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Jlekima 1

DJIeMeHTbl Teopuu rpadoB

ITnan. O6uiee onpenesnenue rpados, Bepiinnbl, pebpa, 0TobparkeHne MHINAEHTHOCTH, KOHEeYHbIE rpadbl, HHIMAEHTHbIE BEPIIUHBL U pebpa, Bepin-
HbI, COeIUHEHHbIE Pe6POM, CMeXKHbIe BEPILHUHbI, CMeXKHbIe pebpa, meTs, KparHoe pe6po, KpaTHas IeTJs, KPATHOCTb pebpa, npocroil rpad, seMma
O PYKOIIOXKATHUSIX, CTENEHb BEPIINHBI, 3a7a4a Dijepa, MApIIPyT, 3aMKHYTHIH MapIpyT, OJIHHA MAapIIpyTa, NyTh, [UKJ, CBA3HBIA rpad, simepos
uuki wimn 06xox rpada, sitiepos rpad, kpurepuil situieposocru rpada, NpoCToil UMK, IAMUJIBTOHOB LUKJ, MaMHIBTOHOB rpad, reopema Jdupaka
— AOCTATOYHOE yCJOBHE MAMHUJIbTOHOBOCTH, BUCSYAs BEPIINHA, AEPEBO.

1.1 OcHoBHBIe TOHATUA Teopum rpados

Mycts V — mponssoabHoe (He o6A3aTelbHo KOHewHOe) MHOXKeCTBO, #V man |V| — ero mommocts, k € N, a V()
— ceMeiicTBO Beex k-smeMenTHBIX momMuOKects V. Ormernm, aro mpu k > |V| muoxecrso V*) mycro. Ham 6ymyr
myxubr MEOZKecTBO V(1) ommosmementHbIx i MHOKecTBO V(2 ByXsmeMenTHBIX mOmMHEOKECTB V.

Oupegnenenne 1.1. I'pagpom G nasvisaerca Tpoiika G = (V, E, 9), cocrosmas u3 maoxects V, E u orobpaxkenus
9: E - VMuv®, Daementsr u3 V naszpisaiorcs sepwunamu rpada G, snementst u3 £ — pebpamu rpada G, a d
— omobpascenuem uHuyudenmnocmu. Eciu 3anan rpad G, HO He BBe1eHO 0O03HAYEHME JIJIsi MHOXKECTB BEPIIUH,
pebep, min 1yist OTOOpasKeHnsT WHIMAEHTHOCTH, TO COOTBETCTRYIOIINE 00heKTH OymeM obosnavars V(G), E(G) n Og.

3ameuanne 1.2. Bcrosy, eciin He OrOBOPEHO [IPOTUBHOE, Mbl OyJ1eM paccMarpuBarb KoHewHbie 2padoe, T.e. rpadobl,
y KOTOpbIX MHOKecTBa V 1 E KoHewnbl. Takske, 11 KpaTkocTn, BMecTo J(e) Mbl Oyaem nmcarhb Je.

IIpumep 1.3. Ilyctes V = {v1,v2,v3}, E = {e1,e2,e3}, 0(e;) = {v;,vx} ama mobwix {i,j,k} = {1,2,3}. Torma
rpad (V, E,0) MOXKHO paccMaTpuBaTh KaK MOJEJ]b TPEYrOJbHUKA ¢ MHOMKECTBOM BEPIIMH V ¥ MHOXKECTBOM CTOPOH
E. Tlpu 3rom orobpaykeHne HHIUAEHTHOCTH O TIOKA3BIBAET, K KAKUM BEPIIHHAM KayK0€ U3 pedep e; “IpuKIenBaeTcs’,
nanpumep, de; = {vg, v3}, TAK YTO €1 KPENUTCs K v U V3.

Jlmst HarmagHOCTH Tpadbl IPEICTABAAIOT B BHIE TOYEK-BEPIINNH, COCINHEHHBIX JTHHuUAMHA-peOpamu. Ha puc.
creBa n306pazkeH rpad U3 IpEMepa a cupasa — rpad 6omee 0bIIero BIA.
B reopun rpador npunaTa crenyomas TepMuaoaorus (puc. [1.2)):

e ecim v € Je, TO TOBOPST, UTO BEPIINHA U U PEOPO € UHUUIEHMHbL;

ecm Je = {v,w}, TO TOBOPST, UTO BEPITUHBI U W W CMEHCHDL, NN ¥Ke, UTO OHU coeduHeHb, pebpom €;
e pebpa e u e/ HasBIBAIOTCA cMedHcHBuiMU, ecn Oe N O’ # (;
e pebpo e, MHIMAEHTHOE POBHO OJHON BEpLIMHE, T.e. eciu #0e = 1, Ha3bIBaeTcs nemdJaet;

e ecu qia pebpa e cymectByer pebpo e # e Takoe, uro Je = 0e’, To pebpo e (a BMecre ¢ HuUM U PebpPO €’)
Ha3bIBAETCS KPAMHBIM;

Kpamnocmuvio pebpa e HA3BIBAETCA KOJIUIECTBO BeexX pebep e, misa kKoropeix de¢’ = de. dcHo, uTo pebpo e He
ABJIAETCA KPAaTHBIM TOT'Ja U TOJIBKO TOIr'JJa, KOI/la €ro KpaTHOCTH PaBHA 1.

Onpenenenne 1.4. I'pad Ge3 meresib u KpaTHBIX pPeOEP HABBIBACTCH NPOCTNBLM.



1.1. OcHOBHBIE TOHSITHST TEOPHH TPAPOB. 5

Puc. 1.1: TIpumepsr n3obpaxkenusi rpados.

e —~€ _  pebpo e v BepuIMHA V UHYUACHMHbL @ peopo e - nemiz
v ,
e
e BEPLUUHbI V, W CMENCHbL, OHU pebpae, e, e’ - kpamuvle
M coeduneHbvl pebpom e

rr

e

—~E s E_ pebpacue cuexnchol )
o ¢ HCTIH e, € - KpamHble

Puc. 1.2: Hekoropsie Tepmunbl TeOpuu rpadoB.

3ameuanne 1.5. Yrobsl 3a7are npocToit rpad, 10CTATOYHO 334aTh MHOXKECTBO BEPIIUH V U HEKOTOPOE ITOAMHOMXKEe-
creo E 8 V),

B camom nene, iyers G = (V) E, 9) — npocroii rpad. Torma 0 orobpazkaer MHOXKeCTBO E B3anMHO-OJHO3HAYHO HA
HEKOTOPOe MOJIMHOYKECTBO B V(2), YTO MO3BOJISIET OTOXKIECTBUTb F u OF C V). Nubivu cjioBamMu, pedbpo IPOCTOro
rpada OJHO3HAYHO 33/IAeTCsl MAPOil PA3TUIHBIX BEPIIUH, KOTOPHIE OHO COEIUHSIET.

Takum obpaszom, npocmoti epag Gynem Bcerga npeicrapiarb napoii (V) E), rie E — HEKOTOPOe [MOAMHOKECTBO
BV,

Hast mpocroro rpada G = (V, E) pedpo e = {v,w} € E yno6ro 0603HaYATH VW WIH W.

Wmeercst 6osIbITOE KOMWYECTBO 337181, KOTOPHIE €CTECTBEHHO DPEITAIOTCST HA S3bIKE TEOPHH TpadoB.

Banaua 1.6 (Jlemma o pykonoxaruax). HeKoTOpble y9acTHUKN KOH(DEPEHIINH, 370POBASACH, TIOKUMAIOT APYT JAPYTY
pyku. JlokaxknuTe, 9TO YUCIO YIACTHUKOB, KaXKJIbII M3 KOTOPBIX COBEPINNUJI HEUETHOE UHCJI0 PYKOIOXKATHN, — FEeTHO.

Permtenue sroit 3aJa91 UCHOJIb3YET MOHATHE CTEIEHU BEPIMUHBI 1 OJJHY OY€Hb MOJIE3HY IO CbOpMyJIy

Onpenenenne 1.7. Ilycts v — nmpou3BoibHAs BepinHa HEKOTOPOro rpada. Torma emenernsiro deg v 310l BEpIIUHBI
Ha3bIBAETCH KOJMYECTBO WHIMIEHTHBIX v pebep, He SABJISIOMIMXCS MEeTJISME, IJIIOC YABOSHHOE KOJHUYECTBO IETENIb,
WHIUAJIEHTHBIX VU:

degv =#{e € E:0e > v, |0e| =2} +2#{e € E : 0e = {v}}.

Boraucanm cymmy crerneneit Becex Bepiiua rpada. 3aMeTuM, 9ro Kaxk10e pedPo BHOCHT B 9Ty CyMMY BKJIAJI, PABHBII

2, 103TOMY
2|E| = Z degv.
veV



1.2. DiiepoBsI rpaghl. 6

(oo}
O6o3uauamm gyepes Vi, C V muOkecTBO BCex BepumH crenernu k. Torma > degv = > k|Vi|, orkyna
veV k=0

(1.1) 20E| = k[Vil.
k=0

Pemrenue 3agaun Paccemorpum rpad G, KOoTOpBIit 09€BUAHBIM 0OPA30M ONKUCHIBAET PYKOMOKATHS: 33 BEPIIUHBI
MPUHAMAEM y4aCTHUKOB KoH(pepeHnu, 3a pedpa — Bce pykomnoxkarus. IIpu 3Tom cantaem, 910 pedpPO—pPyKOMOKATHE
MHIUJEHTHO TE€M BEPIIUHAM—YYaCTHUKAM, KOTOPbIE 3TO pyKomnoxarue copeprimiu. Torga B 3aja4de Tpedyercs JTOoKa-
3aTh, 9TO B HaITEM rpade KOJUIECTBO BEPIITUH C HEYETHBIMU CTEMEHIMU YeTHO. VIHbIMU CI0BaMu, TpeOyeTCst T0Ka3aTh,
qT0 UUCI0 0 = Y pe |Vakt1| geTHO.

Bocmonb3yemcst popmymoit :

(o] o] (oo} [ee] (oo} (oo}
(1.2) B[ =D k|Vil =D 2k Vol + D> 2k + 1) [Varra| = > 2k [Var| + > 2k [Varya| + Y [Varsal,
k=0 k=0 k=0 k=0 k=0 k=0

OTKYyJa MITHOBEHHO BBITEKAET, YTO 0 YE€THO.

3ameuanne 1.8. XoTd €CTECTBEHHO CUYUTATH, 9TO YYACTHUKU KOHMDEPEHIIMH MOKUMAIT JAPYT JAPYTY PYKY JIHIIb
onun pa3 (B rpade G Her KparHbix pebep) u He nokuMaiorT pyku camum cebe (B rpade G mer neresn), r.e. G —
mnpocTtoii rpad, TeM He MeHee, IPUBEIEHHBIE BBIIIE PACCY K ICHU ObLITH IIPOBEJIEHDI st 100010 rpada, He 00a3aTeTbHO
TTPOCTOTO.

OtmeruM, 9T0 B TeOpuu rpadOB UMEETCS MHOTO WHTEPECHBIX 33/1a4, PEITEHNsT KOTOPBIX OCHOBAHBI HA, BHIYUCIEHUT
Pa3IMYHBIX COOTHOIIEHUI MEXK/Iy YHCJIOBBIME XapakTepucTukamu rpadosB. HekoTopbie n3 Takux 33439 Mbl PACCMOT-
pPHUM Ha CeMHUHape.

1.2 iimepoBsl Tpadbl

Crenyromnuit Kpyr BOIIPOCOB CBs3aH ¢ 00xomamu rpados. Bor mpumep kiaccuaeckoit 3ama4m, KOTOPYo permwt J1. Dii-
Jiep, U ¢ KOTOPOii, KaK CIUTAETCsI, OepeT HAYAIO0 Teopus Irpados.

Bamgaua 1.9 (Bazaua Ditnepa). B ropoge Kénurcbepre na pexe Ilperess umeerca 7 MocTOB (MX PACIOJIOKEHUE
MMOKA3aHO HA PHUC. csieBa). MoxKHO Jiu, Bbliijig U3 I0Ma, BEPHYTHCA HA3a/l, IPOH/s KAXK/Iblil MOCT POBHO OAUH Da3?

KONINGSBERGA

Puc. 1.3: Crapunnas kapra Kénurcbepra. Byksamu obo3uagennr yactu ropona: A — Asbrmraar, B — Kuaiinxod, B
— Jlomze, I' — @opuuranr. [udpamu obo3nadenst mocrbl (B Hopsijike crpouresbersa): 1 — JlaBounbiit, 2 — 3enéubii,
3 — Pabounii, 4 — Ky3ueunsrii, 5 — Jlepesuubiii, 6 — Borcoknii, 7 — Memossrii.

Ditsep m300pa3ui YACTH CYIMW TOYKAMU, & MOCTBI — JIMHUSIMU, COEIUHSIONMMHU 3T TOYKH W, TAKUM 00pPa30M,
chopMyIHpOBaT 3Ty 33Jady B TepMuHaAX Teopuu TrpacdoB. UToOBI MOHATH (POPMYTUPOBKY, HAM TOHAIOOUTCS P,
HOBBIX ITOHATHI.
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Onpenenenune 1.10. Mapwpymom, coeduHANUUM BEPULUHDBL V) U V), HA3BIBAETCS TTOCJIEI0BATETHHOCTD

Vo, €1,V1,€2,V2,...,€L, Uk,

rIe v; — BepImHbI rpada, a e; — ero pebpa, mpuaeM s KazKI0ro ¢ pedpo e; COeNHAET BEPIINHBI ¥; 1 U V;. MapmpyTt
Ha3bIBAETCH 3AMKHYTNbIM, €CJIL Uy = VUg. B 000X paCCMOTPEHHbIX C/Iy4YasX YUC/I0 K HA3bIBAETCH OAUHOUT MaPUL-
pyma. Eciu B MapuipyTe BCe BEPIUHBI PA3JIUYHBI, TO TAKOW MapIIpyT HA3BIBAETCS Nymem. MapmpyT HazoBeM
HEBBIPOHCIEHHDBIM, €CTTU OH CONEPIKUT XOTS ObI OTHO pedpo. Kcim B 3aMKHYTOM HEBBIPOXKIECHHOM MApIIPYTe Pas-
JIMYIHBI BCe pedpa €;, TO TaKOi MapPIIPyT HA3LIBAETCS UUKAOM. ['pad HA3bIBaeTCSI €8A3HBIM, €CIU JIOOBIE IBE €ro
BEPIIUHBI MOKHO COETUHUTH HEKOTOPBIM MAPIIPYTOM.

3ameuanne 1.11. Eciu rpad G He umeeT KpaTHBIX pebep, TO TPH 3aMUCH MAPIIPYTa pebpa yKa3bIBATH HE 00s3aTe b
HO, TaK KaK Kazk/J0e pebpo OJHO3HAYHO OIPeedercs BepIIMHAMYU, KOTOPbIE OHO coeauHseT. TakuMm o0pa3oM, B 3TOM
Cydae MapIIpyT U3 OMpPeIe/IeHUsT OyJeM 3amuChiBaTh B BUIE VU1 - - - Uk (0€3 ykazanusa pebep u 6e3 pasieseHus
3ansTHIMA).

ITpumep 1.12. IlpuBenem mpumep mMapiipyTa B rpade ¢ puc. CM. pHC.

Y = vr,€3,Vr, €6, V4, €9, V3, €8, V4, €7, V1, €7, V4.

Puc. 1.4: Mapmpyr.

DTOT MaAPIIPYT BBIXOAUT U3 BEPIIUHBI V7 W MPOXOAUT CHAYANA MO OJHOW M3 KPATHBIX METETh, a WMEHHO, 10 €3]
3aTeM HeT 10 Pedpy e KParHocTh 1 B BEPIIUHY V4; OTTY/A OTIPABJISETCH 110 OMHOMY W3 KPATHBIX pebep B v3 u
BO3BPAIAETCS HA3a/, 110 APYyIOMYy M3 KPAaTHBIX pebep B v4; 3aT€M OH uAeT 1o pebpy e; KparHocTu 1 B BepUIMHY VU] H
Cpa3y BO3BPAIIAETCS 10 ITOMY Ke peOdpy Ha3aI B BEPIUHY V4. €M CAMBIM, TTPU JBUKEHUHU IO MAPIIPYTY JOIYCTUMBI
BCEBO3MOXKHBIE CAMOIIEPECEUEHUsI. DTOT MAPIIPYT HE SIBJISETCS 3AMKHYTBHIM, TaK KaK HAYNHAETCS W 3aKAHIUBAECTCS
B pa3Hbix BepmmHax. Ho ecim ero mpomosmKuTh, 100aBUB €, U7, TO OH CTAHET 3aMKHYTBHIM. [[jMHa HE3AMKHYTOrO
MapIIpyTa y paBHa 6, a AIuHA 3aMKHYTOTO MapIIpyTa 7, €g, V7 PaBHA 7.

B v umerorcs coBmajaionye BEpIInHbL, IOITOMY 7Y IIyTEM HE SBJISETCS. 3AMETUM, YTO B IIyTh HE MOXKET BXOJUTH
TIeTJIs, 8 TAKYKEe MyTh HE MOXKET CONEpP’KATh HECKOJBKO pebep, COeIMHSIONINX OIHU W Te YKe BepITuHbI. BoT mpumep
MyTu: v1, €2, V7, €6, V4, €9, V3, MTPUIEM ITOT MYTh UMEET IJIUHY 3 U ABIAETCI MAKCUMATbHLIM B CHJIY TOTO, UYTO €r0
HEJIb3s TPOIOJIKUTE 0 DOjiee JIMHHOTO IIyTH.

OmpeniesieHHbIN BbIIE 3aMKHYTBHIH MAPIIPYT 7, €g, U7 HE ABJIAETCA IUKJOM, TOTOMY YTO B HEM HEKOTOpbIE pedpa
BCTPEYAIOTCS HECKOJIBKO pa3 (Takum siisercd pebpo er). IIpumepom nukia cirykur

vr, €3, V7, €6, V4, €9, U3, €8, V4, €7, V1, €2, V7.

PaccmarpuBaembrii rpad He SABISETCS CBA3HBIM, TaK KaK, CKAYKeM, BEPIIUHbBI Vg U U7 MAPIIIPYTOM HE COEIUHSIIOTCS.
OpHakO eciu BBIKHHYTH W3 3TOrO rpada BEpIIUHBI U5, Ug, BMECTE C pedpaMu €4 U €5, TO OcTaBmuiics rpad Oyaer
CBSI3HBIM.
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Onpegenenne 1.13. llukia B cBa3HOM rpade HA3BIBAETCA 3UAEPOBHIM U 06XL0dOM epagha, eciiv OH COMEPIKUT
Bce pebpa rpada. ['pad, Mist KOTOPOro CymecTByeT 3i1epoB UK, HA3bIBACTC IUAEPOBBIM 2PAPOM.

DittepoB rpad MOKHO HAPUCOBATH HA ILIOCKOM JIUCTE OyMaru, He OTPhIBas KAPAH/IAIA OT OyMard U He TMPOXOs
110 OJHOMY PeOpy ABazK/bl (IIPH ITOM HEKOTOPBIE BEPIIMHBI MOI'YT IPOXOAMUTHCH [0 HECKOJILKO Pa3).

Urak, B 3anade [1.9] cupamusaercs, cymecrsyer ju s rpada, usobpaxennoro na puc. [L.3] cupasa, siiiepos
[INKJI, T.€. SBJISIETCS JIU 3TOT rpad 3itmepobiM. Mbl permuM 00IMIyio 33734y, U3 KOTOPO MTHOBEHHO BBITEKAET, UTO B
3agade [[.9 orBeT OTpUIATEIBHBIIA.

Teopema 1.14 (Kpurepuii sitieposocru rpada). Ceasnuili epad G 5UAep06, ECAU U TNOALKO €CAU CTNENEHU 6CET €20
8EPUWUH, UeMHDL U NOAOHCUMENDHDL.

HoxkaszarenbcrBo. Eciu G comepKuT TOIBKO OIHY BEPIITUHY, TO BCE €ro pedpa — MEeT/Iu, U IWI€POB IUKJI IOy YaeTCs
MIPHU TOCTIeI0BAaTEeTbHOM 00X0/Ie 3TuX nereb. Ilycts G comep:kuT 60see 0JHON BEPIIUHBI. 3AMETUM, YTO BBIKUIBIBAHUE
MeTIU COXPAHSAET CBA3HOCTH Ipada, YeTHOCTU CTElEeHel ero BepINWH, a TaKzXKe CBOWCTBO rpada CcoAep:KaTb WU HE
cozepKaTh 3itaepoB UK. Takum 0O0pa30M, HE OrPAHUYUBAsT OOITHOCTY, MBI OyIeM Cpa3y Mpeanojaarath, ato G He
WMeeT TeTeTb.

IIpeamnonoxum, aro G comepxkut 3itaepos mukia C = vg, e1,- -+ , €, Vg, TAe Vg = V. LlycTb v — mpom3BoOIbHAS BEP-
muua rpada G. Torna B nukite C' KaxK0e BKIIOYEHNE BEPIIUHBI U CMEXKHO JIBYM PeOpaM 3TOTO MUKJIA: TPEIbIIYIIEero u
HocJsieyomero (eciu v = vy = Vg, TO IPEAbLLYIIUM IBJISETCS €, a HocJaeayomum — e1). B cuily orcyrerBust nereib,
91U pedpa MPUXOAAT B BEPIIUHBI, OTJIMIHBIE OT v. Tak Kak B 1uKJie Bce pebpa pa3audnbl, Bce pebpa, HHIUICHTHBIE U,
pasbuBaioTcs Ha mapbl. HarasamHo 3TO MOYKHO MPEICTABUTH Tak: Mbl 00x0auM pebpa rpada mo nukiay C' u TpynnupyeM
B Iapbl TOCIEI0BATEIbHBIE peOpa BXOJA B ¥ M BBIXOJA U3 V. ITHU TAPHI HE TEPECEKAIOTCs, TIOITOMY CTEIEHb BEPIITIHHBI
U 9eTHA.

st nokazarenbcTBa 0OPATHOTO YTBEPZXKIEHUS MOKAYXKEM CIIPABEIUBOCTD CJEIYIOMIEH JIEMMBI.

Jlemma 1.15. Kaowcduti 2pag, y x0mopozo cmeneHu 6cex 8ePULUH UEMHbLE U UMEEMCA TOMS Ov. 00HO pebpo, codep-
AHCUM YUKA.

JokazarenbcTBo. JleiicTBUTENIHFHO, HAYHEM C TTPOU3BOJIBHOTO pedpa €1, COeIUHSIOINIEr0 BEPITUHBI vy U v1. B cuiy
YETHOCTH CTENEHW BEPIIWHBI ¥1, CYIIECTBYeT pebpo e # €1, COeMUHSIONEee v, ¢ HEKOTOPOH BepIimHOM vy. Ecau v
COBIIAJIA C Vg, TO MOJy4duau nuki. lHage mpogoskaem mporecc. B cuity KOHEYHOCTH YHCIa BEPINUH, HA HEKOTOPOM
mare 00aBJIeHHAS BEPIIUHA COBIIA/IET C OJHON M3 yKe MMEIONIUXCS, U MbI ITOJy9UM HCKOMbINA ITUKJI. O

Bepremcst k JjokazarenbcTBy TeopeMbl. Tak Kak MbI mpe/anoaaraeM, 910 rpad G CBS3eH U B HEM UMEETCsl He MeHee
AByX Bepiuut, T0 G comepRuT 10 Kpaitneit mepe oaHo pebpo. Torma, no nemme [1.15] B G comepkurcsi HEKOTOPBI
ks Cp. Beiknays Bee pebpa mukia C; n3 E(G), BHOBL TonyunM Tpad, CTErneHn BepINH KOTOporo deTHbl. Ecin
B MOJy4eHHOM Tpade OCTAIUCh Pedpa, CHOBA MPUMEHUM JIEMMY u mocrpouM Uk Cos. OTMETHM, 9TO IUKJIBI
C1 u Cy He umeror obumx pedep. Ilpomomzkas 3TOT mpouece, Mbl mpeacraBum MuOx)ecTBo pebep F(G) rpada G B
BUJIe onapHo Henepecekatomuxcs muoxecrs F(C;), rae C; — nocrpoennbie nukibl. Tak kak rpad G cBsi3eH, TO 1Jist
kax10ro mukiaa C; umeercs owmmdnbiii or vero nuuks C rakoit, uro V(C;) NV (C;) # 0 (ybeaurecs B 310M).

OpHako, KaxkIble IBa peOepHO HEMEePeCeKAMIUXCS I[WKJIA, WMEMOIINX XOTs Obl OIHY OOIIYI0 BEPIIHHY, BCETIA
00beTMHSAIOTCSA B OJIWH IIUKJI: JOCTATOYHO CTAPTOBATH C OOIIEll BEPITUHBI, MPONTH CHAYAJIA OJWH [IUKJI, & 3aTEM JIPYTOii.
Takum 06pa3oM, MBI TOCJIEIOBATEILHO OO0 beAuHNM BCe MUKJBI C; B OIWH U TOJYYIUM HIEPOB UK. O

3amaga 1.16. JlokaxkwuTe, 9TO €CJu B CBA3HOM rpade CyIeCTBYeT MapIIpyT, MPOXOIIIUil Yepe3 KaxkI0e pedpo B
TOYHOCTH OJMH Pa3, TO TUOO ITOT MAPIIPYT ABJSIETCS SATEPOBBIM ITUKIIOM, OO0 B rpade CyIecTBYIOT B TOYHOCTH JIBE
BEPIIMHbI HEYETHOH CTEIeHH, OCTAIbHbIE BEPIIMHBI UMEIOT YETHYIO CTEIEHb, & MAPIIPYT HAYMHAECTCS U 3aKAHYUBAETCS
B BEPIIMHAX C HEYETHBIMU CTEIEHAMU.

1.3 T'aMuabTOHOBBI rpadbl

OO6cynuMm eme OnHy 3a31a4y, CBI3aHHYI0 ¢ 00xogaMmu. [IpeasapureibHO JaauM HeOOXOAUMbIe OLPEIeIeHHs.

Ounpenenenne 1.17. Iuki Ha3bIBaeTCs NPOCIIBLIM, €CIIU BCE €0 BepUIMHBL (KPOMe II€PBOil U [OC/Ie/IHel) pasiud-
wbl. IIpocToit muk/, mpoxosiuii depe3 Bce BEPIINHBI rpada, HA3bIBAETCI 2GMUALMOHO8bM. ['pad, comepzkarmit
HEKOTOPBIH TAMUJILTOHOB IIWKJI, HA3BIBACTCS 2GMUABMOHOBHIM.



1.3. IT'aMuJIbTOHOBBI TPAHI. 9

3agaua 0 MOWCKEe raMWJIBTOHOBA, IWKJIA ObLTa mpemioxkena Y. [amunbronom B 1859 romy B dopme urpbi, KOTO-
pas mHazpBastach “Kpyrocsernoe nmyremtectsue’. Paccmorpum rpad, m300pazkeHHbIH Ha PHC. BePIITHHAM KOTOPOTO
OyzeM MpeICTaBIITh TOPOIAMU, & PeOpa — COeTUHSIONIIME TOPoIa, foporamu. Tpedyercs, HatdaB ¢ HEKOTOPOTO [OPO-
13 U [EePEex0/s OT OJHOIO rOPOa K JIPYrOMY [0 UMEIOLIMMCS JIOPOraM, MOCETUTh KaxK bl MOpO, POBHO OJMUH pa3 U
BEPHYTHCSA B UCXOIHBIIA.

Puc. 1.5: Urpa “Kpyrocsernoe myreriecrsue’, npeiiokeHHas y. ['aMuabroHoM.

ITpuBeem psii MPOCTHIX 3aMeYaHMIl.
(1) Kaxaprit raMuIbTOHOB Ipad> CBA3HBII.

(2) Hdobasnenue K raMusabroHoBy rpady IeTesb Wik yBeJUuYeHue KPATHOCTH ero pebep ocrasiiser rpad raMuibro-
HOBBIM.

(3) Eciu raMuIbTOHOB UK/ OPOXOJUT Yepe3 MeT/i0, TO B 3ToM rpade UMeeTcs POBHO OJHA BEPIIMHA; 00PATHO,
TaMUJIBTOHOBBI I'PadbI € OHOI BEPITUHOM — TO BCE OHOBEPITUHHBIE rPadbl, HMeIoIre OHy uin 60jee meTesb.

(4) Takum obpaszom, ecu raMusIbTOHOB rpad G comepxkuT Gojee OIHON BEPIIUHBI, TO HU OJUH €r0 TaMUJILTOHOB
[MKJI HE TPOXOAUT HU depe3 omuy merio. CaemoBarenbuo, rpad G, comepxkaimmii 00jiee OIHON BEPIIUHBI, —
TaMUJIBTOHOB, €CJIM U TOJBKO ecyiu rpad, moaydenubiii n3 (G BIOPACHIBAHWEM BCEX €r0 MeTejlb, — FaMUJIBTOHOB.

(5) Ecnu raMUJIBTOHOB IMKJI COAEPKUT /1Ba pedpa, COSNUHSIONMX OJHY U Ty ¥Ke Tapy BEpIIWH, TO Takoh rpad
“MeeT POBHO JB€ BEPIITUHBI; 00OPATHO, KaXK bl rpad, nMeromuii pOBHO [Be BEPIIWHBI U TAKOHN, YTO STU BEPIITHHBI
COEIMHEHBI HE MEHEe YeM JIByMsi pedpaMu, siBJIsI€TCS TaMUJIbTOHOBBIM.

(6) Takum obpaszom, eciau ramusibroHoB rpad G couepxur Gosiee ABYX BEPIIUH, TO B €rO 'AMUJIBTOHOB LIUKJI HE
MOTYT BXOIWTH JBA pedpa, COeTUHSIOMNUX OAHY U Ty e mapy BepinuH. CremoBarensuo, rpad G, comep:kamuii
0oJtee IBYX BEpINKH, — TAMHUJIBTOHOB, €CJIH U TOJIHKO ecyiu rpad, mosyuenHblit n3 G BEIOpACHIBAHUEM U3 KAXK 0T
cemeiicTBa pebep, COeMUHSIONNX OHY M Ty Ke [apy BEPINUH, BCeX pedep, KpoMe OIHOr0, — TaMUJIbTOHOB.

Taxum o6pazom, npousBoibHbIH rpad G, comep:kariuii He MeHee TPeX BEPIIHH, TAMUIBTOHOB TOT/IA U TOJIHKO TOTA,
KOTJIa TAMIJIBTOHOBBIM sABJgerca rpad G, nomydennniii u3 G 0TOpachbIBAHEEM BCEX METENb, a TAKKE BLIOPACHIBAHIEM
M3 KaXKJIOro ceMeiicTBa pebep, COeMHIONMX OJHY U Ty Ke 1mapy BepliuH, Bcex pebep, Kpome ogHoro. Ormerum, 4o
KasK bl Takoit rpad G’ ABIAETCS MTPOCTHIM.

Hmax, npu u3yueHuy 2aMUABITNOHOBBLL 2PaP08 MONHCHO 02PAHUMUINBCS NPOCTNHMU 2padamu.

IIpumep 1.18. IHoarvim epagpom K, HasbiBaercs npocroii rpad ¢ 1 BepLIMHAME, B KOTOPOM KaxK/ias 11apa BEPIIMH
CMEXKHA, T.e. JIIOObIe JBE PA3JINYIHBIE BEPIIUHBI COEIUHEHBI €INHCTBEHHBIM peOpoM. JIerko BumeTh, 4To mpu 1 > 3
KaxKIb1i oJTHBIH Tpad K, — raMuIbTOHOB.

OrTMernM, 9TO O CHX IOP HE W3BECTHO HU OJHOIO KPHATEPHUd, OIMHUCHLIBAIONIETO FaMUILTOHOBEI rpadbl. MHEOrounc-
JIEHHBIEe YCJIOBUS, SBJIAIONINECS 10 OTAEILHOCTH U HeOOXOAUMBIMU, WU J0CTATOYHLIME, MOXKHO, HAIIpUMep, HailTH
B [2] winu [3]. [IpuBesem u JoKazkem OJHO U3 STUX YCJIOBHIA.
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Teopema 1.19 ([dupax). ITycmo G = (V, E) — npocmot epad ¢ n > 3 sepwunamu. I[Ipednososicum, wmo cmenenu
eepwun zpaga G ne menvwe n/2. Tozda zpad G 2amuavmonos, 6 wacmmnocmu, epad G — céa3HbLE.

HoxkazarenbctBo. Ilycts v = vgvy -+ - vy — nyrh B rpade G, nMeonnii MAKCUMATIHLHO BO3MOXKHYIO JJIHHY CPEeIu
Beex myreit B G. Iokaxkem, ayro G comepxxkut npocroit muka C jaunbt £+ 1.

Tak kak n > 3, 1o crenenu Bepuiud rpada G we menbiie 2 u, 3ua4dut, £ > 2. Orcioga BoITekaer, 4To eciu B rpade
€CTh PedpPO VgVp, TO Vo7 - - - Vgly ABJISETCS IUKJIOM, KOTOPBIA MOYKHO B3Th B KadecTBe uckomoro C.

IMycts reneps vovy ¢ E. Tonoxum

X = {7],‘ VoVl € E}, Y = {’Uj TV € E}

ObparuTe BHUMAaHIE HA CIABUT WHEKCA B Onpeieennn MEoKecTBa X . 3-3a nero, Hanpumep, vg € X, HO vy, vp—1 & X.
Takzke JIerko BUJIE€Th, 9T0 Vg, Uy € Y.

SamernMm, 9TO KaxKaas CMeKHas ¢ vy BepiuHa w rpada G JIeKUT HA -, TAK KaK WHAYE WiV - -+ Uy — TOyTh B G
ArHbI £+ 1, 9TO MPOTUBOPEUNT MAKCUMAJIHHOCTH JJIMHBI yTH . Ternepb HETPYIHO MOHATH, YTO MHOYKECTBO BEPIINH,
CMEXKHBIX C U, U MHOKECTBO X COJepKaT OJMHAKOBOE KOJIMYECTBO 3JIeMeHTOB, T.e. | X | = degvg > n/2. AnasorudHo,
MHOKECTBO BEPIITHH, CMEXKHBIX C Ug, T.€. MHOXKECTBO Y , TAK¥XKe COJEPIKUTCS BO MHOXKECTBE BEPIIUH ITyTH 7, TOITOMY
|Y| = degve > n/2. Cnenosarensuo, | X| + Y] > n.

Teneps mokaxkem, 9To MHOXKecTBa X m Y mepecekaioTcs. HamoMHWM, 9TO BepImHa vy He TPUHAIIECKAT HU X, HI
Y, mosromy vy € X UY m, 3uaunt, X UY # V, orkyga | X UY| < n. Ho Toraa ecam 661 X u Y He mepeceKasncs,
TO BBINOJHATIOCH ObI paBeHCTBO | X UY| = |X| + |Y|. YuursiBas 10oKa3aHHBIE BBIIIE HEPABEHCTBA, MbI [OJIYYHIN ObI
n>|XUY|=|X|+|Y]| > n. CregoBarenbuo, muoxkecTBa X 1 Y mepecekaroTcs.

Mycrs v, € X NY. Panbine mbl nokazaiu, 4ro vy, vg—1 € X; Kkpome toro, vy ¢ Y. Iosromy 0 < k < £ — 1.

Uckombiit nukit C' crpouTest CaepyiommM 00pa3oM, CM. pHC. Cuadasia u3 vy BJOJb IyTH 7 UJAEM B BEPIIUHY
Vg, U3 Hee 1o pedpy vpve (OHO CYIECTBYET, TaK Kak vg € Y) WIeM B vy, 3aT€M IO 7y UJEM B OOPATHOM HAIPABJICHUU
U3 Uy B Vg1, HAKOHEIl, COEIUHIAEM Vg1 C Vg PeOPOM v11vp (OHO CyIlmecTByer, Tak Kak vi € X ). JIerko BuIeTh, 9TO
JnuHa nocrpoernoro mukaa C pasaa £+ 1. Kpome Toro, muki C' mpocToif, TaK KaK BCE €r0 BEPIIUHBI — 3TO BEPITHHBI
LyTHU 7y, KaXK/Jasi U3 KOTOPbIX (KpoMme IepBoil u nocijenseil) npoxoaurcs uukjiaoM C' POBHO OIMH Pa3.

Puc. 1.6: Ilocrpoenne nukia C'.

Jokaxkem renepb, 9ro muka C — raMuiibrOHOB. [Ipe/noioKuM MPpOTUBHOE, T. €. 9TO CYIIEeCTBYeT BepinuHa T € V,
4gepe3 koropyto C' ne npoxonur. Ilokaxkem, aro & nomxHa ObITH CMEXKHA ¢ HEKOTOPOI BepuinHoil v, u3 C. Heiicrsu-
TeJILHO, €CJIM 9TO He TaK, TO BHe Iukia C JIeXKNT BEPIINHA T U HE MEHee 9eM 7/2 CMEeXKHBIX C & BEDIINH, T.e. He MeHee
n/2 + 1 eprmaa. C 1pyroii CTOPOHBI, BEPINHHA Uy ¥ HE MEHee deM n,/2 CMEeKHBIX B vg BepHnH jexar B C, mosromy
C' conmepxur ue menee n/2 + 1 seprmnbl. Takum obpasom, B rpade G comepKurcsa He MeHee n + 2 > n BepIuH,
MPOTHBOPEYHE.

Nrak, x u HeKoTopas v, CMEXKHbI, U TOLJA ILyTh, 110J1y4eHHblil u3 TV, U C' BbIKu/bIBAHKEM JIIOOOI0 UX JABYX pebep
mukaa C, WHIWIEHTHBIX vUp, OyaeT nmerh agauny ¢ 4+ 1, 9TO TPOTMBOPEYNT TPEATOIOKEHNIO O MaKCHMaIbHOCTH £.
[Mony4yennoe mpoTMBOpEUYNE MOKA3BIBAET, YTO TaKas BEPINWHA, & HE CYIIECTBYyeT u, 3HAYUT, C' MPOXOIUT Uepe3 BCe
BepmmHbl Tpada G, 1. e. C' — raMuJIbTOHOB IIHKJI. U
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YupaxkHenus K riase 1

VYupaxxuenne 1.1. [lokaxkure, 9T0 B 11000# KOMIIAHUN UMEETCS HE MEHEE JIBYX UYEJIOBEK, Y KOTOPBIX KOJIMIECTBA
3HAKOMBIX OJIMHAKOBBI.

VYunpaxueunune 1.2.

(1) Topoma crpanbl coequnenbl apuaaunusgMu. VI3 cromuipl Boixomur 21 junus, u3 ropoxa Janbuuil — oana, a u3
KazKJIOTO M3 OCTAJbHBIX TOPOJOB — IO JABEHAANATH JuHHUN. JloKaxkuTe, YTO M3 CTOJHIBI MOXKHO JOJIETETH JI0
ropoaa Janbuuii (BO3MOXKHO, C TIEPECATKAMHY).

(2) Tokaxure, uro eciu B rpade UMEETCs POBHO JBE BEPIIUHBI HEUETHON CTENEH!, TO UX MOXKHO COCIUHUTH MapIIl-
pPyTOM.

(3) Typwucr, koTopbiii npuexana B MockBy Ha moesjie, BeCh JeHb TyJsl 1o ropomay. Iloyxunas ma Mame:KkHOM 1110-
A/, OH PENINJI BePHYThCA Ha BOK3aJ, CIedysd IO TeM YJIUIAM, KOTOpbIe y Ke IMPOXOANJ HedeTHOe UUCIIO Pa3.
JlokaxkuTe, 9TO TaKOe BO3BPAIIEHUE BO3MOXKHO.

VYupaxxuenwne 1.3. B komnanuu, cocrosieit u3 msaT 9€I0BEK, CPeIu JTIOObIX TPeX YeJI0BeK HANIYTCs B0 3HAKOMBIX
¥ [IBO€ HE3HAKOMBIX JPYyT C aApyrom. Jlokarkure, 4TO KOMIAHUIO MOYKHO PACCAIUTH 3a KPYIJIBIM CTOJIOM TaK, 9TOOBI
110 06e CTOPOHBI OT KAXKJOI'0 Y€JI0BEKA CHUJIEU €r0 3HAKOMbIE.

VYupaxxuenmne 1.4. U3BecTHo, 4T0 B KOMIIAHUU, COCTOSINEN HE MeHEE UeM U3 UYETHIPEX YeJIOBEK, KaKJIblil deJio-
BEK 3HAKOM HE MEHEe, YeM C MOJIOBWHOI MPUCYTCTBYOMUX. /JOKayKUTe, ITO MOKHO BHIOPATH W3 KOMIAHUU YETHIPEX
9eJIOBEK W PACCAAUTDH UX 3a KPYTJIBIM CTOJIOM TaK, YTO KAXKJbIA U3 HUX OyIeT CUIETh PSJIOM CO CBOUMU 3HAKOMBIMU.

Yupaxkuenue 1.5.

(1) B mapke “JIoroc” HEBO3MOKHO HANTH TAKOW MApIIPYT JJId OPOTYJIOK IO €r0 JOPOXKKaM, KOTODbIH HAYXHAETCS
¥ OKAQHYMBAETCS B OJHOM U TOM YKe TOUKE M KAXK/IYIO JOPOXKKY MapKa COMepKUT He O0see pa3a. /lokaxkure, 9410
HEKOTOPBIE JTOPOXKKHU MAPKa MPUBOIAT B TYIHUK.

(2) Bepruuna crenenu 1 nasbiBaercs sucsaweti. Csasubiii rpad 6e3 1UKI0B Ha3biBaeTcs depegom. Jlokaxkure, 4T0
B KaXKJOM JIEPEBE, COAEPIKAIIEM XOTsi ObI OTHO PEOPO, UMEETCsT BUCSIYAs BEPIITUHA.

Yupaxueunune 1.6.
(1) Bbruuciamre cOOTHOIIEHUE MEXK/y YUCJIOM BEPILUH U pebep MPOM3BOJILHOIO JIEPEBA.

(2) Aamunucrpanus napka “Jloroc” pemmiia IpoBecTH PEKOHCTPYKILUIO OCBelleHus mapka. [Io HOBOMy mpoexkTy
KaXK/Iblil 1IePEKPECTOK U TYNHK JOJI?KEH Oy/IeT OCBemaTbCd YeTbIPbMs CBETUJIbHUKAMU, a AJiesd, COeIMHSAIONIAs
JIBA MEPEKPECTKA WJIM TMEePEKPECTOK W TYMuK — M1ecThio. CKOJBKO CBETUILHUKOB OYIET YCTAHOBJIEHO, €CJIH B
mapke 18 mepekpecTKOB M TYIIHKOB.

Yupaxxuenune 1.7. Hacviuwerrvim y24e6000p000om HABBIBALTCS coennueHne yriaepona C', MMEIOIero BaJeHTHOCTD
4, w Boopona H , nMeIoIero BajeHTHOCTh 1, B KOTOPOM TIPH 33JaHHOM YHCJIE€ ATOMOB yTJIEPOIA COAEPKUATCS HAMOOIb-
1ee 9ucyio aTtoMoB Bopopoaa. Haiiaure dhopmysty HACBIIIEHHOTO yIJIEBOAOPO/IA, COMEPKAIIErO 1 ATOMOB yIJIepO/Ia.

VYupaxueune 1.8. JlokaxkuTe, 9TO €C/IA B CBI3HOM I'pade CyImecTByeT MapIIpyT, MPOXOAAIINHA depe3 Kaxka0e pedbpo B
TOYHOCTHU OJMH Pa3, TO JIUOO ITOT MAPIIPYT sIBJISIETCs IEPOBBIM ITUKIIOM, JTHO0 B rpade CyIecTBYI0T B TOYHOCTH JBE
BEPIIUHBL HEYETHOHN CTENEHU, OCTAIbHBIE BEPIIUHBL UMEIOT Y€THYIO CTEIEHb, & MAPLIPYT HAYMHACTCS ¥ 3aKAHYUBAECTCS
B BEPINMHAX C HEYETHBIMU CTEEHSIMU.

Yunpaxkuenune 1.9. Ha nup npu gsope Koposist ApTypa cobpajuch phIlapu, KOTOpbIe JTU00 APYIKAT, TUO0 BPAKIYIOT.
Okazsanock, 9To y KaxKJI0ro u3 phirapeil apy3eii 0obirne, vem Bparos. Jlokasars, 4To BosmeOHnK MepanH MoxkeT Tak
paccaauTh phIliapeii 3a KPYTJIbIM CTOJIOM, 9YTO CIPABA W CJIEBA OT KAXK/IOTO W3 HUX OyIEeT CUIETh APYT.



Jlekmms 2

TonoJjiornyeckue mmpocTpaHCcTBa, OPUMEPDI

ITnau. Ounpenesnenue Tononorun (AKCHOMBbL TOIOJIOIMU) U TOIOJOIMYECKOr0 IPOCTPAHCTBA, OTKPBITbIE MHOXKECTBA, 3aAMKHYThI€ MHOXKECTBA, CBOM-
CTBa 3aMKHYTBIX MHOXKECTB, 33JaHHE TOIOJOIUM 4YepPe3 3aMKHYThIE€ MHOXKECTBA, AHTUIUCKPETHAS TOIOJIOTH:A, JUCKPETHAsS TOIOJIOIUA, TOIOJOIUA
3apucCcKoro, NHAYIUPOBAHHAS TOIOJIOTHS, MOANPOCTPAHCTBA, METPUKA M METPUYECKHE HPOCTPAHCTBA, N30METPUYHbIE OTOOPAXKEHUsST METPUUECKUX
NPOCTPAHCTB M U30METPHU, CTAHNAPTHOE WJIM €BKJHAOBO paccTosinme Ha R, HOpMHPOBAHHBIE NPOCTPAHCTBA, METPDHUKA, MOPOXKIAEHHAS HODPMOH,
MPOCTPAHCTBA CO CKAJADHBIM MPOU3BEIEHUEM, HODMA, MOPOXKIECHHAs CKAJSADHBIM MPOU3BENEHHMEM, CTAHIADTHAS WJIH €BKJHA0BA HopMa Ha R™,
CTaHAAPTHOE MJIM €BKJIM/I0BO CKAJIsiPHOE LpoussejeHue Ha R™, MaHXeTTEHCKas HOPMa, MaxX-HOPMa, IPABUJIO 11apaJJIeorpaMMa, OTKPBITHIH U 3a-
MKHYTBIH IAP5I, & Takyke ¢depbl B MEeTPUIECKOM NPOCTPAHCTEE, METPUYECKAs TOIOJIOTHSA, CTAHLAPTHAA TOIOJOruA Ha R™, cTaHZAPTHAS TOIOJIOrUA
HA OTpe3Ke, CPaBHEHME TOMOoJIOruii, Gosee rpybast u 6ojiee TOHKAsA TOIMOJOTUN, OKPECTHOCTh TOYKH TOIMOJOTUYECKOr0 IMPOCTPAHCTBA, KPUTEPUH COB-
naaeHUsl IBYX TOIMOJIOTHUI, 9KBUBAJEHTHOCTb METPHUK M COBNAaJeHHe COOTBETCTBYIOIINX MM TOIOJOIUH, SKBUBAJIEHTHOCTh HOPM U COOTBETCTBYIOIIUX
UM MeTPHK.

OCHOBHI)IG TIOHATHUA MaTEMaTUYIECKOI0 aHaJInu3a, CKazKeM, IIpeaesl IIOCJIE€A0BAaTCJIbHOCTH UJIN HEIIPEPBIBHOCTH beHK—
AW, MOTYT OBITH CHOPMYIUPOBAHBI B TEDMUHAX OKPECTHOCTEH PACCMATPUBAEMBIX TOYEK. B KauecTBe TaKnuX OKPECTHO-
creit U® To4ek x OObIYHO PACCMATPUBAIOTCA UHTEPBAJIbL (T — €,z +¢), € > 0, cepeZHbl KOTOPbIX — BbIOpaHHAS TOYKA
x. Hanmpumep, mocie10BaTeIbHOCTD BEIIECTBEHHDBIX IHCEN L1, X2, . . . CXOAUTCI K YUCAY T, €CJIN JJis JII000H OKPECTHO-
cru U” Toukm x cymecrsyer N Takoe, 9TO mpu Bcex n > N Boimosusiercs &, € U®. U xe dyukmusg f: R — R
HeIpephIBHA, B TOUKE &, ec/n st 1060it okpecrroctu U (®) cymecrsyer okpectrocts U” Takas, aro f (U*) c Ul

MOXKHO pacCIIIpUTh CeMeicTBO OKpecTHOcTel U” TodeK T, pa3pelinB BLIOMPATh WHTEPBAJIBI, COAEPIKAIINE T HE
00s13aTEHHO B BHE cepeauHbl. [Ipum 3TOM JaHHBIE BBIIIE ONpPEIeeHds MPUBEAYT K TOMY Ke KJIACCY CXOSIIIXCS
[IOCJIeI0BATENHHOCTEl ¥ HENPEPbIBHbIX (DYHKIMI (IpoBEpbTE).

OrmMerum, 94T0 CEMERCTBO BCEX MHTEPBAJIOB, KAK OIPDAHMYEHHbIX, TAK U HE OIPAHUYEHHDBIX, HE 00JIA/IaeT PsIOM 110~
JIE3HBIX CBOﬁCTB, a UMEHHO, epecevIeHrne NMHTEPBAJIOB MOXKET OKa3aThCd MyCThIM, T.€. HE HHTEPBAJIOM, a O6’be,HI/IH€HI/Ie
HenepeceKalouxcss NHTEPBAJIOB TOXKEe HHTEPBAJIOM He sBjseTcd. Kcau pacmuputh nmonsTre okpectnoctu U®, paspe-
IIUB BBHIOMPATH HE TOJIBKO MHTEPBAJBI, HO M MPOU3BOJIbHbBIE UX OO0BEINHEHNS, TO, KAK HECTOXKHO IMPOBEPUTDH, 3AMEHNB
B OIIPEIETEHUN IIPEIENa W HEMPEPhIBHOCTH (PYHKIINNA WHTEPBAJILI Ha TAKWE OObETUHEHHsI, Mbl CHOBA TOJYIUM TE
JKE CaMble KJIACChl CXOJSIIMUXCs [I0C/IeA0BaTeJbHOCTel 1 HeupepbiBHbiX dyHkuuii (nposepbre). OnHAKO Tenepp 1o-
JIYIEHHOE CEeMeMCTBO MHOXKECTB OyIeT 3aMKHYTO OTHOCHUTEILHO 00beauHeHuii. Kpome TOro, ecim K 3TOMy CeMeilCTBY
ﬂ06aBI/ITb TyCcTO€ MHOZKECTBO, TO OHO TaKKe 6y;[eT 3aMKHYTO U OTHOCUTEJIbHO KOHEYHBIX HepecequI/H'/’I. HonyquHoe
CeMeiiCTBO MOAMHOYKECTB HA3BIBAETCA CIMAHIGPIMHOT MON0A02Ueli MATEMATHIECKOT0 AHAJIN3A, & JJIEMEHTHI ITOrO
ceMeliCTBa — OMEPBLMBLMU MHOHCECTMEAMU ITOI Tomoorud. IIpr 3TOM MHOXKECTBO BCEX HHTEPBAJIOB, TOPOXK TA0-
miee C IOMONIIbIO OIepanunu O6’be,HI/IHeHI/I§I BC€ OTKPbITbIE MHOXKECTBa (eC.T[I/I CYUTATDb, 9TO IIyCTOE€ MHO2KECTBO 110 Iy 1aeTCA
00beIMHEHNEM TTyCTOTO CeMEeCTBa NHTEPBAJIOR), Ha3bIBAETC 6a30t cmandapmHoti monoao2uu (CpaBHUTE C TeM,
Kak 6a3uC BEKTOPHOTO MTPOCTPAHCTBA TIOPOKIAET BCE BEKTOPHOE IPOCTPAHCTBO € TIOMOIIBIO JIUHEHHBIX KOMOMHALINIA).

Kak okasbIBaeTcsi, pacCCMOTPEHHbBIE TOJIBKO YTO CBOMCTBA CEMENCTBA MOJIMHOYKECTB SIBJIAIOTCS BITOJIHE JTOCTATOYHBI-
MU JIJIsl TIOCTPOEHUS CONEPKATENHHON TeOpur IpeenoB u HernpepbiBHOCTH. OBOOIIEHNe KOHCTPYKIUHA HA TTPOU3BOIIb-
HbI€ MHOZKECTBa IIPUBOAUT K OIIPEACTICHUIO TOIIOJIOTHYECKOI'O IIPOCTPAaHCTBA. MbI BBEZIEM COOTBETCTBYIOIIHE IIOHATHUA
1 IIOKazKeM, KaK KJ/IaCCUIeCKHE TEOPEMbl MATEMATHYECKOIO aHaAJIM3a BbITEKAIOT M3 aHAJIO'MYHbIX, HO CYIIECTBEHHO
0oJtee OOIUX yTBEPIKIEHUIA.

Kpowme TOro, MbI MPpUMEHNM PA3BUTYIO B ITOH JEKIIUA TEOPUIO B MOCTIEAYIONIAX JEKITUIX U I JTOKA3aTeTbCTBA
3HAMEHUTON Teopembl ZKopmana, yTBepKIAOIIEi, 9TO HEMPEPbIBHAS 3AMKHYTAsi HECAMOIIEPECEKAIOIIASICS KPUBAs HA
[JIOCKOCTHU pa3brBaeT IIOCKOCTh HA JIBE YacTh (OTMETHM, Y4TO JaxKe B CJydae, KOI/Ia KpUBas sBJIseTcs JIOMaHO, JOKa-
3aTEJIbCTBO OCTAETCH HETPUBUAJIbHBIM); U i (hopMyJibl Dilsiepa, OnUChIBAIOLIEH BaKHOE CBOCTBO rpadOB, KOTOPbIE
MOXKHO M300pa3UTh HA, €BKJINI0BON MJIOCKOCTH TaK, YTOOBI NX pebpa — HEMPEPBHIBHBIE KPUBbIE O€3 caMonepecedennii —
nepeCeKaJuCh JIUIIb IO KOHIIEBBIM TOYKaM; U JIJIA K.HaCCI/I(bI/IKaL[I/H/I JABYMEPHbBIX TPUAHTYJIUPOBAHHBIX HOBerHOCTefI.
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MBI criestaeM OdeHb KPATKOe BBeJIEHHE B OOIILyI0 TOMOJIOruio. Bojee JeranbHble KypChl TOMOJIOMMN MOXKHO HANTH,
nanpumep, B [4] u [5]. B [6] umeercs MmHOro MHTEPECHBIX 33/a4 KaK [0 TOHNOJIOTUH, TAK U 1O 6ojiee OOLIMMU TeMaM.
st 6oee riyGOKOro OCO3HAHMS CyTH Pa3HBIX TONOJIOIMYIECKHX OOBEKTOB Mbl PDEKOMEHJyeM 3ariaHyTb B 7], rae
CJIO?KHOCTH BOCIPDUATUA XUTPHIX CTPYKTYD IPEOJ0J/IEBACTCA HAIJIAJIHBIM NJIJIIOCTPUPOBAHUEM.

2.1 DjaeMeHThl TeEOPUU MHOXKECTB

Hamomuawnm ocHOBHBIE TIOHSTHS U (DOPMYJBI TeOpuu MHOXKeCTB. IIprHaIIeKHOCTD d1eMenTa & MHOXKECTBY X 0003Ha-
qaercs € € X, a TOT (PAKT, ITO MHOXKECTBO Y SBJISAETCS MOAMHOXKECTBOM B X — depe3 Y C X. PaBeHCTBO MHOKECTB
A = B o3Hau4aeT, 4TO OHU COCTOAT M3 OJHMX U TEX 2Ke 3JIEMEHTOB: ¥ € A < x € B. 9To omnpee/ieHne UCIO0JIb3yeTCs
JI7Isi TIPOBEPKHU CIIPABEIIUBOCTH PA3HBIX (PopMya. MHOXKeCTBO BceX 3/ieMeHTOB u3 X, y/IOBJIETBOPSIONINX CBOUCTBY
P, obbuno mumyT tak: {z € X : P}. Hampumep, MHOMKECTBO BCeX IEJBIX UNCes GOJBIMMAX 5 3aMUChIBAETCS Kak

{neZ:n>5}.
CeMeiicTBO MHOXKECTB, WHIEKCHPOBaHHOE MHOXKecTBOM I, obosnavaercs {X,}acr. KoHeunblit HaGOp MHOMXKECTB
X1,..., X, MoxHO 3ammcarh B Buge { Xy} wmn {X1,...,X,}; caernsrii Habop MHOXKECTB { X4 taen = { X022,

HA3BIBAIOT TAKXKE NOCACIO8AMEADHOCTNIDIO MHONCECTNE.
ITycre 3amano cemedicrBo muOXKeCTB S = { X4 }aer, a Takke Maoxkecrsa X u Y. HanmomauM onpenenenue psna
onepanuii HaJl MHOXKECTBAMHU.

o Ilepeceuenue mHoaHcecmes cemeticmea S:

ﬂSzﬂXa::{x:VaEI,xeXa}.

acl

[Tepecedenne aByx muokecTB X u Y obo3uagaercs X NY , a mepecedenne KOHEIHOTO YUCJIA MHOXKECTB X1, ..., X,
—4epe3 X1 N---NX,.

e Obsedunernue mMHoscecms cemeticmea S:

Us=Xo={2:3ael zeX,}.

acl

O0benunenue apyx Maoxkecrs X u Y obosnadaerca XUY , a o0beaquHeHne KOHEYHOIO YUCIa MHOKECTB X1, . . ., X,
—uepe3 X7 U---UX,.

e CewmeiicTBo { X, }acr, COCTOSIIIIEE 3 TTOIMHOKECTB X, MHOXKecTBa X, Ha3biBaeTcsi nokpvimuem X, ecim X =
UaecrXo- Ecin Y — nonmuoxecrBo X, To cemeiictBo { X4 }aer — noxpumue Y, ecin Y C Uyer X, Tommuo-
JKECTBO MOKPBITHsI, CAMO SBJIAIOIIEECS TMOKPBITHEM, HA3LIBACTCA NOONOKPHIMUEM.

o Jlexapmoeo npouseederue MHOHCECME cemeticmaa S:

H S = HXO‘ = {x: I = Uper Xo :Va eI, z(a) GXQ}.
acl

Kak u B ciayyae mocsienoBaTesibHOCTEH, BMECTO () THILYT X, ¥ HA3BIBAIOT -0 KOOPOUHAMOU SJIEMEHTA
r € X. Eciu muoxkecTBo A cocrouT nu3 aByX 3eMeHToB X1 u Xo, To X 3anuchiBaioT B Buge X1 X Xa, a €ro
sj1eMeHTbl — B Buje (21, x2), rae 21 € X1, a xo € Xo. B cayuae koneunoro A, nanpumep A = {1,...,n}, numyr
coorBercTBeHHO X1 X -+ - X X, u (T1,...,2y), x; € X;.

e Hecesasrnoe uau 0u3soHkmmHoe 0b6seduHeHUue MHOMHCECTNE cemeticmaea S — 310 00beMHEeHne MHOXKECTB
3TOTO CeMefCTBA MPU YCJOBUH, UTO UM OHU TIOTTAPHO He TTIePEeCceKaIOTCs, WM YK€ PACCMATPUBAIOTCS KaK Herepece-
KaIOIINeCs, T.e. KayKI0e MHOXKECTBO X, 0T0oXKIecTBAsOT ¢ {a} X X,. Eciam MHO)KecTBO X DaBHO AU3BIOHKTHOMY
00beIMHEHNIO €r0 HEMYCTHIX MOJAMHOXKECTB, TO TOBOPAT, 9T0 X Pa3buimo Ha ITH MOIMHONKECTBA, a CAMO CeMeii-
CTBO TTOAMHOXKECTB HA3BIBAIOT pasdbuenuem mHodcecmasa X.

o I'pagpux I'y omobpascenusn f: X — Y — sro noamuoxecrso B X x Y, cocrosiiee u3 Bcex map (as,f(x)),
reX,re. Iy = {(x,f(x)) tx € X}.

¢ Pasnocms mnoocecme X u'Y — sro muoxkectBo X \Y ={z € X :x ¢ Y}.



2.1. Dj1eMeHThI TeOPUU MHOYKECTB 14
o [InaY C X donoanernue Y do X — sro muoxkecrBo Y¢ = X \Y. Hacro B TeOpuu MHOXKECTB TaKOe JOIOJHEHUE
0603HATAIOT E, O/IHAKO B TOIIOJIONMH 3TO ODO3HAYEHME 3aHATO JJlsl JAPYroil onepauu (CM. HUXKE).
Nmeror MecTo ciepyoinue CBOWCTBA.
L] HepecequI/Ie n O6’beﬂI/IHeHI/Ie — KOMMYTATUBHBIC 1 aCCOIUATUBHBIE OTIEPAlTUN.
e JlucTpuOyTUBHBIN 3aKOH JJIs OObEIMHEHNS U TIEPECEICHIUS:

Xﬂ(U Xa> = U(mea), XU(ﬂ Xa> = ﬂ(XUXa).

acl acl acl acl

e 3akonnt ge Moprana
X\ (QLEJIXQ> = QI(X \ Xa), X\ (QIXQ) = gI(X \ Xa).

Ecmm Bee X, ABASAIOTCS TOAMHOXKECTBAMHU X , TO 3aKOHBI jIe Moprafa MOXKHO C(OOPMYIUPOBATH TaK: JONOAHEHUE
0o obsedurerus pasHo nepeceveruro donostenull, a donosHerue do nepecenenus — 0bsedureruro donosreHul.

Orobpaxkenue muoxkecrs f: X — Z Ha3bIBaeTCH

® UHBEKMUBHBIM WM 8AO0HCEHUEM, €CIIN OHO “He CKienBaer’ snemeHTsl: f(z) = f(y) & x = y;

® CIOPBEKMUSHBIM U 0MMOOPadHceHuem Ha, eciu 0o orobpaxkaer X Hasce Z, 1.e.Vz € Z3x € X : z = f(x);
® OUEKMUBHBIM WU 83GUMHO 00HO3HAWHBLM, ECJTH OHO OJTHOBPEMEHHO WHHLEKTHUBHO M CIOPbHEKTUBHO.

Mycrs f: X — Z — orobpazkenne muoxects, X, C X nns Bcex a € I, Zg C Z ans Beex B € J, Torma

o ;1 GHEKTHBHOIO orobpakenus f ompeneneHo obpammoe K HeMy orobpazkenue f~': Z — X mo dopwmyie

i) =r e 2= f(2);
o 11 A C X ero obpas f(A) cocront u3 06pasos f(a) Beex snementos a € A, re. f(A) = {f(a) :a € A};
e 06pa3 omobpasicenus f — 3ro obpa3 f(X) Bcero mHOXKecTBA X ;

® HMEOT MeCTO (POPMYJIBI:

f(UaEIXa) = Uae]f(Xa)7 f(ﬁaEIXa) - mae[f(Xa)
(mpuBeMTE IPUMED CTPOrO BKJIKOYEHMs BO BTOPOii (opmyie);

e npoobpas f~1(B) nodmroscecmea B C Z (ne mytarh cuMBOT f 1 ¢ 0b03HAUEHHEM 06PATHOTO OTOOPAKEeHHS)
— 3TO MHOZKECTBO Beex o € X, 06pa3bl KOTOPbIX IpuHayiexkar B, r.e. f~1(B) = {x €eX: f(x)e B} (ormeruM,
uro f~1(B) MoxkeT ObITH TYCTHIM);

® WMEIT MeCTO (hOPMYJIBL:

F N UpesZp) = Upes f 1 (Zs), f~ (NpesZs) = Npesf " (Zp);
e 11 B C Z semomnserca f~H(Z\ B) = X \ f~1(B);
e n1a A C X Bumonaaerca A C f~! (f(A)) (upuBeUTE IPUMED CTPOrOTO BKJIIOUEHUS ).

IMycrs X — mpoussosibHOe MHOXKeCTBO. CeMeficTBO BCeX MOAMHOXKECTB X Ha3biBaercs Oy.aearom X U uMeer
pasiunble obo3nadenns. Mpr 6ynem obozHauars Oyitean 2% . 1o obo3nadeHHe MOXKHO HHTEPIPETUPOBATE Tak. Ecim
X nY — MHO)kecTBa, TO X €CTeCTBEHHO PACCMATPHBATH KAK JIEKAPTOBO IIPOU3BEICHHE Her Xy, tne Xy, = X, a
Kazk bl ssement f ={...,z,,...} € XY conocrapiser Kax<ioil Touke y € Y HEKOTOPYIO TOUKY Ty € Xy = X n, Tem
cambIM, teMenTbl f u3 XY — 910 BceBo3MOzKHbIe orobpazkenus f: X — Y. Ecin oz 2 nOHIMATh MHOXKECTBO U3 IBYX
anementos {0, 1}, To kaskgas Touxa f € 2X — aro orobpawenme f: X — {0,1}, a KaxI0My TaKOMY OTOGPAYKEHMIO
cOOTBeTCTByeT moaMHOKeCTBO X5 = {x € X : f(x) = 1}. Ob6parHo, Kaxxa0My IOIMHONKECTBY Z C X COOTBETCTBYET
ero xapaxmepucmuyeckas gynuxuus f: X — {0,1}, rae f(x) = 1 Torga u rosbko Toraa, korga x € Z.

Kazknoe orobpazkenne muoxkects f: X — Z uHAyIUPyeT eCTeCTBEHHbIE 0TOOparKeHus OyJ/IeaHOB:
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e MpsiMOe 0TOOpaskeHwe, KOTOpoe Mbl OyZeM obo3HadaTh TOM ke OyKBoii f, conmocrasisieT kaxkiaomy A C X ero
obpas f(A) C Z;

e obparHOe oTOGpazKeHne, KOTopoe Mbl 6yneM 0603HaYaTh TOl ke OYKBOH f !, comocrasiger kaxuaomy B C Z
ero mpoobpas f~1(B) C X.

Cuieyromiasi akCMOMA BBI3bIBAET MHOIOYHUCJIEHHBIE CIIOPBI MATEMATHKOB, TAK KAK €€ HAJIUYUe MPUBOIUT K IEJI0-
My Dsi/ly MHTYUTUBHO HEOYEBU/HBIX DE3YJLTATOB, CKAaXKeM, TakuX, Kak uapajokc Banaxa—Tapckoro (06 yisoenuu
mapa). ITonbiTku 000#THCH 63 ITON AKCHOMbI TOPOJIMIM TAKUE HAIPABICHUS B MATEMATHKE, KAK WHTYWUIMOHU3M U
KOHCTPYKTHUBHU3M.

Akcuoma Bei6opa. ITycme S — npousdsosvroe cemeticmeo, sAemenmo, KOmopozo — nenycmaoie muootcecmea. Tozda
cywecmeyem omobpavicenue f: S — US makoe, wmo das kasicdoeo X € S sunoansemesn f(X) € X. Hnomu crosamu,
amo omobpascenue “svbupaem” u3 kaxcd020 muoscecmsas X € S HEKOMOPBLT €20 INEMEHM.

OrMeruM, 9TO TPU MOCTPOEHHUH TEKAPTOBA MPOU3BEIECHUS MHOXKECTB MbI MOJIb30BATNCH AHATIOTUIHON KOHCTPYK-

nueil, Ipu 3TOM aKCHOMa BbIOOPA TapaHTHPYET, YTO JIEKAPTOBO IPOU3BEIEHNE HEIIyCThIX MHOXKECTB HEIyCTO.

OTHolenue

Hamomuanm, 910 om+uoweHruem v medncdy mmorcecmeamu X u Y HaA3BIBAETCH KAXKI0€ TOIMHOXKECTBO JEKAPTOBA
mpomssesernd X X Y. B gactaocTH, rpaduk [y orobpaxenusa f: X — Y Apidgerca 9acTHBIM CIydaeM OTHOINIEHW.
Tpaguuuonno npunaiekHocTb napbl (x,y) € X X Y orHomenuto v 3anucbiBalor Tak: rvy. OrMerum, 4To, BoOOIIE
rOBOPsi, HE KaxK/1asl IIapa JIEMEHTOB HAXOIUTCS B 33/IJAHHOM OTHOIIEHUU. DJIEMEHTbI, KOTOPbIE HAXO/IATCS B OTHOIIIEHUH,
Ha3BIBAIOTCS CPABHUMDBIMU, & KOTOPHIE HET — HECPABHUMDBLMU.

Ecmn X =Y, To v Ha3biBaeTcsa omuoweruem Ha mHodxcecmee X . OrHorenne v Ha X HA3BIBACTCA

o pedaercusHbIM, eciu TVT I BeeX © € X
® CUMMEMPUYHBIM, €CTTU TVY BIIEIET YUT;
® AHMUCUMMEMPUYHBIM, €CTTH TVY U YUT BIEYET T = ¥;

® MPAH3UMUBHBIM, €CIIN TVY U YVZ BJIEHET TVZ.

DKBUBAJIEHTHOCTD

PediiekcuBroe, ciMMeTpUYHOE U TPAH3UTUBHOE OTHOIIEHUE HA3BIBAECTCH dK6UBaAeHmMHocmbro. Ecin v — sxBuBa-
JIEBHTHOCTH HA MHOXKeCTBe X, n € X, TO MHOXKECTBO Bcex y € X Takux, 970 Ty, 0003HAINM [Z] 1 HA30BEM KAGCCOM
akeusanenmmrocmu v asemenma x. Cremyioas TeopeMa JI0Ka3bIBAETCS C CTAHAAPTHBIX KypCcaX TEOPHUH MHO-
JKECTB.

Teopema 2.1. Ilycmb v — omuoweHue IKEUBAACHIMHOCTIU Ha MHodtcecmee X , moeda
o Odas wavicdozo x € X umeem [x] # 0;
e Odas Kaoicdozo y € [z] umeem [y] = [z];
o dan Kasicdozo y & [x] umeem [y] N [x] = 0.

Taxum obpazom, muoocecmeo X /v := Uwex{[m‘]} aeasemcsa pasbuenuem muoscecmsea X . Obpammo, xascdoe pasbu-
enue P muoorcecmea X nopoocdaemca sK6UBAAEHMHOCTIIONW V'

TVY Mo2da U Moabko mozda, k0204 T U Y AEHCAT 6 00HOM 2iemenme pasdbueHus P.

Bameuanne 2.2. B reopeme 2.1 mpr 3amnceisam pas6uenne X /v B Buge Uyex {[2]}. D10 memanocs aust roro, arober
npn [z] = [y] MOy IUTH TOMBEKO OAMH d1eMenT MHOKeCTBA X /1 33 cuer ouesnanoro coorromenns { [z] }U{[y]} = {[]}.
Takum o6pasom, X /v — 5TO KOJLIEKIMS IONAPHO PA3INIHBIX KIACCOB SKBUBATCHTHOCTH V.

Kaxxjas 9KBHBAJIEHTHOCTD I Ha MHOXKeCTBe X TOPOXKIAET KaHOHUvecKyro npoekyuto m: X — X/v, m: x — [x].
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ITopsimok

PeditekcuBroe, aHTUCHMMETPUYHOE U TPAH3UTUBHOE OTHOIIECHUE HA3BIBACTCI NOPAIKOM WA YACTNMUYHBLM NOPA]-
KOM, & MHOKECTBO, HA KOTOPOM 33JIaH TOPSIOK — YNOPAIJOUEHHBIM MHOHCECTIEOM UIIH YACTMUYHO YNOPsdo-
YeHHbM MHOIAHcecneom. OTHOIIEHNE TTOpsiAKa JacTo obo3HavaoT 3HavkoM <. Ecim x < y, TO roBOpAT, YTO X
MeHbWe UAU paseH Yy, Win 4To y boavwe uau pasen x. llocnennee 3amuceiBaior Tak: y > . Ecom x < y u
x # y, TOo UIIyT T < Y WIK Y > & U TOBOPAIT, 9TO T MeHbWE Y, a Yy boavwe x. VHOrma, KOrga XOTar moI9epKHY T
OTCYTCTBHE PABEHCTBA, JOOABJIAIOT CJIOBO “‘CTPOro’, T.e. CMPO20 MeHbuwe UIn cmpo2o boavuwe. Ecin na MHOXKE-
CTBE 33/1aH HEKOTOPBI TPAIUIMOHHBIA HOPAJOK, KAK, CKA2KEM, HA MHOXKECTBE BelIeCTBEeHHbIX YHCEeJI, TO JJid JIPYyroro
HOPAJIKA 9aCTO UCHOIb3YIOT CUMBOJBL =X, <, =, >.

IIpumep 2.3. IlpuBemem HEKOTOPHIE TPUMEPHI YIIOPSIOUEHHBIX MHOXKECTB.

o MuoxkecTBO BeleCTBeHHbIX 4ucejl, B KOTOpOM I S Yy TOrJa U TOJIbKO TOr/Zla, KOrga Yy — T — IIOJIO2KUTEJIbHOE
YUCJIO UJIN HOJIb.

e Bynean 2% muoxecrsa X, B koropom A < B, eciu u ToibKO eciiu A C B.
e MHuokecTBO HaTYpaabHBIX dnces N, B KOTOpOM m < 7, CJIH U TOJBKO €CJIA N JIeJTUTCS Ha M.

Ecau kaxknasa mapa 3JeMeHTOB CPABHUMA, TO TIOPSIOK HA3LIBACTCS AUMEUHbiM. OTHCAHHDBIA BbINIE MOPSIOK HA
BEIIECTBEHHBIX YUCJIaX R SABJISETCS JIMHEHHBIM.

Kaxkaprit mopsiiok WHAYIUPYET YACTUYHBIA TOPSI0K Ha KaXK/IOM TOJAMHOYXKECTBE YIOPSIOYEHHOrO MHOYKECTBA.
Ecnu naayn@poBaHHbI TOPSAI0K HA MOIMHOXKECTBE — JIMHEHHBIH, TO 3TO IIOJAMHOXKECTBO HAZBIBACTCA UENbIO.

DJIeMEHT, JIJIsI KOTOPOr0 HET OOJIBIINX €r0 3JIEMEHTOB, HA3BIBACTCI MAKCUMAALHBIM, a IJEMEHT, JIJisd KOTOPOro
HET MEHBIIUX €r0 3JEMEHTOB — MUHUMGABHbIM. OTMETHM, 9TO0 MAKCUMAJbHBII ¥ MUHUMAJbHBIA 3JIEMEHTbl HE
00s13aHbl ObITH CPABHUMBI CO BCEMH OCTAJbHLIMA. EcCin e MaKCUMAIbHBIAH (MUHUMAJIBHBIN) 3JIEMEHT CPABHUM CO
BCEMU OCTAJIbHBIMHU, TO OH HA3BIBAETCH HAUOOAbUWUM (COOTBETCTBEHHO, HAUMEHbUWUM ). IlycTb A — NOAMHOXKECTBO
YACTUYHO YHOPSJIOYEHHOro MHOXKecTBa X (C MHIYUUPOBAHHBIM HOPSAKOM). DjemeHT x € X Ha3biBaercs eeprHel
2panvro das A, ecnu juis sioboro a € A Bemonaserca a < x. Ciemyromuit pe3yibrar, IKBUBAJIEHTHBIH aKCHOME
BBIOODA, UIPAET OYEHD BAXKHYO POJIb B PA3HBIX Pa3/e/1ax MATEeMATHKU.

Teopema 2.4 (Jlemma Ilopua). ITycmo X — wacmuuno ynopadoueHHoe MHONCECTNEO, 6 KOMOPOM Y KaHcIOT Uenu
umeemces 6epruai epans. Tozda das kascdozo x € X cywecmsyem marxcumarvhoiti 6 X asemenm M maxoti, umo x
u M cpasHumst u, 3navum, r < M.

C momorrpio semmbl Llopra MoXKHO, HaTpUMep, TOKa3aTh CyniecTBoBaHne baduca lamens st TPOM3BOJIHLHOTO
JIMHEHOrO TPOCTPAHCTBA, T.€. JUHEHHO HE3aBUCHMOIO CeMeHCTBa BEKTOPOB (KayK/I0€ KOHEYHO IOIMHOMKECTBO ITOrO
ceMeiiCTBa JIMHEHO HE3aBUCKHMO) TAKOIO, YTO KAXK/IbIii BEKTOD sBJI€TCH KOHEUHON JIMHEeHOl KOMOUHAIMEl i BEKTOPOB
9TOro cemeiicrBa (yCJIOBUE TIOJHOTHI).

IIpusenem ere ouH BaXKHbBIH PE3yJILTAT [IPO YIOPsIOYEHHBIE MHOKECTBA, SKBUBAJIEHTHBII akcuome Bbibopa. Muo-
JKECTBO C MOPSITKOM Ha3bIBACTCS 8NOAHE YNOPAIOUEHHBLM, €CITU TTOPSIIIOK JTUHEHHBIH, N B KaXKJIOM HEMyCTOM MO/
MHOXKECTBE MMeEeTCS HamMeHBITit ssreMeHT. Takoit MOpsAIOK HA3BIBAECTCA TLOAHBLM.

Teopema 2.5 (Ilepmeso). Ha scarom muooicecmee moscho 66ecmu oAbl nopadox.

W nest BBeIGHNMST OTHOTO TIOPSIIKA MIPUBOIUT K MOCTPOCHUIO MPAHCHUHUMHOU UWKAADBL T OTIPEICITICHII0 MPAHC-
durnummot undyryuu (06o0Ia0IIEH OOBIYHYIO WHYKITHIO).

2.2 Tomosornvecknue NpocTPaHCTBA

Hycts 7 C 2% — mekoTopoe ceMeifcTBO MOAMHOKeCTB MHOKecTBa X, T.e. T = {U, : Uy C X}aer. Cemeiictio T
HazbIBaeTca monoao2ueti na X, ecd OHO Y/I0BJIeTBOPSAeT CAeAYIOINIUM GKCUOMAM TNOTLOAO2UL:

e nycroe MHOxkecTBO () 1 Bce X aBnsiorca snementamu T, T.e. §, X € T3

e s so6oro J C I somonnsiercs Uye U, € T (ceMeiicTBO T 3aMKHYTO OTHOCUTEJIbHO OObeJAMHEHUs, T.e. 00b-
ejuHeHue JII00ro Habopa JEMEHTOB U3 T SABJISETCH JIEMEHTOM T);

e i sio6oro KoHeuHoro J C I soimonasiercs Nae U, € T (ceMelicTBO 7 3aMKHYTO OTHOCUTEJIbHO KOHEYHBIX
nepecedeHuil, T.e. nepecedeHue JO0ro KOHEYHOro Habopa JIEMEHTOB U3 T SABJISETCS JIEMEHTOM T).
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MuozkecTBo X, Ha KOTOPOM 33/IaHA TOIOJIOIUS T, HA3BIBAETCH 1MOTN0A02UYECKUM NPOCTMPAHCMEOM, 3 IJIEMEHTHI
TOMOJIOTUU HA3BIBAIOTCS OMEKEDPBHLMBLMU MHOHCECTNEAMU.

JononHeHnst 10 OTKPBITBIX MHOXKECTB HA3BIBAIOTC 3GMKEHYMbIMU MHoHcecmeamu. Tak kak X = X \ 0 u
@ = X \ X, TO X n (Z) ABJIAIOTCA OAHOBPEMEHHO M OTKPBITBIMH, U 3daMKHYTbBIMU MHO?>KECTBaAMU. CeMeﬁCTBO BCEX
3aMKHYTBIX MHOXKeCTB Oynem obo3nadarh F. Takum obpasom, F = {F, : F,, = X \ Uy, U, € 7}. Eciin Ha MHO)KecTBe
X paccMaTpuBaeTcs Kakas-TO OJHA, TOMOJIOTHs, TO 9aCTO, JJIsi YA00CTBA, 3Ty TOMOJOTHIO OymeM 0003HAYATh depe3 Tx ,
a COOTBETCTBYIOIIEEe CeMEHCTBO 3aMKHYTBIX MHOXKECTB — depe3 Fx.

Tak Kak JAoNOJHEHHE 0 O0bEIUHEHNs] PABHO MIEPECEYEHHIO TOTIOJTHEHUT, a JOMOJHEHHE JI0 epecevdeHne — 0Obe -
HEHWIO JONOJHEeHui, cemeicTBo F = {F, }aer 3aMKHYTBIX MOAMHOKECTB X YJIOBJIETBOPSAET CJELYIONMM CBOHCTBAM:

e nycroe MHOXkecTBO () 1 Bce X apnsrorca snementamu F, r.e. ), X € F;

e Jyis Jiio6oro koHedHoro J C I sbuionusercd Uye g Fy, € F (cemeiicrBo F 3aMKHYTO OTHOCUTEIbHO KOHEYIHBIX
o0beuHenuil, T.e. 00beIUHEeHNE JTI000r0 KOHEYHOTO YUC/Ia, JIEMEHTOB U3 JF ABJIAeTCS d1eMeHToM F);

e yia yioboro J C I sumonusierca NyegFy € F (cemeiictBo F 3aMKHYTO OTHOCHTENHHO MEPECEUCHUI, T.€. mepe-
cedenne 0600 HabOpa 37eMEHTOB U3 F SABJIsAeTcs djeMeHToM JF).

Sameuanmne 2.6 (337aH1e TONOJOTAN 3AMKHY THIMU MHOKECTBAMHU ). 13 CKA3aHHOIO BBIIIE BHITEKAET, 9TO JJ1s 3a/IaHUs
TOTIOJIOTHUU MBI MOXKEM OIIPEIEeIUTh CEMENCTBO, YA0BJIETBOPAIOIIee TEPEUNCIeHHBIM CBOHCTBAM 3aMKHYTHIX MHOXKECTB,
¥ TOTJIA IOMOJTHEHHUsT IO dTHX MHOKECTB OyIyT 0Opa30BLIBATEH TOIIOJOTHIO.

IIpuBenem nmpumepsr TOMOJIOTHIA.

Ilpumep 2.7. Ilycrs X — mpomssombHOe MHOMKeCTBO. Crieyonmue TOIMHOKECTBA B 2% ABIAIOTCH TOMOTOTHAMHI HA
X (uposepbre):

e anmuduckpemnas mononozus 7, = {0, X };

e duckpemmnas monoaozus Tq = 2%;

e mononozus 3apuccrozo 7. = {U C X : |X \U| < oo} U{0};

® 1yCTh 1 — GECKOHEYHOE KAPIMHATBHOE UHCIO0 U Top = {U C X : [ X \ U| <n} U {0};
® 1yCTh N — GECKOHEYHOE KApAMHAIBHOE UHCI0 U T<, = {U C X : [ X \ U| < n} U {0}.

IIpumep 2.8 (Uuayuuposannas tonojorus). Ilycts Y — npou3BoibHOE TIOAMHOKECTBO TOIOJOIMYECKOrO IIPOCTPAH-

crBa X. llomoxxum
Ty:{YmUaZUa GTx},

TOIJIa Ty — TOIOJIOTUsl, KOTOPast HA3BIBAETCH UHAYUUposarHot ud X . Eciu He 0OroBOpeHo mpoTUBHOE, TO [0 yMOJI-
YaHUIO Ha KAYKIOM IMOJIMHOXKECTBE Y TOMOJIOIMYECKOrO MPOCTPAHCTBA X Oy/IeM pacCMaTpUBATh UMEHHO WHIYITUPOBAH-
HYIO TOMOJIOTHIO. KCIM MBI XOTUM MOIIE€PKHYTh, 9TO MOJAMHOXKECTBO HAJEIEHO WHIYIIMPOBAHHON TOMOJIOTHEH, Oyaem
Ha3bIBATH 3TO IOJIMHOXKECTBO Y ModnpocmpaHcmeom 6 X.

Sameuanue 2.9. OTmeTnM, 9TO OTKPHITHIE MHOKECTBA B MH/YIMPOBAHHON TOMOJIOTUH HE OBA3aHbI OBITH OTKPBITBIMA
B TONOJIOrHU 00BbeMITIONIEro npocrpancTsa. Hanpuvep, ecin X = {z,y} — AByXTOUY€YHOE MHOKECTBO ¢ AHTHAUCKPET-
Hoit ronomormedt 7x = {0, X}, a Y = {y}, To B maaynuposannoii ma Y tonomormm Ty mHOXKEecTBO {y} =Y N X —
OTKDBITO, XOTA B OOBEMITIONIEM TIPOCTPAHCTBE X TAKOTO OTKPBITOTO MHOKECTBA HET.

IIpennoxenue 2.10. Bce omkpuimovie nodmMHoHceCmea nodnpocmpaHcmens Y MONOAOZUYECKO20 NPOCTPAHCMEa X
omkpumvL 8 X, eCAU U MOALKO eCAU Y — 0MKEPLIMoe NodmHoscecmso 6 X .

HdokazaTesbcTBo. IlycTh BCe OTKPBITHIE TOIMHOYKECTBA TOAMPOCTPAHCTBA Y OTKPBITHI B X . Tak Kak Y — OTKPBITO
B Y, 10 Y Takxke MOKHO OBITH OTKPBITHIM U B X .

ObparHo, mycts Y otkpeito B X. Tlo onpemenennto WHIYITUPOBAHHOM TOMOJIOrHH, KaXKI0e OTKPHITOE B Y MHOXKe-
crBo V pasuo Y NU aysa wekoroporo orkpsiroro B X muoxkectsa U. Ho nepecedenne OTKPBITHIX MHOXKECTB OTKPBITO,
nodromy V =Y NU — orkpeito B X. O

Paccmorpum BarkHBII pUMED TOMOJIOMMYECKUX IIPOCTPAHCTB.
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2.2.1 MeTtpudyecKkme mpoCTPAaHCTBA

Hanomunm, uro dyukius p: X x X — R nassiBaerca mMempurot Ha X, ecyn fjist JIOObIX &, Y, 2 € X BBIIOJTHAIOTCS
CJIeTYIOTINE YCITOBHST

e p(x,y) >0, upuuem p(x,y) = 0, ecsiu U TONbKO eciu & = Y (IOJIOKUTEIbHAS OLPEIEJIEHHOCTD);
e p(x,y) = p(y, z) (cUMMETPUYIHOCTD);

e p(x,y) + p(y, z) > p(x, z) (HEpaBEHCTBO TPEYTOJBHUKA).

MHuoxkecTBo X, Ha KOTOPOM 33]aHA METPHKA p, HA3BIBAETCSA MEMPUECKUM NPOCMPAHCTMEOM, & BeTnanHa p(x, y)
— paccmosruem mexncdy moukamu r u Y. [IomMHOKECTBO METPHUECKOTO MPOCTPAHCTBA, HAJEIEHHOE TON Ke
METPHUKO, HA3BIBAETCA TOOTPOCTNPAHCINGOM, a €r0 METPUKA — UHIYUUPo8aHHot. Yacro ObiBaer ya06HO (U MbI
510 OyJeM JeaTh) PACCTOSHUE MEXKJLy TOYKAMU T ¥ Y 0D03HAYATH |Ty|, HE3ABUCHMO OT TOrO, B KAKOM METPUYECKOM
MPOCTPAHCTBE OHU JIEIKAT.

Orobpakenne f: X — Y Merpudeckux 1MpOCTPAHCTB HA3BIBACTCH U3OMEMPULHBLM, €CIIH OHO COXPAHSIET Pac-
crosmus: |f(z)f(2')| = |va’| ans mobeix , 3’ € X. Jlerko BUIETH, UTO M30METPUUHOE OTOOPAYKEHHE WHBLEKTUBHO,
U KOMIIO3UIMs U30METPUYHBIX OTOOpayKeHuii Toxke m3omerpudna (yoemurech B 3ToM). V3oMerpuynoe GHEKTUBHOE
OTOOpaskeHne HA3BIBACTCS udomempueti. ZICHO, ITO TOXKICCTBEHHOE OTOOpAKEHNE, & TaKKe 00PATHOE K M30METPHH
SIBJISIIOTCS MU30METPUSMU. Ecim MeXy MeTPUYECKUM MPOCTPAHCTBAMHU MMEETCs M30METpHUsi, TO 9THU MPOCTPAHCTBA
HA3bIBAIOTCH U3OMEMPULHBLMU.

IIpumep 2.11. Ha mo6om mHOKecTBe X MOMKHO BBECTH METPHUKY, IMOJOXKHUB PACCTOSHUSA MEXKIY PA3HBIMA TOUKAME
paBabiM 1. /IBa TaKWX MPOCTPAHCTBA M30METPUYHBI, €CJIM U TOJBKO €CJIU OHM PABHOMOIIIHBI.

IIpumep 2.12. [Ins npou3BOJIbHBIX TOYEK & = (T1,...,Tn) U Y = (Y1,...,Yn) apudMeTHIECKOro npocTpancTsa R™
HOJIOZK M

lzy| =

Ilonyvennas dpyHKIUs MOJI0KUTEIHLHO ONpe/eneHa u cuMmmerpudna. Huke mMbl nmpoBepuM, 4To 318 (DYHKIHUSA TAKKe
VAOBJIETBOPSIET HEPABEHCTBY TPEYTOILHUKA, CM. TIPUMED Takum 06pa3oM, MbI OMPEIETUIN METPUKY, KOTOPASs
Ha3bIBAETCS CMAaHIAPMHBIM NN €8KAUI08bM paccmosruem Ha R™. [Insan = 1310 paccTosiHue MeXK/1y TOIKaMu
x u y paBHO |r — y|. Moxuo nmokasarb, 4ro orobpaxkenue f: R™ — R™ gpjsgerca u3omerpueil jjisg e€BKJIUIOBOIL
METPHUKH, €CJIH U TOJIBKO eciii oHo umeer Bujl f(x) = Ax + b, tae A — oproronanbhas marpuna, T.e. A'A = FE, ab —
IPOU3BOJIbHLIN BekTOp 13 R™. 3nech £ — enunuunas marpuna, a A — mMarpuna, nosydeHHas TPaHCIOHAPOBAHHEM

A.

HopMmupoBaHHBIE ITPOCTPAHCTBA

Baxkubiit gacTHBI caydaii METPUK Ha BEKTOPHBIX MPOCTPAHCTBAX 3aJAI0TCS C HCIOJb30BAHUEM MOHSTHS HOPMBI.
[IpuBesemM cOOTBETCTBYIONIME OMPEIETEHS.

IIycts V' — BekTopHOEe mpocrpanctBo. Oyukmms x — ||z||, © € V, maspBaerca Hopmot, ecimu s moboro A € R
7 JI00BIX T,y € V BbLITIOIHSETCS

e ||z|| > 0, mpuuem ||z| = 0, ecm 1 TosbKO eciu ¢ = 0 (HOJIOKUTEIbHAS ONPEJETIEHHOCTD);
e ||Az| = |\ ||z]] (momoxkuTeNbHAS OAHOPOIHOCTD);
o llo+yll < llzll + Iyl (cySamprmsmocrs).

BekTOpHOE IPOCTPAHCTBO, Ha KOTOPOM 33aHa HOPMA, HA3BIBACTCS HOPMUPOSAHHBIM.

IIpennoxkenue 2.13. IIycmo V. — nopmuposannoe npocmpancmeo. Jas xaoconz x,y € V noaoorcum p(x,y) =
|z —y|. Tozda p — mempura na V.

HoxkaszarenbcTBo. IIpoBepum, 9TO p yI0BIETBOPSIET BCEM OIPEIEIISIONUM CBOMCTBAM METPUKH.

ITonoorcumenvran onpedesennocmo: p(z,y) = ||z —y|| > 0, upuuem p(z,y) =0 & z—y =0, re. z =y.
Cummempuunocmo: p(z,y) = ||z —yll = | = 1 ||lz —y|| = ly — || = p(y, ).
Hepasenemoa mpegeononuna: p(z,5) + p(y, 2) = o —yll + ly — 2 > &~y +y— 2l = & — 2l = pla,2). O

Merpuky p U3 npemIoKeHus Oy/JeM Ha3bIBATH MEMPUKOTL, NOPOHCIeHHOT HOpMOT || - ||.
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HpOCTpaHCTBa CO CKaJIAPDHBbIM IIpOuU3BeJeHueM

HekoTopble HOPMBI IIOPOXKIAIOTCA €Ie OMHONH KOHCTPYKIHMEH, KOTOpas HA3bIBAETCA CKAJAPHBIM IIPOH3BEICHIEM.
ITycts V' — BekTOpHOE pocTpancTBo, 1 V x V — R — orobpaskenne (x,y) — (z,y), obramamolmee ciaeayoilmumMu
CBOMICTBaMU: JJIs JIIOOBIX X, Y, 2 € V 1 BEIIECTBEHHBIX A, fi BBITIOJHAETCS

e (z,z) >0, mpuuem (x,x) =0, ecam u ToabKO ecan z = 0 (MOJTOKUTENBHAS OMPEIETEHHOCTS );
e (z,y) = (y,z) (CHMMETPUIHOCTD);

o (Ax+ py,z) = Mz, 2) + uly, z) u (z,\x + py) = Mz, z) + plz,y) (OuanHerHOCTS).

Taxoe 0TOOparKEHNEe HA3BIBAETCA CRAAAPHBIM NPOU3EEIEHUEM.

IIpennoxenue 2.14. Ilycmv V — 6exmopHroe npocmparcmeo, Ha Komopom 3a0aHO cKaraproe npoudsederue. Tozda

dynryua na V, cmasawas 6 coomeememeuu xastcdomy sexmopy € V wucao ||z| := /(x, z), aeasemca nopmod.
HokasaresbcrBo. IIpoBepum, uto || - || yAoBiaeTBOpsieT BeeM OMpeAesionuM CBORCTBAM HOPMBI.

Ionootcumenvhasn onpedesennocmo: ||z|| := 1/{x,x) > 0, upuuem ||z|| =0 < (z,2) =0 < = =0.

Honrootcumenvnas odnopodnocms: || Azl =/ (Ax, Ax) = |A| 1/ {z,x) = |A] ||z
IIpexx e 9em POBEPHUTH CYOAIIUTUBHOCTD, TOKAZKEM CIIEILYIONLYIO JIEMMY.

JIemma 2.15 (Hepasencrso Komm-Bynsakosckoro). Jaa awbwz x,y € V ewnosnsemea }(x,y)’ < |zl - lyll-

dokazaTesbcTBo. Kak MBI y2Ke q0Ka3a/Iu, /I BEIIECTBEHHON MepeMeHHol ¢ hyHKITHsT
f@t) = llz+tyl* = (& +ty, o +ty) = ||2]* + 2z, y)t + [ly|*t?

HeoTpuIaTeabHA TpH Beex t. Tak Kak f(t) — KBaIpaTHBIA TPEXUIEH OTHOCHTEIBHO ¢, TO €r0 HEOTPHIIATEILHOCTH TIPH
BcexX t paBHOCUJIbHA TOMY, YTO JIETEPMUHAHT HEIOJIOXKUTEJEH, T.€.

{x,9)? = ll=[I*ly]* < o,
970 U TPebOBaIOCh. O
Cybaddumusenocmsv: u3 nemmsr 2.15] caemyer, 9ro
2
lz +yl* = ll2l* + 2(z, ) + lylI* < 2 + 2]lllllyll + Iy]* = (||~T|| + IIyII) ;
OTKY/[d MTHOBEHHO BBITEKAET CyOAIIUTUBHOCTD. O

Hopwmy || - || u3 npenjokenns OyzleM Ha3bIBATH HOPMOTl, NOPOHCIEHHOT, CKAAAPHBIM NPOU3BEIEHUEM
<'7 >
IIpumep 2.16. PaccMoTpuMm BaKHBIM YacTHBIN ciaydail, korma V = R", a ckajggpHoe mpow3BeleHne BEKTOPOB
z = (z1,...,2) B Y = (Y1,...,Yn) umeer sux (z,y) = > ., 2;y;. Takoe ckansipHOoe HpomM3BeeHue OyaeM HA3bI-

BaThb CMAHOAPMHBIM U €6KAUI08BIM. VI3 TIpeIIoKeHNs MTHOBEHHO BBITEKAET, YTO QYHKIWS & — 4/ (T, x)

SIBJISIETCST HOPMOI. DTy HOPMY MBI Oy/1eM Ha3bIBATh cmandapmmoli nin eskaudosoti. Takum o6pa3oM, eBKIHIOBO
cKajispHOe mpou3BesieHre Ha R™ MOpOXK/IaeT eBKJIUIOBY HOPMY, KOTOpas, B CBOIO O4Y€Pelib, MOPOXK/IAET EBKJIUIOBO
paccrosiHue.

IIpuBenem ere Ba BasKHBIX MpuMepa HOPM Ha R”™:
o |[(z1,. .- zn)|| = 20y |2i| (Mamxerrenckas mopuma);

max{|z1|,...,|z,|} (max-nHopma).

d H(xlavxn)H
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3ameuanne 2.17. He Bcsikas HOpMa Ha BEKTOPHOM MPOCTPAHCTBE V TOPOKIAETCS CKAJISIPHBIM TIPOW3BEICHUEM.
Yro6bl B 9TOM pazobparbCs, IPEANOIoKUM, 9TO HOpMa || - || 3a1aerca ckaasapHbiM npousseaenueM (-, -). s BeKTOpoB
x,y € V paccmorpuMm “mapasmesorpaMmm’, HATAHYThIH Ha TO9KH 0, , & + Y, Y W BBIUYACIUM CyMMY KBaJIpaTOB JIJIH

x2 97

ero “muaronaneii”, r.e. ||x + y||* + ||z — y||?. Vmeem
lz +yl* + Iz —ylI* = (& +y, 2 +y) + (& —y,x — y) = 2l|z[* + 2[|y]*.

Tak Kak y mapaJuiejjorpaMMa CTOPOHA JTaHHOM JIJIMHBI BCTPEUAETCS JBAYKIbI, MbI 3aKJ/II0YAEM, YTO B PACCMATPUBAE-
MOM CITy9ae CYmMma K6adpamos dium duazonanetl pasha Cymme Keadpamos OAUuUH CMOPOH. JTO YCIOBUE HA3BIBAETCH
NPABUAOM TLAPAANEAOZPAMMA.

