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1. BBegenne

ITpu ananusze curnana (GyHKIUM OAHON IEPEMEHHO¥) BO MHOIHX CJIY-
9asgx JOCTATOYHO UMETh WH(MOPMAIUIO O €r0 TOYKAX JIOKAJIbHBIX MIHIMY-
MOB W MaKCHMyMOB. PacrosokeHune SKCTPEeMAJIbHBIX TOYEK OIMPEIesIsieT
obmee nmopegenune GpyHkuuu. OOOOIIEHHEM 3TOr0 IHOAXOAa ABJSIETCH I10-
OaBienre wHMOPMAIME O KPUTHIECKUX TOUYKAX BBICIINX TPOU3BOIHBIX
dbyHKIMA.

B cnyuae dyskmum npyx um 00j€e MEPEMEHHBIX KPUTHYECKHUE TOUKU
GbyHKIUY HE ONPEIEIIOT ee TIOBEIeHNd, TAK KAK OHU He OIIPeIeJIsA0T Pa3-
Ouennsi 06JIACTH HA YIACTKU, BHYTPH KOTOPBHIX HET KPUTHIECKUX TOYUEK.
Takoe pa3buenne 3a7a10T CEMapaTPUCCHI FPAJUEHTHOIO BEKTOPHOI'O MOJIA.
OtmeTnM, 9TO BIIEPBBIE STOT TOIAXOJ, MOSIBUJICS B PA0OTAX BBIIAIOIIETOCs
dbusuka XIX Beka Ix. K. Makceesia [7], Koropble MpeIBOCXUTHIIN MO~
sIBJICHNE AHAJIOTMIHBIX COBPEMEHHDBIX TEOPHUil B IVIAJIKOM CIIydae.

B npuknagmex 3amadax oObIIHO (PYHKIHS 3amaeTcd guckperHo. Ha-
npumep, mudpoBoe H300parKeHne MOKHO PACCMATPUBATE, KaK (DYHKIIHIO,
3a/IAHHYIO Ha, KOHEYHOI pererke. Kciau 3Hadenue 310l (DyHKIMK TTOKA-
3BIBAET YPOBEHBb SIPDKOCTH M300PAXKEHUsI, TO TAKOe M300parKEHNE HABHIBA~
ercst cepvim (gray-scale) [4]. O6bIYHO, MHOMKECTBO 3HAUEHNUH DYHKIMN TO-
K€ TUCKpeTHO u npuauMaer 3uadenusd 0, ...,255. B mangbreiimem mbl He
OymeM pa3mesdaTh MOHATHS TUCKPETHO—3aJaHHOW (PYHKIUN U H300pazKe-
HUSsI, T.€. KOT/I3, MbI OyIeM TOBOPUTH U300pastcerue, TO OyIeM UMeTh B BUILY
dyHKIMIO, 3aJaHHYIO B y371aX TJIOCKON KBaApaTHON permeTkn Ny X V.

Takum 006pa30oM, I TPUIOKEHUI BO3HUKAET 33121, TOCTPOCHUST TUC-
KPETHOIO aHAJIOra IVIaJKON Teopun aHamsa bynknun. B mociemmane 20

1B ¢6.: M36panmbie BOMPOCH MATEMATHKH, MEXAHHKH W UX Mpuaoxkenuit. M.: M31-80
Mock. yu-Ta, 1999 r., c. 438-462.
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JIET TMOSIBUJIACH Cepusi PabOT, TPEUMYIIECTBEHHO KapTOrpadoB U Crenua-
JIUCTOB TI0 06paboTKe M306pazKeHuil, MOCBSIIEHHBIX 9Toi Temarnke ([2],
[3], [5], [10], [11], [15] n mp.). B sTux paborax IPHUBOAATCS HEKOTOPbIE
MOJIXO/IBI K PEIeHri0 YKA3aHHON 3a/1a9u, HHOrma 6e3 JOIKHOTO MaTeMa-
TUYECKOTO ODOCHOBAHUSI.

B nocemname roabr HaMu ObLT OITYOIMKOBAH Psil TEOPETUIECKUX W TTPH-
KJIQNHBIX De3yAbTaToB IO 3Tol Temaruke [§], [9], [12], [13]. B wacruo-
cru, B paborax [12], [13] Gbliu pejIoKeHbl AJrOPUTMbI 110 BbLIEJIEHHIO
KPUTHYECKUX TOYEK W CTPYKTYPHBIX JIMHHUI, YIIPOIIEHUIO U CLIIAYKUBAHUIO
N300parKeHu, BOCCTAHOBICHUIO W300PAKEHUH TIO0 CTPYKTYPHBIM JIMHUSM
U T.JI.

[enpio manHOl PAbOTHI ABJISIETCS MATEMATHYECKOe OMUCAHUE U 000C-
HOBAHHUE THUCKPETHOTO aHajora Teopur MakcBena. 3mech He Taercs Je-
TAJBHOTO OMMCAHNS AJITOPUTMOB U SKCIEPUMEHTAIBHBIX PE3YIHTATOB, TAK
KaK OHM JOCTATOYHO MOJIHO MPUBE/IEHBI B YKA3AHHBIX BbIIIE PabOTaX.

B §2 maercs kparkoe onucanue reopun MaKCBeLIa B TIaJIKOM CJIyYae.
§3 MOCBAIIEH ONPEIEICHUSIM KPUTHICCKUX TOYEK U 00JIacTell B JAUCKpeT-
HOM CJIydJae.

Hanee B §§4—6 paccMOTpEHBI IOHATHS OACCETHO8 U TOAMOS, AUHUT MO-
xa, 6000pasdenos U Masb8e206 B TUCKPEeTHOM ciydae. PaccmarpuBatorcs
TPU OCHOBHBIX TOJXOJIA K WX ONPEIEJIEHUIO U TOKA3BIBAETCS UX B3AUMO-
cBa3b. [lepBoe onpeenenue (§4) onupaercs Ha NOHATUU CKAMbLEAHUSA U
duckpemmozo 2paduerma.

Bropoii monxon (§5) ocrosan Ha pabore Makcsena (cm. §2). Ero mox-
HO HAa3BATh JUCKPETHBIM aHAJIOroM ajiropurma MakcBeia. Tak:ke Kak u
B IVIAJIKOM CJIydae, CTPYKTYDHbIE JIMHUY (TAJbBErd U BOJAOPA3/eJibl) OlIpe-
JENIAIOTCS KaK ‘JIMHUN TOKA”, HAUHHAIONIAECS WM 3aKAHIMBAIONIAECS B
cerax.

Tperuii noxxon (§6) menee oueBuzen. B nekoropom cwmbiciie, OH #B-
JisieTcst KOMOMHAIME epBOro U BTOPOro MoAXoH0B. s 9Toro y3ibl pe-
[IETKH, HA KOTOPBIX OTpesiesieHa (DYHKIINs, CODTHPYIOTCS IO BO3PACTAHUIO
dyukiym. /lajgee TOUKYA CTPYKTYPHBIX JIMHAHN UIYTCs, KAK TOYKH “COTPHU-
KOCHOBEHUST PA3JIMYHBIX CBI3HBIX KOMIIOHEHT JIMHUHM YPOBHSI.

B mociieaaeM naparpade mpuBeieHbl HEKOTOPbIE TPUJIOKEHHUS TOCTPO-
eHHOIN Teopuu g cxKaTusg m3o0pakenuit. /lanHasg 3amada sBJISIETCA OfI-
HOI M3 HambOJ/Iee BaXKHBIX W aKTYAJbHBIX IjId 00pabOTKH HM300parKeHwHil.
IIpobmema cxkaTHsT N300paKEHUsT COCTOUT B OTOPACHIBAHUU H30BLITOYHOMN
uHMOpMAIUK, XPAHSIIEHC B CTAHIAPTHOM MTPEICTaBICHUN H300PasKeHUs.
ITpu 3ToMm, ocrapieiicss HHGOPMAIK JOJIKHO XBATUTH JJIs JOCTATOTHO
TOYHOIO BOCCTAHOBJIEHUST UCXOJHOTO M300PAKEHUS .

Mmeercs psia moaxonoB ajid cxkarud n3obpaxkenns. OHu pa3duBaroTCs
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HA Ba Kjacca: ¢ morepeil u 6e3 morepu wHbopmanuu. Bropoit BapuanT
CXKATHUs MUPOKO UCIIOIB3YETCsI, HAITPUMED, B PA3HOOOPA3HBIX TPOTPAMMAX
CXKATUs TEKCTOBON M JAPyroil mHMOPMAIINH.

st m3oOparkenuit cymecTByer pamd (POPMATOB MX XPAHEHHUs, UCIIOTb-
sytouux ckarue 6e3 norepsp (PCX, TIFF, GIF u ap.). Ussecrubie anro-
PUTMBI CKATHA M300PAXKEHUl C MOTEPAMHU OCHOBAHLI HA OTODACHIBAHUU
HECYIIECTBEHHDBIX FapMOHUK mpeobpazosanus Pypbe (nanpumep, JPEG),
UCIIOJIb30BAHUN TEOpUH BCILIECKOB (wavelets), dpakranbHoil reomerpun
u 7p.

B nacrositieit paboTe MBI IpeIaraeM OpUrHHAIBHBIHN TOIXO/T TS CXKa-
T n300pakeHud ¢ morepamu. Mmes 3Toro moaxoma COCTOUT B BIIEIEHUN
CTPYKTYPHBIX JINHAUH yIIPOIIEHHOTO N300PAXKEHU U JAJIbHEHIIIero CKaThs
BBIJIEJIEHHBIX JTAHHBIX. [ eoMeTprdecKas uiaes TOro MEeTOo/1a sBJIAeTcs 0o-
Jiee SCHOIt, yeM B apyrux moaxoaax. OHa 3aKI09aeTcst B 0TOOpe HauboIee
CYIIECTBEHHBIX TOYEK U JIUHUH, ONMpeAe/SiuX IoBeaeHre QpyHKIHH.

2. Teopus MakcBesuia: CTPYKTYPHbBIE€ JIMHAUA U KPUTUIECKUE
TOYKHU TVIaaKuX QyHKITIi

Ha coepemeHHBIX TOMOrpadbUIecKUX KapTax MOMUMO TOPH3OHTAJIER
(nuHE ypoBHA) penbeda TakKe 0TOOPaKeHbI BEPIIUHBI, BIIAIHHBL, THHAN
TaJIbBEroB (JIMHUH, MPOXOJAIINE 10 JTHY OBPArOB U JOJINH) U BOAOpa3ie-
JIOB. DTH TOYKH ¥ JIHHUM HE TOJIBKO YIYUIIAIOT Ka4eCTBO M300PAKEHUA
perbeda, HO ¥ UPE3BHIYANHO BayKHBI NpH €ro aHaimse. B psine pabor
[PUBEJIEHBI AJITOPUTMBI TOCTPOEHHS STHX 00bEKTOB MO MU(MPOBBIM H300-
paskenusM u Mozersam peabeda ([2], [3] , [5], [9], [10], [11], [15] = ap.). B
YaCTHOCTH, B paboTe [3| HE TONBKO JaeTcsd OMUCAHNE HEKOTOPBIX AJITOPHT-
MOB U CITOCODOB OTOOPaXKeHus pefibeda, HO U MPUBOIUTCI WHTEPECHBIH MC-
Topudeckuii 0630p. OKa3bIBAETCs, 9TO ITHMHU 3aa9aMU HHTEPECOBAJINCH
rakue m3BecTHbe yuenbe XIX Beka, kak A. Koy u [Ixx. K. Makcsesr.

