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1 ODaemeHTbl Teopuu rpadon

VYupaxxuenne 1.1. [lokaxkure, 910 B 11000# KOMIAHUN UMEETCS HE MEHEE JIBYX UYEJIOBEK, Y KOTOPBIX KOJIMIECTBA
3HAKOMBIX OJIMHAKOBBI.

Yupaxueunune 1.2.

(1) Topoma crpanbl coequnenbl apuaaunusgMu. VI3 cromuipt Boixomur 21 junus, u3 ropoxa Janbuuil — oana, a u3
KazKJIOTO M3 OCTAJbHBIX TOPOJOB — IO JABEHAANATh JuHHUA. JloKaxkuTe, YTO M3 CTOJHIIBI MOXKHO JOJIETETH JI0
ropoaa Janbuuii (BO3MOXKHO, C TIEPECAIKAMHY).

(2) Tokaxure, uro eciu B rpadhe UMEETCs POBHO JBE BEPIIMHBI HEUETHON CTENEH!, TO UX MOYXKHO COCIUHUTH MapIIl-
pPyTOM.

(3) Typwucr, koTopbiii npuexana B MockBy Ha moesjie, BeCh JeHb TyJsl 1o ropomy. Iloyxunas ma Mame:kHOM 1110-
A1, OH PENINJI BePHYThCA Ha BOK3aJ, CIedysd IO TeM YJIUIAM, KOTOpbIe y Ke IMPOXOANJ HedeTHOe UUCIIO Pa3.
JlokaxkuTe, 9TO TaKOe BO3BPAIIEHUE BO3MOXKHO.

VYupaxxuenwne 1.3. B komnanuu, cocrosineil u3 msaTy 9€I0BEK, CPeIu JIOObIX TPeX YeJI0BeK HANIYTCs IBOE 3HAKOMBIX
¥ JIBO€ HE3HAKOMBIX JPYT C apyrom. Jlokarkure, 4TO KOMIAHWIO MOYKHO PACCAIUTH 3a KPYIJIBIM CTOJIOM TaK, 9TOOBI
110 06e CTOPOHBI OT KAXKJOI'0 Y€JI0BEKA CUJIEU €r0 3HAKOMbIE.

VYupaxuenmne 1.4. U3BecTHo, 4T0 B KOMIIAHUU, COCTOSINEN HE MeHEE UeM U3 UYETHIPEX YeJIOBEK, KaKJIblil deJio-
BEK 3HAKOM HE MEHEe, YeM C MTOJIOBWHOI MPUCYTCTBYOMUX. /JOKayKUTe, ITO MOKHO BHIOPATH W3 KOMIIAHUU YETHIPEX
9eJIOBEK W PACCAAUTDH UX 3a KPYTJIBIM CTOJIOM TaK, YTO KAXKJbIA U3 HUX OyIeT CHUIETh PSJIOM CO CBOMMU 3HAKOMBIMU.

Yupaxkuenue 1.5.

(1) B mapke “JIoroc” HEBO3MOKHO HANTH TAKOW MapIIPYT JJId OPOTYJIOK IO €r0 JOPOXKKaM, KOTODbIH HAYXHAETCS
¥ OKAQHYMBAETCS B OJHOM U TOM YKe TOUKE M KAXK/IYIO JOPOXKKY MapKa COmepKuT He Oosee pa3a. lokaxkure, 9410
HEKOTOPbIE JTOPOXKKHU MAPKa MPUBOIAT B TYIHUK.

(2) Bepiuuna crenenu 1 nasbiBaercs sucsaueti. Csasubiii rpad 6e3 1UKI0B Ha3biBaeTcs depegom. Jlokazkure, 94T0
B KaXKJOM JIEPEBE, COAEPIKAIIEM XOTsi ObI OTHO PEOPO, UMEETCsT BUCSIYAs BEPIITUHA.

Yupaxueunune 1.6.
(1) Bbruuciamre cOOTHOIIEHUE MEXK/y YUCJIOM BEPILUH U pebep MPOM3BOJILHOIO JIEPEBA.

(2) Aamunucrpanus napka “Jloroc” pemmiia IpoBecTH PEKOHCTPYKILUIO OCBelleHus mapka. [Io HOBOMy mpoexkTy
KaXK/Iblil 1IePEKPECTOK U TYNHK JOJI?KEH Oy/IeT OCBemaTbCd YeTbIPbMs CBETUJIbHUKAMU, a AJiesd, COeIMHSAIONIAs
JIBA MEPEKPECTKA WJIM TMEePEKPECTOK W TYMuK — M1ecThio. CKOJBKO CBETUILHUKOB OYIET YCTAHOBJIEHO, €CJIH B
mapke 18 mepekpecTKOB M TYIIHKOB.

Yupaxxuenune 1.7. Hacviuwerrvim y24e6000p000om HABBIBALTCS coennueHne yriaepona C', MMEIOIero BaJeHTHOCTD
4, w Boopona H , nMeIoIero BajeHTHOCTh 1, B KOTOPOM TIPH 33JaHHOM YHCJIE€ ATOMOB yTJIEPOIA COAEPKUATCS HAMOOIb-
1ee 9ucyio aTtoMoB Bopopoaa. Haiiaure dhopmysty HACBIIIEHHOTO yIJIEBOAOPO/IA, COMEPKAIIErO 1 ATOMOB yIJIepO/Ia.

VYupaxueune 1.8. JlokaxkuTe, 9TO €C/IA B CBI3HOM I'pade CyImecTByeT MapIIpyT, MPOXOAAIINHA depe3 Kaxka0e pedbpo B
TOYHOCTHU OJMH Pa3, TO JIUOO ITOT MAPIIPYT sIBJISIETCs IEPOBBIM ITUKIIOM, JTHO0 B rpade CyIecTBYI0T B TOYHOCTH JBE
BEPIIUHBL HEYETHOHN CTENEHU, OCTAIbHBIE BEPIIUHBL UMEIOT Y€THYIO CTEIEHb, & MAPLIPYT HAYMHACTCS ¥ 3aKAHYUBAECTCS
B BEPINMHAX C HEYETHBIMU CTEEHSIMU.

Yunpaxkuenune 1.9. Ha nup npu gsope Koposist ApTypa cobpajuch phIlapu, KOTOpbIe JTU00 APYIKAT, TUO0 BPAKIYIOT.
Okazsanock, 9To y KaxKJI0ro u3 phirapeil apy3eii 0obirne, vem Bparos. Jlokasars, 4To BosmeOHnK MepanH MoxkeT Tak
paccaauTh phIliapeii 3a KPYTJIbIM CTOJIOM, 9YTO CIPABA W CJIEBA OT KAXK/IOTO W3 HUX OyIEeT CUIETh APYT.



2 Tomosormyeckme MpPOCTPAHCTBA, MIPUMEPDHI

VYopaxkueaune 2.1. IIposepbre, 94T0 ceMeicTBA MHOMKECTB, KOTOPbIE Mbl HA3BIBAJIN TOMOJOTHEH 3apUCCKOrO, WHIIY-
IUPOBAHHOU TONOJIOTUEN U METPUYECKON TOIOJIOTUel, JeiCTBUTE/IbHO YAOBJIETBOPAIOT BCEM aKCHUOMAaM TOIIOJIOTHUU.

VYupaxuenne 2.2. [Ipeanonoxkum, gro p: X X X - R — cuMmmerpuvHas moJI0KUTEILHO Onpenenennas MyHKInA,
yaoBjersopsiomas p(x, z) < max{p(x,y), oy, z)} misi Beex x,y, z € X.

(1) Tokaxure, 9T0 p — MeTpUKa (OHA HA3BIBAETCA YALMPAMEMPUKOT, 8 COOTBETCTBYIOIIEE METPUYECKOE TPO-
CTPAHCTBO — YADLIMPAMETNPUNECKUM ).

(2) Yb6eaurech, 4T0 KaxK1blii “IPEYrojbHUK LYz ABJIAETCH PABHOOE[PEHHDBIM, IIPUYEM €0 OCHOBAHUE HE [IPEBOCXOIUT
GOKOBOH CcTOPOHBL. MHBIMK cai0BaMu, cpean Tpex paccrosamii p(x,y), p(y, ), p(z,z) aBa paBHBI IPYT APYTY, &
TPEThe — HE MPEBOCXOIUT ITUX IBYX.

(3) Yb6eaurech, 4To KazKas TOYKA JHOOOIO IIapa SBJISETCH €ro IEHTPOM.

(4) Tlokaskure, 9TO €CiM JBa Iapa MEPECEKAIOTCsl, TO OJWH W3 HUX COIEPIKUTCS B IPYroM (B YaCTHOCTH, IIAPI
MOTYT COBIIAJIATh).

(5) IMokaxkure, 4T0 KaxKJbIA LIAD HEHYJIEBOIO PAJMYCA OJHOBPEMEHHO U OTKDbIT, U 3AMKHYT.

(6) ITokaxkure, uro Kaxgoe Gojiee YeM OIHOTOYEYHOE MOJMHOMXKECTBO Pa30MBAaeTCs Ha JBa HEIYCThIX MHOXKECTBA,
OTKPBITHIX B MH/YLMPOBAHHON TOIOJIOrMU (HUZKE TAKUE IIOJMHOKECTBA Mbl HA30BEM HECBAZHBIMU).

(7) Mycrs G = (V, E) — npocroit cBsi3HbIii KOHeuHbIH rpad. Ilpunumem kaxaomy pebpy e € E MONOKUTEIBHOE
qucio w(e) — eec pebpa e. Becom w(vy) mymu v B rpade G Ha30BeM MAKCUMaJIbHBIA U3 BECOB €ro pedep.
s Bepumn v # w 0603HauuM {2(v,w) MHOXKECTBO BCeX IyTell, coeauHsonmx v u w. Iomoxum p(v,w) =
min{w(y) : v € 2(v,w)}. Takxe 151 Kax0il Bepuubl v € V nosoxum p(v,v) = 0. Ilokaxure, 4ro p —
YJABTPAMETPUKA, M YTO BCE KOHEYHBIE YJbTPAMETPHYCCKHE HPOCTPAHCTBA IIPEICTABUMbL B TAKOM BH/IE.