[Tokaxkem, 910 Max-HOPMG He 3adaemcs CKaArApHbLM Npoudsedenuem. i TPOCTOTHL PACCMOTPUM CIydail 1mIoc-
koctw ¥ mosioxkuM 2 = (1,0) m y = (0, 1), Torma IJWHBI IaroHajeil COOTBETCTRYIOIIETO MapajljieiorpaMMa PaBHBL 1,
a JJIMHBI CTOPOH — TOXKe 1, M Tak Kak 2 # 4, He BBINOJIHAETCsS chOPMYTUPOBAHHOE BBIIIE TPABUJIO MapaJjlIeIorpaMmMa.

3ameuanune 2.18. OrmernM, 9TO MPABUJIO MAPAJLIETIOTPAMMA, ABJISIETCS KPUIMepuem, T.e. HeOOXOIUMBIM U JOCTa-
TOYHBIM YCJIOBHEM IIPEACTABUMOCTUA HOPMBI C IIOMOINBIO CKAJIAPHOI'O IPOU3BEACHUA, CM. HAIIPUMED [9]

ITTapsr u cdepbl
IIycrs X — merpuueckoe npocrpancrso, ¢ € X, ar > 0 u s > 0 — Bemecrsennble ducsaa. Torga

& OMKPHLIMBIM WAPOM C UEHIMPOM 8 T U paduyco./w S Ha3bIBae€TCA MHOXKECTBO

Us(z) = {y e X :lzy|l < s};

® 3AMKHYMBIM WAPOM C UEHITMPOM 8 T U paduyco.M, 7 HAa3bIBACTCA MHOXKECTBO

By(z)={ye X :|ay| <r};

e chepoli ¢ ueHmpom 8 r u PaduYcom 1 HA3BIBAETCS MHONKECTBO
Sp(x)={y € X :|zy| =r}.
3ameuanune 2.19. Kaxnas m3oMerpusi MKy METPUYECKAM MPOCTPAHCTBAME MEPEBOIUT IIAPHI U CPEPHI B MAPHI
u cephl ¢ COXpaHEHUEM PaIUyCOB.

3ameuanne 2.20. Brime, B npumepe [2.12] MBI roBopman 0 TOM, KaK yCTPOEHBI M30METPUHU €BKJINIOBOH METPHUKH.
B cnyuae merpukm, 3aJaHHOR NPOM3BOIBHON HOpMOH, meopema Masypa—Yaama yTBEPKIAET, 9TO W30METPUH
f makxke zanarorca dopmynoit f(x) = A(x) + b. 3uecs A — nmneiinoe orobpakenue, nepepoisias cdepy Si(0)
OGUEKTUBHO HA cebsd. DTO yCJIOBUE PABHOCHILHO OuekTuBHOCTH [ M TOMY, 410 A coxpaHsier HOpMY (LIOKazKuTe 3TO).
To, urto caBurn sp(x) = x + b ABISIOTCS N30METPHUSIMHU, TIPOBEPSIETCST COBCEM JIETKO:

|su(@)sp(@”)| = llsp(@) = sp(@)]| = [la + b — 2" = b|| = |za|.
Nmeercst MHOTO J0Ka3aTelbCTB TeopeMbl Madypa—Yiaama, cM. Hanpumep [§].
3ameuanune 2.21. Samevyanus u MIPUBOJIAT K CJIEIYIOIIEMY Pe3yJbTaTy: B HODMHUPOBAHHOM IIPOCTPAHCTBE

V mapsr u cdepsr ¢ neaTpom B £ € V monydaiorcs u3 mapoB u cdep ¢ mearpom B 0 CIBUTOM HA X.

2.2.2 MeTpuyecKkasd TONOJOTUSA

Ha merpuyeckom npocrpancrse X MMeeTCs CTAHIAPTHAS MEMPUYECKAR TMONOAO2US, KOTOPAs ONPEIEIAETCA TAK:
U C X cuuraercsa OTKPBITBIM TOIJA U TOJILKO TOI/A, KOI/a s Kaxka0il Touku ¢ € U cymecrsyer s > 0 takoe, 410
Us(x) C U. Jas mycTOro MHOYKECTBA 3TO YCJIOBHE CYMTAETCS TAKXKE BBHIMOJHEHHBIM (TPOBEPHTE, UTO OMPEIEJIEHHOe
TOJIKO 9TO CEMENCTBO MOAMHOKECTB X sIBJISIETCS TOIOJIOIHEN ).

Ilpeniioxkenne 2.22. B mempuueckom npocmparcmee X

(1) omxpumut wap Us(x) — omrpoimoe mHodtcecmeo;
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(2) samrnymud wap B(T) — 3amKnymoe MHOM#CECTNEO;
(3) cpepa S, (x) — samrnymmoe mHoocecmeo.

lokazarenbcTBO. Bepem npoussosbhyio T09ky y € Us(x). Mbl JO/KHBL TI0KA3aTh, YTO HEKOTOPBIA OTKPBITHIIH
map Uy(y) comepxkurcs B Us(z). Homoxum t = s — |zy|. Tak kak y € Us(z), ro |zy| < s, mosromy ¢ > 0. Hns
pousBosbHON Touku z € Ui(y) no HepasencrBy TpeyrosibHuka umeeM |zrz| < |zy| + |yz| < |zy| +t = s, nosromy
z € Us(x) u, 3uauut, U(y) C Us(x).

TMokaxkeM, uro gomnosuerne Y := X \ B.(z) orkpbsiTo. Bepem mponsBosbHyto Touky y € Y. Mbl HOJKHBI
MOKa3aTh, 9TO HEKOTOPHIH OTKpHITHIA map Ui(y) comepxurcs B Y. Iomoxum ¢ = |zy| — r. Tak kak y ¢ B.(x),
o |xy| > 7, nosromy t > 0. Hdusa npoussBosibuoil Touku z € Ui(y) IO HEPABEHCTBY TPeyroibHUKA umeeM |rz| >
|zy| — |yz| > |zy| — ¢t = r, mostomy z & B,.(z) u, smauut, Uy(y) C X \ B.(z) =Y.

Eciu r =0, ro S, () = B(z) u, 3uauur, S,(x) 3amxuyro 1o uysxry (2). Ecau xxe r > 0, 10, CHOBa 110J102KUB
Y := X \ B,(x) n BOCIONB30BABINCE OTKPHITOCTBIO Y, momynm, ato S, (z) = X \ (Uy(z) UY) — 3amknyToO. O

3ameuanmue 2.23. [lo onpemenernio, Kaxkma0€ OTKPBITOE MHOXKECTBO B METPHUUECKONH TOMOJOTHH TPEICTABIISIET CO-
00l 00beUHEHNE OTKPBITHIX MapoB. B cuny mpenmoxenns [2.22] BepHO u 00paTHOE: KAXKI0€ 00 beINHEHNE OTKPBITHIX
MMAPOB ABJISIETCS OTKPBITHIM MHOXKECTBOM. Takmm 0Opa30M, TIPUXOAWM K IKBHBAJECHTHOMY OIMCAHWIO METPUIECKOM
TOTIOJIOTHHI: OMEPLIMBLMU MHOHCECNBAMU 8 MEMPUBELCKOT MONOA02UY ABAAOMLA 8 MOYHOCNU BCEBO3MONCHBLE 006-
edunenus OMEPLMBLT Wapos (NYCmoe MHOHCECTNEO — MO 00BeUHEHUE NYCTNO020 CemelicmEa Wapos).

IIpumep 2.24. Cmandapmnas monoaozus Ha R™ — 310 COOTBETCTBYOIIAs METPUIECKAs TOMOJIOTHS JJIs €BKJIU-
JOBOU METPUKHU, OIIPeJesIeHHON B 1IpuMepe m VMmenHo 3T0# TOMOIOTHEH MOJIb3yeTCsad MATEMATUICCKAN aHAN3 I
OTIpeIeJIeHUsT CXOIUMOCTH TIOCJIEIOBATEILHOCTEH U HEMPEPbIBHOCTH (GyHKIM. ECn He OroBOpEHO MPOTHBHOE, TO MO
YMOJTYaHUIO MBI CIUTAEM, YTO TOMOJOTUA Ha R MMEHHO CTaHmIapTHA.

IIpumep 2.25. Cmandapmuas monoaozus Ha ompeske [a,b] C R Moxker ObITH ONpe/esieHa SKBHUBAIEHTHBIM
00pa3zoM Tak (IpoBepbTE KBUBAJIEHTHOCTH IPUBEIEHHBIX HUXKE ONPEIe/IeHuUi ):

® 3TO — METPHUYECKAs TOMOJIOTHS [JIs CTAHAAPTHON (DYyHKIIUU PACCTOSHUS MEXKIY TOYKAMU;
® 5TO — TOIOJIOIHs, UHIYIUPOBaHHAS Ha [a, b] u3 crangapTHOR Tomojoruu Ha R.

Bajgaua 2.26. IlokazknuTe, 9TO KarxKI0e OTKPHITOE MHOXKECTBO Ha mpsiMoii R mpemcrasisier coOoit 00beInHEHHe He
0oJiee YeM CUETHOTO YHCTIA HEMEPECEKAIOMMXCS HHTEPBAIOB, KAK OrPAHNIEHHBIX, TAK W HEOrpaHWIEeHHBIX. [loKkazkuTe,
9TO KaykK/I0€ OTKPBITOE MHOXKECTBO HA OTPE3KE IMPEJCTABUMO B BHAe OObeauHeHHWs He 0ojee 9eM CIeTHOrO UhCIIa
HelepeceKarnmmuxcd MHOXKeCTB, KOTOPbIE MOI‘yT 6bITb nJjim nHrepBaJjiaMu, UJjim HOJ'IyI/IHTepBaJIaMI/I C KOHIIaMHW B KOHIIAX
OTpe3Ka, U BCEM OTPE3KOM.

CpaBHeHnue TonoJsormii

Paccmorpum MuEOXKECTBO Ty BCEX TOMOJIOTHIA, ONpeIeeHHbIX Ha MHOXKecTBe X . Ecnu mis 71,70 € Tx BbIIOJIHSETCS
71 C To nam 7o C 71, TO TaKUE TOIIOJOIUN HA30BEM CPAGHUMDBIMU, THAYE TOIOJIOI'UU HECPaAB8HUMBDL. Ecim 7 C T2,
TO TOBOPSIT, UTO T1 2pybee To, a To — MOoHbWe T1. JICHO, 9TO camasi rpydast TOMOJOTHST — AHTHINCKPETHAS, & CaMast
TOHKas — auckperHas. [IpuBegem mpocToii, HO 9acTO 0OJIErdaroIIuii MTPOBEPKY, KPUTEPHl COBIIAIEHUS TOMOJIOTHIA.
OxpecmHoOCMB0 MOYKU TOMOJOTTIECKOTO TPOCTPAHCTBA HA3BIBAETCA KAXKI0€ OTKPBITOE MHOYXKECTBO, COIEepIKa-
mee 3Ty TquyE OKpecTHOCTh TOYKHU & MbI, KAK TPaBUIo, Oyaem obosnadars B suge U®, V¥ u 1.a. Ecau Mbr xoTnm
OTMETUTb, 4TO okpecTHOCTb U” paccMmarpuBaercs B TOIOJIOIME T, TO TAKyI0 OKPECTHOCTb Oyiem obo3nauarb UF.

Ilpenmoxkenne 2.27. Tonosozuu 71 u To, 3adanmbie Ha mHodcecmee X, co8Nadaom, ecau u MoAbKO ecal 0l
Kaocdoti mouku © € X GuMOAHAOMCA CAEOYOULUE YCAOBUML:

® das moboti oxpecmmocmu UT - cywecmeyem oxpecmuocmoy UL makas, wmo UL C UY , u obpammo,

T1?

o das 060t oxpecmuocmu UT cywecmeyem okpecmuocmy UL makas, wmo UL C UL .

IMmeerca Gosee obiee ompejieTeHre OKPECTHOCTH TOYKH. A MMEHHO, OIpe/ieJeHHbe HAMU OKDPECTHOCTH HA3BIBAIOTCA OMEDBIMbLMU,
a IO OKPECTHOCTHIO IMOHHUMAIOT KaK0€ MHOXKECTBO, COAEPIKAINee TOUKY BMECTE C HEKOTODPOH OTKPBLITOH okpecTHOCTHIO. Mbl He Oymer
HMCIOJIB30BATE 9TO 0ojiee 00IIee OIPEe/IeHre W OPAHUYHMMCST OTKPBITBIME OKPECTHOCTSIMH, KOTOPBIE IJIsI KPATKOCTH Oy[eM Ha3bIBATh
IPOCTO OKPECTHOCTAMU.
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HokazaresbcrBo. Ecmu 71 = 7o, To UL = U7, yAOBIETBODPAIOT yCIOBHAM Ha OKpecTHOCTH. [IycTh Teneps BuImoOHS-
FOTCs yCJIOBUS HA OKpecTHOCTH. Toraa ajis Kaxmoro orkpsiroro U C 7y U KaXKI0# ero To9ku & MHOXKecTBO U sBisiercs
OKDECTHOCTBIO T, O3TOMY, B CHJly yCjioBuil Ha okpecrnoctu, cymecrsyer U C U. Ho rorpa U = UgyeyUZ, — or-
KPBITO B T, TaK KaK O0beJUHEHUE OTKPbBITHIX MHOXKECTB — OTKPbITO. VTak, Mbl goKa3a/u, 4ro 71 C To. AHAJOrMYHO
JIOKa3bIBAETCS M 0OpATHOE BKJIIOUEHWE, &, 3HAYMUT, IMEeeT MECTO PABEHCTBO T = Ta. O

ITokaxkeM, KaK MOXKHO NPUMEHHUTD IIPEIJIOKEHIE Ilycth p1 W py — METPWKWM, 3aJaHHBIE HA MHOXKECTBE X .
TOBOPAT, YTO METPHKA P IKEUBAAECHMHA METPUKE po, €CJIU CYMIECTBYIOT MOJIOXKUTEIbHBIE BEIIECTBEHHBIC YUCIa A
U [l TAKHE, 9TO JJid JMOObIX 7,y € X BBINOJHACTCS

Ap2(z,y) < p1(z,y) < ppa(z,y).

Tak Kak OMUCAHHOE BBIIIE YCJIOBHE PABHOCUIBHO 1/1 p1(z,y) < pa(z,y) < 1/Api(x,y), To MeTpuKa py TaKKe SKBUBA-
JIEHTHA METpHKe p1, T.e. COPMYINPOBAHHOE YCIOBHE CUMMETPUUIHO, TIO9TOMY B CJIy9ae BBIMOJHEHNsI JTI000TO U3 IBYX
YCJIOBHIT TOBODSIT, ITO METPHKH IKGUBAACHMHDL.

IIpenmnoxenue 2.28. Ha a0bom muoocecmee X 9K6UBAAECHIMHOIE MEMPUKY 360a10M 00UHAKOBDLE MONOA0EUU.

HoxazaresbcTBo. IlycTh 7; — TONOIOrHS, TOPOXKIEHHASA METPUKOIl p;, a V¥ 0603HaTaeT OKPECTHOCTh TOUKH T € X
B Tonojiornu 7;. Yepe3 UFi(z) 0603HAUMM OTKPBITHII [Iap pajnyca 7 ¢ IEHTPOM B & B METPHKE p;. JIOKa3aTesbCTBO
BBIBEJIEM U3 TPEJIJIOKEHU ST @ IOKa3aB, YTO [Ijist IPOM3BOIbHOM TOuKM = € X KaKJasd OKPECTHOCTb V% comepKuT
HEKOTOPbBIA OTKPbIThI mwap UP?(x) u, aHAJIOrMYHO, KaXkK/as OKPECTHOCTh Vfg COIEPZKAT HEKOTOPBIA OTKPBITHIN IIap
UPt(x). IlpoBepum mepBoe yTBEPXKICHUE.

TTo ompeneseHn0 METPUYECKON TOMOJIOTHH, CYIIECTBYeT OTKPHITHIH map UP!(x), comepxkammiicss B VZ. Tak kax
p1(z,y) < ppa(z,y), o yenosue pps(x,y) < r Biaeder pi(z,y) < r, OTKyIa

U (@) ={yeX :pi(z,y) <r} D{y e X :ups(z,y) <r} = Uf/QM(:L'),
nosroMy Jig s = r/p semonugerca Vi D UL (x) D UL (x). O

3amaua 2.29. Ilpusenure npumep AByX HEIKBUBAJIEHTHBIX METPUK HA OJTHOM U TOM 2K€ MHOXKECTBE, 33/IaI0IINX OIHY
U Ty K€ TOLIOJIOI'UIO.

ITycre ma BekTOpHOM mpocTpancTBe V' 3amanbl ase HOPMEL || - || u || - ||2. ToBopsar, uro HOpMa || - |1 9xeuea-
AEHMHA HOPME || - ||2, €CIIn CYNIECTBYIOT MOJIOKNTEIBHbIE BEIIECTBEHHBIE YHCIA A U (1 TaKWe, YTO s goboro x € V
BBITIOJTHAETCA

Mizlle < flefl < pllzlle-

Kak u B ciyyae merpuk, onucanHoe Bbiuie yciaoBue papHocuibao 1/u||z]1 < ||z|l2 < 1/A||z||1, nosromy HopMma || - |2
TAK2KE 9KBUBAJICHTHA HOPME ||-||2, T.€. CPOPMY/IMPOBAHHOE BbILIE YCIOBUE CUMMETPUUHO, TAK YTO B CJLy1a€ BHLIOIHEHHSL
m060ro U3 IBYX YCIOBHUS FOBOPST, UTO HOPMBI 9KGUBAAEHMMHbBL. JIETKO BUNETDL, UITO HOPMbE IKEUGAAEHITIHL, €CAU U
MOABKO €CAU COOMBEMCMBYIOULUE UM MEMPUKY skeusarenmus (yoeaurech B 3ToM). Takum 0Opa3oM, IPUXOAUM K
CJIEYIOIEMY DE3yIbTaTy.

Caenctsue 2.30. Ha a060m sexmoptom npocmpancmee V. aK6usaieHmubie Hopmbl 3600a10M 00UHAKOBBLE MONOAO2UL.

3ameuanmne 2.31. Kak Oymer BbISICHEHO HUXKE, HA KOHEYHOMEDHOM BEKTOPHOM IMPOCTPAHCTBE JIOOBIE JBE HOPMBI
SKkBUBAJIEHTHBI. Takum 06pa3oM, BCe HOPMbI HA, KOHEYHOMEPHOM IMIPOCTPAHCTBE MTOPOKIAIOT OJMHAKOBBIE TOIIOJIOTHN.
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YupakHeHus K rijiaBe 2

VYopaxkuenune 2.1. IIposepbre, 94T0 ceMeicTBA MHOMKECTB, KOTOPbIE Mbl HA3BIBAJIN TOMOJOTHEH 3apUCCKOrO, UHILY-
IUPOBAHHOU TONOJIOTUEN U METPUYECKON TOIOJIOTUel, JeiCTBUTE/IbHO YAOBJIETBOPAIOT BCEM aKCHUOMAaM TOIIOJIOTHUH.

Yupaxxuenwune 2.2. [Ipeamonoxkum, ato p: X X X — R — cuMmmerpuvHas moI0KUTEILHO ONpeeieHnas OyHKINA,
yaoBserBopsomas p(x, z) < max{p(x,y), oy, z)} Juist Beex x,y, z € X.

(1) okaxure, uro p — MeTpuKa (OHa HA3BIBAETCH YALMPAMEMPUKOT, a COOTBETCTBYIOIIEE METPUIECKOE IIPO-
CTPAHCTBO — YALMPAMEMPUMECKUM).

(2) Y6eaurech, 9T0 KaXKAbIii “TPEYroIbHUK LYz ABJIIETCH PABHOOEIPEHHBIM, IIPUYEM €0 OCHOBAHUE HE [TPEBOCXOIUT
60k0BOI1 croponbl. MHbiMu cioBamu, cpeau tpex paccrosuuil p(z,y), p(y, z), p(x, z) ABa paBHBL APYT APYTY, &
TPEThE — HE MPEBOCXOJIUT ITUX JIBYX.

(3) Obparure BHUMaHKE, YTO B IIPUMEPE OIIPEIEIEHO YALTPAMETPHYIECKOE IIPOCTPAHCTBO.
(4) Yb6enurech, 4To KaxKas TOYKA JHOOOrO IIapa ABJISETCH €ro IEHTPOM.

(5) Tlokakure, 9TO eciu ABa IIapa MEPECEKAIOTCs, TO OAWH W3 HUX COAEPKUTCS B IPYroM (B YaCTHOCTH, IIAPbI
MOI'YT COBIIAJIATh).

(6) ITokaxkure, 9T0 KaXKIBIA MIAD HEHYJIEBOIO PAJUYCA OJHOBPEMEHHO U OTKDBIT, U 3AMKHYT.

(7) Tokaxure, uro Kaxgoe Gojee YeM OIHOTOYEUHOE MOJMHOXKECTBO Pa30MBaeTCs Ha JBa HEIYCThIX MHOXKECTBA,
OTKPBITHIX B MH/YMPOBAHHON TOIOJIOrMU (HUZXKE TAKUE IIOJMHOKECTBA Mbl HA30BEM HECBA3HBIMU).

(8) Iycrs G = (V, E) — npocroii cBsasublii koneunbiii rpad. [Ipunumem kaxaomy pebpy e € E 1oioxuresbHoe
qucio w(e) — eec pebpa e. Becom w(vy) nymu 7 B rpade G HA30BeM MAKCUMAaJIbHBIA U3 BECOB e€ro pebdep.
Hns Bepumn v # w o0603uadmm (2(v, w) MHOKECTBO BCex mmyTeil, coemunsommx v u w. [omoxum p(v,w) =
min{w(y) : v € 2(v,w)}. Takxe a5 Kax10il BepmmEbr v € V momoxum p(v,v) = 0. Tlokaxnre, 910 p —
YABTPAMETPUKA, W YTO BCE KOHEUHBIE YJIbTPAMETPUYECKHUE TPOCTPAHCTBA MPEICTABUMBI B TAKOM BH/IE.

VYuopaxkuenne 2.3. Ilycte X — merprueckoe mpocTpancTBo, a B(X) — IHHeHHOe MpOCTPAHCTBO OrPaHUIEHHBIX
dbynxmuit ma X, T.e. Taxux oTobpaxkenuit f: X — R, uro sup, X| f (x)’ < 00. DTO TOCJIe/IHEE YHUCIO0 HA30BEM SUp-
HOpMmoU ynkyuu [ u 06o3naunM || f|]so-

(1) Tokazkure, 910 || - || oo — AeiicTBUTENBHO siBAsIETCS HOpMOTE. CooTBercTByIOMY0 DYHKIMIO paccTosiuns Ha B(X)
0003HAYNM AHAJIOTHIHBIM 06pa3oM: |f¢leo = ||f — gllco-

(2) BoiGepem MpoM3BOJIBHYIO TOYKY Zo € X, u i Kaxka0il rouku & € X paccmorpum dbyukimio d, : X — R, 3a-
nauuyio tak: dy(y) = |zy| —|zoy|. [lokaxkure, aro s1a dyHKIMs OrpaHUYeHa, a TAK¥Ke 4TO OTOOpaKeHue T — dy
I30MeTPHIHO: |dydy|oo = |2y|. DTO OTOOpazKenue Ha3bIBaeTCsa 8a0vcenuem Kypamosckozo. Takum ob6paszom,
Ka2KJI0€ METPUIECKOE IIPOCTPAHCTBO MOXKHO PaCCMATPUBATH KAaK IIOJMHOXKECTBO JIMHEHHOIO HOPMHUPOBAHHOIO
MTPOCTPAHCTBRA, & €r0 METPUIECKYI0 TOTIOJIOTHAI0 — KaK WHAYIUPOBAHHYIO U3 3TOTO JIMHEHHOTO HOPMUPOBAHHOTO
MTPOCTPAHCTBA.

YupaxxkxHenue 2.4.

(1) Yro upezncrapisor coboil KDyrd HA MAHXETTEHCKOI 1JI0CKOCTH U ILJIOCKOCTH € MAaX-HOPMOW?
(2) Jdokaxkure, 470 MAHXETTEHCKAs [JIOCKOCTh U IJIOCKOCTh € MAaX-HOPMOIl M30METPUYHBL.

(3) Uzomerpuunsbl jiu TpeXMepHbIE IPOCTPAHCTBA ¢ MAHXETTEHCKO HOPMOI U max-HOPMOii?

Yupaxkaenue 2.5. Ilycts p — merpuka Ha MHOKecTBe X . s KaxK10i napel Todek x,y € X mojoxum d(z,y) =
min{ p(z,y), 1}. ITokaxkure, uTo d — meTpuka Ha X, 337a0MIas Ty YK€ CAMYIO METPUYECKYIO TOMOJOTUIO, 9TO U p.

Yuparxuenmne 2.6. [lokaxnre, 970 KarXK10€ OTKPHITOE MHOXKECTBO HA mpsiMoit R npecrasisier coboit 00benHeHne He
6oJiee YeM CYETHOIO YHCJIa HEIEPEeCEeKAONNXCS NHTEPBAJIOB, KAK OIPAHWYEHHBIX, TAK U HeOrpaHWYeHHbIX. [lokaxnTe,
9TO KaXKJ/I0€ OTKPBHITOE MHOXKECTBO HA OTPE3KE IPEJCTABMMO B BHe OObeduHeHus He OOJiee 9eM CYETHOIO YUCIIa
HEIIEPECEKAIOIINXCA MHOXKECTB, KOTOPbIE MOI'YT ObITh UJIM MHTEPBAJIAME, WJIH IIOJYUHTEPBAJIAME C KOHIIAMU B KOHIIAX
OTpe3Ka, WM BCEM OTPE3KOM.

Yupaxxuenwne 2.7. [Ipusegure npumep 1ByX HEIKBUBAJIEHTHBIX METPUK HA OJHOM M TOM K€ MHOXKECTBE, 33/IaI0IIHIX
OIIHY M Ty Ke TOTIOJIOTHIO.
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baza, xaycaopdoBocTb, CXOANMOCTD,
HeNIPepbIBHOCTD

Ilnau. Basa Tomomnoruu, HHAyLHUpOBaHHAdA 0a3a, KPUTEPHUI COBMAJEHUA TOMOJIOTHH B TepMHUHAX 0a3, 9KBUBAJIEHTHOCTh €BKJINJI0BON HOPMBI ¥ max-
HopMbl Ha R™, xaycnopdoBbl MM OTAEIUMbIE TOIOJOTHYECKUE POCTPAHCTBA, IPUMEPBI XaycAopdOBbIX TONOJOrHH, HOCAEN0BATEIbHOCTH, CXOLH-
MOCTB IIOCJIEA0BATEIbHOCTH, IIPEes CXOAIeHCs TOCIeI0BATeIbHOCTH, CXOAUMOCTb B JUCKPETHOM U AHTHUAUCKPETHOM IIPOCTPAHCTBAX, CXOAUMOCTD B
METPHUYECKOM [POCTPAHCTBE, HENPEPbIBHBIE (PA3PBIBHBIE) B TOUKE 0TOOPAXKEHHUS TONOJOIMYECKUX IIPOCTPAHCTB, HEIIPEPBIBHOCTD B TOYKE OTOOparke-
HUSI METPHUYECKUX IPOCTPAHCTB, HENPEPBIBHOCTL OTOOPAXKEHU Yepe3 HeIPEPBIBHOCTL B TOYKE, & TAKKe depe3 3aMKHYTble B OTKPBIThIE MHOXKECTBA,
9KBHUBAJEHTHOCTh TPeX OIpEIeeHUI HeNpPepbIBHOCTH, HEIPEPBIBHOCTL TOXKIAECTBEHHOIO OTOODPAYKEHHUA, NMOCTOSHHOTO OTOOpAaXKeHUsl, BJIOXKEHUS, a
TAKKe KOMIIO3UIUY HEIPEePHIBHBIX 0TOOPArKEHUI, BeIeCTBEHHO3HAYHbIe (DYHKIUN U BEKTOP-(YHKIUN, HEIIPEPBIBHOCTh B T€PMHUHAX 6a3, JHUIIINIEBO
orobparkeHne, KOHCTAHTa JIMmmuna, paBHOMEPHAsi HEIPEPbIBHOCTH, HENIPEPBIBHOCTh OIPAHNUYEHUS U MPOJIOJI?KEHUs HENPEPLIBHOIO O0TOOPaYKeHMsI.

3.1 Baza TomoJsiorum

IIycts X — Tomosorugeckoe mpocrpanctBo. CemeiictBo B C Tx Ha3biBaeTcsa 6a30U MONOAO2UU Tx , €CJIA BCE HEITY-
CTBIE OTKPBITHIE MHOXKECTBA MPOCTPAHCTBA X MOTYT OBITH MOJTyYeHbI O0ObEeTHHEHHEM HEKOTOPBHIX JIEMEHTOB W3 Ce-
meiicrBa B (eciau cuurarh, 4TO OObLEJAUHEHHE IJEMEHTOB ILyCTOIO CeMefCTBA BJISIeTCs I1yCThIM MHOXKECTBOM, TO B
otpejiesieHun 6a3bl MOXKHO BbIKMHYTh TPeOOBAHUE HEILyCTOTbI OTKPLITOrO MHOXKecTBa). Eciu Jyisd Tonosornieckoro
MpOCTpaHCcTBA X PACCMATPUBAETCS KaKas-TO OTHA 0a3a, TO 9acTo, A yaobCcTBa, 3Ty 6a3y Oymem obo3Ha4YaTh By .

IIpumep 3.1. B merpuueckoMm mpocrpancTBe X cemeiicTBO OTKPBITHIX mapos Us(z) C X mo Becem x € X s > 0
obpasytor 6a3y MeTpudeckoii romnoJoruu (ybeaurech B 3TOM ).

3ajaua 3.2. Ilokaxkwure, aTo cemeiictBo B C 2% ansercs 6a3oit HEKOTOPOI TOMOJIOTUH, OTIPE/ICJIEHHON HA, MHOXKECTBE
X, €CJI1 U TOJIBKO €CJI BBIIIOJTHAIOTCA CIEAYIOIUE IBa YCIIOBHA:

e UpepB = Xj;

e I KaxKObIX mepecekarommuxca B, B’ € B m moboit Toukn x € B N B’ cymecteyer C € B, mjas KOTOPOro
zeCCBNB.

Ilpengmoxkenne 3.3. [Iycmo X — monoaozuueckoe npocmpancmeo u Bx — 6a3a e2zo monoaozuu Tx. Ilyemv Y C X
U Ty — UHOYUUPOBAHHAA MONOA02UA. 3adadum cemelicmeo By no anasozuu ¢ mem, Kok Mbl ONPEICAANU UHIYUU-
DPOBAHKHYI MON0A0WI, a umerHo, noaoscum By = {Y N B : B € Bx}. Tozda By sasasemca 6a30lU monorozuu

Ty -

JlokazaTesbcTBo. Tak Kak BCE 9J€MEHTHI 0a3bl SIBJISIOTCS OTKPBITHIMIA MHOXKECTBAMM, TO BCE DJIEMEHTHI CEMEHCTBa,
By OTKpBITBL B Y 10 OIIpeaeIeHIIO MHAY IMPOBaHHOM Tonoioru. OcTaercs OKa3arh, YTO KarKI0e HEILyCTOe OTKPLITOe
B Y muoxkecrso U npencraBuMo B Buje OObenuHeHns 3j1eMenToB u3 By . Ilo onpeneneHnio uHyiupOBaHHON TOIOIO-
TUH, CYIIEeCTBYeT OTKpbiToe B X MHOXKecTBO V Takoe, uto U = VNY. Tak kak Bx — 6a3a TOMOJIOTUN Tx , CYIIECTBYET
{Ba}acs C Bx Takoe, uro V = U,ecjB,y. Ho Torma

U=vVny= (U Ba)ﬂY U (BanY),

acJ acJ

u TaK Kak B, NY € By npu Beex «, nojydaem Tpedyemoe. O

24
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Bazy By u3 mpemjioxkeHns OyneM HazbBaTh UHAYuuposarnoti 6a3oti By wmam, ecanm He BasKHO, U3 KAKOIM
6a3bl OHa ObLIA MOJIyYeHa, TO IPOCTO UHIYUUPO8aHHOU ba3ot.

IIpumep 3.4. Iycrs S' C R? — crampapraas OKpy»KHOCTb, 3aJaHHag ypaBHenumeM z2 + y? = 1, rae z,y — Je-
KapToBbl koopauHarsl Ha R2, Beibepem B KadecTBe 6a3bl CTAHIAPTHON TOLOJOTHN HA R’ BCEBO3MOXKHDBIE OTKDPBITBIE
kpyru. Torna nepecedenue Takux Kpyros ¢ S' — 3T0 BCEBO3MOXKHBIE Jyru OKPy2KHOCTH S', B acrHOCTH, “IOMHAS’
JIyra, coBHajaiomas ¢ S', mpmdeM KaxKIasd TyTa MOMKET OBITH TOJIydUeHa TakuM o6pasoM. CJIeoBaTeIbHO, B CHIY
TIpeJIOKEeHU S ceMeliCTBO BCeX JIyT OKpy»KHOCTH S' obpasyer 6a3y mHIynupoBaHHOM Ha S' Tomomormm. Tak Kax
Oo0beINHEHNE TIEPECEKAIOINXCS JIyT — CHOBA Jyra OKPY:KHOCTH, TO BCE OTKPBITHIE TOJAMHOXKECTBA OKPYKHOCTH — HE
6oJiee ueM cueTHblEe U3BIOHKIMHBLE, T.€. COCTOIINE U3 HEIePECEKAIOIIUXCs JIEMEHTOB, o0beuHeHns ee ayr (cpas-
Hure ¢ 3ana4eii 2.26)).

Iepexos, K 6a3aM 06/1eryaeT IIPOBEPKY COBIIAJICHUA TOIOJIOIUIT, KOTOPad OCYIIECTBIIACTCA AHAJOIMYHO IPE/II0Ke-
o [2.27) Tlo amamorun ¢ oGo3wasenem U¥, BBeIEHHBIM 17151 OKDECTHOCTH TOYKH & B TOTMOJOTHH T, depe3 U Gymem
0003HaYaTh OKPECTHOCTH ITOH TOYKM, MPUHAIJIEXKAIILY0 6a3e B Tomomoruu 7.

IIpemnoxenne 3.5. Tonoaozuu na muooicecmee X ¢ basamu By u By cosnadarom, ecau u moavko ecau 0aa Kasrcdot
mouku € X 6bNOAHAIOMCA CALOYIOULUE YCAOBUSA:

® daa mobot oxpecmnocmu Uf  cywecmeyem oxpecmmuocme Uy, maxas, wmo Uy C Uz u obpammo,
® daa mobot oxpecmnocmu U, cywecmeyem oxpecmuocmo Ui - maxaa, wmo Uz C Ujg, .

JokazarenbcTBo. Obo3maumm 7; Tomojoruio ¢ 6asoit B;. IlpemmonoxkuM cHadajga, 9To 71 = To. Torma Kaskmast
OKpecTHOCTb Uf  sIBJISIeTCS OTKPBITHIM MHOKECTBOM B T2. IIo onpeznenenuto 6aspl, cymecrsyer Uy , comepKamasncs B
Uj, - AHaJOru4aHO JIOKA3bIBACTCS yTBEPKIeHUe T10CTIe IePecTaHoBKu 1 < 2.

IIycTb Tenepnb BBIIOJHAIOTCS yCIOBUA HA OKPECTHOCTU. Mbl I0/2KHBI IOKA3aTh, YTO T] = To. BepeM npon3BoJIbHOE
U € 11, rorna U = Uye g B, anst nekoropbix B, € By. Io ycnoBuro, mist Kaxk 10t Touku & € B, Hali1eTCsd OKPECTHOCTH
UZ € By Takag, uro UY C B,. Takum ob6pazomM,

J— J— xr
v-Us-U Uven
acJ acJ zeB,
AHaIOrn4HO IOKA3bIBAETCS, YTO KaXKJI0€ OTKPBITOE MHOXKECTBO B Ty COUEP2KHUTCSA B T1, OTKYIa T, = To. O
CaencrBue 3.6. FEsxaudosa Hopma u max-wopma Ha R™ sadarom odunarosvie monosozuu.

dokazaTeabcTBo. IlpuBeaem aBa J0Ka3aTeabCTBa 3TOTO (pakTa.
1) B cumy cneacrsus YTBEP2K/IEHUE BbITEKAET U3 TOrO, 4YTO PACCMaTPUBACMbIe HOPMbl 9KBUBAJICHTHDI:

ax |x;| <
i=1,...,n

)

2) B cuty mpejioKeHust JOCTATOYHO TMOKA3aTh, YTO HEKOTOPBIE 0A3BI ITUX TOMOJIOTHI YIOBIETBOPSIOT YCJIO-
BUSAM TpejioKeHnsi. B kadecTBe 6a3 BO3bMEM CEMEHCTBA BCEX OTKPBITHIX IMApPOB. Tak Kak IMapbl C MEHTPOM B T
TOJIy9aI0TC W3 MapoB € MeHTPoM B () CABUTOM HA X, & KaXKIbIil CABUT SIBJISETCS M30METPUEH, YCIOBUE MPEIJIOKEHS
JOCTATOYHO TPOBepuTh s 1mapos ¢ meHTpoM B 0. Kpome sToro, kaxkaoe w3 3TUX yCIOBHUIl JOCTATOYHO ITPOBEPUTH
JJIsL IIAPOB OHOIO JIIOOOrO Pajnyca, TaK KAaK I BCEX OCTAJIbHBIX PAIUYCOB YCJIOBHUS TAKKe OyIyT BBIITOIHATHCI
TIOTOMY, UTO 9TH YCJIOBUSI COXPAHSIOTCS TIPU YMHOKEHWH 00EMX YACTeH BKJIIOUEHHUS HA, JIF0D0E MOJIOKUTETHHOE YUCIIO.

Nrak, nycts Uy u Uy — OTKPBITHIE eIWHWYHBIE MTAPHI C IEHTPOM B HYJIE, MEPBBIi I8 Max-HOPMBI, a BTOPO# —
st eBkuoBoit Hopmbl. [lap U, npezacrasiser coboil BHyTPEHHOCTb Kyba, COCTOSINYIO U3 BCEX TOYEK (I1,...,Ty)
¢ |z;| < 1, noaromy Us C Uso, Tak Kak eBKJINIOBO paccrosuue or 0 no Guuxkaiiimieii Touku rpanuibl Ky6a Us, PaBHO
1. C ugpyroii cropoHbl, caMble yJajeHHble TOUYKU Ipanunbl Kyba Us, — 310 ero seprusbl (1, ..., +1), eBkiauaoBo
paccrosiaue 10 KOTOphix 0T 0 paBHO /1, nosromy Us, C /1 Us. O
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3.2 XaycaopdoBOCTh MU OTAEJINMOCTH TOIIOJIOTAN

Tomosorunyeckoe TPOCTPAHCTBO HABBIBACTCA TAYCIOPPHOBbIM W OMOIEAUMDBLM, €CITH Y KAKION Mapbl Pa3THIHBIX
TOYEK MMEIOTCs HelepeceKaronuecs: OKpecTHoCcTH. 1lycroe u omHOTOYedHbIE MHOYXKECTBA C €UHCTBEHHBIMU BO3MOK-
HBIMH TOHOJIOTMSME TAK?Ke OTHOCATCH K XayCA0P(MOBBIM [IPOCTPAHCTBAM.

IIpeamoxenne 3.7. Caedyrousue monosozuu xaycoopdhoeoi:
Juckpemmas;

anmu&ucnpemnaﬂ Ha He 60aee wem 0OHOMOUEUHDIL MHOHCECTNEAL U MOALKO HA HUT;

3) 3apucckoz2o Ha KOHEUHBLT MHONCECNEAT U MOALKO HAG HUL;
) mempuueckas, 8 wacmuocmu, cmandapmuan wa R™;

UHOYUUPOBAHHAA MONON02USL HA NOIMHONCECTNEE TaYCcOOPPHOBa NPOCMPAHCMEA, 8 HACMHOCTU, HA NOIMHONICE-
cmee R™ (npo makoe c60licmeo 2060pam, ¥mo oHO HACAEOYETNCA HA NOOMHONCECTBALT).

dokazaTebCcTBO. B kagecTBe HemepeceKaronmxcs OKPECTHOCTEN ABYyX PAa3HBIX TOYEK MOXKHO B3ATb CAMHU ITHU
TOYKH.

B e Gosiee uem OTHOTOUEYHOM TIPOCTPAHCTBE HET JBYX PA3HBIX TOYEK, Y KOTOPBIX HEJIb3s BHIOPATH HEIepe-
CeKaoIyecs: OKpecTHoCTH. Ecnmu Todek Oostee OmHOM, TO st HUX HE CYIIECTBYET HEIepEeCceKaroIuXCsi OKPEeCTHOCTENH,
TaK KaK €IMHCTBEHHOW OKPECTHOCTHIO SIBISETCS BCE MPOCTPAHCTBO.

Tomnonorust 3apucCKOro KOHEYHOIO MHOXKECTBA COBIIAAAET C AUCKPETHOMH Tonoaorueil. JeiicrBuresibHO, B TOLO-
Jioruu 3apUCCKOTO, KPOME TTYCTOTO MHOXKECTBA, OTKPBITHIMU SIBJISIOTCS JOMOJIHEHUsT 10 KOHedHbX. Ho B KoHEUHBIX
MHOXKECTBAX BCE MOJIMHOXKECTBA KOHEUHbI. Kcji yke MHOKkecTBO X OeckoHedHO, TO okpecTHOCTH Uy n Us JTIOOBIX IBYX
rouek umeror sun U; = X \ F;, rue F; — xoneunnie. Ho Torma

UinUz = (X\F1)N(X\F2) =X\ (FLUF) #0,

Tak Kak obbemunenne F; U Fy KOHEIHBIX MHOXKECTB KOHEYHO, & X — OECKOHEYIHO.

IIycrs x,y € X — paziumdsbie TOYKU METPUIECKOro npocrpancrsa. Ilo npemioxenuro OTKPBITHIE MIAPbI
SIBJISTIOTCsT OKPECTHOCTSIMH CBOMX IIEHTPOB, YeM MbI ceifuac n Bocrosb3yemcst. Ilycrs r = |xy|. Tak kak x # y, To 1 > 0.
IMonoxkum € = r/2 u nokaxkem, 4yro okpecrroctu Ug () u U (y) ToueKk x u y He nepecekaiorcd. JleficTBUTENbHO, ec/iu
510 He TaK u 2 € U () NU(y), T0, IO HEpABEHCTBY TPEYronbHuKa, |xy| < |xz| + |2y| < 2e = r, mpoTuBOpeHne.

IIycts Y — mogmuOXKeCTBO XaycaopdoBa TOTOJIOTTIECKOTO IPOCTPAHCTBA X, U Y1, Y2 € Y — pa3IuIHbIe TOUKH.
B cuny xaycnopdosocrn X, y 9TuX TOYEK CyLIECTBYIOT Henepecekaouuecs okpecrnocru UYL u UY2 B Tonosnoruu
npocrpanctsa X, Ho UYi = Y NUY. — OKpeCTHOCTH 3THX TOYEK B WHIYIUPOBAHHON HA Y TOMONOTHY, W OHU TOXKE HE
TIepeceKkaroTCs. O

3.3 llocaenoBarenbHOCTU

ITocaedosameabHOCMbIO0 B TPOM3BOJIHHOM MHOXKECTBEe X Ha3bIBaeTCd Kaxaoe oroopaykenne N — X . Obpas Hary-
PaIBHOTO YHUCJIA 7 IPHU TAKOM OTOOparKeHur OOBIYHO 0D03HAUAIOT B BHUJIE Ty . 33/aBas MOCJEI0BATETbHOCTD, THIINYT
WIA X1, X2, ..., AU TPOCTO Ty .

ITocnenoBarenbHOCTD T, B TOIOJOIHYECKOM IIPOCTPAHCTBE X HA3LIBAETCH crodauwelics k¥ mouke r € X, eciu
nuist si00oit okpecraoctu U® cymecrByer N takoe, 9to i Beakoro n € Ny n > N, Bemonasgerca x, € U”. Nubivmu
CJIOBAMMU, CXOIWMOCTh K X O3HAYAET, YTO IJisT BCAKON okpecTtHOCTH U¥ BCSI TIOCIEIOBATEBHOCTH, 33, MCKJIIOUEHUEM
KOHEYHOTO YHUCTIa e JIeHOB, JexkuT B U*. /Ipyrag wHTepnpeTanus: mocaeI0BaTeTbHOCTb T, CXOTUTCS K X, €CJIU JIJId
Kaxk10it okpecTHOCTH U” HEKOTOPHINt £80CM TIOCIEeIOBATEIBHOCTH Ty, T.€. TN, TN 41, - - - J€KUT B U”. Touka x HA3BI-
BAaETCs NPEedenom nocaedo8amesbHocimnu, Ty, u 0bozHadaercs lim,, o ,. Takke cXOIUMOCTb MOCIEI0BATETHHOCTH
X, K & 3alUCBIBAIOT TaK: Ty, — & (Lpu n — 00).

IIpumep 3.8. Ilycrb 2, — NPOU3BOJIbHAS [OCIEI0BATENBHOCTb B IPOCTPAHCTBE X € AHTUJIMCKPETHOMN TOIOJI0rked
7x = {0, X}. Torna y xkaxmoit Touku © € X uMeercst eIMHCTBEHHAsT OKPECTHOCTD, a uMeHHO U”? = X | nosromy BCS
TOCIIEIOBATETBHOCTD JIEXKHUT B 3TOW OKPECTHOCTH W, 3HAYUWUT, T, CXOTUTCA K T. Takum 06pa3oM, B aHTHIUCKDPETHOM
NPOCTPAHCTBE BCE MOCIEA0BATETBHOCTH CXOIATCA KO BCEM TOYKAM OJHOBPEMEHHO.
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IIpumep 3.9. Ilyctb z,, — MOC/I€IOBATETFHOCTh B MPOCTPAHCTBE X C JUCKPETHOH TOMOJOTHEl Tx = 2% mpumdem
x, — . Boibepem B KauecTBe OKPECTHOCTH TOYKM & OTKpbiToe MHOxecrBo U? = {z}. Torma cxomumocTtb o3navaer,
9TO0, HAYUHAS C HEKOTOPOro HoMepa [N, BCe TOUYKH IOCIEI0BATETLHOCTH &y, COBIIAIAIOT € x. TaKkue mocae 0BaTeIbHOCTH
HA3BIBAIOTCS CMAUUOHADPHBLMU.

Bameuanue 3.10. B 11060M TONONIOrHIeCKOM IPOCTPAHCTBE KAXKIAA CTAITMOHAPHAS OCIEA0BATEIBHOCTD SABIISAETCS
cxogreiics (0ObICHUTE ToYeMy ).

Crenyromiasi TeoOpeMa, BMECTe C TPEJIOKEHIEeM OOBSICHSIET, TTOYEMY B MATEMATUIECKOM aHAJN3E MPEIesT KarxK-
J0# cxoasIeiicst OCIe/I0BaTeIbHOCTH OTPE/IeIeH OTHO3HAYHO.

Teopema 3.11. Ilycmo X — zaycdopdoso monosoeuueckoe npocmparcmeo. Tozda npedes kaocdol crodauletics
nocaedosamesvbHOCTIU onpedeser 00HO3HAYHO.

HoxkaszarenbcrBo. [IpeamnookuM mpoTWBHOE, T.€. YTO Y CXOISINEHCS TOCIEI0BATEIBHOCTHA T, UMEETCS XOTS ObI
JBa Pa3HbIX mpenena r u y. B cuny xaycmopdoBocTu, CymecTByOT Hemnepecekarormecs okpecraoctu U® u UY. Ilo
OIIPEIESIEHUIO CXOIUMOCTH, T, € U” Hauuuas ¢ wekoroporo Ny, u x, € UY naaunas ¢ sekoroporo No. Ho Torma mis
n > max(Ny, No) Touka x,, nexur u 8 U, u 8 UY, nosromy U® N UY # (), npornBopeune. O

CaencrBue 3.12. B xaocdom mempuyeckom npocmpancmee, 6 wacmuocmu, 6 R™ npedeavt cxodauwurcs nociedosa-
meavHocmel onpedeseHv, 00H03HAHO.

Crenyrommii pe3yabTaT akKTHBHO HMCIOJb3yeTCs B MATEMaTHIECKOM aHaJjin3e, OCOOEHHO B CIIydae MOCJIe0BaTE b
HOCTel BeIeCTBEeHHBIX YHCeNl WJIM TOYEeK MpocTpaHcTBa R”.

IIpennoxkenne 3.13. B Mempuyeckom Npocmpancmee croouMOCmyd NOCA008AMEAPHOCTIY Ty, K MOWKe T PAEHO-
CUNDHG BLINOAHEHUN CACOYIOUL20 YCA08UA: 0as 106020 € > 0 cywecmeyem N maxoe, wmo npu xasxcdom n > N
BHINOAHACTNCA |TTy| < €.

HoxkazarenbcrBo. Ilycts cragana x, — x. Beibepem npoussosibHOe € > 0 U MOKaXKeM, 9TO, HAYUHAS C HEKOTOPOTO
HOMEpA, BBINONHAETCA |T,x| < ¢. Boibepem B KauecTBe OKPECTHOCTH TOYKH & mAapoByk okpectHOCTh U (2). IO
OTPEIEJIEHNIO CXOJMMOCTH, CyIecTByeT N Takoe, uTo st i6oro n > N BeIMOIHSETCs Ty € UL (), a 970 1 03HaUaer
|zpz| < e.

O6parno, nycrb 1yid Jjroboro € > 0 cymecrsyer N Takoe, 9410 s J060ro n > N BbinojHsercs |z,x| < . Mbl
JOJIZKHBI TIOKA3aTh, 9TO & — Ty, T.€. 9TO /Jis J11000i okpectHocTu U® Touku = cymectByer N Takoe, 910 /Jist JI000T0
n > N umeem x,, € U*. Tlo onpeesnennio MerpuvecKkoil Tooaoruu, cyiecrsyer orkpbirbiii map Ue (x), conepKaiumiics
B U?, HO TOrza, No yCJOBHMIO, HAYWHAS ¢ HEKOTOPOTO HOMEpPA, BBIOMHAETC |T,2| < &, T.e. &, € U (x) C U™, O

Bamadga 3.14. Ouuiuure Bce CXOISIIMECs [IOC/IEI0BATEIbHOCTU B IIPOCTPAHCTBE C TOLOJIOIHMe 3apuCCKOro.

3ajgaua 3.15. Ilycte X — Gosiee 4yem cHeTHOE TOIOJOIHYECKOE IPOCTPAHCTBO, B KOTOPOM HEITYCTBHIMH OTKPBITHIMA
MHOXKECTBAMU SABJISIOTCS JOMOJTHEHNS 10 He 0OJIee YeM CUETHBIX MOAMHOXKECTB. [lokaxKuTe, 9TO B 9TOM TPOCTPAHCTBE
CXOISIITUMUCS SBJISIOTCS JIUIT CTAI[MOHAPHBIE MOCIEI0BATEIHHOCTH.

3.4 HenpepbIBHBIE 0TOOparKeHUsd

Iycts f: X — Y — orobpazxkeHune TOMOJOTMYECKUX TPOCTPAHCTB. [oBOpsaT, uro f HenpepwvieHo 8 mouke r € X,
ecin s m060it okpecrroctn VI (*) cymecrsyer okpecrrocts U¥, must Kotopoit f w*) c v/ (*)  Orobpakenne f
HA3bIBAETCS HENPEPBLLEHBLM, ECTTH OHO HEMPEPBIBHOrO B KaxKaoi Touke. Orobpaxkenus f: X — Y, He apigrommecs
HelpepbIBHLIMU (B JIAHHOM TOYKE), HA3BIBAIOTCH PA3PBLI8HBIMU (B ITOI TOUKE).

Cuteiyomiuii pe3ysibrar HCIO0JIb3yeTcst MATeMATHIECKUM aHAJIU30M B KQUECTBE OlIPE/IeJIeHIs HEPEPHIBHOCTH (DYHK-
I B TOYKeE.

IIpennoxenue 3.16. /[aa mempuueckur npocmpancmse X u'Y uenpepwenocms omobpasicenue f: X — Y 6 mouke
x € X Mmootcno onpedeaums max: dan mobozo € > 0 cywecmeyem 6 > 0 makoe, wmo das xascdozo x' € X, |xa'| < 0,
sunoanaemca | f(z) f(z')]| <e.
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Hoxka3zaresbcrBo. Ilycrs cHavasa orobpazkenue f HEMPEPHIBHO B TOYKE & (B CMBIC/IE JJAHHOIO BBIIIE OIPEIE/ICHNU ).
B kauecrse okpecrrocru V7 (#) ppibepem maposyio okpecrrocts U ( f (:c)), TOTJIA, IO OMPeJIeTIEHNI0 HETPEPLIBHOCTH,
cyuecTByer Takas okpecruoctb U?, uro f(U*) C U, ( f (:c)) Ilo ompeeneruio MeTPUIECKOIT TOMOIOT UM, CYIIECTBYET
maposas okpecrocts Us(z), conepxamasca 8 U”. Ho rorma f(Us(z)) C U.(f(x)), a 10 u o3madaer, 4ro s
KazKJ0r0 2, yrosiaersopsomero |za’| < 6, r.e. nexamero B Us(z), somomnsiercs |f(z)f(2))| < e, re. f(z') €
Ue(f(x)).

O6parHo, TycTh BhIMOIHAETCH (£ — §)-yTBepsKAenue. Bribepem mpoussosbryio okpecrrocts VI (%) rorma, mo ompe-
JEeJIEHUI0 METPUIECKOM TOMOJIOTHH, CYIIECTBYET ITapoBas OKpeCTHOCTD U ( f (ac)), conepxammasics 8 VI (®)_ Ilo YCJIOBHIO,

cymiecrByer § > 0 Takoe, 4To f(U5(x)) c U. (f(x)) C V/@® | rak uro Us(r) MOKHO B3ATH B Ka4ecTBe OKPECTHOCTH
U=, O

3agaua 3.17.

¢ ITokaxkure, aTo HempepbiBHOE oToOpaxkenue f: X — Y TOMOMOrHYEeCKHX MPOCTPAHCTB MEPEBOUT KaXKIYIO CXO-
Astiryocs K @ € X 110C/IeI0BATeIbHOCTD B I10C/I€J0BATEIbHOCTD, CXOAsdiyocs K f(x).

o ITokaxkure, uTo orobpaxkenue f: X — Y MeTrpu4ecKuX IpOCTPAHCTB HEMIPEPHIBHO B TOUKE & € X, €CJIU U TOJBKO
€CJIM KaXK1as CXOAAIIAACA K T IOCIe0BATEIbHOCTD [IEPEXOAUT B IIOCIIEI0BATEIbHOCTD, CXOAdIyocsd K f(x).

e IIpuBenure mpumep orobpaxkenus f: X — Y TOMOJOrmYecKux MPOCTPAHCTB, PA3PBIBHOIO B HEKOTOPOW TOUYKE
z € X, OIHAKO TIePEBO/IAIIETO BCE TOCJIEI0BATETLHOCTH, CXOAAIINECT K T, B MMOCIEI0BATEIHLHOCTH, CXOIATIIECS

IIpusenem eme aBa onpe/ieseHns HEIPEPHIBHOIO OTOOPAXKEHUsI, IKBUBAJIEHTHBIX [IPEbIAYIIEMY.

(Bropoe onpeaesienune HenpepbiBHocTHu) Orobpazkenne f: X — Y TOMOJIOrAYECKUX TTPOCTPAHCTE HA3BIBACTCS
HENPEPBIBHBLM, €CTTH TTPOOOPA3 KayKJI0r0 OTKPHITOTO MHOYKECTBA OTKPBIT.

(Tpetrbe oupepesnenune HenpepbiBHOcTr) Orobpazxkenue f: X — Y TONOJOrMYeCKUX IPOCTPAHCTB HA3BIBAETCS
HENPEPHLIBHBLM, ECTTU IPOOOPA3 KAXKIOT0 3AMKHYTOIO0 MHOXKECTBA, 3aMKHYT.

Teopema 3.18. Tpu npusedennvir 6viuse ONpedeseHUs HENPEPHLEHO20 0MOOPANCEHUA TNONOAOLUYECKUTL TPOCTNPAHCE
IKBUBANEHMHDL.

JokazaTeabCTBO. DKBUBAJEHTHOCTH JIBYX MOCJEIHUX ONpeeeHnit oueBuaHa. JloKakeM, 94TO SKBUBAJEHTHBI IT€D-
BOE U BTOPOE OIIpeIesIeHusI.

Urak, nycts cHagana oroopaxkenue f: X — Y TONOTOrMYECKUX MPOCTPAHCTB HEMPEPBIBHO B KaXKI0# Todke. Pac-
CMOTPHM TIPOU3BOIBHOE OTKPBITOe MHOZKeCTBO V € Ty Ecom U == f~1(V) = (), 3mauur U orxpwito B X . [Tycrs Tenepnb
U # 0. das xaxgoro @ € U MHO)KeCTBO V' BISIETCS OKPECTHOCTHIO TOUKM f(2), TOITOMY, B CHIIy HENPEPHIBHOCTH f
B TOYKe x, cymecrsyer U® rakasi, uro f(U,) C V wu, sHaunr, U* C U. Urak, U npezcraBuMo B Brjie 00beIWHEHNs
okpectHOCcTel U” CBOMX TOYEK W, 3HAUUT, ABJISETCH OTKPBHITHIM B X KaK 00bEIUHEHNE OTKPBITHIX MHOMKECTB.

O6paTHO, TPEANoNOKAM, U4TO TPOOOpa3 KaxKJIO0ro OTKPBITOro B Y mHOXKecTBa OoTKphIT B X. [Tokaxkem, uro f
HEIPEPBIBHO B KazK10if Touke 2 € X . Bribepem mpoussosbuyio okpecraocts VI (%), Tak Kak OKpeCTHOCTH — OTKPBITOE
MHO2KECTBO, TO, 110 ycjioBuio, U 1= f_l(Vf(””)) — oTKpbITOe MHOXKECTBO. fcno, uro x € U, noaromy U — OKpecTHOCTH
z, npuaem f(U) C VF(®) a0 n TpeGosamocs. O

IIpensoxkenune 3.19. Caedyrowue 0modparcenus HENPePbLEHbL:
(1) mootcdecmeenmoe omobpasicenue MONOAOZUNECKO20 TPOCTPAHCEA HA CeO;

(2) nocmoannoe omobpasicenue, nepecodiuwee 6ce MONOAVZURECKOE TPOCTNPAHCINGO 6 HEKOTNOPYI Mo4KYy 0PY2020
MONON02UYECKO20 NPOCTPAHCINBA;

(3) daa nodmmoscecmea Y mononozuneckozo npocmpancmea X — omobpasicenue exaouenus 12 Y — X, 11y >y
oas ecex y €Y

(4) KOMNO3UYUA HENPEPLLBHBIT OMOOPAAHCEHUT TMONOAOLUNECKUT NPOCTPAHCMS.

JokazarenbcTBo. Bocmomb3yeMcss BTOPBIM OIpEIeIEHNEM HEPEPBIBHOCTH, T.€. T€M, UTO “Mpo0dpa3 OTKPHITOTO MHO-
KECTBA OTKPHIT .

ToxmecTBeHHOE OTOOPAYKEHUE HE MEHSIET MHOXKECTB, MOITOMY TIPOOOPA3 OTKPHITOIO MHOMKECTBA OTKPBHIT KAK
COBITAIATOIIUIN ¢ UCXOIHBIM OTKPBITHIM.
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(2) TIpoobpas 06Oro OTKPHITOrO MHOKECTBA UJIM IYCT, UK COBIAIAET CO BCEM IIPOCTPAHCTBOM, IOTOMY B 006OUX
CIIy4asix OTKPBIT.

(3) Mpoobpas t~1(U) orxpeiroro muozkecrsa U C X pasen U N'Y 1, MO3TOMY, OTKPBIT B WH/TyTUPOBAHHOI TOIO-
JIOT'UH.

Iycrs f: X - Y u g: Y — Z — HenpepbiBHbIE 0TOOparKeHnsi. BepeM MpOM3BOJIBHOE OTKPBITOE MHOXKECTBO
U C Z,rorma (go f)"*(U) = f~*(¢7*(U)). Tak xax g menpepsisHO, T0 g~ (U) orkpbiTo B Y. Tak Kax f HeIpepbIBHO,
10 f~* (971 (U)) orkpeiro B X. O

IIpumep 3.20. Kaxmoe oroopaxkenue f: X — Y u3 npou3BOIHHOTO TOMOJOIHIECKOTO MTPOCTPAHCTBA X B AHTUIUC-
KPETHOE TOMOJIOTMYECKOe MMPOCTPAHCTBO Y HempepsiBHO. [leficTBuTebHO, B Y €CTh POBHO ABa OTKPBITHIX MHOYKECTBA:
Y u (). HempepbiBHOCTD f BBITeKaeT m3 Toro, 9to oba muoxkectsa f~H(Y) = X u f~1(0) = ) orkpoirer B X.

IIpumep 3.21. Kaxxnoe orobpazkenne f: X — Y AUCKPETHOTrO TOMOJOTHIECKOrO MpocTpancTBa X B J000€ TOMOJIO-
TUYECKOe MPOCTPAHCTBO Y HempepbIiBHO. leficTBuTebHO, MPo0Opa3hl BCEX OTKPBITHIX ITOAMHOXKECTB IPOCTPAHCTBA Y
OTKPBITHI B X, TaK KaK B X OTKPBITHI BCE MOIMHOXKECTBA.

Orobpazkenue B BelecTBeHHyI0 npsmyio R zHasbiBaercs pynkyued, a 8 R — sexmoproznawrot pynruued.

IIpumep 3.22. Ilycrb f: X — R — neupepoisuas byuxuus. Torga ais ¢ € R muoxkecrso (—o0,¢) OTKpbITO, a
mHOKecTBa {c} m (—00,c] — 3amkmyTH B R, nostromy {z € X : f(z) < ¢} = f~!((—00,c)) oTkpHITO, & MHOKECTBA
{zeX:fl@)<c=f"((-o0,d)n{zeX: flx)=c}=[f"({c}) — samxnyTs B X.

JI71st TpOBEPKY HENMPEPHIBHOCTH OTOOPAIKEHNST MOYKHO OTPAHUYUTHLCSA Oa3aMM TOMOJIOTHHN.

Ilpenmaoxenune 3.23. IIycmov f: X — Y — omobpasicenue monosozuveckux npocmparcme ¢ bazamu Bx u By
coomeemcmeenno. Tozda

(1) omobpasicenue f nenpepmeno 6 mouxe x € X, ecau u moavko ecau oas moboti okpecmmocmu VI € By
cywecmeyem oxpecmmocms U” € Bx, das xomopot f(U*) C Vi@,

(2) omobpasicenue f HenpepuLeHO, eCAU U MOALKO ecau npoobpas awbozo V € By omxpom 6 X.

JdokazaTesbcTBO. Iycrs crauasa oTobpaskenne f mermpepbiro B Touke x. Torma mus VI (*) € By cymecrsyer
W? € 7x makas, aro f(W?®) C V/(®), Ilo onpenenenuio 6aswi, cymecrsyer U® € Bx rakas, uro U® C W¥*, no rorma
f(U®) c VI®)  gro u tpebosasocs.

O6paTHO, MyCTh BBIIOJIHEHO YCIOBHE HAa OKPECTHOCTH u3 6a3bl. Mbl JOKHBI IOKA3aTh, YTO f HEINPEPBHIBHO B .
Buibepem npomssobuyio okpecraocrs W/ () € 7y rorma, no onpemenenmo 6aser, cymecrsyer V7 (®) € By rakas,
aro V(@) ¢ W/ @), To yenosmio, maiinercs U € By, mua xoropoit f(U?) C V@) ¢ W/®) uro u rpeGosarocs.

[Iycre cnagana f mempepsiBHO. Torga mpoobpas JiroOOro OTKPHITOTO MHOXKECTBA, B 9ACTHOCTH, KaXKIOT0 MHO-
xecrBa V' € By, orkpbIT B X.

ObparHo, mycTh TPOOOPa3bl 3MeMeHTOB 0a3bl By oTKpbiThl B X. BhibepeM Mpom3BOIBHOE OTKPBITOE MHOXKECTBO
W € 7y. Ilo onpenenernuio 6aspl, W = Uye Ve, rae Vo, € By mpu seex a. Ho f~1 (W) = Uyesf~1(V,). Ocranocs
BOCIOMIB30BaThCs TeM, 4To Bee f~ (V) OTKpBITHL B X 110 YCJIOBUIO, 8 TAKIKE YTO OObeMHEHHe OTKPBITHIX MHOMKECTH
OTKPBITO. O

3ameuanne 3.24. Jl0ka3aTeNhCTBO HEMPEPBIBHOCTH B TOUYKe OToOpaxkenus f: X — Y W3 TOMOJOrMYECKOrO MPO-
crparcTBa X B METPUYECKOE MPOCTPAHCTBO Y MOXKHO erre 0oJibiiie ynpocTuTh. OTMETHM, 9TO €Cjid B KadecTBe 0a3bl
By Mbl BBIOpAIN BCEBO3MOKHBIE OTKPBITBIE MIAPBI, TO, IO Ipe1ozKenno [3.23] ais kaxa0it Touxkn y € Y MBI JOIKHBL
paccMaTpuBaTb BCe OTKPBLIThIE IIaphl, COjlepKalllie Y, B 4aCTHOCTH, Te IIapbl, Y KOTOPLIX Yy HE ABJIAETCA IEHTPOM.
Cureryronuii pe3ynbrar mO3BOJISET PACCMATPUBATD JIUIID [IAPbI ¢ EHTPOM B Y.

IIpeamoxenne 3.25. Ilycms f: X — Y — omobpascenue monosozuyeckozo npocmparcmea X ¢ 6a3ot Bx 6 mem-
puueckoe npocmpancmeo Y . Tozda omobpasicenue | nenpepuieho 6 mouke x € X, €CAu U MOAbKO ecau 0as 1106020
e > 0 cywecmeyem oxpecmmocmo U € Bx, daa xomopoti f(U*) C Us(f(x)), m.e. ecau daa ecex mouex x’ € U*
evnoanaemca | f(x)f(z')| <e.

JokasarenbcrBo. Y Kaxaoit okpecrrocti VI (#) C YV umeercss oTKpbITHIl AP U,(y) C V1) coneprxarmmii ),
W eClIn s = |yf(x)|, TO § < r M OTKDPBITHIA map ¢ ueHrpom B f(x) u pamuycom € = r — s upunamiexur U,.(y),
orkyna U, (f(z)) C V/@). Bropas U® tak, aro6wr f(U®) C U.(f(x)), nolyauy HCKOMYIO OKPECTHOCTB, AJIst KOTOPOii
f=sy cvf (*), Tem caMbIM, U3 YCJIOBHST HA OKPECTHOCTH BBITEKAET HENPEPHIBHOCTH 0TOOpazkenns f. OGparHo, eciiu
orobpaxkeHue f HENpPepbIBHO, TO YCJIOBHE HA OKPECTHOCTH BBIMOJHIETCS. O
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Orobpaxkenne f: X — Y MerpuwdecKux TpPOCTPAHCTB HAZBIBACTCS AUNUWUUEEDIM, ECITH CYIIECTBYET TAKOE HEOT-
punarensuoe uncio L € R, uro ana seex 2’ € X mumonnsterca |f(z)f(a')| < L|xza’|. Yucno L nasesaercs
xoncmanmot Jlunwuua, a orobparxkenue f Takxke Ha3bIBaeTCsa L-Aunwuyessim.

Orobpaxenne f: X — Y Merpuyeckux 1poCTpaHCTB HA3LIBAETCH PAGHOMEDPHO HETLPEPBLEHDBLM, €CJIU J1jis JII0-
6oro ¢ > 0 cymecrByer 6 > 0 Takoe, uro s mobbix x,r’ € X, ymoBierBopsiiomunx |rz’| < §, BbIMOIHSIETCS
‘ flx)f(a )| < . U3 npenyoxxennsa MTHOBEHHO BBITEKAET, UTO KaHCO0E PAGHOMEDPHO HENPEPHIEHOE 0MOOPAHCEHUE
MEMPUUECKUT NPOCTPAHCNGE HENPEPDHLEHO.

3amaua 3.26. /Iokaxkure, 9TO
e KaykJI0€ JIMIIIUIEBO OTOOPAYKEHHE PABHOMEPHO HEIPEPHIBHO U, 3HAYUT, HEIIPEPHIBHO;

e ecim A C X — Hemycroe TOAMHOXKECTBO MeTpudeckoro mpocrpanctBa X u da(z) = inf,e 4 |azx|, 10 d4 aBaser-
ca l-mnmmneBbiM OTOGPAsKEHMEM M, TOTOMY, HENPEPHIBHO; B YaCTHOCTH, HENPEPBIBHBIMU SABISIOTCA DyHKIHHN
dy(z) = |pz| mas mobsix p € X.

Cuteyroniue aBa MpeJIOKEeHNs SBJISIOTC OY€Hb BAaXKHBIMU, HECMOTPSl HA MPOCTOTY WX JOKa3arejabCrs. Ilycrb
f: X — Y orobpaxenne muoxkects, Z C X, W C Y, npuuem f(Z) C W. Obozuauum f|z w orobpazkenue u3 Z B
W, coBmazarorree ¢ f Ha cBoeit obnacru onpenenenus. Orobpaxkenne f|zyw Oyaem Ha3bBATL O2paHuUdeHUeMm [ Ha
Zuwl

IIpennoxkenune 3.27. Ilycmov f: X — Y — nenpepueroe omobpasicerue monosozuseckux npocmparncms, Z C X,
W CY, npuvem f(Z) C W. Kax u oz060peno eviuse, mv paccmampusaem Z u W kax nodnpocmpancmea 6 X u'Y
coomeemcmeenno, m.e. nadeasem uxr undyyuposannot monosoeued. Tozda flzw: Z — W — makoice nenpepwieroe
omobpasicerue.

HoxkazarenbcTrBo. Ilycts U — npoussosnbuoe orkpbitToe moamuokectso W. Ilo onpesesnennio nnynupoBanuoil To-
TIOJIOTHH, CYIIECTBYeT OTKPBITOE B Y moaMuOXkKecTBO V takoe, uro U = W NV. Tak kak oroOpazkenue f HEMPEPHIBHO,
to f~1(V) orkpeito B X. Haxonern,

flzw(U) =20 f7 U) =20 f7HV),
Tak 4ro f |21W(U ) OTKpPBITO B Z (1O OLIPEJEJICHUIO MH/Y [UPOBAHHO TOLOJIOIUH). O

Ilpenmoxenue 3.28. Ifycmov f: X — Z — uenpepwuienoe omobpascenue, npuvem Z — MOONPOCMPAHCMEO MONO-
aozuneckozo npocmpancmea Y. Tozda omobpasicenue F: X — Y, npodoasicarowee f = Flx z na'Y, — makorce
HENPEPBIEHO.

JoxkaszarenbcrBo. [leiictBuresbHo, oTobpazkerne F paBHO Kommo3unmu f u BKjOYeHus ¢: Z — Y. Ocramoch BOC-
TIOJIb30BATHCA MTPEJIOKEHTEM O

LO6bran0 M0 OrpaHUYeHHeM TTOHHMAIOT JIAINh Orpanudenue Ha Z. HaMm ke BajkKHO TAK»Ke PACCMATPUBATHL W Orpanmuenue ma W, Tak
KaK MBI OyZeM HMeThb JeJI0 ¢ HHAYIHPOBAHHBIME TOIOJOTHSIMU.
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YmpaxkHenusd K ryiase 3
Vapaxkaenne 3.1. IToxkaxkute, uto cemeiictso B C 2% sapngerca 6a30if HEKOTOPOH TOMNOIOIHH, OIIPEIETCHHON HA
MHOX)KecTBe X, €CJIU ¥ TOJBKO €CJTH BBIIOJHSIIOTCS CJIEJYIONTUE BA YCIOBUSI:

e UpepB = X;

e I KayKIbIX mepecekaiommxcas B, B’ € B m mo6oii Toukn x € B N B’ cymecreyer C € B, mas KOTOPOTO
reCCBNB.

Yupaxxuenune 3.2. Paccmorpum Ha BemtecTBeHHON mpsiMoit R cemeiicTBO ee moaMHOKECTB BB, COCTOSIIIEE U3 BCEBO3-
MOXKHBIX Jiyueil (a, +00). JJokaxkure cielyiomue yTBepK ICHUS.

(1) CewmeiictBo B — 6a3a nekoropoit ronosoruu 7. O6o3nauum X TOLOJIOrMYECKOEe IPOCTPAHCTBO, paBHoe R ¢ To-
rnoJjiornei 7.

(2) Orobpaxenue f: X — X, f: x> 22, — HEOPEPHIBHO.
(3) Orobpaxenne g: X — X, g: & — —2, — pa3pbIBHO B KaXKIOH TOYKA.
Yupaxkuenue 3.3. Ilycts X — npomsBosibHOE MHOXKECTBO. PaccMoTpuM criemyrolmme ceMeiicTBa MOIMHOXKECTB X :
(1) B, = {X}>
(2) By, coBuazaoliee ¢ ceMeiicTBOM BCEX OJHOTOYEUHBIX MHOXKECTB;
(3) B., cocrosuee Bcex muoxkects U, mist koropuix X \ U — koneunbiii Habop TOYEK.

JokazkuTe, 9TO MepBOE U3 HIUX — 6a3a AHTUINCKPETHO! TOMTOJIOTHH T, , BTOPOE — JNCKPETHO T4, & TPEThEe — TOTOJIOTHN
3apuUCCKOTO T,.

Yupaxkaenue 3.4. Paccmorpum orobpaxkenue f: R — [—1, 1], 3agannoe dopmyioit f(x) = sinx. Boisgcuure, saBis-
ercst s f HempepbIBHBIM, ecjin Mbl paccmarpuBaeM Ha R u [—1, 1] cienyomiue Tonosmoruy u3 yrnpaKHeHust

(1) (R,7a), ([_171]a7-z)5
(2) (R,72), ([_1’1]a7-a)5
(3) (R,7a), ([_171]77—z);
(4) (R7TZ)7 ([71,1]/7_(1);
(5) (R7T2)7 ([7171]a7_z)-
Vnpaxuenne 3.5. Omumure Bce cXOAgIuecs HOCTEI0BATETBHOCTH B IIPOCTPAHCTBE ¢ TOMOJOrHeH 3apHCCKOro.

Yupaxuenune 3.6. Ilycte X — 06ojiee ueM CUETHOE TOMOJOTHYIECKOE MPOCTPAHCTBO, B KOTOPOM HEMYCTHIMH OT-
KPBITBIME MHOYKECTBAMY SIBJISAIOTCS IOTOJHEHUS 10 He 00jiee YeM CUYeTHBIX MOAMHOXKeCTB. [lokaxkure, 9TO B 3TOM
IIPOCTPAHCTBE CXOAANIMMUCH ABJIAIOTCA JIUIIL CTAIIMOHAPHBIE TIOCJIEI0BATEILHOCTH.

VYupaxueuune 3.7.

(1) Hokaxure, yro HeupepbiBHOe orobpaxkenue f: X — Y TOHOJOIHYECKUX IIPOCTPAHCTB LEPEBOAUT KAKIYIO CXO-
JAIyocs K & € X Moce0BaTeIbHOCTh B TIOCIEA0BATEILHOCTh, CXOAAIYIOCT K f ().

(2) Toxkaxure, uro orobpazkenue f: X — Y MeTpudecKux MpOCTPAHCTB HENPEPHIBHO B TOYKE & € X, €CJIU U TOJIHKO
€CJIM KaXKIas CXOAAIIAACA K & TOCIEI0BATEIbHOCTD MEPEXOAUT B IIOCIIEI0BATEIbHOCTD, CXOAAINYIOca K f ().

(3) Ipusenure npumep orobpaxkerus f: X — Y TOmOJOrMYeCKUX MPOCTPAHCTB, PA3PbIBHONO B HEKOTOPOW TOYKE
z € X, OIHAKO TEePEBOISINEro BCE MOCJIEI0BATEILHOCTH, CXOAAIINECH K &, B ITOCJIEI0BATEIHOCTH, CXOASIIAECS

Yupaxxkxuenue 3.8. Jlokaxkure, 910
(1) Kaskmoe JIMMIIAIEBO OTOOpAYKEHHE PABHOMEDHO HENMPEPHIBHO M, 3HAYNT, HEMPEPHIBHO;
(2) ecim A C X — HemycToe MOAMHOMKECTBO MeTpHyecKoro npocrpancTBa X u da(x) = infyea |ax|, To d4 sBASIET-

¢ 1-TUnImuneBbIM 0TOOpaXkKeHHeM U, IOTOMY, HEIPEPBIBHO; B YaCTHOCTH, HENPEPBIBHBIMA SBJIAIOTCH (DyHKIIUH
dy(z) = |pz| mas mobsx p € X.



Jleknmsa 4

I'omeomopdu3M, KpuBbie, CTPYKTypa
MMOAMHOXKECTB, KOHCTPYKIIAN

ITnau. I'omeomopdusm, romeoMopdHbie TOMOJOTHYECKHE IPOCTPAHCTBA, METPU3AIINS TOMOJOINYECKOTO MPOCTPAHCTBA, KPUBbIE B TONOJOTHYECKOM
IPOCTPAHCTBE, COEAMHAIIINE NAHHbIE TOYKU, OTPE30K B JUHEHHOM IPOCTPAHCTBE, 33aHUe OTPE3Ka B HOPDMHUPOBAHHOM IIPOCTPAHCTBE B BHJE KPH-
BOM, CKJIeliKa KPUBBLIX, HEMPEPLIBHOCTh CKJIEHKHU, CTBIKOBKA KPHBBIX, 3aMEHA MapaMeTpa, CKJAeMKa CTBIKYMOIIUXCH KPUBBIX, JJOMAHAsA B BEKTOPHOM
NPOCTPAHCTBE, BEPIIMHBI (BHYTPEHHNE U KOHIEBble) U pebpa JIOMaHOH, JIOMaHasl B HOPMHPOBAHHOM NPOCTPAHCTBE KaK KPUBas, CTPYKTYpPa MOIAMHO-
KeCTB TOIOJIOTHYEeCKOT0 IIPOCTPAHCTBA, TOYKHU IPUKOCHOBEHH: U 3aMbIKaHHe, 3aMBIKAHHE KaK HauMeHbIllee 3aMKHYTO€ HAJIMHOXKeCTBO, BHy TPDEHHHEe
TOYKHM U BHYTPEHHOCTb, BHYTPEHHOCTh KaK HaubOJIbIIee OTKPBITOE MOJAMHOXKECTBO, 'PDAHUYHBIE TOYKH M IDAHMIIA, TOMOJOTHYECKHEe KOHCTPYKIHHU,
AM3BIOHKTHOE O0beNUHEHNWE M ero TOIOJIOIUs, NEeKAPTOBO NPOU3BEAECHUE, TOMNOJIOrHS NPOU3BENEHUS HJIM THXOHOBCKAs TOIOJIOTHS, CTAHIAPTHAS
Tonosoruss R™ coBnamaer ¢ TOMOJOruel NPOW3BENEHUs, KAHOHHYECKHUE POEKIUU U3 NAEKAPTOBA NPOU3BENEHUS, KOOPIUHATHBIE 0TOODAKeHUsT JJIst
oToOpaxKeHus1 B JIeKapTOBO MIPOU3BeeHNe, HEIIPEPBIBHOCTh B TEPMUHAX KOOPJAMHATHBIX OTOOparKeHHil, 3aMKHYTas IMOJyOKPY?KHOCTH roMeoMopdua
OTpPEe3Ky, 4 OTKPBITASA — HHTEPBAJY, KPUBble B R" U HENPEPBIBHOCTH UX KOOPJIWHATHBIX (DYHKIUH, IOBEPXHOCTH, NOKA3ATEILCTBO HENPEPBIBHOCTH
JMHEHHON KOMOMHALNMM, IPOU3BELEHUs U OTHOLICHUA HENPEPbIBHBbIX QyHKIuUM, crepeorpaduueckas IPOeKLHs.

4.1 Tomeomopdusm

B sTom pasjese mMbl onpejiesisieM 0TOOParKeHuUsl, TO3BOJISIONINE OTOXK IeCTBIISITh TOMOJIOrHYecKue npocrpancrsa. Oun
SIBJISIIOTCS AHAJIOTAMU OUEKIUH B TEOPUH MHOYKECTB U M30MOP(MU3MOB B TEOPUH JTUHEHHBIX TPOCTPAHCTB.

Orobpakenue f: X — Y TOMOJOrHYECKUX MPOCTPAHCTB HA3BIBACTCS 20MEOMOPPHUIMOM, €CIH OHO OUEKTHB-
"o, a f w f~! — wempepwBHLI. ToMOIOTHHYECKIe TTPOCTPAHCTRA, HA3HLIBAIOTCS 20MEOMOPHHBLMU, €CTH MEKITY HAMI
CYIIECTBYET TOMEOMOP(U3M.

3amevanue 4.1. Tak Kaxk HEIPEPLIBHOCTH OTOOPAKEHNsT PABHOCUIBHA TOMY, UTO IIPOOOPA3 OTKPBITOrO MHOXKECTBA
OTKPBIT, TO TOMEOMOP(MHOCTH oToOpazkenus f: X — Y o3HaUaeT, YTO MOAMHOKECTBO X OTKPBITO, ECJIM W TOJBKO eCJIN
00pa3 3TOT0 MOAMHOYKECTBA OTKPHIT B Y . VIHBIMU CJTOBaMU, TOMEOMOPMU3M yCTAHABIMBAET HE TOJIHKO OUEKITHIO MEK Y
TOYKaM¥ MPOCTPAHCTB X U Y, HO €Ie ¥ MEXK/y TOMOJOTUIMU. Y J00HOE HAIJISIHOE MMPEICTABIeHne roMeoMopdu3ma
COCTOUT B BOCIIPHUATHH €r0 KaK MMEPEMMEHOBAHUS TOUYEK: KaxKIasd TOUKa & € X Temepb MPOCTO HA3BIBAECTCA “HMeHeM’
y = f(z), upu 9TOM OTKDbITHIE MHOXKECTBa, OCTAOTCAd TeMu 2ke. [Ipu Takom B3risi/ie CTaHOBUTCS OYEBUHDLIM, YTO
KaxK/I0e CBOMCTBO TOLIOJOIMYECKOIO IPOCTPAHCTBA, KOTOPOe (POPMYJIMPYETCs TOJIbKO B TE€PMUHAX TOLOJIOrUM (TaKue
CBOICTBA HA3BIBAIOTCS MONOAOZUNECKUMU) Y TOMEOMOP(MHBIX IPOCTPAHCTB OUHAKOBBI. Hampumep, romeoMopdmbie
MPOCTPAHCTBA OJHOBPEMEHHO Xayca0pdOBbI UIu HET. B 9acTHOCTH, HECIETHOE TTPOCTPAHCTBO € TOMOJIOTHENR 3apUCCKO-
r0 HEJb3sl MemPU306aMsb, T.6. BBECTH METPUKY TakK, 9TOOBI TOMOJIOrUS 3apUCCKOrO OKA3a/Iach COOTBETCTBYIOMIEH
METPUYECKON TOMOJIOTUE.

IIpumep 4.2. Tokaxkem, 4o npsamas R u unrepsai (a,b) romeomopdubl. eficTBUTEILHO, B 9aCTHOM CIydae, KOTaa
(a,b) = (—7/2,7/2), romeomopdusm ycranasiupaercs dbyHKImel y = arctg x, Tak Kak oHa U 0OpaTHas K Heli, paBHas
orpanuvenuto byHkimu & = tgy Ha (—mw/2,7/2), ABAMIOTCH HENPEPbIBHBIMU (DYHKIIUSAMU.

B obuwem ciyuae, unrepsan (a,b) cHadasa nepeBogurcs romeoMopdHO Ha uHrepBas (—m/2,7/2) ¢ moMoOLIBIO
orobpaxkenusi Buga y = kx + ¢, T7e k M ¢ — HEKOTOpbIe BEleCTBEHHbIE YHUCa (HANIUTE SBHDbIE BHIPDAYKEHUS IJIs
napamMerpoB k U ¢); 3aTeM MOXKHO BOCIOJIb30BATHCS CJIEICTBUEM

13 npemnoxenns MTHOBEHHO BBITEKAET CJIEIYIOIHI Pe3yabTar.

Caenctsue 4.3. Tooicdecmaenmnoe omobpascenue monoio2uiecko20 npocmpancmea na cebs, obpammoe omobpasice-
HUE K 20MEOMOPPHUIMY, G MAKHCE KOMNOSUUUSL 20MEOMOPPHUIMOE ABAAIOMCA 20MEOMOPPHUIMAMU.

32
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Hizke MBI OIIpeiesnM emie psji TOIOJOTHYeCKHX CBOMCTB U HpUBEIeM HpUMepPLI ToMeoMOP(hHBIX B HEroMeoMopd-
HBIX IPOCTPAHCTB. II0Ka 7K€ OrpaHnIMMCsT BaXKHBIM OYEBHIHBIM CIIEJCTBHEM M3 Npetoxenus [3.27]

CanencrBue 4.4. IIyemv f: X — Y — zomeomoppusm, Z C X u W = f(Z). Toeda flzw: Z — W — maxoice
20MeoMOPPUM.

4.2 KpuBble B TOMOJOTUYECKNX ITPOCTPAHCTBAX

Henpepbisroe orobpazkenue 7: [a,b] — X u3 orpeska [a,b] B Tonosoruyeckoe nmpocrpanctBo X Ha3bIBAETCH KPUBOT:
8 X, coedunsrowel mowku y(a) u y(b).

IIpeamoxenne 4.5. ITycmos V' — nopmuposannoe npocmpancmeo u A, B € V. — ezo npousgosvnsie mouku. 3adadum
omobpasicenue v : [0,1] = V, noaootcus v: t — (1 —t)A+t B. Tozda v — nenpepwvigno, m.e. asasemca xkpueoi ¢ V,
coedunarowett A u B.

HokasaresabcrBo. Tak kak [0,1] u V sBASIOTCS METPUYECKUMH MPOCTPAHCTBAMM JJIsi COOTBETCTBYIOIIUX METDHK,
JJId TOKA3aTeJIbCTBA HEMPEPBIBHOCTU 7y BOCIOJIb3YeMCS IpeIJI0KEeHueM Bribepem mpou3BOIBHYIO TOYKY to €
[0,1], so6oe ¢ > 0, u nokaxkewm, uro cymecrsyer 0 > 0, ayia koroporo yciosue ¢ € [0,1], [t — to| < J, Bieuer
|[v(t) = 7(to)|| <e. Iycrs d = || B — Al|. Honoxum § = e/d, Torna

() = v(to)|| = [[1 =) A+t B — (1 —to) A —to B|| = ||(t — to)(B — A)|| = |t — to||1B — Al <,
910 1 TPebOBaIOCh. O

3ameuanne 4.6. O6pa3 orobpaxkenusi v u3 upeioxkenus 4.5 maxe eciu V' — JjuneliHOE TPOCTPAHCTBO, HO HE
00s13aTeTbHO HOPMUPOBAHHOE, HA3hIBACTCS 0MPe3kom 6 npocmparncmee V, coedunsrowum mouku A u B n
oboznavaercs [A, B]. fcno, uro orobpaxkenne t — (1 —t)B +t A, ¢t € [0,1], 3amaeT TO Ke camMoe MHOXKECTBO, T.e.
[A, B] = [B, A].

ITycrs v1: [a1,b1] — X # 72: [ag,be] — X — KpHBbIe B TOMOJIOMMYECKOM MPOCTPAHCTBE X, MpudeM by = ag #
~v1(b1) = y2(az). Oupenennm orobpazkenue I': [aq,bs] — X, monoxus ero paBHbIM Y1 HA [a1,b1] C [a1,bo] u v HA
[ag, ba] C [a1,bs]. Takoe orobpakenue Ha30BeM CKAETUKOT KPUBBLT Y1 U Yo U ODO3HAYUM Y1 - Y.

Ilpeasoxkenne 4.7. Onpedeaennasn 6viue cxaetixa xkpuenr [ = 1 - yo — Henpepvienoe omobpasicenue, m.e. I'—
Kpusas 6 npocmpancmse X .

HokaszarenbcTBo. HeupepoiBaocrs I' BO Bcex TOYKax t # by = ag BbITEKAaeT U3 HEIPEPbIBHOCTH COOTBETCTBYIOLIEIO
i st moKa3aTeahcTBa HEMPEPHIBHOCTH B TOUKE ¢ = b; = ap BBIOEPEM TIPOM3BOJIBbHYIO OKpecTHOCTh U Toukm 71 (b1) =
~o(as), Torma cymecrsyior §; > 0 u dy > 0, 119 KOTOPBIX ’yl((bl — (51,b1]) CUn 72([a2,a2 + 52)) C U, nostomy
F((b1 —01,b1 +(52)) C U. Ocraznock 3amerutb, uto (by —d1, by +J2) — OKpecTHOCTH TOYKH by = ag B OTpe3Ke [a1,bs]. O

3ameuanne 4.8. Eciu B npuBeIeHHOM BBIIIE TpuMepe by # az, HO, TEM HE MEHEee, KPUBBIE Y] U Y2 CMbIKYIOMCA,
1.€. v1(b1) = Y2(a2), TO UHTYUTUBHO SCHO, YTO TAKIKE MOXKHO ONPEJETUTh CKIEHKY TaKUX KPUBBIX, “IPOiijid cHaYasa
10 ONHON M3 HHUX, a 3aTeM — 1o Apyroi”. UTobbl mpuaaTh (GpopMaIbHBII CMBICT 3TOH (pa3e, BBEIAEM CJELYIOINIee
NOHATHE. 3aMeTuM, 9TO i KPUBOH v: [a,b] — X B TOomosormueckom mpoctpancTBe X KazKablii roMeoMopdusm
©: [e,d] = [a,b], B cuity mpemsioKeHust TIOPOYXKIaeT KPUBYIO ¥ o ¢: [¢,d] — X. IIpo KpUBYIO 7 © (0 TOBOPSAT, UTO
OHa, TIOJIyYeHA U3 7y 3ameHolt napamempa. Ecin t — crangaprHas KoopawHara Ha [a,b], a § — Ha [c, d], TO YacTo
BMECTO '}/(90(8)) mumyT Y(s). DTO CBA3aHO C TEM, Y4TO KPUBYIO MHOI/A BOCIPUHUMAIOT KakK HEKOTOPBI MapIipyT B
npocrparcTee X, IO KOTOPOMY MOXKHO TEPEMEIAaThCs B Pa3HbIX TeMnax. VIHBIMU CJIOBaMU, TAKOH B3TJIs, HA KPUBBIE
O3HAYAET, 9TO MbI OTOXKIECTBJIIEeM KPUBBIE, OTJINYIAIONINECS Ha 3aMeHy mapaMerpa. Tenepsb ¢pasy “craeum xpussie,
npotids cHaAvana no 00HOTU u3 HUL, a 3amem — Mo Opy2ot’ OyleM IIOHUMATH TAK: CAEJAEM TAKUE 3aMEHbI
mapaMerpoB ;: [¢;, d;] — [a;, b;] HA KPUBBIX +y;, YTOOBI BBIMONHAIOCH di = . Torma moj pe3ynbTUpYIoneil KpuBoii
Oy/eM MOHUMATh CKJIEHKY KPUBBIX Y1 O (01 U Y2 O (2.

JTomaroti L 6 sexmoprom npocmparcmee V, coequusiioneir Toukn A m B, Ha30BEeM IMOCIEI0BATEIHHOCTD
Touek Ag, A1,...,Am_1,Am, tne Ag = Au A,, = B. Ilpu 3tom,

e TOYKHU A; HA3BIBAIOTCA 8EPULUHAMU AOMAHOT L;
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e kaxkgas Beprmaa A; misg 0 < @ < k — enympenHed, a sepmuabl Ag = A u A, = B — Konuesvimu wim
2PAHUMHBIMU;

e orpesku [A;_1, A;] — pebpamu nomanoit L.

Bameuanne 4.9. Ipennoxenne [I.5] nosBonsier paccMarpuBaTh Kazk/Iplil OTPE30K KAK HENPEPBIBHYIO KPHBYHO. Tak
KaK I0CJIe/IOBaTeIbHbIE Pedpa JIOMAHON CTBIKYIOTCH, TO 3GMEYGHUE N0360AAEM PACCMAMPUBEMND AOMAHYIO KOK
KpUBYr0, 4T0 Mbl u Oy/1eM Jes1aTh B JAJbHEHIINX JIEKIIUAX.

4.3 CrpyKTypa HOAMHOXKECTB TOIIOJIOTUIECKOTO ITPOCTPAHCTBA

IIycts Z C X — npou3BosibHOE TIOAMHOXKECTBO TOMOJIOrmdeckoro npocrpancrsa X . Touka € X HaspiBaeTcs mowkot

NPUKOCHOBEHUSR 05t Z, eciii Kazklasd okpecrHoctb U nepecekaer Z. B yacrHocTu, BCe TOYKU U3 Z ABJIAIOTCH €0

TOYKAMU [IPUKOCHOBEHUsT. MHOXKECTBO TOUYEK MPUKOCHOBEHUS Z ODO3HAYAETCS Z U HA3BIBACTCS 3AMbiKAHUEM 7.
JloKazkeM CJeayIONIyIo JIEMMY.

JIlemma 4.10. FEcau omxpwmoe muoocecmeo U C X ne nepecexaem Z, mo U maxoice ne nepecexaem Z. Dxeuea-

AeHmublll 8apuanm: xastcdoe omrpumoe muoscecmeo U C X, nepecexarowee 7, makoice nepecexaem u Z .

HokazaresanctBo. [lycte U N Z # (), T.e. CymecTByeT TOYKa MPUKOCHOBEHUSA T € X MHOKECTBA, Z, COMEPIKAIIAACS
B U. Ho torma U — OKpPECTHOCTH Z W, 3HAYMUT, IO ONPEIEICHUIO TOYKU OIPUKOCHOBeHu:A, U N Z # (). O

Teopema 4.11. ITycmo Z — nodmHosiHcecmeo monoso2uveckozo npocmpancmea X, mozda MHostcecmeo Z 3aMKEHY-
mo, u 0as 406020 3amxnymozo F D Z ewnoansemcsa F D Z, m.e. Z — naumenvuee 3aMEHYMOE MHOHNCECMEO,

codeporcawiee 7, uau, IKGUBAAECHIMHO, Z DPUBHO NEPECEYEHUN 6CET 3AMKEHYMBLL MHOHCECTME, COOEPAHCAWUL Z .

HokaszarenbcTBo. [lokaxkem, 94T0 MHOKECTBO Z samMkHyTO. Ilycth € X\ Z TOT/Ia T He SIBJISTeTCS TOYKON MTPUKOC-
HOBEHUs, IO3TOMY CYIIEeCTByeT OKpecTHOCTh U”, He nepecekatomas Z. [lo smemme , U” TakKe He IepeceKkaer Z

nosromy X \ Z paBHO 00beauHeHNI0 TakuxX U” u, 3HAYUT, SIBJISETCS OTKPBITHIM MHOXKECTBOM.
IMycrs F' — 3aMKHYyTOE MHOXKECTBO, cojepxkKailiee Z, rorga X \ F' — oTKpbITOe MHOXKECTBO, He nepecekaoniee Z. [To

JeMMme , X\ F rakze He mepecekaer Z, caenoBarenbno, 7 C F. Takum 06pa3oM, Mbl MOKA3a/Iu, 9TO Z COMEPIKUTCS
BO BCEX 3aMKHYTBHIX MHOYKECTBAX, BKJIIOYAIONINX B C€0sT Z W, 3HAUNUT, COMEPKUTCS B MEPECEUEHUN ITHX MHOKECTB. Tax

KakK ogHUM m3 Takux F' sBigercd camo Z, mosiydaem Tpedyemoe. O
Caencrsue 4.12. IIycmov Z — nodmmosicecmeo monoaozuneckozo npocmpancmea X . Tozda
(1) Mmnoorcecmeo Z 3aMEHYMO, €CAU U MOALKO ECAU OHO COBNANGETN, CO CEOUM 3AMBIKAGHUEM Z

(2) MHO2HCECNBO 7 3AMKEHYMO, ECAU U TMOABKO ECAU OHO coﬁepmcum 6Ce C60U MOYKU NPUKOCHOBEHUA.

dokazaTesbcTBO. Ecan Z 3amkuyTO, TO Z = Z KaK HauMeHbIlee 3aMKHYTOE MHOXKECTBO F', comep:kariee Z.
Ecm Z = Z,T0 Z — 3aMKHYTO, TaK KaK 3aMKHYTO 7.
Ecau Z 3aMmkHYyTO, TO, KaK MBI YK€ OTMEYIAIH, Z=2z ", 3HAYUT, Z COAEPIKUT BCE CBOM TOYKH IMPHUKOCHOBEHHUSI.

Ecimn Z comep:XuT BCe CBOM TOYKH MPUKOCHOBEHUSI, TO Zc Z, HO TakK Kak /4 C Z 3aKJII0YaEM, 9TO £ = 7 ", 3HAYUT,
Z 3aMKHYTO. O

3amaua 4.13. Ilycrs Y n Z — nmoaMmHOXKeCTBa Tomoaorndeckoro mpocrpamcrsa X . [lokaxkure, 910
YUZ=YUZuYNZCYNZ,
a TakrKe IpHUBeJuTe IpuMep, Koraa Y N Z # YnZ.

Touka x € X HazbiBaercs 8HYmMpeHHet MowKoU nodMHOHCeECT8a 7, eCiid HEKOTOpas ee oKpectHocTh U co-
JepKuTCst B Z. MHOXKECTBO BCEX BHYTPEHHUX TOYEK MHOYKECTBA Z HA3BIBAETCS BHYMPEHHOCTNHI0 Z 1 0003HATALTCS
Int Z.

