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BBenenue
0.1. IlocranoBKa 3ama4u

Pacemorpum  mnTerpupyemyio rammiabToHoBy cuctemy (MI'C) v = sgrad H ¢ nmByms
CTeTIeHIMU CBOOOJBI, 33/JAHHYI0O Ha HEKOTOPOM TJIATKOM YETHIPEXMEPHOM CUMILIEKTHIECKOM
0 M* I1 JI
MHOTro00pa3uu ,w). Ilycth 3Ta cucrema BHmOJTHe WHTerpupyema mo JImyBuwiamaio mpu
MIOMOIIH JOMOJTHUTETLHOTO MHTerpaaa F. 9T1o o3nadaeT, 4to dpyHkiuu H u F' KOMMyTHDYIOT
oTHOCHTEIbHO CKOOKM Ilyaccona, ompesesisieMoil CUMILIEKTHYECKOH (POPMON w, U SIBJISIOTCS
dyHKIMOHAIBHO He3aBUCUMBIMU (Ipyrumu cioBaMu, BeKTopsl sgrad H u sgrad F' mouru By

na M* muHeiiHO HE3aBUCHMBI).

Onpenenenne 0.1.1. Paz6uenme M* B cBa3HBIE KOMIOHEHTH COBMECTHBIX MOBEPXHOCTE

ypoBHs byHKIUE H u F' Ha3BIBAETCH AUYBUALESHIM CAOCHUEM.

Teopema JluyBujijisi omnuChIBAeT TOBEJEHUE CHUCTEMBI B OKDECTHOCTH PEeryJisipHOTO
KOMITIAKTHOTO CJIOsI cJioeHus JImyBmiiisg. A HMMeHHO, KaXK7blii Takoil cioit muddeomopden
aBymepuomy Topy. Cioenme JImyBulisgs B Majioi OKpeCTHOCTH TaKOTO TOpa TPUBHAJIBHO, U

Ha KaKJ0M TOp€ IMOTOK U 3aJda€T YCJIOBHO-IIEPHUOJINYIECCKOE IBU2KECHUE.

Onpenenenne 0.1.2. DTy TOpBHl HA3BIBAIOTCI Mopamu JIuysusrs, WA AUYBUALEBBLMU

mMopaMU.

Ha wmHOroo6pasmn M? mmeerca myaccoHOBO neiicTBume rpynmbl R?, ompenenseMoe Kak
JeicTBHe, TOPOXKIAEHHOE CABUTaMHW BJIOJb WHTETrPAJbHBIX TPAEKTOPUHM BEKTOPHBIX MOJIEH

sgrad H, sgrad F'.

Onpenenenne 0.1.3. Touka x € M* maspiBaerca ocoboti, ecimu BekTophl sgrad H(z),
sgrad F'(x) nuneitno 3asucumbl. CooTBeTcTBYIOmAs opbuTa myacconosa geiicteust O = O(x),
HPOXO/Isiilasl Yepe3 TOUKY T, TakKxkKe HasbiBaercs o0cobot. Panzom opbumu O(x) HasbiBaercs

paHI MaTPHUI[BI, COCTABICHHON U3 KoopauHat BekTopos sgrad H (z), sgrad F'(z).

MokHO TOKa3aTh, YTO PAHT ITOW MATPHUILI HE 3aBHCUT OT BbIOOpa TOYKH T opbuthl O u
COBMAJAET C PA3MEPHOCTHIO OPOUTHI, TOITOMY OIpe/ie/ieHne KOPPEKTHO.

Paccmorpum opbuty = HysieBOTO paHra, T. €. HENOJBUXKHYIO OCOOYIO TOYKY IIyaCCOHOBA
neiicteuga. Torga onpeneneno aeiicteue R? Ha KacaTeabHOM npocTtpancTse 1, M4, coxpansaiomee
dopmy w. CremoBarenbuo, oHo wuHaynupyer (abejeBy) NOAIPYNIy CHMILIEKTHYECKUX

npeobpazosanuit B rpynme Sp(4,R) cummiaekTuyeckux npeobpa3oBaHMil  KaCATEIHHOIO



npocrpancrsa 1T, M*. Anre6pa Jlu 3Toit OArpyNNbI ABJASETCH KOMMYTATHBHOH 1101a/re6poit
anreOpel JIu sp(4,R) u mopoxkmaercss JUHEHHBIMU YACTIMH BeKTODHbIX ToJiedi sgrad H u

sgrad F'.

Onpenenenne 0.1.4. Ocobas (HemOIBUKHAS) TOYKA HA3BIBACTCS HEBUPOAHCOCHHOT, €CITH
nojiasiredpa, IMOPOXKJeHHas JUHEHHbIME dYacTaMu BeKTopoB sgrad H, sgrad F', saBisercs
nogairebpoit Kaprana B sp(4,R). B wactHOCTH, B TaAKOM Cjly4ae 5Ta MOAAIreOpa sIBJIsIeTCSI

MaKCUMaJIbHONH KOMMYTATHBHOI momanredpoit B sp(4, R).
[Ipeanonaraercs, uro UI'C C*°-rnaakas.

Teopema 0.1.5 (amaccona). |26, 30, 32, 35|

B 0 i 607 0; M*
OKPECTNHOCTU HEBBLPOAHCIEHHOT 0COB0T MOYKY T HYAEB020 PAH2A HA MH02000Pa3UL

CYuecmeyiom 2aadKue CUMNAEKMUYECKue Koopournamos (p1, Pa, q1, G2) makue, “mo 6 IMuz

K0OPOUHAMAT 2GMUADMOHUGH U UHMEZPAA 00HOBPEMEHHO MO2YM Obimb NPUEEIeHDL K 00HOMY

u3 caedyruur 6udos:

1) H=H@p;+ ¢, 05+ @), F = F(p + qi,05 + ¢3) (snaunmuneckan ocobas mowka, uau

MOUKA MUNG YEHMP-UEHMDP );
2) H=H(p1q1,p3+ ¢3), F = F(p1q1, 0% + ¢3) (ocobas mouka muna cedro-uenmp);
3) H=H(piq1,p292), F = F(p1q1,p2q2) (0cobas mowka muna cedao-cedno).

4) H = H(p16h + D2G2, P1G2 — poIl), F = F(P1Q1 + P2Go, P1G2 — P2Q1) (0005aﬂ movka muna
doxryc-goxryc).

Yrazannvie pynwxkuyuu H, F 6 amom cayuae sasaaromes CP-2aa0kumu GyHrUUAMY 08YT

NePeEMEHHDIT.

Teopema 0.1.5 Obl1a Brepsbie joka3ana ProccmanoM [32] B aHATUTHIECKOM CIyYae, MO3/HEe
Beem [35] Gb11 moJrydeH ee MHOrOMEPHBIH aHAJIOL. DMaccoOHOM |26] GbLT moTHOCTHIO pa3obpaH
cayuail S/ITMITHYECKON 0c000i TOYKHU B IJIAJKOM CJIydae U B TOi ke pabore [26] coobuiaercs,
YTO, MO-BUJAVUMOMY TJIQJIKas TeopeMa BepHa U B o0mieMm ciaydae. [lomHoe moka3aTesbcTBO B
C*°-rmaaxoM ciaydae uMeercs B |30].

Paccvorpum  mesmkom  cmoit L coenust  JImyBuwiLis, comep:Kamiuii  HEBBIPOXKIEHHYIO
HEMOJBUKHYIO 0c00y0 Touky . B smmunrtuueckom ciaydyae L = {z}. Bo Bcex ocraiabHbIX
caydasax dim L > 0. BooGie roBopsi, L MOXKeT €o/iep:KaTh HECKOJbKO HEMOJABUXKHBIX OCOOBIX

TO4YEK. MO)KHO, OJHaKO, II0OKa3aTb, YTO €CJIn BCE€ OHU HEBLIPOXKJIEHHbLIE, TO OHU OAHOI'O THUIIA



[23]. [TosToMy MOYKHO TOBOPUTH TaK:Ke O THIIE BCEro (HEBBIPOXKIEHHOTO) 0cOobOTO CJIos, a He
TOJIBKO O THIIE OCOOOH TOYKH.

['oBopsi 06 0COOBIX TOYKAX M OCOOBIX OpPOWTAX IMyaCCOHOBA JEUCTBUSA M UX OKPECTHOCTSIX,
€CTECTBEHHO Da3juyaTh JBe CHTYallH: JIOKAJIbHYI0 (KOIJa DPAacCMATPUBAIOTCS —MaJible
OKPECTHOCTH 0COOBIX TOUYEK) ¥ MOJIYJIOKAJBHYIO (KOTa PACCMATPUBAIOTCS MAJIble OKPECTHOCTH
IPOTSI?KEHHBIX OO'bEKTOB — OCOOBIX CJIOEB CJIOeHHUsl JIMyBUILIs).

Hanoxum na UT'C erme 01HO H0TIOTHUTETRHOE YCJIOBHE — YCIOBHE Hepacujenaiemocmu. Ero
TOYHOE OIlpejie/ieHne OyaeT jJaHo HuxKe, B 1. 1.2. Takoe orpanumveHue orpejiesiser IIHPOKH
U eCTeCTBEHHBIN Kjiacc ocobenHocTeil. Hampumep, 719 BceX M3BECTHBIX PEATbHBIX IIPHUMEPOB
MHTErPUPYEMBIX CHCTEM 3TO yCJIOBHE OKa3bIBAETCs BbIIOJHEHbIM. Kpome Toro, B [31] nokasano,
4TO JII00asi HePACIIeIIsieMasi HEBBIPOXKIEHHAST 0OCOOEHHOCTD B CJIy4ae, KOT/Ia BCE CJIOU CJIOEHUSI
JIMyBUJIIST KOMIIAKTHBI, JIMYBUJLJIEBO SKBUBAJIEHTHA (B MOJIYJIOKAJBLHOM CMBICJIE) 0COOEHHOCTNU
MUNa NOYMU NPAMO20 NPouU3eedeHus TPOCTERITUX 0COOEHHOCTEH: JIUIITHIECKON, Ce/IJIOBOI 1
tuna Gokyc-poxyc (Tounoe omnpenesnenue cM. B [6]).

Hac 6ynyr mnrepecoath II'C ¢ aBymsi cremeHsiMu CBOOOJIbI U TIOBEJIEHHE UX TPAEKTOPHIA
B UYeTBIPEXMEPHBIX OKPECTHOCTIX OCOOBIX cJIoeB THma cemio-menTp. llenbio aBaserca
nostysiokaJibHas Kiaccudukanus I'C B Takux OKPECTHOCTSIX C TOYHOCTHIO 10 MON0A02UYECKOl
mpaekmoproti IK6UBAAEHMHOCTU, T.e. C TOYHOCTHIO JI0 CYIIECTBOBAHWS T'OMEOMOPGU3MA,
OKPECTHOCTEH, TepeBOSINEero TPAaeKTOPUH MEPBOl CHCTEMBl B TPAEKTOPUH BTOPOil CHCTEMBI.
Bosee moapobHO cTpyKTypa OCOOEHHOCTH THUIIA CEIJIO-IeHTP OyaeT onucaHa B riaBe 1, OJHAKO
BayKHO OTMETUTh, YTO B HEBBIPOXKJEHHOM HEPACINEILISIEMOM CJIyYae BCe OCOOEHHOCTH THIIA
CEeJJIO-TIEHTP SBJISIOTCS OCOOEHHOCTSIMHM HE TOJIBKO THUIA MOJYNPSIMOTO NMPOU3BEIEHUS, HO HA
caMOM JieJie THIA TPSIMOTO TPOM3BeIeHus, ¢M. |23, a Tak:ke Teopemy 1.4.1.

3ajaua BO3HUKAET W pemnraercs B 0ojiee 00OIMEM KOHTEKCTe TPAEKTOPHOM Kjaccudukanum

NI'C na muOroobpasusix. OTMeTUM HECKOJIBKO MOXOXKHMX CUTYaIlHii.

1. Tpaexkmopnras xaraccupurayus UI'C ¢ 00not cmenenvro c60000b, 80AU3U KOMNAKMHOZ0

006020 CAOA.

Ora mnpobaema TpuBuajbHa. VIMeercs HEKOTOpPOE JBYMEDPHOE CHUMILIEKTHYECKOE
muoroobpasue (M? w) ¢ dbynkmueii Mopca H Ha HeM W pacCMATPHBAETCA MAJas
OKpecTHOCTh U/ KOMITIAKTHOM CBSI3HON KOMIIOHETHBI HEKOTOPOTO 0COH0T0 yPOBHS (DYHKIMH
H. JIlnyBuineso cioenne nHa U B 3TOM ciiydae mMeeT OIWH OCOOBIi cioit — rpad K,
SABJISIONTUNACS KPUTUIECKUM YPOBHEM H . DTOT CJ10# COCTOUT M3 TPACKTOPHil: BepIIMHAMHE
rpacda K BISOTCS HENMOABUMKHBIE (OHU Ke 0cOOble) TOYKHM CHCTEMBI, a COEIUHSIONINe

ux peGpa ABISIOTCST 0co6bIMU TpaekTopusaMu. MuoxecTBo U\ K COCTOUT U3 HEKOTOPOTO

6



YHCJIa KOJIELl, TPUBMAJIBHO DPACCJIOEHHBIX Ha OKpyxkHOcTH (puc. 0.1.1), sBasiiormumecs

pPeryjdpHbIMU TPAaCKTOPUAMHAU CUCTEMBI. W3 3Toro onucanus ACHO, 9YTO TOIIOJIOTHA IIaphbl

Puc. 0.1.1:

(U, K) onpeziesisieT KJIacc TOMOJOIMIECKOH TPAEKTOPHOI 5KBUBAJIEHTHOCTH.

Tpaexmopnas xaraccupurauyus UI'C 6 okpecmHoCMAT pe2ysapHblET Mopos.

31ech oTBeT Ha 3aJady TPaeKTOPHOH KiaccuuKaluu OaeT TeopeMma JlmyBmamig. A
MMEHHO, B CHTYallud JBYX CTeneHeil CBOGOJBI HA KaXKJIOM DETYISPHOM cjoe (Tope
JIMyBUILIS1) TPAEKTOPUH BBIIPSMISIOTCS W, CJEJOBATENbHO, JUHAMHUKA ONPEIEIIseTCs
OJIHUM YHCJIOM (YHCJIOM BpAIeHUsl), OTBEYAIOIIUM 3a JUHEHHYI0 06MOTKY. Takum
0bpa3oM, HEOOXOJMMO CPaBHUTH POCTKU (DYHKIUH BpalleHus Jijis pacCcMaTPUBAEMbIX
cucreM (¢ TOYHOCTHIO JI0 HEKOTOPOTO JPOOHO-IMHEHHOTO TIPe0OPa30BaHUs, OTBEYAIOIIETO
3a BBIOOP 0asWCHBIX IUKJIOB HAa Topax). (Oupenesnenne yucia BpaiieHust W QyHKIMH

BpalleHusi JaHo B riase 1.6.)

OueBuaHO, 9TO paccyKAeHne 00001IaeTCst Ha, CIydail 60IbIIero 4ncia creneHeil CBo0oIbI.

Tpaexkmopnas kraccupurarua UT'C, oeparuvennoix Ha ux 3-MepHvle U30IHEP2EMUYECKUE

noeeprrocmu.

OTa 3ala4a W B TOIOJOTHYECKOM, ©W B IVIQJKOM CJIy4dae TIOJTHOCTBIO DpPeEIIeHa

A.B.Bosncunossim u A.T.@omenxo [8], [22].

Tpae%mopua.ﬂ IKBABANECHIMHOCITNL HEKOMOPLIT KOHKDPETMHLIL 30004 OUHAMUKUY meepdoeo
meaa UAYU 2e00e3UMECKUT NOMOKOE HA onpede/LeHwa: YPOBHAL IHEP2UU. Cwm. HallpuMep

[1-3, 9, 10, 27, 34].

Ha [9] ocranoBumcst mogpoGHee. B riiaBe 5 paccMaTpuBalOTCsi WHTETPUPYEMble CIIyvan
JMHAMHMKE TBEPIOro Teja: ciaydaii Diinepa (¢ JAByMs COBHAJAMONIUME TJIABHBIMU

MOMEHTAMH MHEPIMK) U CIy4dail JIarpaHka ¢ IPOU3BOJIBHBIM HOTEHIUAIOM. DTH CJIyYIau



paccMaTpUBaIOTCH HA U309HEPIE€TUYECKUX YPOBHAX OOJIBIINX SIHEPIUU, YTO IKBUBAJIEHTHO

PACCMOTPEHUIO0 OKPECTHOCTH CIIEIUAJIbHON 0C000i TOUYKU — OECKOHEYHOCTH.

JlokaspiBaeTcs, uro Jitobas cucreMa Tuna JlarpaH:ka Ha JJOCTATOYHO BBICOKOM
M309HEPTeTHYECKOM YPOBHE TPAeKTOPHO KBUBAJIEHTHA HEKOTOPOI CUCTEME THIIA Diljiepa
(B obmeM ciaydae, ¢ JADYyrMMHE mnapaMmerpaMu). BepHo u ob6paTHOe yTBEpKJIEHHUE:
Jutst  J1I000#t  cucreMbl  THa  Ditjiepa, IIPOU3BOJBHBIX (DUKCHPOBAHHBIX MOMEHTAX
HHEPIMHK I CUCTeMBI JlarpaH:ka M MpOu3BOJBHOTO (PUKCUPOBAHHOIO YPOBHS SHEPIHUH,
CYIIEeCTBYeT MHOXKECTBO IMTOTEHIIMAIOB TaKOe, YTO CHCTeMa Tuna JlarpaH:Ka ¢ BBIOpaHHBIM
[IOTEHIIMAJIOM TPAEKTOPHO SKBHBAJEHTAa CHCTeMe Tula Jiljiepa Ha BBIOPAHHOM

HN309HEPreTUuIeCKOM YPOBHE.

OrMeTuM, 4TO B 30HAX MaJbIX M CPEJHUX 3HAYEHUN MHTErpaJia IIOTEHIAJ OKA3bIBAeT
B 00IEeM cjydae CyIIeCTBEHHOE BJHMAHME. A MMEHHO, B 30HE MAJIbIX SHEPIHil JazKe
OudypKannoHHast IUarpaMMa MOYKET BBIIVISIAETh JOCTATOYHO CJIOXKHBIM 00paszoM (H,
COOTBETCTBEHHO, KJIACC JIMYyBHJUIEBOMl SKBUBAJIEHTHOCTH), HE TOBODsl yKe O OoJiee
TOHKOW TpPaeKTOpHO# Kjaccudukaiuu. B 30He ke cpeHuX SHEPruil KJIacc JInyBUI1IeBOMI
SKBHUBAJIEHTHOCTH CTaOMJIM3UPYETCsI, OIHAKO C TPAEKTOPHON TOYKM 3pPEHHS CHCTEMA

MOYKeT ObITh YCTPOEHA CJIOYXKHO.

Tpaexkmopnas kaaccupurayus UTC 6 oxkpecmmuocmu Heswupostcdennoti asrunmuveckol

0c000T opbumbL.

Bamaua pemena O.E. Open [14] ans ciaydasi mpousBOJIBHOIO YUC/Ia CTEIEHEH CBODOIBI.
B Toit xe pabore OBl IMOJyYeH WOJHBIH TJIQJIKUl TpPaeKTOPHBIH HHBApUAHT JIJIsI
HecnenuabHoi HepedoHaucuoit II'C ¢ aBymst cremeHsiMu ¢BOGOBI (CM. TJ1aBy 4, 8 TakKe

3amevanue K reopeme 4.0.12).

Tpaexmopnas xraccugpurayua UI'C 6 okpecmmocmu Hesbiposrcdennroti 0cobotl mowky

muna cedao-cedno.

Crnenys kJyaccuieckoit teopeme ['podmana-XaprmaHa, moJjydum, 4To Jo0bie jase NI'C
B OKPECTHOCTSX CBOUX HEBBIPOXKIEHHBIX OCOOBIX TOYEK THIIA CEII0-CEIJI0 TPAEKTOPHO

9KBUBAJICHTHDI.

CUMNAEKMUNECKAA NOAYAOKAADHAA KAGCCUPURAUUA UHMELDUPYEMBLT CUCMEM ¢ 00HOT
cmenenvio ceobodu. Cm. |25, 33| (B [25] pasobpana mpocteiinias 0cOGEHHOCTH — Tak

Ha3bIBaeMas “BocbMepka”, a B [33] pazobpan obmuii ciaydaii).



8. Cumniexmunveckas KAACCUPUKAUUA AUYBUALEBUT caoeHull das HIC ¢ deymasa

cmenenamu c60600v 6 okpecmHocmu 0c0b020 caos muna goryc-doryc. Cm. [36].

OrMeruM, 4YTO IIOCJIETHHUE JIBA OTMEYEHHBIX pe3ysbrata (OpMaJIbHO HE OTHOCATCS
K paccMaTpUBaeMOMYy THIY 3aJad. A HMEHHO, B HHX OOCYXKJaeTcsd JApyroid Tuim
skBuBajieHTHOCTH VI'C — ¢ TouHOCTBIO 710 cuMILieKToOMOpdu3Ma. OHAKO pPe3yabTaThl
ATUX pa60T n MeTOAbl, KOTODbBIMHM OHH IIOJIy4Y€HbI, IIO3BOJIAIOT pPaCCMaTpUBATb 3TU
33Ja4d B OJHOM KOHTEKCT€ C TPAeKTOPHON SKBUBAaJEHTHOCTHIO. (OKa3bIBAeTCH, YTO

CUMIIJIEKTUYECKUE WHBAPUAHTBI UMEIOT 6J'II/13KYIO K TPa€KTOPHbBIM IIPDUPDOAY.

0.2. CrpyKTypa TeKcra

Heobxomumbie onpejiesieHusi, a Tak»Ke CTPYKTypa OCOOEHHOCTH THIIA CeJJIO-IIEHTD, OIUCAHbI
B miaBe 1. HeoOxomummbie umuBapuantel p, A m A omnpemenenst B 1.1.6. B riaBe 2
ommchiBaercss peaykiust UI'C tuna penykunu no BoscunoBy-®omenko [8] B obmem ciydae
(a He ToNBKO HeoOxoiuMMast B (8] peayKims Ha M309HEPreTHYECKUX MOBEPXHOCTSIX), a TaKXKe
penykiug mo Mapcaeny-Baitncraitny. B tiaBe 3 crpourcs momenr MI'C B okpecTHOCTH
HEBBIPOXKIEHHOTO 0CODOTO CJI0ST THIA CemIo-TeHTp (m. 3.1), ycTaHABIMBAETCS CBSI3b MEXKIY
aBymst penykmusmu (m. 3.4), o6CyKIaeTcss KOPPEKTHOCThH OIpejieieHusl WHBAPHAHTOB B
YeTBIPEXMEPHON OKPECTHOCTH 3TOr0 0co6Oro cJiosi U IoBejieHue uHBapuaHtos (mm. 3.5, 3.6),
U, HAKOHEIl, TOKA3bIBAETCI KPUTEPUNl TPAEKTOPHON SKBUBAJEHTHOCTH W CTPOUTCS IOJTHBIH
rpaekTopHblit maBapuanT I'C B okpecTrOCTH 0CO6GOTO ctost Tuna ceio-tentp (1. 3.7). Kpome
TOro, B m. 3.8 chopMy/JUpPOBAHBl W JOKA3aHBl CBOWCTBA WHBAPUAHTOB JJII KAHOHUYECKUX
0CcOOEHHOCTEH, a TaKKe TOJIyYeHO YIPOITEHNe MOJTHOTO TPAeKTOPHOTO WHBAPUAHTA, a B 1. 3.9
06CyKIAI0TCST IPUMEDBI M JI0OKAa3bIBaeTCs TeopeMa peasm3anun (mocrpoenne UI'C ¢ 3apanee
3a/aHHbIME WHBapuanTamu). B rimase 4 npescrasienst pesyabrars O.E.Open [14] o nomanom
IVIaJIKOM TPAeKTOPHOM MHBAapUAHTE B OKPECTHOCTU HEBBIPOXKIEHHOTO SJLTUITHIECKOTO 0CO00TO
cJI0d M 3aMeYaHue K HUM, a B IVIaBe D pa3dupaeTcd 3aJada O TPAEKTOPHON SKBUBAJEHTHOCTH
cucrem Oiinepa u Jlarpanxka Ha Goubiux yposHsix sHepruu [9]. B ruiase 5 mapasuiesnbHO
MOJIyY€Hbl HEKOTOPBIe WHTEPECHbIE CBONCTBA (DYHKIUil BpAIEHUS Te0Ie3NIECKUX TTOTOKOB HA
JIByMepHBIX cepe u Tope.

OrmeruMm Takike, 9To 00€ 3ajaum — TpaekTopHas kiaccudukamus UI'C B okpecrHOCTH
0Cco0Or0 CJI0sI ¥ BOIIPOC TPAEKTOPHOM SKBUBAJIEHTHOCTH JBYX KOHKPETHBIX CHCTEM Ha OOJIBIIUX
YPOBHSIX SHEPTUM — IO CYTH UMEIOT OJHY MPUPOLY. A MIMEHHO, U3y4aeTcs BONPOC TPACKTOPHOM

9KBUBAJIECHTHOCTH CHCTEM B OKPECTHOCTAX 0COOBIX CJIOEB. L[e.)'IBIO ABJIAE€TCA U3y4YeHUue



“OKpEeCTHOCTHBIX” TPAEKTOPHbIX WHBapuaHTOB. Hacrosimas nosy/iokasibaas curyanus (Korja
Pa3MepHOCTb 0cO00TO €J10s1 OOJIBINE HYJIS ¥ U3y9al0TCsl TPAEKTOPHBIE CBOWCTBA CHCTEMBI B €r0
HOJIHOM YeTBIPEXMEPHOIl OKPECTHOCTH ), PACCMATPUBAELTCS BIIEPBHIE.

ABTop BBIpakaer TIyOOKyI 0J1AT0aPHOCTH HAYYHBIM PyKOBOAUTEIsIM akagemuky PAH,
npodecccopy A. T. @omenko u AOKTOPY (U3UKO-MATEMATUYECKUX HAYK, TpOdeccopy

A. B. BO.HCI/IHOBy 3a IMOCTaHOBKY 3aJa4¥l U IIOCTOAHHO€ BHUMaHHUE K pa60Te.
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1. IlpeaBapuTtesibHbIE CBEAEHUS
1.1. DBa3sosbie onpeneseHNs

Omnpenenenne 1.1.1. Omobpasicenuem mMomerma HA3BIBAETCS 0TOOParKeHUe
F:M*— R?
Flx) = (H(x), F(z)).

Bugyprayuorroti duazpammoti Ha3piBaeTcss 06pa3 0COOBIX OpOUT NMpu OTOOpAYKEHUU MOMEHTA,

T.€. MHO2KECTBO

Y ={(H(z), F(x)) |z : vk (dH (z),dF(r)) < 2} C R%.

MHokecTBO ¥ uMeer Mepy HyJib ¥ OObIYHO COCTOUT M3 KYCKOB IVIAJIKUX KPUBBIX (KOTODBIE
MOTYT [EPECEKATHCH ), & TAK¥Ke U3 0COOBIX TOYEK: H30JUPOBAHHBIX TOUEK Y, TOUEK ME€PECETCHHUST
WM KacaHus KpuBbiX, W T.1i. Cyioenwe JInyBuuisi JIOKAJIHbHO TPHBHAJIBHO HAJ KaXKJIOil
KOMIIOHEHTO# cBA3HOCTH MHOKecTBa R?\Y. VHbIMU cl0BAMH, MOKHO CKa3aTh, 4TO B CJIydae,
KOT/Ia BCE CJIOM CJIOeHus JIMyBHIIIs KOMIOAKTHBI, TPOOOPA30M OTOOPaKEeHNsST MOMEHTa KazK 0
TOYKM MHOXKecTBa R%\ Y aBiigeTca HeKOTOpoe 9HC/I0 TOPOB, U 3TH YHUC/Ia PABHBI JIJIs BCEX TOYEK
W3 OJTHO} KOMTIOHeHHI cBszHocTH R?\Y (cencTue Teopembr JIuyBu/ns).

Ha puc. 1.1.1 nokaszanbl HECKOJIbKO NPUMEPOB OudypKAIUMOHHBIX JAAIPAMM peasibHbIX

F F F

Puc. 1.1.1:

cucreM. 910 Ou@ypKAIMOHHBIE [IWATPAMMBI JjIsi OJHOTO W3 CJy4YaeB WHTErPUPYEMOCTH
JWHAMHUKHU TBepaoro tena — caydad Kiebma. Ilpu pasziamanom BBIOOpe mapaMeTpoB 3a1a4u
MOJIyYaIOTCSl PA3JIMYHbIE THUITBI OM(YPKAIMOHHBIX JguarpaMm, n3obpakeHHbix Ha puc. 1.1.1.
Baremuennas obacTh — 3710 06pa3 orobpaskenus momenta JF(M?), xupHas Touka Ha BTOpPOi
KapTHHKE — H30JIMPOBAHHAS TOYKA ..

flcHo, 4TO 0COOBIE TOYKH B CMBICTE TYAaCCOHOBA MEHCTBUS M OCOObIE TOYKHM B CMBICTE

OTO6pa}KeHI/IH MOMEHTa — I9TO OJHHU U TE 2K€ TOYKH.
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O6oznauum  B(M*) 6asy auyeuaieea caoenus na M?P. Hanomnum, uto TodYKaMu
npocrpancta B(M*) asngiorca ciou cioenust JIMyBHJLIS, TO €CTb CBsSI3HBIE KOMIIOHEHTBI
COBMeCTHBIX noBepxHocTeil yposus dynkuuit H (z), F'(z). IIpocrpanctso B(M*) npeacrasnser

coboit CW-kommieke n nakpoisaer F(M*1).

Onpeaenenne 1.1.2. [Ise NI'C, 3amannbie Ha MHOrooopasusax M, My, Ha3bIBalOTCH
AUYBUNNEBO IKGUBAAEHMHLLMUY, €CJU cylnecTByeT auddeomopdbusm v : M; — M,

HepeBO,ILHHII/Iﬁ JINYBUJIJIEBO CJIOEHUE HepBOfI CUCTEMBI B JINYBUJIJIEBO CJIOECHHEC BTOpOfI CHUCTEMBI.

Omnpenenenne 1.1.3. /IBe auHamMuyYecKwe CHUCTEMbI, 3aJaHHble Ha MHOrooopasusix M,
Mj, HA3BIBAIOTCA HENPEPBLLEHO, WU MONOAOZUYECKY MPALEKMOPHO IKEUBAACHMHHMU, €CIT
cymecTByeT ToMmeomopdusm v : M; — My, mepeBoAAINil TPaeKTOPUH TEPBO# CHCTEMBI
B TPAEeKTOpUM BTOPOIl cucrembl ¢ coxpaHeHueM opueHrtaimu. Eciu muoroobpasusi My, Mo
OPUEHTHUPOBaHbI, Tpedyercsi, 4TOObI OTOOpakeHue 1 coxpaHsijio opuenrtanuio. [lapamerp

(BpeMsi) BJIOJIb TPAEKTOPHIl P ITOM OTOOPAYKEHUHM MOXKET HE COXPAHSATHCS.

Onpenenenne 1.1.4. JIBe AuHAMUYECKHE CHCTEMBI U1, Uy, 3aJJaHHBIE Ha MHOTOOOpa3usx M,
M, HA3BIBAIOTCS MONOAORUMECKY, CONPAHCEHHBIMU, ECITH CYTIIECTBYeT roMeoMopdusm ¢ : My —
M, nepeBoagmuii moTok o (oTBevarOmUii cucreMe v1) B IIOTOK 05 (OTBevalomuii cucreme vy),
T.e. 0b = 1 o gl o9p!. Ilpu sTOM, ecim mMHOTOOGpPasusa M, M, opueHTHPOBaHbI, TpeGyeTcs,

4TOOBI 0TOOPaXKEHUE 1) COXPAHSJIO OPUEHTAIIHIO.

3ameuanue 1.1.5. OTHOIIeHWEe JUYBUIIEBOHl KBUBAJEHTHOCTH MOXKHO BBECTH JIHIIb
Ha wmHOxkectBe HI'C, B TO BpemMs KaK OTHOIIEHHS TPAEKTOPHOW SKBUBAJEHTHOCTH W
TONOJIOTHYECKON CONMPS2KEHHOCTH JeUCTBYIOT i Oojiee IMUPOKOTO KJIacca AUHAMUYECKUX

CUCTEM.

3ameuanme 1.1.6. OrTmeTuM, 4TO TONOJIOTHYECKAs] COIPSAXKEHHOCTb JIBYX CHCTEM SIBJISIETCSI
0oJiee YKECTKUM YCJOBHEM TI0 CPABHEHHUIO C TPAEKTOPHO# 3SKBUBAJEHTHOCTBHIO, T.K. KPOME

COXpaHeHNs TPaeKTOpHuit ToMeoMOphu3M 1 00d3aH COXPAHATH W BPeMs BJIOJb HUX.
HanomuuM ere ogHO BaxkHOe nousitue |5, 20, 21].

Onpenenenne 1.1.7. Amomom (wmm 2-amomom) HaA3bIBAETCS JByMEpHAsl CBsI3HAS
KOMIIAaKTHagd ITOBepXHOCTh P? ¢ rpammmeii, ¢ ¢ynkmmeir Mopca f : P? — R, mMeromei
€IMHCTBEHHOE€ KPUTUYECKOE€ 3Ha4YeHue, u TaKOfI, YTO JIMHUA YPOBH#A, OTBE€YalOIlad ITOMY

KPUTHUYE€CKOMY 3HaY€HHUIO, CBA3HA.
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Onpenesenne 1.1.8 (3KBHBaJIEHTHOE reoMeTpHYecKoe). Amomom Ha3bIBaeTCs Hapa
(P2, K), tne P? gBngercsa CBA3HOH KOMIAKTHOMN JIBYMEPHO# MOBEPXHOCTHIO ¢ KpaeM, a K —

cBa3HBIM TpadoM B P2, TaK 4TO BHITIOJHEHBI CJIELYIONTHE YCIOBH:

1) K nmbo cocrouT w3 ofHOI TOUKH, T.e. H30JUPOBaHHOI BepmuHbl crenenn 0 (cm. puc. 1.1.2,
STOT ATOM TI0 ONPEIEIEHUI0 HA3BIBAETCS ATOMOM A, MM MUHUMAKCHOI Oudypkaimeii),
b0 Bee BepummHbl Tpada K uMeror crenedb 4 (Takue aTOMBI HA3BIBAIOTCS CE0A06bLMU,

cM., Hanpumep, puc. 1.1.2);

D1 F1

Puc. 1.1.2:

2) Kaxjas kommnonenTta cesizHocTu MHoxkectBa P?\K romeomopdua kosbmy S x (0,1],
a MHOYKECTBO 3THX KOJIEI| MOKeT OBITh pa3jeseHo Ha JBa KJacca: MOJOXKHUTEIbHbIE U

OTpUIATE/IbHBIE KOJIbI[A, TAKAM 00pa3oM, 4To

3) kaxjgomy pebpy rpada K UHIUJEHTHB B TOYHOCTH OJHO TOJOXKHUTEJIHHOE M OJHO

OTPHIATETHHOE KOJIBIIO.

Jlestenne KoJiell Ha IOJIOXKHATEIbHbIE M OTPHIATEIbHBIE IIOKa3aHO Ha puc. 1.1.2 B Buue
3aTeMHEHUs] OJIHOIO U3 KJIACCOB (HANpPHUMED, MOJOXKHUTEIbHbIE KOJbIA 3aT€MHEHbI, TOLJA
OTpHIATE]bHbIe — OOBIYHBIE).

Arombl, a Tak)Ke aTOMBl CO 3Be3J0YKaMM (HAM MOCJEJHHE HE HOHAJIOOATCs, MOITOMY
TOYHOE OIpEJIeJIeHHe He JAeTCsl) B TOYHOCTHM ONUCHIBAIOT OudypKanuuw TOpoB JIMyBHILIA,
COOTBETCTBYIOIINE TIePECeYeHNI0 KPUBBIX OudypkanuoHHoit guarpamMmbl. OHE  OOBIYHO
0003Ha4YAIOTCS 3arJaBHbIMU OyKBaMu ¢ wHaeKcaMu. J[jisi aTOMOB ¢ HEOOJIBIITMM YUC/IOM BEPIITHH
IPUHATH HEKOTOPbIE CTAHIAPTHBIE 06O3HAYEHHUSI, CM., HanpuMmep, [5].

[Iycts v — HeboJibltasg ayra, mepeceKaiolias KPUBYIO Vs OMGYpPKAIMOHHON TUArpaMMBI B

HEKOTOpOil Touke y # yo (cM. puc. 1.1.3). Pacemorpum mosabiii mpoobpas Q2 := F~1(y) sroit
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Vs

Yo Tm

Puc. 1.1.3:

nyru. Q® gBigeTcsa TpexMepHBIM WHBAPHAHTHBIM MOAMHOr000OpasueM B MY, MOKHO moiarars,
4TO 3TO MaJiasg 3-OKPeCTHOCTh 0coboro ciog F'(y) (B HEKOTOPOM “60JbIIOM” TpeXMEPHOM
110IMHOT000pa3ul MHOTOOOpa3ust M*, MHBApUAHTHOM OTHOCHUTE/NLHO TaMUJIBTOHOBA TOTOKA).

Taxue (Q° HA3LIBAIOT TaKkKe J-amomamu.

1.2. OrpanudeHus Ha CUCTEMY

[Iycts Temeps L sBaseTcss cjoeM Tuma ceyo-leHTp, a U(L) Hekoropas Majas
(uerbipexmepnasi) okpecrHoctb L. VIT'C upeapnonaraercs C*-rumankoit. Hamoxkum Ha nHee

HEKOTOpPbIE€ OI'PaHUYCHUA:

1) Bee cion smyBuiieBa ciaoenns Ha U(L) KOMIOAKTHBL (B 9TOM CIydae BCe PEryJsipHbIE CJIOH

ABJIAIOTCA ABYMEPDHBIMU TOPaMHU, KaK CJIeayeT U3 TeOPEMBbI .HI/IYBI/I.HJIH).

2) Bce ocobwie TOuUKHM, Jiexkaiqwe Ha L, SIBJSIIOTCS HEBBIPOXKIEHHBIMU (ONpeesienne
HEBBIPOXKIEHHOCTH CM. BO BBejeHNn ). Kak y:ke OBLIIO OTMEUYEHO, X THUIBI B 9TOM CJIYUYae

onuHakKoBBI. HazoBeM Takoit 0coOblit cI0#t L TaKk:Ke HesbiposrcieHHHbLM.

3) UT'C nepesonancua. 10 03HAYAELT, YTO TOPHI C UPPAIMOHAIBHON 0OMOTKOM BCIO/LY TIIOTHBI.
B sTOM ciiydae MyBU/IIIEBO CJIOEHNE HE 3aBUCUT OT BBIOOPA JOMOTHUTEIHLHOIO HHTErpaJia

1 OEJIUKOM OIIpEaeadadeTCAd raMUJIbTOHHaHOM.

Vs

Yo Tm

Puc. 1.2.1:
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4) UI'C nepacuwenasema, To ectb 6udypKanuoHHas auarpaMMa B OKPECTHOCTH TOYKH Yy =
F (L) umeer Buji, moKa3aHHbIN HA puc. 1.2.1: B KYCOK IVIaIKO#l KPUBOI 7,;, TPAHCBEPCAJIBHO
BTBHIKAETCsl KYCOK JPYIoil IVIaJKO# KpUBOii vs. 3aremHeHHas obsiactb — 310 F(U(L)).
2KupHoit Toukoii 1, noka3aH obpa3 0cOObIX TOUEK paHra HyJib, 0Opa3damMu 0COOBIX OpOUT
panra 1 gBJISIOTCS KPUBBIE Vg U Y.

Ys1 Vs2 Vs

TYm1

0
Yo m Yo Yim2

Puc. 1.2.2:

Bosiee Touno, yciosue 4) osnauaer ciuexpymomee. Kaxoit ocoboit Touke paHra HyJib,
nexameit Ha L, COOTBeTCTBYeT “MOJyKpecTuk’ Ha OudypKAIUOHHON auarpamme (CM.
reopemy dnaccona 0.1.5). [ToyKpecTuKu, COOTBETCTBYINUE PA3IUIHBIM OCOOBIM TOUKAM
L, obsizanbl coBnajarh. Hampumep, KpuBble M3 Pa3HBIX IOJYKPECTHUKOB HE MOTYT
MOJIHOCTBIO PA3InvaThcs (KaK, HAPUMED, Ys1, Ys2 Ha puc. 1.2.2 a)), a Tak)ke KacarbCs
naxke ¢ GECKOHEYHOUW CTelneHblo KacaHus (Kak, HAIIPUMED, Y1, Yme Ha puc. 1.2.2 6)).
Kacanue ¢ GeckoHeuHO#l cTemeHbI0 HEBO3MOXKHO JIJIsT QHAJUTHYECKHUX CHCTEM, OTHAKO
BO3MOXKHO /JId IVIaJIKUX. S,ZLer HeO6XOILHMO OTMETUTL, YTO B HEKOTOPBLIX CJy4YadX OT
KacaHus (MUHUMAKCHBIX KPUBBIX) MOXKHO M30aBUTHCS TPHU MOMOIIY U3MEHEHHUs] BIOODA

JAOIIOJTHUTEJIbHOTO UHTErpaJia.

5) Be3 orpannvenusi OOMIHOCTH MOYKHO CYATATh, YTO OCOOBIH CJIOH L SIBJISIETCS MOJIHBIM
Ipoobpa3oM TOYKH ¥y 1Ipu oTobpakenuu F. Eciin 310 He Tak, HEOOXOIUMO OIPAHUYUTHCS
PacCMOTpeHUeM CBA3HON KommoueHThl F!(yp). Amamormuno, U(L) aBigercs MOJTHBIM

pooOpPa3oM JUCKA C IEHTPOM B TOYKE .

6) UI'C necneyuasvra. 1o o3HaUaeT cuaepyoree. PaccMoTpuM jist Kakoh-HUOYIb 0060t
TOYKH T; PaHra HyJb, JeKalleil Ha ciaoe L, CHMILIEKTHYeCKHe KOODAMHATHI P;, ¢; U3

Teopembl Duuaccona 0.1.5. Ilycts f = piqi, s = p2 + ¢3, B atoM cayuae H = H(f, s),

F = F(f,s). Hecnennaabuocrs UT'C ua ocobom cjioe L o3navaer, 4ro %—If #+ 0,
zj
%—Z .. 7 0. Huxe (cum. ompenenenne 3.6.3 u 3amedanne 3.6.4) Gyaer mokasaHo, 9TO 3TO
J

ycJIOBUE He 3aBHCHUT OT BbIOOpa 0c000it Touku x; € L.

15



1.3. IIpumep (KkaHOHUYECKAsS OCOOEHHOCTH)

Paccmorpum npumep ocobeHHocTH THIA ceaio-1ieHTp. Pacemorpum atom A v mpon3BOIbHBIM
ceqgopoit arom V. = (P? K) (mmoroo6pasue P? opuentuposannoe). IlycTh 91u 2-aTOMBI
SIBJISIOTCS JIBYMEPHBIMH CHMILIEKTHUYECKHMHU TOBEPXHOCTIMH C KpaeM, ¢ (opMaMu w; H
Wy COOTBETCTBEHHO, & TakxKe (YHKIUAMU f; U fo, 3aJal0MUMU Ha JABYMEPHOM JHCKE
u P? crpykryps atromoB A m V. PaccMoTpuMm Temeph mpsiMoe mpoussenenue A x V ¢
CHUMILTEKTHYECKON CTPYKTYPO#l w = wy + wo. OyHKIMK f| U fo MOTHMUMAIOTCI HA 3TO IPIMOE
MIPOU3BEIeHNEe, KOMMYTUPYIOT OTHOCUTEIBHO W U OIPEIE/ISIIOT 0ITOMY coeHue JIuyBuiia Ha
AxV . Toukamu THNIA CEIJIO-IIEHTD SABJISIOTCS B TOUHOCTH BepIIUHBI 0ocoboro rpada K aroma V
(YMHOXkKEHHOTO Ha 0CO0YI0 BepIIUHY A), U BCe OHU JIEXKAT HA OJHOM 0COOOM CJI0€, COBIIA,IAI0IIEM
¢ K. Ilpamoe mpoussenenne A X V dBIgeTCsd 4eTHIPEXMEPHON OKPECTHOCTBIO 3TOT0 0COOOTO
ciosg. OTMETHM eIlle, 9TO MepeceveHnio KPUBOii 7, COOTBETCTBYET ceaioBas oudypkamus V', a

[IePeCceYeHni0 KPUBOii ¥, — MUHUMaKcHas A.

1.4. OOmwmii coayuaii

C TOYKH 3pEHUA .HPIyBPI.H.HeBOfI 9KBHUBaJIECHTHOCTU BCE€ HEBLIDO2KJEHHBbIEC HEPpaCIIeNJIdeMble
0COGEHHOCTH THUIIA CEJJIO-IIEHTD YCTPOeHbl KaHOHWYecku (m. 1.3). A WMeHHO, JIMyBHJLIEBO
cioerne B U(L) Moxker ObITh ONMCAHO B BUje NpAMOro mpoussenenus tuna A x V| s
HEKOTOPOT0 TOAXOAAIIEro ceayioBoro atoma V. Ilpu stom Beca umuoOpManusi, HeOOXoTAMas
JIJISI OMMUCAHUA CTPYKTYPHI CJToeHud JIMyBUIIS B OKPECTHOCTH OCOOEHHOCTHU THUIIA, CEJIO-TIEHTP,

cogepxkurcst B arome V. Bojiee TouHO, BBIIOIHEHA TeopeMa [23]:

Teopema 1.4.1. Jhobas He8vpoAHCIEHHAA HEPACULENAAEMAA 0COODEHHOCMD MUNG CEONO-UEHM]P
8 CAY4aAE, K020G 6Ce CAOU AUYBUANEEA CAOEHUA KOMNAKMHDL, AUYBUALECD IKEUBAAECHMHA

Kanonuveckot ocobennocmu euda A X V' das mexomopozo nodrodsuiezo cedao8020 amoma

V = (P K).

[Ipoctpancro  B(U) mpeacraBiasier  coboii  HEKOTOPYIO — “DACKPBITYI0  KHHUXKKY,
HAKPBHIBAIONIYI0 HENMYCTYI0 YacTh OWMYPKAIMOHHON uarpamMMbl, “KOPENoK  KOTOPOii
HAKPBIBAET CEJJIOBYIO KPUBYIO 7y, (cM. puc. 1.4.1). Dror Koperok Takxke GyJerT 0003HAUAThCs
vs. Ham JeBoit m mpaBoit 4acTamMu OudypKanMOHHON JA@arpaMMbl HMeeTCs HEKOTOpOe
KOJIMYECTBO JTUCTOB KHUXKKHU, PABHOE COOTBETCTBEHHO KOJTMYECTBY TPAHUYHBIX TTOJIOXKUTETHHBIX
WM OTPUIATE/IbHBIX OKPYyKHOCTeH jij1s1 aroma V', onpeedisiioniero ocobennocts. Ha puc. 1.4.2

MOKA3aHO 9TO COOTBETCTBHUE Jisi ocobennocTu A X B (B — cranzapTHoe 0003HAYEHHE CAMOTO

16



Vs
F(U(L))
Yo Tm

Puc. 1.4.1:

1
| m
2 B(A X B)
B = (P?%,K)
Puc. 1.4.2:
IPOCTOrO CeJJIOBOro aroma — "BocbMepku', cm. puc. 1.1.2).

1.5. Peayknus Ha ce€4€HUE M309HEPreTUUECKOU IMOBEPXHOCTHU

PaccmorpuMm  Kakyo-HHOyAb MaIyl0 TAJAKYI0 [AyrY 7y, IepeceKalonlyld CTeHKY Vs

6udypKaIOHHOl TuarpaMMbl B ToUke i # 1o (puc. 1.1.3.) Pacemorpum 3-atom Q3 := F~1(v).

Omnpenenenne 1.5.1. Tpanceepcarvroe cevenue, WM MPAHCEEPCANOHAA NAOUWAIKA — ITO
HeKOTOpas JByMepHas MOBepXHOCTh P, C (Q3, TpancBepcaJbHas WHTErPATLHBIM TPAEKTOPUSIM
cucrembl v = sgrad H, Takasi, 4To Jitobast HHTerpajbHas TPACKTOPHSI CUCTEMBI U, HAXOISIIAsICS

B (3, nepecekaer P,.

UssectHo [5, 20, 21|, uto na 3-atome Q* onpesesieno paccioenue 3efidepra HaJl HEKOTOPOH

. St
JByMepHO#i moepxHocThI0 P2 7 1@ Q3 = P? ¢ 0coGhIMU CjI0siME (€C/IM OHU TIPUCYTCTBYIOT)
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tuna (2,1).

B unTepecylomem Hac ciydae, T.e. BOJIM3U 0CODOTO CJI0OS TUIA CEJJIO-IIEHTD, Y PACCIOEHUS
Beiidbepra HET OCOOBIX CJI0EB, IOBEPXHOCTD Py, (€C/IU IOKA3aHO ee CYIeCTBOBAHIE) MOKET ObITh
peajiM30BaHa B BUJE CEUYEHUs] PACCJOCHUS T, U KPOME TOTO, IOBEPXHOCTh P, nuddeomopdua
P2, a mmoroobpaszue QQ° mudbdeomopdpuo P2 x S!. Kpome toro, P2, P, mudbdeomopdHbI
aroMmy V', ompenensioneMy ocoOeHHOCTh. Bce 3T0 cieayer w3 oOIIero omucanus BO3MOYKHOM
cTpykTypsl 3-aromoB |5, 20, 21| u Teopembr 1.4.1.

CHauana jijist IPOCTOTHI TPE/IIIOJIOKUM, YTO Majas ayra v = { H = const} TpancBepcagbHO
nepecekaeT vs. B m. 2.1 Oyner mokazaHo, KaK MOCTYIHUTH B OOIIEM CIydae.

PaccMotpum m3osmepretudeckuii 3-atom Q*° = F'(v). B [8] nokaszamo, uto s Takoro
3-aroma cyIecTByeT TpaHcBepcasbHoe cedenue Py,.. Ilycts x € P, npousBojbHaAs TOYKA.
[IpoBenmem depe3 x MHTErpaJbHYIO TPAEKTOPHUIO FaMUJIBTOHOBA MoJsd v = sgrad H. B kaxoii-To

MOMEHT OHa BII€PBbI€ BEPHETCA Ha CeYeHue Ptr u nepecevdeT ero B HeKOTOpOfI TOYKE Y.

