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Jlekima 1

DJIeMeHTbl Teopuu rpadoB

ITnan. O6uiee onpenesnenue rpados, Bepiinnbl, pebpa, 0TobparkeHne MHINAEHTHOCTH, KOHEeYHbIE rpadbl, HHIMAEHTHbIE BEPIIUHBL U pebpa, Bepin-
HbI, COeIUHEHHbIE Pe6POM, CMeXKHbIe BEPILHUHbI, CMeXKHbIe pebpa, meTs, KparHoe pe6po, KpaTHas IeTJs, KPATHOCTb pebpa, npocroil rpad, seMma
O PYKOIIOXKATHUSIX, CTENEHb BEPIINHBI, 3a7a4a Dijepa, MApIIPyT, 3aMKHYTHIH MapIpyT, OJIHHA MAapIIpyTa, NyTh, [UKJ, CBA3HBIA rpad, simepos
uuki wimn 06xox rpada, sitiepos rpad, kpurepuil situieposocru rpada, NpoCToil UMK, IAMUJIBTOHOB LUKJ, MaMHIBTOHOB rpad, reopema Jdupaka
— AOCTATOYHOE yCJOBHE MAMHUJIbTOHOBOCTH, BUCSYAs BEPIINHA, AEPEBO.

1.1 OcHoBHBIe TOHATUA Teopum rpados

Mycts V — mponssoabHoe (He o6A3aTelbHo KOHewHOe) MHOXKeCTBO, #V man |V| — ero mommocts, k € N, a V()
— ceMeiicTBO Beex k-smeMenTHBIX momMuOKects V. Ormernm, aro mpu k > |V| muoxecrso V*) mycro. Ham 6ymyr
myxubr MEOZKecTBO V(1) ommosmementHbIx i MHOKecTBO V(2 ByXsmeMenTHBIX mOmMHEOKECTB V.

Oupegnenenne 1.1. I'pagpom G nasvisaerca Tpoiika G = (V, E, 9), cocrosmas u3 maoxects V, E u orobpaxkenus
9: E - VMuv®, Daementsr u3 V naszpisaiorcs sepwunamu rpada G, snementst u3 £ — pebpamu rpada G, a d
— omobpascenuem uHuyudenmnocmu. Eciu 3anan rpad G, HO He BBe1eHO 0O03HAYEHME JIJIsi MHOXKECTB BEPIIUH,
pebep, min 1yist OTOOpasKeHnsT WHIMAEHTHOCTH, TO COOTBETCTRYIOIINE 00heKTH OymeM obosnavars V(G), E(G) n Og.

3ameuanne 1.2. Bcrosy, eciin He OrOBOPEHO [IPOTUBHOE, Mbl OyJ1eM paccMarpuBarb KoHewHbie 2padoe, T.e. rpadobl,
y KOTOpbIX MHOKecTBa V 1 E KoHewnbl. Takske, 11 KpaTkocTn, BMecTo J(e) Mbl Oyaem nmcarhb Je.

IIpumep 1.3. Ilyctes V = {v1,v2,v3}, E = {e1,e2,e3}, 0(e;) = {v;,vx} ama mobwix {i,j,k} = {1,2,3}. Torma
rpad (V, E,0) MOXKHO paccMaTpuBaTh KaK MOJEJ]b TPEYrOJbHUKA ¢ MHOMKECTBOM BEPIIMH V ¥ MHOXKECTBOM CTOPOH
E. Tlpu 3rom orobpaykeHne HHIUAEHTHOCTH O TIOKA3BIBAET, K KAKUM BEPIIHHAM KayK0€ U3 pedep e; “IpuKIenBaeTcs’,
nanpumep, de; = {vg, v3}, TAK YTO €1 KPENUTCs K v U V3.

Jlmst HarmagHOCTH Tpadbl IPEICTABAAIOT B BHIE TOYEK-BEPIINNH, COCINHEHHBIX JTHHuUAMHA-peOpamu. Ha puc.
creBa n306pazkeH rpad U3 IpEMepa a cupasa — rpad 6omee 0bIIero BIA.
B reopun rpador npunaTa crenyomas TepMuaoaorus (puc. [1.2)):

e ecim v € Je, TO TOBOPST, UTO BEPIINHA U U PEOPO € UHUUIEHMHbL;

ecm Je = {v,w}, TO TOBOPST, UTO BEPITUHBI U W W CMEHCHDL, NN ¥Ke, UTO OHU coeduHeHb, pebpom €;
e pebpa e u e/ HasBIBAIOTCA cMedHcHBuiMU, ecn Oe N O’ # (;
e pebpo e, MHIMAEHTHOE POBHO OJHON BEpLIMHE, T.e. eciu #0e = 1, Ha3bIBaeTcs nemdJaet;

e ecu qia pebpa e cymectByer pebpo e # e Takoe, uro Je = 0e’, To pebpo e (a BMecre ¢ HuUM U PebpPO €’)
Ha3bIBAETCS KPAMHBIM;

Kpamnocmuvio pebpa e HA3BIBAETCA KOJIUIECTBO BeexX pebep e, misa kKoropeix de¢’ = de. dcHo, uTo pebpo e He
ABJIAETCA KPAaTHBIM TOT'Ja U TOJIBKO TOIr'JJa, KOI/la €ro KpaTHOCTH PaBHA 1.

Onpenenenne 1.4. I'pad Ge3 meresib u KpaTHBIX pPeOEP HABBIBACTCH NPOCTNBLM.



1.1. OcHOBHBIE TOHSITHST TEOPHH TPAPOB. 5

Puc. 1.1: TIpumepsr n3obpaxkenusi rpados.

e —~€ _  pebpo e v BepuIMHA V UHYUACHMHbL @ peopo e - nemiz
v ,
e
e BEPLUUHbI V, W CMENCHbL, OHU pebpae, e, e’ - kpamuvle
M coeduneHbvl pebpom e

rr

e

—~E s E_ pebpacue cuexnchol )
o ¢ HCTIH e, € - KpamHble

Puc. 1.2: Hekoropsie Tepmunbl TeOpuu rpadoB.

3ameuanne 1.5. Yrobsl 3a7are npocToit rpad, 10CTATOYHO 334aTh MHOXKECTBO BEPIIUH V U HEKOTOPOE ITOAMHOMXKEe-
creo E 8 V),

B camom nene, iyers G = (V) E, 9) — npocroii rpad. Torma 0 orobpazkaer MHOXKeCTBO E B3anMHO-OJHO3HAYHO HA
HEKOTOPOe MOJIMHOYKECTBO B V(2), YTO MO3BOJISIET OTOXKIECTBUTb F u OF C V). Nubivu cjioBamMu, pedbpo IPOCTOro
rpada OJHO3HAYHO 33/IAeTCsl MAPOil PA3TUIHBIX BEPIIUH, KOTOPHIE OHO COEIUHSIET.

Takum obpaszom, npocmoti epag Gynem Bcerga npeicrapiarb napoii (V) E), rie E — HEKOTOPOe [MOAMHOKECTBO
BV,

Hast mpocroro rpada G = (V, E) pedpo e = {v,w} € E yno6ro 0603HaYATH VW WIH W.

Wmeercst 6osIbITOE KOMWYECTBO 337181, KOTOPHIE €CTECTBEHHO DPEITAIOTCST HA S3bIKE TEOPHH TpadoB.

Banaua 1.6 (Jlemma o pykonoxaruax). HeKoTOpble y9acTHUKN KOH(DEPEHIINH, 370POBASACH, TIOKUMAIOT APYT JAPYTY
pyku. JlokaxknuTe, 9TO YUCIO YIACTHUKOB, KaXKJIbII M3 KOTOPBIX COBEPINNUJI HEUETHOE UHCJI0 PYKOIOXKATHN, — FEeTHO.

Permtenue sroit 3aJa91 UCHOJIb3YET MOHATHE CTEIEHU BEPIMUHBI 1 OJJHY OY€Hb MOJIE3HY IO CbOpMyJIy

Onpenenenne 1.7. Ilycts v — nmpou3BoibHAs BepinHa HEKOTOPOro rpada. Torma emenernsiro deg v 310l BEpIIUHBI
Ha3bIBAETCH KOJMYECTBO WHIMIEHTHBIX v pebep, He SABJISIOMIMXCS MEeTJISME, IJIIOC YABOSHHOE KOJHUYECTBO IETENIb,
WHIUAJIEHTHBIX VU:

degv =#{e € E:0e > v, |0e| =2} +2#{e € E : 0e = {v}}.

Boraucanm cymmy crerneneit Becex Bepiiua rpada. 3aMeTuM, 9ro Kaxk10e pedPo BHOCHT B 9Ty CyMMY BKJIAJI, PABHBII

2, 103TOMY
2|E| = Z degv.
veV
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(oo}
O6o3uauamm gyepes Vi, C V muOkecTBO BCex BepumH crenernu k. Torma > degv = > k|Vi|, orkyna
veV k=0

(1.1) 20E| = k[Vil.
k=0

Pemrenue 3agaun Paccemorpum rpad G, KOoTOpBIit 09€BUAHBIM 0OPA30M ONKUCHIBAET PYKOMOKATHS: 33 BEPIIUHBI
MPUHAMAEM y4aCTHUKOB KoH(pepeHnu, 3a pedpa — Bce pykomnoxkarus. IIpu 3Tom cantaem, 910 pedpPO—pPyKOMOKATHE
MHIUJEHTHO TE€M BEPIIUHAM—YYaCTHUKAM, KOTOPbIE 3TO pyKomnoxarue copeprimiu. Torga B 3aja4de Tpedyercs JTOoKa-
3aTh, 9TO B HaITEM rpade KOJUIECTBO BEPIITUH C HEYETHBIMU CTEMEHIMU YeTHO. VIHbIMU CI0BaMu, TpeOyeTCst T0Ka3aTh,
qT0 UUCI0 0 = Y pe |Vakt1| geTHO.

Bocmonb3yemcst popmymoit :

(o] o] (oo} [ee] (oo} (oo}
(1.2) B[ =D k|Vil =D 2k Vol + D> 2k + 1) [Varra| = > 2k [Var| + > 2k [Varya| + Y [Varsal,
k=0 k=0 k=0 k=0 k=0 k=0

OTKYyJa MITHOBEHHO BBITEKAET, YTO 0 YE€THO.

3ameuanne 1.8. XoTd €CTECTBEHHO CUYUTATH, 9TO YYACTHUKU KOHMDEPEHIIMH MOKUMAIT JAPYT JAPYTY PYKY JIHIIb
onun pa3 (B rpade G Her KparHbix pebep) u He nokuMaiorT pyku camum cebe (B rpade G mer neresn), r.e. G —
mnpocTtoii rpad, TeM He MeHee, IPUBEIEHHBIE BBIIIE PACCY K ICHU ObLITH IIPOBEJIEHDI st 100010 rpada, He 00a3aTeTbHO
TTPOCTOTO.

OtmeruM, 9T0 B TeOpuu rpadOB UMEETCS MHOTO WHTEPECHBIX 33/1a4, PEITEHNsT KOTOPBIX OCHOBAHBI HA, BHIYUCIEHUT
Pa3IMYHBIX COOTHOIIEHUI MEXK/Iy YHCJIOBBIME XapakTepucTukamu rpadosB. HekoTopbie n3 Takux 33439 Mbl PACCMOT-
pPHUM Ha CeMHUHape.

1.2 iimepoBsl Tpadbl

Crenyromnuit Kpyr BOIIPOCOB CBs3aH ¢ 00xomamu rpados. Bor mpumep kiaccuaeckoit 3ama4m, KOTOPYo permwt J1. Dii-
Jiep, U ¢ KOTOPOii, KaK CIUTAETCsI, OepeT HAYAIO0 Teopus Irpados.

Bamgaua 1.9 (Bazaua Ditnepa). B ropoge Kénurcbepre na pexe Ilperess umeerca 7 MocTOB (MX PACIOJIOKEHUE
MMOKA3aHO HA PHUC. csieBa). MoxKHO Jiu, Bbliijig U3 I0Ma, BEPHYTHCA HA3a/l, IPOH/s KAXK/Iblil MOCT POBHO OAUH Da3?

KONINGSBERGA

Puc. 1.3: Crapunnas kapra Kénurcbepra. Byksamu obo3uagennr yactu ropona: A — Asbrmraar, B — Kuaiinxod, B
— Jlomze, I' — @opuuranr. [udpamu obo3nadenst mocrbl (B Hopsijike crpouresbersa): 1 — JlaBounbiit, 2 — 3enéubii,
3 — Pabounii, 4 — Ky3ueunsrii, 5 — Jlepesuubiii, 6 — Borcoknii, 7 — Memossrii.

Ditsep m300pa3ui YACTH CYIMW TOYKAMU, & MOCTBI — JIMHUSIMU, COEIUHSIONMMHU 3T TOYKH W, TAKUM 00pPa30M,
chopMyIHpOBaT 3Ty 33Jady B TepMuHaAX Teopuu TrpacdoB. UToOBI MOHATH (POPMYTUPOBKY, HAM TOHAIOOUTCS P,
HOBBIX ITOHATHI.
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Onpenenenune 1.10. Mapwpymom, coeduHANUUM BEPULUHDBL V) U V), HA3BIBAETCS TTOCJIEI0BATETHHOCTD

Vo, €1,V1,€2,V2,...,€L, Uk,

rIe v; — BepImHbI rpada, a e; — ero pebpa, mpuaeM s KazKI0ro ¢ pedpo e; COeNHAET BEPIINHBI ¥; 1 U V;. MapmpyTt
Ha3bIBAETCH 3AMKHYTNbIM, €CJIL Uy = VUg. B 000X paCCMOTPEHHbIX C/Iy4YasX YUC/I0 K HA3bIBAETCH OAUHOUT MaPUL-
pyma. Eciu B MapuipyTe BCe BEPIUHBI PA3JIUYHBI, TO TAKOW MapIIpyT HA3BIBAETCS Nymem. MapmpyT HazoBeM
HEBBIPOHCIEHHDBIM, €CTTU OH CONEPIKUT XOTS ObI OTHO pedpo. Kcim B 3aMKHYTOM HEBBIPOXKIECHHOM MApIIPYTe Pas-
JIMYIHBI BCe pedpa €;, TO TaKOi MapPIIPyT HA3LIBAETCS UUKAOM. ['pad HA3bIBaeTCSI €8A3HBIM, €CIU JIOOBIE IBE €ro
BEPIIUHBI MOKHO COETUHUTH HEKOTOPBIM MAPIIPYTOM.

3ameuanne 1.11. Eciu rpad G He umeeT KpaTHBIX pebep, TO TPH 3aMUCH MAPIIPYTa pebpa yKa3bIBATH HE 00s3aTe b
HO, TaK KaK Kazk/J0e pebpo OJHO3HAYHO OIPeedercs BepIIMHAMYU, KOTOPbIE OHO coeauHseT. TakuMm o0pa3oM, B 3TOM
Cydae MapIIpyT U3 OMpPeIe/IeHUsT OyJeM 3amuChiBaTh B BUIE VU1 - - - Uk (0€3 ykazanusa pebep u 6e3 pasieseHus
3ansTHIMA).

ITpumep 1.12. IlpuBenem mpumep mMapiipyTa B rpade ¢ puc. CM. pHC.

Y = vr,€3,Vr, €6, V4, €9, V3, €8, V4, €7, V1, €7, V4.

Puc. 1.4: Mapmpyr.

DTOT MaAPIIPYT BBIXOAUT U3 BEPIIUHBI V7 W MPOXOAUT CHAYANA MO OJHOW M3 KPATHBIX METETh, a WMEHHO, 10 €3]
3aTeM HeT 10 Pedpy e KParHocTh 1 B BEPIIUHY V4; OTTY/A OTIPABJISETCH 110 OMHOMY W3 KPATHBIX pebep B v3 u
BO3BPAIAETCS HA3a/, 110 APYyIOMYy M3 KPAaTHBIX pebep B v4; 3aT€M OH uAeT 1o pebpy e; KparHocTu 1 B BepUIMHY VU] H
Cpa3y BO3BPAIIAETCS 10 ITOMY Ke peOdpy Ha3aI B BEPIUHY V4. €M CAMBIM, TTPU JBUKEHUHU IO MAPIIPYTY JOIYCTUMBI
BCEBO3MOXKHBIE CAMOIIEPECEUEHUsI. DTOT MAPIIPYT HE SIBJISETCS 3AMKHYTBHIM, TaK KaK HAYNHAETCS W 3aKAHIUBAECTCS
B pa3Hbix BepmmHax. Ho ecim ero mpomosmKuTh, 100aBUB €, U7, TO OH CTAHET 3aMKHYTBHIM. [[jMHa HE3AMKHYTOrO
MapIIpyTa y paBHa 6, a AIuHA 3aMKHYTOTO MapIIpyTa 7, €g, V7 PaBHA 7.

B v umerorcs coBmajaionye BEpIInHbL, IOITOMY 7Y IIyTEM HE SBJISETCS. 3AMETUM, YTO B IIyTh HE MOXKET BXOJUTH
TIeTJIs, 8 TAKYKEe MyTh HE MOXKET CONEpP’KATh HECKOJBKO pebep, COeIMHSIONINX OIHU W Te YKe BepITuHbI. BoT mpumep
MyTu: v1, €2, V7, €6, V4, €9, V3, MTPUIEM ITOT MYTh UMEET IJIUHY 3 U ABIAETCI MAKCUMATbHLIM B CHJIY TOTO, UYTO €r0
HEJIb3s TPOIOJIKUTE 0 DOjiee JIMHHOTO IIyTH.

OmpeniesieHHbIN BbIIE 3aMKHYTBHIH MAPIIPYT 7, €g, U7 HE ABJIAETCA IUKJOM, TOTOMY YTO B HEM HEKOTOpbIE pedpa
BCTPEYAIOTCS HECKOJIBKO pa3 (Takum siisercd pebpo er). IIpumepom nukia cirykur

vr, €3, V7, €6, V4, €9, U3, €8, V4, €7, V1, €2, V7.

PaccmarpuBaembrii rpad He SABISETCS CBA3HBIM, TaK KaK, CKAYKeM, BEPIIUHbBI Vg U U7 MAPIIIPYTOM HE COEIUHSIIOTCS.
OpHakO eciu BBIKHHYTH W3 3TOrO rpada BEpIIUHBI U5, Ug, BMECTE C pedpaMu €4 U €5, TO OcTaBmuiics rpad Oyaer
CBSI3HBIM.
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Onpegenenne 1.13. llukia B cBa3HOM rpade HA3BIBAETCA 3UAEPOBHIM U 06XL0dOM epagha, eciiv OH COMEPIKUT
Bce pebpa rpada. ['pad, Mist KOTOPOro CymecTByeT 3i1epoB UK, HA3bIBACTC IUAEPOBBIM 2PAPOM.

DittepoB rpad MOKHO HAPUCOBATH HA ILIOCKOM JIUCTE OyMaru, He OTPhIBas KAPAH/IAIA OT OyMard U He TMPOXOs
110 OJHOMY PeOpy ABazK/bl (IIPH ITOM HEKOTOPBIE BEPIIMHBI MOI'YT IPOXOAMUTHCH [0 HECKOJILKO Pa3).

Urak, B 3anade [1.9] cupamusaercs, cymecrsyer ju s rpada, usobpaxennoro na puc. [L.3] cupasa, siiiepos
[INKJI, T.€. SBJISIETCS JIU 3TOT rpad 3itmepobiM. Mbl permuM 00IMIyio 33734y, U3 KOTOPO MTHOBEHHO BBITEKAET, UTO B
3agade [[.9 orBeT OTpUIATEIBHBIIA.

Teopema 1.14 (Kpurepuii sitieposocru rpada). Ceasnuili epad G 5UAep06, ECAU U TNOALKO €CAU CTNENEHU 6CET €20
8EPUWIUH eMHDL.

HoxkaszarenbcrBo. Eciu G comepKuT TOIBKO OIHY BEPIITUHY, TO BCE €ro pedpa — MEeT/Iu, U IWI€POB IUKJI IOy YaeTCs
MIPHU TOCTIeI0BAaTEeTbHOM 00X0/Ie 3TuX nereb. Ilycts G comep:kuT 60see 0JHON BEPIIUHBI. 3AMETUM, YTO BBIKUIBIBAHUE
MeTIU COXPAHSAET CBA3HOCTH Ipada, YeTHOCTU CTElEeHel ero BepINWH, a TaKzXKe CBOWCTBO rpada CcoAep:KaTb WU HE
cozepKaTh 3itaepoB UK. Takum 0O0pa30M, HE OrPAHUYUBAsT OOITHOCTY, MBI OyIeM Cpa3y Mpeanojaarath, ato G He
WMeeT TeTeTb.

IIpeamnonoxum, aro G comepxkut 3itaepos mukia C = vg, e1,- -+ , €, Vg, TAe Vg = V. LlycTb v — mpom3BoOIbHAS BEP-
muua rpada G. Torna B nukite C' KaxK0e BKIIOYEHNE BEPIIUHBI U CMEXKHO JIBYM PeOpaM 3TOTO MUKJIA: TPEIbIIYIIEero u
HocJsieyomero (eciu v = vy = Vg, TO IPEAbLLYIIUM IBJISETCS €, a HocJaeayomum — e1). B cuily orcyrerBust nereib,
91U pedpa MPUXOAAT B BEPIIUHBI, OTJIMIHBIE OT v. Tak Kak B 1uKJie Bce pebpa pa3audnbl, Bce pebpa, HHIUICHTHBIE U,
pasbuBaioTcs Ha mapbl. HarasamHo 3TO MOYKHO MPEICTABUTH Tak: Mbl 00x0auM pebpa rpada mo nukiay C' u TpynnupyeM
B Iapbl TOCIEI0BATEIbHBIE peOpa BXOJA B ¥ M BBIXOJA U3 V. ITHU TAPHI HE TEPECEKAIOTCs, TIOITOMY CTEIEHb BEPIITIHHBI
U 9eTHA.

st nokazarenbcTBa 0OPATHOTO YTBEPZXKIEHUS MOKAYXKEM CIIPABEIUBOCTD CJEIYIOMIEH JIEMMBI.

Jlemma 1.15. Kaowcduti 2pag, y x0mopozo cmeneHu 6cex 8ePULUH UEMHbLE U UMEEMCA TOMS Ov. 00HO pebpo, codep-
AHCUM YUKA.

JokazarenbcTBo. JleiicTBUTENIHFHO, HAYHEM C TTPOU3BOJIBHOTO pedpa €1, COeIUHSIOINIEr0 BEPITUHBI vy U v1. B cuiy
YETHOCTH CTENEHW BEPIIWHBI ¥1, CYIIECTBYeT pebpo e # €1, COeMUHSIONEee v, ¢ HEKOTOPOH BepIimHOM vy. Ecau v
COBIIAJIA C Vg, TO MOJy4duau nuki. lHage mpogoskaem mporecc. B cuity KOHEYHOCTH YHCIa BEPINUH, HA HEKOTOPOM
mare 00aBJIeHHAS BEPIIUHA COBIIA/IET C OJHON M3 yKe MMEIONIUXCS, U MbI ITOJy9UM HCKOMbINA ITUKJI. O

Bepremcst k JjokazarenbcTBy TeopeMbl. Tak Kak MbI mpe/anoaaraeM, 910 rpad G CBS3eH U B HEM UMEETCsl He MeHee
AByX Bepiuut, T0 G comepRuT 10 Kpaitneit mepe oaHo pebpo. Torma, no nemme [1.15] B G comepkurcsi HEKOTOPBI
ks Cp. Beiknays Bee pebpa mukia C; n3 E(G), BHOBL TonyunM Tpad, CTErneHn BepINH KOTOporo deTHbl. Ecin
B MOJy4eHHOM Tpade OCTAIUCh Pedpa, CHOBA MPUMEHUM JIEMMY u mocrpouM Uk Cos. OTMETHM, 9TO IUKJIBI
C1 u Cy He umeror obumx pedep. Ilpomomzkas 3TOT mpouece, Mbl mpeacraBum MuOx)ecTBo pebep F(G) rpada G B
BUJIe onapHo Henepecekatomuxcs muoxecrs F(C;), rae C; — nocrpoennbie nukibl. Tak kak rpad G cBsi3eH, TO 1Jist
kax10ro mukiaa C; umeercs owmmdnbiii or vero nuuks C rakoit, uro V(C;) NV (C;) # 0 (ybeaurecs B 310M).

OpHako, KaxkIble IBa peOepHO HEMEePeCeKAMIUXCS I[WKJIA, WMEMOIINX XOTs Obl OIHY OOIIYI0 BEPIIHHY, BCETIA
00beTMHSAIOTCSA B OJIWH IIUKJI: JOCTATOYHO CTAPTOBATH C OOIIEll BEPITUHBI, MPONTH CHAYAJIA OJWH [IUKJI, & 3aTEM JIPYTOii.
Takum 06pa3oM, MBI TOCJIEIOBATEILHO OO0 beAuHNM BCe MUKJBI C; B OIWH U TOJYYIUM HIEPOB UK. O

3amaga 1.16. JlokaxkwuTe, 9TO €CJu B CBA3HOM rpade CyIeCTBYeT MapIIpyT, MPOXOIIIUil Yepe3 KaxkI0e pedpo B
TOYHOCTH OJMH Pa3, TO TUOO ITOT MAPIIPYT ABJSIETCS SATEPOBBIM ITUKIIOM, OO0 B rpade CyIecTBYIOT B TOYHOCTH JIBE
BEPIIMHbI HEYETHOH CTEIeHH, OCTAIbHbIE BEPIIMHBI UMEIOT YETHYIO CTEIEHb, & MAPIIPYT HAYMHAECTCS U 3aKAHYUBAETCS
B BEPIIMHAX C HEYETHBIMU CTEIEHAMU.

1.3 T'aMuabTOHOBBI rpadbl

OO6cynuMm eme OnHy 3a31a4y, CBI3aHHYI0 ¢ 00xogaMmu. [IpeasapureibHO JaauM HeOOXOAUMbIe OLPEIeIeHHs.

Ounpenenenne 1.17. Iuki Ha3bIBaeTCs NPOCIIBLIM, €CIIU BCE €0 BepUIMHBL (KPOMe II€PBOil U [OC/Ie/IHel) pasiud-
wbl. IIpocToit muk/, mpoxosiuii depe3 Bce BEPIINHBI rpada, HA3bIBAETCI 2GMUALMOHO8bM. ['pad, comepzkarmit
HEKOTOPBIH TAMUJILTOHOB IIWKJI, HA3BIBACTCS 2GMUABMOHOBHIM.
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3agaua 0 MOWCKEe raMWJIBTOHOBA, IWKJIA ObLTa mpemioxkena Y. [amunbronom B 1859 romy B dopme urpbi, KOTO-
pas mHazpBastach “Kpyrocsernoe nmyremtectsue’. Paccmorpum rpad, m300pazkeHHbIH Ha PHC. BePIITHHAM KOTOPOTO
OyzeM MpeICTaBIITh TOPOIAMU, & PeOpa — COeTUHSIONIIME TOPoIa, foporamu. Tpedyercs, HatdaB ¢ HEKOTOPOTO [OPO-
13 U [EePEex0/s OT OJHOIO rOPOa K JIPYrOMY [0 UMEIOLIMMCS JIOPOraM, MOCETUTh KaxK bl MOpO, POBHO OJMUH pa3 U
BEPHYTHCSA B UCXOIHBIIA.

Puc. 1.5: Urpa “Kpyrocsernoe myreriecrsue’, npeiiokeHHas y. ['aMuabroHoM.

ITpuBeem psii MPOCTHIX 3aMeYaHMIl.
(1) Kaxaprit raMuIbTOHOB Ipad> CBA3HBII.

(2) Hdobasnenue K raMusabroHoBy rpady IeTesb Wik yBeJUuYeHue KPATHOCTH ero pebep ocrasiiser rpad raMuibro-
HOBBIM.

(3) Eciu raMuIbTOHOB UK/ OPOXOJUT Yepe3 MeT/i0, TO B 3ToM rpade UMeeTcs POBHO OJHA BEPIIMHA; 00PATHO,
TaMUJIBTOHOBBI I'PadbI € OHOI BEPITUHOM — TO BCE OHOBEPITUHHBIE rPadbl, HMeIoIre OHy uin 60jee meTesb.

(4) Takum obpaszom, ecu raMusIbTOHOB rpad G comepxkuT Gojee OIHON BEPIIUHBI, TO HU OJUH €r0 TaMUJILTOHOB
[MKJI HE TPOXOAUT HU depe3 omuy merio. CaemoBarenbuo, rpad G, comepxkaimmii 00jiee OIHON BEPIIUHBI, —
TaMUJIBTOHOB, €CJIM U TOJBKO ecyiu rpad, moaydenubiii n3 (G BIOPACHIBAHWEM BCEX €r0 MeTejlb, — FaMUJIBTOHOB.

(5) Ecnu raMUJIBTOHOB IMKJI COAEPKUT /1Ba pedpa, COSNUHSIONMX OJHY U Ty ¥Ke Tapy BEpIIWH, TO Takoh rpad
“MeeT POBHO JB€ BEPIITUHBI; 00OPATHO, KaXK bl rpad, nMeromuii pOBHO [Be BEPIIWHBI U TAKOHN, YTO STU BEPIITHHBI
COEIMHEHBI HE MEHEe YeM JIByMsi pedpaMu, siBJIsI€TCS TaMUJIbTOHOBBIM.

(6) Takum obpaszom, eciau ramusibroHoB rpad G couepxur Gosiee ABYX BEPIIUH, TO B €rO 'AMUJIBTOHOB LIUKJI HE
MOTYT BXOIWTH JBA pedpa, COeTUHSIOMNUX OAHY U Ty e mapy BepinuH. CremoBarensuo, rpad G, comep:kamuii
0oJtee IBYX BEpINKH, — TAMHUJIBTOHOB, €CJIH U TOJIHKO ecyiu rpad, mosyuenHblit n3 G BEIOpACHIBAHUEM U3 KAXK 0T
cemeiicTBa pebep, COeMUHSIONNX OHY M Ty Ke [apy BEPINUH, BCeX pedep, KpoMe OIHOr0, — TaMUJIbTOHOB.

Taxum o6pazom, npousBoibHbIH rpad G, comep:kariuii He MeHee TPeX BEPIIHH, TAMUIBTOHOB TOT/IA U TOJIHKO TOTA,
KOTJIa TAMIJIBTOHOBBIM sABJgerca rpad G, nomydennniii u3 G 0TOpachbIBAHEEM BCEX METENb, a TAKKE BLIOPACHIBAHIEM
M3 KaXKJIOro ceMeiicTBa pebep, COeMHIONMX OJHY U Ty Ke 1mapy BepliuH, Bcex pebep, Kpome ogHoro. Ormerum, 4o
KasK bl Takoit rpad G’ ABIAETCS MTPOCTHIM.

Hmax, npu u3yueHuy 2aMUABITNOHOBBLL 2PaP08 MONHCHO 02PAHUMUINBCS NPOCTNHMU 2padamu.

IIpumep 1.18. IHoarvim epagpom K, HasbiBaercs npocroii rpad ¢ 1 BepLIMHAME, B KOTOPOM KaxK/ias 11apa BEPIIMH
CMEXKHA, T.e. JIIOObIe JBE PA3JINYIHBIE BEPIIUHBI COEIUHEHBI €INHCTBEHHBIM peOpoM. JIerko BumeTh, 4To mpu 1 > 3
KaxKIb1i oJTHBIH Tpad K, — raMuIbTOHOB.

OrTMernM, 9TO O CHX IOP HE W3BECTHO HU OJHOIO KPHATEPHUd, OIMHUCHLIBAIONIETO FaMUILTOHOBEI rpadbl. MHEOrounc-
JIEHHBIEe YCJIOBUS, SBJIAIONINECS 10 OTAEILHOCTH U HeOOXOAUMBIMU, WU J0CTATOYHLIME, MOXKHO, HAIIpUMep, HailTH
B [2] winu [3]. [IpuBesem u JoKazkem OJHO U3 STUX YCJIOBHIA.
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Teopema 1.19 ([dupax). ITycmo G = (V, E) — npocmot epad ¢ n > 3 sepwunamu. I[Ipednososicum, wmo cmenenu
eepwun zpaga G ne menvwe n/2. Tozda zpad G 2amuavmonos, 6 wacmmnocmu, epad G — céa3HbLE.

HoxkazarenbctBo. Ilycts v = vgvy -+ - vy — nyrh B rpade G, nMeonnii MAKCUMATIHLHO BO3MOXKHYIO JJIHHY CPEeIu
Beex myreit B G. Iokaxkem, ayro G comepxxkut npocroit muka C jaunbt £+ 1.

Tak kak n > 3, 1o crenenu Bepuiud rpada G we menbiie 2 u, 3ua4dut, £ > 2. Orcioga BoITekaer, 4To eciu B rpade
€CTh PedpPO VgVp, TO Vo7 - - - Vgly ABJISETCS IUKJIOM, KOTOPBIA MOYKHO B3Th B KadecTBe uckomoro C.

IMycts reneps vovy ¢ E. Tonoxum

X = {7],‘ VoVl € E}, Y = {’Uj TV € E}

ObparuTe BHUMAaHIE HA CIABUT WHEKCA B Onpeieennn MEoKecTBa X . 3-3a nero, Hanpumep, vg € X, HO vy, vp—1 & X.
Takzke JIerko BUJIE€Th, 9T0 Vg, Uy € Y.

SamernMm, 9TO KaxKaas CMeKHas ¢ vy BepiuHa w rpada G JIeKUT HA -, TAK KaK WHAYE WiV - -+ Uy — TOyTh B G
ArHbI £+ 1, 9TO MPOTUBOPEUNT MAKCUMAJIHHOCTH JJIMHBI yTH . Ternepb HETPYIHO MOHATH, YTO MHOYKECTBO BEPIINH,
CMEXKHBIX C U, U MHOKECTBO X COJepKaT OJMHAKOBOE KOJIMYECTBO 3JIeMeHTOB, T.e. | X | = degvg > n/2. AnasorudHo,
MHOKECTBO BEPIITHH, CMEXKHBIX C Ug, T.€. MHOXKECTBO Y , TAK¥XKe COJEPIKUTCS BO MHOXKECTBE BEPIIUH ITyTH 7, TOITOMY
|Y| = degve > n/2. Cnenosarensuo, | X| + Y] > n.

Teneps mokaxkem, 9To MHOXKecTBa X m Y mepecekaioTcs. HamoMHWM, 9TO BepImHa vy He TPUHAIIECKAT HU X, HI
Y, mosromy vy € X UY m, 3uaunt, X UY # V, orkyga | X UY| < n. Ho Toraa ecam 661 X u Y He mepeceKasncs,
TO BBINOJHATIOCH ObI paBeHCTBO | X UY| = |X| + |Y|. YuursiBas 10oKa3aHHBIE BBIIIE HEPABEHCTBA, MbI [OJIYYHIN ObI
n>|XUY|=|X|+|Y]| > n. CregoBarenbuo, muoxkecTBa X 1 Y mepecekaroTcs.

Mycrs v, € X NY. Panbine mbl nokazaiu, 4ro vy, vg—1 € X; Kkpome toro, vy ¢ Y. Iosromy 0 < k < £ — 1.

Uckombiit nukit C' crpouTest CaepyiommM 00pa3oM, CM. pHC. Cuadasia u3 vy BJOJb IyTH 7 UJAEM B BEPIIUHY
Vg, U3 Hee 1o pedpy vpve (OHO CYIECTBYET, TaK Kak vg € Y) WIeM B vy, 3aT€M IO 7y UJEM B OOPATHOM HAIPABJICHUU
U3 Uy B Vg1, HAKOHEIl, COEIUHIAEM Vg1 C Vg PeOPOM v11vp (OHO CyIlmecTByer, Tak Kak vi € X ). JIerko BuIeTh, 9TO
JnuHa nocrpoernoro mukaa C pasaa £+ 1. Kpome Toro, muki C' mpocToif, TaK KaK BCE €r0 BEPIIUHBI — 3TO BEPITHHBI
LyTHU 7y, KaXK/Jasi U3 KOTOPbIX (KpoMme IepBoil u nocijenseil) npoxoaurcs uukjiaoM C' POBHO OIMH Pa3.

Puc. 1.6: Ilocrpoenne nukia C'.

Jokaxkem renepb, 9ro muka C — raMuiibrOHOB. [Ipe/noioKuM MPpOTUBHOE, T. €. 9TO CYIIEeCTBYeT BepinuHa T € V,
4gepe3 koropyto C' ne npoxonur. Ilokaxkem, aro & nomxHa ObITH CMEXKHA ¢ HEKOTOPOI BepuinHoil v, u3 C. Heiicrsu-
TeJILHO, €CJIM 9TO He TaK, TO BHe Iukia C JIeXKNT BEPIINHA T U HE MEHee 9eM 7/2 CMEeXKHBIX C & BEDIINH, T.e. He MeHee
n/2 + 1 eprmaa. C 1pyroii CTOPOHBI, BEPINHHA Uy ¥ HE MEHee deM n,/2 CMEeKHBIX B vg BepHnH jexar B C, mosromy
C' conmepxur ue menee n/2 + 1 seprmnbl. Takum obpasom, B rpade G comepKurcsa He MeHee n + 2 > n BepIuH,
MPOTHBOPEYHE.

Nrak, x u HeKoTopas v, CMEXKHbI, U TOLJA ILyTh, 110J1y4eHHblil u3 TV, U C' BbIKu/bIBAHKEM JIIOOOI0 UX JABYX pebep
mukaa C, WHIWIEHTHBIX vUp, OyaeT nmerh agauny ¢ 4+ 1, 9TO TPOTMBOPEYNT TPEATOIOKEHNIO O MaKCHMaIbHOCTH £.
[Mony4yennoe mpoTMBOpEUYNE MOKA3BIBAET, YTO TaKas BEPINWHA, & HE CYIIECTBYyeT u, 3HAYUT, C' MPOXOIUT Uepe3 BCe
BepmmHbl Tpada G, 1. e. C' — raMuJIbTOHOB IIHKJI. U
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YupaxkHenus K riase 1

VYupaxxuenne 1.1. [lokaxkure, 9T0 B 11000# KOMIIAHUN UMEETCS HE MEHEE JIBYX UYEJIOBEK, Y KOTOPBIX KOJIMIECTBA
3HAKOMBIX OJIMHAKOBBI.

VYunpaxueunune 1.2.

(1) Topoma crpanbl coequnenbl apuaaunusgMu. VI3 cromuipl Boixomur 21 junus, u3 ropoxa Janbuuil — oana, a u3
KazKJIOTO M3 OCTAJbHBIX TOPOJOB — IO JABEHAANATH JuHHUN. JloKaxkuTe, YTO M3 CTOJHIBI MOXKHO JOJIETETH JI0
ropoaa Janbuuii (BO3MOXKHO, C TIEPECATKAMHY).

(2) Tokaxure, uro eciu B rpade UMEETCs POBHO JBE BEPIIUHBI HEUETHON CTENEH!, TO UX MOXKHO COCIUHUTH MapIIl-
pPyTOM.

(3) Typwucr, koTopbiii npuexana B MockBy Ha moesjie, BeCh JeHb TyJsl 1o ropomay. Iloyxunas ma Mame:KkHOM 1110-
A/, OH PENINJI BePHYThCA Ha BOK3aJ, CIedysd IO TeM YJIUIAM, KOTOpbIe y Ke IMPOXOANJ HedeTHOe UUCIIO Pa3.
JlokaxkuTe, 9TO TaKOe BO3BPAIIEHUE BO3MOXKHO.

VYupaxxuenwne 1.3. B komnanuu, cocrosieit u3 msaT 9€I0BEK, CPeIu JTIOObIX TPeX YeJI0BeK HANIYTCs B0 3HAKOMBIX
¥ [IBO€ HE3HAKOMBIX JPYyT C aApyrom. Jlokarkure, 4TO KOMIAHUIO MOYKHO PACCAIUTH 3a KPYIJIBIM CTOJIOM TaK, 9TOOBI
110 06e CTOPOHBI OT KAXKJOI'0 Y€JI0BEKA CHUJIEU €r0 3HAKOMbIE.

VYupaxxuenmne 1.4. U3BecTHo, 4T0 B KOMIIAHUU, COCTOSINEN HE MeHEE UeM U3 UYETHIPEX YeJIOBEK, KaKJIblil deJio-
BEK 3HAKOM HE MEHEe, YeM C MOJIOBWHOI MPUCYTCTBYOMUX. /JOKayKUTe, ITO MOKHO BHIOPATH W3 KOMIAHUU YETHIPEX
9eJIOBEK W PACCAAUTDH UX 3a KPYTJIBIM CTOJIOM TaK, YTO KAXKJbIA U3 HUX OyIeT CUIETh PSJIOM CO CBOUMU 3HAKOMBIMU.

Yupaxkuenue 1.5.

(1) B mapke “JIoroc” HEBO3MOKHO HANTH TAKOW MApIIPYT JJId OPOTYJIOK IO €r0 JOPOXKKaM, KOTODbIH HAYXHAETCS
¥ OKAQHYMBAETCS B OJHOM U TOM YKe TOUKE M KAXK/IYIO JOPOXKKY MapKa COMepKUT He O0see pa3a. /lokaxkure, 9410
HEKOTOPBIE JTOPOXKKHU MAPKa MPUBOIAT B TYIHUK.

(2) Bepruuna crenenu 1 nasbiBaercs sucsaweti. Csasubiii rpad 6e3 1UKI0B Ha3biBaeTcs depegom. Jlokaxkure, 4T0
B KaXKJOM JIEPEBE, COAEPIKAIIEM XOTsi ObI OTHO PEOPO, UMEETCsT BUCSIYAs BEPIITUHA.

Yupaxueunune 1.6.
(1) Bbruuciamre cOOTHOIIEHUE MEXK/y YUCJIOM BEPILUH U pebep MPOM3BOJILHOIO JIEPEBA.

(2) Aamunucrpanus napka “Jloroc” pemmiia IpoBecTH PEKOHCTPYKILUIO OCBelleHus mapka. [Io HOBOMy mpoexkTy
KaXK/Iblil 1IePEKPECTOK U TYNHK JOJI?KEH Oy/IeT OCBemaTbCd YeTbIPbMs CBETUJIbHUKAMU, a AJiesd, COeIMHSAIONIAs
JIBA MEPEKPECTKA WJIM TMEePEKPECTOK W TYMuK — M1ecThio. CKOJBKO CBETUILHUKOB OYIET YCTAHOBJIEHO, €CJIH B
mapke 18 mepekpecTKOB M TYIIHKOB.

Yupaxxuenune 1.7. Hacviuwerrvim y24e6000p000om HABBIBALTCS coennueHne yriaepona C', MMEIOIero BaJeHTHOCTD
4, w Boopona H , nMeIoIero BajeHTHOCTh 1, B KOTOPOM TIPH 33JaHHOM YHCJIE€ ATOMOB yTJIEPOIA COAEPKUATCS HAMOOIb-
1ee 9ucyio aTtoMoB Bopopoaa. Haiiaure dhopmysty HACBIIIEHHOTO yIJIEBOAOPO/IA, COMEPKAIIErO 1 ATOMOB yIJIepO/Ia.

VYupaxueune 1.8. JlokaxkuTe, 9TO €C/IA B CBI3HOM I'pade CyImecTByeT MapIIpyT, MPOXOAAIINHA depe3 Kaxka0e pedbpo B
TOYHOCTHU OJMH Pa3, TO JIUOO ITOT MAPIIPYT sIBJISIETCs IEPOBBIM ITUKIIOM, JTHO0 B rpade CyIecTBYI0T B TOYHOCTH JBE
BEPIIUHBL HEYETHOHN CTENEHU, OCTAIbHBIE BEPIIUHBL UMEIOT Y€THYIO CTEIEHb, & MAPLIPYT HAYMHACTCS ¥ 3aKAHYUBAECTCS
B BEPINMHAX C HEYETHBIMU CTEEHSIMU.

Yunpaxkuenune 1.9. Ha nup npu gsope Koposist ApTypa cobpajuch phIlapu, KOTOpbIe JTU00 APYIKAT, TUO0 BPAKIYIOT.
Okazsanock, 9To y KaxKJI0ro u3 phirapeil apy3eii 0obirne, vem Bparos. Jlokasars, 4To BosmeOHnK MepanH MoxkeT Tak
paccaauTh phIliapeii 3a KPYTJIbIM CTOJIOM, 9YTO CIPABA W CJIEBA OT KAXK/IOTO W3 HUX OyIEeT CUIETh APYT.



Jlekmms 2

TonoJjiornyeckue mmpocTpaHCcTBa, OPUMEPDI

ITnau. Ounpenesnenue Tononorun (AKCHOMBbL TOIOJIOIMU) U TOIOJOIMYECKOr0 IPOCTPAHCTBA, OTKPBITbIE MHOXKECTBA, 3aAMKHYThI€ MHOXKECTBA, CBOM-
CTBa 3aMKHYTBIX MHOXKECTB, 33JaHHE TOIOJOIUM 4YepPe3 3aMKHYThIE€ MHOXKECTBA, AHTUIUCKPETHAS TOIOJIOTH:A, JUCKPETHAsS TOIOJIOIUA, TOIOJOIUA
3apucCcKoro, NHAYIUPOBAHHAS TOIOJIOTHS, MOANPOCTPAHCTBA, METPUKA M METPUYECKHE HPOCTPAHCTBA, N30METPUYHbIE OTOOPAXKEHUsST METPUUECKUX
NPOCTPAHCTB M U30METPHU, CTAHNAPTHOE WJIM €BKJHAOBO paccTosinme Ha R, HOpMHPOBAHHBIE NPOCTPAHCTBA, METPDHUKA, MOPOXKIAEHHAS HODPMOH,
MPOCTPAHCTBA CO CKAJADHBIM MPOU3BEIEHUEM, HODMA, MOPOXKIECHHAs CKAJSADHBIM MPOU3BENEHHMEM, CTAHIADTHAS WJIH €BKJHA0BA HopMa Ha R™,
CTaHAAPTHOE MJIM €BKJIM/I0BO CKAJIsiPHOE LpoussejeHue Ha R™, MaHXeTTEHCKas HOPMa, MaxX-HOPMa, IPABUJIO 11apaJJIeorpaMMa, OTKPBITHIH U 3a-
MKHYTBIH IAP5I, & Takyke ¢depbl B MEeTPUIECKOM NPOCTPAHCTEE, METPUYECKAs TOIOJIOTHSA, CTAHLAPTHAA TOIOJOruA Ha R™, cTaHZAPTHAS TOIOJIOrUA
Ha OTpe3Ke, CDABHEHHME TOMOJIOTHIA, Gosee rpyGas (csabasi) u Gosiee TOHKAs (CHJIbHASI) TOMOJIOTHH, OKPECTHOCTh TOYKH TOMOJIOTUIECKOTO MPOCTPAH-
CTBa, KPDUTEPHUil COBIAJeHUsl ABYX TOIIOJOTHH, 9KBUBAJEHTHOCTh METPHUK H COBIIaJeHNe COOTBETCTBYIOIIUX MM TOIIOJIOTHI, S9KBHUBAJEHTHOCTbh HODM
U COOTBETCTBYIOIIUX UM METPHK.

OCHOBHI)IG TIOHATHUA MaTEMaTUYIECKOI0 aHaJInu3a, CKazKeM, IIpeaesl IIOCJIE€A0BAaTCJIbHOCTH UJIN HEIIPEPBIBHOCTH beHK—
AW, MOTYT OBITH CHOPMYIUPOBAHBI B TEDMUHAX OKPECTHOCTEH PACCMATPUBAEMBIX TOYEK. B KauecTBe TaKnuX OKPECTHO-
creit U® To4ek x OObIYHO PACCMATPUBAIOTCA UHTEPBAJIbL (T — €,z +¢), € > 0, cepeZHbl KOTOPbIX — BbIOpaHHAS TOYKA
x. Hanmpumep, mocie10BaTeIbHOCTD BEIIECTBEHHDBIX IHCEN L1, X2, . . . CXOAUTCI K YUCAY T, €CJIN JJis JII000H OKPECTHO-
cru U” Toukm x cymecrsyer N Takoe, 9TO mpu Bcex n > N Boimosusiercs &, € U®. U xe dyukmusg f: R — R
HeIpephIBHA, B TOUKE &, ec/n st 1060it okpecrroctu U (®) cymecrsyer okpectrocts U” Takas, aro f (U*) c Ul

MOXKHO pacCIIIpUTh CeMeicTBO OKpecTHOcTel U” TodeK T, pa3pelinB BLIOMPATh WHTEPBAJIBI, COAEPIKAIINE T HE
00s13aTEHHO B BHE cepeauHbl. [Ipum 3TOM JaHHBIE BBIIIE ONpPEIeeHds MPUBEAYT K TOMY Ke KJIACCY CXOSIIIXCS
[IOCJIeI0BATENHHOCTEl ¥ HENPEPbIBHbIX (DYHKIMI (IpoBEpbTE).

OrmMerum, 94T0 CEMERCTBO BCEX MHTEPBAJIOB, KAK OIPDAHMYEHHbIX, TAK U HE OIPAHUYEHHDBIX, HE 00JIA/IaeT PsIOM 110~
JIE3HBIX CBOﬁCTB, a UMEHHO, epecevIeHrne NMHTEPBAJIOB MOXKET OKa3aThCd MyCThIM, T.€. HE HHTEPBAJIOM, a O6’be,HI/IH€HI/Ie
HenepeceKalouxcss NHTEPBAJIOB TOXKEe HHTEPBAJIOM He sBjseTcd. Kcau pacmuputh nmonsTre okpectnoctu U®, paspe-
IIUB BBHIOMPATH HE TOJIBKO MHTEPBAJBI, HO M MPOU3BOJIbHbBIE UX OO0BEINHEHNS, TO, KAK HECTOXKHO IMPOBEPUTDH, 3AMEHNB
B OIIPEIETEHUN IIPEIENa W HEMPEPhIBHOCTH (PYHKIINNA WHTEPBAJILI Ha TAKWE OObETUHEHHsI, Mbl CHOBA TOJYIUM TE
JKE CaMble KJIACChl CXOJSIIMUXCs [I0C/IeA0BaTeJbHOCTel 1 HeupepbiBHbiX dyHkuuii (nposepbre). OnHAKO Tenepp 1o-
JIYIEHHOE CEeMeMCTBO MHOXKECTB OyIeT 3aMKHYTO OTHOCHUTEILHO 00beauHeHuii. Kpome TOro, ecim K 3TOMy CeMeilCTBY
ﬂ06aBI/ITb TyCcTO€ MHOZKECTBO, TO OHO TaKKe 6y;[eT 3aMKHYTO U OTHOCUTEJIbHO KOHEYHBIX HepecequI/H'/’I. HonyquHoe
CeMeiiCTBO MOAMHOYKECTB HA3BIBAETCA CIMAHIGPIMHOT MON0A02Ueli MATEMATHIECKOT0 AHAJIN3A, & JJIEMEHTHI ITOrO
ceMeliCTBa — OMEPBLMBLMU MHOHCECTMEAMU ITOI Tomoorud. IIpr 3TOM MHOXKECTBO BCEX HHTEPBAJIOB, TOPOXK TA0-
miee C IOMONIIbIO OIepanunu O6’be,HI/IHeHI/I§I BC€ OTKPbITbIE MHOXKECTBa (eC.T[I/I CYUTATDb, 9TO IIyCTOE€ MHO2KECTBO 110 Iy 1aeTCA
00beIMHEHNEM TTyCTOTO CeMEeCTBa NHTEPBAJIOR), Ha3bIBAETC 6a30t cmandapmHoti monoao2uu (CpaBHUTE C TeM,
Kak 6a3uC BEKTOPHOTO MTPOCTPAHCTBA TIOPOKIAET BCE BEKTOPHOE IPOCTPAHCTBO € TIOMOIIBIO JIUHEHHBIX KOMOMHALINIA).

Kak okasbIBaeTcsi, pacCCMOTPEHHbBIE TOJIBKO YTO CBOMCTBA CEMENCTBA MOJIMHOYKECTB SIBJIAIOTCS BITOJIHE JTOCTATOYHBI-
MU JIJIsl TIOCTPOEHUS CONEPKATENHHON TeOpur IpeenoB u HernpepbiBHOCTH. OBOOIIEHNe KOHCTPYKIUHA HA TTPOU3BOIIb-
HbI€ MHOZKECTBa IIPUBOAUT K OIIPEACTICHUIO TOIIOJIOTHYECKOI'O IIPOCTPAaHCTBA. MbI BBEZIEM COOTBETCTBYIOIIHE IIOHATHUA
1 IIOKazKeM, KaK KJ/IaCCUIeCKHE TEOPEMbl MATEMATHYECKOIO aHaAJIM3a BbITEKAIOT M3 aHAJIO'MYHbIX, HO CYIIECTBEHHO
0oJtee OOIUX yTBEPIKIEHUIA.

Kpowme TOro, MbI MPpUMEHNM PA3BUTYIO B ITOH JEKIIUA TEOPUIO B MOCTIEAYIONIAX JEKITUIX U I JTOKA3aTeTbCTBA
3HAMEHUTON Teopembl ZKopmana, yTBepKIAOIIEi, 9TO HEMPEPbIBHAS 3AMKHYTAsi HECAMOIIEPECEKAIOIIASICS KPUBAs HA
[JIOCKOCTHU pa3brBaeT IIOCKOCTh HA JIBE YacTh (OTMETHM, Y4TO JaxKe B CJydae, KOI/Ia KpUBas sBJIseTcs JIOMaHO, JOKa-
3aTEJIbCTBO OCTAETCH HETPUBUAJIbHBIM); U i (hopMyJibl Dilsiepa, OnUChIBAIOLIEH BaKHOE CBOCTBO rpadOB, KOTOPbIE
MOXKHO M300pa3UTh HA, €BKJINI0BON MJIOCKOCTH TaK, YTOOBI NX pebpa — HEMPEPBHIBHBIE KPUBbIE O€3 caMonepecedennii —
nepeCeKaJuCh JIUIIb IO KOHIIEBBIM TOYKaM; U JIJIA K.HaCCI/I(bI/IKaL[I/H/I JABYMEPHbBIX TPUAHTYJIUPOBAHHBIX HOBerHOCTefI.
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2.1. Dj1eMeHThI TeOPUU MHOYKECTB 13

MBI criestaeM OdeHb KPATKOe BBeJIEHHE B OOIILyI0 TOMOJIOruio. Bojee JeranbHble KypChl TOMOJIOMMN MOXKHO HANTH,
nanpumep, B [4] u [5]. B [6] umeercs MmHOro MHTEPECHBIX 33/a4 KaK [0 TOHNOJIOTUH, TAK U 1O 6ojiee OOLIMMU TeMaM.
st 6oee riyGOKOro OCO3HAHMS CyTH Pa3HBIX TONOJIOIMYIECKHX OOBEKTOB Mbl PDEKOMEHJyeM 3ariaHyTb B 7], rae
CJIO?KHOCTH BOCIPDUATUA XUTPHIX CTPYKTYD IPEOJ0J/IEBACTCA HAIJIAJIHBIM NJIJIIOCTPUPOBAHUEM.

2.1 DjaeMeHThl TeEOPUU MHOXKECTB

Hamomuawnm ocHOBHBIE TIOHSTHS U (DOPMYJBI TeOpuu MHOXKeCTB. IIprHaIIeKHOCTD d1eMenTa & MHOXKECTBY X 0003Ha-
qaercs € € X, a TOT (PAKT, ITO MHOXKECTBO Y SBJISAETCS MOAMHOXKECTBOM B X — depe3 Y C X. PaBeHCTBO MHOKECTB
A = B o3Hau4aeT, 4TO OHU COCTOAT M3 OJHMX U TEX 2Ke 3JIEMEHTOB: ¥ € A < x € B. 9To omnpee/ieHne UCIO0JIb3yeTCs
JI7Isi TIPOBEPKHU CIIPABEIIUBOCTH PA3HBIX (PopMya. MHOXKeCTBO BceX 3/ieMeHTOB u3 X, y/IOBJIETBOPSIONINX CBOUCTBY
P, obbuno mumyT tak: {z € X : P}. Hampumep, MHOMKECTBO BCeX IEJBIX UNCes GOJBIMMAX 5 3aMUChIBAETCS Kak

{neZ:n>5}.
CeMeiicTBO MHOXKECTB, WHIEKCHPOBaHHOE MHOXKecTBOM I, obosnavaercs {X,}acr. KoHeunblit HaGOp MHOMXKECTB
X1,..., X, MoxHO 3ammcarh B Buge { Xy} wmn {X1,...,X,}; caernsrii Habop MHOXKECTB { X4 taen = { X022,

HA3BIBAIOT TAKXKE NOCACIO8AMEADHOCTNIDIO MHONCECTNE.
ITycre 3amano cemedicrBo muOXKeCTB S = { X4 }aer, a Takke Maoxkecrsa X u Y. HanmomauM onpenenenue psna
onepanuii HaJl MHOXKECTBAMHU.

o Ilepeceuenue mHoaHcecmes cemeticmea S:

ﬂSzﬂXa::{x:VaEI,xeXa}.

acl

[Tepecedenne aByx muokecTB X u Y obo3uagaercs X NY , a mepecedenne KOHEIHOTO YUCJIA MHOXKECTB X1, ..., X,
—4epe3 X1 N---NX,.

e Obsedunernue mMHoscecms cemeticmea S:

Us=Xo={2:3ael zeX,}.

acl

O0benunenue apyx Maoxkecrs X u Y obosnadaerca XUY , a o0beaquHeHne KOHEYHOIO YUCIa MHOKECTB X1, . . ., X,
—uepe3 X7 U---UX,.

e CewmeiicTBo { X, }acr, COCTOSIIIIEE 3 TTOIMHOKECTB X, MHOXKecTBa X, Ha3biBaeTcsi nokpvimuem X, ecim X =
UaecrXo- Ecin Y — nonmuoxecrBo X, To cemeiictBo { X4 }aer — noxpumue Y, ecin Y C Uyer X, Tommuo-
JKECTBO MOKPBITHsI, CAMO SBJIAIOIIEECS TMOKPBITHEM, HA3LIBACTCA NOONOKPHIMUEM.

o Jlexapmoeo npouseederue MHOHCECME cemeticmaa S:

H S = HXO‘ = {x: I = Uper Xo :Va eI, z(a) GXQ}.
acl

Kak u B ciayyae mocsienoBaTesibHOCTEH, BMECTO () THILYT X, ¥ HA3BIBAIOT -0 KOOPOUHAMOU SJIEMEHTA
r € X. Eciu muoxkecTBo A cocrouT nu3 aByX 3eMeHToB X1 u Xo, To X 3anuchiBaioT B Buge X1 X Xa, a €ro
sj1eMeHTbl — B Buje (21, x2), rae 21 € X1, a xo € Xo. B cayuae koneunoro A, nanpumep A = {1,...,n}, numyr
coorBercTBeHHO X1 X -+ - X X, u (T1,...,2y), x; € X;.

e Hecesasrnoe uau 0u3soHkmmHoe 0b6seduHeHUue MHOMHCECTNE cemeticmaea S — 310 00beMHEeHne MHOXKECTB
3TOTO CeMefCTBA MPU YCJOBUH, UTO UM OHU TIOTTAPHO He TTIePEeCceKaIOTCs, WM YK€ PACCMATPUBAIOTCS KaK Herepece-
KaIOIINeCs, T.e. KayKI0e MHOXKECTBO X, 0T0oXKIecTBAsOT ¢ {a} X X,. Eciam MHO)KecTBO X DaBHO AU3BIOHKTHOMY
00beIMHEHNIO €r0 HEMYCTHIX MOJAMHOXKECTB, TO TOBOPAT, 9T0 X Pa3buimo Ha ITH MOIMHONKECTBA, a CAMO CeMeii-
CTBO TTOAMHOXKECTB HA3BIBAIOT pasdbuenuem mHodcecmasa X.

o I'pagpux I'y omobpascenusn f: X — Y — sro noamuoxecrso B X x Y, cocrosiiee u3 Bcex map (as,f(x)),
reX,re. Iy = {(x,f(x)) tx € X}.

¢ Pasnocms mnoocecme X u'Y — sro muoxkectBo X \Y ={z € X :x ¢ Y}.
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o [InaY C X donoanernue Y do X — sro muoxkecrBo Y¢ = X \Y. Hacro B TeOpuu MHOXKECTB TaKOe JOIOJHEHUE
0603HATAIOT E, O/IHAKO B TOIIOJIONMH 3TO ODO3HAYEHME 3aHATO JJlsl JAPYroil onepauu (CM. HUXKE).
Nmeror MecTo ciepyoinue CBOWCTBA.
L] HepecequI/Ie n O6’beﬂI/IHeHI/Ie — KOMMYTATUBHBIC 1 aCCOIUATUBHBIE OTIEPAlTUN.
e JlucTpuOyTUBHBIN 3aKOH JJIs OObEIMHEHNS U TIEPECEICHIUS:

Xﬂ(U Xa> = U(mea), XU(ﬂ Xa> = ﬂ(XUXa).

acl acl acl acl

e 3akonnt ge Moprana
X\ (QLEJIXQ> = QI(X \ Xa), X\ (QIXQ) = gI(X \ Xa).

Ecmm Bee X, ABASAIOTCS TOAMHOXKECTBAMHU X , TO 3aKOHBI jIe Moprafa MOXKHO C(OOPMYIUPOBATH TaK: JONOAHEHUE
0o obsedurerus pasHo nepeceveruro donostenull, a donosHerue do nepecenenus — 0bsedureruro donosreHul.

Orobpaxkenue muoxkecrs f: X — Z Ha3bIBaeTCH

® UHBEKMUBHBIM WM 8AO0HCEHUEM, €CIIN OHO “He CKienBaer’ snemeHTsl: f(z) = f(y) & x = y;

® CIOPBEKMUSHBIM U 0MMOOPadHceHuem Ha, eciu 0o orobpaxkaer X Hasce Z, 1.e.Vz € Z3x € X : z = f(x);
® OUEKMUBHBIM WU 83GUMHO 00HO3HAWHBLM, ECJTH OHO OJTHOBPEMEHHO WHHLEKTHUBHO M CIOPbHEKTUBHO.

Mycrs f: X — Z — orobpazkenne muoxects, X, C X nns Bcex a € I, Zg C Z ans Beex B € J, Torma

o ;1 GHEKTHBHOIO orobpakenus f ompeneneHo obpammoe K HeMy orobpazkenue f~': Z — X mo dopwmyie

i) =r e 2= f(2);
o 11 A C X ero obpas f(A) cocront u3 06pasos f(a) Beex snementos a € A, re. f(A) = {f(a) :a € A};
e 06pa3 omobpasicenus f — 3ro obpa3 f(X) Bcero mHOXKecTBA X ;

® HMEOT MeCTO (POPMYJIBI:

f(UaEIXa) = Uae]f(Xa)7 f(ﬁaEIXa) - mae[f(Xa)
(mpuBeMTE IPUMED CTPOrO BKJIKOYEHMs BO BTOPOii (opmyie);

e npoobpas f~1(B) nodmroscecmea B C Z (ne mytarh cuMBOT f 1 ¢ 0b03HAUEHHEM 06PATHOTO OTOOPAKEeHHS)
— 3TO MHOZKECTBO Beex o € X, 06pa3bl KOTOPbIX IpuHayiexkar B, r.e. f~1(B) = {x €eX: f(x)e B} (ormeruM,
uro f~1(B) MoxkeT ObITH TYCTHIM);

® WMEIT MeCTO (hOPMYJIBL:

F N UpesZp) = Upes f 1 (Zs), f~ (NpesZs) = Npesf " (Zp);
e 11 B C Z semomnserca f~H(Z\ B) = X \ f~1(B);
e n1a A C X Bumonaaerca A C f~! (f(A)) (upuBeUTE IPUMED CTPOrOTO BKJIIOUEHUS ).

IMycrs X — mpoussosibHOe MHOXKeCTBO. CeMeficTBO BCeX MOAMHOXKECTB X Ha3biBaercs Oy.aearom X U uMeer
pasiunble obo3nadenns. Mpr 6ynem obozHauars Oyitean 2% . 1o obo3nadeHHe MOXKHO HHTEPIPETUPOBATE Tak. Ecim
X nY — MHO)kecTBa, TO X €CTeCTBEHHO PACCMATPHBATH KAK JIEKAPTOBO IIPOU3BEICHHE Her Xy, tne Xy, = X, a
Kazk bl ssement f ={...,z,,...} € XY conocrapiser Kax<ioil Touke y € Y HEKOTOPYIO TOUKY Ty € Xy = X n, Tem
cambIM, teMenTbl f u3 XY — 910 BceBo3MOzKHbIe orobpazkenus f: Y — X. Ecin o 2 nOHIMATh MHOXKECTBO U3 IBYX
anementos {0, 1}, To kaskgas Touxa f € 2X — aro orobpawenme f: X — {0,1}, a KaxI0My TaKOMY OTOGPAYKEHMIO
cooTBeTCTByeT moaMHOKecTBO X5 = {x € X : f(x) = 1}. Ob6parHo, Kaxka0My HOIMHONKECTBY Z C X COOTBETCTBYET
ero xapaxmepucmuyeckas gynuxuus f: X — {0,1}, rue f(x) = 1 Torga u ronbko Toraa, korga x € Z.

Kazknoe orobpazkenne muoxkects f: X — Z uHAyIUPyeT eCTeCTBEHHbIE 0TOOparKeHus OyJ/IeaHOB:
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e MpsiMOe 0TOOpaskeHwe, KOTOpoe Mbl OyZeM obo3HadaTh TOM ke OyKBoii f, conmocrasisieT kaxkiaomy A C X ero
obpas f(A) C Z;

e obparHOe oTOGpazKeHne, KOTopoe Mbl 6yneM 0603HaYaTh TOl ke OYKBOH f !, comocrasiger kaxuaomy B C Z
ero mpoobpas f~1(B) C X.

Cuieyromiasi akCMOMA BBI3bIBAET MHOIOYHUCJIEHHBIE CIIOPBI MATEMATHKOB, TAK KAK €€ HAJIUYUe MPUBOIUT K IEJI0-
My Dsi/ly MHTYUTUBHO HEOYEBU/HBIX DE3YJLTATOB, CKAaXKeM, TakuX, Kak uapajokc Banaxa—Tapckoro (06 yisoenuu
mapa). ITonbiTku 000#THCH 63 ITON AKCHOMbI TOPOJIMIM TAKUE HAIPABICHUS B MATEMATHKE, KAK WHTYWUIMOHU3M U
KOHCTPYKTHUBHU3M.

Akcuoma Bei6opa. ITycme S — npousdsosvroe cemeticmeo, sAemenmo, KOmopozo — nenycmaoie muootcecmea. Tozda
cywecmeyem omobpavicenue f: S — US makoe, wmo das kasicdoeo X € S sunoansemesn f(X) € X. Hnomu crosamu,
amo omobpascenue “svbupaem” u3 kaxcd020 muoscecmsas X € S HEKOMOPBLT €20 INEMEHM.

OrMeruM, 9TO TPU MOCTPOEHHUH TEKAPTOBA MPOU3BEIECHUS MHOXKECTB MbI MOJIb30BATNCH AHATIOTUIHON KOHCTPYK-

nueil, Ipu 3TOM aKCHOMa BbIOOPA TapaHTHPYET, YTO JIEKAPTOBO IPOU3BEIEHNE HEIIyCThIX MHOXKECTB HEIyCTO.

OTHolenue

Hamomuanm, 910 om+uoweHruem v medncdy mmorcecmeamu X u Y HaA3BIBAETCH KAXKI0€ TOIMHOXKECTBO JEKAPTOBA
mpomssesernd X X Y. B gactaocTH, rpaduk [y orobpaxenusa f: X — Y Apidgerca 9acTHBIM CIydaeM OTHOINIEHW.
Tpaguuuonno npunaiekHocTb napbl (x,y) € X X Y orHomenuto v 3anucbiBalor Tak: rvy. OrMerum, 4To, BoOOIIE
rOBOPsi, HE KaxK/1asl IIapa JIEMEHTOB HAXOIUTCS B 33/IJAHHOM OTHOIIEHUU. DJIEMEHTbI, KOTOPbIE HAXO/IATCS B OTHOIIIEHUH,
Ha3BIBAIOTCS CPABHUMDBIMU, & KOTOPHIE HET — HECPABHUMDBLMU.

Ecmn X =Y, To v Ha3biBaeTcsa omuoweruem Ha mHodxcecmee X . OrHorenne v Ha X HA3BIBACTCA

o pedaercusHbIM, eciu TVT I BeeX © € X
® CUMMEMPUYHBIM, €CTTU TVY BIIEIET YUT;
® AHMUCUMMEMPUYHBIM, €CTTH TVY U YUT BIEYET T = ¥;

® MPAH3UMUBHBIM, €CIIN TVY U YVZ BJIEHET TVZ.

DKBUBAJIEHTHOCTD

PediiekcuBroe, ciMMeTpUYHOE U TPAH3UTUBHOE OTHOIIEHUE HA3BIBAECTCH dK6UBaAeHmMHocmbro. Ecin v — sxBuBa-
JIEBHTHOCTH HA MHOXKeCTBe X, n € X, TO MHOXKECTBO Bcex y € X Takux, 970 Ty, 0003HAINM [Z] 1 HA30BEM KAGCCOM
akeusanenmmrocmu v asemenma x. Cremyioas TeopeMa JI0Ka3bIBAETCS C CTAHAAPTHBIX KypCcaX TEOPHUH MHO-
JKECTB.

Teopema 2.1. Ilycmb v — omuoweHue IKEUBAACHIMHOCTIU Ha MHodtcecmee X , moeda
o Odas wavicdozo x € X umeem [x] # 0;
e Odas Kaoicdozo y € [z] umeem [y] = [z];
o dan Kasicdozo y & [x] umeem [y] N [x] = 0.

Taxum obpazom, muoocecmeo X /v := Uwex{[m‘]} aeasemcsa pasbuenuem muoscecmsea X . Obpammo, xascdoe pasbu-
enue P muoorcecmea X nopoocdaemca sK6UBAAEHMHOCTIIONW V'

TVY Mo2da U Moabko mozda, k0204 T U Y AEHCAT 6 00HOM 2iemenme pasdbueHus P.

Bameuanne 2.2. B reopeme 2.1 mpr 3amnceisam pas6uenne X /v B Buge Uyex {[2]}. D10 memanocs aust roro, arober
npn [z] = [y] MOy IUTH TOMBEKO OAMH d1eMenT MHOKeCTBA X /1 33 cuer ouesnanoro coorromenns { [z] }U{[y]} = {[]}.
Takum o6pasom, X /v — 5TO KOJLIEKIMS IONAPHO PA3INIHBIX KIACCOB SKBUBATCHTHOCTH V.

Kaxxjas 9KBHBAJIEHTHOCTD I Ha MHOXKeCTBe X TOPOXKIAET KaHOHUvecKyro npoekyuto m: X — X/v, m: x — [x].



2.2. Tormonormaeckne MpoOCTPAHCTBA. 16

ITopsimok

PeditekcuBroe, aHTUCHMMETPUYHOE U TPAH3UTUBHOE OTHOIIECHUE HA3BIBACTCI NOPAIKOM WA YACTNMUYHBLM NOPA]-
KOM, & MHOKECTBO, HA KOTOPOM 33JIaH TOPSIOK — YNOPAIJOUEHHBIM MHOHCECTIEOM UIIH YACTMUYHO YNOPsdo-
YeHHbM MHOIAHcecneom. OTHOIIEHNE TTOpsiAKa JacTo obo3HavaoT 3HavkoM <. Ecim x < y, TO roBOpAT, YTO X
MeHbWe UAU paseH Yy, Win 4To y boavwe uau pasen x. llocnennee 3amuceiBaior Tak: y > . Ecom x < y u
x # y, TOo UIIyT T < Y WIK Y > & U TOBOPAIT, 9TO T MeHbWE Y, a Yy boavwe x. VHOrma, KOrga XOTar moI9epKHY T
OTCYTCTBHE PABEHCTBA, JOOABJIAIOT CJIOBO “‘CTPOro’, T.e. CMPO20 MeHbuwe UIn cmpo2o boavuwe. Ecin na MHOXKE-
CTBE 33/1aH HEKOTOPBI TPAIUIMOHHBIA HOPAJOK, KAK, CKA2KEM, HA MHOXKECTBE BelIeCTBEeHHbIX YHCEeJI, TO JJid JIPYyroro
HOPAJIKA 9aCTO UCHOIb3YIOT CUMBOJBL =X, <, =, >.

IIpumep 2.3. IlpuBemem HEKOTOPHIE TPUMEPHI YIIOPSIOUEHHBIX MHOXKECTB.

o MuoxkecTBO BeleCTBeHHbIX 4ucejl, B KOTOpOM I S Yy TOrJa U TOJIbKO TOr/Zla, KOrga Yy — T — IIOJIO2KUTEJIbHOE
YUCJIO UJIN HOJIb.

e Bynean 2% muoxecrsa X, B koropom A < B, eciu u ToibKO eciiu A C B.
e MHuokecTBO HaTYpaabHBIX dnces N, B KOTOpOM m < 7, CJIH U TOJBKO €CJIA N JIeJTUTCS Ha M.

Ecau kaxknasa mapa 3JeMeHTOB CPABHUMA, TO TIOPSIOK HA3LIBACTCS AUMEUHbiM. OTHCAHHDBIA BbINIE MOPSIOK HA
BEIIECTBEHHBIX YUCJIaX R SABJISETCS JIMHEHHBIM.

Kaxkaprit mopsiiok WHAYIUPYET YACTUYHBIA TOPSI0K Ha KaXK/IOM TOJAMHOYXKECTBE YIOPSIOYEHHOrO MHOYKECTBA.
Ecnu naayn@poBaHHbI TOPSAI0K HA MOIMHOXKECTBE — JIMHEHHBIH, TO 3TO IIOJAMHOXKECTBO HAZBIBACTCA UENbIO.

DJIeMEHT, JIJIsI KOTOPOr0 HET OOJIBIINX €r0 3JIEMEHTOB, HA3BIBACTCI MAKCUMAALHBIM, a IJEMEHT, JIJisd KOTOPOro
HET MEHBIIUX €r0 3JEMEHTOB — MUHUMGABHbIM. OTMETHM, 9TO0 MAKCUMAJbHBII ¥ MUHUMAJbHBIA 3JIEMEHTbl HE
00s13aHbl ObITH CPABHUMBI CO BCEMH OCTAJbHLIMA. EcCin e MaKCUMAIbHBIAH (MUHUMAJIBHBIN) 3JIEMEHT CPABHUM CO
BCEMU OCTAJIbHBIMHU, TO OH HA3BIBAETCH HAUOOAbUWUM (COOTBETCTBEHHO, HAUMEHbUWUM ). IlycTb A — NOAMHOXKECTBO
YACTUYHO YHOPSJIOYEHHOro MHOXKecTBa X (C MHIYUUPOBAHHBIM HOPSAKOM). DjemeHT x € X Ha3biBaercs eeprHel
2panvro das A, ecnu juis sioboro a € A Bemonaserca a < x. Ciemyromuit pe3yibrar, IKBUBAJIEHTHBIH aKCHOME
BBIOODA, UIPAET OYEHD BAXKHYO POJIb B PA3HBIX Pa3/e/1ax MATEeMATHKU.

Teopema 2.4 (Jlemma Ilopua). ITycmo X — wacmuuno ynopadoueHHoe MHONCECTNEO, 6 KOMOPOM Y KaHcIOT Uenu
umeemces 6epruai epans. Tozda das kascdozo x € X cywecmsyem marxcumarvhoiti 6 X asemenm M maxoti, umo x
u M cpasHumst u, 3navum, r < M.

C momorrpio semmbl Llopra MoXKHO, HaTpUMep, TOKa3aTh CyniecTBoBaHne baduca lamens st TPOM3BOJIHLHOTO
JIMHEHOrO TPOCTPAHCTBA, T.€. JUHEHHO HE3aBUCHMOIO CeMeHCTBa BEKTOPOB (KayK/I0€ KOHEYHO IOIMHOMKECTBO ITOrO
ceMeiiCTBa JIMHEHO HE3aBUCKHMO) TAKOIO, YTO KAXK/IbIii BEKTOD sBJI€TCH KOHEUHON JIMHEeHOl KOMOUHAIMEl i BEKTOPOB
9TOro cemeiicrBa (yCJIOBUE TIOJHOTHI).

IIpusenem ere ouH BaXKHbBIH PE3yJILTAT [IPO YIOPsIOYEHHBIE MHOKECTBA, SKBUBAJIEHTHBII akcuome Bbibopa. Muo-
JKECTBO C MOPSITKOM Ha3bIBACTCS 8NOAHE YNOPAIOUEHHBLM, €CITU TTOPSIIIOK JTUHEHHBIH, N B KaXKJIOM HEMyCTOM MO/
MHOXKECTBE MMeEeTCS HamMeHBITit ssreMeHT. Takoit MOpsAIOK HA3BIBAECTCA TLOAHBLM.

Teopema 2.5 (Ilepmeso). Ha scarom muooicecmee moscho 66ecmu oAbl nopadox.

W nest BBeIGHNMST OTHOTO TIOPSIIKA MIPUBOIUT K MOCTPOCHUIO MPAHCHUHUMHOU UWKAADBL T OTIPEICITICHII0 MPAHC-
durnummot undyryuu (06o0Ia0IIEH OOBIYHYIO WHYKITHIO).

2.2 Tomosornvecknue NpocTPaHCTBA

Hycts 7 C 2% — mekoTopoe ceMeifcTBO MOAMHOKeCTB MHOKecTBa X, T.e. T = {U, : Uy C X}aer. Cemeiictio T
HazbIBaeTca monoao2ueti na X, ecd OHO Y/I0BJIeTBOPSAeT CAeAYIOINIUM GKCUOMAM TNOTLOAO2UL:

e nycroe MHOxkecTBO () 1 Bce X aBnsiorca snementamu T, T.e. §, X € T3

e s so6oro J C I somonnsiercs Uye U, € T (ceMeiicTBO T 3aMKHYTO OTHOCUTEJIbHO OObeJAMHEHUs, T.e. 00b-
ejuHeHue JII00ro Habopa JEMEHTOB U3 T SABJISETCH JIEMEHTOM T);

e i sio6oro KoHeuHoro J C I soimonasiercs Nae U, € T (ceMelicTBO 7 3aMKHYTO OTHOCUTEJIbHO KOHEYHBIX
nepecedeHuil, T.e. nepecedeHue JO0ro KOHEYHOro Habopa JIEMEHTOB U3 T SABJISETCS JIEMEHTOM T).
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MuozkecTBo X, Ha KOTOPOM 33/IaHA TOIOJIOIUS T, HA3BIBAETCH 1MOTN0A02UYECKUM NPOCTMPAHCMEOM, 3 IJIEMEHTHI
TOMOJIOTUU HA3BIBAIOTCS OMEKEDPBHLMBLMU MHOHCECTNEAMU.

JononHeHnst 10 OTKPBITBIX MHOXKECTB HA3BIBAIOTC 3GMKEHYMbIMU MHoHcecmeamu. Tak kak X = X \ 0 u
@ = X \ X, TO X n (Z) ABJIAIOTCA OAHOBPEMEHHO M OTKPBITBIMH, U 3daMKHYTbBIMU MHO?>KECTBaAMU. CeMeﬁCTBO BCEX
3aMKHYTBIX MHOXKeCTB Oynem obo3nadarh F. Takum obpasom, F = {F, : F,, = X \ Uy, U, € 7}. Eciin Ha MHO)KecTBe
X paccMaTpuBaeTcs Kakas-TO OJHA, TOMOJIOTHs, TO 9aCTO, JJIsi YA00CTBA, 3Ty TOMOJOTHIO OymeM 0003HAYATh depe3 Tx ,
a COOTBETCTBYIOIIEEe CeMEHCTBO 3aMKHYTBIX MHOXKECTB — depe3 Fx.

Tak Kak JAoNOJHEHHE 0 O0bEIUHEHNs] PABHO MIEPECEYEHHIO TOTIOJTHEHUT, a JOMOJHEHHE JI0 epecevdeHne — 0Obe -
HEHWIO JONOJHEeHui, cemeicTBo F = {F, }aer 3aMKHYTBIX MOAMHOKECTB X YJIOBJIETBOPSAET CJELYIONMM CBOHCTBAM:

e nycroe MHOXkecTBO () 1 Bce X apnsrorca snementamu F, r.e. ), X € F;

e Jyis Jiio6oro koHedHoro J C I sbuionusercd Uye g Fy, € F (cemeiicrBo F 3aMKHYTO OTHOCUTEIbHO KOHEYIHBIX
o0beuHenuil, T.e. 00beIUHEeHNE JTI000r0 KOHEYHOTO YUC/Ia, JIEMEHTOB U3 JF ABJIAeTCS d1eMeHToM F);

e yia yioboro J C I sumonusierca NyegFy € F (cemeiictBo F 3aMKHYTO OTHOCHTENHHO MEPECEUCHUI, T.€. mepe-
cedenne 0600 HabOpa 37eMEHTOB U3 F SABJIsAeTcs djeMeHToM JF).

Sameuanmne 2.6 (337aH1e TONOJOTAN 3AMKHY THIMU MHOKECTBAMHU ). 13 CKA3aHHOIO BBIIIE BHITEKAET, 9TO JJ1s 3a/IaHUs
TOTIOJIOTHUU MBI MOXKEM OIIPEIEeIUTh CEMENCTBO, YA0BJIETBOPAIOIIee TEPEUNCIeHHBIM CBOHCTBAM 3aMKHYTHIX MHOXKECTB,
¥ TOTJIA IOMOJTHEHHUsT IO dTHX MHOKECTB OyIyT 0Opa30BLIBATEH TOIIOJOTHIO.

IIpuBenem nmpumepsr TOMOJIOTHIA.

Ilpumep 2.7. Ilycrs X — mpomssombHOe MHOMKeCTBO. Crieyonmue TOIMHOKECTBA B 2% ABIAIOTCH TOMOTOTHAMHI HA
X (uposepbre):

e anmuduckpemnas mononozus 7, = {0, X };

e duckpemmnas monoaozus Tq = 2%;

e mononozus 3apuccrozo 7. = {U C X : |X \U| < oo} U{0};

® 1yCTh 1 — GECKOHEYHOE KAPIMHATBHOE UHCIO0 U Top = {U C X : [ X \ U| <n} U {0};
® 1yCTh N — GECKOHEYHOE KApAMHAIBHOE UHCI0 U T<, = {U C X : [ X \ U| < n} U {0}.

IIpumep 2.8 (Uuayuuposannas tonojorus). Ilycts Y — npou3BoibHOE TIOAMHOKECTBO TOIOJOIMYECKOrO IIPOCTPAH-

crBa X. llomoxxum
Ty:{YmUaZUa GTx},

TOIJIa Ty — TOIOJIOTUsl, KOTOPast HA3BIBAETCH UHAYUUposarHot ud X . Eciu He 0OroBOpeHo mpoTUBHOE, TO [0 yMOJI-
YaHUIO Ha KAYKIOM IMOJIMHOXKECTBE Y TOMOJIOIMYECKOrO MPOCTPAHCTBA X Oy/IeM pacCMaTpUBATh UMEHHO WHIYITUPOBAH-
HYIO TOMOJIOTHIO. KCIM MBI XOTUM MOIIE€PKHYTh, 9TO MOJAMHOXKECTBO HAJEIEHO WHIYIIMPOBAHHON TOMOJIOTHEH, Oyaem
Ha3bIBATH 3TO IOJIMHOXKECTBO Y ModnpocmpaHcmeom 6 X.

Sameuanue 2.9. OTmeTnM, 9TO OTKPHITHIE MHOKECTBA B MH/YIMPOBAHHON TOMOJIOTUH HE OBA3aHbI OBITH OTKPBITBIMA
B TONOJIOrHU 00BbeMITIONIEro npocrpancTsa. Hanpuvep, ecin X = {z,y} — AByXTOUY€YHOE MHOKECTBO ¢ AHTHAUCKPET-
Hoit ronomormedt 7x = {0, X}, a Y = {y}, To B maaynuposannoii ma Y tonomormm Ty mHOXKEecTBO {y} =Y N X —
OTKDBITO, XOTA B OOBEMITIONIEM TIPOCTPAHCTBE X TAKOTO OTKPBITOTO MHOKECTBA HET.

IIpennoxenue 2.10. Bce omkpuimovie nodmMHoHceCmea nodnpocmpaHcmens Y MONOAOZUYECKO20 NPOCTPAHCMEa X
omkpumvL 8 X, eCAU U MOALKO eCAU Y — 0MKEPLIMoe NodmHoscecmso 6 X .

HdokazaTesbcTBo. IlycTh BCe OTKPBITHIE TOIMHOYKECTBA TOAMPOCTPAHCTBA Y OTKPBITHI B X . Tak Kak Y — OTKPBITO
B Y, 10 Y Takxke MOKHO OBITH OTKPBITHIM U B X .

ObparHo, mycts Y otkpeito B X. Tlo onpemenennto WHIYITUPOBAHHOM TOMOJIOrHH, KaXKI0e OTKPHITOE B Y MHOXKe-
crBo V pasuo Y NU aysa wekoroporo orkpsiroro B X muoxkectsa U. Ho nepecedenne OTKPBITHIX MHOXKECTB OTKPBITO,
nodromy V =Y NU — orkpeito B X. O

Paccmorpum BarkHBII pUMED TOMOJIOMMYECKUX IIPOCTPAHCTB.
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2.2.1 MeTtpudyecKkme mpoCTPAaHCTBA

Hanomunm, uro dyukius p: X x X — R nassiBaerca mMempurot Ha X, ecyn fjist JIOObIX &, Y, 2 € X BBIIOJTHAIOTCS
CJIeTYIOTINE YCITOBHST

e p(x,y) >0, upuuem p(x,y) = 0, ecsiu U TONbKO eciu & = Y (IOJIOKUTEIbHAS OLPEIEJIEHHOCTD);
e p(x,y) = p(y, z) (cUMMETPUYIHOCTD);

e p(x,y) + p(y, z) > p(x, z) (HEpaBEHCTBO TPEYTOJBHUKA).

MHuoxkecTBo X, Ha KOTOPOM 33]aHA METPHKA p, HA3BIBAETCSA MEMPUECKUM NPOCMPAHCTMEOM, & BeTnanHa p(x, y)
— paccmosruem mexncdy moukamu r u Y. [IomMHOKECTBO METPHUECKOTO MPOCTPAHCTBA, HAJEIEHHOE TON Ke
METPHUKO, HA3BIBAETCA TOOTPOCTNPAHCINGOM, a €r0 METPUKA — UHIYUUPo8aHHot. Yacro ObiBaer ya06HO (U MbI
510 OyJeM JeaTh) PACCTOSHUE MEXKJLy TOYKAMU T ¥ Y 0D03HAYATH |Ty|, HE3ABUCHMO OT TOrO, B KAKOM METPUYECKOM
MPOCTPAHCTBE OHU JIEIKAT.

Orobpakenne f: X — Y Merpudeckux 1MpOCTPAHCTB HA3BIBACTCH U3OMEMPULHBLM, €CIIH OHO COXPAHSIET Pac-
crosmus: |f(z)f(2')| = |va’| ans mobeix , 3’ € X. Jlerko BUIETH, UTO M30METPUUHOE OTOOPAYKEHHE WHBLEKTUBHO,
U KOMIIO3UIMs U30METPUYHBIX OTOOpayKeHuii Toxke m3omerpudna (yoemurech B 3ToM). V3oMerpuynoe GHEKTUBHOE
OTOOpaskeHne HA3BIBACTCS udomempueti. ZICHO, ITO TOXKICCTBEHHOE OTOOpAKEHNE, & TaKKe 00PATHOE K M30METPHH
SIBJISIIOTCS MU30METPUSMU. Ecim MeXy MeTPUYECKUM MPOCTPAHCTBAMHU MMEETCs M30METpHUsi, TO 9THU MPOCTPAHCTBA
HA3bIBAIOTCH U3OMEMPULHBLMU.

IIpumep 2.11. Ha mo6om mHOKecTBe X MOMKHO BBECTH METPHUKY, IMOJOXKHUB PACCTOSHUSA MEXKIY PA3HBIMA TOUKAME
paBabiM 1. /IBa TaKWX MPOCTPAHCTBA M30METPUYHBI, €CJIM U TOJBKO €CJIU OHM PABHOMOIIIHBI.

IIpumep 2.12. [Ins npou3BOJIbHBIX TOYEK & = (T1,...,Tn) U Y = (Y1,...,Yn) apudMeTHIECKOro npocTpancTsa R™
HOJIOZK M

lzy| =

Ilonyvennas dpyHKIUs MOJI0KUTEIHLHO ONpe/eneHa u cuMmmerpudna. Huke mMbl nmpoBepuM, 4To 318 (DYHKIHUSA TAKKe
VAOBJIETBOPSIET HEPABEHCTBY TPEYTOILHUKA, CM. TIPUMED Takum 06pa3oM, MbI OMPEIETUIN METPUKY, KOTOPASs
Ha3bIBAETCS CMAaHIAPMHBIM NN €8KAUI08bM paccmosruem Ha R™. [Insan = 1310 paccTosiHue MeXK/1y TOIKaMu
x u y paBHO |r — y|. Moxuo nmokasarb, 4ro orobpaxkenue f: R™ — R™ gpjsgerca u3omerpueil jjisg e€BKJIUIOBOIL
METPHUKH, €CJIH U TOJIBKO eciii oHo umeer Bujl f(x) = Ax + b, tae A — oproronanbhas marpuna, T.e. A'A = FE, ab —
IPOU3BOJIbHLIN BekTOp 13 R™. 3nech £ — enunuunas marpuna, a A — mMarpuna, nosydeHHas TPaHCIOHAPOBAHHEM

A.

HopMmupoBaHHBIE ITPOCTPAHCTBA

Baxkubiit gacTHBI caydaii METPUK Ha BEKTOPHBIX MPOCTPAHCTBAX 3aJAI0TCS C HCIOJb30BAHUEM MOHSTHS HOPMBI.
[IpuBesemM cOOTBETCTBYIONIME OMPEIETEHS.

IIycts V' — BekTopHOEe mpocrpanctBo. Oyukmms x — ||z||, © € V, maspBaerca Hopmot, ecimu s moboro A € R
7 JI00BIX T,y € V BbLITIOIHSETCS

e ||z|| > 0, mpuuem ||z| = 0, ecm 1 TosbKO eciu ¢ = 0 (HOJIOKUTEIbHAS ONPEJETIEHHOCTD);
e ||Az| = |\ ||z]] (momoxkuTeNbHAS OAHOPOIHOCTD);
o llo+yll < llzll + Iyl (cySamprmsmocrs).

BekTOpHOE IPOCTPAHCTBO, Ha KOTOPOM 33aHa HOPMA, HA3BIBACTCS HOPMUPOSAHHBIM.

IIpennoxkenue 2.13. IIycmo V. — nopmuposannoe npocmpancmeo. Jas xaoconz x,y € V noaoorcum p(x,y) =
|z —y|. Tozda p — mempura na V.

HoxkaszarenbcTBo. IIpoBepum, 9TO p yI0BIETBOPSIET BCEM OIPEIEIISIONUM CBOMCTBAM METPUKH.

ITonoorcumenvran onpedesennocmo: p(z,y) = ||z —y|| > 0, upuuem p(z,y) =0 & z—y =0, re. z =y.
Cummempuunocmo: p(z,y) = ||z —yll = | = 1 ||lz —y|| = ly — || = p(y, ).
Hepasenemoa mpegeononuna: p(z,5) + p(y, 2) = o —yll + ly — 2 > &~y +y— 2l = & — 2l = pla,2). O

Merpuky p U3 npemIoKeHus Oy/JeM Ha3bIBATH MEMPUKOTL, NOPOHCIeHHOT HOpMOT || - ||.
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HpOCTpaHCTBa CO CKaJIAPDHBbIM IIpOuU3BeJeHueM

HekoTopble HOPMBI IIOPOXKIAIOTCA €Ie OMHONH KOHCTPYKIHMEH, KOTOpas HA3bIBAETCA CKAJAPHBIM IIPOH3BEICHIEM.
ITycts V' — BekTOpHOE pocTpancTBo, 1 V x V — R — orobpaskenne (x,y) — (z,y), obramamolmee ciaeayoilmumMu
CBOMICTBaMU: JJIs JIIOOBIX X, Y, 2 € V 1 BEIIECTBEHHBIX A, fi BBITIOJHAETCS

e (z,z) >0, mpuuem (x,x) =0, ecam u ToabKO ecan z = 0 (MOJTOKUTENBHAS OMPEIETEHHOCTS );
e (z,y) = (y,z) (CHMMETPUIHOCTD);

o (Ax+ py,z) = Mz, 2) + uly, z) u (z,\x + py) = Mz, z) + plz,y) (OuanHerHOCTS).

Taxoe 0TOOparKEHNEe HA3BIBAETCA CRAAAPHBIM NPOU3EEIEHUEM.

IIpennoxenue 2.14. Ilycmv V — 6exmopHroe npocmparcmeo, Ha Komopom 3a0aHO cKaraproe npoudsederue. Tozda

dynryua na V, cmasawas 6 coomeememeuu xastcdomy sexmopy € V wucao ||z| := /(x, z), aeasemca nopmod.
HokasaresbcrBo. IIpoBepum, uto || - || yAoBiaeTBOpsieT BeeM OMpeAesionuM CBORCTBAM HOPMBI.

Ionootcumenvhasn onpedesennocmo: ||z|| := 1/{x,x) > 0, upuuem ||z|| =0 < (z,2) =0 < = =0.

Honrootcumenvnas odnopodnocms: || Azl =/ (Ax, Ax) = |A| 1/ {z,x) = |A] ||z
IIpexx e 9em POBEPHUTH CYOAIIUTUBHOCTD, TOKAZKEM CIIEILYIONLYIO JIEMMY.

JIemma 2.15 (Hepasencrso Komm-Bynsakosckoro). Jaa awbwz x,y € V ewnosnsemea }(x,y)’ < |zl - lyll-

dokazaTesbcTBo. Kak MBI y2Ke q0Ka3a/Iu, /I BEIIECTBEHHON MepeMeHHol ¢ hyHKITHsT
f@t) = llz+tyl* = (& +ty, o +ty) = ||2]* + 2z, y)t + [ly|*t?

HeoTpuIaTeabHA TpH Beex t. Tak Kak f(t) — KBaIpaTHBIA TPEXUIEH OTHOCHTEIBHO ¢, TO €r0 HEOTPHIIATEILHOCTH TIPH
BCexX t paBHOCHUJIbHA TOMY, YTO JUCKPUMHWHAHT HEIOJOXKUTEJIEH, T.€.

{x,9)? = ll=[I*ly]* < o,
970 U TPebOBaIOCh. O
Cybaddumusenocmsv: u3 nemmsr 2.15] caemyer, 9ro
2
lz +yl* = ll2l* + 2(z, ) + lylI* < 2 + 2]lllllyll + Iy]* = (||~T|| + IIyII) ;
OTKY/[d MTHOBEHHO BBITEKAET CyOAIIUTUBHOCTD. O

Hopwmy || - || u3 npenjokenns OyzleM Ha3bIBATH HOPMOTl, NOPOHCIEHHOT, CKAAAPHBIM NPOU3BEIEHUEM
<'7 >
IIpumep 2.16. PaccMoTpuMm BaKHBIM YacTHBIN ciaydail, korma V = R", a ckajggpHoe mpow3BeleHne BEKTOPOB
z = (z1,...,2) B Y = (Y1,...,Yn) umeer sux (z,y) = > ., 2;y;. Takoe ckansipHOoe HpomM3BeeHue OyaeM HA3bI-

BaThb CMAHOAPMHBIM U €6KAUI08BIM. VI3 TIpeIIoKeHNs MTHOBEHHO BBITEKAET, YTO QYHKIWS & — 4/ (T, x)

SIBJISIETCST HOPMOI. DTy HOPMY MBI Oy/1eM Ha3bIBATh cmandapmmoli nin eskaudosoti. Takum o6pa3oM, eBKIHIOBO
cKajispHOe mpou3BesieHre Ha R™ MOpOXK/IaeT eBKJIUIOBY HOPMY, KOTOpas, B CBOIO O4Y€Pelib, MOPOXK/IAET EBKJIUIOBO
paccrosiHue.

IIpuBenem ere Ba BasKHBIX MpuMepa HOPM Ha R”™:
o |[(z1,. .- zn)|| = 20y |2i| (Mamxerrenckas mopuma);

. H(xl,,xn)H =max{|z1],...,|z,|} (max-zopma).
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3ameuanne 2.17. He Bcsikas HOpMa Ha BEKTOPHOM MPOCTPAHCTBE V TOPOKIAETCS CKAJISIPHBIM TIPOW3BEICHUEM.
Yro6bl B 9TOM pazobparbCs, IPEANOIoKUM, 9TO HOpMa || - || 3a1aerca ckaasapHbiM npousseaenueM (-, -). s BeKTOpoB
x,y € V paccmorpuMm “mapasmesorpaMmm’, HATAHYThIH Ha TO9KH 0, , & + Y, Y W BBIUYACIUM CyMMY KBaJIpaTOB JIJIH

x2 97

ero “muaronaneii”, r.e. ||x + y||* + ||z — y||?. Vmeem
lz +yl* + Iz —ylI* = (& +y, 2 +y) + (& —y,x — y) = 2l|z[* + 2[|y]*.

Tak Kak y mapaJuiejjorpaMMa CTOPOHA JTaHHOM JIJIMHBI BCTPEUAETCS JBAYKIbI, MbI 3aKJ/II0YAEM, YTO B PACCMATPUBAE-
MOM CITy9ae CYmMma K6adpamos dium duazonanetl pasha Cymme Keadpamos OAUuUH CMOPOH. JTO YCIOBUE HA3BIBAETCH
NPABUAOM TLAPAANEAOZPAMMA.

[Tokaxkem, 910 Max-HOPMG He 3adaemcs CKaArApHbLM Npoudsedenuem. i TPOCTOTHL PACCMOTPUM CIydail 1mIoc-
koctw ¥ mosioxkuM 2 = (1,0) m y = (0, 1), Torma IJWHBI IaroHajeil COOTBETCTRYIOIIETO MapajljieiorpaMMa PaBHBL 1,
a JJIMHBI CTOPOH — TOXKe 1, M Tak Kak 2 # 4, He BBINOJIHAETCsS chOPMYTUPOBAHHOE BBIIIE TPABUJIO MapaJjlIeIorpaMmMa.

3ameuanune 2.18. OrmernM, 9TO MPABUJIO MAPAJLIETIOTPAMMA, ABJISIETCS KPUIMepuem, T.e. HeOOXOIUMBIM U JOCTa-
TOYHBIM YCJIOBHEM IIPEACTABUMOCTUA HOPMBI C IIOMOINBIO CKAJIAPHOI'O IPOU3BEACHUA, CM. HAIIPUMED [9]

ITTapsr u cdepbl
IIycrs X — merpuueckoe npocrpancrso, ¢ € X, ar > 0 u s > 0 — Bemecrsennble ducsaa. Torga

& OMKPHLIMBIM WAPOM C UEHIMPOM 8 T U paduyco./w S Ha3bIBae€TCA MHOXKECTBO

Us(z) = {y e X :lzy|l < s};

® 3AMKHYMBIM WAPOM C UEHITMPOM 8 T U paduyco.M, 7 HAa3bIBACTCA MHOXKECTBO

By(z)={ye X :|ay| <r};

e chepoli ¢ ueHmpom 8 r u PaduYcom 1 HA3BIBAETCS MHONKECTBO
Sp(x)={y € X :|zy| =r}.
3ameuanune 2.19. Kaxnas m3oMerpusi MKy METPUYECKAM MPOCTPAHCTBAME MEPEBOIUT IIAPHI U CPEPHI B MAPHI
u cephl ¢ COXpaHEHUEM PaIUyCOB.

3ameuanne 2.20. Brime, B npumepe [2.12] MBI roBopman 0 TOM, KaK yCTPOEHBI M30METPUHU €BKJINIOBOH METPHUKH.
B cnyuae merpukm, 3aJaHHOR NPOM3BOIBHON HOpMOH, meopema Masypa—Yaama yTBEPKIAET, 9TO W30METPUH
f makxke zanarorca dopmynoit f(x) = A(x) + b. 3uecs A — nmneiinoe orobpakenue, nepepoisias cdepy Si(0)
OGUEKTUBHO HA cebsd. DTO yCJIOBUE PABHOCHILHO OuekTuBHOCTH [ M TOMY, 410 A coxpaHsier HOpMY (LIOKazKuTe 3TO).
To, urto caBurn sp(x) = x + b ABISIOTCS N30METPHUSIMHU, TIPOBEPSIETCST COBCEM JIETKO:

|su(@)sp(@”)| = llsp(@) = sp(@)]| = [la + b — 2" = b|| = |za|.
Nmeercst MHOTO J0Ka3aTelbCTB TeopeMbl Madypa—Yiaama, cM. Hanpumep [§].
3ameuanune 2.21. Samevyanus u MIPUBOJIAT K CJIEIYIOIIEMY Pe3yJbTaTy: B HODMHUPOBAHHOM IIPOCTPAHCTBE

V mapsr u cdepsr ¢ neaTpom B £ € V monydaiorcs u3 mapoB u cdep ¢ mearpom B 0 CIBUTOM HA X.

2.2.2 MeTpuyecKkasd TONOJOTUSA

Ha merpuyeckom npocrpancrse X MMeeTCs CTAHIAPTHAS MEMPUYECKAR TMONOAO2US, KOTOPAs ONPEIEIAETCA TAK:
U C X cuuraercsa OTKPBITBIM TOIJA U TOJILKO TOI/A, KOI/a s Kaxka0il Touku ¢ € U cymecrsyer s > 0 takoe, 410
Us(x) C U. Jas mycTOro MHOYKECTBA 3TO YCJIOBHE CYMTAETCS TAKXKE BBHIMOJHEHHBIM (TPOBEPHTE, UTO OMPEIEJIEHHOe
TOJIKO 9TO CEMENCTBO MOAMHOKECTB X sIBJISIETCS TOIOJIOIHEN ).

Ilpeniioxkenne 2.22. B mempuueckom npocmparcmee X

(1) omxpumut wap Us(x) — omrpoimoe mHodtcecmeo;
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(2) samrnymud wap B(T) — 3amKnymoe MHOM#CECTNEO;
(3) cpepa S, (x) — samrnymmoe mHoocecmeo.

lokazarenbcTBO. Bepem npoussosbhyio T09ky y € Us(x). Mbl JO/KHBL TI0KA3aTh, YTO HEKOTOPBIA OTKPBITHIIH
map Uy(y) comepxkurcs B Us(z). Homoxum t = s — |zy|. Tak kak y € Us(z), ro |zy| < s, mosromy ¢ > 0. Hns
pousBosbHON Touku z € Ui(y) no HepasencrBy TpeyrosibHuka umeeM |zrz| < |zy| + |yz| < |zy| +t = s, nosromy
z € Us(x) u, 3uauut, U(y) C Us(x).

TMokaxkeM, uro gomnosuerne Y := X \ B.(z) orkpbsiTo. Bepem mponsBosbHyto Touky y € Y. Mbl HOJKHBI
MOKa3aTh, 9TO HEKOTOPHIH OTKpHITHIA map Ui(y) comepxurcs B Y. Iomoxum ¢ = |zy| — r. Tak kak y ¢ B.(x),
o |xy| > 7, nosromy t > 0. Hdusa npoussBosibuoil Touku z € Ui(y) IO HEPABEHCTBY TPeyroibHUKA umeeM |rz| >
|zy| — |yz| > |zy| — ¢t = r, mostomy z & B,.(z) u, smauut, Uy(y) C X \ B.(z) =Y.

Eciu r =0, ro S, () = B(z) u, 3uauur, S,(x) 3amxuyro 1o uysxry (2). Ecau xxe r > 0, 10, CHOBa 110J102KUB
Y := X \ B,(x) n BOCIONB30BABINCE OTKPHITOCTBIO Y, momynm, ato S, (z) = X \ (Uy(z) UY) — 3amknyToO. O

3ameuanmue 2.23. [lo onpemenernio, Kaxkma0€ OTKPBITOE MHOXKECTBO B METPHUUECKONH TOMOJOTHH TPEICTABIISIET CO-
00l 00beUHEHNE OTKPBITHIX MapoB. B cuny mpenmoxenns [2.22] BepHO u 00paTHOE: KAXKI0€ 00 beINHEHNE OTKPBITHIX
MMAPOB ABJISIETCS OTKPBITHIM MHOXKECTBOM. Takmm 0Opa30M, TIPUXOAWM K IKBHBAJECHTHOMY OIMCAHWIO METPUIECKOM
TOTIOJIOTHHI: OMEPLIMBLMU MHOHCECNBAMU 8 MEMPUBELCKOT MONOA02UY ABAAOMLA 8 MOYHOCNU BCEBO3MONCHBLE 006-
edunenus OMEPLMBLT Wapos (NYCmoe MHOHCECTNEO — MO 00BeUHEHUE NYCTNO020 CemelicmEa Wapos).

IIpumep 2.24. Cmandapmnas monoaozus Ha R™ — 310 COOTBETCTBYOIIAs METPUIECKAs TOMOJIOTHS JJIs €BKJIU-
JOBOU METPUKHU, OIIPeJesIeHHON B 1IpuMepe m VMmenHo 3T0# TOMOIOTHEH MOJIb3yeTCsad MATEMATUICCKAN aHAN3 I
OTIpeIeJIeHUsT CXOIUMOCTH TIOCJIEIOBATEILHOCTEH U HEMPEPbIBHOCTH (GyHKIM. ECn He OroBOpEHO MPOTHBHOE, TO MO
YMOJTYaHUIO MBI CIUTAEM, YTO TOMOJOTUA Ha R MMEHHO CTaHmIapTHA.

IIpumep 2.25. Cmandapmuas monoaozus Ha ompeske [a,b] C R Moxker ObITH ONpe/esieHa SKBHUBAIEHTHBIM
00pa3zoM Tak (IpoBepbTE KBUBAJIEHTHOCTH IPUBEIEHHBIX HUXKE ONPEIe/IeHuUi ):

® 3TO — METPHUYECKAs TOMOJIOTHS [JIs CTAHAAPTHON (DYyHKIIUU PACCTOSHUS MEXKIY TOYKAMU;
® 5TO — TOIOJIOIHs, UHIYIUPOBaHHAS Ha [a, b] u3 crangapTHOR Tomojoruu Ha R.

Bajgaua 2.26. IlokazknuTe, 9TO KarxKI0e OTKPHITOE MHOXKECTBO Ha mpsiMoii R mpemcrasisier coOoit 00beInHEHHe He
0oJiee YeM CUETHOTO YHCTIA HEMEPECEKAIOMMXCS HHTEPBAIOB, KAK OrPAHNIEHHBIX, TAK W HEOrpaHWIEeHHBIX. [loKkazkuTe,
9TO KaykK/I0€ OTKPBITOE MHOXKECTBO HA OTPE3KE IMPEJCTABUMO B BHAe OObeauHeHHWs He 0ojee 9eM CIeTHOrO UhCIIa
HelepeceKarnmmuxcd MHOXKeCTB, KOTOPbIE MOI‘yT 6bITb nJjim nHrepBaJjiaMu, UJjim HOJ'IyI/IHTepBaJIaMI/I C KOHIIaMHW B KOHIIAX
OTpe3Ka, U BCEM OTPE3KOM.

CpaBHeHnue TonoJsormii

Paccmorpum MuEOXKECTBO Ty BCEX TOMOJIOTHIA, ONpeIeeHHbIX Ha MHOXKecTBe X . Ecnu mis 71,70 € Tx BbIIOJIHSETCS
71 C To uu 79 C T1, TO TAKHAE TOMOJIOIMH HA30BEM CPABHUMBLMU, NHAYE TOIOJOTHH HecpasHuMbt. Eciau 11 C To, TO
TOBOpST, 94TO T1 2pybee unu caabee To, a T, — MOHLUWE WIN CUAbHEE T1. JICHO, UTO camasi rpy0asi TOMOJOTHST —
AHTUIUCKPETHAs, & CaMas TOHKAas — AuCKperHas. [IpuBemem mpocToil, HO 9acTO 0OJIErYaoNInii TPOBEPKY, KPUTEPHii
COBIIQIEHUSA TOIOJIOTUIA.

OxpecmHocmsb10 MouKU TOMOJOTHIECKOTO MPOCTPAHCTBA HA3BIBACTCSA KAXK/I0€ OTKPBITOE MHOXKECTBO, COIEpIKa-
mee 3Ty TquyEI OKpecrHOCTh TOYKHU & MbI, KAK IPaBUio, Oyaem obosnadars B Buge U®, V¥ u 1.a. Ecau Mbr xorum
oTMeTuTh, 4ro okpecruocrb U paccmarpuBaercs B TOLOJIOMME T, TO TaKyl0 OKPecTHOCTb Oyjem oboznauars UF.

Ilpensoxkenne 2.27. Tonosaozuu T1 u To, 3adannbie Ha MmHodcecmee X, cO8NAdAOM, €CAU U MOALKO ecAl 0l
Kaocdot mouku © € X GuNMOAHAIOMCA CAIYOULUE YCAOBUSA:

® das oboti oxpecmmocmu UT cywecmeyem oxpecmuocmoy UL makas, wmo US C UY , u obpammo,

T1?

o das aobot oxpecmuocmu UT cywecmeyem okpecmuocmy UL makas, wmo UL C UL .

1meercst Gosree obiriee ompeieIenie OKPECTHOCTH TOYKH. A WMEHHO, OTPEIeNeHHbIe HAMH OKPECTHOCTH HA3HIBAIOTCS OMKPBIMbLMIL,
a IIOJ OKPECTHOCTHIO NMOHUMAIOT KaXKJ0e MHOYKECTBO, COAepKalllee TOYKY BMECTe C HEKOTOPOH OTKPBITONH OKPECTHOCTHI0. MBI He Oyaer
HCIOJIB30BATEL TO Oojee o0Iiee OIPEie/IeHHe W OIPAHUYMMCS OTKDBITHBIME OKDPECTHOCTSIME, KOTOPBIE AJIsl KPATKOCTH OyZeM Ha3bIBaTb
IPOCTO OKPECTHOCTSIMHU.
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HokazaresbcrBo. Ecmu 71 = 7o, To UL = U7, yAOBIETBODPAIOT yCIOBHAM Ha OKpecTHOCTH. [IycTh Teneps BuImoOHS-
FOTCs yCJIOBUS HA OKpecTHOCTH. Toraa ajis Kaxmoro orkpsiroro U C 7y U KaXKI0# ero To9ku & MHOXKecTBO U sBisiercs
OKDECTHOCTBIO T, O3TOMY, B CHJly yCjioBuil Ha okpecrnoctu, cymecrsyer U C U. Ho rorpa U = UgyeyUZ, — or-
KPBITO B T, TaK KaK O0beJUHEHUE OTKPbBITHIX MHOXKECTB — OTKPbITO. VTak, Mbl goKa3a/u, 4ro 71 C To. AHAJOrMYHO
JIOKa3bIBAETCS M 0OpATHOE BKJIIOUEHWE, &, 3HAYMUT, IMEeeT MECTO PABEHCTBO T = Ta. O

ITokaxkeM, KaK MOXKHO NPUMEHHUTD IIPEIJIOKEHIE Ilycth p1 W py — METPWKWM, 3aJaHHBIE HA MHOXKECTBE X .
TOBOPAT, YTO METPHKA P IKEUBAAECHMHA METPUKE po, €CJIU CYMIECTBYIOT MOJIOXKUTEIbHBIE BEIIECTBEHHBIC YUCIa A
U [l TAKHE, 9TO JJid JMOObIX 7,y € X BBINOJHACTCS

Ap2(z,y) < p1(z,y) < ppa(z,y).

Tak Kak OMUCAHHOE BBIIIE YCJIOBHE PABHOCUIBHO 1/1 p1(z,y) < pa(z,y) < 1/Api(x,y), To MeTpuKa py TaKKe SKBUBA-
JIEHTHA METpHKe p1, T.e. COPMYINPOBAHHOE YCIOBHE CUMMETPUUIHO, TIO9TOMY B CJIy9ae BBIMOJHEHNsI JTI000TO U3 IBYX
YCJIOBHIT TOBODSIT, ITO METPHKH IKGUBAACHMHDL.

IIpenmnoxenue 2.28. Ha a0bom muoocecmee X 9K6UBAAECHIMHOIE MEMPUKY 360a10M 00UHAKOBDLE MONOA0EUU.

HoxazaresbcTBo. IlycTh 7; — TONOIOrHS, TOPOXKIEHHASA METPUKOIl p;, a V¥ 0603HaTaeT OKPECTHOCTh TOUKH T € X
B Tonojiornu 7;. Yepe3 UFi(z) 0603HAUMM OTKPBITHII [Iap pajnyca 7 ¢ IEHTPOM B & B METPHKE p;. JIOKa3aTesbCTBO
BBIBEJIEM U3 TPEJIJIOKEHU ST @ IOKa3aB, YTO [Ijist IPOM3BOIbHOM TOuKM = € X KaKJasd OKPECTHOCTb V% comepKuT
HEKOTOPbBIA OTKPbIThI mwap UP?(x) u, aHAJIOrMYHO, KaXkK/as OKPECTHOCTh Vfg COIEPZKAT HEKOTOPBIA OTKPBITHIN IIap
UPt(x). IlpoBepum mepBoe yTBEPXKICHUE.

TTo ompeneseHn0 METPUYECKON TOMOJIOTHH, CYIIECTBYeT OTKPHITHIH map UP!(x), comepxkammiicss B VZ. Tak kax
p1(z,y) < ppa(z,y), o yenosue pps(x,y) < r Biaeder pi(z,y) < r, OTKyIa

U (@) ={yeX :pi(z,y) <r} D{y e X :ups(z,y) <r} = Uf/QM(:L'),
nosroMy Jig s = r/p semonugerca Vi D UL (x) D UL (x). O

3amaua 2.29. Ilpusenure npumep AByX HEIKBUBAJIEHTHBIX METPUK HA OJTHOM U TOM 2K€ MHOXKECTBE, 33/IaI0IINX OIHY
U Ty K€ TOLIOJIOI'UIO.

ITycre ma BekTOpHOM mpocTpancTBe V' 3amanbl ase HOPMEL || - || u || - ||2. ToBopsar, uro HOpMa || - |1 9xeuea-
AEHMHA HOPME || - ||2, €CIIn CYNIECTBYIOT MOJIOKNTEIBHbIE BEIIECTBEHHBIE YHCIA A U (1 TaKWe, YTO s goboro x € V
BBITIOJTHAETCA

Mizlle < flefl < pllzlle-

Kak u B ciyyae merpuk, onucanHoe Bbiuie yciaoBue papHocuibao 1/u||z]1 < ||z|l2 < 1/A||z||1, nosromy HopMma || - |2
TAK2KE 9KBUBAJICHTHA HOPME ||-||2, T.€. CPOPMY/IMPOBAHHOE BbILIE YCIOBUE CUMMETPUUHO, TAK YTO B CJLy1a€ BHLIOIHEHHSL
m060ro U3 IBYX YCIOBHUS FOBOPST, UTO HOPMBI 9KGUBAAEHMMHbBL. JIETKO BUNETDL, UITO HOPMbE IKEUGAAEHITIHL, €CAU U
MOABKO €CAU COOMBEMCMBYIOULUE UM MEMPUKY skeusarenmus (yoeaurech B 3ToM). Takum 0Opa3oM, IPUXOAUM K
CJIEYIOIEMY DE3yIbTaTy.

Caenctsue 2.30. Ha a060m sexmoptom npocmpancmee V. aK6usaieHmubie Hopmbl 3600a10M 00UHAKOBBLE MONOAO2UL.

3ameuanmne 2.31. Kak Oymer BbISICHEHO HUXKE, HA KOHEYHOMEDHOM BEKTOPHOM IMPOCTPAHCTBE JIOOBIE JBE HOPMBI
SKkBUBAJIEHTHBI. Takum 06pa3oM, BCe HOPMbI HA, KOHEYHOMEPHOM IMIPOCTPAHCTBE MTOPOKIAIOT OJMHAKOBBIE TOIIOJIOTHN.
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YupakHeHus K rijiaBe 2

VYopaxkuenune 2.1. IIposepbre, 94T0 ceMeicTBA MHOMKECTB, KOTOPbIE Mbl HA3BIBAJIN TOMOJOTHEH 3apUCCKOrO, UHILY-
IUPOBAHHOU TONOJIOTUEN U METPUYECKON TOIOJIOTUel, JeiCTBUTE/IbHO YAOBJIETBOPAIOT BCEM aKCHUOMAaM TOIIOJIOTHUH.

Yupaxxuenwune 2.2. [Ipeamonoxkum, ato p: X X X — R — cuMmmerpuvHas moI0KUTEILHO ONpeeieHnas OyHKINA,
yaoBserBopsomas p(x, z) < max{p(x,y), oy, z)} Juist Beex x,y, z € X.

(1) okaxure, uro p — MeTpuKa (OHa HA3BIBAETCH YALMPAMEMPUKOT, a COOTBETCTBYIOIIEE METPUIECKOE IIPO-
CTPAHCTBO — YALMPAMEMPUMECKUM).

(2) Y6eaurech, 9T0 KaXKAbIii “TPEYroIbHUK LYz ABJIIETCH PABHOOEIPEHHBIM, IIPUYEM €0 OCHOBAHUE HE [TPEBOCXOIUT
60k0BOI1 croponbl. MHbiMu cioBamu, cpeau tpex paccrosuuil p(z,y), p(y, z), p(x, z) ABa paBHBL APYT APYTY, &
TPEThE — HE MPEBOCXOJIUT ITUX JIBYX.

(3) Obparure BHUMaHKE, YTO B IIPUMEPE OIIPEIEIEHO YALTPAMETPHYIECKOE IIPOCTPAHCTBO.
(4) Yb6enurech, 4To KaxKas TOYKA JHOOOrO IIapa ABJISETCH €ro IEHTPOM.

(5) Tlokakure, 9TO eciu ABa IIapa MEPECEKAIOTCs, TO OAWH W3 HUX COAEPKUTCS B IPYroM (B YaCTHOCTH, IIAPbI
MOI'YT COBIIAJIATh).

(6) ITokaxkure, 9T0 KaXKIBIA MIAD HEHYJIEBOIO PAJUYCA OJHOBPEMEHHO U OTKDBIT, U 3AMKHYT.

(7) Tokaxure, uro Kaxgoe Gojee YeM OIHOTOYEUHOE MOJMHOXKECTBO Pa30MBaeTCs Ha JBa HEIYCThIX MHOXKECTBA,
OTKPBITHIX B MH/YMPOBAHHON TOIOJIOrMU (HUZXKE TAKUE IIOJMHOKECTBA Mbl HA30BEM HECBA3HBIMU).

(8) Iycrs G = (V, E) — npocroii cBsasublii koneunbiii rpad. [Ipunumem kaxaomy pebpy e € E 1oioxuresbHoe
qucio w(e) — eec pebpa e. Becom w(vy) nymu 7 B rpade G HA30BeM MAKCUMAaJIbHBIA U3 BECOB e€ro pebdep.
Hns Bepumn v # w o0603uadmm (2(v, w) MHOKECTBO BCex mmyTeil, coemunsommx v u w. [omoxum p(v,w) =
min{w(y) : v € 2(v,w)}. Takxe a5 Kax10il BepmmEbr v € V momoxum p(v,v) = 0. Tlokaxnre, 910 p —
YABTPAMETPUKA, W YTO BCE KOHEUHBIE YJIbTPAMETPUYECKHUE TPOCTPAHCTBA MPEICTABUMBI B TAKOM BH/IE.

VYuopaxkuenne 2.3. Ilycte X — merprueckoe mpocTpancTBo, a B(X) — IHHeHHOe MpOCTPAHCTBO OrPaHUIEHHBIX
dbynxmuit ma X, T.e. Taxux oTobpaxkenuit f: X — R, uro sup, X| f (x)’ < 00. DTO TOCJIe/IHEE YHUCIO0 HA30BEM SUp-
HOpMmoU ynkyuu [ u 06o3naunM || f|]so-

(1) Tokazkure, 910 || - || oo — AeiicTBUTENBHO siBAsIETCS HOpMOTE. CooTBercTByIOMY0 DYHKIMIO paccTosiuns Ha B(X)
0003HAYNM AHAJIOTHIHBIM 06pa3oM: |f¢leo = ||f — gllco-

(2) BoiGepem MpoM3BOJIBHYIO TOYKY Zo € X, u i Kaxka0il rouku & € X paccmorpum dbyukimio d, : X — R, 3a-
nauuyio tak: dy(y) = |zy| —|zoy|. [lokaxkure, aro s1a dyHKIMs OrpaHUYeHa, a TAK¥Ke 4TO OTOOpaKeHue T — dy
I30MeTPHIHO: |dydy|oo = |2y|. DTO OTOOpazKenue Ha3bIBaeTCsa 8a0vcenuem Kypamosckozo. Takum ob6paszom,
Ka2KJI0€ METPUIECKOE IIPOCTPAHCTBO MOXKHO PaCCMATPUBATH KAaK IIOJMHOXKECTBO JIMHEHHOIO HOPMHUPOBAHHOIO
MTPOCTPAHCTBRA, & €r0 METPUIECKYI0 TOTIOJIOTHAI0 — KaK WHAYIUPOBAHHYIO U3 3TOTO JIMHEHHOTO HOPMUPOBAHHOTO
MTPOCTPAHCTBA.

YupaxxkxHenue 2.4.

(1) Yro upezncrapisor coboil KDyrd HA MAHXETTEHCKOI 1JI0CKOCTH U ILJIOCKOCTH € MAaX-HOPMOW?
(2) Jdokaxkure, 470 MAHXETTEHCKAs [JIOCKOCTh U IJIOCKOCTh € MAaX-HOPMOIl M30METPUYHBL.

(3) Uzomerpuunsbl jiu TpeXMepHbIE IPOCTPAHCTBA ¢ MAHXETTEHCKO HOPMOI U max-HOPMOii?

Yupaxkaenue 2.5. Ilycts p — merpuka Ha MHOKecTBe X . s KaxK10i napel Todek x,y € X mojoxum d(z,y) =
min{ p(z,y), 1}. ITokaxkure, uTo d — meTpuka Ha X, 337a0MIas Ty YK€ CAMYIO METPUYECKYIO TOMOJOTUIO, 9TO U p.

Yuparxuenmne 2.6. [lokaxnre, 970 KarXK10€ OTKPHITOE MHOXKECTBO HA mpsiMoit R npecrasisier coboit 00benHeHne He
6oJiee YeM CYETHOIO YHCJIa HEIEPEeCEeKAONNXCS NHTEPBAJIOB, KAK OIPAHWYEHHBIX, TAK U HeOrpaHWYeHHbIX. [lokaxnTe,
9TO KaXKJ/I0€ OTKPBHITOE MHOXKECTBO HA OTPE3KE IPEJCTABMMO B BHe OObeduHeHus He OOJiee 9eM CYETHOIO YUCIIa
HEIIEPECEKAIOIINXCA MHOXKECTB, KOTOPbIE MOI'YT ObITh UJIM MHTEPBAJIAME, WJIH IIOJYUHTEPBAJIAME C KOHIIAMU B KOHIIAX
OTpe3Ka, WM BCEM OTPE3KOM.

