAJIOM JIHHEAPU30BAHHONW CHCTEMBI B KACATEJIBHOM MPOCTPAH-
crBe B Touke m. [Tosromy, eciu A He SBIAETCS OTIAETHHBIM MOJOKEHUEM PaB-

HoBecus, To dim E > 4 u

dimA =dimA*=dimFE —1 > 3.

3ameuanme. PaccMOTpUM YacTHBIH Caydail OMUCAHHOW CUTYAIlMH — KOTJIA
HOJIMHOYKECTBO \ HYJIbMEPHO M COCTOUT M3 OJ{HOI'O IOJIOYKEHUsI PABHOBECHUSI 111
[Tpu 3rom, HatoMunM, 3a1a00 yucsio T = T'(m) > 0. HeBbIpoXK 1eHHOCTH TAKOIO
A = {m} oznagaer, uro na cobcTBenHOM NOApOcTpancTBe F = E)(A) oneparo-
pa A = ngT{(m) (m), orBeuatomem cobcTBeHHOMY 3HaueHnio 1, reccuan d>H(m)
dyukiun [amunbrona swakoonpedenen. B dacTHOoCTH, MMeeTcsa 3HaK € = *£1
OrpAHUYEHHUs] ITOrO IecCHaHa Ha COOCTBEHHOE nojanpoctpancTso F = Ej(A).
Buak &€ mMbl Ha30BEéM 3HakoM Touku A = {m}. Eciu B 910M Ciiyuae Tui Bo3my-
IEHHsT COIJTACOBAH CO 3HAKOM TOYKH M (T.e. COBIIQJAECT ¢ HHUM), TO IOIAMHOIO-
obpasne A* coBnamaer ¢ “pyuxoii” (65), T.e. siBJasIeTCS HEYETHOMEPHOH cdepoit
pasmeproctn dimA* = dim F — 1. Eciu Tun Bo3MymieHns ITPOTHBOIOIOKEH
3HAKy TOYKHI M, TO HOAMHOTooOpa3ue A* mycro, u TeopeMa 8 HHYEro He yTBep-
JKIAET.

3ameuanme. YacrHbiil ciydail nocsejneit curyamnuu Obli1 usyden Mosepom
[25] u Beitucreitnom |34, 35, 36]. A umenHo, ucnosb3yst HalM OOO3HAYEHHUSI, B
9TX paboTax MOJMHOXKECTBO A COBIAIANO € (MOTOKATEIBHBIM) TIOJOKEHAEM
paBHOBecHd, a moaMmHorooopasme A* OpL1o muddeomopdno chepe. Ilpu sTom
B KauecTBe IapaMeTpa BO3MYIIeHHs Opanoch 3Hadenne h ramuibronnana. Kak
MBI yaKe ynomuHau (M. §1.7), ocHOBHBIM pe3yabraToM paborsl Mosepa (oTHO-
CSIIUMCST K TAMHJIBTOHOBY CJIydalo) siBjisiercst reopema 4 [25], corsracio koTopoit
B 9TOH CUTyallun YHUCJIO 3aMKHYTBIX TpaeKTOpI/Iﬁ CUCTEMBbI C TaMHUJIBTOHNAHOM
H na nosepxuocrn H(h + £%) ne menbie § dim E.

doka3zareabcTtBo TeopeMbl 8. He orpanuuusas obuinoctu, OyjieM CYUTATh,
YTO 3HAYEHHE TIaMHUJIbTOHHNAHA HA MHOXKECTBE A ABJIAETCA HYJIEBBIM: h = 0.
[Iycts m;, 1 < 7 < N, — nabop 0cobbIX TOUeK MHOXkKecTBa A.

[lar 1. Ha 3ToM mare Mbl OCTPOUM CIIENUATbHBIE KOODIUHATHI B OKPECT-
HOCTH KazKJOTO MOTOKEeHHs PaBHOBECUS 1 MHOXKeCTBa A.

Dukcupyem kakoe-HuOY/Ib II0JIO2KEHHE PaBHOBecus m; € A, T.e. Kpurude-
CKYyIO TOUKY ramusbronnana H. B cuay ciaencrsua 11 Touka m; sBigeTca Mop-
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COBCKO# KpuTnuaeckoii Toukoit dynkunu H. Coraacho jsemme Mopcea [11], cy-
mecTByeT oKpecTHOCTh U; Toukn m; B M u KOOpIUHATLI

o ()P4 (@) < A,

B 9TOil OKPECTHOCTHU, B KOTOPHIX (pyHKIMsS H cOBIajgaeT co CBOUM IeCCHAHOM,
T.e. SIBJISIETCS KBaJIpaTUIHOI (hpopMmoii

Hy=+(z")?* £ ...+ (™)

[amee MpI OyaeM cauTaTh paamyc 2r¢ okpecTHocTH U; HOCTATOYHO MajbIM H
He 3aBUCAIINM OT BO3MYIIeHns (moapoduee BEIGOP paguyca 21y okpectHocTH U
cM. HuKe, mar 6).

I[Tpocroe Bujonsmenenue jemmbl Mopca nokasbisaer, uto cymiecryer C2—
O/M3Kas K TOXKIECTBEHHOH 3aMeHa koopamuar B Uj, mpn koropoii dyHKnusa
H cranoBuTCA 3TOil 2Ke KBaJpaTUIHON (POPMOIl ¢ TOYHOCTHIO IO KOHCTAHTBI
hj. Orciona ciemyer, 4To CyIeCTByeT C?-6u3Kuil K TozKIecTBeHHoMy (BooGIITe
roBOps He cuMILIeKTudIeckuii) auddeomopdusm D Beero Muoroobpasust M Ha
cebs, Ipu KOTOPOM B Kazk10it okpecrnoctu U; umeem H o D = H + h;.

st yobcTBa ciiesaeM elné oaHy JUHeHHYI0 3aMeHy KOOpAuHaT

(', ... 2 — (v, ... y*") (68)

B U;, upu koropoii nojupocrpancrsa £ = E(m;) u F = E* u3 (63) cranosarcs
KOOPAMHATHBIME TOANPOCTPAHCTBAMM:

E:{y2d+1:_,,:y2”:()}7 F:{ylz...:deZO}- (69)
[Ipu srom Gyjem cuutarh, 4To Ha E koopaunars nmeror sui y> ! = /|wi|p;,
v* = \/|wilgi, 1 <1 <d, vae p1,qi, - - -, Pd; qa — KaHOHMYECKHe KOODJAUHATLI Ha

FE u3 (62), 2d = dim E. BBuay uaBapuanTHOoCTH HOAIpocTpancts £ u F orHo-
CHTEIHLHO JIMHEAPU30BAHHON CHCTEMBbI, B MOCTPOCHHBIX KOOpAMHATAX (DyHKIH
H umeer sun H = Hg+Hp, tine Hg u Hrp — kBagparudnbie (DOPMBI, 3aBHCIIIE
TOILKO OT mepeMeHubIX 4, ..., y>¢ u y?T1, ... y?" coorBeTCTBEHHO.

Cormacmo memme 6 (cm. m. 1.5.2) cymecTByeT moanpocrpanctso E C T, M,
Oau3koe K F, MHBapMaAHTHOE OTHOCHUTEJIHHO OIIepaToOpa JUHEAPH3AUH BO3MY-
HEHHOII CHCTEMBI B TOUKE M. $ICHO, 9TO 9TO MOANPOCTPAHCTBO U €10 KOCOOPTO-
rOHAIBHOE J0TONHeHNe F' = E1 HHBAPHAHTHBI OTHOCHTEIBHO BO3MYIBHHOI -
Heapu30BAHHON cucTeMbl. /Ijisi BOSMYIIEHHONR CHCTEMbI CJeJaeM aHAJOIMIHY IO
numeitnyto 3ameny (I',...7%") — (g',...7*"), 6muskyto K (68), oTBeuaronLyIo
MHBApHAHTHBIM nogupocrpancrsam £ u F. IIpu 9TOM, B Ciily HEBBIPOZKICHHO-
cru dopm d*H (m;)|g u d*H(m;)|F, MOXKHO BHIGPATH TOCJIEHIOI 3aMEHY TAaK,
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arobbl Koaddunuentsr bopm d?H(m;)|z w d*H(m;)|z B KoopaunaTax § coB-
najanu ¢ koaddumuenrtamu Gopm d2H (m;)|p u d*H(m,)|r B KoopaunaTax y.

Takum 06pasom, cymecTByoT (ObITH MOKeT, MeHblme) okpectHocTr U; 0co-
OBIX TOYeK Mm; U KOHCTaHTa ¢ > (), 3aBucdIiiue ToJbKO OT HeBO3MYIIEHHOI CH-
CTeMbI, TaKue, 9T0 Jist JII0boro Bo3mylnenus Bujga (67) cymecrsyer auddeo-
mMopdusm D dazosoro mpocTpancTsa Ha cebst, C?—6Im3KIii K TOKIeCTBEHHOMY,
TaKoO#l, 4TO

ID*H — H|jex + | D*0? — w?jon < e, (70)

riae muddeomopduam D 3aBucut oT Bozmymenuda u C?-6IM30K K TOKIECTBEH-
nomy. B wacruocru,

N
> Ikl < ce. (71)
=1

Jlamee OymeM cumMTaTh, He OrpaHHYUBas OOITHOCTH, uTO audpdeomopduzm D
ABJIAETCA TO2KIACCTBECHHDBIM.

CorracHO CKa3aHHOMY, MBI MOYKEM CUNTATH, HE OTPAHUINBAS OOITHOCTH, 9TO
B KOOpDAMHATHON OKpecTHOCTH U, MI000i1 KpuTHIecKoil Toukn m; € A dynknun
H BBIMOTHSIOTCS TOXKIECTBA

H=H, H=H+h,,

e
0°H
° 7 dykoy
u nogupocrpancrsa £ = E(m;) u F' = F(m;) umeior Bux (69). Ilpu srom
Ha CHMILIEKTHYECKYI0 CTPYKTYPY HO-TIpexkHeMy Hakjajpiaerca C'—masoe Bos-
MyTIeHEe. DTO BO3MYIIEHNE CUMILIEKTHICCKOH CTPYKTYPBI HE TIPOU3BOJILHO, a
V/IOBJIETBOPSIET CJIEAYIONIMM yCJIOBUSIM:

(my)y*y' = £(y")* £ ... £ (™) (72)

1. pasHOCTBH W? — w? TOMOJOTHYHA HYJIIO UM, O MeHbIIeH Mepe, COXpaHdeT
MEeHTPHI TSKECTH;

2. B KazKJ0il TOUKe m; MOANPOCTPaHCTBa [ 1 [ ocTaioTcsd KOCOOPTOTOHAIb-
HBIMU U, TeM CaMbIM, HHBAPUAHTHBI OTHOCUTETHLHO OOEUX JIMHeapPU30BaH-
HbIX CUCTEM: HEBO3MYIIIEHHONH U BO3MYIIEHHOIA.

B mrore MBI OJIyYaeM, 9TO B HOBLIX KoopAmHATax ', ... y*" raMHIbTOHIAH
H gasnserca xkBagparnanoit popmoit (72), H = H+h;, u cdepa moboro paamyca
B HOJIPOCTpAaHCTBe F MHBapMaHTHA OTHOCUTE/ILHO IMOTOKA JIMHEAPU30BAHHOM
CUCTEMBI.
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Crenaem Tenepb MacmTabHY0 3aMeHY KOODAWHAT, TOYHEEe, CeMeHCTBO TaKNX
3aMeH.

®uxcupyem 3uadenne r € (0,ry). B okpectnocru U; 3 m; crenaem (kamo-
HUECKYI0) MACIITabHy1o 3aMeny y = ry,, H = H(m;) + r?H, (¢ nobasrenuem
KOHCTaHTH ), w? = r’w? &% = r’@?. Taxum 06pa30M, B HOBBIX KOODJMHATAX PaC-
cMaTpuBaeMasi OKpecTHOCTh U, umeer (GOJIBINOI) paauyc mopsiika ro/r, i B Heil
2AMUNDTNOHUGH NOCTNOAHEH U ABISETCS keadpamuynol dopmoti Hy; HEBO3MY-
EHHBII ypOBeHb SHEPIUU PABeH HYJ0, & BOSMYIIEHHBIN mooKuTeeH: by = 0,
h, = —h/r?. V1 HeBO3MYIIEHHAS, U BOSMYIISHHAS CHMILICKTHIECKHE CTPYKTY Dbl
3aBUCAT OT T.

Nrak, B KoopAanHaTax %, raMUJIbTOHUAH ﬁT = H, = H gBisiercs KBajpa-
THYHOI (OpPMOIi, He 3aBUCHIIEHl OT 7, U COBIAJAET C KBAJIPATUIHON YacThio H)

3 (72) bynknuun H B TOUKe M.

[IycThb wy(y) — KOMHOOHEHTBI CHMILTEKTHICCKOi CTPYKTYPH w? B KOOP/MHA-
tax 4, ... y*". Herpyano BuieTh, 4T0 KOMIOHEHTHI (W; ) (Y,) CUMILIEKTHYECKOl
CTPYKTYPbHI W2 UMEIOT BHL

(wr)kl(yr) = Wkl(ryr)a (73)

OTOMY B HIape Pajmyca 2 OHH OTJUYAIOTCS OT KOHCTAHT Wy (0) Ha Besmanmy
MOPSJIKA, T
Bosee Touno, cymectByer unciao C' > 0, 3aBuCsIee TOJbKO OT HEBO3MYIIIEH-
HOll cucTembl, Takoe, uto B mape (y')?+. ..+ (y*")? < 4 paauyca 2 mmeer MecTo
HEPABEHCTBO
Jo? — aller < O (74)

pu Jo6om 7 € (0,79), re wg = lim, o w? = w?(0).

CHUMILIEKTHYECKYIO CTPYKTYPY w3, K03 DUIEeHThl KOTOPOil He 3aBHCAT OT
TOYKHU, HA30BEM M0JeAbHOT. [aMUIBTOHOBY (JTMHEHHYIO) CHCTEMY C PaMUJIBTO-
unanom Hy u3 (72) W CUMILTEKTHYECKOH CTPYKTYPOil Wi HA30BEM Modeavholi
raMuJIbTOHOBOM cuctemoit. Takum 0Opa3omM, HEBO3MYIIIEHHAS] CUCTEMA T—0JTU3Ka
K MojiebHOll cucreme. CrieioBaTe/ibHO, BO3MYIIEHHAs cucrema (1 + €)—0su3Ka
K MOJEJIbHON CHCTEME.

Bostee Touno, B cuny (74), npu Boinoanennu zepasencts (70) B mape (y')%+

-+ (y*)? < 4 paguyca 2 nMeeT MECTO HEPABEHCTBO

| D*&? — wi||er < ee+ Cr (75)

nipu Jio6om 1 € (0,79, e ro < 1. 31ech Mbl BOCIOIB30BATHCH (hopMyItoii (73),
B CHJIy KOTOPO# B Ji000M 1iape (puKCHpOBaHHOI'O Pa/inyca,

ID*&7 = willer < ID*%* — w|len
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npu obom r € (0, 1].

JlayibHeiinee J10Ka3aTeIbCTBO IPOBEAEM B HECKOJIBKO IMAroB, IOJTHOCTBIO
AHAJIOTHYHBIX IAaraM B JOKA3aTeIbCTBe yTBepKaeHus 3 (em. m. 1.6.1).

[[Tar 2. PaccmMoTpuM MOJETbHYIO TaMHJIBTOHOBY CHCTEMY, T.€. JTUHEAPH30-
BaHHYIO CHCTEMY C TaMUJIBTOHUAHOM Ho 1 CUMILIEKTHUECKOH CTPYKTYPOit Wa.

[ycrs S = S?¢~! — enunuunas chepa B nommpocrpanctse E. [Tomoxum
h_ = min Hy|g, hy = max Hy|s.

Pacemorpum B npoctpancrse E okpectnocth K C F cdepol S, T.e. “KOIb-
110”7, orpaHnYeHHOe chepaMu pauycoB % u % ¢ IeHTpaMU B Ha4Yaje KOOpAUHAT.
Paccmorpum paszbuenune Kojibiia K Ha MHOXKecTBa ypoBHei dbyukiuu Hy, moJia-

rad

1
Ky, = KN H;'(h), min(ih_, Zh_) <h< Zh+.

dcno, aTo Kaxk0e u3 MHOKECTB [, sBJISIETCs TVIQJIKUM IOAMHOTO00Pa3nueM B
nosepxuocru Hy *(R), CILIONMB 32110/ IHEHHBIM 3aMKHYTHIME TPACKTOPUSAME MO-
JeJbHON (T.e. ﬂHHeapI/ISOBaHHoﬁ) raMUJIbTOHOBOW CUCTEMBI ¢ TAMUAJIHTOHUAHOM
" a2

Hy n cuMILTEKTHYIECKO# CTPYKTYPOil wp.

[Tokazkem, 4To oAMHOr006pasne Ky, Hesuipostcdero (B CMBICIE OIpPeIeTeHusT
1) u, 6oJiee TOroO, CTPOro HEBBHIPOZK AEHO. [List 11060it Toukn ) € K), paceMorpum
J1060# Kacarebubii BekTop & K nosepxuoctu Hy'(h) B 3T0it TOUKe, KOTOPDIIL
[P OIIEPATOPE MOHOIPOMUHN HETIOIBUZKEH C TOYHOCTHIO 10 HEKOTOPOT'O BEKTOPA,
KacaTeJbHOIO K I0JMHOroo0Opasuio Kj. 9T0o 3HAYUT, B YACTHOCTH, YTO BEKTOP
Aé — ¢ mpunagnexxkut noanpocrpanctsy E. CormacHo ciencrsuio 11, pa3moxkum
BekTOp & B cymmy g +E&p, tae g € B, &p € F. Torna Aép —&p € E. C apyroit
CTOPOHBI, BBU/Iy MHBAPUAHTHOCTH MOAIMPOCTPAHCTBA F' OTHOCUTE/IHHO OIEepPaTO-
pa A, umeem Alp —Ep € F, orkyna Alp —E&p = 0, 1e. g € E. Takum obpasom,
§ € IJ, aznaunt, § € 1, K. 910 J0Ka3bIBaeT CTPOrYI0 HEBBIPOZK/IEHHOCTD M0/
MHOroobOpasus Kj,.

[IpuMmennM K MOAETBHOR CHCTeMe U HMOJAMHOrooOpasuio Kj yTBep:KIeHue 3.

@Dukcupyem 1osiokKenne pasHosecud mj. Ilycrb pig onpeeséHHOCTH OHO
HOJIOZKUTE/IbHOE: € = +1, Tak 4TO

Jlanee wngekc j Oy/1eM MHOTIA OMyCKaTh.
[[Tar 3. Paccmorpum cHavasa 6071ee MpocToil caydaii: Korjia UCXOHOe MHO-
JKeCTBO A COCTOHUT M3 OJHOrO MOJOKEHHS PABHOBECHS M, T.€.

A ={m}.

B stom ciyvae dyunknus Hy 10/10KUTEJIbHO OlIPe/ie/ieHa Ha HOJIIPOCTPAHCTBE
E, u nosromy mommuoroobpasme K spisiercss eamuuqnoii cepoii: K3 = S
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(em. (72)). B wacrnocrn, 310 moaMuOroo6pasue KoMmakTHO. Cire10BaTesbHoO,
cdepa S (B KauecTBe MOAMHOr000Opasust ) MO OTHOIIEHUIO K JIMHEAPH30BAHHON
cucTeMe YIOBIETBOPSET BCeM TPeDOBAHUSAM YTBEPKICHUS 3.

CoracHO YyTBEPKICHUIO 3, CYIIECTBYET CTOIb MAJIOe YUCTIO £g > 0, ITO JIIs
JIFOOO# raMuJIbTOHOBOM cucTeMmbl B mape U, £9—0/M3KOI K MOJIeJIbHOM, CyIie-
CTByeT BjIOXKeHue 1 : S — ]:171(1) u Sl-wuBapuanTHbIe TIaAKHe DYHKINE ) U
T na S, Takue, 9T0:

1. ®yukus T 6auska k T'(m), a BIoKeHHE § OJU3KO K TOXKIECTBEHHOMY.

2. Jlns moboit kputndeckoit okpyzxuocTn ¥ C S DYHKIUU 1) OKPYKHOCTH
i(7y) ABIZETCA 3aMKHYTOIl TpaeKTOpUel BO3MYIIEHHON CHCTEMBI C TePHO-

aom T'(7).
31ech 6M30CTh MOHUMaeTcd B cMbicae C2—HOPMBI B IIPOCTPAHCTBE TAMUJIBTO-

unanoB 1 C''~HOPMBI B IPOCTPAHCTEE CHMILIEKTHYCCKAX CTPYKTYP.
[Iycrp Besmanna Bosmytienust € > 0 u3 (67) crosb Masa, 910

ce + Cy/ce < g

u £ < 1. [lokazkem, uTo cucreMa ¢ ramuiabronunanom D*H, = Hy 1 cuMILIeKTH-
4eCKOI CTPYKTYpOi D*d}f JIOCTATOYHO OJTM3Ka K MOJIE/TbHO CucTeMe.
Hanomuum (71), 9410 BO3MYyIIEHHE YPOBHs SHEPIUM MMeeT 10PsiJIoK &: |h| <

r:\/jﬁ.

Orciona, B cuiy (75), nostydaem, 9To Mpyu BO3SMYIIEHUU HUCXOHON CUCTEMbI BUJA
(67), B mape pajamyca 2 BO3MYyIIeHHe CUMILIEKTHIECKONH CTPYKTYDPbI HMeeT B/

ce. Tlomoxxum

|D*02 — wWiller < e + Or < &

Kpowme Toro, Bo3sMyménnblii raMAIbTOHUAH COBIAIACT ¢ HCXOTHBIM: D*H, = H,,
a BO3MYIIEHHBIN yPOBEHb YHEPTUU PABEH —h/?“2 = 1. CiexoBaresibHO, TIPUMe-
HUMO yTBepzKJIeHne 3.

Ocrasiocs 3aMeTuThb, 9T0 cdepa S copuagaer ¢ “kiaerkoil” A* Bmecre ¢ neii-
CTBUEM OKpY:KHOCTH. VITak, B ciaydae, KOrjla MHOXKECTBO A dBJISETCS OT/IEb-
HBIM TTOJIOZKEHUEM PABHOBECHs, TeopeMa 8 JoKa3aHa.

[ITar 4. ITyctb Tenepb MHOXKeCTBO A He sIBJISIETCS OTJIEJIbHBIM TOJI0KEHUEM
pasrosecust. Pukcupyem nosiozxkenue pasaosecust m; € A, 1 < 7 < N. Ilycrs U
— mrap pajmyca 2 B mpocrpanctse £ = E(m;).

Jlna xaxaoit Toukn m = (y',...y*") € S C E exunuunoit chepnt S = E N
{(y")*+...4+(y*)? = 1} B moanpocrpanctee £ = E(m;) IpoBeasM ceyonme
HOCTPOEHUs], aHAJIOTUYHbIE OCTPOEHUAM, HEOOXOJUMBIM Jijist (DOPMYJIUPOBKH
ocHOBHO# temMbr 8 (cm. 1. 1.6.1):
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0. Ha nosepxunoctu K 3 m dukcupyem ecrecTBeHHOE JeHCTBUE OKPYIKHO-
CTH, 33/[aBa€MO€e OrpaHUYeHUEM JTMHeAPU30BAHHON cucTeMbl HA K.

1. Boibepem MasIeHbKYIO CEKYIIYIO THIEPIOBEPXHOCTD X, TAIKO 3aBUCSI-
MIYIO0 OT TOUYKH M U TPAHCBEPCAIBHYIO K TPAEKTOPHUSAM 7,,. Hampumep, B Kaue-
CTBE THIEPIIOBEPXHOCTH Yy, MOYKHO B3$ITh ILJIONIA/IKY, OPTOIOHAJIBHYIO K TPAEK-
TOPHUH 7Y, OTHOCHTEIBHO CTAHJAPTHOTO CKasIsspHOro npoussefenus B U;. Ilomo-
KIM Oy = Sy, N Hy H(Ho(m)) (3170 — CHMILIEKTHYCCKOE HOIMHOr006pasme).

2. B kaxk10it Touke m e uHIIHOIT chepsl S B COOCTBEHHOM MO/IIIPOCTPAHCTBE
E pacemorpum nognpocrpanctso 0, = ENT,,0., B 1,0.,.

3. KpoMme 1010, 13 KazKJIOi TOYKHU M €JIMHUYHOM cdepbl B 1O/IPOCTPAHCTBE
E, nepenecém nognpocrpanctso 6, Bo Bce Touku m' € o,,. Ipyrumun ciaosamu,
TOCTPOUM JIHHEHHbIi onepatop P : O — Ty (Hy H(Ho(m))), m' € oy, Tae
Py, = Idp,,. Obpa3 sroro oneparopa 0603Ha4uM depe3 O, ,,». Takum obpaszom,
onepatop P, ABageTcsa n30MOPMUIMOM HOAIPOCTPAHCTB Oy U Oy

P i 0y — Oy, M € oy

4. Haxkownern, nyctb F' — KOCOOpPTOrOHAIBbHOE (& 3HAYUT, U OPTOTOHATBHOE)
Jonoinenne K nojnpocrpanctsy B T, M. Yepes Kaxkyi0 TOYKY M €JIuHUY-
HOit cdepor S B moampocTpancrBe F mpoBeaéMm MasIeHbKYIO IIOMAAKY F,
napaJiie/;ibHyI0 TOANpocTpaHcTBy F, m “cripoekTtupyeM” €€ Ha MOBEPXHOCTD
Hiy ' (Hog(m)) mpu momommu rpaimenTHOro motoka dbymkmun Hy. B pesyabra-
Te TPOEKTHPOBAHMS MBI HOTYHIM MATCHBLKYIO OBepxHocTh N, C Hy ' (Hy(m))
TO#l 2Ke pasmepHocTH, 9TO U F', U TOXKEe TPAHCBEPCAJBHO IepeceKaonyo F B
touke m. Oukcupyem Takke Ha MOBEpXHOCTH Kj O M PUMAHOBY CBS3HOCTD
(oTHOCHTETHLHO WH/YIIUPOBAHHON PHMAHOBOIl METPHUKH).

Bce moctpoennbie 00bEKThI MPEJINoIaraloTcs TIaIKO 3aBUCIIIIMEA OT TOYEK
meS=En{y)?+...+ u*")* =1} um’' € o,,. [Ipu nomoum romoreTun ¢
MEHTPOM B Hadase KOOPJIMHAT TMePEeHeCEM BCe MOCTPOEHHbBIE O0BEKTHI C eTHHIY-
HOit cepnl Ha cdepy Ja000ro pajuyca r > 0 U, B 9aCTHOCTH, MbI TTOJIyYUM ITHU
o6bexThl B mpokosiorom mape U\ {0} paaunyca 2.

Usmenss r € (0,2), mbl nosydaem B nepecedenun F° = ENU \ {0} nox-
npocTpaHcTBa F co Bceit mpokosioToit okpectHOCTBIO U caeayioniue 06beKThI:
TJIaJKOe JeficTBUe OKPYKHOCTH Ha KayKJIOM TOAMHOTOOOpasunm Hj 1(h) N E°,
noste cevenuii [Tyankape o, C Hy'(Hy(m)), m € E°, moJe 1oampocTpancTs

[¢]
0, C T,,0,,, m € E°,
moJjie “orepaTopoB nepeHoca’

/
Pow 1 0m = Opp, meE m €op,
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cemeiicTso “Hopmadeir” N, C Hy'(Hy(m)), m € E°, u puMaHoBy MeTpHKY Ha
KazK10M moamuoroobpasun Hy () N ENU \ {0}.

31ech MBI HEOJHOKPATHO BOCIOJIB30BAJUCH TE€M, 9TO pa3OueHue MpoCTPaH-
cTBa Ha MHOKecTBa yposHeit Hy ' (h) dbynxmun Hy coXxpangeTcs Ipu rOMOTeTHI.
[Tocaeanee ciaemyer u3 odnopodnocmu dyukimun Hy B paccMarpuBaeMbiX KOOP-
muHaTax b, ..., y*".

flcuo, uro mopepxuoctu N, cemeiicTBa “HOpMaJeil” IOIAPHO He IIepeceKaroT-
csl, 1 UX O0beuHeHue siBysieTcs: (KOHYCOOOPA3HOM) OKPECTHOCTHIO MHOYKECTBA
E° B U. IlosToOMy KOPpPEKTHO OIIpeie/ieHa PeTPaKIU p YKa3aHHO! OKPECTHOCTH
Ha MHOXKECTBO [°, nepeBojisiias Kazxyio HopMaJib Ny, B TOUKY mM:

p(Np)=m, meENU\{0}.

[TocTpoennast peTpaxkiiust p sIBJISIETCS TJAJIKON 1 00JIaaeT CAeyIOINM CBOii-
CTBOM: OHa OTOGpazKaer (KOHYyCOOOPa3HyI0) OKPeCTHOCTD MOBepxHOCTH F° B ca-
My 3Ty IMOBEPXHOCTDH C COXpaHeHmeM 3HadeHuii pyukmun Hy. [Ipu srom

p(m)=m, me E".

Anasornuano, uzmensisi v € (0,79), Mbl noiydaem B nepecedenun ENU;\{m;}
HoAnpocTpancTBa £ co Beeil mpokoroToit 2rp—okpectunoctnio U Touknm m; Bee
MepevYncaeHHbIe 00 beKThHI.

[IpomozKuM oIy deHHble 00bEKTHI BO BCe ocTaibHble ToUkH m € A\ U;
MHO)KecTBa A Tiaakum obpazoM. [Ipw 3TOM HYKHO yKa3aTh 3apaHee, KAK MbI
Oy/leM OlIpejiesisiTh aHAJIOInYHble OObeKThl HA “HYJIEBOM YypOBHE” H ~10) Bos-
MYIIEHHOIO raMu/ibToHHaHa (6oJjiee TOYHO, HA “MHOYKECTBE HYJIEBOI'O YDOBHsI
BO3MYIIEHHOrO raMmibTonnana’). Buyrpu u Bue okpecrnocreii U; Mbr Oymem
OTIPEJIENATh ITH OOBEKTHI PASHHMU CTLOCOOAMU.

Breném B (hazoBoM mpocTpaHCcTBe JTI00YI0 pUMAHOBY MeTPUKY. Boimyctum n3
nosepxuoctn H1(0) \ {my,...,my} da3oBble TpaeKTOpHH IPaJHeHTHOTO MO-
Toka dynkuun H. Bue oxpecmnocmed U; nsuzkenne BIOJb 9TUX TPaeKTOPH
OCYIIECTBJIsIET HEKOTOPbIA juddeomopdusm Mexky ypPOBHSAMH HEBO3ZMYIIEH-
HOT'O U BO3MYIIEHHOI'O raMuJIbTOoHHAHOB. [Ipu momomu sroro muddeomopdus-
Ma MBI U Oy/IeM MepeHOCUTH Bce OOBEKTBhI Ha HYJIEBOIl YPOBEHb BO3MYIIEHHOTO
raMuIbTOHHAHA. B 9acTHOCTH, MBI Oy/IeM MepeHOCUHTh TMOJAMHOXKECTBO A ¢ feii-
cTBUEM OKpPy KHOCTU HA HEM. [lepeHecénnble TaKuM CIIOCOOOM OO'bEKThI HA30BEM
8MOPUYHBLMU 00BEKMAMU.

Onnako B okpectHOCTH U; MBI y:Ke (DaKTHIeCKH NMeeM Hy’KHble 00beKThI
Ha HyJeBOM (Kak U Ha JII0OGOM JPYroM) YPOBHE BO3MYIIEHHOTO MAMUJIBTOHHAHA,
TaK KaK MbI UX 33JIaJIH Ha 6CET YPOSHAL HEBO3MYIIEHHOTO TaMIIbTOHNAaHa H | a
BO3MYIIEHHbBI TAMUJIBTOHUAH UMEET T€e YKe MHOKECTBA YPOBHEil, 4TO U HEBO3MY-
ménnbiit. [locrpoennbie HaMu OOBLEKTHI Mbl HA30BEM MEPBUUHBLMU 003EKMAMU.
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DT 00BEKTHI He SABJISIOTCS, BOOOIIE TOBOPsI, MEpEHEeCeHNEeM MPH TTOMOIIU I'pa-
JIMEHTHOTO 1MoToKa (hyHKIuu H. Jle/10 B TOM, 9YTO Mbl UX Oy/JIeM paccMaTpUBaTh
KaK OIpeJeTéHHbIe Ha caMoM noamuoroodpasun A* N U; C H1(0), rae

A NU; = En Hy Y (=hy).

OcTtasioch TOCTPOUTH “TIJIABHBIH 1epexo1” MeK/Iy STUMHU JIBYMS CIIOCODAMH,
T.e. “‘corlacoBaTh’ B HEKOTOPOW IMPOMEXKYTOUHOH 00JACTU BCe TATh 00BHEKTOB,
MOCTPOEHHBIX PA3HBIME CIIOCODAM.

Hauuém ¢ 0cHOBHOrO 00beKTa — mojaMHOroobpasust A* BMecTe co CTPyKTY-
pOil MepPHOAUIECKOro paccaoenus Ha HEM. llogcHuM, 910 Bce BropuvHbIE 00b-
eKTHI, B YACTHOCTIH, caMo mojMuoroobpasme A* C H~'(0) BmecTe co cTpyK-
TYpOil TIEPUOINIECKOTO PACCTOEHHUS HA HEM, MOJYIAIOTCS UX MEePEeHEeCeHHeM C
A € H'(0) na uynesoit yposens H~'(0) Bosmyménnoro rammisronuana. Ho
BOJIM3M TOYKH 1; TAKOIO HepeHeceHNsl B IPUHINIE He MOXKeT ObITh, TaK KakK
muozkectBo Hy'(0) He sBIsSeTCs IIaIKIM IOAMHOrooGpasmeM. Mbl BMeCTo Ta-
KOT'O TIepEeHEeCeHUsT PACCMATPUBAEM TEePBUUHBIT OObEKT: 00bsIB/IsIEM B KAUeCTBE
noamuoroobpasusa A* N Uy, “pyuky” Ce(m) u3 (65) BMecTe ¢ (IepBHYHBIMK)
obbekTamu Ha Heil. [Toaromy Jij1si BOSMOKHOCTH 11epexo/ia K (BTOPUIHBIM) 00b-
exTaM BHe okpecTHocTeit U; MBI JOZKHBI JOOUTHCSA, B 9aCTHOCTH, YTOOBI HO-
crpoennbie (pasHbIME crocoGanu) noaMuoroobpasns A* B H ~1(0) cosmazam,
BMeCTe C JIefiCTBHEM OKPYZKHOCTH Ha HHUX (IpH JIIOOOM 3HavYeHUN h;).

J11s1 5TOTO U3MEHNM PUMAHOBY METPHUKY BOTM3M rpanuiisl mapa U Tak, 94To-
6b1 B Masioit oxpecraoctn xonyca C(m;) = E N Hy'(0) Bue wapa paauyca i
BEKTOpHOE T0JIe U’ 3(31- Ha F, B/IOJIb KOTOPOTO MBI OCYIIECTBJ/ISIIN PETPAKITHIO
T = r; IPH J0Ka3aTeJbCTBe JeMMbI 11, OBLII0 OPTOTOHAJIBHO MHOKECTBAM yPOB-
uga yukmun Hy. [lepenecém B 3TOil OKpecTHOCTH BCe OOBEKTHI ¢ MHOZKECTBA
H; 1 (0) ma kaxmoe 61mskoe Muozkectso Hy '(¢). Torma mpm o60M J0CTATOTHO
MAJIOM € = —ﬁj BHE IIapa pajmyca % nepeHecéHHoe (T.e. BTOPUYHOE) MHOMXKe-
crBo A* coBuagér ¢ nepsudanbiM MHOKecTBOM A* — “pyukoii” C.(m) u3 (65).
Kpome Toro, mo jiemme 11, BHe yKa3aHHOTO TIapa MepEeHECEHHOE ¢ MHOYKECTBA
A va A* neiicrBue oKpyzKHOCTH (IPU MOMOIIY TPATHEHTHOrO HOTOKA (bYHKIHHI
Hy) Gyzmer coBnasaTh ¢ eCTeCTBEHHBIM JieficTBEeM OKpyzKHOCTH Ha A*. [Tosromy
BHE TIIapa pajnyca % noaMHOr0o0Opasne A* BMecTe O CTPYKTYpDOii mepuomie-
CKOTO pacc/ioenus Ha HéM Oy/IeT onpe/ie/eHo OJHO3HATHO (IPH JII000M 3HAUeHUH
e = —h;), T.e. oAUHAKOBO U 0OOUX CHOCOOAX OMPEIETCHUSI.

OcTasoch onpeIeTuTh OCTaIbHbIEe YeThIpe 00bekTa 1—4 BHe Iapa pajmyca %
B U, Tak, 9T0OBI OHH “ILIABHO MEePeILIn’ U3 IePBUIHBIX 00bEKTOB BO BTOPUYHLIE.

Mbl mocTpouM HOBBIE (IIPOMEKYTOUHBIE) OOBEKTHI B mape pajuyca 1 BHe

1

mwapa pajauyca 5 B U. IIpu sTrom BHyTpH 1mapa pajumyca % MbI OCTaBUM YZKe

nocTpoeHHble ([epBUYHBIE) 00HEKTHI, a BHE Iapa pajauyca 1 6y1eM mepeHoCHTh
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BCe O0BEKTHI TIPH MOMOIIM TPAIMEHTHOrO MOTOKa (T.e. “ocTaBuM” BTOPHUYHBIE
06bexThl). [TomaepkHéM, 9TO MBI Gy/IeM CTPOUTH HOBBIE 00bEKTHI B mmape U He
JIJI JTIOOBIX MOBEPXHOCTEM, OJM3KUX K MOBEPXHOCTSAM ypoBHeil dyukiun H,
a TOJBKO JIsI KOHKPETHBIX MHOXKECTB ypoBHs mauuoit dyukiun Hy B U. Ilpn
9TOM MbI He Oy/IeM CTPOUTH SIBHOTO IMEPEHOCA C OJHOI MOBEPXHOCTH HA, JIPYTYIO,
a OyZeM paccMaTrpuBaTh BCe OOBEKTHI KaK MEPBUIHBIE.

Jlemma 12. Ilyemv Hy — durcuposannan dymnrxuyusa, pasHas xeadpamuunort
wacmu (72) mesosmywiénnozo 2amunvmonuarna H 6 ocoboti mowke mj. Tozda
6 npoxosomom wape U \ {0} paduyca 2 cywecmeyrom noae cevenut Iyarkape
om C Hy'(Ho(m)), m € E° = ENU\ {0}, nore nodnpocmparcme 6,, C
T0m, m € E°, noae “onepamopos nepenoca”Pr, py @ Oy — Oy, m € E°,
m' € o, cemeticmeo “nopmaneti” N,, C Hy'(Ho(m)), m € E°, u cemeticmeo
PUMAHOBHLT METMPUK HA TLOBEPLHOCTNAL Ho_l(h)ﬂEo, obaadarouue caedyuUMU
c8oUcmeamu.

1. s 21060t mouku m € E°, npunadiestcawedd wapy paduyca %, amu 005~
exmoL CO8NAAAIOM ¢ NEPEUMHBMU 00BEKMAMU.

2. Jlas moboti mouku m € E°, aescaueti ene wapa paduyca 1, smu obsexmol
co6nadarom co 6MopusHuLMY 005EKMAMU.

3. Jas moboti mouku m € Hy'(0) N E° amu ob6sexmu, cosnadatom ¢ o6sek-
mamu 060UT MUNOG.

JokazareancTBo. 3amerum, uro na muoxecrse Hy ' (0) obbexTsl 060ux TH-
OB COBIAJIAIOT (TaK KaK “IePEHOC € HOMOIIBIO TPAMEeHTHOIO HOTOKA” SIBJISIETCST
Toxaecrsennbiv na Hy ' (0)).

[Tocrpoum ectecTBeHHYI0 adOUHHYIO CTPYKTYPY HA MHOXKECTBE NEPBHY-
HBIX OOBEKTOB 14, ONpeIeIEHHBIX I IIOBePXHOCTel ypoBHA (DUKCAPOBAHHON
byukiun Hy 1 pUKCHPOBAHHBIX HEBBIPOAKICHHBIX noaMuOKecTs K) C Hy ()
BHE II1apa pajnyca % BU.

JI1oOble jIBe pUMAHOBBI METPUKHU o M ¢1 HA TMOBEPXHOCTAX K coequmHUM
romoronueit g, = (1 —u)go + ugr, 0 <u < 1.

OuxrcupyeM m06y10 Touxy m € Hy '(0) N E° 1 paccMOTPHM Bee HMeIOIIHecs
O00BEKTHI B 9TOI TOUKE.

JI106bie JBe CeKyIUe HOBEPXHOCTH Opo, Om1 C Hy '(Ho(m)) coeamnmm ro-
MOTONHEH Ty, C Hy ' (Ho(m)), 0 < u < 1, Koropyio onpeenum Tak. V3 ro6oit
TOYKE M’ € Oy BBILYCTUM (Dha30BYI0 TPAEKTOPHIO 7Y (t) JiMHEapU30BaHHOMN
cucreMbl. IIycTh 9Ta TpaeKTOpHA MEPeceK/a MOBEPXHOCTh 0,1 B MOMEHT Bpe-
meru t = 7(m’). Tlonoxkum 0,y = {Apu(m)|m’ € opet, 0 < u < 1, e
A (m') 1= e (ur (m')).
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JIrobpre apa mognpocTpancTBa 0,0 C 1100 mo, Om1 C Thi0m1 COEIUMHUM TO-
Moronueit 0,,, C Truomu, 0 < u < 1, monaras 0,,, = ENT,,0m..