Omnpenenenne 1.5.2. CoorsercrBue ¢ : P, — P,., r +— Yy Ha3bIBaeTCI 0MOOPAHCEHUEM

Iyanxape.

Touku mnepecedenusd Ti,...,T, TPAHCBEPCAJbHON IJIOMAJIKH C IEePHOIAMYECKUMU
TPAEKTOPUSIMHU CUCTEMBI ¥ SIBJSIIOTCS HEMOJABMKHBIMU TOYKaMu oToOpaskenusi [lyankape.

Orpannunm Ha P, CUMIIEKTHYECKYIO CTPYKTYPY W.
Jlemma 1.5.3. @opma w} P, ABAAEMCA cumniekmuyeckot cmpyxmypot wa Py,.
s

Jokxasamesvcmeo. Heobxomumo mokas3aTh, 9TO w‘ p,, ABJIFETCS 3AMKHYTOI U HEBBIPOXK ICHHOM
2-popmoit. 3aMKHYTOCTH CJIeIyeT U3 3aMKHYTOCTH w. J[Jisi 10Ka3aTeIbCTBA HEBBIPOK IEHHOCTH
HaiimeM gapo w} 08 OmHo o7HOMEpHO, NOCKOJIBbKY w HeBhIpoKjeHHa Ha M*. Kpome Toro, oo

COJIEPKUT BEKTOP U:
w(w,v) = w(w,sgrad H) = w(H) =0 Yw € T,Q°,

nockoabKy H = const na Q3. OTciona caeayer, 9To a1po (GOPMEI w} o TIOPOXKIIAETCS U, TOT/IA

13 TPaHCBEPCAJbHOCTH P, TOJIIO v cjieayeT HeBbIPOXKIEHHOCTH w} P O

Ha TpancBepcaibHOM ceueHum P, CyIIeCTBYeT OJHO3HAYHO OINpeIeIeHHAas TaMHJIBTOHOBA
CHUCTeMa C OJIHOI cTeneHbio cBOOOAbI w = sgrad H ¢ riaJIKuM raMUJIbTOHAAHOM H. DTa cucreMa

00J1a/1aeT WHTEPECHBIM CBOWCTBOM:

IIpenisioxxenne 1.5.4. [8, 17| Ha mpanceepcanvroti naowadke P, cywecmsyem

2aMUNDBIMOHOB0 BEKMOPHOE NOAE W = sgradH C MOPCOBCKUM 2aMUADITIOHUAHOM H - Ptr — ]R,
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max umo omobpascenue Ilyankape o : P, — P, asasemcsa cdeuz2om 600Ab UHMEPAALHBLT
mpaexmopuli 6eKkmopH020 noas w wa epema t =1 [8].

I'amuavmoruarom 2mozo 6eKmMopHO20 NOAA ABAAECMCA O02paHuYeHue Ha cevenue P,
Ppynkuuu —2mws, 20e s asasemca nepemennoti deticmeus, coomeemcemeyrouwetd UUKAY,

ACAANOULEMYCA OPUEHTMUPOSAHHBLM CAOEM paccaoenusd Jetipepma m = Q3 — P? [17].

Onpenenenne 1.5.5. lammiabproHoBa cucrema w = sgrad’H Ha P, Ha3bBaercs

pedyyuposannoti. Ee Takke HasbIBaloT nomoxom Ilyanxape.
B [8] mokazana ciemyromast Teopema:

Teopema 1.5.6. a) Ilyemv dee HUI'C (v, M*), (v, M"™) monosroeunecku mpaexmopro
oxeusasenmuo. Paccmompum  dea  uszosmepzemuneckuxr  3-amoma Q3 u Q3
coomeememeyrowux opye 0pyey npu amoti sxeusasenmuocmu, u nyemy P, C Q% —
Mmoboe 2aa0Kk0e mpanceepcasvroe cenenue. Tozda cywecmeyem 24a0Kk0e MPAHCEEPCANLHOE

/

cevenue P/, C Q% maxoe, wmo nomoxu Iyanxape na P, u P} monoaozuuecku

CONPANHCEHDL.

6) O6pammo, nycmo danv cucmemv, v u v’ na (usosnepzemuneckus) 3-amomaz Q° u Q.
IIyemv snympu Q® u Q° cywecmesyrom 2radxue mpanceepcasvhvie cevenus Py, P
makue, wmo nomoku Ilyankape Ha IMUT CENEHUAT MONOAOUYECKY cOnpaxtcenbl. Tozda

dee cucmemnvt v U V' MONOAOUNECKY MPAEKMOPHO dKeusasermmyL Ha Q° u Q.

Orcroa ciemayer, 94To Jijisi PeleHust 331291 TOMOJIOIMIeCKONH TPAEKTOPHO 9K BUBAJIEHTHOCTH
CHCTEM Ha HM309HEPreTHYeCKHX IoBepxHocTax Q° (masmee Gymer mokasamo, 4to Q° MoxKer
ObITH BHIOpAHA WHBAPUAHTHON GoJiee OONIEro THUIA) HEOOXOAUMO U3YyUUTh WHBAPUAHTHI
TONOJIOTMYECKOM COINIPAKEHHOCTU TaMWUJIBTOHOBBIX CHCTEM Ha 2-aToMax (TpaHCBepC&JII)HBIX
miomanakax b,.

OmumeM sti nHBapuaHThl (CM., HampuMmep, |8|).

1.6. VIaBapuaHThI TPAEKTOPHOI 3KBUBAJIEHTHOCTU JJisi CUCTEM HA M309HEPreTUIECKUX

MHBaApUaHTHbBIX 3-HOBerHOCTﬂX

Urak, mycrs BHauane v = { H = const} TpancBepcasbHa CeII0BOI KPUBOi Vs, Q3 = F~1(7)
— WHBApPUAHTHOE M303HEPreTHYecKoe MOJAMHOroodpasue, P, — HeKoTopas TpaHCBepCaJbHAas
miomaaka B Q3, w = sgrad H — peaynuposannas cucreMa Ha Pj,. Bes orpanndenus o6muocTH

mycTh Ha ocoboMm rpade H = 0.
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1.6.a. Dynxyus epauLeHUA

OpuauM u3 caencTBuit TeopeMbl JInyBu/LIst IBJSIETCST TO, YTO HA PETYJISIPHBIX COBMECTHBIX
HOBEPXHOCTSX YPOBHsS FAMHUJIBTOHHAHA M MHTerpasa (Topax JInyBuiuis) TPaeKTOpUH CUCTEMBbI
v = sgrad H, 3anucaHHble B KAHOHUYECKUX TePEMEHHBIX eHCTBUE-YTOJI, BBIIPAMJISIOTCH,

HMHa4ve TOBOpPA, CUCTEMa, 3alluCaHHad B IIEPEMEHHbIX ﬂeﬁCTBHe—yFOﬂ, nMeeT BUI:

51 =0
59 =0
$1 =
P2 = C2

CrenoBaresbHO, Ha Kazk oM Tope JInyBuILIS onpesesieno wucao spauenua p = . Ecan c; = 0,
IIOJIO2KHMM, YTO YHUCJIO BpalleHud PaBHO IIJIIOC UJIH MHUHYC 6eCKOHeqHOCTI/I, B 3aBUCHUMOCTHU OT
3HaKa Cq.

ILTIH HaXO0XK/JeHnud 4YuCja BPalll€eHUusdA HEe O6HSaTe.HbHO UCIIOJIb30BAaTh II€epEMEHHbIE rZLeI./JICTBI/Ie-

yTOJL.

JIemma 1.6.1. IIycmo (x mod 27,y mod 27) — npousdsoavhas cucmema Kopduram Ha mope,

K0OPOUHAMNKBLE NUHUL KOMOPOT 20MOMONHY KOOPOUHATIHBM AUHUAM KAHOHUYECKUT Y206l

nePeMERHBLT P1, P2. Paccmompum T vy 6 Kavecmee kK0opouHAmM HA NAOCKOCTNU, HAKPBEAIOULUL

mop. Iycmw (x(t),y(t)) — npouseoavhas unmeezpasvras mpaexkmopus noas v. Tozda p =
z(t)

Jlemmy 1.6.1 MOXKHO B3SITh B Ka4eCTBE ONPEJIEJICHUsI YUC/IA BPAIIECHUSI.

Takum obOpa3om, nmoHSATHE YUC/IA BPAIIEHWs ONpesessercs jjs 0oJjiee TITUPOKOTO KJacca
JUHAMUYECKUX cucTeM, 4eM Tosibko UI'C.

Yucno BpallleHUsl 3aBUCHT OT BBIOOpa KOOpPAWHAT Ha Tope. BoJsiee TOUHO, KakK cienyeTr u3
JemMbl 1.6.1, OHO ompefenisieTcss OTHOCUTETbHO BbIOOpa 0asuca MUKJIOB B (DyHIAMEHTATHHOMN
IpyIIe, HO He OTHOCUTETHLHO KOHKPETHOT'O BBIOOpa KOODJAMHAT.

BeiGepem u 3adukcupyeMm mapy 6asucHbix MUKJIOB (A, ). Jlasee TIagko HPOIOJIKUM

BbIOpaHHbIil 6asuc (A, () Ha GJIU3KUE TOPDI.

Onpepenenne 1.6.2. Pynxyuet epawerus (OOBIYHO TaK:Ke 0OO3HAYAETCS p) HA3BIBACTCS

3aBHCHMOCTh YHUCJIa BPAIEeHUs OT TOpPa B BHIOpaHHOM Oa3uce.

Taxum 06pa3zoM, MOXKHO TOBOPUTH O (DYHKIIMM BpPAIIeHUS KaK O (PYHKIIUU HA, MTPOCTPAHCTBE

B(U).
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3ameuanme 1.6.3. OyHkinusa BpalleHusl ONpeeeHa Ha KaXKJIO0M U3 PEeTYIsIpPHBIX KYCKOB

npocrpancrea B(U), a He TOJIBKO HA YACTH, COOTBETCTBYIONIEH KPUBOH 7.

1.6.6. A-unsapuanm

Paccmorpum ocobbie TOYKH 1, ..., T, TAaMHJIBTOHOBAa BEKTOpHOro moJysg w = sgrad H Ha
P,.. ITlyctb A;, pt; — cOOCTBEHHBIE YHCJIA JIMHEAPU3AIUN CUCTEMBI B TOUKe x;. Ecim Bce ocoObie
TOYKH X1, ..., T, ABISIOTCI HEBBIPOKIEHHBIMU, TO B CUJIY TAMUJIBTOHOBOCTH BEKTOPHOTO TOJISI
MOXKHO CYHTATh, 9TO \; = —[i;, A; > 0.

[TockosbKy MBI paccMaTpuBaeM OKpecTHOCTH U(L) HeBBIpOXKeHHOrO ocoboro ciost L Tuma
CeJJIO-IIEHTP, TO TPEIANOJI0KEHNE O HEBBIPOXKIEHHOCTH TOYEK I1, ..., T, BEKTOPHOTO IOJIs Ha
JIBYMEPHO# TPaHCBEPCAJIbHOMN ILIOIMAIKE MOXKHO CUATATH BBITIOJTHEHHBIM.

Pacevotpum Termeps uncia A; = ;'

Ounpepesienne 1.6.4. A-unsapuarmom HaspiBaeTCs HAOOD BemecTBeHHbIX uucen A = {A; :

... A, }, paccMaTpuBaeMblii ¢ TOYHOCTBIO IO TTPOTOPIMOHATBHOCTH.

HeobGxonumo 3ameTuTh, 4TO 1OBEPXHOCTH Py, MoOxKer GbITh BbIOpaHa HeoqHO3HA4HO. B 8]
JIOKa3aHO, YTO 3Ta HEOJHO3HAYHOCThH HE BJULAET Ha 3Ha4YeHHe A-MHBApHAHTA, SBJISIONIETOCS

TOIIOJIOTUYECKHUM TPACKTOPHBIM MHBAaPHUAHTOM I/ICXO,ILHOfI CHUCTEMBI Ha Q3.

1.6.6. A u Z-unsapuanmovt

[Tocne BoibpaceiBanust ocoboro rpada K (coorsercrByromero yposaio H = () IOBEPXHOCTb

P, pacnagaercs Ha Koabia. Paccmorpum HekoTopoe KoJibio C'.

Omnpenenenne 1.6.5. I'panwunasi OKpy»KHOCTH KOJIbIa C' HA3BIBAEGTCS GHYMpPeHHel, eClin
ona mnpuMbikaer K rpady K wu e6HewmHeld B UpOTUBOMONIOKHOM ciaydae. Kombio C
Ha3BIBAETCS  NOA0NHCUMEADHBLM, €CIA TaMUJBTOHOB TOTOK 0 TedeT IO BHENIHEH TpaHHUIe
KOJIbIIA B TOJIOKUTEJTHHOM HAIpaB/JeHWN. B MTpOTHBOMOJIOKHOM CJydae OHO Ha3bIBAETCS
ompuyameavrolm. OpUEHTAIMS HA KOJIbIE 3a/1aeTCs IIPH IIOMOIIYM BHENIHEe#l HOPMaJiu, B3sB
HallpaBJIeHWEe UCXOJHOI0 TAaMUJIBTOHOBA BEKTOPHOTO II0JId Ha 3-aTOMe.

IKEUBANEHIMHO: KOJII)L[O aTOMa Ha3bIBACTCA NOAOHCUTIENOHDIM (ompuuame/bbm;uw), eCJin

Ha HeM ramusbronnan H > 0 (< 0).

CaoiicTBO KOJIbII& OBITb IOJOXKUTEJbHBIM HJIN OTpUIlaT€JbHBIM COXpaHdeTCd IIpU
TOIIOJIOTUYECKOH COIIPA2KEHHOCTHU ITIOTOKOB Ha Ptr W 1Ipu TOIIOJIOTUYECKOM TpaeKTOpHOfI

SKBUBAJIEHTHOCTH CHUCTEM Ha 3-aToMax.
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Ha kakj0oM Kojiblie aToMa Onpeje/ieHbl IepEeMeHHbIe JIefiCTBUe-yroa § u . YIJIoBas
rmepeMeHHas OIpeeeHa HeoAHO3HAYHO. B KadecTBe ee Hadajia oTcYeTa BbIOEpEM HEKOTODBIM
rIaJiKuit “orpe3ok” N, coeuHSIONNN Mapy TOYEK Ha BHEITHEH U BHYTpeHHell rpaHUIaX KOJIbI,
U TPaHCBepCaJbHbI TpaekTopusiM. Bocmosib3yemcsi mpe ijioyKeHneM, OMUChIBAIONIUM TTIOBEICHUE

OCTaJIbHBIX JINHUI YPOBHS yIJIOBO# IepeMenHoii [8]:

IMpennosxenne 1.6.6. IIycmv C = Cy, — npouseosvroe Korvto amoma (P, K), K, ..., Ky,
— pebpa epagda K, npumviwarouwue k& danrnomy xorvyy C, Sy, ..., Sy, — eepwunv epaga K,
ABAANOUUECA KoHyamu pebep Ky, , ..., Ky, . Tozda

a) Ha kasrcdom pebpe K,,, cywecmsyem eQuncmeennas 6HYMPERHAA MOYKA T;, ABAANOULGACA
npedeavholi moukol nexomopol zaadkol aunuu yposua N = {p = «a;} yesosol

nepemennoti ¢ wa xoavue C. Ilpu amom navasvhoi ompedox N coenadaem ¢ N.

6) Ompesku N; pa3busaom KoavUo Ha NPAMOYLOLOHUKY, HA KAHCOOM U3 KOMOPHIT 6CE AUHUL

yposHa {@ = const}, 3a uckmouenuem N;, muiKaomea 6 ocobvie MoKy Sy, .

Ny ={p =0}, Nip1= @:2#% nput=1,...,p
A,
=1

J

Cwm. Takxke puc. 1.6.1.

Puc. 1.6.1:

Paccmorpum kakoe-uudyap peopo K; rpada K. K Hemy npuMmbikaer 0HO TOJIOKHUTEIHHOE U

OJITHO OTpUunaTe/JIbHOE KOJIBIIO. Ha Ka>X/JI0OM U3 HUX Onpege/IMM B COOTBETCTBUU C IIPEAJIO2KEHUEM

YIJIOBYIO IEPEMEHHYIO U OTpe3KH paszena. Ha kaxoM pebpe K; Mbl IOJTyduM APy TOYEK T;
u x; , aBJI4I0IMuecsd KOHIIAMHU JUHNUH yPOBHS yIJIOBOIl IepeMeHHO#, BTBIKAIOMUMUCT B [, CM.

cuoBa puc. 1.6.1. (3uaxu “+” u “—” yKa3pIBAIOT HA 3HAK KOJIBIA.)
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OGoznauum t; Bpemsi, HEOOXOJMMOE Jijisl llepeMelleHus U3 TOYKU T; B TOYKY T; 1OJ
JeliCTBUEM IIOTOKA Oy.

Paccmorpum omHOMepHYIO menb | = Y t;K;. Dra nenb He sBISETCS WHBAPHAHTOM
raMUJILTOHOBOM CHCTEMBl Ha ILJIOIIAJIKE, I;OCKOJII)Ky OTPE3KW pa3zea He OIpeIe/IeHbI

OJHO3HAYHO. HeO,HHO3Ha‘-IHOCTI) 3aKJIYaeTCd B TOM, 4YTO JJ4d KaKJI0T'O0 KOJbIla OTPE3KH
J’_

pa3aesia MOXKHO CIABHUIaTb Ha OJHY M TY 2K€ BCEJIUYUHY. To ecTtb TOukHM pa3nesa r, nin

x; , TPWHAJJIEKAI{e OJHOMY KOJIbILY, CIABWHYTCS Ha OJHY W Ty >Ke BEeJUYNHY, W3MEHUB,
COOTBETCBEHHO BpPEMeEHa l; Ha Ty K€ CAMYIO BETHUYUHY.

[Iycrb P — 3aMKHyTas [OBEPXHOCTb, IOJydaeMas U3 P, 3akK/IeHKOH BCEX I'DAHHYHBIX
okpyKHocTelt muckamu. Torma rpad K 3amaeT KiIeToOuHOe pa30HeHHe MOBEPXHOCTH P.
Paccmorpum  orBedaromme 3ToMy pa3sOMEHUIO0 T'PYIIIIbI 01(15), Zl(P), BZ-(P), 1 = 0,1

BEIIeCTBEHHBIX KJIETOUHBIX Ileneil, IMUKJI0OB U Trpanull. HeoaHO3HAYHOCTH BHIOOpPA OTPE3KOB

pa3fesia Ternepb OYeHb JIETKO YYeCTh.

CaencrBue 1.6.7. Ilenv | € C1(P) onpedeaena ¢ mouHocmovio 00 00HOMEPHUE 2PAHUY, MO
ecmv ee kaace [l| € Cy(P)/Bi(P) asaaemcsa Koppekmuo onpedeseHnvim, U KK caedyem
u3 npedaoosicenus 1.6.6, HHBADHAHTOM 2aMUALMOHOB0T, CUCTEMBL HG GMOME 6 CMDBLCAE

MONON02UNECKOT] CONPAHCEHHOCTU.

Sameuanue 1.6.8. V3 yTBepxaenns ) npenioxkenns 1.6.6 Takxke ciaeqyer, 9to A sBisieTcs

MHBAapUaHTOM TOIIOJIOTUYECKOM COIIPpA2KEHHOCTHU CHCTEM Ha aTOMe.

NuBapuant [l] MOXKHO pa3zieianTh HA aABa 60Jee MPOCTHIX WHBapHaHTA. V3roToBHM HMX U3

camoii mienm [. ITycts O : 01(15) — By(P) — crangapTHBIi TpaHUIHbIl OIEpaTop.

Omnpenenenne 1.6.9. I'pannna A = J(1) uenu [ HazviBaercs A-uHEapUAHMOM raMUIETOHOBOI

cucrembl w Ha arome (P, K).

Kpome Toro, BBemeM Kakoe-HUOYAbL CKaJSIpPHOE TPOU3BEIEHNE Ha ITPOCTPAHCTBE 01(15).
[IycTs Tenepn
e Cl(p) — Zl(p)

OPTOTOHAJIbHASI TIPOEKIHsI HA TOANPOCTPAHCTBO MUKJIOB Z1(P). Paccmorpum o6pas nenu [ nog

JTEeACTBUEM TT.

Omnpenenenne 1.6.10. Kiacc romonoruit Z = [r(1)] € Hy(P) = Z,(P)/B;(P) naspiBaercs

Z-uM6apuaHmoM TaMAIBTOHOBOM cucTeMbl w Ha atome (P, K).
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U3 oupegenennii sicho, uro A u Z He 3aBucaT OT BbIOOpa HpeacTaBuTesis B Kjiacce [l
CJIEJIOBATEJIBHO, OHU JIEHCTBUTEJIBHO SIBJISIIOTCS WHBAPHAHTAMH TaMHJIBTOHOBOH CHCTEMbI HA
aTome. Kpome Toro, B mape (A, Z) coIepKUTCS CTONBKO ke HHGOPMAIHMA O CUCTEME, CKOJIBKO
u B Kjacce [I], MOCKOIBbKY ¢ moMompio oroGpaxenns 7w : Cy(P) — Zy(P) 6bu1 dakrnueckn

3aJ1aH U30MOP(U3M

C1(P)/By(P) =~ C\(P)/Zi(P) + Zi(P)/Bi(P) ~ By(P) + H\(P).

1.7. ViaBapuaHTbI B C/iy4ae IIPOU3BOJIbHOI MHBAPMAHTHOI 3-II0BEPXHOCTHU, 00Ias

cuTyanusga

Yr1o u3MeHuTCsi, €cjiu Tenepb BhIOpATh B KadecTBe Y HE WM309HEPIeTUYECKYI0 KPHUBYIO
{H = const}, a nupousBOJbHYIO KpUBYI, TpaHcBepcaibuyio ~s? (Ha camom gene
BMECTO HU303HEPIEeTUYECKUX KPUBBIX MOXKHO 6paTb HE€ TOJIbKO TIIPOU3BOJIbHBIE KPHBbBIE,
TPAHCBEPCATBLHBIE Vs, HO M HEKOTOPOBIH 00JIee MUPOKHii KJIACC dONYCmMuUMbLL KPUBBIX, KOTOPHIi
OyzeT omumcaH HIXKe, CM. onpesenenue 2.1.1.)

MBI TIOJTyYuM HEKOTOPYI0 WHBAPHAHTHYIO B CMBIC/IE TIOTOKA U 3-TIOBEPXHOCTH Q° = F~1(7)
(B 0bOmmIeM ciIydae, He H309HEPTETHIECKYI0). 7151 Hee aHATIOTHIHO MOXKHO BHIODATH ABYMEPHYIO
IIOMAAKY P, TPAHCBEPCAJIbHYI0 HHTErPAJbHBIM TPAEKTOPHSM v, a TaKxKe OIpeIe/HTh
CUMILIEKTUYECKYIO CTPYKTYpPY U oToOpakenue Ilyankape.

B 1. 2.1 Gymer mokasaHO CyIIeCTBOBAHWE TPAHBEPCAJHHOW ILUIOIMIAAKH, a TaKyKe AHAJIOTH
Jemmbl 1.5.3 (0 cUMILIEKTHYECKOH CTPYKType Ha Py ) u npemnoxenus 1.5.4 (06 oroGparkennu
[Tyankape). A wumeHHo, Ha P, CTPOMTCS TaMHUJbTOHOBA CHCTeMa, O0JAJAIONAs YIKe
YIOMSTHYTBIM CBOWCTBOM: CABHT Ha t = 1 coBmazaer ¢ obpa3om otobpaskenwusi Ilyamkape.
Teopema 1.5.6 0 CBeJeHHH TPAeKTOPHOH SKBHBAJEHTHOCTH Ha (Q° K TOIOJOrMYecKoil
COIIPSI?KEHHOCTHU Ha, Pj,. BBINOJISIETCST TOCTOBHO.

CnenoBaTeTbHO, MOXKHO CHOBa TOBODUTH O PEAYIUPOBAHHO#N cucTeme Ha Pj. um 00CyXKIaTh

€e MHBAPUAHTHI TOIOJIOIMYECKOi conpsizkennocru A, A, 7.

1.8. Tloanora Habopa p, A, A, Z njg cucreMm Ha UHBAPUAHTHBIX 3-MMOBEPXHOCTIAX

PaccMoTpuM mHBapuaHTHOe TIogMHoroobpasue Q2 = F1(v) masg HekoTopoii momycTuMoii
rIaakoit myru vy (cM. ompemenenme 2.1.1), mepecekarormeir ys B TOUKe Yy # Yo. lorga B
coorBercrBun ¢ reopueit BoscunoBa-Domenko (8] muBapmants p, A, A u Z 1OJHOCTBHIO

ONMCHIBAIOT TIOBEJIeHNe TpaeKTopmil cucteMbl v = sgrad H ma Q3. Bojee TOUHO, BHIMOTHEHHI
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cJIeJIyIOIIue JIBA yTBEPXKICHUS.

Teopema 1.8.1. Ilycmv danv, dee 2aa0Kue 2aMUNDMOHOBYL CUCTIEMDL W U W' € MOPCOBCKUMU
2AMUNDMONHUGHAMY  HA  20MeoMopPHbL 2-amomaxr P u P’ (nanpumep, pedyyuposarmoie
CUCTNEMbL HA MPAHCEEPCANLHUL NAOWAOKAT, cm. 2aa8y 2.1). Hycmov NN Z u N A7’
— coomeemcmeyrowue uHsapuarmoi.. Tozda cucmemv, w u W MONOAOLUNECKU CONPANCEHDL
mozda u moavko moeda, koeda cywecmeyem zomeomeoppusm ¢ : P, — P/ coxpanarousui
OPUEHMAYUIO U 3HAK 2GMUAMONUGHA, 6 Mmpolky uneapuanmos (A, A7) nepesodawut 6

(N, A", Z"). Hocaednee ycaosue agasemces KOMOUHAMOPHBIM.

Teopema 1.8.2. [T. 1.5.6+T. 1.8.1]
IIyemv damve dee 2aadkue 2aMUABMOHOEYHL, CUCTEMb. U U U MG UT UHEAPUGHMHUT I-
mr02000pasusr Q* = F1(y) u Q® = F'~1(Y), ede F, F' — omobpasicenus momenma 0af v,
V' coomeememeenrio, a v, ¥ — maasvie donycmumvie 0y2u Ha bUuGYPRAUUOHHOLT JUALPAMMAT,
nepecexarougue cedaosvie kpusvie. IIpednoroscum, wmo v u v’ AUYSUAIEE0 IKEUBANEHTIHDL HA
QS U QIS-

Toz20a 2mu CUCEMbL MONOAO2UNECKU MPAEKMOPHO IKEUBAAEHMHYL M0204 U MOALKO Mo20a,
k0204 CYW,ECMEYIOM Mmaxue mpaHceéepcarvhvie naowadku P, u Pl u corpanaowut uz
OPUEHMAUUIO U 3HAKY 20MUNTOHUGHOS PEOYUUPOSAHHBIT CUCTEM 20MeoMopPusm o : Py, —

P/, komopwii mpotixy (A, A, Z) nepesodum 6 (A', A", 7).
3ameuanue 1.8.3. B Tteopemax 1.8.1 u 1.8.2 HeT HUKaKuX yCJIOBUil HA p.

VYrounenne 1.8.4. Oynknusg BpallleHHWs, 3allMCaHHasd B CTAaHJIAPTHOM 0a3uce, COCTOSIIEM
U3 OJIHO3HAYHO OMPEIEJEHHOTO NUKJIA W IMKJA, BHICEKAEMOI'0 TPAHCBEPCAJIHHON TJIOMAIKOM,

coBmaiaer ¢ MyHKIKe nepuojia peaylupoBaHHOi cucrembl Ha P,

[TockombKy p dBIETCS WHBAPUAHTOM TPAEKTOPHON 3SKBUBAJEHTHOCTH, TO CJIEIOBAJIO OBI
oTpe6OBaTh JOMOJHUTEIBHO CONPSIKEHHOCTH (DYHKIWMH BpalieHus p u o', BBIYUCJCHHBIX JIJIsT
cucteM v 1 v’ cooTBeTcTBeHHO. OIHAKO, Masiee OyIeT MOKa3aHO, YTO P, ) MOHOTOHHO CTPEMSITCS
K IJIIOC WJIM MUHYC OECKOHEYHOCTH 1IPU TPUOJINKEHUuU K 0c0O0MY CJIOI0, B 3aBUCUMOCTH OT TOTO,
SIBJISIETCSI JIU COOTBETCTBYIOIIEe KOJIBII0 aTOMa TOJIOKUTETbHBIM UJIU OTPHUIATeTbHBIM. 10 ecThb
daKTUYECKN B KaUeCTBe WHBAPUAHTA OCTAIOTCS 3HAKU O HA KOJIBIAX U €€ MPeJiesibl Ha BHEITHUX
IPAHUIAX KOJIEII.

OpueHTanus TPaHCBEPCAJBHONW IIOMAJIKA TPU TOMOIIM IMOTOKA CHUCTEMBI U W
3HAK TaMUJIBTOHUAHA PEeAYIUPOBAHHONW CUCTEMBI ONPEIENSIiOT pa30ueHue 2-aToMa Ha

NMOJIOZKUTEJIbHBIE W OTpUIaTEJIbHbIEC KOJbIla, CJA€A0BATE/JIbHO, OIPEAEJdI0T U 3HaKU L Ha
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KOJIbIIAX. A paBeHCTBA MNPEIEJIOB JIEIKO JO00UTHCS, yYKOPOTUB, €CJIM HYXKHO, JAyra -, 7,
4yro ymenbinmur okpectroctd U(L), U'(L’). VlMeHHO O TaKMX OKPECTHOCTSIX HJIET DeYb B
/

Teopeme 1.8.2. AHAJIOTMYHO MOXKHO IIOCTYIHTH ¢ BbIOOpoM Py, u P/ . Ilostomy crpaesiuBo

dopmynuposath Teopembl 1.8.1 u 1.8.2 6e3 ycyioBuit Ha p.

1.9. WVsroroBjieHNEe TPAEeKTOPHBIX NHBAPMAHTOB JJI 4-OKPECTHOCTEI

Sameuanme 1.9.1. Ormerum, 4TO MOCTPOEHHBIE MHBAPUAHTHL p, A, A, 7 3aBucar
1. ot BbIOOpaA DA3UMCHBIX IUKJIOB HA PETYJISPHBIX TOPAaX — WHBAPUAHT p;

2. or BbHIOOpPA TpPAHCBEPCAJbHOIO Ce4YeHusi 1pu (DPUKCUPOBAHHOW WHBApUAHTHOU 3-

oBepxHOCTH (T.e. nmpu (DUKCUPOBAHHOMN ) — mHBapuaHThl A, A, Z;

3. oT BBIOOpaA TOUYKH Ha 0c000# KPUBOil 7V, OMGpYPKAMMOHHON IUATPAMMBI, Yepe3 KOTOPYIO

MPOXOIUT 7y — WHBapUaHTh A, A, Z;

4. or BbIOOpA HENOCPEICTBEHHO KPUBOii 7y (B KJIACCe JAONYCTUMBIX KPUBBIX, [E€PECEKAIOIINX

KPUBYIO 7, U MPOXOJIAIINX Uepe3 ee (DpUKCUPOBAHHYIO TOYKY) — uHBapuaThi A, A, 7.

[IepBbie nBa ycsioBusE SBJIAIOTCS 3apucuMbiMu. CHadasa pa3dbepeMcsi ¢ BBIOOPOM 0a3UCHBIX
IIUKJIOB.

B ciiyuae, koryia Mbl HAX0JMMCs B 4Y€THIPEXMEPHON OKPECTHOCTU 0CODOr0 CJI0si TUIIA, CEJIJI0-
[IEHTP, UMeeTCs OJUH OJHO3HAYHO OIpEeIe/eHHBIM Oa3MCHBIA IUKJ. DTO CJA0H pacC/JIOeHUs:
Beiidpepra (oH ke — craruBarommiics Tpu NPUOIMIKEHUH K KPHUBOH 7y, OudypKanunoHHO
JMarpaMMbl IIMKJI) ¢ ODHEHTAIMEl, 33[aHHON MTOTOKOM.

Bropoii 1uk/1 He SBJIETCS OJHO3HAYHO OIPEJIeIEHHBIM, HO €CJIU 33aJ[aH0 TPAHCBEPCAJJIbHOE
ceveHne, MOYXKHO B Ka4eCTBE BTOPOTO 0A3MCHOTO IWKJA B3ATh COOTBETCTBYIONIYIO TPAHUYHYIO
OKPYKHOCTh ¥ BHIOpPATh OpPHWEHTAIMIO TaK, YTOOBl Tapa IMKJOB ObLIa TOJJOKUTETHHO

OpuEeHTUPOBaHA.

Vrounenue 1.9.2. (Boribop opumeHTamumn.) 10 03HAYAET CIIEAYIONEe. Y HAC yXKe UMeeTCsI

OpueHTalyd Ha U(L), TOTLa, YMe€HbIllad, €CJIH HY2KHO, OKPECTHOCTb U(L), MHBAapPpUaHTHOE
3

MHOroo6pasue ()° MOXKeT paccMarpuBarThcs Kak dvacth rpanuipl U(L). CiemoBaresbHo,

opueHTarua Ha (Q° TakKe OIpee/ieHA, 3HAYNT, OLpeIeTeHA H OpPHEeHTAIHUS JI000ro ee

I'PaHUYIHOI'O TOpPa. Nmenno 3ta nocjeaHdd OpHEHTallud U MMEeE€TCd B BUAY IIPpH OIIpEAeJIeHUN

OPHUEHTAIMY BTOPOro OA3UCHOTO IUKJIA HA TOPE.
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Nrak, MOXKHO y4HUTBHIBATH TOJIbKO HEOJHO3HAYHOCTH BbHIOOPA TPAHCBEPCAJILHOI'O CEYEHUS,
T.K. Ce4YeHHe COJAEPKUT HHGPOPMAIMI0 O HEIOCTAKIeM O0a3UCHOM IHKJE, HEOOXOTUMOM
JIJIST BBIUMCJIEHWST (DYHKIUMU BpalneHud. [Ipw 3TOM H30TONHMM TpaHCBEPCAJIbHOIO CEYEHUS
HECYIIECTBEHHbI, BazK€H KJIaCC T'OMOJIOTUYHBIX Ce4YeHuil. T.e. OndThb-TaKW II0JIy4aeTCd, 4YTO
pedb HUIET O HEKOTOPOM BBHIOOpE NHKJIOB Ha PEryjasipHbIX Topax JInyBuiisg, OJMU3KUX K
ocobomy cior caoerus JInyBuaasa. OTBeT Ha BOIPOC O 3aBUCUMOCTH WHBAPHAHTOB OT BBHIOODA
TPAHCBEPCAJIBHOIO CeYeHUs u3BecTeH [8].

Vs Vs

Al

72 72

Yo Tm Yo Tm

Puc. 1.9.1:

Tperbe ycmoBue — 0Y€BUIHO, CYIIECTBEHHO.

Yerpeproe yciopue. HykHO pa3zobparbcs, Kak pa3iaumdaiorca wHBapuaHTH A, A, 7 nns
JIBYX KDHBBIX 71, Y2 U3 KJIacca JOMYCTUMBIX, EPECEKAIONUX s B OaHON Touke (puc. 1.9.1),
P YCJIOBUM, UTO TPAHCBEPCAJbHBIE TJIOMAAKA Ha WHBAPUAHTHBIX MOAMHOTOOOpasusdax ()1 =

F Y1), Qy = F~(72) BoiGpannl cornacosanuo (3ro Gyer cuejgano B i 3.5).

Onpenenenne 1.9.3. Tpancsepcanbubie wiomanku Pl mis Q3 w P2 nna Q3 BeIGpanbI

€02AaCO08AHHO, €CJTU UX 0COOBIe Tpadbl COBIAIAIOT.

JIemMa 1.9.4. ITyemo durcuposan ocobwuti 2pa K C Q3. ITo amoti ungdopmayuu 00Ho31auHo
B0CCMAHABAUBAIOMCA 6MOPvle ba3UCHbLe UYUKAbL Ha mopar Jluysuars, mo ecmbv arboe
mparceepcarvroe ceuenue Py onpedeasemcea ¢ mounocmoio do usomonuu 2pagom K, 6 mom

cAYuae, ecau 0OHO CYULEeCmByem.

3ameuanwue 1.9.5. Bonpoc cymecrBoBanusi TpaHCBEPCAJIBHOI'O CeYeHUsI 00CY XK IA€TCs B JIEMMeE

2.1.2.

Joxaszamesvemeo. HykHo mokazarh, 9TO IS KaXKJI0TO KOJbIA aroMa P ero rpaHumma Kak
I'PAHUIA TPAHCBEPCAJIHLHOTO CEUEHUs ONPEIEISIeTCs C TOYHOCTHIO JI0 W30TONHH TIOJIOKEHHEM
ocoboro rpacda Ha 0coGoM cioe cioenus Jlmysuana — mpoobpaze L = F(y) Toukm y.
PaccMoTpuM Kakoe-HHOYIL KOJBIO aTOMa M COOTBETCTBYIONIMH eMy TpaHWYHBIH Top B Q°.

[Iycts BhIOpanHOMY KOJIBIYY cooTBeTcTBYeT jucT X KHKKEH B(U).
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Bompoc 3akjiouaercs B TOM, MOXKHO Jid BbIOpaTh 110 OKPYXKHOCTH U3 Pa3HBIX
TOMOTONMYECKHUX KJIACCOB HA TOpE TaK, YTOOBI OHU CTATUBAJIUCH HA ONWH M TOT Ke rpad Ha L.

Oco0writ cooit L cioenus JInyBuiis TOMOIOTHYECKY SIBJISETCS MIPIMbBIM pou3BeieHneM K X
S1. Hac unrepecyer wacts K x S', coorsercreytomas soibpannomy ety X kumxkku B(U).

Perynsapusie cioum gaBnsiorca topamu. llpu craruBanmm Ha [ Takoit TOp HYKHO
npeobpa3oBaTh cjaeayommM obpazoM. Hy:KHO B34Th peryaspHbiii TOp, BHIOpATh Ha HEM
YeTHOEe YHCJIO HENEePeceKaloNUXCsl OKPYKHOCTeH, TOMOJIOTMYHBIX MEePBOMY (OJHO3HAYHO
oupejieneHHoMy) 6GazucHoMy mukiay. [locsie 3TOro mpousBoaUTCS CKJEHKa TOpa MO Iapam
OKPY2KHOCTell, coryiacuo Tomnojioruu rpada K. Wnm, 9ro TO Ke camoe, HY:KHO IOCMOTDPETh,
KaK BBIOpPaHHOE KOJBI0 0OXOMUT K, YMHOXKWUTHL Ha OKPYYKHOCTH U TOCJE ITOTO TMPOU3BECTH
CKJIEHKH COTJIACHO 0OXOJLY.

[Tosromy Hy:KHYI0 9acTh L (rpaHuiyy peryiaspHoil wactu U, cOOTBETCTBYIONLyIO jucty X )
MOXKHO PacCMaTpuBaTh B BUJE TOPa € OTOXKJECTBJIEHHBIMU OKPYKHOCTSIMH, WHMOPMAIUs
0 ckjaeiikax mpu 3tom coxpanutes. Ocobwuiii rpad K (ero 4YacTbh, COOTBETCTBYIOIIASI
paccMaTpuBaeMoil 4acTu 0co0Oro CJosi) HPEBPATHTCS B OOBIYHYIO OKPY2KHOCTH Ha TOPe,
HEKOTOPBbIe TOYKM KOTOPOil BBIJIEJIEHBI W TOMAeJeHb Ha mnaphl. [Ipu ckieitke Topa B 0co0yio
MOBEPXHOCTH TAPBl TOYEK JOJIXKHBI OYIYT CKIEUThCS COTJIACHO WHBOJIIONUU. UTOOBI MOJTYyYUTH
Telepb IT'PAHUILy TPAHCBEPCAJIBHOI'O CEYEHHS] U3 OKPYKHOCTH=PACKJIEEHHOTOo Ipada, ee MOKHO
KaK YTOJIHO HelpepbIBHO JAedopMupoBaTh Ha TOpe. fICHO, OMHAKO, YTO Takue aedopMaInuu He
MEHSIIOT TOMOTOTMYECKOTO KJACcCa OKPYXKHOCTHU Ha Tope. [103TOMy OKPY»KHOCTH M3 pa3HbIX
KJIACCOB HA TPAHUYHBIX PEryJISIPHBIX TOPaX HE MOTYT CTSHYThCS HA OJIMH M TOT K€ OCOOBIi

rpad HA 0cobOM cJtoe. O

3ameuanme 1.9.6. Buano, ogHAaKO, 4TO U3 OJHONO M TOrO K€ IUKJA HA TOPE MOXKHO
1mocJjie HenpepbhIiBHOU JebopMalni U MOCAeAYIONel CKAeHKN MoJiyduTh pasHbie rpadbl Ha L.
9T0, B YaCTHOCTH, O3HAYAET, YTO M30TOIHBIE TPAHCBEPCAJIbHBIE CEUEHUS MOTYT 3a/1aBaThCS

HEU30TONHBIMU TpadamMu Ha 0COOOM CJI0€.
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2. O peaykiun
2.1. Penykius — oOmmii caydaii

[Iycts y € s, THE s — ceayoBasg KpuBasg OudpypKanuoHHON mauarpammbl. PaccMoTpum

MaJsyto oKpectHocTh W Toukm y (cm. puc. 2.1.1a).

Vs Vs Vs
w w 174 5
Y
f2
a) 6)
Puc. 2.1.1:
Bes orpanmvenus o6muocTH OymeMm cuutaTh, uto M?* = FYW) ceasno. Ilycrs

oudypkaiys 1pH Tlepexojie uepes vy, OomuchiBaeTca ceauosbiM aromom V = (P? K). Torna
M* ~ Q3 x I ~ P?x S' x I B cMBIC/Ie TMYyBH/AIEBOi 9KBUBAJEHTHOCTH. 1lycTh fo — dbynKIua
Mopca ra P?, 3aja01mas CTpyKTypy aroMa Ha P2, WHIyIMpOBaHHYIO ciaoeHueM JIumyBuiis Ha
M*; nipu 3ToMm f, MOXKHO cuuTaTh onpejenennoi na M*. Slcuo, uro {H, fo} = 0, Tak:ke MOXKHO
nojiarath, 94T0 H wu fy dyukimumonansno wezaBucumbl. MoxkuHO mojsiarats fo = 0 Ha ocobom
rpade K (Ha s, COOTBeTCTBEHHO). PaccMOTpIM Takzke TepeMeHHYIO JefiCTBHS S, OTBEYAIOILY IO
OJTHO3HAYHO OTpe/IeJIeHHOMY 6a3ucHOMY MKy (c10i0 paccaoenus: 3eiidepra).

Bynem momarath, uto (s, f;) dABAAIOTCA KOOpAMHATaMH Ha 1iockoctd RZ(H, F)
OoudypKaMoHHO# qruarpamMmel. B 0011eM ciiydae 9T0 yC/I0BHe BBIIOJTHEHO Ha OT/IEIbHBIX JTUCTAX

kuuxkku B(M*), nakpoisatomeit W, 01iHako HaKpbITHE He 06S3aHO COXPAHATD [, .

Onpenenenne 2.1.1. /lonycmumoti Ha3bIBaeTCd IPOM3BOJIbHAs IJaJiKasd KpUBad,
[IePeceKamas Y, B TOYKE Yy M SBILOMAACST TI'padUKOM HEKOTOPO# GyHKIuH OoT fo,
BO3MOYKHO, WMEIOIINM BePTHUKATIHHYI0 KacaTelbHYI0 B TOYKe Yy (M TOJIBKO B Heil), CM.
puc. 2.1.16). OueBnano, 4ro Majble IIajKue JyId, [EPECEKAIONIUe Ys TPAHCBEPCAJIBHO,

ABJIAI0OTCA AOIIyCTHUMBIMU.

HyCTb Y — IPOU3BOJIbHaAd JOIIyCTUMad KpHUBad. By,ZLGM CHUTATh, 9TO 7Y — AOCTATOYHO MaJlad

JyTa, 9T00B B MHBAPMAHTHOM TOAMHOT00Gpasmu F1(y) =: Q3 C M* umenocs aBymepHoe
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ceyenue P, TpaHCBEPCAJIbHOE MHTEIPAJIbHBIM TPACKTOPHUSIM CHCTEMBI U — MPAHCEEPCANLHAA
naowadka (cM. onpenenenue 1.5.1). Ceituac Mbl JoKaxKeM cyiiecrBoBanue P,.

AHAJIOTUYHO CHTyalMM H309HEPTeTHYECKOH IOBEPXHOCTH, CHUMILIEKTHYECKYIO CTPYKTYPY
Ha P, Hy»XXHO 3ajJlaBaTh B BHJIe OI'DAHMYEHUS WCXOJHON CTPYKTYPhl W HA 3Ty ILIOMAJIKY.
B1ech HEOOXOMUMO OTMETHTh, YTO panee (cM. jemmy 1.5.3) miomanaka P, BhIOMpasach Tak,
9TOOBI OBITH TPAHCBEPCATIBHON CJIOSIM pacciaoeHus 3eiidbepra (SIBIMIOMUMECT HHTETPATHHBIMA
JuHuSME 1o sgrad s), a TakyKe WHTerpajbHbIM TpaekTopusiM nosss v = sgrad H. [Tpn
9TOM IIOCJIe/IHEeE YCJIOBHE rapaHTHPOBAJIO HEBBIPOXKIEHHOCTh (POPMBI w‘ p, B Clydae, KOIJa Q?
Obl1a M303HEpreTuveckoil. fIcHO mo3aTOMy, 4TO Telnmepb HeoOXOAUMO BHIOMpPATH P, HE TOJBKO
TpaHCBEePCAJIbHOM CJI0IM paccioenusa 3eiidepra u motoky v = sgrad H, HO Tak:Ke W TOTOKY

sgrad a, ve ycsoBue afs, fo) = const 3amaer KpuByo .

JIemma 2.1.2. ITycmo donycmumasn wpueas vy 3adana ycaosuem (s, fo) = const. Tozda
6 Mmmozoobpasuu Q° = F () cywecmeyem mpanceepcarvnas naowadxa Py, maxas, wmo

GbITLONAHEH DL cxtedymwue YCA0B8UA.

(1) dopma w‘ P HEBVIPOHCOEHHA, U, CACOOBAMENDHO, ABAAELMCA CUMNAEKMUECKOT]
tr

cmpykmypot wa Py,.

(2) Pi. mpaneepcarvia noasm sgrad H u sgrad s.

Kpome mozo, ecau g—z‘ # 0, mo naowadxy P, MoocHO 6v6pamb 6 A1060M 20MOMONUECKOM

Kaacce, ecau aice ‘g—‘j = 0, mo 8 noaosicenuu ocobozo 2paga naousadxku Py, wa ocobom caoe das
Kascdozo ezo pebpa cywecmeyem we boaee 00notl (2omomonunecky) 3anpewennoti cumyayuy
(nemma 1.9.4 nokasvieaem, 4mo KAacc cevenus onpedeaiemcs noioxceruem 0cobozo epaga Ha

ocobom caoe).

oxazameavcmeo. Haitnem siapo dhopmbr w‘ 03 Ou4eBuIHO, YTO
0 =w(a) = w(w,sgrad a) Vw € T,Q%, x¢c @

[TockoJIbKY SIIPO OJTHOMEPHO, OHO TOPOXKIaeTcss BeKTopoM sgrad a.

[Tokakem Temnepb, YTO TPaHCBEPCAJbHOE CeYeHWe MOXKHO BBIOpATh TpPaHCBEPCAJIbHBIM
BekTopHOMy mosio sgrad v (u ommoBpemenno sgrad H, sgrads). TpaHCBepCaJbHOCTD TIOJIIO
sgrad a OyzeT rapaHTHPOBATH HEBBIPOXKIEHHOCTD w} P

Beuy Toro, uto (3 — y3Kas 0KpecTHOCTh ocoboro cioa L = F~1(y), mocraTouno nokasaThb
TpaHcBepcaabHocTh Ha L. Ocobbiit cioit L romeomopden K x St rne K — ocobrblit rpad aroMa

P?. Tlocne BeIGpaceiBaHud U3 L 3aMKHYTBHIX TPaeKTOPHil 014 v cJ1oif L pacmaercs Ha KOJIbIA.
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UsgecrHo [8], 4ro ¢ Toynocrsio no auddeomopduszma st KaxK0ro u3 KoJel, BO3MOXKHbI

caeytonue Tpu caydas (em. puc. 2.1.2):

a) 6) 8)

Puc. 2.1.2:

a) Bcee HHTET'PpaJIbHBIE TPACKTOPUHU IIOJIA U 3aMKHYTBI Ha KOJIbIIE.

6) Bce mHTErpasibHble TPAEKTOPUH HE3AMKHYTHI, IIPHYEM I'DAHUYHBIE OKPYKHOCTH KOJIbIA
SABJISTIOTCS JIJIs KaYKJI0M U3 TPAeKTOPUil Ipee/IbHBIMUA IIUKJIaMU, UMEIOIIUMU OJIMHAKOBbBIE

OpPHUEHTAIINH.

B) Bce wuHTErpasbHBIE TPAEKTOPHH HE3AMKHYTHI, NPUYEM T'DAHUYHBIE OKPYKHOCTH
KOJIbIa, ABJIAIOTCA JJis KaKJA0# M3 TPaeKTOpWi TpeJeSbHBIMU IUKJIAMU, UMEIOITAMUA

IIPOTHUBOIIOJIO2KHBIE OPHUEHTAIIUN.

JlokazkeM, NOJIb3ySCh uesaMu 23], 4To B HAIIEM CJIy4ae HEBO3MOXKeH cayuail 6). O6o3HaunM
S, Sy rpaHUYHBIE OKPYKHOCTH KOJsblla. OHU SBJISIOTCS MHTErPAJIbHBIMA TPACKTOPUAMHU II0JIS
v. HykHO0 m0Ka3aTh, uTo S1, Sy HMEIT OJANHAKOBbIE OPHEHTAIINMN.

C Touku 3pennss M* oxpyxKnocTH S; comepKaTcsad B OJHOIAPAMETPHUECKHX CeMeilcTBax
Si(e), € € (—1,1) HEBBIPOKIEHHBIX 3aMKHYTHIX OJHOMEDHBIX ODPOUT IyaCCOHOBA JeHCTBUS
rpynisl R2 nopoxennoit nonsmu sgrad H, sgrad fo. Obpasom cemeiicts Sy (), Sa(g) npu
0TO0paykKeHNHM MOMEHTA ABJISETCS 4acTh OMdypPKAIMOHHON AuarpaMMbl — KYCOK KPUBOH .