JlokazkeM CIeayIONIyIo JIEMMY.
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Jlemma 4.14. Ecau omxpoimoe muooicecmeo U C X codeporcumen 6 Z, mo U C Int Z.

dokazaresbcTBo. MuOXKECTBO U fABJSETCS OKPECTHOCTHIO KAaXK/ION CBOEH TOYKOI, MO3ITOMY, B CHJIY ONpPeIesIeHUs
BHYTPEHHe# TO4YKHU, BCce TOYKU u3 U — BHyTDEHHHUE. O

CaencrBue 4.15. Buympennocms Int Z mmoorcecmea Z — naubosvuwiee 0mEPuIMOE MHOHCECTNEO, COJEPHCAUEECH 6
Z.

JokazaTesbcTBo. BHYTpeHHOCTh Z OTKPLITA, TaK KaK BMECTE C KasKJOH TOYKOH T OHA, B CHJIY JIEMMBI co-
JIepsKHT B OKPECTHOCTD 3TOH TOUKH, TI09TOMY BHYTPEHHOCTD ABJIAeTCA 00beJHHEHNeM TaKIX OKPeCTHOCTeH 1, 3HAYNT,
OTKpBITA. MaKCHMAIbHOCTH BHYTPEHHOCTH TAaKzKe BbITeKaer u3 nemmbl [£.14] O

Banaua 4.16. Ilycrs Z — nogmuo)kecTBo Tonosorudeckoro npocrpancrsa X . Iokaxkure, uro Int(X \ Z) = X \ Z
u, anasgornaHo, Int 7 = X \ X \ Z.

Touka x € X HA3BIBAETCS 2PAHUNHOT TNOYKOT NOOMHOMNCECMEA 7, eCIN KaxKaas ee OKpecTHOCTH U” mepece-
Kaer Kak Z, Tak u ero gonojHenne X \ Z. MHOXKeCTBO BCeX I'PDAHUYHBIX TOUYEK MHOMKECTBA Z HA3bIBACTCs 2paHulel:
Z u obo3nadaerca 07 .

HemnocpencrBenso u3 onpeieeHus TPAHAIBI BEITEKAET CJAELYIONAil pe3yabTar.

Caencrsue 4.17. Umeem mecmo gopmyave 07 = ZNnX \Z = Z \ Int Z.

3amaua 4.18. Tlokaxxute, 9TO MOAMHOXKECTBO Z TOMOJOTHYECKOTO MPOCTPAHCTBA X 3aMKHYTO, €CJIU U TOJHKO €CJIU
OHO COJIEPKUT BCE CBOU I'PAHWIHBIE TOUKH.

4.4 TomnoJsiorndyeckme KOHCTPYKIINU

[IpuBenem psii KOHCTPYKIHiL, MO3BOJIAIONIAX COOMPATH U3 OJHUX TOMOJOTHIECKUX MPOCTPAHCTB JAPYTHE.

4.4.1 JIn3bIOHKTHOE O0bEeaMHEHNE

IMycrs { X4 }aer — cemeiicrBo Tonosnoruyeckux npocrpancrs. Pacemorpum ausbionkrHoe obbeaunenne X = Uger X,
(mb1 paccmarpuBaeM Bee X, KAK HEIIEPECEKAIOLIMEC MHOKECTBA, CM. Pa3Jiel . Tononozus Tx OU3BIOHKIMHOZ20
obsedurerus — ITO TOMOJIOTHUS, 0a3a KOTOpOH paBHA Ll,erTx,. JIErKo BHIETH, YTO OTKPBITHLIME MHOXKECTBAMHU B
TOIIOJIOTIYECKOM IpOCTpaHcTBe X aABAoTca obbenunenus Ll,erU, mnda Beex Uy, € Tx,, -

Bamaua 4.19. Ilycrs { X, }oer 1 Y — TOmosornueckne npocrpancrsa. JJokaxnre, uro orobpaxkenne f: Uyer Xq — Y
HEIPEPBIBHO, €CJIM U TOJBKO €CJIM BCe OrpaHWYeHus f|y  HempepbIBHBL

4.4.2 JlexkapTOBO IIPOM3BE/ICHUE

IIycrs {Xa}aer — cemeiicrso rononormyeckux npocrpancts u X = [[,c; Xo. Tonoaozueti npouseedenus uin
TNUTOHOBCKOU TMonoao2uet Tx HA3BIBAETCS TOMOJOrHs, 0433 KOTOPOH COCTOUT W3 BCEBO3MOYKHBIX MTPOM3BEICHUIT
Hae 1 Ua, Uy € Tx,,, B KOTOPBIX BCe Uy, 38 UCKIIIOUCHAEM KOHEYHOTO MX YHCJIa, PABHBI X, .

B ciiyuae KOHEUHBIX EKAPTOBBIX Mpou3BeaeHuit X1 X - - - X X,, 6a3a TOMOIOrnY TPOU3BEIEHUST — ITO BCEBO3MOXKHbBIE
Uy x - xUp,tneU; €7x, npu BCex ¢ = 1,...,n.

IIpeamoxenne 4.20. ITycmo B, — 6a3a monoaozuseckozo npocmparncmea X,,. Tozda ece603moncHvie npoudsedenus
[locr Bar Ba € Bo U{Xa}, 6 Komopuix 6ce By, 3a uckaouenuem xoneunozo ux wucaa, pashol X, obpasyrom 6asy
monoaozuu npouseedenus. B wacmmnocmu, 6 konewnom npoussedenuu X1 X -+ X X, 060300 MONoa02ut ABAALMCA
npouseedenue b6a3 By X --- X B,,.

HokazarenbcrBo. [lo ompenereHnto TOMOJIOrUU MPOU3BENEHUsI, ee Da3y 0Opa3yOT BCEBO3MOMKHBIE TMPOU3BEICHUS
Hael Uy, Uy € Tx,,, B KOTOPBIX Bce U,, 3a UCKJIIOUEHNEM KOHEYHOIO MX 4HCid, paBHBI X,. Ho xaxgprt U, pasen
00beuHennIo 3y1eMeHToB 6a3bl: Uy = Ug e, Bag,, , Ta€ Bag, € Bo. llpencrasum B TakoMm Buge Bee Uy, OTAWYIHBIE OT
Xao, a ana U, = X, nonoxum Bag, = X,, TOrIa

[[U:=11 U Baso= U ] Bas.:

acl acl Bo€l, ﬁEHaIa ael

rae st kaxkgaoro B € [] o 1o B IpOM3BEIEHEN 11 B, p, nmumb KoHeIHOE 9nCIo Bag, OTAWIHO 0T X,. O

acl
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Caeacrsue 4.21. Cmandapmmnas monosozus 6 R™ coenadaem ¢ monosozueti npoussedenus R x --- X R,

dokazaresbecTBo. 1lo npenmoxkennio 0aza TomoJioruu mpomsBenenns R X --- X R paBHa mpowu3Bemenuio 6a3
comaokuTesneii. Beibpas B kauecTBe 6a3 COMHOKHUTENEH CEMEHCTBA BCEBO3MOYKHBIX OIDAHMYEHHBIX WHTEPBAJIOB, IO-
JiyduM, 4To 62300l npousBeseHus ABAAOTCH “OTKpbiTbie Kupuudn” U = (a1,b1) X -+ X (ap, by). [lycrs 26 — anuna
HAMMEHBINEro u3 mHTepBasnoB (a;,b;), a ¢; — cepeguna (a;,b;). Ecm ¢ = (c1,...,¢,), To orkporreiit map U (c) B
max-Hopme comepxkutcsa B U. C npyroii CTOpOHBI, KaXKIblii OTKPBITHIN 1Map B MaxX-HOPME SIBJISETCS “OTKPBITHIM KUP-
nugom”’. Takum 0Opa3om, B CujIy mpejioxkenwus [3.5] TOmoorust mpou3BeIeHNs COBITAIAET C TOMOJIOTHe, 33 JaHHOM
max-aHopmoii. B cuny crmeacrsus @ TOIMOJIOTUH, 3a/IJaHHBbIE IMAaX-HOPMOU U €BKJIMJAOBOI HOPMOW, TOXKE COBIIAJAIOT,
9TO W 3aBEPINAET JOKA3ATEIHCTBO CJIEICTBUSI. O

Hnsa nexaprosa npoussenenns X = [, Xo onpenenensl kanonuneckue npoexyuu m,: X — X,, 331aHHBIE
rak: ect & € X, x: I — UyerXa, 10 mo(z) = z(a) = 2o. Ecin f: Y — X — orobpaxenue, 10 KOMLO3ULMU
fa := 7o o f Ha3BIBAETCS KOOPIUHAMHBIM OMOOPadHceHuem f.

IIpengioxxenne 4.22. ITyemo { X, }acr — monosozuseckue npocmpancmea v X =[] Xo. Tozda

acl

(1) xaocdan KaAHONUNECKAA NPOCKUUA Ty — HENPEPBIEHOE 0MOOPAdICEHUE;

(2) omobpasicerue f: Y — X us monosozuueckozo npocmpancmea Y HenpepuieHo, eCAl & MOALKO eCAU HENPEPbLEHb
6ce Koopdunammve omobpasicenus fo amozo f.

lokazaTenbcTBO. ITycts U, — Npon3BONBHOE OTKPBITOE MHOXKECTBO B X, TOTHA T, L (U,) paBHO IPOM3BEIEHNUIO,
B KOTOPOM -blif COMHOKHUTETH paseH Uy, a Bce ocTaJbHbIe 3-ble COMHOXKNTEN coBnaaaioT ¢ X z. Ho, mo onpenenenmnio
TOMOJIOTUY TPOU3BE/ICHN S, BCE TAKHUE MPOM3BEIEHUS BXOAAT B a3y TOMOJOTHWH, TIO9TOMY OTKPBITHI, & 9TO U JOKA3BIBAET
HEIPEPBIBHOCTD T .

Ecuu f: Y — X HeupepblBHO, TO KOOPAMHATHOE OTOOpazKeHue fo, = T, 0 f TaKzKe HeIPEPbIBHO KaK KOMIIO3UIUS
HEMPEPBIBHBIX 0TOOPAXKEHUI, CM. TTPEIJIOKEHNE IIycts Teneps Bce f, HempepwiBHBI. B cuty mpemioxenust [3.23]
IS TOKA3aTeIbCTBA HEMPEPBIBHOCTH f TOCTATOYHO MPOBEPUTDH, U9TO f-TIPO0OOPa3 KaxKI0ro IeMeHTa 0a3bl MPOCTPAH-
cra X orkpeit B Y. Ilycts U € Bx, torma U = [[, Ua, Ua € 7x,,, 11€ Bce Uy, 38 HCKTIOYEHNEM KOHEYHOTO YHCII,
coBragiaior ¢ X,. [lycrs J C I — KOHEYHOE MHOXKECTBO MHJIEKCOB (v, st KOTOpbiX U, # X, . Jlerko Bugers, 9ro

U= ﬂ Wc:l(Ua)v

acJ
OTKY/13
)= ) U) = () fa (Ua)
acJ acJ
— OTKPBITOE TIOAMHOXKECTBO Y KaK Iepecedenrie KOHEYHOIO YUCIA OTKPBITHIX MHOXKECTB. O

3amaua 4.23. Ilycte X — merpuueckoe mpocrpanctso, u p: X X X — R — ero merpuka. [lokaxkure, 4yto dbynxnus
p HEIpepbIBHA.

CaenctBue 4.24. Ilycmo X — monoaoz2uueckoe npocmpanrcmeo.

(1) Pynryus f: R™ — R, xomopas cmasum e coomeemcmeue kancdoli mouke r = (T1,...,Ty) YUCIO Tk, HENpe-
PULBHAG.

(2) Pynxyua f: R? — R, xomopas cmasum 6 coomeememeue xaxcdoti mouke v = (T1,T2) “ucao T1 + Ta, Henpe-
PULBHA.

(3) @ynxyua f: R? — R, xomopas cmasum 6 coomsemcmeue xaxcdoti mouxe v = (T1,T2) YUCAO T1To, HENPEPLIGHA.

(4) Ecau f1,...,fr: X = R — nenpepwenvie dynxyuy, mo omobpasicenue h: X — R¥ h(z) = (f1 (2),.. .,fk(ac))
HENPEPHLEHO.

(5) Ecau f1,...,fx: X — R — nenpepuenvie gynryuu, mo dynrxuyus h: X — R, h(x) = fi(z) + - + fe(z)
HENPEPHLEHA.

(6) Ecau f1,...,fr: X = R — nenpepuenvie gynxyuu, mo gynwuyus h: X — R, h(z) = fi(x) - fx(x) nenpepuena.
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(7) Ecau fr,...,fk: X — R — nenpepuenvie gynruyuu, mo 410000 MHOZOWAEH OM IMUL PYHKYUT, Hanpumep,
210604 ANUHETHAA KOMOUHAUUA IMUL PYHKUUT — HEnpepbenas Gyuryua. B wacmuocmu, 410600 mHo20u0eH OM
NEPEMEHHBIL T1, . . . , Ly, HANPUMED, A1000A MUHETHAA KOMOUHAUUA IMUT NEPEMEHHBLL — HENPEPLIEHAA PYHKUUA
na R™ ¢ dexapmosvimu K00pounamamu T, ..., Ty,.

(8) Ecau f: X — R — scrody omauunan om nyss nenpepwenas dynkyus, mo u g: X — R, g(x) = 1/f(z) —

maxoice nenpepuienas Gynkuyus. B wacmmuocmu, ecau P(xq,...,x,) u Q(z1,...,Tn) — MHOZ0UACHDL, NPULEM
MHO20UAEH () OMAUNEH OM HYASL HA HEKOMOPOM Nodmnoscecmee Y npocmpancmea R™ ¢ dexapmosoimu koop-
QUHAMAMUY X1, . . ., Ty, MO PaYuOHEALHAA Pynryus P/Q: Y — R nenpepvisna.

HokazaresabscrBo. (1) 910 — gacTHbIi caydail yrBep:KaeHus n3 myHkra (1) mpeamoxenust
(2) Bocmosb3yemces npengiozkenuem [3.16) T.e. BbiGepem 1npousBosibHOE € > 0 U IOKaxKeM, 4To cyiecrsyer § > 0,
JJ1s1 KOTOPOro f(Ug(SU)) C(x1 + 29 —&,21 + 22 + €). llycrb y € Us(x), Toraa

|21 4+ 22 —y1 — y2| < |21 — 11| + |22 — y2| < 20,

II0O9TOMY MOXKHO IOJIOXKHTE 0 = £/2.
CHoBa BoCIOJIb3yeMcs TpeiokenueM [3.16) T.e. BoibepeM mpou3BoabHOE € > 0 U MOKAaXKeM, 9TO CYIIECTBYET
d > 0, st KOTOPOro f(Ug(:z:)) C (z129 — €, x122 + €). Ur00bBI HaliTU J, ClENaEM [IPEIBAPUTEILHO OLEHKY Pa3HOCTU

|z122 — Y192/, THE ¥ € Us(x), nomoxwus M = max{|z1],|z2|} n yara, aro |1 — y1| < \/(Jcl —y1)2+ (r2 — y2)?2 < I m,
AHAJIOTHYHO, [T — Ya| < O

|T122 — y1y2| = |T172 — T1y2 + T1y2 — Y1ye| < |@1] |2 — Yol + |yol [21 — 1| < M d+ (M +6) 0.

IIpaBas yacTb npeabLLyned oneHkn — HenpepbiBHAsA GyHKIUA OT 0, papHag Hy/ 0 npu 0 = 0, HO3TOMY BCETIa MOXKHO
BbIOpars 0 > 0, /i KOTOPOro Ta LpaBas 4acTb MeHbIe £ (BLIPOYEM, 3TOT BbIOOD MOXKHO Cuesarb u 6e3 auesuisiuuu
K HENpPEepPLIBHOCTH (DYHKIUH OT §).

(4) D10 — wacTHBIH ciyuail yTBEPKIEHUA U3 IyHKTA PEIJIOKEHU ST

(b)) Joxaxkem cuauana ciaydail k = 2, a 3arem Oyjem MOC/I€10BATEILHO IPUMEHITH Pe3ysbrar K napam f1(x)+ fo(x)
u f3(z), fi(x) + f2(z) + f3(x) u fi(z), u T.n. Pacemorpum kommosumuto otobpazxennit X — R? — R,

® 1iepBoe T (f1 (2), fa (m)), ABJIAIONEeCd HelIPEPLIBHLIM B CUJLY IIyHKTa ,
e Bropoe (x1,x2) — X1 + Lo, ABJIAIONIEECS HEIPEPHIBHBIM B CUJLY IIYHKTA .

Kommosunus stux orobpazkennit paBHa h, mo3ToMy h — HENPEPBIBHO B CUJIY IMyHKTA [IPEII0KEH ST

(6) Anasoru4no myHkry .

(7) o myukTy MpeJIOsKeHNs 2] KOHCTAHTHI — HempepbiBHbIE (MYHKIMU. OCTajJoCh BOCITONIB30BATHCS MYHKTA-
mu (5) u @ s moKa3aTeIbCTBA, BTOPOl YaCTH HYYKHO €IIe BOCIOIb30BATHCS TyHKTOM .

(8) IlepBas wacTb BhITEKAET U3 TOrO, uTo byHKuUs 1/t HenpepbiBaa Ha R\ {0}, u u3 nyukra npezmoerHﬂ
Bropas gacTh BbITEKaeT U3 MEPBOM U MYyHKTA . O

IIpumep 4.25. Ilyctp X = R” = Rx--- xR, 7;: R™ — R — KaHOHWYECKME TPOEKITNH, X; — CTAHIAPTHAST KOOPINHATA
Ha 1-OM 3K3eMmiuisgspe R, Bxozsdmiem B mpenactanierHue R™ B Bume mpoumsBenenusa R x --- X R, a t — crammaprHas
KOoOp/nHaTa Ha [a, b]. VI3 npejroxKeHust BBITEKAET, 9TO ¥: [a,b] — R™ — KpuBas Torja u TOJIBKO TOTJA, KOTIa BCE
ee koopauHarHbie GyHaruuu ;(t) = (m; 0y)(t) — nenpepoiBubl. [Ipu 3T0OM, B CUily IpeioKeHUs HEPEPBIBHOCTD
dyukuuit z;(t) coBunasaer ¢ HEIPEPHIBHOCTHIO B CMbICIE MaTeMaTHYecKoro anasusa. Haupumep, ecau Bce (pyHKuuu
x;(t) — MHOrOWIeHbI OT t, TO 7y — HELPEPbIBHAA KPUBAsL.

IIpumep 4.26. Bosee o6mio, ecim 2 C RF — oTKpbITOe MHOXKECTBO, TO HempepbIBHOE oTobpaxkenue f: 2 — R,
n > k, Ha3bIBaeTCs k-MepHOH noeeprmocmuio. Ecan uq,...,u, — cranzapTHbe KoopamHaTtsl B RF, a z1,...,Zx
— craHgapTHble KoopauHaThl B R™, 10 KoopauHaTHbie GyHkuuu x;(uq,. .., ug) = (m; o f)(u1,...,ur) IPEACTABIAIOT
coboii (pyHKIMHU OT k IepEeMEHHBIX, ¥ HEIPEPLIBHOCTD 3TUX (PDYHKIMI PABHOCHJIBHO TOMY, YTO f — IOBEPXHOCTD.

ITpumep 4.27 (Ilonsapubie Koopaunars). Ilycrs (2,y) — AeKapTOBbI KOOPAMHATHI Ha miockocTu R2, Boikunem usz R?
3aMKHYTBIN JIyY {(ac70) rx < O} ¥ TOJIyYE€HHOE MOIMHOXKECTBO 0bo3uHaunM X . PaccMoTpum oToOpaskeHme, COmOCTaB-
Jigronee Kaxaoit rouke P € X napy uucen (1, ), Tae r — paccToguue oT P 10 Hadasia KOOPIMHAT, & ¢ — YIOJI MEXKIY
[OJIOXKUTEIBHBIM HalpasienueM ocu abcuuce u pajuyc-sekropom touku P. Ilapa (r, @) Ha3bBaeTCs NOASPHBLIMU
xoopdunamamu mourku P. Ormerum, 910 yroa ¢ onpejesieH HeOmAHO3HAIHO. UToObI H0OUTHCS OIHO3HAYHOCTH,
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OyJeM CYMTaTh ¢ MEHSIONIUMCS B Mpeaesax or —m a0 7. lIlpm TakWx OrpaHWYeHUsX PACCMATPUBAEMOE OTOOpaKe-
HHe TlepeBonuT X OHeKTHBHO Ha OTKPBITYIO momymonocy Z = {(r,p) : r > 0, —1 < ¢ < 7w} C R2. Tomyuennoe
orobpaxkenue u3 X B Z obo3nauum f.

Umeem 1 = /22 + 32, a ¢ = arccos(z/\/22 + y?) upn y > 0 n ¢ = —arccos(x/\/2% + y?) npu y < 0 (3amerum,
uro npu y = 0 06e 3Tu HYHKIMK COBIAIAIOT, TAK 9TO JAHHOE ONPEIETIeHUe KOPPEKTHO). PyHKIMs T HEIPEPHIBHA, KAK
KOMTIIO3UIUS HEMPEPbIBHBIX PYHKINH, a GyHKIN ¢ “‘CKileeHa” W3 IBYX HEPEPBIBHBIX (DYHKIIHN, TOITOMY OHA, TOXKE
HenpepbiBHa (mposepbre). Takum o6pazom, orobpazkenue f HEPepbIBHO.

O6parnoe orobpazkenue f~! 3amaerca Tak: x = rcos , y = rsin . Koopaunaruble (GyHKIME 3TOr0 0TO6pazKeHus
TAKKe HelPEePbIBHbL (KaK [IPOU3BEEHUs HElPEPbIBHBIX (DYHKLUIT), 109TOMY U caMO 0TOOPAXKEHUE TOKE HELPEPHIBHO,
a, 3Ha9uT, f — romeomopdusM. Takum 00pa30M, MBI TOKA3AIN TOMEOMOPMHOCTH TIOCKOCTH 0e3 ayda X W OTKPBITOM
TIOJTYTIOIOCHT Z .

IIpumep 4.28 (Crepeorpaduyeckas npoexnus cdepbi). [IycThb z,y, 2 — AeKapTOBLI KOOPAWHATHI B MpocTpancTse R3.
O6o3raamM 2 C R3 MHOXKECTBO {(x, Y,2) 2 < 1}, Toraa {2 — OTKpPHITOE MOAMHOKecTBO R3. PaccMoTpuM pananbHyTo
npoekuuio v: {2 — {z = 0} u3 rouku N = (0,0, 1), xoropas KaxKioii Touke P € (2 craBuT B COOTBETCTBHE TOYKY
v(P) nepeceuenus ayua NP c nnockocrsio {z = 0}, cm. puc.

bN:

Z—O V(P) ”\

Puc. 4.1: Crepeorpadudeckast TpoeKIus.

Mycts P = (x,y, 2) € £2, rorga aya NP 3anaerca B suge (0,0, 1)+ (z,y, z—1) t, nosromy Touka v(P) nepeceyenus
ayda NP c mwiockoctbio z = 0 Haxoxures u3 ycaosus 1+ (z — 1)t = 0, orkyzna ¢ = 1/(1 — 2) u, 3nauur,

V(P):( —— 0).

1—2"1-2’

Tak Kax MOJIyYIeHHBIE KOOPAMHATHBIE (DyHKINHM HENPEPHIBHLI B CUIy myHKTa (§) crmemcreus TO, B CHJIy TIPEIJIO-
JKeHUs oTobparkeHne ¥ HempephIBHO.

Iycrs S? = {(z,y,2) : 2® + y? + 22 = 1} — crangapras chepa. Orpanmdenne orobpaxenus v na S? \ {N}
TAKYKe HEMPEPBIBHO B CHITY TPE/TIOKEHUS 1 Ha3BIBAETC cmepeozpaduueckots npoekyueti; 6omee TOTO, JETKO
BUJIETH, ITO 3TO OTPAHUIEHUE B3aUMHO OHO3HATHO. [TokazkeM, 9To cTepeorpadmaeckas IPOEKIUs ABIAETCS TOMEO-
MOphuU3MOM.

Haiinem dopmynsl misi orobpazkeHnst, oOpaTHoro K crepeorpaduyeckoil mpoekmmn. Ecin v = /(1 — 2) m v =
y/(1 — 2), a Touka P = (x,y,2) # N nexur na chepe S2, te. 22 +y?> + 22 = 1, 0 v = u(l — 2), y = v(1 — 2),
u?(1 — 2)2 +02(1 — 2)? = (1 — 2)(1 + 2), oTKyza

w? +02 -1 2u 2v

T y:u2—|—v2—|—1'

Z:u2+v2+1’ r=

Paccmorpum orobpaskenme u: R? — R3, 3a7aHHOe 9THME KOODAMHATHLIME (BYHKIHAMH. Tak KaK KOODJHHATHEIE
GbyHKIINY HEMPEPHIBHBI B CUJIY MYHKTA, CJIeCTBUS TO, 10 IpezyioxKenuio [4.22) orobpazkeHue [ HENPEPBIBHO.
Bamernm, 4To 06pa3 orobpazkenns p pasen S2\ { N}, mostomy, B cuty npeiozkenns [3.27, HempepHIBHLIM ABJIACTCS H
cootBercTByIomee f orobpazkenne u3 R2 B 52\ {N}, a 910 orobpazkenne copnasaer ¢ 06paTHBIM K cTepeorpadutaeckoit
TPOEKIINY, OTKY/Ia BBITEKAET TOMEOMOP(MHOCTE TOCJIETHE.
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YupakHeHus K rijiase 4

VYopaxkuenne 4.1. Paccmorpum ma MaOX)ecTBe Q panMOHATBHBIX YHACEN ABE TONOJOTHN: HHIYIUPOBAHHYIO U3 CTAH-
JAapTHOH Tomosoruy npsamoii R, u Tonosoruto 3apucckoro. 'omeoMopdHbI Jiu 101y YeHHbIE TOMOJIOIMYECKHE IPOCTPAH-
crBa’

Yupaxuenne 4.2. @ukcupyeM IPOU3BOJILHOE IIPOCTOE 4nucio p. Henynesoe pamuonanbHoe r € Q 3anuinem B Buie
pt(a/b), rne a m b me menarca wa p, a t € Z. fcHo, TO t ONpEENEHO OTHO3HAMHO, HECMOTDS Ha HEOTHO3ZHAYHOE
npencrasienne 7. [lonoxnm ||, = 1/pt. Ecim xe r = 0, to mycrs |r|, = 0. Jasa ¢,r € Q 3agammm d,(q,7) = |q —7p.
Ilokaxkure, 94TO

(1) |lg+r|p < max{|q|p, |T|p};
(2) d, — ymprpaMerpuka;
(3) merpmaeckoe mpocrpanctso (Q, d,) He roMeOMOPGHO TUCKPETHOMY IPOCTPAHCTBY;
(4) BbrumcmTe CymMMy paza y oo o p".
VYupaxueuune 4.3. Ilycrr X — 3ro
(1) wmm muOXKecTBO U3 10 TOUYEK, HANEJIEHHOE AHTHIUCKPETHON! TOIOJIOrHeil;
(2) wim upsmas R, nazesennas rouosorueil 3apucckoro.
MoKkHO Jin 1B Pa3HBIX TOYKHU U3 X COEJIMHUTH HEIPEPBIBHONH KPUBOM?
VYupaxuenne 4.4. [Iycts X — npousBosibHoe Merpudeckoe npocTtpancTso, ¢ € X, r > 0 u s > 0. [lokaxkure, ayTo
(1) OUg(x) u OB4(x) He cBA3AHBI HUKAKUM BKJIIOYEHHEM,
(2) OUs(x) C Ss(w),
(3) 0B, (x) C Sp(x),
npuaemM 064 MPeAbIAYIIAX BKIOYEHHS MOTYT OBITH CTPOTHMMU.

Yupaxkuenue 4.5. llycts Y u Z — nmoaMHOXKECTBA TOMOJOTHIECKOTO mpocTpancTBa X . llokaxknuTe, 910
YUZ=YUZ uYNZCYNZ,
a TakyKe TMPUBEIUTE MpuMep, Korma Y N 7 # Yynz.

Yupaxxuaenne 4.6. [Iycrs Z — nonmuozkecTBo ronosorudeckoro npocrpancrsa X . [lokaxkure, uro Int(X\Z) = X \E
u, anajgorngHo, Int Z = X \ X \ Z.

Yupaxkxuenue 4.7. [lokaxkure, 9T0 MOAMHOXKECTBO Z TOMOJOTHIECKOTO MPOCTPAHCTBA X 3aMKHYTO, €CJIU U TOJTHKO
€CJIM OHO COJEPKUT BCE CBOM I'PAHUYHBIE TOYKH.

Yupaxuenue 4.8. I[lyctbs manbl TOmoJOrnuecKue mpocTpancTBa X, a € I, u Y. Jlokaxkure, 9T0 OTOOpaKEHUE
[ Uaer Xo — Y HenpepsIBHO, €C/TH ¥ TOJIBKO €CJIH BCe OrpaHudeHus f|x, HEeIPepbIBHBI.

Yupaxxuenne 4.9. Ilycte X — merpudeckoe npoctpanctso, u p: X X X — R — ero merpuka. Ilokaxkwure, darTo
dbyHKINSA p HETPEPHIBHA.

Vnpaxkuennue 4.10. 3ammmeM KaKIyio MATPUIy Pa3Mepa m X 1 B BHAE BEKTOPA IJIHHBL N°, PA3MECTHB CTPOKH
MaTpPHIbL OJHY 33 JAPYIOil HA ONHON CTPOKEe. JTa 3alUCh [O3BOJILET OTOXKIAECTBUTH MHOXKecTBO M(n) Bcex Takux
MaTPHIIL C R’ M, TeM CaMbIM, TpeBpaTuTh M(n) ¥ BCe ero MoAMHOXKECTBA B TOIMOJIOIWYECKHE TPOCTPAHCTBa. IlycTh
0(2) ¢ R* u SO(2) C O(2) 0b03HAMAIOT COOTBETCTBEHHO TTPOCTPAHCTBO BCEX OPTOTOHAIBHBIX 2 X 2-MATPHI] U €ro
[OJMHOXKECTBO, COocTodinee u3 Bcex marpui ¢ onpexnenurenem 1. Jlokaxkure, uro O(2) u SO(2) — 3amMKHyTble U
OrpaHMYeHHBIE OIMHOXKecTBa R,

VYupaxuenne 4.11. Jlokaxkure, 910 crepeorpaduaeckasi IPOEKIUs MEPEBOAUT OKPYKHOCTH B OKPY2KHOCTHU U IIPs-
MBIE.



Jlexkuda 5

KommoakTHOCTD

ITnan. OTKpbITOE MOKPBHITHE, KOMIIAKTHOE IPOCTPAHCTBO MM KOMIIAKT, NPUMEPHI KOMIIAKTHBIX M HEKOMIAKTHBIX IPOCTPAHCTB, KOMIAKTHOCTH
oTpe3ka u KuUpnu4a, reopeMa THXOHOBA, OrPAHUYEHHOE M HEOIPAHWYEHHOE METPHYECKMEe NPOCTPAHCTBA, AUAMETP METPUYECKOr0 MPOCTPAHCTBA,
OrpaHUYE€HHOCTb ME€TPpHYECKOr'0 KOMIIaKTa, KOMIaKTHOCTh HEIIPEPBIBHOI'O 06[)8,3& KOMIIaKTa, KOMIIAKTHOCTb 3aMKHYTOI'0 IIOAMHO2KeCTBa KOMIIAKTa,
3aMKHYTOCTH KOMIAKTHOI'O IIOAMHOXKeECTBa xayc;:opd)maa OpOCTPaHCTBA, 3aAaMKHYTOCTb U OI'PDAHUYE€HHOCTLH KaXKJ0TI'0 KOMIAKTHOTO IIOAMHOXKECTBa
METPUYECKOI0 IPOCTPAHCTBA, KPUTEPUH KOMIIAKTHOCTH HOAMHOXKeCTB R™, KOMIakTHOCTH 06pa3a KPUBOH, 3aMKHYTOCTb M OrPAHMYEHHOCTHL 00pa3a
KPHUBOIl B METPHUYECKOM IPOCTPAHCTBE (Hanpnmep, B ]R"), H3 KOMIIAKTE HENPepPBIBHAA (DYHKIMS OrPAHUYEHA U NPUHUMAET CBOU HAWMEHBIIEE K
HaunboJIbIIIee 3HAYEHNSI, [T0JIOXKUTEJIHHOCTh PACCTOSIHUS OT TOYKHA BHE KPUBOM 10 KPUBOH, JOCTATOYHOE yCJIOBHE rOMEOMOP(HOCTN HENPePbIBHON Gu-
€KIIUH, E-CeTh, BIIOJIHE OTPAHHYEHHOE MEeTPHUYeCcKOe NPOCTPAHCTBO, (DyHIAMEHTAJbHbIE IOCJIEJ0BATEIbHOCTH, IOJHbIE METPUYECKHE IPOCTPAHCTBA,
TIPUHIUII BJIOYKEHHBIX IIAPOB, KPUTEPUI IMOJHOTHI MNOAMHOXKECTBA MOJIHOTO IPOCTPAHCTBA, KPUTEPUil KOMMIAKTHOCTH METPHYECKOTO NPOCTPAHCTBA,
CEKBEHLIUAJIbHAA KOMI'Ia,KTHOCTb7 paCCTOS{HHe Me)K,E(y NOOMHO>XKEeCTBaMU MeTpI/I‘{eCKOFO l'IpOCTI_)a,HCTBa7 BCIO,ELy IIJIOTHOE IMOAMHOXKEeCTBO TOIIOJIOIru-
YECKOr0 MPOCTPAHCTBA, cenapabesbHble TOMOJOrHYeCKHe HPOCTPAHCTBA, MICEBAOMETPUKA M ICEBLOMETPHUYECKOe NMPOCTPAHCTBO, (bakropuzanusa mo
HYJIEBBIM PACCTOSIHUSIM, TMOMOJHEHNE MEeTPUYECKOTO MPOCTPAHCTBA, uncio JleGera u nemma JleGera, HUTLE HEMJIOTHbIE ITOJIMHOYKECTBA TOIOJIOTHYe-
CKOTO NPOCTPAaHCTBa, TeopeMa Bapa, npamas 3opreHdpes.

5.1 KommakTHOCTDH

[TokpeITHE TOMOIOTMYECKOr0 MTPOCTPAHCTBA HAZBIBAETCH OMKPBLIMBLM, €CJIH BCE SJIEMEHTHI 9TOTO TOKPHITUS — OTKPbI-
Thie MHOXKECTBA. TOI0I0rn4ecKoe IPOCTPAHCTBO HABBIBACTCH KOMNAKMHBIM UIH KOMNAKIMOM, €CJIH 13 JII000r0 ero
OTKPBITOI'O MOKPbLITHUA MO?>KHO BbIJICJIMTH KOHEYHOE TTOJAITOKPbITHUE.

3amevanmue 5.1. [logmpocrpancTBo Y TOIOIOrHYeCKOro mpocTpancTBa X KOMIIAKTHO, €CJIH U3 JIIOOOTO €10 MOKPBITHA
(kax mMoOIMHOMKECTBa, M. pa3fed [2.1) OTKpHITHIME B X MHOXKECTBAMH MOYKHO BBIJIEJIUTH KOHEYHOE TTOZMOKPHITHE.

IIpumep 5.2. Kaxkmoe KOHEUHOE TOMOJIOTHIECKOE MPOCTPAHCTBO SBJISIETCS KOMIAKTHRIM. Bojiee 00110, KaxKmoe To-
TIOJIOTTYIECKOe TTPOCTPAHCTBO, UMEIOIee KOHETHOE YHUCJIO OTKPBITHIX MHOYKECTB, — KOMIAKTHO.

IIpumep 5.3. Beckomednoe AUCKpETHOE MPOCTPAHCTBO HEKOMITAKTHO. JleficTBUTETbHO, CeMEeNCTBO BCEX OHOTOYEY-
HBIX MMOAMHOYKECTB TAKOTO MPOCTPAHCTBA SABJISIETCS OTKPBITHIM MOKPBITHEM, U3 KOTOPOrO HEJIb3sd BHIOPATH KOHEYHOTO
TIOJIIIOKPBITHA.

ITIpumep 5.4. IlpocrpancrBo X ¢ tonosorueit 3apucckoro KOMmakTHo. JeficTBurenbho, mycrb U — MPOU3BOJIBHOE
orkpbitoe nokpbitue X . Boibepem sroboe (nemycroe) Uy € U, torpa U; = X \ F, rue F' — KOHEYHOE LOAMHOXKECTBO
X. Hna xaxaoit Toukn x € F seibepem U, € U, comepxamee x (takoe U, CyIiecTByer, Tak Kak { — MOKDPLITHE).
Torna {Uy } U {U, }zcF — KOHEUHOE MOATIOKPHITHE U.

IIpumep 5.5. IIpocTpanctso R™, n > 1, He aABIg€TCA KOMMAKTHBIM. IeliCTBUTEIHHO, PACCMOTPUM OTKPBITOE MOKPHI-
tie {U,(0)}nen, TODIA U3 HEro HeNb3s1 BBIOPATh KOHEYHOTO TIO/IMOKPHITHS, TaK KaK 00beANHEHNE SIEMEHTOB KasKI0r0
KOHEYHOTO TOAIOKPBITHS — 3TO OTKPBITHIN AP, AOMOJTHeHre KoToporo 10 R™ HemycTo.

IIpumep 5.6. B maremarnueckom anasiuse OyneT MOKa3aHo, 9TO 0TPe3oK [a, b] C R u “kupnud” [aq,by] X - - X[an, b,] C
R™ xommakTHbl. CTaHIAPTHBIE JTOKA3ATEIHLCTBA OCHOBAHBI HA MpuHIMIe KaHTOpa 0 BIOXKEHHBIX OTPE3KaX, KOTOPbIA
YTBEP2K/IaeT, 4YTO IO0C/IeJ0BATEIbHOCTb OTPE3KOB BEIECTBEHHON ILIPAMOI, B KOTOPOH KazKJbIU CJeIyIOlIUil OTPe30K
COZIEPXKUTCS B MPEIBIAYIINEM, UMEET OOIIMYI0 TOUYKY, IPUYEM €CJIU JJIMHBI OTPE3KOB CTPEMSITCS K HYJII0, TO TaKas TOY-
Ka eanHcTBeHHA. HanmomunM, uto mpuanun KaHTopa HEMOCPeICTBEHHO BHITEKAET W3 aKCHOMBI MOJTHOTHI MHOXKECTBA
BEIIECTBEHHBIX YMCEJI, YTBEPKIAIONIEH, 9TO [JIs JTIOOBIX IBYX ITOJAMHOMXKECTB BEIIECTBEHHON MpsiMOil, OIHO U3 KOTO-
PBIX JIEKUT CJI€Ba OT JIPYrOro, HAWIETCs TOYKA, JIEXKAIas MeXKy dTUMHU HoaMHOkecTBamu. Unes mokasarenbcrBa
KOMIIAKTHOCTH COCTOHUT B IIPE/IIOJIOKEHUH [IPOTUBHOIO, T.€. B CYIIECTBOBAHUH “IJIOXOr0” MOKDPBITUS, [IJId KOTOPOIO

40
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HEJIb3s BHIOPATh KOHEYHOrO MOJIIOKPBITHUS, MOC/IEI0BATELHOM JEJEHUH OTPE3KA HA PABHBIE Y4aCTH (COOTBETCTBEHHO,
JIeJIEHUU KUPIIUYa Ha PaBHbIE YaCcTH), BHIOOpE TOM YacTh, KOTOpas MOKPHITA “IUIOXUM’ MOAIIOKPHITUEM, IIEPEXOIY K
€IMHCTBEHHOM 061l TOUKe CeMeliCTBa BIIOKEHHbBIX OTPE3KOB (BJIOXKEHHBIX KUPIUYeil), BbIOOPE U3 HOKPITH 3JIeMEH-
Ta, KOTOPBIA MOKPBLIBAET 3Ty OOIIYI0 TOYKY M, 3HAYUT, HOKPBIBAET JONPEAEJbHbIE OTPE3KKU (KUPIUIK), YTO SABJISIETCS
TPOTUBOPEYIUEM.

Hwxe Mbr 06001MM 3TH WIeW HA TPOW3BOJIBHBIE METPUYECKHE MPOCTPAHCTBA. [IPpUHITUIT TOTHOTHI, KOTOPBIH 1JTst
MPAMOI UCTIOTB3YeT HATUYNE JTUHEHHOTO MOPsIIKa, B TAKOM BUJE He MEPEHOCUTCSI, TAK KAK B TPOU3BOJBHOM METPHYe-
CKOM IPOCTPAHCTBE TOAOOHBIH MOPSJIOK OTCYTCTBYET W MBI HE MOYKEM CKa3aTh, KAKOE MOIMHOXKECTBO JIEJKUT JIEBee, a
Kakoe 1pasee. BMecTo 310ro Ml BCI10J1b3yeM HOHATHE QyHIAMEHTAIBHON IOCJIEI0BATEILHOCTH, a IOJIHOTA Oy1er 03Ha-
YaTh CXOAUMOCTb TAKUX TOCIEI0BATEIbHOCTEH. TakKe Mbl 0000LIMM Jle/leHne 0Tpe3Ka, (KUPIuda,) Ha KOHEYHOe YUCIIO
YMEHbIIAIOMUXCA dacTeit. s 9Toro Mbr 6y1eM paccMaTpuBaTh E-CETH — MOJAMHOKECTBA METPUIECKUX TTPOCTPAHCTB,
SIBJISIOIINXCS [EHTPAMU IIAPOM PAIUYCA €, TOKPBIBAIOIINX MPOCTPAHCTBO. BO3MOXKHOCTH BHIOPATH KOHEYHYIO £-CETh
2t Kaxkaoro € > 0 u Gyzer anajnoroM pasbuenusi orpe3ka (KUprnuda) Ha KOHEYHOE YUCJIO CKOJIb YIOJHO MaJIeHbKUX
qacreit.

3ameuanue 5.7. Ha camom Jejie, KOMIIAaKTHOCTb KUPIINYa HEIIOCPEACTBEHHO BBITEKACT N3 KOMIIAKTHOCTH OTPE3KA.
Bomee TOr'0, OKa3bIBa€TCAd, KOMIIAaKTHOCTb UMEET MECTO U AJid IIPOU3BEICHUA 2100020 9UCIIa, KOMIIAKTOB.

Teopema 5.8 (Tuxonos, cM. Hampumep [4]). ITycmo { X, }acr — npouseoavroe cemelicmseo KOMNAKIMHOLE TONOA02U-

YECKUL MPOCMPAHCMS, To2da NPoCmpaHCmeo HaeIXa MaAKAHCe KOMNAKIMHO.

5.1.1 IlIpocreiinnue cBoiicTBa, CBI3aHHBIE C KOMIIAKTHOCTHIO

Metputieckoe TPOCTPAHCTBO HA3LIBAETCI 02PAGHUNEHHDBIM, €CITU OHO COJEPKUTCA B HEKOTOPOM IMape, WHAYe OHO
Ha3bIBAETCS HEO02PAHUYEHHBIM. [[pyroe ompesesenrie OrpaHNIEHHOCTH Oy YAETCsI C MOMOIIBIO TTOHATHS TAAMETPA
METPUYECKOrO MpocTpancTBa. A nMenHo, duamempom diam X mempuueckozo npocmparncmaea X Ha3bIBACTCHA
TOYHAS BEPXHSISA I'PAHD PACCTOSHUI M€Ky TOYKAMH ITOT'O IPOCTPAHCTBA, T.€. YUCIIO sup{ lzy| : z,y € X } Cuteryroree
YTBEPIK/IeHNE TPUBHAJIHHO.

IIpeamoxkenne 5.9. Mempuueckoe npocmpancmeo 02paHUMEHO, ECAU U MOALKO eCAU OHO UMeem KOHEuHb 0ua-
memp.

W3 obcyxaenunii mpumepa [5.5| aHAJTOTHIHBIM 00PA30M TIOTyIAETCS CAEAYIOIMIHA PE3YIbTAT.

IIpennoxenue 5.10. Ecau mempuyeckoe NpocmpaHcmeo Uil TOOMHONCECTEO MEMPUUECKO20 TPOCTPAHCMEN KOM-
NaKMHO, MO OHO 02PAHUYEHO.

IIpeamoxenne 5.11. ITycms f: X — Y — nenpepueroe omobpasicenue KOMNAKMHO20 TONOAO2UMECKO20 NPOCMPAH-
cmea X 6 npoussoavroe monosozuueckoe npocmpancmso Y . Toeda muoorcecmeo f(X) xomnaxmmo.

Hoxka3zaresnberBo. BosbMmem npoussosibaoe mokpbitue { Uy, }oer MHOXKecTBa f(X) oTKpbIThIMU B Y MHO)KecTBaMu U,
TOr/Ia, B CHJIy HempepbiBHOCTH f, ceMefcTBO { f ’1(Ua)} — orkpsitoe nokpoiTe X. Tak kak X KOMIIAKTHO, TO B

acA
IIOCTPOEHHOM HOKPBLITHH CYIIECTBYET KOHEUHOE IIOIIOKPLITHE { I *1(Ua)}a ¢y tie J C I — KOHe1HOe IOJIMHOKECTEO.
Ho rorga {U, }aecs — KoHeuHOe nomnokpbite B {Uy tacr- O

IIpeamoxenne 5.12. 3amxnymoe nodmmosicecmeo Y KoMNAKMHO20 Npocmpancmea X KOMNAKMHO.

HokaszaresanscrBo. Ilycrs U = {U, }aecr — MPOM3BOIBLHOE TOKPHITHE Y OTKPHITHIME B X MHOXKecTBamu U,. Tak Kak
Y szamkuyTo, To X \ Y orkpbITO, MO3TOMY U U {X \ Y} — OTKpBITOE NOKpHITHE X . B cnity kKommakTHOCTH X M3 9TOTO
MOKPBITHS MOXKHO BBIOpaTh KoHedHOe MOAnOKpbITHE {Uy tacs U{X \ Y}, rae J C I — koneunoe nogmuoxectso. Ho
rorgua {Uy, }aes — KOHEUHOE HOANOKpBITHE B . O

IIpensoxenne 5.13. Komnaxmnoe nodmuoosicecmeo Y zaycdopgosa npocmpancmea X 3amrHymo.

Hoxka3zaresbcrBo. Mbl 10/KHBI T0Ka3aTh, 4T0 X \ Y oTKpbITO. Boibepem cHadaia Npou3BOJIbHYI0 TOUKY & € X \ Y,
U i KaxkJIoi Touku y € Y paccmorpum Henepecekaroniuecst okpecraoctu UY u U*(y), cylecTByomue B CHIly Xa-
ycaopdosocru npocrpanctsa X. Torma {UY},cy — OTKpbITOE MOKpBITHE Y, U3 KOTOPOrO, B CHIy KOMIAKTHOCTH Y,
MOXKHO BBIOpAaTh KOHEUHOe nomnokperrue {UY) ... UY}. Tak xak U”(y;) He nepecekaer UY?, TO KOHEUHOE mEpece-
vyenne U” = N;U*(y;), ABIsIONIeecss OKPECTHOCTHIO TOUKH X, He mepecekaer Bce UV ¥, 3HAYNT, NX O0beINHEHNE, a C
HUM U cojep:Kaleecs B HEM Y .

Urak, nns kaxkgoro x € X \ 'Y wMbl nocrpounu okpecraoctb U®, e mepecekawoniyto Y. O6bejuHenue Takux
OKPECTHOCTEI sIBJISETCS OTKPBITHIM IIOAMHO)KeCTBOM X (Kak obbeiuHeHne oTKpbIThiX MHO)KecTB) u pasao X \Y. O
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CaepncrBue 5.14. Ilycmv X — mempuueckoe npocmpaHcmeo, mozda kadtcdoe €20 KoMNAKMHoe NoOMHONCECTIE0 —
3AMEHYMO U 02paruvero. B wacmmocmu, amo umeem mecmo 6 caywae X = R™,

CaencrBue 5.15 (Kpurepuii komnakraoctu nomaMuoxects R™). [Hodmmooicecmeo X C R™ xomnaxmmuo, ecau u
MOABKO ECAU OHO 3AMEHYMO U 02PAHUNEHO.

HoxkazarenbcTBo. To, aro Bce KOMmakTHbie X TakWe yTBEPXKIAETCS B CJEACTBUU Ob6parno, ectu X C R”
3aMKHYTO U OIPAHUYEHO, TO OHO JIEZKUT B HEKOTOPOM Kupiwmde. B cuiy npumepa [5.6] kupnud KoMnaxTeH, nosromy,
SIBJISISICh 3AMKHYTBHIM MMOAMHOKECTBOM KOMTIAKTA, X TaK:Ke KOMIIAKTHO TI0 TPEIJIOKEHNUIO [5.12 O

CaencrBue 5.16. O6pas xpueot v: [a,b] — X 6 npouseosvrom monosozuueckom npocmpancmee X KoOMNAKMeH.
Ecau X — mempuueckoe npocmpancmeo, 6 wacmuocmu, ecau X = R™, mo 006pas xpueoti 3aMEHYM U 02DAHUYEH.

IIpuBenem ciencTBue, sABIAIONIEECS OJHOW W3 BayKHBIX TEOPEM MATEMAaTUYECKOTO aHAJIN3a.

Teopema 5.17. ITycmo f: X — R — nenpepuenas Gynxyua Ha KOMNAKMHOM MONOsO2UMECKOM npocmpancmee X .
Tozda [ oepanuuena u docmuzaem C0UL MOYHBL BEPTHUL U HUNCHUL eDAHET, M.€. CYUWECTNBYIOM Tmin, Tmax € X,

oaa Komopux f(Zmin) = infaex f(2) U f(Zmax) = sup e x f(2).

JdokazaTesbcTBO. JleficTBUTELHO, MO TPEII0KEHUIO muokecrBo f(X) C R KOMOAKTHO, IO3TOMY, B CHJLY
MPEJIOKEHUS OHO OrpaHuyeHo (a TO M eCrb OrPaHUYEHHOCTb (QYHKuuU f), a, HO IPEIJIOKEHUIO OHO
3aMKHYTO. Tak Kak TOYHbIE BEDXHSS M HUKHSs TPAHU MHOXKECTBa f(X) SABJISAIOTCS €ro TOYKAME IPUKOCHOBEHHUS, TO
saMkHyTOCTh f(X), B CHIIy CIIeICcTBUS BJIEYET TIPHHAIJIEXKHOCTh ITUX TOUeK MHOXKecTBY f(X), a 910 1 03HAYaeT

JOCTUZKIMOCTb TOYHBIX BEDXHEN W HUXKHEIl rpaHeii. U

CaencrBue 5.18. ITycmo v: [a,b] — X — xpusaa 6 mempuueckom npocmparcmee X, nanpumep 6 R", u P € X
— OYKA, He AEHCAUAA HA IMOT KPUBOT, m.e. He npunadiedcausas 06pady omobpascenus y. Tozda dynwyua f(t) =
|P~y(t)| paccmosnus om P do mowex kpusot y(t) docmuzaem c60€20 MUHUMYMA, U IMOM MUHUMYM TLOAOIHCUMEALH.

Hoxka3zaresnbcrBo. [eiicrBurenbho, dynkuus f(t) HenpepbiBHa Ha OTpe3Ke [a,b] KAk KOMIO3UIM HENPEPHIBHO-
ro orobpakeHusi y ¥ HenpepbiBHON (DYHKUMU PACCTOfHMA 10 JAHHOH Touku (CM. 3ajady , [IO9TOMY, B CHJIY
TEOPEMBI dbyurIMsS f mocTHTaeT CBOEro HAMMEHBINErO 3HAYEHNST B HEKOTOPOW Touke tg € [a,b]. Ho Torma
f(to) = |Pv(to)| > 0, Tax xax P He JeXKUT Ha KPUBOIL. O

5.1.2 JJocTaTo4uHOe ycJ0BUE rOMeOMOP(MHOCTI HENPEPHIBHOTO OMEKTUBHOTO OTOOpake-
HU4A U [IPUMEPBI NPUJIOXKEHNUHA
Kom6unupysa npeagoxenns [5.11), [5.12] u [5.13], npuxoamm K cirepyiomeii TeopeMe, KOTOpas BO MHOIHX CAydadX CyIIe-

CTBEHHO 00JIer9aeT MPOBEPKY rOMEOMOP(MHOCTH TOMOIOTHIECKUX TPOCTPAHCTB, MO3BOJISASA JOKA3BIBATH HEITPEPHIBHOCTD
TOJIBKO MIPSMOTO OTOOPaKEHUS.

Teopema 5.19. Henpepovienoe buexmuernoe omobpasicenue f: X — Y womnaxmmozo npocmparncmea X 6 xaycdopphoso
npocmpancmeo Y — 20meomopPhusm.

Jloka3aTeJbCcTBO. JIOCTaTOYHO IPOBEPHTDH, 4TO OOparHOE OTOOpaskenme f | HempepbIBHO. JIjis [OKA3aTeabCTBA
TTOCJIETHETO BOCTIONIB3YEMCsT OTIPEJIeJIEHNEM HEMPEPhIBHOCTH Yepe3 3aMKHYThIE TOJAMHOMKECTBA: OTOOpasKeHhe Herpe-
DPBIBHO, €CJIM M TOJIBKO €CJIM MPpooOpa3 KarkIoro 3aMKHYTOTO MHOXKECTBA 3aMKHYT. B Hamem ciydae mpoobpa3 mpu
orobpazkenun f~! apagerca obpasoM oTobpazkenusa f. TakuM 06pa3oM, TpebyeTcd IPOBEPHUTD, UTO f-06pa3 KarKIoro
3aMKHYTOro B X moamHoxkecrBa A 3aMKHYT B Y.

Tak xak X KOMIAKTHO, TO, IO npeoxkenuio [5.12] muoxectBo A toxke xommakrTro. Ilo npemnoxenuo [5.11]
muoxkecrBo f(A) komuakrHo. Hakonen, tak kak Y — xaycuopdoBo, 10, 10 LPEIJIOKEHUIO muOKECTBO f(A)
3aMKHYTO B Y, 9TO U TpPeOOBAJIOCH. O

Crenyromuuii mpuMep IEMOHCTPUPYET, UTO Ji TOMEOMOP(MHOCTH OTOOPAXKEHUST MOXKET OKA3AThCS HEIOCTATOYHO
€ro B3aUMHOI OTHO3HAYHOCTU U HEIPEPBHIBHOCTH.

Ilpumep 5.20. OroGpaxenue f u3 nonyunrepsana [0,27) B okpy:xuocTh {r? + y? = 1}, 3amannoe dopwmysioii
f:t — (cost, sint), B3aNMHO OMHO3HATHO W HENPEPHIBHO, TOMEOMOP(MU3MOM HE SIBJISETCS, TaK KAaK OKPYXKHOCTH
KOMIIAKTHA, (3aMKHYTa U OrpaHMYeHa), a MOJyUHTEPBal — HeT.
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ITokazkeMm, KaK MOYKHO HCIOJIBb30BATh TEOPEMY JUIS TOKA3aTe/bCTBA TOMEOMOP(MHOCTH TeX WJIM HUHBIX MPO-
CTPAHCTB.

IIpumep 5.21. PaccMoTpnM Ha TIJIOCKOCTH ¢ KOOPIWHATAMH T, § OKpyKHOCTh St = {(a:, y) a2 +y? = 1}, " yCTb

X=98'n {(a:, Y)Yy > 0} — 3aMKHyTas MOIyoKpyKHOCTh. [Tokaxem, uto X romeomopdno orpesky [—1,1].
Paccmorpum npoektmio m: R? — R miockoctn R? Ha och abemmee R, samamnyio tak: 7@ (z,y) — z. B cuny

crencreus [4.24) 370 oToOpakeHne HENpepbIBHO. B cuty mpeaio:keHns orpanmdenue f orobpazkenns m Ha X u

ero obpas w(X) = [—1,1] — rakxe HeupepbiBHO. cHO, uyro f GuekTuBHO, & X KOMIIAKTHO KAK 3aMKHYTOE OrDaHMU-
YEHHOE MOAMHOXKECTBO IWIoCKocTH (cM. caencrsue [5.15)). Orpesok [—1,1] — xaycmopdoB, Tak Kak ero Tomosorus —

Merpuueckas (mpemmoxkenne |3.7)). Ocramgoch mpuMeHUTHL Teopemy [5.19
p p p peMy

X

(6.8

-1 1
X

Puc. 5.1: 3aMKHYTBIH TOTYKPYT TOMEOMOP(MEH OTPE3KY.

IIpumep 5.22. Ecam B npumepe PaccMOTpeTh OTKPHITYIO TOJTyoKpy:kHocTh Y = St N {(x,y) : y > 0}, To
orpanuvenue orobpazkenusi f: X — [—1, 1], mocrpoenHoro B 3Tom npumepe, Ha Y u ero obpas f(Y) = (—1,1) Gyuer
romeomopdusmoM B cuity caencrsus [£.41

IIpumep 5.23. Ha mrockoctu R? ¢ KoopAmHATAMHI T, i PACCMOTPHM KOJBIO X = {(x,y) a < ya2+y? < b},
rne 0 < a < b < oo. Takke B TpexmepHOM HpocTpancTse R ¢ koopaunaramu (x,%y,2) pacCMOTPUM TUIHHIAD Y =
{(z,y,2) : 2 +y* =1, a < z < b}. Tlokaxkem, aro X u Y romeomopdubr. I[Tocrpoum orobpaxenue F: R?\ {0} — R3
CJIEIYTONIAM O0Pa30M:

F:(x,y)»—)( x , Y ,\/x2+y2>.

ViRt Vet

Koopaunarubie dbyHKImm 31010 0T00paXKEHUs HEIPEPHIBHBI B CHJLY CJIE/ICTBUS u upezgoxenns |3.19] mostomy F
— HeupepbIBHOE OTOOpazkeHue B cuity npejyiokenus [4.22] B cuiy npemjoxenus orpanuvenue f orobparKeHuUs
F na X u ero o6pa3 Y = F(X) — raxske HenpepbiBHO. HemocpecTBeHHO poBepsiercsi, 9o f — GHeKTHBHOe 0Tobpa-
sxerme. Tax Kax X — 3aMKHyTOe U OMpaHIIeHHOe MoaMHoKecTBo R2, a Y — xaycaopdoBo, IpuMeHnMa TeopeMa
3aBepIIAoas I0Ka3aTeIHLCTBO romeomopdgraoctn X u Y.

Oe

Puc. 5.2: Kosbio romeomopduO numuaapy.

3amava 5.24. Beipexkem u3 Oymaru mpsiMOYTOJIBHYIO JIEHTY W CKJIEMM [IB€ MPOTHUBOIOJIOXKHBIX CTOPOHBI, TIPEIBAPH-
TeNbHO nepekpyTus senty Ha 360°, cum. puc. [5.3] Ilokazkure, 94TO MOIYYEHHOE TOHOIOrMIECKOE NPOCTPAHCTBO GyaeT
romMeoMopdHO 0OBIYHOMY IUIUHAPY U3 3374a4u [D.23)
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Puc. 5.3: JIBaxk bl mepeKpydeHHAS MOJIOCKA TOMEOMOPMhHA, UIHHIDY.

5.2 Kpurepuii KOMITAKTHOCTH METPUIECKUX ITPOCTPAHCTB

Kaxk mMbI oT™Meda u ipu 00CYKI€HNN KOMIAKTHOCTH OTPE3KA U KUPITUIA (HpHMep, JJ1 METPUYECKUX MIPOCTPAHCTB
KOMIIAKTHOCTb MOYKHO BBIBECTH M3 AHAJIOTOB AKCHOMBbI ITOJTHOTHI BEIIECTBEHHBIX YHCEJI U BO3MOXKHOCTH pa3buBarh mpo-
CTPAHCTBO HA KOHEYHOE YHCJIO CKOJIb yrOAHO Masibix dacreil. Ceitaac Mbl cpOpMyIupyeM ABa CBORCTBA METPUIECKUX
IIPOCTPAHCTB, BbIIIOJHEHUE KOTOPbHIX PABHOCUIBHO KOMIIAKTHOCTH.

5.2.1 IlosHasg orpaHMYEHHOCTD

IIycts X — merpuyeckoe mpocTpaHcTBO. Boibepem mpon3Boabuoe € > 0. IlogmuokecTBO S mpocTpancTBa X HA3bIBA-
eTCsl £-CeMbI0, eCyin I KaXK 0 Toukn x € X cyIiecTByer s € S Takasi, 9To |x$\ < . Nlabimu ciioBavu, S sIBJIS€TCS
€-CEThIO, €CJIU U TOJILKO eciu ceMeiicTBO OTKPBIThIX mapos {U.(s)}ses nmokpbiBaer X.

Boiuie Mbl orMeruiu (npejiokeHue , 9TO JJIg KOMIAKTHOCTA METPHYECKOro MPOCTPAHCTBA TPedyercs: orpa-
HU4YeHHOCTh. OJIHAKO 9TO CBOWCTBO €Il HEe JOCTATOYHO CUJIBLHOE, 9TOObl y4aCTBOBATH B KPUTEPUU KOMIIAKTHOCTH.
MeTprueckoe TPOCTPAHCTBO HA3LIBAECTCHA 8NOAHE 02PAHUMEHHbBIM, €CIIN 7 KaKI0ro € > 0 OHO COMEPKUT KOHEU-
HYyI0 €-ceThb. CBONCTBO MPOCTPAHCTBA OBITH BIIOJHE OIPAHWYEHHBIM HA3BIBAIOT TAKKE T1O0AHOT 02PAHUYEHHOCTNBIO
3TOr0 TPOCTPAHCTBA.

3ameuanune 5.25. Ecaun mpoctparcTBo X BIOJIHE OrPDAHWYEHO, TO OHO TAKXKe W Orpanudeno. leficTBuTesibHO, eciu
S — KOHeYHas £-CeTh, & d — MAKCHUMAJTHHOE PACCTOSHUE MEXKIy TOIKAMH U3 S, TO s JTI00bIX X,y € X CyIIeCTBYIOT
Sz, Sy € S, 118t KOTOPBIX |T5,| < €, |ysy| < €, nosromy |zy| < d + 2¢. Takum obpaszom, diam X < d + 2¢ u, 3uauur, B
cuty npezsioxkenns [5.9) npocrpanctBo X orpaHnueHo.

ITpumep 5.26. Ilycrs X — Geckoneunoe mHOXKecTBO. IIpeBpatum X B MeTpUUYECKOe MPOCTPAHCTBO, MOJIOKUB PAC-
CTOSHUE MEYKJY PA3IUIHBIMA TOUKaMu m3 X paBHbIM 1. Torga 3To mpoCcTpaHCTBO AUCKPETHO W, B CUJIy TpuMepa [5.3]
HEKOMITaKTHO, XOTs U orpanndeno. Ormerum, 9To 4j1sd € < 1 eauHCTBEHHAsS £-CeTh Takoro X — 310 camo X, Tak 9TO
X He ABISETCS BIOJHE OTPAHUIEHHBIM.

Ormerum JaJjiee, 9TO MHOJTHO OI'PAaHHYE€HHOCTH IJId KOMIIAKTHOCTH HEITOCTATOYTHO.

IIpumep 5.27. Ilycts X = (0,1] C R, rorna X — BroosiHe orpasuyeHo, Tak Kak g Jjioboro € > 0 cymiecrByer
m € N, mma xoroporo 1/m < ¢ u, 3HaduT, MHOXKecTBO Todek {k/m}}’, oOpasyer komeumyio e-cerb. Ommako X
HEKOMIIAKTHO, TaK KaK He fABJIAETCH 3aMKHYTHIM MOIMHOKECTBOM LPAMOM, cM. ciaeacTsue [5.14]

5.2.2 dDyHaaMeHTaAJIbHbBIE TTOCJIEA0BATEIHHOCTA U MOJIHOTA

[TocenoBaTeHHOCTD 21, X2, . . . TOUEK METPUUECKOTO MPOCTPAHCTBA HA3BIBALTCSA BYyHIaMeHMAALHOU, €CIIN IS JTIO-
6oro ¢ > 0 cymecrsyer N Taxkoe, 9TO IpU BCeX p,q > N BBIIOJHSIETCS |TpT,| < €. MeTpuueckoe IpoCTpaHCTBO X
Ha3bIBAETCS NOAHBIM, €CIIN KaxK/1as ero (yH aMeHTaIbHas 110CIe0BATeIbHOCTb CXOIUTCS.

3ameuanune 5.28. Eciu B dyHIaMeHTAIBHON TOCIEI0BATEIBHOCTH COAEPIKUTCH CXOISAIIASICH MOANOCIEI0BATE b~
HOCTB, TO U BCA IIOCJIEA0BATEIHHOCTD CXOAUTCH, IIPAYEM K TOMY K€ IIpeaeiry (HpOBepre).

3ameuanmne 5.29. Akcuoma nonHoTsl R, B ¢popme npuniuna KanTopa o BJI0XKEHHBIX OTPe3Kax, SKBABaJIEHTHA C(op-
MYJIUPOBAHHOM TOJIBKO YTO TOJHOTE B T€PMHUHAX (DYHIAMEHTANBHBIX MOCIeI0BATebHOCTEH. JleficTBUTEIbHO, JIErKO
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BHUIETH, 9T0 (DYHIAMEHTAIBHOCTH TOCIEJ0BATEIFHOCTH BJIEYET €€ OrPAHUIEHHOCTh. 3aT€M TMOKA3bIBAETCS, UTO KaXK-
Jas OrpaHuYeHHas [OCJIEI0BATEIbHOCTh UMEeT CXOMMILYOCS IOAIOCIEA0BATEIbHOCTh. DTO OCYIIECTBISETCS METOI0M
JieJIeHUsl OTPe3Ka IIOI0JIaM U ITOCTPOEHUEM IIOCJIEIOBATEIbHOCTH BJIOYKEHHBIX OTPE3KOB, B KaXK/IOM M3 KOTOPBIX CO-
JEPXKUTCsi OECKOHEYHOE YHUCJIO 3JIEMEHTOB MOCIeJ0BATEIbHOCTH: €AMHCTBEHHAsT O0IIasi TOYKa 3TUX OTPE3KOB U €CTh
TIpeiesl COOTBETCTBYIOIIEH TIO/IOCTIEIOBATEIHFHOCTH. VI, HAKOHET, /Te/TaeTCs TPUBUAILHOE 3aMevYaHue: €C/IA MOATIOCIe-
JIOBATEIbHOCTD (DYHIAMEHTAJBHON TOCIEI0BATETHLHOCTH CXOIUTCS, TO U BCA (DYHIAMEHTAIBHAS TOCIEI0BATEIHHOCTh
Toxke cxomuTcs (K ToMmy ke npejeny). Tem cambim, nokasbiBaercs, uro npunimn Kaaropa Bieder cxoqumocTsb yHjia-
MEHTaJIbHbIX [10C/IeI0BATEILHOCTEN BemecTBeHHbIX yncesn. OOparHo, eciy Kaxk1as (yHaMeHTaJIbHas I0CIeJ0BATe b
HOCTb CXOAUTCsl, TO JieBble (IIpaBble) KOHIbL 1IOC/IE0BATEIbHOCTH BJIOXKEHHBIX OTPE3KOB, JJIMHA KOTOPbIX CIPEMUTCH
K HYJI0, 00pa3yiorT (byHIAMEHTAJBHYIO MOCJIEI0BATEILHOCTD, MPEAEIbHAS TOYKA KOTOPOH SBJISIETCS OOIEeil TOUKOM
OTPE3KOB, TaK KaK OHAa JIEYKUT TpaBee BCEX JIEBBIX KOHIIOB U JIEBee BCEX IIPABBIX, a MO3ITOMY NPUHAJIEKUT BCEM
OTpe3KaM.

B monHbIX MeTpUYECKUX MPOCTPAHCTBAX HA 3aMEHY MPHUHIINAITY BJIOKEHHBIX OTPE3KOB MPUXOAUT MPUHITAT BIIOXKEH-
HBIX I1apPOB.

Teopema 5.30 (IIpunuun Bioxkenubix mapos). ITyems X — noanoe mempuneckoe npocmparcmeo, a By DO By D
— N0cAe008AMENLYHOCTND 3AMEHYMBLE BAONCEHHBIT WAPOS, PAOUYCH, KOMOPHLT cmpemamces & nyato. Tozda NB;
cocmoum poeéHo u3 00Ol MOYKU.

dokazaTesbcTBo. BpiOupas B KaxKa0M 1mape B; ero meaTp ;, moayduM (QpyHIaMEeHTAIbHYIO OCIeI0BATEIbHOCTD,
KOTOpAasi, B CUJIY MOJHOTHI TPOCTPAHCTBA X , CXOAUTCA K HEKOTOpoMy x € X. JI7s KayKI0ro N BCA TOAIOCIEIOBATETb-
HOCTb Ty, Lpiy1,-. . JEKUT B B, M03TOMY & — TOYKA NPUKOCHOBEHUS i By, Tak 4T0 & € B, B CHJIy 3aMKHYTOCTH
mapa. 9To U J0Ka3bIBAET, 9TO & MPUHAJIEKUT BCEM IIapaM, a, 3HAYUT, U UX Mepecedenunio. JIByX To4ek B epecevdeHnn
OBbITH HE MOKET, TAK KaK WHAYE PACCTOAHUE I MEXKJY STUMHU TOYKAMHU MOJIOKHUTEJIHHO, HO OHU ODe HE IOMECTSTC B
wiape paauyca /3. O

IIpumep 5.31. Ilpocrpancreo X = (0,1] C R u3 npumepa HE SBJIAETCH MOJHBIM. JlefiCTBUTEBHO, IOCJIEI0Ba~
TeNILHOCTD I, = 1/n dyHIaMeHTaIbHA, HO HE CXOAUTCS, TaK Kak X He comepxut 0.

ITpumep 5.32. IIpocrpancTBo R™ — momnoe. eiicTBuTeapHO, (DYHIAMEHTAIFHOCTD MOCIEI0BATETLHOCTH TOUYEK T =
(%1, ..+, Tin) PABHOCHIIbHA (DYHIAMEHTAIBLHOCTH KOOPIUHAMHBLL NocaedosamenvHocmeti 1y, Loy, - .. IS BCEX
k=1,...,n (ybequrech B 3T0oM). Tenepn nojaora R™ BhITEKaeT U3 MOJIHOTHI R.

Ilpenmnoxkxenune 5.33. Ilodnpocmparcmeo noaH020 MEMPUECKO20 NPOCTPAHCTIGA NOAHOE, €CAU U TOALKO €CAU OHO
3amrHymo. B wacmmnocmu, éce noanvie noonpocmparcmea R™ — 5mo 6ce603MoxCcHbLE 3AMEHYMBLE NOOMHONCECTNEA
R"™,

HoxkazarenbcTrBo. Ilycts X — mosmoe merpudeckoe npocrpanctso u Y C X — mommpocrpancTso. IIpeamnonoxmm,
410 HpoCcTpaHcTBO Y — mnosHoe. Bo3bMeMm npousBosibHbLl & € X, SBIAIOIIMIICA TOYKON NPUKOCHOBEHUS /i Y, H
BBIGEpEM B KaxKJIoil maposoit okpecrroctn Uy, (x), n € N, Hekotopyio Touky x,. Torma x, — x, moToMy moce-
JIOBATEIbHOCTD X, (dyHIaAMEHTAJbHA. TaK Kak Y — MMOJHOE, MPEeJes & ITOH MOCJIeI0BATEILHOCTH COMEPKUTCA B Y .
Wrak, Mbl IOKa3a/1m, 9TO BCE TOUYKU MPUKOCHOBEHUST MHOXKECTBA Y COIEPKATCH B Y, CJIE0OBATENBHO, ¥ — 3aMKHYTOE
noaMHoOxKecTBO X .

ObparHo, mycTh Tenepb Y — 3aMKHyTOe nmoaMuoxkecrBo X . PaccMorpum npousBosibHY0 (DyHIAMEHTAIBHYIO 110~
ciegoBaTebHOCTh X, € Y. Tak kak X — moJiHOe, TO I, CXOAWTCS K HeKOTOpoi Touke x € X. Ho Torma B Kaxkmoii
okpectaHocTH U” j€e¥KaT TOUKU X, € Y, TOITOMY T — TOYKa MpUKOcHOBeHws Y. B cuny 3amryTocTu, x € Y. Takum
00pa30M, MBI TTOKA3aJId, 9TO Kaxkaas (pyHIaMeHTa IbHas MOCIEI0BATEIHHOCTD B Y CXOAUTCS K HEKOTOPOH TOYKe Y,
TIO3TOMY MPOCTPAHCTBO Y — TIOJTHOE. O

5.2.3 Kpurepmnit KOMOAKTHOCTI METPUIECKOTO IIPOCTPAHCTBA

Jokaxxkem Terepb KpurTepuii KOMIIAKTHOCTH I OOIIMX METPUIECKUX IIPOCTPAHCTBE.
Teopema 5.34. Mempuueckoe npocmparcmeo KOMNAKMHO, ECAU U MOALKO ECAU OHO NOAHOE U 6NOAHE 02PAHUYEHHOE.

dokazaTesbcTBo. JloKazaTeabcTBO OyIeT caeaoBaTh U3 PIaad JIEMM.

Jlemma 5.35. ITycms X — KomMnaxmHoe MEMPUYECKOE NPOCMPAHCME0, M020a OHO NOAHOE.
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HoxkaszarenbcrBo. [lpeanosoxkuM mpoTuBHOE, T.€. 9TO MpocTpancTBo X He mosHo. Torma cymecTByer yHIAMEH-
TATbHAA IIOCJIEIOBATENBHOCT T1, T2, ..., KOTOPas HE UMEeT NpPeJena. JTO, B YACTHOCTH, O3HAYAET, UTO I KarK-
JI0i TOoukM & € X, OTJIMYHON OT BCEX TOYEK &X;, CYIIECTBYeT OKpecTHOCTh U®, HE comeprkamasi TOYeK T;. JHAYWT,
U := X\ {x;} — OTKpBITOE MHOXKECTRO.

Boiiee Toro, Tak Kak Kazkjas TOYKA X; TAK¥KE He ABJAETCs MPEIEIOM IOCIeI0BATEIbHOCTH, (DYHIAMEHTATHLHOCTE
TTOCJIETOBATEILHOCTH BJIEUET, 9TO T; BCTPEUAETCS B TOCIEIOBATEIHFHOCTH KOHEYHOE UUCIO pal. /leficTBurenbHo, ec-
7 GBI CyIIECTBOBATA TOIOCIEI0BATENBHOCTD Xj, TaKas, 9TO BCE &, PABHBI &j;, TO, B CHIy 3amedanus [5.28 Bcs
MOCJIEI0BATEILHOCTD CXOIUIACH ObI K X;, IPOTUBOPEYHE.

Wrak, Mbl I0Ka3a/1u, 9TO B IOC/IEI0BATEJbHOCTH X1, X3, ... KIMEETCs OECKOHEYHOE YHCJI0 PA3JIMYHBbIX TOYeK. be3
OrpaHuYeHusi OOMIHOCTH, OyJeM CYUTATh, YTO BCE TOYKHU MOCIEI0BATEIBHOCTH pa3iudubl. Ho Torma, Tak Kak HU
OTHA W3 X; HE SIBJISETCS MPEIEIOM MOCJIeI0BATEILHOCTH, cylecTByer U% | B KOTOPOil HE COMEPKUTCS IPYTUX TOUEK
nocaeoBareabHocTH. Pacemorpum oTkpsitoe mokpeitine U = {U} U {U%}52, npocrpancrBa X . Tak Kak 17 1106010
i cemeiicteo U \ {U%} HOKpbITHEM He sBJISETCH, & BCE TOYKU T; PA3NUYHbIE, U3 HOKPbITHS U HEJIb3sl BBIAEIUTDH
KOHEYHOIO NMOIOKPbITUs. 110y 4eHHOE MPOTHBOPEYHE 3aBEPIIAET JTOKA3ATETBCTBO JIEMMBI. O

Jlemma 5.36. [Tycms X — xomnaxmuoe mempuseckoe npocmpaHcmaeo, mozda ono 6noAHe 02PaHUYEHO.

JoxkaszarenbcTBo. Boibepem mpoussosibroe € > 0 1 pacCCMOTPUM OTKPBITOE ITOKPHITHE {Us(x)} npocrpancrsa X .

zeX
Tak kak mpocTpaHcTBO X KOMIIAKTHO, B 3TOM MOKPBITUH COAEPKUTCA KOHETHOE TOIMOKPBITHE {U6 (z1),...,U: (xn)},
Ho rorua {x1,...,&,} — KOHEYHAs £-CETb, 1103TOMY X — BIIOJIHE O'PAHUYEHHO B CUJLY [IPOM3BOJIBLHOCTH E. O

Jlemmbt [5.35] u [5.36] 10Ka3bIBAIOT IPSAMOE yTBEP2KAEHAE TEOPEMBL, & IMEHHO, 9TO KazK0€ KOMIAKTHOE METPUIECKOE
MIPOCTPAHCTBO IOJIHO U BIIOJIHE Orpanu<ieno. Jlokaxkem Temepb obparHoe yTBepzKaeHue. s 3Toro HaM moHaao0saTcs
€rie JiBe JIEMMBI.

Jlemma 5.37. Iycmo X — 6noaHe 02panuvenHoe MEMPUECKOE TPOCTIPAHCIIIEO, M020a U3 KaHCI020 €20 OMKDPLLINOZ0
NOKPLIMUA MONHCHO 8bL0PAD He Bonee Yem CHEMHOE NOONOKPLLMUE.

Hoxka3zaresnbcerBo. dus kaxkuoro n € N poibepem B X koneunyio (1/n)-cers S, Torma U, = {Ul/n(s)}
koneugnoe mokpoerrue X . Ionoxkum U = U,U,, Torma U — ne Gostee yem cuerHoe mokpuiTue X .

Bribepem npousBosibHOE OTKPBITOE HOKPbITHE V) MPOCTPAaHCTBA X U IIOKAaXKeM, Kak u3 V MOKHO BbIOparh He Hosiee
YeM CUeTHOe TOJMOKPBITHE, MOMb3ysch MoKpbiTHeM . dnsg kaxmoro U € U paccmorpuM Bce V' € V), comepxKarine
U. Ecnn takux V Her, To mojoxum Vi = (). nade peiGepem m060i u3 3tux V u nojoxum Vi = V. ITokaxkem, 4To
ceMeiiCTBO BCeX HemyCThIX V7 obpasyer mokpbitue X .

Bepem npowussosbhyio Touky x € X, toraa cymecrsyer V. € V), comepxkamee x (tak Kak V — nokpbitue). Io
OLIPEJICJICHUIO METPUYECKON TonoJioruu, cyuecrsyer € > 0 rakoe, yro Uc(z) C V. Boibepem n € N rakum, 4robbl
BBIMONHATOCH 1/n < /2. Tak xak U,, — nokpeitne X, cymectsyer Uy, (s) € Uy, conepxamee x. Ho ansa mo6oit
Tourn y € Uy, (s) Bomommsercs |xy| < |zs| + |sy| < 1/n+41/n < &, mosromy Uy (s) C Uc(x) C V. Takum obpasom,
ana U = U; /n(s) MHOKeCTBO Vi HemycTo u, 3Hauut, * € U C V. Takum 0b6pa3om, ceMeiicTBO BCEX HEMyCThIX Vi
ABJIsIeTCsT He Oojiee 9eM CIeTHBIM MOAINOKphITHEM B V. Jlemma mokasama. O

SES,

JlemMma 5.38. ITycms X — 6noame 02panuuenHoe NOAHOE MEMPUUECKOE NPOCMPAHCMBE0, Mo2da u3 4100601 nociedo-
64MENLHOCTNU T1, X2, ... 8 X MONHCHO 8bLOPAMb CTOOAULYIOCHA NOINOCALIOBAMEADHOCTD.

HoxkaszaresnbcrBo. Tak kak X Brosme orpanuyeHno, To misg Kaxzaoro n € N cymecrByer koneunas (1/n)-cerb S,

¥ COOTBETCTBYIOIIEE el KOHedHoe HOKpbiTHe U, = U s . Tak Kak U7 KOHEYHO, B OJHOM K3 €ro 3JIEMEHTOB
1/n s€S ) )
< n

ckaxeM B Uy, CONEp:KUTC GECKOHEYHO MHOTO TOYEK T;. TH 3JeMEeHThl 0003Ha4IuM x1, 73, . ... Anagoruuno, B ofHOM
U3 3JIeMEeHTOB, cKaxkeM B Up, KOHEYHOTO TOKDPBLITUS Us CONEPIKUTCS OECKOHEUHOE UUCJI0 T). JTH 3JIeMEHTbI 0003Ha-
anm 22,23, . ... Ilpogomkas 3ToT mpomece, MBI A1 Kazxkaoro n € N mocrpoum U, € U,, B KOTOPOM COAEPKHTCH
LOZIIOC/IEI0OBATEILHOCTD T, Tk, . . . 10CI6J0BATEIbHOCTH x?717 mgfl, e

PaccMOTpUM TOCTEI0BATEILHOCTD 41 = T1,Y2 = T3,..., ABJIAIONIYIOCA MONOCAEIOBATEILHOCTBIO B X1, T2, . . ..
Torma nnst kaxkgoro n € N Bce y; mpu i > n mexxar B Uy, IO3TOMY AJIs JIIOOBIX P, ¢ > n EMeeM |y,y,| < 2/n, Tak 4ro
TIOCJIEIOBATEBHOCTD Y1, Y2, - . . pyHIaMeHTadbHa. Tak kak X — MOJIHOE, TO 3Ta MOCAEA0BATEIHHOCTh CXOAUTCS, 4TO
1 3aBepllaeT JI0KA3aTeJbCTBO JIeMMbI. O



5.2. Kpurepnii KOMITaKTHOCTH METPHIECCKHX MPOCTPAHCTB 47

3aBepIiuM 10Ka3aTeICTBO TeopeMbl. Ilycts X — BIo/IHE OrpaHMYEHHOE MTOJTHOE METPUUIECKOe MpocTpancTro. [1o
nemume [5.37] mocraTouHO MOKA3aTh, UTO M3 KAXKJIOTO CYETHOrO OTKPBITOrO HOKPbITHs U mpocTpancTBa X MOXKHO Bbl-
6parb KoHeuHoe noAuokpoirue. IIpeaiosnoxum, uro umeercs nekoropoe Y = {Uy, Us, . ..}, 13 KOTOPOro TAKOIO MOIIO-
KpbITHSE BLIOPATH HEJIb3si. Mbl IpUBEIEM K IPOTUBOPEYMIO, IIOKA3aB, YTO TOrJa B X CyLIECTBYET 10C/Ie40BATE/IbHOCTD,
73 KOTOPO# HeJIb3s BHIOPATH CXOISIIENHCS MOANOCIeI0BATEIBHOCTH, YTO HEBO3MOKHO B CUJIY JIEMMBbI [5.38

Tak kak Jus kaxkgoro n € N cemeiicreo {Uy,...,U,} He mokpbiBaer X, cymecrByer z, € X \ U ,U;. 3ame-
THM, YTO, IO IOCTPOEHMIO, KazKaoe U; CONepKUT JIMIIb KOHEYHOE YUCIIO 3JIEMEHTOB IIOCIEeI0BATENbHOCTH L1, Lo, . . ..
ITokazkem, 4TO [IOC/IEIOBATENLHOCTD L1, L2, ... HE COIEPKUT CXOMSAIINXC [IOAIIOCIEeI0BATEIbHOCTE, YeM 1 3aBepPLIUM
JIOKa3aTeIbCTBO. IIpeaoIoKuM IPOTHBHOE, T.€. 9TO HEKOTOPAs MOIIOCIEI0BATEIBHOCTD Ly, CXOAUTCI K HEKOTOPOMY
x € X. Tak xax U — mokpsITHe, cymecTtByeT U, € U Takoe, uto = € U,,. Ho rorma, B cuny z,, — x npu k — oo,
MHOXKECTBO U, COIEp:KUT DECKOHEYIHOE UUCIIO JIEMEHTOB TOCIEI0BATEIBHOCTH X1, L3, - . ., TPOTHBOPEUHE. O

5.2.4 CekBeHNUaJbHO KOMIIAKTHBIE MPOCTPAHCTBA

Tomomorudeckoe MpoCTPAHCTBO HA3BIBAETCS ceneeuuuaﬂbmﬂ KOMNAKMHBLM, €CITA U3 KaXKJI0U MOCTeI0BATEeTHHO-
CTHA MOYKHO BBIJEUTDH CXOAMAIIYIOCS TMOAIIOCIEI0BATETHHOCTD.

3ameuvanne 5.39. Boobmie roBopsi, KOMIIAKTHOCTh ¥ CEKBEHIUAIbHAS KOMIAKTHOCTH APYT C APYTOM HE CBI3aHBI:
ObIBAIOT TOIOJIOIUYECKUE [IPOCTPAHCTBA, 0OJIa1AI0IMe TOJbKO OJHUM U3 ITUX CBONCTB (COOTBETCTBYIOIIME [IPUMEDPDL
JIOCTATOYHO CJIO¥KHBIE, TIO3TOMY MBI UX HE MPUBOANM ). TeM He MeHee, B CJIyuae MeTPUIECKUX TIPOCTPAHCTE STH TTOHATHS
3KBHUBAJIEHTHBI.

Teopema 5.40. Ilycmv X — mempuueckoe npocmparcmeo. Tozda 0HO KOMNAKMHO, €CAU U MOADKO ECAU OHO —
CEKBEHUUAABHO KOMNAKMHO.

HdokazaresnbcrBo. llycth cnagama X xkommakTHO. Ilo Teopeme [5.34) mpocTparncTtBo X — MOJIHOE W OTPAHUYEHHOE.
Ocranocs npuvennts nemmy [5.38

ITIycrs renepp X cekBeHIMaIbHO KOMIAKTHO. B cuty teopemsr [5.34] mocrarouno nokasars, uro X — nosnnoe u
BIIOJTHE OIPAHUYEHHOE.

Jlokazkem cHadaja moaHoTy. PaccMoTpuM mpon3BoibHyI0 BbyHIAMEHTAJIBHYIO TOCaea0BaTebHoCcTh B X . [1o ycito-
BUIO, B 9TOI IMOCJIEIOBATEILHOCTH MMEETCs CXOISIINAsICA MOANocaen0BaTeabuocTb. Ho dhyHaamMenTaabHOCTh Bieder,
9TO W BCsI IIOCJIEJOBATEIBHOCTD TOXKE CXOIAUTCS, CM. 3aMedanue [5.28]

Hokaxkem, aro X BIOJHE orpaudeHo. [IpeanosiokumM TpoTUBHOE, T.e. cyliecTByer £ > 0, Jjs KOTOPOro HET HU
OfHOI KOHew HOH e-cetn. Bo3bMeM mpom3BOMbHYIO TOUKY 1. Tak Kak {x1} He ABIAETCA £-CETHIO, CYMIECTBYET Ty Ta-
Koe, 4TO |r1xe| > e. Tak Kak {x1,z2} He ABIAETCS €-CeTHIO, CYIIECTBYET X3 Takoe, UTO |rsx;| > & mua i = 1,2.
[Ipomomkast TOT MPOIECC, MBI TOCTPOUM MOCJIEI0BATEILHOCTD X1, X2, ..., B KOTOPOHl PACCTOSHUE MEXKIY JIIOOBIMU
JBYyMs Pa3JIMYHBIMYU TOYKAMHU He MeHbIne €. Ho Torma B 9T0i moc/ie10BaTeIbHOCTH HET HU OJHON CXOMAIIEHCS OO~
CJIeIOBATEIBHOCTH, TAK KaK KaXKIasl CXOASAIIASICSA TMOCTIEI0BATETBHOCTD (DYHIAMEHTATbHA. O

1STOT TePMHH IIPOUCXOOUT OT AHTAUHCKOTO CJI0Ba sequernce — II0CJIeJ0BaTeJIbHOCTb.
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YrpaxkHeHus K TjiaBe 5

Vupaxkuenne 5.1. IIycts A u B — HenmycTble TOAMHOKECTBA METPHIECKOTO npocTpancTsa. Pacemosnuem |AB]
Mezk/1y HuMH HasoeM uucio inf{|ab| : a € A, b€ B}.

(1) Iokaxkure, 94T0 3TO paccrogHue He 0OA3aHO YJOBIETBOPATH HEPABEHCTBY TPEYTOJbHUKA.

(2) Ilpusenure npumep ABYX 3aMKHYTBIX HENEPECEKAIOIIUXCs MOIAMHOXKECTB, PACCTOSHUE MEXKIY KOTOPHIMU DABHO
HYJIIO.

(3) Iokaxkure, 4r0 MEXK/y HENEPECEKAIOIIUMUCH HELYCTHIMU KOMIAKTHBIME [IOJAMHOKECTBAME 9TO PACCTOSHUE BCE-
I3 TTOJIOKUTENHHO (PA3PEIIaeTcs BOCIOIb30BaThCA TeopeMoii TuxXoHoBa).

Yupaxkaenue 5.2. Jlokaxxure, 4T0 JBaXK/IbI IEPEKPYUEHHAs JIEHTA, (CM. PUC. n3 JIeKIUK) TOMEOMOPQHA IUJIMH-
APy

Vnpaxkuenmne 5.3. 3ammmeM Kaykaylo MaTpHIy pa3Mepa 1 X n B BUAE BEKTOPa JJIWHBI n?, pa3MeCTHB CTPOKH

MaTPUIbI OJHY 3a JPYroil HA OJHON CTPOKE. JTa 3aIUCh MO3BOJISAET OTOXKIECTBUTH MHOXKeCTBO M(n) BCeX Takux
2

marpul, ¢ R™ u, rem cambim, npesparutb M(n) u Bce ero noAMHOXKECTBA B TOLOJIOIUYECKUE IIPOCTPAHCTBA.

(1) Yemy romeomopcdno npocrpanctso SO(2) C R, cocrosiiee u3 Beex OPTOrOHAMBHBIX 2 X 2-MaTPHIL ¢ OMPEIe/TH-
Tenem 17

(2) Yemy romeomopdno npocrpancrso O(2) C R, cocrosiee n3 Beex OPTOrOHAIBLHBIX 2 X 2-MaTpuii?

Yopaxkuaeaune 5.4. [ogMHOKECTBO TOHOJOIMYECKOIO IIPOCTPAHCTBA HABBIBACTCS 8C100Y TLAOTIHBLM, €CIIH €10 3aMbl-
KaHWe COBMAIAeT CO BCEM MPOCTPAHCTBOM. TOmMOOrMYeckoe TPOCTPAHCTBO HA3BIBACTCS CenapabeabHbim, €CIi OHO
COZIEPKUT He HoJiee YeM CUYeTHOe BCIO/LY IJIOTHOE MOIMHOKeCTBO. IIoKakuTe, 9TO KOMITAKTHOE METPUYECKOe TPOCTPAH-
cTBO cenapabenbao. OTMeTrM, YT0 KOMIIAKTHOE TOMOJOTHYECKOE MPOCTPAHCTBO cenapabebHbIM ObITh He 00S3aHO.

Yopaxkueaune 5.5. IIpamoti 3opzengdpes nazbiBaercs mpsiMas R co craeayiomieil monoaozueti 3opzendpes:
6a30ii 9TO TOIOJIOrUY ABJISIOTCSH BCEBO3MOXKHBIE [OJIYyUHTEPBAJIbI [a, b).

(1) Hokaxure, uro romosorus 3oprerdpesi TOHbIIE, YeM CTAHIAPTHAS TONOJOIUs, T.6. YTO BCE OTKPHITHIE TI0IMHO-
JKeCTBA B CTAHIAPTHON TOMOJIOIMY OTKPBITHL U B TOHOJIOruU 3opreHdpest. B 4acTHOCTH, KaXK bl 10Ty HHTEPBAJT
[a,b) — OTKPHITO-3aMKHYTOE MHOYKECTRO.

(2) Tokaxure, uTo npsiMas 3oprendpes HEKOMIAKTHA.

(3) TlokaxkuTe, 9TO KaxKJ0€ KOMIAKTHOE MOIMHOXKECTBO MpaMoii 3oprendpes e 6ojee 4eM CIeTHO.

(4) Ilpusenure upuMep CYETHOIO HOAMHOKECTBA LPAMOIT 30prendpest, He ABJILIOIIErOCs KOMIAKTHBIM.

(5) IMokaxkure, 4T0 LOCJIENOBATENBHOCTD T; CXOMUTCH K T B TOLOJOruM 30prerdpes, ecju U TOJAbKO €CJIU LOCJIe/10-

BATEJIBbHOCTD IT; CXOOUTCA K X CIIpaBa B CTaH,HapTHOI‘/JI TOIIOJIOTHUU.
(6) Tlokaxkure, uTo npsimas 3oprendpes cenapabeabHa.

Yupaxknaenue 5.6 (remmva JleGera). [TokaxkuTe, 9To /1J1d KA¥KI0TO OTKPBITOrO MOKPHITHS KOMIAKTHOIO METPUIECKOTO
npocTpancTBa X CyIIeCTByeT Takoe 4mcyio A > (0, Ha3biBaeMoe wucaom Jlebeaa, 9To mjs KarxKIOrO MOIMHOKECTBA
Y C X ¢ amaMerpoM MEHBIINM A UMEETCsST COAEPIKAIINMA €ro 3JIEMEHT MOKPBITHS.

Yupaxkaenue 5.7 (reopema Bapa). I[1oaMHOXKECTBO TOMOJOrHIECKOrO IIPOCTPAHCTBA HA3BIBAETCH HU20€ HE MAOT-
HbLM, €CIIA €r0 3aMbIKaHUe UMeeT IIYCTYI0 BHYTPEHHOCTbD.

(1) Iokaxkure, 9TO B [IOJHOM METPUYECKOM [IPOCTPAHCTBE liepeceueHue He 6oJiee 4eM CYETHOrO CeMeNlCTBa OTKPBITHIX
BCIO/1y IJIOTHBIX MHOXKECTB — BCIOZY ILJIOTHO.

(2) Iokaxkure, 94TO B HOJIHOM METPUYECKOM LPOCTPAHCTBE OObejuHeHHe He 0ojiee YeM CYETHOIO YMCJIa HULJE He
ILJIOTHDBIX 110/IMHOXKECTB HE UMEET BHYTPEHHUX TOY€K, B YaCTHOCTU, HE COBIAJAET C ITUM IIPOCTPAHCTBOM.
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JlommosTHUTEIbHBIE YITPAXKHEHU K TJiaBe 9

VYopaxkueaune 5.8. @yuxnuio p: X x X — R Ha MuokecTBe X HA30BEM 1.c€8J0MEMPUKOU, €CITH OHA YIOBIETBOPSET
BCEM aKCHOMaM METPHUKH, KPOME ONpeaeseHHOCTH. VHBIMI CIOBAMHU, PACCTOSHUE MEXKIY PA3HBIMH JJIEMEHTAMHU U3
X wmoxer pasaarbca 0. Muoxectso X, Ha KOTOPOM 33/IaHA IICEBJIOMETPHUKA, HA3BIBAETCS TMCEE00MEMPULECKUM
npocmparcmeom. Kak u B ciryuae METPUKH, TICEBIOMETPUYECKOe paccTosiuue p(x, y) Oymem obo3Havarh |zy|. Bregem
Ha MCEBAOMETPUYICCKOM TTPOCTPAHCTBE OTHOIMEHUE: TOYKU T U Y U3 X HaXOOATCA B 9TOM OTHOIIEHUU, €CJIH U TOJIBKO
ecam |zy| = 0.

ITokazkure, YTO BBEJEHHOE OTHOIIEHUE SIBJISETCS KBUBAJIEHTHOCTHIO. Uepe3 [x] obo3HaYMM KJjace 9TOi IKBUBA-
JIEHTHOCTH, COJIEP2KAIIAN .

IMokazxkute, aro s mio0bx ' € [x] u y' € [y] Bomonusiercs |2'y’| = |ry|. Takum obpazom, Ha MHOXKeCTBE Y
KJIACCOB 9KBUBAJEHTHOCTH KOPPEKTHO OnpeneseHa (pyHKIus V([x], [y]) = |zy|.

ITokaxkure, uT0o ¥ — MeTpuKa Ha Y. Bygem roBopuTh, 9TO METPUYECKOE MPOCTPAHCTBO Y TOYYIEHO U3 IICEBI0-
MEeTPUYECKoro npocrpancrsa X gaxmopusdauueti N0 HYAEBBLM PACCTNOAHUSM.

Yopaxkueaune 5.9. [lycrb X — npousBosibHOE METPUYECKOE HPOCTPAHCTBO, a C' — ceMeificTBO Beex ero (pyHiaMeH-
TaJbHBIX TTOCJIEI0BATEIHLHOCTEH.

ITokazkuTe, 9TO IS IBYX MOCTEAOBATENbHOCTEH T = (T1,%2,...) 1 ¥y = (Y1,¥2,-..) n3 C MOCIEIOBATEIHHOCTD
qucen |z;y;| cxogures. omoxum p(z,y) = Hm; o0 |2:Yi)-

ITokaxkure, uTo p — nceBnomerpuka Ha C'.

[MokazkuTe, 9T0 KaxXKAas MOIIOCIEI0BATEIFHOCTD (DYHIAMEHTAJBHON MOC/IEI0BATEIHHOCTH CaMa, SBJISeTCsS (DyH-
JAMEHTAJIBHOMN, U PACCTOTHUE p MEXKIY ITUMHU MOCTIEI0BATETHHOCTIMU PABHO HYJIIO.

ITokazkure, 9TO B KaxKI0il (hyHIAMEHTAIBHON MOCIEIOBATEIBHOCTH T, T2, . . . IMEETCS MOIIOCIETIOBATENBHOCTD
Y1, Y2, . .. TaKas, 9to |y;y;] < 1/ min{i, 5}

O6o3na4uuM Y MeTpudeckoe mpOCTPAHCTBO, moxydeHHoe u3 C daxTopusamueii mo HyaIeBbIM paccrosuusm. Ilo-
KaykuTe, 910 Y — MOJTHOe METPUIECKOE MPOCTPAHCTBO.