Makcpesn B 1870 rojy [7] mpeyioKus MeTos| MOCTPOEHHs TAbBErOB
1 Bozmopas/eson. [Ipeanonokum fjisi MpOCTOTHI, UTO Ha, TIOCKOH 06IacTH
3a/laHa HeBBIPOXK/IeHHAs (MopcoBcKasi) dyHkiws y = f(x). ¥ s10ii hyHK-
MM MMEETCS TPH THUIA KPUTUYECKHX TOYEK: BEPIIHHBI (MAKCHMYMBbI),
BIAJMHBbL (MUHUMYMbI) ¥ ceijioBble Touku. Hazosem baccetinom B(f,p)
TOYKH MUHAMYMa P MOJMHOXKECTBO TOUeK ODJIACTH OmpejesieHusi (hyHK-
i f W3 KOTODBIX JIBUTAsICh BHHU3 IO JIMHUSIM TOKAa (pEIleHHe ypaBHe-
Husg & = —V f(x)) MoxkHO momacTh B TOUKy p. HecsioxHO moka3arh, 9To
B(f,p) — onnocBsa3Has 006J1aCTh HA MJIOCKOCTH, TPAHMILY KOTOPOI Ha3bl-
BalOT 60dopaddenom (aunuet 6odopazdena). MakcBesul ykasai ajiropurm
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ITOCTPOEHUST MHOYKECTBA JIMHUM BOJOpa3jea. s 3Toro u3 Kaxkaoi ces-
JIOBO# TOuKM GyHKIMHU [ “BBINYCKAIOTCA” BBEPX JUHUM TOKA, (T.K. (DyHK-
1y MOPCOBCKasd, TO M3 KaXKIOr0 CeJ|jla BHIXOJUT POBHO JBE JIMHUHU TOKA).
JIuHus TOKa, HAYMHAOMIASCA B Cefjie 00S3aTeIbHO 3aKOHIUTCS B TOYKE
MakcumyMma. Takum 0Opa3oM, TpaHuIla J000ro bacceifHa COCTOUT W3 Ha-
Gopa JuHUI TOKA, COeIUHAIONMX ceyia u Makcumymbl (Puc.1). Ha cospe-
MEHHOM $13bIKE, TAKUE JIMHUN HA3BIBAIOTCS CEMapaTPUCCaAMy MPaIUEHTHOTO
BEKTOPHOrO moJisi pyHknuu f.

Hns bysxkupn y = —f(r) ee MUHUMYMBI SIBJISIIOTCS MaKCHMyMaMH
byHRIMu f, a MakKCUMyMbl — MUHEMYyMaM#. MoOXxKHO paccMmorpersb Hac-
ceitubl pyukuuu — f. Makcsesur vasbiBaer 3tu 6acceitibl zoamamy (hills)
dyukpm f, KAK OH MHIIET, W3-3a TOrO, YTO HE HAIIEJ JIy9Ilero Ha3Ba-
HUS JJIs1 3TOTO 00bekTa. Torma, rpaHuIlbl XOJIMOB COCTOSIT U3 TAJbBETOB
— cenapaTpuce, COeJUHSIONMX Cejia U Touku Munumyma, (Puc.1).

HaGop raibBeros u BoAOpa3aenos (Mbl, BCIea 3a Kaprorpadamu, Oy-
JIeM €ro Ha3bIBaThb CMPYKMYPHOLMU AURUAMY Gynkyuy ), 3a0aeT pas3-
Ouenne 06TACTH ONpeeeHns (DYHKIUU Ha MOA00/IaCTH, BHYTPH KOTOPHIX
HeT KpuTHdeckux Touek f. HaBeproe, cripaBeIinBo HA3BIBATEH 9TH TOI00-
nacru — avetramu Maxceeanra. metorces u apyrue Ha3BaHUs, HAIIPUMED,
monozpaguseckas cmpyxmypa noseprrocmu [5], [9], [15].

Crarbs Beimatommerocs dusnka x. K.
Maxkcgesta mosiBUIaCch 3a/10Jr0 10 paboT
Mopca, B KOTOPBIX 3aJI03KEHBI OCHOBBI T€0-
puu Mopca, ¥ COBpeMeHHBIX PabOT MO TeO-
pun ocobennocreii. Bmecre ¢ Tem, B 3T0M
crarbe g (QYHKIHH IBYX MEPEeMEHHBIX
COMEPIKATCS HEKOTOPBIE JIEMEHTBI COBPE-
MeHHOU Teopun. VIHTEpecHO, 9TO 3Ty pa-
Gory “OTKpbLIN’ HE MATEMATUKHU (CM., Ha~ Puc. 1
upumep, [3], [10]) u cupasemyuBocTu pasu
clemyer ee BKIIOYUTH B O0OPOT COBPEMEHHOW MATEeMaTHKH.

3. Kpurnieckue TOYUKHU JUCKPETHBIX (PYHKITHAH

Jlmst mocTpoeHnsa AMCKPETHOrO aHaJsora Teopwu Makcsera HeOOXO-
JHMO OIPEIEIUTh MOHITAE KPUTUYECKONR TOYKH A1 (DYHKIMH 3aJaHHOM
nuckperno. Ilon auckperHo-3amanuoi dyukiueil f Ha MmHOrOOOpasuu M
MBI TIOHMMAEM HEKOTOpOe KJIEeTOYHOEe pa3OueHHe 3TOro MHOT000pas3us B
KasKJIOf BepImHe v KoToporo 3anano uucio f(v). B pabore [8] mpuso-
JIATCS OLPEIeIeHUs] JUCKPETHOrO BEKTOPHOI'O II0JIsl, KPUTHYECKUX TOYEK
GYHKIMM W MX HHIEKCOB, JOKA3aHbI IACKPETHLIE AHAJIOIM TEOPEMbI O
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TOIMOJIOTMYECKOM WHBAPUAHTHOCTH CYMMBbI WHIEeKCOB. [IpoBeneM cHagasa
KPATKYI0 BBIIEPKKY U3 3TOW PAOOTHI.

IIycrb t — Tpuanrynsmusa B n-MepHoM MHOroobpasuu M, u f — pyHK-
U 33JaHHAsT B BEPIIVHAX. JHAYEHUS (PYHKIMYA B BEPIIMHAX TPUAHIY.JIsI-
MU TIO3BOJIAIOT OJHO3HAYHO (110 JIMHEHHOCTH) IPOIOJIZKUTD 3Ty (DYHKIIUIO
Ha Bce MHOrOoOOpa3ue. [IpenmoaokuM [yt MPOCTOTHI, UYTO 3HAUEHUs f HA
COCEIHUX BEPIIMHAX PA3JIUYIHBI (T.€. €CJId BEPIIMHBL U U U COEJUHEHBI B
rpuanryasuuu ¢ pebpom, to f(v) # f(u)). U3 sroro yciosus ciemyer,
9TO BCE KPUTHYECKHE TOYKH OyHayT m3oaupoBaHHbiMu. ODO3HAUNM Yepe3
St(v) 3Be31y BepIIKMHBL U B TPUAHIYJIALAM T, T.e. OObEAUHEHNE BCEX CHM-
IJIEKCOB Y KOTOPBIX CPEIX BEPINUH MMEETCS v. 3aMEeTHM, UTO IMOJIMIID
St(v) romeomopden n-mepaomy mapy D™, a ero rpanuia roMmeoMopdHa,
cooTBeTcTBeHHO, N — l-MepHoil chepe S”!. PaceMoTpuM orpaHmueHue
dyukuuu f va rpanune St(v) u o6o3nadnm yepes F_ (v) ee HOIMHOXKECTBO
Ha KoTOopoM 3Hadenue Gpynkuuu Menbiie dem f(v). Torma, o omnpenene-
HUIO, TOYKE U HE ABAALMCA KPUMUUECKOT ecau u moavko ecau F_(v)
eomeomopdpro wapy D"

HectoxHO omucarh BCE TUIBI KPUTUIECKUX TOYEK B JIBYMEPHOM CJIy-
gae, n = 2. Ecau muo)kecrBo F_(v) — mycToe MHOXKECTBO, TO BEDIIHHA
U — TOYKA MUHUMYMa, a eCJii TOMEeOMOP(MHO OKPYKHOCTH, TO ¥ — TOUYKA
makcumyma. Eciu ke F_(v) cocrouT m wHTEpBaJoB U m > 1, T0 v —
CeIIOBasi TOYKA uHdekc KOTOpoit paser 1 —m. 3amerum, uro eciau m = 1,
TO TOYKA HEKPUTUYECKAS W €€ WHIEKC paBeH 0, a JIst JIOKAJbHBIX MWHU-
MyMOB M MaKCHMyMOB — WHIEKC paBeH 1.

Bonee cinoxuas curyanust B TpeXMEpHOM ciIydae. Bepiunna v He aBis-
eTcss KpETHYECKOiT ecin MHOMKecTBO F_ (v) Tomeomopdmro kpyry D?. Ecm
MHOXKecTBO F_(v) — mycTo, TO BepiMHa v — TOYKA MUHMMyMa, a eCJ
romeoMopdHO cdepe S?, TO v — TOUKA MAKCHMyMa. B OCTAIBHBEIX CITy-
YasgX TUIM KPUTHYECKON TOUKH OMPEIEISIeTCsl B3AUMHBIM PACIOIOKEHTEM
“oaJsio” Ha cdepe — rpanun, MHO)KecTBa F_ (v), cocrosiero u3 nabopa
OKPY2KHOCTEMN.

Msr He Oymem Gosiee TOAPOOHO OCTAHABIMBATHCS HA CJIYYIAE BBICIINX
pa3MepHOCTel, Tak KakK [jisi 00pabOTKM M300parKeHuit HAC WHTEPECyeT
caydait pazmepHocTu a8a. [log n3obpaskenuem Mbr OyeM MOHUMATD (hyHK-
uio f, 3aJaHHYIO B y3/1ax IJIOCKOl perneTku Ny X Ny.

i onpesenieHns KpUTHIECKUX W HEKPUTUIECKUX BEPIIHH IH(POBO-
ro u300parkeHus PacCMOTPUM BepInuHbI coceruue ¢ v. (Ecau v Haxoaures
BHYTDH DEIIeTKH, TO COCeAHUX Beprui posHO 4.) Ilomerum cocemHion
BepIuHy u 3HakoM “+7 ecam f(v) > f(u) m 3HAKOM “—" B MPOTMBHOM
ciyuae. [panuna St(v) romeomMopdHa OKPYKHOCTH, €CJIU U JIEKUT BHYT-
pu perneTku, u romeoMopdHa UHTEPBALY Jjid rpaHudIHbX Bepuiud. O6o-
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3HAYMM 9epe3 N_ YHCIO CBA3HBIX KOMIIOHEHT MHOXKECTBa F_, T.e. 4HCIIO
CBSI3HBIX KOMIIOHEHT BEDIIHH CO 3HAKOM — Ha rpanune St(v), cooTer-
CTBEHHO 9Y€pe3 7Ty YHUCIO BEpIIMH O 3HaKoM +. Torma BepHmnHa v HE
ABJIACTCA KPUTHYECKONR €CJIM M TOJBKO €CIH M + N_ = 2, U BEpIINHA
SIBJISIETCS CEIJIOM €CJIU Ny + n_ > 2. 3aMeTuM, 4TO €CJIU YUCTIO Ny + n_
MEHBIIE 9eM 2, TO BEPIHHA JUO0 ABIACTCA TOUKONH MuaEMyMa, (n_ = 0),
6o Toukoit Makcumyma (ny = 0). Takum 06pa3oM, BCe y3JIbI PEIIETKA
MOI'YT ObLITh Pa3OUTHI Ha YeThbIpe KJacca: MAKCUMYyMbl, MUHUMYMBI, Ce/L1a,
U HEKPUTUYECKHE TOUKH.

HecoxkHo pacimpuTh 3TH OlpeeleHus Ha Cilydail, KOrja 3HadeHus
y COCEIHMX BEPIIUH OJWHAKOBBIE. I 3TOTO pacCMATPUBAETCA CBA3HOE
MHOKECTBO V — y3JI0B peIeTKH, 3Hadenue (PyHKIA Ha, KOTOPOM MOCTO-
siHHO. MOXKHO Tak»Ke onpeieinTh MHOKeCTBO St(V') — obbeIuHeH e 3Be3/1
BEPIIKH, BXOZAIIUX B V, 1 9nCaa Ny, N, KAK 9ACI0 CBA3HBIX KOMIIOHEHT
BepIIKH €O 3HaKOM + u — Ha rpanune St(V). Oupeznesenue tuna KpuTu-
YECKOH TOYKHU 110 YUCIAM 74 U N_ QHAJOTMYHO MPEIbIIYIIEMY CJIydao.
Husxe npuseseHbl IpUMepbl HEKPUTHYECKUX TOYEK U 0OJIaCTeil.

+ + + + -
- oo + = o o + + o — — o +

1 MpOBEPKU KOPPEKTHOCTH HAIMKUX OMpeeeHnit A nudpPOBbIX
n300pazkennii paccmorpuM pemrerky N X N B y3/1ax KOTOPOi#l B ImIaxmar-
HOM TopsaKe paccrasyenbl uuciaa 0 um 1. Beakwmii y3en pemrerku Takoit
GYHKIMH ABIAETC HKCTPEMATBHBIM, T.e. JOKAJBHBIM MUHAMYMOM €CITH
y3may npumnucad 0 ¥ JTOKaJIbHBIM MAKCHMYMOM, €CJIA B y3Jje CTOUT 1.