Yupaxxuenwne 2.7. [Ipusegure npumep 1ByX HEIKBUBAJIEHTHBIX METPUK HA OJHOM M TOM K€ MHOXKECTBE, 33/IaI0IIHIX
OIIHY M Ty Ke TOTIOJIOTHIO.



JIlexkmuga 3

baza, xaycaopdoBocTb, CXOANMOCTD,
HeNIPepbIBHOCTD

Ilnau. Basa Tomomnoruu, HHAyLHUpOBaHHAdA 0a3a, KPUTEPHUI COBMAJEHUA TOMOJIOTHH B TepMHUHAX 0a3, 9KBUBAJIEHTHOCTh €BKJINJI0BON HOPMBI ¥ max-
HopMbl Ha R™, xaycnopdoBbl MM OTAEIUMbIE TOIOJOTHYECKUE POCTPAHCTBA, IPUMEPBI XaycAopdOBbIX TONOJOrHH, HOCAEN0BATEIbHOCTH, CXOLH-
MOCTB IIOCJIEA0BATEIbHOCTH, IIPEes CXOAIeHCs TOCIeI0BATeIbHOCTH, CXOAUMOCTb B JUCKPETHOM U AHTHUAUCKPETHOM IIPOCTPAHCTBAX, CXOAUMOCTD B
METPHUYECKOM [POCTPAHCTBE, HENPEPbIBHBIE (PA3PBIBHBIE) B TOUKE 0TOOPAXKEHHUS TONOJOIMYECKUX IIPOCTPAHCTB, HEIIPEPBIBHOCTD B TOYKE OTOOparke-
HUSI METPHUYECKUX IPOCTPAHCTB, HENPEPBIBHOCTL OTOOPAXKEHU Yepe3 HeIPEPBIBHOCTL B TOYKE, & TAKKe depe3 3aMKHYTble B OTKPBIThIE MHOXKECTBA,
9KBHUBAJEHTHOCTh TPeX OIpEIeeHUI HeNpPepbIBHOCTH, HEIPEPBIBHOCTL TOXKIAECTBEHHOIO OTOODPAYKEHHUA, NMOCTOSHHOTO OTOOpAaXKeHUsl, BJIOXKEHUS, a
TAKK€ KOMIIO3UIIUN HEIIPEPBIBHBIX 0TOOparkeHnii, BelecTBeHHO3HAYHbIe (PYHKLUMN 1 BEKTOP-(DyHKLNH, 6238 OKPECTHOCTEH TOYKH, HEIPEPbIBHOCTH
B TepMuHax 6a3 u 6a3 OKPECTHOCTEH, JIOKAJIbHASA OrPAHUYEHHOCTDh HEIIPEPBIBHOTO 0TOOPAYKEHNsI B METPUYIECKOe IPOCTPAHCTBO, NPOKOJIOTAasT OKPECT-
HOCTB, KpuTepuit Komu cymecrsoBanus npenena, JUIMIIINIEBO 0TOOparkeHue, KOHCTaHTa JIuninna, paBHOMepHAas HENPEPbIBHOCTh, HENIPEPBIBHOCTH
OrpaHUYeHUs] U [IPOJOJI?KEHU s HEIIPEPBIBHOIO 0TOOPArYKEHHU, HENPEPLIBHOCTD [0 HANPABJIECHUAM (QYHKIUU Ha €BKJINIO0BOM NPOCTPAHCTBE U CBA3b C
HENPEPbIBHOCTHIO.

3.1 basa TomoJsoruun

IIycrs X — ronosorugeckoe npocrpancrso. Cemeiicrso B C Tx HazbiBaeTcss 6a300 mMONOA02UY Tx , €CIU BCE HEILy-
CTBIE OTKPBIThIE MHOXKECTBA, MPOCTPAHCTBA X MOTYT OBITH TOJYYEHBI OObEeIMHEHNEM HEKOTOPBIX JJIEMEHTOB U3 Ce-
meiicrBa B (ecau cuuTarh, YTO OOBLEAUHEHHWE 3JIEMEHTOB IIyCTOIO CEeMEeHCTBA ABJISIETCS IyCTHIM MHOXKECTBOM, TO B
ornpejiesieHn 6a3bl MOXKHO BBIKUHYTH TPEOOBAHUE HEILyCTOTHI OTKPLITOrO MHOXKecTBa). Ecim Jjig Tomojsornyeckoro
npocrparcTBa X PaCcCMaTPUBAETCA KAKas-TO OaHA 6a3a, TO 4acTo, Jjs ya00cTBa, 3Ty 6a3y Oymem obosznadars Bx.

IIpumep 3.1. B merpuueckom npocrpancrse X cemeiicrBo orkpbiThix maposB Ug(x) C X no Bcem £ € X u s > 0
obpasytor 6a3y merpudeckoil rounosoruu (ybeaurecb B 31om).

Bamaua 3.2. Ilokaxure, uro cemeiicrso B C 2% apngercs 6a30it HEKOTOPOH TOIOJI0rny, OIIPEeJEJICHHON Ha MHOXKECTBe
X, ecqii M TOJIBKO €CJIN BBITIOJIHAIOTCS CJIEIYIONINE TBA YCIOBHA:

e UpepB = X;

e I KaKJbIX Iepecekaromuxca B, B’ € B n mo6oi Toukn x € B N B’ cymecrsyer C € B, miga KOTOPOro
xeCCBNB.

Ilpenagoxkenue 3.3. Ilycmo X — monoaozuueckoe npocmpancmeo u Bx — 6asa e2o monoaozuu Tx. Ilyemv Y C X
U Ty — UHOYUUPOBAHHAA MONOA02UA. 3adadum cemelicmeo By no anasozuu ¢ mem, Kok Mbl ONPEICAANU UHIYUU-
DOBAHHYN MON0A0WI, a umerHo, noaoscum By = {Y N B : B € Bx}. Tozda By asasemca 6a30U monoiozuu

TY .

JMokazaTeabcTBO. Tak Kak Bce 3/IeMEHTbI 0a3bl SBJSIOTCI OTKPBITHIME MHOXKECTBAMMU, TO BCE 3JIEMEHTHI ceMeicTBa
By OTKpBITBL B Y 10 OILIpEAe/I€HUIO MHAY IMPOBaHHON Tonoioru. Ocraercs 0Ka3arb, YTO KarK10e HeILyCTOe OTKPLITOe
B Y muoxecrso U npencraBumo B Buje OObeauHeHus 3jieMeHToB u3 By . Ilo onpeaeneHuio uHy iupOBaHHON TOIOJIO-
TUH, CyIIEeCTByeT OTKpbiToe B X MHOXKecTBO V Takoe, uto U = VNY. Tak kak Bx — 6a3a TOMOJIOTUU Ty, CYIIECTBYET
{Ba}acs C Bx Takoe, uro V = U,ecjB,y. Ho Torma

U=VnY=|(JBa)nY=JB.NY),
acJ acJ

24
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u TaK Kak B, NY € By npwu Bcex «, momydaem Tpedyemoe. O

Bazy By u3 mpejioxkeHns OymeM HazbBaTh UHAYUuposarnoti 6a3oti By wmiam, ecan He BAasKHO, U3 KAKOM
6a3bl OHa ObLIA MOJIyYeHa, TO IPOCTO UHIYUUPO8aHHOU ba3ot.

IIpumep 3.4. IIycts S! C R? — cramgapTHad OKPY’KHOCTb, 33JaHHAS ypaBHeHHeM 2 + y? = 1, rme z,y — Je-
KapToBbl Koopauuarsl Ha R2, Beibepem B KadecTBe 6a3bl CTAHIAPTHON TOLOJOTHU HA R’ BCEBO3MOXKHDIE OTKDPBITHIE
kpyru. Torya nepeceuenue takux Kpyros ¢ S' — 910 BeeBo3MOKHbIE JAyru OKpyzKHOCcTH S', B uacruocry, “nosnas”
JIyra, coBmajafomas ¢ S', mpmueM KaxKIasd TyTa MOMKET OBITH TOJIydUeHa TakuM o6pasoM. CJIe0oBaTeIbHO, B CHIY
TIpeIOKEeHU ST ceMeliCTBO BCeX JIyT OKpy»KHoCTH S' obpasyer 6a3y mHIynupoBaHHOM Ha S' Tomomormm. Tak Kax

oObeTMHEeHNE TIEPECEKAIONINXC s YT — CHOBA Iyra OKPYKHOCTH, TO BCE OTKPBITHIE TOIMHOXKECTBA OKPYKHOCTH — He
6oJiee UeM cueTHble U3BIOHKIMHBLE, T.€. COCTOIINE U3 HEIePECEeKAIOIIUXCs JIEMEHTOB, o0beuHeHrs ee ayr (cpas-

Hure ¢ 3ana4eii 2.26)).

Iepexos, K 6a3aM 06/1erdaeT IIPOBEPKY COBIIAJICHUA TOIOJIOIUIT, KOTOPad OCYIIECTBIIACTCA AHAJOIMYHO HPE/II0Ke-
HUIO ITo anamorun ¢ ob6o3nauerneM UY, BBEIEHHBIM st OKPECTHOCTH TOYKU & B TOMOJIOTHH T, depe3 Ug Oymem
0003HaYaTh OKPECTHOCTh ITOH TOYKM, MPUHAIJIEXKAIILY0 6a3e B Tonosoruu 7.

IIpemnoxkenne 3.5. Tonoaozuu na muoocecmee X ¢ basamu B u By cosnadarom, ecau u moavko ecau 0aa Kasrcdot
mouku € X 6bNOAHAIOMCA CALOYIOULUE YCAOBUSA:

® daa mobol oxpecmmnocmu Uf  cywecmeyem oxpecmmuocmo U, maxas, wmo Uy C Uz u obpammo,
® daa mobot oxpecmnocmu U, cywecmeyem oxpecmuocmo Ui maxaa, wmo Ug C Uj, .

HokazarenbcTBo. Obo3Haumm 7; Tomojoruio ¢ 6asoit B;. IlpemmonoxkuM cHadajga, 9To 7; = To. Torma Kaskmast
OKpecTHOCTDb Uf  sIBJISIETCS OTKPBITHIM MHOKECTBOM B T2. ITo onpeznenennto 6aspl, cymecrsyer Uy , comepKamasncs B
Uj, - AHaJOru4IHO JIOKA3bIBACTCS yTBEPKIeHUe TI0CTIe IePecTaHoBKu 1 < 2.

IIycTb Tenepnb BBIIOJHAIOTCS yCIOBUA HA OKPECTHOCTU. Mbl T0/2KHBI IOKA3aTh, YTO T] = To. BepeM npou3BoJIbHOE
U € 11, rorna U = Uye g B, ans nekoropbix B, € By. Io ycnoBuro, miist Kaxk 1ot Touku & € B, Hali1eTCsd OKPECTHOCTH
UZ € By Takag, uro UY C B,. Takum obpaszomM,

U=JB.=J | U €.

acJ acJ ze€B,
AHaJIOrn4HO IOKA3bIBAETCS, YTO KaXKJI0€ OTKPBITOE MHOXKECTBO B To COUEP2KHUTCSA B T1, OTKYIa T, = To. O
CaencrBue 3.6. FEsxaudosa Hopma u max-wopma Ha R™ sadarom odunarosvie monosozuu.

okazaTesabcTBo. IlpuBegem aBa J0Ka3aTeabCTBa 3TOTO (hakTa.
1) B cuny cuepcrsus 2.30) yrBepKieHue BbITEKAET U3 TOIO, YTO PACCMATPUBAEMbIE HOPMbI 9KBUBAJIEHTHbL:

max |z;| <
i=1,...,n

2) B cuty npeioxKenus JIOCTATOYHO TMOKA3ATh, UTO HEKOTOPBIE 6A3BI TUX TOMOJIOTHl YIOBJIETBOPSIIOT yCIOBHU-
M TIpejjIoyKenns. B kagecTBe AByX 6a3 BO3bMEM CEMeHCTBA BCEX OTKPBITHIX MAPOB I MaX-HOPMbI U JI1s €BKJIAI0BOM
HOPMBI COOTBeTCTBEeHHO. Ilycth x € R™ — mpomssonbHasa To9ka u U’ — MpOM3BONBHBIA OTKPBITHIA MAap B ONHONW U3
3THUX HOPM, comepxkammii x. Torma cymecrByer map U B 9TOH ke HOPME W C HEHTPOM B x, sexkammii B U'. Tak kak
MIAPHI C IEHTPOM B & MOJIy9YalOTCS M3 IapoB C meHTpoM B 0 CABHIOM HA T, & KaXK/IbIil CABUT SIBJIIETCS U30MeTpHei
JJIsL BCEX HOPM, YCJIOBHE IIDE/JIOZKEHUs 10CTaro4vHo 1nposeputsh Ay ¢ = 0. Kpome 3Toro, nocrarodno nokas3arb, 94T0
cymectByer 1ap V' C U OTHOCHTEIBHO BTOPOl HOPMBI, ¥ KOTOPOTO MeHTp Haxoautcs B x = 0. Hakorer, Tak Kak mpwu
TOMOTETHUH IIAPhI MEPEXOIAT B IMAPHI, B KadecTBe U MOCTATOYHO PACCMOTPETH IMIap €IUNHUIHOTO PAIUYCa.

Nrak, nycts Uy u Us — OTKPBITHIE eAMHWYHBIE TAPHI C IEHTPOM B HYJIE, HEePBBIi /I8 Max-HOPMbI, 8 BTOPO# —
nuist ek oBoit Hopmbl. [lap Us, upexacrasisier coboit BHyTPEHHOCTb Kyba, COCTOsIY0 U3 BCEX TOYEK (L1,...,Ty)
¢ |z;| <1, nosromy Us C Uso, Tak Kak eBKJIUJ0BO paccroguue or 0 no Guumxkaiiueii rouku rpanuipsl Ky6a Us, paBHO
1. C apyroii CTOpOHBI, CaMble YIAJE€HHBIE TOUKW IPAHUILI Kyba Us, — 370 ero Bepmmubl (+1,...,+1), eBKINIOBO
paccroguue J10 Koropbix or 0 paBHO /1, osromy (1/+4/n) Uy C Us. O
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3.2 XaycaopdoBOCTh MU OTAEJINMOCTH TOIIOJIOTAN

Tomosorunyeckoe TPOCTPAHCTBO HABBIBACTCA TAYCIOPPHOBbIM W OMOIEAUMDBLM, €CITH Y KAKION Mapbl Pa3THIHBIX
TOYEK MMEIOTCs HelepeceKaronuecs: OKpecTHoCcTH. 1lycroe u omHOTOYedHbIE MHOYXKECTBA C €UHCTBEHHBIMU BO3MOK-
HBIMH TOHOJIOTMSME TAK?Ke OTHOCATCH K XayCA0P(MOBBIM [IPOCTPAHCTBAM.

IIpeamoxenne 3.7. Caedyrousue monosozuu xaycoopdhoeoi:
Juckpemmas;

anmu&ucnpemnaﬂ Ha He 60aee wem 0OHOMOUEUHDIL MHOHCECTNEAL U MOALKO HA HUT;

3) 3apucckoz2o Ha KOHEUHBLT MHONCECNEAT U MOALKO HAG HUL;
) mempuueckas, 8 wacmuocmu, cmandapmuan wa R™;

UHOYUUPOBAHHAA MONON02USL HA NOIMHONCECTNEE TaYCcOOPPHOBa NPOCMPAHCMEA, 8 HACMHOCTU, HA NOIMHONICE-
cmee R™ (npo makoe c60licmeo 2060pam, ¥mo oHO HACAEOYETNCA HA NOOMHONCECTBALT).

dokazaTebCcTBO. B kagecTBe HemepeceKaronmxcs OKPECTHOCTEN ABYyX PAa3HBIX TOYEK MOXKHO B3ATb CAMHU ITHU
TOYKH.

B e Gosiee uem OTHOTOUEYHOM TIPOCTPAHCTBE HET JBYX PA3HBIX TOYEK, Y KOTOPBIX HEJIb3s BHIOPATH HEIepe-
CeKaoIyecs: OKpecTHoCTH. Ecnmu Todek Oostee OmHOM, TO st HUX HE CYIIECTBYET HEIepEeCceKaroIuXCsi OKPEeCTHOCTENH,
TaK KaK €IMHCTBEHHOW OKPECTHOCTHIO SIBISETCS BCE MPOCTPAHCTBO.

Tomnonorust 3aprcCKOro KOHEYHOI'0 MHOXKECTBA COBIIAJAAET C JUCKPETHOH TomoJoruei. JleficrBUTeIbHO, B TO-
mojioruu 3apuCCKOro, KpOMe MyCTOr0 MHOYKECTBA, OTKPBITHIMU SIBJISTIOTCS JOTOJTHEHUS 10 KOHEYHBIX. HO B KOHEUHBIX
MHOXKECTBAX BCE MOJIMHOXKECTBA KOHEUHbI. Kcji yke MHOKkecTBO X OeckoHedHO, TO okpecTHOCTH Uy n Us JTIOOBIX IBYX
rouek umeror sun U; = X \ F;, rue F; — xoneunnie. Ho Torma

UinUz = (X\F1)N(X\F2) =X\ (FLUF) #0,

Tak Kak obbemunenne F; U Fy KOHEIHBIX MHOXKECTB KOHEYHO, & X — OECKOHEYIHO.

IIycrs x,y € X — paziumdsbie TOYKU METPUIECKOro npocrpancrsa. Ilo npemioxenuro OTKPBITHIE MIAPbI
SIBJISTIOTCsT OKPECTHOCTSIMH CBOMX IIEHTPOB, YeM MbI ceifuac n Bocrosb3yemcst. Ilycrs r = |xy|. Tak kak x # y, To 1 > 0.
IMonoxkum € = r/2 u nokaxkem, 4yro okpecrroctu Ug () u U (y) ToueKk x u y He nepecekaiorcd. JleficTBUTENbHO, ec/iu
510 He TaK u 2 € U () NU(y), T0, IO HEpABEHCTBY TPEYronbHuKa, |xy| < |xz| + |2y| < 2e = r, mpoTuBOpeHne.

IIycts Y — mogmuOXKeCTBO XaycaopdoBa TOTOJIOTTIECKOTO IPOCTPAHCTBA X, U Y1, Y2 € Y — pa3IuIHbIe TOUKH.
B cuny xaycnopdosocrn X, y 9TuX TOYEK CyLIECTBYIOT Henepecekaouuecs okpecrnocru UYL u UY2 B Tonosnoruu
npocrpanctsa X, Ho UYi = Y NUY. — OKpeCTHOCTH 3THX TOYEK B WHIYIUPOBAHHON HA Y TOMONOTHY, W OHU TOXKE HE
TIepeceKkaroTCs. O

3.3 llocaenoBarenbHOCTU

ITocaedosameabHOCMbIO0 B TPOM3BOJIHHOM MHOXKECTBEe X Ha3bIBaeTCd Kaxaoe oroopaykenne N — X . Obpas Hary-
PaIBHOTO YHUCJIA 7 IPHU TAKOM OTOOparKeHur OOBIYHO 0D03HAUAIOT B BHUJIE Ty . 33/aBas MOCJEI0BATETbHOCTD, THIINYT
WIA X1, X2, ..., AU TPOCTO Ty .

ITocnenoBarenbHOCTD T, B TOIOJOIHYECKOM IIPOCTPAHCTBE X HA3LIBAETCH crodauwelics k¥ mouke r € X, eciu
nuist si00oit okpecraoctu U® cymecrByer N takoe, 9to i Beakoro n € Ny n > N, Bemonasgerca x, € U”. Nubivmu
CJIOBAMMU, CXOIWMOCTh K X O3HAYAET, YTO IJisT BCAKON okpecTtHOCTH U¥ BCSI TIOCIEIOBATEBHOCTH, 33, MCKJIIOUEHUEM
KOHEYHOTO YHUCTIa e JIeHOB, JexkuT B U*. /Ipyrag wHTepnpeTanus: mocaeI0BaTeTbHOCTb T, CXOTUTCS K X, €CJIU JIJId
Kaxk10it okpecTHOCTH U” HEKOTOPHINt £80CM TIOCIEeIOBATEIBHOCTH Ty, T.€. TN, TN 41, - - - J€KUT B U”. Touka x HA3BI-
BAaETCs NPEedenom nocaedo8amesbHocimnu, Ty, u 0bozHadaercs lim,, o ,. Takke cXOIUMOCTb MOCIEI0BATETHHOCTH
X, K & 3alUCBIBAIOT TaK: Ty, — & (Lpu n — 00).

IIpumep 3.8. Ilycrb 2, — NPOU3BOJIbHAS [OCIEI0BATENBHOCTb B IPOCTPAHCTBE X € AHTUJIMCKPETHOMN TOIOJI0rked
7x = {0, X}. Torna y xkaxmoit Touku © € X uMeercst eIMHCTBEHHAsT OKPECTHOCTD, a uMeHHO U”? = X | nosromy BCS
TOCIIEIOBATETBHOCTD JIEXKHUT B 3TOW OKPECTHOCTH W, 3HAYUWUT, T, CXOTUTCA K T. Takum 06pa3oM, B aHTHIUCKDPETHOM
NPOCTPAHCTBE BCE MOCIEA0BATETBHOCTH CXOIATCA KO BCEM TOYKAM OJHOBPEMEHHO.



3.4. HenmpepbIBHBIE OTOOPAKEHUST 27

IIpumep 3.9. Ilyctb z,, — MOC/I€IOBATETFHOCTh B MPOCTPAHCTBE X C JUCKPETHOH TOMOJOTHEl Tx = 2% mpumdem
x, — . Boibepem B KauecTBe OKPECTHOCTH TOYKM & OTKpbiToe MHOxecrBo U? = {z}. Torma cxomumocTtb o3navaer,
9TO0, HAYUHAS C HEKOTOPOro HoMepa [N, BCe TOUYKH IOCIEI0BATETLHOCTH &y, COBIIAIAIOT € x. TaKkue mocae 0BaTeIbHOCTH
HA3BIBAIOTCS CMAUUOHADPHBLMU.

Sameuanne 3.10. B m060M TONONOrnUeCKOM IPOCTPAHCTBE KAZK/1as CTAIMOHAPHAS IOC/IEA0BATEIBHOCTD ABIAETCS
cxopgieiics (0bbacHuTe H0YeMy).

Crenyromas TeopeMa, BMECTe C IIPeIJI0KEHHEeM OOBSICHSIET, TOYEMY B MATEMATHIECKOM AHAJIU3E MPEIes KaxkK-
JOU CXOAALIEHCs 110C/IeJOBATEIbHOCTU OlIPe/eIeH OJJTHO3HAYHO.

Teopema 3.11. IIycmv X — zaycdopdoso monosozuneckoe npocmparcmeo. Tozda npedes kasxncdotli crodauletics
nocaedosamenvrocmu onpedesen 00HO3HAWHO.

Joka3zareabcTBo. [IpeanosokuM TPOTUBHOE, T.e. 9TO y CXOMSAIIEHCS MOCIe0BATETHHOCTH X, UMEETCs XOTs Obl
ABa pa3HbIX npejena r 1 y. B cuny xaycmopdosoctu, cymecTByioT nernepecekarommecs okpecraoctu U® u UY. Ilo
OTIpeIeSIEHUI0 CXOIUMOCTH, &, € U* HaunHas ¢ Hekoroporo N, n x,, € UY naunnasa c vekoroporo No. Ho Torma mms
n > max(Ny, Na) Touka x, nexur u B U*, u B UY, nosromy U* NUY # (), mporusope«ne. O

Caenctsue 3.12. B xastcdom mempuseckom npocmpancmee, 8 wacmuocmu, 6 R™ npedeav, crodausuxcs nocaedosa-
meavHocmetd onpedenervs 00HO3HAYHO.

Cuieyromnuii pe3ybrar aKTUBHO HCIOJb3yeTCs B MATEMATHIECKOM AaHAJM3e, OCODEHHO B CIIydYae MOCJIeJ0BATE h-
HOCTEIl BEIeCTBEHHBIX YUCeJ WM TOYeK mnpocrpancrsa R™.

IIpengnoxenue 3.13. B mempuueckom npocmpancmee cTodumocmy nocAedo6amesbHOCIU Ty, K MOYKE T PAGHO-
CUNDHA BLINOAHEHUI CACOYIOWE20 YCA08UR: Oas 06020 € > 0 cywecmeyem N maxoe, wmo npu xagxcdom n > N
BUNOAHAEMCA |TTy| < €.

HoxkaszarenbcrBo. Ilycrs cnagana x, — x. Beibepem npoussosibHOe € > 0 U MOKa)KeM, 9TO, HAYUHASA C HEKOTOPOTO
HOMepa, BBITONHSAETCS |T,x| < . BoibepeM B KauecTBe OKPECTHOCTH TOYKM & TMApoByi okpectHocTh U (z). Tlo
OIIPEJIEJIEHNIO CXOJMMOCTH, cyIecTByer N Takoe, 9ro st io6oro n > N BhImoiHseTcs &, € U (), a 970 1 03HaUaeTr
|znx| < €.

O6parno, nycrb i gwoboro € > 0 cymecrsyer N Takoe, 410 s Jito6oro n > N BbiosnHsercs |z,x| < . Mbl
JOJIZKHBI [TI0KA3aTh, YTO & — Ty, T.€. 9TO /Jis J11000i okpectHocTu U® touku = cymectByer N Takoe, 910 /jist JI000r0
n > N umeem x,, € U®. Tlo oupeyesnenuio Merpuveckoil Toiooruu, cyiecrsyer orgpoirbtii wap Ue (x), conepaipmiics
B U?, HO TOrIIa, MO YCJIOBHIO, HAYWHAS ¢ HEKOTOPOTO HOMEpa, BBITIONHAETCS |x,x| < €, T.e. &, € U (x) C U”. O

3ameuanne 3.14. OTMeruM BaXKHOE CBOWCTBO CXOJSAIIEHCS MTOCTEI0BATENBHOCTH T, B METPUYECKOM MTPOCTPAHCTBE
X: oHA BCera sBJILeTCs 02PAHUYEHHBIM TLOOMHOHCECTMEOM, T.e. JekuT K HekoropoM wape U, (x) C X. eiicru-
TEJIbHO, BO3bMEM B KAYECTBE X [PEJEJI MOCIEJOBATEIbHOCTH Ty, TOrAA cylnecTByer N Takoe, 9To i BCAKOro n > N
BHITIOJIHSAETCS T, € Uy (). Ilyetsb r € R Gosbinie Makcumyma uncen 1 u Beex |za,|, n < N, torma Bee x,,, n € N mexxar
B mape U, (x).

3amaua 3.15. Onuimmre Bce CXOAAIMECS MOCIEIOBATEILHOCTH B TTPOCTPAHCTBE C TOMOJIOTHEH 3apUCCKOTO.

3ajgaua 3.16. Ilycte X — Gosiee 4em cHeTHOE TOIOJOIHYECKOE IPOCTPAHCTBO, B KOTOPOM HEITYCTBHIMH OTKPBITHIMHA
MHOXKECTBAMU SIBJISTIOTCS JOMOJTHEHNS 0 He OOJIee YeM CUETHBIX MOAMHOXKECTB. [lokaxKuTe, 9TO B TOM TPOCTPAHCTBE
CXOISIIITUMUCS SIBJISIIOTCS JIUITB CTAI[MOHAPHBIE MOCIEI0BATEHHOCTH.

3.4 HenpepbIBHBIE 0TOOparKeHUs

Iycts f: X — Y — orobpazxkeHune TOMOJOTMYECKUX TPOCTPAHCTB. [oBOpaT, uro f HenpepwvieHo 8 mouke r € X,
ecn ms moboit oxpectrocTn VI (®) cymecryer oxpecrnocrs U®, nas xoropoit f(U*) ¢ V/(®) . Orobpaxenne f
HA3bIBAETCS HENPEPBLEHBLM, ECITUH OHO HENMPEPBIBHOrO B KaxKaoi Touke. Orobpaxkenus f: X — Y, He apigromnmecs
HelpepbIBHLIMU (B JIAHHOM TOYKE), HA3BIBAIOTCH PA3PLI8HBIMU (B ITOI TOUKE).

[IpuBejiem erie JBa Onpee/ieHIs HEIPEPLIBHOIO OTOOPAKEHU s, SKBUBAJIEHTHBIX [IPEIbLILYIIEMY.

(Bropoe onpeaesienue HenpepbiBHocTu) Orobpakenne f: X — Y TONOJIOrMYECKUX IPOCTPAHCTE HA3BIBAETCS
HENPEPBLIBHBIM, ECITH TPOOOPA3 KAYKIOr0 OTKPHITONO MHOYKECTBA, OTKPBIT.

(Tpetbe onpenenenne HenpepbiBHOCTH) Orobpaxkenue f: X — Y TONOJIOrMYECKUX IPOCTPAHCTB HA3BIBAETCS
HENPEPBLEHBLM, ECTTH TPOOOPA3 KAXKIOI0 3aMKHYTOTO MHOXKECTBA 3aMKHYT.



3.4. HenmpepbIBHBIE OTOOPAKEHUST 28

Teopema 3.17. Tpu npusedernnoir eviuwe 0npedeseHus HENPEPLLEHOZO 0MOOPANACEHUA TMONOAOZUYECKUL TLPOCTNPAHCING
IKBUBANEHMHDL.

JokazaTeabCTBO. DKBUBAJEHTHOCTH JIBYX MOCJEIHUX OMpeIeeHnit oueBuaHa. JloKakeM, 4TO SKBUBAJEHTHBI TTE€D-
BOE U BTOPOE OIIpeIesIeHUsI.

Urak, nycth cHagana oroopaxkenne f: X — Y TONOTOrmYeCKUX MPOCTPAHCTB HEMPEPBIBHO B KAXKI0# Todke. Pac-
CMOTPUM ITPOM3BOIBLHOE OTKPBITOE MHOKECTBO V € Ty . Ecn U = f~1(V)) = ), snauur U orkpbito B X . [IycTb Tenepnb
U # 0. daga xaxgoro € U MHOXKeCTBO V' ABISETCS OKPECTHOCTBIO TOUKH f(2), HOITOMY, B CUITy HENPEPBIBHOCTH f
B TOYKe x, cymecrsyer U® rakasi, uro f(U,) C V wu, sHaunt, U* C U. Urak, U npeacTaBuMo B Brjie 00beIWHEHNs
okpectHOCTel U” CBOMX TOYEK W, 3HAUUT, ABJISETCH OTKPBHITHIM B X KaK 00bEIUHEHNE OTKPBITHIX MHOMKECTB.

O6paTHO, TPEANnoNOKAM, U4TO TPOOOpa3 KaxKJIOro OTKPBITOro B Y mHOXKecTBa OoTKphIT B X. [Tokaxkem, uro f
HEIPEPBIBHO B KazK10if Touke & € X . Bribepem mpoussombuyio okpecraocts VI (%), Tak Kak OKpeCTHOCTH — OTKPHITOE
MHOZKECTBO, TO, 10 yciaosuio, U 1= f~! (Vf(””)) — OTKpPbITOE MHOXkKeCTBO. flcHo, uro € U, nosromy U — OKpecTHOCTH
z, npuaem f(U) C V@) uro u TpeGosasocs. O

IIpeamoxkenune 3.18. Caedyrousue omobpasrcenus HENPEPbLEHDL:

(1) moorcdecmeennoe omobpasicenue MONOAOLUECKO20 NPOCTNPAHCTEE HA CEOA;

(2) nocmoannoe omobpasicenue, nepecodiuwee 6ce MONOAVZUNECKOE TPOCTIPAHCINGO 6 HEKOTNOPYI MO4KY 0PY2020
MONON02UNECKO20 NPOCMPAHCNEA;

(3) 0as nodmmooscecmea Y monoaoeuyeckozo npocmpancmea X — omobpasicenue exarouenus 12 Y — X, 11y —y
oas ecex y €Y

(4) KOMNO3UYUA HENPEPLLEHBIL OMOOPACEHUT TNOTIOAVRUNECKUT TPOCTIPAIHCTS.

dokazaTesbcTBo. Bocnomb3yemcs BTOPBIM OIpeeIeHueM HEITPEPbIBHOCTH, T.€. TEM, UTO “IIPO0OPa3 OTKPLITOIO MHO-
KECTBA OTKPHIT”.

ToxxmecTBeHHOE OTOOPAYKEHNE HE MEHSET MHOXKECTB, MOITOMY MPO0Opa3 OTKPHITOIO MHOMKECTBA OTKPBIT KAK
COBIIQIAOMINI C UCXOTHBIM OTKPBITHIM.

IIpoobpas mro60ro OTKPHITOrO MHOXKECTBA, MJIH IIYCT, WJIU COBIIAIAET CO BCEM MPOCTPAHCTBOM, IOITOMY B 0O0HX
CJIy9asix OTKPBIT.

IIpoobpas ¢~ (U) orkpwiroro muokectsa U C X paserr U NY u, MO3TOMY, OTKPBIT B WHIYIUPOBAHHOI TOTO-
JIOTHH.

[ycrs f: X - Y ug: Y — Z — menpepbiBHbIE 0TOOpakeHnsi. BepeM MpOM3BOJIBHOE OTKPBITOE MHOXKECTBO
U C Z,rorma (go f)*(U) = f~*(¢g~*(U)). Tak xax g menpepsisrO, T0 g~ ' (U) orkpbrro B Y. Tak Kax f HepepbIBHO,
TO f’l(g’l(U)) OTKpPBITO B X . O

IIpumep 3.19. Kaxioe orobpazkenune f: X — Y 13 npou3BOIBHOIO TOLOJOIMYECKOrO IPOCTPAHCTBA X B aHTUIUC-
KPETHOE TOMOJIOTMYECKOE MPOCTPAHCTBO Y HEmpephiBHO. [leficTBuTeIbHO, B Y €CTh POBHO JIBA OTKPBITHIX MHOYKECTBA:
Y u (). HempepbiBHOCTE f BhITeKaeT u3 Toro, 4to oba muoxkectsa f~H(Y) = X u f~1(0) = ) orkpwitsr B X.

IIpumep 3.20. Kazkunoe orobpaxkenne f: X — Y JQMCKPETHOrO TOIOJIOIMYECKOrO MpocTpaHcTBa X B JH000E TOLOJIO-
TAYECKOe MPOCTPAHCTBO Y HempepbiBHO. leficTBuTe/IbHO, MTPO0Opa3hl BCEX OTKPBITHIX ITOAMHOXKECTB IPOCTPAHCTBA Y
OTKPBITHI B X, TaK KaK B X OTKPBITHI BCE MOIMHOXKECTBA.

Orobpakenue B BelecTBeHHYIO npsMyio R HasbiBaercs pynkyued, a B R — sexmoprodnauHot ynruyuet.

IIpumep 3.21. Ilycrs f: X — R — uenpepbisaas dbyuknus. Torga qis ¢ € R MHO)KECTBO (—00,¢) OTKPBITO, a
MHOXKeCTBa {c} u (—00,c] — 3aMkHyTHl B R, nosromy {:L' eX: f(z) < c} = f’l((foo,c)) OTKPBITO, & MHOYKECTBA

{zeX:flx)<c}=f"((-o0,d) u{zeX: f(x)=c}=f"({c}) — samknyrsr B X.

JI71st TPOBEPKY HEIPEPBIBHOCTYA OTOOPAXKEHHUs JTOCTATOYHO MPOBEPSATH OTKPBITOCTH MPOOOPA30B JIUIL HJIEMEHTOB
[IPOM3BOJILHOM 6a3bl (CM. HUXKE PEJIOKEHUE . BoJtee Toro, /ijist TpOBEPKYU HEMPEPHIBHOCTH B TOYKE MOXKHO OBLIIO
Obl OrPAHUYIUTHCS OKPECTHOCTSIMHU, BXOISAIIMMU B 0a3y, OJHAKO CEMEHCTBO OKPECTHOCTEH, HY>KHBIX JJIs TPOBEPKH,
MOKHO €Ille CUJIbHee YMEHBIUTh. A UMEHHO, g TOYKU & € X TONOJOIHYEcKOro mpocrpancrea X HazoBeM 6a30
oxpecmnocmeti B, mouwku T Kaxiblii HaOOp OKpecTHOCTEHl T Takoi, 4ro s J000i okpecrnocru U To4Ku
x cymectByer U € B, ynosnersopsitortuit U C U?®. Hampumep, eciu X — MeTpwdeckoe MpPOCTPAHCTBO, a Bx —
0a3a METPUIECKOIl TOMOJIOTHH, COCTOSINAs W3 BCEBO3MOXKHBIX OTKPBITHIX IMAPOB, TO B KAYECTBE YaCTHU ITOH 0Oa3bl, B
RJIEMEHTBI KOTOPOI BXOIUT T, HY’KHO OpATh BCe COmepKallie T mapbl. A BOT B KauecTBe Oa3bl OKPECTHOCTEHN & MOKHO
B3sTh TOJBKO T€ IIaphl, Y KOTOPbIX & — IEHTP.
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Ilpenmoxkenune 3.22. Ilycmo f: X — Y — omobpasicerue monoaoeuseckus npocmpaHcems, T € X — npoudeosvHas
mouxa, By — 6asa npocmpancmea Y, a By u B,y — amobvie 6asv oxpecmuocmets movex x u f(x) coomeememsenmo.
Tozda

(1) omobpasicenue f nenpepuieHo, ecau u MoOALKO ecau npoobpad awbozo V € By omxpwm 6 X;

(2) omobpasicenue [ nenpepvi6Ho 6 movuke x, eCAU U MOALEO ecau 0aq 1060l oxpecmuocmu V € By, cywecmeyem
oxkpecmuocmo U € B, das xomopot f(U) C V.

dokazaTesbCcTBO. IIycrb caavana f menpepbiBao. Torga mpoobpas Jiroboro OTKpPLITOrO MHOXKECTBA, B Y4aCTHOCTH,
KaxKJI0ro MHOXKeCTBa V € By, oTKphIT B X.

O6parHo, mycTh TPOOOPa3bl 31eMeHTOB 0a3bl By OTKPBITHL B X . BhibepeM mMpom3BOIBHOE OTKPBITOE MHOXKECTBO
W € 7y. o onpenenenuio 6assl, W = UyesVy, e V, € By mpu Beex a. Ho f~1 (W) = Uaesf~1(V,). Ocramocs
BOCTIONB30BaThes TeM, 9To Bee f (V) OTKPBITHI B X TI0 YCIOBHIO, & TAKIKe YTO O0beTMHEHHe OTKPBITHIX MHOMKECTB
OTKPBITO.

[Tycrs cuavama oTobpaxkenue f HempepbiBHO B Touke z. Torma aas V. € Bj(,) CymecTByeT OKPeCTHOCTD
W? € 7x Toukm x Takas, uro f(W?®) C V. Ilo onpenenenuto 6a3bl okpecTHOCTel, cymecrsyer U € B, rakasi, 410
U C W?*, uo rorga f(U) C V.

O6parHo, NyCTh BBIIOJHEHO yCjIoBre Ha 6a3bl okpecTHOCTelH Touek & u f(x). Mbl 10JKHBI T0Ka3aTh, 4TO f Hempe-
PBIBHO B . Boibepem mpoussombayio okpectaocts W/ (*) touku f (z), Torga, 1o onpejeneHuio 6a3bl OKPECTHOCTEI,
cymecrsyer V € By(,) Taxas, 4to V C WZ®), Tlo yenosuio, naitnerca U € By, mnsa xoropoit f(U) C V. c W@, O

Culepytomuii pe3ysibrar, MIHOBEHHO BbITEKAIOUMil u3 npeatoxenus [3.22) ucrnoab3yercs MareMarudecKuM aHa/lu-
30M B KQ9eCTBE OIPe/Ie/ICHIA HeIPePLIBHOCTH (DYHKIHH B TOUKE.

CaencrBue 3.23. IIycmo f: X — Y — omobpasicenue mempuneckus npocmparcms u T € X, mozda omobpascerue
f Henpepwieno 6 mouke T, ecau u MOALKO ecau dasa awbozo € > 0 cywecmeyem & > 0 maxoe, wmo das Kascdozo
v’ € X, |za'| < 6, ewnoanaemea |f(z)f(z')] <e.

Hoxka3zaresbcrBo. [Jocrarouno B kauecrBe 6a3 Toyek « U f(2) BHIOPATh BCEBO3MOXKHDIE IAPHI C IEHTPAMHU B ITUX
TOYKAX. O

3amevanue 3.24. Jlna #empepbiBHOrO orodpakenns f: X — Y W3 TOMOIOrMYIecKoro mpocrpancrBa X B METPH-
9eCKOe MPOCTPAHCTBO Y HMEET MECTO AHAJIOr 3aMedaHus A umenno, npoussBosbHoe orodpaxkenue f: X — Y
Ha3BIBAETCI AOKAALHO 02PAHUMEHHBIM, €CITU JJis JTI000i1 Touku € X CyIIECTBYyeT Takas OKPecTHOCTH UT, dTo
f(U?*) — orpanndeHHOe MOIMHOXKECTBO Y, T.e. copepkurcs B HekoropoMm mmape U, (y). Ilokaxkewm, uro kascdoe Henpe-
pouieroe omobpasicenue f: X — Y aokaavro oepanuyvero. B kadecrse y BosbMeM f(x), TOrJa 9T0 yTBEPKACHUE
BBITEKAET M3 HEMPEPBIBHOCTH f B TOUKE .

3agauya 3.25.

o ITokaxxure, uTo HempepbiBHOE oTOOpaxkenue f: X — Y Tomomorndeckux MPOCTPAHCTB MEPEBOIUT KAXKIYIO CXO-
Jsiiryocs K @ € X 110CIeI0BATeIbHOCTD B II0C/I€J0BATEIbHOCTD, CXOAdiyocs K f(x).

o [Tokaxkure, 9To orobpazkernne f: X — Y MeTpuuecKux MpOCTPAHCTB HEIPEPBIBHO B TOUKE & € X, €CJIH U TOJIBKO
€CJIM KaXK/as CXOAAIIAACH K T IIOCIE[0BATEIbHOCTD IEPEXOAUT B II0C/IE0BATEIbHOCTD, CXOsiyiocs K f ().

e IlpuBenure npumep orobpazkenus f: X — Y TONOJOrHYECKUX IPOCTPAHCTE, PA3PLIBHOIO B HEKOTOPOH TOYKE
x € X, OIHAKO TIEPEBOJIAIIEr0 BCE MOCIe0BATEHLHOCTH, CXOISIINECST K T, B TTOCIEI0BATEIHHOCTH, CXOISIINECS

IIpuBenem erre oauH pe3y/abTaT, YACTO MPUMEHSIEMBIN B MaTeMaTudeckKoMm anaju3e. OH TakkKe OMUCHIBAET YCJIO-
BHUS HENPEPHIBHOCTU (DYHKIMKA B TOYKE, HO, B OTJUYNE OT IPEIBIAYINX YTBEPXKICHWI, HUKAK HE HUCIOJIh3YeT 3HAYTE-
Hre QYHKIUA B PACCMATPUBAEMON TOYKE. XOTSA 3TOT PE3YJTbTAT MMEET MeCTO B Oojee oOIIel CHTyaluu, a WMEHHO,
JJIsE OTODPaKeHW# B METPUYECKHE IMPOCTPAHCTBA, Mbl OIPAHUYHUMCS 3/1€Ch JIUIIb (DYHKIUSIME, T.€. OTOOPAKEHUSIMHI
B BEIIECTBEHHbIE 4YKCJIA, TAK KaK Jyid 00Iiero ciy4as Tpebyercs [OIOJHUTEbHOE ODCY2K/I€HUE HOHATHS [IOJTHOTHI
METPUYECKOTO MPOCTPAHCTBA, YTO MbI OyIeT pa3duparh CyIIeCTBEHHO HUZKE.

Hawm nona1o6uTcst oHATHE NPOKOAOTMOU OKPECTMHOCTMU TOYKH T TOMOJOTHYECKOrO TPOCTPAHCTBA &, & UMEHHO,
Tak HazbiBaeTcd Kaxuaoe muoxecrso U® \ {x}, rae, nanomuum, U* obo3Havaer oKpecTHOCTh Toukd z. I[Ipokosnoryio
OKPECTHOCTH, mosydennyio uz U”, bymem obo3HagaTh U=,
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Teopema 3.26 (Kpurepuii Kouu cymecrsoBanus npezena Gyukuuu). [Hycmov X — monosoeuueckoe npocmpancmeo,
x € X, B, — 6asa oxpecmnocmeti z, u f: X \ {z} = R — dynryus. Tozda f npodosscaemesn 6 x do nenpepwvienoii
6T ﬁymcuuu g: X = R, ecau u moavko ecnu das aobozo € > 0 cywecmsyem oxpecmuocms U* € B, makas, wmo
das M06wT 1,29 € U* ewnosnaemea ‘f x1) — flx )‘ < e. B wacmnocmu, ecau X — MEMPUECKOE NPOCPAHCMEO,
a 6 Kauwecmee 6a3v. B, 6vbpamv cemelicmeo OMEPHIMLE WAPOE € UEHMPOM 6 X, MO NOCALTHEE YCAOBUE MOHCHO
nepenucams mak: 0as 106020 € > 0 cywecmeyemn 0 > 0 makoe, wmo das aobwx x1,x2 € X, 0 < |zzq| < 0,
0 < |zws| < & ewnoanaemen | f(x1) — f(x2)| < e.

HoxkaszarenbcrBo. Ilycts cHauana f mpomomKkaeTcs B TOYKY T A0 HempepbiBHOU B x dyukimu g: X — R. Bocmoss-
3yeMCs TPEJIOKEHUEM B KOTOpOM 3a 6a3y OKpecTHOCTeidl TouKu ¢(x) BO3bMEM UHTEPBAJIBI C IEHTPOM B ¢(x).
Torga, B cuTy 5TOro npenoxKenns, ais uarepsana V = (g(z) — €/2, g(x) + £/2) cymecrsyer okpecrrocts U” € B,
taxas, 4ro ¢(U®) C V, B yacTHOCTH, JIst BCeX 21, To € U” BBIIOTHSAETCS |f(x1) — f(x2)| <e.

Hokaxem renepp obparnoe yrsepzxenue. s kaxzaoro n € N nonoxum &, = 1 /m u BbIGEPEM IIPOU3BOJIbHYIO
OKpecTHOCTh UJ TOYKM T, JJIst KOTOPO# U % YZIOBJIETBODAET YCJIOBUIO I € = &, llepecTponM mocienoBaTesbHOCTh
U1 ,U2 ,..., 3aMEHUB UT HA V’" =Ny 1U T Torma V’" TaKKe y,ELOBJIeTBOpHeT YCJIOBHIO JIJIsl TOTO K€ € = €, (OTMEeTHM,
aro V7 He 06513aHa COZIEpsKaThCS B Bx). OHaKo Tenepb V1 D V2 , OTKY/a, 9UCJIa

ap = inf f(y) u b, = sup f(y)

yevy yeVE

06pa3yioT MOHOTOHHBIE MOCIIE0BATEILHOCTH, TIPHYEM a,, He yObIBAIOT, B b, He Bo3pacrator. Bosee Toro, |b,—a,| < 1/n,
TaK 4ro |b, — a,| — 0. Takum 06pa3om, MOCIeI0BATETBHOCTD [y, by| COCTOUT W3 BIOXKEHHBIX OTPE3KOB, JIJIMHBI KOTO-
pBIX cTpemsaTca K Hymo. I3 npuanuna Kanropa o BIOXKEHHBIX OTPE3K. BBITEKAET, ITO ¥ ITUX OTPE3KOB CYIIECTBYET
eiMHCTBEHHAs 001as Touka ¢ € R, u Mbl nosoxkum g(z) = c. ITokaxem, uro GpyHKuUsE g HENPEPLIBHA B TOYKE .

Bei6epem npomssonbHOe € > 0 m paccmorpum uaTepBan Vo= (¢ — €, ¢ + ). Ilo nocTpoeHuto ToUYKy ¢, CymecTByer
n € N Takoe, 910 [an,b,] C V, Tak 4TO JUIst KAsKI0TO Y € V,f nMeeM

|f(y) = ¢| = |g(y) — g(z)| <e.

Tak xak g(z) — g(x) = 0, TO 3TO HEPABEHCTBO BBINOIHIETCS M Uit BCeX Yy € V¥ OTKyJa U BBITEKAET HEIPEPHIBHOCTD
bYHKIIUN g B TOUKE T. O

Orobpaxkernune f: X — Y MeTpuuecKkux IpOCTPAHCTB HA3BIBAECTCH AUNUUUEEBLM, ECITH CYIIECTBYET TAKOE HEOT-
punarenpnoe uucio L € R, uro pana seex x,2’ € X somonuserca |f(z)f(2')| < L|za’|. Tucno L naspisaercs
ronemanmot Junwuuya, a orobparkenue f Tak¥kKe HA3LIBAECTCH L-AUNWUUEEHBIM.

Orobpakenne f: X — Y MeTpuuecKux mMpOCTPAHCTB HA3BIBAETCH PAGHOMEDPHO HENPEPBLIEHBIM, €CIIN IS JII0-
6oro € > 0 cymecrsyer § > 0 rakoe, uro ns Jobbix z,x’ € X, ynosnersopsionmx |zz'| < §, BBIIOJHSETCs
‘f(x)f(m’){ < e. U3 crencrBus MIHOBEHHO BBITEKAET, 9TO KadHcdoe PABHOMEPHO HENpepu.eHoe omobpajtcerue
MEMPUUECKUT NPOCTNPAHCNE HENPEPHLEHO.

3agaua 3.27. Jlokaxkure, 9TO
® KayKJ0€ JIUIINNIIEBO OTOOPAYKEHNE PABHOMEDHO HEMIPEPBHIBHO U, 3HAYUT, HEITPEPHIBHO;

e eciim A C X — Hemycroe TIOAMHOXKECTBO MeTpudeckoro mpoctpanctBa X u da(x) = infae |az|, 10 do sBaseT-
cst 1-mMmmuIeBbIM 0TOOpaykeHneM |, TIOTOMY, HEMPEPBIBHO; B YACTHOCTH, HENPEPBIBHBIMA SABIAIOTCA (DyHKITAH
dy(z) = |pz| mas mobsix p € X.

CJIe,ILyIOH_[I/Ie ABa TIPEIJIOKEHUA ABJIAIOTCA OYEHb BaXKHBIMU, HECMOTPA Ha HpOCTOTy "X IJOKa3aTEeIhCTB. HyCTb
f: X — Y orobpaxenne muoxkects, Z C X, W C Y, npuiem f(Z) C W. Obozuauum f|z w orobpazkenue u3 Z B
W, coBmazatorree ¢ f Ha cBoeit obnacru onpenenenus. Orobpaxkenne f|zyw Oyaem Ha3bBATL O2paHudeHuem [ Ha
ZuWwhl

Ilpennoxenune 3.28. Ilycmv f: X — Y — nenpepueroe omobpasicerue monosozudeckux npocmparncms, Z C X,
W CY, npuuem f(Z) C W. Kax u oz060peno eviuie, mv. paccmampusaem Z u W kax nodnpocmpancmea 6 X u'Y
coomeemcmeenno, m.e. nadeasem uxr undyyuposannot monosoeued. Tozda flzw: Z — W — makoice nenpepwigroe
omobpasicerue.

IMsr morosopum o npunnune Kanropa moapobueit B .J'IeKLlI/II/I CM. MIPEIJIOKEHHE
206wraH0 TIOJ OrpaHUYEHHEeM IOHMUMAIOT JIMIIb OTPaHWYeHne Ha Z. HaMm >Ke BaXXHO TaK>Ke pacCMaTpUBaTh M orpanudenue Ha W, tak
KaK MBI OyleM UMeTh JeJI0 C WHAYIHPOBAHHBIMH TOMOJOTHSIMH.
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HdokazaresnbcrBo. llycts U — nponsBosibHOE OTKpBITOE TogMuOKecTBO W . Ilo ompenenennio nHyTTPOBAHHOMN TO-
MIOJIOTUH, CYIIEeCTBYeT OTKPBITOE B Y moaMuoxkecTBo V takoe, uro U = W NV. Tak kak orobpazkerue f HEPEPHIBHO,
to f~1(V) orkpeito B X. Haxonen,

flow(U) =20 f7HU) = Z0 f7H(V),
Tak Ito f |271W(U) OTKDHITO B Z (1O ONMpPEJIETIEHNIO HHIYIMPOBAHHON TOIOIOIHH). O

Bamaga 3.29. Jlokaxxure Clemyionuil JJOKAJIbHBIN BapuanT npemoxenus |3.28 nycts f: X — Y — orobpaxkenue
TOIMOJIOIMYECKUX TIPOCTPAHCTB, HenpepbiBHOe B Touke € X, u nycrb ¢ € Z C X, W C Y, npuuem f(Z) C W, rorna
flzw: Z — W HenpepblBHO B TOUKE .

IIpengaoxenue 3.30. I[fycmov f: X — Z — uenpepwuienoe omobpasicenue, npuvem Z — MOONPOCMPAHCMEO MONO-
aozuveckozo npocmpancmea Y. Toeda omobpasicenue F: X — Y, npodososcarowee f = Flx z na Y, — maxorce
HENPEPBIEHO.

JoxkaszarenbcrBo. [leiictBuresnbHo, oTobpazkerrne F paBHO Kommosunmu f u BKjOYeHus i: Z — Y. Ocramoch BOC-
HOJIb30BATHCS IpeIoKerneM [3.18 O

3ameuanune 3.31. B maremarnyeckoMm anajmse JIOKajabHbIE cBOiicTBa dyuknwmii f: R™ — R nbrrarorcs m3siaedsb u3
orpanndeHuit 3rux QyHKIui Ha gygn. Tak, HATPUMED, PACCMOTPUM TPOU3BOIBHYIO TOYKY & € R™ U BCEBO3ZMOKHBIE
syan ¢, BEIXOAAIIUE U3 T. Byaem roBoputh, 94to f HEnpepueHa 8 T No 6Cem HANPABAEHUSM, ECTTH OIPAHUICHUE
f Ha Kaxnprit siyu £, HenpepbiBHO B x. Tak Kak NPUBEIEHHOE TOJIBLKO YTO OLpPEIESIEHIE JIOKAJIbHO, BMECTO (DYHKIUH
f, 3amannoii Ha Bcem R, MOXKHO paccMaTpwBaTh f, OMPEIETIEHHYIO HA OTKPBHITOM moaMHOXKecTBe {2 C R™. Takxke
MOKHO paccMaTpuBarh dyHKIMIO, 331anayio Ha R\ {z} (wm ma 2\ {x}) 1 roBopuTL 0 BO3MOKHOCTH HEIPEPHIBHOTO
MIPOJIOJIZKeHNsT B TOUKY . Mbl He OyJeM OT/eIbHO OOCY’KJATh BCE 3TH BAPUAHTDI, a OIDAHHYMMCS JIUIIL CJIydaeM
f:R* > R.

ITo 3aaqe(3.29] HenpepbiBHOCTD f B TOUKE T BjrieYeT HEMIPEPHIBHOCTH B 3TON TOYKE BCEX OPpaHuYeHuil f Ha KaxK bl
a1y £, T.e. HETPEPHIBHOCTH BII€YET HEMPEPHIBHOCTH TTO BCEX HATpaBIeHUsIM. VIHTEpecHbI BOTPOC: BEPHO JI 00paTHOE
yTBepIKJIeHne, a UMEHHO, ecjin f HermpepbIBHA 110 BCEM HAIPABJIEHHEM, TO 00s3aHa i f ObITH HEMPEPLIBHOW B TOUKE
x? B obmem ciydae orBer orpunarenbHbii. IIpuBenem coorsercrBytontmit mpumep u3 [2I]. Ormernm, 9ro B 3TOM
npumepe DYHKIHSA 33/1aHa HA TJI0CKOCTH U HEIPEPBIBHA Be3/le, KPOME HAYAIA KOOPIUHAT, B KOTOPOM OHA HEMPEPhIBHA
HE TOJIBKO 110 BCEM HAIPABJIEHUAM, HO M HA KAXKJIOW IPsIMOIL, TPOXOIINEil Yepe3 HA9aI0 KOOP/IUHAT.

ITycrh HA €BKIMIOBOM MIIOCKOCTH 3a/IaHBI JEKAPTOBBI KOOpauHathl z, i, u f(0,0) = 0, a B kaxmoit Touke (z,y) #

(0,0) nmeem f(x,y) = zfﬁ;. Mber mokazkem, aro ¢yukuus f nenpepsisaa B (0,0) Ha KarXKI0il MPSIMOIi, TPOXOISIIEH
qepes (0, 0).

IMpsmbie, npoxougimue uepes (0,0), GpiBaror ABYX BUIOB: Wjd 310 upsamag x = 0, wiu Ke upsMas 3a1aercs
ypasHenueM y = kx. B mepBom cayuae f(x,y) = 0 Bciogy Ha mpsimoii & = 0. Bo BTOpoM, BHe Havaja KOODAWHAT,
umeeM f(z, k) = mzlf,f;4 =7 fkuQ, [I09TOMY OTrpaHuyeHue f Ha KayKIyI0 TAKYIO MPSMYIO TaKKe BCIOy HelpPEPhIBHO.

[Tokazkem Tereps, ato f paspbaa B (0,0). s sToro orpanmanM f Ha mapabomy (y?,y). Bue nagana xoopamnar

4
umeem f(y%y) = y‘lyTy‘l = 1/2, rak uro sro orpanuvenue paspoisao B (0,0), rae f(0,0) = 0, Tak kak B JH06OIt
okpecrHocTd Hadaaa koopauuar (0,0) ecTb TOUKM, 3HAUEHNE B KOTOPBIX (byHKuuu f pasHo 1/2.
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YmpaxkHenusd K ryiase 3
Vapaxkaenne 3.1. IToxkaxkute, uto cemeiictso B C 2% sapngerca 6a30if HEKOTOPOH TOMNOIOIHH, OIIPEIETCHHON HA
MHOX)KecTBe X, €CJIU ¥ TOJBKO €CJTH BBIIOJHSIIOTCS CJIEJYIONTUE BA YCIOBUSI:

e UpepB = X;

e I KayKIbIX mepecekaiommxcas B, B’ € B m mo6oii Toukn x € B N B’ cymecreyer C € B, mas KOTOPOTO
reCCBNB.

Yupaxxuenune 3.2. Paccmorpum Ha BemtecTBeHHON mpsiMoit R cemeiicTBO ee moaMHOKECTB BB, COCTOSIIIEE U3 BCEBO3-
MOXKHBIX Jiyueil (a, +00). JJokaxkure cielyiomue yTBepK ICHUS.

(1) CewmeiictBo B — 6a3a nekoropoit ronosoruu 7. O6o3nauum X TOLOJIOrMYECKOEe IPOCTPAHCTBO, paBHoe R ¢ To-
rnoJjiornei 7.

(2) Orobpaxenue f: X — X, f: x> 22, — HEOPEPHIBHO.
(3) Orobpaxenne g: X — X, g: & — —2, — pa3pbIBHO B KaXKIOH TOYKA.
Yupaxkuenue 3.3. Ilycts X — npomsBosibHOE MHOXKECTBO. PaccMoTpuM criemyrolmme ceMeiicTBa MOIMHOXKECTB X :
(1) B, = {X}>
(2) By, coBuazaoliee ¢ ceMeiicTBOM BCEX OJHOTOYEUHBIX MHOXKECTB;
(3) B., cocrosuee Bcex muoxkects U, mist koropuix X \ U — koneunbiii Habop TOYEK.

JokazkuTe, 9TO MepBOE U3 HIUX — 6a3a AHTUINCKPETHO! TOMTOJIOTHH T, , BTOPOE — JNCKPETHO T4, & TPEThEe — TOTOJIOTHN
3apuUCCKOTO T,.

Yupaxkaenue 3.4. Paccmorpum orobpaxkenue f: R — [—1, 1], 3agannoe dopmyioit f(x) = sinx. Boisgcuure, saBis-
ercst s f HempepbIBHBIM, ecjin Mbl paccmarpuBaeM Ha R u [—1, 1] cienyomiue Tonosmoruy u3 yrnpaKHeHust

(1) (R,7a), ([_171]a7-z)5
(2) (R,72), ([_1’1]a7-a)5
(3) (R,7a), ([_171]77—z);
(4) (R7TZ)7 ([71,1]/7_(1);
(5) (R7T2)7 ([7171]a7_z)-
Vnpaxuenne 3.5. Omumure Bce cXOAgIuecs HOCTEI0BATETBHOCTH B IIPOCTPAHCTBE ¢ TOMOJOrHeH 3apHCCKOro.

Yupaxuenune 3.6. Ilycte X — 06ojiee ueM CUETHOE TOMOJOTHYIECKOE MPOCTPAHCTBO, B KOTOPOM HEMYCTHIMH OT-
KPBITBIME MHOYKECTBAMY SIBJISAIOTCS IOTOJHEHUS 10 He 00jiee YeM CUYeTHBIX MOAMHOXKeCTB. [lokaxkure, 9TO B 3TOM
IIPOCTPAHCTBE CXOAANIMMUCH ABJIAIOTCA JIUIIL CTAIIMOHAPHBIE TIOCJIEI0BATEILHOCTH.

VYupaxueuune 3.7.

(1) Hokaxure, yro HeupepbiBHOe orobpaxkenue f: X — Y TOHOJOIHYECKUX IIPOCTPAHCTB LEPEBOAUT KAKIYIO CXO-
JAIyocs K & € X Moce0BaTeIbHOCTh B TIOCIEA0BATEILHOCTh, CXOAAIYIOCT K f ().

(2) Toxkaxure, uro orobpazkenue f: X — Y MeTpudecKux MpOCTPAHCTB HENPEPHIBHO B TOYKE & € X, €CJIU U TOJIHKO
€CJIM KaXKIas CXOAAIIAACA K & TOCIEI0BATEIbHOCTD MEPEXOAUT B IIOCIIEI0BATEIbHOCTD, CXOAAINYIOca K f ().

(3) Ipusenure npumep orobpaxkerus f: X — Y TOmOJOrMYeCKUX MPOCTPAHCTB, PA3PbIBHONO B HEKOTOPOW TOYKE
z € X, OIHAKO TEePEBOISINEro BCE MOCJIEI0BATEILHOCTH, CXOAAIINECH K &, B ITOCJIEI0BATEIHOCTH, CXOASIIAECS

Yupaxxkxuenue 3.8. Jlokaxkure, 910
(1) Kaskmoe JIMMIIAIEBO OTOOpAYKEHHE PABHOMEDHO HENMPEPHIBHO M, 3HAYNT, HEMPEPHIBHO;
(2) ecim A C X — HemycToe MOAMHOMKECTBO MeTpHyecKoro npocrpancTBa X u da(x) = infyea |ax|, To d4 sBASIET-

¢ 1-TUnImuneBbIM 0TOOpaXkKeHHeM U, IOTOMY, HEIPEPBIBHO; B YaCTHOCTH, HENPEPBIBHBIMA SBJIAIOTCH (DyHKIIUH
dy(z) = |pz| mas mobsx p € X.



Jleknmsa 4

I'omeomopdu3M, KpuBbie, CTPYKTypa
MMOAMHOXKECTB, KOHCTPYKIIAN

ITnau. I'omeomopdusm, romeoMopdHbie TOMOJOTHYECKHE IPOCTPAHCTBA, METPU3AIINS TOMOJOINYECKOTO MPOCTPAHCTBA, KPUBbIE B TONOJOTHYECKOM
IPOCTPAHCTBE, COEAMHAIIINE NAHHbIE TOYKU, OTPE30K B JUHEHHOM IPOCTPAHCTBE, 33aHUe OTPE3Ka B HOPDMHUPOBAHHOM IIPOCTPAHCTBE B BHJE KPH-
BOM, CKJIeliKa KPUBBLIX, HEMPEPLIBHOCTh CKJIEHKHU, CTBIKOBKA KPHBBIX, 3aMEHA MapaMeTpa, CKJAeMKa CTBIKYMOIIUXCH KPUBBIX, JJOMAHAsA B BEKTOPHOM
NPOCTPAHCTBE, BEPIIMHBI (BHYTPEHHNE U KOHIEBble) U pebpa JIOMaHOH, JIOMaHasl B HOPMHPOBAHHOM NPOCTPAHCTBE KaK KPUBas, CTPYKTYpPa MOIAMHO-
KeCTB TOIOJIOTHYEeCKOT0 IIPOCTPAHCTBA, TOYKHU IPUKOCHOBEHH: U 3aMbIKaHHe, 3aMBIKAHHE KaK HauMeHbIllee 3aMKHYTO€ HAJIMHOXKeCTBO, BHy TPDEHHHEe
TOYKHM U BHYTPEHHOCTb, BHYTPEHHOCTh KaK HaubOJIbIIee OTKPBITOE MOJAMHOXKECTBO, 'PDAHUYHBIE TOYKH M IDAHMIIA, TOMOJOTHYECKHEe KOHCTPYKIHHU,
AM3BIOHKTHOE O0beNUHEHNWE M ero TOIOJIOIUs, NEeKAPTOBO NPOU3BEAECHUE, TOMNOJIOrHS NPOU3BENEHUS HJIM THXOHOBCKAs TOIOJIOTHS, CTAHIAPTHAS
Tonosoruss R™ coBnamaer ¢ TOMOJOruel NPOW3BENEHUs, KAHOHHYECKHUE POEKIUU U3 NAEKAPTOBA NPOU3BENEHUS, KOOPIUHATHBIE 0TOODAKeHUsT JJIst
oToOpaxKeHus1 B JIeKapTOBO MIPOU3BeeHNe, HEIIPEPBIBHOCTh B TEPMUHAX KOOPJAMHATHBIX OTOOparKeHHil, 3aMKHYTas IMOJyOKPY?KHOCTH roMeoMopdua
OTpPEe3Ky, 4 OTKPBITASA — HHTEPBAJY, KPUBble B R" U HENPEPBIBHOCTH UX KOOPJIWHATHBIX (DYHKIUH, IOBEPXHOCTH, NOKA3ATEILCTBO HENPEPBIBHOCTH
JMHEHHON KOMOMHALNMM, IPOU3BELEHUs U OTHOLICHUA HENPEPbIBHBbIX QyHKIuUM, crepeorpaduueckas IPOeKLHs.

4.1 Tomeomopdusm

B sTom pasjese mMbl onpejiesisieM 0TOOParKeHuUsl, TO3BOJISIONINE OTOXK IeCTBIISITh TOMOJIOrHYecKue npocrpancrsa. Oun
SIBJISIIOTCS AHAJIOTAMU OUEKIUH B TEOPUH MHOYKECTB U M30MOP(MU3MOB B TEOPUH JTUHEHHBIX TPOCTPAHCTB.

Orobpakenue f: X — Y TOMOJOrHYECKUX MPOCTPAHCTB HA3BIBACTCS 20MEOMOPPHUIMOM, €CIH OHO OUEKTHB-
"o, a f w f~! — wempepwBHLI. ToMOIOTHHYECKIe TTPOCTPAHCTRA, HA3HLIBAIOTCS 20MEOMOPHHBLMU, €CTH MEKITY HAMI
CYIIECTBYET TOMEOMOP(U3M.

3amevanue 4.1. Tak Kaxk HEIPEPLIBHOCTH OTOOPAKEHNsT PABHOCUIBHA TOMY, UTO IIPOOOPA3 OTKPBITOrO MHOXKECTBA
OTKPBIT, TO TOMEOMOP(MHOCTH oToOpazkenus f: X — Y o3HaUaeT, YTO MOAMHOKECTBO X OTKPBITO, ECJIM W TOJBKO eCJIN
00pa3 3TOT0 MOAMHOYKECTBA OTKPHIT B Y . VIHBIMU CJTOBaMU, TOMEOMOPMU3M yCTAHABIMBAET HE TOJIHKO OUEKITHIO MEK Y
TOYKaM¥ MPOCTPAHCTB X U Y, HO €Ie ¥ MEXK/y TOMOJOTUIMU. Y J00HOE HAIJISIHOE MMPEICTABIeHne roMeoMopdu3ma
COCTOUT B BOCIIPHUATHH €r0 KaK MMEPEMMEHOBAHUS TOUYEK: KaxKIasd TOUKa & € X Temepb MPOCTO HA3BIBAECTCA “HMeHeM’
y = f(z), upu 9TOM OTKDbITHIE MHOXKECTBa, OCTAOTCAd TeMu 2ke. [Ipu Takom B3risi/ie CTaHOBUTCS OYEBUHDLIM, YTO
KaxK/I0e CBOMCTBO TOLIOJOIMYECKOIO IPOCTPAHCTBA, KOTOPOe (POPMYJIMPYETCs TOJIbKO B TE€PMUHAX TOLOJIOrUM (TaKue
CBOICTBA HA3BIBAIOTCS MONOAOZUNECKUMU) Y TOMEOMOP(MHBIX IPOCTPAHCTB OUHAKOBBI. Hampumep, romeoMopdmbie
MPOCTPAHCTBA OJHOBPEMEHHO Xayca0pdOBbI UIu HET. B 9acTHOCTH, HECIETHOE TTPOCTPAHCTBO € TOMOJIOTHENR 3apUCCKO-
r0 HEJb3sl MemPU306aMsb, T.6. BBECTH METPUKY TakK, 9TOOBI TOMOJIOrUS 3apUCCKOrO OKA3a/Iach COOTBETCTBYIOMIEH
METPUYECKON TOMOJIOTUE.

IIpumep 4.2. Tokaxkem, 4o npsamas R u unrepsai (a,b) romeomopdubl. eficTBUTEILHO, B 9aCTHOM CIydae, KOTaa
(a,b) = (—7/2,7/2), romeomopdusm ycranasiupaercs dbyHKImel y = arctg x, Tak Kak oHa U 0OpaTHas K Heli, paBHas
orpanuvenuto byHkimu & = tgy Ha (—mw/2,7/2), ABAMIOTCH HENPEPbIBHBIMU (DYHKIIUSAMU.

B obuwem ciyuae, unrepsan (a,b) cHadasa nepeBogurcs romeoMopdHO Ha uHrepBas (—m/2,7/2) ¢ moMoOLIBIO
orobpaxkenusi Buga y = kx + ¢, T7e k M ¢ — HEKOTOpbIe BEleCTBEHHbIE YHUCa (HANIUTE SBHDbIE BHIPDAYKEHUS IJIs
napamMerpoB k U ¢); 3aTeM MOXKHO BOCIOJIb30BATHCS CJIEICTBUEM

13 npemnoxenns MTHOBEHHO BBITEKAET CJIEIYIOIHI Pe3yabTar.

Caenctsue 4.3. Tooicdecmaenmnoe omobpascenue monoio2uiecko20 npocmpancmea na cebs, obpammoe omobpasice-
HUE K 20MEOMOPPHUIMY, G MAKHCE KOMNOSUUUSL 20MEOMOPPHUIMOE ABAAIOMCA 20MEOMOPPHUIMAMU.

33
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Hizke MBI OIIpeiesnM emie psji TOIOJOTHYeCKHX CBOMCTB U HpUBEIeM HpUMepPLI ToMeoMOP(hHBIX B HEroMeoMopd-
HBIX IPOCTPAHCTB. II0Ka 7K€ OrpaHnIMMCsT BAXKHBIM OYEBHIHBIM CIIEJCTBHEM U3 Hpeaoxenus [3.28]

CanencrBue 4.4. IIyemv f: X — Y — zomeomoppusm, Z C X u W = f(Z). Toeda flzw: Z — W — maxoice
20MeoMOPPUM.

4.2 KpuBble B TOMOJOTUYECKNX ITPOCTPAHCTBAX

Henpepbisroe orobpazkenue 7: [a,b] — X u3 orpeska [a,b] B Tonosoruyeckoe nmpocrpanctBo X Ha3bIBAETCH KPUBOT:
8 X, coedunsrowel mowku y(a) u y(b).

IIpeamoxenne 4.5. ITycmos V' — nopmuposannoe npocmpancmeo u A, B € V. — ezo npousgosvnsie mouku. 3adadum
omobpasicenue v : [0,1] = V, noaootcus v: t — (1 —t)A+t B. Tozda v — nenpepwvigno, m.e. asasemca xkpueoi ¢ V,
coedunarowett A u B.

HokaszareabctBo. Tak kak [0,1] w V gBASIOTCT METPUYECKAMHU MPOCTPAHCTBAMHE JJIST COOTBETCTBYIONUAX METDHK,
JIJIST TOKA3aTeIbCTBA HEMPEPHIBHOCTH Y BOCTIOJIb3YEeMCs CJIEICTBAEM BriGepem mpowm3BoSbHYIO TOUKY to € [0,1],
smoboe € > 0, u nokazkem, 4To cymiecrsyer § > 0, ayisa koroporo yeiosue ¢ € [0, 1], [t—to| < §, Bieger H*y(t)—'y(to)H < e.
Ilycrs d = || B — Al|. Honoxum ¢ = €/d, rorma

[7(#) =v(to)|| = [[(1 =) A+t B = (1 —to)A —to B|| = ||(t — to)(B — A)|| = [t — tol| B — A|| <,
qTO M TPEOOBAJIOCH. O

3ameuanme 4.6. O6pa3 orobparkenus v u3 npemroxenus 4.5 maxxe eciau V. — jmHEHHOE MPOCTPAHCTBO, HO HE
00s13aTe/IbHO HOPMUPOBAHHOE, HA3BIBAETCS OMPE3KOM 6 npocmparncmee V, coedunsrouwum mouku A u B u
oboznavaercs [A, B]. fcuo, uro orobpaxkenne t — (1 —t)B +t A, ¢t € [0,1], 3ajaeT TO Ke caMoe MHOXKECTBO, T.e.
[A, B] = [B, A].

Mycts v1: [a1,b1] = X u y2: [ag,ba] — X — KpuBble B TOIOJIOIMYECKOM NpOCTpaHcTBe X, mnpuuem by = ag u
v1(b1) = 7y2(az). Oupenennum orobpazkenue I': [aq,bs] — X, nonoxus ero paBubiM Y1 Ha [a1,b1] C [a1,b2] u 2 HA
[az, ba] C [a1,bs]. Takoe oTobpazkenne HA30BEM CKAECTUKOT KPUBHLT Y1 U Yo U ODO3HAYUM 7] - Yo.

Ilpensoxkenne 4.7. Onpedeaennasn 6viuwe cxaetra xpuenr I = 1 - vo — Henpepvenoe omobpastcenue, m.e. I'—
Kpusas 6 npocmpancmse X .

HoxkaszarenbcrBo. HenpepsiBHOCTH [’ BO BCeX TOUYKAX ¢ # b; = ay BBITEKAET W3 HEMPEPHIBHOCTH COOTBETCTBYIOIIETO
i 7151 TOKa3aTeahcTBa HEMPEPHIBHOCTH B TOUKE ¢ = by = ap BBIOEPEM MPOM3BOJIBbHYIO OKpecTHOCTh U Toukm 71 (b1) =
Y2(az), Torma cymecrsyior §; > 0 u 6o > 0, mua xkoropsrx v1 ((by — 61,b1]) € U u y2([az, a2 + 62)) C U, nosromy
F((b1—51, by +62)) C U. Ocranoce 3amerursb, 40 (by —d1, b1 +J2) — OKpecTHOCTh TOUKM by = ag B oTpe3ke [a1, bo]. [

3ameuanne 4.8. Ecin B IpuBEIEHHOM BBINIE TPUMEPE by # a2, HO, TEM HE MEHEE, KPUBBIE Y1 U Y2 CIMbLIKYIOMCH,
1.€. v1(b1) = Y2(a2), TO UHTYUTUBHO SICHO, YTO TAKIKE MOXKHO OLNPEIEIUTh CKJIEHKY TaKUX KPUBbIX, “IPOiiid cHaYasa
10 ONHON M3 HHUX, a 3areM — 1o Apyroi”. Utobbr mpuaaTh (GpopMaabHBI CMBICT 3TOH (dpa3e, BBEIEM CJELYyIOINIee
TOHATHE. 3aMeThM, 9To JJis KpHBOH v: [a,b] — X B TomosormueckoM mpocTpaHcTBe X KasKIbli roMeoMopdusm
@: [e,d] = [a,b], B cuity nmpemsioKeHust MOPOK/IaeT KPUBYIO ¥ o ¢: [¢,d] — X. IIpo KpHUBYIO 7 © (0 TOBOPST, 4TO
OHa, MOJIyYeHA U3 Y 3amenol napamempa. Ecnn t — crangaprHas KoopauHara Ha [a,b], a § — Ha [c, d], TO "acTo
BMECTO 'y(ga(s)) mumyT Y(s). DTO CBA3aHO C TEM, Y4TO KPUBYIO MHOIJA BOCIPUHUMAIOT KAk HEKOTOPBI MapuipyT B
npocrpaicTBe X, 10 KOTOPOMY MOXKHO IEPEMENIATLCA B PA3HBIX TeMnax. VIHbIMU CJI0BAMU, TAKOH B3I/ HA KPUBbIE
O3HAYAET, 9TO MbI OTOXKIECTBJISIEM KPUBBIE, OTJINYIAIONIIEC Ha 3aMeHy mapaMerpa. Tenepsb dpasy “craeum xpusesie,
npotids cHavaaa No 00HOU u3 HUL, a 3amem — no dpy2ot’ OymeM MOHUMATH TAK: CIEJAEM TAKWE 3aMEHBI
mapaMerpoB ; : [¢;, d;] — [a;, b;] Ha KPUBBIX +y;, 9TOOBI BBIIONHATIOCH di = . Torma moj pe3ynbTupyoneil KpuBoil
OyIeM MOHMMATD CKJIEHKY KPHUBBIX Y1 O (01 B Y2 O Pa.

Jlomanot L 6 sexkmopHom npocmpancmaee V, coequusmonieit Touku A u B, HA30BeM MOCIEI0BATEIHHOCTD
Touek Ag, A1,...,Am_1,Am, tne Ag = Au A,, = B. Ilpu 3tom,

e TOUYKM A; HA3BIBAIOTCHA 8EPULUHAMU AOMAHOT L;
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e kaxkgas Bepimna A; 1 0 < i < m — enympennet, a Bepimasl Ag = A u A,, = B — Konuesvimu wim
2PAHUMHBIMU;

e orpesku [A;_1, A;] — pebpamu nomanoit L.

Bameuanne 4.9. Ipennoxenne [I.5] nosBonsier paccMarpuBaTh Kazk/Iplil OTPE30K KAK HENPEPBIBHYIO KPHBYHO. Tak
KaK I0CJIe/IOBaTeIbHbIE Pedpa JIOMAHON CTBIKYIOTCH, TO 3GMEYGHUE N0360AAEM PACCMAMPUBEMND AOMAHYIO KOK
KpUBYr0, 4T0 Mbl u Oy/1eM Jes1aTh B JAJbHEHIINX JIEKIIUAX.

4.3 CrpyKTypa HOAMHOXKECTB TOIIOJIOTMIECKOTO ITPOCTPAHCTBA

IIycts Z C X — npou3BosibHOE TIOAMHOXKECTBO TOMOJIOrmdeckoro npocrpancrsa X . Touka € X HaspiBaeTcs mowkot

NPUKOCHOBEHUSR 05t Z, eciii Kazklasd okpecrHoctb U nepecekaer Z. B yacrHocTu, BCe TOYKU U3 Z ABJIAIOTCH €0

TOYKAMU [IPUKOCHOBEHUsT. MHOXKECTBO TOUYEK MPUKOCHOBEHUS Z OD03HAYAETCS Z U HA3BIBACTCS 3AMbiKAHUEM 7.
JloKazkeM CJeayIONIyIo JIEMMY.

JIlemma 4.10. FEcau omxpwmoe muoocecmeo U C X ne nepecexaem Z, mo U maxoice ne nepecexaem Z. Dxeuea-

AeHmublll 8apuanm: xastcdoe omrpumoe muoscecmeo U C X, nepecexarowee 7, makoice nepecexaem u Z .

HokazaresanctBo. [lycte U N Z # (), T.e. CymecTByeT TOYKa MPUKOCHOBEHUSA T € X MHOKECTBA, Z, COMEPIKAIIAACS
B U. Ho torma U — OKpPECTHOCTH Z W, 3HAYMUT, IO ONPEIEICHUIO TOYKU OIPUKOCHOBeHu:A, U N Z # (). O

Teopema 4.11. ITycmo Z — nodmHosiHcecmeo monoso2uveckozo npocmpancmea X, mozda MHostcecmeo Z 3aMKEHY-
mo, u 0as 406020 3amxnymozo F D Z ewnoansemcsa F D Z, m.e. Z — naumenvuee 3aMEHYMOE MHOHNCECMEO,

codeporcawiee 7, uau, IKGUBAAECHIMHO, Z DPUBHO NEPECEYEHUN 6CET 3AMKEHYMBLL MHOHCECTME, COOEPAHCAWUL Z .

HokaszarenbcTBo. [lokaxkem, 94T0 MHOKECTBO Z samMkHyTO. Ilycth € X\ Z TOT/Ia T He SIBJISTeTCS TOYKON MTPUKOC-
HOBEHUs, IO3TOMY CYIIEeCTByeT OKpecTHOCTh U”, He nepecekatomas Z. [lo smemme , U” TakKe He IepeceKkaer Z

nosromy X \ Z paBHO 00beauHeHNI0 TakuxX U” u, 3HAYUT, SIBJISETCS OTKPBITHIM MHOXKECTBOM.
IMycrs F' — 3aMKHYyTOE MHOXKECTBO, cojepxkKailiee Z, rorga X \ F' — oTKpbITOe MHOXKECTBO, He nepecekaoniee Z. [To

JeMMme , X\ F rakze He mepecekaer Z, caenoBarenbno, 7 C F. Takum 06pa3oM, Mbl MOKA3a/Iu, 9TO Z COMEPIKUTCS
BO BCEX 3aMKHYTBHIX MHOYKECTBAX, BKJIIOYAIONINX B C€0sT Z W, 3HAUNUT, COMEPKUTCS B MEPECEUEHUN ITHX MHOKECTB. Tax

KakK ogHUM m3 Takux F' sBigercd camo Z, mosiydaem Tpedyemoe. O
Caencrsue 4.12. IIycmov Z — nodmmosicecmeo monoaozuneckozo npocmpancmea X . Tozda
(1) Mmnoorcecmeo Z 3aMEHYMO, €CAU U MOALKO ECAU OHO COBNANGETN, CO CEOUM 3AMBIKAGHUEM Z

(2) MHO2HCECNBO 7 3AMKEHYMO, ECAU U TMOABKO ECAU OHO coﬁepmcum 6Ce C60U MOYKU NPUKOCHOBEHUA.

dokazaTesbcTBO. Ecan Z 3amkuyTO, TO Z = Z KaK HauMeHbIlee 3aMKHYTOE MHOXKECTBO F', comep:kariee Z.
Ecm Z = Z,T0 Z — 3aMKHYTO, TaK KaK 3aMKHYTO 7.
Ecau Z 3aMmkHYyTO, TO, KaK MBI YK€ OTMEYIAIH, Z=2z ", 3HAYUT, Z COAEPIKUT BCE CBOM TOYKH IMPHUKOCHOBEHHUSI.

Ecimn Z comep:XuT BCe CBOM TOYKH MPUKOCHOBEHUSI, TO Zc Z, HO TakK Kak /4 C Z 3aKJII0YaEM, 9TO £ = 7 ", 3HAYUT,
Z 3aMKHYTO. O

3amaua 4.13. Ilycrs Y n Z — nmoaMmHOXKeCTBa Tomoaorndeckoro mpocrpamcrsa X . [lokaxkure, 910
YUZ=YUZuYNZCYNZ,
a TakrKe IpHUBeJuTe IpuMep, Koraa Y N Z # YnZ.

Touka x € X HazbiBaercs 8HYmMpeHHet MowKoU nodMHOHCeECT8a 7, eCiid HEKOTOpas ee oKpectHocTh U co-
JepKuTCst B Z. MHOXKECTBO BCEX BHYTPEHHUX TOYEK MHOYKECTBA Z HA3BIBAETCS BHYMPEHHOCTNHI0 Z 1 0003HATALTCS
Int Z.

JlokazkeM CIeayIONIyIo JIEMMY.
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Jlemma 4.14. Ecau omxpoimoe muooicecmeo U C X codeporcumen 6 Z, mo U C Int Z.

dokazaresbcTBo. MuOXKECTBO U fABJSETCS OKPECTHOCTHIO KAaXK/ION CBOEH TOYKOI, MO3ITOMY, B CHJIY ONpPeIesIeHUs
BHYTPEHHe# TO4YKHU, BCce TOYKU u3 U — BHyTDEHHHUE. O

CaencrBue 4.15. Buympennocms Int Z mmoorcecmea Z — naubosvuwiee 0mEPuIMOE MHOHCECTNEO, COJEPHCAUEECH 6
Z.

JokazaTesbcTBo. BHYTpeHHOCTh Z OTKPLITA, TaK KaK BMECTE C KasKJOH TOYKOH T OHA, B CHJIY JIEMMBI co-
JIepsKHT B OKPECTHOCTD 3TOH TOUKH, TI09TOMY BHYTPEHHOCTD ABJIAeTCA 00beJHHEHNeM TaKIX OKPeCTHOCTeH 1, 3HAYNT,
OTKpBITA. MaKCHMAIbHOCTH BHYTPEHHOCTH TAaKzKe BbITeKaer u3 nemmbl [£.14] O

Banaua 4.16. Ilycrs Z — nogmuo)kecTBo Tonosorudeckoro npocrpancrsa X . Iokaxkure, uro Int(X \ Z) = X \ Z
u, anasgornaHo, Int 7 = X \ X \ Z.

Touka x € X HA3BIBAETCS 2PAHUNHOT TNOYKOT NOOMHOMNCECMEA 7, eCIN KaxKaas ee OKpecTHOCTH U” mepece-
Kaer Kak Z, Tak u ero gonojHenne X \ Z. MHOXKeCTBO BCeX I'PDAHUYHBIX TOUYEK MHOMKECTBA Z HA3bIBACTCs 2paHulel:
Z u obo3nadaerca 07 .

HemnocpencrBenso u3 onpeieeHus TPAHAIBI BEITEKAET CJAELYIONAil pe3yabTar.

Caencrsue 4.17. Umeem mecmo gopmyave 07 = ZNnX \Z = Z \ Int Z.

3amaua 4.18. Tlokaxxute, 9TO MOAMHOXKECTBO Z TOMOJOTHYECKOTO MPOCTPAHCTBA X 3aMKHYTO, €CJIU U TOJHKO €CJIU
OHO COJIEPKUT BCE CBOU I'PAHWIHBIE TOUKH.

4.4 TomnoJsiorndyeckme KOHCTPYKIINU

[IpuBenem psii KOHCTPYKIHiL, MO3BOJIAIONIAX COOMPATH U3 OJHUX TOMOJOTHIECKUX MPOCTPAHCTB JAPYTHE.

4.4.1 JIn3bIOHKTHOE O0bEeaMHEHNE

IMycrs { X4 }aer — cemeiicrBo Tonosnoruyeckux npocrpancrs. Pacemorpum ausbionkrHoe obbeaunenne X = Uger X,
(mb1 paccmarpuBaeM Bee X, KAK HEIIEPECEKAIOLIMEC MHOKECTBA, CM. Pa3Jiel . Tononozus Tx OU3BIOHKIMHOZ20
obsedurerus — ITO TOMOJIOTHUS, 0a3a KOTOpOH paBHA Ll,erTx,. JIErKo BHIETH, YTO OTKPBITHLIME MHOXKECTBAMHU B
TOIIOJIOTIYECKOM IpOCTpaHcTBe X aABAoTca obbenunenus Ll,erU, mnda Beex Uy, € Tx,, -

Bamaua 4.19. Ilycrs { X, }oer 1 Y — TOmosornueckne npocrpancrsa. JJokaxnre, uro orobpaxkenne f: Uyer Xq — Y
HEIPEPBIBHO, €CJIM U TOJBKO €CJIM BCe OrpaHWYeHus f|y  HempepbIBHBL

4.4.2 JlexkapTOBO IIPOM3BE/ICHUE

IIycrs {Xa}aer — cemeiicrso rononormyeckux npocrpancts u X = [[,c; Xo. Tonoaozueti npouseedenus uin
TNUTOHOBCKOU TMonoao2uet Tx HA3BIBAETCS TOMOJOrHs, 0433 KOTOPOH COCTOUT W3 BCEBO3MOYKHBIX MTPOM3BEICHUIT
Hae 1 Ua, Uy € Tx,,, B KOTOPBIX BCe Uy, 38 UCKIIIOUCHAEM KOHEYHOTO MX YHCJIa, PABHBI X, .

B ciiyuae KOHEUHBIX EKAPTOBBIX Mpou3BeaeHuit X1 X - - - X X,, 6a3a TOMOIOrnY TPOU3BEIEHUST — ITO BCEBO3MOXKHbBIE
Uy x - xUp,tneU; €7x, npu BCex ¢ = 1,...,n.

IIpeamoxenne 4.20. ITycmo B, — 6a3a monoaozuseckozo npocmparncmea X,,. Tozda ece603moncHvie npoudsedenus
[locr Bar Ba € Bo U{Xa}, 6 Komopuix 6ce By, 3a uckaouenuem xoneunozo ux wucaa, pashol X, obpasyrom 6asy
monoaozuu npouseedenus. B wacmmnocmu, 6 konewnom npoussedenuu X1 X -+ X X, 060300 MONoa02ut ABAALMCA
npouseedenue b6a3 By X --- X B,,.

HokazarenbcrBo. [lo ompenereHnto TOMOJIOrUU MPOU3BENEHUsI, ee Da3y 0Opa3yOT BCEBO3MOMKHBIE TMPOU3BEICHUS
Hael Uy, Uy € Tx,,, B KOTOPBIX Bce U,, 3a UCKJIIOUEHNEM KOHEYHOIO MX 4HCid, paBHBI X,. Ho xaxgprt U, pasen
00beuHennIo 3y1eMeHToB 6a3bl: Uy = Ug e, Bag,, , Ta€ Bag, € Bo. llpencrasum B TakoMm Buge Bee Uy, OTAWYIHBIE OT
Xao, a ana U, = X, nonoxum Bag, = X,, TOrIa

[[U:=11 U Baso= U ] Bas.:

acl acl Bo€l, ﬁEHaIa ael

rae st kaxkgaoro B € [] o 1o B IpOM3BEIEHEN 11 B, p, nmumb KoHeIHOE 9nCIo Bag, OTAWIHO 0T X,. O

acl
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Caeacrsue 4.21. Cmandapmmnas monosozus 6 R™ coenadaem ¢ monosozueti npoussedenus R x --- X R,

dokazaresbecTBo. 1lo npenmoxkennio 0aza TomoJioruu mpomsBenenns R X --- X R paBHa mpowu3Bemenuio 6a3
comaokuTesneii. Beibpas B kauecTBe 6a3 COMHOKHUTENEH CEMEHCTBA BCEBO3MOYKHBIX OIDAHMYEHHBIX WHTEPBAJIOB, IO-
JiyduM, 4To 62300l npousBeseHus ABAAOTCH “OTKpbiTbie Kupuudn” U = (a1,b1) X -+ X (ap, by). [lycrs 26 — anuna
HAMMEHBINEro u3 mHTepBasnoB (a;,b;), a ¢; — cepeguna (a;,b;). Ecm ¢ = (c1,...,¢,), To orkporreiit map U (c) B
max-Hopme comepxkutcsa B U. C npyroii CTOpOHBI, KaXKIblii OTKPBITHIN 1Map B MaxX-HOPME SIBJISETCS “OTKPBITHIM KUP-
nugom”’. Takum 0Opa3om, B CujIy mpejioxkenwus [3.5] TOmoorust mpou3BeIeHNs COBITAIAET C TOMOJIOTHe, 33 JaHHOM
max-aHopmoii. B cuny crmeacrsus @ TOIMOJIOTUH, 3a/IJaHHBbIE IMAaX-HOPMOU U €BKJIMJAOBOI HOPMOW, TOXKE COBIIAJAIOT,
9TO W 3aBEPINAET JOKA3ATEIHCTBO CJIEICTBUSI. O

Hnsa nexaprosa npoussenenns X = [, Xo onpenenensl kanonuneckue npoexyuu m,: X — X,, 331aHHBIE
rak: ect & € X, x: I — UyerXa, 10 mo(z) = z(a) = 2o. Ecin f: Y — X — orobpaxenue, 10 KOMLO3ULMU
fa := 7o o f Ha3BIBAETCS KOOPIUHAMHBIM OMOOPadHceHuem f.

IIpengioxxenne 4.22. ITyemo { X, }acr — monosozuseckue npocmpancmea v X =[] Xo. Tozda

acl

(1) xaocdan KaAHONUNECKAA NPOCKUUA Ty — HENPEPBIEHOE 0MOOPAdICEHUE;

(2) omobpasicerue f: Y — X us monosozuueckozo npocmpancmea Y HenpepuieHo, eCAl & MOALKO eCAU HENPEPbLEHb
6ce Koopdunammve omobpasicenus fo amozo f.

lokazaTenbcTBO. ITycts U, — Npon3BONBHOE OTKPBITOE MHOXKECTBO B X, TOTHA T, L (U,) paBHO IPOM3BEIEHNUIO,
B KOTOPOM -blif COMHOKHUTETH paseH Uy, a Bce ocTaJbHbIe 3-ble COMHOXKNTEN coBnaaaioT ¢ X z. Ho, mo onpenenenmnio
TOMOJIOTUY TPOU3BE/ICHN S, BCE TAKHUE MPOM3BEIEHUS BXOAAT B a3y TOMOJOTHWH, TIO9TOMY OTKPBITHI, & 9TO U JOKA3BIBAET
HEIPEPBIBHOCTD T .

Ecuu f: Y — X HeupepblBHO, TO KOOPAMHATHOE OTOOpazKeHue fo, = T, 0 f TaKzKe HeIPEPbIBHO KaK KOMIIO3UIUS
HEMPEPBIBHBIX 0TOOPAXKEHUI, CM. TTPEIJIOKEHNE IIycts Tenepsb Bce f, HempepwiBHBI. B cuty mpemioxenust [3.22]
IS TOKA3aTeIbCTBA HEMPEPBIBHOCTH f TOCTATOYHO MPOBEPUTDH, U9TO f-TIPO0OOPa3 KaxKI0ro IeMeHTa 0a3bl MPOCTPAH-
cra X orkpeit B Y. Ilycts U € Bx, torma U = [[, Ua, Ua € 7x,,, 11€ Bce Uy, 38 HCKTIOYEHNEM KOHEYHOTO YHCII,
coBragiaior ¢ X,. [lycrs J C I — KOHEYHOE MHOXKECTBO MHJIEKCOB (v, st KOTOpbiX U, # X, . Jlerko Bugers, 9ro

U= ﬂ Wc:l(Ua)v

acJ
OTKY/13
)= ) U) = () fa (Ua)
acJ acJ
— OTKPBITOE TIOAMHOXKECTBO Y KaK Iepecedenrie KOHEYHOIO YUCIA OTKPBITHIX MHOXKECTB. O

3amaua 4.23. Ilycte X — merpuueckoe mpocrpanctso, u p: X X X — R — ero merpuka. [lokaxkure, 4yto dbynxnus
p HEIpepbIBHA.

CaenctBue 4.24. Ilycmo X — monoaoz2uueckoe npocmpanrcmeo.

(1) Pynryus f: R™ — R, xomopas cmasum e coomeemcmeue kancdoli mouke r = (T1,...,Ty) YUCIO Tk, HENpe-
PULBHAG.

(2) Pynxyua f: R? — R, xomopas cmasum 6 coomeememeue xaxcdoti mouke v = (T1,T2) “ucao T1 + Ta, Henpe-
PULBHA.

(3) @ynxyua f: R? — R, xomopas cmasum 6 coomsemcmeue xaxcdoti mouxe v = (T1,T2) YUCAO T1To, HENPEPLIGHA.

(4) Ecau f1,...,fr: X = R — nenpepwenvie dynxyuy, mo omobpasicenue h: X — R¥ h(z) = (f1 (2),.. .,fk(ac))
HENPEPHLEHO.

(5) Ecau f1,...,fx: X — R — nenpepuenvie gynryuu, mo dynrxuyus h: X — R, h(x) = fi(z) + - + fe(z)
HENPEPHLEHA.

(6) Ecau f1,...,fr: X = R — nenpepuenvie gynxyuu, mo gynwuyus h: X — R, h(z) = fi(x) - fx(x) nenpepuena.
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(7) Ecau fr,...,fk: X — R — nenpepuenvie gynruyuu, mo 410000 MHOZOWAEH OM IMUL PYHKYUT, Hanpumep,
210604 ANUHETHAA KOMOUHAUUA IMUL PYHKUUT — HEnpepbenas Gyuryua. B wacmuocmu, 410600 mHo20u0eH OM
NEPEMEHHBIL T1, . . . , Ly, HANPUMED, A1000A MUHETHAA KOMOUHAUUA IMUT NEPEMEHHBLL — HENPEPLIEHAA PYHKUUA
na R™ ¢ dexapmosvimu K00pounamamu T, ..., Ty,.

(8) Ecau f: X — R — scrody omauunan om nyss nenpepwenas dynkyus, mo u g: X — R, g(x) = 1/f(z) —

maxoice nenpepuienas Gynkuyus. B wacmmuocmu, ecau P(xq,...,x,) u Q(z1,...,Tn) — MHOZ0UACHDL, NPULEM
MHO20UAEH () OMAUNEH OM HYASL HA HEKOMOPOM Nodmnoscecmee Y npocmpancmea R™ ¢ dexapmosoimu koop-
QUHAMAMUY X1, . . ., Ty, MO PaYuOHEALHAA Pynryus P/Q: Y — R nenpepvisna.

HokazaresabcrBo. (1) 910 — gacTHbIi cayvail yrBep:KaeHus n3 myHkra (1) mpeaoxenust
(2) Bocmonbsyemca crencrsuenm [3.23) T.e. BbibepeM npou3sBosibHOE € > 0 U moKaxkeM, 4ro cyiecryer § > 0, s
KOTOPOIro f(Ug(iL’)) C(x1 +x2 —&,21 + x2 +€). lyers y € Us(x), Toraa

|21 + 22 — y1 — y2| < |21 — 11| + |22 — y2| < 20,

II0O9TOMY MOXKHO IOJIOXKHTE 0 = £/2.
CHoBa BoOCHONIB3yeMcs ciieacTBreM |3.23) T.e. BbibepeM Hpou3BOJIbHOE £ > (0 W MOKaXKeM, 9TO CYIIECTBYET
d > 0, ayisi KOTOPOro f(Ug(:z:)) C (z129 — €,x122 + €). Ur00bBI HaliTU J, ClENaEM [IPEIBAPUTEILHO OLEHKY Pa3HOCTU

|z122 — y192|, THE ¥ € Us(x), nomoxwus M = max{|z1],|z2|} n yara, aro |1 — y1| < \/(Jcl —y1)2+ (r2 — y2)?2 < I m,
AHAJIOTHYHO, [T — Ya| < O

|T122 — y1y2| = |T172 — T1y2 + T1y2 — Y1ye| < |@1] |2 — Yol + |yol [21 — 1| < M d+ (M +6) 0.

IIpaBas yacTb npeabLLyned oneHkn — HenpepbiBHAsA GyHKIUA OT 0, papHag Hy/ 0 npu 0 = 0, HO3TOMY BCETIa MOXKHO
BbIOpars 0 > 0, /i KOTOPOro Ta LpaBas 4acTb MeHbIe £ (BLIPOYEM, 3TOT BbIOOD MOXKHO Cuesarb u 6e3 auesuisiuuu
K HENpPEepPLIBHOCTH (DYHKIUH OT §).

(4) D10 — wacTHBIH ciyuail yTBEPKIEHUA U3 IyHKTA PEIJIOKEHU ST

(b)) Joxaxkem cuauana ciaydail k = 2, a 3arem Oyjem MOC/I€10BATEILHO IPUMEHITH Pe3ysbrar K napam f1(x)+ fo(x)
u f3(z), fi(x) + f2(z) + f3(x) u fi(z), u T.n. Pacemorpum kommosumuto otobpazxennit X — R? — R,

® 1iepBoe T (f1 (2), fa (m)), ABJIAIONEeCd HelIPEPLIBHLIM B CUJLY IIyHKTa ,
e Bropoe (x1,x2) — X1 + Lo, ABJIAIONIEECS HEIPEPHIBHBIM B CUJLY IIYHKTA .

Kommosunus stux orobpazkennit paBHa h, mo3ToMy h — HENPEPBIBHO B CUJIY IMyHKTA [IPEII0KEH ST

(6) Anasoru4no myHkry .

(7) o myukTy MpeJIOsKeHNs 2] KOHCTAHTHI — HempepbiBHbIE (MYHKIMU. OCTajJoCh BOCITONIB30BATHCS MYHKTA-
mu (5) u @ s moKa3aTeIbCTBA, BTOPOl YaCTH HYYKHO €IIe BOCIOIb30BATHCS TyHKTOM .

(8) IlepBas wacTb BhITEKAET U3 TOrO, uTo byHKuUs 1/t HenpepbiBaa Ha R\ {0}, u u3 nyukra npezmoerHﬂ
Bropas gacTh BbITEKaeT U3 MEPBOM U MYyHKTA . O

IIpumep 4.25. Ilyctp X = R” = Rx--- xR, 7;: R™ — R — KaHOHWYECKME TPOEKITNH, X; — CTAHIAPTHAST KOOPINHATA
Ha 1-OM 3K3eMmiuisgspe R, Bxozsdmiem B mpenactanierHue R™ B Bume mpoumsBenenusa R x --- X R, a t — crammaprHas
KOoOp/nHaTa Ha [a, b]. VI3 npejroxKeHust BBITEKAET, 9TO ¥: [a,b] — R™ — KpuBas Torja u TOJIHKO TOTJA, KOTIA BCE
ee koopauHatHbie dyHKimu x;(t) = (m; o v)(t) — HenpepsiBHbl. [Ipu sTOM, B CHIly CieicTBUs HETPEPBIBHOCTD
dyukuuit z;(t) coBunasaer ¢ HEIPEPHIBHOCTHIO B CMbICIE MaTeMaTHYeCKOro anasusa. Haupumep, eciu Bce (pyHKuIuu
x;(t) — MHOrOWIeHbI OT t, TO 7y — HELPEPbIBHAA KPUBasL.

IIpumep 4.26. Bosee o6mio, ecim 2 C RF — oTKpbITOe MHOXKECTBO, TO HempepbIBHOE oTobpaxkenue f: 2 — R,
n > k, Ha3bIBaeTCs k-MepHOH noeeprmocmuio. Ecan uq,...,u, — cranzapTHbe KoopamHaTtsl B RF, a z1,...,Zx
— craHgapTHble KoopauHaThl B R™, 10 KoopauHaTHbie GyHkuuu x;(uq,. .., ug) = (m; o f)(u1,...,ur) IPEACTABIAIOT
coboii (pyHKIMHU OT k IepEeMEHHBIX, ¥ HEIPEPLIBHOCTD 3TUX (PDYHKIMI PABHOCHJIBHO TOMY, YTO f — IOBEPXHOCTD.

ITpumep 4.27 (Ilonsapubie Koopaunars). Ilycrs (2,y) — AeKapTOBbI KOOPAMHATHI Ha miockocTu R2, Boikunem usz R?
3aMKHYTBIN JIyY {(ac70) rx < O} ¥ TOJIyYE€HHOE MOIMHOXKECTBO 0bo3uHaunM X . PaccMoTpum oToOpaskeHme, COmOCTaB-
Jigronee Kaxaoit rouke P € X napy uucen (1, ), Tae r — paccToguue oT P 10 Hadasia KOOPIMHAT, & ¢ — YIOJI MEXKIY
[OJIOXKUTEIBHBIM HalpasienueM ocu abcuuce u pajuyc-sekropom touku P. Ilapa (r, @) Ha3bBaeTCs NOASPHBLIMU
xoopdunamamu mourku P. Ormerum, 910 yroa ¢ onpejesieH HeOmAHO3HAIHO. UToObI H0OUTHCS OIHO3HAYHOCTH,
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OyJeM CYMTaTh ¢ MEHSIONIUMCS B Mpeaesax or —m a0 7. lIlpm TakWx OrpaHWYeHUsX PACCMATPUBAEMOE OTOOpaKe-
HHe TlepeBonuT X OHeKTHBHO Ha OTKPBITYIO momymonocy Z = {(r,p) : r > 0, —1 < ¢ < 7w} C R2. Tomyuennoe
orobpaxkenue u3 X B Z obo3nauum f.

Umeem 1 = /22 + 32, a ¢ = arccos(z/\/22 + y?) upn y > 0 n ¢ = —arccos(x/\/2% + y?) npu y < 0 (3amerum,
uro npu y = 0 06e 3Tu HYHKIMK COBIAIAIOT, TAK 9TO JAHHOE ONPEIETIeHUe KOPPEKTHO). PyHKIMs T HEIPEPHIBHA, KAK
KOMTIIO3UIUS HEMPEPbIBHBIX PYHKINH, a GyHKIN ¢ “‘CKileeHa” W3 IBYX HEPEPBIBHBIX (DYHKIIHN, TOITOMY OHA, TOXKE
HenpepbiBHa (mposepbre). Takum o6pazom, orobpazkenue f HEPepbIBHO.

O6parnoe orobpazkenue f~! 3amaerca Tak: x = rcos , y = rsin . Koopaunaruble (GyHKIME 3TOr0 0TO6pazKeHus
TAKKe HelPEePbIBHbL (KaK [IPOU3BEEHUs HElPEPbIBHBIX (DYHKLUIT), 109TOMY U caMO 0TOOPAXKEHUE TOKE HELPEPHIBHO,
a, 3Ha9uT, f — romeomopdusM. Takum 00pa30M, MBI TOKA3AIN TOMEOMOPMHOCTH TIOCKOCTH 0e3 ayda X W OTKPBITOM
TIOJTYTIOIOCHT Z .

IIpumep 4.28 (Crepeorpaduyeckas npoexnus cdepbi). [IycThb z,y, 2 — AeKapTOBLI KOOPAWHATHI B MpocTpancTse R3.
O6o3raamM 2 C R3 MHOXKECTBO {(x, Y,2) 2 < 1}, Toraa {2 — OTKpPHITOE MOAMHOKecTBO R3. PaccMoTpuM pananbHyTo
npoekuuio v: {2 — {z = 0} u3 rouku N = (0,0, 1), xoropas KaxKioii Touke P € (2 craBuT B COOTBETCTBHE TOYKY
v(P) nepeceuenus ayua NP c nnockocrsio {z = 0}, cm. puc.

bN:

Z—O V(P) ”\

Puc. 4.1: Crepeorpadudeckast TpoeKIus.

Mycts P = (x,y, 2) € £2, rorga aya NP 3anaerca B suge (0,0, 1)+ (z,y, z—1) t, nosromy Touka v(P) nepeceyenus
ayda NP c mwiockoctbio z = 0 Haxoxures u3 ycaosus 1+ (z — 1)t = 0, orkyzna ¢ = 1/(1 — 2) u, 3nauur,

V(P):( —— 0).

1—2"1-2’

Tak Kax MOJIyYIeHHBIE KOOPAMHATHBIE (DyHKINHM HENPEPHIBHLI B CUIy myHKTa (§) crmemcreus TO, B CHJIy TIPEIJIO-
JKeHUs oTobparkeHne ¥ HempephIBHO.

Iycrs S? = {(z,y,2) : 2® + y? + 22 = 1} — crangapras chepa. Orpanmdenne orobpaxenus v na S? \ {N}
TaKyKe HEMPEPBIBHO B CUITy TIpeiokenusd [3.28| n naseisaercs emepeozpaduueckoti npoexyueti; 6omee TOTO, JETKO
BUJIETH, ITO 3TO OTPAHUIEHUE B3aUMHO OHO3HATHO. [TokazkeM, 9To cTepeorpadmaeckas IPOEKIUs ABIAETCS TOMEO-
MOphuU3MOM.

Haiinem dopmynsl misi orobpazkeHnst, oOpaTHoro K crepeorpaduyeckoil mpoekmmn. Ecin v = /(1 — 2) m v =
y/(1 — 2), a Touka P = (x,y,2) # N nexur na chepe S2, te. 22 +y?> + 22 = 1, 0 v = u(l — 2), y = v(1 — 2),
u?(1 — 2)2 +02(1 — 2)? = (1 — 2)(1 + 2), oTKyza

w? +02 -1 2u 2v

T y:u2—|—v2—|—1'

Z:u2+v2+1’ r=

Paccmorpum orobpaskenme u: R? — R3, 3a7aHHOe 9THME KOODAMHATHLIME (BYHKIHAMH. Tak KaK KOODJHHATHEIE
GbyHKIINY HEMPEPHIBHBI B CUJIY MYHKTA, CJIeCTBUS TO, 10 IpezyioxKenuio [4.22) orobpazkeHue [ HENPEPBIBHO.
Bamernm, 4To 06pa3 orobpazkenns p pasen S2\ { N}, mosromy, B cuty npeaiozkenns [3.28] HempephIBHLIM ABJIACTCS H
cootBercTByIomee f orobpazkenne u3 R2 B 52\ {N}, a 910 orobpazkenne copnasaer ¢ 06paTHBIM K cTepeorpadutaeckoit
TPOEKIINY, OTKY/Ia BBITEKAET TOMEOMOP(MHOCTE TOCJIETHE.
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YupakHeHus K rijiase 4

VYopaxkuenne 4.1. Paccmorpum ma MaOX)ecTBe Q panMOHATBHBIX YHACEN ABE TONOJOTHN: HHIYIUPOBAHHYIO U3 CTAH-
JAapTHOH Tomosoruy npsamoii R, u Tonosoruto 3apucckoro. 'omeoMopdHbI Jiu 101y YeHHbIE TOMOJIOIMYECKHE IPOCTPAH-
crBa’

Yupaxuenne 4.2. @ukcupyeM IPOU3BOJILHOE IIPOCTOE 4nucio p. Henynesoe pamuonanbHoe r € Q 3anuinem B Buie
pt(a/b), rne a m b me menarca wa p, a t € Z. fcHo, TO t ONpEENEHO OTHO3HAMHO, HECMOTDS Ha HEOTHO3ZHAYHOE
npencrasienne 7. [lonoxnm ||, = 1/pt. Ecim xe r = 0, to mycrs |r|, = 0. Jasa ¢,r € Q 3agammm d,(q,7) = |q —7p.
Ilokaxkure, 94TO

(1) |lg+r|p < max{|q|p, |T|p};
(2) d, — ymprpaMerpuka;
(3) merpmaeckoe mpocrpanctso (Q, d,) He roMeOMOPGHO TUCKPETHOMY IPOCTPAHCTBY;
(4) BbrumcmTe CymMMy paza y oo o p".
VYupaxueuune 4.3. Ilycrr X — 3ro
(1) wmm muOXKecTBO U3 10 TOUYEK, HANEJIEHHOE AHTHIUCKPETHON! TOIOJIOrHeil;
(2) wim upsmas R, nazesennas rouosorueil 3apucckoro.
MoKkHO Jin 1B Pa3HBIX TOYKHU U3 X COEJIMHUTH HEIPEPBIBHONH KPUBOM?
VYupaxuenne 4.4. [Iycts X — npousBosibHoe Merpudeckoe npocTtpancTso, ¢ € X, r > 0 u s > 0. [lokaxkure, ayTo
(1) OUg(x) u OB4(x) He cBA3AHBI HUKAKUM BKJIIOYEHHEM,
(2) OUs(x) C Ss(w),
(3) 0B, (x) C Sp(x),
npuaemM 064 MPeAbIAYIIAX BKIOYEHHS MOTYT OBITH CTPOTHMMU.

Yupaxkuenue 4.5. llycts Y u Z — nmoaMHOXKECTBA TOMOJOTHIECKOTO mpocTpancTBa X . llokaxknuTe, 910
YUZ=YUZ uYNZCYNZ,
a TakyKe TMPUBEIUTE MpuMep, Korma Y N 7 # Yynz.

Yupaxxuaenne 4.6. [Iycrs Z — nonmuozkecTBo ronosorudeckoro npocrpancrsa X . [lokaxkure, uro Int(X\Z) = X \E
u, anajgorngHo, Int Z = X \ X \ Z.

Yupaxkxuenue 4.7. [lokaxkure, 9T0 MOAMHOXKECTBO Z TOMOJOTHIECKOTO MPOCTPAHCTBA X 3aMKHYTO, €CJIU U TOJTHKO
€CJIM OHO COJEPKUT BCE CBOM I'PAHUYHBIE TOYKH.

Yupaxuenue 4.8. I[lyctbs manbl TOmoJOrnuecKue mpocTpancTBa X, a € I, u Y. Jlokaxkure, 9T0 OTOOpaKEHUE
[ Uaer Xo — Y HenpepsIBHO, €C/TH ¥ TOJIBKO €CJIH BCe OrpaHudeHus f|x, HEeIPepbIBHBI.

Yupaxxuenne 4.9. Ilycte X — merpudeckoe npoctpanctso, u p: X X X — R — ero merpuka. Ilokaxkwure, darTo
dbyHKINSA p HETPEPHIBHA.

Vnpaxkuennue 4.10. 3ammmeM KaKIyio MATPUIy Pa3Mepa m X 1 B BHAE BEKTOPA IJIHHBL N°, PA3MECTHB CTPOKH
MaTpPHIbL OJHY 33 JAPYIOil HA ONHON CTPOKEe. JTa 3alUCh [O3BOJILET OTOXKIAECTBUTH MHOXKecTBO M(n) Bcex Takux
MaTPHIIL C R’ M, TeM CaMbIM, TpeBpaTuTh M(n) ¥ BCe ero MoAMHOXKECTBA B TOIMOJIOIWYECKHE TPOCTPAHCTBa. IlycTh
0(2) ¢ R* u SO(2) C O(2) 0b03HAMAIOT COOTBETCTBEHHO TTPOCTPAHCTBO BCEX OPTOTOHAIBHBIX 2 X 2-MATPHI] U €ro
[OJMHOXKECTBO, COocTodinee u3 Bcex marpui ¢ onpexnenurenem 1. Jlokaxkure, uro O(2) u SO(2) — 3amMKHyTble U
OrpaHMYeHHBIE OIMHOXKecTBa R,

VYupaxuenne 4.11. Jlokaxkure, 910 crepeorpaduaeckasi IPOEKIUs MEPEBOAUT OKPYKHOCTH B OKPY2KHOCTHU U IIPs-
MBIE.



Jlexkuda 5

KommoakTHOCTD

H.TIaH. OTKprTOe I'IOKI_)bITI/Ie7 KOMIIAKTHOE HpOCTpaHCTBO nian KOMI'IB,KT7 HpI/IMepr KOMIIQKTHBIX M HEKOMIIQKTHbBIX I'II_)OCTI_)H,HCTB7 HI_)I/IHI_(I/IH KaHTOpa
O BJIOKEHHBIX OTI_)e3KH,X7 KOMIIAKTHOCTh OTpe3Ka nu KI/Ipl'II/I“Ia,7 TeOpeMa rI‘I/IXOHOBa,7 paBHOMepHaH HereprBHOCTb, HereprBHOe OTOﬁpa)KeHI/Ie n3 KOM-
NMAaKTHOT'0 METPUYECKOI'0 NPOCTPAHCTBA B IPOU3BOJBHOE PABHOMEDHO HENPEPBIBHO, OTPAHUYEHHOE U HEOIPDAHUYEHHOE MeTpUYeCKHe NPOCTPAHCTBA,
JIUaMeTP METPUYECKOTO MPOCTPAHCTBA, OTPAHUYEHHOCTh METPUYECKOT0 KOMITAKTA, KOMIAKTHOCTh HEIIPEPHIBHOTO 00pa3a KOMMIAKTAa, KOMIAKTHOCTD
3aMKHyTOFO IIOOMHO2KeCTBAa KOMIIAKTa, 3aMKHyTOCTb KOMIIAKTHOI'O IIOAMHO2KECTBaQ XayC,ELOp(bOBa HpOCTpaHCTBa, 38,MKHyTOCTb n OI‘paHI/I‘{eHHOCT])
Ka’KJ0r0 KOMIIAKTHOIO IOAMHOXKECTBA METPHIECKOT0 IPOCTPAHCTBA, KPUTEPHH KOMIAKTHOCTH IIOAMHOXKECTB R", KOMHDAKTHOCTH 06pa3a KPUBOH,
3aMKHYTOCTh M OTPAHUYEHHOCTh 00pa3a KPUBOH B METPHYECKOM IIPOCTPAHCTBE (Ha,HpI/IMep7 B ]R”)7 HA KOMIIAKTEe HeIpepbIBHAs (PYHKIMSA OrPAHU-
YeHa M IIPpHHHMAaeT CBOM HaUMEHbIllee H "HauboJbIee 3HaA4Y€HUsd, IMOJOKHUTEJIbHOCTh PpaCCTOAHHA OT TOYKH BHE KpI/IBOI‘/'I a0 KpI/IBOI./’L AJ0CTaTO4YHOEe
yCcJa0BHe roMeOMOP(MHOCTH HENPEPBHIBHON OUEKIINY, £-CeTh, BIIOJHE OTPDAHHYEHHOE MeTPHUYECKOe IPOCTPAHCTBO, (DyHIAMEHTANbHBIE I0CTIeTOBATEIb-
HOCTH, IIOJIHBbIE METPHUYECKHE IIPOCTPAHCTBA, MIPUHLIMII BJIOXKEHHBIX MIAPOB, KPUTEPUM IIOJHOTHI IIOJMHOXKECTBA IIOJIHOIO IIPOCTPAHCTBA, KPUTEPHi
KOMIOAKTHOCTH MeTpI/I'{eCKOFO 1'[1:)0(‘,Tp3,HCTBa,7 CeKBEHIMAJIbHaA KOMIIAQKTHOCTb, (1)3,I(TOI_)I/I33,I_(I/I§[7 (baKTOI)-TOHOJ'IOFI/IH KakK CcaMad CHJIbHAas Cpe,ELI/I ocraB-
JIA0IMX 0TOOParKeHNe HeNpPePhIBHBIM, (HPaKTOP-MPOCTPAHCTBO, MOCTPOeHNe (DAKTOP-TPOCTPAHCTBA Yepe3 pa3bueHne, CIOPbEKTUBHOE 0TOOParkeHne
¥ 9KBUBAJEHTHOCTb, OTKPBITHIE U 3aMKHYTbIe O0TOOpaKeHUS U UX CBA3b ¢ dakropusanueil, roMeoMopPHOCTh (HAKTOP-IPOCTPAHCTBA U CIOPBEK-
THBHOI'O 00pa3a HEMPEepBhIBHOTO OTOOpaXKeHUsI U3 KOMIIaKTa B XaycaopdoBO IPOCTPAHCTBO, CKJEHKA B TOYKY, CKJIelKa KOHIIOB OTpe3Ka, CKJelKa B
TOYKY IPAHULBI WIAPA, CKJIEHKaA NPOCTPAHCTB 110 0TOOPAYKEHHUIO, CKJIEHKa IDAHHL] ABYX IIAPOB, PACCTOAHUE MEXKIY IOAMHOXKECTBAMU METPHYIECKOI0
IIPOCTPAHCTBA, BCIOAY MJOTHOE IMOAMHOXKECTBO TOIIOJOTMYECKOro nNpoCTPAaHCTBA, Cenapa6eanbIe TOIIOJIOTUYECKHE IIPOCTPAHCTBA, IICEBAOMETPUKA U
IICeBAOMETPHUYECKOe NPOCTPAHCTBO, (hPaKTOpU3alUs 10 HyJIeBbBIM PAaCCTOSHHAM, IOMNOJHEHNE METPHYECKOTO IPOCTPAHCTBA, Ynucsao Jlebera u semma
JleGera, HUTAE HEIJIOTHBIE MOAMHOYKECTBA TOMOJOTMYECKOTO IIPOCTPAHCTBA, TeopeMa Bapa, npamas 3opreHdpes.

5.1 KommakTHOCTH

ITokpeITHE TOMOIOTMIECKOr0 TPOCTPAHCTBA HAZBIBAETCA OMKPHLIMBLM, €CJIH BCE SJIEMEHTHI 3TOTO TOKPBHITUS — OTKPbI-
Thie MHOXKECTBA. TOMOI0rn4ecKoe IPOCTPAHCTBO HABBIBACTCH KOMNAKMHBIM UIH KOMNAKIMOM, €CJIH 13 JII000r0 ero
OTKPBITOI'O IOKPBITHA MOKHO BBLIEJIATH KOHEYHOE IIOIIOKPbITHE.

3ameuvanmue 5.1. [logmpocrpancTBo Y TOMOIOrHYeCKOro IpocTPpaHcTBa X KOMIIAKTHO, €CJIH U3 JII0OOTO €r0 IOKPBITHA
(kax mMOIMHOMKECTBA, M. pa3fed [2.1) OTKpHITHIME B X MHOXKECTBAMH MOYKHO BBIJIEJIUTH KOHEYHOE TTOMOKPHITHE.

ITpumep 5.2. Kaxkmoe KOHEUHOE TOMOJOTHIECKOE MPOCTPAHCTBO SBJISIETCS KOMMAKTHRIM. Bojiee 00110, KaxKmoe To-
TIOJIOTTYIECKOe TTPOCTPAHCTBO, UMEIOITee KOHETHOE YHUCJIO OTKPBITHIX MHOYKECTB, — KOMIAKTHO.

IIpumep 5.3. Beckomednoe AUCKpeTHOE MPOCTPAHCTBO HEKOMIAKTHO. JleficTBUTETbHO, CeMeMCTBO BCEX OHOTOYEY-
HBIX TMOAMHOYKECTB TAKOTO MPOCTPAHCTBA SABJISIETCH OTKPBITHIM MOKPBITHEM, U3 KOTOPOrO HEJIb3sd BHIOPATH KOHEYHOTO
TIOJIIIOKPBITHA.

ITpumep 5.4. IlpocrpancrBo X ¢ Tonosorueit 3apucckoro KOMmakTHoO. JleficTBurenbho, mycrb U — MPOU3BOJIBHOE
orkpbitoe nokpbitue X . Boibepem sroboe (nemycroe) Uy € U, torna U; = X \ F, rue F' — KOHEYHOE HOAMHOXKECTBO
X. Hus kaxpoit rouku x € F oibepem U, € U, couepxaiee z (rakoe U, cywecrByer, Tak Kak U — LOKDPbITHE).
Torna {Uy } U {U, }zcF — KOHEUHOE OATIOKPHITHE U.