Paccmorpum Touky x € S;. B okpectHocTM 1 BbIGEpeM KOODAMHATHL Pi, (i, P2, (2 B
coorBercTBun ¢ Teopemoit [apOy. Ilockospky dH(xz) # 0, MOXKHO BHIOpaTh WX TaK, UTO
H = py. Hockonbky {H, fo} = 0, 10 fo = fa(p1,p2,¢2). B kauecTBe JOKATBHBIX KOODIAHHAT

na Muorooopasuu M; = {S;(¢) | € € (—1,1)} MoxkHO B34Tb p1 U ¢i.

9fs

' Bar = 0. Kpome Toro, fo aBasercs dyHKuei

B camowm neste, S; 3a1aeTCsl yCIOBUAMHE g—g =0
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Mopca na xomnonente P2 muoroo6pasus M* ~ P? x S' x I. Dro o3nadaeT, 4TO MaTpPHUIA

02 fs 02 fs
Op2  Op20g2
02 fs 02 fs

Op20q2 043
HEBBIPOXKIeHHA B Toukax M;. Orcioma 1o teopeme 0 HesiBHOM (DYHKIMM T1OJIydYuM, 94T0 Ha M;

KOOPJIMHATHI P2, (o JIOKAJBHO BbIPAXKAIOTCS Yepe3 Py, ¢1. Lorja

H=p1, fo= fo(p1,p2(p1,01), (01, q1)) = f2(p1, p2(p1), 22(p1)) =: fa(p1) = fo( H).

B BRIOpanHOil cuCTeMe KOOPAMHAT IIOJLY YiM:
0
sgrad fo(x) = =— sgrad H. (2.1.1)

[TockosibKy p; sIBISIETCS TaK»Ke TTapaMeTpoM Ha JyTe Yy, TO

. 0f>
VS(y) =11 P )
P1
OTKY/Ia BUJIHO, YTO BEJUYUHA g—ﬁ =: ¢ omupee/sdeTcs KpUBOi Y, U MOITOMY OJMHAKOBA st

Sy, Ss.

JIyist meproanMveckoro HHTErpaa s Ha 0COOOM CJIOE BBITIOJIHEHO:
sgrad s = a sgrad H + bsgrad fs, (2.1.2)

rie a,b — moCTosIHHBIE.

CpasnuBas (2.1.1) u (2.1.2), momxyunm:
sgrad s = (a + bc) sgrad H.

910 o3Hauaer, 4TO BeKTOPH sgrads um sgrad H mbO OAMHAKOBO OPWEHTHUPOBAHBI, JIHOO
HAIIPABJIEHBI B IPOTHBOIOJIOXKHBIE CTOPOHBI OXHOBpeMeHHO miasg S; um Ss. Ilockosbky
nosie sgrad s HeBBIPDOXKIEHHO Ha BceM MHOroobpasmm M*, opmenmtammu sgrad H nas Sp, S,
OJIMHAKOBHI.

Urak, BO3MOXKHBI TOJIBKO cirydan puc. 2.1.2a) u 6).

Bribepem kakoe-HHOynb cedenue. llepecedeHumeM ero ¢ 0coOBIM CJIOEM sBJsieTCs Tpad.
Badukcupyem BepmuHbl 3TOro rpada. Hamma mens — Ha KaxkJI0M U3 KOJIEI TOANPABUTH
KPUBYIO, COEJIMHSIONIYIO JIB€ BEPIIUHBI TaK, 4TOObI OHa Obljla TPaHCBEPCAJbHA BEKTOPHBIM
nonsam sgrad H, sgrad s u sgrad o. IIpu 3TOM KOHIBI KpuBOil (DUKCHPOBAHBI U OHA JIOJIXKHA,

OCTaThCsT B TOM Ke roMmorommdeckoM kiacce. (Cum. pmc. 2.1.3, COOTBETCTBYET CJIydYaio

puc. 2.1.26).)
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ceyeHue

Puc. 2.1.3:

Bribepem koopguHaThI Ha KOJibIle. B KadecTBe YIJIOBOII KOODAMHATHI MOXKHO BBIODATH
YIJIOBYIO IEPEMEHHYIO (0, COOTBETCTBYIOIILYIO BHIKUBAIOIIEH MTPH MepPeXoie Yepes Vs TepeMeHHOM
neiicrBust s. [lpu 3roM HadajoM oTcUera yria (p MOJIOKHUM KAKyH-HUOYIb WHTErPAJIbHYIO
KpuByIo noJig sgrad fo.

OTO0 HEKOTOPHIH “OTpe30K”, COeAUHSAIONNIA TOYKW HA BHYTPEHHEH W BHEIIHeH TpaHuIax

KOJIBIIA M BTHIKAIONIMIICS B TPAHMIBI KOJBIA TPaHCBepcaabHO. B camom nese, mycth Ha P2

3aJ]aHbl KOODJMHATHL T,Y, TaK 4TO fo = fo(Z,y), a w” KOMIIOHEHTBI MATDHIIBI, OOPATHOM
K 3ajaiommeil popMy w, B KOOpIAMHATAX S, p,x,%y. [lockoabky sgrad s = % U OJHOBPEMEHHO
sgrad s = —w!? 85; wiL — w1488y, MOy YUM, 9TO
W =W =0. (2.1.3)
Torna
0 0 0 0 0
sgrad fo = w23£ +w24£ — + f2 w3 f2 .
ox dy ) Oy ay or  Or ay

Orcrona scHo, uro ecan w3 # 0, To noTok sgrad f, BTHIKaeTCA B IPAHMILI 0COOOr0 KOJIbIA
IT 34 0. IT T
TpaHcBepcaabHo. [lokaxkem, uro w®* # 0. Ilpeamosoxkum mporusHoe. Torma, yduTbiBas
(2.1.3), onpenenuresn marpunnl (W) pasen (w3w?)? + (w4w?3)?=0, nosromy marpuna (W)
BBIPOZKJIEHHA, YTO HEBO3MOXKHO. SHAUUT, w* # 0.
B kagecTBe BTOpOIl KOOpAWHATHI 1 Ha KOJBIE BO3bMEM HEKOTOPYIO IapaMeTPU3AINIO
BBIOpaHHO# MHTerpaJbHOi Kpuboii; mycth 0 < u < 1. Hakpoem Tak»Ke KOJIbIIO OECKOHEYHOM

110JIOCO#, T.e. mycTh ¢ € R.

OH 0oH
sgrad H = — sgrad s + —

95 o sgrad fo
srada—(?—s 1"8ud54—(9 sradf

O0H O0H OJa Jda
Benuunuer 57, 5f 0s U 5f, TOCTOSHHBI Ha 0cobOM cJioe, T.e. HE 3aBUCAT OT , u. Kpome

Toro, sgrads = %, a BeKTOpHoe moJie sgrad f, KacaeTcsa JIMHUNL YPOBHA (o, TIO3TOMY KaKI0€
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u3 BekTopHbIX nosteit sgrad H, sgrad a (nognsThix Ha GECKOHEYHYIO 10JIOCY) MMeeT BHJ, KaK
ua puc. 2.1.4. ITockonbky sgrad H, sgrad a He 3aBUCAT OT ©, TO UX IOBEIEHUE YKA3aHO TOJBKO

npu ¢ = 0.

i

Puc. 2.1.4:

OTMeTHM, 4TO B 3aBHCHMOCTH OT 3HaKoB 9 I (ypy 92 0o " cqorpercTBenno) mak/IoH
’ 0s? Ofa 0s? Ofa?

WM HATIPABJIEHUE T0Jiell MOryT ObITh APYruME (OJHAKO, (-KOMIOHEHTA U 3HAK U-KOMIOHEHTHI
TOCTOSTHHBI JI/IsT Kaxkaoro u3 mouieit). Ilycts sgrad fo = k(u )au’ rae k(u) = 0 TOJBKO TIpH
u=0,1.

OrmeruM, uTo B 06oux ciiydasx puc. 2.1.2a) u 6 %—Ij #0.
I. Cnyuait puc. 2.1.26). 3nech g—g # 0.

)

oH 2a

A) sHaku B W 3> OJIMHAKOBHI.
9 fa dfa
on oa
B srom ciyuae mus dyukmmii f(u) = 52—~ w g(u) = %~ BBINOIHEHO:
@k(“) @k(u)

nenpepoiBable Ha (0,1) Bcroogmy oramunbie or Hyas byskuuu f(u) u g(u)
cTpemaTes K GECKOHEYHOCTH OJHOTO 3HaKa mpu u — 0, 1, IpuYeM MHTerpaJIbl
f f(u)du u f g(u)du pacxousTcs B HyJe U eJIUHUIE.

B caMoM ;Leﬂe, dbyukuun f(u) 1 g(u) UMEIOT CMBIC]T TAHTE€HCOB YTJIOB HAKJIOHA
HUHTerpajbHBIX KpuBbIX mosei sgrad H u sgrad o coorBercTtBenno. Torma camu
MHTErPAJbHbIE KPUBbIE 33aI0TCS HEKOTOPHIMH (DYHKIUSMH OT U, KOTOPIe, B

CBOIO OYepelib, SIBJSIOTCI C TOUHOCTBIO IO KOHCTAHT MHTEIrPaJIaMU f f(u)du u

f g(u)du. CremoBaTesIbHO, TIEPBBIA U3 HUX PACXOAUTCS, TOCKOJIBKY TDAHUIEI
Konbua SIBJITIOTCSl IPEJIETbHBIMU JI7Is] HHTEIPAJIbHBIX KPUBBIX moJis sgrad H, a
BTODPO#l pacxXoauTcst moToMy, uto g(u) = const - f(u).

Ham Hy»XHO mnocrpouTh IIaAKyl0 KpuBylo — GyHKOuo 7(u), KoTopas

mepeceKkaeT Bce HWHTerpajbHble KpuBble mojeit sgrad H wm  sgrad a
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TPAHCBEPCAJILHO, Tak 4To0bl npu sroM nepenay (1) — r(0) saBiusuics 11060
HAllepea 33JaHHOW BEJIMYUHOMU (OHpe,ZLeJIHeMOﬁ HENOABUXKHBIMUA  y3JIaMU
ocoboro rpada).

Mo 6ynem crpours dbyukmmio h(u) = 7'(u). Ha h(u) umeorcs ciemyromnme

orpaHuYeHus: HenmpepbBHOCTL Ha [0, 1], oTcyTcTBHE TOUeK coBmajenus ¢ f(u),
1 1

g(u), unrerpan [ h(u)du = [r'(u)du cxogurcs m paseH Hanepes 3aJAHHOI
0 0

sesmanse 7(1)—7(0). OueBuaHo, HanbOIIEE CYIIECTBEHHBIM SIBJISIETCS [OCJIE/THEE
1

OrpaHWYeHne, HO WU €My HeTPYHO YJOBJETBOPUTH, YUYATHIBASA, UTO f f(u)du
0

1
u [ g(u)du pacxonarcs, a byukuuu f(u), g(u) Berogy nomoxurenbHsl. CM.
0

puc. 2.1.5a).

/ f
g
h h
0 1 U 0 1 i
g
a) 6)
Puc. 2.1.5:
oH  oa
B) 3naku & u 9 pas3inyYHbL
0f2 9f2

Anajormyno A), yumrwBas, uro f(u), g(u) Temepp pasHoro 3Haka. Cw.

puc. 2.1.56).

da
0s

or L.1. cocrour B TOM, uro g(u) = 0. CienoBaresnbHO, pobIeMa OyeT TONBKO B

= 0. Anasnorununo, paccmarpusast dbyukuuu f(u), g(u), MOJIydInUM, 9TO OTIUYHE

TOM CJIy4ae, €CJIU y UCXOJHOTO CeYeHUsI IPAHUYHbIE TOYKHU ObLIM HA OJHOM YPOBHE,
T.e. ecnu r(1) —r(0) = 0.
Eciu rpaHwmdHbIE TOYKH OTBEYAIOT ABYM Pa3HBIM BepIIMHaM 0coboro rpada, To

MOXKHO 9YyTh-4yTh MOIIEBEJINTh OJHY W3 HHX, 4Tob6bl ctamo r(1) — r(0) # O.
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O“IeBI/IILHO, YTO MO2KHO C/ieJ1aTb 9TO IIE€BEJIEHUuE TaKUM, qT00Bl HA HIPUMBIKaIOIIUX

KOJIbIIAX He BO3HHUKJIO TaKOil Ke MpoOJIeMHOM CUTYaIUN.

Eciun obe rpanuyHble TOYKM OTBEYAIOT B J€HCTBUTE/ILHOCTH OJHOW M TON xKe
BepiuHe ocoboro rpada, To curyarus ciaoxHee. [lleBesieHne Hu4Yero He jaer, T.K.
IIPU 3TOM CMeIAalTcd 00a KOHIA OJHOBpeMeHHO. Kpome TOro, HeTpYJIHO BHJIETH,
9TO B 9TOM CJIy4ae HeJib3sl MOCTPOMTh KPUBYIO 7(u) Takyl, 4ToObl OHA Be3je
Oblj1a TpaHCBEpCcaJibHA MHTErPaJIbHBIM KPUBBIM sgrad so. IIpobsiemy, ojiHako, MOXKHO
PeIuTh C TTOMOTIHIO M3MEeHEeHUs] TOMOTOIMMYECKOTO KJlacca KpuBoit. B aTom ciayuae,

KOHE€YHO, UBMEHUTCA M KJIaCC CEYECHUIA Ptr-

3. g—}?; = 0. DT1o ycioBue oO3HAUaeT, 4YTO ToJe sgrad BEPTUKAJBHO, T.€.
nponopimonaabHO sgrad s. Takum obOpazom, MBI OKa3biBaeMcs B 0ojiee TTPOCTOM
U M3BECTHOW cUTyanuu. A HUMEHHO, HYKHO HOCTYIIMTh TOYHO TaK K€, KaK U B
n303HeprerudeckoM ciaydae. (Vam, 94To To )Ke caMoe, TOUHO Tak ke, Kak u B 1.1, HO

paccmarpuBasi BMecTo AByX dyukimit f(u), g(u) omny f(u).)

. OH  _

II. Cnyuait puc. 2.1.2a). 3xaech a5, — U, mosromy moie sgrad H BepTUKaJIbHO, T.e.
IIPOIIOPIIMOHAIBHO sgrad s ¥ MbI CHOBa, KakK u B ciy4dae 1.3, oka3biBaeMcst B O0Jiee IpOCTOi
CUTyaIlud ABYX IoJieil. ZIcHO, 9YTO IOJIB3ysCh YK€ MTOKA3aHHBIM, MOXKHO IIOCTPOHUTH

TPpaHCBEPCAJIbHYIO IIJIOIMAJAKY U B 3TOM CJIyYae.

TpancBepcagsbHOCTD OO sgrad § ToJIyImnIach aBTOMATHYECKH, TOCKOIBKY byHKIms h(u)
omnpeiesniena Ha BceM orpeske [0, 1], T.e. kKacarenbHas K r(u) HULJE HE BEPTUKAJbHA.

Kpome Toro, o4eBHHO, 9TO IIpU g—g‘ # 0 dbyukumio h(u) MOXKHO 33JaTh TaK, YTOOBI OHA
nMesa Hallepesl 3aJaHHble 3HAYeHUs B HyJle W eJuHuIe. TakuMm o0pa3oM, MOXKHO COCTHIKOBATH
KYCKHM HOBOIIOCTPOEHHBIX I'padOB HA PA3JIMYHBIX KOJIbIIAX.

B cayugae g—z‘ = ( mpu TOMOIIU U3MEHEHHUs KJIACCA CeUYeHHs MOXKHO HOOMTHCS, HAIPHMED,
toro, 4robsl Besmuuubl (1) — 7(0) ObLIM OFHOrO 3HAKA ISt BCeX Kosel. B sToMm cirydae Ha

KayKJIOM U3 KOJIEI TAaK»Ke MOYKHO npuiarh GyHKiun h(u) Hanepe 3ajaHHble 3HAYEHHUs] B HYJIE

" eJIUHUIIE.
Nrak, B caydae g—g‘ 2 (0 MOXKHO peaJu30BaTh JIIOOOH KJIAacC TOMOTONHBIX CEYeHUl B BHUJE
TPaHCBEPCAJBHOTO CEYEHUs, a B Caydae g—z‘ = 0 — BO3MOXKHO, He J00i. OnurreMm, Kakue

OJI0XKeHUs1 0coboro rpada Py, Ha 0cOOOM CJI0e MOTYT sIBJISThCs 3allpenieHHbIME. PaccMoTpum
pebpa ocoboro rpada. Eciu pebpo coenunsier pasHble BepIIMHBI I'pada, TO 3aIIpeIneHHbIX
nojioxkeHuit Het. Ecim ke peOpo B JEHCTBUTE/NBHOCTH BBIXOAUT U BXOIUT B OJHY U Ty K€

BEpINUHY, & WHTEeTrpajbHas TpaeKTopus mojsd sgrad fo, Jexkaras HA 0COOOM CJioe SBJISIeTCS
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3aMKHYTO# (4TO BBIIOJHEHO He Bcerja), To (3aMKHyToe) pebpo ocoboro rpada He MOXKeT

JIeXKaThb B TOM YK€ TOMOTOIIMYECKOM KJIACCe, YTO ¥ MHTerpajbHasg TpaeKTopus 1oy sgrad fo.
TaxuMm 06pa30M, TPAHCBEPCAJbHBIE CEYEHNs CYIIECTBYIOT BO BCEX CIydasX, HO HHOI/IA He BO

BCEX TOMOTOIMYECKHUX KJaccax. TakyKe MOKHO OTMETHTh, YTO BCErJla CyIeCTByeT OECKOHEUHO

MHOTO TPAHCBEPCAJbHBIX CEYEHMUIA. ]

3ameuanue 2.1.3. C sroro momenTa P, Bcerga Oymer 0003HAYATh TPAHCBEPCAJIBHOE CeUeHHe.

[TycTs BBIOpaH KaKO#-HUOYIH Pery/aspHbIil Top. Ha HeM nMeeTcs OMHO3HAYHO OTpe/IeTeHHbIi
Oa3uCHBI TWMKJI A — cJoif paccioeHus 3eiidepTra, TycTh f — KaKOW-HUOYAbL IWKII,
JIoNoJTHSIoNUi A 10 6a3uca. B okpecTHOCTH BBIOPAHHOIO TOPA PACCMOTPHUM COOTBETCTBYIOIIIHE
mukIaM (A, () mepeMeHHble JeicTBUe-yroa (s, ¢, s2,p2) ((s,¢) coorBercBytor A, a (Sg,p2)

cooTBercTBYIOT f1). [lycth s9 = G(s, f2), G| 0603HaYaeT MPOU3BOAHYIO 1O S, a G 1O fa.

3ameuanue 2.1.4. U3 jemmbr 2.1.2 cieayer, 4TO i KaXKJIO#W TOYKHU Y CEIJIOBOM KPUBO
s MOXKET CyIIEeCTBOBATH HEKOTOPOE MHOXKECTBO 3alPEIeHHBIX TOMOTOINUYECKHX KJIACCOB
Uit ocoboro rpada mpu BBIOOpE TPAHCBEPCATLHON ILIOMAJIKHA B 3-MEDHOM HHBAPHAHTHOM
IOJIMHOT000Pa3uu, COOTBeTCTByIOmeM Y. HeTpynano Bumerh, OmHAKO, YTO CYIIECTBYET
okpectHoCTh W (y) TOYKHM Yy Ha 7 Takas, 9TO KarkK/[0€ W3 MHOXKECTB DPAa3PEIIeHHBIX KJIACCOB,
COOTBETCTBYIONINX KaKJI0# U3 TOUEK ITOU OKPECTHOCTH, HE MEHBIIE MHOXKECTBA, PA3PEIIeHHBIX
KJIACCOB, COOTBeCTBYOIMHUX y. Kpome Toro, ad KaxKI0ro U3 KOJel 0co00ro CJIOS CYIIEeCTBYET
He Oosiee omHOTO OrpanHwdyenusi. CjegoBaTe/IbHO, €CJH PACCMOTPETh KOHEYHOE MHOMKECTBO
okpecrHocreit W (y;), TO Jyis KaxKJI0ro U3 KOJIEl[ CYIIeCTBYeT B OOINel CI0KHOCTH He (oJiee
KOHEYHOrO d4ucjia 3ampemennii. OTcooma caemayer, 94TO TpaHCBEPCAJIbHBIE ILIOMAJKH MOXKHO
BBIOMPATH B HENPEPHIBHON 3aBUCUMOCTH OT TOYKHU HA Y.

Ecin mbl ipu 3TOM HaxomumMcest BOJIM3U 0COOOTO CJI0S TUIIA CEJJIO-TIEHTP, HEOOXOIMMO TaKKe
paccMaTpUBaTh OKPECTHOCTh TOYKHU Yo (cM. puc. 1.9.1). Ormerum, 4To J1060€ 3ampernaoniee
yCJIOBUE HAKJIAIBIBAETCS 3aMKHYTOCTBIO TpaekTopuu sgrad fo HAa ocobom cioe. 113 paBencrsa
sgrad s, = G sgrad s+ G, sgrad f, caienyer, 4ro TpaekTopus sgrad fo 3aMKHYTa TOT/IA U TOJIBKO
roraa, Korga () sBisercsa uenbiM unciaoM. Huke Gymer mokasano, cm. (3.6.6), uro G —
const Ipu CTpeMJIeHUH K Touke 1. [loaToMy Yy Tak:Ke MOPOXKIaeT OKPECTHOCTH, B KOTOPO# Ha

Ka2KJIOM KOJIbII€ HaKJIaJIbIBa€TCd HE bosee OJTHOT'O 3aIIpEIIaroIero yCJaoBUud.

N3 zameuanus 2.1.4 ciaemyer, 9TO0 B HEKOTOPOM TOMOTONMYECKOM KJIACCE CYIIECTBYIOT
TpaHCBepCAJIbHbIE ILIOMAJKA I BCEX BO3MOXKHBIX TIVIAJKUX KPUBBIX 7, I€PECeKaoIuX

CeJJIOBYI0 KPUBYIO 7, TPAHCBEPCAJIbHO WJIM TaK, YTO Y ABJgeTCS TpadUKOM HempepbIBHON

dbyuknUu 1O f5.
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P,. Gyaer rmemepb BbIOMpPATHCS B 9TOM I'OMOTONHMYECKOM KJjacce. (flcHo, 4T0 KIaccos,
VIOBJIETBOPSIIOIINX HY’KHOMY YCJIOBHIO, HA CAMOM Jiejie GECKOHEYHO MHOTO.)

AGCI0I0THO aHAJIOTUYHO CHUTYAIUU W309HEPIeTHIECKOI 3-TIOBEPXHOCTH MOXKHO OIPEIETUTh
omobpasicenue Ilyanxape o : Py, — P,,.

[Tokaxkem, uTo Ha P, CymecTByeT ramMujJbTOHOBA cucTeMa w = sgrad Hp obsamarormas
CBOWCTBOM  cozaacosarwkocmuy ¢ omobpasicenuem I[lyankape: CIBAT TOYKH = BJOJIb
WHTErpajibHON TpaeKTOpWil cucreMbl w Ha BpeMmsi ¢ = 1 coBnazaer ¢ ee obpaszoM o(x) mom

neiictBueM oroopazkenus [lyankape.

Onpenenenne 2.1.5. Takyio cucremy w = sgradHp Takxke OyaeM Ha3bIBaTh

pedyuuUpPo8aHHO.
Anasornuno (8| BblmosiHeHA Cle/yIOMAs TeOpeMa:

Teopema 2.1.6. Ha 2aadkoti mpanceepcasvhoti niousadke Py, cyuwecmeyem 2amMusbmMOHOGO
sexmopnoe noae w = sgrad Hp (ommnocumeavro @Hopmoi w‘ B ), mak wmo ewnoaHeHv
s

CACOYIOULUE YCAOBUSA:
(a) omobpascenue Iyankape na Py, coenadaem co cdsuzom wa t = 1 6doav noas w;
(6) pynryua fo AcasEMCA UHMELPAAOM NOAS WS

(8) ycaosusa (a) u (6) onpedeasrom nose w 00no3HauHo (2amuavmonuar Hp onpedesen,
coomsemcmeenHo, ¢ mourocmoio do konemarwmu). Ecau dudpepenyuan omobpasicerus
Hyanxape ne asasemcea moocdecmeernvim omobpasrcenuem, mo dyuxyus Hp asasemes

pyrryuets Mopca wa P,
Jlokasameavcmeo u3 8] nosropsiercss nocaosuo. Cwm. mnpeioxkenue 7.2 u3 [8]. [

Badukcupyem nexkoropsiit ymct kKuuxku B(M?). Ilycrs Tenepsb j — UK, BBICEKAEMBI
cedenneM P,. Ilycth sy = G(s, f2), a H = H(s, f2) = H(s,s3), Hp = Hp(f2) = Hp(ss) (Bce

3TO MOXKHO JIe/IaTh Ha BeiOpanHoMm jucte B(M?)).

Teopema 2.1.7. Hp moorcro Hatimu 6 asHom sude. A umenno, Ha 6blOPAHHOM GblULE AUCTIE

B(M*) swnoaneno:

Hp(fo) = Hp(ss) = QW/g,QE%PEfi’zQ;dSQ, (2.1.4)

2de s = (p(sq) Hazodumea us yeaosuti afs, fr) = const u sy = G(s, fa).
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Zoxazameavcmeo. Heobxoiumo 1mpoBepuTh, YTO CABHUI Ha €JMHUILYY BJOJb HMHTEIDAJbHBIX
TpaekTopuit mojs w = sgrad Hp coBmajsaer ¢ otobOpaxkenuwem llyamkape. JlocraTrouno
MPOBEPATH ITO YCJIOBUE TOJIBKO JJIS TOYEK, JIeXKAIMuX Ha Topax JImyBuiang, T.e. jumb HA
PE2YAAPHBIT COBMECTHBIX MOBEPXHOCTSX ypoBHst H, F' (wim f3).

B kadecTBe TpaHCBepCAJIbHOTO CeYEHWS BBHIOEpEM CHAUYaja CIENUAJTHHOE — JBYMEPHYIO
HOBEPXHOCTH, 33/[aBA€MYI0 B OKDECTHOCTH BBIODAHHOTO TOpA YPaBHEHUSME (S, fo) = const,
© = 0. B kauecTBe JIOKAJTbHBIX KOOPJMHAT HA 3TOM CEYE€HUU MOYKHO BBIOPATD So U (03, TOCKOJIBKY
a(s, fa) = const smusiercs momycrumoit kpuBoil (cMm. onpenmesnenue 2.1.1), a fo aBisiercs

dbyuknueit so. CummnekTuyeckast CTpyKrypa (JI0KaabHO) umeeT BU dsy A dps.

dﬂp).

3a Bpems t = 1 Touka (32, gpg) € P, mon neiicTBUeM TOTOKa w TepeiieT B (32, P2 + dso

Ucxonnas cucrema v na M* B nepemennnix (s, @, So, 02) UMeeT BUJL

OH 0 O0H 0
SgradH— %%_}_6—826—@2’

1103TOMy 3a Bpems © Touka (S, S9,p2) € M* mon neiicruem moroka v mnepeifier B TOUKY
(s, + %—Ijt, So, P2 + g—gt). CnenoBaTesibHO, BpeMsi ¢ = T HEPBOr0 CJIEIYIONIEr0 MPOTHIKAHUS
TpaeKTOpuell TPaHCBepCAaJbHON IJIOMAJKA MOXKHO HAWTU U3 YCJIOBUA ¢ + %—1;17' = ¢ * 2,
21

OH
ds

OrpaHunyveHud O6H]‘HOCTI/I MO2KHO CUHUTATb, 4YTO

HMHa4ve TOBOpPd, T = + I'ZIe 3HaK BI)I6I/IpaeTCH TakK, 4yTOOBl T OBLIO MOJOXKUTEJLHBIM. be3

2
T=" (2.1.5)
s
Tornma u3 ycinosusa ¢y + g—ZT = 9 + CTT: TTOJTY UMM
g7 OH
dH Dso
dsP =oroe, (2.1.6)
2 Bs

Yro6wl Haitta bynKmmio Hp(s;), He0OX0IEMO BCHOMHHETD, YTO Ha IOBEPXHOCTH P, HepeMeHHbIe
S M So He SIBJISIIOTCS HE3ABHCUMBIMH, & S = (p(S2) (13 s2 = G(s, f2) u a(s, f2) = const). Torma

‘Hp MOXKHO HAMTH B IBHOM BHIE:

Hp(sy) =27 @@’3(32)’ 82)d82.

H,(Cp(s2), 52)

B ciyuae apyroro snaka B dopmyne (2.1.5) Hp(sy) HAXOAUTCS aHATIOTHIHO.

Ocraercst TOCMOTPETH, YTO OYIET, €CJU TPAHCBEPCAJBHOE CeYeHNe BHIOPAHO MPOM3BOJIBHBIM
obpazom. OrmerumM, 4TO Jitobas mapa U30TOIHBIX cedeHuil oToOparkaeTcs JAPYTr Ha Jpyra IIpH
TTOMOIIY TAMUJIBTOHOBA TIOTOKA, v = sgrad H, 1 9T0 0ToOpakeHne COXpaHsIeT CUMILIEKTUIECKYIO

cTpyKTypy u byEKImio Hp(sy) (2.1.4), a TakKe coriacoBaHo ¢ oTobpaskenuem Ilyankape.
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[Toaromy TpaHCBepcaibHOE CeYeHUEe MOXKHO JIOKAJIbHO BbIOUpaTh HanboJiee y100HbIM CIIOCOOOM.

O

Bameuanue 2.1.8. Yunrnisas, uro Ha Kaxkgom u3 juctos B(M*) bynxmua Hp(sy) (2.1.4)
DIaJIKO 3aBUCAT OT ( p(S2), S, & ( p(S2) miamko 3aBucur ot P, eciu «s, fr) mocTaTouHo riajakas
dbyukumsa, moayunm, uro Hp raagko 3aBUCAT OT IWIOMaAku P. dro osHadaer, uro Hp(f)

IJIaJIKO 3aBUCHT OT LEPEMEHHbBIX S, fa, T.e. 4ro cymecrByer Takas byukuus H(s, fz), 4ro

Hp(fa) = H(Cp(f2), f2), tae Cp(f2) = Cp(sa(f2)).
NuTepecno mocmoTpeTh, Kak TeopeMsbl 2.1.6 u 2.1.7

(a) cormacyiorcs ¢ TeopeMoit 1.5.4 0 CyIeCTBOBAHUY PEIYKIMA B CIy9ae N309HEPreTHUECKON

nosepxuoctu Q3, T.e. uro Gyer, eciu NOAOKUTL S, fo) = H(s, fo);

(6) mpumensiiorcsas B ciaydae «fs, fz) = s (3T0T wacTHBI ciayuail mOHAIOOWTCH B

JaJIbHeH1IeM).

Caencrsue 2.1.9. ITycmo o(s, f2) = H(s, f2). Toeda evinoanena meopema 1.5.4, m.e. MoHcHO
noaootcumo H(s, fo) = —2ms (a Hp(fa) = —27(p(f2))-
Jlokasameavemso. N3 a(Cp(f2), fo) = const momyunm:

dad(p = Oa

[TockosibKy

dHp _ dHp (OsydCp | Osy
dfg N dSQ 83 dfg 8f2 ’

au3 H(s, fo) = H(s,sa(s, f2)) crenyer

- Hé — Hé 682
H2:@ u H1:H{—E§,
dfa Of2
10, UCIOJB3Ys (2.1.6), mosydnm:
dHP Hé (882 de 882)
=27 - +=. 2.1.8
i HZ -2 \Os df | of (2.1.8)
Kpoue toro, ws H(Cp(f2). f2) = Hp(fz) creayer
dHP / dCP ’
= + H,. 2.1.9
df2 1 de 2 ( )

CpasuuBas (2.1.8) u (2.1.9), a Takxe yuursiBas (2.1.7) u a(s, fo) = H(s, f2), nomy4unm:

H, Hl

/ 2 / 2
}—{ ) }—( = 9r—=
' ( H{) ? H{
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[IpuBojist 110100HBIE C/lIaraeMble, MOJLYyYUM

!/

H
—2(27T+H’1) = H,,

Hi
OTKy/Ja BUIHO, 9TO H(S, fo) = —2ms aBasercs pemenneM. (T.e. Hp(fa) = (p(f2).)
Pesysibrar corsiacyercsi ¢ Teopemoii 1.5.4. U

CaencrBue 2.1.10. ITyemov afs, fo) = s. Toeda moocHo noaoscumo

/ 882

29y
His. o) =2 [ ol + G,
157, — 2735
2de G(s) — amobas e2radkasn Pynkyus. Hnave 2o06ops, zo0umcs awobas dynkyus H(s, fo) ¢
YCA08UEM
oM _, My
a— = ﬂ—H’@ — 1 D53
f2 157, 2 9s
Jlokasameavcmeo. B stom ciyuae ab(s, fo) = 0, u mosromy Cg% = 0 wu3 (2.1.7); Torma

AHAJIOIMYHO JI0Ka3aTesbeTBy caeacrus 2.1.9 npu cpapaenun (2.1.8) u (2.1.9) moayuum:

1 05y
27rH28f2 o

19sy _ pprdsy T
Hlaf2 2 9s

OTKYJla U BBITEKAeT TpedyeMoe. U

Sameuanne 2.1.11. Caegcrsus 2.1.9 u 2.1.10 BoinosnHenst ¢ yaerom dopmydst (2.1.5), T.e. B

MIPEJIOJI0XKEHUH %—f > 0.

2.2. Penykiusa Mapcaena-Baiincraiina

Penykmust Mapcuena-Baitucraiina [28, 29| siBiasiercs MHCTPYMEHTOM, IIO3BOJISIIONMM B
obiiem ciydae, KOrJa Ha MHOrOOOpa3Wm 3ajlaHO TJIAJKOe MYAaCCOHOBO (TakyKe HA3bIBAEMOE
raMUJIBTOHOBBIM) JieficTBre HekoTopoil rpynmbl G. B obmiem ciydae 310 mo3BosisieT mepeidTu
OT cucTeMbl Ha MHOroo6pasuu (M, w) K pedyuyuposannotli cuicTeMe Ha MHOTOOOpa3UH MEHbIIEH
pasmeproctu (1~ 1(0)/G,wyny) MIs HEKOTOPOil CAMIIIEKTHIECKOH CTPYKTYPHL Wiy, TAE fi —
oTobparkeHne MOMEHTa, COOTBeTCTBYIONEee jaeiicTBuio G.

B mamem ClIydae y raMUJIBTOHOBOM CHUCTEMBI HMEETCI HepI/IOAI/I"IeCKI/II'/’I HHTErpaJ

1
F=— ] a,
27
A
rae A (OIHO3HAYHO OIpeJeJIeHHbII) TUKJI HAa Topax — cJoil paccioenus: 3eiidepra, «
nuddepentmanbaas 1-dopma geiictBus, T.e. do = w, KaK B JI0Ka3aTEJbCTBE TEOPEMBI

JInyBusis. F mMeeT CMBICT TTepeMEeHHOR JefiCTBUs, COOTBETCTBYIONIEH MUKy A.
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Bce tTpaekropum BekrTopHoro mnoJjisi sgrad F' 3amkuHyThl ¢ 1nepuojgom 2m. Ilosromy Ha
MHOTOO0Pa3Uu MMeeTCsl IIyaCCOHOBO JI€HCTBUE OKPYXKHOCTH: CABUTHU BJOJIb TPAEKTOPUH MOJIS
sgrad F'.

Omnmmrem KoHCTpYKIMIO peaykuuu Mapcaena-Baiincraiina B ciayygae, xorga G = St.

2.2.a. Koncmpyruyusa

[lycre (M,w) — cUMIUIEKTHYECKOE MHOroo0Opas3ue, Ha KOTOPOM 3aJaHO  IJIIKOe

CUMIIJICKTUYECKOE ﬂeﬁCTBHe OKPY2KHOCTH:

St — Symp(M)

L .

(2.2.1)

VHBIME CJIOBaAMH, HMeeTCs IVIaKoe CUMILIeKTHIecKoe JelicTsue rpynnsl R, koTopoe sBigercs
2m-nepuonudeckuM. [lycTh 31O melicTBUe myaccoHOBO, T.e. cymiecTByeT ¢yukius F : M — R

TaKad, 9TO

dipy (p)
dt

Torma orobpazkeHre MOMEHTa, COOTBETCTBYIOIEe JeHCTBUIO, 3a1aeTcsd pyHknmei F':

= sgrad F'(p).

pw=F:M—R,
p— F(p).

3ameuanne 2.2.1. Panee paccmarpuBaoch Apyroe orobpaxkenme MoMmeHnTa J, cM. riaBy 1.

Ono cTpomIoCh /15 IPYTOTO IIyacCOHOBA JeHcTBUSA — jeficTBus rpynmsl R2.

Teopema 2.2.2. [lyemv (M,w) — uwemupermeproe CUMNAEKMUYECKOE MHO2000pa3ue
3a0aHHOT HA HeM 2aMUAbMOH0680T cucmemot v = sgrad H, © € R asasemca pezysapHvim
0; 3= ! 0. 6]
BHAYEHUEM OMOOPANCEHUS MOMEHMA, MaK u¥mo (QQ° = x) ABAAEMCA NOOMHO2000PA3UEM
M. IIpednonosicum, wmo deticmsue 2pynnv. S* na Q3 asaaemes c60600nvim, max wmo Q3 /S?

MaxHce ABAAETCA .M,H02005p(13U,€M.

Tozda

(a) mroz006pasue Q3 A6AAEMCA KOUSOMPONHBLM U COOMEEMCNEYIOULLE USOMPONHOE CAOCHUE

sadaemca opbumamu S*;

(6) @axmop M,.q = Q3/S aeasemeca cumnaexmuneckum mroz006pasuem ¢ Gopmoti Wy,
onpedeasemoti ceolicmeom

*
™ WMW:Wan
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edem : Q3 — Q3/S' — xanonuueckan npoexyua. (36e30oura 0bosHaNAEM KOKACAMEALHOE

UHIYUUPOBAHHOE 0MObPastCceHUE, m.e.
T wyw (v, w) = wyw (D7 (p)v, D7 (p)w)
ona mobvz v, w € T,Q%).

Caencreue 2.2.3. Tozda na cumnaexmuueckom mmozoobpasuu (Q3/SY, wyrw) =~ (P? wyw)
MOHCHO PACCMOMPEMD 20MUABIMOHOBY cucmemy ¢ 2amusvmonuarom H(fs) = H(s, f2) (m.x.

na Q*/S' snauenue s nocmoano).

Omnpenenenne 2.2.4. Onucannas B reopeMe 2.2.2 u caeacTBun 2.2.3 mpoIeaypa HA3hIBAETCS

pedyxyueti Mapcdera-Batincematina.

3ameuanme 2.2.5. C 3T0ro MOMEHTa PeAyKIHWIO, ONMHCaHHyl B mm. 1.5, 2.1 Oymem
HA3bIBATH I1IPOCTO pedykyueli, a PeJIyKIHuio, ONUCAHHYI0 B 3TOi miaBe — pedyxyuel
Mapcdena-Batincmatinag. AHAIOTHYHO, TOBOPS O FAMUJIBTOHOBBIX CHCTEMaX, OyIeM pa3jIndaTh
PedyuuPoOBaHHbLE CuCmemMs, U pedyuuposartvie 6 cmouicae Mapcdena-Batincmatina cucmemo.

CBs3b MeXKy 9TUME CUCTeMaMu OyeT pasbsCHeHa B 1. 3.4.

Jokasameavcmeo meopemui 2.2.2.  (a) S' xomnakTHa u JeficTByeT cBoGoaHO Ha Q3, MOTOMY

dakropmuoxkectBo Q3/S1 =: M, .4 sBnsiercs MHOroOGpa3ueM.

3 w
SBisisich THIEPIOBEPXHOCTHIO, ()° kKom3orpomua. Ha camom nere (7,Q)% HarsHyTo Ha

sgrad F'(p), nockoabky (1,())” omHOMEpPHO H
w(sgrad F,w) = w(F) =0, tnx. Q* = {F = const}.
[Tosromy BekTOpHl U3 T'Q* KacarTcst OPOUT MeHCTBUST OKPYYKHOCTH.

(6) B xaxmoii Touke p € Q* dopma w wHAYIMpyer cmMIIeKTHUECKyHO GOpMY W, Ha
T,Q/T,Q¥ =~ T,(M,cq), HEBHIPOXKIEHHOCTb KOTOPOH OYeBHIHA 1O IOCTpoHeHHIO. VI3
VHBAPHAHTHOCTH W CJeJyeT, uTo U} (Wy, () = Wp And Beex t. OTcoma cemyeT, 4To w

OTIyCKaeTCs JI0 KOPPEKTHO OlpeaeaeHHoi (hopMBl wjy Ha (pakTopMHOT000pa3uu M, ...

O

3ameuanme 2.2.6. JlokasaTenbcTBO TeopeMbl 2.2.2 MOXKHO TIpOBECTM ¥  SBHBIMHU
Borunciaenusayu. Ilyers p € F~!(z). Boibepem JoKajibHBIE KOODAMHATHI:  BIOJIL OPOUTHI,
MPOXOJAINEH Yepe3 TOUKY p, i 33JaeTcd OTOOpaxKeHueM MoMeHTa F', 11,1y — TOJHATHS

koopaunar ¢ F~1(0)/S!. B stux koopauHaTax cuMiieKTuueckas hbopMa w UMeeT BUL

2 2
w=Adf Ndp+ Y B;df Ndn;+ > Cidp Adnj + Ddny A dipa.

j=1 j=1
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[Tockosbky dp = w (%, ~), To A =1, B; =0, orkyza

2
W= d@/\du—l—Zde,u/\dnj + Ddny A dns.

Jj=1
Kpome Toro, w dBIgETCHS CUMIIEKTUYECKOH (DOPMOil, MOITOMY OHA HEBBIPOXKIECHA, W,

caenoBaTebno, D # 0. OrpannunM Tenepsb GOpMy w Ha MOBEPXHOCTb (Q°:

2
W]gs = (d0 A dpu+ > Cydp A dny + Dy A dng)| = Ddn; A dny,

j=1

p=const
OTKYJA CJEAYeT, uTO A Wy = Ddny A dns

*
W}Qi‘ =T WpMW-
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3. OcobeHHOCTH THIIA CEAJIO-IIEHTP
3.1. TIlocTrpoeHue mMoae I OCOOEHHOCTH THUIIA CEIJIO-IEHTP

PaccMOTpHM  IPOM3BOJMBHYIO ocobemnocts M* Tuma cemjo-mentp. OHa JIHYBHILIEBO
9KBUBAJIEHTHA OCOOEHHOCTH THUIA MPSMOTO MPOU3BEIeHNs ABYX aToMoB: A X V' (Teopema 1.4.1).

Atom A guddeomopden aByMepHOMY mucKy D? ¢ HOJAPHBIMEH KOOpAMHATaMH (s, @),
cioenme 3amaerca ¢ynkmmein s. Atom V muddeomopden asymepnoii mosepxnocTH P2
¢ koopauHaramu (x,y), cjaoenue 3amaercs dbyukumei fi(x,y). Kpome toro, mycrs (s, )
SIBJISIIOTCSI TIAPO# TIepeMeHHbIX JeiicTBue-yroj, t.e. sgrads = % na M*. (Onu orseuator
OJIHO3HAYHO OTPEJIeJIEHHOMY UKLy A HA TOpax JIMyBWJLIs.) DTO YTBEPKIEHUE O3HAUAET, UTO
MOXKHO BBIOPATD TepEMEHHBIE T, Y TAKUM 00Pa30M, YTOOBI BRITIOHSIOCH sgrad s = a%' B camom
nene, Ha M* umeercd mepmoudecKuii MHTErpas S, MOTOMY HEePeMEHHYIO ¢ MOYKHO BBHIODATh
IIapaMeTpoOM Ha (3aMKHYTBIX ) HHTerpaibHbIX TpaekTopuax sgrad s. lanee, P2 peanusyercs Kak
r106a1bHOe cedenne paccaoenud Ha M?, cIoaMu KOTOPOTo ABASI0TCA KaK pa3 TPAeKTOPHHU OIS
sgrad s. [Toaromy M0okHO 3abUKCHPOBATH KOOPAUHATHI T, Y HA ITOM C€YEHUH U PACIIPOCTPAHUTH
Ha M* npu nmomomu jeficTBIS OKPY»KHOCTH, MOPOXKIAEMOTO CIBUIaMH BJOJb sgrad s.

Be3 orpanuvenust 0OITHOCTH OCOOEHHOCTHM Ha aTOMaX 33al0Tcs 3HadYeHHAMHU s = 0, fo =
0. OrmeruM TakxKe, 4To (YHKIHH S U fo HAXOAATCI B WHBOJIONUU, a OudypKamumoHHAS
JUarpaMMa B 3THUX KOODJAMHATAX BHIIPAMISiETCs: (M MMeeT BHJ[ MOPU3OHTATIBHON TPSIMOi, B

KOTOPYIO BTHIKAETCSl BEPTHKAJBHBIN JIyd).

Utak, M* ~ D? x P?. O6o3na4ny §) cuMIekTHYecKyio dopmy Ha M2,

Jlemma 3.1.1. Ilyemv u,v — pezyssapHble CUMNAEKMUYECKUE KOOPOUHAMDBL HA GMOME
A = D? (ommocumeavno ozpanunenus §) wa dsymepuwl Yposerv, coOMEEMCMEY0U Ul

&umupoeanm)uw T,y ), a (s, go) — napa nepemerHHuT deﬁcmeue—yem. Toz0a
1 2 2
S=—(u”"+v7).
(@ +07)

Jloxazameavcmeo. Bocnonb3oBaBmmch Teopemoit  Jumaccona  (treopema  0.1.5), MOXKHO

noJjiaraTb, 4TO AJidA HepeMeHHOﬁ ‘ILeI./JICTBI/Iﬂ BBITIOJIHEHO
2, .2
s = f(u”+v7),
e f — HeKoTOopas IIajKas 33 UCKIUYeHneM, ObITh MOXKeT, HyJsa GyHKIiusa. OTcioma caeayer

u=+/f"1(s)cosp, v =1/f"1(s)sinp,
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CJIeJIOBATEJIbHO,

du N\ dv = <2\/]01T(s)df;l3(8) cos pds — +/ f~1(s) sin 90d90> A

A (2\/]‘}?(3)#;;(8) sin ods 4+ +/ f~1(s) cos gpdga)
_ Ldfi(s)
2 ds

ds A\ dp.

[TOCKOBKY 5, p — TaKsKe CUMILJIEKTHIeCKHe KOOPAMHATH Ha MuOkuTesne A = D? Beiory, Kpome
uyng, T.e. du A dv = ds A dp BCIOy, Kpome HyJist, noaydnm, uro f1(s) = 2s, re. f(s) = %s u

s = 3(u? +v?). O

3ameuanme 3.1.2. 3 nemmbr 3.1.1 caemayer, 9T0 epeMeHHAs JeUCTBUS S SABJISETCH T1JIAJIKOM

na M*2.

Takum 00pa3oM, raMuabTOHHAH sBiagerca (C°-ruiaakoit aKkopeit s um for H =
7
H(s, fa(x,y)) (cMm.Takxke Teopemy Damaccona 0.1.5), cuMIuiekTndeckast CTpyKTypa ) 3amaercs

B KOOpAWHATAX S, p, T,y MaTpurei

0 1 a b
-1 0 ¢ d
—a —c 0 w

b —d —w 0

3nech a, b, ¢, d, w — TIaaKue PYHKIUU OT TEPEMEHHBIX S, 0, X, Y. DTO YCJIOBUE IKBUBAJEHTHO

TJIAIKOCTH (HOPMBI 2.

Cucrema muddepeHINATBHBIX YPaBHEHUH, OMUCHIBAONIAX TAMUJIBTOHOBY CUCTEMY U =

sgrad H ma A X V| umeer obumit Bu (y4uTbiBaeM, 410 %—g =0):

(3.1.1)

rue k= (—w + (ad — be)) ™t
Oyukuyuu a, b, ¢, d, w He MOryT OBITH MPOU3BOJNLHBIMU. OHU JOJIXKHBI YIOBIETBOPSITH

HEKOTOPBIM ycJioBusM. Haiiem 3T orpanndenus.
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Boruucsium sgrad s:

0 0 0
sgrad s = k (—w% + da_x — Ca_y) ,
0

[Tockosbky sgrad s = 55> BBITEKAIOT HEOOXO/IMMbIE YCJIOBHSI:

(

W) =1,

k. (—
(3.1.2)
d=c=0 (rkx. k#0).
N3 onpenenenusi byuknuu k BugHo, uro ¢ = d = () Bieder sgrad s = %.
@opwma () 3aMKHYTa, OTCIOJA CJIEIYeT:
Ja  Oc
Ty
20 Tas
Jda 0Ob Ow
— 4=,
Jdy Ox  Os (3.1.3)
_ob N od 0 o
dp  0s
Jc 0d Ow
— = ++—=0.
dy Ox Op
[ToncraBum ¢ = d = 0 (3.1.2) B cucremy ycosuit (3.1.3):
0
oo
dp
oo o
oy Oxr 0Os
o (3.1.4)
—— =0,
dp
0
=~ _o.
dp
U3 (3.1.4) caeayer, uro Bce DyHKIMU HE 3aBUCIT OT
a = a(x7 y? S)’
b = b(x7 y? S)?
c=0,
d=0,
w=w(z,vy,s),
N CB4d3aHbl COOTHOIIIEHNEM
Jda 0Ob Ow
———+—=0. 3.1.5
dy Ox * 0s ( )
Orcrofa, B 4aCTHOCTH, CJe[yer, 910 () uMeeT BU/
Q=dsNdp+a(s,z,y)ds Ndx + b(s,z,y)ds A dy + w(s, z,y)dx A dy, (3.1.6)
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a cucrema (3.1.1) npeoGpasyercst cJeyomuM ob6pa3om:

s=0,
SO_C(va?y)?
. 10H (3.1.7)
r=—-———-7,
w Oy
1o
Y= e
rae
OH bO0H adH

JIemma 3.1.3. Paccmompum odun us mopos Jluyeuana, 3adasaemwvir ycaosuem {s =
const, fo = const}. Toeda ckopocmo c(s,x,y) eamuavmonosa nomoka sgrad H no ¢ na camom

deae He zagucum om mouku na mope, m.e. c(s,x,y) = c(s, fa).

