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BBE/JIEHUE

AKTyaJIbHOCTH TE€MBI.

['eomerpuueckue acuekTsl CIeKTpaabHoil Teopun AuddepeHnuajabHbIX 1 IceBnoanddepen—
[IATBHBIX OIIEPATOPOB M3YYAINCh B OTPOMHOM KOJTHYECTBE PAabOT; pe3yIbTAThI TOH TeOPUn
UMEIOT MHOIO HPUJIOXKEHUil B MaTeMaTuke u Teopermyeckoil (pusznke. CrnekrpasbHas Teo-
pus HECAMOCOIPAZKEHHBIX OIePAaTOPOB, CPABHUTEIBHO C CAMOCONPIKEHHBIM CJIy9aeM pas3-
BUTA 3HAYUTETHHO MeHee TOJTHO; KaK CTPYKTYypa CIeKTpa, TaK W CBOMCTBA CIIEKTPAJTHHOTO
pa3JjiozKeHud MoryT 6bITb B 9TOIt CUTyaluu BE€CbMa 9K30TUYCCKUMU. B YaCTHOCTHU, B HECAMO-
COIPSIZKEHHOM CJIydae K HaCTOSIIEMYy BPEMEHHU OTCYTCTBYET OO0Ias TeOpHus KBA3MKJ/IACCUYIe-
KX aCHMITOTHUK, aHajgorudnas Teopun B.II. MacimoBa kBaHTOBaHWS MHBAPUAHTHBLIX JIarPaH-
JKeBBIX MHOT0OOpasuii. B pabore[5| mocTpoensl crekTpaibHble cepuu omeparopa Jlamnaca-
BenbrpamMu co cHOCOM B €BKJIMJIOBOM ITPOCTPAHCTBE, COOTBETCTBYIOIIME ACHMITOTUYECKU
YCTOMYUBBIM IOJIOKEHNSAM PABHOBECHUd, IPE/IeJTbHBIM IMUKJIaM U WHBAPUAHT — HBIM TOpaMm
COOTBETCTBYIOIIEr0 BeKTOPHOTO moJist. B paborax [11, 12, 17, 13, 15, 6, 14|nonHocTbio uccire-
JIoBaH crexkTp ogHoMepuoro omeparopa [llpeaunrepa u Oppa - 3ommepdeibia HA OTpe3Ke
C MOTEHIMAJIAME TPOCTEHTero Buaa (JIMHEHbIM, KBaAPATHIHBIM 1 OJU3KUM K JIMHEITHOMY );
OTMETHUM, YTO PsAJT YTBEPK/IeHNii 06 YCJIOBUAX KBAHTOBAHUS COJIEPKATICS ele B pabore [4]. B
THUX paboTax, B YACTHOCTHU, OBLTO MOKA3aHO, UTO CIIEKTP B KBA3UKIACCHIECKOM IIpeieie CTs-
ruBaeTcs K HeKoTopoMy rpady Ha KOMILIEKCHOI mockocru. B paborax [1, 2, 8| uccienoBan
CIEKTP OJHOMepHOTO omneparopa [llpeamarepa ¢ KOMILIEKCHBIM IMOTEHIIHAJIOM HIPOCTEHIIEero
BUJIA (JIMHEHHBIN WM KBAPATHYIHbIH TPUTOHOMETPHYECKUH MHOTOUIEH) HA OKPYZKHOCTH; B
YACTHOCTH, ObL/I HAl/IeH CleKTPaJIbHbII rpad u 110Ka3aHo, YTO ACUMITOTHKA, CHEKTPA MOKET
6bITb BBIYUCJIEHA U3 TOIIOJIOTUYECKUX yCJ'[OBI/Iﬁ KBaHTOBaHUA Ha pI/IMaHOBOﬁ MMOBEPXHOCTHU —
KOMILTEKCHOW MOBEPXHOCTHU MOCTOIHHONU SHEPIUH.

B nacrogameit nuccepramum onmmcan cuekTp omepartopa Jlammaca - beabTpamMu co crHocom
Ha JIBYMEpHOH KOMITAKTHO{I OBEPXHOCTH Bpalenus, romeoMmopduoit cdepe (paccmarpuna-
ercs 1oJie CKOPOCTeli, HAllpaBJIeHHOE B/I0JIb HapaJl/iiesieil u JIHHeHHO 3aBUCSIee OT BBICOTHI ).
[Tokazano, 9TO CHEKTP BBIYUCAIETCS W3 YCJIOBUI KBAHTOBAHWS HAa COOTBETCTBYIONIEH puMa-
HOBO# HOBEPXHOCTH, aHAJIOTMYHBIM ycuaoBusiM Bopa - Sommepdenbna - Maciosa [9, 10[;
OJ/IHAKO, B OTJIMYUE OT CAMOCOIPSIKEHHOT'O CJIydas, B HaIleil CUTyalllu# JIOCTATOYHO Tpebo-

BaTb BBLIIIOJIHEHHA TAKOI'O YCJIOBHA XOTA OBl Ha OJHOM 0a3UCHOM IMUKJIE ITIOBEPXHOCTU (pa3—



Hble I[UKJIBI OTPENIeNISIIOT pa3Hble CreKTpaabHbie cepun). VccnenoBan crnekTpasibHblil rpad
(cocrosimuii u3 Tpex pebep); OCOOEHHO MOTHYI0 MHMOPMAIMIO O HEM YAAeTCs MOJYYdTh B
clydae CTaHJIapTHO# cdepbl — TOrIa AaCUMIITOTUKA CIIEKTPA BbIPAXKACTCS YePe3 dJLIUIITHYe-
CKH€ MHTEr'paJibl. rHHIﬂpKa3aTeHbCTBaX,COOTBeTCTByKHHHX,TeOpeMﬁHpHMEHHeTCH TEeXHHKA,
pa3suTas B paborax [16, 7| u ocHOBaHHAs HA M3YyYEeHUU PEIIEHUil CIIEKTPATBLHOTO YPABHEHHS
B KOMILTEKCHOI 00JIACTH M, B YaCTHOCTH, Ha HMCCJEJOBAHUM TOHoJoruu T.H. rpada CrTokca
(pebpa sToro rpada orpaHnYuBaAIOT 06J1aCTH, B KOTOPBIX CHPABEJINBbI KBA3HKIACCHIECKUE

acuMIToTHIecKne (bOPMYJIbI).

Ilenp paboThI.

B nacrosimeit pabore aBTOp cTaBUI mepe coDOi CaeayIoniue Meu:

1. Ommcarh TOMOIOTHYECKTE CBOWCTBA CIIEKTPa HECAMOCOIPSIKEHHOTO orepaTopa Jlamma-

ca Co CHOCOM Ha JIBYMEPHOI OBEPXHOCTH BpallleHus, romeoMopdHoii chepe.

2. Ommcarb KBa3UK/JIaCCUIECKYIO aCUMIITHOTUKY CIIEKTPA HECAMOCOIIPAZKEHHOI'O OIlepaTO-
pa Jlammaca — BexbTpamu co cHOCOM Ha JIBYMEPHOI TTOBEPXHOCTH BPAIEHUS U €€ CBI3b

¢ tonoJiorueit rpacda Crokca.

3. HccnenoBaTh TOMOOTHIO CEKTPAJIBLHOTO Ipada 1 ero pacrnooKeHne Ha KOMILTEKCHOM

IMJIOCKOCTH.

4. Tlosyuurs 1npocrbie u 3ddexkruBabie HOPMYJIbL JiJjIsd CHEKTPAJbHbIX Cepuil B cJiydae

CTaHAAPTHOI cephl.

MeToabl nccJie0BaHUS.

UccnietoBanusi, TpoBOMMBIE B INCCEPTAIIMOHHOIT paboTe, OCHOBaHbI Ha MeTOAax auddepennuaib—
HOIf TEOMETPUU U TOTOJOTHH, CIIEKTPAIbHON Teopun auddepeHnnaIbHbIX OMepaTopoB, aHa-
JuTudeckoit reopun juddepennuaibubix ypapuenuii. B pabore ucnosib3yercs pesy/ibrarbl
aCUMITOTHYECKOI Teopun jguddepeHnuaabHbIX onepaTopon, pazpadorannoit M.B. @emnopio-

KOM.

Hay4unas HOBM3HA.

PeByJIbTaTbI JUCCEePTAIlUU ABJIAIOTCA HOBBIMHU 1 3aKJII0Yal0TCAd B CJIEAYIOIIEM:



1. Onmcana KBa3sWKIaCCHYECKash aCHMITOTHKA CIEeKTpa oneparopa .Jlamnaca-Beasrpavn
CO CHOCOM JIBYMEPHON KOMIIAKTHO# MOBEPXHOCTHU BpaIlleHus. YCTAHOBJIEHA CBA3b C TO-

nosorueit smaunit Crokca.

2. Tlokazano, 9T0 acCHMMOTOTHKA CIIEKTPa OMpPEIeJdeTcsd U3 TOMOJOTHIECKHX YCJIOBHit

KBAHTOBAaHUA HA PUMAHOBON IMOBEPXHOCTU HOCTOAHHON KOMILJICKCHOW SHEPrUH.

3. UccnenoBan crekTpaibHbIi rpad; MOKa3aHO, YTO OH OIpPeesieTCs TOmoaornei rpada

Crokca.

4. Jlng cranmapTHOH cdepbl MOMyUeHbl TpocThie u 3 deKTuBHBIE (DOPMYJIBI I ACHMII-

TOTUYECKUX COOCTBEHHBIX YHCEJI.

Teopernyeckass n mpakTnyecKas IEHHOCTD.

Pabora nocut teopermveckuii xapaktep. FKe pe3yabTarbl ' METOIBI MOTYT OBITH HCIOJIb-
30BaHbl cHenuajaucTamMu B obmaactu audpepeHnuanbaoii reomerpun, auddepeHnuaaIbHbIX

ypaBHEHU U MaTeMaTudecKOil (pu3nuKu.

Arnpobanusa guccepTaiun.

o Kondepenmnus “CoBpemMeHHbIe TTPOOIEMBI aHAJIN3A W IIPETOJaBAHNS MATEMATHKH ', T10-

ceamennas 105-neruro C.M. Hukosbeckoro. Mocksa, MI'Y, mait 2010.

o Koudepenmus “Acuvnrorndeckune MeTo bl n MaTemMarndeckas ¢pusnka’. Mocksa, UTI-

Mex PAH, maii 2010.

e Cemmuap xadenpnl duddepennmannbaoit reomerpun u npuaokenuii MexaHuKo-

matemarndeckoro dakymabreta MY um M.B. Jlomonocosa.

ITy6aukamnm.

OCHOBHBIE Pe3yJIbTATH PAOOTHI OMYOJIMKOBAHBL B JIBYX CTATHSIX, CCHUIKH [22, 23| HA KOTOpBIE

NIPUBEJEHBbI B KOHIIE JINTEPATYPHI.



CrpyKTrypa m 06'beM pabOTHhI.

Jluccepralus COCTOUT U3 BBEJEHUA M TpeX IVIaB, BKIIOYAIONINX B ceda 11 pazaenos. Tekcr
JIUCCEPTAINY U3JI0KEeH Ha D7 CTPAHUIAX U JIONOJHseTCs 7 pucynkamu. CHUCOK JTUTEPATYPhI

COIEPXKUT 23 HauMeHOBaHUE.

Conepkanune padboTbl

BBenenne.

Bo BBesienuu npuBoguTcs 0030p paHee MOJTYYEHHBIX PE3Y/JIbTATOB, CBA3AHHBIX C TEMOW JIMC-

cepTamuu, 1 000CHOBBIBAETCH aKTyaJbHOCTD JUCCEPTAIMOHHON pabOTHI.

I'masa 1.

B mepBoii r1aBe NpUBOASTCS IIOCTAHOBKA 33a9l W OCHOBHBIE OIpee/IeHHs, HCIOIb3yeMble
B JIMCCEPTAIMOHHON padoTe.

B paznene 1.1 onpeensiercst necamoconpsizkeHHbIil qud depennuaabHbiil onepaTop:

D =éA+ (v,V)

Ha JIBYMEPHOIN KOMIIAKTHOW moBepxHocTH Bpamienus M, romeomopdHoii chepe; A—
oneparop Jlamnaca-Beaprpamu, € > 0, v — ry1ajKoe BeKTOpHOE HOJIe Ha M.

Jlanee B mepBoil I1aBe BBOAATCA CJedAyioNiue MoHATHA: JuHur CTOKCa U KAaHOHHYECKUe
00J1acTH, aCUMIITOTUKA CUCTEMbI PEIIEeHUN, MATPUIIbl [1€PexXo/ia, PeryJ/isipHble 0coOble TOYKU
u Marpuna MoHogpomuu. [IpuBenernsr acumnrorndeckne OPMYJIbI JIIsT MATPHUIL TTepPexoga u

MOHOJPOMUN.

nmaBsa 2.

Bo BTOpOii TJIaBe TPOBOJUTCS UCCICIOBAHUE CIIEKTPA OMepaTopa
D =éA+ (v,V)

Ha cTamjapTHoi cdepe S
B paszgesne 2.1 nokasano, 4To, 1Jst TOTO 9TOOBI BHIYUCIUTE CIIEKTP oneparopa [ Ha craH-

napTHOI cdepe S?, T0CTATOUHO HCCIEI0BATH CBOHCTBA OOBIKHOBEHHOTO T depeHITHATLHOTO



VDABHEHHUS ¢ PETYIAPHBIME OCOOBIMI TOUKAMU:
E(w" + Pw') + Qw = 0,

e P(z) = =22 (m + 1), p(z) = (1 — 22) P(z), Q(z) = —2@tm) 4 imz-x

1—22 1—22 1—22

B pasgene 2.2 crHavajia onmuchiBaIOTCS pPa3Hbie TOMOJOTHYECKHE CJIydan CTpoeHus rpada

Crokca. JIuann CTokca Ha ILIOCKOCTH BIXOISAT U3 OAHON TOUKH II0BOPOTA Ay JIByX OCOOBIX

im
Todek —1 , +1. Yea0Bug cymecTBOBAaHAS CHeKTpa Ha CTaHIapTHOI cdepe S? onmchBaoTCs

CJIELYIONIUMU JIEMMOM U TeopeMaMu:

JlemMma 1. ITycmo» A maxoso, wmo nem xoneunwz aunuti Cmoxca. Tozda e O(e?)-

OKPECMHOCTIINU TNMOYKU A Hem mouex cnexkmpa.

Koneunsie suann Crokca MOIL'yT OBLITD Tpex THUIIOB:

—JIuausa Crokca coenunsier —1 u 1,

—JInanga Crokca coennnsger —1 u %,

—JIunusg Crokca coeannsieT % u 1.

Teopema 1. Ilycmo aunus Cmokca coedunaem —1 u 1. IHyems A makoso, wmo

-1
1 b fimt — A
227'('(2”—2771—1) /;1 thdt s

mozda cywecmeyem cobemeennoe 3navenue A onepamopa D makoe, wmo
A=) = O0(é).
Teopema 2. ITycmv aurus Cmokca coedunaem —1 u z2o(A) = A/im. Iycmo X makxoso, wmo
-1
1 1 2O fimt — \
—=7m(—+2n—m —dt|
€ 4 1 1—1¢
mozda cywecmeyem cobemeennoe 3navenue A onepamopa D maxoe, wmo
A=A = O().