IIpumep 5.5. IIpocTpancTteo R™, n > 1, He aABASETCS KOMMAKTHBIM. lelicTBUTEIHHO, PACCMOTPUM OTKPBITOE MOKPHI-
tie {U,(0)}nen, TODIA U3 HEro HeNb3s1 BBIOPATh KOHEYHOTO TIO/ITOKPHITHS, TaK KaK 00beINHEHNE SIEMEHTOB KasK 100
KOHEYHOTO TOAIOKPBITHAS — 3TO OTKPBITHIN AP, AOMOJTHeHre KOoToporo 10 R™ HemycTo.

umep 5.6. BBIMH IIPAMEpPaMU KOMIIAKTOB, KOTOPLI u TCs B MATeMaTUYIECKOM aHAJIN3E, ABJISIOTCS OT-
11 5.6. Ile epa OMIIAKTOB, KOTOPbIE Pa3dUpParoTC aTeMaTU4eCKOM aHAJIU3E, FOTCS O

K ¥ €r0 MHOIOMEPH Hre — “Kupnud’ (a1, b1 XX |[an, by . CraHgapTHBIE JOKA3ATEIbCTB
€30k |a, b] C R u ero mHOrOMepHOe 060061IIeHIEe — 7 lay, b x -+ -X[an, b,] C R™. Cranga € JI0Ka3aTeTbCTBA
OCHOBaHbI HA CJIEAYIOIIEM LPUHIUIIE.
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IIpeanoxkenue 5.7 (Ipunmun Kanropa o BI0OXKeHHBIX 0Tpe3Kax). I1ocaedosamesbHocms 0mpeskos 6euecmeenol
nPamotl, 8 Komopot KancIobl cAedYOULUTE OMPEZOK COOEPHCUMCA 8 NPEIbOYULEM, UMeEEM 0OULYI0 MOYUKY, NPULEM ECAU
OAUHDL OMPESKOE CMPEMAMCA K HYA0, MO MAKAL MOYKE UHCTNEEHHA.

,Z[OKaCBaTeJII)CTBO. STOT IPUHITAII ABJIAETCA CJIEACTBUEM N3 aKCHUOMBI ITOJTHOTHI BEIIIECTBEHHBIX YUCEJI: 0-/Lﬂ ./”OE’I)LQZ'
deyx nodmHodHcecms seutecmeeHHoli NPAMot, 00HO U3 KOMOPHLT AEHCUM CAE8aA 0N 0PY2020, Hatidemcs
MOYKA, AEHCAULAA MEHCIY IMUMU NOOMHOHCECMEAMU. UTOOBI IPUMEHUTD 3Ty AKCHOMY K IOCIEIOBATEILHO-
CTH BJIOXKEHHBIX OTPE3KOB, PACCMOTPHUM MHOXKECTBO L JIeBbIX W MHOXKeCTBO R MpaBbIX KOHIOB OTPE3KOB. Tak Kak
OTPE3KH BJIOKEHHDbIE, L Jie2KuT cjieBa oT R, mo3ToMy, B CHJIy NUTHPOBAHHON BBIIIE AKCHOMBI IOJTHOTBI, CYIIECTBYET
BEIECTBEHHOE YNCIIO &, Haxoasmieecss Mexkay L u R. Ho rorga asist Kaxa0ro orpeska [a;, b;] W3 mocsieoBaTebHOCTH
9HCIIO T JIEXKWUT CIpPaBa OT a; W CJeBa OT b;, T.e. « € [a;,b;]. CiemoBarenbHo, Bce oTpe3ku comepxkar x. Ecau Bee
OTPE3KH COIEPIKAT €IlIe U Y 7 X, TO OHU BCE CONEPKAT U OTPE3OK [, Y|, HO TOrJa JIMHA KAXKJOrO U3 HUX HE MEHbIIe
|z — y| > 0, nosTOMY HE MOXKET CTPEMUTHCS K HYJIIO. O

Teopema 5.8. Kupnuyw K = [a1,b1] X -+ X [an, by] C R™ xomnaxmen.

HoxkaszarenbcTBo. IIpeanosoxuM npoTuBHOE, T.€. CyIIECTBYyeT “mioxoe” OTKpbITOe MOKpbiTre U xuprmda K, T.e.
TaKoe, U3 KOTOPOIrO Hejib3sl BbIOPATh KOHEYHOIO MOAOKPbITUs. TlofesinM KaxK bl OTPe30K MOIoJIaM, TOL/ KUPIUY
Oyzmer MpeiCTaBieH B BUIEe OObEINHEHUs] KOHEUHOrO uncia Kuprnuueit K;. Ecam mis KaXka0ro U3 3TUX KUpnudei us
MOKPBITUS I MOYKHO BBIOPATH KOHEYHOE MOATIOKPBITHE, TO 00bEINHEHUE ITUX MOIMOKPBITHN — KOHEYHOE TIOIMOKPBITHE
B U mcxommoro Kupmnda. Takum 00pa3oMm, i HEKOTOporo kmpnwda K; mokpbeitue U “mmoxoe”’. JIjs BHIOpAHHOTO
kupnuda K; mpojiesiaeM Ty Ke CaMyl0 OIEPAlUI0 W ITOT MPOIECC MPOJOKHUM J10 OeckoHedHocTu. B pesynbrare
HOCTPOUM HOCJIEJOBATENLHOCTD BIOKeHHbIX Kuprmueit KP = [af, b]] x -+ X [al bP], nnast KazKa0ro u3 KOTOPBIX U3
TOKPBITUS U HEeJIh35 BHIOPATH KOHEUHOTO TIOATOKPHITHSA. 3AMETUM, U4TO IJIs KayKIOTO i OTPE3KHU TOCIEIOBATEIHLHOCTH
[l BP], p = 1,2,... — BJIOXKEHHBIE, U WX JJIMHBI CTPEMATCS K Hymo. 1[0 mpeaoxkenno 9T OTPE3KHU COMEPIKAT
OOIIYI0O TOYKY, KOTOPYIO MbI ODO3HAYMM Z;, TAK 9TO TOYKA & = (X1,...,%,) € K CONEPKUTCA BO BCEX KUPIUYAX
KP?. Tak kak U — mokpseitue K, To cymectByer U € U takoe, uro x € U. Tak kak U — OTKPBITOE MOAMHOXKECTBO
R™, cymecrByer orkpbrrbiii map U, (z) paguyca r u ¢ uearpom x 1akoil, uro U,(x) C U. Tak Kak miuHbI OTPE3KOB
[a?, bY] crpemsarca k mymio, T0o u auamerpbl kupnuuein KP (quamerp nogmuoxkecrsa R™ — TouHAs BEpXHsAs IDAHb
PACCTOAHUM MEXKy TOYKAMHU ITOTO MOJAMHOXKECTBA) TakkKe crpemsarcd K Hymo. Ho torma kupnuu KP numamerpa
MeHblie 1 conepkurcs B U, (x) u, 3Hauut, B U. Takum o6pazomM, onHosaemeHTHOE MOKpbiTHe {U} SBIsSeTCs KOHEIHBIM
MOAMOKPBITHEM B U ny1a Takoro KP, mpoTuBopedne. O

Huxe Mbr 0600IIIUM 3TH WIEW HA TPOW3BOJIBHBIE METPUYECKHE MPOCTPAHCTBA. [IPUHITUIT MOTHOTHI, KOTOPBIN 1JTst
IPAMOIi UCTIONIb3yeT HAJIUYINE JIMHEHHOTO MOPAIKA, B TAKOM BHJE HE TTEPEHOCUTCA, TaK KaK B IPOU3BOJILHOM MeTpHUde-
CKOM TIPOCTPAHCTBE TOIO0HBIH MOPSIIOK OTCYTCTBYET M MbI HE MOXKEM CKa3aTh, KAKOE MOJIMHOXKECTBO JIEXKHUT JIeBee, a
Kakoe npasee. BmecTo 31010 MbI COIb3yeM nmoHgTHE DY HIAMEHTAIHHO [TOCJIEI0OBATEILHOCTH, a TOJTHOTA OyIeT O3Ha-
4aTh CXOAUMMOCTb TAKUX LOCJenoBaresbuocTeil. Tak:ke Mbl 00001MM Jlesienue oTpe3ka (KUpIuYa) Ha KOHEYHOe YUCII0
YMEHBIAIOMUXCSA dacTeil. st 3TOro Mbl 6y1eM pacCMaTpUBaTh £-CETH — MOJAMHOKECTBA METPUUIECKUX TTPOCTPAHCTE,
SABJIAIOIINXCS [IEHTPAMU IAPOB PAIUYCA €, TOKPBIBAIOIINX MPOCTPAHCTBO. BO3MOXKHOCTH BHIOPATH KOHEYHYIO £-CETh
JUIs Kaxkaoro € > 0 u Oyzer aHajaoroM pasbuenus oTpes3ka (KUpnuda) Ha, KOHEYHOE YUCJIO CKOJIb YIOJHO MaJIeHbKUX
qacTeil.

3amevanue 5.9. QakTUUECKN, KOMITAKTHOCTH KUPINYa, HETIOCPEICTBEHHO BHITEKAET M3 KOMIAKTHOCTH OTpe3Ka. bo-
Jiee TOro, OKa3bIBAETCsI, KOMIAKTHOCTH MMEET MECTO U JJIst TTPOM3BEICHUSA 4100020 UNCIIa, KOMITAKTOB.

Teopema 5.10 (Tuxonos, cm. nanpumep []). Hycmov {X,}acr — npoussosvroe cemeticmeo KOMNAKMHHLE MONOAO-
euneckus npocmpancme, mozda npocmpancmeo ||, ., Xo maxorce xomnarmno.

JlokarKeM 3Ty TeopeMy B CJIy<ae KOHEUHOrO MUCIa TPOCTPAHCTB. J0CTaTOYHO TPOBECTH JOKA3ATEIHCTBO JIJIsT ABYX.
Teopema 5.11. ITycms X uY — xomnaxmuosie monosozuveckue npocmparcmea, mozda X XY makoce KomMnaxmmo.

HoxkaszarenbcTBo. Paccmorpnm otobpaxkenne t,: X — X X Y, 4, (x) = (x,y) u mokazkem, 9T0 9T0 0TOGparkeHne —
romeomopdusm ¢ obpazom. JeACTBUTENbHO, KasKI0€ OTKPLITOe MHOKECTBO Ha Ly (X) = X x {y} asBagercs nepecetde-
ureM ¢, (X) ¢ mekoTopbsIM OTKpLITEIM W C X x Y. Ilo onpejieleHuio TOMONOruY A€KAapTOBa npousseerus, W’ paBHo
obbeanHeHnI0 HeKoTopbix “Kupnudeir” U, x V,, tme U, C X u V, C Y — oTKpbIThie MHOKECTBa. BBIOpaB TOMBKO Te
Uq X Vg, 1ist KOTOpBIX y € Vi, MBI IOJTy M OTKPbITOe MHOZKECTBO W Takoe, 410 Ly (X) NW = 1, (X) N W', nosromy
B JIQJIbHEHIIEM TOILIOJIOIUIO Ha, Ly(X ) 6yaem nopoxaars Tojabko takumu W. Ho rorpa

(X)W =1, (X) N (W) x {y}) = U x {y},
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roe U = UU, — orkpbIToe moamMuoKecTBO X. OOpaTHo, mia Kaxka0ro orkpeiroro U C X muHOXKecTBO U X Y OTKPBITO
B X xY, mosromy ¢, (X)N (U xY) =U x {y} orxpsITo B tyy(X) u, 3Hatwut, ¢, — romeomopdusm ¢ o6pasoM, TaK ITO
Bce X X {y} C X XY — KOMIaxThbL

Paccmorprm Teneph mpon3BosibHOE OTKPBIToe NOKphithe { Wy, }ocr mpocrpancrea X x Y, mpencrasum xkaxmoe W,
B BUjie 00beaunenus kupnuuei U, X Vi, U 3aMEHUM B TIOKPBITAU Kaxkaoe W, Ha COCTaBIMONMe €ro Kuprnudu. Mot
MOKaYKeM, UTO B MOJIyYEHHOM HOKPBITHU KUPIUIAMUA MOXKHO BBLIEIUTH KOHEIHOE TOIIIOKPBITHE, U, Oeps s KazKI0r0
KUPIHAYA W3 3TOrO TMOANOKPBITHE comepKamuii ero Wy, momydumM KOHEYHOE NOMITOKPBHITHE B UCXOMHOM MOKPBITHA.

Urak, nycrs umeercsa npoussosibuoe nokpbitue {U, X V,, } npocrpancrea X x Y kupuugamu. Jist kaxkgoro y € Y
PACCMOTPHM BCe KUPIIMYHU 3TOrO MOKPBITHUs, KOTOpbIe nepecekator X X {y}. Tak kak X x {y} — komnaxr, Bbiienum
u3 3TOro MOKphITHs Koueunoe moanokpeitie {Us(y) X Vi(y),...,Un(y) X Vi (y)} u monoxum V,, = N7, V;(y). Torma
muozkectBa U;(y) X V,, C U;(y) x Vi(y) moxpsiBator X x {y}, u X x V,, C UL, U;(y) x Vi(y).

PaccMorpuM ceMeficTBO OTKPBITBHIX MHOKECTB {Vy }ycy. OHO HOKPBIBAET KOMIIAKT Y, TAK ITO U3 HETO BLLIEJIAETCSI
koneunoe nozpnokperrue {Vy,,...,V, }. Torma {X x V,;}7, — orxpritoe nokpeitne X X Y, u, B cujty CKa3sanHOro
soiute, {U;(y;) X Vi(y;)}i,; — xoneanoe nognokpeirue 8 {Uy X V4, }, uro u rpeboBasocs. O

IIpuBesmem erre ovH TPUMED U3 MATEMATHIECKOIO aHAJIN3A, CBI3BIBAIONINN KOMITAKTHOCTD U PABHOMEPHYTO HEITpe-
peiBHOCTH. HamomunMm, ato otobpaykenue f: X — Y MeTpHueCKUX MPOCTPAHCTB HA3BIBAETCS PAGHOMEPHO Henpe-
PuIBHBIM, ecn s Jioboro € > 0 cymectByer § > 0 Takoe, 9TO M3 ycioBus x1, Lz € X, |x122] < § BbITEKaer

|f(z1)f(22)] <e.

Teopema 5.12. Henpepuisroe omobpascenue f: X — Y mempuueckur npocmpancms, 20e X — KOMNAKIMHO, ABAL-
eMCA PABHOMEPHO HENPEPDBLEHDIM.

JoxkazarenbcTBo. Bribepem mpowmsBonbaoe € > 0 u g Kaxkgaoro x € X, B CHIy HENPEePbIBHOCTA [ B TOYKE X,
Haiigem Takoil oTKpeITbiil map U, (z) C X, koTopsiil nepesoautca orobpazkenueM f B OTKpbIThril mwap U /o ( f (:r)) C
Y. Paccmorpum mapot U, /o(%) BaBOe MEHbIIEro pajuyca, M, B CUly KOMHIAKTHOCTH X, U3 OTKPBITOIO IIOKPbLITHS
{UTI/Q(:E)}I_Ex BbIGepeM Koneunoe noanokpbirue {U,., jo(2;) o, . Ormernm, uro eciu Touku x, ' € X jexKaT B 01HOM
mape U,., (2;), TO, B CUJly HEPABEHCTBA TPEYIOJIbHUKA,

[F@)f @) < |f@)f(@o)] + |fl@) f(2)] <e/2+e/2=e.

IIycre r = minr; u § = r/2. Hokaxewm, uro mobeie x,x’ € X, nua koropeix |zz'| < §, nexar B mexkoropom U, (zr),
UTO M 3aBEPIIHT JI0Ka3aTeIbCTBO TeopeMbl. Tak Kak mapst Uy, /2(2;) MOIOBEHHONO pa/uyca oGpa3yioT MOKPHITHE, TO
r € Uy, j2(xx) C Uy, (21) s mekotoporo k, T.e. [vx| < 74/2. CHOBa MO HEpaBeHCTBY TPEYTOIbHHUKA,

lzpa’| < |zpz| + |22’ <re /248 <re/2471/2 <1 /24 162 = Ty

orkyna ' € Uy, (x)), 970 1 TpebGOBAIOCH. O

5.1.1 IlIpocreiimnue cBoiicTBa, CBI3aHHBIE C KOMIAKTHOCTBHIO

Merpuyeckoe HPOCTPAHCTBO HA3BIBAETCI O2PGHUYEHHDBIM, €CJIA OHO CONEPKUTCH B HEKOTOPOM IIApPe, MHAYE OHO
HA3BIBAETCS HeOo2paHuderHsviMm. [[pyroe ompeesenne OrpaHnIeHHOCTH TOYYAeTCd C TTOMOIIBIO TIOHITHS JTHAMeTPa,
METPUYECKOrO MPOCTpAaHCTBA. A mMenHo, duamempom diam X mempuueckozo npocmparncmea X Ha3bIBACTCA
TOYHAS BEPXHSA TPAHb PACCTOSHUI MEXK Ty TOYKAME ITOTO MPOCTPAHCTBA, T.€. YUCIIO sup{ lzy| :z,y € X } Crenyromee
YTBEpP2K/IeHr€e TPUBHUAIIBHO.

IIpeamoxenne 5.13. Mempuueckoe npocmpancmeo 02parHuMeHo, ecAll U MOALKO eCAl 0HO UuMeem KOHewHbil dua-
memp.

W3 obcyxpennit npumepa [9.5| aHATOrHIHBIM 00PA30M MOy IAETCH CIEAYIOIIHi PE3YIIbTAT.

IIpeasmoxenne 5.14. Ecau mempureckoe npocmpancmeo Uit nodMHONCECMBO MEMPUMECKO20 NPOCTPAHCMEA KOM-
NAKMHO, MO OHO 02PAHUYEHO.

IIpengmoxenne 5.15. Ilycms f: X — Y — nenpepueroe omobpasicenue KOMNAKMHO20 MONOAO2UMECKO20 NPOCMPAH-
cmea X 6 npouseoavhoe monosozuueckoe npocmparemso Y . Tozda mnoocecmeo f(X) xomnarmmo.
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Hoxka3zaresbcrBo. BosbMmem npoussosibHoe nokpbitue { Uy, }oer MHOXKecTBa f(X) OTKpbIThiMU B Y MHONKECTBaMu U,

TOT/a, B CHJIy HeIpepbiBHOCTH f, ceMeiicTBO { f ’I(Ua)}a cA4 — OTKDPBITOE MOKPBHITHE X. Tak kak X KOMIAKTHO, TO B

MTOCTPOEHHOM TIOKPBITHH CYIIECTBYET KOHEYHOE TIOIMTOKPBITHE { f _1(Ua)}a ey
Ho rorga {U, }aecs — Koneunoe nomnokpbitue B {Uy tacr- O

rae J C I — KOHeYHOe TIOIMHOXKECTBO.

IIpenmnoxkenue 5.16. Samrrymoe nodmmoxcecmeo Y KOMNAKMHO20 NPOCMPAHCEa X KOMNAKMHO.

HokasaresascrBo. Ilycrs U = {U, }acr — MpOU3BOIBEHOE TOKPHITHE Y OTKPHITHIME B X MHOKecTBamu U,. Tak Kak
Y samxnyTo, T0 X \ Y orkpbito, mosromy U U{X \ Y} — orkpeiroe nokpoitue X. B cuity komnakraocTr X U3 9TOr0
MOKPBITHS MOXKHO BbIOpaTh KoHedHOe MOAnOKpbITHE {Uy tacs U{X \ Y}, roe J C I — koneunoe nogmuoxecrso. Ho
roryua {Uy }aes — KOHEUHOE HOANOKpBITHE B U, O

IIpensoxenne 5.17. Komnaxmuoe nodmuosicecmeo Y zaycdopgosa npocmpancmea X 3amKEHYmMO.

Hoxka3zaresbcerBo. Mbl goszkubl nokasarb, 4o X \ Y orkpbiro. Beibepem cHadasia npousBosibuyo To4Ky € € X \ Y,
u s Kaxkoi Touku y € Y pacemorpum Henepecekarommecs okpectaoctu UY u U?(y), cymecTBytomue B CUIy Xa-
yeaopdosoctn npocrpancrsa X. Torma {UY},cy — OTKpbITOE MOKpHITHE Y, 3 KOTOPOrO, B CHIy KOMITAKTHOCTH Y,
MOKHO BBIOpaTh KOHEUHOe momnokpeitue {UY, ... UY}. Tak xak U”(y;) He nepecekaer UYi, T0 KOHEYHOE TEpece-
uenne U = N;U?(y;), ABdionieecs OKPECTHOCTBIO TOUKY X, He nepecekaer Bce UYi u, 3HauuT, ux oObeuHeHue, a ¢
HUM U COIEeprKaIeecs B HEM Y .

Urak, mua xaxgoro x € X \'Y Mbr nocrpomnm okpectrocth U”, He mepecekaromryio Y. OO0bequHenne Takmx
OKDECTHOCTEH SIBJISIETCS OTKPBITHIM MOAMHOXKECTBOM X (Kak 00beJuHeHne OTKPHITHIX MHOXKeCTB) 1 pasHo X \Y. O

CaencrBue 5.18. IIycmv X — mempuueckoe npocmpaHcmeo, mozda kaxcdoe e20 KoMNAKMHoe NoOMHONCECTE0 —
3AMEHYMO U ogpanuvero. B wacmuocmu, amo umeem mecmo 6 caywae X = R™.

Caeacrsue 5.19 (Kpurepuii kommakraocTH moaMuoxkects R™). Hodmmoowcecmeo X C R™ xomnaxmmo, ecau u
MOABKO €CAU OHO 3AMKEHYMO U 02DAHUYEHO.

dokazaresbcTBo. To, UTO Bce KOMTAKTHBIe X — TaKWe, YTBEPKIAETCI B CJIEICTBAN Oo6parno, eciu X C R”
3aMKHYTO M OIPAHYEHO, TO OHO JIEKUT B HEKOTOPOM Kuprmde. B cuy reopewmst [5.8] Kupmud KOMIakTeH, mosToMmy,
ABJISAACH 3AMKHYTBIM II0JMHOKECTBOM KOMIIAKTA, X TaKKe KOMIAKTHO IO IpeiozKenuio [5.16] O

CaencrBue 5.20. O6pasz xpueot v: [a,b] — X 6 npouzeosvrom monosozuueckom npocmpancmee X KOMNAKMEN.
Ecau X — mempuueckoe npocmpancmeo, 8 wacmuocmu, ecau X = R™, mo 0bpa3 xpueoti 3amMEHym U 02PAHUYEH.

IIpuBenem criencTBue, SBIAIONIEECS OMHON M3 BAXKHBIX TEOPEM MATEMATHIECKOIO AHAJIA3A.

Teopema 5.21. Ilycmo f: X — R — nenpepuenas GyHKUus Ho KOMNAGKMHOM MONOA02UNECKOM NPOCMParcmee X .
Tozda [ oepanunena u docmuzaem CEOUL MOYHBLL BEPTHUL U HUNCHUL 2paHel, M.e. CYWECMBYIOM Tmin, Tmax € X,

ons komopux f(Tmin) = infrex f(2) U f(Tmax) = supgex ().

dokazaresbcTBOo. JleficTBUTEILHO, MO TIPEII0KEHUIO muOKecTBO f(X) C R KOMIAKTHO, TOTOMY, B CHILY
TIPEJIOYKEH S OHO OrpaHuyeHo (a 3TO W eCTh OrpaHudYeHHOCTb (GyHKumU f), a, no npemIoxenuro [5.17) oHo
3aMKHYTO. Tak Kak TOYHbIE BEPXHsid U HUKHsA Ipanu MHOXKecTBa f(X) ABJIMIOTCA €ro TOYKaMU MPUKOCHOBEHUS, TO
samkHyroctb f(X), B cuiy ciaeincrsus BJIEYET [IPUHA/IEKHOCTH TUX ToueK MHOxkecTBY f(X), a 910 U 03Ha4aer

JOCTUZKUMOCTb TOYHbIX BepXHEH U HUXKHEH IpaHei. O

CaencrBue 5.22. ITycmos v: [a,b] — X — xpusas 6 mempuueckom npocmpancmee X, nanpumep 6 R", u P € X
— TNOYKA, HE AEHCAUWAA HA IMOT KPUBOT, m.e. He npunadiexcausas o6pasy omobpascenus y. Tozda dynwyua f(t) =
|Pv(t)| paccmosnus om P do mouex kpusoti () docmuzaem c60€20 MUHUMYMG, U SO MUHUMYM TOAONHCUMEAEH.

HokasaresbcrBo. [eiicrBurenbro, Gynkius f(¢) HenpepbiBHA Ha OTpe3ke [a,b] Kak KOMITO3WIMS HENPEePbIBHO-
ro oTobparkeHusi 7y ¥ HEenpepbIBHON (DYHKIMU PACCTOSHMS 0 JAHHOH TO4YKM (CM. 3ajady , MO3ITOMY, B CHILY
TEOPEMBI dbyukuus f gocruraer CBOEro HaMMEHbBILErO 3HAYEHUsI B HEKOTODPOI Touke tg € [a,b]. Ho rTorma
f(to) = |Pv(to)| > 0, tak Kak P He JeKUT Ha KPUBOIL. O
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5.1.2 JJocTaTo4YHOE yCJI0BHE roMeOMOP(HOCTI HENPEPHIBHOTO OMEKTNBHOIO OTOOpake-
HUS U IPpUMepPbI NPUJIOKEHNS

Kom6unupysa npeaiozxennsd [5.10) [5.16] u [5.17], npuxomum K ciremyiomeii TeopeMe, KOTOpas BO MHOIHX CIAydadxX CyIIe-
CTBEHHO 00Jierdaer MpoBEePKY roMeoMOP(HOCTH TOMOIOINIECKUX IIPOCTPAHCTB, IIO3BOJISAA JOKA3bIBATH HEIIPEPBIBHOCTD
TOJIBKO TTPSIMOTO OTOOPAYKEHUS .

Teopema 5.23. Henpepovienoe buexmusernoe omobpasicenue f: X — Y womnaxmmozo npocmparncmea X 6 xaycdopphoso
npocmpancmeo Y — 20MeomopPhusm.

JokazaTesnbcTBo. JI0CTaTOYHO IPOBEPHThL, UTO 0OpaTHOE OoToOpaykenme f ! HempepbniBHO. [T JOKa3aTeabCTBa
MOCJIETHETO BOCIIOJIB3yEMCsl OIPEIEIEHHEM HENPEPLIBHOCTU Yepe3 3aMKHYThIE MOJIMHOXKECTBA: OTOOPaYKEeHUE Herpe-
PBIBHO, €CJIM U TOJBKO €CJH MPoodpa3 KaxKIO0ro 3aMKHYTOIO MHOXKECTBA 3aMKHYT. B Hammem ciydae mpoobpas mpu
orobpaskenun f~! arasgerca obpazom oTobpaskenus f. TakuMm 06pa3oM, TpeGyeTcs MPOBEPHUTL, UTO f-06pa3 KarxKIoro
3aMKHyTOro B X TOAMHOXKecTBA A 3aMKHYT B Y.

Tak kak X KOMOAKTHO, TO, TO TMPEIJIOKEHUIO mHOKecTBO A Toke kommakTHO. Ilo mpenmoxenuio [5.15]
muokecrBo f(A) kommakTHo. Hakonern, tak kak Y — xaycaopdoBo, TO, 0 HPEIJIOKEHUIO mHO)KecTBO f(A)
3aMKHYTO B Y, 9TO U TPeOOBAIOCH. O

Crenyrouuii mpuMep IEMOHCTPUPYET, 9TO Ijig TOMEOMOPGMHOCTH OTOOPAXKEHUST MOXKET OKA3AThCS HEA0CTATOIHO
€T0 B3aUMHOUW OTHO3HAYHOCTH U HEIPEPHIBHOCTH.

Ilpumep 5.24. Orobpaxenue f u3 nomyunrepsana [0,27) B okpy:xkuocth {r? + y? = 1}, 3amannoe dopmysoii
f:t — (cost, sint), B3aMMHO OJHO3HAYHO U HEIPEPLIBHO, rOMEOMODP(MHU3MOM HE fABJSETCs, TaK KAK OKPY’KHOCTb
KOMIIAKTHA (3aMKHYTa U OFPAHUYEHA), & MOJYUHTEPBAT — HET.

ITokazkeMm, Kak MOYKHO WCIOJIb30BAThH TEOPEMY JUIST TOKA3aTeIbCTBA, TOMEOMOP(MHOCTH TeX WMJIM HWHBIX MPO-
CTPAHCTB.

IIpumep 5.25. Paccmorpum Ha ILJIOCKOCTH € KOOPIMHATAME T, Y OKpy2KHOCTL S' = {(x,y) ca? 4 y? = 1}, " IIyCTb

X =8"n{(z,y) : y > 0} — zamkuyras nonyokpyzxuocrs. [Tokaxem, uro X romeomopduo orpesky [—1,1].
Paccmorpum mipoekimio m: R? — R miaockocrn R? mwa och abemmucee R, samannyio tak: 7: (x,y) — x. B cuny

CJEICTBUSA 9TO OTOOparkeHue HempepbiBHO. B cuity mpemioxkenns [3.28] orpanndenue f orobpazkenus m Ha X u

ero obpas w(X) = [—1,1] — Takxke HenpepbiBHO. dcHO, uTo f GuekTUBHO, & X KOMIIAKTHO KAK 3aMKHYTOE OrDAHMU-
YEeHHOE MOJAMHOMKECTBO IIocKocTH (cM. ciencrsue [5.19)). Orpesok [—1,1] — xaycmopdos, Tak KakK €ro TOHOJOIHS —

merpudeckas (npeanoxkenne |3.7)). Ocranocs npumenuts Teopemy [5.23
p p p pemy

X

x,y)

-1 1
X

Puc. 5.1: 3aMKHYTBI TOJyKPYT rOMeOMOP(dEH OTPE3KY.

IIpumep 5.26. Ecim B mpumepe pPaccMoTpeTh OTKPBITYIO TOMyokpyxHocTh Y = S N {(z,y) : y > 0}, To
orpanudenue orobpaxkenns f: X — [—1,1], mocTpoeHHOro B 3TOM mpuMepe, Ha Y u ero obpa3 f(Y) = (—1,1) Gyzer
romeomopdusmom B cuy crecrsus 4.4

IIpumep 5.27. Ha mrockoctn R? ¢ KoopAMHATAMH &, § PACCMOTPHM KOJBIO X = {(x,y) ta < WJrz+y? < b},
rie 0 < a < b < oo. Takke B TpexmepHOM TpocTpancTse R3 ¢ koopamnartamu (x,%,2) paCCMOTPUM THIHHID Y =
{(x,y,2) : 22 +y? =1, a < 2z < b}. Tlokaxkewm, aro X u Y romeomopdusr. [Tocrpoum orobpazxkenne F: R?\ {0} — R3
CTTEIYTONIAM OOPa30M:

F:(z,y) = i LN/

\/xZ +y27 \/x2+y2
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Koopaunarubie dbyHKIMYT 3TOT0 0TOOpaKEHUs HEMPEPBIBHBI B cuity ciaenctsusd (.24 u mpennoxkenus [3.18] mostomy F
— HeTpepBIBHOE OTOOPAsKeHNE B CHTY HMPeITOKeHNS B cuny npenmoxenus orpanmdeHye f OTOOpasKeHWs
F na X u ero obpa3 Y = F(X) — rakxe nenpepbisao. Herocpecrsenno nposepsiercs, 4ro f — GuekTuBHoe 0Tobpa-
sxenne. Tax kax X — 3aMKHyTOe U OrpaHmuenHoe nogmuozkectso R2, a Y — xaycnopdoso, npumennma TeopeMa
3aBEPINAIONIAs JOKA3ATEIHCTBO ToMeoMopduocTn X u Y.

Ooe

Puc. 5.2: Konb1o romeoMopdHO MUIUHIDY.

3ajaua 5.28. Boipexxem u3 Oymaru mpsMOyroJabHYIO JEHTY W CKJIEMM JBE IMPOTHUBOIOIOKHBIX CTOPOHBI, IIPEIBAPH-
TeJIBHO MEepeKpyTHR JeHTy Ha 360°, cM. puc. IMokaxkuTe, 9T0 MOIYYEHHOE TOMOJOTHIECKOE MPOCTPAHCTBO OymeT

roMeoMopdHO OOLITHOMY MUJIUHIPY U3 3a1a9K

o

Puc. 5.3: Ipaxkpl nepekpydeHnas mojaocka roMeoMOpdHa UIHHIDY.

5.2 Kpurepuii KOMITAKTHOCTH METPUIECKUX ITPOCTPAHCTB

Kaxk MbI oT™Meda m pu 00CYKI€HUN KOMIIAKTHOCTH OTPE3KA U KUPITUIA (HpHMep, JJ1 METPUYECKUX MTPOCTPAHCTB
KOMIIAKTHOCTb MOYKHO BBIBECTH M3 AHAJIOTOB AKCHOMBI ITOJTHOTHI BEIIECTBEHHBIX YHCEJI U BO3MOYXKHOCTH Pa3buBaTh mpo-
CTPAHCTBO HA KOHEYHOE YHCJIO CKOJIb yroAHO Masibix dacreil. Ceitaac Mbl chOpMyIupyeM ABa CBORCTBA METPUIECKUX
IIPOCTPAHCTB, BBIIIOJHEHUE KOTOPHIX PABHOCUIbHO KOMIIAKTHOCTH.

5.2.1 IlosHasgs orpaHMYEHHOCTD

IIycts X — meTpuyeckoe mpocTpaHCTBO. Boibepem mpon3Bonabaoe € > 0. IlogmuoxkecTBO S mpocTpancTBa X HA3bIBA-
eTCsl £-CeMbI0, eCyIn I KaXK 0 Toukn x € X cyImecTByer s € S Takas, 9To |x8| < . labimu ciioBavu, S sABJIS€TCS
€-CETBIO, eCJIH ¥ TOJIBKO €CIIU CeMeicTBO OTKPHITHIX mapoB {U.(s)}ses mokpeiBaer X.

Boiie Mbl orMeruiu (npeiokeHue , 9TO [JIT KOMITAKTHOCTH METPHUIECKOrO IMPOCTPAHCTBA TpebyeTcs orpa-
HHUYCHHOCTD. O,HH&KO 9TO CBOMCTBO ene He JOCTAaTOYHO CHJIbHOE, IwITO6I:.I yY49aCTBOBaTb B KPUTEPHUHU KOMIIAKTHOCTH.
MeTpniueckoe TPOCTPAHCTBO HA3LIBAECTCSI 8NOAHE 02PAHUMEHHbBIM, €CIIN JJI KaKI0ro € > () OHO COMEPKUT KOHE-
HYI0 e-ceThb. CBONCTBO TTPOCTPAHCTBA OBITH BIIOJHE OIPAHWYEHHBIM HA3BIBAIOT TAKKE TLOAHOT 02PAHUYEHHOCTNBIO
3TOTO MPOCTPAHCTBA.
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3ameuanune 5.29. Ecan mpoctparcTBo X BIOJIHE OrPDAHWYEHO, TO OHO TAKXKE U OrpaHudeHo. leficTBuTesbHO, eciiu
S — KOHeYHasI £-CeTh, & d — MAKCHUMAJTHHOE PACCTOSHUE MEXKIy TOIKAMH U3 S, TO s JTI00bIX X,y € X CyIIeCTBYIOT
Sz, 8y € S, I KOTOPBIX |TS5| < €, |ysy| < €, mosTomy |ay| < d + 2¢. Takum obpaszom, diam X < d + 2¢ u, 3Ha4uT, B
cuity npegioxkenns [5.13) npocrpancrso X orpaHudeHo.

IIpumep 5.30. Ilyctp X — Geckomeunoe MHOXKecTBO. IIpeBparum X B MeTpHUIeCKOe MPOCTPAHCTBO, MTOJIOXKHUB PaC-
CTOsHME MeK/ly Pas3amuubiMu Toukamu 13 X pasubiv 1. Toraa 910 NpocTpaHcTBO AUCKPETHO M, B CUily upumepa [5.3]
HEKOMIIAKTHO, XOTs U OrpanudeHo. OrmernMm, 9To a1 € < 1 eIUHCTBEHHAs £-CeTh TAaKOro X — 3T0 camMo X, TaK 9TO
X He SBJISIETCS BIIOJIHE OrPAHUYIEHHBIM.

Ormerum JaJjiee, 9To MOJTHO OI'PAaHUYEHHOCTHU IJId KOMIAaKTHOCTH HEIOCTATOYTHO.

IIpumep 5.31. IIycts X = (0,1] C R, Torma X — BHosHE OrpaHMYeHO, Tak Kak Jus Jo6boro € > 0 cymecTByer
m € N, mra xoroporo 1/m < e u, 3HadUT, MHOXKECTBO Touek {k/m}}, obpasdyer komeumyio e-cerb. Ommaxo X
HEKOMIIAKTHO, TAaK KaK He sIBJISeTCS 3AMKHYTHIM [IOJMHOKECTBOM IpPAMOM, cM. ciaeacTsue [5.18]

5.2.2 dDyHaaMeHTaAJIbHbBIE TTOCJIEA0BATEIHHOCTA M MOJIHOTA

[TocienoBaTEAHHOCTD 21, X2, - . . TOUEK METPUUECKOTO MTPOCTPAHCTBA HA3BIBALTCSA BYyHIaMeHMaAAbHOU, €CIIN TS JTII0-
6oro ¢ > 0 cymecrByer N Takoe, 4TO IpU BCeX p,q > N BBIIOJHSIETCS |T,T,| < €. MeTpuueckoe IpoCTpAHCTBO X
Ha3bIBAETCH NOAHBLM, ECITH KAXK1asd ero (hyHIaMEHTATIbHAS TOCTIEI0BATETbHOCTD CXOIATCS.

3ameuanune 5.32. Eciu B dyHmaMeHTaIBHON TOCIEI0BATEIBHOCTH COAEPIKUTCH CXOISIIASICS MOANOCIEI0BATE b=
HOCTB, TO U BCA IOCI€I0BATEIHHOCTD CXOAUTCH, IIPAYEM K TOMY K€ IIpeaeiry (HpOBepre).

3ameuanmne 5.33. Axkcuoma mojaHoTh R, B ¢popme npuniuna KanTopa o BI0XKEHHBIX OTPe3Kax, SKBABAJIEHTHA, C(POp-
MYJIHPOBAHHOM TOJBKO UTO TOJHOTE B TepMUHAX (PYHIAMEHTAJILHBIX MOCTeN0BAaTeIbHOCTEH. JleficTBUTeNbHO, JTETKO
BUIETDH, 4TO (PYHIAMEHTAJIBHOCTD IOCIEJ0BATEJIbHOCTH BJI€YET €€ OIPAHUYEHHOCTh. 3aTeM II0OKA3bIBAETCs, YTO KazK-
Jasi OrpaHuYeHHas [I0CJIEA0BATEIbHOCTD UMEET CXOUMILYOCH IOAIIOCIEA0BATE/IbHOCTE. DTO OCYIIECTBISETCH METOI0M
JeJIeHrS OTpe3Ka TIOMOoJaM W TMOCTPOEHUEM TOCIEIOBATEIHLHOCTH BJIOYKEHHBIX OTPE3KOB, B KaXKJIOM M3 KOTOPLIX CO-
JEpKUTCS DECKOHEYHOE YUCJI0 IJIEMEHTOB ITOC/IEI0BATEILHOCTH: €INHCTBEHHAS ODIAs TOYKA 3TUX OTPE3KOB U €CTh
Tpees COOTBETCTBYIOIIEN TIOIMOCTIeI0OBATEIHbHOCTH. V1, HAKOHe, /Te/TaeTcsl TpPUBHAJIbHOE 3aMeYaHne: €C/IA MOATIOCIe-
JOBATEIbHOCTD (PYHIAMEHTATHHON MOCTEI0BATEIHHOCTH CXOAUTCSA, TO U BCA (DYyHIAMEHTATbHAS MOCTIeI0BATEIbHOCTD
Toxke cxouures (K romy ke upejeny). Tem cambim, nokasbiBaercs, 4ro npuniun Kanropa Bieder cxoqumoctsb yHia-
MEHTaJILHBIX TTOCJIEIOBATEILHOCTE BelecTBeHHbIX ynces. OOpaTHo, eciv Kaxkaast QyHIAMEHTAIBHAS TOCTIeI0BATE b
HOCTH CXOJUTCsI, TO JieBble (IpaBble) KOHIIBI MOCIEI0BATEIbHOCTH BIOXKEHHBIX OTPE3KOB, JJINHA KOTOPBIX CTPEMUTCS
K HyJII0, 00pa3yiorT GbyHIAMEHTAJbHYIO MTOCJIEI0BATEIbHOCTD, MPEAeIbHAS TOYKA KOTOPOU SBJISIETCS OOIEil TOYKOM
OTPE3KOB, TaK KaK OHA JIEYKUT TIpaBee BCeX JIEBBIX KOHIIOB U JIEBEe BCEX IPABBIX, a MMO3ITOMY MPUHAIIEKUT BCEM
OTpe3KaM.

B monubIxX MeTpUUECKUX MTPOCTPAHCTBAX HA 3aMEHY MPUHIAITY BJIOKEHHBIX OTPE3KOB MPUXOIUAT IPUHITUI BIOKEH-
HBIX I1apPOB.

Teopema 5.34 ([Ipunuun Broxkenubix mapos). ITyems X — noanoe mempuneckoe npocmparcmeo, a By DO By D
— N0CAe008AMENLYHOCTND 3AMEHYMBLE BAONCEHHBLT UWLAPOS, PAOUYCHL KOMOPHLT cmpemamcs & nyato. Tozda NB;
cocmoum poeéHo u3 00Ol MOYKU.

dokazaTesbcTBO. BpiOupas B KaxK7a0M Imape B; ero meHTp x;, NoayunM (PpyHIaMEHTATbHYIO MOCIeI0BATETHHOCTD,
KOTOpasi, B CUJIy HOJHOTHI IIpocTpancTBa X, cxomurcs K Hekoropomy © € X. Jlist Kazk10ro n Best HOJIIOCIIEI0BATE b
HOCTH Ty, Lpy1,- . . JEKAT B B, MOITOMY & — TOYKA MPUKOCHOBEHWS A7 By, Tak 9T0 & € B, B CHJIy 3aMKHYTOCTH
mapa. JTO U JOKA3BIBAET, UTO T IPUHAIIEIKUT BCEM ITApaM, a, 3HAYUT, U UX Tepecedernio. /IByxX TOUeK B nepecedeHnn
OBITH HE MOYKET, TAK KaK WHAYE PACCTOSHUE I MEXKJY ITUMHU TOYKAMHU MOJIOKHUTEIHHO, HO OHU ODe HE TTOMECTSITCS B
mape pajaumyca /3. O

IIpumep 5.35. Ilpocrpancreo X = (0,1] C R u3 npumepa He ABJIAETCSA MOJHBIM. JleficTBUTENHHO, MOCIen0Ba-
TEJBHOCTD Ty, = 1/n dyHmamMenTanbHa, HO He CXOAUTCs, Tak Kak X He comepxut 0.

ITpumep 5.36. IIpocrpancTso R"” — momnoe. eiicTBuTebHO, DyHIAMEHTAIHLHOCTD MOCIEI0BATETLHOCTH TOUYEK T; =
(i1 - -+, Tin) PABHOCUIIbHA (DYHIAMEHTAIHLHOCTU KOOPOUHAMHBLL NOCAEI08AMEALHOCTNEY T1), Lok, - - - JJIs BCEX
k=1,...,n (ybequrecp B 31oM). Tenepn nonuora R™ Boirekaer u3 nosnHorst R.
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Sameuanne 5.37. B oriuuue OT npemiokeHus €C/IM B TEopeme He TpeboBaTh, YTOOLI PAJUYChl IIAPOB
CTPEMUJTACH K HYJIO, TO Tepecedenne NB; 3aMKHYThIX BJIOXKEHHBIX IMAPOB B; MOXKeT 0Ka3aThCs IMycThiM. B kauecTse
upumepa paccmorpum pocrpancrso X = N ¢ dyukuueii paccrosinus p(m,n) = 1+1/ min{m, n} upu m # n. Tak xkak
BCE HEHYJIEBBIE PACCTOSHUSA JIEXKAT B IpeJeIax or 1 110 2, HEPABEHCTBO TPEYTOJbHUKA, BCEIYIA BBINOJHIETCSH, TOITOMY
(X, p) — MeTpuYeckoe TPOCTPAHCTBO. Tak KaK PACCTOSHWE MEXKIy KaxKJOH TMapoil pasandHbIX TOYeK He MeHbINe 1,
[OCJIEI0BATENHLHOCTD (DYHIAMEHTAIbHA, €CIM M TOJIBKO ecjiu OHa cramuonapha. CiienoBaresbHo, Bee GyHIaMeHTab-
HBIE MOCTIEI0BATENBHOCTH CXOAATCA M, 3HAYUT, 9TO METPUIECKOE MPOCTPAHCTBO — moJHOe. Jlanee, 3aMKHYTBIH map
Bit1/n(n) ¢ nenrpom B n € N u pamuycom 1+ 1/n umeer sug {n,n +1,n+ 2,...}, nosromy By O By D -+ —
Bioxkenuple wapsl. Onuaxo NS, B, = ().

IIpenmnoxenue 5.38. Ilodnpocmparcmeo noaH020 MEMPUNECKO20 NPOCTPAHCTIEA NOAHOE, ECAU U TOALKO €CAU OHO
samrHymo. B wacmnocmu, ece noanvie nodnpocmparcmea R™ — 9mo 6ce603M0HCHbIE 3AMEHYMBIE TOOMHOACECTNEA
R”™,

HokazarembcTBo. Ilycth X — mosHoe MeTpudeckoe mpocTpancTBo n Y C X — moanmpocTpancTio. [Ipeamomoxmm,
9TO TPOCTPAHCTBO Y — mojHOe. BO3bMeM MpOW3BOMbHBIN & € X, ABJISIONIMICST TOYKON MPUKOCHOBEHUS M Y, U
BBIOEpEM B KayKIO0# IMapoBoii okpectroctn U /n(x), n € N, HeKOTOpyIO TOYKY Z,. lorma x, — &, TO3TOMY MOCJe-
JOBaTEIbHOCTD &, (yHIAMEHTAJbHA. TaK Kak Y — IOJHOE, MPEeJes & ITOH MOCJIEeI0BATETLHOCTH COMEPKUTCA B Y .
Nrak, MbI TOKa3a/IM, 9TO BCE TOYKU MPUKOCHOBEHMS MHOXKECTBA Y COMEPXKATCA B Y, C/IEIOBATENHHO, Y — 3aMKHYTOE
noaMuozkecrso X.

O6parHo, myCcTh Temepb Y — 3aMKHYTOE TOAMHOXKECTBO X . PaccMOTpuM MpOM3BOIBHYI (DYHIAMEHTAIBHYIO MO-
cjieJoBaTeIbHOCTD X, € Y. Tak kak X — moJiHOe, TO I, CXOAWTCS K HeKOoTOopoi Touke x € X. Ho Torma B Kakmoii
okpectaHOCTH U” Ne¥kat TOUKU X, € Y, MOITOMY T — TOYKA MPUKOCHOBeHus Y. B cuny 3amryTocTu, x € Y. Takum
00pa30M, MBI TOKA3aJM, IYTO KarxKIas (PyHIaMEHTAJbHAS MOCIEI0BATEILHOCTh B Y CXOAWTCA K HEKOTOPO# TOUKe Y,
IIO3TOMY IIPOCTPAHCTBO Y — IIOJTHOE. O

Banmaua 5.39. Hokaxkwure Kpurepuit Komu o menpepbiBrOM npomoskennu orobpaxenus f: X \ {z} = Y, rme X
— MPOM3BOJIHLHOE METPUYECKOE MPOCTPAHCTBO, 8 Y — TOJIHOE. A MMEHHO, TIOKAXKUTE, u4TO eciau B, — mpou3BOJbHA
6a3a OKpPECTHOCTEH TOYKM T, TO [ NPOJOJIKAETCA B T 10 oToOpaxKenus g: X — Y| HEIPEPLIBHOIO B TOYKE X, €CJIU U
TOJIBKO e/ [1st MoGoro & > 0 cylecTByeT okpecTHOCTb U € BY Takasi, 94To s JO0bIX L1, Ly € U BBIIOTHACTCS
|f(x1) — fz2)| < e. Vwasanue: samenure B 10Ka3aTEAbCTBE TEOPEMbI OTpe3Ku [ag, by HA BJIOKEHHbBIE [IAPBI U
BOCIIONIB3yHTech mpeasiozkenueM [5.38]

5.2.3 Kpurepuii KOMOAKTHOCTI METPHUIECKOTO IPOCTPAHCTBA
JokazkeM Terneph KpUTEPHH KOMIAKTHOCTH I OOIINX METPHUUIECKUX MPOCTPAHCTBE.
TeopeMa 5.40. Mempunecnoe npocmpaHcmeo KOMNAKmHo, eCAU U MOABKO €CAU OHO NOAHOE U 6NOAHE 02DAHUMEHHOE.

dokazaTesbcTBo. JlokazaTeabcTBO OyIeT caeaoBaTh U3 PsIaa JIEMM.

Jlemma 5.41. ITycms X — KOMNGKMHOE MEMPUYECKOE NPOCMPAHCME0, M020a OHO NOAHOE.

JoxkazarenbcrBo. [IpenmnosokuM mpoOTUBHOE, T.€. 9TO MPOCTPAHCTBO X He mosHO. Torma cymecTByer yHIAMEH-
TaJbHAS TOCIEJI0BATENIBHOCTD 1, X2, ..., KOTOpas HE MMeeT Mpejeia. ITO, B 9aCTHOCTH, O3HAYAET, UTO JIJIA KarK-
Joit Touku ¢ € X, OTIMYHON OT BCEX TOYEK I;, CYIIECTBYET OKPECTHOCTH U®, He comeprKaliasi TOYeK Z;. SHAUMT,
U:= X\ {x;} — oTKpbITOE MHOXKECTBO.

Boiiee Toro, rak Kak Kak/ias TOYKA T; TAKKe HE SBJIAETCH IIPEJEIOM I10C/IEI0BATE/IbHOCTH, ByHAMEHTAIbHOCTD
TIOCIIEJOBATEILHOCTH BJIEYET, YTO I; BCTPEYAETCS B MOCIEIOBATEIBHOCTH KOHEYHOE YNCIO pas. JefcTBuTesnbHO, ec-
s OBl CYIIECTBOBAJA MO/IIOCIEIOBATENLHOCTD I;, TaKas, YTO BCE X;, PAaBHBI T;, TO, B CHJy 3aMedanus [5.32] Bcs
MOCTIEJOBATEIBHOCTD CXOAUIACH OBl K Z;, IPOTHBOPEYNE.

Nrak, Mbl mOKa3ad, 9TO B HOCIEAOBATEILHOCTH T1, L2, ... AMEETC GECKOHEYHOE YHCIO PA3JIMYHBIX TOYeK. Be3
OrpaHHYeHHd OOLIHOCTH, Oy/leM CYUTATh, YTO BCE TOYKU IIOCJIEJI0BATEJBHOCTH pasiudibl. Ho rorga, Tak Kak Hu
OJIHA W3 X; He SIBJISIETCS TPEJIeJIOM TIOCIIeI0BATeIbHOCTH, cyiecTByeT U%i, B KOTOPO# HE CONEPKUTCS APYTUX TOUYEK
nocienoBareabHocTH. Pacemorpum otkpsrroe mokpeitine U = {U} U {U%}52, npocrpancrBa X . Tak Kak 1 1106010
i cemeiicrBo U \ {U"'} MOKpBITHEM He SIBJISETCH, & BCe TOUKH X; PA3JINYHBbIE, M3 MOKDPHITUS U HEIb3s BBIIEIUTH
KOHEYHOrO HOAHOKPBITHA. Ilo/rydeHHOE IPOTHBOpEYREe 3aBEPIIAET JOKA3ATEIbCTBO TEMMbI. O

Jlemma 5.42. [Tycms X — Komnaxmuoe mMempuseckoe npocmpaHcmaeo, moz0a oho 6noAHe 02PaHUYEHO.
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JokaszarenbcrBo. Bribepem mpousBosibaoe € > 0 1 paCCMOTPUM OTKPBITOE TOKPHITHE {Ue(a:) }z ¢ x TPOCTPAHCTBA X.

Tak Kak MPOCTPAHCTBO X KOMIIAKTHO, B 3TOM MOKPBITHU COIEP>KUTCA KOHEUHOE TTOIMOKPBITHE {U6 (x1)y...,Ue (xn)},
Ho Ttorga {x1,...,%,} — KOHEYHAs £-CE€Th, TTOITOMY X — BIIOJHE OIPAHWYEHHO B CHIIY TIPOM3BOJILHOCTH E. O

Jlemmbt [5.41| n [5.42] 10Ka3bIBAIOT MIPSIMOE yTBEP2KIEHAE TEOPEMBL, & IMEHHO, UTO KasK0€ KOMIIAKTHOE METPUIECKOe
MPOCTPAHCTBO TOJHO W BIOJHE orpanndeno. JlokaxkeMm Temepb oOparTHOe yTBepxKaeHne. Ias 3Toro HaMm moHaI00SITCsI
ele J[Be JIEMMBI.

Jlemma 5.43. Ilycmo X — 6noaHe 02panuveHHoe MEMPUYECKOE NPOCTPAHCINEO, M020a U3 KaNHCA020 €20 OMEDPHLINOZ0
NOKPLLIMUA MONHCHO 8blOPATIDL He Doaee Yem CHEMHOe NOINOKPLLMUE.

HokasaresabscrBo. s kaxaoro n € N poibepem B X koweunyio (1/n)-cetb S,, torma U, = {Ul/n(s)}
koHeuHoe mokpeirue X . Ilonoxum U = U, U,,, Torma U — He Oojiee IeM CIETHOE TTOKPHITHE X .

Bribepem mpou3BosibHOE OTKPBITOE TOKPBITHE ) MpOcTpancTBa X U MOKaXKeM, Kak n3 V) MOXKHO BeIOpaTh He Hostee
9eM CYeTHOE MOANOKPBITHE, 1MoJb3ysach nokpoitueM U. s xkaxkmgoro U € U paccmorpum Bce V' € V| comepxkariue
U. Ecnu takux V' Her, To nojoxum Vy = (). nade poibepem 11060 u3 atux V' u nonoxum Vy = V. ITokaxkewm, 4to
CeMeiicTBO BCEX HemyCThIX Vi oOpasyer mokpbiTue X .

Bepem npowussosibHyio TOuky x € X, Torza cymecrByer V € V), comepxkamee x (Tak Kak V — mokpbitue). Io
OIIPE/IEJIEHUI0 METPUYECKON TomoJjioruu, cyuecrsyer € > 0 rakoe, uro Uz (z) C V. Boibepem n € N takum, 9r00bI
spinosaanocs 1/n < /2. Tak kak U,, — nokpeirue X, cymecrsyer Uy, (s) € Uy, conepxammee x. Ho ana mro6oit
roukn y € Uy (s) Bomonnsercs |xy| < |zs| + |sy| < 1/n+41/n < ¢, mosromy Uy, (s) C Us(x) C V. Taxum obpason,
ana U = U; /n(s) MHOXKeCTBO Vi Hemycto u, 3uHauut, x € U C V. Takum 06pa3om, ceMeiicTBO BCeX HEMyCThIX Vi
SABJISETCsS He 00JIee YeM CYETHBIM MOAIOKpbITHeM B V. Jlemma goka3ana. O

sES,

Jlemma 5.44. IIycmv X — 6N0AHE 02PAHUYEHHOE TIOAHOE MEMPUYECKOE NPOCTPAHCTNGO, To2da u3 AboT nocaedo-
8ATNEALHOCTNU T1, T2, ... 68 X MOHCHO 6b0PAML CLOOAWYNCA TLOONOCAL0BAMENLHOCTIY.

Hoxka3zaresabcrBo. Tak kak X BIOJHE OrpaHUyeHo, TO g Kaxaoro n € N cymecrsyer koneunas (1/n)-cerb S,

W COOTBETCTBYIOIEee eif KOHeTHOe MOKpbITHe U, = {U1 /"(5)}5 s, Tak kak Uy KOHEYHO, B OJHOM W3 €r0 JIEMEHTOB,
n

ckaxkeM B Uy, COnepKUTCA GECKOHEYHO MHOTO TOYEK X;. DTH 3JeMeHThl 0003HaIuM T1,x3, . ... AHasorndno, B 01HOM
W3 3JIEMEHTOB, CKaskeM B Us, KOHETHOTO TIOKDHITHS Us COMEPYKUTCS GECKOHETHOE WHCIO0 ). JTH 3JIeMEHTHl 0603Ha-
ynm 23,73, . ... Ilpogomkas 3TOT mporece, Mbl s Kaxkaoro n € N nocrpoum U, € U,, B KOTOPOM COTEPKUTCS
TTO/IITOCIIEIOBATEIHHOCTD XY, T4, . . . MOCIE€JOBATETLHOCTH a:?_l, xg_l, e

PaccMOTpUM TIOCTeIOBATENBHOCTD 41 = T1,Y2 = T3,..., ABIAIOMYIOCA MOIIOCTEI0BATETLHOCTBIO B X1, T2, . . ..
Torma nas kazxmoro n € N Bee y; mpu ¢ > n mexar B Uy, mo3TOMY AJ1s1 JIIOOBIX P, ¢ > 1 BEMeeM |ypyq| < 2/n, Tak 4ro
HOCJIEIOBATENLHOCTD Y1, Y2, - - . PyHmaMenTanbia. Tak kak X — HOJIHOE, TO 3Ta MOCJIEI0BATELHOCTD CXOMUTC, 9TO

¥ 3aBepliaeT J0Ka3aTeJbCTBO JIEMMBbI. O

3aBepIuM H0Ka3aTeIbCTBO TeopeMbl. IlycTh X — BIO/IHE OrpaHWMYEHHOE MTOJTHOE METPUUIECKOe MpoCTpancTBo. I1o
aemme [5.43] 10CTaTOYHO MOKA3aTh, UYTO U3 KaXKJIOTO CIETHOTO OTKPBITOTO MOKPBHITHSA  MPOCTpaHCTBA X MOYKHO BbI-
6parb KoHeuHoe noAnokpuirue. [Ipeamonoxum, aro umeercsa nekoropoe Y = {Uy, Us, . ..}, 13 KOTOPOro TaAKOIrO MOTIO-
KPBbITHS BBIOPATDH HEJb3sA. Mbl mpuBeieM K MPOTUBOPEYHIO, IIOKA3aB, YTO TOrAA B X CYyIIECTBYeT IOCIeI0BATEHbHOCTD,
¥U3 KOTOPOU Heslb3s BHIOPATH CXOALAIIENCS [TO/II0C/IeI0BATEIbHOCTH, YTO HEBO3MOXKHO B CUJLY JIeMMbI [9.44)

Tak kak s kaxzaoro n € N cemeiicrso {Us,...,U,} He mokpsBaer X, cymecTtyer =, € X \ Ul ,U;. Bame-
THM, 9TO, IO TMOCTPOEHWIO, KaKI0€e U; COMEPKUT JINITb KOHETHOE UUCJIO FJIEMEHTOB IOCJIEI0BATETBHOCTH L1, L2, - - .-
[Tokazkem, 9TO TOC/IEIOBATEBHOCTD T, L2, ... HE COMEPKUT CXOISAIINXCS MOANOCIIEI0BATEIHHOCTEN, 9€M 1 3aBEPIINM
JIOKa3aTeIbCcTBO. IIpeaonoKum IpOTHBHOE, T.€. 9TO HEKOTOPasd HOAIOCIeI0BATEIBHOCTD Ly, CXOIUTCH K HEKOTOPOMY
z € X. Tak kak U — nokperrue, cymecrsyer U,, € U Takoe, uro x € U,,. Ho Torma, B cuiy z,, — x npu k — 00,
MHOXKECTBO U, COIEpKUT DECKOHEUHOE UHCIIO JIEMEHTOB TOCIEI0BATEIBHOCTH X1, L3, - . ., TPOTHBOPEUNE. O

5.2.4 CekBeHIIIAJIbHO KOMIAKTHBIE ITPOCTPAHCTBA

Tomomoruyveckoe IPOCTPAHCTBO HA3BIBAETCA censeuuuanbucﬂ KOMNAKIMHBIM, €CIITN U3 KaKJ0W TOCaeq0BaTEeTbHO-
CTHU MOXKHO BBIAEJIUTH CXOAANTYIOCA TOATIOCIEIOBATEILHOCTD.

13ToT TePMUH TPOMCXOAUT OT AHTIIHHCKOTO CJI0BA SeqUence — MOC/Ie0BATETHHOCT.
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3ameuanune 5.45. Boobiie roBopsi, KOMIIAKTHOCTh ¥ CEKBEHIHAIbHAS KOMIAKTHOCTH JAPYT C APYTOM HE CBSI3aHBI:
ObIBAIOT TOMOJIOIWYECKUE TPOCTPAHCTBA, OOJIAIAM0NIME TOJbKO OJHUM U3 ITUX CBONCTB (COOTBETCTBYIOIIME IPUMEDPbI
JIOCTATOYHO CJIOZKHbBIE, II09TOMY Mbl UX He IpuBoAuM). TeM He MeHee, B Cily4ae METPUYECKUX IIPOCTPAHCTB STH IIOHATH
IKBUBAJIEHTHBDI.

Teopema 5.46. IIycmv X — mempuueckoe npocmpancmeo. Toz20a 0HO KOMNAKMHO, €CAU U MOABKO eCAU OHO —
CEKBEHUUAADHO KOMNAKIMHO.

HokazaresnbcrBo. llycts cragana X xommakTrO. Ilo Teopeme [5.40} mpoctpancTtBo X — mOTHOE W BIIOJHE OTPAHU-
gennoe. Ocranocs npumennts nemmy [5.44]

IIycrs reneps X cexkBeHnuaabHO KOMIAKTHO. B cuty teopemsr [5.40] mocrarouno nokasars, uro X — nosnnoe u
BIIOJIHE OIPAHUYEHHOE.

Jlokazkem cHadaja moaHoTy. PaccmorpuM mpon3BoibHyI0 ByHIAMEHTAJIBHYIO TOCaea0BarebHoCcTh B X . [1o ycito-
BUIO, B 9TOI IMOCJIEIOBATEILHOCTH MMEETCs CXOSIINAsICA MOAnocaenoBaTeabuocTsb. Ho dbynaamMenTaabHOCTh Biieder,
YTO ¥ BCsI IIOCJIEOBATEIBHOCTD TOXKE CXOIUTCS, CM. 3aMedanue [5.32]

Hokaxkem, aro X BIOJHE orpanudeHo. [IpeanosioxkumM TpoTuBHOE, T.e. cyliecTByer € > 0, Jjs KOTOPOro HET HU
onHOM KOHewHOH e-cetn. Bo3bmeM mpom3BombHYI0 TOUKY 1. Tak Kak {x1} HE ABIAETCA £-CETHIO, CYIIECTBYET Ty Ta-
Koe, 4TO |r1x2| > e. Tak Kak {x1,z2} He ABIAETCS €-CETHIO, CYIIECTBYET X3 Takoe, UTO |rzx;| > & mua ¢ = 1,2.
[Ipomomkast TOT MPOIECC, MBI TOCTPOUM MOCJIE€I0BATEILHOCTD X1, X2, ..., B KOTOPOHl PACCTOSHUE MEXKIY JIIOOBIMU
JBYyMs Pa3JIMYHBIMYU TOYKAMHU He MeHbIne €. Ho Torma B 9T0i moc/ie10BaTeIbHOCTH HET HU OJHON CXOMAIIEHCS OO~
CJIeIOBATEIBHOCTH, TAK KaK KaXKIasl CXOJSAIIASICS MOCIEI0BATEIbHOCT (DYHIAMEHTATbHA. O

5.3 ®daxkTOop-TONOJOTUSA

Crenyromas omeparnus 0COOEHHO BayKHA B aJIreOpanveckoil Tomosornu. Ham oHa MPUTOAUTCS TIPU U3YUE€HUU TOTIOJIO-
rudeckux rpadoB, KOTOPbIE MbI OyIeM TOJy9aTh, CKJIEHBAas OTPE3KH MO WX KOHIAM, a TAKYKe TPUAHTYIHPOBAHHBIX
MOBEPXHOCTEH, KOTOPBIE MbI OYET MOJIyYaTh U3 TPEyrOTbHUKOB, CKIEHBAas UX CTOPOHBI.

IMycrs f: X — Y — ciopbekTuBHOE OTOOpakenue ronojorudeckux mnpocrpancrs. Orobpaxkenue f Ha3blBaercs
Paxmopusayueti, eciu nogmuoxkecTso U C Y OTKPBLITO TONIa U TOJILKO Toria, Koraa f~1(U) oTKpbITo.

Ipennoxkenne 5.47. I[Tycms f: X — Y — omobpasicenue Garmopusayuy monos02useckus npocmparcmes, moz0a
f Henpepweno, npuuem monorozus Ha Y — camas Cuibhas cpedu 6CET Monoao2ut, 0as KOMopwT [ HENpPepuLeHo.
B wacmnocmu, monoaozus Ha Y 00HO3HAUwHO onpedeasemcs f: 0as A060U dpyzoli monoaozuu omobpasicerue [ He
A6AAEMCA Paxmopusayued.

HoxkasareabcTtBo. O6o3HaunmM Tomosoruio Ha Y depe3 Ty. Tak kak npooGpa3 KaxkJI0ro OTKPBITONO MHOXKECTBA B Y
OTKpbIT, pakTopusaius f HenpepbiBaa. Eciu T — apyras Tonosiorus #a Y, B KOTOPO# f HENIPEPHIBHO, TO JJisd KAXKJI0I0
V € 7 muoxkectro f (V) orkpwiTo, mostomy V' € Ty . UTak, Bce TOMOIOTHH, /7S KOTOPHIX f HEMPEPHIBHO, COlepIKaTCst
B Ty . Takum 0bpa3om, Ty — camas CHJIbHAS TOMOJIOTHS CPEIN BCEX TOMOJIOTHIA, /)i KOTOPLIX f — HempepbiBHO. Takas
TOIOJIOTUS OJTHO3HAYHO OMPEIEJICHA, TAK KaK IS ABYX HAMOOJBINNX TOMOJIOTAN T1 U T BBIMOJIHIETCS OJHOBPEMEHHO
oba BKJIFOUeHHsS 71 C To U T1 O Ta. O

IIpuBeseM HECKOBKO €CTECTBEHHBIX CIIOCODOB 33IaHnsA (PAKTOPU3ANWH. Bce OHM OCHOBAHBI HA MOCTPOSHUU HEKO-
TOPOro pazdmenusi P TOMOJIOrHYECKOTO MPOCTPaHcTBa X, TaK KAaK KaXKJI0e pa3OueHue MOpOXKIAeT KAHOHUYIECKYIO
npoekmuio 7: X — P, orobpazkamomyo KaxKaplit x € X B TOT 37€MeHT pa3bueHus P, KOTOPbIH 3TOT X COHEPKUT.
BapwmanTs! moctpoennsi pasouenus P:

® C IIOMOIIBIO CIOPBEKTUBHOTO orobpakenusi f: X — Y B HEKOTOpOe MHOXKECTBO Y, /1Jisi KOTOpOro P = { Yy }y ey

B 9TOM ciiy4ae pasbuenue P Oymem Takxke obo3Hadarh X/ f;

® 3a/1aHMH Ha X OTHOIEHUA IKBUBAJIECHTHOCTHU V, Y KOTOPOI'O KJIaCCbl 3KBUBAJICHTHOCTHU — 3JIEMEHTbI p336I/IeHI/IH
P; B 5TOM Ciaydae pasbuenue P Gymem Takke ob03HadaTh X/ V.

B kaxkn0Mm cirygae Mbl IOpoKgaeM Ha P eauHCTBEHHY IO TOIOJIOTHIO, /1jisi KOTOPOil KaHOHWYecKas npoekius m: X — P
— dakropuzanusg. s 3T0ro Mbl paccmarpusaeMm Ha P cucreMy HOIMHOXKECTB T, OIPEIEJIEHHYI0 TaK 2K€, KAK U BbIIIE:
U € 7, ecin u Tombko ecin 7~ L(U) — oTkpbiToe moamuoxkectso X . HerocpescTeenno nposepstercst (caenaiite 3mo),
9TO CEMEHCTBO T — TOMOJIOTHs, TIO9TOMY OHA, W SBJISETCS TOW €IMHCTBEHHON, KOTOpas MpPEBpaIaeT m B (haKTOPU3a-
nuio. ITocrpoernHoe ceMefcTBO T Ha3bIBAETCS PaKMOp-monoao2ueti, a pasdbuerne P BMeCTe C 3TOH TONOJIOrueil —
daxmop-npocmparncmaeom.
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OrobparkeHne TOMOJIOIHYECKNX MTPOCTPAHCTB, TIEPEBO/ISAIINEE OTKPBIThIE MHOXKECTBA B OTKPBITHIE (3aMKHYThIE — B
3aMKHYTbIE) HA3bIBAETCS OMKPBUNBIM (3AMKEHYBIM).

Ilpennoxenne 5.48. ITycmv f: X — Y — omrpumoe uau 3aMEHYMOE HENPEPHLEHOE CIOPEEKMUBHOE 0OMOOPAICEHUE
MONOAO2UNECKUT NPOCMPAHCME, mozda f — daxmopudarus.

HoxkasareabctBo. [lycrs f orkpsrro. Pacemorpum npousBosibaoe nogmuoKecTBO A C Y. Tak Kak f CIOpbEKTHBHO,
T0 A = f(f_l(A)). Taxum o6pasom, ectn A oTkpbITO, TO f~1(A) OTKpPBITO B Crity HenpepbiHocTH f. Ecm xe f~1(A)
OTKPBITO, TO A OTKPBLITO B BUAY OTKpbiTocTu f. Jljist pasbopa ciaydast 3aMKHYTOCTH f JOCTATOYHO BOCIOJb30BATHCS
tem, uro fHY \ A) = X\ f71(A). O

[IpuBenem npumep cemMeiicTBa 3aMKHYTHIX OTOOpaXKeHNU s, KOTOPBIH (haKTHIeCKH yrke 00Cy K aaJjics Boiie. B mokasza-

TeJIbCTBE TeOPEMbI MBI y2Ke COOMpaJii BMECTe Mpe/toxKenusd [5.16] u OJTHAKO JOTOJTHUTEJIbHBIM yCJI0BUEM
ObL1a OMEeKTHBHOCTHL OoToOOpazkenusa. Ecian orkazarbcs oT OMEKTUBHOCTH, TO MPHUIAEM K CIASAYIONEMY Pe3yIbTaTy.

CaencrBue 5.49. ITycmo f: X — Y — nenpepueroe omobpascerue Komnaxmmozo npocmparncmea X 6 xraycdopgdhoso
npocmpancmeo Y. Tozda f — samxnymoe omobpasicenue. B wacmmnocmu, ecau f cropsexkmueno, mo f — daxmopu-
sayus, a ecau f — ouekmusrno, mo [ — 2omeomopPhusm.

OrMmeTnM, 9TO HE BCsAKasi (haKTOPU3AIHS SBISIETCS OTKPBITHIM (3aAMKHYTHIM) OTOOPAYKEHHEM.

IIpumep 5.50 (Qakropuszanus, He ABIAIOMAACT OTKPBITBIM OTOOpazkeruem). Iycrs f: [0, 1]U[2, 3] — [0, 2], 3anannoe
tak: f(x) =z mpu z € [0,1], u f(x) =z — 1 upu x € [2,3]. Ilo crexcrau0 orobpazxenue f — HaKTOPH3AIHSL.
Tem He MeHee, [ He SBJISAETCS OTKPBITHIM, MOCKOJIBKY, Hapumep, orpe3ok [0, 1] orkpsir B [0, 1] U [2, 3], HO HE OTKpHIT
B [0,2].

IIpumep 5.51 (Qakropusanus, He ABIAIOMAACA 3AMKHYTbHIM oToOpaskenuem). Paccmorpum mpoekimio 7: R? — R,
7: (z,y) + . IT0 oTOOparKeHHe OTKPBLITO, TAK KaK OTKPHITOE MOJAMHOKecTBO R? ABjifercsa oObeIMHEHHEM MHO-
xkecrs Buga (ai,b1) X (ag,b2), a ero m-obpaz — obbegunenueM uHTEpBaJIOB (a1, b1). OQHAKO 3aMKHYTOE MHOXKECTBO
— runepbora xy = 1 mepexonuT nipu otobpaskernu 7 B HezamkHyTOoe R\ {0}.

Crenyoomuii pe3yabTaT BO MHOTHX CJIyYasX MO3BOJISET TOHUMATH, YEMY 3Ke TOMEOMOPGHO PaCcCMaTPUBAEMOE
(PaKTOP-IPOCTPAHCTBO.

Teopema 5.52. Ilycmo X — womnaxmuoe npocmparcmeo, Y — zaycdopposo npocmpancmeo, a f: X — Y —
Henpepuehoe clopsermuesnoe omobpasicerue. Toeda Y zomeomopdro daxmop-npocmpancmey X/ f.

dokazaresbcTBo. B cmy cne;LCTBHH orobpaxkenue f sapigerca daxropusanueil. Illycrs 7: X — X/ f — kamno-
HUYecKas TTPOeKIINs, ConocTapsiomas kazkiomy * € X 1o f~1(y), koropoe conepskut z, T.e. f~1(y) anay = f(z). Tax
KaK 7 — HelpepbIBHOE 0TOOpakeHne, a 00pa3 KOMIIAKTA — KOMITAKT TI0 [PEIJIOKEHITO TO (aKTOP-IPOCTPAHCTBO
X/f xomnaxrao. Oupenenum orobpazkenue g: X/f — Y, nonoxus g: f~1(y) — y. Torma g — 6uexuus. 3amerum,
4To f = gom, Mo3TOMY JjIst JTI060r0 OTKphIToro U C Y OTKpHITOE B CUITY HempepbiBHOCTH f MHOKecTBO f~1(U) paBHO
ﬂ_l(g_l(U )) Ho 1o ompeseniernio (haKTOpP-TOTONOTHN, W3 OTKPBITOCTH T-Tipoobpasza MuoxkecTBa ¢ 1 (U) BBITEKaeT
ero orkpbitoctb B X/ f. Urak, Mbl moKka3anu, 9410 OGUEKIMs ¢ €Ile U HEeNPEPbIBHA, II0ITOMY, B CHJIy TEOPEMbI

oTobpazkeHne ¢ — roMmeoMop@du3M, ITo U TPeOOBAIOCH. O

B anre6pamdeckoii TOMOIOTHU YaCTO U3 OSHUX TOMOJOTHYECKHX HPOCTPAHCTB MOIYy9aloT IPYTHE, CKIeHBasd IOJI-
MHOKECTBA, B TOYKH WJIM IIPUKJECHBAs OJHO IIOMIPOCTPAHCTBO K apyromy. Onpenenum stu omepanuu. Ilycrs X —
TOTIOJIOTHYECKOE MTPOCTPAHCTBO, & Z — MOAMHOXKECTBO X . PaccMOTpUM OTHOINEHWE SKBUBAJIEHTHOCTH IV, ¥ KOTOPOTO
OJIVH 13 KJIACCOB — 3T0 {Z}, a BCe OCTaIbHBIE KJIACCHI — OJHOTOYEYHbIE, TOPOXK IEHHBIE JIEMEHTaMHI, He TIOTABIINMH B
Z. Torpa daxrop-npocrpancTso X /v moiydaercs ckaetikol Z 6 mowky. Hampumep, nmycrs X = [0, 1], a Z cocronr
u3 oxuoro kiacca {0,1}. ToBopsT, 4ro cooTBeTCTBYIONIEE IPOCTPAHCTBO TOJIydYaeTcs u3 orpeska [0, 1] ckienBanuem
€ro KOHIIOB.

IIpumep 5.53. Ilycrs X = [0, 1], a Y nosnyuaercs uz X ckienBanuem ero Kouuos. Eciu v — coorBercrByonias 5KBu-
BaJIGHTHOCTD, TO X /v romeomopdno okpyxnocru St. Jdeiicrsurensho, mycts f: [0,1] — S, f: ¢ — (cos 27t, sin 27t).
Torga f — CIOPBHEKTUBHOE W HEMPEPHIBHOE OTOOPAYKEHWE M3 KOMIAKTHOIO MPOCTPAHCTBA B Xaycaopdoso. 1o Teope-

Me [0,1]/f = [0,1]/v romeomopdro S*.
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PoBHO Tak»Ke OKA3bIBAETCS, UTO €CJIU CKJIEUTDh TPAHUILY KPYyra B TOYKY, TO MOJy9IuTCS chepa.

JIpyroit Tum CKaefiky MO3BOJSIeT CKIEHBATH Pa3Hble MPOCTPAaHCTBa. Paccmorpum mpumep: myctb X, Y — Tomomo-
rudeckue npocrpancrsa, Z C X, u f: Z — Y — orobpaxenue (06prano romeomopdusm). Torma Ha npocrpascrse
X UY Bo3HMKaer OTHOLIEHUE KBUBAJIEHTHOCTH, B KOTOPOM TOYKM, He nonasiiue 8 Z U f(Z), 110poK1aI0T OiHOTO e -
Hble KJIacchl, a monasmue — Kiaacest suga f~1(y) U {y}, y € f(Z). lonyuennoe GpakTop-mpocTpaHCTBO 0603HAUACTCS
X Uy Y n naszwiBaeTca ckaetikolt npocmparcme X u Y no omobpascenuio f.

IIpumep 5.54. Eciu cKIenTh ABa KPyra IO rOMeoMOp(MU3MY WX IPAaHHIHLIX OKPY’KHOCTeH, TO IOAyduTca cdepa.
[ponenaem sto s (copmentenubix) kpyros 22 +y? < 1, z = 0, u cdepnr 22 + y2 + 22 = 1. Oaun xpyr oTobpazum
na Bepxuiol0 nonycdepy (z,y,0) — (z,y,1/1 — 22 — y?), a apyroit — ma mxm©O (2,Y,0) — (2,7, —\/1 — 22 — y?).
B pesynbTaTe MOTyIHM HEIIPEPLIBHOE CIOPHEKTHBHOE OTOOparkeHHe I3 KOMIAKTHOTO IIPOCTPAHCTBA — TH3BHIOHKTHOTO
0bbeuHeRns KPYroB, B XaycaopdoBo U IPEMEHIM TeOPEMY
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YrpaxkHeHus K TjiaBe 5

Vupaxkuenne 5.1. IIycts A u B — HenmycTble TOAMHOKECTBA METPHIECKOTO npocTpancTsa. Pacemosnuem |AB]
Mezk/1y HuMH HasoeM uucio inf{|ab| : a € A, b€ B}.

(1) Iokaxkure, 94T0 3TO paccrogHue He 0OA3aHO YJOBIETBOPATH HEPABEHCTBY TPEYTOJbHUKA.

(2) Ilpusenure npumep ABYX 3aMKHYTBIX HENEPECEKAIOIIUXCs MOIAMHOXKECTB, PACCTOSHUE MEXKIY KOTOPHIMU DABHO
HYJIIO.

(3) Iokaxkure, 4r0 MEXK/y HENEPECEKAIOIIUMUCH HELYCTHIMU KOMIAKTHBIME [IOJAMHOKECTBAME 9TO PACCTOSHUE BCE-
I3 TTOJIOKUTENHHO (PA3PEIIaeTcs BOCIOIb30BaThCA TeopeMoii TuxXoHoBa).

Yupaxkaenue 5.2. Jlokaxkure, 4T0 JBaXK bl IEPEKPYYEHHAs! JIEHTA (CM. PHUC. -1/13 JIEKIIMH ) TOMEOMOP(DHA IIUJIMHJIDY
(ucmonb3yiiTe Kax sBHBIE (DOPMYIIBI I COOTBETCTBYIOIIErO BIIOKEHNS KOJIbIA K TPOCTPAHCTBO, TaK U Teopemy [5.52)).

Vnpaxkuenmne 5.3. 3ammmeM Kaykaylo MaTpHIy pa3Mepa 1 X n B BUAE BEKTOPa JJIWHBI n?, pa3MeCTHB CTPOKH
MaTPUIbI OJHY 3a JPYroil HA OJHON CTPOKE. JTa 3aIUCh MO3BOJISAET OTOXKIECTBUTH MHOXKeCTBO M(n) BCeX Takux

2
marpul, ¢ R™ u, rem cambim, npesparutb M(n) u Bce ero noAMHOXKECTBA B TOLOJIOIUYECKUE IIPOCTPAHCTBA.

(1) Yemy romeomopcdno npocrpanctso SO(2) C R, cocrosiiee u3 Beex OPTOrOHAMBHBIX 2 X 2-MaTPHIL ¢ OMPEIe/TH-
Tenem 17

(2) Yemy romeomopdno npocrpancrso O(2) C R, cocrosiee n3 Beex OPTOrOHAIBLHBIX 2 X 2-MaTpuii?

Yopaxkuaeaune 5.4. [ogMHOKECTBO TOHOJOIMYECKOIO IIPOCTPAHCTBA HABBIBACTCS 8C100Y TLAOTIHBLM, €CIIH €10 3aMbl-
KaHWe COBMAIAeT CO BCEM MPOCTPAHCTBOM. TOmMOOrMYeckoe TPOCTPAHCTBO HA3BIBACTCS CenapabeabHbim, €CIi OHO
COZIEPKUT He HoJiee YeM CUYeTHOe BCIO/LY IJIOTHOE MOIMHOKeCTBO. IIoKakuTe, 9TO KOMITAKTHOE METPUYECKOe TPOCTPAH-
cTBO cenapabenbao. OTMeTrM, YT0 KOMIIAKTHOE TOMOJOTHYECKOE MPOCTPAHCTBO cenapabebHbIM ObITh He 00S3aHO.

Yopaxkueaune 5.5. IIpamoti 3opzengdpes nazbiBaercs mpsiMas R co craeayiomieil monoaozueti 3opzendpes:
6a30ii 9TO TOIOJIOrUY ABJISIOTCSH BCEBO3MOXKHBIE [OJIYyUHTEPBAJIbI [a, b).

(1) Hokaxure, uro romosorus 3oprerdpesi TOHbIIE, YeM CTAHIAPTHAS TONOJOIUs, T.6. YTO BCE OTKPHITHIE TI0IMHO-
JKeCTBA B CTAHIAPTHON TOMOJIOIMY OTKPBITHL U B TOHOJIOruU 3opreHdpest. B 4acTHOCTH, KaXK bl 10Ty HHTEPBAJT
[a,b) — OTKPHITO-3aMKHYTOE MHOYKECTRO.

(2) Tokaxure, uTo npsiMas 3oprendpes HEKOMIAKTHA.

(3) TlokaxkuTe, 9TO KaxKJ0€ KOMIAKTHOE MOIMHOXKECTBO MpaMoii 3oprendpes e 6ojee 4eM CIeTHO.

(4) Ilpusenure upuMep CYETHOIO HOAMHOKECTBA LPAMOIT 30prendpest, He ABJILIOIIErOCs KOMIAKTHBIM.

(5) IMokaxkure, 4T0 LOCJIENOBATENBHOCTD T; CXOMUTCH K T B TOLOJOruM 30prerdpes, ecju U TOJAbKO €CJIU LOCJIe/10-

BATEJIBbHOCTD IT; CXOOUTCA K X CIIpaBa B CTaH,HapTHOI‘/JI TOIIOJIOTHUU.
(6) Tlokaxkure, uTo npsimas 3oprendpes cenapabeabHa.

Yupaxknaenue 5.6 (remmva JleGera). [TokaxkuTe, 9To /1J1d KA¥KI0TO OTKPBITOrO MOKPHITHS KOMIAKTHOIO METPUIECKOTO
npocTpancTBa X CyIIeCTByeT Takoe 4mcyio A > (0, Ha3biBaeMoe wucaom Jlebeaa, 9To mjs KarxKIOrO MOIMHOKECTBA
Y C X ¢ amaMerpoM MEHBIINM A UMEETCsST COAEPIKAIINMA €ro 3JIEMEHT MOKPBITHS.

Yupaxkaenue 5.7 (reopema Bapa). I[1oaMHOXKECTBO TOMOJOrHIECKOrO IIPOCTPAHCTBA HA3BIBAETCH HU20€ HE MAOT-
HbLM, €CIIA €r0 3aMbIKaHUe UMeeT IIYCTYI0 BHYTPEHHOCTbD.

(1) Iokaxkure, 9TO B [IOJHOM METPUYECKOM [IPOCTPAHCTBE liepeceueHue He 6oJiee 4eM CYETHOrO CeMeNlCTBa OTKPBITHIX
BCIO/1y IJIOTHBIX MHOXKECTB — BCIOZY ILJIOTHO.

(2) Iokaxkure, 94TO B HOJIHOM METPUYECKOM LPOCTPAHCTBE OObejuHeHHe He 0ojiee YeM CYETHOIO YMCJIa HULJE He
ILJIOTHDBIX 110/IMHOXKECTB HE UMEET BHYTPEHHUX TOY€K, B YaCTHOCTU, HE COBIAJAET C ITUM IIPOCTPAHCTBOM.
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VYopaxkueaune 5.8. @yuxnuio p: X x X — R Ha MuokecTBe X HA30BEM 1.c€8J0MEMPUKOU, €CITH OHA YIOBIETBOPSET
BCEM aKCHOMaM METPHUKH, KPOME ONpeaeseHHOCTH. VHBIMI CIOBAMHU, PACCTOSHUE MEXKIY PA3HBIMH JJIEMEHTAMHU U3
X wmoxer pasaarbca 0. Muoxectso X, Ha KOTOPOM 33/IaHA IICEBJIOMETPHUKA, HA3BIBAETCS TMCEE00MEMPULECKUM
npocmparcmeom. Kak u B ciryuae METPUKH, TICEBIOMETPUYECKOe paccTosiuue p(x, y) Oymem obo3Havarh |zy|. Bregem
Ha MCEBAOMETPUYICCKOM TTPOCTPAHCTBE OTHOIMEHUE: TOYKU T U Y U3 X HaXOOATCA B 9TOM OTHOIIEHUU, €CJIH U TOJIBKO
ecam |zy| = 0.

ITokazkure, YTO BBEJEHHOE OTHOIIEHUE SIBJISETCS KBUBAJIEHTHOCTHIO. Uepe3 [x] obo3HaYMM KJjace 9TOi IKBUBA-
JIEHTHOCTH, COJIEP2KAIIAN .

IMokazxkute, aro s mio0bx ' € [x] u y' € [y] Bomonusiercs |2'y’| = |ry|. Takum obpazom, Ha MHOXKeCTBE Y
KJIACCOB 9KBUBAJEHTHOCTH KOPPEKTHO OnpeneseHa (pyHKIus V([x], [y]) = |zy|.

ITokaxkure, uT0o ¥ — MeTpuKa Ha Y. Bygem roBopuTh, 9TO METPUYECKOE MPOCTPAHCTBO Y TOYYIEHO U3 IICEBI0-
MEeTPUYECKoro npocrpancrsa X gaxmopusdauueti N0 HYAEBBLM PACCTNOAHUSM.

Yopaxkueaune 5.9. [lycrb X — npousBosibHOE METPUYECKOE HPOCTPAHCTBO, a C' — ceMeificTBO Beex ero (pyHiaMeH-
TaJbHBIX TTOCJIEI0BATEIHLHOCTEH.

ITokazkuTe, 9TO IS IBYX MOCTEAOBATENbHOCTEH T = (T1,%2,...) 1 ¥y = (Y1,¥2,-..) n3 C MOCIEIOBATEIHHOCTD
qucen |z;y;| cxogures. omoxum p(z,y) = Hm; o0 |2:Yi)-

ITokaxkure, uTo p — nceBnomerpuka Ha C'.

[MokazkuTe, 9T0 KaxXKAas MOIIOCIEI0BATEIFHOCTD (DYHIAMEHTAJBHON MOC/IEI0BATEIHHOCTH CaMa, SBJISeTCsS (DyH-
JAMEHTAJIBHOMN, U PACCTOTHUE p MEXKIY ITUMHU MOCTIEI0BATETHHOCTIMU PABHO HYJIIO.

ITokazkure, 9TO B KaxKI0il (hyHIAMEHTAIBHON MOCIEIOBATEIBHOCTH T, T2, . . . IMEETCS MOIIOCIETIOBATENBHOCTD
Y1, Y2, . .. TaKas, 9to |y;y;] < 1/ min{i, 5}

O6o3na4uuM Y MeTpudeckoe mpOCTPAHCTBO, moxydeHHoe u3 C daxTopusamueii mo HyaIeBbIM paccrosuusm. Ilo-
KaykuTe, 910 Y — MOJTHOe METPUIECKOE MPOCTPAHCTBO.

IMokazkure, yro orobpaxkenue f: X — Y, craBsinee B COOTBETCTBHE KaxKJI0# TOUke € X KJIACC IKBUBAJEHT-
HOCTH [OCTOSHHOM 110CJI€J0BATEIbHOCTH (T, T, . . .), HU30METPUYIHO.

IMokazkure, uyro f(X) Bcrogy wioruo B Y.

[Tonnoe merpudeckoe NPOCTPAHCTBO Z HA3BIBACTCHA TONOAHEHUEM IPOCTPAHCTBA X , €CJIH CYIIECTBYET U30MeT-
pusi g: X — Z makasi, uro g(X) Bcrogy miorHo B Z. Ilokaxkure, uro Jiro0ble IBa TOMOTHEHUST X N30MEeTPUUHBDI,
B YACTHOCTH, KaxKJ0€ TOMOJTHEHNE Z MPOCTPAHCTBA X W30METPUUHO TMOCTPOEHHOMY BBINTE METPUIECKOMY TTPO-
CTPAHCTBY Y.



JIlexknmua 6

CB43HOCTD M JUHEITHAY CBA3HOCTD

ITnaH. OTKpbITO-3aMKHYTBI MHOYKE€CTBA, CBSI3HOE U HECBA3HOE TOMOJIOTHMYECKHE IPOCTPAHCTBA, CBA3HOCTh OTPE3Ka, CBA3HOCTb 00beauHeHHs mepe-
CEKAIOIIUXCSA CBA3HbIX MHOXKECTB, CBSA3HAsI KOMIIOHEHTA TOYKH, pa30ueHne NPOCTPAHCTBA HA CBA3HbIE KOMIIOHEHTbI, CBSI3HOCTh 3aMBIKAHUS CBA3HOTO
MHOXKeCTBa, 3aMKHYTOCTb CBA3HBIX KOMIIOHEHT, CBA3HOCTb HENIPEPbIBHOr0 00pa3a CBA3HOr0 IPOCTPAHCTBA, CBA3HOCTb J€KAPTOBA IPOU3BEIEHUS CBA3-
HBIX NPOCTPAHCTB, JUHEHHO CBA3HBLIE IPOCTPAHCTBA, JUHEHHO CBA3HBIC KOMIIOHEHTBI, COOTHOIIEHHE MEXKJy CBA3HOCTBIO M JUHEHHOH CBA3HOCTBIO,
CBA3HOCTb M JIMHEHHAs CBA3HOCTD BBIILYKJIBIX NOJIMHOXKECTB HOPMUPOBAHHBIX IIPOCTPAHCTB, CBA3HBIE MNOJAMHOXKECTBA IPAMOM, T€OPeMa O IPOMEeXKY-
TOYHOM 3HAYEHUU HEIPEePbIBHOW (DYHKIUU, IPUMED CBA3HOIO, HO HE JIMHEIIHO CBA3HOIO NPOCTPAHCTBA, JIOKAJbHO JUHEHHO CBA3HBbIE POCTPAHCTBA,
9KBHUBAJIEHTHOCTb CBSI3HOCTH M JIMHEHHOH CBSI3HOCTH B JIOKAJbHO JIMHEHHO CBS3HBIX IPOCTPAHCTBAX, HEIPEPBIBHOCTh JIOKAJBHO MOCTOSIHHOTO 0TO0-
paXKeHus, IOCTOAHCTBO JOKAJBHO MOCTOSAHHOIO 0TOOparkeHnusl Ha KOMIIOHEHTaX CBSI3HOCTH.

6.1 Csg3HoCTb

Kak 6b110 oTMedeHO Bbilie, B KaXKI0M TOIOJOTHIECKOM ITPOCTPAHCTBE BCE MPOCTPAHCTBO U IIYCTOE MHOXKECTBO SIBJIs-
FOTCS OJHOBPEMEHHO OTKPBITHIMU U 3aMKHYThIMA. Takue MHOKECTBA MHOTJIA HA3BIBAIOT OMKPBHLIMO-3AMKEHYMBLMU.
Ecan mer apyrux OTKPBITO-3aMKHYTBIX TOJIMHOMXKECTB, TO TOMOJOTHYECKOE TTPOCTPAHCTBO HA3BIBAETCI CBA3ZHBIM, A
nHave — Hec8A3HbiM. TaknM 006pa3oM, TOMOJIOTUYECKOe MPOCTPAHCTBO HECBSI3HO, €CJIM €r0 MOXKHO MPEICTABUThL B
Bujie O0bEIUHEHUsI JBYX HEIYCTHIX HENEPECeKAIOIUXCa OTKPBITHIX MHOXKECTB (PaBHOCHJIBHO, JABYX HEIyCTBHIX Here-
PECceKaIoNMXCcsl 3aMKHYThIX MHOXKecTB). [IpuBesiem erie oqun BapuanT GHOPMYJIUPOBKU HecBs3HOCTH. Kak Mbl yKe
OTMEYAJH BbIIIe, OObEINHEHIE MHOXKECTB HA3BIBAETCH QU3BIOHKMHBLM, €CITU BXOJAIIIE B HEI'O MHOXKECTBA [MOIIAPHO
He nepecekaiorcd. [Ipecrasienne MHOKeCTBA B BH/I€ JU3BIOHKTHOIO OObeIMHEHU HA3bIBACTCs pa3dbueruem 31oro
MHOXKeCTBA. VTak, TOMOJIOrMIeCcKoe MPOCTPAHCTBO HECBI3HO, €CIIU €r0 MOXKHO Pa30WTh HA, IBA HEMYCTHIX OTKPBITHIX
(PaBHOCHJIBHO, HEMYCTHIX 3AMKHYTHIX) IIOMHOKECTBA.

ToBopst mpo cBA3HOCTH (HECBAZHOCTD) IIOJMHOMKECTBA TOMOJOIHIECKOrO MPOCTPAHCTBA, Mbl MMEEM B BUJY €ro CO-
OTBETCTBYIOIEe CBOWCTBO KAaK IOJIPOCTPAHCTBA, T.e. KAK TOMOJOIMYECKOrO ITPOCTPAHCTBA, HAJIEIEHHOTO WHIYITHPO-
Banuo# romosiorueit. rak, monMuoxkecTBO Y TOIOJIOrMYECKOrO IPOCTPAHCTBA X HECBA3HO, €CJIM CYHIECTBYIOT TAKHe
OTKPBITHIE ToMHOXKecTBA U n V' mpoctpancTBa X, uro Y NU u Y NV HenmycThI, HE MepeceKaioTcs M MOKPHIBAIOT Y,
Te. Y CUUYV.

IIpumep 6.1. /IucKpeTHOE TOMOJOTHYECKOE MMPOCTPAHCTBO, COCTOSATIEE HE MeHee YeM U3 JIByX TOUeK, HecBa3HO. [leii-
CTBHUTEJIBHO, JII000E pa30ueHne TOr0 MPOCTPAHCTBA HA HEMYCThIE TIOAMHOXKECTBA, IBJISETCH PA30HEHeM HA OTKPBITHIE
TIOAMHOKECTBA, & 9TO ¥ O3HAYAET HECBSI3HOCTD.

IIpumep 6.2. Jlioboe aHTHAMCKPETHOE TOMOJOIMYECKOE MPOCTPAHCTBO CBA3HO. JlefiCTBUTEIBHO, 9TO MPOCTPAHCTBO
HE COJEPXKUT HEIyCTOr0 MHOXKECTBA, OTJIUIHOIO OT BCEr0 IPOCTPAHCTBA.

IIpumep 6.3. ITommuoxecrso [0,1] U [2,3] C R necssazHo.
IIpennoxkenue 6.4. Ompesox [a,b] cesnsen.

JokazareabcTBo. [IpeanonokuM npoTUBHOE, T.€. CYyIIECTBYIOT HEMyCThIe HENMEPEeCeKAIOIUeCs 3aMKHYThIE MOJIMHO-
xkecrtBa A u B orpeska [a, b] Takue, uro AL B = [a, b]. Be3 orpannvenns oOIIHOCTH OPEANONOKAM, 9TO @ € A, U yCTh
¢ € la,b] — TouHas HWKHsASA TpaHb MHOXKecTBa B. Tak Kak TOYHAs HUXKHSSI TPaHb B SBJISETCS TOUYKON MPUKOCHOBEHNUST
B, a mHOXecTBO B 3aMKHYTO, TO ¢ € B. Tak kak a € Au AN B = (), T0 a # ¢ u, 3Ha4uT, a < c. CHOBa, TaK Kak
¢ — TOYHas HUXKHAA rpadb B, 1o [a,¢) C A. Ho rtorma ¢ — Touka npukocHoBeHus s A, mostomy ¢ € A B cuiy
samkaytoctu A. Urtak, Mbl nokazanm, uro A N B # (), nporusopedne. O
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IIpuBenem psim CBOMCTB CBA3HBIX MOAMHOXKeCTB. CJiemyromnias IeMMa MIHOBEHHO BBITEKAET W3 ONPEIEJIEHUS CBI3-
HOCTH.

Jlemma 6.5. ITycms Y — cea3noe nodmmosicecmao monoaozuieckozo npocmpancmea X, u U,V C X — omxpoumaote
mrootcecmea marue, wmo UNY u VNY ne nepecexaromes uY C UUV. Tozda odno us nepecevenutt UNY u VNY
nycmo, a dpyeoe codepacum Y .

IIpengioxxenne 6.6. ITycmov {Yy}acr — cemeticmeo c6A3HOL NOOMHONCECTNE MONOAOZUNECKO20 NPocmpaHcmea X,
npusem 0an aoboz o, f € I swnoansemea Yo NYg # 0, wmo umeem mecmo, nanpumep, npu ycaosuu NaerYq 7 0.
Toz0a muooicecmeo Y = UqeY, maxosice c8:a3HO.

HoxkaszarenbcTBo. IIpeanosnoxum mporusHoe, T.e. Y HecBsaA3HO, TOraa cymiecrByior orkpeireie U,V C X takwue,
aro {UNY,VNY} — pasbuenne Y ma HEmycThle moaMHOKeCTBAa. Tak Kak Kaxkmoe Y, comepxurca 8 U UV u
(UNY,) N(VNY,) =0, npumernva reMmma B CWJIy KOTOPO#i omHo w3 MHOXkecTB U, V comepkut Y,, a apyroe
¢ HuM He mepecekaercs. Ilycts nekoropoe Yz comepxkurcs B U. Tak xkak Y NV # (), cymectyer Y, Takoe, 910
Y, NV # (), Ho Torza, cHOBa B CHJIy J€MMBI Y, CV.Tak kak (UNY)N(VNY)=0,10Y3NY, =0, uro

MPOTHUBOPEYIUT YCIOBHUIO. O

Cea3noli komnorwenmot [r] MmowKu T TOLOJOruYecKOro npocrpancrsa X Ha30BeM OObEJIMHEHNE BCEX CBA3HBIX
moaMHOXKecTB X, comepxxamux x. Ilo mpemmokenuio CBS3HAA KOMIIOHEHTA, SIBJISETCH CBA3HBIM MHOXKECTBOM, a,
IIOTOMY, I MAKCHMAJIbHBIM CBA3HBIM MHOXKECTBOM, COJIEPIKAIEM JAHHYIO TOUKY. OTCIO/Ia MI'HOBEHHO BBITEKAET, UTO
ecmn y € [z], To [y] = [z]. HeitcrBurensho, [y] D [z], Tak Kak [x] cBsa3HO u comepxur y. Ecnu [y] # [z], To [y]  eme

6oJIbIllee CBSI3HOE MHOXKECTBO, COAEPIKAIIEE T, 9TO IPOTHBOPEYNT MAKCHUMAJIBHOCTU CBI3HOW KOMITOHEHTHI.

IIpensoxkenue 6.7. Kaowcdoe monosozuneckoe npocmparcmeo pa3bueaemcs Ha C6A3HbLE KOMTOHEHMbL, TPUUEM IO
pasbuenue 00H03HAUHO ONPEIEAEHO.

JokazarenbcTBo. JlefiCTBUTENIBHO, KAXK AT TOYKA BXOAUT B CBOIO CBSI3HYI0 KOMIIOHEHTY, MOITOMY OObLEINHEHUE
BCEX CBSI3HBIX KOMIIOHEHT COBIAJAET CO BCEM MPOCTpaHCTBOM. Ecim 7Be CBA3HBIE KOMIIOHEHTHI MEPECEKAIOTCS, TO,
1o semme [6.5] ux 00beAMHeHre TaKKe CBA3HO, MOITOMY, B CUJLy MAKCUMAJIBHOCTH CBA3HOH KOMIIOHEHTBI, KaXKIas 13
paccMaTpUBAaEMbIX KOMIIOHEHT COIEPXKUTCH B APYTOii, TOITOMY OHM coBmagaoT. Ecin ects nBa pa3ubix pa3bueHus Ha
CBA3HBbIE KOMIIOHEHTBI, TO HEKOTOPBIE JIEMEHThI OIHOI'O U APYroro pa30ueHuil mepecekaroTcs, HO He COBIIAIAIOT, a ITO
CHOBA MPOTHBOPEUNT JieMMe [6.5] 1 MAKCUMATIBLHOCTH CBSI3HBIX KOMIIOHEHT. O

Ilpengioxkenne 6.8. I[Tycmos Y C X — ¢843H0€ NOOMHOACECTMBO MONOA02UYECK020 npocmpancmea X , mozda kastcdoe
Z makoe, wmo Y C Z CY — ceasno. 3decv, kax u eviwe, Y 0003nauaem 3ambikanue mmooncecmsa Y .

HokazarenbcrBo. [Ipenmnonoxkum, 9To Z HECBSI3HO, TOTIA CYIIECTBYIOT OTKpBIThie MHOXKecTBa U, V' C X Takue, 4T0O
{UNZ,VNZ} — pa3buenne Z na Hemycrble noaMuoxecrsa. [1o ycioBuio, kaxaas Touka & € Z CouepKurcd B € Y,
T.€. ABIAeTCH TOUKON npukocHoBenus ais Y. ITo nemme 10} menycrora muoxects U N Z u V N Z Breder raxxe
Hernycrory UNY u V NY, a sro o3unavaer, uro {U NY,V NY} — pasbuenne Y Ha HemycThle TOAMHOXKECTBA, UTO
MPOTUBOPEYUT CBSI3HOCTH Y . O

CuaencrBue 6.9. Kaowcdas c6A3HAA KOMNOHEHNA 3GMEHYMA.

IIpumep 6.10. Ecau 4nciio cBI3HBIX KOMIOHEHT KOHETHO, TO 00beINHEHIE BCeX KOMIIOHEHT, KPOME OIHOMN, — 3aMKHY-
TOEe MHOKECTBO, [IOITOMY CaMa KOMIIOHEHTA OTKPBHITA. IITak, B CiIydae KOHEYHOIO YHC/IA CBI3HBIX KOMIIOHEHT, KazKIasl
KOMIIOHEHTa, OTKPBITO-3aMKHYyTa. OIHAKO B 00ILIEM CiIydae CBA3HbIE KOMIIOHEHTBI He OOA3aHbI OBITH OTKPBITHIMU.

Pacemorpum X = {1/n}nen U {0} C R ¢ unaynupoBanuoit Tonosorueii. Torma kasxkoe 6ojiee 9e€M OJHOTOUETHOE
LIOMHOKECTBO HECBA3HO (mokazkure 910). Takum obpazoM, {0} — cBasnas xomnonenta X . Oxuako {0} He apisgercs
OTKPBITHIM IOIMHOXKECTBOM, TaK KaK KazKI0e OTKPBITOE MHOXKECTBO IIOIydaerTcs mepecederneM orkperroro U B R ¢
X, a Takoe U, Bmecte ¢ 0, comepxkut emte u uaTepBan (—¢,¢), € > 0 u, 3Ha4nt, 910 U CONEPIKUT U APYTHE, OTIUIHbIE
or 0 Toukn u3 X.

IIpennoxenue 6.11. Ilycmv f: X — Y — menpepuisHoe omobpajrtcerue monos02ud%eckus NpPoCmpaHCms, U npo-
cmpanemeo X — ceasno. Tozda mmuoorcecmso f(X) maxorce ceasmo.

Hoxka3zaresbcerBo. [Ipeanonokum MpoTUBHOE, T.€. CYIIECTBYIOT OTKpbIThe B Y MHOKecrBa U u V takue, uro f(X)N
Uwu f(X)NV nenycrst u pasbusator f(X). Ho rorna f~1(U) u f~1(V) — HemycTbie oTKpbIThIe MoAMHOKeCTBa X
pazbuBarorime X, a 3TO O3HAYAET HECBA3HOCTH X, IPOTUBOPEUNE. O
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CaencrBue 6.12. HenpepuieHviii 06pa3 ompesxa c6A3EH.

CaencrBue 6.13. Tonoaozuveckoe npocmpaHcmeo X CBA3ZHO, ECAU U MOALKO €CAU KaHCI0e HENPEPbLIEHOE 0MOODPa-
oicenue u3 X 6 deyrmoueunoe JuUCKpemHoe npocmpaHcmeo nocmosHHo.

Hoxka3zaresnbcerBo. Ilycrs Ay := {0,1} oboznagaer aByxTOUedHOE AUCKpeTHOE HpocrpancTBo. Eciu X cBaA3HO U
f: X — A; — HenpepnBHOE OTOOpazKeHHWE, TO, B CHILY IPEIJIOXKEHHS f(X) cBazno, nosromy f(X) # Ao,
Tak Kak Ag HeCBA3HO U, 3HauuT, [ nocroguuo. O6parHo, eciu X HECBIA3HO, TO OHO PA30MBAETCH HA JIBA HEIYCTHIX
OTKpPBITHIX MHOXKecTBA U u V| mosTomy orobpazkenne, mepesozsitiee U B 0, a V B 1, HENpepbIBHO. O

IMTokaxkeM, KaK MOYKHO TIPUMEHSITD CJIE/ICTBHEC

IIpennoxenue 6.14. ITycmo X u Y — c6A3HbIE MONOA02UYECKOE TPOCTMPAHCNEA, M0206 UL JEKAPMO60 NPoussede-
Hue X X Y moowce ceasno. Tem camoim, dexapmoso npou3eelderue KOHEWHO20 YUCAL CEAZHBLT NPOCTMPAHCME CEAZHO.

okasaresnbcTBo. Bhibepem mpon3BosbHY0 TOUKY (Z,y) € X X Y u paccMOTpHM JiBa MoaMHOMXKecTBa B X X Y: 01HO
X x {y}, a gpyroe {z} x Y. Boibepem B KadecTBe Ga3bl TOMOJOTHE ceMeiicTBO npousBenenuii U X V' BCeBO3ZMOKHBIX
Uecrx uV € ry. Torna uanyuuposannas va X x {y} 6a3za cocrour uz muoxecrs U x {y} no scem U € 7x, T.e. ipu
ecrecrsentom oroxecrsiennn X X {y} ¢ X copuanaer ¢ rouosorueit Ty . Ilo npeanozkennro[3.3] ara uniynuposannas
6aza sirssieTcst 6a30¥ WHAyIMpoBaHHoi Tomosiorun. Taknm obpazom, X X {y} romeomopdro X u, ananornuno, {z} xY
romeomopdro Y. Crenosarensro, X X {y} n {x} XY cBs3HBI, 1 Tak KaK OHU MMEPECEKAIOTCs N0 (X, i), NX 00beINHEeHNe
TOXKE CBSI3HO B CHILY IIpejioxKemHus [6.0}

IMycts f: X XY — Ay — npou3BOIbHOE HENPEPHIBHOE OTOOPArKEHHE B IBYXTOYEIHOE JUCKPETHOE IPOCTPAHCTBO.
Beibepem mpomssosbabie Touku (z,y) u (2',y’) m3 X x Y. Mbr mokaxkem, aro f(z,y) = f(2',y’) u Bocnonbsyemcs
CJIEICTBAEM Kak 0b1710 1OKA3aHO BbIIIE, MHOKECTBA,

(Xx{yHu({e}xY) u (X x{yHu({a'} xY)

CBSI3HBI, TIOSTOMY, B CHJLy CJI€JICTBUS oroOpaykeHwe f HA HAX MOCTOAHHO. HO 9TH MHOMKECTBA TEPECEKAIOTCS,
Hanpumep, 1m0 Touke (x,y’), mo3ToMy f HOCTOSHHO U Ha OOBEIMHEHMH ITUX MHOKeCTB, Tak 4ro f(x,y) = f(z',y'),
970 U TPebOBaIOCH. O

3ameuanne 6.15. AnajsorudHbIM 00PA30M MOXKHO MOKA3aTh, YTO JEKAPTOBO MIPOU3BEJEHUE JIFODOI0 Y9UCIA CBA3HBIX
TOIIOJIOTUYECKHUX ITPOCTPAHCTB CBA3HO.

6.2 JIuneiiHag CBA3HOCTDH

Tomonornyeckoe MPOCTPAHCTBO HA3BIBAETCH AUHEUHO CBA3ZHBIM, €CJIM KAXK/Iasd Mapa TOYEK COEIUHSIETCS KPHUBOU.
MakcumasibHble JIMHEHHO CBA3HBIE ITOJAMHOXKECTBA TOIOJIOIMYECKOI0 IPOCTPAHCTBA HA3BIBAIOTCH KOMNOHEHMAMU
AuUHeUHOU c8a3HOCTIU.

Sameuanue TTOKA3bIBAET, YTO OTHOIIEHNE HA TOMOJOTUYECKOM TPOCTPAHCTBE, /IJI1s KOTOPOTO TOYKHA HAXOIATCS B
3TOM OTHOIIEHWH, €CJIU U TOJHKO €CJIN OHU COeTUHSIOTCA HEKOTOPOM KPUBOMU, ABJISIETCS SKBUBAJEHTHOCTHIO. Kitaccer
3TO1 9KBUBAJIEHTHOCTU KaK pa3 ABJIAI0TCA MAKCUMAJIbHBIMU JIUHEHHO CBA3HBIMHU I1OJIMHOXKECTBAMU, T.€. KOMIIOHEHTaMHI
nuHeiHo# cBa3HocTu. TakmMm 00pa3oM, UMeeT MECTO CJAeAYIONIni Pe3yIbTaT.

CaencrBue 6.16. Muootcecmeo xomnonenm AuHeTHOT C8AZHOCMU MONOAORUNECKO20 NPOCMPAHCMEa X ABAAECMCA
pazbuenuem X.

IIposepky smueitnoil cBsg3HOCTH OOJIErYaeT CJie/yIollee OYEeBH/IHOE YTBEPXKIEHNUE.

Ilpenasoxkenne 6.17. Jadurcupyem 6 monoaozuueckom npocmparncmee X Hexomopyro mowky xo. Toeda X aunetino
CBA3HO, ECAU U TNOABKO eCcAU a100Y10 mouky u3 X MOHCHO coedunums Kpueotl ¢ Xg.

Tak KaK KOMIOHEHTa CBA3HOCTH W KOMITOHEHTa, IMHEHHOW CBI3HOCTH — YHMCTO TOMOJOTHYECKOEe TOHSATHE, TO TTPU
romeoMopdu3Me KOJUIECTBO ITUX KOMIIOHEHT coxpaHserca (cM. obcyxkaenus B 3amedanuu [4.1). TTokakem, Kak 310
CBO¥ICTBO MOKHO MCIIOJIb30BATD [JIsl JJOKA3ATEIHCTBA HETOMEOMOP(MHOCTH HEKOTOPBIX TOMOJOTHIECKUX TPOCTPAHCTE.
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IIpumep 6.18. PaccmorpuM Ha miockocTr R? 6yksy T, HaeluM ee HHIYIHIPOBAHHON TOMOJOTHeH, H MOIyYUeHHOe

TOTMOJIOTHIECKOE MPOCTpaHCTBO obo3HaumM X . IIpocrpanctBo Y — o0bIaHBIN 0Tpe30oK mpsamoii. Tpebyercsa moka3aTh,

4TO 3TH IIPOCTPAHCTBA HeroMeoMopdHbL. IIpeamnonokuM nporuBHOE, T.€. cyumecrsyer romeomopdusm f: X — Y.

ITycrs p € X — TovKa KPenyieHnst TOPU30HTAIBHOrO OTPe3Ka K Beprukaibaomy. Torga mpocrpancreo X \ {p} cocronr

"3 TpeX KOMIOHEHT JINHEeHHOH cBs3HoCTH. B CHily cieacTBust npoctpancta X \ {p} n Y\ { f (p)} rOMEOMOP(HBI,

OJIHAKO TPY BBIKUIBIBAHUHU U3 OTPE3KA JIFOOO0H TOYKYM MBI HE TIOJTyIUM OOJIbINE ABYX KOMITOHEHT JIMHEHHOH CBSA3HOCTH.
DTOT TpHeM MO3BOJISIET BLISCHUTDH, KaKie OyKBbI aidhaBuTa HErOMEOMOPMHBI APYT APYTY.

Crenyromuii pe3yabTaT MOKa3bIBAET, KAK COOTHOCSTCS TIOHATHS CBSI3HOCTH U JIMHEHHON CBSIZHOCTH.
CaenctBue 6.19. Jlunetino ceaznoe monoaozuveckoe npocmparncmeo X c8a3Ho.

Joka3zareabcrBo. Eciu 310 He Tak, 10 pazodbem X Ha Hemycrbie oTkpbiThie U u V, Boibepem A € U u B €
V, coemuamm A u B kpusoit v: [a,b] — X, torna v~ }(U) u y~1(V) — HemycTbie OTKPBITbIE TOIMHOKECTBA [a, b],
pasbusatornue [a, b], IPOTUBOPEYNE € MPEITIOKEHAEM O

IIpumep 6.20. JIucKpeTHOE TOMOJOIMYECKOE MPOCTPAHCTBO, COCTOMAINEE HE MEHEe YeM U3 JABYX TOYEK, HE ABJIACTCS
JIMHEHHO CBS3HBIM, UTO BBITEKAET U3 mpumepa [6.1] u ciaeacrsus [6.19]

IIpumep 6.21. Jlioboe aHTHINCKPETHOE TOMOJOTHYECKOE MPOCTPAHCTBO JUHEWHO CBA3HO. JefcTBUTEILHO, JTI060e
oTobpazkeHue JII0O0r0 OTPE3Ka B 3TO MPOCTPAHCTBO HEMPEPBIBHO, CM. TIPUMED

IMogMuOXkecTBO X JTUHEHHOrO MPOCTPAHCTBA HA3BIBACTCA 6bNYKABLM, €CIIN BMECTE ¢ KaxK IOl Tapoil To49eK T,y €
X OHO COJEPIKHUT OTPE3OK [T, ).

CaencrBue 6.22. Kaowcdoe svinykaoe nodmmnoscecmeo C 6 AUHETUHOM HOPMUPOSAHHOM Tpocmparcmee V. AuHeUHO
C8A3HO U, 3HAYUM, CBA3HO.

Hoxka3zaresnberBo. [lycrs maoxkectso C C V Bbiykiio. Torna ms mobbix @,y € C Boinonngercd [x, y] C C, nosromy
x u y coequusorca B C HenpepbiBHO#t KpuBoii t — (1 —t)x + ty, t € [0,1], u, 3uauur, C — JuHEHRHO CBA3HO, YTO
Brever casnocts C' B cuity caeacrsus [6.19] O

Caencrsue 6.23. ITodmnoosicecmeo seusecmeennoti npamoti C6A3H0 mo2da u moabko moada, xKo20a 0Ho ewnyxao. Bom
NOAHBLT CNUCOK MAKUL NOOMHONHCECNE: ompe3ky [a, b], nosyunmepsast [a,b) u (a,b], unmepsaav: (a,b), samrrymoie
ayuu [a,00) u (—oo, b], omxpomoie aywu (a,00) u (—o0,b) u éca npamas R.

HoxkazarenbcrBo. Ilycts mHOX)KecTBO C' C R BBIMYKJIO, TOTA OHO CBSI3HO B CHJIY CJIEICTBUS IIycts Teneps C
— me BoinykJo. Torga cymecrsytor Toukn z,y € C rakue, 4ro [z,y] ¢ C u, 3nauwt, cymecrsyer ¢t € R\ C, ans
KoTopoii & < t < y. Ho rorga muoxkecrsa U = C' N (—o0,t) u V = C N (t,00) — HEILyCTbIE OTKPHITHIE B UH/LYIUPOBAH-
HOIt Tomonoruu moamuoxkectsa C, pazdousatomiue C, orkyma Bbirekaet, 410 C' — HecBsa3HO. TakuM 00pa30oM, CBA3HOE
MHOKECTBO 00sS3aHO OBITH BBIILYKJIBIM. O

Teopema 6.24 (Teopema o upomexxyrounom 3uadenuu). ITycmv X — cesa3noe monosozuueckoe npocmpancmeo,
a,be X, u f: X - R — nenpepuenasn dynkyus. Tozda f npunumaem eéce npomescymounvie snavenus mexcdy f(a)
u f(b), m.e. dan awbozo y € R, aescawezo meorcdy f(a) u f(b), cywecmeyem x € X, das xomopozo f(z) =y.

JokazareabcrBo. [lo npeaiokenuio muOKkecTBO f(X) C R — cBasuo. Ilo caencreuio 6.23] f(X) BoImyKIIO,
o9TOMY 0Tpe30K, coequusiomuii f(a) u f(b), mexur B f(X), 9470 U 3aBepIuaeT JOKa3aTeIbCTBO. O

Cuenytommuii pe3yabTaT, SBIAAOMANCT OJHON W3 CTAHIAPTHBIX TEOPEM MATEMATHYIECKOTO AHAJIM3A, MTHOBEHHO BbI-
TeKaeT u3 TeopeMsl [6.24] u cBA3HOCTH OTPE3Ka, CM. Ipeaiiozkenue [6.4}

CaencrBue 6.25. ITycmo f: [a,b] — R — nenpepwenas gpynxyus. Tozda f npunumaem 6ce npomesicymoumovie
anauenus mescdy f(a) u f(b).

IIpumep 6.26. Ob6parHoe yTBepkKjeHue K ciefctBuio [6.19 He umeer mecra. MHbIME cilOBaMU, HE BCSIKOE CBI3HOE
TOLOJOMUYECKOE [IPOCTPAHCTBO JIMHEHHO cBs3HO. [IpuBenem kiaccudeckuii mpumep.

Ha miockocTr ¢ 1eKapTOBBIME KOOPJAWHATAME I, i PACCMOTPUM MHOXKECTBO X, cocTosiiiee u3 rpaduka GyHKINNI
y = sin(1/x), onpeznenennoit mpu Bcex = # 0, u orpe3ka [—1,1] ocu y. Torga X ¢ WHIYIMPOBAHHON W3 MIOCKOCTH
TOMOJIOTHEN — CBA3HOE, HO HE JINHEHHO CBA3HOE MHOXKECTBO, CM. PUC. @
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Puc. 6.1: CesizHoe, HO He JUHEHHO CBA3HOE TOMOJOIMIECKOE TPOCTPAHCTBO.

JleiicTBUTEILHO, PA300BEM 3TO MHOXKECTBO HA TPH:
X_ =Xn{(z,y):2<0}, Xo=Xn{(z,y):2=0} X, =Xn{(zy):2>0}.

Mpuozxecrsa X_ u X | gaBisrorcs 00pa3amMu HEIPEPHIBHOIO OTOOPAYKEHUS U3 CBA3HBIX TOLNOJIOIMYECKU IPOCTPAHCTB —
OTKPBITHIX JIyUeil, MO3TOMY OHU CBSI3HBI B CHUJIY MPEIJIOXKEHUS OTpe3ok X TaksKe CBSI3€H MO MPE/IIIOKEHNIO

3amerum, 9T0 X( COCTOUT W3 TOUEK IMPUKOCHOBEHUS KaK JJIsi MHOXKecTBa X _, TaK ¥ /Jist MHOXKecTBa X 4. eiicTBu-
TEJIbHO, JIJIs IPOU3BOJIHLHOM TOYKHU p € X €6 OKPECTHOCTH B WHYIIMPOBAHHON TOMOJIOTAN SABJISIETCS mepecedenneM X
1 HeKOTOPOTO OTKPBITOro moaMHaozKecTBa U mnockoctn R?, a U comep:KuT HeKOTOPbIil OTKPBITLHIH KpyT Us (p). OmHako
Kazkiplil TaKoil Kpyr nepecekaer X_ u X, cM. puc. [6.9} Takxe touku u3 X_ He SBIAIOTCH TOYKAMU LIPUKOCHOBE-

aug i X u obparno. Takum obpasom, 3ambikanue X u X | mMuokecTtB X_ u X COOTBETCTBEHHO IOJIYYaIOTCS
p— + o -
J0baBIeHneM K 3THM MHOKecTBaMm oTpeska Xg. ITo mpemmoxkennio . mHOXKecTBa X m X 4 CBA3HEBL Taxk xak

X N X = Xo # 0, T0, IO TPEIJIOKEHUTO | MHOYKECTBO X CBSI3HO.

HOKa}KeM Tenepb, 9T0 X He SBJIAETCS JWHEIHO CBA3HBIM. Bepem mpowmssBosbhbie Toukn A € X_ uw B € X4
W TIOKa’KeM, UTO WX HeNb3s COeJIMHUTL HENPEPBIBHOW KpmBOii. IIpeanonoum mpoTHBHOE, T.e. CyINECTBYET KPHUBAS
~v: la,b] = X, coepuusitomas A = v(a) u B = ~(b). Ho npeyozkennio [3.30) oro6paxkenue I': [a,b] — R?, npogomxka-
tomee v = I'|[4 4], x — Henpepeisuo. 13 npumepa BBITEKAET, YTO KoopaunarHbie (ynxmuu z(t), y(t), 3agaromue
KPHUBYIO Y, TaKyKe HempepbIBHBI. 1lo C.HQ,ILCTBI/IIO 6.25) 5 cymiecrByer t takoe, uro z(t) = 0. B cuiy npumepa [3.21| u
CKA3aHHOTO BBIIIE, MHOXKECTBO ' := { t:x(t) = O} [a,b] — HemycTo n 3aMKHYTO. IIyCcTh t) — TOYHAS BEpXHSSA TPAHb
muoxectsa 1. Tax kak T 3aMKHYyTO, TO tg 6 T, re. x(to) = 0. Tak kak B € X, 1o z(b) # 0, orkyzna tg < b.

