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BBenenue

ITocTanoBka 3aga4un

Bajlaua O JIBUXKCHUU TAXKEJ0r0 TBEPJOr0 Tejia Ha IJIaJKOH FOPpU30HTANLHOI
IVIOCKOCTU  OJIHA M3 KJIACCUYECKUX 3a/a4 MeXaHUuKMU. IDTa 3ajada B Olpele-
JIEHHOM CMBbICJIE TIpeJICTaBjsieT coboit 00obIIeHre 3a/1aun O JIBUXKEHUH TsIXKEJIOrO
TBEPJIOTO Tejla ¢ HeMOABUYKHONH TOUYKOM. EcTecTBennbiM 00pa3oM BCTaeT BOMPOC
00 MCCJIeOBAHNN BO3MOYKHBIX WHTETPUPYEMBIX cllydaes. VI3BeCTHO, 9TO B 3TOil
3ajaue CyIIECTBYIOT aHaJoru ciaydaes Sitnepa u Jlarpamka. Opnako ciaydaesn
HETPUBUAJILHON MHTErpupyeMocTu (ckaxem, anajora ciaydas Kosajesckoii) noka
0OHAPY2KEHO He ObLIIO.

B nacrosiieit pabore paccMaTpuBaroTCs 3a/a4n aHaJIu3a UHTEIPUPYEMbIX CJ1y-
qaeB ypaBHEHW JIBUKEHWsI TeJia JUTHICOMIAIbHOM (HOpMbI (B 9acTHOCTH Tapa)
Ha IJIaJKOH TOPU3OHTAILHON TIJIOCKOCTH.

II3BeCTHRI pasHble METOB! JJI U3YYeHNsl NHTErpupyeMbixX caydaes. OgHnmu
13 HauboJIee NMPOJABUHYTHIX M HAIJIAJHBIX SBJISIOTCS METOJbl TOHOJOIMYECKOrO
AHAJIM3a: C [OMOIILI0 3TUX METOJIOB UCCJIEYIOTCS MePeCTPORKY MHBAPUAHTHbLIX
muoroobpasuit (meroy C. Cmeiisia), ¢TposiTest TOLHOJIOMMYECKUE HHBAPUAHTHI (Me-
o510 A.T. Domenko).

Jlyist loKas3aresibcTBa HEMHTErPUPYEMOCTH 3aJlaui (B CJIydasX, OTINYHBIX OT
aHaJoroB ciydaen ditepa n Jlarpanka) ncnosnnsyiores merossl B.B. Koziosa,
C.JI. Burnuna, Mopanuca-Pynza—Pamuca.

Dror Boupoc Obul uceiegosan B pabore [14], [83], B koropoii B iepBom 1pubiin-
YKEHUM 110 MAJOMY HapaMeTpy HailJIeHbl HEOOXOIMMbIE YCJIOBUSI MHTEIPUPYEMOCTH.
Bonpoc, sBistioTcst Jin HaliJIeHHbIe YCJIOBUs U JIOCTATOYHBIMU JIJIsi UHTEIPUPYEMO-
cru, paceMarpuBadicst B paborax [29], [8]. B auccepranuu Bo Bropom npubsinzkenun
Hailiennbl 6oJIee CHIILHBIE U TPOCTHIC HEOOXOANMBIE YCIOBUS HHTETPUPYEMOCTH, 9TO

MPUBOJIMT K BBIPOXKJICHUIO B JIAHHON 3aja4e JIJIsi IepBOTO MPUOJIMMKEHNST CIIyvast



Kuebma B TpuBraJibHbIN ciiydail Ditaepa. s ciaydasi, Koriga MoBEepXHOCTh TeJsa
- wap, merojamu jguddeperipaibHoi reopun ['ajya J0Ka3bIBa€TCs OTCYTCTBHUE
HETPUBHUAJIBHBIX CJIyYaeB UHTEIPUPYEMOCTH.

O630p pe3yabTaToB

1) Jdan 0630p pasinaHbIX METOJIOB JIOKA3ATEILCTBA HEMHTEIPUPYEMOCTH CH-
creMm gudpepeHInaabHbIX YpaBHEHN, TPUMEHSIEMbIX B 3a/la9aX MEXaHUKH.

2) st ypaBHEHWt, ONMMCHIBAIONIAX JBUKEHUE TSIXKEJIOr0 JANHAMUIECKH CHM-
METPUIHOTO JIINTICONIa Bparenus (anajor ciaydas Jlarpamka), ObLIO BBITOJIHE-
HO:

- nocTpoeHbl budypKanronubie JuarpaMmmbl CMeiisa, OnucaHbl 1epecTPORKM
TOpoB JInyBuJLIs;

- WCCJIeJIOBAHBI U309HEPreTUYECKUEe MHOT000OPa3usi.

3) uist ypaBHEHWI JBUYKEHNST TKEJIOTO TPEXOCHOTO JIIUICONIA ¢ MAJBIMU
BO3MYIIEHUSIMHU TIOJIyOCeH, JIJIsi KOTOPOIro IEHTP MacC COBMAJIaeT C reoMeTpude-
CKUM IIEHTPOM, OBIJIO MOJIyYeHO HEOOXOIMMOE yCJIOBUE CYINECTBOBAHUS JIOTIOJIHM-
TEJILHOIO MEPOMOPGHOI'O MHTEI'PAJIA.

4) st ypaBHEHUIl JIBUKEHUsI TSXKEJIOIO JIMHAMUYCCKU U P€OMETPUYECKH CHM-
METPUYHOIO SJLIMIICOUJIA, JIJIsi KOTOPOI'O IJIABHbIE [EHTPAJIbHbIE OCH MHEPIUU CO-
HATTPABJIEHBI C TVIABHBIMU OCSIMU SJIJITICOUIA-TTOBEPXHOCTH W IIEHTP MaCC KOTOPOTO
JIEXKAT B 9KBATOPHUAJIHLHON TJIOCKOCTH JLIUIICOU1a-TIOBEPXHOCTH, OBLIN TTOJIYIeHbI
HEOOXOIMMbIE YCJIOBHSI CYIIECTBOBAHMS aHAJINTUYIECKOTO MHTErpaJa.

5) st ypaBHEHUI JIBUXKEHUsI TSKEJI0r0 HEOJHOPOIHOIO 1apa ObLIU 10J1y de-
Hbl HEOOXO/IMMbIE U JIOCTATOUYHBIE YCJIOBUs TOIO, YTO CUCTEMa YPABHEHUI JIBUXKE-
HUsl sIBJISIeTCs ajrebpandecKu BIIOJIHE UWHTEIPUPYEMOIA.

Coaep>kanne paboThbl

[uccepranns COCTOUT W3 BBEJIEHUSI, MTATH TJIAB, 3aKJIOUEHUS] U CIIUCKA JINTe-

paTyphl.

Bo BBesennu onncana npejaMeTHasi o0JIacTh U IeJb HACTOSIIIEH JIMCCePTAINN,

4



JlaH KpaTKuit 0030p paboT, CBI3aHHBIX C UCCJIEJIOBAHIEM UHTETPUPYEMbIX U HEWH-
TerpupyeMbIX 3a/iad B JIMHAMUKE TBEPJIOrO TeJia U IPUBEJICHO KPATKOE COJepKa-
HUE JIMCCEPTALIMN.

CraBurcs 3aj1a4a UCCIE0BATh OOHAPYKEHHbIE MHTEIPUPYEMbIE CJIydan J1Jisi
ypaBHEHU JIBUYKEHWSI, ONUCHIBAIONINX JIBUKEHUE TeJIa JLIUICOUIATLHON POPMBI
0 TJIAJIKOM MOPU30HTAIBHON TIJIOCKOCTH, & TaK»Ke HANTH YCJIOBUSI, IPU KOTOPHIX
MHTETrpaJibl CYIIecTBYIOT. EcTecTBeHHbIe MHTErpUPyeMbIe CIydan, KOTOPhIe 3/1eCh
BO3HUKAIOT, - 3TO CJaydail Jitjiepa, KOTJa SJJIUNCON BHIPOXKIAETCS B IMap C COB-
HAJAMOIIMMKA PFEOMETPUUECKUM LIEHTPOM U LIEHTPOM Macc, u Jlarpanzxka, Korja 3J-
JIMIICOMJI JIMHAMUYECKH U reoMeTpuiecku cummerpuder. [Tocko/ibKy B u3BeCTHOI
JIMTEpaType JIBUXKEHME aHaJora BoJdka JlarpaH»ka He paccMaTpuBaJiOCh, TO UMe-
eT CMBICJ HAaYaTh PACCMOTPEHUE UMEHHO € TOTr0 CJIydas.

B nepBoit riiaBe jaercst 0030p pa3andHbIX METOHI0B, UCIMOJI3YEMbBIX MPH JIOKA-
3aTeJILCTBE WHTErPUPYEMOCTH U HEMHTErpupyeMocTn JndepeHnnajibHbiX ypaB-
HEHW.

Bo BTOpOil rj1aBe paccMaTpuBaeTCsl JBUXKEHUE TSXKEJIOIO TBEPJIOIO JUHAMU-
YECKU ¥ I'€OMETPUYECKH CUMMETPUUYHOIO JLIMIICOM A CO CMEIEHHbIM BJIOJIb OCH
CUMMETPHUH [EHTPOM MACC Ha IVIAJIKOH POPU30HTAJIBHOM 11J10CKOCTH. COryIacHO Ipo-
rpammMe Cwmeitsia 110 MCCJIEOBAHUIO MAMMJIHBTOHOBBIX CHUCTEM C CHMMETpPHeEil pac-
cMmaTpuBaeTcs otobpaskenne MomenTa. CTposiTCst U KIaCCUPUIMPYIOTCS TIPUA pas-
JIMIHBIX 3HAYEHNSIX TapaMeTpoB OndypKalnonubie JuarpamMbl. st Kaxkioii 00-
jgactu OudypKaAIMOHHOR JMarpaMMbl yCTAHABIMBACTCS YKUCI0 TOPOB JInyBuiiis,
U3Y9al0TCA HePecTPoiKu 9mux TOpoB. ONUCHIBAIOTCS OCOOEHHOCTH OTODPAXKEHHUsI
MOMEHTA, JIJIsi KaXK/0I'0 3HAYCHHUs] [IapaMeTPOB U3y4daloTCst 0OCOOEHHOCTH paHra 1 u
2. Kpome Toro, B ciiydae, KOIJia, HEHTP MaCcC COBIAJIAET C Fe€OMETPUICCKUM, CTPOSIT-
cst 1 KJtaccnpunnpyrorcs ondypKamnoHHbIe JuarpaMMbl B TPEXMEPHOM MTPOCTPAH-
CTBE, a TaKXKe MCCJIEAYIOTCS TEePeCcTPONKN TaK Ha3bIBAEMbIX M309HEPTeTHIECKUX

MHOT00Opa3uii.



B Tperbeit riaBe paccMaTpuBaeTCs SJLIUNICONT, OJIM3KNI K TT1apy, ¢ MaJio OTJIN-
HAIOIMMUCsS 0J1yocsimu. B 9rom catyuae, B [14] 6b110 Jl0KA3aHO, 410 HEOOXOJUMbIE
YCJIOBHS CYIIECTBOBAHUS JIOIOJHATEILHOIO HHTEIPaJia TAKOBDI:

(1) Henrp Mace siumMIconjia COBIAJAET ¢ €10 FeOMETPUUECKUM [EHTPOM

(2) I'maBHbIe MEHTpaNbHBIE OCH WHEPIWN SJIIANCON A COHATPABICHBI C TJIaB-
HBIMHW T€OMETPUIECKUMU OCSIMU JLIUTICOUIA-TTOBEPXHOCTH

(3) Bermosreno yeanosne Kiebra:

Jl(BQ — Bg) + JQ(B?, — Bl) + J3(B1 — Bg) = 0, roe Ji, Jo, J3 - MOMEHTHI
uHepiuu Tesia, By, By, By - riiaBHbIE 1HOJIyOCH JLIMIICOM/IA - IOBEPXHOCTH.

BeraBaJi Bonpoc, siBJsIeTCst Jid JJAHHOE YCJIOBUE U JIOCTATOYHBIM. B oTimuaune or
paborbl [14], B juccepraiuu 6epercs: He rOMOKJIMHUYECKOE YACTHOE PELICHUE, a 3J1-
muntudeckoe. Merojom jguddepennnanbuoit Teopun [ajya HaxXoasaTCs yCIOBUS,
MIpM KOTOPBIX Tpytia [anya st JTMHeapu30BaHHOIO B TIEPBOM MPUOJIMKEHUN BO3-
MYIIIEHHOTO ypaBHeHUs Oyjer abesena. [lockobKy prMaHOBa MTOBEPXHOCTH YaCT-
HOT'O PEITIeHUsT - 3TO TOP C OJIHON 0CODO TOUKOI, TO JIJIST HETO YCJIOBUS TEOPEMBbI
MopaJsinca-Pyusa Pamuca 9kBuUBaJICHTHBI OJIHO3HAYHOCTUA PEIIEHUs IIPU 00X0jie
0KO0JIO 3TO# 0cobo#t Touku. Takum 0Opa3oM, MOXKHO HMCCJIE/IOBATH YCJIOBUS Bbl-
nosiHeHusi recta KopasieBckoit IlensieBe B okpectHocTn 310#t 0coboit Touku. B
MEPBOM NPHUOJIMKEHUN TTOJIYyIAI0OTCsT YKe N3BECTHRIE pe3ysihbTraThl. Bo BTOpoM mnpu-
oskennn ycaorue Kiiebima BhIpOXKIaeTcsi B TPUBHAJIBLHOE YCJIOBHE: BCE TIOJIYOCH
SJUIUTICOUJIA PABHBI.

B ugerBeproil riiaBe paccMaTpUBAETCH JUHAMUYECKA M DEOMETPUYECKH CHM-
METPUIHBIA 3JUIMIICOU/I, JIJIsi KOTOPOIO IJIABHBIE EHTPAJIbHBIE OCH MHEPIIUU COHA-
IPABJIEHDBI ¢ TJIABHBIMHU OCSIMU SJIJIAIICOM/IA-I0BEPXHOCTU U HPUA ITOM LEHTP MaCC
JIEXKUT B 9KBATOPUAJILHOHN IIJIOCKOCTH SJLIMIICOR/IA-IOBEPXHOCTH. Bepercst craiumo-
HapHOE pPereHne, KOTOPOe COOTBETCTBYET BPAIEHUIO Tejia BOKPYT BEPTUKAJIbLHOMN
OCH, TIPOXOJISAINEH Yepe3 IEeHTP Macc. 3aTeM yPaBHEHUs JIBUKEHUS pPacCMaTpUBa-

I0OTCST B OKPECTHOCTH 3TOTO PEIIEHNs U B 3TOW OKPECTHOCTN aHAJN3NPYETCs CTPOoe-
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Hue HopMaJbHOM popmbl. HeobxomnuMbie yCIOBUST HHTETPUPYEMOCTH TTOJIYYal0TCs
npumenenueM reopembl B.B. Kossosa [28], [11].

B usiroit riase npumensiercst meroj; Kosasesckoit  JIsinynosa Morujibr jijisi
yPaBHEHUI, OLMCHIBAIOIIMX JIBUXKEHKE IIapa C IIPOU3BOJIbHLIM PACIPEICICHUEM
Macc Ha TJIaJIKOW TOpM3OHTaJILHON 1iockocTr. IlocienoBarenbHo paccMaTprBa-
I0TCSl TPW PAa3JINIHBIX JaCTHBIX perneHus. s KaXkoro 3 HUX NPUMEHSeTCs
metoj1 Kosasnesckoii—JIsimynosa—loru b, nmociegoBaTebHO MOJIydal0Tcs Heob-
XOJIMMBIE YCJIOBUsI MHTErpUpyeMocTu. B KoHeuHoM wnToTe, TOJIydaeTcst, UYTO TH
YCJIOBUsI OKA3aJIMCh HACTOJIBKO YKECTKUMU, YTO CYIIECTBYIOT JIMIb aHAJOIH CJIy-
qaep Jityiepa u Jlarpanxa.

B zakJjiroueHnn KOpoTKO ¢HOPMYJIMPOBAHbI OCHOBHbBIE PE3YJIbTaThl PAOOTHI.

Pesynbrarer onybankoBanbr B paborax [25], [24] n gokmagbBagnch Ha ceMuHa-
pax U KOH(EPEHITUIX:

e Cemunap "CoBpemennbie reoMeTpuueckne MeToanl" Kadeapnl auddepeHnainHoil reo-

MeTpuu u npuiaoxkennii Mex-mata MI'Y mox pykoBogcTom mpod., akagx. PAH A.T. @o-

MeHko, npod. A.B. Boscunosa, npod. A.C. Mumenko, gon. A.A. OmemkoBa, JoII.
E.A. Kyapssuesoit, 14.02.2007

o VI Mexk 1yHapOAHbIH CUMIIO3UYM 110 KJIACCHYeCKON n HebecHoit mexanuke, Benukue Jly-

kn, 01-06.08.2007

o X MexyHapoaubiii cemuHap "YceToWdnBOCTh W KOJI€0AHUST HEJTMHEHHBIX CHCTEM yIIPaB-

semms", Mocksa, 01-05.06.2008

o Cewvwmnap "l3bpaunnie 3amaun guHamMukn' kadegapbl TEOPETHUIECKON MEXAHWKH U Me-
xaTporukn mex-mata MI'Y mox pykoBojgctsom npod., wi.-kopp. PAH JI.B. Tpemena,
16.10.2008

e V Mexaynapomaas koHdepenmust "llonasxoBckue uarenus", Cankr-IlerepOypr,

03-06.02.2009

e Cemunap umenu B.B. PymsuueBa xadeapbl Teoperndeckoii MEXaHUKH U MEXaTPOHUKH
MeXaHHKO-MaTemMaTndeckoro gakyabrera MI'Y nox pykosomcrsom npod. A.B. Kaparne-

tsiHa, w1.-Kopp. PAH B.B. Benenkoro, npod. f.B. Tarapurosa, 08.04.2009
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['naBa 1

O0630p MeTOoI0B, UCIOJIb3YEeMbBIX JIJIs
1CCJIe0OBAaHNS NHTETPUPYEMOCTU 1
HenHTerpupyeMocTu anddpepeHnuaibHbIX

ypaBHEHUN

1.1. Marerpupyemocth muddepeHnmaJIbHBIX YPaBHEHMIA.

3ajiaua 1MONCKa, MHTETPUPYEMBIX CJIy9aeB B JIMHAMUKE TBEPJAOTO Teaa Oeper
cBOE HauaJjo ¢ pabor Dditynepa, Jlarpanxa, Ilyanco n ap. BoJsee nogpobroe onnca-
HUE M3BECTHbIX MHTEIPUPYeMbIX ciydaes cM. B paborax [8],[38]. Hosblii noxo,
CBAI3AHHBIH C M3YUYEHUMEM TOIOJOIMYECKOrO aHaamu3a HGeper cBoe Havdaj o ¢ pabor
[44], [56], [2]. duist uHTErpUPYEMbBIX M'AMUJILTOHOBBIX CHCTEM C JIByMsl CTCHEHSME
cB06OIBI B paborax [52], [5] Oblia mocTpoeHa Teopst, MO3BOJISIONIAS B HHBAPHAHT-

HOM BUJIE X KJIACCUPUITUPOBATH.

1.2. Hemnrterpupyemocthb anddepeHnmnaJIbHBIX YPaBHEHNIA.

Hapsiiy ¢ MmeTogaMu nccjiejloBaHnsi MHTErPUPYEMBIX CUCTEM pa3padaThiBAJIUCH
¥ METOJIbI JIJIsl JIOKa3aTeJIbCTBa TOTO, YTO MHTEIPAJIOB JIJIs JaHHBIX JuddepeHim-
aJIbHBIX ypaBHeHuii He cyliecTryer. Hanbosiee npocToii crocod moncka mHTErpa-
JIOB - 1IOUCK MHTEIPAJIOB OIPEJIEJEHHOr0 Bujia (HAIPUMED HOJIMHOMOB) METOJI0M
HeotpejiesieHHbIX Ko3dg dunmrerToB. Tak ObLIK 110J1yUeHbl MHOI'ME HHTEIPUDPYEMbIE
caydau, nanpumep, [45]. CymecrByer MHONO pasjiMuHbIX TEOPUil, KOTOPbIE M03BO-
JISIIOT JIOKA3aTh HEMHTEIPUPYEMOCTb. MOXKHO MOIBITATHCS UX PACKIACCADHUIUPO-

BaTh CJIEIYIOMIIM 00pa30M:



1. JIokasbHBIE METO/IbI, OCHOBAaHHbIE HA aHAJIN3€ YPaBHEHWIl, JIMHe-
apM30BaHHBIX B OKPECTHOCTH M3BECTHOTO TOYHOTO pereHus (A. Ilyan-
Kape)

[Tyankape B cBoeit krure [39] pazpaboraj TEOPUIO HEMHTEIPUPYEMOCTH JIjist
KJIACCUIECKUX 3ajiad MexaHukn. OTrnpaBHOI TOYKOW SIBJISAIACH JIMHEAPU3AIIUSI
yPaBHEHWH OKOJIO YaCTHOTO PEIeHwsl.

1) Jlemma Hyanxape([39]). Ilycrs [ = I(X)—mepBoiii HHTErpaj CHCTEMbI X =
= f(x), Torga jjist Beex pernennii Xo(t) Boipaxenne J =< DI(Xg), u > siBisiercst
JIMHEHHBIM 3aBUCSIIAM OT BDEMEHHU [IEPBbIM HHTEIDAJIOM YPABHEHUS B BApUAI[MSIX
u= Df(X())

JIuHeiHy o cucreMy UCIOJIB30BATH MPOIIE, YeM HEJIUHEHHY O, 1109TOMY JIOKAJIb-
HYI0 HHTErPUPYEMOCTh (T.e. pernosiarasi He3aBUCHMOCTh HHTEMPAJIOB Ha YaCTHOM
PereHni) MOXKHO JIOKa3biBaTh, HAITPUMED, Ha OCHOBe Teopnn [asya.

2) Memod Ilyankape das sexosozo muoocecmsa.([39],[27], [29]) B oit e kun-
re [39] s JoKa3aTebCTBA HEMHTErPUPYEMOCTH TJIOCKOH KPYTOBOW OrpaHuveH-
HO# 3ajiaun Tpex Tes [lyankape ucnojib3oBasi ciaepytomuii meros. Ilycrs M =
=D xT" (D obpacrs B R" = {I}) cHabKeHO CTaHJIaPTHON CUMILIEKTHYECKOI
crpykrypoit dI Adp, u nycrs H : M X (—¢€p, €9) — R anasuruveckas yHkiiusi
takast, aro H(I,p,0) = Hy(I). Ilpn € = 0 umeem MOJTHOCTHIO MHTEIPUPYEMYTO

cuctemy ¢ ramuiabTonnanom Hy. PaccmoTpum nosmnyio cucremy:

oH | O0H

5,0 = gp HIwg=H(D)+ei(Lo)+0(E)  (21)

I =

<im,p>

Paznoxkum dyukiwo Hy (1, ) B pag Oypee Hy = Xpeznhp(1)e
Onpedenernue: Muoxecrso Ilyankape — 910 MHOXKecTBO 3Haudenuin I € D,
JUIsL KaXKJIOIO U3 KOTOPBIX CYIIECTBYIOT 1 — 1 JIMHEHHO HE3aBUCUMbBIX BEKTOPOB
k1, ..., ky_1 TAKHX, 9TO
1) < ks,w(l) >=0, 1<s<n-1; w=>2%D

2)hi (1) # 0



Teopema: Oynkmun Hy n Fy 3apucnmbr Ha, MHOXKecTBe [lyankape.