JIiobpie nBa cemeiicTBa onepaTopos nepenoca Ly, me o Omo — Oimmy 0, mg €
Omoy B Pt 10 01— O 1, my € Opmi1, COETUHUM TOMOTONHEH Py e
Omu = Ommt, s My € Oy, 0 < u < 1, KOTOPYIO Onpejiesium TaK. s oboit
TOYKU M{ € T U 06010 BeKTOpa & € b0 mosoxum m,, = Ay (mg), Emu =
dAmu(m)me € gmu; Pm,m;,ugmu = (1 _u)dAmu(mé))oPm,m6,0€m0+UdAmu(m6) o
dAml (m/O)_l ° Pm,m’l,lfml-

JTio6sie mse “mopmamu” Ny C Hy'(Ho(m)), Ny C Hy'(Hy(m)) coenn-
nuM romorormeit Ny, C Hy'(Ho(m)), 0 < u < 1, KOTOpyIo OnpeesmM Tax.
Yepes a106y10 TOUKY Mg € Nyyo IPOBEIEM ILIOMAJIKY, IapaIebHY0 IOIIPO-
crpanctBy F. Ilycrh 3Ta mwiomaaka mepecekia moBepXHoCTh Ny,1 B TOUKe M, =
my(mo). CoenunumM 31M TOYKM Kpardaiineil reose3mdeckoii m, = my(mp),
0 <u < 1. Honomum N,y = {my,(mg) |mo € Npo}, 0 < u < 1.

CoelMHNM TIePBHYHBIE U BTOPUYHBIC OOBLEKTBI B IPOKOJIOTOH OKPECTHOCTH
TouKH () TOMOTOIMEH YKa3aHHOTO BH/IA.

Bosbmem C*—rnajkyio dyaknuio u(r), 0 < r < 2 puga 0 < u(r) < 1 upm
0§7’§2;’U,(7‘):1Hp1/10§7”§%;u(?’):OHpI/I1§7’§2.HpHKa}KILOM
snavenun r € [0,2] mag moboit roukum m € E N U, upunagiexameii cdepe
pajimyca r, OnpeIenM PHMAHOBY MeTpuKy ¢(m) := gy)(m) B 9100t TOUKE, 1N
AHAJIOTHYHO YeThIPEe JPYIUX 00beKTa.

[TocTpoeHHbIE 00BLEKTHI YAOBIETBOPAIOT YCIOBHAM JIeMMBI. Jlemma 12 qoka-
3aHa.

Bepuémcs k nepBuanbiM 00bekTaM, opeiesieHabiM B mrape U u okpecTHOCTH
U; Toukn m;.

Ormernm, uro Bee mepsuunbie 00bekTol B U (U;) 10 MOCTPOCHUIO UHBAPU-
aHMHBL, OTHOCATETBHO TOMOTETHH ¢ MeHTpoM B 0 (B TOUKe m;) ¢ JT00BIM KO3h-
durmeHTOM roMoTeTnn, MeHbIMUM 1. OTCI0/1a MOTyYaeM BayKHYIO CBA3b MEZKLY
HepBHYHBIME 0ObeKkTaMu B mape U paguyca 2 u 2rg-okpecTHocTH U TOUKH m;:

IIpu omobpasiceruu wapa U 6 wap U, asasowemea comomemueti ¢ a106vum
koapuvyuernmom euda r € (0,10), 6ce nepsuunvie obsexmo, 6 wape U nepexro-
dam 6 coomeemcmeyrousue nepsudnvie obsexmol 6 wape Uj.

[IIar 5. PaccmorpuMm B mommpocTpancTBe £ orkpbiToe Koubio K C F,
cozlepzKaliee eTuHNIHYI0 cdepy S M orpaHudeHHOe cdepaMi pajmycoB i U

2
3 8 E. Hanomuum (mar 2), 4ro Kouiblo K pasburo Ha IHIEPHOBEPXHOCTH

K,=KnH;'(h), 2h_ < h < $hy.

O6ozuaunm yepes U = {(y')? + ... + (y**)? < 4} orkpwITHIl map pajuyca
2 C HEeHTPOM B Hadaje KOOpPJIUHAT. DTO — 00JacTh (Ha30BOro IPOCTPAHCTBA
MOJIEJIbHOfT (T.€. JTMHeAPU30BAHHOl) CHCTeMBbI.

Ka)KILaH IHOBEPXHOCTD Kh ABJIAETCHA I'VIaJIKUM HEBbIPO2KJICHHBIM UHBAPUAHT-
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HBIM TOJAMHOTroOOpa3ueM B 1moBepxHoctu H, 1(h), CILIOIIb 3AII0JIHEHHBIM 3a-
MKHYTBIMI TPAEKTOPUSIMU MOJIEIbHOI (T.e. JTHHEAPU30BAHHOl) raMUIBTOHOBOI
CHCTeMBI ¢ TAMIJIBTOHHAHOM Hy U CHMILIeKTHYeCKol CTpyKTypoii ws.

B oruume oT mpeabiayIero caydas, moBepXHOCTH [/, He KOMIAKTHHI. Tem
HE MeHee, aHAJOI'MYHOEe JI0KA3aTeJIbCTBO MOKA3bIBAET, 9TO BOJIN3U JIFOOOI0 KOM-
MaKTHOTO S'-MHBApMAHTHOrO TTOIMHOYKECTBA B HEBHLIPOKIEHHOM MOIMHOT000-
pa3uu, 3alM0JTHEHHOM 3aMKHYTBIMHA TPAeKTOPHUIMH, CIIPaBeJIAB aHAJIOT yTBEP-
KIeHnd 3.

B mamem ciaydae cmpaBeiuB CJIeAYIONAI aHAIOT YTBEPKICHUS 3.

Jlemma 13. Cywecmesyrom cmoas maavie wucaa €, > 0, 7 > 0 u oxpecmmuocmo
Q edunuunot chepw S C E 6 wape U, sasucaujue moavko om He803MYu,eH-
Hoti cucmemui, makue, wmo oaa 1106020 9 € [0,e.] u 210000 2aMmuILMONO601
cucmemn ¢ 2amusvmonuarom H = Hy u cumnaexmuneckot cmpykmypoti &2,

€0—0Au3K0T K MOJEALHOT:
&% — willer < eo, (76)

cywecmeyem enoocenue i : K — U u S'—uneapuanmmvie 2aadxue dyrryuu 1
u'T na K, obaadarowjue caedyrousumu c60ticmeamu.:

1. @yukyua T eo-bauska k wucay T(m;), a 6aooicenue i £9—6AU3KO K MOC-
decmeeHHoMY.

2. Baooicenue i coxpansem suauenue 2amusvmonuana: Hyoi = Ho|g.

3. Jas w060t okpystcnocmu v C K, asaarwetica kpumuveckot oaa dymk-
yuu Y|, €€ obpas i(7y) aeasemcs samrnymoti mpaekmopuet 603Myusén-
noti cucmemol ¢ nepuodom T(7y), 2de h = Hy(7).

4. JIobas 3aMKERYMAA MPAEKMOPUA BO3MYULENHOT, CUCTNEMDBL, NEPECEKANOULAA
obaacms 0 u umerowas nepuod 6 npomescymee [T(m;) — 7,17 (m;) + 7],
ABAACTNCA 00Pa30OM NPU 0MoOPastceruy i Hexkomopot okpyscnocmu y C
K, asamowetica xpumuyeckol dasn Pynkuyuu V|, .

OTMeTHM, 9TO TOKA3ATETHCTBO YTBEPK/ICHHUS 3 OCHOBAHO HA OCHOBHOIT JIeM-
Me 8, a IpH JOKA3aTebCTBE ITOM JIeMMBbI YKAa3aH OAHO3HAYHBII CI10CO0 MOCTPO-
eHUsT BJIOYKeHUs ¢ U PYHKIAH T, 3aBHUCAIIHNI TOJIHKO OT CJIEAYIONIAX 00 bEKTOB:
crocoba mepenoca moaMHoroo6pasus K, ¢ nosepxuocrn Hy'(h) wa H'(h),
TI0JIST CeUeHUH 0y, MOAMPOCTPAHCTB 6y, TOJIsI OLEPATOPOB mepeHoca Py, /. pe-
TPAKIUK p U PUMAHOBOI MeTpukn Ha K, (1Ba moceTHuX 06beKTa HYKHbI JJIsT
OJIHO3HAYHOCTH IIOCTPOEHHsI BJIOXKEHU 7). Tak KaK B HAIIEM CJlydae H= Hy, 10
BCe 97U 00BEKTH OblIN (DUKCHPOBAHBI HA MPEBIAYINEM Mare (Kak IepBUYHbIE).
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OTmeTnM TakzKe, 9TO 10 BIOKEHWIO § OJHO3HAYHO cTpouTces dbyHKims ¢ (c
TOYHOCTBIO JIO TIOCTOSHHOTO CJIATAeMOro).

[ToaTOoMy q0Ka3aTeILCTBO JIEMMBI 8 JaéT OMHO3HAYHBIN CIIOCOD MOCTPOEHUS
BJIOKEeHUS ¢ U (PYHKIHI T u v, VIOBJIETBOPSIONINX TpeOoBaHuAM JeMMbI 13. B
YACTHOCTH, STOT CIIOCOD HE 3aBUCHT OT BHIOOPA JIOKAJBHBIX KOOPJAUHAT B (ha30-
BOM IIPOCTPAHCTBE.

[Tar 6. Ha sTom mare mMbl BoIOepeMm MaJblit paauyc 79 > 0 okpectnoctu Uj
TOYKN M. g 3T0ro BBEAEM Cciremylomue 0603HATeHHS.

O6oznaunm depes d Hopmy onepatopa (Ar — )71, rae Ap = A|p:

d=|(Ar — D)7l (77)

O6o3naunm uepe3 B Takoe MOJOKHUTEJIbHOE YUCII0, 9TO Jis Jiiodoro £y € [0, 1],
JIFOOO# BO3MYIIEHHONW TaMUJIBTOHOBOW CUCTEMbI V ¢ raMHJIBTOHHAHOM Hy w cum-
IIEKTUIECKOil ¢cTpyKTypoii Bua (76) u moboii Toukn y exuananoit cdepbt B U
BBITIOJTHAIOCH HEPABEHCTBO

195 () — 9 (y)| < Beo, 0 <t <2T(m),

riae V' — mMogesnbrast (T.e. JMHEApU30BaHHAs) TaMHJIBTOHOBA cucrema. O6o3Ha-
quM depes3 b Takoe MOJI0KATETBHOE YUCI0, ITO s JI000ro dncaa 1’ u3 oTpeska
[0,2T'(m;)] u mob6oit Touku y exauunanOi cepsr B U

l9v(y) = Ayl < b|T = T(my)|.
Toraa g moGoro T € [0, 27 (m;)] mveen

92 (y) — Ay| < [gZ(y) — gL (W)| + |9¥(y) — Ay| < Beo +0|T — T(m)|. (78)

[Tycts €, > 0 — uncao u3 jgemvbl 13. YMeHBINM, ecn HYKHO, PAIRYC T
okpectnoctu U; u Bo3pMéM Mmasple unciaa € > 0 mw 7 > 0, yJaoBieTBopsroniue
CJIETYIOTIIAM YCJIOBHUSIM:

1. Cro+ce <e,, tae C u ¢ — koucrauter u3 (74) u (70);

2. nepecedenue eunuaHoi cepol B U ¢ Uu—0KPECTHOCTHIO MOIIPOCTPAHCTBA,
E nenukom jexut B okpectroctu {2 u3 jemmbr 13, e

u=d(B(ce + Crg) + br); (79)

3. s s1060it Toukn m € A, npunHaIexKaleii 7o-OKPeCTHOCTH TOUYKHI 1j,

[ T(m) —T(my)| <; (80)
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4. npn mobom g9 € [0, min(e,, Crg + c£)] BrO)KeHME i U3 nemmur 13 gocra-
TOYHO OJIU3KO K TOXKIECTBEHHOMY (IOIpOOHEee CM. HUZKE):

Hanoxkum Ha MCXOTHYIO TAaMUJIBTOHOBY CHCTEMY JTI0DO0E £-Majoe BO3MYTIe-
uue Bua (67).

s moboro r € (0, 79] pacemorpum B mape U paauyca 2 1Be raMUIbTOHOBBI
CUCTEeMbI, OJIU3KHEe K MOJE/IHHO: HEBO3MYIIEHHYIO U BO3MYIIEHHYIO CUCTEMBI C
raMuIbToHnanoM Hy 1 CUMILIEKTHYeCKUME CTPYKTypaMu w? u D*0? uz (73). B
cuny (74) u (75) meBo3myuiénnas u Bo3Myménnas cucremsl (Cr)—u (Cr + ce)—
OJTM3KU K MOJEJIbHON CHCTeMe COOTBETCTBEHHO. 3HAUHUT, BBU/LY BBIOOpA HTHCET
e u 7 (CM. yeaoBEe 1), 5TH CHCTEMBI YIOBIETBOPSIIOT YCa0BHIO (76) gemMbl 13
(61M30CTH K MOJEJBHOM CcHCTeMe).

TToCTPONM COOTBETCTBYIOIINE STHM CHCTEMaM BIOXKEHUs iy, i, : K — U,
dbyHKIUA Y, 1@ u pyukmyun 1., T, na K, cymecrByiomue B cuty jgemMbl 13. [pu
9TOM MBI TIOCTPOUM 3TH BJIOXKeHUS U (DYHKIUU MO OTHOZHAYHOMY AJITOPUTMY,
YKA3aHHOMY TIPH JOKA3ATEThCTBE YTBEP:KIeHus 3 (CM. eMMy 8).

Cremaem Tenepb 1mpu KazkJ oM r 00paTHyiO 3aMeny KoopjauHat B mape U,
HepeBOJAILYI0 3TOT map B 2r—okpectnocts rU rouknm m; B U;. Ipyruvm cio-
BaMU, DU KaKJOM 7" IepeHecéM Bce IOCTPOEeHHble BJIOXKeHUs W (DYHKIUH HA
MaJIeHbKOe KoJblo 1K, mekamee B 2rg—okpectHocTu U; Toukm m;. B mrore
MBI TIOJIYIUM JIJIsI O0€UX CHCTEM OJHOMapaMeTpUYecKoe CeMeiiCTBO BIIOKEHMil
rK — U; n dynkunit na konbuax 1K C U, 0 <1 < ro. Mb1 yrBepxkgaem, 4To
st o0bIX aByX pasubix 3nauenuit 7,17’ € (0,7r9] na nepeceuennu xosen rK
u ' K nocrpoennbie Baokenust u GyHKINU, OTBEYAIONINE OHON M TOii ke cu-
cTeMe, COBIAIYT. DTO CJIeAYeT U3 OJHO3HAYHOCTU MOCTPOEHUS STUX BIIOKEHUIT
u byHKIEH (T.e. HE3ABHCUMOCTH TOTO MOCTPOEHHs OT BHIGOpA KOODJIUHAT), C
yU4€TOM 3aMevaHus, CJIeJaHHOr0 B KOHIE 11ara 4.

B urore mbl mostydaem it HEBO3MYIIEHHON CHCTEMBI €IHHOE BJIOYKEHUE 1°
E'\ {m;} — U; \ {m;} u dbyuxkunu T° u 9°, onpeneaéHusie B IPOKOTIOTOM
nosepxuoctu E'\ {m;}, e

3
E/:EQZT’()UCU]‘.

JI7ist BOBMYIIEHHON CHCTEMBI MBI MOJy4YaeM HEKOTOpoe Bioxkenue 1° : F'\
710 7.0 /

{m;} — U; u bynxmun T° u ¢° 8 B\ {m;}.

ITponomnzxum Bioxkenus ¢°, i° 1 Gynknuio nepuoga 1° B TOUKy my;, moJjaras
)© — A:O . — . © . — .
i°(my) = i°(m;) = my, T°(m;) =T (m;).
Jlemma 14. IIycmo paduyc ro okpecmmnocmu U; u 6ozmyuwenue € ucxodnol
cucmemdv. docmamouno maav, (em. sviwe). Toeda coomseememeyrousue 6.a004ce-
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wua i, 1° : B — U u dymsyuu T° - B — R, T° . E'\ {m;} — R o6aadaiom
CACOYIOUUMU CEOTICTNEAMU:

1. Baootcenus 1°, i° u pyrurxyuu T°, T° asasromes 2aadkumu 6 npoxosomot
nosepzrnocmu E'\ {m;}.

o

2. Baoocenus i°, i° u Pynxyus T° asssomes nenpepwuenvimu ma E'.

3. Jhobas 3amKkHymMas mMpaekmopus Heso3MYyu,ennol (803mywénnot) cu-
CeMbL, NEPECERAOUAA T(—0KPECTIHOCTIG MOYKY M, U UMENULALA NePuod,
nestcauwgut 6 ompeske [T'(m;) — 7,T(m;) + 7|, asaaemca obpasom npu
omobpasiceruu i° (1°) nexomopoti oxpyscrocmu v C E' u umeem nepuod
T° 0i°™t (T°0 (i°)71). Bdeco T > 0 — ukcuposannoe viie MaieHLEOE
YUCAO.

4. Baooicenue i° u pynxyus T° na B asasomes “noumu 2aadkumu” 6 cae-
dyrousem emuicae. Cywecmsyem 2aadkoe cemeticmeo eaodtcenuti i, © S —
U u enadkoe cemeticmeo Pynxuyut T, : S — R, |r| < 2ry, maxue,
YIMO BAONACEHUE Ty ABAAETNCA MONCOCCMEEHHLIM 0MObpaNtcenuem chepol
S = 5271 C E wna ceba, Ty = T(my) ui®(ry) = ri.(y), T°(ry) = T.(y)
npu mobux y € S 0 < r < 2r.

CaencrBue 12. Ilepeceuenue mmoscecmea N ¢ ro—okpecmmuocmvro mouku
m; aesrcum 6 noseprrocmu i(E') u coenadaem ¢ nepeceuernuem mmodcecmsa
i°(C(m;)) ¢ amoti oxpecmmocmuio, 2de C(m;) = E' N Hy'(0). Hpu smom
Tlem,) =T 0.

Hoka3zarenbcro. 1) Ilyukr 1 semmbl 14 odeBuen.

2) Tlo nocrpoennto Biaoxkenuit u pyuknuii va F’', pasg awo6oit Toukn y € S
eMHNYIHOMN cdepbl S B MOANpPOCTpaHcTBe E BepHBI ciemyonme (hOpMYJIb:

=ri,(y), T°(ry) =T (y), ¥°(ry) =1:(y),
°(ry) =ri,(y), T°(ry) =T.(y), ¥°(ry) =u(y),

Cornacuo semme 13, B cuty (Cr)— u (Cr + c£)—6au30CTH HEBO3MYIIEHHON 1

BO3MYIIEHHON CHCTeM K MOJEJIbHOl cucreme, BroxKeHus i, u i, Toxe (Cr)— n
(Cr 4 c£)~6su3KN K TOXKJIECTBEHHOMY OTOOPAsKEHUIO COOTBETCTBEHHO. AHAJIO-

(0]
~
3

<
N—
|

0<r <.

rudroe BepHo st pyuknuit T, u 7T;.

B wacrnocTn, Tak Kak oTobpakenus i, u i, orpammdensi, a [T, — T(m;)| =
O(r), To cnpaBeyIuB MyHKT 2 JIeMMBbI 14.

3) Bamerum, 9TO ceMeiicTBa BIOKeHuUit i, u pyHKIwii T, Ha KoIbie K TIajgKo
3aBUCAT OT T M IJIJKUM 00pa3oM mpojosizKaiores B Touky 7 = 0. Ilpu srom
io = Idg, To = T(m;). dro jgoka3biBaer IyHKT 4.
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4) Ocranock noka3arh MyHKT 3 JgeMMbl 14. Jloka3aTeabcTBO TPOBEIEM JIJIst
BO3MYIIEHHON CHCTEMBI (/17151 HEBO3MYIIIEHHON CHCTEMBI JTOKA3ATeIbCTBO AHAJIO-
TUYHO).

BospmeM m1100y10 TOUKY M U3 ro—OKPeCTHOCTH TOYKH m; B Uj, uepe3 KoTo-
PYIO MPOXOUT 3aMKHYTasi TPAEKTOPHUsI BO3MYIIEHHO raMu/IbTOHOBOM CHCTEMBI
¢ nepuogom T, vae |T — T'(m;)| < 7.

IIpencraBum panumyc-BeKTOp U3 TOYKH M; B TOUKY M B BUJE 7Y, TIe

0 <7 <ro, (82)

1 Y — HEeKOTOPHIil euananbiit BekTop B U. Paccmorpum y cepor S C E okpect-
Hocth ) m3 jemMmbl 13. CornmacHo jemme 13 HaM JOCTATOYHO IMOKA3aTh, ITO
y € €.

[IpescTaBuM e IMHUYIHBIN BEKTOp ¥ B BUJE Y = Yg + Yr, TIe Yg € E, yp €
F. Obo3naumm gepes v, Bo3MyIéHHyto cucremy B U ¢ ramuiabronnanom Hy u
CUMILIEKTHYECKOIT cTpyKTypoit D*@? u3 (67), (73). B cuuy (78) u (75),

ly — Ayl = |g{. (y) — Ay| < B(ce + Cr) + br.
C napyroit cTOPOHBI,
lyrl = |(Ar — )" (Apyr — yr)| < d|Ay —y|

ey (77). Cnenosarennno, ¢ yuérom (79) u (82), |yr| < d(B(ce + Cr) +
b|T|) < u; T.e. TOUKA Y JIEXKUT B HepecedeHnn eauHuIHON cdepbl B U u ¢ u—
OKPeCTHOCTBIO noaupocrpancrsa F. CienoBaresbno, y € ). D10 j10Ka3bIBAET
MYHKT 3 JieMmMbl 14.

Jlemma 14 moJIHOCTBHIO JOKa3aHa.

Jlokaxkem caeacrsue 12 m3 3T1oil memmbl. Pacemorpum muoxkecrso C =
C(m;) = E'N Hy'(0). Ilo noctpoeruto, Baozenne i° : B/ — M coxpanser
3HAUEHHWEe raMWIbToHWaHa, T.e. Hy 0 i® = Hy|g. Orcroma, Bereactsue (80) u
HyHKTa 3 JeMMbl 14, nepecedenue ro—OKPECTHOCTH TOYKH 1M € MHOKECTBOM
A nexur B nosepxuoctu i°(C), npuuém yHkius nepuoga 1 Ha yKa3saHHOM
nepecedennn cosnagaer ¢ dbynkmueit 7°0i° !, Tax xak U; N A\ {m;} asnaer-
sl TJIAJKUM [IOJMHOI000pa3HeM TOM Ke pasMepHOCTH, YTO M IOAMHOTr000pas3ue
i°(C \ {0}), To ykazaHHOe TepecedeHNe SBISETCS OTKPBITHIM MOIMHOZKECTBOM
B noaMuoroobpazun i°(C \ {0}). B cuiay xkommakraocrn A, ero nepeceuenue
C TPOKOJIOTOH Tg—OKPECTHOCTHIO TOYKH 1M; 3aMKHYTO B 3TOH OKDECTHOCTH, a
3HAYNUT, 3AMKHYTO U B €€ nepecedenun ¢ noamuoroodbpasuem i°(C). Cienona-
TeJBHO, mepecedenne A ¢ MPOKOJOTON 7g—OKPECTHOCTBIO TOYKH 11 SBISETCS
CBA3HOI KOMIIOHEHTOM IepeceveHus MPOKOJIOTOM 7g—OKPECTHOCTH TOYKH M; W
muozxecrsa i°(C). Ho nocsiegnee MHOKeCTBO ¢Bs3HO B cuiy (81) u cBasnocTn
muoxecrBa C NS ~ SZ—1 x §2[d=k)—1 1o nokasbiBaer caencrsue 12.
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[ITar 7. Ha sTom mare mbl BbiOepeM JOMyCTUMYIO Bejuduny € > 0 Bo3My-
IIEHNS UCXOTHOI TraMUJABTOHOBOM CHUCTEMBI.

Hamomuum (cm. mar 4), 4ro B BbIOpaHHO# To—OKpecTHOCTH Uj TOUKH
(10 = ;) MBI MOXKEM HOCTPOUTD BIoxkKeHns i°, 1° n dynxmun 1°, T° eIIé OTHUM
cocoboM. A MMEHHO, MBI MOIVIM C CaMoOro Hadaja ukcupoBarb B mmape U
BMECTO MEePBUYHBIX 00HEKTOB O0HEKTHI, “TIJIABHO TepexoJIsinue’ U3 MePBUIHBIX
00bEKTOB BO BTOpPHUYHBIE, CM. JiemMy 12. Bynem cuumrarb, 4ro 4mcia rg, T, €
Ha mare 6 moa0UpaInCch UMEHHO JJI 9THX 00beKTOB, u 1°, 1T° — BOXKeHUe U
dyuknug va F’, 1oCTpOEHHLIE O STUM OOBEKTAM.

Anajloru4HbIe HOCTPOEHUS MPOBEIEM I KazKIoit ocoboit Toukn mj, 1 <
J < N, ymenbIlasi Ipu 3TOM, €CJId HYKHO, Bejimauny € > 0. B pesysbrare mbr
noJtyauM Habop (270;)-okpectHocTeit U; TOYEK M, B KOTOPBIX MMEETCsT BJIOYKE-
ane i} u ynknug 17,1 < j < N. Kpome Toro, ayig 106010 £-Manoro BO3MyTIIe-
HHSl HCXOJHOM CHCTeMbl B KazK10ii OKpecTHOCTH U 0ZIHO3HAYHO CTPOATCST COOT-
BETCTBYIOIIME BJIOYKeHUe 15 1 pyHKIun T w ua jucke E'(m;) C E(m;) NU;.

BcenomuuM tenepb (CM. urar 4), aro BHe oxpecrnocreit Ui, 1 < j < N,
MBI MOZKeM (DUKCHPOBATH OOBEKTHI BTOPOTO THIIA, T.€. Mbl MOYKEM TIEPEHOCHUTH
HX ¢ HeBo3MyIEHHoro Muozxkectsa H~'(0) Ha HysneBoil ypoBeHb BO3MYMIEHHOIO
raMIIIBTOREAHA H TIPH MOMOIH IPAIMEeHTHOrO MOTOKA bynkmun H, rae Ul —
3TO 7~ OKPECTHOCTb TOUKH M.

YMeHbIuM, ecjii HYzKHO, 9ucjo € > (0, 4To0bl mpu JI0O0M E-MaJjOM BO3-
mytmernu (67) ObLr cnpaBe;mHB AHAJIOT YTBEPXKIEHUS 3 I HEKOMITAKTHOTO
noaMHOroobpasus A \ U _,Uj. BameTnM, 4TO Ha IepecedeHnH STOTO MOJMHOTO-
o0Opazus ¢ KaxK1a0it OerCTHOCTbIO U; Bce 00BbeKThI, HyKHbIE J1J1d OJJHO3HAUHOCTH
MOCTPOEHUS BIOXKEHUA ¢ U (DYHKIIUH T, COBTMAJAIOT: TI0 JiemMe 12 BHe Tmapa UJ’-
00bexTsl B mape U; coBnasalor ¢ BTOPHYHBIMEA OObEKTaMu.

C.HG,ILOBaTe.HbHO HpI/I I060M e-MaIoM Bosmytenun (67) Mbl oy qaem Tpe-
oyemoe BiioKenume ¢ : A* — H- 1(0) u S'-unpapuantuble GyHKIUH 1Y, T na
MHOrooopaszum A*, 06J1a;Lannme caeayonuM cBoiictBoM. O6pas mpu BIOKEHUN
1 JTI000# KPUTUIECKOiT OKPYKHOCTH 7Y (DYHKIME 1) 9BIIETCS 3aMKHYTOH Tpaek-
TOpHell BO3MYIIEHHOI cuCTeMbl ¢ mepuogiom T |, upuuém byHKImst T Gnmska K
dbyukmun T or, re r : A* — A — ecrecrBennasi npoexius (66).

Teopema 8 mokazana.

2.3 HeraMujabTOHOB cJiry4Jaii

B 3akJiouenune npuseigMm (hopMyJIMPOBKH OCHOBHBIX Pe3y/IbTaTOB JIaHHOM pabo-
ThI AJId Caay4dasd MPOU3BOJIbBHBIX JUHAMUYECKUX CUCTEM, T.€. HE O6H3&T6IIBHO AB-
JISOTNIUXCS TAMIJIBTOHOBBIME. PaccMOTpuM IpOU3BOIBHYO JHHAMAYECKYO CH-
CTeMy Ha IPOM3BOJIBHOM IIAJIKOM MHOroobpasun M"™, 3a1aBaeMyo BEKTOPHBIM
nosiem V' ua M™. Ilycrb umeercs riajgkoe noamaoroobpasue A C M™, e co-
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Jleprkariee 0COObIX TOYEK U CILIONIb 3aM0JTHEHHOe 3aMKHYTHIMUA TPAEKTOPHUSIMU
cucrembl. IlycTh pacciaoenue (2) 3T0ro MOAMHOr00Opa3Ms 3aMKHYTHIMH TPACK-
TOPHUSIMU SABJISETCA IePHOIMIECKNM, T.e. Ha A mMeeTcs HempepbiBHAsS (DYHKITHS
T, paBHasI MEPUOJY 3AMKHYTHIX TPAeKTOpHii (He 06sS3aTeTbHO MUHUMATBHOMY
[EPUOJLY ).

st i060it Touku m € A paccMOTpUM CEKYILYI0 HOBEPXHOCTH Oy D M U
orobpaxkenue llyankape A,, : 0, — 0, 9T0ii HOBEPXHOCTH B cebs, 3aaBaeMOe
noTokoM nosist V' 3a Bpewmsi, 6u3koe K 3Havenuto 1'(m) dbyHKuuu nepuoja B
Touke m. He orpanmdnBast 0OIHOCTH, MBI Jajee OyIeM CIUTATh, YTO (DyHKIHS
nepuosa 1" wa A ToxiecTBeHHO paBHa 1.

[Tycts mogmuoroodpasue A HEBBLIPOXKIEHO B CMBIC/IE OIpeaeaeHus 1, T.e.
B KayKkJ0# TOYKe m € A MHOKECTBO KaCaTeJbHBIX BEKTOPOB, HETOIBUKHBIX
Ipu KacaTeJbHOM orobpazkenun dA(m), cOBIaIaeT ¢ KacaTeJbHBIM MPOCTPAH-
cTBOM K moBepxHoctH A N 0, B Touke m. Kak B J0Ka3aTebCcTBe yTBEp:KIe-
aust 3 (em. m. 1.6.1), paccmorpum Ha A nose dakrop-npocrpancrs E,, =
(Tom)/Im(dA(m)—1), m € A, sBasomuxcs Kostapamu oneparopos dA(m)—1,
m € A. Tlonyvennoe nosie F (pakTOp-NMpOCTPAHCTB SIBJISIETCST BEKTOPHBIM pac-
croenneM F — A man muaorooopasuem A. JIerko BUAeTh, 9TO 9TO pacca0eHne He
3aBHCHT OT BBIOOpA CEKYIIHUX MOBEPXHOCTEH 0,,. TouHee, OHO KOPPEKTHO OIpe-
JIEJIEHO ¢ TOYHOCTBIO 0 eCTeCTBeHHOIO TMOCTOMHOr0 n30MOp(I3Ma, PACCTOSHMIA.

Kax mbI y2ke ormedasu B 11. 1.6.1 (coregcrsue 8), ucxojgHoe JeiicTBue oKpy -
HOoCTH HAa A OYeBHJIHBIM 0Opa30M MOJHUMAETCS Ha TOJIyYeHHOe paccioenue F
— IIpHU IIOMOIIA KACaTeTbHOIO IOTOKA JAHHON JHHAMIYIECKOil cucTembl. B gact-
HOCTH, OTOOpakKeHue ‘3a Imepuoj’ dBIAETCS TOXKJIECTBEHHBIM OIEepaTOpPOM Ha,
paccioernnn E. Otciofa cieyer, uTo mpoctpacTBo opoutr E/S! neitctBus
OKPY?KHOCTH Ha paccjioeHnu F sBjsieTcss HEKOTOPBIM pacc/jioeHueM Ha1| (pakTop-
muoroobpasuem B = A/S', xoropoe mb Gyaem obosnauath uepes pE = E/St.

[Ipu 3TOM W3 yC/I0BUS HEBBIPOKIEHHOCTH A JIErKO CJie/lyeT, 9TO paHI II0-
JIVIEHHOT'O BEKTOPHOI'O paccjoenus pFE Haj B pasen pa3mepnoctu dim B =
dim A — 1 s3Toro MEOroo6pasus, NpuuéM TOTAILHOE NPOCTPAHCTBO pE opuenTn-
pyemo. CienoBarensuo, kinace diinepa e(pE) 9T0ro paccaoeHus sBISETCS 1e-
JIBIM 9HCJIOM, KOTOPOe Ha3bIBAETCs ero wucaom disepa. (31ech u gasee, ToBopst
0 gmcse Dilepa, Mbl IpejaoaraeM, 9T0 paccaoenne (2) ABISeTCs JIOKAIbHO
TPUBHAJIBHLIM, TaK 4YTO ero 6a3a B saBjsgercd OObBIYHBIM IJIaJIKHM MHOT00OOpa-
sueM.) Hamomunm “reomerpuueckuit” cmbica qucia Ditnepa. OHO paBHO ajres-
paMuecKoOMy 4HUCJy HyJiell JI060ro cedenusi odmero nosioxkenus S : B — pE
BEKTOPHOIO paccioenust pF naa B.

PaccMoTpuM BO3MYyIIEHHOE BekTOpHOe noe V, Cl—6m3koe x nomo V. Cie-
JIYIOIasi TeopeMa aHAJOTHIHA TeopeMe 1.

Teopema 9. I[lycmv nodmmozoobpasue N\, sanosnenmnoe 3aMEHYMBLMU TPAEK-
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MOPUAMU HEBOZMYUWEHHOT, CUCTNEMBL, KOMNAKMHO (0€3 Kpas) u Hesupostcdeno.
Tozda wucso 3aMEHYMBLE MPAEKMOPUT BO3MYUEHHOT CUCTNEMDBL HE MEHBULE MU-
HUMAALHO20 YUCAG HYAET 2aa0K020 cevenus S @ B — pE eexkmophozo paccao-
enus pE wad B. Kpome mozo, wucio maxux mpaexmoputi, Cuumas ¢ KpamHo-
CAMU, HE MEHDULE MUHUMGAADHO20 YUCAGL HYAET CEVEHUA 00ULL20 NONOHCEHUA
2MO20 BEKMOPHO20 PACCAOEHUA.

B uacrnoctu, ecim aucso Ditnepa e(pE) paccnoenus pE orauuano ot myos,
TO BO3MYIIEHHAS CUCTEMA UMEET He MeHee OIHOI 3aMKHYTOil TpaekTtopuu. [Ipu
9TOM UHCJIO0 TAKHX TPAEKTOPHi, CUUTAs C KPATHOCTSIMHU, HE MEHBIIE MOJIYJIs
le(pE)| aucna Diisepa 3T0r0 paccaI0eHusl.

Onwuiem Tenepb memod ycpedHenua Ha nodMH02000pa3uY I TPOU3BOIb-
HBIX JIHHAMUYECKHX cucTeM. [lycTh BO3MYHMIEHHOE BEKTOPHOE TI0/I€ MMEET BU/T

V=V+eWi+o(e), e—0, (83)

rie € — MaJblii mapamerp. Pacemorpum orpanudenne V = Vi|y Boamymienus V)
Ha A, u ompege M ycpegHenue ) MOJTYyYIeHHOTO BEKTOPHOIO HOJI 0 (hopMmyIie

_ 1
V :/O dg’tht(m) dt,

rae ¢' — MOTOK BeKTOPHOro mosd V 3a Bpemda t. HamoMHIM, 9TO MBI CunTa-
€M, He OrpaHu4uBas OOIIHOCTH, 4TO (DYHKIUs 1epuoga 1’ Ha A TOXKIECTBEHHO
pasna 1. [Toayuennoe BexkTopHOE MoJe V Ha MHOT0OOpa3ui A CIIPOEKTHPYeM Ha,
dakrop-paccioenne E = Uyep(Tmom)/Im(dA(m) — I) ¢ moMoIpio ecrecTBeH-
HOI MPOEKINH T, : Trno — E,,, m € A. Herpyaso mokasarh, 9TO MOy IeHHOE
ceqenme (V) paccraoenns F S'-naBapmanTHO, a 3HAYHT, KOPPEKTHO “IIPOEKTH-
pyerca” na nekoropoe ceuenne pr()V) BekTopHOro paccioenus pE. 1o cedenue
HA30BEM YCPeoHEHHbIM G03MYULEHUEM, TAK KAK OHO aHAJIOTHIHO YCPETHEHHOMY
BO3MyIIeHnI0 H B CJIydae raMIJIBTOHOBBIX cucreM. HeTpy Ho mpoBepseTcs, 4To
TakKoe oIpejiesieHIe YCPETHEHHOIO0 BO3MYIIEHHS He 3aBUCHT OT BBIOOpA, CEKYIIIX
MOBEPXHOCTEl 0y, m € A.

Cuenytomasi TeopemMa siBJIS€TCsl aHAJIONOM TEOPEMbI 2 Jijisl JTUHAMUIECKHUX
cucTem O0IIero Buja, T.e. He 00s13aTeTbHO TaMUIHTOHOBBIX.

Teopema 10. [lycmv nodmmozoobpasue N\, 3anosnennoe 3aMEHYMBLMU MPAEK-
MOPUAMU HEBOSMYUWLEHHOT CUCTEMDBL, HEBBLPOAHCIEHO, HO He 00A3AMENDHO KOM-
naxmno. Iycmo 6osmywénnoe sexmoproe nose V. 2aadko 3a6ucum om mano2o
napamempa €, m.e. umeem eud (83). U nycmov by € B — neswposrcdermill
HYAL yepednénnoeo eozmyuwenud, m.e. cevenua pr(V) eexmoprozo paccaoenus
pE. Iyecmwv o = p~(by) C A — mpaexmopus 1e6osmywénnoti cucmemvl, om-
sewarowas mouxe by. Toeda cywecmeyem odnonapamempuveckoe cemetcmso
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BAMEHYMBLT MPAEKMOPUT Yo BO3MYWEHHOT CUCMEMDL, 2A00K0 3ABUCAUEE OM,

napamempa 03MYWeHUs €, 20e € doCMAMOUHO MAAO, U Ve COBNAJGEM C Yo NPU
e =0.

Teopembt 9 u 10 cieyror u3 Gosee cuabHO Jemmbl 8 (em. m. 1.6.1), B dop-
MYJIIPOBKE U JOKA3aTEIbCTBE KOTOPOil, HAIIOMHUM, TAMIJIBTOHOBOCTH CHCTEMBI
HE HCIO/Ib30BA/IACH.

I/ITaK, B CjIy4dae IMMPOU3BOJIbHBIX JUHAMHUYECKUX CUCTEM, T.€. HE O6H3&TGJIBHO
raMIJIBTOHOBBIX, HY?KHO 3HATh TOIOJOTHIO HEKOTOPOI'0 BEKTOPHOI'O PaCC/I0e-
nug pE wan V—mHoroobpasuem B, omnpejie/igeMoro HeBO3MYIIEHHONR CHCTEMOI.
OKa3bIBaeTCs, 9TO BO MHOTHX BAsKHBIX CAYUASIX 9TO PACCIOCHUE MOCJIONHO H30-
MopdHO KacaresabHOMY paccioenuio Ty, B dakrop-muoroobpasus B.

YrBepxkaenue 13. B caedyowux cAyuaas onpedesérroe suiue 8eKmMopHoe
paccaoenue pE 1ad V-mmozo06pasuem B = N/S' nocaotine usomopdro xaca-
menvromy paccaoenuto Ty B amozo V —-mmozoobpasus.:

1) K020a HeBO3MYWEHHAA CUCTNEMA ABAALTNCA 02PAHUMEHUEM 2AMUNBIMOHO-
601 cucmemul 1a Heocobyro uzoanepzemueckyto noseprnocms My = H1(h);

2) koeda A cmpozo neswviposicderno, m.e. 6 kascdoli mouxke m € A xpam-
nocmsb wucaa 1 6 cnexmpe onepamopa dA(m) 6 mouHocmu pasha pasmepHocmu
parxmop-mrozo06pasus B.

dokazareancTBo. B ciydae raMuIbTOHOBO# CHCTEMBI JOCTATOYHO 3aMETUTh,
4YTO CUMILIEKTHYECKAs CTPYKTYpPa 33JaéT HeBBIPOKICHHOE CIIAPUBAHHUE MEXKILY
noanpocrpancreavu 1., (A N o) u E,,, m € A. B ciydae ¢Tporo HeBBIPOK-
nennoro A, B kadecTse noanpocrpancTsa [, moxno B3atb T,,(A N oy,,). Do
JIOKa3bIBaeT yTBepzKaenue 13.

