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Abstract—For billiard system on each piecewise-planar table with permutations (billiard book)
consisting of elliptic disks and annuli, its Fomenko—Zieschang invariant or marked molecule (Reeb
graph of the foliation equipped with numerical marks and types of non-degenerate singularities
called Fomenko 3-atoms) is calculated. Thus, integrable billiard systems with 2 degrees of freedom
from this class are classified in their non-singular energy zones up to Liouville equivalence. An
algorithm is presented which is implemented in software and calculates this invariant starting from
combinatorial data of the billiard table and its permutations.
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1. INTRODUCTION
1.1. Topological Approach to Integrable Hamiltonian Systems

The topological properties of invariant phase submanifolds of finite-dimensional Hamiltonian sys-
tems with first integrals have been studied by various authors since the famous paper [1] was published
by Smale. In particular, it was devoted to applying the Morse theory to bifurcation analysis of such
systems.

For Hamiltonian systems, the topological approach was developed in the works of A.T. Fomenko and
his scientific school; see monograph [2]. An analogue of the Morse theory for such integrable systems
(Morse—Bott theory) was constructed [3, 4] and typical non-degenerate singularities of Liouville
foliations of such systems were described applying this theory. Then, in the case of two degrees of
freedom, a classification of Liouville foliations on nonsingular three-dimensional energy levels (isoenergy
surfaces) was obtained with up to two equivalence relations: Liouville equivalence and rough Liouville
equivalence.

The first equivalence corresponds to the fiber-wise homeomorphism of Liouville foliations, and the
second one corresponds to the homeomorphism of bases, lifted in the neighborhood of each point
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of the base to a fiber-wise homeomorphism of the foliations themselves. Classilying invariants were
constructed: Fomenko—Zieschang invariants [5, 6] (marked molecules) and Fomenko invariants [7]
(rough molecules). The latteris a finite Reeb graph of the foliation whose vertices correspond to singular
fibers and whose edges correspond to families of regular Liouville tori. Each vertex is equipped with a
type of nondegenerate semilocal singularity of the foliation (3-atom). Such singularities were classified
by finite Oshemkov f-graphs [8] whose vertices have degree 3 or 2.

The numerical marks that are added to a rough molecule to construct a marked molecule encode
gluing diffeomorphisms of boundary tori of edge-adjacent pairs of 3-atoms and are rational numbers.
In other words, the invariant has a discrete (combinatorial) nature and admits the problem of their
algorithmic calculation for a certain class of systems. We also note that each value of the invariant
corresponds to some integrable system with such a Liouville foliation in a nonsingular energy zone [2,
Vol. 1, Ch. 4], i.e., the realization theorem is true.

Note that all 3-atoms arising in the systems studied in this paper are of the direct product type, i.e.,
they are fiberwise homeomorphic to the direct product of the circle S' and a two-dimensional fibered
base called 2-atom. An elliptic 2-atom corresponds to a foliation of the level lines of a function in the
neighborhood of its nondegenerate (Morse type) minimum or maximum. A saddle 2-atom corresponds
to fiberwise homeomorphism class of a neighborhood of a singular level of a smooth function on a two-
dimensional surface that has a finite number of critical nondegenerate (Morse type) saddle points on it.
This singular fiber is homeomorphic to a graph with vertices of degree 4 embedded in a two-dimensional
orientable surface. Regular levels of the function close to the singular one are homeomorphic to a circle
or their disjoined union.

On the boundary tori of 3-atoms, pairs of non-trivial cycles are chosen. Such pair is called an
admissible basis. One of them (the cycle A) is determined uniquely, the second one (the cycle u) is
chosen up to adding % cycles A. For elliptic atoms A, the cycle A is contractible in the solid torus, and
the cycle p is homologous to the critical circle of the 3-atom. For saddle 3-atoms, the cycle A is a regular
fiber of the Seifert fibration of this 3-atom (it is homologous to each critical circle of the atom if the Seifert
fibration of 3-atom does not have special fibers). Set of cycles u for a saddle atom of the direct product
type can be continued inside to a section of the 3-atom, forming a saddle 2-atom.