Vopaxkuenne 2.3. Ilycte X — merprueckoe mpocTpancTBo, a B(X) — mHHeHHOe MPOCTPAHCTBO OTPaHUYEHHBIX
dbynxmuit ma X, T.e. Taxux oTobpaxkenuit f: X — R, uro sup, X| f (x)’ < 00. DTO TOCIETHEE YUCTIO HA30BEM SUp-
HOPMOU Pyrkyuu [ u 0bo3HaunM || f||so-

(1) Tokaxkure, 910 || - |0 — AeiicTBHTENBHO siBAsIETCA HOPMOIA. CooTBercTByIONy0 DYyHKIMIO paccrosiunsg Ha B(X)
0003HaYUM aHAJIOrUYHBIM 00pa3oM: |fgleo = ||f — gloo-

(2) BoiGepem MpoOM3BOJIBHYIO TOYKY Lo € X, U Jjis KaxKa0il Touku & € X paccmorpum dbyukimio d, : X — R, 3a-
JaHHyIo Tak: dx(y) = |zy| — |zoy|. lokazkure, 4T0 91a DYHKINSA OrPAHHYEHA, a TAKXKE 9TO OTOOparKeHne & — d
I30MeTPUIHO: |dydy|oo = |2y|. DTO OTOOpazKenUe Ha3bIBaeTCa 809 ceHuem Kypamosckozo. Takum o6paszom,
Ka2KJI0€ METPUIECKOE IIPOCTPAHCTBO MOXKHO PaCCMATPUBATH KAaK IIOJMHOXKECTBO JIMHEHHOIO HOPMHUPOBAHHOTO
MTPOCTPAHCTRA, & €ro METPUIECKYI0 TOTIOJIOTHAI0 — KaK WHAYIWPOBAHHYIO U3 3TOTO JUHEHHOTO HOPMUPOBAHHOTO
MTPOCTPAHCTRA.

YupaxkxHenue 2.4.
(1) Yro npezncraBiasgior coboil Kpyru HA MAHXETTEHCKO IJIOCKOCTH U ILIOCKOCTH C MAaX-HOPMO?
(2) Jdokaxkure, 4T0 MAHXETTEHCKAs [LJIOCKOCTb U IJIOCKOCTH € MaX-HOPMOIl M30METPUYHBL.
(3) UzomerpudHbl jiu TpeXMEpPHbBIE IIPOCTPAHCTBA ¢ MAHXETTEHCKOH HOPMOI U max-HOpPMOii?

Yupaxkxnaenne 2.5. Ilycts p — merpuka Ha MHOxkecTBe X. s Kaxmoi naper trodek x,y € X mosoxum d(z,y) =
min{ p(z,y), 1}. ITokaxkure, uro d — merpuka Ha X, 337a0MIas Ty K€ CAMYIO METPUYECKYIO TOIOJIOIUIO, 9TO U p.

Yupaxkueuue 2.6. [Tokaxxkure, 9T0 KarK10€ OTKPBHITOE MHOXKECTBO Ha IpaMoii R mpeacrasisger coboit o0beuHeHne He
00JIee YeM CUETHOTO YMCJIa, HEMIEPECEKAONINXCS NHTEPBAJIOB, KAK OTPAHWYEHHBIX, TAK U HEOTPDAHUYEHHBIX. [lokaxkuTe,
9TO KaXKJI0€ OTKPBITOE MHOXKECTBO HA, OTPE3KE MPEJICTABUMO B BHJE OObLEIWHEHWS He 0O0Jiee U4eM CUYETHOTO YUCIIA
HEIMEPECEKAIOIINXCS MHOKECTB, KOTOPhIE MOT'YT OBITh WJIM WHTEPBAJIAME, WA TOJYUHTEPBAJAME C KOHIIAMU B KOHIIAX
OTpe3Ka, WA BCEM OTPE3KOM.

VYupaxxuenmne 2.7. [IpuBegure npumep [1ByX HEIKBUBAJIEHTHBIX METPUK HA OJHOM W TOM K€ MHOXKECTBE, 33TAIOIINX
OJIHY U Ty 2Ke TOIIOJIOI'HIO.



3 baza, xaycmopdoBoCTb, CXOJINMOCTb, HEITPEPHIBHOCTH
Vapaxkaenne 3.1. IToxkaxkute, uto cemeiictso B C 2% sapngerca 6a30if HEKOTOPOH TOHNOIOIHH, OIIPEeIETCHHON HA
MHOX)KecTBe X, €CJIU ¥ TOJBKO €CJTH BBIIOJHSIOTCS CJIEJYIONTUE BA YCIOBUSI:

® UpepB = X;

e Iy KaKJIpIX Iepecekaomuxca B, B’ € B u mo6oi Toukn x € B N B’ cymecrsyer C € B, mjiga KOTOPOro
xreCCBNB.

Yopaxkuaeaune 3.2. Paccmorpum Ha BeniecTBeHHOM npsamoit R cemeificTBo ee noaMuoxKecTB 3, cocrosiiee u3 BCeBO3-
MOXKHBIX JIyueii (a, +00). JlokaXkuTe CIenyolne yTBEPK IEHNS.

(1) CewmeiicrBo B — 6a3a nekoropoit ronosoruu 7. O6o3nauum X TOLOJIOrMYECKOe IPOCTPAHCTBO, paBHoe R ¢ To-
nosaorueit T.

(2) Orobpaxenue f: X — X, f: x +— 2z, — HEOPEPHIBHO.
(3) Orobpaxenue g: X — X, g:  — —x, — pa3pbIBHO B KaXKJIOl TOYKA.
Vopaxnaenue 3.3. Ilycth X — Opou3BO/IbHOE MHOXKECTBO. PaccMOTpUM cleyloliue ceMeiicTBa HOAMHOKeCTB X :
(1) By ={X};
(2) By, coBuazaoliee ¢ ceMeiicTBOM BCEX OJHOTOYEUHBIX MHOXKECTB;
(3) B., cocrosiiiee Beex muOKecTB U, 1ist KoTopbix X \ U — KOHEUHBIH HAGOP TOYEK.

HoxkazkuTe, 9TO0 IMepBoe n3 HUX — 0a3a AHTUAUCKPETHOM TOIOJIOTHH T, , BTOPOE — IAUCKPETHOI T4, & TPEThEe — TOIOJIOTUN
3apuCCKOTO .

VYopaxuenne 3.4. Paccmorpum orobpaxkenue f: R — [—1, 1], 3agannoe dbopmynoii f(z) = sin x. Beiacante, siBus-
ercst n f HeNpPEepPBIBHBIM, eCJin MBI paccMarpuBaeM Ha R u [—1, 1] caeyrompe Tomonorny n3 ynpaskHeHWst

(1) (RvTa)a ([_171 aTz)§

]
(2) (R7Tz)v ([_171]ﬂ7-a)§
(3) (Rde)v ([_171]?7-2);
4) R,72), ([-1,1],7a);

(5) (R,72), ([-1,1], 7).
Yupaxkueuune 3.5. Onuinure Bce CXOMSIIHECS MOCTIEI0BATEILHOCTH B IPOCTPAHCTBE C TOMOJIOTHEH 3apUCCKOro.

Yupaxxuenume 3.6. Ilycte X — 0Oojiee ueM CYETHOE TOMOJOTHYIECKOE MPOCTPAHCTBO, B KOTOPOM HEMYCTHIMH OT-
KPBITBIMU MHOYKECTBAMY SIBJISIOTCS TOTOJHEHUS 10 He 0Ojiee YeM CUYeTHBIX MOAMHOXKeCTB. [lokakure, 9TO B 3TOM
IIPOCTPAHCTBE CXOAANIUMUCH ABIAIOTCA JIUIIb CTAIMOHAPHBIE TIOCIEI0BATEIbHOCTH.

Yupaxuenue 3.7.

(1) Toxkaxure, uTo HempepbiBHOE OTOOpaxkenue f: X — Y TOMOJOrMYECKUX IPOCTPAHCTB MEPEBOIUT KAXKIYIO CXO-
Jsuryiocs K @ € X 10C/IeI0BaTeIbHOCTD B TIOC/IEI0BATEIbHOCTD, CXOAAINyIoca K f ().

(2) Iokaxure, yro orobpaxkenue f: X — Y mMerpuyeckux IPOCTPAHCTB HEIPEPLIBHO B TOYKE & € X, €CJIM U TOJILKO
eCM KaXkKIas CXOJAIAACA K & HOCIEIOBATETBHOCTD IEPEXOUT B MOCIEI0BATENbHOCTD, CXOAAILYOCT K [ ().

(3) Ipusenure mpumep orobpaxkenus f: X — Y TOMOJOruYeCKUX MPOCTPAHCTB, PA3PhIBHONO B HEKOTOPOW TOYKE
z € X, OIHAKO TEePEBOIAIIEr0 BCE TOCIEI0BATETbHOCTH, CXOAAIINECT K T, B MMOCIEJ0BATENIHHOCTH, CXOIAIIIECS

K f(x).
Yupaxkxuenue 3.8. Jlokaxkure, 9T0
(1) Kaskjoe JIMMIIAIEBO OTOOpAYKEHHe PABHOMEDPHO HENMPEPHIBHO M, 3HAYNT, HEMPEPHIBHO;
(2) ecmm A C X — Hemycroe MOAMHOMXKECTBO Merprudeckoro npocrpanctsa X u da(x) = infye 4 |ax|, To d4 saBRsET-

¢ 1-mMnmunesbiM OTOGPazKeHueM M, MOTOMY, HEIIPEPBIBHO; B YACTHOCTH, HENPEPBIBHBIMA ABJIAIOTCA (DYHKIMHI
dy(z) = |pz| mas mobeix p € X.