B wacrHOCTH, BO BCEX ITUX Ciaydasx ducio Ditiepa e(pE) paccioenus pE
COBIIa IaeT ¢ 3iilepoBoil xapakTepucTukoii x(B) dakrop-muoroodbpasus B. Ilo-
TOMY, €CJI ilepoBa XapakTepucTuka V —MHoroobpasus B /11 TaKoi CHCTeMBI
OTJIMYHA OT HyJId, TO COIJIACHO TeopeMe 9 BO3MYIIEHHAA CUCTEMAa UMeeT 110 MeHb-
el Mepe oJiHy 3aMKHYTYI0 Tpaekroputo. Eciu xe x(B) = 0 u paccioenne (2)
JIOKQJIbHO TPUBUAJIBHO, TO CYHIECTBYET CKOJIb YTOAHO OIM3Kasd JIMHAMHYECKAs
cucreMa, He MMERIast Hi OJIHOI 3aMKHYTOI TpaekTopuu BOau3u A. Tlocaennee
caeayeT u3 TeopeMbl 10 U CyNmIecTBOBAHUSA BCIOAY HEHYJIEBOTO BEKTOPHOTO IIOJIS
Ha JTI060M DKoM MHOToOOpasun B, takoM, uro x(B) = 0 [13].
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3 OTHOCUTEJILHO nepmognviecKkme ABmu>KeHm4d 11jia-
HeTHO—CHyTHHKOBOfI cncreMbl

3.1 PopMyJUPOBKU TEOPEM

Pacemorpum 3amaqy o auzkenun cucrembl N +1 MaTepuaabHBIX TOYEK B €BKJIH-
JIOBOil MJIOCKOCTH, MPUTATUBAIONIAXCSA APYT K JAPYTy 10 3akoHy HbioToHa, rie
N > 2. llpeanosioxknm, ato ogHo u3 e cucrembl My — CosiHlle — ABJISETCS
IIeHTPaJbHBIM TEJIOM MAacchl 1, a ocrayubHble Tena My, ..., My pa3duTsl Ha IBE
CPYHIBL: N IJIAHET ¢ MacCaMM TOpsaka (, ¥ N — n CIyTHHKOB C MacCaMu eIé
MEHBIIIET0 HOPsIKA UV, TJIE [, ¥ — JABa MaJIbIX HapaMeTpa. Teja mpuTsaruBaioTcs
JIPYT K APYTY ¢ HBIOTOHOBCKUM IMTOTEHIIHAJIOM

U: _ Z mimj7

0<i<j<N Tij

rae m; — macca toukn M;, r; = |M; — M;|, 0 < 4,5 < N, — nomapusie
PACCTOSTHUS MeXKy TOUYKAMU. Y PaBHEHUsI JIBUKEHUS UMEIOT BUJT
d*M; oU

. __ % o<i<N. 84
M e aM, ! (84)

3/1ech MBI CIUTAEM, He OTPAHUYHUBAs OOIHOCTH, YTO I'PABUTAIIMOHHAS TOCTOSTH-
Has paBHA 1. DTOro BCerga MOYKHO JOOUTHCS C TIOMOIIBIO U3MEHeHUsT MaciTaba
BpPEMEHH.

OTMmeTnM, 9TO cUCTeMa YpaBHEeHHIT TBUZKEHNUSA B KOKACaTeIHHOM PaCcC/T0eHUN
K KOH(UI'YPAIMOHHOMY MHOIOOOPA3UI0 SBJISIETCS IaMUJILTOHOBOM CHCTEMO C
raMUJIbTOHUAHOM, PABHBIM IIOJIHOI SHEPIUH CUCTEMbI

H=T+U,

OTHOCHTEJIbHO CTaHIAPTHON CHMILIEKTHIECKOH CTPYKTYpbl dp A dq. 31ech

N ‘ 2

pil
-y P
i:02m¢

— KHHETHUYEeCKad dHeprud CuCTeMbI.

3.1.1 IlocranoBka 3amadyu. MoaeabHas 3agada

[TocTtaBuMm 3a1a4y 00 OTHICKAHUHU CEMEHCTB T—1IePUOJUYECKUX JIBUZKEHUI OIIK-
CaHHOI cucreMbl BO Bpalllaronieiica cucreme KOOpPUHAT ¢ HOCTOAHHON YIJI0BOI
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cKOpocThIo. Takue ABUKEHUS OJJTHO3HATHO XapaKTEPU3YIOTCS CJIeIYIOIINM CBOii-
CTBOM: 4epe3 mepuoj, 7 > 0 pacmosIoyKeHus U CKOPOCTH BCeX TeJl CUCTeMBbI OT-
JIMYAIOTCA OT MCXOJHBIX CBOUX IIOJIOJKEHUI TTOBOPOTOM Ha OJUH U TOT ZKe YTIOJ
amod 27 BOKPYT HavYaa KOOPUHAT.

Onpenenenne 20. Takue jBuzkenusi Oy/jeM Ha3bIBATH 0MHOCUMEALHO NEPU-
00UNECKUMU IBUKEHUSIMU C NAPGMEMPAMU T, . SICHO, 9TO BCE JBUKEHUSI, 110-
JIYHdalomuecsd n3 TaKOoro JABU2KEHHdA CABHUTOM HAYaJIbHOT'O MOMEHTa BpEMEHH Ha
HEKOTOPOE YHCJIO U IIOBOPOTOM Ha HEKOTOPBIN YroJ BOKPYT HadaJia KOOPIHHAT,
TOXKE SIBJIAIOTCA OTHOCUTEIHLHO MEPUOINIECKIME C TEMH K€ MapaMeTpaMu T, (.
®a30BBIe TPAGKTOPHUH 3TUX JIBUKEHUI 00pa3yiOT ABYMEPHBI TOp 7y, U BCeX UX
MBI Oy/JIeEM CIUTATDH 38 00HO OMHOCUMEALHO NEpuoduyeckoe deustcenue. OTHOCH-
TeJILHO TEPUONIECKOE JBUKEHNE HAB0BEM HEGBIPONHCIEHHbLM, ECITU JTBYMEPHBII
TOP 7 SBJISI€TCS HEBBIPOZKIEHHBIM MHOYKECTBOM HEIMOJIBHKHBIX TOYEK O0TOOpa-
KeHus g _, a (CM. onpesenenne 9).

OtmeTnM, 9TO JBUZKEHUS BO BPAIAONIEcsa cucTeMe KOOPIUHAT C YIJI0OBOM
CKOPOCTDBIO W1 OIIUCBIBAIOTCHA IraMUJIBTOHOBOM CUCTEMON € TaMUJILTOHUAHOM H -
wy M, e

N
M = Z[Qi,pi] (85)
i=0
— MHTerpa/l KHHeTHUYeCKOIo MOMeHTa. PaccMOTpuM pejyKIuio 3a/a4u O JIBU-
xenun N + 1 Tena npu nomomu uaTerpaia M, t.e. nepeiiiém K “ipuBe ¢ HHON”
cucTeMe, IOJYIeHHOH OrpaHnIYeHneM UCXO/THOM CHCTeMbl Ha MHOZKECTBO Y POBHSI
dbyukuun M u dakropusanueit ¢pa30BOro NpocTpaHCTBa 0 OPOUTAM CUCTEMBI
¢ ramuabronnanoM M. flcHo, 9TO M1000€ OTHOCUTEIHHO MEePUOIUIECKOe TBUZKE-
HUeE Y uepeiiJIeT upu Pe/lyKIUKU B OJIHO IIEPUO/IMIECKOe JIBUXKEHUE Y IIPUBEJIEHHON
CUCTEMBI ¢ 1epuojiom 7. Ecim Bukenune v opobuTajibHO YCTOWYUBO B JIMHEIHOM
npubsnKeHnu (CM. onpeesienne 7), TO HCXOJHOe IBuzKeHue v 3agaqu N + 1 Tes
HA30BEM 0pOUMAALHO YCMOTUYUSHIM 68 AUHETHOM NPUONUHCERUL OMHOCUMEALHO
NEPUOOUUECKUM 0BUNCEHUEM.

3ameuanune 14. HerpyaHno mokas3aTh, 9TO €CJIU HCXOIHBINA IBYMEPHBII TOP 7Y
OTB€4Ya€T OTHOCUTEJIbHO HEPUOJNIECCKOMY JIBU2KEHUIO U ABJIACTCA CAJIBHO yCTOﬁ—
YUBBIM B JIMHEITHOM HpI/I6JH/I}KeHI/II/I MHOZKECTBOM HEIIOJABHU?KHbBIX TOYEK 0T06pa—
Kenust gp_, s (cM. onpenesienue 13), TO 3TO OTHOCHTEIBHO IEPHOIUUECKOE
JIBUZKEHUE CTPYKTYPHO YCTOMYNBO B JIMHEHHOM HPUOIUKEHUH, T.€. JIBUXKEHUE 7
SIBJSIETCA CTPYKTYPHO YCTOMYMBO# 3aMKHYTOI TpaekTopueil. /leificTBuTenbHO,
B CUJIy LIpEJIJIOYKEeHUS 2 U U30TPOIHOCTUA TOPA 7Y, KOPHEBOE MOJITPOCTPAHCTBO K
omeparopa A = dgf;_,, 1,(m), orBealomee cOOCTBEHHOMY 3HAYEHHIO 1, UeThHI-
péxmepHo, m € . Tak Kak OHO COJIEPYKUT TLJIOCKOCTDb 1,7y, TO €ro KOCOOPTOTO-
HaJbHOe Jonosnenne L = K+ conep:urcs B Té’y. CremoBaTeibHO, IPUBE/IEH-
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bt oneparop monoapovuu A : (TE4)/(T,,v) — (T:y)/(Trn7y) ecrecTBenno co-
npszkér oneparopy Alr. OTcona moaydaeM THITHIHOCTD BCEX COOCTBEHHBIX
3HavYeHuii omeparopa A, 4TO M HAET CTPYKTYPHYIO YCTOWUHBOCTH TPAEKTOPHUH

.
[Tos10KUTEIbHBIE TUCTIA [i, V, & TAKIKE W (€10 CMBIC Oy/IeT siceH HuzKe) Gyiem
CUYATATHh HE3aBUCUMBIMHU MAJIbIMHU HIapaMeTpaMu 3a/1a49n:

p<Ll, r<l, w<l. (86)

Jpyrumu mapaMerpaMu 3aJadn OyAyT ABIATHLCA (DUKCHPOBAHHOE UHCIO (¢ K
Habop u3 N — 1 1eJbIX 4uces, HOPSAKU KOTOPBIX 3aBUCAT OT w. OuuineM 3Tu
qucja 0oJjiee TOIHO.

Besém cnadasia 6osiee yno0HYI0 HyMepalui TOYeK cucTeMbl. HamomuuM,
YTO MbI HESIBHO IIPeJIIojaraeM, 4To KazK 0 IIaHeTe COOCTaBIeHa CBOS TPYIIIIa,
CIIyTHHUKOB. /11 3aI1CH TAKOTO COOTBETCTBHSA BBEIEM HOBYIO HYMEPAIUIO TOUEK
pu nomoru aByx unjgekcos: M;, 1 <4< n, 0 < j < n,. 3aecs Moy — Counnge,

My, 1<i<mn, u M;;, 1<j<mn,

— IJTAHETHI U UX CIIYTHUKH COOTBETCTBEHHO. By/ieM roBopuTh, 9TO 3TU CIIYTHH-
Ku 00pa3yioT BMECTe CO CBOEil IJIAHeTON 1—TYI0 CNYMHUKOBYI0 CUCTMEMY.

Ilepeobo3nauenue. l3mennM macmTaObl U3MEpPEHHA Macc: OyAeM CUUTATh,
YTO MACCHI IJIAHET M UX CIYTHUKOB MMEIOT BH/I

pmio, 1 <1 <mn, u pvmgg, 1< j<n,

COOTBeTCTBEeHHO, rae m;; = const > 0, 1 < i < n, 0 < j < n;. ObozHaunm
TaKZKe Mz = Mio, m; = Mo, 1 S 1 S n.

Bameuanme 15. B geiicrBuresnsrocT (cM. Teopembl 13 u 14 Huke), mst
CHPaBe/INBOCTH OCHOBHBIX HAIIUX Pe3y/abraroB (Teopembr 11 u 12, cM. HuZKe),
MOKHO He TpeOOBaTh NMOCTOAHCTBO TapaMeTpOB 1My, M, a JI0CTATOYHO JIUIIhH
BBIIIOJIHEHHS CJIEIYIOMUX DoJiee cIadbIX YCJIOBUIL:

1. s KaxKIo# IIaHeThl YUCJI0 M,; OTPAHNYEHO W OT/IeJIEHO OT HYJId,

2. Ui KaKJIOrO CIYTHUKA, KpOMe cjaydas JBONHON TJIaHeThl, OTHOIIEHUE
I/% €ro Macchl K Macce ero TJaHeThl MaJlo, TAK YTO CYMMa BCeX TaKWX

7

OTHOIIIeHUH MaJia (3Ta CyMMa HIPaeT POJib MAJOro MapaMerpa ;).

DTo KBUBATEHTHO TOMY, 4TO TapaMeTphl m; n —2 1 < j < n; 1 < i < n,
mg
HE 06ﬂ3aTeﬂbHO KOHCTAHTbI, a JIMIIb OI'PaHUMY€Hbl, U T,; OT/AEJICHbl OT HYJIA.

[Toguepkuém, 910 /1151 JIFOOOH JIBOWHOM IJIaHETHl HE HYKHO TpeboBaTh MaJIOCTh
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mapamMerpa v;1. To ecTh, eciin Kakasi-1n00 MJIaHeTa UMeeT JIUTh OJWH CITYTHUK,
TO JIJIsl 9TOr'O CIYTHHUKA yCJIOBHE 2 HECYIIECTBEHHO U 3aMeHseTCs TpeOOBaHHeM
OTPAHUYEHHOCTH YUCTA VM.

Mpur OymeM ucceaoBaTh clieluaabHble pelneHus Takoit 3agaun N + 1 Ten,
JI7IsT KOTOPBIX PACCTOSTHUE Me KTy KayKJI0# TIaHeToi W e€ CIIyTHUKAMU UMeeT
HOpsAJI0K 1 W MHOI'O MEHbIE, 4eM MonapHbie paccrosHus Mexkay CoJiHmeMm u
IIEHTPaMH MacC CIyTHUKOBBIX cucTeM. llocieHne monapHbie pacCTOSTHUST MMe-
10T OJIMH U TOT 2Ke MOpsa0K R > 1, BoruucigeMslii mo gpopmyiie

1

2
R W (87)
u gBagomuiica aproMarndecku 6osbiuM. (Coorromenue (87) sBiasgercsa ecre-
CTBEHHBIM M OTBedaer BropoMy 3akony Keruiepa.)

CortacHo 3TOMY, BBEIEM “OTHOCUTEIbHBIE KOOPIUHATHI . A UMEHHO, U3 KazK-

JIOH TIJIAHETHI MPOBEIAEM PaJNyC-BEKTOPHI
yij = M;j — M, 1< <ny,

B cryTHUKHU 3Toi mianeTsl, 1 < 7 < n;. PaccMoTpuM TakzKe “HOpMUPOBAHHBIH’
pPaanyc-BeKTOP
XZ‘:(Cz'—MO())/R, ]_SZSTL,

npopeaénnbiii 3 Comana Moy B meHTp Macc
n; U
C; = (mio Mo + VzmijMij)/(miO +v Z mij)
j=1 Jj=1

9TOM CIyTHHKOBO{ cucrembl. (31ech, BOOOIE IoBOps, HYZKHO PacCMaTpUBATH
enié OJIMH PaJMyC-BEKTOP, a MMEHHO, NPOBEJIECHHBII N3 HavYaJia KOOP/HMHAT B
menTp macce C' Bcex TOUeK, HO Tak Kak (' sIBJISI€TCS IMUKJINIECKOIl TTepeMeHHOi,
MBI MOZKEM er0 MCKJIOUUTD, YTO SKBUBAJEHTHO IEPeXoy K CUCTeMe KOOp/IMHAT
¢ nagajiom B C')

Kpowme Toro, Oyiem ipejiosararb, 4To “Mecsdiibl’ MHOI'O MEHbIIIe, 4eM “To-
nbl. Bosiee TouHO, n3mMennm maciitab BpeMeHu u OyJAeM CYuTaTh, YTO CPeJHUe
YIJIOBBIE CKOPOCTH §);; BpaIleHnil paJnyCc-BeKTOPOB Y;; ABISIOTCS “OBICTPBIMEI 1
HMEIOT TOPSAIOK 1 (MeCsiIibl), a Cpe/IHIe YIJIOBbIe CKOPOCTH W; BPAIEHU painyc-
BEKTOPOB X; ABJIAIOTCS “MeJJIEHHBIMU’ W UMEIOT MOPSIOK W (TOJIbI):

Wi ~ W, szNl, 1§Z§n, 1S]§nz (88)

B kauecrBe wmodeavroti 3agatun paccMorpuM HabOp N HE3aBHCHMBIX 34004
Kenaepa:

d;t)gi = —w? |>:i|3 (1<i<n)
dQYij . Yij 1 < i< (89)
A2 = —my K ( >7 > nl)
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Jlerko Bugerh, uTo npu o Z 0mod 27 OTHOCHTENBHO TEPHOJAUUECKUM JIBUIKE-
HUSIM MOJIETTBHOM 3a/1a41 ¢ 3aJaHHbIM HAGOPOM cpeaHuX JacToT (88) orTBedator
KpyroBble JBuKeHus 3a1a4 Kermtepa ¢ srum Hadopom dactot. [1pu sTom Tpaek-
TOPUH FTUX “KPYTOBHIX JIBUKEHUil 00pa3yoT N—MepHBbIi TOp B KOHMUTYpaIu-
OHHOM IIPOCTPAHCTBE, KOTOPBIH Mbl 0003HaunM A°. Koopjaunaramu Ha 3170M TOpE
CJLyZKaT YTIJIOBBIe KOOPAMHATHL U5, Vi, 1 <@ < n, 0 < j < n,. IIpu stom gma
JII000i1 “TOYKH” 3TOr0 TOpa CyIIECTBYET POBHO OJHO JBUZKEHHE MOJIE/IbHON 3a-
naun (89), mpu KOTOPOM BCE TeJa JIBUXKYTCS MO KPYTOBBIM OPOUTAM C JIAHHBIMU
JaCTOTAMU.

3.1.2 CymiecTBOBaHUE U YCTONYNBOCTb MEPUOANIECKUX JIBUKEHUI

Paccmorpum mabop (88) “cpesuux dacror”’ BpaiieHUil PaIiyc-BeKTOPOB X;, Yij
PU OTHOCUTEIHHO MEPUOIMIECKUAX JIBUKEHUSX MOJIEJIbHON 3aa49i, OTBEYaiO-
mux Topy A°. fcHo, uTo HAbOP “CPENHHUX OMHOCUMENLHBIL YACTOT w; — Wi,
Qj —wi, 1 <i<n, 1 <7 <n; 9BIIeTCA MAKCUMAAOHO PEZOHAHCHBIM, T.€.
IIPONIOPITHOHAIEH HEeKOTOPOMY IesouncjieHHoMy Habopy k;, K, 1 < i < n,
1 <7 <n,.

Jpyruvu cioBamu, Habop “cpennux dactor” wj, 25, 1 <@ <n, 1 <j < n,,
nMeeT BT

w; :wl—i—ki%” (1<i<n) (90)
Qj :w1+Kij277r (1<j<mny),
rae k; u K;; — wueavle wucaa, paBHBIE UYUCIY 0DOPOTOB COOTBETCTBYIOMIEIO

paJinyc-BeKTOPa BOKPYT HyJist (BO BpAIAIOIIEHCs cCucTeMe KOOPAMHAT ¢ YIJIOBOI
CKOPOCTBIO W1). 3/IECh Mbl CYMTAeM, He OrpaHu9muBasi obmHocTH, 910 k1 = 0,
TaK 9TO BENECTBEHHOE YHCJIO0 (v = W17 PABHO MOJTHOMY yTJIy MOBOPOTA MEPBOil
mwianersl depe3 mepuoi. Corsacuo (88), Bee mesble gncia k;, oTBedarolne Ha-
OOpy MeJJIeHHBIX YacTOT IIJIaHeT, HMEIOT MOPAJOK WT, a BCe Hmeble dnciaa K,
OTBeYAIoINIIe HAOOPY OBICTPHIX YACTOT CIIYTHUKOB, BEJIUKNA U UMEIOT MOPSIIOK T:

klzo,]{?QN...NanWT, Kl'jNT, 1§z§n,1§j§m (91)

gleno, aTo moboe ABHKeHHe MOAETbHOI 3amaun (89), oTBedaiomee KpyroBbIM
ABU?KEHNAM C 9aCTOTaMH (90), ABJIAEeTCAd OTHOCUTEJIbHO IMEPUOJUYICCKUM C Ila-
pamerpamu

T, a=wiT. (92)

¢lcHo, 9TO OTHOCHTENbHBI Tepnox 7 otaesnén or myas (B cuty (91)). Byzem
MMpeIInoaaraTb, 9YTO OH HE CJIUIIKOM BEJTHK, TOUHEe, T <K ﬁ, T.e.

wir < 1. (93)
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3ameuanme 16. Be3 orpanwvenus obmmuocTH OyjJeM CYHTATH, YTO T =
Tmin > 0 — MUHUMAAOHLT omHocumesvHull nepuod OTHOCUTETbHO IepHo-
nudecKux aBuzkenuit ¢ wacroramu (90), T.e. 94T0 HAGOD TENBIX uucen ko . .. Ky,
Kij, 1 <i<mn,1<j<mn; gecokparnM. (DTOro MOKHO TOOHTLCS, PA3IETAB T
Ha HauboJIbIHi 00muMil jgeuTesb STUX Yuce.) B ciydae cucremst ¢ boaee wem
00d1oti naanemots (n > 1) OTHOCHTEIBHBIN TIlepuox T = 27 /w Beerga GOJIBINOI,
TOUHee, OH uMeeT nopsanok, He Menpme O(L1) B cumy (91). [ostomy ycnosue
(93) o3mauaer, YTO T He CIAMIIKOM BEJUKO. [ cucreMbl ¢ 00H0T naanemod
u odnum cnymuurom (N = 2, n = 1) OTHOCUTEJIBHBINH TMEPUOJ OTPAHUYEH U
PaBeH T = 27/(Q11 — w1) = O(1). Tosromy ycaosue (93) BbIOJHEHO aB-
ToMaTudecku. st cucreMsbr ¢ 00HOT NAGHEMOT T HECKOALKUMY CNYMHUKAMU
(n =1, N > 2) MUHUMAJbHBI OTHOCUTEIBHBINH MEPHOJ TOXKE MOYKET OBIThH
orpaHmYeHHBIM. B 11000M ciydae, MOXKHO HCKATh OTHOCHTE]BHO MEePUHOIHYE-
CKUe JIBUZKEHWs, JJisl KOTOPBIX epuoj 7 u3 (92) ymaosiersopsier yciaosuio (93),
HE 3aBHCUMO OT TOI'0, COBIAJ/AET JIM OH C MUHMUMAJIbHBIM HEPUOJIOM Typnin. Ha-
[IPUMEP, MOXKHO CUYUTATh, YTO T = %r

[IpucTynum K hOpMYJIUPOBKE OCHOBHOI'O Pe3yJIbTaTa.

CymecrBytor KoHCTaHTHI ¢; > 0, co > 0, Takue, 910 /s JOOOTO CKOJIb
yroauo 6osbmioro C' > 0 cymecTBYOT MOJOKATEbHbIE DYHKIUH [y = fio(w),
vy = vp(w), obaaIaoNIne CIeyoIUMI CBOHCTBAMH.

Bribepem Js1060e 3nadenune napamerpa w, 0 < w < ¢p. Iycrs w;, 4, 1 <
1t <n,0< 7 < n;, — HabOp HEHYJIEBBIX BEIIECTBEHHBIX YUCEJ, UMEIOIINX BU/I,
(88), (90), (93), rae 9mMCIO0 CYUTAETCSI FKBUBATEHTHBIM 1, €CJIM OHO JIEXKHUT B
IIPOMEZKYTKe [%,C], M MAJIBIM, €C/IH OHO MeHblle umcaa ... Ilyers mpu sTom
ancia |2, 1 <4 < n, He TONBKO OrPaHMYeHbl, HO M OTJAE/ICHbl APYT OT JAPyTa I
OT HYJI KOHCTAHTOI é, ¥ TO 7Ke BepHO st HabopoB uncer ||, 1 < j < n;, npu
JI060M (DUKCHPOBAHHOM ¢ (TO NPE/IIOIOKEeHNe O3HavaeT, 9ro Top A ormesnén
oT “0bJIacTH CTOJKHOBEHHIT”).

Pacemorpum N—MepHbiii Top A° B KOH(MDUIYpaMOHHOM IPOCTPAHCTBE, OTBe-
TAIOMNiT KPYTOBBIM JBUKEHUSM MOJEIbHOI 3a1a4n (89) ¢ gacroraMu w;, ;.
OnpegennM 3HaYEHHS TAPAMETPOB T, (¢ OTHOCUTEIBHO HEPHOINIECKUX TBUYKE-

uuit B onpeesennn 20 no dopmyaam (90), (92).

Teopema 11. I[lycmo 6 ykrazannwvr npednososcenuar o« Z 0mod 27w, npu-
wém wucao o mod 21 omdeserno om nyas (Koncmanmot % AUBO MUCLOM Cow?T ).
Tozda npu a006ux docmamouno maavs 3nauenuss 1, v: 0 < u < po(w),
0 <v <y(w) swnoaneno caedyrouee:

A) Cywecmeyem ne menee 2V =2 (cuumas ¢ Kpammocmamu,) ommocumensvHo
NEPUOOUMECKUL DBUNCEHUT, NAGHEMHO-CNYMHUKOBOT CUCTNEMDBL, € NAPAMEMPA-
MU T, @, U cpedu amux deustcenut ne menee N —1 2eomempuvecku passuisHvl,
2de N +1 — wucao scex mea cucmemo,, N > 2.
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B) Ilpu xastcdom marom dsustcenuu “cpednue wacmomuv” paduyc-6exmopos
x; = (C; — My) /R, yij = M;; — My 6 mounocmu pashv wy, 5, a dsustcerus
x;(t), yij(t) omuz paduyc-eexmopos bausku K kpy2o6vm d6UNCEHUAM (C MEMU
orce wacmomamu) mopa X modeavnoti sadavu (89).

B) ITycmo nabop wacmom (90), (93) xkpyeosvz dsusicenuti modeavioti 3a0a-
wu u masvie napamempo, (86) ydosaemesopsarom caedyrousum dONONHUMENDHBIM
YCAOBUAM:

1. 3navenue amodnm omdeaeno om Hyas (kKoncmanmot % Aubo wucaom
c2, ,2
20W°T ).

2. Ilpu dsuscenuax, omeseuarowuxr mopy I, 6o ecex N 3adauwazr Kenaepa
modeavnoti 3adavu (89) ece mena epawaromes “é 00wy cmopony”, m.e.
yenoewvie cropocmu w;, 1;j umerom ooun U Mom sHce 3HAK.

3. Paccmompum npoussodsugyro pynkyuro ¥ omobpasicernus “3a nepuod” gy
(em. (14) uz n. 1.4.5). IIyemv dynryua S = V|z.5 na (N — 2)-meprom
mope A NS aeanemes mopcosckot, ede ¥ — CeRywas noseprHOCML K
DBYMEPHIM MOPAM OTIHOCUTNEALHO nepuoduneckur dsusicenutd na X, A
— nexomopuiti N-meproiii mop, w?—6auskuti x X (e2o nocmpoenue cm.
nuoice).

Tozda uepes wastcdyro Kpumuueckyro mouky dyrkuuy S npoxrodum 6ommos-
ckutl dsymeprovi mop pynrxyuu V. Bee amu dsymepHvie mopvl uHEapUaHMMHbL
U HEBBIPONHCIEHDL, M.E. OMBEUANULUE UM OBUNCEHUA ABAAIOMCA HEBLLPONHCICH-
HOLMU OTHOCUMENBHO NePuodureckumy dsuncenuamu. Tlo mernvuiet mepe 00Ho
u3 amux dsustcenuti OpouUMaNLHO YCMOTUUBO 8 NMUHETHOM NPUOAUNCEHUL HA 0O-
wietl mo8ePTHOCMU YPOSHA UHMe2paros snepauy, H u xunemuueckoz2o momenma
M (cm. onpedenenue 7 u sameuanue 3 6 §1.3). Boaee mowno, 410607 mopcosckoti
mouke A0KAALHO20 MUHUMYMG PYHKUUY S 0MBEYAEM OMHOCUMENLHO NEPUO-
duueckoe dsudtcenue, ABAANOUEECA OPOUMANLHO CNPYKMYPHO YCMOTUUCHIM 6
AUHETHOM NPUOBAUNCEHUU HA 00ULET] NOBEPTHOCTU UHNEZPAAOE IHEPRUL U KlU-
HEMUYECKO20 MOMEHIA.

3mech 6H30CTh ABHKEHHN X;(t), ¥;;(t) K KPYTOBBIM JBUKEHHSM ITOHIMA-
eTcsl B TOM CMBICJIe, UTO JBHKEHUE X; = X;(T/w) OTHOCUTENBHO “COBCTBEHHOTO
BpeMeHnu mianerb’” T = wt ormyaercs or (w;/w)—4acToTHOrO KPYyroBoro JiBu-
JKeHWsl Ha BeJWYHHy nopsaika p+ v/R? a apmxkenne y;; = y;;(t) orimuaercs
OT KPYTOBOTO JIBUYKEHWs CIyTHAKA C 9acToTOil {);; HA BeJMYUHY TOpAIKa w?.
[Ipu 5TOM GJIM3KE KaK caMd BEKTOP-(DYHKIUH, TAK U UX HEPBbIE IIPOU3BOJIHBIE
0 7 U T COOTBETCTBEHHO.

B seiicrBuresibrocTu (CM. HUZKE), JBUXKEHHE BEKTOPA Y = ¥;;(t) Guu3Ko
K OTHOCHTEJIbHO MEePUOJNYECKOMY JIBUZKEHHIO (MpeejbHoil) 3adavu Xuana n
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OTJIMYAETCS OT HETO Ha BeJMUNHY TOPAaKa (w? + v, a B ciydae ABOMHOI 1m0
oTaesbHOl mianeTsl (npu n; < 1) — Ha BeJMYUHY IOpsIKa (w?,

3.1.3 CumMmmMeTpuYHBIE OTHOCUTEJIHHO IepuondecKue apu>kenudd. “Ila-
pPaapl’ NMJIaHETHO-CILy THUKOBOI CHUCTEMBbI

[TepeitnéM Temepb K OMUCAHUIO CUMMEMPULHHLE OTHOCHTETHHO TEPUOTHICCKIX
JIBUYKEHUH [JIAHETHO-CIIyTHUKOBON CHUCTEeMbI, KOTOpble paccMaTpuBaJ emié [1y-
ankape [28|.

Onpenenenune 21. Paccmorpum 3aady, onuckiBaoniyio apuzkenne N + 1 To-
YeK B ILTOCKOCTH. JIBUKeHME 3a/1a9U HA30BEM CUMMEMPULHOLM, WIA 00PamU-
MbLM, €CJTH CYITeCTBYeT TmpsaMas | B TJIOCKOCTH JIBUYKEHUS U MOMEHT BPEMEHH
t = 19, J1J1s1 KOTOPBIX BBIIIOJIHEHO OJIHO U3 JIBYX dKBHUBAaJIEHTHbIX YCJIOBUIA:

1. B MOMeHT BpeMmeHH t = ty BCe TeJia PACHOJIOKeHbl Ha OpsiMoil [ (T.e. Ha-
6momaercst “napaj’ IIAHeT W CIYTHUKOB), 4 UX CKOPOCTH B 3TOT MOMEHT
BPEMEHU OPTOTOHAJIBHBI TPSAMOii [

2. TMONOXKEeHUs BCceX Tes B Jiioboit MoMeHT BpeMennu ¢t € IR momydatorcs us
HOJIOZKEHUI 9TUX TeJl B MOMEHT BpeMenu 2ty — t oceBoit cummMerpueii or-
HOCHUTEJILHO ocH [.

Bee rmena (MarepuanibHble TOUKH) CHCTEMbI CUYATAIOTCS MTPOHYMEPOBAHHBIMU.
[Topsi/10K, B KOTOPOM PACIOJIOZKEHBI 9TH TOYKHM HA MPAMOil [ B MOMEHT BpeMeHH
o, HA30BEM “munom napada” TIAHETHO-CIIYTHUKOBOW CHUCTEMBI. YICHO, 9TO JTI0-
6oe aBuxkenue 3aa9u N + 1 Tej1, Moy daroniecs: u3 CHMMETPUIHOTO JIBUYKEHUST
C/IBUTOM BPEMEHH W MIOBOPOTOM ILIOCKOCTH HA HEKOTOPBIH YTOJI, TOXKE SBIISIETCS
CHMMETPUIHBIM. Bce Takme IBUKEHHS MBI OyIeM CUUTATH 00HUM U Tem dHce
CUMMEMPUYHOLM JBUHCEHUEM.

Pacemorpum mozenbHyo 3a1a4y (89), pacnagaoniyiocst Ha N He3aBHCHMBIX
3aga4 Kerepa, n BCeBO3MOXKHBIE €€ pellleHns], OTBeJaolle KPYroBbIM JIBHYKe-
HugaM 3a1a4 Kerepa ¢ KakuM-HuOY/1b (DUKCHPOBAHHBIM HAOOpOM dacToT. T'pa-
eKTOpHUH TaKHX JBUzKeHui 3ameraror N-Mepublii Top A°. Haiiném cummerpunu-
Hble JBUKEHHS CPeIM TAKUX JBUKEHUIl, U HalJIEM YHCJIO0 BCEX CUMMETPHUIHBIX
JIBUYKEHUN.

[IycTh HAOOp 4acTOT HE SIBJSETCS PE30HAHCHBIM, T.e. He MPEeJCTAB/IAeTCHd B
susie (90). Ilokazkem, 9To cpeu 3THX ABIKeHHmit mMeeTca posHo 2V 1 cummer-
PUYHBIX JIBUKEHHIT 3Toil 3aja4n. A UMEeHHO, B MOMEHT BpeMeHH t = t; BO3HH-
KaeT pasbueHne MHOXKECTBA BCEX ILTAHEeT W CIIYyTHUKOB Ha JIBa IMMOAMHOXKECTBA, B
3aBUCUMOCTH OT HAIIPAB/ICHUN PaJUyC-BEKTOPOB X;, Y;j B 9TOT MOMEHT BPEMEHMU:
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eCJTN JIBa, PaNyC-BEKTOPa COHAIPAB/IEHBI, TO OTBEYAIOIINe UM TOYKH TOMa a-
0T B OJHO IIOJIMHOYKECTBO, & €CJIH 3TH PAIHYC-BEKTOPHI IIPOTHBOIIOIOKHO Ha-
IpaBJIEHBI, TO TH TOYKHU MONAJAI0T B Pa3Hble MOJIMHOXKECTBA. YICHO, 9YTO BCEro
mveerca 2V ! takux pas6uennit, a 3uaunr, 2V ! Tunos mapaaos Ha Tope A°.

[Iycrpb Teneph HAGOp YACTOT KPYroBbIX JBHzKeHuil umeer Buj (90), r.e. aBu-
KeHud ABJIAI0TCA OTHOCUTEJ/IbHO IMIEPpUOJUYICCKUMU C ITapaMeTpaMu T, (. OKaBbI—
Baercd, 4To cpeau 2V ! cHMMeTpUYHBIX JIBUZKeHNI, ONICAHHBIX BBIIIE, HMEIOT-
csI apbl COBIAIAIONINX JIBMKeHui. /leiicTBuTeIbHO, B J11000ii MOMEHT BpeMeHH,
OTIMYalONIHiica OT ty Ha THCI0, KPATHOe HOIYIepHOLy %, BCE TOUKH JOKHBI
pacloJ/iaraThes Ha OHOl HpAMoil (or/imyalomeiics or [ HOBOPOTOM Ha yroJ ).
Bepno u obparHoe: ecjiu Ipu KPYroBbIX JIBUZKEHUSAX BCEX PAJIMYC-BEKTOPOB Cy-
IIECTBYIOT JBa PAa3JIMYHBIX MOMEHTA BPEMEHH, B KOTOPBIE BCE PAINYC-BEKTODHI
KOJITHHEAPHBI OJIHOI HPSMOM, TO pacCMaTpHUBAeMOe JIBHKEHHE OTHOCHTETHHO
HePUOINIHO, U PA3HOCTH YKA3AHHBIX MOMEHTOB BPEMEHN KPATHA IOTYIePHOILY
9TOro JiBuzkenus. Takum obOpa3zom, MOMEHTAM BpeMeHu Bujia to + %k, ke,
n TOJIBKO UM, OTBE€YalOT HEKOTOPbIE pa36I/IeHI/IH MHOZKECTBa BCEX TOYEK Ha JIBa
IMOJAMHOXKECTBA, TJE€ T = Typip — MHUHUMAJIbHBIA OTHOCUTEIBHBIN MEPUOJ, HA TO-
pe A°. Ilpu sTOM J1IerKo mokKasarh, 9YTO BCeM YETHBIM k OTBEYaeT OJHO M TO Ke
pasbuenue, BceM HEIETHBIM k — HEKOTOPOe JIPyroe pa3bueHue, IpuIéM 3TU JIBA
pasbUeHNs He COBIAAAIOT. TakuM obpaszoM, Bce 2V~ pazbuenuit pazéusarorcsa
Ha IIapbl, KOTOPbIM OTBE€Yal0T COBIIa/JalOIue CUMMETPpUYIHbIC JIBU2KCHUA.

[Tosromy B ciydae pe30HAHCHOTO HAGOpa YacTOT (T.e. OTHOCHTEIHHO TePH-
onumveckux aBuzkenuii Buga (90) IUCIO PA3TUIHBIX CHMMETPUYHBIX JBHZKEHUIL
MOJIEJTBHOM 3324’ ¢ STHMH JacToramu pasHo 2V ~2. JIpyruMu coBaMu, Ha TO-
pe /A°, 3aI0THEHHOM TPaeKTOPHUSAMHI OTHOCHTETHHO MEPUOINICCKUX JIBUKEHMIA,
umeercs posHO 27V 72 pasIMYHBIX CHMMETPUYHBIX IBUKCHMUIL.

Teopema 12. Ilycmo, 6 ycaosuaxr meopemw. 11, amodm # 0, npuuém wucro
amodm omdeaeno om nyas (koncmanmotd 5 aubo wucaom $wt). Tozda cpedu
OTHOCUMEABHO NEPUOOUYECKUT 0SUNCEHUT NAGHEMMHO-CIYMHUKOBOT CUCTIEMbL,
¢ napamempamu T, &, cyuwecmeyem poero 2V 2 passuMHLT CUMMEMPUUHDLT
deunrcenuti. Kaostcdoe uz amuz dsusiceruti 6au3%0 % oonomy us 2V =2 onucanmox
BBLULE CUMMEMPUYHBLE 06UNHCENUT Modeavrotl 3adavwu (89). Tas aobozo makozo
08UIHCEHUA NAGHEMHO-CNYMHUKOBOT CUCTEMbL YEPE3 NPOMENCYMKEU BPEMEHU,
Kpammpie noaynepuody , nabarodaromces napadol: 6ce MOUKY CUCTNEMDL PACTO-
AA2A0MCA 1A 00HOT NPAMOT (KOMOPAA Yepes NPOMENCYMEKU BPEMEHU, KPAMHbLE

3, NOGOPAMUGAETNCA HA Y2Abl, KPATHDLE %)
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3.2 BcmomorarenbHbIe yTBEPKIEHUSA

3ech MBI cOPMYIUPYEM YTBEp:K/ICHHSI, HEOOXOIUMBIE s JI0Ka3aTe/1bCTBA
TeopeM 11, 12. /lokazaTe/qbCTBa 3THUX BCIOMOTATEIbHBIX YTBEPKICHUH OYIyT
Jlanbl Huke B §3.4.

3.2.1 OcHoBHag JeMMa O HEBO3MYIIIEHHOII 3aaade, 3agava XuJjjaa

PaccMoTpuM Ha KOHMDUTYPAIIMOHHOM MHOT000pas3un () ¢ yKa3aHHBIMU KOOD/IH-
HATAMH X,y BEKTODHOE I0JIe yCKOpeHuii, oTBedaromee 3a1ade (84) o qBUKeHNH
IJTAHETHO-CITY THUKOBO# cucTeMbl. DUKCHpyeM MOM0KUTETHHOe YHCIO W U PaC-
CMOTPHM 3aBUCHMOCTD 9TOIO 10JIsl OT TPEX MAJIbIX LHAPAMETPOB fi, U U f, CBil-
3aHHBIX cooTHONIeHHeM (87) (B 1eficTBUTEILHOCTH, 3aBHCHMOCTH MMEeTCsI JIUTITh
OT TIAPAMETPOB [, V, TAK KAK 3HAUCHHE + = W3 13 OUPEICTACTCS OHOZHATHO
M aBTOMATHYECKU MaJib). BBu/ly aHAJIMTHYHOCTH OTEHIUATIBHON SHEPIUH WH-
TYUTUBHO $ACHO, YTO JIJId KarKJOW TaKOi TPONKM 3Ha4YeHU#l 3TUX mapamerposn
CYIIECTBYeT JINHeiiHasT 3aMeHa MaciiTaba BpeMeHH, TaKasi YTO MPH CTPeMJIeHHH
1

apaMeTpoB (i, V (a 3HAYWUT, U E) K HYJIIO TIOJIyUYeHHOe BEKTOPHOE T0JIe yCKOpe-

HUit OyeT UMeTh KOHEeUHBIH 1 HeHy1eBoit npeaen. [Ipegenbaoe mose mpu o — 0,
1

v — 0 (asnaunt, u 5 — 0) na @ Ha30BEM HEBO3MYIIEHHBIM 110/1€M YCKOPEHHUI,
a OTBEYAIOULYI0 €My JMHAMUYECKylo cucreMmy B ¢a3oBom npocrpancrse 1,0
HA30BEM HEBO3MYIIEHHON CHCTEMOI, WIN He803MYyuw,EnHot 3adaved. SIcHO, 9TO
HEeBO3MYIICHHAS 33298 OIPEIeJIeHa OJHO3HAYHO, ¢ TOYHOCTHIO 10 JIMHEIHO
3aMeHBl MacIITaba BpeMEeHH.

