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1 Gromov’s precompactness theorem

Theorem 1. Let C be a collection of compact metric spaces equipped with Gromov-Hausdorff
distance. For r > 0, define, using open balls in X,

Covx(r) := min{m : B.(z1),..., Br(xy) rballs in X that covers X }.
Suppose that there exist D < oo and a function N : (0,1) — N such that
diam(X) < D, Covx(r) < N(r) forevery X €C and 0 <r < 1. (1.1)

Then C is precompact in the Gromov-Hausdorff metric: every sequence in C has a subsequence
converging to a compact metric space.

Proof. Let M denote the set of isometry classes of nonempty compact metric spaces, equipped
with dagy.

Step 1: Uniform finite e-nets. Fix 0 < ¢ < 1 and X € C. By condition (1.1) there exists
N = N(e) and Fx :={z1,...,25y} C X such that

N
X c |JB(xi), deu(X,Fx)<e. (1.2)
=1

The last inequality uses the inclusion of F’x into X as a common metric realization.

Step 2: bounded distance matrices have finitely many approzimations. For each X € C, label
N
2

the points of F'x and define f : C — R( ), where R(3) is equipped with £*° norm,

f(X) = (dX(xiyxj))1§i<j§N'
Since diam(X) < D, the image set f(C) is a bounded subset of the Euclidean space R(g’), and
hence it is totally bounded. Choose {X1, -, Xk} C C so that it is an e-net of f(C). For any
X € C, pick some X, so that ||Fx — Fx_||¢~ = deu(Fx, Fx,) < ¢, it then follows from (1.2)
and triangle inequality that

den(X, Xo) < dgu(X, Fx)+dgu(Fx, Fx,) +deu(Fx,, Xq) < 3e.

Thus C is totally bounded in (M, dgy). This metric space is complete, so the closure of C is
compact. This proves the asserted subsequential convergence.
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2 An elliptic mean-value estimate

Theorem 2 (Mean-value inequality for subharmonic functions). Let (M™,g) be a complete
Riemannian manifold without boundary, let p € M, and suppose

Ricy > —(n —1)Ag, A>0.

Let 0 < r <1, and let u be Lipschitz on Bo.(p) and satisfy —Agqu < 0 weakly there. Here
Ay =divy V, and the weak inequality means

/ (Vu, V) dVy, <0 for every 0 < ¢ € C°(Bar(p)).
B2'r(p)
Then there is a constant C'(n,\) such that

sup uy < C(n, )\)][ uy dVy, uy = max{u, 0}, (2.1)
Br(p) Bar(p)

where][deg = Volg(E)—l/ fdvy.
E E

Proof. We first treat n > 3. Replace g by g = r—2g. Then B, .(p) = Bj(p), Ay = r2A,, and
Ric; > —(n — DG > —(n — 1)Ag.
Normalized averages are unchanged by this scaling. It therefore suffices to prove the result for

r = 1; we again write the metric as g. Throughout this part write By = B;(p), set

n dV,
1 dp = =~
0 TN (By)

U= Uy, X:TL—2

and use this same measure p on every smaller ball.

Step 1: the normalized Sobolev input. The local Neumann Sobolev inequality, the triangle
inequality, and Cauchy—Schwarz imply

1/x
(/ m?w) < Cs(n,\) / (V72 + |f[2) du (2.2)
Bs Bs

for compactly supported Lipschitz f in Bs. Indeed, apply the Neumann inequality to f — fg,,
where fp, = f32 fdp, and use |fB,| < ||fllr2(B,,u)- Using radius 2 rather than 1 is harmless:
rescaling g to g/4 changes the Ricci parameter to 4\, so the constant still depends only on n
and A.

Step 2: a Caccioppoli inequality. Let ¢ > 2 and 0 < ¢ < 1 be Lipschitz with compact support
in By. Test the weak inequality for u with ¢ = ¢?v9~ 1. These tests are admissible by smooth
approximation and the Sobolev chain rule. Since Vv = Vu almost everywhere on {u > 0} and
Vv = 0 almost everywhere on {u < 0},

(g=1) [ * 2 [VolPdu <=2 [ ¢ (Ve, Vo) du
BQ BQ
1 2
< = P22 | Vo dp + —— / Vo> v du.
2 U, q—1/p,

Thus

4
PV dp < o [ VePuan
Ba (¢—1)* Jp,
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Applying the chain rule once more gives
2 /2712 q2
¢V WT)"dp <
By (¢—1)?

Consequently,

/ Vo> v? du < 4/ Vo[>0 dp.
BQ B2

[ weap <10 [ [9oputan (2.3)
BQ BQ
The constants here are uniform for g > 2.

Step 3: Moser iteration from I2toL>®. Forl<R< S< 3/2, choose a distance cutoff ¢ that
equals 1 on Bp, vanishes outside Bg, and satisfies |V¢| < 2/(S — R). Its support is compactly
contained in By. Apply (2.2) to f = ¢v?/? and use (2.3). Since S — R < 1, the zeroth-order
term can be included in the same bound, giving

C(n,\) \ Y9
ollcann < (o) Iolisman: 2.4)
For fixed R < S, set

qj = 2x, pj =R+ (S—R)27, j=0,1,....

Use (2.4) with outer radius p;, inner radius p;j41, and exponent g;. After m steps,

m— n, )\) 1/‘1]
V]| Lam (B, 1) < H < R)? ) 101l L2 (B ) -

The product converges because

il_é_ﬁ ijﬂ
=0 QJ 2(X_1) 4, =0 QJ

Restricting the left-hand side to B and letting m — co, we obtain

H(R) :=supv < C(n,\)(S—R)~ aHvHLz (Bs.u)s a=

n
—=. 2.5
u : (25)

The usual limit of L? norms yields an essential supremum, which is the ordinary supremum
because v is continuous.

Step 4: the L' endpoint by absorption. Put

A—/ Udu—][ vdV,.
B> By

On Bg we have v2 < H(S)v, so (2.5) implies
H(R) < C(n,\)(S — R)"“H(S)'/2A/2,

Young’s inequality therefore gives, for every 0 < 0 < 1,

H(R) < 0H(S) + C(n,\ 0)(S — R)"2A. (2.6)
Choose 3
Rj=5-2770 g=2770



Then Ry =1, Rj 1 3/2, and Rj41 — R; = 27772, Tterating (2.6) gives
m—1 )
H(1) <0™H(Rpm) + C(n, A, 0)2"A > (62*).
§=0
The first term tends to zero: by completeness, Bj/; is a compact subset of Bz, and v is bounded

there. The geometric series converges since #22% = 1/2. It follows that

supuy < C(n, )\)][ uq dVy.
Bl Bz

Scaling back proves (2.1) for n > 3.
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