4 Tomeomopdusm, KpuBbIE€, CTPYKTYpPa IMOJIMHOXKECTB, KOHCTPYKITAN

VYopaxkuenne 4.1. Paccmorpum ma MaOX)ecTBe Q panMOHATBHBIX YHACEN ABE TONOJOTAN: HHIYIUPOBAHHYIO W3 CTAH-
JapTHOH Tomosoruy npsamoii R, u ronosoruto 3apucckoro. omeoMopdHbI Jiu 101y YeHHbIE TOMOJIOIMYECKHEe IPOCTPAH-
crBa’

Yupaxuenne 4.2. @ukcupyeM IPOU3BOJILHOE IIPOCTOE 4ncio p. Henynesoe pamuonanbHoe r € Q 3anuinemMm B Buie
pt(a/b), rne a m b me menarca wa p, a t € Z. fcHo, TO t ONpEENEHO OTHO3HAMHO, HECMOTDS Ha HEOTHO3ZHAYHOE
npexcrasienne 7. [lonoxnm ||, = 1/pt. Ecim xe r = 0, to mycrs |r|, = 0. Jusa ¢,r € Q sagammm d,(q,7) = |q —7p.
Ilokaxkure, 94TO

(1) |lg+r|p < max{|q|p, |T|p};
(2) d, — ymprpaMerpuka;
(3) merpmaeckoe mpocrpanctso (Q, d,) He roMeOMOPGHO TUCKPETHOMY IPOCTPAHCTBY;
(4) BbrumcmTe CymMMy paza y oo o p".
VYupaxueuune 4.3. Ilycrr X — 3ro
(1) wmm muOXKecTBO U3 10 TOUYEK, HANEJIEHHOE AHTHIUCKPETHON! TOIOJIOrHeil;
(2) wim upsmas R, nazesennas rouosorueil 3apucckoro.
MoKkHO Jin 1B Pa3HBIX TOYKHU U3 X COEJIMHUTH HEIPEPBIBHONH KPUBOM?
VYupaxuenne 4.4. [Iycts X — npousBosibHoe Merpudeckoe npocTtpancTso, ¢ € X, r > 0 u s > 0. [lokaxkure, ayTo
(1) OUg(x) u OB4(x) He cBA3AHBI HUKAKUM BKJIIOYEHHEM,
(2) OUs(x) C Ss(w),
(3) 0B, (x) C Sp(x),
npuaemM 064 MPeAbIAYIIAX BKIOYEHHS MOTYT OBITH CTPOTHMMU.

Yupaxkuenue 4.5. llycts Y u Z — nmoaMHOXKECTBA TOMOJOTHIECKOTO mpocTpancTBa X . llokaxknuTe, 910
YUZ=YUZ uYNZCYNZ,
a TakyKe TMPUBEIUTE MpuMep, Korma Y N 7 # Yynz.

Yupaxxuaenne 4.6. [Iycrs Z — nonmuozkecTBo ronosorudeckoro npocrpancrsa X . [lokaxkure, uro Int(X\Z) = X \E
u, anajgorngHo, Int Z = X \ X \ Z.

Yupaxkxuenue 4.7. [lokaxkure, 9T0 MOAMHOXKECTBO Z TOMOJOTHIECKOTO MPOCTPAHCTBA X 3aMKHYTO, €CJIU U TOJTHKO
€CJIM OHO COJEPKUT BCE CBOM I'PAHUYHBIE TOYKH.

Yupaxuenue 4.8. I[lyctbs manbl TOmoJOrnuecKue mpocTpancTBa X, a € I, u Y. Jlokaxkure, 9T0 OTOOpaKEHUE
[ Uaer Xo — Y HenpepsIBHO, €C/TH ¥ TOJIBKO €CJIH BCe OrpaHudeHus f|x, HEeIPepbIBHBI.

Yupaxxuenne 4.9. Ilycte X — merpudeckoe npoctpanctso, u p: X X X — R — ero merpuka. Ilokaxkwure, darTo
dbyHKINSA p HETPEPHIBHA.

Vnpaxkuennue 4.10. 3ammmeM KaKIyio MATPUIy Pa3Mepa m X 1 B BHAE BEKTOPA IJIHHBL N°, PA3MECTHB CTPOKH
MaTpPHIbL OJHY 33 JAPYIOil HA ONHON CTPOKEe. JTa 3alUCh [O3BOJILET OTOXKIAECTBUTH MHOXKecTBO M(n) Bcex Takux
MaTPHIIL C R’ M, TeM CaMbIM, TpeBpaTuTh M(n) ¥ BCe ero MoAMHOXKECTBA B TOIMOJIOIWYECKHE TPOCTPAHCTBa. IlycTh
0(2) ¢ R* u SO(2) C O(2) 0b03HAMAIOT COOTBETCTBEHHO TTPOCTPAHCTBO BCEX OPTOTOHAIBHBIX 2 X 2-MATPHI] U €ro
[OJMHOXKECTBO, COocTodinee u3 Bcex marpui ¢ onpexnenurenem 1. Jlokaxkure, uro O(2) u SO(2) — 3amMKHyTble U
OrpaHMYeHHBIE OIMHOXKecTBa R,

VYupaxuenne 4.11. Jlokaxkure, 910 crepeorpaduaeckasi IPOEKIUs MEPEBOAUT OKPYKHOCTH B OKPY2KHOCTHU U IIPs-
MBIE.



5 KommnakrTHOCTb

Vupaxkuenne 5.1. IIycts A u B — HenmycTble TOAMHOKECTBA METPHIECKOTO npocTpancTsa. Pacemosnuem |AB]
Mezk /1y HuMu HasoeM uucio inf{|ab| : a € A, b€ B}.

(1) Iokaxkure, 94T0 3TO paccrogHue He 0OA3aHO YJOBIETBOPATH HEPABEHCTBY TPEYTOJbHUKA.

(2) Ilpusenure npumep ABYyX 3aMKHYTBIX HENEPECEKAIOIIUXCs [MOJAMHOXKECTB, PACCTOSHUE MEXKIY KOTOPHIMU DABHO
HYJIIO.

(3) Iokaxkure, 4r0 MEXK/y HENEPECEKAIOIIUMUCH HELYCTHIMU KOMIAKTHBIME [IOJAMHOKECTBAME 9TO PACCTOSHUE BCE-
I3 TTOJIOKUTETHHO (PA3PEINIaeTcs BOCIOIb30BaThCsA TeopeMoii THuxXoHoBa).

Yupaxxkuenue 5.2. Jlokaxkure, 910 JABAXKHI MEPEKPYIEHHAS JIEHTA TOMEOMOPMHA HITHHIDY.

Vhopaxkuennue 5.3. 3ammmeM KaxIyl0 MATPHUIy pa3Mepa 7 X N B BUAE BEKTOPA JJIMHBI N2, Pa3MECTHB CTPOKH
MaTPHIIbI OHY 3a JAPYrof Ha ONHOM CTpOKEe. JTa 3aIlMcCh MO3BOJSET OTOXKIECTBUTH MHOXKeCTBO M(n) Beex makmx
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marpuil ¢ R™ u, rem cambim, npeBparutb M(n) u Bce ero moAMHOXKECTBA B TOLOJIOIUYECKUE IIPOCTPAHCTBA.

(1) Yemy romeomopcdno mpoctpanctso SO(2) C R?*, cocTosmiee U3 BeeX OPTOTOHATBHBIX 2 X 2-MATPHIT ¢ OMPEIe/TH-
resiem 17

(2) Yemy romeomopdno npocrpanctso O(2) C R*, cocrosiee u3 BceX OPTOrOHATBHBIX 2 X 2-MaTpHIL?

VYopaxkuaeaune 5.4. [IoqMHOKECTBO TOMOIOIHIECKOTO IIPOCTPAHCTBA HABBIBACTCS 8C100Y TLAOTNHBLM, ECITH €TI0 3aMbl-
KaHHE COBIIA/IAET CO BCEM IPOCTPAHCTBOM. TOIOJOrnYecKOe IPOCTPAHCTBO HA3BIBAETCH CENAPaAbeabHbiM, €CII OHO
COZIEPKUT He HoJjiee YeM CYeTHOe BCIOY MJIOTHOE MOIMHOKeCTBO. IIoKaykuTe, 9T0 KOMITAKTHOE METPUYECKOe MPOCTPAH-
cTBO cenapabenbHo. OTMeTHM, YTO KOMIIAKTHOE TOIIOJIOTHYECKOe MMPOCTPAHCTBO cernapabebHbIM ObITh HE 00513aHO.

Yupaxxuenune 5.5. IIpamoti 3opeengpes mazbiBaercsa npsamas R co ciepyiomeil monoaozueti 3opeendpes:
6a30i1 9TO TOIOJIOrUY ABJISIOTCH BCEBO3MOXKHBIE MOJIYUHTEPBAJIbI [a, b).

(1) Iokaxure, uro Tomosorus 3oprerdpes TOHBINE, YeM CTAHIAPTHAS TONOJIOIHs, T.€. YTO BCE OTKPBITHIE TI0IMHO-
JKeCTBa B CTAHIAPTHON TOMOJIOrUY OTKPBITHL U B TOMOJIOruU 30preHdpest. B 4acTHOCTH, KaXK bl MOy HHTEPBAJT
[a,b) — OTKPBITO-3aMKHYTOE MHOKECTEO.

(2) Iokaxure, yro upsimas 3oprendpes HEKOMIAKTHA.

(3) Iokaxkure, 410 KaxkK/0€ KOMIAKTHOE HOAMHOXKECTBO HpaMoii 3oprendpes He 6ojiee 4eM CYeTHO.

(4) Ilpusenure puMep CYETHOrO MOAMHOKECTBA HPAMOIl 3oprerdpesi, He ABJILIOIIErOCs KOMIAKTHBIM.

(5) Iokaxkure, 4TO NOCJIENOBATEIBHOCTD T; CXOAUTCHA K T B TOLOJIOruu 3oprerdpesi, eCju U TOIbKO eCJIU HOCJIe10-

BATEJIBHOCTD T CXOIUTCA K & CIPABa B CTAHJAPTHON TOOJIOTUY.
(6) ITokaxkure, yro upsimas 3oprendpes cenapabesbHa.

VYupakuaenue 5.6 (nemma Jlebera). Tlokaxure, 4To /1iist Ka2K 1010 OTKPBITOIO HOKPLITUSE KOMIAKTHOI'O METPUYECKOIO
mpocTpaHcTBa X CyIIeCTBYeT Takoe 4ucio A > 0, Ha3biBaeMoe wucaom Jlebeza, 9To 751 KaKIOTO TTOIMHOKECTBA
Y C X ¢ qumameTpoM MEHBINUM A\ UMEETCS COAEPIKAIIUI ero JIEMEHT MOKPBITHSA.

