
Geometric Structures and Second-Order
Differential Equations
Results and Open Problems

Alexei Kushner
School on Metric Geometry and Gromov—Hausdorff Distance

17 October — 1 November 2026, Peking University

MSU

Alexei Kushner (MSU) Geometric Structures and PDE 1 / 27



Alexei Kushner (MSU) Geometric Structures and PDE 2 / 27



Figure: Charles Eresmann
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Jets
Let F = C∞(M) be the ring of smooth functions on a smooth
manifold M :

µa = {f ∈ F | f (a) = 0}

µ2
a =

{∑
f1f2 | f1, f2 ∈ µa

}
, µk

a =
{∑

f1 · · · fk | fi ∈ µa

}
.

F ⊃ µa ⊃ µ2
a ⊃ · · · ⊃ µk

a ⊃ · · ·
The quotient ring

Jk
a (M) := F/µk+1

a

is called the space of k-jets at the point a. The equivalence class

[f ]ka =
{
g ∈ F | f − g ∈ µk+1

a

}
is called the k-jet of f at a.
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[f ]ka =
{
g ∈ F | f − g ∈ µk+1

a

}
.

We can write:
[f ]ka = f + µk+1

a .

A vector space structure on Jk
a :

[f ]ka + [g ]ka := [f + g ]ka , λ[f ]ka := [λf ]ka .

The 1-jet [f − f (a)]1a is called the differential of f at the point a.

The k-jet [f ]ka is called the Taylor series segment of f at the point a.
These definitions are coordinate-free.
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Coordinate Notation

Let x1, . . . , xn be coordinates on M . Let σ = (σ1, . . . , σn) be a
multi-index, |σ| = σ1 + · · ·+ σn, and

∂|σ|f

∂xσ
:=

∂|σ|f

∂xσ1
1 · · · ∂xσn

n
.

Two functions f and g generate the same k-jet iff their values and
all partial derivatives up to order k coincide at a:

f (a) = g(a),
∂|σ|f

∂xσ
(a) =

∂|σ|g

∂xσ
(a), 1 ⩽ |σ| ⩽ k .
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Example: n = 1 and k = 1. Let [f ]1a = [g ]1a. Then

g = f +
∑

h1h2,

where the function h1, h2 ∈ µa.

g ′ = f ′ +
∑

h′1h2 + h1h
′
2

g ′(a) =f ′(a) +
∑

h′1(a)h2(a) + h1(a)h
′
2(a) =

f ′(a) +
∑

h′1(a) · 0 + 0 · h′2(a) = f ′(a).
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Figure: The functions sin x and x − 1
6x

3 generate the same 4-jet at
the point x = 0. The functions sin x and tan x generate the same
2-jet at the point x = 0.
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Taylor’s formula:

f (x) = f (a) +
∑
|σ|⩽k

1
σ!

∂|σ|f

∂xσ
(a)(x − a)σ + o

(
(x − a)σ

)
.

Since [(x − a)σ]
|σ|
a = [0]|σ|a when |σ| > k ,

[f ]ka = f (a)[1]ka +
∑
|σ|⩽k

∂|σ|f

∂xσ
(a)

[(x − a)σ]ka
σ!

Basis of Jk
a (M):

[1]ka , [x − a]ka ,
1
σ!

[(x − a)σ]ka (|σ| ⩽ k)

The numbers

f (a),
∂|σ|f

∂xσ
(a) (1 ⩽ |σ| ⩽ k)

are the coordinates of [f ]ka in the Taylor basis.
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Invariant definition of the differential of a function

daf =
∂f

∂x1

∣∣∣∣
a

dax1 + · · ·+ ∂f

∂xn

∣∣∣∣
a

daxn.

On the other hand,

[f − f (a)]1a =
∂f

∂x1

∣∣∣∣
a

[x1 − a1]
1
a + · · ·+ ∂f

∂xn

∣∣∣∣
a

[xn − an]
1
a

daxi = [xi − xi(a)]
1
a

The formulas coincide!

