I'maBa 3

Teopema 2Kopaana

ITnan. 3aMkKHyTasi KpuBasi, He3aMKHYTas KpUBasi, IpocTas Kpusasi, Teopema 2Kopaana o mpocroi
3aMKHYTOIl KpUBOil 6e3 camMmollepeceueHul, jgekalleil Ha eBKJIHJOBOMI IIockocTu. JloMaHas, BepIu-
HBI JIOMaHO#, pebpa JOoMaHOil, 3aMKHYyTasl JJOMaHas, BHYyTPEHHUE M KOHIIEBble BEPIIMHBI JIOMAHOI,
3aMKHYTasl, He3aMKHYyTasl IIpOCTasi JIOMaHasi, Teopema 2Kop/iaHa 0 NpocToil 3aMKHYTO JIOMaHOMR J1e-
JKallei Ha eBKJINI0BOIl IJIOCKOCTH, CIEJCTBHIE O Ieperoponkax, rpad Ka 3, BJIOXKUMOCTb U KyCOYHO-
JIMHEWHAas BJIOXKUMOCTD I'padoB, H0Ka3aTEJIbCTBO TeopeMbl 2Kopsana ¢ momomibio rpadoB.

B mammom pazzmesne mbr 06cynM 3HaMEHUTYIO TeopeMmy 2Kop/iana O HerpepbiB-
HBIX KPUBBIX Oe3 camMorepecedeHnil, JIeXKaIux Ha eBKJIMI0BOI mtockocTu. @pan-
my3ckuit maremaruk Marie Ennemond Camille Jordan Bruiounn B ¢BOit Kypc
MaTeMaTH4yecKoro ananusa [2| (npounran B I'Ecole Polytechnique, Paris, omy6-
JukoBaH B 1887 rozy) TeopeMy O TOM, YTO 3aMKHYyTas HEIPEPLIBHAs KPHUBas
Ha IJIOCKOCTH pa30bMBAET IJIOCKOCTh Ha JIBeé KOMIIOHEHTBI. VHTEpecHO oTMe-
TUTh, MHOI'HE KOMMEHTATOPBI CIUTAIOT JOKA3aTeILCTBO 2KOop/iaHa He TTOTHBIM,
U YTBEPKJIAIOT, 9TO IIEPBOE TOJTHOE JTOKA3ATEIbCTBO OBLIO JAHO AMEPHUKAHCKUM
maremaTukoM Ocanbgom BeGaenom (Oswald Veblen), xorst npyrue cnenua-
JINCTHI yTBEPK AT, uTo ¥ 2Kop/IaHa Bce MPABUIBLHO, TOJBKO OMYITEH CJIydail
3aMKHYTOIl JIOMaHOI.

Mpbi mpuBesieM 371eCh JTOKA3aTeIbCTBO TeopeMbl 2KopiaHa, ciieysi cxeme
u3 [1], cm. Takxke [4]. C mpyrumm mokasaTeabCTBAMEM MOYKHO MO3HAKOMHUTBCS

y [5], [6], [7]-

3.1 ®opmMmyaupoBKa u ILJIaH JIOKA3aTeJIbCTBA

Haxnem ¢ neobxomumbix ornpegenenuii. [lycts X — Tomosorutdeckoe mpocTpat-
CTBO.

Onpepesienne 3.1. HenpepoisHasi kpusasi 7y: [a,b] — X HasblBaeTCs 3aMKNY-
mot, ecsiu y(a) = y(b), u nezamrHnymot B nporusHOM ciydae. Hezamxmyras
HenpepbiBHAS KPUBasd Y Ha3bIBaeTca kpusotli 6e3 camonepeceuenuti, ecim oTob-
ParkeHHe 7y B3aUMHO-OJHO3HAMHO ¢ 00pa3oM. 3aMKHyTasl HEIPEPLIBHASA KPHBAs
HA3BIBACTCA 3aMKHYMOT Kpueot 6e3 camonepecenenuli, €CJM eIMHCTBEHHBIE JIBE
pasamusble Touku {t1,t2} C [a,b], ays koropeix ¥(t1) = 7y(t2), — 9T0 TOUKU
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46 I'maBa 3. Teopema 2Kopana

{a,b}. Kpusble 6e3 camonepeceuennii Oy1eM TAKIKE HAZBIBATH NPOCTbLMU KPU-
BbIMU.

HamomMHamM, 9TO KOMIIOHEHTOI JIMHEWHON CBSI3HOCTH TOIOJOTHYIECKOTO IIPO-
crpaHcTBa X Ha3bIBAETCs KarKJi0e JIMHEWHO CBSI3HOE ITOJMHOXKEeCTBO B X, KO-
TOpOE HE COMEPIKUTCS B OOJBINTEM JIMHEHHO CBSI3HOM IMOAMHOXKecTBe. Kaxkmast
ToUKa n3 X JIEXKUT B HEKOTOPOI KOMIIOHEHTE JINHEWHON CBSI3HOCTU W HUKAKNE
JIBe TaKWe KOMIIOHEHTHI He MePeCceKatoTcs, modToMy X pa3buBaeTcs Ha KOMITO-
HEHTBI JINHEHHOMI (MHO}KeCTBO KOMIIOHEHT B X OIIpeJieIeHO 0/1H03HaI{Ho).

Teopema 3.2 (M.E.C. Jordan). Hycmwv v: [a,b] — R? — nenpepwvienan npo-
cmasa samxnymas xpusaa, u I — obpas omobpasicerua . Tozda mmoscecmso
R2\ T cocmoum po6ho u3 06yT KOMNOHEHM AUNETHOT C6AZHOCTU.

3ameuyanue 3.3. Unorma B dopmymnpoBKy Teopembl 2KopaaHa BKJIOYAIOT
TaKKe CJIe/yIollee yTBEepKIeHne. Feau 7 — HenpepuieHas He3aMKHYMas npo-
cmasa xpusaa, u I — obpas omobpasicenus v, mo muoscecmeo R? \ T aunetino
c6A310. MbI BepHeMcsl K HEMY HUXKe, B pasjeie 3.6.

Teopema zKoppgana 3.2 Ha MepBBIN B3IV, KaXKETCsI COBEPIIEHHO OYEBH]I-
HOM, HO ee JI0KA3aTeJbCTBO JAJIEKO HETPUBHAILHO. /lesi0 B TOM, 9TO yTBEpXKIe-
Hue TeopeMbl 2KopiaHna BbITEKaeT U3 HEKOTOPBIX IVIOOAJIBHBIX CBOMCTB IIJIOCKO-
CTH. Ha JAPYyTuxX IOBEPXHOCTAX OHO MO2KET OKa3aTbCd HEBEPHBIM. Pa.CCl\IOTpI/II\/I
HECKOJIbKO IPUMEPOB.

e Jliobast 3amMKHYyTasi IpocTast KpuBas Ha cdepe JIeJUT ee MOBEPXHOCTb Ha
JIB€ KOMIIOHEHTBI JIMHEHHONW CBA3HOCTU.

e Jliobast 3aMKHyTas IpOCTas KpPUBas Ha IUINHIPE JTEJIUT ee TOBEPXHOCTH
Ha JBe KOMIIOHEHTHI JUHEIHOIT CBA3HOCTH.

e He smobas 3aMKHyTast IpocTast KpuBas Ha TOPE JIEJIUT €€ IOBEPXHOCTDH Ha
JIB€ KOMIIOHEHTHI JIMHEHHOIN CBS3HOCTH.

e He mobas 3amkHyTas mpocras KpuBas Ha jucte Mebuyca mennT ee mo-
BEPXHOCTH Ha JIBE KOMIIOHEHTHI JIMHEHHON CBSI3HOCTH.

