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DJeMeHThbl Teopun rpadosn

ITnan. O6uee onpenesienue rpados, BeplIUHbI, pebpa, IPaHUYHOE OTOOpa’KeHUE, HHIUIEHTHBIC
BepIIMHBI U pebpa, BEPIINHbI, COCJUHEHHbIE PeOPOM, CMEXKHbIE€ BEPIIMHBI, CMEXKHbIe pebpa, MmeTJs,
KpaTHOe pebpo, KPaTHOCTb pebpa, IpoCcToil rpad, JeMMa O PYKOIOXKATUSX, CTEII€Hb BEPIINHbI, 3aa-
4qa Dilslepa, MapIIPyT, Lelb, IIyTh, [IUKJI, CBI3HBIA rpad, 3itjiepoB MUKJ nin obxon rpada, sitiepos
rpad, KpuTepuii iisepoBoctu rpada, IpocToil UK, FaAMUJIBTOHOB IMKJI, TaMHJIBTOHOB rpad, Teo-
pema Jlupaka — JOCTATOYHOE YCJIOBHUE I'aMUJILTOHOBOCTHU, JE€PEBO, CBOHCTBA JE€PEBLEB, OCTOBHDLIE
JlepeBbsi, B3BellIeHHbIe Ipadbl, MUHUMAJIbHbIE OCTOBHBIE JepeBbsi, ajaropurMm Kpackasa.

1.1 OcHoBHBIE IOHATUA Teopuu rpadoB

Jist mpoussosbHOro Muoxkectsa V uepes V(¥ Gynem 0603HAUATH MHOMKECTBO
Beex k-5IeMEeHTHBIX IOMHOXKEeCTB MHOXKecTBa V. Muoxkecrso V(2 coBnagaer ¢
MHOKECTBOM HEYIIOPSLI0UEHHbIX AP PA3IHIHbIX djeMenTos V. Muoxkecrso V(1)
COCTOUT U3 OTHOIJIEMEHTHBIX MTOJMHOYKECTB MHOXKECTBA, V', €ro MOXKHO OTOXKJIe-
crButh ¢ V. Eciin MHOXKecTBO V' KOHEUHO M COCTOMT 13 N 3jeMeHToB, o V (F)
mycro mpu k > n, a V(™ cocronr u3 oxmoro snemenTa V.

Ounpenenenne 1.1. 'pagom G maswsaerca tpoiika G = (V) E, ), cocrosinast
u3 muokects V, E u orobpaxkenus 0: F — VI UV, Dpementsr u3 V na-
3pIBAIOTCS gepuwunamu rpada G, snementsl u3 F — pebpamu rpada G, a 0 —
2PAHUNHDLM 0MOOPAIICEHUEM TITT 0MOOPAAHCEHUEM UHUUIEHTNHOCTIU.

3ameuanne 1.2. Bcrojy, ecii He OrOBOPEHO MPOTHUBHOE, MBI OYIeM paccMaT-
pUBaTh KoneuHvie 2pagdvi, T.€. rpadbl, ¥ KOTOPbIX MHOXKeCTBa V u F KOHEYHBI.

IIpumep 1.3. IIycte V = {v1,v2,v3}, E = {e1,e2,e3}, 0(e;) = {v;, v} maa
mobeix {i,7,k} = {1,2,3}. Torma rpad (V, E,d) MOKHO paccMaTpUBaTh Kak
MOJIE/Ib TPEYTOJIbHUKA ¢ MHOXKECTBOM BepInuH V u MHO)KecTBOM cTopoH E. Ilpu
9TOM TPaHUYIHOE O0TOOpazKeHue O IMOKA3BIBAECT, K KAKAM BEPIIMHAM KAaXKI0€e U3
pebep e; «upukjenBaercay, Hanpumep, d(e1) = {vq, v3}, TaK 94TO CTOPOHA-PEGPO
€1 COCJMHSACT BEPIIUHBI Vg U V3.

B Teopun rpacdos npunaTa caeayionias TEPMUHOIOTUS:

e eci v € J(e), TO TOBOPAT, YTO BEPIIMHA ¥ U PEOPO € UHUUICHMHbL;
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e ccim O(e) = {v, w}, TO rOBOPAT, YTO BEPIIMHBI U U W CMEINHCHbIE WIH CO-
cednue, WU Ke, 9TO OHU COedUHEHDL PEOPOM €;

e pebpa € U €' HA3BIBAIOTCS CMENCHBMU IITH cocednumu, ecim O(e)No(e’) #

0;
e pebpo, MHIMAECHTHOE POBHO OTHOM BEPIMUHE, HA3BIBACTCA Nemaet;

® eCJIM HEKOTOPOU Tape BEPIINH MHITUJIEHTHO HECKOJBKO pedep, TO BCe 3TU
pebpa HA3BIBAIOTCS KPAMHLLMU;

® cCJin HeKOTOpOﬁ BepHainHe MHIUJIEHTHO HECKOJIBKO IIeTeJ/Ib, TO BCE 3TU I1eT-
JIN TaK2>Ke€ Ha3bIBAIOTCA KPAamHolMu .

Kpamnocmuio pebpa e Ha3bIBACTCST KOJHMIECTBO BeeX pebep €', ist KOTOPBhIX
d(e') = 9(e). Scuo, uTO PEBPO € He ABJIAETCA KPATHBIM TOLJA M TOJBKO TOTJIA,
KOI'JIa €r0 KPpaTHOCTh paBHa 1.

Onpenenenue 1.4. I'pad Ge3 neresib 1 KpaTHBIX pebep HABBIBAETCS NPOCTILbIM.

amedvanue 1.5. YTobbI 3a7aTH TPOCTOIt rpad, TOCTATOTHO 33aTh MHOXKECTBO
BepmmH V I HeKOoTOpoe momMuokecTBo F B V().

B camom neste, nycrs G = (V, E, ) — upocroii rpad. Torga 0 orobpaxkaer
MHOKecTBO F B3aMMHO-OIHO3HAYHO Ha HEKOTOpoe moamuoxkecTBo B V(2| uaro
nozBosisier oToxkaecTsuth E u O(E) C V), Mupivu ciioBamu, pe6po IpocToro
rpada 0JHOZHAYHO 33JA€TCS TAPOil PA3JTUIHBIX BEPIIWH, KOTOPBIE OHO COEJIH-
HSIET.

Takum 06pazom, npocmoti epagh MoxkHO paccMarpusaTh Kak napy (V) E), rue
F — HexkoTopoe MOIMHOKECTBO B V@),

Hans npocroro rpada G = (V, E) pebpo e = {v,w} € E ynobHo 0603HAUATH
qepe3 vw UIh wWo.

Nmeercst GoJIbIITIOE KOJUIECTBO 33/1a49, KOTOPbIE €CTECTBEHHO DEIIATCs Ha
sI3BIKE TEOPHUU IPadoB.

Sagaua 1.6 (JIlemma o pykonoxkarusx). Hekoropsie yuacTauku KondepeHun,
3/I0POBasACh, MOKUMAIOT JIPYT APYTy PYKH. JloKayKuTe, 9TO IUCTIO YIACTHUKOB,
KazK/Iblil 13 KOTOPBIX COBEPIINJI HEYETHOE YHUCJIO PYKOIOXKATHIl, — YeTHO.