[TycTs Teneps (bpUKCHpOBaHA HEBO3MYIIEHHAA 3a0a49a. TOraa HeTpyIHO OIIpe-
JIQJINTH HEBO3MYIIEHHbIE MHTErpaJ/ibl SHeprun H n kunerudeckoro momenta M
(em. (85)). Huist 57010 HY?KHO IOMHOYKHUTD KazKIyt0 U3 3TuX (bYHKIMI Ha HEKOTO-
poe MOJIOKUTEIBbHOE YUCJI0, 3aABUCHINEe OT MAapaMeTpoB [, v u 1/R, Tak, 4ro0bl
IIPH MOCTPOEHHOIT BBIIIE 3aMeHe MacIITaba BpeMeHHU CYIIeCTBOBAA IPe/ebHAas
byHKIUA, OTIMYHAA OT HyJAd. SICHO, 9TO HEBO3MYMIEHHBIE MHTEIPAJLI SHEpP-
run H w xunermdeckoro momenta M onpejiesieHbl 0JITHO3HAYHO, ¢ TOYHOCTHIO
710 TIOJIOXKUTEJTBHBIX MHOYKHTEJIei (KOHEUHO, TP YCJIOBHU, 9TO HEBO3MY IEHHAST
3a1a9a QUKCHPOBAHA).

Oxka3sbpIBaeTcd, 9TO OpH KazKJI0M (PUKCHPOBAHHOM w > () HEBO3MYINEHHAS 3a-
nada, oreevatomag i — 0, v — 0 (a 3uauur, p — 0, rue p = 1/R), pacuagaercs
Ha N He3aBUCMMBIX 3aday Kensaepa, orsedaromux mianeram, u N — n 3ajad,
OTBEYAIOIIUX CIlyTHUKAM U COBIAJIANHX ¢ (penesnbHoii) 3adaved Xuana.

Bosiee T09HO, MBI yTBEpKIAae€M, 9TO HEBO3MYIIEHHOE MOJIE YCKOPEHWH Ha
KOH(UTYpAIMOHHOM MHOT00Opasun () OIMCHLIBAETCA CHCTEMOl ypaBHEHUI

2. . .
ddt)éz = —(,L}Z |):Z|3 (1 S ] S n) 94
Pyi; Yij 20F (94)

@ = MG T Wiy (X4, ¥ij) (1<7 <ny),
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riae dyukuust F' = F(x,y) onpejensiercss hopmyioii

3(x,y)* — [x]ly/*
2[x[° '

F(x,y) = (95)

Oyuknuio F Mbl OyaeM YCJIOBHO Ha3bIBaTh “HpeelbHBIM IMMOTEHITHAJIOM JIeii-
crBust CoJTHIIA Ha CIYTHUK . 37€Ch g—f(x, y) = % Otmerum, 9TO TI€-
PEMEHHBIE X M Yy ABTOMATHYECKH SBJSIIOTCI MEJJICHHBIMUA U OBICTPBIMHU Iepe-
MEHHBIMHU COOTBETCTBEHHO, KOIJIa W MaJl.

Orcroga mosydaeM, 9T0 HEBO3MYIIEHHAS CUCTEMa B (pa30BOM MPOCTPAHCTBE

T.() >KBUBaJIEHTHA CUCTEME YPABHEHUI BUIA

i i a& i )
d‘% =wi, dd% = —WMifs (1<é<n) (96)
b al S g ) 025 < )

Bameuanwue. Iloguepruém, 4ro auHaMuUecKasi cucrema (96) He saBgeTCs
HEBO3MYIIEHHOI cucTemoii Ha 1,(), 0OIHAKO SKBUBAJIEHTHA €il B CIeIYIOIIEeM
ecTeCTBEHHOM cMbicje. MoxkHO cunmrtarh, uro cucreMa (96) onpemesnena Ha
npocrpanctee 17(), nBoiictBenrnom K mpoctpanctBy 1,(). Torma mnpm ecre-

- . d .
CTBEHHOM COIIOCTABJIEHHH BEKTOPY ‘CKOpocTeil” d;‘tl, fi't”} € T,QQ B TOouke

m = {X;,yi;} € Q xoBekTOpa “mmuynncos”’ {§ = %dﬁi,mj = m;j dzl't“} eT:Q
HeBo3MyIéHHas cucreMa (Ha 1,(Q)) mepexomut B cucremy (96) (wa 7%()). 1o n
o3HavaeT, 9ro cucreMa (96) IKBUBaJIEHTHA HEBO3MYIIEHHON cucreme. [lasee Mbl
Oy/ieM OTOXKIeCTBIATH (ha30Boe mpocTpancTBo 1.() ¢ T™() npu momorm yka-
3aHHOI'O 37ech M30MOp(dU3Ma, H Ha3bIBATH HEBO3MYIIEHHOII CHCTEMOIl CHCTEMY

(96).

OrmeTnM, 9TO B KOH(DHUIYPAIMOHHOM IIPOCTPAHCTBe cucTeMa (96) coBnagaer
¢ cucremoit (94). Obo3nadnm

T

My = —d (97)

m; + I/mij

U
mi:mi—i—VZmij, ﬁ’Ll
=1

— CYMMAapHYIO Maccy ¢—Toil IJITaHeThbl U BCeX e€ CIYTHUKOB U “TIpUBeIEHHBIE”
MACCHI IJIAHET U CIOYTHUKOB.

Jlemma 15 (O meBO3Mmymi€nHOiT cucreme). IIpu arobom Pukcuposarmom
anaveruu w > 0 Heso3MYWENHAA cucmema 044 pacemampusaemots sadavwu N—+1
men umeem eud (96). Ilpu smom svinoaneno caedyrouiee:

1. Bosmywiénnasn (peanvras) cucmema 6 azosom npocmpancmee T*Q) ume-
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em caedyrowutl 6uo:

dx; _ i .
B =W+ psbr) (1<i<n)
P o i 20F; = i X,/ 26Fii/
% = —om (S T G )
dyi; i ) 98
a = g T L i (I=j<m)
d"]i,' _ Yij 2 81:_‘1 — 8Fii/
= T MiyE T (Byij i i Gy )> ’
ede p = % = W23 F,, Fyy — nexomopue anaiumuyeckue dynkyuu,

3a6UCAULUE O KOHPUYDAYUOHHDIT NEPEMEHHOLT X;, Yij, NAPAMEMPOS M,
Mij U MAABLT NAPAMEMPOE V, P, U UMENULUE CE0U GHANUMULECKUE NPO-
donotcenusn npu v =0, p = 0. IIpu smom

nq

~ m’L.
Fi|p:0,u=0 = Z jF(Xi>Yij)7

j=1 M

ede pynxyus F(x,y) — npedeavrods nomenyuan (95) deticmeus Coanya
Ha CNYMHUK.

. Unmeezpan (85) xunemuueckozo momenma umeem 6ud
M = [Xag] + €[y, T’] = Z(IZ +€ Z ]ij)y
j=1

i=1
ede I, = [x;,&), Li; = [yijsmis], € = pvwR. Boamywénnod unmezpan
anepeuu 6AU30K K GyHKyuu
Hy= (K 4+ 55" 40
0 Z( z+ Z j )7
i=1 W=
2de

o & oy &) _ n; Mg
to2m, x|’ ! 2m;; lyil

1<j<n;,1<i<n. (99)

Boaee mouno, 603Mywénnoill unmezpa.n IHep2uL OmAUYaAEMeA om PyHK-
2

yuu Hy na eoamywenue nopaoka p+ vp* + Ve =p+ v(w? + v)Es, saeu-

cAULLEe MOALKO 0 KOHPULYPAUUOHHBLL TEPEMEHHDLL.

. Cumnaexmuneckas cmpykmypa 6 rwoopdunamazx &, n, X, y umeem 6ud
dENX+ednNy.
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13 nynkra 1 JIerko HaXoauM HEBO3MYIIEHHYIO CUCTeMY. A UMEHHO, JIJIsT JIFO-
6oro dukcupoBanuoro w # 0, mpu p = v = 0 (a 3sauur, p = 0, ¢ = 0)
HeBO3MYIIEHHAs cucreMa (98) mpespammaercsa B cucremy (96).

HamoMuuM Kj1accuveckyio 3aja4dy Xumwia [20], aBagionyocs 9acTHBIM CITIy-
JaeM OHUCAHHOI 3a/Ja491 O JABUZKCHHNUN HﬂaHeTHO—CHyTHI/IKOBOﬁ CUCTEMBI. OHa
ornocutcst K cucreme tuna Comnne-3emis-JIyna (N = 2, n = 1) u onpees-
ercd cyeyromum obpa3om. (31ech Mbl onuiiieM GoJiee OBIIY0 TOCTAHOBKY JTOI
3aJ1aud, paccMOTperHyo Myabronom B pabore [26].)

Onpenenenne 22. 3adaveti Xuanra HA30BEM CAEIYIONIUNA YACTHBIN CJIydait
10cKoit 3amaun Tpéx Ten. [lepsoe Teno (Comnre) nveer maccy 1, a 1Ba Apyrux
resia (IUIAHETA M CIIy THUK) UMEIOT MAJIYI0 CYMMAapPHYIO Maccy my+mo = pu < 1.
Kpowme Toro, paccrosiaue MezK 1y JBYMs STUME TeJIaMUi MHOTO MEHBIIEe, YeM Pac-
CTOsIHUE OT UX IEHTPA MacCC JIO0 IMepBoro (MaccuBHOro) resa. Toukoil Koudwury-
PAIMOHHOTO MHOT000pa3us ABIIEeTCS Mapa BEKTOPOB X, Y B IJIOCKOCTH, TJ€ X
— PaJInyc-BEKTOP, NPOBEJIEHHBINH U3 MEPBOro (MACCUBHOTO) TeJa B IMEHTP MAacC
JABYX Apyrux req, y/R — paauyc-BekTop u3 Broporo resa B tperbe, 1/ R < 1.
[Ipeamnosaraercs: JOMOJHUTEIBHO, YTO BeJaudnHa w u3 (87) H0CTaTOYHO MaJIa.
Pewenuem Xuara Ha3bIBaeTCS OTHOCUTEIHHO TIEPUOIMIECKOE PEIIeHIe ITOMH 3a-
Jlaqd, UMeIolee CIelaJbHbIi BT, CM. HUKE.

IIpedenvroti 3adaneti Xuara HA30BEM TUHAMUYIECKYIO CHCTEMY B OMUCAHHOM
KOH(UI'YPAIMOHHOM MHOI00Opa3uu, 3aBUCHILYI0 OT [apamMerpa w MU 1OJLy4a-
IONYIOCS W3 3aJ@49u XU MPEeIeJbHBIM TePeX00M MPU CTPeMJIeHHH K HY-
IO TAPAMeTPOB fi M %, CBSI3AHHBIX cooTHOMmenneM (87). (910 SKBUBATEHTHO
npejieIbHOMY Hepexody npu pu — 0, rae mapaverp 1 = w??u!/? apromaru-
YeCKH CTpeMUTCs K Hya0.) Tak Kak B mpejesibHOi 3agade Xuiaa JBHKEHHE
x(t) pajmyc-BeKTOpa X OMHCBIBaeTCsa 3aaaueii Kerepa, 3T0 JBUKEHHE MOK-
HO “cpukcupoBaTh’ U U3ydaTh 3aja4y O JBUKEHUU PaJUyC-BEKTOpPA Y LpHU 3a-
JTAHHOM JIBUKEHUW PauyC-BeKTOpa X. Takyio 3a/ady Mbl TOXKe OyjeM WHOTJIA
Ha3bIBaTh npedesvhot sadauets Xuina.

Haiiném gaBHBIM Bua 3aJa4n XWLIa U Opeae/bHONR 33/ 1aun XHJIa.
HenocpenacrBenno mpoBepsieTcst, 9TO IpejebHas 3aJada XILIa 3a1a6TCs
CTEYIONIUME YPaBHEHUSIMHI B KOH(DUTYPAITMOHHOM IIPOCTPAHCTBE:

7d2;{ _= —w27| X|3

dt X

1 (100)
iltg = _|;"3 - 2?95()(7 Y)

O6osnaunm 0 = my/(my + my). Herpynno BumeTh, 94to 3a1ava Xuiia 3a-
JTaéTcs CJeayoNeil CHCTeMOl ypaBHeHU:

25 x g

Ucllt2 = _w2<|x\3 - ‘9(1 - 0>p225(x’y;9’p))
t .

A G N)
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rje p = %, F(x,y;0,p) — “norennuan B3aumojeiicrsus cuyranka ¢ Coamem”,
Olpe/ie/isieMblii 13 COOTHOIIECHHS
1—-0 0 1

e vg - 101
(1 —0)p°F(x,y;0,p) x— 0oyl x+ -8y oy

Pazyioxkenune ynknum B CTENEHHON P4 MO NMepeMeHHON p B HyJe:

1
[x+py|

1 -
gy~ (X260 + Iy =

1 X,
LY by 4067, 50, (102)

| |
nokassiBaet, uro dbynxius F(X,y; 6, p) aBisercs anaIuaTHuecKoii o BCeM ¢BO-
M aprymentam B obaactu x| > ply|, p > 0,0 < 0 < 1, u uro pyukuus F(x,y)

JeCTBUTEIHHO dABJIgeTCd eé mpeaesoM mpu p — 0O:

F(x,y;0,0) = F(x,y).

OtmernM, UTO “IpejenbHas 3aJa49a XUIIa , B OTIXYNAE OT “3aa4un Xuaima’, He
3aBUCHT OT napamerpa ), u, TeM caMbIM, OT OTHOIIEHUSI % MeZKJIy MaccaMu
[JIAHETHI U CITy THUKA.

KommenTapmii. l3nagagabHo XUAT paccMaTpUBAI 3a/1ady, MOJIYIAONLYIOCT
u3 onucanHoii “3amaun Xwia’ npejgeibHbIM TepexogoM mpu § — 0 [20, 6.
Jlumb 3arem pesysabrar Xuia 6611 0606men Mysbronom [26] wa cayqait npo-
uzBosibHOTO 0 € (0,1). Tem He MeHee, B janHOll paboTe Mbl HA3bIBAEM “3aaueii
Xnna” onucaHHYIO 3a/ad9y JJIs MPOU3BOJBHOTO 6, a mpu ompeaeneHnn “mpe-
JeIbHOM 3a1aun Xuaaa” Mbl 6epeM B 9TOil 3ajade Ipejes MPU CTPEeMJIEHUH K
HyJIIO IIAPAMETPOB [L I ) = 1, CBA3AHHBIX COOTHOICHHEM (87).

Takum obpazom, HeBo3MyIIEHHAs 3a1a9a (96) JeficTBUTEIbHO pacialaeTcs
Ha 7 HE3aBUCHMBIX 3a/Jda4 Kenﬂepa, OTB€YAOIIUX IlJlaHETaM, U N — N 3a4a4,
OTBEYAIONINX CIYTHUKAM ¥ sIBISIOIINXCA Tpe/IebHON 3a1a4ueit Xuaa. [laee,

roBops 0 3ajade XULIa, Mbl BCerJa OyleM UMETh B BHJY NPEIEIbHYIO 3a1a9y
Xuaa (100).

KommenTapuii. 13 cucremsr ypasnenuii (96) BHIHO, 9TO HEBO3MYIIEHHYIO
3a/lauy MOXKHO PeliaTh OTJAEJbHO JIJIsl KaKJIOH CIlyTHUKOBOI CHCTEMBbl, IPUYEM
B JIBa Il1ara: cHavaJia Hy»KHO PeliuTh 3a/ia49y JIJIs TJIAHETHI, a TTOTOM JIJIsT KarK-
JIOT0 €€ CyTHUKA. Bosiee TOUHO, CHavYasa U3 MepBoil OJOBUHBL ypaBHenuii (96)
HYZKHO HaliTH 3aBUCHUMOCTb OT BpeMeHHU ! PaJuyc-BeKTOpa X;, & 3aTeM, C IIOMO-
1IbIO BTOPOIl 110JIOBUHBI YPaBHEHUIl, HAlTU 3aBUCUMOCTb OT { Pa/InyC-BEKTOPOB
Vij, 1 < j <mn;. Onumem stn 1Ba mara.
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[Tar 1. ITeprast nosoButa ypasHenuii (96) onmuceiBaeT MeJIEHHOE JBHKEHUE
X; = X;(t) HOpMUPOBAHHOI'O PAIUYC-BEKTOPA X;, KOTOPbIil, HAIIOMHUM, IPOBE/IEH
3 CoJtHIa B TIEHTP Mace (—Toii cIyTHUKOBOi cucteMbl, 1 < ¢ < N. DTa cucrema
ypaBHEHUI 9BIIeTCSI TaMIJIBTOHOBOM M COBIIAIAET ¢ OOBITHOM 3a1a4eii Kemmepa
JIJIST 1—TOH IIJIAHeTHI.

[MTar 2. Ha BTopom mrare Hy»KHO PeNATh OCTABIIYIOCH TIOJJOBUHY YpaBHEHU
(96), pacnagaronryocs Ha (IpejiebHble) 33129l XUITa U OMUCHIBAIOILY IO OBICT-
pble JBHZKeHH PATIyC-BeKTOPOB Y, 1 < j < n,;. A nMeHHO, pajuyc-BeKTOP Yi;
JIBUZKETCS B TOTEHIHAJIE, KOTOPBII CKIAIBIBAETCA U3 CJAEAYIONMNX ABYX MOTEH-
MAJIOB:

1. morenmuana 3amadn Kemmepa;

2. Masoro nobasounoro norermuana w’F(x;(t),y:;), OMUCHBAIONIEro BIUs-
aue CoTHIA Ha CIIYTHUK.

[Ipu 3TOM BTOpas 4acTh MOTEHIMAJIA 3aBUCUT TaKyKe OT MepeMeHHON X;, 3aBU-
CHMOCTH KOTOPOI'O OT BpeMeHHU t y»ke Obljia HaiijleHa HA mepBoM Imare. Takum
00pa3oM, BTOpas CUCTeMa YpaBHEHUI TOXKe SB/IIeTCI TaMUIBTOHOBOM CHCTEMOI,
HO YK€ HeasmoHoMHOT, T.e. 3ABUCUT OT BPEMeHU.

3ameuanue 17. PaccMoTpum ciydail mIaHeTHOH CHCTEMBI ¢ IBONHBIMHE ILTa-
Heramu, T.e. korga Bce n; < 1. OnpegesinM HEBO3MYIIEHHYIO CHCTEMY, 3aBHUCSI-
IIyI0 OT TapaMerpa ¥, YCTPeMUB [ K HyJf0. Torja, corylacHO MyHKTY 1 JIeMMbI
15, onpenesiéHHasg TaKUM 00pa3oM HEBO3MYIIEHHad 3aja4da He Oy/IeT 3aBUCETh
OT mapameTpa V u coBmajaer ¢ 3amadeii (96).

Sameuanue 18. IloxuepkHéM emé pas, 4TO HEBO3MYyIIEHHAs cucrema (96) He
SIBJSIETCA TaMHUJIBTOHOBO, B OTJIMYHWE OT BO3MYMIEHHOM. [Ipwmamboii aBigercs
TO, 9TO CUMIIJIEKTHYECKAas CTPYKTYPa CTAHOBUTCS BBIPOK/IEHHOI NpHU HYJIEBOM
3HaveHnn Bo3Mytenus (r.e. npu u =0, v = 0).

Sameuanne 19. [losicaum reomerpuyieckuii cmbics Gyukuun F(X,y), Koraa
IHCJI0 N; CIYTHUKOB (—Toif maaneTst 6osbire 1 (1 < ¢ < N). Pacemorpuv dyHK-
IO

4

F(xy.) =Y “9F(x,y;).

j=1 i

OxaswiBaercs, uro dhyHkusa F;(X,y,) MOxkKeT ObIThH MOJIy9IeHa ¢ HOMOIIbIO Mpe-
JIeJIbHOTO Tepexosia npu R — 0o U3 moTeHnHua a B3auMOIelCTBUS BCeX CIIyTHU-
KOB ¢—TOil T1aneTs ¢ CoTHIIeM:

Fy(x,y.) = Fi(x,y.;0,0).
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Bnecs “Bosmyniénnast” dbyukuns Fj(X,y.; v, p) 3aBUCAT OT TAPAMETPOB My, M;
u npu n; > 1 onpeaenserca Tak:
m;/m;

2T -
Fi(x,y.iv,p) = P
vp Fi(X, ¥ v, p) ‘X_Vp5|+1/j§

mij/m; 2
x + py; — pro| x|’

(103)

rae § = 0; = Y51 iy, — paJMyc-BeKTOp W3 IJIAHETHI B IEHTP Macc eé CIyT-
o _ . o .

HUKOBOII CHCTEMBI, 1; — CyMMapHasl Macca i—TOii IJIaHeThl W BCeX €€ CIIyTHHU-
koB (97). HerpynHo Bujierb, 410 1pH JIIOOBIX 3HAYEHUX Hapamerpos m; > 0,
mi; > 0 dynkuns Fi(X,y; v, p) sIBISeTCS AHAIMTHUCCKOA 10 BCEM CBOUM ap-
rymentam B obsiactu |x| > pv|d|, p,v > 0, u crpemurcst kK dynkuun Fi(x,y)
npu p — 0. D10 caemyer u3 pasznoxkenust (102) u TOro, 4To MO MOCTPOECHUIO
pajuyc-BeKTopa X; oH coequnsier CONHIE C yeHmpom Macc i—TOi CIIy THUKOBOM
cucrembl. 3Ha4uT, B cymme (103) auHelHBIE O p WIEHBI B3ANMHO COKPATATCH,
u oHa jeiicteurenbno umeer nopsiok O(vp?) mpu p — 0 (paBHOMEpHO 11O V).

Ipu n; = 1 nonoxnm Fy(x,y;v,p) = F(x,y;@z,p), em. (101), rume 6; =
vm;i/(m; + vmy), Tak 9ro npu n; = 1 dynkuus Fi(x,y;v,0) = F(x,y) He
3aBUCHUT OT V.

3.2.2 HeBbIPpOXKAEHHOCTh B MOJEJbHOII M HEBO3MYIIEHHON 3amadax
(nmemmsbr 0 3amaue Kensrepa u 3anade Xuoa)

Paccmorpum HeBosmyiiénnyio 3ajgady (96). Kax Obl10 oT™MedeHO B IpebiLy-
HIeM IYHKTE, 3Ta CUCTeMa OIMCHIBACT KeILIEPOBCKUE JBHYKeHHSA KarKIOil ILia-
Herbl. TouHee, IBUZKeHHs] BEKTOPOB X;, & (pajnyc-BeKTOpa W UMITYJIbCa i—TOM
IIAHETHI) OMUCHIBAIOTCS MAMUIBTOHOBOI CHCTEMOli ¢ raMUJIBTOHHAHOM W K; OT-
HOCHTEe/ILHO CTAHJAaPTHON CHMILTEKTHYCCKOI CTPYKTYPH w?, Tiie

& m;

Qmi B |Xz|

K; = . wi=dgNdx;, 1<i<n. (104)
Kpowme Toro, cucrema (96) omuceiBaer nBuzKeHHs (MpeaesbHOl) 3amaun XuJ-
Ja Il KazKJI0rO CIyTHHUKA 9TOM IIaHeTsl. To4dHee, TBUZKEHHE j—TOTO CILyTHHU-
Ka OIHUCBIBAETCs (HEABTOHOMHOIT) TaMIJIBTOHOBOI CHCTEMOl ¢ TaMUIBTOHHAHOM
i " "
SJ(- ) 4 w?m;; F(x;(t),yij) OTHOCHTEILHO CTAHAAPTHON CHMILTEKTHIECKOI CTPYK-
2
TYPBI W;;, TJe

2
S\ = o —mi L Wl =dny Adyy, 1<j<m,  (105)
J 2mij |yU| ! ! ’

BekTop-bynknus X;(t) orsevaer kakomy-gnbo pemennito X;(t), &(t) npeapimy-
mieii 3aga4au (AJ1st wiaHers), ¢p. ¢ (99).
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Pacemorpum wmodeavnyto 3amady (89), moydeHHYO W3 HEBO3MYIIEHHOI CH-
crembl (96) orGpacbiBanueM wieHa mopsaka w?. [lomyunm na6op N Hezapucu-
mbix 3a7a4d Kemwnepa (N =n+ Y. | n;), T.e. TAMHJIBTOHOBY CHCTEMY ¢ FaMUJIb-
TOHHAHOM

n Uz

Ho =Y (wKi+ Y5

i=1 j=1

OTHOCHTEJIbHO CHAMILIEKTUIECKOIt CTPYKTYPbI

Z(d& A\ X; + Z d’l]w A yw)

i=1 j=1

CoorBercTByole JIBUZKEHUST OTHOCUTE/IBHO BPAIAIONIENHCs CHCTeMbl KOOD/H-
HaT (C YIJIOBOH CKOPOCTBIO Wp) ONMCHIBAIOTCS CHCTEMON € TaMUJIBTOHHAHOM

H° —wiM°, rne

n n;
M =3 (I + ) L),
i=1 =1
I; = [xi,&], Iij = [yij,Mij] — WHTErpajbl KNHETHYECKOIO MOMEHTA B 3a/1a4ax

Kemepa (104), (105).

Qukcupyem 00y10 Touky m° € A° ($a3oBoro mpocTpaHCTBa, OTBEYAIOILY IO
KDPYI'OBBIM JIBUKEHUSIM 3a/1a4 Kerjiepa ¢ COOTBETCTBYIOIUME YaCTOTAMH W,
;; (Bce takue Touku obpasyior N-mepustii Top A°). U3 yciaosuit (88) na sru
JaCTOTHI CJE/LYeT, YTO PAAMYCHI T, T;; ITUX KPYTOBBIX JBUKEHHN OT/EIE€HBI OT
HYyJIg 1 OECKOHEYHOCTH.

Paccmorpum B dpazoBoM mpocTpaHCTBe 0TOOpazkeHne “3a Iepuoi’, T.e. IOTOK
9Ho —w, pe MOJIETIBHOM CHCTEMBI 32 BpeMsl T, U JIMHeHHYI0 9acThb 3TOr0 0TOOpa-
JKEeHUST B TOYKE M°.

JIlemma 16 (O 3amaue Kemnepa). B sadawazr Kenaepa (104), (105), na
komopuwie pacnadaemces modeavhas sadava (89), cywecmeyrom Kanonuveckue
samenvs koopdunam (x;,&) — (gimod2m, I;, qi,pi), 1 < i < n, (yij, ;) —
(piy mod 27, L, qij, pij), 1 < j < ny, npu komopur suneldnas wacmv 6 mowke
m° € N omobpasicenua “sa nepuod” g, yro 048 MoOdeAbHOT 3adanu cmano-
8UMCA OA0UHO-0UA2OHANOHOT Mampuyet, cocmoawet ud 6a0K08

0 1 0 0 0 1 0 0
0 O CoS o 1% sina; |7 0 0 COS (v i sin
0 0 —Iisinoy cosq 0 0 —Ijsina; cosa

Bdecv I; = I;(m°), 1 < i < mn, I;; = I;(m°), 1 < j < mn;, — 3navenus un-
mezpanos Kunemuueckozo momenma 6 sadawar Kenaepa (104), (105); o; =
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w;T = amod 27, a;; = ;7 = amod 2T; T u & — napamempovl OMHOCUMEALHO
nepuoduneckur dsuxcenuti na mope N°. Anarozuvunoe eepro daa a0bo2o ommo-
CUMENDHO20 NEPUOIA T U COOMBEMCMEYIOULE20 Y2A0 (L.

PaccMoTrpuM Tereph HEBO3MYIIEHHYO 33124y (96) 110 OTHONIEHHIO K KAKOi-
60 (i—Toil) IwIaHeTe u €€ (j—TOMY) CILyTHHKY, OTHOCHTETHHO CHCTEMBI KOOD -
HaT, pABHOMEPHO Bpalmaolieiics ¢ yriaoBoit yactoToit w;, 1 < ¢ < n. /IBmKenue
wianersl X;(t), &(t) ocraercs Kak B MOjeabHON 3a1a4de. Pukcupyem kpyeo6oe
nekenne X;(t), &(t) maaneTs ¢ 9acTOTON W; M PACCMOTPHUM 324y /I CILyT-
HUKA, OMUCHIBAEMYIO0 MAMUJIPTOHHAHOM W CUMILIEKTHYECKON CTPYKTYPOit

Sj(l) + W2mijF(Xi(t), yZJ) - wllij, W,L-Qj, (106)
1 < j < n;. (Dra 3amaua coBnajgaer ¢ (mpeeabHOl) 3agadeil Xuia OTHOCH-
TEJIbHO CHCTeMbl KOOP/IMHAT, PABHOMEPHO BpAIIAOIIeficss BMecTe ¢ ILIaHeTOil. )
HCHO, 4TO HEPUOJUICCKUM JABUZKECHUAM 9TOMI 3a/a491 OTB€Yal0T OTHOCHTEJIBHO
nepuoJuyIecKue JIBHzKeHus! (mpeeabHoil) 3a1aun Xuia. [losydennyio 3ama-
qy Mbl OygeM HasbiBaTh (MpenenbHoil) 3adavet Xuanra 0ai j—mozo cnymnuka
1-mot NAGHEeMbL.

Jlemma 17 (O 3amade Xumma). Ilyems wacmoma w; i-mot naanemovl 6
nabope (88) docrmamouno mana. Purcupyem kpyeosoe deuscenue X;(t) amod
naaremos ¢ wacmomot w; 6 cuay coomeemcemsyroweli sadawu Kenaepa (104).
Tozda das wascdozo cnymuuka 3moti NAGHEMDL CYULLCMBYEM MEPUOJUUECKoe
deusicenue y;;(t) coomsememeyrowetd (npedeavnoti) sadauwu Xuana (94), (106),
obaadarowee caedyrowumy ceoticmeamu. Imo dsusicenue w?—6ausko K Kpy20-
somy §1;j—wacmommomy deustcenuto modesvroti 3adavwu Kenaepa, u umeem my
orce cpednroro wacmomy 5. Taxoe deusicerue eduncmeerro, m.e. a0bvie 06a
MAKUT 0BUNCEHUA NOAYUAIOMCS OpY2 U3 0py2a cO8U2OM HAY%AAGL OMCYEMA 8pe-

MEHU HA YUCAO, KPAMHOE Nepuody T;j = Q,{w,.
(%] 7

Bameuanwme 20. I[lycrs unciaa w > 0, w; u €;; nveror Bug (88), T.e. yaoBie-
TBOPAIOT COOTHOIIIEHUSIM é <Y < (O, L < < C. U3 nemmsr 17 crenyer

w C J )
410 cymecTByer Koucraura ¢ = ¢1(C) > 0, Takas, 4To 1pu JIOOOM 3HAYEHUU W,
0 < w < ¢1, 3agaua Xujuia JJjisi j—TOro CIYTHUKA ¢—TOH IJIaHEThl UMeeT OTHO-
CUTEJIHHO TIEPUOIMYECKOE JIBUYKEHNE, TPH KOTOPOM CPEIHHE YIJIOBBIE CKOPOCTH

IIJTAaHETDbI U CIIYTHHKA PaBHBI COOTBETCTBEHHO W; U QZ]

JBuzkenne u3 gemmvbl 17 6yeM Has3biBaTh (IpeieibHbIM) deustceruem Xuara
J—TOTO CTyTHUKA.

Durcupyem HAGOP 9ACTOT w;, (2;; BUga (88). PaccmoTpnm 06yi0 TOUKY m
bazoBoro mpocrpancTsa, 0OTBEYAIONLYIO0 KPYTOBLIM JBHKeHIAM 3a1au Kemiepa
JUIS IJIAHET W JIBUZKEHUSAM XMJLIA JIJIsd CIYTHUKOB, ¢ COOTBETCTBYIONUME Ya-
croTaMu wj, {2;;. Bee Takne Touku m obpa3yor N-MepHBI TOD, KOTOPBIR MBI
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obozraunm 4depes A. Coracuo gemme 17, Top A w?~61m30k K Topy A°, oTBeda-
IOIEMY KPYTOBBIM JIBH2KCHHUSIM MOJIe/IbHBIX 3a/1a4 Keriepa.

Jlemvbr 15, 16 m 17 MBI OKazkKeM B CJAEIYIONINX MYHKTaX, a MOKa BBIBEIEM
13 HOX BaykKHOE CJIeJICTBUE.

cno, uro HeBo3MyIEHHAST 3a7a4a OJTM3KA K MOJIe/IbHOI 3a1a41e. Ho orcioza,
BOOOIIlE TOBOPsi, HE CJIEJIYET, 9TO PEIeHNsT HeBO3MYIIEHHON 3aa9i OCTAHYTCS
OJIM3KU K PeIIeHusIM MOJEIbHON 3aJa4i Ha OOJIBIINX IMPOMEXKYTKaX BPEMEHH,
wanpumep, npu t € [0,7]. (Ormerum, uro 7 =— oo npn w — 0, ecau n >
2.) Tem He MeHee, CIpaBEJIUBO CJIEJYIONIEE YTBEPKIEHHE O TOM, U4TO BOJU3N
Topa A pelnieHus HEBO3MYIIEHHON 3a/@a4u “yCTPOEHbI” TaK K€, KaK PeIleHust
MOJIe/IbHOIT 3a1aun BOm3K Topa A, Ha npomexkyTke Bpemenn suna [0, 7], rae T
yI0BJIeTBOPsIeT ycaoBuio (93).

B okpecrrocTn m1060it Touku m € A paccMoTpuM oToOpazKeHue ‘3a mepuo’
TSl HEBO3MYIIEHHOIH 331441, T.€. MOTOK HEBO3MYTIEHHOH cucTeMbl (96) 3a Bpems
7. PaccMmorpuM JiHEHYIO 4acTh 9TOI0 OTOOPAaKEeHUsI B TOUYKe M.

Pazsiozkum dhazoBoe npocTpaHCTBO HEBO3MYIIEHHOT (96) 3ama4qu B MPsIMyTO
cymmy (a30BBIX MPOCTPAHCTB 331349 Kerepa, OTBeIAONNX MIaHeTaM U CITyT-
HukaM. [lis 1060it Toukn m € A paccMOTpUM MPOU3BOJIBHBIN Gazuc e(m), co-
cTosAIuit 13 6a3uCcoB, KacaTeIbHBIX K (ha30BbIM IIPOCTpaHCTBAM 3a1a4 Keriepa.
Takum o6pa3oM, 6asuc e(m) COCTOUT U3 M TPYII, i—Tast U3 KOTOPBIX COCTO-
uT u3 0a3uca, OTBEYAIONIETO (—TOW TjIaHeTe, W 0A3UCOB, OTBEYAIOIINX BCEM €€
ciyrHuKam (B Gasuce e(m) Bce BEKTODHI, OTBEYAOINNe TJIAHeTe, WIYT Hepes
BEKTOpaMH, OTBeJanmuMu eé cuyraukam), 1 < i < n.

BamMeruM, 4TO B MpeeabHON 3ajade Xu/jia JIBUKEHHE ILTAaHEeThl He 3aBU-
cuT OT JBUKeHus cuyTHuKa. CrieoBaTenbHo, B TI000M Gasnce e(m) yKa3aHHO-
ro BU/Ia JIMHENHAas 4acTh OTOOpaxKeHus ‘3a 1epuoji’ HEBO3MYIIEHHON CUCTEMbI
B TOYKE M 3aJaéTcst 0404HOU HusMHCcHempey20avhotl Marpuieit. [Ipu aTom mox
JIMArOHAJIBIO TaKOW MaTPHUIIbI HEHYJIEBBIM OJIOKOM MOXKeT OBITbh TOJIBKO OJIOK,
OTBEYAIONINI KAKOH-TH00 IJIaHeTe U KaKOMY-TH00 €€ CIIyTHUKY.

CaencrBue 13. Jlasa a0bot mouku m mopa A, omeeuarowezo npedesvrvim
deustcenusm Xuana meso3MyweHHol 3a0a4u, CYWecmeyem nabop KaHoHue-
CKUT 0a3UC08 6 KACAMEALHHIT MPOCMPAGHCMEAT K Has306bim NPOCMPAGHCMEAM
sadayw Kenaepa (104), (105) 6 smoti mouke, obaadarowud caedyrousum ceot-
cmeom. Jlunetinaa wacmov omobpascenua “3a nepuod” nHesoamywérrot cucme-
Mo (96) 6 obwem basuce e(m), cocmoawem us 6a3ucos amozo Habopa, 3a0aémca
On0unol (HuscHempey20avHoll) mampuyetd, Ha ua2oHaAHLE OA0KAT KOMOPOT
CMOAM MAMPUYLL U3 AemMbl 16, 8 KOMOPHIT wucaa yj, bbimb moscem, 3ame-
Henv Ha WAT-bauskue K num wucaa euda Gy = ai; + O(W?T), 1 < i < n,
1 < j < ng. Ilpu smom basucHvie SEKMOPLL, OMEEUAIOULUE NAGHETNAM, CO6-
nadaiom ¢ coomsememseyouuMY KooPOUHATMHLLMY GEKMOPAMU U3 AemMbl 16,
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nepsvie déa 6exmopa 1106020 6a3UCG, OMBEUAIOULE20 CNYMHUKY, W—OAUKY K CO-
0MBEMCMBYIOUUM KOOPIUHAMHBLM BEKMOPAM U3 AemMbl 16, a dpyeue dea sek-
mopa o2paruders. 3deco T — A10600 0MHOCUMEALHBT NEPUOD BUNCEHUA, Ha-
npumep, 6uda T = %’T UNU MUHUMAAOHBLT NONOHCUMENDHBIT NEPUO0 T = Tpip -
3ameuanme 21. B cuny ciejcrBus 13 cymecTByer KOHCTaHTa o > (), Takasi,
aro |dy; — o5 < 2w?T. Tlyers cow?r < 7, T.e. BenonHeno ycaosue (93). Torxa,
ec yro amod 27 OTJeIéH OT Hy/s Ha BeJUYHHY, He MEHBIIYIo, UeM Cow?T,
To ¢&;;mod2m # 0. Ilostomy N-mepublil TOp A, 3aI0THEHHBIN 3aMKHYTHIMI
T—ME€PUOIUIECKUMU TPACKTOPUAME HEBO3MYIIEHHON CUCTEMBI, HEBLPONHCICH.

3ameuanume 22. B marpune u3 ciaeacrsust 13 37eMeHTHI 1MOJ AWarOHAJIBIO,
BOOOIIIe TOBOPsI, HE OI'PaHUYeHbI. VI3 3TOro caeacTBus MOKHO BBIBECTH, 9TO STHU
seMeHThl uMetoT nopaaok O(w?e’T), rae ¢ > 0 — HeKoTopas KOHCTAHTA, 3aBH-
csImas OT KOHCTAHTHL ¢ u3 3amedanus 20.

HdokazareabcTBo. /1 KaxK/10il MIaHeThl HEBO3MYIIEHHAS 3a/1a9a COBIIA/IAeT
¢ MOJEJIbHOI, TO3TOMY B Ka4eCTBe HCKOMBIX 0A3MCHBIX BEKTOPOB, OTBEYAIOIIIX
[JIAHETaM, Mbl CPa3y BO3bMEM KOOP/MHATHBIE BEKTOPbI, OTBEYAIOIINE KAHOHU-
yeckuM koopgunaram (; mod 2, I;, q;, p;), 1 < i < n, uz jemmbr 16.

st Kayk10ro cryTHHKA 0003HAYMM 4epe3 €1, €y, €3, €4 KOOPANHATHHIN Oa-
3HC, OTBEYAIOIIHII COOTBETCTBYONNM KAHOHHIECKHM KOOPIHHATAM

(pijmod 2, I;j, gij, pij), 1<7<ny,

u3 jiemMbl 16. Mbr moctpoum HOBbIN KaHOHWUeckuit 6asuc fi, fo, f3, fi, ymo-
BJIETBOPSIONINN TPeOOBAHUIO JOKA3BIBAEMOT'O CJEJACTBUS 13, MPUYIEM BEKTOPDI
f1 m fo sTOTO Gasmca OyAYyT wW—OMU3KH K BEKTOpPaM €] U €y COOTBETCTBEHHO, a
BEKTOPHI f3 U fy — OTpaHUYEHBI.

Pacemorpum auzkenne XuJuia j—Toro CIyTHHKA (—TOH IJIAHETHI KaK OTHO-
CHTEeJIBHO Tepuoanmdeckoe apuzkenue. [lycts (35, 7;; — mapameTpsl 9TOro IBU-
JKenust, cM. onpegenerne 20. OTMmeTnM, 9TO MUHAMAIBHBIN MOI0KATEILHBII
IIepUoJ 7;; ABUZKeHUs XWUJJIa UMeeT MOPAIOK 1, a yroa (;; nMeeT HOPAIOK w:
T = 2m/(; —w;) ~ 1, Bij = wiTij ~ w, A w; u §);; — CpeJHUe TACTOTHI
JIBUZKEHUH ILJIAHETHl U CILyTHUKA COOTBETCTBEHHO.