ILiran mokasaresnbersa:

Teopema 151 TOMaHBIX.
e Cuencrsue: Teopema 1Ipo 4eTbIpe TOYKU.
o Crencrsue: Hesmoxkumocts rpacdos Ks u K3 3 B BUIe JTOMAHbIX.

e PaBHOCHMIBHOCTH HEIPEPBIBHOU U KYCOYHO-JIMHEHHOM BIOXKIMOCTH.

O6mas reopema 2Kopmana
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3.2 Cuayuaii JJoMaHBIX

Ham nonamobuTcst HECKOIBKO OIpeIeIeHIi.

Omnpenenenne 3.4. Jlomarnoti 6 R™ Ha3bpIBaeTCA MOCTEIOBATEIHHOCTD TOYEK

Ag, Ay, ..., Ay € R™ morpeskos [Ag, Ax11], K =0,...,m—1, nocienosaresabHo
X COEJIMHSIFOIINX.

Touku Ag, Ay, ..., A, HA3BIBAIOTCI GEPULUHAMU AOMAHOT, & OTPE3KU € =
[Ag, Agy1], k=0,...,m — 1, — ee pebpamu U 36eHLAMU.

Jlomanas HasbIBaETCHA 3aMmKHYymMOl, ecim Ay coBnagaer ¢ Ay, 0 HE3AMKHY-
Mot B IPOTUBHOM CJIy4Yae.

st HesaMKHYTO# JloMaHOl BepiuHbl Ag U A,,, a Takxke pebpa eg U €, 1
HA3BLIBAIOTCS KOHUEGLLMU, & BCE OCTAJILHBIE BEPIINHLI U PEOPa — GHYMPEHHUMU.
V 3aMKHYTO# JIOMAHOI BCe BEPIMUHBI U PEOPa HASBIBAIOTCA 6HYMPEHHUMU.

3eenbst [Ag_1, Ag] u [Ag, Ar+1] HasbBaroTCS cocednumu, a BepmuHA A
COCEJIHUX 3BEHBbEB HasbIBaeTcs o0well. B ciayduae 3aMKHYTOI JIOMaHOl 3BEHbS
[Ao, A1] u [Ap—1, Apy] TOXKe Ha3BIBAIOTCH COCEOHUMU € 0bwel BepIIuHOi Ag =
A

Omnpenenenne 3.5. Jlomanast HasbIBaeTcs Aomanoli 6e3 camonepecenenuti, ec-
JI HUKaKWe 1Ba pebdpa JIOMaHOH He UMEIOT ODIIUX TOYeK, 33 MCKJIIOYEHUEM CO-
cepuux: [Ap_1, Ag] N [Ak, Ag+1] = Ak, tae k = 1,...,m — 1 wm [Ag, A;] N
[Am—1,An] = Ao = An.

Jlomamyro 6e3 camornepecedeHuii OyeM TakzKe Ha3bIBATH NPOcmod.

3ameuanne 3.6. Tak Kak JoMaHas OJHO3HAYHO 33/Ia€TCs [TOCJIEI0BATEIHHO-
CTBIO CBOMX BEPIINUH, MBI OyJleM WHOTJIa TOBOPUTH «IycTh L = AgAy - Ay —
siomaHag B R™», mouuMmast moa atuM, 9ro Ag, A1, ..., A,, — 10cIe10BaTeIbHOCTD
BEPIUH JOMAaHOM L.

Takke MbI HHOT 1A OyIeM pacCMaTPUBATD JIOMaHyio B R™ Kak IOIMHOKECTBO
R™, paBHOe 0ObeUHEHIIO BCeX ee pebep. B a3ToM cMmbiciie, HanpuMep, MbI OyaemMm
HOHMMATh BBIpaxkenue «iyctb L C R? — jomMaHast Ha TLTOCKOCTH».

3amevyanue 3.7. [Iycrs L — nomanas B mpoctpancrse R™. Torma L — xom-
MAKTHOE TIOJMHOKECTBO B R™ (Tak KAk MHOXKECTBO L 3aMKHYTO M OTPaHUYEHO).

Vreepxaenue 3.8 (Teopema 2Kopmama mis jgomanbix). [Tyems L C R2
samrnyman npocmas somanan. Tozda mmoscecneo R?\ L cocmoum posro us
J6YT KOMNOHEHM, AUHETHOT, CEAUHOCTIU.

VYupaxkxnaenne 3.1. IIposepsre, uro Teopema 2Kopnana sy jsoManbix (yTBep-
KieHue 3.8 dABJsgeTcs JaCTHBIM cjaydaeMm obmeit Teopembl zKopmana 3.2. s
9TOr0 JOCTATOYHO II0 JIAHHOHM JIoMaHOU L MOCTPOUTDH HENPEPBHIBHYIO KPUBYIO,
obpazom KOTOpoii cirykut L.

3ameuanne 3.9. Ha camom jesie, mpu J0Ka3aTeIbCTBE YTBEPKIACHUS 3.8 MbI
[IOKaYKeM, UTO JIFOObIe JIBE TOYKHU U3 OJHONW KOMIIOHEHTHI MHOXKeCTBa () MOXKHO
COEJIMHUTH JIOMAHOIA.
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3.2.1 Heobxomumble olrpeesieHns 1 IJIaH JOKa3aTeJbCTBa

Omnpepenenne 3.10. Ilycts A u B — j1Ba IPOU3BOJIBHBIX HEIIYCTHIX HOAMHO-
JKecTBa 1pocrpancTsa R™, rorpa paccmosnuem p(A, B) meocdy A u B nazoBem
sesmanny inf{|ab| : a € A, b € B}, rae kak o6brano |ab| oGosHadaer jummy oT-
pe3Ka, COeUHSIONIEro TOYK a u b. B yacTHOCTH, TaK OIpeIesIsaeTcs paccmoArue
om moukyu a do mHodcecmea B, a UMEHHO, OHO PaBHO p({a}, B).

ScHo, aTo sy omHOTOUeuHBIX mojMHOXKecTB A = {a} u B = {b} umeem

p(A, B) = |ab).

3ameuanmne 3.11. 3ameruM, 9TO ONpeeIeHHAs TOJIBKO 9TO (PYHKIINS Ha HEILy-
cThIX oaMHOXKecTBax R™ He 3a/1aeT MeTpuKy. B camom jiese, XoTs oHa CHMMET-
puuna, r.e. p(A, B) = p(B, A), ocrajbHble aKCHOMBI He BBINOJHsIOTCs. Hanpu-
MeD, CYIECTBYIOT HEllepeceKaronmecs noaMuoxkectsa A, B C R™, jjist KOTOPbIX
p(A, B) = 0 (npuBesuTe npuMep TaKuX MOAMHOXKeCTB). Kpome Toro, HepapeH-
CTBO TPEYTrOJLHUKA BBIOJHsAETCS He i Beex A, B, C: nanpuMep, JJIsT TOMHO-
skects npsivoit A = [0,1], B =1[1,2] u C = [2,3] umeem 1 = p(4,C) £ 0+ 0=
p(A, B) + p(B, C).