Teopema 3. [Tycmv aunus Cmokca coedunsem zo(A) u 1. ITyems A maxoso, wmo

-1
1 1 Lo Jimt — A
—:7T<———|—2n—m) / T 2 ,
€ 4 Z()()\) 1—t2

moeada cywecmeyem cobcmeennoe anavenue A onepamopa D makoe, wmo

A=A = 0.



B paznene 2.3 npu nomoinn aHaan3a COOTBETCBYIOIINX SJIIATITHIECKNX WHTEIPAJIOB U3Y-
JaeTCs PaCIoIOKEeHHe TOYeK CIIEKTPa Ha KOMILIEKCHOIl ITOCKOCTH. A HMEHHO, IOKa3aHO,
910 1pu € — () CHEKTP KOHIEHTPUPYETCsl B MOl OKpecTHOCTH Tpada HEKOTOPOro Ha KOM-
IJIEKCHOM 110cKocTH. [Ipu kKazxKaom gpukcupoBaHHOM M 3TOT Tpad cocrout u3 3 tex pedep,
OJIHO U3 KOTOPBIX — JIYY Ha JieficTBUTE/IbHOIM ocu. [locieanee obCcTOATEIHLCTBO BBITEKACT U3

CJIeIYIOIIel JTeMMBbl.
Jlemma 2. ITpu X € C\ i(—m,m)
I()\) :Re/w\/mdezo
0
mozda u Mmoavko mozada, k020a A— deticmeumensvbHoe NOAOAHCUMENDHOE YUCAO.

JIBa npyrux pedbpa coeJMHSIOT TOYKU +21M ¢ TOYKOil Ha JIeHCTBUTE/IHHO OCH; €/ INHCTBEH-

HONTB 3TOIN TOYKH BBITEKAET U3 CJAEAYIONIENH JIeMMBI.

Jlemma 3. Vpasnenue

0+
J(A) = Re Vimcosf — \df =0

0

Ha  napamemp A € (0,+00) umeem moavko 00HO  pewenue N, npuveMm

A € (0,msinh §). 3decv 0+ — pewenua ypasnenua imcosd — X =0

A\ A
o=+ |2 +iln 1+(—) + =
2 m m

Bameuanue 1. B 3a6ucumocmu om pacnosojicenus mouky Cnekmpa na KoMnAeKkcHot naoc-
kocmu A, aunuu Cmokca no-pasnomy pacnosofcenv, Ha KOMNACKCHOT NAOCKOCTA.

Cayuati(1): Ecau mouka cnexmpa cosnadaem ¢ epuiunot 2pada, pacnososrcenue aunud
Cmoxca maxoe, xax wa puc.2.

Cayuati(2): Ecau mouka cnexkmpa naxodumes nwa aunuu(3)(puc.1), mo aunuu Cmokca
PACNONONHCENDL MAK, KAK NOKA3AHO HA PUC. 3.

Cayuati(3): Ecau mowka cnexmpa narodumca wa aunuy (2), mo aunuu Cmokca pacno-
NOACEHDL NAK, KAK NOKA3AHO HA PUC. .

Cayuati(4): Ecau mouka cnexmpa naxodumes na kpueot (1), mo aunuu Cmokca pacno-

A0HCEHDL TNAK, KAK NOKA3GHO HA PUC. .



im

-im

Puc. 1: Pacnosioxkenune cuekrpa

A=im

Puc. 2: Jluauu Croxkca 1

h=im

T~

+1

Ay

Puc. 3: Jluauu Crokca 2



A=im

/N

-1 +1

Puc. 4: Jluauu Crokca 3

A=im

AN

A +1

Puc. 5: JIuauu Crokca 4

I'maBa 3.

Tperbsa ry1aBa jguccepTamoHHONl pabOTHI TMOCBSIIEHA OIMCAHUIO CIIEKTpa oneparopa D Ha
OBEPXHOCTHU BpAICHUSI.
B paznene 3.1 oneparop Jlamnaca-benprpaMu 3amucan aas caydas TOBEPXHOCTH, MOJY-

1eHnoil Bpamenunem rpaduka dyuxknun x = f(z) BOKpyr ocu z:
1 0 . 0
Aw = — —g"\g—w =
1 0 4, ~0 1 0 o 0
_—— —Wt —w,
rvETie Vet ey Ve

saech g = f2(f2+1).

YpaBHenue :

EAw + (v, V)w = Iw

10



ImocJjie pa3geJieHud MepeMEeHHBIX ITPUBOAUTCA K BUIY:

62 f2 _ffzfzzf _'_1)71 ,Z>
(¢<> T ¥(2)

em?(f2 +1) SN 2 5) =
+<T+<zmz A><fz+1>) () =0,

rie w = exp(imp)y(z), a(z) = z,po—yroa BpaleHusl.
B paszene 3.2 acumMnToTHKa CIeKTpa HA MOBEPXHOCTH BPAIMEHUs OMUCAHA ITOCPEJICTBOM

CJIEJLYIOIIUX TEOPEM:

Teopema 4. Ilycmv aurus Cmokca coedunaem z1 u Zg, G A MaAKOBO, %Mo

gzﬂ(n_%wm) (/ ¢<A—z‘mz><f3+1>dt)1,

moezda cywecmeyem cobcmeennoe anavenue X onepamopa D makoe, wmo

Teopema 5. I[lycmv aurua Cmokca coedunaem 21 u %, a \ maxoeo, wmo

-1

lzﬂ(gn_i_m)[ " VO —ima) (2 + Ddz|

moezda cywecmeyem cobcmeennoe 3navenue \ onepamopa D makoe, wmo

Teopema 6. [lycmov aurua Cmokca coedunaem % U Zo U A MAK0BO, 4MO

-1

%:W<2n+%—m>[ \/ —imz)(f2 + 1)dz )

mozda cywecmsyem cobcmeennoe 3navenue X onepamopa D maxoe, wmo
PR 0(62).

B paszene 3.3 onucano pacnoJioxKeHue CIIeKTpa Ha KOMILIEKCHOH IMJIOCKOCTH B CJIyYae
noBepxHocTH Bpamenud. CrekTp KOHIEHTPUPYETCs B OKPECTHOCTH HEKOTOPOro rpada, ro-
MeomopHoro rpady, npeacraBieHHOMY Ha puc.l; KaxKjgoe pebpo rpada mepecekaercs Bep-
THKAJILHOM psMOit He Hosiee ueM B 0JHOI TouKe. Kpome TOT0, /I0Ka3aHO CjIeIylomniee yTBep-

JKIeHue.

11



Teopema 7. Ecau ¢ynrkuyusa f asasemea wemmot, mo 00no us pebep cnexkmpanvioz2o 2paga

Aexcum wa deticmeumenvrotl ocu.

Hakomnern, B pa3nene 3.4 moka3aHo, 4TO AaCHMITOTHKA CIIEKTPa MOXKeT OBITh BEIUUCIECHA U3
yCJIOBHUiT KBAHTOBAaHUS, IIOXOKUX Ha npasuia Bopa — 3ommepdennaa — Maciosa [9],[10]; sru
YCJOBHSA 33/Ta0TCSI HA PUMAHOBON MOBEPXHOCTH MOCTOSHHON KOMILIEKCHO# sHepruu. lven-
HO, IycTh M — cramgapTHas cdepa; pacCMOTPHM PHUMAHOBY IOBEPXHOCTD, 3ajanayio B C2
ypasuenuem (22 — 1)p? + imz = \. Dra m0BEPXHOCTH TOMEOMOPdHA TOPY € TpeMs IIPOKO-
JaAMH; OHa TOJYYAeTCA W3 JABYX K3EMILIAPOB KOMILJIEKCHON ILJIOCKOCTH Z CKJEHKOW BIIOJIb
pa3pe3oB, coeguHAMUX TOYKH +£1 1 Touky A/im ¢ Geckonedno yaasnennoil. Ha sroil mo-
BEPXHOCTH OMPeNeNdioTcs TpH MuKTa ¥/, j = 1,2,3 Tak, 9ToObI MPOEKINN STHX ITHKJIOB
Ha IJIOCKOCTH Z CoBmajaer ¢ orpeskamu |—1, 1], [—1, A/im], [1, A\/im] coorsecTBenno. Nmeer

MECTO CJIeJIyIoIlee YTBePKIeHne.

ITpenmoxkenue 1. Ypasrerus, onpedesaroujue acuMnmomury Cnexmpa co2aacHo meope-
mam 1 — 8, moeym bvums 3anucanv, 6 eude

1 A

—e€ pdz:n—i-&,

2 ), 2
J

ede py =0, po = pus = 1.

3ameuanue 2. B omauvue om yeaosutl Maciosa, xomopoie d0AACHbL ObIMb GUINOAHEH DL H,
A000M YUKAE BEULLCMBEHHO20 NAZDAHHCEESR MHO2000PA3UA, NPUBLIEHHDBLE BBIULE KOMNAEKC-
HOLE YCAOBUA KEAHMOBAHUSL JOANHCHDL OBIMb BLINOAHEHBL TOMA Obt HAG 00HOM UUKAE; PA3HLE

UUKADL onpede,/mmm pPa3Hvle CNEKMPAABHBLE CEPUU.

baarogapHocTh

ABtop BbIpazkaer riyOoKyio 6/1aroapHOCTh CBOEMY HAYYHOMY PYKOBOIUTEIIO — JOKTOPY
pusnko-maremarmdeckux uHayk, npodeccopy A. V. [MladapeBudy — 3a mMOCTAHOBKY 3a1a4u
1 OCTOSTHHOe BHEMaHHe K pabore. ABTOp O/1aroapen BceM cCOTpyaHIKaM Kadeapsl audde-
peHInaIbHON TeOMEeTPUN U TMPUJIOKEeHHIT MexaHnKo—MaTeMaTudeckoro ¢dpaxynabrera MI'Y 3a

TBOPYECKYIO arMocdepy ¥ JI00pOokKeIaTe/IbHOe OTHOIIEHHE.
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I'1aBa 1

IlocTanoBka 3a1a411 11 OCHOBHDbIC

onpeJieJIcHIs

1.1 IlocraHoBKa 3a1a4m

Pacemorpum necamoconpsizkennbiit judepennualibabiii onepaTop

D =éeA+ (v, V) (1.1)

HA JBYMEpPHON KOMIIAKTHON MMOBepXHOCTH Bpaimenus M, romeoMmopdHoii cdepe; 31eCh
A—oueparop Jlamiaca — Beabrpamu, € > 0, v — raakoe BekTopHoe nosie Ha M. Hama
eJTh — BBIYUCJIEHNe aCUMIITOTUKH criekTpa omepartopa D mpu € — 0.

[ToBepxuocTh M BO3HHKAET MpH BpaleHnu rpaduka noaoxkure bHol dbyukmun z = f(2)
BOKDYI' ocu 2; [ oupejiesieHa Ha OTpe3Ke [21, 2o, upuuem f(z1) = f(z2) = 0 (rounbie ycioBus

Ha f cdopmysnpoBanbl Huke). B kadecrBe koopamuar Ha M BeIOEpEM mapy z,p, rie ¢

2]

— YroJl BpallleHHus, a B Ka4ecTBe U — BEKTOPHOE IIOJI€ BHAA U = a(z)%, a(z) — nuHeitHas

byHKIHS.
B nepsoit yactu paboThl Mbl PAaCCMOTPUM CaMblil pPOCTO#t ciy4vait, korjga M — cran-
SQ C o2 2 2 __ 1: s D
nmaprtHas cdepa S° : 7 + y° + 2° = 1; B gajabHeHNIeM BBIYACIAM CIEKTP omeparopa D st
IPOU3BOJIBLHOI MMOBEPXHOCTH BPAIEHUS W BBISCHUM, KaK OH 3aBUCHT OT reoMerpun M.
Ormernm, uro oueparop D e camocoupsizken (u jgaxe ne cuvmmerpuder) B Lo(M); co-

IPSIZKEHHBIN ONEpaTop 3a/1aeTCs BhIPAKEHUEM
D* = A — (v, V).
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CuexkTp 3roro omeparopa npu € — ( KOHIEHTPUpPYETCst BOIN3U HEKOTOPOro rpada Ha
KOMILTEKCHO# TIJIOCKOCTH; PACIoIoyKeHne Tpada 3aBUCUT OT BUIA moBepxuoctu M.

[Tocsie pasjesienusi mepeMeHHBIX CIIEKTPaJibHAs 3a/a4a /st omneparopa [ cBoauTCs K
06bIKHOBEHHOMY JinpDepeHInaTbHOMY YPABHEHHIO ¢ 0COOBIME TOYKAMHU (COOTBETCTBYOIIHI-
MH TIOJIFOCAM [OBEPXHOCTHU Bparienus). Mbl u3ydaeM acHMITOTHKY PeIIeHUil STOro ypaBHe-
HUS B KOMILTIEKCHOI TIJIOCKOCTH, TPUMeHss TeXHUKY JuHuii CTOKca U KAHOHUYeCKUX 00Ja-

cTeil; HUzKe NPUBOJSTCSA HEOOXOMMbIe CBEJICHMUSI.

1.2 JInmanm CToKca m KaHOHMYECKMne 00J1acTu

Pacemorpum ypaBuenne

E(w” + Puw') + Quw =0 (1.2)

riie napamerp € — 0, dyukmun P,Q) MepoMopdHBI B KOMILJIEKCHOR IIJTOCKOCTH IIepeMeHHOIt

z. MBI OyaeM paccMaTpuBaTh (DYHKIHH, HMEIONINAE TOTI0CA He BBINIE TIePBOr0 MOPSIKA.

Onpeaenenune 1.2.1. Toukoti nosopoma HaA3vlEAEMCA HYAb UM NOMOC ynKyuy Q; nopa-
00K HYAA HA3BEAENCA NOPAIKOM MOYKY NOGOPOMA (NOAIOCA CYUMAIOMCA MOYKAMU NOBOPO-

ma nopadka —1).

Onpepenenune 1.2.2. Obosnavum

z
S(zo, 2) :/ VQ(t)dt
20
ede zg — mouka nosopoma. Makcumaronas c6A3HAA KOMNOHEHING AUHUY YPOSHSA
ReS(zp,2) =0
naswveaemes aunuetd Cmoxca (JIC).

JIuaun Crokca 00/1a1af0T CJIeAyIONUMA CBORCTBAMMU:

(1) JIuuust CTOKCA HAYMHAETCS B TOUKE TIOBOPOTA U 3aKAHUMUBAETCSI JTMOO B TOUKE TTOBO-
pora , Jinb0 B GECKOHEUHOCTH.

(2) JIuaus Crokca HE MOXKET COAEPKATH TOUKU HOBOPOTA BHYTPHU CeOsl.

(3) Jlunusa Crokca He MOXKeT TepecekaTh cebs uan Apyryto qunnio Crokca.

(4) 13 Touku moBopora KparHoctu d Buxoggar d + 2 qunnu Crokca.
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Oo6benuuenne Beex JIC ypapaenus naswiaercs rpadom Crokca. ['pad Crokca He MoKeT
COJIePKATh TOMOJOTUYECKOIT OKPYKHOCTH.
JIunuu Crokca pasbusaior mwiockocrb C Ha o61actu, roMeoMOpdHbIE HOIYILIOCKOCTH W11

IIoJIoCe.

Onpegenenune 1.2.3. Kanonuueckoli 0baacmsbio ma3ueaemcs 00AGCTMG HA KOMNAECKCHOT
NAOCKOCTIU, codeparcaw,ai HYmpu cebs poero odny sunuto Cmokca, oezpanuvernad 0pyzu-
mu aunusmu Cmokca u maxas, wmo Pynkyua S (npu 6vbope HenpepueHoll 6emel KOpHA)
83AUMHO 00HO3HAYHO 0MOOPAIHCAEM IMY 00AGCMY HA KOMNAEKCHYIO NAOCKOCTG C KOHEYHbLM

UAU OECKOHEUHBIM YUCAOM GEPMUKAANDBHBLLT PA3PE3OE.