The direction of one of the cycles (u for atoms A, and A for saddle atoms) is determined uniquely by
the direction of the vector field sgrad H (recall that on a non-singular isoenergy surface Q* we assume
d H # 0). The direction of the second cycle follows from the orientability of @3 (and all 3-atoms it
consists of) and the orientation of the triple A, z and the outward normal to the boundary torus of the
3-atom in Q3.

We direct the edges of the molecule in some way (hereinafter, the edges incident to atoms on the
focal fiber will be directed towards it, and the rest edges—in ascending order of the billiard first integral).
Then the admissible basis, chosen on the torus of the atom corresponding to the final vertex of the
directed edge, is expressed through admissible basis, chosen on the torus for the atom of the initial

vertex, through the integer gluing matrix C; = % P . Its determinant equals —1. For each edge of
Yi i
the graph, we calculate numerical marks r = r;, € = g; from matrix C; on the edge:
@i :
. 7 mod 1 € Q/Z, iipB; #0, sign B;, i B #0,
i = ' E?: — . .

Cutting the molecule by each edge equipped with a finite mark r # oo, we obtain several connected
fragments. Such a fragment is called a farmily if it does not contain an atom A, i.e., all its atoms are of
the saddle type. Seifert fibractions of atoms of a family have homologious fibers not contractible in Q3.

For each family following integer mark n can be defined, where an inward edge is directed from an
outside atom to an atom of the family, outward edge is directed opposite and inner edge connects two
atoms of the family.

[i/Bi], ile;isanoutward edge,
n= Z ©;, where ©;=q[-6;/B;], ile;isaninward edge
: [—7i/ci], ife;is aninner edge.
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The Fomenko and Fomenko—Zieschang invariants were previously calculated for many concrete
systems of mechanics, including the Euler, Lagrange, and Kovalevskaya tops [9, 10], the Steklov system
and the Sokolov system [11], the Goryachev—Chaplygin—Sretensky integralbe case [9, 12], and their
analogues on Lie algebras [13—15]. Each of these systems in a certain energy and parameter zone is
characterized by a specific invariant. In this case, both rather general methods (e.g., the method of loop
molecules [10]) and techniques specific to a concrete system were used. In practice, there was no a
general method for algorithmic calculation of topological invariants.

1.2. Integrable Generalizations of Classical Billiards. Topology of their Liouville Foliations

Although the theory of topological classification was initially developed for smooth and real-analytic
systems, the constructed invariants turned out to be applicable to systems with impacts (reflections),
including integrable billiards on confocal tables (domains).

The phase space of a billiard system on a two-dimensional planar table €2 is four-dimensional and
can be described as a set of pairs (P,¥) with an equivalence relation defined by reflection from the
boundary 9Q. Here P denotes a point of the billiard domain (table), and ¥ € R? denotes the velocity
vector of a material point moving along it. The equivalence relation of pairs (P, 07) ~ (P», U2) is defined
by reflection from the boundary P, = P, € 92 with the following conditions: |#}| = |#2|, the angles of
incidence and reflection are equal. Having fixed a nonzero length of the velocity vector, we set it equal to
1 without loss of generality. Then, the system will be restricted to a three-dimensional isoenergy surface
denoted by Q3. We define the projection  of this surface (as well as the level surfaces of the first integral
A on it) onto a billiard table € by the following formula: h(z,v) = .