Jlemma 3.12. Paccmosnue meorcdy dsymsa ompeskamu 6 R™ pasno 0 mozda u
MOALKO Mo20a, K0206 0OHU NMEPECEKANMCA.

JZoxasamenavemeo. JTokarxkeM eJIMHCTBEHHYIO HETPUBHAJIBHYIO 9aCTh JIEMMBI, &
MMEHHO, 9TO PACCTOSIHUE MeXK/y HelepeceKaromumucs: orpeskamu [Ay, Bi] u
[A2, B3] nonoxurensro. Otpesok [A;, B;] cocrout us touexk P;(t;) = A; + (B; —
A t;, e t; € [0,1], mosromy byakuus p(ti,ts) = |P1(t1)P2(t2)‘ HeIIpephIB-
Ha. Drta yHKIEa onpejenena Ha kagapate [0,1] x [0,1] C R?, apastomemcs
3aMKHYTBIM U OIPAHUYICHHBIM MHOYKECTBOM, &, 3HAYHT, KOMIIAKTOM II0 TEOPE-
me 2.94. ITosromy, B cuity caencrBus 2.97, dyukius p(ti,ts) NpuHEMaeT cBoe
HaVMeHbIllee 3HAUEHNE B HEKOTOPOH Touke (, y). Tak Kak OTpe3Ku He mepeceka-
ores, p(z,y) = ‘P1($)P2(y)| > 0, mosromy p(t1,ts) — BCIOLY HOJIOKUTEIHHA
PyHKITHS. O

Caencteue 3.13. Paccmosnue meocdy 08yms somarvimu 6 R™ pasno 0 mozda
U MOABKO Mo20a, k0200 AOMAHBIE NEPECEKAIOMCA.

Hoxazamesvemeo. OdeBuIHBIM 00PA30M BBITEKAET U3 IIPEIBIIYIIEro JIeMMbI 3.12,
IIOCKOJIBbKY JIOMaHAast IIPEeICTaBIIAeT CO00I 00beIMHEeHNEe KOHETHOTO INCIa OTPE3-
KOB. O

Ilnan AOoKa3aTeJIbCTBa TeopeMbl IJId JIOMaHbIX.

(1) Husa kaxkzaoii Toukn P jiomaHoit L mocTpouM Takyl KPYyrOBYIO OKDECT-
noctb U(P), Koropasl Iiepecekaercs TOJIbKO ¢ TeMu pebpamu JIoMaHoii L,
KoTophble cofep:kar Touky P. ITokazkem, uro jgomanas L nemur U(P) Ha
JiBe KOMIIOHEHTBI JIMHEHHO CBSI3HOCTH.



3.2. Heobxonumble onpeae/eHusT U IJIaH JOKa3aTeIbCTBA 49

(2) Tokaxkem, aTo mo6y0 TouKy @ n3 R? \ L MOXKHO COEMHUTH C HEKOTOPOii
touxoit uz U(Ay) \ L somanoit, neankom Jsexameit 8 R? \ L. Orcrona
Gy/eT cieoBaTh, uTo MHOKecTBO R? \ L cocrouT He Gojiee WeM U3 JBYX
KOMIIOHCHT JIMHEAHOHN CBA3HOCTH.

(3) Hakomner, Mbl j1okazkeM, 4To L pa3bupaer [JI0CKOCTb HE MEHee YeM Ha JiBe
KOMIIOHEeHTBI. JIj1st 9T0r0 MbI moctponM Ha R? \ L JIOKaIBHO TIOCTOSHHYTO
GYHKINIO, TPUHIMAOILYIO J1Ba 3HaUYeHUs. TaK KakK JIOKAJIBHO IOCTOSTHHAST
byHKIMST TOCTOSTHHA HA KOMIIOHEHTaX JIMHEWHON CBSI3HOCTH, TO TOYKH, B
KOTOPBIX 3Ta (DYHKINSA MPUHAMAET pa3Hble 3HATECHHS, JeXKAT B PA3HBIX
KOMIIOHEHTAaX.

3.2.2 Peanusamus myHkTa (1)

IIycts P — npousBosbHast Touka JiomaHoit L. [Tosgoxxum
1
r(P) = §min{|PAi|, |Pej| : A; # P, ej 3 P}.

3amerum™, uro r(P) — HenpepbiBHA DYHKIM KAK MUHIMYM HEIIPEPBIBHBIX (DYHK-
1870788

Honoxum U(P) = Uypy(P). Torma U(P) N L — 310 mapa paJmycos Kpyra
U(P), upuuem, ecsiu P — BHyTpeHHsisI TOUKa HEKOTOPOro pedpa JIOMAHOi, TO
9TH J[Ba pajuyca o0pa3yioT IuaMmeTp.

CupaBeyinBa CJIeIyOMas IOYTH OYEBUIHAS JIeMMa, CM. puMep 2.86.

JIemma 3.14. Jlomanas L pasbusaem oxpecmmuocms U(P) kaocdoti mouku P €
L na dse Komnonenmol, AuHetHol C6A3ZHOCTIU.

3.2.3 Peanusamnus myHKTa (2)
Ionoxxum U(L) = Upe,U(P).

JIemma 3.15. Jhobas mouka us muoorcecnsa U(L)\ L wmoorcemn 6wms coedurie-
na ¢ nexormopot mowkot us U(A1)\ L nexomopot npocmoti aomarot, aesicaueti

snwympu U(L) \ L.

Zlokazameavcmeo. HanmomuuMm, 9ro jiomaHas L mpejcrapiisieT coO0i KOMIIAKT-

HOe HOJIMHOXKeCTBO IockocTH. IToaTomy u3 cemeiicrsa {U (P)} per, OTKDBITBIX
k

KpyroB, o6pasytomux U (L), MOKHO BEIOpATh KOHEYHOE TIO/[IIOKPHITHE {U (F) }izl.
Bes orpannuenus obHOCTH OYyIEM TPEIIIOIATATh, YTO TOYKYU P; 3aHyMepOBaHbI
coriacoBaHo ¢ 0bxomom L. Tak Kak KpyT ¢ IIeHTpoM B P; iepecekaeT TOJIbKO ped-
pa, cozepKaiye To4Ky P;, To Kpyru ¢ HeHTPaMU B COCeIHUX (BIOJb JOMAHON)
TOYKaX IepecekaioTcs. IlocTponmM ncKOMyIo IpoCTyIo JIOMAaHYIO, IIOCJIEI0BATEb-
HO TIEPEXOJIsI OT OKPECTHOCTU K OKPECTHOCTH U CTPOsi OTPE3KH, TapaJLIeTbHbIE
3BEHbAM JIOMAHOHN L, cO/IepKaIlUM UX MEHTPHI. O
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IIycth Temepsb () — mpousBobHas Touka n3 R? \ L. CoemuHmM (Q 0TPe3KOM
¢ mpou3BOJILHON Toukoi R smomanoit L. Otpesok [Q), R] nepecekaercs: ¢ joma-
HOM L 10 KOHEYHOMY HADOpy TO4YeK u OoTpe3koB. Ilycte P — Oymkaiimas K
@ Touka u3 sroro nepecedenus. Okpecraocts U(P) mepecekaercst ¢ OTPe3KOM
[Q, P] mo paauycy. BeibepeM Npou3BOJIBHYIO TOYKY S BHYTPU 3TOIO DAIUYCA.
Torna S € U(L) u orpesok [Q,S] ne nepecekaercs ¢ jgomanoit L. Mcnonssys
gemmy 3.15, coesmHMM TOUKY S ¢ HEKOTOPOH TOUKON m3 oxpectHocTu U(A7)
HEKOTOpO#i soMaHoi, jexammeit 8 U(L) u nepecekatomeiics ¢ (@, S] Tonbko mo
S. O6beunenne 3Toit ToMaHoii ¢ orpeskoM [Q, S| — nomanas, nexamas B R?\ L
u coepunsiiomas @ ¢ roukoit uz U(Ay). Urak, nokazana cjeiyomas JeMMma.