0 1 0 1 0
1 0 1 0 1
0o 1 0 1 O
1 0 1 0 1
0o 1 0 1 O

Mbr yke Kacaauch MOHATHSA WHIEKCA TPAIUEHTHOrO BEKTOPHOTO MO-
N B AUCKpeTHOM ciydae. Ecim byHKuma 3a/aHa HA TPUAHTYJIALUA, TO
BEPHA TEOPEMA, UTO CYMMA UHOEKCO8 ee KPUMUMECKUT MOY%eK AGAALM-
CA TMONOAOZUNECKUM UHBAPUGHIMOM U PABHA ITAEPOSOT TAPAKMEPUCTIUKE
mrozo00pasus M. TlocMoTprM, 9TO HPOUCXOAUT B HalreMm npuMepe. Tak
KAaK JII000M y3e/1 PEIeTKH SBJIAETCA SKCTPEMYMOM, TO €ro HHIEKC paBeH 1.
Crano 6biTh, cymma uHAeKcoB Oosibiie yeM (N — 1) x (N — 1). Bameruwm,
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YTO 3WIEPOBA XAPAKTEPUCTUKA OHOCBA3HOTO KOMIIAKTHOT'O MHOYKECTBA
Ha mtockocTu pasHa 1. Ilomyvaem mpoTwBopedne ¢ TEOpeMoil O cyMme
HHJEKCOB KPUTHYIECKUX TOYEK.

Dror npuMep NOKA3bIBAET, YTO HE TOJIHKO BEPIIUHbI, HO U d4efiku (rpa-
HU) pa3OueHust MOryT ObITh KPUTHYECKUME. BoJjiee CTporo 3To 03Havaer,
qro rpaib C SBISETCS KPUTHIECKOHN, €CIu y OrpaHnvennss (PYHKINN Ha,
Bepiiuabl C' 00Jiee OMHOTO MUHUMYMA. 37E€Ch BEPIHHA U — JIOKAJbHBIN
muaEMYM, ecan f(v) < f(u) u f(v) < f(w), one w u w — aBe cocenHue
BepimHbL v MHOrOyTroabHuKA C. MHaeke rpanu C' MOXKeT ObITh KOPPEKTHO
ompesiesieH KaK BeJwdrHa paBHas 1 — k, nae k — 9UC/IO JIOKATBHBIX MU-
HUMYMOB 3T0i rpanu. [Ipu TakoMm omnpenesieHr OKa3bIBAETCS, 9TO CyMMa,
WHJIEKCOB KPUTUYECKUX TOYEK U I'PaHell paBHA 31iIepoBOi XapaKTEepUCTH-
ke M [8]. I3 310it TeopeMbl BbITEKAET, 4To JII0H0E [IIAIKOe [IPOJOJIKEHIE
dyukuuu ¢ rpaaunpl C' BHYTPb rpaHu 00s:13aHO UMeTh 0COOEHHOCTD (MHO-
JKecTBO ocobenHocreit) ungekca 1 — k. B wacrHocrn, B Haliem npumepe
BHYTPH JII000i rpaHu JOJIKHO ObITEH cemto mHAekca — 1. Hampumep, Ou-
JuHeiHoe pososKeHue OYHKIUE Oy/IeT UMEeTh CEJJI0 B CePeIUHEe IPAHHU.

Huzke mpuBeieHBI TIPUMEPHI PA3JIMYHBIX TUIOB KPUTHYECKUX TOUEK
u obsacreii: (a) u (e) — munumymsr, (b) — makcumywm; (c), (d), (f) —
ceqgia. B npumepe (c) mosy4daercs n30aMpOBaHHAS CEJJIOBAs TOYKA C Ny =
=n_ = 2,8 (d) — ocobasi Tpatb, rIe HAIPABIEHAIMHU CTPEJIOK YKa3aH
poct dyukimu u B (f) — “roncroe”’ cemio ¢ ny = n_ = 4 U UHIEKCOM
paBHBIM —J.

+ - + + —
+ o + - o0 - - o0 - 1l ® 71
+ - + - — +
(a) (b) (¢) (d)
+ + + - 4+ -
+ o o o + + o o o +
+ + o + - o0 o0 -
+ +  +
(e) (f)

4. JIlucKpeTHbIE aHAJOTU TPaJgNeHTa

Paccmorpum nonsitust baccetinog U Toamos, AuHUl moka, 6odopasde-
208 U MAALEE2068 B TUCKPETHOM Ciiydae. Mbl pACCMOTPUM TPHU OCHOBHBIX
[O/IX0/IA K MX onpezesenuio. llepBoe ompeesienre onupaercs Ha MOHATHE
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CKAMbLEBAHUA UITH JucKkpemHuozo zpaduenma. Bo n3bexanune TBYCMBICIEH-
HOCTel, C/IeJlyeT OTMETUTh, YTO TEPMUH JuCKpemHbili 2paduerim 31eCh He
UMeeT HUYIero oDIIEero ¢ anmpoKCHMAIMeil rpaJineHTa, pacCMaTPUBAEMOrO,
HAIIPUMED, B YUCICHHBIX METOIAX pernenns audGepeHnnanibHbiX ypaBHe-
HUl ¢ 9aCTHBIMHU MPOW3BOAHBIMU. B ciydae IUCKpPETHO-3aIaHHOM (DYHK-
uU M300paKeHUsl, KaxK1asi TOUKa, Uu300parkeHus uMeer ToJabKo 4 (umm 8
— B 3aBUCUMOCTH OT OIPEIEICHNUs) COCENA U HOM QUCKPEMHbIM 2PadueH-
oM TIOHUMAEeTCsl HalpaBjieHue HaubbicTpeiiniero (B KAKOM-TO CMbICJIE)
Bo3pacranusd byHkuuu cpeau srux 4 (8) HanpasieHwuii.

3zech u Jasiee 1of, cOCEOHUMU TOYKAMHU K TOYKE H300pazKeHHs D
6y;1eM noapa3yMeBaThb 9€ThIPpE TOYKU:. Piy1,5, Pi—1,5, Pi,j+1, Pij—1- C mo-
MOIIBIO 9TOTO MOHSTHS JIETKO BBECTH TEPMUH C6A3HOU 0baacmu n300pa-
JKEHWS.

BaHyMepyeMm Bce JIOKAJIbHbIE MUHUMYMbl U300pazkeHus (CBA3HbIE MOJI-
obstacTr M300paKeHns C OAUHAKOBBIM 3HAUEHNEM (DYHKIHMH N300parkKeHunsI
Ha HUX U C OOJIBIIMM 3HAYeHHEeM (DYHKIUMKM BO BCEX COCEJHUX TOYKAX) U
o6o3nauum ux Dy, Da, ..., Dy,. Eciiu Mbt 6ynem ckaTbiBaTbes (B KAKOM-TO
Pa3yMHOM CMBIC/IE) U3 ITPOM3BOJILHON TOYKU M300PaXKEHUs, TO Mbl HEH3-
0eKHO OKHBI OyZeM IOomacTb B Kakoi-mubo muommym D;. Ilpm pas-
JIMYHBIX BAPUAHTAX CKATBIBAHUS MbI MOYKEM, BOOOIIE rOBOPS, MOMAJIATH B
Pa3/IMYHbIE JIOKAJIBHBIE MUHUMYMbBI H300pazkenus. Bynem HasbiBaTh Oac-
cetihom JIOKAJIbHOTO MUHHMYMAa MHOXKECTBO TOYEK, U3 KOTOPBIX B HETO
MOXKHO CKaTUThCs. Bodopaszdesom m300pazkenvist OymeM HA3BIBATE O0beTu-
HEHME MHOXKECTBA TOYEK, U3 KOTOPBIX MOXKHO CKATHTHCS XOTd Obl B /Ba
PA3MUYIHBIX MUHUMYMa U MHOXKECTBA I'PAHUYHBIX TOYeK bacceitHoB. Orme-
THUM, 9TO B HEKOTOPBIX CIydasX MHOXKECTBO MPAHUYIHBIX TOYEK DACCEHHOB
IODABILTL He 00sS3aTeNILHO.

AHaJIOrMYHBIM CITOCOOOM JIETKO BBECTH MOHSTHSI LOAMOG U MAALEE-
206. na GyHKupn n3obpazkeHus [ XOJIMOM JIOKAJIBHOIO MakKCHMyMa, Oy-
JleM Ha3bIBATH Dacceild pyHKIME — f, OTHOCSIIUICST K COOTBETCTBYIOIIEMY
MuHEMYMY. [lepecedenns X0JIMOB BMECTE C UX PPAHUYHBIMEA TOYKAMHU, CO-
OTBETCTBEHHO, Oy/IeM HA3bIBATH TAJHBETAMM.

Cy1ecTByOT pa3IudIHbIe BAPUAHTHI ONPEIEICHUs MOHATUS CKATMbLEa0-
HuA. Jlamee MbI OyaemM rOBOPUTH, 9TO U3 OJHOW TOYKU MOYKHO CKATUTHCS
B JIPYT'YIO, ECIIU CYIIECTBYET MOC/IEI0BATETBHOCTH COCETHUX TOYEK, COE N~
HSIOIAA PACCMATPUBAEMbBIE TOYKM, TAKAS YTO M3 KAXKJIOU TOYKH MOCIIE-
IOBATEILHOCTH MOYKHO CKATUThCSA B CJIeAyIOnryto. OmMUCaHHYIO MOCIeT0-
BATEJBHOCTH TOYEK MBI OyIe€M HA3BIBATH NOCAEI08AMENLHOCTIOI0 CKATbL-
sanus. Takum 00pa30M, MOHATHE CKAMBEGHUSA HEOOXOIMMO OIPEIe/INuTh
TOJILKO JIJIsT COCETHUX TOYeK. PaccMOTpuM TepBoe OTpe/iesieHue.

Onpenesienne 1. 3 mouku (i,7) M0%CHO cKaMUMbCA 8 COCEONION
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mouwky (k,1) ecau frg < fij.

OtmernM, 9TO, HA, CAMOM [I€JI€, JIETKO BOCIPUHUMAEMOE MMOHSATHE CKa-
MUmMbcA Mbl TTIOAMEHUIIA HA MOHATHE 603MOHCHOCTY CKAMUMbBCA U3 OJ-
HOI TOYKH B JIpYTYIO, T.e. HA 3aJlaHWe HEKOTOPOTO OTHOIIEHUS COCETHUX
Touek. B KakOM-TO cMbIC/Ie HAC ONPAaBABIBAET CJIEIYIOIIEe CBOWCTBO, KO-
TOPOE JIETKO JI0KA3aTh OT IIPOTHBHOTO.

YrBepxkaenne 1. Paccmompum 6euecmeeHHo-3HAUHYI0 GYHKUUIO
Ha Konewnol pewemxe f; ;, moeda das 410600 nocaedosamenbrocmu, (603-
MOIHCHO beckonewnotli) cocednux movex, maxol 4mo u3 KaxHcool mouku
MOHCHO CKGTMUMDBCA 6 CAEIYNULYI 8EPHO 00HO U3 CAEIYNWULUT YMmeepircie-
HU:

1)/LU60 HAYUHAA C HEKOTMOPO20 HOMEPA 68CE INEMEHTIBL nocaedosament-
HOCTNU HATOOAMCA 6 00HOM AOKAALHOM MUHUMYME,

2)/”,&60 U3 NocALOHeli MOUKU NOCALI0BAMEALHOCTNU MONCHO CKAMUM -
CA ewe 6 KaKkyro-mo mo4Ky.

[MpakTHaecku, 3T0 O3HAYAET, YTO €CJH BHIOPATH HEKOTOPBIH IyTh CKa-
TBHIBAHUSI, TO, B KOHIE KOHIIOB, MbI CKATUMCS B JIOKQJbHBI MUHUMYM, U3
KOTOPOTO HEJIb3sT yKe “BhIOpaThCst’.

ITo Ompenenenuto 1 w3 OAHOM TOUYKM, BOODIINE TOBOPsi, MOYKHO CKa-
TUTHCS B HECKOJIBKO TOYeK. OTMerum, 9To ecyik Obl 9TO OBLIO HE TaK, TO
HAILIACH ObI TOYKH, OTJUIHBIE OT TOYEK MAKCHMYyMAa, B KOTOPBIE HEJIB3sT
ObI OBLITIO HHOTKYZA CKATHTHCA. IIpomsimocTpupyeM JaHHOE ONpeaeeHne
Ha mpuMepe GyHKImn Ha ceTke 7 X 5. CTpesikaMu OTMedeHbl HAIPABICH ST
[0 KOTOPBIM MOXKHO CKATBIBATHCS, 3BE30UKAMY TOMEYEHBI BOIOPA3/IEIbI,
MUHYCOM — MHUHHUMYMBI.