Yupaxkaenue 5.7 (reopema Bapa). IToaMHOXKECTBO TOMOIOrHIECKOrO IIPOCTPAHCTBA HA3BIBAECTCH HU20€ HE NAOTM-
HBLM, €CITH €T0 3aMbIKaHUE UMEET MYCTYI0 BHYTPEHHOCTb.

(1) Iokaxkure, 9TO B [IOJTHOM METPUYECKOM [IPOCTPAHCTBE liepeceueHue He 6oJiee 4eM CYETHOrO CeMeHCTBa OTKPBITHIX
BCIOJIy IJIOTHBIX MHOXKECTB — BCIOJY ILJIOTHO.

(2) Tokaxkure, 94TO B NOJHOM METPUYECKOM IPOCTPAHCTBE OObLejuHEeHHe He ojiee YeM CYETHOrO YHMCIIa HUTIE He
ILJIOTHBIX IIOJIMHOXKECTB HE MMEET BHYTPEHHHUX TOY€K, B YaCTHOCTU, HE COBIAJAET C 3TUM IIPOCTPAHCTBOM.



6 CB4a3HOCTD M JIMHEIIHAas CBA3HOCTH

Yopaxkueaune 6.1. Ilycrs X — mpocrpancTBo ¢ Tonosorueit 3apucckoro. JIBisieTcst 1 OHO
(1) cBa3HbIM?
(2) JuHEHRHO CBA3HBIM JjId HE MEHEE YeM KOHTUHYaJIbHOro X 7
(3) sumeitno cBsa3HbIM syig He Oosiee dem cuernoro X ? (Bocmosb3yiirech Teopemoii Bapa.)

Yupaxkaenue 6.2. Ilycrs {X,}aer — ceMelicTBO JIMHEHHO CBA3HBIX MPOCTPAHCTB. IIOKaXKuTE, 4TO MX JEKAPTOBO

TpOU3BeeHe Hael X, TUHEAHO CBSA3HO.

VYopaxkuenune 6.3. Ilycrs f — HenpepbiBaas QyHKIHMS, 33/ JaHHAsS HA TONOIOrHYecKoM npocTpatcTse X . O6o3HaYNM
uepe3 I' muoxectBo yposusi Gynkuuu f, re. I' = {z € X : f(z) = ¢}, e ¢ € R. Honoxum 2 = X \ I'. Tokaxure,
qro rouku P, Q € (2, B onnoit u3 KOTopbix yHkius f OoJiblie ¢, & B IPYTroil — MEHbIILE ¢, JIEKAT B PA3HBIX CBA3HBIX
KOMIIOHEHTAX MHOXKECTBA, {2.

Yupaxkxuenwne 6.4. [lycts X — noamuoxxectBo R™, n > 1, momydernoe u3 R™ BhIOpACHIBAHUEM THUMEPITIOCKOCTH
T = {(xl,...,xn) eR":a1x1+ - +apz, :d},

rue a = (ai,...,a,) — HeHyneBoil BeKTop. Jlokaxure, 410 X COCTOUT M3 JIBYX CBA3HBIX KOMIIOHEHT — OMKPBHUITIbLL
NOAYNPOCTNPAHCNG, 02PAHUNEHHBLL T

VYopaxkuaenue 6.5. Ilycro X — noamuoxkecrso R™, n > 1, nonydennoe u3 R™ BoiOpacbiBanueM k pas3/iMdHbIX I1a-
) )
pasutesibubIx rumnepiiockocreii. JTokaxure, yro X cocrout uz (k + 1)-0if CBA3HON KOMIIOHEHTHI.

Yupaxkaenue 6.6. Ing k = 1,...,n depe3 [, 0003HAYNM WM HEBBIPOXKIEHHBIH OTPE30K, WM WHTEPBAJ, WA
n
TOJTyWHTEpBaN (C OTKPHITHIM JIEBBIM WM TIPABBIM KOHIOM). [lekaproBo mpownssenenne K = [] p=1 I, C R™ nazosem

-1 . .
KUPNUYOM C OCHOBGHUEM B = HZ:1 I, u evicomoti h = I,,. JIna cTporo MOHOTOHHOI TOCJIEIOBATETHLHOCTI
t1,...,tx, COCTOSINIEH U3 BHYTPEHHUX TOYEK BBICOTHI h, PACCMOTPUM ceueHust B X {tp}, u nycTh X momydaercs u3 K
BBIKU/IbIBAHUEM BCex 3Tux cedenuii. [Tokaxkure, uro X cocrour u3 (k 4 1)-0it KOMOOHEHTBL.

Vopaxkaerane 6.7. Ilycts X — IOAMHOXKECTBO IIOCKOCTH RZ, KOTOpOE TOIyYaeTcs

(1) u3 R? poibpacbiBannem k > 1 pasinyaHbIX Jydeil, BLIXOJANIAX U3 OTHON TOYKH;

(2) u3 kpyra C, OTKpPBITOro WK 3aMKHYTOIO, BEIOpachiBanueM k > 1 pasiudHbIX €ro PauyCcoB.
Hoxkazkure, 970 X COCTOUT M3 k KOMIIOHEHT.

Yupaxuenwune 6.8. Ilokaxwure, uyro ecnim f;: X — R, i = 1,...,n, — #HenpepbiBable DYHKINNA HA, TOTIOJOTTIECKOM
npocrpancree X, to Gyukuuu f(x) = max{fl(ac), RO (x)} ug(x) = min{f1 (x),..., fn(x)} TaKzKe HEIPEPLIBHEI.

Yopaxkuenune 6.9. 3amrnymosim noaynpocmparncmeom 6 R™ HazbiBaeTcst 00beIUHEHNE THIIEPILIOCKOCTH W JTIO-
060ro m3 JABYX OTPAHMYEHHBIX €l OTKPBITHIX MOJYIPOCTPAHCTB. Buinyrkavim mrozozparHruxom 6 R™ nasbiBaercs
repecedeHrie KOHEYHOIO YUCJIa 3aMKHYTBIX HOJIYIPOCTPAHCTB B CJIydae, KOrJa 3TO IepecedeHre OPAHUYEHO U UMe-
€T HemyCTYI0 BHYTPEHHOCTh. JIOKasKuTe, 94TO TPAHUIA BBIMYKJION0 MHOTOTDAHHUKA PA30MBAET MPOCTPAHCTBO HA JIBE
KOMIIOHEHTBI, T.€. €CJIN 3Ty T'PAHUILY BBIKUHYTH, TO OCTAHETCA TTOJMHOMKECTBO, COCTOSIIEE U3 JIBYX KOMIIOHEHT.

VYuopaxkuaenne 6.10. ITycrs U C R™ — OTKpbITOE MHOXKECTBO, a 7 : [a,b] — U — kpusas. JJokasKkuTe, 4T0 CyIIECTBYET
somanas L, coegunsromas rouku y(a) u v(b), Bce pebpa xoropoit sexar B U. Takum 00pazom, OTKPHITOE MHOXKECTBO
U C R™ mHEHHO CBA3HO, €CJIM M TOJBKO €CJIM KazKJas Iapa ero TOYeK MOXKET ObITh COeIMHEHa JIOMAHOMH, Bee pedpa
KoTopoit siexkar B U.

Yupaxueuue 6.11. Jlokaxkure, 910
(1) oTpe3oK u OKpPY?KHOCTb HE rOMEOMOPMHbI;

(2) 6yksbt P u 1 ne romeomopdHbi.



7 Teopema 2Kopmana
Vapaxnuenne 7.1. Iycrs L C R? — proxkenHas 3aMKHyTas JoMaHast, u 2o, 2] — KOMIOHeHTH MHOKecTBa R? \ L.
(1) Jdokaxure, 94T0 0JjHA M3 KOMIIOHEHT, CKaxkeM {21, OrpaHuyena, a apyras, T.e. {2y, — HeT.

(2) Muoxkecrso F' = LU (2| Ha3bIBae€TC MHO20Y20A5HUKOM, JJoMaHas L — epanuuets OF mnozoyeonvruka F,
MHOXKECTBO {21 — eHympernHocmsio Int F' MHo20yz20avHura F' v, HAaKOHEI,, MHO2KECTBO {2) — 8HEWHOCTNHI0
Out F mnozoyzoavnuka F. Jokaxure, aro Int F' u Out F — orkpbirbie MHOXKECTBa, & L u F' — 3aMKHYyTbIE,
TpuUYeM B JIAHHOM ciyvae BHyTpeHnuHocTh Int F' w rpanniy L = OF MHOTOyrombHWKa I MOXKHO MOHMMATH B
CMBICJIE TTPUBEJEHHDBIX B MPEIbIAYIINX JEKINIX OJHONMEHHBIX MOHATHN TOITOJIOTHN.

Vnpaxnuenne 7.2. Jokaxure Teopemy sKopaama, B KOTOpOi mIockocTs R? 3aMeHeHa Ha TPOM3BOJIBHOE HEITYCTOE
OTKpbITOE cBA3HOE TIomMHokecTBo U C R2. A mmenno, nycts L C U — Baoskennas jomanast u 2 = U \ L. TlokaxuTe,
9TO ecyiu JoMaHas L He3aMKHYyTa, TO MHOXKECTBO {2 CBA3HO, a ecau L 3aMKHYTa, TO {2 COCTOUT B TOYHOCTH U3 JABYX
KOMIIOHEHT.

Vupaxknaenne 7.3. IIycts U C R? — cBa3HOE OTKPBITOE HOIMHOXKECTBO. PAcCMOTPHM KOHEUHYIO MOC/IE0BATE b
HOCTb

[A17Bl]a [A27BQ]7 sy [Am7Bm]

oTpeskos [A;, B;] C U (HeKoTopbie OTPe3KH MOTYT GBITH BBIPOXKIEHHbIMH) 1 TosoxuM Xy, = UF_ [A;, B;]. Ilpeamomo-
KM, 9TO JIJIS KAXKA0TO k = 2, ..., m Bemonagerca win X1 N [Ag, Bx] = 0, nmu Xy _1 N [Ag, Bx] = {4k}

(1) Hokaxure, uro jobble qBe TOUKU U3 KaxKJA0ro Muoxkectsa 2, = U\ X} MOXKHO COeJUHUTH JIOMAHOM, JexKaieit
B {2;. B wacrHocTu, Kazk10e MHOXKECTBO {2), JIMHEHHO CBS3HO.