Kanonnueckas 001acTh MOXKeT OBITH 3a/laHA TOUYKOIl moBopoTa un auHueir CTOKCcA, BBIXO-

Jsnieii u3 Hee (9Ta JIMHUSI COMEPKUTCST BHYTPH KAHOHUYECKOT 00/1acTH).

1.3 Acumnroruka dyHIaAMEHTAJBHON CHUCTEMbI penIeHm’ii

PacemorpuM jiBa caydas. 1. Ilyers cnepsa kKoaddurmentsr P u () ypasaenust (1.2) — roso-
mopdubie dynkunu. Pukcupyem Tpoiiky (1, zg, D), rie 2o — TOUKa NOBOPOTa, | — BRIXOAANIASA
u3 vee jquanst CTokca, u D — COOTBETCTBYOIIAsT KAHOHUYIECKasT 001acTh. OmpeieinM BETBh

dbyukmun S(zg, z) B D Tak,4To0b!
ImS(zy,2) >0,z €.

B o6nactu D cymectByer dbyHIaMEeHTATbHAS CUCTeMa perenuii ypasuenus (1.2) co cie-

AYIONIEeH aCuMITOTUKOM:

u(z) = Q7 (2) exp{ (20, 2)}(1 +O(e)

o(2) = Q¥ () exp{ 5 (20, 2)}(1 + O(e)).

3/1ech ¢ HOpMHPOBOUYHASI TIOCTOSTHHAST; (DUKCUPYEM €€ YCTIOBUSIMHU:
: -1
le| =1, lim arg[e@Q ™ (2)] = 0.
z—20

Onpenenenune 1.3.1. Ilapa dynrxuyut v, v nHasveaemcs xKanonuveckot Gyrdamenmanvrot

cucmemoti pewenuti (PCP), coomeememsyrowet mpotixe (29,1, D).
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B mepeceuenun D; N Dy, aByX KaHoHMYeCKHX obsacTeit soboe perrenne w(z) MOXKHO
PEJICTABATD B BUJIE:

w(z) = oyu; + Bjvj = onur + Brow;
k03 dunenTs! «,3 cBA3aHbl MOCPEACTBOM MATPHIBL )

[0 (0%
k _ ij j
ﬁk ﬁj

Onpenenenne 1.3.2. Mampuua $ji, nasveaemes mampuyeti nepexoda mesircdy mpotikamu

(Zj, lj, Dj) (7 (Zk, lk, Dk)

B cnenyromem nmaparpade IpuBOIUTCI aCUMITOTAKA ITUX MATpHuIl npu € — 0.

2. ITycrb k03ddumuentsr P, () uMeroT mo/oc B ToUKe zg. PUKCHpPyeM TOUKY @ B OKPECT-
HOCTHU TOYKH 2, He JIeXKAILyI0 Ha BbIXoJdIieil u3 zo qunuun Ctokca. B okpecrHOCTH TOYKH @
oIIpeiesIeHbl JIBa JIMHEHHO HEe3aBUCUMBIX POCTKA aHAJTUTUYECKHH (DYHKIUI — pelleHns: ypas-
wernst (1.2). VIX MOXKHO aHAJIMTHYECKH NPOJOJIKATH B OKPECTHOCTH TOYKH 2y ¢ Pa3Pe3oM
BJIOJIb KPHUBOIi [; B 3TOil 00JIaCTH CYIIECTBYIOT JIBa PEIIeHus ¢ aCUMITOTUKONW CJIeILyIOIero

BUA:

Wiz, €) = wia(z e, a) exp{ 3 (£e) 5 / Cp(B)dtH1+ 0(e) (1.3)

k=1
rie:

wi2(z,€,a) = Q(z)%f(a, z) exp{iie’%S(a, 2)}

S(a,z) = / NGO
fla.2) = expi— [ P(t)dr)

_ Q) P
0 4Q(z) 2
yen(2) = 50 [ (2) + P(2)yr(2) +J§Oyg(2)ym(2)],
b ey (D) Q*(2)

Panel 3mech u BCiogy HUZKe MOHUMAIOTCI KaK acHMITOoTH4Yeckue. B maparpade 1.5 mpu-

BeJIeHA aCUMIITOTUKA MATPHIbI OllepaTopa MOHOAPOMUN B Dasuce wi, Ws.
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1.4 Marpuiibl nepexoaa

AcuMnToTuka MaTpull nepexo/a, onpeaeaeHusix B mynkre (1.3), 3aBUCHUT OT B3AUMHOTO Pac-

nostozkennss Tpoek (1, z, D); BbIAEASETCS 9eThIPE 3JIEMEHTAPHBIX MATPHUILI MEPEX0/1a, KOMOU-

HHEPYs KOTOPBIE, MOXKHO JIBUTATHCS 110 IPOU3BOILHBIM HEIIOUYKAM KaHOHHICCKHX O0IaCTeil.
[epssrit Tum:(l, z1, D) — (I, 29, D) — Menstercst To1bK0 Hanpasjienue JIC Mexay aByMst

TOYKAMK TIOBOPOTa (TAKOMW Mepexo/i CyIecTBYeT TOJAbKO jijist Konednoit JICO):

rie o = [S(21, 20)], €0 = 2.
Bropoit tui:(ly, 21, D) — (lg, 29, D) — menstercss u jmmaust CTOKca ¥ TOYKa MOBOPOTA;

KaHOHUYecKast obracth obmias, npudeMm jyan S(l;) u S(l) HANpaBIEHBI B OJIHY CTOPOHY:

) = ¢i¥o

rae a = S(z1, 22), Rea > 0, €'%° = a2

rperuit tui: (1, zg, D1) — (I, 20, D2) — MeHsieTcst TOILKO KaHOHMYeCKas 00J1aCTh:

0- T4+n1  wie

wiz 1472
rae
1 1
M1 =12 = O(e), w12 = O(eXP(—QE(M — 1)), wa1 = O(GXP(—QE(W —1)))
t>0,t—0,—a_ < ReS <ay.
Takag marpuna npu € — 0 cTpeMUTCS K € TUHHYIHOM.

Yerseprotii am:(ly, zg, D1) — (I, 20, D2) — Touka 1m0BOpOTa (DUKCMPOBAHA, MEHSIIOTCH

KaHoHm4eckaa obsactes n ymaug Crokca:

1.5 AcumMnrormka MaTpuIlbl MOHOIPOMUN

Pacemorpum okpecTHOCTD perysisipHoit 0ocoboit Toukn ypasaenusi (2.1) ¢ pa3pe3om BIOJIb Jid-

aun CTokca; OyaeM cauTaTh BEpXHUM Oeperom pas3pesa Tot, Ha kotopom ImS > 0. [lycts z —
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TOYKA, JIeKalas Ha BePXHeM bepery paspesa, n Kpubas ™ () coeMHseT NOCTOAHAYIO TOUKY
a (B D)wux (Imz >0 nasroii kpusoii).O6o3uatuum w;(z + 0, €) (j = 1,2) pemenue, mosy-
YEHHOE NIPU AHAJMTUYECKOM 1IPOJIOJZKEHUN POCTKA W; BAOIb o (x), a uepe3 w;(x — i0,€) —
pelllenue, oy YeHHOe IIPOJIOJIZKEHHEM W; IPU BJ0Jb @ () — KPUBOi, cummMerpudHoii o ()
OTHOCHTEIBHO BemecTBennoii ocu. [lomoxknm w = (wy, wy)" — BeKTOp pemennii ypaBHeHUs

(1.2); maTpuia omepaTopa MOHOAPOMEH B Ga3HCe W ONPEIENETC CJIEYIONIM 06pa3oM:
w(zx — 0, €) = Th(e)w(x + 0, €).
AcuMrmoTuka 3Toi MaTPHUIbI KMEET BH/L:
tin =0(e), tia=A

tn =—A""a'+0(€), taa=1+a"+0(e),
rie

ar = exp{2mip+}, A= eXp{Z egak}.
k=0

31ech p+ — XapaKTepUCTHUECKHe TOKA3aTeH 0CO00H TOUKH 2, ( — KOIMDUITUEHTHI, BHIUNC-
JisieMble 10 peKyppeHTHbIM dopmyaam. Takum oOpa3zoM, W3BeCTHA ACUMIITOTUKA MaTPHUILBI
oleparopa MOHOJPOMUH B (PUKCHPOBAHHOM Oasmce; Oy/ieM Ha3bIBaTb TOT OA3UC 6a3ucom

cmandapmunir pewend (B ormumune ok kanoundeckux OCP, onpejesenuubix B m.1.3).
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I'1aBa 2

AcumMmnToTuKka cruekrTpa omneparopa D Ha

crannapTHoii cepe S

B sToit rmaBe m3ydaercs crnekTpasbHas 3ajada g omeparopa [) Ha cTaHIapTHOH cdepe.
Mb1 BbIYHC/IsIEM ACUMIITOTUKY CIIEKTPA 3TOI0 OllepaTopa u OIPe/IeJisieM PACIOJI0KEHHE TOYEK

CIIEKTPa Ha KOMILJIEKCHOU IIJIOCKOCTH.

2.1 Pa3znejenne mepeMeHHBIX B CIIEeKTPaJIbHOII 3aaade.
Penykiusa k 3agade ¢ peryjaspHbBIMH OCOOBIMHU TOY-
KaMu

Ecau BekTOpHOE TTOJTIE v HATPABIEHO BAOJDb MapaJliesieil, mepeMeHHbIe B CIIeKTPATLHOI 33,14~
4e pas3/Ie/IsdioTCes U BOIPOC CBOJAUTCS K U3YYE€HUIO ClIEKTPA OObIKHOBEHHOTO JinbdepeHIinab—
HOTO ornepaTopa. B aTom naparpade npuBojasTcsi COOTBECTBYIONINE (DOPMYJIBI.

Hanomuunm, 4to oneparop D uMeer CJaeayromui BuI:
D =eA+ (v, V),

rie A—oneparop Jlamnaca-Benbrpamu. B koopaunarax (6, ) (0 — mmpora, ¢ — goarora,
0 € [—7/2,7/2],p € [0,27]) 3T0T OIEPATODP BBHINVISAUT CJIELYIONHM 06PA30M
1 0 0 1 02

- COSH%COSH%—F 008298_g02

CuexkTpaJjibHas 3aja4a s omeparopa [ B KopauHarax ), ¢ 3anumercs Tak:

(2.1)
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IR ) G S SUNPP:) GO

2
9 cosg s gr Y
‘ (005980008 00 +cos298902)+&< )&p AY,
rjie:
v—a3
=az

[Tocsie 3amensl Y = u(0)v(yp) upeapliayinee ypaBHeHNe 3alUIIETCS B BHJIE:

0*u u 1 d% v
2 — _— — — [R— — — .
€ (802V tan@aey o Hu&p?) + a(9>8g0u Au(0)v(p);

HOJICTABIAA vV = €% moaydaeM I u:

2 2
62(@ - tane@ -

002 00  cos?0

u) + imau = Au

WM, TIOCJIe 3aMeHbl sinf = x

2\
O6osrauum u = (1 — z*)2 w(x) u nepenuiieM noc/eHIE YPABHEHUS B BUJIE:

0?w(x)
Ox?

(1 — 2% —22(m + 1)81(1;_3(;:) — (m? + m)w(x)) + ima(r)w(r) = Mw(x)

e(

u pu a(x) = T moJaydaeM:

0*w(z)
Ox?

ow(x)
Ox

e ( (1—2%) — 2zx(m + 1) — (m* + m)w(x)) + imzw(z) = dw(z)

O"IeBI/I,ILHO, Imocjaeanee ypaBHEHHE MOXKHO II€epelucaTb TaK:

AT (1= ) = 2e(m + DI (e () + (ima = Nua) =0
62(8;5;2%) (1 —2%) — 2x(m + 1)612?)) + (=€ (m® + m) + imz — Nw(z) =0
(w" (x) — 1 isz (m+ 1)u'(z)) + (=€ (7’; _+$2n) + ZTi ;;‘)w(m) =0

dcHo, uto ypaBHenue (2.2) umeeT BUJIL:

E(w” + Pw') + Qw =0

2 (m+1) p(x) = (1 - 22)P(r), Q(r) =~ 4 imed o imay

1— 1—22 1—22 1—22

rie P(x) = —
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B ypasuenun (2.3) dbyuknuu P, Q) ronomopdubiii B 110001 0JHOCBA3HONW 00/1aCTH KOM-
ILUIEKCHOI TJIOCKOCTH ', He cojepzaiieii orpeska [—1,1]. Ypasuenue umeer 2 ocobble TOY-
ku r = 1l,xr = —1; 00e gBILIOTCA PEryasipHbIME C XapaKTePUCTUICCKUMH IOKA3ATEISIMU
(07 p+),(0,p_),rﬂe p+ =1=x }%

Takum obpa3om, HCCJIelOBaHHE CIIEKTpa HMCXOIHOTO OINEpaToOpa CBOJUTCS K OINHCAHUIO
criekTpa O6BIKHOBEHHOTO Jud depenuaabaoro omeparopa (2.3) ¢ AByMsl PEryagpHBIME 0CO-
ObIME TOYKaMU. SICHO, 9TO B 0COOBIX TOYKAX (COOTBETCTBYIOIIUX TOJIOCaM ¢epbl) HAJI0 Tpe-
O0oBaTh AHAJINTUYIHOCTU COOCTBeHHOW yHKIUHU. TakuM oOpa3om 3ajiavda CBOAWTCS K OTHIC-
KAHUIO ACUMITOTHKH 9HCEN A, JJId KOTOPBIX CYIIECTBYET pelleHue ypaBHenus (2.3), aHa-

Jurudeckoe B 0benx ocobbix Toukax r = *1. /lajiee B 310l Iy1aBe pelaeTrcs UMEHHO T4

3a1a4a.

2.2 Tomojgornga auanit CTokca 1 aCHUMIOTOTUKA CHOEKTPA

Pacemorpum simaun Crokca ypasuenust (2.3). Vmeercs gBe TOYKH MOBOPOTA MOpsiaka — 1
(ocobble Toukn +1) u oana Touka nosopora Hopsaka 1 (Touka To = ). AcHMITOTHKA
CIEKTpa olpejiesisgeTcs Tonosorueit rpadga CTokca; CHO, YTO BO3MOXKHBI CJIEIYIONINE TOIO-
JIOTHYECKHUE CJIYYIan.

Cayuaii 1. Bee 5 manit Crokca 3aKaHINBAIOTCA B OECKOHEYHOCTH; B 9TOM CJIydae HeT
KOHEYHBIX JIMHUI CTOKC&.

Cayuaii 2. Oxna u3 Tpex jmmHuit CToKCca, BHIXOJSMIINX U3 TOYKU IOBOPOTA T(, 3aKAHIH-
BaeTCs B 0cOOOI TOUKe; /IBe APYTHUX 3aKAHUNBAIOTCS B OECKOHETHOCTH.

Cayuait 3. /Ie u3 tpex qaunnii CToKca, BEIXOAANINX U3 TOUYKH IOBOPOTA T, 3aKAHIU-
BalOTCA B OCOOBIX TOYKAX, a TPEThs YXOJUT Ha OECKOHEYHOCTD.