Haunbiit mero); upumensiics B paborax [27],[29], [30], [43], rue neunrerpupye-
MOCTb JIOKA3bIBAJIACH ¢ UCIIOJb30BAHUEM BCIOJLY ILIOTHOCTH MHOXKeCTBa [lyankape.

3) Memod Iyankape das nepuoduneckux pewenud([39], [27], [29]).

Teopema: Ilpenmonoum, 910 TaMUIBTOHOBA CHCTEMa ¢ raMmujbToHnanom H
nmMeer p unrerpasios Iy = H, Fy, ..., F), nnddepenipann KOTOPBIX JMHEHHO He3a-
BUCHUMBI B KaXXJIOH TOYKE TPAEKTOPWH Mepuoanydeckoro perrennsi. Torma p 4+ 1 xa-
PaKTEPUCTHIECKNX ToKasaTeseil aroro perrenns pasibl (. Ecan waterpananr F
KOMMYTHPYIOT, TO CPeJi lHoKa3areseil 110 kpaiineir Mmepe 2p paBubl Hys110. Ilycrb
JlaHa TAMUJIBTOHOBA CUCTEMa ¢ P MHTerpajgaMu. Eciu OHM He3aBUCHMbBI HA [IEPUO-
JINYECKOM PeIleHrr, TOrjaa p + 1 MyJIbTUILIMKATOPOB PaBHbI 1.

[nobannHast HEMHTErPUPYEMOCTh JIOKA3hIBAETCST MyTEM YCTAHOBJICHUsT BCIOIY
TJIOTHOCTH HEBBIPOXKIEHHBIX MEPUOINIECKUX PEITeHUA.

4) Memod Iyanxape das dokasamesvcmea mMecyuwecmseosanus 00H03HAUHOLL
unmeepanos([39], [27], [29])

Ilycrs Doy = {1 € C" : Rel € D C R",|ImlI| < ¢}, Tc" = C*/2nZ"
KOMILJIEKCHBIH TOP ¢ KOMILJIEKCHO-YIJIOBBIME KOOPJMHATAMu (o mod 27, F/ Heko-
ropast okpecrnocts nyisist B C. Ilycrs H : Des X Te" x EE— C  ronomopduast
dyHKIHS.

[Ipn € # 0 permennst Bo3MyIeHHbIX ypaBHennit (2.1) yxe He OyayT, BOOOIIE
TOBOPST, OIHO3HATHBIMU. [IycTh Ay — HEKOTOPKI 3aMKHYTHIN KOHTYD Ha KOMITJIEKC-
HO¥ 110cKOCTH BpeMmeHu. Ilycrb Bee perienusi cucrembl ¢ pyHkinueit [amMuiibToHa
Hy(I) opnosnaunnl na komiuiekcoii miockoeru t € C: I = 10 ¢ = ¥ + w(I%)t.

CorsiacHo ussecrnoit reopeme Ilyankape, pemenue ypashenuii (2.1) moxHO

Pa3JIO2KHUTh B CTEIIEHHBIE PAJIbI
[=1"+el'(t) +O(), ¢=¢"+uwt+ep'(t) +O0(e?)

CXOZIAIIMECH TIPU JIOCTATOYHO MaJIbIX 3HAYEHUAX €, eCJin t € 7.
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Teopema: TlycTh 115t HEKOTOPHIX HavanbHbixX ganubx 10, o0 dynrkimsa 11 veos-
HO3HAYHA BJI0JIb 3aMKHYTOro KoHTypa ¥ € C{t}. Torja jonosHuresbHble UHTE-
rpaJibl 3aBUCUMbBI Ha 7.

Haunbiii Merog npumensiicsi B pabore [28], rue Gblia jlokaszaHa JIOKaJIbHasI
VHTErPUPYEMOCTH TP MAJIOM €.

(OCHOBHOI HEJOCTATOK JAHHBIX METOJOB — WX JIOKAJIBHBII Xapakrep.

2. Merog, uccjieJoBaHnsd BEKOBOIO MHOXKECTBA YAaCTHBIX HEBBIPOXK-
neunbix pertennii (A. Ilyankape, B.B. Ko3smoB)

Cornacno KAM Teopuu 1npu BO3MYIIEHUHM HEBBIPOXKJIEHHON IaMUJILTOHOBOI
CUCTEMbl YaCTHLIC HEPE3OHAHCHBIC PEIIeHUs COXPAHAIOTCs. Jallle BCero pesoHaHc-
HbIE YACTHBIC PELICHUsI pacloaraioTes B (pasoBoM HPOCTPAHCTBE BCIOJLY ILJIOTHO.
Eciu MBI JoKarKeM, 9TO HEBLIPOXKICHHBIE YACTHBIC PEIeHNsT PACTIONIOXKEHbI BCIOLY
TJIOTHO, TO ¥ MHTErPAJIBI OKAYKYTCSA 3aBUCUMBIMU y7Ke Ha BeeM (pa30BOM MPOCTPAH-
CTBe.

B ks1accuueckoit Teopuy BO3MYIIEHMIl ISt TAMUJIBTOHOBBIX CUCTEM 3TO MOXKHO
chopmyMpoBaTh TakK.

Ncnonb3yst Mablii napaMerp €, MOKHO HONBITATHLCS ¢ IIOMOILILI KAHOHUYe-
ckoit 3amenbl (I, wmod2m) — (J, ¥mod2rm) ynpocrurs cucremy (2.1). B no-
BLIX MEPEMEHHBIX CHCTEMY MOYKHO JIETKO MPOMHTErPUPOBATH. 3aMeHa OCYIIEeCTB-
JsieTcst ¢ ToMOIIbIo npousBosiieii Gyukiun S(p, J) =< ¢, J > +eSi(p, J),
v =085/0J, I=05/0¢p.

Iycrs H = Ho(J + €0S1/0p + ..) + eHi(p, J + ...) + O(€?).

Pasnaras Gynkuuu S(p, J), Hi(p, J) B psijbl Qypbe

Sl(% J) = Ekgzmsl(J)e<ik"P>, Hf(gp’ J) — ZkeZme(J)e<ik"/’>

U npupasauBas KoddgduimenTsl psijiob Pypbe juist JIeBOi U 1paBoit dacreit pas-

JIOZKEHU A, 1TOJIYIUM!

< w,@Sj/ﬁgo > —J'CJ(J) = (I)j(gﬁ, J), g=1..n,
11



e bynkims P;(y, J) n3BecTHA K JJAHHOMY 1Ay MPOIE/YPHI.

Ha dopmasibHOM ypoBHE Takasi 3aMeHa IIOCTPOEHA, OJIHAKO JIaHHBbIE Psi-
JIbl PACXOJISATCs M3-3a MaJibix 3HaMmeHareseil. Ha HekoTopoit runeproBepxHOCTH
< k,w(J) >= 0 dyukius S; bopmasbHO He OnpejeseHa (€I YUCIUTeIIH JIPO-
Geit, npejcrapisionie GyHKIMIO S; TOXKE He paBHbI HyJ0). 1acTo B COBOKYIIHO-
CTH 3TU MOBEPXHOCTU 00PA3YIOT BCIOJY MJIOTHOE MHOXKECTRO.

Teopema TIpeariosioRuM, YTO BHITTOJTHEHBI CJICIYIOIINE MTPEJITTOI0XKEeHNA:

(1) ravnabronnan H - anamurndeckas (byHKIAS

(2) HEBO3MYIIEHHAST CUCTEMA HEBBIPOXKJICHA

(3) muoxkecrBo Ilyankape TakoBo, 410 JiH00asi BELIECTBEHHO-AHAJIUTUYECKAS]
byHKIMsI, paBHas HYJI0 Ha HEeM, oOpallaeTcsi B HyJib BCojy Ha D.

Torjia Bo3MYyIIEHHAST CUCTEMa HE UMEET MOJIHOTO HabOopa MepBhIX WHTETrPAJIOB,
AHAJIUTHIECKIX TIO €.

3. Meroa, ocHOBaHHBIII Ha aHaJIM3€e OJHO3HAYHOCTU PpeIleHui
(C.B. KoBasiesckasi, A.M. JIanynos, X. Nomunga)

1) Keaszuodnopodnuvie cucmemu.

PaccmarpuBatorcsi Tak Ha3blBaeMble KBa3UOIHOPO/HbIE JnddepeHnaibHbIe
YPaABHEHMUsI, NMEIOIINE KBA3MOAHOPO/IHBIE PelleHus . TaKoi Tull ypaBHEHU MOJTy-
JaeTCsT TPU PA3JIOKEHNN MepOMOP(MHBIX YpaBHEHN B OKPECTHOCTH MEpOMOP(MHO-
ro gacTHOTO perennsi. MOXXHO SBHO BhIMCATH OOIee perenne Moy InBITNXCsT
ypaBHeHuit. M0OXXHO HAJIOXKUTH YCJIOBUSI, 9TOOBI 00Illee perienne OblIO 0HO3HAU-
HbiM. B arom 3akJjiouaercst npoueiypa Kosasesckoit JlsiyHnosa.

Ecin y KBa3noHOPOHON CHCTEMbI HMEETCsi KBA3UO,HOPO/IHBIA HHTErPaJI, TO-
rJia ero creleHb Oyjier pasHa nokasaressiv KoBajieBckoil (coOCTBEHHbIE 3HAUEHUS
Jlyueii, OlpejesisieMblX KBa3UOJHOPOJHbIMY pelieHusiMu). B arom 3akiiouaercs
Teopema, Mommbr.

[Iycth umeercst cucrema anddepeHnnaibHbIX YpaBHEHU I ¢ ToJ10MOPQHO TTpa-
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BOIl YaCThIO, MTpeJICTaBnMasd B BI/JIC
x = fOx) + fV(x)+ ... +fM(x) xeC” (2.2)

[Ipejiiosioxkum, 4ro ona joiyckaer nepsbiit uarerpas I(x) € C
Teopema ([31],[67], [91], [13], [16])
1°. Iycrs Gynxnun £9)(X) KBAZMOAHOPOMHBL, T.¢. MHBADHAHTHBI OTHOCHTEIb-
HO npeobpasoBanuii t — o0t, x; — 5pi+q(j)_1xi, 0 < ¢ < ¢, i < ju ypasuenue

% = £(O(x) nmeer Henyseroe vacTHOE periennue

xg-o)(t) =t ;€ Cop; €Z, j=1,...,n

20 TIpousBojHast HHTErpasa I(x) we paBHa HYJIIO HA 9TOM PEIIEHNH, & CaM OH
SABJISIETCS KBA3UOJIHOPOJHBIM MHOTOYJIEHOM.
Tora cupaBejiuBbl CJEAYIONINE YTBEPK JICHUSI:

1) marpuna Kopasesckoit K = 6;;?)(04) — diag(p) Jmaronanusupyema; o =

= (aq, a2, ..,0y), 0 = (P1, D2, -, Dn)

1 ee cOOCTBEHHbIE 3HAUYEHUS P;, Ha3blBaeMble 10Kazaressimu KoBaJieBeKoOil,
1esble;
[Iycts B; — cobcTBeHHbBIE BEKTOPHI MaTpuIlhl KoBasieBCKOIL.

2) perenne cucteMbl (2.2) wMeer BUJI
vi() =1 oy + Y c(nt)t="> | | j=1,..n, (2.3)
S

rje KOs UIUEHTDI Cjs ABJISIOTCA MOJUMHOMAMK OT Int.
3) cTernenn KBa3noIHOPOJHOCTH miepBoro naTerpata I (x) ectsh nokasaress Ko-
BaJIEBCKOWA.

Bamenvanue. Moxuo rpeboBarh, urobbl obiiee pemenue Buja (2.3) ObLIO 0)1-
HO3HAYHBIM, JIJIS 9TOIO HY>KHbI TAKXKE YCJIOBUS COBMECTHOCTH Ha, KOAMDMUITUEHTDHI
Cjs. Toraa cymmmupoBanue OyJleT BECTUCH 110 HEKOTOPOH PeleTKe MeprojioB, 110J1y-
qalomieiics n3 ycaoBUil pe3oHaHca Ha nokazarean Kopajepckoit. B sarom 3akiio-

qaeTcst TpoBepKa ypasHenuii (2.2) na recr Ilensere [16].
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2) Keasuoduopoduvie cucmemol ¢ MaAbLM NAPAMEMPOM.
IIycrs umeercst cucrema juddepeHipaibHblX YPaBHEHUE ¢ roJOMOPQHONE 1

AHAJIMTUIECKOR 110 € IPaBO#l 4acTbio (€ MaJiblil Hapamerp)
X =fOx)+efV(x) + P (x)+ ..., xeC” (2.4)

[Ipepnonoxxum, aro ona jonyckaer 0 < k < n — 1 unrerpaJjos, IpejcraBJIeHHbIX

B BUJIE

F=FO0 4 V4 2F® 4 FecCk (2.5)

[Iycrs I Kk mHTerpajioB HEBO3MYILEHHON CHCTEMbI, COOTBETCTBYIOIIME HYJIEBOMY
3HAYCHUIO € B passioxkenun (2.5).
zBecTra caemyromast TeopeMa, BOCXOsIIIast B naeiinom miaane Kk paboram Ko-
BaJieBcKoil n JIgamymnona.
Teopema ( [16] c. 245, npemnoxenne (4.11)).
19, Tycrs dynxmua £O)(x) ksasuopuopojua, T.e. HEBO3MYIIEHHAS CHCTEMA
MHBAPUAHTHA OTHOCUTEIbHO Npeodpasosanuil £ — 0t, x; — 0Px;, n ona umeer

HEHYJIEBOE DEIIECHNE

:c;m(t) =t a;eCpjeZ,j=1,....n

20 UnrerpaJo F(O)(X) PYHKIMOHAJBHO HE3aBUCUMbIE HA JTOM pEIICHUU
KBa3MOIHOPOJIHBIE MHOTOWIEHBI (T.e. paHT MaTpuisl Skobu st byHKImit FO)(x)
MaKCHMaJIeH Ha PereHnn)

39, @ywmkmmm £O(x) (i = 1,2, ...) —MHOrOUICHbI.

Torja cripaBe IJIMBbHI CJCJYIONINE YTBEPIK ICHUSA:

1) marpuna Kopasesckoit K = 6;;?)(04) — diag(p) Jmaronasusupyema; o =

= (ala Qa, .., an)ap = (p17p27 7pn)
1 ee coOOCTBEHHbBIEC 3HAYEHUsI p;  Hokazaregn KopaJeBckoii, —1esible;

Ilycts B; — coberBennbie BEKTOPHI MaTpuiibl KoBasieBckoil.
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2) permenne cucrembr (2.4) wMeer Bu
x(1) = xO(t) + exV () + xP(8) + ...

rje

i—0+1 ,
_ o sii(DInd (1), ecmi >0 —1
X(Z)(t) — ! j=0

(2.6)
sio(), ecam 1 < £ —1

u s;;(1)  cymmbl ognOowIeHos 1o £, ¢ mapamerp, KOTOPbLil COOTBETCTBYET 4jIeHy

HAUMEHbILErO OPsiJIKa 10 €, rje Tpedyercs Jjorapudmudeckast nomnpaska (ec/u

coorHotenue (2.6) we copepxkur sorapudmoB BoobIe, TO Oyjaem cuurarh { =

= 00).

3) BBITIOJIHEHB! k yCIOBWIL:

o1

< 8—X(X(O)),Sg1 >=0 (2.7)

Bamenwanue. Yrrepxkaenne (1) cocrapaser reopemy Wommapbr [91], koTopast
pritekaer u3 yeaosuit 19 20 (em. npeapuymmit nynkr). Yreepxkenne (2) Boi-
BOJAMTCS METOJIOM BapUALMK TPOU3BOJIbHBIX HOCTOSHHBIX [PU y4eTe MACIITAOHO-
MHBADMAHTHOCTY ypasHennit n yeaosust 3°. Yreepxenne (3) noayuaercs nojcra-
HOBKO# passioxkenust (2.6) B unTerpasbl (2.5) U UX pa3IOKeHUEM B Psijl [0 CTe-
nensim €. Tam, rie Brnepsbie BerpernTes jgorapudm, Oyaer BeTBIEHWE DEIeHNs,
9TO TPOTUROPEUNT OJHO3HATHOCTH MEPBHIX WHTerpaon. M3 yeaorus 2V cuemyer,
aro sikobnan 3amennl F = F(I) cymecTByer u HEBBIPOXKIEH (det%—l; # 0) Ha pe-
IMEeHUH, TIO3TOMY MOXKHO paccMarpubarh coornomennst st I smecro F. Orcrona
¥ CJIEJYET UCKOMOE YyTBEP2KJICHUE.,

3) Cessv memoda Kosanescroti Jlanynosa Howudv ¢ nopmarusayuets obvik-
H0GeHH020 UPPHEPENUUANLIO20 YPAGHENUA 6 OKPECTMHOCTIU 0C060T MoK,
Bamenoii nepemennbix (X,t) — (£,7), rie x; = 9, t = € MOXKHO npeob-

pazoBaTh KBa3nogHOpoaHOe Mrddepenimaibioe ypaBHenune (2.2) B ypaBHeHWe B
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OKPECTHOCTH TIOJIOXKEHNS PABHOBECHS, MMEIOIIee CJIeIYIOMWi BUI;
/
¢ =KE+ ... (2.8)

rie K - marpuna KosajieBcKoii.

Bee yrBepkjieHnst NPEAbIIYIIUX TEOPEM MOXKHO C(HOPMYJIUPOBATH B TEPMU-
Hax ypashenus (2.8). B uacrnocru, ycsiosue Bbinojinenust recra [lensiese Gyjer
O3HAYATH JIMHEAPU3YEeMOCTh cucTeMbl (2.8).

4) Aunzebpaunecku 6noane unmezpupyemole cucmemol, c6asb ¢ mecmom Ilen-
NEBE.

MoxHO paccMaTpuBaTh Takne cuctTeMbl JudhepernnaabHbIX YPaBHEHN, 1151
KOTOpbIX cBoiicTBO IlenseBe Beerjia BoiojiHeHo. B obineM cjydae OHO He BBIOJI-
HSIETCsl, HALIPUMED, JiJisi CUCTeMbl ¢ ramusibronuanom: H(p, q) = %2 + Vi.(q), rue
V,(q) - MHorowsien crenenu Gosbineit, yem 4.

CucreMbl, JIJisi KOTOPHIX 9TO YCJIOBHUE BBITIOJIHEHO, HA3BIBAIOTCS aJiredpaniecKn

BITOJIHE MHTETPUPYEMBIMHU CUCTEMaMu (a.B.1.C.).
x={H,x}, xeR", (2.9)

H - neitcTBUTEABHBIIN MHOTOUJIEH 110 X.

[lycre F, ..., F), - nommaombr Kasnvmpa mist (2.9) n Ha WX ypoBHE chucrema
HEBBIPOXK JICHA.

TouHoe onpejieseHue TAKOBO:

Onpedenenue([57]) Tamuibronosa cucrema (2.9) HazbiBaercst ajrebpanvecku
BITOJIHE MHTETPUPYEMON CHCTeMOil (a.B.1.C.), eciu:

(1) ITomnumo mommuomos Kasumupa Fi, ..., Fj, cucrema wmeer m = (n —
— k)/2 JMONOJTHUTENHLHBIX HE3aBUCHMBIX TTOJHHOMUATLHBIX MEPBHIX HHTErPAJIOR
Fri1, ..., Fypn B MHBOJIIONNET TAKWX, 9TO JIsA & = (a1, ..., Qg+m) € R™ uHBapHaHT-

HOEe MHOrooOpasue

CRl=IxeR": F(x)=a;,i=1,..k+m}
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SIBJISIETCST 00'beJIMHEHNEM JIeHCTBUTEILHBIX TOPOR;
(2) Jyist BEKTOPHO# LOCTOSIHHON @ cyliecrByer abesieB Top T2 ¢ KOMILIeKC-
HBIMU KOODJMHATAMU Tq, ..., Ty U N abesieBbiMu QYHKIUAMYU Z = Z(T1, ..., Tpy),

APaMETPU3YIOIIMMU HEKOMIIAKTHBIE MHBADUAHTHBIE MHOrOOOpa3usi
C .
Cyr={zeC":Fi(z)=a;,i=1,..k+m};

(3) na Gg KOMILJICKCHDBIH MaMUJIBTOHOB IIOTOK $BJISCTCH JTUHEHHBIM U MOXKET

ObITh 3allMCaH B BUJIE
T = pi, 1=1,...,m (u; = const).

Takum 06pa3oM, OPEJICJICHNE A.B.U.C. TOBOPUT, U4TO JIJIsi IOUYTH BCEX 3HAYCHUH
HOCTOSIHHBIX [i; TOBEPXHOCTU YPOBHEN 1IE€PBbIX UHTEI'PAJIOB B JIEHCTBUTE/ILHON 00-
JIACTHU SABJISIIOTCS JICHCTBUTE/ILHBIMU aJIreOpanvyecKuMiu TopaMyu U 9To JIF0OO0i Jieii-
CTBUTEJILHBIN TOP SBJISIETCS YaCThi0 KOMILJIEKCHOIO TOpa, HA KOTOPOM JIBUYKEHWE
¢azoBOrO NMOTOKA JIMHEIHO.

Teopema (o c6a3u a.6.u.c. u mepomopdrocmu sokarvroir pewenud) ([58])

Eciu cucrema (2.9) siBiisiercsi ajirebpanyecku BIOJIHE UHTEIPUPYEMOIl cucre-
MO# ¢ k abejieBbIMU (PYHKIMSMU, TO 3Ta CUCTEMA JIOIYCKAeT CYIIECTBOBAHUE pe-
IIEHU B BUJIE JIOKAJIbHBIX PA3JIOXKEHUI B psijibl JIopaHa ¢ BO3pacTalonuMu crere-
asiMu 1 k — 1 ¢cBoboHbIM apamerpom (T.e. k — 1 ToJIoKUTEIbHBIM MTOKa3aTeaeM
Kosasesckoit):

(0.¢]
SUj(Tf) = P Q; + Z stt<p,s> , (210)

s=1

riae pj € N, ¢jg- nocrosnnbie.

5) Censv memoda Kosanescrotl Jlanynosa Howudv ¢ memodom dudepen-
yuarouur 2pynn Laaya.

B wmerose Mopasuca-Pyusa Pamuca (cm. 11.5) npu usydeHud HOpMAaJjibHOIO
YPaBHEHWsT B BapMaIWsIX PEIEHUsT PACCMATPUBAIOTCS JINTIH JIOKAJILHO, B OKPECT-

HOCTH UX OCOOBIX TOYEK. TOF,ZI;& MO>KHO 4BHO BBITTMCATH B KBa/JpaTypaX pelieHne
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BOKPYT TakKnx 0coObIX ToueK. C TOUKM 3peHusi (haszoBOro mpocTpaHCTBA PACCMAT-
puBaercst cdepa ¢ JAByMsI OCOOEHHOCTsIMU: HOJIb 1 OeckoHedHocTb. MeTos jundde-
peHIuaabHbIX rpymil Lajya 3iech He paboraer. OHAKO, HAJIOXKUB YCJIOBUST OTCYT-
CTBUSL BETBJIEHUsI, MOXKHO JIOKA3bIBATH HE MEPOMOP(HYIO HHTEIPUPYEMOCTh (Kak
B MeTosie Mopasnca-Pywsa—Pamvnca), a To, aro cucrema siisiercs anrebpandeckn
BITOJIHE WHTEIPUPYEMOIA.