IMokazkure, yro orobpaxkenue f: X — Y, craBsinee B COOTBETCTBHE KaxKJI0# TOUke € X KJIACC IKBUBAJEHT-
HOCTH [OCTOSHHOM 110CJI€J0BATEIbHOCTH (T, T, . . .), HU30METPUYIHO.

IMokazkure, uyro f(X) Bcrogy wioruo B Y.

[Tonnoe merpudeckoe NPOCTPAHCTBO Z HA3BIBACTCHA TONOAHEHUEM IPOCTPAHCTBA X , €CJIH CYIIECTBYET U30MeT-
pusi g: X — Z makasi, uro g(X) Bcrogy miorHo B Z. Ilokaxkure, uro Jiro0ble IBa TOMOTHEHUST X N30MEeTPUUHBDI,
B YACTHOCTH, KaxKJ0€ TOMOJTHEHNE Z MPOCTPAHCTBA X W30METPUUHO TMOCTPOEHHOMY BBINTE METPUIECKOMY TTPO-
CTPAHCTBY Y.



JIlexknmua 6

CB43HOCTD M JUHEITHAY CBA3HOCTD

ITnaH. OTKpbITO-3aMKHYTBI MHOYKE€CTBA, CBSI3HOE U HECBA3HOE TOMOJIOTHMYECKHE IPOCTPAHCTBA, CBA3HOCTh OTPE3Ka, CBA3HOCTb 00beauHeHHs mepe-
CEKAIOIIUXCSA CBA3HbIX MHOXKECTB, CBSA3HAsI KOMIIOHEHTA TOYKH, pa30ueHne NPOCTPAHCTBA HA CBA3HbIE KOMIIOHEHTbI, CBSI3HOCTh 3aMBIKAHUS CBA3HOTO
MHOXKeCTBa, 3aMKHYTOCTb CBA3HBIX KOMIIOHEHT, CBA3HOCTb HENIPEPbIBHOr0 00pa3a CBA3HOr0 IPOCTPAHCTBA, CBA3HOCTb J€KAPTOBA IPOU3BEIEHUS CBA3-
HBIX NPOCTPAHCTB, JUHEHHO CBA3HBLIE IPOCTPAHCTBA, JUHEHHO CBA3HBIC KOMIIOHEHTBI, COOTHOIIEHHE MEXKJy CBA3HOCTBIO M JUHEHHOH CBA3HOCTBIO,
CBA3HOCTb M JIMHEHHAs CBA3HOCTD BBIILYKJIBIX NOJIMHOXKECTB HOPMUPOBAHHBIX IIPOCTPAHCTB, CBA3HBIE MNOJAMHOXKECTBA IPAMOM, T€OPeMa O IPOMEeXKY-
TOYHOM 3HAYEHUU HEIPEePbIBHOW (DYHKIUU, IPUMED CBA3HOIO, HO HE JIMHEIIHO CBA3HOIO NPOCTPAHCTBA, JIOKAJbHO JUHEHHO CBA3HBbIE POCTPAHCTBA,
9KBHUBAJIEHTHOCTb CBSI3HOCTH M JIMHEHHOH CBSI3HOCTH B JIOKAJbHO JIMHEHHO CBS3HBIX IPOCTPAHCTBAX, HEIPEPBIBHOCTh JIOKAJBHO MOCTOSIHHOTO 0TO0-
paXKeHus, IOCTOAHCTBO JOKAJBHO MOCTOSAHHOIO 0TOOparkeHnusl Ha KOMIIOHEHTaX CBSI3HOCTH.

6.1 Csga3HocCcThb

Kak ObL10 OTMe4€eHO Bbllle, B KaKJ0M TOIOJOIHYE€CKOM IIPOCTPAHCTBE BCE IIPOCTPAHCTBO U ILyCTOE MHOXKECTBO $BJs-
FOTCST OJHOBPEMEHHO OTKPBITHIMEU U 3aMKHYThIMU. Takue MHOKECTBA WHOTIA HA3BIBAIOT OMKDPBHIMO-3AMKEHYMBLMU.
Ecnmu mer apyrux OTKpPBITO-3aMKHYTBHIX MTOJIMHOMXKECTB, TO TOIOJOTHYIECKOE MPOCTPAHCTBO HA3BIBACTCH CEBA3HBIM, A
HHAYe — HEeCc8A3HbIM. TakuM 00pa3oM, TOIOJOTHYECKOe IIPOCTPAHCTBO HECBI3HO, €CIIU €r0 MOXKHO IPEICTABUTL B
BuJie 0O'bEMHEHUS] HEIIYCTHIX HEIEePECeKAIOIIUXCsl OTKPBITHIX MHOXKECTB (PABHOCHJIBLHO, HEILyCThIX HEIIEPEeCeKAIOIUXCs
3aMKHYTbIX MHOXxKecrB). [IpuBesem ewie onun Bapuant GopMyaIMpOBKY HeCBa3HOCTU. Kak Mbl yzKe OTMevau BbllIe,
00HeIMHEHNEe MHOYKECTB HA3bIBAETCS QU3BIOHKMMH LM, CCIIN BXOISAIINE B HETO MHOXKECTBA TOMAPHO HE MePEeCeKAIOTCS.
IIpencrasienne MHOXKECTBA B BUIE JU3BIOHKTHONO OObeINHEHNS HA3BIBACTCS pasdbueruem 3Toro MHoxkecrna. MTax,
TOMOJIOIUYECKOE IIPOCTPAHCTBO HECBA3HO, €CJIU €r0 MOXKHO Pa30UTh HA HEIYCThE OTKPBIThIE (DABHOCUIBHO, HEILYCThIE
3aMKHYTbIE) TI0JMHOYKECTBA.

ToBops po cBA3HOCTD (HECBSABHOCTD) IIOJMHOMKECTBA TOMOJOIMYECKOrO [IPOCTPAHCTBA, Mbl MMEEM B BUJY €r0O CO-
OTBETCTBYIOIIEE CBOWCTBO KaK TOIMPOCTPAHCTBA, T.€. KAK TOMOJOTMYECKOr0 MPOCTPAHCTBA, HAJIEEHHOTO WHIYITHPO-
BaHHOM Tomostorueit. Mltak, moIMHOXKECTBO Y TOMTOJIOTUYECKOTO TTPOCTPAHCTBA X HECBSI3HO, €CJIM CYIIECTBYIOT TAKMe
oTkpbIThie oAMHOXKecTBA U u V' mpocrpancrea X, ato Y NU u Y NV menyctor u pasdbusaior Y, 1.e. Y CUUV.

IIpumep 6.1. /IucKpeTHOE TOMOJOTHIECKOE MMPOCTPAHCTBO, COCTOsAIIEE HE MeHee JeM U3 JIByX TOUek, HecBa3Ho. [leit-
CTBHUTEJIBHO, JII000E pa30ueHne TOro MPOCTPAHCTBA HA HEITYyCThIe TIOAMHOXKECTBA, SIBJISI€TCS Pa30NeHneM HA OTKPBITHIE
TIOAMHOYKECTBA, & 3TO U O3HAYAET HECBA3HOCTD.

IIpumep 6.2. JI000e aHTHUIMCKPETHOE TOMOJIOIMYECKOE IIPOCTPAHCTBO CBA3HO. JlefiCTBUTEIbHO, 3TO MPOCTPAHCTBO
HE COIEP’KUT HEMyCTOr0 MHOXKECTBA, OTJIUYHOTO OT BCETO MPOCTPAHCTBA.

IIpumep 6.3. ITommuoxkecrso [0,1] U [2,3] C R mecBsasHo.
IIpengioxxenne 6.4. Ompesox [a,b] ceaszen.

JlokazaTeabcTBo. [IpenmnosoknM MpOTUBHOE, T.€. CYIIECTBYIOT HEMyCThIe HeMepeCeKalomuecss 3aMKHYThIe MOIMHO-
skectBa A u B orpeska [a, b] Takue, 9ro AL B = [a, b]. Be3 orpannvenns oOIIHOCTH MPEANONOKAM, 9TO a € A, U yCTh
¢ € [a,b] — rounaga HUXKHsAsA rpaHb MHOXKeCTBA B. Tak Kak TOUYHAs HUXKHSAs IPaHb B aABJIsIeTCs TOYKON IPUKOCHOBEHUSI
B, a mHOXKecTBO B 3aMkHYyTO, TO0 ¢ € B. Tak kak a € Au AN B = (), T0 a # ¢ u, 3Ha4ut, a < c. CHOBa, TaK Kak
¢ — TOuHas HWXKH#AS TpaHb B, To [a,¢) C A. Ho Torma ¢ — Touka mpukocHOBeHUs nyis A, mostomy ¢ € A B cmry
samkayTOoCcTH A. UTak, MBI Mokazanmn, uto A N B # (), mpornBopeune. O

IIpusBenem psn CBOACTB CBA3HBIX mOoAMHOXKecTB. Cremyomas ieMMa MIHOBEHHO BBITEKAET U3 OIPEIETICHUs CBSI3-
HOCTH.
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Jlemma 6.5. IIycmv Y — c8a3H0€ MOOMHOMCECTNBO MOTOAOZUY%ECK020 npocmpancmes X, u U,V C X — omxpumuoie
MmHoocecmea maxue, wmo UNY u VNY ne nepecexaromesa uY C UUV. Tozda odno us nepecevenutt UNY uw VNY
nycmo, a dpyzoe codepacum Y .

IIpengioxxenmne 6.6. Ecau {Yy}acr — cemelicmeo c8A3HOE NOOMHONCECE MONOAOUNECKO20 npocmpancmea X,
npunem Nacr Yy # 0, mo muoorcecmeo Y = UyerYy — makoice c6A3Ho0.

HoxkaszarenbcTBo. IIpeanosnoxum mporusHoe, T.e. Y HecB:a3HO, TOraa cymiecrByior orkpeireie U,V C X takue,
aro {UNY,VNY} — pasduenne Y nHa HemycThle MOAMHOXKecTBa. Tak Kak Kaxkmoe Y, comepxurcs B8 U UV u
(UNY,) N(VNY,) =0, npumernva jremMma B CHJIy KOTOPO# omHo w3 MHOXkecTB U, V comepxkur Y,, a apyroe
¢ HuM He nepecekaercs. Ilycrs mekoropoe Yp comepxkurcs B U. Tak kak Y NV # (), cymecrsyer Y, takoe, 410
Y, NV # (), o Toraa, cHOBa B CHILy JIEMMBI Y, cV.Tak kak (UNY)N(VNY) =010 Y3NY, =0, aro
IPOTHBOPETUT YCIOBHIO Nacr Yy # 0. O

Cea3noli Komnorenmot [r] MmowKu T TOHOJOrMIeCKOro npocTpancTsa X Ha30BeM OObEJINHEHHE BCEX CBA3HBIX
noaMHOXKeCTB X, cofgepxkamux z. o mpeasoxenno [6.6] cBsi3HAS KOMIIOHEHTA, SIBJISIETCsI CBSI3HBIM MHOXKECTBOM, A,
IIOTOMY, I MAKCHMAJIbHBIM CBA3HBIM MHOXKECTBOM, COJIEPIKAIEM JAHHYIO TOUKY. OTCIO/Ia MIHOBEHHO BBITEKAET, UTO
ecan y € [z], To [y] = [z]. HeiicrBurensHo, [y] D [z], Tak Kak [x] cBs3HO n comepxkur y. Ecnn [y] # [z], To [y] — eme
6oJIbIIIee CBSI3HOE MHOYKECTBO, COJIEDIKAIIEe T, UTO IPOTUBOPEIUT MAKCHMAIBHOCTH CBSI3HOH KOMIIOHEHTHI.

Ilpeasoxenne 6.7. Kaoicdoe monosozuueckoe npocmpancmeo pa3bueaemes ha C6A3HE KOMNOHEHNbL, NPUEM IO
pasbuenue 00HO3HAYHO OnpedeaeHo.

JlokazaTesqbcTBO. JleiicTBUTEIbHO, KaXKaas TOYKA BXOJWT B CBOIO CBSA3HYIO KOMIIOHEHTY, IOTOMY OObeTHHEHNE
BCEX CBSI3HBIX KOMIIOHEHT COBIIQJAET CO BCEM MPOCTPAHCTBOM. EcCim 1Be CBA3HbIE KOMIIOHEHTBHI IIEPECEKAIOTCS, TO,
110 JIEMMe nX OObEIUHEHNE TAKZKE CBS3HO, MOITOMY, B CHJIYy MAKCHMAJIbHOCTHA CBSI3HOM KOMIIOHEHTBI, KaXK/Iasl U3
pPacCMaTPUBAEMBIX KOMIIOHEHT COIEPYKUTCS B APYTOi, TOITOMY OHM COBMaAatoT. Eciin ecTh [Ba pa3HbIX pa3OueHus HA
CBSA3HBIE KOMITOHEHTBI, TO HEKOTOPBIE JIEMEHTHI OIHOTO U APYTOTr0 pa30ueHmil mepeceKaroT s, HO He COBIIAJIAIOT, & TO
CHOBa IIPOTUBOPEYHT JeMMe [6.5] 1 MAKCHMATBLHOCTH CBSI3HBIX KOMIIOHEHT. O

IIpengaoxenue 6.8. ITycmv Y C X — c843HO0€ NOOMHOHCECTNEO MONOAO2UNECKO20 NPOCMPaHcMEa X , Mo20a Kaxtcdoe
Z maxoe, wmo Y C Z CY — ceasno. 3decov, kax u eviue, Y 0003HAUAEM 3AMOKGHUE MHOHCECTNEA Y .

okazaTesabcTBo. Ilpeamnomoxum, 9T0 Z HECBS3HO, TOTIA CYIIECTBYIOT OTKPBIThIe MHOXKecTBa U, V C X Takme, 4TO
{UNZ,VNZ} — pasbuenne Z Ha HelycThbie MOAMHOXKECTBA. 110 yCIOBHIO, KaXKJas TOYKa & € Z CONEpKUTCA B & € Y,
T.e. ABJIAETCA TOYKON mpumKocHOBeHudA nmada Y. Ilo memwme HermycToTa MHOXKeCTB U N Z n V N Z Bieder Takxke
wenycrory UNY u V NY, a sro ozuagaer, uro {U NY,V NY} — pasbuenue Y Ha HemycTble NOAMHOKECTBA, YTO
MIPOTUBOPEYINT CBA3HOCTH Y . O

Caencrsue 6.9. Kaowcdas céa3nas KoMNoneHma 3amMEHyma.

IIpumep 6.10. Eciaun 9nciio CBA3HBIX KOMIIOHEHT KOHEYHO, TO O0beIMHEHNE BCEX KOMIIOHEHT, KPOME OJIHOMH, — 3aMKHY-
TOe MHOYKECTBO, II03TOMY caMa KOMIIOHEeHTa OTKpbITa. VITak, B cilydae KOHEYHOrO YHC/Ia CBA3HLIX KOMIOHEHT, KasKIasl
KOMIIOHEeHTa, OTKPbITo-3aMKHyTa. OHaKo B 00IIeM CIydae CBS3HbIe KOMIOHEHTLI He 00s3aHbl ObITh OTKPBITHIMHE.

Pacemorpum X = {1/n}pen U {0} C R ¢ maaynuposannoit Tonomorueii. Torma kaxkmoe 6oee 4eM OIHOTOUETHOE
MOMHOKECTBO HECBSI3HO (mokaxkure 910). Takum obpasoM, {0} — cBasuas xommnonenra X . Oxuako {0} me sBisercs
OTKPBITHLIM MOIMHOKECTBOM, TaK KAK KaykKJ0€ OTKPBITOE MHOYKECTBO TMOJMydJaeTcs mepecedenueM oTkpbitoro U B R ¢
X, a rakoe U, Bmecte ¢ 0, comep:Kur emie u uarepsas (—¢, ), € > 0 u, 3Ha4uT, 370 U COAEPIKUT U JAPYrUe, OTJIUIHBIE
ot 0 Toukm u3 X.

IIpennoxenue 6.11. Ilycmv f: X — Y — menpepuisHoe omobpajrtcerue monos02ud%eckus NpPoCmpaHCMs, U Npo-
cmpanemeo X — ceasno. Tozda mmuoorcecmso f(X) maxotce ceasmo.

Hoxka3zaresnbcerBo. [Ipeonoxum npoTUBHOE, T.€. CyIIECTBYIOT OTKpPbIThe B Y MuoKecrBa U u V' takue, uro f(X)N
U un f(X)NV nenycrsr u pasbusator f(X). Ho toraa f~1(U) u f~1(V) — HemycTble OTKpBITBIE MOAMHOKeCTBa X
pasbuBaiorme X, a 3TO O3HAYAET HECBAZHOCTH X , TPOTUBOPEYHE. O

Caencrsue 6.12. Henpepuieuniii 06pa3 ompesxa c6A3€EH.

Caencrsue 6.13. Tonoaozuveckoe npocmpancmeo X €843H0, €CAU U MOABKO ECAU KaHCIOe HenpepueHoe omobpa-
orcenue u3 X 6 deyrmoueunoe JuCKpemHoe npocmpancmeo nocmosHHo.
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HoxkaszaresbcrBo. Ilycts Ay := {0,1} ofo3nagaer ABYXTOYEYHOE AUCKPETHOE HPOCTPaHCTBO. Ecau X CcBA3HO u
f: X — A; — HenpepnlBHOE OTOOpazKeHHE, TO, B CHILY HIPEIJIOXKEHHS f(X) cBazno, nosromy f(X) # Ao,
Tak Kak Ag HeCBA3HO u, 3HauuT, [ nocroguno. ObparHo, ecium X HECBIA3HO, TO OHO Pa30MBAETCS HA JIBA HEMYCTHIX
OTKPBITHIX MHOKecTBa U n V| mosromy orobparkenne, nepesogsinee U B 0, a V' B 1, HETPEPHIBHO. O

Ilokazkem, Kak MOXKHO IPUMEHATH CJeJCTBHE [6.13

Ilpensoxkenune 6.14. ITycmo X u Y — cea3Hble TMOTOA02UMECKOE TPOCITPAHCINEE, M0206 UL 0eKaPMO60 NPpoussede-
nue X XY moowce ceasno. Tem camvim, dexapmoso npousdselerue KOHEUWHO20 YUCAA CEAZHBLT NPOCMPAHCME C8AZHO.

Hoxka3zaresnbcrBo. Boibepem npoussosbhyio rouky (z,y) € X XY u paccmorpum jBa noamuoxkecrsa B X X Y: onHO
X x {y}, a mpyroe {x} x Y. Buibepem B KauecTBe 6a3bl TOMOJOTHY ceMeficTBO mponsBenennii U X V' BCEeBOZMOKHBIX
Uerx nV € ry. Torna nuaynuposartas Ha X X {y} 6a3a cocrout u3 muoxkects U X {y} mo Bcem U € Tx, T.e. mpn
ecTecTenHOM oTOKAecTBIeHnH X X {y} ¢ X coBnagaer ¢ ronosorueii 7x . ITo mpeaoxennio[3.3] sra nuaynuposannas
6a3a sipigercs 6a30il uHAyIMpoBaHHOi Tonosiornu. Takum o6paszom, X X {y} romeomopduo X u, anamoruuuo, {x} xY
romeomopduo Y. Ciuenosarenbuo, X X {y} u {x} XY cBa3HbI, 1 TaKk KaK OHU [IEPECEKAIOTCH 110 (T, Y), UX 0ObeIuHeHre
TOZKE CBHA3HO B CUJLy Lpejyiozkenus [6.6]

MMycts f: X XY — Ay — npou3BoIbHOE HENPEPHIBHOE OTOOPAYKEHUE B JBYXTOUCIHOE JTUCKPETHOE MPOCTPAHCTBO.
BeiGepem mponsBosbHble TOUYKH (2,y) u (2',y’) u3 X x Y. Mbr nokaxkem, 4aro f(z,y) = f(2',y’) u Bocnonbsyemcs
crencreueM [6.13] Kax 6b110 10Ka3aHO BBIIE, MHOKECTBA

(Xx{yHhu({a}xY) n (X x{y})u({a'} xY)

CBA3HBI, LIOITOMY, B CUJLY CJI€JICTBUL orobpazkeHue f Ha HUX HOCTOAHHO. HO 3TH MHOXKECTBA 11€PECEKAIOTCH,
HaTpuMep, 1Mo TouKe (x,y’), TOITOMY f MOCTOSIHHO M Ha OObeIANHEHWHM STHX MHOXKeCTB, Tak 4to f(x,y) = f(z',y'),
910 U TPEOOBAJIOCH. O

3ameuanne 6.15. AHamorudHbIM 00PA30M MOXKHO MOKA3aTh, YTO JEKAPTOBO MIPOU3BEJEHUE JIFOOOI0 YUCIA CBA3HBIX
TOIOJIOTUYECKHUX ITPOCTPAHCTB CBA3HO.

6.2 JIuneitHag CBA3HOCTDH

Tormonornyeckoe MPOCTPAHCTBO HA3BIBAETCH AUHEUHO CBA3ZHBIM, €CJIM KAXK/Iasd MMapa TOYEK COEIUHSAETCH KPHUBOU.
MakcumasibHble JIMHEHHO CBA3HbIE IIOJMHOXKECTBA TOIOJIOIMYECKOIO IPOCTPAHCTBA HA3BIBAIOTCH KOMNOHEHMAMU
AUHEUHOU c8a3HOCTIU.

Sameuanue MTOKA3bIBAET, YTO OTHOIIEHNE HA TOMOJOTUYECKOM MPOCTPAHCTBE, /J1d KOTOPOT'O TOYKUA HAXOIATCSH B
9TOM OTHOIIEHUH, €CJIM W TOJbKO €CJIA OHW COeIWHSIOTCH HEKOTOPOI KPWBOM, sIBJISETCS SKBUBAJIEHTHOCTHIO. Kiaccer
3TO1 9KBUBAJIEHTHOCTU KaK pa3 ABJIAIOTCA MAaKCUMAIbHBIMU JIMHEHHO CBA3HBIMHU I10/IMHOXKECTBAMU, T.€. KOMIIOHEHTaMH
nuHeiHo# cBa3HocTu. TakmMm 00pa3oM, UMEEeT MECTO CJAeAYIONIuil Pe3yIbTarT.

Caencrsue 6.16. Mnooicecmeo xKomnonenm aunelnotl C8A3HOCMU MONOAOLUYECKO20 NPOCMPAHCTNEd X ACAAECMCA
paszbuenuem X .

IIpoBepKy JinHeiHO CBA3HOCTU OOJIervaeTr CJe/LyIOollee OYeBH/IHOE YTBEPK/ICHHE.

IIpeasmoxenne 6.17. Jadurcupyem 6 monoaozuueckom npocmparncmee X uexomopyro mouwky ro. Tozda X aumnetino
CBA3HO, ECAU U TOABKO eCAl A00Y10 Mmouky u3 X MOAHCHO coedunHumbd KPu6otl ¢ Xg.

Tak KaK KOMTOHEHTa CBA3HOCTH W KOMITOHEHTA, IMHEHHOW CBI3HOCTH — YHMCTO TOTMOJOTHYECKOEe TOHATHE, TO TIPU
romeoMopdu3Me KOJUIECTBO ITUX KOMIIOHEHT coxpaHsiercsa (cM. obcyxkaenus B 3amedanuu [4.1). Tlokaxkem, Kak 310
CBOIICTBO MOKHO UCIOJIB30BATD [JIsl JJOKA3ATEIHCTBA HETOMEOMOP(MHOCTH HEKOTOPBIX TOMOJOTUIECKUX TPOCTPAHCTE.

IIpumep 6.18. Paccmorpum Ha miockoctu R? 6ykBy T, HAJEIHM ee WHJLyIHPOBAHHON TONOJIOrHEl, U MOJIy4eHHOe

TOTOJIOTIIECKOE MPOCTPAHCTBO obo3HaumM X . IIpocrpanctBo Y — 00braHbBI 0Tpe30K mpsamoii. Tpebyercsa moka3aTh,

4TO 3TH IPOCTPAHCTBA HeromeoMopdHbl. IIpemonokumM nporupHoe, T.e. cymecrsyer romeomopdusm f: X — Y.

ITycrs p € X — ToYKa KperuieHnst TOPH30HTAIILHOrO 0Tpe3Ka K BeprukaibHomy. Torga mpocrpancreo X \ {p} cocronr

¥3 Tpex KOMIOHEHT JINHeWHOH cBs3HOCTH. B crily ciieacTBust npocrpancta X \ {p} u Y\ { f (p)} rOMEOMOP(HBI,

OJIHAKO TIPY BBIKU/IBIBAHUHU U3 OTPE3KA JIF000H TOYKYM MBI HE TIOJTyIUM OOJIbIIIE ABYX KOMITIOHEHT JIMHEHHOH CBA3HOCTH.
DTOT HpHeM MO3BOJISIET BLISCHUTDH, KaKhe OyKBbI aihaBuTa HErOMEOMOP(MHBI IPYT APYTY.
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Crenyromuii pe3yIbTaT MOKA3bIBAET, KAK COOTHOCATCS MOHSATUS CBSI3HOCTHU W JIMHEHHOW CBA3HOCTH.
CuaencrBue 6.19. JIunelino c6a3HOe TMOTOA0ZUYECKOE IPOCMPAHCME0 X C8A3HO.

Joka3zareabcrBo. Eciu 310 He Tak, 10 pazodbem X Ha Hemycrbie oTkpbiThie U u V| Boibepem A € U u B €
V, coepunum A u B xpusoii v: [a,b] — X, torma v~ }(U) u v~ 1(V) — memycrblie oTKpbITBIE HOAMHOKECTBA [a, b],
pasbusaroruue [a, b], IpoTUBOPEYHE C PEJIOKEHUEM O

IIpumep 6.20. JIucKpeTHOE TONOJOIMYECKOE MPOCTPAHCTBO, COCTOLAINEE HE MEHee YeM U3 JABYX TOYEK, HE ABJIACTCS
JIMHEHO CBA3HBIM, 9TO BbITeKaeT u3 npumepa 6.1 u ciaexcrsus [6.19]

IIpumep 6.21. Jlioboe aHTHUIMCKPETHOE TOIOJOIMYECKOE IIPOCTPAHCTBO JuHEHHO cB#a3uo. leiictBuresnbno, sroboe
oTobpazkeHue JII000r0 OTPE3Ka B 3TO MPOCTPAHCTBO HEMPEPHIBHO, CM. TIPUMED

IMogmuOXkecTBO X JTUHEHHOTO MPOCTPAHCTBA HA3BIBACTCA 6bNYKAbLM, CCIN BMECTe ¢ KaxK 0l Tapoit To49ek x,y €
X OHO COJEPIKHUT OTPE3OK [T, ).

CaencrBue 6.22. Kaowcdoe svinykaoe nodmmnoscecmeo C 6 AUHETUHOM HOPMUPOSAHHOM Tpocmparcmee V. AuHelHO
CBA3HO U, 3HAYUM, CBA3HO.

HokazaresscrBo. Ilycrs maoxecrBo C' C V Bbimykiio. Torga st mobbix ¢,y € C BeimonHseTcs [z, y] C C, mosTomy
x u y coequusorcsa B C HenpepbiBHO# KpuBoii t — (1 —t)x + ty, t € [0,1], u, 3uauur, C — juHEHHO CBA3HO, YTO
Brever casnocts C' B cuity caeacrsus [6.19] O

Caencrue 6.23. ITodmmnooicecmeo seuecmeennoti npamoti c6A3H0 Mo2da u Moavbko mozda, koz0a 0no eunyrio. Bom
NOAMBLT CNUCOK MAKUT NOdMHOdCECMS: ompesky [a, b], noayurmepsaan [a,b) u (a,b], uwmepsaan (a,b), samrnymuoe
ayuu [a,00) u (—o0, b], omxpomaeie ayuu (a,00) u (—o0,b) u éca npamas R.

HoxkazarenbcrBo. Ilycts mHOX)KecTBO C' C R BBIMYKJIO, TOTJA OHO CBSI3HO B CHJIY CJIEICTBUS IIycts Teneps C
— He BoiykJo. Torga cymecrBytor Toukn z,y € C rakue, 4ro [z,y] ¢ C u, 3nauwt, cymecrsyer ¢t € R\ C, aus
KOTOpO#i = < t < y. Ho Torma muoxkecrsa U = C'N (—o0,t) u V = C N (t,00) — HEILYCTbIE OTKPHITHIE B UH/LY IUPOBAH-
HO#1 Tomonoruu noamuoxkectsa C, pazousaoomue C, oTkyna BeiTekaeT, uro C' — HecBsa3HO. Takum 00pa3oM, CBA3HOE
MHOKECTBO 00sS3aHO OBITH BBIMMYKJIBIM. O

Teopema 6.24 (Teopema o upomexxkyrounom 3uadenuu). ITycmv X — cea3H0e Monosozuueckoe npocmpancmeo,
a,be X, u f: X - R — nenpepwenas dynkyus. Tozda f npunumaem eéce npomescymounvie snavenus mexcdy f(a)
u f(b), m.e. das awbozo y € R, aescawezo meoncdy f(a) u f(b), cywecmeyem x € X, das xomopozo f(x) =y.

HokasaresabscrBo. Ilo npemioxkennto [6.11] MmuHORecTBO f(X) C R — cmsizno. Ilo caencrruio f(X) Bbmykio,
o3TOMY 0Tpe30K, coequnsiomuil f(a) u f(b), mexur B f(X), 94T0 U 3aBepIuaeT JOKa3aTEIbCTBO. O

Cuenytommuii pe3yaprar, SBIAAOMANCA OTHON W3 CTAHIAPTHBIX TEOPEM MATEMATHYECKOTO AHAJM3a, MTHOBEHHO BbI-
TekaeT u3 TeopeMsl [6.24] u cBI3HOCTH OTpPE3Ka, CM. Ipeasoxkenue [6.4}

CaencrBue 6.25. ITycms f: [a,b] — R — nenpepwenas gpynxyus. Tozda f npunumaem 6ce npomesicymounvie
anauenus mescdy f(a) u f(b).

IIpumep 6.26. Ob6parHoe yTBepkKjaeHue K ciefctsuio [6.19 e umeer mecra. MupiMu cioBaMu, HE BCSIKOE CBI3HOE
TOIHOJOMUYECKOE [TPOCTPAHCTBO JIMHEHHO cBsA3HO. [IpuBeneM Kiaccudeckuii mpumep.

Ha miockocTr ¢ 1eKapTOBBIME KOOPJAWHATAME I, i PACCMOTPUM MHOXKECTBO X, cocTosiiiee u3 rpaduka GyHKINNT
y = sin(1/x), onpeznenennoit mpu Bcex = # 0, u orpe3ka [—1,1] ocn y. Torga X ¢ WHIYIIMPOBAHHON M3 MIOCKOCTH
TOLOJIOTHEH — CBSI3HOE, HO He JIMHEHHO CBsI3HOE MHOXKECTBO, CM. puC. [6.1]

JleiicTBUTEIBHO, PA300BEM 3TO MHOXKECTBO HA TPH:

X_ =Xn{(z,y):2<0}, Xo=Xn{(z,y):2=0} X, =Xn{(zy):2>0}.

Muozxecrsa X_ u X | gaBisiorcs 00pa3aMu HEIPEPHIBHOI'O OTOOPAKEHHS U3 CBA3HBIX TOLHOJIOIMYECKUN IPOCTPAHCTB —
OTKPBITHIX JIyUeil, MO3TOMY OHU CBSI3HBI B CHUJIY MPEIJIOXKEHUS OTpe3ok X TaksKe CBSI3€H IO MPE/IIOKEHUIO

3ameruMm, 9T0 X( COCTOUT U3 TOUEK IMPUKOCHOBEHUS KaK JJIst MHOXKecTBa X _, TaK u /it MHOKecTBa X 4. eiicTBu-
TEJIBHO, JJIs IPOU3BOIBHOM TOYKHU p € X €e OKPECTHOCTH B WHIYIIMPOBAHHON TOMOJOTAN SABJISIETCS mepecedenneM X
1 HeKOTOPOTO OTKPBITOro moaMHaozKecTBa U miockoctn R?, a U comep:KuT HeKOTOPbIil OTKPBITLHIH KpyT Us (p). Omrako
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Puc. 6.1: CesizHoe, HO He JUHEHHO CBA3HOE TOMOJOIMIECKOE TPOCTPAHCTBO.

KaxXXIpIil Takoit Kpyr nepecekaer X_ m Xy, cM. pHcC. @ Takxke Touku u3 X_ He SABAAIOTCA TOYKAMHU TPUKOCHOBE-

Hug js X n obparno. Takum obpasom, 3ambikanne X u X 4 MHOXKECTB X_ m X, COOTBETCTBEHHO MOTYyYalOTCA

mobapimeHneM K 3TUM MHOKecTBaMm orpe3ka Xg. Ilo mpemmoxkenuro mHo)kectBa X u X , CBHA3HBL Tak xak

X N X+ = Xo # (0, T0, IO TIPEIIOKEHUTO m MHO>KECTBO X CBS3HO.

ITokaxkewm Temnepb, uTo X He sBJIsSETCS JAWHEHHO CBA3HBIM. Bepem mpomsBosbuble Toukn A € X u B € X,
U MOKAXKeM, 4TO WX HeJb3s COeJIUHWUTHL HENpPEpbIBHOM Kpuboil. [IpeamooxKumM OTpOTUBHOE, T.€. CYIIECTBYET KPHUBas
~: la,b] = X, coenuusiomas A = v(a) u B = y(b). Ilo npenoxkenuto orobpaskenne I': [a,b] — R2, nmpomonzxa-
tomee 7y = I'[[4 ), x — HempepwiBHO. 13 ipuMepa BbITEKAET, YTO KoopauHarubie pyukiuu x(t), y(t), 3anaoume
KpuUBYIO 7, Takxke nenpepbiBubl. [lo caencrsuio [6.25] cymecrsyer ¢ rakoe, uro x(t) = 0. B cuny upumepa u
ckasannoro Beime, Muoxkecrso 1" := {¢: z(t) = 0} C [a,b] — memycro n 3amkmyTO. IlyCTh t) — TOUHAS BEPXHSSL TPAHD
muoxkecTBa T. Tak kak T 3aMKHYTO, TO to € T, T.e. z(tg) = 0. Tak kak B € X4, 1o z(b) # 0, orkyzna to < b.

ITpuBesemM K NPOTHBOpEYUIO, MIOKa3aB, 4To (hyHKuus y(t) He ABJdeTCsH HENPEPbIBHON B TOUKe to. [lojokum C =
I'(ty) = (0, y(to)) u Bo3bMeM Kpyrosyio okpecraoctb U := Ui (C). Torna, 110 HepaBeHCTBY TPEYrOJIbHUKA, PACCTOSHIE
MezKLy JIoObIME AByMs ToukaMu u3 U menbiie 2. OuHako, Kakoe Obl 0 > 0 MblL He BbIOpaJid, /I KaxKAoro t; > tg
13 J-OKPECTHOCTH TOYKH toy Ha oTpeske [a,b] Beimomusiercst z(t;) > x(tg) = 0. Honoxkum ap = 1/(7/2 + 27k) u
b = 1/(3w/2+27k), k € N. Tak KaK aj, u b TOJOKUTENBHBI 1 cTpeMsTest K 0 mpu k — 00, CyIIeCTByeT Takoe k, 4To
ag, by € (O,x(tl)). B cuny cnencreust cymectByior tg < t',t" < t; Takue, uro x(t') = ax u x(t") = by, HO TOrHmA

1 I @) = s 1 1 .
= Sl — = n = sin =Sm-— = —1.
2(t) ar Y 2(t") b

Orciona BbITekaer, 4To paccrogaue Mexay toukamu ['(t') m I'(t"”) Gosbiue 2 u, 3HAYUT, ONHA M3 ITUX TOYEK HE
[OIa/1aeT B OKPeCTHOCTH U, YTO MPOTUBOPEYUT HEIIPEPHIBHOCTH OTOOparkenus I .

Bamevanne 6.27. B cuny caencrsus [6.19) kazkaas KOMIOHEHTa IMHEHHON CBA3HOCTH CBSA3HA, IO9TOMY KOMIIOHEHTBI
JIMHEHHON CBA3HOCTH HOAPa3bUBalOT KOMIOHEHTLI cBa3Hocru. Tak, B upumepe [6.26] Bce HpOCTPaHCTBO CBA3HO, HO
Pa3bUTO HA TPW KOMITOHEHTHI JIMHEHHOW CBSI3HOCTH.

6.3 JlokaJqibHad JUHellHad CBA3HOCTH

Tononornueckoe MpPoCTPaHCTBO X HA3BIBACTCA AOKAABHO AUHEUHO CBA3HBIM, €CTH Y KaXKI0i Toukn r € X u
J1000i# ee okpectHOCTH U CyIECTBYET JIMHEWHO CBsI3HAS OKpecTHOCTH V¥ C U”.

IIpumep 6.28. He Bcsikoe JIOKaJILHO JIMHERHO CBSI3HOE MPOCTPAHCTBO SIBJISIETCS JIMHEHHO CBSI3HBIM, HATPUMED, TO/-
MHOKECTBO HpsAMOii R, cocTosiiee U3 IBYX HEEpeceKamInxcs HHTepBaios, ckaxeM, (0,1) u (1,2) (mouemy?).
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IIpumep 6.29. He Bcskoe JIMHEHHO CBA3HOE MPOCTPAHCTBO ABJISAETCS JIOKATIBHO JIMHEHHO CBA3HBIM. B KadecTBe mpume-
Pa paccMOTPEM MOAMHOMKECTBO X miockocTr R? ¢ 1eKapTOBBIME KOODIMHATAMH T, Y, PABHOE 00beIMHEHHIO OTPE3KOB,
coepunaromux Touky (0,1) ¢ roukamu (1/n,0), n € N, a rakzxke ¢ Touxoit O = (0,0). Torga oxpecrnocrs Uy /2(0) N X
HE COIEPXKUT JIMHEHHO CBS3HON 1og0KpectHocTH Buia U (ybenurech B 3TOM).

IIpumep 6.30. Kaxioe OTKPBITOE MOAMHOXKECTBO JIOKAJIBHO JIMHEHHO CBS3HOIO IIPOCTPAHCTBO CAMO SIBJISETCS JIO-
KaJBHO JIMHEHO CBS3HBIM.

IIpumep 6.31. IIpoctpancTBo R™ gBIs€TCA JTOKATHHO TUHENHO CBA3HBIM. JleficTBUTEIHLHO, /TS KaxXK 0 OKPECTHOCTH
U? xaxmoit rouku x € R™ cymecrByer oTkpbiThiii map U (), conepxamuiica B U®. Tak kak map U () — BBITYKJIbILi,
OH TAaKJKe sBIAeTCs MuHeHHO cBasubiM. OTcona u u3 npumepa [6.30] BITEKaeT, 9To KazKI0e OTKPBITOe OJMHOKECTBO
R"™ JI0KaJIbHO JIMHEHHO CBA3HO.

IIpumep 6.32. Paccyxaenusi, aHaJIOrWIHbBIE TTPOBEIEHHBIM B ipuMepe [6.31} ToKa3bIBaioT, 4T0 J1060€ HOPMUPOBAHHOE
BEKTOPHOE IIPOCTPAHCTBO, & TaK2Ke KaKJ0€e ero OTKPBITOe IIOJAMHOKECTBO, JIOKAJIbHO JIMHEHHO CBA3HDI.

TeopeMa 6.33. B 10KGAbHO AUHETHO CEAZHOM npocmpaHcmee AMUHETHAA CBAZHOCMND IKBUBANEHMHA CEA3ZHOCTIU.

JokazareabcTBo. [J0CTATOYHO MPOBEPUTDH, UTO B JIOKATIHHO JIMHEHHO CBA3HOM IPOCTPAHCTBE X CBA3HOCTH BJIEYET
JIMHERHYIO0 CBA3HOCTh. BhIGEpeM MPOM3BONBHYIO TOUKY & € X W paccMOTpuM MHOXKecTBO U(z) Beex Touek y € X,
KOTOpPBIE MOYKHO COEIMHUTH C T HEKOTOPOW KPHUBOH. 3aMeTHM, ITO 3TO MHOYKECTBO OTKPHITO B X. [leiicTBUTENBHO, ¥
Kaxk 10l Touku y € U(x) umeercs JuHEHRHO cBA3HAs OKpecTHOCTh UY, HO TOrja KaxkJasa Touka z € UY coeauHsieTcs ¢
Y HEKOTOPOU KpuBoil 7. Ilycrs v, — kpusas, coemungionias = ¢ y. [Ipoxona nocienoparesbHO CHAYANA KPUBYIO 7y,
a 3aTeM KPHUBYIO 7., M. 3aMedanue [£.8] MbI cOeqUHUM & U 2 COOTBETCTBYIOMIEH KPHUBOIL.

Ormerum, 910 s kax ol rouku y € U(x) somonnserca U(x) = U(y), a ecm y & U(x), ro U(x) NU(y) = 0.
Takum o6paszom, MHOXKecTBa U (x) o6pa3yioT pa3buenne mpocTpancTBa X Ha OTKDPBITHIE TIOIMHOXKECTBA, TI0ITOMY eCIIH
TAKUX MHOXKECTB GOJIbIe OJHOr0, TO MPOCTPAHCTBO HECBA3HO. A 10, uto U(x) = X 03HaYaeT B TOYHOCTH JIMHEHHYIO
CBA3HOCTH X. 0

3ameuanmne 6.34. B npumepe MBI 3aMETHJIN, YTO KaxKJ0€e OTKPBITOE TIOIMHOYKECTBO JIOKAJIBHO JINHEHO CBA3HOTO
IPOCTPAHCTBO CaMO JIOKAJIBHO JHHEHHO cBsa3nO. Ilpumep [6.26] Bmecre ¢ Teopemoit [6.33] nemoncrpupyior, 4ro He
Ka2KJI0€ MOJIMHOXKECTBO JIOKAJIHHO JIMHEITHO CBSA3HOIO IIPOCTPAHCTBA SABJISETCS TAKHIM.

6.4 JloKaJbHO MOCTOSHHBIE OTOOpPaKEeHUH

g nanbHeinero HaMm moHaI00UTCS eIie Psifi YTBEPK IEHU.
Orobpaxkenue f: X — Y TOHOJOrHYecKUX MPOCTPAHCTB HA3BIBAETCH AOKAABHO TLOCTNOSHHBIM, €CITH Y JII0O0i
Touky x € X mMeercs OKpecTHOCTh U® Takasi, uTo orpanundenue f ua U” MOCTOSHHO.

IIpennoxenue 6.35. JIokaabHo NOCMOAHHOE 0MOOPANCEHUE MONOAOZUBECKUL TPOCTPAHCINE HENPEPDIEHO.

HoxkazarenscrBo. Ilycts f: X — Y — jokanbHO MOCTOSTHHOE OTOOpaykeHme. BriOepeM mpom3BosibHOE & € X U
TMOKaKeM, 4TO f HEMpPEepBhIBHO B . Bo3bMeM TpPOM3BOIBHYIO OKPECTHOCTH v (“”), a y TOYKHU T BHIOEPEM OKPECTHOCTH
U®, na Kotopoii f moctosmio u, 3uaqut, pasuo f(x). Ho torma f(U*) = {f(x)} c V/ (@), O

Cnenyromuii pe3yabTaT MOHAIO00UTCS HAM JIJId JI0Ka3aTesbcTBa TeopeMbl 2Kopiana.
CaencrBue 6.36. Jlokaabrno nocmoannoe omobpajicenue nOCmMoAHHO Ha KaHCOOT KOMNOKEHME CEAZHOCTNU.

HoxkazarenbcrBo. Ilycts f: X — Y — nokanbHO mocTosinaoe orobparkenwue. JloCcTaTo9HO MOKA3aTh, 9TO ecan X
CBSA3HO, TO f TOCTOSIHHO.

Jna xaxaoro y € Y mpoobpas f~'(y) orkpwir. eiictsurensro, miu f~!(y) myct, wim aid KaxKIoH TOUKH
z € f~1(y) cymecrsyer okpecrnocrs U” raxas, uro f(U”) = {y}, ne. U* C f~'(y). Ho rorna f~'(y) = Ugep—1(y)U”
— orkphiToe MuOKecTBO. Taknum obpasom, cemeiictso {f 1 (y)}yef(x) — pasouenne X Ha OTKPBITHIE HEIYCTHIC MHO-
JKECTBA, TIOSTOMY €CJIM y OTOOpaskeHns [ CyIIECTBYET TI0 KpaiiHel Mepe IBa pasiIudHbIX 3HA9eHus, TO X HECBA3HO. [
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YmupaxkHenusd K riiase 6

Yopaxkueaune 6.1. Ilycrs X — mpocrpancTBo ¢ Tonosorueit 3apucckoro. JIBmisieTcst i1 OHO
(1) cBasubIM?
(2) JuHEHRHO CBA3HBIM JIjId HE MEHEE YeM KOHTUHYyaJIbHOro X 7
(3) sumeitno cBsa3HbIM syig He Oosiee dem cuernoro X ? (Bocmosb3yiirech Teopemoii Bapa.)

Yupaxkaenue 6.2. Ilycrs {X,}aer — ceMelicTBO JIMHEHHO CBA3HBIX MPOCTPAHCTB. IIOKaXKuTE, 4TO MX JEKAPTOBO

TpOU3BeeHe Hael X, TUHEAHO CBSA3HO.

VYopaxkuenune 6.3. Ilycrs f — HenpepbiBaas QyHKIHMS, 33/ JaHHAsS HA TONOIOrHYecKoM npocTpatcTse X . O6o3HaYNM
uepe3 I' muoxectBo yposusi Gynkuuu f, re. I' = {z € X : f(z) = ¢}, e ¢ € R. Honoxum 2 = X \ I'. Tokaxure,
qro rouku P, Q € (2, B onnoit u3 KOTopbix yHkius f OoJiblie ¢, & B IPYTroil — MEHbIILE ¢, JIEKAT B PA3HBIX CBA3HBIX
KOMIIOHEHTAX MHOXKECTBA, {2.

Yupaxkxuenwne 6.4. [lycts X — noamuoxxectBo R™, n > 1, momydernoe u3 R™ BhIOpACHIBAHUEM THUMEPITIOCKOCTH
T = {(xl,...,xn) eR":a1x1+ - +apz, :d},

rue a = (ai,...,a,) — HeHyneBoil BeKTop. Jlokaxure, 410 X COCTOUT M3 JIBYX CBA3HBIX KOMIIOHEHT — OMKPBHUITIbLL
NOAYNPOCTNPAHCNG, 02PAHUNEHHBLL T

VYopaxkuaenue 6.5. Ilycro X — noamuoxkecrso R™, n > 1, nonydennoe u3 R™ BoiOpacbiBanueM k pas3/iMdHbIX I1a-
) )
pasutesibubIx rumnepiiockocreii. JTokaxure, yro X cocrout uz (k + 1)-0if CBA3HON KOMIIOHEHTHI.

Yupaxuenne 6.6. IIpomesrcymrom HA30BEM UJIU HEBBIPOXKIEHHBIH OTPE30K, WJIM WHTEPBAJI, WX MOy HHTEPBAJ
(C OTKPBITHIM JIEBBIM WJIN TPABBIM KOHIOM). Ilycth I4,..., I, — TPOMEXRYTKH, TOTJA WX MEKAPTOBO MPOU3BEIEHNE
K= H;:l I, C R"™ HazoBeM Kupnu“om ¢ ocHosaruem B = H;;ll I, u evicomoti h = I,,. Insa crporo MOHOTOHHO#
[OCJIeIOBATEILHOCTH 11, . . . , tf, COCTOSIIEI N3 BHYTPEHHHUX TOUEK BBICOTHI h, paccMoTpuM cexneHust B X {t,}, u nycTsb
X nonyuaercst u3 K BbIKHIbIBaHWEM Beex 3Tux cedenmii. [Tokaxkure, uro X cocrout n3 (k + 1)-0if KOMIIOHEHTHI.

Vnpaxnuenne 6.7. Ilycts X — moaMHOXKecTBO mockocT R?, KoTopoe momydaercs

(1) u3 R? puibpachBanmem k > 1 pasiamabIx ydeil, BLIXOAAIIAX U3 OTHON TOTKH;

(2) u3 kpyra C, OTKPBHITOrO WK 3aMKHYTOIO, BEIOpAChIBAHUEM k > 1 pa3uduHBIX €r0 PaIyCoB.
Hoxkazknure, 970 X COCTOUT M3 k KOMIIOHEHT.

Yupaxuenne 6.8. Tlokaxwure, uro ecnin f;: X — R, ¢ = 1,...,n, — HenpepbiBHbIe (DYHKINNA HA, TOTOJOTHIECKOM
npocrpancree X, 10 dynkmun f(z) = max{ fi(z),..., fo()} n g(z) = min{ f1(z),..., fu(z)} Takxke HenpepHIBHDI.

Yuopaxkaenue 6.9. 3amrnymosim noaynpocmparcmeom 8 R™ Ha3bIBaeTCs 00beINHEHNE THITEPIITIOCKOCTH 1 JIIO-
060ro m3 JABYX OTPAHWUYEHHBIX €i OTKPBITHIX MOJYyIPOCTPAHCTB. Buinyxkavim mrozozparHurkom 6 R™ masbiBaercs
nepecedenrie KOHETHOTO YMCJIa 3aMKHYTBIX MOJYIPOCTPAHCTB B CIydae, KOrJa 3TO MepecedeHre OTPAHUYeHO U UMe-
€T HelyCTyI0 BHYTPEHHOCTh. JlOKakuTe, 94TO IPAHUIA BBIIYKJIOIO MHOIOIDAHHUKA PAa30MBaeT MPOCTPAHCTBO HA JIBE
KOMIIOHEHTBI, T.€. €CJIM 3Ty I'DAHUIY BBIKUHYTh, TO OCTAHETCS MOJMHOMKECTBO, COCTOLAIEE U3 IBYX KOMIOHEHT.

VYuopaxkuernne 6.10. ITycts U C R™ — OTKpHITOE MHOKECTBO, a Y : [a,b] — U — kpusas. JJokaykuTe, 9T0 CyIIECTBYeT
sgomaHnas L, coennusiomasi Touku y(a) u y(b), Bce pebpa koropoit jexar B U. Takum 06pa3oM, OTKPHITOE MHOXKECTBO
U C R™ mHEHHO CBA3HO, €CJIM W TOJBKO €CJIM KasKIas Mapa ero TOYeK MOXKET OBbITh COeIWHEHa JIOMAHOH, Bee pedpa
KoTopoii sexkar B U.

VYupaxueune 6.11. Jlokaxkure, 910
(1) oTpe3oK u OKPY’KHOCTb HE rOMEOMOPMHBI;

(2) 6yksbt P u 9 me romeomopdHbL.



JIlexknmua 7

Teopema 2Kopaana

IInan. 3aMKHyTas KPpHUBAs, HE3AMKHYTAsl KPUBAs, HE3AMKHYTAs BJIOXKEHHAsA KPUBAs, 3AMKHYTas BJIOJKE€HHAsA Kpusas, reopema 2Koppana o BJO-
JKEHHOH KPUBOH Ha MJIOCKOCTH, 3aMKHYTAasi M HE3AMKHYTas JIOMAHBIE, IOMAaHAsl KaK NPOCTOH rpad, KOHLEeBbe (FPAHUYHbIE) U BHY TPEHHUE BEPIIHHbI
He3aMKHYTOH JIOMaHO!, BHyTPEHHHE BEPIINHBI 3aMKHYTOH JIOMaHOH, BBIKHAbIBaHHe pefpa U BHIKHABIBAHNE BEPIINHBI U3 IPOCTOro rpada, BEIKHIbI-
BaHHe pebpa U BBIKUIOBIBAHHE BEPIINHBI U3 JIOMAHOMH, JJOMaHasA KaK KPHUBasl, JJOMaHas KaK IMOAMHOXKECTBO 00bEMJIIOIIEro IPOCTPAHCTBA, KOHIIEBAST
(rpaHnvHAS) U BHYTPEHHAA TOYKA JIOMAHOI, HEBBIPOXKIEHHBIE pebpa JIOMaHOM, BIOYKEHHAs JIOMaHas (3aMKHYTas U He3aMKHyTad), Teopema 2Kop-
JaHa OJIs1 BJIOYKEHHBIX JIOMAHBIX HA IIOCKOCTH, HOKA3aTeNbCTBO Teopemsbl 2KopnaHa Hjis JIOMaHbIX, £-OKPECTHOCTb IIOJMHOXKECTBA METPUYECKOro
IPOCTPAHCTBA, CYIIECTBEHHbIE U HECYIIECTBEHHbIE MIePeceYeHns, JJeMMa O YeThIPeX TOYKAX, MHOTOYTOJbHUK, TPDAHUIA, BHYTPEHHOCTh M BHEIIHOCTH
MHOTOYTOJIbHHUKA.

B nanmoM paszmene Mbl 06CyIuM 3HAMEHUTYIO Teopemy 2K opIana O BIOYKEHHBIX KPABBIX HA eBKINIOBOM TMJIOCKOCTH.
MpI mpuBeneM JT0Ka3aTeNIbCTBO I 9aCTHOTO CJIydasi, KOTJa KpuBas aBjsercsa Jomanoi. [Ipo obmmuii ciayvail MOKHO
nountars [10]- [I4].

7.1 Teopema 2Kopaana

Kpusas ~: [a,b] — X B romosiormyeckom npocrpancrse X HasbiBaercs 3amknymot, eciu v(a) = vy(b), u ne3a-
MKEHYMOU B 1pOTUBHOM ciry4dae. HezaMKHyTas KpuBas Y HA3bIBACTCH 840HCEHHOU, eciin OTOOParKeHne Y B3aUMHO-
OJIHO3HAYHO C 06pa30M. 3aMKHYyTasi KPUBasd HA3BIBAETCA BAO0HCEHHOU, €CJIN €JUHCTBEHHDIE JIBE PA3JINIHBIE TOYKH 11,
to orpeska [a, b], Aust KOTopbIix (t1) = y(t2), — 970 TOUKM a u b.

Teopema 7.1 (XKopaan). ITycmo v: [a,b] — R? — eaooicennan xpusas. Obosnanum I' 0bpas omobpasicenus v, u
nyemny 2 =R2\ I'. Tozda

(1) ecau xpusas v nesamrnymas, mo (2 AuHETHO CB8A3HO;

(2) ecau wpusas v amrnymas, mo 2 cocmoum poeHo U3 06YT KOMNOHEHI AUHETHOT CEAZHOCTNU.

3ameuanmne 7.2. B cuny npumepa [6.31| u Teopemst [6.33] koMmoHeHTHI IMHEITHO CBI3HOCTH U KOMIIOHEHTBI CBSI3HOCTH
OTKPBITHIX moaMHOXKecTB R” coBmamaror. Ilosmomy 6 dasvretiuwem, 0Aa KPaMKEOCMU, Mol Oydem HA3BL6aMb KOMNO-
HEHMbL AUHETHOT C8AZHOCTU OMEPLIMBIEL NodMmHodtcecme R™ npocmo xomnornenmamu.

Teopema ?Kopnana, Ha, TTEPBBI B3TVIA, KAyKETCs COBEPITEHHO OYEBHUIHOM, HO ee JOKA3aTeIhCTBO JTAJeKO HETPU-
BUAJILHO, TAK KaK CBA3aHO C TOMOJOTHEH MIocKocTu. [IpuBesemM HECKOIBKO MPUMEPOB.

Cdepa

BaMKHyTast BIOKEHHAs! KpUBasi pa30uBaeT IByMepHYIO chepy Ha JBe KOMIIOHEHTHI, & He3aMKHyTast — HeT, M. puc. [7.1]

Ouauaap

To ke camoe BEpPHO U /I TUJIUHIPA, CM. PHC. [7.2

Top

HesaMKHyTad BIOKeHHAS KPHBad MO-TIPEsKHEMY He pa3dHBaeT TOP Ha KOMIIOHEHTHL A BOT CpeIH 3aMKHYTBIX KPHBBIX
€CTh Kak pa3bmBalomye, TaK W He pa3OWBAIOIINe, CM. PHC.

57
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Puc. 7.1: Teopema ZKopmana Bepua ajist chepsr.

e

Puc. 7.2: Teopema ZKopmana Bepra ajis muanHIpa.

@<

Puc. 7.3: Ha Tope Teopema zKopmana we BepHA.

JInct Mébuyca

“@u3myeckas peanu3anusa’ aucra MeEdnyca moaydaeTcs, eCiu CKIEHTh IPOTHBOIOIOXKHBIE IBA Kpasl MPAMOYTOTbHOI
nonocku Oymaru ¢ nmepekpyduBanueMm Ha 180°, cMm. puc. cnesa. Paccmorpum ma simcre MébGuyca cpeaHion JTUHUIO
I', cm. puc. |7.4] cupasa. Kak nokazano na 3tom ke pucyuke, I' ne pazbusaer siuct Mébuyca.

Puc. 7.4: Ha qucre Mébuyca Teopema ZKopmana He BEepHA.

Mpbr nokaxkem Teopemy 2KopaHa B 9aCcTHOM C/Iydae JIOMAHbBIX, PACCMATPUBAEMBIX KakK KpuBble. /lagmm coorBeT-
CTBYIOIIINE OTPEIETICHNS.
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7.2 Jlomanbie u Teopema 2KopaaHa

Hanomuum, 9T0 JJ0MaHO# B BEKTOPHOM IIPOCTPAHCTBE Mbl HA3LIBAIM KOHEYHYTO [I0CJIEI0BATENLHOCT Ag, . . ., Ay, TOUEK
3TOr0 MpocTpaHcTBa. Kpome TOro, Mbl TOBOPHJIN, KAK MOYKHO IIPEBPATHTL JIOMAHYIO B KPHBYIO, COCIMHSS MOCTEI0-
BaTEeIbHbIE BEPIIUHBI A; OTpe3KaMu U napaMerpusys eJuHbIM 00pa30M BCe HoJydeHHoe cemeiicTBo orpe3kos. Ceityac
HaM TIOHAO0OWTCS CBSA3ATh C JIOMAHON eIle OJHY CTPYKTYPY, & UMEHHO, CTPYKTYypy mpoctoro rpada. Mer Oymem pac-
CMaATpPUBATh JBA TUIA JOMAHBIX: HE3AMKHYMbLE, ecnu Ay # A, u 3amrHymuote, ecim Ag = A,,.

e Crpykrypa HezamkHymol aomanoli — 1o upocroit rpadp G = (V, E), B KOropoM MHOXKeCTBO BepuiuH V'
PEJICTAB/IAET CODOM MOCIeI0BaTEILHOCTD Ay, . . ., Ay, (1aske eciu HeKOTOPBIE TOUKE A; COBIAIAIOT, MBI CIUTAEM
ux pasHbiMu BepimHamu rpada G), a mMuHOKecTBO pebep E — cemelictBo BCex map A;_1A4;, i = 1,...,m,
COCTOSIINIUX W3 MOC/IeAOBATEIHLHBIX BepiiuH. [lpu srom Bepumabl Ag U A, Mbl HA3BIBAET KOHUEELIMU WU
2PAHUNHBLMU, & BCE OCTAJIBHBIE BEPITUHBI — BHYMPEHHUMU.

¢ Crpykrypa 3amMKrHYmMOoU aomaroti — 510 Toxe upocroii rpad G = (V, E), B KOTOpOM MHOXKECTBO Bepuiud V'
TIPEICTABIISIET CODOM TMOCIeIOBATEIHLHOCTD Ag, ..., Apy_1; TIPU 3TOM, MBI TIO3BOJIIEM HOMEPAM BEPINWH “IIUKJIN-
9eCKU’ MEHSIThCHA B Tpeesiax Bcero Z: nis k € 7 npeacrasum k B Buge k =pm +i,tme p € Z, 0<i < m — 1,
u nonoxuM A = Apm+ys = Ai. Ilpun takom corsamenun MHOXKeCTBO pebep £ — 3T0 CHOBa CeMeiicTBO BCex
map A;_14;, 1 =1,...,m. S3amerum, 4To B 3TOM ciydae A,,_ 1A, = An_1Ag. Y 3aMKHYTBHIX JIOMAHBIX BCE UX
BEPILUHbI HA3LIBAIOTCA 8HYIMPEHHUMU.

Taxum 00pa3oM, TOBOpS PO JIOMAHYIO, MbI Oy/Ie€M BCEra UMETh B BHUJY, UYTO OHA, SBJISETCH WA 3AMKHYTOU, WA
HE3aMKHYTOM, T.e. HaJejleHa CTPYKTYpPOil COOTBeTCTByIoMmero mpocroro rpada. Paccmorpenue joMaHoi Kak rpada
(ﬂBHHIOIHeFOCH nyreM B ClIy4dae HE3aMKHYTBIX JIOMaHbIX U ITUKJIOM B CiIy4dae 3aMKHyTbIX) IIO3BOJIAET I'OBOPUTDL, Ha-
TIpUMep, TTPO CMEXKHbIE Pedpa, a TaK:Ke WHINIEHTHBIE BEePIUHBT U pebpa. Kpome Toro, HaM TOHAIO0SATCS CITEIYIOIIHe
JBE Omeparuu HaI rpadaMu.

IMycts G = (V, E) — upocroii rpad, v € V u e € E. Torna

e rpad G\ e, nonyuennbiii u3z G eukudniearuem pebpa e, — 31o rpad (V, E\ {e});

e rpad G\ v, nosyuensniii u3 G evikudsiearHuem epusuHbL U, — 310 rpad (V \ {v},E’), rae B’ momydaercs
u3 F BolkujpiBanneM Bcex pebep, MHIMICHTHBIX V.

Omnumiem pe3ysIbTaThl TPUMEHEHUS TUX OMEPANWil K JJOMAHBIM TIPH 1M > 2.
e Ecin u3 3aMKHYTO# JIOMaHOH BBIKUHYTb BEPIIAHY WX PEOPO, TO MOJYIUTCH OJHA HE3AMKHYTAs JIOMaHAs.
e Eciu u3 He3aMKHYTOi JIOMAHOI BHIOPOCHTH KOHIIEBYIO BEPIIUHY, TO IOy YUTCS O/IHA HE3AMKHYTas JIOMAHAS.

e Eciu 3 HE3aMKHYTOI JIOMAHON BHIKUHY T UJIM PEOPO, WJIH BHY TPEHHIOK BEPIITUHY, TO MOy IUTCS IBE HE3AMKHY-
TBIX JIOMAHBIX.

Kaxk ™Mbl y:ke OTMeHWIH B Hadase pa3fena, JOMAHYI0 MOXKHO PACCMATPUBATH KAK KPUBYIO, CM. JeTAIH B 3aMeda-
unn 4.9] Takxke ObiBaer ym100HO OTOXKIECTBIIATH JIOMAHYIO C O0ObeIMHEHNE BCeX ee pebep, T.e. C 00pa3oM COOTBETCTBY-
oleit KpuBo. Yeaosumcs, wmo das aomanot L 6 R™ zanuce L C R™ o3navaem paccmompenue A0MAHOT UMEHHO 6
sude maxozo obsedunenus ee pebep. Ilpu stom, moukot aomaroti L C R™ Oymem HA3BIBATH MPOU3BOIHHYIO TOUKY U3
3TOro obbeuHeHus (He myTaiiTe ¢ BepIIUHON JioMaHoi). Touky JIoMaHOil Ha30BEM KOHUEBOT WU 2PAHUYHOT, eCiu
OHA COBTAJAET C KOHIIEBOH BEPIIMHOM JoManoi. Bee ocTambHble TOUKH, BKIIOYAs U BHYTPEHHUE TOUYKH PeOepP-0OTPE3KOB,
HA30BEM 8HYMPEHHUMU.

Pebpo A;_1A; nomanoil Ha3blBaeTCs HeBbLPOHCIeHHBIM, eciiu A; 1 # A;. Jlomanasi, 3aMKHyTasl WM HE3AMKHY-
Tasl, HA3BIBAETCS SAOHCEHHOT, €CJIN TAKOM SIBJISIETCST COOTBETCTBYIOIIAS €l KpUBas.

Teopema 7.3 (Teopema 2Kopmana myis momanbix). Ilycmy L C R? — eaooicennan somanan. Ionoocum 2 = R?\ L.
Toz0a

(1) ecau L nesammnyma, mo §2 — aunetino c6a3no;
(2) ecau L samrnyma, mo {2 cocmoum poeno u3 08yxr KoMNoHeHM.

Bameuanne 7.4. I3 ynpaxxnenus [6.10] Bbrrekaer, 9To0 mo0ble [Be TOUKH U3 OAHOII KOMIIOHEHTBI MHOKECTBA {2 MOKHO
COeJMHUTDH He TOJIbKO JIeXKaIllel B 9TOI KOMIIOHEHTE KPUBOW, HO U JlaKe JIOMAHOM.
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7.3 JlokazareabcTBO TeopeMbl 2KopaaHa A JIOMaHBIX

HamomunM, 9T0 B yHpaKHEHHN MBI ONpeJeTHIn paccTosune |AB| Mex)Iy JBYyMs HEIyCTBIME MOJMHOMXKECTBAMA
A u B 1npon3BOIbHOIO METPHYECKOro MpocTpaHcTBa X U MOKA3aJIH, 9TO PACCTOSHHE MEXK/Y HelepeCeKalolIMUCs
KOMIIAKTAMH IOJIOKHUTEIBHO. JaCTHBIM CIIydaeM 3TOrO PaccrogHus saBisferca paccroguue |aB| or Touku a € X 10
MHOYXKecTBa B, cM. 3a7ady KOTOPOE PaBHO ’{a}A , & TaK¥Ke W paccTosiuue |ab| Mexxay Toukamu a,b € X, paBHoe
‘{a}{b}|. Taxk kaxk kaxkmas momanas L C R™ sBisiercss HEMyCTHIM KOMIIAKTHBIM MOJAMHOXKECTBOM, a OObeIWHEHNHe
KOHEYHOTO YHCJIa KOMITAKTOB TaKsKe KOMMAKTHO (yOeAuTech B 9TOM), MOJIyYaeM CIEAYIOMNi pe3yibrar.

CaepncrBue 7.5. [Iycmv X — mempuueckoe npocmparcmeo, a L1 C X u Lo C X — nenycmole KoneuHve 00sedu-
HEeHUA KoMnaxmuus nodmnoscecne X . Tozda |L1Ls| = 0, ecau u moavko ecau L1 N Lo # 0. B wacmuocmu, 3mo
umeem mecmo 0as konewnur obsedunenut L1 C R™ u Lo CR™ 06pa3os kpuevix usu SOMOHBIL.

Ilepeiizem Temeps K J10KAa3aTENbCTBY TEOPEMbl [7.3)

7.3.1 Crparerusa I0Ka3aTeJbCTBA TEOPEMBI

(1) Mbt noubepem st KaxKaoit Touku P jomanoii L croJib MajLyio KpyroBylo okpectHocTb Up, 4ro0bl 1Jis BHY TPEH-
weit Touku P jiomanas L pasbousasia Up HaA JBe KOMIIOHEHTBI, & JIJIsT KOHIEBOM TOYKU P HE3aMKHYTO JIOMAHOM
L ymokectBo Up \ L GBITIO CBS3HBIM.

(2) MbI gokaxkeM, 9TO s Kaxk10ii Touku P jgomaHoii L mo6yio Touky u3 Up \ L MOXKHO COEIMHUTH JIOMAHO, He
nepecekatomieil L, ¢ Toukoit n3 Uy, \ L.

(3) MpbI moKazKkeM, 94TO JII00YI0 TOUKY ILIOCKOCTH, HE JIEXKAILYIO Ha, L, MOXKHO COEJIMHUTD OTPE3KOM, He IIEPECEKAIOIIUM
L, ¢ Toukoit u3 HEKOTOPOU oKpecTHOCTH BUAA Up.

U3 myakTOB n cJle/TyerT, 9To /19 He3aMKHYToil jomanoit L nononenne R?\ L cocTOUT U3 OHO# KOMTIOHEHTHI,
TaK KaK JI00YIO TOUKY 9TOrO JOMOJHEHNS MOXKHO COINHATD JIOMAHO# ¢ HEKOTOPOit TouKoi MHO)KecTBa U 4, \ L, KoTOpoe
JUHEHHO CBA3HO.

Tak:ke U3 MyHKTOB u ceflyeT, 9To JyiA 3aMKHYTOH nomanoit L gomommenme R?\ L cocromt He Gomee
4eM U3 JIByX KOMIIOHEHT, TaK KAaK JIIOOyI0 TOYKY 3TOrO JIOIOJHEHUS MOXKHO COEIMHUTDH JIOMAHON C HEKOTOPOI TOYKOM
muOKecTBa Uy, \ L, KOTOPOE COCTOUT M3 JABYX KOMIOHEHT.

(4) Haxkonew, Mbl 0KazKeM, 4T0O 3aMKHyTas JioMaHasg L pa3buBaeT ILUIOCKOCTb HE MEHee YeM Ha JIBe KOMIIOHEHTBI.
J s 3TOr0 MBI IOCTpOUM Ha, R? \ L s0KranbHO mocTosiHAy 0 GYHKINIO, MPUHIMAOIILYIO JBa 3HAUEHUS: TOIKH, B
KOTOPBIX 3Ta (DYHKIWSA MPUHUMAET PA3IUYHbIE 3HAUEHUS, JIEXKAT B PA3HBIX KOMIOHEHTAX.

Ilepeiiem k peanm3aiuu CTPATEruu.

7.3.2 Peanuzanusa myukTa (1))

Bosbmem mpomsBosbHyio Touky P € L. Eciu P — BHyTpeHHsIT TOYKa pedpa e jomaHoit L, To Beibepem ep > 0
MenbIuM paccroguus or P o L\ e. Ecau xe P — Bepmuna joManoii L, 1o BeibepeM €p > 0 MEHBIIUM PACCTOSHUS
or P o L\ P. Ionoxxum Up = U, (P), puc.

fcno, aro B Up MOryT momacTs TOJIBKO TOYKH pebep, comepxkaniux P, ciemnosarensuo, Up N L npeacrasiser coboit
(1) pamuyc xpyra Up, eciu P — koHueBas Bepiiuta (HE3aMKHYTOH JIOMAHOIH);
(2) mBa pasnuunblx paguyca Kpyra Up, eciu P — BHyTpeHHss BEpIIUHA;
(3) mmamerp kpyra Up, eciiu P — BHyTpeHHs#s TOYKa pebpa.

W3 ynpaxuenus BBITEKAET, YTO B [EPBOM Ciydyae MHOXKecTBO Up \ L MUHEHHO CBA3HO, a B OCTABIIUXCHA JIBYX
cjlydadxX COCTOUT U3 JIBYyX KOMIIOHEHT.

3ameuanne 7.6. O6parure BHUMAHUE, 9TO €p MOXKHO OpPATh HACTOJBKO MAJIBIM, HACKOJIHKO HAM HY’KHO, TaK KaK
OrpaHUYeHue Ha 3TO YMUCJIO YCTAHOBJIEHO TOJIbKO CBEPXY.
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P=A,umu A, pu A, F A,
A

P:Ai’ O < 1 < m’ AO* Am) nim
P:Ai> 0 = 1 = m’ A0= Am
4

Puc. 7.5: Okpectrocts Up.

7.3.3 Peanuzanua myHKTa

IIycts Y C X — npowusBosibHOE HOAMHOXKECTBO MeTpudieckoro npocrpanctsa X, u € > 0. Torma e-oxkpecmuocmvio
mrooicecmea Y naspisaerca MuoxkecrBo Uz (Y) = Uyey Us(y).

Bamada 7.7. Hokaxure, uro U (V) = {x € X : [2Y] < ¢}.

Jlemma 7.8. Ilycmv P — snympennsas mowka pebpa e aomanot L, a S — odna u3 eepwun pebpa e. Tozda wasrcdyro
mouxy Q € Up \ L mooicno coedunums ¢ nexomopoti mouxod T € Ug \ L saomanot, ne nepecexarwets L. Obpamno,
kaorcdyro mouky T € Ug\ L mootcno coedunume ¢ nekomopot mowkol Q € Up\ L aomanoti, ne nepecexarouseti L. Boaee
MO20, 3MY COCOUHAIOUYIO AOMAHYIO MOACHO BLI0PAML Tak, wmo ona bydemn aescamo 6 Ug(e), ede ¢ = max(ep,eg).

Hoxka3zaresabcrBo. Eciu P € Ug, 1o Bce nokasano. Ilycrs reneps P ¢ Ug. Boibepem na unrepsase (P, S) touky A
TaKyio, uro |SA| < e5/2, rorna U, j2(A) C Us. Ilonozxum L' = L\e. Torga [A, PINL" = (), nosTomy, o cieacrsuio|7.5)
paccrosuue § mexay [A,P] u L' ormmuno or myasa. 3amerum, uro § < |SA| < eg/2. Cmectum orpesok [A, P| B
TIEPTIEHINKYJISIPHOM € HaIPABJIEHUN Ha TOJOKHUTENLHOE PACCTOsSTHUE, MeHbITee, YeM min{d, ep}, TOTAA MOTYyUEHHBII
B pe3synbrare orpe3ok [A’, P’| He nepecekaer uu e, uu L', mpuuem A’ € Ug u P’ € Up. B uwacTHOCTH, TIPH TaKOM
cmernennu umeeM [A', P'] C Ug(e).

g mokasaTeabCTBa NEPBOrO YTBEPKICHMHA JIEMMBI, BEIOEPEM HANPABICHHE CMEIIECHUS TaK, 9TOObI TO9KH P’ u ()
OKAa3aJImCh B OMHOH KoMmoHerTe MEOKecTBa Up \ L, coemnanm Toukn @ u P’ orpeskom (ou memukom sexkut B Up \ L,
TaK KaK KaXKJasl U3 JBYX KOMIOHEHT — BbINYKJIas), a B Kadectse 1 BozbMmeM Touky A’. Jljia qOKa3aTenbCTBa BTOPOro
YTBEPKICHUS JIEMMBI, BLIOEPEM HAMTPABIEHNE CMEINEHns Tak, 9To0br Toukn A’ m T oka3aamch B OGHONW KOMIIOHEHTE
muOoKecTBa Ug\ L, coennrnm Toukn T u A’ tomanoit, exxamieit B Ug\ L (370 MOXKHO ¢/IeJIaTh B CHILY yrpaxkHeHus [6.10)),
[IPOJIOIZKUM 3Ty JioMaHyio orpe3kom [A’) P'|, u B kauectBe () Bo3bMeM TOuKy P’ puc.

Puc. 7.6: Jloka3aTeabLCTBO JeMMbI
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Ocrajoch 3aMeTuTh, YTO BCe (PparMeHThbl IOCTPOEHHOM JloMaHoit jexar B U (e). U

CaegcrBue 7.9. ITycmv P — npouseoavhas mouka aomanot L, a Q — npoussoavnas mouka us Up \ L. Toeda
cywecmeyem makas mouka T € U, \ L, wmo Q u T coedunaromesa somanot vy, ne nepecexarouels L. Boaee mozo,
MY COCOUHAIOUYIO NOMANYIO MOACHO 8bIOPaMb MaK, 4mo ona bydem aexcams 6 U (L), ede ¢ = max(ep,ca,)-

HoxkasareabctBo. Eciu P = Ag, 10 v — 310 0-3BenHasi jomanas Q.

ITycre Teneps P # Ag. Torna P € (A;, A;11] nas mekoroporo i. Ecim P = A; 41, BbIOEpEM IPOU3BONBHYIO TOUKY
P; € (A;, Ai41) n coemmanM () ¢ HEKOTOPO#T Toukoit ); € Up, \ L soMaHoii, He mepecekaromieil L, 9To MOXKHO CIeaTh
B CUJIy JIEMMBI 3arem, o 9TOM XKe JeMMe, coeuHUM (); U HekoTopyio 1; € Uy, moMmaHoil, He nepecekaromeir L.
B pesynbrare, mosydnM JIOMaHyI0, He IepeceKaollyo L u coenunuaiomyio () ¢ Hekoropoit Touxoit 1T; € Uy, . Ecin xe
P # A;y1, TO cpa3y TOJy4UM TaKytO JIOMAHYIO.

Sarem OyJeMm MOCJIEJ0BATEILHO COEAUHATH HE mepecekamomumucs ¢ L gomanbivu Touky T; U HEKOTOpyo (QQ;—1 €
U(P;i—1), Pi—1 € (A;—1,A;), Toury Q;_1 n nekoropywo T;_1 € Uyu,_,, W T.1., MoKa He noiineMm 10 Toukn Ty € Uy,.
Ocraercst 3aMeTHTh, 9TO PAIUYCHI £x BCeX Berpedaromuxcst KpyroB Ux (kpome Up n Ug,) MBI MOXKEM BBIOHDATH
CKOJIb YTOJHO MAJILIMK, 8 UMEHHO, BBIOEPEM UX MeHbINuMu, dem ¢. Torma, mo Jemme KasKJIbIi TIOCTPOEHHON 1O
9TO0# JieMMe (bparMeHT JOMAHOU OyIer JexKaTh B €-OKPECTHOCTH pedpa, KOTOPOMY TPUHAJIIEKAT MEHTPBI KPYTOB, TAK
470 Besd JoMaHas jiexkuT B U (L). O

7.3.4 Peanuzanusa myukTa ((3))

Paccmorpum Tereph mpon3BoibHy0 Touky R € 2. Otpesok [R, Ag] mepecekaer somMaHyoo L TO KOHEYHOMY UHCITY
orpe3koB u Touek. OGo3HaumMm depe3 P Gumskaitiryio Kk R Touky u3 [R, Ag] N L. Ilycts () — mpou3BoJbHAS TOYKA
u3 Up N [R, P), rorna @ € {2, npudeM orpe3ok [R, Q] ue mepecekaer L. Ilo ciencreuio CYIIECTBYET JIOMaHAasA v,
coemuusiomasn @ ¢ Hekoropoit Toukoit T' € Uy, \ L u e nepecekaromas L. IlocieoBarensao mpoxons orpesok [R, Q]
¥ JIOMaHYIO 7y, MbI IOJIy9UM JIOMaHyi0, coeauusioniyio R u T u ne nepecekaomyio L. Takum o6pa3om, KaxKaas TOYKA
R € {2 nexur B TOM 2Ke KOMIIOHEHTE, 4T0 U Hekoropas touka u3 Uy, \ L, puc.

Puc. 7.7: Peanuzanus myHkTa .

Nrak, kax ObLIO OTMEYEHO Bblllle B OIMCAHUU CIPATEIUU JIOKA3ATE/IbCIBA, €C/Id JoMaHas L He3aMKHyTas, TO
MHOXKeCTBO Uyg, \ L JMHEHHO CBSI3HO, OITOMY {2 COCTOWT M3 OJHON KOMHOHeHTHL. Ecin ke L 3amkuyTa, To Uy, \ L
COCTOWT U3 JIBYX KOMIIOHEHT, TI03TOMY {2 COCTOUT He OoJiee UeM M3 JIBYX KOMIIOHEHT.

7.3.5 Peanuzanua nmyukra ({4))

TTokazkem Temepn, 9TO 2 COCTOUT HE MEHee UeM M3 JIBYX KOMIIOHEHT. BBejgeM Ha IJI0CKOCTH JEKAPTOBY CHCTEMY KOOP-
nunar Oy, 1l KOTOPOIi BCe BEPIIKMHBL JOMaHOH L uMeror pasuble abcuucenl (Takas CUCTEMA KOODJIMHAT CYIIECTBYET,
TaK KAK 9T0 YCJIOBUE 3alIPELIAeT JIUIb KOHEYHOe Y1C/I0 HanpasJjenuii ocu Oy). dus kax it rouku P € (2 paccmor-
puMm n1y4 £ p, BRIXOAAIMNY u3 P v cOHANpaBIeHHbIi ¢ 0chio . [IycTh e — mpousBoabHOe pedpo somanoit L. Torma £pNe
cocTouT He DoJree YeM u3 OIHON TOYKY, B 9acTHOCTH, £p M L mpeacTaBiser co00 KOHEYHOE YHCJIO TOYEK.
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Touky @ € {p N L Ha30BEM CYULeCmMeeHHOU, €CITU BBINOJIHIETCS OHO U3 ABYX yCJIOBUIA:
(1) Touka Q) JieKUT BHYTPU HEKOTOPOro pebpa JoMaHOH Lj;
(2) Touka () — BepiumHa JoMaHo#l L, u Bbixo#gmue u3 () pebpa jgomanoil L jiexkaT B PA3HBIX MOJIYIJIOCKOCTAX

OTHOCHUTENIBHO IPAMOii, poxoasmeii 1epes {p, puc. [7.8

CYyIIECTBCHHBIC CYIIECTBEHHEIE

y Q

Q/ 7 — T 1

HECYIIECTBEHHAML

CYIIECTBCHHBIC

MECTBEHHAA

o
9

/\'\
/

HE«

HET IepeCcedeHus

X

Puc. 7.8: Peannzammsa nyHkTa .

TMonoxum n(P) = 0, ecim 9UcIIO CyNIECTBEHHbIX nepecedenuii jiy4a £p ¢ tomanoii L yerno, u n(P) = 1 B uporuBHOM
ciyJae.

BeisicanM, ato mponcxoanT ¢ unciaoM 17(P) Tpu W3MeHeHNW MoJoKeHus: Toukn P sHyTpm MHOXKecTBa (2. Ilpen-
TMOJIOKIM, 9TO0 () € {p N L — BHYTpPeHHAA TOYKA HEKOTOPOTO pebpa e jnomanoit L. Beibepem 6o > 0 Tak, 9ToOBI
OHO OBLIIO MEHbITIE MUHUMYMa ADCOJIIOTHBIX BEJUYUH PA3HOCTEH MEXKIYy T-KOODAWHATOW TOYKU () W T-KOOPAWHATAMHU
KOHITOB pebpa e, a Tak:ke MeHbIe paccroguust ot P no momanoit L. Torga npu cMmerniennsix Touku P Ha paccrosiHue,
MeHbliee g, PeOPO € MO-IIPEXKHEMY I1ePeCceKaeTcs CO CMEIIEHHbIM JIy4oM £p, TaK 4TO BKJIaJ, pedpa € B 4eTHOCTb YHCIIa
n(P) ne mensercs.

ITycrs Temeps () — BepimHa JoMaHoi L, a e n f — Boxomsmme n3 ( pebpa nomanoit L, Tak uro Q = (eU f)Nip.

Ecmm Q — cymiecTBeHHOe Tepecedenne, TO BbIOepeM 4uciao dg > 0 Tak, 9TOOBI OHO OBITIO MeHBINe abCOMIOTHBIX
BEJIMYUH PA3ZHOCTEH MEXKJY T-KOOPIUHATON BEPITUHBI () U T-KOOPAUHATAMHU OCTATHHBIX KOHIIOB pebep € u f, a Takxke
MeHblle paccrosgaus or P no somanoit L. Torga npu casure Touku P Ha paccrosiHpe, MeHbllee ¢, CMENIEHHbIH J1yd
{p npopomKaer nepecekars €U f pOBHO MO OJIHOM TOYKE, IPUYEM ITO [EPECEICHUE OCTACTCS CYIIECTBEHHBIM, TI09TOMY
BKJIQJ] aphl pebep e u f B derHOCTh uncia 7)(P) He MeHseTcs.

Ocrasnocs pasobpars caydvaif, Korga () — HecylnecTBeHHOe Tiepecedenne. Buibepem g > 0 Kaxk B TpeablaymieMm
abzare. O6o3na4uuM depe3 ¢ mpaMyIo, npoxoaduryio deped {p. llycts P cMemaercs Ha pacCTOdHUE, MeHbIIee J¢).
Ecau P cmemaercs Bosb ¢, To () ocTaercs HECyIeCTBEHHBIM mepecedenneM. Eciaun P cMemaercs B Ty OrpaHUIeHHYO
{ TOJYILUIOCKOCTD, KOTOpasi COAEpPKUT pebpa e u f, TO BMECTO HECYIECTBEHHOrO IepecedeHus () BO3HUKAIOT J1BA
CYIIECTBEHHBIX Tiepecevennsi (¢ pebpamm e n f), Tak 9TO WX cymMMapHbIi Braan B 7(P) pasen wymo. Ecin ke P
CMEIIAETCs B TIPOTUBOIOJIOKHYIO MOJIYILIOCKOCTh (HE COmepsKalyio e u f), To pebpa e u f mepecTaiT IepecekaThCs
CO CMEIEHHBIM {p ¥, 3HAUUT, BKJIa, 3Tux pedep B 7(P) Tak:Ke paBEH HYJIIO.

ITycrs § > 0 menbiire /1I060r0 U3 KOHEYHOT'O YUCIA YUCE 0@, Tae () npoberaer Bce To4uku u3 £pML. VI3 npuseseHHbIX
BBIIIE paccyxkaennii cienyer, uro ecmu P’ € Us(P), to n(P) = n(P'); nuabimu cnoamu, dbyHKIua 7) Ha {2 JOKATHHO
nocrosinHa. B cuity ciepcrsus GYHKIMS 1) HOCTOSTHHA HA, KAXKJIOH KOMIIOHEHTE MHOXKeCTBa 2.

ITokazkem Temeph, 9TO CYMIECTBYIOT TOYKH, B KOTOPBIX 7) MPUHUMAET Pa3JndHbe 3HaueHus. [lycrs () — cepeanua
HEeKOTOporo pebpa e jomanoit L. Hamomumwm, uto Kpyr Ug mMeer paamyc €Q W He TepeceKaeT pebpa jomMaHo# L
ornuyHbie 0T e. O603HaYNM Yepe3 ()1 u (J2 COOTBETCTBEHHO PE3YIHTAT CMEIEHNS TOYKHU () B HAIPABJIEHUU OCH Y U B
IIPOTHBOIOJIOKHOM HAIIPABIEHUN Ha paccrosHue £¢/2. Torma touxkm Q; mexar B {2, [Q1,Q2] NL = Q u ly, C Lg,.
Takum obpasom, Lo, N L = ({g, NL)U{Q} u Q asnsercs cymecrBennoit To4uxoit u3 £g, N L, nosromy n(Q1) # n(Q2)
7, 3HAYUT, TOUKU (1 U Qo JexKaT B PA3HBIX KOMITOHEHTaX MHOXKeCTBa (2. Tem caMbiM, MHOKECTBO {2 MMEET HE MEHee
aByx koMmroHeHT. [Tocsieiiee HAOIIIOIEHIE 3aBEPITAET JOKAZATEIHCTBO TEOPEMbI
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7.4 JlemMa 0 deThIpex TOYKaXx

[Ipusenem psii pe3yabTATOB, MOTYIAIOIIUXCS C TOMOIIBIO TEXHUKY, PA3BUTOM MPH T0KA3aTe1bCTBE Teopembl 2ZKopmana
JJ1d JIOMAHbBIX.

JIemma 7.10. ITycmov L C R? — 3amxnymas eaooicennas aomanaa, P — npoussoavruas mouxa us L, u Up — xpye,
onpedeaennnl evwe. Toeda Up \ L cocmoum u3 08Yyr KOMNOKEHM, NPUMEM MU KOMNOHEHINOL AEHCATN 6 PASHOIT
Komnonenmazr muoxcecmsa 2 =R\ L.

HokasaresbcrBo. B cuny BbiGopa okpecrHoctn Up, MHO)KecTBO Up \ L cocTOWT M3 JABYX KOMIOHEHT. TeXHWKOI,
AQHAJIOTUYHON ONMCAHHOW B IIyHKTE COEIMHUM KAXKIYI0 TOYKY u3 {2 C HEKOTOPO# TOYKOH w3 Up C TMOMOIIBIO
JIOMaHoii, He nepecekatomieil L. Orciona BeiTekaer, 410 06e KOMIIOHEHTbI MHOXKecTBa Up \ L HE MOryT JiexkaTh B OIHOMN
KOMITOHEHTE MHOXKeCTBa {2, nHade Obl MbI COEIMHUIIN JIOMAHOM, He mepecekaioneil L, TOYKU U3 PA3HBIX KOMIIOHEHT

0. O

Jlemma 7.11 (O geTbIpex TOYKaX Ha 3aMKHYTOil oManoi). ITyems L C R? — 3aMKHYMaA 6.0004CEHNAA NOMANAA U
2 =R2\ L. Ilyecmv P, Q, R, S — pazauunvie nocaredosamervrvie mouku us L. Coedunum mouxu P u R aomanot
L1, a mouku Q u S aomanoti Ly. Ipednosootcum, wmo

(1) obe aomarwe L; saoorcenmvie;
(2) obe L; aesicam, 36 uckaoueHuem C80UT KOHUELEHT MOuEK, 6 00HOT U Mol dce KoMnorenme mHodcecmea 2.
Tozda L1 u Lo mepecexaromca.

IIpumep 7.12. Ilokazkem, 9TO 3TA JIeMMa, TaKzKe HETPUBHAIbHA, KaK n TeopeMa zKopmama. s aToro paccmorpum
TTpUMeD, MPUBEIEHHBIN HA PHUC. Jlomanast L Ha Tope u Ha aucte MEOnyca, m300parkKeHHast yCJIOBHO B BUIE KPACHOM
KPUBOM, pa30MBAET KAXKIYI0 U3 STUX MOBEPXHOCTEH HA JBE KOMIOHEHTHI. Jlomanbe L1 u Lo, n300pazkeHHbIE yCIOBHO
“epHOM U 3eJIeHOH KPUBBIMU, YIOBJIETBOPSIOT YCIOBUIO JeMMBI [7-11] OJHAKO OHM He IepeceKaioTCs.

Puc. 7.9: Ha smcre Mé6uyca nemma [7.11] neepna.

IIpocneaure, Kakas 9aCTh IPUBOJUMOTO HIZKE JOKA3ATEIbCTBA JTeMMBI [7.11| He IPOXOAUT B OICAHHOM TOIBKO 9TO
IpuMepe.

Joxazamenvcmeo aemmui[T.11] O6oznaumm L' n L nomambie, Ha koropble L pasbmsaercs Toukamu P u R. Bes
orpaHuveHus OOIMHOCTH, Oymem cantarh, uto @ € L', a S € L”, cm. puc.
ITycrs 6g > 0 — npou3BOJILHOE YHUCIIO, MEHbIIICe

e paccTosinus OT () 10 pedep JomamHoit L, He comepkammx ;
e paccrosHuA OT () 10 pebep jjomanoi Loy, He comepxxKammmx (;

e paccrosHus or () 10 JiomMaHoi L,



7.4. JleMMma 0 9eTHIPEX TOUKAX 65

Puc. 7.10: /loka3aTembCTBO JIEMMBI O Y€THIPEX TOYKAX.

e BeauuuHbL |QS]/2.

Ompenemnm 65 > 0 JOCIOBHO, 3aMEHWB B TIpepraymmem onpedenennn ) Ha S. Ilycts Ug n Us — OTKpPBITEIE KPYTH C
LeHTpaMu B ToukKax () u S u paxuycamu dg u dg coorsercrBenno. Torna

e xpyru Ug u Ug He nepecekaioT Ipyr JIpyra;
e xpyr Ug mepecekaer L' U Ly mo Tpem cBouM panuycaM u He nepecekaer L U Ly;
e kpyr Us nepecekaer L” U Ly 1o Tpem cBouM paauycam u He nepecekaer L' U L.

Ormernw™, uto u ms nomanoit L, u ams nomanoit L U Ly xpyru Ug u Ug COOTBETCTIBYIOT TaK 2Ke 0OO3HAMEHHBIM
KpyraMm u3 paszesna [TosTomy, B cuity sieMMbl | MHOkecTBO Ug \ L pa3duro Ha [Be KOMIOHEHTHI, KOTODBIE
JIEZKAT B PA3HBIX KOMIIOHEHTaX MHOXKecTBa (2; mHOX)ecTBO Ug \ L pasbuTo Ha [BEé KOMIIOHEHTBI, IPUIEM 3TH JIBE
KOMTIOHEHTHI JIE’KAT KaK B PA3HBIX KOMIIOHEHTAX MHOXKECTBA (2, TaK W B PA3HBIX KOMMOHEHTAX MHOKeCTBa (2 =
R?\ (L" U Ly), cm. puc.

Bribepem npoussosbable TOUKkE Q' € Ug N Lo, Q' # Q, u 8" € UsN Ly, S' # S. Torna Q' u S’ nexar B oxguoi
KOMIIOHEHTEe MHOXKECTBa, {2, TaK KaK COENUHSIOTCH 4acThio Lh somanoil Lo, He nepecekaromeii L.

Bui6epem npoussosbubie Touku Q7 u S” B rex komnonenrax muoxecrs Ug \ L u Us \ L, koropble He comepxar
Q' n S’ coorercrrenno. ITo Teopeme [7.3] MHOKeCTBO {2 COCTOMT U3 ABYX KOMTIOHEHT, oaToMy Toukn Q"  S” mexxar
B OZHOI KOMITIOHEHTE — TOi, KoTopas He comepxkut Q' m S’. Pa3 Tak, Toukn Q" n S” MOXKXHO COeIUHATH JTOMAHOH o,
He nepecekaromeit L.

Tak kak L1 u Lo, 3a HCK/TIOYEHHEM CBOMX KOHIIEBBIX BEPIIUH, JIEXKAT B TOH »Ke KOMIIOHEHTe, 9T0 1 To49ku S’ u Q’,
JomaHas o He nepecekaer Ly u Lo u, 3mauut, ne nepecekaer jomanyio L U Lq. Tax kak Ug ne nepecekaer L U Ly,
orpe3ok [, Q"] Takxke He mepecekaer nomanyio L' U Li, nosromy momanas [Q', Q"] U o ue nepecekaer L” U L.
Takum obpasoM, Q' u S” jmexkaT B 0IHON KOMIIOHEHTE MHOXKECTBa, {27,

Ho S” mn S’, xak OBIIO OTMEYEHO BBINIE, JIEZKAT B PA3HBIX KOMMOHEHTax MHOXkecTBa, (2 3nagwur Toukm Q' m S’
TaKXKe JIeKaT B Pa3HbIX KOMIoHeHTax muoxkecrsa 2”. Cienosarenvho, L) nepecekaer L” U Ly. Ho, no yciosuio, L
He mepecekaer L, a, suaunt, u L”. Tlostomy Lj, a ¢ meit u Lo, mepecekaer L, 9T0 u TpeGOBATIOCK. O
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YrpaxkHenusd K riaase 7

Vapaxnuenne 7.1. Iycrs L C R? — proxkenHas 3aMKHyTas JoMaHast, u 2o, 2] — KOMIOHEHTb MHOKecTBa R? \ L.
(1) Jdokaxkure, 94T0 0OJHA M3 KOMIIOHEHT, CKaxkeM {21, OrpaHuyena, a apyras, T.e. {2y, — HeT.

(2) Muoxkecrso F' = LU {2, Ha3bIBae€TCs MHO20Y20AbHUKOM, JoMaHas L — epanuuels OF mnozoyeonvrukra F,
MHOXKECTBO {21 — eHympernHocmsbio Int F' MHo20yz20avHuka F v, HAKOHEI, MHOXKECTBO {2) — 8HEWHOCTNHI0
Out F' mnozoyzoavnuka F. Jokaxure, aro Int F' u Out F — orkpbirbie MHOXKECTBa, & L u F' — 3aMKHYyTbIE,
TpuUYeM B JIAHHOM ciyvae BHyTpeHnuHocTh Int F' w rpanniy L = OF MHOTOyrombHWKa I MOXKHO MOHNMATH B
CMBICJIE TTPUBEJEHHDBIX B MPEIbIAYIINX JEKINIX OJHONMEHHBIX MOHATHH TOITOJIOTHN.

Vnpaxnuenne 7.2. JJokaxure Teopemy sKopaama, B KOTOpOit mIocKocTs R? 3aMeHeHa Ha TPOM3BOJIBHOE HEITYCTOE
OTKpbITOE cBA3HOE TIomMHokecTBo U C R2. A mmenno, nycts L C U — Baoskennas jomanast u 2 = U \ L. TlokaxuTe,
9TO ecyiu JoMaHas L He3aMKHYyTa, TO MHOXKECTBO {2 CBA3HO, a ecau L 3aMKHYTa, TO {2 COCTOUT B TOYHOCTH U3 JABYX
KOMIIOHEHT.

Vupaxknuenne 7.3. Ilycrs U C R? — cBasnoe orkpbiToe HO,D;MHO)KQCTBOE Paccmorpum KOHEUHYIO 1MOCIIE10BATEb-
HOCTb

[A17Bl]a [A27BQ]7 sy [Am7Bm]

oTpeskos [A;, B;] C U (HeKoTopbie OTPe3KH MOTYT GBITH BBIPOXKIEHHbIMH) 1 TosoxuM Xy, = UF_ [A;, B;]. Ilpeamomo-
KM, 9TO JIJIS KAXKA0TO k = 2, ..., m Bemonagerca win X1 N [Ag, Bx] = 0, nmu Xy _1 N [Ag, Bx] = {4k}

(1) Hokaxure, uro jobble qBe TOUKU U3 KaxKJA0ro Muoxkectsa 2, = U\ X} MOXKHO COeJUHUTH JIOMAHOM, JexKaieit
B {2;. B wacrHocTu, Kazk10e MHOXKECTBO {2), JIMHEHHO CBS3HO.

(2) BoiBepure orciosa, 4TO MOAMHOMKECTBO IIJIOCKOCTH, 1OJydeHHOe u3 U BbiOpachbiBaHUEM KOHEYHOIO YHCJIA BJIO-
2KEHHBIX II0IIaPHO HellepPeceKalonuXcs HE3aMKHYTBIX JIOMAHbIX, JUHEHHO CBA3HO.

VYupaxkaenne 7.4. Jlokaxkure, 4TO HOIMHOXKECTBO CBA3HOIO OTKpbITOro Muoxecrsa U C R2?, nonyuennoe us U
BBIOPACHIBAHNEM KOHEWHOTO uncia k jekammx B U BIOXKEHHDBIX MOTMApHO HEMePEeCceKaronXcst 3aMKHYThIX JIOMAaHbBIX,
cocrout u3 (k + 1)-0if KOMITOHEHTHI.

