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Figure: Charles Eresmann
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Let F = C*°(M) be the ring of smooth functions on a smooth
manifold M:

pa = {f € F|f(a) =0}

2={>fhlhhem), wi={d A flfcn

fDMaD,UgD"‘D,UI;D‘”
The quotient ring
S (M) = F/us™

a

is called the space of k-jets at the point a. The equivalence class

[fli={gecF|f-geut}

is called the k-jet of f at a.
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[fls={geF|f—geu}.

We can write:
[FI5 = F+p

A vector space structure on JX:
[F15+[8ls =[f +gls, A5 =ML

The 1-jet [f — f(a)]} is called the differential of f at the point a.

The k-jet [f]% is called the Taylor series segment of f at the point a.
These definitions are coordinate-free.
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Coordinate Notation

Let xi, ..., X, be coordinates on M. Let 0 = (0y,...,0,) be a
multi-index, |o| = 01 + -+ + 0,, and

olelf ololf
oxo " OxXT - Oxn

Two functions f and g generate the same k-jet iff their values and
all partial derivatives up to order k coincide at a:

olelf ololg
f(a) = g(a), e a) = I (a), 1< |o| <k
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Example: n =1 and k = 1. Let [f]} = [g]}. Then

g="F+Y hh,

where the function hy, hy € pu,.

g ="f+) Hhy+hih

(a) + Y Mi(@)ha(a) + m(a)ha(a) =
(a +Zh’1 a -0+0-h§(a):f’(a).
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x X

Figure: The functions sinx and x — %x3 generate the same 4-jet at
the point x = 0. The functions sin x and tan x generate the same
2-jet at the point x = 0.
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Taylor's formula:

o]
f(x)=f(a)+ > 19 f(a)(x —a)” +o((x — a)").

Since [(x — a)°]¥! = [0]%! when |o| > k,

ol x —a)’lk
1 = Fas + 3 2 @k
lo|<k '

Basis of JX(M):

1 g
[15, [x— a5, E[(X —a)’ls (lo| < k)
The numbers
of
ox° d

are the coordinates of [f]% in the Taylor basis.

Alexei Kushner (MSU) Geometric Structures and PDE 9/27

a), < lof < k)



Invariant definition of the differential of a function

of
af = a T aXn-
d aXlaXm—F +8Xnadx
On the other hand,
of of
J— 1 [ — R 1 .« e 1
=@ = G| Ba—ali bt g Dol

doxi = [xi — xi(a)]}

The formulas coincide!
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Jet Bundle

Each point a € M is associated with JX(M). Define
JEM) = J{a} x Ji(Mm).
aeM

Coordinates on this set:

Xty ooy Xny Uy, Py (1< o] < k),
where for 0 = [f]%
8""f
ox°
These coordinates define a smooth manifold structure on J*(M):

dim J*(M) = n + (”J/:k).

xi(0) = aj, u(f) := f(a), po(0) ==
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The vector bundle 7 : J5(M) — M is called the k-jet bundle.
J(M) ST R (M) T

[ T [t P
Any function f defines a section [f]¥ : M — JX(M),

lts image is the k-graph of f: Tk := [f]X(M)

8 (M) R M,

mo[ﬂoﬂw

k
JM
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Cartan's Distribution

A distribution on a smooth manifold N:
P:N>6— P(O) C TyN.

Methods of specification:
o P(Q) - Spa’n(X1|07 s 7Xk|0)7
©Q P(O) =kerwilpN---Nkerwm_lg (m=dimN)
kerwg 1= {Xg € TyN | wg(Xg) = O}}

A submanifold L C M is integral if TyL C P(6) for all 6 € L.

The Cartan distribution C is a distribution on J¥(R") such that
@ the k-graph Ik of any function is an integral manifold;

Q@ dimC=n+ ("),
This definition is again coordinate-free.

Alexei Kushner (MSU) Geometric Structures and PDE 13 /27



In coordinates, C is defined by the 1-forms

wg:dpg—ZpUHidx,-, lo|=0,...,k—1.

i=1

Here py. o = u and o + 1; is obtained from o by adding 1 to the
i-th component.

Examples
Q n=1,k=1: wg=du— pdx
Q n=2k=1: wy = du — p1odxy — pordxz
Q n=2k=2:

woo =du — prodx; — pordxz
w10 =dp1o — p2odx1 — pr1dxo
wo1 =dpo1 — p11dx1 — po2dxo
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Figure: The Cartan distribution in J*(R)

Alexei Kushner (MSU) Geometric Structures and PDE 15 /27



Differential Equations: Invariant Definition

Figure: Alexander Vinogradov

A differential equation of k-th order with n independent variables is
a submanifold £ C J¥(R").
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Restricting to ¥ gives the equation in standard notation:

If m > 1 the equation is overdetermined. We suppose m = 1.