—r— —r—

— —
B~ W T W T W
W = H— = W
W— N W—> N W
N — < — = N
W— N W—> N W
W = H— = W
— —
B W D W W

—
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U3 Onpenenenvst 1 BO3MOKHOCTH CKATHIBAHUS U3 OJIHOM COCETHEH TOY-
KU B JAPYIYIO MbI CPA3y MOJY9IaEM, UYTO €CJIU U3 OMHOW TOYKH HEJIb35 CKa-
TATBCA B HEKOTOPYIO €€ COCEJHIOI TOYKY, TO M3 ITOH COCEeJHEed TOYKH
MOXKHO CKATHTBCS B MCXOHYI0. VI3 3TOrO citefyer yTBep:KIeHne

YrBepxkaenue 2. /as 410600 nososcumervroli pynkyuy f : ZxXZ —
— R ¢ oepanunennvim nocumenem ece eparuinsie Mouky baccetinos, onpe-
deaennoir wepes Onpedeaenue 1, npunadaesicam boaee, wem 00Homy bac-
cetHy.

Orcioma cinemyer, 9To B Ciydae HAHHOTO ONPEIEEHUs CKATHIBAHUS
BOJIOPA3IE/Ibl MOYKHO ONPEIEIATh TPOCTO KaK TEPECEUCHUsT PASTUIHBIX
bacceifHOB.

Omnpenenenne 1 naet 6GaccelHBI CAMITKOM OOJIBIIUX PA3MEPOB, UTO yBE-
JIIUBAET pa3Mepbl BOAOPa3/aesioB. st yMeHbIIeHNs YUCIa TO9eK B Dac-
ceifHaxX Mbl MOXKEM JATh OMpPeIeeHIe BO3MOKHOCTH CKATHIBAHUS, MCXO/IsT
M3 HAIIpaBIeHNs HAHObICTpeiiero yobBanus pyHKnn. JJaHHBIH MTOIX0T
6oJiee TOAXOIUT K HAMMEHOBAHUIO JucCKpemmuoil epadueHnm.

Onpenenenne 2. M3 mouku (i,5) MOHCHO CKAMUMbCA 6 COCEOHION
mouky (k,1) ecau

1) fep < figs

2) fr1 ne npesocrodum snauenul pynkyuu f 60 ecex mowkar, coced-
HUZ ¢ moukod (i,7).

OrmMeruM, 9TO B JAHHOM CJIydae JIMHUU CKATHIBAHUS MOTYT HAUMHATE-
csT yKe He TOJBKO B TOYKAX MaKCUMyMOB. [Ipyroit mpobiemoit sBisercs
TO, 9TO HACCEHHBI MOTYT yIKe HE MEePECEKATHCS U UX IPAHUIIBI IPUXOAUTCS
00ABIATH B BOJOPA3IEIIBI.

BecbMa BasKHBIM CBOWCTBOM OIPEIEICHUS] BO3MOKHOCTH CKATHIBAHWS
U3 OHON TOUKHU B JAPYTYIO SBIISIETCS CBOUCTBO 00PAMUMOCTMU, 3AKTIOUa-
I0Ieecss B CJIEIYIONEM

Ecau das dynryuu | moe moosicem cxamumocea ud mouky (i,7) 6 mou-
ky (k,1), mo das Pynrkyuu —f Mo moorcem ckamumoes ud mowku (k1)
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6 mouky (i,7).

Jlerxo yBuners, uro Onpenerernue 1 061amaer CBORCTBOM 0OpaTUMO-
cru, a Onpenenenve 2 — mer. menno mosromy st Onpenemernus 1 Bce
JINHWW CKATBHIBAHUS HAYMHAIOTCA B MAKCAMYyMaX PacCMaTpuBaeMoil (byHK-
muu (4ro cienyer u3 Yreepxkuaenusa 1 u obparumocrn), a aing Onpeene-
HUA 2 3TO HE BepHO. Bosiee mpuemiiembiM OKa3biBaerca Omnpenenenne 3,
KOTOPOE SIBJISIETCsT OOPATUMBIM U Tak ¥ke 0bJagaer nocrouncrsamu Ompe-
neneHud 2.

Onpenenenne 3. 13 mouku (i,5) MOHCHO CKAMUMbBCA 6 COCEOHION
mouky (k,1) ecau

1) fra < fij

2) fi1 ne npesocxodum snavwenul Pynryuu f 60 6cex moukar, coced-
Hux ¢ moukol (i,7) uau f; ; boavwe uau pasno snavenul Gynryuu f 6o
scex moukax, cocednuxr ¢ mourod (k1) .

s mpuBemeHHOTO mpuMepa (BYHKIMKA BCE TOYKH MAKCHUMYMOB ITPH-
HaJJIe’KaT BOAOpAa3AesaM, ONHAKO JIeFKO IIPUBECTU IIpUMep, Ha KOTOPOM
TOYKA MAKCHMyMa He BXOAWT B Bojopaszenbl. IIpumep Taxoit dpyHKInU
[IPUBOJIUTCA Ha CJEAYIOINIEM DUCYHKE.

2 o 2 e 2 e 2 e 2
Tl ! | | !
2 — 1 —-«— 1 —« 1 — 2
! Tl T ! Tl
2 - 1 — 3 — 1 — 2
Tl Tl 1 Tl Tl
2 — 1 —«— 1 —« 1 — 2
! T T T Tl
2 o 2 s 2 S 2 S 2

MakcuMyM €O 3HAYEHHEM 3 OKPY?KEH BCErO OJHUM JIOKAJTbHBIM MUHUMY-
MOM, 9TO HUCKJIIOYAET €ro U3 MHOXKECTBA 0acCeitHOB m300paskenus. Jlerko
BUJIETH, YTO MPOOJIEMA HE CBA3aHA C KPAeBbIMU Y eKTaMm N300paKeHUs .
st TOro 9Tob0bl MAKCHMYMBI COIEPKAJNCH B BOMOpa3aeaax (OyHKIUH
HAM MPHUIETCS KOHCTPYHUPOBATH UX CYIIECTBEHHO 0O0JIee CIIOKHBIM CIIOCO-
oom. asmee, s MpOCTOTHI, MbI OyIeT (POPMYTHPOBATD YTBEPKICHUST U
TeopeMbl TOIBKO st Onpenenenus 1. Beegem HECKOIBKO OMpeaeIeHmiA.

Maxcumarvhotli nocaedo8amesbHOCbI0 CKAMbBIEAHUA U3 TOUKHI P MBI
6y,D;€M Ha3bIBAaTb TaKYIO IIOC/IE€A0BATEC/JIBHOCTD CKATbIBAHUA, HAYHMHAIOIILY-
I0C4d B TOYKE P, 9TO H3 ee HOCHe,D;Heﬁ TOYKHN HE/Ib3d HUKYJda CKAaTHTbCA.
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BeCKOHeT‘IHyIO IIOCJIEJOBATEJIBHOCTHh CKAThIBAHUA MBI TaK 2Ke 6yﬂeM Ha3bI-
Barb MakcumasbHol. Kak yxe 6b110 mokazano (Yreepxkiaenue 1), mobas
MaKCHMaJIbHad IIOCJIE€J0BATE/IbHOCTb CKATbIBAHNA 3aKaHYHUBAECTCA B HEKO-
TOPOM MHHHUMYyMe (DyHKIIUH.

[IycTh ecTh HEKOTOPOE MHOYKECTBO TOUEK M300paxkenus s. Onpeneasnm
MHOXKECTBO TO4YEK S PEKypPCUBHO:

1)s € s

2)Touka p € § ecam y Hee eCTh COCeJHdAs TOYKa © € §, Takas 4To

fp = fr-

HyCTb €CTh JB€ MaKCHUMaJIbHbBIE ITOCJICA0BATCIbHOCTH CKATBIBAHUA S,
S1, HQUMHAIOIIIHECA B O,[LHOﬁ TOYKE P U 3aKaHYUBAIOIHUECA B OOJHOM MHWHHU-
MyMe. ByzeM ropoputb, 4TO mouka T aescum mexcoy So, S1, €CIAHN OHa
HAXOIUTCS B OOJIACTH, OTPAHUIUBAEMO Sg, S1 W BBIMIEYIIOMSIHYTBHIM M-
HUMYMOM (BBIIIEONUCAHHbIE 50, §1, MUHUMYM B 00sacTh BXOozuaT). Bynem
o6o3HavaTh 3Ty 06aactb P(sg, $1).

JIpe MakcuMaJbHbIE TTOCJIEI0BATEILHOCTH CKATHIBAHUS Sq, S1, HAUMHA-
IOIECST B OMHON TOYKE P, IK6UBAAEHMHHL ECTH OHU 00€ 3aBEPIIAIOTCI B
OJHOM MHUHHMMYME W JJisI JTI00OH TOYKN & MEXKIy HUMH HafiIeTcs mocie-
JIOBATEIbHOCTb CKATBIBAHUS S, HauuHaromasacsa Ha 0P (so,s1) u npoxo-
AAIIas 9epe3 .

Jasee HaM TIOHAIOOUTCS CJIe/TyOIEe TPUBHAIBLHOE CBOMCTBO MOCTIEI0-
BATEJIBHOCTHA CKATHIBAHUSI.

YrBepxkaenne 3. Paccmompum nocaedosamesbHocms CKAGMbLEAHUA
S U3 MOYKU P, MO S He COOEPHCUM MOYEK AOKAALHDLT MAKCUMYMOSE PyYHK-
yuu f, kpome, Obimb MOIHCEM, MOYEK MAKCUMYMA, KOMOPOMY NPUHGIAe-
orcum p (€cAt p NPUHAONENCUTN KAKOMY-AUOO MAKCUMYMY).

CMbICa onpenenennst 9KBUBAJIEHTHBIX MOCIEI0BATEIBHOCTEH CKAThIBA-
HU$I CTAHOBUTCS SICHBIM U3 CJIEAYIONIErO yTBEPXKIEHUS.

YrBepxkaenne 4. [Tycmo ecmsv 06 MAKCUMAADHBLE NOCAELIOBAMEAD-
HOCTY So U S1, HAYUHAOUWUECA 8 00HOT TMOYKE D U 3G4KAHYUBAIOULUECS 6
00HOM MUHUMYME, MO
OHU IKBUBAAEHIMHDL <=> MeAHCIY HUMU HEM MOYEK AOKAAbHBL MAKCU-
MYMO8, KPOME, DLIMb MOHCEM, MOYEK MAKCUMYME, U3 KOMOPO20 So U S1
CKAMbLEAIOMCA,.

HokasarenbcTBo. [IeficTBUTEIBHO, IOMYCTHM, 9TO BHYTpH P(So, 51)
HaliJleTcst TOYKa Y, B KOTOPYIO HeJb3sd cKaTuThest ¢ P (sg, s1). Pacemor-
PUM TOT/Ia, MHOXKECTBO TOYEK, C KOTOPBIX MOYKHO CKATUThCS B TOUKY Y U
MakCcuMyM (pyHKIEE Ha 3ToM MHOXKecTtBe — M. Boobie ropopsa, Makch-
MyM €CThb HEKOTOPOE MHOXKECTBO TOYeK, paccMoTpuM Toraa My — Heko-
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TOpYIO cBsA3HY0 KoMnouenty M. Ilo nmpeamonoxkennto, M € P(sg, $1), TO
nonydaeM, 9to My € P(sp,$1) M Jerko yBuaerb, 4to Mo— MakCuMyM
PYHKITHHN.

HokazarenbcTBo B Apyryio cropony ouesuiano. Eciu B P(sg, s1) ectb
TOYKM MaKCUMYMOB, TO JIEFKO MOKA3aTh, YTO €JIMHCTBEHHO BO3MOYKHBIN
MaKCUMYM, KyJa MOXKHO CKAQTUThCS U3 P 3TO — MaKCUMYM, KOTOPOMY P
OpUHAILIEXKUT (€CIU P NPUHAIIEKUAT HEKOTOPOMY Makcumymy). Uto u
TPebOBAIOCH JOKA3ATh.

Haxkoner, MbI MOXKEM IaTh ONPEIETEHIE BOIOPA3AEIA.