Pemenue 310ii 381041 UCIIOJIB3YET TIOHATHE CTENEHU BEPIITUHBI U OJIHY OYEHb
I0JIE3HYIO (bopMyITy.

Onpenenenune 1.7. Ilycts v — mpom3BoJibHAS BepIINHA HEKOTOPOTO rpada.
Toryma cmenenvio degv ITO# BEePIUHBI HA3BIBAETCS KOJUIECTBO WHITUICHTHBIX
v pebep, He SIBJISIONMNUXCS TeTJISIMU, IUTIOC YABOCHHOE KOJIMIECTBO eTe b, HHITH-
JIEHTHBIX V.

Boraucimm cymmy cremeneit Bcex BepminH rpada. 3aMerum, UTo KayKjioe
pebpo BHOCHUT B 9Ty CyMMY BKJIaJI, PABHBIA 2, TOITOMY

2|E| = Z deg v,

veV



1.2. Diy1epoBbI B raMUJIBTOHOBBI TDAMBI 3

rie |E| — konugecTso sementos Muoxecrsa E pebep rpada. O6o3uadnm depe3
V) KOJIMYECTBO BepiinH crerenu k. Torma cymmy creneHeil BceX BEPIITUH MOXKHO

[ee]
3anmcarhb B Bugie »  kvg. Takum o6pasom, uMeer MeCTO BayKHas (OpPMyJIa:
k=0

20E[ =) kv (1.1)
k=0

Pemrenue 3agauum 1.6. Paccmorpum rpad G, KOTOPBIH 09eBUIHBIM 00pa3oM
OIUCKHIBAET PYKOIOXKATHUS: 38 BEPIIUHBI IPUHIMAEM YUIaCTHUKOB KOHMEPEHInn,
3a pebpa — Bce PYKOIoXKaThs (TO €CTh JiBe BEPIIUHbI COEAMHEHbI PEGPOM, eciiu
U TOJIBKO €CJIU COOTBETCTBYIOIIME YIACTHUKY moxkasju pyku). Torma B 3amade
Tpebyercst JI0OKa3aTh, 9TO B HallleM I'pade KOJUIECTBO BEPIIUH C HEYETHBIMU
crerneHsiMu 9eTHO. VIHbIMU cjioBamu, TpeOyeTcsi J0Ka3aTh, 9TO YUCIO 01 = U1 +
U3 + Vs + ... YEeTHO.
Bocnosnbayemcs: dopmymoit (1.1):

2B =) kvp = 2kvop+ ¥ (2k—1)vap_1. (1.2)
k=0 k=0 k=1

13 nee cnemyet, aro uncio lvy +3vs+5v5+. .. geTHO. Tenepsb 3amMeTuM, ITO OHO
OTJIMYAETCsI OT YUCJIA ¢ Ha YeTHOe Yucyo 2v3 + 4vs + 6vr + . . ., cjaeoBaTeibHO
01 CaMO YEeTHO.

3ameuanmne 1.8. Pazbepurech, yIuThIBAET JIH IPUBEIEHHOE BBIIIE PEIIEHNE Ch-
TYaINIo, KOIIa KAKHe-TO Hapbl yYaCTHUKOB KOH(MEPEHIINN 3/I0POBAJINCH HECKOJIb-
KO pa3s.

OTI\/IeTI/Il\/I7 9TO B Teopuun FpadeB nMeeTcss MHOI'O MHTEPECHbIX 3a/ad, pelle-
HUS KOTOPBIX OCHOBAHBI HA BBIYUUCJIEHUN PA3JIUIHBIX COOTHOIICHUN MEXKTy THC-
JIOBBIMU XapakTepuctukamu rpados. HacTs 3 Takux 3a7a9 Mbl PACCMOTPUM
Ha CeMUHAape.

1.2 DitjaepoBbI 1 raMUJIBTOHOBBI Ir'padbl

Cremyromuit Kpyr BOIIPOCOB CBsI3aH ¢ 0OXOIaMu BepIiuH u pedep rpados.

1.2.1 O6xoxa pebep. JiijiepoOBbI ITUKJIbI

Mpb1 HauHEM € KJIACCHYECKON 3aJladu, KOTOPYIO mpuaymas u permui JI. Diurep,
U C KOTOPO#i, KAK MHOTHE JyMAaloT, OepeT Hada/0 Teopus rpadoB.

Sagaya 1.9 (3azaua Ditnepa). B ropoxe Kénurcbepre na pexe Ilperesns ume-
ercst 7 MOCTOB. JDiljlepa WHTEPeCOBaJ BOIIPOC, MOXKHO JIH, BBIAIS U3 JIOMa, BEp-
HYTBCsl HA3a/I, PO KAXKIbII MOCT POBHO OJUH pa3?
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Ditstep n306pa3mMII YaCTU CYIIU TOUKAME (BEPIINHAMH), & MOCTBI — JIMHUSIMHU,
COEIMHSAIONUMY 9TH TOUKH (pebpamu) u, TakuM 06pa3oM, chopMyInpoBail 3Ty
3a/1ady B TEPMUHAX TeOpuu rpaos.

Tenepb HaM Hy?KHO BBECTHU DsiJ] HOBBIX ITOHSITHIA.

Omnpepenenne 1.10. Mapuwpymom, coe0unaouum 6epuLunst vy U vy, Ha3bIBa-
€TCsI TTOCJIEJIOBATEILHOCTD Vg, €1, U1, €2, V2, . - . , €k, Uk, [Ji€ U; — BeplIuHbl rpada,
a e; — ero pebpa, mpuIeM s KaxXKI0ro ¢ pedpo e; COeINHSIET BEPITUHBI V;_1 U
Vi, TO €CTh V;_1,V; € Oe;. MapIipyT HA3BIBAETCS 3AMKHYMbIM, €CITU V) = V). B
000MX PaCCMOTPEHHBIX CJIyYasiX 9UCJIO k Has3bIBaeTCs daunol mapwpyma. Ecan
B MapIlpyTe Pa3judHbl Bce pebpa e;, TO TaKOil MapIIpyT Ha3bIBAETCS UETNLIO.
SaMKHyTast [IEllb HA3BIBAETCS Uuk.A0M. FCjin B MapIIpyTe Bce BEPIIUHBI PA3/INd-
HBI, KpOME OBITh MOXKET IE€PBOIl U MOCJIEIHE, TO TAKON MApPIIPyT HA3BIBAETCS
nymem. 3aMKHYTBIA [IyTh HA3BIBAETCI NPOCNHIM UUKAOM.

3ameuanmne 1.11. Eciu G — npocroii rpad, To MapipyT u3 onpeaenerus 1.10
3AIMCBHIBAETCS KaK VU1 - - - V) (6e3 ykazanus pebep u 6e3 pasjiesieHus 3alsaTbl-

Onpenenenune 1.12. ['pad Ha3BIBaeTCA C6A3HBIM, €CJIA JIOOBIE JIBE €r0 BEP-
[TMHBI MOYKHO COEJUHUTH HEKOTOPBHIM MApPIIPYTOM.

Omnpenenenne 1.13. 1uka B ¢cBA3HOM I'pade Ha3BIBAETCS IUAECPOSHIM U Pe-
beprvim 06x0dom 2pagha, eciii OH comepuT Bee pebpa rpada. ['pad, st koTo-
pOro CYIIECTBYET MIEPOB IIUKJI, HABIBAETCS ITAECPOGHIM 2PAPOM.