Jemma 3.16. Jhobyro moury Q us R? \ L mooicho coedunumn ¢ nexomopoti
mouxoti uz U(A1) \ L somanoti, yeauxom aesicaweti 6 R?\ L.

Caencreue 3.17. Mmnoosicecmso R? \ L cocmoum ne 6oaee wem u3 06yx kom-
NOHEN AUHEUN0T CEAZHOCTU.

Joxasameavcmeo. Muoxectso U (A1) \ L cocTonuT u3 ABYX KOMIIOHEHT JIMHEN-
HOft cBst3HOCTH, JI0bast Touka u3 R? \ L coemunsiercsa B R? \ L ¢ mekoropoi
roukoit u3 U(A;) \ L, KoTopast JIeXKUT B OJIHON U3 STHX JIBYX KOMIIOHEHT, OTKY-
J1a M BBITEKaeT Tpebyemoe. O

3.2.4 Peanusamusi myHKTa (3)

[Tokazkem Tereph, aTo R?\ L cocTonT He MeHee 4eM n3 IBYX KOMIIOHEHT. Bpeiem
HA TIJIOCKOCTH JIEKAPTOBY cucTeMmy KoopauHat Oxy, Ijisi KOTOPOii BCe BEPIIIMHDI
JloMaHoii L nmeroT pasHble abcuuccesl (Takasi CHCTeMa KOODIMHAT CYIIECTBYET,
TaK KakK 3TO yCJIOBUE 3allpeltaeT JUIb KOHEUHOe YUCII0 HanpasieHuit ocu Oy).
Js kaxgoit Toukn P € R?\ L pacemorpum jyu £p, BeIXOAAmMiT 13 P n
conanpasJeHnblii ¢ ockio Oy. [lycrs e — mpousBosbHOE pebpo siomanoit L. Torma
{pNe cocrout He HOJlEee YeM U3 OJIHOM TOUKM, B YacTHOCTH, £ p M L mipeacraBiser
co0Oli KOHEYHOE YHCJIO TOYEK.

Touky @) € {pN L nazoBeM cyuwecmeenoti, €CIU BBIIOJHAETCS OTHO U3 IBYX
YCJIOBUIi:

(1) Touka Q) jeKUT BHYTPU HEKOTOPOro pebpa JjioManoil L (B TOM cirydae
pebpo JioMaHoil pa3buBaeTcs TOYKON () HA JBa HOJLyMHTEPBAJIA);

(2) Touka () — BepmuHA JoMaHOW L, m BBIXOAdAIME U3 ) pebpa JOMaHON
L JIe2KaT B PAa3HBIX HOJIyHJIOCKOCTHX OTHOCHUTEJIBHO HpHMOﬁ, HpOXO,HHH.[eIU/I
qepes Lp.

IMonoxum n(P) = 0, ecm 9UCIO CYIIECTBEHHBIX NepecedeHnit ayda {p ¢
JoMaHOl L 4eTHO (B 9aCTHOCTH, JIyd He IiepecekaeT jioMaHywo), u n(P) = 1 B
MIPOTUBHOM CJIydae.

Jemma 3.18. Qynruyusa 1 aokavro nocmosnna na R? \ L.
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Zoxazameavcmeo. Tlokaxkem, daro eciu () — Touka mepecedenuss £p u L, TO
CYIIECTBYeT OKPECTHOCTh TOYKM P Takas, 9TO JJid Jiioboit Touku P’ uz 3roit
OKDECTHOCTH BKJIaJ pebep, cojepKamux Touky () B Besmunty 7)(P) coxpaHsi-
ercsi. JleficTBUTEIbHO, BO3bMEM OKPeCTHOCTh V (P) BeJMYnHBI MEHBINEH, deM
MUHAMYM M3 MOIYyJe#l pa3HOCTell T-KOOPAWHAT TOYKU () W OTJIUIHBIX OT HEe
KOHIIOB COZIepKaImX ee pebep m paccrogaus or P no L. B stom ciy4ae, ecan
) — cymecrBenHasi, To npu cMmernenuu P suyrpu V (P) nepeceuenue ocraHercs
CYNIECTBEHHBIM, €CJIH 2Ke () — He CYIIeCTBeHHAsI, TO [IepecevdeHne NN UCUE3HET,
UJIA TIPEBPATUTLCA B JIBa CyIIECTBEHHBIX Iepecedenus. B oboux ciyuasx n(P)
COXPAaHSIETCSI. O

ITpumennm caepcrere 2.101, B COOTBETCTBUM ¢ KOTOPBIM 1) IIOCTOSIHHA, HA
KasKJI0fl KOMIIOHEHTe JInHeiHoi cBsisHOocTH. OCTaeTrcs MoKasaTh, YTO 1) IPHHU-
MaeT JBa pasHbIX 3HadeHus. JlJIs 9TOro pacCMOTPUM HEKOTOPYIO TOUKYy P Jjo-
MAaHO#, JIEXKAIIYI0 BHyTPU [IPON3BOJILHOrO pebpa joMaHol L, n mycts Toukn A
u B nexar B pasubix komnonenTtax U(P) \ L na guaMerpe, napaJiieIbHOM OCH
Oy (Takue TOYKM MOXKHO BBIODATh, TAK Kak 110 IPEIIOJIOKEHNI0 pebpa JioMa-
HOli L He napasiienbHbl ocu OY), U MyCTh §-KOOPJAUHATA TOYKU B Gosiblie, ueMm
y-roopauHaTa Toukn A. Torga P — cymiecTBeHHast TOUKA IepecedeHns st A,
u 1n(B) ormuuaerca or n(A). Iocienuee o3nadaer, 4ro Toukn A u B jexkar B
PA3HBIX KOMIIOHEHTAX JIMHeltHol cBsasHocTH MEOsKeeTBa R? \ L, WTo 1 3aBepmiaet
JIOKA3aTeIbCTBO KyCOUHO-JIHeiiHof Teopembr ZKopnana (yrBepKaenue 3.8).

Sameuanne 3.19. U3 nokazarenncrsa ciaemyer, 4ro okpecrHocts U(P) mpo-
M3BOJILHON TOYKU P mpocToil 3aMKHYTO# JIoMaHo# L, TOCTpOEHHAsT BBIIIE, Pa3-
OuBaeTCs JIOMAHOH Ha JIBE KOMIIOHEHTBI CBA3HOCTH, KOTODBIE JIE2KAT B Pa3HBIX
KOMIIOHEHTAX CBSI3HOCTU MHOXKECTBa, R2 \ L.

3.3 Cuayuaii mpocToii He3aMKHYTOI JIOMaHOM

Cityuait HE3aMKHYTO IPOCTOI JIOMAHOW HECKOJIBKO IIPOINE U MOXKET OBITh IO~
JIyu€eH HeCJIOXKHOI MozuduKanyeil IepBbIX JIBYX IIaroB JOKa3aTeIbCTBA.