Omnpenenenne. Bodopasdesom Ha3bEAEMEA MHONCECMEO MOYEE, Ma-
KUT wmo 0Ad Kaotcdol u3 HUL CYuLecmeyem e menee J6Yr HesIKeUu6a-
AEHMHOLT MAKCUMAALHOLE NOCALI08AMEALHOCTNET CKAMBIEAHUL U3 JaH-
HOU MOYKY.

s BOOOpa3Aenos, ONpeneeHHbIX JAHHBIM O0OpPa30M, BEPHO yTBEp-
JKJeHUe

YrBepxkaenune 5. Paccmompum 4106y nosorcumesvhyo GyHKEuu0
f 2 xZ — R c 0zpaHuneHHbIM HOCUMEAEM, MO 6CE MAKCUMYMDL U
cedaosovie MoKy GYHKYUU Npunadiexcam ee 6000pa30enam.

JokasaTesbcTBo. [IpuHa IeKHOCTD BOMOPA3AEIAM CEIJTOBBIX TOYEK
oueBnaHA. [JefiCTBUTENBHO, Y CeIIa JOMKHBI CyIECTBOBATH IBE COCETHIAE
CeJJIy TOUYKH T(, I'1, B KOTOpPbIE U3 HErO HeJIb3sT CKATUThCS, 8 MEKIY HU-
Mu (B CMBICIE 00XO0/a TPAHUILI CEJJIa, HAIIPUMED, M0 YaCOBOI CTpeJIKe)
00s13aHbI OBITH KAK MUHUMYM JIBE€ TOYKH S, S1, (PA3JEIEHHBIE, B CBOKO
o4epelnb, T'g, T1) B KOTOPble CKATHTbCA MOXKHO. Torma sobbie nBe Mak-
CHMaJIbHBIE MOCIEI0BATEIBHOCTH CKATHIBAHAA W3 CEJJIa, TAKNE UTO OIHA
NPOXOJMT depe3 Sg, a APyras — 4epe3 s1, 0OA3aHbI ObITh HE SKBUBAJIEHT-
HbI. JIefCTBUTENIBHO, JTaykKe €CJIM OHW 3aKAHYMBAIOTCS HA OJHOM MUHHUMY-
M€, TO MEXJy HUMHU 00s3aHa ObITh JIUO0 TOUYKA 1o JIUOO 71 .

IIycrs M — nokaJbHbiil MmakcumyM f. Eciin u3 Hero MoxKHO CKATUTHCS
B JBa MUHHMYyMa, TO TeopeMa jokasana. Ocramock paccMOTpeTh CIydai,
kKorga m3 M MOMKHO CKATHTHCS TOJMBKO B OJIMH MUHAMYM . Jlnsa mpocTo-
THI, IPOBEJIEM JIOKA3aTEeILCTBO JIUIE JIJIsi Caydast, Koraa M cocrouT u3
oxHOM Touku. B ciyuae “TosicTOro” MakCHMyMa, TOKa3aTeIbCTBO IMTPOBO-
JIUTCS AHAJIOTHYIHO.

Wrak, mycrb M — mpocToii NOKATBHBIA MAKCAMyM, TO y HEro eCTh
YeTBIPe COCEITHUE TOYKH, B KOTOPBIE MOXKHO CKATHTBCS. 3aHyMEpyeM WX
0 YaCOBOU CTpesKe: 2o, 21, 22, 23- LLyCTh 19 — HEKOTOpas MOCJEI0Ba-
TEJILHOCTh CKATBHIBAHUS W3 zg B HEKOTOPYIO TOYKY mg € m. Ilycrs 11 —
HEKOTOpAas MOCJII0OBATEILHOCTh CKATHIBAHUS U3 21 B Mg, TaKasl, YTO MO-
CJI€ TIEPBOTO TEPECETEHHs Ty C Tg ITH TOCIEAOBATENBLHOCTH COBHAAIOT.
AHATOrMIHO ONPENENAIOTC To U T3, KAK MOCIEJI0BATEIBHOCTH CKATHIBA-
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BapmanT ¢ ognHaKOBOM OpHUeHTAa- BapumaHnT ¢ pa3nuaHOl opmeHTa-
et 110, 72,0, 13,0 nueit r1,0, 72,0, 73,0

HUSA U3 COOTBETCTBYIONINX 2; B Mg, TAKHUe, 9YTO IIOCTIe IIePBOrO lIepeceveHus

C TPEIbIAYIIUMHA MTOCTIEI0BATEILHCTSMI OHU COBITAIAOT.

g Kaxkaoit mapel r; W 7 ONpeNeNuM TIOCTeJO0BATEIbHOCTD 15 =
={M,,..., rf"”“,rf””“, -..,79,M}. B cuity cBOEro onpeseienus, no-
CTIeIOBATETLHOCTD 7 j UMeeT MOPATZOK 00XO0ma no WAW Npomué IacoBOi
crpesike (Tak KakK B [OCJIEJOBATEIILHOCTH €CTh XOTs Obl TPU Da3JIUYHbIE
touku — M, 79, rg-) U rapaHTHpyeTcs oTcyTcrBue “neresb”’). Bo3MOKHbBI
JBa BapUaHTA! 1)7“170, 72,0, 1'3,0 OLHON OpHeHTAaINH,; 2)cpenu 71,0, 72,0, 7'3,0
€CTb Maphl PA3JIUIHON opueHTanuu. be3 orpanuyenus OOIMTHOCTH, ITH CITy-

Yay MPUBEJIEHBI HA CIEAYIOMIEM PUCYHKE.

Paccmorpum B niepsom ciyuae P = P(rs,rg), a Bo Bropom — P =
= P(r1,r2) (CM. PHCYHOK).

B mobom cnyaae M € P, M ¢ OP, M — MakCuMyM, CIeI0BATEBHO B
M Henb3sa cKaTUThCA U3 0P, 9TO 3aBepIIaeT I0Ka3aTeIbCTBO TEOPEMBI.

Ocrasioch cKa3aTh, 9T0 CMPYKMYPHOLMU AUHUAMY (DYHKIIHH ©300pa-
JKEHUs Mbl HA3bIBAEM O0ObeIuHEHHEe BOIOpa3nenoB dyukiuu f u QyHK-
muu — f. JIerko BUAETH, YTO BCe KPUTHUECKUE TOYKU [ (IKCTPEMYMBI U
CEJJIOBBIE TOYKHU) MPUHAIJIEKAT CTPYKTYDPHBIM JIMHUSM, ONPEIEJIeHHBIM
JAHHBIM 00pPa30M.
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5. lnckpeTHbI aHajor agroputma MakcBeJuia

HamomuamMm ocHoOBHO#M pe3yabrar paborsl Makcpesma I TIAIKHX
dyukuumit (cm. §2). s mocTpoenuii CTPYKTYPHBIX JIMHUE paccMaTpu-
BAIOTCsl CEJJIOBBIE TOYKHM M W3 HUX BBIIYCKAIOTCA JIMHUM TOKA BHU3 (IO
nanpasJsenuto —V f) u Beepx (o manpassenuto V f). B nepsom ciayuae
[OJIy9al0TCS TAJIBBErH, & BO BTOPOM — BOIOPA3EJIbI.

B §2 6buM omrpeieIeHbl MOHATHST KPUTUYECKUX TOYEK JJIS TUCKPETHO-
ro ciaydasd. B gacTHOCTH, OBLIM ONPEIEIEHBI CEIJIa, COCTOSIINE, BOOOIIE
TOBOPSI, U3 HECKOJBKUX TOYEK. [IJTs To/TydeHus TUCKPETHOTO aHAJIOTa, TAH-
HOrO TOAX0/a 3a(pUKCUpyeM OHO U3 ONpeeeHuil ckamoieanus u3 §4.

Hazoeem 6o0dopasdesom MHOXKECTBO TeX TOYEK, W3 KOTOPBIX MOXKHO
CKaTUThCA B OJHO M3 CEJEJ W, COOTBETCTBEHHO, MAAb8E20M — TOUYKH, B
KOTOPBIE MOXKHO CKATUTHLCS U3 HEKOTOPOTO cemjia. COBOKYITHOCTD TajIbBe-
TOB ¥ BOJIOPA3/IEJIOB, KAK W paHee, MbI Oy/IeM Ha3bIBATH CMPYKMYPHHLMU
aunuamu Maxceeanra. Hakoner, 061aCTH, TPAHAIIAME KOTOPBIX SBIIAIOTCS
BOZIOPA3IEJIbl, HA3BIBAIOTCA baccetiHamu, a 00JIaCTH, TPAHUIAME KOTOPHIX
SABJISIOTCS TAJbBETH, HA3BIBAIOTCH LOAMAMU.

Bozuukaer BOmpoc 0 SKBUBAJIEHTHOCTH JAHHOT'O U IIPEIBIAYIIErO OIIpe-
JeJeHUd CTPYKTYPHBIX JIMHUN.

Teopema 1. Jlas onpedesenuti ckamuearus 1 v 8 us §4 cmpyxmyp-
HbLE AUHUL, NOCTPOERHBIE 8 §4 COBNAJAIOTM CO CMPYKMYPHHLMY NUHUAMU
Maxcsenna.

[Tpuseaem 31eCh TOJBKO HAOPOCOK JOKA3ATEIHCTBA, ITON TEOPEMBI, O~
CKOJIbKY €€ TTOJTHOE JIOKA3ATEIHCTBO TPEOYeT HEKOTOPBIX JOMOHUTETbHBIX
onpezenenuii (B 4aCTHOCTH, MOHIATUS UHOEKCA ZPAHUMHBLLIT TNOYEK U BBE-
JEeHHsI JOMOTHAUTEIBHBIX TOHKOCTEH B OMPEIeTIeHNN HHIEKCA ‘TOJICTHIX’
KPUTHYECKUX TOYEK ), BBIXOJAIIUX 33 PAMKU JIAHHOW PabOThI.

Ecmu MBI MOXKeM CKATUThCSI W3 HEKOTOPOM TOYKM B CEMJIO, TO OHA
JIEXKUT, C OJHON CTOPOHBI, Ha Bojopasiene Makcsesia (o ero ompeze-
sgenuto). C apyroit cropombl, mo YTBEPKAECHHUIO 4, CEJIO NPUHAIJIEKUT
BOZIOpA3eJiaM, CIe0BATEIbHO, U3 CE/JIa BHIXOIUT IBE HEIKBUBAJIEHTHbBIE
OCTIEIOBATETFHOCTH CKATHIBAHUS, & 3HAUYAT W W3 UCXOTHON TOUYKH BBIXO-
AT [BE TaKWe MOCJIeN0BATEILHOCTH. TakuM 00pa30M, TOYKA, JIeXKAITas
Ha BOmOpa3eae MakcBesia TpUHAIEKUT BOmopas3aeny §4.

JlokaxkeMm Terepb, YTO eC/iv TOYKA T MPUHAJIEKAT Bogopasaeny B u3
§4, To oHa jJexuT Ha Bomopasmese Makcremna. Eciu Touka x mpuHAI-
JIEZKUT BOJOpa3aeny B, TO U3 TOYKM X BBIXOIUT JIBE HEIKBUBAJIEHTHDLIE
[EMTOYKY CKAThIBAHWSA. BO3MOXKHBI 1Ba BapUaHTA HEIKBUBAJIEHTHBIX TTO-
CJIeZI0BATEIbHOCTEN — MO0 OHM CKATHIBAIOTCH B OIMH MUHAMYM, JINOO —
B pasaudHble. PACCMOTPUM MEPBBIA CTydaii.
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ITycTb maHHBIE MENOYKH OTPAHUIUBAIOT HEKOTOPYIO 001aCTh {2, comep-
JKAIYIO U 9THU 1ernovyku. JlokaxkeMm, 4o Toraa BHYTpHY {2 HalmeTcs Cejio,
B KOTOPOE MOYKHO CKATUTBHCS U3 &, 9TO HaM U Tpebyercs. JlelicTBUTEbHO,
PaCCMOTPUM BcB , COCTOSIIIY O U3 TOYeK B, B KOTOPbIE MOYKHO CKATUTh-
cst w3 Toukn x. O6macts B comepsxut k > 0 “IpIpok” (rak Kak XoTst Ob
B OJIHY TOYKY MbI CKATHTLCS HE MOXKEM), U3 Yero CJIeJyeT, 4To ee diie-
posa xapakrepuctuka pasaa 1 — k < 0. C apyroii cTOpoHBI, HalmETCs,
1o KpaiiHeil Mepe, OJMH JIOKAJIbHbI MUHUMYM Ha obsiactu () (He Ha Bceii
obJiacTu onpezienenus!), a ero UHAEKC paBeH 1 U eciid IPeJIIoa0KUTh, YTO
061aCTb B He CONEePIKUT CeIes, TO IOy IHM, 9T SiIepOBa XapAKTEPHCTH-
Ka obJsractu mosioxkuTenbHa. [lomygaem nporusopeune. Takum obpas3om, B
obsactu B ecTh XOTsi ObI OJHO CEMJIO, B KOTOPOE MOYKHO CKATUTHCS.