Wrak, B 3agage 1.9 cuparmmBaercsi, CyImecTBYeT JI Jjis KOHKPETHOro rpada,
KOTODPBIA TOJIydmiics y Jiljiepa, dMIepoB IHUKJI, T.e. HABJSETCH JIM 3TOT rpad
SHJIepOBBIM. DJIEp pentui obIIyIo 389y O CYIECTBOBAHUNM TAKOTO IUKJA, U
KaK MI'HOBEHHOE CJIEJICTBUE IIOJIYYWJI, 9TO B 3aja4e 1.9 oTBET OTpuIaTeIbHbIN.

Teopewma 1.14 (Kpurepuii sitsiepooctu rpada). Ceasnuiil epad stsepos, ecau
U TOABKO €CAU CTENEHU BCET €20 GEPUUH, YETMHDL.

okxazameavcmeo. 3aMeTuM CHAYAJIA, 9TO BEIKUIBIBAHNE TIETJIM COXPAHSIET CBI3-
HOCTH rpada, YeTHOCTH CTEleHell ero BepINuH, a TakyKe CBOWCTBO rpada co-
Jep2KaTh dMIepOB UK. TakuM o0pa3oM, MbI Oy/eM cpa3y Mperosararb, 9To
paccMarpuBaeMble Tpadbl He UMEIOT IeTejlb. 3aMETUM TaKKe, UTO, [0 OIpee-
JIEHUIO, SIePOBBI IIUKJIbI CYIIECTBYIOT JIUIIh B CBSI3HBIX I'padax.

IIpeamonoxkum, 910 rpad COMEPAKUT SIEPOB UK, U TPEICTABUM cebe, ITOo
MBI 00xOmMM pebpa rpada Mo 3ToMy IHUKIY. PaccMOTprM MPOU3BOIBHYIO BEp-
muny v. Torma pebpo, Mo KOTOpOMY MBI 3alllId B ¥, U CJedayioliee pebpo, 1Mo
KOTOPOMY MBI M3 U BBINLIX, 00pa3yoT mapy. Kpome Toro, tak Kak Bce pebpa
[UKJIa Pa3JIMYHbI, JIFOObIE JIBEe TAKUX Iapbl pebep He MepeceKaroTCs, MOITOMY
BCE UHIUJIEHTHBIE ¥ pebpa pasbUBaIOTCS HA HEMEPECEKAIONUECs Taphl CMEKHBIX
pebep sitneposa mukiIa. CaenoBaTe/bHO, CTEIIEHb BEPIIUHBI ¥ Y€THA.

st mokazaTesbcTBa OOPATHOIO yTBEPXKJIEHUS, MOKAaXKeM CHAJaja, 9ToO B
JI060M Tpadpe, comepkalieM XoTsa Obl OTHO Pedpo, U B KOTOPOM CTEIIEHU Bep-
IIUH YeTHBbI, UMeeTCs IUKJI. JleificTBUTEIbHO, HAYHEM C IIPOM3BOJIBHOIO pebpa
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€1, COEJINHSAIONIETO BEPIINHBI Vg U U1. B CHIy 4eTHOCTH CTEeleHHN BEPIIUHBI V1,
cymiecTByeT pebpo ey, COeIMHSIIONIEE ¥ ¢ HEKOTOPOI BepIMUHON vy. Ecim vy coB-
naJia ¢ vg, TO MOJIyIuIn UK. MHade npojosrzkaeM mporecc. B cuity KoneunocTn
YUCJIa BEPIIVH, HA HEKOTOPOM Iare Jo0aBjIeHHasi BEPIIUHA COBIAJET C OJIHOM
U3 y2Ke UMEIOIIUXCS, U MBI [TOJIyIUM UCKOMBINA ITUKJI.

BoikunyB 3TOT 11K 13 Tpada, BHOBD MOJIYIUM rpad, CTEIIEHN BEPIIUH KO-
TOpOro 4eTHbI. TakuM 00pa3oM, KaxKIblit rpad u3 yc/IoBus 3881 MOXKHO IIPe -
CTAaBUTH B BUJE OObe[MHEHNS peOEPHO HEITePeCeKAIOIIMXCs ITUKJIOB. JIJist KaxK 10~
0 [UKJIA CYIIEeCTBYeT APYTroii U3 3TOr0 CeMEeNCTBa, KOTOPBIA C HUM IIEePeceKaeTCst
(rak Kak rpad cBaszsblii). JBa peGepHO HEIIEPECEKAIOMIUXCs UKJIA, UMEOIIUX
OOIIYT0 BEPIUHY, BCETTa OObEIMHSIIOTCS B OJUH: JOCTATOYHO CTAPTOBATL C 00-
meit BepIIMHbI, TPONTH CHaYaJIa OJIUH ITUKJI, & 3aTeM JApyroi. Takum obpasom,
MBI OObEJIMHUM BCe HaliJIeHHbIE IUKJIbI B OJUH U IIOJyYUM HCKOMBIH 3MJIEPOB
ITUKJI. O

3amaya 1.15. Jlokaxkwute, 9TO €CIM B CBSI3HOM rpade CyIecTByeT MapIipyT,
MIPOXOJIAIIHII Yepe3 KaxKaoe pedpo B TOYHOCTH OIUH Pa3, TO JUOO STOT MapIil-
PYT sIBJISETCS SMIEPOBBIM ITUKJIOM, JINOO B Tpade CYIEeCTBYIOT B TOYHOCTHU [IBE
BEPIIINHBI HEUETHOl CTeleHHU, OCTAJIbHbIe BEPIINHBI UMEIOT YeTHYIO CTelleHb, a
MapIIpyT HAYMHAETCS U 3aKAHYUBAETCS B BEPIINHAX C HEYETHBIMU CTEIIEHSIMU.

3amada 1.16. CkoIbKO pebepHO-HEIepeceKaronmxcs Iereil JOCTaTOYHO JIJIs
IIOKPBITUS BCeX pebep cBsa3Horo rpada?

1.2.2 O6xoxa BepinH. [aMUJIBTOHOBBI ITUKJIbI

Obcymum ere OJIHY 3a/a4y, CBSI3aHHYIO HA 3TOT pa3 ¢ 0DXOJIaMM BCEX BEPIIUH
rpada. [IpenBapurenbHO ga UM HEOOXOIUMBIE OIIPEIE/IEHUSI.

Onpenenenune 1.17. Ilpocroit MUKJI, MPOXOJSIIUil Yepe3 BCe BEPIIUHBI I'pa-
da, HaspBaeTCd 2a.mMuAbMON06bIM. I'pad, comepKanuii HEKOTOPBINA raMUIBTO-
HOB ITUKJI, HA3BIBACTCH 2AMUADTMOHOEHIM.

3a1a4a 0 IMOMCKe raMUJIbTOHOBA IUKJIa OblLIa mpeamoxkena Y. laMuiabToHOM
(W.R. Hamilton) B 1859 rozy B ¢opme urpsi, Koropas HasbiBastach «Kpyrocser-
HOE IIyTerecTsres. PaccMoTpuM rpad I1omeKasapa, BEpIIMHAM KOTOPOro Oyaem
MIPEICTABIIATE TOPOJAMHE, & pedpa — COEIMHSIIONINME TOPOa Joporamu. 1 pedy-
eTcsl, Ha4aB ¢ HEKOTOPOIr'O ropojia U IEePEX0/sl OT OJHOIO ropoa K JAPYroMy II0
HUMEIOIIUMCST JIOPOraM, ITOCEeTUTh KazKJIbIil NOpOJ, POBHO OJWH Pa3 M BEPHYTHCS B
HUCXO/IHBIN.