Vnpaxnuenne 7.5. IIycts U C R?2 — cBA3HOE OTKPHITOE TIOIMHOXKECTBO. JJOKAsKUTE, ITO MOJIMHOKECTBO TIJIOCKOCTH,
noJiydeHHoe BblOpachiBanueM u3 U BJIOXKEHHOI 3aMKHYTOH JIOMAaHOI M BJIOXKEHHOH HE3aMKHYTOW JIOMAHOW, COCTOUT
U3 JBYX KOMIIOHEHT.

Vnpaxknuenne 7.6. Ilycts U C R? — orkpoiToe momMuoxkecTBO, V C U — KOHEYHOE MHOMKECTBO, X F — KOHedIHOe
ceMeiiCTBO BIIOKEHHBIX KPUBBIX B U, COEIMHATONINX TOYKH U3 V , IpUYeM [IePECEKAIOIINXCs U IePeceKaonux V TOIbKOo
110 CBOMM KOHIEBBbIM TOYKaM. [TokaxKure, 4T0 KAXKIYI0 KPUBYI0 U3 F MOXKHO 3aMEHUTH HA BJIOXKEHHYIO JIOMAHYIO,
nexkaryio B U, coOeIMHSIONIYIO0 Te yKe TOYKU U3 V', IpuYeM MoJIydeHHbIe JJOMAHbIE CHOBA TIEPECEKAIOTCS U MePeceKaroT
V' TOIBKO 1O CBOMM KOHIIEBBIM TOYKAM.

Yupaxkuenue 7.7. Jlokaxkure, 9TO

(1) IATH TOYEK IIJIOCKOCTH HEJIb34d COCIWHHUTH BJIO?KEHHBIMH JIOMAaHBIMH TaK, 9TOOBI ObLIA COEIMHEHA KazKJasd I1apa
Pa3HBIX TOYEK, U 4TOOBI BCE 3T JIOMAHbIE IIepeCeKaJIUCh JINIDb 110 CBOUM KOHIIEBBIM BEPIIMHAM,

(2) B npeapIAyIEM IIYHKTE JJOMAaHbIE MOXKHO 3aMEHUTDH HA KPUBBIE.

Yupaxuenue 7.8. Jlokaxkute Teopemy zKopaana Ha AByMepHOM IUJIUHApPE. Pa3pernaercs BOCMOIL30BaATHCS TeOpe-
moit ZKopmana a1 KpUBBIX.

KoMy KarKeTcsl CIOJKHBIM yTParKHeHHe 3/€Ch W B CIeNYIOMUX YIPaXKHeHHAX cauTaiite, aro U = R2,



JIlexkmua 8

II1ockmne rpadnl

ITnan. T'eomerpuueckuii rpad B TOMOJIOrHIECKOM NPOCTPAHCTBE, €r0 BEPUINHBI  PebpPa, BJIOKEHHBIH reomerpudecknii rpad, kKoMGuHaTOPHBIH rpad,
KoMOUHATOpHASA CTPYKTypa reomerpudeckoro rpada, orobparkenue rpados, uzomopdusm rpados, usomopdusie rpadsl, peaansalus KOMONHATOD-
HOro rpada B TOMOJIOrHYEeCKOM MPOCTPAHCTBE, ILJIOCKHWE reoMeTpuyeckKue rpadbl, MJaHADHBIE U HeMJIAHADHbIE KOMOUHATOpPHBIE rpadbl, NOJHBIHK
ABYyI0JbHBIH rpad, rpans m10ckoro rpada, jgec, noarpad, cssa3Has KOMIOHEHTa rpada, oobeauHenne, HeCBA3HOE 00 bEAMHEHNE U II€PECeYeHne KOM-
6uHATOPHBIX IPad OB, pas3iokeHne KOMOMHATOPHOrO rpada HA CBA3HbIE KOMIIOHEHTHI, JIHHEHHAS CBA3HOCTh JOMNOJHEHUS ILJIOCKOTO Jjiecad, hopmysia
Ditnepa gusi naockux rpadoB, TOMOJIOTHYECKOE MPEACTABIEHNE reOMeTPUYecKoro rpada, hakTopu3alust TONOJOTHIEeCKOTO MPOCTPAHCTBA, KAHO-
HU4YeCKasl Npoekuud, (pakTop-IpoCTPAHCTBO, TOMOJOrUYecKuil rpad, ero MHOXKECTBO BeplIuH U pebep, ceThb, BePIIUHbI U pebpa CeTH, BJIOYKEHHAS
CeTh, CBA3b MEXK/y reOMeTPUYECKHMHU, TOMOJOTNYeCKUMHU rpadaMu, a Tak>Ke ceTaMH, noapa3buenue pebep kombuHaTOPpHOTO rpada, romeomopdHble
komGunaropusle rpadsl, reopema Ilonrpsaruna—Kyparosckoro (kpurepuii nnanapuocru rpada), packpacka rpada, reopema Xusyia.

B 37100t 1eknuu MBI BBEIEM HOBOE TIOHSITHE: TEOMETPUYeCKue rpadmr.

8.1 T'eomerpuueckue rpadbl

Hanomuum, uro epagpom G uasbiBaerca tpoiika G = (V, E,0), cocrosdinas uz muoxecrs V, E u orobpaxenus
9: E—VvMHy V(Q), rae V) — cemeiictBo k-anemenTHbIX noaMHOKECTB V.

Oupenenenne 8.1. I'ecomempuueckum epagom G = (V. E) 8 monoaozuweckom npocmparncmee X Ha3bl-
BAeTCd HEKOTOPOE MHOXKECTBO V MOMapHO PA3MYHBIX TOYEK B X M HEKOTOPOE MHOXKECTBO F BJIOKEHHBIX KPUBBIX B
X, HAYMHAIOMIMXCS ¥ 3AKAHYMBAIOMUXCH B TOYKax MHOKecTBa V. Touku Mmuoxkectsa V' HA3BIBAIOTCA 8EPUUHAMU, &
KpHuBble n3 MHOXKecTBa FF — pebpamu G. eomerpudeckuii rpad Oyaem HA3BIBATH BA0HCEHHBLM, €CTN KaXKIbIE TBA
ero pebpa MOTyT MepeceKaThCs W MEPECeKaTh V TOJBKO MO CBOUM KOHIIEBBHIM TOYKAM.

3ameuanmne 8.2. Yacro Bioxkennbie reomerpudeckue rpadbl G Mbl OyIeM OTOXKIECTBISATH ¢ COOTBETCTBYIOIIMMA UM
MMOAMHO>KECTBAMHM TTPOCTPAHCTBA X , ABAAIOIIMMUCA 0OberuHeHneM MHOXKecTBa, V' 1 06pa3os Beex pedep n3 G. B atom
caydae Oymem mucatb G C X.

Yrob6bl OTIHIATH reOMeTpUIecKne rpadbl OT OOBIYHBIX, MBI Oy/IeM HWHOT/IA MOCJEeIHNE HA3bIBATh KOMOUHGIMOP-
HBIMU 2padamu.

Ounpenenenne 8.3. Komburnamophotl cmpyxmypotli zeomempuyeckozo z2paga G = (V, E) GyneMm Ha3bIBATH
kombunaropubiii rpad (V) E, d), y KOTOPOro MHOXKECTBO BEPIIUH COBIIAIAET C MHOXKECTBOM TOYEK V', MHOXKECTBO pebep
COBIIQIA€T C MHOXKECTBOM KpuUBbIX F, a rpanudnoe orobpazkenue d CTraBuT B COOTBETCTBUE KPUBOH (3s1ementy u3 F)
ee xonmpr (3mement w3z VI UV (2)),

Bcea repMunOIOrns, KacamIasacsa KOMONHATOPHBIX IPadOB, €CTECTBEHHBIM 00PA30M IEPEeHOCUTCS HA TeOMeTpHUde-
cK#e Tpadbl: MOXKHO TOBOPUTH 00 MHIUIAEHTHOCTH, O [UKJIAX, O JEPEBbAX U T.II.

Teomerpudeckue rpadbl €CTECTBEHHO BO3HUKAIOT BO MHOTUX M€OMETPUYECKUX 33/1a9aX, HATIPUMED, KOTIA MBI U3Y-
YaeM TPAHCIOPTHYIO CETh, COCTABJIEHHYIO M3 JIOPOT, COEINHSIOMNX PA3IMIHbIE TOPOIa, Uil TeedOHHYIO CeTh, WU
ceTb TPyOOmpoBoaoB u.T.1. OMHAKO HEe KaXK bl rpad WMeeT eCTeCTBEHHOE INeOMETPUYIECKOe comeprkanue. Hampumep,
rpad pykomoxkaruii. Tem He MeHee, make B CIydae TAKHX HE MeOMETPHIECKHX rpadOB MX M300paKeHHe Ha JINCTE
OyMard B BHJI€ TOYEK M COCIMHSIONIMX ITU TOYKHU JIMHUIL, T.€. B BUJE F€OMETPUIECKOro rpada, JaeT HArIsIHOe IPe/l-
CTaB/IeHHEe 0 KOMOMHATOPHO# CTpyKType rpada.

Ounpenenenne 8.4. Ilycres G = (V,E,0) u G' = (V',E’',0') — nBa kombunaropubix rpada. Omobpasicernuem
f:G — G us epaga G 6 2pag G’ maswBaerca orobpaxkenme f: V U E — V' U E' rakoe, aro f(V) C V/,

67
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f(E) C E' n pqna kaxporo e € E somomnusiercst f(Oe) = O f(e). 3mech moit ke OykBoil f 0603HAYeHO 0TOOpaYKEHHE,
olpeJieJieHHOe Ha noaMHOXKecTBax Vi eciu {v1,...,vp} C V, 10 f({ful, e ,vk}) = {f(vl), cee f(vk)}. BuekTusroe f
Ha3BIBACTCA U30MOPpPusmom 2pagose G u G'. T'padbl HABBIBAIOTCH USOMOPPHBIMU, €CITE MEK Ly HIMH CYIIECTBYET
n30MOphU3M.

3amedvanmue 8.5. B teopuu rpados nzomopdubie rpad bl €CTECTBEHHO CIATATH OJIMHAKOBBIMHE, TAK KaK OHH 00JIa1af0T
O/IMHAKOBBIMY KOMOWHATOPHBIMU CBOWCTBAMH.

Onpenenenune 8.6. I'eomerpuueckuii rpad G B TOMOIOrHYECKOM TPOCTPAHCTBE X OyIeM HA3bIBATH peaaudauueti
romburamoprozo 2paga G', ecnm 3aman nzomopdusm rpada G’ 1 KOMOMHATOPHON CTPYKTYPHI TEOMETPHYECKOTO
rpacda G.

8.2 Ilmockume m miaaHapHbIE TPadbI

Hac 6ymeT ocobeHHO MHTepecoBaTh ciaydaii, Korma X = R?. BroxeHHbrit TeoMeTprdecKuii Tpad, JesKaImil Ha II0C-
koctu R2, HazpiBaerca naockum. KoMobuHaTOpHBI rpad, I8 KOTOPOrO CYLIECTBYET PEAJU3AIMg B BUJE IJIOCKOTO
TeOMETPUYECKOro rpada, HA3bIBACTCH TAGHAPHBIM, 1 HENAGHADPHBLM, ECTTH TAKOW pean3aluy He CyIIeCTBYeT.

3ameuanne 8.7. Ha camowm jese, y KaxKI0ro miaHapHoro rpada CymecTByeT peaqu3alus B BHJE ILJIOCKOTO T'Pa-
da, pebpa KOTOPOro — JioMaHble (Takue peajin3aluy UHOLAA HA3BbIBAIOT KYCOWHO-AUHETHBIMU). DTO YTBEPKICHUE
COCTABJIAJIO COJEPIKAHNE YIPAKHEHUS B nanbreiinmem, pa3bupasi TpuMepbl HEMJIAHAPHBIX rpadoB, MBI OymeMm
MMOKA3BIBATH UMEHHO TO, 9TO 3TU Ipadbl HE UMEIOT KYCOUHO-JTNHENHBIX PeATU3AIHii.

IIpumep 8.8. O6ozmauum K, , npocroit rpad (V, E), B KOTOPOM MHOXKECTBO V' IPEJCTABICHO B BHJE O0bEHHEHNUS
Henepecekaomuxcsa noaMmuoxects V'’ m V" rtakux, uro V'’ cocrout w3 p Bepmmn, V' — n3 ¢ Bepmmn, a vw € F
TOTJA U TOJNBKO TOTJA, KOTJA OJHA W3 BepIInH v, w ntexKuT B V', a npyras — B V"', Kaxprit Takoii rpad HasbiBaercs
NOAHBIM 08YJ0AbHBIM 2paPom.

Opun u3 HuX — K33 — XOPOIIO U3BECTEH I10 MATEMATHIECKUM KPY?KKAM U OJIMMIIMA/IAM II0J HA3BaHUEM “‘JIOMUKH
u Koj1oanbl . Perenue mpuBoIuMOro HAKE CJIEICTBUAS TaKKe IMEPEHOCHTCA U HA YIPAKHEHHE

Caencrsue 8.9. I'pad K33 — nenaanaproii.

JokazareabcTBo. [IpeanosiozkuM mporusHoe, T.e. cylecTByer peanusanud rpada Kz s B Buie miockoro rpada
G C RZ2. JIoxa3aTelhCTBO IpOBEJEM B ciydae, Korga pebpa rpada G — nomamsre. IIyeTh 1,...,25 — BEPIIMHLL
rpada K3 3, 3aHyMepOBaHHBIE TaK, KaK IIOKA3aHO HA DHC. a TakyKe UX obpasbl B peaiusamuu G.

X X5 X X, X2 x,

5

Puc. 8.1: JlokazarenncTBO HemmanapHocTn rpada Kj 3.

O6o3raunm L C R? 3aMKHYTYIO JIOMaHYIO, ABJISIONIYIOCS peasu3alueil MUKIa T --- Tx1. Torma L He mMeer
camorniepecedenuii u, no Teopeme [7.3) MHOKeCTBO {2 = R? \ L cocrouT u3 JIBYX KOMITOHEHT. Kpome 3T0il JoMaHOii,
WMEeTCsl elre TPU pedpa-JIOMaHble, ABA M3 KOTOPBIX, 33 MCKIIOYEHHEM CBOUX KOHIIEBBIX TOYEK, OOS3aHbI JIEKATHL B
OJIHOI U TOH 2Ke KoMmIioHeHTe MHOxKecTBa §2. OmHako, y J00bIX ABYX U3 3TUX Tpex pebep BepIIMHbLI YePepyloTcs Ha
L, nosromy Takue pedpa 00s3aHbI IEPECEKATHCH B CUJLY JIeMMbI [7.11 O



8.3. ®opmyma Diiiepa IJIsT IIOCKHX TPapOB. 69

8.3 ®dopwmyaa Jitaepa aJjid TJIOCKUX rpadoB

[Mycrs G C R? — myockuit reomerpudeckuii rpad. Kovmonentsr Muoxectsa R? \ G nasbisatorcs 2panamu zpaga
G.

IIpuBesiem psiji BaxKHbBIX Ui TAJIbHERIIEro NOHATUI u3 Teopun rpados.
e I'pad 6e3 1MUKIIOB HABBIBAETCS AECOM.

e Ilycts G = (V, E, J) — npousBoabubIii KoMOuHATOPHBIH rpad. Kax e komburaropusrii rpad H = (V' E,/ ")
rakoit, ato V! C V, E' C E n & — orparmuenune 0 na E’, naszesaerca nodzpagom e G. Yemosue Toro, uro H
— noarpad B G Oyaem 3ammceiBarh Tak: H C G.

e Ceasubiii moarpad rpada G, He comepXKaIuiics B APYroM, OTJIUYHOM OT HEro cBsa3HOM moarpade rpada G,
HAa3bIBAETCH CB8A3HOU KomnonenmouU epaga G.

e Ilycts G = (V,E,0) u H = (V', E’,0') — xombunaropubte rpabdsl Takue, 910 Opngr = Opnps - Torma Tpoiika
(VUV',EUE' d), rne dlg = 0 u dlg = 0, asnsierca kombunaropubiM rpacdhomM (OH KOPPEKTHO ONpEeseH B
cuny cormacopannoctu 0 u & wa E N E’). DTor koMGuratopusiii rpad Gymem obosnauars G'U G’ n Ha3bIBATH
obsedunenuem epagos G u G,

e Eciu y upenpraymux rpadgos paccmarpusarb V u V', a rak:ke E u E' kak HelepeceKaloligecs MHOXKECTBa, TO
onpenener rpad GUG' = (VUV EUE ,0Ud), tne (U )|g=0mn (0UJ)| g = &, xoropblii Ha3bIBaeTCS
neceasnvim obsedunenuem 2pagdos G u G . Ecm VNV =0u ENE =0, 7o GUG' =GUG'.

e CuoBa ecnu y npeapiaymmx G u H HMeeT MeCTO COINTACOBAHHOCTE Opnpr = Ofpn g/, TO ONPEIENeH Takke rpad
GNG = (VNV,ENE,0NY), tme 0N = Ogng = Ognp - IT0T rpad Ha3bBIBAETCA NepeceveHuem
epagpose G u G'. EcrecTBEHHDI YACTHBINA Coydail 3TOH KOHCTPYKIMM BO3HMKAET B Ciaydae, Korga rpadsr G
u H asnsiorca monrpadavu B HekoTOpoM obreM rpade. B 3Toit curyarun nx oTobparkeHust WHIHIEHTHOCTH
COTJIACOBAHBI ABTOMATUYECKH.

3ameuanne 8.10. Ilo anasioruu ¢ paccMOTpeHUEM JIMHEHHO CBS3HBIX KOMIIOHEHT TOIOJIOIMYECKOrO IMPOCTPAHCTBA,
HECJIOKHO MOHATH, YTO KaXKIblil Tpad G 0JHO3HAYHO MPEICTABUM B BUIE OObEIMHEHUS TIOMAPHO HEMEPECeKAIOIIIXCS
cBa3EBIX KommionenT Gy: G = LF_| G;. Bomee Toro, Auyke MBI ONUITEM TIpejicTaBjiene rpacboB B BHIE TOMOJIOTHIECKIX
MPOCTPAHCTB, W TOTJA KOMIIOHEHTHI rpada MOIydaT CBOE YHUCTO TOHOJOrnYeckoe 3Hadenne. Kak Tomosormdyeckue
npocrpancTBa rpadbl OyayT JIOKAJIBHO JTHHEHHO CBI3HBIMU, TMOTOMY HAM HE HYKHO OyIeT pa3iudaTb CBsI3HbIE U
JINHEHO CBSI3HBIE KOMIIOHEHTHI.

3amevanue 8.11. Ilo ompenenennio, Kaxk/1asi CBsi3HAS KOMIIOHEHTA JIECA SIBJASETCS CBI3HbIM rpacdom 6e3 1muk/ios,
T.e. mepeBoM. TakuMm 00pa30M, KaxKIbIil JIeC TPeACTaBIsAeT CO00M TN3BIOHKTHOE O0HEINHEHNE TEPEBHEB.

Ipensnoxenue 8.12. ITycmv G C R? — naockuti aec. Tozda R? \ G aunetino ceasmno, m.e. G umeem poeno odny
2pans.

HoxkazarenbcrBo. JlokasarenbcTBo mposemeM ajs G, pebpa koroporo — jomanbie. [loctpoum mHOBBIH rpad X,
KOTOPBIH HA TIOCKOCTH OyIeT 3aaBaTh TO ¥Ke MOIMHOYKECTBO, YTO W MCXOAHBIH Tpad. A UMEHHO, MHOYKECTBO BEPIITHH
rpacda X cocrout u3 Bepiu rpada G u Bcex BHYTPEHHUX BEPIIUH JIOMAHBIX, ABjgOmuxcs peopavu G. MHo)ecTBO
pebep rpada X cocrour uz Beex pebep JoMaHbIX (T.e. OObIYHBIX OTPE3KOB), KOTOPbIE sBJsloTCcs pebpamu rpada G.
dcno, aTo mosydennbiil reomerpudeckuii rpad X He COAEpPKHUT IUKJIOB, T.e. ABjsgercd Jjiecom. Kpome Toro, rpadp X
BJIOZKEHHBIN.

Eciu X comepzxkut xoTst 661 01HO PeOPO, TO, IO YIPAXKHEHUIO €ro HeTOYeYHAs CBSA3HAS KOMIIOHEHTA — JIEPEBO,
coziepKariee pebpo, — umeer Bucsdyo Bepiuay. O0O3HAUNM 3Ty BUCAYYIO BepiiuHy B, a eJUHCTBEHHYIO CMEKHYTO
¢ meit sepumay neca X gepes A. Ilycrs X' nmomyuaercsa w3 X BoikuapiBanuem nonyuaTepsana (A, B]. B repuunax
Teopun rpadOB ITO O3HATAET BHIKHUIBIBAHUE BEPINIUHBI B BMECTe C MHIMAECHTHBIM el peGpom [A, B].

Eciu X ne comepkut pebep, T.e. COCTOUT U3 W30JUPOBAHHBIX BEPIIUH, TO MPEICTABAM KAXKIYI0 BEPIIWHY U B BUIE
BBIDOXKEHHOTO oTpe3ka [A, B], u mycts X' nosnyudaercss 3 X BBIKHU/IBIBAHWEM BEPIIHHBI V.

[IpumeHMM OMUCAHHYIO BBIIIE OMEPAINIO 0 TEX MOP, TOKa MBI He ucYepraeM Bech rpad X, a mocje 3Toro 3amyCcrum
obparHbIil mporecc. B pe3ynbrare Mol npeactaBuM rpad X B BHJE MOCIEI0BATEIHLHOCTA OTPE3KOB, YA0BIETBOPATIOIIE
YCTIOBUAM YIIPAKHEHUS B cuny Koroporo R? \ X = R? \ G smneiino cBa3Ho. O
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Teopema 8.13 (Dopwmyna Ditepa). ITycmo G = (V, E) — npouseoavhoili naockuti epad, cocrmosuut usd k ceasnous
Komnouenm, u nycms F — mmoorcecmeo ezo epaneti. Tozda

VI —|E|+|F|=1+k.

HoxkaszarenbcrBo. Mbl nokaxkem ¢Ghopmysy Jiijiepa B MPeANOIOKeHN, 9TO Bce pebpa rpada G — momanbe. Tak
XKe, KaK U B JOKA3aTeIbCTBe npeaioxkenns [8.12] 3amennm rpad Ha Takoii, y KOTOPOTO BCe pedpa — MPAMOJINHEHbIE
orpe3ku. OTMeTHM, 9TO MPU TAKOH 3aMeHe He MEHSIeTCs YUCJIO TpaHell W CBI3HBIX KOMIIOHEHT, a KOJUYecTBa pebep
¥ BEPIIUH yBEJIMYUBAIOTCA HA OJHO M TO K€ YUCJO, M0ITOMY (opmysia Dillepa BepHA UM HET OJHOBPEMEHHO JJist
HCXOIHOTO U pe3yabrupyiomero rpados. Kpome Toro, momydenusiii rpad ABjsieTcss MPOCTBIM, TAK KaK ero pebpa —
TIPSIMOJIMHEHHBIE OTPE3KHU, 8 OHU HE MOTYT OOPA30BBIBATH HU METEJIb, HU KPATHBIX pedep. HoBbril rpad mo-mpexuemy
Oyzem obo3nagarh G.

ITycts B Tpade G mMmeerca TUKI UgUiVs2..., TJe vV, — MOCIEAOBATEIHLHO MPOXOAWMBIE BepIIUHBI. PaccMorpmM
TepByT0 BEPIIUHY V;, KOTOpad COBIaJaeT ¢ HEKOTOPOH “Tpeaplymmeii” BepmuHoil vj, j < i. Ilycts C C R? — nomanas
C 110CJIE/IOBATEJIbHBIMU BEPIIUHAMU Vj, Vj41,- - ., V; = VUj, TOrja jomanad C — Bioxennas. Beibpocum u3 rpada G

pedpo e = v;vj41 7 TMOoKaxkeM, 9To opmyna Jitiepa BHITOIHIETCS WIN HeT onHoBpeMenno st G u G\ e. Bamernw,
4T0 B rpade G \ e KoIn4ecTBo BEPINNH TaKkoe Ke, Kak B (G, a KOIMJecTBO pebep MeHbIne Ha eanuuiy. ITokaxkeM, 9To
KOJIM9IeCTBO KOMIOHEHT y rpados G u G \ e oauHakoBoe.

JleiicTBUTENIHFHO, T€ KOMIIOHEHTHI, KOTOPBIE peOPOo e He copepzkasiu, ocranuch npexuaumu. [lycrs G,,, — KOMIoHeHTa
rpada G, comepxamiasi e. Bosbmem B G, IPOU3BOJIBHBIE JIBE BEPIIUHBI U U W, U MYyCTh Y — yTh B (G, COeIUHATONTUI
v u w. Ecim v He npoxomut |wepes e, To 7y Takxke coenunsier v u w B G\ e. Ecou ke y mpoxoauT 4epes e, To 3aMeHuM B
7 pebpo e Ha TyTh V; = Vj,Vi—1,- - ,Vj+1, B Pe3yabrare 4ero moxyunm mMapmpyT B G\ e, coenunsiomuii v n w. Takum
obpaszom, Gy, \ e — cBs3ublil moarpad B G\ e. OH siBjIsieTcss MAKCHMAJIBHBI CBSI3HBIM MOArpad oM, Tak Kak nHaue G,
He 6bu1 ObI KOMTIOHEHTOH G.

Hawm ocrasoch nokazarb, 4ro uucio rpaseii B rpade G \ e MeHblne Ha equHuly ducia rpadeii 8 G, u Torga 6yzer
JI0Ka3aHo, 410 (dopmysa Diliepa OiHOBPEMEHHO BbinoJHeHa uiu Her ajus G u G\ e. Ilo reopeme somanast C'
pa3bmBaeT TJIOCKOCTH Ha JBe KOMMOHEHTHI. Ilycth P — BHyTpeHHsIs TOuka pebpa e. Tak kKak P He COIEpPXKUTCSA B
G\e, 10 € := ‘P(G \ e)‘ > 0. BoiGepem mpom3BOJILHOE MOJNOKHUTEIbHOE ep < & u nosnoxuM Up = U, (P). Torga
orkpbiThli Kpyr Up He nepecekaer G \ e, nosromy Up NG = Up N e — muamerp kpyra Up. Kpome roro, Up
HOIXOOUT IIOJ OILpeeeHne ONHOUMEHHOIO KpyTra M3 JeMME! (.10} B COOTBETCTBUM C KOTOPON TOYKU H3 KOMIIOHEHT
muoxkecrBa Up \ C = Up \ e snexar B pa3ubix rpausx rpada G. Takum obpasom, sbiOpacbiBanue u3 G pebpa e
TIPUBOMIAT K YMEHBITIEHNIO IHMCNIa TpaHeil: TOUKM Tex nByX rpaneii Fy u Fy, B KOTOpHIX sexkar kommoreHTsl Up \ C, 10
BhIOpAChbIBaHUS pebpa € HeJb3s ObLIO COeMIUHUTH JJOMAHOM, He mepecekas (G, a mocjie BHIOPACHIBAHUS — MOXKHO.

ITokazkem, aro mpu BbhIOpachiBaumu pebpa e u3 rpada G ocTajbHbIE TpaHU HE W3MeHsATcs. 1lo anajoruu ¢ TeMm,
KaK MBI JIOKA3BIBAIIU JIEMMY @ MOZKHO [OKa3aTb, YT0 OKpecTHOCTb Ug m060il 1pyroit BHyTpenHeil Touku () pebpa e
pasbuBaercs jomanoil C' Ha J(Be KOMIIOHEHTbI, KOTOPbIE JiexKaT B TexX ke rpanax Fi u Fy, uro u komuounentst Up \ C:
JIOCTATOYHO CMECTUTH OTPe30K [P, ()] B IByX HANpaBJIEHUSAX, MEPIEHIUKYIIPHBIX PEOPY € Tak, 9TOObI CMEIICHHBIE
orpesku [P, Q'] me nepecexanu rpad G, a rouku P’ u Q' nexanu coorsercrsenno B Up u Ug). Takum o6pa3om, npu
BhIOpacbiBanuu u3 rpada G BHYTPEHHOCTH pedpa € TPAHWIILI IPaHeil, OTIWIHBIX OT Fy u Fh, He MEHSIOTCS, IIO9TOMY
OCTaBINMECS TPAHU PACIIUPUTHCS HE MOTYT.

Wrax, Mbl OKa3ajm, 970 MIPU BBIOPACHIBAHUY peOPA € CpaBeyinBOCTh (hOPMYIIbl Jitepa He MEHSETCs, a KOImIe-
cTBO rpaneit rpada G ymenbinaercs Ha efunauiy. [Ipooikas 3ru pacCyKIeHUs U MOCJIEI0BATEIBHO pa3pylias BCe
nukJbl Tpada G, MBI B pe3yabrare noaydum rpad H 6e3 1mukios, T.e. Jiec.

ITo npenyoxkenno [8:12] rpad H nmeer posHo oamy rpanb. Kpome Toro, no ynpaxaenno [1.6] kaxnas komnonenta
aeca H — nepeso (V;, E;), i =1,...,k, — comep:ur Ha 0JHO pebPO MEHbIIIE, YeM YHUCJIO ero BepiiuH, T.e. | F;| = |V;|—1,

OTKY/1a
k k

V=Bl +|F| =Y Vil =Y |E|+1=k+1,
i=1 i=1

T.e. popmysta ditepa umeer Mecto i jgeca H, a, 3maaur, u mist ucxoauoro rpada G. O

HamomuwM, 910 mpocToit rpad ¢ n BepImmHAMHT, ¥ KOTOPOrO KarXKIasi Mapa BEPIIUH COEINHSAETCS PEOPOM, HA3HIBA-
ercst NoAHBLM 1 0003HadaeTcs depe3 K.

CaepncrBue 8.14. I'pagp K5 nenaaraproii.

HoxkazarenbctBo. IIpeanonoxum, aro rpad K5 mmanapbiii, u myctb G — HEKOTOpas €ro peajn3aius B BUIE
mirockoro rpada. Oboznadum v, e, f U k COOTBETCTBEHHO KOJIMYECTBA BepinuH, pebep, rpaHeil u KommoHent rpada G.
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Torga v = 5, e = 10, Kk = 1 u, mo dbopmyne Diinepa, 5 — 10+ f =1+ 1, te. f = 7. C apyroit CTOPOHBI, KaXKIbIii
IUKJI B IPOCTOM rpade nMeer He MeHee 3 pebep, II03TOMY, €CiIi e; — YUCI0 pebep i-oif rpanu, To » i, e; > 3f = 21.
OHako, Tak Kak KaxkJ0e pebpo BXOAUT He Dojiee YeM B JIBe IDAHU, NPEIbIIylias cyMMa He mnpeBocxoaut 2e = 20,
MPOTUBOPEYNE. O

8.4 Tomosormyeckoe mpeJcTaB/IeHIEe T€OMETPUIECKOT0o rpada

ITycrs X — Tonosoruyeckoe mpocTpancTBoO 1 ~ — OTHOIIEeHUe SKBuBajgenTHocry Ha X . Yepes X/~ Gyuem 0603Ha4arh
MHOYKECTBO KJIACCOB 9KBUBAIEHTHOCTH ~. IlycTh [x] — Kilacc SKBHBaseHTHOCTH, cofepskammii @ € X. Orobpaskenne
m: X = X/~, m: 2 — [z] HA3BIBaeTCA KAHOHUNECKOT npoekyueli. Ucnonssys m, 3amamum Ha X/~ ¢daxmop-
monoaoauro: MuoxkecTBo U C X/~ OTHECeM K OTKDBITHIM, €CIM M TOMBKO ecan 7 L(U) — OTKPHITOE MHOXKECTBO
B X. Takum 06pa3om, OTKPBITbIE MHOXKECTBA B (PAKTOP-TOMOJOTHHU TMOTYyYIAOTCS (PAKTOPU3ANHel B TOUYHOCTH TEX
OTKPBITHIX MHOXKECTB B X, KOTOPBIE TIEJIUKOM COCTOSAT U3 KJIACCOB SKBUBAJIEHTHOCTH ~. TOMOIOrH4ecKoe mpoCTPAHCTBO
X/~ mazbiBaerca Garmop-npocmpaHcmeom.

Sameuanne 8.15. Tak kak, 110 olpejeeHuio, T-1Poo6pasbl OTKPBITLIX B X/~ MHOXKECTB OTKPbITbL B X, TO KaHO-
HUYECKasi TPOEKINsT 7T HempepbIiBHA. MOXKHO TMOKa3aTh, 9T0 (hAKTOP-TOMOJIOTUS — CaMasi TOHKAs W3 BCEX TOTOJIOTHIA
Ha X /~, 17151 KOTOPOil KAHOHWYECKasi TIPOEKINs T HeMpPepPbIBHA.

B TOMosornyM TpaJMIMOHHO OMWCHIBAIOTCS JIMIIL T€ KJIACCHI SKBHBAJEHTHOCTH, KOTODBIE COCTOAT 6GOJiee 9eM W3
OZIHOrO 3j1eMeHTa. IIpu 9TOM roBOpST, YTO TOYKH, IONABIIME B OJAUH 0OJEe YeM OJHOTOYEYHBIH KIIACC, CKACUAUCD.
Hanpuwmep, paccMOTpUM OTHOIIEHHE SKBHBAJEHTHOCTH ~, CKJIEHBAIOIIEe KOHIBI oTpe3ka [a,b]. [locaennee oznauaer,
9TO A1 Kaxkaoro ¢ € (a,b) umeem [t] = {t}, u [a] = [b] = {a, b}.

Banaua 8.16. ITokaxkure, 9TO TPOCTPAHCTBO [a, b]/~ roMeoMOpGHO OKPYKHOCTH.

Onpenesium Ternepb TOMOIOrnIecKuil rpad ciierytomumM 0dpa3oM: mycrTb X — AU3bIOHKTHOE 00beUHEHNE KOHETHO-
o IMCKPETHOro npocrpancTsa V u konedHoro cemeiicrsa F = {[ai, b;] }:;1, COCTOSIINErO U3 HEBBIPOXKIEHHBIX OTPE3KOB
[a;, b;] BetecTBerHOM mpsimoii R. TTpuKienM KayK IbIil KOHEI[ OTPE3KOB n3 ceMeiicTBa E K HeKOTopoMmy 3j1emeHTy n3 V, u
MyCTh ~ — COOTBETCTBYIOIIAsA SKBUBAIEHTHOCTD. Torga G := X/~ Ha3bIBAETCA MONOAOZUNECKUM 2PAPOM C MHO-
astcecmeom sepwun V u muoscecmeom pebep E. Ecnu m: X — X/~ — KaHoHMYECKasi MPOEKIHs, TO T-00pPa3bl
caMUX OTPE3KOB TAKKEe HA3BIBAIOTCs pebpamu Tornosorndeckoro rpada G. Onpenennm omobpasicenue uHyudeHm-
Hocmu 9, KOTOPOE TTOKA3BIBALT, K KAKUM BEPIIMHAM MPHUKJIEEHO KaxK10e pebpo: ecmu [a;, b;] € E — pebpo Tomosoru-
geckoro rpada G, KOHEIl a; NPUKJIEHBALTCA K BEPIIUHE v, a KOHEIl b; — K BEpIIUHE W, TO 8([(@, bz]) = {v} U{w}.

Takum obpasoM, Tpoiika (V, E, Q) siBisiercss KOMOGHHATOPHBIM rpadhOM M OMHCHIBAET CTPYKTYPY TOMOJOIHYECKOTO
rpada G. Tak Kak O OJHO3HAYHO OMPEIEJISET IKBUBAJICHTHOCTD ~, TO MbI OYyIE€M OTOXKIECTBJIATH TOMOJOTHYECKUI
rpad G ¢ komGunaropubiM rpadom u tucarb G = (V, E,9). Unbimu ciioBaMu, Tomosoruyeckuii rpad MOXKHO 1pej-
CTaBIATh KaK YaCTHBIN Ciaydail komOumHAaTOpHOrO rpada, y KOTOPOro MHOXKECTBO pPedep — HEBBIPOXKIEHHbIE OTPE3KH
TPAMOIL.

Ilycrs G = (V, E,0) — rononoruyecknii rpad. Henpepsisroe otobpaskenne I': G — X B TONOJOTMYECKOE TIPO-
crparcTBo X Ha3biBaeTcs cemsio. llog eepwunamu u pebpamu cemu I’ Oynem MOHUMATH OrPAHUIEHUE COOTBET-
CTBEHHO Ha BepuwmHbl v € V u pebpa [a;,b;] € F komnosunuu I' o w. Takum obpaszom, Kaxaoe pebpo ceru I — 310
Hekoropast Kpusasi I' o 7: [a;, b;] — X B upocrpancree X.

Cern I', 1y1st KOTOPO# OrpaHudenue 0TodpaxKeHus [ o7 Ha MHOXKECTBO BepILIMH V MHbEKTUBHO, & KaXK10e pedpo B~
JISTETCS BJIOXKEHHOW KPUBOH, €CTECTBEHHO OTOXKIECTBIISATH C TEOMETPUIECKUM rpadOM, ¥ KOTOPOTO MHOYKECTBO BEPIIIUH
— 910 I'(V), a MHOKECTBO peGep — 9TO CeMeHCTBO BIokKeHHbIX Kpusbix {1 o m: [a;,b;] — X }Zl Scro, aTo xKoMOm-
HATOPHAs CTPYKTypa Takoro reomerpudeckoro rpada uzomopdua (V) E, d). Cers I', apasiomascs romeoMopdu3Mom
¢ 06pa3oM, HA3BIBAETCHA 8.40HCeHHOU. OTMeTrM, 9TO ceTh | — BJIOXKEHHAsI, €CJTH U TOJBKO €CJIU COOTBETCTBY IOIIHI
reomerpuIeckuii rpad BIOKEHHBIIL.

3amevanue 8.17. Urak, Mbl OIpeaennin HECKOIbKO OOBEKTOB CO CTPYKTypoi rpados: KoMOuHaTOpHBIE rpadbl,
reoMeTpuyeckre rpadni, Tonmojgorndeckue rpadol, cetu. Ecan orpaHuuMTHCS BIOKEHHBIMU T€OMETPUIECKUMU TPa-
damM¥ ¥ BIOKEHHBIMH CETSIMH, TO OMMCAHHBIE YETHIPE TUIMA CTPYKTYP OKA3BIBAIOTCA “IKBUBAJEHTHLIMU . A UMEHHO,
3 ynpaxkuaenns [8.1] BbITekaeT, 9TO HE TOTHKO KaXKIbIil T€OMETPUIECKU rpad MOXKHO MPEJACTABIATh KaK KOMOWHA-
TOPHBIH, “3a0bIB” MPO peaau3anuio pedbep B BHIE KPUBBIX, HO W KaXKIbIii KOMOMHATOPHBINA rpad MOKHO peasn30BaTh
KaK HEKOTODbIit reomerpudeckuii. I[Ipo Tomosornydeckue rpadbl Mbl y2Ke MUCAIA: UX TAK2KE MOXKHO PACCMATPUBATDH
KaK KOMOWHATOPHBIE, B KOTOPBIX pedpa — HEBBIPOXKIEHHBIE OTPE3KN, 8 0TOOpasKeHNe WHIIMAEHTHOCTH “TIPUKJIenBaeT”
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KOHIIBI OTpe3Ka K BepmmHaM. Kpome Toro, Tomosorndeckuit rpad G MOXKHO PaCcCMATPUBATHL KAK MEOMETPUUIECKU,
peanm30BaHHBIA B TOmoJorudeckoMm mnpocrpancrse GG. B stom cwmbiciie G mpezcrassisier coboii “Hammenbiiiee”’ TOMO-
JIOTUYECKOE MPOCTPAHCTBO, B KOTOPOM KOMOWHATOPHBINH Tpad MOXKHO peajm30BaTh Kak reomerpudueckuii. Hakowerr,
BJIO2KEHHbBIE CETU OTOKIAECCTBJIAKOTCA C T€eOMETPUYECKUMU l"pa(l:)aMI/I7 1N 3HAYUT TaK>Ke C KOM6I/IH&TOprIMI/I " TOIIOJIOTU-
YEeCKUMU.

B cieaytomem pasziesie MbI BBEIEM TOHSITHE TOMEOMOPGHBIX TEOMETPUIECKUX IPadOB, KOTOPOE CTAHOBUTCS €CTe-
CTBEHHBIM ITOCJI€ OMMCAHHOTO TOJIHKO YUTO MPEICTABJIEHNS M€OMETPUIECKUX rpad OB B BUIE CETEIA.

8.5 Ilmamapusbie rpadbi. Kpurepuii Iloutparuna—KypaToBckoro

[Ipu uccrenoBanmm MIaHAPHOCTU TpadOB BEPINIMHBI CTEMEHW 2 HE WIPAIOT HWUKAKON posu. [leiicrBurensHo, eciu G
— mockuii rpad, To pa3duenwue JOO0ro ero pedpa Ha JacTu J0DABJIEHWEM K MHOXKECTBY BEPIIWH HEKOTOPBIX TOYEK
9TOr0 pebpa He MeHseT rpad Kak MOAMHOXKECTBO miockoctu. OGpaTHO, eciiu ecTh 1Ba pedpa, KOTOPhIE UMEIOT ODIILY IO
BEPIIIHY CTEIEeH! 2, TO 3Ty BEPIIUHY MOXKHO BHIKHHYThH U3 MHOYKECTBA BEPIIUH, a pebpa CKJIEUTh B OJIHO, GoJibiiee peb-
po. I'padbl, KOTOpBIE OTINIAIOTCS JIUIIb BEPIIMHAME CTEIEHU 2, Ha3blBaloTCA romeomopdubivMu. laimm popmaibroe
OTIpeIeJIeHNE.

Onpepenenne 8.18. Ilycre G = (V, E,J) — npon3BosbHBIN KOMOMHATODHLINA Tpad n e € E — HeKoTOpoe ero
pebpo. Ilycrbs w He comepxkurcs B V), a e u eg He comep:xkarcs B E. Pacemorpum rpad G' = (V' E',0’), nomoxus
V' =V U{w}u E' = (E\{e}) U{er,e2}. Orobpazkenne ' monoxum pasueiv d Ha E \ {e}, a Ha €1 u €3 3amammm
€ro Tak:

(1) ecmm d(e) = {v}, To &' (e1) = 9'(e2) = {v, w};
(2) ecmm xe O(e) = {u,v}, ro 9'(e1) = {u,w}, &(e2) = {v,w}.

Byzem rogopurs, ato rpad G’ nonyqen n3 rpada G nodpazbuernuem e20 pebpa e. Kombunaropusie rpadot G u H
HA3bIBAIOTCI 20MEOMOPPHBLMU, €CITH U3 HUX MHOIOKPATHBIMU MOIPa3dbueHusMu pebep MOKHO MOJIYIUTh U30MOPdh-
HbIe rpadbl.

Ha puc. B.2] nokasaubr asa ninockux rpada. Cunumu kpyramu 0G03HAYeHbl MX BEPIIMHBL. XOTs, KaK I10JMHOXKe-
CTBA TJIOCKOCTH, 3TU rpadbl TOMEOMOPMHBI, TEM HE MEHee, X KOMOWHATYPHbIE CTPYKTYPbHI PA3HBIE: OHU OTJIUIAOTCS
pacmoJioxkenueM Bepinu crenenu 2. KpacubivMu kpyramu 0603HaYeHbl JOOABIEHHBIE BEPINUHDI CTereH: 2 (HEKOTOPBIE
pebpa moapas3burst). B pesynbrare mosydaem uzomopdubie rpadbl.

Puc. 8.2: Ilonpazouernne pebep u ToMeoMOpGHOCTH rpadoB.

3ameuanue 8.19. Eciu paccmarpuBarh KOMOMHATOPHBIH rpad Kak COOTBETCTBYIOIIWI TOMOJOTMIECKU, TOAPa30m-
eHne pebep He M3MEHHUT ero TOMOJOTHYECKOU CTPYKTYPbI, TIOITOMY Pe3yJIbTUPYIOIIEE TOMOJIOTHIECKOe MTPOCTPAHCTBO
ocraercst roMeoMOpdHBIM cebe. DTUM 0ObsCHIETCS TEPMUH “ToMeoMOpdHbIE KOMOHHATOPHBIE rPadbr’.
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Teopema 8.20 (Ilourpsrun—Kyparosckuii). Kombunamopnoili epad G A6AAEMCA NAGHAPHBM MO0206 U TOABKO TNO-
2da, K020a nuxaxol e2o nodepagd ne 2omeomoppern Ks 3 uau Ks.

Jloka3aTebCTBO B OJHY CTOPOHY — & MMEHHO, JTOKA3aTesIbCTBO HeIlIaHApHOCTH rpada, comeprKaiiero moarpad,
romeomopdublit K3 3 umu Ky, 09€BUIHO IOCJIE TOrO, KaK MbI IOKa3all HelllaHapHOCTb K3 3 u Ks, cM. cinencrBus
uRI4

Jloka3aTehCTBO B APYTYIO CTOPOHY HAMHOTO CJIOYKHEe.

[IpuBenemM HEKOTOPDIE CJIEICTBUS.

CaencrBue 8.21. Ioanwt epag K, naanapen mozda u moasvko moeda, xoeda n =1,2,3 uau 4.

HoxkaszarenbcrBo. [leiictBuresnpHo, mpu 1 < 4 JIETKO MOCTPOUTH COOTBETCTBYIOIIYIO PEATH3AINIO HA TI0CKoCcTH. [Ipn
n > 4 rpad K, comepxkut noarpad, uzomopdubrii K. O

CaencrBue 8.22. I'pad K , A6AAEMCA NAGHAPHBIM 0206 U MOALKO Mozda, Kozda min(p,q) < 2.

Hoxka3zaresabcrBo. [leiictBurenbio, npu min(p, q) < 2 JIerko NOCTPOUTH COOTBETCTBYIONINE PEAJIU3AIMYU HA, [IJIOCKO-
cru. IIpu min(p, ¢) > 3 rpad K, , conepzxur moarpad, usomopdubri K 3. O
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YmpaxkHenusd K ryiaBe 8

VYupaxueunne 8.1.

(1) Joxaxkute, 9T0 /1060# Tpad MMeeT pealu3amuio B MpocTpancTBe R3 B BHIE BIOXKEHHOTO T€OMETPHYECKOTO
rpada, pedbpa KOTOPOro — JOMAaHbIE.

(2) JokaxkuTe, 9T0 TPOCTOI Tpad MMeeT peaJm3aluio B IpocTpancTse R? B BHE BIOXKEHHOTO IeOMETPHYECKOTrO
rpada, pedbpa KOTOPOro — IPAMOJTHHENRHbIE OTPE3KH.

Yupaxxaenne 8.2. lcnons3ys ¢opmyiny Ditnepa, mokazkure, 410 rpad K3 3 HEIIaHAPHBIH.
Yopaxkuenune 8.3. Ilycrs G — mockuit cBs3ublil pocToil rpad, umennuii v Bepiiuh, e pedbep u f rpaHeii.
. 3
(1) Hcnombsysa dopmyiy Ditnepa, nokazkure, 4ro npu v > 3 pbinonngerca 5 f < e < 3v — 6.
(2) Iokaxure, yro G COXEPKUT BEPUIUHY, CTEIEHb KOTOPOI HE IIPEBOCXOAUT 5.

VYopaxkueaune 8.4. [lycrb G — miockuii cBasubiit npocroit rpad. Iokaxkure, uro G He Moxker cocrodtbh u3 10
BEPILUH, CTEIEHb KAXK/0 U3 KOTOPBIX PABHA D.

VYopaxkueaue 8.5. OQuuniure Bce IJIOCKHE CBA3HBIE HPOCTbIE rpadbl, BEPIIMHBL KOTOPHIX UMEIOT OHY U Ty Ke
cremedb d > 3, KaXKaas TPAHb OIPAHWYEHA OJHUM U TeM ke JYucjaoM k > 3 pebep u Kaxkjaoe peOpo JIEKUT POBHO B
JBYX TPAHAX.

Onpegesenne 8.23. IIycts G — mpoctoii rpad. Oxpyoicenuem N = N (v) eepwuns v rpada G HA30BEM CJIe YOI
rpad: ero BEepIIMHBI — ITO BCE BEPIIUHBI U3 (G, KaXK/1as W3 KOTOPHIX COEIUHEHA ¢ ¥ HEKOTOPHIM pedpoM; ero pebpa —
Bce pebpa rpada G, coeauusionue BHIOPAHHBIE BEPIITHHBI.

Ounpenenenne 8.24. Ilycrs C = {Col;} — HEKOTOPOE MHOXKECTBO, 3JIEMEHTBI KOTOPOro Gy/ieM HA3bIBATH UGEMaMU.
Kaxnoe orobpaxenue v: V — C Gyuem HasbiBarh packpackot epaga G = (V, E,0) usemamu u3 mHoscecmea
C. IIpu sTom GymeM roBopuTh, 9T0 8epuruHa v nokpawera 8 usem v(v). Packpacka v naspiBaerca npasusvHol,
€CJIM CMEYKHBIE BEPIIUHBI TOKPAIIEHBI PA3HBIMU I[BETAMHU.

Yupaxknenue 8.6 (Teopema XuByma 0 maru Kpackax). JlOKaxKuTe, 9To Jjis Ka’KIOTO IJIOCKOTO MPOCTOTO rpada
CYTIECTBYeT MPaBUIbHASI PACKPACKa b I[BETAMH.

Yupaxkuenue 8.7. [lokaxkure, 9To
(1) mpocrpaHcTBoO [a,b]/~, a # b, roMeoMOP(MOHO OKPYKHOCTH;
(2) obpa3 ByIOKEHHOI 3aMKHYTOH KPHUBOI B IpOCTpaHcTBE R™ romeoMopdeH OKpYKHOCTH;

(3) BiOXkeHHAs KpuBas (3aMKHyTas WM HE3AMKHYTas ), JiexKalas Ha cdepe, He MOKET NPOXOIUTH Y€PE3 BCE TOUKU
cdepbl (OTMETHM, 9TO HE BJIOXKEHHAS KPUBAS — MOKET).

Yupaxuenue 8.8. [lokaxkure teopemy 2Kopmana Ha aByMmepnoit cdepe. Pasperiaercs: BOCIOIB30BATHCS TEOPEMOIi
ZKopnana ajist KpUBBIX.
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MmuororpanHuku B RS

IInan. IlpocrpasHCcrBeHHBIH MHOIOYIOJIBHUK, IJIOCKOCTh MHOTOYIOJIbHUKA, MHOIOIDAHHAS IOBEPXHOCTH B R?’, MHOTOYIOJIbHUKH, CMEXKHbBIE 110 pebpy,
LIEMI0YKA MHOIOYTOJIbHUKOB, FPaHu, pPebpa U BEepPINMHLI MHOMOIPDAHHON MOBEPXHOCTH, MHIMIEHTHBIE JIEMEHTbI MHOTOINPDAHHONH MOBEPXHOCTH, IPAHNY-
HbI€ U BHyTPeHHHE pebpa MHOTOrPaHHOMH [I0BEPXHOCTH, Teopema 2Kopaana s 3aMKHY TOH MHOTOTPDaHHOM IIOBEPXHOCTH, MHOTOTPDAaHHUK, OTPaHUYeH-
HbIH 3aMKHYTOH MHOTOTDaHHOM IIOBEPXHOCTBIO, BHYTPEHHOCTD, BHEIIHOCTH U I'PAHHUIIA MHOTOIDAHHUKA, I‘pad;) u ABOCTBeHHBIN rpad MHOTOTPAHHOM
MOBEPXHOCTHU, BBIMTYKJIOE MOAMHOXKECTBO R | BBIMY Kbl MHOTOYTOMbHUK, BLIMTYKJbIH MHOTOTDAHHUK B R3, reomerpuyeckas peanusamnus rpada MHO-
rOrpaHHOM IIOBEPXHOCTH C BBIIYKJBIMU IPAHSIMHU, INIAHAPHOCTb rpada u ABOUCTBEHHOr0 rpada BBIIYKJION0 MHOMOIPAHHHUKA, (opMysna Dilnepa s
BBINTYKJIBIX MHOTOTDAaHHUKOB, IPABUJIBHBIH MHOTOTPDAHHUK, MIJIATOHOBBI TEJIA, 62K BBIIMYKJOr0 MHOMOTDAHHHUKA B ]Rg, TeopeMa O CBOMCTBax exa, pop-
MYJIHUPOBKa TeopeMbl MHUHKOBCKOTO O €Ke, MHOTOYTOJbHUK Ha IIOBEPXHOCTHU BBHINYKJIOIO0 MHOTOIPDAHHHUKA, BHY TPEHHOCTD, BHEIIIHOCTh, IPAHUIIA, YT OJI
MHOTOYTOJIbHUKA HA IIOBEPXHOCTHU BBINYKJIOT0O MHOTOTDaHHHUKA.

9.1 IIpocTrpaHCTBEHHBIE MHOTOYTOJbHUKM

B ynpaxkuenuu MBI OTIPEeIETITH MEOTOYTONLHIK W Ha mnockocTr R?, orpaHHtueHHbIH 3aMKHYTOH BIOXKEHHOH JI0-
MaHO# L, KOTOPYIO MbI HA3BAJU IPAHUIENl MHOrOyroibauka u obo3nadnin OW . Takke MbI OIpeenin BHY TPEHHOCTD
Int W = (21 u Buemnocrs Out W = 2y muoroyrosibauka W, rue 21 u £2) cOOTBEICTBEHHO OIPAHUYEHHAs U HEOrpa-
HUYeHHast KOMIIOHeHTH MHoxkecTBa {2 = R?\ L. Huxnuit unjgekc i B 0603HaueHnn {2; MMeeT reoMeTpHIecKHil CMBICI:
dbyuknus n: 2 — R, onpesenennas B pa3aene paBHa ¢ Ha (2;. OTCIONA BBITEKAET, 9TO 7) HE 3aBUCUT OT BHIOODA
JEeKapTOBOU CHCTEMbI KOODAWHAT, B KOTOPBIX OMpeeisiercs (hyHKIHUs 1), TAK KaK CBOHCTBO MOAMHOXKeCTBA {2; ObITH
OTPAHWYEHHBIM WJIU HET OT KOODJIWHAT HEe 3aBUCHT. Puc. HALJISIHO JIEMOHCTPUPYET, MOYeMy Ha HEOTPAHWIECHHON
obsiacTu YHKIWS 1) 3AHYIAETCH.

Puc. 9.1: Jlomanasi pa3dbuBaer MJI0CKOCTh Ha OTPAHUYEHHYIO ¥ HEOIDAHUYEHHYIO YACTH.

Teneps MBI CKJIEUM W3 MHOTOYTOJIbHUKOB MHOTOTDAHHBIE MOBEPXHOCTHU, BHIOMPAs MHOTOYTOJbHUKE B adUHHBIX
TTOCKOCTSIX, PACIOJIOXKEHHBIX B TPEXMEPHOM €BKJIMIOBOM IPOCTpaHcTBe. IIpuBeneM cOOTBETCTBYIOIINE OMIPEIEICHNS .
[Mycrs m — (addunnas) ninockoers B R3, T.e. MHOMXKeCTBO TOUeK BUa £ + v, T/ie v TpoGEraeT HEKOTOPOe JIBY MepHOe
nuueitnoe nognpocrpancTso V C R3, a & — dukcupopannas Touka usz R2. BoGpas B IJIOCKOCTH T HPOU3BOJILHYIO TOUKY
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B KQ4eCTBE HAYAJIa KOOPAWHAT W MTPOU3BOIBHBIN OPTOHOPMUPOBAHHBIN 0A3UC B KAYE€CTBE HAMIPABJIEHUI KOODINHATHBIX
oceft, MOJKHO BCE IIOCTPOEHUS U O6BEKTHI 13 R [epeHeCTH B 7.

Onpenenenune 9.1. IIpocmparcmeeHHbiM MHO20Y204bHUKOM OyIeM HA3BIBATH MHOIOYTOJIBHUK, [IOCTPOEHHbIN
B HeKOTOPOi#t addurHoil maockocTn 7 C R3, MpI 9TOM 7 Ha30BeM NAOCKOCMBHI0 MHO20Y20AbHUKA.

Bameuanne 9.2. AHajornIHLIM 00PA30OM OMpeIEsIeTcs Jbast MI0CKast (PUTypa, JIe¥Kalllas B TPOCTPAHCTBE, HAIIPHU-
Mep, OKPYKHOCTh, KPYT U T.J. Kpome Toro, roBopsi Ipo BHYTPEHHUE W BHEIIHWE TOYKH MPOCTPAHCTBEHHOTO MHOIO-
yroiabauKa ' C 7, Mbl OyeM MOHMMATh COOTBETCTBYIOIMe ToYku u3 Int F¥ C w u Out F C 7.

3ameuanne 9.3. Kaxpiii n1pocTpaHCTBEHHBIA MHOMOYIOJbHUK F', Tak ke, Kak u ero rpanuna OF, apisiorcsd 3a-
MKHYTLIME TIOJMHOYKECTBAMH HE TOJLKO TIOCKOCTH, B KOTOPO#l OHM JIesKaT, HO W Beero mpocrpancTsa R3. Ommako
BHYTpeHHOCTDL Int F' n BEemmocTs Out F oTKpuIThiME B R? He apagioTcs.

9.2 MHororpaHHble TOBEPXHOCT 1 MHOTOTPAHHUKU

Omnpenenenne 9.4. Mwnozozpannoti noseprrnocmoro F 6 R® maspiaerca komednoe cemeiictso {F;} mpocTpan-
CTBEHHBIX MHOrOyrojbHUKOB F; C R3, yioBiersopsroiiee ciieyionmM yCI0BAAM:

(1) mna kaxkzoit mapbl Pa3InYHBIX MHOTOYTOJLHUKOB F; n F; ux nepeceuenne I; N F; uin mycTo, WIH COCTOUT U3
OJTHOI, 00IIEell A1 HIX BEPITWHBI, WM W3 OJHOTO, 00INero Ay1sa HuX pebpa; ecin F; n F; mmeror obimee pebpo e,
TO OHUW HA3BIBAIOTCA CMEHCHBIMU TO €;

(2) mas KaXKIOro MHOrOyroibHHKA F; M KaxKZoro ero pebpa e cymiecTByer He 6osiee OJHOIO MHOTOYTOJIbHUKA Fj,
cMexxHoro ¢ F; mo e;

(3) s KaxKOH MApBI PA3TMIHBIX MHOTOYTONBHUKOB F u F/ CyImecTByeT mocJieloBaTebHOCTh MHOTOYTOTbHUKOB
F;,...,F; makas, aro F;, = F, F; = F’, w ipu xaxgaom 1 < k < m mHOrOyronbuuku F;, | u F;, CMeKHBI;
TaKy0 TOCIEIOBATEIHLHOCTH OYIEM HA3BIBATH UENOUWKOT MHO20Y20A4bHUKO0E, coedunarouetd F u F';

(4) mna kaxkz0ii mapbl MHOrOYyroJbHUKOB F u F'| mepecekaouxcs Mo BEepIIuHe, CYIIEeCTBYeT COEIUHSIONAd WX
METOYKa, BCE MHOTOYTOJIBHUKN KOTOPOII TaKKe COAEePIKAT 3Ty BEPIUHY;

(5) HuKakue JBa CMEXKHBIX MHOIOYrojbHuKa F; u F; me nexkar B O/1HO# ILJIOCKOCTH.

Muoroyroibauku F; naspiBaforca epamnamu F, orpesku B R3, copnasaonue ¢ pebpamu rpaneit, — pebpamu F, a
Toukn B R3, copmasatomme ¢ Konmamm pebep, — eepwuramu F.

Ha pwuc. MIPUBEIEHBI TIPUMEPHI CEMENCTB MPOCTPAHCTBEHHBIX MHOTOYTOJIbHUKOB, KOTOPBIE HE 00PA3yIOT MHOIO-
IPAHHBIE IOBEPXHOCTU: B KAXKJIOM U3 9THX IPHMEPOB He BBIIOIHSETCS OAHO U3 ycnoBuit onpenenenns [0.41 Pas6epem
3THU IpUMePbI OoJiee TTOIAPOOHO.

(1) IIpumep (a) He ABISIETCS MHOMOTPAHHO IOBEPXHOCTEIO: MHOIOYTONBHUKY F; 1 F; mepeceKaoTcs mo AByM pebpam
€1 | €3, TaK 4TO Hapymaercs myHKr ().

(2) Ilpumep (6) He siBIAETCA MHOIOIPAHHOl IOBEPXHOCTBIO, TAK KaK TaM obliee pebpo e [ijis MHOrOYrOJIbHUKOB F
u Fj sBisiercs Takzke oOIIUM ¥ JUlst PsAa APYTHX MHOIOYTOJIBHUKOB, O9TOMY HAPYILIAETCS IIyHKT .

(3) IIpumep (B) He siBJIsIETCH MHOIOIDAHHOMN 1IOBEPXHOCTHIO, TAK KAK MHOIOYIOJbHUKYU U3 “BepXHE Ipyiibl’ HEBO3-
MOYKHO COGIMHATH C MHOTOYTOIHLHAKAMY N3 “HUKHEH rpynmbl’ IEeMOYKOi MAOTOYTOIHHIKOB, TAK 9TO HAPYTIACTCS

nyHKT (3)).

(4) Tpumep (r) He gABJIAETCA MHOrOIPAHHON IOBEPXHOCTBHIO, TAK KAK MHOTOYTOJBHUK U3 “/IeBOil rpynnbl’ UMeer ¢
MHOTOYTOJTBHUKOM M3 “TIPaBOil TPyNIbl’ OOIIYIO BEPIIHHY, HO UX HEBO3MOXKHO COEGIWMHHUTH IEMOYKOM, B KOTOPOit
BCE MHOTOYTOJIbHUKHU COJIEPKAJIU ObI 9Ty BEPIIHHY; TAKKM 00Pa30M, 3/1€Ch HAPYIIAETCS IIYHKT .

(5) IIpumepst (1)—(2K) He SBIAIOTCS MHOMOIDAHHBIME IIOBEPXHOCTAMU, TAK KAK B KAaXKJIOM M3 HUX CMEXKHbIE I'DAHU
F; m F; nexar B OIHOI TIJIOCKOCTH, T.€. HAPYTTAETCS MyHKT .

O6parnTe BHUMAHKE, 9TO /IBA COCETHMX PeOpa OJHON rPAHM MHOTOIPAHHONW MOBEPXHOCTH MOTYT JIE?KATH HA OJHOM
psmoit, eM. puc. 0.3
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(r) (1)

Puc. 9.2: K omnpezenennio MHOrOrpanHoil MOBEPXHOCTH.

Puc. 9.3: Pebpa e; u ey rpanu F| MHOrOrpaHHO! IIOBEPXHOCTH JIEXKAT HA OJHOM MPAMOIA.

3amevanue 9.5. Mol gamm cTob “yKecTkoe”’ ompeeeHne MHOTOTPAHHON TOBEPXHOCTH, 9TOObI N30EeKATh CIIOXKHOMN
rkomOuHaTOopuku. Tem He menee, B 6osiee o0Ieit Teopun MHOTHE U3 TPeOOBAHUIT OITpeIeTeH s OIYCKAIOT UJIN 3aMe-
HAI0T HA O0stee cabbie. Tak, HATpUMED, HHOTA PACCMATPUBAIOT MHOTOIPAHHBIE IOBEPXHOCTHU C CAMOIIEPECEICHU MM,
WJIM, CKAXKeM, OTKA3bIBAIOTCS OT YCJIOBUS TOTO, YTO CMEXKHbIE 'DAHU HE JIeXKaT B OIHOI IJI0CKOCTU (B TEOPUM U3IH-
GaHuii 3TO UCIIOIB3YeTCs B JOKA3ATEIbCTBE TEOPEMbI, O0bACHSIONIEH, TOYeMy UrPa HA aKKOPIEOHE HEBO3MOXKHA, eCJIH
Clles1aTh YKEeCTKUMHU Bce rpanu ero mexa). Ounako takue ocinabsieHus TpeOOBAHUI IPUBOAAT K YCJIOXKHEHUIO TEOPUU,
HAIPUMEDP, OTKA3bIBAACH OT YCJIOBUS , Mbl IIPUXO/JUM K HEOIHO3HAYHOCTHU IIPE/ICTABJIEHUS B BHUE MHOIOI'DAHHOM
TIOBEPXHOCTHU: TEMEPh KAXKIYI0 TPAHb MOYKHO PAa30UTh HA eIe 0ojiee MeKue TPAHH.

Onpenenenune 9.6. Ilycts F — MHOrOrpaHHasi MOBEPXHOCTh. Kcjn v, e u F' — COOTBETCTBEHHO BEpINNHA, peOPO U
rpasb F, TO B ciydae, Korma v € e, v € F', unu e C F', rOBOpAT, 9TO COOTBETCTBYIONINE IBA O0BEKTA UHUUIEHMHbL.
Pebpo F, mHIUAEHTHOE TOJBKO OMHON I'DAHU, HA3BIBAETCH 2PAHUNHBLM, & WHIWICHTHOE IBYM TDAHAM — GHYM-
pennum (3aMeruM, 4ro Apyrux pebep B MHOIOIDAHHON IIOBEPXHOCTU HET B CUJLY ILYHKTA U3 OIIPe/IeJIEHNU ST .
MuororpanHas MOBEPXHOCTH 6€3 IPaHMIHBIX pebep HA3BIBACTCS 3aGMKHYMOU.

Bameuanue 9.7. Mbl 6y/eM HHOLJIA OTOXKIECTBIATS MHOIOIPAHHYIO HOBEPXHOCTH JF ¢ mojaMHOxkKecTBoM R, pasHbiM
obbeIMHEeRno Beex rpameit w3 F. VIMenHo B 3TOM cMbicae Oynem monmMath dbpasy “mycts F C R? — mmororpamnas
TTIOBEPXHOCTB .

IIpuBenem 6e3 m10KA3ATENBCTBA, CAEAYIOMINIA BAYKHBIN PE3yJIbTaT.

Teopema 9.8 (reopema Kopmama jajs 3aMKHYTOH MHOTOTpaHHOi mosepxHocTH). ITyems F C R3 — samwnyman
MmHozozparnas noseprrocmy. Tozda R3 \ F cocmoum us deyr womnonenm. O0na U3 3MUT KOMNOHEHM AGAACTMCA
ozpanusentvim nodmmoscecmeom R3, a dpyzas — mnem.
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Onpegenenne 9.9. Ilycts F — 3aMKHyTast MHOTOTPAHHAS MOBEPXHOCTD, & {2 — OrpaHWYEHHAS KOMIIOHEHTA MHOMXKE-
crea R?\ F. Torma W = F U 2 Ha3BIBAETCA MHO202PAHHUKOM, 02PAHUMEHHBM F ) ITH MHO202PAHHUKOM C 2panuteti F
(rpanuny F muororpannuka W Oyuzem takxke obosnadarb uepes OW). Kpome roro, F = W Ha3biBaoT Takxke no-
8€PILHOCMBIO MHO202paHHUKae VW . OrpaHudeHHasi KOMIIOHEHTa, 2 HA3bIBAETCS SHYMPEHHOCMbI0 MHO202DAHHUKA U
obosznadaercs uepes Int W. Ocrapmasics, HeorpaHuveHHast KOMIOHeHTa MHO¥KecTBa R? \ F Ha3bIBaeTCa 6HEUHOCTbIO
Mmuozozpannura W n obosuauaercs gaepe3s Out W.

Bameuanne 9.10. ITo 3ameuannto 0.3 Kaskaplil MPOCTPAHCTBEHHBIA MHOIOYTOIBHUK AB/IAETCH 3AMKHYTHIM IIOMHO-
xxecrsoM R3. Crenosaresbno, rpanuna OW mpororpannmka W — 3amkayToe noaMuoxkectso R® u, 3maunt, BHYyT-
pernocrs Int W u sremnocrs Out W muororpanunka W — OTKPBITBIE IIOAMHOXKECTBA R3, a caM MHOIOIDAHHHK
W = R3\ Out W — zamkuyToe noamuoxkectso R®. Kpome Toro, njis MHOTOrpaHHUKa W HMeET MeCTo aHa/oT JeM-
MbI i Kax 1ot rouku P € QW cymecrByer € > 0 takoe, uTo npu Kaxaom 0 < r < e muoxecrso U, (P) \ W
COCTOUT W3 JIBYX KOMIIOHEHT, OJIHA W3 KOTOPBIX JIEKUT BO BHyTpeHHocTu Int W, a apyras — Bo Buemaoctu Out W
muororpanauka W. Orcioofa, Kak U B CJIydae MHOIOYTOJIbHUKOB, BbITeKaer, 94T0 OW — romnosorndeckas TpaHUIA
muozxkecrsa W C R3, a Int W — rononoruueckas suyrpennocts W,

3ameganue 9.11. OrMernM TaksKe, YTO KayKIast MHOTOTPAHHAS MTOBEPXHOCTH, pACCMATPUBAEMAast KaK MOIMHOKECTBO
R3, mMeeT eIMHCTBEHHOE MPEICTABJICHIE B BUIE MHOTOTDAHHOI TOBEPXHOCTH — TOYHEE, €CJIH JBE MHOIOTDAHHBIE T10-
BEPXHOCTH 331107 OJHO 1 TO K€ MoAMHOKecTBO X C R3, To OHH COBIAIAIOT B TOM CMBICTIE, YTO MHOYKECTBA UX I'PaHel
coBmagaoT. [locienmee HEMMOCPEICTBEHHO BBITEKAET M3 TOTO, UTO KaxKIasd IPAHDb MIPEICTaBseT cOO0il MaKCHMATbHOE
CBSI3HOE IOJIMHOXKECTBO X, JIEXKAIEe B OHOMN ILJTOCKOCTH.

9.3 TI'padsl, cBI3aHHBIE C MHOTOIPAHHBIMU OBEPXHOCTAMMU

IIycts F C R3 — mmororpanHas TOBEPXHOCTh, V — MHOMXKeCTBO BepmmH F, a F — MHOXKecTBO pebep F. Tax xax
Kaxk10e pebpo F coequHsieT HeKOTopble Bepiimubl F, napa (V, E) aBisiercst TeOMeTpUYeCKUM Ipad oM.

Onpenenenne 9.12. I'paggom G mHO202paHHOT NOBEPTHOCTIU F HAZBIBACTCS MOCTPOEHHBIN BBINE T€OMETPH-
yeckuit rpad (V, E); Takum ke 06pa3zoM Mbl Ha3bIBAE€M COOTBETCTBYIONIMI eMy KOMOMHATOPHBIH rpad, cM. puc.

O603na4rM £’ MHOXKECTBO BHYTpeHHHX pebep MHOrorpanHoii nmosepxuocru J. Bynem paccmarpusarb F Kak MHO-
secTBO rpameit. Harmommmy, uto wepe3 F(2) Mbr 0603HaTaIN MHOKECTRBO 2-3JIEMEHTHBIX MOAMHOKeCTB F. Ompenennm
orobpazxkenne 9: E' — F?) cnenyrommm obpasom: ecim pebpo e € E' sBisieTcst mepecedenueM rpaneii Fy u F;, To
nonoxxum d(e) = {F;, F;} € F@.

Omnpegenenne 9.13. /[goticmeennvim epagpom Gy MHO202PAHHOT NOBEPTHOCTU F HA3BIBACTCSA MOCTPOESHHBIH
TOJBKO 9TO KoMOuHATOPHBIH rpad (F, E’,d), cm. puc.

JIBOMCTBEHHBIIN

0
kyo rpag kyba rpad kyda

Puc. 9.4: T'pacd u gBoiicTBennbiit rpad MHOTOTPAHHON MTOBEPXHOCTH.

3ameuanune 9.14. Omumem HEKOTOPBIE CBOiCTBA rpada G MHOrOrpaHHOil MOBEpXHOCTH JF .

(1) I'pagp G asasemca npocmvim u c8a3Hbim. OTCYTCTBIE KPATHBIX PEOEP BHITEKAET U3 TOIO, YTO €CJIM IPAHU
IIEPECEKINCDH 10 Iape BEPIIMH U B v, TO OHH HEePeCeKaroTCsd IO eIUHCTBEHHOMY Pebpy, I 3T0 pebpo CcoemuHaeT
v m v'. Tlerenp Her, Tak Kak MBI COeAUHsEM PeOpPAMU TOJHKO PA3HbIE BEPIIUHBI (BCE TPAHU — HE MEHee €M
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TpeyroJbHuKn ). CBA3HOCTD CJI€AyeT U3 TOro, Y4TO Kaxk/as apa IpaHeil CoeIuHIeTCs NemoYKoil rpaHeil, TaKk 4To
73 BEPIIWHBI B TEPBOM MPAHHU MEMOYKH MOXKHO J0OPATHCSA 0 BEPIMUHBI 3 MOCTAeIHE TPAHN 0 MY TH, JIEXKAIIEM
B IIETIOYKE.

(2) Cmenenu sepwun epaga G He menvuwe 2. JlelicTBUTENBHO, KaxKasd BepUIMHA J sBJIAETCH BEPUIIMHON
HEKOTOPOI I'PaHM — MHOIOYI'OJIbHUKA, [I09TOMY U3 HEE BBIXOIHUT HE MEeHee JByX pebep.

(3) Bepwuna v zpaga G umeem cmenens 2, eCAU U TNOALKO ecau 000 8uirodauur us Hee pebpa e1 U ey
— 2panuuHbvie. B wacmnrocmu, cmenenu sepwun 2pada 3aMKHYMOT MHO202PAHHOTU NOBEPTHOCTNU
He menvwe 3. [eiicTBUTEbHO, HUKAKAs Mapa T'PAaHeil MHOMOTPDAHHON MOBEPXHOCTH HE MOXKET MEePECEKAThCS
6osiee gem 1o omHOMY pebpy. IToaTomy ecin XOTs ObI OHO U3 WHITHACHTHBIX v pedbep, CKazKeM €1, — BHyTpPeHHee,
TO K €] NMPUMBIKAET ellle OJHA IpaHb, B KOTOPO mmeercs pebpo e3, WHIUIAEHTHOE ¥ ¥ OTJIUYIHOE OT €1 U €3 B
cuny nynkra [I) onpesenenns tak uro degv > 3.

3ameuanne 9.15. Onuiem HEKOTOPBIE CBOCTBA JBOMCTBeHHOTO rpada Gy MHOIOIPAHHON MOBEPXHOCTH F .

(1) I'pagp G4 ssasemes npocmum u c8a3nbim. leficrBuresbHo, pasiudnble Bepiuutbl rpada G 4, CoeMHeHHbIe
pebpoM, — 3TO CMeKHbIe TpaHu. Tak Kak CMEXKHBIE IpaHd MMEIOT POBHO OIHO obImee pedbpo, To rpad G4 me
COIIEP>KUT KpaTHBIX pedep. Ileress Her, Tak KaK MBI COCIWHSIEM pedpaMu TOJHKO pas3Hble Tpanu. CBA3HOCTH
PaBHOCIIBHA yCJIOBHIO [3] 13 onpeznenernus [9.4]

(2) Cmenenu sepwun epaga G4, coomeememeyrouezo 3aMEHYMOUT MHO202PAHHOT NOGEPLHOCTNU, HE
Mmenvwe 3. JleiicTBUTENBHO, KaXKIasd TPaHb J COmepKuT He Menee 3 pebep.

9.4 BrpimykJible MHOTOTPAHHUKN

Oco0bIit HTEPEC TPEACTABIAIOT BBIMYKJIbIE MHOTOrpaHHUKHU. JloKaxkeMm ciemyromuii pyHIaMEeHTaIbHBINA PE3YJIbTAT.

Teopema 9.16. Muozoeparnux W C R? svinyxaviti, ecau u moavko ecAt 0OH PaAseH NePecedenuto 3aMKEHYMuLET noY-
NPOCMPAHCME, 0ZPAHUYEHHDBLL NAOCKOCTAMU, NPOTOOAULUMU YEPES €20 2PAHU.

HokaszareabctBo. Ilycrs FY, ..., F,, — rpanu muororpanauka W. O603HAYUM 7r) MIOCKOCTD, MPOXOJSAIILYIO Yepe3

Fy. llpemmnonoxkuM cHagasa, 9T0 MHOTOTDAHHUK COBIIAJAET C IIepecedeHreM 3aMKHYTHIX MOJIyIIPOCTPAHCTB, OrPAHU-

YEHHbIX IJIOCKOCTSMH, IIPOXOIANIMMA Y€PE3 €ro IPaHu, T.e. JJI KaXKJ0ro Kk CyIIECTBYET TAKOE IIOJIyIPOCTPAHCTBO
— m

11}, orpanmyueHHOe TIOCKOCTBIO T, uTo W = ML, II},. Tax Kax BCe MOIyHTPOCTPAHCTBA BBIMYKJILI, & Mepecevdenue

BBIMTYKJIBIX MHOYKECTB TOXKE BBIMYKJIO, MHOTOIPDAHHUK W — BBIMYKJIBIH.

IIycts Tenepp W — BBITyKJIBIHT MHOTOTpAHHUK. JlOKaXkKeM, ITO OH COBIAIAET C TMepecedeHrneM MOTyITPOCTPAHCTB,
OrPAHUYEHHBIX IJIOCKOCTSIMH, MPOXOAAININME 4depe3 ero rpanu. PaccMoTpuM MPOM3BOJIBHYIO TJIOCKOCTD 7 U TOYKY
A € Int W. Tak kak Int W orkpsiro, cymecrsyer Ug (A) C Int W. Tak kak U.(A) ¢ mx, cymecrsyer rouka B € U (A),
He TpuHaAIexKamas . ObosnaunM [l TO MOIYyNPOCTPAHCTBO, OTPAHUYEHHOE T, KOTOPOE CONEPIKUT TOUKY B.

Mokazkem, aro W C II. Ilpeamomoxkum npoTuBHoe, T.€. 9To cymecrsyer C' € W, nna koropoit C' & 1. Ilpuso-
JIIMble HIKe IIOCTPOEHHUS UIIIOCTPUPYIOTCsS Ha puc. [9.0] ciesa.

.C PG ij] Hk \W
Us(D)
\\r/\
C C/ K =
F, — T, F, : T,
Hk Hk b P

Int W \ 7 Int W

Puc. 9.5: JToka3areabCTBO TEOPEMBI
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IIycts D — BHYTpeHHSAS TOYKa MHOTOYTOJIbHWKA F}, TOTIa B MJIOCKOCTH Tg CyIiecTByeT KpyT K ¢ meaTpom B D,
comepxkaruiicss B Fj,. Paccmorpum korycet BK u CK ¢ ocaoBanusivu K u BepmimaavMu B u C' cOOTBETCTBEHHO. DTH
KOHYCBI COCTABJIEHBI U3 OTPE3KOB, COSIUHATONIUX BEPIIUHBI C OCHOBAHUIME, MMOITOMY OHU cojepkarcs B W. Tak kak
C' v B nexxar B Pa3HbIX TTOJYTPOCTPAHCTBAX OTHOCUTENHHO Ty, O K, cymecrsyer map Us (D), nexammit 8 BK UCK,
nosromy Us(D) C W. OzmHako, B CHILYy 3aMedaHust KayXIbIi 1ap C IEHTPOM B MPOM3BOJILHON Touke m3 OW
conmep:kuT Kak Toukn u3 Int W, tak n toukm u3 Out W. 91o nporuBopedne u mokas3niBaet, ato W C 1.

Urax, W C N{L,1I;. Joxaxkem Temeps, uro W = N, I}, cM. puc. @ ciopasa. [IpeamnonoxkumM nMpoTUBHOE, T.€.
cymecrsyer Touka P € NI} rakas, uro P ¢ W. Ilycts (Q — npoussosibuaz rouka u3 Int W. Torna rouku P u @
JIeZKAT B Pa3HBIX KOMIOHeHTaX MHOxkectsa RS\ OW, nosromy [P, Q] nepecekaer mexoropyio rpanb Fy. Iycrs R —
HEKOTOpast TOYKa u3 3Toro mepecevdenns. Tak kak ) € Int W C Iy, To () — BHYTpEHHSIST TOYKA MOJIYITPOCTPAHCTBA
Iy, e Q & 7. C apyroit croponsl, R € 7, T.e. nexur Ha rpauune I1,. CiaenoBarenbHo, TouKa P 10/1KHA JI€KaTh
B IIPOTHBOMOJIOKHOM [T}, TOJIyIIPOCTPAHCTBE, OrPAHUIEHHOM TIJIOCKOCTBIO T, Tak 4To P ¢ I}, mporuBopedue. O

CaencrBue 9.17. Kaocdaa epard 6vinykaozo mrozoepannura W pasna nepecewenuto codeporcauteti €€ nAOCKOCUY U
wW.

HoxkazarenbcTrBo. Ilycts F' — mpousBosbaasa rpanb W u m — mpoxonsimas 4epe3 Hee 1miockocTb. Tak kak ' C W
uF Cm,yro F C WnNnx. [dis 3aBepiierns: H0Ka3aTeIbCTBA MoKaxkeM, 9410 W N 7w He comepxkut todek w3 Out F.
[Ipenmonoxum TpoTHBHOE, T.€. MyCTh cymecTByer () € Out F', Koropast Tak:ke Jjieskut B W N 7.

O6o3uaunm yepes eq, ..., e, pebpa rpanu F', a gepe3 F; — rpans W, cmexuyio ¢ F' o pebpy e;. Ilycrs m; —
ILUIOCKOCTD, comepxxkaiias F;, a II; — TO mOIynpOoCTpaHCTBO, OIPAHUYEHHOE T;, KOTOpoe, mo Teopeme [9.16] comepzkur
W. Tak Kak CMe)KHbIE TPAHU HE JIeXKAT B OJHOMN ILTOCKOCTH, T; HE COBIAIAET C 7.

Bri6epem npoussosbhyio rouky P € Int F'. Torpa [P, Q] uepecekaer OF'. Ilycrb R — TouKa U3 9TOr0 HepecedeHus,
Torga R unpunasiexxur Hekoropomy pebpy e; C m;. Tak kak P € W, o P € II;.

Puc. 9.6: JlokazaresbcTBo ciaenctusd (9.1

IMokaxkem, aro P ¢ 7;. Ilycts U — OTKPBITHIA KPYr B IJIOCKOCTH 7 € IeHTpoM B P, comepxkamuiics B Int F', cy-
mecTByIomuit B cuity Toro, 4ro Int F' — orkpeitoe noamuoxkectso 7. Eciau P € m;, 10 P npuHa/Ie2KuT [1€PECeIeHnIo
ILUIOCKOCTEH T U 7, IPEJCTABIAIONIEMY CODO0il npsamyIo, no3ToMy Kpyr U COIEPKHUT TOYKH, JI€XKAII1e KAK B IIOJIyIIPO-
crpanctse II;, Tak u B ero gononuennn. Ho mocneamnee mporuBopeunt Tomy, uro U C F C W C II;, roe mocnegnee
BKJIIOYEHHE HMeeT MecTo 1o Teopeme [0.16]

Wrak, mMpr mokazanu, 9ro P jeXuT BHyTpHU mosynpocrpancrsa II;, mostomy touku syda PQ), cremyiomue 3a
TouKOit R, He comepxkarcs B II; u, 3naqdut, He jgexkar B W. B gacraocru, Q € W, nporusopeune. O

Taxk Kak HepecedeHne BBIIYK/IbIX MHOXKECTB BBILYKIIO, ciaeacrsre [0.17] MTHOBEHHO NPUBOAUT C CJAEAYIOLEMY pe-
3yJbTaTy.

Caencrsue 9.18. Kaowcdas epand 6binyka020 MHO20ZPAHHUKG — BbINYKABIT NPOCMPAHCMEEHHBLT MHO20Y20AbHUK.

3amevanue 9.19. Eciu 661 MbI B ompeeieHn MHOTOTPAHHUKOB He TpeboBajIn, YTOObI CMEXKHBIE TPAHN HE JIEXKAJIN
B OIHOI TIOCKOCTH, TO ciencTsust [0.17|n OKa3aIiCh ObI He BEPHBIME: KayKIyIO TPaHb MOYKHO OBLIO OBl pa3bnuBaTh
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TPOU3BOJIBHBIM 00pa30M Ha, 00Jiee MEJIKUe TPAHN, HO TaKWe Mo Ipa30neHns He HAPYIIAIOT BBIMTYKJIOCTh MHOTOTDAHHWKA,
XOTS MOTYT NMPUBOANTH K HEBBIMYKJIBIM I'PAHAM.

Caencreue 9.20. ITycmv W C R?® — npoussoavnuti ewnykavt muozozpanmuk, Fi, ..., F, — ezo epanu, m; —
naockocms, codepocawan F;. Obosnavum I; 3amrnymoe nosynpocmpancmaeo, ozpanuventoe m; u codepocausee W,
u nyemo II] = II; \ m; — mnooicecmso ecex enympennuz movex II;. ITyemo P — nexomopas mouxa uz W. Tozda

(1) P — sepwuna W, obwan das epanets F; , ..., F;, , ecau u moavko ecau P € m; npu i € {i1,...,ix}, u P € II]
nPU 6CET OCMANLHBLT 7

(2) P — snympennss mouxa pebpa W, obusezo dan epanet F;, u F;,, ecau u moavko ecau P € 7; npu i € {iy,ia},
u P € II] npu ecex ocmanrvnux i;

(3) P — snympennaa mouka epanu F; , m.e. P € Int F;, ecau u moavko ecau P € m;, w P € II] npu i # iy;
(4) P — snympennaa mowka mnozoepanmura W, ecau u moavko ecau P € II] npu ecex i.

HoxkazareabcTBo. Ilo caencreuio (9.17) Touka P € W npunaajaexut rpann F; TOraa W TOJIBKO TOTIA, KOTIA OHA,
JIEKUT B TUIOCKOCTH ;. [loaromy {F;,, ..., F;, } — nonusrit Habop rpaHeii, comeprRaiux Touky P € W, eciau u TOIBKO
ecnu P conepKuTcd B MIOCKOCTAX Ty, ..., Mi,, & JAJIA BCEX OCTAJbHBIX ¢ — HE COIEPIKHUTCA B MOJIYIJIOCKOCTAX T;, U,
3HAYUT, COAEPKUTCA B OTKPBITHIX HOIyIPOCTPaHCcTBax II]. D10 cOOBpazkenne JOKA3bIBAET BCE ITyHKTHI CJAEACTBAA. L[]

Culesytommas KOHCTPYKIUs 3auMcrBoBana namu u3 [16].

Konacrpykius 9.21. B obo3nadenusx ciencrBus BhIOEpPEM B MPOW3BOJIbHON rpaHu F; ee BHYTPEHHIOI TOYKY
P. Tlo sromy ke crmeacrsuto, P € IT J’ JUTsl BCEX j # 4, MOITOMY MIApOBasi OKpecTHOCTh Up, paguyc KOTOPOH MeHbIIe
paccrodnus or P 10 Bcex Tj, j # 1, TaKKe JI2KUT B KazKJI0M TakoMm 11 ]’ IMycrs @@ — npousBonbHas To4uka u3 Up, He
aexamas B IT;, B wacruocru, @ ¢ m;. Obozuauum v: II; — m; paguaibHyiO MPOEKIMIO U3 TOYKHU (Q: KaXKJIOH TOYKe
S € II; crapurcs Touka R = v(S) € m; nepecevenns ayda QS ¢ m;, cM. puc. 9.7

N

7/ fe N -
~

D)
T INS

T —
ZAZ

Puc. 9.7: PagunanpHasi TpOeKIusi TPAHUIIHI BBIMYKJIOIO MHOTOTDAHHUKA, 063 MPaHM HA IMJIOCKOCTH ITOU T'DAHU.

Jlemma 9.22. Ozpanuuenue paduasvroli npoexyuu v na OW \ Int F; asasemcs 2omeomoppusmom ¢ obpasom.

HoxkazarenbcrBo. Ilycts R — npousBoibHas TOYKA mtockocTu ;. Pacemorpum ayd QR v BbISCHEM, KaK YCTPOEHO
nepecedenne QR N OW.

ITycts R € Out F;, Torna, mo CIeiCTBHIO R ¢ W wu, 3uHaumT, 17151 HEKOTOPOTO j # i BhImomusiercss R & II;,
nosroMy uHTepBal (), R) mepecekaer MIOCKOCTD 7 MO HeKOTOpoit Touke T'. Ho Torma oTkperThit 1y4 TR COmepKUTCs
B R3\ II;, mosromy TRNW = (). Kpome Toro, [Q, R) C R?\ II;, nostomy [Q, R) N W = (), Tak 4ro B 9TOM CIyHae
ay4a QR ue mepecexkaer W.

Ilycrs R € OF;. Ilo cnexncrsuio TouKka R JI€KUT B HEKOTOPOH IIOCKOCTH Tj, j # 4, IOITOMY BCE TOUKH
nyda QR, ciepyomue 3a Toukoit R, mexar B R3\ IT j, CIEIOBATEIbHO, Bece oHE He npunainexar W. Kpome toro,
[Q, R) C R®\ II;, nostomy [Q, R) N W =, tak utro QR N W COCTOUT POBHO W3 OIHOI TOUKH, 8 MMEHHO, TOUKH R.

Hakomer, mycts R € Int F;. Beibepem mapoByio okpectHocth Ur Touku R Tak ke, Kak Mbl BeiOupaaun Up. Torma
touku u3 QRN Upg, cnexyromue Ha tyge QR 3a Toukoit R, gexar Bo BCex [1 ;, IMO3TOMY BCE OHU TIPUHAJIEXKAT BHYT-
perroctu W. Oboznaunm depes S MOCTeHION TOYKY Jyda QR, nexarryo 8 W, puc.[9.7] B cuny ckazannoro Bbiie,



9.4. BrImykible MHOTOTDAHHHKT. 82

S # R. Tlokaxkewm, aro unrepsas (R, S) cocrour u3z BayTpeHHuX TouYeK st W. JleficTBUTEIbHO, €M HA HEM UMEETCs
Hexoropad touka I’ € OW, to T comepzKuTcad B HEKOTOPOH IIJIOCKOCTH 7j, HO TOL/IA BCE TOYKU OTKPbITOro Jjiy4da 1S
ne cozepkarcd B II; u, B wacruocru, 8 W, nosromy 1" ¢ W. Urak, mbt jokazanu, 4ro QRN OW cocrour B paccmar-
puBaemom ciydae u3 jByx todek: R u S. Orcrooga u u3 pa3’oOpaHHbIX BBIILIE CIyYaeB BbITEKAET, YTO OrPAHUYEHUE U
Ha OW \ Int F; — B3anMHO OJHO3HAYHO ¢ 00pa3oM. HempepbIBHOCTH 9TOTO OMpaHWYEHHsT W OTOOpAYKEeHHsi, 0OPATHOTO
K HEMy, CJIe/lyeT U3 HeNPEePLIBHOCTU PAJNaIbHON IPOEKIUH, Ipeasoxenus [3.27| u reopemst [5.19] O

Cuencrue 9.23. I'pagh 6uinykn020 MHO202PAHHUKG TAGHAPEH.

Hoxka3zareabcTBo. [lo semme [9.22] rpanuity OW BBIMYKJIOr0 MHOIOIpAHHHUKA, U3 KOTOPO# BBIKMHYTA BHYTPEHHOCTH
HEKOTOpOit rpanu F'; MOXKHO roMeoMOP(MHO 0TOOPA3UTh HA HEKOTOPOE TOJMHOXKECTBO IIJIOCKOCTH T, IPOXOJIIIeH dyepe3
F. Tlpu takom orobpaxkenuu rpad MHOTOrpaHHmka W orobparkaercss Ha, HEKOTOPBIM TIOCKuil rpad, Tak 4to rpad
MHOTOI'DAHHUKA TIJIAHAPEH. O

Koncrpykiusa 9.24. Tlocrpoum 2eomempuueckyro peasusdauuro deoticmeenro2o epagda G MHOTOTPAHHOM
TIOBEPXHOCTH JF, BCe TPAHU KOTOPOM — BBIMYKJIble MHOTOYTOJHHUKH, B YACTHOCTH, TPAHUIIBI J BBITYKJIOTO MHOTOTPAH-
HuKa. 71 3TOr0 Bo3dbMeM B KaxK 0¥ rpanu F; MHOTOTDAHHOU TOBEPXHOCTH JF MO BHYTpPeHHEH TOUKe P; U TpUMeM 3TH
TOYKH 3a BEPIIUHBI reoMeTpudeckoro rpada. CoeuHnM KaxKIyio TOYKy P; ¢ cepeliHAMU T€X CTOPOH COJepIKAIIeil ee
rpaHu, KOTOPBIE COOTBETCTBYIOT BHYTPEHHUM PeOpaM MHOTOIPAHHOM moBepXHOCTH. [Tomyunm HaOOp OTPE3KOB, mepece-
KaIMIUXCA TOJIBKO TI0 Pz TO‘IKI/I P,L N3 CMEXKHBIX rpaHef/’I COeIMHEHBI IBY3BEHHBIMU JIOMAHBIMUA. STI/I JIOMaHBbIE BO3bMEM
B KadecTBe pedep reomMerpudeckoro rpada. JAcuo, 9o koMOuHATOpHAS CTPYKTypa MOJydYeHHOro rpada m3omopdua
G4, TaK 9TO OH SBJISIETCS M€OMETPHUIECKOi peanu3anueit Gy, cM. puc.

2BV
W TF

P
\

Puc. 9.8: JIgoiicTBennbiii rpad MHOrOIPAHHON TOBEPXHOCTH, €r0 NEOMETPUYECKAS PEAINBAIIMS.

3ameuanne 9.25. Heckonbko 60jiee CIOKHO OINPEIEIISIETCS 2€60MEMPUNECKA Peaaudauust 080licmeeHH020
epaga npou3eoabHOT MHO202PaHHOT NOBEPTHOCTNIY (1afiTe COOTBETCTBYIOILEE OLPE/IEJICHUE).

IIpennoxxenne 9.26. /Jsoticmeentvill epagd 6vinykio2o mHozozpannuka W naaHapen.

HoxkaszaresnbcrBo. [Ipusesem ewe onny koncrpykuuio u3 [16]. B o6o3nauenusx ciencrsust BeIOEpEM ITPOU3-
BoJbHY0 Touky P € Int W. Tlo 3ameuanmio [9.10) cymecrsyer map U, (P), conepxarwiicst B Int W. YMenbinas €, ecan
Heo6X0InMo, 100beMcss Toro, uTobbl cdepa S2(P), orpaHuduBaonias TOT 1ap, TakxKe Jexkana B Int W.

Iycrs p: R3\ {P} — S%(P) — paauanbnast npoeknus Ha S2(P) ¢ nentpom B P:

WQ) = P+=PQ/|PQ.
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Ilokazkem, uTo y orobpazkaer OW B3auMHO oHO3HAYHO Ha S2(P).

JeiicTuTenbHO, ecu () — npoussombHas Touka u3 S2(P), To mya PQ comep:kut HekoTopyio Touky R € Out W,
Tak kKak W — orpammdennoe muoxkecrso. Ho Torma [P, R] mepecekaer OW. Ilycts S — HeKOTOpast TOYKA W3 ITOTO
nepecevennst, roraa 4(S) = Q. Takum o6pasom, orpannvenne p Ha OW CIOPHEKTHBHO.

ITokazkem Temepb, 9TO 3TO OrpaHUYeHNne WHHEKTUBHO. IIpeanonoxum, ato S; u S — pazauunbie Toukn u3 OW,
Jist Kotopbix @ = 1(S1) = u(S2). Bes orpannuenus obmHocTH, Oyaem cautarh, 9ro S € (Q,S2). Tak xkak S; € OW,
TO S JTEXKUT B HEKOTOpOit rparn F; muororpanunka W. Ho Torma, B 0603HaueHMIX CJ’IE,E[CTBI/IH Sy emuPelll,
moromy So JIEXKUT BHE mosrynpoctpanctsa I1;, tak aro So & W.

Urak, Mbl J0Ka3ajd, 4To p orobpazkaer OW BzamMHO opHO3HauHO Ha S2(P). U3 HempepblBHOCTH pajinasbHOL
TIPOEKIINY U TeopeMbl [5.19| BeITekaeT, 9To 3T0 OTOOparKeHne — roMeoMOp(u3M.

Paccmorpum reoMerprteckyro peanusaimio G 1BoicTBenHOro rpada MEOrorpaHnuka W, OMHCAHHYIO B KOHCTPYK-
§18707¢ Bribepem mpoussonbyio Touky 1 u3 OW, me nmpunamexanyio GY. 113 an/IMepaBbITeKaeT, qTO CyIIle-
crByer romeomopduam 1) Mexy S2(P)\ { [L(T)} 1 iiockocTbio R?, mosromy nou(GY) — reomerpudeckas peaiusanus
aBoiicrBenHOro rpada muororpannuka W, apisomasics miockum rpadom. O

9.5 ®opmysa Jitjepa JJid BBIITYKJIBIX MHOTOIPDAHHUKOB

B mannom pasnene OynaeMm paccMarpuBarh BbimyKbie MHOrorpanuauku W. Ilo ciencrsuio[9.23] rpader G Takux MHOTO-
rpanHuKOB 1tanapubl. [Iycts v — orobparkenue, mOCTPOEHHOE B KOHCTPYKIIUU rorpa ¥(G) — CBA3HBIN 1LJIOCKUI
rpad, UMeNuil CTOIBLKO YK€ BEepINuH, pedep U rpaHeil, CKOJbKO W MHOTOTPAHHUK W, OTKyma, MCIOAL3ys (DOpMYIy
Ditnepa u3 Teopemsr [8.13] mosyuaem ciaeyrommit pe3ysabTar.

Teopema 9.27 (®opmyiia Diiepa AJis BBITYKJIbIX MHOTOIPAHHUKOB). Ecau v, € u [ 0003hauaiom kosuvecmsea 6ep-
WUH, pedep u 2parets 6unYKA020 MHO202PaHHUKG, Mo v —e + f = 2.

9.6 IIpaBusbHBIE MHOTOTPAHHUKN

Onpenenenune 9.28. Boinyk/ibrit MHOrOrpaHHUK HA30BEM 7PABUALHBLM, ECTTH BCE €T0 IPAHN — PABHBIE TPABUIbHBIE
MPOCTPAHCTBEHHBIE MHOTOYTOJIbHUKHU, CTHIKYIONIAECS B BEPINIHHAX B OJHOM M TOM K€ KOJUYIECTBE W 00pa3yIOIue
paBHBIE AByTPAHHBIE YIVIBI IPH BCEX PeOpax.

