L2: A Introduction to RCD(K, N) Spaces

Leturer: Hui-Chun Zhang

October 23, 2026

Leturer: Hui-Chun Zhang RCD(K, N) Spaces October 23, 2026



@ CD(K,N)
© RCD(K, N)

© Non-collapsing RCD(K, N)
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o 1. CD(K,N)

Leturer: Hui-Chun Zhan, N) Spaces



@ Alexandrov space gives a generalized sectional curvature bounded from below.

@ Sturm and Lott—Villani introduced the generalized lower bounds of Ricci curvature, the
Curvature—Dimension condition CD(K, N), we will discuss in this lecture.

o Gigli refined notion RCD(K, N), the Riemannian Curvature—Dimension condition, by adding the
functional analytic notion of infinitesimal Hilbertianity.

@ Why need to refine? It rules out Finsler spaces from the CD category.
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Let (X, d, ) be a metric measure space (mm space): (X, d) complete and separable, i a non-negative
Borel measure. We always assume

0 < u(Bi(x)) < 400, VB(x) C X, 0 < r< +o0.
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Optimal Transport:

(P,(X), Ws), L?-Wasserstein space over (X, d)
o P»(X) = all probability measures v with finite second moment, i.e., [, d*(xo, x)dv < oo for some
(hence for all) xo € X.
e Distance W5:  Given vy, 11 € Po(X),

Wa (v, v1) == ir:’f {( dz(x, y)dq) 1/2},

XxX

where g is a coupling of 1y and vy.
(l.e. a probability measure on X x Xs.t. g(A x X) = 15(A) and g(X x A) =11(A), YAC X)
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Remark:
o (P,(X), Wh) is complete;

o X — P5(X) isometrically via x — dy.
o If X is compact, then #,(X) is so.

o Given vy, 11 € P5(X), there is an optimal coupling g, i.e., the coupling g achieves the
Wasserstein distance:

WA (v, 11) = ir:?f { /XXXdz(x, y)dq} = / *(x, y)dq.

Xx X
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Definition ( Curvature-Dimension condition)

Let KeR and N> 1. (X, d,p) is said to be CD(K, N) (generalized notion of “Ric > K and dim < N”)
if it satisfies:

e for any vy, 11 € Po(X), 1,11 K p, there is a shortest curve vo<i<1 C Po(X) from vy to 11 such
that vy < p and
?

dr?
in the sense of distributions, where

Ulwe) < — 1 Ue) - WB(vo, )

1
U(vy = pr - ) := exp ( - NEnt(m))7 Ent(p;) := /Xpt log p:du.
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Examples

e Weighted Riemannian manifolds (M, g, e~ - vol,),
CD(K, N) — Ricy + Hess(¢) — 959 > K;

@ Ricci limit spaces = the GH-limits of manifolds with
Ric > K, dim < N; (Cheeger-Colding)

@ Alexandrov spaces: (Petrunin, for K= 0; Z-Zhu, for K € R).

o (R lp)- Finler spaces with Ric > K.
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« 1. RCD(K,N)
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Let (X, d, ) be a mm space. Q C X.
o (o(Q), Lipy,.(2): Continuous, locally Lipschitz functions on €.
o LP(Q) := LP(Q, p).

For f € Lip,,.(X) and x not isolated, the pointwise Lipschitz constant (or slope) is

Lipf) = limsup L= _ o 1) = 01

y—x d(X, y) r—0" yep, (%) r

If x is isolated, Lipf(x) = 0.
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Definition

Let fe L?(X). A function G € L*(X) is a relaxed gradient of f if there exists a sequence of Lipschitz
functions {f;} C L?(X) such that

Q £ — fin L3(X) and Lipf, —~ G weakly in L2(X);
Q Z;g G p-a.e. in X.

G is minimal if || G|| ;2 is minimal among all relaxed gradients of f.

@ The collection of all relaxed gradients of fis a closed convex subset of L?(X). Hence the minimal
relaxed gradient is well-defined.

e min{Gy, Gy} is a relaxed gradient for any two relaxed gradients Gy, Gy. Thus the minimal relaxed
gradient is unique in L2(X).