IIpuBenem psist TPOCTHIX 3aMEYAHUN.

(1) Kaxnprii raMuabTOHOB rpad — CBSI3HBIH.

(2) Ecam npocToii UK/ HOXOAUT Yepe3 IETIIH0, TO ITOT HUKJI COCTOUT U3 Ofl-
HO BEPIIUHBI 1 3TOH neTsu. [losroMy, ecitu raMuIbTOHOB rpad COIePKAT
GoJiee OJIHOI BEPIIMHBI, TO HA OJUH €r0 TaMUJIBTOHOB ITUKJI HE IIPOXOIUT
gepe3 neTsiu. [loaTomy Hamu4aue neresb y rpada ¢ AByMs u 60jee BepIiu-
HaMU He BJIMSET Ha I'aMHUJIbTOHOBOCTD.
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(3) Ecam raMuiibTOHOB IUKJI COAEPXKUT J[Ba pebpa, COeIUHSIONIUX OIHY U TY
2Ke TIapy BEpINWH, TO TaKOi rpad MMeeT POBHO JIBe BEPIINUHBI; 0OPATHO,
KaXKJIblii rpad, UMEIOuil POBHO JBE BEPIIUHbLI U TAKOH, UTO 9TH BEPIINHbI
COEJIMHEHBI HE MEHee UeM JByMsi pedpaMu, siBJISIeTCS TaMUJILTOHOBBIM.

(4) Ecau ramusbronos rpad G comepxkutr GoJiee AByX BEPIIUH, TO B €ro ra-
MIJIBTOHOB ITAKJI HE MOTYT BXOIUTH JIBa Pedpa, COeINHSIONNX OIHY U Ty
JKe [apy BepINUH; M03TOMY rpad, motydeHHbit u3 (G BHIOpaChIBAHUEM U3
KayKJIOT0 ceMeficTBa KpaTHBIX pebep Bcex pebep, KpoMe OJTHOTO, — TaKIKe
raMHUJIBTOHOB.

Takum obpazoM, Ipou3BOILHLIN rpad G, comepzKalnnii He MeHee TPeX Bep-
IIUH, TaMWJIBTOHOB TOTJIa U TOJHKO TOTJA, KOIJA TaMUJIBTOHOBBIM SIBJISIETCS
rpacd G’, noay4ennsiii n3 G 0TOpaChIBAHEEM BCEX TIE€TENh, 4 TAKXKE BBIOPACHIBA-
HEEM U3 KarkKJI0TO ceMeiicTBa KpaTHBIX pebep Bcex pebep, kpome ommoro. I'pad
G’ IPOCTOIi 1O OIIPEIEJICHHUIO.

Hmax, npu usyueHuy 2amMusbmoH08bT 2paPos MONHCHO 02PAHUNUMBCA PO~
cmoLmMu 2padamu.

Hoarvm epagom K,, Ha3bIBaeTCS MPOCTOi Tpad ¢ n BEPIIUHAME, B KOTOPOM
KazKJ[asl [1apa BEPIIMH CMEXKHA, T.€. JIIOObIE JIBe Pa3JIMIHbIe BEPIIUHBI COETUHEHbI
€/IMHCTBEHHBIM PEOPOM.

(5) Iomusrit rpad K, upu n > 3 asiasercs ramuibronoBbiM (Jlokazkure!).

OTMeTnM, 9TO JI0 CUX TOP HE U3BECTHO HU OJTHOTO KPUTEPHSI, OMICHIBAIOIIETO
raMHJIBTOHOBBI rpadbl. MHOrOYHC/ICHHBIE YCIOBUS, ABJISIONIUECS 1O OTIEIBHO-
CTH My HEOOXOMMBIMHE, MJIM JIOCTATOMHBIME, MOXKHO, HAIpUMep, Haiitn B [1]
wn [2]. TlpuBeseM OmHO U3 3TUX YCIOBHUIA.

Teopema 1.18 (dupak). IIycmov G = (V, E) — npocmot epagp ¢ n > 3 sep-
WUHAGMU, U 0 — HaUuMEeHbWas cmenetd eepwun 2paga G. Ipednonoocum, wmo
0 >n/2. Toeda epap G 2amusvmonos, 6 wacmuocmu, epad G ceazrvld.

Hoxazameavemeo. Ilycts v = vgvy - - - vy — nyTh B rpade G, MUl MaKCcu-
MaJIbHO BO3MOXKHYIO JUIMHY cpeiu Beex myTeit B G. Ilokaxkem, uyro G comepxut
ks C' gyaeet £+ 1.
Eciau B rpade ectb pebpo vpve, TO B KadecTBe C' BO3BMEM IUKJI Vg7 -« * V.
Hasee Oysiem npennosararh, 94to vove ¢ E. Ilosoxum

X = {’Ui L VoVi41 € E}, Y = {”Ui S E}

ObpaTuTe BHUMaHWE Ha CIBUI WHJEKCA B ONpeJesieHnn MHOXKecTBa X. M3-3a
Hero, Hanpumep, vy € X, no vy_1 € X Tak Kak Her pebpa vgug, a vy € X Tak
KaK He OIpeJieJIeHa BEPIIIHA Vy41. TaK¥kKe JIETKO BUJIETH, UTO Vg, Vg € Y.
SameTnM, UTO Kaxk/asi CMeXKHast ¢ vy BepiinHa w rpada G JIeXKUT Ha 7y, TaK
KaK MHa4Ye wvov1---U¢ — OyTb B G amuebl £ + 1, 9TO NPOTUBOPEYUT MAKCH-
MAJIBHOCTH JJIHBI IYTH 7. Tenepb HETPYIHO IIOHATh, YTO MHOXKECTBO BEPIIUH,
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CMEXKHBIX C Vg, U MHOXKeCTBO X COJIEPXKAT OJMHAKOBOE KOJUIECTBO 3JIEMEH-
ToB, T.e. |X| = degvg > §. AHAIOrMYIHO, MHOXKECTBO BEPIINH, CMEXKHBIX C Vg,
T.e. MHOXKECTBO Y, TaKKe COJEPXKUTCSI BO MHOYKECTBE BEPIIHUH IIYTH 7Y, TOITOMY
|Y| = degvy > 8. Crenosarensno, | X|+ Y| >+ 6 > n.

Tertepp moKaxkem, uTo MHOKecTBa, X 1 Y mepecekatorcs. HamomuuMm, 9T0
BEpIIMHA Uy HE NPUHAIJICKUT HU X, HU Y, mostomy vy € X UY wu, suauwur,
XUY £V, orkyna | X UY| < n. Ho Torna eciu 661 X u Y He nepecekanuch, To
BBIIOJTHSIIIOCH 66l paBeHcTBO | X UY| = | X |+ |Y|. YunTeiBast foKa3aHHBIEC BbIIIE
HEPaBeHCTBa, Mbl nostyumn oot n > | X UY| = | X| + Y| > n. Crenosarensuo,
MHOYXKecTBa X U Y IepeceKaroTCs.