Alexei Kushner (MSU) Geometric Structures and PDE 10 / 27



Jet Bundle
Each point a ∈ M is associated with Jk

a (M). Define

Jk(M) :=
⋃
a∈M

{a} × Jk
a (M).

Coordinates on this set:

x1, . . . , xn, u, pσ (1 ⩽ |σ| ⩽ k),

where for θ = [f ]ka

xi(θ) := ai , u(θ) := f (a), pσ(θ) :=
∂|σ|f

∂xσ
(a).

These coordinates define a smooth manifold structure on Jk(M):

dim Jk(M) = n +

(
n + k

k

)
.
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The vector bundle π : Jk(M) → M is called the k-jet bundle.

Jk(M)
πk,k−1−→ Jk−1(M)

πk−1,k−2−→ · · · π1,0−→ J0(M)
π0,0−→ M ,

[f ]ka
πk,k−17−→ [f ]k−1

a

πk−1,k−27−→ · · · π1,07−→ [f ]0a
π0,07−→ a.

Any function f defines a section [f ]k : M → Jk(M), a 7→ (a, [f ]ka).
Its image is the k-graph of f : Γkf := [f ]k(M)
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Cartan’s Distribution
A distribution on a smooth manifold N :

P : N ∋ θ 7→ P(θ) ⊂ TθN .

Methods of specification:
1 P(θ) = Span(X1|θ, . . . ,Xk |θ),
2 P(θ) = kerωi |θ ∩ · · · ∩ kerωm−k |θ (m = dimN)

kerωθ := {Xθ ∈ TθN |ωθ(Xθ) = 0}}
A submanifold L ⊂ M is integral if TθL ⊂ P(θ) for all θ ∈ L.

The Cartan distribution C is a distribution on Jk(Rn) such that
1 the k-graph Γkf of any function is an integral manifold;
2 dim C = n +

(
n+k−1

k

)
.

This definition is again coordinate-free.
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In coordinates, C is defined by the 1-forms

ωσ = dpσ −
n∑

i=1

pσ+1i dxi , |σ| = 0, . . . , k − 1.

Here p0,...,0 = u and σ + 1i is obtained from σ by adding 1 to the
i -th component.

Examples
1 n = 1; k = 1: ω0 = du − pdx
2 n = 2; k = 1: ω00 = du − p10dx1 − p01dx2
3 n = 2; k = 2:

ω00 =du − p10dx1 − p01dx2

ω10 =dp10 − p20dx1 − p11dx2

ω01 =dp01 − p11dx1 − p02dx2

Alexei Kushner (MSU) Geometric Structures and PDE 14 / 27



Figure: The Cartan distribution in J1(R)
.
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Differential Equations: Invariant Definition

Figure: Alexander Vinogradov

A differential equation of k-th order with n independent variables is
a submanifold E ⊂ Jk(Rn).

E =

F1(x , u, pσ) = 0,
. . . . . . . . . . . . . . .
Fm(x , u, pσ) = 0,

|σ| ⩽ k .
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Restricting to Γkv gives the equation in standard notation:
F1

(
x , v ,

∂|σ|v

∂xσ

)
= 0

. . . . . . . . . . . . . . .

Fm

(
x , v ,

∂|σ|v

∂xσ

)
= 0

If m > 1 the equation is overdetermined. We suppose m = 1.

A function v = v(x) is a classical solution of the equation F = 0 iff
its k-graph lies on the hypersurface E = {F (x , u, pσ) = 0}.

An n-dimensional submanifold L is a multivalued solution of
F (x , u, pσ) = 0 if

1 L ⊂ E ;
2 L is an integral manifold of the Cartan distribution.
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Examples of Multivalued Solutions
Example 1. The parametric curve

L =

{
x = t2, u =

2
3
t3, p = t

}
is a multivalued solution of the Chibrario’s equation (y ′)2 = x .

Figure: Chibrario’s equation and its multi-valued solution.
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Example 2.Euler–Hopf equation

∂v

∂t
+ v

∂v

∂x
= 0.

The projection of a multivalued solution into J0 is given implicitly by

V (x − ut)− u = 0.