Examples of integrable billiards are the systems on confocal domains with a piecewise smooth
boundary consisting of arcs of quadrics with common foci. Such quadrics form a one-parameter family
with parameter A < a:

b=XNz?+(a=Ay? = (- N(a—N). (1)

Here 0 < b < a are fixed parameters of the family, defining the major and minor semi-axes of the ellipse
A = 0 and therefore fixing the distance between the foci of the quadrics. For A < b the quadric is an
ellipse, forb < A < aitis a hyperbola, and the values A = band A = a correspond to degenerate quadrics:
the axis Oz (containing the foci of the quadrics, it is also called the focal axis) and the axis Oy, which is
the point-wise limit of the left and right branches of the hyperbolas for A — a — 0. The left and right foci
of the family will be denoted by F} and F, respectively.

The value of the first integral A = v2b + vla — (v,y — vyx)? at the point (P,v) = (z,y,vs,vy) of the

phase space M* is equal to the parameter A of the quadric which is the caustic of the trajectory. The
latter means that each link of the trajectory, passing through the given point (z,y) € Q in the given
direction (v,, v, ), is tangent to this curve. Note that the degeneration of a family of confocal ellipses and
hyperbolas, for example, into a family of confocal parabolas or concentric circles and their radial rays also
preserves integrability (but can change the degree of the polynomial in variables v, and v,).

An important series of recent works is connected with the proof of various versions of the Birkhoff
billiard conjecture on the integrability criterion for a billiard in a two-dimensional domain. For example,
under the assumption that the integral is polynomial in momenta and the metrics on the domain to be of
constant curvature, the conjecture is completely proved in the works of Bolotin [16], Byaly and Mironov
[17, 18], Glutsuk [19]. Namely, for a domain with a metrics of constant curvature and a piecewise smooth
boundary, the only integrable case appear when boundary arcs belong to confocal quadrics (or some
admissible geodesics, in individual cases).

The topology of Liouville foliations of confocal billiards on planar tables was studied by Dragovich
and Radnovic [20], and also by Vedyushkina (Fokicheva) [21, 22]. In the restriction to a nonsingular
energy level, only a finite number of billiards with Liouville nonequivalent foliations (i.e., having different
Fomenko—Zieschang invariants) exist. At the same time, in contrast to the class of all integrable
systems, for billiard systems a natural projection of the phase space onto a table (domain) whose
dimension is the half of the dimension of the phase space is defined, which significantly simplifies the
description of the foliation and its invariants.
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New generalizations of the class of integrable billiards on planar tables were proposed by Ve-
dyushkina. The table (domain) of such a system is a two-dimensional CW complex, glued from
two-dimensional billiard domains e? (2-cells or sheets of a billiard book) by gluing their common
smooth boundary arcs (1-cells or spines of the book) up to an isometry. Inside a 2-cell, the motion
is determined in the same way as on the corresponding planar domain (it is rectilinear and uniform
between reflections). Such billiard systems and their tables were called billiard books [23]. Its subclass
of domains homeomorphic to two-dimensional topological manifolds (with or without a boundary) were
introduced and classified by Vedyushkina earlier [24] and were called fopological billiards.

When reaching a boundary arc (1-cell of the book), the particle moves from one sheet (2-cell) to
another one according to a cyclic permutation (acting on the set of 2-cells containing this 1-cell in their

boundary): from the sheet e? to the sheet eﬁ(é). For such a table, a projection onto the plane is defined,

under which the 1-skeleton of the complex is mapped to the union of arcs of several plane curves. If
all of them belong to a family of confocal quadrics (1), then the billiard system has the same quadratic
integral A as billiards on planar tables. Each vertex of the CW complex in this case corresponds to
the intersection of two quadrics—and the continuity of the family of billiard trajectories follows from the
commutativity condition on two permutations (composed of cyclic permutations corresponding to 1-
cells) corresponding to these two intersecting quadrics. The tables considered in this paper are simpler:
they are glued from disks and annuli along their confocal boundary ellipses.

