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§1. Sobolev spaces and weak Laplacian
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Sobolev spaces

e (X,d): n-dim. Alexandrov space, curvature > k, k € R. Recall that
X=TRsUSs,

where R is a Lipschitz manifold with full measure, and S5 := {x € X:rad(X,) < 7 — ¢}.
@ Suppose that (Uy, ¢) is a Lipschitz atlas on Rj, it admits a L>-Riemannian metric g = (gj)-
@ For fe Lip,,.(X), the gradient V,fis well-defined in L{2.(Rs), and also in L{3.(X).

loc

Definition
Let Q C X. For 1 < p < oo and f € Lip,,.(Q):

1/p
1Alwesiey == (15 + 11V y)

Sobolev space WHP(Q) is the closure of {f € Lip;,.(Q) : ||fllns.r < 00}
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Distributional Laplacian

Definition

For u € W.2(Q), its distributional Laplacian Au is defined as a functional on Lipg(Q):

Auo) =~ [ (Vu.Vo)dn, Vo€ Lin(@).

where p := " is the n-dimensional Hausdorff measure on X.
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Definition (Sub/supersolutions)

Let v be a measure on Q,

o Au> v (called a subsolution) means Au(¢) > [, ¢ dv for all ¢ > 0 in Lip,. In this case, Auis a
measure.

o Au < v (called a supersolution) means A(—u) > —v.
@ Au=v means both Au> v and Au< v.

@ Au=0is called to be harmonic.

Remarks:
o (Comparison property of sub/super-harmonic): If u € Wlloi N C(2), then Au > 0 if and only if for
any subdomain B € Q it holds ug > u on B, where ug is the harmonic function on B with
boundary data u.
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Definition (Sub/supersolutions)

Let v be a measure on Q,

o Au> v (called a subsolution) means Au(¢) > [, ¢ dv for all ¢ > 0 in Lip,. In this case, Auis a
measure.

o Au < v (called a supersolution) means A(—u) > —v.
@ Au=v means both Au> v and Au< v.

@ Au=0is called to be harmonic.

Remarks:

o (Comparison property of sub/super-harmonic): If u € Wlloi N C(2), then Au > 0 if and only if for
any subdomain B € Q it holds ug > u on B, where ug is the harmonic function on B with
boundary data u.

@ Chain rule and Leibniz rule still holds
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§2. Bochner inequality
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Recall the Bochner formula on a smooth manifold (M", g) with Ric > k:

1
3 A|Vul? = |Hess u]* + (Vu, VAu) + Ric(Vu, Vu)

A 2
> B (wuvan + k9

The proof is based on the Ricci identity (commute derivatives):
Uy = ujij = Wi + Rigi,

which does not make sense for Alexandrov spaces.
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We will introduce a proof of (Bochner inequality)

+(Vu, VAU) + k|Vul?,

1 Au)?
*A|VU|2 > ( U)
2 n
without the Ricci identity.

@ Assuming u € Lipioc and k= 0, we consider the Hamilton—Jacobi (or Moreau-Yoshida, or
Hopf-Lax) semigroup
uy(x) := min u(y)—|—w xe M, t>0.
yeM 2t ’ ’

Then:

e For almost any x € M,

_ 2
lim ur(x) — u(x) _ VY| .
t—0t t 2

o For almost all x € M, there exists a unique F¢(x) := exp,(—tVu;) satisfying
|xFe(x)[?

u(x) = u(Fe(x)) + 5
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Lemma (Key lemma)
Assume that Au = f for some f € C, and assume Ric(M) > K. For any sufficiently small t >0, a > 0,

—-12 K
a*Auy(x) < fo Fi(x) + g + ?t(a2 +a+1)|Vu*. (%)

This lemma implies the Bochner inequality: Indeed, for K = 0, by suitably choosing a in (x),

Au(x) — ) _ AF(9) —fx) 1

t t n

)R Fe(x) + CRF(x)) = Ax)| + Ct

for some constant C > 0. Assume that fis Lipschitz, and notice that F¢(x) = exp,(—tVu;), letting

t— 0T,
fothf

1 £
— = (V£ V), 5A|Vu|2 > —+(Vu, VA,
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Proof of the key lemma: We consider only a = 1.

@ If the assertion fails for u;. By the comparison property, there exists a subdomain B and small
61 > 0 such that Au; > fo Fs+ 61 on B. Then

v+ ug
has a strict minimum in B, where v solves Av= —fo F; — §; on B with boundary dat —u;. Say x.
@ From the definition of u(xp), the function
2
XY
Hx,y) o= () + u(y) + 22

has a strict minimum (xo, yo := Fi(x0)) in B x Q.
Q Let T: T,, — Ty, be the parellel transport, and ¢ > 0,

H( exp,, (17), exp,, ( Tn)) — H(xo, y0)

= expy, (1) — v(20) + (exp,, (T) — o) + - (1 expi (1), €xpy, () — 50, ol?).