Jlokasameavcmso. Tlockonbky {s, fo} = 0, T0

[sgrad s, sgrad fo] = sgrad{s, fo} =0,

% u sgrad fo KOMMYTHDPYIOT H

rae [-,-] — ckobka Jlu. Dro o3nauaer, uro noToku sgrads =
Ha MHOroobpasmn M* on i ® R?

p peneneno geitcrBue O rpymnmbel R, mOPOXKIEHHOE CIBUTAMHU BJIOJIb
BeKTOpHBIX ToJieit sgrad s, sgrad fo. Topsl JIuyBuiuist siBisitorcst opOUTamMu 9TOro AefCTBUS.
Kpome Toro, KasKIblii TOp MOXKHO TIPeJICTaBUTh B BUJe dakTopnpocrpanctsa R?/H,, rue v —
TouKa Ha Tope, a H, ~ 7Z? — cranuonapHas moarpynma R2,

Yro06bl ONpenaenTh YIJIOBble KOOPAWHATE HA TOpe, HYXKHO B pereTrke H, BrIOpaTh 6a3uc
e1, ez. Torma yriosbie kKoopauHaTel Touku P(aje; + ases)x Gynyr ¢; = 2wa; mod 27. (Ouu,

BO3MO2KHO, 6yﬂyT OT/INYAaTHhCAd OT KaHOHHYECKHUX HavaJIOM OTCYeTa, OJHAKO IJId JO0Ka3aTe/JIbCTBa

JIEMMBI 9TO HE Ba,}KHO.)

0 o)

Torya Ha TOpe BBINOJJHEHO: BEKTOPHBIE MOJIS Do’ Don

u sgrad s, sgrad fo CBSI3aHBI MEXKLy

co0oii JTMHEHHOH 3aMeHOil ¢ MOCTOSHHBIMHU Koddduimentamu. KpoMe TOro, m3BecTHO, YTO
_ 0 _ —

sgrad s = 35> OITOMY MOXKHO IOJIATATH €1 = sgrad s(x) ¥ 1 = © € TOYHOCTBIO JI0 U3MEHEHUSI

Hauasna orcuera (Ha Tope). [Tosromy

i =gsgrads = —

i1 & O

i = Asgrad s + B sgrad fs
8902

_Aa +B ofs 0fa\ 0 1 (0f 0 0fs 0 (3.1.9)
7ot (L )ﬁéﬂ%@‘@%D

—b—
(B ()
dy



riae A, B moCTOsSIHHBI Ha TOPE.

— 9o _ 9f20 0
YuurbiBasg, 4To moje X = Z By 5y 9z KacaeTcd Topa, TPaHCBEPCAJIbHO 7o M €ro

TPAEKTOPUH 3AMKHYThI (TIOCKOJIbKY JIEXKAT Ha CEUEHUH S, fz, 0 = const), NOJYyUUM, YTO BEKTOD

ey B 6azuce H, MOXKHO BBIGpATH Tak, YT00bI 1OJIe X OTJIMYAIOCH OT 8%2 JIMIIb HA MHOYKUTEJTb
(Bo3MOKHO, 3aBucamuii or Touku). Torga B # 0 u
B ( 0fs 0f
A+ —|a=—=-b0=—=])=0
T (a dy Ox ’
T.€.
L[ 0fs ,0f A
J— _ — )— = —— = F . 3.1-10
w (a Dy oz B (s, /2) ( )
13 (3.1.10) u onpenenenus (s, z,y) (3.1.8) BbiTekaer
0H OH
C(S, x,y) = g(sv f2) + a—f2($7 fQ)F(S7 f2) = 6(57 f2)

O

Caencrsue 3.1.4. Paccmompum C8A3HYIO HEPERYAAPHYIO NOBEPTHOCND COBMECTIHOZ0 YPOBHA
{s = const, fo = const}. Toeda ckopocmov c(s,x,y) eamusvmonosa nomoka sgrad H no ¢ wa

camom deae He 3a6UCUM OM MOUKYU Ha IMol noseprrocmu, m.e. c(s,x,y) = c(s, f2).

Aoxaszameavemeo. V3 coobpazkeHuit HENPEPBIBHOCTH, TOJIB3YICh PE3yJIbTaTOM JieMMbI 3.1.3,
HOJIYYMM, YTO Ha KayKJIOM W3 KOJIEI 0cOO0TO CJIoS CKOPOCTDb ¢(S,T,Yy) ecTh (DYHKIMS § U fo.

HOCKOﬂbe YPOBEHB CBA3€H, TO CKOPDOCTHU OJHMHAKOBBI JIJId BCEX KOJIEII. ]

CaencrBue 3.1.5. U3 semmo, 3.1.3 u caedcmeusa 3.1.4 caedyem, wmo ckopocmo ¢(s,x,y)

ecmsb Ha camom dese Gynkyua wa npocmparcmee B(U).

3.2. PenyuupoBaHHasi CUCTEMA

Cucrema (3.1.1) joskHa pejynuposarbes Ha miomajike P?(s) = {s = const, o = const} x

cucTeMe
) 1 OHp
==
3.2.1
. 10Hp ( )
y= w Oz’

rne Hp = Hp(f2) — ramMuisTonuan pegynupoBanHoil cucrembl Ha P2(s).
Paccmorpum Kakoe-uuby b KoJibiio aroma V. Torma ajis Bropoit nepemeHHO# jaeiicTBUust Ha

9TOM KOJIBIE€ BBIITIOJIHEHO

S9 = G(S, fg) (322)
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JUIsi HeKOTOpoi#t riakoit dynkuuu G. B wacrnocru, G} = A, G, = B (3.1.9).
[Iyctn

H(s, 85) = H(s,G(s, f2)) = H(s, f),
Hp(s2) = Hp(G(s, f2)) = He(fa),

TOTIA

o _om__omoc

0s 0s  0sy 0s’

OH OH 0G
fs 0520/,
dHp  dHp OG
dfs B dsy 5—f2’
7 u3 TeopeMbl 2.1.7 caemyet, 94TO
a7 OH Vel
d;jép = d;;” G = 27?%6"2 - 2W$GIQJ§G,1, (3.2.3)

Os
OTKy/la mosry4nm, uro cucrema (3.2.1) Ha KaxKJ0M U3 KyckoB M 4. COOTBETCTBYIONUX KOJIBIAM

aToMa V, 5KBUBAJIEHTHA,

s 2m Gy,  Of

W HIGY — HyGY 9y
o HIG, O,
YO HIG, — HLGY B

(3.2.4)

3.3. CunpoekTupoBaHHasi CUCTEMA

PaccMoTpuM Takske Tpoekrmio motoka (3.1.7) ma miaomaaky P?(s). Takas Tpoekius
ompejiesieHa KOPPEKTHO, T.K. CKOPOCTb TI0 (¢ He 3aBUCUT OT , cM. cjaeacTBue 3.1.5. Vcmonb3ysd

(3.1.7), moyumnm, uTo mpoeknus noroka (3.1.7) Ha momanxky P2%(s) Gyaer umeTb BUJ

b=

w9 (3.3.1)
1,00
Y= 0

9Ty cucrteMy OymeM Ha3bIBATH CNPOEKMUPOBAHHOT.

Sameuanue 3.3.1. Cpasuusas cucremst (3.2.4) u (3.3.1), BUuanuM, 94T0 CKOPOCTH STUX CHCTEM
Ha KaKJIOM U3 KyCKOB MHOTOO6Da3Hsi, COOTBETCTBYOIIUX KOJIbIIAM aToMa V', OTJIMYIAI0TCS JIUIITH

HA MHOXKHTEJIb:
21,
Vred = TrrAr g7 Vprois
HiGy — HyGY

TJIe Uped B Uproj — CKOPOCTH COOTBETCTBEHHO DelylMPOBAHHON M CIPOEKTHPOBAHHON CHCTEM.

(3.3.2)
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3.4. Tpu cucreMbl Ha ABYMEPHBIX MJIOINAAKAX

TOJIbKO 9TO MBI PACCMATPUBAJIN TPAHCBEPCAIBHYIO TLIOIAJIKY BUIA
{s = const, p = const}.

Ora WwiomaaKa SBISeTcs JABYMEPHBIM MHOIr0OOpasWeM ¢ KpaeM, Ha KOTOPOM HMEeETCs
CUMILIEKTHYECKas CTPYKTypa ¥ JiBeé TIaMUJILTOHOBBI CHCTEMbl — peAylIUpOBaHHAS WU
CIPOEKTHPOBAHHAS.

B 1.2.2 6bLIO 1OCTPOEHO HEKOTOPOE JIByMEPHOE CHMILIEKTUYECKOE MHOT00Opasue
(Q3/S, wyrw) ¢ TaMHIBTOHOBO CHCTEMOIT HA HEM — DeIYIMpPOBAHHON B cMmbicae Mapcuena-
Baitacraitna. Kpome Toro, yumrhiBasi npupony MuOroobpasmsi QQ®, dpakTopMHOTOOOpasme
Q3/S' moxHO paccmaTpuBaTL B KavecTBe IOJIMHOr00Gpa3usi-ceueHusi cjaoenus Jeiicdepra
MHOroo6pazusg Q3.

BosHukaer ecTecTBeHHBII BONPOC: KaK CBA3aHBI MeEXKIy CO00H CHMILIEKTHYECKHE
muoroo6pazusa (P?(s),w), (Q3/S',waw) ¥ TPM TaMHMILTOHOBBI CHCTEMBI: pelylHUpOBaHHAI,
CIPOEKTHPOBAHHAA U PeLylUupoBaHHas B cMbicae Mapcaena-Bajincraiina?

CBs3b peaynMpOBaHHONW M CIPOEKTHPOBAHHOH CHCTEeM yKa3aHa B 3amedanuu 3.3.1. A

MMEHHO, OHM OTJINYAI0TCst HAa MHOXKUTEIb (3.3.2). Kpome Toro, JoKazkeMm CJIeyolLyo Teopemy.
Teopema 3.4.1. (a) mnozoobpasus (P%(s),w) u (Q3/S", wyw) cumnaexmomopdros;

(6) cnpoekmuposannas u pedyyuposannas 6 cmwieae Mapcdena-Batinematinag cucmembi

co8nadarom.

Jokasameavcmeo. (a) Juddeomopduocts Mmuoroobpasuit P?(s) u Q*/S' cnenyer us
crpoenus Q% kak cioenns 3eiidepra, miomaaka P?(s) ~ Q3/S! apaserca 6a3oii 3roro

cnoerns. Kpome TOro, B CJIOEHUU OTCYTCTBYIOT OCOOBIE CJIOW.

CumirekToMOp@dHOCTH 10 CyTH JA0Ka3aHa B 1. 3.1 u Treopeme 2.2.2. HyxkHo paccmorpern
KOOPJIMHATHOE Ipe/ICTaB/IeHIe OTPaHNYeHI UCXOMHOM (bopMbI w Ha (Q° u B OHOM cilyuae
orpanuuuth ero Ha P%(s), a B jpyrom onycruts Ha Q®/S! B BUgE W 0o D7r. Heobxoaumo
y4ecTh COOTBETCTBUE ODO3HaveHwit § = ¢, u = s, Ny = x, Ny = y. CM. KOOpANHATHOE

npejicTaBiieaue B 3amedanuu 2.2.6.

(6) OueBuHO, yIUTHIBAsE COOTBETCTBUE KOODAMHAT, CUMILIEKTUYECKYIO (DOPMY U SIBHBII BUJL
CITPOEKTUPOBAHHOMN cucTeMbl, cM. dopmyus (3.3.1).

O
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3.5. HeomHo3Ha4YHOCTH BHIOOPA KPUBOI 7 MPU MOCTPOEHUMN WHBAPUAHTOB

4-0KpPEeCTHOCTH

x29)

[IycTh Touka y JiexkuT Ha “cejiyIoBOI” KpuBOil Oudypkanuonnoit juarpammsl. Paccmorpum
JIBe TIJIaJIKNe KPHBBIE Y U Y2, NE€peceKalolue s B TOYKe Y TPAHCBEPCAJbHO WJIM TaK, UTO
v; dBJIsgeTcd TpadUKOM HEKOTOpO# (PyHKIUU 1O fy, BOZMOXKHO, MMEIOIIUM BEPTUKAJIBHYIO
kacarenpuyo. Ilyers QF = F '(71), Q3 = F '(92) (em. pme.l.9.1, cm. crp. 27).
[Ipennosraraercs Takzke, 94TO g—g(y) # (. D10 ycI0BUE SABJISETCS YCIOBUEM OOIIEro MOJIOXKEHHS
U TapaHTUpYyeT CYIIeCTBOBAHUE DpeIyIMPOBAHHBIX cucTteM w = sgrad Hp ¢ MOpCOBCKHMH
raMUJIbTOHHAHAMU Hp Ha TPaHCBEPCAJBHBIX TLIOMankax F,.. Kpome toro, mycts 06e3

orpannvenus: oomuoctu Bce Hp = 0 HA ocobom rpade.

Teopema 3.5.1. Ilycmo g—g(y) # 0. Ecau naowadku PL dasa Q3 u P2 das Q3 ewvibparw
CO2AACOBANHO, M.€. €CAU UT 0cobbIe 2padv cosnadarom Ha ocobom caoe (cm. onpedeserue 1.9.3

u aemmy 1.9.4), mo unsapuanmu A, A, Z pedyuuposarmnvz cucmem na Pl P2

s Pr. coenadarom.

3ameuanme 3.5.2. U3 jemmbl 2.1.2 cieayer, 4TO Jijisd IIOJIOXKeHUs ocoboro rpada
CymiecTByeT OECKOHEYHO MHOTO He3allpPENeHHBIX TOMOTONHYECKUX KJacCoB. B 3Tux Kiaccax

TpaHCBEPCAJbHbIE TIJIOIMaAKW IJI Q? n Q% BCerga MOXKHO BI)I6pa,TI) COIJIaCOBAHHO.

st mokasaresbcTBa Teopembl 3.5.1 HaM TMOHAI00ATCS elne HEeCKOJbKO TOHATHH W

BCIIOMOTI'aT€J/JIbHBIX YTBepH(,HeHHﬁ.

Onpepnenenne 3.5.3. PaccmorpuMm Kakyio-HUOYIb O0COOYI0 TOUKY X; PeAyIHUPOBAHHON
cucteMbl w = sgrad’H Ha TpaHcBepcasbHOM momanke Fi.. Ha xakaom u3 deThIpex
IpUMbIKaOMux pedbep ocoboro rpada paccmorpuMm 1o Touke. [Iposesem uepe3 3tu TOUYKM
II0 OTPe3Ky, TpaHcBepcaJabHOMY pebpy rpada. O0sacTh Ha aToMe, BbICEKaeMasi C IOMOIIbIO
STUX YeTHIPEX OTPE3KOB (SABJISAIONIASCI OKPECTHOCTHIO OCOOOH TOUKM) HA3BIBAETCS KPECTOM

(puc. 3.5.1).

[Tycre A; — xomnonenta A-wHBapuanTa, COOTBETCTBYIOWAas r; (BesnunmHa, obparTHas K
COOCTBEHHOMY 3HAYEHMIO JIMHeapu3auu noJis sgrad H B Touke ;).

Paccmorpum kakyio-HuOy/ap U3 “4eTBepTUHOK’, HA KOoTOpbie rpad K pa3buBaer KpeCT.
O6o3naunm I1(H) Bpems JABuKeHUsI PELYIMPOBAHHON CHCTEMbI HA IJIOMAIKE P MO y4acTKy

TPaEKTOPHH, 3aKJTIOUEHHOMY B 9T0i uerBeprunke. Torma I1(H) umeer Bu:

H(H) = —A;In|H — H(z:)| + c(H), (3.5.1)
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Puc. 3.5.1: a) Kpecr na arome; 6) Kpecr ¢ pa3bueHmeM Ha MOJOXKWUTEIbHBIE W OTPUIATEIbHBIE

“geTBepTUHKHU.

rae ¢(H) — nenpepsiBHas byukuus npu H — H(z;), H(z;) — 3uadenne H B 0coboii Touke
(nim, 4TO TO XKe camoe, HAa 0ocoboMm rpade K).

Pazsoxkenne (3.5.1) BbIT€KaeT M3 CJEAYIOIErO BCIOMOIATeJbHOIO NPEJJIOKeHUs (JleMMa
8.2 u3 [8],I). Ha eBk/nmoBoii miockoctu (x,y) paceMorpuM (byHKIUIO H = 2y, TPOU3BOJIbHYIO
CUMILIEKTUYECKYIO CTPYKTYPY W B OKPECTHOCTH Ha4aJia KOOPJAUHAT U BeKTOpHOe moJie sgrad H.
PaccmorpuM Takske 061acTh B R2, KoTOpas orpanidena M0/I0KUTeTLHBIMA TOJIYOCIMH T- U Y-
KOODIMHAT, TuIep6ooit H = xy = 1 u AByMs NPOU3BOJbHBIME KYCKAMU TJIQIKUX KPUBBIX [| U
l5, IepecekatonUMK JTUHUK ypoBHsS H TpaHcBepcaabro. O6o3HaunM I1(g) BpeMs JBUKEHUS TIO
JIMHUM YPOBHsI H = € oT ToYKHU Jayru [ 10 Touku jayru ls (puc. 3.5.2).

Y L

la

Puc. 3.5.2: Oupenenenne dyuxipu I1(e).

IIpennoxxenune 3.5.4. /lasa mobozo n € N umeem mecmo pagercmeo:
II(e) = —P,(g) In(e) + ¢(e),

2de P, — nexomopuiti nosunom cmenenu n, a c(e) — Pymnkyus xaacca C" na [0, 1]. IIpu smom

K0apPUUUEHMDBL A; MHO2OYNEHA
P.(e) = ap+ are + -+ aye”

93



cosnadarom ¢ KoapPuruenmamu a; 8 metioPoeckoM PA3AOAHCEHUL

w(z,y) ~ Z aix'y’.

1,7=0
Yr0o6s1 mOJTyunTh Tenephb (3.5.1), HeoOXOAUMO BOCIOJIB30BATHCS CJIEAYIOMUM O6OOIIEHHeM

aemmbl Mopca u Teopemst [lap6y [24].

Jlemma 3.5.5. ITycmv S — neswiposicdennas cedrosas 0cobas mowka 20MusbmoHuara H Ha
amome P, H(S) = 0. Toada 6 oxpecmmnocmu S cyuecmseyem pezyiapran Cucmema KoopouHam

(x,y) makas, wmo
a) H = xy;
6) w = w(z)dx A dy, 2de z = xy.

C IIOMOIIIBIO JIEMMBI 3.5.5 BbI6epeM KOOpAWHATBI, 9YTO AAaCT BO3MO2KHOCTDH BOCIHOJIb30BATbHCA

npe/iokenneM 3.5.4 Ha YeTBepTHHKE M MOIy4uTh (3.5.1).
Omnpenenenne 3.5.6. Kpecr Oyuem HasbiBarh kaHonuueckum, ecau c¢(0) = 0.
Kax BoiGparh kanoHuueckuii kpecr? Bocnosb3yemcest jjist sToro uaesmu |8, 11].

JIemma 3.5.7. ITycmsb 6 okpecmuocmu 6epuiumsl T; 6u6pars. KOOPOUHAMDYL 6 COOMEEMCMEUL
¢ aemmot 3.5.5. Pacemompum wpeem {|xy| < g9, —1 < x,y < 1}, 2de €9 — mexomopoe

noaoscumesvrHoe wucao. Taxod Kpecm ABAAECIMCA KAHOHUYECKUM.

Hoxasameavcmeo. Obo3HaunM ., 0 < € < €y, TPAEKTOPUIO BEeKTOpHOro moJjs sgrad H, rue

‘H = ¢. [lapameTpusyem . Ipu MOMOIITHA BPEMEHHU:

e = (x(t),y(1), te[0,II(e)].

Torna
dr dy x Y
T dH= |- 5 )
(dt dt) = ( w(zy) w(xw)
U IIO3TOMY
detydy [
—adx + ydy
Ve 0
OTKy/Ia
F ( ) : T+ %) dx
—xdx + ydy / —xdr + =£d (£ / ( g)
H e _ = z z e B —
= [ =5 = [ = et s
S ! ‘ (3.5.3)
d 1
= w(e) i w(e)nz| = —w(e)Ine ~ —w(0)Ine + o(1).
Z &€
Yuursisast, 9ro w(0) = A;, HoJyInM, 9TO BHIOPAHHBINR KPECT — KAHOHUIECKHUIL. O
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3ameuanue 3.5.8. Kanonndeckue KpecThl BHIOMPAIOTCS HEOMTHO3HAYHO. MOXKHO, HapuMep,
M3MEHSITh TPAHUIBI KPECTOB IPOU3BOJILHBIM 00pa30M, COXpaHss TOYKHU IIepecedeHns ¢ pedpaMu
ocoboro rpacda Tak, 4TOOB TH KpPHBBIE OCTABAJIUCH TPAHCBEPCAJBbHBIMU pedpaM 0co00TO

rpacda. Kpome Toro, MoxkHO nojiBeprarh KpecT CABUTAM BJIOJIb BEKTOPHOTO moJist sgrad H.

MO}KHO U3IOTOBUTH KAHOHUYECKUN KpPECT U3 IIPpOU3BOJILHOI'O KpeCTa, HE HaX0dd KOOpAUHAT
u3 JjieMMbl 3.5.5. BocmoJsib30BaBIuch TOJIBKO JieMMoit Mopca, BbiOepeM NMpOu3BOJIbHBIN KpecT
u Kakme-HuOyap KoopauHathl (x,y), —1 < z,y < 1 B okpecrHocTH 0c06Oii (ce10BOi)
TOYKM TaK, 4TOObI FAMUJILTOHMAH B 9THX KOODJAMHATAX HpuHsa Buja H = xy. Kommonenrtoii
CUMILIEKTHYECKOH CTPYKTYDBI $BJI€TCS HeKoTopas (byHKIus w(x,y), a TPAHUIBI KpPecTa
3amatoTcs yeaouamu |zl |y| = 1, |ry| < e. IlpoBemem q1st 9TOro Kpecrta BHIUACIEHWUS,

anajoruuanse (3.5.2-3.5.3):

—xdz + ydy
Ii(e) = /w(%y)w
Ye
—xdzr + ydy
_ / () = wla,0) + (. 0) = w(0.0) +(0,0) =5 L
Ye
—xdx + ydy )
:/(W($>0) —w(070))w
Ye
3.5.4)
—xdzr + ydy —xdz + ydy (
+ / (w(z,y) — w(x,0)) T + /W(QO)W
Ye Ye )
[Tpeobpasyem mepsbiii uaTErpa u3 (3.5.4):
1
—xdxr + ydy dx
/(w(93>0) —w(0,0)) T2 / (w(z,0) = w(0,0)) o
Ye €
oTKya npu £ — 0 mosydum
1
—xdzr + ydy dx
[l 0) = w(0.0) =G — [ (e, 0) — (0,005 (3.5.5)
0

Ye
[Tepe npeobpazoBanuem BTOporo uurerpasia u3 (3.5.4) 3amMeTuM, 4T0 U3 MIAIKOCTH (DYHKIMH

W CJIeJlyeT, 94TO OHa NPeJICTAaBUMa B BUJIE
w(z,y) = w(0,0) + zg(x) + yh(y) + zyk(z,y),
rie g(z), h(y), k(x,y) — rmagkue dynkmun. [lostomy mosmydnm:

w(r,0) = w(0,0) + xg(x),
w(0,y) = w(0,0) + yh(y),
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a TaK>Ke
W(IL’, y) - w(x, 0) - W(07 y) + w(07 0) - l’yk(%‘, y)7

OTKYJla TIOJIyYUM, 9TO

—xdxr + ydy —xdzr + ydy
[ l9) = wl,0) = (0.9) + (0.0 s [ ”
Ve Ve

1
d
:/5k: (g,y) 9 _ er(e)Ilne — 0 npu e — 0,
Yy

Y

€

rie () — HempepbIBHAs B OKpecTHOCTH HY/s dbyukmus. CiemoBarenbho, mpu € — 0 BTOpOi

unTerpast B (3.5.4)

—xdr + ydy
x? + 2

[ we.v) - wte0)
13 (3.5.4), (3.5.5), (3.5.6) upu € — 0 nosyunm:
II(e) = w(0,0) 1n6+/(w(x,0) —w(0,0)) +/ (0,y) —w(0 O))d +o(1) (3.5.7)

- /(W(O,y) —W(0,0))%. (3.5.6)

U3 Beipaxenust (3.5.7) ciemyer, 4r0 KAHOHUYECKHI KPECT MOYKHO HOJIyYUTh U3 TPOU3BOIHHOTO

orpe3aHueM (WM NPUKJIEHBAHMEM, B 3aBUCHMOCTH OT 3HAKA) IPSMOYIOJbHUKOB, JJIHHbI

AW
I
f

Puc. 3.5.3:

KOTOPBIX, €CJIH U3MepSATh UX 10 ocobomy rpady, pasubl (puc.3.5.3):

1

dx B Cw dy

= [0 -w00F L= [@05)-w00m
°, - (3.5.8)

= [ (w(z,0) —w de = [ (w —w dy

@-/(«@ o™, /(@@ 0.0)°

OTm™eTnM, 9TO €cau &,y — KOOPAUHATHI He u3 JeMMbl Mopca, a Toasko H = H(xy), To Be3ne

B (3.5.4-3.5.8) mosiBsaTCs KOo3bdunuentsr H' (zy) nmm H'(0).
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3.5.a. Jloxaszameavcmeo meopemovs 3.5.1

Joxazamenvcmeo meopemv, 8.5.1. Ecim Boimosnneno yciosue cornacosannocrn Pl u P2, to
ocobbiit rpad Ky mHux obmuii. Ciie1oBaTeIbHO, 9TH ILIOMAIKH Iepecekaiorcs mo rpady K,
a B 0COOBIX TOYKAX T;, IPOUCXOIUT KacaHWe IUIONMAM0K (T.K. KacaTeJbHas IJIOCKOCTh K 06enM
IJTOIA/IKAM HATSHYTa Ha KacaTelbHBIE BEKTODPH K pebpaM ocoboro rpada).

CobOcTBeHHBIE 4MCJIa JIMHEAPU3AIUU PEAYIMPOBAHHONW CHCTEMBI HA TPAHCBEPCAJHHON
IJIOMIAIKE SBJISIOTCS MYJBTUILIMKaTOpaMu oTobpakenus: Ilyankape. CoOCTBEHHBIE BEKTODBI
orobpaxenuii [lyankape ais mmomanok P, P2 coBHauaioT, T.K. ABJIAIOTCA KaCaTeJIbHBIMA K
pedpam K. Iunamuka Ha K coBnagaer s ABYX momanok. CiieaoBare/ibHO, U COOCTBEHHBIE
qucsia auHeapusanuii orobpakenuit [lyankape mis P, P2 Tak:e COBIAIAIOT.

Orcrona caexyer, uro A-musapuantsl aist Ph. u P2 (wmm, uto 10 e camoe, 1 QF u Q3)
COBTIATIATOT.

Ocraercs cpaBHUTH WHBApHAHTH A u Z. JIjig 9TOro m0CTATOYHO CPABHUTH MEXKy co0Oii
nenu Iy, ly ana maomanok PL, P2 coorercrsenno. IIpu 3TOM HYKHO BHIGPATh HavajbHbIE
OTPE3KH pa3jie/ia Ha KOJIbIAX COIJIACOBAHHO.

Paccmorpum Bepmuny x; rpada K. BeibepeMm /15t Hee Kakue-HUOY/Ib KPeCThl HA IO IKAX
P}, P2 rak, 4roGpl wx rpanumnbl mepecekasu pebpa rpada K B OJHAX U TeX K€ TOUKAX

(puc.3.5.4).

Puc. 3.5.4:

B OKpecTHOCTH ; PACCMOTPUM B3aMMHO-OJHO3HAUHYIO IPOEKIHUIO miomaiku P2 mHa PL,
00JIaJAIONIYI0 CJEAYIOMUM CBOMCTBOM. JIMHUU yPOBHS TaMUJIBTOHUaHA Ho pPeayIUPOBAHHOM

cucTeMBl Ha P2 JOMKHBI 0TOOPA3UThCS B IAHWA YPOBHS TAMHUJIBTOHUAHA | DPeIyUpOBAHHOI
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cucrembl Ha PL. Takyio 1poeKIMI0 MOXKHO IPOBECTH KAHOHUYECKUM 0OPA30M, OTOXKJIECTBIIsts]
JIMHUM YPOBHsI, COOTBETCTBYIOIINE OJMHAKOBBIM 3HAYEHUsIM (DYHKIMU Hepuoja (yduThiBasi,
YTO Ha KaXKJOW IJIOMAJKe 3HadeHWe (DYHKIWHM MEPUO0JAa CTPEMHUTCHd K OeCKOHEYHOCTH IIpH
npubsmkennu K ocobomy ciow). ITpu sroM Hac He mHTEpecyeT BpeMsi BIOJb TPAEKTODHIA,
BaKHO JIUMIb, YTOOBI 0TOOparKeHue ObLIO TJIaIKUM.

Boibepem Teneps ma Pl (B OKpecTHOCTH Z;) KOOpAMHATHI (T,Y) B COOTBETCTBUH C JIEMMOi
Mopca, Tak uro H; = zy, a Hy = f(H1), aus mekoropoit dynkunu f. Obmemy ocobomy rpady
K coorBerctBytoT z =0, y = 0.

[TocmoTpuM, Kak ONpeNensdioTcsd IPAHUIBI KAHOHMYECKUX KpecToB Ha K. OT mpou3BOILHO
BBIODAHHBIX KPECTOB HY’KHO OTpe3aTh KYCKH, JIJIMHBI KOTOPBIX paBHBI [;, j = 1,...,4 (3.5.8).
[Tycrs dyuxkuun w'(z,y), w?(x,y) ABAAIOTCH KOMIIOHEHTaMU CUMILIeKTHYecKux ¢gopm Ha Pl
u P2 coorBercrsenno. Torja 3Hauenust uaTerpasos I;, j = 1,...,4 ompeensiorcs 3TAME

GYHKIUSIME, OTPAHMYEHHBIMU Ha 0cOObI# rpad K.

JIemMma 3.5.9. B oxpecmmocmu ocoboti mouwku x; dynkyuu w' u w? 6 ewvbpanHbT

koopdurnamaz (x,y) cosnadatom wna K:

w(z,0) = w?(2,0), w'(0,y)=w?*(0,y).

Hoxazameavcmeo. V3Bectrno, uro BekTopHbie moJisi sgrad H; u sgrad Hs pasubl Ha K.

Banumem ux B KoopauHatax (z,y) Ha y = 0:

0 ——F—= 0
sgrad Hy(z,0) = wH@0) ;
1; 0 X
wl(z,0)
0 ——t-\[o0) o
sgrad Ha(z,0) = 1 @2 (z,0) a,’_]; (x,0).
w2(z,0) 0 x !

U3BecTHO, uTO MMHEapu3ayu noToKoB sgrad Hi u sgrad Hy TOKHBI COBIAAATE (B YaCTHOCTH,

U3-32 COBIQJEHMsI JMHAMUKH Ha 0CO00M rpade i PasHbIX IJIOMAJI0K), ¥ KPOME TOro,
1 _ 2 , ,

w'(0,0) = w*(0,0) (n paBHBI COOTBETCTBYIOIIEH pPACCMATPUBAEMON BEPIIUHE KOMIIOHEHTE

A-I/IHBapI/IaHTa), a ¢yHknus H; 3aBUCUT OT NpOW3BeAeHus: Ty. [103TOMYy OUYEBHIHO, HYTO

am I (x,0) = (0 0) = 1. Ho Tora u3 BRIIMCAHHBIX PABEHCTE crefyer, uto w'(z, 0) = w?(z,0).

AHaﬂoquHO w(0,y) = w?(0,y). Jlemma 3.5.9 nokazana. O

Jlokaxkem Teneph, YT0 A- ¥ Z-WHBAPUAHTHI COBIAJIAIOT.
3 nemmbr 3.5.9 crenyer, uro Beqmumusl [, j = 1,...,4 (3.5.8) conagmaror ana P, P2,
a W(O 0) = 1, cremoBaTebHO, JJIsT TOJYUYeHHUs] KAHOHUYECKUX KPECTOB OT IIPOU3BOJIBHBIX

KpPeCTOB C COBIIaJAaONIUMU I'DPaAaHUYHBIMHA TOYKaMH1 Ha ocoboMm rpa(be HeO6XO,ZLI/IMO OTpe3aThb UJIn
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HPUKJIEUTh KYyCKU OJHON u TO# ke jjuHbl. OTCIOa Cjie/yer, 9T0 KAHOHUYECKHe KPEeCThl JIJIst
Pl u P2 MoxHO BBIOpATh Tak, 4To0bl HX IPAHHUIBI epeceKajn ocoOblit rpad K B 0JHUX U Tex
K€ TOYKaX.

OrmeTnM, 9TO JUIMHBI OCTABIIUXCS JIEHTOYEK, eCIM UX U3MepsTh o K (T.e. u3MepsiTh BpeMsi
JIBIZKEHUsI TIOTOKOB 110 Tpady K MexKjy rpaHullaMyi KAHOHUYECKUX KPECTOB), COBIAIAIOT.

Ha Pl m P2 paccMOTpUM COOTBETCTBYIONIHE APYT APYTY KOJbIA W MPOBEJEM HA HUX
HauyaJbHble OTPe3KM paszjena (JIMHUM YPOBHsS YIJIOBOH mepeMeHHO# ¢ = () Tak, 4To0bI
ux rpaHunbl Ha K coBmaaum mexkiay coboit. [IpoBejseM Temepb ocTajibHBIE OTPE3KU pas3jielia
Ha BbIOpanHbiX Kosbmax Pl m P2. Kak ompemensiorcsas 3Th ocranbhble orpesku? Bepercs
KaKasg-HUOY/Ib TPAeKTOpHUs, OHA eCTEeCTBEHHBIM 00pa30M MapaMeTpU30BaHa BpeMeHeM. Mbl
JIeIUM ee Ha KYCKHM, BPEMeHa ITPOXQJ0B MO KOTOPHIM ITPOMOPIMOHAJIBHBI BejuduHaM A;,
COOTBETCTBYIOMAM 3TUM KoJblaM. OyHknun mepuona jng xonern Pl wm P2 ornmuatorcea mHa
HEKOTOPYIO HenpepbiBHY10 dhyHKIWo ¢(H ), npuyuem o nokazanuomy c¢(0) = 0. Orcioga ciemyer,
4TO IpaHuIlbl OTPE3KOB pazjena Ha K cosnajator aia PL u P2,

B camom neste, s Kaxk10if mapbl KYCKOB KOJIEI[ MEXK/Iy OTPe3KaMHu pasjiesia Pa3HUIA BO
BpPEMEeHH MPOX0J[a, PaBHA %C(H), rne A = > A;. Ha K nunamuka oqunakoBa, ¢(0) = 0, mostomy
TPAHUIBI OTPE3KOB pa3zjesa Ha K COBna;Lz;mT.

[Tockoabky muHamMuKa Ha Trpade oJuHAKOBas JJjisi 00EuX ILIOIIAI0K, TO U KOI(DDUIMEH T
neneii | omunakosbl. OTcioma ciaeayer, 4to u A, Z-uHBapuaHThl J1d Q5 u Q3 coBmajamor.

Teopema 3.5.1 mokaszaHa. ]

Caenctsue 3.5.10. Ilockoavky cyusecmeyrom cemeticmsaa niou,ador, HEnpepvieHo 3G6UCAULUE
om MouKy Ha cedro6ol kpueol (cm. samevanuve 2.1.4), m.e. UHBLMU CAOBAMU, CYULCTMEYIOM
MAKUE 20MOMONUYECKUE KAGCCHL NAOUWAIOK, MO 6 HUT CYWECMEYIOM MPAHCEEPCANDHDLE
NAOWAOKY, 0Af BCET MOUuEK €e0A0801 KPUBOU 75, MO MONCHO PACCMOMPEMD (HenpepvieHvie)
sasucumocmu wuces N, A u Z om mouxu na 0coboti kKpueot vs budyprayuorrot duazpammo.
B meopeme 3.7.2 bydem dokasaro, wmo amu GYHKUUY ABAAOMCA KOPPEKMHO ONPedeseHHUMU

uHBaApUAHMAMU Mmpaekmoprot sxeusasenmmocmy cucmem nwa U(L).

3.6. IloBenenue (pyHKIMN BpPAIEHUS B OKPECTHOCTU OCO00ii TOYKU TUIIA CEIJIO-IIEHTP

IIpoctpancrso B(U) npezacrasiser coboil “pacKphITYyI0 KHUXKKY’, KOTOPasi €CTECTBEHHBIM
o6pa3oM HakpbiBaeT o6pa3 orobpaxkenmsi momenta F (puc. 1.4.1, crp. 17). Bribepem u
zadpukcupyem jguct X 310t KHUKKU. ECTeCTBEHHO OTOXIAECTBAATH X C JIEBHIM WJIM TTPaBbIM

(coorBercrBenno) yriaamu muoxkecrsa F(U(L)).
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Onpenenenne 3.6.1. [lycrs [I(H) obGosnauaer nosHbI Lepuoj, JBuxKeHHst 10 Py, mopx
neiictBueM 1oToKa w = sgrad’H BAOJIb MHTErpajbHON TPAeKTOPHH, COOTBETCTBYIOIIEH

3a/IaHHOMY 3Ha4YeHHI0 H. DTa DYHKIMSA HA3BIBAETCH PyHKkyuet nepuoda.

Badukcupyem Ha Topax Jjucra X 0a3MC, COCTOAIIMNE W3 CTATMBAIOIIErOCHd IUKJIA W IUKJIA,
BBICEKAEMOT'0 TPAHCBEPCATBHOM TLIOMAaKkoi F,.. OyHKIUS BpalleHus, 3a0UCAHHAS B ITOM
Oasmuce, copnagaer ¢ pyHKIMEH Mepruoia peaynupoOBaHHON cucTeMbl Ha P,

HawMm cHoBa monamobutcss BcrioMorare/ibHOe IpejiioxKenue 3.5.4 o npeicTaBieHnd (pyHKIMH
nepuoga Il(e), crp. 53.

PaccmoTpuMm mpousBoIbHOE KOJIBIO aroMa. MOXKHO pa30UTh ero Ha NPSIMOYTOJHHUKHU C
HOMOIIBIO TJIaJKuX jyr [N;, TpaHCBepcaJibHbIX JiuHUsM ypoBHs (yukuuu H. [Ipumenum
upejyiokenue 3.5.4 K KaxkJI0My U3 9TUX npsamoyroibHukoB. Ilycrs 11;(H) obosnavaer Bpemsi
JIBYDKEHUS TOJT JIefiCTBHEM TaMWJIBTOHOBA MOTOKA BHYTPH ¢-T'0 IpAMOyrojbHuKa oT N; K N;iq

BJIOJIb MHTEI'PAJIbHON KPUBOI, COOTBETCTBYIONIEH 3aanHoMy 3Hadenuto H. Torma
IL(H) = —Am, InH + 9 (H).

31ech m; 0003HAYaeT HOMEP BEPIIMHBI ATOMA, IPUHAJIEKAIIEN TPAHUTIE ¢-T'0 IPIMOYTOJIbHUKA,
a c(H) nenpepuerag dynkmus ma [0, h] (h cooTBeTcByeT 3Havenmio H Ha BHEITHel TDaHMIE

BBIOPAHHOTO KOJIbIa) Tak:ke MOXKHO HOJIyYUTh
IL,(H) = —PY(H) InH + ) (H),

rIe Péz) (H) stBisieTcst MHOTOYJIEHOM CTENeHU N cO CBOOOAHBIM Ko duimenTom A, , a cgf) (H)
— byukius kinacca C™ ua [0, h).
JIerko BuI€TH, 4TO

II(H) = —AIn(H) + ¢(H) (3.6.1)
rie A =Y A, a ¢(H) — Hekoropas HenpepbiBHast dyukmus Ha [0, h]. Kpome Toro,

[(H) = —P,(H) InH + cn(H), (3.6.2)

rae P,(H) — muorouwien cremeHu n co ¢BOOOTHBIM KO3ddunmentom A, ¢,(H) — bynkmus

ksacca C™ ua [0, hl.

Sameuanne 3.6.2. [lockonbky byukmun ¢o(H) u ¢;(H) cBsI3aHBl COOTHOIIEHHEM
co(H) = —arHInH + ¢1(H), rae a; € R,

TO Ha camoMm gene co(H) asagerca Cl-rnaaxoit npu H # 0.
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[Tycrs s, Sy — nepeMeHHble JefiCTBUS, COOTBETCTBYIONIME BLIOPAHHOMY 0a3UCy, COCTOSIIEMY
U3 CTATMBAOIIETOCs IUKJA U KOMIIOHEHTBI TpaHuibl Py s, fo = fo(x,y) — KoopauHATHI Kak
B 1. 3.1 (mo cyTu KoopauHaThI, omnpenensembie jgemmoit 1.4.1); H = H(s, fo) 3aBHCUMOCTD
raMUWJIBTOHUAaHa OT S, f2. MBI OrpaHUYUBaEeMCd B rZLaHHI)H./JI MOMEHT paCCMOTpEHueM OTAE/JIbHOT'O
qucra kumkku B(U), mostomy, 6osee TOUHO, fo TpeacTaBisieT cOOON OrpaHWYeHWE ITOi

GbyHKIUE Ha 9aCcTh 4-MHOr0O0Opa3us, COOTBETCTBYIOILYI) BHIOPAHHOMY JIUCTY.

Onpenenenne 3.6.3. Cucrema Hecneyuasvha, ecau %—IS{(O, 0) #0, g—g(o, 0) # 0.
Bameuanne 3.6.4. [lockonbky H = H(s, f,) na Bcem M*, oueBumHO, 4TO CBOUCTBO

HECIIeNUATIbHOCTH CHCTEMbI He 3aBUCHT OT BbiGopa Jmcra Kumxkku B(U). Kpome Toro, sicHo,
YTO B KA4eCTBE fo MOXKHO OpaTh, BOOOIIIE TOBOPS, JO0YI0 (DYHKINIO fo, TOCTOSHHYIO Ha CJIOIX
JIMYBUJIJIEBA, CJIOBHUsI, C €JIMHCTBEHHbIM ycjioBuem dfs # 0. Hanpumep, roaurcs yHKius

f = p1q1, oupenensiemast reopemoit Dumaccona 0.1.5. Cm. takxke yciaosue 6) u3 m. 1.2.

Sameuanme 3.6.5. [lycte H] obo3HauaeT 4YacTHYIO HPOM3BOAHYIO (yHKIMM H 10 i-My
aprymenty (re. H = 2% H) = g—g). Kak 6yzmer scHee BUAHO U3 JajbHEMIIEro, ycJoBue
H}(0,0) # 0 Hy:KHO Jisl TOTO, YTOOBI CIIPOEKTHPOBAHHBIE CHCTEMBI Ha OJU3KHUX K HYJIEBOMY
YPOBHIO ILIONIAIKAX OBLIM HEBBIPOXKJEHHBbIME, cM. ypaBHenus (3.3.1), a ycaosue H;(0,0) #
0 rapaETHpyeT HeBBLIEJNEeHHOCTh mwiomanku P,.(0) = F~1(v,) cpean npouwmx (ma meii, B
YaCTHOCTH, OyJeT CyIIecTBOBAThH IIPeAes] pelyluPOBAHHBIX CHCTEM, SBJISIOMMIACS OOBIYHOMN

UT'C), cM. HUXKe TO0KA3ATENBCTBO JIEMMBI 3.6.7.

Sameuanue 3.6.6. V13 meBbIpoXKIeHHOCTH OCOGOrO ciost ciaeayer, uro Hi(0,0) u H5(0,0) ue
MOTYT OBITH OJHOBPEMEHHO PaBHBI Hy0. HecnenuasbHblil cirydaii siBjsiercst crydaeM O0IIero

noJjioxkenud. PeasbHble (I)I/IBI/ILIGCKI/IG 3aJlavdu OOBIYHO TAKKe SBJIAIOTCH HecIllellnaJIbHbIMMU.

JIlemma 3.6.7 (o moBegeHuu (hbyHKIUM BpaIeHNs ).

Hycmo cucmema necneyuasvra. Tozda auruu YposHs GUHKUUY SPAWEHUA P HA BBLOPAHHOM
aucme X npocmpancmea B(U) napaareavhv ys 4 6MuKAOMCA 8 Yy MPAHCEEPCAADHO, TM.E.
boaee mouno, cyusecmeyem zomeomoppudm aucma X na cmandapmuoili, cm. puc. 3.6.1. Kpome

mozo, p MOHOMOHHO CIMPEMUINICA K beckonewnocmu npu ’I'LPU6/I,U,£H66HUU/ K Vs-

oxazamesvcmeo. B KadecTBe KOOpJAMHAT HA OKPECTHOCTH TOYKHU Yy HA JucTe X MOXKHO
BbIOpaTh mepeMenubie s U fo (s > 0, fo > 0 ;g ompenenennoctu). EcrecrBenHO cuuTaTh,
4yTo ypaBHeHue s = () 3aJaeT KPUBYIO 7, & ypaBuenue fo = 0 (upu s > 0) — KpUBYIO s.

Paccmorpum Tenepsb cemeiictBo Kpusbix I = {s = const}, sBiasomuxcs TpaHCBEPCAIbHBIME
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Puc. 3.6.1: “Cranpaprasit” smer X kamxku B(U).

ceJ/IoBOil KpuBOil v, OudypkanuonHoit guarpaMmmbl. OHO BKJIIOYaeT B ceOs M KPHUBYIO Y.
Kaxkmoit n3 kpuBbix 7 € [' COOTBETCTByeT HEKOTOpPOE HWHBAPHAHTHOE IIOJMHOrOOOpasue B
U(L), npudem moamuoroobpasua Q. = F '({s = so}), so # 0 gBAAIOTCA TPEXMEPHBIMH,
a moAMHOT000pa3ue (), COOTBETCTBYIOIIEE Y = V,y,, SABJSIETCS JBYMEDHBIM.

Jlng Kaxkaoro m3 moaAMHOrooOpasmii (), MOYXKHO BBIOPATh TPAHCBEPCAJIBHYIO ILIOMIAIKY
P,.(s), Tak, 9T00BI BCe BMeCTe OHM 0Opa30BaJU IJIAJKO 3aBHCsIIee oT s ceMmeiictBo. Ocobas
JIByMepHasl Tiomaaka () Oymer mpu 3TOM SIBIASTHCS OXHOW W3 TLIOMAI0K cemeiictBa. Ha
KaxKI0# u3 miomanok Py.(s), s > 0, uMeercs pelylnupoBaHHAs CHCTEMa. PejxylnupoBaHHBIE
CHCTeMBI TaK:Ke 00pa3yIoT IVIaJKOe CeMelCTRBO.

YT06bl BHIYUCIUTHL (DYHKIMIO BPAIEHUsI, PACCMOTPUM CHOBa 6a3uc (A, ji), COCTOSIIHIA
U3 CTITMBAIOIIETOCS I[HUKJA A\ U [UKJIA [, SBJSIONErOCs HepecedeHreM TPaHCBEPCAJTHHON
wromaaku P, (s) ¢ nuysunaessiM TopoMm. Kak 6bl1o orMedeHo Bbimie, (hyHKIHS BpAIeHHS
B Oasuce (A, 1) coBnagaer ¢ GyHKIMe neproga peyupoBaHHON cucreMbl Ha Py,.(s).

OrmernM CcHauasa, 9TO Ha KaxKI0# u3 miomaaoK Pi.(s), s # 0, BbImoaHEHO

(s, f2) = p(s, f2) = %K(s, J2)(s, fo) (3.6.3)

rie I1(s, fo) — dbynxmua nepuosa Ha Py, (s) a1a peaynuposannoil cuctemsr, 11(s, fo) — dbyHKmus

nepuoja Jyisi cucreMbl Ha Py.(s) ¢ ramuiabronnanom H = fo:

L___ 1 9f

C T UGy oy

1 op

Yy = w(ij’y>%7 (364)

a K(s, fo) = %(s,ﬁ) (3meck G(s, f2) = sa(s, f2)). Boipakenne (3.6.3) mosyvaercs

cpaBHeHHeM Bbipaxkenuit (3.2.4) u (3.6.4).

Sameuanne 3.6.8. Ilockonbky w(s,z,y) # 0 u3-3a HEBBHIPOKIEHHOCTH CUMILIEKTHIECKOIT

dopmsr, cm. 1. 3.1, cuctemsl (3.6.4) Ha pa3HBIX YPOBHSX $ KAUECTBEHHO YCTPOEHBI OJUHAKOBO.
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A MMeHHO, OHM UMEIOT OJ[HU U T€ YKe 0COObIe TOUKM U 0cOObIe rpadbl, IpruYeM Bce 0COObIe TOUKH
SIBJIFIOTCS TUNepOondYecKuUMA. B 9acTHOCTH, Jjid BCeX yPOBHEH BBIMOJHEHO IpeJJIOYKEeHNe
3.5.4. Kpome Toro, cucrema (3.6.4) na mromanake Pj.(0) ycrpoeHa aHaJOrM4YHO, T.e. Ha Heil
MMeeTCsl IPejiesl CIPOEKTHPOBAHHBIX (=peIyIMpoBaHHbiX o Mapcaeny-Baiincraiiny) cucrem,

COBIIAJIAOIINI C €CTeCTBEHHBIM JIBU:KeHUEM Ha P, = ().

[Tockonbky so = G(s, f2), To (Ha yposHe P(s)) momyunm:

d32 ﬁ(57 f2)
Gy(s, fo) = —— == (3.6.5)
df2 s=const 27T
(ceyer U3 TOTO, YTO Sy SIBJISIETCSI TIEPEMEHHOMN JIeficTBUsI Ha KoJblax P(s) n 2% — CKOPOCTh

CHCTEMBI C TaMUJIBTOHHAHOM fo (3.6.4) mo cooTBercTBYyIOMmEH Yyra0BOil mepeMeHHoil j). 113

(3.6.1) u (3.6.5) caenyer:

Gh(s: f2) = 5 (~A(s)In fo + (s, o)
G(s, f2) = A( )(1 —In fy) fo +¢(s, fa),
U TIO3TOMY N .
Gi(s, f2) = 5? (1—1Df2)f2+ ( f2)- (3.6.6)

3aech c(s, f5) HeIpepBIBHA 10 fy W TJIAaAKad O S, ¢(s, f2) coorBercTBeHHO Cl-TMaaKad.
) p p ) )

Torna miist MuoxkuTest U3 Gopmy.st (3.2.4) BBIIOJHEHO:

HIG, H)
—_ = — 0 3.6.7
ma, - e, | (3:6.7)
nockosbky G mopsiaka In fo mpu fo — 0, a G HenpepsiBHa B fo = 0, T.X. (1 —In f3)fo — 0.
Kpowme Toro, aHaJlOTHIHO TOJTYyYUM, YTO

2/1 N N'(s)foIn fo

G, A(s)In fy o (3.68)

H} ,
—2(s,0) # 0 B 1€J10ii OKPECTHOCTU HYJIsI,

CJ’IG,ZLOBaTe.HI)HO, €CJin cucTreMa HecClieluaJibHa, TO Iii
1

HYG,
3HAYMT, U m(s, f2) # 0 Takxe.