A function v = v(x) is a classical solution of the equation F = 0 iff
its k-graph lies on the hypersurface £ = {F(x, u, p,) = 0}.

An n-dimensional submanifold L is a multivalued solution of
F(x,u,py,) =0 if

Q@ LC¢

@ L is an integral manifold of the Cartan distribution.

Alexei Kushner (MSU) Geometric Structures and PDE 17 /27



Examples of Multivalued Solutions

Example 1. The parametric curve

2
L:{x:tz, u:§t3, p:t}

is a multivalued solution of the Chibrario’s equation (y’)? = x.

Figure: Chibrario’s equation and its multi-valued solution.
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Example 2.Euler—Hopf equation

ov ov 0

ot T Vox
The projection of a multivalued solution into J° is given implicitly by
V(x —ut) —u=0.

Figure: Projection to J° of the multi-valued solution to the
Euler—Hopf equation.
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Khokhlov—Zabolotskaya Equation

Figure: Rem Khokhlov

The Khokhlov=Zabolotskaya (Kh-Z) equation describes the
propagation of a sound beam in 3D nonlinear media:
0u Pu  Pu  Q%u ou\? 0
JE— u —_— —_— — — p— .
Otox Ox?  0Jy? 0z? Ox
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The Symbol of the Kh-Z Equation

Let 6, € J? and 6; = m21(62). The fiber

Fo, = (m2,1) ' (61)

consists of all 2-jets with a fixed 1-jet.

In coordinates, uy, uy, uy, u, are fixed, while vy, U, .. ., u,, are free,
subject to
Uy = Uxt, Uy = Uy,

Only the symmetric combinations
1
Uij) = E(Uij + uji)

are independent; the antisymmetric part uj;; vanishes on any
2-graph.
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Let p = m(62) € R*. Then
Fo, = T;(R4) ® T;(R4), LU= 0; ® 0.
Coordinate notation:
t=X1, X=X, Yy =X3, Z= X4, U= P1000, Utx = P1100; - - -
Define on J?(IR*) the function

o 2
F = uy — Ut — Uy — U — U

UF)=0: 08— ud©0— 0,008, — 9,00,

This tensor is non-degenerate and induces an isomorphism
T;(R*) — T,(R*). The inverse isomorphism is defined the Lorentz

metric:
g(62) = 4udt® — 4dtdx — dy* — dz* € T;(R*) ® T;(R*).
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The Lorentz Metric on Solutions

We obtain the Lorentz metric:

g: PR = TI(RY O THRY, b2 g(b).

Restriction to a solution

If u= U(t,x,y,z) solves the Kh-Z equation and %, is its 2-graph,
then
glrz = 4U(t, x,y,z) dt* + 4 dt dx — du® — dz*

is a Lorentz metric on [%, associated with the solution.
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Locally Flat Solutions

A metric is locally flat iff its curvature tensor vanishes.

Locally flat solutions of the Kh-Z equation are those for which g|rf,
has vanishing Riemann curvature tensor with respect to the

Levi—Civita connection.
The conditions
Uxx = Uxy = Uxz = Uy, = Uy, = Uzz = Oa

combined with the Kh-Z equation, yield

u=h(t)yz — ; + C+ ha(t)y + hs(t)z + ha(t).
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Ricci-Flat Solutions

For Ricci-flat solutions the Ricci tensor of g|r% is zero:
Uy =0, wuy=0, u,=0, wuy+u,=0.

The corresponding Ricci-flat solutions are

X
= — h(t
. t+CjL (t.x,2),

where h solves the Laplace equation
hy, + h,, = 0.

The described method for constructing a metric from a symbol was
proposed by Valentin Lychagin and Valeriy Yumaguzhin.
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Open Problems

© The constructed Lorentz metric can be used to define a
Gromov—Hausdorff distance between solutions of the Kh-Z
equation. For this goal we need a Lorentz analog of the
Gromov—Hausdorff distance.

© We have seen that the Lorentz metric allows one to obtain
exact solutions to a nonlinear differential equation. It will be
interesting to repeat this algorithm for an elliptical model.
Such equations generate a Riemannian metric. We need that
this metric depends on solutions to the equation.
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Thank you for your attention!
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