IIpuBenem k nporuBopeunto, MoKaszas, 4ro (GyHkuus y(t) He siBisercs HenpepbiBHON B TOUKe to. [lomokum C =
I'(ty) = (0, y(to)) u Bo3bMeM Kpyrosyio okpecraocrsb U := Uy (C'). Toraa, 10 HepaBeHCTBY TPEYIOJIbHUKA, PACCTOAHIE
MKy JIObIME AByMsi ToukaMmu u3 U menbine 2. OmHako, kakoe Obl 0 > 0 MBI HE BBIOpAJIH, JJIS KAXKIOrO t1 > tg
13 J-OKPECTHOCTH TOYKH ty Ha oTpe3ke [a,b] Bbimomusiercs z(t;) > x(tg) = 0. Honoxkum ap = 1/(7/2 + 27k) u
b = 1/(37/2+4 27k), k € N. Taxk KaK ai u by 1m0J0KuTEIbHBL U cTpeMaATcd K 0 mpu k — 00, CYIIECTBYET TAKoe k, 4To
ag, b, € (O,x(tl)). B cuny crencreus cymecTByoT tg < t',t < t; Takme, uro z(t') = ap u x(t") = by, HO TOrMA

y(t') = sin o) = sina— =1 u y(t") =sin

Orciona BeiTekaer, uTo paccrosame mexay toukamu ['(t') m I'(¢”) Gonpme 2 u, 3HAYMT, OMHA U3 ITUX TOUEK HE
TIOTIAJAET B OKPECTHOCTE U/, 9TO TIPOTMBOPEYNT HEPEPBIBHOCTH OTOGpaskenws .

3ameuanmne 6.27. B cuny cnencrsus [6.19] karxkgas KOMIIOHEHTa TMHEHHON CBSI3HOCTH CBSI3HA, TOITOMY KOMTIOHEHTHI
JINHEHHOM CBSA3HOCTH TOAPA3OMBAIOT KOMIIOHEHTHI CBS3HOCTH. Tak, B mpumepe [6.26] Bce MpOCTPAHCTBO CBS3HO, HO
pa30oUTO HA TPW KOMIIOHEHTHI JIMHEHHOH CBSI3HOCTH.
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6.3 JlokajqipbHad JiMHelHad CBA3HOCTH

Tomomoruyeckoe TPOCTPAHCTBO X HA3BIBACTCH AOKAABHO AUHEUHO CBA3IHBLM, €CITH y KaxKIoW Touku x € X wu
s000it ee okpecraHoctr U™ cyIecTByer JIMHEWHO CBs3HAs OKpectHOCTH V¥ C U”.

IIpumep 6.28. He Bcakoe JIOKATBHO JIMHEHHO CBA3HOE MPOCTPAHCTBO ABJIACTCA JIMHEHHO CBA3HBIM, HAIIPUMEP, HOJI-
MHOXKECTBO UpsiMoii R, cocrosiiiee u3 AByX Hellepecekammuxcs uHTepBasios, ckaxeM, (0,1) u (1,2) (nouemy?).

IIpumep 6.29. He Bcakoe TuHEHRHO CBI3HOE TPOCTPAHCTBO SABJISIETCS JJOKAJIbHO JUHEHHO CBsI3HbIM. B KadecTBe nmpume-
pa paccMOTPUM MOAMHOKECTBO X TaockocTn R? ¢ mexkapToBLIMI KOOPAMHATAMY T, ¥, PABHOE 00heJNHeHII0 OTPE3KOB,
coemuraAOnmX TouKy (0,1) ¢ Toukamm (1/n,0), n € N, a Taxxe ¢ Toukoit O = (0, 0). Torma okpectrocTs Uy /2(0) N X
He COIEpIKUT JINHEHHO CBSI3HON mOJOKpecTHOCTH Buaa UC (ybemurech B 3TOM).

IIpumep 6.30. Kaxxaoe OTKpBITOE MOJIMHOXKECTBO JIOKAJbHO JIMHEHHO CBS3HOTI'O MPOCTPAHCTBO CAMO SABJIAETCS JIO-
KaJIbHO JINHEHHO CBSI3HBIM.

IIpumep 6.31. IIpocrpancrBo R™ gBisieTcs TOKATBHO JTHHEHHO CBA3HBIM. JleficTBUTETBHO, AT KaXK 10 OKPECTHOCTH
U? kaxnoit rouku x € R™ cymecrByer orkpbirbiii map Ug (x), conepxkamuiica B U®. Tak kak wap U () — BbIILYKIIbILii,
OH TaKzKe sAB/Isercs JuHeiino cpasubiM. Orcona u u3 npumepa [6.30] BbiTekaer, 4ro KazKa0e OTKPHITOE IOJMHOKECTBO
R"™ 70KaJIBHO JIMHEHHO CBSA3HO.

IIpumep 6.32. Paccyxkaenus, aHaJIOTHIHBIE TTPOBEIEHHBIM B TpuMepe [6.31] moka3bBaioT, 4To JT1060€ HOPMUPOBAHHOE
BEKTOPHOE TTPOCTPAHCTBO, & TaK¥Ke KaxKJ0€e €ro OTKPBITOe MTOAMHOXKECTBO, JIOKAJIbHO JTUHEHHO CBA3HDI.

TeOpeMa 6.33. B 10KGAbHO AUHETUHO CEAZHOM npocmparcmee AUHETHAA CBAZHOCTND IKEUBANEHTNHA CEA3ZHOCTIU.

JoxkaszarenbcTBo. J[0CTATOYHO MPOBEPUTH, UYTO B JIOKAJBHO JINHEHHO CBA3HOM TPOCTPAHCTBE X CBSA3HOCTDH BJIEYET
JINHEWHYIO CBSI3HOCTh. B cuity ciieacTBus MHOXKECTBO JIMHEIHO CBSI3HBIX KOMIIOHEHT TPOCTPAHCTBA X SBJISETCS
pazomermem X. Tak kax X JOKaJIbHO JWHEHAHO CBA3HO, TO KaxKJas TaKas KOMIIOHEHTA, BMECTe C KaxKJIO0# CBOeit
TOYKO#, COAEPKUT ¥ OKPECTHOCTD ITON TOYKH, I0ITOMY KOMIIOHEHTHI THHEHHON CBS3HOCTH B 3TOM CJIy9ae — OTKPBITHIE
MHOXKECTBA, TAK YTO HAJUYIUE XOTs Obl IBYX TAKUX KOMIIOHEHT HPUBOJAUT K HECBA3HOCTHU POCTPAHCTBA X . O

3amevanue 6.34. B npumepe MbI 3AMETHJIH, 9TO KAK/I0€ OTKPBITOE IOJMHOKECTBO JIOKATHHO JIMHEHHO CBA3HOIO
TIPOCTPAHCTBA CaMO JIOKAJIHHO JIMHEHHO cBsA3HO. Ilpumep [6.26) BMecTe ¢ Teopemoit [6.33) AeMOHCTPUPYIOT, UTO HE
KaXKJI0€ MOJAMHOXKECTBO JIOKAJIHHO JIMHEHHO CBSI3HOTO MPOCTPAHCTBA SBJISIETCS TAKWM.

6.4 JlokaabHO MOCTOAHHBIE OTOOpAKEHUHA

st manbHERTIero HaM mOHAJO0UTCS €Ile Pl YTBeP K IEHUH.
Orobpaxkenne f: X — Y TOMOJOrMYeCKUX MPOCTPAHCTB HA3BIBAETCH AOKAABHO NOCIMOSHHBIM, €CIU Y 0001
Touku & € X mmeercs okpecTHOCTh U® Takasi, uro orpanundenue f wa U” mMOCTOSHHO.

Ilpennoxkenune 6.35. Jlokaabho nocmosrHoe omobpastcenue monoso2udeckur npocmpaHcms HeNnPpepueHO.

HoxkaszarenscrBo. Ilycts f: X — Y JIOKATbHO TOCTOSTHHOE OTOOpazkeHme. Boibepem mpomsBombHOe T € X
OKazKeM, 9TO f HEmpephiBHO B &. Bo3bMeM mpom3soibayio okpectrocts VI (#) | a y roukn x BBIGEpEM OKpeCTHOCTS
U®, na KOTOpO#l f mocrosuuo u, 3xaunt, papuo f(z). Ho rorma f(U®) = {f(z)} c V/(®), O

Cuenyromuil pe3y/ibrar HOHAI00UMTCS HaM JIJId JOKa3aTeIbCTBa TeopeMbl 2KopaaHa.
CiaencrBue 6.36. JIokaabHO NOCMOAHHOE 0MOOPAHCERUE NOCMOAHHO HA KAHCOOT KOMMOHEHME CEAZHOCTU.

HoxkazarenbcTBo. Ilycts f: X — Y — jiokajibHO nocrosiHHOE orobpakeHnue. JIoCTraro4HO 1OKA3aTh, 4TO ecju X
CBSI3HO, TO f MOCTOSIHHO.

Jns xaxaoro y € Y mpoobpas f~'(y) orkpwir. [eiictBurensbho, uwin f~1(y) myct, uam ais Kaxkaol TOUKH
z € f~1(y) cymecrsyer oxpecrrocts U” taxas, aro f(U*) = {y}, r.e. U” C f~!(y). Ho torma f~'(y) = Uye -1, U”
— orkpbiToe MHOkecTBO. Takmm o6pazowm, cemeiicreo {f1(y)},e £(x) — pasbmenne X Ha OTKPBITHIE HEMyCTBIe MHO-
JKECTBA, O3TOMY €CJIU y OTOOpazkeHus [ CyHIeCTBYET 110 KpaiiHel Mepe /1Ba Pa3IuIHbIX 3Ha4eHus1, TO X HeCBA3HO. [
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YmupaxkHenusd K riiase 6

Yopaxkueaune 6.1. Ilycrs X — mpocrpancTBo ¢ Tonosorueit 3apucckoro. JIBmisieTcst i1 OHO
(1) cBasubIM?
(2) JuHEHRHO CBA3HBIM JIjId HE MEHEE YeM KOHTUHYyaJIbHOro X 7
(3) sumeitno cBsa3HbIM syig He Oosiee dem cuernoro X ? (Bocmosb3yiirech Teopemoii Bapa.)

Yupaxkaenue 6.2. Ilycrs {X,}aer — ceMelicTBO JIMHEHHO CBA3HBIX MPOCTPAHCTB. IIOKaXKuTE, 4TO MX JEKAPTOBO

TpOU3BeeHe Hael X, TUHEAHO CBSA3HO.

VYopaxkuenune 6.3. Ilycrs f — HenpepbiBaas QyHKIHMS, 33/ JaHHAsS HA TONOIOrHYecKoM npocTpatcTse X . O6o3HaYNM
uepe3 I' muoxectBo yposusi Gynkuuu f, re. I' = {z € X : f(z) = ¢}, e ¢ € R. Honoxum 2 = X \ I'. Tokaxure,
qro rouku P, Q € (2, B onnoit u3 KOTopbix yHkius f OoJiblie ¢, & B IPYTroil — MEHbIILE ¢, JIEKAT B PA3HBIX CBA3HBIX
KOMIIOHEHTAX MHOXKECTBA, {2.

Yupaxkxuenwne 6.4. [lycts X — noamuoxxectBo R™, n > 1, momydernoe u3 R™ BhIOpACHIBAHUEM THUMEPITIOCKOCTH
T = {(xl,...,xn) eR":a1x1+ - +apz, :d},

rue a = (ai,...,a,) — HeHyneBoil BeKTop. Jlokaxure, 410 X COCTOUT M3 JIBYX CBA3HBIX KOMIIOHEHT — OMKPBHUITIbLL
NOAYNPOCTNPAHCNG, 02PAHUNEHHBLL T

VYopaxkuaenue 6.5. Ilycro X — noamuoxkecrso R™, n > 1, nonydennoe u3 R™ BoiOpacbiBanueM k pas3/iMdHbIX I1a-
) )
pasutesibubIx rumnepiiockocreii. JTokaxure, yro X cocrout uz (k + 1)-0if CBA3HON KOMIIOHEHTHI.

Yupaxkaenue 6.6. Ing k = 1,...,n depe3 [, 0003HAYNM WM HEBBIPOXKIEHHBIH OTPE30K, WM WHTEPBAJ, WA
n
TOJTyWHTEpBaN (C OTKPHITHIM JIEBBIM WM TIPABBIM KOHIOM). [lekaproBo mpownssenenne K = [] p=1 I, C R™ nazosem

-1 . .
KUPNUYOM C OCHOBGHUEM B = HZ:1 I, u evicomoti h = I,,. JIna cTporo MOHOTOHHOI TOCJIEIOBATETHLHOCTI
t1,...,tx, COCTOSINIEH U3 BHYTPEHHUX TOYEK BBICOTHI h, PACCMOTPUM ceueHust B X {tp}, u nycTh X momydaercs u3 K
BBIKU/IbIBAHUEM BCex 3Tux cedenuii. [Tokaxkure, uro X cocrour u3 (k 4 1)-0it KOMOOHEHTBL.

Vopaxkaerane 6.7. Ilycts X — IOAMHOXKECTBO IIOCKOCTH RZ, KOTOpOE TOIyYaeTcs

(1) u3 R? poibpacbiBannem k > 1 pasinyaHbIX Jydeil, BLIXOJANIAX U3 OTHON TOYKH;

(2) u3 kpyra C, OTKpPBITOro WK 3aMKHYTOIO, BEIOpachiBanueM k > 1 pasiudHbIX €ro PauyCcoB.
Hoxkazkure, 970 X COCTOUT M3 k KOMIIOHEHT.

Yupaxuenwune 6.8. Ilokaxwure, uyro ecnim f;: X — R, i = 1,...,n, — #HenpepbiBable DYHKINNA HA, TOTIOJOTTIECKOM
npocrpancree X, to Gyukuuu f(x) = max{fl(ac), RO (x)} ug(x) = min{f1 (x),..., fn(x)} TaKzKe HEIPEPLIBHEI.

Yopaxkuenune 6.9. 3amrnymosim noaynpocmparncmeom 6 R™ HazbiBaeTcst 00beIUHEHNE THIIEPILIOCKOCTH W JTIO-
060ro m3 JABYX OTPAHMYEHHBIX €l OTKPBITHIX MOJYIPOCTPAHCTB. Buinyrkavim mrozozparHruxom 6 R™ nasbiBaercs
repecedeHrie KOHEYHOIO YUCJIa 3aMKHYTBIX HOJIYIPOCTPAHCTB B CJIydae, KOrJa 3TO IepecedeHre OPAHUYEHO U UMe-
€T HemyCTYI0 BHYTPEHHOCTh. JIOKasKuTe, 94TO TPAHUIA BBIMYKJION0 MHOTOTDAHHUKA PA30MBAET MPOCTPAHCTBO HA JIBE
KOMIIOHEHTBI, T.€. €CJIN 3Ty T'PAHUILY BBIKUHYTH, TO OCTAHETCA TTOJMHOMKECTBO, COCTOSIIEE U3 JIBYX KOMIIOHEHT.

VYuopaxkuaenne 6.10. ITycrs U C R™ — OTKpbITOE MHOXKECTBO, a 7 : [a,b] — U — kpusas. JJokasKkuTe, 4T0 CyIIECTBYET
somanas L, coegunsromas rouku y(a) u v(b), Bce pebpa xoropoit sexar B U. Takum 00pazom, OTKPHITOE MHOXKECTBO
U C R™ mHEHHO CBA3HO, €CJIM M TOJBKO €CJIM KazKJas Iapa ero TOYeK MOXKET ObITh COeIMHEHa JIOMAHOMH, Bee pedpa
KoTopoit siexkar B U.

Yupaxueuue 6.11. Jlokaxkure, 910
(1) oTpe3oK u OKpPY?KHOCTb HE rOMEOMOPMHbI;

(2) 6yksbt P u 1 ne romeomopdHbi.
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Teopema 2Kopaana

IInan. 3aMKHyTas KPpHUBAs, HE3AMKHYTAsl KPUBAs, HE3AMKHYTAs BJIOXKEHHAsA KPUBAs, 3AMKHYTas BJIOJKE€HHAsA Kpusas, reopema 2Koppana o BJO-
JKEHHOH KPUBOH Ha MJIOCKOCTH, 3aMKHYTAasi M HE3AMKHYTas JIOMAHBIE, IOMAaHAsl KaK NPOCTOH rpad, KOHLEeBbe (FPAHUYHbIE) U BHY TPEHHUE BEPIIHHbI
He3aMKHYTOH JIOMaHO!, BHyTPEHHHE BEPIINHBI 3aMKHYTOH JIOMaHOH, BBIKHAbIBaHHe pefpa U BHIKHABIBAHNE BEPIINHBI U3 IPOCTOro rpada, BEIKHIbI-
BaHHe pebpa U BBIKUIOBIBAHHE BEPIINHBI U3 JIOMAHOMH, JJOMaHasA KaK KPHUBasl, JJOMaHas KaK IMOAMHOXKECTBO 00bEMJIIOIIEro IPOCTPAHCTBA, KOHIIEBAST
(rpaHnvHAS) U BHYTPEHHAA TOYKA JIOMAHOI, HEBBIPOXKIEHHBIE pebpa JIOMaHOM, BIOYKEHHAs JIOMaHas (3aMKHYTas U He3aMKHyTad), Teopema 2Kop-
JaHa OJIs1 BJIOYKEHHBIX JIOMAHBIX HA IIOCKOCTH, HOKA3aTeNbCTBO Teopemsbl 2KopnaHa Hjis JIOMaHbIX, £-OKPECTHOCTb IIOJMHOXKECTBA METPUYECKOro
IPOCTPAHCTBA, CYIIECTBEHHbIE U HECYIIECTBEHHbIE MIePeceYeHns, JJeMMa O YeThIPeX TOYKAX, MHOTOYTOJbHUK, TPDAHUIA, BHYTPEHHOCTh M BHEIIHOCTH
MHOTOYTOJIbHHUKA.

B nanmoM paszmene Mbl 06CyIuM 3HAMEHUTYIO Teopemy 2K opIana O BIOYKEHHBIX KPABBIX HA eBKINIOBOM TMJIOCKOCTH.
MpI mpuBeneM JT0Ka3aTeNIbCTBO I 9aCTHOTO CJIydasi, KOTJa KpuBas aBjsercsa Jomanoi. [Ipo obmmuii ciayvail MOKHO
nountars [10]- [I4].

7.1 Teopema 2Kopaana

Kpusas ~: [a,b] — X B romosiormyeckom npocrpancrse X HasbiBaercs 3amknymot, eciu v(a) = vy(b), u ne3a-
MKEHYMOU B 1pOTUBHOM ciry4dae. HezaMKHyTas KpuBas Y HA3bIBACTCH 840HCEHHOU, eciin OTOOParKeHne Y B3aUMHO-
OJIHO3HAYHO C 06pa30M. 3aMKHYyTasi KPUBasd HA3BIBAETCA BAO0HCEHHOU, €CJIN €JUHCTBEHHDIE JIBE PA3JINIHBIE TOYKH 11,
to orpeska [a, b], Aust KOTopbIix (t1) = y(t2), — 970 TOUKM a u b.

Teopema 7.1 (XKopaan). ITycmo v: [a,b] — R? — eaooicennan xpusas. Obosnanum I' 0bpas omobpasicenus v, u
nyemny 2 =R2\ I'. Tozda

(1) ecau xpusas v nesamrnymas, mo (2 AuHETHO CB8A3HO;

(2) ecau wpusas v amrnymas, mo 2 cocmoum poeHo U3 06YT KOMNOHEHI AUHETHOT CEAZHOCTNU.

3ameuanmne 7.2. B cuny npumepa [6.31| u Teopemst [6.33] koMmoHeHTHI IMHEITHO CBI3HOCTH U KOMIIOHEHTBI CBSI3HOCTH
OTKPBITHIX moaMHOXKecTB R” coBmamaror. Ilosmomy 6 dasvretiuwem, 0Aa KPaMKEOCMU, Mol Oydem HA3BL6aMb KOMNO-
HEHMbL AUHETHOT C8AZHOCTU OMEPLIMBIEL NodMmHodtcecme R™ npocmo xomnornenmamu.

Teopema ?Kopnana, Ha, TTEPBBI B3TVIA, KAyKETCs COBEPITEHHO OYEBHUIHOM, HO ee JOKA3aTeIhCTBO JTAJeKO HETPU-
BUAJILHO, TAK KaK CBA3aHO C TOMOJOTHEH MIocKocTu. [IpuBesemM HECKOIBKO MPUMEPOB.

Cdepa

BaMKHyTast BIOKEHHAs! KpUBasi pa30uBaeT IByMepHYIO chepy Ha JBe KOMIIOHEHTHI, & He3aMKHyTast — HeT, M. puc. [7.1]

Ouauaap

To ke camoe BEpPHO U /I TUJIUHIPA, CM. PHC. [7.2

Top

HesaMKHyTad BIOKeHHAS KPHBad MO-TIPEsKHEMY He pa3dHBaeT TOP Ha KOMIIOHEHTHL A BOT CpeIH 3aMKHYTBIX KPHBBIX
€CTh Kak pa3bmBalomye, TaK W He pa3OWBAIOIINe, CM. PHC.

62
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Puc. 7.1: Teopema ZKopmana Bepua ajist chepsr.

e

Puc. 7.2: Teopema ZKopmana Bepra ajis muanHIpa.

@<

Puc. 7.3: Ha Tope Teopema zKopmana we BepHA.

JInct Mébuyca

“@u3myeckas peanu3anusa’ aucra MeEdnyca moaydaeTcs, eCiu CKIEHTh IPOTHBOIOIOXKHBIE IBA Kpasl MPAMOYTOTbHOI
nonocku Oymaru ¢ nmepekpyduBanueMm Ha 180°, cMm. puc. cnesa. Paccmorpum ma simcre MébGuyca cpeaHion JTUHUIO
I', cm. puc. |7.4] cupasa. Kak nokazano na 3tom ke pucyuke, I' ne pazbusaer siuct Mébuyca.

Puc. 7.4: Ha qucre Mébuyca Teopema ZKopmana He BEepHA.

Mpbr nokaxkem Teopemy 2KopaHa B 9aCcTHOM C/Iydae JIOMAHbBIX, PACCMATPUBAEMBIX KakK KpuBble. /lagmm coorBeT-
CTBYIOIIINE OTPEIETICHNS.
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7.2 Jlomanbie u Teopema 2KopaaHa

Hanmomuum, 910 TOMaHO# B BEKTOPHOM ITPOCTPAHCTBE Mbl HA3BIBAIN KOHEYHYIO MOCIEI0BATENBHOCTD Ag, . . ., A, TOYeK
3roro mpocrpancrsa. Kpome Toro, Mbl roBOpuiin, KaKk MOYKHO IPEBPATUTH JIOMAHYIO B KPUBYIO, COENMHSISA IIOCIIEI0-
BaTEeIbHbIE BEPIIUHBI A; OTpe3KaMu U napaMerpusys eJuHbIM 00pa30M BCe HoJydeHHoe cemeiicTBo orpe3kos. Ceityac
HaM TIOHAO0OWTCS CBSA3ATh C JIOMAHON eIle OJHY CTPYKTYPY, & UMEHHO, CTPYKTYypy mpoctoro rpada. Mer Oymem pac-
CMaTpPUBATh JBA TUIA CTPYKTYP JIOMAaHbIX.

e Crpykrypa He3amkHymol aomanoli — 1o upocroit rpadp G = (V, E), B KOropoMm MHOXKeCTBO BepuiuH V'
PEJICTAB/IAET CODOM MOCIeI0BATELHOCTD Ay, . . ., Ay, (1asKe eciu HeKOTOpBIE TOUKE A; COBIAIAIOT, MBI CIUTAEM
ux pasHbiMu BepimHamu rpada G), a MuHOKecTBO pebep E — cemelictBo BCex map A;_14;, i = 1,...,m,
COCTOSIINIUX W3 MOCAeI0BATEIbHBIX BepiiuH. [Ipu srom Bepmmabl Ag U A,, MbI Ha3bIBAEM KOHUEELIMU WU
2PAHUNHBLMU, & BCE OCTAJIBHBIE BEPITUHBI — BHYMPEHHUMU.

e Crpykrypa 3amMrHYmMOoU aomaroti — 510 Toxe upocroii rpad G = (V, E), B KOTOpOM MHOXKECTBO Bepuiud V'
TIPEICTABISIET CODOM TMOCIeIOBATEIHLHOCTD Ag, ..., Apy_1; TIPU 3TOM, MBI TIO3BOJIIEM HOMEPAM BEPINWH “IIUKJIN-
9eCKU’ MEHSIThCHA B Tpeesiax Bcero Z: nis k € 7 npeacrasum k B Buge k =pm +i,tme p € Z, 0<i < m — 1,
u nonoxuM A = Apm+ys = Ai. Ilpun takom corsamenun MHOXKeCTBO pebep £ — 3T0 CHOBa CeMeiicTBO BCex
map A;_14;, 1 =1,...,m. S3amerum, 4To B 3TOM ciydae A,,_ 1A, = An_1Ag. Y 3aMKHYTBHIX JIOMAHBIX BCE UX
BEPILUHbI HA3LIBAIOTCA 8HYIMPEHHUMU.

Taxum 00pa3oM, TOBOpS PO JIOMAHYIO, MbI Oy/I€M BCEra UMETh B BHUJY, YTO OHA SBJISETCH WA 3AMKHYTOU, WA
HE3aMKHYTOM, T.e. HaJesleHa CTPYKTYpPOil COOTBeTCTByIomero npocroro rpada. Paccmorpenue joMaHoi Kak rpada
(ﬂBHHIOIHeFOCH nyreM B ClIy4dae HE3aMKHYTBLIX JIOMaHbIX W ITUKJIOM B CiIy4dae 3aMKHyTbIX) IIO3BOJIAET I'OBOPUTDL, Ha-
TIpUMep, TTPO CMEXKHbIE Pedpa, a TaK:Ke WHINIEHTHBIE BePIUHB U pebpa. Kpome Toro, HaM TOHAIO0ATCS CITEIYIOIIHe
JIBE Omeparuu Hal rpadaMu.

IMycts G = (V, E) — upocroii rpad, v € V u e € E. Torna

e rpad G\ e, nonyuennbiii u3z G eukudniearuem pebpa e, — 31o rpad (V, E\ {e});

e rpad G\ v, nosyuensniii u3 G evikudsieaHUEM ePULUHDBL U, — TO rpad (V \ {v},E’), rae B’ monydaercs
u3 F BolkujpiBanneM Bcex pebep, MHIMICHTHBIX V.

Omnumiem pe3ysIbTaThl TPUMEHEHUS ITUX OMEPANWil K JJOMAHBIM TIpH 1M > 2.
e Ecin u3 3aMKHYTO# JIOMaHOH BBHIKUHYTH BEPIINHY WK PEOPO, TO MOJYIUTCH OIHA HE3AMKHYTas JIOMAaHAs.
e Ecin u3 He3aMKHYTOi JIOMAHOI BHIOPOCHTDH KOHIIEBYIO BEPIIHUHY, TO IOy IUTCS O/IHA HE3AMKHYTAas JIOMAHAS.

e Eciu u3 HE3aMKHYTOI JIOMAHON BHIKUHYTH UJIM PEOPO, TN BHY TPEHHIOK BEPIITUHY, TO MOy IUTCS IBE HE3AMKHY-
TBIX JIOMAHBIX.

Kaxk ™Mbl y:ke OTMeHWIH B Hadase pa3fena, JOMAHYI0 MOXKHO PACCMATPUBATH KAK KPUBYIO, CM. JIETAJH B 3aMeda-
unn 4.9] Takxke ObiBaer ym100HO OTOXKIECTBIIATH JIOMAHYIO C O0ObeIMHEHNE BCeX ee pebep, T.e. C 00pa3oM COOTBETCTBY-
oleit KpuBoi. Yeaosumcs, wmo das aomanot L 6 R™ zanuce L C R™ o3navaem paccmompenue A0MAHOT UMEHHO 6
sude maxozo obsedunenus ee pebep. Ilpu stom, moukoti aomaroti L C R™ Oymem HA3BIBATH MPOU3BOIHHYIO TOUKY U3
9TOro obbeuHeHus (He myTaiiTe ¢ BepIIUHON JoMaHoi). Touky JIoMaHOil Ha30BEM KOHUEBOT WU 2PAHUYHOU, eCiu
OHA COBMAJAET C KOHIIEBOH BePIIMHOM JoManoit. Bee ocTambHble TOUKH, BKIIOYAs U BHYTPEHHUE TOYKH PeOepP-0TPE3KOB,
HA30BEM 8HYMPEHHUMU.

Pebpo A;_1A; nomanoil Ha3blBaeTCs He8bLPOHCIeHHbIM, eciiu A;_1 # A;. Jlomanasi, 3aMKHyTasl WM HE3AMKHY-
Tasl, HA3BIBAETCS SAOHCEHHOTU, €CJIN TAKOM SIBJISETCST COOTBETCTBYIOIIAS €l KPUBas.

Teopema 7.3 (Teopema 2Kopmana myis jomanbix). Iycmy L C R? — eaooicennas somanaa. Ionoocum 2 = R?\ L.
Toz0a

(1) ecau L nesammnyma, mo §2 — aunelino c6sa3no;
(2) ecau L samxnyma, mo {2 cocmoum poero u3 08yxr KoMNoHeHM.

Bameuanne 7.4. I3 ynpaxxnenus [6.10] Bbrrekaer, 9T0 mo0ble [Be TOUKH U3 OAHOII KOMIIOHEHTBI MHOKECTBA {2 MOKHO
COeJMHUTDH He TOJIbKO JIeXKalllel B 9TOI KOMIIOHEHTE KPUBOW, HO U JlaKe JIOMAHOM.
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7.3 JlokazareabcTBO TeopeMbl 2KopaaHa A JIOMaHBIX

HamomunM, 9T0 B yHpaKHEHHN MBI ONpeJeTHIn paccTosune |AB| Mex)Iy JBYyMs HEIyCTBIME MOJMHOMXKECTBAMA
A u B 1npon3BOIbHOIO METPHYECKOro MpocTpaHcTBa X U MOKA3aJIH, 9TO PACCTOSHHE MEXK/Y HelepeCeKalolIMUCs
KOMIIAKTAMHU IOJIOKHUTEIBHO. JaCTHBIM CIIydaeM 3TOrO PaccrogHus sBisfercsa paccroguue |aB| or Touku a € X 710
MHOYXKecTBa B, cM. 3agady KOTOPOE PABHO ’{a}B , & TaK¥Ke U paccrostuue |ab| Mexkay Toukamu a,b € X, paBHOe
‘{a}{b}|. Taxk kaxk kaxkmas momanass L C R™ sBisiercss HEMyCTHIM KOMIIAKTHBIM IMOJAMHOXKECTBOM, a OObeIWHeHHe
KOHEYHOTO YHCJIa KOMITAKTOB TaKsKe KOMMAKTHO (yOeauTech B 9TOM), MOJIyYaeM CIEAYIOMMi pe3yibTrar.

CaepncrBue 7.5. [lycmv X — mempuueckoe npocmparcmeo, a L1 C X u Lo C X — nenycmole KoneuHve 00sedu-
HEHUA KoMNaxmHuus nodmnoscecne X . Tozda |L1Ls| = 0, ecau u moavko ecau L1 N Lo # 0. B wacmuocmu, 9mo
umeem mecmo 0as konewnux obsedunenut L1 C R™ u Lo CR™ 06pa3os kpuevix usu SOMOHBIL.

Ilepeiinem Teneps K J10KA3aTENbCTBY TEOPeMbl [7.3}

7.3.1 Crparerusa I0Ka3aTeJbCTBA TEOPEMBI

(1) Mbi noubepem st KaxKaoit Touku P jomanoii L croJib MajLyio KpyroBylo okpectHocTb Up, 4ro0bl i BHY TPEH-
weit Touku P jiomanas L pasbousasia Up HaA JBe KOMIIOHEHTHI, & JIJIsT KOHIEBOM TOYKN P HE3aMKHYTO JIOMAHOM
L ymokectBo Up \ L GBITIO CBS3HBIM.

(2) MbI gokaxkeM, 9TO i Kax10ii Touku P jgomaHoii L mo6yio Touky n3 Up \ L MOXKHO COEIMHUTH JIOMAHO, He
nepecekatomnieil L, ¢ Toukoit n3 Uy, \ L.

(3) MpbI moKazKkeM, 94TO JI00YI0 TOUKY ILIOCKOCTH, HE JIEXKAILYIO Ha, L, MOXKHO COEJIMHUTD OTPE3KOM, He IIEPECEKAOIIUM
L, ¢ Toukoit u3 HEKOTOPOU OKpecTHOCTH BUAA Up.

U3 myakTOB n cJle/TyerT, 9To /19 He3aMKHYToil jomaHoit L nonoanenune R?\ L cocTOUT U3 OHOM KOMTIOHEHTHI,
TaK KaK JI00YIO TOUKY 9TOrO JOMOJHEHNST MOXKHO COINHATH JIOMAHO# ¢ HEKOTOPOit TOUKOi MHO)KecTBa U 4, \ L, KoTOpoe
JUHEHHO CBA3HO.

Tak:ke U3 MyHKTOB u ceflyeT, 9To JyiA 3aMKHYTOH nomanoit L gomommenme R?\ L cocromt He Gomee
4eM U3 JIByX KOMIIOHEHT, TaK KAaK JIIOOyI0 TOYKY 3TOrO JIOIOJHEHUS MOXKHO COEIMHUTDH JIOMAHON C HEKOTOPOI TOYKOM
muOKecTBa Uy, \ L, KOTOPOE COCTOUT M3 JABYX KOMIOHEHT.

(4) Haxkonew, Mbl 0KazKeM, 4T0O 3aMKHyTas JioMaHasg L pa3buBaeT ILUIOCKOCTb HE MEHee YeM Ha JIBe KOMIIOHEHTBI.
J s 3TOr0 MBI IOCTpOUM Ha, R? \ L s0KranbHO mocTosiHAy 0 GYHKINIO, MPUHIMAOIILYIO JBa 3HAUEHUS: TOIKH, B
KOTOPBIX 3Ta (DYHKIWSA MPUHUMAET PA3IUYHbIE 3HAUEHUS, JIEXKAT B PA3HBIX KOMIOHEHTAX.

Ilepeiiem k peanm3aiuu CTPATEruu.

7.3.2 Peanuzanusa myukTa (1))

Bosbmem mpomsBosbHyio Touky P € L. Eciu P — BHyTpeHHsIT TOYKa pedpa e jomaHoit L, To Beibepem ep > 0
MenbIuM paccroguus or P o L\ e. Ecau xe P — Bepmuna joManoii L, 1o BeibepeM €p > 0 MEHBIIUM PACCTOSHUS
or P o L\ P. Ionoxxum Up = U, (P), puc.

fcno, aro B Up MOryT momacTs TOJIBKO TOYKH pebep, comepxkaniux P, ciemnosarensuo, Up N L npeacrasiser coboit
(1) pamuyc xpyra Up, eciu P — koHueBas Bepiiuta (HE3aMKHYTOH JIOMAHOIH);
(2) mBa pasnuunblx paguyca Kpyra Up, eciu P — BHyTpeHHss BEpIIUHA;
(3) mmamerp kpyra Up, eciiu P — BHyTpeHHs#s TOYKa pebpa.

W3 ynpaxuenus BBITEKAET, YTO B [EPBOM Ciydyae MHOXKecTBO Up \ L MUHEHHO CBA3HO, a B OCTABIIUXCHA JIBYX
cjlydadxX COCTOUT U3 JIBYyX KOMIIOHEHT.

3ameuanne 7.6. O6parure BHUMAHUE, 9TO €p MOXKHO OpPATh HACTOJBKO MAJIBIM, HACKOJIHKO HAM HY’KHO, TaK KaK
OrpaHUYeHue Ha 3TO YMUCJIO YCTAHOBJIEHO TOJIbKO CBEPXY.
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P=A,umu A, pu A, F A,
A

P:Ai’ O < 1 < m’ AO* Am) nim
P:Ai> 0 = 1 = m’ A0= Am
4

Puc. 7.5: Okpectrocts Up.

7.3.3 Peanuzanua myHKTa

IIycts Y C X — npowusBosibHOE HOAMHOXKECTBO MeTpudieckoro npocrpanctsa X, u € > 0. Torma e-oxkpecmuocmvio
mrooicecmea Y naspisaerca MuoxkecrBo Uz (Y) = Uyey Us(y).

Bamada 7.7. Hokaxure, uro U (V) = {x € X : [2Y] < ¢}.

Jlemma 7.8. Ilycmv P — snympennsas mowka pebpa e aomanot L, a S — odna u3 eepwun pebpa e. Tozda wasrcdyro
mouxy Q € Up \ L mooicno coedunums ¢ nexomopoti mouxod T € Ug \ L saomanot, ne nepecexarwets L. Obpamno,
kaorcdyro mouky T € Ug\ L mootcno coedunume ¢ nekomopot mowkol Q € Up\ L aomanoti, ne nepecexarouseti L. Boaee
MO20, 3MY COCOUHAIOUYIO AOMAHYIO MOACHO BLI0PAML Tak, wmo ona bydemn aescamo 6 Ug(e), ede ¢ = max(ep,eg).

Hoxka3zaresabcrBo. Eciu P € Ug, 1o Bce nokasano. Ilycrs reneps P ¢ Ug. Boibepem na unrepsase (P, S) touky A
TaKyio, uro |SA| < e5/2, rorna U, j2(A) C Us. Ilonozxum L' = L\e. Torga [A, PINL" = (), nosTomy, o cieacrsuio|7.5)
paccrosuue § mexay [A,P] u L' ormmuno or myasa. 3amerum, uro § < |SA| < eg/2. Cmectum orpesok [A, P| B
TIEPTIEHINKYJISIPHOM € HaIPABJIEHUN Ha TOJOKHUTENLHOE PACCTOsSTHUE, MeHbITee, YeM min{d, ep}, TOTAA MOTYyUEHHBII
B pe3synbrare orpe3ok [A’, P’| He nepecekaer uu e, uu L', mpuuem A’ € Ug u P’ € Up. B uwacTHOCTH, TIPH TaKOM
cmernennu umeeM [A', P'] C Ug(e).

g mokasaTeabCTBa NEPBOrO YTBEPKICHMHA JIEMMBI, BEIOEPEM HANPABICHHE CMEIIECHUS TaK, 9TOObI TO9KH P’ u ()
OKAa3aJImCh B OMHOH KoMmoHerTe MEOKecTBa Up \ L, coemnanm Toukn @ u P’ orpeskom (ou memukom sexkut B Up \ L,
TaK KaK KaXKJasl U3 JBYX KOMIOHEHT — BbINYKJIas), a B Kadectse 1 BozbMmeM Touky A’. Jljia qOKa3aTenbCTBa BTOPOro
YTBEPKICHUS JIEMMBI, BLIOEPEM HAMTPABIEHNE CMEINEHns Tak, 9To0br Toukn A’ m T oka3aamch B OGHONW KOMIIOHEHTE
muOoKecTBa Ug\ L, coennrnm Toukn T u A’ tomanoit, exxamieit B Ug\ L (370 MOXKHO ¢/IeJIaTh B CHILY yrpaxkHeHus [6.10)),
[IPOJIOIZKUM 3Ty JioMaHyio orpe3kom [A’) P'|, u B kauectBe () Bo3bMeM TOuKy P’ puc.

Puc. 7.6: Jloka3aTeabLCTBO JeMMbI
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Ocrajoch 3aMeTuTh, YTO BCe (PparMeHThbl IOCTPOEHHOM JloMaHoit jexar B U (e). U

CaegcrBue 7.9. ITycmv P — npouseoavhas mouka aomanot L, a Q — npoussoavnas mouka us Up \ L. Toeda
cywecmeyem makas mouka T € U, \ L, wmo Q u T coedunaromesa somanot vy, ne nepecexarouels L. Boaee mozo,
MY COCOUHAIOUYIO NOMANYIO MOACHO 8bIOPaMb MaK, 4mo ona bydem aexcams 6 U (L), ede ¢ = max(ep,ca,)-

HoxkasareabctBo. Eciu P = Ag, 10 v — 310 0-3BenHasi jomanas Q.

ITycre Teneps P # Ag. Torna P € (A;, A;11] nas mekoroporo i. Ecim P = A; 41, BbIOEpEM IPOU3BONBHYIO TOUKY
P; € (A;, Ai41) n coemmanM () ¢ HEKOTOPO#T Toukoit ); € Up, \ L soMaHoii, He mepecekaromieil L, 9To MOXKHO CIeaTh
B CUJIy JIEMMBI 3arem, o 9TOM XKe JeMMe, coeuHUM (); U HekoTopyio 1; € Uy, moMmaHoil, He nepecekaromeir L.
B pesynbrare, mosydnM JIOMaHyI0, He IepeceKaollyo L u coenunuaiomyio () ¢ Hekoropoit Touxoit 1T; € Uy, . Ecin xe
P # A;y1, TO cpa3y TOJy4UM TaKytO JIOMAHYIO.

Sarem OyJeMm MOCJIEJ0BATEILHO COEAUHATH HE mepecekamomumucs ¢ L gomanbivu Touky T; U HEKOTOpyo (QQ;—1 €
U(P;i—1), Pi—1 € (A;—1,A;), Toury Q;_1 n nekoropywo T;_1 € Uyu,_,, W T.1., MoKa He noiineMm 10 Toukn Ty € Uy,.
Ocraercst 3aMeTHTh, 9TO PAIUYCHI £x BCeX Berpedaromuxcst KpyroB Ux (kpome Up n Ug,) MBI MOXKEM BBIOHDATH
CKOJIb YTOJHO MAJILIMK, 8 UMEHHO, BBIOEPEM UX MeHbINuMu, dem ¢. Torma, mo Jemme KasKJIbIi TIOCTPOEHHON 1O
9TO0# JieMMe (bparMeHT JOMAHOU OyIer JexKaTh B €-OKPECTHOCTH pedpa, KOTOPOMY TPUHAJIIEKAT MEHTPBI KPYTOB, TAK
470 Besd JoMaHas jiexkuT B U (L). O

7.3.4 Peanuzanusa myukTa ((3))

Paccmorpum Tereph mpon3BoibHy0 Touky R € 2. Otpesok [R, Ag] mepecekaer somMaHyoo L TO KOHEYHOMY UHCITY
orpe3koB u Touek. OGo3HaumMm depe3 P Gumskaitiryio Kk R Touky u3 [R, Ag] N L. Ilycts () — mpou3BoJbHAS TOYKA
u3 Up N [R, P), rorna @ € {2, npudeM orpe3ok [R, Q] ue mepecekaer L. Ilo ciencreuio CYIIECTBYET JIOMaHAasA v,
coemuusiomasn @ ¢ Hekoropoit Toukoit T' € Uy, \ L u e nepecekaromas L. IlocieoBarensao mpoxons orpesok [R, Q]
¥ JIOMaHYIO 7y, MbI IOJIy9UM JIOMaHyi0, coeauusioniyio R u T u ne nepecekaomyio L. Takum o6pa3om, KaxKaas TOYKA
R € {2 nexur B TOM 2Ke KOMIIOHEHTE, 4T0 U Hekoropas touka u3 Uy, \ L, puc.

Puc. 7.7: Peanuzanus myHkTa .

Nrak, kax ObLIO OTMEYEHO Bblllle B OIMCAHUU CIPATEIUU JIOKA3ATE/IbCIBA, €C/Id JoMaHas L He3aMKHyTas, TO
MHOXKeCTBO Uyg, \ L JMHEHHO CBSI3HO, OITOMY {2 COCTOWT M3 OJHON KOMHOHeHTHL. Ecin ke L 3amkuyTa, To Uy, \ L
COCTOWT U3 JIBYX KOMIIOHEHT, TI03TOMY {2 COCTOUT He OoJiee UeM M3 JIBYX KOMIIOHEHT.

7.3.5 Peanuzanua nmyukra ({4))

TTokazkem Temepn, 9TO 2 COCTOUT HE MEHee UeM M3 JIBYX KOMIIOHEHT. BBejgeM Ha IJI0CKOCTH JEKAPTOBY CHCTEMY KOOP-
nunar Oy, 1l KOTOPOIi BCe BEPIIKMHBL JOMaHOH L uMeror pasuble abcuucenl (Takas CUCTEMA KOODJIMHAT CYIIECTBYET,
TaK KAK 9T0 YCJIOBUE 3alIPELIAeT JIUIb KOHEYHOe Y1C/I0 HanpasJjenuii ocu Oy). dus kax it rouku P € (2 paccmor-
puMm n1y4 £ p, BRIXOAAIMNY u3 P v cOHANpaBIeHHbIi ¢ 0chio . [IycTh e — mpousBoabHOe pedpo somanoit L. Torma £pNe
cocTouT He DoJree YeM u3 OIHON TOYKY, B 9acTHOCTH, £p M L mpeacTaBiser co00 KOHEYHOE YHCJIO TOYEK.
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Touky @ € {p N L Ha30BEM CYULeCmMeeHHOU, €CITU BBINOJIHIETCS OHO U3 ABYX yCJIOBUIA:
(1) Touka Q) JieKUT BHYTPU HEKOTOPOro pebpa JoMaHOH Lj;
(2) Touka () — BepiumHa JoMaHo#l L, u Bbixo#gmue u3 () pebpa jgomanoil L jiexkaT B PA3HBIX MOJIYIJIOCKOCTAX

OTHOCHUTENIBHO IPAMOii, poxoasmeii 1epes {p, puc. [7.8

CYyIIECTBCHHBIC CYIIECTBEHHEIE

y Q

Q/ 7 — T 1

HECYIIECTBEHHAML

CYIIECTBCHHBIC

MECTBEHHAA

o
9

/\'\
/

HE«

HET IepeCcedeHus

X

Puc. 7.8: Peannzammsa nyHkTa .

TMonoxum n(P) = 0, ecim 9UcIIO CyNIECTBEHHbIX nepecedenuii jiy4a £p ¢ tomanoii L yerno, u n(P) = 1 B uporuBHOM
ciyJae.

BeisicanM, ato mponcxoanT ¢ unciaoM 17(P) Tpu W3MeHeHNW MoJoKeHus: Toukn P sHyTpm MHOXKecTBa (2. Ilpen-
TMOJIOKIM, 9TO0 () € {p N L — BHYTpPeHHAA TOYKA HEKOTOPOTO pebpa e jnomanoit L. Beibepem 6o > 0 Tak, 9ToOBI
OHO OBLIIO MEHbITIE MUHUMYMa ADCOJIIOTHBIX BEJUYUH PA3HOCTEH MEXKIYy T-KOODAWHATOW TOYKU () W T-KOOPAWHATAMHU
KOHITOB pebpa e, a Tak:ke MeHbIe paccroguust ot P no momanoit L. Torga npu cMmerniennsix Touku P Ha paccrosiHue,
MeHbliee g, PeOPO € MO-IIPEXKHEMY I1ePeCceKaeTcs CO CMEIIEHHbIM JIy4oM £p, TaK 4TO BKJIaJ, pedpa € B 4eTHOCTb YHCIIa
n(P) ne mensercs.

ITycrs Temeps () — BepimHa JoMaHoi L, a e n f — Boxomsmme n3 ( pebpa nomanoit L, Tak uro Q = (eU f)Nip.

Ecmm Q — cymiecTBeHHOe Tepecedenne, TO BbIOepeM 4uciao dg > 0 Tak, 9TOOBI OHO OBITIO MeHBINe abCOMIOTHBIX
BEJIMYUH PA3ZHOCTEH MEXKJY T-KOOPIUHATON BEPITUHBI () U T-KOOPAUHATAMHU OCTATHHBIX KOHIIOB pebep € u f, a Takxke
MeHblle paccrosgaus or P no somanoit L. Torga npu casure Touku P Ha paccrosiHpe, MeHbllee ¢, CMENIEHHbIH J1yd
{p npopomKaer nepecekars €U f pOBHO MO OJIHOM TOYKE, IPUYEM ITO [EPECEICHUE OCTACTCS CYIIECTBEHHBIM, TI09TOMY
BKJIQJ] aphl pebep e u f B derHOCTh uncia 7)(P) He MeHseTcs.

Ocrasnocs pasobpars caydvaif, Korga () — HecylnecTBeHHOe Tiepecedenne. Buibepem g > 0 Kaxk B TpeablaymieMm
abzare. O6o3na4uuM depe3 ¢ mpaMyIo, npoxoaduryio deped {p. llycts P cMemaercs Ha pacCTOdHUE, MeHbIIee J¢).
Ecau P cmemaercs Bosb ¢, To () ocTaercs HECyIeCTBEHHBIM mepecedenneM. Eciaun P cMemaercs B Ty OrpaHUIeHHYO
{ TOJYILUIOCKOCTD, KOTOpasi COAEpPKUT pebpa e u f, TO BMECTO HECYIECTBEHHOrO IepecedeHus () BO3HUKAIOT J1BA
CYIIECTBEHHBIX Tiepecevennsi (¢ pebpamm e n f), Tak 9TO WX cymMMapHbIi Braan B 7(P) pasen wymo. Ecin ke P
CMEIIAETCs B TIPOTUBOIOJIOKHYIO MOJIYILIOCKOCTh (HE COmepsKalyio e u f), To pebpa e u f mepecTaiT IepecekaThCs
CO CMEIEHHBIM {p ¥, 3HAUUT, BKJIa, 3Tux pedep B 7(P) Tak:Ke paBEH HYJIIO.

ITycrs § > 0 menbiire /1I060r0 U3 KOHEYHOT'O YUCIA YUCE 0@, Tae () npoberaer Bce To4uku u3 £pML. VI3 npuseseHHbIX
BBIIIE paccyxkaennii cienyer, uro ecmu P’ € Us(P), to n(P) = n(P'); nuabimu cnoamu, dbyHKIua 7) Ha {2 JOKATHHO
nocrosinHa. B cuity ciepcrsus GYHKIMS 1) HOCTOSTHHA HA, KAXKJIOH KOMIIOHEHTE MHOXKeCTBa 2.

ITokazkem Temeph, 9TO CYMIECTBYIOT TOYKH, B KOTOPBIX 7) MPUHUMAET Pa3JndHbe 3HaueHus. [lycrs () — cepeanua
HEeKOTOporo pebpa e jomanoit L. Hamomumwm, uto Kpyr Ug mMeer paamyc €Q W He TepeceKaeT pebpa jomMaHo# L
ornuyHbie 0T e. O603HaYNM Yepe3 ()1 u (J2 COOTBETCTBEHHO PE3YIHTAT CMEIEHNS TOYKHU () B HAIPABJIEHUU OCH Y U B
IIPOTHBOIOJIOKHOM HAIIPABIEHUN Ha paccrosHue £¢/2. Torma touxkm Q; mexar B {2, [Q1,Q2] NL = Q u ly, C Lg,.
Takum obpasom, Lo, N L = ({g, NL)U{Q} u Q asnsercs cymecrBennoit To4uxoit u3 £g, N L, nosromy n(Q1) # n(Q2)
7, 3HAYUT, TOUKU (1 U Qo JexKaT B PA3HBIX KOMITOHEHTaX MHOXKeCTBa (2. Tem caMbiM, MHOKECTBO {2 MMEET HE MEHee
aByx koMmroHeHT. [Tocsieiiee HAOIIIOIEHIE 3aBEPITAET JOKAZATEIHCTBO TEOPEMbI
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7.4 JlemMa 0 deThIpex TOYKaXx

[Ipusenem psii pe3yabTATOB, MOTYIAIOIIUXCS C TOMOIIBIO TEXHUKY, PA3BUTOM MPH T0KA3aTe1bCTBE Teopembl 2ZKopmana
JJ1d JIOMAHbBIX.

JIemma 7.10. ITycmov L C R? — 3amxnymas eaooicennas aomanaa, P — npoussoavruas mouxa us L, u Up — xpye,
onpedeaennnl evwe. Toeda Up \ L cocmoum u3 08Yyr KOMNOKEHM, NPUMEM MU KOMNOHEHINOL AEHCATN 6 PASHOIT
Komnonenmazr muoxcecmsa 2 =R\ L.

HokasaresbcrBo. B cuny BbiGopa okpecrHoctn Up, MHO)KecTBO Up \ L cocTOWT M3 JABYX KOMIOHEHT. TeXHWKOI,
AQHAJIOTUYHON ONMCAHHOW B IIyHKTE COEIMHUM KAXKIYI0 TOYKY u3 {2 C HEKOTOPO# TOYKOH w3 Up C TMOMOIIBIO
JIOMaHoii, He nepecekatomieil L. Orciona BeiTekaer, 410 06e KOMIIOHEHTbI MHOXKecTBa Up \ L HE MOryT JiexkaTh B OIHOMN
KOMITOHEHTE MHOXKeCTBa {2, nHade Obl MbI COEIMHUIIN JIOMAHOM, He mepecekaioneil L, TOYKU U3 PA3HBIX KOMIIOHEHT

0. O

Jlemma 7.11 (O geTbIpex TOYKaX Ha 3aMKHYTOil oManoi). ITyems L C R? — 3aMKHYMaA 6.0004CEHNAA NOMANAA U
2 =R2\ L. Ilyecmv P, Q, R, S — pazauunvie nocaredosamervrvie mouku us L. Coedunum mouxu P u R aomanot
L1, a mouku Q u S aomanoti Ly. Ipednosootcum, wmo

(1) obe aomanvie L; saoorcentvie;
(2) obe L; aesicam, 3a UCKAIOUEHUEM CEOUT KOHUELEHLT MOUEK, 6 00H0T U Mot dice KoMnonenme muodicecmea (2.
Tozda Ly u Lo nepecexaromca. Ananroeunnnili peayavmam umeem Mecmo U OA% KPUGHIT.

IIpumep 7.12. Ilokazkem, 9TO 3TA JIeMMa, TaKzKe HETPUBHAIbHA, KaK n TeopeMa zKopmama. s aToro paccmorpum
mpuMep, IPUBEIEHHBIN HA PUC. Kpacnas kpusasi L Ha Tope u Ha jucre Mébuyca pa3buBaeT KarxKIyH W3 DTHUX
HOBEPXHOCTE!! HA J[Be KOMIIOHEHTHI. epHast 1 3ejieHast Kpusble L1 1 Ly yI0BIETBOPSIOT YCIOBUIO 1eMMBI [7.11], oxHako
OHU HE TIEPECEKAIOTCH.

Puc. 7.9: Ha smcre Mé6uyca nemma [7.11] neepna.

IIpocneaure, Kakas 9aCTh IPUBOJUMOTO HIZKE JOKA3ATEIbCTBA JTeMMBI [7.11| He IPOXOAUT B OICAHHOM TOIBKO 9TO
IpuMepe.

Joxazamenvcmeo aemmui[T.11] O6oznaumm L' n L nomambie, Ha koropble L pasbmsaercs Toukamu P u R. Bes
orpaHuveHus OOIMHOCTH, Oymem cantarh, uto @ € L', a S € L”, cm. puc.
ITycrs 6g > 0 — npou3BOJILHOE YHUCIIO, MEHbIIICe

e paccTosinus OT () 10 pedep JomamHoit L, He comepkammx ;
e paccrosHuA OT () 10 pebep jjomanoi Loy, He comepxxKammmx (;

e paccrosHus or () 10 JiomMaHoi L,
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Puc. 7.10: /loka3aTembCTBO JIEMMBI O Y€THIPEX TOYKAX.

e BeauuuHbL |QS]/2.

Ompenemnm 65 > 0 JOCIOBHO, 3aMEHWB B TIpepraymmem onpedenennn ) Ha S. Ilycts Ug n Us — OTKpPBITEIE KPYTH C
LeHTpaMu B ToukKax () u S u paxuycamu dg u dg coorsercrBenno. Torna

e xpyru Ug u Ug He nepecekaioT Ipyr JIpyra;
e xpyr Ug mepecekaer L' U Ly mo Tpem cBouM panuycaM u He nepecekaer L U Ly;
e kpyr Us nepecekaer L” U Ly 1o Tpem cBouM paauycam u He nepecekaer L' U L.

Ormernw™, uto u ms nomanoit L, u ams nomanoit L U Ly xpyru Ug u Ug COOTBETCTIBYIOT TaK 2Ke 0OO3HAMEHHBIM
KpyraMm u3 paszesna [TosTomy, B cuity sieMMbl | MHOkecTBO Ug \ L pa3duro Ha [Be KOMIOHEHTHI, KOTODBIE
JIEZKAT B PA3HBIX KOMIIOHEHTaX MHOXKecTBa (2; mHOX)ecTBO Ug \ L pasbuTo Ha [BEé KOMIIOHEHTBI, IPUIEM 3TH JIBE
KOMTIOHEHTHI JIE’KAT KaK B PA3HBIX KOMIIOHEHTAX MHOXKECTBA (2, TaK W B PA3HBIX KOMMOHEHTAX MHOKeCTBa (2 =
R?\ (L" U Ly), cm. puc.

Bribepem npoussosbable TOUKkE Q' € Ug N Lo, Q' # Q, u 8" € UsN Ly, S' # S. Torna Q' u S’ nexar B oxguoi
KOMIIOHEHTEe MHOXKECTBa, {2, TaK KaK COENUHSIOTCH 4acThio Lh somanoil Lo, He nepecekaromeii L.

Bui6epem npoussosbubie Touku Q7 u S” B rex komnonenrax muoxecrs Ug \ L u Us \ L, koropble He comepxar
Q' n S’ coorercrrenno. ITo Teopeme [7.3] MHOKeCTBO {2 COCTOMT U3 ABYX KOMTIOHEHT, oaToMy Toukn Q"  S” mexxar
B OZHOI KOMITIOHEHTE — TOi, KoTopas He comepxkut Q' m S’. Pa3 Tak, Toukn Q" n S” MOXKXHO COeIUHATH JTOMAHOH o,
He nepecekaromeit L.

Tak kak L1 u Lo, 3a HCK/TIOYEHHEM CBOMX KOHIIEBBIX BEPIIUH, JIEXKAT B TOH »Ke KOMIIOHEHTe, 9T0 1 To49ku S’ u Q’,
JomaHas o He nepecekaer Ly u Lo u, 3mauut, ne nepecekaer jomanyio L U Lq. Tax kak Ug ne nepecekaer L U Ly,
orpe3ok [, Q"] Takxke He mepecekaer nomanyio L' U Li, nosromy momanas [Q', Q"] U o ue nepecekaer L” U L.
Takum obpasoM, Q' u S” jmexkaT B 0IHON KOMIIOHEHTE MHOXKECTBa, {27,

Ho S” mn S’, xak OBIIO OTMEYEHO BBINIE, JIEZKAT B PA3HBIX KOMMOHEHTax MHOXkecTBa, (2 3nagwur Toukm Q' m S’
TaKXKe JIeKaT B Pa3HbIX KOMIoHeHTax muoxkecrsa 2”. Cienosarenvho, L) nepecekaer L” U Ly. Ho, no yciosuio, L
He mepecekaer L, a, suaunt, u L”. Tlostomy Lj, a ¢ meit u Lo, mepecekaer L, 9T0 u TpeGOBATIOCK. O
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YrpaxkHenusd K riaase 7

Vapaxnuenne 7.1. Iycrs L C R? — proxkenHas 3aMKHyTas JoMaHast, u 2o, 2] — KOMIOHEHTb MHOKecTBa R? \ L.
(1) Jdokaxkure, 94T0 0OJHA M3 KOMIIOHEHT, CKaxkeM {21, OrpaHuyena, a apyras, T.e. {2y, — HeT.

(2) Muoxkecrso F' = LU {2, Ha3bIBae€TCs MHO20Y20AbHUKOM, JoMaHas L — epanuuels OF mnozoyeonvrukra F,
MHOXKECTBO {21 — eHympernHocmsbio Int F' MHo20yz20avHuka F v, HAKOHEI, MHOXKECTBO {2) — 8HEWHOCTNHI0
Out F' mnozoyzoavnuka F. Jokaxure, aro Int F' u Out F — orkpbirbie MHOXKECTBa, & L u F' — 3aMKHYyTbIE,
TpuUYeM B JIAHHOM ciyvae BHyTpeHnuHocTh Int F' w rpanniy L = OF MHOTOyrombHWKa I MOXKHO MOHNMATH B
CMBICJIE TTPUBEJEHHDBIX B MPEIbIAYIINX JEKINIX OJHONMEHHBIX MOHATHH TOITOJIOTHN.

Vnpaxnuenne 7.2. JJokaxure Teopemy sKopaama, B KOTOpOit mIocKocTs R? 3aMeHeHa Ha TPOM3BOJIBHOE HEITYCTOE
OTKpbITOE cBA3HOE TIomMHokecTBo U C R2. A mmenno, nycts L C U — Baoskennas jomanast u 2 = U \ L. TlokaxuTe,
9TO ecyiu JoMaHas L He3aMKHYyTa, TO MHOXKECTBO {2 CBA3HO, a ecau L 3aMKHYTa, TO {2 COCTOUT B TOYHOCTH U3 JABYX
KOMIIOHEHT.

Vupaxknuenne 7.3. Ilycrs U C R? — cBasnoe orkpbiToe HO,D;MHO)KQCTBOE Paccmorpum KOHEUHYIO 1MOCIIE10BATEb-
HOCTb

[A17Bl]a [A27BQ]7 sy [Am7Bm]

oTpeskos [A;, B;] C U (HeKoTopbie OTPe3KH MOTYT GBITH BBIPOXKIEHHbIMH) 1 TosoxuM Xy, = UF_ [A;, B;]. Ilpeamomo-
KM, 9TO JIJIS KAXKA0TO k = 2, ..., m Bemonagerca win X1 N [Ag, Bx] = 0, nmu Xy _1 N [Ag, Bx] = {4k}

(1) Hokaxure, uro jobble qBe TOUKU U3 KaxKJA0ro Muoxkectsa 2, = U\ X} MOXKHO COeJUHUTH JIOMAHOM, JexKaieit
B {2;. B wacrHocTu, Kazk10e MHOXKECTBO {2), JIMHEHHO CBS3HO.

(2) BoiBepure orciosa, 4TO MOAMHOMKECTBO IIJIOCKOCTH, 1OJydeHHOe u3 U BbiOpachbiBaHUEM KOHEYHOIO YHCJIA BJIO-
2KEHHBIX II0IIaPHO HellepPeceKalonuXcs HE3aMKHYTBIX JIOMAHbIX, JUHEHHO CBA3HO.

VYupaxkaenne 7.4. Jlokaxkure, 4TO HOIMHOXKECTBO CBA3HOIO OTKpbITOro Muoxecrsa U C R2?, nonyuennoe us U
BBIOPACHIBAHNEM KOHEWHOTO uncia k jekammx B U BIOXKEHHDBIX MOTMApHO HEMePEeCceKaronXcst 3aMKHYThIX JIOMAaHbBIX,
cocrout u3 (k + 1)-0if KOMITOHEHTHI.

Vnpaxnuenne 7.5. IIycts U C R?2 — cBA3HOE OTKPHITOE TIOIMHOXKECTBO. JJOKAsKUTE, ITO MOJIMHOKECTBO TIJIOCKOCTH,
MOJIy4eHHOe BblOpachiBanneM u3 U HelepeceKalonuxcsl BJIOKEHHON 3aMKHYTOM JIOMAHON M BJIOXKEHHOH HE3aMKHYTOM
JIOMaHO#, COCTOUT U3 JIBYX KOMIIOHEHT.

Vnpaxknuenne 7.6. Ilycts U C R? — orkpoiToe momMuoxkecTBo, V C U — KOHEYHOE MHOMKECTBO, X F — KOHedIHOe
ceMeiiCTBO BIIOYKEHHBIX KPUBBIX B U, COEIMHSAIOMNX TOYKH U3 V', IEPECEKAIOMINXC S TOJIHKO 10 CBOUM KOHIIEBBIM TOYKAM
u He copepKanux BHyTpH cebst Todek u3 V. [lokaxkure, 9T0 KaxK/1yio KPpUBYIO n3 I/ MOXKHO 3aMEHUTH HA BJIOXKEHHYTO
JoMaHyio, jJexainyo B U, COeINHSIONIyI0 Te YKe TOYKU n3 V, IpuyYeM MOJIydeHHbIe JTIOMAHble CHOBA TIEPECeKaloTCst
TOJIBKO TT0 CBOMM KOHIIEBBIM TOYKAM U HE COIEP:KAT BHYTpHU cebs TodYeK u3 V.

Yupaxkuenue 7.7. Jlokaxkure, 9TO

(1) OATH TOYEK IIJIOCKOCTH HEJIb34d COCIWHUTH BJIO?KEHHBIMH JIOMAaHBIMH TaK, 9TOOBI ObLIA COEIMHEHA KazKJ1ad I1apa
Pa3HBIX TOYEK, U 4TOOBI BCE 3T JIOMAHbIE IIepeCeKaJIUCh JINIMDb 110 CBOUM KOHIIEBBIM BEPIIMHAM;

(2) B OpeapLAyIEM IIYHKTE JIOMAHbIE MOXKHO 3aMEHUTDH HA KPUBBIE.

Yupaxuenue 7.8. Jlokaxkute Teopemy zKopaana Ha AByMepHOM IuIWHApPE. Pa3pernaercs BOCMOIb30BaATHCA Teope-
moit ZKopmana a1 KpUBBIX.

KoMy KarKeTcsl CIOJKHBIM yTParKHeHHe 3/€Ch W B CIeNYIOMUX YIPaXKHeHHAX cauTaiite, aro U = R2,
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II1ockmne rpadnl

ITnan. T'eomerpuueckuii rpad B TONOJOrMYECKOM HPOCTPAHCTBE, €0 BEPIINHBI U pPebpa, BIJIOXKEHHBIH reoMmerpudeckuil rpad, ob6pas3 BIOzKEeHHOrO
reoMerpudeckoro rpada, KoMbuHaTOpHBIH rpad, KOMOHHATOPHAA CTPYKTypa reoMerpudeckoro rpada, orobpakenue rpados, uzomopdusM rpa-
dboB, nzomopdHsie rpadsl, peanusanusa KOMOUHATOPHOTO rpada B TOMOJOTUYECKOM MIPOCTPAHCTBE, IJIOCKHE TeoOMeTpudecKue rpadbl, MmiaHapHbIe
U HelwlaHapHbIE KOMOUHATOPHBIE rpadbl, HOJAHBIHA ABYA0abHbIM rpad, rpanb mw10ckoro rpada, Jjec, noarpad, cBasHas KOMIOHEHTa rpada, 0bbeau-
HEeHUe, HECBsA3HOe 00 beJUHEHNE U mnepeceuyeHne KOMOUHATOPHBIX rpadoB, pasnoxkenne KOMEUHATOPHOro rpada Ha CBA3HbIE KOMIIOHEHTHI, JIMHEHHAA
CBSI3HOCTb JOTIOJIHEHUSI IIJIOCKOTO Jieca, dopmyna Ditsepa masa miockux rpados, Tomosorudeckuit rpad, ero MHOXKECTBO BepIiuH u pebep, cerTsb,
BEPIIUHBI U Pe6pa CeTH, NOrPYy?KEeHHAsl CeTh, CBA3b MEK/y IOTrPDYKEHHBIMU CETAMH U [€OMEeTPHYECKUMHU rpadaMu, BJIOXKEHHAs CeThb, CBA3b MEXKIY
BJIO’KEHHBIMHU CETSIMHU M BJIOYKEHHBIMU F€OMETPUYECKUMHU IpadaMu, SKBUBAJIEHTHOCTh BJIOXKEHHOCTH I€0OMETPUYECKOro rpada U BIIOKEHHOCTU CETH
B XayCcn0op@oBOM TONIOJIOrn4eCKOM IPOCTPaHCTBe, noapazbuenune pebep komGunaropuoro rpada, romeomopdusie kombunaropusie rpads:, Teopema
ITonrpsaruna—Kyparoeckoro (kpurepmii manaprocru rpada), packpacka rpada, reopema Xusyzna.

B sro0it ek Mbl BBeieM HOBOE IIOHsATHE: reoMeTpudeckue rpador.

8.1 TI'eomerpuueckKkue rpadbl

Hanomuum, uro epagpom G uasbiBaercsa tpoiika G = (V, E,J), cocrosias uz muoxecrs V, E u orobpaxenus
9: E—VvMHy V(Q), rae V) — cemelictBo k-anemenTHbIX nOAMHOKECTB V.

Oupenenenne 8.1. I'ecomempuueckum epagom G = (V) E) 68 monoaoeuveckom npocmparncmee X Ha3bl-
BAETCS HEKOTOPOE MHOYKECTBO V TMOMApHO PA3JIMYHBIX TOYEK B X M HEKOTOPOE MHOXKECTBO F BIIOXKEHHBIX KPUBBIX B
X, HAQUMHAIOIIUXCSA U 3aKAHIUBAIOIINXCA B TOUKaxX MHOXKecTBa V. Toukn MHOXKecTBa V HA3BIBAIOTCA 8EPUIUHAMU, &
KpuBble u3 MHOXKeCTBa E — pebpamu G. l'eomerpudeckuit rpad OyaeM HA3BIBATH 8A0HCEHHBLM, ECITU KAXKIHIE TBA
ero pebpa MOTyT MepeceKaThCsi U mepecekarb V' TOJMBKO M0 CBOUM KOHIEBBIM TOUYKaM. O6pa3om BIOKEHHOIO MreOMeT-
puueckoro rpada G GyaemM Ha3bIBATH HOAMHOXKECTBO HPOCTPAHCTBA X, ABJIAONeecs O0beIMHEHUEM MHOXKeCTBa V 1
obpason Bcex pebep u3 G.

3ameuanne 8.2. Yacro BioxeHHbie reoMerpudeckue rpadbl G B TOHOJIOIHYECKOM POCTPAHCTBE X Mbl OY1€M OTOXK-
JIeCTBJIATH ¢ UX obpazamu. B atom ciyvae 6ynem nucats G C X.

YT00bI OT/INYATH T€OMETPUUIECKIE rpadbl OT OOBIYHBIX, MbI OyIEM WHOTIA MOCIEIHUE HA3BIBATH KOMOUHAMOP-
HBIMU 2padamu.

Oupegnenenne 8.3. Komburamophotl cmpykmypotl zeomempuyeckozo z2paga G = (V, E) OyneMm Ha3bIBATH
kombunaropubiii rpad (V) E, d), y KOTOPOro MHOXKECTBO BEPIIUH COBIIAIAET C MHOXKECTBOM TOUYEK V', MHOXKECTBO pebep
COBIIQIA€T C MHOXKECTBOM KpUBbIX F, a rpanudnoe orobpazkeHue d CTaBUT B COOTBETCTBUE KPUBOH (3s1emenTy u3 F)
ee kouupl (smement uz V) UV ),

Bcea repmunOIOrns, Kacamasacsa KOMONHATOPHBIX I'PadOB, €CTECTBEHHBIM 00Pa30M IEPEHOCUTCS HA TeOMeTpHUYe-
ckue rpadbl: MOYKHO TOBOPUTH 00 WHITUAEHTHOCTH, O IUKJIAX, O JE€PEBbSIX U T.II.

Tleomerpudeckue rpadbl €CTECTBEHHO BO3HUKAIOT BO MHOIUX M€OMETPUYECKUX 33/1a9aX, HATIPUMED, KOTIA MbI U3Y-
YaeM TPAHCIOPTHYIO CETh, COCTABJIEHHYIO U3 JIOPOT, COEINHSIOMNX PA3/IMYHbIE TOPO/a, Uil TeedOHHYIO CeTh, WU
ceTb TPy6ompoBonoB u.T.7. OMHAKO He KayKIbli rpad MMeerT eCTeCTBEHHOE MeOMeTPHIecKoe cojeprkanune. Hanpumep,
rpad pykomoxkaruii. Tem He MeHee, Jake B CIydae TAKHX HE MeOMETPHIECKHX rpadOB MX M300paKeHue Ha JINCTE
OyMaru B BHJIE TOYEK M COCAMHSIONIMX ITU TOYKHU JIMHUIL, T.€. B BUJE [€OMETPUIECKOro rpada, JaeT HArIsIHOe IPe/-
CTaBJIeHNEe 0 KOMOMHATOPHOM CTPpyKType rpada.

72
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Oupegnenenne 8.4. Ilycrs G = (V,E,0) u G' = (V',E',0') — nBa kombunaropubix rpada. Omobpasiceruem
f: G = G u3 epagpa G 6 epad G’ nazviBaercsa orobpaxkenue f: V UE — V' U E' rakoe, uro f(V) C V',
f(F) C E' u nna xkaxmoro e € E semonusiercs f(Oe) = & f(e). 3mecw Toit ke OykBoit f 0603HAUEHO OTOOpAKEHUE,
ONPEJIEIEHHOE HA IOAMHOXKecTBax V' ecam {v1,..., v} C V, TO f({vl, ... ,vk}) = {f(vl), e f(vk)}. Buexkrusnoe f
Ha3BIBaETCA U3oMmoppusmom 2pagoe G u G'. I'padbl HABBIBAIOTCA UOMOPPHHBLMU, €CITA MEK Ly HAMHA CyIIECTBYET
n3oMopGbu3M.

3ameuanmue 8.5. B reopun rpados nzomopdubie rpadbl €CTECTBEHHO CUNTATH OJUHAKOBBIME, TAK KAK OHU 00J1a,1a0T
OJIMHAKOBBIMU KOMOMHATOPHBIMHU CBOMCTBAMU.

Onpenenenne 8.6. I'eomerpuueckuii rpad G B TOMONIOrnYecKOM mpocTpancTBe X OyaeM HA3bIBaTh peaaudauueti
romburamoprozo 2paga G', ecnmu 3anan nzomopdusm rpada G’ 1 KOMOMHATOPHON CTPYKTYPBI T€OMETPHYECKOTO

rpada G.

8.2 Ilmockme m nmiaaHapHbIE TPadbI

Hac 6ymeT ocobeHHO MHTepecoBaTsh ciaydaii, korma X = R?. Broxenmbrit TeoMerpudeckuit Tpady, JesKammil Ha TI0C-
xoctr R?, masniBaerca naockum. KoMOGIHATOpHLIHN Tpad, IS KOTOPOrO CYINECTBYeT PeaH3allid B BHAE MJIOCKOTO
TeOMETPUIECKOr0 rpada, HABBIBACTCA NAAHAPHBLM, T HENAAGHAPHBLM, €CITH TAKOH pearn3alun He CYyIeCTBYeT.

3ameuanne 8.7. Ha camom jene, y KaxKJI0Oro MIaHapHOro rpada CyHmecTByeT peaau3alus B BHJE ILJIOCKOTO T'Pa-
da, pebpa KOTOPOro — JioMaHble (Takue peajiu3aluy UHOIAA HA3BIBAIOT KYCOWHO-AUHETUHBIMU). DTO YTBEPKICHUE
COCTaBJIAJIO conmeprkanue yupakuenud |(.6l B manbreiiimem, pazdbupas npumepsl HemsaHapabix rpados, Mbl Oymgem
TMOKA3BIBATH UMEHHO TO, 9TO 3TU Tpadbl HE UMEIOT KYCOYHO-JTNHENHBIX PeATU3AIIHii.

IIpumep 8.8. O6osnauum K, , npocroii rpad (V, E), B KOTOPOM MHOXKECTBO V' HPEJCTABIEHO B BHJE O0bEHHEHNUS
Henepecekaommxesa noamuoxkecTs V! u V" takux, uro V' cocrour m3 p sepmmn, V" — u3 ¢ Bepmmn, a vw € E
TOTJIA U TOJBKO TOTJA, KOTJA OJHA W3 BepIInH v, w JeKuT B V', a npyras — B V. Kaxaprit Takoii rpad HasbiBaercs
NOAHBIM 08YJ0NBHBIM 2paPom.

Ouu u3 HuX — K3 3 — XOPOIIO U3BECTEH M0 MATEMATHIECKUM KPYXKKAM U OJUMITHATAM MO/, HA3BAHUEM “JTOMUKH
3,3
u Kosionnnl . Pererne npuBoguMoro Huzke CIIeJICTBUS TAK2KE IIEPEHOCUTCS U HA YIParKHEHHe

CaencrBue 8.9. I'pag K33 — nenaanaproid.

HoxkaszaresabcTBo. IIpeanonoxknm mpoTuBHOE, T.e. CyIecTByeT peanmsarua rpada Ksz B Buae mmockoro rpada
G C R?%. Jlokaszareinncrso mposejieM B ciayuae, Korja pebpa rpada G — somansie. Ilycrb o, ...,T¢ — BEPIIHHbL
rpada K3 3, 3aHyMepoBaHHBIE TaK, Kak MOKa3aHo Ha puc. [8.1) a Takyke nx obpassr B peammsannn G.

X, X, X, X % _x

b

Puc. 8.1: JlokazaTenbcTBO HemmanapHocTh rpada K 3.

O603naaum L C R? 3aMKHYTYyIO JIOMAHYIO, ABJISIONIYIOCS peasin3anueil NUKIa T - - Tex1. Torma L He mmeer
caMoTIepeceveHnit u, mo TeopemMe MHOXKecTBO {2 = R? \ L cocrouT m3 IBYX KOMIOHEHT. Kpome 3Toil JoMaHoii,
WMEeTCsl elle Tph pedpa-JIOMaHbIe, IBA M3 KOTOPBIX, 33 MCKJIIOYEHHEM CBOUX KOHIIEBBIX TOYEK, OOS3aHbI JIEKATHL B
OJHOHI U TOH »Ke KoMmIoHeHTe MHOxKecTBa (2. OmHako, y J00bIX ABYX U3 3TUX Tpex pebep BepIIUHLI YepeayloTcs Ha
L, mosromy Takue pedpa 00s3aHbI IEPECEKATHCH B CUJTY JIeMMbI [7.11 O
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8.3 ®dopwmyaa Jitaepa aJjid TJIOCKUX rpadoB

[Mycrs G C R? — myockuit reomerpudeckuii rpad. Kovmonentsr Muoxectsa R? \ G nasbisatorcs 2panamu zpaga
G.

IIpuBesiem psiji BaxKHbBIX Ui TAJIbHERIIEro NOHATUI u3 Teopun rpados.
e I'pad 6e3 1MUKIIOB HABBIBAETCS AECOM.

e Ilycts G = (V, E, J) — npousBoabubIii KoMOuHATOPHBIH rpad. Kax e komburaropusrii rpad H = (V' E,/ ")
rakoit, ato V! C V, E' C E n & — orparmuenune 0 na E’, naszesaerca nodzpagom e G. Yemosue Toro, uro H
— noarpad B G Oyaem 3ammceiBarh Tak: H C G.

e Ceasubiii moarpad rpada G, He comepXKaIuiics B APYroM, OTJIUYHOM OT HEro cBsa3HOM moarpade rpada G,
HAa3bIBAETCH CB8A3HOU KomnonenmouU epaga G.

e Ilycts G = (V,E,0) u H = (V', E’,0') — xombunaropubte rpabdsl Takue, 910 Opngr = Opnps - Torma Tpoiika
(VUV',EUE' d), rne dlg = 0 u dlg = 0, asnsierca kombunaropubiM rpacdhomM (OH KOPPEKTHO ONpEeseH B
cuny cormacopannoctu 0 u & wa E N E’). DTor koMGuratopusiii rpad Gymem obosnauars G'U G’ n Ha3bIBATH
obsedunenuem epagos G u G,

e Eciu y upenpraymux rpadgos paccmarpusarb V u V', a rak:ke E u E' kak HelepeceKaloligecs MHOXKECTBa, TO
onpenener rpad GUG' = (VUV EUE ,0Ud), tne (U )|g=0mn (0UJ)| g = &, xoropblii Ha3bIBaeTCS
neceasnvim obsedunenuem 2pagdos G u G . Ecm VNV =0u ENE =0, 7o GUG' =GUG'.

e CuoBa ecnu y mpensrayumx G u G’ HMeeT MeCTO COINIACOBAHHOCTL Opngr = Opnps, TO OLPEIETIeH Takxke rpad
GNG = (VNV,ENE,0NY), tme 0N = Ogng = Ognp- IT0T rpad Ha3BIBAETCA NepeceveHuem
epagpoe G u G'. EcrecTBEHHDI YACTHBIA Coydail 3TOH KOHCTPYKIMM BO3HMKAET B Ciaydae, Korga rpader G
u H asnsiorca monrpadavu B HekKoTOpoM obieM rpade. B aToit curyarun nx oTobparkeHust WHITHIEHTHOCTH
COTJIACOBAHBI ABTOMATUYECKH.

3ameuanne 8.10. Ilo anasioruu ¢ paccMOTpeHUEM JIMHEHHO CBS3HBIX KOMIIOHEHT TOIOJIOIMYECKOrO IMPOCTPAHCTBA,
HECJIOKHO MOHATH, YTO KaXKIblil rpad G 0JHO3HAYHO MPEICTABUM B BUIE OObEIWMHEHUS TIOMAPHO HEMEPECEKAIOIIIXCS
cBa3HEBIX KommionenT Gy: G = LF_| G;. Bomee Toro, Auyke MBI ONIITIeM TIpejicTaBjene rpaboB B BHIE TOMOJIOTHIECKIX
MPOCTPAHCTB, W TOTJA KOMIIOHEHTHI rpada MOIydaT CBOE YHUCTO TOMOJOrHYeckoe 3Hadenne. Kak Tomosormyeckue
npocrpancTBa rpadbl OyayT JIOKAJIBHO JTHHEHHO CBSI3HBIMU, MOTOMY HAM HE HYKHO OyIeT pa3iudaTb CBsI3HbIE U
JINHEHO CBS3HBIE KOMIIOHEHTHI.

3amevanue 8.11. Ilo ompenenennio, Kaxk/1as CBs3HAS KOMIIOHEHTA JIECA sIBJSETCS CBI3HBIM rpacdom 6e3 1muk/ios,
T.e. mepeBoM. TakuMm 00pa30M, KaxKIbIi JieC TPEeACTaBIsAeT CO00H IU3BIOHKTHOE O0HEINHEHNE TEPEBHEB.

Ipensnoxenue 8.12. ITycmv G C R? — naockuti aec. Tozda R? \ G aunetino ceasmno, m.e. G umeem poeno odny
2pans.

JoxkazarenbcrBo. JlokasarenbcTBo mposemeM ajs G, pebpa koroporo — jgomanbie. [loctpoum mHOBBINH rpad X,
KOTOPBIH HA TJIOCKOCTH OyIeT 3aJaBaTh TO ¥Ke MOIMHOYKECTBO, YTO W MCXOAHBIH Tpad. A UMEHHO, MHOYKECTBO BEPIITHH
rpacda X cocrout u3 Bepiu rpada G u Bcex BHYTPEHHUX BEPIIUH JIOMAHBIX, ABjgomuxcs peopavu G. MHo)ecTBO
pebep rpada X cocrour uz Beex pebep JomMaHbIX (T.e. OObIYHBIX OTPE3KOB), KOTOPbIE sBJsA0TC pebpamu rpada G.
dcro, 9To mosydennbiil reomerpudeckuii rpad X He COAEpPKHUT IUKJIOB, T.e. ABjsgercd Jjiecom. Kpome Toro, rpadp X
BJIOZKEHHBIN.

Eciu X comepzxkut xoTst 661 01HO PeOPO, TO, IO YIPAXKHEHUIO €ro HeTOYeYHAs CBSI3HAS KOMIIOHEHTA — JIEPEBO,
cozepzKaiiee pebpo, — umeer Bucsdyo Bepiiuay. O0O3HAUNM Ty BUCAUYIO BepiiuHy B, a eUHCTBEHHYIO CMEKHYTO
¢ meit sepummay neca X gepes A. Ilycrs X' momyuaercsa w3 X BoikuapiBanuem nonyuaTepsana (A, B]. B repmunax
Teopun rpadOB ITO O3HATAET BHIKHUIBIBAHUE BEPIIUHBLI B BMECTE C MHIMAECHTHBIM el pebpom [A, B].

Eciu X ne comepkut pebep, T.e. COCTOUT U3 W30JUPOBAHHBIX BEPIIUH, TO MPEICTABAM KAXKIYI0 BEPIIWHY U B BUIE
BBIDOXKEHHOTO oTpe3Ka [A, B], u mycts X' nosnydaercss n3 X BBIKHU/IBIBAHWEM BEDPIIHHBI V.

[IpumeHrM OMUCAHHYIO BBIIIE OMEPAINIO 0 TEX MO, TOKA MBI He ucYepraeM Bech rpad X, a mocje 3Toro 3amyCcTum
obparHbIil mporecc. B pe3ynbrare Mol npeactaBuM rpad X B BHJE MOCIEI0BATEIHLHOCTH OTPE3KOB, YA0BIETBOPATIOIIE
YCTIOBUAM YIIPAaKHEHUS B cuny Koroporo R? \ X = R? \ G smneiino cBazHo. O
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Teopema 8.13 (Dopwmyna Ditepa). ITycmo G = (V, E) — npouseoavhoili naockuti epad, cocrmosuut usd k ceasnous
Komnouenm, u nycms F — mmoorcecmeo ezo epaneti. Tozda

VI —|E|+|F|=1+k.

HoxkaszarenbcrBo. Mbl nokaxkem ¢Ghopmysy Jiijiepa B MPeANOIOKeHN, 9TO Bce pebpa rpada G — momanbe. Tak
XKe, KaK U B JOKA3aTeIbCTBe npeaioxkenns [8.12] 3amennm rpad Ha Takoii, y KOTOPOTO BCe pedpa — MPAMOJINHEHbIE
orpe3ku. OTMeTHM, 9TO MPU TAKOH 3aMeHe He MEHSIeTCs YUCJIO TpaHell W CBI3HBIX KOMIIOHEHT, a KOJUYecTBa pebep
¥ BEPIIUH yBEJIMYUBAIOTCA HA OJHO M TO K€ YUCJO, M0ITOMY (opmysia Dillepa BepHA UM HET OJHOBPEMEHHO JJist
HCXOIHOTO U pe3yabrupyiomero rpados. Kpome Toro, momydenusiii rpad ABjsieTcss MPOCTBIM, TAK KaK ero pebpa —
TIPSIMOJIMHEHHBIE OTPE3KHU, 8 OHU HE MOTYT OOPA30BBIBATH HU METEJIb, HU KPATHBIX pedep. HoBbril rpad mo-mpexuemy
Oyzem obo3nagarh G.

ITycts B Tpade G mMmeerca TUKI UgUiVs2..., TJe vV, — MOCIEAOBATEIHLHO MPOXOAWMBIE BepIIUHBI. PaccMorpmM
TepByT0 BEPIIUHY V;, KOTOpad COBIaJaeT ¢ HEKOTOPOH “Tpeaplymmeii” BepmuHoil vj, j < i. Ilycts C C R? — nomanas
C 110CJIE/IOBATEJIbHBIMU BEPIIUHAMU Vj, Vj41,- - ., V; = VUj, TOrja jomanad C — Bioxennas. Beibpocum u3 rpada G

pedpo e = v;vj41 7 TMOoKaxkeM, 9To opmyna Jitiepa BHITOIHIETCS WIN HeT onHoBpeMenno st G u G\ e. Bamernw,
4T0 B rpade G \ e KoIn4ecTBo BEPINNH TaKkoe Ke, Kak B (G, a KOIMJecTBO pebep MeHbIne Ha eanuuiy. ITokaxkeM, 9To
KOJIM9IeCTBO KOMIOHEHT y rpados G u G \ e oauHakoBoe.

JleiicTBUTENIHFHO, T€ KOMIIOHEHTHI, KOTOPBIE peOPOo e He copepzkasiu, ocranuch npexuaumu. [lycrs G,,, — KOMIoHeHTa
rpada G, comepxamiasi e. Bosbmem B G, IPOU3BOJIBHBIE JIBE BEPIIUHBI U U W, U MYyCTh Y — yTh B (G, COeIUHATONTUI
v u w. Ecim v He npoxomut |wepes e, To 7y Takxke coenunsier v u w B G\ e. Ecou ke y mpoxoauT 4epes e, To 3aMeHuM B
7 pebpo e Ha TyTh V; = Vj,Vi—1,- - ,Vj+1, B Pe3yabrare 4ero moxyunm mMapmpyT B G\ e, coenunsiomuii v n w. Takum
obpaszom, Gy, \ e — cBs3ublil moarpad B G\ e. OH siBjIsieTcss MAKCHMAJIBHBI CBSI3HBIM MOArpad oM, Tak Kak nHaue G,
He 6bu1 ObI KOMTIOHEHTOH G.

Hawm ocrasoch nokazarb, 4ro uucio rpaseii B rpade G \ e MeHblne Ha equHuly ducia rpadeii 8 G, u Torga 6yzer
JI0Ka3aHo, 410 (dopmysa Diliepa OiHOBPEMEHHO BbinoJHeHa uiu Her ajus G u G\ e. Ilo reopeme somanast C'
pa3bmBaeT TJIOCKOCTH Ha JBe KOMMOHEHTHI. Ilycth P — BHyTpeHHsIs TOuka pebpa e. Tak kKak P He COIEpPXKUTCSA B
G\e, 10 € := ‘P(G \ e)‘ > 0. BoiGepem mpom3BOJILHOE MOJNOKHUTEIbHOE ep < & u nosnoxuM Up = U, (P). Torga
orkpbiThli Kpyr Up He nepecekaer G \ e, nosromy Up NG = Up N e — muamerp kpyra Up. Kpome roro, Up
HOIXOOUT IIOJ OILpeeeHne ONHOUMEHHOIO KpyTra M3 JeMME! (.10} B COOTBETCTBUM C KOTOPON TOYKU H3 KOMIIOHEHT
muoxkecrBa Up \ C = Up \ e snexar B pa3ubix rpausx rpada G. Takum obpasom, sbiOpacbiBanue u3 G pebpa e
TIPUBOMIAT K YMEHBITIEHNIO IHMCNIa TpaHeil: TOUKM Tex nByX rpaneii Fy u Fy, B KOTOpHIX sexkar kommoreHTsl Up \ C, 10
BhIOpAChbIBaHUS pebpa € HeJb3s ObLIO COeMIUHUTH JJOMAHOM, He mepecekas (G, a mocjie BHIOPACHIBAHUS — MOXKHO.

ITokazkem, aro mpu BbhIOpachiBaumu pebpa e u3 rpada G ocTajbHbIE TpaHU HE W3MeHsATcs. 1lo anajoruu ¢ TeMm,
KaK MBI JIOKA3BIBAIIU JIEMMY @ MOZKHO [OKa3aTb, YT0 OKpecTHOCTb Ug m060il 1pyroit BHyTpenHeil Touku () pebpa e
pasbuBaercs jomanoil C' Ha J(Be KOMIIOHEHTbI, KOTOPbIE JiexKaT B TexX ke rpanax Fi u Fy, uro u komuounentst Up \ C:
JIOCTATOYHO CMECTUTH OTPe30K [P, ()] B IByX HANpaBJIEHUSAX, MEPIEHIUKYIIPHBIX PEOPY € Tak, 9TOObI CMEIICHHBIE
orpesku [P, Q'] me nepecexanu rpad G, a rouku P’ u Q' nexanu coorsercrsenno B Up u Ug). Takum o6pa3om, npu
BhIOpacbiBanuu u3 rpada G BHYTPEHHOCTH pedpa € TPAHWIILI IPaHeil, OTIWIHBIX OT Fy u Fh, He MEHSIOTCS, IIO9TOMY
OCTaBINMECS TPAHU PACIIUPUTHCS HE MOTYT.

Wrax, Mbl OKa3ajm, 970 MIPU BBIOPACHIBAHUY peOPA € CpaBeyinBOCTh (hOPMYIIbl Jitepa He MEHSETCs, a KOImIe-
cTBO rpaneit rpada G ymenbinaercs Ha efunauiy. [Ipooikas 3ru pacCyKIeHUs U MOCJIEI0BATEIBHO pa3pylias BCe
nukJbl Tpada G, MBI B pe3yabrare noaydum rpad H 6e3 1mukios, T.e. Jiec.

ITo npenyoxkenno [8:12] rpad H nmeer posHo oamy rpanb. Kpome Toro, no ynpaxaenno [1.6] kaxnas komnonenta
aeca H — nepeso (V;, E;), i =1,...,k, — comep:ur Ha 0JHO pebPO MEHbIIIE, YeM YHUCJIO ero BepiiuH, T.e. | F;| = |V;|—1,

OTKY/1a
k k

V=Bl +|F| =Y Vil =Y |E|+1=k+1,
i=1 i=1

T.e. popmysta ditepa umeer Mecto i jgeca H, a, 3maaur, u mist ucxoauoro rpada G. O

HamomuwM, 910 mpocToit rpad ¢ n BepImmHAMHT, ¥ KOTOPOrO KarXKIasi Mapa BEPIIUH COEINHSAETCS PEOPOM, HA3HIBA-
ercst NoAHBLM 1 0003HadaeTcs depe3 K.

CaepncrBue 8.14. I'pagp K5 nenaaraproii.

HoxkazarenbctBo. IIpeanonoxum, aro rpad K5 mmanapbiii, u myctb G — HEKOTOpas €ro peajn3aius B BUIE
mirockoro rpada. Oboznadum v, e, f U k COOTBETCTBEHHO KOJIMYECTBA BepinuH, pebep, rpaHeil u KommoHent rpada G.
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Torga v = 5, e = 10, Kk = 1 u, mo dbopmyne Diinepa, 5 — 10+ f =1+ 1, te. f = 7. C apyroit CTOPOHBI, KaXKIbIii
IUKJI B IPOCTOM rpade nMeer He MeHee 3 pebep, II03TOMY, €CiIi e; — YUCI0 pebep i-oif rpanu, To » i, e; > 3f = 21.
OHako, Tak Kak KaxkJ0e pebpo BXOAUT He Dojiee YeM B JIBe IDAHU, NPEIbIIylias cyMMa He mnpeBocxoaut 2e = 20,
MPOTUBOPEYNE. O

8.4 Tomoaormyeckue rpadbl

Hamomuum, aro B pasmeie MbI ONpEJIeHIA TOHATHE (PAKTOP-TONOJOIHH, B YACTHOCTH, TOHATHE CKJIEHKHU MPO-
crpancrB. Ilpumenum 3Ty TeXHHUKY i 3aaaHus Tornojorudeckux rpados. Ilycre X — mu3bioHKTHOE 00bEIMHEHHE
KOHEYHOTO JUCKPETHOrO MPOCTPAHCTBA V' ¥ KOHEYHOrO cemeiictBa F = {[ai,bi}}zl, COCTOSIIIIETO U3 HEBBIPOXK IEH-
HBIX OTPE3KOB [ai, bi] BermecTBeHHOI mpsamoii R. IIpukienm KaxKabplit KOHEI OTPE3KOB U3 ceMeiicTBa I/ K HEKOTOpOMY
seMeHTy u3 V, U IycTh ~ — COOTBETCTBYIMOIIAs SKBUBaJEHTHOCTH. Torma G := X/~ Ha3biBaercd monoaozuye-
cxum epagom ¢ muoscecmeom eepwun V u muoocecmeom pebep E. Eciu n: X — X/~ — kanonuue-
CKast IPOEKIIUs, TO T-00pa3bl CAMUX OTPE3KOB TAKKe HA3BIBAIOTC pebpamu Tonosorudeckoro rpada G. Oupemennm
omobpasicenue uHyudeHmHocmu O, KOTOPOe MOKA3BIBAET, K KAKUM BEPIITUHAM MPUKJIEEHO KAXKI0e PedpOo: ecan
[a;, b;] € E — pebpo romosornygeckoro rpada G, KOHeI a; MPUKJIENBAETCS K BEpITHHE v, a KOHel b; — K BepIIHe w,
10 9([a;, bi]) = {v} U {w}.

Takum obpaszom, tpoiika (V) E, ) saBisgercs KOMOMHATOPHBIM IPAh)OM U OIKCHIBAET CTPYKTYPY TOIOJOIHYECKOrO
rpada G. Tak kak O ONHO3HAYHO OIPEEISIET IKBUBAICHTHOCTD ~, TO MbI OyIE€M OTOXKIECTBJIATH TOHOJOIMIECKUI
rpad G = X/~ ¢ 3amaiommm ero KoM6rnHATOpHBIM Tpadom n mucarh G = (V, E, ). IHbIMK cJI0BaMH, TOMONOTWYe-
ckuii rpad MOXKHO MPEICTABJIATH KaK TOMOJOTHYECKYIO PEATH3AINnI0 KOMONHATOPHOTO rpada, y KOTOporo pebpa —
HEBBIPOXK IEHHBIE OTPE3KHU TPAMOIA.

Mycrs G = (V, E,d) — rononoruveckuit rpad. Henpepoisrnoe orobpazkenue I': G — Y B TONOIOrHYIecKoe 1po-
cTpaHCTBO Y Ha3bIBaeTcsa cemwio. [lon sepuwurnamu u pebpamu cemu I’ Oynem TOHHMATH OrPAHHYEHNE COOTBET-
CTBEHHO Ha BepmmHbL v € V u pebpa [a;, b;] € E xommnozumuu I o . Takum o6pasom, kaxmoe pebpo ceru I” — 3to
HekoTopast KpuBasi I o 7: [a;,b;] — Y B mpocTpancTee Y.

Cern [, 1j1s KOTOPOIi Orpanudenne 0ToOpazkenus [’ o 7T Ha MHOXKECTBO BepIuH V WHBEKTUBHO, & KayXKI0€e pPedpo
SIBJISIETCST BIIOYKEHHON KPUBOIA, OyJeM HA3bIBATh No2pysHcernoti. Kaxkaas norpyKeHHas CeTh ONPEIeIseT TeOMeTPHU-
uyeckuil rpad, y koroporo muoxecrBo Bepuiud — 310 (I" o 7)(V'), a MmHOXKecTBO pebep — TO CeMENHCTBO BJIOKEHHBIX
KPHUBBIX {I’ om: [as, b — Y}Z:l. dcHo, YTO KOMOMHATOPHAS CTPYKTYpPa TAKOIO MeOMETPHIECKOro rpada nsomopdua
(V,E,0).

O6parno, mycts (V, E) — reomerpndecknii rpad B ronosorundeckom npocrpanctse Y, u (V, E, ) — koMOuHaTOpHast
crpykrypa rpada (V, E). Ilycts E cOCTOUT 13 BIOKEHHBIX KPUBBIX Y, : [a;,b;] = Y, i=1,...,m, n X — qu3bIOHKTHOE
obbennuenne MHOkectBa Vo u U™ [a;, b;]. Orobpaxkenne Brmodenuss V' C Y BMecTe ¢ OTOOPasKEHUAMHE 7y; 3a1AI0T
HenpepbiBHoe orobpaxkenue f: X — Y. Ilycrb ~ — 3KBUBa/JIEHTHOCTb Ha X, NPHUKJIEHBAIOMIAA KaXKIblii OTPE30K
[a;, b;] kK Toukam O(7;), TouRee, cKaenBawmAas a; u b; ¢ ux y;-obpazamn, n G = X/~. Tak kak f Takxke 0TOOpArKaeT
a; "Ha v;(a;) n b; Ha v;(b;), To ompeneneno orobpaxenne I': G — Y, nyst xoroporo f = IN'omw, tne m: X — G —
KAHOHUYECKAS MPOEKIINS.

3amaga 8.15. Ilokaxkure, uro orobpakenme [': G — Y wmemnpepsiBHO, T.e. I — cerh. Bojee Toro, orpanudenuve
orobpaxkenus I o Ha V MHBEKTHBHO, & Ha KaxKJOe [a;,b;] — BiaoxkeHHas KpuBasd, T.e. ceTb I’ — MOrpyzKeHHAas.

Takum 06pa3oM, MbI TIOKA3ATH, YTO KaXKJasl MOTPYKEHHAs CeTh OJHO3HAYHO 3aJaeT TeoOMeTphdYecKuil rpad u
00paTHO, KAXKIbIH TeOMEeTPUYECKU Tpad OIHO3HATHO ONPEIEsieT MOrPYKEHHYIO CeTh.

Cerb I': G — Y, apusiomascs roMmeoMopdu3MoM ¢ 00pa30oM, HA3BIBACTCH BA0MHCeHHOU. Jlerko Buaerb, 4To
BJIOYKEHHOCTDH ceTr [’ BJIeYeT BJIOXKEHHOCTHh COOTBETCTBYIOIIETO TreoMeTpudeckoro rpada. Bepro ju obparHoe yTBEp-
KaeHne?

IIpumep 8.16. Paccmorpum Tomosornydeckoe npocrpancTso Y = [0, 2] co cieyrommeii TomoIorueii: Kasxmoe TMoIMHO-
xectBo U C (0,2) OTKPBITO B TOYHOCTH TOT/IA, KOTJa OHO OTKPBHITO B R, a mogmuoxectso U C [0,2], U N {0,2} # 0
OTKPBITO, ecyi u Tosibko eciu U D {0,2} u U orkpbiTo B ubynupoBantoi u3 R ronoaoruu Ha [0,2]. Ormerum, 4To
B 9T0# Tonosiorun Touku 0 u 2 HEOTAEIUMBI, T.e. Y He XaycAopdoBo.

IIycrs V ={0,1,2}, a E cocrout u3 AByx KpusbIx B Y, napamerpusosanubix orpeskamu [0, 1] u [1,2] ¢ momonpo
oroGpaxkeHnit BkiodeHns. OTMeTHM, 9TO Ha KaxkJoM u3 orpe3kos [0,1] C Y u [1,2] C Y muHaynmpyercs craHzapr-
Has TONOJIOTUS W3 NpsaMoii R, mosTomy 00e KpuBble u3 FE gBIOTCA BJIOXKEHHbIMU, TaK 4TO (V, E) — BJIOKEHHBIi
reomerpudeckuii rpad, obpas Koroporo pased Y. OgHaKO cooTBeTCTBYOMUI Tononorudeckuit rpad G romeomopden
OTPE3KY, TO3TOMY OH HE TOMeoMOpQeH 00pa3y 3TOr0 reoMeTpUIecKoro rpada.
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Tem HEe MeHee, eciu TPOCTPAHCTBO Y XaycaopdoBO, TO TAKUX “HEMPUATHOCTEH HE BO3HUKAET.
Cuaencrsue 8.17. ITycmo (V, E) — saoocennnii eeomempuseckuti epad 6 xaycdopho6om monoiouieckom npocmpat-
ecmeeY u I': G —'Y — coomeememeyrousasn cems. Tozda cemn ' — 6a0oicenmnasn, max wmo o6pa3 2e0Mempusecro2o
epaga (V, E) zomeomoppen G.

HokasaresberBo. Ilycrh, kak u BbIme, F COCTOMT W3 BJIOKEHHBIX KPUBBIX ;: |a;,b;] — Y, mpocrparctBo X —
I3bIOHKTHOE oO0benunerne V C Y u U;fa;, b, a f: X — Y cosnamaer wa V ¢ Brmouennem V C Y, a Ha [a;, b;] —
¢ i, Tak uro f: X — Y — HenpepwiBHOe oTobpaskenne. Torma X — komnakr, f(X) — xaycaopdoBo mpocTpaHCTBO,
9KBUBAJIEHTHOCTH ~, IPUKJIEUBAIOIIAS a; U b; K U3 ;-obpa3am, 3aaeT TO ke camoe pasduenue X, 9TO U OTOOPAKEHIE
f, mosroMy, B cry TeopeMm npocrpanctso f(X) C Y, 1.e. o6pa3 reomerpuyeckoro rpada (V, E), romeomopdHO

%

X/ f u, 3nauur, romeomopuo X/~= G, 4ro u rpeboBaioch. O

B caemytomem paszgese Mbl BBEIEM MOHSATHE TOMEOMOPGMHBIX NTeOMETPHIECKUX rPpadOB, KOTOPOE CTAHOBUTCS €CTE-
CTBEHHBIM TTOCJIE OMMCAHHOTO TOJIHKO YUTO MPEICTABJIEHNS T€OMETPUIECKUX rpadOB B BUIE CETEIA.

8.5 Ilmamapusbie rpadbi. Kpurepuii Iloutparuna—KyparoBckoro

[Ipu uccrenoBanmyu MmIaHAPHOCTU TPadOB BEPINUHBI CTEMEHW 2 HE WIPAIOT HWUKAKON posu. [leiicrBurensHo, eciu G
— mockwuii rpad, To pa3duenue J0O0ro ero pedpa Ha JacTu J0DABJIEHWEM K MHOXKECTBY BEPIIWH HEKOTOPBIX TOYEK
9TOr0 pebpa He MeHsgeT rpad Kak MOAMHOXKECTBO miockoctu. OGpaTHO, eciiu ecTh /1Ba pedpa, KOTOPhIE UMEOT OOIILY IO
BEPIIUHY CTEIeH! 2, TO 3Ty BEPIIUHY MOXKHO BBIKHHYTh U3 MHOYKECTBA BEPIIUH, a pebpa CKJIEUTh B OJIHO, GoJibimee peb-
po. I'padbl, KOTOpBIE OTINIAIOTCS JUIIb BEPIIMHAME CTEIeHN 2, Ha3biBaloTCA romeomopdubivMu. daimm popmaibroe
OTIpeie/IeHuE.

Onpepesienne 8.18. Ilycre G = (V, E,J) — npon3BosbHBI KOMOMHATODHBINA Tpad n e € E — HeKoTopoe ero
pebpo. Ilycrs w we comepxkurcsa B V', a ey u ey He copepxkarca B E. Pacemorpum rpad G' = (V') E’, '), nonoxus
V' =V U{w}u E' = (E\{e}) U{er,e2}. Orobpazkenne &' monoxum pasueiv d Ha E \ {€}, a Ha €1 u ey 3ama1mm
€ro Tak:

(1) ecmm d(e) = {v}, To &'(e1) = 9'(e2) = {v,w};
(2) ecam xxe d(e) = {u,v}, ro 9'(e1) = {u,w}, &(e2) = {v,w}.

Byzem roeoputs, ato rpad G’ noxyqen n3 rpada G nodpasbuenuem e20 pebpa ec. Kombunaropusie rpadot G u H
Ha3bIBAIOTCS 20MEOMOPPHBIMU, €CIIA U3 HAX MHOTOKPATHBIMA MOAPA30HEHNIME pebep MOXKHO MOJIYy9uTh U30MOpPGh-
HbIEe TpadBbl.

Ha puc. MOKA3aHbI JBa MI0cKuX rpada. CunnMu Kpyramu 0O03HAYEHBI WX BEPIIUHBI. XOTs, KaK MOJAMHOMXKEe-
CTBa IJIOCKOCTH, 3TU rpadbl rTOMEOMOP(MHbBI, TEM HE MEHee, UX KOMOMHATYPHbIE CTPYKTYPhI PA3HBIE: OHU OTJIUYAI0TCS
pacnosioxkennem seprina crenenun 2. Kpacupimu kpyramu 0603Ha4€eHbl j100aBIEHHbIE BEPIIMHBI CTeneHn 2 (HEKOTOPbIE
pebpa moapa3buTsr). B pesynbrare mosyuaem uzomopdubie rpadbl.

3ameuanne 8.19. Eciu paccmarpuBarh KOMOMHATOPHBIH rpad Kak COOTBETCTBYIOIIWI TOMOJIOTMIECKU, TOAPa30m-
eHne pebep He M3MEHHUT €ro TOIMOJIOTMYECKON CTPYKTYPbI, IIO9TOMY Pe3yJIbTUPYIOIIEe TOIOJIOTUYECKOe MTPOCTPAHCTBO
ocraercst roMeoMOpPMHBIM cebe. DTUM OObACHIETCS TEPMUH “TroMeoMOpdHBIE KOMOHHATOPHBIE rpadbr’.

Teopema 8.20 (Ilourpsrun—Kyparosckuii). Kombunamopuoiii zpad G aeasemces naahaphvim moz0a u moabko mo-
2da, xo2da nuxaxol e2o nodepad ne zomeomoppen Ks 3 uau Ks.

JlokazaTeabCTBO B OJHY CTOPOHY — a MMEHHO, J0Ka3aTe/bCTBO HeljlaHapHocTh rpada, coiepxkainero moarpad,
romeomopdublit K3 3 umu Ks, 04eBUIHO 1IOCJIE TOrO, KaK Mbl JIOKa3a/Il HelllaHapHOCTb K3 3 u Ks, cM. ciencrsus
u[B14

JlokazaTebCTBO B APYTYIO CTOPOHY HAMHOTO CJIOXKHEE.

IIpuBenem HEKOTOPLIE CJI€ICTBUS.

Caencrsue 8.21. Ioanwiti 2pad K,, naanapen mozda u moavko mozda, xozdan =1,2,3 uasu 4.

JokasareabcTBo. [leiictBurenbuo, npu n < 4 Jerko IOCTPOUTH COOTBETCTBYIOILYI0 PeaTu3anuo Ha miockocTu. [Ipu
n > 4 rpad K, comepxkut noxrpad, uzomopdusrii Ks. O
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Puc. 8.2: Tlonpas6buenne pebep m ToMeoMOpPHOCTH TpadoB.

CaencrBue 8.22. I'pap K, , A6AKEMCA NAGHAPHOM 020G U MOALKO Mo2da, Kozda min(p,q) < 2.

HokasaresbcrBo. efictBuresnbio, npu min(p, ¢) < 2 JIErKO NOCTPOUTH COOTBETCTBYIOIINE PEATH3ANUE HA ILJIOCKO-
cru. IIpu min(p, ¢) > 3 rpad K, , conepxur moarpad, nzomopdusti K ;. O
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YmpaxkHenusd K ryiaBe 8

VYupaxueunne 8.1.

(1) Joxaxkute, 9T0 /1060# Tpad MMeeT pealu3amuio B MpocTpancTBe R3 B BHIE BIOXKEHHOTO T€OMETPHYECKOTO
rpada, pedbpa KOTOPOro — JOMAaHbIE.

(2) JokaxkuTe, 9T0 TPOCTOI Tpad MMeeT peaJm3aluio B IpocTpancTse R? B BHE BIOXKEHHOTO IeOMETPHYECKOTrO
rpada, pedbpa KOTOPOro — IPAMOJTHHENRHbIE OTPE3KH.

Yupaxxaenne 8.2. lcnons3ys ¢opmyiny Ditnepa, mokazkure, 410 rpad K3 3 HEIIaHAPHBIH.
Yopaxkuenune 8.3. Ilycrs G — mockuit cBs3ublil pocToil rpad, umennuii v Bepiiuh, e pedbep u f rpaHeii.
. 3
(1) Hcnombsysa dopmyiy Ditnepa, nokazkure, 4ro npu v > 3 pbinonngerca 5 f < e < 3v — 6.
(2) Iokaxure, yro G COXEPKUT BEPUIUHY, CTEIEHb KOTOPOI HE IIPEBOCXOAUT 5.

VYopaxkueaune 8.4. [lycrb G — miockuii cBasubiit npocroit rpad. Iokaxkure, uro G He Moxker cocrodtbh u3 10
BEPILUH, CTEIEHb KAXK/0 U3 KOTOPBIX PABHA D.

VYopaxkueaue 8.5. OQuuniure Bce IJIOCKHE CBA3HBIE HPOCTbIE rpadbl, BEPIIMHBL KOTOPHIX UMEIOT OHY U Ty Ke
cremedb d > 3, KaXKaas TPAHb OIPAHWYEHA OJHUM U TeM ke JYucjaoM k > 3 pebep u Kaxkjaoe peOpo JIEKUT POBHO B
JBYX TPAHAX.

Onpegesenne 8.23. IIycts G — mpoctoii rpad. Oxpyoicenuem N = N (v) eepwuns v rpada G HA30BEM CJIe YOI
rpad: ero BEepIIMHBI — ITO BCE BEPIIUHBI U3 (G, KaXK/1as W3 KOTOPHIX COEIUHEHA ¢ ¥ HEKOTOPHIM pedpoM; ero pebpa —
Bce pebpa rpada G, coeauusionue BHIOPAHHBIE BEPIITHHBI.

Ounpenenenne 8.24. Ilycrs C = {Col;} — HEKOTOPOE MHOXKECTBO, 3JIEMEHTBI KOTOPOro Gy/ieM HA3bIBATH UGEMaMU.
Kaxnoe orobpaxenue v: V — C Gyuem HasbiBarh packpackot epaga G = (V, E,0) usemamu u3 mHoscecmea
C. IIpu sTom GymeM roBopuTh, 9T0 8epuruHa v nokpawera 8 usem v(v). Packpacka v naspiBaerca npasusvHol,
€CJIM CMEYKHBIE BEPIIUHBI TOKPAIIEHBI PA3HBIMU I[BETAMHU.

Yupaxknenue 8.6 (Teopema XuByma 0 maru Kpackax). JlOKaxKuTe, 9To Jjis Ka’KIOTO IJIOCKOTO MPOCTOTO rpada
CYTIECTBYeT MPaBUIbHASI PACKPACKa b I[BETAMH.

Yupaxkuenue 8.7. [lokaxkure, 9To
(1) mpocrpaHcTBoO [a,b]/~, a # b, roMeoMOP(MOHO OKPYKHOCTH;
(2) obpa3 ByIOKEHHOI 3aMKHYTOH KPHUBOI B IpOCTpaHcTBE R™ romeoMopdeH OKpYKHOCTH;

(3) BiOXkeHHAs KpuBas (3aMKHyTas WM HE3AMKHYTas ), JiexKalas Ha cdepe, He MOKET NPOXOIUTH Y€PE3 BCE TOUKU
cdepbl (OTMETHM, 9TO HE BJIOXKEHHAS KPUBAS — MOKET).

Yupaxuenue 8.8. [lokaxkure teopemy 2Kopmana Ha aByMmepnoit cdepe. Pasperiaercs: BOCIOIB30BATHCS TEOPEMOIi
ZKopnana ajist KpUBBIX.



JIlexknmua 9

MmuororpanHuku B RS

IInan. IlpocrpasHCcrBeHHBIH MHOIOYIOJIBHUK, IJIOCKOCTh MHOTOYIOJIbHUKA, MHOIOIDAHHAS IOBEPXHOCTH B R?’, MHOTOYIOJIbHUKH, CMEXKHbBIE 110 pebpy,
LIEMI0YKA MHOIOYTOJIbHUKOB, FPaHu, pPebpa U BEepPINMHLI MHOMOIPDAHHON MOBEPXHOCTH, MHIMIEHTHBIE JIEMEHTbI MHOTOINPDAHHONH MOBEPXHOCTH, IPAHNY-
HbI€ U BHyTPeHHHE pebpa MHOTOrPaHHOMH [I0BEPXHOCTH, Teopema 2Kopaana s 3aMKHY TOH MHOTOTPDaHHOM IIOBEPXHOCTH, MHOTOTPDAaHHUK, OTPaHUYeH-
HbIH 3aMKHYTOH MHOTOTDaHHOM IIOBEPXHOCTBIO, BHYTPEHHOCTD, BHEIIHOCTH U I'PAHHUIIA MHOTOIDAHHUKA, I‘pad;) u ABOCTBeHHBIN rpad MHOTOTPAHHOM
MOBEPXHOCTHU, BBIMTYKJIOE MOAMHOXKECTBO R | BBIMY Kbl MHOTOYTOMbHUK, BLIMTYKJbIH MHOTOTDAHHUK B R3, reomerpuyeckas peanusamnus rpada MHO-
rOrpaHHOM IIOBEPXHOCTH C BBIIYKJBIMU IPAHSIMHU, INIAHAPHOCTb rpada u ABOUCTBEHHOr0 rpada BBIIYKJION0 MHOMOIPAHHHUKA, (opMysna Dilnepa s
BBINTYKJIBIX MHOTOTDAaHHUKOB, IPABUJIBHBIH MHOTOTPDAHHUK, MIJIATOHOBBI TEJIA, 62K BBIIMYKJOr0 MHOMOTDAHHHUKA B ]Rg, TeopeMa O CBOMCTBax exa, pop-
MYJIHUPOBKa TeopeMbl MHUHKOBCKOTO O €Ke, MHOTOYTOJbHUK Ha IIOBEPXHOCTHU BBHINYKJIOIO0 MHOTOIPDAHHHUKA, BHY TPEHHOCTD, BHEIIIHOCTh, IPAHUIIA, YT OJI
MHOTOYTOJIbHUKA HA IIOBEPXHOCTHU BBINYKJIOT0O MHOTOTDaHHHUKA.

9.1 IIpocTrpaHCTBEHHBIE MHOTOYTOJbHUKM

B ynpaxkuenuu MBI OTIPEeIETITH MEOTOYTONLHIK W Ha mnockocTr R?, orpaHHtueHHbIH 3aMKHYTOH BIOXKEHHOH JI0-
MaHO# L, KOTOPYIO MbI HA3BAJU IPAHUIENl MHOrOyroibauka u obo3nadnin OW . Takke MbI OIpeenin BHY TPEHHOCTD
Int W = (21 u Buemnocrs Out W = 2y muoroyrosibauka W, rue 21 u £2) cOOTBEICTBEHHO OIPAHUYEHHAs U HEOrpa-
HUYeHHast KOMIIOHeHTH MHoxkecTBa {2 = R?\ L. Huxnuit unjgekc i B 0603HaueHnn {2; MMeeT reoMeTpHIecKHil CMBICI:
dbyuknus n: 2 — R, onpesenennas B pa3aene paBHa ¢ Ha (2;. OTCIONA BBITEKAET, 9TO 7) HE 3aBUCUT OT BHIOODA
JEeKapTOBOU CHCTEMbI KOODAWHAT, B KOTOPBIX OMpeeisiercs (hyHKIHUs 1), TAK KaK CBOHCTBO MOAMHOXKeCTBA {2; ObITH
OTPAHWYEHHBIM WJIU HET OT KOODJIWHAT HEe 3aBUCHT. Puc. HALJISIHO JIEMOHCTPUPYET, MOYeMy Ha HEOTPAHWIECHHON
obsiacTu YHKIWS 1) 3AHYIAETCH.

Puc. 9.1: Jlomanasi pa3dbuBaer MJI0CKOCTh Ha OTPAHUYEHHYIO ¥ HEOIDAHUYEHHYIO YACTH.

Teneps MBI CKJIEUM W3 MHOTOYTOJIbHUKOB MHOTOTDAHHBIE MOBEPXHOCTHU, BHIOMPAs MHOTOYTOJbHUKE B adUHHBIX
TTOCKOCTSIX, PACIOJIOXKEHHBIX B TPEXMEPHOM €BKJIMIOBOM IPOCTpaHcTBe. IIpuBeneM cOOTBETCTBYIOIINE OMIPEIEICHNS .
[Mycrs m — (addunnas) ninockoers B R3, T.e. MHOMXKeCTBO TOUeK BUa £ + v, T/ie v TpoGEraeT HEKOTOPOe JIBY MepHOe
nuueitnoe nognpocrpancTso V C R3, a & — dukcupopannas Touka usz R2. BoGpas B IJIOCKOCTH T HPOU3BOJILHYIO TOUKY
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B KQ4eCTBE HAYAJIa KOOPAWHAT W MTPOU3BOIBHBIN OPTOHOPMUPOBAHHBIN 0A3UC B KAYE€CTBE HAMIPABJIEHUI KOODINHATHBIX
oceft, MOJKHO BCE IIOCTPOEHUS U O6BEKTHI 13 R [epeHeCTH B 7.

Onpenenenune 9.1. IIpocmparcmeeHHbiM MHO20Y204bHUKOM OyIeM HA3BIBATH MHOIOYTOJIBHUK, [IOCTPOEHHbIN
B HeKOTOPOi#t addurHoil maockocTn 7 C R3, MpI 9TOM 7 Ha30BeM NAOCKOCMBHI0 MHO20Y20AbHUKA.

Bameuanne 9.2. AHajornIHLIM 00PA30OM OMpeIEsIeTcs Jbast MI0CKast (PUTypa, JIe¥Kalllas B TPOCTPAHCTBE, HAIIPHU-
Mep, OKPYKHOCTh, KPYT U T.J. Kpome Toro, roBopsi Ipo BHYTPEHHUE W BHEIIHWE TOYKH MPOCTPAHCTBEHHOTO MHOIO-
yroiabauKa ' C 7, Mbl OyeM MOHMMATh COOTBETCTBYIOIMe ToYku u3 Int F¥ C w u Out F C 7.

3ameuanne 9.3. Kaxpiii n1pocTpaHCTBEHHBIA MHOMOYIOJbHUK F', Tak ke, Kak u ero rpanuna OF, apisiorcsd 3a-
MKHYTLIME TIOJMHOYKECTBAMH HE TOJLKO TIOCKOCTH, B KOTOPO#l OHM JIesKaT, HO W Beero mpocrpancTsa R3. Ommako
BHYTpeHHOCTDL Int F' n BEemmocTs Out F oTKpuIThiME B R? He apagioTcs.

9.2 MHororpaHHble TOBEPXHOCT 1 MHOTOTPAHHUKU

Omnpenenenne 9.4. Mwnozozpannoti noseprrnocmoro F 6 R® maspiaerca komednoe cemeiictso {F;} mpocTpan-
CTBEHHBIX MHOrOyrojbHUKOB F; C R3, yioBiersopsroiiee ciieyionmM yCI0BAAM:

(1) mna kaxkzoit mapbl Pa3InYHBIX MHOTOYTOJLHUKOB F; n F; ux nepeceuenne I; N F; uin mycTo, WIH COCTOUT U3
OJTHOI, 00IIEell A1 HIX BEPITWHBI, WM W3 OJHOTO, 00INero Ay1sa HuX pebpa; ecin F; n F; mmeror obimee pebpo e,
TO OHUW HA3BIBAIOTCA CMEHCHBIMU TO €;

(2) mas KaXKIOro MHOrOyroibHHKA F; M KaxKZoro ero pebpa e cymiecTByer He 6osiee OJHOIO MHOTOYTOJIbHUKA Fj,
cMexxHoro ¢ F; mo e;

(3) s KaxKOH MApBI PA3TMIHBIX MHOTOYTONBHUKOB F u F/ CyImecTByeT mocJieloBaTebHOCTh MHOTOYTOTbHUKOB
F;,...,F; makas, aro F;, = F, F; = F’, w ipu xaxgaom 1 < k < m mHOrOyronbuuku F;, | u F;, CMeKHBI;
TaKy0 TOCIEIOBATEIHLHOCTH OYIEM HA3BIBATH UENOUWKOT MHO20Y20A4bHUKO0E, coedunarouetd F u F';

(4) mna kaxkz0ii mapbl MHOrOYyroJbHUKOB F u F'| mepecekaouxcs Mo BEepIIuHe, CYIIEeCTBYeT COEIUHSIONAd WX
METOYKa, BCE MHOTOYTOJIBHUKN KOTOPOII TaKKe COAEePIKAT 3Ty BEPIUHY;

(5) HuKakue JBa CMEXKHBIX MHOIOYrojbHuKa F; u F; me nexkar B O/1HO# ILJIOCKOCTH.

Muoroyroibauku F; naspiBaforca epamnamu F, orpesku B R3, copnasaonue ¢ pebpamu rpaneit, — pebpamu F, a
Toukn B R3, copmasatomme ¢ Konmamm pebep, — eepwuramu F.

Ha pwuc. MIPUBEIEHBI TIPUMEPHI CEMENCTB MPOCTPAHCTBEHHBIX MHOTOYTOJIbHUKOB, KOTOPBIE HE 00PA3yIOT MHOIO-
IPAHHBIE IOBEPXHOCTU: B KAXKJIOM U3 9THX IPHMEPOB He BBIIOIHSETCS OAHO U3 ycnoBuit onpenenenns [0.41 Pas6epem
3THU IpUMePbI OoJiee TTOIAPOOHO.

