OCHOBBI TEOPUM I'OMOJIOTY B MTHTEPECHBIX 3AJTAYAX

A. CxkoneHkOB

BeKToprIe II0JIA HAa IIOAMHO2KeCTBaX IIJIOCKOCTHA

Bexmopnvim nosem Ha MOIMHOKECTBE ILIOCKOCTH HA3BIBAETCA CEMENCTBO BEKTOPOB ¥(T) HA
ILIOCKOCTH B TOYKAaX I JAHHOI'O IIOJMHOXKECTBA, HEIIPEPLIBHO 3aBUCAIIMX OT TOYKH .
BexTopHoe moae Ha3bIBaeTCA eJUHUUHbLM, €CIH BCE €TI0 BEKTOPHL € INHUTHLIE.

1. IMocrpoure eauHUIHOE BEKTOPHOE MOMe HA MI0CKOCTH. (OHO Gy1eT e IUHNIHBIM BEKTOPHBIM
[OJEeM Ha TPOU3BOIBHOM MOAMHOKECTBE ILIOCKOCTH. )

[IBa e IMHUYIHBIX BEKTOPHBIX IO HA3BIBAIOTCA 20MOMONHLIMU, €CIM OJHO MOXKHO IOJIYYUTh
U3 IPYyroro HempepuiBHOU gedh)OpMaIiner, B MPoIecce KOTOPOU BEKTOPHOE TOJE OCTACTCA €IMHIY-
HBeIM. PopMaIbHO, Takou gedOpMalliell Ha3bIBAeTCA CEMEMCTBO U; € IMHUIHBIX BEKTOPHLIX IOJIEH,
HENPEPHIBHO 3aBucAiiee oT napamerpa t € [0, 1], mas KoToporo vy €CTh mepBoe Molde U ¥U; eCTh
BTOPOE IOJ€.

2. (a) JIioboe eqMHUYHOE BEKTOPHOE MOJE ¥ HA ILIOCKOCTU [OMOTOIHO IO —0.
(b) IIpuBeauTe MpUMEP HETOMOTONHBIX €INHUIHBIX BEKTOPHBIX TOJEN HA HEKOTOPOM T10IMHO-
XKEeCTBE IIOCKOCTH.

3. Jlio6ble 1Ba eMHUIHBIX BEKTOPHBIX MO HA /N TOMOTOIHBEL, €CIH

(a) N =0 x[0,1];

(b) N =D*:={(z,y) € R* [ 2? +y* < 1}

(¢) N — npomsBOJIbHOE JEPEBO HA ILIOCKOCTH.

O603uaunM vepes V(N) MHOKECTBO € INHUIHBIX BEKTOPHBIX MOJEN ¢ TOIHOCTHIO 10 TOMOTOII-
HOCTH HA NOAMHOXKeCTBe N IIOCKOCTH.

4. Onuumre V(N) mus

(a)* N =5 :={(z,y) e R?* [ 2* +y* = 1}

(b) N = K4 (rpad reTpasapa);

(¢) npousBoaBHOrO I0CKOrO rpada N.

31ech ‘onmmcaTh’ O3HAYAET MOCTPOUTH ‘€CTECTBEHHOE B3aWMHO-OJHO3HATHOE COOTBETCTBUE
Mex a1y V(N) u HeKOTOPBIM ‘M3BECTHBIM’ MHOXKECTBOM. ‘VI3BeCTHOCTH' MHOXKECTBa O3HAYAECT KaK
MUHIMYM OIMCAHWE KOINYeCTBA €ro HJIeMEeHTOB, a KaK MAKCHUMyM — HaJIW4due ‘eCTeCTBEeHHBIX’
omepanuu Ha MHOXKecTBe u Ha V (N), COXpaHAEeMBIX COOTBETCTBHAEM.

5. JlroOBle IBA €IMHATHBIX BEKTOPHBIX MO HA AuCKe D? cOBmAZaomme HA ero TPAHITHOR
OKPYKHOCTH, TOMOTOTIHEL HEnodsux#cno na 2paruye S' (T.e. TOMOTOMHBI Tak, 9TO vy(T) = vo(x)
nas mobeix © € ST ut € [0,1]).

BeK’I‘OprIe II0JIA HA IMOBEPXHOCTAX

Cmandapmuvim mopom T? B TpexMepHOM HPOCTPaHCTBe HaszbIBaeTcA (PUIypa, 00pa3oBaHHAA
BpameHneM okpyxHocTH (v — 2)? + y? = 1 Bokpyr ocu Oy.

Kacameavuvim sexmoprvim noaem Ha Tope T? HazpIBaeTCA CeMEHCTBO KACATEIbHBIX K HEMY
BeKTOPOB v(z) € T, B €ro TOYKaxX &, HENPEPHIBHO 3aBUCALINX OT TOYKH L.