3ameuanme 3.6.9. I3 BbIIeCKA3aHHOTO CJEAYyeT, YTO W PEJAYIUPOBAHHBIE CUCTEMbI
KA4eCTBEHHO HE OTJIMYAIOTCs HAa PA3HBIX YPOBHSIX Pj.(s), B ToM uncie u Ha P, (0), cm. (3.2.4).
31ech HEOOXOMUMO TaKKe HMCIOJIb30BaTh, 410 A(s) ompesensiercs BenmuduHoil w(s,z,y) (e
(3.2.4)), mosromy Ha camoM geje cucteMoit (3.6.4), a 3uaunt, A(s) — miagkas GyHKIHS 10 S,
s > 0. Kpome Toro, Bce Bbimeonucannbie ¢BoiictBa dyHKImn G(S, fo) Tak:Ke BBHIIOJTHEHBI TIPH

Bcex s > 0.
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OtmernMm Takke, uto u3 (3.6.7) crenyer, uto nias byukuun K(s, fo) = %(8’ f2)
22

BBIIIOJIHEHO!
/

H
K(s, f2) — F} npu fo — 0. (3.6.9)
2

CuoBa Bocnosibdyemcs (3.6.2) mpu n =0 un = 1:
p(s; f2) = 1L(s, f2) = —A(s) InHp(s)(f2) + co(s, fa)
= —(A(s) + a(s)Hp) (f2)) InHpes) (f2) + (s, fo)-

Orciona, nockoasky Hps)(f2) = h(f2) f2, Tne h(0) # 0, T.X. Hp(0) =0 n
B(0) = lim PO — 31, 1 (0) # 0,

fa—0

p(s, f2) = —A(s)In fo + éo(s, fo)
= —(A(s) + a(s)h(0) fo) In fo + (s, fo).

(3.6.10)

DYHKIUN Gy U ¢y HEMPEPHIBHLI 110 fo U IVIAJIKHe 1o s, a GYHKINU ¢ u ¢ Kaacca C! mo fo
IJ1aJIKue 110 S.

U3 (3.6.10) moayuum:

(9p 850
P A(s)] 0
dp 1 dcy
— = —(A(s) + a(s)h(0) fo)— — a(s)h(0) In fo + —
o (A(s) ()()fz)f2 (s)h(0) In f2 o
A(s) dcq
=— —a(s)h(0)In fo —a(s)h(0) + .
) — ({0 1n 2 — als)hl0) + 5
[Tpu manbix fo # 0 U3 MEpPBOrO ypaBHEHUS CJEIYET, YTO % CYIIECTBYET, a U3 BTOPOTO — 4YTO
g—f’; < const < 0. [Tocnenuee BbIMOMHEHO, TOCKOMBKY —a(s)h(0) + 2—2 HeIpepbIBHA, W 3HAYNT,

orpanmnuena, a(s), A(s) > 0 Tak»Ke HenpepbIBHBI U OrpaHuyeHbl B okpecrHoct Touku (0,0) u

IIO3TOMY CYITIECTBYeT OKPECTHOCTh HyJs M KoHcTanTa C' > 0 Takue, 4TO

A(s)
f

—a(s)h(0)In fo = —% A(s) + a(s)h(0) faln f | < —% — —oo npu fo — 0.

—0, f2_)0

[TockoJibKy BCe BEJIMYMHBI 110 S TJIAJKUE, MOXKHO NEPEeUTH K 1IPeJesly BeJTUIUHbI <%, g_;;)

mpu s — 0, fo # 0. Orcioga cjeayer, 4T0 B MaJioii OKPECTHOCTH OCOOOW TOYKYM TPAJTUEHT
dbyukun p (B nepeMeHHbIX S, f3) CylecTByer, HeHyJIeBOi U HenapaJuieseH v, = { fo = 0}. D10
O3HAYAET, YTO JIMHWY YPOBHSI (DYHKIIMY BPAIIEHUSI OTHOCUTETHHO TIEPEMEHHBIX S, fo BTBIKAIOTCS
B KpuByi0 {s = 0} = 7, TpaHCBEpPCAJIBHO.

[TapateTbHOCTh JUHUIT YPOBHS p CEAJIOBOI KPUBO# CJeAyeT W3 TOTO, YTO JJisd JIFDOOTO

dbuxcnposannoro s dyukIws Bpamenus p(s, fo) — 0o mpu fo — 0.
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Tenepb HYKHO UCCJIEI0BATH 1IOBE/IEHUE TIPeiesia (DyHKIMKY BPAIEHUsI HA, CAMOW KPUBOM 7y, .
st sToro nonamoburcs npejcrasienue (3.6.3). Yuursias 3ameuanus 3.6.8 u 3.6.9, dbopmyna
(3.6.3) BeimosTHEHA TIpH BCex s > 0 (a He ToabkKo s > 0). dcno, uro I1(0, fo) — oo npu fo — 0,
nockosbky 11(0, fo) — 00.

Ocraercs y6eaurbest B Monoronuoctu 11(0, fo) mpu fo — 0. Ucnoas3sys (3.6.3), mosydum:

af (0, f2) = 5= (KTI)), (0. o) = o (K4TT + KT0) (0, ) (3.6.11)

— —
Yeaosue Toro, uro I1(0, f2) MonoToHHA, S5KBUBaIeHTHO ToMy, uto K11+ K11, coxpaHnsier 3Hax,

re. uro K+ KTI, # 0.
KT+ KL, #0 < 7& —Z (3.6.12)

HokaxkeMm, uTo JieBas 4acTh (3.6.12) cpemurcs K Geckoneunoctu mpu fo — 0, B TO Bpems,
Kak mpaBasi — Hekoropoe dukcupopanHoe unciao B Touke (0,0). Dro rapaHTHUpyeT Hajaudue
npokosi0Toit okpectHocT Touky (0,0), rie BeinosnseHo (3.6.12).

B cuny (3.6.2), nna n = 1, cymecrByer dbynKma ¢, raagkaa no s u Cl-rmangkas mo fo,

TaKad, 9TO

(s, fo) = —(A(s) + ai(s) fo) In fo + c1(s, fa), (3.6.13)

otkyaa noay4dum (a; = aq(0)):

s ) = 2R g s

W gy = e @Mt Al —(Ataf) —apnf+ A,

o0 7" —A+af)lnfotalf)  —A+taf)flnfetca(fs)fs
IREE k= . 0 3.6.14
= fglnfg—% Nlenf2—>oo npu fo — 0. ( )

Kpowme toro, u3 (3.6.13) u onpenenenus G5 (3.6.5) Takzke mosydnM:

Gly(s, f2) = % ((—A/(S) + ay(s)f2) In fo + %01(37 f2)) ~ —A;Ef) In fo mpm f; — 0,
A A
Goy(s, f2) = iﬂ (— ](Cj> +ai(s)In fo + ay(s) + %Cl(safz)) ~ —2752 npu fy — 0.
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[Tosromy, ucnosb3ys rakxe (3.6.8)

o (HIG,— H)G, o (H &
R 7, () =7 () o

"H! — HH! Ne e Xel
12 2 14422 12 2 122
= (3, fz) - (37 fz)
() AL
HILHY — L, a

(Hé)z ( >_ /2(87f2> G/ G/ ( f2)
_ HiyHy — HiH, AM(s)lnfy A ()f 1

(H})? (s, f2) = As)Infy ~ A(s) " foaln f
" Hl _ H/H/l A,(S>
12419 14199
()2 (s,0) — A(s) upu fo — 0.
CraenoBatesbHo, yuuthiBas (3.6.9),
K 1oy — HiHy, A'(0)
(0 f2) — ( A (0,0) — N (0 0) npu fy — 0. (3.6.15)

Takum obpazom, u3 (3.6.14) u (3.6.15) caemyer, 4ro %(0, fa) crpemuTcst K GECKOHEYHOCTH, a
%(0, f2) — x xoncraute. Bozpamasics Hazaz, 310 o3nadaer, uro dbyukuus [1(0, f2) MonoToHHa

npu fo — 0. O

3.7. Kpurepuii TpaeKTOPHOI1 SKBUBAJEHTHOCTU U IIOJIHBIII TPAa€KTOPHbIII MHBAPUAHT

Mpur npeanonaraem, uro UT'C ynosnerBopsier yeaosusim 1)-6) 1. 1.2. Kpowme Toro, Tpebyercs,
4TOOBI TPAEKTOPHBIH roMeoMOP(MU3M COXPAHSI OPUEHTAIMID MHOI0OOpas3ns.

[Tycrh 3a1aHbl 1BE OCOOEHHOCTH THIA CENJIO-IEHTD ¢ ceayosbimu aromamu V u V'; B(U)
u B'(U') — 6a3sl ux jguysBuieBbix cioenuii. O6vekrsr V' u B(U), a takxke V' u B'(U')
SBJIAIOTCS CBA3aHHBIMU MeK Iy cO0O0ii: KazKI0My KOJBILY aTOMa MOXKHO OJHO3HAYHO TTOCTABUTH
B COOTBETCTBHME HEKOTODBIH JINCT KHUYKKH, a UMEHHO, TOT JIUCT, Ha KOTOPBIA MPOEKTUPYETCS
Top JInyBujLIst, cojilepKaluii FPAHUYHYIO OKPY?KHOCTb aTOMAa, COOTBETCTBYIOILYIO BEIOpAHHOMY
KoJbly (cM. puc. 1.4.2, crp. 17). OcoGomy rpady COOOTBETCTBYET KODPEIIOK KHUYKKH.
O6o3nauanm sro coorsercrsue 1) : V — B(U), coorsercrsenno 7' : V! — B'(U’).

Paccmorpum jiBa oToOparkenus:

C: V=V

— muddeomopdu3M onpeaeadonmuX 0COOEHHOCTH aTOMOB, 1
§:B(U) — B(U)

— roMeoMopduU3M COOTBECTBYIOIMUX KHUKEK.
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Omnpenenenne 3.7.1. Orobpaxkenusa ( u & HA3BIBAIOTCI CO2AGCO8GHHbLMU, €CJIA JIJIsI JTI0OOrO0
kosbria C' atoma V' kosbiy ((C) aroma V' coorsercrByer tor ke Juct B'(U’), uro u o6pa3

mucra B(U), coorsercraytomero C' npu otobpazxkenuu £, uHade roBops, ecau 1’ o ¢ = £ on.

Hanmomuum, uto B 1. 3.5 mocrpoens! pyukmun A, A, 7, 3aBHCAIIAE OT TOYKHM Ha CEITOBOM
KPHBOIi Y, ¥ KJ1acca TpaHCBepcaibHOM miommaaku. Cm. Teopemy 3.5.1, a Takake caejactsue 3.5.10

K Hel.

Teopema 3.7.2. IIycmv v, vV — HUI'C ¢ deymsa cmenenamu c60600bl, PacCMAMPUBLEMDLE
6 uemuvpermepunr oxpecmuocmar U, U’ ceouxr ocobwr caoee muna cedro-uenmp u
ydosaemeoparugue yeaosuam 1)-6) n. 1.2. IHycmo v, V' auysuiieso skeusaieHmuv, 6
okpecmmuocmax U, U u um coomsememsyrom dudpeomopdrvie amomw V=~ V'. Tozda
v, v\ monoaoeunecku mpaekmopho axsusasenmuv, 6 U, U’ moeada u moavko mozda, xozda

CYWELCBYIOM.:
e Juggpeomopgpusm amomos ( -V — V',
o zomeomopPusm a3 auyeuanesos caoenut & @ B(U) — B'(U'),
® 6uL00D KAACCO8 MPAHCEEPCANLHOIL CEMeHUT OAA V U OAA V',
makue, ¥mo:
1. ¢ u & Asaarmea co2AGC08GHHHLMU,
2. € coxpanaem GYHKUUN 6PAWEHUA P KAK PYHKUUN HA KHUNCKE, U
3. uneapuarmo. A, A, Z xax pynrxyuu 0dnol nepemennoti na cedrosoti Kpusot.

(Hpu amom  6cCe  UHBeAPUAHMDBL  BUUYUCAANOMCA  OMHOCUMENDHO 6?)L6pCL’H,H’bL.’17 Kaaccoe

mpaHceepcanbHvlT cevenutll u Kax caedemeue 6a3UCHLT YUKA0B HA TMOopax ﬂuysu./m.ﬂ)

Sameuanmne 3.7.3. Kaxapiit u3 uaBapuanToB A, A u Z, BBIYHC/IEHHBIA B KAKOW-HUOYIH TOUKE
KDUBOii s, ABJIsIeTCs HADOpOM umce 1. Karkabrit 13 3/1eMEeHTOB TAKOTO HAOOPA *KECTKO MPUBA3AH
K HEKOTOpO#l Bepiiune wjim pedpy ocoboro rpacda aroma. Ilycrs Bepimubl u pebpa ocoboro
rpacda aToma V' 3aHyMEpPOBAHbI, & MHBAPUAHTHI BBIYUCJISAIOTCS OTHOCUTEIHHO 3TON HYMEPAIUH.
TpeboBanue, 4T00BI OTOOPaKEHNE £ COXPAHSIO MHBAPUAHTHI, MTOIPA3YMEBAET, YTO HyMepaIlus
BepmuH u pebep ocoboro rpadpa aroma V' uHmaynupoBaHa Hymepanumeii ocoboro rpada aroma

V' npu nomoru orobpaxkenus (.
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3ameuanme 3.7.4. OrobOpaxkeHwe ( M €ro COIVIACOBAHHOCTb € & HYXKHBI JIMIOb JIJIsI
o !

dukcanuu HyMmeparuit ocobbix rpado aromoB V um V', 4TOOBI TOTOM CpaBHUBATH

WHBAPUAHTHl OTHOCUTEJNBHO 3TUX HyMepanumii. Takum 00pa3oMm, 3TO yCIOBHE SIBJISETCS

M0 CyTH KOMOWHATOPHBIM, TOCKOJBKY HYKeH CcIocod 3adukcupoBarh "KOMOWHATOPHBIH

THI TpaeKTopHoro romeoMmopdusma'. Ilosromy Teopemy 3.7.2 MOXKHO TepedOpMYIUPOBATH

cIeayomuM 00pa3oMm:

DKkBUBaJIeHTHasd nepedopMyJanpoOBKa TeopeMsbl 3.7.2.
[Tycts v, v — UI'C ¢ aByms cremeHssMu CBOOOJBI, PACCMATPUBAEMBIE B YeTHIPEXMEPHBIX
okpecrHocTsax U, U’ cBoMX 0COOBIX CJIOEB THIIA CEIJIO-IEHTD U YIAOBJIETBOPAIONIUE YCJIOBHSAM

1)-6) m. 1.2. IIycTp 3a1aH MOCTORHBIN JIMYBUILIEB TOMEOMODMDHU3M
n:U—U

1 (pUKCUPOBaH €ro KOMOMHATOPHBIH Tuil. Tora 17 MOXKHO 11POIePOPMHUPOBATH JI0 TPAEKTOPHOI'O
romeomopdusma 1 : U — U’, He MeHsiss KOMOMHATOPHOTO THIIA, TOIJIA ¥ TOJBKO TOIA, KOT/IA

ecTecTBeHHYI0 Tpoekimio 1) Ha B(U) MoxkHO mpoaedhopMupOBAThH 10 TOMeOMOpdu3Ma
¢ B(U) — BU),

COXPAHLIONMEro (hyHKIUIO BpalleHns W uHBapuaHTel A, A, 7 Ha ceml0BOii KpHUBOii,
BBIYUCJIEHHBIX OTHOCHTEIbHO HEKOTOPOTO BBIOOPA TOMOTOIMUYECKUX KJIACCOB TPAHCBEPCAJIBHBIX

IJIOIIAIOK I v, v'.

ﬂonasameﬂbcmeo.

Heobxodumocms. HeTpuBuaabHBIM SIB/ISIETCS COXpaHEHMe MHBapHaHTOB A, A, Z.

BribepeM i mepBO# cHCTEMBI KaKOoe-HHOYAb IJIaJIKOe WHBAPHAHTHOE ITOJMHOTO00pa3ue
Q3 C U(L), smasiomeecs 1IpooGpa3oM TIaJIKoil IyTH -, epeceKaolledl v, TpaHCBepcaIbHO, TPH
oTobpazkeHn# MoMeHTa. B (93 BrIGepeM Tak»Ke KaKylo-HEOYIb TPAHCBEPCATBHYIO IIOMAIKY P,

O6paz Q° = {DV(QS) IIPA TPAEKTOPHOM T'OMeOMOpPdHU3ME 15 MOKET He SIBJISITbCS IJIaJIKUM
noxmuoroobpasuem B U'(L'), omHako OH siBIgeTca ToaJKuM MHOTooOpasmeM. Q' cobpamno
u3 TOpoB JImyBujiss m 0COOOrO CJIOsI, TIO9TOMY BCsl HEIVIQJKOCTh COJEPXKUTCA 10 CYTH B
nernagkoctu Kpusoit (7). Tpanceepcanpras miomaaka P, C (Q° mepeiiier B HEKOTOPYIO
BO3MOKHO HEIJIAJKYIO ILIOIIAIKY J(Pﬂ) C Q. Bumecto J(Ptr) MBI PaCCMOTPUM HM30TOIHYIO

mwiomaaky P/, Takyio, urobbl kaxawii Top Jluyeuins B Q mepecexkan ee mo (raxoii)

OKDPY?KHOCTH, TpaHCBepcaiabHO# mnoTOKy. Ha okpyxuOCTSIX P/ ecrecTBeHHBIM 06pa3oM
ompeJieieHa ITapaMeTpU3allud s, UHAYIUPOBAHHAA COOTBETCTBYIOIIEH YIVIOBON IepeMeHHOH

Ha COOTBETCTBYIOIIEM TODE. P! asngercsa TJIaJKHUM MHOFOO6paSI/IeM 1 yKa3aHHO€ CJIOEHHE Ha

tr
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OKpy2KHOCTH 3a7aer Ha P/ crpykrypy aroma V. Kpome Toro, na P/ oupejeieno orobpazkenue
[Iyankape.

Ha P). moxkHO mocTpouTs peaynupoBanHyio cucremy. Ha P/ He ompeeneHO eCTeCTBEHHOI
CUMILIEKTHYECKON CTPYKTYpBI, TOITOMY pedb He uIeT O TraMuabToHoBoCTH. (IHAKO,
peaynMpoBaHHAas CHCTeMa Oymer cBg3aHa ¢ oroOpazkenmeMm llyankape o’ Tak »Ke, KaK U B
TJIQJIKOM CJIydae: CIBUT HA €IUHUILY BIOJb TPAEKTOPUl PEIYIUPOBAHHONW CUCTEMBI COBIAIAET
¢ o’. JIokaxkeMm CyIIeCTBOBaAHUE PEeAYLIUPOBAHHONR CUCTEMBI.

JBurkenue no P/ K01KHO NPOUCXOAUTH BIOJb OKPYKHOCTEH, SIBJISIIONIUXCS II€PeCcedeHneM

) ¢ JIMYBUJUIEBBIME TOpaMu (Wid 1mo ocobomy rpady, Tak:Ke SBISIONEMYCs I€PeCeIeHHEM

. co cioeM cioenust JInyBusis). [losToMy mocTpoenme MOKHO MPOBOIUTH 110 OTIETHHOCTH

HA KaXkJ0# Takoil OKPyxKHOCTU. V3 HEPEe30HAHCHOCTH CHCTeMbl U’ CJEIAYeT, 4TO IIOYTH JIJIs

/

. 3aMBbIKaHHe ee OpOuTHI (MOf JMeHCTBHEM ') SIBISETCS] OKPYYKHOCTHIO

100011 TOuku ' €

/

. n Topa JImysmans. W3-3a cnermuduku cucrembl v’ orpanndenue o’

— TiepeceyeHuneM
HA 3Ty OKPYXKHOCTb COIIPSI’KEHO MOBOPOTY Ha HEKOoTopbiii yroa 273, f € R\ Q. B cuny
HppAIMOHAJbHOCTH [ 11 Joboro ¢ € R cymecTByeT mOC/Ie10BaTeIbHOCTD IIEJBIX JHCEJT

ng — 00 Takas, 9To ([fng —t) mod 2w — 0, OTKyZa MOYKHO TIOJIOKHUTH

o'(z') := lim o™ (2). (3.7.1)

k—o0
B ocrambHBIX Toukax P). oroGpaxkenme o’ cTpouTcs W3 coobpaskeHWH HENPEepPHIBHOCTH,
IIOCKOJIBKY HUppallMOHaJIbHBIE€ OKPY2KHOCTH BCIOAY IIJIOTHBI Ha t/r'

3ameuanme 3.7.5. MoxkHO OBLIO TOCTYIUTH TO-APYrOMy. A MMEHHO, KaXK/asl OKPY2KHOCTb

/

;. M30TOIIHA Ha cBoeM Tope JIMyBHJIgd HEKOTODPOIl OKPY’KHOCTH, JleKallleif Ha HEKOTOpOi

TpaHCcBepcaabHO# miomaake. CieoBaTe/IbHO, HA ITOW M30TOMHOW OKPY’KHOCTH OMNpee/eH
HOTOK JIjisi peJly[IMPOBAaHHOM cucreme (Ha cBoeit miomake). HerpyaHo Bugerh, 9ro 9T0T MOTOK
MOXKHO TI€PEHECTH Ha HAILY OKPYXKHOCTH u3 P/ ¢ momomipio noroka v'. [Tosyaunres To ke camoe,

410 ¥ mpu nomomu (3.7.1).

Bameuanne 3.7.6. [Ipu momomnu moToka v’ MOXKHO MEPEHECTH PEAYIUPOBAHHYIO CHCTEMY C
HACTOSIIEH TPaHCBEPCAJILHON IJIOIIA/IKY HA K30TOIHYIO e, HO TpaHCBepCaAJIbHYIO JIMIh sgrad s

u V', T.e. He 06sA3aTEIHHO TPaHCBepcaabHy0 sgrad a (em. emmy 2.1.2).

JlokaskeM, 9TO TOMOJIOTHYeCKas TPAGKTOPHAS IKBWBAJIEHTHOCThL cucteM Ha (Q° u Q°
BJIEYeT 33 CODOH TOMOJIOTHYECKYIO CONPSI)KEHHOCTh PEAYIMPOBAHHBIX cucTeM Ha Py, u P/, rie
wiom@aaku Py, P/ MOTyT OBITH HACTOSIIIUMHU TPAHCBEPCATBHBIMA /I “ILIOXUME .

/

V3 TpaeKTOpHO#N 9KBUBAJEHTHOCTH CHUCTEM v U v’ CJIeAyeT, 4To Ha Wiomaakax Py u P/

OTO6pa}KeHI/IH HyaHKape ouno’ COIIPA2KEHDBI; 31€Ch UCIIOJIb3YEeTCd, YTO IIPHU U30TOIIUHU IIJIOIITA 0K

69



KJIacC colipsizkeHHOCTU oToOpazkenus [lyankape He mensiercs. Tenepb Hy»KHO 110Ka3aTh, YTO U3
COIpsizKeHHOCTU oToOpaxkeHuii [lyaHkape ciietyer cOnpsiz?KeHHOCTb COOTBETCTBYIOIIUX IIOTOKOB
[Iyankape o', 0" (peaynupoBaHHBIX CHCTEM).

Ilycrs g : P, — P/ — coupsiratommii o u ¢’ romeomopdusm.

Cucrembl v U v/ HEPE3OHAHCHBI, IOITOMY JJis MOYTH JI0O00H TOukm x € P, moaydmm,

eM. (3.7.1): mst mekoroporo 5 € R\ Q u mocJie[oBaTeIbHOCTH TEJIBIX YUCES Ny — 00 (TaK,

qro (fny —t) mod 271 — 0) BBIIOIHEHO

o'(x) = lim o™ (z),

k—oo

o"(g(x)) = lim o™ (g(z)).

k—oo
Ormerum, yro ' = (3 coBHaAAOT U3-3a COUPSXKEHHOCTH 0, 0' U COBIAJAIOT C YUCJIOM BPAIIeHUs
Ha COOTBETCTBYIOIIEM TODE.

[lepeiigem k npeneny B pasencrse o (g(z)) = g(o™ (z)):

0" (9()) = g(o" (2)).

N3 coobpakenuii HENPEPBIBHOCTH M TOTO, YTO WPPAIMOHAJbHbIE TOPbI BCIOJIY ILJIOTHBI,
/. It _ t
noJryyuM, 4To notoku llyankape conpskensl HA Py, P).: 0" o g = goo".
Jlagum Tenephb pacimperHoe ToakoBanue A-, A- v Z-WHBAPUAHTOB JIJIsT “IJIOXUX JIOIIAI0K.
Paccmorpum Kakyo-HHOYIb TJIOXYIO TIOMAIAKY F,.

A-uuBapuant (pacmupenusiii). Bei6pocum u3 P, 0co0BIi C10# 1 paCCMOTPHM KaKOoe-HUOY b

13 TOJIYUMBITUXC KoJiell. ByneMm cuntarh 63 orpaHudeHnst OOIIHOCTH, YTO OHO TOJIOKUTETHHO.
Pazo6bneM miIomaaKy Ha KPecThl MPOU3BOJILHBIM 00pa30M C TIOMOIIBIO HEMPEPBIBHBIX OTPE3KOB,
mepecekamux ocobblil rpad B HeocoObIx TOUKax. Torna kKoMmoHeHTy A\; A-nHBapHaHTa MOKHO

WHTEPIPETUPOBATH KaK

1L
lim — (p)

p=oo P

: (3.7.2)

rie I1;(p) — Bpemst IPOXOJA MeXKJly TPAHUIAME COOTBETCTBYIOIIEH YETBEPTUHKU KPECTa, Il

peaynupoBaHHON cucTeMbl. [Ipu 3TOM Aj1s HacTOAIIEH TpaHCBEPCATHLHON TJIOMIAIKY TTOJIY IUM:

i L) _ gy, TAIH A () N T e _ A
o p o0 —AWHFe(H) b |- e TR

rae A =Y A;, H — raMuabTOHMAH PeaynupoBaHHOl cucrembl, a ¢;(H), ¢(H) — HenmpepbIBHBIE

OECKOHEYHO MaJible B OKpecTHOCTHU HyJis dpyHKiuu. Kpowme toro,

(A1:~--:An):(%:---:%),

HO3TOMY WHTeprperarys (3.7.2) KoppeKTHa.
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flcHo, uro BesmumHa (3.7.2) coxpansiercs npu u3oTonusx romaaku. Heobxoaumo Takke
nokazarb, 4ro (3.7.2) He 3aBHCHT OT BBIOOpA “NJIOXON” KPUBOM, MEPECEKAOIEH CeIIOBYIO
KPUBYIO B TOIl e camoii Touke (mpejmosarasi mpu 5TOM, 4TO 0coOblil rpad dukcupoan Ha
ocobom ciioe). VI3 sroro, B yacTHOCTH, OymeT cienoBarh, 4ro (3.7.2) KOPPEKTHO onpejieieHa u
JUTS TIJIOXUX TJIOMIAJI0K TOXKeE.

OrmernM, uTo eciu mpezen (3.7.2) CyIecTByeT, TO ero 3Ha4YeHHEe He 3aBHCAT OT BHIOOpA
OTPE3KOB, Pa30UBAIONIUX ILIOMIAJIKY HA KPECThI. DTO CJIeIyeT U3 TOr0, YTO H3MEHEHUE OTPE3KOB

BJeder uaMenenue pyukiuu I1;(p) Ha HeMTPEPBIBHYTO, B TO BpeMsl KAK 3HAMEHATEJb ) CTPEMUTCS

K O6eckoneunoctu. Jlajee, 11 HACTOSIIMX ILJIOIIAI0K BBIIIOJHEHO:

IL(p) = =N InH + ¢;(H) = —A;In fo +¢(f2),
p=—ANnH+c(H)=—Aln fo +¢(f),

MMO3TOMY, YUUTBHIBAs, UTO KaxKJAasd OKPYKHOCTH TIJIOXOM TJIOMAJIKH SIBJISIETCSI OKPYKHOCTBIO W
HEKOTOPO# HACTOAMIEH TJIOMAIKU JIMO0 ee W30TONUHU, 8 TaK¥Ke TJI0OATBHYIO ONpeIe/IeHHOCTD

f2 Ha KazKJ0M M3 JINCTOB KHU2KKHU, TO U Ha MJI0XOM IJIOIIa/JKe BBIIIOJITHEHO

11, “A = .
fim 2Oy, Zilnfa v A A (3.7.3)
poe p 0 Alnfot(fa) A

3mech TakkKe HEOOXOIMMO BOCIOJIB30BATHCS TEM, YTO JIIOOYIO IJIOXYI0O KDHUBYIO 7Y BCEr/Ia

MOXKHO 3aKaTh MEXKIY JBYMs JOMYCTHUMBIMH 7 U 72 (cM. puc. 3.7.1). A 3HauwuT, mioxyro

Vs
71
Y gl
Y2
Yo Ym
Puc. 3.7.1:

wIomaaxKy P/ MoxXKHO “3a:kaTh’ MeXKIy JIBYMs HACTOAIIMMM WM HM30TOIHBIMH HACTOSIIUM

/
try

Pl wu P2, tak uto ocobbiii rpad y Pl wu P2 6yner obuum. Kpome Toro, mexuy Pl u
P2 wmeercs: ceMeifcTBO NJIOMRI0K (HACTOSIIUX UJIM U30TOMHBIX UM), C TEM YK€ CAMBIM OCOOBIM
rpadoM, TaK UTO BCE OKPYZKHOCTH P/ BKJIIOUEHBI BO MHOXKECTBO OKPYZKHOCTEH 9TOr0 ceMeicTBa
IJIOMIAIOK. 371eCh HEOOXOIUMO OTMETHUTh, UTO M3 JieMMbI 2.1.2 BBITEKAET, UYTO B HEKOTOPHIX

ClIy4dadX peaJiu3yIoTCd He BCe TOMOTOIINYECKHEe KJIAaCChl TPaHCBEPCAJIbHBIX IIJIOINA/J0K, OJHAKO,
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HOCKOJIbKY 3aIIPEIEeHHs] KACAIOTCs TOJIBKO 0c06010 rpada, KOTOPbIH sB/sieTcst 001IUM [jisl BCEX
IJIOIIAJIOK CTPOSIIIErocs CeMelcTBa, TO OYEBUIHO, UTO CYIIECTBYIOT KJIACCHI, HE3AIPEIIEeHHBIE
JUIsl BCEX KPUBBIX CeMeiiCcTBa.

[Tosromy dynkImIM u E OTDAHWYEHBI, T.K. BCe (DYHKIUU C U ¢; OTPAHWYEHBI U UX UMEETCS
KOMIIAKTHOE MHOYKECTBO, OTKY/Ia U BbiTeKaeT (3.7.3).

A- v Z-uuBapuaHThl (pacimpennbie). Boibepem Ha KaKIoM u3 Kojen P/ 10 oTpesky,

BTHIKAIOIIEMYCsi B HeocoOyio dacTh ocoboro rpada. Torma MOKHO KaxKAyI0 U3 OKPYKHOCTeH
KOJIBIIA MOJIEJTUTh HA YaCTH, IMPOHOPIUOHAIBHBIE COOTBETCBYIONUM BeJUYUHAM A, MCIIOJIb3ys
yKe HMeolneecss Ha4aJ0 orcuera. TakuMm oOpa3oM, MOJydYaTcs aHAJOTM OTPE3KOB pa3Jiena.
AHa/JIOTUYHO CJIyYal0 TaMU/JIBTOHOBOM CHCTEMBbI HA JBYMEPHON ILJIOMAJIKE MOXKHO Terepb
pacemorpers nemb | = S 4;K;, a maxxe [I] € Cy(P)/Bi(P), 1ockonbKy Xors mjioxas
IJIOMAIKA U He SBJIIeTCS TJIAJKUM TOAMHIo00pasmeM, OJHAKO KaK TJIaJIKOe MHOT0OOpa3ue
nuddeomopdHa AByMepHO ToBepXHOCTH P P noJiydaercs u3 P 3akjeifikoil Bcex rpaHuYHbBIX
OKPY2KHOCTEM.

HeoGxomumo nokaszarh, 4To [I] B paCIIMpEeHHOM TOJIKOBAHMU He 3aBUCUT OT BHIGODA IJIOXOM
KPUBO# 7y, TepeceKaloneil v B OHON M Toi Ke Touke. JloKakeMm, 4TO M1 KaxKJ0# TLIOXO
wromaaku P, pacmupeHHslit [[] coBmazaer co 3HaYeHWEM HACTOSINET0 WHBADHAHTA [T
JIOIYCTUMBIX KPHUBBIX, IIEPECEKAIOIINX Vs B TOM ke camoit Touke. Tak ke, KAK Mbl MOCTYIIHIN
BBINIIE B Cjydae A-HHBapuaHTa, 3aKMeM ILIOXYI0 KPUBYIO Y MEXKJIy JBYMsl JOIMYCTUMBIME Y] U
Y2, @ mIomaAKy P} — mex iy xopomumu mjomaakamu Pl u P2. TIpocrpanctso Mexy Pl u
P2 3a10/1HeHO TPAEKTOPUAMH eIy lIUPOBAHHBIX CUCTEM Ha KaKUX-TO II0MAJKax (Bbile ObLIo
OTMEYEHO, YTO PEAYKIUS Ha KOHKPETHOW OKPYXKHOCTU HE 3aBUCUT OT TLIOMIAIKU, HA KOTOPO
9Ta TPAEKTOPHs DPACIOJIOXKeHa.) BpibepeM Takke Kakue-HUOYAb “TPEYrONbHUKH paszaerna’.

Cwm. puc. 3.7.1 n 3.7.2.

Puc. 3.7.2:

BribepeM kakoii-HuOy b JuCT KHUKKH. Torma st Bcex To4ek (S, f) 4aCTH OKPECTHOCTH

TOYKU ¥, HAXOAANIMENHCS MeXKJy KDPUBBIMH Y1 W Yo (0003HaumM ee V), BBINOJHEHO HA
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BbIOpAHHOM JIKCTE:
II(s, fo) = —=A(s) In fo + c(s, f2), (3.7.4)

JUIs HEKOTOPO# byHKumu (S, fa).

OueBuiHO TakkKe, uTO fo siBJsieTCs TapaMerpoM Ha 7. [lokaxkem, uro dbykuius c(s, f)
aBJisieTcd HenpepbiBHOM Ha W . Torma abCOIOTHO aHAJIOTMYHO JOKA3aTETLCTBY TeopeMbl 3.5.1
MOXKHO Oy/IeT 3aKJII0UUTh, YTO 3HAYEHHWE PACIITUPEHHOTrO [l 1yisi 7y coBnajgaer co 3nadeHuem [[|
JIUIsT XOPOIIUX KPUBBIX, MPOXOASIIUX Yepe3 TOUKy y (Hampumep, y1 1 7s).

[lycrs f, f > 0 — nmapamerpu3anusi MUHHUMAKCHON KpPUBOil 7, (BepHee, ee MOJIOBHHBI,
COOTBEeTCTBYIOIIEH BbIOpaHHOMY Jmcry). Torma mpu momontu JemMMbl 3.6.7 0 mOBexeHUH
dbynkuun Bpamenusi GyHKuuoo f MOXKHO ONpenesnTh Ha BeeM Jucte Kak [ = f(s, f2) (f
HenpepbiBHA). B camoMm siesie, myctb ypoBeHs f = const coorBeTCTBYET JIMHUYU YPOBHS (DYHKIMH

BpalmieHus. Tormaa mogydum Jjisd BcexX To4dek W:

H(f(sa f2)) - _A(S) 1nf<57 f2) + C/(f(sa f2))7 (375)

riae ¢ mempepbiBHa 10 f (u B Touke y Toxke). CpaBuuBas (3.7.4) u (3.7.5), B Touke (s, f2)

IIOJIy9YuM:

c(s, f2) = =A(s)In f(s, fo) + A(s)In fo + ¢ (f(s, f2))
= —A(s) REAGS N I (f (s, f2)).

JlocTaToYHO MOKA3aTh, YTO BETUINHA % OTIeJIeHa OT HyJd Ha W, Tor/a 13 HenpepbhIBHOCTH

d, [ u In 6yuer ciaepoBarh, uro c(s, fo) HenpepbiBHa. Boobuie u3 310it HhopmMy/ibl BUIHO, YTO

HEIPEPLIBHOCTD ¢(S, fo) SKBUBAJIEHTHA OT/IEJIEHHOCTH OT HYJISI %

PaccmoTrpuM ceMmeiicTBO XOpOMIMX KPUBBIX MEXKIY Y1 U 7o, 3amnosusgiomtee W. fcuo, dTo

orpaHuuenue c(s, fa) Ha KaXK/JIyl0 TaKyl KPUBYIO HEIPEPHIBHO, CJIEJOBATEJIbHO Ha KaxKIOH

TaKO# KpUBOU BeJMYMHA Hsf2) orneneHa or HyJssd. IIocKOIBbKY ceMeiicTBO XOPONIUX KPUBBIX

f2
Me}Kﬂy Y1 B Y2 KOMIIaKTHO, TO UMeEEeTCAd U Fﬂ06aﬂbHaﬂ OTJEe/JIEHHOCTh OT HYyJIA @ Ha BCEM

2
Ww.

Nrak, HeobxoiuMoCTh JI0Ka3aHa.

Hocmamounocmsb. 3aMeTHM, YTO €CJIM YCJIOBUSI T€OPEMBI BBIMIOJTHEHBI, TO TOMEOMOPdU3M

¢ : B(U) — B/(U’) MOXHO MOANPABUTH, T.e. CYMECTBYeT Apyroi romeomopdusm B(U) —
B'(U"), obnamatomumii Bcemu cpoiicTBamu romeoMopduama &, Takoif, 4To moj ero jeificTBiem
IJIaJIKMEe KPUBBIE 7, TPAHCBEPCAIBHBIE 7Y, MEPEXOAAT B [JIaJIKNe KPUBbIE, TPAHCBEPCAIbHbIE ..
910 caemyeT u3 jeMMbl 3.6.7. MbI Oynem cuutaTh, 9To £ yKe MOIpPABJIEH.

PazobbeM goka3aTelbCTBO Ha HECKOJIBKO IIAroB:
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1 mar. Buibop 3-6,10K0B.

CeJIOBYI0 KDUBYIO <ys TapaMeTpuU3yeM TIIpU TOMOIIM OJHO3HAYHO OIPEeIeTeHHON
mepeMeHHON neficTBud S, s > 0 (COOTBETCTBYIONEH MEPUOANIECKOMY WHTErPAy).

s = 0 orBeuaer ToUKe Yy (cM. puc. 3.7.3). AHAJOIMYHO JIOKA3ATENbCTIBY JieMMbl 3.6.7

Vs

Yo

Tm

Puc. 3.7.3:

pPaccMOTPUM JIjisi CUCTEMBI ¥ TJIAJKO€ OJHOIIapaMeTpuvecKoe ceMeicTBO KpuBbIX [ =
{a(s, f2) = const} na miockoctu R*(H, F) (nanpumep, {s = const}), TpancBepcasbHO

MEPEeCeKAIONUX Yy, TAK YTO TPAHUIA 7Y, ON(YPKAIMOHHON JUarpaMMbl BXOIUT B [

CewmeiicTBo [' ecTecTBeHHO TapaMeTpPU3yeTCsi TOYKOI S lepecedeHust ¢ KpuBoit vs. Kaxkmoit
kpuBoit y(s) € I', s # 0 cooTBeTCTBYeT MHBAPUAHTHOE TPEXMEPHOE IOIMHOr006pas3me
Q3(s) = F1(y(s)), xpusoit v(0) = ~,, coorercTByer 2-arom F'(v,,). Ha xaxmom
u3 3-aromoB (Q3(s) BeIGepeM TpaHCBepcaibHOE cedenne P(s) Tak, 9TOOBI 9TH MIOMIAIKE
IJIJIKO 3aBHCEJIM OT APAMETPa § W CTATMBAIUCH Ha 2-atom P(0) = F~1(v,,) mpu s — 0.
(ITpu HEOGXOMMMOCTH MOXKHO yMeHbIIUTb OKpecTHOCTH U.) To, wro mpum s — 0 P(s)

craruBaioTes Ha atoM P(0), oueBuaHO.

¢IcHO, 9TO 3TY KOHCTPYKIMIO MOXKHO HOAHATH ¢ muockoctu R?(H, F) Ha mpocTpaHCTBO
B(U) — r.e. mogusars Ha B(U) kpusse Y(s) (OHM IpeBpamaioTcs HA KHUXKKE B IIyYOK
JIyUedd, T YMCITy JIMCTOB KHUXKKH), a Jajbiie cautarh F npoekuueit U na B(U), a He Ha

R2(H, F).
Ounpenenenne 3.7.7. 3-6a0xom HazbiBaeTcs MHOXKecTBO B = {P;,.(s) | s > 0} C U.

Urak, mbl BbiOpaau HEKOTODPbIH 3-6i0K juisi cucrembl v Ha U(L). Ilpm momomm
oTobpaxkeHus &, COXpPAHSIONET0 HMHBAPUAHTHI, /I KaxKa0ro s Ha B(U) crpoutces: mydok
JIiydeil U 110 3TOMY CeMeiCTBY MOXKHO IIOCTPOUTHL HEKOTODHIA 3-0JI0K Jj1d cucTeMbl v Ha
U'(L):

B'={P,(s) | s 20} Cc U(L)
(mapameTpu3anus MEPEeHOCUTCS ¢ 7ys Ha . mpu nomomu &). 3-610k B’ He sBasgeTcs

OJTHO3HAYHO ompeenenubiM. Kaxawiit u3 3-6;10k08 B, B’ nuddeomopden P2 x [0, 1).
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2 mar. Ha ka/0it u3 aByMepHBIX WIomaIoK P(s), s > 0, 3-6/i0ka B umMeercst raMu/I5rOHOBa
CHCTEMA, IBJISIONAACS PeAyKIeil v Ha TPAHCBEPCAJbHYIO WIomaaKy. Ilpu s = 0 nmeercs
CHCTEMA, SBJIAIOIASCS IPEETOM PeAYIHPOBAHHEIX CHCTEM Ha COCETHUX ILUIOMAIKAX, CM.
samevanne 3.6.9. Kpome Toro, ormernm, uro na miomauakax P(s), s > 0, umerorcs
penynupoBaHHBe B cMbicae Mapcaena-Baiiucraiina CHCTeMBI, IVIQKO 3aBUCSIINE OT
mapaMerpa s. IIpu s = 0 3T0 ecTecTBeHHAasl AMHUJIBTOHOBA CHCTEMA, MMEIOMASICI HA
P(0) (r.x. P(0) = F'(y,,) — AByMepHast MOBEPXHOCTh, MHBADHAHTHAS MO, JefiCTBHeM
noroka v). PeaynupoBannas cucreMa OTIndaTcs OT CIPOEKTPOBAHHON HA HENPEPHIBHBIH

MHOXKHUTENb, ¢M. (3.3.2), (3.6.7).

Wrak, mpenes peaylupoBaHHBIX CHCTeM NMpU § — () CYIECTBYET, W €r0 MOXKHO MOJIYIHUTh
u3 ecrecrBennoit cucremsl Ha P(0). [Ipeaen pexymuposanubix cucrem Ha P(0) 6yaem mist

KPATKOCTU TaK»>Ke Ha3blBaTh PELYyUUPOBAHHON CUCTEMO.

Jnsa kaxkmoro s > 0 pexynuposanubie cucrembl HA P(s) u P/(s) B cuiy coBmajeHus
TPAEKTOPHBIX WHBAPUAHTOB TOIIOJOTHYECKH TPAEKTOPHO COMPSIZKEHbI. DTO 03HAYALT, YTO

JUISE KaXKJI0T0 S CYIIECTBYET HEIPEePbIBHO 3aBUCAIIUN 0T s ToMeoMopdusm
b(s): P(s) — P'(s)
COTIPSATAIONINI PeyIMPOBAHHBIE CHCTEMBI, T.€. IO CYTU MMeeTcsl ToOMeoMOophu3M
V:B— B,

KOTODBIH CONpSITaeT peaylupOBaHHBIE CHCTEMBI Ha KaxXKJIoM “ypoBHE  s. KoHCTpyKIus
HEIPEPHIBHO 3aBUCHAT OT S, YTO CJEAyeT U3 SIBHOT'O IOCTPOEHHUs CONPSTAIONIEro

romeomopduama 1(s) Ha ormenbHOM ypoBHe P(s) [8].

3 mar. [Tognumem oroGpazkenue 1) 10 oTobpazkenus ¢ Mex 1y biokamu suga P2 x (0,1) x St.
DTO MOXKHO CIeJIaTh aHAJOTHYHO JI0KA3aTeJIbCTBY TeopeMbl 1.5.6. A nMeHHO, pACCMOTPUM

npoussosbHyIo Touky x € U\P(0). Torma = € Q3(s), s > 0.
O6oznaunm o : P(s) — P(s), ol : P'(s) — P'(s) orobpaxkenus Ilyankape.

[IpoBenem dYepe3 TOYKY & WHTErpajbHYI TPAeKTOPHUIO 1OoJisi v. J[Burasicb mo 3Toii
TPAEKTOPUH B 0OPATHOM HAIIPABJIEHUH, Mbl B KAKOH-TO MOMEHT BIIepBbie Tiepecedyem P(s)
B TOUKe 2. IlycTh BpeMms JIBMKEHHSI OT z 10 & DaBHSAETCS ¢, a BPeMsl JIBUYKEHHS OT Z
1o o4(z) paBusercsa c. Ha P'(s) umeerca Touka 2z’ = 1(z). PaccMorpuM mHTErpasibHyio
TPAEKTOPHIO TOoJIsE v, Tpoxodamyo depe3 z'. IlycTh ¢ — Bpemsi mpoxoJa BIOJb HHTE-

o / I I — %1
rpajibHO# TpaekTopuu moss v’ ot 2’ = ¢¥(z) mo ol(2') = Y(0s(z)). CmecTumes 1o 3roit

1t 7
TpaeKTopuu Ha Bpemd t' = . Ilomyuennyio TouKy o6o3HauMM ().
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4 mar. OKoHYATETbHOE TTOCTPOEHNE OTOOPaYKEeHUS

Y :U(L) — U'(L).
Ocranock moOHATH, 9TO mpomcxoauT Ha miaomaikax P(0), P’(0), cooTBeTcTByIOmHUX
rparunam 6,10k0B Buga P? x (0,1) x S'. To ects na yposue P? x {0} x {pt}, rne Tpernii

MHOXKHUTEJIb Sl CTAHYT B TOYKY.

['panuiy Hy»KHO CTSHYTH O TPAEKTOPUSM MEPUOIAYECKOTO HHTETPAJIA. DTO CTATUBAHUE
ompesieJieHO KOppeKTHO. Tpaektopun sgrad s st v TepexoidaT B TpaekTopuu sgrad s’
aast o', B ocamom  gesie, Kaxkiasi TPAEKTOPHsSl TMEPUOAMYECKOTO WHTErpaja JIeXKUT
Ha HekoTopoM Tope JImyBmiiga. Ha komkpernom tope JImyBunng mone v gpisgercd
JInHeHO# KoMOuHanueil ¢ mocTosHHbIME KOdddurumentamu mnoJieit sgrad s u sgrad fo;
anajorudno s v'. Tlosromy orobpakenue J, IIOCTPOEHHOE Ha 3-M Iare, siBJIs€TCS
JIMHERHBIM HA COOTBETCTBYIOIMX TOpax JlmyBuiuis (B (DMKCHMPOBAHHBIX KOODAMHATAX,

COOTBETCTBYIOIIUX BHIOPDAHHBIM KJIACCAM TPAHCBEPCAJIBHBIX CEUeHUil).

Ha kaxkjoMm Tope 1) TepeBOAMT HHTerpajbHble TpaekTopuu sgrad fo B TpaeKTOpuu
) ~

sgrad fi. Kpome Toro, orobpazxkenue ) coxpanser GbyHKIUIO BpamieHus (IOCKOJIbKY ee

coxpaHsieT §, a 3HAYWUT, W 1)) ¥ MEPEBOJUT MHTEIPAJbHbIE TPAEKTOPHH U B TPACKTOPUU

v'. YuureiBasi, uTo KoaddunuenTsl v orHOCcUTEHHO sgrad s u sgrad fo v kK03 duIHenTH

v" orHOCHTENIbHO sgrad s’ u sgrad f) OJMHAKOBBI, MOIYYNM, YTO 1) MEPEBOJAUT TPACKTOPUH

sgrad s B Tpaekropuu sgrads’, T.e. ¢» ma P(0) ompemeseHo NpH MOMOIIY CTSTHBAHUSI

KOPPEKTHO.