4. MeTtoa, OCHOBAHHBIN HA MCCJIEAOBAHUN I'PYIIITbI MOHOJAPOMUM OJIs
CHCTEMBI, JINHEAPU30BAHHOI B OKPECTHOCTHU M3BECTHOTO TOYHOIO HECTa-
nunonapuoro perrerus (C.JI. Suraun)

B paborax C.JI. Bursuna [21] npejyiarajicst cjejyomui MeTol JOKa3aTellb-
CTBA HEMHTEIPUPYEMOCTH.

ITycTh naHa cucremMa KOMIJIEKCHBIX Jn(depeHnnalbHbIX YpaBHEHWH:
&= Xg(r), tcC, zeM?” H:M"-C (2.11)

(M2" — KomIIeKCHOE 2n-MepHOe aHAIMTHUECKOe MHOTO0Opasue).

[lycts 29 = @p(t) — wacTHOE perienue, He SIBISIONIEECs MOJOKEHNEM DaBHO-
BECHs, ¥ MyCTh PUMAHOBA MOBEPXHOCTH ' 9TOr0 perennst mapaMerpu30BaHa KOM-
IJIEKCHBIM BpeMeneM t. PacecmaTpuBaercst ypaBHeHHe B BADHAIMSX B OKPECTHOCTH

JAaHHOI'O 9aCTHOI'O pEIEeHM !

= Xy(e(t))n, nelr (2.12)

"®azosbim  npocrpancrsom"  cucrembl  (2.12)  sBisiercst  puMaHOBA
MOBEPXHOCTH [

Ecan cucrema (2.11) mveer JOMOJHATENBHBIC WHTEPAJIBI, HAXOJSIIECS B WH-
BOJIIOINH, TO MOXKHO TIOHU3UTh MOPSIOK cuctembl (2.11) Ha 9ucsI0 9THX WHTErpa-
JIOB ¥ BMECTO ypaBHeHWs B Bapuarmsx (2.12) MOXKHO mcciesoBaTh HOPMAJILHOE

ypastenue B apuanusx (2.13) (H.V.B.).

£=Al)E, Ae Mat(2m, K) (2.13)
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Hnst ypasrernnst (2.13) mosiem k03 dUIMEHTOB Beerga MOKHO cantarh K =
= M), rpe I’ =T pumanosa HOBEPXHOCTH YACTHOIO PELICHUSA ¢ MEPOMOPDh-
HbIMU OCODEHHOCTSIMU JIJIsl JIAHHON napamerpusaiuu [72].

Onpedenernue: Marpunein monojpomun M HasbiBaeTcs 3jeMeHT (yHIaMeH-
Tasproit rpynmst M € w(T, to).

CymecrBoBanue MepoMop@HBIX MEPBHIX WHTErPAJIOB HaKJIabIBACT OT'PaHUYe-
HUsT Ha TPYIIY MOHOJIPOMWH, 8 MMEHHO: TpeOyeTcs CyIIeCTBOBaHNe y Hee MHBAPH-
AHTOB.

Jemma Bueauna ([21]) Ecau ramusibronosa cucrema (4.1) umeer mepomopd-
HBII UHTErpaJ B HeKorpoil okpecrHoctu U € M?" takoit, uro dyHjiaMeHTaibHAs
rpyuna st I' nopoxkjena mnerisiMu, Jjexkaimumu B U, Torga gyHjaMeHTaabHas
rpynma M HOpMaJBHOTO YpaBHEHWSI B BApUAIMAX UMeeT PallMOHAJbLHBIA MepBbIi
naterpas: F(g€) = F(§),Yg e M, F € C(§).

['pynma MoHOIpOMUY B JAHHON JIEeMMe BBICTYMAET JIUIhH KaK WMEIOas NHBa-
pUAHT — 37eCh He YIUTHIBAIOTCS CBONCTBA MMEHHO CaMOl TPYIIBI MOHOAPOMUN,
BMECTO Hee MOXKHO ObL10 Obl paccMarpusarh Jpyryto rpyiity. B paborax [59], [61]
ObLIM JIETAJbHO MCCJIEJI0BaHbl I'PYIIIbI, UMelolue uHBapuanTbl. Hanbosee 1po-
CTBIE IPYIIIbI ¢ TAKMMHU CBOKCTBAMMU ObLIN MCCJIEJIOBAHDI €111e SULJIMHBIM B pabore
[21].

Onpedenernue: dnement g € M Ha3bIBAETCS PE30OHAHCHBIM, €CJIN JIJIsT €10 COD-
creennbix sHadennii  spectr(g) = (A, ALY ., Amy AL), A € C Brimonneno co-

OTHOILIEeHUE:

m

H )\éﬂ = 1, pua wekoropwix(ky, .., ky,) € 2™, Z k; # 0.
1=1 i=1

Teopema 3uzauna ([21]) Ilycrb raMuibroHOBA CHCTEMa UMEET HE3ABUCHMbIC
MEPOMOPQHbIE HHTErPAJIbl B OKPECTHOCTU YACTHOIO PellieHus (Ha CaMOM pelleHuu
WHTErpajibl MOryT ObITh 3aBUCHMBI), U rpymnna Moxoapomun H.Y.B. comepxur

Hepe30oHaHCHBII 31eMeHT ¢g. Torsa Jitobo# APYToit 3JIeMEeHT TPYTITHl MOHOJPOMUN
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MePeBOINT COOCTBEHHBIE BEKTOPKI d1eMeHTa ¢ B cebsi. B wacTHOoCTH, JI00BIE /1BA
HEPE30HAHCHBIX 9JIEMEHTa I'PYIIbl MOHOJAPOMUU KOMMY THPYIOT.

Meros, 3uriuaa Jiist J0OKA3aTeJIbCTBA HEMHTEIPUPYEMOCTH UCIIOJIb30BAJICS B
paborax [21],[92].

5. MeToj1, ocHOBaHHbBIiT Ha uUccJiegoBaHUM rpyninbl ['ajsya maas cucre-
Mbl, JINTHEAPU30BAHHON B OKPECTHOCTU M3BECTHOTO TOYHOIO HECTAIUO-
napuoro pemenns (2K.2K. Mopanuc-Pynus, 2K.I1. Pamuc).

Hpyroit nojixoj1 K mpobJjieMe HeMHTErpUpyeMoCcT OblJI TpPEJIJIOYKEeH B padoTe
[72]. B Heit BMecTo rpylilibl MOHOAPOMUM MCLOJIb3YIOTCs Tpyliibl [asya. Takoit
HOAXOJ] laeT Dojiee TOHKUI aHAIU3 PU U3YYEHUH HEMHTEIPUPYEMOCTH  (DaKkTu-
YeCKM ITO JIMHEHHbIH aHajor TeopeMbl ApHosibia JInyBuiisi 0 hazoBbix TOpax
(ycsioBust Ha CyIeCTBOBAHUST WHBAPHAHTOB JIJIst TPYIITHI ['aiya gaoT yCaoBus Ha
ee KOMMYTaTHBHOCTD ).

['pynmer Nasya n3yvars Jjerde, 1eM Tpynibl MOHOAPOMUW (TlepBasi Teopusi —
ajsredpamdeckasi, BTopast — reoMeTpuyecKasi; Bropas 0oJiee HarJIsIHa, HO JIJIsT Hee
HE CyLIECTBYET alapara Bblaucienust ). Teopust, 103BOJIsITOIIAsi HAXOJAUTH IPYIIIbI
MOHOJIPOMUU, K HACTOSIIIIEMY BPEMEHHU €I1e He IIOCTPOEeHA, YTO CBI3aHO ¢ HEPELIEeH-
HOCTBIO B 1OJIHOM Mepe 1pobiiembl Pumana Tuibbepra [55].

st Toro 9TobBI gaTh onpejesenve TPYNNbl [agya, Hy»KHO BBECTH MOHSITHE
pacmupenns [Inkapa—Beccno.

Onpedenenue: Pacmupernnem [Tukapa—Beccno (P.I1.B.) nias ypasuenns (2.13)
HA3bIBAETCS MUHUMAJIBLHOE 110JIe, CojlepKalilee Bce pelienus: ypashenust (2.13)

’

3aMKHYTO€ OTHOCHUTEJIbHO onepaiuu juddepeHinupoBaHusi:
PV = Ko[X11, X1, ., X, det 1 (X)]/1,

I = {max janddepenipanbupiii nieasn ypasuenus t, X11, X192, .., Xpn, X yH-
JTaMeHTajIbHAsT CrcTeMa permenuit (n = 2m).

Tak>ke pacCMOTPUM CJIEAYIOIIYI0 OAlHI0 KOHEYHBIX pPACITUPEHUil 1oJiei, mo-
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JIYHaIOIKWUXCA TIPUCOCINHEHNEM OJIHOT'O dJIEMEHTA.:
KiCKi  C..CK,, Kg=K(t), tic€ K (2.14)

Onpedesenue: Paciiupenue (2.14) nazbiBaercs

(1) Asrebpanueckum: t; — ajarebpanveckuii naj K;;

(2) TIpucoeunennem unrerpasa: t: e K

(3) Ilpucoemnnennem skcrnonentsr:  t,/t; € K;.

Onpedenenue: Pacrmvipennem JInysniis jyst ypasrenwsi (2.13) waswiBaercs
pacrpenue, yaoBaeTBopsioriee croiictam (1)-(3) mst (2.14).

Onpedenenue: Pacimupenuem QpyHKIUN, MHTErPUPYEMbIX B KBaJlpaTypax, Ha-
3bIBACTCS PACHIMPEHHUE, YI0BJIeTBOPsoNee cpoiicrBam (2)-(3) s (2.14).

Kitaccuueckoe onpejiesienue pyHKIUA, UHTEIPUPYEMbIX B KBaJIpaTypax B Tep-
munax pacmupenns [Inkapa—Beccno nmeer Bu:

Onpedenenue: Ypaprenne (2.13) Ha3pIBAETCST HHTETPUPYEMBIM B KBAJ[PATYPax,
ecam st Hero pacimupenne [Inkapa—Beccno copepkutes B pacimupenuu JInyBu-
JIst.

Or pacmupsitonuxcst noseit Iukapa Beccno nepexojst K cOOTBETCTBYIONIAM
cyxKatonumest rpyiiam [asya.

Onpedenenue: T'pyunoii Tasya ypasrenusi (2.13) Ha3biBaeTCsi MHOXKECTBO BCEX
JnddepennmralbHbIX aBToMopdu3MoB pacipenus [Tnkapa—Beccrno, KomMyTupy-
o1mx ¢ JguddepeHnnpoBaHeM.

QuemenT rpynnbl [ajya mepeBojuT perieHne B pereHue, mo3ToMy ero MoyKHo
MPEJICTABUThL B BUJIE MATPHUIIBI, TPUYEM 3TO TIPEJICTaBIeHNe HHBapUaHTHO. Mex 1y
noJisimu [ukapa Beccuo u paciiupenusimu Fasiya cyiecrByer B3auMHO-0JIHOBHAY-
HOE COOTBETCTBHE.

Teopema (Ocnosnas meopema meopuu lasya) CylecrByer B3auMHO-OJHO-
3HATHOE COOTBETCTBHME MEXKy HOpMaJbHbIME moarpynnamu H rpynm axya G

u nojnosiimu F' pacmmupennit anya PV
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(1) HC G — PVe: ={a € PV|o(a) =a,Vo € H}

(2) F C PV — Gal(PV/F) ={0 € G|o(a) = a,Va € F}

(3) F C PV ecrb pacmupenue lanya <= Gal(PV/F) unopmaibHast 1m0ji-
rpymna B G.

Hnst rpynn Tajya cymecTByeT pe3y/ibraT, aHaJOrMIHbINi JleMMe SUTJINHA, JIJIsT
rpymnn moroapomun. [Ipuregem ero ¢popmynpoBky:

Jlemma Mopanuca-Pyusa—Pamuca. Ecim ypasnernne (2.11) nmeer mepomopdd-
HBII MHTErpaJs B HeKoTopoii okpectroctn U € M?", to rpynna Lanya G Hopmaiib-
HOI'O YDABHEHUsI B BAPUALMsIX UMEET PAlMOHAJIbHbIN 1epBbiil unrerpas: F(g€) =
=F(&), Yge G, FeC().

Teopema Mopaauca-Pyusa Pamuca ([72]) Ecin ramuiibronoBa cucrema nmeer
MepoMopdHBIE HHTErPAJIBI B OKPECTHOCTH YaCTHOTO PENICHUST, TO CBA3HAsT KOMIIO-
nenrta rpynnbsl Lagya s H.Y.B. abenera.

Teopema MopaJinca-Pyuza—Pawmuca siBiisiercst 000011eHneM TeopeMbl SUTJIHA,
MOCKOJILKY TPYTITTa MOHOAPOMUN copep>knutcst B rpymme lanya M C G.

st MmHOrMX cucteM 00IEro Buja (HAIPUMED, JIJIs PAIMOHAJIBHBIX CUCTEM )
CYHIECTBYIOT II€JIble aJrOPUTMbI Bbluncenust rpyun Lasya [68], [69], [86], [87].

Merogom juddepernmaibibiX Pyl ObLIO PEHIEHO O0JILIIOE YKUCJIO 3a/a4
MexaHuKn: 3agada CuTHUKOBaA Jist Tpex e [72], [74], Teno ¢ HenmomBmxKHON# TOU-
Koit [78], obobrmentpiit cepraecknii MmasTauk [81], cyTHUK Ha Kpyropoit opbure
[79], wactrbie cayqan 3agadn N rem [77],[76], miaockas Kpyrosas orpaHndeHHast
3ajada rpex et [89], [88], [90], keabrekuii kKamenb [62], 3ajaun MaTeMaTn4ecKo
busznku [80].

6. Meron pacuiensienusi cenaparpuc (A. Ilyankape, B.K. Menbuu-
k0B, B.B. Ko3snos, C.JI. 3ursiuH)

PaccmarpuBaercst BO3MyIIeHHAsi TaMUJIBTOHOBA CUCTEMA, UMEOINasi B HEBO3-
MYIIEHHOM CJIy4ae FOMOKJIMHUYecKoe perrenne. [lpu Boamytennn mepnoimiaeckoe

perenne COXpaHseTcs, HO CemapaTpUCcHbIe TTOBEPXHOCTH B ODIIEM CJIydae COBIa-
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JaTh He OyyT. ajiee oObIvHO paccMaTpuBaloOT JiBa, pa3JUIHbIX BapraHTa METO/Ia
- JIeCTBUTE/bHBIA U KOMILIEKCHBIN. B jieficTBUTE/IbHOM MEeTOjie PacCMaTPUBACT-
Csl 1lepecedeHue yCTOMYUBBIX M HEYCTOMYUBBIX ACUMIITOTUYECKUX TTOBEPXHOCTEN,
B KOMILJIEKCHOM - UX camoliepecedenue. B kauecTBe Mepbl PaCCTOSHUS MEXK/1y HU-
MU Oepercst Tak HazbiBaeMmblit naTerpaJ Ilyankape-Menbaukosa. FEcin on paBen
HYJIIO, TO TIOBEPXHOCTHU TiepeceKatoTes. Kean cymecTByIoT TOnoJHATEIbHbIE NHTe-
IpaJjibl, TO OHW MOCTOSHHBI HA aCUMITOTUYECKUX MOBEpPXHOCTAX. Fenam onm mepe-
CeKaloTCsd, TO TIepeceKalTcs BCIO/Y TJIOTHO, OTKY/Ia W CJIeyeT HeCcyIeCcTBOBaHNe
UHTErpaJsioB.

1) Adeticmeumenvnuiti cayuat. [lycrb umeercst raMmuiibroHoBa cucrema X, ©
ramuiibronnanom Hy(z,y), umeronias runepbouieckoe M0J0KEeHUe PABHOBECHU s
¢ yacTHbIM periierneM (xg(t), yo(t)), ACHMITOTHIECKUM K 3TOMY TIOJIOKEHUIO PaB-
HOBECHS.

BosmyimenHoe ypaBHeHNE OMPEJIEISeTCsI TaMIILTOHNAHOM:
H(l’, yatn 6) = Ho(l', y) + 6[—Il(wa yat) + 0(62)'

Unrerpan [lyankape-Menbraukona:

o0

(to) = J {Ho, Hy}(xo(t), yo(t), £ + to)d.

—00

Teopema. Ecnm dyukuus pu(ty) vMeer mpocThie HYJIUW B HEKOTOPOil TOUKe, TO
ACUMIITOTUYECKUE TOBEPXHOCTH [1€PECEKATOTCH TPAHCBEPCAJILHO.

2) Komnaexcnoiti cayuail.

IIycrs My nByMepHOE KOMILIEKCHO aHAJIUTHYECKOe MHOroobpasue u X, KOM-
MJIEKCHOEe TaMUJILTOHOBO BeKTOpHOe moJe Ha M ¢ ramuiapTonnanom Hy. [Iycts B

KoopnHaTtax (z,y) Ha My cucrema Famusbrona

0oHy . OH

Yy = T or xr = 8—3/ (2.15)
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vMeeT rUnepboIMIecKoe MoJIoKeHne paBHOBecHst (g, Yo), T.e. COOCTBEHHbIE BEKTO-

pbl £\ UMEIOT HEHyJIEBbIE JICHCTBUTEIbHBIC YaCTH.

Torya cucrema (2.15) umeer cenaparpucHoe pelieHue:
Lot (zo(t), wo(t)) lim o(t) = o, lim Yo(t) = o (2.16)

Ilyctn

1) dynkiuu (xo(t), yo(t)) mepomopdubt npu t € C.

2) H(x,y,t,¢) = Ho(z,y) + eHi(z,y,t) + O(¢?)  BO3MyIIEHHE PAMUILTOHK-
ana Ho(z,y).

3) H(x,y,t) nepuondana ¢ mepruogoM w 1o t. Dra (DYHKIMs ONpejesieHa Ha
muoroobpasun M = My x F,,, rne F,, = C/wZ - pumanoBa MOBEPXHOCTb.

[amubroHOBa crucrema, onpejenennas dyukiueit H(z,y,0) nag M, nveer

BUJL:
oW, . oH
y - ax ) - ay?

IIpu € = 0 gannas cucreMa UMeeT I'UIEepOOIUUIECKOe 27 IEePUOIUIECKOe Pe-

0=1, (x,y,0)€ M.

menue Iy : (o, yo, @ = 0(mod2r)). Kak usBecTHo, 1ipu MajioM BO3MYIICHUH
cymiecrsyer nepuojgudeckoe pemenne Il @ (x,(t,€), y,(t,€), 8 = 0y +t (mod 27)),
Tak, 4to (2,(t,0), yp(t,0)) = (20, o).

Paccmorpum  KoMIUIEKCHYIO yeToitunByto cenaparpucy AT HeBO3MyIIeHHOI
CHCTEMBI KaK MHOXKECTBO MHTETPATLHBIX KPUBBIX, aCHMOTOTHYCCKNX K I, mpwm
t — o0o. Ina pUKCMPOBAHHOTO € 3Ta MOBEPXHOCTHL JIByMEPHA M MOXKET MMETh
caMOolepecedeHus.

Hesosmymiennas cenaparpuca ectb Aj = Tg X Fyr; ona pacciausaercst Ha
OJIHOIIAPAMETPHYECKOE CeMEeHCTBO MHTErPaibHbiX KpuBbix g : (zo(t), yo(t), t +
+ 0y), Oy € For. Ilyct v 1 [0,1] — C ecth 3aMKHYTHI MyTh HA KOMIJIEKCHOM

spemenn ¢ y(0) = (1) € R. Onpegenum cieyioniyto GpyHkmio Ha Fo;:

(60) = J {Ho, Hy}(xo(), yo(8), £ + 0ot

gl
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Teopema Ecmu dyukumst p(ty) nmeer mpocToit Hy b B HEKOTOPOI TOUKe, TOT/Ia
JULsl JIOCTaTO4HO MaJioro € # 0 cenaparpuca AT uMeer TpaHcBepcabHOE CAMOIIE-
pecedenue u cucrema (2.15) He uMeeT JIOHOJIHUTEIbHOIO T0JIOMOP(HOIO EPBOTO
MHTErpaJia.

3)Ceasv meorcdy evruucaenuem unmeepara Hyanxape—Meavnurosa u dugpe-
penuuarvbroti meopuetd Larya.

st Berauciennst marerpaJda [lyankape-MeanHIKOBa MCTIOJIB3YeTCsT METOJT BhI-
geTor. O0ast (hopmysa BhIpaskeHust [IJIsT WHTErpaJjia Yepe3 BhIUeThHI, B MTPEIN0JI0-
x)enuu Mepomopdrocru GyHKImiA, npusejiena B pabore [23].

CymiecrByer ¢Bsi3b MEXK/ly METOJI0OM Bbluncjenns uarerpasa [lyankape Mejib-
HUKOBa 1 Merojamu juddepennnalibHoil Teopun [ajiya.

Beerja Moxk#o cantarh, 9ro Mepomopdubie dbyukimn (xo(t), yo(t)) mepuogmd-
HbI ¢ KOMIIJIEKCHBIM TieprojioM iw. Torma xo(t), yo(t) € M (F;,), T.e. npuHajiexar
MOJII0 MepOMOPMHBIX (DYHKIINH HAJL PUMAHOBOI MOBEPXHOCTHIO, SBJISIOIIEHCS 111~
JMHAPOM. DTO cyepyer u3 Toro dgakra, uro npu t — +oo  xo(t), yo(t) ecrs
(bYHKIME OT 9KCIOHEHTHI ¢ MEPHOJIOM W = Re(%).

Kak u B merose Ilyankape MejibHuKOBa, paccMaTpuBaeTcsi ypaBHEHUE B Ba-
pUalusX BJOJb OJIHOLApaMeTpuieckoro cemeiicrsa L'g,. Bosamyiiennoe ypasnenue

B BapHalludaX MMEET BUJ:

d f HO:vy HOyy Hly 5
v 0 0 0 v

3/1ech V' BCIOMOraTeIbHAsI IepEMEHHAs], Hy>KHasl, 4TOObI BO3MYIIEHHOE YDPaB-
HEHUE B BapUALMAX ObLIO OJHOPOJIHBIM.

B kauecrBe nCxXoHOrO 1oJist Jijisi Kodddunuenros Bbiboepem K = C(e%, e),
IOCKOJILKY T, Yo € C(e%), a Hy € C(e"). dnsa kaxjaoro 0y pacimpenne ITu-

kapa—Beccno ecth K C Ly, = K (u1y, ..., us3), nae U dynmamentasbHast MaTpuia

25



perrennii. [lycts Gal ects rpynma [agya mist JaHHOTO pacIMpeHmns.

[Tycrs U - dynjamenraibias Marpuiia petenuii ypasuenusi (2.17), rorga U

nMeeT BUJL
Hy, Hy,0 k(0)
U=|-Hy 7 —Hud ()| (2.18)
0 0 1

27t -
Teopema Mycrs K = C(e™v , €) apnsiercst juddepeniuaibibivM nojeMm Koad-

dbunentos jist (2.17) 1 BBIIOJHEHbBI CJIEJYIOLIUE YCJIOBYs]

(1) @ynxmn (20(t), yo(t)) npunagnexar nomo K = C(es, ') u sosmymen-
HbI#i TamMusibroHan Hp 3aBucut ot (,y) Kak palnoHagbHas (DyHKIUs, a 0T t —
KaK GyHKIns or e

(2) @ynkiust 6 € M(C)  mepomopdhast;

(3) ynkuus 6 ¢ K.

Torma juist Toro, yrodbnl Gal ObL1a abesneBoit st pukcupoBantoro 0y € Iy,
HEOOXOAMMO U JlocTaTouHo, 4Tobbl (1(fy) € L = K(J). K momy xke, HeobxojuMbiM
yCJI0BHEeM abesieBoCcTH 3TOi rpyrinbl ['asya, siBjisieTcs paBEHCTBO HYJIIO HHTErpaJa
[Iyankape-Mennraukosa Haj Fo;.