(1) IIpumep (a) He ABISIETCS MHOMOTPAHHO IOBEPXHOCTEIO: MHOIOYTONBHUKY F; 1 F; mepeceKaoTcs mo AByM pebpam
€1 | €3, TaK 4TO Hapymaercs myHKr ().

(2) Ilpumep (6) He siBIAETCA MHOIOIPAHHOl IOBEPXHOCTBIO, TAK KaK TaM obliee pebpo e [ijis MHOrOYrOJIbHUKOB F
u Fj sBisiercs Takzke oOIIUM ¥ JUlst PsAa APYTHX MHOIOYTOJIBHUKOB, O9TOMY HAPYILIAETCS IIyHKT .

(3) IIpumep (B) He siBJIsIETCH MHOIOIDAHHOMN 1IOBEPXHOCTHIO, TAK KAK MHOIOYIOJbHUKYU U3 “BepXHE Ipyiibl’ HEBO3-
MOYKHO COGIMHATH C MHOTOYTOIHLHAKAMY N3 “HUKHEH rpynmbl’ IEeMOYKOi MAOTOYTOIHHIKOB, TAK 9TO HAPYTIACTCS

nyHKT (3)).

(4) Tpumep (r) He gABJIAETCA MHOrOIPAHHON IOBEPXHOCTBHIO, TAK KAK MHOTOYTOJBHUK U3 “/IeBOil rpynnbl’ UMeer ¢
MHOTOYTOJTBHUKOM M3 “TIPaBOil TPyNIbl’ OOIIYIO BEPIIHHY, HO UX HEBO3MOXKHO COEGIWMHHUTH IEMOYKOM, B KOTOPOit
BCE MHOTOYTOJIbHUKHU COJIEPKAJIU ObI 9Ty BEPIIHHY; TAKKM 00Pa30M, 3/1€Ch HAPYIIAETCS IIYHKT .

(5) IIpumepst (1)—(2K) He SBIAIOTCS MHOMOIDAHHBIME IIOBEPXHOCTAMU, TAK KAK B KAaXKJIOM M3 HUX CMEXKHbIE I'DAHU
F; m F; nexar B OIHOI TIJIOCKOCTH, T.€. HAPYTTAETCS MyHKT .

O6parnTe BHUMAHKE, 9TO /IBA COCETHMX PeOpa OJHON rPAHM MHOTOIPAHHONW MOBEPXHOCTH MOTYT JIE?KATH HA OJHOM
psmoit, eM. puc. 0.3
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(r) (1)

Puc. 9.2: K omnpezenennio MHOrOrpanHoil MOBEPXHOCTH.

Puc. 9.3: Pebpa e; u ey rpanu F| MHOrOrpaHHO! IIOBEPXHOCTH JIEXKAT HA OJHOM MPAMOIA.

3amevanue 9.5. Mol gamm cTob “yKecTkoe”’ ompeeeHne MHOTOTPAHHON TOBEPXHOCTH, 9TOObI N30EeKATh CIIOXKHOMN
rkomOuHaTOopuku. Tem He menee, B 6osiee o0Ieit Teopun MHOTHE U3 TPeOOBAHUIT OITpeIeTeH s OIYCKAIOT UJIN 3aMe-
HAI0T HA O0stee cabbie. Tak, HATpUMED, HHOTA PACCMATPUBAIOT MHOTOIPAHHBIE IOBEPXHOCTHU C CAMOIIEPECEICHU MM,
WJIM, CKAXKeM, OTKA3bIBAIOTCS OT YCJIOBUS TOTO, YTO CMEXKHbIE 'DAHU HE JIeXKaT B OIHOI IJI0CKOCTU (B TEOPUM U3IH-
GaHuii 3TO UCIIOIB3YeTCs B JOKA3ATEIbCTBE TEOPEMbI, O0bACHSIONIEH, TOYeMy UrPa HA aKKOPIEOHE HEBO3MOXKHA, eCJIH
Clles1aTh YKEeCTKUMHU Bce rpanu ero mexa). Ounako takue ocinabsieHus TpeOOBAHUI IPUBOAAT K YCJIOXKHEHUIO TEOPUU,
HAIPUMEDP, OTKA3bIBAACH OT YCJIOBUS , Mbl IIPUXO/JUM K HEOIHO3HAYHOCTHU IIPE/ICTABJIEHUS B BHUE MHOIOI'DAHHOM
TIOBEPXHOCTHU: TEMEPh KAXKIYI0 TPAHb MOYKHO PAa30UTh HA eIe 0ojiee MeKue TPAHH.

Onpenenenune 9.6. Ilycts F — MHOrOrpaHHasi MOBEPXHOCTh. Kcjn v, e u F' — COOTBETCTBEHHO BEpINNHA, peOPO U
rpasb F, TO B ciydae, Korma v € e, v € F', unu e C F', rOBOpAT, 9TO COOTBETCTBYIONINE IBA O0BEKTA UHUUIEHMHbL.
Pebpo F, mHIUAEHTHOE TOJBKO OMHON I'DAHU, HA3BIBAETCH 2PAHUNHBLM, & WHIWICHTHOE IBYM TDAHAM — GHYM-
pennum (3aMeruM, 4ro Apyrux pebep B MHOIOIDAHHON IIOBEPXHOCTU HET B CUJLY ILYHKTA U3 OIIPe/IeJIEHNU ST .
MuororpanHas MOBEPXHOCTH 6€3 IPaHMIHBIX pebep HA3BIBACTCS 3aGMKHYMOU.

Bameuanue 9.7. Mbl 6y/eM HHOLJIA OTOXKIECTBIATS MHOIOIPAHHYIO HOBEPXHOCTH JF ¢ mojaMHOxkKecTBoM R, pasHbiM
obbeIMHEeRno Beex rpameit w3 F. VIMenHo B 3TOM cMbicae Oynem monmMath dbpasy “mycts F C R? — mmororpamnas
TTIOBEPXHOCTB .

IIpuBenem 6e3 m10KA3ATENBCTBA, CAEAYIOMINIA BAYKHBIN PE3yJIbTaT.

Teopema 9.8 (reopema Kopmama jajs 3aMKHYTOH MHOTOTpaHHOi mosepxHocTH). ITyems F C R3 — samwnyman
MmHozozparnas noseprrocmy. Tozda R3 \ F cocmoum us deyr womnonenm. O0na U3 3MUT KOMNOHEHM AGAACTMCA
ozpanusentvim nodmmoscecmeom R3, a dpyzas — mnem.
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Onpegenenne 9.9. Ilycts F — 3aMKHyTast MHOTOTPAHHAS MOBEPXHOCTD, & {2 — OrpaHWYEHHAS KOMIIOHEHTA MHOMXKE-
crea R?\ F. Torma W = F U 2 Ha3BIBAETCA MHO202PAHHUKOM, 02PAHUMEHHBM F ) ITH MHO202PAHHUKOM C 2panuteti F
(rpanuny F muororpannuka W Oyuzem takxke obosnadarb uepes OW). Kpome roro, F = W Ha3biBaoT Takxke no-
8€PILHOCMBIO MHO202paHHUKae VW . OrpaHudeHHasi KOMIIOHEHTa, 2 HA3bIBAETCS SHYMPEHHOCMbI0 MHO202DAHHUKA U
obosznadaercs uepes Int W. Ocrapmasics, HeorpaHuveHHast KOMIOHeHTa MHO¥KecTBa R? \ F Ha3bIBaeTCa 6HEUHOCTbIO
Mmuozozpannura W n obosuauaercs gaepe3s Out W.

3ameuanne 9.10. [To 3ameuanuio [9.3] kaskabrit MpOCTPAHCTBEHHBIN MHOTOYTOJBHUK SIBJISIETCST 3AMKHYTHIM TTOIMHO-
sxectsoM R3. Crenosarensno, rpannma OW MHororpamanmka W — 3aMKHYTOe HOAMHOMXKeCTBO R W, 3HAUMT, BHYT-
permocts Int W u Bmemmocts Out W mmororpamamka W — OTKPBITHIE IIOAMHOXeCTBA R3, a caM MHOTOIDaHHEK
W = R3\ Out W — samkuyToe nogmuozkectso R3. Kpome Toro, mas mHOrorpannuka W mMeeT MecTo aHATIOT JeM-
MBI Ui Kaxk 1ol rouku P € OW cywecrByer € > 0 rakoe, uro npu kaxjaom 0 < r < e muoxecrso U, (P) \ W
COCTOUT M3 JIByX KOMIIOHEHT, OJIHA M3 KOTOPBIX JIe?KUT BO BHyTpenuoctu Int W, a apyras — Bo suemnoctu Out W
Muororpanauka W. OTciofa, Kak W B CIy4ae MHOTOYTOJIbHUKOB, BhITE€KAET, 9T0 OW — TOMONOrmYecKasi TpaHuId
muozKectBa, W C R3, a Int W — Tomosormaeckas BHYTpeHHOCTL W.

3ameuanne 9.11. Ormerum TakxKe, YTO KaxK/as MHOIOIPAHHAsA [IOBEPXHOCTD, PACCMATPUBAEMAas KaK [10IMHOXKECTBO
R3, mMeeT eIMHCTBEHHOE TIPEICTABJICHIE B BUIE MHOTOTDAHHOI TTOBEPXHOCTH — TOYHEe, €CJIH JIBe MHOTOTPAHHbBIE T10-
BEPXHOCTH 3a/110T OHO M TO K€ MOAMHOKecTBO X C R3, TO OHUM COBIAIAIOT B TOM CMBICIIE, YTO MHOYKECTBA UX IPaHeil
coBmagaoT. [locmenmee HEMOCPEICTBEHHO BBITEKAET M3 TOTO, UTO KaxKIas IPAHb MPEICTaBasIeT coO0il MaKCHMATIbLHOE
CBSI3HOE TIOIMHOXKECTBO X, JIeXKalllee B OHOMN ILTOCKOCTH.

9.3 TI'padsnl, cBI3aHHBIE C MHOTOIPAHHBIMU TOBEPXHOCTAMMU

IIycrs F C R?® — muororpamnas mosepxHocrs, V — MHoxecrso sepiuun F, a E — muoxecrso pebep F. Tak kak
KaxkI0e pebpo F coequHsieT HeKOoTopble Bepiimubl F, napa (V, E) aBisercs reOMeTpUIecKuM rpadom.

Onpenenenne 9.12. I'paggom G mMHO202paHHOT NOBEPTHOCTIU F HA3BIBAETCs IIOCTPOEHHBIA BbILIE I'€OMETPH-
qecknit rpad (V, E); Takum ke 06pa3oM MBI HA3BIBAEM COOTBETCTBYIOIINIT eMy KOMOMHATOPHBIH rpad, cM. puc. 9.4

O6o3naunm E’ MHOKeCTBO BHyTPeHHUX pebep MHOrorpannoi nopepxunoctu J. Bynem paccmarpusars F Kak MHO-
skecTBO rpameii. Hamomumm, aro gepes F(2) Mbr 0603Ha9AIH MHOKECTBO 2-31€MEHTHBIX MOAMHOKeCTB F. Oupeseanm
orobpaxenne 0: B — F?) crenyrommm obpasom: ecan pebpo e € E’ spasieTcst mepecedenmeM rpaneii F; F;, 1o
nonoxum d(e) = {F;, F;j} € F?).

Omnpegenenne 9.13. /lgoticmeennvim epagom Gy MHO202PAHHOT NOBEPTHOCTIYU F HA3BIBACTCS OCTPOECHHBIH
TOJILKO YTO KOMOHHATOPHEI Tpad (F, E’,d), cm. puc. (9.4

rpad ky6a JIBOMCTBEHHBIN
o pad v rpad xyb6a

Puc. 9.4: T'pacd u aBoiicTBennsiit rpad MHOTOIPAHHON MTOBEPXHOCTH.

3ameuanne 9.14. Onumrem HEKOTOPBIE CBOiICTBA rpada G MHOrOrpanHoil moBepxHOCTH JF .

(1) I'pagp G asasemes npocmuvim U c8a3HbiM. OTCYTCTBEE KPATHBIX pebep U METEIb BHITEKAET U3 TOTO, YTO
BCe pebpa — mpsamosinHeiiabie oTpe3ku. CBA3HOCTD C/IeAyeT W3 TOrO, YTO KaXK/asd Mapa IpaHeil COeauHSIeTCs
MEMOYKOM rpaHeil, TaK 9TO W3 BEPIIUHBI B IEPBOH TPAHM MEIMOYKH MOXKHO JT00paThCS A0 BEPITUHBI U3 TOCTeTHETT
IPaHU 1O IyTH, JexKalleMmy B ternodke (ybeaurech B 3TOM).
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(2) Cmenenu sepwun epaga G He menvuwe 2. JlelCTBUTENHHO, KaxKIasd BEPUIMHA J sIBJIAETCA BEPIIMHOMN
HEKOTOPO# rpaHi — MHOTOYTOJbHUAKA, IIOITOMY W3 Hee BBIXOIUT HEe MeHee IByX peodep.

(3) Bepwuna v epaga G umeem cmenens 2, eCAU U MOALKO €CAU 000 8LTO0AULUT U3 Hee pebpa e U ey
— epanuunbvie. B wacmnocmu, emenenu eepwun 2pada 3aMKEHYMOT MHO202PAHHOUT TNOBEPTHOCTNU
He menvwe 3. JeliCTBUTENbHO, HUKAKAA Iapa IPaHell MHOIOIPAHHON HMOBEPXHOCTH HE MOXKET IEPEeCeKATbC
6oJtee uem mo ogHOMY pebpy. Iloaromy ecstm XOTs ObI OTHO W3 WHIMIAEHTHBIX U pedep, CKaXKeM €1, — BHyTPEHHee,
TO K €; MPHUMBIKAET €Ille OHA I'PaHb, B KOTOPOl mMeeTcs pedpo ez, MHIIMJACHTHOE ¥ W OTJIUIHOE OT €1 W €3 B
cuny nyukra [T onpenenenns [0.4] Tak aro degv > 3.

3ameuanne 9.15. Onuiem HEKOTOPBIE CBOHCTBA ABOMCTBEHHOTO rpada Gy MHOTOPAHHON MOBEPXHOCTH J .

(1) I'pagp G, sasemes npocmuim U C8a3HbiM. lelicTBUTEIBHO, pa3/uyHble Bepiuubl rpada G 4, CoeIMHEeHHbIE
pebpom, — 3TO cMmekHbIe rpanu. Tak KaK CMeXKHbIe IDAHM WMEIOT POBHO OxHO obinee pebpo, To rpad G, He
cofepKuT KparHbix pedep. Ileress Her, Tak Kak Mbl coefdHsieM pebpaMu TOJBKO pasHbie rpadu. CBI3HOCTDH
PaBHOCIIIBHA yCJIOBHIO 3] 13 onpenenenust [9.4]

(2) Cmenenu sepwun 2paga G4, coomeememeyrwez20 3aMEHYMOT MHO202PAHHOT NOSEPITHOCTNU, HE
menvwe 3. JeficTBUTeIbHO, KayK1ash Tpaib JF COIepKUT He MeHee 3 pedep.

9.4 BbIHyK.TH)Ie MHOI'OI'paHHUKN
Ocobbrit HTEpeC MPeICTaBISIOT BHIMTYKJIble MHOTOTpAHHUKH. JlokarkeMm ciemyomniuit byHIaMeHTATbHBII Pe3yabTarT.

Teopema 9.16. Muozoeparnux W C R? suinykavid, ecau u moavko ecAu oH Paser Nepecederulo 3aMKEHYMuLEL noy-
NPOCMPAHCMNG, 0ZPAHUYEHHOILL TAOCKOCTIAMUY, NPOLOOAULUMY YEPES €20 2PAHU.

HoxkazarennscrBo. Ilycts FY, ..., F,, — rpauu muororpananka W. O003HAYNM 7j MIO0CKOCTH, MPOXOISIINYIO depe3
Fy.. llpeamnonokuM cHaga a, 9T0 MHOTOTDAHHUK COBIAJAET C IEpEeCceYeHrneM 3aMKHYTHIX MOJIYITPOCTPAHCTB, OTPAHU-
YEHHBIX MJIOCKOCTSIMU, MPOXOJASAIIMME Yepe3 ero IpaHu, T.e. [ KaXKJ0ro k CYIIECTBYeT TAKOe MOJIYIPOCTPAHCTBO
11}, orpaHmYenHOE IIOCKOCTBIO Ty, 9T0 W = N, Il;. Tak Kak BCe HOJIYyNPOCTPAHCTBA BBLINYKJBL, a HepecedeHne
BBIIIYKJIbIX MHOXKECTB TOXKE BBIIYKJI0, MHOTOIPDAHHUK W — BBIILYKJIbIA.

IIycts Teneps W — BBITTYKJIBIH MHOTOTpAHHUK. JlOKaXKeM, UTO OH COBMAIAET C TepecedeHneM MOTyITPOCTPAHCTB,
OTPAHUYIEHHBIX ILJIOCKOCTSIMU, MPOXOAAIINME 9epe3 ero rpanu. PaccMOTpuM MpPOM3BOJIBHYIO TJIOCKOCTH 7 U TOYKY
A € Int W. Tak kax Int W orkpsiro, cymecrsyer Us(A) C Int W. Tak kak U.(A) ¢ 7, cymecrByer rouka B € U, (A),
He npuHaexamas 7. O6o3nadum [l TO TOJYyIPOCTPAHCTBO, OPPAHUIEHHOE Tk, KOTOPOE COJIEPIKUT TOUKY B.

IMokaxkewm, aro W C II. IIpeanonoxum nporusaoe, r.e. 4ro cymecrsyer C' € W, mis xoropoit C & IT;,. Tlpuso-
JIIMBIE HIKEe TIOCTPOEHMUST UILIIOCTPUPYIOTCs Ha puc. [9.5] ciesa.

C Pe N IL \W
Us(D)
AN

P K R/
F, T, F, : T,
1L \ 1L ,, P
A B L Q
U (A) Int W Int W

Puc. 9.5: JTokasarenscrso Teopemst [0.16]

Ilycrs D — BHyTpeHHSS TOYKA MHOIOYTOJIbHHUKA F}, TOTIa B IJIOCKOCTH Tk cymnectByer Kpyr K ¢ meaTpom B D,
comepxkammuiica B Fj,. Paccmorpum korycst BK u CK ¢ ocuoBanusivu K u Bepmmuaamu B u C' cOOTBETCTBEHHO. IDTH
KOHYChI COCTABJIEHBI 3 OTPE3KOB, COEIUHSIONINX BEPIITUHBI C OCHOBAHUSIMU, TTOITOMY OHHU comep:xkarcsa B W. Tak kax
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C u B jiexkaT B pa3HBIX HOJIYIPOCTPAHCTBAX OTHOCUTEILHO T O K, cymecrsyer map Us(D), nexammii B BK UCK,
nosromy Us(D) C W. Oanako, B cuity 3amedaHusi KayKJbIi TIap ¢ MEHTPOM B MPOW3BOJILHON Touke u3z OW
cozepkuT Kak Touku u3 Int W, rak u rouku u3 Out W. 9o nporuBopeune u gokaswiBaer, auro W C I1.

Wrax, W C N{L, 1. Joxkaxem renepb, uro W = N, I}, cm. puc. @ crpasa. [Ipeamnonokum nmpoTuBHOE, T.€.
cymecTByeT Touka P € N} I}, Takas, aro P € W. Ilycte () — mpomnssombHas Touka u3 Int W. Torma Toukn P n @
JIeKaT B Pa3HbIX KOMIOHeHTax MHOkecTBa R3 \ OW, mosromy [P, Q] mepecekaer mexkoropyio rpanb F. Ilycts R —
HEKOTOpasi TOYKA u3 3TOro mepecedenns. Tak kak ) € Int W C I, To () — BHyTPeHHssI TOYKA MTOIYIPOCTPAHCTBA
Iy, re Q ¢ 7. C apyroii croponsl, R € 7y, T.e. nexxur #a rpanutie I1;. CiaepoBaresbno, Touka P IomKHA JI€KATH
B [IPOTHBOLIOJIOKHOM [T}, 1OJIyIIPOCTPAHCTBE, OrPAHUYEHHOM ILJIOCKOCTBIO Tk, Tak 4r0 P & II}, nporuBopedue. O

Caenctsue 9.17. Kaowcdas epansd evnyraozo mnozozpannura W pasna nepecenenuto codepocauets ee naockocmu u
wW.

HdokazarenbcTBo. Ilycth F' — mpouwsBombHad rpanb W u m — mpoxoadrias depe3 Hee MI0CKOCTh. Tak kak FF C W
uFF Crm,ro F C W N [nsa 3aBepiieHns I0Ka3aTebCTBA MOKaxkeM, uTo W N 7w He comep:kut touek u3 Out F.
[Ipeamonoxum mpoTwBHOE, T.€. MyCcTh cyinecTByer ) € Out F', Koropast Tak:xke Jjexkut B W N 7.

Ob6o3naunm uepes eq,...,e, pebpa rpanu F| a gepe3 F; — rpaub W, cmexnuyio ¢ F mo pebpy e;. Ilycrs m; —
IJIOCKOCTD, cogepzxamas Fy, a II; — TO mOoIynpoCTpaHcTBO, OrPAHUYEHHOE T;, KOTOpoe, no teopeme [0.16] conepzxut
W. Tak Kak cMeXXHbIe TPaHW He JIeYKaT B OTHON TMJIOCKOCTH, 7; HE COBMAIAET C T.

Bei6epem mponsBosbHyo Touky P € Int F. Torpa [P, Q] mepecekaer OF. Ilycrs R — ToYKa U3 3TOrO MepeceveHns,
Torga R mpuHaIeKuT HEKOTOpOMY pebpy e; C m;. Tak kak P € W, 1o P € II;.

Puc. 9.6: Jokazarenscrso caeacrsus [0.17]

IMokazkem, uro P ¢ ;. [lycts U — OTKPBITHIM KPYT B TJIOCKOCTH 7T C IeHTpoM B P, comepzkaruiics B Int F', cy-
MIEeCTBYIONMINI B CHIy TOTO, 9TO Int F' — OTKphITOE MOAMHOKECTBO 7. Eciim P € 7;, TO P NpWHAIIEKUT TepeceueHnio
TUIOCKOCTEH T U 7, MPECTABJISIONIEMY CODOH MpsiMyI0, MO3TOMY KpPyT U COMEPKUT TOYKH, JIEXKAIINE KAK B IMOJIyIIPO-
crpanctBe [I;, Tak u B ero gomoiaennn. Ho mociennee nmporusopedunt tomy, uro U C F C W C II;, rae nocnegnee
BKJIIOUeHHe nMeeT MecTo 1o Teopeme [J.16]

Wrak, Mbl j0Ka3au, 410 P JjiexkuT BHYTpU wHoJylnpocrpancrsa I1;, mosromy touku Jiyda PQ, ciepyromue 3a
Toukoil R, He comepxkarcsa B [I; u, 3uaqnt, He jexar B W. B wactnocru, Q ¢ W, nporuBopeune. O

Tak Kak MepeceveHne BBIMYKIBIX MHOXKECTB BBITYKJIO, CIEICTBUE MTHOBEHHO MPHWBOIWT C CIEIyIOMEeMy pe-
3yJIBLTATY.

CJIG,Z[CTBI/Ie 9.18. Kaowcdan 2PaHb 8bINYKA020 MHO202PAHHUKA — ebmynm;mi npocmpchmeeHHbm MHO20Y20ADHUK.

Sameuanue 9.19. Eciu 6bI MBI B OIpe/ie/IeHAH MHOTOTPAHHHUKOB He TPeOOBAJIH, 9TOObI CMEXKHDLIC IPAHE HE JIeYKAJII
B OZIHOIT IIIOCKOCTH, TO ceacTsust [0.17|n OKa3aJIiCh ObI He BePHBIME: KaxKIyI0 TPaHb MOYKHO ObLIO ObI pa3sOuBaTh
IPOH3BOILHBIM 06pa30M Ha 6ojlee MelTKHe TPAHH, HO TaKHe IoApa3OreHnsa He HapyMaioT BBITYKIOCTh MHOTOTPAHHUKA,
XOTS MOTYT HPHBOAUTH K HEBBLILYKJIBIM DAHIM.



9.4. BrImykible MHOTOTDAHHHKT. 86

Caencreue 9.20. ITycmv W C R® — npoussoavnuti evnykavi muozozpanmuk, Fi, ..., F, — ezo epanu, m; —
naockocms, codepocawan F;. Obosnavum II; 3amrnymoe nosynpocmpancmaeo, ozpanuvennoe m; u codepacausee W,
u nyemo II] = II; \ m; — mnooicecmso ecex enympennuz movex II;. ITyemo P — nexomopas mouxa uz W. Tozda

(1) P — sepwuna W, obwasn das epanet Fy ..., F;,, ecau u moavko ecau P € m; npu i € {i1,...,ix}, u P € II]
NPU 6CET OCTNANLHBIT T

(2) P — snympennas mouwka pebpa W, obusezo dan epaneti Fy, u F;,, ecau u moavko ecau P € m; npu i € {iq,is},
u P € II! npu écex ocmasvhur i;

(3) P — enympennan moura eparny F;,, m.e. P € Int F;,, ecau u moavko ecau P € m;, u P € II] npu i # iy;
(4) P — enympennan moura muozozpannuka W, ecau u moavko ecau P € II] npu ecex i.

HoxkazareabcTBo. Ilo cmencreuio (9.17) Touka P € W npunaniaekuT rpann F; Torma u TOJIBKO TOTIA, KOTIa OHA,
JIEKUT B TUIOCKOCTH ;. [loaromy {F;,, ..., F;, } — nomnusrii Habop rpaHeii, comeprKaiux Touky P € W, eciau n TOIBKO
ecmu P conepXKuUTCd B MJIOCKOCTAX iy, ..., T, , & AJIA BCeX OCTAJIbHBIX ¢ — HE COJAEPXKUTCA B MOIYIJIOCKOCTAX T;, W,
3HAYUT, COAEPIKATCS B OTKPBITHIX HOITyIpocTpaHcTBax 1. 9To coobpaskeHne JOKa3bIBAET BCe IYHKTHI CaeAcTBusd. [

Cuaenyiommas KOHCTPYKIUs 3auMcrBoBana namu u3 [16].

Koucrpyknust 9.21. B o6o3nauennsix caexcrsus [0.20] BoiGepem B npou3BOIbHOI rpanu F; ee BHYTPEHHIOI TOUKY
P. Tlo sromy ke cieacrsuio, P € I ]’ JUTsl BCEX j # 4, MOITOMY MIApOBasi OKpecTHOCTh Up, pajguyc KOTOPOH MEeHbIIe
paccrodnus or P 10 Bcex mj, j # 1, TaKKe JIKUT B KazIoM Takom 11 ]’ IIycrs Q — upousBosbHas To4uka u3 Up, He
nexamas B I;, B gactaoctu, @ ¢ m;. Obo3uaunm v: II; — 7; paauaabHYIO MPOEKIWI0 M3 TOYKM (): KaXKJIOH TOUKE
S € II; crasurca Touka R = v(S) € m; nepecevenus jyda QS ¢ 7;, CM. pucC.

Puc. 9.7: PagunanpHas mpoekiiusi TPAHUIBI BBIIYKJIOIO MHOTOTDAHHUKA 0€3 MPaHM HA IJIOCKOCTH STOW I'DAHU.

Jlemma 9.22. Ozpanuuenue paduasvroti npoexyuu v na OW \ Int F; asasemces 2omeomoppusmom ¢ obpasom.

HoxkazarenbcTBo. Ilycts R — mpou3BoiabHAs TOYKA IIOCKOCTH 7;. Pacemorpum myd QR v BBISCHUM, KAK YCTPOEHO
nepecedenne QR N OW.

IIycrs R € Out Fj;, rorna, uo cuexcrsuio [9.17, R ¢ W u, 3na4ut, Jiid HEKOTOPOro j # i sbluojnderca R ¢ 11,
nosToMy uHTepRaI (), R) mepecekaeT MIOCKOCTh 7; MO HeKOTOpOoit Touke T'. Ho Torma oTkprITeit yu T'R comep KuTcs
B R3\ II;, mosromy TRNW = (). Kpome Toro, [Q, R) C R?\ II;, nostomy [Q, R) N W = (), Tak 4ro B 9TOM CiyHae
ay4a QR ue mepecexkaer W.

IIycrs R € OF;. Ilo cnencrsuio [9.20] Touxka R jeskuT B HEKOTOPOR IIJIOCKOCTH Tj, j # 4, HOITOMY BCEe TOYKH
nyga QR, cremyromue 3a Toukoit R, mexxar B R3\ IT j, CTeIOBaTeIbHO, Bce oHE He mpuHanexkar W. Kpowme Toro,
[Q, R) C R®\ II;, nostomy [Q, R) N W = ), Tak uro QR N W COCTONT POBHO W3 ONHOI TOUKH, 8 IMEHHO, TOUKH R.

Hakomer, mycts R € Int F;. Beibepem mapoByio okpectHocTh Ur Touku R Tak ke, Kak Mbl BeiOupaaun Up. Torma
Touku u3 QRN Upg, cnexyromue Ha gyge QR 3a Toukoit R, jgexar Bo BCex [1 ;, MIO3TOMY BCE OHU TIPUHAJIE’KAT BHYT-
perroctn W. O6o3nadum vepe3 S nociennon touky ayda QR, nexamtyto B W, puc. [0.7] B cuny ckasannoro sbime,
S # R. Ilokaxewm, uro unrepsai (R, S) cocrour uz Buyrpennux rouek Jjs W. JleficrBuresbHO, €Ciii HA HEM UMEeTcs
nexoropag rouka I’ € OW, ro T' couepKurcs B HEKOTOPOH IIJIOCKOCTH 7j, HO TOLJd BCE TOYKU OTKPbITOrO Jjiy4a 1'S
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He cozepxkarcd B II; u, B wacrnocru, B W, mosromy 1" ¢ W. Urak, mbt gokazainu, uro QR N OW cocrour B paccMar-
puBaeMoM ciydae u3 aByxX Toduek: R u S. Orciona u u3 pa3obpaHHBIX BBINIE CIy9aeB BBITEKAET, 9TO ONPAHUYEHUE
wa OW \ Int F; — B3aumno oxHo3ua4dHo ¢ 06pazom. HelpepbiBHOCTh 9TOr0 OrpaHuveHus u 0Tobpazenus, 00paTHOro
K HEMYy, CJIe/lyeT U3 HENPEPbIBHOCTU PAJANAIbHON npoekunu, npeatoxenns [3.28 u reopemst [5.23] O

Caencrsue 9.23. I'pag 6bnyka020 MHO202DAHHUKG NAGHAPEH.

HoxkazareabcrBo. Ilo semme | rpanuiy OW BBIILYKJIONO MHOIOIDAHHUKA, U3 KOTOPOH BBIKUHYTA BHYTPEHHOCTD
HEKOTOpPO#t rpanu F'; MOXKHO roMeoMOp(dHO 0TOOPA3NTh HA HEKOTOPOE TIOAMHOXKECTBO MIIOCKOCTH T, TPOXOIAIIeH depe3
F. Ilpu takom orobpaxkenuu rpad MHOTOrpanauka W orobpazKkaercss Ha, HEKOTOPBIH IJI0CKuil rpad, Tak 4To rpad
MHOTOTPAHHHUKA, TLIAHAPEH. O

Koracrpyknus 9.24. Iloctpoum 2eomempuneckyro peaausdayuro deoticmeennozo epagda G MHOTOTPAHHOM
MOBEPXHOCTH JF, BCe TPAHU KOTOPOH — BBIMYKJIbIE MHOTOYTOJIBHUKH, B YACTHOCTH, I'PAHUIIBI F BBIILYKJIONO MHOTOTDAH-
nuka. s aroro BodpMeM B Kaxk10it rpanu F; MHOrorpannoii mosepxuoctu F 1o BuyTpenneit rouke P; u npumem stu
TOYKH 32 BEPIITUHBI TeoMeTprdeckoro rpada. Coeqnunm Kaxkayo Touky P; ¢ cepeInHaMu TeX CTOPOH COJIEpIKaIIeil ee
TPaHM, KOTOPhIE COOTBETCTBYIOT BHYTPEHHUM pebOpaM MHOTOTPAHHOM moBepxHOCTHU. [loydanm HAOOP OTPE3KOB, Tepece-
Kaomuxcst ToAbKO 1m0 P;. Touku P; n3 CMeXKHBIX I'DaHENl COeNHEHBI IBY3BEHHBIMU JIOMAHBIMU. JTHU JIOMAHbIE BO3bMEM
B KadecTBe pebep reomerpudeckoro rpada. JcHo, 9T0 KOMOMHATOPHAS CTPYKTYpa IMOJydeHHOro rpada msomopdua
G4, TaK UTO OH ABJIAETCS reoMeTputeckoil peannsanumeii Gg, cm. puc. 0.8

Puc. 9.8: JIpoiicrBennblii rpad MHOrOIPAHHON [TOBEPXHOCTH, €r0 EOMETPUYECKAS PEAJINBAIMS.

3ameuanne 9.25. Heckonbko 60jiee CIOXKHO OINPEIETISIETCS 2€60MeMPUECKA Peaaudauust 080licmeeHH020
epaga nPou3eoaLHOT MHO202PaHHOT NOBEPTHOCTIY (IalTe COOTBETCTBYIOIIEE OlPE/IE/ICHNUE).

IIpenmoxkenne 9.26. /[soticmeennusiii epad 6vinyxi020 mmozozpannura W naanapen.

Hoxka3zaresnberBo. [Ipusenem eme onny koncrpykuuio u3 [16]. B o6o3nauenusx ciencrsus BBIOEpEM TPOM3-
Bosibayio Touky P € Int W. Ilo 3aMeanI/Ho cymecrsyer map U, (P), comepxamuiica B Int W. Yvenbimas €, ecom
HeobXonMo, 10bbemMcs Toro, uTobbl cdepa S2(P), orpaHuduBaomias 3TOT 1ap, Takke gexana B Int W.

ycrs p: R3\ {P} — S%(P) — pammanbnas npoeknyst Ha S2(P) ¢ nenrpom B P:

W(Q) = P+ PQ/|IPQ.
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Ilokazkem, uTo y orobpazkaer OW B3auMHO oHO3HAYHO Ha S2(P).

JeiicTuTenbHO, ecu () — npoussombHas Touka u3 S2(P), To mya PQ comep:kut HekoTopyio Touky R € Out W,
Tak kKak W — orpammdennoe muoxkecrso. Ho Torma [P, R] mepecekaer OW. Ilycts S — HeKOTOpast TOYKA W3 ITOTO
nepecevennst, roraa 4(S) = Q. Takum o6pasom, orpannvenne p Ha OW CIOPHEKTHBHO.

ITokazkem Temepb, 9TO 3TO OrpaHUYeHNne WHHEKTUBHO. IIpeanonoxum, ato S; u S — pazauunbie Toukn u3 OW,
Jist Kotopbix @ = 1(S1) = u(S2). Bes orpannuenus obmHocTH, Oyaem cautarh, 9ro S € (Q,S2). Tak xkak S; € OW,
TO S JTEXKUT B HEKOTOpOit rparn F; muororpanunka W. Ho Torma, B 0603HaueHMIX CJ’IE,E[CTBI/IH Sy emuPelll,
moromy So JIEXKUT BHE mosrynpoctpanctsa I1;, tak aro So & W.

Urak, Mbl J0Ka3ajd, 4To p orobpazkaer OW BzamMHO opHO3HauHO Ha S2(P). U3 HempepblBHOCTH pajinasbHOL
TIPOEKIINY W TeOpeMbl [5.23| BEITEKaeT, 9To 3TO OTOOparKeHne — TOMEOMOpP(U3M.

Paccmorpum reoMerprteckyro peanusaimio G 1BoicTBenHOro rpada MEOrorpaHnuka W, OMHCAHHYIO B KOHCTPYK-
§18707¢ Bribepem mpoussonbyio Touky 1 u3 OW, me nmpunamexanyio GY. 113 an/IMepaBbITeKaeT, qTO CyIIle-
crByer romeomopduam 1) Mexy S2(P)\ { [L(T)} 1 iiockocTbio R?, mosromy nou(GY) — reomerpudeckas peaiusanus
aBoiicrBenHOro rpada muororpannuka W, apisomasics miockum rpadom. O

9.5 ®opmysa Jitjepa JJid BBIITYKJIBIX MHOTOIPDAHHUKOB

B mannom pasnene OynaeMm paccMarpuBarh BbimyKbie MHOrorpanuauku W. Ilo ciencrsuio[9.23] rpader G Takux MHOTO-
rpanHuKOB 1tanapubl. [Iycts v — orobparkenue, mOCTPOEHHOE B KOHCTPYKIIUU rorpa ¥(G) — CBA3HBIN 1LJIOCKUI
rpad, UMeNuil CTOIBLKO YK€ BEepINuH, pedep U rpaHeil, CKOJbKO W MHOTOTPAHHUK W, OTKyma, MCIOAL3ys (DOpMYIy
Ditnepa u3 Teopemsr [8.13] mosyuaem ciaeyrommit pe3ysabTar.

Teopema 9.27 (®opmyiia Diiepa AJis BBITYKJIbIX MHOTOIPAHHUKOB). Ecau v, € u [ 0003hauaiom kosuvecmsea 6ep-
WUH, pedep u 2parets 6unYKA020 MHO202PaHHUKG, Mo v —e + f = 2.

9.6 IIpaBusbHBIE MHOTOTPAHHUKN

Onpenenenune 9.28. Boinyk/ibrit MHOrOrpaHHUK HA30BEM 7PABUALHBLM, ECTTH BCE €T0 IPAHN — PABHBIE TPABUIbHBIE
MPOCTPAHCTBEHHBIE MHOTOYTOJIbHUKHU, CTHIKYIONIAECS B BEPINIHHAX B OJHOM M TOM K€ KOJUYIECTBE W 00pa3yIOIue
paBHBIE AByTPAHHBIE YIVIBI IPH BCEX PeOpax.

IIycts W — mpaBuibablii MHOTOrpanauk, G — ero rpad, u v, KaK W BBIIIe, — OTOOPasKeHHe, IIOCTPOEHHOE B
KOHCTPYKIIHI IMonoxum G, = v(G). Torua, kak yxe 6bL10 orMedeHO, rpad G, UMeer CTOIbKO K€ BEPILWH,
pebep u rpameii, ckobKO 1 MHOrorpanauk W. U3 onpeaenenus MpaBUIbHOIO MHOTOIPAHHUKA BBITEKAET, ITO

1

G, — waockuil 1pocToil CBA3HbLH rpad;

3

KaxkJas rpanb rpada (G, OrpaHuyeHa OJUH M TEM K€ YUCIOM Pebep, TAKKE HE MEHbINUM 3;

(1)
(2) creuenu Bepiiun rpada G, OJAMHAKOBBL U He MeHbLUe 3;
(3)
(4)

KaxkJ10e pedbpo rpada G, JEeKUT POBHO B JIBYX IPAHSIX.

Takwue rpadsbr mbl u3ydanu B yupaxkuenuu [8.50 IIpusenem orser.

ITycrs (v, e, f) — BEKTOP, KOMIIOHEHTHI KOTOPOTO PABHBI COOTBETCTBEHHO KOJMYECTBAM BEDINHH, pebep n rpaHei
rpada G, a, 3HAUUT, ¥ MPABUIBHOrO MHOrOrpanuuka W. Torma 3Tu BEKTOPHI MOTYT OBITH TOJHKO CJIEAYIONIAX ISTH
tunos: (4,6,4), (6,12,8), (8,12,6), (12, 30,20) u (20, 30,12). Oka3biBaercs, NIpaBUJIbHBIE MHOIOIDAHHUKY KAXKIOrO U3
9THX IATU TUIOB CyMECTBYIOT, cM. puc. [0.9] OHu HA3BIBAIOTCA NAGMOHOBHLMU TEAAMU.

Ha puc. |9.10| mpusenennt rpadpl m1aToHOBBIX TEI.

JokazarebcrBo CylecTBOBaHus KAXK/I0I0 U3 9TUX ILUIATOHOBBIX TeJI MOXKHO Haiitu, Haupumep, B [16].
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Puc. 9.9: IlnaronoBsr Tesa: Terpasnp, Kyd, OKTasap, J0IEKAIAP, UKOCAIP.

Puc. 9.10: I'padbr mIaTOHOBBIX TEJI.

9.7 Teopema 0 “exke” BBIIIYKJIOTO MHOTOTPAaHHUKA

IIycts W C R?® — HOpOM3BOMBHBIN BBITYKJILIH MHOTOTpAHHUK, F, ..., F,, — ero rpamn, N; — eIWHUYHEII BEKTOD,
TePIEeHINKY/IAPHBIN rpanu F; v HaIpaBjeHHBIH HAPyXKy MHOrorpanuuka W, a S; — mmomams rpanu F;. Tlomoxum
& = S; N;. CewmeiictBo BekTOpOB {;} HazoBeM estcom mmuozozparruka W. Mbl XOTHM MOHATH, KAKAUMH CBOHCTBAMU
00JIaJAI0T €2KM MHOTOIPAHHUKOB U CKOJIb OJHO3HAYHO OHU OLPEAEAoT MHOrorpantuk. Ilogpo6uoctu cum. B [18].

Teopema 9.29. ITycmo {&1,...,6n} — €orc evnykaozo mnozozpannuxa W. Tozda eexmopvt & HEKOMNAGHAPHDL U
sonoanaemes Y & = 0.
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HoxkasarenbcrBo. Ecim Ob1 BEKTOPHI &; JI€2KaJIU B OIHOM IJIOCKOCTH T, TO, IO TEOPEME MHOTOrpanHuk W ObL1
Obl paBeH IMEPECEUeHUI0 MOJTYIPOCTPAHCTB [1;, OrPAHUYEHHDBIX MJIOCKOCTAMHU 7, TAPAJIETbHBIMEU MPIMO, ePIeH 1~
KynsapHOil 7, Tak 9yT0 W He O6bu1 Ob1 OrpanndenubiM. /lokakeM Ternepb BTOPYIO 9aCTh TEOPEMBbI.

Ormerum cHavajia, 4TO BejmuuHa { = Zl & HE MEHsieTCsl IPU CIABUrax MHOrorpanuuka W. 9ro gaer Ham BO3-
MOXKHOCTh CUHUTATh, HE OTPAHWYMBA OOIMHOCTH, YTO HAYAIO KOOpAWHAT O JIEXKUT BO BHYTPEHHOCTH MHOTOTPAHHUKA
w.

IIycts P — nmpowumssosibHast Touka u3 Int W, a P; — Touka, snexamas B rparu F;. Torga paccrosinue h; OT TOYKA
P 5o nockocru, npoxozsuieii uepes rpaub F;, pasuo (N;, P, — P), rue {(a,b) obo3navaer craHiapTHOE CKAJSPHOE
pou3BeeHne BEKTOPOB a U b.

Ob6o3uaunm V; mupaMmuay ¢ ocHOBaHUEM F; u BepmwmHON P, W mycTh v; — 00BbEM ITON MUPAMHUIBLI, & U — 00bEM
muororpananka W. Torma v = ), v;. C mpyroit cropowsr,

(Ni, P, — P) S; =

1
U1:§h151: <€l7Pl_P>a

W =
W =

TIO3TOMY

1 1 1 1 1 1 1
v = Z§<£¢,P¢—P> = Z§<§z‘7pi> _Z§<§iap> = Z§<£i7‘Pi> - 3<¥§iap> = Z§<§i7pi>_§<§vp>'

% % i % i

Bamernm, 9TO BEKTOD &, BEJIMUNHA U ¥ BEJIMINHA ) %(gi, P;) ne 3aBucar ot BoIOOpa TOUKU P, mosToMy OT BeiOOpa P He
3aBHUCHT Takxke U BesanunHa (€, P). Tak Kak Hadasto koopauHatr O jexut B Int W, To HEKoTOpasi 11apoBast OKPECTHOCTh
U.(O) Toukn O rakxe nexxur B Int W. 3uaunt, musa mo6oit roukn P u3 U (O) Benmunna (€, P) mocrosgHHa U paBHA

(£,0) = 0. Iokaxewm, kak orcioona sbitekaer, yro & = 0. IIpeanosnoxum nporusHoe, T.e. uro & # 0. Ilosoxkum
A =¢g/(2]|¢]]), roraa A¢ € U.(O), nosromy (£,A€) = 0, orkysa, Tak kak A # 0, umeem (£, &) = 0, cienoBaresbHo
£=0. O

Oxka3zbIBaeTCsT, MMEET MECTO W OOPATHBIN PE3yIbTaT, JOKA3ATEIHCTBO KOTOPOTO CIOXKHEE M OMUPAETCS Ha TEOPEMBI,
KOTOpBIE BBI OyJeTe M3y4aTh HA CIAEAYIOMNX KypCaxX.

Teopema 9.30 (I. Munxosckuit [19]). Iycmo &1, ..., &, — Henyaesvie nexomnaanaphve eexmopu, 6 R3, nuxarue
dea u3 Komopux ne conanpasaenss, npuvem y . & = 0. Toeda cywecmsyem eduncmeennolli, ¢ MOYHOCTILIO 00 NAPAA-
AEABHOZO NEPEHOCA, BLINYKABT MHOZ02PAHHUK, EXC KOMOPO20 pasen {&;}.

Bameuanne 9.31. B reopeme[9.30| mbr norpebosam, 4To6b HUKAKKE 1BA BEKTOPaA &; He OBLIN COHAIPABICHHBIME. DTO
CBS3aHO C T€M, YTO HA MHOTOTPAHHYIO OBEPXHOCTH MbI HAKJIAIBIBAEM CJIEIYTOIIEE YCIOBUE: HUKAKUE JBE €€ CMEXKHbBIX
rPaHU He JIeXKaT B OAHOM Hyockocru. Ecim 2Ke oTKa3aTbCs OT ITOro yCjaoBHs, TO TPEOOBAHUE HECOHAIPABJIECHHOCTH
BEKTOPOB &; MOXKHO OyIeT OMyCTHUTD.

Y Teopembr UMeIoTCs 0OOOIIEeHNsT KAK Ha MHOTOMEPHBIH CJIydaii, TAK ¥ Ha HEBLIMYKJIbIE MHOTOIPAHHUKHU (CM.
Hampumep [20]).
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YmpaxkHenusd K riiase 9

VYupaxxuenmne 9.1. Ilycrs W — BoInyKJiblit MHOTOIPAHHUK, U IYCTh v, € U f 0003HAYAIOT KOJIMYECTBA BEPINUH, pebep
¥ TpaHeil 3Toro MHOrorpanuuka. Jlokaxkure, 4ro

(1) e+ 6 < 3u;

(2) e+6<3f;

(3) f+4 < 2u

(4) v+4<2f;

(5) mmororparauk W mMeeT XOTst ObI OJHY TPEYTOMBHYIO, 9eTBIPEXYTONBHYIO W MATHYTOIHYIO TDAHD;
(6)

6

MHOrorpannuk W umeer xors Obl OJUH TPEXIDAHHbBINA, YeThIPEXIPAHHBIA UM IATATPAHHBINA IIPOCTPAHCTBEHHbIN
yroa (T.e. BepIInHy, B KOTOPOil CTHIKYIOTCs 3, 4 wiu 5 rpaneii);

(7) muororpannuk W umeer miu xorsi Obl OJHY TPEYIOJIbHYIO I'DaHb, WM OJUH TPEXIPAHHBINA LIPOCTPAHCTBEHHbII
yroJ;

(8) cymma Bcex IJIOCKMX yIVIOB Ipaxeii MHororpannuka W pasna 27m(v — 2).

Omnpenenenne 9.32. [Iycts P — BepmmHa TPOM3BOJBHOrO MHOTOrpanuuka W, a ay,. ..,y — BEJUIHHBI YTJIOB BCEX
rpaneit W npu stoit Bepimune. Torga xpususnot 6 sepuune P naszpiBaercs senmunna K (P) = 2w — . ;.

VYuparxaenne 9.2. Jlokakure, ITO y BHIIYKJIOr0 MHOTOIDAHHIKA cyMMa Kpusu3H K (P) mo Bcem ero Beprrmaam P
paBHa 4.

Vupaxknuenne 9.3. Ilycrs L C R? — zamknyras omanas 6e3 camonepecedenuii, gexamas Ha rpanume OW BbImyK-
sioro muororpannuka W. Hokaxure, uro OW \ L cocrour u3 aByX KOMIIOHEHT.

Onpegenenne 9.33. Ilycto L C R?® — 3amkmyTasd jomamas 6Ge3 caMoIepecedennmil, jexkamad Ha rpammme OW
BBIILYKJIOrO MHOrorpanuuka W, a (21 u {25 — xomnonentsl Muoxecrsa OW \ L. Torga muoxecrsa M; = L U (2
Ha3bIBAIOTCA MHO20Yy20AbHUKAMU Ha OW . s maoroyrosibauka M; TOYKU U3 (2; HA3LIBAIOTCA SHYMPEHHUMU,
u3 2; — enewrumu, a u3 L — epanuvwnvimu, rae {i,j} = {1,2}. Honoxuwm Int M; = 2;, Out M; = 2; u OM; = L.

Omnpegenenne 9.34. Ilycts X — muOroyronbuuk #Ha moepxaoctu OW Bbimykiaoro muororpannuka W, a P —
HeKoTopas BepinuHa MHOroyroabauka X. Torma yeon ap mMHoz2oyzoavHuka X 6 eepwune P ompenensercs Tax.
Ecau P jexut BHyTPH IPAHUA, TO (p — JTO yIOJ Ha IJIOCKOCTH, COAEPKAIeil 3Ty rpanb. Ecian ke P momnana nim Ha
pebpo, unu B BepruHy u3 W, TO yros B 3TOi BepUInHE CKJIAIBIBAETCS U3 BCEX YTJIOB MHOTOYTOJIBHUKOB, TTOJIY Y€HHBIX
nepecedenneM X U COAEPIKAIIMX 9Ty BEPIIMHY IpaHeil (KOHEYHO, YIJIbl PACCMATPUBAIOTCS B ITOW BEPILNUHE).

Yupaxueuue 9.4. Paccmorpum n-yroabauk X, JeKaluii Ha IPAHAIE BBITYKJIONO MHOTOrpaHHuKa. JlokaxKuTe, 9T0
€ro cymma yriios pasia m(n — 2) witoc cymma kpususa K (P) 10 BceM BEPIIMHAM MHOIOIDAHHMKA, IIONABLIAM BHYTPb

X.

VYopaxkueaune 9.5. Cyrecrsyer ju Terpadap ¢ rpausamu Fy, . .., Fy Takoii, aro miomaas kax ok F; pasra 1, rpanu
F1 u F5 nepuenanKyasapHbL ApyT Apyry, rpann F3 n F); Tak:Ke MepHeHIuKyAIPHbL APYT APYTY, a YIOJI MEXK Iy peopoM
e1o = F1 N Fy uezy = F3N Fy paBer 37°7 YkazaHue: BOCIONb3YHTECH TeOpeMOii MUHKOBCKOTO.

VYupaxxuenne 9.6. /lokaxkure, 9TO BBIMYKJIbIH MHOTOIPAHHUK IEHTPAJIHHO CUMMETPUIEH, €CJU U TOJIBKO €CJIU s
KaxKJIOf €ro rpaHu CyMIIeCTBYeT IapajilejibHas eil IpaHb TOW JKe IUIOMAIu. Y Ka3aHWe: BOCIOIb3yHTeCh TeopeMoii
MumkoBckoro.

Onpenenenne 9.35. Ilycrs X — npoumssosibHOe moaMmuKecTBO R™. HanMenbimee mo BKJIIOYEHUIO BBHIMYKJIOE MHO-
KECTBO, comepxkarnee X, HA3BIBACTCA 8bINYKA0U 0060a0uKkoU X m obo3Hadaercs depe3 conv X. MHbIMU croBaMu,
conv X — 370 Takoe BhIIyKJ0e monMuokecTBO R”, uro X C conv X, u ecu Y D X — BblmykJioe o MHO2KeCTBO R”,
Toconv X CY.

3ameuanne 9.36. Omnpenenenne [9.35 u ToT dakT, YTO MEpecedeHNE BHITYKIBIX MHOXKECTB — BBIIMYKJIO, MTHOBEHHO
BJEKYT, 9TO conv X COBIAJAET C IIepeceveHneM BCeX BBIMyKJbIX moaMuoxkecTs R™, comeprxkarux X .

Yuparxuenwne 9.7. JJokaykuTe, 9TO BBIMYKJIbIH MHOTOTDAHHUK COBIAIAET C BBIMYKJIOH 000JI0YKOI MHOYKECTBA, CBOUX
BEpIINH.
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Jlemma lllnepnepa

IInan. Addunnas komOunanms, Beimykias komOunanus, adpduanasa 06oa04uka, BeImyKaas 06osnouka, addpuHHAST HE3ABUCUMOCTD, k-MEpHBIN CHUM-
IJIeKC, BEPLINHBI CHUMILJIEKCA, 'PAHU CHMILIEKCA, IHIEPrPAHN CHMILIEKCA, OTHOCHTEJbHAs BHYTDEHHOCTb H OTHOCHTEJbHAS IPDAHUIA CHMILIEKCA,
TPUAHTYJISIINA CHMILIEKCA, IPAHN TPUAHCY/SIINY, BEPIINHA TPUAHTYJSLWY, THIePrpaHb TPHAHTY/IALNN, BHYTPEHHUE M IPDAHUYHbIE TDAHU TPHAH-
ryJsinuy, AUAMETP HOAMHOXKECTBA METPHUYECKOr0 IIPOCTPAHCTBA, AUAMETD TPUAHIYJIALMU, LEHTP CHUMILIEKCA, OapULeHTPpUYEeCKoe noapasbuenue
CHMILJIEKCA, KPAaTHOE 0aPULEHTPUYECKOe Moapa3buennue, CTaHIAPTHBINA N-MEPHBIM CUMILIEKC, PACKPACKA BEPIINH TPHAHIYJIALNUNA CHUMILIEKCA, LINep-
HEPOBCKas PACKPACKa, BCEIBETHBIE CUMILIEKCHI, jeMmMma [Ilnepuepa, HenoaBu>kHAs TOYKa OTOOparkeHusi, Teopema Bpayspa o HemoABUXKHOU TOYKe,
Teopema Moncku, semma Knacrepa—Kyparosckoro—Ma3sypkesuya.

B macrosrmeil jeknum MbI pacckazkeM 00 OZHOM KOMOWHATOPHOM DPE3yJIbTaTe, KOTOPhIA MMEET yINBUTEIbHBIE IPH-
Menenusi. Hanpumep, ¢ €ro moMoIpio MOXKHO A0Ka3aTh, YTO JI0O0e HEMPEPhIBHOE OTOOPAXKEeHNE 3aMKHYTOTO II1apa B
cebs MMEeeT HeMOABUXKHYIO TOYKY, & TAKXKE YTO KBAJIPAT HEJIb3dA PA3Pe3arTb HA HEYETHOE HYHCJIO PABHOBEJIMKHX TPe-
YTOJIBHUKOB. 9TOT KOMOWHATOPHBIH pe3yabTaT Ha3biBaercs jgemmoii [IInepraepa u kacaercs packpacku BepiiuH rpad)oB
OTpeIeJIEHHOTO BHU/IA.

10.1 CrasgapTHbIE CUMILIEKCHI, X TPUAHTYJIAINN, OaPUIIEHTPUYIECKOE TI0/I-
pa3bueHue

Haumem ¢ kpaTkoro HamoMuHAHHUS 371eMeHTOB adMUHHON 1 BBIMYKJIOH reoMerpuu. bosee moapobHOe U3T0KEHHE CM.
B JIONOJHUTENIbHON Jiekiyu [L6]

ITycts A = {a1,...,a5+1} — KOHEUHOe cemeifcTBO Touek mpoctpancTBa R”. A@ddunrol komburnayued 3Tux
TOYEK HA3BIBAETCS KAXKIASA JIMHETHAT KOMOMHAIIHS Zfill Ai@;, TI€ Zfill i = 1. Abdunnas komOUHAIUS HA3LIBAETCS
8BINYKAO0U KOMOUHaUUE, eci TOTOJHATENBHO \; > 0 npu Beex i. Hanomunm, 9ro BceBo3MOoxkHBIe addruHHBIE KOM-
OMHALMK TOYEK MHOXkKecTBa A 00pasyror HauMeHbliee adpGUHHOE IOAIPOCTPAHCTBO, cojepKaliee A, HazbIBaeMoe ele
appurroli obonoukot Aff A mHootcecmea A, a BCeBO3MOKHBIE BBITYKJIbIE KOMOMHAIINY 00OpPA3yIOT HAUMEHBIIEE
BBIMTYKJIOE MHOXKECTBO, cofep:kaiiee A, T.e. ero 8unyraAyo oboaouxy conv A.

MuoxkecrBo A = {aq,...,ar+1} C R™ Ha3biBaeTca aPPBuHHO HE3ABUCUMBIM, €CTIH BEKTOPBI 1 — Qi1 - - - Ak —
Gj+1 JTUHEHHO He3aBucUMBIL. IlocieaHee SKBUBAIEHTHO TOMY, 9TO pa3MepHocTb abdunHoil obonoukn Aff A pasna k.

. k+1
Yenosue addunnoii HezapucuMocTH y106HO (GDOPMYITHPOBATH ClleyOIAM SKBHBAJIEHTHBIM 00PA30M: €CII ) ;' \ia; =

0 pu Zfill)\i:O, TO A\; = -+ = Xgy1 = 0.

Hns adbdurro vesaBncnmoro muoxkectBa A = {ay, ..., ar+1} C R™ Boimykias obonouka A := conv A Ha3bIBaeTCs
k-MepHBIM CUMNAEKCOM UIH CUMNAEKCOM padmeprocmu k. IIpu 5ToM Touku u3 A HA3LIBAIOTCI 6€PUIUHAMU
cumnaexca A, a qya kaxzgoro wemycroro I C {1,...,k + 1} Boinykibie obosouku Aj nogmuoxects Ay = {a;}ier

Ha3bIBAIOTCA 2PAHAMU cumnaerca A pasmepaoctu #1—1. B yacrHocru, oiHOMEPHbBIE MPAHK HA3BIBAIOTCI Pedpamu
WM ¢MmopoHamu, a rpanm pasmepuoctu (k — 1) — eunepepanamu.

Ecnu paccmarpusars cummieke A = conv A kak mogmuOokecTBO addunnoit obogouku Aff A, to A Oymer nmern
HEMyCTYI0 BHYTPEHHOCTH (OHA HA3bIBAETCH OMHOCUIMEAbHOT 6HYMPeHHocMbio relint A) u cocTouT u3 BeexX Bbi-
MyKJIBIX KOMOWHAIMET Zf:ll Aia;, B KOTOpbIX A; > 0 mis Bcex ¢. Tak Kak Kakzasi runeprpaHb PaBHA MHOXKECTBY
BCEX BBIIYKJIbIX KOMOMHAIMH, B KOTOPBIX A; = 0 JjIsi HEKOTOPOIO 4, TO O0bEJUHEHUE MUIeprpateil — 310 B TOYHOCTH
rpaHuna cumiiekca A, CHOBa paccMaTpuBaeMoro Kak noaMuokectBo B Aff A (oma masbiBaeTcs omuocumenvHotl
epanuueti A).

Tpuanayasyueti k-mepHoz20 cumnaerca A HA3LIBACTCS NPEICTABICHIE CUMILIEKCA A B BHJIe KOHEYHOIO 00b-
e/IMHeHsl HeKOTOPbIX k-mepHbix cumiiekcos 7 = {T1,...,T,,}, yIOBJIETBOPAIOIIUX CIAEYIOMIUM YCIOBUAM:

92
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® OTHOCHUTEJIbHBIE BHYTPEHHOCTH PA3HBIX CUMILJIEKCOB 1; HE IMepeceKarorcs,
e ecm cumtiercsl T; u T mepecexkatored, To 13 N'T; — nx 00Imas TPaHb.

B gacTHOCTH, BEPITUHBI OHOTO CHMIITIeKca 1; He MOTYT MONACTh BHYTPh I'paHu Apyroro cuMmiekca 1;. IloqmmorxkecTso
cumILiekca A, cOBIAIAIONIEe ¢ IPAHBI0 OJHOTO U3 CHMILIEKCOB TPUAHTYJISIUAN | , HA3BIBAETCS 2PAHbI0 MPUAH2YAs-
yuu T. B gactHocTH, Tak OHPENESIOTCS 8EPULUHBL MPUGHZYAAUUY U 2unepzpaHu mpuanayasyuu. ['paHb
TPHAHDYJISIUA HA30BEM 2PAHUYHOT, €Cl OHA JIEKUT HA OTHOCUTEbHOM rpanute cumiuiekca A. nade rpanb Tpu-
AHTYJIATINY HA30BEM 8HYMpeHHel.

Hamomuwmm, 910 duamempom moaMHOKECTBA Y METPHYECKOr0 MpOCTPaHCcTBa X HA3BIBAETCS BeauudnHa diam Y =
sup, ey [vY' | Auamempom mpuaneyaayuu T = {T1,..., T} cuvnnekca A Ha3bIBAETCA MAKCHMYM JIHAMETPOB
9JIEMEHTOB 3TOH Tpuanryisiun, T.e. max; diam T;. Jlerko BugeTh, 9T0 AuaMerp KaxKJOr0 CHMILIEKCA PDABEH MAKCH-
MaJIbHOU JJIMHE ero CTOPOH.

ITenmpom C cumnaerca A = conv A Hazorem ero “nientp macc”, T.e. Touky C = (a1 +---+ag+1)/(k+1). Jlerko
BuaeTh, uro C' € relint A, u ecmu A; — runeprpalb CUMILIEKCa A, TO conv (AI U {C’}) — CHUMILIEKC pa3MepHOCTH k.

Ompenenum Tenepb bapuueHmpuueckoe nodpasbuerue cumnaerca A. A mvenno, B Kaxkaoi rparu A; cum-
miekca A Boibepem nentp Cr. Ormerum, yro ecom I = {1,... k + 1}, ro C; = C. Byuem renepb mocjienoBaTesibHO
pa36HBaTbE| rpaHu, HAYUHA C pedep U IBUrasiCh B CTOPOHY T'PaHeii bosbImeit pazmeprocT. Kaxkmoe pedpo ero meHTpom
pazbuBaeTcd momogaMm. TakuM 06pa3oM, OTHOCUTEThLHAS TPAHNIIA KayKI0# IByMepHOit Tpanu pa3buta Ha 6 “loJJOBUHOK”
Tpex TpaHndHbIX pebep. Ha KOHIBI Kaxk 10l “moIOBUHKY 1 MEHTD ABYMEPHOM IpaHu, CoAepKaliei 3Ty “moJOBUHKY”,
HaTIHEM BBITYKJIYI0 000/104Ky. [lonydum pas3buenue aymepHOi rpanu Ha 6 TpeyroabHUKOB. Takum 0Opa3oMm, OTHO-
cuTeTbHAS TPAHWIA KaXKI0W TpexMepHoil rpanu pas3bura Ha 24 Tpeyronbuuka. CHOBa Ha IEHTP TPEXMEPHON TpaHu
¥ BEPIIMHBI KAXKJIOI0 U3 ITUX TPEYrOJbHUKOB HATSHEM BBIMYKJyI0 0060s04Ky. B pesyibrare pazobbem Bce Tpexmep-
Hble TpaHy HA 24 TPEXMEpHbIX cuMILeKca. IIPoJo/KIM 9TOT IpOoIece, MoKa He 3akondarcs rpadu. I[locrpoennoe B
pe3yabrare pa30neHue ABJISeTCS TPUAHTYIISINEN UCXOIHOTO k-MEPHOTrO CHMILIEKCA. VIMEHHO Takas TPUAHTYIANWS W
HA3BIBAETCsT OAPUIIEHTPUICCKUM TIOAPa30ONEeHIEM.

JIerko BUIETH, YTO €C/U DAPHUIEHTPUUECKH TOAPA3OUTH KAXKIbI W3 CUMILIEKCOB MPOU3BOJIBLHON TPUAHTYJISAINH,
TO CHOBA TOJyIWTCsl TPUAHTYJANUsI. TeM caMbiM, KOPPEKTHO ONPEJIeIEHA TPUAHTYJISIHS, MOJTyIeHHAS KPATINHBLM
npumeHeruem bapuuenmpuueckozo nodpazbueHus.

Bamaua 10.1. Ilokaxkwure, 9To eciu TP — TpuaHry/Isiys, MOJIyYeHHAS B PE3yJIbTATe P-KPATHOIO PUMEHEeHusi Dapu-
MEHTPUIECKOTO Mospasduenns K cumriekcy A, To diam 7P — 0 mpu p — oo.

Cmandapmuvim n-mepHoim cumnaexcom A" mazbiBaeTca BBRITyKIas 000J09Ka BEKTOPOB €; CTaHIapTHOTO
Gasuca B R"T! rne j-as koopammara BeKTOpa €; paBHa 7. SIcHO, uT0 A™ paBeH MepeceveHnio HEOTPHIATETHHOTO
OpTaHTa, Rf_“ = {(xl, cesTpa1) i1 >0, Ty > 0} U TUTIEPIJIOCKOCTH X1 + - -+ + Tpy1 = 1.

Jlemma Illmepuepa mmeer me10 €O CBOMCTBAME CHENUATHHBIX PACKPACOK BEPIIUH MPOU3BOIBHON TPUAHTYJISAIIAN
cuMIIekca. IIpuBemeM cOOTBETCTBYIOIINE OMPEIETCHHSI.

10.2 Jlemma IIInepuepa

IMycrs T — Tpuanryssnus npou3BoiabHOro k-meproro cumiiekca A = conv A, taie A = {aq, ..., ax+1}. Packpackoti
sepuwuHn mpuanayaiyuu T 8 ¢ UB€e1m06 HA3bIBALTCs NMPUITNCHIBAHIE KAXK/IOM BEPIIUHE OHOIO 3JIEMEHTA U3 MHO-
xkecrBa “ngeto” {1,...,q}. VlapIMu ca0BaMu, pACKpacKa BEPIIMH — 3TO MPOU3BOJLHOE OTOOPAKEHHUE U3 MHOXKECTBA
BEPINUH BO MHOYXKECTBO “IIBETOB’.

IlTnepreposckotli packpackoil BepIIUH TpUAHTYJIAMU T Ha3biBaeTcsa ee packpacka B (k + 1) mBer Takas, 410
BBITTOJIHSIIOTCSL CJIETYTOIINE YCITOBUS:

e BepIINHA a; IOKpallleHa B IIBeT %;

e ccu A; — rpaHb cuMILiekca A, TO BEDIIMHBI KaxK 10 rpanu TpuaHryisanuu 7, nonasieit B Ay, pacKparieHb
JINIIG B T(BeTa u3 Habopa 1.

lonaTue pazbueHns HMeeT HECKOIBKO TPAIUITMOHHBIX HHTEPIIPeTAni. B TeopHr MHOXKECTB 5TO OOLIYHO IPEeJCTABJICHHE B BUE AU3D-
IOHKTHOTO 00bequuenus. Ecau ke peds uger 0 Pa30ueHun reoMeTpudecKoil (urypsl Ha (QULypHl TOH Ke pa3MepHOCTH, Hampumep, k-
MEpPHOTO CHMILJIEKCA Ha k-MepHBbIE CHMIJIEKCHI, TO B 3TOM CJydae Moja pa3bueHHeM MOHUMAIOT IpeJCTABJICHWE B BUIe OObeJINHEHUI, B
KOTOPOM (OTHOCHTEJIBHEIE) BHYTDEHHOCTH 3JIEMEHTOB Pa30HeHns He IePeCceKatTcs. Bosee akKypaTHO ObLIO GBI TOBOPUTH PO pa3pe3aHue,
TaK KaK HCXOJHAs (PUTrypa IOJIydaeTcs TOIOJOIHnYeCKON cKJielikoil ¢puryp, Ha KoTOpBIE OHA “pazbuTa’.
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3ameuanne 10.2. Ormernm, 9TO MEepecedeHne TPUAHTYIANNUA | ¥ MPOM3BOILHON rpanu A; cumiiekca A npeacras-
JisieT cOOOM TPUAHTYIANUIO T 9TOM IpaHU, MPUYEM eCJIM HA BCell TPHAHTYJISIUE 33IaHa [IIEePHEPOBCKas PACKPACKA,
TO ¥ TPUAHIYJIALUs 7 TaKxkKe packpaiieHa iepHeposcku (ybeaurech B 310M).

Ha puc. [10.I npusesem npumep wmnepHepoBCKoil paCKpacku B CJIydae TPUAHTY/IALME OJAHOMEPHOIO U JIBYMEPHOIO
CHUMIIJICKCOB.

Puc. 10.1: IIpumep 1mmepHepOBCKOil PACKPACKH B CJIydae TPUAHTYIISIUU OTHOMEDPHOTO U JIBYMEDPHOTO CHMILIEKCOB.

CuMILIeKC pacKpallleHHOW TPUAHTYJISIINA Ha30BEM B6CEUBETNHBIM, €CIIU CPEJU IIBETOB €r0 BEPIINH BCTPEYAITCS
BCe I[BETa PACKPACKH.

Teopema 10.3 (Iluepnep). Jas npouzeosvhoti wnepreposckots packpacky 410607 MPUGHLYAAUUL CUMNAEKCE 8Ce20a
UMEENCA HELEMHOE YUCAO BCEUBCMHBLL CUMNAEKCO8, 8 YACTMHOCMU, 8Ce20a UMEEMCSs TOMA Obl 00uH MaKod.

JokasareabcTBo. PaccmorpuM cHagama OpocTeAmmil caydaii TPHAHTYISAIWA OJHOMEPHOIO CHMILIEKCA — OTPE3Ka.
IIycrb na orpeske [ai, as] umeerca p sepmun rtpuanrynauuu: by = a3 < by... < b, = ag. Ilycrs user sepiunbt b;
paseH ¢; € {1,2}. Tlonoxkum 6; = ¢;41 — ¢;, TOTJAA CUMILIEKC [b;, b;11] BCEIBETHBIN, €CJM W TOJNBKO ecau §; = +1,
¥ He BCEIBETHBIH POBHO TOrIa, Korda d; = 0. Takum 0Opa30M, YHCJIO BCEIBETHBIX CHUMILIEKCOB PABHO KOJIUYECTBY
nosiBrieHu#t +1 B TOCTEI0BATETBHOCTH §;. 3aMETHM, 9T0 § := f:_ll 0; = ¢p — c1. Tak xak ¢, # ¢1, T0 § = £1, Te.
HeyeTHO. TakmM 006pa3oM, B 9TOH cymMMe 4mceio £1 TakKe HeJeTHO, 9TO U 3aBepIIaeT pa3dop OSHOMEPHOrO CIIydas.

Paccmorpum Teneps aBymepusbiit ciaydait. [locrpoum rpad G cnepytomum obpaszom. Ero Bepmunavu Gyayr

e BCE TPEYIOJIbHUKKM TPUAHIYJISLUK, COAEPXKAIMe CTOPOHY, KOHIIbI KOTOPOW HOKpailleHnbl B upera 1 u 2 (rakue
CTOPOHBI TPUAHTY/IAIUK OyIeM HA3BIBATH NOMEUEHHbIMU,);

e BHEIHsIA 00JACTh TpeyrosbHuka A (COOTBETCTBYIOIIYIO BEPINUHY HA30BEM 6HewsMell, a BCe OCTAIbHBIE —
6HYMPEHHUMU).

Omnumiem Teneps pebpa rpada G: IBe BEPIUHBI COEIUHUM PEOPOM, €CJIM WX MEPECEYEeHUE COMEPXKUT MOMEUEHHYIO
cropony. Ha puc. MbI m300pa3uu Takoit rpad G B ciaydae, KOrJa IBET CHHUN — 3TO 1, a KpacHbIi — 310 2.

Buemnss BepuinHa cMe2KHa B TOYHOCTH C BEPIITUHAMY, COOTBETCTBY IOIIUME TPEYTOIbHUKAM, OHA W3 TOMEYEHHBIX
CTOPOH KOTOPBIX — IPAHUYHAS M, 3HAYMT, JIEXKUT HA CTOPOHE TPEyTroJbHUKA A, KOHIIbI KOTOPOH TAKKE PACKPAIIECHBI
B uBera 1 n 2. Kak MbI MOKA3aJI BBIIIE, TAKUX CTOPOH — HEYETHOE YnCI0. Tem cambiM, B rpade G cTeneHb BHEITHEH
BepIInHbI HeYeTHA. 1[0 jleMMe O PYKOMOXKATHSX, KOJUYECTBO BHYTPEHHUX BepiiuH rpada (G, UMENUX HEYeTHYIO
CTEeIeHb, — HEYETHO.

3ameruMm Ternepb, YTO y MPOU3BOJBHBIM 00PA30M PACKPAIIEHHOTO TPEYrOJbHUKA MOXKET ObITH He OOJbINe JIBYX
MOMEYEHHBIX CTOPOH, TaK 4T0 B rpade G crenenb KaxkJI0il BHYTPEHHE BepIIUHBL He MPEBOCXOAUT 2. 3HAYUT, HEYeT-
HOCTH CTEIIEHU TAKON BEPUIMHDBI O3HAYAET B TOYHOCTHU, YTO 9Ta creneHb pasua 1. Ocraercs 3aMeTuTh, 4T0 BHY TPEHHSIS
BEPIIMHA MMEET CTeNeHb 1 B TOYHOCTH TOI/A, KOTJA COOTBETCTBYIOIIMI TPEYTOJbHUK BCEIBETHBIA (TaK KAk B HEM
UMEEeTCs POBHO OJIHA [TOMEYEHHAs CTOPOHA).

Paccmorpum Teneps obumil caydail (Cloma BXOAUT Tak»Ke W JBYMEPHBIA Ciydail, KOTOPBIA Mbl pa3obpaiu Bbiille
JIMIIb JJist HarjsgaHocry). JokasbiBars OyjeM 1o WHAy KUK 110 pa3MepHocTu k cuMiuiekca. Tem caMbiM, Tak Kak, B CUILY
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Puc. 10.2: I'pad G mimepHEpOBCKOil PACKPACKY IBYMEPHOIO CHMILIEKCA.

zamedanns [10.2] orpannydenre TPUAHTYIANMKA 7 HA KaXkK/IyI0 TPAaHb cUMILTekca A TakyKe MOKPAIIEHO MIePHEPOBCKH,
JUIS BCeX rpaHeii pasmeproctd k — 1 w HUKe MBI CINTaeM BBIMOJHEHHBIM YCJIOBUE TEOPEMBI.

JoKa3areIbCTBO B TOYHOCTH TAKOE K€, KAK M B IUIOCKOM ciaydae. A wmmenno, cuosa mocrpouMm rpad G. Ero
BepITHHAMHA OYAyT

e BCe CHMIUIEKCHI, COMEepIKallie TUIeprpaHb, BEPITUHBI KOTOPOH TIOKpaIeHbl BO Bee 1peta {1,...,k} (Takmne ru-
[eprpaHu Ha30BEM TLOMEUEHHbLMU, 3 CUMILIEKCHI — 8blOPAHHBIMU);

® BHEIHASA IPAHb CUMILUIEKCA A (COOTBETCTBYIONIYIO BEDINTWHY HA30BEM GHEWwHel, a BCe OCTATBbHBIE — GHYM-
PEHHUMU).

Pebpa rpada G omnpesesnsiem mo TOMY Ke MPUHIIAITY, 9TO U BBIMIE: IBE BEPITUHBI COEIMHEHBI peOPOM, eC/Ih UX Tepece-
YeHHUe CONEPKUT MOMEYEHHYI0 THIEePTPAHb.

Buemnsst BepuinHa CMEXKHA B TOYHOCTH C BEPIIHHAME, COOTBETCTBYIOIIUMU CAMILIEKCAM, OIHA W3 TOMEYEHHBIX
runeprpafeii KOTOpbIX — TIPAHUYHAS W, 3HAYUT, JIEKUT HA TUMEPrPpAHA CUMIUIEKCA A, BePUIMHbI KOTOPOH TaKHKe
packpaitensl B 1gera {1,. .., k}. Ilo WHAYKIMHK, TAKAX TOMEYEHHBIX TUTEprpaHeil — HedeTHoe Yncyio. TeM cambIM, B
rpade G creneHb BHeMHEH BepIuHbI HeYeTHA. [10 leMMe 0 pyKONOKATHAX, KOJTUIECTBO BHY TPEHHUX BEpITUH rpada
G, UMeIONUX HEYETHYIO CTENEeHb, — HEYETHO.

IIycTb t — cuMIuTIeKC TPUAHTYJISANUN, COOTBETCTBYIONMI BHYyTpeHHe# Bepmune v rpada G. Torna k Beprmma cum-
mrekca t nokpamensl B npera {1,...,k}, a ocrapmascs, (k + 1)-as Beprminaa moKpamena win B nset k + 1, u Torma
degv = 1 u cummIeKc t — BCEIBETHBIN, WK e k-as BepIWHA TOKpallieHa B oiuH u3 nseroB u3 {1,...,k}, n Torma
degv = 2 u cumIIeKC ¢ BCEIBETHBIM He siBjsgercs. Urtak, B rpade G HEUYETHBIMU CTENEHSIMHU O0JIAIAI0T B TOYHOCTH
T€ BHYTPEHHWE BEPIIUHBI, KOTOPHIE COOTBETCTBYIOT BCEI[BETHBIM CHUMILIEKCAM, TIO9TOMY BCEIBETHBIX CUMILIEKCOB —
HEYETHOE YUCJIO. O

TTokaxkem Temepb, Kak u3 gemmbl [IIneprepa BeiTekaeT Teopema Bbpayspa o HemoaBuKHOI TOUKeE.

10.3 Teopema Bpay’pa 0 HEmMOABU>KHOI TOYKE

Ilycrs f: X — X — orobparkenue MHOKecTBa B cebsi. Touka x € X HasbiBaercs HenodeudcHou das omobpa-
astcenus f, ecou f(x) = x. He y Bcakoro, Jaxke HEIPEPBHIBHOrO 0TOOParKeHUsl, €CTh HENOABUXKHAsL ToYKa. Hanpumep,
MMOBOPOT OKPY2KHOCTU Ha yTOJI, He KPATHBIN 27T, HEe MMEeT HEMOABUKHBIX TOYEK. TeM He MeHee, eCiu 3aMeHUTh OKPY K-
HOCTh HA 3aMKHYTBIH KDY WJIU I1AP, CUTYAllusl OKA2KETCs COBCEM HUHOM.

Teopema 10.4 (Bpaysp). IIycmv f: B — B — muenpepwshoe omobpasicenue 3amrnymozo wapa B C R™ 6 cebs.
Tozda f umeem HENOISUNCHYIO MOUKY.

Bameuanme 10.5. YcioBume 3aMKHYTOCTH IMapa OTOPOCHTHL HeNlb3d. HampmMep, oTOOpaskeHme x — 22 HHTepBasa

(0,1) B cebsi HE MMeeT HENOBHUKHBIX TOUEK.
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Teopemy Bpayspa MOKHO T0Ka3bIBaTh JAJIEKO MPOIABUHYTHIMEA METOJAaMU ajrebpamdeckoii Tomojoruu. Tem He
MeHee, CyIIeCTByeT 3JIEMEHTAPHOE I0KA3aTeJIbCTBO ITOI TeopeMbl, ocHoBanHoe Ha siemme [llmeprepa.

Jokazamenvcmeo meopemn [10.4] TIpexze Bcero, 3amernm, uto map B romeomMopdeH CTanIapTHOMY 1-MEPHOMY CHM-
wiekcy A" (nokaxkure 310). [Tosromy Teopemy 10CTATOYHO IPOBEPUTH JJIs TAKOIO CHMILIEKCA.

Jloka3aTesbCTBO MPOBEJIEM METOIOM OT HPOTUBHOIO. IIpeinonoKuM, 9T0 CymecTByer Takoe HePepPbIBHOE 0TOOpa-
xenne f: A" — A" y KOTOPOro HET HEMOABUKHBIX ToueK. C MOMOIIBI0 0TOOpakeHus [ pacKpPacuM BCE TOYKH CHM-
miekca A" ciaemyiomum obpazom. Iycrs & = (21, ..., 2n11) € A" uy = (y1,...,Yn+1) = f(2). Tak kak = # f(x) =y,
CYIIECTBYET § TaKoe, 94TO T; 7 ¥;. Tak Kak Zj ;= Zj y; =1, 10 Zj(xj —y,) = 0, mosTOMYy CyIIecTByeT k Takoe, ITO
pPa3HOCTH X; — Y; U L) — Yk UMEIOT IPOTUBONOJIOXKHbBIE 3HAaKU. VITak, MbI TIOKAa3ajH, 9TO /st KaXK10i Touku © € A"
nMeercd TaKoe M, 9TO Ly, > Y.

Bribepem sr060€e Takoe m M pacKpacuM TOUYKY I B IIBET m. Tak Kak BCE OTJIUYHBIE OT §-Oif KOOPAMHATHI BEPITUHBI
e; cumrutekca A™ paBHBI HYJI0, ©X HOMEPA HEe MOTYT OBbITh BHIODAHBI B KAYECTBE I[BETA BEPIIUHEI €;. Takum 00pa3oM,
€; TOKpAIleHa B IBET i. AHAJIOrMYHbIE PACCYKIEHUS TIOKA3bIBAIOT, YTO Jyis Jiroboro memycroro I C {1,...,n+ 1}
kaxgas rpanp A} noxpamrena B usera u3 nabopa I. Tem cambiv, kaxkas Obl Tpuanrymsinus cuMiiekca A" me Obina
3aJ/laHa, ONMKUCAHHAS BBIIIE PACKPACKA WHYIMPYET HA STOW TPUAHTYJIAIUU MIIEPHEPOBCKYIO PACKPACKY.

Paccmorpum mociiemoBaTeibHOCTE TpuaHTysiuit 7P cummiekca A™, rae TP — 3T0 p-KpaTHOe OAPUIIEHTPUIECKOE
nonpasbuenue. Torma, mo nemme [lnepuepa, B TP umeercsa BcenBeTHbIit cuminiekc 1P . Boibepem B KaXKI0M CHMILIEKCE
TP npou3BOJIbHYIO TOUKY Wp. Tak Kak A" — MeTpudecKuil KOMIAKT, U3 IIOC/IEI0BATEIbHOCTH TOYEK Wy, MOMKHO BbI-
6paTh MOAIOC/IEI0BATEIHLHOCTD, CXOILIILYIOCS B HEKOTOPOii Touke w. [Tokaxkem, uto f(w) = w, T.€. w — HenouBUKHA
TOYKA, U TOJIyY€HHOE IPOTUBOPEYHE 3aBEPIIUT JOKA3ATETHCTBO TEOPEMBI.

Ipeanonoxum, aro 3to He tak. [lomoxum w = (wy, ..., ws41), nnycerb u = f(w) = (ug, ..., Upt1). Torga, kKax Mer
yIKe OTMedYasH, JJIsi HEKOTOPOro HoMepa ¢ nMeeM w; < u;. Ilycth & = u; — w;. Tak Kak f HempepbIBHO, TO CYIIECTBYET
orkpbiThiii map U,.(w) C A™ pamuyca r < §/2 Takoii, yro s Beex & € U,.(w) BbimoaHsercs Hf(a:) —ul| < §/2.
B wacrrocTH, ecrm x = (21,. .., Tpi1) B Y = f(x) = (Y1, Ynt1), TO |T; — wy| < §/2, |y; — us| < §/2 m, 3maqwmr,
x; < y;, T.e. HU onHa rouka x € U.(w) He Moxker ObiTh HOKpariena B user 4. OnHAKO, B CUILy 3a1a4u JIAaMerp
TpUAHrYJIAIMU TP cTpeMuTCs K HYJIO IPU P — 00, LI0ITOMY [l HEKOToporo p cumiuieke 1P coxepxurca B U, (w).
Ho sToT cuMmIiekc BCEIIBETHBIH, MPOTUBOPEYHE. O

3ameuanue 10.6. Paboras ¢ 6omee xuTpbiMu packpackamu, [logr MoHCKT 10Ka3aj, 9TO KBaIpaT HEIb3sT pa3pe3arTh
Ha HEYETHOE YMCJIO PABHOBEJINKHUX TPEYTOIHHAKOB. DTOT PE3YIHLTAT MOXKHO TAKKE M3BJIeYDb M3 OoJiee OBImei TeopeMbl
Monckn: ecau edunuunbili Keadpam pa3bum Ha N MPEY20AbHUKOS € NAOULAIAMU A1, .. ., 0y, TNO CYULE-
cmeyem muozouaen f(xy,...,x,) ¢ yeastmu xoapduyuenmamu maxoi, wmo f(aq,...,a,) = 1/2. dcHo, uro
€Ca MBI PA3OHIIA €IUHAIHBIA KBAIPAT HA 1 PABHOBEJMKUX TPEYTONBHUKOB, TO ILIOMAIb KAXKIO0TO paBHa 1/n, Tak
aro f(1/n,...,1/n) = 1/2, 9ero ue MoxeT OBITH JJIsT TEJTOUINCIEHHOTO MHOTOUIeHA. MHOTOUNCIEHHBIE COBPEMEHHBIE
pe3yJIbTaThl Ha 9Ty TeMy MOXKHO HaiiTh Hanpumep B [22].
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Yupaxkuenusd K ryase 10

VYupaxxuenne 10.1. Ilycrs BbImyKIbIlii MHOTOYTOJBHUK P TPUAHTYJIUPOBaH, T.€. PA30UT HA HEBBIPOKIEHHBIE TPe-
YTOJIbHUKHU TAK, YTO BBIMOJHSIIOTCS YCJIOBHUs, ONMCAHHBIE B OIPE/IEIEHUN TPUAHTYIANNN cuMIiekca. IIpeamoroxmm,
9TO BEPUIMHBI TPUAHLYJIANUHU MOKpaieHsl B Tpu usera 1, 2, 3. Ilokaxkure, 94T0 9MC/IO BCEIBETHBIX TPEYrOJIHLHUKOB
YeTHO (HEUETHO), €CJIU U TOJBKO €CJIM YeTHO (HEYETHO) YMCIIO TPAHUYHBIX CTOPOH TPUAHTYJIANUY, BEPITUHBI KOTOPBIX
TOKpaIeHsbl Becemu mpetamu 1, 2. B yactrHocTH, Kakue ObI ABA I[BETA ¢ U j MBI HE BHIOPAJIH, YUCJIO TPAHUIHBIX CTOPOH,
BEPINUHBI KOTOPHIX TOKPAIIEHBL B ¢ U j, OyJIeT UMETh OIHY W Ty YK€ UY€THOCTb.

Yupaxkaenue 10.2. Bepuiunbl TpuaHry/Igimu KBaIpaTa IOKpAIIeHbl B Yerbipe 1sera {1,2,3,4} ciemyomum obpa-
30B: JIJIA PACKPAaCK{ BEPIIMH KBaJIpaTa MCIIOJIb30BaHBI BCE I[BETA, & BEPIIMHBI TPUAHTYJIAIINY, IIONIABIINE Ha CTOPOHY
KBa/IpaTa, KOHIIBI KOTOPOi IMOKPAIIEHbI [[BETAMHA { U j, TAK2KE HMOKPAIIeHbl B 3Tu 1BeTa. [lokaxkure, 910 nMeercsd He
MEHee JIByX Pa3HOUBEINMHBLT TPEYIOJIbHUKOB, T.€. TAKUX TPEYIrOJIbHUKOB TPUAHTYJISIIMUA, BEPIIMHBI KOTOPHIX MOKPA-
TEeHBbI TPEMS IIBETAMU.

Yupaxkuaenue 10.3 (Jlemma Kuacrepa—Kyparosckoro-Masypkesuua). [Iycrs k-mepubiii cummiaeke A nokpoir (k +
1)-um 3aMkHYTBIM MHOXKeCTBOM C1, . .., Cky1 TaK, uro mis modoro Hemycroro I C {1,...,k + 1} rpass A; nokpsITa
{Ci}ier. Mokaxute, uto Torma NETLC; # 0.

B nanwmeiimem non caaboti aemmoti IlIneprepa OyneM MOHUMATH YTBEPXKIAEHHE O CYIIECTBOBAHWH XOTs ObI
OJIHOTO BCEIBETHOIO CUMILIEKCA.

VYupaxueuune 10.4. Broieaure n3 reopembr bpayspa cradyo nemmy Ilneprepa.

VYupaxueuune 10.5. [Tokaxkwure, uro m3 memmbl Knacrepa—KypaToBckoro-Ma3ypkeBruda BbITEKaeT caabas jieMMa
IITnepuepa.

Yupaxueuue 10.6. [Iycrs m3BecTHO, 9TO 2-aAUYIECKYIO0 HOPMY, OIPEIETIEHHYIO I BCEX PAIMOHAIBHBIX YHCET B
3a1a49e MOYKHO TPOJOJIZKUThH Ha BCE BEIIECTBEHHBIE UNCTA T 0 (DYHKIMH |3:|27 YIOBJIETBOPAIONIENH CJIELYIONNM
CBOMCTBAM:

(1) |z[]2 >0,

(2) |x|2 =0, ecm u TosBKO ecan x = 0,
(3) |2yl = [z]2 - [yl2,

(4)

4) |z +yle < max{|z|s, [y} < |z]2 + [ylo-

Hoxasrcume meopemy MoHcKu: eCI TPUAHTYIANNS € IMHUIHONO KBAIPATa COCTOUT U3 1M TPEYTOJHHUKOB OJNHA-
KOBO# TLJIOIIAJIA, TO 1M YETHO.
Yxa3anue:

e pacKpachTe IJIOCKOCTh B TPH IIBeTa Tak: ecan S; C R? MOKpPAIIEHO IIBETOM %, TO
S1 = {(xay> : |$|2 <1, ‘y|2 < 1}a So = {(5572/) : |.7J|2 > 1, |.’17|2 > |y|2}a S3 = {(5572/) : |y‘2 > 1, |y‘2 > |.’IJ|2},

e JIOKAXKWTE, 9TO ecin |z|a < |yl2, To |z + y|2 = |y|2 m BbIBeAMTE OTCIONA WHBAPHAHTHOCTH S2 ¥ S3 MPU CIBHTaxX
Ha, BEKTOpHI U3 S7;

e paccmotpure KBajpar ¢ sepmunaamu (0,0), (1,0), (1,1), (0,1);

® TIOKAXKUTE, UTO B IIBeTa 1 M 2 MOXKET OBITH PACKPAIIIEHA, JIUIIH OIHA CTOPOHA, KBAApaTa, & UMEHHO, COeTUHSIIONTAS
(0,0) u (1,0);

® BLIBEIUTE OTCIOJaA, 9TO B TPUAHTYIAIINU UMEETCA BCGILBeTHbII‘/‘I TPEYTOJIbHUK T,

® UCIOJIb3ysl TPOJOJIKEHHYIO 2-aIMYeCKyI0 HOPMY, JAOKAXKUTE, U4TO eCJu § — IIomaas 1) 1o |s|e > 1, mua gwero
MIPE/IBAPUTESIHHO CABUHBTE 1, COBMECTUB €0 BEPIMWHY U3 S C HAYAIOM KOODIUHAT;

¢ BbIBEJUTE OTCIONA, YTO |m|y < 1 u, 3HAYUT, M YETHO.



Jlekmims 11

PaBHoBeJINKOCTh 1 PAaBHOCOCTABJIEHHOCTD.
Tperbga npobiiema I'mianbepra

ITnau. Ilnomanu u 06beMbl, UX WHBAPHAHTHOCTb U AJAUTHBHOCTBL, pa3pe3aHue MHOLOYTOJbHHUKOB, PABHOCOCTABIEHHbIE MHOTOYTOJbHUKH, DAB-
HOBEJIMKNE MHOIOYIOJIbHUKH, JABYMEPHBIN ciaydai: Teopema Boitsn—Bannaca—lepBuna, paspe3anune MHOMOIPAHHHKOB, PABHOCOCTABJIEHHBIE MHOI'O-
IDAaHHVUKYU, PABHOBEJNKNE MHOTOIPDAHHUKH, TpeThda npobaema ['uapbepra, 3aBUCHMOCTD HA MHOYKECTBE BEILIECTBEHHBIX YNCEJI, A uTuBHaA (PyHKIU,
dbyuknusa lena mHororpanuauka, nHsapruanTt /lexna, reopema /lena, rerpasap Xuimia, paBHOJOIOJHAEMble MHOTOTDAHHUKH, KOOPJAHUHATHBINA TeTPasap,
pemenne Tperbeil npobaemsbl I'unbbepra, Teopema dena—Cunsepa.

[IpoGsemsr, 00OCyzKIaeMble B 3TOW IJIaBe, NMEIOT HEIIOCPE/ICTBEHHOE OTHOIIEHNE K BBIYHCJIEHUIO IJIOIIael I1JI10C-
kux $uryp u 06vemos duryp B npocrpancrse R3. II3BecTHOE U3 Kypca MATEMATHIECKOrO AHAIN3A OIPEIEICHIE ITHX
MOHSITHH, OCHOBAHHOE HA IMPEJEbHOM IEPEX0/e, 9acTO MPUBOJUT K CJIOKHBIM BBIYHCJIECHUSAM, CBOJAAIIAMCSH (DAKTH-
YECKHM K B3ATHIO COOTBETCTBYIONIEro maTerpata. OQIHaKo B HEKOTOPBIX CJIydasiX BbIYUCJIEHUS MOXKHO CYHIECTBEHHO
YIIPOCTUTD, €CJIH BOCIOIb30BATHCA CJIELYIOIMIUME COOOParKeHuAMHI (MbI ¢POPMYyIUpyeM UX st TLIOCKOTO CIydast; po-
CTPAHCTBEHHBII Cjydail mojaydaercd 3aMeHoil cjaoBa “myomanp’ Ha cioBo “00bem”): (1) miomaau pasHbIX GUryp
OJJMHAKOBBI (MHBApUAHTHOCTH ILIomAan); (2) eciu durypa F upexacrasiena B Buje O0beIUHEHUs] KOHEIHOTO YUCIIA
duryp 1, ..., F,, He uMe0mux 00MKUX BHYTPEHHNX TOYEK, TO IIOMAas Gurypsl ' paBaa cymme mwiomaeit puryp F;
(apuruBnocts wiowau). Takum obpazom, eciu mist Guryp F u G 3aianbl Takue 1peicTaBieHust ¢ OMOLIbIo (huryp
F,....,F, u Gy,...,G, COOTBETCTBEHHO, U TIPU Kaxka0M i burypsl F; u G; paBabl, T0 F' 1 G UMEIOT OJNHAKOBBIE
TIJTOTITATH.

XOpOITI0 M3BECTHBIN MpUMEp MPUMEHEHUS W3JIOXKEHHOW UIeM — BBIYUCJICHNE TIJIOMAAN TapaJjjieorpaMma depes3
IJTOIIA/b MPSAMOYTOJbHUKA, & TaKyKe ILIOMAIA TPEYTOJIbHUKA depes3 MIoM@alp napamiesorpamma. Eie onno npuio-
JKEHWEe TeXHUKHW, OCHOBAHHON HA OIMCAHHOM BBIIIE IPEJICTABIEHUN MHOIOYIOJbHUKOB, — JOKA3ATEIbCTBO TEOPEMbI
IMudaropa, puc. [11.1

OtmeruM, 9TO Ij18 MHOTOYTOJBHUKOB F' B kKauecTBe duryp F; IpuHATO TaKKe PacCMaTPUBATH MHOTOYTOJILHUKH.
[Ipusenem temepsr HEOOXOMMMBIE (DOPMAIHHBIE ONIPEIETICHNUS .

Onpenenenne 11.1. Ilycrs F u Fi, ..., F,, — MHOTOYTOJIbHUKH, JJis KOTOPBIX BBITOJIHSIIOTCS CJI€IYIOIINE YCIOBHUS:
(1) mpm KasKIOM ¢ U j # ¢ MHOTOYroubHUKE F; u F; He HMeOT 00IINX BHYTPEHHUX TOUYEK;
| m X
(2) F=Ur,F;.
Torma roBopar, uto F' pagpe3ar HG MHO20Y20AbHUKY F;.

Onpenenenne 11.2. I[lycts F' u G — aBa muOroyronbunka. Kcin F' u G MOXKHO Tak pa3pe3arh HA MHOTOYTOJIbHUKA
F,....,F, u Gy,...,G, COOTBETCTBEHHO, YTO TPHU KaXKJA0M ¢ = 1,...,n mMHOrOoyrospuHuku F; u G; pasubr, 0 F u G
HAa3bIBAIOTCS PABHOCOCTNABAEHHBILMU.

Onpenenenne 11.3. Muoroyrosnbauku F' u (G Ha3bIBAIOTCS PABHOBEAUKUMUY, €CTH UX TLIOMAIA PABHBI.

Kaxk yxke ormedanoch, paBHOCOCTABIEHHBIE MHOIOYTOJIBHUKY PABHOBETUKH. BepHo sin obpaTHoe? 3aMedaresibHo,
49T0 OTBET HoJoKuTeNbHbIH. CooTBercrByonmil pesyiabrar Ha3biBaercs meopemoti Botsu—Baaraca—Iepsuna.

Teopema 11.4 (Boiisiu, Bannac, Tepun [25]). /I6a mHnozoyzosvrura pasHo6EAUKY 6 TOM U MOABKO MOM CAYYGE,
K0200 OHU PABHOCOCTNABAEHDL.

98
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a a

aZ+b2=C2

Puc. 11.1: IIpocreiiue npuMeHeHUS UIEW PABHOCOCTABIEHHOCTH.

Sameuanmne 11.5. Boiisu (Farkas Bolyai) 8 1790 roay cdopmynuposan nupobiemy, Basac (William Wallace) peuus
ee B 1807 roxy, lepsun (Paul Gerwien) pemmn ee Buosb B 1833 romy, u, Hakouen, Boiisu, He 3Hag O CYIIECTBOBAHUI
9THX pernieHnii, gau cBoe B 1835 roxy, cum. [23].

Crenyrommmii mar — nonpo6oarh 0600IIATH MOy YeHHbIE PE3YIBTATHI Ha MHOTOTpaHHWUKY. HaduHeM ¢ cooTBeTcTBy-
IOIUX ONpeJeIeHnil (I0CIOBHO MoBTOpsomux onpeenenus [11.1} [11.2) u [11.3| ¢ 3ameH0#i cJI0B “MHOrOYroJibHUK” HA
“mHOrorpaHuuk’ u “romaap”’ Ha “oobem”).

Onpenenenne 11.6. Ilycte W u Wy, ..., W,, — MHOTOrpaHHUKH, [IJIsi KOTOPHIX BBIMOJIHIIOTCS CJIEIYIONINAE YCIOBHUS:
(1) mpm xaskaOM ¢ U j # ¢ MHOrOrpaHHuky W,; u W; He nMeOT OOIUX BHYTPEHHUX TOUEK;
— n .
(2) W=uUr,w,.
Toraa roeopsar, uro W paspesan Ha mmrozo2parHuryu W;.

Onpenenenne 11.7. Ilyctb A u B — aBa mHororpaniuka. Eciu A u B MOXKHO Tak pa3pe3arb Ha MHOIOIDAHHUKU
Ay,...,A, u By,..., B, COOTBeTCTBEHHO, YTO TPU KAKIOM ¢ = 1,...,n MHOrOrpanuuku A; u B; paBubl, T0 A u B
Ha3bIBAIOTCS PABHOCOCTNABAEHHBLMU.

Onpenenenne 11.8. Muororpanavku A u B Ha3bIBAIOTCA PABHOBEAUKUMU, ECITH UX 00HEMBI DABHBI.

BepHo s, uTO paBHOBENUKHE MHOTOrpanHmKE B R? paBmococTapmensr? OTBET Ha 9TOT BOMPOC OKA3AJICA OTPUIIA-
TeJIbHBIM, 9TO ObLT0 oKaszaHo lexom [24], nocrponBimnM crennanbHbie GYHKIMA OT JIJIWH pebep W BEJMYNH JIBYTDAH-
HBIX YIJIOB MHOTOTDAHHWKA, KOTOPHIE HE MEHSIOTCS DU 3aMeHe MHOTOTDAHHWKA Ha, JII000# Ipyroil, paBHOCOCTABIICH-
vbIiil ¢ HuM. Takue QyHKIUU HA3BIBAIOTCA Tenepb uxsapuarmamy Jena. OKazamoch, 9To ajis Kyba U paBHOBEIUKOTO
€My TPABUIBHOIO TETPAIPA MOXKHO IOCTPOUTH TAKOM nHBapuaHT /leHa, KOTOpbIi Ha KyOe U HA IPABUILHOM TETPad/I-
pe IPUHUMAET PA3HBIE 3HAYEHN S, TIOITOMY TaKue Ky U TeTpasap He PABHOCOCTABJIEHBI. Bojiee TOro, MOYKHO MOKA3aTh,
9TO OHU TAK¥XKe W HE PABHOJOMOAHAEMDL, T.€. HE MOTYT OBITH JOTOJHEHBI PABHBIMU MHOTOIPAHHUKAME IO PABHBIX W
Jake 0 PABHOCOCTABJIEHHBIX MHOIOTPDAHHUKOB. Kpome TOro, maBapuanThl JleHa mO3BOIUIN [T0KA3aTh CYIIECTBOBA-
HUE TEeTPA’3[(POB C PABHLIMU OCHOBAHUSIMU M PABHBIMU BBICOTAMHU, KOTOPBIE HE SIBJISIOTCH DABHOAONOJHAEMbIME (B
YaCTHOCTH, paBHOCOCTaBJeHHbIMU). Takum obpasom, Gbuia pemena mpemovs npobaema I'uawvbepma, B KOTOPOIt
MOJIHUMAJICS. BOIPOC O CYIIECTBOBAHUU TAKUX TETPAIIPOB.

Ormvernm, uto wHBapuanThl JleHa u cama ero pabora [24] Obuim TPYIHBI JJisi OHWMaHUS. P MaTeMaTHKOB
yIpOCTHIIH JIOKazareiabcTBo Jena (cum. mcropmio Bompoca B [25]). Bosmoxkno, Hanbosree poCcToit MOAXo, K PABHOCO-
craBiennocty usijoxken B [26]. Vmenno ero Mol u Gymem ob6cyxkaarh. Marepuasibl STOM 1aBbl YaCTUYHO OMUPAIOTCS

ua [25] u na [27].
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11.1 Kpurepuii paBHOCOCTABJIEHHOCT MHOTOTPAHHUKOB

B srom maparpade Mt onpesesnnm naBapuanThl JleHa n moKakeM, KaK MOYKHO WX UCIOIb30BATD [IJIsi OTBETA HA BOIIPOC
O TOM, ABJIAIOTCH JIU JAHHbIe MHOI'OI'DAHHUKHU PAaBHOCOCTABJIEHHBIMU.

Omnpeneaenne 11.9. Ilycts M — Kakoe-HuOyIb MHOYKECTBO BEIIECTBEHHBIX Unce . Kazkmoe cooTHOIIeHNe 1y X1+ - -+
ngxr = 0, rae x; € M, a n; — uenble 4ucia, OyjeM Ha3blBaTh 3a8ucumocmsvro Ha M. @yukuuio f: M — R Oyuem
Ha3bIBATh ad0UMUEHOTU, eClu OHA “yBarkKaeT 3aBUCUMOCTH, T.€. [JIsT KaXKIONH 3aBUCUMOCTH 1Ty + - -+ npryp = 0 HA
M semonnsiercst ny f(xq) + -+ - + ng f(zg) = 0.

Koncrpykmusa 11.10. Ilycts W C R? — mekoTopblit MEOTOTpaHHUK, H E — MHOXKeCTBO ero pebep. JIaa Kaskmoro
e € F gepes |e| obo3nauum jyiuHy pebpa e, a 4epe3 (e — BEeJUYUHY JBYIDAHHOIO yryla MHOrOrpanuuka W npu sTom
pebpe. IMonoxum a(W) = {a. : e € E} u nycrb M — 1pou3BoJIbHOE MHOKECTBO BEIECTBEHHBIX YUCEJI, COAEPIKAIIEe
a(W) u gucno .

Onpenenaenne 11.11. Bo BBeseHHbIX Bbllle 0003HAYEHUSX, KazKAy0 aaauTuBHyo ¢gyskuuwo f: M — R, aus Ko-
topoit f(m) = 0, bysem nasvisare ynryuetd dena muozoeparnura W, a aucio f(W) = 3 ple| fae) —
uHeapuaHmMom Jlera, oTBedaronum f.

Sameuanmue 11.12. Ecan muO)ecTBO M comepskur m u Bce MHOKectBa o(W;), rme W, ..., W), — HekoTopoe ce-
MeHCTBO MHOTOTDAHHUKOB, TO agautuBHas dyukmug f: M — R, 3anynsomasica va 7, asiasgerca ¢yukiueit lena
OJTHOBPEMEHHO 1711 Bcex W;.

Teopema 11.13. ITycmv A u B — pasnococmasaennvie MHo202panruky, a f — npouseoavnas gynkyus Jena das
A u B. Tozda f(A) = f(B).

Ipexne, yem JOKa3bIBATH 3Ty TEOPEMY, MPUBEJIEM HEKOTOPBIE ee CJIEJCTBUs. B 9acTHOCTH, MOKayKeM, KaK C ee
TIOMOIITIBIO perraeTcst Tperbsa mpobiaema ['nnpdbepra.

11.2 IlIpumepsnl BbIuncJIeHUsS MHBapuaHTOB JleHa

IIpenaoxenne 11.14. Kaowcdwii unsapuanm Jlewa das xyba pasen Hyso.

HoxkasareabcTtBo. Obo3HaunM paccMarpuBaeMmbiit Ky6 deped K, u mycrb a — jgjawnHa ero croponbl. Ilycrs f —
upousBosbhas Gyakuus Jena g kyba K. Tak kak Bce nyrpannbie yriibl Kyba pasubl /2, u 2 -7/2 — 1 = 0 —
3aBucuMOCTb, nMeeM 0 = 2f(w/2) — f(7w) = 2f(7w/2). Cnenosarensuo, f(K) = 21121 a- f(r/2)=0. O

IIpenmaoxenune 11.15. Kaosrcowii unsapuarm Jewna 0as npudmo. pager Hyo.

HokaszareabcTtBo. O6o3HaunM paccmarpuBaeMmyio npusmy depe3 P. Ilycrs f — npousBonbhas dyukius dena s

3T0it mpuambl. OGo3HAYUM 9epes e, .. ., e, pedpa HIKHEr0 OCHOBAHUS TPHU3MbI P, 14epes €}, ..., el — coorBercTry-
o1ye pedpa BEpXHEro OCHOBAHWS TPU3MbI, U uepe3 hy, ..., h, — O60KoBble pebpa nmpusMmbl P. Torma npu KaxXiaoMm i
BBITIOTIHSACTCS |€;| = |€f| 1 ae, + or = 7. Kpome Toro, |hi| = --- = |h,| n >, ap, = m(n — 2) (nmockoe ceuernne co-

OTBETCTBYIOIIErO NPU3Me MUJIUHIPA, NEPIEHIUKY/IAPHOE 00pa3yoIuM, aBJISETCA NIIOCKUM N-yroJabHUKOM). OTcioaa
BBITEKAET, YTO

0= flae,) + flae) = f(m) = flae,) + flaw), O—Zfah (n—2)f Zfah

HUcnonb3yem npuBeieHHbie TOJBKO 9TO (hbOpMysbl 1t Bbraucaenus f(P):

= leilflae) + Y lefl flae) + Y 1l flan,) Z\eA (ae,) + flae)) + ] Y flan,) =0.
i=1 i=1 i=1 =1
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11.3 HekoTopslie cieiacTBusd u3 TeopemMbl /leHa

Caencrue 11.16. I[Ipasuavuoili mempasop u kY6 He PaBHOCOCMABAEHDL.

Joka3zaresbcTBO. JIerko BuieTh, 9To BCe JABYTPAHHbIE YITIbL (v IPABUJIBHOIO Terpasapa pasubl arccos(1/3). ¥V kyba
JIByTDAHHbIE YIUIbI PABHBL 7 /2. 3a1a1uM HA MHOYKECTBE {a,ﬂ/2,7r} dyukuuio f, nonoxus f(a) =1, f(7/2) =0 nu
f(m) = 0. Mokaxewm, aro f — bynkuus Jena. Tak kak f(7) = 0, 1OCTATOIHO MOKA3ATh AJIUTHBHOCTH f.

PaccMoTprM MTPON3BOIIBHYO 3aBUCUMOCTh Ny + nam/2 + nym = 0. Tokaxewm, uto ny = 0. eifcTBuTenbHo, ecan
9TO He TaK, TO «/m — panuoHaabHoe uncio. Creayromas JeMMa TOBOPUT O TOM, YTO TAKOTO OBITH HE MOFKET.

Jlemma 11.17. Yucao L arccos(1/3) — uppayuonavmo.
Joxkazatenbcrso. [lomoxum o = arccos(1/3) u mokaxewm, ato cos(ka) Tpu Beex HATYPATBHBIX k UMeeT BHT ay /3,
rme ap — 1esoe, He gensmeeca Ha 3. JlokazaTenbcTBo mpoBeaeM mHaykimei mo k. ns k = 1 aro tak. dna k = 2
3TO TOXKE TaK B CHJIy TOro, 4To cos(2a) = 2cos? a — 1 = —7/9. [IpenonoxuM, 9T0 yTBEePIeHIe TOKA3aHO /I BCEX
k < n, roe n > 3. Torma

cos(na) + cos((n — 2)a) = 2cos((n — 1)a) cos o = 2a,—1/3",

orkyna cos(na) = 2a,_1/3" — an_2/3" "% = (2a,,—1 — 9a,—2)/3". Ocranoch 3aMeTUTh, YTO YUCIUTENb HE JEJTUTCA Ha
3, TaK KaK @,_1 HE JIEJTUTCA HA 3 M0 MPEINOTOKEHUTO.

IMTokazkem Tenepn, 4ro «/m uppanuonanbHo. IIpesnonoKumM IpoTuBHOE, T.e. O = gw, e p # 0 u g > 0 — nenbie
qucaa, roraa cos(ga) = 1, yero He Moxker ObITh B CHJIy TOIO, YTO Mbl JOKA3AJIM BBbIIIIE. O

Urak, B kaxnoit 3apucumocru ny = 0, IOITOMY OCTAJIOCh IPOBEPUTH, YTO ecyiu nom/2 + nygm = 0, o no f(7/2) +
nsf(n) = 0. OuHako 310 Tak 10 onpexesenuto Gbyukuuu f.
Boraucium renepp uaBapuantel Jdena, coorsercrBytomue Gyukuun f. ITo nupennoxkenuro [L1.14] kaxkapiii uaBapu-
aat ena s ky6a pasen uyio. [lycts T — paccMaTpuBaeMblii IPABUILHBIA TE€TPA3AD, U @ — JJIUHA €0 CTOPOHBI.
6
Torna f(T) =>",_; a f(a) = 6a # 0, mosTomy, B cuiy Teopemsr [11.13] Terpasap T n Ky6 He paBHOCOCTaBjieHbI. [

Konacrpykmusa 11.18. Paccmorpum terpasap 17, OCHOBaHWE KOTOPOTO — PABHOOEIPEHHBIN MPsiMOYTOIBHBIN Tpe-
YTOJIBHUK, & BBICOTAa PABHA KATETy OCHOBAHWS W IIaJaeT B OAWH U3 KOHI[OB THIIOTEHY3Bl OCHOBaHHs, cM. puc. [[1.2]
CTIEBA.

D

Puc. 11.2: Terpasap Xuima paBHOCOCTABIEH C IPAMOYTOILHOM TPH3MOIA.

Onpepnenenne 11.19. Muororpanauk 1) Ha3bBaeTca mempasdpom Xuaaaq.
IIpemnoxkenune 11.20. Tempasdp Xuara pasrococmasier ¢ HEKOMOPOT Npu3mot.

JokazareabcTBo. Paspesanme rerpasnapa Xuiia HA TP 9aCTH, U3 KOTOPBIX COCTABIAETCA MPAMOYTOJIBHUKA TIPA3MA,
TakzKe IpeCcTaBieno Ha puc. [11.2] (ormernm, uro y Xmura Gbito apyroe paspesanue). IIpeoGpasosanue Terpasapa
Xunna B OPAMOYTOILHYIO IPH3MY MOXKHO XOPOIIO H3Y4YUTH C IMOMOINBIO IIPE3EHTAIMH, IIOATOTOBJICHHOA B ITAKETE

Mathematica [30]. O
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Caencrue 11.21. Kaorcdoli unsapuarm Zena mempasdpa Xuara pasen Hyato.

HokasaresnbcrBo. 13 npennoxenus [11.20/u reopemst [I1.13] Borrekaer, uro y rerpasapa Xumna KaxKaplii MHBAPUAHT
Jena — Takoi xe, kak u y npusmbl. Crenosarensno, 1o npeanoxennto [[1.15] kaxapiii unsapuant Jena rerpasapa
Xwnta paBeH HYJIO. O

11.4 Jloka3aTeJabCTBO TeopeMhbl /leHa

Ha moramoburcs cremyommii TEXHUIeCKui pe3yabTar.

Ilpengmoxkenmne 11.22. Ilyecmv M — mmuooicecmeo sewecmeennnx wuces u x € R. Tozda wastcdas addumuenas
dynryua f: M — R npodosscaemes do nexomopot addumuenoti dynryuu na M U {x}.

HoxkazareascrBo. Ecam x € M, to dyukimio f meusars me Oyaem. Ilycts Temeps x ¢ M.
Ecnu B kax1y1o 3aBucuMocTb 3sieMeHToB MHOKecTBa M U{x} qucio & Bxouur ¢ HyseBbIM KOI(MQUIMEHTOM, TO IpU
Juobom 3uadenun f(x) upoposzkennas pyHKUus f yBaXKaeT BCe 3aBUCUMOCTH (TaK KAK OHU SABJIAIOTCS 3aBUCUMOCTIAMU

Ha M).
ITycth Temephb 1JIsi HEKOTODBIX TENBIX 1; U n # 0, a TakKe BeecTBeHHbIX x; € M, uveem nx + Y n;x; = 0.
IMonoxum f(z) = —W U [IOKaKeM, 9YTO TaK IPOJOJzKeHHas [ ABjsgercd agauTupHoi. [locientnee o3Hadaer, 4o

Jytst 1000it 3aBucumocru mx + . m;y; = 0 noskuo umers mecro m f(x)+ Y m; f(y;) = 0. JokaxkeM, 410 310 TaK U
ecThb. JIJ11 3TOr0 3aMeTHM, 9T0 ™M Y n;&; —n »_, m;y; = 0 — 3aBucuMocts Ha M, mosromy m Y n,; f(xz;)—ny_ m;f(y;) =

0, oTKyza
—my nif(xi) +nd m;f(y;) _ 0.
n

mf(@)+ > mif(y;) =
O

Caencrsue 11.23. ITycms W — nexomopoiii muozozpannuk u f — ezo pynkyus Jena. Paccmompum npoudeosvrsie
mnozozpannury Wy, ..., W,y. Toeda f npodosstcaemcs do dynxyuu Jena das 6cex mmozozpannuros Wi.

HoxkazarenbcrBo. Bymem pacmmpars obnacth onpenenerus (GyHKIuu f, MOCIEI0BATETHHO JT00ABISAS BETUINHBI
JBYTPAHHBIX YTJIOB MHOTOIPAHHUKOB W; m mpomokas f 10 aIIuTUBHON (DYHKIINU, 9TO MOMKHO CIEIATh B CHJIY

npeaoxenust [11.22] O
ITpumep 11.24. Ilokakem, kak paboraer ciaeacrsue [11.23
Caencrue 11.25. Tempasdp Xuara u npasusvhviii mempasdp He PaGHOCOCTABAEHDL.

HoxkasareabcTBo. Ilycrs f — byukius lena, nocrpoennas B jokasaresaberse caeicrsusd [11.16] Torga ee 3navenne
Ha TIPABWILHOM TETPAdape OTIWIHO OT Hyjsd. Ilpomomkum f no dbyukiun lena ans terpasapa Xuia, 9TO MOKHO
cZiejiaTh B CUJLY CJIEACTBUA Ilo cimencrBuio [11.21] 3nauenue f wa Terpasape Xwuta paBHO Hym0. [losTomy, B
cuiy reopemst [11.13] paccmarpuBaeMbie TeTpasApsl He PABHOCOCTABIIEHBL. O

B dbopmymmpoBke TpUBOANMOrO HUKE TMPEJIOKEHNS TaKXKe MCIOIb3yercs ciencriue [11.23

IIpennoxkenue 11.26 (aguurusaocrs unsapuanta lena). [Tyems W — npousdsosbriii MHO202paHHUE, PA3Pe3arbiil
na muozozparruru Wy, ... Wy, u f — nexomopas gynrxyus Jena das W. Obosnawum mot ostce 6yk60U npou3eosvroe
npodossicenue [ do dynkyuu Jena dan ecex mrozozpannuros Wy, ..., W,. Toeda f(W) =", f(W;).

HoxkaszarenbcrBo. Ilycts e — pebpo muororpanuuka W nin ogHOro m3 MuOrOrpanuukos W;. Paccmorpum Bce Bep-
MIUHBI 3TUX MHOTOTPAHHUKOB, TOMABIIIE HA €, & TAKXKE BCE TOYKH IepecedeHusi pedpa e ¢ APYyruMu pedpamu ITUX
MHOTOTPAHHUKOB. Torma pedpo e pa3odbbeTcs ITUMH TOYKAMH HA OTPE3KH, KOTOpPbIe OyIeM HA3BIBATD 366HbAMIL.

O603naunM gepe3 £ MHOXKECTBO BCEX 3BEHBEB, KaXK/J0€ U3 KOTOPBIX JIEKUT B HEKOTOPOM pedpe MHOrOIPAHHUKA
W, n nusa kaxmoro € C e, rae e — pebpo W, momoxum o, = .. ITokaxkem, 9To

(11.1) FOV) =" lel f(a).
ec&
HeiicTBurensHo, pebpo e MHororpananka W maer Briax |e| f(a.) B neByio gacrs dopmyast (11.1), re. B f(W), a Bee

3BEHbA € € &, MeyKaIue B e, TAI0T BKAaJ B papyio gacth dopmyst (L1.1), papmbrit ) |e] fla:) = > . || fae) =

lel flae).
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IokazkeM reneps, 9ro Benuanna y ., f(W;) paBHa npasoit qacru (bopMyan J1J151 9TOT0 PACCMOTPUM CHaYAJIA
BCe 3BEHbsI, HE TOmasiinue B £, W MOKaXKeM, 9TO OHU JAI0T HYJIE€BOM BKJIA/ B BEJIMIWHY Z?zl f(W,). HeiicrBurenbHo,
oHu MOryT ObIThb ABYX TULOB: (1) 3BeHbs, JiezKalnue B rpansX MHOrorpanuuka W, u (2) 3BeHbsi, BHy TPEHHOCTH KOTOPBIX
JieXKaT BHYyTpHU MHOrOrpanauka W.

Ilycts € — 3Beno mepsoro Tuma, u nycrs Wi,,...,W;, — Bce muororpannuku W,, B peOpax KOTOPBIX JIEKUT
e. Obo3Haumm 9epes «;; JBYTPaHHBIA yTol B MHOrOrpanHWke W; Tpwm 3Bene €, Torma ) ;j Q; = T, HOITOMY 0=

> flauy) = f(m) =32, f(ay;). Orcrona sbitekaer, uto BKiaj 3sena € B seuanny » o, f(W;) pasen
2Ll flai) = lel 3 flei) =0
J J

Ecnn BBecTH TakuWe ke 0003HavYeHWst st pefpa & BTOPOro THIMa, TO TOJIYUUM » 0, = 27T W, U3 TeX YKe CaAMBIX
coobpazkenwii, ero Bkaazn B y ., f(W;) pasen myio.

Ocrasiock BbIACHUTD, Kakoil BKIaJ B Bestmauny » . f(W;) nator 3senps u3 €. Ilycts € — raxoe 3seno. OusaTs, B
TeX 2Ke CaMblX ODO3HAYEHHUsX, UMeeM ), (i, = Qg, nodromy 0 = 7. f(ay;) — f(ae). Orciona sbiTekaer, 1To BKIAL
3Bena € B Besuuny . f(W;) pasen

S lel flas,) = lel 3 fas,) = Il fla)

T.e. OH paBeH BKJIaJy 9TOro e 3sena B pesmanny f(W). Crenosarenswo, f(W) =Y. f(W;). O

Zloxazameavcmeo meopemv, [11.13] Taxk xak A u B — paBHOCOCTABJIEHHBIE MHOTOIPAHHUKH, WX MOYKHO pa3pe3aTh Ha
MHOTOrpaHHuKu Aq,..., A, u By,..., B, cOOTBeTCTBEHHO TakK, 4T0 A; paBen B; mnpu Bcex ¢ = 1,...,n. IIpogomxum
f mo dysakuuu dena mjs Bcex MHororpanHukoB A; (a, suauut, u Bcex B;). Tak Kak y paBHbIX MHOIOIDAHHUKOB
unBapuanTbl lena pasubl, umeeM f(A;) = f(B;). Kpome Toro, 1o npemioxenuto AMeeM

f(A) = Zf(Ai) = Z f(By) = f(B).

11.5 Pemenne Tperbeit mpobdbiembl 'manbepra

Tperba npobsiema ['mabbepra uMeer [eI0 ¢ 0000IMEHeM TOHATHST PABHOCOCTABIEHHOCTH.

Omnpegenenne 11.27. Muororpananku A u B HA3BIBAIOTCA PAGHOIONONHAEMbLMU, ECTTH CYIIECTBYIOT PABHOCOCTAB-
nennpie Mpororpannauku W4 u WPB, xoropsie MoxnO Tax pazpesars Ha MHOIOIDAHHEKH

A A A B B B
W Wi WA a WE WE L WE,

9TO MHOTOTDAHHUK W({‘ pasen A, muororpanauk W pasen B, a mpu Beex i = 1,...,n MHOTOrDAHHUKH I/ViA u Wp
PAaBHBIL.

3ameuanne 11.28. Ecian muororpanunku A m B paBHOCOCTABJIEHBI, TO OHU W PABHOAOMOJHSAEMBI. /lefiCTBUTEIHHO,
B kagectBe W4 u WP moxkno B3ars nx cammx. TakuMm o6pa3oM, paBHOIONOTHAEMOCTD IEfCTBHTEIBHO SBJIAETCS
00001IIeHreM PABHOCOCTABIEHHOCTH.

Caencrsue 11.29. V pasnodonosnaemvls MHO202PAHHUKOS 6ce unsapuarmu, Jena cosnadarom.