VYrBepxkaenaue 3.20. Fcau L — nezamrxHyman npocmasn AOMAHAA, MO MHO-
otcecmeo R? \ L aumnetino ceaso.

Hoxazameavemeo. Ilycts L = Ay - -+ A — He3aMHyTast IpocTast JIOMaHast. 3a-
METHM, 9TO B 9TOM cIydae okpectHoct U(Ag) m U Ay) ne pasbusaiores Joma-
Hoit L, To ectb MHO)KecTBO U (Ap) \ L muneitno cBsazno. IloBropsis npuse/eHHbIE
BBIIIe PAcCy’KJeHNs, /i TTPOU3BOIBHON Toukn @ m3 R? \ L moctpomm jtoma-
Hyt0, nexkantyto B R?\ L u coeuustontyio () ¢ HeKOTOPOi TOUKOM U3 MHOMKECTBa
U(Ap) \ L u Bocnosib3yeMcs ero JIMHEHHO CBSI3HOCTHIO. O
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3.4 CiencrBue mpo dYeTbIpe TOYKHU M HeEILJIaHAp-
HOCTb rpadoB K5 n K33

Ham monamoburcst ciieliyrornee yTBep:KI€HHE, KOTOPOE BBITEKAET M3 KyCOYHO-
JmHeHO#M TeopeMmbl 2KopaHa sBJIETCA BeCbMa YaCTHBIM CIIyYaeM TaK Ha3bl-
BaeMOil JIEeMMBI O TIEPErOPOJIKAX.

JIemma 3.21. ITyemo L C R?2 — npocmas samxnymas somaras, u A, B, C,
D — pazauunsvie ee mouwky, Pacnosodcentvle uMernno 6 amom nopadke. Ilycmo
mouku A u C coedunenvr aomanoti Py, mowku B u D coedunenvs nomamnot
Py, npuuem snympennocmu aomanoxr P u Py seorcam e odwoll u mot owce
Komnonenme aunetinoti ceasnocmu mmostcecmea R? \ L. Toeda somanvie Py u
P> nepecexaromcas.

Joxasameavcmeo. Pacemorpum okpecraoctr U(A) u U(C) touek A u C, no-
CTPOEHHBIE BBIIIE U, €CJIU HY>KHO, YMEHBIIUM WX TaK, YTOObI OHU He TIePECEeKaIN
siomanyto P, O6osHaunM depe3 Ay u C] TOYKM IepecedeHust JOMaHOUl P ¢
IPAHUYIHBIMEU OKpYysKHOCTsiMU OokpectHocTel U(A) u U(C') coorBercrenno. ITo
npeanonoxkennto Touku A; u C] Jiexkar B OJHON U TOW YKe KOMIIOHEHTE JIH-
HeitHolt cBazHOCTH MHOKecTBa R? \ L ¢ jiomanoit Py. OUKCUpyeM Tak:Ke TOUKHI
Ay € U(A) u Cy € U(C), nexxamue B gpyToit KommoHenTe MuHOKecTBa R? \ L.
Ormernm, uto Ay, Oy JTeskaT B Toil KOMIIOHeHTe MHOKecTBa R? \ L, KoTopas He
COJIEPKUT JIOMAHBIX Py u Ps.

Toukn B m D pasbuBaior jomMaHyo [ Ha JBe KOMIIOHEHTHI, KOTOPHIE MBI
obosnaunm yepes Ly u Lo. Ilycte A € Ly juis onpesnesenHocTu. Paccmorpum
[IPOCTYIO 3aMKHYTYIO0 Jiomanyo L1 U P,. OHa ToXXe pa3buBaeT IJIOCKOCTh Ha JIBE
KOMIIOHEHTBI JINHEHHOM CBSA3HOCTH. 3aMETUM, UTO

e Touku A u Cy jexkaT B OJHON KOMIIOHEHTE 110 OTHOIIeHnIo K L1 U Py, Tak
KaK 9TU TOYKHU JIeXKAT B OJHOM KOMIIOHEHTE 10 OTHOIIEHUIO K L, mpudem
B TOI, KOTOpasi HE COAEPIKUT JIOMAHBIX Py Ps.

e Touku Ay u As, a smaunt u A; m Cy JjlexkaT B PasHbIX KOMIIOHEHTAX
orHocuTeIbHO L1 U P, Tak Kak pyHKIMs 1) TpuHuMaeT Ha Ay u As pasubie
3HAYEHU.

e Touku Cy u Cy jexkaT B OIHON KOMIIOHEHTE OTHOcHTeIbHO Ly U Ps, a
sgaunt Cq u A, — B pa3HBIX.

3 nocsiegHero BHITEKAET, 9YTO YacTh JOMAHOH Py, orpanndenHas Toukamu A, u
C, nepecekaer jiomanyio L UP,, u 3Ha9uT JoMaHy Py, uro u TpeboBajioch. [

3ameuanne 3.22. YrBepxkiaenue 3.21 MOXKeT OKa3aThCs HEBEPHBIM, €CJIU 3aMe-
HUTH IJIOCKOCTH Ha JIPYTYIO MOBepXHOCTH. lIpuBeaure mpumepsnl Ha jaucre Me-
bmyca u Ha TOpeE.

Hamomaum, uro depe3 K, 0OBITHO 0003HAYAETCS NOAHVIL 2padh ¢ N 8ePULU-
HAMU, TO €CTh IPOCTOH Ipad ¢ N BepIIMHAMHU, JIOOBIE IBE BEPIIHHLI KOTOPOIO
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cmexxHel. Jlanee, uepes K, ,,, 0ObIMHO 0003HATAETCS NOAHBIG 08YdoabHbil 2pad,
a MMEHHO, IPOCTOi rpad, MHOYXKECTBO BEPIIMH KOTOPOro pa3buTo Ha JBa I0/I-
mHOXKecTBa Vi u Vs, HaswiBaemble doasmu, rie |Vi| = |n;|, i = 1, 2, npu srom
JiIo0OBbIe JIBe BEPINWHBI U3 PA3HBIX IOJIMHOXKECTB COEIUHEHBI PEOPOM, U JIPYTUX
pebep mer.

Hanomuum, yro misa kaxgoro rpada G = (V) E, ) Bbilie ObLIO IOCTPOECHO
TOTIOJIOTUIECKOE TTPOCTPAHCTBO X ¢, HA3BAHHOE TOIMOJOTUIecKuM rpadom. Bao-
orceruem epagha G B TOTOJOITIECKOE ITPOCTPAHCTBO Y HA3BIBAETCS HEIPEPBIB-
HOE B3aUMHO-OJIHO3HaUYHOE ¢ 0Opa3om orobpaxkenne f: Xg — Y. Ormerum, aro
MIPU TAKOM OTOOParKEHWH BEPHIMHBI rpada MepexoiaT B TOYKHA TOMOJOTHIECKO-
IO MPOCTPAHCTBa Y, a pedpaM COOTBETCTBYIOT IPOCThIE HENPEPBHIBHBIE KPUBbIE,
KOTOPBIE TIEPECEKAIOTCS TOJBKO 0 TOYKAM, COOTBETCTBYIONUM OOIIUM BEPIIU-
HAM.

VYupaxkueune 3.2. [lokaxwure, 1T0 J11000# rpad MOXKHO BIOXKUTH B TPEXMEP-
HOE TIPOCTPAHCTBO.