IIycts W — mpaBuibablii MHOTOrpanauk, G — ero rpad, u v, KaK W BBIIIe, — OTOOPasKeHHe, IIOCTPOEHHOE B
KOHCTPYKIIHI IMonoxum G, = v(G). Torua, kak yxe 6bL10 orMedeHO, rpad G, UMeer CTOIbKO K€ BEPILWH,
pebep u rpameii, ckobKO 1 MHOrorpanauk W. U3 onpeaenenus MpaBUIbHOIO MHOTOIPAHHUKA BBITEKAET, ITO

1

G, — waockuil 1pocToil CBA3HbLH rpad;

3

KaxkJas rpanb rpada (G, OrpaHuyeHa OJUH M TEM K€ YUCIOM Pebep, TAKKE HE MEHbINUM 3;

(1)
(2) creuenu Bepiiun rpada G, OJAMHAKOBBL U He MeHbLUe 3;
(3)
(4)

KaxkJ10e pedbpo rpada G, JEeKUT POBHO B JIBYX IPAHSIX.

Takwue rpadsbr mbl u3ydanu B yupaxkuenuu [8.50 IIpusenem orser.

ITycrs (v, e, f) — BEKTOP, KOMIIOHEHTHI KOTOPOTO PABHBI COOTBETCTBEHHO KOJMYECTBAM BEDINHH, pebep n rpaHei
rpada G, a, 3HAUUT, ¥ MPABUIBHOrO MHOrOrpanuuka W. Torma 3Tu BEKTOPHI MOTYT OBITH TOJHKO CJIEAYIONIAX ISTH
tunos: (4,6,4), (6,12,8), (8,12,6), (12, 30,20) u (20, 30,12). Oka3biBaercs, NIpaBUJIbHBIE MHOIOIDAHHUKY KAXKIOrO U3
9THX IATU TUIOB CyMECTBYIOT, cM. puc. [0.9] OHu HA3BIBAIOTCA NAGMOHOBHLMU TEAAMU.

Ha puc. |9.10| mpusenennt rpadpl m1aToHOBBIX TEI.

JokazarebcrBo CylecTBOBaHus KAXK/I0I0 U3 9TUX ILUIATOHOBBIX TeJI MOXKHO Haiitu, Haupumep, B [16].
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Puc. 9.9: IlnaronoBsr Tesa: Terpasnp, Kyd, OKTasap, J0IEKAIAP, UKOCAIP.

Puc. 9.10: I'padbr mIaTOHOBBIX TEJI.

9.7 Teopema 0 “exke” BBIIIYKJIOTO MHOTOTPAaHHUKA

IIycts W C R?® — HOpOM3BOMBHBIN BBITYKJILIH MHOTOTpAHHUK, F, ..., F,, — ero rpamn, N; — eIWHUYHEII BEKTOD,
TePIEeHINKY/IAPHBIN rpanu F; v HaIpaBjeHHBIH HAPyXKy MHOrorpanuuka W, a S; — mmomams rpanu F;. Tlomoxum
& = S; N;. CewmeiictBo BekTOpOB {;} HazoBeM estcom mmuozozparruka W. Mbl XOTHM MOHATH, KAKAUMH CBOHCTBAMU
00JIaJAI0T €2KM MHOTOIPAHHUKOB U CKOJIb OJHO3HAYHO OHU OLPEAEAoT MHOrorpantuk. Ilogpo6uoctu cum. B [18].

Teopema 9.29. ITycmo {&1,...,6n} — €orc evnykaozo mnozozpannuxa W. Tozda eexmopvt & HEKOMNAGHAPHDL U
sonoanaemes Y & = 0.
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HoxkasarenbcrBo. Ecim Ob1 BEKTOPHI &; JI€2KaJIU B OIHOM IJIOCKOCTH T, TO, IO TEOPEME MHOTOrpanHuk W ObL1
Obl paBeH IMEPECEUeHUI0 MOJTYIPOCTPAHCTB [1;, OrPAHUYEHHDBIX MJIOCKOCTAMHU 7, TAPAJIETbHBIMEU MPIMO, ePIeH 1~
KynsapHOil 7, Tak 9yT0 W He O6bu1 Ob1 OrpanndenubiM. /lokakeM Ternepb BTOPYIO 9aCTh TEOPEMBbI.

Ormerum cHavajia, 4TO BejmuuHa { = Zl & HE MEHsieTCsl IPU CIABUrax MHOrorpanuuka W. 9ro gaer Ham BO3-
MOXKHOCTh CUHUTATh, HE OTPAHWYMBA OOIMHOCTH, YTO HAYAIO KOOpAWHAT O JIEXKUT BO BHYTPEHHOCTH MHOTOTPAHHUKA
w.

IIycts P — nmpowumssosibHast Touka u3 Int W, a P; — Touka, snexamas B rparu F;. Torga paccrosinue h; OT TOYKA
P 5o nockocru, npoxozsuieii uepes rpaub F;, pasuo (N;, P, — P), rue {(a,b) obo3navaer craHiapTHOE CKAJSPHOE
pou3BeeHne BEKTOPOB a U b.

Ob6o3uaunm V; mupaMmuay ¢ ocHOBaHUEM F; u BepmwmHON P, W mycTh v; — 00BbEM ITON MUPAMHUIBLI, & U — 00bEM
muororpananka W. Torma v = ), v;. C mpyroit cropowsr,

(Ni, P, — P) S; =

1
U1:§h151: <€l7Pl_P>a

W =
W =

TIO3TOMY

1 1 1 1 1 1 1
v = Z§<£¢,P¢—P> = Z§<§z‘7pi> _Z§<§iap> = Z§<£i7‘Pi> - 3<¥§iap> = Z§<§i7pi>_§<§vp>'

% % i % i

Bamernm, 9TO BEKTOD &, BEJIMUNHA U ¥ BEJIMINHA ) %(gi, P;) ne 3aBucar ot BoIOOpa TOUKU P, mosToMy OT BeiOOpa P He
3aBHUCHT Takxke U BesanunHa (€, P). Tak Kak Hadasto koopauHatr O jexut B Int W, To HEKoTOpasi 11apoBast OKPECTHOCTh
U.(O) Toukn O rakxe nexxur B Int W. 3uaunt, musa mo6oit roukn P u3 U (O) Benmunna (€, P) mocrosgHHa U paBHA

(£,0) = 0. Iokaxewm, kak orcioona sbitekaer, yro & = 0. IIpeanosnoxum nporusHoe, T.e. uro & # 0. Ilosoxkum
A =¢g/(2]|¢]]), roraa A¢ € U.(O), nosromy (£,A€) = 0, orkysa, Tak kak A # 0, umeem (£, &) = 0, cienoBaresbHo
£=0. O

Oxka3zbIBaeTCsT, MMEET MECTO W OOPATHBIN PE3yIbTaT, JOKA3ATEIHCTBO KOTOPOTO CIOXKHEE M OMUPAETCS Ha TEOPEMBI,
KOTOpBIE BBI OyJeTe M3y4aTh HA CIAEAYIOMNX KypCaxX.

Teopema 9.30 (I. Munxosckuit [19]). Iycmo &1, ..., &, — Henyaesvie nexomnaanaphve eexmopu, 6 R3, nuxarue
dea u3 Komopux ne conanpasaenss, npuvem y . & = 0. Toeda cywecmsyem eduncmeennolli, ¢ MOYHOCTILIO 00 NAPAA-
AEABHOZO NEPEHOCA, BLINYKABT MHOZ02PAHHUK, EXC KOMOPO20 pasen {&;}.

Bameuanne 9.31. B reopeme[9.30| mbr norpebosam, 4To6b HUKAKKE 1BA BEKTOPaA &; He OBLIN COHAIPABICHHBIME. DTO
CBS3aHO C T€M, YTO HA MHOTOTPAHHYIO OBEPXHOCTH MbI HAKJIAIBIBAEM CJIEIYTOIIEE YCIOBUE: HUKAKUE JBE €€ CMEXKHbBIX
rPaHU He JIeXKaT B OAHOM Hyockocru. Ecim 2Ke oTKa3aTbCs OT ITOro yCjaoBHs, TO TPEOOBAHUE HECOHAIPABJIECHHOCTH
BEKTOPOB &; MOXKHO OyIeT OMyCTHUTD.

Y Teopembr UMeIoTCs 0OOOIIEeHNsT KAK Ha MHOTOMEPHBIH CJIydaii, TAK ¥ Ha HEBLIMYKJIbIE MHOTOIPAHHUKHU (CM.
Hampumep [20]).
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YmpaxkHenusd K riiase 9

VYupaxxuenmne 9.1. Ilycrs W — BoInyKJiblit MHOTOIPAHHUK, U IYCTh v, € U f 0003HAYAIOT KOJIMYECTBA BEPINUH, pebep
¥ TpaHeil 3Toro MHOrorpanuuka. Jlokaxkure, 4ro

(1) e+ 6 < 3u;

(2) e+6<3f;

(3) f+4 < 2u

(4) v+4<2f;

(5) mmororparauk W mMeeT XOTst ObI OJHY TPEYTOMBHYIO, 9eTBIPEXYTONBHYIO W MATHYTOIHYIO TDAHD;
(6)

6

MHOrorpannuk W umeer xors Obl OJUH TPEXIDAHHbBINA, YeThIPEXIPAHHBIA UM IATATPAHHBINA IIPOCTPAHCTBEHHbIN
yroa (T.e. BepIInHy, B KOTOPOil CTHIKYIOTCs 3, 4 wiu 5 rpaneii);

(7) muororpannuk W umeer miu xorsi Obl OJHY TPEYIOJIbHYIO I'DaHb, WM OJUH TPEXIPAHHBINA LIPOCTPAHCTBEHHbII
yroJ;

(8) cymma Bcex IJIOCKMX yIVIOB Ipaxeii MHororpannuka W pasna 27m(v — 2).

Omnpenenenne 9.32. [Iycts P — BepmmHa TPOM3BOJBHOrO MHOTOrpanuuka W, a ay,. ..,y — BEJUIHHBI YTJIOB BCEX
rpaneit W npu stoit Bepimune. Torga xpususnot 6 sepuune P naszpiBaercs senmunna K (P) = 2w — . ;.

VYuparxaenne 9.2. Jlokakure, ITO y BHIIYKJIOr0 MHOTOIDAHHIKA cyMMa Kpusu3H K (P) mo Bcem ero Beprrmaam P
paBHa 4.

Vupaxknuenne 9.3. Ilycrs L C R? — zamknyras omanas 6e3 camonepecedenuii, gexamas Ha rpanume OW BbImyK-
sioro muororpannuka W. Hokaxure, uro OW \ L cocrour u3 aByX KOMIIOHEHT.

Onpegenenne 9.33. Ilycto L C R?® — 3amkmyTasd jomamas 6Ge3 caMoIepecedennmil, jexkamad Ha rpammme OW
BBIILYKJIOrO MHOrorpanuuka W, a (21 u {25 — xomnonentsl Muoxecrsa OW \ L. Torga muoxecrsa M; = L U (2
Ha3bIBAIOTCA MHO20Yy20AbHUKAMU Ha OW . s maoroyrosibauka M; TOYKU U3 (2; HA3LIBAIOTCA SHYMPEHHUMU,
u3 2; — enewrumu, a u3 L — epanuvwnvimu, rae {i,j} = {1,2}. Honoxuwm Int M; = 2;, Out M; = 2; u OM; = L.

Omnpegenenne 9.34. Ilycts X — muOroyronbuuk #Ha moepxaoctu OW Bbimykiaoro muororpannuka W, a P —
HeKoTopas BepinuHa MHOroyroabauka X. Torma yeon ap mMHoz2oyzoavHuka X 6 eepwune P ompenensercs Tax.
Ecau P jexut BHyTPH IPAHUA, TO (p — JTO yIOJ Ha IJIOCKOCTH, COAEPKAIeil 3Ty rpanb. Ecian ke P momnana nim Ha
pebpo, unu B BepruHy u3 W, TO yros B 3TOi BepUInHE CKJIAIBIBAETCS U3 BCEX YTJIOB MHOTOYTOJIBHUKOB, TTOJIY Y€HHBIX
nepecedenneM X U COAEPIKAIIMX 9Ty BEPIIMHY IpaHeil (KOHEYHO, YIJIbl PACCMATPUBAIOTCS B ITOW BEPILNUHE).

Yupaxueuue 9.4. Paccmorpum n-yroabauk X, JeKaluii Ha IPAHAIE BBITYKJIONO MHOTOrpaHHuKa. JlokaxKuTe, 9T0
€ro cymma yriios pasia m(n — 2) witoc cymma kpususa K (P) 10 BceM BEPIIMHAM MHOIOIDAHHMKA, IIONABLIAM BHYTPb

X.

VYopaxkueaune 9.5. Cyrecrsyer ju Terpadap ¢ rpausamu Fy, . .., Fy Takoii, aro miomaas kax ok F; pasra 1, rpanu
F1 u F5 nepuenanKyasapHbL ApyT Apyry, rpann F3 n F); Tak:Ke MepHeHIuKyAIPHbL APYT APYTY, a YIOJI MEXK Iy peopoM
e1o = F1 N Fy uezy = F3N Fy paBer 37°7 YkazaHue: BOCIONb3YHTECH TeOpeMOii MUHKOBCKOTO.

VYupaxxuenne 9.6. /lokaxkure, 9TO BBIMYKJIbIH MHOTOIPAHHUK IEHTPAJIHHO CUMMETPUIEH, €CJU U TOJIBKO €CJIU s
KaxKJIOf €ro rpaHu CyMIIeCTBYeT IapajilejibHas eil IpaHb TOW JKe IUIOMAIu. Y Ka3aHWe: BOCIOIb3yHTeCh TeopeMoii
MumkoBckoro.

Onpenenenne 9.35. Ilycrs X — npoumssosibHOe moaMmuKecTBO R™. HanMenbimee mo BKJIIOYEHUIO BBHIMYKJIOE MHO-
KECTBO, comepxkarnee X, HA3BIBACTCA 8bINYKA0U 0060a0uKkoU X m obo3Hadaercs depe3 conv X. MHbIMU croBaMu,
conv X — 370 Takoe BhIIyKJ0e monMuokecTBO R”, uro X C conv X, u ecu Y D X — BblmykJioe o MHO2KeCTBO R”,
Toconv X CY.

3ameuanne 9.36. Omnpenenenne [9.35 u ToT dakT, YTO MEpecedeHNE BHITYKIBIX MHOXKECTB — BBIIMYKJIO, MTHOBEHHO
BJEKYT, 9TO conv X COBIAJAET C IIepeceveHneM BCeX BBIMyKJbIX moaMuoxkecTs R™, comeprxkarux X .

Yuparxuenwne 9.7. JJokaykuTe, 9TO BBIMYKJIbIH MHOTOTDAHHUK COBIAIAET C BBIMYKJIOH 000JI0YKOI MHOYKECTBA, CBOUX
BEpIINH.



Jlekmimsa 10

DjieMeHTbl adpuHHO 1 BBINYKJIOM
reoMeTpun

Ilnan. Addunnoe npocTpancTso, pazmepHocTs addUHHOrO NpocTpancTsa, KPUTEPUi TOro, 4To NoAMHOXKecTBo R" — addunnoe npocrpancTso,
addbunnble koOMOuHAIMY, KPUTEPHHE TOTO, 49TO HMOAMHOXKeCcTBO R" — addunnoe npocrpancreo B tepmunuax addburnbx kKoMOunanuii nap, adbdun-
Hasi oboJsioyka, npeacrasieHne adbduHHON 060m04ku B BuAe Bcex adduHHBIX KOMOuHANUH, adduHHAT HE3aBUCHMOCTE, CBA3b Mexkay addUHHON
HE3aBUCUMOCTHIO ¥ MPUHAIIEXKHOCTHIO addUuHHOM 060/1049Ke, pa3sMepHOCcTh adGUHHON 0607109ku B TepMuHAX addUHHO HE3ABUCUMBIX IIOJICUCTEM,
addunnas pasMepHOCTh MOAMHOXKECTBA, BbluucaeHue adOUHHON PA3MEPHOCTH HOAMHOXKECTBA B TepMuHax ad@dUHHO HE3ABUCUMBIX I[IOLCUCTEM,
BBINTYKJIBIE I(OM61/IH3,I_(I/II/I7 KI_)I/ITepI/Iﬁ BBINIYKJIOCTH B TEPMHWHAX BBIINIYKJIbBIX I(OM61/IH3,LII/IIL/’I7 BBINTYKJIas OﬁOJ’IO“IKa KaK MHOXKECTBO BCE€X BBINIYKJIBIX KOM-
6unanuit, copnanenne adGunHOMi 060s0uek MHOXKecTBa u addurHON 060/10UKHM ero BBIMYKJO0M 06071049ku, Teopema Kapareomopm, CTaHIapTHBINH
n-MEPHBIA CHUMILIEKC, BBINYKJIasd 000JI09Ka Kak 00pa3 HenpepbIBHOIO OTOOparkeHus, BbIMyKJiash 000/I0YKAa KOMIIAKTHOIO MHOXKECTBA KOMIIAKTHA,
BBINIYKJIad 0060JI0UKA KOHEYHOT'0 MHOXKECTBA KOMIAKTHA, MUIEPIJIOCKOCTH, 3AMKHYTbI€ U OTKPBIThIE MOJIYIPOCTPAHCTBA, CTPOrOe pas3iesieHue MO/-
MHOXKECTB €BKJIMJI0BA IIPOCTPAHCTBA, HEINEPECEKAIOLINeCs BbIIYKJIbIE KOMIAKTbI CTPOrO PA3Je/HUMbl, Pa3pe3aHHe MHOXKECTBA IMIIEPIIOCKOCTBIO,
OINOPHBIE MUIEPIIOCKOCTH, BBIIYKJIbIE T€JId, OTHOCUTEJIbHAS BHYTPEHHOCTh, CTAHIAPTHBIA CUMILJIEKC KAK BBIIYKJIOE TeJo B cBoeil addunHol 060-
nouke, k-MepHbIA cuMmmseke B R™, BBIMYKJIBIH KOMIIAKT ABJISETCH BBIIYKJBIM TEJIOM B CBOeH adduHHON 060s10UKe, NIpEICTABIEHNE BBIILYKJIOrO TeJja
KaK [1epeCeYeHne 3aMKHYThIX MOJIYIIPOCTPAHCTB, OrPAHUYEHHBIX OINOPHBIMU I'HUIIEPILIOCKOCTSMU, BO3MOYKHOCTh MIPOBECTHU OIOPHYIO FUIEPILIOCKOCTH
Yepe3 KaXKIyI0 IPAHUYHYIO TOUKY BBIIYKJIOTO TEJa.

B nexiun E] MBI OIIpE/Ie/IAIN MHOTOTPAHHEIE TOBEPXHOCTH B R>, CKIeWB WX 0COGBIM 06pa3oM M3 MPOCTPAHCTBEH-
HBIX MHOTOYTOJIbHIKOB, & TAKXKe I 3aMKHYTHIX MHOTOIDAHHBIX TTOBEPXHOCTEH BBEJIM MOHATHE MHOTOIDAHHUKA. Vb
OTMEYAJIH, YTO BBEJIEHHBIE HAMW OPAHUYEHHUs HA CKJIEHKY TMPOCTPAHCTBEHHBIX MHOTOYTOJbHUKOB TAPAHTUPYET OTHO-
3HAYHOCTh pa30MeHrsi MHOMOIPAHHON TMOBEPXHOCTU W MHOTOIDAHHWKA HA I'DAHU, &, 3HAYUT, TAKXKE HA pedpa U Bep-
UHBL. 3aTeM Mbl HEPENLIH K U3y YeHUI0 BAXKHOI'O YACTHOIO CJIy4ast BbILYKJIBIX MHOIOIDAHHUKOB. Mbl oka3asiu, 4o
TaKWe MHOTOPAHHWKW MMOJIyYAIOTCS KaK TEPECeUeHns] KOHEYHOIO YHCJIa, 3aAMKHYTBHIX MOJIYITPOCTPAHCTB, OrPAHUYIEH-
HBIX TIJIOCKOCTSMU, TPOXOAANIAMA depe3 rpanu. g BBITYK/IbIX MHOTOIPAHHUKOB MbI JTOKa3aaun GopMmy/y Jiiepa u
BbIBEJIM U3 Hee, KAK MOI'YT BBIIJISIETh IIPABUJIbHbIE (BBIILYKJIbIe) MHOIOIDAHHUKH, T.€. COCTABJIEHHBIE U3 PABHBIX IIPa-
BUJIBHBIX TPOCTPAHCTBEHHBIX MHOTOYTOJIbHUKOB, CTBHIKYIONIUXCS OJIMHAKOBBIM 0OPAa30M B BO BCEX BEPINMHAX U pedpax.
Hakomrer, B pa3aene yupaxKHeHuit Mbl BBEJIH IIOHATHE BBIIYKJI0i 0007109Ku conv X MPOU3BOJBHOTO MOIMHOXKECTBA X
npoctpancTsa R™, 3amMeTusin, 9To 9Ta BBHIMYKJIasd 000J0YKA — HANMEHBINEE BBIMYKJIOE MHOXKECTBO, cojepKaliee X, u
BBISICHUJIN, YTO KAXKJIbIH BBIMTYKJIBI MHOTOTPDAHHWUK SIBJISETCS BBIMYKJIONH 000JI0YKOM MHOXKECTBA CBOUX BEPIIWH.

OtrmernM, 9TO 33JaTh BBIMYKJIbIH MHOTOTDAHHWK MOXKHO CPa3y WM Y€pe3 BBIMYKJIYI0 OOOJIOUKY, WJIA Yepe3 Iie-
pecedenure 3aMKHYTBIX TOJIYNPOCTPAHCTB, a yKe 3aTeM pa30uBaTh ero Ha BepIIuHbI, pebpa u rpanu. B Hacrosieir u
CIIELYTOIIEH JIEKIUSAX Mbl PACCKAXKEM [IPO MHOIOMEPHOE 0DODIIEHNE TEOPUH BbITYKJIBIX MHOTOIPAHHUKOB. [Ipu 9T0M MbI
He OyIeM OTBIEKATHCS Ha OOIIHi CIIyUaii MHOTOMEPHBIX MHOTOTPAHHBIX TOBEPXHOCTEH, & COCPEIOTOUNMCS Ha, TOHATUSIX
M pe3yJIbTaTaX BbIMYKJOH reoMeTpru. 3aNHTEpECOBAHHbBIE CIIYIIATEIN MOIYT 00paTUThes K MOHOrpadusam [32]-[40].

10.1 DaemeHThl adduHHOII TeoMeTpun

Beimre Mbr onpenensiiu adpdunrnoe mpocrpanctBo m C R™ kak muHOXKeCTBO £ + L, tie £ € R™, a L — nuneiinoe mo-
npocrpancTBo. Pazmeprocmubio dim 7 adbduHHOrO mpocTpaHcTBa m HA3BIBAETCS PA3MEPHOCTH COOTBETCTBYIOIIETO
smHeiHoro mpocrpanctBa L. Ilpu 3T0T OKa3biBaeTcss ya0OHBIM PACCMATPUBATH TAKIKe IIYCTHIE MPOCTPAHCTBA T U L,
monaras dim7m = dim L = —1.

IIpuBenem ymobHBIE KPUTEPUU TOrO, 9TO JaHHOE MOAMHOXKECTBO R"™ sBjsiercs adpPUHHBIM MTOAIPOCTPAHCTBOM.

87
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IIpeagioxxenne 10.1. Ecau nodmmoocecneo A C R™ asasemcea addurnoim nodnpocmpancmeom, mo 0is 4100020
a € A mnooiceemeo A —a = {b—a: b€ A} — aunetinoe nodnpocmparcmeo R™. Obpamno, ecau das HeKomopozo
a € A mnoocecmeo A — a asasemca aunetinsim noonpocmparncmeom R, mo A — agdunnoe nodnpocmparcmso.

HokasareabctBo. Eciu A=+ Lua=§+v, 10 A—a=L — v — nuaeiiHOE MOAIPOCTPAHCTBO, TaK KaK v € L.
Ob6parHo, eciu L := A — a — jmneiinoe noanpocrpancrso, 10 A = a + L — adbdunnoe noApocTpaHcTBo. O

IIycrb aq,...,ar — KoHe4dHOE cemeiicTBO To4eK npocrpancrsa R™. A@Phurrnoli komburayueti 3Tux TOYEK Ha-
3LIBACTCA KasKIas JIMHENHAS KOMOMHAIUS Zle i, Tme Y 4 A = 1.
IIpennoxenue 10.2. Ilodmnoocecmeo A C R™ asasemcs aP@urnbom noonpocmparHcmeom, eca U MoAbKo eCal
0As A6 mouex ai,as € A ewvinoansaemces a1 + dsas € A npu ece \;, das xkomopwxr A1 + Ao = 1. Hnuwnmu
CAOBAMU, O, 4NO NOOMHONCECME0 A — addunnoe nodnpoCmpParcmeo pasHOCULLHO 3AMKEHYMOCTIU A 0OMHOCUMEALHO
8CEB03MONCHBLT APPUHHBLT KOMOUHAUUT Nap mover u3 A.

HokazarenbcTBo. Eciiu A =&+ L, rae £ € R™ u L — qmneitHoe noaupocrpanctso R™, a a; = £ + v;, TO
Arar + deas = A (E+v1) + Ao (€ +v2) =&+ (Mvg + Aavg) € A.

Ob6parHo, mycTh Teneph A 3aMKHYTO OTHOCUTENLHO addUHHBIX KOMOUHANWI ero map Todek. 1o mpennoxenuto [10.1]
JIOCTATOYHO TTPOBEPUTH, UTO A — a — JMHe#HOe TOANPOCTPAHCTBO JJIsT HEKOTOPOro a € A.

IIpoBepum cHauama, 970 A —a 3aMKHYTO OTHOCHTEILHO YMHOXKeHus Ha dnchaa. [lycrs b € A u y € R. M1 mommkabI
nokazarb, 4ro u(b—a) € A—a, 1.e. u(b—a) = t—a mia wekoroporo t € A. Ho rakoe t pasuo u(b—a)+a = pb+(1—p)a,
1.e. adpbuHHON KOMOUHAIIUU @ U b, TaK 9TO, B cuity ycjoBus, t € A.

Hokaxkem Tenepb, 410 A — @ 3aMKHYTO OTHOCUTEHHO ciioxkenusi. Ilycrs b, ¢ € A. Mbl H0/KHBL I0KA3aTh, 9TO
(b—a)+ (c—a) € A— a. Ilo 1OKA3aHHOMY BBIIIE, JOCTATOIHO MPOBEpHUTL, 4To (b — a)/2 + (¢ —a)/2 € A — a, HO
b—a)/2+(c—a)/2=b/24+¢/2—a,ab/2+ c/2 € A 110 yCIOBHIO, Y9TO U 3aBepIIAET OKA3ATEIHCTBO. O

U3 npennoxenus [10.2] BBITEKAET, 4TO mepecedenne Jio0oro dncia ap@UHHBIX MOAMPOCTPAHCTE CHOBA SIBJISETCS
adpdunrabM TOATPOCcTPpaHCTBOM. A Phurroli oboaourot Aff A mnoorcecmea A C R™ HazbiBaeTCss HaMMEHbIIEE
10 BKJIIOYeHHI0 ad@UHHOE MOAIPOCTPAaHCTBO, coaepxKaiiee A. Uubimu ciosamu, Aff A paBao nepeceyenuto Bcex ad-
GUHHBIX TOAMPOCTPAHCTB, cojepkaimx A.

Teopema 10.3. Adpunnasn oboroura Aff A muoorcecmea A C R™ cosnadaem ¢ mHOMCECMEOM BCEBOZMONCHBIL AD-
PUHHBLT KOMOUHAUUT mover u3 A.

JokazaTrenbcTBO. 3aMerum cHadaja, 4ro eciau 7 := {+ L C R™ — addunnoe npocrpancrso, 1o kaxgas adpdunnas

KOMOWHAIWSA €ro TOYeK JiekuT B 7. eiicTBurenbHo, nyctb a;, = £ +v; € mu A\; € R, ¢ = 1,...,k, TakoBbI, 94TO
k

> i1 Ai = 1, Torma

k k k
b:iz)\iai :Z)\i(€+vi) :§+Z)‘ivi =&+,
i=1 i=1 (=1

1=

rae v € L, mostomy b € w. Takum obpazom, ecau W — MHOXKECTBO BCEBO3MOKHBIX a(DUHHBIX KOMOMHAINN TOYEK U3
A, o W nexkur B Kaxk10M adDUHHOM noanpocrpancree, cofepzxkarieMm A u, mosromy, W C Aff A. Ocraercsa nokazars,
qaro W — addunrHOE IIPOCTPAHCTBO.

ITo mpen0sKeHnIO m JIOCTATOYHO TIPOBEPUTH, UT0 adbduuHas KoMOuHAIMs Touek b = Y+ Na; € W n b/ =

3:1 "a’; € W Taxsxe spnserca abdunnoit kombnmammeir Tovek 3 A. Ho aaa kaxoro p € R mveenm

p q
pb+ (1= )b = 1> Nag + (1—p) Y Na),
i=1 j=1

npudeM py b A + (1 — p) ;1.:1 N =p+ (1 —p) =1, rak aro pb + (1 — p)b’ — abdunrnas KombIHaIMA TOTEK 13
A u, 3Ha9nT, IpUHAITIEKUT W. O

B addunnoil reomerpum aHaIOroOM JMHEHHONW HE3aBHCHUMOCTH siBjisieTcs addUHHAS HE3ABUCHMOCTH: KOHETHOE
MHOYKECTBO TOYEK a1, .. .,0; B R™ Ha3bBaerca aPdurro He3a68UCUMDBLM, €CITH U3 TOTO, 9TO JTHHEHHAS KOMOUHAIUS
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E E
> i1 Ai@; PaBHA HYJIO IIPX JIOTIOJTHATEILHOM yCJIOBUM y . ; A; = 0 BBITEKAeT PABEHCTBO HYJIIO BCEX \;. 3aMETHM, YTO

k
PaBEHCTBO y . ; A;a; = 0 IEPENuCHBAETCS B 9KBUBAJEHTHOM BUIE

k k—1 k—1 k—1
Z)\iai = Z)\zal — (Z )\i)ak = )\Z(az — ak).
i=1 i=1 i=1

=1

Orciona BbITeKaer, 9To adGUHHAS HE3ABUCUMOCTD TOYEK A1, . . . , A PABHOCUILHA, JUHEHHON HE3aBUCUMOCTH BEKTOPOB
a1 — Q,---,0x—1 — A (BMECTO af MOMKHO B34Th JIOOYIO APYTYIO TOUKY a;).
JIemma 10.4. ITyecmv A = {a1,...,a;} — afdunno nesasucumoe muosxcecmseo mouer 6 R™, u apy; € R™. Tozda

mrooicecmeo AU {agy1} afPunno nesasucumo, ecau u moavko ecau api1 ¢ Aff A.

k k
HoxkazarenbctBo. Ecin appq € Aff A, 10 app1 = >, \ia; 171 HEKOTOPBIX \;, YIOBIETBOPAIONAX » - ; A; = 1.

k+1 k+1
Ho rorga, momoxus \;4+1 = —1, mogayanm Ziil Aia; =0, Ziil A; = 0 u He Bce \; paBHBI HYJIO, TAK UTO G1, . .., Qk+1
addunno 3aBucumMbl. tak, Mbl mokasanu, 4o u3 apdUHHON HE3ABUCUMOCTH TOYEK (1, ...,k ] BbITEKAET yCJIOBHUE
apr1 € Aff A.
IIycrs Teneppb BbinosiHsercs ycioBue agrq ¢ Aff A. Jokaxkem, 4ro aq,...,a+1 adpdunno nezapucumbl. Ipen-
TTOJIOKWM TIPOTHBHOE, T.€. CYIIECTBYIOT HE BCE PABHBIE HYMIO A1, ..., Ak+1, [JIs KOTOPHIX BBIMTOJHSIOTCS PABEHCTBA
k+1 k1
Ei; Xia; =0m Eiil A; = 0. Bamerum, 40 A\gy1 # 0, HHAYE UCXOAHBIE TOUKH A, . . ., dx addunno 3aBucumbl. Ho
pa3 Tak, TO
k k
Z —Ai Z —Ai
Akp4+1 = b\ a; 1 b\ = 1,
= Akl = Akl
T.e. ax+1 € Aff A, mporuBopeumne. O

3amevanue 10.5. B cuny onmcammoit Boimie cBsi3u MexXay ad@UHHON ¥ THHEHHON HE3aBUCHMOCTSAMH, KOJTHIECTBO
TOo4eK B adpPUHHO HE3ABUCHMOM IMOAMHOKeCTBE R™ HE MOKEeT IMpeBbImarh n + 1.

Caencrue 10.6. /[as xaoscdozo A C R™ u kascdo2o mMaxCumMasbHO20 MO YUCAY MOYEK aPHUHHO HEe3ABUCUMO20
M C A swnoanaemca Aff M = Aff A.

HokasaresnbcTso. Ilpennonoxum nporusnoe, T.e. uro Aff M & Aff A. Torma A me MoxKeT NEIMKOM COJEPKATH-
ca B Aff M, rak kak wnadse Aff A — e munumanbaoe adpduaHOE MpocTpaHcTBo, comepxaiiee A. CremoBarenbHo,
cymiecrByer Touka b € A rakas, aro b ¢ Aff M. Ilo nemwme muokecTBO M U {b} — abdunno mezasmcumoe
TOIMHOKECTRO A, UTO TPOTUBOPEUNT MAKCUMaIhHOCTH M. O

s momvuoxkectBa A C R™ onpenenum ero agdunnyro pasmeprocms dim A Kax paszmepHocTh ahduHHON
obosouku Aff A. Ormernm, 9T0 pa3zMepHOCTh JTUHEAHOrO U adhGUHHOTO TOAMPOCTPAHCTBA COBIAIAIOT ¢ X aduHHON
pa3mepHOCTHI0. KpoMe Toro, B Cujly OIMCAHHOMN BBIIIE CBI3U MKy adGUHHON U TUHEITHOM He3aBUCHMOCTHIO, TMEET
MeCTO CJIeAYIOLIUNi pe3y/ibTart.

Caencrsue 10.7. Addunnan pazmeprocms dim A muoorcecmea A C R™ pasna ymenvulenhomy ma eOuHuyYy Maxcu-
MANBHO BOZMONCHOMY KOAUYECNEY MOYEK 6 He3a8UCUMBE Nodmnoscecmear M C A. B wacmuocmu, ecau mmootce-
cmeo nycmo, mo 6 wem codeporcumces 0 Mouer, NoIMOMY 6 IMOM CAYuae aPPuHHAA Pasmeprocms pasha —1.

10.2 DaeMeHTHI BBIMYKJION TeOMeTpun

Addunnas KOMOUHAINS HA3BIBACTCA 8BINYKAOT KOMOUHAUUET, €CTTN TOTOJHUTEILHO \; > 0 pu BCeX 1.

Teopema 10.8. Mnoowcecmeo A C R™ swinykioe, ecau U MOAbKO ECAU KaHCOGA SHINYKAGH KOMOUHAUUL MOovex u3 A
codepocumes 6 A.

okazarenbcTBo. Eciu jitobas BblyKjasd KOMOMHaLus TOYeK u3 A comepKurcs B A, 3T0 2Ke BEPHO U 1151 BBIILY KJIOI
KOMOUHAIMY KazK10i maper Touek. OmHako Touka A\ja; + Aaas = (1 — Ag)ag + Agas mexur Ha oTpeske (a1, as], u Tak
TIOJTyYAI0TCST BCe TOUKH OTPE3Ka, MOITOMY eCin ai,as € X, To u [a1, as] C A, 9TO JOKA3BIBAET BBITYKJIOCTH A.
ObpatrHo, TycTh A — BBIMYKJI0e MHOXKECTBO. [IpuHAIIeXKHOCTh A BBIMYKJIONH KOMOWHAIINN KaxKaI0ro Habopa u3 k
€ro TOYeK MbI IMOKaykeM 1Mo mHAyKImu 1o k. dna k = 1 3to oueBunno. nsg k = 2 3TO BBITEKAET U3 ONPEIETEHUS
BoinykjocTd. [lycrs reneps k > 3. IlpeamonoxkuM, 910 i KOTMYECTB TOYEK MEHBIIUX Kk yTBEPXKJEHHE JTOKA3AHO,
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¥ MyCTh a4 = Zle A;a; — BbINyKJasg KoMOuwHanusi Touek a; € A. Ecau pns HekoToporo i BbeINOJHSETCT A; = 0,
TO 9Ta BbINYKJIasg KOMOMHAIMS ABJISETCS TaKXKe BbIIYKJIOH kKombunanueil (k — 1)-oif TOYKM, HO3TOMY WHIYKTUBHOE
MPEIOI0KEHUe TPUBOIUT K a € A.

IIycrs reneps A; > 0 upu Beex 4. 3amerum, 4ro Torga rakxke \; < 1 u 1 — \; > 0, orkyaa

k k k
A
a = Z)\iai = \Mai + Z)\Zal = \ai + (1 — )\1) Z 71 — Alai.

i=1 =2 =2

k .
Bamernm, uto b = > ., ﬁ‘—&lai — BBINMYKJas KOMOWHAIWSA, TIOITOMY, B CHJIy MHAyKIWUW, b € A, HO TOorja m a =
Arar + (1 — Ap)b rakxke comepxkutcsa B A, 9T0 U TpeOOBAIOCD. O

Teopema 10.9. /Jlaa w6020 A C R™ svinykaas 06oaouka conv A coenadaem ¢ MHONACECTNEOM GCEBOZMONCHDIL Gbl-
NYKABLT KOMOUHAUUT mouex us A.

HokazareabcTBo. [lycts C — MHOXKECTBO BCeX BBINYKJIbIX KoMOmHammii Touek u3 A. Tak kak A C conv A, To
C C conv A B cuny reopemst [10.8 [Toxkazkem nmpoTuBononoxuoe Brmodenue. s sroro nokazxkem, ato A C C u C
BBIILYKJIO.

Tak kak a = 1a, T.e. Kaxxgas Touka a € A saBaseTcsa BRIMyKI0i KomOnHammeii, To A C C. Ilycrs a,a’ € C, Torma
a=%" Na;nad = 11 Nja);, mosromy kaxmas Touka b:= (1 — M)a + Aa’ orpeska [a, a'] mmeer Buz

7777
P q
> (= NXai + > ANd).
j=1

i=1
Bamernm, aro (1 — A)A; >0, AN, >0, m

P

q
DA=NN+D AW =(1-N+Ar=1,
j=1

i=1

mosroMy b — BBIyKJIasg KoMOUHAIUS TOYeK u3 A, ciefoBarenbHo, b € C. Iocaeanee m0Ka3bIBaeT, YTO MHOKECTBO C'
BBIITYKJIO a, moromy, conv A C C. O

Caencrue 10.10. ITycms M C R™ u A = conv M, mozda Aff A = Aff M. B wacmnocmu, dim M = dim(conv M).

HoxkasareabctBo. Tak xak M C A, ro Aff M C Aff A. TlokaxkeMm, 94T0 EMeeT MECTO OOPATHOE BKIIIOUYEHHUE.
Boi6epem npousBosbayio Touky b € Aff A. ITo reopeme(10.3} b paBHo addunHON KOMOUHAIIH Zle A;@; HEKOTOPBIX

. . ki ;
Touek a; u3 A. I[lo Teopeme , KayK1ast TOYKA a; PABHA HEKOTOPOIl BBIMTYKJIOW KOMOWHAIIMY 2;:1 Hip; @;,, FEKOTOPBIX
Touyek a! u3 M, I03TOMY B pe3y/abTare

Di

b= Z )\i,upia;i, puveM Z Xiflp, = Z)\i Z,um = Z A =1,
4Pi 4Pi ( Di i

Tak 4To b paBHO addunHON KOMOUHAIMN Touek w3 M u modromy b € Aff M. O

Teopema 10.11 (Kapareomopu). Iycms A C R™, mozda kasrcowi a € conv A moocem 6vimob npedcmasaen 6 eude
6unyKkA0T Kombunayuy ne bosee wem (n + 1)-20 snemenma us A.

JokazareabcTBo. [IpeanookuM MpOTUBHOE, T.€. CYIIECTBYeT a € conv A, KOTOPBIA HE TPEJICTABUM B BHUJIE Ta-

koit kombunarmu. Ilo Teopeme [10.9] cymecrByror mosoxRurenbube \i, ..., \g U G1,...,ar € A, JJIg KOTOPbIX @ =
k

> i1 Aia;. Beibepem k HauMeHBIINM BO3MOXKHBIM, TOL/IA, B CUJLy HPENONOKenusd, k > n + 1.
Tak Kak BEKTOPBI G — Q1,...,G) — Q1 JIMHEHHO 3aBUCHMbI, CYIIECTBYIOT HE BCE DABHBIE HYIIO 42, . .., [k, [JId

k
KOTOPBIX » . o pi(a; — ai1) = 0. Mewnss, ecanm HeoOGXOAMMO, 3HAKM BCEX [i;, TOOLEMCSI TOTO, UTOOLI CPEIH [i; OBIIN
TTOJIOYKUTEJIHHBIE.
k k
IMonoKuM f11 = — Y, o fi, TOTAR » . ptia; = 0 ¥, 3HAYAT, IPH KazkI0M 7 € R BhImoaHseTCH

k

k k k
a= Z Aia; = Z Aia; — VZMN@‘ = Z()\i — Vi) i
i=1 i=1 i—1

i=1
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Beibepem v > (0 HaMMEHBITMM CpPEIW BCEX TAKWX, 9TO V; ‘= A; — yu; > 0 mpwm Bcex 4. Tak Kak cpemum p; €CTb
HOJIOKHUTebHBIE, TO ¥ > 0, n mms Hekoroporo j Bemmomasercs v; = 0. Ilycrs J = {1,...,k} \ {j}. Samerny,
9TO ), ;V; = 1, IOITOMY MBI IIPEJCTABHIN ( B BU/E BBLIIYK/IOH KOMOMHAIMM MEHBIIEro deM k 371eMeHTOB u3 A,
MPOTUBOPEYNE. O

CmauaapmHMM n-MePHHBIM CUMNAEKCOM HA30BEM MHOXKECTBO

n+1
A" ={(A, o Ang) ERMLN N =1, 02 0,i=1,...,n+ 1}
=1

13 Teopemmsr [10.11| MTHOBEHHO BBITEKAET CJAEAYIONTNN PE3YJIHTAT.
CaencrBue 10.12. Jas A C R" paccmompum omobpasicenue f: A" x A"l 5 R” | sadannoe max:

n+1
f(Al, . .,)\n+1,a1, e ,an+1) = Z )\zaz
i=1

Tozda conv A cosnadaem ¢ obpaszom im f omobpasicerus f.
Boiseaem u3 cnencrsus [10.12] psia rononoruaeckux 3ak/aodeHuit.

Caencrsue 10.13. Omobpasicenue f, nocmpoennoe 6 caedcmeuu [10.12] HenpepwvieHo, nosmomy, 6 4acmMHOCTU, eCAU
A Komnarmmno, mo conv A = im f makorce Komnaxmmo.

Joxka3zaresbcTBo. Paccmorpum otobpaxenne F': R x (R?)"H — R 3anannoe Tax:

n+1
F()\l, ey /\,H_l,al, N ,an+1) = Z )\iai.
i=1

Koopaunatubie GyHKIME 3TOr0 OTOOpaXKEHWS — MHOTOYJIEHBI BTOPOi cTemenu, modtomy F HemnpepbiBHO. OTOOpa-
KeHne [ SBISETCs COOTBETCTBYIONIMM OTDAHMYeHHeM F, IO9TOMY TakKKe HEmpepbIBHO B CUIy Hpeatoxenus [3.27]
Komnakrhocrs conv A st KOMIakTHoro A BbITekaer U3 KOMIAKTHOCTH cuMiuiekca A™ (OH 3aMKHYT U OrpaHUYEH ),
KOMIIAKTHOCTH JEKAPTOBA IIPOU3BEJIEHUA KOMIIAKTOB, 8 TAK:Ke KOMIIAKTHOCTH HEIIPEPbIBHOIO 00pa3a KoMiakra. [

Ciaencrue 10.14. Bownykaaa 060404KG KOHEYHO20 MHOHCECTIBA, KOMNAKINHG.

10.2.1 Pazgensroiine runepijioCKOCTH

Hamomunm, uro 2unepnaockocmsvio 6 R™ masbiBaercs ad@uHHOE MOAMPOCTPAHCTBO padMepHocTH n — 1. Takum

00pa3oM, KaxkJIas TAMEPIIOCKOCTD 3a4aeTCA B TEKAPTOBLIX KOOPAWHATAX T1,. . ., T, YPABHEHAEM
n
(o, ) = E T = ¢,
i=1
rae = (21, ...,T,) — PAAUYC-BEKTOP [EPEMEHHON TOuKM, a o = (v, ..., () — HEHYJIEBOH BEKTOP.

Kakas Takasg IMIEPIUIOCKOCTb OIPAHHYUBACT JBA 3AMKEHYMBIT TOAYNPOCTNPAHCINEA, 33JAHHBIX HEPABCH-
crBamu (o, ) > cu (a,z) < ¢, U JABa COOTBETCIBYIOLUX OTMKPLIMBLL NLOAYTPOCTMPAHCITEE, 33JAHHBIX CTPOIUMU
HepaBeHCTBaMH (v, z) > ¢ u {a, z) < c.

Ilycrs A u B — HenycTbie moaMHOXKecTBa R™. TOBOPSAT, 4TO TUNEPIIOCKOCTL T ¢mpoz20o paddeasem A u B, eciu
A m B j1eXaT B pa3HbIX OTKPBITHIX MOJYTPOCTPAHCTBAX OTHOCUTENHHO T.

Teopema 10.15. ITycms A u B — uenepecexaowuecs nenycmoie sunykasie xomnaxmo, 6 R™, mozda cywecmeyem
2UNEPNAOCKOCTD, cMPo2o paddessouas A u B.

HokasaresnbcrBo. Oyukmua f: A X B — R, f(a,b) = |ab|, menpepbiBra, u Tak kak A X B — kommakrt, To f
NIPUHAMAET CBOE HAMMEHbIEE 3HaUeHne d Ha HeKOTOpoii mape (ag, by). Tak kak AN B = (), 0 ag # by w d > 0. IIycTs
¢ — cepennHA OTpe3Ka [ag, byl, a T — TUIEPIIIOCKOCTb, MepIeHKYIApHas [ag, by] 1 mpoxozsimas depes c. [Tokazkem,
qro 7 He mepecekaerT A w B, oTKyjga u 3aKII0UnM, 9TO 7 paznenser A u B, Tak Kak TOYKH ag U by JI€KAT B PA3HBIX
OTKPBITHIX MOJIYIPOCTPAHCTBAX OTHOCUTEJIHHO T, & BBIMYKJIbIE MHOYKECTBA CBSA3HBI.
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BriGepeM mpor3BOJIbHYIO TOUKY W € T, TOrAA aowby — PaBHOOEAPEHHBIN TPEYTOJIbHUK (BO3MOKHO, BHIPOXK IEHHDII )
¢ ocHoBaHueM aobg. Ho Torga ansa Touex t € (ag, w], JocrarodHo 6IM3KHX K ag, uMeeM |thy| < |agbg| = d (oueBunHOE
CBOICTBO pPaBHOOEIPEHHBIX TPEYrOJAbHUKOB). Tak Kak d — HauMeHblllee paccroguue ot by 10 To4ek u3 A, Touka t He
moker copepxkarbest B A. Orciona n 3 Bemykaocrn A Beitekaer, uro n w € A, nnave t € [w, ag] C A, nporusopeune.
AmnajlornyHo mokasbIBaeTCs, uTo w ¢ B, 94TO U TpebOBaIOCh. O

10.2.2 OmnopHbIE TUNEPIJIOCKOCTH

IMycrs A C R™ — mpousBosibHOE MHOXKeCTBO. Beromy HuM»Ke Oyaem mpeamoJiaratb, 4to n > 1. [oBopsr, 4uto
TUNEPIIOCKOCTh B R™ padpeszaem A, ecnu 0b6a OrpaHUYEHHBIX €ff OTKPBITHIX TMOJIYNPOCTPAHCTBA MepecekaroT A.
Tunepiiockocts m C R™ HasbiBaercs onoprot das A, ecnu m ne paspesaer A u |An| = ()E|

Taxum 06pa30M, €C/IM TUMEPILIOCKOCTD 3a/Ia€TCA yPABHEHUEM (v, T) = ¢, TO OHA SBJISIETCsI OMOPHOH 1 A, ecoiu u
TOJIBKO €CJIN BBITOIHSETCH WIH SUP, ¢ 4 (0, ) = ¢, mn inf e 4 (o, ) = ¢. Vlupivum c1oBaMu, 17151 3a1aHHOTO HEHYJIEBOTO
BeKTOpa ¢ € R™ rUnepiocKOCThb, TMEePIEHIUKYIsIPpHAs 3TOMY BEKTOPY, OyJIeT OmopHO# 1y A, eciiu U TOJBKO eCiiu
suneiinas dyukuus £, (r) = (a, x) orpanuvena Ha A cBepXy /WM CHU3Y, M TOLJA B KAYECTBE ¢ HYXKHO BbIOPATDH CO-
OTBETCTBYIOIILYIO BEPXHIOIO 1 /1 HUKHIOW rpanu (ecau £, (x) orpanuyena Ha A ¢ obeux CTOPOH, U COOTBETCTBYIOLIHE
BEPXHUE ¥ HUXKHUE I'PAHKM PA3JIMYHbI, TO MbI LI0JY4aeM JIBE OLOPHBIX IIJIOCKOCTH ).

¢lcHO, UTO BCeM BEKTOpaM, KOJIMHEAPHBIM JAHHOMY (v, OTBEYAIOT OJHU W T€ YK€ OMOPHBbIE THIEePIIOCKOCTH. U3
CKA3aHHOTO BBITEKAET, YTO JJjisi OTPAHUYEHHOrO A i KaXK0r0 HAMPABJIEHUS (¢ CYIIECTBYIOT OMOPHBIE THIIEPILIOC-
koctu. Kpome Toro, eciim A KOMOaKTHO, TO TOYHAs BEPXHss W HUXKHsAS rpanu GyHKumud £, Ha A mocruraiorcs B
HEKOTOPBIX TOYKAX M3 A, MOITOMY KayK/Jasi OMOpHAas TUIEPILIOCKOCTH mepecekaer A. B ciyyae KOMIAKTOB 3TO mMO3-
BOJISIET OIIPEJICUTH OMOPHBIE MUIEPILIOCKOCTH T IPOIIe, OPPAHUIHUBIINNACH JBYMs yCJIOBUAME: T nepecekaer A, HO He
paspesaer.

Bemyknerit koMmakT B R™, mMeromumit HEMyCTyI0 BHYTPEHHOCTb, HA3BIBAETCA 8bINYKABIM meaom. Takxke HaAC
Oy/lyT UHTEPECOBATH BBIMYKJIbIE KOMIIAKTBI, IBJIAIONIMECs BBITYKJIBIMEA TeJaMu B cBouX adduHHBIX 000/109Kax (HUKE
MBI TIOKAYKEM, 9TO KaXKJbIH BBIMYKJIbII KOMOAKT B R™ B JEHCTBUTENBHOCTH SBJSETCS BBIMYKIBIM TEJIOM B CBOEi
addunnoit obosnouke). dis ynobersa paborbl ¢ TakuMu 0O0bEKTAMU BBEJEM HOHATUS OTHOCUTEJILHON BHYTPEHHOCTH
¥ OTHOCUTEJIbHOW I'DAHUIIBIL.

IIycts A C R™ — mpou3sBosibHOE TOAMHOXKeCTBO. Torma depes relint A 0603HaUMM BHYTPEHHOCTH MHOXKECTBA, A,
paccMaTpUBAEMOro KaK MOAMHOXKECTBO cBoelt addunnoit obosouku Aff A. Muoxkecrso relint A masbiBaercs omHo-
cumeavholi 6hympennocmsbro das A. Orvernm, 910 B ek [J] MBI y2Ke UMeNH 1610 € 9THM NOHATHEM, KOTAR
3aHUMAJIUCH IPOCTPAHCTBEHHBIMU MHOTOYTOJbHUKAMU. BIpodyeM, TOra MbI HE BBOJMIA HOBBIX OO0O3HAYEHUH, a yCII0-
BUJINCHh OTHOCHTEIbHYIO BHYTPEHHOCTD IIPOCTPAHCTBEHHOIO MHOIOYroJbHUKA F' 0b603HadaTh mo-crapomy Int F.

Jlemma 10.16. ITycms A" C R — cmandapmuwidi n-mepuviii cumnaexc u © = Aff A" — addunnas 2unep-
1

NAOCKOCTL, 3G0GHHAA YDABHEHUEM erl Xi =1, ede \1,..., \ns1 — Oexapmosui koopdunams. 6 R"T1. Toeda A™ —

BLINYKAOE MEN0 8 T, U OMHOCUMEALHAA 6HYMpernocms relint A pasna mHoocecmsy 6cer uNYKALL KOMOUHAUUT

basucnur sexmopos u3 R™ ¢ nosoostcumesvromu Kospduyuenmamu.

Hoxkazarenbcrso. O6o3gamm W momokuTe babi opTanT 8 R u mycts W/ = Int W, T.e.
W={(A1,.. o, q1) N =0,i=1,....n+1} mw W ={(A1,...,A41): A >0,i=1,...,n+1}.

ITo oupenenenuto, A™ = W N, nosromy muoxecrso A" 3amkayro. Tak Kak mist Kaxaoro € = (Ay,..., A\p41) € A"
soiosiasiercss 0 < A; < 1 npwm Beex 4, MHokecTBO A™ OrpaHUY€HO U, HOTOMY, KOMIAKTHO. QCTaoCh BbISCHUTD, KAK
YCTPOEHa OTHOCUTEIhHAS BHYTPEHHOCTH relint A™ u mokasaTh, 4TO OHa Herycra.

Bosbmem mnpousBoOsbHBIE & = (A1,...,A\pe1) € A", mas xkoroporo A\; > 0 mpu BCexX ¢, HAIpUMEp, IIyCTb BCE
X; pasuBIL 1/(n + 1). Torma x € W', mostomy cymecrByeT OTKphIThIA map Us (x), conepxxammiica 8 W'. Ilomoxum

7 )

U=U(z)Nm C A", rorna U — oTKpbITHIi 1ap B T U, 3Ha4uT, = € relint A”. D10, B 4aCTHOCTH, JOKA3BIBAET, YTO
relint A” # (). Ocramoch yOequThCst, 9TO €CJIM HEKOTOPOE \; PABHO HYJIO, TO Kaxkapiil map U, (2) comep:kut TouKn u3

7, He jgexamme B A" (nposepbre). O
JIemma 10.17. ITyemv A = {ay, ..., ant1} — afipunno nezasucumoe nodmuoscecmeo R™, mozda conv A — ewvinyx.aoe
meno.

1B mexoToprrx MOHOTpadUAX TOTOMHATENBHO TpebyeTcs, uTobbr 7 He cofeprxiana A. B wHTepecyomem HAC Caywae 3TO OyaeT BHITION-
HATBCSI aBTOMATHYECKH, TAK 9TO MbI OyZeM cJIeJoBaTh TeM MOHOrpadusaM, IJe TAaKoro TpeGOBaHU: HeT.
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Hoxkazarenbcrso. Ilycts A" C R™H! — crammaprrbrit n-meprbiil cummiere u m = Aff A" — adbdunnag rumepmioc-
KocTb. Paccmorpum orobpaxkenue f: m — R™, 3amamHoe Tak:

n+1 n
FOL A1) = Y N = angr + Y Ailai — anga).
i=1 i=1

Tak Kak BEKTOPBI (1 — Gptly- - -0y — Gp41 JUHEHHO HE3ABUCUMBI, TO OTOOparkeHue f OMEKTHUBHO, Tak 4TO [ mpej-
craBiisieT coO0i KOMIIOBUIIMIO JTHHEHHOrO n3omopduiama u casura. B cuny memwbr [10.16] crammaprabiii cummieke A™
SIBJISIETCS] BBILYKJIBIM TEJIOM B T, CJIEJIOBATEIBHO, ero f-obpa3, paBHbIil conv A, — TakKe BBIILYKJIOE TeJIO. O

Boinykias obosouka (k + 1)-oii addunno nezaBucumoit Touku B R™ Ha3biBaercs k-MePHBIM CUMTAEKCOM.
TakuM 06pa30M, CTAHNAPTHEIH N-MepHLIH cuMmIeke B R" T gpjIsgerca 4acTHBIM cirydaeM.

Jlemma 10.18. ITycmo A C R™ — swnykavili komnaxm, mozda A aeasemcsa evinyravim mesom 6 Aff A.

HoxkazarenbcrBo. [lojsoxum k = dim Aff A. B cuiuy caeacrBus KaXK0€ MAaKCUMAJIbHOE 10 9HUCIy TOYeK ad-
dbunHO HezaBuCcHMOe MHOKecTBO M C A comepxut (k+ 1)-y Touky. Torma, B cuiy jemmet [10.17], conv M — BbIyKJ1oe
teqo B Aff A. Tax kax conv M C A, To relint A # (), mostomy A Boimykioe Temo B Aff A. O

Teopema 10.19. Kaotcdoe 6vinykaoe measo pasHO NEPECEYEHUN) COOEPHCAUUT €20 3AMKHYMBLL NOAYNPOCTPAHCNE,
02PAHUMEHHBLT ONOPHBLMU 2UNEPNAOCKOCTNAMA.

JokazareabcTBo. Ilycte X — BRIMyKI0O€ TENo, n Y — mepecedenne BCex comeprkammx X IOJTyIPOCTPAHCTB, OTPa-
HUYEHHbIX OomopHbiME runepiuiockocTsmu. Torga X C Y. dokaxkem obparuaoe Britodenue. [Ipenmnosoxum nporusHoe,
T.e. cymecrByer y € Y \ X. Ilo Teopeme X u {y} cTporo pasmensaTca HEKOTOPOH runepmIockocThio. IlycTn
(a, ) = ¢ — ee ypasHenne. Be3 orpanndenus obIIHOCTH, OyIeM CYUTATh, 9TO (v, y) > ¢, TOraa Jjisi Bcex & € X BbI-
nosHsiercst («, z) < c. [Iycrb 29 — Touka Makcnmyma GyHKImH (o, ) Ha X, CYNIECTBYIOMAs B CUIY KOMIAKTHOCTH X,
Torya ¢ := (@, xg) < ¢, TOrJa MUNEPIIOCKOCTD, 3a/laHHasd YPABHEHUEM (v, T) = Cp, ABJIIETCA OMOPHOH K X, TaK Kak
couepKuT o € X, a Bce x € X couepKarcs B 3aMKHYTOM HoJaynpocrpancTse (o, x) < c¢g. A Tak Tak {(a,y) > ¢ > ¢,
TO 3TO IOJYIIPOCTPAHCTBO HE COAEPKHT Y M, 3HAYUT, Y & Y, IPOTUBOPEYHE. O

Jlemma 10.20. ITyems X C R™ — ewnykaoe meso, x € Int X u p € 0X. Toeda mouxu ayuwa xp, caedyrouue 3a
moukot p, ne codepacames 6 X .

Joka3sareabcTBo. [eiicrBuresibHO, Tak Kak p € 0X, TO KaXK/Jasi OKPECTHOCTD P COIEPAKUT TOYKH, He jiexkarime B X .
C [pyroit CTOPOHBI, ecin ¢ — TOYKa Ha JIyde rp, Jexalas 3a p ¥ npuHaiexkamas X, a B:(z) — HeBbIPOXK IeHHBIH
3aMKHYTbIH map, jgexanmii B X (o cymecrsyer, Tak Kak « € Int X), 1o xouyc C' := ¢B.(z), cOCTaBI€HHBIN U3 BCEX
OTPE3KOB, COEUHSIIONUX ¢ ¢ TOUKaMu 1mapa Be(x), sexut B X U COUEPKUT P B KAYECTBE CBOEH BHYTDEHHEH TOYKH.
Ho Torma mekoTopasi OKPEeCTHOCTb TOYKHU P COCTOUT TEIUKOM M3 TOUEK Tesa X, IPOTUBOPeTHe. O

Teopema 10.21. ITycms X C R™ — swnykaoe meao, mozda wepes Kasncoyo Mmouky p €20 MONoA02UMECKOT 2PAHULDL
0X nporodum Hexomopas onopHas 2uNePniOCKOCmb.

JokazarenabcTBo. Ilycrs o — BryTpennas Touka Tesa X un 0 < t < 1. Pacemorpum romoreruto H, 4 ¢ IEeHTPOM B &
n kodbdurmentom ¢, r.e. mpeodbpasosanne R, 3anannoe taxk: Hy ¢(y) = = + t(y — x). Honoxkum X; = H, +(X). Tak
KaK, TI0 JIeMMe Ha JIyde Tp 33 TOUKON p He JIEKUT TOUeK u3 X, U IpHU TOMOTeTHH Hj ; 9TOT JIyT MEPEXOIUT
B cebs1, craruBasich B cuity t < 1, To X; He comep:xkut 104Ky p. [lo Teopeme [10.15] cymmecTByer rumepiockocTs 7y,
pazzensomasa Xy u p.

Paccmorpum nocienosarensuocrs 0 < t; < 1, crpemsnytocs K 1, u nycrb (q;, &) = ¢; — ypaBHEHUE [HUIIEPIIIOC-
KOCITU Ty, LUPUYEM (v — €AMHUYHBIA BeKTOp. Tak Kak KaK/las I'MIEPIJIOCKOCTb T, Pa3Jieser TOYKU T U P, OHA
TIepecekaeT OTPE3OK [z, p|, ModTOMy MHOKECTBO {c; 152, orpanndeHo (yOeauTech B 9TOM), T.€. JIEXKUT B HEKOTOPOM OT-
peske [a, b]. C 1pyroil CTOPOHbI, MHOKECTBO {v; } 50 ABJIAETCs OMHOKECTBOM CTaHIaAPTHOMN e uHudHOi cepbr S™ L.
Orciofa BbITEKAeT, 9TO B TOCAeI0BATebHOCTH (i, (i), Mexkammeil B kommakre [a,b] x S~ comepxkurcs cxonsmas-
sl HOZIIOCJIeI0BATENbHOCTb. Be3 orpanuuenust obuHocT OyieM CUuTaTh, YTO UCXOAHAS HOCJIEI0BATEIBHOCTD (¢4, (t;)
cxoauTcs K Hekoropomy (¢, ar). ITokaxkem, 4To rUIEpIUIOCKOCTb 7, 3a/laHHas ypaBHEHUeM (v, L) = ¢, — OLOpHAas U
TIPOXOIWAT Yepes p.

ITpu t; — 1 paccrosiune |pXy,| crpeMuTcss K HYJII0, M TakK Kak p U X;, HAXOJATCS B PA3HBIX OTKPBITHIX MOJIYTIPO-
CTPAHCTBAX OTHOCHTEJIBHO ¢, uMeeM |pmy, | < [pXy,| — 0, Tak garo |pr| = 0, otkyma p € .



10.2. DaemMeHTHI BBITYKJIOH T€OMEeTPHH. 94

Ilokaxkem Temepb, uTO T He pa3pe3aeT X. Ilpeamonoxkmm, 910 3T0 He Tak. Torma cymecTByOT TOYKH Y, 2 € X,
JIeXKAlllie B PA3HBIX OTKPBITHIX MOJIYIPOCTPAHCTBAX OTHOCUTEIBHO 7. JTO, 6€3 OrpaHuvdeHuss ODIHOCTH, O3HAYAET,
qro {o,y) < cu {(a,z) > c¢. Tak KaK @; — @, ¢; — ¢ U CYLIECTBYIOT ¥;, 2; € Xy, Takue, 4T0 y; — Y U 2Z; — Z, TO
JUIst TOCTATOMHO GOIBIMX 4 BhIMOMHAETC (i, Yi) < ¢; m (Qu, z;) > ¢;, T.e. TaKme Ty, paspe3aT X;,, TIPOTHBOpEUHe.
CrenoBaTeIbHO, T — UCKOMAs OMOPHAs THIEPILIOCKOCTb. O
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Yupaxkuenusd K ryase 10

VYopaxkuenne 10.1. Ilycrs a; = (241, ...,%m) € R", i =1,...,k, 1 115 KaKI0TO0 ¢ MOTOKAM @} = (Z;1,. .., Tin, 1) €
R+, JlokaxkuTe, 9TO TOYKH a1, ...,a; abOUHAO HE3aBUCHMBI, €CTH U TOTLKO €CTH BEKTOPHI a, . . ., @), JTHHEHHO
HE3ABUCUMBI.

Yupaxuenwne 10.2. [Iycrs 7 C R™ — runepruiockocts. [lokakure, aro ecn 0 C R™ — addunnoe nmoamnpocrpancrso
pasmepHocTH k, ipudeM 0 N7 # P u o ¢ w, to dim(e N7) =k — 1.

Yupaxkxuenue 10.3. Ilokaxknute, 9T0 3aMBbIKaHNE W BHYTPEHHOCTDH BBIMYKJIOTO TTOIMHOXKECTBA R™ BBITTYKJIBI.
Yupaxkxuenue 10.4. Tlokaxkure, 9To

(1) BhIykIast 060JI0YKA OTKPBITOIO MHOXKECTBA TAKXKE SBJISIETCS OTKPBITHIM MHOYKECTBOM;

(2) upuBegure HPUMED 3aMKHYTOI'O MHOXKECTBA, BbILYKJ/as 000JI04KA KOTOPOI'O HE3aMKHYTA.

VYopaxkueaune 10.5. Ilycte A C R™ — Bbiaykioe muoxkectso, a € A u b € Int A. Tlokaxkure, 410 BCe TOYKH
naTepBaia (a,b) gexar B Int A.

VYuopaxkuenne 10.6. Iycrs M = {ay,...,a;} C R" — addurno 3aBrcHMoe MHOKecTBO. [ToKaXknTe, YTO CyIIECTBYET
takoe pasbuenne { My, M} mroxkectBa M, aro conv M; N conv Ms # (). Bemseaure orciona meopemy Padona, yTBep-
JKJIAONIYI0, 9TO pa30HeHne ¢ TAKUM CBOMCTBOM CYIIECTBYET JJIs KayKJI0ro MHOKecTBa M, cocrosiiero u3z k > n + 2
TOYEK.

VYopaxkueane 10.7. Ilycte A, B C R"™ — mpousBomibHble HemycTbie MHOXKecTBa U A € R. Onpenenuv cymmy
Munroeckozo A+ B = {a+b:a € A, b€ B u A = {da: a € A}. Tem campbim, oupeaesnennl JuneHbIE
koMmOuHanuu monMuOkecTB R™. Takke HAmOMHUM, 4TO a@d@PuHHbM omobpasicernuem f: R™ — R™ masbiBaercs
KOMIIO3HUIINS JINHEHHOrO orobpaxkennst L: R — R™ u capura 7: R™ — R™, 7(y) =y + a, tae a € R™.

(1) Tokaskure, 9TO conv — JWHeHAS ONEpaIs Ha TOAMHOXKecTBax R™.
(2) Tlokaskure, 9TO JIMHEHHAS KOMOWHAIWS BBITYKJIBIX MHOXKECTB CHOBA BBIMYKJIOE MHOXKECTBO.

(3) Tokaxkure, 9TO Oneparys BbIMYK/I0ii 06010uku 1 addunHOE 0TOOpaXKEHHe MEePECTAHOBOYHDI, T.€. JIJIf KAy I0r0
Henycroro M C R™ seimonusiercs f(conv M) = conv f(M).

Onpenenenne 10.22. Ilycts A, B C R" — BhInyK/Ible TOAMHOXKECTBA. [ 0BOpAT, 910 A 1 B omdeaumbl, eCiiu CyIie-
crByer adPUHHALA THIIEPILIOCKOCTL T Takas, 9To A JIeXKUuT B ONHOR M3 3aMKHYTHIX IOJIYIPOCTPAHCTE, OrPaHNYeHHBIX
m, a B — B apyrom. IIpo Takym rumnepijiocKoCcTh T TOBOPAT, 4TO OHA paaddeasem A u B.

VYopaxkueaune 10.8. Ilycrs A C R™ — Boinykiioe reso, u B C R™ — Hemycroit BeinykJ bt KomnakT. Jlokaxkure, 9410
A u B otmenumbl, eciiu 1 TOIbKO ecn Int A Nrelint B = ().



Jlekmims 11

I'pann u ABOIICTBEHHOCTH BBIIIYKJIbIX TeJl

IInan. [lns BeIDyKJbIX Ted: COGCTBEHHAsI IPaHb, HECOOCTBEHHASI IPAHb, PPaHb, PA3MEPHOCTb IPDAHM, BEPILINHBI; JJIsi BBIIYKJIBIX KOMIIAKTOB — T€ JKe
NOHATHS, HHAYIMPOBaHUE IPaHell Ha [I0AKOMIIAKTE, IPUMep: BEPIINHBI IPAHU He 00a3aHbI ObITh BEPIIMHAMHU BBINYKJIOI0 T€Ja, SKCTPEMAJIbHbIE TOYKH
BBINIYKJIOIO TeJla, IPUMeDP: He BCAKAs 3KCTPeMAaJbHas TOYKA sIBJISIETCS BEPIINHON, HACIeI0BaHHE SKCTPEMAJIBLHOCTH IPAHAMHU, TeopeMa MHUHKOBCKOTO
IIPO BBIIYKJIYIO 000/I09KY MHOXKECTBA dKCTPEMAJIbHBIX TO4eK, TeopeMa CrpaleBrnya O BbIIYKJIOH 000/I09Ke MHOXKECTBA BCEX BEPIUMH, [IOJISIPA HJIHA
JBOMCTBEHHOE MHOXKECTBO, 00II1e CBOMCTBO MOJISPLI, 33JaHUE TPAHEel HOISAPbl, eCTeCTBEHHOE OMeKTHBHOE 0TO0PAYKEeHHe MEXK Ay MHOXKECTBAMH IpaHeil
BBIMTYKJIONO TEJI& U €ro MOJAPhI, IPaBUIbHBIE TPAHU U UX CBOMCTBA.

IIpomomknmM m3ydaTh BRITYKJbIE Teaa B R™.

11.1 TI'panu m 3KcTpeMaJbHbIE TOYKHI

IIycts X C R™ — BomykJoe Tesio. Torna nox cobemeernHoti epanvro meaa X OymeM MOHUMATH KaXKI0€ MHOXKE-
crBo X N7, rae m — onopHad rumnepiiockocts. Hecobemeennot epansbto meaa X HazoBem camMo X WIIH IIyCTOE
muoxkecrso (). I'panbio evinyk.aozo meaa X Ha30BeM UM COOCTBEHHYIO, MJIM HECODCTBEHHYIO Ipaib. MHOXKeCTBO
BCEX TpaHeil BBITYKIO0TO Tema X 0003HAIrM ]-'(X)E] Ormernm, aro ipu n = 0 mmeem F(X) = {(), X }, Tak aTo B 3TOM
cJIyvae BCe TpaHW HEeCOOCTBEHHBIE.

U3 Teopembl MTHOBEHHO MOJIYy9YaeM CJIeLYIOuil pe3yJIbTar.

Caencrue 11.1. Tonosozuueckas eparuya kaxcdoz0 eunyrasozo measa X C R™ pasna obsedunenuro ecex ez2o cob-
CMBEHHBIT 2paHed.

Pasmeprocmovro epanu F HasbiBaercsa pasmepHoctb adduunoit obonouku Aff F. Ilycras rpanb umeer pas-
MepHOCTh —1, rpanu pasmeprHocTu 0 HA3LIBAIOTCS 8epuwsuHamu X . MHOXKECTBO BCEX BEPINWH BBIMYKJIOTO Tema X
oboznaunm vert X. Takum obpasom, vert X C F(X). Samernm, uro npu n = 0 emoansiercst vert X = {X}, re.
X mMeer eIMHCTBEHHYIO BEPIIUHY, SIBJIAIONIYIOCH HECOOCTBEHHON I'DaHbIO; Mpu 1 > 1 BCEe BEPIIMUHBI — COOCTBEHHBIE
HyJIbMEPHBIE TDAHM.

JlaHHble TOJIBKO YTO OIPE/IEJIEHUS HEIOCPEJICTBEHHO IIEPEHOCATCS W HA IIPOU3BOJIbHBIE BBIIYKJIbIE KOMIIAKTHL B
CBSI3U C TEM, YTO, TIO JIEMME KaXKIBIH BBIMYKJIBIA KOMITAKT Y SIBJISIETCS BBIMYKJIBIM TEJIOM B CBOei adduHHOM
obomouke Aff Y. Takmm obpasom, ecam paccMmarpuBarh Y Kak mommHokecTBo B Aff Y, To nns mero ompememeno
MOHATUE 2PAHU, B YaCTHOCTHU, [IOHATHE 8EPUUHBL. MHOKECTBO TaK ONpPEEe/IeHHbIX rpaneil 1y Y obosuadum F(Y),
a MHOXKEeCTBO BepIuH Y — depes vert Y.

JIemma 11.2. ITyemo Z C Y C R™ — swnyrave xomnaxmo. Tozda das kaosrcdod epanu F € F(Y) ewnosnsemes
FNnZeF(Z). B wacmnocmu, 6ce 2pant Komnaxma Y , codepaicausuecs 6 Z, AGAAOMCHA eDAHAMU KOMNAKMa Z .

HoxkazarenbcrBo. [lepexons, eciu HeoOxoanmo, K adGuHHON 000/109Ke MHOXKECTBA Y, 6€3 OrpaHudeHnss OOITHOCTH
OyzneM cpa3y CYuTaTh, 9TO Y — BbIMyKJoe Teso. Ecan F' — HecobcTBeHHAst TpaHb, TO F' N Z — TakxKe HECOOCTBEHHAS
rpanb, nosromy FNZ € F(Z). llycrs Teneps F — cobcrBeHHas rpadb, U T — ONOPHAs TUNEPILIOCKOCTD Jjid Y TaKas,
aro FF =Y Nm.

1B orHOIEHNY HOHATHS MDAHHE BLIIYKJIOIO TEJA MMEETCS TPAAMIHOHHOE PACXOXKICHHE B TePMEHOJOTHH. B aHIIION3EI9HON THTepaType
€CTb Ba OCHOBHBIX TepMmuHa: face n exposed face, a Takzxe BBegennsiii B [34] repmun poonem (face na upure). JlanHoe HAMHU OIpeneIeHNE
rpanu (face) crenyer [36] u [34]. B [33] u [37] rpann B Hamem normmanun HasbBaroTcs exposed faces, a mox faces MOHMMAIOT TO, YTO MBI
npuBoguM B ynpaxkHeHusax (omnpezmenenue [11.19)). Taxxe sto#t Tpamunuu caenyer u [41], rae exposed faces mepeBoguTcs Kaxk IPaBUIIb-
Hble rparu. Kak BHITEKAeT W3 TPUBOJUMON HAMHU TEOPHU, 00HEKTHI, OMPeIeICHHLe B BeayT cebs Gosiee eCTECTBEHHO, CKaXKeM, IO
OTHOIIEHUIO K HACIEJOBAHUIO, TOITOMY, B IPOTHBONOJIOKHOCTE K [41], MBI COXpAHWIIN TEPMUH MPABUJIBHBIE TPAHU 3& IOCTETHAMH.

96
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Ecimm F N Z uam 1mycro, WM COBIANAET ¢ Z, TO Bee JoKazaHo. Ilycrs Teneps FNZ # () uw F N Z # Z. Ho Torma
AfZ ¢ m, tak xak mnave FNZ =Y NnNZ = 7N Z = Z, nporusopeune. Ho torma 7' := 7 N Aff Z, B cuny
yIIpazKHeHUs AaBJigercd runepockocrsio B Aff Z.

Iycrs IT — 3amkHyTOE nojynpocrpaicTso B R™, orpanndennoe m u cogepxkatee Y. TLiockocrs 7' orpanunuusaer
B Aff Z nBa momympocTpaHCTBa, OIHO W3 KOTOPBIX, 06o3HaunM ero I1', comepurcs B I1, a ero nononnenne Aff Z\ 1T’
ne nepecekaer I1. Ho Torma Z C II', tak uro 7’ me paspesaer Z. Kpome Toro, Tak Kak

T"NZ=naN(AfZ)NZ=nNZ=rNYNZ=FNZ#0,

To 7' nepecekaer Z u, 3HaduT, ™ — onopHas 1ockocrb Kk Z B Aff Z. Tlpu 3roM, Kak Mbl TOJILKO 4YTO IIOKa3aJlH,

FNZ=7n'"NnZ,oxyna FNZ e F(Z). O

3amevanue 11.3. B nemme Mbl B 9aCTHOCTH IOKA3aJid, 9TO [Jid Jiio0oit rpanu F' Beinyksoro tesa X C R”
n moboro F' € F(F) mce rpanu u3 F, nexanme B F/, apasorca Takxke rpansmu F’. Bo3Hukaer ecTecTBeHHBII
BOTIPOC: BEPHO JiM O0OpaTHOe, T.e. 9TO KaXKaas rpanb m3 F’ asaserca rpampio F'? VHBIME c/lOBaMW, BEpHO JIM, HYTO
F(F") C F(F)?

Oka3sbiBaeTcsi, B 00IIEeM ciiydae OTBeT oTpurarenbhbiit. [IpuBesemM mpumep, MOKA3BIBAIOIINN, YTO BEPITHHBI TPAHN
He 00si3aHbl ObITH BEPIIUHAMHU BBIIYKJIOTO Tejia, KOTOPOMY I'DaHb HPUHAJIEKUT. PaccMOTpUM Ha €BKJIUOBOM ILI0OC-
KOCTW 3aMKHYTYIO £-OKPEeCTHOCTH X oTpe3ka I. ['panuria 3Toit OKpECTHOCTH COCTOUT W3

e Byx orpe3koB I1 u Iy, nosyvenunix u3 I cMelieHueM HOCJIEIHEIO B [IEPIEH/IUKYJISPHOM €My HAIPABJIEHUHU HA,
PAaCCTOAHUE €, a TaKIKe

® BYX OTKPBITHIX MOJYOKPYXKHOCTE!N S1 1 Sy paauyca € ¢ nmeHTpamu B KOHIAX I, cm. puc. [I1.1

L,

L

Puc. 11.1: Bepmunbl rpanu BBIMTYKJIOTO TEJIA HE 00s13aHBI ObITH BEPITUHAMK CaMOTO TEJIA.

Bepimaamu BoimyKjioro tesia X sBJsiiOTCS Bee TOYKE u3 S1 u So. Orpesku [1 u Is — ogHoMepHbie rpanu. Bepruuabl
rpaneii [, — KOHIIBI 9TUX OTPE3KOB. TemM He MeHee, 9TW KOHIBI BepIMHAMU X He SBJISIOTCS, TaK KAaK Yepe3 HUuX
TIPOXO/IAT JIUIITh T€ OMOPHBIE MPsAMbIE K X, KOTOPhIE TepecekaoT X MO OJHOMEPHBIM IpaHAM [f.

OTmeTnM, 9TO KaxKaas BepmuHa v € vert X yIOBIETBOPSET CIEIyIONEMY CBOMCTBY: TOYKA U HE ABJISAETCS BHYT-
PEHHEH TOYKOI HU OIHOTO OTpe3Ka, Jexkamero B X . JleficTBUTeNbHO, €M T — ONOpHAask THMEPIIOCKOCTD, JJIsT KOTOPOii
{v} = 7N X — Bepmuna, To 1ys orpe3ka [a,b] C X Takoro, uro v € (a,b), Touku @ u b J€KAT B PA3HBIX OTKPHITHIX
HOJIYIPOCTPAHCTBAX, OrPAHMYEHHBIX 7, YTO HEBO3MOXKHO, TaK KaK OIOPHasd ILIOCKOCTH T He paspesaer X. Touku ¢
TAKMM CBOMCTBOM HA3BIBAIOTCH 9KCTPEMAJIbHBIMU. Bojiee TOYHO, TOYKA Y U3 NPOU3EOALHOZ0 GHINYKA020 MHONCECMEA
Y C R™ na3zbiBaeTcs axCcmpemaabHol, eCiv OHA He SIBISETCS BHYTPEHHEH HU 71 OJHOTO OTPe3Ka, JIEYKAIIEero B Y.
MHOKECTBO BCEX SKCTPEMAIbHBIX TOUEK M Y obozaaunm ext Y. OTMerwM, 9TO [71s HYJIBMEpPHOTO Tesaa X BBINOJ-
usercs ext X = {X}.

3amevanue 11.4. He 6cakas IKCMPeMarbHais MOYKaA ABAAEMCA 8epuyunol. PaccMoTpuM TOT Ke mpuMmep u3 3a-
meuanus [I1.3] Torza gersipe KOHIA ABYX MOLyOKPY’KHOCTEH SKCTPEMAIBHBL, HO HE SBJIAIOTCA BEPIIMHAME, TAK KAK
€IMHCTBEHHAs OIOPHAS MPAMAas, IPOXOIAIIAS I€Pe3 TAKYI0 TOUKY, — TO IPAMAasd, MPOXOIAIIasd 9epe3 COOTBETCTBYIO-
muit Iy.

Jlemma 11.5. ITycmv X C R™ — swnykaoe meao u F — nexomopas ez2o 2pamv. Tozda mouka x € F sxcmpemarvha
ora F, ecau u moavko ecau ona sxecmpemanvra oas X . Unoimu carosamu, ext FF = F Next X.
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JokaszarenbcrBo. Ecim Touka x sKcTpemasbaa Ay X, TO OHA HE SBJISETCS BHYTPEHHEH HY IS OZHOrO OTPE3KA,
nexamero B X W, B 9aCTHOCTH, HU JJIs OJHOTO OTpe3Ka, jexkarmero B F. OGparHo, MPEeAnoIoKuM, 9T0 T — JKC-
TpeMasbHAsA TOYKA s F, He ABIAOMAACT IKCTPEMATBHON must X, T.e. CymecTByeT oTpe3ok [a,b] C X raxoii, 9To
x € (a,b). Ilycth ™ — OnopHast TUMEPIIOCKOCTh, 1y1st kKoTopoit F' = X N . Tak xak [a, b] ve comepxkurcs B F, To on
TaKKe He COMepPKUTCA U B 7. [loceqmee 03HAYAET, UTO TOYKH @ U b JIEXKAT B PA3HBIX OTKPBITHIX MOIYTPOCTPAHCTBAX
orHOCHUTEIHHO 7. HO moc/eHee mpoOTHBOPEUNUT ONMPEAEIEHUIO OTIOPHOM TUIEPIIJIOCKOCTH. O

Nwmeer MecTo creayiommuil pe3yabTar.

Teopema 11.6 (reopema Munkosckoro). Kaoicdoe ewnyraoe meao X C R™ aeanemcesa evnykaoli 060404K0TU MHO-
olcecmea ceoux sKcmpemarvuur movek: X = conv(ext X).

dokazaresnbcrBo. JlokazaTeabcTBO mpoBedeM nHayKnei mo n. IIpu n = 0 teno X coBmagaeT co cBoeil e IMHCTBEH-
HOI KCTPEMAaJbHON TOYKOil, TOTOMY yTBepKIenune mmeer mecro. IIpenmonoxkum rtemepb, uto n > 0 u J1js Bcex
BBIIYKJIBIX TE€J MEHbIIEH N pa3MepHOCTH yTBepKaeHne nokasano. [lomoxkum M = ext X. MbI 1071KHBI IOKA3aTh, 9TO
X =conv M. Tak kax M C X n X Bwemykjo, To conv M C X. IloaToMy J0CTATOYHO TPOBEPUTH, UTO KAXKIAST TOTKA
x € X comep:xkutcs B conv M.

Ecam € M, To Bce mokazano. Ilycrs Teneps © ¢ M, Torma cymecTByer orpe3ok [a,b] C X Takoii, uto x € (a,b).
Pacemorpum nya A, Haumnaommiics B & u npoxo/siiuit yepe3 a. Tak kak X orpanmdeno, To X N{, — OrpannvenHoe
3aMKHYTOE BBIIYKJIO0€ MHOXKECTBO, T.e. 0Tpe3ok. O003HauuM A OTJMYHBIA OT £ KOHEIl, 3TOro OTpe3Ka. AHaJOru4HO
oupeznesum B. Torna A u B — rpanuunpie touku X. ITo reopeme [10.21] cymecrByror onopuble runepiockocT T4 u
TR, npoxoasIye coorBercTBeHuo uepe3 A u B. Ilycts Fy = X N7y u Fg = X N7 — coorBercTByomue rpanu X .
Torga dim Fy < nu dim Fg < n, Tak 9T0 K BBINTYKJbIM TejilaM F4 u Fg, paccMaTpuBaeMbIM KaK TOIMHOXKECTBA, CBOUX
adUHHBIX 060/I09€K, TPUMEHUMO MPEINOIOKEeHNE WHIYKIUA. JTO 03HAYALT, 9T0 A = Zle Aia; u B = 23:1 5b;
~— BBINYKJIbIe KOMOMHAINA TOYEK a; U bj, ABIAAIONIXCA 3KCTPEMAaNbHBIMI COOTBETCTBeHHO Jnda F4 m Fp. B cuny
JIEMMBI TOYKH @; U bj ABIAIOTCA TakzKe 3KcrpeMasbubivu 1 1y X . Tak kak ¢ € (4, B), cymecrsyer 0 < A < 1,
anist koroporo x = (1 — X\)A + AB, oTKyga & — BBITyKJIas KOMOMHAINs TOYEK a; ¥ bj, Tak 910 & € conv M. O

3ameuanne 11.7. B reopeme MHOXKECTBO YKCTPEMAJIbHBIX TOYEK HEJIb35T 3aMEHUTh Ha, MHOXKECTBO BepIwH. Jleii-
CTBUTEJIBHO, TOCTATOYHO PACCMOTPETH MPUMED U3 3aMEeIaHUT 7 yOeIuThCsl, YTO BBIMYKJIas 000JTOIKA, MHOXKECTBA,
BEPINUH B 9TOM MPUMEpE He COmep:KuT orpe3koB [ u I5. Tem He MeHee, B 9TOM K€ MPUMEPE BCE MHOXKECTBO SBJISIETCS
3aMbIKAHHEM BBIMYKJION ODOJOYKKM MHOXKECTBA BEPINUH. B 1eHCTBUTEIHLHOCTH, 3TOT (DAKT BEPEH B OOIEM CIydae u
Ha3bIBaercsd Teopemoii CrparineBuya.

Jlemma 11.8. ITycms X C R™ — sunykaoe meso, a € R" ux € X — naubosree ydarennas om a mouka ud X. Tozda
x — eepwuna X. B wacmuocmu, y Kaxicdozo 6bnyKa020 MEAG CYULLCTNEYEM 6EPULUHA.

HdokazaTesqbcTBo. B ciiydae n = 0 yrBepK/IeHne mMeeT MECTO, TaK Kak Bce X sBJjsgercs cBoeil Beprmuuoii. Ilycrs
Tenepb 1 > 1, Torma X cocrouT Oojiee Yem w3 OJHON TOUYKM, TaK 4TO ¢ # x. OO03HAYNM T THUMEPIIOCKOCTH, TPO-
XOZSAIYIO Yepe3 & MEepHeHINKYIAPHO OTPE3KY [a, ], Torma s Kayk/0i TOYKH § € 7, OTJINYHON OT X, BbINOJIHSIETCS
lay| > |az|, nosromy y € X, Tak uyro 7 N X = {x}, n03TOMY T — ONOpPHAS I'MIEPIUIOCKOCTh, & & — BEPIIUHA. O

Jlemma 11.9. ITyems X C R™, n > 1, — sunyxaoe meao, u II' — omxpvimoe nosynpocmparcmeo. IIpednorosicum,
wmo X N II' # (), mozda II' codeporcum nexomopyro eepwuny mera X .

HoxkazaresabctBo. Ecim X C II', T0 Hann4me BEPUIMHBI BBITEKACT U3 JIEMMBbI Iycre remeps X \ IT" # (.
O603Ha9MM T HIEPILIOCKOCTD, orpanndusaiontyio I1', u eibepem npoussoabnoe ¢ € X NII'. Tlycrs b — GinxKaii-
masi K ¢ TOYKa U3 T, TOrAa a # b u oTpesokK [a, b] neprnenaukyaspen . Ilogoxum s = |ab|. Ha nyue ¢, ¢ HauasoM B
a ¥ TIPOXOZAIEM depe3 b BbIOepeM TOYKY ¢ 3a To4koii b. ITomoxum t = |cb| u d = diam X, cm. puc. [11.2
Touky ¢ OyzeM Oparb HACTOJIBKO JAJEKOH OT 7, 9T00bI ¢ ObLIO GOJIbIlE PACCTOSHUS OT KaxK a0l Touku z € X \ I’
zo 7. Tak kak a € £, u nosromy paccroguue or jwboro x € X \ II' no ¢, ue 6onbme diam X, nonygaem CaeayolLyo
onenky: |cx| < /12 + d?. Tlokaxkem, 9TO P JTOCTATOYHO GONBITAX ¢ BHITOJTHAETCS

lex| < V2 +d? < |cal =t + s.

IlocsieiHee HEPABEHCTBO PABHOCHIIBHO d2 < 2ts+ s, 9TO 3aB€JOMO BEPHO NPH JIOCTATOYHO Gobimx ¢. VI3 ckasaHHOTO
BBITEKAET, YTO JJis TaKoil TOYKH ¢, Toukr u3 X \ II’ He ABIAIOTCA CAMBIMH JAJEKHMH OT ¢ TOYKAMH U3 X, TTOITOMY
camble Jasekue or ¢ Touku u3 X Haxogarca B X N II'. Ocrazock BOCIOIB30BATHCS JT€MMOIL O
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/I

Puc. 11.2: K nokazarenbcTBy jieMmbl [11.9

Teopema 11.10 (Crpamieud). Hyems V = vert X — mmooicecmeo ecex sepuun swnyxraozo meaa X C R™, mozda
X pasro 3amuikanuro convV ewnykaotli 00040wKYy mHocHcecmea V.

HokazaresnbcrBo. llonoxkum Y = conv V. Tak kak V C X, a X BeImykJsio u 3aMKHYyTO, TO Y C X. Ilpeamomoxmm,
uro Y # X, re. cymecrsyer a € X \Y. Torga X comepzxkur 6osee oqHOl TOYKH, Tak 4T0 1 > 1, 1 10 TeopeMe cy-
HIECTBYET I'MIEPILIOCKOCTD 7, CTPOro pasaendiomas a 1 Y. Ho Torga orKpsIToe moympocTpancTBo 11/, orpaHnIeHHoe
T W colepKalree a, mepecekaer X, mo3TOMY, B CHTY JIEMMbI I’ couepzkuUT BeplUUHy, IPOTUBOPEYHe. O

IIpusenem emie psi/i Ba2KHBIX PE3yIHTATOB 00 3KCTPEMAIHHBIX TOYKAX.

Jlemma 11.11. Ilyems Y C R™ — sunykaoe muoocecmso uy € Y. Tozda mouka y sxcmpemanvua das 'Y, ecau u
moavko ecau muoscecmeo Y \ {y} swvinyxao.

HokasaresabcrBo. IlycTh Touka y sKcTpeMasbHa. Bribepem npownssosbube a,b € Y\ {y}, Torma [a,b] C Y \ {y},
TaK KakK WHaue, B CWJIy BBIMyKJocTH Y, umeeM [a,b] CY u y € (a,b), T.e. y — He IKCTpeMasbHAs TOUKA.

O6paTHO, ecJii TOYKa Y He IKCTPEMAJIbHA, TO CYIIeCTByeT [a, b] C Y, anst koroporo y € (a,b), Ho Trorna a,b € Y\{y},
uo [a,b] ¢ Y \ {y}, rak uro Y \ {y} He BbIyKIIO. O

Caencrsue 11.12. ITyems M C R™ — npoussoavroe mmoscecmso addunnot pazmeprnocmu n u X = conv M,
mozda Kasncoas sxcmpemarvras mouxa x € X codeporcumes 6 M.

Hoxka3zaresnscrBo. Ilo gemme [11.11} muoxkecrso X \ {x} Bbuiykso, rak uro ecoim @ € M, o M C X \ {z} n,
3uaquT, M COMEPKUTCA B MEHBIIIEM BBIIYK/IOM MHOXKECTBE, deM conv M, mpoTuBOpedre C OnpeeeHueM BBIIyKJIOi
000JI0UKH. O

3ameuanmne 11.13. Beimre Mbr BUAenn, 9TO, B OTJIMYNE OT BEPIIUH, SKCTPEMAJIbHbIE TOYKU BEAyT cebsi Oojee ecre-
creerno. Ha camom fejte, MOXKHO ONPEIEUTh AHAJOTH HE TOJBKO BEPINWH, HO W TpaHeil Bcex pasdmepnocreit. Coor-
BETCTBYIOIINE ONPe/ieJIeHNA U pe3yJIbTaThl Mbl IPUBE/IEM B pasjese yIpasKHeHUH.

11.2 /IBO#iCTBEHHOCTDH

n
Hanomuuwm, uro 4epe3 28 MbI 0603HAYAIM MHOMKECTBO BCEX IOJMHOMKECTB moamuozkecTs R™. Ilycts 0 o6o3nauaer
n
Havajo KoopauHar B R™. Paccmorpum orobpaxkenne D: R™ — 28" ompenenennoe Tax:

D(a) = {z € R": (a,z) < 1}.

Ormerum, 4ro gy a # 0 muoxkecrBo D(a) — 3aMKHYTOE LOJIyIIPOCTPAHCTBO, BHYTPEHHOCTH KOTOPOro copepxkut 0,
a ngst a = 0 mmeem D(0) = R™. Bosee Toro, mist KaxKI0ro 3aMKHYTOTO TTOJyNPOCTPAHCTBA 1], CONEPIKAIIErO BHYTPH
cebst 0, CyImecTByer U OJHO3HAYHO onpeeneno a € R™, s koroporo IT = D(a).
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Otobpaskenne D uHaynupyer orobpaxkenue u3z 28 B ces, KOTOpoe MbI GyaeM 0GO3HAYATH TOi ke GYyKBOH D:
s wemycroro A C R™ nmonoxkum D(A) = NgeaD(a), a ana A = () nycrs D(A) = R™. 3amernm, aro D(R™) = {0}.
Muoxkecrso D(A) 6ynem HasbiBarh noaspoti A uwiu 080UCMEEHHBIM MHOHCECMEOM U 0603HAYATH Takxke A*.
Ecmn {a} C R™ — ofHOTOYEYHOE MHOXKECTBO, TO, JJIsi KPATKOCTH, BMeCTO {a}* Oymem mmcars a*. Ormernm, 9To
g kaxkaoro A C R™ momspa A*, SBISSCH TiepecevdeHneM 3aMKHYTBHIX BBIMYKJIBIX MHOXKECTB, CaMa 3aMKHyTas W
BeITTyKJIasg. Kpome Toro,

A*={z eR": (a,z) <1 ana Beex a € A}.
Teopema 11.14. las npouseoavhox A, B C R™, wapa W = B1(0) C R™ u nenyaesozo A € R swnoansemes
(1) ecau A C B, mo A* D B*;
2) ecau {A;}ier — cemeticmeo nodmmosicecms R™, mo (UieIAZ-)* = Nier AL,

(2)
(3) ()" = (1/A)A%;
(4)

4) ecau [a,b] C R™ — ompesox, mo [a,b]* = {a,b}* = a* Nb*. B wacmuocmu, ecau a = 0 u ||b]| = 1, mo
[0,0]* = b* — codeporcausee O NOAYNPOCMPAHCMBO, 0ZPAHUNEHHOE 2UNEPTIAOCKOCTIBIO T, Nepnendurysaprod [0,D
u npozxodaueti uepes b;

(5) Wr =W;

(6) ecau A — womnaxm c nenycmol snympernnocmoio, codeporcauets 0, mo A* — swnyxaoe meso, npuvem 0 €
Int A*;

(7) ecau A — swunyxaoe meao u0 € A, mo A™ = A;

(8) daa npouseoavrozo A umeem A* = (conv A)*, 6 wacmnocmu, ecau A — ewnykaoe meno, mo A* = (ext A)*.

Hoxkazareabcrso. (1)—(3) ouesummbr.

(4) TIo onpenmenennto momsper, MEOKECTBO {a, b}* cocTont u3 Beex & € R™, my1st KOTOPBIX OMHOBPEMEHHO BBITIOJIHSI-
ercst {(a,z) < 1wm (b,x) < 1. Iyers (1 —t)a+tb, t € [0,1], — mpon3BoIBHAS TOUKA OTpE3KA [a, b], TOTIA 75T KAsKI0TO
x € {a,b}* nmeem

(I=tya+tbx)=(1—-t)a,z)+t(ba) <(1—t)+t=1,

Te. {a,b}* C ((1—t)a+1tb)", oTKyma U BEITEKACT yTBEPIKICHTE.

o myrxry (4), kaxabtit pagmyc mapa W HepexoauT B MOIyIPOCTPAHCTBO, cofepzkamee map W i orpaHu-
YEHHOE THIEPILIOCKOCTBIO, KACAIOIIEHCA MIapa M IIPOXOISINell 4epe3 KOHEN, 3TOro pagmyca. Bee muOXKecTBO W*
NepecedeHne TAKUX MOy IPOCTPAHCTB, T.e. cam map W.