I[To gemme 17, apukenne Xmita w?-6/Im3Ko K IBUzKeHnio 3a1aun Kemnepa.
Ho nnsa 3amaun Kemepa, coracuo jgemme 16, tmHeapusaims oToOpaskeHus “3a
nepuof, T;; 3aJaéTcd MaTpHIeil

1 a 0 0

0 1 0 0
=100 cos Bij % sin By

0 0 _Iz'j sin ﬁij COS ﬂz’j
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OTHOCHTEJILHO KoopauHat (;; mod 2, I;;, ¢;j, pij), Tae a = 7;5;7;}5 Caenosaresn-
HO, B JI000i1 TOYKe p 3aMKHYTOW TPAEKTOPHUH PEIIeHUsI XI/IJIJIéJ, JIHHEAPU3ATIAS
oTobpakenus “3a mepuox’ T;; (upu (PUKCHPOBAHHOM JIBUZKEHUH I[IJTAHETHI) 3a-
JTAETCS HEKOTOPOH MaTpurieit flij, w?-6sm3Koit kK marpune A;;. Hac nnrepecyer
JUHeapu3amys oTobpakenus “3a nmepuon T = N;;T;;, Tae N;; — HaTypaabHOe
YUCJIO TOPIKa T. DTa JUHeAPU3aIusd 33aéTcd MaTpUIei flfj )

Jlasee MBI Oy/IeM OTOZXKTIECTBIATH JIMHEITHBIE OMEePATOPbI ¢ UX MATPUIHBIMU
LIPEJICTABICHUSMH OTHOCUTEILHO KoopuHar (¢;; mod 27, 1;;, gij, pij). 3amerum,
9TO

a) cekTp omeparopa A;; coctout u3 Tpéx wmncen: spec A, = {1, et}

6) crmekTp omeparopa /L-j COJIEPZKUT 1, TAK KaK KacaTeJIbHbIl BEKTOP K Tpa-
eKTOPUHU TePUOINIECKOTO JIBUZKEHIA XU HETOIBHKEH TIPU OTOOPAaKeHNH “3a
epuo’,

B) oreparop 121,-]- (kak 1 A;j) sABIsETCS CUMIIEKTUYIECKHM, T.e. COXPAHIET

2

CTaHJAPTHYIO CUMILUIEKTHYECKYIO Oumneiinyio popMy wy;, 3a1aBaeMyro MaTpu-

0O 1 0 O
.1 -1 0 0 0 .
nei 0 0 0 1 |@TeKKaKABIAETCA g depenimaiiom oTodparkeHus “3a
0 0 -1 0

mepuo’ HeKOTOPOIl HeaBTOHOMHOI IaMIJIBTOHOBOI CHCTEMBI.

r) oneparopsr A;; u Ay w63k,
MpI BBIBEIEM M3 3TUX CBOMCTB, U4TO CIIEKTP OIMEPaTOpa flij TOZKE COCTOUT U3 TPEX
ancet: spec A;; = {1,ePi ) re Bij = Bi; + O(w?). Bousee Toro, cymecrsyer
KaHOHW4YecKwuit 6asuc fi, fa, f3, f1, B KOTOpOM Omeparop /Lj MPUBOANTCS K BULY

1 a 0 0
01 O~ 0 )
00 cos [3;; i sin 3;; (107)

00 _Iij sin Bij COS ﬁi_j

Ecan MBI 3TO J0KazKeM, TO cjeJcTBHe OyaeT noKazaHo: N;j—Had CTeleHb II0-
CﬂeﬂHeﬁ MaTpullbl UMeeT TaKO 2Ke B, KaK COOTBETCTBYIOILad ManH}La B
Jemme 16, ¢ Toil b pasHuIeii, YTO Yro/l (yj Hy»KHO 3ameHuTb Ha N;;[Bi; =
aij + Nij(B5 = Bi) = aij + O(w?T).

[TosgcauM, 9T0 371eCh MBI paccMaTpuBaeM 33/1a9y XU/LIa j—TOTO CIIyTHUKA i—
TOM IJTAHETBI TPU PUKCUPOBAHHOM KPY20680M d8uMCeHUY ITON T1aneThl. [losTo-
MY BO BCeil HeBOBMYIIEHHOIT 3a/1a1ue MaTPUIIA OIIepaTOpa MOHOJIPOMEH He OYIET,
BOODIIE TOBOPsi, OJI0YHO-IUATOHAJIHHOM, & JIMIIb OJI0YHON HUYKHETPEYTOJbHO.

Jl1st HAXO0XKJIeHHST CIIEKTPa, OllepaTopa /Lj HallIEM ero XapaKTepUuCTUIeCKU it
muorowien Y (A). 13 cpoiict 6), B) mosydaem, 4ro

x(A) = (A = 1)*(A? + 2\ cos Bij + 1),
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XA = A =1)2(N+ At +1),

rue t = trfli]- — cJieJ oIepaTopa fli]-. C Japyroit CTOpOHBI, W3 SBHOI'O BHJA
MaTpunsl A;; n wW?-6IM30CTH K Heil MaTPHITHI flz-j (cBoOiicTBO T), ¢ yI6TOM TOrO,
ato cos fBi; = 1+ O(w?), sinf;; = O(w), mMeem CIeIyIONYIO CBA3b MEXKIY UX
OlIpeJIeJINTE/ISIMU U CJIeJlaMu:

det A;; — det A;; = trA;; — trA;; + O(w?).

Orciofa 1 U3 CUMILIEKTUIHOCTH MaTPHILBI flij HaXO/IUM: trflz-j = trAij+O(w3) =
2cos 3 + O(w?) = 2cos B,-j, e Bij = Bij + O(w?), uto u moKasbIBaeT yTBEp-
JKJIeHHe O CIIeKTpe oreparopa A;;.

Ocraock moCTpouTh KaHOHHUIeCKuUit 6a3uc fi, fo, f3, f1, “mpuBomgmumii’” cum-
ILIEKTUYECKUi onepaTop flij K Bujy (107). TlepeiiiémM K HOBOMY KAHOHHYECKO-
My 6asucy, w?-0JIM3KOMY K HCXOJIHOMY Ga3uCy €1, €3, €3, €4, B KOTOPOM IIepPBbIil
Oa3uMCHBIN BEKTOP KacaTe/JeH K TPAGKTOPHUH JIBUYKEHUS XUJIa B HEKOTOPOil eé
touke p. [locTpoennbiit 6a3mc MbI [J1s1 TPOCTOTH 0003HAYEHNH CHOBA 0003HAYUNM
qepes eq, €s, €3, €4. B 9TOM Gasnce mepBblil CTOJIOEI I BTOpas CTPOKA MATPHUILLI
Aij nmveror Hyxubiit B (1,0,0,0)” u (0,1,0,0).

Paccmorpum pazHocTh flij —1I onepaTopaleij U TOXKJIECTBEHHOTO OIIePaTOpPa,
I. Herpyano sujers, uro paur oneparopa A;; — I pasen Tpém u, Gojee Toro,
ero 06pa3 Im(A;; — I) coBmagaer ¢ HEKOTOPHIM MHBAPHAHTHBIM TPEXMEPHBIM
HOIIPOCTPAHCTBOM L3~, HATAHYTBIM Ha BEKTODPBI BUJA €1 + Q(w2), es + O(w) u
es+O(w) (paBubie £ (A;je; —es), ﬁ(Aijezl —e4)m —ﬁ(Aijeg — e3) COOTBET-
CTBEHHO). V3 CUMILIEKTHYIHOCTH OIlepaTopa flij CJIeJIYeT, 9TO MMepBbIil 6a3uCHBII
BEKTOP €] TPHHAICKAT MoanpocTpancTBy L3, 3Haunt, L3 HaTanyTo Tak:ke Ha
BekTopa e, €3 + O(w), e4 + O(w).

[Tpumensist K MOC/IETHUM BEKTOPAM OLEPATOD flij — F emé pa3, aHAJIOTHIHBIM
obpazom moaydaeM, uto obpas L? omeparopa (/Lj — FE)? 1BymMepen u HATAHYT
Ha BekTopsl Buga e3 + O(w) u eq + O(w). ($lcmo, uro momupocrpamncrso L2
HHBAPHAHTHO OTHOCHUTEJBHO OIIepaTopa /L-j, I CIIEKTP OIlepaTopa fll-j\ 12 paBeH
eﬂ:iﬂij‘)

Bribepem B moanpocrpancrse L? Kakoif-Hubyab KaHOHHUECKHiT Oa3uc €3, C4,
BEKTOPHI KOTOPOTO W—OJM3KH K €3, €4, & B KOCOOPTOTOHAJILHOM JomoTHennn K>
K L? — KaHOHHWYecKHil 6a3uc é; = e, €, IJle BEKTOP €2 Ww-OIN30K K €5. (91u
0a31Chl MOXKHO BBIOpATH OJHO3HAYHO, TOTPEOOBAB, HAIIpUMED, YTOOLI IPOEKITINI
BEKTOPOB €3 W €4 HA IJIOCKOCTh BEKTOPOB €3, €4 nMesn Bug e3, (1 + O(w))ey, a
IIPOEKIIUS BEKTOPA €2 HA IJIOCKOCTh BEKTOPOB €1, €y uMena suj (1 + O(w))es.)
Taxk xax moampocTpancTsa K2 m L? WHBApHMAHTHBI OTHOCHTEILHO OHEPATOPa
AU, TO B HOBOM Da3mce €1, €, €3, €4, W—OJU3KOM K €1, €, €3, €4, TOT OIEPATOP

157



nMeeT OJ0YHO-IHATOHAJILHBIN BUI:

1 agp 0 0
0 1 0 O
0 0 ap as (108)
0 0 az ag

JIOMHOXKUB BEKTOPHI €1 W €9 Ha TMOIAXOIsIIee MOJOKUTEIbHOE UYHUCI0, W—
O1m3K0e K 1, J1erko J00UThCS paBeHCTBa Gy = d.

3amMeHUM Tenepb BEKTOP €4 HA OTPAHUYEHHBINH BEKTOD

é4 = 7~(ég COS ﬁij — Aijég)
Iij S1n ﬁij
(3TOT BEKTOP OrpaHMYeH, MOCKOJIbKY OMEePATOP /Lj| 12 W—0JM30K K TOXKJIECTBEH-
HOMY ). JIOMHOXKHM BEKTODBI €3 U €, Ha IOIXOJAIINEE HOJOKUTEIBHOE THCIIO,
TaK, YTOOBI 3HAYEHNE CUMILTEKTHIECKO CTPYKTYpPhl Ha HUX CTAJ0 paBHBIM +1.
(ITorom MBI OKazKeM, 94TO B JAHCTBUTEJNBLHOCTH HOCIE/Hee 3HaYeHue PaBHo 1.)
Zleno, uTo B ocTpoeHHOM Gazuce, KOTOPbIH Mbl 0003Ha4UM 1epe3 f1, f2, f3, fa,
cuMIIeKTnaecknit oneparop A;; npumver myxkusiit suyx (107).

[TokazkeM, 9TO MOJOKUTEIHHOE YUCTI0, HA KOTOPOE Mbl JJOMHOZKU/IN BEKTOPDI
€3 U €4, OTPAHUYEHO. DTO PABHOCUIBLHO TOMY, UTO 3HAUEHHE CHMILIEKTHIECKOil
CTPYKTYpBI HA IApe BEKTOPOB €3 W €4 OTHesieHo or mymad. Ilocieimee paBHO-
CHJIBHO TOMY, 4TO YUCJIO @3/ Sin (B;; OT/EJIEHO OT HYJIsl, ¥ CJe/yeT U3 CJieyomeii
METOYKH:

a1 + ay

2
5 ) > ajay = 1+ agas,

1-— Sil’l2 Bij = COS2 Bij = <
IOCKOJIBKY |ag| = O(w) = O(sin G;;).

Ocranock MoKa3aTh, ITO MOCTPOEHHBIH Oasuc fi, fo, f3, fi aBngercsa cuM-
IJIEKTUYECKUM, T.€. 4TO 3HAaUYeHUe CUMILIEKTUYECKOU CTPYKTYpPbl Ha Ha I[ape
BEKTOPOB €3 W €4 TOJIOKUTEIHHO. JIpyrumu cjioBaMu, HY’KHO IOKa3aTh, YTO
az < 0. s sToro npuMeHuM “coodbparkeHns HeIIPepbIBHOCTH .

Bocmoab3yemcst TeM, 9TO CHMILTIEKTUYECKHAE MATPHIIBI, IEPBBIil cTOI6EI KO-
topbix umeer Buj (1,0,0,0)7, obpasyior noarpyumny Jlu B rpymme Bcex obpa-
THUMbIX MaTpuil. B "acrHOCTH, OHE 00pa3yroT IVIaJKoe moaMHoroobpasue G B
IPOCTPAHCTBE MaTpuIl (TouHee, Jist JE0O0H ToYKM U3 G CymecTByer eé Koop-
JIMHATHAST OKPECTHOCTD, Tlepecedenne KOTopoit ¢ (G sIBJISIeTCST HEKOTOPHIM KOOP-
JMHATHBIM [OJMPOCTPAHCTBOM B 9TON OKPECTHOCTH). 3aJaiM HA IOMHOIO-
obpazun G Kakyo-HHOYIb PUMAHOBY METPHKY, HAIPHUMeEp, MOJYUYEHHYIO Orpa-
HudyenueM Ha G CTaHJAAPTHON €BKJIMIOBON METPUKHU B 00beMJIIOIIEM LHPOCTPAH-
cree Marpun. CoeanHnM w?—6IU3KIEe MATPUITHI Ajj n flij Kparuyaiieil Kpusoi

158



A(t) = A(t), 0 <t < 1, B rpymme G, e A(0) = Ay, A(1) = A;;. Torza Bce
marpunpbl A(t), 0 < ¢ < 1, yaoBaeTBopsgOT ycaoBusgM 06), B) W I'), CM. BBIIIIe.
BHAUNT, N0 JOKA3AHHOMY, CIIEKTD KazKj10il Marpuibl A(t) cocrout u3 Tpéx du-
cem: spec A(t) = {1,eFPW} rre B(t) = Bi; + O(w?). Kpome Toro, npn Kazkaom
t cymecTByer OJHO3HAYHO Onpe/eaéHHblil 6asuc é1(t), €a(t), és(t), €4(t), B Ko-
topom omeparop A(t) mmeer Bug (108). Tak kak, 1Mo JOKa3aHHOMY, 3HAYEHWE
az(t)/sin 5(t) ormeseHo OT HyJis 1 HEIPEPBIBHO 3aBUCHT OT ¢, OHO OCTAETCS O/I-
HOro 3HaKa mpu Beex t. [Ipu ¢t = 0 umeem a3(0) = —sin 3;; < 0, a 3HAYHUT, IUCTO
asz = az(1) Toxke OTpHUIATENHHO.

Takum obpazom, octpoennsiit 6asuc fi1, fo, f3, fi AeficTBUTEILHO SAB/ISIETCS
CUMILIEKTHYECKHM. DTO 3aBEpITaeT J0Ka3aTeaIbCTBO CJIeJACTBHS 13.

[Tycrs e(m) — 6aszuc u3 caegcrsust 13. Tlpumennum k Gasucy e(m) ciemy-
IONYIO ollepanuio “pacTskerus . JJoMHOKUM Oa3uCHBIE BEKTOPBI, OTBEYAIOIIHE
BCEM CIIyTHHKAM, HA UHCJIO %, rje € > 0 — 11060€e JTOCTATOYHO MAaJIoe HHCIIO.
O6o3nauum nosydennbiit 6asuc yepes e.(m). Zcuo, uro e.(m) apisiercss Kano-
Huveckum 6a3ucom GHazoBOro MPOCTPAHCTBA OTHOCUTEIHHO CUMILIEKTHIECKO
CTPYKTYpBl W2 = 20t (Wi + e X0, wi).

Bynem cuntars umcio € < 1 JOMOTHATETLHBIM IapaMeTPOM BO3MYIIEHU
cucrembl. (3aTeM MbI BO3bMEM €r0 3aBUCAIIUM OT BO3MYIIEHU, TOJaras & =
purwR = ungé. [Ipu sTom Ham Oyaer BaxKHO, uTO € — 0 npu p — 0 1 JTI0OBIX
OrPAHUYEHHBIX W, V.)

Ob6o3HaunM depe3 Ay 0JJOUHO-IUATOHAJIBHYIO MATPHUILY U3 JeMMBI 16 0 3a-
nade Kemepa. 3 cienacrBus 13 Jierko noJsiydaem

Caencreue 14. B aobot mouke m € A onepamop A = dgi,(m) aunetinod
wacmu omobpascenus “3a nepuod” neeosmyuwénnoti cucmemos (96) 60 spawyaro-
wietica cucmeme Koopounam umeem ciedyrouyut eud. Mampuua A. onepamopa
A ommnocumenvro bazuca e.(m) A6AAEMCA OAOUHOT HUHCHEMPEY2ONLHOT MATN-
puuet, npuuém eé baoku na JuazoHasu umerom marot sce 6ud, Kax 6 basuce
e(m) us caedemeus 13, a 6aoku nod duazonasvio umerom nopsadox O(\/€). B
wacmuocmu, A0po mampuuv, A. — I 6Au3K0 K nodnpocmparncmsy, HaAMAHYMO-
my na N eexmopos basuca e.(Mm), AGAAOULUTCA NEPELLMU BEKMOPAMU bA3UCOS,
OMBEUAIOULUL NAGHETNAM U CNYMHUKAM.

HdokazareabcTBO. 3aMeTHM, UTO MATPHUIA U3 CJEJCTBHSA 13 gBasgercda 07104-
HOIl HUZKHETPEYIoJIbHON, npudém J11000it €€ HenyseBoit OJIOK 110J1 JIMAarOHAJIbIO
OTBeYaeT OJHON IJaHeTe U OJHOMY CIyTHHUKY.

SlcHo, uro npu J06om £ > 0 guaroHasabHbie 610KH MaTpuibl A. — Takue
XKe, Kak B Dasuce e = e(m), u I0ITOMY B CUJIYy CAeJCTBHA 13 OHU OJU3KH K
6stokaM MaTpunbl Ag. AHAJTOrHYHOE BEPHO /115 BCeX OJIOKOB, OTBEYAIOIINX IBYM
mwageraMm JuOo AByM croyTHHKaM. OcranabHble 0JJOKH MaTpunbl A, mosrydarorcs

159



U3 COOTBETCTBYIOIIMX OJIOKOB MaTpUIbl oneparopa A B basuce e yMHOKEHHEM
Ha MOJIO’KHTEJIBHOE YHCJI0, PABHOE /€ JIs OJIOKOB IO/ TUATOHAJIBIO M % JLIST
OJIOKOB HaJI, JUArOHAJIBIO.

CrenoBaTenbHO, GIOKH MATPULBI A, 10/ TMATOHATBIO /& Massl ipu € — 0.
Tak Kak Bce OJIOKH HaJI AHArOHAJBIO HYJIEBbIE, CIEACTBUE JOKA3aHO.

Caencreue 14 monamobuTCst HAM il JOKA3aTEIbCTBA JTOCTATOIHOTO YCIO0-
BUS OPOUTATBHON YCTORIMBOCTH OTHOCUTENBHO MEPHOUIECKOTO TBUZKEHUS.
Ormerum, 4T0 B 9TOM CJIEJACTBHH IPEJNOJaraercs, 4ro top A, a 3nauwur,
U 9acTOTHI w;, {2;; Ha HEM, dukcupoBanbl. Ecim 3T0r0 He mpejanosararb, TO ¢
yquOM 3amedanusi 22 6JI0KU MaTpHILbI A; 10 JIMArOHAJIBIO UMEIOT HOPSII0K
O(w2e™/2). Tak Kak w?y/Z = p3viw's , To gaxe B caydae 7 = O(w) 1eMeHTH
MaTpHUIbl A, MO JMATOHATBIO SIBISIOTCS MAIBIMU TOJBKO TPH 0YEHbL MAAOM
osmywenuy, Toanee, upn 23 < e~5, rae d > 0 — HEKOTOpas KOHCTAHTA.
Tlocieusis BeMUMHA SKCIOHEOHIMATLHO MaJja 10 W U UMeeT Hopsaok o(wk)
14 JIFI0OOTO MOJIOKUTEILHOrO uncaa k.

3.3 Ilnan noka3arejbCTBa

lokazarenncTBa TeopeM 11 u 12 OyayT ocHOBaHBI Ha 0DOOIEHHON TeoOMeTpHUtIe-
ckoii Teopeme Ilyankape (TouHee, Ha Teopeme 5 O HEMOJBHKHBIX TOYKAX OTOO-
pazkenuit) u chopMyIupoBaHHBIX B §3.2 Tpéx gemmax 15, 16, 17 u caencrBun
13, KoTopbIe OYAYT JOKA3aHBI B cjaeayomeM naparpade 3.4.

3.3.1 CymecTBOBaHNE OTHOCUTEJIHbHO NMMEPUOANIECKUX ABUKEHUIA

HokazareancTBo myHKTOB A, B Teopembr 11 mpoBeém B deTwipe miara.

[Mar 1. ITonoxum p = v = 0 ¥ paccMOTPUM HEBO3MYIIEHHYIO 3aady. Co-
riaacHo jgemme 15, ona umeer Buj (96), T.e. “pacnagaerca’ Ha n 3anau Kemiepa
u N — n (npemenbubix) 3amad Xumwta [20].

Qukcupyem J1000€ JOCTATOYHO MaJIoe w, U Jijisd JIoObX ¢ = 1,...,n, j =
1,...n; paccMOTPUM OTHOCHUTEIHHO TEPUOIMIECKOE PEIIeHre COOTBETCTRYOTIEit
Ipe/IeIbHOM 33 1a9u XU, ¢ 3aJaHHBIMI CDEHAMHA JacTOTaMu w; u §;; u3 (90),
(93). Takoe peleHmne CymecTByeT, COMJIACHO JieMMe 17 O TpeesbHOll 3agade
Xumnna. Boiee TouHO, corytacHo 9TOM JieMMe, HEBO3MYIIEHHA 3ajada, OTBeva-
OI[asl pacCMaTpUBaeMbIM HHJEKCaM 4, j B cucreme (96), uMeer OTHOCHTEIBHO
MePUOIUIECKOe PeIleHne, IIPH KOTOPOM JIBUZKEHUE BEKTOPA X; SIBJISIETCSI KPYTO-
BBIM, & JIBUJKEHHE BEKTOpa y;j w’—OJIM3K0 K KPYTOBOMY JBHKEHHIO ¢ 9aCTOTOI
(2;; coorBeTcTByIOMIEl 3a1aun Kemtepa.

Hetpyano BuieTh, 9TO MOTyUe€HHBIE OTHOCUTEIHHO MEPHOINIECKHAE TPACKTO-
pun cucrembt (96) 3ameraror N-mepubiii Top A Bo BcéM (ha30BOM 1poCTpaHCTBE
3a1aun, w?—0ausKknit K Topy A°, TaK Kak Ha HEM KOODAMHATAMH MOYKHO B3ATh
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YIJIOBBIE KOODAMHATEI 1; U 1;; Bcex N paIlyc-BeKTOPOB X; U Y;j. 3aMEeTHM, 4TO
9TOT TOP UHBAPUAHTEH, & ¢ YUETOM CIEJCTBUSA 13 Hesviposcden (M. 3aMedanue
21), u pelreHusIM HA HEM OTBEYAIOT KPYTOBbIE JBUKEHUST PAUYC-BEKTOPOB X; U
(6bm3KMe K KPYyTOBBIM) JBHKEHHS PATHYC-BEKTOPOB Y;;. 3AMETHM TaKzKe, ITO
HEBO3MYIIEHHAsT cUcTeMa Ha Tope A 3a1aéTcss BEKTOPHBIM [MOJIeM, OJIU3KUM K

IIOJIIO
n

Ve = Z + Z Q; (109)
1 ij
8@/)1 - 8%
a aHAJIOTHMIHAS HeBO3MYIIEHHAS CHCTEMa, OTBEYAIOIasi CHCTeMe ¢ TAMIILTOHN-
anoMm M, HA 3TOM TOpe OIpeIeIeTCs TOJIeM

Vy ZZ(%vLZ%). (110)

B6sim3u moctpoennoro Topa A paccMotpum otobpazkenue gi, hazoBOro mpo-
cTpaHcTBa Ha cebs, paBHOE MOTOKY HEBO3MYIIEHHON cucrembl V' 3a Bpems T.
[Toxuepkném emé pas, 4ro Top A coBHaLAET ¢ MHOKECTBOM HEIOIBUKHBIX TO-
9eK OTOOpAKeHUs gy,.

[Tar 2. [lepeiiaém K yriioBbIM KOOpJIMHATAM 7, 1) Ha €BKJIMJIOBOM ILIOCKOCTH,
B pesy/JbTaTe Uero pajuyc-BeKTopa X; H y;; IpeJCTaBATCd B BHJe Iap duces
(risi), 1 <@ <m,u (ri, i), 1 <j <mny, coorsercreenno. CoorBercrByiomye
VMITYJIbChl 0003HAYUM €Pe3 Py, Pr,,- Dyjem obozHadaTh

r=A{ri, i, T | 1< <0}, Y ={i i, .. i, | 1 <0 <n},

r = {pn‘vprila cee 7prmi | 1 S { S ’I’L}, Py = {pdlmpwn?' .. apd)mi | 1 S l S n}

st JII0OBIX JTOCTATOYHO MAJIbIX [, V PACCMOTPUM BO3MYIIEHHYIO CUCTEMY
V ou oupeaesuM Onu3Kuit N—-MepHBIE TOP A caeayionuM odopa3om. Touka m
($a30BOr0 MPOCTPAHCTBA IPUHAILIEIKUT MHOKECTBY A, €CiIH Ipu 0TOGPasKeHH
g{, BCE OTBEYAIONIAE TOH TOUKE PaJUyC-BEKTODPBI X; M Yij, & TaKzkKe “pa/ualb-
HbIe UMIYJIbCHI” P,y Dr;, HE MEHAIOTCS, T.€. MOTYT M3MEHHThCA JIMIIb YIJIOBbIE
UMILYJIBCBL Py, Py,;- JAPyrumMu cjiosamu,

‘/N\ = {m | ng/(m) € em} = {m = (1/),p¢,7“,pr) | W = ¢7T, = Tvp,r :pr}a

rne 0, = {¢ = const,r = const,p, = const} 3 m — mromanaka, mapa-
JIeJIbHAsi KOODJAMHATHOMY MOIIPOCTPAHCTBY, OTBEYAMOIIEMY KOODIAUHATAM D)
(W', py, ', p),) — woopammaTel ToUKE M’ = g%(m), 9t = gy, — dasosbri

MOTOK BO3MYIIEHHONW CHCTEMBI.
[Tokakem, 9TO Takume TOYKH JieficTBUTEIbHO OOpa3yior N-mepHbiii TOD,
OJIM3KMI K HEBO3MYIIEHHOMY TOpy A.
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1) Kak Mbl 3aMeTHIIN Ha TIePBOM I1are, BBUJLY TOTO, YTO MEPUOJ T He CJIHUII-
KOM BeJIUK (T.e. HMeeT TOPsI0K 0(%2), cM. (93)), Top A siBisieTcst HEBBIPOZK IeH-
HBIM MHOYKECTBOM, 3aTOJTHEHHBIM T TePUOINICCKIMHI TPAEKTOPUSIMU HEBO3MY-
MMEHHON CHCTEMBI.

2) BoiBesiem u3 caejicTBus 13, 9To B Kax10it Touke m € A obpas D,, onepa-
ropa dgl,(m) — I rpancsepcajien miomajke O, rae I — Tox/IecTBeH bl ole-
parop. Hamomuum, aro miomaaka 6, sarsayta Ha N BEKTODPOB, KarKblil U3
KOTOPBIX JIEKUT B (DA30BOM MPOCTPAHCTBE COOTBETCTRYIOIEH 3amaun Kemrepa
U TpPaHCBepCaJieH eé H309HepreTuIecKoii mopepxuoctu. IlosTomy B KoopnnaTax
u3 jgeMMbl 16 miomaaka 6, 001a1aeT TaKuM Ke CBOHCTBOM. 3HAYHUT, B Oa3u-
ce u3 caencTBusd 13 mwiaomanka , nMeeT Takoil ke BUI, T.e. HATAHyTa Ha N
BEKTOPOB, KaK/Iblif U3 KOTOPbIX OI'PAHUYEH W SBJISIETCs JUHEHHON KoMOuHaIu-
eif BTOporo 0a3mCHOr0 BEKTOPa COOTBETCTBYIONIETO 0asuca u3 CjejCTBUs 13 u
JIPYTHX BEKTOPOB 3TOro ke 6asuca. Ho, B cuy sBHOro BH/Ia MaTpPHILLI Ollepa-
TOpa dg‘ff(m) u caejacTBusd 13, moganpocTpancTBo D, TpaHCBepcaabHO JIIOOOMY
MOITPOCTPAHCTBY YKA3aHHOTO BHU/IA.

3) U3 nemmbl 15 caepyer, 9to iist 1106010 (puKcupoBanHoro w upu f — 0,
v — (0 BO3MymIEHHAsT CHCTEMa, CTPEMHUTCS K HeBo3MyIénHoi. Ciie10BaTeIbHo,
IIPU JIOCTATOYHO MAJIBIX [, V OTOOpazKeHue gy, CTAHOBUTCA CKOJIb YTOIHO Ou3-
KM K HEBO3MYIIEHHOMY OTOODaKeHUIO gy .

Takum o6pazom, Teopema O HeSIBHBIX (DYHKIUAX TPUMEHHMA, B MHOYKECTBO
A peficrBurennno ssisiercs N—MepHbIM TOPOM, Gum3kuM K Topy A.

[Io nocTpoennio, Bee HENMOJBHKHBIE TOUKH 0TOOpazKeHus gf, HOUAIH B TOP

A, orkyna ¢ momorpio myHkTa 1 lemMbr 15 nosyvaem nyskT B) teopemsr 11.
[ITar 3. Tenepnr paccmorpum Ha Tope A rnaakyio dyakimuio S, anddepen-
IIAAJT KOTOPOU MMeEET BHUJT

n

aS(m) = Y20}, — pe) i +2 300, — o)), (111

i=1

U1€ Ply,s Py, — HAOOP YIVIOBBIX HMIIYJIbCOB 00pa3a TOUKH M HPH 0TOOpazKeHun
Ilyankape g7, € = vwR = ugl/w%. Takas dpyHKIU J1eHICTBUTE/IHHO CYIIECTBY-
eT, TAK KaK OHa PaBHA OIPAHHYCHHIO Ha TOp A mpomssomsimeii pyHKINE BHia
(14) cmvmmekTHIeCKOTO OTOOpazenns g7, (cm. 1. 1.4.5).

JleficTBUTE/ILHO, HAIIOMHUM, 4TO JjIs JIIOOOI0 CHUMILJIEKTHYECKOrO 0TOoOpa-
JKeHHsl, 33JaHHOT0 B KAaHOHUYECKUX KoopauHaTtax p, ¢ mod 27 dpyukmuamu p' =
P (p,q), ¢ =q (p,q), MoxxHO onpenesnTh (MO MeHBINeH Mepe JIOKAILHO) TPON3-
pojsinyto dyukuuo ¥ = U(m) suga (14), m = (p,q) = (P1,- - Pns Qs -+ - Q) -
Hnst storo pacemorpum 1-bopmy a = (p —p)dg+(q—q')dp" = i, (pi—pi)dgi+
(¢; — ¢)dp}). I3 cuMiuiekTnaHOCTH 0TOOPAXKEHHs JIEIKO CJIeJIyeT, 9To ra (Hop-
ma 3amkuyTa: do = 0, a 3HAYAT, JIOKAJLHO OHA ABIAETCS TOIHON. Onpegeamum
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npou3BOIAILYI0 PyHKIMIO U paBeHCTBOM
d¥(m) = a(m) = (p — p)dg + (¢ — ¢')dp’.

B mamreit curyanuu, corjiacHO MyHKTY 3 JieMMbl 19, anajorudias l—-gopma «
oripejieJisieTcst o (hopmyJie

a(m) = (€ —&dx + (x —x)d& +e(n' —n)dy +e(y —y')dn'.

CoBepIeHHO aHAJIOTUIHO JT0KA3ATE/IbCTBY TEOPEMBI 5 MOYKHO JI0KA3aTh, 9TO TA
dopma Touna, a 3HaunuT, pyHknEsa ¥ KOPPEKTHO onpejenieHa. A UMEHHO, s
JIOKa3aTe/IbCTBa TOYHOCTU (DOPMBI (v HY?KHO IOKa3aTh, YTO BO3MYIIEHHE CHM-
ITEKTUYIECKOW CTPYKTYPBI “‘coXpaHdeT IMeHTp TaxKectn . llociaemne B gaHHOM
caydae OUYeBHIHO, TaK KaK BO3MYIIEHHAS] CUMILTEKTHUYECKAsT CTPYKTYpa ABIsI-
eTCsl CTaHJAPTHON CUMILIEKTUYECKON CTPYKTYPOU Ha KOKacaTeJbHOM pacc/ioe-
HUU KOH(UTYPAIMOHHOIO MHOTOOOpa3us U, T€M caMbiM, TouHa. HeBo3MyIén-
Has CHMILIEKTHYECKAsi CTPYKTypa TOXKe TOYHA (Kak mpejes TOYHbIX 2—hopMm),
XOTS He SIBJIAETCA HEBBIPOXKIECHHOH. 3HAYUT, BO3MYIIEHHE CUMILTIEKTHIECKOIl
CTPYKTYPHI ABIIETCI TOUHOI 2—hopMoii u, cegoBaTe/bHO, COXPAHSIET MEeHTP
TAZKECTH.

Takum obpasom, (bpyHKIHS S Ha HaIIEeM TOPe A ornpejiejieHa KOPPEKTHO, €
TOYHOCTBIO JI0 MMOCTOSAHHOI'O CJIaraeMoro.

[IpoBesiém B (pa30BOM MpOCTPAHCTBE 3a/1a9d TPAHCBEPCATIb BHIA

n n; n n;
N =Y (wityi + Y Qb)) =0, Wi+ > i) =0y,
i=1 Jj=1 i=1 j=1
K MCXOIHBIM JBYMEDHBIM TOpaM Ha A, 3aII0HEHHBIM HEPHOINICCKIME TPACK-
TOPUSIMH HEBO3MYIIEHHOI cucTeMbl. (ITOBEPXHOCTD X IeHCTBUTEILHO TPAHCBED-
caTbHA STHM JBYMEPHBIM TOpPAM, TaK KAK 3TH TOPBI KACATEJbHBI K JIBYM BEK-
TOPHBIM TI0JISIM, sIBHO YKa3aHHbIM Ha 1are 1.)

Orpannunm yukiuo S Ha (N — 2)-MepHbiii TOp, ABIA0OMUICS nepeceyde-
nuem N—meproro Topa A ¢ Tpancsepcannio X, PaceMOTpuM KpHTHIECKIE TOUKHA
sroro orpanndenust. B cuty (111), 9T0 — B TOYHOCTH TOUKH M. € Zﬂf\, KOTOpPbIE
TIPH OTOOPAYKEHNHN g7, CMETAIOTCA B0 IBYMEPHOI MI0CKOCTH, HATAHYTOH Ha
BEKTOPDI

" 0 0 " 0 i 0

M= (et 30,0, =3

A et
i=1 Ipy, i3 ]apwij = by =1 Opy,

).

Pacemorpnm mio6yto Takyio Touky. Ilycts npu otobpazenuun gy, oHa cmemaeTcs
Ha BeKTOP A1 V) + A2Vs. Ocrasioch mokaszarbh, 9TO 9Ta TOYKA HEIOJABUXKHA IIPH
OTOOpazKeHUN g, T.e. 9T0 Ay = Ay = 0.
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[MTar 4. N est namiero goka3aTebCTBa OYIeT COCTOATH MPEKIe BCEIO B TOM,
4YTO IOJIHAd dHeprusd H m kuHerwdeckKuit MmomeHT M ABILAIOTCA NMEPBLIMU HH-
TerpajaMi CHCTEMBbI U, CJIeJIOBATE/IbHO, COXPAHAIOTCS MPU PACCMATPHBAEMOM
oTobOpaxkenuu. Kpome TOro, Mbl BOCIOJIB3YEMCSI TeM, UTO BEKTOp K03huImu-
enToB (A1, Ag) MaJ1, eciu mapaMerp BO3MYIIEeHus (i MaJj. V HAKOHem, Mbl BOC-
MOJIb3YEeMCsI MyHKTOM 2 JIEeMMbI 15, U3 KOTOPOTo CJIeyeT, 9YTo jauddepeHimaint
dbyukuit H u M B paccMaTrpuBaeMoil TouKe OJIM3KU K JIMHEITHBIM KOMOUHAIU-
am auddepennuanos dpy,, dpy,; YLIOBBIX HMILYJbCOB IJIAHET M CIYTHHKOB C
koabdpuruentamu <4, £ u 1, € COOTBETCTBEHHO.

B cuny nemmbr 15, npupalienne KMHETHYECKOro MomeHnTa M npu caBure
BI0Ib BeKTOpa A1Vi + Ao Va B TounocTu pasno e(NA; + 30 (w; + X7, Qi) A2).
Tak kak 3HaveHWe KUHETUYIECKOr0 MoMeHTa M coxpaHsieTcs, TO

NAL+ ) (wi+ Y Qij)re = 0. (112)

i=1 j=1

B cuty siemmbr 15, npupaiienne sueprun H cKIaapiBaeTCss U3 TPUPAIIEeHUi
KHHEeTHYIECKUX dHepruil 3ama4d Kermiepa, orBedaonux miaHeTaM U CIIy THHKAM,
P COOTBETCTBYIONUX KO DuUImenTaM A, Ao H3MEHEHUSIX COOTBETCTBYIOIIIX
YIJIOBBIX UMITY/THCOB.

[Tpupalienne KHHETUIECKONH IHEPIUK i—TOMW TJIAHEThl IIPU U3MEHEHUH €€ yr-
JIOBOTO MMITyJibca Ha BeqnanHy €(A; + w;A2) sKBuUBaTIeHTHO (A1 + wilo)w;/w
(T.e. OTIMYAETCST OT ITOrO YUCJIA YMHOKEHHEM Ha HEKOTOPOEe YHCJIO0, OJIM3KOoe K
1); mpupalenne KHHETHYECKONH SHEPIUU j—TOr0 CIyTHUKA STOil IJIAHETHI MPH
H3MEHEHNH €ro yITOBOIO HMIIYJIbCA Ha BeJHUHHY A + );;\; 9KBHBAIEHTHO
(M + )\QQ?J.).

CkJ1a/IpIBast MOJTy YeHHBIE TTPUPAIIEHNU ST, TTOJIy IaeM, 9TO MOJTHOE TIPUPAIIeHIe
MHTerpaJjia SHePrUy IIPU CJBUTe BJ0JIb BeKTopa A1V + Ao Vs pasHo £ 2 (Awi+
Aow? 4 551 (M Q45 4 A2f2))), € TOYHOCTBIO 10 BETHUHH, MHOTO MEHBIIIX, T€M
£ (|As[4]A2]), a mpm oTcyTCTBUM CIIYTHUKOB — MHOTO MeHBINHX, deM &(|Ar[4|Az|)
npu p << 1. Jljng oupejesiéHHOCTH OYy/JIeM CUMTATh, YTO CIYTHUKU €CTb, T.€.
n < N (B IDOTHBHOM CJiydae PacCyKJIeHHsl aHAJOrMYHbI). Tak Kak 3HavYeHue
sHepruu H coxpansiercs, TO

n ng

i=1 j=1 i=1

Takum 00pazom, majbiii BeKTOp K03(hdUIMeHToB (A1, A2) yIOBIETBOPSIET
muHeiinoit cucreme ypasuennit (112), (113). C yuérom TOro, 910 1O yCJIOBUIO
BeJIMINHEL );; OTPAHUYEHbl U OTJETCHBl OT HyJsl, OTCIOA CJIEIYET, ITO JIHOO
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BBITIOJTHSIETCST TPeOyeMoe PaBeHCTBO Ay = Ao = 0, b0 ompeeinTe s

n n; n n;
N (Wi+ > 08 — O (wi + > Q)
i=1 j=1 i=1 j=1
9TOit cucTeMmbl 6J1M30K K Hysa0. Ho MaTpuma 3Toit JTuHEHHON cHCTEeMBI — 3TO
B TOYHOCTH Marpuna ['pama st cucreMsl 1ByX BekTopo Vi° u Vi u3 (109),
(110), T.e. marpuna (2 X 2), cocraBjeHHas U3 HONAPHBIX CKAJSIPHBIX POU3BE-
JIeHUit 3TUX BEKTOPOB. Takas MaTpuIa BCerja HeOTPUIIATE/IHHO OIpee/ieHa, eé
BBIPOZK/IEHHOCTD 3KBUBAJEHTHA ITPOMOPIMOHATLHOCTH BeKTOpoB V°, V7| a 6in-
30CTh e€ onpee/nTe s K HyJII0 9KBUBaJIeHTHA Oin30cTn BeKTOpos V)°, V5’ K mpo-
MOPIMOHAJTBHBIM BeKTOpaM. [locieanee HEBO3MOXKHO, TaK KaK BCe KOMIIOHEHTHI
BekTOpa V5, paBubl 1, a BeKTOp V}° nMeeT N pa3jMyHbIX KOMIIOHEHT HOPS/IKA W
u N — n pasamdaabix KoMrnoHeHT nopsiaka 1. CiaemoBarenbHo, Ay = Ay = 0, 9T0
1 TpedOoBaJIOCHh J0KA3aTh.

Urak, Bce KpuTHIeCKHe TOUYKH DYHKIUH S|y-; HEMOIBHKHBI IPU OTOOpa-
KeHUH i, U, CJeJIOBATEIBHO, ABIAIOTCA KPUTUICCKAMU ToUKaMu (ynkiun S.

[Mlar 5. TTokazem, 4T0 MOPCOBCKMM KpUTHYeCKUM TOYKaM byHKImu Slyqi
OTBEYAIOT HEBBIPOKIEHHBIE 3aAMKHYTHIE TPAEKTOPUU BO3MYIIEHHONH CHCTEMBI.
JlokazaTeThbCTBO MPOBEIEM COBEPIIEHHO aHAJTOTHYHO J0KA3ATEIbCTBY CBONCTBA
2° yrBepxkaenud 6, cm. m. 1.5.1.