Kak ycrpoeno QZ Ha P(0), MOXHO TOHSATH W 0€3 ITOr0 CTATMBaHUsS. A WMEHHO,
0TOOpaKeHme QZ Ha moepxHoctu P(0) coBmamaer ¢ 1. B camom mese, mocMoTpuM, Kak
ycrpoero 1. OHO NepeBOAUT TPACKTOPUYU CHCTEMBI-TIPEIe]a PEAYyHUPOBAHHBIX CUCTEM
B TPAEKTOPUHM CHUCTEMbI-IIPEJIesIa pPejynupoBaHHbiX cucreM. (OTMeTHM, 4YTO OHH IKe
SIBJISTIOTCSL TpaeKTopusiMu ecrecTBeHHBbIX cucreM Ha P(0) m P’(0) coorBercTBEHHO.)
SlcHO, YTO HYKHO KayKIBlii pa3 COBMEIIATh TPAEKTOPHM C OJWHAKOBBIM 3HAYEHHEM
npesesna QyHKIMU 1nepuoga (4To COOTBECTBYET COXpDAHEHWIO (DYHKIUM BpAIEHWs HA
Topax). HebXomuMo TakkKe YTOYHHUTH, KAK 3aBUCUT ) OT €CTECTBEHHOTO MApaMETpPa
HA KaxKJI0il Takoit jimHumM ypoBHs. OToOparkeHue QZ JIOJIZKHO OBITh HENPEPBhIBHBIM ‘B
HanpaBjieHun Bpemenu”, T.e. mo 6iamskum Kk P(0) Tpaekropusim u no P(0) nBuxkenue
JIOJIZKHO IIPOUCXOAHTH 3a 6.13Koe BpeMs. OUeBHJHO, YTO TOLJA 1) JOJXKHO COBIAJATH
¢ ¢ "Ha P(0), HOCKOJBKY NpPHU TMOCTPOCHUH QZ Ha TPaeKTOpHsX, He jexkamux Ha P(0)

MbI TIOJIB30BAJIUCh €CTECTBEHHBIM BPEMEHEM Ha TPAa€KTOPUU U CTPOUJIA OTO6pa)KeHI/Ie
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IPOLIOPIIMOHAJIBHO ITOMY BPEMEHH, HaXO/s KOI(MDMUIMEHT ITPOINOPIUOHAJIBHOCTU IIPU
nomomu orobpazkenusi Ilyankape. Ha P(0) CKOpoCTH JBUYKEHUSI €CTECTBEHHOH u
peJyIUpOBaHHON (mpejiesia) CHUCTEM OTJIMYAIOTCS HA MHOXKHUTENb, HOCTOSIHHBIH st
Kaxkao# Tpaekropuu, cm. (3.3.2) m (3.6.7). Tak uro um ma P(0) orobpaxenne
Ha OTJEJbHBIX TPAEKTOPHS CTPOUTCS ITPONOPIHUOHAJIBLHO €CTECTBEHHOMY BPEMEHHU, a
JUTST HAXOXKJAeHUS KO3 UIMEHTa TPOIOPIMOHATLHOCTH UCIOIb3yeTCs PeIylupOBAHHAS
cucreMa. [Ij1g 3aBepilleHus JI0Ka3aTe/IbCTBA OCTAETCS BCIIOMHHUTH, YTO PELyIIMPOBAHHBIE
cucreMbl (a CJIeJ0BATEIBHO, ¥ BPEMEHA JIBUYKEHUS JIIsi HUX) HEMPEPHIBHO 3aBUCAT OT

YPOBHA 5.

5 miar. Orobparkenue 1) SIBJISIETCS TOMEOMOPMU3IMOM.

O4eBUIHO, YTO HENMPEPHIBHOCTH ) HEOOXOAMMO IPOBEPUTH JIMIIb Ha 3-0JI0KaxX, T.e. HA

KaXKJIO# M3 TPAHCBEPCATBHBIX MIOM@AA0K P(s), s > 0.

Kaxoit Touke © € U(L) cOOTBETCTBYET HEKOTOPOE MHBAPHAHTHOE MOIMHOr00Gpasue
W B HeM TpaHCBepcajbHas miomaaka. [lycrs s(x) obo3Hauaer HOMED IJIOIMIAJKH,

coorBercTByome x. Ananornuno gius o’ € U'(L).

Pacemorpum kakyro-uubyup 104Ky xo € P(s(xg)). 31€ch BOBMOXKHBI J[Ba CIIyvasi:

e s(xg) > 0. Be3 orpannuenusi 0GIHOCTH BCe OKPECTHOCTH TOYEK Lo HJIH Y (o) MOMKHO

cunTarh “KBaJpaTHBIME’ IO TPOCTpaHCTBY-Bpemenu (puc. 3.7.4). Ha 3-6i0kax

o> -

roMeoMOp@HO

A

Puc. 3.7.4:

B, B’ M0XHO BBeCTM MeTPHUKY d IPSMOIO IIPOU3BEIEHHUS, IIOCKOJbKY HMEIOTCS
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roMeoMop@u3Mbl

B~ B' ~ P?x [0, $max)-
Tornma mycTs

We.(zo) = {x € U(L) | T(z) < &, d(5(x),z0) < €}
Wi (0)) = {z’ € U'(L') | T(2') <&, d(6'(2'),d(0)) < €}

riae T'(x) wm T'(x') 06o3HaYaeT MUHUMAJIBHOE 10 MOJIYJII0 BpeMsl, TPeByoteecs st
HONaaHust TOUKK & Ha “cBOI0” miomaaky P(s(z)) mwiu toukn 2’ mwa P'(s(x’)) npm
JIBIZKEHUN BJIOJIb WHTETPATHHON TPaeKTOpHH ToJist v uan v (mo eMeicay), 6(z) €

P,.(s(z)) wmm 6'(2') € P/ (s(z')) — Touka sroro “Hanbosee GBICTPOTO MOMAIAHHS .

Pacemorpum npoussosbroe ¢ € (0, s(zg)). [lycrs

Crax = SUp{c(Y(2)) [ # € B": d(d(x),P(x0)) < €},

Cmin = iInf{c(z) | x € B: d(z,x¢) < €},

rie gucaa ¢(z), ¢ (¢ (x)) onpemensiores, KaK Mpy TMOCTPOEHUH OTOGParKeHHsT ¥ (rrar
3). OT™MeTuM, 9TO Cpin, ¢ oy > 0, TOCKOIBKY $(2g)—e > 0 ¥ 03TOMY BeJIMIHHBI (),

(¥ (x)) oTaeneHbl OT Hyss IPH BCEX T, YIOBJIETBOPSIOMUX ycaoBusaMm d(x, xo) < &,
d((x),P(x0)) <&

Boibepem §; < e - g, [TockombKy 0TOOpazkenue i) HENPEPBIBHO, TO CYIIECTBYET

max

takoe 0y € (0,¢), uro pu x € B
d(z, z0) < b2 = d(¢(2), ¥ (20)) <e.

[Tosoxxum 6 = min(dy, d2). Torma pist mo6oro = € U(L) BBIIOTHEHO:

- C/ Cl /

T(x) <3 <8 = T(() =T(x) - = < &1 < 5y max

Cmin

d(G(x),20) <0 <8 = d(¥(5(2)), ¢ (20)) = (@ (U()), ¥(xo)) <

Orciofa BBITEKAET, YTO

»(Ws(xo)) € Wi(1h(x0)),
T.e. 9TO 1) HenpepbiBHA Ha P(s) mis mo6oro s > 0.

s(xg) = 0. AHANOrMYHO TpEABIAYIIEMY NYHKTY 3aMETHM, YTO MOXKHO 06e3

OrpaHUYeHHUs] OOIIHOCTH MOJIOXKUTH (CM. puc. 3.7.5):
We(xg) ={z € U(L) | d(6(x),z0) <e,s(x) < e},
Wi (W(0)) = {z € U'(L)) | d(0"(x),¥(x0)) < &, 8'(2) < e}.
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Puc. 3.7.5:

Jlampime ocTaeTcs BOCIOIB30BAThCA HEINPEPBIBHOCTBIO 1) Ha 3-6J10Kax. DTOro
JIOCTATOYHO, T.K. BBHUJY CHEIU(PUKA OKPECTHOCTEHl HeT HEeOOXOIUMOCTHU CJIeJIUTh
3a JIBUXKEHUEM BJIOJIb WHTErPATbHBIX JTMHUN [epeMeHHOl JeiicTBust (Mbl OCTAIHCH
BOM3W 0COGOrO C€jI0s BHE 3aBHCHMOCTH OT 3HadeHus ). CM. TakxkKe KOHeI|

upeapiaymero (4ro) mara (HenpepsIBHOCTH “B HAIIPABJIEHUM BpeMeHH).
]

Sameuanue 3.7.8. Ha perynspHoit yactu cioenus Jluysuwiis mis no6oro sucra X C B(U)

u (s, fo) € X:

V(s, 0, fa,2) = (£(5), ¢, &(f2), p2)

3ameuanue 3.7.9. B nemme 3.6.7 ObLIO MOKAa3aHO, YTO 3HAUYEHUE (DYHKIUU BPAIIEHUS MIPU
IpUOIMKEHNN K CeJI0BON KpUBOil (B MaJoif OKPECTHOCTH TOYKH o) MOHOTOHHO CTPEMHUTCS K
0eCKOHEYHOCTH, HO 3HAK p HE yUUTHIBAJICA. BripoueMm, /1 ONMCAHKS ITOBEI€HNUs] JTUHUI YPOBHS
3HAK ObLI HeCcyIecTBeHeH. HeTpy/iHo BUIeTh, 4TO 3HAKY p HA KaxK0M u3 “neBbix” juctos B(U)
paBHBI MeKJy CO0O0il 1 OTIMIAOTCst OT (TaK:Ke PABHBIX MeXKJly c0o00ii) 3HAKOB p HA “NpaBbIX”

sucrax B(U). O6 opuenranuy 6a3uCHBIX [UKJIOB CM. yrouHeHue 1.9.2.

BribepeM Kakoe-HHOYIb pa3dueHne aToMa V' Ha MOJOKUTEIbHBIE U OTPUIATEIbHBIE KOJIBIA.
[Tosoxkum € = +1, eciu OHO cOBMaIaeT ¢ pa3buenneM V' Ha MOJOXKUTEIbHBIE W OTPHUIATETHHBIE
KOJIbIIA 110 3HAKY (DYHKIIMYU BpalleHus, 1 € = —1 B IIPOTUBHOM CJIy4ae.

OTMmeruM, 4TO paszdueHue KoJiel aTOMa, Ha, MOJIOXKUTEJbHbIE W OTPHUIATEIbHbIE IO 3HAKY p
coBInazaer ¢ pa3bueHneM, BBEJIEHHBIM JIJIsl ONPEIe/IeHns] MHBapuaHTa A.

Ncnonw3ys nndopManyio o moBeJEeHUN p, MOYXKHO MOKA3aTh, YTO p HE OKA3BIBAET BIUSHUS
Ha KJIACC TOIOJIOTHYECKON TPAaeKTOPHOH SKBUBAJIEHTHOCTH CHUCTEMbI. A MMEHHO, B KaueCTBE
CTIeJICTBUS TeopeMbl 3.7.2 JT0KaXKeM TeopeMy O MOJHOM TPaeKTOPHOM WHBapuaHTe. /[ 3Toro

IIOHAI00UTCS eIlle OIHO OIPeeIeHHe.

Omnpenenenne 3.7.10. Ilycts ocobwiit rpad K aroma V' comepxkut n BepmuH u [ pedep.

Bacdukcupyem nymepanun seprn u pebep K. Torga pocmxom uneapuarmos germ,, (A, A, Z)
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HA3bIBAETCsl KJIACC S9KBUBAJIEHTHOCTH (DyHKIUI, oupeiesieHHbix npu s > 0 (HAlOMHUM, 94TO IIPH

s = 0 peub WIET O Mpejiesie PEYIUPOBAHHBIX CHCTEM ):

AxAXxXZ:R— RP"x R
s (Ar(s) oot Au(8), Ar(s), .. An(s), Zu(s), . .., Zu(s)),

IO CJIEIYIONEMY OTHOIIEHHUIO SKBUBaJeHTHOCTH. /[Ba Habopa (byHKImit

(A7(s) -+ AL(s), Al(s), ..., AL(s), Z](5),..., Z}(s)), s >0,
(A2(t) : -+ A2(1), A2(t), ..., A2(t), Z2(t),..., Z}(t)), t > 0

Ha3bIBAIOTCS  IKBUBANECHIMHbLMUY, €CJI CYIIeCTBYIOT oOKpecTtHocTu Hyas Wi, W, C R,

HellpepbIBHAsSL CTPOI0 BO3PACTAIONIAs 3aMeHa 11€PEMEeHHON

A{(s) = k(s)A2(r(s)), i=1,...,n
(Te. (A{(s):---:AL(s)) = (A3(s) : --- : A%(s5)) € RP™),

3ameuanume 3.7.11. Pocrok muBapuanTOB J1I000# peanbHoit C°°-TyIagKoil CHUCTEMBI BCETIa
uMeer C°°-TJIaKOTO MPEJICTABUTEJIS, T.e. CYIIECTBYET IapaMeTpHU3alusl CeJJIOBOW KPHUBOi s,

s > 0 rakas, ayro dynkuun A(s), A(s), Z(s) — C*-rnaaxue.

/loxazameavcmeo. B camom sene, mycth s, s > () — 3Ha4YeHWe MEePUOAMIECKOTO WHTErpaJa.
Hy»kHO mokazaTh, 4TO MHBAPUAHTHI PeJyHMPOBAHHBIX cucreM Ha P(s) (B ToMm uumcie u npw
s = 0, TOraa UMeITCs Ipeiest MION@AI0K = JBYMEepHOe HHBApHAHTHOE moaMHoroodpasue P(0)
U CcHUCTeMa — MpeJiel PeAylupoBaHHBIX cucteM mpu s — () miaako 3aBucat ot s. OrMerum,
4T0 TIOMAAKKU P($) MOXKHO BBIOPATH TJIJIKO 3aBUCSIIUMH OT S.

Bocnonbsyemcs: ypasuenusivu (3.6.4) u (3.2.4): qyst cucrem Ha P(s)

C TAaMHJIbTOHUAHOM fo:

. 1 0f
T TGy 0y
T

v= w(s,z,y) Ox’
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U C TaMUJIBTOHUAHOM H pelyliuDOBAaHHON CUCTEMBI:

. 2m H)G:
r = = Wall 22 Wall (87f2)
w(s,z,y) HGY — H)G)

0f2
dy
27 H)G, f

_ (s f)@
T w(s,a,y) HIGYy — HYG, ' o

Tpebyemoe BbITEKAET U3 CJIEAYIOIMIUX COOOPAYKEHUIA:

1. A-uHBapmaHTHI IEPBOIl W BTOPO CHCTEM COBIIAIAIOT IIPH PABHBIX S,

2. A-, A- u Z-unBapuaHThl 11e€pBoii cucreMbl C°-IyIaKo 3aBUCAT OT S, B TOM YHCJI€ W DU

s = 0 (BBuay raakocTu MYHKIMH w U fs),

3. CkopocTH TepBO#t M BTOPO# CHCTEM OTJMYAIOTCA Ha MHOXKHUTEIb, TMOCTOSHHBIN s

KaxKJI0# TPaeKTOPHH,

4. A, Z-uHBapuaHTBLl IEPBOl W BTOPOH CHCTEM OTJMYAIOTCH IIOITOMY HA MHOMKHUTEJb
. 2nH, G/, 2 H, o
}ITOWZJ;G&(S’J%) = T{Q(S’O) (em. dopmyay (3.6.7)), siBasitomuiics C*°-ruakum,
2

moCcKObKY H aBasierca C'°°-raaaKoit ¢pyHKIHeH Tpu BCeX s, fo, M CHCTEMA HecllenuaabHa.
0

Teopema 3.7.12. IIycmv v, v/ — UI'C ¢ dsyma cmenenamu c6obodvl, paccmampusaemoie 6
MAAVLT 4-mephuix okpecmuocmax U, U’ ceour 0cobvblr He8wuiposicleHHvix cA0es muna ceono-
/

uewmp u ydosaemeoparousue ycrosuam 1)-6) n. 1.2. Iyems v, v Auy6usie60 sK6UCAACHMHDL
6 IMUL OKPECMHOCTAL, UM COOMEEMECMEYIom 20Mmeomopdrvie amomv, V ~ V' u na amome V
8bLOPAHO KaKoe-HubYdb PasbueHue Ha NOAOHCUMENDHBLE U OMPULAMeEAbHble Koavya. TTycmob i,
/ /

Yo — 00pasvl 0cobbLLT CA0ES NPU OMOOPAHCEHUAT MOMEHMA 0AA UV U V' coomeemcmeenno. Tozda
v, v Monoao2uNeCKY MPAEKMOPHO IKBUBAAEHMHDL 68 HEKOMOPBIT 4-MEPHBLL OKPECMHOCTAL
U c U, U C U ceoux ocobwur caoes mozda u moavko mozda, koz20a cyuecmeyem

2omeomoppusm amomos ¢ : V. — V' u evibop kaaccos mpanceepcasoHuy cenenuti 0ai cucmem

v u v makue, ¥mo

1. ¢ = ¢ (pasbuenue wa noaoscumesvHBIE U OMPUUAMEALHBIE KOAbUA Ha amome V'

undyyuposano pasbuenuem wa amome V. npu nomouwu (),

2. pocmru uHEeapUAHMOB co8Nadarom:

germ,, (A, A, Z) = germ,, (A', A', Z').

Taxum O6p0,30.M, NOAHYIM UHBAPUAHTTLOM MONON02UNECKOT mpae%mopnm’l IK6UBANEHTNHOCTIU
UHMEZPUPYEMDBLT 2aMUADITMOHOBILT cucmem 6 YEMBIPETLMEPHDLT OKPECTMHOCTNAT

HEBBIPOIHCIEHHBIT 0COBVLT cA0e6 muna cedro-yenmp asasemca nabop (germ, (A, A, Z), €).
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DkBuUBaJIeHTHasd nepedopMyJanpoBKa TeopeMsr 3.7.12.
[Tycts v, v — UI'C ¢ aByms cremeHssMu CBOOOIBI, PACCMATPUBAEMBIE B YeTHIPEXMEPHBIX
okpecTHOCTAX U, U’ cBOMX OCOOBIX CJI0€B THUIA CEJJIO-IIEHTD ¥ YIOBJIETBOPSIONINE YCIOBUIM

1)-6) n. 1.2. ITycrs 3a1aH NOCIOWHBIH JTMyBU/LIEB TOMEOMODPGhU3M
n:U—=U

1 (PUKCHUPOBAH ero KOMOMHATOPHBINA Tull. Torma 17 MOXXHO Ipo1epOpMUPOBATh HA HEKOTOPBIX
MeHBIUX OKpecTHOCTaX U C U , U C U’ ocoboro cios JI0O TPAeKTOPHOTO ToMeoMOpdu3Ma,
v : U — U', He MeHsds KOMOWHATOPDHOTO THUIA, TOTAAa W TOJBKO TOTAA, KOTIA 1)
coxpaHsieT 3HaK (DYyHKIMM BpAIEHHS, U CYIIECTBYET HEKOTOPBIH BBIOOP TOMOTOIIMYECKUX
KJIACCOB TPAHCBEPCAbHBIX ILIOMAI0K /I U, v/, TaK 4TO POCTKH MHBAPUAHTOB, BHIUMCICHHBIX

OTHOCHUTEJIbHO 3TOT0 BhIOOPA TPAaHCBEPCAJBHBIX ILJIOMIAI0K, COBIIA/IAIOT.

Aoxazamesvcmeso. Ilycts v u v — nape UI'C, myist KOTOPBIX BBIMOJIHEHBI YCJIOBHUSI TEOPEMBI,
u yxke BbiOpan romeomopdusm ( : V. — V. IlycTh poCcTKHM MHBAPUAHTOB COBIAJAIOT, & £ =
¢’. Jloka:keM, 9TO B 9TOM CJIydYae CyIIECTBYIOT OKpecTHOCTH 0coObix cioeB U(L), U'(L') u
romeomopdusm £ : B(U) — B'(U’) rakue, uro & coxpansier dbyHKuuio BpameHus p u A, A
Z-nHBapuaHTH. B 3TOM ciydae MOXKHO OyIeT BOCHOIB30BAThCS TeopeMoit 3.7.2.

Baibepem okpecrrocTu ocobbix Todek U, U’ u kakoii-uuGynb romeomopbusm &, : B(U) —
B'(U') Tak, 4To6BI £, COXpaHsI p. FICHO, YTO ITO MOKHO ClleJIaTh, €CJIM CUCTEMA HECTIeI[HAIbHA
u e = ¢’. A uMeHHO, HY>KHO BOCIIOJIb30BAThCS PE3YJILTaTOM JieMMbI 3.6.7 0 moBejeHun p BOIU3K
0c000if TOYKH, TJie OBLJIO MMOKA3aHO, YTO JUHUYU YPOBHS p NAPAJIETbHbI 7Ys W BTBIKAIOTCI B Yy,
TpaHcBepcaabHO. [losTomy aya mocrpoenusd §, A0CTATOYHO BHIIPSMUTDH JIMHHM YPOBHS p Ha
B(U) u B'(U'), n yauTsiBasi MOHOTOHHOCTD TIpeNieNia p Ha 7Y, | 7, COBMECTHTD ¥ 3HAUEHUS p,
a He TOJbKO JINHUU YPOBHSI.

Jajiee, ymenbinas, ecau Hy»kHO, okpecrHoctu U u U’, nobbemcsi Toro, 4robbl GpyHKIUU
A, A u Z, onpeneneHnble HA KyCKaX CEIJIOBBIX KPHUBBIX 7s U 7., IOMABIINX B BBHIODAHHBIE
OKPECTHOCTH, OBLJIM CONPSIKEeHbI. ZICHO, YTO 3TO MOXKHO C/eJIaTh, €CJAU POCTKU WHBAPUAHTOB
COBMAJAIOT Jjisi cucteM v ¥ v'. MBI JOJKHBI Tereph MOINPABUThH &, TaKMM 06pa30M, 4TOOBI
noJiydeHHoe orobpazkenue £ coxpaHnsiio pyukmuun A, A, Z.

Orobpaxkenme ¢, KakuM-To o06pasoMm mepenecao A, A, Z-NHBapuaHTH Ha KPHBYIO
v.. Ilockomeky &, TOoMeoMOpdH3M, a POCTKM WHBAPHAHTOB JJig v W U COBNAIAIOT
(germy, (A, A, Z) = germy, (A, A", Z')), To n pocrku germ,, (A, A,Z) o fp—l}%) —

germ,, (A, A, Z') copnaaior.
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5-_
P

CeJJIOBO KPUBOIL 7, cileyer, 4T0 roMeoMopdu3M KOpemKa &, : v, — 7y, MOKHO IPOJOJIKATh

L, H (N, A", Z"). U3-3a napajienbHocTd JiuHUi ypoBHst ¢yHkuuu Bpamenus ua B'(U’)

J10 romeoMopdusMa Beelt KHUKKU (0603HAYMM ero Toii e 6yKBoii)
& B(U) — B(U"),

COXPAHSIONIEro (DYHKIMIO BpallleHusl, yMeHbIuB 1pu 3roM U’ ecoin Tpebyercs (cM. puc. 3.7.6).

&

Puc. 3.7.6:

Uroro aia U = ;' o £1(U') moyunm: oToGpazkenue
{=80&:BU)—B(U)
YIOBJIETBOPAET YCIOBUSAM TeopeMbl 3.7.2. Bo-mepBhiX, £ coxpansgeT (pyHKIMIO BpAIeHU, TakK

KaK KayKkJoe M3 oTobpakenuit &, u §, ee coxpangeT. Bo-BToprIx, £ coxpansger gynkmun A, A

¥ / Ha CeJIJI0BOM KPUBOM, T.K.

oép
= (MAZ) o5, 08, = (MA,Z)

(N A, Z)og| = ((N,A,Z)08,)

Vs Vs

Jlns 3aBepilieHus JI0Ka3aTeIbCTBa IIPUMeHsIeTcs TeopeMa 3.7.2. 0

CaencrBue 3.7.13. B cayuae xanonuyveckoli 0CObEHHOCTNU CUMYAUUA CUALHO YNPOULAEMCA
(em. n. 8.8). A umenno, 6ocnosvzosaswucy aemmamy 8.8.1 u 8.8.2, nosyuum, “wmo noiHvLM
MPAEKMOPHBIM UHBAPUAHMOM ABAAOMCA UHBAPUAHMDBL Pedyuuposannoti cucmemv, N\, A, Z,

BHIYUCAEHHDIE 8 MOYKE 1y, 3HAK € U HEKOMOPas Gynkuus 00Hot nepemennots Ha Ys.

CaencrBue 3.7.14. Paccemompum npocmetiwuti cedarosoti amom — “socomepry” B
(puc. 3.7.7). Hneapuarmor A, A u Z 0as makozo amoma 6cez0a Mpusuasbhvl, NOIMOMY
ece onpedeasemcs unsapuarmom €. Caredosamesvro, 6ce 0COBEHHOCTIU MUNG CEONO-UEHM]P,
KAGCC AUYBUANEBOT IKBUBAAECHMHOCTU KOMOPLLL ONUCHLeaemca amomom B, pasbusaromcs
HA 080 KAACCA, NO YUCAY HE20MEOMOPPHBLT CNnocobos pazbumsb amom Ha NOAOHCUMEALHBIE U
OMPUUAMEALHBIE KOADUG, UCNOAL3YA 3HAK PYyHKuuy epausenua. Jobve dee ocobennocmu u3

001020 KAGCCA MPAEKMOPHO IKBUBAAEHMHYL OpY2 Opy2y.
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Puc. 3.7.7:

Sameuanue 3.7.15. l3menenne opmentaruu Ha U(L) Bieder wW3MeHeHWE 3HAKA € Ha
IPOTUBOMOJIOKHBIN (T.K. 3HAK p MEHSEeTCs Ha MPOTHUBOIOJOXKHBIN), He BIMdAeT Ha 3HAYCHHE
A-mnBapmanTa, a Tak)Ke H3MeHseT 3HAKH y Bcex BenmuumH A; u Z;. Ilostomy ecim Mol
XOTHM DACCMATPHBATHL B KAa4eCTBE TPACKTOPHBIX IOMEOMODP(MHU3MOB HE TOJBKO Te€ W3 HHX,
KOTOpPbIe COXPAHSIIOT OpHeHTanuio okpectHoctd U (L), HO U Te, KOTOpbIe ee 06PAIAIOT, TO TOIA

HEOOXOMMO CYMTATh SKBUBAJICHTHBIMU HE TOJIBKO COBIAJAIONIMe HAOOPDI:
! ! ! !
(germyO(A,A, Z),e) = (germyé(A JAZN) N,
HO ¥ IOJIYYAIOIHeCcs U3 HUX OJHOBPEMEHHBIM M3MEHEeHHeM 3HakKOB A, Z U €, T.e.:

(germ, (A, A, Z),e) = (germy, (A, —A', =Z7), —€').

3.8. KanoHuueckasi 0COGEHHOCTDH TuUNa ceauio-ueHTp. IloBegjeHne MHBApUAHTOB U

YIOpPOIlleHNe KPUTEPU TPAEKTOPHON 3KBUBAaJE€HTHOCTH

Paccmorpum kanoumveckyio ocobennocts Buga A x V., cm. m. 1.3, a umeHHo, mycThb
pasJIoXKeHNe B MPsIMOe MPSIMOe MPOM3BE/IEHNe HOCUT CUMILJIEKTHYECKUil XapakTep.

[Tycrh nmerores aByMepHbie quck D?(s,¢) n nosepxuocth P?(z,y) ¢ CUMIUIEKTHYECKMMU
CTPYKTypaMu w;, wo. Koopauuarsl (s,¢) sBISIOTCS TepeMeHHbIMHU JeficTue-yrosn nHa D2
Pacemorpum dbynkuun s (Ha nosepxnoctu D?) u fo(z,y) (Ha mosepxmoctu P?), 3amaronue
cTpyKTypsl atoMoB A, V' coorBercTBenHO. Ilycth wy = ds A dp, we = w(z,y)dx A dy ans
HEKOTOpOil GYyHKIMA w.

Pacemorpum D? x P2 co crpykTypoii ) = w; + wy u ramunbronuanom H = H(s, fo).

Hns  HabsoneHust 3a TOBEJEHWEM WMHBAPUAHTOB BBIOEDEM  CEMEHCTBO  KDUBBIX,
TPAHCBEPCAJILHBIX Vs, B BUIe {s = const}. [lanee, ceMefiCTBO TPAHCBEPCATBHBIX ILIOIIAI0K

P(s) 6e3 orpannyenusi OOITHOCTH WMEET BHI:
P(s) = {s = const,p = 0}.

OrpannvuenueM cUMIIEKTHYECKOH (opmbl w Ha P(s) aBaserca wy. Ha P(s) Mbl cHOBa
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paccMOTPUBAEM J[Be CUCTEMbI: peylupoBanHyio 1o bosicunoBy-®omeHko

. o HGY  Of
T =— -

w(z,y) HiGy — HyGY Oy
o HGY  0f

w(z,y) HiGY — HYGY Ox

(3.8.1)

u peaynupoBaHHyio 1o Mapcaeny-BaitncTaliny = cipoeKTHPOBAHHYIO

1 /af2

- HI 2=

w(z,y) ? dy
1 /af2

T =

HyGy

OTmeruM, 9TO XOTS MHOXKHTENb fa—rrm B (3.8.1) ompenendnca 1ig KaxI0ro KOJIbIA O
12 21

OTAEJIbBHOCTHU, HO IIPpEJIe/I 9TOM BeJIMYMHBI HA OCOGOM rpa(be HE€ 3aBHCHUT OT BbI60pa KOJIbIla, CM.
(3.6.7).

Ha P(s) paccMOTpHM Tak»Ke CHCTEMY ¢ FaMUJIBTOHUAHOM fo(Z,Yy):

1 o
T oy oy

B 1 Jfy
= S (3.8.3)

HaHOMHI/IM, 9TO YPOBEHb S = 0 He oTMYaeTcd OT Ipouux (Ha HEeM, B 4YaCTHOCTH, UMeEETCA

npejiest peaynupoBanubix cucrem). Cm. 3amedanust 3.6.8 u 3.6.9.

JIemma 3.8.1 (o moBegenmu A-mHBapmanTa). Husapuanm A nocmosmen 6004 cednogoti

KpUBo ;.

Jlokazameavcmeo. PaccMoTpuM — KaKylo-HHOYIb TpaHCBEPCAJTbHYK —Iiomanky P(s) wu3s
cemeiicrBa. CpaBHUM 11 Hee mHBapuaHTH A cucrem (3.8.1) u (3.8.3).

Bamernm, 4T0 0COOBIE TOYKM 00EMX CHCTEM COBNAJAAIOT, a COOCTBEHHbIE 3HAYEHWS B HUX
OTJIMYAIOTCS HA MHOXKHUTENb, OJMHAKOBBIN JJIT BCEX OCOOBIX TOYEK. DTO O3HAYAET, YTO HA
P(s) naBapuanTsl A pejynupoBaHHON CHCTEMbBI U CHCTEMBI C TAMUJIBTOHUAHOM fo COBIIQJAIOT.
[Tockosbky cucrema (3.8.3) ¢ raMHJIBTOHMAHOM [, HUKAK HE 3aBUCHT OT Tlapamerpa S, TO

3HaYeHUsS A-MHBApUAHTA OJUHAKOBBI JIJIS BCEX TOUYEK 7. U

JIemma 3.8.2. Ilyemov A;, Z; — Komnonenmo, AN u Z-uHapuUaHMO8 O0AA CUCTNEMYL HG
amome P? ¢ zamunavmonuarom fo(z,y), a AN, Z; — xomnonenmu A u Z-uneapuanmos 04

pedyyuposannoti cucmemn, na yposne P(s) ~ P2, Tozda

1 H! _
A== o),
1 H! —
Z; = gﬁz(sao)zw
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oxazamesvemeo. Cucrembr

H/2G7T/H2H/ G/ ( f2 )

Bribepem Havasio oTcyeTa YIJIOBOI mepeMeHHO#I OJMHAKOBBIM oOpa3oMm. Ho Torma wu

(3.8.1) w (3.8.3) owmuanTCHd JIMIL HA MHOXKHUTEJb

OCTAJIbHbIE ee JIMHWM YPOBHs coBnazaoT mis (3.8.1) u (3.8.3). B camom mese, Ha Kaxkmoi

okpyxkHOCcTH {fy = const} (TpaekTopum 06eHX CHCTEM) JBUXKEHHE OTJIHYAETCS CKOPOCTHIO,

npudeM ckopoctu (3.8.1) u (3.8.3) mag omHOI TPAeKTOPHM OTIMYAIOTCS Ha MHOXKHUTEID,

27rH2

W( , f2). OTpe3kn pasziesia ONPeNESIOTCS JTOJISIMU

HOCTOSIHHBIA HAa TPAEKTOPUU: 7o

BpeMeHH 00X0/1a, IIPOHOPIUOHATLHBIME BeJIUYUHAM /\;, OJMHAKOBBIM JIJIs 06€UX CUCTeM (JIeMMa
3.8.1).

H/
CKOpOCTH JBUKEHHS 110 OCOOOMY CJIOK) OTIMYAIOTCA HA MHOXKHTE/Ib QWF?(S,O) (mpemen
2nH, G,

W(S’ f2) mpu fo — 0, em. (3.6.7)). Cienosaresnbno, kosdbdunuents nemnei [ (3.8.3) u [

(3.8.1) omIM9arOTCS TAK¥kKe Ha MHOKUTEJIb:

1 H; -
l=——1(s,0)L
2r 1, >0
DT0 03HAYAET, YTO TOYHO TAKOE YK€ M3MEHEHHEe KOCHEeTCSI W MHBAPHAHTOB A, Z. O
IIpennoxxenne  3.8.3. Ilycmov  ewuucaens,  swavenua (N, A, Z)-uneapuanma  daa
pedyuuposarnot cucmemnv, Ha P(0):
A0) =Ny, A0) =24, Z(0)= 2.

Tozda moorcho ykazamo 6 asnom eude u dynruuu A(s), A(s), Z(s):

A(S) = Ao,
A(s) = 0.0 (.0,
Z(s) = Z% (0,0) fl (5,0)Zo.

3ameuanne 3.8.4. To ecTnb (baKTquCKH MHBAPUAHTOM KaHOHUYECKOH 0COOEHHOCTH ABJIAETCI

nabop unBapuanTos ((A, A, 7),

GYHKIUS OHOM ITepeMeHHOH.

Hoxazamenvcmeo. HeoGxoqumo BOCIOIBb30BATLCS TeM, 4910 A(s)

cpaBuuth ypasaenus (3.8.1) aust P(0) u P(s). ITo anasorun ¢ goka3areabcrBoM jieMMbl 3.8.2

2T (5 0)A(s) =

OTKyZa U BbITeKaeT (3.8.4).
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[Ipemioxkenue 3.8.3 MOKHO 11€peOPMY/IMPOBATH HEMHOI'O HO-/IPYIOMY:

IIpennoxenue  3.8.5. Ilycmv  evuucaenvs  swavenus (A, A, Z)-uneapuanma  0as
ecmecmeennoti cucmemv, wa P(0): (Ao, Ao, Zo). Tozda mooicno yrazamv 6 AeHom 6ude

dynuuu A(s), A(s), Z(s) (daa pedyyuposanmoti cucmemo):

A(S) = ]\0(: Ao),

H(0,0) H! -
A(S) = %Fﬁ(&o)AOv (385)
HL(0,0) H! ~
2(s) = %F}(S,O)z@
2

Zoxazameavcmeo. Heobxommmo BOCTIOB30BAThCA TEM, UTO
AO = AO = A(S),

gemma  3.8.1, ¥ CBA3BI0O PpeAYyUMPOBAHHOW M ecrecrBeHHO# (oHa Ke — TIpejes
cpoekTupoBanubix) cucreM Ha P(0) (cm. ypasrenus (3.8.1) u (3.8.2)), oTkyza mo anajoruu

C JI0Ka3aTesibcTBOM JieMMbl 3.8.2 ciexayer (3.8.5). O

3.9. Teopema peanusanuu

Bo3Hukaer ecrecTBeHHBIN BOIIPOC: HE SIBJASIOTCS JIH BCE OCOOEHHOCTH KAHOHHYECKHMM!
To ectb cymiecTByeT Jiw, BOOOINE TOBOpsI, IPUMEDP OCOOEHHOCTH, SIBJISIOIIEiiCS NPAMBIM
Ipou3BeJieHueM aToOMOB A n V JIMIb C TOYKHW 3peHud JII/IyBI/IJIJIeBOﬁ 9KBHUBaJIECHTHOCTH, a
CUMILIEKTHYECKUM TMPSIMBIM TPOU3BeIeHueM — He sBjsdiomeiica’ Jlemma 3.8.1 momoraer j1aTh
YTBEPIUTEIbHBIN OTBET HA 3TOT BOIMPOC.

Kpome Toro, cymectByer i 0COOEHHOCTH THIIA CEJJIO-IIEHTD, TAKasi, 9YTO €€ TPACKTOPHBIH
MHBaApHAHT PaBeH IPOM3BOJIBHOMY 3apanee 3ajiaHHoMy? T.e. mycTb (pUKCHPOBAHBI CEIJIOBOI
arom V, C®-rnajikag bynknud g : [0, +6) — RP" xR (cm. onpenesenue 3.7.10 u 3aMevyanue
3.7.11) u 3uax ¢ € {£1}. CymecTByeT 11 0COGEHHOCTH JUyBUILTeBa Tuna A X V Takas, 9To ee

TPAEeKTOPHBI WHBapUaHT paBeH (germ g,¢)?

3.9.a. Ilpumep Hexarnornuweckoli 0cobeHHOCTIU.

[TocTpouMm cHavaja MpuMep HEKAHOHUYECKOW 0COOEHHOCTH.

ITpumep 3.9.1. Paccmorpum chosa asa aroma: A = (D?*(s),s = L(u* +0?)) u V = D; — cm.

puc.3.9.1 u gemmy 3.1.1. (wau J11060# APYroil MIOCKUIT OPUEHTUPYEMBbIH ¢ JBYMSI BEPIIMHAMH ),
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D,
Puc. 3.9.1:

nycth byHKuus fo(,y) 3a1a€T ClI0eHne Ha BTOPOM aroMe. [IJisi IpOCTOThl MbI IPEJIojaraem,
9TO BTOPO# aTOM — IJIOCKHII, TAK 94TO BCE MOXKHO TIPEJICTABJIATH cebe Ha OOBIYHOW JIBYyMepHOi
R? 600 0o b
TLJIOCKOCTH Z,1), OJITHAKO KOHCTPYKIMIO MOXKHO 0000IIHUTH Ha JI000# aTom. Byiem cuntars,
4YTO BepmuHaMu aroma V gpiagwoorcd Toukd My @ x,y = 0 uw My @ z,y = 1 u 9To pebpa
CHUHTYJIIPHOTO Tpada BTHIKAIOTCA B 9TU TOYKHU B HAITTPABJIEHUSX, TTAPAJIIETbHBIX KOOPANHATHBIM
ocsim. Pacemorpum wa A X V' aBe cucrembl. IlepBasi — KaHOHWYECKAs, ¢ CUMILJIEKTHYECKON
crpykrypoit @ = ds A dp + dx A dy u rammnsronnanom H = H(s, f3), a Bropas — ¢

CUMILJIEKTAYECKON CTPYKTYpPOil
Q=dsA dp +w(s,x,y)dz AN dy + a(s,x,y)ds A dx + b(s, z,y)ds N\ dy, (3.9.1)

U TeM Ke caMbiM TramMuibToHnaHoM. Cumiuiektndeckas crpykrypa (3.9.1) BeiOpana He
cayuaitno. Oyukius w(s,x,y) BHIOUPAETCS MPOU3BOJBHBIM 00pa3oM (mpu (DUKCUPOBAHHOM
3HaveHuu s dopma w(s,z,y)dr A dy Gymer cummaekTHIecKoit hopMoil HA TpaHCBEPCATHHOM
IJTOIMA/IKE, TaK YTO CTECTBEHHO CHAYAJIA 3a1aTh UMEeHHO DYHKIMIO w(s, z,y)). Jantee, MOXKHO
noxobpars dbyskmu a(s,,y) u b(s, r,y) Takum o6pa3om, 4TOObI () 6BLTA CHMILIEKTHYECKOI

crpykrypoit Ha A X V. JIokaxkeM COOTBETCTBYIOILYIO JIEMMY.

JIemma 3.9.2. Ilycmo na A X V' 3adana dynryua w(s,z,y). Toeda moorcro nodobpamo

dynryuu a(s,z,y), b(s, x,y) maxk, wmobw, popma
Q =ds Adp+ w(s,z,y)dz Ady + a(s, z,y)ds A dx + b(s, z,y)ds A dy

ObLAG  CUMNAECKMUYECKOT, CMPYKMYpPotl 0cobenHocmu cedio-ueHmp Mo0esbH020 MUNG, CM.

eaasy 3.1, m.e. wmobwvl 6vinoaHANOCH (3.1.5) :

da 0b Ow

oy Ox * ds 0

Hoxazameavcmeo. Umeercsi  oano  Heognopojnoe jauddepeHnrajibHOe  ypaBHEHUE B
YACTHBIX TPOU3BOJHBIX C TOCTOSHHBIMU KO3(MUIIMEHTaAMU, CBI3bIBAIONIEEe JIBe (DYHKIWH,
IpUYEeM OTHOCHTEIbHO KaXKJAOH u3 3TuX (DYHKIWHA ypaBHEHHE SIBJISIETCS OOBIKHOBEHHBIM

nuddepeHImaibHbiM  ypaBHeHueM. OUeBUIHO, YTO TO TeopeMe CYIIECTBOBAHUS pelleHUs

O/1Y oHO mMeeT MHOYXKECTBO peIIeHMUIA. O
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Mbl paccmarpuBaeM HMHBAPUAHTHBIE 3-IIOBEPXHOCTU {S = consl}, u TPaHCBEPCAJIbHBIE
wiomaaku P(s) B Hux 3agaorcs yeiaosueMm ¢ = 0.

[TpeanosiokuM, 4TO JiMHeapu3anuu 10oToka Ilyankape mepsoii cucrembr (A x V., H) B
roukax My, My nomanku P(s) BBIJISAAT Kak

= A = Aoz —1
My : v H n M : ! (@ = 1)

Y= —A\y g = —X(y—1)

Taxum obpazom, A-UHBAPUAHT paBeH
A=)

Yro mpoumzoiimer, ecaum 3amenHuTb ¢dopMmy (2 Ha dopmy 2?7 To ecrb paccMOTperhb

JmHeapusaiyu noroka [lyankape sropoii cucremsr (A x V,Q, H) B roukax My, M, niomaaku

1

P(s)? Ilpassie yactu cucrem qudpdepeHuaibHbIX ypaBHEHNI JOMHOKATCS HA 3HAUCHIE GrD)

B Touke M, miau M, COOTBETCTBEHHO:

s >\1 s )\2

T o= =T T = —2(r—1)
O : . ( 707AOB H 1 : . ( 71£-3

Yy = _w(s,0,0)y Yy = T w(s,1,1) (y B 1)

a A-unBapuaHT OyJeT paBeH

A= (e = s

i 1,1
T.e. BemuuHELl A m A, gBasach dnementamm RP!, ornmuarorcs Ha %.

N3 rakoro
TIpeICTaBJIeHNs MOYKHO CJ/IeIaTh CJIeIYIONIe BBIBOJIBI.

Bo-niepBbix, He Bce 0COOEHHOCTH SIBJISIIOTCS KAHOHUYECKUMHU, TIOCKOJIbKY 3HAUYeHUsT (DYHKIMH
w(s,x,y) He obsi3aHbl coBHagarb B Toukax My, M; nupu Bcex s, a JJIsT KAHOHUYECKUX

ocobeHnocTeil A OT s He 3aBUCHUT.

Bo-BTOpHBIX, MO100paB HYKHBIM 00pa30M (DYHKIHUIO W(S, T, Y), MOXKHO TOOUTHCS TOTO, YTOOBI

w(s,1,1)
w(s,0,0)

MHOYKHUTETh OBIJT TOXKIECTBEHHO paBeH JIoboii Hanepe 1 3a1anHoil riaakoi dbyskmmn f(s)
(c ycaosuem inf f(s) > 0 uz-3a runepbosmunoctu norokos [Tyankape Ha BceX TpaHCBEPCATBHBIX
TJIOIIAIKAX ).

Hokazewm mocsieanee yrepxaenue (1o ectb noabepem w(s,z,y) mo f(s)). [Hockoabky Mbr

OrPAHUYIUBAEMCS] MAJBIMUA OKPECTHOCTSIMU 0COBOTO CJIOSI, BO3MOYKHBI TPH CJIyYas:
a) f(0) > 1 u MoXkHO mOJTAraTh, YTO B paccMaTpuBaeMoil okpecraocta f(s) > 1;

6) 0 < f(0) < 1 n MmoxkHO mOJTaraTh, YTO B paccMarpuBaeMoil okpecraocru 0 < f(s) < 1;
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B) f(0) = 1 1 MOXKHO 1OJIArATH, YTO B PACCMATPUBAEMOR OKpecrHocTH 3 < f(s) < 2 1 uTO

mwromaaka P(s) neamkoM HaxoquTest B obsactu —1 < x,y < 2.
JIocTaTovuHO HPOBEPHUTD CIIEAYIONIHe YCIOBUS:
w(s,0,0)=1
2. w(s, 1,1) = f(s);
3. w(s,z,y) # 0 Ha Bceit wiomanke P(s).
[TocTynum cieayommum oOpa3oMm:

a): mMoJIoXKuUM w(s, x,y) = (ITW)2 (f(s) — 1) + 1. IIposepka: 1. u 2. oueBnuuHsl; W(s,x,y) =

HOJIHBIN KBaApaT*mookuTesbHoe yucao +1 > 0.

6): monoxknm w(s,z,y) = (1 — f(s)) (52 — 1)2 + f(s). Iposepka: 1. u 2. o4eBUIHBI;

w(s, T,y) =NONOKUT. YUCIO*TIOIH. KB. + IOJOKUT. ducyio > 0.

B): mosoxnM w(s,z,y) = f(s)5% + (1 — %3¥) . Ilposepxka: 1. u 2. 04eBUAHBL
OGoznaumm t = 2 g(s,t) = w(s,z,y) = f(s)t + (1 — t). o ycmosmio —1 < t < 2,

byukuus (s, t) mmueiina mo ¢, 1 < f(s) < 2, mosromy

w(s, z,y) = g(s,t) > inf{g(s, =1),9(s,2)} = mf{—f(s) +2,2f(s) — 1}

> inf {-w+2,2w—-1}=0.

—<w<2
3.9.6. Peanusauusn

Temepp MBI OTBeTHM Ha Bompoc o cymectBoBanuu NI'C 3amaHHOTO JMYBHJLIEBA THIA C
3alaHHBIM TPAa€KTOPHBIM WHBAPUAHTOM.

BadukcupyeM 0COOEHHOCTH THIIA, CEJJIO-IEHTDP. JTO O3HAYAET, YTO BhIOpaH ¥ 3aduKcupo-
BaH ceJioBo#t aroM V' ¢ n BepumHamMu U [ pebpaMu, ONpe e/ IioNIuil TOIOJIOIuI0 0COOEHHOCTH
(reopema 1.4.1). Paccmorpum Bce Bo3moxkuble WI'C Takoro smysmiteBa tuma. Omnwumrem
MHOKECTBO 3HaUEHUH WX TPAEKTOPHBIX WHBAPUAHTOB.

JIerko BuieTh, 4TO UMEIOTCS TPUBHAJILHbIE OIPDAHUYEHUs] HA (DYHKIUIO
= (N, A, 2):[0,6) — RP" x R™™.

Bo-nepsbix, 3nauenne A-uHBapuaHTa HE MOXKET OBITH ITPOU3BOJIBHOM TOUYKOW IPOCTPAHCTBA
RP™, TOCKOJIBbKY MO ONpeJeJeHUI0 BCe KOMIOHEHTHI A-WHBapWaHTa peajbHOl CHCTeMBI

ABJIAI0TCA IIOJIO2KUTECJIBHBIMH.
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Onpepnenenne 3.9.3. Bnavenne A = {A; : --- : A,} € RP" wmbl Gyjaem Ha3biBarh
donycmumvim, ecan Touka A € RP™ mMmeer NpeiacTaBUTEIs CO BCEMHU IOJOKUTEIHLHBIMU

KOMIIOHEHTaMH.

YyTh mo3:Ke OyAeT MOKa3aHO, YTO BCE JONMYCTHUMBIe A peaJu3yroTcs B BUJEe WHBAPUAHTOB
HEKOTODBIX CUCTEM.
Bo-Bropeix, 3HaveHuss A- U Z-WHBADUAHTOB TAKXKe JOJKHBI OBITH JOMYCTUMBIME (CM.

Hampumep, |8]).

Onpenenenne 3.9.4. [8].
BadukcupyeMm 3HadeHnme A-mHBapuanTa. JSmadenma A € R", Z € R! maswmbalorca
donycmumvimu, ecan cpenu Bcex MI'C ma arome V' ¢ 3amaHHBIM 3HadYeHHeM A-HHBapHAHTA,

Hajijercs: Takasi, 4T0 ee MHBApUaHTH paBHbl (A, A, 7).

B [8] 6bL1u moKa3aHbl yTBEPKIEHUSI, OMUCHIBAIONIME IPOCTPAHCTBA, JOMYCTUMBIX 3HAYCHUIL
A-u Z-uaBapuaHTOB. B wacTHOCTH, MOmycTHMbIE 3HaYeHUsT A-HHBapHAHTa 00pa3yIoT JIHHEHHOe
TOJMPOCTPAHCTBO TpocTpancTBa By(P), 3aBucsinee oT 3HaueHust A, a JOMYCTUMBIE 3HAUECHUS

Z-wHBapuaHTa o6pa3yor Bce MHO)KecTBO Hi(P).

Onpeaenenune 3.9.5. Oynknus
g=(NA,Z):[0,6) = RP" x R""!

Ha3bIBaeTCS JonycmuMol, ecid HADOPbl BCEX €€ 3HAYEHW SIBJSIOTCS COOTBETCTBEHHO
jponycruMbiMu A-; A- u Z-unBapuantamu ((A, Z)(s) sBisiercss JOIMYyCTHMBIM WM HET B
3aBHCHMOCTH OT KOHKDeTHOro 3Hauenusi A(s)), m KpoMme TOro, pocTok germ,g umeer (-

IJIAJIKOTO TIpejcTaBuTesis (cM. 3amedanue 3.7.11).
JlokazkeM Temeph CJIEIYONYI0 TeOPEMY pean3alnu:

Teopema 3.9.6. /laa aw0bozo amoma V = (P? K) ¢ duxcuposarmnvim pasbuenuem Korey, ma
NONOHCUMENDHDIE U OMPUUAMENDHBIE, 410000 JONYCMUMOT § U NPOU3BONLHO20 £ CYULECTNBYEM,
0coberHoCcmy, AUYBUAIEB0 IKEuBaseHmHas A X V, mpaekmopnwuili umsapuarm Komopot

cosnadaem ¢ (germg g, €).

Jlnst mokasaTesibCTBa HAM TOHAI0OUTCS caeayomiee [8].
Paccmorpum kakoit-uuOyap 2-atom P ¢ ocoObiM rpadom K ¥ raMHIBTOHOBOI CUCTEMOM
w = sgrad H wa #em. [lycts —) < H < 0 ma P. Paccmorpum npousBosibHOe pedbpo K; ocoboro

rpacda. Pazpexxem nmosepxHocTs P BJI0JIb IVIJIKOTO OTPE3Ka, TPAHCBEPCAIbHO IePEeCceKaroIero
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pebpo K; u BCce TpaekTopum w. PaccMOTpuM TakKe OTHAEJIbHO HEKOTOPbIH “IIPAMOYIOJIbHUK
M; = [0,m;] X [—4, 6], tme m; > 0, 1 TOPU3OHTAIBLHOE TAMUJIBTOHOBO BEKTOpHOE ToJie Ha M,
TaKoe, YTOOBI BpeMsl IIPOXOXK/IEHUS KaxKJ0# TpaeKTopuu BHyTpu M; ObLI0 paBHO m;. BKienm
sror M; B pa3pe3 Ha P, Tak 4TO B UTOTe BpeMsi JIBHKeHus Ha pebpe K; u Bcex OJM3KAX K HEMY
TPAEKTOPUAX yBeIUIUTCS HA m;. OMUCAHHYIO ONEPANUIo HA30BeM 8k.4etKk0tl KYCKa B MCXOIHBIN
moToK Ha pebpe K; rpada K.