@ Kak mbI y2ke ormedanu, MHOXKeCTBO A* 3aMKHYTO 1 BbiyKj10. Tak kak 0 conepxkurcs B Int A, HeBbIPOK IeHHBIH
map B, (0) raksxe conepxknres B A. ITo mynkram () n (3) mveem B.(0)* = By ,.(0), a mo myrkry (1) Brmomnserca A* C
B.(0)* = By/.(0), mostomy A* orpanm4eno u, 3HauuT, KOMMakTHO. C APyToil CTOPOHBI, MHOXKECTBO A OrpaHmdero,
nosromy A C Bs(0) ama mekoroporo § > 0, orkyma A* O Bs(0)* = By,5(0), mosromy 0 — BHyTpeHHAA ToukKa A* n
A* — BBIIIYKJIOE T€JIO.

ITo oupenenenuto, € A*, eciu u TOJIBKO eciu i Beex a € A binonusercs {(a,x) < 1. Takum obpazom, st
Kaxaoro a € A n Bcex x© € A* umeem (a, z) < 1, HO 910 O3HAUaeT, uTo a € A**. Taknum obpazom, A C A**. okaxkem
0OpaTHOE BKJIOYEHHE.

Ilycrs cymecrByer y € A**) He comepxkameecs B A. Ilo reopewme [10.15] cymectByer runepriockocts 7, cTporo
pasuensiomas A u {y}. Tak kak 0 € A, To 7 He npoxoaut uepe3 0, mo3TOMY 7T = {x eR": (u,x) = 1} IIJIsT HEKOTOPOT'O
u # 0. Tak kak 0 € A, 10 1 Kax ot Touku a € A Bbinosngerca (u,a) < 1, B To Bpems Kak (u,y) > 1. Ho rorma
u € A*, nosromy y ¢ A** uporusopeune.

Haurem ¢ Bcnomorarenbroro pesynbrara. [lycth seg A obo3navaeT oObeINHEHNE BCEX OTPE3KOB ¢ KOHIIAMHU B
Toukax m3 A, a segh A = seg(segh~! A).

Bamaua 11.15. Ina A C R™ mokaxkure, 9aro seg” A = conv A.

IMepeiigem K 10KA3aTEIbCTBY YTBEPKIEHUs TOrO MyHKTA. s 9T0ro 10cTaTro4Ho nposeputh, yro A* = (seg A)*.
Mpencrasum A B Buge A = Uy, pycafa, b}, Torma, ¢ yueTom myHKTOB u , MOJTy 9aeM

A*Z( U {a,b})*= N faty= N [a,b}*:( U [a,b})*:(segA)*,
{a,b}CA {a,b}CA {a,b}CA {a,b}CA

970 U TPebOBaIOCh. O
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OxasbIBaeTCst, UMEETCS €CTECTBEHHOE COOTBETCTBUE MEXK Ty MHOYKECTBAMHU I'DAHEl BBIMYKJIOTO TEIA U €r0 MOJISAPHI.
Hanomuuwm, uro yepe3 F(X) mbl 0603HAUMIM MHOKECTBO BCEX TPaHeil BbIIYKJIOro tesa X .

Jlemma 11.16. ITycmbv X C R™ — swnyxaoe meno, das xomopozo 0 € Int X. Tozda das awboli Henycmotli eparu
F € F(X) u xaocdot mouku xo € F mnoocecmeo

F° = {y € X" : (y,xo) = 1}
ABAACNCA 2Panbo Nosapvl X *.

JokazaTeabcTBo. IlycTh m — omopHas rumepiiockoctsh K X, st Koropoit FF = X N7, Tak kak 0 € Int X, To 7 me
npoxoguT depes3 0, mosTomy m = {x € R": (a,z) = 1} Uit Hekoroporo uernysiesoro a € R™. Tak kak m — omnopuas
runepuiockocts u {a,0) = 0 < 1, o {a,z) < 1 aua scex rouex z € X. Ho Torna a € X*.

Tak xak zg € F' C 7, 10 (a,x0) = 1. Iomoxkum

™ ={y eR": (y,x0) = 1}.

Hanmomamm, uro X* = {y € R™: (y,z) <1 nus Bcex x € X}, nosroMy st Beex y € X* pomonngercs (y, o) < 1,
TaK 4YTO IUIEPIIOCKOCTb 7° He paspesaer X *. Kpome roro, (a,xo) = 1, rak 4ro a € 7° N X*, orkysa 7° — ouopuas
TUTIEPTIIIOCKOCTH K X ¥, mosTtomy F° = 7° N X* — rpans monxgapsr X *. O

Jlemma 11.17. ITycmo X C R™ — swnyxaoe meno, das xomopozo 0 € Int X. Tozda das w060t nenycmod epanu
F € F(X) u kaorcdot mouru xg € relint F

F° = {y € X" : (y,xg) = 1}
noaspv, X* coenadaem ¢ MHOMHCECMEOM

(11.1) ﬁz{yGX*:(y,@:ld/m 6cex x € F}.

HokasarenbcTBo. Tak Kak zg € F, TO F c Fe. Jlokaxkem obpaTHOe BK/IOUeHHE. [IpeamomokuM TpoOTHBHOE, T.€.
cymectByer yo € F°\ F. 9r1o o3uagaer, 9410 i HEKOTOPOro 1 € F Beimomusercs (Yo, x1) < 1. Tak kak xg € relint F,
cymecTByer Ty € F rakoe, uro xg = (1 — t)x1 + txg aya vekoroporo t € (0,1). Tak kak yp € X*, umeem (yg, x2) < 1,
nosromy (Yo, o) < 1, mporuBopeune. O

Taxum obpazom, ajs Beimyksoro teia X C R™ ompeneseno orobpazkernue
(11.2) Uy : F(X) = F(X*), Ux(F) = F, tae F onpenenserca dopumymnoi (11.1).

Teopema 11.18. Jlasa ewnyraozo mesa X C R™ maxozo, wmo 0 € Int X, omobpaocenue ¥x: F(X) — F(X*)
onpedesennoe gvlwe, asasemcs buexyuel, obpawaowel sxaouenue, m.e. ecau Fy C Fo, mo Ux(Fy) D Ux(Fy)
Boaee mozo, Ux+ o Ux =id.

J

dokazaTesqbcTBo. Ilokazkem cragana, aro ¥y — Omeknusa. g 3TOro mocTarodHo moKa3aTh, UTo Yx« o Wy = id,
TaK KaK Jiisi BBILYKJIOro Tena X, copepKaiinero Bo Buyrpennocru 0, nosspa X ™ TakKe sBJISeTCs BbILYKJIbIM TEJIOM,
colepzKaImuM BHYTpH ceba 0, cM. TeopeMy nosroMy u3 Uy« o Ux = id BeITeRaeT ¥x o Wy« = id.

IIycrs F € F(X), Torma

Ux-(Ux(F)) ={z€ X" :(y,z) =1 qus Beex y € ﬁ}
Tak Kak, Mo Teopeme X** = X, u gna kaxaoro x € F u Bcex y € F sbimonustercs (y,x) = 1, umeem
F C WUx+ (Ux(F)). HokaxeM 00paTHOE BKIIOUCHNE.

IIpeanonoxmmM, 9TO CymecTByeT 29 € Wy« (WX (F )) \ F. Ilycrb ™ — oOnOpHAasi MUNEePIIOCKOCTD i X Takas, 4To
F=XnNm Tak xak 0 € Int X, o 7 ne npoxoaur 1epes 0, nosromy cymecrsyer nenynesoit a € R", ajsa koroporo
T = {z € R" : (a,z) = 1}. Ilo onpenenenmo, a € F n {a,z9) < 1, o rorna zy & ¥x-(F) = Ux-(¥x(F)),
TIPOTHBOPEYHE. R

ITokaxkem Temnepb, uro Wy obparmaer Briooudenue. Ecau Fo = {y € X* : (y,x) = 1 mua Bcex « € Fg}, TO JJIsA

Kaxkaoro y € Fy w x € Fy Takxke BbInosHsiercs (y, ) = 1, mosromy y € Fy u, 3Haunr, Fp C F. O
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YupakHenus K riiase 11

Vupaxueune 11.1. Ilokaxkure, 9To
(1) ana pumyxsoro Tena X C R? muoxectso ext X 3aMKHYTO;

(2) s TPeXMepHOTO BHITYKJIOTO Tela 3TO yrKe He TakK: paccMoTpuTe MHOKecTBo M C R3, 3amanHoe B JeKapTOBLIX
KOOpIMHATAX T, Y, z Kak obbeauaenne orpeska [—1,1] ocu z m okpyxmoctu (x — 1)2 + 32 = 1, nexameit B
mwrockoctu z = 0; mokazkure, 9410 mid X = conv M muoxectBo ext X He3aMKHYTO.

Onpenenenne 11.19. Ilycte X — Boinyksoe teno. Beimykioe nmommuoxkecrso F' C X HazbiBaercs npasuavHoOU
2panbio, ecm 1S mobeX T,y, € X wim [z,y] C F, wm (z,y) N F = (. Ormernm, aro () u Bee X TakKe ABAAIOTCS
(HEeCOOCTBEHHBIMY) MPABUILHBIMY TPAaHAMEU. MHOKECTBO BCEX MPABUJIBHBIX IDaHell BBILYKJIOrO Tejga X 0O03HAIUM

PX).

Yupaxxuenune 11.2. I[lycts F' — HenmycToe BBITYKJI0€ TOAMHOYKECTBO BBITYKJIOTO Testa X . JloKazknTe, 9TO CiieyIoniue
YCIOBUA 5KBUBAJIEHTHBI:

(1) F aBnsercs npaBuJIbHON IPaHbIO;
(2) F=XnNAff Fu X\ Aff F Bommyki0;

(3) cymecrByer x € X, mig kotoporo F' — MakcuMajbHOE BBIIYKJIOE TIOIMHOXKECTBO B X, YIOBJIETBODIIONIEE T €
relint F;

(4) cymecrsyer nocaenosarenbuocts Fo = F, ... Fy, = X, aya koropoii F;_q1 € F(F;) ass Bcex 1.
VYupaxuenne 11.3. IIycts X C R™ — Boimykioe Teso. [lokaxkure, a0
1) mns kaxxporo F' € F(X) omonaserca F € P(X);
2) BepIIuHA ABJISETCA TPABUIBHOM I'PAHBIO, €CIU U TOJBKO €CJIH OHA — IKCTPEMATbHAsT TOYKA,;
3) He BCsKas MPABUIbHASI TPAHD SIBJISETCS TPAHDBIO;
MpaBWIbHAS MPAaHb — 3aMKHYTOE MHOYKECTBO;
5) nna F € P(X) nmeem ext F' = F Next X;
6) mna {F;} C P(X) semonusierca N; F; € P(X);

(
(
(
(4
(
(
(7

)
)
)
)
)
)

mast F € P(X) nmeem P(F) = {P € P(X) : P C F} (obparnre BHUMaHWE, 9TO AHAJOTHYHBIN DE3ynbTaT HE
uMeeT MecTa Jis MHOXKecTBa rpaneii F(X));

(8) cemeiicreo {relint F': F € P(X)\ {0}} — pasGuenne X.

VYupaxxuaenne 11.4. s BbITyKJIOro MIOCKOIO MHOTOYTOJIFHUKA BBISICHUTE, KAK YyCTPOEHA ero nonsgpa. Paccmorpure
OT/IeJIbHO CJIydau, KOIJIa HadaI0 KOOD/JUHAT I1011a/1aeT BHYTPb MHOI'OYI'OJIbHUKA, HA €0 I'PAHUILy, U HApyXKYy.

VYupaxxuenne 11.5. Broisgcanre, Kak BBITVISIUT MOJISIPA IJIATOHOBA TEJA, Y KOTOPOI'O OMKMCAHHBIH IIaP UMeeT PAInycC
1, a €ro HEeHTP COBIAJIAET C HAYAJIOM KOOPIAMHAT?

Yopaxkueaune 11.6. Tna A C R™ nokaxkure, uaro seg” A = conv A.

VYapaxkueune 11.7. Jokaxkure, 4To anaa npousBoabHoro muoxkecrsa A C R™ spmonnserca A** = conv(A U {0}).
P ) pit p
BriBeauTe orcroma, 9TO I8 3aAMKHYTOrO BBITYKJIOrO A, comepxxkariero 0, umeer mecto A** = A.



Jlekmms 12

BoinykJjble MHOrorpaHauku B R"

Ilnau. Merpuveckas IPOEKLUsl TOYKM HA BBIIYKJIbIA KOMIIAKT, METPpUYeCKas npoekuus (0To0parkeHue), CBOMCTBA METPUYECKOH NPOEKLMHU, Bbl-
NyKJbl# MHOrOrpaHHHK B R™, BbIMYKJIbIH MHOTOIDAHHHK — BBIIYKJIOE T€JI0, PA3MEPHOCTDb BBIILYKJIOT0 MHOTOTDAHHUKA, CBOHCTBA MHOYKECTB BEPIIUH
" 3KCTpeMaJIbeIX TO4YEeK BI)IHyK.]'IOFO MHOI"OFI)H,HHI/II(H,7 ux I(OHe“IHOCTb7 KI_)I/ITepI/II';I TOl"O7 910 Bb[HyKJIOe TEJIO ABJISAETCSA BBIITY KJIBIM MHOI"OFI)H,HHI/II(OM7
COBIIJIEHNE Yy BBIIMYKJIBIX MHOTOTPAHHUKOB MHOYKECTB BEPIINH U KCTPEMAJBHBIX TOYEK, PAHU BBIILYKJOr0 MHOTOTDAHHUKA KAK BBIILYyKJIblEe 060/104-
KU MHOXKECTB BEPIIHWH, IPDAHU BBIILYKJIOr0 MHOTONPDAHHUKA KAK BBIIYKJble 000J0YKH MHOXKECTB BEPIIUH, KPDUTEPHUH TOr0, YTO MHOXKECTBO BEPIIUH
BbIHyK.]'IOFO MHOFOFpaHHI/IKa ABJIACTCA MHOXKECTBOM BCeX BepH_II/IH HeKOTOI)Oﬁ ero 1"1f)a,HI/I7 y FpaHeﬁ BbIHyK.]'IOFO MHOI‘OFpaHHI/IKa I‘paHI/I ABJIAIOTCHA
FpaHHMI/I caMoro MHOI"OI"I_)H,HHI/II(H,7 MHOXKECTBO FpaHeﬁ BbIHyK.TIOI‘O MHOFOFpaHHI/IKa 3aMKHyTO OTHOCUTEJIbHO l'IeI_)eCe"IeHI/II';'I7 BbIHyK.TIOe TeJ0 ABJIAeTCsA
BBINIYKJIBIM MHOI‘OI‘I)HHHHKOM, €CJIN U TOJIBKO €CJIM OHO paBHO HepeCe‘{eHI/IIO KOHEYHOTI0 YucCjia BHMKHyTbIX HOHprOCTpaHCTB7 [‘I/IHepI‘paHI/I BbIHyKJIOI‘O
MHOTOTDAHHUKA, TPAHULIA BBIILYKJIOr0 MHOTOTDAHHUKA PaBHA 00'beIUHEHUIO MUIEPrPaHe, CTPYKTYpa MHOYKECTBA IPaHell BBIMYKJION0 MHOTOTPDAHHU-
Ka, MO0JAPAa BBIIYKJOI0 MHOTOIDAHHUKA, COAEPIKAIINEro BHYTPHU cebd HAYAO0 KOODAMHAT, — BBIMYKJbIA MHOIOIDAHHUK, €pOBa XapaKTEePUCTUKA
BBIIIYKJIONO MHOIDOIDAHHHKA, HJ/I€POBBI XapPAaKTEPUCTHKH MHOIOIDAHHUKOB Pa3MEPHOCTH HE BBIIIE TPEX, 3HJIePOBBl XapaKTEPUCTUKH CHMILJIEKCOB,
dbopmyna Ditnepa, dar rpaHeil BbIIYKJIOr0 MHOMOTPAHHHUKA, MPABUILHBIE MHOMOIPDAHHHUKU, IPABUJIbHBIE MHOTOIPDAHHUKN B PA3MEPHOCTH HE BbILIE
TpeX, IPAaBUJbHBIA N-MepHBIH CUMILIEKC, Ky0, Kpocc-nmosuron, 24-gayelHuk, 120-a4ueiinuk, 600-a4eiinuk, GopMyInpPOBKa TeOpeMbl KaacCUMUKAIUA
NPABUJIBHBIX MHOTMOMPDAHHHUKOB, TeopeMa Bysemana—-Peisepa.

HauneMm ¢ Ba:KHOro TeXHUYIECKOrO ITOHITHS BbIHyKJ'[OfI reoMeTpun — MeTqueCKOﬁ IIPOEKIINH.

12.1 MeTtpudeckasa TpPOEKITUs

Hawnem co ciemyrormeit 1eMMBbL.

Jlemma 12.1. ITycme Y C R™ — nenycmot soinyxand xomnaxm, p € R™, u nycms yo — mouxa, 6 Komopot pynrxyus
Y =R, f(y) = |py|, docmuzaem ceoezo murnumyma. Tozda mouka yo 00HO3HAWHO ONPedeneHa.

HokasareabcrBo. Eciup € Y, 10 yg = p oaHO3HAUHO ompeesena. [lycts Teneps p € Y. IIpeanoiokum mpOTHBHOE,
T.€. CYILIECTBYET OTJMYHAs OT Yo TOUKa Yy € Y, njist Koropoit |pyo| = |py|. Tak kak Y Bbinyki0, 10 [yo, y] C Y, HO TOrHA
cepesmHa T OTPe3Ka [yo, Y| ABIAETCA OCHOBAHUE BBHICOTHI PABHOOEIPEHHOTO TPEYTONBHUKA PYoy, OITOMY |pz| < |pyol,
YTO NPOTUBOPEYUT MUHHMAJIBHOCTH [pYol. O

Onpenenenune 12.2. Touka yy u3 jieMMbl HA3bIBACTCH Mempuueckol npoexuuetd mouwku p Ha Y. Orobpa-
xenne Py : R™ — Y, nepeBozgdinee Kaxkayo TOUKy p € R™ B ee METPUUIECKYIO TTPOEKIINIO Ha Y, TaK:Ke HA3BIBAETCS
mempuueckol npoexuuel Ha Y .

Jlemma 12.3. ITyemv Y C R™ — nenycmoti ewnykand xomnaxm, p € R*\'Y, u yo — mempuueckan npoexyus
mouku p na Y. O603HaUuM T 2UNEPNAOCKOCNG, NPOTO0AUYI0 wepes Yo nepnenduryrspno [p,yo]. Toeda 1 — onopnas
a2unepnaockocms k Y, npuswem ecau II — 3amrxnymoe nosynpocmpancmeo, ozpanudennoe T u codeporcausee Y, mo
(yo,p] C R™\ 1.

okazarenbcTBo. JlokaxkeM cHadaja, 9YTO M — OIOpHAas ruiepiiockoctb st Y. Tak Kak yo € m N'Y, ocraercs
TIPOBEPUTH, YTO T HE paszpe3aer Y. IIpennosokuM TpPOTUBHOE, TOTHA CYHMIECTBYeT ¥,y € Y, Jexamme B Pa3sHbIX
OTKPBITHIX TOJIYNPOCTPAHCTBAX OTHOCUTEIBLHO 7. ILyCTh y JIEXKHUT B TOM K€ OTKPBITOM TOJIYNPOCTPAHCTBE, YTO U
Touka p. Tak Kak Y BbIMyKJI0, TO [0, y] C Y. B TpeyroapHuKe pyoy yros pyoy OCTPHIiL, HOITOMY JOCTATOYHO OJIM3KHE
K Yo TOYKH Ha OTPe3Ke [yo,y| HAXoAATCs BIIUKE K P, YeM Yo, & ITO IPOTUBOPEYUT MUHUMAJILHOCTH |pYo|.

Belire MbI MOKa3asm, 9TO B OTKPBITOM IIOTYIIPOCTPAHCTBE, OTPAHUYEHHOM T M COAEPXKAIIEM P, HET TOYEK n3 Y,
nosromy p € R™\ II, a tak kax yg € 7, To u (yo,p] C R™ \ I1. O

OmnuiieM Terepb BaXKHBIA 9aCTHBINA CJIy9ail BIITYKJIBIX TE€JI — BbIILYKJIbIE MHOIOIDAHHUKHY.

103
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12.2 BpimykJibie MHOTOTPAHHUKA

Buinyravim mMroz202paHHukom 6 R™ HA30BEM BBITYKIYIO 000109Ky X KOHEUHOTO MHOXKecTBa Todek M C R"™ mpu
YCJIOBHH, 9TO BHYTPEHHOCTH X HenyCTaE
Ipumennm caexncrsue [10.14]

Caencrue 12.4. Buinykavili MHO202DAHHUK KOMNAGKMEH U, 3HAUUM, ABAAECMCA SONYKALIM TMEAOM.

IIpumennm gemmy

CaencrBue 12.5. Ycaosue Henycmomo, 8HYMPERHOCTIU 6 ONPeJEseHUY 6bNYKA020 MHozozparnuke X = conv M
PABHOCUNDHO Ycaosuro dim M = n.

Ipumennm crencreue [I1.12

Caencrsue 12.6. [Tycms M C R"™ — xonewnoe mmootcecmao apdunnots pazmeprocmu n. Mnooicecmao axcmpemans-
HOLE MOYEK B8bNYKA020 MHoz20epanhuka X = conv M asasemca nodmmoscecmeom 6 M. B wacmmnocmu, muoorcecmsa
ext X u vert X C ext X xoneunoi.

CJ’IeﬂCTBI/Ie 12.7. Bbmymwe meno X C R™ asasemca BUUNYKABM MHO202DAHHUKOM, €CAU U TNOADBKO ECAU MHOINCE-
cmeo ext X ezo IKCMPEMANDHOLL MOYEK KOHEYWHO.

HokasaresnbcrBo. Ilycrs Muoxkecrso ext X xoneuno. Tak kak, B cuiny reopewmst [11.6] umeem X = convext X, To X
— BbiIyKJbii Muororpannuk. O6parno, eciu X — BbIIYKJIbIA MHOIOIPAHHUK, TO, IO JIEMME MHOXKecTBO ext X
KOHEYHO. N

Jlemma 12.8. Ilycms X C R™ — swnyxanti muozozpannuk, N = ext X — mmuoorcecmso saxkempemarvuuz movex X,
ux € N. Tozda Y :=conv(N \ {z}) & X.

HoxkaszareabcrBo. Tak kak, 1o gemme [11.11) muozxecrso X \ {2} Bbuykno, u rak kax N\ {z} C X\ {z}, ro X \ {z}
TaK>Ke COJEPKUT u Y, o3TOMy Y g X. O

Teopema 12.9. ITycmo X C R™ — sunykand mrozoepannus, mozda muosicecmeo ext X e20 sKCMpPemasbHoLL mouex
cognadaem ¢ muoocecmeom vert X ezo eepwun. B wacmuocmu, X = conv(vert X).

HdokazaTesbcTBo. Kak MbI yke rOBOPHUIIN, KayK/Iasi BEPITUHA, SIBJASIETCS IKCTPpeMaabHOi Toukoit. [Tokaxkem, 9To B
cyvae MHOTOTPAHHWKOB KaxKJasd IKCTpeMajbHasd ToUYkKa sBigercsa Bepmmuoil. [lomoxmm V' = vert X. Ilo Teope-
Me X coBmasaer ¢ 3aMblkaHue conv V', HO, 1O CJI€JCTBHUIO conv V' KOMIIAKTHO W, 3HAYHUT, 3aMKHYTO.
Taxum obpaszom, X = conv V. IIycre N = ext X. Torna V C N u, no reopeme[I1.6} conv N = X. Ecin V # N, o cy-
mecrsyer # € N\V, tak aro V C N \{z}. ITo nemme [12.8) Y := conv(N \{z}) & X, onmako X =convV C=Y C X,
orkyzna Y = X, nporusopeune. Takum obpazom, V = N. Ilocnennee yrBeprkienue BpiTeKaeT u3 reopemsl [11.6 O

B zamevanun MBI TTOCTPOUJIA MIPUMED, TEMOHCTPUPYIOIIWiT, YTO BEPIIUHBI 'PAHN HE O0S3aHBI ABJIATHCS BEP-
MIUHAMY COIEPKAIIEr0 IPAHD BBIMYKJIOr0 Tesa. B ciydae BBIMYKIIBIX MHOIOIPDAHHUKOM CHTYaIHs O00Jiee eCTeCTBEHHAS.

Caencrsue 12.10. ITycms F' — nenycmas epans evnykaozo muozozpannuxa X C R™. Tozda F' — swinyxavii mHo-
20zparnuk 6 ceoell apdunnoti oboroure u vert F = F Nvert X. Taxum obpasom, xascdas HENYCmMas 2paHd 8vbiNYKA020
MHO202paHHUKE X ABAAEMCA GONYKAOU 000404K0T HEKOMOPO20 NOdMHodHcecmsa 6 vert X, nosmomy, 6 wacmuocmu,
muooicecneo epanet F(X) woneuno.

HoxkazarenbcrBo. Kaxknas rpanb F Beimyksioro muaororpananka X C R” gBisieTcs BBIMYKJIBIM TEIOM B CBOeit ad-
¢unHOI 0607T09Ke (J’IeMMa, nosromy K F mprMeHunma, TeopeMa B CcOOTBeTCTBUM € KOTOpOil F' = conv(ext F').
ITo semme [11.5] ext F' = F'Next X, nosromy ext F' KOHEYHO U, CJe0BaTebHO, ' — BbimyKiibiit MHOrorpanauk B Aff F.
Kpowme Toro, mo Teopeme [12.9} ext X = vert X u ext F' = vert F', otkyna vert F' = F N vert X. O

Brisicnum Tenepb, KOrma JaHHOE MHOXKECTBO BEPIIUH BBIMYKJIONO0 MHOTOIDAHHUKA SBJISIETCS MHOXKECTBOM BEPIITUH
HEKOTOPOI I'PaHU.

Teopema 12.11. IIycmv X C R"™ — swnykanti muozozpannux u W C V = vert X — nexomopoe mnoorcecmeo
eepuun, mhozoepannura X . Tozda conv W — zpans 6 X, ecau u moavko ecau (AT W) N conv(V \ W) = 0.

1B psae momorpaduii ycioBue HEmycTOTHI BHyTpeHHOCTH He TpeGyercs. Mbl BBOJUM 3TO OrpaHmteHue, ITOGBI COTJIACOBATH €ro C
OpeBIIYIEME HOCTPOCHMSIME MHOIOIPAHHUKOB B R3, TIe HEImyCTOTa BHYTPEHHOCTH BHITEKAJA W3 T€OpeMbl JKopIaHa.
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HoxkazaresabctBo. Ecoim W = () wm W = V, 10 Bce oueBnano. IIpeamnonoKuM Temnepb, 970 W HEmycTo U OTJIMYHO
or V.

IIycrs cunagana F' := conv W — rpamp X, TOrja ijs HEKOTOPOIl ONMOPHON I'MIIEPIJIOCKOCTH T BBINOJIHAETCH F' =
X Nm. Ho rorga V \ W comepuTcsi B OTKPBITOM MOJIyNPOCTPaHcTBE [/, OrPAHWYEHHOM T, TIOITOMY, Tak Kak I1’
BoIyk10, conv(V \ W) C I’ u, 3mauut, conv(V \ V) N7 = (. Ho Af W = Aff F C 7, oTKyzia 1 BBITEKAET TpeOyemoe.

IIycts Teneps (Af W)Nconv(V\W) = (). Mbr monKHBI nOKa3aTh, aro conv W — rpanb X . Tak kak conv(V\W) —
komnakT, a Aff W — samkuyro, To cymecrsyor x € conv(V \ W) u y € Af W, Ha KOTOpbIX peanusyercs paccTosiHue
mexay conv(V \ W) u AfW, re. |ay| = |conv(V \ W) Aff W|. Tax kax (AfW) N conv(V \ W) = 0, 10 |zy| >
0. ITyctp T — rUNepIIOCKOCTH, MPOXOAAIAs Ye€Pe3 T MepneHauKyaapro [x,y]. o semme IUIIEPILIOCKOCTD 70
siesisiercst oropHoit 1yist conv(V \ W), npuaem ecan IT — orpaHndeHHOe T 3aMKHYTOE MOJIYIPOCTPAHCTBO, COMEpIKAIIee
conv(V \ W), to y € R™\ II. Orcrofa BbITEKAET, 9TO €CIn 7' — TUIEPIIOCKOCTD, TPOXOAAIIAS Yepe3 y NapaieIbHo
T W, 3HAYAT, TAK¥KE MEPIEHIUKYIApHO [z,y], To ' Nconv(V \ W) = (. Tak kKak Ha y JOCTUTAETCS PACCTOSTHUE OT T
no Aff W, to orpesok [z, y] nepuenaukynspen Aff W u, suaqur, W C Af W C ='.

O603naamm I’ 3aMKHYTOE MOJYIPOCTPAHCTBO, OrpaHudeHHoe m' m comepxkamee 1, a Bmecre ¢ aum u V \ W.
Tak kak W C #/ c I’ w V\W C II', 7o V C IT', orkyna X = convV C II'. Cnenosarensto, ©/ — omnopHast
TUTIEPILIOCKOCTh K X m, 3HaumT, F' := /' N X — rpamp X. Tak kak, mo caeacremio |12.10]

vert F=FNvert X =7’ N X Nvert X =7’ Nvert X = W,

u, no reopeme [12.9) F' = conv(vert F') = conv W, to conv W — rpaub X, 4ro u TpeboBaIOCh. O

Caencrue 12.12. ITyecms X C R™ — sunykaviti muozozpannux, F € F(X) u F' € F(F). Toeda F' € F(X). Huvmu
caosamu, F(F) C F(X), m.e. y epaned sunykio2o mhozoeparnura X HUKGKUT OpYeus 2paned, Kpome 2paned camozo
X, nem.

HoxkaszaresabcrBo. [Tonoxum V = vert X, W = vert ' u W' = vert F”. Tlo cinencreuio rpanb F' — BbIILyKJIbIit
mHororpanuuk B Aff F', mosTomy, B CrJly TOTO »Ke CIEACTBHUS, TpaHb F’ BHIMyKJIOTO MHOTOTPAHHWKA F — BBITYKJIBIA
muororpanauk B Aff F/. Tlo Teopeme F’ = conv W'.

ITo Teopeme Aff W’ ne nepecekaer conv(W \ W), a Aff W ne nepecekaer conv(V \ W). Ilycts 7 — onophas
TUIIEPILIOCKOCTD, /st KoTopoit F' = X N, a Il — 3aMKHyTO€e MOJyIPOCTPAHCTBO, OFPAHUYEHHOE T B cojepzkamiee X .

Torma Af W' C 7.

3amaua 12.13. Ilycts m — runmepmmockocts B R™ u [T C R"™ — 3aMKHyTOE TMOIYNPOCTPAHCTBO, OTPAHUYEHHOE 7.
IMycrs A C IT u B = AN . lokaxkwure, uro conv B = 7 N conv A.

B cuny crencru (12.10) umeem VNm = VNXNr = VNE =W, nosromy (VAW )N = W\W'. U3 3amaun (12.13
Boirekaer, aro conv(W \ W) = conv(V \ W') N x. Ho Torna

0= AFW’) Nconv(W \ W) = (AFW')Nconv(V \ W)Nx = (AFW’) N conv(V \ W),

TO3TOMY, CHOBA B cuiry Teopembl [12.11) F' = conv W’ — rpanb X, 94T0 1 Tpe6oBaIOCh. O
Teopema 12.14. Ilycmo Fy, ..., F, — epanu evinykaozo mrozozpannuke X C R™, moeda F = ﬂleFi — 2pandv X.

HoxkaszareanctBo. Ecin F' = (), To Bee nokazano. [Tycts Teneps F # (). Bes orpanuyuenns o0IHOCTH TTPEINOTIOKIM,
qTo Havda o koopanaat 0 € R™ cogepxkurcs B F. [Iycts m; — omopHas runepriiockocTs K X, A7d Kotopoit F; = X Nr;.
ITycrs u; € R™ — HeHysieBble BEKTODPbI, JJisd KOTOPBIX T; 3aJaercd ypaBHenueM (u;, ) = 0, npuuem X COJepKUTCH
B 3aMKHYTOM LOJjtynpocrpancrse (u;, x) > 0. Ilosoxum u = Zle w;. Menss ecsim He0OXOIMMO [IJIMHBI BEKTOPOB U;
JobbeMcest Toro, 9Tobbl u # 0. IlycTh m — IHMEpIIOCKOCTh, 3aJaHHas ypaBHeHueM (u,z) = 0, Torma Jjisi KasKIoif

Touku y € F Boimosngerca (u,y) = Zle(ui, y) =0, mosromy F C 7. C npyroii cTOpoHbl, i KaxK a0l Touku 2z € X

k .
umeeM (u, z) =y, (u;, z) > 0, Tak 4ro m He paspesaer X u nepecekaer X, T.e. SBJISETCs ONOPHOI IUIIEPILIIOCKOCTBIO.

Bosee Toro, ecnn z ¢ F', To 111 HEKOTOPOTO ¢ BIMONHsETCs (Ui, 2) > 0, otkyma (u, z) > 0, Tak uro F = X N7, Taxk
uyto F' — rpanb X. O

Havwunas ¢ 9mozo mecma u 0o Konya pazdesa mo, npednosazaem, wmo n > 1. ['paHb BBIMYKJIOrO MHOTOTDAHHIKA,
B R", mMeIONIyio pa3MepHOCTh N — 1, HA30BEM 2UNeP2PaHbIO.

Teopema 12.15. Bunykavt muozozpannurx X C R™ pasen mepecewenuro 3aMKHYMBLL NOAYNPOCPAHCNE, 02PAHU-
YEHHDBLL 2UNEPNAOCKOCTNAMU, NPOTOOAULUMY wepe3 2unepzpary X .
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Hoxkaszaresabcrso. Ilycrs F,—1 = {F,...,F,} — MHOXeCTBO BCEX rUIE€prpaHeil BBITYKJIOr0 MHOrOrpaHHuka X
(310 MHOXKECTBO MOXKeT ObITh 1ycThiM). OB03HAYMM 7; OIOPHYIO MUIIEPIIIOCKOCTD, i KOTOpoi F; = m; N X, u mycrb
II; — orpanmvenHoe 7; 3aMKHYTOE IOJIyIPOCTPAaHCTBO, coxepxamee X. Iomoxum W = N, I1;, ecmm Fp—q # 0, u
W =R"™ B nporusuom ciayuae. Torma X C W. [lokaxem, uro X D W un, 3naunt, X = W.

IIpenmnonoxxum nporuBHOE, T.€. cymecTByer w € W takas, uro w ¢ X. Ilycrs D obo3Ha9aeT 0ObEIMHEHNE BCEX
addburEbIX 060m049eK MHOXKecTB {w} U F, rme F' — rpanb X pa3meprocTH He Gosbiieil n — 2. Tak Kak Kaxkaas Takast
abdunnas 060109Ka UMEET PA3MEPHOCTH He Bbuue n — 1, u, B cuty creacrsus [12.10] rakux addunrnbx 0Gomouex
KOHEYHOEe 4uCyI0, MHOXKecTBO D, no reopeme Bapa (ynpazkuenue , HE COAEPXKUT BHYTPEHHHX TOYeK (Ha CaMoOM
nesie D — HETAE HE IWIOTHO, YTO MOXKHO HEIIOCPEICTBEHHO MOKA3aTh), TAK 4TO CymecTByeT Touka & € Int X \ D.

Tak kak X — 3aMKHyTOe MHOXKECTBO, OTPE30K [z, w| mepecekaer 0X B HEKOTOPOii Touke y. Ecan y mpuHaameskuT
Kako#-unbyap rpanu F' pa3smepHOocTH HE OOJbITE 1 — 2, TO mpsAMasi wy JEXKUT B D, Tak 9410 x € [, NpoTUBOpEYHe.
Takum 06pa3oM, y HE JIEKUT HUA B OIHOI I'PaHU PA3MEPHOCTH HE DOJIBINE N — 2 U, 3HAYWUT, B CUJIy CJI€ICTBUSI Y
sexxut B Hekoropoii runeprpanu F;. Ho tak kak = € Int X, To touka w sexxurt Bue [I;, npoTuBopedne. O

OrMerumM, 9TO UMeEET MecTO W 0O0paTHOe yTBepxkienwe. s ero mokas3arebCTBa HAM MOHAJMOOUTCS PSJL JIEMM.
Haunem ¢ TpuBrabHON TOMOJOTHYIECKON JIEMMBI, I0KA3ATEIHCTBO KOTOPOH OCTABJISIETCST CJIYTITATEISM.

Jlemma 12.16. ITycmo Y1, ...,Y,, — nodmnoscecmea monosozuueckozo npocmparcmea. Tozda
m m
Int(ﬂ Yi) = (It Yi.
i=1 i=1
B wacmnocmu, ecau II; C R™, ¢ = 1,...,m, — samknymoe noaynpocmpancmea u X = NI, mo Int X =
ﬂ?;l Int Hz .
Jlemma 12.17. Fcau II; CR", i =1,...,m, — 3amknymoie noaynpocmparcmea u X = N2, II; umeem nenycmyro

snympennocms, mo X = Int X.

Hoxkaszareabcrso. Ilonoxum X' = Int X. ITo nemme [12.16, umeem X’ = N, Int I7;. ITo yupazxuenuio ,
X' cnInt I1; = N, I = X.

2

Hokaxkem obparnoe BrJtodenue. Bo3pbmeMm 1npom3BOJIbHYIO TOYKY & € X, & TaKKe CyNIECTBYIONLYIO B CUJLY YCJIOBUS
trouky y € Int X. ITo memme [12.16] y € Int II; npu Bcex i. C apyroii croponwl, x € II; mpu Beex i. Ho Torma
TIOJIyWHTEpBAJ [y, ) comepkuTcs Bo Beex Int IT; u, 3HaunTt, B Int X. CremnoBaresibHO, & — TOYKA TPUKOCHOBEHUS JJIst
Int X, orkyma z € Int X = X', Tak ato X C X'. O

Ilycrs II; C R”, ¢ =1,...,m, — 3aMKHYTBIE IOJIyIIPOCTPAHCTBA, Mg KoTopelix X = N, II;. Ilomynpocrpancrso
11}, mazoBeM u3bvimounvim, ecma X = Nz ll;.

Jlemma 12.18. Ilyecmo II; CR", i =1,...,m, — 3aMEHYMbBLE NOAYNPOCMPAHCNBA, T; — 2UNEPNAOCKOCND, 02PEHU-
vwusarowan I1;. IIpednoaooicum, wmo X = N2, I, umeem nenycmyro enympennocms u cpedu II; nem uzboumounsx
noaynpocmpancms. Tozda kascdoe F; = m; N X umeem 8 m; HENYCMYIO 8HYMPEHHOCTD.

HoxkazaresnbcTBo. Boibepem nponssoiabHoe j u moaokuM X' = Ny, I1;, torna X = X' NI u
Fj :’/ijX:’]ijX/ﬂHj :ijX/.

ITokazxkem, uTo Kazkaad Touka r € I}, He ABIAIONIAACA B 7; BHyTpeHHeit mng F}, ne comepxkurca B Int X . Heii-

cTBUTENBHO, ecm x € Int X/, To cymecrByer B R™ oTkpwIThIl map U? ¢ HEHTPOM B T, KOTOPBIHA CONEpKUTCA B X'.

Ocranocs 3aMeTuThb, 4T0 U* N T; — OTKPBITHIA Wap B 7;, cogepxkamuiica B F; = m; N X', 103TOMY & — BHYTDEHHAA

’ J Js J J ) y Yy
Touka F} B 7;.
IIpeamonoxum Tenepb, 9TO Jjisi HEKOTOPOI'O j MHOXKECTBO F; He MMeeT B 7, BHYTPEHHHX TOYEK, TOL/A, B CHJI

) J j BHY ) ) y

ckazannoro Bhime, F; N Int X' = (. Tlokazkem, 4ro Torga [1; — W36BITOYHOE TOIYNPOCTPAHCTBO. MMeem

X' Nmy=It X' NX'Nm; =Int X' N F; = 0.

Boisesem orcioga, uro Int X/ C Int IT;. Tns sroro BbibepeMm npou3sosbayio Todky &' € Int X, rorma 2’ € Int X' u
x' € Int IT;. Ecam Int X' ¢ Int I}, o cymiectyer y € Int X', we mexxamas B Int I7;, no Toraa orpesok [z, y] C Int X’
nepeceder 7;, cienoBarenasbro, Int X/ N m; # (), nporusopeune.

Urak, Int X’ C Int II;. ITo memme 12.17[7 X' = Int X', orxyna, B cuwiy 3amkuayTocru I, momyaaem X' C II;. Ho
rorna X = X' NII; = X', rak 4ro nosynpocrpancrso I1; u36brToqHOe. O
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Caencrue 12.19. Iycmo II; CR", i =1,...,m, — 3amknymoe noaynpocmpancmea, X = N~ II; umeem neny-
cmyto sHymperrocms, u cpedu II; nem usbvmounvr nosynpocmparncms. O603HANUM T; 2UNEPNAOCKOCTIL, 02PAHU-
wusarowyro nosynpocmparcmso I1;, u nosooscum F; = m; N X. Toeda 0X = UL, F;.

HokazaresbcTBo. Ilo memme [12.16] Kaxkmgas rpannydras TOUKa A X JEKUT B HEKOTOPON TMIEPTJIOCKOCTH T; W,
3uavut, B F;, otkyma 0X = UM F. O

Teopema 12.20. Ecau II; C R", 7 = 1,...,m, — 3amKHymble NOAYNPOCMPAHCMEa, mHoxcecmeo X = N, II;
0ZDAHUYEHO U UMEETN HENYCTYI BHYMPEHHOCTL, MO X — BbNYKALT MHO202PAHHUK.

dokazaTesbcTBo. Tak Kak X OrpaHWYeHO W WMEeT HEeMyCTyI0 BHYTPEHHOCTh, X — BbInykJoe Teno. Jlamee, 6e3
OrpaHUYEHUs OOITHOCTH OyIeM CIUTATD, 9TO CPE/IH MOIyIpocTpancTB I1; HeT m30bITOYHBIX. /Jl0KAa3aTeIECTBO MIPOBEIEM
naaykueit mo n. [Ipu n = 1 moJynpoCTpaHCTBAMY SIBJISIOTCS 3aMKHYTBIE JIy9Yd. Tak KaK OTCYTCTBYIOT W30BITOYHBIE
TOJIyIPOCTPAHCTBA, U MHOXKECTBO X OrpAHWYEHO, TO Jiydell POBHO 1Ba, & X — OTPE30K, ABJISIOIIMIACT BBIMTYKJIOH
000JI0YKOI JBYX CBOMX KOHIIEBBIX TOYEK, MOITOMY X — BBIMYKJIBIH MHOTOTDAHHUK.

IIpenmnonoxkum Temepb, 910 N > 2 W Ui BCEX BBIMYKJIBIX MHOTOMDAHHUKOB PA3MEPHOCTH MEHBIIE N TeopeMa
nokasana. B cuny caencrsusa([12.7], nocrarouno nokaszars, 1ro Muoxectso ext X konewno. IIyctb m; — runepIuiockocts,
orpannunBatomas I[I;, u F; = X N ;. Ilo cnencreuio [[2:18] xaxkmoe F; sSBASETCS TUIEPrPAHbIO, MOITOMY, B CHILY
gemwmnt [11.5] ext F; = F; Next X. Ilo ciencreuio [12.19] rparnuna 0X pasua obbenuuenuto runeprpaneii F;. Tak kax
ext X C 0X, To

m m m
ext X = (ext X) N9X = (ext X) N (U F) = JFnextx) = | Jext F.

i=1 i=1 i=1
3aMeTnM, 9TO JJIA KayKJIOTO ¢ 7# i TWHEePIUIOCKOCTh Ty OTJWYHA OT T;, WHade nian X WMeeT MyCTyI0 BHYTPEHHOCTH,
nin I1; n30BITOYHOE MOy IPOCTPAHCTBO. B cuiy ynpakuenus KaxKJj0e HeIyCToe Mepecedenne m; M T, ABIAETCS
IHIEPIIOCKOCTBIO B 7, U B 9TOM ciydae m; (N II, — nomynpocrpancrso B ;. Takum obpaszoM, F; paBHO LepecedeHnio
KOHEYHOI'O YUCJIa 3aMKHYTBIX [OJIyIPOCTPAHCTB, JIEXKAIIUX B T;, IpudeM, B cuay jaemmsl [12.18 suyrpennocrs Fj B m;
HEIIyCTa, MO3TOMY K F; MpUMEHNMO IPeanoIoKeHne HHAyKIun, T.e. ext F; — koneanoe muoxkectso. Ho Ttorma u ext X
KOHEUYHO, MO3TOMY X — BBITYKJIbIi MHOTOTDAHHUK. O

Caencrsue 12.21. I'panuya 0X ewnyr.aozo muozozpannura X C R™ pasena obsedunenuto 2unepepaned.

JokasarenbcTBo. B cumy Teopembr|12.15|, npeacrasum X B Buje nepecedenusd ()", II; 3aMKHYTBIX HOJyTPOCTPAHCTB
1I;, orpaHWUYEHHBIX TUMEPIIOCKOCTAMHU Tr;, TpoxoadamuMu depe3 runeprpann F; = X N ;. Eciu cpenn BuIOpaHHBIX
MOIYIIPOCTPAHCTB €CTh W30BITOUHbIE, BEIOpOCHM uX. IlycTh I — MHOXKECTBO MHIEKCOB OCTABIIHUXCS Oy TPOCTPAHCTB.

o caemcrBuio nmeeM 0X = U;er Fy. O

Caencrsue 12.22. Kaowcdas cobecmeennas epans F ewnyxaozo mmozozpannura X asssemcsa 2panvio Hexomopot
2unepeparu.

HokazaresnbcTBo. Ilycth 2 € relint F', Torna, B cumy cienctBus [12.21) TouKa & TEKUT B HEKOTOPO# runeprpanu F;.
IIycts m; — omopHas TUTIEPIIIOCKOCTD, TPOXOAAIasa depe3 runeprpanb F;. [lokaxem, ato F' C F;. Eciu F' — BepmuHa,
TO Bce noka3aHo. Eciau ke F' oiMvHA OT BEPUIMHBI U CYLIECTBYeT TOYka y € F'\ 7;, TO cymecrByer takxke z € F,
JlJ1st KOTOpOii = € (y, z), HO TOrJA TOYKHU Y, Z PACIOJIAIAIOTCS B PA3HBIX OTKPBITHIX [OJIYIPOCTPAHCTBAX OTHOCUTEJLHO
i, TaKk 910 z € X, nporusopeune. Urak, FF C m; u F C X, tak aro F' C m; N X = F;. Ocranoch BOCHOIB30BATHC
nemmoii [11.2) B cuy kotopoit F' = F' N F; aBnsercsa rpanbio F;. O

Cunencreue 12.23. Ilycmv F* o6osnauaem cobecmeennyro zpany evwnyxaozo mmozozpannuke X C R™, npuvem
dim F*¥ = k. Tozda dasn amobux F' C FI cywecmeyem yenowxa F* C Fitl ... c Fi—1 c FJ,

HoxkaszarenbcrBo. B cuny ciaencreus [12.10] kaxkgast rpanb X sBIsS€TCH BBINYKJIBIM MHOTOTDAHHWKOM B CBOEi ad-
dunrnOit 060m0uKe. OTCIona U u3 caemcTsud [12.22] BEITeKaeT, uTo F! comep:KuTea B HEKOTOPOi THIeprpany I BBITyK-
soro muororpannuka FJ C Aff FI. B cuny ciencrsus 12.12| F sBnsiercss HeKOTOpPOii rpanbio F' 7—1 MHOrOrpaHHHKA
X. Ilpomomkast 3TOT MPOIECC, ITOCTPOUM HCKOMYIO IEIMOYKY. O

BazkHy1o posib B U3y4eHun MHOTOTDAHHUKOB UTPAIOT UX LOJIAPBL, onpeaenennsie B paszene [11.2] 113 reopemsbr [I1.2]
MIHOBEHHO BBITEKACT CJIeIYIOIIHil PesyibTar.

Caencrue 12.24. Ilycmo X C R" — swnykavili mHozoepannuk, daa komopozo 0 € Int X, moezda ezo noaapa X*
— maxoice eunykanl mHozozparnuk, npuvem X** = X. Boaee mozo, omobpasicenue ¥, zadannoe gopmyaot (11.2)),
ycmanasausaem ecmecmeennoe buexkmustoe coomsememeue mexcoy epanamu X u X*, obpaujarouee 8xA0veHue.
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12.3 ®opwmyaa Jitjgepa JJid BBIMTYKJIBIX MHOTOTDAHHUKOB

B mpeapInymux JeKIMuax Ml o6cyaumn hopMyTy Ditfaepa And BLITYKIbIX MEOrorpanaukos X C R3. Hamommmu, 4To
B 9TOM CJlydae OHa umeer Bua U —e~+ f = 2, rae v, e u [ — KOJIM4ecTBo BepluuH, pebep u rpadeil (runeprpaseii) pac-
CMaTPUBAEMOr0 MHOIOIPAHHMKA. B Cily4yae npOM3BOJIbHBIX BBINYKJILIX MHOrorpanaukos X C R™ n > 1, paccmorpum
AJIbTePHUPOBAHHYI0 cyMMy X (X) KOJIWYeCTB BCeX COOCTBEHHBIX IpaHeit X: ecam f; — 4mMciIo rpaHeil pa3MepHOCTH i,
To x(X) = Zzzol(—l)ifi. Hnst n = 0 cOBCTBEHHBIX IPAHEH HET, MOATOMY eCTeCTBeHHO nonokuTh X (X ) = 0. Bemanna
X(X) HasbiBaeTcs 9tiaeposoti TapaKmMepucmukolt 6binyKA020 MHO202PpaHHUKA X .

Broisicuum, gem paBuo (X)) /i MHOMOIDAHHUKOB MaJIoil pa3MepHocTH. [Ipo HyJbMepHBI MHOTOIDAHHUK Mbl y¥Ke
rosopuiu: g #Hero x(X) = 0. Y oxmHomeproro X, T.e. y OoTpe3Ka, UMeeTCs POBHO JIBe COOCTBEHHBIX IPAHU — €ro
BepuuHbl, 1103ToMy X(X) = 2. Bbloykiblii MHOrOYroJbHUK MMEET OJMHAKOBOE YHMCJIO BEPIIMH M PaHeil, M09TOMY
X(X) = 0. Tpexmepuble MHOrorpanHuku Mbl TOxe 06cyaumu: i vux X(X) = 2. Takum obpasom, nabionaercs
3aKOHOMEPHOCTH: y YeTHOMEPHBIX MHOTOTPAHHWKOB 3iIepOBa XapaKTEPUCTHKA, PABHA HYJIIO, 4 Y HEIeTHOMEPHBIX PABHA
2. Obmas dopmyna mia n < 3 umeer Bux x(X) = 1 — (—1)". Ora3biBaeTcs, 9T0 TaK»Ke BEPHO M B ITPOU3BOJIBHOMN
Pa3MEepPHOCTH 7.

IIpumep 12.25. Ilycte X — mpousBoibHBIA n-mepHblii cumiieke B R”. Ilokaxkem, 9TO KaxK10e MOIMHOXKECTBO
MHO2KECTBA BEPIIUH CUMILIEKCA X sIBISETCA BEPUIMHAMU HEKOTOPO#i rpanu. [lycrs V' — MHOKECTBO BEPIIMH CUMILIEKCA
X. JlocTaTouHO pacCcMOTPETh Caydail HemycToro noamuoxectsa W C V', oruanoro ot V. Hamomuuwm, uto V' coctout
u3 (n + 1)-oit roukn, V = {v1,...,vp41}, u aBasercs adpduHHO HE3aBUCHMBIM. PaccMOTPUM MPOU3BOIBHYIO TOUYKY
x € conv(V\W), rorna x = ZviEV\W Aivg, tae \; > 0u Y. \; = 1, B yacrHOCTH, HE BCe \; paBHbI HyJ110. [Ipeamonoxum,
aro x € Aff W. Torma z = Zvjew wivj, e > p; = 0. Ho Torma

Z /\ivi — Z iV = O,

v, EV\W v; €W

[pryeM He BCe \; PABHBI HYJIIO, TAK 4TO MHO)KeCcTBO V addunno 3aBucumo, nporusopedne. Takum obpazom, (Aff W)N
conv(V \ W) = (), nosromy, B cuiy TeOpembr conv W — rpaub cumiuiekca X .

3 cka3aHAOTO BHITEKAET, 9TO KOJNIECTBO COOCTBEHHBIX k-MEPHBIX IPAHEil 7-MEPHOTO CHMTIIIEKCA, PABHO CSE, TaK
4TO 3iIEepoBa XapakTeprucTrka X(X) TaKoro CHMIIIEKCA PaBHA

n—1 n
Z(_l)zcib—:ll = Z(_l)kHCsﬂv
=0 k=1

rae C’,’i PaBHO YHCIy coueraHuii u3 n mo k. HamomuuM, 9TO 11 IEpeMeHHoi ¢ nMeeM

n+1 n
L+ =) Cha' =Ch 4+ > CF ek + Ot

1=0 k=1

OTKYIa
n
0=(1-1)"" =1+ Ck (-D)F+ (-1)"*,
k=1

II03TOMY

X(X) = i(—l)’““Cﬁﬂ =1-(=D"
k=1

n

Teopema 12.26 (Dopmyna Ditnepa). [Tyemsv X C R™ — swnykanii mmozozpannur, mozda x(X)=1— (-1)

12.4 IlpaBujibHble MHOTOMEPHbIE MHOTOT'PAHHUKU

IIycrs X C R™ — Bpinykisiii Muororpannuk. B cuiny ciepcrsug [12.22] xaxxnas sepmmna FO us X comep:kurca B
nexoropoii runeprpanu F™* !, Ilo CJIe,Il;CTBI/IIO cymecrsyer nenouka FO C F1 C .- C F* 1 C X, rne F' € F(X)
— rpanb pazmMepHocTH ¢. Kakayio Takyio 1ernodky OyJeM Ha3bBaTh ghaazom 2paret.

Boimyk /b1t MHOrOIpAHHUK HA3BIBAETCS NPABUALHBLM, €CIIN JJTsT JTIOOBIX IBYX €r0o (JIaroB CyIIecTByeT W30METPHUS
npocrparcTea R™, nmepeBosiias mepsbiii (GhJiar BO BTOPOii. 9TO 03HAYAET, YTO OrPAHUYEHUS U30METPUH Ha k-MepHbIe
IpaHu, BXOJSIINE B PACCMATPUBAEMbIe (DIIATH, SBJISIOTCS W30METPUSIMU MEXK/Iy STUMU TPAHSIMU.
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IIpumep 12.27. HynbMepHbie U OJHOMEPHBIE MHOTOTPAHHUKN — MPABUJIbHBIE. JIByMepHbIE MHOTOIPDAHHUKH — MHO-
TOYTOJIBHUKU — SIBJISIIOTCS TPABUIBHBIME, €CJTH U TOJBKO €CJIU U30METPUSME MOXKHO TIEPEBECTH JIO0YI0 BEPIIUHY B
JIOOYI0 BEPIIUHY, U JIOOYIO CTOPOHY B JIFOOYIO CTOPOHY, & 9TO 03HATAET PABEHCTBO BCEX YIJIOB M BCeX cTOpoH. Hamom-
HUM, 9TO JIjIs KAXKJIOTO M > 3 CyHIECTBYET MPABUJILHBIN M-yTOJbHUK. B TpeXMepHOM Cilydae MPaBUIBHOCTH BJIEYET
BO3MOXKHOCTB MEPEBOJIUTH JIIOOYI0 ITBYMEPHYIO DAaHb B JIIOOYI0 IBYMEDHYIO T'PAHb, MPHW 9TOM KaXKIYIO BEPIIUHY W
Kaxk10e pebpo 9TOoi rpaHu MOXKHO MEPEBOIUTH B JII0OYIO IPYTYIO BEPIUHY U JI000e aApyroe pedbpo 3Toii ke rpanu. Ta-
KM 00pa3oM, B 3TOM CJIy4Yae BCe MPAHU MHOTOIPAHHUKA JOJKHBI ObITh PABHBIMU MPABUJIBHBIMEU k-yroabHAKaMu. Tak
Kak Jiobast BepIIHHA MHOTOTDAHHUKA MOXKET ObITh IepeBeJIeHa B JIIOOYIO BEPIIUHY, TH MPABUJIHLHBIE MHOTOYTOJIbHUKHA
CTBIKYIOTCS B KarK/JIOH BEPIIHHE B OJHOM W TOM K€ KojmdecTBe. Tak Kak Jiioboe pebpo mepexoauT B Jiioboe pedpo,
JBYTPAHHBIE YIJIBI DU MEXKIy TUIEPTPAHSIMHA JOJIKHBI OBITh OJUHAKOBBI. TakuM 00pa3oM, MbI MPUXOIUM K OIPE/Ie-
JIEHIIO TIPABUJILHBIX MHOTOIPAHHHUKOB B R3, mamHOMYy B JeKmum @ OrBer MBI COODIITA/IN: TAKAMUA MHOTOTDAHHUKAMU
SABJIAIOTCS MATH IJIATOHOBBIX TEJ.

[IpuBejiemM psiji 09€BUIHBIX IPUMEPOB [IPABUJIBHBIX MHOIOMEDHBIX MHOIOIDAHHUKOB.
IIpumep 12.28. IIpasuavHbili n-MEPHBIU Cumnaekc B cBoelt adduHHON 000I0UKe.
IIpumep 12.29. Kyb, apasionuiics BBITYKJIOH 000I0YKO#M BCEX TOUEK, Y KOTOPBIX BCE KOOPAWHATHI PaBHBI 1.

IIpumep 12.30. I'unepoxmasdp win KPOCC-NOAUMON, SABIAIOIMINNACT BBITYKIOH 000J09KOIl BEKTOPOB CTAHIAPT-
HOTO 6&3HC& 1 UM IIPOTHUBOIIOJIOZKHBIX.

B pasmepnocTu n > 5, KAK OKa3bIBAETCs, HIKAKKX JIPYTHUX [IPABUJIBHBIX MHOIOIPDAHHUKOB HET. A BOT B pA3MEPHOCTH
4 uMeeTcs eIe TPU “9K30TUIECKUX’ MHOTOTDAHHUKA.

IIpumep 12.31. 24-aueliHukr, nin UKOCUMEMPATOP, WK OKMAKYD, WM NOAUOKMAIIP SBISETCS BBITYKJION
000JTOYKOH BCEX TOYEK U3 R4, y KOTOPBIX IBE KOOPAWHATHI paBHbI +1, a ;aBe ocraBmmecs — Hymao. Ero rpammma
cKJieeHa u3 24 OKTadAPOB, KOTOPbIE BCTPEYAIOTCH BIIECTEPOM B KaK/OW BEPIIMHE M BTPOEM Ha KaxkaoMm pebpe. Bce
BMecTe OHU 00pa3yroT 96 TpeyroabHbIX TpaHeil, 96 pebep u 24 BEPIIWHBI.

ITpumep 12.32. 120-auetiHuk, Win 2eKCAMOHUKOCATOP, nin 2unepdoderasdp — Buinykias 06os104uka 600 Touexk,
ABIAIOIMINXCA BCEBO3MOXKHBIMU IIE€PECTAHOBKAMH TOYEK BHIA

(0,0,42,+2), (1,1, £1,+V5), (2o~ 2, o, 2@, £p), (£p2, oL, 2o 2o 1),
a TaKzKe BCEBO3MOXXKHBIMM 4YE€THBIMHA HepeCTaHOBKaMI/I TO4Y€EK BHUIa
(0, £ 2, £1,£¢%), (0,071, £, £V5), (o1, £1, +¢, +2),

rme o = (1+ \/5) /2. Ero rpanuna ckieena u3 120 J101€Ka31pOB, KOTOPbIE B BEPIIMHAX BCTPEYAETCH BYETBEPOM, & HA
pebpax — Brpoem. Uwmeer 720 nsruyronbuasix rpaneit, 1200 pebep u 600 BeprruH.

IIpumep 12.33. 600-suetiHuk, Win 2eK3aKOCULOP, UIA MEMPANAEKC, W NOAUMEPMPAIIP — BHIMTYKIas 000-
jgouka 120 ToYeK, ABISIONINXCS BCEBO3MOXKHBIMH TIEPECTAHOBKAMHU TOYEK BHIA,

(0,0,0,£1), (£1/2,£1/2,+1/2, +1/2),

a TaK»Ke TOYUEK, ABJIAIONINXCA YeTHBIME IMepecTaHoBKaMu Todek Buma (£¢/2,+1/2,+071/2,0), rae ¢ = (1 +/5)/2.
Ero rpanuna ckieena u3 600 TeTpasapoB, BCTPEYAIOMINXCS B KaXKI0H BepIinuHe B KosmdecTse 20 u HA KaXKI0M pebpe
B KosmmaectBe 5. Mmeem 1200 Tpeyronbubix rpaneit, 720 pebdep, 120 BepriuH.

Teopema 12.34. C mounocmsio do nodobus, cyuecmeyiom Auwd CACOYIOULUE TPABUALHBLE TL-MEPHBLE MHOZ02PAHHU-
Ku:

e npun =0 — 00HOMOUEUHBT MHOZOZDAHHUK;

e npun =1 — ompesox [0, 1];

e npun =2 — NPAGUALHBLE TN-Y20AbHUKU, T > 3;
e npun =3 — NAMHL NAGMOHOEHLL MeEN;

e npun =4 — npasusbHuLl d-meprwili cumnaexc, 4-meproit Kyb, d-meproil Kpocc-noaumon, 24-avetinuk, 120-
avetrnur, 600-avetinur;

e nNpun >5H — NPABUALHBLY N-MEPHBLT CUMNAEKC, N-MEPHBLT KYO, N-MEPHBLT KPOCC-NOAUMON.
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YupakHenus K riiase 12

VYupaxknaenne 12.1. Ilycrs Y C R™ — nenycroii Bbimykibii komnakt, p € R® \' Y u yo = Py (p) — merpudeckas
HpoeKIusd TOYKK p Ha Y. ITokakuTe, 9T0 MeTpudecKas IpoeKiusa Py IEePEeBOIUT BECh JIyd YoP B Yo.

VYupaxueuune 12.2. Jlokaxure Teopemy Byzemana—®ennepa: merpudeckas mpoekius Py : R™ — Y apnsgerca 1-
JIMIIIIAIEBBIM OTOOPAXKEHUEM, B YACTHOCTH, METPUIECKAST IPOEKIHs HElIPEPhIBHA.

Vopaxknuenne 12.3. Ilycts S"~! C R” — cdepa, orpannumuBaomas ap, BHyTPU KOTOPOIO JIEZKUT HEIyCTOH Bbi-
TTYKJIBIT KOMTAKT Y.

(1) TloxkaskmTe, 9TO OTpaHWHeHue MeTpudeckoi mpoekmun Py wa S"~! u rpammmy Y mHOXecTBa Y ABISeTcs
CIOpPbEKITNE.

(2) BoiBemuTe OTCIOJA, YTO Yepe3 KAKYIO TOUKY TPAHUILI JY MPOXOIUT OMOPHAs TUIEPILIOCKOCTD.

Yupaxkueuue 12.4. Ilycts 7 — runepmiockocts B R” u II C R™ — 3aMKHYyTO€ TOTYTPOCTPAHCTBO, OTPAHUTEHHOE
7. llycts A C I m B = AN 7. Ilokaxkure, 9T0 conv B = m N conv A.

Yupaxkaenue 12.5. Ilokaxkure, 9T0 BbIIyKJIbIl MHOrOrpanuuk X C R™ umeer ue menee (n + 1)-0ii BepriuHbl u He
menee (n + 1)-oif runeprpanu.

Yupaxkuenue 12.6. Ilyctes X C R"” — BbIMyK/IbI MHOTOTpAaHHUK, F, ..., F,, — ero runeprpanu, m; — TUMIEPILIOC-
KOCTbh, /st Koropoit F; = X Nm;, m II; — nonympocTpancTBo, orpanndennoe 7; u cojepxkamiee X . Ilokaxkure, 4o
cpean moynpocTpancTs I1; HeT m30bITOYHBIX.

VYupaxxuenmne 12.7. [lokaxure, 910 HE 0/IHA TUIEPTIPAHD BHIITYKJIOIO MHOTOI'PAHHUKA HE COIAEPKUTCS B OObe IMHEHUN
OCTaBIITUXCS THTIEPTPAHEI.

Yupaxkuenuue 12.8. Ilycts X, Y C R” — BBIMyKJIble MHOTOTPAHHWUKN, U A — HEHYJEBOE BEIIECTBEHHOE YHNCJIO.
Tlokaxkurte, 4TO

1) AX — BBINYKJIBI MHOTOTPAHHUK;

2) X 4+ Y — BBIMyKJIBI{I MHOTOTPDAHHUK;

(1)
(2)
(3) ecmm Int(X NY) # 0, To X NY — BBIMyKJ/IBIH MHOTOTDAHHVK;
(4)

4) ecmm m C R™ — rumepmyrockocts Takast, 910 7w N Int X # (), To 1 N X — BBIMYKJIBIH MHOTOTPAHHWK B 7.

Yupaxxuenune 12.9. Jlokaxure popmyny ditjgepa Ijis BHITYKIbIX MHOrOrpaHHUKOoB X C R™. Yka3zaHue: BbIOEpUTE
npsMyio ¢ Tak, 9T00BI OPTOTOHAJIBHBIE TTPOEKIINY PA3HBIX BEPIMWH n3 X ObLIN PA3INYHBI; MPOBEINTE Y€PE3 KAXKIYIO
BEPINUHY TUIEPILIOCKOCTD, MEPIIEHINKYISAPHYIO £; MEeXK Ty KayKI0i Mapoil MOC/Ie/I0BATEIbHBIX THITEPILIOCKOCTEH TaKKe
[IPOBE/IUTE MUIIEPILIIOCKOCTD; B PE3YJIbTaTe KaXK/1asd U3 IPOBEIeHHBIX IUuliepIiiockocTeil nepeceder X 1o (n—1)-mepHomy
MHOTOTDAHHHKY X;; JUis Kazkaoi rpamm FJ mmororpammmka X adduunoit pasmepuocru j, rme 1 < j < n — 1,
ompenenute wucao (F7, X;) pasupiv 1, ecim pumosasercs X; N relint FJ9 # (), w pasubiv 0 B TPOTUBHOM Cyuae;
HCTOB3YHTE 3TY KOHCTPYKITUIO JIJIST COOTBETCTBYIOITUX BBIUUCTICHUIH.
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PaBHoBeJINKOCTh 1 PAaBHOCOCTABJIEHHOCTD.
Tperbga npobiiema I'mianbepra

ITnau. Ilnomanu u 06beMbl, UX WHBAPHAHTHOCTb U AJAUTHBHOCTBL, pa3pe3aHue MHOLOYTOJbHHUKOB, PABHOCOCTABIEHHbIE MHOTOYTOJbHUKH, DAB-
HOBEJIMKNE MHOIOYIOJIbHUKH, JABYMEPHBIN ciaydai: Teopema Boitsn—Bannaca—lepBuna, paspe3anune MHOMOIPAHHHKOB, PABHOCOCTABJIEHHBIE MHOI'O-
IDAaHHVUKYU, PABHOBEJNKNE MHOTOIPDAHHUKH, TpeThda npobaema ['uapbepra, 3aBUCHMOCTD HA MHOYKECTBE BEILIECTBEHHBIX YNCEJI, A uTuBHaA (PyHKIU,
dbyuknusa lena mHororpanuauka, nHsapruanTt /lexna, reopema /lena, rerpasap Xuimia, paBHOJOIOJHAEMble MHOTOTDAHHUKH, KOOPJAHUHATHBINA TeTPasap,
pemenne Tperbeil npobaemsbl I'unbbepra, Teopema dena—Cunsepa.

[IpoGsemsr, 00OCyzKIaeMble B 3TOW IJIaBe, NMEIOT HEIIOCPE/ICTBEHHOE OTHOIIEHNE K BBIYHCJIEHUIO IJIOIIael I1JI10C-
kux $uryp u 06vemos duryp B npocrpancrse R3. II3BecTHOE U3 Kypca MATEMATHIECKOrO AHAIN3A OIPEIEICHIE ITHX
MOHSITHH, OCHOBAHHOE HA IMPEJEbHOM IEPEX0/e, 9acTO MPUBOJUT K CJIOKHBIM BBIYHCJIECHUSAM, CBOJAAIIAMCSH (DAKTH-
YECKHM K B3ATHIO COOTBETCTBYIONIEro maTerpata. OQIHaKo B HEKOTOPBIX CJIydasiX BbIYUCJIEHUS MOXKHO CYHIECTBEHHO
YIIPOCTUTD, €CJIH BOCIOIb30BATHCA CJIELYIOIMIUME COOOParKeHuAMHI (MbI ¢POPMYyIUpyeM UX st TLIOCKOTO CIydast; po-
CTPAHCTBEHHBII Cjydail mojaydaercd 3aMeHoil cjaoBa “myomanp’ Ha cioBo “00bem”): (1) miomaau pasHbIX GUryp
OJJMHAKOBBI (MHBApUAHTHOCTH ILIomAan); (2) eciu durypa F upexacrasiena B Buje O0beIUHEHUs] KOHEIHOTO YUCIIA
duryp 1, ..., F,, He uMe0mux 00MKUX BHYTPEHHNX TOYEK, TO IIOMAas Gurypsl ' paBaa cymme mwiomaeit puryp F;
(apuruBnocts wiowau). Takum obpazom, eciu mist Guryp F u G 3aianbl Takue 1peicTaBieHust ¢ OMOLIbIo (huryp
F,....,F, u Gy,...,G, COOTBETCTBEHHO, U TIPU Kaxka0M i burypsl F; u G; paBabl, T0 F' 1 G UMEIOT OJNHAKOBBIE
TIJTOTITATH.

XOpOITI0 M3BECTHBIN MpUMEp MPUMEHEHUS W3JIOXKEHHOW UIeM — BBIYUCJICHNE TIJIOMAAN TapaJjjieorpaMma depes3
IJTOIIA/b MPSAMOYTOJbHUKA, & TaKyKe ILIOMAIA TPEYTOJIbHUKA depes3 MIoM@alp napamiesorpamma. Eie onno npuio-
JKEHWEe TeXHUKHW, OCHOBAHHON HA OIMCAHHOM BBIIIE IPEJICTABIEHUN MHOIOYIOJbHUKOB, — JOKA3ATEIbCTBO TEOPEMbI
IMudaropa, puc. [13.1

OtmeruM, 9TO Ij18 MHOTOYTOJBHUKOB F' B kKauecTBe duryp F; IpuHATO TaKKe PacCMaTPUBATH MHOTOYTOJILHUKH.
[Ipusenem temepsr HEOOXOMMMBIE (DOPMAIHHBIE ONIPEIETICHNUS .

Onpenenenne 13.1. Ilycts F u Fi, ..., F,, — MHOTOYTOJIbHUKH, JJis KOTOPBIX BBIMOJIHSIOTCS CJI€IYIOIINE YCIOBHUS:
(1) mpm KasKIOM ¢ U j # ¢ MHOTOYroubHUKE F; u F; He HMeOT 00IINX BHYTPEHHUX TOUYEK;
| m X
(2) F=Ur,F;.
Torma roBopar, uto F' pagpe3ar HG MHO20Y20AbHUKY F;.

Onpenenenne 13.2. [lycts F' u G — aBa muOroyronbuuka. Kein F' u G MOXKHO Tak pa3pe3arh HA MHOTOYTOJIbHUKA
F,....,F, u Gy,...,G, COOTBETCTBEHHO, YTO TPHU KaXKJA0M ¢ = 1,...,n mMHOrOoyrospuHuku F; u G; pasubr, 0 F u G
HAa3bIBAIOTCS PABHOCOCTNABAEHHBILMU.

Onpenenenne 13.3. Muoroyrosnbauku F' u (G Ha3bIBAIOTCS PABHOBEAUKUMUY, €CTH UX TLIOMAIA PABHBI.

Kaxk yxke ormedanoch, paBHOCOCTABIEHHBIE MHOIOYTOJIBHUKY PABHOBETUKH. BepHo sin obpaTHoe? 3aMedaresibHo,
49T0 OTBET HoJoKuTeNbHbIH. CooTBercrByonmil pesyiabrar Ha3biBaercs meopemoti Botsu—Baaraca—Iepsuna.

Teopema 13.4 (Boiisiu, Bannac, Tepun [23]). /I6a mnozoyzosvrura pasHo6eAUKY 6 MOM U MOABKO MOM CAYYGE,
K0200 OHU PABHOCOCTNABAEHDL.

111
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a a

aZ+b2=C2

Puc. 13.1: IIpocreiiue npuMeHeHUS UIeW PABHOCOCTABIEHHOCTH.

Sameuanmne 13.5. Boiisu (Farkas Bolyai) 8 1790 roay cdopmynuposan upobiemy, Basac (William Wallace) peuus
ee B 1807 roxy, lepsun (Paul Gerwien) pemmn ee Buosb B 1833 romy, u, Hakouen, Boiisu, He 3Hag O CYIIECTBOBAHUI
9THX pernieHnii, gau csoe B 1835 roxy, cum. [21].

Crenyrommmii mar — nonpo6oarh 0600IIATH MOy YeHHbIE PE3YIBTATHI Ha MHOTOTpaHHWUKY. HaduHeM ¢ cooTBeTcTBy-
IOIUX ONpeJieIeHnil (I0CIOBHO MoBTOpsomux onpeaenenus [13.1} [13.2) u [13.3| ¢ 3ameHoii cii0B “MHOrOyrosbHUK” Ha
“mHOrorpaHuuk’ u “romaap”’ Ha “oobem”).

Onpenenenne 13.6. Ilycte W u Wy, ..., W,, — MHOTOrpaHHUKH, [JIsi KOTOPHIX BBIMOJIHIIOTCS CJIEIYIONINE YCIOBHUS:
(1) mpm xaskaOM ¢ U j # ¢ MHOrOrpaHHuky W,; u W; He nMeOT OOIUX BHYTPEHHUX TOUEK;
— n .
(2) W=uUr,w,.
Toraa roeopsar, uro W paspesan Ha mmrozo2parHuryu W;.

Onpenenenne 13.7. Ilyctb A u B — aBa mHororpaniuka. Eciu A u B MOXKHO Tak pa3pe3arb Ha MHOIOIDAHHUKU
Ay,...,A, u By,..., B, COOTBeTCTBEHHO, YTO TPU KAKIOM ¢ = 1,...,n MHOrOrpanuuku A; u B; paBubl, T0 A u B
Ha3BIBAIOTCA PABHOCOCTNABAEHHBIMU.

Onpenenenne 13.8. Muororpananku A u B Ha3bIBAIOTCA PABHOBEAUKUMU, ECIIH UX 00HEMBI DABHBI.

BepHo s, uTO paBHOBENUKHE MHOTOrpanHmKE B R? paBmococTapmensr? OTBET Ha 9TOT BOMPOC OKA3AJICA OTPUIIA-
TeJIbHBIM, 9TO ObLT0 oKazaHo lexnoM [22], mocrponBiuM crenuanbHble GYHKIMA OT JIJIWH pebep W BEJMYNH JIBYTDAH-
HBIX YIJIOB MHOTOTDAHHWKA, KOTOPHIE HE MEHSIOTCS DU 3aMeHe MHOTOTDAHHWKA Ha, JII000# Ipyroil, paBHOCOCTABIICH-
vbIiil ¢ HuM. Takue QyHKIUU HA3BIBAIOTCA Tenepb uxsapuarmamy Jena. OKazamoch, 9To ajis Kyba U paBHOBEIUKOTO
€My TPABUIBHOIO TETPAIPA MOXKHO IOCTPOUTH TAKOM nHBapuaHT /leHa, KOTOpbIi Ha KyOe U HA IPABUILHOM TETPad/I-
pe IPUHUMAET PA3HBIE 3HAYEHN S, TIOITOMY TaKue Ky U TeTpasap He PABHOCOCTABJIEHBI. Bojiee TOro, MOYKHO MOKA3aTh,
9TO OHU TAK¥XKe W HE PABHOJOMOAHAEMDL, T.€. HE MOTYT OBITH JOTOJHEHBI PABHBIMU MHOTOIPAHHUKAME IO PABHBIX W
Jake 0 PABHOCOCTABJIEHHBIX MHOIOTPDAHHUKOB. Kpome TOro, maBapuanThl JleHa mO3BOIUIN [T0KA3aTh CYIIECTBOBA-
HUE TEeTPA’3[(POB C PABHLIMU OCHOBAHUSIMU M PABHBIMU BBICOTAMHU, KOTOPBIE HE SIBJISIOTCH DABHOAONOJHAEMbIME (B
YaCTHOCTH, paBHOCOCTaBJeHHbIMU). Takum obpasom, Gbuia pemena mpemovs npobaema I'uawvbepma, B KOTOPOIt
MOJIHUMAJICS. BOIPOC O CYIIECTBOBAHUU TAKUX TETPAIIPOB.

Ormvernm, uto wHBapuanThl JleHa u cama ero pabora [22] ObuiM TPYIHBI JJisi TOHWMAaHUS. P MaTeMaTHKOB
yIpoCTHIIH JIOKazareiabcTBo Jena (cum. mcropmio Bompoca B [23]). Bosmoxkno, Hanbosree poCToit MOAXO0, K PABHOCO-
crapiennoctu usioxken B [24]. menno ero Mol u Gymem obcyxkaarh. Marepuasibl STOH 1aBbl YACTUYHO OMUPAIOTCS

ua [23] u na [25].
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13.1 Kpurepuii paBHOCOCTABJIEHHOCT MHOTOTPAHHUKOB

B srom maparpade Mt onpesesnnm naBapuanThl JleHa n moKakeM, KaK MOYKHO WX UCIOIb30BATD [IJIsi OTBETA HA BOIIPOC
O TOM, ABJIAIOTCH JIU JAHHbIe MHOI'OI'DAHHUKHU PAaBHOCOCTABJIEHHBIMU.

Omnpeneaenne 13.9. Ilycrs M — Kakoe-HEOYyIb MHOYKECTBO BEIIECTBEHHBIX Unce . Kazkmoe cooTHOIIeHne 1y X1+ - -+
ngxr = 0, rae x; € M, a n; — uenble 4ucia, OyjeM Ha3blBaTh 3a8ucumocmsvro Ha M. @yukuuio f: M — R Oyuem
Ha3bIBATh ad0UMUEHOTU, eClu OHA “yBarkKaeT 3aBUCUMOCTH, T.€. [JIsT KaXKIONH 3aBUCUMOCTH 1Ty + - -+ npryp = 0 HA
M semonnsiercst ny f(xq) + -+ - + ng f(zg) = 0.

Koncrpykmusa 13.10. Ilycts W C R? — mekoTopblit MEOTOTpaHHUK, H E — MHOXKeCTBO ero pebep. JIaa Kaskmoro
e € F gepes |e| obo3nauum jyiuHy pebpa e, a 4epe3 (e — BEeJUYUHY JBYIDAHHOIO yryla MHOrOrpanuuka W npu sTom
pebpe. IMonoxum a(W) = {a. : e € E} u nycrb M — 1pou3BoJIbHOE MHOKECTBO BEIECTBEHHBIX YUCEJI, COAEPIKAIIEe
a(W) u gucno .

Onpenenenne 13.11. Bo BBeseHHbIX Bblllle 0003HAYEHUX, KazKAy0 aaauTuBHyo ¢yskuuwo f: M — R, aus Ko-
topoit f(m) = 0, bysem nasvisare ynryuetd dena muozoeparnura W, a aucio f(W) = 3 ple| fae) —
uHeapuaHmMom Jlera, oTBedaronum f.

Sameuanue 13.12. Ecan muO)ecTBO M comepskur m u Bce MHOKectBa o(W;), rme W, ..., W), — HekoTopoe ce-
MeHCTBO MHOTOTDAHHUKOB, TO agautuBHas dyukmug f: M — R, 3anynsomasica va 7, asiasgerca ¢yukiueit lena
OJTHOBPEMEHHO 1711 Bcex W;.

Teopema 13.13. Ilycmv A u B — pasnococmasaennvie MHo202panruky, a f — npouseoavnas gynkyus Jena das
A u B. Tozda f(A) = f(B).

Ipexne, yem JOKa3bIBATH 3Ty TEOPEMY, MPUBEJIEM HEKOTOPBIE ee CJIEJCTBUs. B 9acTHOCTH, MOKayKeM, KaK C ee
TIOMOIITIBIO perraeTcst Tperbsa mpobiaema ['nnpdbepra.

13.2 Ilpumepnl BbIuncJIeHUsS MHBapuaHTOB JleHa

IIpenaoxkenne 13.14. Kaoswcdwii unsapuanm Jlewa das xyba pasen Hyo.

HoxkasareabcTtBo. Obo3HaunM paccMarpuBaeMmbiit Ky6 deped K, u mycrb a — jgjawnHa ero croponbl. Ilycrs f —
upousBosbhas Gyakuus Jena g kyba K. Tak kak Bce nyrpannbie yriibl Kyba pasubl /2, u 2 -7/2 — 1 = 0 —
3aBucuMOCTb, nMeeM 0 = 2f(w/2) — f(7w) = 2f(7w/2). Cnenosarensuo, f(K) = 21121 a- f(r/2)=0. O

IIpenmaoxenune 13.15. Kaosicowii unsapuarm Jena 0as npudmo. pager Hy0.

HokaszareabcTtBo. O6o3HaunM paccmarpuBaeMmyio npusmy depe3 P. Ilycrs f — npousBonbhas dyukius dena s

3T0it mpuambl. OGo3HAYUM 9epes e, .. ., e, pedpa HIKHEr0 OCHOBAHUS TPHU3MbI P, 14epes €}, ..., el — coorBercTry-
o1ye pedpa BEpXHEro OCHOBAHWS TPU3MbI, U uepe3 hy, ..., h, — O60KoBble pebpa nmpusMmbl P. Torma npu KaxXiaoMm i
BBITIOTIHSACTCS |€;| = |€f| 1 ae, + or = 7. Kpome Toro, |hi| = --- = |h,| n >, ap, = m(n — 2) (nmockoe ceuernne co-

OTBETCTBYIOIIErO NPU3Me MUJIUHIPA, NEPIEHIUKY/IAPHOE 00pa3yoIuM, aBJISETCA NIIOCKUM N-yroJabHUKOM). OTcioaa
BBITEKAET, YTO

0= flae,) + flae) = f(m) = flae,) + flaw), O—Zfah (n—2)f Zfah

HUcnonb3yem npuBeieHHbie TOJBKO 9TO (hbOpMysbl 1t Bbraucaenus f(P):

= leilflae) + Y lefl flae) + Y 1l flan,) Z\eA (ae,) + flae)) + ] Y flan,) =0.
i=1 i=1 i=1 =1
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13.3 HekoTopsie ciaeacTBus u3 TeopeMbl /lena

Ciaencrue 13.16. I[Ipasuavubili mempasop u kY6 He PaBHOCOCMABAEHDL.

Joka3zaresbcTBO. JIerko BuieTh, 9To BCe JABYTPAHHbIE YITIbL (v IPABUJIBHOIO Terpasapa pasubl arccos(1/3). ¥V kyba
JIByTDAHHbIE YIUIbI PABHBL 7 /2. 3a1a1uM HA MHOYKECTBE {a,ﬂ/2,7r} dyukuuio f, nonoxus f(a) =1, f(7/2) =0 nu
f(m) = 0. Mokaxewm, aro f — bynkuus Jena. Tak kak f(7) = 0, 1OCTATOIHO MOKA3ATh AJIUTHBHOCTH f.

PaccMoTprM MTPON3BOIIBHYO 3aBUCUMOCTh Ny + nam/2 + nym = 0. Tokaxewm, uto ny = 0. eifcTBuTenbHo, ecan
9TO He TaK, TO «/m — panuoHaabHoe uncio. Creayromas JeMMa TOBOPUT O TOM, YTO TAKOTO OBITH HE MOFKET.

Jlemma 13.17. Yucao L arccos(1/3) — uppayuonavmo.
Joxkazatenbcrso. [lomoxum o = arccos(1/3) u mokaxewm, ato cos(ka) Tpu Beex HATYPATBHBIX k UMeeT BHT ay /3,
rme ap — 1esoe, He gensmeeca Ha 3. JlokazaTenbcTBo mpoBeaeM mHaykimei mo k. ns k = 1 aro tak. dna k = 2
3TO TOXKE TaK B CHJIy TOro, 4To cos(2a) = 2cos? a — 1 = —7/9. [IpenonoxuM, 9T0 yTBEePIeHIe TOKA3aHO /I BCEX
k < n, roe n > 3. Torma

cos(na) + cos((n — 2)a) = 2cos((n — 1)a) cos o = 2a,—1/3",

orkyna cos(na) = 2a,_1/3" — an_2/3" "% = (2a,,—1 — 9a,—2)/3". Ocranoch 3aMeTUTh, YTO YUCIUTENb HE JEJTUTCA Ha
3, TaK KaK @,_1 HE JIEJTUTCA HA 3 M0 MPEINOTOKEHUTO.

IMTokazkem Tenepn, 4ro «/m uppanuonanbHo. IIpesnonoKumM IpoTuBHOE, T.e. O = gw, e p # 0 u g > 0 — nenbie
qucaa, roraa cos(ga) = 1, yero He Moxker ObITh B CHJIy TOIO, YTO Mbl JOKA3AJIM BBbIIIIE. O

Urak, B kaxnoit 3apucumocru ny = 0, IOITOMY OCTAJIOCh IPOBEPUTH, YTO ecyiu nom/2 + nygm = 0, o no f(7/2) +
nsf(n) = 0. OuHako 310 Tak 10 onpexesenuto Gbyukuuu f.
Boraucium renepp uaBapuantbl Jdena, coorsercrByromue Gyukuun f. ITo nupennoxenuro [13.14] kaxkaplii uHBapu-
anT Jlena nis Kyba pasen mymo. Ilycts T — paccMaTpuBaeMblii TPaBUIBHBIN TETPAdAp, W @ — JJIWHA €r0 CTOPOHBI.
6
Torna f(T) =>",_; a f(a) = 6a # 0, mosTomy, B cuiy Teopemst 13.13] Terpasap T n Ky6 He paBHOCOCTaBIeHbI. [

Koncrpykiusa 13.18. Paccmorpum terpasap 17, OCHOBaHWE KOTOPOTO — PABHOOEIPEHHBIN MPsiMOYTOIBHBIN Tpe-
YTOJIBHUK, & BBICOTA PABHA KATETy OCHOBAHWS W IIaJaeT B OAWH U3 KOHI[OB THIIOTEHY3Bl OCHOBaHUs, cM. puc. [[3:2]
CTIEBA.

D

Puc. 13.2: Terpasap Xuiana paBHOCOCTABIIEH C IPSAMOYTOJbHON MTPU3MOIA.

Onpepnenenne 13.19. Muororpanauk 1) Ha3bBaeTca mempasdpom Xuaaaq.
IIpemnoxkenne 13.20. Tempasdp Xuara pasrococmasien ¢ HEKOMOPOU Npu3mot.

JokazareabcTBo. Paspesanme rerpasnapa Xuiia HA TP 9aCTH, U3 KOTOPBIX COCTABIAETCA MPAMOYTOJIBHUKA TIPA3MA,
TakzKe IpeJCTaBiIeHo Ha puc. [13.2] (ormernm, uro y Xmura Gbiio apyroe paspesanue). IIpeoGpasoBanue Terpasapa
Xunna B OPAMOYTOILHYIO IPH3MY MOXKHO XOPOIIO H3Y4YUTH C IMOMOINBIO IIPE3EHTAIMH, IIOATOTOBJICHHOA B ITAKETE

Mathematica [28]. O
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Caencrue 13.21. Kaorcdoli unsapuarm Jena mempasdpa Xuara pasen Hyato.

HokasaresnbcrBo. 13 npennoxenus [13.20/u reopemst [I3.13] Borrekaer, uro y rerpasapa Xumna KaxKaplii MHBApUAHT
Jena — Takoit xe, kak u y npusmbl. Crenosarensno, 1o npeanoxennto [13.15] kaxapiii unsapuant Jena rerpasapa
Xwnta paBeH HYJIO. O

13.4 Jloka3aTeJabCTBO TeopeMbl /leHa

Ha moramoburcs cremyommii TEXHUIeCKui pe3yabTar.

Ilpensoxkenne 13.22. Ilycmv M — mmuooicecmeo sewecmeennnxr wucen u x € R. Tozda xastcdas addumuenas
dynryua f: M — R npodosscaemes do nexomopot addumuenoti dynryuu na M U {x}.

HoxkazareascrBo. Ecam x € M, to dyukimio f meusars me Oyaem. Ilycts Temeps x ¢ M.
Ecnu B kax1y1o 3aBucuMocTb 3sieMeHToB MHOKecTBa M U{x} qucio & Bxouur ¢ HyseBbIM KOI(MQUIMEHTOM, TO IpU
Juobom 3uadenun f(x) upoposzkennas pyHKUus f yBaXKaeT BCe 3aBUCUMOCTH (TaK KAK OHU SABJIAIOTCS 3aBUCUMOCTIAMU

Ha M).
ITycth Temephb 1JIsi HEKOTODBIX TENBIX 1; U n # 0, a TakKe BeecTBeHHbIX x; € M, uveem nx + Y n;x; = 0.
IMonoxum f(z) = —W U [IOKaKeM, 9YTO TaK IPOJOJzKeHHas [ ABjsgercd agauTupHoi. [locientnee o3Hadaer, 4o

Jytst 1000it 3aBucumocru mx + . m;y; = 0 noskuo umers mecro m f(x)+ Y m; f(y;) = 0. JokaxkeM, 410 310 TaK U
ecThb. JIJ11 3TOr0 3aMeTHM, 9T0 ™M Y n;&; —n »_, m;y; = 0 — 3aBucuMocts Ha M, mosromy m Y n,; f(xz;)—ny_ m;f(y;) =

0, oTKyza
—my nif(xi) +nd m;f(y;) _ 0.
n

mf(@)+ > mif(y;) =
O

Caencrsue 13.23. ITycms W — nexomopoiii muozozpannuk u f — ezo pynkyus Jena. Paccmompum npoudeosvrsie
mnozozpannury Wy, ..., W,y. Toeda f npodosstcaemcs do dynxyuu Jena das 6cex mmozozpannuros Wi.

HoxkazarenbcrBo. Bymem pacmmpars obnacth onpenenerus (GyHKIuu f, MOCIEI0BATETHHO JT00ABISAS BETUINHBI
JBYTPAHHBIX YTJIOB MHOTOIPAHHUKOB W; m mpomokas f 10 aIIuTUBHON (DYHKIINU, 9TO MOMKHO CIEIATh B CHJIY

npeaoxenus [13.22] O
ITpumep 13.24. Ilokakem, kak paboraer cieacrsue [13.23
Caencrue 13.25. Tempasdp Xuara u npasusvhviii mempasdp He PaGHOCOCTABAEHDL.

HoxkaszarenbcTBo. Ilycrs [ — dynkiusa Jdena, mocrpoeHHas B J0Ka3aTebCTBE CJI€/ICTBUL Torma ee 3navenne
Ha TIPABWILHOM TETPAdape OTIWIHO OT Hyjsd. Ilpomomkum f no dbyukiun lena ans terpasapa Xuia, 9TO MOKHO
clenaTh B CUJIY CJI€JICTBUS Ilo cimencrBuio [13.21] 3nauenue f wa Terpasape Xwuta paBHO Hym0. [losTomy, B
cuity reopemst [13.13] paccmarpusBaeMbie TeTpasApbL He PABHOCOCTABIIEHBL. O

B dbopmymmpoBke TpUBOANMOrO HUKE TMPEJIOKEHNS TAKXKE MCIOIb3yeTcs ciencTiue [13.23

IIpennoxkenue 13.26 (aguurusaocrs unsapuanta Jlena). [Tyems W — npousdsosbniii MHO202paHHUK, PA3Pe3arbiil
na muozozparruru Wy, ... Wy, u f — nexomopas gynrxyus Jena das W. Obosnawum mot ostce 6yk60U npou3eosvroe
npodossicenue [ do dynkyuu Jena dan ecex mrozozpannuros Wy, ..., W,. Toeda f(W) =", f(W;).

HoxkaszarenbcrBo. Ilycts e — pebpo muororpanuuka W nin ogHOro m3 MuOrOrpanuukos W;. Paccmorpum Bce Bep-
MIUHBI 3TUX MHOTOTPAHHUKOB, TOMABIIIE HA €, & TAKXKE BCE TOYKH IepecedeHusi pedpa e ¢ APYyruMu pedpamu ITUX
MHOTOTPAHHUKOB. Torma pedpo e pa3odbbeTcs ITUMH TOYKAMH HA OTPE3KH, KOTOpPbIe OyIeM HA3BIBATD 366HbAMIL.

O603naunM gepe3 £ MHOXKECTBO BCEX 3BEHBEB, KaXK/J0€ U3 KOTOPBIX JIEKUT B HEKOTOPOM pedpe MHOrOIPAHHUKA
W, n nusa kaxmoro € C e, rae e — pebpo W, momoxum o, = .. ITokaxkem, 9To

(13.1) FV) =" lel flaw).
ec&
HeiicTBurensHo, pebpo e MHororpanauka W maer Briax |e| f(a.) B neByio gacrs dopmyast (13.1), re. B f(W), a Bee

3BEHbA € € &, MeyKaIue B e, AT BKAaJ B pasyio gacth dopmysr (13.1), pasmbrit ), |e] fla:) = > . || fae) =
lel flae).
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IokazkeM reneps, 9ro Benuanna y ., f(W;) paBHa npasoit qacru (bopMyan J1J151 9TOT0 PACCMOTPUM CHaYAJIA
BCe 3BEHbsI, HE TOmasiinue B £, W MOKaXKeM, 9TO OHU JAI0T HYJIE€BOM BKJIA/ B BEJIMIWHY Z?zl f(W,). HeiicrBurenbHo,
oHu MOryT ObIThb ABYX TULOB: (1) 3BeHbs, JiezKalnue B rpansX MHOrorpanuuka W, u (2) 3BeHbsi, BHy TPEHHOCTH KOTOPBIX
JieXKaT BHYyTpHU MHOrOrpanauka W.

Ilycts € — 3Beno mepsoro Tuma, u nycrs Wi,,...,W;, — Bce muororpannuku W,, B peOpax KOTOPBIX JIEKUT
e. Obo3Haumm 9epes «;; JBYTPaHHBIA yTol B MHOrOrpanHWke W; Tpwm 3Bene €, Torma ) ;j Q; = T, HOITOMY 0=

> flauy) = f(m) =32, f(ay;). Orcrona sbitekaer, uto BKiaj 3sena € B seuanny » o, f(W;) pasen
2Ll flai) = lel 3 flei) =0
J J

Ecnn BBecTH TakuWe ke 0003HavYeHWst st pefpa & BTOPOro THIMa, TO TOJIYUUM » 0, = 27T W, U3 TeX YKe CaAMBIX
coobpazkenwii, ero Bkaazn B y ., f(W;) pasen myio.

Ocrasiock BbIACHUTD, Kakoil BKIaJ B Bestmauny » . f(W;) nator 3senps u3 €. Ilycts € — raxoe 3seno. OusaTs, B
TeX 2Ke CaMblX ODO3HAYEHHUsX, UMeeM ), (i, = Qg, nodromy 0 = 7. f(ay;) — f(ae). Orciona sbiTekaer, 1To BKIAL
3Bena € B Besuuny . f(W;) pasen

S lel flas,) = lel 3 fas,) = Il fla)

T.e. OH paBeH BKJIaJy 9TOro e 3sena B pesmanny f(W). Crenosarenswo, f(W) =Y. f(W;). O

Jloxazameavcmeo meopemn [13.13] Tak kKak A m B — paBHOCOCTaBJIEHHBIE MHOTOTPAHHUKN, NX MOYKHO pa3pe3aTh Ha
MHOTOrpaHHuKu Aq,..., A, u By,..., B, cOOTBeTCTBEHHO TakK, 4T0 A; paBen B; mnpu Bcex ¢ = 1,...,n. IIpogomxum
f mo dysakuuu dena mjs Bcex MHororpanHukoB A; (a, suauut, u Bcex B;). Tak Kak y paBHbIX MHOIOIDAHHUKOB
unBapuanTbl lena pasubl, umeeM f(A;) = f(B;). Kpome Toro, 1o npemioxenuto AMeeM

f(A) = Zf(Ai) = Z f(By) = f(B).

13.5 Pemenne Tperbeit mpobdbiembr I'manbepra

Tperba npobsiema ['mabbepra uMeer [eI0 ¢ 0000IMEHeM TOHATHST PABHOCOCTABIEHHOCTH.

Omnpeaenenne 13.27. Muororpanuuku A u B HA3BIBAIOTCA PAGHOIONONHAEMbLMU, ECTTH CYIIECTBYIOT PABHOCOCTAB-
nennpie Mpororpannauku W4 u WPB, xoropsie MoxnO Tax pazpesars Ha MHOIOIDAHHEKH

A A A B B B
W Wi WA a WE WE L WE,

9TO MHOTOTDAHHUK W({‘ pasen A, muororpanauk W pasen B, a mpu Beex i = 1,...,n MHOTOrDAHHUKH I/ViA u Wp
PAaBHBIL.

3ameuanne 13.28. Eciau muororpanunku A m B paBHOCOCTABJIEHBI, TO OHU W PABHOAOMOJHSAEMBI. /lefiCTBUTEIHHO,
B kagectBe W4 u WP moxkno B3ars nx cammx. TakuMm o6pa3oM, paBHOIONOTHAEMOCTD IEfCTBHTEIBHO SBJIAETCS
00001IIeHreM PABHOCOCTABIEHHOCTH.

Caencrsue 13.29. V pasnodonosnaemvls MHO202PAHHUKOS 6ce unsapuarnmu, Jena cosnadarom.