JokasareabcTtBo. B obo3nauenusix onpenesnenus [11.27) nycrs f — npoussonbhasi dyukius lena ana A u B,
uponoskennas 10 Gyuxuun Jena ana scex WA u WP, Torna f(A) = f(Wgh), f(B) = fWP), u f(WS) = fF(WP)

7

npu Beex i = 1,...,n. Ilo Hpe,ZLJ'IO)KeHI/I fWA) =50 JfWA) n f(WB) =30 f(WP). Tak xax W4 n
11.13

WE pasnococrasienst, o, 1o Teopeme [11.13] umeem f(W4) = f(WPB), orkyna

n n

FIA) = FOWG) = FOVA) =Y f(WA) = F(WP) = > f(WP) = F(W§) = £(B).

i=1 i=1
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I3 mpuBeIeHABIX BBIMIE PE3YIHTATOB MTHOBEHHO TOJIYYaeM CJIEAYIONIee YTBEPXKIEHUE.
CaencrBue 11.30. I[Ipasuavhoili mempasop He ABAALMCA PAEHOOOTIONHACMBIM HU C KYOOM, Hu ¢ mempasdpom Xuaia.

Tperbs mpobiema 'nnbbepra cniparmmuBalia, CyImecTBYIOT JIM TETPAIPHI C PABHBIMUA OCHOBAHUSIMA W BHICOTAMU, HE
ABJIAIOIIAECS paBHOAONOMHIeMbIMU? OKa3bIBAETCs, OTBET IOJIOXKHUTEILHBIA.

Ounpenenenne 11.31. Koopdunammuvim mempaadpom HazoseMm rerpasap ¢ sepumuamu (0,0,0), (1,0,0), (0,1,0)
u (0,0,1), a rakKe KaxK/blil TETPa’p, eMy HOJ0OHBII.

IIpeamoxkenune 11.32. V xoopdunammozo mempasdpa umeemcs Henwy.reeoti unsapuanm Jlena.

HoxkazaresbcTtBo. O603HAYNM 4Yepe3 @ BEMYUHY JBYTPAHHBIX YTJIOB KOOPAMHATHOIO TETPA3/Ipa IpU pebpax rpaHH,
ABJIATOMIEHCH IPABUIIBHBIM TPeyrosbaukoM. Toria, Kak JIerko suierb, cosa = 1/+/3. JIocioBHO HOBTOpss PaccyxK,/ie-
HUST W3 JIOKa3aTebeTBa, JeMMbt [11.17) MoyKHO ToKasarh, uTo mpu mobom Harypaasaom k uveem cos(ka) = ay/(v/3)*,
e aj — IeI0e UHMCIIO0, He NENANEecs Ha 3, OTKyJa TeM Ke CIOcOo0OM 3aKIOouaeM, UTo 9mciao = arccos(l/ V3) —
uppanmorabHo. OTCIOA BRITEKAET, 9TO MHOKECTEO { v, /2, 7T} HE HMeeT 3aBUCHMOCTEH, B KOTOPBIE ( BXOJAT C HEHY-
aebiM Koabbunmentom. Ilosromy, nonoxkus f(a) = 1, f(n/2) = 0 u f(xr) = 0, Mbl nosyuum byuxiuio dena s
KOOPJMHATHOIO TETPasdApa. JIerko BUAETh, YTO COOTBETCTBYIONMIA eii naBapuanT JIeHa OTIUYeH OT HyJIs. O

3amevanue 11.33. Ecin B KadecTBe OCHOBAHUST KOOPANHATHOIO TETPAIIPA B3ATH IPAMOYTOJbHBIN TPEYTOIbHUK, TO
OH OyJeT OTIMYaThCsd OT Terpadapa Xujja ¢ TAKUM K€ OCHOBAHHMEM JIUIIb TE€M, YTO BBICOTA I[IOCJIE/HErO La/IaeT HE B
BEPINUHY TPSMOrO YIiIa OCHOBAHWS, & B BEPIIHHY OCTPOrO. IIpu 3TOM BBICOTHI y TAKUX TETPAIIPOB OYIyT PABHBI.

Caeacrsue 11.34 (pemenue Tperbeit npobsembl Tunnbepra). Tempasdp Xuasa u xoopounammbil mempasop e
ABAANOMCA PAGHOIONONHAEMBLMU.

HoxkaszarenbcrBo. Ilycts f — dbynknusa /lena, mocTpoeHHasT B JOKA3ATEIBCTBE TPEIIOKEHUS Torma ee 3na-
qeHne Ha KOOPAWHATHOM TEeTPadape orTaudHO oT Hyssd. I[Ipomomxum f no byukmum lewa ansg trerpasapa Xwumwura. Ilo
caencreuio [11.21] 3nagyenne [ na terpasape Xusia pasuo uyso. Ilosromy, B cuny cieacrsus [11.29) paccmarpuBaembie
TETPA3/IPbI HE ABJIAIOTCI PABHOIOMOIHAEMbBIMHA. O

11.6 JlanpHeiilllee pa3BUTHE

B 1965 Cuugiep [29] nokaszas, 4ro paBeHCTBO uHBApUAHTOB JleHa JOCTATOYHO JJisi PABHOCOCTABIEHHOCTU MHOIOIDAH-
uukoB B R, Tem caMbIM, nMeeT MECTO CIIELyIONAs TEOPeMa.

Teopema 11.35 ([len—Cumyep). Jlas pasrococmasienrnocmu mHozozpannuros 6 R3 neobrodumo u docmamouno,
4mobv, coenadanu uxr obsemsv, u 6ce unsapuarmms, Jena.

3ameuanne 11.36. Teopemy dena—Cuiepa Ha deTbipexmepHblii cirydait o6o6mumu B. Txeccen (B. Jessen) u A. To-
pyn (A. Thorup), cm. [31].
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YupakHenus K riiase 11

VYupaxxuenne 11.1. [Iycte W — mMHOrOyrosbHUK, pa3pe3aHHbIil AByMs CIOCOOAMY, & UMEHHO, Ha MHOTOYTOJbHUKH
Fy, ..., F,, aTakxke Ha MHOTOYTOMBHUKE (1, . . . , Gy JlOKaKUTE Clieytoliee yTBepK/IeHre: MHOIOYTrOJIbHUK W MOXKHO
paspe3arb Ha MHOroyrojbHuku Wi tax, 4ro kaxuaptit W; sexur B nexkoropom Fj u Gj. B wacruocru, xaxipii F; u
G, pazpe3aercst Ha HEKOTOPhIe 13 MHOTOYTOJIHHUKOB W;.

Yupaxxuenne 11.2. Bosegure u3 ynpaskuenus [11.1] 9To u3 paBHOCOCTaBIEHHOCTH MHOTOYTOILHUKOB A 1 B, a Tak-
K€ MHOTOYTroJbHUKOB B u C, BBITEKAET PABHOCOCTABIEHHOCTh MHOTOYTOIHHUKOB A u (. TlokaxkuTe, 9TO OTHOIIEHIE
PABHOCOCTABJIEHHOCTH Ha, JIOCKUX MHOTOYTOJbHUKAX SBJIAETCA SKBUBAJIEHTHOCTHIO.

VYupaxkaenne 11.3. Jlokaxkure, 9To 060§ MIOCKAIT MHOTOYTONBHIK MOYKHO Pa3pe3aTh Ha BBIMTYKJIble MHOIOYTOIb-
HUKU (& 3aT€M Ha TPEyTrOJbHUKH).

VYupaxxuenne 11.4. Jlokaxkure, 9TO J1I000i TPEYrOJbHUK PABHOCOCTABJIEH C HEKOTOPBIM IaPAJIIEJIOrPAMMOM.

VYupaxxuenne 11.5. JJokaxkure, 9TO 1Ba NAPAJIEIOrPAMMa, ¥ KOTOPHIX COOTBETCTBEHHO OJWHAKOBHI OCHOBAHWS W
IIPOBE/IEHHbIE K HUM BBICOTHI, PABHOCOCTABJIEHBL.

VYupaxxuenne 11.6. U3 ynpakuenus [L1.5] BoiBeiuTe, 910 sif00bIe 1BA MPAMOYTOJIbHUKA PABHBIX ILJIOMIAEH PABHO-
COCTaBJIEHbL.

Yupaxueuue 11.7. Jlokaxkure, 9T0 KOHEIHBIN HAOOP IPAMOYTOJBHUKOB PABHOCOCTABJIEH C JIFOOBIM IPIMOYTOILHHU-
KOM CYMMAapHO# NJIOMIAIN.

Yupaxxkxuenue 11.8. Jlokaxkute Teopemy Boitan—Bamnaca—epsuna.

Yupaxxkueuune 11.9. Brsegure n3 reopembr Boiisn—Bannaca—Tepsuna, 9To mobast TpaMas Mpru3Ma paBHOCOCTABICHA
C MPSIMOYTOJIFHBIM TAPAJIIENIETAIEIOM, 3 TOCIeTHIH PABHOCOCTABJIEH C KyOOM.

Yupaxuenue 11.10. Boisicaure, siBISIOTCSA I pABHOCOCTABJIEHHBIMYA PABHOBEJIUKNE OKTA3IP U UETHIPEXYTOIbHAS
MUpPaAMUIA, OCHOBAHNE KOTOPOW — I'paHb Ky0a, a OCTABIMAsICS BEPIITUHA — IIEHTP TOT0 Kyba?

Onpenenenne 11.37. Ilycte W — muOrorpanamk ¢ MHOXKeCTBOM pebep F, u M — HEKOTOPOE MHOXKECTBO BEIIE-
CTBEHHBIX YHCEJI, CoJepKaIiee AnuHbl Becex pedep u3 E. Ilycts f — npousBonbuas dyukius Hena qoa W,ug: M — R
— mpow3BOJibHAA aauTuBHAA byHKIuA. Torga obobuennvim unsapuarnmom Jena muozozparnnura W, cooTBeTcTBy-
oty uape (f, g), nasosem auciao Y. .. p g(lel) fae), rae |e| u ae — siuna pebpa e u BelUUHA JABYIPAHHOIO yIia
TIpy 3TOM pedpe COOTBETCTBEHHO.

Yupaxxuenne 11.11. Jlokaxkure, 9TO y pAaBHOCOCTABIEHHBIX MHOTOIPAHHUKOB 000DIIEHHBIE WHBAPUAHTHI /leHa pas-
HBI.

Yupaxkueuue 11.12. JlokaxknuTe, He MOJIb3YICh UPPATTUOHATHHOCTHIO KOHKPETHBIX UHUCEJ, YTO CPEIN MPABUIbHBIX
nupamuz, ¢ GUKCUPOBAHHBIM OCHOBaHUEM (OCHOBAHUE — MPABUJIbHBIA MHOIOYTOJIBHUK, 8 BBICOTA MONAJAET B IEHTD
OCHOBaHUsI) UMEIOTCS HEPABHOCOCTABJIEHHBIE C PABHOBEJUKUM KyOOM.
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KommenTapum k ympakueuuto (11.12

IIpusenem psz coobpazkeHnit, KOTOPbIE MOIYT IIOMOYb B pemennn ynpaxuerns [[1.12] Mer nocrponnm dynkmmo Jena
f m angurusayo dysrmuo g Ha Bcem R. AJuTuBHOCTD 9TUX (DYHKIUN, HA CAMOM JeJe, SBISeTCs He YeM WHBIM,
Kak Q-JMHERHOCTHIO, T.€. COXPAHEHUEM KOHEYHBIX PAIMOHAIBHBIX JInHEHbIX KoMOuHanuil. [Tokazxkem 910 Ha mpumepe
dbyuknun f. [Iycts © = 2?21 %xi, rae p; W ¢; — leJble Yncia, npuaem ¢; # 0. IlpuBens Bce uncia p;/q; K obiiemy
3HaAMEHATENI0 U YMHOXKHUB IPABYIO U JIEBYIO YaCTh HA 3TOT 3HAMEHATEb, MOaydInM (Q x = 2?21 Pix;,tne P, m Q —
nenste qucna, Q # 0, P;/Q = p;/q;. Ecim f coxpansier coornomenus, ro Q f(z) — > i, P; f(x;) = 0, orkyza

f@) =% %f(mn =3 Pifay).
=1

i 4

Takum obpazom, agauTuBHOCTE [ Bieder Q-jureitnocts. O6paTtHo, Q-TMHEHHOCTH, B YaCTHOCTH, O3HAYAET U JINHEI-
HOCTB HAI [EJIBIMU YUCJIAMU, T.€. AT TUTUBHOCTD.

Yrobwr 3dpderTuBuo crponth Q-mueiinbie oTOOpaXkKeHne ¢ HYKHBIMHM CBOMCTBaMHU, MbI BBEIEM MOHATHE 0A3mCa
TFamensa. Haunem ¢ psifa MOHATHI, OTHOCSIIUXCA K TPOU3BOIBLHBIM BEKTOPHBIM ITPOCTPAHCTBAM.

IIycts V' — npoussosibHOE JIMHEIHOE ITPOCTPAHCTBO HAJ, HEKOTOPbIM 1osieM. JIuneitnass koMOuHAIMS BEKTOPOB U3
V' nasbiBaerca gurummol, eciu Bce KO3MUUUEHTHL 3TOH KOMOMHALMY, KPOME KOHEYHOIO MX YMCJ/Ia, PABHbI HYJIIO.
Cucrema BeKTOPOB U3 V HA3BIBAEGTCS HE3G6UCUMOT, €CJIU PABEHCTBO HYJIIO JIO0DOH (DUHUTHON JUHEHHON KOMOWHAIINN
BEKTOPOB 3TOI CHCTEMBI PABHOCHIBHO TOMY, 9TO BCE KOI(PUIMEHTHI TAKOW JIMHEHHON KOMOWHAIMU PABHBI HYJIIO.
Cucrema BeKTOPOB U3 V HA3BIBAETCS MOAHOMU, eciiu 060 BeKTOp u3 V' BbIpaXKaercs B BUJE HEKOTOPOH (DUHUTHOM
JMHeHOM KOMOMHAIMKM BEKTOPOB 3TOi cucrembl. Basucom [ameas npocmpancmea V HA3bIBaeTCS MOJHAS JIMHEHHO
HE3aBUCUMAas CUCTEMA BEKTOPOB u3 V.

OxasbiBaercs, basuc amesnst Bcerma cymecryer. JIjis moka3arenbCTBa 3TOr0 (DAKTA, 8 TAKKe JJIs U3YIEHUs pas3-
JINYHBIX, HY?KHBIX B JaJIbHEAIIIEM, CBOHCTB TakuxX 0a3WMCOB, HAM MOHAI00UTCS OTHO (hYHIAMEHTATIHHOE YTBEPKICHIE
73 TEOPWH MHOXKECTB, Ha3biBaemoe jgemmoii [lopua. YTobs! ero chopMymmpoBaTh, HATOMHUM HEKOTOPBIE OIIPE/IEICHUS .

IMycrs X — npoussosbroe muOKecTBO. OTHOmMeHne “<” Ha X HA3BIBAETCA YACMUYHBLM NOPAIKOM, €CITH OHO
peduiekcuBHO (11pu KaxKaoM & € X BbIIOJIHHAETCH T =< ), TPAH3UTUBHO (€CJU T X Yy U Yy < 2, T0 T = 2) U AHTUCUMMET-
puuno (ecmu < yuy < x, T0 x = y). Ilpu 3ToM, eciu x < y, TO OyIeM FOBOPHUTh, U4TO T noduuhsemcs y. Ilpumepom
YaCTUIHOTO TTOPSIIKA, OMPEIEIEHHOTO HA MHOXKECTBEe X BCEX MOAMHOYKECTB HEKOTOPOTO MHOYKECTBA, MOXKET CJIYKUTh
MPUHAJIEXKHOCTH OJHOIO TOAMHOXKECTBA, [IPYTOMY.

[Mapsr amemenToB u3 X, jisi KOTOPBIX OMPEIETEHO OTHOIIEHWE, HA3BIBAIOTCSA CPAGHUMbLMU, A BCE OCTATbHBIE —
HECPaBHUMBLMU. TaCTUYIHBI MOPSIOK, JJI KOTOPOrO BCE MAaphl CPABHUMBI, HA3BIBACTCS AUHEUHbIM Nopadrom. Tlpu-
MEPOM JIMHEITHOI'O MOPSIKA MOXKET CJIYKUTh CTAHJIAPTHOE OTHOIIEHKE < HA BEINECTBEHHBIX YUCIaX. Keiam MHOXKECTBO
X cocrour OoJsiee WeM W3 OHOTO JJIEMEHTA, TO MPUBEIEHHBIN BBINE MPUMED OTHOIIEHUS HA MHOXKECTBE BCEX €ro
MIOJIMHOYKECTB JIMHEHHBIM He sBjisiercs (yoeauTecs).

IMonMHOXKECTBO Z YACTUYIHO YIOPSIIOYEHHOTO MHOXKECTBA X HA3BIBACTCS 4ensto 6 X, eClu WHJLYIIUPOBAHHBIA HA
HEM YACTUYHBIN MOPSIOK JTUHEEH. DJIEMEHT 1M 9aCTHIHO YIIOPII0YEHHOTO MHOXKECTBA X HA3BIBACTCA 6ePTHEN 2PaHbI0
MHOX)KeCTBa Z C X, ecyin jijisi BCeX 2 € Z BBIMOIHACTCHA 2 < M. DJEMEHT 1M 9aCTHIHO YIOPIJOYEHHOIO MHOXKECTBa X
HA3BIBAETCA MAKCUMAALHBLM, €CTA B X He CyIIECTBYET OOJBIIEro 9eM 1M 3JIEMEHTa, T.e. TAKOro m’ # m, 4ro m < m'.
Boobrrie roBopst, MaKCUMAJIbHBIX JJIEMEHTOB MOXKET OBITh HECKOJHKO. KpoMe TOr0o, MaKCUMAJIbHBIX 9JIEMEHTOB MOXKET
BOOOIIIE He ObITh ([IPUBEAUTE MPUMEDDI, UJLTIOCTPUPYIOIIHE BCE OMUCAHHBIE TOJBKO YTO OIPEIEICHNs W YTBEPIKICHHUS ).

Jlemma 11.38 (Llopu). Ecau 6 wacmuwno ynopadouennom mmuoscecmee X wancdas Uend uMeem 6epITHiot 2panb,
mo Kascouli anemenm u3 X nodwurer HEKOMOPOMY MAKCUMAALLHOMY.

ITokazkem, Kak OTCIOHa BBITEKaeT cyrecrBoBanue 6asuca 'amens. Ilycts V' — npon3BosibHOE BEKTOPHOE TPOCTPAH-
crBo. B kauecTtBe X paccMOTpUM BCEBO3MOXKHBIE HE 3aBUCHMBIE CEMEHCTBA S BEKTOPOB n3 V| a B KAYECTBE YACTUIHOTO
TMOPsAIKA — OTHOIIeHne mpuHaexkaocTu. Ilycrs C' — npousBonbHas 1mens B X . Paccmorpum oobeaunenne UC Bcex
3;1eMeHTOB 3T0# nenu. [lokaxkem, uro UC gBjIsieTCsS HE3ABUCUMON CHCTEMON BEKTOPOB u3 V.

JleiicTBUTENIHHO, PACCMOTPUM TPOU3BOIBHY 0 (DUHUTHYIO TMHEHHY 0 KOMOUHAINIO BeKTOpoB u3 UC, U myCTh €1, . . . , €y,
— BCE BEKTOPDI, IPU KOTOPHIX KOIDDUIIUEHTDI TONH KOMOMHAIIME OTJIMIHBI OT HyJ/Ist. KaxK 1blil e; TPUHATIEXKUT HEKOTO-
pomy S; € C. Tak kak C' — 1nenp, TO Bce .S; CPABHUMBI MEZK/Ty COOOM, IIOITOMY UX MOKHO yIOPAZO4IATH S;, = -+ =X .5; |
TaK 4TO BCe €; IPUHAJIEKAT S; U, 3HAYUT, BXOAAT B HE3ABUCUMYIO CHCTEMY, HO3TOMY U CaMé 0OPa3yIOT HE3aBUCUMYIO
cucremy. Takum oOpa3om, paccMarpruBaeMast pUHATHAS JIMHEHHAS KOMOWHAIMS PABHA HYJIIO, €CJIN U TOJIHKO €CJIH BCE
ee kO3ddunmenTsr paBHbl HYT0, Tak 910 UC — He3aBucmmas cucrema. JcHo Takxke, 9o 060 smement menu C
noguaunsiercs UC, tak aro UC — BepxHsas rpanb mis C.
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W3 nmpoBeaeHHBIX PACCYKICHUI BBITEKAET, 9TO MpUMEHnMa, jjemMma llopHa, mosToMy Kaxkaprii saemenT u3 X TOj-
YMHEH MaKCUMAaJIbHOMY. UTO IpeAcTaB/IsaioT coO00i MaKCUMAJIbHbIE 3JIeMEeHThI B X 7 DTO TaKue He3aBUCHMbIE CHCTEMbI
BeKTOpPOB u3 W, KOTOpbIe HEJIb3d PACIIUPUTD 10 OOJIBIINX, T.e. 10DaBJIEHNEe JII000r0 BEKTOPA MPUBOIUT K 3aBUCUMOIA
cucreme. OTCI0a MIHOBEHHO BBITEKAET, YTO KAXK bl J00ABIEHHbIH BEKTOP K MakcuMaibHOMY S € X BbIpaXKaercs B
BuAe (DUHUTHON JTUHEHHOW KOMOWHAIINY BEKTOPOB U3 S, TOITOMY S SBJISIETCS TOJIHON CHCTEMON U, 3HAYUT, 6A3UCOM
lamensa. Utak, memma llopra TPpUBOIUT HAC K CAEAYIOMIEMY PE3YIbLTATY.

Caencrue 11.39. B a1060M 6€KMOPHOM NPOCMPAHCNGE A100GA HEZABUCUMGAA CUCTNEMA BEKTNOPOS COOEPIAHCUMCA 6
nexomopom basuce Iamens.



Jlekmms 12

JIBymepHbIe ITOBEPXHOCTU

ITnan. ®axTopTonosorusi, CKJIEHKN, CUMILIEKChI, CKJIEHKa CUMIIJIEKCOB 10 pebpaM, TPUAHTYJIMPOBAHHOE HPOCTPAHCTBO, TOMOJOTUUYECKUN CUMIIJIEKC
(I/IJ‘II/I, Kopoue, CI/IMHJ‘IEKC), BEPIINHBI, pebpa U mapaMeTpU3aIiys TOIOJOTHYECKOr0 CUMIIIEKCA, TPUAHTYIANNS IPOCTPAHCTBA, BEPIINHBI, pebpa, rpad
TPHAHTYJISIIUY, T0Apa30ueHne TPUAHTYISINN, IPABUIbHAA CKJEHKa, IPpaBUJIbHASA TPUAHTYISANNA, TPHAHIYJIHPOBAHHAA [1I0BEPXHOCTDH (I/IJII/I, Kopoue,
HOBerHOCTb), CME2KHbIE CHUMILIEKCbI [I0BEPXHOCTH, DAHUYHbIE U BHyTPEHHUE Pebpa IOBEPXHOCTHU, I'PDAHULIA MM KPAH IIOBEPXHOCTH, KOMIIOHEHTBI
rpaHuLbl FOMEOMOP(MHBI OKPYZKHOCTH, 3AMKHY ThI€ I0BEPXHOCTH, OpUeHTauus pebpa, OPUEHTAIUA IBYMEPHOI0 CUMILIEKCA, CONIACOBAHHOCTD OPUEH-
Tauuit pebep, OPUEHTALMS TPEXMEPHOr0 CUMILJIEKCA, COTJIACOBAHHOCTh OPUEHTANNH AByMEPHBIX PPAHUYHBLIX CUMIIJIEKCOB, OPUEHTAIINS [TI0BEPXHOCTH,
OpHEeHTHPYEMble I HEOPHEHTHPYeMble IIOBEPXHOCTH, CKJelka pebep, CKJelKu U3 KBagpaTa, CKJelKa [IOBEPXHOCTEH, YaACTHBIH Cciaydail Takoil cKiei-
KU II0 COOTBETCTBYIOIINM OPHEHTHPDOBAHHBIM I'DAHUYHBIM OKPY>KHOCTSIM, BbIpe3aHUe IbIPDKH, BbIpe3aHue ObIPKU M3 CHUMILIEKCA, 3aKJielka IbIPKH,
pa3pe3aHue MMOBEPXHOCTU 110 BHyTpPeHHuM pebpam, pasdpe3aHue BIOJb KPUBOH, HOJIOCKA BJOJb KPUBOH, BbIPE3AHHE IIOJIOCKH, BKJIEHKA B IIOBEPX-
HOCTb PpydKHu u myeHku MéEGuyca, anbTepHATHBHOE NPEACTABJEHHE BKJeHku mienku Mébuyca, knaccudrkanus OPUEHTUPOBAHHBIX TOBEPXHOCTEH,
KJaccudUKaNNs HEOPUEHTUPOBAHHBIX MMOBEPXHOCTEH, diilepoBa XapaKTEPUCTUKA ITOBEPXHOCTEH.

B npeaburylmx JIeKIuaX Mbl H3Y49ajd JIByMepHble MHOIOIDAHHBIE IOBepXHOCTH B R, a Tak:ke MHOrOMepHbIE
BBIIIYKJIbIE TEJIa ¥ MHOIOIPAHHUKU. HAamOMHMM, 94TO MHOIOIPDAHHbBIE OBEPXHOCTU MbI CKJIEHMBAJU U3 [POCTPAHCTBEH-
HBIX MHOTOYTOJIbHUKOB — T'DaHEN MOBEPXHOCTEH, HAKJIAABIBAST TPU STOM MHOTOYHCJIEHHBIE OTPDAHWYEHUST HA, YCJIOBUS
ckjeiiku. B MHOrOMepHOM CJIydae TPAHUIIBI BHIMYKJIBIX MHOTOIPDAHHUKOB TIPEICTABISIN COOOM CKIIEHKY TUIEePTPAHE.
B macrosimeii eknum MbI Tak2Ke OyJeM pacCMaTpUBATH CKJEHKHU ‘rpaHeil”’, HO Ha Ceil pa3 MbI HE CTAHEM IPO/IEJIbI-
BATh 9TU OMEPAIUU B OOBEMIIIONIEM EBKJIHIOBOM MPOCTPAHCTBE. BMECTO 3TOro MbI OyJeM KJIEUTh TOMOJOIHYECKH,
HCIONB3Yys MOHATHE (PAKTOPU3AINN, BBEIEHHOE B Pa3/ieiie n, PpakTuIecKn, 0000IAs MOHITHE TOMOJIOTHIECKOTO
rpada. IIpm 3TOM, MBI OrpaHUYNUMCS JIBYMEDHBIM CJIY9aeM W OMPEAETINM TOBEPXHOCTHU M0 aHAJOTHH C JIBYMEDPHBIMHU
MHOTOTDAHHBIMU ITOBEPXHOCTSAMM, T.€. HAJIOKUM Pl OrPAHNYEHNIl, aHAJOTUYHBIX IIPUBEJEHHBIM B onpesesenun [9.4]
OpnHako Temeph MbI

e B KadecTBe TpaHeil OyaeM paccMaTpUBaTh JIWIITb TPEYTOJHHUKHU, TAK KAaK KAXK/IbI MHOTOYTOJLHUK MOYKHO TTOJI-
pa3buTh HA TPEYTOJIbHUKH;

e He OyaeM TpeGoBaTh CyIIECTBOBAHUE LU, COSAMHSIONIEH KAXK Y0 napy rpaHeil (IyHKT
a BMeCTO 3TOro OyIeM rOBOPHUTH PO TOIOJOTHIECKU CBA3HBIE U HECBA3HbIE TIOBEPXHOCTH;

e ne Gyzem Tpe6oBaTh, YTOOBI CMEXKHBIE IPAHU HE JIEZKAIU B OAHOM 110ckocT (myHKT 5| n3 onpenenenus [9.4), tax
KaK IIPU TOIIOJIOTUYECKON CKJIeliKe 100DHOe yCIOBrUE HE UMEET CMBbICIIA.

ITosrygennbie TakuM 06pa3oM OOBLEKTHI MBI Oy/1eM HA3BbIBATD IBYMEPHBIMU TPUAHTYTUPOBAHHBIMU TOBEPXHOCTIMA. MbI
obcymuM KitacCu(UKAINIO STUX TTOBEPXHOCTEN C TOYHOCTHIO 10 ToMeoMopduzma. OrMerum, aTo B Kypce muddepen-
[UAJBLHOM MeOMETPHUH W TOMOJOTUH OYJEeT BBEIEHO TOHSATHE MHOTOOOPA3Ws, YaCTHBIM CJIYYaeM KOTOPOTO SIBJISIOTCS
W3yd4aeMble HAMU TTOBEPXHOCTH.

12.1 TpuaHryITMpOBaHHBIE TOBEPXHOCTH

B paznene MBI ONPEIEIUIN ONepanuio (PAKTOPU3ANNKA HA, TOMOJOTHIECKOM TPOCTPAHCTBEe X, KOTOpas Ijsd 3a-
JanHoi Ha X 9KBUBAJIEHTHOCTU ~ BBOJUT €CTECTBEHHYIO TOMOJIOIMIO HA MHOXKECTBE X/~ KJIACCOB HKBUBAJIEHTHOCTU
~: KaK MbI OTM€YaJii, 3TO — CaMas TOHKas TOIOJIOIHs, JiJid KOTOPOil orobpazkenue mpoekimu 7: X — X/~ como-
CTaBIAIONIEEe KAXKI0H TOUKE COMEPKAIIUi ee KIacC IKBUBAJEHTHOCTH, HEIPEPBIBHO. HamoOMHMM, 9TO MpHW OMHUCAHWHI
9KBUBAJEHTHOCTU YaCTO TOBOPAT JIUIIb IIPO HEOJHOTOYEYHbIE KJIACCHI, IIPA 3TOM OTOXK/IECTBJIEHHUE, 33/ IJAHHOE SKBUBA-
JIEHTHOCTBIO, HA3bIBAIOT CKJIEUKON.
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B Tom ke pa3mese Mbl ONpEneIuIn TOMOJOrHYecKre rpadbl Kak pe3yabraT (haKTOPU3ANUN IU3bIOHKTHOTO 00b-
€JIMHEeHUsT KOHEYHOrO YHCJIa OTPE3KOB MO 9KBUBAJIEHTHOCTH, CKJIEHBAOIIEH HEKOTOPbIE KOHIBI OTpe3koB. Ha ceit pas,
BMECTO OTPE3KOB Mbl PACCMOTPUM KOHeuHoe MHOxkecTBO D = {Aq,..., A, } 1ByMEPHBIX CUMILIEKCOB, & CKJIEUBATH Oy-
JIEM HEKOTOPBIE TTapbl pe0ep ITUX CUMILJIEKCOB TTOCPEICTBOM TOMEOMOPGMU3IMOB Mexk 1y pedpamu. Tounee, paccMOTpum
HEKOTOpBII HAOOp map pa3/MYHBIX pedep {(el, €y (Em, e;n)} CUMILJIEKCOB A;, I KayKJI0i mapbl — HEKOTOPLIiA
romeomMopdusM @;: e; — €, u onpenenum Ha D = P ;A; OTHOIIEHNE SKBHBAJEHTHOCTH, OTHECS B OJMH KJACC
KaxkIy[o mapy To4dek = € e; u @;(z) € e; npu Beex i. [lonoxxum M = D/~, u nycre m: D — M — KaHOHWYECKas
MPOEKIUs. DKBUBAJIEHTHOCTD ~ HA30BEM CKAEUKOU CUMTAEKCO8 NO ul pebpam, a M — mpuanaysuposaHHbLM
NPOCTNPAHCINGOM.

Tak kak 7 HempepbiBHO, A; — KoMmnakT, 1o T; = 7(4;) — KOMNaKkTHOE TOAMHOXKeCTBO M, KOTOpoe MbI OymeMm
Ha3bIBATH 1MONOA02UYECKUM CUMNAEKCOM UIIH, KOPOUe, cumnaekcom 8 M. OOpa3bl CTOPOH U BEPIUH CHMILIEKCA
A; npu orobpaykeHun T HA30BEM COOTBETCTBEHHO 8€PUIUHAMU U Pebpamu cumiiekca T;, a orpaHudeHne MpOeKIini
m Ha A; u T; — napamempusavyueli cumnaexca T;.

Urak, rpuanryauposannoe npocrpancrso M nokpsisaercs cemeiicrsom 7 = {7} ; TOHOJOrMIECKUX CHMILIEK-
COB. ITO cemeiicTBO Ha3zoBeM Mmpuarayasuueti M. Touku u3 M, SBAAOIMEcs BEpITMHAMHU CUMILIEKCOB 1 € T,
Ha3BIBAIOTCS BEPULUHAMU TNPUGH2YASUUU T , & TOOIMHOXKECTBa B M, pecTaBisoniue copoii pedpa CHUMILIEKCOB
T € T, — pebpamu mpuareyasuuu 7. Obbenunenue Bcex pedep 7 HazoBeMm epagdom mpuanayasuyuu 7T .

3aMeruM, 9T0 OHO U TO YK€ TPUAHTYTUPOBAHHOE MIPOCTPAHCTBO M MOKHO 33J]aTh C MOMOIIBIO PA3HBIX TPUAHTY.Is-
nuit. Crazxkem, cuMiieke A;, napaMerpusyomuil TOmOJOr9ecKuil CuMILIeKC T, MOXKHO pa3buTh HA 6 TPEyTrOIbHUKOB,
COEJIMHUB [IEHTD CUMILIEKCA A; ¢ €ro BepIIMHAMU U cepejuaamMu cropod. HenocpeacrBeHHo npoBepsiercst, 910 hakTop-
TOIMOJIOTUS HA €CTECTBEHHO CKJICEHHBIX 6-TH CHUMILIEKCAX cOBmamgaer ¢ Tomojorueii Ha A;. Takum obpa3om, 3aMeHuB
A; Ha 3TH 6 CUMILIEKCOB, B PE3Y/IbTATE MOJYyIUM IPOCTPAHCTBO, roMeomopdHoe ucxonuomy. Iodpazbueruem mpu-
ana2yaayuy T HA30BEM TPUAHTYISINIO, KAXKIBI CUMILIEKC KOTOPOH JIEKUT B HEKOTOPOM CHUMILIEKCe u3 7 .

3ameuanne 12.1. Tak Kak KOHEYHOE 0ObEIUHEHIE KOMITAKTHBIX MOIMHOXKECTBO KOMIIAKTHO, KAXK0€ TPUAHTYIAPO-
BaHHOE IIPOCTPAHCTBO ABJIAETCA KOMIIAKTOM.

Bajgaua 12.2. IlokaxkuTe, 9TO TPHAHTYIHPOBAHHOE TpocTpaHcTBO M xaycmopdoBo.

3amevanue 12.3. Kaxkaprii CHMIIIEKC B TPHAHTYJIMPOBAHHOM IPOCTpaHcTBe M sBISeTCS 3aMKHYTBIM IIOIMHOMKE-
CTBOM KaK KOMITAKT, JIEXKAIIUN B XayCa0pdOBOM MIPOCTPAHCTBE.

Cruteiiky ~ Ha30BeM NPaBuAbHOU, €CIIU OrPAHMYEHUE TPOEKIUU T HA KaxK bl cumiieke A; uabekrusHO. CootT-
BETCTBYIOIEE TPHAHTYINPOBAHHOE TTPOCTPAHCTBO M OyIeM TakyKe Ha3bIBATh NPABUABHO MPUGH2YAUPOBEHHBIM.

IIyctb ~ — nmpaBuibHas cKieiika. Tak Kak 7 HEMpepbIBHO, A; — KOMIIAKT, & MpOCTPancTBO M xaycmopdoBo B cury
3a,ZLaLII/I 7| A, — Tomonornveckoe BioxkeHwne. TakuM 00pa30M, KasK Iblil CHMILIEKC TPABUIBHO TPHAHTYIMPOBAHHOTO
MPOCTPAHCTBA TOMEeOMOpP(dEH CTAHAAPTHOMY [IBYMEPHOMY CHMILIEKCY.

Omnpegaenenne 12.4. IIpaBuibHO TPHAHTYTUPOBAHHOE IPOCTPAHCTBO M, /I7ist KOTOPOTO | — €ro TpUaHTy I, Ha-
30BEM MPUAH2YAUPOBAHHOU NOBEPTHOCTNDHIO WIH, [IJIsi KPATKOCTH, IIPOCTO NOBEPLTHOCIIHIO, €CIU BHITOTHAIOTCS
CIIeIyIoIIne yCJIOBHS:

(1) s xaxko# naper pazmuaabx cuMiuiekcos 1, T € T ux nepecevenne T NT' wiawm mycTo, WM COCTOUT U3 OJHOM,
obmmeit 111 HUX BEPITWHBI, WU W3 OJHOTO, ofmero mas mmx pebpa; ecm e := T N'T — pebpo, o T u T’
Ha3bIBAIOTCS CMEHCHBILMU NO pebpy ¢;

(2) mna xaxmgoro T € T u moboro ero pebpa e cymecrsyer He Gosee omguoro 77 € T, cmexuoro ¢ T 1o pedpy ¢;

(3) eciu cummekcwr T, 7" € T B nepecedenun T N T’ comep:KaT HEKOTOPYIO BEPIIMHY ¥ TPUAHTYJIATMU T, TO
cymecrsyer nenodka 1;, = T,T;,,...,T;, = T’ Takas, 9T0 CHMIIIIEKCHI T;,_, m T;, CMEXKHBI IPA BCEX P, U BCE

ik 1
T;, CONEPKAT BEPIUHY V.

ITo onpeenenno MOBEPXHOCTH, KaxK,10€ peOPO MPOU3BOIBHOMN €€ TPUAHTYAANNY | WA COAEPIKUTCS B OJTHOM TOMO-
JloruygeckoM cumiuierce 1' € T, uiau poBHO B AByX. B nepBoM citydae peOpo HA3BIBACTCS 2PAHUNHBLM WA KPAEGHLM,
a BO BTOPOM CiIy4dae — 8HYmMpeHHuUM. Bepiinna TpuaHryiaiuu Ha3blBaeTCA 2PaHUYHOU, eC/Ii OHA ABJIAETCH KOHIIOM
TPAHWYHOrO pebpa. Haue BepiinHa TPUAHTYIANNYA HA3BIBAETCA 8HYMpeHHeti. CUMILIEKC TPUAHTYIAINY | HA30BEM
B8HYMPEHHUM, €CTU BCE €r0 BEPITNHBI — BHyTpeHHUEe. OTMETHM, 9TO ¥ BHYTPEHHETO CUMILIEKCA BCe pedbpa — BHYT-
pennue. O6GpaTHOE HEBEPHO: CUMILIEKC, Y KOTOPOro Bce pefpa BHYTPEHHHUE, MOXKET He ObITb BHYTPEHHUM ([IPUBEIUTE
npumep). O6beuHeHne BCeX MPAHUYHBIX pebep TPUAHIYJsluu 7 He 3aBUCHT OT BbIOODA TPUAHIYJISLUU U IIOTOMY
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Ha3bIBaeTCA 2paHuyeli uim kpaem noseprrocmu M wu obozuadaercs OM. [loBepXHOCTb, y KOTOPOH Kpaii MyCT,
HA3bIBAETCA 3AMKHYMOTU

Bagaua 12.5. JJokaxkuTe, 9TO KaxK/as CBA3HAA KOMIIOHEHTA Kpas IIOBEPXHOCTH rOMeOMOP(HA OKPYIKHOCTH (TeM
caMbIM, Kpaii romeoMopdeH 00beMHEHUIO HECKOIBKUX OKPYYKHOCTEIR).

12.2 OpwuenTaliug DOBEPXHOCTEM

OrMeruM, 9TO TPAHUILY JBYMEPHOIO CHUMILIEKCA MOXKHO PACCMATPUBATH KakK OObeIWHEHHE TpeX pebep, mepecekaro-
MUXCsE TOJIBKO 1O cBOUM BepuinHaM. IIpu 3roM Kaxkjas mapa pebep mepecekaercsi POBHO IO OJHOM BepHIMHE. DTO
JIeJIaeT TPAHUILY CUMILIEKCA TTOXOKel HA TPUAHTYINPOBAHHYO TIOBEPXHOCTh. VICITOMb3yst 3Ty aHAJIOTHIO, BBEIEM TIOHSI-
THE OPWEHTAIINU TIOBEPXHOCTH.

IIycts e — pebpo cumILIeKCa, COeIMHAIONIEE BepImUHbl v U w. Karkgas HyMmepalus 3TUX BEPINWH, T.e. OMeKIns
mexxay {v,w} u {1,2}, nasbiBaerca opuenmayueti pebpa. Takum o6pazom, Kaxk0e pedPO MOKET ObITh OPUEHTHU-
poBaHo aByMs ciocobamu. st HATISAHOCTH, BRIOpAHHAS HyMepalusa BePIIHH pedpa 4acTo n300parkaeTcs CTPEJIKOiA,
HAIIPABJICHHON OT 1EePBOIl BepUIMHBL KO BTOPOIi.

Ompenennm Tenepb OPUEHMAUUIO I8YMEPHO20 CUMTAEKCA KAK OPUEHTAIINN BCEX TPAHWYHBIX pebep, MpUITu-
CBIBAIOIIME TIPOTUBOIOJIOYKHBIE HOMEPA UX OOIIUM BEPITMHAM: Hada/IbHAs (KOHEYHAs) BEPIIUHA OJHOr0 pedpa JOJKHA
COBMEIIATHCS C KOHEYHOH (HadasbHON) BepinuHoii apyroro. Takoe coueranue opueHTalUii CMEXKHBIX pebep Ha3zoBeM
€024aC08aAHHBIM. 3aMETHM, 9YTO OPUEHTAIUs JIO00r0 MPAHUIHOrO pedpa JBYMEPHOrO CHMILIEKCA OJHO3HAYHO MPO-
J0JIZKAETCH /10 OPUEHTAIINY BCEIO CHUMILJIEKCA, I0O9TOMY Y CUMILJIEKCA CYIIECTBYEeT POBHO JIBE ODHEHTAIUU.

3ameuanne 12.6. [Ins HArIAIHOCTH HW300payKeHWsi OJHON W3 JBYX OPHEHTAIUIN JABYMEDHOIO CHUMILIEKCA, BHYTPH
CHMILTIEKCA PUCYIOT 3aKPYYEHHYIO CTPENKY W BOCIPHHHMAIOT €€ KaK yKa3aHWe Ha “HalpaBjeHune 00X0ma” TPAHUIILI
CUMIIJIEKCA.

OnucanHyo BbIe KOHCTPYKIIUIO MOXKHO PACIPOCTPAHUTD HA CUMILIEKCHI BeeX pa3meprocreii. Hanpumep, y Tpex-
MEPHOI'0 CUMILJIEKCA HY?KHO TAK OPUEHTHPOBATH BCE €r0 JIByMEPHbBIE I'PAHU, 9T00bI Pedpa, 110 KOTOPHIM I'DAHU IIepece-
KaIOTCs, UMEJIN TTPOTUBOTIONIOXKHBIE OPUEHTAITNH.

3amaua 12.7. Jlokaxkure, 9TO y TPEXMEPHOI'O CUMILIEKCA CYyIIECTBYeT OPHEHTAIUs, U TAKUX OPUEHTAIMil POBHO JBE.

Tenepn BocIOIb3yeMCsl Ujieeli OPUEHTAIMU TPEXMEPHOIO CUMILIEKCA (TOYHEe, ero IPAHUIIbI) U OIPEAEIUM OPUEH-
MAYUUIO NPOU3BOAbHOT NOBEPITHOCTU. A UMEHHO, OPUEHTHPYEM BCE TOMOJOIMYECKHe CUMILIEKCHI 15, 13 KOTOPBIX
COCTaBJIEHA TAKas [TOBEPXHOCTb, TAK, YTOObI OpueHTanuu pedep y CMEeKHBbIX CHMILIEKCOB BCeraa Obuim Obl IPOTUBO-
TMOJIOXKHBIMU. Kak ¥ B ClIydae CMEKHBIX pebep, OMMCAHHOE TOJBKO UTO COYETAHNE OPUEHTAINI CMEKHBIX CHUMILIEKCOB
TPUAHTYJIAIINN HA30BEM CO2/4ACO8AHHBIM.

SamernM, 9TO 3aJaTh OPUEHTAINIO MOBEPXHOCTH yAaercs He Bcerma. Hampuwmep, na pucynke [12.1) moka3zana mo-
MIBITKA OPUEHTUPOBATH TPUaHTyaAnuio jgucta Mébuyca, cocTosIy0 U3 MecTu TPeyroIbHUKOB.

Puc. 12.1: IloneiTka opuenTrpoBaTh Juct Mébuyca.

BayTpu KaxK0ro CUMILIEKCa MbI H300pa3WId 3aKPYYEHHYIO CTPEIIKY, a HA TPAHUYHBIX pebdpaxX — WX HAIIPABJIEHUS,
COOTBETCTBYIOIIHE “00X0/y” TI'PAHUIBI CHMILTEKCA B COOTBETCTBHH CO CTPesKOi. B pesymbrare Mbl momydumim “mpo-
TuBopeune’ Ha KpaiiHeM JIeBOM pebpe TPUAHTYJIANUA: Ha HeM “Hampasienus o0xoma” (KpacHas W 4epHas CTPEJIKH)
COBIIAJIH.

IB Gosee obmeM cirydae MHOrOOOpasHil 3aMKHYMOCMb O3HAYAET HE TOJLKO OTCYTCTBHE I'PAHUIBI, HO B KOMIAKTHOCTh. M XOTS mpH
onpenesIeHnu 3aMKHYTOCTH TpI/IaHI‘yJH/IpOBaHHOfl IIOBEPXHOCTU MBI TpeﬁOBaJ’[I/I JIUIIb OTCYTCTBHUE Kpad, KOMIAKTHOCTb B HallleM CJy4dae
BBIMOJIHSAETCS ABTOMATHYECKH B CHIIY 3aMEYaHUSI T.e. TAHHOE HAMH OINPEJIEJEHNE BIOJHE COTIACYETCS C ODITIIM.
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Onpenenenne 12.8. [loBepXHOCTH HA3BIBACTCS OPUEHMUPOBAHHOT, €CIN 33aHA €€ OPUEHTAINS, T.€. TAaKNE OPH-
€HTauN BCEX €€ CUMILJIEKCOB, 9YTO Yy CME2KHBIX CUMILJIEKCOB OPHUEHTAIIUH COTJIaCOBAHBI. HOBerHOCTb Ha3bIBACTCA OpU-
enmupyemodi, ecau Ha Hell MOXKHO 337aThb opueHTaruio. lHatde mOBEPXHOCTh HA3BIBAETCS HEOPUEHMUPYEMOU.

3aMeTnM, UTO OPUEHTAIUS JII0OOTO TOTOJIOIHYECKOr0 CHMILIEKCA OJHO3HAYHO MPOOJIKAETCS Ha CMEXKHbIE CHM-
TUIEKCHI 70 COTJIACOBAHHBIX OpuWeHTarumii. [103ToMy ecim CBS3HYI0 MOBEPXHOCTH MOXKHO OPHEHTHPOBATH, TO OPUEH-
TaIKA MOMYIAeTCA “ABTOMATHIECKH : OPHEHTHPYETCsT TPOM3BOIBLHBIM O0OPA30M JTIO00#H TOIOJIOIHYEeCKON CHUMILIEKC, a
3aTeM OPHEHTAIWsl OJHO3HAYHO PACHPOCTPAHIETCS HA CMEXKHbBIE, €Ile He OPUEHTUPOBAHHDBIE CHUMILIEKCHI. V3 TOIbKO
4TO CKA3AHHOI'O BBITEKAET, YTO €CJIU P — KOJMYECTBO CBA3HBIX KOMIIOHEHT OBEPXHOCTH, IPUYEM BCE €€ KOMIIOHEHTbI
OPHUEHTUPYEMBI, TO UMEETCsI POBHO 2P Da3IMYIHBIX OPUEHTAIH.

Bagaua 12.9. /lokaxkure, 9TO
(1) AByMepHDIH CHMILIEKC, TPUAHTYIMPOBAHHDIH TPOU3BOIBLHBIM 00PA30M, OPUEHTHPYEM;

(2) opueHTHPYEMOCTH TOBEPXHOCTU HE 3aBUCUT OT BBHIOODA TPUAHTYJIALNUM: JBE TPUAHTYJIAIMU OJHON W TOW Ke
TTIOBEPXHOCTH UJIA OJHOBPEMEHHO OPUEHTHUPYEMbI, UJIU HET.

12.3 Ckuaeiika pebep

ITycte M = D/~ — mosepxuocts u T = {T;} — ee Tpuanrynsuns. BeibepeM BO MHOXKeCTBE T'DAHWYIHBIX De-
0ep TPUAHTYJIANUK 7 HEKOTOPOE YeTHOE YHCI0 pebep U pa300beM BhIOpaHHbIE Pedpa Ha HEMEPEeCeKAOIHecs Mapbl
(e1,€1),..., (ex, €},) TaK, 9TOOBI pebpa, BXOMMAMIME B Hapy, He MPUHAIIEKATIA OTHOMY H TOMY K€ TOIOJOTHIECKOMY

cumiiekcy rpuanryanun 7. g kazk/10ii BeIOpaHHO napbl PACCMOTPUM KAKOH-HUOY b roMeomopdusm ¢; : e; — €.
IIycrb ~' — 9KBUBAJIEHTHOCTD, PACIIMPAIOIAs ~ CKJIEHKON KazK /10 napel To4ek & € e; u ¢;(x) € e}, rorna M’ = D [~/
— TPHWAHTYJIMPOBAHHOE MPOCTPaHCTBO. Ecam M’ yIoBIETBOPSIOT YCIOBHAM W3 ONPEIEICHUST To M’ — mosepx-
HOCTB, PO KOTOPYIO Oy/IeM TOBOPHUTH, 9TO OHA MOJIyY€HA CK.AEUKOU BHIOPAHHBIX Tap pedep.

3ameuanne 12.10. 3amerum, 4TO MPU U3MEHEHUH TOMEOMOP(MU3MOB ; ¢ COXpAHEHHEM TOrO, KaKO# KOoHer pebpa e; B
KaKoil KoHer, pebpa e; nepexoauT, noLy 4aloTCs NOBEPXHOCTH, roMeoMopduble ucxoauoil. Eciu ke orkaszarscs oT 310ro
YCJIOBHS, TO B Pe3yJibTaTe rOMEOMOP(MHOCTh MOXKET UCUYE3HYTh. Takum 00pa3oM, 9ToOBI JOOUTHCS OMPEIEIEHHOCTH,
BHIOpAHHBIE PEOpA €; ¥ €, NPEeIBAPUTEIFHO OPUEHTHPYIOT, YTO HA WILIIOCTPAIMAX H300parkaeTcsi COOTBETCTBYIOIIMMH
CTPeIoYKaMu, & OT TOMEOMOP(MU3MOB TPEOYIOT COXPAHEHHE BHIOPAHHBIX OPHEHTAITHIA.

Mpbr He OyeM pa3BUBATDH OOIIYIO TEOPHUIO CKJIEEK pedep MOBEPXHOCTH, & IPUBEIEM JINIIh HY2KHbIE HAM IIPOCTeiine
IPUMepBI CKJIeeK U3 KBaapatTa, cM. puc. [12:2

fy A fy A€ A A€ A < 7\ A

- _ \ 4 _ _
L ‘.)
. OyThUIKA IIPOEKTHBHAas
AJTAH]IP JUCT (TUIEHKA) TOp YIbL p cepa
. Knenna IJIOCKOCTD
Méobuyca

Puc. 12.2: Ckueiiku u3 kBajpara

CayniarensM mpeiaraercs CaMOCTOSATENbHO MOCTPOUTH COOTBETCTBYIOIIHE TPUAHTYIAINAN KBAIPATA.
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Bamaga 12.11. /lokaxkuTe, 9TO MUIUHID, TOP U cdepa OpUEHTUPYEMBI, a aucT MeEdnyca, TpOeKTHUBHAS IJIOCKOCTh U
oyrouika Kieitna — Her.

3amevanue 12.12. fcwo, uro Kpaii mrenkn Médmyca cOCTOMUT M3 OMHOM OKPYKHOCTH, IMUIAHAPA — W3 IABYX, a ¥
OCTAJIbHBIX [MOBEPXHOCTENH Kpail MmyCT.

12.4 Ckueiika mOBepXHOCTE

IIycre M u M’ — nosepxmoctu. B camom obmem ciaydae ckneiika M u M’ nmomydaercda npuMeHeHREeM KOHCTDYKITHHA
u3 pasjena k nosepxuocru M U M’, npu ycnoBuu, 4ro B KaxKa0i nape (e;, €;) ckienBaeMbIx pebGep OfHO U3 HUX,
ckazkeM e;, aexur B M, a apyroe, r.e. €, — B M.

B 6omee TpagunmonHom ciyvae, B rparumax OM w OM’ BHIOWpaeTcs OOUHAKOBOE YMCIIO CBSI3HBIX KOMIIOHEHT, CKa-
x&eM, S1,...,5 BOM u Si,...,S; B OM'. 3arem MexKay BEIOPAHHBIM KOMIIOHEHTAMH yCTAHABINBAETCS IIPOU3BOIDL-
HOe OHEKTHBHOE COOTBETCTBHUE, CKaXKeM, IIyCTh .S; coorBercrByer S;. HamoMHuM, 9T0, B COOTBETCTBUHM € 3aa4eit
KayKJasi KOMIIOHEHTa Kpasi roMeoMopdHua okpyHocTH. OpUEeHTHPYEM KaXK/IyI0 U3 BHIOPAHHBIX OKPYKHOCTEH U MO/l
pas3obbeM, ecau HeobxoauMO, Tpuanryasuuu nosepxuocreit M u M’ tax, 4robbl npu kaxKa0M i OKpyzKHOCTH S; 1 S)
COCTOSIIIN U3 OJTMHAKOBOTO IHC/Ia pebep Tpuanrysmit. HnyupyeM BHIOpAHHbIE OPHEHTAINN OKPYKHOCTE(t S; u S] Ha
pebpax ToApa3OUThIX TPHAHTYJIANMI (OMHUIINTE, KAK 9TO MOXKHO CZeiarh). 3amaanM roMmeoMopdusMser ¢;: S; — Si,
yCTaHABJIMBAONME OMEKTUBHOE COOTBETCTBHE MEXK/y MHOXKECTBAMH BEDIIMH TPHAHTYJIAIMH, MONABIMX HA S; U S)
cooTBeTcTBEeHHO. TOra orpaHuveHue @; Ha Kaxka0e pedpo e moapa3dbuToil TPUAHTYIIANNH, Jexkaiiee B S;, Oymer ro-
MeoMOPGU3MOM € COOTBETCTBYOIMM PebpoM e’ Tpuanryssuuu, nonasmum B S;. Byaem rosopurs, uro ¢; cozpamnaem
OpUEHMAYLY, CITH HEKOTOPOe, a, 3HAYNT, N KasKI0e OTPAHNYEHNE ©;|,, TIEPEBOIUT Havdaso (KOHel) pebpa e B HaYajo
(konen) pebpa e’. Ckuenm y nosepxuocru M LI M’ Bce Takue mapbl pebep (e,€’) ¢ mOMOIIbI0 roMeoMOpdOU3MOB ¢; e
TaK, KaK 3TO JeJaJ0Ch B pa3/ieiie [Tosmy4uerny10 TTOBEPXHOCTH HA30BEM cKAelikoti noseprrnocmeti M u M’ no
€CO00MBEMCMBYIOWUM OPUEHTMUPOBAHHBIM 2PAHUYHBLM OKPYHCHOCTNAM.

12.5 Broipe3anue ObIpKU U ee 3aKJieiika

IMycts M = D/ ~ — nosepxHoctb, m: D — M — KanoHudecKas OpoeKius, 7 — TpUaHrysius moBepxaoctu M,
uT = 7(A) € T — Buyrpennuii cumniekc. [Iycrs ~ — orpanuvenue sksusaseataoctu ~ ua D' = D\ A. Torna
M’ = D'/~ — nosepxHocTb, KOTOpas moayvaerca u3 M BbipesanmeM AbIpKH. Kak TOMOIOTHYECKOE MPOCTPAHCTBO,
M’ nonyuaercs n3 M BeibpaceiBannem BryTpennoctn cumriekca T, r.e. M = M \ Int T. TIpn sToM Tpranrymsiumnst
T’ noeepxunoctn M’ pasua T \ {T'}. I'panniy cumruiekca T', ocrapiytocs B M, Gyaem Ha3biBaTh epanuyet; 0upru.

Hawm Tak:ke moHam00WTCs €11e OIHO MOHSATHE BHIPE3AHUS JBIPKHU, TOMOJOTHIECKN IKBUBAJIEHTHOE MTPUBEICHHOMY
Boiie (npusozsinee K roMmeomopduoit nosepxuocru). [lycrs 7' — Brnucanuas B T TPUAHTYJIALNUs, KOTOPAs Oy 9a€TCst
noapasbuenreM cuminiekca T’ Tak, 9ToObI B €ro BHYTPEHHOCTH OKa3ajica HeKoTopwlid cuMinieke 17 € T, Torma Gymem
roBoputh, aro nosepxuocts M’ = M \ Int T/ nonyuena uz M ewvipesaruem dvpku u3 cumnaexca T.

“O6parHas omepanus’ (BIpoYeM, HECKOJLKO Gosiee 00IIasa) HA3BIBAETCS 3aKJIeHKON Abipku. A nmenno, eciu M —
He3aMKHYyTas TIOBEPXHOCTD, S — CBA3HAS KOMIOHEHTA TPAHHILI ToBepxHocTH M, 1 D? — TpHAHTyIHpOBAHHBIH JUCK
(kpyr), TO cKaeitka M u D? mocpesnctoM npuKaensanus S K rpanune aucka D? naswpisaercs 3akaetikoti dupru.

Bamaga 12.13. llokaxkwure, 9TO BBIpE3aHUWE ABIPDKU W 3aKJIEHKA IBIPKUA OCTABJISET OPUEHTHUPYEMBIE MOBEPXHOCTU
OpPWEHTUPYEMBIMHU, & HEOPUEHTUPYEeMbIe — HEOPUEHTUPYEMbIMU.

12.6 Pa3pe3anme moBepXHOCTU BJI0JIb KPUBOIl M BhIPE3aHME MOJIOCKU

ITycts M = D/~ — nosepxHocrb u T — ee rpuanryisius. Cdbopmynupyem obmuil noaxos K paspesanuto. Ilycrs
I — HekoTOpLI# HAOOP BHyTpeHHuX pebep rpuanryisuuu 7. Torna mjis kaxkaoro pebpa e € I 3KBUBAJIEHTHOCTD ~
CKJIEMBAET Iapy CUMILTEKCOB w3 D 1mo mx pebpam, mpeBpaimnas 3T pedpa B pedpo e. BoikuHeMm u3 S5KBUBAJEHTHOCTH
~ OTOXKJECTBJIECHNUS BCEX COOTBETCTBYIOIINX TIAP TOYEK TAKWX pebep W MONy9IeHHYI0 SKBUBAJICHTHOCTH 0603HATUM ~'.
Torma M’ := D/~' — rpuanryimpoBaHHoe npocTpaHcTBO. Ecam M’ siBisiercsi TOBEPXHOCTHIO, TO GyJeM TOBODHTh,
aro M’ monydena n3 M paspesaruem no pebpam us I.

Koucrpykimst 12.14. Hac 6y/1yT 0cOGEHHO MHTEPECOBATH CJIEYIOIIHE YACTHbIE CIIyYan:
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e paspe3aHue Mo 3aMKHYTON BJIOKEHHON KpuBOil Ha M, cOCTaBJIeHHON W3 BHYTPEHHUX pebep TpHAHTYJIAIUN T u
IIPOXO/IAINell Yepe3 BHYTPEHHHUE BEPIINHBI;

e paspesaHne MO HE3aMKHYTON BJIOXKEHHOUW KpuBOi Ha M, cOCTaBIeHHON M3 BHYTPEHHHX pedep M MPOXOISIeit
Yyepe3 BHYTPEHHUE BEePIIUHbI OT OAHOW I'PAHUYHON BEPIIUHBI JO JPYTOii.

3ajgaua 12.15. Ilokaxkure, uTo nmpu paspesanun moBepxHoctu M 1mo pebpaM KpUBBIX U3 KOHCTpyKIuu [12.14] Takke
[OJIY 93€TCs IOBEPXHOCTb.

Jlis KPUBO Y OQHOIO M3 JABYX THIOB, onucannbix B KoHcTpykmuu [12.14] nycrs S := S, — MHOMKeCIBO BCex
CUMTLTIEKCOB TToBepxHOCTH M, mepecekatomux ~. [Ipeamonsoxkum, aTo

® KAXKIBI CUMILIEKC U3 S MMEET C 7y WU POBHO OJHO 00Iee pedpo, WM POBHO OIHY ODIIYIO BEPIIUHY;

® eC/IM CUMILIEKCH U3 S CMEXKHBI, TO UX 00Iee pedpo MepeceKaeT -y;

® CUMIIIEKCHI U3 S, TIEPECEKAIONINe ~y 0 peOpy, CMEYKHBI, €CJIH U TOJILKO €CJIM OHU CMEYKHBI TI0 pebpy u3 7;
® CUMIIIEKCHI U3 S YIOBJIETBOPSAIOT CBOWCTBY U3 OTpEIeIeHUs

® JJIsi HE3AMKHYTON Y MHOYKECTBO I'PAHWYHBIX pe0Oep TPUAHTYISINY T, BXOASIINX B CUMILIEKCHI n3 S, COCTOUT U3
qeThIpexX 3JEMEHTOB: JBa WHITUIEHTHBI O/IHONW KOHIIEBOI BEPITMHE KPUBOH 7y, a JBa OCTABIINXCA — JIPYTO;

e IJIs 3aMKHYTOW <y BCE €e BEpIINHBI BHYTPEHHUE, a JjId HE3AMKHYTOH TDAHUYHBIMU SIBJISIOTCS TOJIHKO KOHITHI
TDAHWYHBIX pedep.

B stom cityuae obbennnenne US Bcex CHMILIEKCOB U3 S HA30BEM 1040CKO0U 68004t Kpusot. B ciyuae 3aMKHYTOM
(He3aMKHYTOIT) KPUBOIl MIOJIOCKY TaKKe HA30BEM 3AMKHYMOU (He3aMKHYMOT).

3amaua 12.16. [lokakure, 9TO st KaXKI0i KPUBOIl 7y M3 KOHCTPYKIIUU CYIIECTBYET TaKOe MOApas3OueHue
TPHAHIY/IALIMY T, 9TO JIJIs [OJTy YeHHOH TPUAHTY/IAIUN MHOKECTBO US,, ABJIfeTCs II0JIOCKOM.

3ajgaua 12.17. [lokaxkuTte, 9T0 3aMKHyTas MOJOCKa TOMEOMOPQHA WK MUIAHAPY, uian jeate Mébuyca, a He3aMKHY-
Tasg — JIUCKY.

3ajaua 12.18. IlokakuTe, 9TO mOCTE pa3pe3aHns MOBEPXHOCTH BAOJb BCEX TPAHUIHBIX pebep 3aMKHYTOM IOJIOCKH
TTOBEPXHOCTH PACITaIaeTCad Ha 3aMKHYTYIO TIOJOCKY M HEKOTOPYIO TTOBEPXHOCTD.

3ajaua 12.19. Ilokaxkwure, 9T0 mOCTaE pas3pe3anusi TOBEPXHOCTH M BIOIH BCEX TPAHUYIHBIX pedep HEe3aMKHYTOMH
TIOJTOCKY, SIBJSIONINXCSA BHYTPEHHUMU JJIsT M, TTOBEPXHOCTH PACTAIAeTCsI HA HE3aAMKHYTYIO MOJIOCKY W HEKOTOPYIO
TIOBEPXHOCTb.

Onucannbie B ynpaxkuenusx [12.18| u [12.19| onepariuu HAa30BEM 8bipe3aHUEM TLOAOCOK.

12.7 Bxkaeiika pyyku n mieanku Meébmyca

TpuanryMpoBaHHBIM TOP, B KOTOPOM BbIpE3aHa JIbIpKa, HA3bIBACTCA PYuKOU, CM. puC. |12

Puc. 12.3: Pyuka.
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OtrmeTnM, 9TO TPAHUIA PYYKH COCTOUT U3 OJHON KOMIIOHEHTHI CBA3HOCTH, U 9TA KOMIIOHEHTA TOMEOMOPQHA OKPY K-
voctu. [Iycts M — moBepxHOCTH. Bhipe:kem B M AbIpky u npukiaenM K M pydKy, CKJIEHB TPAHUILI JBIPKA U PYIKH.
Dra onepanus HA3bIBACTCS BKACUKOU PYUKU.

AHajlornyHO, BMECTO PY4YKU PACCMOTPUM TPUAHIYJIMPOBaHHYIO 1ieHky Mébuyca. Hanomuum, uro y njenku Mé-
Omyca TPaHUIA COCTOUT U3 OIHOM KOMIOHEHThI. CHOBA BO3bMEM TIOBEPXHOCTD, BHIPDEIKEM B HEIl IBIPKY, U TPUKJIEUM K
M nnenky Mébuyca, CKJIEHB TPAHUIIBI IBIPKY U TJIEHKH. JTa OMEpaIis HA3BIBAETCA 8KAelUKOU naenku MéEbuyca.

IIpuBenem mpyroe, wHOrIA OOTee yaoOHOE OMHCAaHWE ITOI omeparuu. IIpexse, deM BKaeuBaTh IIeHKY Mébmyca
B MOBEPXHOCTb, Pa3perkeM ILIEHKY [0 CPejHeidl JMHUU; TOJYyYUM [MOBEPXHOCTH, roMeoMopduyto muauaapy. Obpar-
HYIO CKJIEIKy Cpe/lHell JIMHUU MOXKHO IIPE/ICTaBJIATH ce0e KaK OTOXK/ECTBJIEHUE IMAMETPAJIbHO IIPOTHBOIOJIOXKHBIX
TOUYEK OJHOrO U3 OCHOBaHUi IUIMHIPA, (pHC. Ha, PUCYHKE OJIMHAKOBBIME OyKBaMu OOO3HAYEHBI TOUKHU, KOTOPHIE
Tpebyercs OTOXKAECTBUTD). TeM caMbiM, BKJIEHKY mjenku MéGuyca B MOBEPXHOCTH MOXKHO MPEJCTABIATL cebe Ciiery-
1omuM 00pa3oM: CIepBa B MOBEPXHOCTU BLIPE3AETCs IbIPKA U B HEE BKJIEMBAETCH IUJIMHAD (OZHO U3 €ro OCHOBAHMI
[PUKJIEUBAETCH K KPAIO JIBIPKH), a 3aTeM Ha OCTABIIEMC: OCHOBAHWU ILUJIMHAPA OTOXKIECTBIIMIOTCH AUAMETPAJILHO
LIPOTUBOIIOJIOKHBIE TOUYKHU. ZICHO, Y4TO BKJIEHKA IMIMHAPA 3AMEHSeT [IOBEPXHOCTb Ha roMeoMOPGhHYI0 (MEHseTCst TOJIb-
KO pasMep JbIPKH); TaKUM 00pa3oM, 4mobb, ekieumsb naenky Mébuyca, nado evpesamv 6 noseprrocmu Jupky U
0moscdecmeumsd Ha 603HUKUWET KOMNOKEHME KPAA JUGMEMPAALHO NPOMUBONON0HCHE MovKky. Boee akKypaTHO,
HYKHO

e TIOAPA30UTh TPUAHTYJIANNUIO TOBEPXHOCTH TaK, YTOOBI IPAHUIIA, JbIPKU, OO03HAUMM €€ 7y, COCTOsIa U3 YETHOTO
qncyia pedep, ckaxkem 2k;

® OpPUEHTHUPOBATH 7y, TOUHEE, OPUEHTUPOBATHL BCE €€ pedpa COTJIACOBAHHBIM 0OpPa30M;
® 3aHYMEpPOBATH MOCJIEI0BATEILHBIE PeOpa TMOCIEI0BATEIbHBIMU HOMEpaMu 1, . . ., 2k;

® CKJIEUTH C COXPAHEHHEM OpHUeHTanuu pedpo ¢ HomepoMm 4, 1 < i < k, ¢ pebpom ¢ HOMEpOM k + ¢, IPU KAZKJIOM 1.

\
mlabe|spe >

Labe
T

Puc. 12.4: Ilnenka Mébuyca.

3amaga 12.20. IlokaxwuTte, 970 B pe3ysbrare
(1) BRJIEHKYM DYYKH B OPUEHTUPYEMYIO MOBEPXHOCTH MOJIy9IaeTCsl OPUEHTUPYEMAast TTOBEPXHOCTD;
(2) BRUIeHiKM DYYKU B HEODUEHTUPYEMYIO HOBEPXHOCTH 1I0JIY4aeTCs HEOPUEHTUPYEMAast IIOBEPXHOCTD;

(3) Bruleliku muteHKu MEGuyca B OPUEHTHPYEMYIO WJIM HEOPUEHTUPYEMYIO MOBEPXHOCTH MOJIy9aeTCs HEOPUEHTUPYe-
Magd IOBEPXHOCTb.

12.8 Kiaccudukariusas OpueHTUPYEMBIX ITOBEPXHOCTEI

Hama menp — kinaccuunupoBarh JAByMEPHBIE MOBEPXHOCTHA C TOYHOCTBHIO 10 romeomopdusma. st yupornenus u3-
JIOXKEHUsI MBI He OyIeM KarXKIbIil pa3 OMUCHIBATH, MOYEMY Ta WJIM WHAs OMEPAINs MOBEPXHOCTH MPOUCXOIUT B KJIACCE
(TpUaAHryIMPOBAHHDIX) TOBEPXHOCTEHA.

OrMeruM, 9T0 TOCTATOYHO OTPAHUYUTHCS CBI3HBIMU MOBEpXHOCTAMU. Haunem ¢ KimaccuduKamymm OPpUeHTHDPYEMbIX
nosepxuocreil 6e3 kpas. O6o3nauum yepes M, HOBEPXHOCTb, 110/IyY€HHYIO U3 chepbl IPUKJIEHKO# g pydeK.



12.8. Knaccucukariiss OpHEHTHPYEMBIX TIOBEPXHOCTEIH. 115

Teopema 12.21. Kaowcdas c6A31HAA OPUEHMUPYEMAA NOSEPTHOCMY be3 kpas zomeomopdra My daa nexomopozo g.

JokasarenbcrBo. [lpuBenem uiero okasarenbcrBa. 1lycrh mana moBepxHOCTh @, u T — ee TpuaHry/siwsa. Mbr
OyJeM BBIIOJHATH C 3TON MOBEPXHOCTBIO PsiJi onepanuii (3aMeHSIONMX ee HA He 20MeOMOPHHYI0), B PE3YJILTATE Yero
[OJIyYMTCH [IOBEPXHOCTH, TOMEOMOPQHAs AUCKY, T.e. cpepe C BbIPe3aHHON IBIPKON. 3aTeM Mbl IPOCIeIUM, KaK BOC-
CTAHABJIMBAETCS 110 TON IOBEPXHOCTH HALIA MCXOAHAs IIOBEPXHOCTH () U yOeauMcs, 4TO B IPOLECCE BOCCTAHOBJIEHUS
moIydaeTcs cdepa, B KOTOPOil BRIPE3aHO HECKOJIBKO IBIPOK M HEKOTOPBIE U3 HUX 3aKJIEEHBI pydkaMu. Tak Kak UCXOI-
Has MOBEPXHOCTDH Kpas He UMeJIa, TO CBOOOMHBIX ABIPOK B HAIEH MOBEPXHOCTHU () HET, T.€. OHA TOJIy9aeTcs u3 chepbl
NPUKJIEHKON HEKOTOPOrO YUCIIA PYyYeEK.

Ilepeiigem K peajm3anuu 310 nporpaMmmbl. VI3 Kaxaoro cumiekca T’ € T BbIpe:KeM IbIPKY TaK, KaK Mbl JeJIaJId
B pasaene [12.5] Honyuennas B pesyabrare nosepxHocts Q. C () ABIAETCA 3aMBIKAHUEM COOTBETCTBYIOLIEH OKpect-
vocTu rpada I’ TpuaHryasmun 7. 9TO 3aMbIKAHNE HATJISIHO MOYKHO TPEJICTABIAThH B BUIE OObeIUHEHNS “JTeHTOYeK”
(oxpecTHOCTE pEdep), COEAUHAIONIUX “KPYIKOUKI — OKPECTHOCTH BEPINUH, CM. puC. [12.5

Puc. 12.5: TToBepxuocthb Q.

Paccvorpum B rpade I MakcuMaIbHOE TIONIEPEBO, a ocTaBIinuecs pebpa rpada I’ HazoBeM nepembviuramu. Kax-
JYIO JIEHTOYKY, COOTBETCTBYIOIIYIO TIEPEMBIYKAM, PA3PEKEM IMOMEPEK; B PE3YIbTATE MOJIYIUTCS HOBAS TIOBEPXHOCTH ()

(puc. [26).

~

Puc. 12.6: IToBepxnocts Q.

Y0enumcst B TOM, 9TO MOBEPXHOCTH @ romeomopdHa AuCKy. JlefiCTBUTENIHPHO, MAKCUMAJIBHOE JEPEBO PACCMATPH-
BaeMoro rpada MOXKHO CTPOUTH, HAYWHAS C OJHOIO Pedpa, COeIUHSIONIEro Be BEPIINHBI, W JT0DABIIAS KaXK/ bl pa3
0 OJHOMY pebpy U OIHOMN BepIInHe Tak, 9TOObI BCe BPeMsi MOIydaioch AepeBo. OObeuHenne JJEHTOUYKI U KPYKKOB,
KOTOpbIE OHA coeluHser, romeoMopdHo aucky (ybeaurech B 9T0M); J0OABIEHUE JIEHTOYKH C KPY2KKOM KBUBAJIEHTHO
NPUKJIENBAHNIO K AUCKY NPAMOYTOJBHUKA MO OJHOM €ro CTOpOHE; B Pe3yJbTaTe CHOBA MOIYyYaeTCd MOBEPXHOCTh, TO-
MeomopdHas aucky. Takum 06pa3oM, TMoIydast Ha KaXKJIO0M IIare IOBepXHOCTh, TOMEOMOPMHYIO IUCKY, MBI IIOCTPOUM
MaKCHMaJbHOE JIEPEBO, OKPYKEHHOE JIEHTOYKAMU U KpyKKamu. /11t TOro, 9To0b! MOIyYuTh MOBEPXHOCTD (), OCTAJIOCh
MIPUKJIENTH KYCKHU, 0OPA30BaBIIIueCs IPU pa3pe3aHuu mnepeMbriek. Kaxipiii Takoi KyCOK roMmeoMopdeH npsiMoyrob-
HUKY, KOTOPBIH [IPUKJIENBAETCS [0 OJHOM CTOPOHE; IIPU ITOM CHOBA IOJIy4YaeTCs IIOBEPXHOCTH, rOMeoMOpPdHas TUCKY.

ITocmoTpum Temeps, K 4eMy TPUBOAUT pa3pe3aHue JIEHTOYEK U, TIIABHOE, UTO MPEICTABIIsIET CODOI 0OpaTHast mpoIe-
aypa ux ckjeiiku. PaccMOTpuM mpou3BOIBHYIO JIEHTOUYKY; MYCTh, pa3pe3as ee, Mbl COeIUHSIEM TOYKHU a U b Ha, PA3HBIX
CTOPOHAX JIEHTOYKHU. ZICHO, 9TO TM TOUYKHU JIEKAT HA KPAae TMOBEPXHOCTH (J.; MPHU 3TOM @ U b MOTYT JIeXKaTh KaK Ha
PA3HBIX OKPYKHOCTAX, 0OpA3yIOINX KPaii, TaK U HA OIHOI.
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Ecmm onm jexkar Ha pa3HBIX OKPYKHOCTSIX, pa3pe3aHue MO COeIWHSIONIEN Be OKPYYKHOCTU Jyre TPUBOIUT K

YMEHbIIEHUIO HA €IMHMILY YHUCJIA JABIPOK B IIOBEPXHOCTHU (pHC. ; 3HAYUT, OOPATHBIN MPONECC CKJIEHKH JIOTKEeH
IIPUBOJIUTDL K BBIPE3aHUIO OJIHON JIBIPKU.

Puc. 12.7: Touku a u b jexar Ha PA3HBIX KOMIIOHEHTAX IPAHUIbl 0Q). .

Ecsn touku a u b nexar HAa OIHON OKPYXKHOCTH, IIPOIECC Pa3pe3aHus MOYKHO IIPE/ICTABUTH CeDe CJIe/LyIOuM
obpazom. Ilpexie Bcero, capuuem TOYKU @ U b B OfHYy TOYKY HA Kpae; TOrJA Pa3pe3arb UPHUIAETCS 110 3aMKHYTOM
KPUBOM, HAUNHAIOMIENHCSA U 3aKAHINUBAIOIIEHCs Ha Kpae. Takyo mponeaypy MOXKHO pa3dUTh Ha IBA JTAIMA: CIIEPBA MbI

pa3pezKeM IIOBEPXHOCTh IO 3aMKHYTOI KPHBOW ¢, He NepeceKalolmeica ¢ KpaeM, a 3aTeM COeJUHUM ITOT pa3pes3 ¢
kpaewm 1o ayre (puc. [12.8)).

Puc. 12.8: Toukn a n b gexkar Ha OIHON KOMIIOHEHTE TPAHUAIBI OQ). .

Ha Bropom sTame MbI COeIUHSEM DPAa3PE30M [IBE TOYKH, JIEXKAINE HA, PA3HBIX OKPYXKHOCTAX, 00Pa3yIOMMUX Kpaii
(oA U3 3TUX OKPYKHOCTEN BO3HUKJIA [IPY PA3PE3AHUH 10 3AMKHYTOI KPUBOIi ); KAK MbI BUJIEJIU BbIIIIE, 3Ta IPOIELyPa
CBOIMTCS K 3aKJIEMBAHUIO JILIPKU JUCKOM, 8 00paTHAS — K BBIPE3AHUIO JTUCKA.
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Haxoner, ocTaioch pacCMOTPETH MPOIEIYPY Pa3pe3aHus MOBEPXHOCTH B/IOIb 3aMKHYTOM KPUBOH ¢, HE TIepeceKaro-
mieiicsa ¢ kpaem. Ecii Mbl 3aKJII09UM 3Ty KPUBYIO B HOJIOCKY ([OCPEACTBOM M3MEJbYEHUsl TPUAHTYIISAIMU) U BbIPEIKEM
3Ty IOJIOCKY W3 HaIllell IIOBEPXHOCTH, BHIPE3aHHbII KyCcOK Oymer romeomopden nuauuapy. leiicrBuresnbHO, B CUILy 3a-
naun [12.17] seipesannast nosiocka romeomopdHa min uumHApy, nim ienke Mébuyca. Onako, ecin 6bl BbIpe3aHHast
TOJIOCKa, OBLIa TOMEeOMOpP(HA ITOH TJIeHKE, TO, B CUIy 3aga4n [12.20) ucxomHas MOBEpXHOCTh TOXKE ObLIa ObI HEOPU-
enTtupyemoii. MlTak, mosocka, cojepKalias pacCMaTPUBAEMYIO 3aMKHYTYI0O KPUBYIO ¢, TOMEOMOPQHA IUJIHHIPY, & e
pa3pes3anue Mo KPWBOil ¢ — 3TO pa3pe3aHue MUJINHIPA TI0 CPeJHeld OKPYXKHOCTHU, B PE3YIbTATE Yero OH PACIAIAeTCs

a gsa (puc. [12.9).

Puc. 12.9: Pazpe3anue B10/1b KPUBOIi q.

ITocte Takoro pa3pe3anus Ha MOBEPXHOCTU TOABJSIOTCS JIBE HOBBIX OKPYKHOCTH, BXOASAIINX B Kpail; CKICUBaHIE
BJIOJIb 3AMKHYTON KPUBOH ¢ 9KBUBAJIEHTHO CKJIEHKe JBYX TaKNX OKPYKHOCTEN C COXpaHEHUEeM OPUEHTAITNN, MHIYITUPO-
BaHHOM 1000 M3 IBYX OpUEHTanwii KpuBoil q. PaccMoTpuM mMoJIOCKY, COEIMHSIONTYIO TH OKPY2KHOCTHU, BBIICJICHHYIO
Ha pHC. m cepbIM mBeToM. Eciu opueHTannm OKPy2KHOCTEil Takue, KaK Ha 3TOM PHCYHKE, TO MOJIOCKA CKJIEUTCS B
sienty Mébuyca, 910 3aIpeIieHo yCjaoBrueM OPUEHTUPYEMOCTHU IOBEPXHOCTH.

Puc. 12.10: OpuenTrpOBaHHBIE OKPYKHOCTH, TIOJYUIEHHBIE TIOCTE PA3PE3AaHUs 0 KPUBOW ¢, W COEIWHSIONIAS WX TO-
JIOCKaA.

Taxum 06pa3oM, Ha OKPYZKHOCTAX BOSHHKACT OIHA M3 JBYX HAap OCTABIIAXCA OPHEHTAIWI, 9TO, IOCTe CKIeHKH,
IPUBOAUT K IIOBEPXHOCTH, [OJTyIeHHOH MpuKieiikoit pyuku, cM. puc. [[2.11]

i N,

Puc. 12.11: Ckieiika OKpyKHOCTEH € “MPABUILHBIMEA OPUEHTAIMSMY YKBUBAJIEHTHA, IPUKJIEHKE DYUIKHU.
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Ilomsenem wmror. Vcxommasi MOBEPXHOCTD () MOIYyYAETCS U3 MOBEPXHOCTH (), TOMEOMOPGHON IUCKY, IPU MTOMOIIA
cepuu onepanuii (CKIEHKON JIEHTOYEK, COOTBETCTBYIONIMX [epeMblukaM B rpade, U 3aKJefKoil rpaHull AbIPOK, BbIPE-
3aHHBIX U3 CUMILIEKCOB), KaXK/as U3 KOTOPBIX YKBUBAJIEHTHA OJHON U3 CJIEIYIOLIMX:

a) BbIPE3aHUEe JIbIPKU;
6) 3akJenBaHUE IBIPKU JHUCKOM;
B) BKJIeliKa DYYKH.

3uadut, MOBepXHOCTH ) ToMeomopdHa cdepe ¢ HEKOTOPBIM KOTUIECTBOM JBIPOK U HEKOTOPBIM KOJUIECTBOM PYUEK.
OrcyrcrBue Kpas rapanTupyer OICyTCTBUE JbIPOK, 1109ToMy () romeomopdua o/Hoil u3 Hosepxuocreil M. O

m
Bamaua 12.22. O6osnadum Mg 10BEPXHOCTD, 1OJy4eHHyio u3 My Bbipe3aHuem m JIbIPoK (cchepa ¢ g pyukamu u
m apipkamu). JJokaxkuTe, 9T J100asi CBA3HAS OPUEHTHPYEeMas MOBEPXHOCTH TOMeoMopdHa OIHON U3 TOBEPXHOCTE
M
U

12.9 Kiraccudukaiimsad HEOPUEHTUPYEMBIX TTOBEPXHOCTE

W3 mokasarenbCTBa MPEABIAYINE TeOPeMbI BHIHO, YTO, €CJIU OTKA3AThCSI OT TPEOOBAHWS OPUEHTUPYEMOCTH, B IO-
BEPXHOCTH MOTYT TIOSBUTHLCA KyCKHU, romeoMopdubie mjaenke Mébuyca. OKa3bIBAeTCst, 9TO €INHCTBEHHBINH 3P deKT
HEOPUEHTUPYEMOCTH, TaK 4TO JI00as HEOPUEHTHUPYeMas MOBEPXHOCTH MOJIydaeTcs u3 chepbl MpU MOMOIIN TPUMEHe-
HUsI KOHEYHOIO YHCJIA OCHOBHBIX OIEpalyii: BbIPpe3aHusl AbIPKHU, 3aKJIEHKU IBIPKU TUCKOM, BKJICHKU PYYIKHU, BKICHKH
mneaku Mébuyca. Bosiee Toro, Mbl JOKazKeM, 9TO B HEOPHEHTHPYEMOM CJIydae MOXKHO ODOWTHCHL 6e3 pydek, TaK 9TO
TJIABHON omepanueil Oymer BKJelka rmienku Mébuyca.

Ob6o3uaunm yepe3 Ny MOBEPXHOCTD, MOJIYUEHHYIO U3 cdhepbl BKIEHKoit k mrenok Mébuyca.

Teopema 12.23. Kastcdaa c6A3HAA HEOPUEHTNUPYEMASA NOBEPTHOCTD Oe3 Kpas 2omeomopdha Ny das Hexomopozo k.

HokaszarenbcTBo. Bymem meifictBoBaTh M0 TOMY K€ TIJIAHY, 9TO U MPHU JOKA3ATEIbCTBE TPEIBIYINEH TEOPEMBI; JIETKO
TMOHATDH, YTO OPUEHTUPYEMOCTH MMOBEPXHOCTH B 9TOM JIOKA3ATEIHCTBE UCIOJIb3YEeTCs B IBYX MECTaX, IpuieM 00a OTHO-
CATCsl K OIEPAIUMY BbIPE3aHusl U3 MOBEPXHOCTH TIOJIOCKU — OKPECTHOCTU 3aMKHYTON KPUBO# (4 K 06paTHOll onepanuu
BKJIEHKH).

Bo-miepBbix, cama BbIpe3aemas IIOJIOCKA MOXKeT ObITh romeomopdua qubo muauHapy, audo mienke Mébuyca; B
OPHUEHTHUPYEMOM CJIy4ae BO3MOXKEH TOJIPKO TEPBBI BAPUAHT, TOTIA KAaK CEHYAC MBI JOJIKHBI JOMYCTUTH W BTOPOIi.
TeMm cambIM, K IIE€PEYUCIEHHBIM BBINIE OMEPAIUAM (BbIDE3aHUE JILIPKH, 3AKJEHKa JbIPKU JTUCKOM, BKJIEHKA PYUKH),
IIpU TIOMOITU KOTOPBIX 13 cepbl MOJydaeTcsi UCXO/IHAs [TOBEPXHOCTH (), /100aBJIsieTcsl ele OHa — BKJIEHKa IJIEHKU
Mébmyca.

Bo-Bropbix, eciiu 100cKa Bee ke roMeoMopdHa, TUIHHAPY, BKIEHKA 3TOr0 NUJIXHAPA B TOBEPXHOCTH IKBUBAJIEHTHA
CKJIeliKe KPaeB JABYX IBIPOK; 3Ta CKJEHKa MOXKET OCYIIECTBISATHCS IBYMS PA3JUYHBIMUA CIIOCOOAMU, TPUYEM TErmeph
BO3MOXKHBI KAK OPMEHTAIINU KPAEB JIbIPKU, IPUBOISIINE K BKJIEHKE PYYKHU, TaK U OTOPAKOBAHHBIE PAHEE OPUEHTAIINH,
n300paKeHHbIE HA, PUC. Hawm ocrasioch BBISICHUTB, 9TO MMEHHO IIPOUCXOANUT B MOCJIEIHEM CJIydae.

IIpencrasum a1y nponeaypy ciaemyiomum obpazom. CriepBa BbIpeKeM W3 MOBEPXHOCTH MOJOCKY U BKJIEHM €€ HA3a]
B LOBEPXHOCTb, CKJIEUB Kpasi [bIPOK B COOTBETCTBUU C 3aJAHHBIMU OPUEHTALMAMU (JJis STOrO HOJIOCKY IIPUAETCs

“BbIBEPHYTH HAM3HAHKY”), CM. puc. [12.12

Puc. 12.12: Ckureiika AByX IBIPOK, SKBUBAJEHTHAS BKJeEiKe ABYX meHOK Mébuyca.
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B pesyabrare cCHOBA MOy 9YMM MOBEPXHOCTD C JBYMSI JBIPKAMU, HO TEMEPh TPEOYETCS CKIIEUTH AMAMETPAIBLHO MPO-
THBOIOJIOXKHBIE TOUKHU HA KPasx AbIPoK: Ha puc. [12.12|oqunaxkossivu GykBaMu 0603HAYEHBI TOUKH, KOTOPBIE TPeOyeTcs
OTOXKJIECTBUTH. BhIlle MbI BUIAEIN, 9TO KayK/Iasl TAKas OMepaliis IKBUBAJIEHTHA BKJeiike mmenku Mébnyca. Takmm 06-
Pa3oM, BKJIEHKa B IIOBEPXHOCTb LUMJIMHJIPA B PACCMATPUBAECMOM CJIy4ae 9KBUBAJICHTHA IIPUKJIEMBAHUIO K HEl AByX
mwrenok Mébuyca.

Wrak MBI 10Ka3a/H, 9TO JII00ast MOBEPXHOCTH MOMYy9IaeTcsd n3 cephbl IPHU MOMOIIX YeThIPEX OIEPAIWii: BhIPE3AHNE
JBIPKH, 3aKJIeHKN JIBIPKY JUCKOM, BKJIEHKH PydYKd W BKJelku mieaku Mébuyca. B pesymabrare momydurcs cdepa ¢
HEKOTOPBIM KOJHIECTBOM IBIPOK, pydeK u mireHok Médmyca. ITockombKy MBI paccMaTpuBaeM MOBEPXHOCTH 0e3 Kpasd,
JIBIPOK OBITH HE MO2KeT. Kpome TOro, ImoCKOIbKY ITOBEPXHOCTh HEOPUEHTHPYEMa, XOTs Obl ofHa mieHka Mébuyca mpu-
cyrcrByer. Takum 0Opa3oM, HaIMa MOBEPXHOCTH romeomopdHa cdepe ¢ g > 0 pyukamu u s > 1 mienkamu MéGuyca.
OxasbiBaeTcs, Takas MOBEPXHOCTb roMeoMopdHa cdepe, K KOTOpOii IpUKJIeeHo s + 2¢g mwieHok Mébuyca (pyuku npu-
KJIeUBATH HE HAJO0). Ipyrumu cioBaMu, B IPUCY TCTBUU XOTst Obl 0HOM mienku Mébuyca obas pydKa Ha IIOBEPXHOCTU
9KBUBAJIEHTHA JBYM ILTeHKam Mébmyca.

Yrobbl B 3TOM yOEIUTHCs, PACCMOTPUM HA IMOBEPXHOCTH PyUKy u IaeHkKy Médbumyca. Hamomumm, 910 mpukieika
PYYKHU S5KBUBAJIEHTHA BHIPE3AHUIO JBYX IBIPOK U TIOCTEAYIOMIEH CKIIeKe UX KPAEB C yUETOM OPUEHTAIINHN, 3 MIPUKJIEHKA
wienku Mébuyca — BBIDE3AHUIO ABIPKU ¥ TIOCIELYIOIMIEMY OTOXKIECTBICHUIO JHAMETPAIBHO TPOTHBOMOJIOKHBIX TOYEK
ee Kpasi. BeipexkeM criepBa BCe TpH JBIPKH M 3aTEM PA3PEXKEM TOBEPXHOCTD 110 KPUBOI, COEIUHSIOINIEH TOYKN HA, KPAIO
JBIPKH, OTBedatorel mieake Mébnyca; mpu 3TOM KPUBas MOJKHA “OXBATHIBATHL OIHY U3 ABYX JIBIPOK, OTBEUAIONINAX
pYyUKe, CM. pHC. m B pesysbrare u3 1OBEPXHOCTU BbIIAJIET CBA3HBIA KyCOK (Ha DPUCYHKE OH M300paXKeH
cepbiM 1BeToM). Brilenm ero nHazaj rak, 4robbl COBLAJIM JMAMETPAJIBHO IIPOTUBOLOJIOZKHbBIE TOYKKM HA KPAe JIbIPKH,
cooTBercTByOIIE mienke Meébuyca (17151 3TOro BIPE3aHHBIM KYCOK HAJ0 “BBIBEPHYTH Ham3HAHKY’). B pesynbrare Ha
TIOBEPXHOCTU OOPA3YIOTCS TPHU ABIPKKM — JBE ObLIN W3HAYAJIBLHO W COOTBETCTBOBAJIU PYUYKE, a8 TPEThs 00pa30Bajach
W3 BHOBb MPOBEJIEHHOrO pa3pesa. Kpas 3Tux IbIPOK HAIO CKIIEUTDH CIAEAYIOMUM 00pa30oM: jBe ObIBIINE paHee JIbIPKU
CKJIEUTH TI0 KPAIO C YyYETOM OPUEHTAIMH TAKOI, KAK HA PUC. (HanpaBiieHUE U3MEHUJIOCHh B PE3YJIbTaTe [epeBo-
PAYUBAHMs BbIPE3AHHOIO KYCKA); HA KPAe TPETbell HyXKHO OTOXKJIECTBUTH JAUAMETPAJILHO [IPOTUBOIIOJIOXKHBIE TOUYKY.
Kak MBI Bumenn BbIlIe, CKJIEHKa MEPBLIX IBYX IBIPOK SKBUBAJIEHTHA MpHUKJEHKe nByx maeHok MéEOuyca, a omeparus
HaJ TPeTbell JBIPKOI TacT elne OaHy mIeHKy Mébuyca, BCero — Tpu MIeHKH.

Puc. 12.13: Bamena pyuku Ha jse mwieaku Méduyca.

O

Bamaua 12.24. Chopmynupyiire u JOKAXKUTE TEOPEMY KJIACCU(DUKAIME HEOPHUEHTUPYEMbIX [OBEPXHOCTEN € KPAEM.
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YupakHenus K riiase 12

VYupaxueuune 12.1. IlycTh Ha TOBEPXHOCTH HAPHUCOBAH I'pad, IpuUeM KarxKaas n3 o0IacTeil, Ha KOTOPbIE OH JEJTUT
MOBEPXHOCTDH, FOMEOMOP(MHA JTUCKY. IUaepo8oti TapaKmepucmuKroy, TaKOi KapThl HA3BIBAETCS YUCIO U — € + f,
rJe v — 4YMCJI0 BEPLIUH, e — 4ucjo pedep u f — uuciio obaacreii. JJokaxKure, 4To 3iJI€POBbl XapaKTEPUCTUKU JIFOObIX
JBYX KapT Ha TMOBEPXHOCTH COBMAIAIOT. YKA3aHWE: PACCMOTPUTE KAPTY, TMOIYJAIONIYIOCS “HAJOXKeHneM IBYX KapT,
T.e. O0beIMHEHNEM WX TDAHMUII.

Yupaxkueune 12.2. Itiaeposoti rapaxmepucmuroli No8ePILHOCMU HAZHIBACTCS UUCJIO
x=v—e+f,

rue v, e u f — uucia BepiiuH, pebep u obsacreil 060l KAPThI, HAPUCOBAHHOI HA MOBEPXHOCTHU (COIVIACHO yTBED-
JKJIEHUIO U3 yupaxkHeHus [12.1] 970 4ucsio He 3aBUCUT OT KAPThl M, TEM CAMbIM, XapPAKTEPU3yeT CaMy [OBEPXHOCTD).
Boruuciinre 3i1epoBbl XapaKTEPUCTUKU UIAHIPA, TOPa U JieHTbl Mébuyca.

VYopaxkuenne 12.3. Ilosepxuocts M nomyuaercs u3 nosepxaoctu N Bbipesanuem k muckos. Beipasure x (M) gepes
X(N).

VYupaxkxuenune 12.4. Kaxnasa w3 asyx moBepxuocteit M m N mMmeer Kpaii, MpeaCTABISIONAN COO0ON 3aMKHYTYIO
KPUBYIO, COCTOAIIYIO0 W3 OZHOrO Kycka. [loBepxHOCTh () mosyuaercss w3 moBepxHocTelr M u N CKIeMBaHWEM KpPAaeB.
Beipaszute x(Q) wepe3 x(M) n x(N).

Yupaxxkxuenue 12.5. Bprancianre siepoBy XapaKTePUCTUKY
(1) mosepxuocTu M, o> IOy IeHHOM 13 cephl ¢ g PyYKaMu BBIDE3AHUEM 1M JIbIPOK;
(2) mosepxmoctu N}, mosmy<enHoii u3 cdepst ¢ h muenkamu MéOmyca BbIpe3aHIEM 1M JHIPOK.

Yupaxuenune 12.6. CropoHamMm MHOrOyroJbHUKA MPUNHUCAHBI OYKBbBI @, b, ¢, ... B CIEAYIOIMIEM MOPSIIKE:
a, b,a, b cd cd,...

3areM CTOPOHbI, TIOMEYEHHbIE OJHOMMEHHBIMU OYKBAMU, CKJIEUBAIOTCS, IPUYEM CTPEJIKa Ha KAXKIOH CTOPOHE HAIPAB-
JIEHA [0 HAIIPABJIEHUIO 0DX0J1a, KOIJIA COOTBETCTBYIONIAs OyKBA BCTPEYAETCS HEPBBIA pa3, U IPOTUB HAIIPABJIEHUS
00xoma, Korma OykBa BCTpedaercst BTopoit pa3. JlokarkuTe, 9TO, €C/IM YUCI0 PA3HBIX OYKB PABHO 2¢g, TO MOJyYeHHAS
TIOBEPXHOCTH roMeomMopdHa cdepe ¢ g pyIKamu.

Yupaxuenune 12.7. CropoHamMm MHOrOyroJbHUKA MPUNKUCAHBI OYKBBI @, b, ¢, ... B CIEAYIOMIEM MOPSIIKE:
a,a,b,b,ccdd,...

3areM CTOPOHbI, TIOMEYEHHbIE OJHOMMEHHBIMU OYKBAMU, CKJIEUBAIOTCS, IPUYEM CTPENIKa Ha KAXKIOH CTOPOHE HAIPAB-
JIEHa TI0 HampaB/jeHuio 00xoma. Jlokakure, 9TO, €C/im YUCIO0 PA3HBIX OyKB PAaBHO h, TO TOJIy9eHHAs MTOBEPXHOCTH
romeomopdHa chepe ¢ h naerkamu Mébuyca.

Yupaxxkxueuue 12.8. Ha 3amMKHYTOIH MOBEPXHOCTH HAPUCOBAHA KAPTA, MPUIEM KAXK/IAsi CTPAHA MPEICTaBsieT coboit
HEKOTOPBII N-YyTrOMBHUK, U B KAXKI0H BepIwHe cxoauTcs no k pedep. JJokaxkure, 410

1 1

1 x
nTE T2 e

rae x — 3iiJepoBa XapakKTEPUCTUKA MOBEPXHOCTH, a € — 9ucjao pebep KapTol. [IpuBegure mpuMep Takoil KapThl HA
chepe pu n = 2, k = 4.

Yupaxkueuue 12.9. Borauciure 3it1epoBbl XapaKTepUCTUKH Oy ThLIKEH KiteiiHa u MpOeKTUBHON IITOCKOCTH.



Jlekmmsa 13

Kpusbie

Ilnan. /Iuddepennupyemas u raajkas KpuBasg B R, JloMaHAS B METPUYECKOM NPOCTPAHCTBE, JJIMHA JIOMAHOH, JAJIMHA KPDUBOH B METPUYECKOM
IPOCTPAHCTBE, HE3ABUCUMOCTD JJINHBI OT IIapaMeTpPHU3alluy, CIPsIMJsaeMble KPUBBIE, JHUIIIUIEBbl 0TOOpasKeH!sI, KOHCTAHTA JIUNImuna, pacTsakeHue,
CIPSAMJISIEMOCTD JIMIIIIUIEBOH KPUBOil, 06001eHHOe HEPABEHCTBO TPEYroJbHUKA, HATYPAJIbHAA U PABHOMEPHAs napaMeTrpu3aunus KPUBOH, CKOPOCTH
PaBHOMEPHOH MapPaMeTPU3ALNH, BEIDOXKIEHHbIE U HEBbIPOXKIEHHbIE KPUBbIE, 6€30CTaHOBOYHBIE KPUBBIE, CYIIECTBOBAHNE PABHOMEPHOIO ¥ HATYPAJIb-
HOTO IIapaMeTpoB HA 0e30CTAaHOBOYHON KPHUBOH, KpHBble B apudMeTHYECKOM NPOCTPAHCTBE, UX KOOPAWHATHAas 3allUCh, IVIAJKHE KPHBbIE, BEKTOD
CKOPOCTH TJIAJKOM KpPHUBOH, BO3MOXKHOCTH IJIAAKOM IapaMeTpH3alluyd yrja, ocoOble U perysspHble TOYKH [VIaAKOH KPHUBOM, peryJjspHble KPHUBBIE,
HHTerpaibHas GpopMyJsa AJUHBI [VIAAKOH KPUBOM B €BKJIWA0BOM IPOCTPAHCTBE, 33JaHle HATYPAJbHOTO [IapaMeTpa C MOMOINBI0 HHTerpaabHoil dop-
MyJIbl, KDUTEPHI TOr0O, YTO MapaMerp PeryJsipHoil KpuBOil — HATYyPAJbHBIH, ONHCAHHE BCEX 3AMEH I1aPaAMeTPa, COXPAHAKINNX HATYPaJIbHOCTb, OPHU-
€HTALMS KOHEYHOMEPHOrO MPOCTPAHCTBA, CTAHAAPTHAS opueHTanus R", k-napasuiesenunen, BBIDOXKIEHHBLIA U HEBBIPOXKIEHHBIH NapaJljiesenunes,
ob6beM mapaJiiesenuiesd, OpHeHTHPOBAHHBIN 06beM IapaJisiesenuiesa, OCHOBAHHE U BbICOTA MTapaJslyIesIelIniena, oproronanusanusa I'pama—llImuara.

13.1 OO6mume onpeaeaeHus

B paznene[d.2lmbr onpeesinam KpuBbIe B TOMOJIOIMYECKUX IPOCTPAHCTBAX KAK HEIIPEPBIBHBIE OTOOPAXKEHUS U3 OTNPES-
K@ B 9TU MPOCTPAHCTBA. TeM He MeHee, B PA3HBIX IPUJIOKEHHUIX TPEOYIOTCsT KPUBbBIE C O0JIACTIAMU OLpeIeseHus 0oiee
obrrero Bua. O6Iree y Bcex 3TuX 00J1aCTeil — TO, YTO OHU JIOJIPKHBI OBITH CBA3HBIMU MOJIMHOKECTBAMY BEIIECTBEHHOM
npsmMoii R. Bee 911 cBsA3HBIE TOAMHOMXKECTBA MBI OMUCAMN B cyiecTui [6.23] BoT ux mosHbLi CINCOK: HHTEpBAJ, HOJLY-
WHTEPBAJ, OTPE30K, TIPUYEM MEPBBIE JIBA MOTYT OBbITh KAK KOHEYHBIMHU, TaK U OECKOHEYHBIMH, & UMEHHO, DECKOHEYIHbIH
WHTEPBAJ — 3TO WM OTKPBITHIN JIyd, UK BCd NpsiMasi, 8 OECKOHEYHBIH MOJyHHTEPBAT — 3aMKHYThIH Jy4d. CBa3HbIE
MIOJIMHOYKECTBA MPAMON R 9acTO HA3BIBAIOT NPOMEHCYMKAMU, A 101 KPUBOT B TOMOJIOIMYECKOM MIPOCTPAHCTBE X
TIOHUMAIOT TTPOU3BOJILHOE HEMpepbIBHOE oTobOpaykenue vy: I — X u3 mekoroporo mpomexyrtka I. Tak Kak TepMuH
KpUBasi TaK¥Ke TPAJUIMOHHO MMEeT PA3HbIE WHTEPIPETAINI, WHOTIA ONPEIeIeHHBIE TaK OTOOPAYKEHWS 7y HA3BIBAIOT
NAPAMEMPURECKUMUY KPUBHLMU.

OrMeruM, 9T0 PACCMOTPEHHE TAKUX DOJiee ODIUX KPUBBIX MPUBOIUT K TEXHUYECKOMY YCJIOXKHEHHUIO OMUCAHUS, He
WILTIOCTPHUPYIONEMY Te (peHOMEHbBI, KOTOPbIE MbI cOOMpaeMcs pas3duparh B Jiekmusax. [losromy, mpumem ciemyroriee
corialienvie: B JaJibHeMNIeM 1o KPUBBIMUA MBI OyJeM MOHWUMATH TO, YTO W paHbIlle, a UMEHHO, Helpe-
PBIBHBIE 0TOOpaXkeHus U3 oTpeska [a,b]. Bosee Toro, Mbl GyfeM Bcerja c4uraTh, YTO paccMaTpuBaeMble
OTPE3KHU HEBuPOoIHCIEHDL, T.€. a < b. HamomuuM, 4T0 HaYajIa TEOpUNM TAKWX KPUBBIX MBI OMUCAJIN B JICKIUN

s kpuBbIX B R™ MOXKHO FOBOPHUTBL HE TOJLKO O HEIIPEPBIBHOCTH, HO U O dugPeperuyupyemocmu. A numeHHo,
OyleM cuurarb, 4TO Kaxaas guddepenuupyemas kpubad v: [a,b] — R™ sapiserca orpanudenuem nuddeperuupye-
moro orobpazxenus I': (¢,d) — R", [a,b] C (¢, d). Orobpazxenue v: [a,b] — R™ nazosem 2aadkum, eciu oHO (TOUHEE,
cooTBercTByomiee ') HenpepbiBHO-AuddEPEHITMPYEMO CTOMBKO pas3, CKOJIBKO TPeOyeTCs [IJId PelleHns JaHHOMH 3a1a49u
(vHBIMU CIOBaMU, HAINEH [eJIbI0 He OyIeT ABIATbCSA BHIUYUC/IEHUE TOTO, CKOJILKO pa3 Tpedyercs auddepenupyemMocTsb
B TOM WJIM MHOM ciaydae). Vnoraa noj 2aadkocmsbio 661 6yaem nonuMars 6eckonednyio auddepennupyemocts (Oymer
00roBapuBaThCsl OTAEIBHO).

Eciu npocrpancreo X — MeTpUYecKoe, TO eCTECTBEHHBIM 00PA30M OILPEIEIIeTCs JJIMHA KPUBOH U CIPIMIISEMbIe
kpusbie. [IpuBeeM COOTBETCTBYIOIINE TTOCTPOSHHUSI.

13.2 JlauHa KpUBOii
B mamnom pasgene X Oymer merpudecKuM npocTpancTBoM. [lo amajorum ¢ TeM, Kak 31O jeaercs B R™, KOHEIHYIO

nocaenoparenbrocth L = (Ay, ..., A,) Touek mpoctpaHcTBa X Ha30BeM aomamoli 8 X; npu srom mapsl (A;_1, A;)
OyJeM Ha3bIBAThL pedpamu Aomanol L, a aucna |A;_1 A;| — daunamu stux pedep. Cymma IymH Beex pebep JJOMaHoi
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L nasbBaercs daunoli aomarnoti L u obosHadgaercs |L|. Huwuny |L| omHOTOUeuHOM somanoit L = (Ap) mosmoxumM
PaBHOI HYJIIO.

IIycrs 7v: [a,b] — X — mpom3BosnbHas kpubas. s KaxKI0ii MOHOTOHHOM mocjenoBaTeabHOCTH & = (0 = tg <
t; < -+ <ty = b) paccmorpum coorsercrayloutyio eit somanyio L (€) = (Y(to),...,V(tm)) (rakne nomanbie Gysem
Ha3bIBaTh BNUCAHHLIMU 6 7). IIycTh @ — MHOXKECTBO BCEX TAKWX MOHOTOHHBIX mocienoBarenbHocreil €. Torma
BEJINUNHA

7] = sup| L, (€)]
£€o
Ha3bIBAETCd OAUHOT KPUBOU .

3ameuvanme 13.1. Tak Kak MHOXKECTBO BCEX JIOMAHBIX, BOUCAHHBIX B KPUBYIO, HE 3ABUCHUT OT IIaPaMETPU3AIUAN, TO
JUIMHA KPUBOH HE MeHdAeTCd IIpU 3aMeHe IlapaMerpa.

Kpusas v: [a,b] — X Ha3bpBaercs ecnpamasemoti, eCau OHA NMEeT KOHEUHYIO JUTHHY: |7y| < 0o.

3ameuanne 13.2. V3 3amevanns BBITEKAET, 9TO CBOHCTBO KPUBO#H OBITH UJIN HE OBITH CHPAMJIISIEMO HE 3aBUCUT
OT TTapaMeTpPW3aIlNHI.

IIpuBenem mpuUMeEpPHI CIPAMIISIEMBIX KpUBBLIX. HamomuuMm, uto orobparxkenme f: X — Y u3 METPUUECKOTO MPO-
crpancTBa X B METPHYECKOE MPOCTPAHCTBO Y HA3BIBAETCH AUNULULEBBIM, €CTH cytecTByeT Takoe C' > 0, 4To A1
mobbix z,2’ € X semonnserca |f(z)f(z')] < C|aa’|. Kaxaoe takoe C HasbiBaercst koncmanmoti Junwuua, a
TouHas HuXKHsig rpanb dil f korcrant Jlunmuna — pacmasastcenuem omobpascenus f (0603HAUEHHE TPOUCXOIUT
or anrsmmiickoro ciosa dilatation). MHorna, ajisi KparkocT, JUIMIMIEBO oToOpaxkenue ¢ Koncrantoil Jlunmmua C
Ha3bBalOT C-AUNUWUUEBBIM.

IIpumep 13.3. Kaxnag C-nunmunesa kpusas y: [a,b] — X cnpamnsema. [elicTButessHo, ais ar060i MOHOTOHHOM
nocaenoBarenabHocT £ = (a =t) < t; < -+ < t,, = b) € O umeem

|L2(O] = D_bttiea)v(t)] < 32 Clti — tia) = Clb— ).

Taxum obpazom, |y] < C(b— a) < oo, 94T0 U TPEOOBATIOCH.
Creayrolee yTBep:KI€HHE TPUBUATBHO BBITEKAET M3 HEPABEHCTBA TPEYTOTbHHUKA.

IIpennoxkenue 13.4 (OGoOIEHHOE HEPABEHCTBO TPEyrosibHUKA). [Tyems mouku z, y € X aesrcam wa xpueod v,
moada |y| > |xyl|.

13.3 HarypaabHasg n paBHOMEPHad MapaMeTpu3aliui KPUBbIX

IIycTpb, kak u BbIMe, X — METPUUIECKOE MTPOCTPAHCTBO.

Ounpenenenne 13.5. Kpusaa v: [a,b] — X Ha3bBaercs HAMYpaavbHO NAPAMEMPUIOBAHHOU, & TAPAMETD S
orpeska [a,b] — HamypaabHbim, ecau s 1106000 HEBBIPOXKIEHHOIO OTpe3kKa [¢, d] C [a, b] BbimoaHsIETCH "y|[c7d]} =
(d— c). [Tapamerp t KpuBoit () Ha3bIBACTCH PABHOMEPHBIM, & Y(1) — PaBHOMEPHO TLAPAMEMPU08AHHOU, eCiu
JIJIsT HEKOTOPOTO A > 0 M KarKJ0ro HEBBIPOXKIEHHOTO OTpe3Ka [¢, d] C [a, b] BBITIOMHSIETCS "Y|[c,d]‘ = A\(d —¢). IIpn 3rom
YHUCIO A\ HA3BIBAETCS CKOPOCTMBIO PAGHOMEDPHO TAPAMEMPUSOEAHHOT KPUBOT 7.

Sameuvanue 13.6. Ecian kpusas (s), s € [a, b], mapamMerpin3oBaHa paBHOMEPHO W A — ee CKOPOCTh, TO OTOOparKEHHe
7 AIBJISIETCS A-JIAIIIAIEBBIM U, B cuity npuMepa [13.3] v — cupsamiasemas kpusas. JleficTBATENBHO, 1151 TIOOBIX S1, Sg €
[a,b], s1 < 2,

[v(s1)7(52)] < [Vsa,s01] = Als2 = 51),

9T0 U TPEOOBAJIOCH.

Sameuanue 13.7. Ilycth v: [a,b] — X — paBHOMepHO mapaMeTpu30BaHHast KpubBas. Torma cKopocTh A KpUBOI 7y
OJIHO3HAUHO ompejensiercst u3 yciopus |y| = A(b — a). Takum 06pa3oM, paBHOMEDHO MapaMeTpH30BaHHAS KPHBast
WMeeT HYJIEBYIO CKOPOCTb, €CJIU U TOJIHKO €CJIM OHA — OTOOpakeHue B TOUYKY. KpuBbie, siBIISIONINECS OTODPAaKEHUSAMHA
B TOUKY, OyJeM HA3BIBATH 8bLPOHCIEHHBLMU, & BCE OCTAIBHBIE — HEBBLPOHCIEHHBLMU.
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Kpusyio 7: [a,b] — X HazoseMm 6e30¢mMaH0804HOT, €C/IU JJIs KAaXKI0I0 HEBBIPOKIEHHOTO [¢, d] C [a, b] orobpazke-
HHE 7| [¢,q) He TOCTOARHO. FHBIME CTOBaMH, GE30CTAHOBOYHAS KPHBA — Ta, Y KOTOPOH KaK bl (DPArMeHT — HeBBIPOZK-
nennast kpusas. B npumepe [I3.6] Mbr nokasanu, 410 Kaxaas PABHOMEPHO [1APAMETPU30BAHHAS KPUBAsA CIPAMILAEMA.
IIpuBesem obpaTHOe yTBEPKICHUE.

Teopema 13.8. Ilycmwv v: [a,b] = X — 6esocmanosounan cnpamasemasn xpusaa. Tozda v moocem Ovimo Hamy-
PAABHO NAPAMEMPUIOEAHA.

HokasaresnbcrBo. Pacemorpum dyrkmmo (t) = ’7|[a¢t]‘.
Jlemma 13.9. Qynxyus ¥(t) nenpepviena.

HokasaresbcrBo. Boibepem mnpoussosnbHOe ¢t € [a,b] n mokazkem, 4ro s moboro € > 0 cymecrsyer § > 0, as
KOTOpOro npu Beex s € [a,b] N (¢t — 6,t + &) somomnsiercs [¢(t) — 1(s)| < e. Tonoxum £ = |y|. Tlo onpexenenuo,
CYIIECTBYET MOHOTOHHAs IOCJIeJI0BaTeNbHOCTb & € @ Takad, 410 £ — £/2 < |L'v(§)| < /(. Ecmu t & £, nobaBum ero K
¢ (1osIyYeHHYIO 110CJIEe0BATEILHOCTL 0003HAYUM TOi 2Ke OyKBOii). SICHO, 4TO JyIsl 1OJIYyYEHHOIl [10C/Ie10BATEIbHOCTI
LO-LIpexkHeMY BblosHgercs £ — /2 < ‘Lv(§)| <.

B kauecTBe 01 BO3bMEM DPACCTOSHEE OT t 10 OJUKANIIEro OTIUIHOrO OT ¢ 3jeMenTa nocaenosareabaoctu €. Tak
KaK PACIIMPEHUSAMHI IOCTEIOBATENLHOCTH { MBI MOJKEM MEHSTH JIHHY jJoManoit L. (§) mums B mpexemax (¢ —e/2, (),
TO J1s1 KaxKa0ro s € [a,b] N (t — &1,¢ + 61) mmmna [¢(t) — (s)| dparmenra xkpupoii y Mexkay Toukamm (t) n y(s)
OTIMYAeTCs OT |'y(t)'y(s)| He 6obie (Ha cAMOM JIeJie, MEeHbIIE) YeM Ha £/2: JJIMHA 3TOro (PparMeHTa PABHA CYIPeMyMy
JIINH BIECAHHBIX JIOMAHbIX, 8 KazKIas TaKas JIOMaHas, o0aBIeHHas K Ly (§), Moxer yBenuauTs ayuHy L. () MeHbIme
4gem Ha €/2. C Apyroii CTOPOHBI, B CHIIy HENPEPBIBHOCTU OTOOPA’KEHUS 7y, CYyHIECTBYET Takoe dy > 0, 9TO mpm BCex
s € a,b] N (t — 02, + J2) mmeem |y(t)y(s)| < /2. Ocranocs monoxurs § = min{dy, d2}. O

Urak, no nemme [[3.9] dbyukims ¢ HenpepbiBHA 1 MOHOTOHHO BO3pacTaeT. Bosee TOro, 370 MOHOTOHHOE BO3pACTaHWe
cTporoe, Tak Kaxk y — 6esocranoBouna. CiemoBaresbho, 1) — romeomopdusm ¢ obpaszom [0, £]. omomum ¢ = b1,
Torja ¢ — 3amena mapamerpa. Ilycts s — napamerp Ha orpeske [0, f]. Boibupaem sobbie s1,82 € [0,4], s1 < o,
nosnaraeM ty = o(sk), Torna

|(v 0 D510 | = [Vtasta]| = ©(t2) — (t1) = 52— 51,

TO3TOMY § — HATypPaJhHBIH TTapaMeTp Ha 1y 0 ¢, ITO U TPebOBAIOCH. O

13.4 MHMurerpagbHaga dpopMyJia JJUHBI PEryJIdapHOil KpuBoii B R"

Paccmorpum Temeps kpubbe B apudmernaeckom npocrpanctee X = R™. Ilyers v: [a,b] — R™ — Takas kpusag, t —
CTaHIapTHAsi KOODIMHATA Ha OTpe3Ke [a, b, a xt, ..., ™ — neKapTOBLI KOODIMHATHI HAa R™, TOTIa 7Y 3aNUCHIBAETCS B
9TUX KOOPIAMHATAX B BHUJIE YTIOPSI0UEHHOrO HADOPA (acl(t)7 R L (t)) dyukuuit, npuueM HempepLIBHOCTH (TIaIKOCTD)
51uX QYHKIMI PABHOCU/IbHA HEMPEPBIBHOCTH (IVIAIKOCTH) OTOOpakenus . B gajbHelinem peicTaBieHue KpUuBoi
B BUJe n Takux pynkmit 2¢(t) 6yemM Ha3LIBATL KOOPOUHAMHOUT 3ANUCHI0 KPUBOT .

Iycrb v — raaskoe orobpazenue, ¥(t) = (z'(t),...,2"(t)) — KoopauHATHAS 3aIUCh, TOIJA B KazxK10M TOUKe (1)
olpejiesieH 8ekmop ckopocmu y(t) = (9'61(1?), - ,x'”(t)). Touka rrankoii KpuBOil Ha3bIBaeTCA 0COOOU, ecau B Hei
BEKTOP CKOPOCTH paBeH Hymo. Touka, He sBIAIOMAACT 0CcOO0i, Has3biBaeTcsa pe2yaaproti. [nagkas Kpusas, COCTOS-
mas W3 OJHUX PEryIAPHBIX TOYEK, TAKIKE HA3BIBACTCA pe2YyAapHoti. OTMETHM, 9TO y TIASKAX KPUBBIX, HECMOTDS Ha
Ha3BaHUE, MOTYT OBITH W3JIOMBI. ¥ DPETYJISPHBIX KPUBBIX H3JI0MOB OBITH HE MOKET.

Bajgaua 13.10. Ilokaxkure, 9To

(1) razkocTb OTOOpPAXKEHHUS 7y €Ille HE rapaHTUPYET OTCYTCTBHUE “U3/I0MOB”: TaK, KasKIblil yrojl Ha IJIOCKOCTH MOXKHO
PEJCTaBUTh Kak obpa3 [IaKoil KpuBoil (IpuBeAuUTe IPUMEP NAPAMETPU3ALMK OPSIMOr0 YIJIa, BOCIOJIb30BAB-

1/t

2
MIKUCH, HATPUMED, (DYHKIUAMEI BUAA ¢~ /Y | POIOIKEHHBIMA HYJIeM B TOUKY ¢ = 0);

(2) rnasKyo KpUBYIO MOXKHO CIEJATh HErJIaIKOW HEKOTOpO# 3amenoil KoopauHaT (HANpUMep, BBECTH HA TJIAIKOM
KPUBOii, 00pa3 KOTOPOiIl — yTOJI, HATYPAJbHYI0 MapaMeTPU3AIMI0, IPU ITOM MMepeXoj]] OT HATYPAJIHHOTO Tapa-
MeTpa K MCXOIHOMY MOXKHO 33JaTh [JIAIKON hyHKImeid).
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YT00BI HE TOPTUTH TVIQIKOCTh KPWBOW, HAM MPUIAETCA OIPDAHWYHATH BO3MOXKHbBIE 3aMEHBI mapamerpa. llox peay-
AAPHOU 3amerot napamempa OyaeM TOHNMATH 3aMeHy, TJIaIKYI0 BMECTe CO CBoei obpaTHoii. B cumy Teopembr 00
obparHoit HyHKIMH, TOCIe Hee PABHOCUIBHO TOMY, 9TO IIPOM3BOHAA (DYHKIUK 3aMEHbI [TapaMerpa OTJIMYHA OT HY-
gsi. B panbreiimem, 1is I IKOM KPUBOM 10T 3ameHOoU napamempa Bcerga 0y/ieM IOHUMATh PEryJisipHY o
3aMeHy.

3ameuanne 13.11. OrTMernM, U4TO NPU PETYJIAPHON 3aMEHE TUT TOYKM KPUBOil (perysspHas ujim 0cobasi) OCTaeTcs
HEU3MEHHBIM (3TO BBITEKAET U3 TEOPEMbI O IPOU3BOAHOI CI0xKHOI GyHKImn). Takum 06pa3oM, pe2yaspHbvie 3aMeHbL
0CMABAAIOM PE2YAAPHBLE KPUBBIE DPE2YAAPHBIMU.

Beimre MBI BBeIM MOHATHE HATYPAJIHHOTO MApaMeTpa U JOKA3aId, 9T0 Ha 6€30CTAHOBOYHON CIPSIMIISTEMOI KPUBOM
BCerjia MOXKHO BBECTHU HATypasbHbIi napamerp (reopema [13.8)).

3ajgaua 13.12. Ilokazxkure, 9T0 KazK/1asl PerysipHas KpUBas siBsgeTcs 6€30CTaHOBOYHOM, B YaCTHOCTH, HA HEil BCeraa
MOKHO BBECTH HATYDPAJBHYIO IIapAMETPHU3AIUIO.

s perysisipHbIX KPHUBBIX HATYPAJIbHBIA HapaMerp MOXKeT ObITh BBeJEeH Oojiee sBHO, C MCIIOJb30BAHHEM HHTE-
rpanbHoil GOPMYJIBI JJIUHBI TIAIKON KpuBOil (3Ta (hopMy/ia JOKa3bIBAETCS B MATEMATHICCKOM AHAJIN3E).

Teopema 13.13. ITycmo 7: [a,b] = R" — 2aadkas xpusas, mozda

b
| = / 1411 dt.

Bamaua 13.14. Ilycre kpusag 7: [a,b] — R" — ranagkas. I[TokaxuTe, 4T0 0TOOpazKeHHE Yy — JIMIIIAIEBO ¥, 3HATHT,
Y — CHpsMJsieMas KpuBas.

13 Teopewmst [13.13| Terreph JIeTKO JOKA3BIBAETCS CYIIECTBOBAHNE HATYPATHHOTO TapaMeTpa Ha PEry/IspHOil KPUBOIi.
A wnmenno, ecom v: [a,b] — R™ — kpuBas, s KOOPIMHATA HA ITPOMEXKYTKE [a,b], TO yC/IOBHE TOrO, YTO TApAMETD $
HATYPAJIbHBI, BBILJISAUT TAK: JJIs JIIOObIX S1, S2 € [a,b], $1 < $2, BHIIOJHIETCH

/ |7(s)|| ds = s2 — s1.