IIycTs Beprmua vy, jgexkut B tepecedenunn X NY . Pambire Mbl mokasaJm, 9T0
vg,ve—1 & X; Kpome Toro, vy ¢ Y. IlosTomy vy, HE MOXKET COBIAJIATH HU C Vg,
HU C Vy_1, HU C vyp. UTak, 0 < k < £ — 1.

Uckombrit nukia C' crpourcs ciejyronum obpasom. CHadanma u3 vy BIOJb
LyTH 7 WJEeM B BEPINUHY Uk, U3 Hee 110 pedpy UkUy (OHO CYIIECTBYET, TaK Kak
v € Y) uaem B vy, 3aTeM 110 7y HJEeM B OOPATHOM HAIIPABJIEHAW U3 Up B Vg1,
HAKOHEII, COEJMHIAEM V11 C Vg PEOPOM Uk11Vg (OHO CYIIECTBYET, TaK KaK Ui €
X). Jlerko Bugerhb, uro myuna nocrpoensoro nukia C' pasaa £+ 1.

JlokaxkeMm Temepb, uTo MUK C' — raMuibToHOB. [IpesnoioxkuM mpoTuBHOE,
T. €. UTO CyIIeCTByeT Bepiuta x € V', uepe3 koropyio C' He nmpoxoaut. [lokaxkem,
9TO T JIONIZKHA OBITH CMEXKHa ¢ HEKOTOPO# BepmmuHoit v, n3 C. eitcTBuTeanHO,
€CJIN 9TO He TakK, TO BHe nukJja C JIeKUT BEPIINHA T U HE MEHee IeM & CMEeXKHBIX
¢ Z BepIuH, T.e. He MeHee 0 + 1 BepmuHbl. C Ipyroii CTOPOHBI, BEPIIINHA Uy U HE
MeHee YeM ¢ CMEXKHBIX B vy BepIuH jexkar B C, mosromy C' COIEPKUT HE MEHee
6 + 1 Bepmuubl. Takum obpaszom, B rpade G comepxutcs He MeHee 20 + 2 > n
BEPIINH, ITPOTUBOPEYNE.

Wrak, r m HeKoTOpas v, CMEXKHBI, U TOTJa IIyTh, TOJYyYeHHBIN U3 Zv, U
C' BBIKHIBIBAHUEM JII000TO WX JBYX pebep mukia C, WHIMIACHTHBIX vy, OymeT
uMeTh uinHy £ 4+ 1, 9T0 TPOTUBOPEYUT MPEIIOIOKEHNIO O MAKCUMAIHLHOCTH £.
[Momyuernoe mpoTuBOpedre MOKA3BIBAELT, YTO TaKasl BEPIIUHA T HE CYIIECTBYET
u, 3aaunt, C' 1npoxoauTr depe3 Bce BepiiuHbl rpada G, T. e. C' — raMuIbTOHOB
ITUKJI. O

1.3 Iloarpadmr.

I'pad H = (Vg, Ey,0y) nasssaerca nodepagom rpaba G = (Vg, Eg,dq),
eciu Vi C Vg, Eg C Eg u Og|v, = On. Byunem 3anuceiBars 1o Tak: H C G.
B uacraocru, ecimu M C Vi, To oupenesen noarpad G(M) = (M, Eyn, On),
e By = 851(M(1) UM®), 9y = 0g|g,,, TO ectb, rosops HebOPMATBHO,
noiarpad G(M) cocrout u3 Beex pebep, COeJMHSIIONNX BepIHbL 13 M.

B cayuaae npocrbix rpados H = (Vi, Eg) C G = (Vg, Eg), ecomn Vg C Vg,
FEy C Eg.

Kazkaprit MapmpyT v = v;, €4, V4, * - - €5, V4., B Tpade G nopoxaet noarpacd
G(v), muOKecTBa BepimmH 1 pebep KoToporo cyTh V, = Up{v;, } u B, = Up{e;, }
COOTBETCTBEHHO, & 0TOOparKeHue MHIMACHTHOCTH uMmeeT B Oy = 0G|k, -
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Hoarpad H = (Vi,Fy,0y) C G = (Vi, Eg,0¢) HasbiBaercs 0cmosHviM,
ecJim VH = Vg.
IMoarpadsl, 09€BUIHO, YIIOPSIOYEHBI 110 BKIIOUYCHHIO.

Hanomunauue 1.19. Hanmomuamm, 9To OuHapHoe oTHOIIeHHE R HA MHOXKECTBE
X — 310 mpousBosbHOe mojaMHOKecTBO R C X X X. B manHOM KOHTEKCTE IIpH-
HATO BMeCTO (Z1,%2) € R MCIoab30BaTh 3auCh T1RTe WM UCHIOIB30BATH BMe-
cto R kakoii-HUOyIb CHEenuabHBIN CUMBOJI, HAIIPUMED T1 ~ To. Ha OuHapHbBIE
OTHOIITEHUS] MOYKHO He(OPMAJIBHO CMOTPETHh KAK HA «MHOTO3HAYHDBIE YACTUIHO
OIIpeJieJIEHHbIE OTOOparKeHUs», & MMEHHO, MOXKHO CYHTATh YTO OTHOIIeHune R
«corocrapJisieTs syeMeHTy © € R MmHO)kectBOo R(2) ={y € Y |z Ry}.
BunapHoe oTHOIIIEHNE HA3BIBAETCS PEPAEKCUBHDIM, €CIA T ~ T JJis JIHOO0-
o r € X, cuMmMempuurvim, €CIU T ~ Ty, €CJU U TOJBKO €CIU T1 ~ Xy U
MPAH3UMUESHBILM, €CTTH U3 TOTO, 9TO L1 ~ To U Tg ~ T3 CIEMLYET, 9TO T ~ 3.
Bunapmoe ormomenune R ma X HaA3BIBACTCT OMHOWEHUEM IKEUBGAEHMHO-
cmu, ecIu OHO PedJIeKCUBHO, CHMMETPUYIHO U Tpau3uTuBHO. Ilycts R — oTHO-
IIeHIe SKBUBAJEHTHOCTH Ha, X , TO JJIsl KaXKJI0T'0 3jieMeHTa & € X MOIMHOXKECTBO

[flr=R(x)={r' e X |z~2'}CX

KOTOPOE HA3bIBAETCS KAACCOM IKBUBANEHMHOCTIU dAemernma . JIerko mpose-
PUTH, YTO KJIACCHI SKBUBAJEHTHOCTU OOpa3yioT pasbuerue muosicecmsa X, TO
€CThb OHM He IIyCTBI, TIOIAPHO HE MEPECEeKAIOTCs, U X O0beMHEHNEe COBIIAIACT
co BceM MHOKecTBOM X . BepHo 1 obpaTHoe, a nMeHHO, JiI000e pa3bueHme MHO-
xKecrBa X SIBJSIETCsS pas3bueHHeM MHOXKeCTBa X Ha KJIACCHl 9KBUBAJICHTHOCTU
(/11 TIOIXOIAIIEr0 OTHONIEHNS SKBUBAJIEHTHOCTH ). MHOXKECTBO KJIaCCOB IKBU-
BaJICHTHOCTH HA3BIBAETCS Paxmop-mroocecmeom u obosnadaerca depes X/R.
Orobpaxenne 7: X — X/R, onpesenernoe dopmynoit m(x) = [z]p Ha3bIBaeTCH
Kanoruveckol npoexyuet Ha HAKTOP-MHOXKECTBO.