Cayuaii 4. JIuang CTokca BBIXOASINAZ U3 OJHOI 0c000 TOUKH, 3aKaHIMBAECTCS B JAPY-
FOI71; JIMHUHW, BbIXOJANINE U3 TOYKH T, 3aKAHIUBAIOTCA B 66CKOH€“IHOCTI/I.

CBHSB TOMOJIOTUN JINHU CTOKC& C aCUMIOTOTHUKOM CIIEKTPa OMMHUCHIaCTCA TPpUBEIACHHBIMUA

HUZKE JIEMMOW B T€OpEeMaMHu.

Jlemma 2.2.1. ITyem A\ maxoso ,umo nem wonewnwixr aunud Cmokca. Tozda ¢ O(e?) —

OKPECTMHOCTNUY, TMOYKU A HEM mouex cnexmpa.

JokazaTenabcTBO. /151 TOro 9T0 OBl KOMILIEKCHOE YUC0 A OBLIO TOUKOI CIIEKTpa, He0OXO0-

JIIMO | JIOCTATOYHO, YTOOBI CYIECTBOBAJIO pellleHne ypaBHeHust (2.3), 0HO3HATHOE B OKPECT-
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HOCTSIX 0COOBIX TOUeK z = 1 u z = —1. [lycts 11, T, — MaTpuIsl omeparopoB MOHOJIPOMUH,
COOTBETCTBYIONIUX OCOOBIM TOUKaM & = +1 u £ = —1 cOOTBECTBEHHO B HEKOTOPOM Oas3mce;
YKA3aHHOE OJIHOZHAYHOE PEIIeHHe CYIIECTBYET, €CJIU CYIECTBYET JBYMEPHbIN BEKTOD [, jijist

KOTOPOI'O

IT, = 1,ITy = 1.

CymectBoBanue [ 3aBucut orT Marpur 717,75; Mbl BBIYHCIUM ACUMOTOTHKY ITHX MATPHII.
O6o3naunM 4epe3 wi, wy GyHIAMEHTAJBHYIO CHCTeMy pelenuii ypaBHenus (2.3), omnpe/ie-
JIBHHYIO B OKpecTHOCTH 0c000it Toukn x = —1 no ¢opmysiam 1.1.5; aHajorudnbie peneHus,
COOTBETCTYIOIINE TOUKe © = 1, 0003HAYUM U1, Us. depe3 a; Oygem 0603HAUATH TOUKY, DUTY-
PUDPYIONIYIO B OIPEeTIeHIH PEIeHil U, a Yepe3 dy — COOTBETCTBYIONIYIO TOUKY I PeIIeHu it

w. Hamomuum 49ro jiyist penienuii u

u(z —i0) = Tyu(z + i0),

npuyueM Marpuna Monojpomun 1) B 0asuce u uMeer CJeAYIONLYI0 aCUMIITOTUKY:

O(€?) A
Ty =
—A7'a' + O(e?) 1+ a' +0(e?),
OTKY/I2
uy (2 — i0) = O(e*)us(z + i0) + Aug(z + i0),
us(z —i0) = (A 'a;' + O(e?))ur(x +90) + (1 + aZ" + O(€*))ua(z + i0)

AHaJIOrUYHO, B OKPECTHOCTH TOYKU T = —1 umeeM

w(z —i0) = Tyw(z + i0),
e T) — MATPHIIA MOHOZPAMIIL, COOTBETCTBYIOMAs TOUKe & = —1 B 6asuce w. Ee acuviro-

THKa UMEET BHJL

- O(e?) A
~A7'a7t +O(?) 1+ai' +0()

H
|

OTKYJa

wy(x —i0) = O(e*)w; (z + i0) + Aws(z + i0)

wy(z —i0) = (—A7'a;" + O(*))wy (z +i0) + (1 + a;' + O(€®))wa(x + i0)).
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Taxum o6pa3oM, HAM U3BECTHHI ACUMIITOTUKU MAaTPHUI[ MOHOJIPOMHUHU B Pa3HBIX Oa3ucax;
4TOOBI BBIMHCATH YCJOBHUS MPUHA/IEZKHOCTH TOYKH A CIIEKTpY omepaTtopa [), HaJ0 BBIYHC-
JIMTh MATPHILY II€PEeX0Ja MexK/ly Tumu Oasucamu (TouHee, ee acCUMITOTUKY ). B Haniem ciiy-
dae 9TO JIOCTATOYHO MPOCTO, TTOCKOJIBKY OKPecTHOCTH To4Yek = +1 (6e3 paspe3oB BiOJIb
BBIXOJAINX u3 HuX JuHuil CTOKCA) JieskaT B OJIHOI KaHOHIHYeCKOii obaactu. OTco1a aHamo-

ruaHo [16] moayuaeMm, 9To wy = iUy , Wy = Cols; HOITOMY
cruy(z —i0) = O(?)eyuy (x + i0) 4+ Acyuy(x + i0)

ot — i0) = (—A7'at + O(2))crun (z +40) + (1 + @' + O(€?))caua(z + 40),

OTKY/Ia CJIEIYIOT (DOPMYJIBI J/IsT ACHMIITOTUKHE MAaTPHITBI MOHOJPOMEH 15, COOTBETCTBYIONIHE

ocoboit Touke r = —1 B Gasuce u (u(x — i0) = Tou(z +i0)):

O(e?) Ai—f

Ty=|
(—ATat +O(e@) 2 1+ait +0(e)

Taxum obpa3om, HalijieHa aCUMITOTUKA MATPUIL JIByX ONEPATOPOB MOHOJPOMUU B OJHOM U
TOM Ke Oa3mce U; ITO MO3BOJISIET BHINNCATH YCIOBHE CYIIECTBOBAHWS Y STUX MaTPHIL OOIIETO

cobcTBeHHOTO BekTOopa [. g ero koopaunar [y, o moydaem:
ll = l10(€2) + lg(—A_l(l_T_l + 0(62)), l2 = llA + ZQ(]_ + CL_T_I + 0(62))

h=hO(E) + LA + 0(2) 2, 1y = (llfl% +h(1+a" + 0(e)

Co 1

OTcioma cieyeT COOTHONIEHNEe HA eMeHThl MaTpuil 1, mpeacrasisioniee coboil ypas-
HeHIe HA TOYKH CHeKTpa omeparopa D:
Aay e

— = =+ 0(e).

A&+ &1

Hamomunm (em. m.1.5), 910

F)
— 007 ekak
A=¢e k=0,

OTKYJQ



¢ JPYTOil CTOPOHBI, TT0 ONPEAL/ICHUIO PENTeHUH U, W UMeeM:

w2 R A——r P R
G2 _ w _ 2GR0 e oyt
w1

ul

C1
U ypaBHEHHE Ha TOYKH CIIEKTPa IIPUHUMAET BHI:
R 99— P R P
t—A
Aoy a0 2o Gui(Wd] _ mi(p(1)+p(—1))+

a2

ot len—dk) L O(e?).  (2.4)

flcHo, 9T0 ACUMITOTHYECKUE PSITbI

Z Ek(Oék — dk)

0

>
I

orpanuvensl mpu € — (0; ¢ Apyroii CTOPOHBI, BETBb KOPHSI ZT_:”}A dbuKcupoBana TaKUM
obpazom, 4910

al

Im

a
DTO 3HAYUT, 9TO PYHKIUS - q

2l o i
9KCIIOHEHIMAJIBHO pacTer npu € — 0, modroMmy GyHKIUS

R — P R P
—A . ~
S2E 0 R0 o d Dui®d)] _ rip()+p(—D))+ 12 € (ak—dik)

He 0bpaIraercsi B HyJIb B PACCMaTPUBAEMOIi TOUKe A, OTKYy/1a 1m0 Teopeme ['ypBuIla BrITEKaeT,

qro B O(€?)-0KpecTHOCTH TaKoii TOYKH HeT TOYeK CIIeKTpa omeparopa D.

Bameuanue 2.2.1. U3 ymsepocdernus B aemmor (2.2.1) caedyem, wmo mowku cnexkmpa
AEIACAM 8 OKPECTHOCTNAL MHOHCECME HA KOMNAEKCHOT NAOCKOCMU N, 0AA KOMOPLLT 2pag
Cmoxca codepotcum rworeuwnvie auruu. Koneunvie munov, suruu Cmokca mo2ym 6vimv mpex
munos:

— aunus Cmoxca coedunaem mouky —1 u 1.
A

im”

— aunus Cmoxca coedunsem mouky —1 u

— aunus Cmoxkca coedunaem mowku % u 1.

Huke OTe/JIbHO pa36p1paeTCH K&)K,ILBIfI U3 93THUX CJIy49a€B U JOKa3bIBa€TCd, YTO BCE€ OHHU

BHOCAT BKJIa/ B CHHEKTD.
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Teopema 2.2.1. ITycmov aunus Cmokca coedumnaem ocobve mouku —1 u 1. ITyems N\ ma-

1 Vo limt — N

mozda  cywecmeyem cobemeennoe 3nuavenue A onepamopa D, aescawee 6 O(€)-

Ko60, 4mo

OKPECTMHOCTNU, TNOYKU A

A=A = O(é).

dokazareabcTBOo. B 310M Cilyuae, aHaI0rudHO pa3odpaHHOMY B jiemme 2.2.1, 10cTaTovuHO
ONUCATH YCJAOBHsI CYIIECTBOBaHUs BeKTOpa [, 1yst kotoporo (T, =1, j = 1,2 (31ech, Kak u
panee, T; — MATPHUIBI IBYX OMEPATOPOB MOHOJDOMHUH, 3allMCaHHbe B 0o0meM Oasuce). s
paccMaTpHBaeMoro pacnosnozkenus JuHnit CTOKca aCHMITOTHKA 00enX MaTpuiubl 1 B 01HOM
1 TOM ke Oa3uce BerancaeHa B pabore M.B. @enoproka [16]. Vimenno, econ uy, ug — pemenns,
OIpeJIeJIeHHBIe BBIIIe (CM. JOKA3aTeJbCTBO IPEIbIAyIeil JJeMMbl), T0 B 6a3uce u MaTpHIA
Monozapomun T ompenenena dopmyramu 1.1.5, a Marpura 715 COCTOUT U3 3JTEMEHTOB Tj
caeayiommero suaa (cm. [16]):

-1
m=14+a_", T=0

T9 = —ABaZ', 75 =—(AB)™!

A= exp{z Fayl,
k=0

RA—— P R
i imt—X\ oo k
B = e 7 1—t2 di+ k=0 € vy yk(t)dt_

3tech v — KpuBasi, 00xo/smiasi Koneunyro juauio Crokca, coeaunsionryio touku +1. Crap-

mas yacth B npu € — (0 umeer Bu

mmt — A ,

Tenepb ypaBHeHHe HA TOYKU CHEKTPA BHIMUCHIBAETCS TOYHO TaK 7Ke, KaK paBeHCTBO (2.4);

OHO WUMeEeT BU]L

B=a_ay,

nJjim

imt—\
ec -1 1—¢2 dt —

6—i7r(2m+1) + 0(62).
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31ech MBI AU, qTop+:1+%1):1—(m+1)Hp_:1—

P(-1)
2

=1—(m+1).
Teneps u3 Teopembl ['ypsuna BoiTekaer, uto B O(€?)-0KPECTHOCTH KazKJOTO PENICHHS

ypaBHeHus

pacro/ioxKeHa ToUKa criekTpa omeparopa D. Teopema goka3aHa.

Teopema 2.2.2. ITycmo aunus Cmokca coedunsem —1 u xo(N). Iycmo N maxoso, wmo

1 1 zo(})
(= 1 9m—
L= (g +2n m)[/1

Tozda cywecmeyem coomsememeennoe 3navenue A onepamopa D, das xomopozo

JokazarenabcTBo. Bopoc cHOBa CBOAUTCS K BBIYUCICHUIO aCUMITOTHK MATPHUIL OEpPATO-
poB MOHOApOMHUH B o0IeM O6asuce. MbI yike BHAe H, 9To Tomosorus rpada CTokca cyiie-
CTBEHHO BJIUSIET HA 9TU ACUMITOTUKH.

Ecan toukn —1 n zo(\) coennmuennt smnaneii CTokca, BO3HHKAET HOBOE DACTIOJIOKEHHE
KaHOHHYeCKHUX oOjacTeil. B oTimume oT mpeaplaymuX CJaydaeB, MbI He MOXKEM BBIYUCIUTH
MaTPHUIBI MOHO/pOMUNU B 061eM 6a3uce, UCHOJIB3Ysl TOJHKO AHAJTUTUYECKOE TPOIOJIZKEHUE
Oa3MCHBIX Pelennii — crangapTHbie perternst (M 1.1.5), onpejiesieHHble B OKPECTHOCTH Pa3-
HBIX OCOOBIX TOYEK, COOTBETCTBYIOT PA3HBIM KAHOHHMYECKUM OOJIACTIM, TOITOMY ITPUXOIUTCS
HCIIOTh30BATh MATPHUIIBI Ilepexoja, omucaHHble B 1. 1.4. B Hamem ciydae BO3MOXKHBI JIBE
pazmunbix tonosioruu rpadpa Crokca. ViMenHO, paccMOTpuUM TOYKY HOBOPOTA To(A) U pac-
CMOTpPHUM OObeIMHEeHNe ABYX O6eCKOHeUYHBIX JuHU CTOKCa, BRIXOAAIMUX U3 3TOi Touku. [lo-
JIydeHHasl KpUBasg JEJIUT KOMILIEKCHYIO IJTOCKOCTh Ha JiBe YaCTH; 0COOBbIe TOYKH +1 MoryT
JlezKaTh Jinb0 B OJIHOM U3 HUX, JIMOO B pa3HbIX. B 11epBOM ciiydae OKPECTHOCTH OCOOBIX TOYEK
(6e3 paspe30B) monaganT B 061aCTh, He cofepzKanryo ananii CToKca, i BEIYHCIEHTEe aCHMII-
TOTHK MaTPHUI[ MOHOJPOMHUHU aHAJOIUYHO MPHUBEJIECHHOMY IMPH J0Ka3aTeabCTBe JeMMbl 2.2.1
u TepeMbl 2.2.2. PaccMoTpuM BTOPOI caydaii; BBeAeM CIeayiomue 0003HAUCHNUSI.