Fomenko’s billiard conjecture, formulated in [25], raised the question of possibility to model (realize)
Liouville foliations of integrable Hamiltonian systems in their non-singular energy zones (i.e. on
non-singular three-dimensional isoenergy surfaces) and their singularities using suitable classes of
integrable billiards. Several its statements were proved in recent works by Fomenko, Vedyushkina,
Kibkalo, Kharcheva, and others. In other words, the class of integrable billiards turned out to be “wide”
in the class of all integrable systems with non-degenerate singularities from the topological point of view.

Hypothesis 1 (Fomenko). A wide class of Liouville [oliations and their nondegenerate singu-
larities can be realized by a suitable class of integrable billiards up to the required topological
equivalence:

A: arbitrary Bott 3-atom, i.e., non-degenerate singularities of rank 1,

B: arbitrary base of the Liouville foliation on Q® with such singularities (i.e., arbitrary class
of rough Liouville equivalence of foliations classijied by Fomenko invariants),

C: arbitrary arbitrary class of Liouville equivalence of Liouville foliations on Q* with such
singularities (classified by Fomenko—Zieschang invariants or marked molecules),

D: arbitrary homeomorphism class of isoenergy manifolds Q3.

Obtained results are also collected at the review paper by Fomenko and Vedyushkina [26]. State-
ments A and B were proved by Vedyushkina and Kharcheva (see [23] and [27], respectively). All
saddle 3-atoms of the direct product type and rough molecules with such singularities can be realized
by billiard books which belong to the class By. Books of such class is glued according to the algorithms
of Vedyushkina and Kharcheva from domains of the type By. Such domain is bounded by arcs of two
confocal ellipses and two confocal hyperbolas, and does not intersect the axes Oz and Oy. All boundary
arcs of the sheets of the book of the class By that are not projected onto confocal ellipses, should be
projected only onto arcs of two fixed hyperbolas from the family (1). Thus, nontrivial permutations
(containing cycles of length greater than 1) can only correspond to edges projected onto confocal
ellipses.

The study of the most general statement C is still in progress, but a lot of integrable systems well-
known in geometry, rigid body dynamics, and mathematical physics have been topologically modeled
via constructed billiard books [28—30]. It is also related to the problem of classification of billiard books,
new steps of which were done at [31].

When studying the statement D, I. Kharcheva [32] proved that for an arbitrary billiard book with
commuting permuations, its isoenergy surface Q3 is indeed a three-dimensional topological manifold.
Vedyushkina showed [33] that the class of isoenergy surfaces of billiard books contains, for example,
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arbitrary connected sums of lens spaces and products of spheres S* x §2, not all of which are Seifert
manifolds (all of them belong to the class of Waldhausen graph-manifolds).

A local version of Fomenko’s billiard conjecture [34] was also formulated, assuming the possibility
to model arbitrary value of numerical mark and marked neighborhoods of vertices or edges of the graph
(Fomenko—Zieschang invariant). In the authors’ works, an arbitrary pair of numerical marks r,e on
an edge of some invariant [35] and an arbitrary value of an integer mark n, see [36], on a subgraph
consisting of saddle 3-atoms with homologous to each other and non-contractible in Q? critical circles
(such subgraphs of the invariant are also called families) were realized in invariants of billiard systems.
Also note that A~!-preimage of a family has the structure of a Seifert fibration. Together with the proof
of the statement A, this means that all elements of the Fomenko—Zieschang invariant can be realized
by suitable billiards, i.e., they are not (by themselves) an obstacle to topological modeling via billiards.

1.3. Main Theorem and General Description of Algorithm

In this paper, we solve the following two problems on billiard books glued together from elliptic disks
and annuli.

First, for billiard systems on such books we determine the Liouville equivalence class of their Liouville
foliations (calculate Fomenko—Zieschang invariant). Section 2 of the paper is devoted to the prove of
this result presented by Theorem | and an auxiliary lemma.