4) Ceasv meoicdy sovucaenuem unmeezpanra Hyanxape-Meavrukosa u memo-
dom Kosanesckoti Jlanynosa Houiudwv.

B paborax [65], [64] ykasana cBsi3b MeX/ly Bbluuc/ieHneM uHrerpasa Ilyan-
kape MesibnukoBa u meronom Kosagesckoit JIsinynosa Momumbi. Bberauciisrb
waTerpast [lyankape-MeahHUKOBA MOXKHO Uepes3 BBIUETHI, IIPUYeM OHU OEPYTCsi 10
[AJIMHJIPUIECKOl TTOBEPXHOCTH, OMPeJIe/IsieMOit 1epes rnepuojimdeckoe perienue. B

YKa3aHHBIX paboTax 9TH BbIYETHI MMPEJICTABICHBI KaK (DYHKIIMM OT COOTHOIIEHWUIA,
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OTTPEIEISTIOIINX YCJIOBUsT COBMECTUMOCTH JIJIsT TTPOXOXK tennst Tecta [lenene.

7. MeTon, ocHOBaHHBIII HA aHAJN3€ PE30HAHCHOCTH HOPMAJIbHOMN
dopmsbr (B.B. Koazsios, A.Jl. Bprono).

B 0oKpecTHOCTH TMOJIOXKEHUs] PABHOBECHSI PACCMATPUBAETCS HOPMaJibHAsT T'a-
MuabTOHOBa (bopma. [lycTh oHa 3aBMCHT OT KaKOro-TO mapamerpa, W TPeJnoso-
YKUM, 9TO CYIIECTBYIOT HE3aBHCHUMBIE B TOUKE JIOTOJHUTEIHHBIE WHTErPAJIBI PN
BCEX 3HAYEHMsIX JAHHOTO Mapamerpa. Torga Mo>KHO BhIOpATh 3TOT MapaMeTp Ta-
KM 00pa3oM, 9ToOhl WMEJ MECTO PE30HAHC, a YCJIOBWE PE30HAHCHOCTH JaeT pa-
BEHCTBO HYJIIO PE30HAHCHOI'O 4/IEHA B FaMUJIbTOHHAHE. B urTore mosydarorcs jiBa
ycsioBust mHTErpupyeMoctu. OCHOBHBIE HEJOCTATKH METOJA: €ro JIOKAJbHOCTD 1
TO, YTO OH JIA€T JIMIIb JIBA YCJIOBUst (€CJIM APAMETPOB TOXKE JIBa, TO MeTOJ Pabo-
taer). B obmiem Bujie JanHast TeopeMa 3BYUUT Tak:

Ilyctro H =Hsy+ ...+ H,,,_1 + H,, + ... — pasjioXkenne B OKpECTHOCTU pPaB-
HOBECHsT AHAJIMTUYIECKHN 3aBUCAIIEi oT mapameTpos dhyukiun [avuiasrona, mpuse-
JIEHHO¥ K HOpMaJIhbHO# (hopme 10 ciaraembix (m — 1)-ro mopsijika BKIIOTUTETHHO.

Teopema([28], [11]) IIpegnonoxkum, aro:

(1) Cymecryfor rakue napamerpbl (1X OyJeM Ha3bIBATH OCOOBIMHU), IPU BCEX
3HAYCHUSIX KOTOPBIX CYIIECTBYET HE3aBUCUMbIH JIOTIOJHUTE/IbHBIA HHTErPaAJL.

(2) Ocobpie mapameTpbl MOYKHO BBIOPATH Tak, 9TOOBI OBIIN BHITIOJHEHBI yCJIO-
BUST:

<k w(e) >=0, k| =mn <k,w(e) >#0, k| <m,

w — BekTOp yactor, k € Z".

(3) Ipu yeaosuun (2) KBaJpaTudHast 4ACTh JIOHOJHUTEIbHOIO MHTEIPAJIA He3a-
Bucuma ¢ Ho.

Tora pezonancubiit kKoadduiuenr B H,, obpaiiaercs B HOJIb.

Jlanubiii MeToJ| JUIsi TaMUJIBOHOBBIX CHCTeM MpuMeHsiicst B [28], mis Hera-

MUJIBTOHOBBIX — B pabore [11].
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8. Meroa aJropuTMMYecKOro aHAJIM3a IIPOBEPKM HA MHTErpupye-
MOCTh B KBaJIipaTypaxX /Jd JimHeliHoro aunddepeHiimajibHOro ypaBHe-
HUSA, KO3 PUIUEHTHI KOTOPOTO SBJIAIOTCA PaIMOHAJbHBIMU (DYHKITUSI-
vu Bpemenn (JI>x. KoBauwn)

PaccmarpuBaercst JmHeiiHOe ypaBHEHUE BTOPOrO MOPsjiKa ¢ palMoHaJIbHBIMU

KOs burmeHTamu:

y' =r(x)y, r(z)eC(x) (2.19)

Cuieytoniasi reopema Kiaccudunupyer rpyiibl [aiaya jist ypasrenus (2.19).
Mznauyaibuo oHa Oblia jJoKa3aHa JInyBuJieM Ha si3bIKe JUMHEHHON ajireOpbl, 1031
Hee nepedopMyJinpoBaHa Ha si3bike Teopuun [asya.

Teopema [82]. Hust ypasuenus (2.19) BepHbI CJIEJYIONME YTBEPKJICHUSI:

Coyuaii 1. Cymecrsyer pemenne y(z) = eJ“%  w(z) € C(z) <= G —
Tpuanryaupyema <= G =T U D, rae

a
T = ,a#0,b#0,a,b€ C ) (poBHO OJJHO KCIOHEHIIUAJBHOE

0 a!
a 0

pewenue), D = ,a #0,a € C ) (1Ba 9KCHOHEHIIMAJbHBIX DEleHMs!)
0 a!

<= Bee noJoca () UMEIT WM YeTHbIH HOPsiJIOK, MK PaBHbIi 1, a Hopsijlok
noJifoca 7(x) B 00 WJIM YETHBIN, WKW He MEeHbITe 2.

Coaywuaii 2. Eciin ycioBue ciydast 1 He nMeeT MecTo, To:

Cymecrsyer pemenne y(z) = el “%  w(z)® € C(x) < G — nerpuanryin-

pyeMma, HO UMIIPUMUATUBHA <= G = D', e

; A0 0 n
D' = A£0,AeCp U n#0,neC
0 X! -1 0

<> CyllecTByeT [O0JII0C r(:z:) UMEIOIIUI HEeYEeTHBIN MOPsA0K OOJIbIIN 2 nin

ero MnopsiJiIoKk paBeH 2.
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Cayuaii 3. Ecin ycioBust ciydaeB 1, 2 He nMel0T MecTa, TO:

Bee perenust anrebpauunnt najg C(x) <= G koneunas rpyiia.

Cuayw4aii 4. Eciin yejioBus ciydaes 1, 2, 3 He umeror mecra, 10 JInyBusijiesbix
petienuit wer, 10 ectb G = SL(2).

OjiHaKo JaHHasi Teopema He JlaeT KOHCTPYKTUBHON TTPOBEPKU HAXOYKJICHUsI
rpynmer Namya. Takoit anroputm 661 mpeioxen Jx. Koadawaem [69)].

Anropntv KoBaunia mo3poJisier KOHCTPYKTUBHO HAWTH HEOOXOAMMBIE U JJOCTa-
TOYHBIE YCJIOBUs TOTO, yJIOBJETBOPsieT Jiu JuddepeHimagbHoe ypaBHEeHUe BTOPO-
ro nopsijika Kjaccudukaluu, JaHHoil B reopeMe 3. OrpaHnamnMcsi pacCMOTPEHUEM
JIMITH TIEPBOTNO U BTOPOTO CJIyYaeB TEOPEMbI 3.

Teopema (/oc. Kosawuy 1985) [69]

Cayuati 1

[Tycrs I' — MHOXKeCTBO MOJTIOCOB (byHKIHN 7 (1),

1 mar. st kaxoro ¢ € I'U oo onpejiesinM pannoHaibHyo (DyHKIHO [4/T].

+

M JIBa KOMIJIEKCHBIX 9HCJIA O , (¢, CJEJIyIOINM 00pa3oM:

(¢1) Ecan ¢ € T nosroc nepsoro nopsijika, rorga [/r]. =0, af = o, = 1.

(cz) Ecsm ¢ € T nosnoc Broporo nopsijika, torjaa [/r]. = 0 u nycrs b

1 _ 1y VI
— 2 2

KO3 PUIMEHT 11pu a—a: 10 ot

(c3) Ecau ¢ € T nomoc nopsizika 2v > 4, torpa [/r]. = Gogp Tt ﬁ

(pazsnoxkenvie GYHKIUN /T B OKPECTHOCTH TOJIOCA JIO YJIEHOB 2-TO MOpSsi/Ka)

J

+
. =

(I_i)v+1 B {[V 7”<x)]c}2'

a %(:I:g + v), e b — pasHocTh Ko3(DhDUIMEHTOR MTPH W B r(x) u npu

(001) Ecan nopsiiiox ¢ € 0o 6oubie 2, rorpa [/r]e =0, ol =0, ay = 1.
(002) Ecan nopsiiok ¢ € oo pasen 2, rorga [/l = 0, ady = ag, = 3 1;417

e b kodpduiuenT upu é

(003) Ecim nopsijiok ¢ € oo pasen —2v, Toraa [T]e = ax’ + ... +d, af =

1 1

= %(:I:S —v), tae b — pasHocth koadbdurmentos npu ¥ B r(x) u nipu ¥ B

{lVr(@)]}*
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2 miar.
Huist kaxioro cemeiicrsa s = (5(¢))eeruse, S(¢) = {£} onpenesum quciio
deg = o3> — Z a3,
cel

Torpa uncyio deg JOJPKHO OBITH TEJ0€ HEOTPUIIATEIHLHOE U ONPEJIC/INM:

=3 [ SOV + =) + s(00) [V

3 miar.

CymecTByeT MoJIMHOMKUAJIbHOE pPeIieHne cTeneHn deg y ypaBHEHUsI:
P4+ 2wP + (W +w?* —7)P =0 (2.20)

Torga n = P(z)el % — pemenne ypasnenust (2.19). Ecin yenosus maros 2
¥ 3 HE BBINOJIHAIOTCS, CICJOBATEILHO JIAHHBIN CIydail He NMeeT MeCTa.

Cayuati 2

Eciu B pesysbrare NpUMEHEHMs ajJrOPUTMA BLIACHUIOCH, YTO Caydail 1 ne
MMEeT MEeCTa, TO HyKHO 1POBEpUTH Cjiydail 2 (1Ipu HPUMEHEHUU ajiropuTMa Jiis
ciydas 2 HPeJoJIAraeTCs U3BECTHBIM, 4TO Ciydail 1 He umeer mMecra),

[Tycrs I' — MHOXKeCTBO 1M0OJTIOCOB (byHKIHN 7 ().

1 mar. na xkaxgoro ¢ € I' U oo onpegesnm MHOXKecTBo /= UE, 1 KoM-
TJIEKCHBIE YUCJIa €; CACAYIOINM 00pa3oM:

(c1) Ecmu ¢ € T nosoc ieporo nopsijika, Torga F. = {4},

(c2) Ecum ¢ € T nostioc Broporo nopsjika, rorjga F. = {2 + kv1 + 4blk =
=0,+2}NZ, rue b koapduiuenr upu ﬁ,
(c3) Ecau ¢ € T nosroc nopsijika v > 2, rorpa E, = {v},

(001) Ecam nopsiyiok ¢ € oo 6oabitie 2 rorna Ey = {0, 2,4},

(002) Ecaum nopsiziok ¢ € oo pasen 2 ;rorya Ey = {24+kv1 + 4blk = 0,£2}N
1

22

Z, rjie b— koadpdunmenT npu
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(003) Ecam nopsiiok ¢ € oo menbine 2 rorga Ey = {v}.

2 1miar.

st kaxk0ro cemeicrBa (€¢)cerus € Fe, OLPEIeuM 4ucio

1
deg = 5(600 - ZQC)'
cel
Torga unciio deg JIOJIYKHO OBITH TIEJI0€ HEOTPUIIATEIHLHOE U ONPEJIC/INM:

1 €
Hzizx—c'

cel

3 miar.

Cy1ecTByeT MOJMHOMHUAJBHOE PEIIeHUE CTereHn deg y ypaBHEHUS:
P" 4+ 30P" + (30? +30' — 4r)P' + (0" + 300" + 6° — 416 — 2P =0

/
[Tycts & =60 + % U IyCTh W  PelleHrue ypaBHEeHUs:

1 1
w2+<bw+(§<b/—l—§<b2—r) :0
Torga n = P(z)el“® — pemenne ypasnenus (2.19). Ecin yenosus maros 2

n 3 He BBITIOJIHAIOTCA, CJIE€A0BATEJILHO, ,ZLaHHbII'/JI cnyqaﬁ HE nMeeT MecCTa.
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['1aBa 2

Tomosoruveckuii aHains ABUN2KECHUN S JJIJINIICON A

Ha IJIQAKON IOPU30HTAJbHOW IJIOCKOCTH

2.1. BBegenue

B sr10it 1y1aBe paccMarTpuBaercs 3aja4da O JBUXKEHUK Tsi2KEJIOI0 TBEPJIOro TeJia,
110 1JIaJIKOM IOPU30HTAJIBLHON 1JIOCKOCTU. VIMEroTest pa3/iniHbie aHAJIOI MU MEXK /LY
9TON 3ajadeil u 3ajadeil 0 JBUXKEHUU TBEPJIOro TeJja ¢ HElOJIBUXKHON Toukoil. B
YACTHOCTH, B 00ENX 3a/a9ax MPH JI0OBIX 3HAUEHUSIX TTaPaMEeTPOB CUCTEMbI YpaBHe-
HUsT JIBUKEHUsT 00J1aJ1aI0T TPeMs He3aBUCUMbBIMU WHTETrPaJIaMy, 1, TAKIM 00pa3oM,
JUIST THTETPUPYEMOCTH YpaBHEHMI JIBUXKEHUST TpeOyeTcst eIe OJnH He3aBUCHMbIit
MHTETrpaJi, HAJINIre KOTOPOTO OMPEJIEJISIETCs YCAOBASIMI Ha MapaMeTPhl CHCTEMBI.

OjiHaKO, B OTJIMYKE OT 3aJla9d O TeJie ¢ HeIOJIBMXKHOM TOYKOM, IJie reoMeTpu-
yeckas (popMa Tejia HEeCYIEeCTBEHHA, B 3ajlade O JABMXKEHUU TeJia 110 [LJIOCKOCTH
HEOOXOJIMMO YUUTBIBATH BHJI HOBEpXHOCTH Teja. OObldHO Ha (OpMY HOBEPXHO-
CTH HAKJIAHIBAETCS YCJIOBHUE BBITYKJIOCTH W yCJIOBUE, 9TO KacaHWe MOBEPXHOCTH
C TJIOCKOCTHIO MTPOUCXOJIAT B OJHON TOUKE.

Ha mganmabiit MOMEHT B 3aj1a9ax O JBUXKEHUW TeJI 110 TJIaJIKON MJIOCKOCTH CYIIe-
CTBOBAHUE JIOIOJHUTEJLHOIO MHTErPaJIa, JJOKA3AHO JIJIs JIBYX CJIYy4aeB: BO IIEPBbIX,
JULSL CJIydasi, KOIJa TeJO sBJISIeTCs HEOJHOPOAHbBIM HIAPOM, HEHTP MaCC KOTOPOIO
COBIIAJIAET C I'€OMETPUYECCKUM LEHTPOM, & MOMEHTbI MHEPIMHU I[IPOU3BOJIbHBI, U
BO BTODbIX, Jijisi CJlydasl JMHAMUYECKM CUMMETPUYHOIO Tesia Bpaienust [14]. B
MEPBOM CJIydae 3ajada aHaJorndHa 3ajade o BoJauke Jditjaepa. B pannoit padbore
paccMaTpUBaeTCsT BTOPOi CIydaii: B KAYecTBe TTOBEPXHOCTH DepeTcst InHAMUIeCKH
CUMMETPUUHBINA SJIJINTICOU]T, BPAIIEHUsI, TP 3TOM ypaBHEHUs JIBVXKEHUsI, (paKTH-

Y€CKHU, CXOAHbI C YPAaBHEHUAMMN JABU2KEHWA JIJIZ BOJIYKA ﬂanaH)Ka.
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(OCHOBHBIM PE3yJIbTATOM JIAHHOI TIJIaBbI SIBJISIETCS TTOCTpoeHne OUdypKaIMOH-
Hbix juarpamm Cueiiia [44]. Ouucanue 1epecTpoek WHBAPUAHTHBIX TOPOB U TO-
[OJIOI'MYECKN UHBAPUAHTHBIX [MOBEPXHOCTEH IPOBOAUTCS METOJAMUA TEOPUHU TOIO-
JIOTMYecKoil Kiaccudukanuu, pa3sutoii B padorax A.T. DOMEHKO U €ro y4eHUKOB
(em. [5], [53]).

Sajlava B aHAJOTMYHON MMOCTAHOBKE JIJIsi BOJIYKa .Jlarpamrka periajach B

137), [47].

2.2. IlocranoBka 3agaumn. Cxema mccJjegI0BaHNS

Teso, umeromniee GpopMy 3JLIUTICONIA, JBUMKETCS M0 TJIAJKONR TOPU30HTAIBLHOM
mockoctu. OCh CUMMETPUM HOBEPXHOCTH TEJ1a COBLAJLALT ¢ OCbIO JMHAMUYECKOM
CUMMETPUM TeJjia, HPUYEeM IEHTDP MacC JIEXKUT Ha 3TOH OCM Ha PACCTOSHUU S OT
PeOMETPUYCCKOIO IIEHTPA SJUIUIICOUIA-TIOBEPXHOCTH, & IJIABHBIC IEHTPAJIbHBIE OCH
MHEPIMU COHAIIPABJIEHbI C IJIABHBIMU OCSIMU IOBEPXHOCTH Tejia (AHAJOr BOJIYKA
Jlarpamka). Ha meso wasioxeHa OJfHa TOJIOHOMHAsT CBsi3b: TaKUM 0OpasoM, BbI-
coTa LEeHTpa MacC HaJl TJIOCKOCTHIO ONPEIECJIACTCS JINITh OPUEHTALMEH TJIaBHBIX
MEATPAbHBIX OCeli MHEPIMN Tesia (Harmpumep, yriaaMn Jiiiepa), u cucTeMa nMeeT
IATh CTeleHel ¢BOOOIbL.

IIycts OXYZ  HenojBrxKHasi CHCTEMa KOOPJMHAT; Seq, Seg, Se3  IJIaBHbIE
LEHTPAJIBHBIE OCH UHEPIUU TeJia; V = (Uy, Uy, U;)  BEKTOP CKOPOCTH HEHTPA MACC
tesia B ocstx OXYZ; w = (w1, ws,w3) — BEKTOP YIJIOBO# CKOPOCTH TeJa B OCAX
Seieses ;v = (71,72,73) — €AMHWUHBII BEKTOP BOCXOJIAIIEH BePTUKAJN, HAPAB-
nenubiii mo OZ, B ocsix Sejeses; (by, by, bg) — ryiaBHBIE TOIYOCH SJLTUTICOMIA; 1M, —
macca rena; J = diag(Jy, Ji, J3) — riaBHbI HEHTpaJIbHBINA T€H30p WHEPIWN Te-
Ja; r(y)  pajuyc-BEeKTOP U3 LEHTPA MACC TeJjia B TOUKY KACAHUsI C LJIOCKOCTHIO,

N = N~ BekTOp peakiiuu 1JI0CKOCTH.
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Puc. 2.1. Dumrncon Ha MI0CKOCTH

JIBmkenue meATpa Macce TeJa B COMYTCTBYIONMIUX OCAX OMUCHIBAETCS CJIEIYTO-
UM YPaBHEHUEM:

mv = N — mg~y.

B npoexnyn na ocn OX, OY nonyvaem v, = v, = 0. Takum obpazom, MOXKHO
BbIOPATH MHEPIHUAJBHYIO CUCTEMY KOODJMHAT C HAYaJOM B HEHTPE MAacC Teja,
JIBHXKYIIYTOCS PABHOMEPHO BJIOJIb NOPU30OHTAJILHON IJIOCKOCTH. B mpoekium Ha
OZ nmeewm:

v, = 2, mu, = N —mg.

Bripaxkas orcioja 3nadenne N W TOJACTABASAS €r0 B 3aKOH W3MEHEHUs TJIaBHOTO
KUHETUIECKOT'O MOMEHTA OTHOCHUTEJILHO TOUKHU S, 8 TAKXKe YIUTHIBAs YCIOBHE MO~
CTOSTHCTBA BEPTUKAJIHLHOTO €IMHUTHOTO OpTa, TOJIYyIuM ypaBHenust Jditinepa—Ilyac-
COoHA:

JotwxJw=rx(mZ+mg)y, ¥+wx~vy=0 (2.1)

B obiiem ciydae Juisi TPOU3BOJILHOIO PACIPEJIEJICHUST MACC HYXKHO elle 3a-
JIaTh KOCUHYCbI YIJVIOB MEXKJ1y IJIABHBIMU OCAMU IJIJIUIICOUJIA U TJIABHBIMU OCAMU
WHEPIIUU TeJla, & TaKxKe KOOPJAWHATHI TeOMETPUYECKOTO IEHTPA B TJIABHBIX OCAX

WHEPIMY W 110 HUM HailTh Bhipaxkenus Jjisi r(7). B pamkax ciienanubix mpemno-
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JIO)KGHI/H'/JI, nMeeT MeCTo CJie/yroiiee COOTHOIIMEHNE:

r(7) By e
=" =5

K (B, ~)1/2 >

re B = diag(b?, b3, b3).

Takum 0Opa30M, BO3BbIIIEHUE EHTPA MACC HAJ| OLOPHOM ILJI0CKOCTHIO, MOXKET

ObITH BbIpaxkeHa (POPMYJIOi:
2= —(r,y) = (1 + bty + 0393) "2 + s,

Kak uzsecrno [35], ypashenusi (2.1) MOxKHO nepenucarTbh B BUJE yDaBHEHUIT
lamMusbTOHa JIUIS CHCTEMBI ¢ JIBYMsT CTereHsiMu ¢cBobojibl, hasoBoe MpoCTpaHCTBO
KOTOPOIi sIBJISIETCs1 OPOUTOI KONPUCOEMHEHHOTO TIpeJicTaBieHus aaredpn! JIu.

Hepeﬁ,&eM K KaHOHUYECKUM MMITYJIbCaM:

M=A'w
Ji + ari ay17y2 0 \
Ji(J1 +a(yi+13)) S +a(ri+13))
A— a2 Ji + av3

Ji(J1+a(vi+73)) SN +a(i+93))

1
0 0 —
\ J3 )
3~ 1)
b 4 (b5 — bi)v3

rje a =

[Tycrs e(3) = s0(3) @, R®  mecrumepnas ajirebpa JIn rpyuiibl jsuzKkenuit
R3, w M,~ — ecrecTBennble KOOpAMHATH B Koaarebpe e(3)*. Basuchbie cKobknm

[Iyaccona nmeroT BUI;

{Mi, Mj} = _GijkMka {Mi77j} = —€iikVk, {%-,7]-} =0, 4,75,k=1,2,3.
(2.2)
CkobOka Ilyaccona BwIpoxKjeHa u obJsajiaerT aByMms (yHKnusmMn Kasmmwnpa,

KOMMYTHDYIONME B cTpyKType (2.2) ¢ moboit dyukimeit or M, v: K = (M, ) n
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I' = 4% Unrerpan K = const (1poekims KUHETHYIECKOTO MOMEHTa, Ha BePTHKAb-
HY0 OCb), CBSI3aH C MHBADUAHTHOCTHIO BPAIIECHUH TeJIa OTHOCUTE/IbHO BEPTUKAJIY;
unrerpajs I' = const  reomerpuydeckuil, BbIpaxkaer yCJOBHUE HOCTOSHCTBA €J11-
Hu4dHOro opta. Ilojoxus 72 = 1, UCKJITOUMM €JIMHCTBEHHBIR CUHIYJISIPHBINA CJIO.
Yposenb Mik = {K = k,~? = 1} quddeomopden T'S?.