[Tycrw [, 1y , Iy — Tpu jiuaun Crokca, Buixojsinue u3 To(\) = %, npudem [ — orpaHu-
qeHHbIH myTh Mexkay —1 u xg(A), I; — suaus Crokca, Jexkamas ciaeBa or [, u ly — JuHUS
Crokca, Jexkamas cupasa ot [ (T.e. HOBOPOT OT | K [; BOKPYT Ty HPOUCXOIUT TIPOTUB YACO-
BOit crpesiku, a or [ K ls — 1o gacoBoit crpeske). Ormernm, 9ro myTu i, ly 3aKaHIUBAIOTCS

B Geckoneunoctu. Ob6o3naunm gepe3 D o0acTh Mex Ty KpuBbiMu [1 u ly, comepzkamyio [,
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gepe3 Di—obmacth Mexay | u Iy, cogepxkariyio [, u depe3 Dy—obaacth mexay [ u [, co-
nepxamyio lo.Hakonen, munnio CTokca, BBIXOJMIYIO U3 TOYKH © = 1 obo3Ha4YuM depes [3

(puc.2.1):

+1

Puc. 2.1: pacnionoxkenne junanit CTokca 1 KaHOHWIECKUX 0b/1acTeil

[IycTh Wy 9— CTAHJAPTHBIE PEIeHHs], COOTBECTBYOMUe Touke T = —1 (eMm. 1. 1.5), vy 90—
CTaHIaPTHbIE PelleHus, cooTBercTByiomme Touke r = 1. ITocKoJbKY M3BeCTHBI aCHMITOTHU-
KH OIIepaTOPOB MOHOJPOMHUNH, COOTBECTBYIONIUX OCOOBIM To4KaM *+1, B 6asucax vis I w2
COOTBETCTBEHHO, /I TOTO, YTOOBI BHIMUCATH YpaBHEHNE HA COOCTBEHHBIE YHCJIA, JOCTATOTHO
HaWTH ACUMIITOTUKY MATPHUIbL LEePexXoJa MKy TUMU Oasucamu. st 3roro paccMorpum
kanounueckue @CP, coorsercrBytonme Touke nosopora r = xo(A) u uausm Crokea [, [y, [
(em. 1.1.3); Gyaem obo3HauaTh ux u, v, (ug,vy), (U2, v2) coorBeTcTBeHHO. ONpeIe UM HCKO-

Myt0 MaTpuIly {2 paBeHCTBOM

wq U1
(%) V2

U TIPEJICTABUM €€ B BUJEe TIPOM3BEJICHUST:
Q= Q4030

rje:
QQ V12 — U, U1
Qo : (Is,1,D1) — (I, z0(N), D1)
_1lp
. e~ <ot 0
QQ = 6160
0 ecO1

Q3 :up, v — u, v

Qg . (lhl’o(}\),Dl) — (Z,IL‘()(/\),D)
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0 1
1+0(e) i(1+0(e?))

Qp:u,v— wia

Qq: (L,zo(N), D) —

(I,—-1,D)
0 e em
eem 0

20N fimt — X
T = B —1 — 2 dt
1 .
fimt — A
2o(N) —t

[IpuBeiennble (OPMYJIBI CACAYIOT U3 ONpe/Ie/IeHHs KaHOHUYeCKHX (byHIaMeHTaIbHBIX

Q4:

3nech

cucreM pernteHuit u u3 GopmyJi Jijis ACUMIITOTUK MATPUIL lIepexo/ia, pUBeJeHHbIX B 1. 1.4.

Borunciisist mpousBeaenue, moJiydaem

Q= 000, — s [T O(e?))e= @1+ j(1 4+ O(e?))e (=)
= 1l4dizdlpg =€ 6

0 e%(71+91)
HagOMHI/IM, aro Rer; = 0 (moromy uro smuusg Crokca coemunser —1 um z(N)), T.e.
R,, 1y
f(l)o\) 1mt72A dt i
€ 1=t = e’¥ I03TOMY,
1 . . e
P (1+0(e?))e e+ (1 4 O(e?))e < liv=01)
= e 6

0 ot (ip+O1)

Janee, mycts T, T — MaTpHITbl MOHOIPOMKH, COOTBETCTBYOIIKNE ToUKaM F1 B 6a3ucax w,
U COOTBETCTBEHHO; UX aCUMIITOTUKHA IIPUBEC/ICHLI B H15 yCIIOBI/Ie CyHnieCTBOBaHU A CO6CTB€H—

HoTO BekTopa | = [T nmeer BU:

C1 1 —
—=—A' +1
Co
n
1 i1~ -1
- = —A a4 .
Co
N3 papenctBa ljw; + lows = [1v1 + lovy ¢ y4eTOM BBIYUCIEHHON ACHMITOTUKH MaTPHUIHI

nepexo/a ) moaydaem:

G = c1(1 4 O(e2)e < ©1H9) t 0yi(1 4 O(?))e < liv=01)
ip+01)

~ l(
Co = (o€
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OTKYyJIa:
1 e(1+ 0(62))8—%(61—#1‘@ + (1 + 0(62))6_%(“"_91)

62 CQGé(i(’D—i_@l)

1

[Tockoabky Re©®p > 0, e~ «©! skcrnoneHuaibHO MaJIo; MOITOMY
Y PR 1
ie 2P (1+0(?) = —Ata, = —A1al

OTO U eCThb YpaBHEHUE Ha CcOOCTBEHHBIC YHCJIA. ZLHH BbIYHUCJICHUA €ro aCUMIITOTUKHN HAIIOM-

HUM, 9TO a4 = exp{2mip+}, rae p = 1+ ’% uA=e izodn

YpaBHeHHE TIPUHAMAET BUJI:
ie (1 + O(?)) = —e #ei?,  p=2mp_

nJjim

e’%e_’%‘p(l +0(e%)) = _eitep),

Orcroa morydaem:

ei(—%w+§+§)(1 + 0(62)) + e—z‘(—%cp—l-%—&-g) -0
ITo Teopeme I'ypBuna, KopHu 3TOro ypaBHeHUs OJIM3KM K KOPHSAM YDPABHEHUS

. 1 T - 1 ™
el Certits) 4 omil-eetitd) =

TouHee, TOUKH cleKTpa HaxoaTca B O(e?)-0KpecTHOCTAX pellleHuil ypaBHeHuii

1 T P
2cos(——p+ =+ Py =0
cos(——p+ 7 +5) =0,

nJIn
O S
P 2

[Toncrasiisasa crojia BeIpazkeHue s @, MOIydaeM

1 [N Jimt — A s p
—Z — Cdt==+2mr - =L

6/1 V1—e g ey
1 1 20N fimt — A
S=qm(—-+42n— — 2!
oy rmeml [ R

nJikn, OKOHYAT€eJIbHO

n TeopeMa JOKa3aHa.
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Teopema 2.2.3. ITycmo aunus Cmoxca coedunaem xo(A\) u 1. ITyemov N\ maxoso, wmo

1 1 imt — A\
(== 4+9n —
€ m( 4+ " / V 1—t2

mo20a cywecmeyem coomeememeeHHoe 3HAeHUE A onepamopa D, daa xomopoezo
A=\ = 0(e).

HokazareabcTBo. CuTyanus aHAJTOTHIHA PACCMOTPEHHOM TPU JI0KA3aTeIHLCTBE MPe/Ibl-
jymieit reopembl. Byjiem caurars, 4T0 00beuHeHne ABYX OeckoHedHbIX juHuil CTOKCA, BbI-
XOJSIIIUX W3 TOYKH MMOBOPOTA To(A) pasmessier Toukd +1 1 BBeieM cJie/yonine 0003HAUeHNU L.

[Tyctw [, 1y , Iy — Tpu suaun CToKca, BuIXOAsIHUe U3 To(A) = %, npudeMm [; — orpa-
HUYeHHbIH 1yTh Mexkay 1 u xg(A), lo — munus Crokca, Jexamas ciesa ot [, u [; — JuHus
Crokca, Jiezkatias crpasa oT | (T.e. HOBOPOT 0T [ K Iy BOKPYT Z( IPOMCXOJUT IPOTHB YaCOBOM
crpesiki, a or | K [} — o gacoBoit crpesike). Ormernm, ato nyTH [, [y 3aKkaHInBAOTCS B Gec-
koHeunocTu. Ob6o3HaunM 4depe3 [ obsracTh MexK/Iy KPUBBIME [y U [o, cojiepzKalnyio [, depe3
D1—obutactb mexky [ u ly, cogepzKaniyio [y, u uepe3 Do—obitacthb Mexkay [ u [, comeprKarry o
ly (puc.2.1). Hakownern, guanio CTokca, BRIXOJAILYIO U3 TOYKH & = —1 obo3Haunm [epes [3

(puc.2.2):

A

Puc. 2.2: pacnosioxkenue jyimauit CTokca 1 KaHOHHYECKUX OOJ1acTeil

[IycTh Wy o— CTAHTAPTHBIE PEIeHHsl, COOTBECTBYOMHUe Touke T = —1 (eMm. m. 1.5), vy 90—
CTaHIAPTHBIE peleHusi, cooTBercTByonue Touke r = 1. Paccmorpum kanonugeckue OCP,
COOTBETCTBYIOMIHE TOUKe MOBOpoTa T = Zo(A) u aunusam Crokca [, [y, Iy (em. m.1.3); Gyaem
obo3HAYATh UX U, vV, (u1,v1), (uz,v2) coorBercTBeHHO. OGO3HAYNM Yepe3 () MATpUILY mepe-
X014 OT W K U:

QO Wi — V12
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" MpeacTaBUM €€ B BUAEC ITPOU3BEIACHUA:

Q = Q030,.
3nech
QQ tWi2 — U,U
QQ . (l27—17D) — (l,l'o()\),D)
e"<™ 0
QQ =¢e' )
0 ee,
T = ff()‘) miAdt. Nanee,
Q3 u, v — up, vy
Qg . (l,Ig(/\),D) — (ll,l’o(}\),Dl)
A,T 0 1
Qg = '6
1+0(e2) i(1+0(e?))
Qq :ug, v — V1,2
Qy: (l,20(N), D1) — (I, 1, D1)
. 0 e O
T4 = 6@90 )
e 0,
rie ©; = fmlo()\) miAdt uw Re©; = 0 (ymuust Crokca coepunsier 2o(\) u 1), mosromy
eeO1 = ¢ic?¥ JUT MATpHUIE § mosTydaem
eie® 0 1 e 0
Q - 949392 - 1 1 ’
el<? 0 14+ 0(e%) i(1+0(e?)) 0 e

OTKY/Ia
(1+0(e)e t0#Hm) (14 0(e))e o)

0 et (ip+T1)

[TosTomy, ecnu lywy + lows = ljvy + lovy, TO

Zl (14 0())e tletn) (14 O(2))e~tle-m)\ (1

)

ly 0 e%(iLPJFTI) I
OTKYy/1a
l~1 =L(1+ 0(62))6—%(i@+ﬁ) +15(1 + 0(62))6—%(%0—71)

lNQ = lQ@é(iw+Tl).
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Taxum obpazom, mosydaem:

i L1+ 0(2)e <) 4 (1 + O(e2))e <o)

l2 ZQe%(igo+‘r1)

C apyroit croponsl, ecan [, | — coOCTBEHHBIE BEKTOPHI COOTBETCTBYIOIINX MATPHUIL MOHOIPO-

MUH, TO

1
[TockosbKy e<™ sKCmoHeHnaIbHO pacter (T.e. Rery > (), U3 MOCIeHEr0 PABEHCTBA CIIEYeT,

qTo

L= At = (Leflem) e ) (14 0().
Co Co

1z

[Tocko/ibKy €™ ¢™ 3KCIHOHEHIIMAJILHO YObIBAET, 1M0JIydaeM
—ANaTt = ie % (14 O(2)) = e e 2e?(1 + O())

nin

—eTPeit? = eihe i (1 + O(e?)).

DTO u ecTh ypaBHeHHe Ha coOCTBeHHBIE Yncaa. [1o Teopeme ['ypBuiia KopHu ypaBHEHUS

e*i(ng%*%W) + ei(ng%*%(p)(l + O<€2)) =0

naxonarca B O(e?)-okpecTHOCTAX KOpHeil ypaBHeHus

R NS S )

Taxum 06pa3oM, TOUKH ciekTpa HaxoaaTcsa B O(e?)-0KpecTHOCTAX KOpHell ypaBHeHus

p m 1
2 —4+—-——=-p)=0
cos( 5 + 1 690) ,
HAXOISATCA M3 PABEHCTB
p m™ 1 T
CL . =219
5 + 1 690 5 +2n7
WIn
! " onm 42
— e nim p—
egp 4 2

Hakomnern, moacraBiss BeIpazKeHue /s @, MOJTyIaeM

1 1 b fimt — A
LU I A gy
L= (- +2n m)[/xo(k) " R
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2.3 PacnojaoxKeHue cIeKTpa Ha KOMILJIEKCHOI MJIOCKOCTH

B upejpbiiymem naparpade 1moJiyuenbl ypaBHeHUs!, OHUCHIBAIONIUE ACUMIITOTUKY CIEKTPa
omeparopa Jlammaca co cHOCOM Ha cTangapTHOl cdepe S%. DTu ypaBHEHHA BHIPAIKAIOTCS -
pe3 JLIHITHYIeCKHe HHTerpaJibl. B 9ToM naparpade mpu moMOIIH aHAIA3a COOTBETCTBY IOTIHX

HHTEIPAJIOB MbI BBISICHEM PACIIOIOKEHNe CIeKTpa Ha KOMILIEKCHOI ILIOCKOCTH.
Sameuanue 2.3.1. Muw b6ydem paccmampusams uHmMe2pasv. 6UdG

/ zmt—)\dt
N1

Zamena t = cos O npusodum smom unmezpan ¥ 6udy

/ \/ ZTt__ﬁ / Vimcosf — \do.

Koneuno, 6 naweti cumyayuu poav n 6ydym uzpamv 6noiHe Onpedesertvie NyYmu Ha KoM-

NAEKCHOT NAOCKOCTU.

B CJIeAYIOIUX JABYX YTBEP2KIACHUAX Mbl 6y,ZLeM umMeeT AeJio C 9TUMHU UHTerpalaMiu TOJIbBKO

B OTHOIIEHUH PABEHCTBA UX HYJIIO:
JIemma 2.3.1. Ilpu A € C\ i(—m,m)
A):]m/ﬂx/mdézo
0
mo20a U Moavko mo20a, Ko20a A— Jeticmsumesvhoe OMmpuyamMesbHOE YUCAO.
Hokazarenbctso. Ilycts A € C\ i(—m,m), A = A\; +iXg u A\; > 0; Torga:
Re(imcosf — \) = =\ <0

anst moboro § € (0,). Hockonbky A ¢ i(—m,m) to arg(imcos — \) € [Z, 2] Tlosromy
argVimcos — X € [Z, %] umm arg v/imcosf — X € [2F, Tx].

Hamomunm gto, mpu A € C \ i(—m,m) me cymecrsyer 6 € (0,7) , mna

koToporo vimcosf — X = 0; mosromy Imy/imcosf — X\ # 0 wu, ciaegoBaTesbHO,
Im [ v/imcos0 — Adf # 0. 3nauur, econ

Im/ vimcost — \df =0
0

TO

ReX < 0.
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C apyroit croponsl, eciin Ay € R™ 1o Re(imcos — \) = —ReA > 0 gust moboro 0 € (0, ),
I09TOMY MOZXKHO 3aUKCHPOBATH BETBb KOPHSI ¢ Pa3pe3oM BIoJb Jyda (—oo,0]. Sadukcn-
pyeMm Takyio BerBb yciosuem Rey/imcosf — X > 0.

Tenepr Ham0 mMOKa3aTh ,9TO TPHU JIOOOM (DUKCHPOBAaHHOM 3Ha4YeHWU ReN, MmoabIH-
rerpaiabHasg (ynkuus B I(\) crporo MOHOTOHHO yObiBaer mo ImA jusg oboro 6 €

(0, 7)./IlencTBATETBHO,

oImy/imcos — A _ 7 —1 1

=R
Oz m2\/im cosfd — A\ 62\/z'm cosf — A\

110 BbIOOPY BeTBU KOpHs. [TosTomy ypasaenue [(A) = 0 npu dbukcupoannoM Re\ umeer He

<0

0oJ1ee OTHOTO pemreHus Mo Im.

Ocrasnoch m1oKa3arb, 9To Jyist J060ro A € (—oo,0):
[m/ Vimcos — \df =0
0

; TOrJIa U3 y¥Ke JoKaszaHHoro Oyier ciegoBarb,aro 0 ¢ I((C\ i(—m,m)) \ (—o0,0)). Same-
TUM, YTO TPH TAKOM A MOJBIHTerpaibHas dbyHkiuus B [(\) MeHsSET 3HAK OPU CHMMETpHii
OTHOCHUTEJILHO 3.