Bunaproe oTHOIIIEHNE HA3BIBAETCA GHMUCUMMEMPUUHBLM, €CTTU T1 ~ To U,
OJTHOBPEMEHHO, T1 ~ To BO3MOYKHO TOJIBKO IIPH 1 = Z3.

Bunapuoe oraomnienne R Ha X HA3BIBAETCS 0MHOWEHUEM NOPAJKA, €CITH OHO
pedJIeKCUBHO, AHTUCUMMETPUIHO U TPAH3UTUBHO.

[Ipumeps! OTHOIIIEHNST TIOPSIIKA — OTHOIIEHWE & < Y HA YUCJOBO MPSIMOIi,
oruortenne A C B Ha MHOXKECTBE BCEX ITOJIMHOYKECTB HEKOTOPOTro (bUKCHPOBAH-
HOT'O MHOKECTBA.

MuoxkectBo X ¢ 33JaHHBIM HA HEM HEKOTOPBIM OTHOIIEHHEM IMOpSIKa =
HA3bIBACTCS YNOPAJOHEHHBLM MHONMCECTNGOM. DjieMeHT m € X Ha3bIBAeTCI HAU-
MeHbwum (OTHOCUTEIHHO 33JAHHOINO OTHONIEHHs IODSJIKA), €CJIU M = T JJis
Jo6oro € X (TO eCcTh 9JIEMEHT 1 «MeHbIIe BCeX» ). AHAJIOIMYIHO OlpeIesis-
ercs Hauboavbwul aeMeHT (3amummre onpesesenne). lasee, snement A € X
HA3BIBACTCH MAKCUMAALHbM, eciid A < x BiiedeTr A = x (TO €CTh HeT 3JIEMEHTOB
«Bosibiux dem A»). AHAJIOMMYHO OUPEIEIAETCS MUHUMAALHbIT JIeMeHT (3a-
nummre oupeseienue). Ecin nanmenbiuil (HanGosbinumii) 3J€MeHT CyIIecTBy-
eT, TO OH eJIMHCTBEHEH U $BJISIETCH TaKyKe eAMHCTBEHHLIM MUHMMAJBHBIM (CO-
OTBETCTBEHHO, MaKCHMAJBHBIM) 3J1€MEHTOM. MUHMMAJBHBIX (MAKCAMAIBHBIX )
9JIEMEHTOB MOXKeT ObITh HECKOJIBKO (IIPUBEIUTE IIPUMED).
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MakcuMaJsIbHBIN 110 BKJIIOYEHUIO CBsA3HBINA moarpad rpada G HasbiBaeTcs
Komnonenmot ceaznocmu. OueBuiHO, Tpad G ABIISIETCS CBSI3HBIM, €CJIH U TOJIb-
KO €CJIM OHO COBIIAJIAET CO CBOEH €IMHCTBEHHON KOMITOHEHTOI CBSI3HOCTH.

3amevyanue 1.20. BpegeM Ha MHOXKECTBe BEpIINH I'pacda OMHAPHOE OTHOIIE-
HUe, JIBe BEPIIUHBI T U Y rpada docmustcumvimy APYT U3 APyTa, €CIU CYIECTBY-
et (x,y)-MapmpyT. JIerko HpoBepuTh, YTO ITO OTHOIIEHHE — OTHOIIEHUE IKBH-
BajieHTHOCTU. IlycTh & — mpousBosibHas eepiinHa rpada G. Torma moarpad
G ([w]), ITOPOXKJIEHHBIN KJIACCOM KBUBAJIEHTHOCTU BEPIIUHBI T OTHOCHUTEIHHO
OTHOIIIEHUS JIOCTUKUMOCTH — 3TO CBsi3HAsl KOMIIOHEHTa rpada G, comepxKarias
BepinHy 2 (IIPOBEPHTE 3TO).

1.4 lepeBbs.

Bazxnbrit kitace rpadoB, BCTPEUIAIOMINXCST B CAMBIX PA3HBIX 00JIACTSIX, — ITO TAK
Ha3bIBacMBbI€ JIePEBbA.

Omnpepnenenne 1.21. Cpsazubiii rpad 6e3 IUKJIOB HA3BIBACTCS JEPEGOM.

SamMernM, 9TO KaxKjasi HEeTJIsl o0pa3yer IMKJI, aHAJOIMYHO, KayKIas [apa
KpaTHBIX pebep obpasyer nukJji. l[losromy KaxKioe jepeBo — IpoOCTOil rpad.
JlepeBbst 00JIATAIOT TIEJIBIM PsiIOM BaXKHBIX CBOICTB, HEKOTOPBIE U3 KOTOPBIX
MO2KHO WCIIOJIb30BATh B KAYECTBE AJbTEPHATHBHOIO OIIPEIEICHUS IEPEBA.

Teopema 1.22. ITycmov G = (V, E) — npocmot epad ¢ n = |V| sepuwunamu u
m = |E| pebpamu. Caedyrousue ymeepicienus IK6USANEHMHDL.

(1) I'pagp G — depeso.

(2) I'pap G — ceasen, un=m+ 1.

(3) I'pa G we umeem yuxaos, un =m+ 1.

(4) JIobwvie dee pashwvie sepuwunv, T,y € V coedunenv, 6 G eduncmsermvim

nymem.

(5) I'pap G He umeem wuKkA08, U 0As 406G NAPYL T, Y €20 HECMEHCHBIT GED-
wun noewti epadp G' = (V, E U {xy}), noayuenmuiti us G dobasaenuem
pebpa xy, codeporcum eOUHCTNEERHBIT UUKA.

Joxasamesvcmeo. Tlokaxkem, aro u3 (1) caexyer (2). ITpoBesem HHIYKIMIO 110
qncsy Bepiua n. [Ipu n = 1 nepeso, ogeBuaHO, He nMeeT pedep, To ectb M = 0,
U MCKOMOE€ PAaBEHCTBO BBIINOJIHEHO. [IpesmomoKimM, 9T0 PABEHCTBO BBIIOJHEHO
115 Beex siepeBbeB ¢ |V| < n BepmuHamMu. PaccMOTpUM NPOU3BOJIBHOE JIEPEBO
¢ n > 2 BepmuHamu. MHOXKeCTBO ero pebep He MOXKeT ObITh IIyCThIM (MHAUEe
HUKAKHE J[Be BEPIIUHBI HE COeUHEHBI IyTeM ). BoibepeM mpousBosbaoe pebpo e

u pacemorpum rpad G\ e = (V, E\ {e}).