CoorBercTByiolMe ypapHeHns: ['aMuIbTOHa NMEIOT BIJI 0DODIIEHHBIX ypaBHe-

nuit Kupxroda:

oH oH OH
M =M x —— E oy x o
1
H = §(AM’ M) + mgz; (2.3)
1 a(Miyi + Myy,)? M3
H = M? + Mj + + =+
2(J1+a(ri +13)) ( L Ji 2J

mg (6 + (6 = 031932 + 535 )

Homosmmurensuniit waTerpas Jlarpamxka: M3 = Jsw.

Wrak, 3ajia4a 3aK/II09a€TCsi B TOM, 9TOObI HOCTPOUTH OUMYpPKAIMOHHbIE JI1a-
rpaMmbl Cmeitsia jisi cucrembt (2.3).
B coorsercrsuu ¢ nporpammoit Cmeitsia [44] uccieoBanust cuMMerpun, pac-

CMOTPUM OTOOPaAXKEHUE MOMEHTA
F = (H, Ms): M}, — R (2.4)

Obpa3 KpUTHIECKOr0 MHOXKECTBa e€CTh OMdypKaIMOHHAsT IrarpaMMa i 0ToOpa-
xeranst F. Muoxectso Y nmeer Mepy nyab B R? mo teopeme Capma. Haj kask-

Jnoit cesaznoil kKomnonenToit R? \ ¥ orobpaskenne (2.4) sipjisiercst paccjaoenueM 1o
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TeopeMe O HesiBHON (yHkunun. Eciam Bce cion C/I0eHUsT KOMIIAKTHBI, TO THIT WH-
TerpaJibHbIX MHOI'0O0OPa3uil MOXKET U3MEHHUTHCS JIMIIb 1P Hepexoje depes3 Y. B
9TUX CBSI3HBIX KOMIIOHEHTAX MHTEIPAJbHBIE MHOIOOOPA3Us IPEJACTABISIIOT CODO
00'beIMHEHNE JIBYMEPHBIX TOPOB, KAK BCSIKOE CBSI3HOE, OPUEHTUPYEMOE, KOMITAKT-
HOE JIByMEpHOe MHOroobpaswue, JIONycKarollee KacareJhHOe BEKTOPHOE ToJie 0e3
0COOBIX TOYEK (T.K. 0COOBIE TOUKW JIeXKaT Ha 0COOBIX CJIOSIX TIEPBBIX HWHTETPAJIOB).

Nayanm ocobenroctn orobpaxkennst (2.4). Ilycrs I:T,]\Ajg, — OrpaHuyYeHust
dbyukunit H, M3 na Mﬁk COOTBETCTBEHHO.

[Ipejniosioxkum, uro paur juddepennuaia (2.4) yuaj pPOBHO HA €JUHUILY
B HEKOTOPOH TOYKe, HalpuMmep, d]\73 = )\df[,npﬂqu dH % 0. Torga siapo
Jjuddepernmalia TPEXMEPHO: TPU BEKTOPA, KACATEJIbHbIX K Mﬁk, nepeijyT npu
orobpaxkenun F B HOJIb, a OJIMH — B HEHYJEBOH BEKTOD C TAHIME€HCOM YTJia, Ha-
KJIOHA, paBHLIM MHOXKUTeN0 Jlarpan:xa A. Takum oOpa3oMm, MOXKHO PaccMOTpPETh
orpannuenne gpyuknun Mz y¥ke Ha TpeXMEpHOE M303HEPTreTHIecKoe MHOTO00pa-
3me Q%k ={H = h, K = k,I' = 1} (710KaibHO) ¥ HA ITOM W303HEPTETHICCKOM
MHOI00Opa3uu UCCIEJOBATD KPUTUIECKHE TOYKHU. VITak, cHada a HaJ0 HAWTH Te
snauenust (h, k), 1pu KOTOPBIX OIPEJEJIECHO M303HEPIeTUUECKOEe MHOroobpasue
Q;’L,k, T.€. CHadaJa HY>KHO HOCTPOUTH OMQypKAIMOHHBIE JUAIPAMMBI B ILIOC-
koctu (k,h), a 3arem — w OudypKamoHHble ararpaMMbl oToOpaxkenns (2.4)
B mockoctd (h,w). Crsasb Mexay smuMu OudypKaMOHHBIME JIHATDAMMAME
TakoBa: (DUKCUPOBAHHON TOYKE, He MPUHAJJIerKaIei 2y ,, COOTBETCTBYET BEPTH-
KaJIbHbIIl OTPE30K, COCJMHAIONINH BHELIHUEe TOYKU Xj ., IPU COOTBETCTBYIOIEM
(buUKCUpPOBAHHOM 3HaueHMU h. 3arem CTPOsTCs MOJIEKYJIbl [52], T.e. uccieyorcs

ocobennoctu pyHkuuu Mz Ha M309HEPIeTUIECKOM MHOI00Opa3uu Q% -
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2.3. IlocTtpoenne oudypKammoOHHBIX AMArpaMM, M3ydeHne

ImepecTpoeK TOPOB

[Tockonbky wHTerpaJs Jlarpaw»ka JIMHEEH 110 MMITyJbcaM, OyJieM paccMaTpu-
3
BaTb He ero Kak (OyHKIMIO Ha ()7 ,, & MHTErpa sHepruu Kak (yHKIMIO Ha COB-
mectHom yposte P2 ={K =k T =1, M3 = Jw}.

DTH 10/IX0J[bl PABHOCUJIBHBI JIJIsI Q;’Lk, SIBJISIIOIIUXCST MHOTOODPAa3neM, Tak Kak
KpuTuieckue MHoxkectsa y dyukiuit Mz na Q%k u H na P,g’w (3a uckIOUEHUEM
TEX CJIOEB, TJIE JIeKAT TOUKK Y3 = F1) OJIMHAKOBBI M COOTBETCTBYIOIINAE WHCKCHI
recCaHOB TOXKE PABHBI.

Obe3pazmepum mapamMerphbl, Tak uto mg = 1,by =1, J; =1,b3 =06 >0, J3 =
= J > 0, u BBejieM obozHauenus: ¢ = b? — 1,z = 3.

Teopema 1. Jlaa cucmemuvi ¢ 2amurvmonuanom (2.8) pazdessrouue kpusoie

R%(h k sud O i
na naockocmu R (h,w) wmerom npu pasuolr 3naverusr k 6ud, usobpastcernnvil

na pucynxe 2.2, npuvem oaa cayuas —1 < ¢ < 0: ecau 0 < s < \/Z—%, mo

2—>3—>...—>6,66/Lu\/;%<5<(_Ci(i;%,mol—>2—>...—>6,emu

—c(c+2)
(c+1)2/3”

C

m01—>6.ﬂ/mmy%aﬁc>0:6mu0<s<\/C+—1, mo7—1— 6;

s >

C

H
CCAU 8 > =, O 1—6.

\V yCJIOBI/Ie JJIsl KPUTUYECKUX MHOXKECTB UMEET BU/JL:
dH = M\ dK + \pdl + AgdMs. (3.1)

K=k M;=Jul=1

13 nero nosmyuaem My = M (A7), My = M(A71Y)e, My = J( A3 + A3).
[ToncraBuB naijennbie M; B Boipaxkenue jijist H, 1ojydumM BTOPO# 1IPUBEICHHbI
MOTEHIINAJ:

E— Jwx)? Jw?
(

21— 22) +— + (e + D)V sz (k# +Jw). (3.2)

Viw (7) =
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Puc. 2.2. budypkaunonnbie guarpaMmbl Xy, JJId Clydas CMEHIEHHOIO IeHTPa Mace
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~C — q
By <

Puc. 2.3. Pacnonoxenne runepO0JIbl, JIALICA, IPIMOIT

k k
6 | 6 k
G(
5 1
| '
;u : -1 1
e ,
x 1 X
0 1 —do+2
).,

-C ;c<s<—c(c+2) sl
0 Tor Jert " ey Je+1y

Puc. 2.4. lI3menenue Buja OudypKanuoHHbIX JuarpaMm npu pasubix k npu -1<c<0

k
6 k 6 -
1 G\ G(X
7 \ / 1
| X X
-1 v B | |
C c
s< <s

verl Ve+l

Puc. 2.5. lIzmenenune Buja OudypKaruoOHHbIX JiHarpaMM HpH pasHbiX K mnpu ¢>0

ObulacTb BO3MOXKHOCTU JIBUXKCHUS UMEET BUJL:
Upwn = {x € [-1;1] : Viw(z) < h} C §2 (3.3)

Kpurnueckne Toukn ka(ac) 33J1aI0T KPUTUYECKNE MHOXKECTBA.

YpaBHeHust OUQyPKAITMOHHBIX KPUBBIX UMEIOT BUJL:

kE— Jwx)? Juw?
(

o) =Sa=m + 2

+ (ca® + 1Y% + sz, (3.44)

rie ¢ € [—1;1].
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Acx? 1/2
2 2 2 _ _
k(1+2%) £ (1 —2%) (k T 4sx>

Bgejiem nepementbie p = (k + Jw)/2, ¢ = (k — Jw)/2. B Hux npusejieHHbIit
HOTEHIMAJ 3AIUIIETCH B BUJIE:

2 2 2
p q (p—q) 5
p— ]_ .
1+x+1_x+ 57 +Vvcrs+ 1+ sx

Vpa()

IIpojuddepennupyem ero Tpu pasa, U HpUPaBHsEM K HYJIIO 10JIYUYEHHbIE Bbi-

PaXKeHUsI:
/ p? ¢’ &
pal®) (14 x)? * (1—ux)? * (cx? + 1)1/2 T8=5 (35)
2p? 24> c
|74 = = 0; 3.6
p’q(x) (1+z)3 * (1—2x)3 * (cx? +1)3/2 ’ (3.6)
—6p? 6q> —3c%x
|74 = = 0. 3.7
p’q(x) (1+x)* * (1 —x)* * (cx? +1)5/2 (3.7)

Paccmorpum pacriosioxkernne Ha TJIOCKOCTH (g, p) TpsiMoii p + ¢ = k w runep-
Oosinl, 3aj1aBaeMoit ypasnenneM (3.5).

YejoBue nepecedeHus:

dxg? 2kq k> cx
F(q) = + — + +s=0.
(Q) (1 _ $2)2 (1 + 37)2 (1 + 37)2 /C,I2 +1 o

Cuepymoiee ycaoBue 3a/aeT 00JIacTh OLPEJICJICHIS BhIPAXKEHUs1 (3.4i):

2 4ex? -
D/4: k® — Vex?+1 — dsz _ ]ﬂ2—G($) >0
(1 —a2)? (1 —a2)? '
Baejsem rakxke G(z) = 1/ G(x).
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[Tycte (po, o) > 0 — Touka mepecedenns: runepbosbr (3.5) n smmrca (3.6).
Torga snavenns s Besaudaun Fi(x) = po+ qo u Fo(x) = qo — po BbIpaKaoTes

caejyonieit hopmyJioir:

2cx3 4+ 3z — 1)
2(cx? +1)3/2

Fy(z) = 1/vV2(=1)"1 (1 + )32 A + s+

—c(2ca® + 3z + 1)
2(cx? +1)3/2

Paccmorpum mouky mepeceuenust npsiMoii p + ¢ = k u runepbosint (3.5). Dra

+1/V2(1 — )32

— S.

TOYKa JIEXKUT BHYTPHU SJUIATICA, PPAHUIA KOTOPOTO 3ajaeTcst ypasHerueM (3.6)

TOI'Ja U TOJIBKO TOI'JIa, KOI'/IJa TOYKHW II€EpeCeYCHU A FI/Iﬂep6OJIbI n JIJIUIICa JiexKaT

110 Pa3Hble CTOPOHbI OT HPSIMOI (JIOKA3ATEJNBCTBO JIEMEHTAPHO CJIEJLYET U3 BUJIA

BO3MO2KHOT'O PACIIOJIOZKEHUsI KPUBbIX, HalpuMep Kak Ha puc. 2.3). Takum 06pazom,

bynknus G(x) orBevuaer 3a mapamerpusanuio X, a Fi(r) (i = 1,2) — 3a 3nak

k’w(x)
Hns cnygas —1 < ¢ < 0y dyukuumit F;(x) cymecrByer jiBa pasiessioninx

¢ —c(ct2
3HAYEHUsT BEJIMIUHDI S: {\/C—%, (C%;;/;} a st ¢ > 0 — oyiHO: § = ﬁ
—C

st ciyuass —1 <c < 0upu 0 < s < i [IPM DA3HBIX T BETBI runepOoJibl
MOI'YT JieXKaTh B Pa3HbIX YETBEPTIX U I PACIOJIOXKEHUS] UX IIEPEecedeHus ¢
HPSIMOl OTHOCUTEJIBHO JIIMAIICA BO3MOXKHBI BOCEMb BapuaHTos; 1pu —1 < ¢ < 0

—c —c(c+2)
npH —— <s< (c1)372 PACTIONIONKEHNE CXOJIHO ¢ n300parkeHHbIM Ha, puc. 2.3. st

—c(c+2
CjIydast S > (6_517;—3/3 BTOpasd TPOU3BOAHAA TIOTEHI[MaJIa BCEr'Jla IMOJIOXKUTEJIbHA,

Tak»)Ke Kak n st caydast ¢ > 0 (em. puc. 2.4, 2.5)V.

Teopema 2 I[lepecmpotixu mopos uszobpasicennv, na pucymnre 2.2.

V Ilpu dukcuposannom v € S? B npocrpancrse R3(My, Ma, M3) MHOMXKeCTBO
{H = h} upejicrasisier coboii ssmicoun)|, a nepecedenue miockocreit {K =
=k} u {M; = Jw}, B ciaydae ux HenmapasieIbHOCTH, 38JIa€T MPSIMYTO, TIPUIEM B

KadeCTBE MEPhI NX MepeCEKacMOCTH BLICTYIIA€T IPU (i)I/IKCI/IpOBaHHbIX ITapaMeTpax
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npusesiennbii norentman (3.2). Croit najy Kax1oit Touxoit v € S? romeomopden
6o jaym toukam (eciu ¥ € Ugpn \ OUgw.p), mbo rouke (ecian v € U p),
6o nycr (ecan vy & Uy pp). Hpusesenusiit noreniual ne onpejesen npu k =
= +]w, koryia rouku 3 = 1 upunajuiexkar OB/ (3.3).

Coberpennbie 3nauenns reccnana d>H \p?_ TAKME XKe KaK 1 Jist BoJIvKa Jlarpan-

Ka:
p1 =0, M2:1+%, ps = (1 —a?) i

Jlemma.

Cutyuait HeoCOOBIX TOBEPXHOCTENA.

o Bcau k # tJw u ceasnas womnonenma OB Uy, ecmov Koavyo, moezda
MaKxoMy PacnpedeseHuto napamempos omeeuaem JI8YMepHovil mop.

HBa ciaydast ¢ 0COObIMU HMOBEPXHOCTSIME, KOIJIA HA MOBEPXHOCTH JIEXKUT OJ[HA
KPUTHIECKast OKPY>KHOCTD.

o Feau k # £Jw u ceasnaa womnonenma OB/ Uy, ecmo okpyorcrnocmo,
moz0a Mmakomy Pacnpedesenuto Napamempos MmakiHce OMeEEYaem OKPYHCHOCID, o
ObuPyprayUA NOABAEHUSA U3 NYCMO20 MHOHCECTNEA U NEPETOIA 6 MOP, ECMH AMOM
A.

o Fcau k # £Jw u ceasnan vomnonenwma OB Uy, ecmov dsa koavya, co-
COUHEHHDIE KPUTNUYECKOT OKPYACHOCTNGIO, 0200 MaKOMY PACNPEIENCHUIO NaApi-
MEMPOB OMBEEUAET, BOCOMEPKA YMHOHCEHHAA HA OKPYHCHOCTD, M.e. budyprayus
pasdsoenua mopa (amom B).

Ba ciaydast ¢ 0COOBIMU TTOBEPXHOCTSIMK, KOTJIa Ha MOBEPXHOCTH JIEYKUT OJHA
HEBBIPOXKJICHHAS KPUTUICCKAsT TOUYKA.

o Ecauk = tJw u xomnonenma OB/ Uy, 5 ecmo mouka {3 = £1}, mozda
MAKOMY PACHPEIEAEHUIO NAPAMEMPOE MAKHCE OMBEUAEM, U30AUPOSAHHAA MOUKA
(cayuatd yenmp-uenmp).

o Feau k = £Jw u womnonenma OB Uy, pn ecmo duck, ¢ yenmpom 6
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{v3 = +1}, mozda maxomy pacnpedeseruro napamempos omeeywaem mop ¢ «ne-
pemastckotiy> (cayuati goryc-goryc).

JlokazaTejibCTBO TEOPEMbI CJIeIyeT U3 JIEMMbI U JIOKa3aTeJbCTBa TeopeMbl 1 V.

Teopema 3. Fcau yenmp mace ne cmewen (s—0), mo 6 mpexmeprom npo-
cmpancmee Xy p, 3400€Mm AGCMOYKUN TE0CT ¢ J6YMA JONOAHUMEALHBLMY T0-
seprrnocmamu npu —1 < ¢ < 0, u noseprnocmov ¢ deyma ayvamu npu ¢ > 0

(pucymnox 2.6).

Za\y

Puc. 2.6. Tunuunbie 10BEPXHOCTH KPUTHYECKUX 3HAYeHUN B npocrpancrse (k, h, w)

V Jlokaxkem, 4TO €JMHCTBEHHAs TOYKA, B KOTOPOH BEPHbI OJIHOBPEMEHHO
(3.5)-(3.7), ectb Touka x = 0.

Ha miockoctn (q,p) ypasrenus (3.5) n (3.7) 3amator runepbouy, a (3.6)—
ssnnic. HeobGxopmmoe yejioBre WX MepecekaeMoCTH B OJIHONH W3 derhipex (Wiiu

JIBYX) TOYEK €CTh:

-1 1 cx

(1+2)?2 (1—2)? (cz?+1)Y2
2 2 c

(427 (=2 (2412 =0 (3.8)
—6 6 —3cx

(1+2)* (1—2)* (cx?2+1)52
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Vpasnenne (3.8) pasnocunsio cienyiomemy: xP(z) = 0, rae P(z) = 222t +
+ 5cx? + ¢ + 4. «Bunapabona» P(x) nonoxurenbia na unrepsaje (0;1), T.k.
P(£1) =2(c+ 1)(c+2) > 0, a abenucca Bepimnbl «Gunapabosibly 6OIbIIE €/11-
HUIbL. 3AMETHM, 4TO Vk(fj = —c(c+4)/8 # 0. Torua B rouke x = 0 1pu 3HAYCHUSX
napamerpos k? = —c, w = 0 BTOpOil NpuUBeIeHHbIl oTeHMan umeer T Az [3].
JlokaxkeM, 9TO B 9TOi TOUKE MMeeT MecTo BepcaiibHas gedopmains [10], orkyna
Oyzier ciaeoBath, 9To B npoctpancTie (k, h,w) nokaapHO 0Opa3s KPUTHIECKOTO
MHOXECTBa €CTh JIACTOUYKIWH XBOCT [3].

Boipaxkenusi Jijisi HIPOUBBOJIHBIX 110 IIAPAMETPY :

Wrw  V—cC

ok  1— a2
Vi —JV—cx
ow  1—a2 "

Heobxoumoe 1 JlocTaTouHOe YCJI0BUE BepcabHOi jgedopMalium BhITOJIHEHO:

0 J=¢
—JJ=¢ 0

Hokaskem, aro Touku trna Ao Jjieykar TOJIHKO Ha pedpax JJACTOTKWHOIO XBO-

£0

cra, a TakXe, 4To 1pu k > y/—c ner aromon tuna B, a npu 0 < k < \/—c, ecim
paccMaTpuBaTh cedeHust k = const, a TaK¥XKe Te€ KPUTHICCKHE TOUKH T, KOTOPHIE
JIEKAT HA BHEHIHUX KPUBBIX, BBIXOJSIIUX M3 TOYUEK, IJe Jexar © = £1, 10 naii-
aercst rakoe xo(k), 4ro Bcem x, tak 4ro |x| < |T0| Oyger coorBercTBOBaTH ATOM
B, a unaue arom  A.

Kooppunarsr Toukn mepeceuennst runepOosnl u asunca (o, po) > 0 nmeror

BUI;:

v—ey/ (1-a)u VA S e u = V2er3+3z+1v =

o = 2(cx2+1)3/% yPo = (ca?+1)3/% 1
=v—2cx3—3x+1

YejioBrs KpUTepusi 0O3HA49al0T, 910 ¢o + po > k,  qo — po < k.
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Paccmorpum yHKImnm

() = V(1 —2)3u+ (=) /(1 + 2)3

2(ca? +1)3/4

,(1=1,2)

Hokaxem, uro ¢dbyukiws Fi(x) MmoroTorHo yobiBaer, a Fy(r) MOHOTOHHO BO3-
pacraer Ha npomexyTke [0; 1) ; ecsin 9170 Tak, TO HEPABEHCTRBA BEPHBI JJIsT BCEX X
n3 mpomexyTtka [0;zg| (xo-Touka nepecedenusi kpupoit Fy(z) nim Fy(x) ¢ ropu-
30HTAJILHON NPAMON k/+/—c), Torja Hy>KHOe yTBepxieHue Oyjier JJoKa3aHo.

[Ipoussojubie dyukuuii Fi(x), Fh(x) rakosbr:

Fl(2) = qamm (U + () YE) P2) (=1) 1 < 0 e @ > 0.

Hoxaxewm, 9to OndypKannonmbe JuarpaMMel Ly, B ciydae s = 0 (ceuenms

noBepxHocreil puc 2.6) uMeT BUJ Kak Ha puc. 2.7-2.8, a THUMHYHBIE — KaK Ha

puc. 2.9.

=
=

Puc. 2.7. budypkannonnas auarpamma jijis caydas —1 < ¢ < 0
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T
e

Puc. 2.8. budypxkannonnsie guarpaMMbl jijis ciaydas ¢ > 0

(0] o

2

Puc. 2.9. Tunuunsie 6udypkammonnbie uarpaMmbl s caydaeB —1 < ¢ < 0,0 < J < 1w

O<ec, 1< J

Byjiem paccMaTpuBaTh TOUKY epecedeHust HpsaMoit u sjumica upu 1 > x > 0,
a napamerp npu ¢ > 0 (IPOTUBOIOJIOKHBIH CJIydail HCCIIE/yeTCsi AHAJIOIMIHO).

Ecim e > 0,10 V) (x) > 0. B rakom ciyqae ypasrenns (3.4.) sajator rpadux
byskiuu h = h(w) , upudeMm KpUTHUECKUE TOYKU U 3HA4YeHUsi 9T0i DyHKIMuU
OJIHO3HAYHO OMPEJIE/ISTIOTCS U3 Brjia OMypKaIMOHHBIX JUarpaMM, KOTOphie Oy Iy T
MOCTPOEHHI B MYHKTE 4.