HeiicrBuresibuo, argy/imcosf — X € (0, 7) 110 BLIOOPY BETBU KOPHS U

1
signcos(éarg(z'm cosf — \)) = sign(cost)

CJ1e 10BaTEJIbHO, I10 (bopMy,ne KOCHHYCa IIOJIOBUHHOI'O yIJIA:

A
1 B
cos(garg(im cosf —\)) = Sign(cose),\/l _ @.

3HAUYUT

X
Im\Vimecosf — \ = s/msign(wsw\/l B W

1, KPpOMe TOTO,

S S
Imy/im cos(m — ) — A\ = —msign(cosm.\/l - —W,

[Tosromy npu A € (—00,0):
Im/ \/imCOSG—AdQZIm/2 \/@'mCOSQ—/\dQ—i-Im/ vimcost — Adf =0
0 0 g

U JeMMa JOKa3aHa.
3Ha4uT, MBI JIOKA3a/IM 9TO YaCTh CIEKTPa, OlpejeliseMas ycaoBusMu TeopeMbl (2.2.1),

JIeZKUT BOJIN3U JIeHCTBUTEIBHON OCH (TOYHee, OTPUIATETLHOI TTOJYOCH ).
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Bameuanue 2.3.2. Pewenue ypasnenus im cost — A =0 (mouxa nosopoma 6 koopduname

0) umeem sud:

Or = —iln(ix V- 2 —m?2)—Inm

MOHCHO 00BACHUMD 8 CAedyrouLee:

ImA\ ImA\
01 = + arccos[———— signim \/]—\2 1— (|—\2+1) ( = )2+

+v282 4 \/1 — |22+ 2(E2)2 4 \/(lﬁP +1)2 — 4(Lmry2

\/1_|/\|2+\/ |2 (Im,\)

2de Re\ # 0.1Ipu A € (—00,0), ud nocaednuz pasencms caedyem, wmo:

71n

0y = i(ﬁ +iln(y/1+ (%)2 + %))

2

Jlemma 2.3.2. Vpasnenue

0+
J(A)=1Im Vimcosf — \df =0

0

na napamemp A € (0,+00) umeem moavko 0dno pewenue N, npuvem Ao € (—msinh 7, 0).

HokazarenbcTBo. [Ipu A € (—00,0) 06pa3 myru mHTErpupoBaHUS 10J, JeHCTBHEM
dbyukuun imcosf — A He nepexoaur uepes jayd (—oo,0). 3HAUAT, MOKHO 3aPUKCUPOBATH

BETBb KOPHS C Pa3pe30M BJI0JIb ITOrO Jiyda. BeiGepeM Takyio BETBb:
v i C\(=00,0] — {z € C|[Imz > 0}

Torma momydaem:

0 1 1
Im Vimecos — \df = Im/ 0o+/im cos(Byr) — Adr = Im/ 00+/im cos(6yr) — Adr,
0 0

0

e 0 =0 0, = F+iln(y/T+ (27 +2)  reR

PaccMoTpuM npou3BOHYIO MOABIHTETPAJIBHOTO BhIPAYKEHUS 110 APaAMeTPy A:

dIm[fy+/im cos(Bor) — A 7 6o
= —1Im .
O\ 2/im cos(for) — A

OCKOJIBKY Ji7tst 1)(1) = im cos(f,.r) — X mpu A € (—o00,0) umeem paBeHCTBO:

1o —ifpr %r —%7’
n(r) =imcos(0yr) — X = im% - A= im% — A,
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TO . .
Imn(r) = mem—i_# —A>0

Ren(r) =—-A>0
TO ecTh 7)(T) JeKUT BO BHYTPEHHOCTH MEPBOro KBajparta, a argn(r) € (0,7/2), 3uauut n(r)
He nepecekaer Jyda (—oo, 0] mpu r € (0, 1) 910 no3BossteT HaM BHIGPATH BETBL KOPHS, KaK
U paHee, ¢ pa3pe3oM B0k (—o0,0]. Tormga momyuaem:

0o
2¢/im cos(for) — A

3T
1)

1
= arg by — arg v/n(r) = arg by — S argn(r) € (0,

arg

OTKY/a:

0
m 0 >0
2¢/im cos(for) — A

SHAYUT, B 3TOM CJydae TaK »Ke, KaK U paHbIle, Mbl MOXKEM J0Ka3aTh, UYTO ITPOU3BOIHAS

I

1I0/IBIHTErPAJILHOIO BhipazkeHus B J(A):

ORe[fo+/im cos(for) — A] e o <0
O 2¢/im cos(for) — A

st Jioboro A Ha (—00,0) u s soboro 7 € (0,1). Takum 06pa3om, MOIBIHTErpaIbHOE

BBIDAYKEHUE CTPOTO MOHOTOHHO yObiBaeT 1mo A Ha (—00,0) mis mo6oro r € (0,1).3naunt
(TaK KaK MHTErpupoBaHue BeAeTCd IO MHOXKECTBY HOJIO2KUTEJTbHOMN Mepbl) u CaM HMHTEerpadJi
J(A) moHoTOHHO yOBIBaeT 1o mo A Ha (—00,0). Orcioga ciaeyer, uro ypasuenue J(A) = 0
ra mapamerp J(A) € (0, +00) MOkKeT uMerh He Gosiee OJHOTO PEleHHusl.

Onennm J(0) (3aech yureno, uro 0,(0) = 5 +iln(v/1+0+0) = 7):

64(0) 5
J(O):Im/ vimCOSHdezfm/ Vimcos0df < 0,
0 0

Tak Kak Vimcosf € (1 +1).(0,400) na unrepsane 6 € (0,5)(no BeibOpy BeTBH KOpHS:), &

saaqnt, I'mvimcosf < 0 HA BceM MHTEpPBaJje HHTETPUPOBAHUSI.

[Ipu A = —msinh § nmeem 2, = § +45 , argzy = 7 1 MBI 3HaeM,9T0 argn(r) € (3, 7).
SHAYUT:
, 1 s T T 3T
arg(6\/im cos(047) — M=—msinnz = arg 0 + 5 T8 n(r) € i (Z’ 5) = (5, I)'
To ectn

Im(04+/imcos(0,r) — M=—msinnz >0

npu mobom r € (0, 1), orkyna J(—msinh §) > 0. Taknm o6pasom J(0) < 0, .J(msinh §) > 0.
Tax kak ¢dynkuus J(A\) HENpepbIBHA N0 A TO OTCIOAA CJEAYET ,4TO CYIECTBYET TOYKA A €

(—msinh 7,0) B koTopoii J(A) = 0. Kpome Toro, sTa T04Ka, 110 JJ0Ka3aHHOMY, €JIMHCTBEHHAS.
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Bameuanue 2.3.3. Cosepwenno anarozuwno pabomam [1,2] dokasweaemes, wmo wacmu
cnexkmpa, onucarmvie 6 meopemax 2.2.2 u 2.2.3, pacnoaazaromcs 664u3u 08YT KPUGHLT, CO-
COUHAIOWUT MOYKY N, ONUCAHHYIW 68 NPpedvdywet Aemme, ¢ MOUKAMU Tim, npuvem Imu
KPUBDHIE CUMMEMPUUHBL OMHOCUMEALHO deticmeumenvrol ocu. Taxum obpazom, cnexmp 6
npedese KOHUEHMPUPYEMCEA 6 OKPECTNHOCIIU MPELEAACHMHO20 2pada ¢ 6epuuHots 6 movke
Ao, pebpa Komopozo onpedeastomes MHUMBLMY YACMAMY YCA0GUT KEAHMOBAHUA, NOAYYEH-
nox eviwie (em. meopemos 2.2.1 — 2.2.3).

B 3asucumocmu om pacnosostcenus mouky cCnekmpa na KOMNAEKCHot NAoCKkoCY N, AU-
nuu Cmokca no-pasHomy pacnosotcers, Ha KOMNAEKCHOT NAOCKOCTIU.

Cayuati(1): Ecau mouka cnexmpa cosnadaem ¢ eepuiunol cnekmpanviozo epaga (m.e.
moukot, ykasannol 6 aemme 2.5.2), pacnososicenue sunuti Cmokca maxoe, kax na puc. 2.4.

Cayuati(2): Ecau mouka cnexmpa naxodumes na aunuu(3)(puc. 2.3), mo aunuu Cmorkca
PACTLONOHCEHDL, MAK, KAK NOKA3AHO Ha puc. 2.5.

Cayuati(3): Ecau mowka cnexmpa naxodumca wa sunuy (2), mo aunuu Cmorkca pacno-
A0JACEHDL MAK, KAK NOKa3aHo Ha puc. 2.6.

Cayuati(4): Ecau mouka cnexmpa naxodumces wa kpueot (1), mo aunuu Cmokca pacno-

AONHCEHDBL TMAK, KAK NOKA3GHO HA PUC. 2.7.

im

-im

Puc. 2.3: Pacnonoxkenue crmekTpa

Ormernm, uro B obstactsx (i) u (i) HeT TOYEK CHEKTPa; 3TU 00JACTH COOTBETCTBYIOT

rpadam Crokca, He COAepKANTUM KOHEUHBIX JTHHUN (CIydail 00IIero moJI0KeHus ).
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h=im

Puc. 2.4: Jluauu Crokca 1

h=im

Puc. 2.5: Jluanu Crokca 2

Y

Puc. 2.6: Jluauu Crokca 3
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h=im

AN

A +1

Puc. 2.7 Jluauun Crokca 4

Sameuanue 2.3.4. Mootcno natimu nanpasienua, 6 komopwux sunuu Cmokca evixodam u3
movexk * = —1 ,x=1ux= ﬁ Zlas a9mozo docmamouno paznoscums coomeemcemeyouLue
NOOUHMELPANLHBIE GOPAHCEHUA BOAU3Y ITNUL MOUEK U BHLYUCAUMND GCUMNMOTIUKY GYHKUUL
S npu npubsuscenuu x movke nosopoma. Ilpusedem coomeememeyroujue Gopmyiv.

Cayuati(1): ITyemo aunus Cmokca sozodum uz mowky v = —1, moeda npu x — —1 :

imx—/\N)\—i-im
1—22 =2

/ limt — \ /)\—l—zm x+ %
1—t2

Ypasnenue aunuu Cmokca umeem eud ImS(x) =0, m.e. acumnmomuiecru

q(x) = (z+1)"

nosmomy

Imy/—(\ +im)(z +1) = 0.

Ecaut = (A4 im)(z+ 1), mo t <0 u moocro evuuciums Kacameavhyio k aunuy Cmokca

6 sude:
t t

=14 —
A+im +\)\+im]2

(A —im)
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L — =it m)

|A + im|?
Hockorvrky Ay < 0 u Ag +m > 0, aunus Cmokca ewrodum uz mouku v = —1 eeepr u
6NPABO.

Cayuati(2):ycmo aunus Cmokca swxodum us mowky T = 1, mozda:

mmxr — A 1m— A

x) = ~ x—1)"
o) = TR T )
nOIMOMY
/ imt — /zm )\ (x — 1 3
V 1-— t2
Ypasnerue aunuu Cmoxrca umeem sud ImS(x) =0, m.e. acumnmomurecky

Imy/(im — A)(z — 1) =0

ecaut = (im — N)(x+ 1) mo t > 0 u mosrcro 6vuucaums Kacamenvryro k sunuu Cmorkca 6
sude:

t _
S (R S R —
v +z’m—)\ * ]z’m—)\\z( +im)

=1+ m()q + Z(m — )\2))

Hockorvorky A\ < 0 um— Ay > 0 u aunua Cmokca eoixodum uz movwku r = 1 esepr u 6ae60.

Cayuati(3):Mycmo aunus Cmokca uxodum us mowky Ty = %, mozoa:

Zm(x—xg / —
1+ 25 m2+)\2 v

Ypasnenue aunuu Cmoxca umeem sud ImS(x) =0, m.e. acumnmomuuecku

ImS(x —Im/ “mQ—l—)\Z\/ — zodt = 0.

3
2

- .
Mooicro evivucaumo acumnmomury S: S \/2Zo(x — x0)2 2de 20 = 5%z = |20 ux — 39 =

T — X ei noamom
S \/|ZO ’13—560’26 2#) ‘S|61(12b 350).

Y 3y _2%nr _ %
o onpedenenuro aunuu Cmorkca, sin(§ + %) =0 u ¢ = =55 — L.
B smom caywae nanpasaenue aunud Cmokca 3asucum om sHauenus 2o = oz Pac-

CMOMPUM HECKONVKO CAYHAES.

e 3 <
e Fcau A deticmsumenvhoe 4ucao, mo mgm—w maxoice 0etcmeumenbHoe YucAo U Zg Ha-

wodumes na mnumoti ocu (1 = 7).
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o Ecau X\ muumoe wucao, mo X = Im\ u |[ImA| < m snauum m?+\? = m? — ImA? > 0,

3 ()
nosmomy 6 31Mmom CAYHae 1marKHce m2m—+)\2 deticmeumenvhoe “YUuUcao u 20 HATOOUMCA Ha

mrumoti ocu (1P = 7).

o Feau =€+ 1My mo

im?> im3 im3

DT I T mE e Al Ziehs | m? — A2+ €2ihg

im? —im32iy im? 2Xom?>

Ty T m N T mE - (m2- R

ZHAMUM OMHOCUMENLHO NPedudywet cumyayuy (N = i\y) mouka zo HATOOUMCA NPa-

s
6€e U HANpasAeHUE AUHUU Cmoxkca moosice spauwiaemcA Hanpaco (”Lp < 5)

o Eeau A= )\ +ie mo

im3 im? im3
zZ0 = = ~
"Tm2 N m2— 2+ A2+ 2ied, m2+ A2+ e2i)

im? —im32i\, im? 20 m?

TR T mr X e

Ilockoavky Ay < 0, nosmomy ommocumenvro cumyayuu (A = \1) mouka 2y HaAX0UMCA

aesee u aunuu Cmokca mosice spaujaemca nareco (1 > 7).

Sameuanue 2.3.5. [lo pacnosoocenuro aunuti Cmokca U UL HANPABAEHUN MOACHO CKA-
3aMb, YMO € HUMU NPOUCTOOUM npu neperode u3 0dnot 00AACTIU HA NAOCKOCTU N 6 OpY-
eyro. Hanpumep, npu nepexode napamempa A us obaacmu (I1) 6 (I111) uepes aunuro (3) Ha
pucynke (2.1), aunuu Cmokca spawatomesn éneso. Tax kax 6 (I1) X umeem 6ud X = A\ +iXy
u, ecau npu neperode uepes sunuto (3), A cmanosumes deticmeumenvnoti, npuvem MHUMGH
wacmv X ymenvuaemcs, mo aunuu Cmoxca epawjaromes naneso (¥ > 7). Ipu nepexode us

(3) 6 (II1) cumyayus anarozuyna.
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I'maBa 3

AcnmvmnTorunka ciekTpa ) Ha

IIOBEPXHOCTN Bpalll€EHMNA

B 3T0ii ritaBe MBI M3ydaeM acCHMIITOTUKY CIEKTpa omepaTopa ) Ha MPOU3BOTLHON KOMITAKT-
HOI 1IOBEPXHOCTH Bpalienus, romeoMopduoi cdepe. Mbl HauneMm ¢ (pOpPMyJIMPOBKYU 331441

U ee peJlyKIuu K OOBIKHOBEHHOMY Jn(bdepeHInaj bHOMY YPaBHEHHIO.