Figure: Projection to J0 of the multi-valued solution to the
Euler–Hopf equation.
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Khokhlov–Zabolotskaya Equation

Figure: Rem Khokhlov

The Khokhlov–Zabolotskaya (Kh-Z) equation describes the
propagation of a sound beam in 3D nonlinear media:

∂2u

∂t∂x
− u

∂2u

∂x2 − ∂2u

∂y 2 − ∂2u

∂z2 −
(
∂u

∂x

)2

= 0.
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The Symbol of the Kh-Z Equation
Let θ2 ∈ J2 and θ1 = π2,1(θ2). The fiber

Fθ1 = (π2,1)
−1(θ1)

consists of all 2-jets with a fixed 1-jet.
In coordinates, ut , ux , uy , uz are fixed, while utt , utx , . . . , uzz are free,
subject to

utx = uxt , uty = uyt , . . .

Only the symmetric combinations

u(ij) =
1
2
(uij + uji)

are independent; the antisymmetric part u[ij] vanishes on any
2-graph.
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Let p = π2(θ2) ∈ R4. Then

Fθ1
∼= T ∗

p (R4)⊙ T ∗
p (R4), ι : uij 7→ ∂i ⊙ ∂j .

Coordinate notation:

t = x1, x = x2, y = x3, z = x4, ut = p1000, utx = p1100, . . .

Define on J2(R4) the function

F := utx − uuxx − uyy − uxx − u2
x .

ι(F ) = ∂t ⊙ ∂x − u ∂x ⊙ ∂x − ∂y ⊙ ∂y − ∂z ⊙ ∂z .

This tensor is non-degenerate and induces an isomorphism
T ∗

p (R4) → Tp(R4). The inverse isomorphism is defined the Lorentz
metric:

g(θ2) = 4udt2 − 4dtdx − dy 2 − dz2 ∈ T ∗
p (R4)⊙ T ∗

p (R4).

Alexei Kushner (MSU) Geometric Structures and PDE 22 / 27



The Lorentz Metric on Solutions

We obtain the Lorentz metric:

g : J2(R4) → T ∗
p (R4)⊙ T ∗

p (R4), θ2 7→ g(θ2).

Restriction to a solution
If u = U(t, x , y , z) solves the Kh-Z equation and Γ2

U is its 2-graph,
then

g |Γ2
U
= 4U(t, x , y , z) dt2 + 4 dt dx − du2 − dz2

is a Lorentz metric on Γ2
U associated with the solution.
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Locally Flat Solutions

A metric is locally flat iff its curvature tensor vanishes.
Locally flat solutions of the Kh-Z equation are those for which g |Γ2

U

has vanishing Riemann curvature tensor with respect to the
Levi–Civita connection.
The conditions

uxx = uxy = uxz = uyy = uyz = uzz = 0,

combined with the Kh-Z equation, yield

u = h1(t)yz −
x

t
+ C + h2(t)y + h3(t)z + h4(t).

Alexei Kushner (MSU) Geometric Structures and PDE 24 / 27



Ricci-Flat Solutions

For Ricci-flat solutions the Ricci tensor of g |Γ2
U

is zero:

uxx = 0, uxy = 0, uxz = 0, uyy + uzz = 0.

The corresponding Ricci-flat solutions are

u = − x

t + C
+ h(t, x , z),

where h solves the Laplace equation

hyy + hzz = 0.

The described method for constructing a metric from a symbol was
proposed by Valentin Lychagin and Valeriy Yumaguzhin.
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Open Problems

1 The constructed Lorentz metric can be used to define a
Gromov–Hausdorff distance between solutions of the Kh-Z
equation. For this goal we need a Lorentz analog of the
Gromov–Hausdorff distance.

2 We have seen that the Lorentz metric allows one to obtain
exact solutions to a nonlinear differential equation. It will be
interesting to repeat this algorithm for an elliptical model.
Such equations generate a Riemannian metric. We need that
this metric depends on solutions to the equation.
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Thank you for your attention!
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