(2) BoiBepure orciosa, 4TO MOAMHOMKECTBO IIJIOCKOCTH, 1OJydeHHOe u3 U BbiOpachbiBaHUEM KOHEYHOIO YHCJIA BJIO-
2KEHHBIX II0IIaPHO HellepPeceKalonuXcs HE3aMKHYTBIX JIOMAHbIX, JUHEHHO CBA3HO.

VYupaxkaenne 7.4. Jlokaxkure, 4TO HOIMHOXKECTBO CBA3HOIO OTKpbITOro Muoxecrsa U C R2?, nonyuennoe us U
BBIOPACHIBAHNEM KOHEWHOTO uncia k jekammx B U BIOXKEHHDBIX MOTMApHO HEMePEeCceKaronXcst 3aMKHYThIX JIOMAaHbBIX,
cocrout u3 (k + 1)-0if KOMITOHEHTHI.

Vnpaxnaenne 7.5. IIycts U C R?2 — cBA3HOE OTKPBITOE TIOIMHOXKECTBO. JJOKAKUTE, ITO MOJIMHOKECTBO TIJIOCKOCTH,
noJiydeHHoe BblOpachiBanueM u3 U BJIOXKEHHOI 3aMKHYTOH JIOMAaHOI M BJIOXKEHHOH HE3aMKHYTOW JIOMAHOW, COCTOUT
U3 JBYX KOMIIOHEHT.

Vnpaxknuenne 7.6. Ilycts U C R? — orkpoiToe momMuoxKecTBO, V C U — KOHEYHOE MHOMKECTBO, X F — KOHedIHOe
ceMeiiCTBO BIIOKEHHBIX KPUBBIX B U, COEIMHATONINX TOYKH U3 V , IpUYeM [IePECEKAIOIINXCs U IePeceKaonux V TOIbKOo
110 CBOMM KOHIEBBbIM TOYKaM. [TokaxKure, 4T0 KAXKIYI0 KPUBYI0 U3 F MOXKHO 3aMEHUTH HA BJIOXKEHHYIO JIOMAHYIO,
nexkaryio B U, coOeIMHSIONIYIO0 Te yKe TOYKU U3 V', IpuYeM MoJIydeHHbIe JJOMAHbIE CHOBA TIEPECEKAIOTCS U MePeceKaroT
V' TOIBKO 1O CBOMM KOHIIEBBIM TOYKAM.

Yupaxkuenue 7.7. Jlokaxkure, 9TO

(1) IATH TOYEK IIJIOCKOCTH HEJIb34d COCIWHHUTH BJIO?KEHHBIMH JIOMAaHBIMH TaK, 9TOOBI ObLIA COEIMHEHA KazKJasd I1apa
Pa3HBIX TOYEK, U 4TOOBI BCE 3T JIOMAHbIE IepeCeKaJIUCh JINIDb 110 CBOUM KOHIIEBBIM BEPIIHHAM,

(2) B npeapIAyIEM IIYHKTE JJOMAaHbIE MOXKHO 3aMEHUTDH HA KPUBBIE.

Yupaxuenue 7.8. Jlokaxknute Teopemy zKopaana Ha AByMepHOM IuInHApe. Pa3pernaercs BOCMOIb30BaTHCA Teope-
moit ZKopmana a1 KpUBBIX.



8 Ilnockme rpadbr

VYupaxueunne 8.1.

(1) Joxaxkute, 9T0 /1060# Trpad MMeeT pealu3amuio B MpocTpancTBe R3 B BHIE BIOKEHHOTO T€OMETPHYECKOTO
rpada, pedbpa KOTOPOro — JOMAaHbIE.

(2) JokaxkuTe, 9T0 TPOCTOI Tpacd MMeeT peaJm3aluio B IpocTpancTse R? B BHE BIOXKEHHOTO IeOMETPHYECKOTrO
rpada, pedbpa KOTOPOro — IPAMOJTHHENRHBIE OTPE3KH.

Yupaxxaenne 8.2. lcnons3ys ¢opmyiny Ditnepa, mokazkure, 410 rpad K3 3 HEIIaHAPHBIH.
Yopaxkuenune 8.3. Ilycrs G — miockuit cBs3ublil pocToil rpad, umennuii v Bepiiuh, e pedbep u f rpaHeii.
. 3
(1) Hcnonbsysa dopmyiy Ditnepa, nokazkure, 4ro npu v > 3 pbinonngerca 5 f < e < 3v — 6.
(2) Iokaxure, yro G COXEPKUT BEPUIUHY, CTEIEHb KOTOPOI HE IIPEBOCXOAUT 5.

VYopaxkueaune 8.4. [lycrb G — miockuii cBasubiit npocroit rpad. Iokaxkure, uro G He Moxker cocrodtbh u3 10
BEPILUH, CTEIEHb KAXK/0 U3 KOTOPBIX PABHA D.

VYopaxkueaue 8.5. OQuuniure Bce IJIOCKHE CBA3HBIE HPOCTbIE rpadbl, BEPIIMHBL KOTOPHIX UMEIOT OHY U Ty Ke
cremedb d > 3, KaXKaas TPAHb OIPAHWYEHA OJHUM U TeM ke JYucjaoM k > 3 pebep u Kaxkjaoe peOpo JIEKUT POBHO B
JBYX TPAHAX.

Onpegesienne. Ilycrs G — mpocroii rpad. Oxpyorcenuem N = N(v) eepwunes v rpadba G HA30BeM CJeIyrOMIHTit
rpad: ero BEpIIMHBI — 3TO BCE BEPIIUHBI U3 G, KaxXK/1as M3 KOTOPHIX COEIMHEHA ¢ ¥ HEKOTOPHIM pedpoM; ero pebpa —
Bce pebpa rpada G, coeauHsionue BHIOPAHHBIE BEPIITHHBI.

Ounpenenenne. IIycrs C = {Col;} — Hekoropoe MHOXKECTBO, 3JIEMEHTHI KOTOPOro OyJeM Ha3bIBATh UGEmaMuU.
Kaxnoe orobpaxenue v: V — C Gyuem HasbiBarh packpackot epaga G = (V, E,0) usemamu u3 mHoscecmea
C. IIpu sTom GymeM roBopuTh, 9T0 8epuruHa v nokpawera 8 usem v(v). Packpacka v naspiBaerca npasusvHol,
€CJIM CMEYKHBIE BEPIIUHBI TOKPAIIEHBI PA3HBIMU I[BETAMHU.

Yupaxknenue 8.6 (Teopema XuByma 0 maru Kpackax). JlOKaxKuTe, 9To Jjis Ka’KIOTO IJIOCKOTO MPOCTOTO rpada
CYTIECTBYeT MPaBUIbHASI PACKPACKa b I[BETAMH.

Yupaxkuenue 8.7. [lokaxkure, 9To
(1) mpocrpaHcTBoO [a,b]/~, a # b, roMeoMOP(MOHO OKPYKHOCTH;
(2) obpa3 ByIOKEHHOI 3aMKHYTOH KPHUBOI B IpOCTpaHcTBE R™ romeoMopdeH OKpYKHOCTH;

(3) BiOXkeHHAs KpuBas (3aMKHyTas WM HE3AMKHYTas ), JiexKalas Ha cdepe, He MOKET NPOXOIUTH Y€PE3 BCE TOUKU
cdepbl (OTMETHM, 9TO HE BJIOXKEHHAS KPUBAS — MOKET).

Yupaxuenue 8.8. [lokaxkure teopemy 2Kopmana Ha aByMmepnoit cdepe. Pasperiaercs: BOCIOIB30BATHCS TEOPEMOIi
ZKopnana ajist KpUBBIX.



9 Mauororpanuuku B R?

VYupaxxuenmne 9.1. Ilycrs W — BoinyKJiblit MHOIOIPAHHUK, U IYCTh U, € U f 0003HAYAIOT KOJIMYECTBA BEPINUH, pebep
¥ TpaHeil 3Toro MHOrorpanauka. Jlokaxkure, 4ro

6

MHOTOTPAHHUK W mMeeT XOTs Obl OJMH TPEXTPAHHBIN, YeTHIPEXTPAHHBINA MU NATHTPAHHBIA TPOCTPAHCTBEHHDIIH
yroda (T.e. BepUIMHY, B KOTOPOi CTbIKyOTCs 3, 4 mim 5 rpaneii);

(1) e+6 < 3u;

(2) e+6 <3f;

(3) f+4< 2y

(4) v+4<2f;

(5) muororpannuk W umeer X0Ts Obl OJHY TPEYTOJIbHYIO, Y€THIPEXYTONbHYIO UJIM MATHYTOJbHYIO MPaHb;
(6)

(7) muororpanHwk W mMmeer WM XOTs GBI OHY TPEYTOJHHYIO TPAHb, WM OJUH TPEXTPAHHBIN MPOCTPAHCTBEHHBIH
yroJ;

(8) cymma Bcex IJIOCKMX yTJIOB Ipaneii Muororpannuka W pasna 2m(v — 2).

Omnpenenenne. Ilycro P — BepimuHa npou3BOJIbHOrNO MHOrorpanamka W, a aq,...,Q; — BEJIUYIUHBI YIJIOB BCEX
rpaneit W npwu stoit Bepimne. Torma xpususnoll 6 sepwune P wazbiBaercs Beanunna K (P) = 2w — Y. ;.

VYupaxkaenne 9.2. Jlokaxkure, 4TO y BbIILYKJIOrO MHOrorpanHuka cymma kpususu K (P) no Bcem ero Bepiuunam P
paBHa 47.