HuddepeHnupys mpeabiayiiee paBeHCTBO IO Sg, MOJIYYIaeM H7(82)|| = 1. Takum oO6pa3oM, W3 HATYPATHHOCTH MTapa-
MeTpa BBITEKAET, 4TO [JINHA BEKTOPa CKOpOCTU KpuBOil pasua 1. Jlerko Bumers, 410 u 00paTHOE yTBEPKIECHUE TOXKE
nMeeT MecTo. TakuM 06pa3oM, MBI JJOKA3AIN CIEAYIONIHI Pe3yIbTar.

IIpengioxxenne 13.15. ITapamemp s na pezyaaprol kpusot Y(s) 6 R"™ namypaivhold, ecat 4 moavko ecau H’y(s)” =
1 npu ecex s.

IIpenmoxenne MT'HOBEHHO NMTPUBOJUT K YPaBHEHUIO, TTO3BOJIAIONIEMY HANTH HATYPAJIbHBIN TTapamMerp.

IlycTb ¢ — mpOW3BOJIbHBIN MAapaMeTp HA PEryJISpHON KPWBOH, a § — HaTypasbubii. Torga, mo teopeme o aud-
depennuposanuu cioxuoit Gyukimu, 1 = ||vs|| = ||| |ts|. TIo Teopeme o npoussoauoii ob6parHoii dyHKIMYU, UMeeM
ts = 1/s;, orkyna s; = %||y|, rax uro s = + [||7.(7)|| dr.

IIpennoxkenue 13.16. [Iycmov v(t) — peeyaspras kpusas 6 R™, mozda 6ce namypaavhoie napamemps, s HALOOUMCH
u3 Popmyav, § = :I:fH%(T)H dT, 8 wacmHOCU, OHU OMAUNGIOMCA dpYy2 om dpyza Ha 3ameny suda s — s+ ¢, ade
ceR.

Crenyromuuii Marepuas w3 JUHEHHOW aJIreOphl HAM MTOHAIOOUTCH B OJIMKAMIIeH JIEKITHH.

13.5 Ilapasasesenuneabl 1 NX 00 bEMBI

B sTom paszgesne mMbl onwmmieM, 9T0 Mbl TOHUMAEM MO/, TAPAJLIETETUIIEIOM U €r0 00beMOM, KaK HEOPUEHTUPOBAHHDBIM,
TaK W OPUEHTUPOBAHHBIM. MBI MCTIOB3YeM 3TH MOHATHUS B opToroHasn3anuu ['pama—IlIMuara, anropurm KOTOPOit MbI
TakxKe HamoMHUM. HavuneM ¢ HamoOMWHAHWS MOHATUS OPUEHTAIINH BEKTOPHOT'O MPOCTPAHCTBA.
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13.5.1 OpueHTarnus KOHEYHOMEPHOTO BEKTOPHOTO MPOCTPaAHCTBA

IIycts V' — koOHEYHOMEpDHOE BEKTOPHOE MPOCTPAHCTBO. PaccMOTpuUM BCEBO3MOXKHBIE OA3UCHI STOrO IMPOCTPAHCTBA U
BBEJIEM HA HUX CJIEIYyIOINee OTHOINEHHe: OA3UC €1, ..., e, HATL00AMCAE 8 OMHOUWEeHUU C DA3UCOM €1/, ...,Eens, €C-
JIN ¥ TOJBKO €CJIW OMPEIEIUTEIb MATPHUILI TIEPEX0Ia OT MEPBOTO 0a3mca KO BTOPOMY mojoxkuteser. OTMernM, 9To
€IMHUYHAsS MaTPHUIA WMEET MOJIOKUTEIbHBIN ONPEIeIuTe/b, MOITOMY OTHOIeHue peduekcusuo. lamee, ecoiu C —
MaTpHIIa Hepexofa OT IepBoro 6asmca Ko BropoMy, To C' HeBLIpoxKaeHa, C'~! — MaTpuIa Iepexoia OT BTOPOro basmca
K nepsomy 1 det C~1 = 1/det C, Tak uro orHomenue cuvmmerpuuano. Haxomen, ecim C] — MaTpPHIA MHepexoia OT
nepBoro 6azuca ko Bropomy, a Cy — or BTOporo K rperbemy, 10 C1Cy — MarTpuiia mepexojia or nepBoro dazmca K
tperbeMy u det(C1Cs) = det Cy det Co, mosTOMYy OTHOIIEHHE TpaH3UTHBHO. TakuM 06pa3oM, BBEIEHHOE OTHOIIEHNE
SABJISETCST Y9KBUBAJIEHTHOCTHIO U, TIOITOMY, PA30UBAET BCe DA3UCHI HA KJIACCHL. DTUX KJIACCOB POBHO [IBA: €CJIM OA3UCHI
€y U €;r HE IKBUBAJIECHTHBI DA3UCY €;, TO MATPUIA TEPEXOIA MEXKIY €; U €;/ UMEET TOJOKUTETHHBIN OMpeIeTuTe b
(upoBepbre), T.€. 3TU Ga3UCH JexKar B oqHOM Kiacce. Urtak, umeercs JBa Kiacca skBuBasenTHocTr 6a3ucos. Kax ipiii
W3 ITUX KJIACCOB HA3bIBAETCs Opuenmauyued npocrpancrsa V. Opuenmuposams KOHEYHOMEDPHOE BEKIMOPHOE
NPOCMPAHCMB0 03HATALT BHIOPATH OIMH U3 ITUX JBYX KJIACCOB U HA3BATH €70 NOAOHCUMEALHbBIM, & OCTABITHNHCT —
ompuuamenvHoim. Kaxxaprii 6a3uc u3 mOJOKUTETHHOTO KJIACCA HABBIBAECTCI TL0AO0HCUMEALHO OPUEHIMUDPOBAH-
HBLM, & U3 OTPULATEIHHOTO — OMPUUATNEABHO OPUEHMUPOBAHH M. Tak Kak Jjid 3aJaHus KJIACCA IKBUBAJICHT-
HOCTH JOCTATOYHO BBIOPATH JIIOOOTO €ro MpeICTABUTEN s, 33/[aHie OPUEHTAIMN OJHO3HAYHO OIPEIEIIeTCs BHIDOPOM
MPOU3BOJILHO H6A3UCA U OTHECEHUEM €ro K MOJOXKHUTEIHHO OpUEHTHPOBaHHbIM. Cmandapmnas opuenmayus apud-
Mmemuyeckozo npocmparncmea R" 3ajaercs craHgapTHBIM Oa3HCOM.

13.5.2 Ilapananejgenuneabl U X 00bEMBI

IIycrs V — nuneitrnoe npocrpancrso u k € N ne npeBocxonut pazmepuoctu npocrpancrsa V. [lox k-napaasesenune-
dom P Gynem moHMMATH yIOPSAIOYeHHbIH HAGOD (V1, . .., Ug) U3 k BekTopos v; € V. Iapamnenenunen P = (v, ..., vg)
Ha30BEM BbLPOHCIEHHDBIM, ECITH BEKTOPHI v; JUHEHHO 3aBUCUMbBI, HHAYE TapaJuienenunes P — He8vuposHcIeHHbLT.

IMycts Temepp wa V 3amano ckajspuoe npoussenenue. Onpenenum obsem vol(P) napaaseaenuneda P =
(v1,...,Vk) ClaeayOmuM 06pPa30M.

e Eciu P BbipoxjeH, 1o nonoxumM vol(P) = 0.
e Eciiu BekTOpBI v; 06pa3yioT OpTOHOPMAJIbHYIO cucTemy, To vol(P) = 1.

e Ecau P HeBBIpOXKIEH, TO Yepe3 Vp 0003HAUNM JINHEHHOE MOAMTPOCTPAHCTBO, HATSHYTOE HA, BEKTOPHI V;; BHIOEPEM

B Vp IpOM3BOJIBHBIA OPTOHOPMAaJIbHbIH 6azuc e = (e1,. .., ex) (Takoil 6a3uc Beerga MOXKHO BHIOPATDH, CM. HUXKE
pa3zen [13.6); uepe3 A, p 00603HAMHM MATPHUILY Iepexoma oT 6asuca e K 6asucy P; HaxowHer, nogoxuM vol®(P) =
|det Ac p|. Ormernm, a0 ecau f = (fi,..., fx) — Apyroit oproHopmanbHLIH 6a3uc npocrpancrsa Vp, u C —

marpuua nepexosa or f x e, ro Ay p = C A, p, 1031OMY
vol/ (P) = |det Ay, p| = |det(C A, p)| = | det C'det A, p| = | det Ac p| = vol*(P),

Tak 9T0 Benmauna vol®(P) He 3aBHCHT OT BHIGOPA OPTOHOPMANBHOTO Gasuca e B mpocTpancTee Vp. B cmty sroro,
Besmanny vol®(P) o6oznaunm vol(P) u Bo3bMeM ee B KauecTse 0ob6sema napasaesenuneda P.

Ecmn P — mapaJiesienume/, U MPOCTPAHCTBO Vp OPHEHTHPOBAHHO, TO OMPEIETNM TaK:Ke OPUeHMUPOSAHHBLU
o06sem voly(P) Tak. JIjst BBIPOK IeHHOTO Tapajuiesenumea P nonoxum volg(P) = 0. [Inst HeBbIpoXKIeHHOrO P BbIGe-
PEM IIPOU3BOJIBHBIN TLON0HCUMEABHO OPUEHITIUPOBAHHDBIT, OPTOHOPMAJIbHBIN Oa3HC € MpocTpaHcTBa Vp 1 HOJI0KUM
voly(P) = det(A.,p). fcmo, uro mpu 3aMene 6a3mca e Ha APYTOil MOJOKUTEIBHO OPUEHTHPOBAHHBIH Oasuc f, nuMmeeM
det(Ac,p) = det(Af p), 9T0 0OOCHOBBIBAET KOPPEKTHOCTH HAIIETO OnpeneeHusa. Takum 06pa3oM, OpUEHTHPOBAHHBL
obbeM voly(P) HeBBIDOXKIEHHOTO Tapasuienenunena P cosnamaer ¢ vol(P) mjs MOJOKUTENLHO OPUEHTHPOBAHHOTO
6azuca P mpocrpancTBa Vp, n paBeH — vol(P) 1isi OTpHIATETHFHO OpHeHTHPOBAaHHOrO. OpPHEHTHPOBAHHBIN 00beM
MBI B OCHOBHOM Oy/IeM HCIIOJIb30BaTh B KOHEYHOMEPHOM ITPOCTPAHCTBE V' DPa3MEPHOCTU 7 JJjIs HEBBIPDOXKIEHHBIX 71-
napaJIesenuie /0B,

Ormerum, uro obbem l-napasutesnenunena (v) pasen miune Bekropa v. O6bem 2-napasuiesenunesa (vy,vs) paBeH
IJIOMIAY [IAPAJIIEIOrPaMMa, HATAHYTONO HA BEKTOPBI v1 M V9. 1lo m3BecTHO# opmysie, ITa ILIOMEAAb PABHA “IPO-
W3BEJIEHNI0 OCHOBAHUs HA BHICOTY” . O000mMM 31y (hOPMYITy HA MPOU3BOJLHBIE HEBBIPOKICHHBIE k-TTapaslIeIeUTIE b
npu k > 2.

Bougenum B napasienenunene P = (vq,...,v;) ochosanue B, Bbibpas npoussosbhbie (k — 1) Bekropos. Ilycrb,
Juist onpenesieanoctu, B = (v1,...,v,_1). Pa3noxkuMm BeKTOp vp Ha BEKTOD Ak, NEPHEHIUKYIISAPHBIA IPOCTPAHCTBY



13.6. Oproronaan3anust I'pama—IlImugra 126

Vi, HATSHYyTOMY HA U1, ..., Ug—1, X BEKTOP V), JT€KAIIUH B 9TOM IPOCTPAHCTBE (3TO pasjIokKeHne OAHO3HATHO). Toraa
volp(vi, ..., vg) = volp(vy, ..., hg) o cBoiicTBam onpeenuresis. Beibepem Tenepb OpTOHOPMAaJbHbIH 6a3uc e, . . . , €1
B Vp u J0onoOSHEM ero 10 OPTOHOPMUPOBAHHOIO Da3mca €1, ..., e BCErO MPOCTPAHCTBA Vp Tak, 4TOOBI €} ObLI COHA-
npasien ¢ hg. Torna hy = ||hx|lex, n, Mo cBoiicrBy onpenenwnrens, volg(vy, ..., h;) = volg(vy, ..., vp—1)|| kx|, oTKymA

vol(P) = vol(B)||hg|. Takum o6paszom, ||hy|| urpaer poib 8vicomb MapasIesenunea, OnyIeHHON Ha OCHOBaHNe B.
Temu caMbIM, MBI IPUXOAUM K CJEIYIOMIEMY DPE3YIbTATY.

IIpenmnoxenune 13.17. Obsem k-napassesenuneda pasen npouseedenuro 0bsema A100020 €20 OCHOBAHUA HA BbLCOMY,
ONYULEHHYIO HA IMO OCHOBAHUE.

13.6 Oproronanuzanua ['pama—IlImuara

ITycTh Ha BEKTOPHOM HPOCTPAHCTBE V 3aJ@HO CKAJISPHOE NPOU3BEICHUE (-, ).

Teopema 13.18. Iycmo vy,. .., 0, € V — AUHETHO HE3GBUCUMBLE BEKTNOPDL, MO204 CYULECTNEYIOT OPTNOHOPMAALHBLE
8EKMOPHL W1, . . ., Wy, € V marue, wmo npu kascdom 1 < k < m auneiinvie 060404KU 6EKMOPOE V1, . .., Uk U W1, .. ., Wk
cosnadarom.
Bekropsr w1, . .., Wy, MOIYT OBITH IOCTPOEHBI C IOMOIIBIO Ipolecca opmoaoHaaudayuu I'pama—IIImudma: ua
nepBoM mare wi = v1/||v1]|, u ecam OpTOHOPMATBHBIE BEKTODPBL W1, . . . , W—_1 Y?KE ONPENEJEHBI, TO MOJIATAEM
/ / /
wy, = v — (w1, V) w1 — -+ = (Wh—1, Vk) We—1, We = w}/[Jwy].

B uwacTHOCTH, 11T KOHETHOMEPHOT'O TTPOCTPAHCTBA, V' 9TOT MPOIECC MO3BOJISAET MOCTPOUTH TIO TTPOU3BOILHOMY Oa3UCy
TPOCTPAHCTBA V' COOTBETCTBYIONINIT OPTOHOPMAJIHHBIN.

Ecmu Tpebyercst moCTpOouTD JIUITH OPTOrOHAIBHBIH DA3UC W;, TO MOKHO HAYATD C W1 = V1, & 3aTEM IOCJIEI0BATETHHO
MPUMEHATH POPMYITY
(w1, vg) (wr_1,vg)

11— T Wk—1.
(wl,w1> (wk—lawkq)

3amevanue 13.19. U3 mocrpoennsi BBITEKAET, UTO sl JTUHEHHOTO MPOCTPAHCTBA € 3aJAHHBIM CKAJISIPHBIM IIPOM3-
BegerneMm marpuna C mepexosa K JMHERHO HE3aBUCUMOIl CHCTEME BEKTOPOB U1, . . . , Uy, OT OPTOHOPMAJILHON CHCTEMBbI
W1, ..., Wy, TOIydeHHON oproronamm3anueii I'pama—IlImunra, — Bepxmerpeyromprasa. Haiizem, wemy paBHBI Inaro-
HAJILHBIE 3JIeMeHTHI MaTpuipl C.

Ha nepsom mare wy = vy /||v1||, mosromy mepsbiii quaronasbHbI memenT paser ||vq]|, T.e. vol(V]) — obbemy 1-
napasienenunesa Vi = (v1). IIycrs Temeps 1 < k < n. 3amernM, 9To Ha k-OM IIare MbI HOJIydIaeM BEKTOP W), KaK Op-
TOTOHAJIbHYO MPOEKIIUIO BEKTOPA Vg, HA OPTOrOHAIBHOE JOMOTHEHHE K MOIPOCTPAHCTBY, HATSIHYTOMY HA U1, . . . , Uk _1-
Takum 006pa3soM, B BbIPAXKEHUH U, Y€Pe3 BEKTOPbL Wi,. .., W), Koddduiuenr nepexy wy pased |w) ||, v.e. Boicore k-
napasutesienmnena Vi = (vq,...,vg), ONMYIIEHHOH Ha ero ocHoBauwe Vi_1 = (v1,...,v5—1). Ilo mpenmoxenwio [13.17]
stor ko3bdunment paseH vol(Vy)/vol(Vi—1). Yrobsl miis mepBOro AMArOHATIBHOIO JEMEHTA TOJYyYUTh TaKyko Ke
dbopmyny, kax w s k-oro npu k > 1, mbr nonoxum Vg = (0) m vol Vy = 1. Urak, Teneps npu xaxgom 1 < k < n
dopmysa mus k-oro auaronasnbHoro ssementa marpuipbl C umeer Bug vol(Vi)/vol(Vi—1). Ormerum, uro, Kak cien-
CTBUE, MbI IIOJIyYHJIU: BCE JUArOHAJIbHbIE 3/1eMeHTbl MATPpUlbl C' 0JI0KUTEbHDL.

Mertox Iaycca peleHns cuCTeMBI IHHEHHLIX ypaBHEeHN T MOKA3BIBAET, UTO 00paTHas Marpuna C ! — Toxe BepxHe-
TPEYTOIbHASA, 8 €€ JUArOHAJIBHBIE 3JIEMEHTHI — OOPATHBIE K IMATOHATBLHBIM JIEMEHTAM WCXOMHONW MATPUIIHI U, 3HAYWT,
TaK>Ke MoJIoKuTeabHble, paBable vol(Vi_1)/ vol(Vy).
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YupaxkuHenusd K ryiase 13

VYupaxueuune 13.1. IlocTpoiiTe Ha MIOCKOCTH TIAIKYIO KPUBYIO, 00pa3 KOTOPO — MIPSIMOii yTOJI.

Yupaxkuenue 13.2. IlocTpoiiTe mpuMep HEOTHOTOUETHOTO JTUHEHHO CBI3HOTO METPUIECKOTO TPOCTPAHCTBA, B KOTO-
POM HET HU OJHOUW HEBBIPOKJAEHHON CIPAMJIAEMON KPUBOIA.

VYupaxxuenne 13.3. Ilokaxwure, 9T0 KaxK1ad PeryagpHasi KPUBas fABJSeTCs 0€30CTAHOBOYHOMN, B YaCTHOCTH, HA Heil
BCerJla MO2KHO BBECTH HATyPaJIbHYIO IIapaMeTpu3aliuio.

VYupaxuenne 13.4. Ilycrs X — merpudeckoe mpoCcTPaHCTBO, ¥ — KpuBad B X, u TOYKU T, y € X JIeKaT HA 7.
IMokazkure, 910 |7y| > |2y

VYuopaxkuenne 13.5. Ilycrs napamerpudeckas kpusas 7: [a,b] — R™ — rmankas. I[Tokaxknre, 9T0 oToGparkeHne -y
— JINTIIIIATIEBO W, 3HAYUT, Y — CIPAMJIsgeMast KpUBas.

Vnpaxxknenne 13.6. BreauTe HaTypasbHbII TapaMeTp Ha CIEIYIONNX KPUBBIX, 33JaHHLIX Ha TJIOCKOCTH R? mn B
npocrpancTse R3:

(1) ma orpeske mpamoit y(t) = vt + a, Tae a,v € R, v # 0;
(2) Ha ayre okpyskuHOCTH Y(¢0) = r(COS ¢, sin ), r > 0;

(3) ma rpaduxe dyrxmmm y(z) = (x, ach(z/a)), a > 0, 3anaomeii KPUBYIO, IO KOTOPOH MPOrHGAETCS TAKETAS
uenb (KpuBas HA3BIBAETCS UENHOU AUuHUET);

(4) ma BunTOBOI JMHUE (@) = (acos ¢, asin g, bp).
VYupaxnaernne 13.7. Kpyr K ma eBKaum0Boit miockocTr R? “katurca 6e3 IpOCKaIb3bIBAHAS
(1) mo mpsmoit;
(2) 1O OKpYXKHOCTU CHAPYZKHU KPYTa, OIPAHUIEHHOrO ITON OKPYKHOCTHIO;
(3) 1O OKpY’KHOCTU BHYTPHU KPYTa, OIPAHUIEHHOTO ITOH OKPYKHOCTHIO.

Touka M xkecTko cBs3aHa ¢ kpyroM K (OHa MOXKeT jie:KaTh BHE KPYyra). 3ajaiiTe TPAGKTOPUIO JBUXKEHHS TOYKU
M napamerpuvecku. N306pasure coorBercrByiomue Kpusble. Hanumure KOMIBIOTEPHYIO IPOrpaMmy (Halpumep, B
nakere Maremaruka), KOTOpasi pUCyeT 3TH KPUBbIE B 32aBUCUMOCTH OT [APAMETPOB 3a/Ia4Hu.



Jlekima 14

KpuBusnbl KpuBbIX

Il;maH. p-peryJsipuble KpuBble, OuperysspHbsie Kpusbie, 6azuc @pene gz (n—1)-perynsapuoit kpusoii 8 R, dopmysst Ppene, p-as KpUBU3HA KPUBOH
B R", xpususasl kpusoi 5 R B NpouU3BOIBLHON NapaMeTpU3alMH, COXPaHEeHHEe KPuUBU3H npu adduHHbIX npeobpaszoBaHuax, BbIPasKeHUe KPUBHU3H
aepes KOS(i)(l)I/ILII/IeHTbI OPTOTOHAJIN3AIUHU, KPDUBbIE HA I[IJIOCKOCTU: KPUBU3HA U OPUEHTHUPOBaHHAs KPUBU3HA&, I'NIAaBHAS HOPMAaJb, OPHEHTHPOBaHHEIE
¥ HeopueHTHPOBaHHbIe GopMyasl PpeHe; KpUBbIE B TPEXMEPHOM IIPOCTPAHCTBE: INIABHAS HOPMAaJb U GMHOPMAaJb, KDUBU3HA U KpydueHHe, (GOPMYJIbI
®peHe; BLIBOL CTAHIAPTHBIX (POPMYJ KPUBU3HBI M OPMEHTHPOBAHHOH KPUBU3HBI IIOCKHX KPUBBIX, & TAaK»Ke KPUBH3HBI M KPYyY€HUs KPHUBBIX B
TPEXMEPHOM IPOCTPancTBe u3 obmwux Gopmysn Ppene.

YTo0bI OXapaKTepu30BaThH M3MeHeHrne (hOPMbI KPUBO, MBI BBEJIEM B PACCMOTPEHUE KOHEUHBIH HAOOD (DYHKINH U
TIPUBEIEM YCJIOBUS, TAPAHTUPYIONINE, 9TO 3TU (PYHKIIUU OMPEIeATIOT (GOpMy KPUBOl OTHOZHATHO.

14.1 ®opmyast OpeHe U KPUBU3HBI

[ycts 2!, ..., 2" — nekapTossl kKoopauHaThl B R™. [Monoxkum I = [a,b], u nycts : I — R™ — ragkas kpusasd. Mo

Ha9HEM C JOKa3aTEe/JIbCTBa TEXHUYCCKUX PE3YIbTaTOB.

Ipeanoxenue 14.1. Tycmo £: 1 — R™ un: I — R™ — zaadkue omobpasicerus, a (-, ) 0b6osnaxwaem cmandapmmoe
cKaaaproe npouseedenue sexmopos 6 R™. Tozda

(&), n(t)) = (E@),n(6)) + (£(t),n(t)).

dokazaTesbcTBo. Pacrumure 370 CKalIgpHOE MPOU3BEIEHNEe B KOOPAWHATAX U IpoaudepeHnupyiTe mo IpaBuIy
Jleitormia. 0

Ipenmoxenne 14.2. ITycmo {: 1 — R™ — anadkoe omobpasicenue, npunem seauruna [|£(t)| nocmosnna. Tozda
npu xascdom t eexmopo, £(t) u &(t) opmozonanvoL.

JokazaresbcTBo. Vcnonb3ysa mpeamokenne npoauddepeHIupyeM ypaBHeHre <§ (t),¢ (t)> = const u moyInM

2(£(1),€(1)) =0,
910 1 TPebOBaIOCH. O

Hasee, mrs rnaakoit kpusoit v: I — R™ u 1 < p < n, OyaeM TOBOPUTD, UTO Y SBJIAETCHA P-PE2YAAPHOU 8 MOUKE
t, eCIl BEKTOPHI

Y(t), 5(t), ...,y (t)

JuHeHO He3aBucuMbl. KpuBasi, p-peryaspHas BO BCEX TOYKAX, HA3BIBAECTCS P-Pe2yAiapHOU.
3amaua 14.3. Ilycts v: I — R™ — rnagkas kpusas.

(1) Iokaxure, 4TO CBOWCTBO KPUBOIi 7y OBITH P-PEryJIAPHON HE 3ABUCUT OT MapaMerpu3aluu (HANOMHHMM, YTO JJist
[JIQIKUX KPUBBIX Mbl PACCMATPUBAEM TOJIKO PEryJispHbIE 3aMeHbl IAPAMeTPa).

(2) dokaxkure, 4r0 eciiu KpuBas 7y sIBJISETC P-PErYJSPHOil B TOYKe ¢, TO OHA TaKXKe P-PEryJispHa B JOCTATOYHO
MaJIO OKPECTHOCTU TOYKHU ¢.

128
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OTmeTnM, 9TO IpU p = 1 KpuBas IPOCTO PEryJIsApHa, & TIPA p = 2 KPUBas TAKKE HA3BIBACTCA Oupe2yAapHo.

Ecsm xkpusas v sBaserca (n — 1)-perynspHoii, To npuveruM oproronanu3amuio I'pama—IlImunra x muHeiiHO HE3a-
sucuMbIM BekTopaM (1), 5(t), ..., 7™ D (t) 1 HOCTPOEM OPTOHOPMATBHYIO CHCTEMY BEKTOPOB V1, . . . , Vp_ 1. JJOHOITHEM
3Ty CUCTEMY BEKTOPOM Vjp J10 1OJIOXKUTEIHHO OPUEHTUPOBAHHOIO OPTOHOPMaJIbHOro Gasuca npocrpancrsa R™. Tloy-
YeHHBIH 6a3uc Ha3bIBaeTCd ba3ucom DPpere.

3amaua 14.4. [Iposepbre, uTo Gasnc Opere He MEHSIETCS MPYU 3aMeHe MapaMeTPU3aIlnN, COXPAHAIONIEH HampaBIeHne
JIBAKEHUS.

BrisicanM, Kak pacKIaJbIBaIOTCA CKOPOCTH I, W3MEHEHUA BEKTOPOB v, Oaznca @pene mo sromy 6azncy. Ilomoxmm
I s, = (7(“), e ,7(“’)), TaK 9ITO eCJIM KPUBas Y sABJgeTCcs (1 — 1)-perynspHOi, Bee i, Pa3NUIHLI U He IPEBOCXOAAT
n—1, 10 I},...;, — HEBBIDOXKIEHHBIN p-TIAPATLIEIEITATIE]], W JIJIsl HETO OIPeJIeIeH obbem vol (I il---ip); cM. pazzen (13.5.2
Hanomuum, dro B pasmese Mbl OLpEJeNHJIM VOl TakxKe [Jist “IycToro napaJsulesenunena’, nosoxus vol(f) =
1. Kpome Toro, MbI BhIOEpEM CTAHIAPTHYIO OpueHTannio R’ B KadecTBe MOJIOXKUTEIBHON, TOTIA TAKIKE ONpEIeIeH
OpUEHTUPOBaHHBIH 00beM volg([7...,). OTMeTuM, uro n-napasienenunes I ..., MOXKeT ObITh BBIPOXKIEHHBIM, TAK KAK
MbI HE IPEJTIOJIAraeM, YTO KPUBas 7y sABJIAETCS N-PEryJIApHOl, orpanuduBasich (n—1)-peryasprocrsio. Takum o6pa3om,
volg(I7...,) MOXKET IPUHUMATD JIIOObIE 3HAYEHUS.

Teopema 14.5 (®opmynst @pene). [Tyecms v: [ — R™ — npoussoavnasn (n — 1)-peeyasprasn xpusas, mozada

U1 = kyva,
v = —kyv1 + kavs,
(141 K
Up—1=—kn_ovpn_o+kn_10n,
l./n = *kn—l Un—1,
2de
vol(I7...,—1) vol(I7...
(Ip 21) (Ipt1) mpul<p<n_2
vol (Flp)
(14.2) kp =
VOl(Fl...n_g) VOlQ(Fl,..n)
5 npup=mn-—1,
vol (Flwn—l)
6 uacmHocmu, ece ki, ..., ky_o — noasoscumenvHue PYHKUUY, G Kyp_1 MONHCEM NPUHUMAML A0OBLE 3HAYEHUS.

HoxkazarenscrBo. Ilo onpenenenuio oproronanuzanuu I'pama—IlImuara, aaa kaxgoro 1 < p < n BeKTOp V), 4B-
JsteTcst JTMHEHO KOMOHHAIeH BEKTOPOB 7, . ..,v ) ¢ koadbdummentamn — GyHKIUAME OT HapaMeTpa KpHBOi 7,
TMO3TOMY U}, TIPEJICTABIAET OO0 aHAMOTHYHYTIO JUHEHHYI0 KOMOMHAIINIO BEKTOPOB 7, . . . , AP+ Tak kak muneitHas
000/109Ka BEKTOPOB 7, . . . ,’y(p“) COBTIQIAeT € JIWHEHHOH 00O0TOUKOH BEKTOPOB Vi,...,Vpy1 IPH p < M — 1, BEKTOP
U, dBjidercd JIMHeRHOH KoMOMHaluelr BEKTOPOB Vi, ..., Vpt1. TaK Kak Vi, ..., U, 00pa3yior 6asuc npocrpancrsa R,
BEKTODBL Upy_1 U Uy, SBJISIOTCS WX JIHHEHHBIMU KOMOuHAIMAME. [T0M0OKUM apy = (P, Vy), TOTIA

o p+1

e, =) L apvianmal <p<n,m
. n

e VvV, = Zi:l AnilVi.

ITocKOMLKY (U, Vq) = Opq M1t Beex 1 < p,q < n, TO

apqg = (Up, Vq) = —(Vp, Ug) = —aqgp,
B JaCTHOCTH, Gy, = 0. Tak Kax aq, = 0 1719 Bcex p > ¢ + 2, TO apq = —agp = 0 a4 Bcex ¢ < p — 2. IlosTomy
® /1 = ajale,
® Up = pp-1)Vp-1 + Ap(p1)Vpt1 = —A(p-1)pVp—1 T Ap(py1)Vpt1 A1 L <p <n,

Uy = An(n—-1)Vn—1 = —Q(n—1)nVn—1-
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Ecmm monoxuTh ky = appe1y A8 p=1,...,n — 1, Mt nomyaum dopmyamsr (14.1)).
Haiiziem rerepn Bee k. IIpenosokum cHauasta, 4To BCe BEKTOPHI ¥, . ..,7™) numeiino mesasmcumbl. 3amernm,
YTO BEKTOP VU, COBHAJAET C MOCIEJHHM BEKTOPOM OPTOrOHAIM3AIME CHCTEMBI 7, ..., ™ ecim sra cucrema moso-

KUTETHHO OPUEHTHPOBaHa. B MpoTWBHOM ciiydae, HampaB/IeHWe BEKTOPA Y, MPOTHBOTIONIOKHO TIOCTETHEMY BEKTOPY
oprororasm3anun. Orcona n u3 3amedanus [13.19] Berrekaer, ato npu Beex 1 < p < n BBIMOJIHSIETCS

VOl(Fl... ) VOlo(Fl...n)
14.3 (p):al/—i—..., e ap, = ————21_ upup<n, U Q= ———
( ) i PP P VOl(Fl..‘p_1) pup VOl(Fl...n_1)
I(Fl ,1) VOl(Fl... ,1)
14.4 = By ® 4 ... = YO Lepl) < = vollLn-1),
(14.4) vp =By A+ e By vol(I1...) upu p <, u 5 volo(I..)
B mepBoit dopmyite “...” obo3HaYaeT JHHEIHYI0 KOMOMHAINIO Vg ¢ ¢ < P, a, BO BTOPO# — JINHEHHYI0 KOMOMHAITIIO *y(q)
cq<p.

Huddepentupyss paBeHCTBO 1) ¥ TIOJCTABIIsAs B IPABYIO 9aCTh BbIpazkeHns s Beex v(9 3 pasencrsa l)
[OJIy 93eM

U, = Bpfy(p'H) +...=Bpapritpr1 + ...,

rJie mocyiesigee . .. 0b603HaYaeT JUHeHHY0 KoMOuHanuo v, ¢ ¢ < p + 1. CienosareibHo,

kp = (Up, Vpt1) = Bpapt1,

OTKYy/la U BBITEKAeT TpebyeMoe.

Iycrs temeps Bektop ") mmmeiino 3asmcuM ¢ 4, ...,~7" V. Torma i,_, meXurT B JUHEHHON 000IOUKE BEK-
TOPOB V1, ...,Vp_1, O3TOMY kp_1 = 0, u 10T kYfy—1 yHoBierBopsier dopmyie ((14.2), Tak Kak B 9TOM Ciiydae n-
napaJuesnenunes [..., BBIPOXKIEH H, 10 onpenenenuio, voly(I7...,) = 0. Bce ocranbusbie k;, BHIUHCIAIOTCS TOTHO TaK
xKe. O

B nmonyuennbix dopmymnax u KoapdunnenTsl k, 3aBHCAT OT mapaMmeTpusarmu. 1To0B HOTYyYNTH
XapaKTEePUCTUKU KPUBOU, M3 BCEX lapaMerpu3aluil BbIOUPAIOT HEKOTOPbLl MOJK/IACC, JJig KOTOporo Bce k, oiHU U
Te ke, TpaIuiuOHHO B KAYECTBE TAKOIO MOJIKJIACCA GEpyT CeMefCTBO HATYPATIBHBIX TaPAMETPU3AIHIL, COXPAHIONINX
Hanpassenne asuxkenns. Ilo npemoxennto [I3.16] Bce Takne mapamMerpusanum OTIXYAIOTCS CIBUIOM HA KOHCTAHTY,
a TaKne 3aMeHBI He MEHSIOT MPOM3BOIHBIE, TIOITOMY BCe k, COXpaHsAIoTcd. Bomee Toro, Bce k, mpm p < n — 1 Takxe
COXPAHSIOT CBOW 3HAYEHHWS TIPU 3aMeHe HA HATYPAJbHYIO MapaMeTpU3aIio, 0OPAIIAIONLy0 HANPABICHNE IBUKEHUS.

3amaua 14.6. Boigcaure, 910 TpOUCXOOUT C ky_1 TPU M3MEHEHUU HAIPABJICHUS IBUYKEHWS HA MTPOTUBOIOJIOXKHOE.

Onpenenenne 14.7. Benmnmanna k,, BRIIUCIEHRAd I8 HATYPATLHO TAPAMETPI30BAHHOIN (n—1)-perynsipHoii KpuBOii
7, HA3bIBAETCS P-0U KPUBU3HOU KPUBOU 7.

OTmernm, 9TO B Teopeme MBI TIPOBEJIN BBIYUCICHUA JIJIS TPOU3BOILHON MapaMeTpU3aIun U A K03 puim-
eHTOB k;, nosy«nmu GOpMyIBI OZHOTO U TOro ke Buja. 1lo 3amaue 6asnc @pere He 3aBUCHT OT BHIOOPaA Tapa-
MeTpU3aIiH, COXpaHsIONIeil HapaB/leHne JIBUKeHUs. A 4TO IPOUCXOJUT ¢ IPOU3BOAHLIME BeKTOpoB bazuca ®Opene?

™ o dv, dv,
IIycTs s — marypambHblil mapaMerp, ¢ — IPOM3BOIbHELA, mpudeM s; > 0, Torga —2 = —25;, OTKy/a BBIPAZKEHHE [T
dvy, dvy,
& moayuaercst n3 dopmyasrt @pene qas 2 penennem seex kodbdunmenTon na s; = ||v:||. Wrak, mbr npuxogum K
CJIeIYIOMEMY Pe3yabTaTy.

CaencrBue 14.8 (Popmysa KpUBH3H KPUBOH B TPOM3BONIBLHOMN mapamerpusammn). [Tycms y(t), t € I, — npoussoss-
naa (n — 1)-pezyaapras xpusas 6 R™ u ki,..., k,—1 — ee xpususno (kospduyuenmo, 6 dopmysar Ppere xpusod
v, NAPAMEMPUI0EAHHOT HAMYPAALHO C COTPaHeruem Hanpasasenus). ITycmo I7..., oboswawaem p-napasiesenuned
(4,--- ,vP)), 20e npouszsodusie Gepymes ommocumervro ucroonozo napamempa t. Tozda
VOl(Fl...p_l) VO](Fl...p+1)
P} N

vol™ (I...p) [l
VOl(Fl..,n,Q) VOlo(Fl...n)

VOl (Iyon—1) 4]
Caepncrue 14.9. Ilycmo F: R" — R" — apdunnoe npeobpazosarnue, pasHoe KOMNOZUUUYU COTPAHANULEZ0 OPUEH-

MAYUO 0PMO20HAALHO20 Npeobpasosanus A: R™ — R™ u nexomopozo cdeuza x +— x + 7, 20e x,7 € R™. Tozda F ne
MeEHAEM KPUBU3HBL Karcdol (n — 1)-peayasproti kpusoti 6 R™.

npul <p<n-—2
(14.5) k, =

npup=mn-—1,
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Hoxka3zaresbcrBo. [leiictBurensio, nyctsh (s) — HaTypaJbHO HapaMerpudoBanHas (n — 1)-perynsgpHas Kpubas B
R”™. Tak kak F' — addunnoe orobpaxenue, 1o (F fy)(k) = A~), C 1pyroit cTOPOHbI, OPTOrOHATBHOE IPEOGpPA3OBAHTE
He MeHsieT KaK JJIMHbl BEKTOPOB, TaK U 00bEMbI P-lIapaJlIeJIeluIIe0B, YTO JErKO J0Ka3aTh MHAYKIMel 1o p (cuesnaiire
910). Kpome Toro, eciim npeobpazoBanne A COXpaHs€T OPUEHTALMIO, TO OHO TAKXKE HE MEHSIET M OPUEHTHUPOBAHHDIE
00beMbl n-napaJuienenuneos. OcTaaoch 3aMeTHTD, 9TO (DOPMYJITbI BBIPAYKAIOT KPUBU3HBI UCKTIOYUTEIHHO 9€Pe3
06BEMBI P-TIAPATIICIENTATIE0B W OPHEHTHPOBAHHBIE OGBEMBI N-MAPAJLIEIENNIEN0B OT TPOon3BOTHbIX K. O

OTMmeTnM, 9TO Ha MPAKTUKE BHIUUCICHNE KPABA3H KPUBOH ~y MPOINE TPOBOJNTH BO BPeMsi OPTOTOHAIM3AINH CUCTE-
MBI BEKTOPOB 13 Ipou3BoaHbiX V), Ciieyromuil pe3yabTaT BEITEKAET U3 BBIUUCICHMH, MPOIETAHHBIX B JOKA3ATE b-
crBe Teopemsr [14.5]

CaencrBue 14.10. ITycmo v: I — R™ — npoussoavhas (n — 1)-pezyaapras xpueas, vy, ...,v, — ee basuc Ppene,
aki,... ko1 — xpususns. ITycmo, kax u 6 dokasameavcmee meopemol, ¥P) = Qplp + . .., UAU, OPY2UMU CAOBAMU,
ap = (7P 1,), mozda

k = Gpt1 _ <7(p+1)»Vp+l>
Papar () 1A

Paccmorpum 6ostee moapobro caywan miockocr R? u mpocrpancrsa R?. Haunem co cayuas mmockoctn. Nmeenm

volo(I'2) [¥, 41 [7,7]

vol (D) 15— vol® (1) 31— [I91®

rze [¥,%] obo3Hauaer ompeenuTe/lb MaTPUIBI, B KOTOPOI cTONOIaMu ABJIMIOTCA § U 4. B aBHOM Buze, ecm x, y —
JIeKapTOBBI KOOPAMHATHI Ha TTocKocTH R?, w1 (1) = (z(t), y(t)), TO

G — i
k1= o
(@2 +92)%/
Ho xoH1a sroro ab3aija KpuBast 7y MPEANOIAraeTcs apaMeTpu30oBaHHol HarypasibHo. st wvee ||[¥|| =1 u 4 L 4,
nosromy k1 = £||¥||. Besmunna k := [|¥|| = |k1| TpaaumpoHHo Ha3bIBAETCS KPUBUSHOU TIIIOCKOI KPUBOiL 7, a k1 —

€e OPUEHMUPOBAHHOUT KPUBUIHOU WIH KPUBU3HOU cO 3narom. [lamee, vy = . BbisicHuM, KaK CBSI3aHBI Vo U
YCKOpeH#ue 4. 3/1eCh CyIIEeCTBEHHO BBIIEISETC Caydaii OuperyaspHOil KPUBOW: B 9TOW CUTYAIUU OMPEJEIEH BEKTOD
v :=4/||7]l, naspBaemsrii 24a68H0TU HOpMaabro. IIpu 3TOM v = Vg, €CM OPTOTOHANIBHBIN Ga3uc (7, %) MOJOKATETBHO
ODPMEHTHDPOBAH, & eCJIW OPMEHTAINsl OTPUIATeIbHast, TO ¥ = —Uy. Tak Kak k1 = (¥,12), To k = k1, ecin ycKopeHwue
COHAIIPABJIEHO C Vo, U k = —k1, €CJlu HaIpaBJIeHUs ¥ U Vo MPOTUBONONOXKHBL. [lojoxkum 7 = 4 = v1. U3 cka3aHHOrO
BBIIIIE BBITEKAET, YTO JIjis OUPEryJispHO ILUIOCKON KpuBoil umeercs ase dhopmysbl Ppene: opuenmuposartast (¢
KOTODO#i Mbl HAYUHAJIU) U HEOPUEHINUPOBAHHAS WA MPAOULUOHHAN:

1)1:]611/2, ’f'zkl/,
Dgz—kluh v=—kT.
Ecmu xpuBasi v He GuperynspHa B JaHHOH TOouke, To ¥ = 0, Tak uro k = k; = 0, OmHAKO ry1aBHAdg HOPMAaJb V

HE OIpeJIe/ieHa W, TeM CaMbIM, He OIPEJEeIeHbl TPAIUIMOHHbE (DopMyabl Opere, B OTJIUYHE OT OPUEHTUPOBAHHBIX
dopmyn Opene, KOTOPbIE OMPEIETIEHBI BCETIA.

Paccmorpum Temeph ciryuait mpocrpanctsa R3. 3mech KpuBas v JOMKHA OBITH OUPErYISpHOLL, W JJId Hee MMeeT
MecTo aHajorudnas dhopmysna s ki, TOIHKO BMECTO OPUEHTHPOBAHHOIO 00'beMa PACCMATPUBAECTCS HEOPHEHTHPOBAH-

mpiit: ky = ||[4,%]|/171®, rae Boipaenne [4,4] — BexTOopHOE MpoM3BeEHHE CKOPOCTH M yCKOpeHHus. Boramcinm ko.
MMeeM . .. e
_ vol(I1)volo(I123) (9,4, %)
2= 2 : TSN
vol™(I2) 1] 1741

rze (%,4, 7') obo3HaYaeT CMEIIaHHOE MPOU3BEeIeHNe BeKTOPOB. Tpaaunuonto k := ki Ha3bIBAETCH KPUBUSHOU, » 1=
ko — KpYyueHuem, BEKTOp U := Uy — 2AG6HOT HOPMAADBIO, a [ := V3 — buHopMaablo. BekTop v obo3nadaior 7.
B cmy onpenenenuns vz, umeem 3 = [1,v]. B rpamummonnbx o6o3navenuax ¢popmyasr Opene UMET BU:

T=kuv,
(14.6) U=—kT+xp
B=—sxv.

TaxknM 06pa3oM, KpyUeHHe » MOXKHO BBIYUCIUTH TIO dbopmyie 3 = —(f3, ).
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YupakHeHus K riiase 14
VYupaxueune 14.1. Borancinre KpuBu3Hy, OpUEHTHPOBAHHY0 KPpUBU3HY 1 6a3zuc Opere 11 IMITOCKUX PEryIapHBIX
KPUBBIX, 3aJaHHbIX Ipadurom byukiuu v(x) = (:E7 f(x))

VYupaxxuenne 14.2. [ns cieayionmx KPUBbIX, 33JaHHBIX HA TJIOCKOCTU C JI€KAPTOBBIMYU KOODIUHATAMHU T, Y, BbI-
9HCJINTEe KPUBU3HY, ODUEHTUPOBAHHYIO KPUBHU3HY U Haiiaure 6a3uc Opene:

(1) ana orpeska mpamoit y(t) = vt + a, Tae a,v € R?, v # 0;
(2) nns nyrm okpyskaOCTH Y(0) = 7(COS @, sinp), r > 0;

(3) ans nennoit muann v(z) = (z, ach(z/a)), a > 0;

(4) s smmanca y(p) = (acos g, bsing), a > 0, b > 0.

VYupaxxuenne 14.3. s ciaeayomux KPUBbIX, 33/JaHHBIX B TPEXMEPHOM IIPOCTPAHCTBE C JI€KAPTOBBIMUA KOODIWHA-
TaMu T, Y, Z, BBIYUCIUTE KPUBU3HY, Kpydenue, u Hajiaure 6azuc Opene:

(1) mig orpeska npsmoii;

(2) s BunTOBOM SMHEMK Y (t) = (a cost, asint, bt), a > 0;

(3) mna kpusoit y(t) = (¢2, 1 —t, t3).
Yunpakaenune 14.4. PaccMOTpuM CJIeyIONYI0 KPUBYIO B 4eThIPEXMEPHOM IIPOCTPAHCTBE:

~(t) = < sin * ) 1 cost, ! sin t)
V2R R V2

Boranciure 6a3uc @pere n KpUBU3HBI KPUBOIT 7.
VYupaxueuune 14.5. /[ KPpUBBIX B TPEXMEPHOM MIPOCTPAHCTBE, JTOKAKHUTE, ITO

(1) perynsipHas KpuBas JIEXKUT HA MPAMOIi, €CJIM U TOJILKO €CJIU €€ KPUBU3HA PABHA HYJIIO;

(2) Guperyssipuasi KpUBasi JIEZKUT B ILJIOCKOCTU, €CJIU U TOJHKO €CJIA €€ KPYUEHUE PABHO HYJIIO.

Haiinure ypaBHeHNsT TAKUX MPAMBIX U IIJIOCKOCTEl B TEPMUHAX HCXOTHBIX KPHUBBIX.
BeisicHWTe, BEPHO I, 9TO €CJIN B KayKIO0 TOUKE PEryasipHoil KpuBoit y BhIMosHseTcs (3,4, 7') = 0, TO vy JeKuT B
HEKOTOPO# MI0CKOCTH?

VYuopaxkaernne 14.6. ITokaxnre, uro (n— 1)-peryaspraas kpusas B R", y kotopoit k,_1 = 0, 1exut B (n—1)-MmepHOM
adGUHHOM TPOCTPAHCTBE.

Yupaxkxuenue 14.7. [lokaxkure, 4To HaTypaJbHO TapaMeTpu3oBaHHas KpuBas B R”, y KOTOPO# TOXK/IECTBEHHO PaBHA
HYJII0 HEKOTOPAs MPOW3BOIHAs TOpAAKa k > 1, aBIsieTCsS OTPE3KOM TPAMONA.

Yupaxnenue 14.8. Jlokaxkute, 4To Gupery/spHas HaTypaibHO MapamMeTpusoBanHas kKpubas v(s) B R® umeer mocro-
SHHYIO KpUBHU3HY k > 0, €CJIM 1 TOJIBKO €CJIM CYIIECTBYET HATYPAJIbHO ITapaMeTpU30BaHHAst KpUBas 7(0) HA € IUHUIHOMN
cepe u Touka A € R3, 115 KOTOPBIX

1 ks

v(s)=A+ % / 7 do.
ka

Yopaxnenue 14.9. JlokaxuTe, 9T0 GUperyiapHas HaTypajibHO IapaMeTpusobanHasd Kpubas v(s) B R umeer mo-
CTOSTHHOE KpydeHne » # 0, ecn ¥ TOABKO €CJIM HA eJMHWYHON cdepe CyIecTByeT HATYpaIbHO TTapaMeTPU30BaHHAS
KpuBas (o) HEeHyJIeBOIl Teoe3nIecKoil KpUBU3HBI (ITPOEKINS BEKTOPA YCKOPEHHSs (5, HA KACATEJIHHYIO MIOCKOCTh K
cepe Beromy oTYHA OT Hy/IA), a B MpocTpancTse — Todka A € R3, ama KoTtopbix

1 s
v(s)=A+ = 18, 8o do
” »xa
Vopaxkaenne 14.10. JJokaskure, 9To KpUBU3HA GUpEryngapHOi Kpuboil B R? mponopnuonaibHa KPydeHuro, eCld 1
TOJIbKO €CJIM HalIeTcs MOCTOAHHbI HEHYJIeBOi BEKTOP U Takoii, uro (u,T) = const # 0.
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Vnpaxnuenne 14.11. JIokazKuTe, UTO HATYpaJbHO ITapaMeTPH30BAHHAS OHperyiIapHas Kpubad B R? ¢ KpuBm3HOI
k, nius koropoit k # 0, © ¢ HEHYJEBbIM Kpy4YeHueM 3¢ JexXuT Ha cdepe pagmyca R TOrga W TOJBKO TOT/A, KOTIA

cnpaBe/thBo COOTHOIIIEHue
1 k2
RZ= 1+ ——_1).
kZ( - <xk>2>

IIpuBeure mpuMep OHperyIsIpHOI HATYPATbHO MAPAMETPU30BAHHOI KPHUBOi, He yexarrneil Ha cdepe, I KOTOPOit
BBITTOJIHEHBI BCE yCJIOBHUSA 3aJa4u, Kpome k # 0.



Jlekmma 15

BoccTanosienne KPHUBbLIX 110 KPUBU3HAM.
FeOMeTpI/IH IIJIOCKNX KPHUBbIX

Ilnan. 3aBucsiee 0T BPEMEHU BEKTOPHOE IOJI€, UHTEerPAJIbHAsI TPACKTOPHUS, HAYAIbHOE yCI0BUe, OObIKHOBeHHOE nuddepeHnnaibHoe ypaBHeHHE,
TEOpPeMa CyLIECTBOBAHUS ¥ €IMHCTBEHHOCTH PeILIeH!si 00bIKHOBEHHOr0 auddepeHuua bHoro ypaBHeHus, Juaeiinoe nuddepeHunaitbHoe ypaBHeHue,
TEOpeMa O MPOJOJI?KEHHU PeIIeHUs] JIMHEHHOro 06bIKHOBEHHOro auddepeHnnaJbHOr0 ypaBHeHUsl, BOCCTAHOBJIEHNE KPUBOH 10 KPUBU3HAM, HATY-
pajibHbIE€ yPaBHEHHs, BOCCTAHOBJIEHHUE IIJIOCKOH KPHBOM [0 OPHEHTHUPOBAHHON KPUBU3HE, KaacCcupuKkanus nI0CKUX KPHUBbIX NOCTOSHHON KPUBU3HBI,
TE€OMEeTPHsI IIJIOCKUX KPUBBIX: PAJANUyC KPUBU3HBI, ODHEHTUPOBAHHBIN PAaANyC KPUBU3HbI, IEHTP KPUBU3HbI, 3BOJIOTA U KayCTHKA, OCOGEHHOCTH 9BO-
JIIOTBI, 3BOJIbBEHTA, BOCCTAHOBJIEHHE HUCXOMHOI KPHUBOH U3 ee 3BOJIOTHI; MOPAJOK KaCaHUA KPHUBBIX, OKPY?KHOCTb KPHUBHU3HBI UJIH COIIPUKACAIOIIAACT
OKPY?KHOCTb, IOPASOK KACaHUdA KPUBOH UM OKPY’KHOCTH KPUBU3HBI.

B s70ii siekiuu MbI TIOKaXKeM, KaK KPUBYIO MOXKHO BOCCTAHOBHTH IO ee KpuBmu3Hnam. Jliist 3Toro nam norpebyercs
O/HA BarKHAsS TEOPEMa, JOKA3aTeIbCTBO KOTOPOi Oy/IeT pacCKa3aHo B Kypce TeOpruu OOBIKHOBEHHDIX JuddepeHImaib-
HBIX YDABHCHUIA.

15.1 OO6vikHOBeHHbIE AU dhepeHTMATBHBIE YyPABHEHUA

BexmopHuvim noaem Ha R, 3asucswum om epemeHu, HA3BIBACTCS Tyiaakoe orobpaxkenne &: R x R™ — R™.
Hrmeepaavroti Kpueol noas & ¢ HaAvaAbHuM Yycaosuem (to,vy) € R x R™ HazbiBaeTcd KaxKI0e TIJ1aJKoe
orobpaxenue v: [a,b] — R", to € [a,b] Takoe, aro v(tg) = vo u 0(t) = £(t,v(t)) upn Beex ¢ € [a, b].

Saady MOMCKa MHTErPAJIBbHOM TPAEKTOPHHY st TI0Jid £ TPUHATO 3AlUCHIBATH B BUjie 00btkHOo8eHH020 duddeper-
YyuaavHoz0 ypasrenus v = £(t, v), KOTOPOE KOAUPYET MPUBEIEHHOE BBIIIE ONPEIeIeHNe NHTErPAILHOM KpuBoit. [Tpn
5TOM, WHTErPAJIbHYIO TPAEKTOPHIO ¥(t) HABIBAIOT peweHuem 3Toro quddepeHInaibHOro ypaBHEHNs ¢ HAYaIbHBIM
yeaosueM v(tg) = vg. Eciu nose € e 3aBucutr or Bpemenu, T.e. £: R” — R™, to coorsercrByomee quddepeHnuaabHoe
YPABHEHUE HA3BIBACTCH ABTMOHOMMHbBLM, ECITH 3aBUCUT, TO HEABMOHOMHbBLM.

Teopema 15.1 (CyecroBanue u eguncrsentocrs). Hyemos £: R X R™ — R™ — sasucsauee om spemenu sexmoproe
noae. Tozda dan Kascdozo navarvnozo ycaosus (to,vo) € R X R™ cywecmeyem eduncmeennas unmezparvhas mpaek-
mopua, 2de eQUHCMBEHHOCTID TOHUMAEMCA 8 CACOYIOULEM CMBLCAE: UHMEZPAALHBLE MPLEKMOPUYL € IMUM HAYAALHOLM
ycaosuem coenadarom wa obuel wacmu ux obaacmet onpedesenua. Ha sxeusasenmuom asvike, duddepenyuarvroe
ypasnenue p = E(t,v) umeem eduncmeennoe pewenue ¢ KAHCIbLM HELAALHOIM YCAOBUEM.

3ameuanne 15.2. VmMeercsi MHONO PA3HBIX BAPHUAIUI TEOPEMbI CYIIECTBOBAHUS W €IUHCTBEHHOCTH. BO-TIEPBBIX, He
00s13aTEIHLHO paccMaTpuBaTh BeKTOpHOE moje & Ha BceM R X R™. Bo-BTOpBIX, BMECTO IVIaKOH MPABOH 9IacTH MOKHO
pPacCMaTPUBATH HENMPEPBIBHYI0 C HEKOTOPBIMU JOMOJHUTEIBHBIMYA YCJIOBUSIMU. B-TpeThux, BMECTO ¥ B JIEBOH YacTw
nuddepeHnnaibHOr0 YpaBHEHNS MOXKHO TOCTABUTH MPOU3BOIHYIO OOJIee BBICOKOTO MOpsiaKa. Bce Takme BapuaHThbI
OyIyT M3y4aTbCd B JAJbHEUINNX KypPCaX.

Kak wmbr Buzmenu B Teopewme [15.1] pererns obpiknoBeHHOrO mudbdepeHInaibHOr0 ¢ TaHHBIM HAYAIBHBIM YCIIO0-
BUEM OTJIMYAIOTCH JIUIb PAa3MePaMK IIPOMEXKYTKa, Ha KOTOPOM OHM PAaCCMATpPUBAIOTCH (HA OOl 4acTu pellieHus
coBuauaoT). Bo3Hukaer ecrecrBeHHbINH BOLPOC: CKOJIb JAJIEKO MOXKET LPOCTUPATHCS PELICHUE C JAHHBIM HAYa/IbHbIM
ycnoBuem? Vmeercst MHOTO Pa3HbIX “‘TeopeM mpomo/keHus’. Mbl mpuBemeM Ty W3 HUX, KOTOpas HAM MTOHATIOOUTCS.
Paccmorpum aunetinoe nuddepeHipaibHoe ypaBHeHne, T.e. TAKOE, KOTOPOE 3a/1aeTCsl 3aBUCSIINM OT BPEMEHH BeK-
TopHbIM noJieM £: R x R™ — R™ takum, uto npu KaxkoM ¢ € R orobpaxenne At : R™ — R™, Al(v) = £(t,v), apnsercs
adpunnpiM. Takne BEKTOPHBIE OJISA HA3BIBAIOTCI AUHEUHBIMU.

134
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Teopema 15.3 (O npogoimkenun pemenuii). Hycmos £: R x R® — R™ — aunetinoe sexmoproe noae. Toeda pewenue
dupepernyuarvrozo ypasnenus p = (t,v) ¢ NPOU3BOALHBLM HA¥AALHBIM Ycaosuem (g, Ug) npodosdscaemes Ha 10601
ompe3sox, codeparcausuil ty.

Bameuanue 15.4. Ilycrs 2!, ..., 2" — gekaproBbl KOOD/IUHATDL Ha R", a t — koopauuara Ha R, Torma mose &: R X
R"™ — R" 3amaerca mabopom u3 n raaaxux dymxmuit (¢, z1, ... 2"). CoorsercTByiomee muddepennmanbHoe ypas-
HEHUE UMEET BUJ

a ero pelueHneM sBJIsETCs Kazx/1as uurerpaibas Tpaexropus y(t) = (z'(t),...,2"(t)) raxas, uro §(t) = £(¢, (1))
npu Beex t € [a,b]. ITo ypaBHeHue ABJIAETCSA MUHEHHBIM, eci Bee ¢ MUHeiiHbl TP KaykIoM t:

it =aj(t)z' + -+ a), (t)x" + ag(t),
i? = af(t)z! + -+ al(t)z" + ad(t),

e aé (t) — rnaakue ynknuu. Eciu Bee afy(t) pasubl Hym0, To Taxkoe muHeitHoe auddepennuanbHoe ypaBHeHue
Ha3bIBAETCH 00HOPOOHBIM, €CITA KE HET, TO — HEe0OHOPOJdHbIM. BriBenenunie Boime dhopmynst @pene MOXKHO pac-
CcMaTpHUBaTh KaK OJHOPOJHLIE JIMHeiHble 00bIKHOBeHHbIe fud eperiaibible YpaBHeHHd, YTO 103B0JIdeT IPUMEHATD

K HUM IIUTHPOBAHHbIC BbIIIE€ TEOPEMbI CyIleCTBOBAHUA U €IMHCTBEHHOCTHU, a TaKzKe IIPOAOJIZKEHHNA.

15.2 BoccranoBieHne KpuBOil 10 KPUBU3HAM

Oka3bIBaETCs, KPUBU3HBI KPUBOH MO3BOJSIIOT OJHO3HAYHO, C TOYHOCTHIO JI0 JBUMKEHUsI, COXPAHSIOIIEr0 OPUEHTAIIHIO,
BOCCTAHOBUTH KpuBYi0. Bostee TOro, HeT HUKAKUX JOMOJIHUTEIbHBIX OIPAHUYEHUI HA BO3MOYKHBIE KPUBU3HBI KPUBBIX.
O1u yTBepKIeHUs C(POPMYIUPOBAHBL B CJEIYIONIEH TeopeMe.

Teopema 15.5. ITycmo f1(8),..., fn_1(8) — 2aadkue gynryuu, onpedesernve na ompesxe I = [a,b], u 6ce u3 nuz,
KpOME, 803MOHCHO, [n_1(8) — noaootcumeavusr. Tozda cywecmsyem u eJuHCMEEHHA, ¢ TMOYHOCTLIO 00 J8UNCEHUA
NPOCIMPAHCINGA, COTPAHAOULE20 opuermayuto, (n— 1)-peeyaspran xpusas v(s) 6 R™, daa xomopot s — namypasdhoii
napamemp, o gynxyua f,(s) pasna p-oll Kpususre npu 8cex p.

HoxkaszarenbcTBo. Iloncrasum B ypasuenus @pene (14.1) byukuun f, BMecTo kpususH ky. Ilomyunm cucremy o6bIK-

HOBeHHBIX AnuddepeHnuaabHbIX yPABHEHHI Ha KOOPIUHATEI BEKTOPOB U}, (BCEro n? ypasuenwuit). ITo Teopeme [15.1] cy-
[ECTBOBAHUSA U €JJMHCTBEHHOCTH PeleHusi OObIKHOBEHHOIO i hepeHnaibHOro ypaBHeHns, & TAK2Ke 110 Teopeme|[15.3

O TIPOJIOIIXKEHNH PEITIeH A, 9Ta CHCTeMa NMeeT eJNHCTBEHHOE pertienne v (s), . . ., vy, (s) Ha Bcem oTpeske I Jist KasK10ro
HAYAJILHOTO yCJI0BUs (Sg,Vp), So € I. B KauecTBe vy Mbl BO3BMEM MPOU3BOJILHBII MOJIOXKUTEIHHO OPUEHTUPOBAHHBII
OPTOHOPMAJIBHBIH 0a3UC €1, . .., ey, T.€. Vp(Sp) = €, At KakIoro p=1,...,n.

Jnst ynpornenns qaibHERIINX BRIYUCIEHNH, HaM OyIeT Toe3H0 npusecTr ypasHerns cuctembl ((14.1) x ogpomy u
ToMy ke Buuy, 1ouaoxkuB fo(s) = fn(s) = 0u vy = vp41 = 0, rorua Bece ypaBHeHuUs u3 T0i cucreMbl OyayT BbIIISIETh

TakK: Up = — fp_1Vp—1 + fplpt1-

Jlemma 15.6. IIpu waosicdom s € I eexmopos v1(8),...,Vn(8) 00pasytom nososcumesvHo opueHmupo8aHmvlLll 0pmo-
HOPMANLHBLT ba3UC.

HoxkaszareabcTBo. Onpenenum GyHKINN a;;(s) = <1/i(s), uj(s)>, TOTAA (;; BbIpazkaercs depe3 GyHKIUN fi U IpyrHe
Apq TaK:
(15.1) @iy = (D, v5) + (vi, ) = (—ficavioa + fivir, vg) + (v, —fi—vj—1 + fivj) =

= —fi1a3i—1);j + fiais1); — fi—10iG-1) + fiaig+1)-

Tem caMBIM, MBI TPUXOAMM K JTHHEHHON crcTeMe OOBIKHOBEHHBIX nddepeHuarbHbIX ypaBHeHnit Ha a;; mpn 1 < 4,5 <
n (ecau ORHO U3 ¢, j WX PABHO HYJIIO, UK PABHO N+ 1, TO COOTBETCTBYIOIINE @;; PABHBI HYJIIO, X MbI HE PACCMATPUBAEM
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ux Kak nepemennbie). I1o Teopeme CyIIEeCTBOBAHUA U eIMHCTBEHHOCTH, & TAKXKeE 110 TeopeMe O IPOJIOTKEHNN
peltienuii, 3Ty ypaBHEHUsS UMEIOT HA BCeM | €IMHCTBEHHOE PEIleHre C JAHHBIMYA HAYAJbHBIMY yCJIOBUSAMU. B KadecTBe
TAKUX yCJIOBHI BO3bMeM a;;(So) = (e, e;) = 6;5, 1 < 4,7 < n. Ilokaxkewm, 410 dyHKIUR 0;5(S) = J;; YOOBIETBOPSIOT
cucreme . HeficrBUTEIHHO, JIEBAsi 9aCTh yPABHEHUIT BCET/Ia PaBHA HYJII0. UTO Kacaercs mpaBoil dacTw,
€CJIA ¢ OTJINYHO OT j — 1 mym j + 1, TO BCe 97IeMEHTHI MPABOil YaCTH TaK:Ke paBHBI Hym0. Econ i —1 = j wm ¢ 4+ 1 = 7,
TO TIpaBad 9acTh PaBHA COOTBETCTBEHHO —f;i_1 + f; = 0 mmm f; — f;_1 = 0. Takum obpasoM, a;;(s) = 0;; ABIAETCH
€/IMHCTBEHHBIM PEIlleHUEM C JAHHBIMU HAYAJBHBIMU YCJIOBUSAMU, [OITOMY BEKTOPBL V1(S), . .., Vy(8) OPTOHOPMATBHBI
npu kax oM S. llomokuresbHasi OPUEHTHPOBAHHOCTD ITHX BEKTOPOB BHITEKAET U3 WX HEIPEPHIBHON 3aBUCAMOCTHU OT
mapaMerpa § U TOro, 9To V1 (Sp), . . ., Vn(Sp) — ITO MOTOKUTEIHLHO OPUEHTHPOBAHHBIN GA3uUC €1, . . ., €y. O

Bepuemcs k jokazaresnbcrBy reopembl. Ilocrpoum kpusyio 7(s), BbIOpas upoussosibHyo 104Ky P € R™ u nosi0xus
v(s) =P+ f:ﬂ v1(t) dt (r.e. permum cucremy nuddepeHIMaIbHBIX YPABHEHHH 4 = 11 ¢ HAYAJIBHBIM YCJIOBHEM Y(Sg) =
P). Tak kaK % = v1 — €JMHUYHBINA BEKTOP [IPU KAXKJOM §, TO [IaAPAMETDP § — HATYPAJIbHBIHA B CUILY [IPEJIJI0KEHM s
IMokazkeM, 4TO 7y sBysieTCs (n — 1)-peryssapHolt, f, — KpUBU3HLI KPUBOH 7, & 1/, — BEKTOPLI 6a3uca Ppene KpuBoii 7.

B cuny HaTypasbHOCTH IapaMmerpa S, BEKTOD V4 — MEPBBIi BEKTOP OPTOTOHAJIU3AINH JII000H CHCTEMbl BEKTOPOB,
HaYUHAIOMIEHCS ¢ 7.

TIpemoIoKIM, 9TO J/Is BCEX ¢, ¢ < p < T, MbI TOKA3AJH, 9TO BEKTOPHI 7,...,v 9 IHHEHHO He3aBHCHMBI, a
Vi,...,Vq — 9TO BEKTOPbI OPTOIOHAJIU3ALUM CUCTEMbL 7, . . . , Y9, B gacTHoCTH, (P~ = Op_1Vp—1+..., 00 ap_1 > 0.
Jnddepermmpys mocenee papercTro, momyTaeM P = a, 17, 1 4+ ... = ap 1 fp 1Vp + ...

Tax xak p < n, 10 fp—1 > 0, mosTOMY 7(?’) JIMHEITHO HE3aBUCHUM C 7, . . . ,7(1’_1) 1, 3HAYNT, BCs cucTeMa 7, . ..,y P
JIMHEHHa HE3aBUCAMA, TPAYeM HadaIbHbIe D— 1 BEKTOPOB OPTOTOHAIN3AIINH 3TOH CHCTEMBI — 3TO V1, . . ., Vp—1. TaK Kak
€IMHIYIHBIN BEKTOP V), OPTOTOHATIEH BCeM MPEIBIAYIINM Vg, I AP = Op_1fp—1Vp + ..., TOe “...” O3HaYAET TUHEHHYTO
KOMOMHAIMIO MPEABLLYIIUX Vg, 8 KOIDQUIUEHT oyp_1fp—1 UPU Vp — LOJIOKUTEJbHDIHA, BEKTOD V), ABJILAETCH P-bIM
BEKTOPOM OPTOIOHAJIM3ALMKU CUCTEMBI 7, . . . 77(1)).

TToka p < n, MPOIOIIKAEM STH YKe PacCykJIeHus. B pesynbrare Mbl MOKaykeM, 4To KpuBas (n — 1)-peryiasipua, u
BEKTODPBI V1, . .., Vp_1 SBISIOTCS PE3YIBTATOM OPTOTOHAIM3AIMN CHCTEMBI BEKTOPOB 7, ...~y 1), Ho Torma v, asro-
MaTu4IecKu OyaeT mociaeaHuM BekTopoMm 6asuca Ppene m1s KpuBoit 7.

Urak, mMbl noKa3anu, 4To Kpusas 7y spisercsa (n — 1)-peryiaspHoii, u 4ro vy, ...,V, — BeKTopbl Hasuca Ppene

kpusoil v. Tak kak niig 6asuca @pene UMeEIOTCA Te 2Ke CaMble PA3JIOKEHUA [IPOU3BOAHBIX I, 110 OCTAJIbHBIM JTHHEIHO
HEe3aBUCHMBIM BEKTOPAM Vg4, TO KOI(MDOUIMEHTHI f; ITOr0 pasjoKeHNs — 3TO KPUBU3HBI KPUBOH 7.

JlokazkeMm eqMHCTBEHHOCTH pelieHusi. PacCMOTpUM 1Ba PA3HBIX HAYAIBHBIX YCJIOBUS, COCTOSANINX W3 HAYAJIHHOM
TOoYKK P; U TOI0XKUTENHPHO OPUEHTHPOBAHHOTO OPTOHOPMAJIBHOTO 0A3UCA €41, ..., €, ¢ = 1,2. B cuy ckaszanHOrO
BBIIIIE, 3TH HAYAJIbHBIE YCJOBHS OJHO3HAYHO 33/IaI0T COOTBETCTBYIOIINE HATYPAJIbHO MapPaMETPU3OBAHHBIE KPUBBIE
~vi: I — R™ ¢ onuumu u remu ke KpuBusnamu, upudem P; = 7;(sg) mis nekoroporo so € I, a e;1,...,¢e;, — 6azuc
®pene KpuBOit y; B TOUKe So. Ilycth F — adbdunnoe mpeobpasosanne ¢ anHeHHON vacThio A Takoe, uro P, = F(P;)
n Aey; = eg; And Bcex j = 1,...,n, Torna A — oproroHanbHOe Mpeobpa3oBanme, coxpaHsmomiee opuenTanmio. Ilo
caencteuio [14.9] orobpakenue F' mepeBOAUT KPUBYIO 7y B KPUBYIO F 07y C TeMu Ke KPUBU3HAMU, 9TO U Y 71, IPATEM
(Fov)(so) = P», a ea1,...,e3, — 6a3uc Ppene kpusoit F o, B Touke so. Takum obpazom, Kpusbie o u F o v
HMEIOT OHU K Te 7K€ HAJaJbHBIE YCJIOBHUS M ONHU U T€ 2Ke KPUBU3HBI, IOITOMY, B CHiIy TeopeMsl [I5.1] cymmecTBoBamus
¥ €IMHCTBEHHOCTH PEeIleHns OOBIKHOBEHHOTO Au(PepEeHITuaIbHOIO yPABHEHNS, STH KPUBBIE COBIIAIATOT. O

HamypaavHoimu ypasHeHuaMu Kpusou 8 npocmparcmaee R HA3BIBACTCS CHCTEMA yPABHEHUH

(152) kl (8) = f1 (S), ey knfl(s) = fnfl(S),

rue fi,..., fn—1 — rnagkue GYHKIMU, OUPE/IeJeHHbIe Ha HEKOTOPOM IpoMexkyTKe I, npudueM 1epsbie (n — 2) u3 HUX
— nosioxkuresbubie. Pewernuem 310il HarypasibHORl cucreMbl ypaBHeHuil spisercs (n — 1)-perysispHas HATYyPaJbHO
TapaMeTpu3oBaHHas Kpweasi y(s), s Koropoii k;(s) — dyHKIms i-0if KpuBu3Hb. OTMETHM, YTO, B CHIY Teope-
Mol [I5.5] Taxas kpuBas BCerga CyIIECTBYET M €AUHCTBEHHA C TOYHOCTBHIO JO COXPAHSIONIErO OPHEHTAIUIO JBUKEHNUS
mpocTpancTBa R”.

15.2.1 BoccTaHnoBjieHHEe TJIOCKON KPUBOI IO OPUEHTUPOBAHHON KPUBU3HE

PaccMOTpPUM aslbTepHATHBHBIN CTTOCOG BOCCTAHOBJIEHNST TIOCKOH PEryIsipHO# KpuBoit y(s), s € I, TI0 OPUEHTHPOBAHHOI
KpuBH3HE k1 (s), e s — HaTypaJbHbIA mapaMerp, a I = [a, b].

ycrs vy, vy — Gasuc Opere KPUBOI 7, TOLAA V) = ¥ — €JUMHIYHBL BeKTOp, movToMy v (s) = (cos ¢(s), sinp(s)),
a 1a(s) = (f sin (s), cos @(s)), TaK KakK V1,Vs — IOJOXKHUTEIBHO OPUEHTHPOBAHHLIA OPTOHOPMHUPOBAHHLIA Ga3uc.
Ormerum, 910 yrosa ¢(s) olpeneses ¢ TOYHOCTBIO 10 2mrm, m € Z.
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Banaua 15.7. Iokaxure, 9ro GyHKIUIO ©(S) MOKHO BHIOPATH HENPEPBHIBHO U, 3HAYUT, TJIAIKO 3aBUCAIIEH OT mapa-
MeTpa S.

ITo bopmynam @pene, ¥ = 1y = ks, OTKyZA

(—sing, cosp)p = ki(—sinp, cosp) = &(s) =ki(s) = ¢(s) = p(s0) +/ ki(t)dt, so€l.

S0

Iycrs (z,y) — AekapToBBI KOOpAMHATE! Ha mnockoctr R?, u y(s) = (z(s),y(s)), roraa

x(s) = z(so) + /S cos p(t) dt,

Y= (%,9) = (cosp, sinp) = s

(5) = (so) + [ sineplt) .

0]
B masbreiimem, auis KpaTkoCTH, HadaIbHble JaHuble ©(So), £(8o), ¥(So) Oyaem 06o3HaIATE ©o, Z(, Yo COOTBETCTBEHHO.

Bamaua 15.8. Ilokaxkure, 9To BCe perrenus npu (bukCHpoBaHHON dyHKIUE k1(S) OTIMIAIOTC HA CIBHT, 33JIaHHBINR
HAYaJIbHBIMU YCIOBUSIMU (X0, Yo ), ¥ TIOBOPOT, 33ITAHHBIN HAYAILHBIM YCIOBHEM 0.

IIpumep 15.9. Omnurmiem Bce MIOCKHWE KPUBbIE MOCTOSTHHOW OPMEHTHUPOBAHHONW KpuBW3HBI k1. Eciu k1 = 0, TO, BO
BBEJIEHHBIX BBIIE 0003HAYEHUSX,

z(s) = xo + (s — s0) cos o,

y(s) = yo + (s — s0) sin o,

TaK 9TO TOJIy9aeM HATYyPaJIbHO MApAMETPU3OBAHHYIO mpamyio. O6paTHo, y KaxkIoi TpsAMOil BEKTOPHI CKOPOCTH W
YCKOPEHWST KOJTMHEAPHBI, TIO3TOMY KPUBM3HA PaBHA HY/0. VITak, KpUBbIE HYJI€BOI KPUBU3HBI — 9TO, B TOYHOCTH, BCE
TIpsIMBIE.

IMycrs reneps k1(s) = ¢ # 0, rorna

z(s) = xo + %sin(apo + (s — s0)),
©(s) = o +c(s —s0) = 1
y(s) = yo — - COS(<P0 +c(s — So))~

Tem caMbIM, MbI IIOJIYYUJIM HATYPAJIBHO IAPAMETPU30BAHHYIO OKPYZKHOCTD C LEHTPOM B (I, Yo ) U paguycom r = 1/|c|.
IIpu ¢ > 0 jaBUKeHWE MPOMCXOIUT B MOJOXKHUTEIHLHOM HAampaByeHuu, a nupu ¢ < 0 — B orpunarenpaom. O6parHo,
KaxK/1as OKPY?KHOCTb UMEET IIOCTOSIHHYIO HEHYJIEBYIO OPUEHTUDPOBAHHYIO KpuBu3Hy (uposepbre). Takum obpaszom,
KPUBBIE MOCTOSTHHON HEHYJIEBOW OPUEHTUPOBAHHONW KPUBU3HBI — 3TO, B TOYHOCTH, BCE OKPYKHOCTH.

0606weHHOT OKPYHCHOCTNBIO HA30BEM WU OKPYKHOCTH (BO3MOXKHO, HYJIEBOIO PAJINYCA,), WK IPAMYIO (OKPY K-
HOCTHh GECKOHEUHOro pajuyca). OGOBIIEHHYI0 OKPYKHOCTh HEHYJIEBOIO PaJMyca HA30BEM HE8bpoHcIeHHOU. B sTux
TEPMUHAX, KPUBBLE TLOCTNOAHHOU (0OPUEHMUPOBAHHOU) KPUBUHBL — IO 8 MOYHOCTNU 6CE HEBLLPOHCIEH-
HBte 000bUEHHBIE OKPYHCHOCTIU.

Sameuanne 15.10. Onucanue KPUBbIX IIOCTOAHHO (OPUEHTHPOBAHHON) KPUBU3HBI MOXKHO U3BJI€Yb U3 TBOpEMI)Im
JeficrBuTesibHO, JIErKO BUJAETb, YTO KPUBU3HA IPSMON PABHA HYJIIO, & KPUBU3HA OKPYKHOCTH pajuyca r pasua 1/r,
¥, B 3aBUCUMOCTH OT HANPABJIEHUs JBUXKEHUS 10 OKPYKHOCTH PAIUYCA 7", ODHEHTUPOBAHHAS KPUBU3HA OyIeT paBHA
1/r wim —1/r. Takum 06pa3oM, BCe BO3MOXKHBIE 3HAUEHUs IIOCTOSAHHON OPUEHTUPOBAHHON KPUBU3HBI PEAU3YIOTCH
HEBBIPOKIEHHBIME ODODINEHHBIMA OKPYKHOCTIME. QCTATIOCHh BOCIIOIB30BATHCS TEOPEMOil € [MHCTBEHHOCTH.

15.3 T'eomeTpus MIOCKNX KPUBBIX

IIpuBeseM psf IPIMEPOB H3yIeHHA TeOMETPHI KPUBBIX Ha, eBKJIII0BOM miocKocTH R2.
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15.3.1 BOJIOTHI M 3BOJILBEHTLI

Hamomunm, uto mon xpueusnoli k kpueoli v wmbr norumaem |ki|. Touka () xpuBoil v Ha3bIBaeTCA MOUKOU
enpamaenus, ecan ki(t) = 0 (paBrocusbro, k(t) = 0). Ecan e ki(t) # 0 (coorsercreenno, k(t) # 0), To ()
HA30BEM MOUKOU bupezyaspHocmu.

B Touke Guperysispuoctu (t) onpenesum paduyc kpususdHvt R(t), nonoxus R(t) = 1/k(t), u opuernmupo-
sannbili paduyc kpususdnv Ri(t) no dopmyne Ry (t) = 1/ki(t). Ecnu vy, v — 6asuc ®pene perysspHOil KpuBoii
v, & V — IJjaBHasg HOpMaJlb B TO4YKe Guperyispuocru 7(t), TO umeer mMecTo paBeHCTBO kive = kv u, Kak ciej-
crBue, Rivs = Rv. Ilenmpom KpueudHsL PeryasapHOi KPUBOH y B ToUKe GuperynsapHocT 7y (f) Ha3BIBAETCS TOYKA
C(t) = v(t) + R(t)v(t) = ~v(t) + R1(t)v2(t). MHOXKeCTBO BCEX IIEHTPOB KPHBU3HLI BO BCEX TOUKAX GHPEryJIsSpPHOCTH
HA3BIBAETCS KAYCMUKOU WA 980A10MOTU KPUBOH 7.

> \ N 0 J

Puc. 15.1: DBomoThl (3KeNIThIe) JJIATICA, YINTKA [lackass v MUKIOUIHT (CHHHE).

3amauga 15.11. cnoas3ysa maker Wolfram Mathematica wiu 11060it Apyroit makeT mporpamM, ya0OHbIH j1si TeOMeT-
PHYECKUX UCC/IEeI0BAHMI, HAIUIIUTE [IPOrPaMMYy, PUCYIOILYI0 3BOIOTHI KPUBLIX, M IIOCTPOHTE SBOIOTHI JJI1si OCHOBHBIX
KJIACCUYECKUX KPUBbBIX.

Ilycts v — perynsipuas KpuBasi, u vy,Vs; — ee basuc Ppene. Ixksuducmarmoti uin 60AHOBbM HPOHMOM
HasbIBaeTcst KpuBas y(t) + ha(t), roe h € R.

Bajaua 15.12. ITokaxkuTe, ITO MHOXKECTBO BCEX OCOOBIX TOYEK BCEX BOJTHOBBIX (PPOHTOB — 3TO, B TOUHOCTH, IBOJIOTA
KPUBOH.

AN =\

%

¥

Puc. 15.2: Bosinosbie hbpOHTHI U BOJIIOTHI.

Bamaua 15.13. Ucnonb3ys maker Wolfram Mathematica wim nro6oit apyroit maker mporpamm, yaoOHBIH [T Teo-
METPUYECKUX UCCIE0BAHUN, HAUIITUTE [IPOIPAMMY, PUCYIOILYI0 BOJHOBBIE (hpoHThI. Co3maiiTe AaHUMAIIAIO BOJTHOBBIX
GbPOHTOB Ha TOH K€ KapTUHKE, I/ie n300parKeHbl KpuBas u dsosriora. Habiomaiite, Kak 0COOEHHOCTH BOJTHOBOIO (PPOH-
Ta CKOJIB3ST IO IBOJIIOTE.

Kak BOCCTAHOBUTBH MCXOIHYIO KPUBYIO MO ee 3Boore? JI7sg 3TOro OonpeaenuM OJHOIAPAMETPUIECKOE CEMERCTBO
KPHBBIX, KOTOPbIE CTPOATCA TI0 JaHHoil Kpusoit I': [a,b] — R? u maspBaioTca ee s6oaveenmamu. B nanbueiimem B
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KadectBe I’ MbI BO3bMEM 3BOJIIOTY, KOTOpAasi, BOOOIE TOBOPs, PeryjspHa He Be3zie. /ljisi TakuX KPUBBIX IBOJIHBEHTHI
CTPOSATCS OTAETABHO MO KaXKI0MYy (PParMeHTy, KOTOPbIH SBISEeTCS PEryasapHBLIM BO BCEX CBOMX BHYTPEHHHX TOYKAX, U
Yy KOTOPOTO B IPAHUYHBIX TOYKAX CYIIECTBYIOT MIPeae/ bl HOPMUPOBAHHOM cKopocTu. IloaTomy cpasy Oyaem mpeamoia-
rarb, 4TO F YAOBJIETBOPSAET 1EPEHYNCJIEHHBIM BbINIE yC/JIOBUAM Ha TaKHE d)pal"MeHTbI.

I HATTATHOCTH, MPEJACTAaBUM, U4TO Ha, [ HAMOTaHA HUTH, KOTOPYIO MBI CMATBhIBaeM C [, TIOCTOSHHO JIepyKa HATH
HarauyToii. Ilocieanee o3HavYaeT, 9TO B KaXKABIII MOMEHT BPEMEHHW KOHEIl HUTH JIEKUT Ha KacaTeTbHON B TOM TOUKE
KpuBoit I', 10 KOTOPOil MBI JTOOPANCh, CMAThIBas HUTH. Kpome TOro, TO, 9TO MBI HUTH CMATHIBAEM, O3HAYAET, ITO
Pa3HuIa pPaCCTOAHUN MeyK/Ty KOHIIAMHA CMOTAHHOW YacTH HUTH B [ABA PA3HBIX IIPOMEKYTKA BPEMEHU paBHA JIJIWHE
KpuBOil [’ MeXKJy TOYKAMHU, COOTBETCTBYIOIIMMHU THUM BpemeHaMm. I[lapamerpom cemeiicTBa SBISETCA JJTHHA IACTH
HUTH, HE HAMOTAHHOMW HA KPUBYIO. JIBUrasiCh Mo 3BOJILBEHTE B OOPATHYIO CTOPOHY, MbI, HA00OPOT, Oy/IeM HAMATHIBATH
HUTb.

Wrak, 3amminem 3BOJBBEHTHI mapaMerpuwdecku. llycts h — jiMHAa HEHAMOTAHHOW HWTHU, T — HOPMUPOBAHHBIN
BEKTOP CKOPOCTH KpuBOit I, u ¥ — nyuHa KpuBoi# I 0T HAYATLHOTO MOJIOXKEHHS IO TEKYIIEro, TOrAa MPU CMATHIBAHIT
HUTH 3BOJbBeHTa umeer suj 0F = I' — (h + )T,

Bajaua 15.14. [lokaxkuTe, 9TO NPW HAMATHIBAHAN HUTH IBOJBBEHTA BBITJISINT TaK: sh =T+ (h — O)7, rne h —
HaYaJIbHBIN 3al1aC HEHAMOTAHHOW HUTH.

IIpoBepuM, 9TO 9aCTh UCXOTHON KPUBOI Y MEXKIY TMTOCTETIOBATETHFHBIMA KPUTHIECKIMU TOUYKAMU OPHUEHTUPOBAHHOMN
KPUBU3HBI SIBJIAETCSI IBOILBEHTON COOTBETCTBYIOIIEro dparmenta 3BooTbl C = v+ Rjve. [l Havama orMeTnM, 9To

O =5+ R1V2 + Rivs =11 + Rll/g — V] = R1V2.
W3 npueeneHHOl (DOPMYJIBI BHITEKAET CJAEAYIOMUI Pe3yIbTarT.

IIpeanoxenne 15.15. Touxa C(s) s6omomul, xpueoti y aasemcs 0cobot, ecau u moavko ecau 6 mouke Y(s) opu-
enmuposarnas kpususna ki(s), a emecme ¢ ned u opuenmuposannvll paduyc Ri(s), sxempemanrvho, m.e. ki(s) =0
u Ri(s) =0.

N3 mpeoxenus BBITEKAET, UTO BHYTPH PACCMATPHBAEMOTO (bparMeHTa SBOJIOTHI TPOM3BOIHAS R MMe-
eT OIEH M TOT e 3HAK sign Ri. Kpome Toro, m3 Toif e pOPMYIIBI BHIHO, 9TO HOPMHEDPOBAHHEIH BEKTOP CKOPOCTH
pacemarpuBaeMoro dbparmenta Kpusoii C' uMeer Bus T = (sign Ry )vs.

Hanee, nmuHa {(s) kpusoit C' mexxay toukamu C(a) u C(s) paBHa

l(s) = /SHC’(t)H dt = /S|R1(t)| dt = (Ri(s) — Ri(a)) sign R,
OTKyIIa

§"(s) = C(s) — (h+£(s))7(s) =
=(s) + Ri(s)va(s) — (h + (R1(s) — Ri(a)) sign Rl) (sign Ry vy (s) =
=(s) — (h — Ry(a)sign Rl) (sign Ry)va(s).

Ocranock momoxuth h = Ry (a)sign Ry, 9To 1 TpeGOBATIOCH.

3ajgaua 15.16. Ilogbepure h st HAMATHIBAHWSA HUTH HA PEryaspPHBIH (DparMeHT 3BOIOTHI TaK, ITOOBI 9BOTHBEHTA
coBmaa ¢ (pparMeHTOM MCXOIHON KPHUBOIL.

OTMeTI/IM, Y9TO, HallpuMepP, BOCCTaAHOBJICHUE JJIJIUIICA IIPOUCXOAUT C Ye€peaIOBaHHEM CMATbIBaHUA W HaMaTbIBaHUA,

cu. puc. [15.3

15.3.2 Ilopgaagok KacaHusa KPHUBBIX

IIycrb v u 6 — aBe peryssphble Kpusble B R™, npoxojsinue yepe3 ogay To4ky P. Eciu upu npouspoJibHOR mapamer-
pPHU3AIMN BEKTOPHI CKOPOCTEH ITHX KPWBBIX HE KOJJIMHEAPHBI, TO TOBOPUM, YTO KPHBBIE 7y U 0 KACAIOTCA B TOUKe P
JIMIIb C HYAe8bim Nopsdrom. Eciaum ke cKOPOCTH KOJUIMHEAPHBI, TO TapaMeTpu3yeM KPUBbIE HEKOTOPHIM TapaMeT-
pom ¢ rax, urobsr P = 4(0) = 6(0) u 4(0) = §(0). B sToM ciryuae GymeM rOBOPHTB, 4TO KPHBbIE Y H 0 KACAIOTCS B
Touke P ¢ nepawvim nopsadkom. Bosee obiie, eciau jisi HEKOTOPOTO M KPUBbIE MOXKHO ITAPAMETPU30BATH TaK, 4TO
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Puc. 15.3: 3enenbie 0Tpe3kn — CMATHIBAHWE, & KPACHBIE — HAMATHIBAHUE.

Bce mpomssozusie (Y (0) m 6@ (0) coBmagaroT mMpu KaxKI0M ¢ < m, TO TOBOPUM, YTO KPHUBBIE Y U § KACAIOTCS B TOYKE
P ¢ nopsadkom m. Orvernm, 910 €Civ KPUBBIE KACAIOTCS C 1M-bIM TOPSIKOM, TO OHH TAKKe KACAIOTCA U C i-bIM
MOPSAIKOM TIPU BCexX ¢ < m.

IIycTp v — miockas peryssipHas KpuBasi, IPOXOAAIIAsA Y€pe3 TOYKy P, B KOTOPOil KpuBU3HA Kk OTJIMYIHA OT HYJIMA.
ITycrs R = 1/k — paauyc KpUBM3HBI KPUBOH ¥ B TOUKe P, 1 v — TJIaBHAst HOPMaJh B 310l Touke, Torna C' = P+ Rv
— 1eHTp KpuBu3HbL. OKPYKHOCTD ¢ neHTpoM B C' U paauycoM R HA30BEM OKPYIHCHOCMNBIO KPUBUIHDBL NI CONPU-
Kacarowelca oxpyiHcHocmsbro. Ecim KpuBU3HA PEryIgapHOit KPUBOIt Y B TOUKe P paBHA HYIIIO, TO OKPYHCHOCTHIO
KPUBU3HBL HA30BEM KACATEIHHYIO MPIMYIO, PACCMATPUBAEMYIO KAK OKPY?KHOCTH OECKOHETHOrO PAIAyCa.

IIpengaoxkenue 15.17. B xascdoli mouke pe2ysspHoti Kpusot OKPYHCHOCMb KPUBUSHDL KACLEMCS KPUBOT CO 8MOPBILM
nopsAdKoMm.

HoxkaszaresnbcrBo. Ilycrp cHauana KpuBu3HA PaBHA Hy/O. IlapaMerpu3yeM KPUBYIO M KACATEJIbHYIO NPAMYIO Ha-
TypaJIbHbIM I1APAMETPOM TaK, ITO0bI COBIAMM BEKTOPHI ckopocreil. Ilpu 9T1OM y HATypaibHO HapamMerpu30BAHHOI
TIPSIMOi BCe TIPOM3BOJIHBIE TIOPsIKA BbINe 1 paBHBI HymM0. Tak Kak KPUBM3HA KPUBOW DaBHA HYIIO, TO €€ YCKOPEHWe
(B HaTYpaJBHOI TApaMeTPU3AINK) TOXKE PABHO HYJIIO, TAK YTO MMEEM KaCaHHe BTOPOTO MOPSIIKA.

ITycthb Temeph KpUBHU3HA B PACCMATPUBAEMOI TOUKE OTIMYIHA OT HyJIA. AHAJOTHYHBIE PACCYIKICHUS MMOKA3BIBAIOT,
YTO NPU HATYDPATBHON ITAPAMETPH3AIMU KPUBOH M OKPYZKHOCTH KPUBHM3HBI M COOTBETCTBYIOIIEM BBIOOPE HAIPABJICHHUST
JIBHZKEHMs MOXKHO JOOMTBCH KACAHUS NEPBOrO MOPsKa. 1To0bI II0KA3aTh HAIMYUE KACAHUS BTOPOTO MOPSIKH, IPO-
JlesaeM cienyomue Boraucienusi. OG03HAUNM 7y PACCMATPHBAEMYIO HATYDPAILHO MapaMeTPH30BAHHYIO KPUBYIO, U —
MJIABHYIO0 HOpMaJib, R — pajanyc KpueusHbel, 1 C' = v+ Rv — 1nentp KpuBu3Hbl. Tora, Npu BEIOPAHHBIX MapaMeTpU3a-
I[MAAX, BEKTOP YCKOPEHUs MPH JIBIKEHUH TI0 OKPYKHOCTH Oyaer coBnagarh ¢ (1/R)v (npozmemnaiite cCOOTBETCTBYIONIHE
BeraucaeHnsd), Ho (1/R)v = kv = 4, 9410 1 TPe6OBAIOCH. O

Bagaua 15.18. ITokaxkuTe, 910 /MH00asT OKPYKHOCTD, IPOXOAAIIAs depe3 TOUKY P peryaspHOil II0CKO# KpuBOil n
OTJINYHAST OT OKPY?KHOCTH KPUBU3HBI, KACAETCS KPUBOU 7y ¢ MEHDBIIUM YeM 2 TIOPSIIKOM.

3ajgaua 15.19. Byaem npubauKaTh IIOCKYIO PEryIApHYIO KPUBYIO KBaApukoil. JlokaxkuTe, 9TO Ternepb MOXKHO JT0-
CTUYb YETBEPTOrO MOPSIKA KACAHUs, MPUYEM KBAJIPUKA, KACAIOMIAICH C Y9eTBEPTHIM HOPSJKOM, OMPEJEIEHA OJIHO-
3uauHo (OymeM Ha3bBaThL ee npubauscaroweti keadpuroti). Takum 00pa3oM, TOUKU KPUBOH MOXKHO PA3IEIUTh Ha
YeThIpE KJIACCA: BHIPOXKICHHDbIE (KPUBU3HA PABHA HYJIO), & TAK¥XKe JJIJTUITUUYECKUE, TUIepOoImIecKue u napabosmde-
CKHUe, B 3aBUCUMOCTH OT TOTO, Y€M SIBJISETCS MPUOJINKAIONIASA KBAIPHUKA.
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YmpaxkHenusd K riaase 15

VYupaxkuaenne 15.1. Pemure na mwiockocru narypasibhoe ypasuenue ki(s) = 1/s, I = [a,b], 0 < a < b.

Vnpaxuenne 15.2. JlokaxkuTe, 9T0 GHperyagpHble Kpubble B R® ¢ IOCTOSHEBIME KPHUBH3HOM W KPyHUeHHEM — 3TO
B TOYHOCTU OKPY2KHOCTH ¥ BUHTOBbBIE JINHUU.

VYupaxueuune 15.3. Ilokaxkure, 910 m100as OKPYKHOCTD, MPOXOIAINAs depe3 TOUKY P peryasapHoil ImIOCKOit KpuBOit
¥ OTJIMYHAS OT OKPY?KHOCTH KPUBHU3HBI, KACAETCSl KPUBOH Y C MEHBIIUM Y€M 2 MOPSIKOM.

Yupaxueuue 15.4. IlocTpoiite aBe MIOCKUX KPUBBIX, COBIAIAIONINX UL B OJHON TOUKe P m mmeronux Oecko-
HEUHBIA TOPSIIOK KaCAHWS.

VYuopaxknenne 15.5. s sammnca y(t) = (acost, bsint), a > 0, b > 0, a # b, 3a1aHHOrO HA TJIOCKOCTH C JEKAPTO-
BBIMU KOOPJWHATAMU T, 3, HATUIIATE yPABHEHUE 3BOTIOTHI.

Yupaxuenune 15.6. Ilokaxkure, 94TO IBOSIOTA TIOCKOW KPUBOW <y COBIAIAET C MHOXKECTBOM OCOOBIX TOYEK BCEX
BOJIHOBBIX (DPOHTOB, BBIMYINEHHBIX C 7.

Vnpaxnuenne 15.7. Osanom ma miockocTrn R? Ha3bBaeTCa 3aMKHyTas KPHBASA MOJOKUTEILHOH KPUBI3HLI, OIPa-
HUYUBAIONIAA CTPOrO BBIMYKJIYIO 061acTh (s JIIOOBIX JBYX TOYEK TOH 06JACTH BHYTPEHHOCTH COEIMHSIONIEr0 MX
oTpe3Ka JIeKUT BHYTpu obsiactu). Bepwurot osana Ha3biBaeTcs TOYKA, B KOTOPOH KPUBHU3HA MMEET JIOKAJIbHBI
MUHAMYM Wi MakcumyM. JJokarkure, 9T0 KazK/Iblif OBAaJI MMEET [0 MEHbIIell Mepe YeTbIPe BEePIIUHbI.
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Jlonmoanenne 1: daemenTnbl adpPUHHOI 1
BBINIYKJION TeOMeTpUn

Ilnan. Addunnoe npocTpancTso, pazmepHocTs addUHHOrO NpocTpancTsa, KPUTEPUi TOro, 4To NoAMHOXKecTBo R" — addunnoe npocrpancTso,
addbunnble koOMOuHAIMY, KPUTEPHHE TOTO, 49TO HMOAMHOXKeCcTBO R" — addunnoe npocrpancreo B tepmunuax addburnbx kKoMOunanuii nap, adbdun-
Hasi oboJsioyka, npeacrasieHne adbduHHON 060m04ku B BuAe Bcex adduHHBIX KOMOuHANUH, adduHHAT HE3aBUCHMOCTE, CBA3b Mexkay addUHHON
HE3aBUCUMOCTHIO ¥ MPUHAIIEXKHOCTHIO addUuHHOM 060/1049Ke, pa3sMepHOCcTh adGUHHON 0607109ku B TepMuHAX addUHHO HE3ABUCUMBIX IIOJICUCTEM,
addunnas pasMepHOCTh MOAMHOXKECTBA, BbluucaeHue adOUHHON PA3MEPHOCTH HOAMHOXKECTBA B TepMuHax ad@dUHHO HE3ABUCUMBIX I[IOLCUCTEM,
BBINTYKJIBIE I(OM61/IH3,I_(I/II/I7 KI_)I/ITepI/Iﬁ BBINIYKJIOCTH B TEPMHWHAX BBIINIYKJIbBIX I(OM61/IH3,LII/IIL/’I7 BBINTYKJIas OﬁOJ’IO“IKa KaK MHOXKECTBO BCE€X BBINIYKJIBIX KOM-
6unanuit, copnanenne adGunHOMi 060s0uek MHOXKecTBa u addurHON 060/10UKHM ero BBIMYKJO0M 06071049ku, Teopema Kapareomopm, CTaHIapTHBINH
n-MEPHBIA CHUMILIEKC, BBINYKJIasd 000JI09Ka Kak 00pa3 HenpepbIBHOIO OTOOparkeHus, BbIMyKJiash 000/I0YKAa KOMIIAKTHOIO MHOXKECTBA KOMIIAKTHA,
BBINIYKJIad 0060JI0UKA KOHEYHOT'0 MHOXKECTBA KOMIAKTHA, MUIEPIJIOCKOCTH, 3AMKHYTbI€ U OTKPBIThIE MOJIYIPOCTPAHCTBA, CTPOrOe pas3iesieHue MO/-
MHOXKECTB €BKJIMJI0BA IIPOCTPAHCTBA, HEINEPECEKAIOLINeCs BbIIYKJIbIE KOMIAKTbI CTPOrO PA3Je/HUMbl, Pa3pe3aHHe MHOXKECTBA IMIIEPIIOCKOCTBIO,
OINOPHBIE MUIEPIIOCKOCTH, BBIIYKJIbIE T€JId, OTHOCUTEJIbHAS BHYTPEHHOCTh, CTAHIAPTHBIA CUMILJIEKC KAK BBIIYKJIOE TeJo B cBoeil addunHol 060-
nouke, k-MepHbIA cuMmmseke B R™, BBIMYKJIBIH KOMIIAKT ABJISETCH BBIIYKJBIM TEJIOM B CBOeH adduHHON 060s10UKe, NIpEICTABIEHNE BBIILYKJIOrO TeJja
KaK [1epeCeYeHne 3aMKHYThIX MOJIYIIPOCTPAHCTB, OrPAHUYEHHBIX OINOPHBIMU I'HUIIEPILIOCKOCTSMU, BO3MOYKHOCTh MIPOBECTHU OIOPHYIO FUIEPILIOCKOCTH
Yepe3 KaXKIyI0 IPAHUYHYIO TOUKY BBIIYKJIOTO TEJa.

B nexiun E] MBI OIIpE/Ie/IAIN MHOTOTPAHHEIE TOBEPXHOCTH B R>, CKIeWB WX 0COGBIM 06pa3oM M3 MPOCTPAHCTBEH-
HBIX MHOTOYTOJIbHIKOB, & TAKXKe I 3aMKHYTHIX MHOTOIDAHHBIX TTOBEPXHOCTEH BBEJIM MOHATHE MHOTOIDAHHUKA. Vb
OTMEYAJIH, YTO BBEJIEHHBIE HAMW OPAHUYEHHUs HA CKJIEHKY TMPOCTPAHCTBEHHBIX MHOTOYTOJbHUKOB TAPAHTUPYET OTHO-
3HAYHOCTh pa30MeHrsi MHOMOIPAHHON TMOBEPXHOCTU W MHOTOIDAHHWKA HA I'DAHU, &, 3HAYUT, TAKXKE HA pedpa U Bep-
UHBL. 3aTeM Mbl HEPENLIH K U3y YeHUI0 BAXKHOI'O YACTHOIO CJIy4ast BbILYKJIBIX MHOIOIDAHHUKOB. Mbl oka3asiu, 4o
TaKWe MHOTOPAHHWKW MMOJIyYAIOTCS KaK TEPECeUeHns] KOHEYHOIO YHCJIa, 3aAMKHYTBHIX MOJIYITPOCTPAHCTB, OrPAHUYIEH-
HBIX TIJIOCKOCTSMU, TPOXOAANIAMA depe3 rpanu. g BBITYK/IbIX MHOTOIPAHHUKOB MbI JTOKa3aaun GopMmy/y Jiiepa u
BbIBEJIM U3 Hee, KAK MOI'YT BBIIJISIETh IIPABUJIbHbIE (BBIILYKJIbIe) MHOIOIDAHHUKH, T.€. COCTABJIEHHBIE U3 PABHBIX IIPa-
BUJIBHBIX TPOCTPAHCTBEHHBIX MHOTOYTOJIbHUKOB, CTBHIKYIONIUXCS OJIMHAKOBBIM 0OPAa30M B BO BCEX BEPINMHAX U pedpax.
Hakomrer, B pa3aene yupaxKHeHuit Mbl BBEJIH IIOHATHE BBIIYKJI0i 0007109Ku conv X MPOU3BOJBHOTO MOIMHOXKECTBA X
npoctpancTsa R™, 3amMeTusin, 9To 9Ta BBHIMYKJIasd 000J0YKA — HANMEHBINEE BBIMYKJIOE MHOXKECTBO, cojepKaliee X, u
BBISICHUJIN, YTO KAXKJIbIH BBIMTYKJIBI MHOTOTPDAHHWUK SIBJISETCS BBIMYKJIONH 000JI0YKOM MHOXKECTBA CBOUX BEPIIWH.

OtrmernM, 9TO 33JaTh BBIMYKJIbIH MHOTOTDAHHWK MOXKHO CPa3y WM Y€pe3 BBIMYKJIYI0 OOOJIOUKY, WJIA Yepe3 Iie-
pecedenure 3aMKHYTBIX TOJIYNPOCTPAHCTB, a yKe 3aTeM pa30uBaTh ero Ha BepIIuHbI, pebpa u rpanu. B Hacrosieir u
CIIELYTOIIEH JIEKIUSAX Mbl PACCKAXKEM [IPO MHOIOMEPHOE 0DODIIEHNE TEOPUH BbITYKJIBIX MHOTOIPAHHUKOB. [Ipu 9T0M MbI
He OyIeM OTBIEKATHCS Ha OOIIHi CIIyUaii MHOTOMEPHBIX MHOTOTPAHHBIX TOBEPXHOCTEH, & COCPEIOTOUNMCS Ha, TOHATUSIX
M pe3yJIbTaTaX BbIMYKJIOH reoMeTprui. 3aNHTEpECOBaHHbBIE CIIYIIATEIN MOIYT 00paTUThes K MOHOrpadusam [34]-[42].

16.1 ODaemeHThl adduHHOI TeoMeTpun

Beimre Mbr onpenensiiu adpdunrnoe mpocrpanctBo m C R™ kak muHOXKeCTBO £ + L, tie £ € R™, a L — nuneiinoe mo-
npocrpancTBo. Pazmeprocmubio dim 7 adbduHHOrO mpocTpaHcTBa m HA3BIBAETCS PA3MEPHOCTH COOTBETCTBYIOIIETO
smHeiHoro mpocrpanctBa L. Ilpu 3T0T OKa3biBaeTcss ya0OHBIM PACCMATPUBATH TAKIKe IIYCTHIE MPOCTPAHCTBA T U L,
monaras dim7m = dim L = —1.

IIpuBenem ymobHBIE KPUTEPUU TOrO, 9TO JaHHOE MOAMHOXKECTBO R"™ sBjsiercs adpPUHHBIM MTOAIPOCTPAHCTBOM.

142
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Ilpeagioxxenne 16.1. Ecau nodmmoocecmeo A C R™ asasemcea addurnoim nodnpocmpancmeom, mo 0is 4100020
a € A mnooicecmeo A —a = {b—a: b€ A} — aunetinoe nodnpocmparcmeo R™. Ob6pamno, ecau dis HexKomopozo
a € A mnoocecmeo A — a asasemca aunetinsim noonpocmparncmeom R, mo A — agdunnoe nodnpocmparcmso.

HokasareabctBo. Eciu A=+ Lua=§+v, 10 A—a=L — v — nuaeiiHOE MOAIPOCTPAHCTBO, TaK KaK v € L.
Ob6parHo, eciu L := A — a — jmneiinoe noanpocrpancrso, 10 A = a + L — adbdunnoe noApocTpaHcTBo. O

IIycrb aq,...,ar — KoHe4dHOE cemeiicTBO To4eK npocrpancrsa R™. A@Phurrnoli komburayueti 3Tux TOYEK Ha-
3LIBACTCA KasKIas JIMHENHAS KOMOMHAIUS Zle i, Tme Y 4 A = 1.
IIpennoxenue 16.2. [lodmnoocecmeo A C R™ asasemcs ap@urnbom noonpocmparHcmeom, ecalt U MoAbKO eCAl
0As A6 mouex ai,as € A ewvinoansaemces a1 + dsas € A npu ece \;, das xkomopwxr A1 + Ao = 1. Hnuwnmu
CAOBAMU, O, 4NO NOOMHONCECME0 A — addunnoe nodnpoCmpParcmeo pasHOCULLHO 3AMKEHYMOCTIU A 0OMHOCUMEALHO
8CEB03MONCHBLT APPUHHBLT KOMOUHAUUT Nap mover u3 A.

HokazarenbcTBo. Eciiu A =&+ L, rae £ € R™ u L — qmneitHoe noaupocrpanctso R™, a a; = £ + v;, TO
Arar + deas = A (E+v1) + Ao (€ +v2) =&+ (Mvg + Aavg) € A.

Ob6parHo, mycTh Teneph A 3aMKHYTO OTHOCUTENHHO ad(UHHBIX KOMOUHANWI ero map Todek. 1o mpennoxenuto [16.1]
JIOCTATOYHO TTPOBEPUTH, UTO A — a — JMHe#HOe TOANPOCTPAHCTBO JJIsT HEKOTOPOro a € A.

IIpoBepum cHauama, 970 A —a 3aMKHYTO OTHOCHTEILHO YMHOXKeHus Ha dnchaa. [lycrs b € A u y € R. M1 mommkabI
nokazarb, 4ro u(b—a) € A—a, 1.e. u(b—a) = t—a mia wekoroporo t € A. Ho rakoe t pasuo u(b—a)+a = pb+(1—p)a,
1.e. adpbuHHON KOMOUHAIIUU @ U b, TaK 9TO, B cuity ycjoBus, t € A.

Hokaxkem Tenepb, 410 A — @ 3aMKHYTO OTHOCUTEHHO ciioxkenusi. Ilycrs b, ¢ € A. Mbl H0/KHBL I0KA3aTh, 9TO
(b—a)+ (c—a) € A— a. Ilo 1OKA3aHHOMY BBIIIE, JOCTATOIHO MPOBEpHUTL, 4To (b — a)/2 + (¢ —a)/2 € A — a, HO
b—a)/2+(c—a)/2=b/24+¢/2—a,ab/2+ c/2 € A 110 yCIOBHIO, Y9TO U 3aBepIIAET OKA3ATEIHCTBO. O

W3 npenoxenus [16.2] BBITEKAET, 4TO mepecedenne Jio0oro dncia ap@UHHBIX MOAMTPOCTPAHCTE CHOBA SIBJISETCS
adpdunrabM TOATPOCcTPpaHCTBOM. A Phurroli oboaourot Aff A mnoorcecmea A C R™ HazbiBaeTCss HaMMEHbIIEE
10 BKJIIOYeHHI0 ad@UHHOE MOAIPOCTPAaHCTBO, coaepxKaiiee A. Uubimu ciosamu, Aff A paBao nepeceyenuto Bcex ad-
GUHHBIX TOAMPOCTPAHCTB, cojepkaimx A.

Teopema 16.3. Addunnasn oboroura Aff A muoorcecmea A C R™ cosnadaem ¢ mHoMCECMEOM BCEBOZMONCHBIL G-
PUHHBLT KOMOUHAUUT mover u3 A.

JokazaTrenbcTBO. 3aMerum cHadaja, 4ro eciau 7 := {+ L C R™ — addunnoe npocrpancrso, 1o kaxgas adpdunnas

KOMOWHAIWSA €ro TOYeK JiekuT B 7. eiicTBurenbHo, nyctb a;, = £ +v; € mu A\; € R, ¢ = 1,...,k, TakoBbI, 94TO
k

> i1 Ai = 1, Torma

k k k
b:iz)\iai :Z)\i(€+vi) :§+Z)‘ivi =&+,
i=1 i=1 (=1

1=

rae v € L, mostomy b € w. Takum obpazom, ecau W — MHOXKECTBO BCEBO3MOKHBIX a(DUHHBIX KOMOMHAINN TOYEK U3
A, o W nexkur B Kaxk10M adDUHHOM noanpocrpancree, cofepzxkarieMm A u, mosromy, W C Aff A. Ocraercsa nokazars,
qaro W — addunrHOE IIPOCTPAHCTBO.

ITo mpen0sKeHnIO m JIOCTATOYHO TIPOBEPUTH, UT0 adbduuHas KoMOuHAIMs Touek b = Y+ Na; € W n b/ =

3:1 "a’; € W Taxsxe spnserca abdunnoit kombnmammeir Tovek 3 A. Ho aaa kaxoro p € R mveenm

p q
pb+ (1= )b = 1> Nag + (1—p) Y Na),
i=1 j=1

npudeM py b A + (1 — p) ;1.:1 N =p+ (1 —p) =1, rak aro pb + (1 — p)b’ — abdunrnas KombIHaIMA TOTEK 13
A u, 3Ha9nT, IpUHAITIEKUT W. O

B addunnoil reomerpum aHaIOroOM JMHEHHONW HE3aBHCHUMOCTH siBjisieTcs addUHHAS HE3ABUCHMOCTH: KOHETHOE
MHOYKECTBO TOYEK a1, .. .,0; B R™ Ha3bBaerca aPdurro He3a68UCUMDBLM, €CITH U3 TOTO, 9TO JTHHEHHAS KOMOUHAIUS
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E E
> i1 Ai@; PaBHA HYJIIO IIPU JIOTIOJTHATEILHOM yCJIOBUM y . ; A; = 0 BBITEKAeT PABEHCTBO HYJIIO BCEX \;. 3aMETHM, YTO

k
PaBEHCTBO y . ; A;a; = 0 IEPENuCHBAETCS B 9KBUBAJEHTHOM BUIE

k k—1 k—1 k—1
Z)\iai = Z)\zal — (Z )\i)ak = )\Z(az — ak).
i=1 i=1 i=1

=1

Orciona BbITeKaer, 9To adGUHHAS HE3ABUCUMOCTD TOYEK A1, . . . , A PABHOCUILHA, JUHEHHON HE3aBUCUMOCTH BEKTOPOB
a1 — Q,---,0x—1 — A (BMECTO af MOMKHO B34Th JIOOYIO APYTYIO TOUKY a;).
JIemma 16.4. ITycmv A = {a1,...,a;} — afdunno nesasucumoe muosxcecmseo mouer 6 R™, u apy1; € R™. Tozda

mrooicecmeo AU {agy1} afPunno nesasucumo, ecau u moavko ecau api1 ¢ Aff A.

k k
HoxkazarenbctBo. Ecin appq € Aff A, 10 app1 = >, \ia; 171 HEKOTOPBIX \;, YIOBIETBOPAIONAX » - ; A; = 1.

k+1 k+1
Ho rorga, momoxus \;4+1 = —1, mogayanm Ziil Aia; =0, Ziil A; = 0 u He Bce \; paBHBI HYJIO, TAK UTO G1, . .., Qk+1
addunno 3aBucumMbl. tak, Mbl mokasanu, 4o u3 apdUHHON HE3ABUCUMOCTH TOYEK (1, ...,k ] BbITEKAET yCJIOBHUE
apr1 € Aff A.
IIycrs Teneppb BbinosiHsercs ycioBue agrq ¢ Aff A. Jokaxkem, 4ro aq,...,a+1 adpdunno nezapucumbl. Ipen-
TTOJIOKWM TIPOTHBHOE, T.€. CYIIECTBYIOT HE BCE PABHBIE HYMIO A1, ..., Ak+1, [JIs KOTOPHIX BBIMTOJHSIOTCS PABEHCTBA
k+1 k1
Ei; Xia; =0m Eiil A; = 0. Bamerum, 40 A\gy1 # 0, HHAYE UCXOAHBIE TOUKH A, . . ., dx addunno 3aBucumbl. Ho
pa3 Tak, TO
k k
Z —Ai Z —Ai
Akp4+1 = b\ a; 1 b\ = 1,
= Akl = Akl
T.e. ax+1 € Aff A, mporuBopeumne. O

3amevanue 16.5. B cuny onmcammoit Boimie cBsi3u MexXay ad@UHHON ¥ THHEHHON HE3aBUCHMOCTSAMH, KOJTHIECTBO
TOo4eK B adpPUHHO HE3ABUCHMOM IMOAMHOKeCTBE R™ HE MOKEeT IMpeBbImarh n + 1.

CaencrBue 16.6. /laa xaoscdozo A C R™ u kascdo2o MaKCUMAABHOZO MO YUCAY MOYEK GPHUHHO HE3ABUCUMO20
M C A swnoanaemca Aff M = Aff A.

HokasaresnbcTso. Ilpennonoxum nporusnoe, T.e. uro Aff M & Aff A. Torma A me MoxKeT NEIMKOM COJEPKATH-
ca B Aff M, rak kak wnadse Aff A — e munumanbaoe adpduaHOE MpocTpaHcTBo, comepxaiiee A. CremoBarenbHo,
cymiecrByer Touka b € A rakas, aro b ¢ Aff M. Ilo nemwme muokecTBO M U {b} — abdunno mezasmcumoe
TOIMHOKECTRO A, UTO TPOTUBOPEUNT MAKCUMaIhHOCTH M. O

s momvuoxkectBa A C R™ onpenenum ero agdunnyro pasmeprocms dim A Kax paszmepHocTh ahduHHON
obosouku Aff A. Ormernm, 9T0 pa3zMepHOCTh JTUHEAHOrO U adhGUHHOTO TOAMPOCTPAHCTBA COBIAIAIOT ¢ X aduHHON
pa3mepHOCTHI0. KpoMe Toro, B Cujly OIMCAHHOMN BBIIIE CBI3U MKy adGUHHON U TUHEITHOM He3aBUCHMOCTHIO, TMEET
MeCTO CJIeAYIOLIUNi pe3y/ibTart.

Caencrsue 16.7. Addunnan pazmeprocms dim A muoorcecmea A C R™ pasna ymenvulenhomy ma eOuHuyYy Maxcu-
MANBHO BOZMONCHOMY KOAUYECNEY MOYEK 6 He3a8UCUMBE Nodmnoscecmear M C A. B wacmuocmu, ecau mmootce-
cmeo nycmo, mo 6 wem codeporcumces 0 Mouer, NoIMOMY 6 IMOM CAYuae aPPuHHAA Pasmeprocms pasha —1.

16.2 DjeMeHTHI BBIMYKJION TeOMeTpun

Addunnas KOMOUHAINS HA3BIBACTCA 8BINYKAOT KOMOUHAUUET, €CTTN TOTOJHUTEILHO \; > 0 pu BCeX 1.

Teopema 16.8. Mnoowcecmeo A C R™ swnykioe, ecau U MOAbKO ECAU KaHCOGA SHINYKAGH KOMOUHAUUL MOover u3 A
codepocumes 6 A.

okazarenbcTBo. Eciu jitobas BblyKjasd KOMOMHaLus TOYeK u3 A comepKurcs B A, 3T0 2Ke BEPHO U 1151 BBIILY KJIOI
KOMOUHAIMY KazK10i maper Touek. OmHako Touka A\ja; + Aaas = (1 — Ag)ag + Agas mexur Ha oTpeske (a1, as], u Tak
TIOJTyYAI0TCS BCe TOUKM OTPE3Ka, MOITOMY ecin ay,as € A, To 1 [a1,as] C A, 9TO JOKA3bIBAET BHIMYKIOCTh A.
ObpatrHO, ycTh A — BBIMYKJI0e MHOXKECTBO. [IpHHAIIeXKHOCTh A BBIMYKJIONH KOMOWHAIINN KaxKaI0ro Habopa u3 k
€ro TOYeK MbI MOKaykeM 1Mo mHAyKIuu 1o k. dna k = 1 3o oueBumno. nsg k = 2 3TO BBITEKAET U3 ONPEIETEHUS
BoiykjaocTd. [lycrs reneps k > 3. Ilpeamonoxkum, 910 i KOJTMYECTB TOYEK MEHBIIUX K yTBEPXKJEHHE JTOKA3AHO,
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¥ MyCTh a4 = Zle A;a; — BbINyKJIasg KoMOuHanusi Touek a; € A. Ecmu pns HekoToporo ¢ BbINOJHSETCT A; = 0,
TO 9Ta BbINYKJIasg KOMOMHAIMS ABJISETCS TaKXKe BbIIYKJIOH kKombunanueil (k — 1)-oif TOYKM, HO3TOMY WHIYKTUBHOE
MPEIOI0KEHUe TPUBOIUT K a € A.

IIycrs reneps A; > 0 upu Beex 4. 3amerum, 4ro Torga rakxke \; < 1 u 1 — \; > 0, orkyaa

k k k
A
a = Z)\iai = \Mai + Z)\Zal = \ai + (1 — )\1) Z 71 — Alai.

i=1 =2 =2

k .
Bamernm, uto b = > ., ﬁ‘—&lai — BBINMYKJas KOMOWHAIWSA, TIOITOMY, B CHJIy MHAyKIWUW, b € A, HO TOorja m a =
Arar + (1 — Ap)b rakxke comepxkutcsa B A, 9T0 U TpeOOBAIOCD. O

Teopema 16.9. /Jlaa w6020 A C R™ svinykaas 0b6oaouka conv A coenadaem ¢ MHONACECTNEOM GCEBOZMONCHDBIL Gbl-
NYKABLT KOMOUHAUUT mouex us A.

HokazareabcTBo. [lycts C — MHOXKECTBO BCeX BBINYKJIbIX KoMOmHammii Touek u3 A. Tak kak A C conv A, To
C C conv A B cuny reopemst [16.8 JTokaxkeMm npoTHBOLONIOKHOE BKIOYeHue. s sroro nokaxkem, ato A C C u C
BBIILYKJIO.

Tak kak a = 1a, T.e. Kaxxgas Touka a € A saBaseTcsa BRIMyKI0i KomOnHammeii, To A C C. Ilycrs a,a’ € C, Torma
a=%" Na;nad = 11 Nja);, mosromy kaxmas Touka b:= (1 — M)a + Aa’ orpeska [a, a'] mmeer Buz

7777
P q
> (= NXai + > ANd).
j=1

i=1
Bamernm, aro (1 — A)A; >0, AN, >0, m

P

q
DA=NN+D AW =(1-N+Ar=1,
j=1

i=1

mosroMy b — BBIyKJIasg KoMOUHAIUS TOYeK u3 A, ciefoBarenbHo, b € C. Iocaeanee m0Ka3bIBaeT, YTO MHOKECTBO C'
BBIITYKJIO a, moromy, conv A C C. O

Caencrue 16.10. ITycms M C R™ u A = conv M, mozda Aff A = Aff M. B wacmnocmu, dim M = dim(conv M).

HoxkasareabctBo. Tak xak M C A, ro Aff M C Aff A. TlokaxkeMm, 94T0 EMeeT MECTO OOPATHOE BKIIIOUYEHHUE.
Boibepem npousBosbayio Touky b € Aff A. ITo reopeme(16.3} b pasuo addunHONl KOMOUHAIH Zle A;@; HEKOTOPBIX

. . ki ;
Touek a; u3 A. I[lo Teopeme , KayK1ast TOYKA a; PABHA HEKOTOPOIl BBIMTYKJIOW KOMOWHAIIMY 2;:1 Hip; @;,, FEKOTOPBIX
Touyek a! u3 M, I03TOMY B pe3y/abTare

Di

b= Z )\i,upia;i, puveM Z Xiflp, = Z)\i Z,um = Z A =1,
4Pi 4Pi ( Di i

Tak 4To b paBHO addunHON KOMOUHAIMN Touek w3 M u modromy b € Aff M. O

Teopema 16.11 (Kapareomopu). Iycms A C R™, mozda kasrconi a € conv A moocem 6vimob npedcmasaen 6 eude
6unyKkA0T Kombunayuy ne bosee wem (n + 1)-20 snemenma us A.