Ksajparnunas 4acTb GyHKIun S B 060l KpUTHIECKO Touke m € A mve-
eT BHU/I

n ng

dQS(m) = Z((dpipl - dpwz)d¢z +€ Z(dpi/;” - dpiﬁij)dwij)' (114)

i=1 j=1

13 mocrpoenus moamuoroobpasus A caenyer, uro BekTOpH Buma & =
dg‘f/.(m)m —m, tae n; € T, A, xacarenbubl K miomajke 0,. Orcoma, ¢ yaérom
dbopmyssr (114), monydaem, 9To HYJI€BOE IPOCTPAHCTBO KBAIPATHIHON (HOPMBI
d?S(m) coBmajaer ¢ ApoM olepaTopa

B : T\yA — T,0,, B(n) = dgi,(m)n — 1.

Ocrajioch 10Ka3aTh, 9TO s/IPO oleparopa B coBHAJaeT C sipoOM OnepaTopa
dgi,(m) — I, rne I — TOXJECTBEHHBIH OmepaTop. DTO CACAYeT W3 TOTO, UTO

oneparop (dgi,(m) —1I) @ T,,M = (TA) ® N,y — TuM = (Tpb) & Dy

3a7aércd OJIOYHON MaTpuieir Buaa , e marpuiia C' HeBBIPOXKIeHA

B x
0 C
BCJIEJICTBHE HEBBIPOXKAeHHOCTH Topa A (cM. Bbimie). 3aecy N, = {dy = 0} C
T,, M — nojupocrpalcTBo, “HOpMa/ibHOE” K TOpY A, 3al10JIHEHHOMY KPYT'OBbIMUI

opbutamu 3ajau Keriepa.
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Taxum 06pa3om, KpuTHIeCKHe TOYKN DYHKIHT S|y COBIATAIOT ¢ TOUKAMHE
epecevdeHus JIByMEPHBIX TOPOB, OTBEYAIONINX T—IIE€PUOIUICCKUM TPACKTOPUIM
BO3MYIIEHHOII cHCTEMBI, ¢ cedeHneM . [Ipm 3TOM MOPCOBCKUM KPUTHUECKUM
TOYKAM B TOYHOCTU OTBEYAIOT HEBBIPOZXKJIEHHBIE JTBYMEPHBIE TOPHI.

Orcroa mosydaeM TpedyeMyio OIEHKY /I/Isi MHUHUMAJIbHOTO YHUC/Ia OTHO-
CUTEJILHO MEePUOANIECKAX IBHKeHHIT. A MMEHHO, BOCIOJIb3YEMCSI W3BECTHBIMHU
OIIEHKAMH JIJIsI MUHHUMAJIBHOI'O YHC/Ia KPUTHYECKHX TOYEK IVIAJKOH (pyHKIHH
HAa MHOTOOOpa3wy B CJaydae, KOIja 3TO MHOroobpaszme — N — 2—-MepHBI TOp
[13]. CorstacHo 5TUM OIEHKAM, YHCJIO0 TEOMETPUYECKH PA3JIUIHBIX KDUTHIECKUX
TOoYeK He MeHblne kareropuu Jlocrepuuka-Illnupesbmana paccmaTpuBaeMo-
ro MHOroo6pasus, koropas maa (N — 2)—mepnoro Topa pasua N — 1. Yucao
KPUTHYECKAX TOYEK, CUYUTast ¢ KPATHOCTSIMH, HE MEHBIIEe CyMMBI duces berTu
9TOr0 MHOrooOpasud, Koropag maaa (N — 2)-meproro Topa pasma 2V 2. Dto
3aBepIIaeT JT0KA3aTeJlbCTBO IMyHKTOB A, b Teopemsbr 11.

3ameuanme 23. B cymmocTu, npuBeIéHHOE JOKA3ATETHCTBO COBIAJIAET CO
CTAHIAPTHBIM, CM. JOKa3aTeIbCcTBO TeopeM 1, 5. Orimane OT cTaHIAPTHOTO J0-
Ka3aTeJIbCTBA COCTOUT B TOM, UTO 3/1eCh IPUMEHUTDH TeOpeMy H HeloCpeICTBeH-
HO HEJIb34, TaK KaK HeBO3MyHléHHaH cucreMa B OoTJin4due OT BO3MyH_[éHHOI71 HE
ABJILETCSI TaMUJIBTOHOBOM.

3.3.2 VcToYnmBOCTh OTHOCUTEJJBHO MEPUOANYECKUX IBUKEHUM

lokaxxem nyukt B Teopembr 11 06 ycToitunBOCTH 3aMKHYTHIX TpaekTopuii. /lo-
Ka3aTeJTbCTBO IIPOBEIEM AaHAJIOTHYIHO T0KA3aTeTbCTBY YTBEepKIeHus 7 00 yCTOoi-
YUBOCTU B JIMHEHHOM TPUOJIMKEHUN HEMOJBUKHBIX TOYEK CHMILTIEKTUIECKUX
0TOOpPaAYKEHUIA.

Ormumem cHavdasia U0 J0Ka3aTebCTBa. B orjimdme 0T cuTyanuum Teope-
MBI 3, B 3aJla4e O JIBUKEHUU TLJIAHETHO-CILy THUKOBO# CHCTEMbI HEBO3MYIIEHHAS
CUCTeMa He SBJIeTcs raMuabToHOBOM. [TosToMy Teopemy 3 HeJib3s MTPUMEHUTH
HETIIOCPEeJICTBEHHO, OJTHAKO MOYKHO MPUMEHHUTDH aHAJOTUIHbIE PACCYZKIEeHUS.

PacemoTpuM m1060e nepuoindeckoe IBUKEHIe BO3MYIIEHHOM 33/ 1a91, U Hali-
JIEM OIlepaTop MOHOJAPOMUHU, OTBeYaromuii aromy jaBuzkenuto. [lycrs my € A —
TOYKa, OJIM3Kas K HAYAJBHON TOYKE 1M TOr0 JIBUXKEHUs, €.(My) — KaHOHHYE-
cknit 6a3uc u3 caeactpus 13, re

2 1
€ = pwR = p3vws.

[Tepenecém Gaszuc e.(mg) B Touky m. C nomomipio caeacTsusi 14 MOKHO MOKa-
3aTh, YTO B 9TOM 6a3Kce OnepaTop MOHOJAPOMUM BO3MYIIEHHON CHCTEMBbI BIM30K
K OIepaTopy MOHOApOMHUH U3 JieMMbl 16. I109TOMY B JaHHON CHTyaIrunm TakzkKe

166



MPUMEHUMBI PACCYZKJIEHUsI, UCIOIb30BAHHBIE HAMHU TIPHU JI0KA3ATE/IHCTBE TEOPe-
MBI 3. [lepeiiném K 10 IpoOHOMY JT0Ka3aTeIbCTBY.

IIycrs m € A N'Y — MOPCOBCKast KpUTHIECKAS TOUKA JTOKAMBLHOTO MHHHMY-
Ma GyHKIUH S|5~5. [TOKazKeM, 9T0 TPOXOIANINIA Yepe3 5Ty TOUKY JBYMEpHbIi
MHBApUAHTHBI TOp 7y 2 M BO3MYIIEHHONU CHUCTEMbl OPOUTAJIBHO YCTONYUB B
JIMHEHOM TpubJIMKeHn Ha 00IIeil mosepxuocTu ypoBus pyumuit H u M.

lar 1. [MonoxkuMm € = prwR (310 "ncgo crpeMuTcst K Hy 0 npu p — 0 u
JI0OBIX (DUKCUPOBAHHBIX W, V). IlycThb €. = e.(mgy) — Gasuc u3 caegcreus 14.

CornacHo JoKa3aHHOMY, JII0Oas KPUTHUECKAs TOUYKA M € A dbyukmun S
HEIIOJIBUKHA OTHOCUTE/IHHO orToOparkenusi Ilyankape. Paccmorpum omeparop
suHeapusannn A = dg‘f/(m) BO3MYIIEHHOTO oTOOparkenusi [lyankape B ToUKe
m. Ilepenecém B ToUKy m 6as3uc e = e(mg) (u3 HEKOTOPOIl BJIM3KON K TOUKe M
Trouku mo € A). Ilosydennsiit 6a3uc Toke 0603HATUM UYepes e.

[Ipumenum K 6asucy e yKa3aHHYIO BBIIIE OMEPAINIO PACTIKEHUs, 3aBUCS-
myio or €. O603HAUNM Yepes A, MaTpPHUILy olieparopa As 1OJIy YeHHOM Oa3uce
€.

Kak u B caegcreun 14, o603naunm vepes Ay 6JI0UHO-IHATOHATBLHYO MaTpPH-
ny u3 jJeMmbl 16.

[Tokaxkem, 9TO MJIsT BO3MYTIEHHON CUCTEMBI CITPABE/IJIUB CJIEIYONINl AaHATIOT
caencreug 14:

1. Marpuna A. omeparopa A B 6a3uce e. 6iu3Ka K OJOYHO-IHATOHATBHOM
Marpuie Ag.

2. Iloampocrpancrso 1,,A C T,,M 6;1u3K0 K MOAIPOCTPAHCTBY, HATSHY TOMY
Ha /N 6a3UCHBIX BEKTOPOB Da3uca €., ABILIOIINXCSA TEePBLIMH BEKTOPAMUI
6a31MCOB, OTBEYAOIINX IJTAHETAM U CILy THHKAM.

3/1ech 0JIM30CTH MOANPOCTPAHCTB B KacaTelbHOM npocTpanctse 1, M monuma-
ercsd B CMBICJIe eBKJIMI0BON CTpyKTypbl B 1), M, orBevatomeii 6asucy e. (T.e.
Ga3uc €. CYATACTCS OPTOHOPMHUPOBAHHBIM 110 OTHOIIEHUIO K 3TOM CTPYKTYpe).
Jlng nokazaTenbCcTBa BOCIOTB3YeMCsS TeM, YTO 0A3UC € COCTaBJIEeH W3 JABYX
Py BEKTOPOB, OTBEYAIONIUX IIJIAHETaM U CIIyTHUKAM COOTBeTCTBEeHHO. Ipyru-
MH CJIOBaMHU, DA3MCHBIE BEKTOPHI MEPBOil IPYHIIbI KACATE/JIbHbI K TPOCTPAHCTBY
Buga {y;; = const,n;; = const,1 < i <mn,1 < j < n;}, a 6a3ucubie BEKTOPHI
BTOPOii TPYIIIbI KaCATeNbHBI K MPOCTPAHCTBY BHIA {X; = const, §; = const, 1 <
i < n}. Ilpu sT0oM 6asuc e, moaydaercs u3 6a3uca € YMHOKEHHEM BCEX BEK-

TOPOB BTOPOil IPyIIbl (OTBEYAIONIUX CIIyTHUKAM) Ha YHCJIO % Kpowme Toro,

MBI BOCIIOJIB3YeMCsl TeM, uTo omepatop A m moampocrpanctso T, A Grusku K
omneparopy A u moampoctpancTBy 1,,A cOOTBETCTBEHHO.

Kak B ciejcrun 14, juaronajibubie 6JIOKU MaTpPHUILbI 1215 — TaKHe Ke, KaK
0JI0KM MaTPUIBI OllepaTopa A B Gasuce e. [Tosromy, B cuity Gam30CTH Olepa-
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TOPOB Awu A, ¢ yuérom ciegcrBus 13, ykazanuble OJOKH MATPHUILbI /Nla OIM3KM
K COOTBETCTBYMONUM O0KaM MaTpuibl Ag. AHAJIOrHYHOE BEPHO JIJIs BCeX OJ10-
KOB, OTBEYAIONIAX JIBYM ILIaHeTaMm JiOo JByM ciyTHHKaM. OcTajbHble OJIOKH
MaTPHUITHI fle MOTYJIAI0TCS U3 COOTBETCTBYOIMMX OJTOKOB MATPHIIBI OIlepaTOpa A
B Gasuce € yMHOKEHHeM Ha T0JI0KHTEeJLHOE YUC/I0, PABHOE /€ JIIsd BJIOKOB MO
JTUarOHAJIbIO U % Ji71s1 6JIOKOB Ha/l JIMArOHAJIBIO.

CraenoBaTenbHo, 60K MaTpuibl A, nod duazonasvio, OTBEYAIOIINE OIHON
[JIAHEeTEe W OJJHOMY CIIYTHHUKY, MAJIbl [IPU JIOCTATOYHO MAJIOM BO3MYIIEHHUH, 11O~
CKOJIBKY OHHU +/e—Masbl, Kak u jjs marpuns A.. Ocranocs HaiiTn smeMenTh
MaTpuibl A., jexamue Had JuazoHaAbl0 I OTBEYAIONINe OTHON ILTaHeTe U O/I-
HOMY CIIYTHHUKY.

Cormacuo semme 15 (1), myast Kazkaoil iaHeTsl “BiusgHue” CIyTHUKOB HA €6
JIBUZKEHUE UMeeT HOPSII0K O(ﬁ). Orcrona caemayer, 9To JH000i 0JIOK MATPUILHI
oneparopa A B bazuce e, jexKaiimii Ha i JUArOHAJIbIO U OTBEYAIOIIUNA KaKOH-1100

I v .
IJIaHeTe i KAKOMY-/100 CIyTHHKY, nvMeeT Takoii e nopsaaok O(4z). (Heiicrsu-
TeJIbHO, B CUCTeMe ‘ypaBHEHHil B BapHaludx’, OTBevYaloneil 3aMKHYTOIl Tpaek-
TOPHUH, IIPOXOIAIIeil dYepe3 TOUKy m, “BapHallii CIIYTHUKOB’ BXOJSAT B IIPaBBIE
x 44 )9 |1 4
JacTu ypapHenmii Ha “papmanun mianer” ¢ kosddumuenramvu nopaaka O(5z).
[Tosromy Jijist J1I0OOTO perieHusi CUCTeMbl “ypaBHEeHUI B Bapuanusx’, y KOTO-
pOro HavaJibHble 3Ha4YeHUs “‘Bapuanuii mianer” pasubl (), a HadabHbIE 3HAYE-
HUs “Bapualuii CIIyTHUKOB WUMEIOT MOPSA0K 1, B MOMEHT BpeMeHU T 3Hade-
nud “papmanuii mianer” uMeioT mopaaok O(g;z).) Crenosarensno, moboit 610K

MaTpuipl A, Jexkamuii HaJ AUArOHAJILIO M OTBEYAIOIINI KaKoii-1nbo ILIaHe-

Te U KaKOMy-THOO CHyTHHKY, mMeeT HopaaoK O(gz ﬁ). C ydéroMm TOTO, YTO

€ = uvwR, % = w?u, ToCTIeTHee BHIPAsKeHNe PABHO

14 14 701
R2\/e - Rowp = Vi
U, 3HAYUT, IPU JIOO0M (PUKCUPOBAHHOM W ITO BbIpazkeHnue crpemutcs K 0, Koraa
p— 0 (wam v — 0).

Urak, B (KaHOHHYECKOM) Ga3mce €. MATpHIA A, omeparopa MOHOIPOMHAE
O/1m3Ka K OJI09HO-IuaroHaabHoi MaTpuie Ag. DTo 10Ka3bIBaeT CBOWCTBO 1, mpu-
BeéHHOE BbIme. [loquepkuéM, uTo 06e MaTpunsl Ag 1 A, gBasOTCS CHMILTEK-
tudeckuMu (B orimane or marpun, A u A.) u GJU3KE JAPYT K JAPYTY.

Jlokakem Terepb CBOMCTBO 2 O MOJITPOCTPAHCTBE T, A. locraro4uno mnoka-
3aTh, YTO B Oasuce e. MOANPOCTPAHCTRO T, A 6am3Ko K A/IPy oleparopa, 3a1a-
BaeMoro mMarpureii Ay — I, rame I — TOXKIECTBEHHBIN ommepaTop.

T10 IOCTPOEHHIO OAMHOr006pa3ns A (eM. mar 2 mpebIIyIero JJ0Ka3aTe b-
CTBA), HOAIPOCTPAHCTBO T, A cocrour u3 Beex BEKTOPOB, 00pa3 KOTOPBIX 1IPH
0TOOpaYKeHU N A-T HPUHAJIEZKUAT MOATPOCTPAHCTBY 1,0y, Hamomumm (cm. Tam
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Ke), 9To miomaaka ¢, Harsayra Ha N BEKTOPOB, KarK/bIil 13 KOTOPBIX JIEIKUT
B (ba3oBOM mpocTpaHCTBE COOTBETCTBYIOIIEi 3aja4un Kemepa u TpancBepca-
JIEH €€ m303HepreTudeckoit mopepxuoctu. [loaTomy B 6asucax e u e. IJIOMAIKA
0,, obmajaer TakKuM Ke CBOHCTBOM. B wacTHOCTH, OHA MMeeT “OJIMH U TOT Ke
Bujl’ B Oasucax e u e.. Ho B Dasuce e. oneparop A-1T 3aJlaéTcsd MaTpHIEe
A — I, xoropas 110 noKazanHOMy Omska K marpuie Ag — I. fcHo, 9To mpood-
pa3 MOAIpPOCTPAHCTBA 0, pu oTOOpakeHuu, 3aaBaeMoM Marpuieir Ay — I —
9TO B TOYHOCTH SIJPO TOTO oToOpazkeHus. CieoBaTeIbHO, 10 TEOpeMe O HesB-
HOI GyHKIHH, TPOo0OPa3 MOIIPOCTPAHCTBA 0, IPH 0TOOPaYKEeHNH, 3a1aBAMOM
MaTrpurei A, — I, 6im30K K siapy marpunbt Ag — 1.

D10 nokaswBaer Gum3ocTb nognpocrpancrsa T, A B Gasuce e, K aapy ome-
paropa, 3ajasaemoro Marpuneit Ay — I.

[Ilar 2. PaccmorpuM JiBe CHUMILTEKTHIECKAX MATPUIBL: MaTpuily Ag um O/1m3-
Kyio K Heil Marpuny A,. Hamomuanm, uto Ay — GI0YHO-IHATOHAIbHAS MATPHIA
w3 seMumbl 16, a marpuna A, 3a1aé1 oneparop Monoapomnn A B KaHOHHUECKOM
basuce e..

Hanee marpunnst Ay u 1215 Oy/eM paccMaTpuBaTh Kak OJIM3KHE CUMILIEKTHU-
Jeckne onepaTopsl B npocrpancTse IR oTHOCHTEIbHO (PHKCHPOBAHHOTO KAHO-
HUYeCKOro 6asmca.

PaccMoTpuM MHBapHaHTHBIE TOAMPOCTPAHCTBA onepaTropa Ag: ero Kopaesoe
MOITPOCTPAHCTBO

K = Rl(A()) - IR4N,

OTBEYaloIIee CO6CTBeHHOMy 3HAYEHU IO 1, 1 KOCOOPTOIOHAJIbHOE AOIIOJTHEHUE
L=K"

k K B R*.

3ameTnM, 9TO MOANPOCTPaHCTBA K U L 9BIAIOTCA HHBAPDUAHTHBIMU TOIITPO-
CTpPaHCTBaMU omepaTtopa Ay, TPUIEM CIIEKTP OTPAHUYEHHUS STOTO OTlepaTopa Ha
no/ipocTpancTso K cocrout u3 1, a CrieKTp ero orpannydenus Ha L He CoOAepKuT
1. B wacTHOCTH, 9TH CHEKTPHI HE IepecekaroTcs.

CormacuHo 1emme 6 cylmecTByeT WHBApPHUAHTHOE [1JIs A, cuMIIeKTHICCKOE
noxnpocrpancrso K, 6ianskoe Kk K. B cuny cuMIuieKTHaHOCTH oneparopa A,
er0 KOCOOPTOTOHAIBHOE JonoHenne L = K Tojke HHBAPHAHTHO OTHOCHTEILHO
A, flcHo, 9TO 1OAIIPOCTPAHCTBA L u L toxe 6iu3Ku.

Paccmorpnm kpagparnunyio gopmy QE = w?(AL — &) B T, M. Mbl noka-
JKeM, UTO OTPaHUYEHHST 3TOI (POPMbBI HA TIOITPOCTPAHCTBA KNT,% ~ f(/Tm’y "
L apnsiorcs 3HaKoomnpeaeIéHHbIMEI (hopMmamu. OTcioga OyAeT cae0BaTh CHIb-
Has YCTOWYHUBOCTH JIBYMEPHOTO WHBAPUAHTHOTO TOpPA 7Y D 1M KAaK MHOYKECTBa
HEIO/IBUKHBIX TOYEK OTOOPAXKEHUSA Gpy_ ., 17, & BHAUUT, ¢ yIETOM 3aMedanus 14,
CTPYKTYpHasl YCTONYUBOCTH OTHOCUTE/IHHO MEPUOTUIECKOTO JIBUKEHUSI.
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IMTar 3. TTokazxem, aro dopma Q| 7 3HAKOOIPEJIesIeHa.

BameruMm, 4To B cmiy ycjoBuit 1, 2 nmynkta B Teopemsbl 11, orpanmdenue
kBajipatuunoii popmbl Q€ = w?(Apé, £) Ha HHBapUAHTHOE HOJANPOCTPAHCTBO L
SIBJISIETCST 3HAKOOMpeIeIéHHOM hopMmoit. B camom sente, m3 9BHOTO BHIa OJI0OYHO-
JMaroHaIbHOI MaTpurpl Ag (cM. Jemmy 16) mosydaem, 9ro COOTBETCTBYOTIAST
kBagpaTudnas popma QE = w?(Ap, €) 3amaéres 6J09HO-INATOHAILHON MaT-
purieil, a1uaroHabHbIe OJIOKH KOTOPOMl UMEIOT BHT

0 O 0 0 0 0 0 0

0 Ber 0 0 0 275 0 0

0 0 —Isina 0 "0 0 —Ijsina 0 ’
0 0 0 Iis « 0 0 0 Iis o

1 <i<n,1<j<n; Crenosarensno, kBaaparuanas dhopma @Q|p 3nakoonpe-
JleJieHa B TOM U TOJBKO TOM ciydae, korjga amodn # 0 u Bce uucaa I;, I;;
omguoro 3Haka, 1 <1< n,1 <75 <n,

Cormacno nemme 16, I; = [x;,&], I;; = [yij, mij]. losTomy 3maxu umcen I;,
I;; coBuajaior co 3HaKaMu YIVIOBBIX CKOpOCTell wj, (;; IJaHeT U CIyTHHKOB.
[To ycaoBuio 2 Teopembl 11 nocsieaue 3uaku copiaiaior. Mtak, KBajaparudHast
dbopma Q| 3HaK00Hpe):Le,neHa

Tak xax omeparop A.|; 6mu30K K Aglr, TO KBampaTnanasa dbopma Q Toxe
oms3ka K (). [losTomy kBagparmdHas dopma Q| 7 SABJIETCSA 3HAKOOINDEIeTEH-
HOit. OTMeTHM TaKzKe, 94TO

ind Q|; = ind Q| (115)

[Tar 4. IlokaxkeM Telnepb, 4TO HPOU3BOJsILAs (DYyHKIIMS Q oneparopa A,
MTOJIOYKUTEJIHHO OTpeJie/ieHa Ha MOITPOCTPAHCTRE Kn T2,

3ameTnM, 4TO HyJIeBOe MOJANPOCTPAHCTBO (hOPMBI Q| & COBHAJAET C SIIPOM
omeparopa (A I)| % (B cmty Toro, uto —1 & spec A) Ho u3 MopcoBocTn KpuTn-
9eCKOil TOUKH M 110 OTHOMmeHHIO K byrKin S|y ; caexyer, aro ker (A—1)|z =
T,,y. 3uauut, dhopma Q! &nr,,x HeBbIpoKaeHa. CremoBaTenbHo, JJIA JOKa3a-
TEJIbCTBA MOJIOKUTEIBLHOI ONpeIeEHHOCTH (POPMBI Q| kAT, HAM JIOCTATOYHO
MOKA3aTh, YTO UHIEKC (POPMBI Q| / DaBeH HYJIIO.

Jlokazkem cHava 1 CJIeayomuil anaaor jjeMMbr 4 00 uHjieKce reccuana QyHK-
wun S, onpenenéuuo Ha Tope A.

JlemMma 18. Hyc]ma m € N — mopcosckas Kpumuueckas mouka gﬁyn%quu
Slinss U nyemov QQ — npoussodawan Pynkyua onepamopa monodpomuu A 6
mouke m. Toeda

ind Q = ind Q + ind d>S(m).
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JlokazareancTBO MPOBEAEM COBEPHIEHHO AHAJOTHIHO JTOKA3ATEIbCTBY JIeM-
Mol 4 (cm. 1. 1.5.2). HamoMH#M, 9TO J0KA3aTEIBCTBO ITOI J€MMBI OBLIIO OCHO-
BaHO Ha CJIeAyIOIuX ABYX (aKTax:

1. cymecrsyer nognpocrpancrso Ny, C Tp, M, opToronaabHoe HOANPOCTPaH-
crBy T),A orrocurenbuo gopmbl (), Takoe, 4ToO

TmM:Tme@N; u ind6~2|N0 = ind Q;

ind d*>S(m) = ind Q|;, 3. (116)
Eciin Mbl JiokazkeM 311 (PaKThl, TO 1HOJIy4UM TpebyeMoe paBeHCTBO:
ind @ = ind Q| . +indQ|y, 5 = ind @ + ind d*S(m).

HoxazarenbcTBo. 1) Ilycrs, Kak Ha miare 5 npeablIyniero JoKa3aTeabCrsa,
Ny, = {dy =0} C T,,, M — noxnpocrpanctso, “Hopmaasuoe” k Topy A°; 3ano-
HEHHOMY KpyroBbIMH opbuTaMu 3aj1a4 Kemnepa. V3 omnpejiesenus moaMHOT000-
pazma A CJIJIyeT, ITO

Tmf\:{neTmM\an—neem}:

{neTn,M|w* (A —n,v)=0,v € Ny} =
{neT,M| w2(n,/~lg1n —nv)=0,v € N, }.

Paccmorpum nogupocrpanctso N2, = (Ag + 1) Ny, tie I — ToxiecTsen-
ubiit oneparop B 1, M. VI3 gaBroro Buaa omeparopa Ay BHIHO, 4TO sJpPO OIlle-
paropa Ay — I TpaHCBEpCAJbHO K MOAIPOCTPAHCTBY NV,,, & IOSTOMY OHO TPaHC-
BepcanbHOo K INV;,. PaccMoTpuM Om3K0e K HEMY MOJIPOCTPAHCTBO

N2 = (A, +I)"'N,,.

B cuny Gamsocrn omeparopos A. u Ay u 6iamsoctu noxmpocrpancrsa T, A k
sipy oneparopa Ay — I (mar 1), moanpocrpancrso N¢ 6u3ko k N° u Tpanc-
BEPCAJIBHO K T..A. [Tosromy ¢dopma Q| Ne HEBBIDOZKJIEHA M HMeeT TAKO# Ke
WHJIEKC:

indQ\N% =ind Q|ne = ind Q.

[Tokazkem, aro nognpocrpancTsa 1, A u N, “OpTOroHaJbHbI” OTHOCHTE b
HO opmbl (), paccMarpuBaeMoii Kak cuMMeTprdHas OuauHelinas dbopma (37).
[eitctBuresnsro, st soboro Bektopa £ € Ny, Bektop v = £ + A £ npunae-
KUT noanpoctpancTBy N,,. Cormacuo dbopmyse (37), nmeem

_ 1 _ _

Q01,) = 5P (Aen, (1 = 22)8) = 2 (A, (1 = A) =

171



1 ~ ~ 1 ~

50‘)2(777 Aa_l(] - Aa)y) = 5("]2(77’ Aa_ly - V)'
Ho ga mobeix 1 € Tm]\, ¢ e Nfa IOC/Ie/IHEE BHIDAZKEHHE PABHO HYJIIO (cM. BBI-
me). OTO M 3HAYUT OPTOTOHATBHOCTD MOANPOCTPancTB 1;, A u N, OTHOCHTETBbHO
dopmbl Q.

2) Pacemorpum onepatop

B:T,A — Tp0,,, Bn=Am—mn, neT,A.

N3 dopmyasr (114) mosydaem, 9to B J1060ii KPUTHYECKOH TO4YKe M (DyHK-
mun S cuMMeTpudHasg OnanHeliHag popMa, OTBedYaronas KBaApaTuaHoil popme
d*S(m), umeer ciesyiomuii Buj B 6asuce e.:

d*S(m)mn = w?(Bni,n) = wo(Bm,n), m1,1 € TnA,

rjle Wo — OIPAHUYEHHe CUMILIEKTHYECKOH CTPYKTYDBI Ha IPSIMOE IIPOU3Be/Ie-
uue moAnpoctpancts (1,,,0,,) x (T,,A). I3 (37) momydaem, 910 cHMMeTpHIHAS

ousnneitnast popma Q|Tm;\ UMeeT TaKOU »Ke BUJI:

Qmn = wi(Bni,n), m,n € TuA,

rae ouauneitnas popma,

1 ~ )
wi (&) = §w2(€,Asn+n), € € T, € T\,

ommska K dopme wy. [pn mobom ¢, 0 < ¢ < 1, pacemorpum dumaeiinyio hbopmy
wr "Ha (T),0,,) x (T,,A) u 6ununeitayio dopmy Q; na T, A Buga

wp = (1 = two +twr,  Qmn = wi(Bn,n).

V3 HeBBIPOXKIEHHOCTHU ‘ClIapUBaHUs’ BEKTOPOB IIOAIPOCTPAHCTB ToA u T, 0,
IIPH TIOMOTITH CHMILIEKTHYECKOil CTPYKTYPHl w? ciIeyeT, 9To Sapo GHINHEeRHOl
dbopmbr Q; coBnazaer ¢ sipom oneparopa B (pu mobom ¢, 0 < ¢ < 1). Orciona,
BBUJy CUMMETPUIHOCTU OmjmHeiiHbix ¢opm (Qy, ux uHIEKCH coBmnajgaor, (0 <
t < 1. B wacrnocru, ind Qo = ind (1, uro u mokaseiBaer dhopmyiy (116).

DTO 3aBeprraeT I0Ka3aTeJIbCTBO JeMMbl 18 00 wHjekce reccnana (GpyHKIUN

S.

[Tlar 5. 13 neorpunareabHoii onpeenénnoctu reccuana d2S(m) (Tak kak m
— MOPCOBCKasl TOYKa JIOKAJBHOrO MuUHHMYMa byHKIuu S|3-5) # dopmbr Q|x
(cM. stBHBI B MaTpuibl () Ha Tmare 3), ¢ yI6TOM JeMMbI 18, uMeem:

indQ = ind Q + indd?>S(m) = ind Q = ind Q| + ind Q|x = ind Q| .
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C apyroit croponst, ind @ = ind Q| +ind Q| . Crenosarensno, ¢ yaérom (115),
caaraemoe ind Q)| z B mocsienmeil cymme paBHO Hystio, T.e. dopma @]z HEOTPH-
IATE/HHO OIPeIeIeHA.

CoracHo npegIozKeHno 1, 3TO J0Ka3bIBAeT CUIBHYIO YCTONYINBOCTH TOPA Y
(KaK MHOXKECTBA HEIOJBUZKHBIX TOYEK OTOODAZKEHUSsI g}ifwlM) 7, TeM CaMBbIM,
CTPYKTYPHYIO YCTONYNBOCTH COOTBETCTBYIOIMIEN0 OTHOCHTEIBHO MEPUOITIECKO-
ro JBUZKeHUs BO3MYIIEHHO# cuctembl. [[yHkT B Teopemsr 11 mokazam.

TeopeMma 11 MOJHOCTBHIO JOKa3aHA.

3.3.3 CymiecTBoBaHE CHUMMETPHUYHBIX OTHOCHUTEJHHO MEPUOANYE-
CKHIX JOBUXKEHUN

3ech Mbl jtokazkeM Teopemy 12, caenyst uiesim [lyankape [28] 06 obparumoctn
sagaun N + 1 reir.

ITycts | — miobag npgamas B ILIOCKOCTH JBUzKeHudA. B dazoBoM mpocTpan-
crBe T*() onpeleeHsl CIeAyIONe TPH UHBOIIONMA, COXPAHAIONINE 3HAYCHUE
raMuabToHnana H:

1. Kanonuveckas uupoonus S; : T%Q — T*Q (oceBasg cummeTpusi), OTBe-
JaoIas Ipeodpa3oBaHni0 KOH(GUTYPAIHOHHOIO MHOTOoOpasus (), mepe-
BOJAIIEMY BCE MaTe€pUAJIbHbIE TOYKU paCCManHBaeMOﬁ CHUCTEMbI B TOYKHU,
CUMMETPpHUYIHbIE UM OTHOCHUTEJIbHO HpHMOf/i l

2. “Anrukanonunveckas’ unBosonus P (“oOparmenne Bpemenn”), mepeBo/is-

mast napy (¢,p) dasosoro upocrpancrsa B napy (¢, —p), rjge ¢ u p —
“KOOPJUHATHI” U “UMITYJIHCHI .

3. “Anrukanonnueckag’ waBomonua P, = PS; = S P.

Kaxkoe u3 9THX Npeobpa3oBaHuil ABJsIeTCs WHBOJIOIHUEH, T.e. COBIAJIAET CO
CBOMM OOpaTHBIM IpeoOpasoBanueM. [Ipr 5ToM BTOpasg U TPEThs WHBOJIONUN
ABJISIOTC AHTUKAHOHUYECKUMMU, T.€. [E€PEBOJAAT CUMILIEKTUUECKYIO CTPYKTYPY
w? B —w? U, TeM caMbiM, IEPEeBOJISAT TPAEKTOPHU CHCTEMbI B TPACKTOPUM CHCTe-
MBI “C obpalleHneM BpeMeHn .

Bamernm, 94TO U3 JIUHCTBEHHOCTH pelleHns 3a1a4du Xuia (jqemva 17) cie-
JIyer, 9To COOTBeTCTBYoMIee aBuzkenue ¢(t) = (x(t),y(t)) apasgercs cummerpud-
HbIM. A UMEHHO, PACCMOTPUM J1I060IT MOMeHT Bpemenu t = g, B KOTOPbBIl BEKTO-
pbt X(t) n y(t) coHanpaBIeHbl U, 3HAYAT, BCE TOUKH JIEZKAT HA OJHON U TOM Ke
npsiMoit, KoTopyto obo3uadnm . Torma nuxkenne ¢ (t) = P(x(2tg—t),y(2to—t))
TOXKE SIBJISIETCS DellleHueM 3aJadn XUIa, a 3HAYAT, COBIAAAET C JBUZKEHHEM
q(t). Otcroma merko momydaem cymectsoanne 2V 2 CHMMETPHYHBIX JIBHKCHMTIT
HEBO3MYTIEHHOM 3a1aun (89). A UMeHHO, KayKI0MY Pa36HeHHI0 MHOKECTBA BCEX
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[UIaHeT W CIyTHUKOB Ha J[BA MOJMHOXKeCTBa (T.e. KayKJIoMy THIY “mapaja’, cM.
. 3.1.3) oTBeyaer cuMMeTpHUYHOe JBUKeHUe 3aja4u (89), mpu KOTOPOM B MO-
MEHT BpeMeHH t = ty BCe paJlyC-BeKTOPBI, OTBEYAOIINe TOYKAM U3 OJHOTO
MOJIMHOKECTBA, COHATIPABIIEHDI.

Dukcupyem soboe pazdouenue u3 1. 3.1.3 (T.e. Tun napajsa) ¥ pacCMOTPUM
COOTBETCTBYIOIIEE CUMMETPUIHOE PelieHne HeBO3MYIIEHHOH 3a1a4u. Bes orpa-
HUYEHHs OOMTHOCTH OymeM cauTarh, 9To tg = 0, u npsamas | COBIAIAET ¢ OCHIO
aberuce (cm. ompesenenne 21). Toraa, M0 ompeeeHII0 CUMMETPHYHOTO [TBH-
JKEHUS, YCIOBHE CHMMETPUYHOCTH TOTO JBUKEHUS SKBUBAJIEHTHO TOMY, UTO
upu t = 0 yryioBble KOOPAMHATHL 1);, 1);; BCEX PAJUYC-BEKTOPOB X; U Y;j KPATHBIL
T, & UX Pa/UAJIbHbIe UMIIY/IbCHL Py, Py,; PABHbBI HYJIIO:

¥;(0) =0 (mod 7), 3;(0) =0 (mod ), p,,(0) =0, p,,(0) =0. (117)

[Iycrs | — npamag abcrmucc. O6o3HaunM ycaoBHO uepes (i, [, q, p) Habop
KoopuHaT (¢; mod 27, I;, q;, p;), 1 < i < n, (@iy mod 27, I, qij, pij), 1 < j < ny,
3 geMMbl 16. V13 mocTpoenns 3TuX KOOPJAWHAT TPH JI0KA3ATETLCTBE JeMMbI 16
(em. sBubI Bua (132) sTux koopaunar B 1. 3.4.2 Huzke) Oyuer cJjeJ0BaTh, 4TO
unpoJioruu S;, P, P, uMmeror cieayommuii BUI:

SI(QD7I7Q7p) = <_907 _I7Q7p)7 P<()07‘[7q}p) = (Qp, _17Q7 _p>7

Pl(go,f,q,p) = (—SO,I,(], _p) (118)

Ob6osnaunm depes R, npeobpaszoBanue ¢$Ha30BOro mpocrpancrsa 17*(), orseya-
foIIlee TTOBOPOTY IJIOCKOCTH Ha YIOJ (.
BoiBenem us ciepctBuga 13 caeayroriee ero yrouneHne

CaencrBue 15. ITycmv mouxa m € A omeeuaem cummempusuromy 0sudtce-
Hut0 Heeo3myweHnol 3adawu (96), pacnadarowetica na 3adavu Kenaepa u Xun-
aa. Tozda cywecmeyem basuc e(m) 6 mouke m, ydoeaemeopaOUul Ycro8UAM
caedemeus 13 u caedyrousum Yero6uam:

1. B 6asuce e(m) uneomoyus P, = PS; = S|P zadaémcs 640410-0uaz2onans-
HOT Mampuuet, Ha dua2oHraiy Komopot cmoam 6ok 6uda

-1 0 0 0
0 1.0 O
o 01 0 [’ (119)
0 00 -1

2de l — ocw CUMMEMPUU PACCMATMPUBAEMO20 deustcenus.

2. Hanpasaenue kascdozo bazucnozo sexmopa basuca e(m) w—0ausko K co-
omeemcmeyrouets Koopouramnot ocu us semmo, 16.
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JdokazaTeabCcTBO. 3aMeTHM, 9TO KOMIIO3UIIMS WHBOIONUN P 1 0TOOpaskeHnst
g7, ABJIsIeTCS WHBOJONMEH, Tae V — HeBo3MyIéHHas cucteMa (94) BO Bpamao-
meiicsa cucTemMe KOOPANHAT € YIJIOBO#M CKOPOCTBIO wy. JlelicTBUTETbHO, MHBOJTIO-
g P, mepeBoauT BEKTOpHOE ToJsie V' HeBO3MYIIEHHOM cucTteMbl B —V, OTKyIa
Pg, P, = g7y Caenosarennsuo, (Pgl)? = Id.

Orcrona caepyer, uro komnosuius uusosounu dP(m) @ T, M — T,,M u
oneparopa monogapomu A = A(m) = d(R_,g{,)(m) ToxKe SABISETCS UHBOJIOI-
eit, rme R, — MOBOPOT ILIOCKOCTH HA YToJ «. JleficTBUTEIBHO, B CHIY KOMMY-
TUPOBAHUSA TOTOKA ¢i, ¢ JIOOBIMHA TIOBOPOTAME TLIOCKOCTH,

(PR-agy)* = Py (R-a PR_a)gy = Figi Pgyy = 1d.

3/1ech MBI BOCTIOJTH30BATMCH OYEBUIHBIM CBOHCTBOM OCEBOW CHMMETPUU U TOBO-
poros: R_, P, = P R,.

CaieoBare/ibHO, ipu uuBoJONUE d P (m) oneparop MoHoapomun A nepexo-
aut B oneparop A~!. Orciona moaydaem, uro unsostomus dP(m) nepesoaut
J10060e KOpHEBOe TOIIPOCTPAHCTBO omeparopa A, oTBedaioiiee COOCTBEHHOMY
3HAYEHUIO A\, B KOPHEBOE MOMPOCTPAHCTBO, OTBeYAoIee COOCTBEHHOMY 3HAYe-

CﬂeﬂOBaTeﬂbHO, WHBapUaHTHbIE CUMIIJIEKTUYIECKHE ITOJIPOCTPaHCTBa K n
L = K% oneparopa A;;, orseuaiomero 3aiaue Xujia (CM. J0Ka3aTeabCTBO
caencTBus 13), HHBADUAHTHBI OTHOCHTEIbHO WHBOTIOIMY d ). Tak Kak 1o cJieji-
cTBUIO 13 9TH MOANPOCTPAHCTBA W—OJIU3KU K UCXOTHBIM KOOPHHATHBIM ITO/IITPO-
CTpaHCTBaM, TO Ha KazK/IOM U3 HUX WMHBOJIIOIUA UMeEET POBHO ABa CO6CTB€HHBIX
3Hadenusi: 1 u -1, npuuém Kazkjoe cOOCTBEHHOE OJIPOCTPAHCTBO W—OJIM3KO K
COOTBETCTBYIOMIEH KoopAuHaTHOI ocn B cuty (118).

Bosbmem B KadecTBe Oa3mca, OTBEYAIONIET0 PACCMATPUBAEMOMY CIIYTHHKY,
KAHOHWYECKHil 0asnc, w-OJU3KHNH K KOOPAMHATHOMY Oasucy u3 JeMMbl 16 u
COCTABJICHHBIN M3 COOCTBEHHBIX BEKTODOB €1, €3 U €3, €4 ONepaTopoB A;j|x u
A;jlL coorBercTBeHHO.