Bo BTOpOM CiIydae, KOTa MEMOYKYM CKATHIBAIOTCS B PA3IUIHBIE MU-
HHUMYMBI, IOCTATOYHO PACCMOTPETH MHOXKECTBO TOYEK, B KOTOPHIE MOXKHO
CKATUTHCd U3 TOYKH T, HA30BEM TO MHOXKECTBO obsiacTbio () (OHA CBHA3-
ua!). Toraa ) comep:kur xoTs Obl JBA MUHUMYMA M €CJIU [IPEIIIOIOKUTD,
9TO B Hell HET Cefiesi, TO TOJIYYUM, 9TO ee HIepoBa XapaKTEePUCTUKA He
menee 2. C apyroit CTOpOHBI, y 061acTu ¢ k IbIpKAMU MIepOBa, XapaKTe-
pucTtuka paBHa 1 — k, MOIy9YaeM MPOTHBOPEYHE C YCIOBUEM OTCYTCTBHUSI
cemesl B 00JIaCTH, 9TO 3aBEPIIAET J0KA3ATEIHCTBO TEOPEMBI.

OTMeTI/IM, YTO 34eCh CYIECTBEHHO WUCHOJb3YIOTCA TMOHATUA WHIAEKCa 19
KPUTUYECKUX TOYEK Ha T'DaHUIE. O,I[HO U3 KOPPEKTHBIX OHpe,I[eIIeHI/II./JI MOZXKeT
6bITh caemyomuM. Hndexe A0KaabH020 MUHUMYMG GYHKUUL Ha 2panuye 0baa-
cmu onpedeaenus Gyrkyuu pasen 1, a makcumyma paser 0. Torga okaspiBaeTCs
BepHa TeopeMa O PaBeHCTBe CYMMBI MHIEKCOB KPUTHYECKHX TOYeK 3UIepoBoil
XapaKTEPUCTUKE OOTACTH.

s TanbBEroB TOKa3aTebCTBO AHAIOTHIHO.

6. KoMOUHMpOBaHHBIN TOIXOT,

Paccmorpum dyHKIuio f ornpeseneHHy0 Ha OrpaHUYeHHON MET0TUC-
nennoit permerke: f: {0,..., Ny} x{0,...,N,} — R. Best obiacts ompe-
nemenusi f mipemcraBisier co0oi OObequHeHwne CBA3HBIX obsacreit Sk, B
KOTOpBIX 3HadeHne GyHKIuW paBHO KOoHcTante. Obsacts Sy BMECTE CO
3HadeHneM PYHKIUH Ha 9TOi 0b1acT Mbl OyaeM HAa3bIBATD Auelikotl P, =
= (Sk, fr). B cayuae dbyHnkiun, Bce 3HaYeHHs KOTOPOH B COCEIHUX TOY-
KaX pa3JIMdHbl, Sp COCTOUT W3 OMHON TOYKH W BBEIEHHOE MOHSTHE HE
OTJIMIAETCA OT CTAHIAPTHOrO onpesneienus mukcena. C npyroit cTOpoHbI
9TO ONpEIEIEHUE TIO3BOJISIET HAM TOBOPUTH, YTO BCE OCOOBIE TOUKU JIIO0OMH
(PYHKITUHA COCTOAT POBHO M3 OTHOM sTI€HKM, 9TO B JAJTHHEHIIIEM OKAaKeTCsI
OYeHDb YIA0OHBIM.
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PaccmorpuM mociiefoBaTeibHOCTS Beex staeek u3obpakenust P = { Py},
YIOPSITOYEHHYIO TIO BO3pacTanuio 3HaueHus Gyrkmuu f. Mbr Oymem, mo-
CTIeIOBATENIBHO Mepebupast 3JeMeHThI MOcie0BaTeapHocTr P, mpucsan-
BaTh MM HOMepa OACCEHOB, KOTOPBIM STYEHKU TPUHAIJIEKAT, WA [TOMe-
9aTh TOYKM, KAK TOYKHU BOIOPA3AELIOB. Ecau 3aHyMepoBaTh MHOXKECTBO
AYEEK C JIOKAJbHBIM MUHAMYMOM [ B IMODPSIIKE BO3PACTAHUS 3HAUCHUS
dbyHKIMY B g9eiikax, TO HOMep Oacceiina OyaeT paBeH HOMEpY sSYeiiku B
MOJTY IUBIIEHCS MOCTeI0BATETbHOCTA. ByeM 0b03Ha9aTh COOTBETCTBYIO-
LLYIO MOCJIE0BATENbHOCT MUHUMYMOB {m;}. Omumiem anropurm 6Gosiee
TOAPOOHO.

WN3HagaabHO pacCMOTPUM IEPBYIO STIeiKy MocaenoBaTeIbHoCTH P, DT1a
siueiika sBJISeTCs TEPBBIM MUHIMYMOM B TTOCJIEIOBATEILHOCTH {1m; } 1 MBI
npunmuiieM P; Homep 6acceitra 1. lanree, mepebupas aueiiku Py, MbI KaxK-
JBIA pa3 OyaeM CTaJKUBATHCI C OJHON M3 CAELYIONTNX CHTYAIIHi:

1) y aueiiku Pj Her 3aHyMepOBaHHBIX cOCElell. DTO 3HAYUT, Y4TO BCE
cocenHme s9eiky UMEIOT DoJibiiee 3Hadenne ¢yuknuu, em Pj. Cremo-
BATEJBbHO Pj sIBJISETCS MUHUMYMOM U MBI IPUCBAUBAEM €My HOMED COOT-
BETCTBYIOIIETO MHUHUMYMA;

2) y aueiiku Py, ecTb POBHO OJJMH 3aHYMEDPOBAHHbII COCEJI HJIM HECKOJIb-
KO cocenieil ¢ OMMHAKOBBIM HOMEpOM bacceifta. 1o 3Hadut, 9ro Pj npu-
HAJJIEKUT DACCEHHY C HOMEPOM COCEIa. JTOT HOMED MBI €My M IPHUCBa-
HUBAEM;

3) y aueiiku P eCcTh cocequ XOTsl ObI ¢ ABYMsI PA3IMIHBIMU HOMEDAMH.
B sroMm cydae Mbl moMedaeM, 9T0 Py IpHHAIIEKAT BOAOpa3aeny. byzem
HA3bIBATH TAKKE TOYKU TOUKAMU KOMOUHUPOBAHHO20 8000pa3dena.

Bo Bcem BbIIIeCKa3aHHOM €CTh TOJIHKO OJHA TOTPEITHOCTD — HEMOHAT-
HO, HOMep Kakoro facceiiHa (MaM — KaKWX) MPUIHCHIBATH TOYKE BOJIO-
pasnena? Ormerum, OAHAKO, UTO [jisi (DYHKIIMH, MPUBEIEHHON BBIIE B
KavyecTBe MpUMepa, HE3aBUCHMO OT 3TOI0 BOJOPA3IENbI, MOy IeHHbIE 110
9TOMY OIpPEEeHII0 COBIAIAIOT C BOJOPA3IETaMU, IOy IeHHBIMEI HA OC-
nopauuu Omupenenenns ckarbiBanus 1. Hanbosiee mpaBrjibHBIM KayKeTCs
MO/IXO/T TIPA KOTOPOM siYeiiKe TTPUMUCHIBAIOTCST HOMEpPA Cpa3y BCEX COce-
neit. Torma mobast odepenHas siaeiika Pj,, MMEIONIH# CBOUM COCEIOM TOY-
Ky BOJOpasiena P, aBTOMATUYeCKH CTAHOBUTCS TOYKON BOJAOPA3IeIa, TaK
kKak y P, ecrb He menee maByx nomepoB. Ho ma ga3bike Omnpenenenus 1
9TO O3HAYAET, YTO ECJIH Mbl MOXKEM CKATHUTbCS B TOUYKY BOJIOPA3IETa U3
Py (k > I, cienoBarensio fi = f1), 70 Py OPUHALIEKUT BOJOPA3IEIY.
Teneps, eciu MBI JOKAXKEM, YTO BCE CEIJIa TPUHAJIEIKAT BOIOPA3IELTAM,
TO TOJIYYUM, 9TO BOmOpa3aesa MakCcBesia TPUHAIEKUT KOMOMHUPOBAH-
HOMY BOJIOpa3esy B ciydae Ucrnoiab3oBauusa Ompeesenns CKATHIBAHUS
1. K coxkanenuio, ato He Bepro. Cejio Ha CIeIyIOMEM MPUMEpPe CO 3Ha-
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geHneM (DYHKIUA 5 TPUHAIIEKUT TOJBKO OITHOMY KOMOWHMPOBAHHOMY
BOJIOpa3/ey MUHUMyMa €O 3HadeHueM 1.

OO D
N Wk O
= o Ut O
N Wk O
OO

6 6 6 6

OnHako, eciv MbI BOJIEBBIM 0OPA30M IPUITHIIIEM BCEM CEeJJjIaM TIepe.t
OPUMEHEHHEM aJIFOPUTMa HEKOTODBINH HeCymlecTBYOmuil HoMep (Hampu-
mep —1), TO JIerKO BUJETh, 9TO [0 JOCTUKEHUH JF000r0 Cejijia OHO aBTOMAa~
TUYECKU CTAHET TOYKON BOIOpPA3IeIa U B 9TOM Cirydae Bomopasaen Makc-
BeJIJTa, TIPUHAJIEKUT KOMOWHUPOBAHHOMY BOmOpasseny. bymem B 3TOM
cIydae Ha3bIBATh BOIOPA3IE] MOAMMDUIMPOBAHHBIM KOMOUHUPOBAHHBIM
BOJTOPA3IEIOM.

C apyroit croponbl, Hamw4ane y Pj, cocezieii ¢ IByMs pa3jndHbIMUA HO-
MepaMmu (J1azKe ecd 9TO OJWH COCeZ, C ABYMs HOMEDAMHU) O3HAYAET, YTO
U3 3TOol TOYKM MOXKHO ckaruThes (110 Oupenesennio 1) B 1Ba pasinIHbIX
MuHEMyMa. llomydaem, 4aro BepHA

Teopema 2. IIpu ucnosvsosaruu Onpedeserus 1 KOMOUHUPOBAHHBLE
sodopaszdesv, npurnadsescam eodopasdensam Maxceeara. Moduduyuposan-
Hble KoMOUHUposarHsie 60dopasdesv, coenadatom ¢ eodopasdesamu Maxc-
8ENNG.

7. CxkaTue n300parkeHUil ¢ UCIOJIb30BaHNEM €ro CTPYKTYPHBIX
JINHNNA

Paccmorpum 3amady cxkartus “ceporo’ m300pakeHust Ha OCHOBE I0-
CTPOEHHUSA ero CTPYKTYPHbIX jnauil. OTMETHM, 9TO 33/1a49a CXKATUA [[BET-
HBIX N300parkKeHuil CyIeCTBEHHO OTINIAeTCs OT JaHHO#. IIBeTHOe n306pa-
JKeHHe TIPe/ICTaBIgeTcsa Kak (DyHKIH o 3HadenneM B R® (B IpocTpaHCcTBe
RGB — kpacHoii, 3eieH0il u cuneii cocrasjsionux). IIpu 3roMm, He3Ha-
YUTE/IbHBIE MCKAXKEHUsT B KAXKIOW KOMIIOHEHTE MOTYT IPUBECTH K CYIIE-
CTBEHHOMY UCKarkeHuto npera. Crocod MpUBeIeHnst 3TUX TPEeX KOMIIOHEHT
K TPeM OTHOCHTE/IbHO HE3aBUCHMBIM KOMIIOHEHTAM DPeaJU30BAH, HAIIPU-
mep, B ajaropurmax JPEG komupeccun [6] u B mannoii pabore me pac-
CMaTPUBAETCS.