I'pad HazbIBaeTCH NAGHAPHDIM, ECIIU CYIIECTBYET €0 BJIOXKEHUE B IIJIOCKOCTD.

Canencreue 3.23. I'padp K33 1Heab3A 6.402CUMD 6 NAOCKOCTL MAK, “4MoOb
HENPEPLIBHBLE KPUBHIE, COOMBEMCMEYowue pebpam, GoLat JOMAHBLMU.

Hoxaszameavcmeo. TlpennosoKuM IpOTUBHOE, U IIyCTh MHOYXKECTBO BEePIIUH I'Pa-
da pasburo nHa morm Tak: {vi,vs,v5} u {va, v4,ve}. Torma obpaser pebep vyvs,
VU3, V34, V4Us5, UsVg, Vg1 OOPA3yIOT IIPOCTYIO 3aMKHYTYIO JIOMaHyo L, Ha KO-
TOPOIi HOCJIEOBATEILHO PACIIONIOKEHLI BEPIIUHLL U1, Vg, U3, U4, Us, Ug. JlOMaHast
L pazbuBaeT IJIOCKOCTh Ha JBe YaCTH, II09TOMY JBe U3 TPeX JOMAHbIX, COOTBET-
CTBYIOIUX OCTABIIMMCSI TPEeM pebpaM vy, UgUs, U3Ug JIEXKAT B OJHOH M3 TUX
JacTell U mepecekaroTcs 10 JeMmMe 3.21, mporuBopevne. O

VYnpaxknenue 3.3. Ilokaxnre, uro rpad K3 3 MOXKHO BJIOKHUTH B TOD.

VYupaxkueuune 3.4. [lokaxure, uro rpad K5 HeIb3si BJIOXKUTH B IJIOCKOCTh
TakK, YTOOBI HEIPEPBIBHBIE KPUBBIE, COOTBETCTBYIONMINE pedpaM, ObLIN JTOMAHBI-
M.

OxaspIBaeTCsl, BJIOXKUMOCTD I'Pada B IJIOCKOCTH SKBUBAJEHTHA €0 BJIOXKU-
MOCTH C pedpaMu-JIOMaHBIMH.

YrBepxkaenue 3.24. Ecau 2pag 64001cum 8 NAOCKOCMb, MO OH BAOHCUM 8
NAOCKOCMb MAK, YMO B8CE HENPEPHIBHBLIE KPUBHIE, COOMBEMCMEYOULUE PEOPAM,
ABAANOMCA AOMAHDLMU.

Joxasameavcmeo. Ilycrs f: Xg — R? — snoxkenue rpada G = (V, E,0) B
IJIOCKOCTh, W OOO3HAMHM 9EPE3 7Y, HENPEPBIBHYIO KPUBYIO, COOTBETCTBYIOILYIO
pebpy e (TO ecThb ABJIAIOINLYIOCs OrpaHuYeHreM OTOOpazkeHusl [ Ha COOTBECT-
BYIOIIHI 0TPe30K). OTOXKIeCTBUM BEPIIMHBI ¢ UX f-00pasaMu, M I KaxKIon
BEPIIUHBI v € V TOJIOKUM

r(v) = min {|vv’|, |vye| 1 v & e},
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u nycrs r = 1/2min{r(v) : v € V}. Iocrpoum kpyrossie okpecrnoctu U(v)
pajuyca r Jyisi Bcex BepimmH v € V. 3aMernm, 9TO MOCTPOEHHBIE OKPECTHOCTU
HONAPHO He IIepeceKaroTcsi U, 6osiee Toro, okpecTHocTh U(v) He mepecekaeTcs ¢
KPUBBIMH 7Y, COOTBETCTBYIONMME PeOpaM, He WHIUJEHTHBIM 0.

IIpennonoxkuM cHadaIa, ITO rpad He HMeeT IeTeNb, I LIyCTh € = U;U; —
mo6Goe ero pedpo, a e : [a, b] — R? — cooTBercTByIOmas HepepbIBHASA KPUBas,
Ye(@) = vs, Ye(b) = v;. Iomoxum

t, = sup {t € [a,b] : |v(t)v| = 7"}, tp = inf {t € [a,b] : [y(t)v;| = 7"}~

O6o3Ha4nM Yepes d, OrpaHUIEHIe KPUBOH Y, HA OTPE3OK [tq, tp]. DTO — BIIOKEH-
Hasl KpUBasl, coeluHsomas 1ok y(t,) u y(tp), sexamue Ha rpaHUIlEe KPYroB
Ur(v;) u Up(vj) COOTBETCTBEHHO, U JIeXKalllasi BHE 9TUX KPYIOB H, 60JIee TOro,
BHe Bcex Kpyros U,.(v), v € V. Tenepb Mbl HOCTYIINM CJIEIYIOIIM 00Pa30M.

® 3aMEHNM HAYAIBHBIN M KOHEYHBIN (PparMeHThl KPUBBIX Y, Ha PAIUYCHI, CO-
efuHsIONHe IEeHTP oKpecTHOCTH U (V) ¢ KOHIOM COOTBETCTBYIOIIEH KPUBOIL
de, mexkanuM Ha rparure U(v);

® 3aMEHNM KaXKJIyI0 KPUBYIO J, Ha IPOCTYIO JIOMAHYIO, COEINHSIONLYIO Te JKe
TOYKH 9TO U J, TAK, YTOOBI JIOMAHBIE, COOTBETCTBYIOIINE PA3HBIM pebpam
He TI€PECEKAJINCh.

Jlj1s1 peasmMsaIuy BTOPOTro IMyHKTa HY?KHO BBLIOPATH € MEHBIIIE YeM T U MEHbBITIe
geMm 1/2 min {r, |0e0er |}, rjie MUHUMYM GepeTcs [0 BCeM MapaM Pa3IndHbIX pebep
e, €. Torpa okpecraoctu U (0,) HOIAPHO HE IIEPECEKAIOTCS U IIEPECEKAIOT KPYT
U, (v) Tompko ecim v uaTIIeHTHO €. OCTaeTest 3aMEeHUTh KPUBYIO O, € = vv' Ha
JIOMAHYIO, COEJIMHAIONIYIO Te YK€ TOUKH, JiexKalllylo B okpecraoctu U (d.) u He
3aX0JAILYy 10 BHYTPb Kpyros U, (v) u U, (v').

JIemma 3.25. ITycmo 7: [a,b] — R™ — nenpepwvisnan xpusaa, o6pas xomopod
aeostcum 8 omxpuimom muoorcecmee U. Tozda cywecmeyem aomanas L C U,
coedunsmouasn mouku y(a) u y(b).