JokazareabcTBo. [IpeanookuM MpOTUBHOE, T.€. CYIIECTBYeT a € conv A, KOTOPBIA HE TPEJICTABUM B BHUJIE Ta-

koit kombunarmu. Ilo Teopeme [16.9] cymecrByror mosoxkurenbubie \i, ..., \g U G1,...,ar € A, JJIg KOTOPbIX @ =
k

> i1 Aia;. Beibepem k HauMeHBIINM BO3MOXKHBIM, TOL/IA, B CUJLy HPENONOKenusd, k > n + 1.
Tak Kak BEKTOPBI G — Q1,...,G) — Q1 JIMHEHHO 3aBUCHMbI, CYIIECTBYIOT HE BCE DABHBIE HYIIO 42, . .., [k, [JId

k
KOTOPBIX » . o pi(a; — ai1) = 0. Mewnss, ecanm HeoOGXOAMMO, 3HAKM BCEX [i;, TOOLEMCSI TOTO, UTOOLI CPEIH [i; OBIIN
TTOJIOYKUTEJIHHBIE.
k k
IMonoKuM f11 = — Y, o fi, TOTAR » . ptia; = 0 ¥, 3HAYAT, IPH KazkI0M 7 € R BhImoaHseTCH

k

k k k
a= Z Aia; = Z Aia; — VZMN@‘ = Z()\i — Vi) i
i=1 i=1 i—1

i=1
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Beibepem v > 0 HambobITUM Cpeau BCEX TAKUX, 4TO v; = A\; — Yi; > 0 mpum Bcex ¢. Tak kak cpeam p; €cTb
HOJIOZKHUTeNbHBIE, TO ¥ > 0, n mms Hekoroporo j Bemomasercs v; = 0. Ilycrs J = {1,...,k} \ {j}. Samerny,
9TO ), Vi = 1, IOITOMY MBI IIPEJCTABHIN G B BU/E BBLIIYK/IOH KOMOMHAIMM MEHBIIErO 4eM k 371eMeHTOB u3 A,
MPOTUBOPEYNE. O

CmauaapmHMM n-MePHHBIM CUMNAEKCOM HA30BEM MHOXKECTBO

n+1
A" ={(A, o Ang) ERMLN N =1, 02 0,i=1,...,n+ 1}
=1

13 Teopemni [16.11| MTHOBEHHO BBITEKAET CJAEAYIONTNN PE3YJIHTAT.
CaencrBue 16.12. Jas A C R" paccmompum omobpasicenue f: A" x A"l 5 R” | sadannoe max:

n+1
f(Al, . .,)\n+1,a1, e ,an+1) = Z )\zaz
i=1

Tozda conv A cosnadaem ¢ obpaszom im f omobpasicerus f.
Boiseaem u3 cnencrsus [16.12] psia rOnONOruIecKux 3aK/odeHuit.

CaencrBue 16.13. Omobpasicenue f, nocmpoentoe 6 caedcmeuu [16.12] Henpepwviero, nosmomy, 6 4acmMHOCTU, eCAU
A Komnarmmno, mo conv A = im f makorce Komnaxmmo.

Joxka3zaresbcTBo. Paccmorpum otobpaxenne F': R x (R?)"H — R 3anannoe Tax:

n+1
F()\l, ey /\,H_l,al, N ,an+1) = Z )\iai.
i=1

Koopaunatubie GyHKIME 3TOr0 OTOOpaXKEHWS — MHOTOYJIEHBI BTOPOi cTemenu, modtomy F HemnpepbiBHO. OTOOpa-
JKeHne [ SBISETCs COOTBETCTBYIONIMM OTDAHMYeHHEeM F, IO9TOMY TakKzKe HEmpephbIBHO B CUly npeatoxenns [3.28
Komnakrhocrs conv A st KOMIakTHoro A BbITekaer U3 KOMIAKTHOCTH cuMiuiekca A™ (OH 3aMKHYT U OrpaHUYEH ),
KOMIIAKTHOCTH JEKAPTOBA IIPOU3BEJIEHUA KOMIIAKTOB, 8 TAK:Ke KOMIIAKTHOCTH HEIIPEPbIBHOIO 00pa3a KoMiakra. [

CaencrBue 16.14. Bownykaaa 000404KG KOHEYHO20 MHOHCECTIBA, KOMNAKINHG.

16.2.1 Pazgensroine runepijioCKOCTH

Hamomunm, uro 2unepnaockocmsvio 6 R™ masbiBaercs ad@uHHOE MOAMPOCTPAHCTBO padMepHocTH n — 1. Takum

00pa3oM, KaxkJIas TAMEPIIOCKOCTD 3a4aeTCA B TEKAPTOBLIX KOOPAWHATAX T1,. . ., T, YPABHEHAEM
n
(o, ) = E T = ¢,
i=1
rae = (21, ...,T,) — PAAUYC-BEKTOP [EPEMEHHON TOuKM, a o = (v, ..., () — HEHYJIEBOH BEKTOP.

Kakas Takasg IMIEPIUIOCKOCTb OIPAHHYUBACT JBA 3AMKEHYMBIT TOAYNPOCTNPAHCINEA, 33JAHHBIX HEPABCH-
crBamu (o, ) > cu (a,z) < ¢, U JABa COOTBETCIBYIOLUX OTMKPLIMBLL NLOAYTPOCTMPAHCITEE, 33JAHHBIX CTPOIUMU
HepaBeHCTBaMH (v, z) > ¢ u {a, z) < c.

Ilycrs A u B — HenycTbie moaMHOXKecTBa R™. TOBOPSAT, 4TO TUNEPIIOCKOCTL T ¢mpoz20o paddeasem A u B, eciu
A m B j1eXaT B pa3HbIX OTKPBITHIX MOJYTPOCTPAHCTBAX OTHOCUTENHHO T.

Teopema 16.15. I[Tycms A u B — uenepecexaowuecs nenycmoie sunykasie xomnaxmo, 6 R™, mozda cywecmeyem
2UNEPNAOCKOCTD, cMPo2o paddessouas A u B.

HokasaresnbcrBo. Oyukmua f: A X B — R, f(a,b) = |ab|, menpepbiBra, u Tak kak A X B — kommakrt, To f
NIPUHAMAET CBOE HAMMEHbIEE 3HaUeHne d Ha HeKOTOpoii mape (ag, by). Tak kak AN B = (), 0 ag # by w d > 0. IIycTs
¢ — cepennHA OTpe3Ka [ag, byl, a T — TUIEPIIIOCKOCTb, MepIeHKYIApHas [ag, by] 1 mpoxozsimas depes c. [Tokazkem,
qro 7 He mepecekaerT A w B, oTKyjga u 3aKII0UnM, 9TO 7 paznenser A u B, Tak Kak TOYKH ag U by JI€KAT B PA3HBIX
OTKPBITHIX MOJIYIPOCTPAHCTBAX OTHOCUTEJIHHO T, & BBIMYKJIbIE MHOYKECTBA CBSA3HBI.



16.2. DaemMeHTHI BBITYKJIOH T€OMEeTPHH. 147

BriGepeM mpor3BOJIbHYIO TOUKY W € T, TOrAA aowby — PaBHOOEPEHHBINH TPEYTOJIbHUK (BO3MOKHO, BHIPOXK IEHHDII )
¢ ocHoBaHueM aobg. Ho Torga ansg Touexk t € (ag, w], gocrarodHo 6IM3KHX K ag, uMeeM |thy| < |agbg| = d (oueBumHOE
CBOICTBO pPaBHOOEIPEHHBIX TPEYrOJAbHUKOB). Tak Kak d — HauMeHblllee paccroguue ot by 10 To4ek u3 A, Touka t He
moker copepxkarbest B A. Orciona n 3 Bemykaocrn A Beitekaer, uro n w € A, nnave t € [w, ag] C A, nporusopeune.
AmnajlornyHo mokasbIBaeTCs, uTo w ¢ B, 94TO U TpebOBaIOCh. O

16.2.2 OmnopHbIEe TUNEPIJIOCKOCTHI

IMycrs A C R™ — mpousBosibHOE MHOXKeCTBO. Beromy HuM»Ke Oyaem mpeamoJiaratb, 4to n > 1. [oBopsr, 4uto
TUNEPIIOCKOCTh B R™ padpeszaem A, ecnu 0b6a OrpaHUYEHHBIX €ff OTKPBITHIX TMOJIYNPOCTPAHCTBA MepecekaroT A.
Tunepiiockocts m C R™ HasbiBaercs onoprot das A, ecnu m ne paspesaer A u |An| = ()E|

Taxum 06pa30M, €C/IM TUMEPILIOCKOCTD 3a/Ia€TCA yPABHEHUEM (v, T) = ¢, TO OHA SBJISIETCsI OMOPHOH 1 A, ecoiu u
TOJIBKO €CJIN BBITOIHSETCH WIH SUP, ¢ 4 (0, ) = ¢, mn inf e 4 (o, ) = ¢. Vlupivum c1oBaMu, 17151 3a1aHHOTO HEHYJIEBOTO
BeKTOpa ¢ € R™ rUnepiocKOCThb, TMEePIEHIUKYIsIPpHAs 3TOMY BEKTOPY, OyJIeT OmopHO# 1y A, eciiu U TOJBKO eCiiu
suneiinas dyukuus £, (r) = (a, x) orpanuvena Ha A cBepXy /WM CHU3Y, M TOLJA B KAYECTBE ¢ HYXKHO BbIOPATDH CO-
OTBETCTBYIOIILYIO BEPXHIOIO 1 /1 HUKHIOW rpanu (ecau £, (x) orpanuyena Ha A ¢ obeux CTOPOH, U COOTBETCTBYIOLIHE
BEPXHUE ¥ HUXKHUE I'PAHKM PA3JIMYHbI, TO MbI LI0JY4aeM JIBE OLOPHBIX IIJIOCKOCTH ).

¢lcHO, UTO BCeM BEKTOpaM, KOJIMHEAPHBIM JAHHOMY (v, OTBEYAIOT OJHU W T€ YK€ OMOPHBbIE THIEePIIOCKOCTH. U3
CKA3aHHOTO BBITEKAET, YTO JJjisi OTPAHUYEHHOrO A i KaXK0r0 HAMPABJIEHUS (¢ CYIIECTBYIOT OMOPHBIE THIIEPILIOC-
koctu. Kpome Toro, eciim A KOMOaKTHO, TO TOYHAs BEPXHss W HUXKHsAS rpanu GyHKumud £, Ha A mocruraiorcs B
HEKOTOPBIX TOYKAX M3 A, MOITOMY KayK/Jasi OMOpHAas TUIEPILIOCKOCTH mepecekaer A. B ciyyae KOMIAKTOB 3TO mMO3-
BOJISIET OIIPEJICUTH OMOPHBIE MUIEPILIOCKOCTH T IPOIIe, OPPAHUIHUBIINNACH JBYMs yCJIOBUAME: T nepecekaer A, HO He
paspesaer.

Bemyknerit koMmakT B R™, mMeromumit HEMyCTyI0 BHYTPEHHOCTb, HA3BIBAETCA 8bINYKABIM meaom. Takxke HaAC
Oy/lyT UHTEPECOBATH BBIMYKJIbIE KOMIIAKTBI, IBJIAIONIMECs BBITYKJIBIMEA TeJaMu B cBouX adduHHBIX 000/109Kax (HUKE
MBI TIOKAYKEM, 9TO KaXKJbIH BBIMYKJIbII KOMOAKT B R™ B JEHCTBUTENBHOCTH SBJSETCS BBIMYKIBIM TEJIOM B CBOEi
addunnoit obosnouke). dis ynobersa paborbl ¢ TakuMu 0O0bEKTAMU BBEJEM HOHATUS OTHOCUTEJILHON BHYTPEHHOCTH
¥ OTHOCUTEJIbHOW I'DAHUIIBIL.

IIycts A C R™ — mpou3sBosibHOE TOAMHOXKeCTBO. Torma depes relint A 0603HaUMM BHYTPEHHOCTH MHOXKECTBA, A,
paccMaTpUBAEMOro KaK MOAMHOXKECTBO cBoelt addunnoit obosouku Aff A. Muoxkecrso relint A masbiBaercs omHo-
cumeavholi 6hympennocmsbro das A. Orvernm, 910 B ek [J] MBI y2Ke UMeNH 1610 € 9THM NOHATHEM, KOTAR
3aHUMAJIUCH IPOCTPAHCTBEHHBIMU MHOTOYTOJbHUKAMU. BIpodyeM, TOra MbI HE BBOJMIA HOBBIX OO0O3HAYEHUH, a yCII0-
BUJINCHh OTHOCHTEIbHYIO BHYTPEHHOCTD IIPOCTPAHCTBEHHOIO MHOIOYroJbHUKA F' 0b603HadaTh mo-crapomy Int F.

Jlemma 16.16. ITycms A" C R — cmandapmunidi n-mepuviii cumnaexc u © = Aff A" — addunnas 2unep-
1

NAOCKOCTL, 3G0GHHAA YDABHEHUEM erl Xi =1, ede \1,..., \ns1 — Oexapmosui koopdunams. 6 R"T1. Toeda A™ —

BLINYKAOE MEN0 8 T, U OMHOCUMEALHAA 6HYMpernocms relint A pasna mHoocecmsy 6cer uNYKALL KOMOUHAUUT

basucnur sexmopos u3 R™ ¢ nosoostcumesvromu Kospduyuenmamu.

Hoxkazarenbcrso. O6o3gamm W momokuTe babi opTanT 8 R u mycts W/ = Int W, T.e.
W={(A1,.. o, q1) N =0,i=1,....n+1} mw W ={(A1,...,A41): A >0,i=1,...,n+1}.

ITo oupenenenuto, A™ = W N, nosromy muoxecrso A" 3amkayro. Tak Kak mist Kaxaoro € = (Ay,..., A\p41) € A"
soiosiasiercss 0 < A; < 1 npwm Beex 4, MHokecTBO A™ OrpaHUY€HO U, HOTOMY, KOMIAKTHO. QCTaoCh BbISCHUTD, KAK
YCTPOEHa OTHOCUTEIhHAS BHYTPEHHOCTH relint A™ u mokasaTh, 4TO OHa Herycra.

Bosbmem mnpousBoOsbHBIE & = (A1,...,A\pe1) € A", mas xkoroporo A\; > 0 mpu BCexX ¢, HAIpUMEp, IIyCTb BCE
X; pasuBIL 1/(n + 1). Torma x € W', mostomy cymecrByeT OTKphIThIA map Us (x), conepxxammiica 8 W'. Ilomoxum

7 )

U=U(z)Nm C A", rorna U — oTKpbITHIi 1ap B T U, 3Ha4uT, = € relint A”. D10, B 4aCTHOCTH, JOKA3BIBAET, YTO
relint A” # (). Ocramoch yOequThCst, 9TO €CJIM HEKOTOPOE \; PABHO HYJIO, TO Kaxkapiil map U, (2) comep:kut TouKn u3

7, He jgexamme B A" (nposepbre). O
JIemma 16.17. ITyemo A = {ay, ..., a1} — afipunno nezasucumoe nodmuoscecmeo R™, mozda conv A — ewvinyx.aoe
meno.

1B mexoToprrx MOHOTpadUAX TOTOMHATENBHO TpebyeTcs, uTobbr 7 He cofeprxiana A. B wHTepecyomem HAC Caywae 3TO OyaeT BHITION-
HATBCSI aBTOMATHYECKH, TAK 9TO MbI OyZeM cJIeJoBaTh TeM MOHOrpadusaM, IJe TAaKoro TpeGOBaHU: HeT.
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Hoxkazarenbcrso. Ilycts A" C R™H! — crammaprrbrit n-meprbiil cummierc u m = Aff A — adbdunnag runepmioc-
KocTb. Paccmorpum orobpaxkenue f: m — R™, 3amamHoe Tak:

n+1 n

FOL A1) = )N = ang1 + 3 Ai(ai — angr).
i=1 i=1

Tak KaK BEKTOPBI 41 — Gp41, - - - , Ap — Apt1 JTAHEHHO HE3ABUCUMBI, TO OTOOpazkenne f OMEKTUBHO, Tak 4TO f IpejcTas-
JigeT cobOit KOMITO3HUITUIO JTUHEHHOrO M30MOpP(MU3MAa W CABUTA U, TEM CAMbBIM, SIBJSETCS TaK:Ke romeomopdusmom. B
cuity jiemMbl [16.16] crammaprabiii cuMiuieke A™ — BbIIyKJIO€ TEJIO0 B T, CJIEI0BATEILHO, ero f-06pa3, paBHbiii conv A,
— TaK¥Ke BBITYKJIO€ TeJIO. O

Beimykimast obosouka (k + 1)-oit addurro HezaBucuMoit Toukn B R™ HasbiBaeTcs k-MeEPHBIM CUMNAEKCOM.
TaxkuM 06pa30M, CTAHIAPTHBIN n-MepHbI cuMILTeKe B R gpiigerca 4acTHBIM ciydae.

Jlemma 16.18. ITycmv A C R™ — swnykavd xomnaxm, mozda A asasemcea sonykavim mesom 6 Aff A.

HoxkazarenscrBo. [lomoxxum k = dim Aff A. B cuny caencrBus KayK/10e MAKCUMAJIBHOE M0 YHUCJIY TOYEK ad-
dbunno nwezasucumoe muoxkecrso M C A comepxkur (k+ 1)-y Touky. Torma, B cuity jiemmbi [16.17) conv M — BbimykJioe
teno B Aff A. Tak kak conv M C A, o relint A # (), nosromy A Bemmyknoe Temo B Aff A. O

Teopema 16.19. Kaowcdoe 6uinykioe meso pasHO NEPECEHEHUIO COOEPHCAUUT €20 3AMEHYMBLE NOAYNPOCMPAHCMNE,
02PAHUYEHHBLT ONOPHBLMU 2UNEPNAOCKOCTNAMU.

okazaTeiqbcTBo. Ilycth X — BhImyKI0€ TenO, 1 Y — mepecedeHne BCeX COmeprKaIux X MOIYIPOCTPAHCTB, Orpa-
HUYEHHbIX onopHubiMu runepiuiockoctsmu. Torga X C Y. Jdokaxkem obparunoe Britodenue. [Ipenmnosoxum nporusHoe,
m.e. cymecrsyer y € Y \ X. Ilo Teopeme X u {y} cTporo pasmensoTcss HEKOTOPO#H TMIepIIOCKOCThio. IycTh
(o, ) = ¢ — ee ypasHenne. Be3 orpanndenus obIHOCTH, OyIeM cYuTaTh, 9TO (0, y) > ¢, TOraa Jjis Beex & € X BbI-
nosuserca (a, x) < c¢. [lycrb g — Touka MakcumyMma GyHKImY (o, ) Ha X, CyIIECTBYIOMAs B CHJIy KOMIAKTHOCTU X |

Torya ¢ := (@, o) < ¢, TOrJa MUNEPIUIOCKOCTD, 3a/JaHHasl YPABHEHUEM (v, T) = Cp, ABJIETCd OIOPHOI K X, TaK Kak
couepKur o € X, a Bce x € X couepKarcs B 3aMKHYTOM MoJynpocrpancrse (o, x) < c¢g. A Tak Tak {(a,y) > ¢ > co,
TO ITO LOJIYIIPOCTPAHCTBO HE CONECPXKUT ¥ U, 3HAYUT, y & Y, mporusopedue. O

Jlemma 16.20. ITycmv X C R™ — ewnykaoe meso, x € Int X u p € 0X. Toeda mouku ayva xp, caedyrouue 3a
moukol p, ne codepocamcs 6 X.

JokazarenbcTBo. JleificTBATENBHO, TAK KaK p € 0X, TO KaXK/1asd OKPECTHOCTD P COAEPXKUT TOYKH, HE JIeXKalme B X .
C apyroit CTOpOHBI, €M ¢ — TOYKa Ha Jiyde xp, JexKalasd 3a p u npuHaiexanasa X, a B.(x) — HeBBIPOKICHHbII
3aMKHYTbIH map, aexanwii B X (o cymecrsyer, tak Kak « € Int X), ro xouyc C' := ¢B.(z), cocTaBieHHbIN U3 BCexX
OTPE3KOB, COENUHSIONUX ¢ ¢ TOUKaMu 1mapa Be(x), sexur B X U COUEPKUT P B Ka4eCTBE CBOEH BHYTDEHHEH TOYKH.
Ho Torma mekoTopasi OKPEeCTHOCTb TOYKHU P COCTOUT IEJIUKOM U3 TOYEK Tesa X, IPOTUBOPETIHe. O

Teopema 16.21. ITycmo X C R™ — swunyxaoe meao, mozda uepes kaxncdyo MoKy p €20 monoso2uteckots epaHuLbl
0X mpoxodum HEKOMOPAA ONOPHAA 2UTLEPTAOCKOCTIVD.

HoxkazarenbcrBo. Ilycth o — BHyTpennsas Touka Teqa X un 0 < t < 1. Pacemorpum romorernio H, 4 ¢ IIEHTPOM B &
u kodbdurmentom ¢, r.e. mpeobpasosanue R, 3anannoe tax: H, ¢(y) = = + t(y — x). Homoxkum X; = H, 4(X). Tak
KaK, 10 JIeMMe Ha JIyde Tp 33 TOUKON p He JIeXKUT TOUeK u3 X, U IpH TOMOTeTHH H, ; 9TOT JIyd MEepPEeXOLuT
B cebs1, craruBasich B cuity t < 1, To Xy He comepxkut 104Ky p. [lo Teopeme [16.15) cymecrByer rumepiockocTs Ty,
pazaensomas Xy u p.

Paccmorpum mocienosarenbrocTh 0 < ¢; < 1, crpemsrytocst K 1, u mycthb {(o;, ) = ¢; — ypaBHEHNe THUIEPTIIOC-
KOCTH Tt,, TPUYEM «; — eIWHUYHBII BekTOp. Tak Kak KaxKjas IHIEepILUIOCKOCTh Ty, Pa3JielisieT TOYKH & W P, OHA
IepeceKaeT OTPE30K [z, |, HOITOMY MHOKeCTBO {c¢; }72, orpanndeHo (yOequTech B 9TOM), T.€. JIEKUT B HEKOTOPOM OT-
pesxe [a, b]. C apyToii cTOPOHBI, MEOIKECTBO {v; 52| ABIAETCA TTOMHOKECTBOM CTAHIAPTHOH eMHIIHOH cepnt S™ L.
OTcrosia BBITEKaeT, 9TO B TIOCTIeI0BATeIBHOCTH (¢;, v; ), Jexkameii B Kommakre [a,b] x S"~1, comepxurcs cxoaamas-
Csl LOALIOCJIeI0BATENbHOCTb. Be3 orpanuuenust obuwpocru OyieM cuuTarThb, YT0 UCXOAHAS LOCJAEN0BATENbHOCTD (¢4, (i)
cxonuTest K HeKOTopomy (¢, o). TTokaxkeM, UTO IMIEPIIIOCKOCTh T, 3aJaHHas ypaBHEHWEM (q,T) = ¢, — ONOpHast
TIPOXOAT YEpPe3 p.

Ilpu t; — 1 paccrosiune |pXy,| crpeMuTcs K HY/II0, M TaK KaK p U X;, HAXOJATCS B PA3HBIX OTKPBITHIX MOTYIIPO-
CTPAHCTBAX OTHOCUTEIBHO T¢,, uMeeM |pmy,| < |pX,| — 0, rak uro |pr| = 0, orkyzna p € .
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Ilokaxkem Temepb, uTo T He pa3pe3aeT X. IIpeamonoxkum, aTo 3T0 He Tak. Torma cymecTByOT TOYKH Y, 2 € X,
JIEXKAIME B PA3HBIX OTKPBITBHIX MOJIYIMPOCTPAHCTBAX OTHOCHTENBHO . DTO, 6e3 OrpaHuveHust OONIHOCTH, O3HAYAET,
qro {o,y) < cu {(a,z) > c¢. Tak KaK @; — @, ¢; — ¢ U CYLIECTBYIOT ¥;, 2; € Xy, Takue, 4T0 y; — Y U 2Z; — Z, TO
JUIst TOCTATOMHO GOIBIMX 4 BhIMOMHAETC (i, Yi) < ¢; m (Qu, z;) > ¢;, T.e. TaKme Ty, paspe3aT X;,, TIPOTHBOpEUHe.
CiemoBaTeIbHO, T — MCKOMAs OMOPHAS THMEPIIIIOCKOCTb. O
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YupaxkHenusd K ryiase 16

VYuopaxkuenne 16.1. Ilycrs a; = (241, ...,%m) € R", i =1,...,k, n 115 KaKI0TO0 ¢ MOTOKAM @} = (Z;1,. .., Tin, 1) €
R+, JlokaxkuTe, 9TO TOYKH a1, ...,a; abOUHHO HE3aBUCHMBI, €CTH U TOMbLKO €CTH BEKTOPHI af, . . ., @), JTHHEHHO
HE3ABUCUMBI.

Yupaxuenwne 16.2. [Iycrs 7 C R™ — runepruiockocts. [lokaxkure, aro ecn 0 C R™ — adbdunnoe nmommnpocrpancrso
pasmepHocTH k, ipudeM 0 N 7w # P u o ¢ w, to dim(e N7) =k — 1.

Yupaxxkxuenue 16.3. Ilokaxknute, 9T0 3aMBbIKaHNE W BHYTPEHHOCTDH BBIMTYKJIOTO TTOIMHOXKECTBA R™ BBITTYKJIBI.
Yupaxxkxuenue 16.4. Ilokaxkure, 9To

(1) BhIykIast 060JI0YKA OTKPBITOIO MHOXKECTBA TAKIKE SBJISIETCS OTKPBITHIM MHOYKECTBOM;

(2) upuBegure HPUMED 3aMKHYTOIO MHOXKECTBA, BbILYKJ/as 000JI04KA KOTOPOI'O HE3AMKHYTA.

VYopaxkueaune 16.5. Ilycre A C R™ — Bbinykioe muoxkectso, a € A u b € Int A. Tlokaxkure, 410 BCe TOYKH
naTepBaia (a,b) gexar B Int A.

VYuopaxkuenne 16.6. Ilycts M = {ay,...,a;} C R" — addurno 3aBrcnmoe Mao)KecTBO. [TokaXknTe, YTO CyIIECTBYET
Takoe pasbuenne { My, M} muoxkecta M, aro conv M; N conv Ms # (). Bemseaure orciona meopemy Padona, yTBep-
JKJIAONIYI0, 9TO pa30HeHne ¢ TAKUM CBOMCTBOM CYIIECTBYET s KaxKJI0ro MHOXKecTBa M, cocrositiero u3z k > n + 2
TOYEK.

Yopaxkueane 16.7. Ilycte A, B C R"™ — mpousBosibHble HemycTbie MHOXKecTBa U A € R. Onpenenum cymmy
Munroeckoeo A+ B = {a+b:a € A, b€ B u A = {da: a € A}. Tem campbiv, oupesesnennl JuneHHbIE
koMmOuHanuu monMuOkecTB R™. Takke HAmOMHUM, 4TO a@d@PuHHbM omobpasicernuem f: R™ — R™ masbiBaerTcs
KOMIIO3HUIINS JINHEHHOrO orobpaxkennst L: R — R™ u capura 7: R™ — R™, 7(y) =y + a, tae a € R™.

(1) Tokaskure, 9TO conv — JWHeHAS ONEpaIs Ha TOAMHOXKecTBax R™.
(2) Tlokaskure, 9TO JIMHEHHAS KOMOWHAIWS BBITYKIBIX MHOXKECTB CHOBA BBIMYKJIOE MHOXKECTBO.

(3) Tokaxkure, 9TO Oneparys BbIMyK/I0ii 06010uku U addunHoe 0TOOparXKEHNe MEePEeCTAHOBOYHDI, T.€. JIJIf KaXKI0r0
Hemycroro M C R™ seimonusiercs f(conv M) = conv f(M).

Onpenenenne 16.22. Ilycrs A, B C R" — BhImyKJIble TOAMHOXKECTBA. [ 0BOpAT, 910 A 1 B omdeaumbl, eCiiu CyIIe-
crByer adpPUHHALA THIIEPILIOCKOCTL T Takas, 9To A JIeXKUT B ONHON M3 3aMKHYTHIX IOJIYIPOCTPAHCTE, OrPaHNYeHHBIX
m, a B — B apyrom. IIpo Taky rumnepijiocKoCcTh T TOBOPAT, 4TO OHA paaddeasem A u B.

VYopaxkueaune 16.8. Ilycrs A C R™ — Boinykiioe reso, u B C R™ — Hemycroit BeinykJibiii KomnakT. Jlokaxkure, 910
A u B otmenumbl, eciiu 1 TOIbKO ecn Int A Nrelint B = ().
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Jlonmosnenue 2: I'panu n aBOIICTBEHHOCTb
BBIITYKJIbIX TeJl

Ilnau. /14 BRINYKJBIX Ted: COGCTBEHHAS IPaHb, HECOOCTBEHHAs IPAaHb, IPAHb, PA3MEPHOCTh I'DAHH, BEPIINHBI; [J1s BBIIYKJBIX KOMIIAKTOB — Te YKe
IIOHATHULA, HTHAYIIMPDOBaHUE FpaHeI';I Ha [IOAKOMIIaKTE, IIPUMeED: BEPIIVHBI 'DAaHU HE O65[3aHbI 6bITb BEPIINMHAMHU BBINIYKJIOI'O T€JIA, 3KCTPEMAJIbHBIE TOYKH
BBIIIYKJIOTO TeJia, IPUMEP: HE BCAKad 3KCTPpeMaJibHAA TOYKE ABJIAETCA Belf)I_T_II/IHOI';'I7 HaCJ/JIeJOBaHUE 3KCTPEMaJIbHOCTH I'DaHAMU, Te€opeMa MI/IHKOBCKOFO
PO BBIMYKJIYIO 060JI09KYy MHOXKECTBA dKCTPEMAJbHBIX TOYeK, TeopeMa CTpalreBuda O BBIIYKJIOH 060JI09Ke MHOXKECTBA BCEX BEPILUHH, [IOJISPA WA
IBOUCTBEHHOE MHOXKECTBO, 00I1e CBOHCTBO MOJISIPhI, 3aJaHue TPaHel IoIAPbI, eCTECTBEHHOE OMEeKTHUBHOE 0TOOparkeHne MeXK/1y MHOXKeCTBaAMHU rpaHeii
BBIIIYKJIONO TeJIA M €r0 MOJsIPpbl, IPaBUIbHbIE TPAHU U UX CBOHCTBA.

IIpomomknmM m3ydaTh BRITYKJIBIE Teaa B R™.

17.1 I'paHu m 3KCTpeMaJibHble TOYKH

IIycts X C R™ — Beimykioe Teso. Torma nom cobemeenHoti 2panvro meaa X OymeM MOHUMATH KAaXKI0€ MHOXKE-
crBo X N7, rjie ™ — ONOpHAas TUNEPIIOCKOCTh. Hecobecmeennoti eparbio meaa X Ha30oBeM caMO X WM ITYCTOE
MHOKeCTBO (). I'parbro evinyk.ao020 meaa X Ha30BeM WA COOCTBEHHYIO, MM HECOOCTBEHHYIO IpaHb. MHOMKECTBO
Beex rpameii ppmykiioro tea X obosnaanm F(X)[f] Ormerny, ato mpu n = 0 mveem F(X) = {0, X}, Tax aro B 970M
caydae Bce TpaHd HeCOOCTBEHHBIE.

U3 reopembl MI'HOBEHHO 110JIydaeM CJeAyIoliuil pe3y/ibTar.

CaencrBue 17.1. Tonosozuueckasn epanuya kaocdozo evnyxraozo meaa X C R™ pasna obsedunenuto ecex ezo cob-
CMBEHHBLT 2panet.

Pasmeprocmvro 2paru F uasbiBaercss pasmepHocTh adduumoit obonouku Aff F. Ilycras rpanb mmeer pas-
MepHOCTH —1, Tpanu pasmepuocTr () HA3BIBAIOTCA @epuwiuramu X . MHOKECTBO BCEX BEPIIUH BBIMYKJIOrO Teja X
oboznaunm vert X. Takum obpasom, vert X C F(X). Samernm, uro mpu n = 0 Bomoansiercss vert X = {X}, re.
X uMeer eIMHCTBEHHYIO BEPIIUHY, SBJISIONIYIOCS HECOOCTBEHHOW IpaHbio; pu 1 > 1 BCe BEpINUHBI — COOCTBEHHBIE
HyJIbMEDHBIE TDAHH.

JlaHHBIE TOJBKO UTO OMPENEIeHUs] HEMOCPEICTBEHHO TEePEHOCATCS W HA MPOU3BOJILHBIE BBHIMYKIIbIE KOMIAKTHI B
CBSI3M C TEM, 4YTO, 110 JIEeMMe KaKbIH BBIMYKJIBIA KOMITAKT Y SBJISIETCS BBIMYKJIBIM TEJIOM B cBOei adduumoit
obonouke Aff Y. Takum obpasom, eciaum paccMarpuBarh Y Kak noamuoxkectso B AffY, To mus Hero ompeesieHo
[OHATUE 2PAHU, B YaCTHOCTHU, [IOHATHE 8€PUUHbt. MHOXKECTBO TaK ONpee/IeHHbIX rpaneil 1 Y obosuadum F(Y),
a MHOKeCTBO BepinwH Y — depe3 vert Y.

Jlemma 17.2. IIyemv Z C Y C R" — swunyxavie komnaxmor. Tozda das waosrcdot epanu F € F(Y) swnoansemes
FnZeF(Z). B wacmnocmu, ece epanu komnaxma Y, codeporcawuecs 68 Z, ABAAOMCSH ePAHAMU KOMNAKMA Z .

1B orHOIEHNY HOHATHS MPAHHE BLIIYKJIOIO TEJA MMEETCS TPAAMIHOHHOE PACXOXKICHHE B TePMIHOJOTHH. B aHIIION3EIMHON THTepaType
€CTb Ba OCHOBHBIX TepMmmHa: face u exposed face, a Takzxe BBegennsiii B [36] repmun poonem (face na upure). JlanHoe HaMU OnpenesIeHne
rpanu (face) crenyer [38] u [36]. B [35] u [39] rpann B Hamem normmanun HasbBaroTcs exposed faces, a mox faces MOHMMAIOT TO, 9TO MBI
NpHBOJUM B yHpaskHeHHax (onpesenenue [[7.19). Takxe sroit Tpasumun crexyer u [43], rae exposed faces mepeBOAMTCS KAK NMPaBUIL-
Hble rparu. Kak BHITEKAeT W3 TPUBOJUMON HAMHU TEODPHH, 00HEKTHI, OMPeIeICHHLIe B BeayT cebs Gosiee eCTECTBEHHO, CKaXKeM, IO
OTHOIIEHUIO K HACIEOBAHUIO, TOITOMY, B IIPOTHBONOJIOKHOCTE K [43], MBI COXpAHWIIM TEPMUH MPABUJIBHBIE TPAHN 3& IOCIETHAMH.
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HoxkaszarenbcrBo. Ilepexons, eciu HeoOxoanmo, K adduaHON 000/109Ke MHOXKECTBA Y, 6€3 OrpaHudenns: OOITHOCTH
OyZeM cpas3y cumTaTrh, 9T0 Y — Bbinykioe Tesno. Ecau F' — mecobecrBennas rpanb, To F'N Z — Takke HecoOCTBEHHAS
rpanb, nosromy FNZ € F(Z). Ilycrs renepp F' — cobcrBennas rpadb, U T — OLOPHAst TUIIEPILIOCKOCTD i Y Takas,
aro FF =Y N.

Ecim F N Z wim mycro, nim COBMAmaeT ¢ Z, TO Bce moKazano. Ilycts Temeps FNZ # Q0w F N Z # Z. Ho Torna
AfZ ¢ 7, rak kak maave FNZ =Y N7 NZ = 7N Z = Z, npornsopeuane. Ho torna «’ := 7 N Aff Z, B cuny
ynpazuenns [16.2] ssasiercs runeprnockocrsio B Aff Z.

Iycrs II — 3amkHyTOE noaympocTpanctso B R™, orpanudennoe m u cojepzKaiiee Y. ILnockocTs m/ orpanuyusaeT
B Aff Z nBa momynpocTpaHCTBa, OHO M3 KOTOPBIX, 0603HauuM ero I1’, comepxurcs B I1, a ero nononuenne Aff Z\ 1T
ne nepecekaer I1. Ho Torma Z C II', Tak uro 7’ me paspesaer Z. Kpome Toro, Tak Kak

TNZ=rnNAf2)NZ=ranNZ=naNYNZ=FNZ#0,

1o 7' mepecekaer Z W, 3HAUMT, ™ — OmOpHAad IJIOCKOCTL K Z B Aff Z. Ilpm 3TOM, Kax MBI TOJBKO 9TO HOKA3aJH,
FNZ=7n'"NnZ,oxyna FNZ e F(Z). O

3amevanue 17.3. B nemme MBI B 9aCTHOCTH ITOKAa3aJIH, 9TO JJis 000it rpann F Beimykmoro tema X C R”
u moboro F' € F(F) Bce rpanm u3 F, mexamme B F/, apnaorca Takxke rpamsvu F’. Bo3Hukaer ecrecTBeHHBIH
BOTIPOC: BEPHO JIM OOpaTHOE, T.e. UTO KaKaas rpanb m3 F’/ asaserca rpanpio F'? VHBIMA cOBaMW, BEpHO JIM, HUTO
F(F') C F(F)?

OxasbiBaercs, B 00IIIeM CIydae OTBEeT OTpuliaTeabHbiil. IIpuBeneM mpumep, MOKA3BIBAIONIN, YTO BEPIIAHBI TDAHT
He 00s13aHbI OBbITH BEPIIUHAMHU BBIMYKJIOTO Tejla, KOTOPOMY TpaHb MPUHAIEKUT. PAcCMOTPUM Ha €BKIUIOBOM TLIOC-
KOCTH 3aMKHYTYIO €-OKpecTHOCTh X orpe3ka I. ['panuma 3roii okpecTHOoCTH COCTOUT U3

e 1Byx orpe3koB I; u I5, momydenunix u3 I cMereHneM NOCIEIHErO B IIEPIEHIUKY/ISIPHOM €My HAIPAaBJICHUH HA
paccrodHue €, a TakKe

® JBYX OTKDBITHIX LOJIyOKpyzKHOCTEll S1 u So pasuyca & ¢ uenrpamu B Konuax I, cm. puc. [I7.1]

L,

15

Puc. 17.1: Bepuiunbl rpasu BBIIYKJIOTO TeJIa He 0043aHbI ObITH BEPIIMHAMEI CAMOIO TeJIa.

Beprmramu BoimyKI0ro Tesia X sBASIOTCA Bee TOYKE u3 S1 u So. Orpesku [y u Is — ogHOMepHbBIe Tpanu. BepruuHbr
rpaneit I — KOHIBI 9TUX OTPe3KOB. Tem He MeHee, 9TH KOHIbI BepiiuHaMu X He sBJMIOTCH, TaK KaK 9epe3 HUX
[POXOJISIT JIMILb T€ OLHOPHbBIE IPsiMble K X, KOTOPbBIE Iepecekaior X MO OJHOMEPHbIM IpaHaM [.

Ormerum, 4TO KazKjad BepiiuHa v € vert X yIoB/IeTBOpAeT CJIeNyOIEMY CBOHCTBY: TOYKA U HE ABJIACTCHA BHYT-
PeHHeil TOUKOii HU OHOTO OTpe3Ka, Jexkaero B X . JIefiCTBUTEIbHO, €CJIU T — OMOPHAs TUIEPILIOCKOCTD, /I KOTOPOIt
{v} = 7N X — Bepmmna, To mas orpeska [a,b] C X rtakoro, uro v € (a,b), TOUKH @ U b J€KAT B PA3BHBIX OTKPBITHIX
MOYIPOCTPAHCTBAX, OrPAHMYCHHBIX 7T, YTO HEBO3MOXKHO, TaK KaK ONOPHAas ILIOCKOCTh T He paspesaer X. Toukm ¢
TaKHM CBOMCTBOM Ha3BIBAIOTCH SKCTPEMAJIBHBIMU. Bojlee TOYHO, TOYKA Y U3 NPOUIEOALHOZ0 GBINYKA020 MHONCECMEA
Y C R" na3biBaercs aKCcmpemanabHoU, eCiu OHA He sABJISEeTCH BHYTPEHHEN HU /I OJHOIO OTPE3Ka, JIEXKAIIEro B Y.
MHOKECTBO BCEX IKCTPEMAIBHBIX TOYEK Mg Y obo3uaunM ext Y. OTmerum, 9ro [y HyJIbMEPHOro Tejia X BbLITOJ-
Hstercs ext X = {X}.

3ameuanue 17.4. He 6cakas 9KCMPEMANLHAA MOYKA AGAAEMNCA epuwunol. PaccMOTpUM TOT Ke TpuMep u3 3a-
MeYaHus Torga derbipe KOHIIA, ABYX TOJYOKPYKHOCTEH SKCTPEMAJIBHBI, HO HE SIBJISIOTCS BEPITHHAME, TAK KaK
€JIMHCTBEHHAsl OIOPHAs IpsMas, IPOXOAINas Yepe3 TaKyl TOUKY, — 3TO IpsMas, HPOXOIIIas Yepe3 COOTBETCTBYO-
it Iy,
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Jlemma 17.5. Ilycmos X C R™ — swnykaoe meao u F — nexomopas ezo epamrv. Tozda mouka x € F sxcmpemanvra
oas F, ecau u moavko ecau ona sxcmpemanrvia oas X . Hnvmu caosamu, ext F = FNext X.

HoxkazarenbcTBo. Ecim Touka x skcrpemasnbaa s X, TO OHA HE sIBISETCS BHYTPEHHEH HU IJis OZHOrO OTPE3KA,
nexamero B X W, B 9aCTHOCTH, HU JJjIs OJHOrO OTpe3Ka, Jjexkarmero B F. OOparHo, MPEeAnoIoKuM, 9T0 T — JKC-
TpeMasbHasa TOYKA /s F, He ABJIAIOMASCT IKCTPEMATbHON mus X, T.e. CymecTByer oTpe3ok [a,b] C X rakoii, 9To
x € (a,b). IlycTh ™ — OMOpHAs THMEPIIOCKOCTh, st KoTopoit F' = X N . Tak kak [a, b] He comepxurcs B F, To on
TaKKe He CoMepKuTCcA u B 7. [loceqmee 03HAUAET, 9TO TOYKH G U b JIE2KAT B PA3HBIX OTKPBITHIX MOIYTPOCTPAHCTBAX
oTHOCcUTEIHbHO 7. Ho mocsie/iHee IpOTHBOPEYNT OIPEIesIEHIIO OTIOPHOM UIIEPIITIOCKOCTH. O

Nmeer mecro caenyromuii pe3ysibrar.

Teopema 17.6 (reopema Munkosckoro). Kaowcdoe ewnyraoe meao X C R™ asanemes 6onykaoti 060404K0TU MHO-
2HCECNBA CBOUT IKCMPEMarbHuT mouer: X = conv(ext X).

HoxkaszarenbcTBo. [lokazarenbcrso nposenem uaayknueid mo n. IIpu n = 0 tesio X coBuazaer co cBoeii e uHCTBEH-
HOI 3KCTPEMAJLHON TOYKOM, TTOITOMY yTBepxKaeHue mMeer Mecto. lIpeamonmokum temeph, uto n > 0 m a1a BCex
BBIITYKJIBIX TEJI MEHbBIIeH 1 pa3MepPHOCTH yTBepKAeHune moka3ano. [lomoxkum M = ext X. Mbr 10/KHBI TOKA3aTh, 9TO
X =conv M. Tak kak M C X n X Bwemykjo, to conv M C X. IlosToMy A0CTATOYHO MPOBEPUTD, UTO KAXKIAAsA TOIKA
x € X conepxkutcs B conv M.

Ecom € M, To Bee mokazano. Ilycrs Teneps x ¢ M, Torma cymecTByer oTpe3ok [a,b] C X Takoii, ato x € (a,b).
Paccmorpum yd £, , HAUWHAOIIUNECS B T U TPOXOAsImii depe3 a. Tak kak X orpanudeno, 1o X N¥{, — OrpaHUYEHHOE
3aMKHYTOE BBIMYKJIOE€ MHOXKECTBO, T.€. 0Tpe30K. O603HaunM A OTJIMYHBIA OT & KOHEI[ 3TOr0 OTpe3Ka. AHAJOrHIHO
onpenemum B. Torna A u B — rpannunbie Touku X . [To Teopeme CyIIECTBYIOT OIOPHBIE TUMEPIIIOCKOCTH T4 U
TR, Hpoxoadiiye coorsercrBeHHo yepe3 A u B. Ilycts F4 = X N7wa u Fg = X N7wg — coorBercrByomue rpadu X .
Torma dim Fiy < nu dim Fg < n, Tak 9TO K BBINYKJIbIM TesiaM F4 u Fp, paccMaTpuBaeMbIM KaK MOJAMHOYKECTBA CBOUX
adduunbix 060/109€K, IPUMEHUMO IPELOIOKEHe HHAYKIUU. D10 o3Hadaer, yto A = > 0 | N;a; u B = Zj-:l jb;
— BBIIYKJIbIe KOMOMHAIIMH TOYEK G; W bj, ABIAIOMUXCA IKCTPEMAaJbHBIMH COOTBETCTBeHHO miaf F4 m Fp. B cumy
JIEMMBbI TOUKH @; ¥ b; SIBIISIOTCS TakzKe KCcTpeMasbubiva 1 1yt X . Tak xak x € (A4, B), cymecryer 0 < A < 1,
n71st Koroporo « = (1 — A\)A + AB, oTKyzna & — BBIIyK/as KOMOUHAIMSA TOUeK a; U b;, Tak 9410 * € conv M. O

3amevanmue 17.7. B reopeme MHOYKECTBO IKCTPEMAIHLHBIX TOYEK HEJIH3sT 3AMEHUTH HA, MHOXKECTBO BepinH. Jeii-
CTBUTEJIBHO, TOCTATOYHO PACCMOTPETH MPUMED U3 3aMEedaHusT 7 yOequThCsl, YTO BBIMYyKJIas 000JTOIKA, MHOXKECTBA,
BEPINUH B 9TOM MPUMEpE He COmep:KuT orpe3koB [ u I5. Tem He MeHee, B 9TOM Ke MPUMEPE BCE MHOXKECTBO SBJISIETCS
3aMBIKAHHEM BBIMYKJION 0DOJOYKKM MHOXKECTBA BEPINUH. B 1eHCTBUTEILHOCTH, 3TOT (DAKT BEPEH B OOIEM CIydae u
Has3bIBaercsd Teopemoii CrparneBuya.

Jlemma 17.8. ITycms X C R™ — gunykaoe meao, a € R" ux € X — naubosree ydarennas om a mouka u3 X. Tozda
x — eepwuna X. B wacmuocmu, Yy Kancdozo 6bnyKka020 MEAG CYULLCNEYEM BEPULUHA.

HoxkaszarenbcTBo. B caygae n = 0 yTBep:k/ienne nMeer Mecro, Tak Kak Bce X sBisercs cBoeit Beprmuaoii. [Iycrs
renepb n > 1, rorga X cocrout Oosiee 4eM U3 OAHOM TOYKHU, Tak 4T0 a 7# x. OO03HAYUM 7 TMIEPIIOCKOCTH, [PO-
XOZISIIYIO Yepe3 & MEepHeHINKYIsIPHO OTPE3KY [a, ], TOrma st KaykI0# TOYKYM ¢y € m, OTINYHON OT &, BHIMOJIHSIETCS
lay| > |az|, nosromy y € X, Tak uro m N X = {z}, mosromy 7 — ONOpHAs IMIEPILUIOCKOCTh, & & — BEPIIHHA. O

Jlemma 17.9. ITyemv X C R™, n > 1, — ewnyxaoe meao, u I[I' — omxpvimoe nosynpocmpancmeo. ITpednonosicum,
wmo X N II' # 0, mozda II' codeporcum nexomopyro sepuwuny meaa X .

JoxkazareabcrBo. Eciu X C II', To nanuune sepluunbl bitexaer us jemmst [17.8) Ilycrs reneps X \ 117 # 0.
O60o3HAMMM T THTIEPTIIIOCKOCTE, orparrunBalomtyio I1’, u seibepem mponssoabnoe a € X NII'. Ilycts b — Gamskaii-
masi K ¢ TOYKa U3 7T, TOrAa a # b u oTpesokK [a, b] neprnenaukyaspen . Ilogoxum s = |ab|. Ha nyue ¢, ¢ HauaioM B
a ¥ TpoxosIIeM Yepe3 b BbiOepeM TOUKY ¢ 3a ToukKoii b. ITonoxum ¢ = |¢b| u d = diam X, cMm. puc. m
Touky ¢ OGyzeMm 6Gparb HACTOJIBKO JAJIEKOR OT 7, 9T00bI ¢ ObLIO GOJIbIlEe PACCTOSHUS OT KaXK 10l Touku x € X \ 11’
mo 7. Tak kak a € £, m nosromy paccrostaue ot moboro x € X \ IT' no £, me 6ompme diam X, nomyuaem Ciemyontyto
onenky: |cx| < 2 + d?. Tlokaxkem, 9TO P JTOCTATOYHO GONBIIUX ¢ BBIIOJTHAETCS

lex| < V12 +d? <|cal =t +s.

IlocsieiHee HEPABEHCTBO PABHOCHIIBHO d2 < 2ts+ s, 9TO 3aB€JOMO BEPHO NPH JIOCTATOYHO Goubimx ¢. VI3 ckasaHHOTO
BBITEKAET, YTO JJis TaKoil TOYKH ¢, Toukr U3 X \ II’ He ABIAIOTCA CAMBIME JAJEKUMH OT ¢ TOYKAMH U3 X, TTOITOMY
camble jasieKne ot ¢ Touku u3 X maxomarcsa B X N I1'. Ocranoch Bocnomb3oBaThes aemmoi [17.8) O



17.2. JIBOHCTBEHHOCTH 154

/I

Puc. 17.2: K nokazarenbcTBy JieMMbl [17.9

Teopema 17.10 (Crpamesud). Hyems V = vert X — mmooicecmeo ecex sepuun ewnyxraozo meaa X C R™, mozda
X pasro 3amuikanuro convV ewnykaotli 00040wKYy mHocHcecmea V.

HokazaresnbcrBo. llonoxkum Y = conv V. Tak kak V C X, a X BeImykJsio u 3aMKHYyTO, TO Y C X. Ilpeamomoxmm,
uro Y # X, re. cymecrsyer a € X \Y. Torga X comepzxkur 6osee oqHOl TOYKH, Tak 4T0 1 > 1, 1 10 TeopeMe cy-
HIECTBYET I'MIEPILIOCKOCTD 7, CTPOro pasaendiomas a 1 Y. Ho Torga orKpsIToe moympocTpancTBo 11/, orpaHnIeHHoe
T W colepKalree a, mepecekaer X, mo3TOMY, B CHTY JIEMMbI I’ couepzkuUT BeplUUHy, IPOTUBOPEYHe. O

IIpusenem emie psi/i Ba2KHBIX PE3yIHTATOB 00 3KCTPEMAIHHBIX TOYKAX.

Jlemma 17.11. Ilyems Y C R™ — sunykaoe muoocecmso uy € Y. Tozda mouka y sxcmpemanvua das Y, ecau u
moavko ecau muoscecmeo Y \ {y} swvinyxao.

HokasaresabcrBo. IlycTh Touka y sKcTpeMasbHa. Bribepem npownssosbube a,b € Y\ {y}, Torma [a,b] C Y \ {y},
TaK KakK WHaue, B CWJIy BBIMyKJocTH Y, umeeM [a,b] CY u y € (a,b), T.e. y — He IKCTpeMasbHAs TOUKA.

O6paTHO, ecJii TOYKa Y He IKCTPEMAJIbHA, TO CYIIeCTByeT [a, b] C Y, anst koroporo y € (a,b), Ho Trorna a,b € Y\{y},
uo [a,b] ¢ Y \ {y}, rak uro Y \ {y} He BbIyKIIO. O

Caencrsue 17.12. ITyems M C R™ — npouseoavroe mmoscecmso addunnot pazmeprnocmu n u X = conv M,
mozda Kasncoas sxcmpemarvras mouxa x € X codeporcumes 6 M.

Hoxka3zaresnnscrBo. Ilo gemme [17.11) muoxkecrso X \ {x} Bbiiykso, rak uro ecoim @ € M, o M C X \ {z} n,
3uaquT, M COMEPKUTCA B MEHBIIIEM BBIIYK/IOM MHOXKECTBE, deM conv M, mpoTuBOpedre C OnpeeeHueM BBIIyKJIOi
000JI0UKH. O

3ameuanmne 17.13. Boire Mbr BUaenn, 9TO, B OTJIMYKWE OT BEPIIUH, SKCTPEMAJIbHbIE TOYKU BEAyT cebsi Oojee ecre-
creerno. Ha camom fejte, MOXKHO ONPEIEUTh AHAJOTH HE TOJBKO BEPINWH, HO W TpaHeil Bcex pasdmepnocreit. Coor-
BETCTBYIOIINE OMpPeJIeSIEHNs U Pe3yJIbTAThl MbI TPUBEIEM B pa3jiese YIparkKHeHn.

17.2 /IBOIICTBEHHOCTDH

n
Hanomnumwm, urto gepe3 28" MbI 0603HaMAMM MHOXKECTBO Beex noamuoxkects R”. IIycrs 0 0603HaYaET HAUAIO KOOPIMHAT
n
B R". Paccmorpum otoGpakenne D: R™ — 2R onpenenennoe Tak:

D(a) = {z € R": (a,z) < 1}.

Ormerum, 4ro gy a # 0 muoxkecrBo D(a) — 3aMKHYTO€E LOJIyIIPOCTPAHCTBO, BHYTPEHHOCTH KOTOPOro copepxkut 0,
a ngst a = 0 mmeem D(0) = R™. Bosee Toro, mist KaxKI0ro 3aMKHYTOTO TTOJyNPOCTPAHCTBA 1], COTEPIKAIIErO BHYTPH
cebst 0, CyImecTByer W OJHO3HAYHO onpeeneno a € R™, s koroporo IT = D(a).
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Otobpaskenne D uHaynupyer orobpaxkenue u3z 28 B ces, KOTOpoe MbI GyaeM 0GO3HAYATH TOi ke GYyKBOH D:
s wemycroro A C R™ nmonoxkum D(A) = NgeaD(a), a ana A = () nycrs D(A) = R™. 3amernm, aro D(R™) = {0}.
Muoxkecrso D(A) 6ynem HasbiBarh noaspoti A uwiu 080UCMEEHHBIM MHOHCECMEOM U 0603HAYATH Takxke A*.
Ecmn {a} C R™ — ofHOTOYEYHOE MHOXKECTBO, TO, JJIsi KPATKOCTH, BMeCTO {a}* Oymem mmcars a*. Ormernm, 9To
g kaxkaoro A C R™ momspa A*, SBISSCH TiepecevdeHneM 3aMKHYTBHIX BBIMYKJIBIX MHOXKECTB, CaMa 3aMKHyTas W
BeITTyKJIasg. Kpome Toro,

A*={z eR": (a,z) <1 ana Beex a € A}.
Teopema 17.14. las npouseoavhor A, B C R™, wapa W = B1(0) C R™ u nenyaesozo A € R swnoansemes
(1) ecau A C B, mo A* D B*;
2) ecau {A;}ier — cemeticmeo nodmmosicecms R™, mo (UieIAZ-)* = Nier AL,

(2)
(3) ()" = (1/A)A%;
(4)

4) ecau [a,b] C R™ — ompesox, mo [a,b]* = {a,b}* = a* Nb*. B wacmuocmu, ecau a = 0 u ||b]| = 1, mo
[0,0]* = b* — codeporcausee O NOAYNPOCMPAHCMBO, 0ZPAHUNEHHOE 2UNEPTIAOCKOCTIBIO T, Nepnendurysaprod [0,D
u npozxodaueti uepes b;

(5) Wr =W;

(6) ecau A — womnaxm c nenycmol snympernnocmoio, codeporcauets 0, mo A* — swnyxaoe meso, npuvem 0 €
Int A*;

(7) ecau A — swunyxaoe meao u0 € A, mo A™ = A;

(8) daa npouseoavrozo A umeem A* = (conv A)*, 6 wacmnocmu, ecau A — ewnykaoe meno, mo A* = (ext A)*.

Hoxkazareabcrso. (1)—(3) ouesummbr.

(4) TIo onpenmenennto momsper, MEOKECTBO {a, b}* cocTont u3 Beex & € R™, my1st KOTOPBIX OMHOBPEMEHHO BBITIOJIHSI-
ercst {(a,z) < 1wm (b,x) < 1. Iyers (1 —t)a+tb, t € [0,1], — mpon3BoIBHAS TOUKA OTpE3KA [a, b], TOTIA 75T KAsKI0TO
x € {a,b}* nmeem

(I=tya+tbx)=(1—-t)a,z)+t(ba) <(1—t)+t=1,

Te. {a,b}* C ((1—t)a+1tb)", oTKyma U BEITEKACT yTBEPIKICHTE.

o myrxry (4), kaxabtit pagmyc mapa W HepexoauT B MOIyIPOCTPAHCTBO, cofepzkamee map W i orpaHu-
YEHHOE THIEPILIOCKOCTBIO, KACAIOIIEHCA MIapa M IIPOXOISINell 4epe3 KOHEN, 3TOro pagmyca. Bee muOXKecTBO W*
NepecedeHne TAKUX MOy IPOCTPAHCTB, T.e. cam map W.

@ Kak mbI y2ke ormedanu, MHOXKeCTBO A* 3aMKHYTO 1 BbiyKj10. Tak kak 0 conepxkurcs B Int A, HeBbIPOK IeHHBIH
map B, (0) raksxe conepxknres B A. ITo mynkram () n (3) mveem B.(0)* = By ,.(0), a mo myrkry (1) Brmomnserca A* C
B.(0)* = By/.(0), mostomy A* orpanm4eno u, 3HauuT, KOMMakTHO. C APyToil CTOPOHBI, MHOXKECTBO A OrpaHmdero,
nosromy A C Bs(0) ama mekoroporo § > 0, orkyma A* O Bs(0)* = By,5(0), mosromy 0 — BHyTpeHHAA ToukKa A* n
A* — BBIIIYKJIOE T€JIO.

ITo oupenenenuto, € A*, eciu u TOJIBKO eciu i Beex a € A binonusercs {(a,x) < 1. Takum obpazom, st
Kaxaoro a € A n Bcex x© € A* umeem (a, z) < 1, HO 910 O3HAUaeT, uTo a € A**. Taknum obpazom, A C A**. okaxkem
0OpaTHOE BKJIOYEHHE.

Ilycrs cymecrByer y € A**) He comepxkameecs B A. Ilo reopewme [16.15] cymectByer runepriockocts 7, CTpoOro
pasuensiomas A u {y}. Tak kak 0 € A, To 7 He npoxoaut uepe3 0, mo3TOMY 7T = {x eR": (u,x) = 1} IIJIsT HEKOTOPOT'O
u # 0. Tak kak 0 € A, 10 1 Kax ot Touku a € A Bbinosngerca (u,a) < 1, B To Bpems Kak (u,y) > 1. Ho rorma
u € A*, nosromy y ¢ A** uporusopeune.

Haurem ¢ Bcnomorarenbroro pesynbrara. [lycth seg A obo3navaeT oObeINHEHNE BCEX OTPE3KOB ¢ KOHIIAMHU B
Toukax m3 A, a segh A = seg(segh~! A).

Bamaua 17.15. Ina A C R™ mokaxkure, 9aro seg” A = conv A.

IMepeiigem K 10KA3aTEIbCTBY YTBEPKIEHUs TOrO MyHKTA. s 9T0ro 10cTaTro4Ho nposeputh, yro A* = (seg A)*.
Mpencrasum A B Buge A = Uy, pycafa, b}, Torma, ¢ yueTom myHKTOB u , MOJTy 9aeM

A*Z( U {a,b})*= N faty= N [a,b}*:( U [a,b})*:(segA)*,
{a,b}CA {a,b}CA {a,b}CA {a,b}CA

970 U TPebOBaIOCh. O
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OxasbIBaeTCst, UMEETCS €CTECTBEHHOE COOTBETCTBUE MEXK Ty MHOYKECTBAMHU I'DAHEl BBIMYKJIOTO TEIA U €r0 MOJISAPHI.
Hanomuuwm, uro yepe3 F(X) mbl 0603HAUMIM MHOKECTBO BCEX TPaHeil BbIIYKJIOro tesa X .

Jlemma 17.16. ITycmv X C R™ — swnyxaoe meno, das xomopozo 0 € Int X. Tozda das awboli Henycmoti epanu
F € F(X) u xaocdot mouku xo € F mnoocecmeo

F° = {y € X" : (y,xo) = 1}
ABAACNCA 2Panbo Nosapvl X *.

JokazaTeabcTBo. IlycTh m — omopHas rumepiiockoctsh K X, st Koropoit FF = X N7, Tak kak 0 € Int X, To 7 me
npoxoguT depes3 0, mosTomy m = {x € R": (a,z) = 1} Uit Hekoroporo uernysiesoro a € R™. Tak kak m — omnopuas
runepuiockocts u {a,0) = 0 < 1, o {a,z) < 1 aua scex rouex z € X. Ho Torna a € X*.

Tak xak zg € F' C 7, 10 (a,x0) = 1. Iomoxkum

™ ={y eR": (y,x0) = 1}.

Hanmomamm, uro X* = {y € R™: (y,z) <1 nus Bcex x € X}, nosroMy st Beex y € X* pomonngercs (y, o) < 1,
TaK 4YTO IUIEPIIOCKOCTb 7° He paspesaer X *. Kpome roro, (a,xo) = 1, rak 4ro a € 7° N X*, orkysa 7° — ouopuas
TUTIEPTIIIOCKOCTH K X ¥, mosTtomy F° = 7° N X* — rpans monxgapsr X *. O

Jlemma 17.17. ITycmo X C R™ — swnyxaoe meno, das xomopozo 0 € Int X. Tozda das a0bot nenycmod epanu
F € F(X) u kaorcdot mouru xg € relint F

F° = {y € X" : (y,xg) = 1}
noaspv, X* coenadaem ¢ MHOMHCECMEOM

(17.1) ﬁz{yGX*:(y,@:ld/m 6cex x € F}.

HokasarenbcTBo. Tak Kak zg € F, TO F c Fe. Jlokaxkem obpaTHOe BK/IOUeHHE. [IpeamomokuM TpoOTHBHOE, T.€.
cymectByer yo € F°\ F. 9r1o o3uagaer, 9410 i HEKOTOPOro 1 € F Beimomusercs (Yo, x1) < 1. Tak kak xg € relint F,
cymecTByer Ty € F rakoe, uro xg = (1 — t)x1 + txg aya vekoroporo t € (0,1). Tak kak yp € X*, umeem (yg, x2) < 1,
nosromy (Yo, o) < 1, mporuBopeune. O

Taxum obpazom, ajs Beimyksoro teia X C R™ ompeneseno orobpazkernue
(17.2) Uy : F(X) = F(X*), Ux(F) = F, tae F onpenenserca dopumymnoi (17.1).

Teopema 17.18. Jlasa ewnyraozo mesa X C R™ maxozo, wmo 0 € Int X, omobpaocenue ¥x: F(X) — F(X*)
onpedesennoe gvlwe, asasemcs buexyuel, obpawaowel sxaouenue, m.e. ecau Fy C Fo, mo Ux(Fy) D Ux(Fy)
Boaee mozo, Ux+ o Ux =id.

J

dokazaTesqbcTBo. Ilokazkem cragana, aro ¥y — Omeknusa. g 3TOro mocTarodHo moKa3aTh, UTo Yx« o Wy = id,
TaK KaK Jiisi BBILYKJIOro Tena X, copepKaiinero Bo Buyrpennocru 0, nosspa X ™ TakKe sBJISeTCs BbILYKJIbIM TEJIOM,
colepzKaImuM BHYTpH ceba 0, cM. TeopeMy nosroMy u3 Uy« o Ux = id BeITeRaeT ¥x o Wy« = id.

IIycrs F € F(X), Torma

Ux-(Ux(F)) ={z€ X" :(y,z) =1 qus Beex y € ﬁ}
Tak Kak, Mo Teopeme X** = X, u gna kaxaoro x € F u Bcex y € F sbimonustercs (y,x) = 1, umeem
F C WUx+ (Ux(F)). HokaxeM 00paTHOE BKIIOUCHNE.

IIpeanonoxmmM, 9TO CymecTByeT 29 € Wy« (WX (F )) \ F. Ilycrb ™ — oOnOpHAasi MUNEePIIOCKOCTD i X Takas, 4To
F=XnNm Tak xak 0 € Int X, o 7 ne npoxoaur 1epes 0, nosromy cymecrsyer nenynesoit a € R", ajsa koroporo
T = {z € R" : (a,z) = 1}. Ilo onpenenenmo, a € F n {a,z9) < 1, o rorna zy & ¥x-(F) = Ux-(¥x(F)),
TIPOTHBOPEYHE. R

ITokaxkem Temnepb, uro Wy obparmaer Briooudenue. Ecau Fo = {y € X* : (y,x) = 1 mua Bcex « € Fg}, TO JJIsA

Kaxkaoro y € Fy w x € Fy Takxke BbInosHsiercs (y, ) = 1, mosromy y € Fy u, 3Haunr, Fp C F. O



Ynopasxkuaenust K riiase 17. 157

YmupaxkHenusd K raase 17

Vupaxueune 17.1. Ilokaxkure, 910
(1) ana pumyxsoro Tena X C R? muoxectso ext X 3aMKHYTO;

(2) s TPeXMepHOTO BHITYKJIOTO Tela 3TO yrKe He TakK: paccMoTpuTe MHOKecTBo M C R3, 3amanHoe B JeKapTOBLIX
KOOpIMHATAX T, Y, z Kak obbeauaenne orpeska [—1,1] ocu z m okpyxmoctu (x — 1)2 + 32 = 1, nexameit B
mwrockoctu z = 0; mokazkure, 9410 mid X = conv M muoxectBo ext X He3aMKHYTO.

Onpenenenne 17.19. Ilycre X — Boinyksoe teno. Beimykioe nmommuoxkecrso F' C X HazbiBaercs npasuavHol
2panbio, ecm 1S mobeX T,y, € X wim [z,y] C F, wm (z,y) N F = (. Ormernm, aro () u Bee X TakKe ABAAIOTCS
(HEeCOOCTBEHHBIMY) MPABUILHBIMY TPAaHAMEU. MHOKECTBO BCEX MPABUJIBHBIX IDaHell BBILYKJIOrO Tejga X 0O03HAIUM

PX).

Yupaxxuenune 17.2. Ilycts F' — HemycTOoe BBITYKJI0€ TOAMHOYKECTBO BBITYKJIOTO Testa X . JloKazKnTe, 9TO CiieyIoniue
YCJIOBHSI 9KBUBAJIEHTHBI:

(1) F aBnsercs npaBuJIbHON IPaHbIO;
(2) F=XnNAff Fu X\ Aff F Bommyki0;

(3) cymecrByer x € X, mig kotoporo F' — MakcuMajbHOE BBIIYKJIOE TIOIMHOXKECTBO B X, YIOBJIETBODIIONIEE T €
relint F;

(4) cymecrsyer nocaenosarenbuocts Fo = F, ... Fy, = X, aya koropoii F;_q1 € F(F;) ass Bcex 1.
VYupaxuenne 17.3. IIycts X C R"™ — Boimykioe Teso. [lokaxkure, aTo
1) mns kaxxporo F' € F(X) omonaserca F € P(X);
2) BepIIuHA ABJISETCA TPABUIBHOM I'PAHBIO, €CIU U TOJBKO €CJIH OHA — IKCTPEMATbHAsT TOYKA,;
3) He BCsKas MPABUIbHASI TPAHD SIBJISETCS TPAHDBIO;
MpaBWIbHAS MPAaHb — 3aMKHYTOE MHOYKECTBO;
5) nna F € P(X) nmeem ext F' = F Next X;
6) mna {F;} C P(X) semonusierca N; F; € P(X);

(
(
(
(4
(
(
(7

)
)
)
)
)
)

mast F € P(X) nmeem P(F) = {P € P(X) : P C F} (obparnre BHUMaHWE, 9TO AHAJOTHYHBIN DE3ynbTaT HE
uMeeT MecTa Jis MHOXKecTBa rpaneii F(X));

(8) cemeiicreo {relint F': F € P(X)\ {0}} — pasGuenne X.

VYupaxxuenne 17.4. s BbITyKJIOro MIOCKOIO MHOTOYTOJIBHUKA BBISICHUTE, KAK yCTPOEHA ero nonspa. Paccmorpure
OT/IeJIbHO CJIydau, KOIJIa HadaI0 KOOD/JUHAT I1011a/1aeT BHYTPb MHOI'OYI'OJIbHUKA, HA €0 I'PAHUILy, U HApyXKYy.

VYupaxxuenne 17.5. Boisgcanre, Kak BBITVISIIUT MOJISIPA IJIATOHOBA TEJA, Y KOTOPOI'O OMKMCAHHBIH IIaP UMEeT PAJInyC
1, a €ro HEeHTP COBIAJIAET C HAYAJIOM KOOPIAMHAT?

Yuopaxkueaune 17.6. Tna A C R™ nokaxkure, uro seg” A = conv A.

VYupaxkueune 17.7. Jokaxkure, 4To anaa n1pous3BoabHOro muoxkecrsa A C R™ spmonnserca A** = conv(A U {0}).
P ) pit p
BriBeauTe orcroma, 9TO I8 3aAMKHYTOrO BBITYKJIOrO A, comepxxkariero 0, umeer mecto A** = A.
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JlonmoaHeHnue 3: BpinyKJjible MHOTOIpAHHUKUA

B R"

Iliman. Merpuyeckas HPOEKIUs TOYKHM HA BBIIYKJBIH KOMIIAKT, METPUYECKas Npoekuusa (0ToGpakeHHe), CBOMCTBA METPUYECKOH NPOEKIWH, BbI-
MyKJIblii MHOTOTPAHHHUK B R", BBIMYKJIBIH MHOTOIDAHHUK — BBIIYKJIOE TEJI0, PA3MEPHOCTD BBIILYKJIOT0 MHOTOTDAHHUKA, CBOHCTBA MHOYKECTB BEPIIUH
U 3KCTPEMaJIbHbIX TOYE€K BBIIIYKJIOI'O MHOTO'PDaHHUKE, UX KOHEYHOCTh, KpI/ITepI/II';I TOT'0, YTO BBIIIYKJIO€ TEJIO ABJIAETCH BBINYKJIBIM MHOTOIPDaHHUKOM,
COBIIaAeHVE Y BBINYKJIBIX MHOTOIDAHHUKOB MHOXKECTB BEPIIVH U 3KCTPEMAJIBHBIX TOYEK, 'PAaHU BBINNYKJIOI'0O MHOTOIPaHHUKA KaK BBINNYKJIbIE 060.]'[0‘1—
KN MHOXKECTB BEpIIHH, I'DAHU BBIIIYKJOI0 MHOTOIPDAHHUKA KaK BBIIIYKJble 000J0YKH MHOXKECTB BEPIINH, KPHTEPHil TOro, YTO MHOXKECTBO BEPIIHH
BBIITYKJIOI'O MHOIOIPDAaHHHKA fBJISETCHA MHOXKECTBOM BCeX BEpPIINH HEKOTOPOil ero rpaHu, y IpaHell BbIIYKJIOIO MHOTOIDAHHHKA I'DAHU ABJIAIOTCHA
TPaHsSMH CAaMOI0O MHOTOTDAHHUKA, MHOXKE€CTBO IPaHeil BBIIIYKJI0TO0 MHOIOIPAHHHKA 3aMKHYTO OTHOCHUTENILHO IePeCedYeHnl, BBIIYKI0E TeJI0 SABISIeTCA
BBINTYKJIBIM MHOT'OTPaHHUKOM, €CJIX U TOJIBKO €CJIM OHO PAaBHO IIE€PECEeYEHHUI0 KOHEYHOI'0 9YUCJa 3aMKHYTHIX IIOJAYIPOCTPAHCTB, T'HIIEPrPAHU BBIITYKJIOTO
MHOTOrPDAHHUKA, TPAHULIA BBIYKJOr0 MHOTOTPAHHUKA PaBHA 00'beIUHEHUIO MUIEPrPaHe, CTPYKTYPa MHOXKECTBA IPAHEN BbIMYKJIOr0 MHOTOTPAHHU-
Ka, IO0JApa BBIITYKJOI0O MHOTOIDAHHHKA, COJEPrKallero BHYyTPH cebs Ha4vaJlo KOOPAWHAT, — BBIIMIYKJbIH MHOIOIDAaHHHK, 3ilJlepOBa XapaKTepPHCTHKA
BBIIIYKJIOI'O MHOTOT'DAHHUKA, SHJIEPOBbI XapPaKTEPUCTUKH MHOTOI'DAHHHUKOB PAa3MEpPHOCTH He BBIIIE TpeX, 3HJIepOBbl XapaKTePUCTUKH CHMILIEKCOB,
dbopmysa Ditsiepa, duar rpaneil BblIIyKJIOr0 MHOMOIPDAHHHUKA, IPABUJIBHBIE MHOIOIPDAHHHMKHU, IPABU/IbHBIE MHOIOIDAHHUKNA B PA3MEPHOCTH HE BbIILIE
Tpex, IPABUJIbHLIA N-MEPHBII CUMILIEKC, Ky, Kpocc-nmoauTon, 24-a4eiinuk, 120-sueiinuk, 600-saueiinuk, dpopMynmnpoBKa TeopemMbl KIaCCHMUKALNNA
NpPaBUJIbHBIX MHOTOTPDAHHUKOB, Teopema Bysemana—Pensepa.

HauneMm ¢ Ba>KHOro TeXHUYIECKOrO IMOHSITHS BbIHyKJ'[OfI reoOMeTpun — MeTqueCKOﬁ IIPOEKIINH.

18.1 MeTrpudeckas OpPOEKINI

Haumem co ciemyrormeit 1eMMBbL.

Jlemma 18.1. ITycmos Y C R™ — nenycmoti evnyxaviii komnaxm, p € R™, u nycms yo — mouka, 68 K0mopoti Gyrryus
Y =R, fly) = |py|, docmuzaem ceoezo murumyma. Tozda mouka yo 00H03HAWHO Onpedenena.

HoxkasareabctBo. Eciup € Y, 10 yg = p oguo3uauno onpeaenena. [lycrs Teneps p € Y. Ilpeanoiokum mpoOTUBHOE,

T.€. CYIIECTBYET OTJIUYHAS OT Yo TOUKa y € Y, ayia Kotopoit [pyg| = |py|. Tak kax Y BeImyxi10, TO [y0, 3] C Y, HO TOTHA
cepeinHa I 0Tpe3Ka [yo, Y| ABIAETCS OCHOBAHWE BBHICOTHI DABHODEIPEHHOTO TPEYTONBHUKA Py, TOITOMY |pz| < |pyol,
YTO MPOTHBOPEYUT MUHUMAJBHOCTH |pyol. O

Onpenenenne 18.2. Touka yo u3 semmbl [18.1] naspiBaerca mempuueckot npoexyuets mouku p Ha Y. OroGpa-
xenne Py : R™ — Y, nepeBozdriee Kaxkayo TOUky p € R™ B ee MeTPUUIeCKYIO TTPOEKIUIO HA Y, TaK:Ke HA3BIBACTCS
mempuweckol npoexuuel Ha Y .

JIemma 18.3. ITyemv Y C R™ — nenyemod swnyrand xomnaxm, p € R"\'Y, u yo — mempuneckas npoexyus
mouku p Ha Y. O603HaWUM T 2UNEPAOCKOCTNG, NPOTOOAULYIO wepes Yo nepnendukyaapro [p,yol. Toeda m — onopras
a2unepnaockocms k Y, npusem ecau II — 3amrnymoe nosynpocmpancmaeo, ozpanunennoe T u codeporcausee Y, mo

JokazaTesqbcTBo. JloKaxkeM CHadasa, 9TO 7 — ONOpHAs THMEPIIocKocTh misg Y. Tak Kak yg € w NY, ocraercs
IPOBEPUTh, YTO T HE paspe3aer Y. IIpeanoso:kuM IpOTHBHOE, TOLIa CyMecTBYeT ¥,y € Y, jexamme B PasHbIX
OTKPBITHIX IOJYINPOCTPAHCTBAX OTHOCUTEIbHO 7. IlycTh y JieKuT B TOM K€ OTKPBITOM IOJIYIPOCTPAHCTBE, 4TO U
Touka p. Tak Kak Y BBIMyKII0, TO [0, y] C Y. B TpeyroapHuKe pyoy yros pyoy OCTPHIi, MOITOMY JOCTATOYHO OJIN3KHE
K Yo TOYKH HA OTpE3Ke [Yo, Y] HAXOAATCA OINKeE K P, 9eM Yo, & ITO NPOTHBOPEYUT MUHUMAIBHOCTH |pyo |-

Boiiie Mbl OKa3aim, 9TO B OTKPBITOM MOJIYIPOCTPAHCTBE, OTPAHUYEHHOM 7T M COIEPXKAIIEM P, HET TOYeK u3 Y,
nosromy p € R™\ II, a rak Kak yo € 7, To u (yo,p] C R™\ II. O

158
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Omnuiem TEnepb BayKHBIA YaCTHBIN cnyqaﬁ BBIMTYKJIBIX TE€JI — BBINYKJIBIE MHOTOTDAHHUKH.

18.2 BpinmykJible MHOTOTPAHHUKU

Buinykavim mrozozparrukom 8 R nazosem BbiryKiyio 060s104uky X koHedHoro muoxkecrsa rodek M C R™ upu
YCJIOBUH, UTO BHYTPEHHOCTH X HenyCTaE

IIpumennm caeacTue

CaenctBue 18.4. Buinykavilti MHO202DAHHUK KOMNAGKMEH U, 3HAUUM, ABAAEMCA BUNYKADIM MEAOM.

IIpumennm nemmy [16.18]

Caencrue 18.5. Ycaosue nenycmomov, 8HYMPEHHOCTIU 6 ONPEIEAEHUY 6bINYKA020 MHO202panHuke X = conv M
pasHocuabHo yeaosuro dim M = n.

Ipumennm crencreue [17.12

Caencrsue 18.6. [Tycms M C R"™ — xonewnoe mmootcecmao apdunnoti pazmeprnocmu n. Mnoosicecmao saxcmpemans-
HOLE MOYEK B8bNYKA020 MHoz20epanhuka X = conv M asasemca nodmmoscecmeom 6 M. B wacmmuocmu, muoorcecmsa
ext X u vert X C ext X xoneunoi.

CaenctBue 18.7. Bunyxaoe meso X C R™ asasemcea 8bnykivm MHO202PAHHUKOM, ECAU U MOABKO €CAU MHOHCE-
cmeo ext X e20 aKCMPEMAALHULLT MOUEK KOHEUHO.

HokazaresqbcTBo. Ilycts muokecTBo ext X koneuno. Tak Kak, B cuiay Teopemsl [17.6) mmeem X = convext X, to X
— BBINYKJbIH MHOrOrpanHuK. OOparHo, eciau X — BBIMYKJIBI MHOTOTPAHHUK, TO, 1O jiemMe [18.6] mHOX)KecTBO ext X
KOHETHO. Cl

JIlemma 18.8. ITycmo X C R"™ — swnyraviti muozoepannuk, N = ext X — muootcecmeo sxcmpemarvuor mouex X,
ux € N. Toeda Y := conv(N \ {z})  X.

HokasarenbcTBo. Tax Kak, mo jemMme muoxkecTBo X \ {x} Boimykno, n Tak kKak N\ {z} C X\ {z}, o X\ {z}
TaKzKe copepzxut u Y, nostomy Y G X. O

Teopema 18.9. ITycms X C R™ — sunykanid mHozozpannus, mozda muosicecmeo ext X e20 sKCMpPemasbHoLL mouex
cognadaem ¢ muoocecmeom vert X ezo eepwun. B wacmuocmu, X = conv(vert X).

JokazarenbcTBo. Kak MbI yXKe TOBOPWIIN, KayKIAsd BEPIIMMHA SIBJISETCS SKCTPEMAILHOM TOUKOM. [lokazkem, 4To B
cyvae MHOTOTPAHHWKOB KaxKJas IKCTpeMajbHasd ToUYKa sBisgercsa BepmmHOi. [lomoxmm V' = vert X. Ilo Teope-
Me X coBmasaer ¢ 3aMblkaHue conv V', HO, 1O CJIEJCTBHUIO conv V' KOMIIAKTHO ¥, 3HAYHUT, 3aMKHYTO.
Takuwm obpazom, X = conv V. Ilycts N = ext X. Torma V C N u, o teopeme[17.6] conv N = X. Eciu V # N, 1o cy-
mecrsyer z € N\V, tak aro V C N\ {z}. ITo nemme [18.8) Y := conv(N \{z}) & X, onmako X =convV Cc=Y C X,
orkyna Y = X, nporusopeune. Takum obpazom, V = N. Ilocnenuee yrBeprk/ieHue BpIT€KaeT u3 Teopemsl [17.6 O

B zamegyanun MbI TIOCTPOWJIA MPUMEP, JEMOHCTPHUPYIOIIN, ITO BEPIINHBI TPAHA HE O0A3aHbI SIBIATHCA BEP-
IMHAMY COJEPKAIIETrO I'PAHb BBIILYKJIOIO TeJa. B cirydae BbILyKJIbIX MHOIOIDAHHUKOM CHTYalusi 60JIee eCTeCTBEHHAS.

CaencrBue 18.10. Ilycmv F' — nenycmas epane svnykaozo muozoepannuka X C R™. Tozda F' — suunyxavid mHo-
2ozpannuk 6 ceoell aunnot oboroure u vert F = FNvert X. Takum 06pa3om, Karcdas HENYCMAA 2PAHD SbINYKAOLO
MHO202paHHUKE X ABAAEMCA BONYKAOT 000404K0T HEKOMOPO20 NodMmHodHcecmaa 6 vert X, noasmomy, 6 wacmuocmu,
mHooicecmeo epanets F(X) xoneuno.

HoxkaszarenbcrBo. Kaxknas rpanb F BeImykJoro muaororpananka X C R” gaBIsieTCs BBIMYKJIBIM TEJIOM B CBOeit ad-
dbunnoit obomouke (nemmall6.18), mosromy kK F npumerHnmMa TeopeMa B COOTBETCTBHUU C KOTOpoit F' = conv(ext F).
ITo nemme [I7.5] ext ' = FNext X, mosromy ext ' KOHEHHO u, cienoBarenbHo, F' — Bburykobii MEororpanauk B Aff F.
Kpowme Toro, no teopeme [I8.9] ext X = vert X u ext F' = vert F, orxyna vert F = F N vert X. O

BorsacanM Tenepb, KOT/Ia JAHHOE MHOYKECTBO BEPIIUH BBIMTYKJIOTO MHOTOTDAHHUKA, SABJISETCA MHOYKECTBOM BEPITUH
HEKOTOPOI I'PaHu.

1B psae momorpaduii ycioBue HEmycTOTHI BHyTpeHHOCTH He TpeGyercs. Mbl BBOJUM 3TO OrpaHmteHue, ITOGBI COTJIACOBATH €ro C
OpeBIIYIEME HOCTPOCHMSIME MHOIOIPAHHUKOB B R3, TIe HEImyCTOTa BHYTPEHHOCTH BHITEKAJA W3 T€OpeMbl JKopIaHa.
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Teopema 18.11. Ilycmv X C R"™ — swnyxanti muozoepannux u W C V = vert X — mnexomopoe mnoorcecmeo
sepuiun mhozoepannura X . Tozda conv W — zpans ¢ X, ecau u moavko ecau (AL W) Nconv(V \ W) = 0.

HoxkazaresabctBo. Eciu W = () wmm W =V, 10 Bce oueBnano. IIpeanonokum temnepb, 910 W HEmyCcTo U OTJIHYHO
or V.

Ilycrs cuagama F' := conv W — rpanp X, TOrma Jijisi HEKOTOPO# OIMOPHOI I'MITEPILJIOCKOCTH T BBINOIHAETCS F' =
X Nm. Ho rorma V \ W comepuTcsi B OTKPBITOM TMOJYTNIPOCTPAHCTBE [I’, OTpAHWYEHHOM 7, TI09TOMY, Tak Kak I1’
Boyk10, conv(V \ W) C II' u, 3uaunt, conv(V\ W)N7 = 0. Ho AT W = Al F' C 7, 0TKya u BBITEKAET Tpebyemoe.

IIycrs reneps (Aff W)Nconv(V\W) = 0. Mer nonzxub! nokasars, aro conv W — rpanb X . Tak kak conv(V\W) —
komnakt, a Aff W — zamkuyro, ro cymecrsyior « € conv(V \ W) u y € Af W, na koropbix peajiusyercs paccrosiHue
mexy conv(V \ W) u AW, ze. |zy| = |conv(V \ W) Aff W|. Tak kax (AfW) N conv(V \ W) = 0, ro |zy| >
0. ITycth ™ — rUMEpMIIOCKOCTh, TIPOXOIAIAS Yepe3 & MepneHaAnKyIspHo [x,y]. Tlo memme CUIEPILIIOCKOCTD T
siByisiercst onopHoit 1ist conv(V \ W), npuaem ecan IT — orpaHndeHHOe 7 3aMKHYTOE MOJIY IPOCTPAHCTBO, COEpIKAIIee
conv(V\ W), ro y € R"\ IT. Orcroga BbITEKaeT, 9TO eCiu T — CUIEPILIOCKOCTD, IPOXOAINas Yepe3 Y MapajljiebHo
T W, 3HAYAT, TAKKE MEPIEHIUKYIAapHO [z,y], To ' Nconv(V \ W) = (. Tak kak Ha y JOCTUTAETCS PACCTOSTHUE OT T
mo Aff W, to orpesok [z, y] mepnenmuxynsapen Aff W wu, suauant, W C AfW C 7',

O6o3naunm I’ 3aMKHyTOE TMOJYTPOCTPAHCTBO, OrpaHW4YeHHoe m' W comeprKaiee [1, a Bmecre ¢ HuMm u V' \ W.
Tak xak W C «/ C II' u V\W C II'’, 7o V C II', orkyna X = convV C II'. Cienosarenbuo, ' — onopHas
TUTIEPILUIOCKOCTh K X m, 3HauwT, F' := 7’ N X — rpamp X. Tak kak, mo creacrsuio |18.10)

vert F = FNvert X =7’ N X Nvert X =7’ Nvert X = W,

H, 110 Teopeme F = conv(vert F') = conv W, to conv W — rpaub X, 4ro u TpeboBaoCh. O

CaencrBue 18.12. ITyems X C R™ — gunykaviti muozozpannuk, F € F(X) u F' € F(F). Toeda F' € F(X). Hnvimu
cnosamu, F(F) C F(X), m.e. y epanets ennykaiozo muozoeparnnura X nukakus opyeus epaned, KPOME epaHets camozo
X, nem.

JokazareabctBo. [Homoxum V = vert X, W = vert F u W' = vert F’. Tlo crencTsuio rpadb F' — BBITTYKJIBIi
mHororpanauk B Aff F', mosTomy, B CAJIy TOTO »Ke CIEACTBHS, TpaHb I’ BBINMyKJIOr0 MHOTOTPAHHWKA F — BBITYKJIBIA
muororpannuk B Aff F'. Ilo Teopeme F’ = conv W'.

ITo reopeme Aff W’ ne nepecekaer conv(W \ W'), a Aff W ne nepecekaer conv(V \ W). Ilycrs m — onopuast
TUIEPIIOCKOCT, /it KoTopoit F' = X N, a I] — 3aMKHYTO€ MOJIyIIPOCTPAHCTBO, OrPAHUYEHHOE T U cozuepzkainee X .

Torma Af W' C 7.

3amava 18.13. Ilycts m — rumepmmockocts B R™ u [T C R”™ — 3aMKHyTOE MOJIYNPOCTPAHCTBO, OTPAHUYEHHOE 7.
IMycrs A C IT u B = AN . Hokaxkure, aro conv B = 7 N conv A.

B cuny crencrua(18.10) umeem VNm = VNXNr = VNFEF =W, nostomy (V\W')Nw = W\W'. U3 3anaun[18.13
Boirekaer, aro conv(W \ W) = conv(V \ W) N x. Ho rorma

0= (AEW’') Nconv(W \ W) = (AEW’') Nconv(V \ W) Nm = (AFW') N conv(V \ W),

TO3TOMY, CHOBA B cuiy Teopembl [18.11) F' = conv W’ — rpanb X, 4T0 m TpeGoBaIOCH. O
Teopema 18.14. IIycmo Fy, ..., F, — epanu evnykaozo muozoepannukrea X C R™, moeda F = ﬁleFi — 2panv X.

HoxkaszaresanctBo. Ecim F' = (), To Bee nokazano. [Tycts Teneps F # (). Bes orpanudenns 0OITHOCTH TIPEIIOTIOKIM,
qTo Havua o koopanaat 0 € R™ comgepxkurcsa B F. [lycts m; — omopHast TunepIiiockocTsb K X, A7 Kotopoit F; = X Nr;.
ITycrs u; € R™ — HeHyseBbie BEKTOPbI, JJisd KOTOPBIX T; 3aJaercsd ypaBHenueMm (u;, ) = 0, npuuem X coiepxurcs
B 3aMKHYTOM TIOJyMpOCTpaHcTe (u;, ) > 0. Tlomokum u = Zle u;. Menas ecnm HEOOXOAUMO JJITWHBI BEKTOPOB U;
nob6bemMcest Toro, 9Tobbl u # 0. Ilycrh T — IMIEPIIOCKOCTh, 3aJaHHas ypaBHeHueM (u,x) = 0, Torma Juisi KazkIoii
Touku y € F Boimosngercs (u,y) = Zle(ui, y) =0, nosromy F' C 7. C npyroii cropoHbl, [l KaxK a0l Touku z € X
nMeeM (u, z) = Zle (ui, 2y > 0, Tak 91O 7 He pa3pe3aer X u mepecekaeT X, T.e. SIBJISIETCS OMOPHON MUIEPIITIOCKOCTBIO.
Bosee Toro, ecin z ¢ F', To 1711 HEKOTOPOrO ¢ BhIMOHsETCs (U, 2) > 0, orkyna (u, z) > 0, Tak uro F = X N7, TaKk
qro F' — rpanp X. U

Havwunaa ¢ smozo mecma u do konuya pazdeaa mol npednoaaeaem, wmo n > 1. ['panb BBITYKJIOr0 MHOIOIDAaHHUKA
B R™, uMeromyo pa3mMepHocTb n — 1, HA30BEM 2unepaparsvio.
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Teopema 18.15. Bunykavt muozozpannurx X C R™ pasen mepecewenuro 3aMKHYMBLL NOAYNPOCTPAHCNG, 02PAHU-
YEHHDBLL 2UNEPNAOCKOCTAMU, NPOTOOAULUMY Hepe3 2unepzpary X .

HoxkaszarenscrBo. Ilycrs F,—1 := {F,...,F,} — MHOXKecTBO BCex rumeprpaHeil BbIIYKJIOr0 MHOrorpaHuuka X
(310 MHOKECTBO MOXKeT ObITb 11ycTbiM). O603HAYMM 7; OLOPHYIO MUIEPIIIOCKOCTD, i KoTopoil F; = m; N X, u mycrb
II; — orpanuueHHOe T; 3AMKHYTOE IOJIyHPOCTPAHCTBO, copepxkamee X . [onoxum W = N, I1;, eco F—q # 0, u
W = R" B mporuBaOM ciydae. Torma X C W. Ilokaxxem, uro X DO W u, 3uaunt, X = W.

IIpeamnonoxkum npoTuBHOE, T.€. cymecTByer w € W takas, uro w ¢ X. Ilycrs D obo3HagaeT 0O0beIMHEHNE BCEX
addunnbx obonouek muoxkecrs {w} U F, rue F' — rpaub X pasmepuoctu e Gosbineii n — 2. Tak kak KaxK/as Takas
adpunnag 060I09IKa UMEET Pa3MEepHOCTDh He Bbimie N — 1, u, B cuny caeactsusd [18.10] Takmx adduHHBIX 0060709€K
KOHEYHOEe 4uCjI0, MHOKecTBO D, 1o reopeme Bapa (yupazxuenue , HE COAEPXKUT BHYTPEHHUX TOYeK (Ha CaMoOM
nesie D — HUTOE He TIOTHO, YTO MOXKHO HEITOCPEICTBEHHO MOKA3aTh), TaK YTO CyInecTByeT Touka x € Int X \ D.

Tak kKak X — 3aMKHyTOe MHOXKECTBO, OTPE30K [z, w| mepecekaer 0X B HeKOoTOPOii Touke y. Eciam y mpuHaaiexkuT
Kako#-unbyap rpanu F' pasmepHocTH HE 0OJbITe n — 2, TO mpsMas wy JeXuT B D, Tak 410 * € D, npoTuBOpedYne.
Takum 0Opa3oM, y HE JIEXKUT HU B OHON rpaHd PA3MEPHOCTH He DOJbINe 1 — 2 U, 3HAYUT, B CHILY CJICJCTBUSI Y
sexkut B Hekoropoit runeprpanu F;. Ho tak kak = € Int X, To Trouka w sexkur Bue [I;, nporuBopedue. O

OrMerumM, 9TO UMeEET MecTO u 00paTHOe yrBepxkienwe. s ero moka3areabCTBa HAM MOHAJMOOUTCS P JIEMM.
Haumem ¢ TpuBMaIBLHON TOMOJOTHYECKON JIEMMBI, TOKA3aTETHCTBO KOTOPOMH OCTABJISIETCS CYTITATESIM.

Jlemma 18.16. IIycmo Y1, ...,Y,, — nodmnoscecmea monosozuueckozo npocmparcmea. Tozda
m m
Int(ﬂ Yi> = Nty
i=1 i=1
B wacmmnocmu, ecau II; C R™, 7 = 1,...,m, — 3amknymoe nosynpocmpancmea u X = N2 I, mo Int X =
ﬂ?;l Int Hi'
Jlemma 18.17. Ecau II; CR", i =1,...,m, — 3amknymoie noaynpocmpancmea u X = NiY, II; umeem nenycmyro

enympennocms, mo X = Int X

Hoxazarenbcrso. Iomomum X' = Int X. o semme [18.16, mmeem X' = N2, Int I1;. To ympazmemmio |4.5]
X' C ﬂf’;llnt I, = ﬁ?;lﬂi = X.

Hoxkaxkem obparnoe BKjIOUeHne. BozbMeM mpou3BOIBHYIO TOUKY & € X, a TakKe CYIIECTBYIONLYIO B CUJIy YCJIOBUSI
Touky y € Int X. ITo jgemme y € IntIT; pu Bcex i. C apyroit croponwl, x € II; mpu Beex i. Ho Torma
TOJyWHTEpBAJ [y, ) comepkuTcs Bo Beex Int I1; u, 3naunt, B Int X. CiemnoBaresbHO, & — TOYKA HPUKOCHOBEHHS JJIst
Int X, orkyma x € Int X = X', Tak ato X C X'. O

Ilycrs II; C R”, ¢ =1,...,m, — 3aMKHYTBIE IOJIyIPOCTPAHCTBA, 1Jig KoTopeix X = N, II;. Ilomynpocrpancrso
11}, mazoBeM u3bvimounvim, ecma X = N ll;.

Jlemma 18.18. Iycmo II; CR™, i =1,...,m, — 3aMKHYMbLE NOAYNPOCMPAHCMEA, T; — 2UNEPNAOCKOCND, 02PAHU-
vwusarowasn 11;. IlIpednonoowcum, wmo X = N2, II; umeem nenycmyro enympenrnocmds u cpedu II; nem u3bvimounvx
noaynpocmpancms. Tozda kascdoe F; := m; N X umeem 6 m; HENYCMYIO 8HYMPEHHOCTND.

JoxkaszarenbcTBo. Bribepem mponssoabhoe j n moaoknM X' = N, I1;, torna X = X' N II; n
Fj :’/ijX:’]ijX/ﬂHj :ijX/.

ITokazkeM, ITO Kaxkias TOUKAa & € F), He fABIsIOmasca B 7; BHyTpeHHedl mus Fj, He comepxurcsa B Int X', Ileit-
crBuTEeNbHO, ecim & € Int X/ To cymecrByer B R™ orkpoiTeiii map U? ¢ HEHTPOM B &, KOTOPBIHA comepkutcsa B X'.
Ocranocs 3ameruts, 410 U® N m; — OTKPBITHIA map B mj, cogepxkamuiics B F; = m; N X', nosromy & — BHyTpeHHsIs
Touka I B 7;.

ITpennonokum Temnepb, YTO JJIs HEKOTOPOTO j MHOXKECTBO [ He MMeeT B 7; BHYTPEHHHX TOYEK, TOTJa, B CHIY
ckazaunoro sbiue, F; NInt X’ = (). Ilokaxem, aro rorga II; — u306bITOUHOE IOIYHIPOCTPAHCTBO. VMeem

It X' Ny =Int X' NX'Nm; =Int X' NF; =0.
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Brisenem orcioma, uto Int X' C Int IT;. s sroro Beibepem mpou3BosibHyo Touky ' € Int X, torma o’ € Int X' u
«’ € Int IT;. Ecam Int X’ ¢ Int IT;, To cymectsyer y € Int X', ne nexamas B Int I1;, o Torna orpesox [z, y] C Int X’
nepeceyer m;, caenoBarenabto, Int X/ N w; # (), nporusopeune.

Nrak, Int X’ C Int I1;. TTo aemme 18.17|, X' = Int X', orkysa, B cuiay 3amkuyrocru 11, nonysaem X' C II;. Ho
torna X = X' N1II; = X', Tak 4T0 mosynpocTpancTso I1; n3GeITouHOe. O

Cnencreue 18.19. Ilyems II; CR™, i =1,...,m, — 3amrnymoie noaynpocmparcmea, X = N~ Il; umeem neny-
cmyo sHymperrocms, u cpedu Il; nem usbumounvr noaynpocmparncms. OO03HAUUM T; 2UNEPNAOCKOCTIL, 02PAHU-
wusaowyro noaynpocmpancmeo I1;, u nosoocum F; = m; N X. Toeda 0X = U2, F;.

HokazarenbcTBo. [lo memme [18.16] Kaxkmas rpannydras ToUKa A X JIEKUT B HEKOTOPO TUIEPTJIOCKOCTH T; W,
3Havut, B F;, otkyma 0X = UM F;. O

Teopema 18.20. Ecau II; C R", 7 = 1,...,m, — 3amMKHymble NOAYNPOCMPAHCMEa, MHodcecmeo X = N, II;
0ZDAHUYEHO U UMEETN HENYCTYI BHYMPEHHOCTL, MO X — 8uNYKALT MHO202PAHHUEK.

HokazarenbcrBo. Tak kak X OrpaHWYEHO W WMEET HEMYCTYI0 BHYTPEHHOCTH, X — BBIMyKJOe Teso. lajee, 6e3
OrpaHuvIeHus OOITHOCTH OyIeM CIUTATh, YTO CPEIN TOJTYIPOCTPAHCTB [1; HeT n30hITOUHBIX. JI0OKA3aTeIHCTBO TPOBEIEM
naayknueit mo n. [Ipu n = 1 nosynpocTrpancTBaMu sIBASIOTCA 3aMKHYTHIE JIy9du. Tak KaK OTCYTCTBYIOT U30BITOYHBIE
MOJIyIIPOCTPAHCTBA U MHOXKECTBO X OrPaHWYEHO, TO Jiydeil POBHO 1Ba, & X — OTPE30K, SABJISIOIIMIACI BBIMTYKJIIOH
000JI09KO# JBYX CBOMX KOHIIEBBIX TOYEK, MO3TOMY X — BBIILYKJIbIE MHOTOIPDAHHUK.

IIpenmnonoxum temepb, 910 N > 2 U /Ui BCEX BBIILYKJIBIX MHOIOIDAHHUKOB PAa3MEDPHOCTU MEHBIIE 7. TeopeMa
JokazaHa. B cumy cieacTug[18.7] mo0cTaTOYHO TOKA3aTh, ITO MHOXKECTBO ext X koHeuHo. IlycTh 7m; — rumepriiockocTsb,
orpaamuuBatomada Il;, m F; = X N m;. llo ciencreuio [18.18] kaxkmoe F; dABsgeTCS TUMEPTPAHBIO, TTOITOMY, B CHJIY
nemmbt [I7.5] ext F; = F; Next X. ITo creacrsmo [I8:19] rpannna X pasna obvenuuennto runeprpaneii F;. Tak xak
ext X C 0X, to

m m m
ext X = (ext X) N 9X = (ext X) N (U F) =JFEnextX) = Jext F.

i=1 i=1 i=1
3ameruM, 4TO JId KAXKJOr0 ¢ 7 { TUIIEPIIOCKOCTb Ty OT/IMYHA OT 7;, uHade uid X HMMeeT IyCTyI0 BHYTPEHHOCTD,
umn II; m366ITOUHOe TOTyIPOCTPAaHCTBO. B cuny ynpazkuenns [16.2) Kaxk/i0e HEIyCToe IepecedeHne m; () mg ABIAeTCA
THUTEPIIIIOCKOCTRIO B T, ¥ B 3TOM ciy4ae 7; (N II; — momynpocTpancTBo B ;. Taknm obpaszoM, F; paBHO mepecevTeHnio
KOHEYHOTO YUCJIA 3AMKHYTHIX MOJIYIIPOCTPAHCTB, JIEXKAIINAX B 7;, IpUYeM, B cuiy jemMbl [18.18] BuyTpennocts F; B 7;
HeIyCTa, MO3TOMY K F; MpUMEeHNMO MPenoIoKeHne HHAYKINT, T.€. ext I, — koneanoe mHOKecTBO. HO Torma m ext X
KOHEYHO, MO3TOMY X — BBIMYKJIbIH MHOMOTPAHHUK. O

Caencreue 18.21. Ipanuuya 0X ewnyrasozo muozozpannura X C R™ paena obsedunenuto 2unepzpaned.

JoxkasareabcTBo. B cumy Teopemsr|18.15| npeacrasum X B Buze nepecedennud ()" II; 3aMKHYTBIX HOJyTPOCTPAHCTB
1I;, orpaHWUYEHHBIX TUMEPIIOCKOCTAMHU Tr;, TpoxoadamuMu depe3 runeprpanu F; = X N ;. Eciu cpenn BhIOpaHHBIX
MOJIYIIPOCTPAHCTB €CTh W30BITOUHbIE, BEIOpOCHM uX. IlycTh [ — MHOMXKECTBO MHIEKCOB OCTABIIHUXCS TOJIYITPOCTPAHCTB.

Ilo caencrsuio umeem 0X = U1 F;. O

Caencrsue 18.22. Kaowcdas cobecmeennas epanv F ewnyxaozo mmozozpannura X asssemcsa 2panvio Hexomopot
2unepeparu.

HoxkaszarenbcrBo. Ilycts x € relint F', Torma, B cuity ciieicTBus TOYKa T JIEKUT B HEKOTOPO rumneprpanu F;.
IIycts m; — omopHas TUMEPILIOCKOCTD, MPOXOAsdIiasa depe3 runeprpanb F;. [Tokaxkewm, aro F' C F;. Eciu F' — Bepiuna,
1O Bce noka3aHo. Eciu ke F' owinvHa Or BepLIMHBL U cyuiecTByer Touka y € F'\ m;, 10 cymecrByer rakxke z € F|
J7IsT KOTOpoii € (y, z), HO TOTJA TOUKH ¥, Z PACTIONATaIOTCS B PA3HBIX OTKPHITHIX MOIYTPOCTPAHCTBAX OTHOCUTENHHO
i, Tak 4T0 z ¢ X, mporuBopeune. Urax, FF C m; u FF C X, tak uto F C m; N X = F;. Ocramoch BOCIOIb30BATHCS
JIeMMOit B cuiIy KoTopoii F' = F N F; apnagerca rpanbio Fj. O

Caencreue 18.23. Ilycmv F* o6osnavaem cobemeennyro epans ewnykaozo mmozozpannuxa X C R™, npuyem
dim F*¥ = k. Tozda daa mobux F' C FI cywecmeyem yenousa F* C FItL c ... c Fi—l c FJ,

JoxkazarenbcrBo. B cuny ciaencreus [18.10] kaxkgast rpanb X sBIsI€TCS BBINYKJIBIM MHOTOTDAHHWKOM B CBOEi ad-
unrnOit 060m0uKe. OTCIONa U W3 caencTBuA [18.22) BEITeKaeT, uTo F? comep:KuTCa B HeKOTOPOil THIeprpay I BBITYK-
noro muororpannuka FJ C Aff FJ. B cuny cnepcreus [18.12) F sBnsiercss HekoTopoit rpanbio 7! mMHOrorpanauka
X. Ilpomomkast 3TOT MPOIECC, TTOCTPOUM HCKOMYIO TIETOUKY. O
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Bazxnyio po/ib B H3y9eHHE MHOTMOTPAHHUKOB HIPAIOT UX HOJIAPLI, OIpe/IeJIeHHbIe B Pa3aese U3 Teopembl
MIHOBEHHO BBITEKAET CJIeIYIONIMI Pe3yIbTaT.

Caencrsue 18.24. ITycms X C R™ — ewnykaviti mHozozpannuk, dasa xomopozo 0 € Int X, mozda e20 noaspa X*
— makoice eunykavll mHozozpannuk, npuvem X** = X. Boaee mozo, omobpasicenue ¥, 3adannoe dopmyaot (17.2)),
ycmanasausaem ecmecmeennoe buekmusnoe coomsememeue medncoy epanamu X u X*, obpausarouee 6xA0veHUe.

18.3 ®opmysia Jitjepa JJisd BBIITYKJIBIX MHOTOIDAHHUKOB

B npebliymux JeKimax Mbl obcyaunu dpopmyty ditiepa Jyig BbUIyKiblX Muororpannukos X C R3. Hanomuum, uro
B 9TOM CJ/ly4ae OHa umeer Buj v — e+ f = 2, rue v, e u f — KoJum4ecTBO BepuiuH, pebep u rpauneil (rumeprpaneii) pac-
CMATPUBAEMOr0 MHOTOTPAHHUKA. B Cllydae MpOU3BOJILHBIX BBIMYKJBIX MHOrOrpanHukoB X C R™, n > 1, paccMoTpum
aabTepHUPOBaHHY0 cyMMy X (X) KOJIMYeCTB Bcex COOCTBEHHBIX Ipameil X: eciau f; — 4YUCIO rpaHeil pa3MepHOCTH i,
To x(X) = Z?:_()l(—l)ifi. Hnst n = 0 coGCTBEHHBIX IPAHE HET, TOITOMY eCTeCTBeHHO MooKuTh X (X ) = 0. Beanunna
X (X) HasbiBaeTcs aUAEPOBOT TAPAKIMEPUCTNUKOT 8BINYKAO20 MHO202PAHHUKA X .

Boisicuum, uem papuo (X)) /i MHOMOIDAHHUKOB MaJioil pasMepHocTH. [Ipo HyJibMepHBI MHOIOIDAHHUK Mbl y¥Ke
rosopuiu: g #ero x(X) = 0. Y omnomeproro X, T.e. y oTpeska, UMeeTcs POBHO JiBe COOCTBEHHBIX [DAHU — €ro
Bepumabl, M09ToMy X(X) = 2. BhIIyKublii MHOrOyTOJBHUK MMEET OJMHAKOBOE YHCJIO BEPUIMH M TPAHEll, IOITOMY
X(X) = 0. TpexmepHble MHOTOIDAHHUKN MBI TOKe obcymuin: miast Hux x(X) = 2. Takum ob6pazoM, HabIo0OmAeTCs
3aKOHOMEDPHOCTD: Y YeTHOMEPHBIX MHOTOTPDAHHUKOB 3HJIEPOBA XapaKTEePUCTUKA PABHA HYJIIO, & Y HEYETHOMEPHBIX DABHA,
2. Obmas dopmyaa qisg n < 3 umeer Bux x(X) = 1 — (—1)". Oxa3biBaeTcs, 3TO TAK¥Ke BEPHO U B IIPOU3BOJILHOIL
Pa3MepHOCTH N.

IIpumep 18.25. Ilyctr X — mpoumsBoibHBIA n-mepHblii cumiieke B R”. Ilokaxkem, 9TO KaxK10e MOIMHOXKECTBO
MHOKECTBA BEPIIUH CUMILIEKCA X SIBISETCA BEPUIMHAMYU HEKOTOPO#i rpanu. [lycrs V' — MHOKECTBO BEPIIMH CUMILIEKCA
X. JlocTaTouHO paccMOTpeTh Caydail HemycToro noamuoxectsa W C V', orauanoro ot V. Hamomuuwm, uro V' coctout
u3 (n + 1)-oit roukn, V.= {v1,...,vp41}, 1 aBasercs adpduHHO HE3aBUCHMBIM. PaccMOTPUM MPOM3BONBHYIO TOUYKY
x € conv(V\W), rorna x = ZviEV\W Aivg, tae Ay > 0u Y. A; = 1, B uacTHOCTH, HE BCe \; paBHbl HyJ0. [Ipeamnonoxum,
aro x € AffW. Torna x = 3, oy w5, vae 3 p; = 0. Ho rorma

Z Aﬂ)i - Z MUV = O,

v, EV\W v; €W

[pHUYeM He BCe \; PABHbI HYJIIO, TaK 4TO MHO)KecTBO V' addunno 3aBucumo, nporusopedune. Takum obpazom, (Aff W)N
conv(V \ W) = (), nosromy, B cujty T€opembi conv W — rpanp cummiekca X .

U3 cKa3aHHOIO BBITEKAET, YTO KOJUYECTBO COOCTBEHHBIX k-MEPHBIX TPAHEil 1-MEPHOTO CUMILIEKCa PABHO
4TO 3ilIepoBa xapakTepuctuka x(X) Takoro cuMILIEKCa paBHA

k+1
Cy1y, Tax

n—1 n
Y CDCH =Y (DO,
1=0 k=1

rae CX papro umeny coderanmit 3 n mo k. HamoMHNM, 9TO 171 TIepeMeHHOH ¢ mMeeM

n+1 n
(L+6)" =" Cha’ =Chy + Y Cppya® + Ciffa™,
i=0 k=1

OTKYyJa
0=1-D)" =1+ CF (-DF+ (-1,
k=1

IIO3TOMY
n

X(X) =) (~D)*ok, =1 (=)™

k=1

Teopema 18.26 (®opmyna diinepa). ITycmv X CR™ — swnykavii mHozozpannuk, mozda x(X)=1— (=1)".
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18.4 IIpaBusbHBbIE MHOTOMEPHBIE MHOTOTPDAHHUKN

IIycts X C R™ — Beimykuiblit MHOrOTpaHHUK. B cuiy cieactBus kazknag sepmmua FO w3z X comep:kurcd B
Hekoropoii runeprpanu F7~ L. Tlo CJIG,B;CTBI/IIO cymectsyer renouka F* C F1 C --- C F" ' C X, rne F' € F(X)
— rpadb pasMeproctu i. Kaxayro rakymo uenodky OyaeM HasbiBaTb @razom zpareti.

BoImyk /b1t MHOrOTPAHHUK HA3BIBAETCS NPASUALHBLM, ECITH JJTsT TIOOBIX IBYX €r0 (hJTaroB CyIIecTByeT W30METPHUST
npocTpancTBa R, mepeBoasinas mepBaiil ¢Jiar BO BTOPOil. ITO 03HAYAET, UTO OrPAHUIEHUS U30METPUHU HA, k-MEpPHBIE

I'PaHH, BXOOAIIAE B PaCCMaTPUBACMDBIC (bnarn, ABJIAIOTCA U30METPUAMU MEXK/AY ITUMU I'DAHAMUA.

ITpumep 18.27. HysbMepHbie 1 OJHOMEPHBIE MHOIOTPAHHUKN — MPABUJIbHBIE. JIByMepHbIE MHOTOIPDAHHUKH — MHO-
TOYTOJBHUKY — SIBJISIIOTCS IIPABUJIBHBIME, €CJIU U TOJIBKO €CJIM W30METPUSME MOXKHO II€PEBECTH JI00YI0 BEPIIUHY B
JII00Y0 BEpIUHY, U JTIOOYI0 CTOPOHY B JIFOOYIO CTOPOHY, & 9TO 03HAYAET PABEHCTBO BCEX YIJIOB M BCEX CTOpoH. Hamowm-
HUM, 9TO JIJIsI Ka¥XKJIOTO M > 3 CYIIECTBYET MPABUJIbHBIA M-yroJbHUK. B TpeXMepHOM cjIydae MpaBUIBHOCTDH BII€YET
BO3MOXKHOCTD MEPEBOJUTH JIIOOYI0 IBYMEPHYIO I'DaHb B JIIOOYIO ABYMEDPHYIO I'DAHb, MPHW 3TOM KaXK/IYIO0 BEPIIUHY W
KarkJ10e pedpo 3TOoi IPaHnr MOXKHO IEPEBOIUTH B JOOYIO APYTyI0 BEPIINHY U J000e Apyroe pebpo 3Toit ke rpann. Ta-
KM 00pa3oM, B 3TOM CJIydae BCE MPAHU MHOIOIPAHHUKA JOJKHBL ObITh PABHBIMHU PABUJIbHBIMU Kk-yroabHUKaMu. Tak
KakK Jii00ast BEPIIMHA MHOIOIDAHHUKA MOXKET ObITh IIEPEBEJIEHA B JIIOOYIO BEPIIMHY, ITU PABUJILHBIE MHOIOYIOJIbHUKHI
CTBIKYIOTCS B KaK/I0¥ BEpIIHHE B OJHOM M TOM Ke KojimdecTBe. Tak Kak Jiroboe pedpo mepexoauT B Jir0boe pedpo,
JIBYTPAHHBIE YTJIBI DU MEYKJIy THINEPTPAHAMU JOJIKHBI ObITH OJMHAKOBBL. TakuM 00pa30M, MbI TPUXOIUM K OMPEIe-
JIeHNTO TIPABUILHBIX MHOTOIPAHHUKOB B R3, mamHOMYy B Jexmum E[ OrBer MbI COOOIIANNA: TAKUMHA MHOTOTDAHHUKAMHA
SIBJISIIOTCS TATH IJIATOHOBBIX TEJI.

IIpusenem psi/i O4€BHUIHBIX NPUMEPOB IIPABUJIbHBIX MHOIOMEDHbBIX MHOIOIDAHHUKOB.
IIpumep 18.28. IIpasuavHbili n-MEPHBIT Cumnaerc B cBoeit adduaHON 000I0UKe.
IIpumep 18.29. Kyb, aBasgiomnuiicss BBITYyKJIONH 000JOYKOM BCEX TOYEK, Y KOTOPBIX BCE KOODIWHATHI paBHBI +1.

IIpumep 18.30. T'unepoxmasdp Wid KPOCC-NOAUMON, ABIAIOIINANACI BBIIYKIOH 000JI09KOil BEKTOPOB CTaHIAPT-
HOro 0a3uca U UM IIPOTUBOIIOIOKHBIX.

B pasmepnocT n > 5, Kak OKa3bIBAETCS, HUKAKNUX IPYTHUX MPABUIBHBIX MHOTOTPAHHUKOB HET. A BOT B pa3MepHOCTH
4 umeercd ere TpU “9K30TUIECKUX’ MHOTOIDAHHUKA.

IIpumep 18.31. 24-aueliHuk, nin UKOCUMEMPATOP, WK OKMAKYD, WM NOAUOKMAIIP SBISETCH BBITYKJION
000JTOYKOH BCEX TOYEK U3 R4, y KOTOPBIX IBE KOOPAWHATHI paBHbI +1, a ;aBe ocraBmmecss — Hymaio. Ero rpammma
cKJeeHa u3 24 OKTadApOB, KOTOPbIE BCTPEYAIOTCH BIIECTEPOM B KaK/OW BEPIIMHE W BTPOEM Ha Kaxk1oMm pebpe. Bce
BMeCTe OHU 00pa3yroT 96 TpeyroabHbIX TpaHeil, 96 pebep u 24 BEPIWHBI.

ITpumep 18.32. 120-auetiHuk, Win 2eKCaAMOHUKOCATOP, ninu 2unepdodexrasdp — Buimykias 0601049ka 600 Touex,
ABJIAIONINXCA BCEBO3MOXKHBIMHA IIE€PECTAHOBKAMH TOYEK BH/IA

(0,0,42,+2), (£1,+1, £1,+V5), (2o~ 2, 0, 1@, 1), (£p2, oL 2o 1o 1),
a TaKzKe BCEBO3MOXKHBIMU YE€THBIMU HepeCTaHOBKaMI/I TOYEK BI/I,I[a,
(0, 2072, £1, %), (0,071, 2, £V5), (1, 1, £¢, +2),

rae p = (1+ \/5) /2. Ero rpanuna ckieena u3 120 J101€Ka31pOB, KOTOPbIE B BEPIIMHAX BCTPEYAETCS BUETBEPOM, & HA
pebpax — Brpoem. Umeer 720 naruyrombubix rpaneit, 1200 pebep u 600 BeprumH.

ITpumep 18.33. 600-suelinuK, NIU 2eK3AKOCUTOP, WK TMEMPANLAEKC, WU NLOAUNEPMPAsIdp — BbIyKiias 000-
souka 120 To4YeK, ABIAIOMIMXCSA BCEBO3MOXKHbBIMY IIEPECTAHOBKAMU TOYEK BHUJIA

(0,0,0,+1), (£1/2,4+1/2,+1/2, +1/2),

a TAKIKe TOUEK, ABJIAIONIIXCA YeTHBIME [HePecTaHoBKaMu Touek suaa (£¢/2,+1/2,+071/2,0), rae ¢ = (1 4+ v/5)/2.
Ero rpamnna ckieena u3 600 TeTpasapoB, BCTPEUAIOIINXCS B KayXKI0M BepImrHe B KojandecTse 20 1 Ha KaskI0M pebpe
B kosmmuectBe 5. Mmeem 1200 Tpeyrombubix rpaneit, 720 pedep, 120 BepriuH.

Teopema 18.34. C mounocmsbio do n0dobus, cyu,ecmeyom AuUb CACOYIOULUE NPABUABHBLE N-MEPHBLE MHOZ02PAHHU-
Ku:
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e npun =0 — 00HOMOUEUHDIT MHOLOZDANHUK;

e npun =1 — ompesox [0,1];

e NPUN =2 — NPACUALHBLE M-Y20AbHUKUY, T > 3;
e NpuUN =3 — NAMb NACMOHOSHLT MEN;

e npun =4 — npasusvohoili d-meproli cumnaerc, d-meproil xkyb, d-meproil Kpocc-noaumon, 24-awetinur, 120-
avetnur, 600-avetinur;

e nNpun >5H — NPABUALHBLY N-MEPHBLT CUMNAEKC, N-MEPHBLT KYO, N-MePHBLT KPOCC-NOAUMON.
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YupaxkuHenusd K ryiase 18

VYupaxkaenne 18.1. Ilycrs Y C R™ — nenycroii Bbimykibii komnakr, p € R® \' Y u yo = Py (p) — merpudeckas
HpoeKIusd TOYKK p Ha Y. ITokakuTe, 9T0 MeTpudecKas IpoeKiusa Py IEePEeBOIUT BECh JIyd YoP B Yo.

VYupaxueuune 18.2. Jlokaxkure Teopemy Byzemamna—®ennepa: merpudeckas mpoekius Py : R™ — Y apasgerca 1-
JIMIIIIAIEBBIM OTOOPAXKEHUEM, B YACTHOCTH, METPUIECKAST IPOEKIHs HElIPEPhIBHA.

Vupaxkaenne 18.3. Ilycts S"~! C R” — cdepa, orpannumMBaomas ap, BHyTPU KOTOPOIO JIEZKUT HEIyCTOH Bbi-
TTYKJIBIT KOMTAKT Y.

(1) TloxkaskmTe, 9TO OTpaHWHeHue MeTpudeckoi mpoekmun Py wa S"~! u rpammmy Y mHOXecTBa Y ABISeTcs
CIOpPbEKITNE.

(2) BoiBemuTe OTCIOJA, YTO Yepe3 KAKYIO TOUKY TPAHUILI JY MPOXOIUT OMOPHAs TUIEPILIOCKOCTD.

Yupaxkueuue 18.4. Ilycts m — runepmiockocts B R” u II C R™ — 3aMKHYyTO€ TOTYTPOCTPAHCTBO, OTPAHUTEHHOE
7. llycts A C I m B = AN 7. Ilokaxkure, 9T0 conv B = m N conv A.

Yupaxkaenue 18.5. Ilokaxkure, 4T0 BIIyK/IbIl MHOrorpanuuk X C R™ umeer ue menee (n + 1)-0ii BepriuHbl u He
menee (n + 1)-oif runeprpanu.

Yupaxkuenue 18.6. Ilycts X C R"™ — BbIMyK/IbI MHOTOTpAaHHUK, F, ..., F,, — ero runeprpanu, m; — TUMIEPILIOC-
KOCTbh, /st Koropoit F; = X Nm;, m II; — nonympocTpancTBo, orpanndennoe 7; u cojepxkamiee X . Ilokaxkure, 4o
cpean moynpocTpancTs I1; HeT m30bITOYHBIX.

VYupaxxuenmne 18.7. Ilokaxkure, 910 HE 0/IHA TUIIEPTPAHD BHIITYKJIOI0 MHOIOI'PAHHUKA HE COIAEPKUTCs B OObe IMHEHUN
OCTaBIITUXCS THTIEPTPAHEI.

Yupaxxkxueuue 18.8. Ilycts X, Y C R"” — BBIMyKJIble MHOTOTPAHHWUKN, U A — HEHYJEBOE BEIIECTBEHHOE YHNCJIO.
Tlokaxkurte, 4TO

1) AX — BBINYKJIBI MHOTOTPAHHUK;

2) X 4+ Y — BBIMyKJIBI{I MHOTOTPDAHHUK;

(1)
(2)
(3) ecmm Int(X NY) # 0, To X NY — BBIMyKJ/IBIH MHOTOTDAHHVK;
(4)

4) ecmm m C R™ — rumepmyrockocts Takast, 910 7w N Int X # (), To 1 N X — BBIMYKJIBIH MHOTOTPAHHWK B 7.

Yupaxxuenune 18.9. Jloxkaxkure dpopmyny ditjgepa Iy BHITYKIbIX MHOTOrpaHHuKoB X C R™. Yka3zaHue: BbIOEpUTE
npsMyio ¢ Tak, 9T00BI OPTOTOHAJIBHBIE TTPOEKIINY PA3HBIX BEPIMWH n3 X ObLIN PA3INYHBI; MPOBEINTE Y€PE3 KAXKIYIO
BEPINUHY TUIEPILIOCKOCTD, MEPIIEHINKYISAPHYIO £; MEeXK Ty KayKI0i Mapoil MOC/Ie/I0BATEIbHBIX THITEPILIOCKOCTEH TaKKe
[IPOBE/IUTE MUIIEPILIIOCKOCTD; B PE3YJIbTaTe KaXK/1asd U3 IPOBEIeHHBIX IUuliepIiiockocTeil nepeceder X 1o (n—1)-mepHomy
MHOTOTDAHHHKY X;; JUis Kazkaoi rpamm FJ mmororpammmka X adduunoit pasmepuocru j, rme 1 < j < n — 1,
ompenenute wucao (F7, X;) pasupiv 1, ecim pumosasercs X; N relint FJ9 # (), w pasubiv 0 B TPOTUBHOM Cyuae;
HCTOB3YHTE 3TY KOHCTPYKITUIO JIJIST COOTBETCTBYIOITUX BBIUUCTICHUIH.
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