Ilycts Tenepsr —1 < ¢ < 0.

Hokaxem, uro (3.44) 3ajaer upu > 0 rpaduk MOHOTOHHO BO3pACTAIOLIEH
dyskiuu. [Ipsavbim nojcaerom ybexjaemcst, 94To

(x24+1)k? cx?(3ca+c+4)
k 1_ 2 T2 C.IQ 2
M,(I):_( at) DY
+ 212 2
k2 — dex

47



h'(z) < 0.

F(x) <0, mpu x > 0, 370 30a4uT, 910 F(q) MMeer poBHO jiBa KOPHS - OMH TO-
JIOXKHATEJIbHBIN, JAPYroil orpunareabhbiii. C Toukn 3pennst OudypKaIMOHHON Jua-
rpaMMbl puc. 2.7 9T0 o3HadaeT cieyiomiee: 1pu gpukcuposaniom k, 0 < k < /—c
mobast Kpurudeckas touka € [—1; 1] sexknr na Xj; snadenns > 0 coorser-
CTBYIOT TOYKaM, rje ¢ > 0 ecrb BHeMIHAA Jyra X, BbIXOJdllas U3 TOYKU, IJe
aexkut r = 1, a ¢ < 0 orBevaer «BHyTpeHHe#» jyre X ,; g © < 0 curyanus
CUMMETPHUIHA.

Tenepp m3yunMm, B KaKWX MeECTaX Xj,, BO3MOXKHBI JepopManyn, MeHsSIOMne
TOIOJIOIMIO € TOUKK 3PEHUs U309HEPIreTUIeCKUX MHOrooOpasuii (cum. puc. 2.9).

MO2KHO 1PSIMBIME BbIYUCJICHUSIMU 1IOKA3aTh, 4T0 rpaduk GyHkiuu w_(x) upu

0 < k < v/—c umeer Bu:

Puc. 2.10. rpaduk dynkuun w_(x)

N3 (3.1) cnemyer, ato A3(x) ecTb TaHTEHC yria HAKJIOHA K Xj, W WMEET

B A3(r) = w — kl__{‘;’f — J_x. MoxxHo nokasarb, 4ro npu rex x > 0, rue

w_(x) > 0, cieayer, uro A(x) < 0. [locsennee ozuauaer, uro npu o < x < 1 (z9
-BHYTpeHHuit skcrpeMmym w_ ) h = h(w) siBiisiercst rpadukoM, uMerium He boJee

JIBYX BHYTPEHHUX 9KCTPEMyMOB (cM. 1. 4)V.
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Teopema 4. FEcau yenmp mace ne cmewen (s—0), mo mouru (y3 = +1)

umerom mun ocobennocmu goxyc-poryc npu ¢ > 0, k? < \/%; npu ¢ > 0, k? >

4c
Vel

uMem 0cobeHHOCms Muna uermp uenmp.

usu —1 < ¢ <0, amu mouru npunadiesicam c6A3HOT KOMNOHENNE X, U

VBribepem sokasbible KoopanHaThl B okpectHoctr Touku (0,0, £Jw, 0,0, 1)

w uHeapusyem ypaaerus (2.3) B okpectHocTH 9THX Tovek. [lomydanwm:

M1+(J—1)WM2—\/%’Y2=O, Y — w2 + My =0,
My — (J = DwM + 5571 =0, 42 +wyi — My =0,

IHonaras u = My + i Ms, v = 1 + i7y9; TOTYyINM:

u— (J — 1)iwu + iw=0,0+wiv—1iu=0

c
ve+1
XapaKTepI/ICTI/I‘{eCKOG YpaBHEHUE UMEET BUJIL:

A — (J = 2wir+ (J = 1)w? — ——— =0,
(= 2Jui+ (] = e = =L

KOTOpOe, KaK M JIJIsT JTI000 raMUIbTOHOBON CHCTEMBI C JIBYMST CTEITEHSIMIA CBOOOIHI

nMmeer Kophu Buga a+if3, a—if3, —a—+if3, —a—i[3. B namewm ciydae o = (\/;L—l—

— I B=k(3 - 3).

Takum obpazom, Tuil ocobennoctn  HoKyc POKyc, eciiu

c k2
————>0,1n
ve+1l 4
HEHTP-IEHTD B MPOTUBHOM cjiydae. [lepexos oT oJIHOrO Tuia K JAPYyroMy Ha3bi-
BaeTcst raMuIIbTOHOBOM Ondypkarmeii Xonda (puc. 2.11). Hamomawnm, aro s
BosTuKa Jlarpan:ka Touka y3 = —1 IIEHTp Macc 3aHUMAaET HUXKHEE TMOJIOXKEHUE 1

Bcerjia UMeeT TUll LEeHTp-LIeHTp. V

Puc. 2.11. Budypkanus cobCTBEHHBIX 3HAYCHUH
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2.4. NccaepoBanne m303HEPreTNYECKNX MHOTO0Opa3mii

Paccmorpum orobpaskenue:
K x H: S xR*> = R*(k, h) (4.1)

(Obpa3 MHOXKeCTBa KPUTHIECKHUX TOUYEK ecTh OundypKaimoHHas Juarpamma
>k.h, & HOJHBIE IPoOOpa3 TOUKM, He Jexkallledl Ha Xj j, ABJIACTCA U309HEPIreTn-
YECKUM MHOrooOpaszuem Q%k Orobpaxenue (4.1) siBjsiercsi cOOCTBEHHbIM, T.€.
Ipoodpa3 KOMIIAKTA — KOMIAKT. Torjaa st Kaxki0i CBSI3HOW KOMIIOHEHTHI MHO-
kecrpa R? \ 2k 5 THIT MHOTOOODA3WsT OJIMHAKOB.

Yenosre dyHkimoHaubHOM 3aBucumoctn: dH = AdK + pdl'. Tlepemennbie
M, ~ pazzesninch B CUJIY JUHEHHOCTU TI0 7y WHTErpaJia MpPOEKIMU MOMEHTa U
kBajparnanoctn o M nrrerpasna H. B rakom ciayuae M = AA 1~ noncrasnss
9TO B BblpaKeHue i H, 1oJ1ydaeM [epBblil IPUBEJICHHBIA TOTEHITUAL:

]{32
20+ (7 - 1))

Vi(3) = + (e95 + D)V 4 s7s. (4.2)

ObsacTb BO3MOXKHOCTH JiBUKeHUsT Ha cdepe [Iyaccona:

Un(13) = {73 € [=151] : Vi(ys) < b} C S% (4.3)

Jlnst ka0l komnonentsi caszaocrn R?(k, h) \ Xy, tun mporoobpasus Q3
YCTaHABJIMBACTCA HA OCHOBAHMM METOJa, HpeyioxkenHoro CMeilioM, cBA3aHHOro
CO CTAHIAPTHHIM HAJICTPANBAHUEM Q%k HaJL 00JIACTIMN BO3MOYKHOCTH JIBUXKCHUS.
[Ipn dukcnposannom v € S? B npocrpanctse R3 (M, My, Ms3) muoxectso {H =
= h} npejcraisier coboii smuncon, a { K = k} 3ajaer miockocTh, mpudeM B
KageCTRE MEPhI NX MEPeceKaeMOCTH BRICTYIAET MpH (PUKCHUPOBAHHBIX MapaMeTpax
npuseennplii norennual (4.2). Coit naj kaxoi Touxoit v € S% romeomopden
nmbo okpyxuoctu (ecan vy € Ugy \ OUyp), ambo touke (eciam v € OUyp), 6o

nycr (ecan vy ¢ Ugp).
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Teopema 5. CsA3HbIE KOMNOHEHMbL U30IHEPLEMUYECKUT TOBEPTHOCTNET MO~
eym Guims moavko caedyroujezo suda: S, RP3, St x S2.
Jas cucmemor ¢ 2amurvmonuanom (2.3) npu s = 0 pasdessrowyue xpusoie
na naockocmu R2(k, h) umerom caedyrouguti 6uo:
]{2

h=—+1 4.4
=+ (4.4)

(6 npoobpase kascdoti mouku, 20e Aescum 00Ha KPUMUECKAA OKPYHCHOCTY

73 = 0), )
k
hzﬁ—f—vc—f—l (45)

(6 npoobpase kascdol mouru, 2de aexcam dee Kpumuueckue mowky vz = 1),

r € l;c+1] (4.6)

o, J-c-1 2J—1h_3xl/2+ c+1—J
- J—1 cxl/27 2 2(J — 1)x1/2’

(6 mpoobpase Kascdol mouku, 2de aescam d6e KPUMUYECKUE OKPYICHOCTIU
V3 = Fconst # 0, +1).

Bugyprayuonnve duazpammo, suda (4.6) cywecmeyrom auws npu ¢ >
0,J>1unec<0,J<1.

Jas —1 < c< 0,1 < Juc>00<J <1 oupyprayuonnse duazpam-
Mbl, TUN U30IHEP2EMUMECKUT MH02000pasutl u coomeememsyowue 2pado. Puba
npusedenv, na pucynke 2.12 (a-b).

Saa ¢ > 0, > 1 oupyprayuonnovie Juazpammos, Mmun u309Hep2emue-
cKuz MH02000pasuti u coomeemcmeyrowue 2pagor Puba npueedenvt Ha pucym-
kax 2.13-2.18.

Bugpypravyuonnoe duazpammor ora cayuas 0 < J < 1,¢ < 0 noayuaromea
u3 npusedenuuir Hna pucynrar 2.13-2.18, ecau pacemampusams ux 6 00pamHom
nopadke, a cOOMBEMCMBYOUWUE 2Padvl NEPeBOPAUUBAMD.

\%

HoxkazarenbcTBo Oyzer mpoBesieHo B dactHoM ciayvae (s—0). Bosee Toro, B

9TOM YaCTHOM CJIydae Oy/yT ONnucaHbl KPUBBIE Ha TJIOCKOCTH k, h.
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KpI/ITI/I‘{eCKI/Ie MHO>KECTBa 3aJal0TCA YCJIOBUEM KPUTUYECKUX TOYEK ITPUBEJICH-

HOI'O HOTEHIMAJIA; OTCI0A ciieyer Bujl budypkannontbix jguarpamm (4.4) (4.6).

/\

Pacemorpum npoussojitbie GyHKImiA, 3ajaomiue kpupyio (4.6):

") = W (r ﬂxl/él
K@) = W)y /2 .

h'(z) =0.75 (x — ng]l__l‘g) x5/

Puc. 2.12. a)0<¢, 0<J<lub)-1<ec<0,1<J

OpI/IeHTI/IpOBaHHaH KPUBW3Ha paBHA:

B 3(J = Dllx —c—14J| 0
4/ (T = 1) (@ 2(J = 1)(c+ 1) — 1)/

Bu kpusoit (4.6) upu —1 < ¢ <0, 0<J<1lu0<e¢ 1< Joupeuess-
ercst caepytomumu apamverpamu: pu 4(c +1)(3c+4)71 < J < 0.25(c + 4) a0
KJIIOB (TOYKa BO3BpATa CTENEHN 3/2) | B OCTAIBHBIX YK€ CIYyIastX — BO3PACTAIONIA
JyTa, TprdeM KOHIIBI KPUBOH 0053aTeIhHO JIeyKaT Ha Kak10i kpupoit (4.4), (4.5).
B cayuae roukn Bosspara Vi nmeer jiBa skcTpemyma B pomexkyTke (0;1). Koop-

DL A (etl=JN\3/4 [J=1 3 _ al/2 [ctl—J
JIMHATBI TOYKH BO3BpaTa MMEOT BUL: k = oo (S55-) / — h=3 / St

Mo>kHO 10Ka3arh, 4TO TOYKA BO3BPATA BCEIJA JIEXKUT BHYTPU OI'PAHMYEHHONR 00-

JlacTu Mex/ly napaboJsiamu.V

25’
(S'xs)2s’ \/ /v M /\
k

Puc. 2.13. Budypkanuonunas quarpammva ciaydas 1 < J < 4(c+1)/(3c+4)

H

02



VWA AL M)

Puc. 2.14. Budypkauuonnas juarpamma ciaydas 4(c+1)/(3c+4) < J < 2v/c+ 1/(v/ e+ 1+1)

hu

2

3(s'xs?)

VWA T

Puc. 2.15. Budypkauuonnas jquarpamma ciydas 2v/c+ 1/(vVe+14+1) < J < (¢+1) 1/4

hu

2g?

2(s'xs?)

(S'><SZ)qu3
3(s' xs?)

VWWMMNWA

Puc. 2.16. Budyprammonnas amarpamva ciaydas (¢ + 1)Y4 < J < (Ve +1+1)/

93



VoW W WA

Puc. 2.17. Budypkauuonnas jguarpamma ciydas (vVe+1+1)/2 < J < (c+4)/

VWAV A

Puc. 2.18. Budypkauuonnas jauarpammva ciayuas (c+4)/4 < J

hu

%

BBujly 4eTHOCTH HpPUBEJEHHOTO HoTeHiuasta y3 = 0 BCerjia KpUTU4ecKoe
3HAYEHUE, MEXaHWYECKM 3TO COOTBETCTBYET CUTYallMU, KOTJAa OCh CUMMETPUU
JIMTICOUJIA JIEKUT B TOPU3OHTAJIBHON IIJIOCKOCTH, & CaM OH TepMaHEHTHO
BpalllaeTcsi BOKPYTD BEPTHKAJIM, Yero He MOXKeT ObITh JijIsi BOJUKa Jlarpamka.
Kpome rtoro, jyisi Bosiuka Jlarpanxka Kpuruueckue Touku y3 = +1 Jjiexkar Ha
pPa3HbIX BeTBsIX OM(PYPKAIMOHHBIX JAUalrPaMM, & Ha HelnapadOJIMYeCKUX BETBSIX

JIEZKUT 110 OJIHOW KPUTHUYCCKON OKPY2KHOCTH.
Moutexyser jist coryaast —1 < ¢ < 0,J > 1, s =0 (rorga ner n3rnbos y 3j, )

n3o0paxkenbl Ha pucynke 2.19. JlaHHOMY yCJIOBUIO YJIOBJIETBOPSIET, HAIPUMEP,

OJTHOPOJTHBIN SJIJTATICON I,
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A A v
A A
A |
A
A /\ A
A
A A A
28’ RP?
Puc. 2.19. Monekysibl st OudypKaImuoHHOl quarpaMmbl puc. 2.7
st ApyTUX M309HEPreTHYEeCKNX MHOI000OPas3nii MOJIEKYJIbl CTPOSITCS aHaJIo-
I'M4YHO.
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['1aBa 3

Heobxomumbie ycaoBusi cynieCTBOBAHUS
JAOIIOJIHIATEJILHOIO MHTEerpaJjia B 3aJa4e O
JABU>KEHUN TSI2KEJIOT0 TPEXOCHOI'0 JIJINIICOUAAa Ha

IJI1aJIKO TOPU30HTAJILHON MJIOCKOCTH

3.1. BBeagenue

B sToit rnaBe paccMmaTpuBaeTcs JIATICOWI, IBVXKYIIUNCS MO TJIaJIKON TOpU-
30HTAJILHON TIJIOCKOCTH. Y PaBHEHWsT ABWYKEHUS CXOJHBI C YPaBHEHUSIMW JIBUXKE-
HUsl TS2KEJIOIO TBEPJIOrO TeJia ¢ HEIOJBUXKHON Toukoi. B obuieM ciydae jyisi ux
UHTEIPUPYEMOCTH TAKXKE HEJIOCTACT OJIHONO MHTerpaJa. st TpexocHOro 3J1iumico-
1J1a, HEHTP MacC KOTOPOI'O COBIIA/ACT ¢ 'eOMETPUYCCKUM EHTPOM, JIOKA3bIBACTCH
OTCYTCTBHE JIOMOJHUTEILHOTO MEPOMOPGHOTO MHTErpaJa, 3a UCKJIIYeHNeM TPH-

BUaJILHOTO CJiy4Yasd.

3.2. IlocranoBka 3agadmu. Y paBHEHUs ABUXKEHUA U UX

IHeEpBbl€ NHTEI'PAJIbI.

PaccmarpuBaercst ABMXKEHHE TSIXKEJIOTO TBEPAOr0o Tejia, WMeIero (GpopMmy
TPEXOCHOTO 3JLIUICON 1A, Ha TIJIaJKOW TOpU30HTAJILHON TmockocTu. Ha cucremy
HAJIOYKeHa, OJIHA T'OJIOHOMHAs CBs3h — BBICOTA IIEHTpPa MaCC HaJl MJIOCKOCTHIO OJI-
HO3HAYHO OIPEJIEIAeTCs OpUEeHTAIIMeH Tejia, T.e. CUCTEeMa UMEeT [ATh CTeleHei
cBoOOsbl. [lycrs OXYZ  HenopBurkHasi cucTeMa KOODJMHAT, S LEHTP Macc
Tesa, Sep, Seg, Sey  IVIABHBIE HEHTPAJIbHbIE OCH MHEPHUH Tena, V = (g, Uy, V)

BEKTOD CKOPOCTH 1IEHTPA Mace Tedia, w = (w1, ws, ws)  BEKTOP YIVIOBOI CKOPO-
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cru Tena, ¥ = (Y1, Y2, Y3) — €JAMHUUHBIH BEKTOD BOCXOJISIIEH BEPTUKAJIN, HAIPAB-
gennbiit 1o 0Z, m  wmacca resa, (by,bg,b3)  1JIABHbBIE HOJYOCH SJIMIICOU/IA,
J = diag(Ji, o, J3)  ruaBHblii HeHTPasbHBIE TEH30D uHepHuu Tesia, r(7y)
PaJMyC-BEKTOP U3 LIEHTPA MaCC Tejla B TOUKY ero KacaHus IJI0CKOCTbIo, N HOp-
MaJibHasl PeaKIns MIOCKOCTH, 2 = — < (), > — BO3BBINIEHNE EHTPA MaCC
Testa HaJl MIOCKOCThIO.

3aKOH JIBUYKEHWs TEHTpa MacC NMeeT B/
mv = N — mg~.

B npoeknuun na ocu OX, OY noayqaem v, = v, = 0, T.e. Bcerja MoxKHO Bbl-
Oparb MHEPHUAJIBHYIO CUCTEMY KOOPJUHAT ¢ HEHTPOM B LEHTPE MacC Teja, KO-
TOpas JBUXKECTS PABHOMEPHO BJIOJIb FOPU30HTAJBHON IJIOCKOCTH U B KOTOPOI
v, = vy, = 0. B npoekunu na och OZ umeem: v, =2, mz= N —myg.

Briparkast orciona 3nadenvie N U MoJCTaBIIsIsS PE3YAbTaT B 3aKOH U3MEHEHWST
[JIABHOTO KWHETUYIECKOTO MOMEHTA OTHOCUTENIHLHO S ¥ YUUTHIBAs YCJIOBHE MTOCTOSTH-

CTBA BEPTUKAJILHOIO €JIMHUIHOIO OpTa, HOJyYrM ypaBHeHus Jditiepa Ilyaccona
Jw 4w x Jw=rx (mZ+mg)y, Y+wxvy=0 (2.1)

(311ech 1 jlagiee npejoaraercs, 4ro z = z(7y))
Ypasuenusi (2.1) npu J00bIX MapaMerpax UMEOT TPU IEPBbIX HHTErpaJia

(SHepFI/IH, IJIOIa/[eil 1 reOMeTPUIeCKUit I/IHTeI‘paJI)Z

<Jw,w> ms

H —
2 +2

+mgz, K=<Jw,v>, TI'=<~,v>.

Orpannvenne cucrembl (2.1) Ha cOBMeCTHBIN ypoBeHb unTerpanon My
= {(M,~v)|K = k,I" = ¢} upejcrasisier coboil jarpaHKeBy CUCTEMY C JIBYMsi
crereHsiMu ¢BoOoJibl. [jisi ee mHTerpupyemoctu, corjiacHo teopeme JInyBuiiis,
HEJIOCTAET OJIHOTO JIONOJIHUTEJILHOTO UHTEIPAJIA.

LleJsib Ty1aBbl — OmpejiesieHrne HeoOXOIMMBbIX YCJIOBUI CYIIECTBOBAHUS JIOTIOJIH-

TEJILHOT'O MHTEr'paJla.
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H_YCTB rJIaBHBIE IEHTPaJIbHBIE OCU MHEPIIUN COHAIIPABJIEHLI C TVIaBHBIMUW OCAMUA

IHOBEPXHOCTU TEJIa, a IEHTP MACcC COBMEIIEH ¢ I'eOMETPUIYECKUM IeHTpoM. Torja

r(v) = —< Bvy,~ >_1/237, B = diag(b%, b%, b%),

2=\ B3+ 03 + B
[Tycrs M = (My, My, M3) — MOMEHT KOJIMUECTBa JIBUKEHUsI, TOTJIa YpaBHe-

HUsT IBMKeHnst (2.1) MOXKHO 3amucarh B BUJIE TAMUJILTOHOBON CHCTEMBI

. OH OH OH
M=M x — e P 2.2
re H = % < AM, M > +mgz,

§23 Mi23 Mi32

A(Y) =D |lnmas &1 mas

M3z M231 12

&ij = Jidj+ m(J,-a;% + J;a),  migr = —maa;Jy; 4,5,k =1,2,3

D = JiJoJs +m(J1Jea3 + JyJzas + JoJzal)

ar = (05— b))z (123)

3.3. Jloka3aTeJibCTBO HEMHTETPUPYEMOCTU

Teopema ITycmo sce Ji, Jo, J3 pasauunv, u sasruncoud bausox x wapy: b; =
= R+ €B;, (i = 1,2,3). Toeda ypasuenus deusicenus (2.2) donycrarom wacmmoe
pewenue euda (8.4), u e umerm JonosHumMesbH020 MEPOMOPPHHO20 AHAAUMUYE-

CKk020 Mo € UHMeEzpara, €eCAu He 6bINOAHEHO YCAOBUE
By = By = Bs.

V Aoxasamenncmeo TeoOpeMbl CXOIHO ¢ paccMoTpeHHbiM panee ([15], [41], [73]).
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B niepBoM npub/IMIKEHUN 110 € TOJIyYaeM ypaBHEHWs
my = (A — Ag)mams+€(Bs — Ba)yays, 1 = Asmays —Aamays  (123) (3.1)

Ai=J71 (i=1,2,3)
OTu ypaBHeHUsT coBnajaloT ¢ ypaBHeHusimn Kupxroda-Kiebma s JBuxke-

HUdA TEJla B HﬂeaﬂbHOﬁ KNAKOCTH, HOJIsA HUX MHTErpaJibl UMEIOT B/

1
H == (Aim} + Aom3 + Azmj) + €5 (B17i + B3 + Bs3)

N —

K = myy1 + mays + mays,
F'=v%+7%+%

Cuiestaem 3ameny

m—1 = mM17; ™ = \/(Al — A3)(A2 — Al) (123)

3aMeruM, 4TO B TAKOM CJ1y4ae BEPHbI PABEHCTBA

2 2 2
Ay A A A A A
7'('2 7T2 7T2 a , 7T2 7T2 7'('2 a

1 2 3 1 2 3

B HOBBIX TepeMeHHBIX (depTy HaJl my; jJajee omyckaeM) ypasrenns (3.1) zamnu-

LY TCS B BUJIE
my = myms+emy(Bs — Ba)yys, 1 = Agmamy 'yp — Agmamy s (123) (3.2)
Ypaguenns (3.2) npu € = 0 ©MEOT YeThIpe WHTErpaJa;
L =m?—my® Iy=mz* —my’

~1 ~1 ~1 2 2 2
I3 = mamy "y + mamy 2 +mgmy 3, Ly = + 75 + 93, (3.3)
npudem 2H, = A1m12771_2 + A2m22772_2 + A3m32773_2 JIMHEeHasd KoOMOUHAI M
nHTerpaJioB Iy n I.