Theorem 1. Consider a book glued together [rom several confocal annuli and a nonzero
number of disks, all of which are bounded by confocal ellipses. The Fomenko—Zieschang
invariant of the Liouville foliation of billiard system on this domain has the following form.

e The part of the molecule corresponding to the values X € [0,b), i.e., corresponding to the
subset of Q? consisting of phase trajectories tangent to confocal ellipses, is divided into
two identical parts W. Each of them is obtained from a fixed Fomenko invariant (rough
molecule) with 3-atoms of direct product type (3-atoms without stars) whose minimal
vertices correspond to atoms A, by removing maximal vertices corresponding to the level
x=b.

e Saddle 3-atoms of the invariant located at the focal level A = b are incident to the [ree
edges of different copies of W. Each such atom is of the type B or of the type Cs. If the
trajectories lying on the corresponding connected component of the level surface A =b
pass through an odd number of sheets homeomorphic to a disk, then this atom has the
type of B, and in all other cases its type is Cs.

e The marks on the edges belween two saddle 3-atoms of W are equal tor = oo, e = 1. The
marks on the edges between minimal of maximal atoms A and saddle atoms are equal to
r =0, e = 1. The marks between saddle atoms of focal level A = b and saddle atoms of W
are equal tor =1/2,e = 1.

e The invariant contains the Jollowing subgraphs (families) equipped with marks n: atom
B of level A =0b (mark n = —1), atom Cy of level A =b (mark n =0), and the subgraph
consisting of all saddle atoms of left or right W and the edges connecting them to each
other. For such subgraphs, the mark n = Y [5+], where the summation is over all edges
between atoms of W and atoms lying on the focal level, m; is equal to the number of sheets
homeomorphic to a disk, along which the phase trajectory (belonging to a Liouville tori
corresponding to the edge) moves.

Here [m] denotes the integer part of the number. Recall that each edge corresponds to a family of
regular Liouville tori projected onto the book. In other words, the value of the mark n is determined by
the behavior of trajectories on regular fibers close to the singular one.

The form of the rough molecule and the marks for a part of the molecule W follows from the results
obtained in [27], where this fact was proved for books of the class By. Each such book (without gluings
along hyperbolic boundary arcs) can be uniquely corresponded to a book glued from elliptic annuli,
according to the following rule. To each sheet e; of the original book of the class By we correspond
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an annuli bounded by the same confocal ellipses. Permutations on edges remain the same. On each
connected component of the preimage A=1([0,b — €]) the Liouville foliation of the new book and of
the original one are fiberwise homeomorphic (the new book will have two connected components—
corresponding to the vectors that go around the foci clockwise and counterclockwise respectively). In
other words, for an arbitrary rough molecule, all of whose 3-atoms are of the direct product type and
among them there are minimal and maximal ones, a book of elliptic annuli can be constructed whose
invariant is the same.

The number of 3-atoms on the focal level of the integral and their types, as well as the algorithm for
finding them, were not known for books of arbitrary type, glued irom elliptic disks and annuli. Note that
for those tables, along each spine of which no more than two sheets are glued, the result follows from the
classification of topological billiards done by Vedyushkina earlier [37]. Such tables contain no more than
four points projected onto the foci of the family (1). The values of the marks (r, <) on the edges incident
to the atoms of the focal level, as well as the values of the marks n on the focal atoms and subgraph
families containing all the saddle atoms W, were also not known earlier.

Secondly, an algorithm has been constructed and implemented using the Python that calculates
Fomenko—Zieschang invariant for a book (consisting of elliptic disks and annuli) and draws it as a graph
on the plane. Ii all sheets of the book are annuli, then we automatically obtain Fomenko—Zieschang
invariant of a book from the class By without gluing along hyperbolic edges, implementing an arbitrary
Liouville foliation on @ with atoms of the direct product type.