3.1 PazngeneHne nepeMeHHBIX. 3aJIa9a C OCOOBIMU TOYKAa-
MU

B sTom myHKTe MBI OyJeM paccMaTpuBaTh MOBEPXHOCTb M, MOTYyUYeHHYIO BpallleHueM IJIa/I-

KO KpUBOIi, 3a1a0H0i Ha mockocTu (1, 2) ypasuenuem = = f(2), z € [z1, 23], BOKpyT ocn 2.

Ornocuresnbio f npenonaraercs, aro f(z) = /(2 — 21)(z — 22) fo(2), rae fo — MuOrOUIeH,
He obpalaIuiica B HyJIb B JOCTATOYHO OOJIBIION 00J1aCTH Ha KOMILIEKCHOI ILTOCKOCTH, CO-
Jepzkalneil oTpe3ok [zl, 22] jeiicrBuresibHO ocu. Takue ycjioBusi 00ecliednBaiOT 171a/IKOCTh
noBepxHoctTu Bpamienuss M B mojiocax zi, 2o. [lapamerpudeckue ypaBHEHUs] MOBEPXHOCTU
HMEIOT BH/I:

r(z,¢) = (f(z) cosp, f(2) sin g, 2),

rje ¢ — yroa Bpamenus. Oueparop Jlamiaca, B KoopauHaTax 2, UMeeT BUIL:

1 o .. 0
= — ¥ —
A ﬂzij 59 Vg (3.1)

roe

up = 2,us = @, g = det g;;
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n g — obpaTHasg MATPUIA K METPHYECKOMY TEH30DY

B (rzy7r2) (72 Te)
Gij =
(1o,72) (1o,75).

B koopmunarax z, ¢ omepatop A mMmeeT BHI:

P10z /21102 f20p?

Mpmb1 paccmaTpuBaeM ypaBHEHHE

Aw

(3.2)

EAw + (v, V)w = Iw

rae v = a(z)%.

[Tocie pasjesienust epeMeHHbIX MK a(2) = 2z HOJIydaeM:

+.fz\/ f22+ B ffzfzz(ff + 1)
F(f2+1)2

|
L

em?(f2 +1)
f2

+(imz=N)(f2+1)¢(z) =0
(3.3)

¢ (V"(2) ¥(2)+(
rae w = exp(imp)y(z).
Ormernm, uto, ecin f(z) = /1 — 22, npeapiayInee ypaBHeHNe MPUHAMAET BHUJI:

0*w(x) 2
Ox?

Koneuno, 9T0 — HCCIeJOBAHHOE BhIllle ypaBHeHue (ciydail crangapTHoii cdepsr). Tak xe,

Ow(x) m
2 2y _
e( (1—2%)—2x . [ 22

w(z)) + imazw(z) = dw(x).

KaK 1 B ciydae cepbl, Oy deHHOE YDABHEHUE COIEPKUT JiBe 0CO0bIe TOUKH 21, Z2 (OTMeTHM,
aro f'(z1) =00, f'(22) = co Kpome Toro, nmeercst ojiaa To9Ka 1M0BOpOTA 1MZ = .

Haiiem XapakTepHCTHYECKHE MOKA3aTeTH OCOOBIX TOUEK. B OKPECTHOCTH perysspHOii
ocoboit Toukm z; (mm zp) dbymkuma f umeer Bun f(z) = /z— zw(z) (mwm f(z) =
V7zZ — zw(z)), e w ananmurnueckas GyHKIUS.

Hame ypasuenue umeer Buj (1.2), rie:

f(f2+1)2

nin
S et
PO T

Q(z) = (imz = \)(fZ +1).
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B okpecrrOCTH 0c000# TOUKM (HAampuMep, z1) ypaBHeHue (3.3) umMeeT BUL:

(z — 21)%a(2)0"(2) + (2 — 21)b(2)V'(2) — mPe(2)Y(2) = 0, (3.4)

rie a,b, ¢ — ananurndeckue GyHKIuU, paBusie 1 B Touke 21. Ilyets ¢ = (2 — z1)Pw(z) —

pemnenne ypaaenust (3.4) (w(z) — ananntuaeckast GyHKINS); TOT/IA, €CJIHU
V(2) = (2 — 21) (wo + wi(z — 21) + wa(z — 21)* + .....),
TO OyJIeM UMeTh:

V'(2) = p(z — 21)" Hwo +wi(z — 21) Fwolz — 21)* + o) + (2 — 20)P(wy + 2wa (2 — 21) + .....)

V"(2) = p(p—1)(z—21)" 2 (wotw (z2—21)Fwa(z—21) 2 +.... ) +2p(z—21 )" (w1 +2wa (2— 21 ) +.....)+
(z — 21) 2wy + 6ws(z — 21) + .....).
[Mojcraisist 5Tu pasjioxkeHusi B ypaBHenue (3.4), mosrydum:
(z — 202" (2) = p(p — 1)(z — 21)"(wo + w1 (2 — 21) +wa(z — 21)* + ....)+

20(z — 20)P T (wy + 2w (2 — 21) + ....) + (2 — 20)P P2 2wy + 6ws(z — 21) + .....)

[Tockouibky

m*P(z) = m*(z — 21)°(wo + wi(z — 21) +wa(z — 21)? + .....)

(z—20)¢'(2) = p(z—21)P (wo+wi (z2—21 ) Fwa(z—21) ... F(z—21) T (w1 2w (2—21 ) +.....),
npupaBHuas K HYJI0 KO3 duuuent npu (z—z1)”, mojyuaemM XapakTepUuCTHUECKOe Y PAaBHEHHE:
plp—1)+p—m?=0,

OTKY/Ia HAXOJUM XapaKTePUCTHUYECKUE TOKa3aTeIu: p = +m wim py = |m| , p_ = —|m|.

3.2 AcmMHOTOTHKA CIEKTpa

JLnst Toro, 9ToOBI ONMKCATH ACUMITOTHKY CIIEKTPa B CJIydae MOBEPXHOCTU BPAIEHUs, Mbl IIPH-
MEHHUM TOT K€ MeTO/I, UTO U B IyiaBe 2. VIMEHHO, MBI PACCMOTPHUM TOYKHU MOBOPOTA, U JIHHUT
Crokca ypasuenust (3.3) u, nosb3ysach nadopManueil 0 KAHOHUIECKUX 00JIACTAX, BHIYUCIUM

ACUMITOTHKY MaTPUIL OEePpaTOPOB MOHOJIPOMUM B OJHOM M TOM 2Ke Ha3uce.
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Sameuanue 3.2.1. B nawem cAyuae mouku nogopoma — HyAu U NoA0CA GYHKUUL
q(2) = (imz = A\)(fZ +1)

; MAK olce, KAk U 6 CAYuae chepul, ux mpu — d6e 0cobvle Mouky 21 U 2y (NOAI0CG NOBEPTHOCTAUL)

u 0dna mouka nosopoma nopadka 1 zg(A) = 2.

Jlemmoi (2.2.1) 6e3 usmenernutds nepenocumes wa waw 00uul cay4atl; maxum o6pasom, ec-
AU\ makoeo, wmo epadh Cmokca re codeporcum Koneunuz sunuti, mo ¢ O(e?)-oxpecmmocmu
) )

2MOT MOUKYU HEM MOYUER cnexrmpa.

Teopema 3.2.1. Ilycmov aunus Cmokca coedursem 21 U Za, ¢ A MaKo8o, 4mo

€

1 1 2

- =7(n— 3 + 2m)(/ \/(imz — N (f2+1))at)t
Z1

Toeda cywecmeyem cobCmEenHoe 3HAMEHUE X ONePamopa, OAf4 KOMOoPo2o

A=A = O(é).

Jloka3zaTeabCTBO. AaHAJOTUYHO JOKA3aTeIbCTBY TeopeMbl 2.2.1; KpaTKoO MpuBeJeM COOTBET-
crByIONIMe paccyzxaenus. Ilyctb wy u we — pentenust ypasuenust (3.3) B OKPECTHOCTH TOYKU

21, onpejiesieHHbie B 1. 1.5 (aHAJOTHYHBIE DeleHrsi B OKPECTHOCTH TOYKU 2y 0DO3HAYNM Vg

n vy. Kak yzKe oTMedasioch:

hafe-+10) = —ilg(w) i1+ O ol [ |Vailar— 5 [ pioyin

vLQ(ﬂc—i-iO):—i\q(x)\_clt[l+O(62)]exp{$§/ |\/_\dt——/ (t)dt}.

o't
AHaJIOTMYHO JI0KA3aTeIbCTBY TEOpeMbl 2.2.2 yCTaHAB/JIMBAETCs, YTO — OTHOIIEHUE Cp

dyHKIUH Wy ¥ v; UMeeT BU/L:

L_w —ilq(z)|"T[1+ O(?)] exp{—L [7 |\/q(t)|dt — % [, p(t)dt}
1:—: B 71
v —ilg(x)| 11+ O(e)] exp{—1 [7 |\/q(t)|dt — § [, p(t)dt}

[Ipenebperas craraeMbIMHI TIOPSIKA €2, TOCTe 3IeMEHTAPHBIX TPeoOpa3oBaHmil MOTydaeM:
w1 7
g =—= exp{+—/ [Vaq(t)|dt + = / (t)dt}.
U1 € as

AHaJIOTNYHO BBIYUCJIACTCA CBA3b MeEXAYy Wi | Vq:

o= 22 el [Vt~ [ by,

az az
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Otrnomenne £ umeer BUI:

c A
2 (2! [ |Va@lar+ [ sl
ai Y

TaKIM 00pa30M:

%:exppz/ \/q(Odt + i}

1

C apyroit CTOPOHBI, KaK U B HPEJBIAYIIEH ry1aBe, U3BeCTHO, 9T0 (0003HAYEHHSI T€ XKe, 9TO B

r1. 2 u n.1.5):

co  Aay

a1 Aay
rje
P - _
é —e o € (ap—an) |

A

ay = exp{2mip, },
a_ = exp{2mip_}.

Orcroma mosrydaem
T = exp{2ni(py — p-)} = exp{dmmi},
a

OTKY/1a

eXp{QZ /  Slime = N(Z 1))t + mi} = exp{dmri + 2nmi}

njin

S =g+ 2m)( [ lmE N D)

€

Teopema mokazana.

Sameuanue 3.2.2. Coedunenue d6yxr ocobuxr mouex sunuets Cmokea — caman nPocmas cu-
MYAUYUA; 8 IMOM CAYUAE MONCHO HATIMU COOMHOWEHUE MENHCOY basucamu, onpedeseHHbLMmU
60AU3U 0COOLLT MOYeK, He npubezasd K GnNNapamy KAGHOHUYECKUT 00aacmet U MAmpuy, ne-
pexoda. Jlasee pacemampusaromes cayuwau coedunenus sunuet Cmokea mouku nosopoma

20(N) = 2 ¢ 00noti us ocobvx Mouer.
m

Teopema 3.2.2. Ilycmo aunus Cmokca coedunsem 2, u %, a A makxogo, 4mo

A

Lo ron ) / "V = mE) (2 Dl

€ %

moeada cywecmeyem cobecmeennoe anavenue X onepamopa D, das xomopozo:
A=)\ = O0(e).
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HoxkazarenscTBo. Touka nmopopora ypasHenus (3.3)umeer BHI 2 = % Anajiornano J10-
Ka3aTebCTBY TeopeMbl 2.2.2, OyaeM cuuTaTh, 9YTO JABe OecKoHedHble quHnn CTOKCa, BBIXO-
JISIIIEE U3 TOYKU [H0BOPOTA, PA3JEIAI0T 0Co0ble TOUKU (B IPOTUBHOM CJlydae 0COOble MOZKHO
BOCIIOJIb30BATHCS AHAJIMTHICCKUM 1pojoszkenuem). [lycrs [, 1, Iy — tpn samaun Crokca,
BBIXOAIIeE U3 Zp(\) = 2, HpuyeM | — OrpaHHYeHHBI LyTh MexKay 21 4 Zo(A), l; — JuHns
Crokca, exammast ciea ot [, u ly — juaust CTokca, Jeaias cupasa ot [ (T.e. TOBOPOT OT
[ K 1 BOKPYT 2y MPOMCXOAUT HPOTHB YaCOBON CTPEJKHU, a oT | K ly — 10 9acoBoil cTpesike).
Ormerum, aro nytu [y, lo 3akanauBamoTcsa B beckoneanoctu. Obo3naunm depe3 D ob1acThb
MezK/1y KpuBBIMU [ 1 [y, comepzkatyio [, uepe3 Di—obactb MexKy [ u [y, comepzKaniyo [y,
u depes Do—obsactsb Mexkay [ u l, cogepzxKaniyio lo. Hakonen, unnio CTokca, BBIXOIAILY IO
U3 TOYKHU Z 0003HAUNM uepes [3.

[IycTh Wy 9— CTAHJAPTHBIE PEIIeHHsI, COOTBETCTBYIOIINE TOUKe 2 = 21 (eM. 1. 1.5), vy o—
CTAaHJAPTHLIE PEIIeHNsI, COOTBETCTBYOIINE TOUKe 2 = Z3. [I0CKOIbKY M3BECTHBI aCHMITOTH-
KM OLIEPATOPOB MOHOJPOMUMH, COOTBECTBYIOIUX OCOObIM TOYKAM 221, B Oa3HUCax V12 U Wi 2
COOTBETCTBEHHO, JIJIST TOTO, 9TOOBI BHINIUCATH YPABHEHNE HA COOCTBEHHBIE UHC/IA, JOCTATOU-
HO HANTH ACHMITOTHKY MATPHIBI IIepexoa MexKIy STHMHU Oaszucamu. s 9Toro paccMor-
pum kanonudeckue (PCP), coorsercrBytonme Touke noBopora z = zo(A) u sunusm Crokca
11,15 (em. m.1.3); Gyaem obo3HadaTh ux u, v, (U1, v1), (U2, V2) coorBercrBenno. Onpeaeanm

HCKOMYIO MaTpuity () paBeHCTBOM

w1 U1
=0

Wa (%

U 1IPEJICTAaBUM €€ B BUJE NPOU3BEIeHMUS:
Q = Q4050

rjae:

Q- V12 — U1,V

QQ : (l37Z27D1) — (llazO(A)%Dl)
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o 0 1

Q3 =e 6

1+0(e) i(1+0(e?))
Qp:u,v— wia

Q4 : (l,Zo()\),D) —_— (l,Zl,D)
0 e <m

Q4:

1
et 0

3nech

zo(A)
T = / V(imt — N)(f2 4 1)dt

21

o, - / Jlimt =N (2 + D)L,
zo(N)

0

Borpazkenust js Marpur §2; npuseiens! B [16] u B m.1.4 (cM. onpe/eenne KAaHOHHIECKIX

(OCP) u marpur nepexoza). Takum 06pazoM, /i HCKOMOi MaTPHUIIBI Oy 9aeM

(1+ O(e2))e=+ @+ j(1 4 O(e2))e (=0

Q= Q30 =76 )
0 ee(n+61)

R
0N Slimt—N)(1+£2)dt

[Tockonbky smaust CTokca coequuser 21 u zo(A), Rerp = 0, T.e. e =1

€, oTKyIa
(14 O(e2))e=tO1ti0) (1 4 O(e2))e +liv=01)

Q=e"6 L
0 e;(w)—‘r@l)

IIycrs T,T" — MaTpunpl MOHOJIPOMHUHU, COOTBETCTBYIOLIUE TOYKAM 22 B Da3ucax w, v

COOTBETCTBEHHO (CM. 1.1.5 JIsl COOTBECTCBYOIINX ACHMIITOTHK). YCJIOBHE CYIIECTBOBAHHS

cobcTBeHHOTO BeKTOpa [ = [T umeer BUI:

1 1 -1

—=—-A""a_
Co
u
1 <
T:—A 1a+ 1.
C2

N3 pasencrsa lywy + lawy = l~1v1 + l;?]g C Y9eTOM TMPUBEAEHHOI BbITTe (DOPMYJIbI JIsT ACHMII-
TOTHKH MaTPHUILI epexoa {2 moaydaem:

& = (14 0(62)e O+ 1 0yi(1 4 O(?))e < iv=01)
ip+0O1)

~ l(
Cy = C9€c¢
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OTKYy/Ja:

1 e(1+ 0(62))8—%(61—#1‘@ + (1 + 0(62))6_%(“"_91)

Ca cpee (901

_1

Bamerum, uro Re®; > 0, r.e. e~ <! sKcnoOHEHINATBHO MAJIO; TIO3TOMY
Y PR 1
ie 2 (1 +0(?) = —Ata, = —Atat

DTo W eCcTh ypaBHEHHE Ha COOCTBEeHHBIC umncaa. [1ockoabKy ar = exp{2mipi}, tae py =
P

14 P(sz) A=e 08 ypapHeHne NMeeT BII;
40 = e, =y
njain
eEeT (14 0(¢) = —'te ),

Orcroa mosrydaem:

GePHID (1 4 O(e?)) + e ertiHE) = 0

ITo Teopeme I'ypsuna, KopHu 3T0ro ypasHenns pactoiozkenbl B O(e?)-okpecTHOCTAX pe-

HIeHU# ypaBHeHui
(it TH) | omil-teriHs) —

mnocJjieagnee MOzKHO IlepelincaTb B BUJIE

1 )
2cos(——¢ + — + Ly =0
cos( 690+4+2) ,
nJjin
o= T o F
- — nm — —
e(p 4 2

[ToacTraBassa cioa BeIpazKeHue s, MOTydaeM

1 zo(N) . p
——/ V(imt = N)(f2+1Ddt = = +2nr — &
€/, 4 2

UK, C YIUTbIBad BbIpazKeHue IJid P,

zo(A)
% —w(—i—i—Zn—m)[/ V(imt — X)(f2 + 1)dt] ™!

n TeopeMa JOKa3aHa.

B konI1ie 31010 nyHkTa Mbl pacCMOTPHUM IIOC/IE/IHUI ¢/lydail coe/[MHeHnus] TOYEK 10BOPOTA

guangamu CTokca.
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A

Teopema 3.2.3. ITycmov aunua Cmokca coedunaem - u zz, & X MaK, “mo

A
im

o rant g - m) / "V = ) (2 D]

€ 2

mo20a CYwecmeyem coomeememeennoe 3HaNeHUe \ 0nepamopa:
A=A = O().

Hoxkazareascrso.llycrs |, Iy, I — tpu junun Crokca, Bbixojsuiue u3 2o(\) = 2, upudem
1 — orpanuveHHbI IyTh MEXKLY 2o U To(\), lo — uaus Crokca, Jiexkammas ciesa ot [, u l; —
manust CTokca, Jiexkanas cupasa ot [ (T.e. ToBopoT oT [ K ly BOKPYT &( HPOUCXOJUT MPOTHB
9acoBoil cTpesikn, a or [ K [; — o 4acoBoit crpeske). OTMeTnM, 9To myTH [, [ 3aKaHIABAIOTCS
B Geckoneunoctu. Ob6o3naunm gepe3 D objacTh Mexty KpuBbiMu [1 u ly, comepzxkaiyio [,
gepe3 Di—obaacts mexay | u ly, comepxxkarmiyio [, u depe3 Do—obaacth mexay [; u [,
cojepzantyio lo. Hakonern, nuamio CToKca, BBIXOJMIIYIO U3 TOYKH 21 0003HAUUM Uepes [3
(puc.2.2):

[TycTs wy o— cTaHZAPTHBIE PENIeHHsI, COOTBETCTBYIONINE TOUKe 21 (CM. 1. 1.5), v o— cTan-
JAPTHBIE PEIeHUs, COOTBETCTBYIONIHE TOUKe zp. Pacemorpum Kanorudeckue (PCP), coor-

BETCTBYIOIIIE TOUKe TTOBOPOTA 2o(A) u simamsim Crokea [, 1y, ls (em. m.1.3); Gyaem obo3HAUATD

ux u, v, (ug,v1), (ug, V) coorBercrBenno. O6o3naunm vepes ) MaTpuIly nepexoaa oT w K v:
Q: W12 — V12
U LpeJICTaBUM €€ B BUJE IIPOM3BEICHUSL:
Q == 949392.

31ech

Qy w0 — u,v

T = f;lo(’\) V (imt — N)(f2 + 1)dt. danee,
Q3 u, v — up, vy
Qg : (l, 20(/\), D) — (ll, Zo()\), Dl)
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0 1
1+0(e) i(1+0(e?))

Oy up, vy — V1,2

[NE]

Q3 =e "

Q (I, 20(N), D1) — (lh,1,Dn)

T4 = €i®0

rie 0 = fxlo(/\) V(imt — A)(f2+ 1)dt u Re©; = 0 (nockoabky umus CToKca coenHseT

1 1
20(A\) 1 25), moaToMy €+©1 = ec®, Takum 06pa3oM, I MATPHIL ) TOTyIaeM

0 672%90 0 1 e*%ﬁ 0
Q = 949392 = . 1 |
ele? 0 1+ 0(62) i(1+ 0(62)) 0 oin
OTKYJA
(14 O(e2))eti+™) (1 4 O(e2))e£live=m)

0 et (ip+T1)
[TosTtomy, ecnn lywy + lowy = ljvy + lavs, TO

Z1 (1+ 0(62))6_%(i¢+7—1) (14 0(62))6—%(@—71) I

ly 0 e tliptm) Iy
OTKY/1a
l~1 = l1(1 + 0(62))67%(%@4#1) + l2(1 + 0(62))67%(@077-1)

lNQ = ZQB%(iQ+T1).

Takum obpazom, HoJydaeM:

I L1+ 0())e <0t 1 y(1 4 O(2))e e tiemm)

lg ZQS%(WH_H)

C apyroit ctoponst, ecin [, [ — coOCTBEHHBIE BEKTOPBI COOTBETCTBYIOIINX MATPUIL MOHOIPO-

MUH, TO

‘1 1~ 1
T:_A 16L+ lz—A 1@71
C2
1
[TockoJIbKY €™ SKCIOHEeHIHATBHO pacTer (T.e. Rer; > (), U3 MOCJIEHET0 PABEHCTBA CIIEIYeT,

qTo

a_ —A g = (ﬁe%(i‘”_“) + ie_TZi“’)(l + O(€%)).

62 Co
1
[TockoabKy €~ <™ 3KCHOHEHIINAJIBLHO YOBIBAET, MOJIyYaeM
b

—AN Tt = ie (14 O(2)) = e e 2e?(1 + O(6))
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OTKY/Ia, HAXOJUM YPaBHEHHSI Ha COOCTBEHHbBIE YUCJIA,
Z-l

—eTPeie? = ¢ii e (1 + O(e?)).

[To Teopeme ['ypBuna KopHu ypaBHEHUS

e lEHT—e9) 4 (i(5HE-29) (1 4 O(e?)) = 0

naxoaaTcs B O(e?)-0KpecTHOCTSIX KOpHeii ypaBHeHust

R IS S )

JIpyruMu cioBaMH, TOUKH cleKTpa Haxoaarcsa B O(e?)-0KpecTHOCTAX KOpHell ypaBHeHHs

p m 1
2cos(2+ 7~ 2p) =0
008(2 + 1 6gO) ,
KOTOpre HaXOﬂHTCH n3 paBeHCTB
p m 1 s
Py _2,=" 149
5 + 1 630 5 + 2nm
nJjain
! T onn D
T 2

Hakomnern, moacraBiss BeIpazKeHue /s @, MOJTydaeM

1 1 !
—=7m(—=4+2n—m imt — \)(f2 + 1)dt]™*
gl D

€

1 TeopeMa JOKa3aHa.

3.3 PacrojoxkeHue cneKTpa Ha KOMILJIEKCHO IJIOCKOCTH

CnekTp Ha KOMILIEKCHOH MJIOCKOCTH PACIIOIOKeH BOJIM3M MHOMKECTBA, ONPEIEIIeMOro yCIo-
BUSMM KBAHTOBAHUS, IIOJYYCHHLIME B B IIPEIBIIYIINX TeopeMax. MHUMBIEC YACTH 3THX yCJI0-
Buit onpenenatoT kpusble, B O(e?)-0KpecTHOCTAX KOTOPHIX PACIIOIOZKeH CIeKTp (peGpa ciex-
TpasibHOTO rpada).

O6osznaunm q(z) = (A—imz)(f2+1), Torja pebpa OlpeIe/SI0TCs YCI0BUEM BelleCTBeHHO-
CTH HHTETPAJIa fc V/q(t)dt, tiae ¢ — myTh HA KOMIUIEKCHO# maockocTu. Hamomunm 9to Ha cde-
pe ObLII0 JIoKa3aHo,91o I'm fo% \/q(t)dt = 0 Torma u TOIBKO TOrAA ,KOTIA A-JEiiCTBATEIHLHOE

oTpuIaTe/IbHOE YUuCI0. 1 TPOU3BOIBLHON TTOBEPXHOCTH BPAIEHHUS 9TO, BOOOIIE rOBOPS, HE
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TaK; MOYKHO JIUTITHh BHICKA3aTh HEKOTOPHIE YTBEPIKIEHNUST O PACIOJOXKEHNH COOTBETCTRYIOIIE-
ro pebpa creHKTpaabHoro rpada. lIMenHno, paccy:K/1eHus, aHAJOIUIHbIE TTPUBEJICHHBIM ITPU
JIoKazaTe/1beTBe JeMMbl 2.3.1, MOKa3bIBaIoT, 4T0 JII0Das BepTUKAJIbHAS IIPAMasl lepecekaer

pebpo criekTpaibHOrO rpada, 3a/[aHHOe ypaBHEHNEM

/22 Jamt =N+ 1)dt =0

He OoJjiee OJTHOrO pasa. JTO CaeyeT U3 HepaBeHCTBA

Im/ v/ q dz:—/ Im+/q( dz—Im +1' Ref2+1>0
92 OA q(Z) q(2)

(em. semmy 2.3.1); 3mech Ay = I'mA. JleficTBUTEBHO, W3 9TONO HEPABEHCTBA CJIEYET, Y4TO

HoJMHTEerpaabHas (PyHKIHSA CTPOrO MOHOTOHHA 110 Ao, & 3HAYUT, 0OpalaeTcs B HY/JIb He OoJiee
OJTHOTO pa3a. AHAJOIUIHOE CBOWCTBO CIIPABEJIMBO U JIJIsl JIBYX JIPYTUX pedep — 3T0 cJieyer

13 HEPaBEHCTR

—Im | " Va(z)dz >0
o m/1 z >

]m/m\/ z)dz > 0.
)

JlokazaTeTbCTBO aHAJIOTUYHO JOKA3aTeTbCTBY JeMMBI 2.3.2.
B zaksouenune ormernm, ato mpu detHoit pyukiuu f ogHO U3 pebep rpada Jexur Ha

JeiicrBuTeibHON ocu. VIMeHHO, cripaBeInBO CJIeIyIolee yTBEP K IeHNe.

Teopema 3.3.1. Ilycmv zy = —29 u Ppynxyua f wemnas. Toeda

z2
- 2 _
Im/ VO —im2)(f2 +1)dz = 0
21
mo20a U MoAbKO M020a ,K020a A-0eticmMEUMesbHOE OMPUUAMEALHOE YUCAO.
JokazaTenbCcTBO. /[0CTaTOYHO MPOBEPUTH, 9TO MPHU YKA3AHHBIX A MHUMAsI YaCTh HHTE-

rpajia obpariaercd B HyJb. g 3TOrO cjieaeM B MHTerpaJe 3aMeHy IepeMeHHO z = 2o

HOJTYIUM TPUA A = Ap:

Im/ \/ —imzna)(f2, + 1)d(zna) = Im /_11 22\/()\ —imza)(f2, + 1)da.

Bamensasa o = cos , HaXOUM:

0
]m/ ZQ\/(/\—z'mZQQ)( 2, T 1)da=

23



0
1
[m/ zg\/()\ — 1My COS 9)(? 2.0+ 1)d(cost) =
T 2

0 11
—Im/7T 2 sin 6 ()\—imZQCOSQ)(Z—%.mf92+1)d0:

[m/ \/()\ — imzy cos 0)(fZ + 22 sin® 0)df =
0
—Im/2 Vimzacos — AN/ f2 + 22 sin® 0d6
0
4—[m/2 Vimzy cos ) — )\\/fg + 22 sin?(7 — 6)df = 0
0

3.4 VYcjgoBus KBaAaHTOBaHNS HAa PUMAHOBOII MOBEPXHOCTU

[Tonydennas acUMITOTHKA CIEKTPA MOXKET OBITH BBIUHCIEHA U3 YCIOBUIl KBAHTOBAHUS, TO-
XoKux Ha npasmia Bopa — Bommepdenbia — Macaosa (|9],[10]); st ycaoBus 3amaor-
cd HAa PUMAHOBOW MOBEPXHOCTH MOCTOSHHON KOMILIeKcHO# suepruu. Vmenno, mycrs M —
crangapTHasg cdepa; pacCMOTPEM PUMaHOBY IIOBepXHOCTDL, 3amanuyio B C? ypasHenuem
(22 — 1)p? + imz = X. Dra nmoBepxHOCTL ToMeoMopdHa TOPY € TpeMs IIPOKOTAMH; OHa
1OJIy4aeTCd U3 JABYX 3K3eMIIAPOB KOMILJIEKCHON IJIOCKOCTU Z CKJIEHKON BJ10JIb Pa3pe30s,
coeuHsIIONMX TOUYKN +1 u TOUKy A/im ¢ Geckoneuno yjasennoil. Ha 31oit moBepxuocTn
OTpeendioTcsa TpH MuKaa 77, j = 1,2,3 Tak, 9T00LI NPOEKINH 3THX IUKJIOB Ha ILIOC-
KOCTh 2z coBnajasu ¢ orpeskamu [—1,1], [=1, X/im], [1, A\/im| coorBecrBenno. Ciemyiomee

yTBepzKJIeHNe HeIoCPeICTBEHHO BhITeKaeT n3 TeopeM 2.2.1 — 2.2.3:

Ilpengnoxxenue 3.4.1. Ypasnenus, onpedesarousue acumMnmomuky cnekmpa, mozym 6vimo

1 A

—e¢ pdz:n—l—&,

2 ), 2
J

sanucans, 6 eude

ede iy =0, po = pus =1.

3ameuanue 3.4.1. B omauvue om ycaosuti Macaosa, xomopwie 0oaHcHbL ObMb GHINOAHE-
HbL HA A0O00M UUKAE BEULELCMBEHHO20 NAZDAHHCEBN MHO2000DA3UA, NPUCBECIEHHBIE BHLULE KOM-
NACKCHBIE YCAOBUA KBAHMOBAHUAL JOANCHDL DLIMb BLINOAHEHDL TOMA Obl HA 00HOM UUKAE;

PaA3HBLE YUKADL onpede,/zmom PA3HBLE CNEKTNPAABHBIE CEPUU.
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