HCHO, dTO BCE YE€ThIpE MHTEI'PaJla HE3aBUCHUMbDI.
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[Ipn € = 0 cucrema (3.2) nmeer BU:
my = mgms, 1 = Agmgmy e — Agmamy vz (123) (3.4)

JLJist 3JUTMTIITHEECKOTO 9acTHOTO pernennst cucteMbl (3.4) mpumennm metos Mo-
pasuca-Pyusa Pamuca [72]. ITockosibKy puMaHaHOBa OBEPXHOCTH PELIEHUs - TOP
C OJIHOM 0CODOI TOUKO#, TO YCJIOBUs abeJIEBOCTY CBA3HOW KOMIIOHEHTbI I'py1iiibl ['a-
Jlya PABHOCUJIbHbBI OJJHO3HAYHOCTU PEILIEHUs] BO3MYIIEHHOIO YPaBHEHUs! (CM. IJIABY
1, mynkTer 4,5) ipr 0bxoze 0Kos10 0coboit Toukn t = 0. [Tosromy B Takom ciyqae
MOXKHO MPUMEHUTH TEOPEMY JIJIsi HEMHTEIPUPYEMOCTH KBa3MOHOPOIHBIX CUCTEM
¢ MaJibiM mapamerpom (eM. raay 1, myekT 3) s n = 6, k= 4.

Pasjioxkum sjuunruueckoe dacruoe perienue ypasaenus (3.4) B psiy Jlopana
o epeMeHHoi t B okpecraoctu nosioca t = 0. [lepsbie diienbl pasjioxenust Oy ryT

nMeTb BUJL:

(0) _ _ 41 0) _ 41 (0) _ 41

A A A
0 1 0 2 0 3
m o__ A oA oA

- ) 72 ) 73

7
m 79 3

Haiijiem obiee perenue Jyist ypasuenuii (3.2). st aroro, coryiacio reopeme,
HailJleM COOCTBEHHBIC BEKTOPBI W COOCTBEHHbBIE 3HAUYCHUST MATPUILLl KOBAJICBCKOIL.
Obriee perrienwe ypapHenwit (3.2) nmeer By

6

xD(t) =) " ap e

i=1
IIpu s1oM KOI(DDUIMEHTBI ¢; HAXOASTCS METOJIOM BapHallMU IIPOU3BOJILHbBIX

[HOCTOAHHBIX.

Boinuiienm mnepsbie Tpu KoMnonenTsl ekropa X (t):
mgl) — 1t + ot — 3t 2, mgl) — 1t + et 2, mém = ot + ¢yt > (3.5)

[Tokazaresun Kosasesckoit juist uux: R = {—1,2,2}.
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Permrenne B ImepBoM HpI/I6JH/I)KeHI/H/I JJIg HEOOAHOPOAHOTO CJIyYdasd HaXOJUTCA MeE-

TOJAOM BapHallind IIPOU3BOJIbHBLIX ITOCTOAHHBIX U UMEET BUJL:

c1 = Alnt+ ), co = Aslnt+ 3, c3 = AP + 5, rye

C123 -1 Gz —1 C123
Ay = (o3 1], A= Co31 1 A= Co31

(312 0 (312 0 (312
00 .0

i, Cy, Ca— TPOM3BOJILHBIE TTOCTOSTHHBIE.
B rakom ciyudae nepsble TPU KOMIIOHEHTBI BEKTOPA Si1, 3aJIaI0IIEr0 TOYHOE
pelenne, UMeOT BU/L:
(s11(1)1 = (A1 + Do)ty (s1(h)2 = Aut,  (s11(1))3 = Aot
B cuity HE0OX0IMMOT0 yCI0BUsI MHTEIPUPYEMOCTH (CM. BBEJIEHUE) HY2KHO B3sITh
ckaJisipHoe npoussejienre sekropor sj; u (1, —1,0,0,0,0), (0,1,—1,0,0,0).
Taxkum oOpa3om, 3TO yCJI0BHE PABHOCHJILHO PABEHCTRBY HYJIIO KO3(DDUINEHTOB
npu joraprdmax:

—Gi23 = G231 = G312 (3.6)
Cucremy (3.6) MOXKHO LEpenUcaTh B BUJIE:

(By — B3)As
Az — A,

(B1 — Bs)A;

= 12
Al _ Ag 0 ( 3)7

a 3aTeM B BHJE OJHOT0 ycjaoBus Kiebra:

By,—Bs Bs3s—DBy B —B
2 3 28 L, b 2

A, A, As 0

Teneph paccMoTpuM BTOpOe TIpUOJIKeHNe ypapHeHnii (3.2):

mygQi23
R7T1

my = moms + €(io3 + € << P(y)m,m > + (3.7)

”);1 = A37T3_1m3”)/2 — A2m27r2_173 + 62 < q(*}’), m > (123)
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3Jiech BBeJieHbl 00o3HaveHus: P — wHekast maTpuna, 3aBucsiast oT 7y,  — HEKUi
BEKTOP, 3aBUCAIIUNA OT 7Y,

krzs = (Bz — B3)yoys [(B2 — B1) (293 — 1) + (By — B1)(27; — D] m (123)

Teopema cHOBaA IPUMEHUMA, TOCKOJIbKY TEHEPh JIOTaprudM MOXKET BO3HUKHYTh
BO BTOpoM TipubJmkernn. KosdduimerThl mpu KBaIpaTHIHBIX 10 1 CJIaraeMbiX
B paBeHcTBax (3.7) He BaXkKHBI, TaK KakK OHU OyJyT MPOMOPIMOHAIBHBI £~2 1 TO-
sromy periienns B (3.5) He OyyT nmerh jorapndmyndeckoii qactu. [IpoBojst pac-
CY>KIIeHWsI, aHAJOTWIHBIE CJIYyJal0 TePBOTO TPUOJINKEHNUST, OJIYINM YCIOBUST CY-
MIECTBOBAHUST MHTEIPAJIA:

—K123 = K231 = K312 (3.8)

13 pasencts (3.6) u (3.8) ciueyior ypaBHeHust

-1 -1 -1
k1230193 = K231Co31 = K312(319

Onu J1afoT JiBa COOTHOIIEHUSI, CBSI3bIBAIOIIUE mapamerpbl By, By, Bs. Yiuporas

WX, IPA y4eTe PaBEHCTBA 712 —1—722 —l—fy?% = —1, ybexjaemcsi, 9T0 OHM PABHOCUJIHHBI

ycaosuio By = By = B3.V
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['naBa 4

Heobxomumbie ycaoBusi cynieCTBOBAHUS
JAOIIOJIHIATEJILHOIO MHTEerpaJjia B 3aJa4e O
JABU>KEHUN TS2XKEJIOT0 JMHAMUYECKHN 1
reoMeTpuIeCKn CUMMETPUIHOIO 3JIJINIICONAa Ha

IJ1aJIKOWM TOPU30HTAJIBHON IIJIOCKOCTH

4.1. BBenenue

PaccmarpuBaercss JJUHAMUYECKH U FEOMETPUYECKH CUMMETPUUHBIA SJIIMIICO-
U1, JIBUKYIIUIACS 110 1JIaJIKOH TOPU30HTAJIBLHOM [LJIOCKOCTH. Y PABHEHUSI JIBUXKEHU S
CXOJIHbI C YPABHEHUSAMMU JIBUKEHUS TAXKEJIOIO TBEPJLOIO TeJia C HEIIOJIBUXKHON TOY-
Koii. B ob1ieM ciyuae jijist iX MHTErpUPYEMOCTH TaKyKe HeJ0CTAeT OJHOI0 MHTerpa-
na. s auHaMuYaecKu M reoMeTprudecKrd CUMMETPUIHOTO SJIINUMCOUIA, TJIaBHbIE
[IEHTPAJIbHBIE OCA MHEPIINU KOTOPOT'O COHATIPABJIEHBI C TJIABHBIMU OCAMUA JJIJIUATICO-
NJ1A-TIOBEPXHOCTU W IIEHTP MaCC KOTOPOrO JICXKUAT B IKBATOPUAJBHON TIJIOCKOCTHU
JIMIICOUIA-TTOBEPXHOCTH, HAXOASATCs HEOOXOIMMbIE YCJIOBUs CYLIECTBOBAHUS JIO-

INOJIHUTEJIbHOI'O aHAJIUTHYECKOI'O MHTEI'PaJla.

4.2. IloctanoBka 3ajJaun. Y paBHEeHHUs JABUKEHUHA U UX

IHepBbl€ NHTEIr'PpaJibl.

Kak nokazaHo B HpeabLIylIeil IjiaBe, ecjii BCe MOMEHTbl MHEPIUU DJLIUIICO-
1ja paszJjiMybbl, a LEHTP MacC He COBIAJAeT ¢ LEHTPOM JLIMIICOUIA, TO JIOHOJI-

HUTEJLHOTO MEpOMOPMHOT0 TIEPBOTO MHTErpaJia He CYIIEeCTBYET, 3a NCKJIIOUYeHneM
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TPUBHAILHOTO CJIyYdasi. 3aMETHM, 9TO JJOKa3aTeILCTBO 9TOr0 (DaKTa CYIECTBEHHO
onmpaercs Ha OJIM30CTH HEHTPa MacC U '€OMETPUUICCKOrO HEHTPa  HPU HPOU3-
BOJIbHOM PACIOJIOXKEHUH [EHTPA, O CYHIECTBOBAHMU JIONOJHATEILHOIO HHTEIPAJIA,
HUYEro HEe U3BECTHO.

Taxnm 00pa30oM, OCHOBHBIM OOHEKTOM MCCJIEIOBAHUST B 9TOH TIJIaBe SIBJISIETCS
JMHAMUYECKH W TEOMEeTPUIEeCKH cuMMerpudnoe TBepjoe teno (by = by, J; =
= J3), MOBEPXHOCTH KOTOPOTO — SJIIMTICOW BPAIIEHWsI, TJIABHBIE MEHTPAJbHBIE
OCH WHEPIMU COHANPABJIEHBI C TJIABHBIMHU OCSIMU SJLIUIICON A~ TTOBEPXHOCTH, IEHTD
Mace pactosiaraercs B "skBaropuasiboit" (e3 = 0) JI0CKOCTH CUMMETPUM 3JLJIUII-
COUJIA-TIOBEPXHOCTH.,

Bes napyiienust OOHHOCTH MOXKHO CUUTATH, 9TO HEHTP JUIMIICOU A TOBEPXHO-
CTH pacCIojiaraeTcst Ha ocu Se; CBA3aHHO| ¢ TeJIOM TOJIBUKHOW CUCTEMbBI KOODIH-
HAT Ha PACCTOSIHAM (v1 OT IEHTPA MacC.

[Tycrs M = (My, My, M3) — MOMEHT KOJIMUECTBa JIBUKEHUsI, TOTJIa YpaBHe-

HUA NBUXKEHUA MOXKHO 3alluCaTh B BUJE raMuJIbTOHOBOW CUCTEMBI

. oH oH oH
M=MX by X ) A=r X 2.2
M 9 VT oM (2.2)
e H = % <AM,M > +V(v),
J1J3 + m(Jlag + Jg&g) —ma1a2J3 —ma1a3J1
A=D"! —maqayJs S Js +m(Jsa? + Jya3) —masas.J; ;
—maiazJy —masasJy J12 + m(Jlag + Jla%)

D = J2Js+m(Ja3 + JyJsas + JyJza)

m(b] — b3)7273
V =mglarys + /B + (B —0)03), = NG 41- (b§3— b3

m b2 — 52 273
( E 1)7 15 173, az = a172.

VG E:

az
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4.3. Jloka3aTeJbCTBO HEMHTEIPUPYEMOCTH

Teopema. Heobxodumvie ycaosua cyu,ecmeosanus JonosHUMEbHOZ0, HE 30-
BUCAULE20 OM 3HAMEHUA NOCTNOAHHOT NAOWGIET, AHANUMUYECKO20 NEPEO20 UHIME-
2Pana, He3a6UCUMO20 HA YACTNHOM PEULEHU, KOMOPOMY OMBEEYALM NEPMAHEH-
HOE 8PAULEHUE MEAL BOKPY2 BEPMUKANU, NPOTOOAULET YEPE3 UEHMP MACC, UMEOM,

610:
f=909a; + 98 — aqy)u® + 2(—360%y + 3202y* + 9ay + 961 — Say)u—

—8ai+a; + B —ay =0 (3.1)
g = (218767 4 1944maiy By + 972masy + 29165 + 5103ay + 97201 ymF7 —
—324aiy*mpB — 324maiy® — 3969ay)u’ + (1188maiy + 72987 — 4374a]—
—252maiy? — 25202y mB + 947702y +9723, +2376ma’y B +1701a; — 16110y —
—540mo/11y2 + 360/11y3m — 5403y *mB — 4581a3y* + 1188a1ymB? ) u’+
+(228mady + 1080, + 1863aty + 228a1ymB3 + 189ay + 84mady? — 708maly’—
—211aqy + 600ty m + 456mayf, — 45502y — 1458a° + 813%+  (3.2)
+48a3y>m + 84a2y*mB; — 708y’ mB ) u* + (—9any + 12a1ymB7 + 960y m+
+T0q + 33aty? + 630ty + 12maty® + 468, + 12ma’y + 12a3y*mfB; — 162a7+
+24maiyB + 367 + 12a1y*m — 180maty® — 180aty*mpB)u — 6a3 + 3aiy*—
—12mo/11y2 — 120zi’y2mﬁl + 4804?y3m — 120/11y3m — 304%7; =0,

U— BCIIOMOT'aTeJIbHasd TTepeMEHHad (onpeﬂeﬂeHa B TEKCTE rZI;OKaSaTeﬂbCTBa).

Jloka3aTesjbCTBO:
JlokazaTejibCTBO OCHOBAHO Ha IIPUBEJICHUM CUCTEMbl JudDepeHinaibHbIX
ypaBHEHU{T K HOPMAJIBLHOMY BUJY B OKPECTHOCTH YaCTHOTO DPENeHus (CM. MyHKT

7 rnaswr 1).
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Ypapuenusi gpukenus (2.1) J0MycKalOT CIEyIONee WacTHOE peIeHue:
(—k,0,0,—1,0,0), kotopoMy OTBe4Yaer HEPMAHEHTHOE BPAIIEHUE TeJa BOKPYI
BEPTUKAJIN, POXOJISIIEil Yepes eHTp Macce.

[Tepeityiem or nepementbix (M, ) Ha GUKCUPOBAHHBIX YPOBHSIX EPBbIX MH-
terpasioB {(M,v)|K = k,I' = 1} x nepementnim (21, T2, Y1, Y2) (¢ TOTHOCTHIO 110
CABUTA — 3TO YIJIbI Diijiepa W COMPsIKEHHBIE K HUM UMITYJILCHI) 1O (hopMyam:

sin(—m/2 + x2)(k — yacos(m/2 + x1))

—7/2
sin(m/2 4+ 1) +yrcos(=m/2 + 1a),

M, =

_ cos(—7/2 + x3)(k — yacos(m/2 + x1))
sin(m/2 + 1)
M; =y,

— y1co8(—m/2 + x9),

M,

m = sin(m/2 + x1)sin(—7/2 + x2),
Yo = sin(n/2 + x1)cos(—m/2 + x9),
v3 = cos(m/2 + x1).
Bribepem pazMepHbie mapaMeTphl 3aj1a91 Tak, UTo:

mg=1,J1=1,b =1 6=0:—-1,y=1/Js, 2 =Vk

TOFIL& [epBbl€ TPpU 4YJI€Ha B PA3JIOZKEHUHW I'aMUJIBTOHHWAHA MMEKT BUJ!

H (21, 9,91, 0) = %% + %y% +Vazyy + G Oél;_ S + 041;% (3.3)
H® =0
HY = = zﬁl)zx%y% —m(on + Bi)oayazzayrys — may(ar + Br)Vaz ey +
+x%2y§ N m&%y;x%y% +5/6v/xyp1} — majvayriziys+
(23— an/24— B8 — 3y J6) — 2T Z”O‘lx%x% Cagal24 (3.4)
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XapakTepucTuIecKnii MHOTOUJICH JIJIST CHCTEMBI ¢ TaMUJIBTOHNAHOM (3.3) nme-

er BUJI:
Mt (qy+o+a +6)N+a(—r+ay+ (g +6)y) =0 (3.5)
Yesopue pe3onanca +1 : 3 MOXKHO IIPEJICTABUTDL B BUJIE:

922 —820 2y +9a2y* + 1180 2+ 185120 — 8202y — 8201 By 4903 + 18, 31 +957 = 0

(3.6)
C,ZLGJI&GM KaHOHI/I‘{eCKyIO SaMeHy HepeMeHHbIXZ
42 — P1 age + (8 — a)pr

Ty =q —p2, X2 = 3 y Y1 = (ﬁ ) ,y2=OéQ1+(5—04)p2 (3-7>

«, 3 — mapaMeTpbl, YIOBJIETBOPSIOINE CJIEAYIOIMINM COOTHOIITEHUSIM:

o T x
B = El—i-oz, \/; l—ﬂ&—ozl—l—ozly—x—ﬁl = 0,041(y+%) > 0,01y —av/z >0

Tornma nmomyvaem:

Aip? Bigd Agpl +qu§

H® —
(Q17Q27p17p2) 9 + 9 + 9 9 )
npuyem
o T
Al = 712,B1 =20z +r+a+aly+ P = (oz2+041)(y+£)
o]+« Q
A, _ Y —2Vraat (@ fai+ et (@l fa)(ay —ave) o o
2 — O[2 - &2 9 2 — O[l —I— O[2

Oynkiwst (3.3) Mpy Takoi 3aMeHe 3anuChIBACTCS B BUJIE:

HY(q,q0.01,02) = D Pyt 6504 D5
vi+votpr+pa=4
Hakomner, 3amena
Qs Pq 1/2iwsQs + P.
s = (7 + ))\87 Ps = / S)\ - Sa rae
wS S
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ws = \/A By, Ay = V/Ay(s =1,2)

HPUBOJIUT (PYHKIMAN H® gW ¢ BUJLY:

’

H2(Q1,Qq, P, Pb) = iw1 Q1P + iwsQo Py,

HY(Q1,Qq, Pi, Py) = > B gy @1 Q9> P Py
v1+vatpn+po=4

w3

/ . / 2 .
h1()()3 = U1003 t+ V1003, h0310 = _4w1 (U1003 - 2711003)

3
h0310w1)\2 ho11201 h1003A1 R1201 A1 A2

_ _ — 3.8
03T TN 2w | 2N 202 (38)
v _ _h1300)\1)\% hoo13wi _ ho211wi A2 h1102A1
1003 2w§’ 2)\1)\% w%)\l CUQ)\Q
/ . / Wi)) )
h0130 = Up130 T V01305 h3001 = 4—0)2(100130 - ’0710130)
 hgomwa X! hignwa  hoigods hotioded
Up130 = (3.9)

2&):1;)\2 B 2&)1)\2)\1 2)\? - 2&)%

3
S h3100A2AT  hoosiwz  hooriwaAr | hii2oAe
0130 = — —
2(4)? 2)\2)\‘;’ w%)\z wl)\l

B nameii 3ajiaue vigo3 = Vo130 = 0 ¥ 1IPU BBIIOJHEHUN YCJIOBUS Wi = 3Ws,

BEJMUMHA Uigp3, & BMecTe ¢ Hell u Koaddunuenr hly,s, obpaiaercst B HyJib 1pu

BBIIIOJIHEHW N YCJIOBUA:

3A2 <h0310 o h0112> + h1003 o h1201

= 1
Al B2 AQ AQ B2 0 (3 0>

Bumecro napamerpa k (unrerpad miomaeit) 6yjem paborarb ¢ napamerpom

u = a’.
_ ABl _ ai(y+va/a) :
Ecmm wy = 3w, To 55 = mg—avz = 9. Orcrofa BhIpaXkaeMm T depes «:
Saya
VE = ol
9a- + 1
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Ycaosue pesonarnca (3.6) samummercst B Buje yciosus (3.1).
3 (3.6),(3.8),(3.9) naxouum 3uavenust st hosgio, hot1, 1003, R1201 4, 110cTAB-
asist ux B (3.10), noayuum (3.2).

B cayuae korga ssumncons,  map (b = by = by = R), ycaosus (3.1),(3.2)

’

MePEnuInyTCd B CJIEAYIONEM BUJIE:
f=9J5(J1—9J3)u* —2J101 (32, —9J3) (J1 — Js)u+J a2 J3 (9., — J3) = 0 (3.11)
g = —81J3(12.J3a3 4 63J% — 49J3.J; — 4atJy)u'+ (3.12)
—9a,J1 (132072 — 882 JyJs — 297.J3 + 874J,JF — 50907 J3 + 4J7ad)u’+
+JEa3 (624030, J5 — 22802 J3 + 455J2 5 + 126905 — 1080t J; — 1652.J1J3 ) u’+
4+ JP(—33J2 5 + 15505 + 16802 Jy J5 — 1083 J7 — 54J1J3 — 1205 J3 ) u+
+3a1J{ (12022 + 42 T Js — JEJs 4+ 202 + J1J2) =0

3ameuyaHue

B ciayuae J; = 2J3 = 2J ycaosue (3.11) jaer
f=-J*34Ja; + 9a*) (=2 + Ta?),
a ycaosue (3.12)
g = 52T (34 ay + 902)(—2J o 4 Ta?) (2] + 9a?)—

—1202J%(2Jaq + ) (=10J oy + 302)(9a* — 2Jaj0® — 8a2J?).

C yuerom f = 0 mepBoe cjaaraemMoe B ¢, KOTOPOE MMEET 110 (1 YeTBePTbIit
MOPSTIOK, PABHO HYJIIO, 9TO COOTBETCTBYET KJIACCHIECKOMY caydaio KoBaseBckoii;
BTOPOE CJIaraeMoe B ¢ MMEET IMeCTOi MOPsJIOK MO (v W OTJWYHO OT HYJs, T.e.

aHaJiOT'a MHTEerpaJia KoBaJjieBcKoi#t B KJIaCCHIECKOM CMBICJIE 3J€Ch HE CYIIECTBYET.
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['1aBa b

HeobxoanmMble n JO0CTaTOYHBIE yCJIOBUS IIOJIHOI
aJaredbpamdeckoii HHTerPUPYEMOCT yPaBHEHMIA
ABU2KEHNA TA2KEJIOI0 HEOAHOPOAHOI'O IIapa Ha

IJ1aJIKO TOPU30HTAJILHON MJIOCKOCTH

5.1. BBenenme

B sToit rnaBe paccmarpuBaeTcsi npodJemMa MOUcKa WHTErPUPYEMBbIX CIydaeB
B 3ajJade O JBVXKEHUW TSYKEJOro TBEPJOro Iapa Mo TJaJKOH Topu30HTaJILHOMN
IJIOCKOCTH. Y PABHEHUS JIBUXKEHUSI [Iapa 110 FOPU30HTAJIBHON ILJIOCKOCTH CXOJHbI
C YyPaABHEHUSIMU JIBUXKEHHUS Tsi>KEJIOI'O TBEPJOIO TeJjia ¢ HEHOJABUXKHOM TOUKOi. B
001IEeM cJlydae JIJisi X HHTEIPUPYEMOCTH TAKXKe HeJJ0CTaeT OJHOro nurerpaJa. Me-
TojgoM Kopamnepckoit—/Ianmynopa—Momuasl qokaswpiBaeTcs, 9TO JOTMOJTHUTEIHLHBIN
MHTETrpaJl CyIIEeCTBYeT JIMIIb B JBYX CJAyYasX, aHAJOIMIHBIX ClydasiM Jitjepa u

Jlarpamxa.