JIemma 1.23. I'pagp G\ e npedcmasasem coboti obsedunerue 08yx depesves.
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Jokazameavcmeo. Heiicturensho, B rpade G\ e oueBrHO HeT 1UKJIOB. [lycTh
e = 2y. HOK&)KGM, Y9TO BEPHIUHLI U Y NPUHAIICZKAT PASHBIM KOMIIOHEHTaM
cesisHoctn rpada G\ e. eiicrBuTesbHO, nHaYe cyriecTsyer 1myTh 7 B G \ e,
COEJIMHSIIONUI © U Y, HO Tornaa vy U xy — 3To nukJ B rpade G, nporuBopedne.
Kaxnas komnonenra ceasunoctu rpada G\ e gpisercsa cBa3ubiM rpadom 6e3
[UKJIOB, TI09TOMY siBJisieTcst jiepeBoM. C JIpyToit cTOpOHBI, JT00aBJIEHUE OHOTO
pebpa coesmuseT He OoJIee ABYX KOMIIOHEHT CBA3HOCTH, UTO U TPEOOBAJIOCH. [

Urax, G\ e = Ty UTy, tae rpadst T} u Ty seastorcs aepesbamu. OG03HATIM
qepes n; U m; KOJIMIeCTBO BepIuH u pebep gepesa 1;, ¢ = 1, 2. Torman; = m;+1
mo mpenoJiokennto nHayknuu. C apyroil cropoHsl, n = ni + N, m = my +
meo + 1, oTKyIa

n=ny+na=m+1)+(ma+1)=(m+me+1)+1=m+1,

9TO U TPeOOBAJIOCD.

TMokazkem Tenepsb, ato u3 (2) caemyer (3). Ipeamosnoxkum, aro rpad G co-
JIEPXKUT [UKJI. BeibepeM IIpou3BoIbHOE PeOPO € U3 3TOr0 MUKJIA U PACCMOTPUM
rpad G\ e. Tak kax pebpo e Bxoamio B ukII, rpad G\ e nonpexkHeMy CBA3HBDIIA.
C mpyroit croponbr, y rpada G\ e caumkoM Majio pebep.

Jlemma 1.24. ITycmo G — npousdsoavhvili npocmots 2pad, y Komopozo n eep-
wun, m pebep u k xomnonenwm ceasnocmu. Tozda n —m < k.

Zloxasameavcmeo. IlpoBegem mHayKIuio 1Mo KoaudecTBy pebep. Ecimu m = 0,
TO KOJIMYECTBO KOMITOHEHT CBSI3HOCTU PABHO KOJIMYECTBY BEPIIHMH, IIOITOMY 7 —
m = k. Ilycte Temeppr m > 0, BbIOEpEM mpom3BoJIbHOE pedpo e rpada G u
paccmorpuM rpad G\ e. O6oznaunm uepe3 n', m’ u k' koaudectsBo Bepiuu,
pebep u komnoneHT cBs3HocTu rpada G\ e. Ilo npezmnosioxkenuo UHIYKIMN
n'—m' > k. SIcao, uton’ = n, m' = m—1, a KOJIU4YECTBO KOMIIOHEHT CBA3HOCTHU
k' nam we mensiercs (k' = k), nan yenmuusaercst Ha equnuiy (k' = k + 1).
IMostomy n' —m’ =n—m+1 < k’. B nepsom ciydae nomygaem n—m+ 1 < k,
orkyman—m < k—1<k,aBoBropomn—m-+1<k+1, orkyman—m < k.
Jlemma mokazama. O

Urak, y casuoro rpada G\ e umeercs n — 2 pebpa, n BepIIUH, IOITOMY, 110
semmMe 1.24 9uciio ero KOMIIOHEHT CBA3HOCTH HE MEHBINE 2, TPOTUBOpEUne.

IMokaxem, uro u3 (3) caenyer (4). OueBngHO, UTO ecu HEKOTOpasl Iapa
BepIuH rpada CoeUHsIeTCs HECKOJIbKUMU PA3JIUNIHBIMU Iy TSIMEA, TO 00'beINHE-
HUE JBYX TaKWX MyTell COMEPIKUT IUKJI, IPOTUBOPEUNE C MPEJINOJIOKEHIEM 00
OTCYTCTBHUM IMKJIOB. TakuM 00pa3oM, JOCTATOYHO JI0KA3aTh CBA3HOCTH. IIpes-
oJstoxkuM, 4to rpad G cocrout u3 k kommonent ceszuoctu Gy, ..., Gy. Kax-
Jtast TaKasl KOMIIOHEHTa CBSI3HA U HE UMEET IUKJIOB, TO €CTh SIBJISIETCS JIEPEBOM.
O6o3HaunM gepes n; u m; KOJIUIECTBO BEPIIUH U KOJIHIeCTBO pebep aepesa G,
i =1,..., k. Tak xak yxe jokazano, uro u3 (1) ciaenyer (2), To n;, = m; + 1,
i=1,..., k. Umeem:

n=ni+--+ng=m+1)+--+(mp+1)=(mi+---+mp)+k=m+k,
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HO, C JIPYTOif CTOPOHBI, 1. = M + 1, TO3TOMY YHCJIO k CBA3HBIX KOMIIOHEHT PABHO
1, To ecTb rpad cpszeH.

ITokazkeM Tenepb, 9o u3 (4) ciemyer (5). BepiiuHbl © 1 y COeJIMHEHBI IIyTEM
~ B rpacde G, nostomy rpacd G’ comepzxut muk YUzy. Ilyers rpad G conepxur
HECKOJIBKO IIMKJIOB, TOTJa KaXKIbIil M3 9TUX IUKJIOB COAEpPKUT pebpo xy (Tak
Kak ucxouublii rpad G mukiaoB He comepxkur). [Iycte C7; u Cy — aBa Takux
mukia. Torma Cy U Cy \ xy comepxkutcs B G U CONEPIKUT IUKJL, IIPOTUBOPEYHE.

Haxkowrer, nokaxem, aro u3 (5) caemyer (1). JocraTogHo mokasaTh CBsi3-
HocTh rpada G. Bo3bMeM IPOU3BOJILHYIO MMAPY €r0 Pa3JUuYHbIX BEPIIUH T U .
Ecmu xy € E, To 3Tu JiBe BEPIIMHDBI COEJIMHEHBI MaPIIPYTOM U3 OJHOTO pedpa.
Nuaqe rpad G U xy comepxut 1ukit C'; KOTOPBIi JTOJIZKEH COJIEpPKaTh pedpo Ty,
HOCKOJIbKY UCXOZHBIH rpad He umeet 1ukioB. Ho Torga C'\ zy nupencrasiser co-
Goit maprpyT (naxe 1ens) B rpade G, coeUHAONMN & U Y, ITO U TPeBGOBATIOCH.
Teopema j1oKa3aHa. O

Caencrue 1.25. Kaswcdoe depeso ¢ n > 2 sepuwunamu umeem no xpatinet
Mmepe dee sepwurb, cmenery 1.

Hoxazameavemeo. eficTBUTENBHO, CTEEHb KAXKJIONH BEPIMTUHBI TAKOTO JIEPEBa

ue menbie 1. Ilycts V = {vy, ..., v, } — MHOXKECTBO BEpIINH PACCMATPHBAEMOTO
nepesa. ITo dbopmyite 1.1 u myskTy 2 Teopemsr 1.22 nmeem ), degv; = 2(n—1),
MIO3TOMY He MEHBITE JBYX CJIaraeMbIX PaBHBI 1. O

3ameuanmne 1.26. V13 jqokazarebCTBa CiieCTBUs 1.25 BBITEKAET, YTO €CJIM POB-
HO JIBe BEPIIUHBI JIepeBa UMEIOT CTeIeHb 1, TO OCTaJIbHBIE BEPIIUHBI (€CJIu OHU
€CTb) MMEIOT CTEeIeHb 2, TO eCTh JIEPEBO IIpeICcTaBsier coboii myTh. Eciu ke
BepIUH cTerneHn 1 60JIbIe, TO €CTh MO KpaiiHel Mepe OgHa BEPIMTUHA CTEIeHN
0OJIBITIE IBYX.