MBI XOTHM BBIE/IUTH B CEPOM H300PAKEHWM HEKOTOPOE MOIMHOMKE-
CTBO sideeK (B OOBIYHOM MOHMMAHUK 3TOTO CJIOBA, T.€. MOIMHOXKECTBO TO-
4yeK u300parkKeHus co 3HadeHneM (DYHKIMHU H300PAKEHUsl HA HEM ), BHAHUS
KOTOPOro ObLI0 6bl JIOCTATOYHO IS YIOBJIETBOPUTEIBHOIO (B KAKOM-TO
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CMBICJIE) BOCCTAHOBJIEHUSI BCEro n300paskenus. ByneMm npesmoiarars, 4To
nndopmarms o ¢popme 061aCTH, B KOTOPOH XPAHUTHCS JAHHOE IMTOIMHO-
JKECTBO M300pPAXKEHUA MOXKET ObITh 3AMUCAHA B JOCTATOYHO KOMITAKTHON
dopme 1 Ha ITO# mpobeMe MbI OCTAHABIUBATHCA He Oyaem. Tak xe me 6y-
JIEM PACCMaTPUBATh BeCbMa BaXKHBII BOIIPOC BBIOOPA OMPeIeIeHNs CTere-
HU OJIM30CTH ABYX W300paKeHWil, aIeKBATHO OTPAXKAIOIIEr0 BU3YaIHLHOE
BOCIIpUSITHE [TOXOXKeCTH n3o0pazkennit. Torga akTyasbHO paccMOTPeHne
aByx 1pobsaem. IlepBag — 3T0 BBIOOP, IO BO3MOXKHOCTH, MHHHMAJILHOTO
MOJIMHOYKECTBA TOYEK, MO KOTOPBIM MOYKHO BOCCTAHOBUTH M300pasKeHue ¢
3aJaHHON TOYHOCTHIO W BTOPAs — CIIOCOO MHTEPIONAINN (PYHKIIANA H300-
PaXKeHUsi MO 3HAYEHUSIM (DYHKIWK B 33JAHHBIX TOYKAX.

Haunewm co Bropoit 3agaun. Mbr umeem yHKIHIO f, OPEIeIEHHY IO HA,
cerke G = {0,... Ny} x{0,... Ny }. Ha obmacru G ompenenera nonobaacTsb
S (10, 94TO MBI paHee HA3bIBAJIM CTPYKTYPHLIMU JIMHUAMU), HA KOTODOUH
dukcupytorca 3Hadenusa f. Bce, 94ToO MBI alpHOpPHO 3HAEM, 3TO TO, YTO
BCE KpUTUYECKME TOUKM [ jexkar Ha S u TO, 4T0 f B KAKOM-TO CMBICJIE —
rnagakas Gyskus. [IpuaeM mepBoe yTBEpKIEHNE BEPHO TI0 MOCTPOEHUIO
CTPYKTYPHBIX JIUHUN S, a BTOPOE SBJISIETCS, CKOPEe, MPaBIONOI00HBIM
npeamnonoxerneM. [Ipocreiimeit GyHKINEH, yIOBICTBOPAIONIEH TaHHBIM
HOXKeJIaHUAM aBigeTcd QyHKIus, yaoBiersopsiomas id (i,75) € G\S
ypaBHeHuIo —4u; ; + Ui—1,j + Uit1,5 + Ui j—1 + U541 = 0.

Samava HAXOXKJIEHUsT TAKOW (DYHKIMM XOPOINO W3BECTHA B YMCJICH-
HBIX METOJAX DEIIeHUs YPABHEHU B 4ACTHBIX IPOU3BOIHBIX (HAIIPUMED,
[1], [14]). B HempepbIiBHOM Cily4ae ee aHAJIOIOM SIBJISETCS PAPMOHUYECKAs
dyukuuma (cymma BTOPbIX YaCTHBIX IPOU3BOIHBIX 110 BCEM HAIPABJICHUSM
pasua 0). TokazaHo, 94T0 B JaHHON 3aja4e Takasd (PYHKUUSA CYLIECTBYeT
U €IMHCTBEHHA. DTO SBJISIETCS HEIMOCPEJICTBEHHBIM CJIEICTBUEM MTOJIOXKU-
TeJILHOW OIpe/esIeHHOCTH oreparopa A, 3a/71aBaeMoro Ha OrpaHUYeHHON
nozobJiacTu §2 MPSIMOYTOJIBHOM CeTKU CJIEAYIOIMM 00pPa3oM:

(Aul)ij = 4uij — Uim1,j — Wit1,j — Ui j—1 — Wi j+1
u|an =0

Jlerko mokazaTb, YTO AJId MOJIYHAIOIMIEHCs CHCTEMBI JIMHEHHBIX yDaB-
HEHWIi B pacCMaTpUBaeMoil 3a/1aue BEePeH MPHUHIMI MakcuMyMa (T.e. Bce
9KCTpeMyMbl nostyvaroieiica dbyukiyu jexar Ha S). B ykazauubix pabo-
Tax JI0KA3aHa CXOAUMOCTH ITPOCTEHIIErO UTEPAMOHHOTO METO/IA, PEIIeHU s
MOJTy 9€HHOM CHCTEeMbI JIMHEHHBIX ypaBHeHu — Merona 3eiinesns. Onun u3
ero HanboJiee yIOOHBIX BAPUAHTOB HOCUT HA3BAHWE WALMAMHO20 MEMOJa
3etidess, omHa UTEpalusi KOTOPOTO COCTOUT U3 JIBYX IArOB.

Paccmorpum pasbuenue obnacru G\S Ha 1Ba MHOMXKECTBA TOYEK Sy =
={(4,7) € G\S | i+j — gerno} u S1 = {(i,7) € G\S | i +j — HedeTHO}.
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Jlerko BuaeTh, 9TO TOUKM Sy M Sy J€KAT APYT OTHOCUTEHLHO JIPYra B
mraxMaTHOM mopsiake. Ilycrh B Haua/e aJropuTMa 3a,1aHbl HEKOTOpbIe (Ha-
npumep, HyJesble) 3nadenud Gynkuuu v Ha Sq. g Kaxaoi toukm S
BCE ee YeThIpe coceia IpuHaIexkar mbo S, mubo S, TO Ha MEPBOM MIare
aJITOPUTMa, MBI MOYKEM M0 3HaUeHusIM (DYHKIMK Ha S1 U HA .S, UCITOIB3Y s
dbopmyny wi; = (wi—1,j + Wit1,j + Wij—1 + Wi j+1)/4, TOIyINTH 3HAte-
aua Gysxmyn Ha Sy. [Ipn aToM, Bee moMyvYaeMble 3HAUEHNS U; ; 3aBUCAT
TOJILKO OT 3HadeHuit GpyHKImM Ha S1 U HA S. AHAJIOrMYHO, HA BTOPOM
mare Mo 3uadeHuaM (GyHKnuun Ha Sg U Ha S, HCIOIb3ys Ty )Ke (opmyiry,
moJsiygaeM 3Hadenus (PyHKIUH Ha S7.

WrepainoHHBII METO/, CXOIUTCS C TEOMETPUIECKON CKOPOCTHIO CXOIH-
MOCTH, 3aBUCAIIEH OT IUCJIa TOUEK B pacCMaTpUBaeMoil 00aacTu u ee pop-
MblI. B ciaydae m3o0paxkenus, (pyHKIHS, KaK MIPABUIO, IPHHAMAET TOJIBKO
[EJIOYUCIEHHBIE 3HAYEHUS, MTOITOMY AJTOPUTM MOXKHO BECTH JI0 MOMEH-
Ta, KO OYepeqHas UTepalys MeTO/Ia He H3MEHSeT HU OJHOrO 3HAYEHUS
byHKIIT U.

st yckopeHust paboThl TPOrPAMMBI MOXKHO TTPUMEHSITH 00JIee CJIOMK-
HBIE AJITOPUTMBI DEIIEHUS MOJIy9aeMOM CHCTEMbI JTUHEHHBIX yPABHEHWUIA,
TaKWe KaK METOJ COMPSKEHHBIX I'PATUEHTOB WJIM K€ METOJbI TOYHOTO
pellleHns CUCTeM JMHelHbIX ypaBuenuil (Hanpumep, meron Laycca). Ilpu
9TOM, BBIOOD METOA TOJI?KEH 3aBUCETH OT YHCJIA TOYEK U (DOPMBI KaXK IO
CBSI3HOM TOI00JIACTH, B KOTOPOI permaeTcs 3a1a9a.

Paccmorpum Temeps Bompoc BbiOOpa obsactu S. Mbl ommcasau Cro-
cOOBI BBIZE/EHUA CTPYKTYPHBIX JUHHH KakK “Hambosee BayKHBIX TOYEK
n300pazkeHns, HO 3TO, 6€3yCIOBHO, HEe OOECIeYnBAET HAEPe 3aJaHHOMN
TOYHOCTH BOCCTAHOBJICHWsT (DYHKIMH 10 €e 3HAYEHUSIM Ha CTPYKTYPHBIX
smansgx. C apyroit CTOpOHBI, CTPYKTYPHBIE JIMHUK U300PAKEHUs COIEP-
KT, KaK MPABUJIO, OOJBINOE KOJIMYECTBO TOUYEK, HE 00A3ATEIbHBIX I
BOCCTAHOBJICHUSA (DYHKIUU. UHUCIO0 TOYEK B CTPYKTYPHBIX JTHHUIX MOXK-
HO YMEHBIIUTh, TPUMEHSsT PA3JIUIHbIE BADUAHTHI CIJIAKUBAHUS U300pa-
Kennsg. ECTeCTBEHHO, YITO MPH 3TOM BMECTE C MPOIECCOM “YMEHbIIeHUST
uu “ympolreHus’ CTPYKTYPHBIX JIMHAN WIET MPOIect ux cmernenns. s
mpuMepa paccMoTpuM udpoByI0 Moaeab qHa deproro mops. [Ipusemem
npuMep ero KOMOMHUPOBAHHBIX CTPYKTYPHBIX JTUHUI (§6 1pu UCIOIB30Ba-
auu Onpejiesienns CKATbIBAHUS 3) U CTPYKTYPHBIX JIMHUI s PA3JIMIHBIX
cTelneHell CryiazkuBaHus W300pakeHus (MEeTOJ CrUIa’KUBAHUs IPUBOJUTCH
nanee). st KaxKJI0ro Ciydas yKa3bIBAETCd — CKOJIBKO MPOIEHTOB TOYEK
00JIACTH OTHOCSTCS K CTPYKTYPHBIM JIMHUSM U KAKOBA TOYHOCTH BOCCTA-
HOBJIeHUs] (DYHKIIUU 1O HUM.

IIpuBemem amropuT™, KOTOPBIt KOMOMHUPYET CTPYKTY PHbIE JTHHUN U300~
paskeHwi, MOy IeHHBIX B PE3yIbTATE PA3JIUYHBIX CTEMEHEH CriaaKuBAHUS
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HCXOMHOTO m300parkenusi. MHOXKECTBO TOUEK, MMOJTYIEHHBIX B PE3yJIbTATE,
MBI Oy/IeM Ha3bIBATH O000OULEHHBLMU CIMPYKMYPHOIMYU AUHUAMU. Bynem
CTPOUTH WX IO IIMAaraM.

Ha mepsowm miare paccmarpuBaercs n300pakeHne MaKCUMAaJIbHON cTe-
[EHU CIJIAYKUBAHUS, €r0 CTPYKTYPHBIE JIMHUU HA30BEM TIEPBOii uTeparneit
00ODIIEHHBIX CTPYKTYPHBIX JIHHHA.

Jlaiee, Ha, KaXKIOM 7N-TOM IITare pacCMaTPUBAETCS MPEIbIAYINAsS HTePa-
1ust ODOBIEHHBIX CTPYKTYPHBIX JINHUI, pa3buBaomas G Ha Momo0IaCcTH.
Byaem HasbBaTh 3TU HOA00IACTH YOOBAEMBOPUMEALHbIMU, ECIH (DYHK-
I[[{s1, BOCCTAHOBJIEHHAS B 3TO MOM00JACTH MPUBEIEHHBIM BBIIIE CIOCO-
6om smocraroyHo Oau3Ka (B HEKOTOPOH HOpME) K UCXOAHOH (DbYHKIMU U
Heydosaemeopumesvholmu — uaade. QOODIIEHHBIE CTPYKTYPHBIE JTUHUH
HA JAHHOW UTEPAINN CTPOATCS KaK 00beIuHeHne 0O000IIEHHBIX CTPYKTY -
HBIX JINHUU TIPpeAbIAylIeid nTepalud U CTPYKTYPHbBIX JUHANR JAHHOU cTere-
HU CrUIaKuBaHus (MEeHbIIell, 9eM UCIOJIb30BAIaCh PAHee), B3ATHIX TOJILKO
HA HEYIOBJIETBOPUTEIBHBIX TOI00IACTSIX.