Bamerum cieyroliee:

1. B cunty epmucTBenHOCTH pentennst Xu/uia, BEKTOP e 91oro 6asuca (0rBe-
Jaomuii cOGCTBHHOMY 3HaYeHHIO 1) KacaTesjeH K TPAeKTOPHU 3TOTO pe-
nIeHundd.

2. IlycTp — Marpua oneparopa A;;|;, B kKanonnueckom 6asuce e,

b
d
e4 nomupocrpancrsa L. I3 Toro, uro B 3roMm 6azuce unsosonus dFP(m)|r

3a,1a6TCst MaTpuIeit , a komnosuust dP(m)A(m) ssasiercst we-

0
0 -1
BOJIIONUEH, HETPY/HO HOJIYIUTh, 9TO @ = d.
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Orcoma caemyer, 9To, MyTEM JIOMHOXKEHUSI BEKTOPOB €] U €5 Ha w—O/Iu3Kue
K €JHHHINE B3aHMHOOOpATHBIE UHCJIA, & TaKZKe JIOMHOKEHHSI BEKTOPOB €3 U €4
Ha OTpaHUYeHHbIe B3ANMHOOOPATHBIE ITOJI0KATE/IbHBIE YUCIa, MOXKHO JTOOUTHCH,
9TO0B MaTpHuIa omeparopa A;; B HoBoM Oaszuce fi, f2, f3, fi IMena HyKHBII
BUJI, CM. cjeacTBue 13.

CaencrBue 15 gokaszaHo.

JTokaxkem Teopemy 12.
2
Ilar 1. Pacemorpum onepatop A’ = A'(m) = dgi/*(m) : TpuM — Ty M,
r_ T/2 ’
rae m' = gy~ (m). Ilokazxem, aro B 6aszucax e(m) u e(m’) u3 caencrusg 15 sTor
orepaTop 3aJaéTcs HUKHETPEYTOJAbHOI OJI0MHOI MaTpuieil, Ha JuaroHaJIbHBIX

0JT0KaX KOTOPOil CTOAT MATPHUIIBI BHIA

—3wTt a; 1 in Qi
b B P T 1<i<n (120)
0 1 "\ —Lsin%  cos% ’ - =
i 2 2
—3T7 Qij 1 oo Oyj
P cos = sin ,
Ty 2o a2 ], 1< <n, (121)
0 1 I, sin % Qi
— 445 S111 5 COS D)

ujin, ObITh MOYKET, MATPUIIbI, OTJUIAIONIUECS OT ITUX MATPUIL 3HAKOM, TJ1€ (; =
w;T +O0(w?T), &ij = Q7+ O(w?7), — umca us crencreus 13. (B geficreurens-
HOCTH, BCE 9TH MaTPHUIIBI CTOSAT B YKAa3aHHBIX OJIOKAX €O 3HAKOM “mroc”.)

Bocnoabsyemca caeactsuem 15. Kak npu mokasaTebecTBe 9TOTO CIeICTBAA,
paceMoTpuM mpejenbayto 3agady Xuwia (106) st i—Toil miaHeTsl u €€ j—Toro
CIYTHUKA. DTO IKBUBAJIEHTHO paccMoTpenuio ciaydas Comune-3ems-Jlyna, T.e.
N = 2, n = 1. 3adukcupyem KpyroBoe JIBUZKEHHUE IJIAHETHI U 0DO3HAYUM dUe-
pe3 A;; = A;j(m) oneparop MOHOAPOMHH CHCTEMBI, OTBEYAIOINIEIl j—TOMY CIIyT-
HUKY, T.€. OllePATOP MOHOJIPOMUHM TIpeiesibHoil 3amaun Xuria (106). Oneparop
A;; meficTByeT B KacaTeIbHOM IIPOCTPAHCTBE K (ha30BOMY HPOCTPAHCTBY 33a4N
Kemiepa, 0TBeIAOINIETO j—TOMY CIIyTHUKY. AHAJTOTHIHBIM 00Pa30M, 0003HATIM
uepes Aj; = Aj;(m) u (dF);; = (dP)i;(m) oneparopsi, orsedaroniue JeicTBEu0
oneparopos A'(m) u dP,(m) B KacareJbHOM NPOCTPAHCTBE K (Ha30BOMY HPO-
CTPAHCTBY 3TOTO CIyTHUKA.

PaccMoTpuM B TOYKe m JBa omeparopa: omeparop MoHojgpomuun A(m) u
unBoonui0 dP(m). 3ameruMm, uTO JefiCTBHE HA ITU OMEPATOPBI COMpPSIKe-
HueMm npu 1omomu orobpazxenus A’ mepesomut ux B oneparopsr A(m') mn
A(m")dPr, ,,)(m') B TOUKE M’ COOTBETCTBEHHO:

AAAY = dgiPd(R_og})dgy™* = dR_,dgy, (m') = A,

AdPA™" = dgi/*dPdgy"” = dgjdP, = dgjR_o RadP, = AdPg, ).
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Orcionia ciiejiyet, 4To onepatop Aj; MepeBonT KOpHeBbie MOPOCTPAHCTBA Olie-
paropoB A;;(m) u (dF});j(m) B KOpHEBbIE TOANPOCTPAHCTBA onepaTopos A;;(m’)
/ / ey

u Ajj(m')(dPr, ,@)ij(m'), ¢ coxpanermem coOOCTBEHHBIX 3HATCHH{T, OTBETAIOTIHX
TUM KOPHEBBIM TIO/IIPOCTPAHCTBAM.

[Iycrb €1, €2, €3, €4 1 €], €5, €4, e — Gasucubie BeKTOpPHI Gazucos e(m) u
¢/ (m) coOoTBETCTBEHHO, OTBEYAIOIUE PACCMATPUBAEMOMY CIIYTHUKY.

13 siBHOTO BH/Ia oniepaTopa MoHoApoMun A u uuBosonuu d P B 3Tux 6asucax
(em. caeacrBue 15) mosydaeM:

1. Kopuesoe nomampocrpancrso oneparopa A;;(m), orsedaromee co6CTBeH-
HOMY 3HAQYEHHIO 1, I €ro KOCOOPTOTOHAJIBHOE JONOJHEHHE JBYMEPHBI U
nMeroT BUJL (€1, €) U (€3, €4) COOTBETCTBEHHO.

2. Kopuessle moampocrpancrsa uusoonun (dP);;(m), orsedatomue cob-
CTBEHHbIM 3HaveHusM -1 u 1, aBymepubl u umeror suj (e1,e4) u (e, €3)
COOTBETCTBEHHO.

13 asroro suma oneparopa monoapomun A(m') u masomtormm dPg, o) (m')
1IOJIy 4aeM:

1. KopueBoe momnpocrpancTso omeparopa A;;(m'), orsedaromee cobeTBeH-
HOMY 3HAYEHWIO 1, M ero KOCOOPTOrOHAJIBHOE JIOMOJHEHHE JIBYMEPHBI 1
umeroT Bug (€], eh) u (€}, €)) cooTBeTCTBeHHO.

2. Kopnespie nognpocrpancrsa nusomonun Ay (m')(dPr, @ )ij(m'), orse-
qaloIe COOCTBEHHBIM 3HadenHusIM -1 1 1, 1BymMepHbI 1 umetoT Buf (€], Ry /2€))
u (eh+3¢€), Rajzeh) cooTBeTCTBEHHO, 1 A = ——2o R, /5 — BTOpas MaT-

2
misry;

puna u3 (121).

CaenoBarensho, oneparop A’ cieayromumM o6pa3oM JeilCTBYeT Ha BEKTOPLI
€1, €2, €3, €4:

A
/ !/ / / /
ep — tey,  eg— £(e) + 561), ez = Ry o€y, €4 — £Ry 0€).
Orciofa, ¢ y4éTOM CUMILIEKTHIHOCTH omepaTopa A’, monydaem, 4To B KAHOHHU-
deckux Gasucax ey, €z, €3, €4 U €}, €y, €3, ) Marpuipl oneparopos Al |k, AjlL
¢ TOYHOCTBIO /10 3Haka uMeroT Buj (121).
[MTar 2. Kak Mbr 3amerunn B 1. 3.1.3, CHMMeTpUYHOE pellleHne SABJITeTCS
OTHOCHTEJILHO IePHOJINYECKUM TOI/IA U TOJILKO TOTIA, KOrjIa B MOMEHT BPEMEHH
_ T a
t = 5 YIJIOBEIE KOODIWHATHI BCEX PAIMYC-BeKTOPOB X; U Y;j UMeIOT BuI § + 7k,
k € 7, a ux pajuajbHbIe UMIIYJIbCHI PABHbBI HYJIIO:

Ui(5) =5 (modm), wy(5) =5

T

T
(m0d7r), pri(*) = O, prij(i

2 3) =0
(

122)
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[TokazkeM, 9TO Mpu JIOOBIX JOCTATOYHO MAJIBIX 3HAYEHUSX TaPAMETPOB [i, V
yenosug (117), (122) oaHO3HAYHO ONpEeNAI0T 3HAYCHHUL T3, Ty H Dy, Dr, KaK
dbyHKIMK 0T THX mapamerpoB. B camom jese, Jisi OPUMEHEHHS TEOPEMBI O
HesSBHBIX (DYHKIUAX HY’KHO TIPOBEPUTH HEBBIPOZKIEHHOCTD CJIE/IY IOl MaTpH-

bl 9aCTHbLIX ITPOU3BOAHbIX:
0¥ (3),rr(3))

9(py(0),7(0)),
rae Y(t),r(t), py(t), pr-(t) — permenne meBo3mymiénuoit cucrems (96), 3anucan-
HOe OTHOCHUTEJIbHO MOJISIPHBIX KOODJIUHAT M HOJISPHBIX UMIIYJIbCOB MaTePHaJIb-
HBIX TOYeK B IJIOCKOCTU JIBUKEHUSI.

[To mokazanuoMy Ha mrare 1, B 6asucax e(m), e(m') u3 caexcrsust 15 onepa-
top (123) 3amaéres 6I09HON HUKHETPEYTOJBHON MATPHIEH, sSBJSIONIEHCs COo-
OTBETCTBYIOMUM MUHOpPOM Marpuiibl u3 (120). ror MuHOD siBjsieTcst GJOTHOI
HUZKHETPEYTOJIbHOII MaTpUIleil, Ha JUAroHAJU KOTOpOil cToAT OJIOKH CJeyIo-
ero BUjIA!

(123)

3wt 3T 0
:FZmirz.Q 0 :FQmijT?j
0 Flisin 0 F1ijsin =7

OueBuIHO, UTO 9Ta MaTPHIA HEBBIPOZKeHa, ecin St mod 7w # 0, %2 mod 7w # 0.
[TocsieiHee yCiOBHE BBITTOJHEHO, €CJIH:

1. cow?T <, T.e. BHIIOJIHEHO ycusenne yciosus (93),
2. amea0 o mod 7 OTeIICHO OT HyJIs HA BEJTHUHHY, He MEHbIIYI0 Zw?T.

D10 caeyer u3 Toro, UTo @ — ai;| < Lw?r, em. 3amedanue 21.
Caenosarenbio, Marpuna (123) Toxke HEBBIPOK/IEHA, & 3HAYNT, TIPHMEHUMA,
TeopeMa O HesIBHOI (pYyHKITHH.
DTO 3aBepInaeT JJ0KA3aTeJTHCTBO TEOPEeMbl 12.

3.4 Jloka3aTeJbCTBO BCIIOMOIraTeJIbHBIX YTBEP2KIEHUM

3/ech MBI J0KaxkeM JieMMbl 15, 16 u 17, cdopmyaupoBaHubie B §3.2.

3.4.1 Jloka3aTeabCTBO JIEMMbI O HEBO3MYIIEHHOM cuCTEME

[Ipu jokazareiberse TeopeM 11 n 12 Mbl HEOJHOKPATHO OIUPAJIUCH HA JIeMMY 19
0 HEBO3MYIIIEHHOI cucTeMe. B maHHOM paszese Mbl 1a M JOKa3aTeTbCTBO ITOI
JIEMMBI, TIOCTPOUB {IBHO TIepeMeHHbIe UMITYJIbCOB &, 7) U BBIIUCAB B SBHOM BHUJIE
BO3MYIIEHHYIO CUCTEMY B MOJIYUeHHBIX (pa30BBIX MepeMeHHbIX &, 1, X, y. [locie
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9TOro Oy/IeT JIerko HafiTM HEeBO3MYHIEHHYIO CHCTEMY, YCTPEMHUB BO3MYIIEHHE K
HYJIIO.

Jamum TouHYI0 (DOPMYIUPOBKY YTBEPZKIEHUSI, U3 KOTOPOTO CJIeIyeT JJeMMa
15. PaceMOTpIM aHATHTHYECKYIO DYHKIMIO F}(X;, Vi 1V, p) — norenmuan (103)
neiicrBust COJIHIIA HA CIIYTHUKHU —TOi 11aHeTbl. OnpegenM aHaJ0THIHBIH 110-
renmuan Fyy = Fi (X; — X1, Vis, Yirs; V, p) CYMMapPHOroO jieficTBust i'—TOM CIyTHHU-
KOBOIl CHCTeMbl Ha CIIyTHUKU 7—TOM IIJIAHETHI W {—TOil CIlyTHUKOBO#l CHCTEMBI Ha,
CIIyTHHMKH 7'—TOH ILJIAHETHI, IMoJIarast

Fio )=
Vp mzmz’ W\ Xy Yis, Yirss V, P
x — vp(d; — 6i)]
Z Vimgmy; % vmgmyg g i
X+ py; — pr(d; — bi )I = =X+ pyy + pr(di — 0v)]
Z Z v mima o mimy 7 (124)
j=1j/= |X+PY yir) = pv(0i — 0r)|  |xi — x|

rae i # 4, 1 <i,7 <n, m; n BeKTOpHI §; — Takme Ke, Kak B (97) u 3aMedaHun
19. fdcuo, uro F;i = Fy;.

YrBepxkaenue 14. Cywecmsyrom nepemenmnovie umnysbeos &, 1n, AUHetdno 3a-
sucAauue om X, Yy, maxue, 4mo 6 (ha3osvx nepemernuvr £, n, X, y 3adaua o
dUINCEHUU NAGHEMHO-CNYMHUKOBOT CUCTNEMbL ABAAEMCA 20AMUABMOHOBOT ClU-
cmemoti OMHOCUMEALHO CUMNAEKMUYECKOT CMPYKMYPoL

Z<d§1 Adx; + € Z dni; N\ dyi;) (125)

=1 7j=1

¢ 2aMUNDTMOHUAHOM BUIG

H=> Hi+pmw Y Kg+> v > SJ(;), (126)

i=1 1<i<i’<n i=1  1<j<j'<n;

IIpu 2mom unmezpas Kunemuiecko2o MOMEHMA ¢ MOYHOCTIBIO 00 TOAOHCU-
meavhozo mroscumensn pacen M = [x,&] + e[y, n).

Bnech € = e(u,v,1/R) = v/ % = prwR — macmTabHbIl MHOXKATETb Hepe-
X0J/Ia OT IJIAHETHOl CHCTeMBI K CIYTHUKOBOM CHCTeME;

H; = w(K; + ﬁ i, F}) +5ZS()
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— raMuiibTOHMAH 3aga4 Xwuinia (min Kemrepa — B caydae n; = 0), orBedaro-
IUX —TON CIYyTHUKOBOI cUCTeMe, COCTOANINi u3 snepruii K, Sj(»l), 1 <7 <ny,
B3amMO/IeificTBUSA ¢—Toil maaneTel ¢ COJHIIEM U €€ j—THIM CILyTHHKOM COOTBET-

crBenHo (99) u norennuana Fy(X;, yi.; v, 1) B3anMOJEHCTBHS STHX CILyTHHKOB C
Comanem (103);

mimi/ I Vmimi/ ~ 1

Ky = iy Q') T Fiir(Xi — Xi, Yis, Yirei Vs —

— “9Heprug B3aUMOAEHCTBHUS JABYX CIYTHUKOBBIX CHCTEM , COCTOAIIAS IO OIpe-
JIeJICHUIO U3 KUHETUYeCKOH suepruu (&, &) 1 CyMMbI OTEHIUAJIOB B3aUMOIEii-
CTBHsI TOYEK OTHOM (i—TOM) CIIyTHUKOBOW CHCTEMBI ¢ TOYKAMHU JIpyTroi (i'—Toif)
CIIYyTHUKOBOI CHCTEMBI;

gty _ (Mg Migr) gy
m; Yij = Yig|

Jj

— SHEPrusi B3auMOJEHCTBHs JBYX CIYTHUKOB (j—TOro m j'—Toro) oaHoii u Toii
ke (i—TOoil) CIIyTHUKOBOW CHCTEMBI.

Kpowme Toro, 31ech Mbl 06o3naummm, Kax B (97), qepes m; cyMMapHyIo Mac-
cy i-Toif TIaHeThl W BCeX eé CIYTHHUKOB, 1M; = 7 i

¢ Trams 41 = atome TG
HAIOMHEM, [17; — MAcca i—TOH IUIAHETH, [LV/M;j — Macca €€ j—TOro CIyTHHKA,
I<j<mn,1<i<n

Bameuanne 24. U3 bopmyn (102), (103) u (124) (cm. Taxxke 3amedanue 19)
BHJIHO, 9YTO IIOTEHIIUAIBI Fi(xi, Vis; V, p) U Fi (Xi =X, Yiss Yirs; Uy p) TOJYHAIOTCS
MaJILIMH BO3MyIeHuamu u3 dynkmuu F. Toynee, OHM aHAJUTHYHBL IO BCEM
CBOUM apryMeHTaM, u pu v = p = () paBHBI COOTBETCTBEHHO

T

Fi(Xi,yi*; 0,0) = Z mijF(Xi,y,-j) u
j=1 M
L o~ Mg & my
Fir (X — Xir, Yis: Yirs: 0,0) = Z HF(XZ' — Xy, Yij) + Z m! F(xi —Xi,yuy).
j:l (2 j/:1 0)

[TosTomMy Kaxkjaoe cjaaraemMoe B IOCIEIHHX JABYX CYMMaX €CTECTBEHHO HA3BATh
“npeebHBIM MOTeHIHAIOM JaeiicTBrus COTHIA HA CIYTHUK W “TIPeIeIbHBIM T10-
TEHIHAJIOM JIeCTBUs OJHON ILTAHEThI HA CIIYTHHK JPYTOil IJTaHeThl” COOTBET-
crBerHO. (Be3yci0BHO, 9TH MOTEHIHAIBI TAI0T Masblii BKIa B sHepruio (126),
TaK KaK OHH BXOAAT B Hed ¢ MaabiMm KodbdunmenTaMm HOPIIKOB w7 I k5
COOTBETCTBEHHO. )

g noxkazaTenbcTBA yTBepkKIeHUd 14 MBI MOCTPOUM B sIBHOM BHUJE TIepe-
MeHHble UMITYJIbcoB €, 1) 1 nokazkem, 4to dyuknus H u3 dopmysst (126) pasna
IIOJIHON SHEPI'MU CHUCTEMbI, YMHOKEeHHOM Ha wR /.
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ﬂeFKO BUaeTh, 9TO CJlara€MbI€ B H, HE 3aBUCAIIIME OT UMITYJILCOB, Jal0T B
CyMMe IOTEHIMAJbHYI0 SHEPIHI0, YMHOKEHHY0 Ha wR/ .

Berauc/imM KMHETHYIECKY0 SHEPruio. MbI BOCIIOIB3yeMCs TeM, 9TO C/IeTaH-
HbIiT HaMu Tiepexo] oT Koopaunat (Mg, My, . .., My) B KOHMUTYpATTHOHHOM TPO-
CTPAHCTBE K KOOPJMHATAM X,y MOKHO OCYIIECTBUTH IIyTEM JIByKPaTHOI'O HPH-
MeHeHUs CJIe/yIolnero mpeobpa3oBanns, Ha3biBaeMoro mnpeodpaszosanuem [lyan-
Kape.

IIpeobpazoBanue Ilyankape B 3amaue N + 1 Tema. Paccmorpum kondu-
rypanuoHHoe MHOrooOpasue () miaHeTHoii cucrems (T.e. cucrembl N+ 1 MaTepu-
AJIBHBIX TOYEK B €BKJINJIOBOI ILIOCKOCTH), COCTOSINEE U3 BCEBO3MOXKHBIX HAOO-
poB paauyc-BeKTopoB My, My, ..., My Macc co = 1, ¢y = dmy,...,cy = Amy,
e A < 1. Muoroobpasue () mbl OyjeM paccMaTpuBaTh Kak JIMHEITHOE ITPO-
crpancTBo. Paccmorpum JimHeitHoe npeoOpasoBanue L B 3TOM TPOCTPAHCTBE,
nepeiias K HOBOMY HaDOPY paanyC-BEKTOPOB

MOIC,Ml:Ml—Mo,...,MN:MN—Mo,
Mo+ci M1+...+en My
14+c1+...4+cn
Onpenenenne 23. Ilpeodopasoanue L HaswiBaOT npeobpasosaruem [lyanxa-
pe KOHPUTYPAIMOHHOTO MHOT000pa3us IJIaHeTHOH CHCTEMBI.

e C' = — PaJInyC-BEeKTOP B IEHTP TAYKECTH CHCTEMBI.

OTMeTuM, 9TO MOXKHO OBLTO ObI PacCMOTPETH APYyroe IpeodOpa3oBaHue, a
HMEHHO, npeobpasosarue Hrxobu MO = C, Ml =M —-C,... ,MN = My —
C. Opnako, 310 peoOpa3oBaHue MPUBOAUT K OOJIee TPOMO3IKUM (DOpMYyIaM.
Kpowme Toro, oHO mpuBeio ObI HAC K OXKHIAEMOMY pPe3y/abTaTy JHUMIb B CJIydae
OOBITHOM IJTAHETHOI CHCTEMBI, T.e. CHCTEeMBI 0€3 CIIyTHUKOB.

PaccmoTpuM Temeph CONpsizKEHHOE MPOCTPAHCTBO (*, T.e. MPOCTPAHCTBO
BCexX JiMHEHHbIX (YHKIMOHAIOB Ha HpocTpaHcTBe () (TOYHEe, Ha Kacaresb-
HOM mpocTpaHcTBe K () B JII00O# €ro Todke). TO MPOCTPAHCTBO MOYKHO pac-
CMaTpHUBATh KaK IMIPOCTPAHCTBO BCEX HAOOPOB Py, P1, - - -, PN, [J€ KaXK/IbIi 316~
MEHT P; — JIHHEHHBIH (DYHKIIMOHAJT B ILIOCKOCTH, T.€. KOBEKTOp. B camom je-
Jie, 3HaYeHne (pYHKIMOHAIA, OTBEYAIONIET0 TAKOMY HAOOpPY, Ha KOH(MUIYpPAIHH
(Mo, My, ..., My) MOKHO HOTOKUTH paBibiM cymme Yoo (ps, M;). Slcno, uro
HEBBIPOK/IEHHOE JInHEeiiHOe npeobpaszoBanue L B () uHIynupyeT HEKOTOPOE JIu-
HeifHoe mpeoOpa3oBanue L* B (¥, mpu KoTopoM HaOOP Po, P1, - - - , PN TEPEXOINT,
CcKaxkeM, B HAOOD Po, P1,-- -, PN-

PaccmorpuM B mpocTpaHcTBe Q* BeIeCTBEHHO3HAYHY IO (byHKLLI/IIO KHHETH-
N P}
=0 201'

momenta M = SN [M;, p;] ma npocrpancrse T*Q. U paceMorpum byHKIHIO
HOJIHOTO uMILyJibca P = pg+ p1 + ...+ Py Ha QF, IPUHUMATOILYIO 3HAYEHUS B
IPOCTPAHCTBE KOBEKTOPOB — JIMHEWHBIX (DYHKIIMOHAJIOB B ILJIOCKOCTH.

qeckoit sueprun 1' = ) . Paccmorpum Takzke GYHKINIO KHHETHIECKOIO
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Jlemma 19. Ilpu npeobpasosanuu [lyanrxape L xondueyparuonmno2o npocmpat-

cmea Q dynwyuu T u P na QF npeobpasyromes ciedyrouyum 06pa3om:
N P}

A) Kunemuuecxas snepeus T = > ;- 2¢; MpuruMaem sud
~ 2 N =2
pO pz 1 ~ ~ 2
T =-— = 4 — .. =
2%, +; . —I—2(p1—|— +DPn)
1 +...+pn)? (127)
200 2 pl PN,

edeco=1+c1+...+exy =1+ )\(ml + ...+ my). IMo supascenue MOHCHO
NEPenuUCams max:

—+§%2Q E: (Pi, Div) =

1<i<i’' <N

>, (Pibr), (128)

1<i<i’<N

2%_*§:2A~

2de 51 = COCi/(CO + CZ') = CZ/(l + Ci), 1 < 1 < N.
B) Hoanwod umnysve P = po + p1 + ... + PN npespawaemcs 6 umnyabe
“camozo maccueroz0” meaa:
P = po. (129)

Kunemuveckutd momenm M = ZN [M;, pi] 6 dazosom npocmparcmee T Q)
unsapuarmen npu npeobpazosanuu L: M = ZZ O[MZ, pil.

HoxkazarenbcTBo. JlokasarenbcrBo nynktoB A, B mpoBoguTcst mpsimoit mosi-
cranoBkoit B dyuknuu 1" u P ciaenyionux gaBHBIX (popMyst mpeodbpa3oBanus L*
UMIIYJILCOB: Pg = mﬁo, P; =Di + mlﬁo, 1 <i<N.

VHBapHaHTHOCTH KHHETHIECKOTO MOMEHTA, CJIeIyeT U3 ero MHBAPHAHTHOCTH
OTHOCUTEJILHO JII000ro npeobpasoBanust npocTpancTBa 1), uH/y IuPOBAHHOTO
npeoGpasoBanmneM npocrpancrsa Q Buga M; = a;; M, rie marpuna ||a;;|| HeBbI-
poxkena. [locennee BepHO, Tak Kak mpeoOpa3oBaHWe MMITYJIHLCOB WMeEET B
Pi = birPr, T1e >o) birajr = d;j, OTKyla uMeeM:

N N N N N
Z Z,Pz ZZ Z j7pk‘ az] ik — Z[Mlvf)l]
=0 =0 j=0 k=0 =0

okazareancTBOo yTBepKAeHuda 14. PaccmMoTpum cHadata caydail maHeT-
HOIT cucTeMbl 0e3 CIlyTHUKOB. 3aMeTHM, 9TO nepexo/i or koopauuar M Kk Koop-
JIMHATAM X sBJIseTcs Kommosuiueit mpeodpaszosanus [lyankape L u romorernn
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M; = Rx;, 1 <i < N. Tlonaras p; = p&; /v R, 1 <i <N, py =0, nonyuaem u3
dbopmybr (128) Tpebyemoe BbIpazkeHHe KHHETHIECKOT 9Hepmn T ¢ TOYHOCTBIO
=1 2m <§Z’ €]>
[109TOMy, B 9ACTHOM CJIyYae IUTAHETHOI CHCTEMbl (€3 CIYTHHKOB, FAMHJIBTO-
HuaH H jeiicTBUTEIbHO paBeH IPOU3BE/ICHUIO f(T + U) mosiHoil 3HEprum cu-

110 HyKHOTO MHOZKHTe s, A umenno, TR/ pasmo N

cTeMbl Ha KOI(MDDUITUEHT %. OTMeTHuM, 9TO XOTS CUMILIEKTHUIECKAs CTPYKTYpa

dp A dM = v/ RAE A dx ormmuaeTcs OT crapmapTHoil dé A dX, HO JIHIIb IIO-
CTOSHHBIM MHOZKHTEIEM, 9TO MOYKHO KOMIIEHCHPOBATH M3MEHEHHeM Maciaraba
BPEMEHH.

B o0mem ciydae 1miaHeTHO-CIyTHUKOBON CHCTEMbI 3aMETUM, YTO JIJIsl Iie-
pexona ot paguyc-Bektopos (Mg, My, ..., My) K KoopAHHATAM X;, Y;j HY’KHO
HPUMEHUTD CJIeLYIOIIe TPU mpeobpa3oBanus. A UMEHHO, cHaYajIa HY KHO HPHU-
MeHUTH peobpasoBanue [lyankape L Ko Bceii cucteMe (CM. BBIIIE), 3aTeM HY K-

HO NMPUMEHUTH Ipeobpa3zoBanne L K KaxKI0# CIYTHHUKOBOW CHCTeMe MU, 0<

J < nj, a MOTOM HYXKHO CAeJaTh HOpMHUPYIOILyio romoreruto M;y = C; = Rx;,
1 <1< n, My =Yy, 0<j <mn; Hianpocrorsl dpopmya mbl ganee Oyaem
CYNTATh, 9YTO Y BCEX IJIAHET €CTh CIIYTHUKH, T.€. BCE N; MOJOKATEILHBI.

[[Tar 1. IlepBoe mpumenenue npeobpaszoBanus L K HCXOTHBIM KOH(MUTYpPa-
[MUOHHBIM TIEPEMEHHBIM JIaéT, cormacHo (127),

P; <~ D; > P 1 5 )2
T=— — + —(p ...+p T, P ...+ P,
%, ;2@ + 5Bt Py) = 200 +; +o (Pt 4 B
~ 2 ~2
e T; = 26 + i 26 = 2“m i me — KWHETHYeCKast SHEePIusi i—

TOW CIIYTHUKOBOW CUCTEMBI, R =p;+ Zj:1 Pij — UMIIYJIbC 2—TO¥ CILy THUKOBOi1
CHUCTEMBI.

Iar 2. Ilosoxum pg = 0 u npuMeHuM peobpasoBanue [ 110 OTIeJbHOCTH
K K&)I(,ZLOﬁ CIyTHUKOBOI cucreme. B pesyabrare no dpopmyre (128) nveem T; =
=2
pz; 1 = = — _ ng; ~ _
gum j i) 2w, + om; Zl§j<j’§ni<pij7 pij’>7 rae m; = m; + VZjZ:I Mg, M5 =

MMy ~‘ =

P, [To dopmyuie (129) umeem P, = p;

Orciona, ¢ y9TOM IpeJIbIYIIero Mara, moJIydaem

n 2 n; =2

r=y (S B PuPl) i

i=1 2,umz 2005 e, M i=1
n (BB, (B i)
p; - ij ij» Pijr x oz
Z —+ Z —— + Z + Z (Pis Pir),
o\ 2Wm I 2y T ey 1<i<i'<n
e m; ,1<i<n

183



[Mlar 3. Caenaem Tenepsb “HOpMUPOBKY: mojiozkuM nipu 1 <7 < n

Mz' = Rx;, M;; =Yyij,

p; = ;ﬁ&’ I:)ij = #3/2’/772‘3‘- (130)
Toraa okoHYaTeLHO HosydaeMm: 1 =
MZ 3 % s . mig.mig) |+ £ Y (&)
i=1 2 R m; 1<j<5'<n; R 1<i<i'<n

C yuérom Toro, uro purwR = €, npousBejeHne KuHeTHUeCKOil sHepruu 1 Ha
wR/ 1 paBHO

n

o |w 2~ +5Z % + Yoo (mgmig) | op Y, (& &),

i=1 My m7f 1<j<j5'<n; 1<i<i’<n

aro u TpeboBanoch (cm. (126), (99)).
Ocrasoch 3aMeTHTb, YTO CHMILIEKTHYECKasl CTPYKTypa, corimacHo (130),
nMeeT BU/T

dp A dM = dp A dM = /RS (d& Adx; +e S dni; A dysy),
i=1 j=1

TaK KakK, HATIOMHIM, € = V/y/%. DTa CHMILIEKTHIeCKasg CTPYKTyPa OTIHIACTCH

ot ykazauuoit B dopmysie (125) sumis MHOKATEIEM ,u\/}_%. Kak weogHOKpaTHO
OTMeYaJIoCh BBITIE, HATUIUE STONO MHOKUTEIS MOKHO KOMIIEHCHPOBATh M3Me-
HeHueM MaciiTaba BpeMeHH. Y TBepzKjieHue 14 10Ka3aHo.

DTO0 3aBepIIaeT JI0Ka3aTeTHLCTBO OCHOBHOM JIeMMBI 15 0 HEBOBMYIIEHHON CH-
cTeMe.

3.4.2 Kpyrossie asumxkenns 3anadu Kemnsiepa (HEBBIPOXKIEHHOCTS)

3yech OyzeT jgokasana JiemMma 16 o 3agade Kemepa.
Paccemorpum 60s1ee mogapodbHO MI0CKYI0 3adavy Kenaepa, 3a1aBaeMyio CUCTe-
MOU ypaBHeHUN
d’q kq
> qf¥’
rJie q — PaJInyc-BeKTOp TOYKH B ILIOCKOCTU. B (hazoBoM mpocTpaHcTBe cucTeMa
SIBJISIETCSI TAMUJIBTOHOBOM € TaMUJIBTOHHAHOM

_p® km

b _ iy, 131
“om g (131)
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e ' = %, U= —%’T — KMHETUYeCcKasl U MOTeHINAJIbHAs SHEPTUSI CUCTEMbBI, P
— pazoBbIil UMITYJILC TOUKHU. /IBUZKeHU 3a/1a9u B 001aCTH OTPUIIATE/IHHBIX 3HA-
veHuii sHeprun H gaBisgiorca nepuogudecKumu. [Ipu 3ToM, coryacHo 3aKoHAM
Kemnnepa, opburta IBU:KEHUST TOUKHU SBIAETCA SJUTUICOM, Y KOTOPOTO OJWH W3
¢doKycoB nomeniéH B Ha4YaI0 KOOPJMHAT, PUYEM JIBUZKEHUE IIOJTHOCTHIO Olpe-

JleJisieTcst CBOeit OpOMTON M HavaIbHBIM TI0JIO?KEHHEM TOYKHU Ha opbure.

IToBepxHOCTHL KPYTOBBIX ABU2KEHUIT B MJI0CKOI 3anade Kenaepa. JIn-
HelfHaga yacTh orobpakenud [lyankape. Kaxk orMeuasioch Bbile, II0CKast
3aada Kemepa mHBaprmaHTHA OTHOCUTEIBHO BCEX MOBOPOTOB ILJIOCKOCTH, TaK
9ITO OHA MMeeT MepBBIil HHTerpaa KuHerndeckoro momenta M = [q, p]. Orme-
THM JIBa TTPOCTHIX CBOWCTBA KPYTOBBIX JIBUKeHUIT B 3a/1ade Kemrepa:
Bo-niepBbix, U3 ypaBHeHuUil JBUKEHUS CJIeJLyeT, 4To Jjis Jitoboro r > 0 ogHO-
3HAYHO (C TOYHOCTHIO JI0 M3MEHEHUsI HAIIPABJIEHNST BPAIIEHHsT) OTPe/IEJIeHO YI0-
BJIETBODSIOIIEE CHCTeMe YPaBHEHU KPYTOBOe TBUKEHNE TOYKH 110 OKPYZKHOCTH

pajuyca 7. [Ipu 3T0M yriioBasi CKOPOCTb 9TOrO JIBUZKEHUs paBHA w = =+ 7%, a

sHeprug H u KuHeTHdeckmii MoMmeHT M paBHBI COOTBETCTBEHHO h = —’;—T u

M = mwr? = +mvkr. B uacraocrn, 3adenns b u M MOHOTOHHO (pu w > 0
i w < 0) 3aBUCST OT 3HAYEHUST W ¥ MPUHUMAIOT JIIOOBIE 3HAYEHUST B 00JIACTSIX
h < 0wu M # 0 coorBercTBerHo. /lasee Mbl OyaeM CIATATDH, UTO 3HAUEHHS II1a-
pamMeTpoB 7, w, h, M KpyroBoro JBHKEHHS CBS3aHbI MeXKJy cOOOI yKazaHHBIM
oOpazom.

BO—BTOprX, KPYTI'OBbIM JIBUZKEHUAM B TOYHOCTHU OTBE€4Yal0OT PaBHOBECHbIC, T.€.
CTalluOHapHbIE, ITOJIO2KEHU A TOYKHU IO OTHOIIEHUIO K Bpa]].[aIOH_[eﬁCH cucreMe Ko-
OPJMHAT ¢ YIJIOBOM CKOPOCThIO w. ClieoBaTe/bHO, 11 J1o6oro o # () KpyroBoe
JBUZKeHHE AB/IAeTCA OTHOCUTEILHO IIePHOJMYeCKUM C IIapaMeTpaMu T = &, a.
Jpyrumu copamu, Takoe IBUZKCHHE ABJFeTCA —TepHOJAnIeCKIM OTHOCUTEb-
HO BPAIIAIOIIEHCsl CUCTEMbl KOODJMHAT € YIVIOBOH CKOPOCTBIO w (A TakkKe ¢
000# yTI0BOit cKOpocThIO BUaa (1 + %)w, riae k — 1esoe 9uco).

st sioboro w # 0 obosaumm 4epe3 7, (HasoBy0 TPAEKTOPUIO 3aJadun
Kemiepa, oTBe4aIONy0 KPyrOBOMY JIBUKEHUIO C YIJIOBOW CKOPOCTbIO w. VH-
BApPHAHTHYIO JBYMEPHYIO MOBEPXHOCTb Uy,0Y, B (pa30BOM HPOCTPAHCTBE, 00-
PA30BAHHYIO BCEMH THMHU TPACKTOPUSIMHU, HAZ0BEM NOBEPTHOCMBIO KPY206bLL
deuotcenudi. ITa MOBEPXHOCTD SIBJIIETCS TIa Kol u auddeomopdHa 1ByMepHO-
MY IUJITHJIPY.

PaccmorpuM orpaHudenne CHCTEMbI HA H309HEPTETHUECKYIO IOBEPXHOCTH
P, = H7'(h) B daszosoM npocTpancrse. HamoMHuM, 4TO cHCTeMa, ONUCHIBa-
I0T[as1 IBUZKEHNe OTHOCUTEHHO BPAIIAIOIIENHCS CHCTEMBI KOOPJMHAT € YTI0BOIf
CKOPOCTBHIO W, SIBJIETCS MaMUJIBTOHOBOM ¢ ramuabronunanom H — wM . 3uagnr,
KPYTOBbBIM JBU?KEHUAM B TOYHOCTHU OTBEYAIOT CTallUOHAPHBIC TTOJIOZ?KE€HHU TaKOM
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CUCTEMBI.
Jlemma 16 u3 §3.2 gBisgercs caeCTBUEM CJIEIYIONEeil JeMMBbI.

JIemma 20. Ilycme H — eamunrvmonuar (131) naockoti sadawu Kenaepa,
M — unmeepan kunemuveckozo momenma. DPurcupyem npoudsosvbHOE YUCAO
w # 0. Tozda:

a) Kpumuueckue mouru dynkyuu H —wM 6 mouwnocmu omeeuarom kpy-
2080MYy deudicenuto v, 3adauu Kenaepa ¢ yenosol ckopocmuio w. Ilpu amom
dyrruyus H —wM asssemes 60mmosckoti, U no omHouweHuto ¥ 9mot GyHKyuL
uHdeKc Kpumuseckot oxkpysHcHocmu vy, pasen 1.

6) Mnootcecmeo kpumuueckur movek ozpanuvenus M|p, unmezpana M na
usoanepzemumeckyio noseprrocms P, = H1(h) cosnadaem ¢ oxpysicnocmuio
Vs OMEeuarOuel kpyzosomy deuscenuto. Pynxyus M|p, aessemes 6ommos-
ckotll u docmuzaem MaKCuUMYMa HG OKPYHCHOCTNU 7Y, .

6) Pacemompum 6 gazosom npocmpancmee 3adavu Kenaepa cucmemy ko-
opdunam emod 2w, I = M, q, p suda

2rp, km?r
I=py=M, p=rp, @=19-— , q=In(—
Dy Py

) (132)

ede T, P — noaaprole KOOPOUHAILL 6 NAOCKOCTNU J8UNCEHUA, Dy, Py — COOMBEM-
cmeyrowue umMnysveo. Tozda amu xKoopduramol, AGAANMCA KAHOHUYECKUMU, U
OMHOCUMENLHO HUT NOBEPTHOCND KPY2066.L d8UMNCEHUT cosnadaem ¢ KOOpPOU-
HAMHLM CuMnAeKMuseckum noonpocmpancmeom {q =p = 0}:

Uuz0Yw = {q¢ =p = 0}.

IIpu smom, das a0b020 w # 0, 6 4100010 MouKe OKPYHCHOCTU 7Y, KEAIPATNUNHASL
wacmo pyrkyuu H—wM umeem duazonasvhoil 610 0mHocumesvHo YKa3aHHbLET
Koopduram:

3
2m

w ,op?
S (G4 15, (133)

2 _ 2
(H —wM)|,, =— Tzél +
Kpome mozo, 6 yrkasannoix xoopduramar 2amusvmonuar H 3adavu Kenaepa
He 3asucum om yaroeo0tl nepementot @ mod 21 u umeem 6ud

H p? +I? 1

k2m3 ~ 2042 [2ed°

B wactaocTH, orpannvuenne H ramumibronnana H Ha MOBEPXHOCTH KPYTOBBIX

apuzkenuit {¢ = p = 0} umeer sux H = H(I) = —%, U KAKJas OKPYKHOCTE
7. Ha nosepxHocru {q = p = 0} 3anaérca ypasrenuem v, = {4 = £1- = w}.
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13 myHKTa B) 9TOii JIeMMBI cpa3y MoJIy9IaeM CJIeayolee BaXKHOe CJIeICTBHE,
13 KOTOPOTO CJieJlyeT, B YaCTHOCTH, JeMMa 16.