Paccmorpum  Takxke oOparHyio omnepannio. Bribepem cHOBa TpaHCBepcanbHbIE K; u
OCTAJIbHBIM TPAaeKTOPUSIM IOJs W TIJIAJKHA OTpPEe30K M PACCMOTPUM €ro CIABHUI BJOJIb
raMUJIbTOHOBA IIOTOKa Ha BpeMda m;. [losyuumTcsa emmme oOauH TpaHCBEpPCAJIbHBIH OTPE30K.
Bripexkem u3 P npsgMOyTOJbHUK JJIUHBL 1M; U CKJIEHM Oepera pa3pe3oB, T.e. MepBOHAYAIbLHBIM
OTPE30K U ero 00pa3 mpHu CABUTE HA M;. JTa ONEePAIUs HA3BIBAETCS 8bIPE3AHUEM KYCKA MTOTOKA
Ha pebpe K; rpacda K.

B cuny Teopembr /lapby MOXKHO cuuTaTh, 4TO CKJIEHKH, HEOOXOIUMbIE MPH OIPEIe/IeHUN
onepanuii BKJeNKU U BbIpE3aHUd, NIPOBEJAEHBI TVI3KO, TaK YTO U3 IJIAJKUX TaMUJIbTOHOBBIX
CHUCTeM IIOJIy4aloTCs TIJIaJKue TaMHUJIbTOHOBBI cucTeMbl. Omepanuyu BKJIEHKH U BbIpE3aHUS

SIBJIFIOTCS B3auMHO-00paTHbIMU. CM. puc. 3.9.2.

O O

=

Puc. 3.9.2:

MoxkHO paccMOTpeTh OOIILYI0 ONEepAIHIo, SIBJSIONIYIOCs KOMIO3WIueil omucaHHbx. Ha
kaxkaoM pebpe K; rpada K paccCMOTpUM TPOW3BOJBHOE BEIIECTBEHHOE YHCIO 1M,
CoBOKYITHOCTEL 4MCEJI 1M; MOYKHO TPAKTOBATH KAK HEKOTOPYIO BEHIECTBEHHYI) OJHOMEPHYIO
Kotenb m Ha rpade K. Ha kaxkmaom u3 pebep K; npuMeHUM Olleparuio BKIeHKH, ecaud m; > 0,
WM omepanuio Bbipe3anus, ecad m; < 0 (Kycka gymabl [m;|). O6o3naunm P, KOMIO3HIHIO

TaKUX 3JIEME€HTapPHbIX onepaunﬁ (peByﬂbTaT HE 3aBUCUT OT IMOPAJIKa UX HpI/IMeHeHI/IH).

Omnpenenenne 3.9.7. Omnepanusi O, Ha3BIBaeTCST onepayuets 6KAEUKU-BHIPE3GHUA KYCKA,

HOTOKa, OTBEYAIOIEero JaHHOW KOIEeIH M.
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Omnepanusa ®,, ungynupyer jeiicrsue P rpyunsl ojgHomMepHbIX Koueneil rpada K Ha
POCTPAHCTBE TAMUJIBTOHOBBIX CHCTEM HAa JAHHOM aTOME C MOPCOBCKHUMU T'aMUJIbTOHUAHAMH,
a TaK»Ke U Ha KJaccax Tollosioruyeckoil conpsazkennoctu. To ects @ | B yacTHOCTH, JleficTByeT
Ha waBapuanThl A, A, Z.

Omnumem crnenuanbayo cucreMy ¢ A = 0 u Z = 0 (cucrem ¢ Hy/JIeBbIMU WHBapuaHTamu A u
Z JIOCTaTOYHO MHOTO, HAM TOTPe0yeTcsi HEKOTOpas BBIICJIECHHAs] CHCTEMA. )

Paccmorpum mpocreiiiiue cucrteMbl Ha KpecTax, okpyxkatonmx epriuabl K. I[IpeacraBum
KaxIplii KpecT Ha mtockoctd R?(x,y) B Buje obnacru |z| < 1, |y| < 1, |H| < &; nycrs H = xy.
Ha sTom xpecre paccmorpum dhopmy A;dx A dy 1 raMIIBTOHOBO BEKTOpHOE Hoste w = sgrad H,
r1e A, sBIsgeTcs KOMIOHEHTOH A-MHBapuHaHTa B COOTBETCTBYIOIIe#t ocoboit Touke. (Taxoit
KpPecT paHee Ha3blBAJICS KaHoHudeckum). OyHKIMs BPEMEHM JBUXKEHUs 110 KYCKY TPAeKTOPHUH
BEKTOPHOTO TIOJIS W, HAXOAANIEMYCS BHYTPH KAHOHWYECKOTO KpeCcTa, paBHA i KaxKao0i u3
qerBepTHHOK kpecta —A;In|H|. Ckienm Temepp KaHOHHYECKHE KPECTHI, UTOOBI IIOJLYYMIACH
cucremMa Ha artome P, mo ciaexytomemy upasuiy. Ckieiika MPOU3BOAUTCS 110 I'PAHUIHBIM
OTpe3KaM, KaKJblii U3 KOTOPBIX HapaMeTrpu3oBaH ¢GyHKImel H, CKIEMBAIOTCS TOYKHA OTPE3KOB
¢ onuHAKOBBIM 3HadeHneM H. Kpome Toro, nosin3yschk Teopemoit JlapOy, MOKHO IVIaIKO CITUTH U
CUMILTIEKTHYECKUE CTPYKTYPHI, ¥ TAMUJIBTOHOBHI TIOTOKU. B pe3ysibTaTe MOJIyYNTCS HEKOTOpAS
raMuJIbTOHOBa cucrema w = sgrad H na arome P. 3amerum, 4T0 OTDPE3KH, MO KOTOPHIM
CKJIEMBAJINCH KPECTHI, B TOYHOCTHU Oy/IyT OTpe3KaMu pa3/iesia, He0OOXOIUMBIMHU DU ONpeeIeHUN

A, Z, tak uto A- M Z-UHBAPUAHTHI J€HCTBUTEJIHHO MOJIYYATCS PABHBIMEA HYJIIO.

Onpenenenne 3.9.8. I[loctpoennas cucrema HazbiBaeTca (0-modeavto JaHHOTO aTtoma V ¢

GUKCHPOBAHHBIM HHBAPUAHTOM A.
okxazamesvcmeo meopemor 3.9.6. JlokazaTeabCcTBO OyIeT MPOBEIEHO B 2 IMAra:

1) Ilocrpoenue 3-6j0Ka, Ha KazkaoM yposHe P?(s) KoToporo mmeercs (pejiylupoBaHHas)

cuCTeMa C WHBAPWAHTAMM, B COBOKYIHOCTH PaBHBIMHU ((S);
2) Boccranosnenue cucrembl Ha 4-okpectHoctr rpada K C P%(0) no 3-6J0ky.

Msl cuuTaem, uTo opueHTarms Ha A X V' yxe 3a7aHa. Torma paBeHCTBO 3HAYEHWS] MHBAPUAHTA
€ 3aJJAaHHOMY O3HaYaeT MPOCTO BHIOOP OMHOTO W3 JABYX BapHMAHTOB pa30WBKHU KoJjiel aroma V'
Ha, TOJIOYKUTEJIbHBIE W OTpUIlaTe/bHbe. [Ipr 3TOM 3TOT BHIOOP MOXKET OBITH 1O OIPEIEJTEHUTO
ClIeJIaH TOJIBKO OJHOBPEMEHHO ¢ BHIOOPOM OPMEHTAIMU OJHO3HAYHO OIPEJEJIEHHOTO UK A (1
OTHOCHTEJHHO Hero), T.e. rpybo roBopsi, rpaHuIpl aroma A. OpueHTanus A TOJKHA COBIAIATH

C HallpaBJIEHUEM T'aMHUJIBTOHOBaA ITIOTOKa HCKOMO CUCTEMBI, 9TO HOHa,ZLO6I/ITCH Ha BTOPOM IIare
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DA BOCCTAHOBJIEHUHU cucTeMbl 110 3-0j10Ky. [losromy mbl cpady 3adukcupyeMm OpHEHTAIMIO A
U BCJIeJ 32 Hell OPHEHTAIMIO KoJiel] (= HAIpaBJ/ieHHe T0TOKa) aToMa V, COMIACHO 3aJaHHOMY
3HaYeHUIO €. JlayibHelinue MaHUTYJISIAN YKe He MOBJIUIIOT HA €.

Kpome TOro, MOXKHO [JIsi ONPEIETeHHOCTH TOJAaraTh, 49T0 ¢ sBjasiercs (C°°-riaakoi
(MOCKOJIbKY POCTOK JIF00OH JOIyCTUMON ¢ MMeeT TJIaJKOrO MpPEeJICTABUTEIs, CM. 3aMeYaHUe
3.7.11).

Teneps nmocrpoum 3-6J10K. st 3TOr0 1MOCTPOUM CHavaJja 0oJiee IpocToi 3-0J10K € IJIaIKUM
cemeiicTBOM cucTeM. A MMeHHO, mycTb Ha ypoBHe P2(s) cucrema spisgerca 0-MOJeIbIO C
A-nuBapuanroMm, paBHbiM {g1(s) : -+ : g,(s)}. Ilpu 3TOM U3 ABYX BO3MOXKHBIX CIOCOOOB
OPMEHTHPOBATh WHTErpajbHbIe JIMHUU CUCTEM HA YPOBHAX MBI BBIOEpPEM TOT, KOTOPBIH
COBIIQJIAET C y»Ke BbIOpAaHHOW OpuMeHTalueil KoJell.

Hanee, uzectHo [8], uro onepanust ¢, He MeHsieT A-HHBAPHAHTA CHCTEMBI U YTO C IOMOIIBIO
TIOIXOISATINEH OnepaIy BKIEHKU-BhIPE3aHUsT MOXKHO 13 (-MO/Ie/11 MOy YUTh CUCTEMY C JIIOOBIMU
3aIAHHBIMY HaTepeJI JOMyCTUMbIMU A- U /-HHBAPHAHTAMH.

[TosToMy € HOMOMILIO HEKOTOPOH Ollepalul BK/efKu-BbIpe3aHus Ha KaxKJoM yposHe P?(s)
MOKHO TIOANPABUTH Temepb 3-0JI0K Tak, 4TOOBl (pyHKIUs A-WHBapUAHTa MPUHSIA 33JaHHOE
sHadenne. [1ockobKy ¢(s) — miajgkoe 0ToOpaskeHue, TO U JJTMHA BKJIEHBAEMOTO-BBIPE3aEMOTO
KyCKa Ha KaxKJ0M pebpe Oyger Kakoil-To ryajkoi dyHKimeil. 3a Z-UHBAPUAHTOM CJI€JIUThH
HoKa He OymeM (TO ecTh, HeBAXKHO, KAKUM OH MOJIyunTcs). OTMETHM TOJIBKO, UTO TOJIydYeHHAs!
dyHKIUS Z-uHBapuaHTa OyJeT IJIaJIKO 3aBUCETh OT .

Kpowme Toro, nzectHo [8], uro cymecTByor Takue Kouenu m, 9rto onepanusi PF He MeHsier
A-uHBapuaHTa. A UMEHHO, M MOXKET ObIThH MPOU3BOJBHBIM KOIMKJIOM, ¥ C TIOMOIIBI0 TAKHX
oTiepaIyit MOXKHO TOJTYUYHUTh JitoOoe JomycTuMoe 3uadenne . OTCoa CIeyeT, 9TO ¢ MOMOITHIO
OTIepaIiy BKJIEHKU-BBIPE3aHUs MOYKHO €ITe Pa3 MOANPaBUTh 3-0J10K, TOOUBIIHUCH TOTO, YTOOBI 1
GbyHKIHUS Z-HHBApUAHTA MPUHSIA 3aJaHHOE 3HaYeHne. [Ipu 9ToM CHOBA J/THHBI BKIEHMBAEMbBIX-
BBIPE3aE€MbIX KYCKOB Ha KaKJIOM pedpe OyayT riaakuMu (DYHKIUSIME, TIO9TOMY BCE KOPPEKTHO.

Bes3 orpanuyenus oOIIHOCTH MOYXKHO CUMTATh, YTO HA MOCTPOEHHOM 3-0JI0KE TaMUJIbTOHUAH
H = H(f:) we zaBucur or s (3mech fo dyHKIMs, 3aai0mas CTPYKTYpy aroma V Ha
noBepxHoCTH P?), a BCA 3aBUCHMOCTh CHCTEMBI OT YPOBHS $ COJIEPIKUTCSA B PyHKIUU w(S, T, Y)
— KOMIIOHEHTe CUMILIEKTHIeCKO# dhopMbl ) = w(s, z,y)dx A dy.

Jlnst mpoBesieHUsl BTOPOrO Iara HyKHO mogobparb Takue dbyHkmuu a(s,z,y) u b(s,x,y),
4T00BI OHU yaoBjaerBopstin (3.1.5), M. semmy 3.9.2. Ha A X V' paceMOTpHM CHMILIEKTHYECKY IO
dbopmy

Q=dsANdp+a(s,z,y)ds \Ndx +b(s,z,y)ds N dy + w(s,z,y)dx A dy.
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Yro6bl HaiiTu ramuiabronnan H (s, f2), BCHOMHUM, 4TO JOJKHO ObITh BbIOIHEHO (3.2.3):

if,  HGy— HyG,

dHp _ ., HiG

OTKY/1a TOJIY UM
Hy G} 2w
Hy Gy Hp

(3.9.2)

Bhimie 66110 10Ka3aHo (3.6.8), uto %(s, f2) — 0 pu fo — 0. ITosromy npasasi vacts B (3.9.2)
He paBHa HyJ10 B Touke (0, 0), ¥ eciin pacCMOTPETh Ha TJIOCKOCTH MAPaMeTpPOB (S, fo) BEKTOPHOE
THoJIe eMHUYHO J/IMHBI 1 HakI0HA (3.9.2), To ono Oyaer muTerpupyemo B okpecraoctu (0, 0).
Ocraercs BeIOpaTh dykumuo H (s, fo) Tak, 970661 OHA OBLIA HEBBHIPOKIECHHOW U TIOCTOSTHHON
HA, MHTEIPAJIbHBIX TPACKTOPHUAX.

[TocTpoenHasi cucremMa MMeeT B KAayeCTBE IMOJHOIO TPAeKTOPHOIO WHBApPHAHTA 3aIaHHBI:

(germy g, €). O
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4. Daaunrtudeckuii ciry4aii.

B sroit rnase 6yayr cdopmyauposansl pesyiasrarhl O.E.Opes [14]. [Tepsast Teopema 6biia
chopmysupoBana u jokasana B [14] mius cayuas VT'C ¢ mpousBOJIBHBIM YHCJIOM CTeleHeil
cBoOOb. MBI mcmob3yeM 3t pe3yabraThl B ciaydae WUI'C ¢ aBymsa cremeHsiMu CBOOOJIBI.
Bropasi Teopema cdopmyanpoBaHa 31ech Kak B pabore [14] (cM. Takike 3aMedaHue ImOCIe
dbopmypoBKE TEOPEMBI).

Budypkamyonnas auarpaMma B OKPECTHOCTH JIMINITHYECKOH 0CO00# TOYKHM MMeEeT BUJ,

nmoka3aHHblil Ha puc. 4.0.3: o6pa3 oToOparkenus MomeHTa Auddeomopden OKpecTHOCTH HYJIsI

Yo

Puc. 4.0.3:

yraa {u; > 0,uy > 0} C R

Budypkamuonnas aumarpamma — 3TO 00pa3bl CTOPOH ITOTO yIJja, T.e. JiB€ KPHUBbIE,
BBIXOIAIINAE TPAHCBEPCAIbHO U3 BEPIIUHBI 1y, ABAMSIONENRCS 00pa3oM 3JTUITHIECKOH 0co00it
TOUKH Zg. Ilycts U — 3TO deThIpexMepHas OKPECTHOCTh 0c0o00it ToUuKU xy. [IpocTpaHcTBO
B(U), moukam KOTOPOrO COOTBETCTBYIOT TOPbI JIMyBuuIst, ymOOHO B SJUIMITHYECKOM
caydae OTOXKJIECTBJIATH € 00pa30M OTOOpakeHusi MoMeHTa. JlmyBuiieBo cjoenme Ha U

nuddeomMopdHO MPSIMOMY TTPOU3BEIEHUIO JBYX aTOMOB A.

Teopema 4.0.9. Ilycmv v u v — dee Hepe3OHAHCHBIE UHMEZPUPYEMBLE 2AMUNDTOHOBDL
cucmmov, ¢ 08yma  cmenenamu  c60600v. Ownu monoaoeuuecku (24a0K0) mMpaexmopHo
IKBUBANEHMHL 8 wembpermepHbir okpecmuocmaz U, U’ ceour arsunmuneckux ocobvuls movexr
Tg, Ty mMoz2da u Moavko mozda, kKo2da cyuecmeyem zomeomoppusm (dugdpeomoppusm) £ :

B(U) — B(U'), obaadarowuti ciedyrouumu ceoticmseamu:

1. & coxpanaem mun mouex caoenud B(U) u B'(U');

2. & coxpanaem PyHKUUWO 8PAULLHUA.

HeobxoauMo oTMETUTH, 4TO B CJydYae SJIANTUYECKOHR 0COO0 TOUYKM CYIIECTBYET CIIOCO0
OJIHO3HAYHOI'0 BHIOOPaA 0A3MCHBIX IUKJIO0B. A MMEHHO, HEOOXOAMMO OPATh IUKJIBI, HCUE3AIOIIHIE
pu TPUOJIUKEHUU K CTeHKaM OudypKarmoHHOM auarpaMMbl. OpHeHTAIn0 Ha HUX 3a7aeT

T'aMHJIBTOHOB IIOTOK.
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3ameuanme 4.0.10. IlepBoe yciioBHe TeopeMbl O3HAYAET MO CYIMIECTBY TO, 4TO & JIOJI2KHO
COXPAHATH THUII TOYEK 0TOOPAKEeHUs MOMEHTA, TO €CTh YTO YIVIOBAasS TOYKA IEPEXOJUT B YIJIOBYIO
TOYKY (IPAHUIA YI/Ia TEePeXOIUT B IPAHUILY YIJIa, BHYTPEHHSIS] YaCTh — BO BHYTPEHHIOI YaCTh,

HO 9TH YCJIOBHsI BHITIOJHSIIOTCS aBTOMATHYECKH, T.K. & — romeoMopdusm).

B pa6ore [14] ObL1 Tak:Ke TMOJIYUYEH TONHBIH 24a0KU( TPACKTOPHBIN MHBAPUAHT JIJIs TIAIKAX
HeCIleIInaJIbHBIX CHUCTEM.

[Iycrb B OKpECTHOCTH SJULIUITUYECKOH 0co00# Touku ramuibronunan H = H(ug,us)
apaserca C2-riaaxoit dbyukUedl nepeMeHHBIX g, Uz (OTMETHM, 4YTO U] = p% + q%, Uy =
p% + q%, JJIST HEKOTOPBIX CHMILIEKTHYIECKUX KOODIWHAT D;, ¢;, cM.Teopemy 0.1.5). B sTom cayuae
dyHKIUS BpallleHUs p(ul, u2) spjisiercst C' l—rﬂa):LKOI‘/’I. Toryia umeer cMbICJI TOBOPUTDH O IVIAJIKOM

TPAEKTOPHO! SKBUBAJIEHTHOCTH.

Onpeaenenne 4.0.11. UI'C HazwbiBaeTcsd HecneyuaavHoti B SJIUNTHIECKON 0co0O# TOUKe,

eCJin

dp

dp

70, 7 0.

Kax 6bu10 ormeueno B [14], ciyuail HecnenuasbHO CHCTEMBI SIBISIETCSI CJIydaeM OOIIEro
HOJIOZKEeHHUs; KPOMe TOro, IOYTH BCe peasbHble (buU3MUYeCKHe 3a/a4dd dBAAI0TCd IIaIKUMH U

HecCllelInaJIbHBIMHU.

Teopema 4.0.12. [loanvim  24a0KuUM — MPAEKMOPHOIM — UHBAPUAHMOM  HECNEUUAALHOT]
HEPE3OHAHCHOT UHMEZPUPYEMOT 20MUABTNOHOBOT, CUCTEMDL C 08YMA CMENEHAMU €80000v, 6

OKpeECTMHOCTNU 2aaUNMUYECKOT 0c000TE MOYKY Ty ACGAACIICA mpoii?m YUcen

Tr(xo) = (p(y0),sign p1(yo), sign p2(yo)),

2de p(yo) — npedea dynryuu epawerus 6 mouke Yo, a p;(yo) — npouseodnvie GyHKUUL p 8
mouke Yo N0 HANPABAEHUAM 08YT KACAMEALHUT K budyprauuonnot duazpamme.

Tpotiku Tr(xg) u Tr(zy) ABAAIOMCA IKEUBAAEHMHBMUY, ECAU OHYU AUbO coénadatom, Aubo

1 i ) i )
P'(yo) = oy S P (yh) = sign pa(yo),  sign ph(yy) = sign p1(yo).

,ﬂee HECNEYUANDHIIE HEPESIOHAHCHDBIE UHIMEZPUPYEMDBIE 2AMUADINOHOBDL CUCTMEMDBL C aGyMﬂ
cmeneHAmU c60000vl 24a0K0 mpaeKkmopHo IK6UBAAEHIMHDL 6 OKPECTMHOCMAL IAAUNTMUYECKUT

0CO0BIT MOYEK To U T(, M020a U MOoAvKo mozda, koeda mpotiky Tr(xo) uTr(xy) sxeusasenmmot.

Sameuanne 4.0.13. B pabore [14] sTa Teopema Gbliia copMyIupoBaHa He COBCEM TOYHO. A

MMEHHO, YIUTHIBAJIACH JHUIIh BO3MOXKHOCTh MMOMEHSITh MeCTaMM 3HaKH sigh p1(yo) u sign pa(yo),
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B TO BPeMsl KaK TakKas CMEHa MOPsAIKa O3HAYAeT M3MEHEHUe HOPs/iKa 0a3UCHBIX IUKJIOB. DTO,
B CBOIO O4Y€pe/ib, O3HAUaeT u3MeHeHue (DYHKIUU BpallleHus Ha oOpaTHyo eil. [loaTomy Tpoiiku
HY>KHO PacCMaTpHUBATh C TOYHOCTHIO JO OJHOBPEMEHHOTO W3MEHEHUs IePBOU BEJWYWHBI Ha

00paTHYIO ¥ U3MEHEHWs TIOPSIKA 3HAKOB.
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5. TomoJsioruyeckast TpaeKTOpHasd 3KBUBAJIEHTHOCTb [BYX UWHTErPDUPYEMbIX CUCTEM C

JABYyMsI CTE€HEHsIMU CBOOO/IbI HA OOJIBIINX YPOBHSAX IHEPruu

B sT10it rmaBe paccMaTpuBaIOTCH BEe KJIACCHYECKHWE CHCTEMBI, OINKUCHIBAIOIINE JIBUKEHUE
TSZKEJIOT0 TBEPJAOrO TeJjia C 3aKPEIJIEHHOH TOYKON — WHTerpupyemble cjaydaum ditiepa (¢
JIBYMSsI COBIIAIAIONIUMHY TJIABHBIMU MOMEHTaMu MHepIun) u Jlarpanxka. /loka3bIBaeTCst, 4TO Mpu
JIOCTATOYHO OOJIBINNX 3HAUEHUSIX WHTErpaJjia SHEPruu cucrema Jlarpanxka ¢ (pMKCUPOBAHHBIMU
IapaMeTpaMy TOIIOJIOTHYECKH TPAaeKTOPHO SKBUBAJEHTHA HEKOTOpOil cucreme Jitiepa. IDTO
03HAYaAET, B YaCTHOCTH, YTO JBUKEHUE B IOJE€ CUJIbl TAXKECTH OCECUMMETPUYHOIO TBEPIOTrO
Teja C HeINOJABHXKHON TOYKOM, PaCHOJIOXKEHHOW Ha OCHM CMMMETDHH, Ha JIOCTATOYHO OOJIbIINX
YPOBHSIX HePIruu OyJAeT KadeCTBEHHO TAaKMM K€, KaK JBHKEHUE JIPYroro 0CECHMMETPHYHOIO
TBEPJIOTO TeJIa, 3aKPEIJIEHHOrO B IEHTPe MacC (3aMeTuM, 9TO B ITOM CJIyUae CUJIa TSIXKECTH He
OKa3bIBaCT BJIMAHULA Ha JBUXKCHUE Teﬂa).

[TapannenbHO TMOJIydeHbl WHTEPECHbIE CBOMCTBa (DYHKIUN BpalleHHs HHTEIPUPYEMbIX
reojIe3nYeCKUX MOTOKOB Ha JBYMEDPHO# cdepe U IBYMEPHOM TOpe.

Pesynbrarsr nosydenst B [9]. Cm. Takxke 3amedanue 5.4.2.

5.1. Cuayyau Diisiepa u Jlarpan>ka B MeXaHUKE TBEPIOTrO TeJia

Paccmorpum mectuMeproe JinHeiiHOe 1pocTpancTBo €(3)*, aBoiicrBennoe kK asrebpe JIu
IPYIIBI JBUKEHUI TPeXMEPHOr0 €BKJIMI0BA mpocTpaHcTBa. Ha Hem ompenenena ckobka Jlu-

[Tyaccona aByx MpOU3BOJBHBIX TIaJKuX (GyHKIUi f u g:

{f.9} () = x ([dof, d2g]) ,

rie x € e(3)*, [a, b] o6o3nauaer kommyrarop B anredpe Ju e(3), d, f u d,g — nuddepernnas
dbyHKuMit f 1 g B TOUKe T COOTBETCTBEHHO. IIpU CTaHIAPTHOM OTOXKIECTBJICHUH IIPOCTPAHCTBA,
e(3)*™ u anrebpsl e(3) MoxkHO cuyuTaTh, 9T0 d,f,d,g € e(3). B ecrecTBeHHBIX KOOpAMHATAX
S1,S9, 53, Ry, Re, R3 Ha e(3)* (koopauHATHI S; OTBEYAIOT BPAIIEHUSIM, a KOOpAMHATH R; —

capuram B R?) 312 CKOOKa BBITJISIUT TaK:
{SZ', S]} = eiijk, {RZ, S]} = 5z‘ijk7 {RZ, R]} = O, (5.1.1)

Ypasnenuamu Otsepa Ha mpoctpancTBe e(3)" co ckoOkoit (5.1.1) HaspIBaeTca MO

OIIpeJeJIeHnuI0 CucTeMa ypaBHeHI/Iﬁ
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rae H — nexoropas riaakas dysknus zHa e(3)*. (5.1.2) sBiisercss raMH/IBTOHOBOM CHCTEMO
Ha e(3)* co ckoOkoii (5.1.1). Ee rammibronnanom sipasiercs: Gbyukims H.
Beojs o6oznavenust S = (57,52, 53), R = (Ry, Re, R3), ypaBaenust (5.1.2) MOXKHO TakKe

nepenucaTh B Buje 0000menHbx ypasuenuit Kupxroda:

. OH OH . OH
Pacemorpum B R®(S1, Sy, S3, Ry, Ry, R3) 4eThipexMepHoe MOIMHOT000pas3ne

M4:{f1 :R%—FRS—FRg:C, f2 :SlR1+SQR2+SgR3:O},

SBJISIOIIEeecss OpOUTON KONpUCOeJMHEHHOTO IIpejcTaBaeHus. V3pecTtHo, uro ckobka Ilyaccona
4

(5.1.1), orpaHuyeHHast HA HTO MOAMHOr000pa3Ke, HEBBIPOXKIEHA, a caMo M} CUMILIEKTOMOP)DHO

KOKacaTeJIbHOMY paccjioeHuio K cdepe [4]. He orpannvuBasi 06IIHOCTH, MOXKHO CIUTATH ¢ = 1,

T.K. MOXKHO C/IeJIaTh JIMHEHHYIO 3aMeHy, KoTopasi coxpanuT ckooky (5.1.1).

PaccmoTpuM Temeps aBe cucTeMsl Ha 152

o (Cuywuait Ditnepa)

S2 52 S2
— ¢ rammybToHMaHOM Hp = ok + 52 + 5&: 9ra cucreMa COOTBETCTBYET JIBUKEHWIO
TBEPJOr0 TeJsia ¢ TJIaBHbIMH MoMeHTamMu uHeprnuu A, B, ) 3aKpeiieHHOro B IEHTpe
macc. Hac Oymer maTepecoBarh caydait A = B. [Ipu 3Tux yc/i0BHSX IOIOJHATEIbHBIH

uHTerpaJ uneen: K = Sj.

Bes orpannuenus obmiHocTH Oy/IeM CYUTATH, YTO
Hp = S7 + S5 + 753

e (Cuyuait Jlarpan>ka)

St

— ¢ raMuibTOHHaHoM Hp = %

QS—j + % + aR3 u JONOMHUTEIBHBIM HHTErpajioM K =
S3, 94TO COOTBETCTBYET JBUYKEHUIO B II0JI€ CHUJIbl THXKECTH OCECUMMETPHYHOIO TBEP/OIO
TeJla, 3aKPEIIEHHOTO B IEHTpe Macc. VI3BeCTHB W OGOBINEHUs] KJIACCHUECKOTO CIydast
Jlarpanxka, rie Bmecro norennuasa U(R) = aR3 paccMaTpuBaoTCs APyrue MOTEeHIHAJIbI.

[Tosromy 6yaem cuurtars, uro U(R) = V(R3), rue V (r) — HeKkoTOpast BHIIYKJIas IJaaKas

dyHKIMS Ha OTPE3Ke [—1, 1]. UNrak, paccmarpuBaeTcss CUCTEMa, ¢ TAMUJIBTOHHAHOM
Hp = S} + S5+ 3S5 + V(Rs). (5.1.3)

Ee nomonHuTenbHBI WHTErpas Io-IpekKHeMy JimHeeH W paBeH K = S3. YcioBue
BBINIYKJIOCTH TapaHTUPYeT OOTTOBOCTH CHUCTEMBI M OTCYTCTBHE CEIJIOBBIX KPUTHUIECKHUX

OKPYZKHOCTEM.
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Jl1st cpaBHEHUsI ¢ TOYKYU 3PEHUs TPAEKTOPHOM KJaccuuKalyy cucreM Jiijiepa u Jlarpanxka
He00XOIMMO BOCIIOJIb30BAThCsI aHAJIOrOM TeopeMbl 1.8.2. OTiindue OT cUTyalluu IJIaBbl 1 371eCh
COCTOUT B TOM, YTO Telleph HAC UHTEPECYeT He JIOKAJbHOe CTPOEHUE OKPECTHOCTH OCOOOT0 CJI0SI
BHYTPU WM309HEPIeTUYECKOW MOBEPXHOCTH, & BCS W309HEpPreTHYecKas MmoBepxHOCTh. [losTomy
HYKHO yd4ecTb HH(MOPMAIMIO O JIUYBUJJIEBOM CJIOEHHM Ha BBHIOPAHHONH W309HEPIeTHYECKOM
HOBEPXHOCTH (MHBApHAHT MevweHnad Mmosekyaa, cM. [21]), "rtpaektopryn" wuuboOpMmammo o
KaxKJI0# M3 OKPeCTHOCTell 0coOBIX C€jI0eB (0Ca0BHO coriacHo Teopeme 1.8.2) u dbyHKIUIO
BpallleHusl HA KaXKJIOM U3 pedep MOJIEKYJIbI.

[IepBBIM TIATOM HA 3TOM IIYTH SABJIIETCS ONpeeeHre TUTIOB JTUYBUJIIEBBIX CJTOEHUN KaxK 101

u3 cucreM. OrBeT Ha STOT BONPOC W3BeCTeH, cM. |6, 7, 16].

5.1.a. Caoenusa Jluysuins

A wumenno, cioenusi JlmyBwsuis cucrem Oisiepa upu g = (0 Ha Bcex HeOCOOBIX
M309HEPTeTUIeCKUX MOAMHOr000pa3usax W mpu JOOBX v # 1 muddeomopdHb MeK Ty
coboit. Cnoenus JInysuang cucrem Jlarpan:ka /s pa3audHBIX YPOBHEH SHEPTUH MOTYT OBITH
neauddeomopdHbl, oxHAKO st JI000TO 3Ha4YeHust 3 # 1 cymecrByer 3uadenne H = hyg,
HAYMHASI ¢ KOTOPOTO JIMYBUJLJIEBBI CJIOEHUS HA JIIOOBIX M309HEPreTHYECKUX MOoBepXHOCTAX {H =
h > ho} mudbdeomopdubr Mexk 1y coboit u coenuto JluyBuis Ha HeOCO6O N309HEPreTHIECKON

MOBEpPXHOCTH 3aja4un Ditnepa. Ha puc. 5.1.1 ykazaHa COOTBETCTBYMOIIAs MedeHas MOJIEKYJIA
r=1/2

e=1

A A

Puc. 5.1.1:

(nosnblit wHBapuanT JInyBuiieBa cioenusi B coorBercTBUM ¢ Teopueil BoscunoBa-Pomenko
[21]), a Ha puc. 5.1.2 nmokazaubl GudypKaIUMOHHBIE JAUATPAMMBI OOOMX DPACCMATPUBAEMbBIX
cJydaeB JUHAMUKHU TBEPIOTO Tesa B KoopauHatax H, K. JInsa ciydas Jlarpanka npejcraBieHa
O/THA W3 BO3MOXKHBIX OM(DYPKAIMOHHBIX AMarpaMM, B OOINEM cJydae JuarpaMMa 3aBUCHT,
KOHEYHO, OT NMOTeHIMAaIa V'; BIau OT HadaJia KOOpAuHAT OudypKAIMOHHAS THATPAMMA BCET1A
IpeJICTaB/IsgeT co00i IBe PACXOAAINXCS KPUBBIX — MMEHHO 3Ta 00JIaCTh HAC U MHTEPeCcyer.
Nurepecytomee HaC CJ0€HWE ONHMCHIBAETCS CJIEAYIONIMM OYE€Hb MPOCTBIM  00Pa30M.
N3z03neprernueckue  mnoBepxHocTu  audppeoMopdHBI  BENIECTBEHHBIM  IPOEKTUBHBIM
npoctparcTBaM RP3. Hy»KHO B34Th 1Ba HOJHOTOPHS, PACCAOEHHBIX CTAHIAPTHBIM 00DPa30M
HA TOPBI, CTATUBAIONINECS HA OCh MOJHOTOPUS, W CKJEUTh UX MeXKJy cO00if MO IpaHUYHBIM

TOpaM TakK, 4YTOOBl TOJyunIoch MHOToo6pasue RP3.
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{H =1}
Jlarpanx

Puc. 5.1.2:

HCHO, 9TO B CHJIY IIDOCTOTBHI JIMYBUJIJICBBIX CJIOEHHU U pacCMaTpuUBaeMbIX CHCTEM OJId
yCTaHOBJIEHUA TpaeKTOpHOﬁ 9KBUBAJECHTHOCTH JOCTATOYHO CPaBHUTDL (I)YHKI_LI/II/I BpallleHuA Ha
€/IMHCTBEHHOM pedpe MOJIEKYJIbI.

Takum obOpa3oM, HEOOXOJAMMO KaK-IubO MapaMeTpH30BaTh ceMelcTBa TOpPOB JIMyBHMJLIS,
oTBedYaloIue pedpy MOJEKYJbI, a Jajiee OJUHAKOBBIM 00pa30M BHIOpPATh OAa3MCHBIE ITHKJIBI
Ha TOpax. EC.HI/I (i)yHKIlI/II/I BpalllcHUA B BbI6paHHbIX 68,31/IC3X OKa2KyTCd COIPAZKEHHBIMU
(OCKOJIbKY HapaMeTpbl BHIOMPAIUCH HE3ABUCUMO JIJIsI PA3HBIX CHCTEM), T.e. OY/yT IePEeXOJUThH

JpyT B JApyra IpH IJIaJKoi 3aMeHe TapaMeTpa, TO CUCTeMbl TPAaeKTOPHO 3KBUBAJIEHTHBI.

5.2. ®yukuus BpauieHus 3aga4du Jlarpanxxka

Bamernm, 4TO MBI MOXKeM paccMmarpuBaTh oaHy cucremy (5.1.3). Cayuwaro Ditnepa Gymer
COOTBeTCTBOBATH HyJeBoi norernnuan V (R3) = 0 u (BO3MOXKHO) Apyroe 3HAUYEHUE TIapaMeTpa
7. Beraucaum GyHKInio BparieHust Takoil cucTeMbl Ha pebpe Mosekynsl (puc.5.1.1).

Nssecren mpuunun Momeprion |4, 12, 13|, mo3Bossiomuii MOCTPOUTH 1O HATYPATbHOI
raMuJIbTOHOBO# cucreMe Ha MHOroobpazuu 1*M"™ TpaeKTOPHO 3KBUBAJIEHTHbIA e€il Ha
HEKOTOPOM H309HEPreTHYeCKOM YPOBHE I'e0e3WYIeCcKuii OTOK Ha TOM 2Ke MHOr000pa3uu. DTo

YTBEPXKJIEHUE BBITVISIUT CJIEIYIOMKUM 00pa30M:

Teopema 5.2.1 (IIpmanmn Moneprtion). Paccmompum na T*M™ dee namypaavhoie
20MUABTMOHOBDL CUCTNEMDL C 2GMUNDTIOHUGHAMU
H = 3 g¥(x)pip; +V(2),
=
- @)
H = Z V() Pilj

7]_
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ede g — mensop, obpammnwii K mempuueckomy, a V(x) — aradkutd nomenyuan, 3adamnnovil
na M". IHlycmv h — docmamouno boavuioe 3navenue Inepauu, maxoe, wmobv, h > max V(z).
Myemv Q> = {H(z,p) = h} = {H(z,p) = 1} — (2n — 1)-meprmti usosnepeemuueckul
yposenw (0as obeur cucmem).

Tozda cucmemv, v = sgrad H u v = sgrad H 2aa0k0 mpaexmopHo 3K6UBAAEHTNHDL HA YPOBHE

Q2n—1'

Ob6paruMm BHMMaHWE, 9TO BTOPasi CUCTEMA B 3TOM YTBEDKIEHWH SIBJISIETCS] T€Oe3MIeCKUM
IIOTOKOM PHMaHOBOil MeTpuku ds? = g;;dz’dx? na muorooGpasun M™", rae
9ij(x) = (h = V(2))gi; ().
[Tpu nomomuu npununa Moneprion MmoxkHO 0T (5.1.3) nepeiiTi K pacCMOTPEHUIO TPAEKTOPHO
skBuBaseHTHOrO (5.1.3) Ha ypoBHe {H = h} reoje3m4eckoro noToka MeTpUKu
o _h-— V(2) (dz?* + dy? + Bdz?)
5 2?2 +y? + %2

ds

[Tepexozs k cepuueckum KoopaunaTam (1, @, 0):

xr = rcospcosf
y = rsingcosf

z = rsinf

moryduM Ha cdepe r = 1

o h—V(sin0)

ds? = 5120 (do® + (B +tg*0) db?) .

JpyruMu cioBaMu, TaMUJIBTOHHAH 3TOTO I'e0/1e3UYeCKOr0 IOTOKa eCTh
H— 1 B+ tg2 0 2 pZ
~ 2(h—V(sin0)) (p@ * ﬁ+tg26) '
a JIONOJTHUTE/IbHBINR uHTerpas — [ = p,,.
He orpanuumuBasi 00IIHOCTH, MOXKHO CUMTATh, 4YT0 H = % Torna Top JInysusist 3amaercs

ycJioBueM p, = t:

W(t,0) = (h—V(sinf)) — (8 +tg*6) t* > 0.

[Ipoekmusi Topa Jluysuians nwa cdepy usobparxkena ua puc. 5.2.1 — 310 "muwmmaap" Ha
cdepe, 3amanubiii ycaosuem 6 € [xq,1s], rae x1(t), xo(t) — kopuu ypasuenuss W (t,0) = 0
(orHOCUTETBHO 0).

BoibepeM Temeph 06asuc Ha TopaxX OIHOIAPaMETPHUYECKOTO ceMeiicTBa. B oKpecTHOCTSX

0CODOBIX CJI0EB Takoit Oas3mc onpeJaesieH OJHO3HAYHO: B KadeCTBe OAHOIO U3 0a3UCHBIX MUKJIOB
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01

02

Z2

Puc. 5.2.1:

MOKHO B34Th CJIO# (OJHO3HAYHO ONpejeJeHHoro) Sl-paccioenns, a B KadecTBe BTOPOTO —
ucuezaromuii muka. Ecoum Mbl paspexkeMm (Q° nmo kakomy-mmOynb Topy Jlmysmiag, To Q3
pacrnajercs Ha JBa KycKa-ToJHOTOpus. Takum oOpas3om, Ha KaxKJIOM U3 THUX KYCKOB OyIer
OJIHO3HAYHO OIlIpejiesieH 0a3uc Ha cemeiictBe TopoB. Ho HaM Hy:KHO ompejennTh 0a3uc Ha
cemeiicTBe TOPOB Bcero pebpa, a He MOJIOBUHBI. [Ipr 9TOM BHIHO, YTO IIPH CKJIEHKEe TPEXMEePHBIX
KYCKOB 0a3uchl, BbIOpaHHBIE HA KaXKJOM W3 HHUX MO OTJAEJbHOCTH, He OYAyT COBIAIATH,
nockosibky Q3 ~ T*S? ~ RP3.

3aMeTuM, 4TO ONUCAHHBIE OJHO3HAYHO OIPEJIeJIeHHbIe IUKJIBI 33JAI0TCS YCIOBUIMU A\ =
{60 = const}, p = {¢ = const}. Oum nzo6paxens Ha puc. 5.2.1. HerpyaHo BugeTh, 4T0 HYKHO
Ha oxHOM Kycke (Q° 3azarh 6asuc kak (\, X+ ), a Ha apyrom — kak (—\, —\ + ). Torga mbl
oJTy9uM 0a3MC HA BCEM OHOIIAPAMEeTPHIECKOM CeMeliCTBe TOPOB, M OH OyJeT IJ1aIKO 3aBUCETH
0T IlapaMeTpa ¢.

N3BecTHo, 4TO B 001IEeM ciaydae (pyHKIIUS BpalleHusT UMeeT BU/T

oo
p(F)= o= (5:21)
ols oF

rne I, Is — mepeMeHHBbIe JIeHCTBUsI, OTBEYAIOIINE LIHUKIAM Ai, Ao: [; = % [ (pudz + pydy),
A1

I, = 5= [(pzdz+p,dy), F — napamerp, onpeaessiommuii ceMeficTBO TOPOB, HAIPUMEp, 3HAUeHNe
A2
JAOIIOJTHUTEJIbHOTO UHTEr'paJia.

B namem 6a3uce nepemenHbie JAefiCTBUS UMEIOT BUJIL:

1 I+t,t>0
11:— / td@:t, [2:
2 I—,t<0

fO=const
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rjie

1:% / L 8)do.

p=const

CrenoBaresbHo, dhyHKIWs Bpamenus mo dhopmyne (5.2.1) paBHa

p(t) = _(9_2 = o : (5.2.2)
¢ 941, t<0

OKOHYATETbHBIN PE3YIbTAT:

x2(t)
1 (6 +tg*(x))t
p(t) = ﬂ-m(/t) \/h — V(sin(x)) — (8 + tg%(z)) t2d

v F1, (5.2.3)

Tae 1, T3 — KOPHHM 3HaMmeHaress lojpiHTerpaibuoit dbyukuuun W(t,x) (u 3aBucsar or t),
napamerp ¢ MEHHeTCd Tak, 9YTOObl 3T KOPHHU CyIIEeCTBOBAJIN.

@Oyukuus BpameHus 3aaauu Jlarpanwxka (B II0XOXKeM BuJE) Oblla BBIYUC/ICHA DPaHee

O.E.Opeu [15].

5.3. CnoiicTBa (pyHKIMNiT BpallleHUs Teoae3udeCKNX MOTOKOB

[Tycts Ha aBymepHOW cdepe mIM ABYMEPHOM TOpe 3aJaHa JHHEHHO HHTerpHpyeMasd
r106a/bHO JInyBUIeBa MeTpuKa ds® = f(x) (dz? + dy?) [18, 19]. DTo o3Hauaer ciemyomee.
[lepementbie T U Y SBJASIOTCS TJI06AIbHBIMI HEPUOJANIECKUME KOOPIMHATAMU HA TOPE, a f(x)
— HEKOTOpas TJaJKas mepuoanveckas (byHKIUs. Be3 orpaHnveHusi OOIIHOCTH MBI OyaeM
cudTaTh ee 3aJaHHON Ha orpeske-nepmone [0, L], f(0) = f(L) = 0, f(x) > 0 mas Bcex
r € [0,L]; Bce KpuTuueckue TOUKH f SBJISIOTCS HEBBHIPOXKeHHbIMH. Merpuka ds®> mpu
9TUX YCJIOBHMAX SBJISETCA IVIOOAJBLHO JIMHEHHO HMHTEIrPHPYEMOM, T.e. TeoJe3WYecKuil MmOTOK
9TOI MeTpHKH 00J1aJaeT JUHEeHHBIM MHTerpagoM. Ecim paccmarpusaerca ciaydail cdepsl, TO
4T06BI 06omMTh [18, 19] HyXkHO cdepy npencTaBuTh B BHIEe (DAKTOP-MPOCTPAHCTBA TOPA IO

unBoJiionuu o(z,y) = (—x, —y)).

W(f) W(f)
) i
a) 6)
Puc. 5.3.1:
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Ha pwuc.5.3.1a,6 nokaszanbl 1pyOble MOJIEKYJIbl JIMHEHHO WHTEIPUPYEMBIX I'€0/€3MYeCKUX
HOTOKOB TAKWUX METPUK Ha JBYMepHbIX Tope u cdepe coorBerctBenHo. W (f) obo3nauaer

JiepeBbsi, HOCTpOeHHbIe 110 dhyHKIMU (), cM. puc.5.3.2.

min f W(f)

/A

Puc. 5.3.2:

CoryacHo kjaccuduKaluy WHTETPUPYEMBIX TeO/e3nuecKux TOoToKoB [19], dyrkIms
BpallleHud Ha Tope JImyBuiid, 3aJlaHHOM ypaBHeHHeM p, = t = const, Ha pebpax, Iue

|F'| > min(f(x)), umeer Bu:

T2

() 1 2tdx
pPl)=— | —F/——5>
L) Viw P
T
e (71, Ts] — ONWH M3 HECKOJBLKUX BO3MOXKHBIX OTPe3KOB, rae f(r) — t2 > 0 (ompemenseMbx

ypasuenuem f(z) —t* = 0).
@Oyukuuss f(r) ¥WMeeT Ha CBOEM CBOEM MEPHOJE OJUH WM HECKOJBbKO W30JMPOBAHHBIX

MaKCHAMYMOB, KaK/IbIil 13 KOTOPHIX COOTBETCTBYET KAKOMY-TO aTOMYy A MOJIEKYJIbI.

JIemma 5.3.1. ITycmo 2nadkas dynxyus f(x) umeem u30auposaHHbvill MAKCUMYM 6 Moyke
xg, m.e. f(xg) = locmax f(x) > 0, f'(zg) = 0. Tozda npedeave Pynryuu spawerus wa pebpe

MOAEKYADL TIPU npU6./LU9fC€HUU K amomy A

lim  p(%)
t—t4/ f(z0)
NOAHOCMBIO Onpedessomes eeaununot L J:/(gz)o)), m.e. pasoi i%L\/i - fjj,(gc;o))

3ameuanme 5.3.2. Pe3ynbrar BepeH W TOrma, KOT/A JIOKAJBHBINE MaKCUMyM BHIpOXKIeH. B

3TOM CJIydae 1pejesl paBeH +0o.
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Zoxazameavcmeo. Buiy HederHocTu (DyHKIMU BpAIIEHUs JOCTATOYHO PACCMOTPETH CJyd4ait

t — +/f(x). Beinosaum npeoGpa3oBaHus:

oL [ 2tde 1 [ 2ude !  otde
POTT) fm-e L) Vfw-28 L] Jiw -~
1 1 o

fao) 2 / F(wo) , / (5.3.1)
1 2t (s)ds N 1 2tag(s)ds 1 / 2t(a)(s) — ab(s))ds

L Vs — t2 7

L Vs — t? L Vs—12 L

t2 f(:co) t2

rae a1 (s), as(s) — byukunn, obpaTtabie K f () Ha HHTepBaJaX MOHOTOHHOCTH (X1, To) ¥ (g, T2)

COOTBETCTBEHHO.

[Tosroxkum Temepnb

(i (s) = ah()) V/ f (o) — s, ¥ <5 < f(wo),

o(s) = 9 B (5.3.2)
—ma s = f(wo).

Jlokazkem, 4TO ( HenpepbiBHa Ha orpeske [t2, f(xg)]. OueBUHO, YTO JOCTATOUHO NPOBEPUTH B

Touke s = f(xg).

i = lim L — L zo) — flaq(s
2,70 = 0 |y ~ ) VIO T )|
flwo) = fla)) f o) — fla2)

— i -
simwo—  f/(11) wamzot  f/(z)
' \/_ f//éﬁl) (21 — 0)? ' \/_@(x2 — )2
= lim — lim

wi—zo—  f7(G) (@1 —x0)  wmwet [ (22 — o)

B 1 . |1 — 0 . |2 — 0
= — - lm —— lim ——
QfN(I'()) T1—xo— T1 — X r2—xo+ L9 — X

=2 —;— —L TK. T1 < Top <X
N 2f"(x0) frlamg) T

3aech &1,C € [xbxo], §2,C2 € [$0,$2]a &i,Ci — xo Upu s — f(xo) (351 — X CJi€Ba, T2 — To

crpasa).