JokasareabcTtBo. B obo3nauenusix onpenenenus [13.27) nycrs f — npoumsBonbhasi dyukiusa lena ana A u B,
uponoskennas 10 Gyuxuun Jena ana scex WA u WP, Torna f(A) = f(Wgh), f(B) = fWP), u f(WS) = fF(WP)

7

npu Beex i = 1,...,n. Ilo Hpe,ZLJ'IO)KeHI/I fWA) =50 JfWA) n f(WB) =30 f(WP). Tak xax W4 n
13.13

WE pasnococrasienst, To, 1o Teopeme [13.13] umeem f(W4) = (W), orkyna

n n

FIA) = FOWG) = FOVA) =Y f(WA) = F(WP) = > f(WP) = F(W§) = £(B).

i=1 i=1
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I3 mpuBeIeHABIX BBIMIE PE3YIHTATOB MTHOBEHHO TOJIYYaeM CJIEAYIONIee YTBEPXKIEHUE.
CaencrBue 13.30. I[Ipasuavhoili mempasop He ABAALMCA PAEHOOOTIONHACMBIM HU C KYOOM, Hu ¢ mempasdpom Xuaia.

Tperbs mpobiema 'nnbbepra cniparmmuBalia, CyImecTBYIOT JIM TETPAIPHI C PABHBIMUA OCHOBAHUSIMA W BHICOTAMU, HE
ABJIAIOIIAECS paBHOAONOMHIeMbIMU? OKa3bIBAETCs, OTBET IOJIOXKHUTEILHBIA.

Ounpenenenne 13.31. Koopdunammuvim mempaadpom HazoseMm Terpadap ¢ sepumuamu (0,0,0), (1,0,0), (0,1,0)
u (0,0,1), a rakKe KaxK/blil TETPa’p, eMy HOJ0OHBII.

IIpeasmoxkenne 13.32. V xoopdunammozo mempasdpa umeemcs Henwyseeot unsapuanm Jlena.

HoxkazaresbcTtBo. O603HAYNM 4Yepe3 @ BEMYUHY JBYTPAHHBIX YTJIOB KOOPAMHATHOIO TETPA3/Ipa IpU pebpax rpaHH,
ABJIATOMIEHCH IPABUIIBHBIM TPeyrosbaukoM. Toria, Kak JIerko suierb, cosa = 1/+/3. JIocioBHO HOBTOpss PaccyxK,/ie-
HUST W3 JIOKA3aTeIbeTRa, JeMMbt [13.17) MoyKHO ToKasaTh, uTo mpu mobom Harypaasaom k uveem cos(ka) = ay/(v/3)*,
e aj — IeI0e UHMCIIO0, He NENANEecs Ha 3, OTKyJa TeM Ke CIOcOo0OM 3aKIOouaeM, UTo 9mciao = arccos(l/ V3) —
uppanmorabHo. OTCIOA BRITEKAET, 9TO MHOKECTEO { v, /2, 7T} HE HMeeT 3aBUCHMOCTEH, B KOTOPBIE ( BXOJAT C HEHY-
aebiM Koabbunmentom. Ilosromy, nonoxkus f(a) = 1, f(n/2) = 0 u f(xr) = 0, Mbl nosyuum byuxiuio dena s
KOOPJMHATHOIO TETPasdApa. JIerko BUAETh, YTO COOTBETCTBYIONMIA eii naBapuanT JIeHa OTIUYeH OT HyJIs. O

3amevanue 13.33. Ecin B KadecTBe OCHOBAHUST KOOPANHATHOTO TETPAIIPA B3ATH IPAMOYTOJbHBIN TPEYTOMbHUK, TO
OH OyJeT OTIMYaThCsd OT Terpadapa Xujja ¢ TAKUM K€ OCHOBAHHMEM JIUIIb TE€M, YTO BBICOTA I[IOCJIE/HErO La/IaeT HE B
BEPINUHY TPSMOrO YIiIa OCHOBAHWS, & B BEPIIHHY OCTPOrO. IIpu 3TOM BBICOTHI y TAKUX TETPAIIPOB OYIyT PABHBI.

Caeacreue 13.34 (pemenune Tperbeit npobsembl unnbepra). Tempasdp Xuasa u xoopounammbil mempasop e
ABAANOMCA PAGHOIONONHAEMBLMU.

HoxkaszarenbcrBo. Ilycts f — dbynknusa /lena, mocTpoeHHasT B JOKA3ATEIBCTBE TPEIIOKEHUS Torma ee 3na-
qeHne Ha KOOPAWHATHOM TEeTPadape orTaudHO oT Hyssd. I[Ipomomxum f no byukmum lewa ansg trerpasapa Xwumwura. Ilo
creacreuio [13.21] snadenue f na rerpasape Xunna pasuo mymo. [losromy, B cuny cneacrsus [13.29] paccmarpusaembie
TETPA3/IPbI HE ABJIAIOTCI PABHOIOMOIHAEMbBIMHA. O

13.6 JlanbpHeiilllee pa3BUTHE

B 1965 Cuugiep [27] mokaszas, 4To paBeHCTBO uHBApUAHTOB JleHa JOCTATOYHO JJisi PABHOCOCTABIEHHOCTU MHOIOIDAH-
uukoB B R, Tem caMbIM, nMeeT MECTO CIIELyIONAs TEOPeMa.

Teopema 13.35 ([len—Cumyep). Jlas pasrococmasiennocmu mHozozpannuros 6 R3 neobrodumo u docmamouno,
4mobv, coenadanu uxr obsemsv, u 6ce unsapuarmms, Jena.

3ameuanmne 13.36. Teopemy dena—Cuiepa Ha deTbipexmepHblii ciaydaii o6o6mumm B. Txeccen (B. Jessen) u A. To-
pyn (A. Thorup), cm. [29].
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YupaxkuHenusd K ryiase 13

VYupaxxuenne 13.1. [Iycte W — mMHOrOyrosbHUK, pa3pe3aHHblil AByMs CIOCOOAMY, & UMEHHO, HA MHOTOYTOJbHUKH
Fy, ..., F,, aTakxke Ha MHOTOYTOMBHUKE (1, . . . , Gy JlOKaKUTE Clieytoliee yTBepK/IeHre: MHOIOYTrOJIbHUK W MOXKHO
paspe3arb Ha MHOroyrojbHuku Wi tax, 4ro kaxuaptit W; sexur B nexkoropom Fj u Gj. B wacruocru, xaxipii F; u
G, pazpe3aercst Ha HEKOTOPhIe 13 MHOTOYTOJIHHUKOB W;.

Yupaxuenne 13.2. Bosegure u3 ynpakuenus [13.1] 910 u3 paBHOCOCTaBIEHHOCTH MHOTOYTOILHUKOB A 1 B, a Tak-
K€ MHOTOYTroJbHUKOB B u C, BBITEKAET PABHOCOCTABIEHHOCTh MHOTOYTOIHHUKOB A u (. TlokaxkuTe, 9TO OTHOIIEHIE
PABHOCOCTABJIEHHOCTH Ha, JIOCKUX MHOTOYTOJbHUKAX SBJIAETCA SKBUBAJIEHTHOCTHIO.

VYupaxkxaenne 13.3. Jlokaxkure, 94To J1060i MIOCKAIT MHOTOYIOIBHIK MOYKHO Pa3pe3aTh Ha BBIMTYKJIble MHOIOYTOIb-
HUKU (& 3aT€M Ha TPEyTrOJbHUKH).

VYupaxxuenne 13.4. Jlokaxkure, 9TO J1I000i TPEYrOJbHUK PABHOCOCTABJIEH C HEKOTOPBIM IIaPAJIIETIOrPAMMOM.

VYupaxxuenne 13.5. JJokaxkure, 9TO 1Ba NApPAJIEIOrPAMMa, § KOTOPHIX COOTBETCTBEHHO OJWHAKOBBHI OCHOBAHWS W
IIPOBE/IEHHbIE K HUM BBICOTHI, PABHOCOCTABJIEHBL.

VYupaxxuenne 13.6. U3 ynparkuenus [13.5| BbiBeiuTe, 910 Jif00bIe 1BA MPAMOYTOJIbHUKA PABHBIX ILJIOMIAEH PABHO-
COCTaBJIEHbL.

Yupaxueuue 13.7. Jlokaxkure, 9T0 KOHEIHBIN HAOOP IPAMOYTOJBHUKOB PABHOCOCTABJIEH C JIFOOBIM IPIMOYTOIbHU-
KOM CYMMAapHO# NJIOMIAIN.

Yupaxxkxuenue 13.8. Jlokaxkute Teopemy Boitan—Bamnaca—epsuna.

Yupaxxuenune 13.9. Bouieaure u3 Teopemnr Boiisu—Bamraca—TepBuna, aTo obast TpsiMOyTOIbHAS TPU3Ma, PABHO-
COCTABJIEHA C MPSIMOYTOJIHBHBIM TTAPAJIEIEUIIEOM, a MOCJIEIHUN PABHOCOCTABIEH C KyOOM.

Onpenenenne 13.37. Ilycte W — mHOrOrpanHwk ¢ MHOXKeCTBOM pebep F, u M — HEKOTOPOe MHOXKECTBO BEIIe-
CTBEHHBIX YHCEJI, COJepKallee AIuHbl Bcex pedep u3 E. [lycts f — npousBonbuas dyukius Hena qua W, ng: M — R
— mpow3BOJbHAA aaauTuBHASA byHKIuA. Torga obodbuennsim unsapuarnmom Jena muozozparnnura W, cOOTBETCTBY-
oM nape (f, g), Ha30BeM 4YUCIO ZeeEg(|e|)f(ae), rue el u o — ayiuHa pebpa e U BeJIMYMHA JABYIPAHHOIO YIJIA
1pu 3TOM pebpe COOTBETCTBEHHO.

Yupaxueuue 13.10. Jokazkure, 9T0 ¥ PABHOCOCTABIEHHBIX MHOTOIPAHHUKOB 006001enHbIe nEBapuaHTh! Jlemna pas-
HBIL.

Yupaxkueuue 13.11. Jlokaxknute, He MOIb3YICh UPPAITUOHATHLHOCTHIO KOHKPETHBIX YHUCEJ, UYTO CPEIN TMPABUILHBIX
nupamu, (OCHOBAHUE — TPABUJIBHbIA MHOIOYTOJIbHUK, 8 BBICOTA MOMAIAET B IEHTP OCHOBAHWS) UMEIOTCsS HEPABHOCO-
CTaBJICHHBIE C PABHOBEJIUKUM KyOOM.
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KommenTapun k ympaxkHeuuio 13.11

IIpusenem psz coobpazkeHUit, KOTOPbIE MOIYT IIOMOYb B pemennn ynpaxuerns [[3.11] Mer nocrponnm dynkmmo Jena
f m angurusayo dysrmuo g Ha Bcem R. AJuTuBHOCTD 9TUX (DYHKIUN, HA CAMOM JeJe, SBISeTCs He YeM WHBIM,
Kak Q-JMHERHOCTHIO, T.€. COXPAHEHUEM KOHEYHBIX PAIMOHAIBHBIX JInHEHbIX KoMOuHanuil. [Tokazxkem 910 Ha mpumepe
dbyuknun f. [Iycts © = 2?21 %xi, rae p; W ¢; — leJble Yncia, npuaem ¢; # 0. IlpuBens Bce uncia p;/q; K obiiemy
3HaAMEHATENI0 U YMHOXKHUB IPABYIO U JIEBYIO YaCTh HA 3TOT 3HAMEHATEb, MOaydInM (Q x = 2?21 Pix;,tne P, m Q —
nenste qucna, Q # 0, P;/Q = p;/q;. Ecim f coxpansier coornomenus, ro Q f(z) — > i, P; f(x;) = 0, orkyza

f@) =% %f(mn =3 Pifay).
=1

i 4

Takum obpazom, agauTuBHOCTE [ Bieder Q-jureitnocts. O6paTtHo, Q-TMHEHHOCTH, B YaCTHOCTH, O3HAYAET U JINHEI-
HOCTB HAI [EJIBIMU YUCJIAMU, T.€. AT TUTUBHOCTD.

Yrobwr 3dpderTuBuo crponth Q-mueiinbie oTOOpaXkKeHne ¢ HYKHBIMHM CBOMCTBaMHU, MbI BBEIEM MOHATHE 0A3mCa
TFamensa. Haunem ¢ psifa MOHATHI, OTHOCSIIUXCA K TPOU3BOIBLHBIM BEKTOPHBIM ITPOCTPAHCTBAM.

IIycts V' — npoussosibHOE JIMHEIHOE ITPOCTPAHCTBO HAJ, HEKOTOPbIM 1osieM. JIuneitnass koMOuHAIMS BEKTOPOB U3
V' nasbiBaerca gurummol, eciu Bce KO3MUUUEHTHL 3TOH KOMOMHALMY, KPOME KOHEYHOIO MX YMCJ/Ia, PABHbI HYJIIO.
Cucrema BeKTOPOB U3 V HA3BIBAEGTCS HE3G6UCUMOT, €CJIU PABEHCTBO HYJIIO JIO0DOH (DUHUTHON JUHEHHON KOMOWHAIINN
BEKTOPOB 3TOI CHCTEMBI PABHOCHIBHO TOMY, 9TO BCE KOI(PUIMEHTHI TAKOW JIMHEHHON KOMOWHAIMU PABHBI HYJIIO.
Cucrema BeKTOPOB U3 V HA3BIBAETCS MOAHOMU, eciiu 060 BeKTOp u3 V' BbIpaXKaercs B BUJE HEKOTOPOH (DUHUTHOM
JMHeHOM KOMOMHAIMKM BEKTOPOB 3TOi cucrembl. Basucom [ameas npocmpancmea V HA3bIBaeTCS MOJHAS JIMHEHHO
HE3aBUCUMAas CUCTEMA BEKTOPOB u3 V.

OxasbiBaercs, basuc amesnst Bcerma cymecryer. JIjis moka3arenbCTBa 3TOr0 (DAKTA, 8 TAKKe JJIs U3YIEHUs pas3-
JINYHBIX, HY?KHBIX B JaJIbHEAIIIEM, CBOHCTB TakuxX 0a3WMCOB, HAM MOHAI00UTCS OTHO (hYHIAMEHTATIHHOE YTBEPKICHIE
73 TEOPWH MHOXKECTB, Ha3biBaemoe jgemmoii [lopua. YTobs! ero chopMymmpoBaTh, HATOMHUM HEKOTOPBIE OIIPE/IEICHUS .

IMycrs X — npoussosbroe muOKecTBO. OTHOmMeHne “<” Ha X HA3BIBAETCA YACMUYHBLM NOPAIKOM, €CITH OHO
peduiekcuBHO (11pu KaxKaoM & € X BbIIOJIHHAETCH T =< ), TPAH3UTUBHO (€CJU T X Yy U Yy < 2, T0 T = 2) U AHTUCUMMET-
puuno (ecmu < yuy < x, T0 x = y). Ilpu 3ToM, eciu x < y, TO OyIeM FOBOPHUTh, U4TO T noduuhsemcs y. Ilpumepom
YaCTUIHOTO TTOPSIIKA, OMPEIEIEHHOTO HA MHOXKECTBEe X BCEX MOAMHOYKECTB HEKOTOPOTO MHOYKECTBA, MOXKET CJIYKUTh
MPUHAJIEXKHOCTH OJHOIO TOAMHOXKECTBA, [IPYTOMY.

[Mapsr amemenToB u3 X, jisi KOTOPBIX OMPEIETEHO OTHOIIEHWE, HA3BIBAIOTCSA CPAGHUMbLMU, A BCE OCTATbHBIE —
HECPaBHUMBLMU. TaCTUYIHBI MOPSIOK, JJI KOTOPOrO BCE MAaphl CPABHUMBI, HA3BIBACTCS AUHEUHbIM Nopadrom. Tlpu-
MEPOM JIMHEITHOI'O MOPSIKA MOXKET CJIYKUTh CTAHJIAPTHOE OTHOIIEHKE < HA BEINECTBEHHBIX YUCIaX. Keiam MHOXKECTBO
X cocrour OoJsiee WeM W3 OHOTO JJIEMEHTA, TO MPUBEIEHHBIN BBINE MPUMED OTHOIIEHUS HA MHOXKECTBE BCEX €ro
MIOJIMHOYKECTB JIMHEHHBIM He sBjisiercs (yoeauTecs).

IMonMHOXKECTBO Z YACTUYIHO YIOPSIIOYEHHOTO MHOXKECTBA X HA3BIBACTCS 4ensto 6 X, eClu WHJLYIIUPOBAHHBIA HA
HEM YACTUYHBIN MOPSIOK JTUHEEH. DJIEMEHT 1M 9aCTHIHO YIIOPII0YEHHOTO MHOXKECTBA X HA3BIBACTCA 6ePTHEN 2PaHbI0
MHOX)KeCTBa Z C X, ecyin jijisi BCeX 2 € Z BBIMOIHACTCHA 2 < M. DJEMEHT 1M 9aCTHIHO YIOPIJOYEHHOIO MHOXKECTBa X
HA3BIBAETCA MAKCUMAALHBLM, €CTA B X He CyIIECTBYET OOJBIIEro 9eM 1M 3JIEMEHTa, T.e. TAKOro m’ # m, 4ro m < m'.
Boobrrie roBopst, MaKCUMAJIbHBIX JJIEMEHTOB MOXKET OBITh HECKOJHKO. KpoMe TOr0o, MaKCUMAJIbHBIX 9JIEMEHTOB MOXKET
BOOOIIIE He ObITh ([IPUBEAUTE MPUMEDDI, UJLTIOCTPUPYIOIIHE BCE OMUCAHHBIE TOJBKO YTO OIPEIEICHNs W YTBEPIKICHHUS ).

Jlemma 13.38 (Llopu). Ecau 6 wacmuuwno ynopadouenmnom mmuoscecmee X kancdas Uyend uMeem 6epITHiot 2panb,
mo Kascouli anemenm u3 X nodwurer HEKOMOPOMY MAKCUMAALLHOMY.

ITokazkem, Kak OTCIOHa BBITEKaeT cyrecrBoBanue 6asuca 'amens. Ilycts V' — npon3BosibHOE BEKTOPHOE TPOCTPAH-
crBo. B kauecTtBe X paccMOTpUM BCEBO3MOXKHBIE HE 3aBUCHMBIE CEMEHCTBA S BEKTOPOB n3 V| a B KAYECTBE YACTUIHOTO
TMOPsAIKA — OTHOIIeHne mpuHaexkaocTu. Ilycrs C' — npousBonbHas 1mens B X . Paccmorpum oobeaunenne UC Bcex
3;1eMeHTOB 3T0# nenu. [lokaxkem, uro UC gBjIsieTCsS HE3ABUCUMON CHCTEMON BEKTOPOB u3 V.

JleiicTBUTENIHHO, PACCMOTPUM TPOU3BOIBHY 0 (DUHUTHYIO TMHEHHY 0 KOMOUHAINIO BeKTOpoB u3 UC, U myCTh €1, . . . , €y,
— BCE BEKTOPDI, IPU KOTOPHIX KOIDDUIIUEHTDI TONH KOMOMHAIIME OTJIMIHBI OT HyJ/Ist. KaxK 1blil e; TPUHATIEXKUT HEKOTO-
pomy S; € C. Tak kak C' — 1nenp, TO Bce .S; CPABHUMBI MEZK/Ty COOOM, IIOITOMY UX MOKHO yIOPAZO4IATH S;, = -+ =X .5; |
TaK 4TO BCe €; IPUHAJIEKAT S; U, 3HAYUT, BXOAAT B HE3ABUCUMYIO CHCTEMY, HO3TOMY U CaMé 0OPa3yIOT HE3aBUCUMYIO
cucremy. Takum oOpa3om, paccMarpruBaeMast pUHATHAS JIMHEHHAS KOMOWHAIMS PABHA HYJIIO, €CJIN U TOJIHKO €CJIH BCE
ee kO3ddunmenTsr paBHbl HYT0, Tak 910 UC — He3aBucmmas cucrema. JcHo Takxke, 9o 060 smement menu C
noguaunsiercs UC, tak aro UC — BepxHsas rpanb mis C.
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W3 nmpoBeaeHHBIX PACCYKICHUI BBITEKAET, 9TO MpUMEHnMa, jjemMma llopHa, mosToMy Kaxkaprii saemenT u3 X TOj-
YMHEH MaKCUMAaJIbHOMY. UTO IpeAcTaB/IsaioT coO00i MaKCUMAJIbHbIE 3JIeMEeHThI B X 7 DTO TaKue He3aBUCHMbIE CHCTEMbI
BeKTOpPOB u3 W, KOTOpbIe HEJIb3d PACIIUPUTD 10 OOJIBIINX, T.e. 10DaBJIEHNEe JII000r0 BEKTOPA MPUBOIUT K 3aBUCUMOIA
cucreme. OTCI0a MIHOBEHHO BBITEKAET, YTO KAXK bl J00ABIEHHbIH BEKTOP K MakcuMaibHOMY S € X BbIpaXKaercs B
BuAe (DUHUTHON JTUHEHHOW KOMOWHAIINY BEKTOPOB U3 S, TOITOMY S SBJISIETCS TOJIHON CHCTEMON U, 3HAYUT, 6A3UCOM
lamensa. Utak, memma llopra TPpUBOIUT HAC K CAEAYIOMIEMY PE3YIbLTATY.

CaencrBue 13.39. B a1060M 6eKMOPHOM NPOCMPAHCNEE A1000A4 HEZABUCUMGAA CUCTEMA BEKTNOPOE COOEPIAHCUMCA 6
nexomopom basuce Iamens.



Jlekima 14

JIBymepHbIe ITOBEPXHOCTU

ITnan. ®axTopTonosorusi, CKJIEHKN, CUMILIEKChI, CKJIEHKa CUMIIJIEKCOB 10 pebpaM, TPUAHTYJIMPOBAHHOE HPOCTPAHCTBO, TOMOJOTUUYECKUN CUMIIJIEKC
(I/IJ‘II/I, Kopoue, CI/IMHJ‘IEKC), BEPIINHBI, pebpa U mapaMeTpU3aIiys TOIOJOTHYECKOr0 CUMIIIEKCA, TPUAHTYIANNS IPOCTPAHCTBA, BEPIINHBI, pebpa, rpad
TPHAHTYJISIIUY, T0Apa30ueHne TPUAHTYISINN, IPABUIbHAA CKJEHKa, IPpaBUJIbHASA TPUAHTYISANNA, TPHAHIYJIHPOBAHHAA [1I0BEPXHOCTDH (I/IJII/I, Kopoue,
HOBerHOCTb), CME2KHbIE CHUMILIEKCbI [I0BEPXHOCTH, DAHUYHbIE U BHyTPEHHUE Pebpa IOBEPXHOCTHU, I'PDAHULIA MM KPAH IIOBEPXHOCTH, KOMIIOHEHTBI
rpaHuLbl FOMEOMOP(MHBI OKPYZKHOCTH, 3AMKHY ThI€ I0BEPXHOCTH, OpUeHTauus pebpa, OPUEHTAIUA IBYMEPHOI0 CUMILIEKCA, CONIACOBAHHOCTD OPUEH-
Tauuit pebep, OPUEHTALMS TPEXMEPHOr0 CUMILJIEKCA, COTJIACOBAHHOCTh OPUEHTANNH AByMEPHBIX PPAHUYHBLIX CUMIIJIEKCOB, OPUEHTAIINS [TI0BEPXHOCTH,
OpHEeHTHPYEMble I HEOPHEHTHPYeMble IIOBEPXHOCTH, CKJelka pebep, CKJelKu U3 KBagpaTa, CKJelKa [IOBEPXHOCTEH, YaACTHBIH Cciaydail Takoil cKiei-
KU II0 COOTBETCTBYIOIINM OPHEHTHPDOBAHHBIM I'DAHUYHBIM OKPY>KHOCTSIM, BbIpe3aHUe IbIPDKH, BbIpe3aHue ObIPKU M3 CHUMILIEKCA, 3aKJielka IbIPKH,
pa3pe3aHue MMOBEPXHOCTU 110 BHyTpPeHHuM pebpam, pasdpe3aHue BIOJb KPUBOH, HOJIOCKA BJOJb KPUBOH, BbIPE3AHHE IIOJIOCKH, BKJIEHKA B IIOBEPX-
HOCTb PpydKHu u myeHku MéEGuyca, anbTepHATHBHOE NPEACTABJEHHE BKJeHku mienku Mébuyca, knaccudrkanus OPUEHTUPOBAHHBIX TOBEPXHOCTEH,
KJaccudUKaNNs HEOPUEHTUPOBAHHBIX MMOBEPXHOCTEH, diilepoBa XapaKTEPUCTUKA ITOBEPXHOCTEH.

B npeaburylmx JIeKIuaX Mbl H3Y49ajd JIByMepHble MHOIOIDAHHBIE IOBepXHOCTH B R, a Tak:ke MHOrOMepHbIE
BBIIIYKJIbIE TEJIa ¥ MHOIOIPAHHUKU. HAamOMHMM, 94TO MHOIOIPDAHHbBIE OBEPXHOCTU MbI CKJIEHMBAJU U3 [POCTPAHCTBEH-
HBIX MHOTOYTOJIbHUKOB — T'DaHEN MOBEPXHOCTEH, HAKJIAABIBAST TPU STOM MHOTOYHCJIEHHBIE OTPDAHWYEHUST HA, YCJIOBUS
ckjeiiku. B MHOrOMepHOM CJIydae TPAHUIIBI BHIMYKJIBIX MHOTOIPDAHHUKOB TIPEICTABISIN COOOM CKIIEHKY TUIEePTPAHE.
B macrosimeii eknum MbI Tak2Ke OyJeM pacCMaTpUBATH CKJEHKHU ‘rpaHeil”’, HO Ha Ceil pa3 MbI HE CTAHEM IPO/IEJIbI-
BATh 9TU OMEPAIUU B OOBEMIIIONIEM EBKJIHIOBOM MPOCTPAHCTBE. BMECTO 3TOro MbI OyJeM KJIEUTh TOMOJOIHYECKH,
HCIONB3Yys MOHATHE (PAKTOPU3AINN, BBEIEHHOE B Pa3/ieiie n, PpakTuIecKn, 0000IAs MOHITHE TOMOJIOTHIECKOTO
rpada. IIpm 3TOM, MBI OrpaHUYNUMCS JIBYMEDHBIM CJIY9aeM W OMPEAETINM TOBEPXHOCTHU M0 aHAJOTHH C JIBYMEDPHBIMHU
MHOTOTDAHHBIMU ITOBEPXHOCTSAMM, T.€. HAJIOKUM Pl OrPAHNYEHNIl, aHAJOTUYHBIX IIPUBEJEHHBIM B onpesesenun [9.4]
OpnHako Temeph MbI

e B KadecTBe TpaHeil OyaeM paccMaTpUBaTh JIWIITb TPEYTOJHHUKHU, TAK KAaK KAXK/IbI MHOTOYTOJLHUK MOYKHO TTOJI-
pa3buTh HA TPEYTOJIbHUKH;

e He OyaeM TpeGoBaTh CyIIECTBOBAHUE LU, COSAMHSIONIEH KAXK Y0 napy rpaHeil (IyHKT
a BMeCTO 3TOro OyIeM rOBOPHUTH PO TOIOJOTHIECKU CBA3HBIE U HECBA3HbIE TIOBEPXHOCTH;

e ne Gyzem Tpe6oBaTh, YTOOBI CMEXKHBIE IPAHU HE JIEZKAIU B OAHOM 110ckocT (myHKT 5| n3 onpenenenus [9.4), tax
KaK I[IPU TOIOJIOTUYECKON CKJIeliKe 100DHOe yCJIOBUE MMEeT CMbICIIA.

ITosrygennbie TakuM 06pa3oM OOBLEKTHI MBI Oy/1eM HA3BbIBATD IBYMEPHBIMU TPUAHTYTUPOBAHHBIMU TOBEPXHOCTIMA. MbI
obcymuM KitacCu(UKAINIO STUX TTOBEPXHOCTEN C TOYHOCTHIO 10 ToMeoMopduzma. OrMerum, aTo B Kypce muddepen-
[UAJBLHOM MeOMETPHUH W TOMOJOTUH OYJEeT BBEIEHO TOHSATHE MHOTOOOPA3Ws, YaCTHBIM CJIYYaeM KOTOPOTO SIBJISIOTCS
W3yd4aeMble HAMU TTOBEPXHOCTH.

14.1 TpuaHTyITMpOBAaHHBIE TOBEPXHOCTH

B paznene MBI ONPEIEIUIN ONepanuio (PAKTOPU3ANNKA HA, TOMOJOTHIECKOM TPOCTPAHCTBEe X, KOTOpas Ijsd 3a-
JanHoi Ha X 9KBUBAJIEHTHOCTU ~ BBOJUT €CTECTBEHHYIO TOMOJIOIMIO HA MHOXKECTBE X/~ KJIACCOB HKBUBAJIEHTHOCTU
~: KaK MbI OTM€YaJii, 3TO — CaMas TOHKas TOIOJIOIHs, JiJid KOTOPOil orobpazkenue mpoekimu 7: X — X/~ como-
CTaBIAIONIEEe KAXKI0H TOUKE COMEPKAIIUi ee KIacC IKBUBAJEHTHOCTH, HEIPEPBIBHO. HamoOMHMM, 9TO MpHW OMHUCAHWHI
9KBUBAJEHTHOCTU YaCTO TOBOPAT JIUIIb IIPO HEOJHOTOYEYHbIE KJIACCHI, IIPA 3TOM OTOXK/IECTBJIEHHUE, 33/ IJAHHOE SKBUBA-
JIEHTHOCTBIO, HA3bIBAIOT CKJIEUKON.

121
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B Tom ke pa3mese Mbl ONpEneIuIn TOMOJOrHYecKre rpadbl Kak pe3yabraT (haKTOPU3ANUN IU3bIOHKTHOTO 00b-
€JIMHEeHUsT KOHEYHOrO YHCJIa OTPE3KOB MO 9KBUBAJIEHTHOCTH, CKJIEHBAOIIEH HEKOTOPbIE KOHIBI OTpe3koB. Ha ceit pas,
BMECTO OTPE3KOB Mbl PACCMOTPUM KOHeuHoe MHOxkecTBO D = {Aq,..., A, } 1ByMEPHBIX CUMILIEKCOB, & CKJIEUBATH Oy-
JIEM HEKOTOPBIE TTapbl pe0ep ITUX CUMILJIEKCOB TTOCPEICTBOM TOMEOMOPGMU3IMOB Mexk 1y pedpamu. Tounee, paccMOTpum
HEKOTOpBII HAOOp map pa3/MYHBIX pedep {(el, €y (Em, e;n)} CUMILJIEKCOB A;, I KayKJI0i mapbl — HEKOTOPLIiA
romeomMopdusM @;: e; — €, u onpenenum Ha D = P ;A; OTHOIIEHNE SKBHBAJEHTHOCTH, OTHECS B OJMH KJACC
KaxkIy[o mapy To4dek = € e; u @;(z) € e; npu Beex i. [lonoxxum M = D/~, u nycre m: D — M — KaHOHWYECKas
MPOEKIUs. DKBUBAJIEHTHOCTD ~ HA30BEM CKAEUKOU CUMTAEKCO8 NO ul pebpam, a M — mpuanaysuposaHHbLM
NPOCTNPAHCINGOM.

Tak kak 7 HempepbiBHO, A; — KoMmnakT, 1o T; = 7(4;) — KOMNaKkTHOE TOAMHOXKeCTBO M, KOTOpoe MbI OymeMm
Ha3bIBATH 1MONOA02UYECKUM CUMNAEKCOM UIIH, KOPOUe, cumnaekcom 8 M. OOpa3bl CTOPOH U BEPIUH CHMILIEKCA
A; npu orobpaykeHun T HA30BEM COOTBETCTBEHHO 8€PUIUHAMU U Pebpamu cumiiekca T;, a orpaHudeHne MpOeKIini
m Ha A; u T; — napamempusavyueli cumnaexca T;.

Urak, rpuanryauposannoe npocrpancrso M nokpsisaercs cemeiicrsom 7 = {7} ; TOHOJOrMIECKUX CHMILIEK-
COB. ITO cemeiicTBO Ha3zoBeM Mmpuarayasuueti M. Touku u3 M, SBAAOIMEcs BEpITMHAMHU CUMILIEKCOB 1 € T,
Ha3BIBAIOTCS BEPULUHAMU TNPUGH2YASUUU T , & TOOIMHOXKECTBa B M, pecTaBisoniue copoii pedpa CHUMILIEKCOB
T € T, — pebpamu mpuareyasuuu 7. Obbenunenue Bcex pedep 7 HazoBeMm epagdom mpuanayasuyuu 7T .

3aMeruM, 9T0 OHO U TO YK€ TPUAHTYTUPOBAHHOE MIPOCTPAHCTBO M MOKHO 33J]aTh C MOMOIIBIO PA3HBIX TPUAHTY.Is-
nuit. Crazxkem, cuMiieke A;, napaMerpusyomuil TOmOJOr9ecKuil CuMILIeKC T, MOXKHO pa3buTh HA 6 TPEyTrOIbHUKOB,
COEJIMHUB [IEHTD CUMILIEKCA A; ¢ €ro BepIIMHAMU U cepejuaamMu cropod. HenocpeacrBeHHo npoBepsiercst, 910 hakTop-
TOIMOJIOTUS HA €CTECTBEHHO CKJICEHHBIX 6-TH CHUMILIEKCAX cOBmamgaer ¢ Tomojorueii Ha A;. Takum obpa3om, 3aMeHuB
A; Ha 3TH 6 CUMILIEKCOB, B PE3Y/IbTATE MOJYyIUM IPOCTPAHCTBO, roMeomopdHoe ucxonuomy. Iodpazbueruem mpu-
ana2yaayuy T HA30BEM TPUAHTYISINIO, KAXKIBI CUMILIEKC KOTOPOH JIEKUT B HEKOTOPOM CHUMILIEKCe u3 7 .

3ameuanne 14.1. Tak Kak KOHEYHOE OObEIUHEHNE KOMITAKTHBIX MOIMHOXKECTBO KOMIIAKTHO, KAXK0€ TPUAHTYIAPO-
BaHHOE IIPOCTPAHCTBO ABJIAETCA KOMIIAKTOM.

Bajgaua 14.2. IlokaxkuTe, 9TO TPHAHTYIHPOBAHHOE TTpocTpaHcTBO M xaycmopdoBo.

3amevanmue 14.3. Kaxaplii CHMIIEKC B TPHAHTYJIMPOBAHHOM IPOCTpaHcTBe M sBISeTCS 3aMKHYTBIM IIOIMHOMKE-
CTBOM KaK KOMITAKT, JIEXKAIIUN B XayCa0pdOBOM MIPOCTPAHCTBE.

Cruteiiky ~ Ha30BeM NPaBuAbHOU, €CIIU OrPAHMYEHUE TPOEKIUU T HA KaxK bl cumiieke A; uabekrusHO. CootT-
BETCTBYIOIEE TPHAHTYINPOBAHHOE TTPOCTPAHCTBO M OyIeM TakyKe Ha3bIBATh NPABUABHO MPUGH2YAUPOBEHHBIM.

IIyctb ~ — nmpaBuibHas cKieiika. Tak Kak 7 HEMpepbIBHO, A; — KOMIIAKT, & MpOCTPancTBO M xaycmopdoBo B cury
3a,ZLaLII/I 7| A, — Tomonornveckoe BioxkeHwne. TakuM 00pa30M, KasK Iblil CHMILIEKC TPABUIBHO TPHAHTYIMPOBAHHOTO
MPOCTPAHCTBA TOMEeOMOpP(dEH CTAHAAPTHOMY [IBYMEPHOMY CHMILIEKCY.

Omnpegaenenne 14.4. IIpaBuibHO TPHAHTYTUPOBAHHOE IPOCTPAHCTBO M, /I7ist KOTOPOTO | — €ro TpUaHTy I, Ha-
30BEM MPUAH2YAUPOBAHHOU NOBEPTHOCTNDHIO WIH, [IJIsi KPATKOCTH, IIPOCTO NOBEPLTHOCIIHIO, €CIU BHITOTHAIOTCS
CIIeIyIoIIne yCJIOBHS:

(1) s xaxko# naper pazmuaabx cuMiuiekcos 1, T € T ux nepecevenne T NT' wiawm mycTo, WM COCTOUT U3 OJHOM,
obmmeit 111 HUX BEPITWHBI, WU W3 OJHOTO, ofmero mas mmx pebpa; ecm e := T N'T — pebpo, o T u T’
Ha3bIBAIOTCS CMEHCHBILMU NO pebpy ¢;

(2) mna xaxmgoro T € T u moboro ero pebpa e cymecrsyer He Gosee omguoro 77 € T, cmexuoro ¢ T 1o pedpy ¢;

(3) eciu cummekcwr T, 7" € T B nepecedenun T N T’ comep:KaT HEKOTOPYIO BEPIIMHY ¥ TPUAHTYJIATMU T, TO
cymecrsyer nenodka 1;, = T,T;,,...,T;, = T’ Takas, 9T0 CHMIIIIEKCHI T;,_, m T;, CMEXKHBI IPA BCEX P, U BCE

oy L
T;, CONEPKAT BEPIUHY V.

-1

ITo onpeenenno MOBEPXHOCTH, KaxK,10€ peOPO MPOU3BOIBHOMN €€ TPUAHTYAANNY | WA COAEPIKUTCS B OJTHOM TOMO-
JloruygeckoM cumiuierce 1' € T, uiau poBHO B AByX. B nepBoM citydae peOpo HA3BIBACTCS 2PAHUNHBLM WA KPAEGHLM,
a BO BTOPOM CiIy4dae — 8HYmMpeHHuUM. Bepiinna TpuaHryiaiuu Ha3blBaeTCA 2PaHUYHOU, eC/Ii OHA ABJIAETCH KOHIIOM
TPAHWYHOrO pebpa. Haue BepiinHa TPUAHTYIANNYA HA3BIBAETCA 8HYMpeHHeti. CUMILIEKC TPUAHTYIAINY | HA30BEM
B8HYMPEHHUM, €CTU BCE €r0 BEPITNHBI — BHyTpeHHUEe. OTMETHM, 9TO ¥ BHYTPEHHETO CUMILIEKCA BCe pedbpa — BHYT-
pennue. O6GpaTHOE HEBEPHO: CUMILIEKC, Y KOTOPOro Bce pefpa BHYTPEHHHUE, MOXKET He ObITb BHYTPEHHUM ([IPUBEIUTE
npumep). O6beuHeHne BCeX MPAHUYHBIX pebep TPUAHIYJsluu 7 He 3aBUCHT OT BbIOODA TPUAHIYJISLUU U IIOTOMY
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Ha3bIBaeTCA 2paHuyeli uim kpaem noseprrocmu M wu obozuadaercs OM. [loBepXHOCTb, y KOTOPOH Kpaii MyCT,
HA3bIBAETCA 3AMKHYMOTU

Banaua 14.5. JJokaxkuTe, 9TO KaxK/as CBA3HAA KOMIIOHEHTA Kpas IIOBEPXHOCTH rOMeOMOP(HA OKPYIKHOCTH (TeM
caMbIM, Kpaii romeoMopdeH 00beMHEHUIO HECKOIBKUX OKPYYKHOCTEIR).

14.2 OpueHTaliug DOBEPXHOCTEM

OrMeruM, 9TO TPAHUILY JBYMEPHOIO CHUMILIEKCA MOXKHO PACCMATPUBATH KakK OObeIWHEHHE TpeX pebep, mepecekaro-
MUXCsE TOJIBKO 1O cBOUM BepuinHaM. IIpu 3roM Kaxkjas mapa pebep mepecekaercsi POBHO IO OJHOM BepHIMHE. DTO
JIeJIaeT TPAHUILY CUMILIEKCA TTOXOKel HA TPUAHTYINPOBAHHYO TIOBEPXHOCTh. VICITOMb3yst 3Ty aHAJIOTHIO, BBEIEM TIOHSI-
THE OPWEHTAIINU TIOBEPXHOCTH.

IIycts e — pebpo cumILIeKCa, COeIMHAIONIEE BepImUHbl v U w. Karkgas HyMmepalus 3TUX BEPINWH, T.e. OMeKIns
mexxay {v,w} u {1,2}, nasbiBaerca opuenmayueti pebpa. Takum o6pazom, Kaxk0e pedPO MOKET ObITh OPUEHTHU-
poBaHo aByMs ciocobamu. st HATISAHOCTH, BRIOpAHHAS HyMepalusa BePIIHH pedpa 4acTo n300parkaeTcs CTPEJIKOiA,
HAIIPABJICHHON OT 1EePBOIl BepUIMHBL KO BTOPOIi.

Ompenennm Tenepb OPUEHMAUUIO I8YMEPHO20 CUMTAEKCA KAK OPUEHTAIINN BCEX TPAHWYHBIX pebep, MpUITu-
CBIBAIOIIME TIPOTUBOIOJIOYKHBIE HOMEPA UX OOIIUM BEPITMHAM: Hada/IbHAs (KOHEYHAs) BEPIIUHA OJHOr0 pedpa JOJKHA
COBMEIIATHCS C KOHEYHOH (HadasbHON) BepinuHoii apyroro. Takoe coueranue opueHTalUii CMEXKHBIX pebep Ha3zoBeM
€024aC08aAHHBIM. 3aMETHM, 9YTO OPUEHTAIUs JIO00r0 MPAHUIHOrO pedpa JBYMEPHOrO CHMILIEKCA OJHO3HAYHO MPO-
J0JIZKAETCH /10 OPUEHTAIINY BCEIO CHUMILJIEKCA, I0O9TOMY Y CUMILJIEKCA CYIIECTBYEeT POBHO JIBE ODHEHTAIUU.

3ameuanne 14.6. [Ins HarIaaHOCTH HW300paykKeHWsi OJHON W3 JBYX OPHEHTAIUIN JABYMEDHOIO CHUMILIEKCA, BHYTPH
CHMILTIEKCA PUCYIOT 3aKPYYEHHYIO CTPENKY W BOCIPHHHMAIOT €€ KaK yKa3aHWe Ha “HalpaBjeHune 00X0ma” TPAHUIILI
CUMIIJIEKCA.

OnucanHyo BbIe KOHCTPYKIIUIO MOXKHO PACIPOCTPAHUTD HA CUMILIEKCHI BeeX pa3meprocreii. Hanpumep, y Tpex-
MEPHOI'0 CUMILJIEKCA HY?KHO TAK OPUEHTHPOBATH BCE €r0 JIByMEPHbBIE I'PAHU, 9T00bI Pedpa, 110 KOTOPHIM I'DAHU IIepece-
KaIOTCs, UMEJIN TTPOTUBOTIONIOXKHBIE OPUEHTAITNH.

3amaua 14.7. Jlokaxkure, 9TO y TPEXMEPHOI'O CUMILIEKCA CYIIECTBYeT OPHEHTAIUs, U TAKUX OPUEHTAIMil POBHO JBE.

Tenepn BocIOIb3yeMCsl Ujieeli OPUEHTAIMU TPEXMEPHOIO CUMILIEKCA (TOYHEe, ero IPAHUIIbI) U OIPEAEIUM OPUEH-
MAYUUIO NPOU3BOAbHOT NOBEPITHOCTU. A UMEHHO, OPUEHTHPYEM BCE TOMOJOIMYECKHe CUMILIEKCHI 15, 13 KOTOPBIX
COCTaBJIEHA TAKas [TOBEPXHOCTb, TAK, YTOObI OpueHTanuu pedep y CMEeKHBbIX CHMILIEKCOB BCeraa Obuim Obl IPOTUBO-
TMOJIOXKHBIMU. Kak ¥ B ClIydae CMEKHBIX pebep, OMMCAHHOE TOJBKO UTO COYETAHNE OPUEHTAINI CMEKHBIX CHUMILIEKCOB
TPUAHTYJIAIINN HA30BEM CO2/4ACO8AHHBIM.

SamernM, 9TO 3aJaTh OPUEHTAINIO MOBEPXHOCTH yAaercs He Bcerma. Hampuwmep, na pucynke [14.1) mokazana mo-
MIBITKA OPUEHTUPOBATH TPUAHTYIANMIO jincta Mébuyca, coCTOsIy0 n3 4eThPeX TPeyTroJbHUKOB.

Puc. 14.1: IloneiTka opuenTHpoBaTh Juct Mébuyca.

BayTpu KaxK0ro CUMILIEKCa MbI H300pa3WId 3aKPYYEHHYIO CTPEIIKY, a HA TPAHUYHBIX pebdpaxX — WX HAIIPABJIEHUS,
COOTBETCTBYIOIIHE “00X0/y” TI'PAHUIBI CHMILTEKCA B COOTBETCTBHH CO CTPesKOi. B pesymbrare Mbl momydumim “mpo-
TuBopeune’ Ha KpaiiHeM JIeBOM pebpe TPUAHTYJIANUA: Ha HeM “Hampasienus o0xoma” (KpacHas W 4epHas CTPEJIKH)
COBIIAJIH.

IB Gosee obmeM cirydae MHOrOOOpasHil 3aMKHYMOCMb O3HAYAET HE TOJLKO OTCYTCTBHE I'PAHUIBI, HO B KOMIAKTHOCTh. M XOTS mpH
onpenesIeHnu 3aMKHYTOCTH TpI/IaHI‘yJH/IpOBaHHOfl IIOBEPXHOCTU MBI TpeﬁOBaJ’[I/I JIUIIb OTCYTCTBHUE Kpad, KOMIAKTHOCTb B HallleM CJy4dae
BBIMOJIHSAETCS ABTOMATHYECKH B CHIIY 3aMEYaHUSI T.e. TAHHOE HAMH OINPEJIEJEHNE BIOJHE COTIACYETCS C ODITIIM.
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Onpenenenne 14.8. [loBepXHOCTH HA3BIBACTCS OPUEHMUPOBAHHOT, €CIN 33aHA €€ OPUEHTAINS, T.€. TAKNUE OPH-
€HTauN BCEX €€ CUMILJIEKCOB, 9YTO Yy CME2KHBIX CUMILJIEKCOB OPHUEHTAIIUH COTJIaCOBAHBI. HOBerHOCTb Ha3bIBACTCA OpU-
enmupyemodi, ecau Ha Hell MOXKHO 337aThb opueHTaruio. lHatde mOBEPXHOCTh HA3BIBAETCS HEOPUEHMUPYEMOU.

3aMeTnM, UTO OPUEHTAIUS JII0OOTO TOTOJIOIHYECKOr0 CHMILIEKCA OJHO3HAYHO MPOOJIKAETCS Ha CMEXKHbIE CHM-
TUIEKCHI 70 COTJIACOBAHHBIX OpuWeHTarumii. [103ToMy ecim CBS3HYI0 MOBEPXHOCTH MOXKHO OPHEHTHPOBATH, TO OPUEH-
TaIKA MOMYIAeTCA “ABTOMATHIECKH : OPHEHTHPYETCsT TPOM3BOIBLHBIM O0OPA30M JTIO00#H TOIOJIOIHYEeCKON CHUMILIEKC, a
3aTeM OPHEHTAIWsl OJHO3HAYHO PACHPOCTPAHIETCS HA CMEXKHbBIE, €Ile He OPUEHTUPOBAHHDBIE CHUMILIEKCHI. V3 TOIbKO
4TO CKA3AHHOI'O BBITEKAET, YTO €CJIU P — KOJMYECTBO CBA3HBIX KOMIIOHEHT OBEPXHOCTH, IPUYEM BCE €€ KOMIIOHEHTbI
OPHUEHTUPYEMBI, TO UMEETCsI POBHO 2P Da3IMYIHBIX OPUEHTAIH.

3agaua 14.9. /lokaxkure, 9TO
(1) AByMepHDIH CHMILIEKC, TPUAHTYIMPOBAHHDIH TPOU3BOIBLHBIM 00PA30M, OPUEHTHPYEM;

(2) opueHTHPYEMOCTH TOBEPXHOCTU HE 3aBUCUT OT BBHIOODA TPUAHTYJIALNUM: JBE TPUAHTYJIAIMU OJHON W TOW Ke
TTIOBEPXHOCTH UJIA OJHOBPEMEHHO OPUEHTHUPYEMbI, UJIU HET.

14.3 Ckuaeiika pebep

ITycte M = D/~ — mosepxuocts u T = {T;} — ee Tpuanrynsuns. BeibepeM BO MHOXKeCTBE T'DAHWYIHBIX De-
0ep TPUAHTYJIANUK 7 HEKOTOPOE YeTHOE YHCI0 pebep U pa300beM BhIOpaHHbIE Pedpa Ha HEMEPEeCeKAOIHecs Mapbl
(e1,€1),..., (ex, €},) TaK, 9TOOBI pebpa, BXOMMAMIME B Hapy, He MPUHAIIEKATIA OTHOMY H TOMY K€ TOIOJOTHIECKOMY

cumiiekcy rpuanryanun 7. g kazk/10ii BeIOpaHHO napbl PACCMOTPUM KAKOH-HUOY b roMeomopdusm ¢; : e; — €.
IIycrb ~' — 9KBUBAJIEHTHOCTD, PACIIMPAIOIAs ~ CKJIEHKON KazK /10 napel To4ek & € e; u ¢;(x) € e}, rorna M’ = D [~/
— TPHWAHTYJIMPOBAHHOE MPOCTPaHCTBO. Ecam M’ yIoBIETBOPSIOT YCIOBHAM W3 ONPEIEICHUST To M’ — mosepx-
HOCTB, PO KOTOPYIO Oy/IeM TOBOPHUTH, 9TO OHA MOJIyY€HA CK.AEUKOU BHIOPAHHBIX Tap pedep.

3ameuanne 14.10. 3amerum, 4TO MPU U3MEHEHUH TOMEOMOP(MU3MOB ; ¢ COXpAHEHHEM TOrO, KaKOi KOoHer, pebpa e; B
KaKoil KoHer, pebpa e; nepexoauT, noLy 4aloTCs NOBEPXHOCTH, roMeoMopduble ucxoauoil. Eciu ke orkaszarscs oT 310ro
YCJIOBHS, TO B Pe3yJibTaTe rOMEOMOP(MHOCTh MOXKET UCUYE3HYTh. Takum 00pa3oM, 9ToOBI JOOUTHCS OMPEIEIEHHOCTH,
BHIOpAHHBIE PEOpA €; ¥ €, NPEeIBAPUTEIFHO OPUEHTHPYIOT, YTO HA WILIIOCTPAIMAX H300parkaeTcsi COOTBETCTBYIOIIMMH
CTPeIoYKaMu, & OT TOMEOMOP(MU3MOB TPEOYIOT COXPAHEHHE BHIOPAHHBIX OPHEHTAITHIA.

Mpbr He OyeM pa3BUBATDH OOIIYIO TEOPHUIO CKJIEEK pedep MOBEPXHOCTH, & IPUBEIEM JINIIh HY2KHbIE HAM IIPOCTeiine
IpUMepBI CKJIeeK U3 KBaapatTa, cM. puc. [14:2]

fy A fy A€ A A€ A < 7\ A

- _ \ 4 _ _
L ‘.)
. OyThUIKA IIPOEKTHBHAas
AJTAH]IP JUCT (TUIEHKA) TOp YIbL p cepa
. Knenna IJIOCKOCTD
Méobuyca

Puc. 14.2: Ckueiiku u3 kBajpara

CayniarensM mpeiaraercs CaMOCTOSATENbHO MOCTPOUTH COOTBETCTBYIOIIHE TPUAHTYIAINAN KBAIPATA.
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3amaga 14.11. [lokakuTe, 9TO MUIUHID, TOP U cepa OpUEHTUPYEMBI, a aucT MeEdnyca, TpOeKTHUBHAS IJIOCKOCTh U
oyrouika Kieitna — Her.

3amevanue 14.12. fcwo, uro Kpait mrenkn Médmyca cOCTOMUT M3 OMHOM OKPYKHOCTH, IMUIAHAPA — W3 IBYX, a ¥
OCTAJIbHBIX [MOBEPXHOCTENH Kpail MmyCT.

14.4 Ckueiika mOBepPXHOCTE

IIycre M u M’ — nosepxmoctu. B camom obmem ciaydae ckneiika M u M’ nmomydaercda npuMeHeHREeM KOHCTDYKITHHA
u3 pasjena k nosepxuocru M U M’, npu ycnoBuu, 4ro B KaxKa0i nape (e;, €;) ckienBaeMbIx pebGep OfHO U3 HUX,
ckazkeM e;, aexur B M, a apyroe, r.e. €, — B M.

B Gonee TpammmmonHOoM ciydae, B rparnnax OM m OM' BHLIOMpaeTcs ONWHAKOBOE HYMCJIO CBA3HBIX KOMITOHEHT,
cxazkeM, S1,...,S, B OM u Si,...,S; B OM’'. 3areMm Mexay BBIOPAHHBIM KOMIIOHEHTAMH YCTAHABIHBAETCS HPO-
M3BOBHOE GHEKTHBHOE COOTBETCTBHE, CKaXKeM, MycTh S; coorBercrByer S;. HamoMHuM, 9T0, B COOTBETCTBHH C 33,12~
qeii [14.5] kaxkmas komnoHerTa Kpas romeoMopdua oKpyKaocTH. OpUEHTHPYEM KaXK1yT0 U3 BRIOPAHHBIX OKPYKHOCTEH
u 10apa306peM, eciau HeOOXOMMMO, TPUAHTYIALUY 10BePXHOCTel M, Tak, 4To0bl 1P KazKA0M ¢ OKpyzKHOCTH S; u S)
COCTOSIIIN U3 OJTMHAKOBOTO IHC/Ia pebep Tpuanrysuit. HnyupyeM BHIOpAHHbIE OPHEHTAINN OKPYKHOCTE( S; u 5] Ha
pebpax ToApa3OUThIX TPHAHTYJIANMI (OMHUIINTE, KAK 9TO MOXKHO CZeiarh). 3amaanM roMmeoMopdusMser ¢;: S; — Si,
yCTaHABJIMBAONME OMEKTUBHOE COOTBETCTBHE MEXK/y MHOXKECTBAMH BEDIIMH TPHAHTYJIAIMH, MONABIMX HA S; U S)
cooTBeTcTBEeHHO. TOra orpaHuveHue @; Ha Kaxka0e pedpo e moapa3dbuToil TPUAHTYIIANNH, Jexkaiiee B S;, Oymer ro-
MeoMOpGhU3MOM € COOTBETCTBYOIMM PebpoM e’ Tpuanryssumu, nonasmum B S;. Byaem rosopurs, uro ¢; cozpamnaem
OpUEHMAYLY, CITH HEKOTOPOe, a, 3HAYNT, N KasKI0e OTPAHNYEHNE ©;|,, TIEPEBOIUT Havdaso (KOHel) pebpa e B HaYajo
(koren) pebpa e'. Ckuenm y nosepxuocru M LI M’ Bce Takue mapbl pebep (e,€’) ¢ mOMOIIbI0 roMeoMOPdOU3MOB ;e
TaK, KaK 3TO JeJaJ0Ch B pa3/ieiie [Tosmy4uerny10 TTOBEPXHOCTH HA30BEM cKAelikoti noseprrnocmeti M u M’ no
€CO00MBEMCMBYIOWUM OPUEHTMUPOBAHHBIM 2PAHUYHBLM OKPYHCHOCTNAM.

14.5 Broipe3anue ObIpKHU U e€e 3aKJieiika

IMycts M = D/ ~ — nosepxHoctb, m: D — M — KanoHudecKas OpoeKius, 7 — TpUaHrysius moBepxaoctu M,
uT = 7(A) € T — Buyrpennuii cumniekc. [Iycrs ~ — orpanuvenue sksusaseataoctu ~ ua D' = D\ A. Torna
M’ = D'/~ — nosepxHocTb, KOTOpas moayvaerca u3 M BbipesanmeM AbIpKH. Kak TOMOIOTHYECKOE MPOCTPAHCTBO,
M’ nonyuaercs n3 M BeibpaceiBannem BryTpennoctn cumriekca T, r.e. M = M \ Int T. TIpn sToM Tpranrymsiumnst
T’ noeepxunoctn M’ pasua T \ {T'}. I'panniy cumruiekca T', ocrapiytocs B M, Gyaem Ha3biBaTh epanuyet; 0upru.

Hawm Tak:ke moHam00WTCs €11e OIHO MOHSATHE BHIPE3AHUS JBIPKHU, TOMOJOTHIECKN IKBUBAJIEHTHOE MTPUBEICHHOMY
Boiie (npusozsinee K roMmeomopduoit nosepxuocru). [lycrs 7' — Brnucanuas B T TPUAHTYJIALNUs, KOTOPAs Oy 9a€TCst
noapasbuenreM cuminiekca T’ Tak, 9ToObI B €ro BHYTPEHHOCTH OKa3ajica HeKoTopwlid cuMinieke 17 € T, Torma Gymem
roBoputh, aro nosepxuocts M’ = M \ Int T/ nonyuena uz M ewvipesaruem dvpku u3 cumnaexca T.

“O6parHas omepanus’ (BIpoYeM, HECKOJLKO Gosiee 00IIasa) HA3BIBAETCS 3aKJIeHKON Abipku. A nmenno, eciu M —
He3aMKHYyTas TIOBEPXHOCTD, S — CBA3HAS KOMIOHEHTA TPAHHILI ToBepxHocTH M, 1 D? — TpHAHTyIHpOBAHHBIH JUCK
(kpyr), TO cKaeitka M u D? mocpesnctoM npuKaensanus S K rpanune aucka D? naswpisaercs 3akaetikoti dupru.

3amaga 14.13. llokaxkwute, 9TO BHIPE3aHHWE JALIPDKU W 3aKJIEHKA IBIPKUA OCTABJISET OPUEHTHUPYEMBIE MOBEPXHOCTU
OpPWEHTUPYEMBIMHU, & HEOPUEHTUPYEeMbIe — HEOPUEHTUPYEMbIMU.

14.6 Pa3pe3anme mOBepXHOCTU BJI0JIb KPUBOIl M BbhIPE3aHME MOJIOCKU

ITycts M = D/~ — nosepxHocrb u T — ee rpuanryisius. Cdbopmynupyem obmuil noaxos K paspesanuto. Ilycrs
I — HekoTOpLI# HAOOP BHyTpeHHuX pebep rpuanryisuuu 7. Torna mjis kaxkaoro pebpa e € I 3KBUBAJIEHTHOCTD ~
CKJIEMBAET Iapy CUMILTEKCOB w3 D 1mo mx pebpam, mpeBpaimnas 3T pedpa B pedpo e. BoikuHeMm u3 S5KBUBAJEHTHOCTH
~ OTOXKJECTBJIECHNUS BCEX COOTBETCTBYIOIINX TIAP TOYEK TAKWX pebep W MONy9IeHHYI0 SKBUBAJICHTHOCTH 0603HATUM ~'.
Torma M’ := D/~' — rpuanryimpoBaHHoe npocTpaHcTBO. Ecam M’ siBisiercsi TOBEPXHOCTHIO, TO GyJeM TOBODHTh,
aro M’ monydena n3 M paspesaruem no pebpam us I.

Koucrpykimst 14.14. Hac 6y/1yT 0cOGEHHO MHTEPECOBATH CJIEYIOIIHE YACTHBIE CIIyYan:
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e paspe3aHue Mo 3aMKHYTON BJIOKEHHON KpuBOil Ha M, cOCTaBJIeHHON W3 BHYTPEHHUX pebep TpHAHTYJIAIUN T u
IIPOXO/IAINell Yepe3 BHYTPEHHHUE BEPIINHBI;

e paspesaHne MO HE3aMKHYTON BJIOXKEHHOUW KpuBOi Ha M, cOCTaBIeHHON M3 BHYTPEHHHX pedep M MPOXOISIeit
Yyepe3 BHYTPEHHUE BEePIIUHbI OT OAHOW I'PAHUYHON BEPIIUHBI JO JPYTOii.

3ajaua 14.15. Ilokaxkure, uTo nmpu paspesanun mosepxHoctu M mo pebpaM KpuBbLIX u3 KOHCTpyKIuu [14.14] Takke
[OJIY 93€TCs IOBEPXHOCTb.

Jlis KPUBO 7y OQHOrO M3 ABYX THIOB, onucannbiX B KoHcTpykmuu [[4.14] nycrs S := S, — MHOMKeCIBO BCex
CUMTLTIEKCOB TToBepxHOCTH M, mepecekatomux ~. [Ipeamonsoxkum, aTo

® KAXKIBI CUMILIEKC U3 S MMEET C 7y WU POBHO OJHO 00Iee pedpo, WM POBHO OIHY ODIIYIO BEPIIUHY;

® eC/IM CUMILIEKCH U3 S CMEXKHBI, TO UX 00Iee pedpo MepeceKaeT -y;

® CUMIIIEKCHI U3 S, TIEPECEKAIONINe ~y 0 peOpy, CMEYKHBI, €CJIH U TOJILKO €CJIM OHU CMEYKHBI TI0 pebpy u3 7;
® CUMIIIEKCHI U3 S YIOBJIETBOPSAIOT CBOWCTBY U3 OTpEIeIeHUs

® JJIsi HE3AMKHYTON Y MHOYKECTBO I'PAHWYHBIX pe0Oep TPUAHTYISINY T, BXOASIINX B CUMILIEKCHI n3 S, COCTOUT U3
qeThIpexX 3JEMEHTOB: JBa WHITUIEHTHBI O/IHONW KOHIIEBOI BEPITMHE KPUBOH 7y, a JBa OCTABIINXCA — JIPYTO;

e IJIs 3aMKHYTOW <y BCE €e BEpIINHBI BHYTPEHHUE, a JjId HE3AMKHYTOH TDAHUYHBIMU SIBJISIOTCS TOJIHKO KOHITHI
TDAHWYHBIX pedep.

B stom cityuae obbennnenne US Bcex CHMILIEKCOB U3 S HA30BEM 1040CKO0U 68004t Kpusot. B ciyuae 3aMKHYTOM
(He3aMKHYTOI) KPUBOI MIOJIOCKY TAaKKe HA30BEM 3GMKHYMOU (HE3aAMKHBLMON).

Bamaua 14.16. Ilokazkmre, 9TO I/ KasKJ0H KPUBOH < U3 KOHCTPYKIIUK CYIIECTBYeT TakKoe MOoApa3OmeHwe
TpHAHTYIAIUK T, 9TO I MOy 9eHHON TPUAHTY/IAIME MHOKECTBO US, SBIAETCS MOJIOCKOIL.

3ajaua 14.17. [lokaxkuTe, 9T0 3aMKHyTas TIOJIOCKa TOMEOMOPQHA WK TUIAHAPY, uian jeare Mébuyca, a He3aMKHY-
Tasg — JIUCKY.

3ajaua 14.18. IlokakuTe, 9TO mOCTE pa3pe3aHns MOBEPXHOCTH BAOJb BCEX TPAHUIHBLIX pebep 3aMKHYTOM IOJIOCKH
TTOBEPXHOCTH PACITaIaeTCsad Ha 3aMKHYTYIO TIOJIOCKY ¥ HEKOTOPYIO TTOBEPXHOCTD.

3ajaua 14.19. Ilokaxkwure, 9410 mOCTaE pas3pe3anusi TOBEPXHOCTH M BIOIH BCEX TPAHUYIHBIX Dedep HEe3aMKHYTOMH
TIOJTOCKY, SIBJSIONINXCSA BHYTPEHHUMU JJisT M, TTOBEPXHOCTH PACTAIAeTCs HA HE3AMKHYTYIO MOJIOCKY W HEKOTOPYIO
TIOBEPXHOCTb.

Onucannbie B yIpaskKHEHUSIX n oneparyuy Ha30BEM 8bPE3AGHUEM TLOAOCOK.

14.7 Bxkaeiika pyyku n mieanku Meébmyca

TpuanryMpoBaHHBIN TOP, B KOTOPOM BbIpe3aHa JIbIpKa, HA3bIBAECTCA PYHKOU, CM. puc. [14.3

Puc. 14.3: Pyuka.
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OtrmeTnM, 9TO TPAHUIA PYYKH COCTOUT U3 OJHON KOMIIOHEHTHI CBA3HOCTH, U 9TA KOMIIOHEHTA TOMEOMOPQHA OKPY K-
voctu. [Iycts M — moBepxHOCTH. Bhipe:kem B M AbIpky u npukiaenM K M pydKy, CKJIEHB TPAHUILI JBIPKA U PYIKH.
Dra onepanus HA3bIBACTCS BKACUKOU PYUKU.

AHajlornyHO, BMECTO PY4YKU PACCMOTPUM TPUAHIYJIMPOBaHHYIO 1ieHky Mébuyca. Hanomuum, uro y njenku Mé-
Omyca TPaHUIA COCTOUT U3 OIHOM KOMIOHEHThI. CHOBA BO3bMEM TIOBEPXHOCTD, BHIPDEIKEM B HEIl IBIPKY, U TPUKJIEUM K
M nnenky Mébuyca, CKJIEHB TPAHUIIBI IBIPKY U TJIEHKH. JTa OMEpaIis HA3BIBAETCA 8KAelUKOU naenku MéEbuyca.

IIpuBenem mpyroe, wHOrIA OOTee yaoOHOE OMHCAaHWE ITOI omeparuu. IIpexse, deM BKaeuBaTh IIeHKY Mébmyca
B MOBEPXHOCTb, Pa3perkeM ILIEHKY [0 CPejHeidl JMHUU; TOJYyYUM [MOBEPXHOCTH, roMeoMopduyto muauaapy. Obpar-
HYIO CKJIEIKy Cpe/lHell JIMHUU MOXKHO IIPE/ICTaBJIATH ce0e KaK OTOXK/ECTBJIEHUE IMAMETPAJIbHO IIPOTHBOIOJIOXKHBIX
TOUYEK OJHOrO U3 OCHOBaHUi IUIMHIPA, (pHC. Ha, PUCYHKE OJIMHAKOBBIME OyKBaMu OOO3HAYEHBI TOUKHU, KOTOPHIE
Tpebyercs OTOXKAECTBUTD). TeM caMbiM, BKJIEHKY mjenku MéGuyca B MOBEPXHOCTH MOXKHO MPEJCTABIATL cebe Ciiery-
1omuM 00pa3oM: CIepBa B MOBEPXHOCTU BLIPE3AETCs IbIPKA U B HEE BKJIEMBAETCH IUJIMHAD (OZHO U3 €ro OCHOBAHMI
[PUKJIEUBAETCH K KPAIO JIBIPKH), a 3aTeM Ha OCTABIIEMC: OCHOBAHWU ILUJIMHAPA OTOXKIECTBIIMIOTCH AUAMETPAJILHO
LIPOTUBOIIOJIOKHBIE TOUYKHU. ZICHO, Y4TO BKJIEHKA IMIMHAPA 3AMEHSeT [IOBEPXHOCTb Ha roMeoMOPGhHYI0 (MEHseTCst TOJIb-
KO pasMep JbIPKH); TaKUM 00pa3oM, 4mobb, ekieumsb naenky Mébuyca, nado evpesamv 6 noseprrocmu Jupky U
0moscdecmeumsd Ha 603HUKUWET KOMNOKEHME KPAA JUGMEMPAALHO NPOMUBONON0HCHE MovKky. Boee akKypaTHO,
HYKHO

e TIOAPA30UTh TPUAHTYJIANNUIO TOBEPXHOCTH TaK, YTOOBI IPAHUIIA, JbIPKU, OO03HAUMM €€ 7y, COCTOsIa U3 YETHOTO
qncyia pedep, ckaxkem 2k;

® OpPUEHTHUPOBATH 7y, TOUHEE, OPUEHTUPOBATHL BCE €€ pedpa COTJIACOBAHHBIM 0OpPa30M;
® 3aHYMEpPOBATH MOCJIEI0BATEILHBIE PeOpa TMOCIEI0BATEIbHBIMU HOMEpaMu 1, . . ., 2k;

® CKJIEUTH C COXPAHEHHEM OpHUeHTanuu pedpo ¢ HomepoMm 4, 1 < i < k, ¢ pebpom ¢ HOMEpOM k + ¢, IPU KAZKJIOM 1.

\
mlabe|spe >

Labe
T

Puc. 14.4: Ilnenka Mébuyca.

3amaua 14.20. Ilokaxwure, 970 B pe3ysbrare
(1) BRJIEHKYM DYYKH B OPUEHTUPYEMYIO MOBEPXHOCTH MOJIy9IaeTCsl OPUEHTUPYEMAast TTOBEPXHOCTD;
(2) BRUIeHiKM DYYKU B HEODUEHTUPYEMYIO HOBEPXHOCTH 1I0JIY4aeTCs HEOPUEHTUPYEMAast IIOBEPXHOCTD;

(3) Bruleliku muteHKu MEGuyca B OPUEHTHPYEMYIO WJIM HEOPUEHTUPYEMYIO MOBEPXHOCTH MOJIy9aeTCs HEOPUEHTUPYe-
Magd IOBEPXHOCTb.

14.8 Kiaccudukaiiusga OpueHTUPYEMBIX ITOBEPXHOCTEI

Hama menp — kinaccuunupoBarh JAByMEPHBIE MOBEPXHOCTHA C TOYHOCTBHIO 10 romeomopdusma. st yupornenus u3-
JIOXKEHUsI MBI He OyIeM KarXKIbIil pa3 OMUCHIBATH, MOYEMY Ta WJIM WHAs OMEPAINs MOBEPXHOCTH MPOUCXOIUT B KJIACCE
(TpUaAHryIMPOBAHHDIX) TOBEPXHOCTEHA.

OrMeruM, 9T0 TOCTATOYHO OTPAHUYUTHCS CBI3HBIMU MOBEpXHOCTAMU. Haunem ¢ KimaccuduKamymm OPpUeHTHDPYEMbIX
nosepxuocreil 6e3 kpas. O6o3nauum yepes M, HOBEPXHOCTb, 110/IyY€HHYIO U3 chepbl IPUKJIEHKO# g pydeK.
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Teopema 14.21. Kaowcdas c6A31HAA OPUEHMUPYEMAA NOSEPTHOCMY be3 wpas zomeomopdra My daa nexomopozo g.

JokasarenbcrBo. [lpuBenem uiero okasarenbcrBa. 1lycrh mana moBepxHOCTh @, u T — ee TpuaHry/siwsa. Mbr
OyJeM BBIIOJHATH C 3TON MOBEPXHOCTBIO PsiJi onepanuii (3aMeHSIONMX ee HA He 20MeOMOPHHYI0), B PE3YJILTATE Yero
[OJIyYMTCH [IOBEPXHOCTH, TOMEOMOPQHAs AUCKY, T.e. cpepe C BbIPe3aHHON IBIPKON. 3aTeM Mbl IPOCIeIUM, KaK BOC-
CTAHABJIMBAETCS 110 TON IOBEPXHOCTH HALIA MCXOAHAs IIOBEPXHOCTH () U yOeauMcs, 4TO B IPOLECCE BOCCTAHOBJIEHUS
moIydaeTcs cdepa, B KOTOPOil BRIPE3aHO HECKOJIBKO IBIPOK M HEKOTOPBIE U3 HUX 3aKJIEEHBI pydkaMu. Tak Kak UCXOI-
Has MOBEPXHOCTDH Kpas He UMeJIa, TO CBOOOMHBIX ABIPOK B HAIEH MOBEPXHOCTHU () HET, T.€. OHA TOJIy9aeTcs u3 chepbl
NPUKJIEHKON HEKOTOPOrO YUCIIA PYyYeEK.

Ilepeiigem K peajm3anuu 310 nporpaMmmbl. VI3 Kaxaoro cumiekca T’ € T BbIpe:KeM IbIPKY TaK, KaK Mbl JeJIaJId
B pasaene [I4.5] Tonyuennas B pesyabrare nosepxHocts Q. C () ABIAETCA 3aMBIKAHMEM COOTBETCTBYIOLIEH OKpect-
vocTu rpada I’ TpuaHryasmun 7. 9TO 3aMbIKAHNE HATJISIHO MOYKHO TPEJICTABIAThH B BUIE OObeIUHEHNS “JTeHTOYeK”
(oxpecTHOCTET pEdEp), COEAUHAIONIUX “KPYIKOUKI — OKPECTHOCTH BEPINUH, CM. puC. [14.5

Puc. 14.5: TToBepxuoctsb Q).

Paccvorpum B rpade I MakcuMaIbHOE TIONIEPEBO, a ocTaBIinuecs pebpa rpada I’ HazoBeM nepembviuramu. Kax-
JYIO JIEHTOYKY, COOTBETCTBYIOIIYIO TIEPEMBIYKAM, PA3PEKEM IMOMEPEK; B PE3YIbTATE MOJIYIUTCS HOBAS TIOBEPXHOCTH ()

(puc. [£6).

~

Puc. 14.6: IToBepxuocTs Q.

Y0enumcst B TOM, 9TO MOBEPXHOCTH @ romeomopdHa AuCKy. JlefiCTBUTENIHPHO, MAKCUMAJIBHOE JEPEBO PACCMATPH-
BaeMoro rpada MOXKHO CTPOUTH, HAYWHAS C OJHOIO Pedpa, COeIUHSIONIEro Be BEPIINHBI, W JT0DABIIAS KaXK/ bl pa3
0 OJHOMY pebpy U OIHOMN BepIInHe Tak, 9TOObI BCe BPeMsi MOIydaioch AepeBo. OObeuHenne JJEHTOUYKI U KPYKKOB,
KOTOpbIE OHA coeluHser, romeoMopdHo aucky (ybeaurech B 9T0M); J0OABIEHUE JIEHTOYKH C KPY2KKOM KBUBAJIEHTHO
NPUKJIENBAHNIO K AUCKY NPAMOYTOJBHUKA MO OJHOM €ro CTOpOHE; B Pe3yJbTaTe CHOBA MOIYyYaeTCd MOBEPXHOCTh, TO-
MeomopdHas aucky. Takum 06pa3oM, TMoIydast Ha KaXKJIO0M IIare IOBepXHOCTh, TOMEOMOPMHYIO IUCKY, MBI IIOCTPOUM
MaKCHMaJbHOE JIEPEBO, OKPYKEHHOE JIEHTOYKAMU U KpyKKamu. /11t TOro, 9To0b! MOIyYuTh MOBEPXHOCTD (), OCTAJIOCh
MIPUKJIENTH KYCKHU, 0OPA30BaBIIIueCs IPU pa3pe3aHuu mnepeMbriek. Kaxipiii Takoi KyCOK roMmeoMopdeH npsiMoyrob-
HUKY, KOTOPBIH [IPUKJIENBAETCS [0 OJHOM CTOPOHE; IIPU ITOM CHOBA IOJIy4YaeTCs IIOBEPXHOCTH, rOMeoMOpPdHas TUCKY.

ITocmoTpum Temeps, K 4eMy TPUBOAUT pa3pe3aHue JIEHTOYEK U, TIIABHOE, UTO MPEICTABIIsIET CODOI 0OpaTHast mpoIe-
aypa ux ckjeiiku. PaccMOTpuM mpou3BOIBHYIO JIEHTOUYKY; MYCTh, pa3pe3as ee, Mbl COeIUHSIEM TOYKHU a U b Ha, PA3HBIX
CTOPOHAX JIEHTOYKHU. ZICHO, 9TO TM TOUYKHU JIEKAT HA KPAae TMOBEPXHOCTH (J.; MPHU 3TOM @ U b MOTYT JIeXKaTh KaK Ha
PA3HBIX OKPYKHOCTAX, 0OpA3yIOINX KPaii, TaK U HA OIHOI.
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Ecmm onm jexkar Ha pa3HBIX OKPYKHOCTSIX, pa3pe3aHue MO COeIWHSIONIEN Be OKPYYKHOCTU Jyre TPUBOIUT K

YMEHbIIEHUIO HA €IMHMILY YHUCJIA JABIPOK B IIOBEPXHOCTHU (pHC. ; 3HAYUT, OOPATHBIN MPONECC CKJIEHKH JIOTKEeH
IIPUBOJIUTDL K BBIPE3aHUIO OJIHON JIBIPKU.

Puc. 14.7: Touku a u b jexar HA PA3HBIX KOMIIOHEHTAX rPAHUIbl 0Q). .

Ecsn touku a u b nexar HAa OIHON OKPYXKHOCTH, IIPOIECC Pa3pe3aHus MOYKHO IIPE/ICTABUTH CeDe CJIe/LyIOuM
obpazom. Ilpexie Bcero, capuuem TOYKU @ U b B OfHYy TOYKY HA Kpae; TOrJA Pa3pe3arb UPHUIAETCS 110 3aMKHYTOM
KPUBOM, HAUNHAIOMIENHCSA U 3aKAHINUBAIOIIEHCs Ha Kpae. Takyo mponeaypy MOXKHO pa3dUTh Ha IBA JTAIMA: CIIEPBA MbI

pa3pezKeM IIOBEPXHOCTh IO 3aMKHYTOI KPHBOW ¢, He NepeceKalolmeica ¢ KpaeM, a 3aTeM COeJUHUM ITOT pa3pes3 ¢
kpaewm 1o ayre (puc. [14.8).

Puc. 14.8: Toukn a n b gexkar Ha OIHON KOMIIOHEHTE TPAHUAIBI OQ). .

Ha Bropom sTame MbI COeIUHSEM DPAa3PE30M [IBE TOYKH, JIEXKAINE HA, PA3HBIX OKPYXKHOCTAX, 00Pa3yIOMMUX Kpaii
(oA U3 3TUX OKPYKHOCTEN BO3HUKJIA [IPY PA3PE3AHUH 10 3AMKHYTOI KPUBOIi ); KAK MbI BUJIEJIU BbIIIIE, 3Ta IPOIELyPa
CBOIMTCS K 3aKJIEMBAHUIO JILIPKU JUCKOM, 8 00paTHAS — K BBIPE3AHUIO JTUCKA.
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Haxoner, ocTaioch pacCMOTPETH MPOIEIYPY Pa3pe3aHus MOBEPXHOCTH B/IOIb 3aMKHYTOM KPUBOH ¢, HE TIepeceKaro-
mieiicsa ¢ kpaem. Ecii Mbl 3aKJII09UM 3Ty KPUBYIO B HOJIOCKY ([OCPEACTBOM M3MEJbYEHUsl TPUAHTYIISAIMU) U BbIPEIKEM
3Ty IOJIOCKY W3 HaIllell IIOBEPXHOCTH, BHIPE3aHHbII KyCcOK Oymer romeomopden nuauuapy. leiicrBuresnbHO, B CUILy 3a-
naun [T417] seipesannast nos10cka romeomopdHa nin uumMHApy, nim iienke Mébuyca. Onako, ecin Gbl BbIpe3saHHast
TOJIOCKa, OBLIa TOMeOMOpP(HA ITOM TJIeHKE, TO, B cuiIy 3aga4n [14.20) ucxomHas OBEpXHOCTh TOXKE ObLIa ObI HEOPHU-
enTtupyemoii. MlTak, mosocka, cojepKalias pacCMaTPUBAEMYIO 3aMKHYTYI0O KPUBYIO ¢, TOMEOMOPQHA IUJIHHIPY, & e
pa3pes3anue Mo KPWBOil ¢ — 3TO pa3pe3aHue MUJINHIPA TI0 CPeJHeld OKPYXKHOCTHU, B PE3YIbTATE Yero OH PACIAIAeTCs

na ssa (puc. [14.9).

Puc. 14.9: Pazpe3anue B10/1b KPUBOIA q.

ITocte Takoro pa3pe3anus Ha MOBEPXHOCTU TOABJSIOTCS JIBE HOBBIX OKPYKHOCTH, BXOASAIINX B Kpail; CKICUBaHIE
BJIOJIb 3AMKHYTON KPUBOH ¢ 9KBUBAJIEHTHO CKJIEHKe JBYX TaKNX OKPYKHOCTEN C COXpaHEHUEeM OPUEHTAITNN, MHIYITUPO-
BaHHOM 1000 M3 IBYX OpUEHTanwii KpuBoil q. PaccMoTpuM mMoJIOCKY, COEIMHSIONTYIO TH OKPY2KHOCTHU, BBIICJICHHYIO
Ha pHC. @ cepbIM mBeToM. Eciu opueHTannm OKPy2KHOCTEil Takue, KaK Ha 3TOM PHCYHKE, TO MOJIOCKA CKJIEUTCS B
sienty Mébuyca, 910 3aIpeIieHo yCjaoBrueM OPUEHTUPYEMOCTHU IOBEPXHOCTH.

Puc. 14.10: OpueHTrpOBaHHBIE OKPYKHOCTH, TIOJYUIEHHBIE TIOCE PA3PE3AHUs 0 KPUBOH ¢, U COEIWHSIONIAS WX TO-
JIOCKaA.

Taxum 06pa3oM, Ha OKPYZKHOCTAX BOSHHKACT OIHA M3 JBYX HAap OCTABIIAXCA OPHEHTAIWI, 9TO, IOCTe CKIeHKH,
IPUBOAUT K IOBEPXHOCTH, [OJTyIeHHOH mpukieiikoit pyuku, cu. puc. [I4.11]

i N,

Puc. 14.11: Ckieiika OKpyKHOCTEH € “MPABUILHBIMEA OPUEHTAINSMY SKBUBAJIEHTHA, IPUKJIEHKE DYUIKHU.
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Ilomsenem wmror. Vcxommasi MOBEPXHOCTD () MOIYyYAETCS U3 MOBEPXHOCTH (), TOMEOMOPGHON IUCKY, IPU MTOMOIIA
cepuu onepanuii (CKIEHKON JIEHTOYEK, COOTBETCTBYIONIMX [epeMblukaM B rpade, U 3aKJefKoil rpaHull AbIPOK, BbIPE-
3aHHBIX U3 CUMILIEKCOB), KaXK/as U3 KOTOPBIX YKBUBAJIEHTHA OJHON U3 CJIEIYIOLIMX:

a) BbIPE3aHUEe JIbIPKU;
6) 3akJenBaHUE IBIPKU JHUCKOM;
B) BKJIeliKa DYYKH.

3uadut, MOBepXHOCTH ) ToMeomopdHa cdepe ¢ HEKOTOPBIM KOTUIECTBOM JBIPOK U HEKOTOPBIM KOJUIECTBOM PYUEK.
OrcyrcrBue Kpas rapanTupyer OICyTCTBUE JbIPOK, 1109ToMy () romeomopdua o/Hoil u3 Hosepxuocreil M. O

m
Bamaua 14.22. O6osnadum Mg 10BePXHOCTD, 1OJy4eHHyio u3 My BbIpe3aHuem m JIbIPoK (cchepa ¢ g pyukamu u
m apipkamu). JJokaxkuTe, 9T J100asi CBA3HAS OPUEHTHPYEeMas MOBEPXHOCTH TOMeoMopdHa OIHON U3 TOBEPXHOCTE
M
U

14.9 Kiraccudukaiimsa HEOPUEHTUPYEMBIX TTOBEPXHOCTE

W3 mokasarenbCTBa MPEABIAYINE TeOPeMbI BHIHO, YTO, €CJIU OTKA3AThCSI OT TPEOOBAHWS OPUEHTUPYEMOCTH, B IO-
BEPXHOCTH MOTYT TIOSBUTHLCA KyCKHU, romeoMopdubie mjaenke Mébuyca. OKa3bIBAeTCst, 9TO €INHCTBEHHBINH 3P deKT
HEOPUEHTUPYEMOCTH, TaK 4TO JI00as HEOPUEHTHUPYeMas MOBEPXHOCTH MOJIydaeTcs u3 chepbl MpU MOMOIIN TPUMEHe-
HUsI KOHEYHOIO YHCJIA OCHOBHBIX OIEpalyii: BbIPpe3aHusl AbIPKHU, 3aKJIEHKU IBIPKU TUCKOM, BKJICHKU PYYIKHU, BKICHKH
mneaku Mébuyca. Bosiee Toro, Mbl JOKazKeM, 9TO B HEOPHEHTHPYEMOM CJIydae MOXKHO ODOWTHCHL 6e3 pydek, TaK 9TO
TJIABHON omepanueil Oymer BKJelka rmienku Mébuyca.

Ob6o3uaunm yepe3 Ny MOBEPXHOCTD, MOJIYUEHHYIO U3 cdhepbl BKIEHKoit k mrenok Mébuyca.

Teopema 14.23. Kaostcdaa c6A3HAA HEOPUEHTNUPYEMASA NOBEPTHOCTD Oe3 Kpas 2omeomopdha Ny das Hexomopozo k.

HokaszarenbcTBo. Bymem meifictBoBaTh M0 TOMY K€ TIJIAHY, 9TO U MPHU JOKA3ATEIbCTBE TPEIBIYINEH TEOPEMBI; JIETKO
TMOHATDH, YTO OPUEHTUPYEMOCTH MMOBEPXHOCTH B 9TOM JIOKA3ATEIHCTBE UCIOJIb3YEeTCs B IBYX MECTaX, IpuieM 00a OTHO-
CATCsl K OIEPAIUMY BbIPE3aHusl U3 MOBEPXHOCTH TIOJIOCKU — OKPECTHOCTU 3aMKHYTON KPUBO# (4 K 06paTHOll onepanuu
BKJIEHKH).

Bo-miepBbix, cama BbIpe3aemas IIOJIOCKA MOXKeT ObITh romeomopdua qubo muauHapy, audo mienke Mébuyca; B
OPHUEHTHUPYEMOM CJIy4ae BO3MOXKEH TOJIPKO TEPBBI BAPUAHT, TOTIA KAaK CEHYAC MBI JOJIKHBI JOMYCTUTH W BTOPOIi.
TeMm cambIM, K IIE€PEYUCIEHHBIM BBINIE OMEPAIUAM (BbIDE3aHUE JILIPKH, 3AKJEHKa JbIPKU JTUCKOM, BKJIEHKA PYUKH),
IIpU TIOMOITU KOTOPBIX 13 cepbl MOJydaeTcsi UCXO/IHAs [TOBEPXHOCTH (), /100aBJIsieTcsl ele OHa — BKJIEHKa IJIEHKU
Mébmyca.

Bo-Bropbix, eciiu 100cKa Bee ke roMeoMopdHa, TUIHHAPY, BKIEHKA 3TOr0 NUJIXHAPA B TOBEPXHOCTH IKBUBAJIEHTHA
CKJIeliKe KPaeB JABYX IBIPOK; 3Ta CKJEHKa MOXKET OCYIIECTBISATHCS IBYMS PA3JUYHBIMUA CIIOCOOAMU, TPUYEM TErmeph
BO3MOXKHBI KAK OPMEHTAIINU KPAEB JIbIPKU, IPUBOISIINE K BKJIEHKE PYYKHU, TaK U OTOPAKOBAHHBIE PAHEE OPUEHTAIINH,
n3o0paxkenubie Ha puc. [14.10] Ham ocramoch BISCHUTD, YTO MMEHHO MPOUCXOIUT B MOCJIEIHEM CJIydae.

IIpencrasum a1y nponeaypy ciaemyiomum obpazom. CriepBa BbIpeKeM W3 MOBEPXHOCTH MOJOCKY U BKJIEHM €€ HA3a]
B LOBEPXHOCTb, CKJIEUB Kpasi [bIPOK B COOTBETCTBUU C 3aJAHHBIMU OPUEHTALMAMU (JJis STOrO HOJIOCKY IIPUAETCs

“BbIBEPHYTH HAU3HAHKY”), cM. puc. [14.12

Puc. 14.12: Ckuieiika AByX IBIPOK, SKBUBAJEHTHAS BKJeElKe ABYyX meHOK Mébuyca.
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B pesyabrare cCHOBA MOy 9YMM MOBEPXHOCTD C JBYMSI JBIPKAMU, HO TEMEPh TPEOYETCS CKIIEUTH AMAMETPAIBLHO MPO-
THBOIOJIOXKHBIE TOUKHU HA KPasx AbIPoK: Ha puc. [I4.12|oqunaxkossivu GykBaMu 0G03HAYEHBI TOUKH, KOTOPBIE TPeOyeTcs
OTOXKJIECTBUTH. BhIlle MbI BUIAEIN, 9TO KayK/Iasl TAKas OMepaliis IKBUBAJIEHTHA BKJeiike mmenku Mébnyca. Takmm 06-
Pa3oM, BKJIEHKa B IIOBEPXHOCTb LUMJIMHJIPA B PACCMATPUBAECMOM CJIy4ae 9KBUBAJICHTHA IIPUKJIEMBAHUIO K HEl AByX
mwrenok Mébuyca.

Wrak MBI 10Ka3a/H, 9TO JII00ast MOBEPXHOCTH MOMYy9IaeTcsd n3 cephbl IPHU MOMOIIX YeThIPEX OIEPAIWii: BhIPE3AHNE
JBIPKH, 3aKJIeHKN JIBIPKY JUCKOM, BKJIEHKH PydYKd W BKJelku mieaku Mébuyca. B pesymabrare momydurcs cdepa ¢
HEKOTOPBIM KOJHIECTBOM IBIPOK, pydeK u mireHok Médmyca. ITockombKy MBI paccMaTpuBaeM MOBEPXHOCTH 0e3 Kpasd,
JIBIPOK OBITH HE MO2KeT. Kpome TOro, ImoCKOIbKY ITOBEPXHOCTh HEOPUEHTHPYEMa, XOTs Obl ofHa mieHka Mébuyca mpu-
cyrcrByer. Takum 0Opa3oM, HaIMa MOBEPXHOCTH romeomopdHa cdepe ¢ g > 0 pyukamu u s > 1 mienkamu MéGuyca.
OxasbiBaeTcs, Takas MOBEPXHOCTb roMeoMopdHa cdepe, K KOTOpOii IpUKJIeeHo s + 2¢g mwieHok Mébuyca (pyuku npu-
KJIeUBATH HE HAJO0). Ipyrumu cioBaMu, B IPUCY TCTBUU XOTst Obl 0HOM mienku Mébuyca obas pydKa Ha IIOBEPXHOCTU
9KBUBAJIEHTHA JBYM ILTeHKam Mébmyca.

Yrobbl B 3TOM yOEIUTHCs, PACCMOTPUM HA IMOBEPXHOCTH PyUKy u IaeHkKy Médbumyca. Hamomumm, 910 mpukieika
PYYKHU S5KBUBAJIEHTHA BHIPE3AHUIO JBYX IBIPOK U TIOCTEAYIOMIEH CKIIeKe UX KPAEB C yUETOM OPUEHTAIINHN, 3 MIPUKJIEHKA
wienku Mébuyca — BBIDE3AHUIO ABIPKU ¥ TIOCIELYIOIMIEMY OTOXKIECTBICHUIO JHAMETPAIBHO TPOTHBOMOJIOKHBIX TOYEK
ee Kpasi. BeipexkeM criepBa BCe TpH JBIPKH M 3aTEM PA3PEXKEM TOBEPXHOCTD 110 KPUBOI, COEIUHSIOINIEH TOYKN HA, KPAIO
JBIPKH, OTBedatorel mieake Mébnyca; mpu 3TOM KPUBas MOJKHA “OXBATHIBATHL OIHY U3 ABYX JIBIPOK, OTBEUAIONINAX
pYyUKe, CM. pHC. m B pesysbrare u3 1OBEPXHOCTU BbIIAJIET CBA3HBIA KyCOK (Ha DPUCYHKE OH M300paXKeH
cepbiM 1BeToM). Brilenm ero nHazaj rak, 4robbl COBLAJIM JMAMETPAJIBHO IIPOTUBOLOJIOZKHbBIE TOYKKM HA KPAe JIbIPKH,
cooTBercTByOIIE mienke Meébuyca (17151 3TOro BIPE3aHHBIM KYCOK HAJ0 “BBIBEPHYTH Ham3HAHKY’). B pesynbrare Ha
TIOBEPXHOCTU OOPA3YIOTCS TPHU ABIPKKM — JBE ObLIN W3HAYAJIBLHO W COOTBETCTBOBAJIU PYUYKE, a8 TPEThs 00pa30Bajach
W3 BHOBb MPOBEJIEHHOrO pa3pesa. Kpas 3Tux IbIPOK HAIO CKIIEUTDH CIAEAYIOMUM 00pa30oM: jBe ObIBIINE paHee JIbIPKU
CKJIEUTH TI0 KPAIO C YyYETOM OPUEHTAIMH TAKOI, KAK HA PUC. (HanpaBiieHUE U3MEHUJIOCHh B PE3YJIbTaTe [epeBo-
PAYUBAHMs BbIPE3AHHOIO KYCKA); HA KPAe TPETbell HyXKHO OTOXKJIECTBUTH JAUAMETPAJILHO [IPOTUBOIIOJIOXKHBIE TOUYKY.
Kak MBI Bumenn BbIlIe, CKJIEHKa MEPBLIX IBYX IBIPOK SKBUBAJIEHTHA MpHUKJEHKe nByx maeHok MéEOuyca, a omeparus
HaJ TPeTbell JBIPKOI TacT elne OaHy mIeHKy Mébuyca, BCero — Tpu MIeHKH.

Puc. 14.13: Bamena pyuku Ha jgse mwieaku Méduyca.

O

Bamaua 14.24. Chopmynupyiire u JOKAXKUTE TEOPEMY KJIACCU(DUKAIME HEOPHUEHTUDPYEMbIX [OBEPXHOCTEN € KPAEM.
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YupakHeHus K riiase 14

VYupaxueuune 14.1. IlycTh Ha TOBEPXHOCTH HAPHUCOBAH I'pad, IpuUeM KarxKaas n3 o0IacTeil, Ha KOTOPbIE OH JEJTUT
MOBEPXHOCTDH, FOMEOMOP(MHA JTUCKY. IUaepo8oti TapaKmepucmuKroy, TaKOi KapThl HA3BIBAETCS YUCIO U — € + f,
rJe v — 4YMCJI0 BEPLIUH, e — 4ucjo pedep u f — uuciio obaacreii. JJokaxKure, 4To 3iJI€POBbl XapaKTEPUCTUKU JIFOObIX
JBYX KapT Ha TMOBEPXHOCTH COBMAIAIOT. YKA3aHWE: PACCMOTPUTE KAPTY, TMOIYJAIONIYIOCS “HAJOXKeHneM IBYX KapT,
T.e. O0beIMHEHNEM WX TDAHMUII.

Yupaxkueuune 14.2. Itiaeposoti rapaxmepucmuroli NO8ePILHOCMU HAZBIBACTCS UUCJIO
x=v—e+f,

rue v, e u f — uucia BepiiuH, pebep u obsacreil 060l KAPThI, HAPUCOBAHHOI HA MOBEPXHOCTHU (COIVIACHO yTBED-
JKJIEHUIO U3 yupaxkHenus [14.1] 5170 4ucsio He 3aBUCUT OT KApPThl M, TEM CAMbIM, XapPAKTEPU3yeT CaMy [OBEPXHOCTD).
Boruuciinre 3i1epoBbl XapaKTEPUCTUKU UIAHIPA, TOPa U JieHTbl Mébuyca.

VYopaxkuenne 14.3. Ilosepxuocts M nomyuaercs u3 nosepxaoctu N Bbipesanuem k muckos. Beipasure x (M) wepes
X(N).

Yupaxxuenune 14.4. Kaxnasa w3 asyx moBepxuocteit M m N mMmeer Kpaii, MpeaCTABISIONAN COO0ON 3aMKHYTYIO
KPUBYIO, COCTOAIIYIO0 W3 OZHOrO Kycka. [loBepxHOCTh () mosyuaercss w3 moBepxHocTelr M u N CKIeMBaHWEM KpPAaeB.
Beipaszute x(Q) wepe3 x(M) n x(N).

Yupaxkxuenue 14.5. Bprancanre siepoBy XapaKTEPUCTUKY
(1) mosepxuocTu M, o> IOy IeHHOM 13 cephl ¢ g PyYKaMu BBIDE3AHUEM 1M JIbIPOK;
(2) mosepxmoctu N}, mosmy<enHoii u3 cdepst ¢ h muenkamu MéOmyca BbIpe3aHIEM 1M JHIPOK.

Yupaxuenwune 14.6. CtopoHaM MHOTOyrOJIbHUKA MIPUITUCAHBI OYKBHI @, b, ¢, . . . B CeAyomeM mopsake: a, b, a, b, ¢, d, ¢, d, . ..
3areM CTOPOHbI, TIOMEYEHHbIE OJHOMMEHHBIMU OYKBAMU, CKJIEUBAIOTCS, IPUYEM CTPENIKa Ha KaXKIOH CTOPOHE HAIPAB-

JIEHA [0 HAIPABJIEHUIO 00X0/1a, KOIJIA COOTBETCTBYIOIIAs OyKBa BCTPEYAETCS MEPBBIA pa3, W IPOTUB HAIPABJIEHUS
006x0/1a, Korga OyKBa BCTpedaercs BTOpoit pas. Jlokaxkure, 9TO0, €C/iM IUCIO PA3HbIX OYKB PABHO 2¢, TO IOJyI€HHAS
TIOBEPXHOCTH roMeoMopdHa cdepe ¢ g pyIKaMu.

Yupaxxuenwne 14.7. CTopoHaM MHOMOyrOJILHUKA, MIPUTTHUCAHBI OYKBHI @, b, ¢, . . . B CAeAYOIEeM TopsaKe: a, a, b, b, ¢, ¢, d, d, . ..
3areM CTOPOHBI, TOMEYEHHbIE OJHONMEHHBIMU OyKBAMU, CKJIEUBAIOTCS, IPUYEM CTPEJIKA HA KaXKI0i CTOPOHE HAIIPAB-

JIeHa [0 HAMPABJIEHUI0 00xoxa. Jlokaxkure, 9TO, €ClIu YUCIO PA3HBIX OyKB PABHO h, TO TOTyYeHHAs TOBEPXHOCTH
romeomopdHa chepe ¢ h maeakamu Mébmyca.

VYopaxkueaune 14.8. Ha 3aMKHYTOI MOBEPXHOCTH HAPUCOBAHA KapTa, MPUYEM KaXKIas CTPAHA MPEICTaBIseT CODOi
HEKOTOPBIil N-yTrOMbHUK, U B KaXKI0i BepIInHE cXoauTcsd 1o k pebep. lokarxkure, 910

L1 1
n k2 2’

rae Y — JMIepoBa XapaKTEPUCTUKA MOBEPXHOCTH, & € — YuCja0 pedep kapThi. IlpuBenure mpumMep Takoil KapThl HA
cdepe pu n = 2, k = 4.

Yupaxuenue 14.9. Boraucaure 3itrepoBsl xapakTepuctuku OyTouiku KiefiHa u mpoeKTUBHON TI0CKOCTH.
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