The input of the algorithm is combinatorial data on the sheets of the table and permutations on its
spines. Namely, each table corresponds to a set consisting of its number, type (0 for an annulus and 1 for
a disk), and boundary ellipses of the sheet. The ellipses are numbered by negative integers from —k to
—1 in order of decreasing value of A with which they belong to the family (1): 0 = A_p < --- < A_; < b.
A pair of such parameters or one parameter is specified for a sheet homeomorphic to an annuli or disk
respectively. Each value —k, ..., —1 is associated with a permutation consisting of independent cycles
of length 2 or more corresponding to spines with these value of parameter A.

The designed algorithm was implemented by software using Python v.3.11.8. This code:

1. checks the correctness of the input data,

2. determines the number of regular Liouville tori and types of 3-atoms in the preimage of a point
from range X of values of A of one of the following type: a special value {);}, an interval (A\;_1, A;)
fori < —1, aninterval (A1, Ag), a value {\g = b}, an interval (b, a) and the maximum value q,

3. determines how the edges of a graph (families of Liouville tori) are incident to its vertices (3-
atoms),

4. equips edges of the invariant with marks (r, ) ,
5. determines the value of the mark n for families (subgraphs of saddle atoms),

6. represents the computed invariant as an equipped graph on the plane (saddle atoms B, C,
maximal and minimal atoms A are denoted as Ay,ax and Ay, respectively, saddle atoms different
from B and C; are denoted by the canonical form of their pair of permutations).

Figure 1 shows an example of a billiard book and its Fomenko—Zieschang invariant, calculated
and showed by the implemented algorithm described in detail in the Section 3. On the left, one can
see the billiard book glued from one disc 1 and four annuli. Three elliptic values of A are singular,
corresponding permutations are denoted by o_j for —k = —3,—2,—1. One the right, the resulting
Fomenko—Zieschang invariant constructed by the implemented algorithm is shown. Dashed lines
bound families (family is a connected subgraph which consists of saddle atoms, such that preimage
of the family has a Seifert fibration structure).
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Fig. 1. Billiard book glued from 5 sheets (left); its Fomenko—Zieschang invariant calculated and shown by implemented
algorithm.

Fig. 2. Fomenko—Zieschang invariants of the billiard books B(mA3), (a) for odd m > 3, (b) for evenm > 2.

2. TOPOLOGICAL CLASSIFICATION OF BILLIARD BOOKS
WITH ELLIPTIC BOUNDARIES

This section is devoted to proof of the Theorem 1 stating the form of the Fomenko—Zieschang
invariant of an arbitrary billiard book glued from elliptic disks and annuli.

First, we formulate and prove the Lemma 1 stating the form of the Fomenko—Zieschang invariant
for billiards on a table glued from several disks. Denote by B(mAz) such the billiard book glued from m
copies of the table As bounded by an ellipse. The spine of the book is equipped with a cyclic permutation
of length m.

Lemma 1. The Fomenko—Zieschang invariant of the billiard system on the book B(mAs) for
m > 2 is shown on Fig. 2a for odd m > 3 and on Fig. 2b—Jor even m > 2. It contains one saddle
3-atom of B type (for odd m) or of Cy type (for even m). Mark r = 0 on each edge corresponding
tovalues b < A < aofintegral and mark r = 2/m on each edge corresponding to value 0 < \ < b.
Mark n is equal to —1 or 0 for atoms B and Cs, respectively. Mark € = 1 Jor each edge.

Proof. First, we calculate of the rough molecule (Fomenko invariant) of the system. Using the
results and methods obtained in [24, 37], it can be shown that the non-singular fibers of the Liouville
foliation (corresponding to the values of the integral A different from 0, b, a) are homeomorphic to a
disjoint union of tori. We determine their number for 0 < A < band b < A < a, and also show that the
singular integral levels correspond to singularities fiberwise homeomorphic to 3-atoms A, B, and C5 of
smooth integrable systems.

1. The values A = 0 and A = a correspond to minimal or maximal circles in the isoenergy surface
Q3. The case A =0 corresponds to motion along the spine of the book, occurring clockwise or
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