Ecnu, mocyie mobapieHus CTPYKTYPHBIX JIMHUI WCXOAHONW (BYHKIIAU
(crnaxkusanue = 0), OCTAIUCh HEYIOBJIETBOPUTEIbHbBIE MOM00JACTH, TO
[IPOIIECC MPOIOIPKAETCS, IIPH 3TOM BMECTO CTPYKTYPHBIX JIMHHUM HCXOTHON
dyHKIMN 6€PyTCa CTPYKTYPHBIE JTHHUN PA3HOCTH UCXOTHON (DYHKIUH U
BOCCTAHOBJIEHHOW HA MPEIbLIYIIEM IIare.

Jlerko BUIETH, 9TO B MOCJEIHUX UTEPAUSIX TOUYKH C MAKCHMAJBHON
OMMOKON TPUOJIMAKEHUs TTOTAIAI0T HA CTPYKTYPHBIE JIUHUU, T00aBIsie-
MbI€ HA CJIEAYIONIEH WTepaluu, TOITOMY JJTsi JII000 Hamepes 3aJIaHHOM
TOYHOCTH HA HEKOTOPOU UTEPAIMH MbI OJy9IUM ODOOIIEHHDBIE CTPYKTYP-
HBIE JIMHUH, [T0 KOTOPBIM MOYKHO BOCCTAHOBUTH (DYHKIIUIO C ITOM 33 IaHHON
TOYHOCTHIO. B KpaiineMm cirygae, eCiu HaM OYeHb He MOBe3eT, 0000IIEHHBIE
CTPYKTYpHBIE JINHUU OyIyT COBIAJIATHL CO Bceil obiacThio G.

ITocTpoum 000bIIEHHBIE CTPYKTYPHBIE JIMHUU M300parkeHus. B kawue-
CTBE OIHOI WTEpaIH CIJIAXKHUBAHNA Oepercs CBepTKa (PyHKIHH n300pa-
Kenuda ¢ pyHKIHei

O o= O
0l N[~ ool
O o= O

s w3bexxkanus KpaeBbix 3(MHEKTOB BMECTO UCXOMHON (DYHKIMU MOMKHO
paccMaTpUBATh €€ MEPUOINIECKOe MPOIOJIKEHNE BO BCE CTOPOHBI.

B cny4ae 60bInx n300parkeHni J71sT CHIBHOTO CIVIAKUBAHUS TOH00-
HBIM 00pa30oM TpedyeTcs MOBOJBHO OOJIBIITOE KOMHYIeCTBO mrepanmii. Ha
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Puc. 3.1. lludposas Mmomens aHa Puc. 3.2. CrpykrypHble TuHIN

Yepuoro mMops
Crp. munnu 3anumaior 33% obsactu; TounocTs BoccT.=1.3%

Puc. 4.1. Crinaxennoe nzobpaxe- Puc. 4.2 CrpykrypHble JIMHUN
ure (20 mrepargmii) CIVIAZKeHHOT0 N300parkeHust
Crp. manun Sarmmator 10% obmactm; Toarocts BoceT.=—9.4%
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Puc. 5.1. CriraxxenHoe nzobpaxke- Puc. 5.2 CrpykrypHble JIUHUN
ure (40 urepanmii) CIVIaZKeHHOT'0 M300parKeHust
Crp. muanm Sarmmator 8% obmactu; Tounocts BoceT.=—12%

CaMOM JIeJie, U3BECTHO, YTO C MOMOIIbLIO Tpeobpasosanus Pypbe (ObICTPO-
ro npeobpasobanus Oyphe — B CIyuae KOHKPETHOH peaju3alium), nojao06-
HOE CTJIAKUBAHUE MOXKHO OCYIIECTBIIATH C YUCIOM apuPMETHIECKIX OTIe-
panuii, He 3aBUCAIIIM OT HEOOXOJUMOrO KOJUIECTBA TPUMEHEHHH CBEPT-
ku. HeiictBurenbHo, mpeodbpaszoBanne Pypbe OT CBEPTKH ABYX (DyHKIHi
ecTh ITpou3BeeHue mpeodbpasosannii @ypre oT Kaxk 1o dyuknuu. Torma
npeobpasosanre @ypbe OT N-KPATHON CBEPTKY OJHON QPYHKIIUN C HEKOTO-
poit apyroit ecTh mpousdBeaeHue npeodbpazoBannsg Oypbe ucxomHom GyHK-
IUH B N-TOM cremenu mpeobpasosanus Oypbe sropoit. Ilpm sToMm wTmcso
apudmernyeckux onepauuii nponopiuonanbuo (M log M)(N log N), rae
M, N — pa3mep KapTUHKH.

Jlasiee mpuBeIeHBI TPUMEPBI 000OIIEHHBIX CTPYKTYPHBIX JIMHUM ©300-
paxKeHusi ¥ U300paKEHUil, BOCCTAHOBJIEHHBIX MO HUM. JIJIs KaxKI0r0 CiIy-
Jast YKa3bIBAETCST — CKOJIBKO ITPOIEHTOB TOYEK 00/ IACTH OTHOCATCS K CTPYK-
TYPHBIM JIHHUSIM U KAKOBA TOYHOCTH BOCCTAHOBJIEHUs (DYHKIUU 1O HEM
(yKazaHa OMHOCUMEAbHASA OWUOKG BOCCMAHOBACHUA = OTHOIIEHUIO lo-
HOPMBI OIUOKK K lo-HOpME (DYHKIIUH).

CremyronuM 3TamoOM SBJISIETCS CXKaTue 3HadeHuil MyHKIuu Ha 0000-
[IEHHBIX CTPYKTYPHBIX JuHUAX. CYIIECTBEHHBIM MOMEHTOM 3/1€Ch SBJIs-
ercs TO, YTO TOYKM HA OOOOIIEHHBIX CTPYKTYPHBIX JUHUSX MOXKHO 3a-
HyMEpPOBATH TaK, YTO OOJBIIHHCTBO W3 COCEIHUX YJIEHOB TOJIYIUBINEHCs
MOCTEIOBATEIBHOCTH OYIyT COCEIAMU HA N30DPAKEHHUH, T.6. 3a7a49a CBO-
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Puc. 6.1. OGobGieHHbIE CTPYK- Puc. 6.2. Uzobpaxenme, BoC-
TYpHbIE JIMHUW  CLJIAYKEHHOTO CTAHOBJIEHHOE MO ODODIIEHHBIM
n300parKeHus CTPYKTYPHBIM JINHUSM

Crp. mmann Sarnmator 7.8% obmactn; Toanocts BoccT.=12%

Puc. 7.1. OG6obieHHbIE CTPYK- Puc. 7.2. Uzobpaxenme, BocC-
TYpPHBbIE JIMHWUM  CLJIAYKEHHOTO CTaHOBJIEHHOE II0 ODOOOIIEHHBIM
U300parkeHus CTPYKTYPHBIM JIMHUSIM

Crp. mmann 3aanmator 14% obmacrm; ToarOCTH BOCCT.=6%
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Puc. 8.1. OG6obieHHbIE CTPYK- Puc. 8.2. Uzobpaxenue, BocC-
TYpHBbIE JIMHUW  CLJIAYKEHHOTO CTAHOBJIEHHOE MO ODODIIEHHBIM
n300parKeHust CTPYKTYPHBIM JITHUSM

Crp. muanm 3aanmator 18% obmacrm; ToarocTh BoccT.=4%

JUTCS K CKATHIO IUCKPETHON (DYHKITUK OTHOM IMepeMeHHOIA.

MpbI paccMOTPHUM TOJIBKO OJIMH TIOAXOJ, K CXKATHIO (PYHKIIUN HA CTPYK-
TYPHBIX JIUHUSX, sBstonuiics anajgorom JPEG-cxkarus. B crammapraom
anropurme JPEG-cxkarTust obmacts onpeenerus GbyHKINA W300parkeHns
G pasbuBaercs Ha KBaaparbl (8 X 8), B KaxKJ0M M3 KOTOPBIX IIPOU3BO-
auTcsa cos-peodbpasoBanme @ypre. Bee mamenbkue K03IMPHUITMEHTHI Pas3-
JIOYKeHHUsT OTOPACKIBAIOTCS M OCTABIINECS KOI(P(DUIIMEHTHI HCIOIb3YIOTC
misi coxpanenus wHdopmanuu o dbyaknuu. [Ipu 3TOM HCIoOIB3yeTCs TO,
9TO OIMKUOKA B [o-HOPME, BHECEHHAS B KOI(D(DUITHEHTHI PA3TIOKEHUST PABHA
omwubKe, BHOCUMOM TTPU 3TOM B MCXOTHYIO (DYHKITHIO.

B nammewm ciygae M0OXKHO MPOU3BECTH AHAJIOTUYHY IO TIPOIETYPY C HEKO-
TOPBIM AomoTHeHneM. Pa3obrem 061acTs onpenesienust (DYHKIUU HA, KBA-
parel pa3smepa K. [l Kaxka0ro KBaJapara PaCcCMOTPUM CTAaHIAPTHBIN
mporecc oproroHaau3anuu GyHKIUA cos-6a3uca @Pypbe HA MOHO0IACTH
JAHHOrO KBaJpaTa, oOpa30BAHHONW €ro ImepeceveHneM € ODOOIIEHHBIMN
cTpykrypHbIMEU JuHEIME. [loyynm 6a3uc Ha mepecedeHnn Kax a0ro KBaJl-
paTa co CTPYKTYPHBIMU JIMHHAsIMA. Ha ero ocHOBe TpPOBEIeM B TOYHOCTHU
TOT K€ TPOIECC, KOTOpbI ucmosb3dyercs B JPEG-kommpeccuun. Otme-
tuM, 9T0 B ciaydae JPEG-komnpeccun mpowseoauTcs masbHEiiee cxka-
THe OCTaBIINXCA KodddumuenTos. JaHHbIi BOIPOC B paboTe HE paccMaT-
puBaeTcs.
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Puc. 9.1. Boccranosienune n300-
paxkenusi mo vacTu Kodbduru-
€HTOB DPA3JIOKeHUs (DYHKIIUUA HA
crpykT.iuausAX (9.4%K-TOB)

Puc. 9.2. Boccranosienue n300-
pakeHusi MO YacTu Ko3h UIm-
€HTOB Pa3/IoKeHus (DYHKIUUA HA
crpyKT.anHEESAX (5.1%K-TOB)

Puc. 9.3. Boccranosnenue n306-
paxkenusi mo vacTu Kodbduru-
€HTOB Pa3JIoXKeHus QPYHKIUA Ha
crpykr.jnHugx (2.8%xk-ToB)

Puc. 9.4. Boccranorienne n306-
pakeHusi MO YacTu Ko3h UIm-
€HTOB pa3iioyKeHus (QYHKIUH HA
crpykr.aunugx (1.5%k-ros)
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B kadecTBe 3KcrnepuMmenTa, n3obparkeHne pa30MBAIOCH HAa KBaJpaThl
co croponoit 10 Touek. O6OOITIEHHBIE CTPYKTYPHbIE JIMHUU ObIITH B3SITHI N3
Puc. 8.1. Ha pucynkax npe/icraBieHbl n300pazkeHn s, BOCCTAHOBJIEHHBIE 10
YKa3aHHBIM CTPYKTYPHBIM JIMHUAIM C MCIOJb30BAHUEM yKA3aHHOIO YUC/IA
K03 punmenToB pa3okenus GYyHKIUU Ha CTPYKTYPHBIX JUHUAX (yKa-
3aHO MPOIEHTHOE COOTHOIIEHUE YUCIA KOIMDMUIMEHTOB 1O OTHOIIEHUIO
K obrieMy 4mcity Touek objacru). st KaxkI0ro u300paykeHus: yKa3aHa
OTHOCHTEJIbHAs OIMMOKA BOCCTAHOBJIEHUS B lo-HOpPME.

Lt corydasi MCIOIb30BAHUA PA3IOXKEeHusA (PYHKIMH HA BCei 00acTH
(JPEG-cxkarue) coorBercrBytonme uudpbl cxkarus pasubi: 4.3, 2.4, 1.9,
1.0, cooTBeTCTBEHHO. 3aMETHUM €Ile Pa3, UTO JAJbHENIee CXKATUE TOJTY-
YeHHBIX KOI(MPUIMEHTOB HE PACCMATPUBAETCS B 000UX CIIydasiX.
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