Lecturer: Hui-Chun Zhang Bochner inequality on Alexandrov Spaces and its applications October 28, 2026



o Integrating over B.(0) C T,,, we have LHS >0
< Av(xg) - €2 + Au(yp) - €2 + o(e?) = =61 - €2 + o(?).

which is impossible as € — 0, where we have used:

e mean value property:

1
[B=(0)] Je.(0)

e Ric > 0 and the second variation of arc-length implies

(Vexp, (1) = v(x0)) = Av(x0) - €* + ofe”),

2 2 < 2 ‘
|B (O | / exPXO )EXpyo(Tn)‘ |X0y0| )dn < O(E )
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Theorem (Bochner inequality)

Let X, d be an Alexandrov space with curv > k. Suppose f € Lipioc(X) and u satisfies u= f- . Then
IVul® € Wi32(M), and

1 £
—5 /X<V|VUI2,V¢> dp > /X¢ (; +(Vu, VA + (n— 1)k|Vu|2) dp

for every 0 < ¢ € Wy*(X) N L(X).

Remark:
@ The above result assumes f € Lipjo(X). The general f€ W42 can be approximated: take
f; € Lipyy. with f; — fin WA2, solve Au; = f; with u; — u € W(l)’2; Poincaré inequality gives u; — u
in W2 pass to the limit.

@ This proves for any Alexandrov space (X, d) with curvature > k, the mm space (X, d, 5#") is an
RCD((n — 1)k, n) spaces.
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For the Alexandrov spaces, the above mean value property and second variation of arc-length hold only
almost everywhere. But the minimum point (xo, yo) maybe lie in the zero-measured subset.

Petrunin’s perturbation trick
Let U C X be a domain and let u € WA2(U) N C(U) satisfy

Au< )\ on U, AeR.

Assume A C U has full measure. Suppose x* € U is a minimal point of u. Then, for any 6 > 0, there
exist a small domain Ds C U and a d-concave function fs on Ds such that v+ f5 has a minimal point
xs € AN Dy and |x*xs| < 4.

The perturbation u+ fs moves the minimizer of u into the given “good” full-measure set A.
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§3. Li-Yau'’s estimate and heat kernels
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As an application, we consider the Li-Yau estimate to the heat equations. Recall that in the smooth
setting, we have

Theorem (Li-Yau)

Let M" be an n-dimensional Riemannian manifold with Ric > 0, and let Bog be a geodesic ball of radius
2R. If u(x, t) is a smooth positive solution of Au= O0ru on M x (0,00), then the following Li-Yau
estimate holds

n
Viog u? — d:logu < —.
|V log ul tlogu < o

Lecturer: Hui-Chun Zhang Bochner inequality on Alexandrov Spaces and its applications October 28, 2026



The proof is based on:
@ Bochner inequality and

@ Maximum principle:
Let fbe a C?>-function on a smooth manifold. If fachieves one of its local maximum at xp, then

Vf(xo) =0 and Af{xp) < 0.
Sketch of the proof (assume M is compact).
@ Bochner inequality =
F

0 2,
_ = iy ="
(A 8t)F+ (VEVF) > ntF t’

where f=log u and F = t(|Vf2 — 8,f).

@ Maximum principle =
maxF <

NS
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Theorem (Maximum principle)

Let Q be a bounded domain in (X, d). Let fix) € WA2(Q) N LS. (Q) such that Afis a signed Radon
measure with ASM&f > 0, where ASM8f js the singular part w.r.t. . Suppose that f achieves one of its

strict maximum in S in the sense that: there exists a neighborhood U CC €2 such that

sup f> sup f.
U Q\U

Then, given any w € H*(Q) N L°°(Q), there is a sequence {x;}jen C U such that they are the
approximate continuity points of A*°f and (Vf,Vw), and that

[

1 ac -
flxj) = Epi=s ol A f5) + (V£ Vw)(x) < H
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Li-Yau's estimates for heat kernel:

For Ve > 0, there are 3C;, C; > 0 depending on N, K| € such that

_ ex| _d2(x,y) — X,
C1m (B\/{.(X)) p{ (4 — E)t CQt} S pt( 7y)

G o )
= m (B () P { (4+e)t

—+ C2t} s

G (x,y)
IVpe(-, Y)|(x) < m exp {*? + C2t} )

|§tpt(‘v}’)|(x) < t.m(fweXP {—d (;t’y) + Czt} .

Remark: The above Li-Yau estimates hold for RCD spaces.
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