Temeps Bocmosb3yeMcs (hopMyIoii:

b /2
/ «;”_(Ziff = =’ [ wlasin? s+ beos? s)as. (5:3.3)

rae a < b u (r) — mobas HenpepsiBHAs GYHKIUS Ha [a, b]. DT1a mociaequss dpopMysia BepHa

JUIS BCeX HEeIpephIBHBIX (DYHKIMIA 1) U JOKA3BIBAETCA 3aMeHol © = asin® s + bcos? s.
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Urak, u3 (5.3.1) nouayuum:

(:C() f(CUO)

1/2t ay(s) —ab(s))ds 1 / 2t(on(s) — ap(s)) v/ f(wo) =5,
L f

r (5.3.4)

4t
== / @(t?sin? s + f () cos® s)ds.
0

Takum obpaszom,

/2
4t
lim p(t)= lm — / @(t*sin? s + f(x) cos? s)ds
7o) /7o) L
4 2
L 2 u—+/f(z0) L f”(xO)

O

Ormerum takxke, 4ro p(0) = 0. Dror dakT He siBisiercss 04eBUAHBIM, 1OCKOIBbKY f'(0) =
(L) =,
[osromy maitnem lim tp(t?):

lim £45(12) = lin #(0 (1) — a4(%) V/F (o) — 2
(5.3.5)

— Pr% V f(xg) — t2(%in(1) tal, (t*) — %in(l) tay(t?)),

€CJTU BCe TPH TPeJIeia, CyIeCTBYIOT.

tim /F(z0) — 22 = /(o).

. o V(@)
) = oo, ) o (2)
f(¢ 5.3.6
; ) a2(12) ) ( )
= lim =
=0 f(G o (t?) 2f7(0)
1
anagormuno lim tal(t?) = ————v
& 270)
Bneck &, (; — mMpoMexKyTouHBIe TOUKH u3 oTpeska [0, vy (t?)]. U3 (5.3.5), (5.3.6) cmemyer, aro
2 f (o)
H%tgo(t )= 2f”(0)’ (5.3.7)
cJIe/JOBATEIbHO, B Bhipaxkenuu (5.3.4)
/2
4
p(t) = 7 /tgo(t2 sin? s 4 f (o) cos® s)ds
0
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nojpiHTerpasibias pyukius npu t = 0 Be3je, Kkpome Touku s = (), paBHa HyJII0, a B TOUKe s = ()
— HaiienHomy 3Havenuio (5.3.7). Ciie1oBaTe/IbHO, HHTErPaJl PABEH HYJII0, 4TO U TPeGOBAJIOCh.
[Tostomy p(0) = 0.

N3 nokazanuoi jeMMbl 5.3.1 J€rKo BBITEKAET

Caencrsue 5.3.3. [Tycmos dynxyuu fo(x), f(), onpedesernvie Ha 00HoM U MOM dHce ompesrke,

UMEIOM, POBHO NO 00HOMY MAKCUMYMY Ha 3om ompeske; max fo(xr) = yo, max f(x) =y u amu

0

vae U Tmaz cOOmeemcemeenno. IHycmov makoce pynryuy

3HaAYEeHUA JOCMULAIOMCA 8 MOYKAT X

3(t)

N - 1 2tdx
Po( ) = f —/7f0(93) —p

(

2tdx
olt) = / o
z1(t)

— MOHOTMOHHDL.

fé’(xgnaz) — f//(xmaz)

Yo Y

Tozda p(t) uw po(t) Henpepvisro conpasicerv, <=

Jlokasameavcmeso. fcuo, uro yciaousi mMonoroHHoctd yHKumit p(t) um po(t), a Takxke
COBIIAJICHUS TPEJEJIOB Ha KOHIAX OTPE3KOB TapaHTUPYIOT HAJIMYKE 3aMEHLI IIePEeMEHHOI,

nepeBoJisiieil oany 3 QYHKIU B JIPYTyIO. 0

JIemma 5.3.4. ITycmo 2aadkasn dynkyus f(x) umeem u30auposanvill MaKCUMYM 68 MOUKe Xy,
m.e. f(xo) = locmax f(x) > 0, f'(xg) = 0. Tozda npedeavi npouseodnoti Pynryuy epauLerus

Ha pebpe MoaeKyavL Npu npubiudceruy K amomy A

lim  p'(¢)

t—E4/ f(z0)

noanocmuvio onpedeasiomes seaununamu f(xo), f(xo), f"(x0) u f@(x0), a umenmo, pasnv

n 2nv2 |1 +7T\/§f(-f0) (5" (x0)* = 3" (x0) f M (20))
L f"(xo) 6L J"(@o)3 /= [" (o)

(5.3.8)

Jlokasameavcmso. s nokaszarenberBa Bocnobdyemcs: popmysioii (5.3.4) u3 gokas3areabcrBa
aemmbl 5.3.1. [Ipomuddepennupyem Boipaxkenne (5.3.4):
/2
pt)=— / @(t?sin? s + f(wo) cos® s)ds

0
” (5.3.9)

+—/90(t2 sin s 4+ f(wo) cos® s) - 2t sin” sds,
0
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OTKYy/Ja 110JIy4YUuM
/2

w/2
4 8
lim  p(t) = — / ds- lim () + f(o) / sinfsds-  lim__ ¢'(#?) (5.3.10)
t—/F(z0) L /i) L 1=/ @)

[lepBoe cnaraemoe yzke OBLIO BBIYUCIEHO B JOKA3aTeJIbCTBEe JeMMbl 5.3.1 ¢ TOYHOCTBIO

0 MHOXKHUTensd t = f(zo), IS BBHIYMCJIEHUS BTOPOrO CJIArAEMOTO HEOOXOIMMO HANUTH
lim ' (t?):
t—+/ f(z0)
/
lim (%) = lim((a}(t%) = a5(t%)) /[ (wo) — 2)
t—+/ f(w0) t—+/ f(z0)
d [ 1 1
- [ (Vi i) )
t—+/ f(w0)— dx;

e 1 = ay(t?), o = as(t?).

0O0603HaYUM

TOT 3,

lim @' (#?) = lim_ (A;(t) — Ax(t)) (5.3.12)
t—~/ f(z0) t—+/ f(z0)
[Tpeo6pazyem A;(t) (5.3.11):

2f"(@)(f (o) — flai)) + f(x)?

Ai(t) = (5.3.13)
21" (i) f (o) — [ (i)
Paznoxum umciauresnb u 3HaMeHaTe b B pdaj Teilaopa:
1" 1112 1e(4) _
A - - —at (hy — Hw +ofal)
VTR + B =TT ]+ ofa) 6510

11 111 1112 1me(4) _

VRIS T o)

31ech it KPATKOCTH 3aIUCHU OMYINEeH apryMeHT Ty V IPOU3BOMHBIX (GYHKIHUHU f; KpOMeE TOro,

T; =T; — Xg, 1 = 1,2.
[Tozuee HaM Tak»ke MOHANOOUTCs apyroe npejcrasienne (5.4.8).

Jlns maibpHeRIero HaM MoHaI00ITCs CJIeIYIOIIe YTBEPKIeHU:

JIlemma 5.3.5.



JIlemma 5.3.6.

P 1 el U R A GO
Two) 1Tl [72] 3 f"(xo)

JlokazarennscTBa Jemm 5.3.5 u 5.3.6 OyayT maHbl HUXKeE.

Taxum o6pazom uyucauTessb Boipaxkenus A;(t) — Ay(t) umeer Bux:
" g \/’ 1" g \/_
f f f//3 / f,, |$ |_| 1| f f f//2f/// / f,, $2‘1’2| —$1|$1D
m3 1 £(4)
+ (f f f ) \/_f"gm (T1|To| =TT ) + o(T)

12
" L "2 == |=
BB i |E f'f |$2\—|$1\Jr 51" To|T| — 71|71
R T 1 o R Y
" f"f(4)) 71 [T —T2|Tl|) o
+ + —= + o(T
< 12 4 |71 || T (@),

a 3HaMeE€HaTeJIb PaBE€H
(Var V=77 [mliml +ofa?)

Ucnionb3ys nemmbr 5.3.5, 5.3.6, a Takke yuuthiBas, 4to T < 0, To > 0, moayunm:

lm (40 - Axt) = N
57— 3" f
62T
IloncraBnasa lim  ¢(t?) (maiimenHoe mnpW JoKa3aTelbcTBe JeMMbl 5.3.1), a Takxke

t—+/ f(z0)
lim  ¢/(t?) B BBIpakenue (5.3.10), moayunm:

t—+/ f(z0)

47 2 8f(xg) & (5" (xo) — 3f”($0)f(4) (z0))

0= 13 ‘f%m>+ L 4 o2 mpy I
27r\/_ N V2 f (o) (5" (20)* = 3" (20) f W (20))
L f"( 0) 6L J"(x0)3v/—f"(x0)

dokazareascrBa jgemMm 5.3.5 m 5.3.6.

Joxazamenavcmeo aemmot 5.3.5. TIOCKOIBKY T1, To ABIAIOTCA KOPHAME ypaBHenus f(x) = 2
re. f(z1) = f(xq), To mpu t — \/ f(2() BHIIOIHEHO PABEHCTBO

S o)+ 0() = 3 1" (o) + (),

- 1 rn =2 .
OTKYJa, JeJid KpaunHue 9aCTh PpaBEHCTBaA Ha §f (xo)atl, IIOJIYYUM:

-2 2
1+0(1):%+0<f—§).



DT0 03HAYAET, B YACTHOCTH, YTO UMEIOTCsl TaKue 6eCKOHEUHO MaJsbie npu t — / f(xo) dbyHkuu

a(t), B(t), aro

T2 T2
1+a(t) = T—; + 6(t)f—§.
1 1

CremnoBaTesbHO,
T B0 = (14 50) 2 = 14 a(t) — 1
—_— —_— = —_— = o —
72 72 72 ’
OTKYIa
T3 1+ ot)
T2 1+ B(t)

Y4auThIBas, 9TO O CMBICTY 1 < Ty < Tg, a 3HAUUT, T < 0 < Ty, MOTyIUM

T
_—2 — —L
Ty
Bropoe yTBepxeHue Ty = —T1 + 0(T;) CJeLyeT U3 yKe JOKAZAHHOTO: HYXKHO JIOMHOXKHTD
obe 1actn pasencrtsa 2 = —1 + o(1) nma 7. O

1
Aoxazamesvemeo semmor 5.3.6. AHATIOTHYHO TOKA3ATETbCTBY JEMMBI 5.3.5 uMeeM:

1 1 1 1
51" (o) + gf”’(xo)f:{’ +o(T1) = 5" (20)T5 + gf”'(fro)fg +0(T3),

OTKYyJIa TI0CJIe TPYIIIMPOBAHNS YJIEHOB, UCIOJIb3Ys JIEMMY 5.3.D, MOJIyYuM
1 _ o _ 1 s _
51" (@) ([Ta] = [Z ) (7] + [71]) = & /" (w0) (7} = T3) + 0(@).

CaenoBaTeIbHO, CHOBA MCIOJIB3Ys JeMMy 5.3.5 u 71 < 0 < To:

Tl =] 1) T -7 )
il 3 e (ol + Dl
_ lf”/(mo) _<§_?> _ +0(1)
3 f"(xo) (—1+2)(—1)22
B lf”/(mo) 1+1+ 0(1) )
T3 fz0) —(—1— 1t o))(—1+o(1) (1)
1]””(33())
_§ f//(l,o) +0(1>

5.4. OcHoBHas TeopeMa

Teopema 5.4.1. [lycmo eaadkasn gynruua fo(r) obaadaem caedyrowumu ceolicmeamu:

(1) coomsemcmeyrowan Gynkyus epauserus po(t) obaadaem nososcumesvrot npouseodHot

na ecem ompeske [—T,T| uamenenusa napamempa t, 20e T> = sup fo(z), T > 0;
z€[0,L)]
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(2) fi(x) # 0, ecau moavko x ne cosnadaem ¢ konyom ompeska 0, L] usu mourotd aokasvrozo

marcumyma yrnrvyuu fo, f5(0) = fo(L) =0, f5(0), f5' (L) > 0;
(3) fo(x) umeem poeno odun aokarvrwl Makcumym To Ha [0, L].

IIyemov 2nadkas Gynkyua v(x), onpedesennas maroice na ompeske [0, L], maxosa, wmo v(0) =
v(L) =0, v'(0) =v'(L) =0.

Tozda cywecmeyem wnexomopoe o > 0 makxoe, wmo ecau swvnoanerno ||v||ce < €9, mo
Pynryusa epawenus p(T) 6o3mywennoli cucmemvl, coomeememeyowets 24a0k0l PYHKUUL
flz) = fo(x) + v(x), makowce monomonno eozpacmaem npu OONYCMUMET 3HAMEHUAL

napamempa 7.

Bameuanne 5.4.2. Cl-mopma B dopmyampoBke Teopembl 5.4.1 dBigeTCS CYIIECTBEHHBIM

ycaoBuem. Ormernm, uro B pabore [9] Gblia JOMyIEeHa HETOYHOCTb.

ITpumep 5.4.3. IIycTh B OKPECTHOCTH TOUKH (€IMHCTBEHHOTO) JIOKAJIBLHOTO MaKCUMyMa Lo = 0
BhIosiHeHo fo(x) = 1 — 22, Torna
42
1 T s Cu o YPT om
PO()—E —\/m—farcsmil_t2 _\/@_T
/I
OYeBH/IHO, MOHOTOHHO Bo3pacTaeT. [lokaxeM, 4To Jjis J11060ro 3Hauenus £y > 0 cylecTyer
soamymenue v € C3) [|v]|gs < &g, Takoe, uTo DyHKIUS BpalleHus BO3MYIIEHHON CHCTEMbI He
OyleT MOHOTOHHO BO3pPACTAIONEil. A MMEHHO, MBI BOCIONb3YeMCS JIEMMOi 5.3.4 U BBIYUCIUM

IPO3BOIHYIO BO3MYIIEHHOW (DyHKIMK BpalieHus B Touke MakcuMmyMma. Ilyers f.(z) = fo(z) +

v-(x), Toe v. — crnaxkuBaHue (OYHKIUH
4 2 o1 1.1 g2
T, z¢ < min <§,§52,(ﬂ) )

min (332 (') 2 min (3224 (2)°)

Ve () =

Cwm. puc. 5.4.1.
Oynkuus f.(r) TakKe WMeeT JOKAJIbHBIN MakcuMmyMm B Hyjde. Vcnomb3ys gemmy 5.3.4,

v:(0) = v2(0) = vZ(0) = v”"(0) = 0, moayuuMm:

(4) (4)
2 7w fe(0) 7 ve *(0) s
/ = — — — = — 2 _— = — 2 —

. o\ 1/2
B TO BpeMs Kak ||v||cs = 24 min < ,3¢2, () ) <245 =e.
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Puc. 5.4.1:

Jlokasameavcmeo meopemuvi 5.4.1. Tlpu momomu JMHERHONW 3aMeHbl NapaMeTpa T MOMKHO
J0OUTBCSA, YTOOBI OTPE30K HM3MEHEHWsl T COBIAJIA] C OTPE3KOM W3MEHeHus f. YCJIOBUS
COBIaJeHUA 3HaueHuil dbyHKIWMA fo W f, a Tak:Ke 3HAYEHWHA WX NPOU3BOIHBIX HA KOHIAX
OTpe3Ka OT ITOTO He HApyHIaTcd. ByneM mo3ToMy CYUTATh, 4YTO UMEIOTCd aBe dyHKmuu f u fo,
orpejie/IeHHbIE Ha OJTHOM OTPE3Ke U UMEIOIIHEe HA HEeM IO OJTHOMY MaKCUMyMy, TPUYeM 3HAUYEHUST
B 9TUX MAKCUMyMaxX COBIAAAIOT, a ||v||ca = ||f — follcs < eomv(0) = v(L) =2'(0) ='(L) = 0.
[Tpu ycnoBuu, uro dbyHKIMs Bpaienus po(t), coorsercrByomas fo(r), MOHOTOHHA, Mbl HIIEM
TaKoe €g, 9T00bI (byHKIHMs Bparenus p(t), coorBerctytomas f(x) = fo(z)+v(x), Takxke GblIa
MOHOTOHHA.

[Tockonbky p(t) (5.3.4) HeueTHA, TOCTATOYHO MOKA3aTh, YTO OHA MOHOTOHHA Ha [0, 7).

[To dyukmum fo(x) mbl BbIGEpeMm okpectHocTH KOHIOB orpe3ka [0,7] m Beswunny &
JIOIYCTHMOTO BO3MYIIEHWsI U TaK, 4To (GYHKIUs BpamieHusi p(t) BO3MYIIEHHON 3aja4m Oyaer
MOHOTOHHA HA 3TUX OKPECTHOCTAX, T.e. 6e3 OrpaHuYeHHMs OOIMIHOCTH Ha HEKOTOPHIX OTPe3KaX
0, 7], [T'—72, T]. damee, na ocraBimemcs: otpeske (11, T — T3] MOXKHO OTDAHUYATH TPOM3BOIHYIO
f{(x) cHU3Y HEKOTOPO# MOJOKHUTENbHON BEIMYMHONW. DTO TO3BOJUT PACCMOTPETh UHTErPAJ,
onpejensomuii GyHKIUIO BpallleHns, KaK HHTerpaj OT HEKOTOPOH HEeIpPEephIBHON Ha BCeM
oTpe3ke omnpejenenus (GyHKIUH, IpAYeM U MOXKHO OyJeT WHTEPIPETHPOBATh KakK ee MaJjoe
BO3MYIIEHUE. DTO TOCTIEHEE YCIOBUE TAKYKE JTACT OTPAHUYEHUE HA BEJVUYUHY 3HAUCHUS £).

I = min p)(t).
yerb m = min pf(t)

-4

(I) PaccmorpuM cHavasia OKpecTHOCTh Toukd ¢ = 0. HeTpyaHO BUETh, YTO HHTErpaJj BUA

BOIn3M TOYKM ¢ = () MOXKHO NPEJICTABUTH B BHJE CyMMBbI

2 / / / )_tQ = c1(fost) + ea(fo 1) + el fo. 1)
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JUIE HEKOTOPOTo (PUKCUPOBAHHOTO 0. Be3 orpaHudenust OOIIHOCTH MOXKHO CUYMTATH, YTO

it") uaTerpan mpu t < min{\/f0(5>> \/fO(L —0)}

0 < 7 < §. Ilpu sTom BTOpOIi ("Cpeauuii
SIBJISIETCS HHTErpajioM ¢ ((PUKCUPOBAHHBIMHU IIpeJieJlaMi HHTETPUPOBaHWS U 0€3
0COOEHHOCTEH, MOTOMY IyTeM OrPaHWYEHUs] HOPMBI BO3MYIIEHHS U MOXKHO CJIeJIaTh

U3MEHEeHue HpOHBBO,HHOﬁ 9TOI'0 CpeaHero MHTerpaJia CKOJIb YrogHO MaJlbIM:

L5
2

L—§
/ (z) dx
g fo )—752

Tpebyemoe orpaHuveHre Ha HOPMY ¥ BO3MOXKHO HAWTH, IOCKOJIbKY (DYHKIHS #25

~~

d
_02(f07 = d_

hll\ﬁ

HEIIPpEepPbIBHO 3aBHUCUT OT Yy IIpHU

y > min{fo(0), fo(L — 6)} > *.

[Mosromy Ve > 0 Je; > 0 rakoe, 4ro upu ||v||co = [gnaog |v| < &1 BBIIOIIHEHO

(1) f(8) > %, f(L—0) >t
(2> f(ﬂ?) - fo(l") .
V f(z) —t?  fo(z) — t2

I[Tycts ¢ = %, Torga npu ||v|[cs < &1

<cVreldL -7

d d
‘ECQ(]E, t) — %02(]60775)‘ <

m
3

(5.4.1)

"Kpaiinue" wunrerpansl ci(f,t) u c3(f,t) UMEOT OJAMHAKOBYIO CTPYKTYpY, MHO3TOMY

JIOCTATOYHO PAa300paThCs TOJHKO C TPOU3BOJHON MEPBOTO U3 HUX:

—c1(fo, t) (5.4.2)

Qt/m

fq(0)
2

[Tpousseem 3ameny nepementoii: a - y> = fo(z), e a = . nage rosops,

y* = 2*Y(z), tae ¥(0) =1,
a TaK>Ke

2ydy = (223 (x) + 2’ (x))dx
2y y
do = dy = d
T @) (@) py(e) + 2e@ Y

ARG dy = Ady = (1 + h(y))dy,

T op(e) + 2T () + D
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rae h(y) — 6eckoneuno manas upu y — 0 (nockosbky ¢ (x) venpepsiBaa u (0) = 1).

Torma %cl(fo,t) (5.4.2) mepemnuceIBaeTCS B BHE:

61’/
d 2d dy
— = |
G

(5.4.3)

6'!’/
- dy
Ll “*h(’f))t/m
\/LE

In(y/az + vaz® — &)
a

= — [ (t+th(t)

61’/
L)
va

BasKHO OTMETHTD, KAK CBsI3aHbl MexKLy coGoil byukuuu h(y) u h(t). Ussecrno, uro h —

31ech 0, — HEKOTOpad KOHCTaHTA.

b6eckoneuHo maJtag npu y — 0. JokaxkeMm, 94T0 h Tak:Ke siBJsIeTCss OECKOHEYHO MAJION IIPH

t — 0. U3 onpenesnenns: bynkmuu h(y)

h(y):A_lz V1+az+ o(x) .
P(x) + 2 1+ ayx + o(x) + Zatel)
_ 1+ 4E+o(x)

N 1+3“T”+0(93)

—1l=1-azr+o(x)—1

= —a1x + o(x) = —ary +o(y) = yg(y), ve a; = ¢'(0) = g(0),

BUJIHO, 4TO OHa mpejcrasuma B Buje h(y) = yg(y), tae ¢g(y) HeKoTOpasi OrpaHuyYeHHas!

BOiu3u Touku y = 0 dpyukmusa. Orcoona ciaemayer, 94To

h(y)

dy dy dy
y9(y) / y
Y g :/7d - Y4
Vva Va Vva
% _ 9(&)/ady —t*

a

= g(&) %\/aaﬂ —t

a

SIBJISIETCS  OTPAHWYEeHHO (pyHKImeit. 31ech MBI BOCIOJIB30BAJUCH TEOPEMOH O

IPOMEKYTOYHOM 3HAYEHUH, & — HEKOTOpas TOYKA MEeKLy % u d,. IloaTomy

dy
h(y)dy

dy
(t) = _\y)ay / /L
J Vay? — t? t Vay? — t?

va va

— 9(@)\/6“557—152 In(vaz + Vaxz? — t2)
“ Va

8y )1

S
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B 9(&¢)/a0; — t2 In(y/ad, + a0z — %) —1Int
- - NG
g(ft)\/a(% — {2
va(n(y/ad, + \/ad2 — 1) — Int)

Yucourenb 1ot dynknuum orpanuven npu ¢t — (0, a 3HaAMeHATE/b CTPEMUTCH K

OECKOHEUYHOCTH, CJIEJOBATEIbHO, 9TO OECKOHEUHO MaJiag mpu ¢t — 0.

[Tpeo6pasyst (5.4.3), mosyunm

\/25L (14 () + (1)) (in (Vad, + yfad2 — ) ~ 1)

(t + (1) t 1
b (b, + Ja? —B) 1

(5.4.4)

[napubrii uien B Boipaxkennu (5.4.4) npu ¢ — 0 paBen —IHTC—tL, OCTa/IbHAd YaCTh ABJSIETCH

HenpepbiBHOM (dyHKImeir. HyXHO 1OHSTH, 4TO NPOU30MIET € MPOU3BOAHON (YHKIIUH
Bpamienus npu 3amene fo(z) Ha fo(x) + v(z), ecam Bo3Mmymmenue v(x) BBHIOpAHO, Kak

YKa3aHO B YCJIOBUHM TEOPEMBI.

Bo-nepebix, uamenutcs 3uadenuwe Bropoit mpomssomuoit: f”(0) = fI(0) + v”(0), gro
M3MEHUT KOHCTAHTYy @ B aCUMIOTOTHYECKOM pasioxkenun (5.4.4) mpu t — 0. Kpome
TOTO, M3MEHUTCs HelpephIBHbIN 106aBoK. A uMenHo, gobasaenue K fo(z) manoit mo C*-
’ . ) 0

nopme dynkuuu v(z) nosaeder 3a coboit Majoe no C*-Hopme uzmenenue (), uTo, B

1 0
CBOIO Ouepeb, noBjaeder Masoe mo C'-Hopme m3menenue h(y) u 3arem wmasoe mo C°-
HopMe u3MmeHeHue h(t). O4eBUIHO, YTO MOYKHO OrDAHUYHUTDH C*-HOpMY BO3MYIIEHUS U

KOHCTaHTO €9 ¥ BBIOpATH 71 Tak, 4T00b Bo-1epBoix, f”(0) > 0, a BO-BTOPHIX, BhIPAYKEHHE,

m

BBIYHCTeHHOe A f(r) ananormuno (5.4.4), ormyanocs or (5.4.4) me Gosee, dem Ha %

npu t € [0, 7.

Kak ©ObL10 oT™MeueHO BbIlIE, AHAJOTHYHO MOXKHO IOCTYHUTH C Jpyrum "kpaitnum"
uHTEerpajoM. MBI cunmTaeMm, 4To g oboux "kpaiinmx" MHTErpaJioB mojgo0OpaHa obmas
BEJIMYMHA T, W TaKKe 00Ias KOHCTAaHTa &p. OTMETHM TakxKe, YTO U3 JTOKA3AHHOTO
caenyer, uro p'(0) = 4oo mas moboi dbynkmun f(z) ¢ f'(0) = 0, f”(0) > 0 —
a UMEeHHO Takue (bYHKIUH PACCMATPHUBAIOTCS B TPAEKTOPHBIX 3aJa4ax JJisi CHCTEM C

HEBBIDO2KI€HHBIMHA 0COOEHHOCTSIMH.

(IT) PaccMoTpuM Temepb OKPECTHOCTh TOUKM ¢ = T

[Ipexxie Bcero OTMETHM, 9TO UCMOTIB3Ys JJeMMY 5.3.4, MOKHO BBIYUCTUTD mpeaenst p(T)

u p'(T). YuursiBas, uto py(1') momaoxkuTeabHa U TO, 9TO 3aBucHMOCTh npenena p' (1) ot
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3HAYEHUI TPOU3BOAHBIX (DYHKIUU [ HEHpPEepPbhIBHAS, MOXKHO BbIOPATH TAKOE £3, YTO €CJIU

[|v]|ce < €3, TOo 1 p'(T') moIOKUTETBHA.

Yro npoucxoaut B okpecrHocru Touku 17 Pacemorpum Boipazkenue (5.3.9) g dyskiyn

BDAIIEHHUSI:
w/2 w/2
, 4 At 142 2 2 .2
plt) = T o(t?sin? s + f(xo) cos® s)ds + — 7 ¢ (t*sin” s + f(xo) cos” s) - 2t sin sds,
0 - 0 >y
Il(“ﬁt) I2EJ:§t)

3necy mepsoe ciaraemoe [1(f;t) gBisieTcss WHTErpajioM OT HENPEPBIBHON (DYyHKIHH.

Kpowme Toro, sra dbyHKuus: BCosy moJgoKuTeabHa 1 umeer B (5.3.2):

p(s) = (a1 (s) — ay(s))V/ f(zo) — s
_ V f (o) = flau(s)) _ V f (o) = flaa(s))
f'(aa(s)) f'(aa(s))
\/ 1761 (4, (5) — \/ 1"(€) (4 (s) — )2 (5.4.5)
B f”(Al)(al( )—rﬂo) f”(Ag)(ag( )—xo)
\/ &) \/ 1(&2)

f// )\1) f// >\2> ’

rae &, A € [ai(s), aa(s)].

Paccmorpum reneps Bropoe ciaraemoe Io(f;t). [lpu nokasarenncrse Jjiemmbl 5.3.4 ObL

HalileH B TOM 4YHCJe U ero upenes npu t — 1. Ilpu JoKa3aTeabCTBe HCIIOJIb30BaJIOCH
/ 2

dbakTuyeckn acuMnrornueckoe paszioxkenue bynkunu ¢ (u) npu u — T° = f(xg), a

WMeHHO, Obli1a HalijeHa TJIaBHas 9acTh 3TOr0 paziioxkeHus. [IpeacraBum 31y DyHKINIO

HEMHOTO B JIpyroM Buje. /[ 3TOro Mbl MOANpAaBUM JIEeMMHI 5.3.5 7 5.3.6 ciaeayommm

obpasoM:

f"(&) T [
f(&2)’ T f7(&1)

1 3/2
w1 7O+ (5E) (5.4.6)

Tl[T] 3 e\ (e
(o) 1+<f~(é>) <f"(si>)

Bmeck &1, (1 € [x1, 20, &2, (2 € [T0, 2] — HEKOTOPBIE TPOMEKYTOUHBIE TOUKH (TIpHYEM &;

T
T

Te ke, 9410 U B (5.4.5)).

B camowm nerne,

s = Flads) = flao) + Lz
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OTKYy1a
[zl = f(&)T;

7 CJIeI0BATEJbHO, YINTHIBaA 3HAKH,

T _ (e
7, [7(&)

Kpowme Toro,
f"(x0) o | J"(G0) s
ey mA T
OTKY/Ia
("G = (o)

f" (o) ([72] + [7a) (72| — [71]) = %

Tl —E] 1 G - ST
@l 37 (o) ([l + 2wl 7

_\3
@) - 1@ (B
3 o) (B - (=12
" 3/2
_1 fm(C ) + f’”(( ) <}”//Eg;)
3 e\ (e
f(@o) (1 * <f”(£2)> (f”(@))
[Tepenumenm Takxke paszsoxkenune (5.3.14) B gpyrom Buge. Herpyano Bugers, uro

) )
F1(w) = 1) + g+ L

Flwo) — f(zs) = _f"(;so)f? B f’”éxo)x? f(42gl )xz
n 4 i
Fw) = a0z + L ;IO)E? oL )6("3%;” > (5.4.7)
T

rIe

oy L2 (f (o) = f(uY) + (1)
= T G — P

Bnecw p' = pi(x) € [w1, 0] mmm [xg, T9] cooTBETCTBEHHO, [I' = U — T¢, & P; U ¢; 3ABUCAT

= (=1)'(pi + alm'))

OT 3HAUYeHUi IIPOU3BOAHBIX (I)yHKLLI/II/I f, BBIYUCJ/IEHHBIX B HECKOJIbBKHX ITPOME2KYTOYHBIX

TOYKaX.
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ITo anasoruu ¢ (5.3.11-5.3.13) nosyuum:

¢(17) = Au(t) — Ax(1),

rie
21" (i) (f (w0) = flw:)) + f'()?
2f"(w:)3y/ f (o) — f (i)

Ai(t) = —
ux; = q(t?), T, =z — To.

CrenoBaresibHo, yunThiBas Takxke (5.4.7), moaydnm:
A+ AT, + ALT? 4 AL
B‘xl| + Bj xz‘xz‘ + BZ 2‘]}Z| + BZ 3|xz| + B 4|x2‘ +Bz 5‘— ‘

Ai(t) = (5.4.8)

rie A, B — HEKOTOpble KOHCTAHTHI, 3aBUCSIIME OT 3HAYEHUN NPOU3BOAHBIX (PYHKIUHU f
B TOUKe T, & A}, B}, (i =1,2, j = 1..3, k = 1..5) — BeJMYHHbI, 3aBUCAIIIE OT 3HAYCHHI
POU3BOJHBIX DYHKIMK f B IPOMEKYTOUYHBIX TOYKaAX (B OOIIEM CJIydae, JIeXKAIIUX MEXK LY

Ty U xp) uor it € [x1 — 29, B2 € [0, 2o — x1]. TIpoussosnbie GepyTest 10 4-ro MOPSIKA.

Ianee, pasznocts ¢ (t2) = Ai(t) — Ay(t) ¢ nomompio pazioxkenus (5.4.8) MOXKHO
IIPEJICTABUTE CJIEAYIOMIM 00pa30M:
A+A1$1+ A+A2$2+
B\x1|—|—le1\x1|+... B\x2|+le2\x2\+...
_AB(|7| — [71]) + B(ATT1[To| — ATT|71|) + A(BiTo|To| — BiT1[T1]) +
|71||Z2|(B? + B(BiT + BiTs) +...)
—%\ 2|— |$1\ %( Al AQ)

T1[|T2|

- 2
1+Bx1—i——x2+ BE@

31ece MHOTOTOYHSIME 0GO3HAYEHBI YJI€HbI BBICIINX HOPSAAKOB. [IOHATHO, 9TO HOIB3YsChH
(5.4.7), mMoxHO ToONyuuTh npejctabienue ¢'(t2) = A;(t) — As(t) u B gBHOM BHUIE.
[Tonb3ysich Temeph (5.4.6), MOXKHO cuesaTh BBIBOA, 4TO ¢ ({?) HENpepBIBHO 3aBUCHT
OT T, TPOU3BOMHBIX (DYHKIMHU f BIUIOTH 10 4-#, BHIYMCIEHHBIX B HEKOTOPOH (MaJioif)

OKPECTHOCTH 0CODO0# TOUKH, a TaKxkKe OT fi', fi°.

Tak 94T0 MOXKHO HOCTYIIUTH CJIEAYIOIMMM 00Pa30M:

1) IIycts 0 < m < min pf(t).
[-T.T]
2) Mbl nauunaem ¢ @' (%), sbruuciennoit nupu v = 0, T.e. f = fo. Beibepem € > 0 Tak,
qTo6b (%), paccMaTpuBaeMas Kak DYHKIUA T;, [I' U NPOU3BOIHBIX [ BILIOTH JIO
4-ii, KaK PYHKIUS MHOIUX HEPEMEHHBIX MaJIO U3MEHSIACh IIPU U3MEHEHUU KaxKI0i

u3 mepeMeHHbIX He 6osiee yem Ha £. "Maso m3mensitacs" o3nadaer me GoJiee yeM Ha

HEKOTOPYIO (DUKCUPOBAHHYIO KOHCTAHTY, BHIOPAHHYIO TaK, YTOOBI

\L(f;t) — I(fo;t)| < %
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Ocrasiocs BeIOpATH €.

[Tpu HEOOGXOMMOCTH YMEHbBIIAs £, aHAJIOTHIHO TIOJTyunM, uTo ¢(t?) Kak (yHKIHUs OT
npou3Bonubix [ (5.4.5) kak dynkims muorux nepemenusix (f”(&1), f7(&2), f"(A\1),
1"(A2)) MaJsio M3MeHsieTCsT TPU U3MEHEHNH KaK 0 U3 TepeMeHHbIX He 6oJiee ueM Ha

€. "Mano" o3nagaer Tak, 4TOOBI

m
\L(f5t) = Li(foit)| < 5

3) BriGepeM Takyio oKpecTHOCTH (a,b) Toukm 20, wro6w |a — b < /2 u |f{(x) —
féi) (29)| < /2 mnsa Beex @ = 0..4 u jiga Beex x € [a,b]. Bes orpanuyenus: o6uHOCTH

MOKHO cuuTarh fo(a) = fo(b).
4) Tlycrs 6 = w u ||v||les <6 <e/2.
5) Torpa mis sioboro t2 € [fo(a) + 8, fo(z))] ypasnenue
fla) =t
uMeeT 00a KOPHsT Ha OTPe3Ke
[a1(fola) + 0), az(fola) +0)] C [a, b].
6) CiesoBaTesbHo, no1aras 7o = 34, mojydum: jjis joboro t2 € [T — 7o, T]
;%) = 2 (¢)| < Ja = 0] <,

£y (2) = 13" @YD) < D () = £ (2,(8))]

Bnecb 1 = 0.4, 5 =1,2.

7) Cnenosatenbno, noactasass f O (z;(t?)), T;, i’ B Beipakenue as o' (t2), mosydunm,

o BHIOHEN 11, 2), 1.0
[L(f58) = L(fos t)] <
[L(f38) = L(fos t)] <
CknansiBast reneps [1(f;t) u Iy(f;t), ybexmaemcsi, 4T0 918 CyMMa MOJOKUTETHHA:
[(1(f5 1) + Io(f5 1) — (L(foit) + La(fo3 )]
< [L(f5t) = Li(fos )| + [L(f3 1) — La(foi )] <
=L(f;t) + L(f;t) > Li(fo;t) + L(fos ) —m

= polt) —m = min, po(t) —m = 0.

SIEESE

+

m m_
g T ™
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OTO rapaHTHPYeT  HOJOXKHUTEJIbHOCTh  IPOU3BOAHON  (DYHKIMHM  BpalleHWsl B

dbukcupoBannoii okpectaoctu Touku t =T [T — 15, T).

(III) OcTanoch mMOHATH, YTO MPOUCXOAUT UpH t € [1y, T — To].

Urax, mycts ¢ € [11,T — 73], A =T? — (T — 73)?, KOHCTAHTHI ¥y < Yo BHIOPAHBI TAK, UTO

folyr) = folyz) = T? — % =: [32. PaznoxuM py(t) B CyMMy Tpex MHTETpasoB:

WH%
-7 / //

Y2

d [ 2t x 2 fo(x)dx
di(fo,t) == = I/W — Ly/< fo(x)—t2)3 (5.4.9)

[Tockosnbky mnoppiHTErpasbHOE BhIpaxkeHue B (5.4.9) mempepwbiBHO 3aBucur oT fo(z),

Torma

a (5.4.9) npu mobsix t € [r,T — 7] aBiaserca uHTerpasoM Ge3 ocobeHHOCTElH ¢
(buKCHpOBaHHBIMHU TIpeJIeJIAMI WHTETPUPOBAHMUSI, TO CYIIECTBYET Takoe £4 > (, 4TO TpH

||v||co < €4 m Beex t € [, T — 75| BoIMOSTHEHO (M = [Er%jr%} po(t)):

|di(f.t) — di(fo, )] < %m (5.4.10)

Ananornuno npeobpaszoBanusM (5.3.1), (5.3.4), cHOBa BOCIOJIB30BABIINCH (HOPMYITOH
(5.3.3), momyunm (a1 (s), aa(s) — KopHE ypaBaeHus fo(z) = s):

fo(y1) , 82 ,
taj(s)ds 2 [ ta)(s)ds

%/_w_z / tagls)as _ 2
L) h@—-2 L) Vs—# L] JVs—#

0
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Y1 z2

oo t) = [ 2 /+/ —fo(‘g_ﬂ _
4 o 1 Y2
=7 /@b(t2 sin? s 4 3% cos?(s))ds (5.4.11)
e

+ 2t? / Y’ (t*sin” s + (3% cos®(s)) sin® sds
0
Oboznaunm u := t2sin®s + Fcos’(s) € [t3,8% C [}, 5%. Torma /32 —u =

2 _{2gin?s — B2cos?s = 2 _#28ins W MOITOMY TOIBIHTEIPAJbHOE BbIDaYKEeHUE
p

B IIEPBOM cJiaraeMoM Beipaskenus (5.4.11) mpumer Bu;:

1 1 2 _t2gins
bl = (fo’(oq(u» - f5<a2<u>>) Vit

[MoxpiHTErpaIbHOE BBIDAXKEHHE BO BTOPOM CJiaraeMoM Bbipazkenust (5.4.11) mpumer Buj;:

"(w) = (o (w) — o (u 2_usin23_wsin2g
¥(u) = (o (u) — ay(u))V/ B Wi

(L Pew) | fea) N
~ (P + ) Y

!
1 sin s

+
_( !
flaa(u))  fllaz(u) ) 2,/82 = 2

Y4auTbsIBas, 9TO

e na mHOXkectBe M := [xq,yi] U [y}, x2] npousBoguas dbyHkumu fo oTmeseHa ot Hysst
(y1, yb matizenst us yenosnst f(y;) = f(ys) = T° — 3);
o ai(u), as(u) € M, ecn af(u), a3(u) € [x1,y1] U [y2, 7] 1 [[v]|co < %;
e TO/bIHTErpaIbHbIe (DYHKIMU B Bhipaxkenuu st do( fo, 1) HENPEPHIBHO 3aBUCAT OT
folei(w)), fo(eu(w));
e P<(T—n)?<T?—2=p3%re 32— > >0.
Vroro nosyunm: cymecrsyer &5 > 0 (g5 < ) Takoe, uro npu ||v||c2 < €5 n ais mo6oro

te [Tl,T - 7'2]
|da(f, 1) — da(fo, )] < %m. (5.4.12)
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YuursiBas (5.4.10), (5.4.12), nosyunm:

10'() = po ()] = |dr(f, 1) + do(f, 1) = (da(fo, ) + da(fo, 1))

S ‘dl(f> t) - dl(ant)| + ‘dQ(Lﬁ t) - dQ(ant)|

1

= p(t) > pp(t) —m = 0.
Uraxk, €y HY:KHO BBIOMPATH MEHBIIUM £1, £9, £3, £4, €5, O- O
N3 teopemsbr 5.4.1 u ciencTus 5.3.3 HeMeIJI€HHO BBITEKAET
Caencrue 5.4.4. B ycaosusr meopemv, 5.4.1 Pynkuyuu po(t) u p(T) conpascenv <

f(/)/(r(r)nax) J— f”(rmax)

F@hax) — fl@max)

5.5. OkoHuaTe/bHBbIE PE3YJIbTATHI

Teopema 5.5.1. ITycmv nocmosannas niouadet g = 0.

1. Hycmwv umeemcea cucmema Jlazparorca ¢ napamempom 3 u nomernyuaaom V(x). Ilycmo
V(z) — dynryus waacca C*. Tozda npu docmamouno Goavwom h ma yposne Q® =
{H = h} ona mpaexmopro sxsusasermmua cucmeme IUiepa ¢ HEKOMOPBIM NOOTOOAULUM

napamempom v = y(h).

2. Ilyemov umeemcsa cucmema iasepa ¢ napamempom 7. Tozda das mobozo [ > 0 u
06020 docmamoywno 6Goavwozo h (bosee KOHKpEMHbIE 02PAHUMENUS YKA3AHDL HUdHCE)
cywecmeytom makue nomenyuaave V(x), wmo cucmema Jlaepanoica ¢ napamempamu
B, V(z) na uszosnepzemuneckom ypoene Q> = {H; = h} mpaexmopno sxeueasenmma

cucmeme JUiepa ¢ NAPaMempom .
JlokazaTejibCTBO CM. HUXKE.

JIemma 5.5.2. IIyemv nomenyuan V' cucmemwr Jlagpanorca (5.1.3) mootcdecmsenno pasen
HYAI0 (8 IMOM CAYUAE MbL UMEEM KAACCUNECKYI cucmemy DUaepa ¢ 08yma co8nadaousumy
2AABHBMU MOMeHmamy unepuuy). Tozda dynruua epawerus po(t) amot cucmemos 0as 4106020
UB0IHEP2EMUNECKO20 YPOBHA CMPO20 MOHOMOHHA, npudem npu 3 > 1 ona eozpacmaem, a npu

6 <1 — ybwsaem.

ﬂonaa’ame./zbcmeo. Drta 1eMma JAO0Ka3bIBaCTCA MPAMBIM BbIYUCJI€EHUEM!:

_lm (B +tg?x)t
p(t)il_ﬂ/\/h—(ﬁ+tg2x)t2 !
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rjae + coorsercrsyer 3Haky t, M. (5.2.2), (5.2.3), crp.105,

Y2
1 pt+ (1 - B)ty”

d
™ / (1 —y2)/(h — Bt2) — (h — B2 4 12)y? ’

Y1

(zamena sin(z) =y, a=08t, b= (1—-pP)t, c=h— Bt d=h— Bt* +1°)

Y2

:l/(l_;—i—by

1 vi v a+b
™ / / (1—1y?) c—dydy:
Vi

‘ -

5

(a + b) arctg —21:%2 Y
= —barcs1n<y>+ ( iy )

alo

‘ -

B (a+b)m\
= <b7r+ i< 5)_

S

= 1-=p0)t+1,
h — (ﬁ — 1)752( )
T7ie = CHOBA COOTBETCTBYET 3HAKY t.
Otcrona cieayer
(6-1)
p(t) =
h—(B—1)t
Teneph MOYKHO BBIUUCIUTH TTPOU3BOIHYIO:
V(b= (3 -1)t2)?

JIerko BuIeTh, YTO OHA COXPAHSET 3HAK HA BCEM OTPE3Ke U3MEHEeHus t. O

[IpousBens 3ameHBI % = /B+tglx, T = ﬁ, MOXKHO TPUBECTH (DYHKIHUIO BPAIICHUS

cucremsl (5.1.3) Kk ToMy 06ImeMy BUIY, KOTOPBI PACCMATPUBAJICS BBIIIE; TIIE

1 1 V(sinx)

flu) = il v(u) = nB il (5.5.1)

JIemma 5.5.3. ITycmv nomenyuan V- cucmemws (5.1.3) u uzosnepeemuneckutdl yposens Q3 =
{(S, R) = h} makosw, wmo ||v||cs < g¢ daa docmamouno manozo €y, 20e v(u) onpedeasemcs u3
(5.5.1). Tozda Ppynruyus epawerus cucmemsvs p(T) MOHOMOHHA NPU ONYCMUMBLEL 3HAYEHUAT
napamempa 7. [pyeumu crosamu, ecau gynwkyus Vo oepanunena no wopme || - ||c1, mo npu

docmamouno 60avwWUT 3HaNEHUAT h Pynryus epawerus cucmemos (5.1.3) monomonma.
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Jlokasameavcmso. Tlo semme 5.5.2 dbyukuusi Bpamenusi po(t) HeBo3myenuoii (¢ V' = 0)
CHCTEMBI CTPOTO MOHOTOHHA Ha BCEM OTPe3Ke M3MEeHEHHs mapameTpa t.

[Tpu sroM Bo3MyIneHHe (YHKIUM BPAIIEHUsSI, COOTBETCTBYIONMEe U(U), YIOBJIETBODSET
ycnosusim Teopembl 5.4.1. Crenosarensno, ecim Vo€ C*([—1,1]), To BOCmOIB30BABIINCH
9TOW TeopeMoif, i MOXKHO BBIOpATh Tak, 4To0bl (hyHKIUs BpameHus cucrembl (5.1.3) crana

MOHOTOHHOTA. O

Bameuanue 5.5.4. V — QyHKIUA Ha KOMTIAKTHOM MHOMXKeCTBe, Tak uto ecin V € C4([—1,1]),

TO yCJIOBU4A JIEMMbI 5.5.3 BbIIOJIHEHBI. MBI MOXKEM paccMaTpuBaTbh UMEHHO TaKWe IIOTEeHIUAJIbI.

Bamewanune 5.5.5. Ecim V. € C3([-1,1]) \ C%([-1,1]), To yTBepxKienue JemMmbl 5.5.3
MOKET He BBIMOJTHATHCsI. MOKHO PACCMOTPETh PABHOMEDHO CXOJSIIYIOCS TIOC/IEI0BATETHLHOCTD
Boamyenuii v, (r), n — 00, orpanuuennbix 1o C3-Hopme, Tak uro v,(zrg) = v, (ro) =
v (2) = v (x0) = 0, nHo v (29) — 400, n — oco. Torga npenenbuas GyHKIUs GygeT UMETH

GECKOHEUHYIO YeTBEPTYI0 MPOU3BOIHYIO B To, a u3 (5.3.8) semmbl 5.3.4 Gymer cienoBaTh, 4TO

MOHOTOHHOCTb (DYHKIIUU BpAIEHUS] HAPYITUTCS.

oxazameavcmeo meopemov, 5.5.1. 1. Tlo nemme 5.5.3 cymecTByer hg Takoe, 4TO s
no6oro h > hy dbyukuus Bpamenusi cucreMbl (5.1.3) st MOJIEKYJIBI, COOTBETCTBYIOIIEH
HU309HEPTeTUIECKOMY YpPOBHIO H; = h, CTpOro MOHOTOHHA. 3HAaYeHHE OTHOIIECHHS

I 5 1ouxe Makcumyma Gbynkuuu [ (mocse npuBeieHusi (YHKIMM BpAIeHUsl K

f
“KaHOHUYECKOMY” BHUJIY) OLPEIEJISIeT 7.

2. Ilorenmuan V Hamo BBOpaTb Tak, dYTOOBI % VIOBJIETBOpsia JiemMMe 5.5.3: T.e.
dbyuKIMs Bpamenus: Ay cucTeMbl Jlarpan:ka ¢ mapamerpamu (3, V' it MOJIEKYJIHI,
COOTBETCTBYIOIIEH M309HEpreTndeckomy ypoBHiO Hp = h, Obia monoronHoit. Hy»kHO
V/IOBJIETBOPUTH €Ille OJTHOMY TpeOOBAHUIO: TIpeiesl Ha KOHIEe pedpa JOJIKEH COBIACTH C
mpesesioM JJisd 33Jadu ditjepa ¢ mapaMeTpoMm -y. ZICHO, YTO BCeM 3TUM TpPeOOBAHUSM
JIETKO y/IOBJIETBOPUTH, BRIOMpPasi V' Hampumep Tak, 9To0bl MakCUMyMmbl fo u f = fo+ v

I

COBIIaJaJIn, OBLIO 3a/1aHO 3HAQYCHUE T B 9THUX TOYKaX MaKCHMyMa, a BO BC€X OCTaJIbHBIX

— U IIPpOU3BOJIBHO, HO TaKOBO, 4TOOBI OBbLJIa MOHOTOHHOCTD d)yHKIlI/II/I BpalllecHUA.

O

Ocraercst 106aBUTH, YTO JAHHBIE PE3YJIBTATHI MOATBEPKIAIOT ChHOPMYJUPOBAHHYIO B [15]
TUIIOTE3y O TOM, YTO CHUCTeMbI Jlarpanzka, COOTBETCTBYIOIIHME OJWHAKOBHIM Tapamerpam (3,
V', HO orpaHWYeHHbIEe HA pa3HbIe M309HEPreTUYEeCKHe YPOBHU, TPAEKTOPHO HE SKBUBAJEHTHBHI.

Msl ke JOKa3aJIi, 4YTO Ha KaxKXJO0M HN303HEPreTUYeCKOM YPOBHE HMEETCA TpacKTOpHad
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9KBUBAJIEHTHOCTD 33jia4e Diljiepa, HO COOTBETCTBYIOINAsl CUCTEMA Dijiepa HA KAXKJIOM yPOBHE
OIIpeJIeNisieTcsl CBOMM MapaMeTpoM 7, 3aBucaiuM ot h. B pa6ore [15] cucrema Jlarpanxka
JIJIsl PA3JUYHBIX TOTEHIWAJIOB MCCJIEI0BAJIACh P TMOMOIMM KOMIBIOTEPHOTO aHaju3a. BBIIo

OTME€Y€eHO, OJHaKO, YTO AHAJUTUYECKUN aHaJIN3 3TOTO ClIydad 3aTPpyAHEH Hn3-3a CJIOXKHOCTU

dopmy..
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