Bynmem Ha3bIBaTh eIMHUYHOE KACATEIHLHOE BEKTOPHOE MOJE MPOCTO NOAEM.

1. (a) ITpuseaure npumep noas ua tope 12

(b) Jlio6oe moe v Ha Ha Tope T? FOMOTOMHO MO0 —U.

(¢) llpuseauTe mpuMep ABYX HEMOMOTOIHBIX MoJed Ha Tope 172,

(d)* Omummre V (T?).

[TonsTue eJuHUUHOZO KACAMEABHOR0 BEKMOPHO20 NOAA HA PACCMATPUBAEMBIX HUXKE MOBEDX-
HOCTSAX BBOAUTCS JOCJIOBHO AHAJOTHYHO CIY4Yalo TOpa. ByjeM Ha3bIBAThH € IMHUTHOE KACATEIbHOE
BEKTOPHOE IOJE IPOCTO NOAEM.



[ToraTme 20M0MONKOCTU TTOIEH HA PACCMATPUBACMBIX HIXKE IIOBEPXHOCTAX BBOAUTCA JOCIOBHO
AHAIOIMYHO CIydaio miockocru. Obosznadnmm depes V(N) MHOXKecTBO moxen Ha noBepxHocTu N
¢ TOYHOCTBIO 10 TOMOTOMHOCTH (B KIAcCe MOJeH).

Jlucmom Mebuyca M HaswiBaeTcs moBepxHOCTH B R*) 3ameraemas cTepxkHeM, paBHOMEDHO
BPAIAIONINMCA OTHOCUTEIBHO CBOErO IeHTPa, IPH PABHOMEPHOM IBHKEHHH DTOTO IEeHTPa IO
OKDPYKHOCTH, IPX KOTOPOM CTepPXKEeHb JenaeT I0a-000poTa.

2. (a) Iocrpoure moste v Ha aucte Mebuyca M.
(b) TomoTonHo qm mocTpoerHoe Bamu moxe v momo —v?
(¢) Onnuure V(M).
3. Onuumre V(N) mus
a) BepxHen moaychepst {(z,y,2) € R | 2?2 + 9> +22 =1, 2 > 0};
) koabna {(x,y) € R? | 1 < 2% +y? < 2};
¢) 60KOBOU MOBepXHOCTHU HUAUHIpa {(7,y,2) ER® |22 +¢y* =1, 0 < 2 < 1}
d) Topa ¢ geipkou;
(e)* 6yrouiku Kaenna K (ompegenerue cupocute).
4. Ecam Ha TOpe ¢ ABIPKOW 3aJaHBI IBA MOJA, TO UX CYXKEHHUA HA TPAHUIHYIO OKPYKHOCTD
STOW IBIPKYU TOMOTOITHEL

PaccmorpuyM cTrangapTryio cdepy S? B TpexmMepHOM HPOCTPAHCTBE, T.e. HOAMHOMKECTBO
Touex (x,y,z), ana kKorophix r2 + y*> + 22 = 1 (uaum, 9To TO XKe camoe, Touex (T,Yy,z) BUIA
(cos p cos 1, sin p cos 1, sin 1))).

5.*% (a) He cymecTByeT eIMHUYHOTO KacaTeJIbHOIO BEKTOPHOIO noas Ha cdepe S2.

(b) To xe misa Kpeugens (onpejgeseHue CIpoOCUTE).

(c) To xe naa npoexTusHOU miockocTu RP? (ompegenenue copocute).

6.* (a) Ha mo60M TpexmepHOM MHOr0OOpasuu (OnpejeseHne CupocuTe) CYyIecTBYeT e IuHIY-
HOe KacaTelbHOe BEKTOPHOE TOJe.

[a¥)

(b) V(S?) 2 Z (ymuoxenue ma V (S?) 3a1aeTcsa yMHOKEHIEM KBATEPHUOHOB ).
(¢) Omummre V(ST x S2), V(T?).

HopMmanbHbIe BEKTOPHBIE IIOJIA

Edunuumnvim nopmasvnvim 6exmopuvim noaem kK okpyxuoctu S' = {(z,y,2) € R® | 22 + 3 =
1, 2 = 0} B TpexMepHOM NPOCTPAHCTBE HA3BIBACTCA CeMEHCTBO HOPMAIBHBIX K Hell eIMHUTHBIX
BeKTOPOB ¥(7) B TOUKAX T OKPYKHOCTH, HEPEPEIBHO 3ABUCATIAX OT TOUKH . ByAeM Ha3HBAThH
e IMHIYHOE HOPMAJIbHOE BEKTOPHOE IOJE IPOCTO HOPMAAbHbIM Nodem. IIOHATHE 20M0mMonmocmu
HOPMAJILHBIX HOJIEH BBOAUTCA JOCIOBHO aHAJIOTMYHO CIy9al0 IIOJCH.