5.2. IlocTanoBka 3aga4du. Y paBHEHUS JIBUXKEHUS W UX

IHEPBbIE NHTEI'PAJIbI

Tsexenblit TBep BN AP JABUXKETCS MO TJIaJKOW NOPU30HTAJIBHON MIOCKOCTH.
Ecan nekimioanTh 13 pacCMOTPEHHsT JBUKEHUE TIEHTPA MACC BJIOJIb TIIIOCKOCTH (KO-
TOPOE SIBJISIETCsI PABHOMEDHbIM ), TO YPABHEHUsI JIBUXKEHUS] AP MOKHO LPEJICTa-

BUTH B BHU/IE:

(2.1)
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J2J3 + m(J2a§ + Jga%) —ma1a2J3 —ma1a3J2
A(y) = D! —mayazJs JiJ3 + m(J?,CL% + Jﬂ%) —masgaz.Jy )

—mayasJy —masasJ; JiJy +m(Jia2 + Jya?)

D = J1JyJs +m(JyJaad + JyJsas 4 JoJzal)

V =mg(Xim + Xovo + X373), a1 = Xoyz — Xzyp  (123)

Buech v = (71,72,73) — EJMHUUHBIH BEKTODP BOCXOJSINEH BEPTUKAJN; 1M — MaC-
ca resia; J = diag(Jy, Jo, J3)  riaBHbI HEHTPAJIbHBIH TEH30D UHEPIUU TEJIA;
(X1, X, X3)  koopaunarsl nenrpa macc; M = (My, My, M3)  BekTop uMILyJib-
ca.

Ypaguenust (2.1) npu J1100bIX 3HAYEHUSIX TTADAMETPOB UMEIOT MEPBhIE NHTErPa-
JTBI:

H = % + V = h — uHTerpaJ sHepruu,

K =< M ,~ >= k — unrerpaJ miomaJei,

I'=<7,y >=c reomerpuieckuit nHTErpaJ.

Orpannuenue cucrembl (2.1) Ha coBMecTHBIN ypoBenb uurerpaios My, =
= {(M,v)|K =k, I' =c¢} ramMmuibroHOBa CHCTEMA C JIBYMs CTEIECHSME CBOOO-
abl. Jlis ee marerpupyemoctu, corsiacno reopeme Apnosibina-—JInysuiis, negocra-
eT OJIHOTIO JIOTIOJHUTEILHOIO WHTErpaJla.

JloKa3aTeshCTBO HEMHTErPUPYEMOCTH CJICJLyeT KOHIENIUSAM, pa3spaboTaHHbIM
C.B. Kogranerckoii, A.M. Jlsnynoseim, C.JI. Sursmusiv B paborax [15], [21], [22],
a TakXKe MeToJlaM, OCHOBaHHbIM Ha lpuMeHeHuun juddepeHnnalibioit Teopun ['a-
aya [72], [78]. Dru reopuu onuparTcst Ha UCCJIEJOBAHUE YDABHEHUsI B BAPUAIMsIX
B OKPECTHOCTU YaCTHOIO PEIleHMs, He SIBJISAIONErocs 10J0KEeHUMEM PABHOBECHSI.

YeiioBust OTCYTCTBHs BETBJICEHU A HaJlara€T ONIpEeACJIEHHbIE OI'PaHUYEeHN A, 9TO U Ja-

€T HGO6XOILHMBI€ YCJIOBUA MHTETPUPYEMOCTH. Cxoxue 3a/la49n paCCMaTpPpUBaJINCh
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B paborax [25], [24], [62].

OcHOBHOIT pesy/ibrarT GOPMYIUPYETCs CJACAYIONUM 00Pa30M:

Teopema 1 Ecau Jy # Jo # J3 # J1, mo cucmema ypasnenuti (2.1) ne a6.as-
W0MEA AN2EOPAUNECKU 6NOANE UHMEPUPYEMOT, 30 UCKAMOUEHUCM CAYYAA, K020a
X1 =X9=X3=0.

Teopema 2 Ecau xoma 6w dsa J; (i = 1,2,3) cosnadarom (nanpumep, J; =
= Jy), mo cucmema ypasnenud (2.1) ne AGAAIOMCA A2e0PAUECKU GNOAKE UH-

mezpupyemoti, 3a uckaouenuem cayias Jazpanoca (kozda X1 = X9 =0).

5.3. Jloka3zaTejibCTBO TeopeMbl 1

HokazaresibcTBO TeopeMbl 1 COCTOUT U3 11OCJIEI0BATE/ILHOIO JIOKA3ATELCTBA
JIBYX JIEMM.

Bes orpannuenus obiHocTn OyaemM cauTaTh, 4To m = g = 1.

Jlemmvma 1 Heobxodumoe ycrosue mepomopdroti unmezpupyemocmu yYpacHe-
nuti (2.1), 6 npednosodtcenul, pasisusHOCMU MOMEHMOE UHEPUUL IO YCAOBUE

Tecca:
Jl(JQ — Jg) + X9 J2(J3 — Jl) + X3 Jg(Jl — JQ) =0 (31)

Hoxaszamenvemaeo aemmn, 1. BodbmeMm dacTHOE pellieHue Bujia,

. 1 1
Y1 = 0, M1 = (— — _)M2M3 (123) (32)
Js  Jy

Torna ypasnenue B Bapnarnusx st (1.1) nmeer Bu:

(JQ - J3)M3m2 i (JQ - J3)M2m3

bel = — X3n2 + XQTLl (123)
Jg JQ (3 3)
. Mzny  Mpng (123) '
ny = —
Y J
Pemenne  (3.2)  MOXkHO — Bblucarb B sgBHOM  Buge: M =

= LR e (r k), My = (JU2 D gn(r k), My = /B Dan(r k),
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(hoTo)(f22hs) o \/(JQ_Jg)(Zhjl_ﬂt, f = const. Torga pumanoBa

2 _
rae k7 = (To—J5)(2hTi—f) T, J2

MOBEPXHOCTH JIJIsI PEIIEeHUA CUCTEMbI (3.2) — 9TO TOP € BBIKOJIOTOI 0CODOI TOIKOIA
t = 0, npuuem obpasyromue 3Toro Topa Hepe3oHaHcHbI. (CorjacHo Teopeme
3urjMHa, ycJI0BHE WHTEIPUPYEMOCTH €CTh YCJIOBUE WX KOMMYTHPYEMOCTH, UTO
B JIAHHOM CJIy4ae PaBHOCUJIbHO PABEHCTBY TOXKJIECTBEHHOMY 3JIEMEHTY 00X0/1a
OKOJIO €JIMHCTBEHHOM 0COOEHHOCTH. A 9TO B CBOIO O4Y€pe/ib JIaeT OJHO3HAYHOCTD
pelieHusi 1pu 00Xoie O0KoJIO 0co0oit Touku. PaccmarpuBasi Bce (GyHKIUM B
OKPECTHOCTH 3TO# 0000 TOUKM, MOJyUUM, U4TO JIOTapu@Mbl OTCYTCTBYIOT JIUIIH
B caydae BhIosHeHWsT yeqaosnst Lecca [15].

Jlemma 1 dokasana.

Caedcmeue 1: Eciin npejnooKuTh, 9T0 BCE MOMEHTbl MHEPIUU YIIOPSII09e-

Hbl, Haupumep, J; > Jy > J3, 1o u3 (3.1) caegyer, uro Xy = 0.

Jlemma 2 ITycmo Xo = 0, J7 > Jo > J3. Tozda das mozo, umobv, cucmema
(2.1) bvira anzebpauuecku enoane unmezpupyemot, neobxodumo: X1Xs = 0.
Joxasameavcmeo aemmor 2. Pemenne My = Ms(t),y1 = 7(t),y3 =

= v3(t), M1 = M3 = 5 = 0 yj10BJIeTBOPSIET YPABHEHUSIM:

(. 0Ays 0Ay9 9
My = Xiv2 — Xay; +0.5 — v ———) M.

2 173 371 (’73 871 71 873 ) 2

< Y1 = —AMays
3 = AgaMoy

\

Brenem Bosmymienue:
my = My, m3 = Mz, mg = My — My(t),

ny =y — 7(t), n3 = v3 — y3(t), n2 = 2.
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HOpMaﬂbHOG BapHallMOHHOE YpaBHEHHWE B BOSMYIIEHHLIX TIEPEMEHHbLIX MMEET

BUJI;
(. 0A 0A
mp = —"73 B 2 Momy + (Ass — Asa — 73 23)M2m3—|—
V2 072
0Aas 0Ay 0A3, 9
0.5 —0.5y3—=2 )M + X
+(( 072 + 873 73 07% ) 2 + 3)n2
) 0A 0A
mg = (A — A +m 12)]\427711 + 7 2 Myms+
972 972 (3.4)
0A2 0A2 0As
0.5 2 _ —0.5 M2 - X
H(0.5% 03 O 0 )My = Xo)ns
) 0A 0A
ng = Anysmy — Agzyims + (73—12 - 71—23)]\/[2712
02 072
Yimi + ysms + Mgng =0

Bripasum u3 JIByX mocsieHux ypaBHeHuit (3.4) BhIpaKeHUs JUIS My W M3:

. 0A 0A
stz — (G2 — NG2)vs + ) Mans
my = 2 2 )
By
J1 J3
. 0A 0A y
—miniz — (= (G2 — N2 + 7) Mons
ms = .

R, 7
J1 J3

[TojicraBuM MX BO BrOpoe ypaBHeHHe cUcTeMbl (3.4) 1 B UTOrE 1OJIyYUM OJIHO
mmHeitnoe juddepennnajibHoe ypaBHeHne BTOPOro HOPsJIKA OTHOCUTEIILHO lepe-

MEHHOW N = Ny

i+ an+ag =0 (3.5)
Crenaem 3aMeHy BPpEMEHH:
3 1— 22 2z
z 1_’_717 N 1_’_2:27 73 1+22 ( )
Torma
Iy 2(Jo(1 + 22)2 + (X3(1 — 22) — 2X12)%)2
2 = :

(1+22)3

Ypasuenue (3.5) ¢ yuerom (3.6) umeer Buj:

n" +bn' 4+ byn =0 (3.7)
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Ftaz  zh+Xiz—X3 3z 2(L(1+2%)z —pa(2)(Xsz + Xq))  8(J5 — Ji)z(1 — 2?)

by = — = + — — ,
! 22 p3(2) 1+ 22 p1(2) J1J3pa(2)(1 + 22)
by — — 1 (4J2(J1 - J3 — Jg) _ 32(J1 — J3)JQZ2 _ 4J2(X1(1 - 22) + 2X32) 2J2p5 )
0 (22 + 1)2 J1J3 leg(Z) J1J3p1(2) J1J3p3(z)
e Pa(2) = X3(1 — 22) — 2X 2,
ps(2) = X1 (1 — 2%) + 2J3X32,
pi(z) = L1+ 2°)% + pi(2),
pQ(Z) = Jl(l — 22)2 + 4J322,
p3(2) = (1+ 2H)h — X1(1 — 2%) — 2X;32.
Bee koneunble nositocsl GyHkiuu r(z) = % + % — by, KpOME z = 00, BTOPOIO
HOPSIJIKA, a IHOJIFOChl 2 = 00 UMEIOT YeTBEePThIf HOPsijIoK. Bblaucinm crapiiane

K03 duIeHTh b B pasioxkenun 1(z) B 9TUX MOJTIOCAX:
5

=Xt/ X+ X3+ )0

XL , Torga b = :

6
X3t/ X2+ X2—Dh? 3
_6.

z = < , Torjia b= —

z ==+ N/J3 ,/ zTomab——

_ 21 _ So(Nitdz=Ja)  Jo(S1 Xa+id3X3)
= Z Torjia b 16 J1J3 2J1J3(X1+ZX3)

z =

2z = —1, rorja b_; = b},

HeobxomnMbIM - yCJIOBHEM  OJTHO3HATHOCTH periernst Juist cucrembr (3.7) B
OKPECTHOCTHU BCEX TIOJIOCOB SIBJISIETCsT PAIIMOHAJILHOCTH BeeX KO3 DUImenTon b,
aro u jgaet yeaosus: J; = Jy = J3, Xo = 0 (Jlarpank), mnbo X7 X3 = 0.

Paccmorpum cayuait J; = Jy, Xo = X3 = 0. Hrobbl 110/1y4uTh B 3TOM CJlydae
JIOIIOJIHUTEJIbHBIE YCJIOBUST HA ITApAMETPbI, BOCIIOJIb3YEMCsl YCJIOBUEM 1EJIOUUCIIEH-
Hoctu Besimaubbl 1 + /1 + 4b;. ITo cMmbiciy 9Ta BesimduHa COOTBETCTBYET YIIBO-
CHHOW CTEMeHN CTapIero CJaaraeMoro B PasJIoXKeHWH perennst ypapaerns (3.7)

B OKPECTHOCTH TIOJIIOCA Z = 1 10 cTeneHsiM (2 — 1), a Tak>Ke CTeNeH’u CTapIiero

75



cJaraeMoro B passioxkenun periernst (3.5) B okpectHocTn mogtoca t = 0 1o cre-
nensiv ¢ (yJIBOGHUE 1IPU HIEPEX0JIe OT HEPEMEHHOM ¢ K 2 CBA3aHO ¢ BUJIOM 3aMEHbl
(3.6)). Bamerum, 4TO BeJMUMHBL b OCTAJIbHBIX KOHEYHbIX HOJI0COB QyHKIMU 7(Z),
Kpome z = i, XapakTepusylT 0CcOOeHHOCTH, BO3HUKatolKe 11pu 3amene (3.6) B

TOUKAX, TJIe 3aHYJIAETCS %, MO3TOMY STH TIOJIIOCA NMPUHINTTUAIHLHO OTJINTAIOTCS
OT TOJIFOCOB 2 = *1. ITak n3 ycjIoBuUS EJOUNCICHHOCTH Beanunabl 1+ /1 + 4b;
noJIydaeM JIONoJIHuTe IbHbie orpanndenus: Jy/J3 = 5/8, mubo J;/J3 = 9/8.

Jlemma 2 dokasana.

Caedecmeue 2: VI3 eMMbl 2 ciiejlyer, 9TO B MHTEIPUPYEMOM CJIydae XOTs Obl
JIBA, MOMEHTa WHEPIINN COBIIAJIAOT.

Bes orpanundenust obmHOCTH OyJjieM CUYUTATh, YTO B WHTEIPUPYEMOM CJIydae
J1 = Jy. Torma MoXKHO TTOBEPHYTH TJIaBHBIE OCH UHEPIWH Tak, YTo Xo = 0, n nipwu-
MEHsisi JIeMMY 2, TIOJIYUYWM, 9TO JIJIsi MHTEIPUPYEMOCTU HEOOXOJMMO BHITIOJIHEHUE
XOTs1 OBl OJIHOTO U3 CJICYIOIIUX YCJIOBUIL:

1. X5 =Xy =0, J; = Jo(cayuaii Jlarpanxka)

2. X7 = Xy = X3 =0 (cayuaii Ditsiepa),

’

3. J1 = Jo = J3 (rorga gwobasi 0Cb siBJISIETCS TJIABHON OCHO MHEPIUK U 1OJ1Y-
qaeM JacTHBIA BapuaHT jist ciaydas Jlarpamka),

4a. Xo=X3=0,J1 =Jy=9/8J3,

4b. Xo=X3=0,J;1 = J, =5/8Js.

Teopema 1 doxasana.

5.4. Jloka3zaTeJibCTBO TEOPEMbBI 2

Jlemma 3 ITycmo J; = Jo u X3 = X9 =0, moeda daa mozo, wmobw, cucme-
ma (2.1) bvina anzebpauuecku enoane unmezpupyemots, neobxodumo: Js/J; =

=m/2, meN
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Hoxasamenvcmeo: Pemenne My = Ms(t),v1 = 71(t), 72 = 72(t) ynosaerso-

pseT ypaBHEHUSAM:

.. 5 0A
My = = X192 + 0.5m M2
V2
) Y1 = 2 A33 M3 (4.1)
\ Yo = —71A33 M3

Beegem Bosmyienne: my g = My o, m3 = Ms—M;3(t),n12 = vi2—71,2(t), n3 =

HOpMaﬂbHOG BapuallMOHHOE YpaBHEHWE B BOSMYIIEHHLIX TTEPEMEHHbLIX MMEET

BUJI;
( 8A 821433 8A33 8A23
my = (Ag3 — Agg + Msms + (0.5 - 0.5 — M?n
1 (33 22 7283)32 ( %87% 9, 873)33
) 0A 0% Ass
me = (All — A33)M3m1 -M 23M3TI’LQ -+ (—0571 2 M3 + Xl)
< (9’)/3 (9
0A
n3 = —yoA1imy + y1Ams + 7 5 2 Msns
V3
miy1 + maoy2 + Mzys =0

(4.2)
[Tepenuiiem (4.2) B Buje 0jHOr0 JinddEPEHIMAIBLHOIO YPABHEHUsI BTOPOIO
HOPSLIKA, I 3TOr0 npoauddepeHiupyem 1n;:

0A 02 Ass d(y %2 M)
ng = (—A 1M3 —|—A11(0 D79 B 323M —0.0—— 8 5 M3 +X1”)/1) Zf +

0A
+(8—3)2M9?%2 + 2= A My)ns (4.3)

V2
14717

. —22 2 (h—X1+Z2(h+X1))(1+Z2)A33
Toryia 1 = 1—|—z2 2 = 1+22’ Mz = Aszz(1+22)° ~ = 2 :

Crenaem 3aMeHy BpEMeHU: 2 =

Ucxonnoe ypaBHeHNe UMeeT BUI:

n 4+ an + agn = 0.
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[Tocne 3amMenbl BpeMenn moJiydaeM:

1
A = Ay = —
11 22 Jl
An — (1 -+ 22)2 0Ass3 B —4X122(1 + 22)3
BT 22)2+4X222 Oy (J3(1+ 22)2 + 4X222)2
81423 . QX%Z(l + 22) 82A33 . 8X%22(1 + 22)2

Oy Ji(J(1+22)2+4X222)" Oy Ji(J3(1+ 22)2 + 4X722)2

B wnrore nosnyuaem ypasuenne (4.4):

n” +bin' +byn =0 (4.4)
b Z+taz z(h 4+ X7) 3z 22(J3(1 + 22) +2X3)
T2 T (X)) +h— X, 1422 J5(1+ 22)2 4+ 4X222

Cap A4S+ 2P H4AXT)? | 16X72° 32X (s(1 + 27)7 + 4X727)

by = — —
> J2(1 + 22)6 Ji(1+ 22) J2(1 + 22)6
N 64X720  8X7PRR 4(1-2A)XT 16XF(1 - 2%)2%(J3(1 + 2%) + 2X7)
J2(1+22)5 (1422301 Ji(1+22°  Ji(1+ 22)3(J5(1 + 22)2 + 4X222)
16 X{2%(1 — 22)? 8X322(1 — 2?)

0T D B0+ 224X A+ 2 (h=X + 2+ X))
S 2X(1 - 22)(J3(1 + 22)% + 4X372%)
T+ 2 (h= X1+ 2(h+ X1))

1
Tocre samens y = e2d 1()%n cucrema (4.4) sammmercs B Bue:

/! bll b%
Yy = (5 + i bo)y (4.5)

MHO»XKecTBO TOJIIOCOB ypaBHeHnst (4.5) cOCTONT M3 MOTIOCOB BTOPOTO MOPSIJIKA.
BeckoHedHOCTh UMeeT 4eTBEePThIi HOPSIJIOK.
Kosdduimen ol b 1ipu 3TUX 10JI0CAX PABHBDIL

—yip=S S 3
2=Fib="3 457 — 15

Xi1+h? 167
2
p= (1430 =3
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Y100bI MOJIYIUTH B 3TOM CJIyYae yTBEPXKIEHUE JIEMMbI, BOCIIOJIb3YEMCS YCJI0-
BUEM 1EJOYUCICHHOCTH Besnautbl 1 + /1 + 4b; (ananorudano Jlemme 2).

Jemma 3 doxaszana.

[TockoJibKy JIOLOJIHUTEIbHBIE YCIO0BUsE HA oTHOWeHue Ji /J3 B ciyuae J; = Jo,
Xy = X3 = 0, nonyuennnie B Jlemme 1 (Cregcrsue 2) n Jlemme 2, He BBITOJHS-
I0TCsl OJIHOBPEMEHHO, TO yTBepXKaeHne TeopeMbl 2 HEMTOCPEICTBEHHO BHITEKAET U3

Cnencrsust 2 u Jlemmbr 3. Teopema 2 dokasana.

79



SaKJII0UYeHHne

e Jlan romoJjiorudeckuil aHaJnu3 JUHAMUKHU TSXKEJI0I'0 JUMHAMUYICCKHA CUMMET-
PUUYHOIO JUIMIICOM/IA BPAIIEHUs] HA IJIAJIKOR TI'OPU30HTAJILHOR IIJIOCKOCTH
(anasior ciayuas Jlarpanxka): 1ocrpoenbl OuypPKAIMOHHBIE JIHAIDAMMDbI
Cwmeiisia, onmcanbl IepecTpPoiiKu TOpoB JINyBUILISA, MOCTPOEHBI TOMOJIOTHYE-

CKH€ MHBapWaHTbI TECOPUU DoMeHKo.

e [losyyeHo HeoOXoAuMOE yCJIOBUE CYILIECTBOBAHUS JIOHOJHUTEIHLHOIO MEPO-
MOPQHOIO MHTErpaJia YPaBHEHUI JIBUXKEHUS TSIXKEJIOI0 TPEXOCHOI'O JJLIUII-
COUJIa Ha IJIQJIKOH IOPU30HTAJBHON IJIOCKOCTU JIJIs CJlydas 3JUIMIICOU/Ia ¢
MaJIO Pa3JIMHaIONIUMUCH 11OJIYOCAMU, IIEHTP MaCC KOTOPOI'O COBILIAJ/IAET € I'eO-

METPHUYIECCKHUM IIEHTPOM.

L HOﬂy‘{eHbl HeO6XO,ZI;I/IMbIe YCJIOBUA CYyIIEeCTBOBaHUA JIOIMMOJIHUTEJILHOT'O aHa-
JIMTUYIECKOI'O MHTEI'DaJIa ypaBHeHI/Iﬁ JABU2KEHUA THAXKEJIOI'O JUHAMWYCECKU U
reOMETpu4eCKr CUMMETPUYIHOI'O IJIJIMIICOMU A Ha FJI&,[LKOIZ FOpI/I3OHTaJIbHOI7I
I[IJIOCKOCTHU JIJIA CJIydasd, KOI'JIa I'VNIaBHbIE IEHTPAJIbHBIE OCU HHEPIIUN 3JIJIUIICO-
HJla COHallpaBJICHBI C TJVIaBHBIMHW OCAMW IJIJIMIICONAa-TIOBEPXHOCTH, a HEHTP

MacCC JIJINIICONIa JIEZKUT B SKBaTOpI/IaﬂbHOﬁ IMJIOCKOCTH.

e [losiydyenbl HEOOXOAUMbBIE U JOCTATOUYHBIC YCJIOBUSI TOI'O, YTO CHCTEMa ypaB-
HEHUI JIBUXKEHU S TS2KEJIOI'0 HEOJHOPOAHOI'O 1apa Ha 1V1a/IKO I'OPU30HTAIb-

HO¥ ILJIOCKOCTH SBJISIETCS aJIreOparndecKu HOJHONR UHTEIPUPYEMOit CUCTEMOII.
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