Vnpaxnaernne 9.3. Ilycts L C R? — 3amkmyTas momanas 6e3 caMomepecedeHnii, JexKalas Ha rparnne OW BBITyK-
sioro muororpanuuka W. HJokaxure, uro OW \ L cocTouT u3 AByX KOMIIOHEHT.

Onpegenenne. IIycts L C R? — 3aMKHyTas JoMaHas 6€3 caMomepecedenuii, gexkamas Ha, rpanure OW BLITYKIOTO
muororpanauka W, a 21 u {5 — xommonenTsl muoxkecrsa OW \ L. Torma muoxecrsa M; = L U (2; Ha3bIBAIOTCS
MmHozoyzonvruramy Ha OW. na moOroyrojpHuka M; TOUKH u3 {2; HA3bIBAIOTCH SHYMPEHHUMU, U3 (2; —
sHewHuMUY, a u3 L — eparusnvimu, tae {i,j} = {1,2}. Momoxum Int M; = (2;, Out M; = 2, u OM; = L.

Onpenenenune. [lycte X — MHOrOyroabHuK Ha nmoBepxuoctu OW BBIMTyKJI0r0 MHOTOrpaHHuKa W, a P — HEKOTOpas
BepimuHa MHOTOyTONBHUKA X. Torma yeon ap mHoz20yzoavHuka X 6 eepwune P onpenensiercsa tak. Ecim P
JIEZKUT BHYTPH TPAHU, TO (p — ITO YIOJ HA ILIOCKOCTH, COMEpIKAIei 3Ty rpanb. Ecim ke P momasa win Ha pedbpo,
win B BepiinHy u3 OW, TO yrona B 3TOH BepIIMHE CKJAJIbIBAETCA M3 BCEX YIJIOB MHOIOYIOJIbHUKOB, IIOJIYYEHHBIX
uepecedenueM X U COUEPKALMX ITY BEPLIMHY IDaHeil (KOHEYHO, YIVibl PACCMATPUBAIOTCH B 9TOW BEPILUHE).

Yupaxkaenue 9.4. PaccMoTpum n-yronbHEK X, JIEXKAIWNA HA MPAHMIE BBITYKJIOTO MHOTOrpaHHUKA. JlOKazkuTe, 9To
€ro cymma yrjioB pasha m(n — 2) mitoc cymma kpususa K (P) 110 BceM BepIIMHAM MHOTOIDAHHUKA, IIONABIIAM BHYTDb

X.

Yupaxxuenwune 9.5. CymectByer i TeTpasap ¢ rparamu Fy; ..., Fy Takoii, 9T0 mMI0Maab Kaxaoi F; pasua 1, rpanu
Fy u F5 eprneHiuKyIsSpHBL APYT APYTY, rpanu F3 u F) Tak)Ke NePHeHINKYISPHBI APYT APYTY, & YTOJI MEXKIy pedpoM
e1o = F1 N Fy uezy = F3N Fy pasen 37°7 YKasaHue: BOCHOJIb3YyHTECh TeopeMoil MUHKOBCKOIO.

Yupaxkxueuue 9.6. J[oKkaykuTe, 9TO BBIMYKJIBIH MHOTOTPAHHWK TIEHTPATHHO CHUMMETPUIEH, €CJAU U TOJTBKO €CJIN I
KaKJ0# €ro TPaHdW CYIIECTBYeT TapaJjliieibHas €if rpaHb TON Ke TJIOMAJAu. YKa3aHue: BOCIOIb3YUTECh TeopeMoit
MuHKOBCKOTO.

Onpenenenune. [Iycte X — mpousBosmbHOe moaMHOX)KecTBO R™. Hanmenbiee Mo BKIIOYEHHUIO BBITYKJIOE MHOXKECTBO,
comepkaiiee X, HA3BIBACTCS BBNYKAOU 000a0uK0oT X u obo3madaercs uepe3 conv X. Uubimu cjaoBamu, conv X
— 9TO Takoe BbIMyKjoe moamuokecTBO R™, uto X C conv X, m ecim Y O X — Boimykioe moamuOX)kecTBO R™, TO
convX CY.

Yuparxuenwne 9.7. JlokaxkuTe, 9TO BBITYKJIbIH MHOTOTDAHHUK COBIAIAET C BBIMYKJIOH 000JI0YKOM MHOYKECTBA, CBOUX
BEpIINH.



10 Jlemma IlInepuepa

VYupaxxuenne 10.1. Ilycrs BbimyKIbIlii MHOTOYTOJBHUK P TPHAHTYJIUPOBAH, T.€. PA30UT HA HEBBIPOXKIEHHBIE TPe-
YTOJIbHUKHU TAK, YTO BBIMOJHSIIOTCS YCJIOBHUs, ONMCAHHBIE B OIPE/IEIEHUN TPUAHTYIANNN cuMIiekca. IIpeamoroxmm,
9TO BEPUIMHBI TPUAHLYJIANUHU MOKpaieHsl B Tpu usera 1, 2, 3. Ilokaxkure, 94T0 9MC/IO BCEIBETHBIX TPEYrOJIHLHUKOB
YeTHO (HEUETHO), €CJIU U TOJBKO €CJIM YeTHO (HEYETHO) YMCIIO TPAHUYHBIX CTOPOH TPUAHTYJIANUY, BEPITUHBI KOTOPBIX
TOKpaIeHsbl Becemu mpetamu 1, 2. B yactrHocTH, Kakue ObI ABA I[BETA ¢ U j MBI HE BHIOPAJIH, YUCJIO TPAHUIHBIX CTOPOH,
BEPINUHBI KOTOPHIX TOKPAIIEHBL B ¢ U j, OyIeT UMETh OIHY W Ty YK€ UY€THOCTb.

VYupaxkaenne 10.2. Bepuiunbl TpuaHryisiuu KBapaTa IOKpaIleHbl B Yerbipe 1psera {1,2,3,4} caemyomum obpa-
30B: JJId PACKPACKU BEPIIUH KBaJAPATa MCIIOIH30BAHBI BCE I[BETA, & BEPIIMHBI TPUAHTYJISIUH, TOMABIINE HA CTOPOHY
KBa/IpaTa, KOHIIbI KOTOPOi [TOKPAIIEHbI [[BETAMHA { U j, TAK2KE HOKPAIIeHbl B 3Tu nBeTa. [lokaxkure, 910 numeercsd He
MeHee JIBYX Pa3HOUBEMMHDBIL TPEYTOJHHUKOB, T.€. TAKUX TPEYTOJLHUKOB TPUAHTYJIAINHN, BEPITUHBI KOTOPHIX TTOKPA-
MMEHbI TPeMs T[BETaAMH.

Yupaxkuenue 10.3 (Jlemma Kunacrepa—Kyparosckoro-Masypkesuua). [Iycrs k-mepubiii cummieke A nokpeir (k +
1)-um 3amkayTHIM MHOKeCTBOM C1, ..., Cky1 Tak, uyro mig joboro vemycroro I C {1,...,k + 1} rpaub A; mokpsita
{Ci}ier. Mokaxute, uto Torma NI C; # 0.

B nanpueiimem non caaboti aemmoti IlIneprepa OyneM MOHUMATH yTBEPXKIAEHUE O CYIIECTBOBAHUH XOTs ObI
OJIHOTO BCEIBETHOIO CHMILJIEKCA.

Yupaxuenune 10.4. Boisegure w3 teopembr bpayaspa crabdyio semmy [llneprepa.

Yupaxuenune 10.5. Ilokaxwure, uro u3 jemmbl Kuacrepa—Kyparosckoro-Ma3ypkeBuda BBITEKAET C1adasi JIEMMa
Inepnepa.

Yupaxkxuenue 10.6. Ilycts m3BecTHO, UTO 2-aAWYECKyI0 HOPMY, OMPEJIEIEHHYIO M1 BCEX PAIMOHAJIBHBIX YWMCENT B
3a7ade E MOXKHO IPOJOJIKUTH Ha BCE BEIECTBEHHBbIE YUCIa T 10 (DYyHKUUU ||, yAOBJIETBOPSIONIEH CJieLyonum

b

cBoOHCTBaM:
1 |1’|2 2 O,
2) |z|2 =0, ecnu u ToIBKO ecim x = 0,

3) |z - yla = |z]2 - [y]2,

(1)
(2)
(3)
(4) |z +ylz < max{|z|s, [yl2} < 2]z + [yl

Hoxasrcume meopemy MoHcKu: eCI TPUAHTYIANNS € IMHUTHONO KBAIPATA COCTOUT U3 1M TPEYTOJHHUKOB OJINHA-
KOBOH TLJIOIIAJNA, TO 1M HEYETHO.
Yxa3anue:

e pacKpachTe IJIOCKOCTh B TPH IIBeTa Tak: ecan S; C R? MOKpAIIeHo IIBETOM %, TO
Si={(z,y) : |zla <1, |yla <1}, S ={(z,9): |xla > 1, |z]2 > |yl2}, Sz ={(x,9): |yl =1, [yla > |z]2};

e JIOKAXKUTE, 4TO eciu ||y < |yl2, TO |x 4+ y|2 = |y|2 ¥ BbIBeaUTE OTCIOAA UHBAPUAHTHOCTL Sy U S3 NpPU CABUraX
Ha BEKTOPHI U3 S1;

e paccmorpure KBazapar ¢ epmunaamu (0,0), (1,0), (1,1), (0,1);

® TOKAXKWTE, 9TO B I[BeTa 1 1 2 MOXKeT ObITh PACKPAIIIEHA JIUIIb OHA CTOPOHA KBAAPAaTa, & UMEHHO, COeIUHSIIOIIAs

(0,0) u (1,0);
® BbIBE/IUTE OTCIO/A, YTO B TPUAHIYJISAIMU UMEETCH BCEIBETHLINA TPEyroabHukK 1

® WCIOJIB3ysl MPOJOJIZKEHHYI0 2-aIM9eCKyI0 HOPMY, JOKAXKUTE, UTO ecau § — miomans 1, To |s|a > 1, amsa wero
MIPEIBAPUTENHHO CABUHBTE ', COBMECTHB €0 BEPIMWHY U3 S C HAYAJIOM KOODIUHAT;

e BBIBEJIWTE OTCIONA, YTO |m|e < 1 u, 3HAUNT, M HEYETHO.