1. (a) ITocTpouTe HOPMATLHOE HOJE.

(b) MocTponre apyroe (r.e. He FOMOTONHOE Y¥Ke IOCTPOCHHOMY ) HOPMAJIBHOE HOJE.

(¢) OnumuTe HOPMAIBHBIE TIOIA ¢ TOYHOCTHIO 40 FOMOTOIHOCTH.

(d)* Onunuure HOpMAABHBIE MOMA ¢ TOYHOCTHIO N0 TOMOTONHOCTH A 3GY34€HHOT TIaTKON
okpyxHnoctu B R? (ompemenenue copocure).

Hedopmanbso, eaadkum saoxncenuem f : S? — R™ cheprl HasbBaeTca nzobpaxkerue cheprl
B R™ Ge3 camonepecevdeHud, q1d KOTOPOroO B JIOOOW TOYKE CYMIECTBYET KaCaTelbHAA MJIOCKOCTh.
(Popmaabro, oToOpaxkenue f : S? — R™ HaszbIBaeTCA 2400KUM GAOHCEHUEM, CCIA OHO MHBEK-
TUBHO U AKOOWAH df (1) HEBLIDOXKIEH 1A MHO6ON TOUKH = € S2.)

Edunuunbim nopmasbrvin eexmoprvim nodem va f(S?) Ha3bIBAETCA CEMEMCTBO HOPMAIBbHBIX K
f(S?) BekTopos v(z) B Toukax f(z) € f(S?), HenmpepwiBHO 3aBucAmUX 0T Touku * € S Bynem
HA3bIBATH €INHUYIHOE HOPMAJLHOE BEKTOPHOE MOJE MPOCTO HOPMAAbHbIM NOAEM. AHATOTUIHO
ONpEIENAIOTCA TIAJKIE BJIOKEHNA U HOPMAaJAbHEIE [OJA MJIA Topa, OyTeliku KienHa, 1ucka u T.1.

2. (a) Jlio6oe Broxkenue Topa B R3 nveer nopmarbroe moe.
(b) Hukakoe Bioxenne mucta Mebuyca B R? He uMeeT HOPMATLHOTO MO,

3. IlocrpoiiTe raaakue Bioxenus B R*



a) amcra Mebuyca M,

(b) 6yreukn Kuanna K;

(c)* mpoexTusHOI mIocKocTu RP? (onpemenenue cipocute).

4. Tlocrpoute HOpMaIbHBIE TOJA M1 Bammx Baoxkenuu qucta Mebuyca n OyTouiku Kosiaa
B R%.

5. (a) Ecim riragxoe Broxenue f : S? — R* mmeeT HOpMalIbHOe ToJe, TO OHO HMeeT Hapy
JUHEMHO-HE3aBUCUMBIX HOPMAJIbHBIX MOJEH.

(b) To xe misa Topa.

(c) Bepuo au To xe mias GyTeiiku Kiaenna?

[MouaTue 20M0MONKOCMY HOPMAIBHBIX MOJEN BBOAUTCA NOCAOBHO AHAJOTMYHO CIy9al0 Kaca-
TeJIBHBIX MOJIEH.

6. Onummre HOPMAIBHBIE TOAA ¢ TOYHOCTHIO TOMOTOMHOCTH HA

(a) cpepe B R*;  (b) Tope B RY;  (¢) aucre Mebuyca 8 R*;  (d) GyTeuike Kaaitna B R*.

[IpuMetanue: 0TBET MOXKET 3aBUCETh OT IMAJKOTO BIokeHusa B RY.

7. (a) Jlio6oe ragkoe Brokenume nucka B R mmeer mopmambHOe TOTe.

(b) To xe misa TOpa ¢ ABIPKOM.

(c) BepHo sin To x)e mis aucra Mebuyca?

8. Jlboe riajgkoe BIoKeHue TOpa, OyThuiku KiewHa (Min gaxke NPOEKTUBHOW IIOCKOCTH
RP?) B R® umeer HOpMAIbHOE TIOTE.

9. Onummre HOPMAIBHBIE TIOJAA ¢ TOYHOCTHIO TOMOTOMHOCTH HA

(a) cpepe B R%;  (b) Tope B R, (c¢) aucre Mebuyca B R%;  (d) GyTeuike Kasitna B R®.

[IpuMetanue: OTBET MOXKET 3aBUCETh OT IMAJKOTO BIOXKeHusa B RS,

10.* (a) Jlo6oe raagkoe Broxkenue cdepbl B R mveeT HoOpMaabHOe mode.

(b) To xe misa Topa.

(c) Huxaxoe raagkoe ioxenue f : RP? — R?* me umeeT HOpMAILHOTO MOJIA.

(d) CymecTsyer raagkoe sioxkenue f: K — R* He mveromee HOpMaIbHOTO MO,