Joxasamesvcmeo. Ilycrs T C [a,b] cocrour us Beex ¢ € [a,b] 1y KOTOPBIX
cymecryer somanast Ly C U, coemunsomast y(a) u y(t). Muoxecrso T He
nycro u cozepxkut nekoropoe t > a (IIposepwre!). lonokum tg = sup T. Ilycrs
to < b. Touka P = 7(tp) JiezKUT B OTKPBITOM MHOXKecTBe U, IO3TOMY CYIIECTBYET
orkpbITeiil map U (P) C U. Tak Kak vy HeIpepbIBHO, TO cylecTByer € > 0 Takoe,
4TO 'y((to —e,tg+ 5)) C U nty+e <b. Tak Kax tg — TOoUeHas BEPXHsSA I'PaHb,
1o cymectByer T € (tg — &,t9] N T, TO ecThb cymecTByer somanast L. Tobasum
K JoMaHo# L, oTpe3ok [’y(T),’}/(to + 5/2)]. [Momyanm omamyto Ly . p, 9TO
IPOTUBOPEYUT BBIOODPY tg. Jlemma mokazana. U

Ocraercsa nobasuth nern. Peasmsyem cHadasa rpad 6e3 meresns. Hamom-
HUM, 9TO y KaXKJIOW BEPIIUHBI €CTh KPYTOBasi OKPECTHOCTD, TIepecedeHne KOTO-
poii ¢ peanmsanueit rpada cOCTOUT M3 HECKOJbKUX pajumycoB. Ho Torma merin
MOXKHO PEAJIM30BATh BHYTPU ITUX OKPECTHOCTEH, TOMECTUB MEXK/Iy PaluyCaMHu.
YrBepxKaeHne JJOKa3aHO. O
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Canencrue 3.26. I'pago K33 u K5 He A8AAOMCA NAGHAPHOLMU.

3.5 Teopema 2Kop/ilaHa: KOMIIOHEHT He MEHbIIe
ABYX

Vcnonb3yeM Tenepsb HelTaHapHOCTD K3 3 [715 TOKa3aTeIbCTBa eIy IOMEro yTBep-
KJIEHUS.

Vreepxkaenne 3.27. ITycmo v: [a,b] — R? — nenpepusnasn sammrymasn npo-
cmas wpusas, u I' — obpaz omobpasicenus y. Tozda mmoocecmeo R? \ T ne
ABAACTNCA AUHETHO CBAZHBIM.

Zloxasamesvcmeo. IlycTh Ha MJIOCKOCTH (DUKCUPOBAHBI CTAHIAPTHBIE KOODIH-
HaTHI (X,y), TOI/Ia KPUBasl 7y 3a/Ia€TCs Napoil KOOpAMHATHBIX QyHKIWmit: v (t) =
(a:(t),y(t)). Tax kak 2(t) — HenpepbiBHAS HA OTPe3Ke (PYHKIUs, TO OHA MPH-
HUMaeT Ha [a, b] HaumeHbInee U HaubOJbIlee 3HAYEHHs], KOTOPbIE Mbl 0003HAYNM
qepes T,, u x); coorBeTcTBeHHO. Ilocesmmee o3uattaet, uro obpas I' kpuBoit
JIEZKUT B I10JI0CE MEXK/1y JABYMs BEPTUKaJIbHBIMU (TO €CThb IlapaJlJIeJIbHbBIMU Oy)
UPSAMBIMHE £y, HA KOTOPOH & = Ty, 1 £y, HA KOTOPOH & = xps. (Takue npsivbie
Ha3bIBAIOTCH onophumu). Obosnaaum vepes A,, u Ay Touku nepecedenus ' ¢
npaMbiMi £, U £y COOTBETCTBEHHO, UMEIOIINE MAKCUMAJbHBIE §-KOODINHATHI.
(Touka A,, JeHCTBUTEIBHO CyNIECTBYET, TaK Kak I' M ¢, — 3aMKHyTOe OrpaHu-
YEHHOE [TOJIMHOYKECTBO MPSIMOI, 8 3HAYUT OHO COJIEPXKUT CBOIO TOYHYIO BEPXHIOIO
rpaHb. AHAJOIWIHO [IPOBEPSIETCsI CYIIECTBOBAHME TOUYKH Ajy.)

Touku A, u Ap; nenar kpusyio ' Ha jaBe jyru.

IIposeseM elne OIHY BEPTUKAJIBHYIO UPAMYIO & = (X, + xpr)/2 1 0603HA-
quM ee depes £. Dra npsmas Takke nepecekaer kpusyio . Ilycts P — Touka
nepeceuenus: £ ¢ I' ¢ Haumenbieit y-koopaunaroii. Hazosem ayry kpusoit I,
coziepzkariyio P nuotcnetdi, obo3naanm ee depe3 'y, a BTOpyIo Jyry 0O03HAYTUM
gepe3 'y u HazoBem seprHet. Ob6e myru I'y u 'y npencrasisitor coboit obpa-
3bI MPOCTBIX HEIMPEPBIBHBIX KPUBBIX, COSJUHSIONMUX TOUKU A,, u Ay, mosromy
KaXKJasd m3 HuX mepecekaer npamyio £. Ilycts Bs — Toduka M3 TepecevdeHust
¢N Ty ¢ HauMeHbIIel Yy-KOOpAUHATOH (OTMETHM, YTO Y-KOOpAUHATA TOUYKU Bo
Gosbiie, yem KoopauHara Touku P). Teneps na mepeceuenun £ N Ty, cpeau To-
YeK C Y-KOOpJMHATAMKU MEHbITUMU 4eM y B BbiOepeM TOUKY B ¢ Haubosbmeit
koopaunaroil. Torjga orpesok By, Bs] nepecekaer I' TOIBKO 0 CBOUM KOHIIAM.
O6o3naunm uepe3 A cepenuny orpeska [Bi, Ba).

Haxkomerr, Tak kak KpuBas [’ orpanndena, CymecTByeT rOpU30HTAIbLHAS TPSsi-
Mast Y = Yo TaKasl, ITO Yo OOJIbIIE HANOOJIBIIEro 3HAYEHU KOOPIUHATHON (pyHK-
muu y(t) kpusoii 7. Torma sra npsimas He epecekaer I, HO IEPECEKAET IIPAMBIE
Ly, m £y o Toukam Bz u C coorsercTBenHo. Kpome toro, snyau [A,,, B3) u
[Anr, C) nepecekator I' TOIBKO 10 CBOMM Ha4aJbHBIM TOYKaM A, 1 Ajy.

[Mokaxkem, aro Toukn A u B3 JiezkaT B pA3HbIX KOMIIOHEHTAX JIMHEHHON CBSI3-
noctu MHokecTBa R? \ T'. JleficTBHTEIBHO, €CIn Obl 3TH TOYKH MOYKHO OBLIO
OBl COEJIMHUTH HEIPEPBIBHOW KpUBOIl J, He mepecekaromieil [, To MBI moJIy4n-
Ji1 ObI BJIOXKEHHE B IIJIOCKOCTb Tpada K3 3 ¢ MHOYKECTBOM BEPIIUH, COCTOSIINM
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u3 aByx goneit {Ap,, A, Ay} u {By, Be, B3}, u cienyromumu peSpaMu: 9eThIpe
nyru Ap B, Ay Bo, AyBy, Ay Bs kpusoit I, tpu orpeska ABy, ABs, A, Bs,
nBy3BenHas jgomanast B3C Ay u kpusas 6. IlonydenHoe IpoTUBOpeYne 3aBep-
IIaeT JI0KA3aTe/ILCTBO. ]

JIist 3aBepIeHns JI0Ka3aTeIbCTBA TeopeMbl 2KopIaHa OCTaeTCsl TPOBEPUTD,
YTO KOMIIOHEHT POBHO JiBe. B JIByX clle/Iylomux pa3jesiax Mbl IIPUBEIEM CXEMY
JIOKa3aTe/IbCTBA, HE BIABasCh B MEJIKHME MOJIPOOHOCTH.