11 PaBHOBeJMKOCTh 1 PABHOCOCTABJIEHHOCTH. TpeTbsa nmpobjema ['manbep-
Ta

VYupaxuenne 11.1. [Iycte W — mHOrOyrosbHuK, pa3pe3aHHblil AByMs CIOCOOAME, & UMEHHO, Ha MHOIOYTOJIbHUKH
Fy, ..., F,, arakke va maoroyrojibiuku G, . . ., Gp,. Jokaxkure cjielyioliee yTBepK AeHre: MHOrOyrojbHUK W MOXKHO
pa3pe3aTb Ha MHOTOyToJabHEHKH W; Tax, uTo Kaxkawit W; mexur B mexoropom I n Gj. B wactrocTH, Kaxkapii F) u
G pa3pe3aercss Ha HEKOTOPbIE U3 MHOTOYTOJbHUKOB W;.

Ynpaxkuenune 11.2. Boisegure u3 ynpakuenus [11.1] 910 u3 paBHOCOCTABJIEHHOCTH MHOTOYTOJBHUKOB A 1 B, a Tak-
JKe MHOrOYTrOAbHUKOB B 1 C, BBITEKaeT PABHOCOCTABIECHHOCTH MHOrOYroibHUKOB A u C. Tlokazkure, 9T0 OTHOIIEHUE
PaBHOCOCTABJIEHHOCTH HA IJIOCKUX MHOIOYTOJIbHUKAX SIBJISETCS SKBUBAJIEHTHOCTHIO.

Vupaxkuenne 11.3. Jokaxure, 9T0 1000i MIOCKMH MHOTOYTOIBHUK MOXKHO Pa3Pe3aTh HA BBILYKJIBIE MHOIOYTOJIb-
HUKU (& 3aT€M Ha TPEylOJIbHUKH).

VYupaxxuenne 11.4. Jlokaxkure, 94T0 J1000 TPEYrOJbHUK PABHOCOCTABJIEH C HEKOTOPBIM IIAPAJIIEJIOrPAMMOM.

VYupaxuenne 11.5. Jokaxkure, 94TO JBa NAPAJIIEIOrPAMMA, § KOTOPHIX COOTBETCTBEHHO O/IMHAKOBHI OCHOBAHUS W
TTPOBE/IEHHbIE K HUM BBICOTHI, PABHOCOCTABJIEHBI.

Yupaxxkxueuue 11.6. U3 ynpaxkuenusd |L1.5| BbIBeauTE, UTO JI00BIE ABA TTPAMOYTOILHUKA PABHBIX TLIOMIAIEH pPaBHO-
COCTABJICHBI.

Yupaxuenne 11.7. Jlokaxkure, 9T0 KOHEUHbINH HAOOP MPSAMOYTOJBHUKOB PABHOCOCTABIIEH C JIFOOBIM MPSIMOYTOJIBHU-
KOM CYMMAapHOM NJIOIIATH.

Yupaxkuenue 11.8. Jlokaxknute Teopemy Boitan—Bammaca—epsuna.

Yupaxuenune 11.9. Briseaure u3 Teopemsr Boiisu—Basmraca—'epBuna, 9To obast IpsaMOyTOabHAS TPU3Ma, PABHO-
COCTaBJIEHA C MPSIMOYTOJBHBIM TTAPAJLIEIENUIIEOM, a MTOCJIEIHAN PABHOCOCTABIEH C KyOOM.

Onpegenenne. Ilycts W — mHOrOrpanHuk ¢ MHO2KeCTBOM pebep F, u M — HEKOTOPOe MHOYKECTBO BEIECTBEHHBIX
quces, comeprkairee quuHbl Beex pedep u3 E. Ilycrs f — npousBonbras dyukuus Hewa nng W, u g: M — R — mpo-
u3BOJIbHAA aauTuBHAag QyHKus. Torga obobwerrvim unsapuarnmom Jlena muozozparruka W, COOTBETCTBYIOMIMM
nape (f, g), masosem wncio > 9(|el) f(e), e |e| m o, — nymma pebpa e W BeINHA IBYTPAHHOTO YTUIA TIPA STOM
pebpe COOTBETCTBEHHO.

Yupaxxuenne 11.10. /lokaxkure, 9T0 y pAaBHOCOCTABIEHHBIX MHOTOIPAHHUKOB 0000IIEHHBIE WHBAPUAHTHI /leHa pas-
HBI.

Yupaxkuenue 11.11. JlokaxknuTe, He MOJIb3YICh TPPATTMOHATHHOCTHIO KOHKPETHBIX UHUCEJ, YTO CPEIN MPABUIbHBIX
nupamuz, (OCHOBAHME — IPABUJIBHBIA MHOIOYIOJIbHUK, a BBICOTA MONAJIAET B IEHTP OCHOBAHWS) UMEIOTCS HEPABHOCO-
CTaBJIEHHBIE C PABHOBEJIUKUM KyOOM.



12 /IBymMepHBIE TIOBEPXHOCTH

VYupaxueuune 12.1. IlycTh Ha TOBEPXHOCTH HAPHUCOBAH I'pad, IpuUeM KarxKaas n3 o0IacTeil, Ha KOTOPbIE OH JEJTUT
MOBEPXHOCTDH, FOMEOMOP(MHA JTUCKY. IUaepo8oti TapaKmepucmuKroy, TaKOi KapThl HA3BIBAETCS YUCIO U — € + f,
rJe v — 4YMCJI0 BEPLIUH, e — 4ucjo pebep u f — uuciio obaacreii. JJokaxKure, 4ToO 3i/JI€pOBbl XapaKTEPUCTUKHU JIFOObIX
JBYX KapT Ha TMOBEPXHOCTH COBMAIAIOT. YKA3aHWe: PACCMOTPUTE KAPTY, TMOIYJAIOINIYIOCS “HAJOXKeHneM’ IBYX KapT,
T.e. O0beIMHEHNEM WX TDAHMUII.

Yupaxkueune 12.2. Itiaeposoti rapaxmepucmuroli No8ePILHOCMU HAZHIBACTCS UUCJIO
x=v—e+f,

rue v, e u f — uucia BepiiuH, pebep u obsacreil 060l KAPThI, HAPUCOBAHHOI HA MOBEPXHOCTHU (COIVIACHO yTBED-
JKJIEHUIO U3 yupaxkHeHus [12.1] 970 4ucsio He 3aBUCUT OT KAPThl M, TEM CAMbIM, XapPAKTEPU3yeT CaMy [OBEPXHOCTD).
Boruuciinre 3i1epoBbl XapaKTEPUCTUKU UIAHIPA, TOPa U JieHTbl Mébuyca.

VYopaxkuenne 12.3. Ilosepxuocts M nomyuaercs u3 nosepxaoctu N Bbipesanuem k muckos. Beipasure x (M) gepes
X(N).

VYupaxkxuenune 12.4. Kaxnasa w3 asyx moBepxuocteit M m N mMmeer Kpaii, MpeaCTABISIONAN COO0ON 3aMKHYTYIO
KPUBYIO, COCTOAIIYIO0 W3 OZHOrO Kycka. [loBepxHOCTh () mosyuaercss w3 moBepxHocTelr M u N CKIeMBaHWEM KpPAaeB.
Beipaszute x(Q) wepe3 x(M) n x(N).

Yupaxxkxuenue 12.5. Bprancianre siepoBy XapaKTePUCTUKY
(1) mosepxuocTu M, o> IOy IeHHOM 13 cephl ¢ g PyYKaMu BBIDE3AHUEM 1M JIbIPOK;
(2) mosepxmoctu N}, mosmy<enHoii u3 cdepst ¢ h muenkamu MéOmyca BbIpe3aHIEM 1M JHIPOK.

Yupaxuenune 12.6. CropoHamMm MHOrOyroJbHUKA MPUNHUCAHBI OYKBbBI @, b, ¢, ... B CIEAYIOIMIEM MOPSIIKE:
a, b,a, b cd cd,...

3areM CTOPOHbI, TIOMEYEHHbIE OJHOMMEHHBIMU OYKBAMU, CKJIEUBAIOTCS, IPUYEM CTPEJIKa Ha KAXKIOH CTOPOHE HAIPAB-
JIEHA [0 HAIIPABJIEHUIO 0DX0J1a, KOIJIA COOTBETCTBYIONIAs OyKBA BCTPEYAETCS HEPBBIA pa3, U IPOTUB HAIIPABJIEHUS
00xoma, Korma OykBa BCTpedaercst BTopoit pa3. JlokarkuTe, 9TO, €C/IM YUCI0 PA3HBIX OYKB PABHO 2¢g, TO MOJyYeHHAS
TIOBEPXHOCTH roMeomMopdHa cdepe ¢ g pyIKamu.

Yupaxuenune 12.7. CropoHamMm MHOrOyroJbHUKA MPUNKUCAHBI OYKBBI @, b, ¢, ... B CIEAYIOMIEM MOPSIIKE:
a,a,b,b,ccdd,...

3areM CTOPOHbI, TIOMEYEHHbIE OJHOMMEHHBIMU OYKBAMU, CKJIEUBAIOTCS, IPUYEM CTPENIKa Ha KAXKIOH CTOPOHE HAIPAB-
JIEHa TI0 HampaB/jeHuio 00xoma. Jlokakure, 9TO, €C/im YUCIO0 PA3HBIX OyKB PAaBHO h, TO TOJIy9eHHAs MTOBEPXHOCTH
romeomopdHa chepe ¢ h naerkamu Mébuyca.

Yupaxxkxueuue 12.8. Ha 3amMKHYTOIH MOBEPXHOCTH HAPUCOBAHA KAPTA, MPUIEM KAXK/IAsi CTPAHA MPEICTaBsieT coboit
HEKOTOPBII N-YyTrOMBHUK, U B KAXKI0H BepIwHe cxoauTcs no k pedep. JJokaxkure, 410

1 1

1 x
nTE T2 e

rae x — 3iiJepoBa XapakKTEPUCTUKA MOBEPXHOCTH, a € — 9ucjao pebep KapTol. [IpuBegure mpuMep Takoil KapThl HA
chepe pu n = 2, k = 4.