CaencrBue 16. Paccmompum OKPYMCHOCY Yy, OMBEUAIOWYNO KPY20GOMY
dsuotcenuro 3adayvu Kennaepa ¢ yenosot ckopocmwvio w. Tozda 6 a1060% mou-
Ke amotl OKPYAHCHOCMU, OMHOCUMEALHO KAHOHUYECKUT Koopdunam ¢ mod 2T,
I =M, q, p us aemmo, 20, cnpasediusv, caedyrouue MampuiHsie npedcmase-
HUA ONA HEKOMOPHLT AUHETHBLT ONEPamopos 6 amot movke:

1) Jluneapusayus cucmemol ¢ 2amusvmonuanom H —wM sadaémes mam-

puuet suda
-3

0 =% 0 0
0 0 0 0

b= 0 0 0 w/I
0 0 —wl 0

2) Pacemompum nomok cucmemut ¢ 2amusvmonuarom H—wM , m.e. zadawu
Kenaepa omuocumesvro naockocmu, epauiaowelics 60KpYye UeHMPa ¢ Y2a0601
ckopocmuvto w. Jluneapusayua A, = P amozo nomora zadaémes cumniexmu-
weckoth mampuuet euda

w0 0
1 0 0

_ tB _
Ai=e” = 0 cos(wt)  sin(wt)/I

0 —Isin(wt) cos(wt)

o O O

B

)

3) IIpouseodawasn Pynkuus cumnaexmuueckozo onepamopa A = A, = €
m.e. xkeadpamuunas gopma Q(x) = w?(Ax,x), sadaémea mampuyeti suda

0 0 0 0
o=|0 2, 0 0

0 0 —Isin(wt) 0

0 0 0 —sin(wt) /I

HoxazarenbcTBo gemMmsbl 20. [lepBas qacTb MyHKTA a) 9TOM JIEMMbI OU€BH/I-
Ha. Tak Kak sHeprust h MOHOTOHHO 3aBUCHT OT YIJIOBOiT CKOPOCTH W (CM. BHITIE),
TO U3 MEPBOii YaCTH MYyHKTA &) Cpa3y MOJydaeM MepBYI0 4acTh IYHKTA 0).
JlokazkeM BTOPYIO 9acTh myHKTa 0). [Ipu mepexojie K MOJSIPHBIM KOOD/IHHA-
taM ¢ mod 27, > 0 # COOTBETCTBYIOMIUM TIOJSAPHBIM UMIIYIbCaM py = M, p,
ramusibrornad (131) 3agaan Kensiepa npuaumaer ciiepyonuii B

2 2 /.2
-+ T k
H:p pw/ m

2m T
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Hemnocpeacrsenno mnpoBepsiercst, 9TO MHOXKECTBO Y = 7Y, KPUTHIECKUX TOUYEK
dyukiun H — wM 3anaérea ycaoBUIMA
Py

ot Pl = km®r. (134)

pTZO, w =

Badurcupyem 3uavenne M, u paccCMOTPUM OrpaHWYeHne raMuibTonnana H Ha
[OJIYI€HHY IO THIIEPIOBEPXHOCTD. JIerKo BHIETH, UTO Y ABJISETCA ODOTTOBCKHM
MHOZKECTBOM MHHHMYMOB 9TOTO OrpaHn4YeHus. /leficTBUTETIbHO, HEIIOCPeICTBEH-
HBIl TO/ICUET MOKA3BIBAET, YTO KBaApaTuuHas dYacThb GyHKiun H —wM B moboii
TOYKE OKPY2KHOCTH Y UMEET BHJI
2
20°(H — wM)|, = 6&% - 4—w5p¢57“ + i519% + mw?ér?.
mr r m

llonarasg py = M = const, ¢ = const, mosy4aeM HOTOKHUTEILHO OIPEIE/EH-
HYI0 KBaJpaTHIHyio (GopMy, 9TO U TpeboBaoCh. Temepb MOXKHO BOCIOJIB30-
BaTHCS CJICAYIONIIM O0IUM (PAKTOM, a HMEHHO, 9TO O0OMMOBCKOE KPUMUUECKOE
noOMH02000pasue oepanudenus 001l Pynruyuu F na peeysaproe mrootcecmso
ypoehs dpyeoti pynryuu G asasemces 60MMOBCKUM KPUMUYECKUM NOOMHO20-
obpasuem ozparuvenus 6mopot gpynryuu G Ha PELYAAPHOE MHONACECTEO YPOBHS
nepeoti pynryuy F, npuuém undercor amozo 60mmoeckoz0 nodmmoz000pasus 6
IMUT 08YT CAYUAAT 0a0M 8 CYMME NOAHYW PA3ZMEPHOCTD MHO02000pasus. OT-
CIOZIA TI0JIy4aeM BTOPYIO YacTh IYHKTa 0).

JlokazkeM BTOPYIO 4acTh MyHKTA a), T.e. D0TTOBOCTH OKPY?KHOCTH 7Y OTHOCH-
TesibHo pyukiun H —wM. Herpyano nocTpouTh B KacaTeIbHOM MPOCTPAHCTRE
JI000H TOYKHM OKPY?KHOCTH Y HOBbIe KAHOHHYECKHe KOOPAUHATHL 0, 01, dq, dp,
OTHOCHUTEJIbHO KOTOPBIX KBaJpaTHYHAs YacTh rammibronumana H — wM mnpn-
MeT JUaroOHa/IbHBIA BHJ. A HMEHHO, PACCMOTPHUM CJIeAyIoliee Mpeodpa3oBaHue
KOOP/IMHAT B KACATEJHHOM ITPOCTPAHCTRE:

or 2

2r
0l =dpy, Op=rip,, Op =01 — 75}%, 0q = g Tépw.

To ecrb, KooOp/uHATHI [, P — ITO “9UCTbIE UMITYJICHI : [ — 3TO yIJIOBOU UMILYJIHC
(KMHETHIECKUiT MOMEHT) TIAHETHI, D — € TOYHOCTHIO J0 MHOYKHUTEJIsI PajHalIh-
HBIIl UMITYJIBC, a8 KOH(UI'YpAIMOHHBIE IepeMeHHbIe 0 mod 27, dg mosrydaroTcs
13 KOH(MUTYPAIMOHHBIX KoopauHaT 0t mod 27, 6r mpubaBieHHeM HMITYJIbCOB.
[Ipu ykazauHOI 3aMeHe KBaJApaTudIHad 4acThb GpyHKIun H —wM B 11000it TOU-
ke u3 (134) npunumaer auaronassustii Buj (133). Orciona Mbl 3aKJI09aeM, 9TO
OKPYKHOCTB 7y JeHCTBUTEILHO sIBJISIETCsT OOTTOBCKUM IOJIMHOI000pa3neM WH-
nekca 1 st ynxmun H — wM | 910 3aBepiiaer J10Ka3aTeIbCTBO MYyHKTA a).
Oka3sbIBaeTcs, 4TO IMOCTPOCHHOE HAMH KaHOHHYECKOe IIpeodpa3oBaHue Kaca-
TEJILHOTO MPOCTPAHCTBA MOYKHO TPOJIOKUATD JI0 KAHOHUYIECKOTO Tpeodpa3oBa-
uust (132) camoro dazoBoro mpocrpaHcTBa (M3 KOTOPOTO BBIKHHYTA I'MIEPIIO-
BepXHOCTDH Py, = M = 0 u mrockocrs “cronkuosenns” r = 0). Henmocpencrsenno
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poBepsieTcsi, 9To peobpazoBanne KoopauHAT (132) neficTBUTEIHHO SIBIISIETCST
KaHOHIYeCKIM, 0TOOpazkaeT B3aMMHO OJHO3HAYHO 00sacTh 1 > 0, py = M # 0
Ha obnactb I = M # 0, u 9ro raMuabTOHHAH H mpm 3TOM mpeobpa3oBaHUM
NPUHUMAaET BU/I, YKa3aHHBIN B emMe 20.

Hasee, 3amernm, 4to oKpyzkHOCcTH (134) npu BceBo3MoxkHbIX w # 0 3amera-
1ot mosepxuocth {q = p = 0,1 # 0}. Henocpeacreenno nposepsiercst, 9To B JIIO-
00t TOYKe 3TOi IMMOBEPXHOCTHU 3aMeHa KOOP/IMHAT B KacaTeJbHOM HPOCTPAHCTBE
COBIAIAET C IIOCTPOEHHBIM BBIIIE JTUHEHHBIM IpeoOpa3oBaHueM. DTO 3aBepIIaeT
JOKA3aTeIbCTBO MYHKTA B) JieMMbl 20.

Haxkonen, o603HaunM yepes h orpanndenne dyakiun H Ha paccmarpuBae-
MYI0 WHBAPUAHTHYIO CUMILIEKTHIECKYIO TIOBEPXHOCTh ¢ = p = (), SABJISIONLYIOCS
HECBSI3HBIM O0'beJIMHEHNeM JIBYX IJI0CKUX Kosiell. Slcuno, uro h = h([). Tlpavas
IIOJICTAaHOBKa 3HaveHuil ¢ = p = 0 B ramuabronuan H 1aér HyKHBIH B Ta-
MIJIbTOHHAHA: h = —k;;’f. Pagencrso dh = wdl o4eBHAHO, TAK KaK MHOKECTBO
g = p = 0 obpasoBano oxpyzuocrsivu (134) upu BceBo3MoOkHBIX w # 0, a
KaK/1ash U3 9TUX OKPYKHOCTEH, M0 JOKA3aHHOMY, SIBJISIETCSI MHOYKECTBOM KPU-
Tudeckux Touek dpyuknun H — wl.

Jlemva 20, a 3Ha9uT, 1 JJemMMa 16, TOJTHOCTBHIO JTOKAa3aHA.

3.4.3 CymecTBOBaHUE MEPUOANYUECKUX ABMXKEHUI 3aa4un X NJLjIa

3/ech MBI J0KaxKeM JieMMy 17 o mpejenbHoit 3a1a4de Xuia.

N3 caepcrBus 16 ciejyer, 4To onepaTrop MOHOApoMun 3a1a4u Keruiepa, T.e.
JmHefiHas 9acTh GazoBoro NoToKa ghy_ 1, cucremsr ¢ ramuibronuanom H —wM
3a BpeMsi t = T B paBHOBECHOM DpeIeHun 7, 33/ 1aéTCsa MaTpuIeil Buia

1= 0
0 1 0 0
— 7B _
A=e = 0 0 coslal sin|qf
0 0 —sin|a cosl|al

OTHOCUTEJIbHO HEKOTOPBIX KAaHOHHYIECKUX KOoopauHaT 0y, 01, 0¢, 0p B KacaTesb-
HOM MPOCTPAHCTBE, Ijie o = wt. 3jaech pmod 27, [, q, p — KoopauuaTsl (132)

u3 jemmbl 16, 6G = +/|1]6q, 0p = ﬁép — KAHOHMYECKAad 3aMeHa HepeMeHHBIX.

[TosicuuMm 371ech, modyeMy mpu yrie « B ¢opMmysie s MaTpuibl A BO3HHK
3HaK MOJLyJist. JlelicTBUTEe/IbHO, IIOCKOJIbKY YIJVIOBasi CKOPOCTh W U MHTErPAJI ILJ10-
mazeit I = [q, p] umeror oaun 3nak, 10 wl = |wI| > 0. 3Ha4uT, B IpaBOM HUK-
Hem OJioke MaTpuibl B u3 cienctBusi 16 00a HEHYIEBBIX COMHOYKUTEST NMEIOT
dbuKcupoBaHHLIE 3HAKH, He 3aBHUCAINNE OT 3HaKa w. Takum obpazom, mpu w > 0
IpaBblii HUKHUI OJI0K MaTpuIibl A omeparopa MOHOIPOMUHN SABJISIETCS IOBOPO-
TOM Ha yroja —a, a npu w < 0 — HOBOPOTOM Ha yroJ (. 3HAKH OCTAJbHBIX
HeHyJ/1eBbIX KO3 duuueHToB Marpuibl A He 3aBUCAT OT 3HAKA W.
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Wrak, omepaTop MOHOJPOMHU JIs TEPUOJUYECKOTO PEIIeHus 7y 3aJa49u
Kemepa Bo Bpamaromeiicst cucremMe KoopamHaT 3amaérca marpureii A. Pac-
CMOTPUM J[B€ MATPHUIII, TOJyIeHHbIE u3 A cjaeayomum 00pa3oMm.

1) Pacemorpum onepatop A — I, aBasiiomuiicss pasHOCTBIO OMEPATOPa MO-
HoJpoMun A 1 TOXKJIECTBEHHOro omeparopa [. flcHo, 4T0 KacarejbHOe po-
CTPAHCTBO K TEPUOJMYECKON TPACKTOPHUHU 7 JIEYKUT B si[pE ITOTO OMEpPaTopa:
Ty C ker (A — I). HamoMHEM, 9TO B TEPMUHOJIOTME TEOPEMBI 5 MEPHO/HYE-
CKOe DeIlleHne 7y HA3BIBAETCS HEGuposcderHbim (IO OTHOIIEHUIO K TEePHOJY T),
eCJIN 3TO BKJIIOUEHUE SABJIAETCS PABEHCTBOM.

2) PaccmoTpum citeiyony o MaTpuILy, MoJLy YeHHY 0 OKafMJICHHEeM MaTPHILbI
oneparopa A — I:

w 0 =% 0 0 w

0 0 0 0 0 0

A= 0 |=10 0 coslaj]—1 sinfa] 0

0 0 0 —sinja] coslaj—1 0

0O w 0O 0 0 w 0 0 0

Ecan saapo 9Toit MaTpUIlbl OJHOMEPHO, WIH, YTO SKBUBAIEHTHO, wT # () U HEBbI-
poKJieH eé OJI0K

—sin|§| cos ||
—cos|§| —sin|§|

cos|la] —1  sin|qf _ o4 |g|

—sin|a| cos|a)—1 ) 815
TO B TEPMUHOJIOTHU TEOPEMbl 1 pellleHre 7y HA3bIBATCsI HEBBIPOXKJIEHHBIM (110
OTHOIIIEHUIO K MEPUOJLY T).

Y1oOBI HE MyTaTh 3TH JBE HEBBIPOKJIEHHOCTH, MBI GyJIeM BO BTOPOM CJIy-
4ae TOBOPUTH, YTO PEIIEHUE Y U30IHEPLEMUUECKU HEGHIPOIHCIEHO. AHATIOTUIHO
OTIPEIEIAIOTCS HEBBIPOZK ICHHBIE U N3039HEPTETHYECKN HEBBIPOYKICHHBIE TTOIMHO-
roo6pa3us MPOU3BOIHHON PA3MEPHOCTH, 3aII0THEHHBIE TPAEKTOPUIME EePHO U~
YeCKHUX pPelIeHni TPOU3BOJbHON raMUJIBTOHOBOW CHCTEMBI.

13 gBHOTO BHUIa MATPHUIIBI A JIETKO BHJETH, YTO B PACCMATPUBAEMOI 3a1a4e
YCJIOBUSI HEBBIPOKICHHOCTH M M309HEPIeTHYECKONH HEBbIPOXKJIEHHOCTH SKBUBA-
JIEHTHBI M UMEIOT MECTO TOTJa W TOJIbKO Tornaa, korja 7 # 0, a # 27k, k € ZL.
Takum o6pazom, u3 caeacTsust 16, ¢ TOMONIBIO TEOPEMbI O HEABHBIX (DYHKINSX,
Oy YaeM CJIeIyIOTne CJIeCTBUS.

CaencrBue 17. [Iycmv H — ecamurvmonuar (131) naockoti sadauu Kenae-
pa, M — unmezpan xunemuyueckozo momerma smot 3adavu. [ycmv v — da-
30644 MPAEKMOPUA KpYy206020 deusicernusn 3adavwu Kenaepa ¢ y2n060U cropo-
cmoto w. Ilyemv o — cevenue Ilyankape 6 daszosom npocmparcmee 3adanu,
MPAHCEEPCANDHO NEPECERAIOULEe MPAEKMOPUI Y 6 NPOU3EONLHO 3adaHHOT €20
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mouke. Ilyemv 7 > 0, o = wr # 27k, k € ZL. Paccmompum (me obasa-
MEALHO 2GMUNBTMOHOBY) 30044y, T—Nepuodudecky 3a48UCAUYI 0T BPEMEHU U
NOAYUEHHYIO MAABLM BOZMYWEHUCM CUCTIEMbL ¢ 2aMmusbmonuarom H — wM.
Tozda npu A1060M JOCTNAMOUHO MAAOM BOSMYULEHUL CYULLCMEYEM, COUHCTNEEH-
HOE T—NEPUOIUYECKOE PEULEHUE Y B03MYWEHHOT 30004, OAUSKOE K DEWEHUIO 7,
NEPECEekaOUEe CEUEHUE T 6 HYALBOT MOMEH, BPEMEHU.

OTO yTBEpXKIEHUE JIETKO CJIeJyeT W3 HEBBIPOKIEHHOCTH PeIIeHust Y Mph
« # 21k, k € ZZ (cM. BbIIIE), U TOKA3BIBAETCS IPU TIOMOIIU TEOPEMbI O HESIBHBIX
dyukmuax. OTMeTHM, 9TO B cIydae, KOTJAa BO3MYIIEHe CHCTEMBI SIBJISETCS Ta-
MIJIBTOHOBBIM, PeleHne y OyJIeT TaKzKe W309HePreTHIeCKN HeBBIPOKICHHBIM.

Nmeercst caepytoniuit anajor cjieJcTBus 17 B BbIPOXKJIEHHOM CJIydae, T.e.
npu o = 27k, k € ZL (nac 6yzer narepecoBarh ciaydait k = 1).

CaencrBue 18. Ilycmo, 6 ycrosuax caedemeusn 17, o = 2rk, k € . Pac-
CMOMPUM OOHONAPAMETNPUUECKOE CEMETCTNEO HEBOZMYWEHHBLL 3a0aY C 2AMUND-
monuarom H — oM, zasucawuz om napamempa ©. ITycmo v = vy(w) — ne-
puoduueckoe pewenue Mot 3a0a4uu, 0MeeuauLee KpY2080MY OMHOCUMENLHO
nepuoduueckomy dsustcenuto zadauu Kenaepa ¢ napamempamu T = 7(0), & =
OT(®). Hanoorcum na amy cucmemy (He 00A3GaMEABHO 20MUADIMOHOBO) 803MY-
wenue nopadka (O — w)?, asamoweeca T-nepuoduueckum no epemenu. Tozda:

1. Ilpu arwbom @, docmamouro bAU3KOM K W, CYWECMEyem eduHcmeeHHoe
ommuocumenvro nepuoduveckoe pewenue ¥ = Y(0) sosamywérnots zadauu,
NEPECEKAIOULEE CEYEHUE T 6 HYALBOT MOMEHI, BPEMEHU U UMEIOULEE Me
olce napamempu, T, Q.

2. Pewenue v mesuiposcderno no omuouenuto K nepuody T u OmaAUNGEmes om
pewenus y ne boaee, wem na eesununy nopadka (0 — w)? eosmywenus
3adavu.

3. Jlaa 106020 ueaozo n, nopadok KOmMopozo me npesocrodum —— u 0
|o—wl

Komopozo na mod 21 omdeserno om HYAA bosee Yem Ha BEAUNUHY NOPAIKQ
|0 — w|, pewerue ¥ nesviposcIeno no omrowenuI0 K nepuody nT.

3ameuanue 25. U3 ciaejgctBuit 17 n 18 moydaem, 9T0 BCEBO3MOXKHBIE TTEPH-
OJIMYeCKHe PellleHus BO3MYIIEHHOH CHCTEMBI 00pa3yIoT OKPYZKHOCTh. DTO CJie-
JIyeT U3 TOro, UTO cevenue [lyankape ¢ MO:KHO BBIOpATh IIAIKO 3aBHCIIIUM OT
TOYKHU HA TpaekTopun 7. OJHAKO FACTO, HAMPUMED, IPU HAJIUYUH Y CHCTEMBI
MOJIXO/IANINX CUMMETPUil, 3TH penieHus (paKTUIeCKH COBIAJIAI0T. bojee ToY-
HO, aBTOHOMHOCTb CHCTEMBbI WU CYIIECTBOBaHHE IMUKJINIECKO mepemeHHoit M
rapaHTHPYIOT COOTBETCTBEHHO, UTO BCe MEPHOAMYECKUE PEITeHus MOTYdatoTCs

191



JpYT U3 Apyra CABUTOM HadaJia OTCUYETa BpeMeH! UJIN TTOBOPOTOM Ha HEKOTOPHIH
yTOJI.

3ameuanme 26. I3 ciexcrBug 18 Jierko ciegyer, UTO €CJIU BO3MYIIEHHAS
CUCTEMa dBJIAETCA FaMI/IJIbTOHOBOfI, TO pelieHue ’5/ HE TOJIbKO HEBbIDO2K/I€HO, HO
1 U309HEPTreTUIeCKNU HEeBbIPDO2KAEHO 110 OTHOINEHUIO K IIEePUOIy 7:

HdokazarenbcTBo caeactBuii 17, 18. CraeacrBue 17 BHITEKAET U3 HEBBIPOK-
JEHHOCTH (M M309HEPIeTHYECKONH HEBBIPOK/IEHHOCTH) PEIeHns y npu o # 27k,
ke Z.

JlokazkeM, 9TO U3 BTOPOil 9acTH MYHKTA 2 caeAcTBUAA 18 cieryeT ero meppasd
JaCTh U MYHKT 3. Bosiee TOTo, MBI IOKazKeM, 9TO /T JTI0OOTO TeJI0r0 7, MOPITOK
KOTOPOTO He MPEBOCXO/TUT ﬁ, U JIJist KOTOPOTO BEJIMYMHA MiNkey [nd — 2mk|
OTJIeJIeHA OT HyJisl BEINUUHOMN GOJIbIIedi, ueM mopsijika | —w|, mepuoindeckoe pe-
HIEHUE Y SBJISIETCS HEBBIPOZKJIEHHBIM 110 OTHONIEHUIO K IIEPUOJLY NT, U U309HEP-
FeTUYEeCKH HEBBIPOYK/IEHHBIM, €CJIM BO3MYIIEHHAS CUCTEMA SIBJISETCS FaMUJIbTO-
HOBOIL. B caMom Jiesie, Tak Kak BO3MyIIeHIe HMeeT HopaaoK (w—w)? u, coracHo
IIyHKTY 2, pPellleHue 7 OTIMYaeTcd OT y Ha BeJHdIuHy nopaika (@ —w)?, To ome-
paToOp MOHOAPOMUN A, OTBEYAIONINH PELICHUIO 7, OTINIACTCS OT omeparopa A,
OTBEYAIOIIEer0 KPyroBOMy JIBUZKEHUIO 3a/iaun Keruiepa, Ha BeJIMYMHY TOIO ¥Ke
nopsisika (0 — w)?. Orciona ciejyer, 4To onepaTop A" ormmuaercsa or A" na
CKOJIb YTOJIHO MAJIYIO BeJWINHY (B JA€fiCTBUTETHLHOCTH — Ha BEJHYUHY TMOPSIKA
|© — wl). Hanee, u3 siBHOrO Buja oneparopa A Jierko HailTu ero cremenb A”. A
UMEHHO, 3TO OJIOYHO-THArOHATbHAS MATPUIA, COCTOSINAS U3 XKOPIAHOBON KJIeT-
KU U MaTPHIbl IIOBOPOTA HA yroJ nd. Beruuras u3 310l MaTpuilbl e MHAYHY O
MATPUILY, MOy IaeM, 9TO AP0 MOy I€HHOTO U JII000ro0 |© —w|-61u3Koro K Hemy
omepaTopa ogHOMepHO. B wacrrocTH, sapo omneparopa A" — I oxHOMEpHO, UTO
JIOKa3bIBaeT HEBBIPOXK/IEHHOCTH PelleHus 7 MO OTHOIIEeHHUIO K IePHOy NT.

Jloxazkem myHKTHI 1, 2 ciegcTBud 18. Bocmoab3yemcst METOIOM yCpeTHeHUS.
Paccmorpum cuctemy npn w = w, T.e. 3aa9y Kemnepa. XopoIro u3BeCTHO, 9TO
3ajiaua Keniepa siBjisiercst nepuojndeckoil cucTemMoil B 00J1aCTU OTPUIIATE b=
HBIX 3HAYEHHI WHTerpaja dHEPruu, T.e. Bce €€ pelleHusl B yKa3aHHOi 00JacTu
SABJIAIOTCS MMEPUOTUIECKAMHA C TEPUOJOM T, ABJISIOMIAMCS IJ1aIK0i (byHKIHE B
da30BOM ImpOCTpaAHCTBE.

[Tokarkem cHadasa, 9YTO KayKJaasd W309HEPreTHYeCKas MOBEPXHOCTL P = P
3ajiaun Kenjiepa sBiisieTcss HEBBIPOXK/IEHHBIM MHOYKECTBOM, 3allOJIHEHHBIM T—
[EePUOMIECKUME DeNIeHusIMU, CM. onpejesnenne n3 §2.1 (u309HepreTmydeckas
HEBBIPOYKIEHHOCTH 3TOI TMOBEPXHOCTH BBITIOJIHEHA B CHJIY MEPUOIUIHOCTU CH-
crembl). B camom neste, corsacHo yrBepzxkaenuio 11 (em. takxke [25] mwmm [22]),
n3 MEePUOINIHOCTH CUCTEMBI CJeyeT, ITO MepPUOJ, T PelleHwil MOCTOSHeH Ha
KaK/10#1 M309HEpreTudeckoit noepxuoctu Py, u spisercs ¢pyuknueit or 3nade-
uust sueprun h. Bosee Toro, dynkuma nepuona umeer sux 7(h) = I'(h), vae

192



I = I(h) — nepemenHas jeficTBus JAHHOI 1I€PUOANIECKOll cucTembl. [ToCKOIb-
Ky B 00JIaCTU KPYTOBBIX /IBUKEeHHIT TlepeMeHHas [ COBIaaeT ¢ MHTErPaJoOM Ku-
HETUIeCcKOro MoMeHTa M, TO U3 IBHOTO BH/Ia TaMUJIBTOHHAHA B ITOU 00IaCTH
(em. memmy 20 (B)) caemayer, uro dbyukuus I(h) aBigercsa BHITYKIOMN, 0 TOSTOMY
dbynknus 7(h) aBIsSeTcs MOHOTOHHOI, U €6 NPOU3BOAHAS HUTJIE HE 0OpAIAeTCsa
B HOJIb. OTCIO/1a JIETKO CJIe/IyeT HEBBIPOKIEHHOCTh N309HEPTeTHIECKOI MOBEPX-
HocTH P, (mo oTHOIIEHHIO K (DYHKINH MHHUMATIBHOTO TIEPHOJIA T).

PaccmoTpuM Temeph omHOMapaMeTpHYecKoe CeMeHCTBO BO3MYIIEHHBIX CH-
creM, 3aBUCAMUX OT napamerpa @. C TOYHOCTHIO JI0 BEJIUIUHBI TOPSAIKa (0 —
w)?, BO3MYMIEHHAA CHCTEMa ABJIAETCS FaMUJILTOHOBOM ¢ raMmibroHnanoM H —
wM . Haitném ycpeaHéHHOE BO3MYIIEHNE TIOCJE/IHEH raMUJIBTOHOBOW CUCTEMBI U
MOKaYKeM, UTO TPACKTOPHS Y SBJISAETCS HEBBIPOXKIEHHBIM MHOYKECTBOM €ro HYy-
qeit. Boamymenne M aBisgercs mepBbIM HHTETPATIOM HEBO3MYIIEHHONW CHCTEMBI
U MO3ITOMY IOCTOSHHO Ha KAaKJIOH €€ TpaeKTOPHWH. SHAYHUT, YCPeJTHeHHe BO3-
MYIIEHAsT HA HM309HEPreTudeckoil mosepxuocru P, paBHo camomy M. Jlasee,
cormacuo jiemmve 20 (6), TpaeKkToOpus Y SABJISETCS BOTTOBCKUM IIOMHOI000pa-
3uem orpannvenusi pyakmun M wHa FP,. 3HAUUT, COTJIACHO METOIy yCpeIHe-
HUsl HA MOJMHOrooOpasun (TOUHee, aHAJIOLY TeopeMbl 6 JJisi HeaBTOHOMHBIX
T—MEPUOJUICCKAX CHCTEM), BO3MYIIEHHAS CHCTEMa WMeeT €IMHCTBEHHYIO T—
NEePUOUIECKYIO TPACKTOPHUIO ¥, OJTM3KYIO K 7y M MEPECeKAIoNIYI0 CeUeHrne O B
HyJIeBOil MOMeHT Bpemenu. [Ipu 5ToM riaBHasi (raMHUJIBTOHOBA) YacTh BO3MY-
MIEHUsT OJHO3HAYHO OMPEJIE/ISIeT 3Ty TPACKTOPUIO, C TOYHOCTHIO JIO BEJTUUHHBI
nopsagka (0 —w)? IlysxT 1 crencrsua 18 noxasan. Kpome Toro, pokasana BTo-
pas J9acTh MyHKTA 2.

CnaencrBue 18 mOTHOCTBIO JTOKA3AHO.

U3 cneacrBust 18 npu k£ = 1 nosyuaem jemmy 17 o npejenbHOil 3a1aqde
Xujuia.

3ameuanue 27. Ormernm, 9TO NPUBEIEHHOE T0KA3ATEIHCTBO CYIIECTBOBA-
HUS U €JIMHCTBEHHOCTHU PellleHus XHUJIIa 7 MOKHO BHJIOM3MEHUTH, TaK UTOOLI
OHO OIHPAJIOCH HA METOJ yCpeTHeHHUs JjIs aBTOHOMHBIX cucTeM. B camom je-
Jie, PACCMOTPHUM BCIO IIpeJIesibHYI0 3aja4y Xusia (96), a He TOIBKO eé BTopyIo
9aCTh, OTHOCSILYIOCA K CIHYyTHHKY. Torma mpu HyJeBOM 3HAYEHHH HapaMeTpa
BO3MYIIEHUsT MepBasi MOJOBUHA YPaBHEHWIl CHCTEMBI MMeeT B MPaBBIX YACTSIX
OJIHM HYJIH, a BTOpasd €€ JacTh cOBHaJaeT ¢ 3ajadeil Kerrepa /s CIyTHHKA
¢ rammuabronnanoMm H,. Wagea cocTouT B TOM, YTO IVIaBHad 4YacTb BO3MYIIe-
HUsI UMeeT MOPSIOK w (y MepBOil MOJOBUHBI YPABHEHHUIt), W ¢ TOYHOCTHIO 0
BEJIMUYMHBI TOPSiJIKA w? BO3MYIIEHHAS CUCTEMA fABJISIETCs I'AMUJIBTOHOBOII 110 OT-
HOIITEHUIO K CUMILIEKTHIECKOi cTpyKType dé Adx +dn A dy, ¢ raMuIbTOHHAHOM
H,+wH, —wM. 3necy H, — ravmuibronnan 3afgadn Kemtepa A7 IIaHeTH,
M = M, + M, — nojHblil HHTerpaJ KHHeTHIeCKOIO0 MOMeHTa. fIcHO, 4TO riaB-

193



Hag Jactb H, — M, — M, Bo3MyIleHnd CUCTEMBI TTIOCTOSHHA HA TPAEKTOPUAX
HEBO3MYIIEHHON CUCTEMBI, U TIO9TOMY €€ yCpe/THeHUe 10 MePUOIHIeCKUM Pellre-
HUAM HEBO3MYMIEHHOIT cucTeMbl Ha moBepxuoctn P = H,- 1(h) B TounoCcTH paBHO
eé orpaHUYeHno Ha noBepxXHOCcTh P. CormacHo myHKTaM a), 6) jemMbl 20, Kpu-
THYEeCKUEe TOYKHU HTOTO OrPAHUYeHNsT 00pa3y0T OOTTOBCKHIL JIBYMEPHBIH TOP 7o,
OTBEYANOIINI KPYTOBOMY JBUZKEHUIO CIYTHUKA C JAHHBIM 3HAYEHUEM SHEPIHH
h m KpyroBoMy JIBUKEHHUIO IJIAHETHI C €JUHUIHO YIJIOBOH CKOPOCTHIO. 3HAYNUT,
0 MEeTO/IY yCpeIHeHUs, CYMeCTBYeT eJINHCTBEHHOE MePHOINIECKOe TBUZKEHUE
V. TPeIeJbHON 3a7aun XUaa, TJIAIKO 3aBUCAIIee OT w W COBIAJAONIEE C 7Y
npu w = 0.

Ormernm, 9T0 METOJ, ycpe/iHeHust 0000IaeTCst Ha CIyYan, aHAJIOTTIHbIE BO3-
HUKAIOIEMYy [PU U3YYeHUH IJIAHETHO-CILyTHUKOBOI CHUCTEMbI: KOT/Ia HEBO3MY-
MIEHHAS CUMILTEKTIHYeCcKas CTPYKTYpa BeIpozKaeHa. OTHAKO 13 KOHKPETHOTO BU-
Jla BOBMYIIIeHUS B IJIAHETHO-CIIYTHHKOBOI CHCTeMe CJie/lyeT, YTO YCpeTHEHHOe
BO3MYIIIEHNE SBIIETCS KOHCTAHTOI Ha paccMaTpuBaeMoM N-MepHOM Tope, W
TeM CaMbIM He UMeeT ODOTTOBCKUX KPUTUUYECKHUX MOJAMHOXKeCTB. [Toaromy Teope-
MBI, aHAJOTUYHBIE TeOpeMe 7, He MOTYT TapaHTHPOBATh CTPYKTYPHYIO yCTOM-
YUBOCTH MEPUOJIUYECKUX PEIIeHU IIaHeTHO-CIyTHUKOBON cucTteMbl. MOXKHO
JIMIIb YTBEPKJIATH CIPaBeInBOCTh TeopeMbl 11 (B).

3.5 0O06006menus. /IBoitHbIe MJIaHETHI

[TokazkeM, 9TO crpaBe I/ IEBLI 0000ITEHN JJeMMBI 15 1 TeopeMbl 11, yKe yrmoms-
HYTBHIe BBINIe B 3aMedanugax 15 u 17.

3.5.1 Cuayuaii “mHANBUIYATHHBIX MaJbIX IapaMeETPOB

Kaxkmoit mimanere comocTaBuM MaJblil mapaMeTp [i; — CYMMapHYIO Maccy 3Toit
IUIAHETHI U BCeX e€ CIlyTHUKOB, a KayK/IOMY CIYTHUKY COIIOCTaBUM MaJblii mapa-
METD V;j — OTHOIIEHHE MACCHI 9TOT0 CIYTHUKA K COOTBETCTBYIOIIEH CyMMapHOii
Macce i, 1 <7< n;, 1<1<n.

Teopema 13. Vmeepowcdernus meopem 11 u 12 ocmanymces 8epHbMU, €CAU
BMECTO MAA020 napamempa vV esecmu habop N — n unousudyasvholl MaAbLT
napamempos Vi, omeevarowur ecem cnymuuxam, 1 < j <n;, 1 <1 <n.

Jloka3aTenbCTBO. 3aMeTuM, 9TO HepPexo/l OT mapaMerpa UV K WHIWBULYA/Ib-
HBIM MaJIBIM TapaMeTpaM V;; SKBUBAJIEHTEH TOMY, YTO BeJTMINHBI % nepecTa-
10T OBITh (DPUKCHPOBAHHBIMHU, OCTaBasICh JIUIIb OI'PaHMYeHHBIMU. B dacTHOCTH,
HEKOTOPBIE U3 HUX MOTYT CTPEMUThCs K HYT0. [loaTomy Teopema 13 B aeiicTBu-
TEJbHOCTHU YTBEPK/IAET, YTO B TaKOi OoJiee 00I11eil 1TOCTAHOBKE 3329l T€OPEeMbl
11, 12 ocraroTcsa cupaBeIInBHI.
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Urak, paccMoTpuMm ciiydait, KOT/ia BCe BeJIMYUHBI 1M; (DUKCUPOBAHDBI, & BEJIH-
YHUHBI % OrPaHUYCHBI.
(3
113 ypasuenuii (98) BO3MYIIEHHON CUCTEMBI BHHO, YTO OCHOBHASI TPY/IHOCTD

BO3HUKAET, KOIIa KaKoe-HHOY/Ib % CTPEeMUTCA K HYJT10. [ [puMeHnM cJ1e Iy 10Ty 10
1

“peryssipuzanuio”’ cucrembl ypaBHenuii (98): caesaeM WHMBUYAJbHYIO 3aMEHY

. i

VMITYJIbCOB, Hepeii/ig K HOBBIM (Da30BBIM UMITY/JIbCAM CIYTHUKOB —:-

)
Bocnoabsyemcs cienyomumu akTaMu:

1. Oyuknuu F; u F spastorcs rnagkumu (U gazke aHAJTUTHIECKAME) 110

BCEM CBOUM IepeMeHHBIM U ImapamMeTpam 1, T:;J
7

2. Ilpomssognbie dbynkumit [ n Fy 1m0 mepeMeHHBIM Y;; UMEIOT MOPsI0K
mij myy
o (310 ciiegyer w3 TOro, YTO MpH OOpANEHHH B HOJIb HapaMeTrpa o

dbyuxuun F; u Fjy He 3aBUCAT OT MepeMeHHOR Y;;).

CuteroBaTesibHO, NPU yKAa3aHHON 3aMeHe MePeMEeHHbIX BO3MYIIEHHAs CHCTEMa
YpaBHEHUI (98) mepeiiIET B CUCTEMY TaKOTO YK€ BU/IA, a 3HAYNT, OCHOBHAS JIeM-
Ma 15 0 HEBO3MYIIEHHOI CHCTeMe OCTAHeTCs BepHa. DTO JOKA3bIBaeT TeopeMy
13.

3.5.2 /IBoitabie niianeTsl. O000mIEHHAA 3aga49a XuJjaa

B zakmouenne cchopmynupyeM BaxKHBII YacTHBIN caydaii Teopem 11, 12 u3 §3.1.

[IycTh i—rast maaHera uMeer poBHO oauH cinyTHHK: 1; = 1. CooTBeTCTBY-
OO CITyTHUKOBYIO CHCTEMY, COCTOSNIYIO0 W3 ¢—TOil TIJIAaHETHI W €€ CIyTHUKA,
HA30BEéM d601H0U naaremot. PaccMoTpuM cOOTBETCTBYIONIMT WH/TUBH Ty A TbHBII
mapamerp 6; = v;; € (0,1) (cMm. Bbime). Bygem caurarh, 9T0 CyMMapHas Mac-
ca JIBOWHOM TJIaHeTHI WMeeT BUI [i; = (m,;. Torma Macchl ¢—Toil MIaHeTH U eé
CILyTHHKA paBHbl coorBercTBeHHO (1 — 6;)m; u pb;m; (n < 1).

Jst ocrasibHBIX TtaneT (MMerorux 60J1ee 0JHOrO CIy THUKA) Oy/eM CIUTATh,
YTO MACChl UX CIYTHHKOB MUMEIOT BUJ (VM;j;, The v <K 1.

Cornacao Teopeme 13, yTBepzKienus TeopeM 11 u 12 ocTaHyTCs ClpaBen-
BBIMH, €CJTH 3HAYEHUs IIapaMeTPOB [, V, & TaKKe IapaMeTpoB ;, OTBedaronux
JIBOHHBIM TIJIAHETAM, JIOCTATOYHO MaJjibl. OKa3bIBAETCsI, 9TO MOCJIE/IHEE OI'DAHU-
JeHWe He CYIIEeCTBEHHO, T.e. BEPHA

Teopema 14. /[a4 naanemmuo-cnymuuro8oti cucmemsv, 6 KOmMopol UME0OMCA
dsotinvie naaremov,, meopemvt 11, 12 eepuvl 63 NpeonosoHcEHUA 0 MAAOCTNU
coomesememeyowux napamempos 0;, omseuarousus deotinvim naanemam. Jpy-
2UMU CAOBAMU, €CAU 6 OGHHOT CUCTMEME UMEIOMCA 080THbBLE NAGHEMDBL, MO OAA

195



cnpasedausocmu ymeepacoenus meopemov, 11 docmamouno 6bNOAHEHUA YCAO-
eutl 1, 2 sameyvarus 15, m.e. wmobw, i1, v — 0, a das Kaotcdotl 060GHOT naaHeM bl
napamemp 0; moxcem 6vims NPOU3EONLHVLM.

okazareancTBo. llpum monydennm HeBO3MYIIEHHONH CHCTEMBI W3 CHCTEMBI
(98) MasmoCcTh mapaMeTpa v UCHOJIBb3YETCs TOJIbKO KaK KOIDMUIMEHT TIPH CYM-

dyij
Max BUJA i)y B YDABHEHUAX Ha — . OHAaKO 9TH CYMMBI OTCYTCTBYIOT,
ecu IJIaHeTa uMeeT He 6ojiee OJHOrO CIyTHHKA, T.e. Korga n; < 1. [lostomy

MaJIOCTh IMapaMeTpoB 0;, OTBEYAOIINX JBOWHBIM IIJIAHETaM, He CyIIeCTBeHHA.

Sameuanne 28. AHaIOrHYHOE JTOKA3ATETHCTBO MOKA3BIBALT, UTO B CJIyUIae CH-
crembl Counne-3emisi—JIyna (N = 2, n = 1) Teopema 14 ocranercs BepHoii 6e3
HPEJINOJIOZKEHUST O MAJIOCTU TTapaMeTpa fi. Takue pelreHust XOPOIIo U3BECTHBI
[26, 6], n nx HA3BIBAIOT OGOOIIEHHBIMI PENeHHsIMI X MJLIA WU TPOCTO PeIieH -
avu Xusuia. B ciydae miaHeTHOl cucTeMbl 6e3 ciiyTHUKOB (n; = (), yTBepK Ie-
Hug TeopeM 11, 12 Tak»kKe M3BECTHBI U OBLIH IOJIYUeHBI B pabore KpacuHCKOro

|8]. B cayuae Cosnne-muianera-ciytHuku Teopema 12 6blia mostydesa B pabore
[12] Txast.
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