‘Notation: the minimal relaxed gradient of f, is denoted by |V . ‘
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Definition

The Cheeger energy Ch : L?(X) — [0, +o0] is

Ch(f) ::%/XW:‘]Z dj.

e Ch is convex on L2(X).
o lts domain
D(Ch) := {f€ L*(X) : Ch(f) < +o0}
is dense in L?(X).
@ The Sobolev space WH2(X) is D(Ch) with norm

141420 = IIflI3 + 2Ch(A).
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Definition (Gigli)

A metric measure space is infinitesimal Hilbertian if the Cheeger energy Ch satisfies
Ch(f+ g) + Ch(f— g) = 2(Ch(f) + Ch(g)), Vf,g € D(Ch).

Equivalently, W-2(X) is a Hilbert space.

@ The parallelogram identity holds a.e.:
V(F+ )7 + IV(F- ) =20 + [VeR) pac.  VEge WA(X).

o The limit

(VF,Vg) := lim |V(f+eg)|? — |[VH?

e—0t 2¢

exists in L}(X). It encodes an inner product structure on the space of gradients, allowing one to
form (Vf,Vg) and thus to do Riemannian-style calculus on a nonsmooth space.
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Definition
A mm space (X, d, ) is called RCD(K, N) if it satisfies

CD(K,N) + infinitesimal Hilbertian.

On an RCD(K, N) space (X, d, i), there is a canonical Dirichlet form

£(£8) = [ (VEVe) du

_ Ch(f+g) - Ch(f—g)
5 :

vf, g € WH3(X).

e & is a symmetric, closed bilinear form on WA2(X).
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Definition
We say f€ D(A) if there exists h € L?(X) such that

&(fg) = —/thdu, Vg € WH2(X).

In this case h is unique in L2(X), and we define

Af:= h.

@ A is the infinitesimal generator of &.

@ It is the metric measure analogue of the Laplace—Beltrami operator.
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Some consequences-—|

e (X, d) is a geodesic space, i.e., for any pair of points x, y € X, there is a curve y connecting them
s.t. L(y) = d(x, y).

@ Stability is a key reason why the theory is powerful: one can obtain RCD spaces as limits of
smooth or singular spaces.

o The weak Bochner inequality: for any f€ D(A) with Afe WA2(X),

2 (AhH? 2
Jvaencd= [ (S5 +wavan+ kvR)od
holds for any ¢ € D(A) N L>°(X) with A¢ € L°(X) and ¢ > 0.

e For any f€ WH2(X) with |[Vf] < 1 p-a.e., there is a representative g € Lip(X) with Lipschitz
constant 1 such that g = f p-a.e.
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Some consequences—II
e Laplacian comparison (Gigli): For RCD(0, N) spaces, p(x) := d(p, x),

N—-1 .
AL W10y, voe Li(X\ {p}), 60,
X X P
For general K € R, the corresponding property holds.

@ Bishop-Gromov comparison theorem (Sturm, Lott-Villani): For RCD(0, N) spaces,

#(Br(x))

tN

is non-increasing in R. For general K € R, the corresponding property holds.

(We will prove from Laplacian comparison to Bishop-Gromov comparison in this afternoon)
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» 3. Non-collapsing RCD(K, N)
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Let (X, d, ) be an RCD(K, N) space.
@ The rectifiable structure: There is an n € [1, N] and A, C X such that

m(X\A,) =0 and A, is an n—dim rectifiable.
Here n is called the essenstial dimension.
@ Non-collapsing: if n= N and p := #". In this case, the singular part of X has a stratification:

S'cStc...csht=s,

where for any 0 < k< N—1,

Sk.= {X € X| no tangent cone at x splits off Rk+1}.

It holds dimy (S <k Vk=1,2,--- ,N—1.

Leturer: Hui-Chun Zhang RCD(K, N) Spaces October 23, 2026



	 CD(K,N) 
	 RCD(K,N) 
	Non-collapsing RCD(K,N)