Yupaxkueuue 12.9. Borauciure 3it1epoBbl XapaKTepUCTUKH Oy ThLIKEH KiteiiHa u MpOeKTUBHON IITOCKOCTH.



13 Kpusbie

VYupaxueuune 13.1. IlocTpoiiTe Ha MIOCKOCTH TIAIKYIO KPUBYIO, 00pa3 KOTOPO — IPSIMOii yTOJI.

Yupaxkuenue 13.2. IlocTpoiiTe mpuMep HEOTHOTOUETHOTO JTUHEHHO CBI3HOTO METPUIECKOTO TPOCTPAHCTBA, B KOTO-
POM HET HU OJHOUW HEBBIPOKJAEHHON CIPAMJIAEMON KPUBOIA.

VYupaxxuenne 13.3. Ilokaxwure, 9T0 KaxK1ad PeryagpHasi KPUBas fABJSeTCs 0€30CTAHOBOYHOMN, B YaCTHOCTH, HA Heil
BCerJla MO2KHO BBECTH HATyPaJIbHYIO IIapaMeTpu3aliuio.

VYupaxuenne 13.4. Ilycrs X — merpudeckoe mpoCcTPaHCTBO, ¥ — KpuBad B X, u TOYKU T, y € X JIeKaT HA 7.
IMokazkure, 910 |7y| > |2y

VYuopaxkuenne 13.5. Ilycrs napamerpudeckas kpusas 7: [a,b] — R™ — rmankas. I[Tokaxknre, 9T0 oToGparkeHne -y
— JINTIIIIATIEBO W, 3HAYUT, Y — CIPAMJIsgeMast KpUBas.

Vnpaxkuenne 13.6. BreauTe HaTypasbHbI TapaMeTp Ha CIEIYIONNX KPUBBIX, 33 JaHHLIX Ha MJIOCKOCTH R? mn B
npoctpancTee R3:

(1) ma orpeske mpamoit y(t) = vt + a, Tae a,v € R, v # 0;
(2) Ha ayre okpyskuHOCTH Y(¢) = r(COS ¢, sin ), r > 0;

(3) ma rpaduxe Gyrxmmm y(z) = (x, ach(z/a)), a > 0, 3amaomeii KPUBYIO, IO KOTOPOH MPOrHGAETCS TAKETAS
uenb (KpuBas HA3BIBAETCH UENHOU AUuHUET);

(4) ma BuHTOBOI JMHUE (@) = (acos ¢, asinp, bp).
VYupaxuernne 13.7. Kpyr K ma eBKaumoBoit miockocTr R? “katurca 6e3 IpoCKaIb3bIBAHIS
(1) mo mpsmoit;
(2) 1O OKpYXKHOCTU CHAPYZKHU KPYTa, OIPAHUIEHHOrO ITON OKPYKHOCTHIO;
(3) 1O OKpY:KHOCTU BHYTPHU KPYTa, OIPAHUIEHHOTO ITON OKPYKHOCTHIO.

Touka M »xkecTko cBs3aHa ¢ kKpyroM K (OHa MOXKeT jie:KaTh BHE KPYyra). 3ajaiiTe TPAeKTOPUIO JBUXKEHHS TOYKU
M napamerpuvecku. N306pasure coorBercrByiomue Kpusble. Hamnumure KOMIBIOTEPHYIO IPOrpaMmy (Hanpumep, B
nakere Maremaruka), KOTOpasi pUCyeT 3TH KPUBbIE B 32aBUCUMOCTH OT [APAMETPOB 3a/Ia4Hu.



14 KpuBu3HbI KPUBBIX

VYupaxueune 14.1. Borancinre KpuBu3Hy, OpUEHTHPOBAHHY0 KPpUBU3HY 1 6a3zuc Opere 11 IMITOCKUX PEryIapHBIX
KPUBBIX, 3aJaHHbIX Ipadurom byukiuu v(x) = (:E7 f(x))

VYupaxxuenne 14.2. [lns cieayionmx KPUBbIX, 33JaHHBIX HA IJIOCKOCTU C JIEKAPTOBBIMYU KOODIUHATAMU T, Y, BbI-
4HCJINTEe KPUBU3HY, ODUEHTUPOBAHHYIO KpUBHU3HY U Haiiaure 6a3uc Opene:

(1) ana orpeska mpamoit y(t) = vt + a, Tae a,v € R?) v # 0;
(2) mia pyru okpyzxuocru y(¢) = r(cos @, sinp), r > 0;

(3) aust nenuoit munun y(z) = (2, ach(z/a)), a > 0;

(4)

4) mia snmanca y(@) = (acos g, bsing), a > 0, b > 0.

VYupaxxuenne 14.3. s ciaeayomux KPUBbIX, 33/JaHHBIX B TPEXMEPHOM IIPOCTPAHCTBE C JI€KAPTOBBIMUA KOODIWHA-
TaMu T, Y, Z, BBIYUCIUTE KPUBU3HY, KpydeHnue, u Haiiaure 6azuc Opene:

(1) mis orpesKa npsMoii;
(2) pa Bunrosoit muuuu y(t) = (a cost, asint, bt), a > 0;
(3) mna kpusoit y(t) = (t2, 1 —t, t3).

Yupaxueuue 14.4. PaccMorpuM Caeayioniyio KpUBYIO B I€ThIPEXMEPHOM IIPOCTPAHCTBE:

*) ( t .t 1 . 1 _t>
=|coS—, sin —, —cost, —sint |.
7 2 27 V2 V2

Brerancnure 6a3uc ®pere v KpUBU3HBI KPUBOIA 7.
Yupaxxkueuue 14.5. [ KPUBBIX B TPEXMEPHOM TTPOCTPAHCTBE, JTOKAYKUTE, UTO
(1) peryisipas KpuBasi JIE2KUT HA [IPAMOIL, €CJIM U TOJILKO €CJIU €€ KPUBU3HA PABHA HYJIIO;
(2) Guperyssipuasi KpUBasi JIEZKUT B ILJIOCKOCTU, €CJIU U TOJBKO €CJIA €€ KPYUEHUE PABHO HYJIIO.

Haiinure ypaBHeHNsT TAKUX MPAMBIX U IJIOCKOCTEl B TEPMUHAX HCXOTHBIX KPHUBbBIX.
BeisicHWTe, BEPHO JIM, YTO €CJIN B KayKI0i TOUKE PEryJasipHoOil KpuBOit y BeIMonHseTcs (3,4, 7') = 0, TO vy JeKuT B
HEKOTOPO# MI0CKOCTH?

VYuopaxkaenne 14.6. ITokaxnre, uro (n— 1)-peryaspras kpusas B R”, y kotopoit k,_1 = 0, 1exur B (n— 1)-MepHOM
adbPUHHOM TPOCTPAHCTBE.

Yupaxkuenue 14.7. Ilokaxkure, 9To HaTypaJabHO TapaMeTpu3oBaHHasa KpuBas B R", y KOTOPO#t TOXK/IECTBEHHO PaBHA
HYJIIO HEKOTOPAs IPOW3BOAHAs TOpAaKa k > 1, aBiisieTcs OTPE3KOM IPAMONA.

Vnpaxkuenne 14.8. JJokakure, 9T0 KPHBU3HA OHPEryasapHOi KpuBOil B R® IpomopnuoHasbHA KPYIEHHIO, €CIH H
TOJIbKO €CJIM HalJeTcs MOCTOAHHbIA HEHYJIeBOil BEKTOP U Takoii, uro (u,T) = const # 0.



15 BoccranoBieHne KpuBbIX 0 KpuBuU3HaM. 'eoMeTprda MIOCKNX KPUBBIX

VYupaxkuaenne 15.1. Pemure na mwiockocru narypasibhoe ypasuenue ki(s) = 1/s, I = [a,b], 0 < a < b.

Vnpaxuenne 15.2. JlokaxkuTe, 9T0 GHperyagpHble Kpubble B R® ¢ IOCTOSHEBIME KPHUBH3HOM W KPyHUeHHEM — 3TO
B TOYHOCTU OKPY2KHOCTH ¥ BUHTOBbBIE JINHUU.

VYupaxueuune 15.3. Ilokaxkure, 910 m100as OKPYKHOCTD, MPOXOIAINAs depe3 TOUKY P peryasapHoil ImIOCKOit KpuBOit
¥ OTJIMYHAS OT OKPY?KHOCTH KPUBHU3HBI, KACAETCSl KPUBOH Y C MEHBIIUM Y€M 2 MOPSIKOM.

Yupaxueuue 15.4. IlocTpoiite aBe MIOCKUX KPUBBIX, COBIAIAIONINX UL B OJHON TOUKe P m mmeronux Oecko-
HEUHBIA TOPSIIOK KaCAHWS.

VYuopaxknenne 15.5. s sammnca y(t) = (acost, bsint), a > 0, b > 0, a # b, 3a1aHHOrO HA TJIOCKOCTH C JEKAPTO-
BBIMU KOOPJWHATAMU T, 3, HATUIIATE yPABHEHUE 3BOTIOTHI.

Yupaxuenune 15.6. Ilokaxkure, 94TO IBOIOTA TJIOCKOW KPUBOW <y COBIAIAET C MHOXKECTBOM OCOOBIX TOYEK BCEX
BOJIHOBBIX (DPOHTOB, BBIMYIIEHHBIX C 7.

Vnpaxnuernne 15.7. Osanom ma miockocTrn R? Ha3bBaeTCa 3aMKHYTasd KPHBASA MOJOXKUTEILHOH KPUBI3HLI, OIPa-
HUYUBAIONIAA CTPOrO BBINYKJIYIO 001acTh ([j1s JIIOOBIX JBYX TOYEK TOH 06JACTH BHYTPEHHOCTH COEIMHSIONIEr0 MX
orpe3Ka JIeKUT BHYTpu obsiactu). Bepwurot oeana Ha3biBaeTcs TOYKA, B KOTOPOil KPUBU3HA MMEET JIOKAJIbHBII
MUHAMYM Wi MakcumyM. JJokarkure, 9TO0 KazK/Iblil OBAaJI MMEeT [0 MEHbIIell MepPe YeTbIPe BEePIIUHbI.
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