3.6 Cuaydait mpocToit He3aMKHYTOII KPUBOIi

Ciy4ail He3aMKHYTOI ITPOCTON HEIPEPBHIBHON KPUBOI MOXKET OBITH MOJIYI€H U3
Teopembl 2Kop/iana [ijist JIOMAHBIX C IIOMOIIBIO OOBIYHBIX IIPUEMOB MATEMATHIe-
CKOTO aHam3a (BIPOUYeM MOTPeOyeTCsl ONpeieIeHHasT H300PeTaTebHOCTS ). Mbl
[IPUBOUM 3J1€Ch ICKU3 JOKA3aTEIbCTBA, ITOCKOJIBKY CAMO yTBEDKJEHUE IOTpe-
OyeTcss HaM I 3aBepIIeHUs JI0KA3aTehCTBa TeopeMbl 2KopjaHa, a WMEHHO,
JIJIsT TIPOBEPKH TOTO, YTO KOMIIOHEHT POBHO JIBE.

Hawm momamoburcs caemyionee caeaCTBHE.

Caencteue 3.28. IIycmo f: Xg — R? — suooicenue 2paga G 6 naockocmo
maxoe, wmo ace ezo pebpa — aomanvie, u nycmov I' = f(Xqg) — o6pas epaga G.
Toz0a cpedu Kommorenm aunetinot ceéaznocmu mnosicecmea R? \ T umeemes
POBHO 00HA HEO2PAHUMEHHAA KOMTLOHEHITA.

YrBepxkaenne 3.29. Ecauy — He3aMKEHYMASL NPOCMAA HENPEPBIEHAA KPUBAL,
u T — o06pasz omobpasicerus v, mo mmoscecmeo R? \ T' aunetino ceasmo.

Jokazamenvcmeo. 1lycts x, y — mponssosbabie Toukn 13 R?\T'. Mer mocTponm
mwrockuit rpad H Taxoit, ITO TOUKM X, Y JeKAT B eIUHCTBEHHON HEOTPAHUIEH-
Hoit Kommonente A muoxectsa R? \ H , a kpubast [ — He mepecexaercs ¢ A.
Torna kpuasi, coefunsitomas © ¢ y B A, He Oyner nepecekars [, aTro u Tpebo-
BaJIOCh.

ITepeiimem k moctpoennto rpacda H. Tak kak I — kommakT, BeiOepeM 1moJi0-
s)kuresibHOe d Takoe, uto paccrosuus |xI'| u |yI'| 6osbime gem 3d. Bocmomnbzo-
BaBIIICh PABHOMEDHOI HEIPEPBIBHOCTHIO 0TOOparkeHus 7y (HelpepbiBHOE 0T00-
pazkeHre OTpe3Ka — PaBHOMEPHO HEIIPEPBIBHO), pa3obbeM Kpubyko I’ mocseso-
BaTEJIHbHBIMHA TOYKAMU P1, . . ., Prp+1 Ha ayru I';, rae I'; orpanntiena Toukamu p;,
Di+1, TaK, 9TO PACCTOSTHUE OT P; 10 Jr06oit Touku mayru I'; menbie d. Ilomoxum
d’ = min {|Fi, Ll li—j] > 1}. Bamernm, aro d’ < d. Tenepb pazsobbeM KazKIyio
nayry I'; ma menpmue qyru I';;, orpaHIdenHbBIe TOYKAMHA P; ;j U P; j41 TaK, ITOOBI
PaCCTOSIHUE OT P;; JI0 KaxKJ0# Touku jyru I';; MeHbIIe dem d'/4. Tpad H; —
00beIMHEHNE OJIMHAKOBBIX KBaJIPATOB, CTOPOHLI KOTOPBLIX paBHBI d' /2, mapaj-
JIeTbHBI KOOPJIMHATHBIM OCSIM, & IIEHTPBI PACHOJIOKEHBI B TOUYKAX d;;. B cuiy
Bebopa d' rpader H; u H; mepecexkarorcs Toibko mpn |¢ — j| < 1. ITomoxum
H = UH,.

Jlemma 3.30. Touxu x, y sesrcam 6 eduHCMEEHHOT Heo2PaHUeHHOT 0baacmu,
ozparuernotl epagom H .
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Zloxasameavcmeo. U mes moka3aTembCcTBa B TOM, YTO OIPAHIIEHHDIE ITUKJIBI TPa-
dba H — majeHbKkue, a MMEHHO, KaKJIbIiI TAKOW IMHUKJ JIEXKUT B OObEIMHEHUN
nByx cocequux rpados H; U H,;4 1. dnamerp kaxkjoro rpacda H; He mpeBocxo-
mut d + d'/2, muamerp H; U H;yq e npesocxomut 2d + d' < 3d, a paccrosnue
ot x no I' Gosbitie vem 3d, mpoTuBOpevne. O

VTBepXKaeHne T0KA3AHO. O

3.7 Teopema 2Kop/jaHa: KOMOOHEHT POBHO JIB€

Mpbr ucnostb3yem yTBepzKaeHue 3.29 Jj1 3aBEpIIeHHs TOKA3aTETbCTBA TEOPEMbI
2Kopnana.

Jlemma 3.31. IIyemo I' C R?2 — o6pas npocmoti nenpepuienoti 3amxnymot
kpusot, u A — NPoU3BOALHAA KOMNOHEHMA AUHETHOUT CAZHOCTIU MHONCECTNEA

R2\ T. Toeda xaostcdas mouxa xpuecoti I' npunadiescum 2paruue MHO#CECMEa
A.

Zoxasameavcmeo. Ilycts P € I' — npousBosibHas TouKa Kpusoit ', Touka a Je-
KUT B A, a Touka b — B JIpyroil KOMIIOHEHTE JIMHEHHON CBSI3HOCTH MHOYKECTBA,
R2\ I'. Beibpocum u3 I TpousBOIBHYIO, CKOJIb YTOIHO MAIYIO JIyTy &, cofeprKa-
myto P, Torma cymecTByeT HempepbIiBHAS KPUBasl, COEIUHSIONAs TOYKNA a U b
U MPOXOJIAIIAs Uepe3 nyry d. Y 9T0i KPUBOU €CTh OTPE30K, IETUKOM JICYKATINI
BHYTPH A, 33 UCKJIIOUYEHNEM TOI €r0 KOHIIEBOM TOYKHU, KOTOPAasl JIEXKUT Ha, JIyre ¢.
[TosTomy rpanuiia MHOXKECTBa A COMEPKUT BCIO/Y ILJIOTHOE ITOIMHOXKECTBO KPU-
Boit I, a 3HauuT u BCro kpusyio I’ (06a MHOXKECTBA, OY4EBU/HO, 3aMKHYTbI). [

Urak, nycrs muoxkectso I' C R? cocrour u3 Tpex (umu 60/1€€) KOMIIOHEHT
JmHeitHo# cBst3nocTu. B kommonenTtax A;, i = 1, 23, Beibepem 10 TOYKE I;, U
mycThb §;, 1 = 1, 23, — momapHo He Tiepecekaronuecs Jayru kpusoii I'. B kaxaoit
KOMIIOHEHTe A; COeIMHUM TOYKY X; C cepeauHaMu Jyr 6;, j = 1, 2, 3, KpUBLI-
MH 7;;. IIpu 3TOM MOXKHO JOOHTLCS, 9TOOBI KPHUBBIE 7;; He IepeceKaauch. B
pesysbTaTe MBI MOJYIHM BJIOYKeHMe Tpada K3 3 B MIOCKOCTD, TPOTHBOPEYNE.

Tem cambiM, Teopema zZKopmaHa MOJHOCTHIO JOKA3aHA.
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