Onpenenenune 1.27. Ilycre G = (V, E,d) — npoussosabHelil rpad, u k —
KOJIMYECTBO €ro CBA3HBIX KoMIOHeHT. Besmunna v(G) = |E|— |V |+k HassiBaercst
UUKAOMAMUYECKUM “ucaom Tpada G.

CanencrBue 1.28. [Iyemv G = (V,E) — npocmot ceaswwiii epag. Toeda G
depeso moezda u moavko moeda, ko2da v(G) = 0.

CaencrBue 1.29. ITyemv G = (V, E) — npocmoti ceasnuviti epa, v(G) = 1.
Tozda G codepotrcum posHo 00ur YUKA.

Jokazameavcmeo. Heiicturensuo, v(G) = 1 B 3r0M ciiydae O3HAYaET, UTO
|V| = |E|. Ecin nuknos Her, To G — JepeBO, 9TO NPOTUBOPEUUT IIYHKTY 2
Teopembl 1.22. IlycTtb € — mpomsBosibHOE PEOPO MPOM3BOJIBHOIO IUKJIA I'pada
G. I'pad G\ e no-npekuemy CBsI3€H, [I09TOMY OH sIBJISETCS JIE€PEBOM IO Teope-
Me 1.22, mosromy nuki B rpade G €IMHCTBEHEH. O

3ameuanne 1.30. Ciencrus 1.28 u 1.29 MoxKHO 0000mMUTH HA CIydail Mpo-
u3BoJIbHBIX Tpados (Cuemaitte sTo!).

Banaua 1.31. Ipusenure npumepst ces3HbIX rpados G, v(G) = 2, ¢ AByMsI 1
C TpeMsl IUKJIAMU.
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3ameuyanue 1.32. MoxHO OKa3aTh, IYTO UKL rpada 00pa3yioT JuHeiHoe
IPOCTPAHCTBO HAJL 110JieM Zg (CJI0XKEeHUe JBYX IUKJIOB — 9TO IUKJI, 00pa30BaH-
HBII CUMMETPUYECKON PA3HOCTHIO MHOXKECTB pebep 3TUX IHUKJIOB), & BEJIUIUHA
v(G) paBHA Pa3MEPHOCTHU TOIO IPOCTPAHCTBA.

1.5 Beca. MO/I. Aaroputm Kpackana

B nammoM paszesnie Mbl paccKaxkeMm 00 OJHON ONMTUMU3AIMOHHON 3a/jade Ha rpa-
dax, KoTopasi OTHOCUTCS K 3a1a9aM 00 onrrumasbHoM coeunaernn. Obimast Hedop-
MaJIbHasl TIOCTAHOBKA 33149 TAKOT'O TUIIA COCTOUT B TOM, 9TO HYKHO COEIMHUTH
Heknil Habop 0ObLEKTOB (HAaIpuMep, TOPOJOB) ONTUMAJBHBIM B TOM WM UHOM
cMbIcie (HampuMep, KpaTdaiiieil ceTbio 1opor).

IIycrs G = (V, E) — upoctoii rpad, Ha MHO)KecTBe pebep KOTOPOro 3ajaHa
mojokuTesibHast GyHKus w: F — Ry . Oyuknuo w OymeM HA3BIBATH 66C0601,
3navenue w(e) BecoBoii byHKIMU HA pebpe e OyleM Ha3bIBATL 6eCoM pebpa €, a
rpad G, Ha pebpax KOTOPOro 3aJiaHa BecoBast QyHKIHST — 836EWEHHBIM 2PAPom.

Eciu (G,w) — B3Bemenusbiit rpad, To misg kaxaoro ero noarpaba H C G
ompezesena semmanna w(H) = ) . ; w(e), KoTopas Ha3bIBaeTCss 6€COM N002pa-
¢a H. 31ecy cymma Gepercst 110 BceM pebpam rpacda H.

Hamomaum, aro noarpad H rpada G Ha3bIBAETCsI OCTOBHBIM, €CJIM MHOXKE-
crBa BepiuH rpados H u G coBunagaior. Ocmosrnoe depeso B cBsizHOM Tpade G
— 9TO OCTOBHBIN ToArpad B (G, ABJISIONIMIACS TEPEBOM.

3ameuanne 1.33. OcroBroe nepeBo B rpade G — 3T0 CBA3HBIN moarpad, nme-
IONWii HAMMEHbIIee BO3MOXKHOE KOJIMIecTBO pebep. Bcee ocToBHBIE JIepeBbst B
rpade G UMEIOT OAMHAKOBOE KOJM4YecTBO pebep, a umenuo, |V| — 1 pebpo. Ho
He JII00OI OCTOBHBIH HOArpad ¢ TAKUM KOJIUIECTBOM PEOED SIBJISETCs] OCTOBHBIM
JIEPEBOM.

Bagaua 1.34 (3amaga o MOJ). Ilycrs (G,w) — cBa3ublil B3BeeHubli rpad.
Haittu ocroBHOe nepeBo B G HAMMEHBITETO BO3MOYKHOT'O BeECA.

Kaxxioe pertenne 3aaum 1.34 HAZBIBAETCS MUHUMAADHBIM OCTROGHBIM Jepe-
eéom B rpade (G,w) win, cokparienno, MO/ .

3ameuanne 1.35. Hucso noarpados B koneanom rpade G — xoneuno. Ko-
JINYECTBO OCTOBHBIX JIEPEBBEB B HEM — TOXKe KOHEYHO. [losToMy MUHMMATIHLHOE
OCTOBHOE JIEPEBO BCErIa CYIIECTBYET.

3ameuanne 1.36. KonnuecTBo OCTOBHBIX JIepeBbeB B rpade MOXKET OBIThH BEJIU-
Ko. Teopema Kaau yTBEp:KIaeT, 9TO B MOJHOM rpade ¢ N BepIImHAMI UMEeTCsT
n"~2 ocTOBHBIX JepeBa. IlosToMy HpsiMoil Tepe6op He 3 HEKTHBEH.
OkasbiBaeTCst, HECMOTPSI Ha, TO, YTO KOJIMYECTBO OCTOBHBIX JIEPEBbEB B Ipade
MOXKET ObITh YKCIIOHEHIUAJBHO BEJIUKO (110 KOJUYECTBY BEPIIMH), CYyNIECTBYIOT
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s¢ddekTuBHbIE (IOJMHOMUAJIBHBIE 110 KOJINYECTBY BEPIIUH) AJTOPUTMBI IIOUC-
ka MOJI. Oyun us nux — asgropur™ Kpackana! mbr pacecmorpum 3zech Gostee
TOAPOOHO.

Ausropurm Kpackana. [aun casubiii B3semenusiii rpad G = (V) E) ¢ Beco-
Boit dyuknumeiit w. Ilomoxum n = |V|.

e TTomoxum Ty = (V, (). Ha raxzom cuemyromem mare 6ygeM 106aBiIsiTh
110 OJTHOMY pebpY.

e ITomoxkum Ty, = Ty _1Uey, T1€ € — pedPO HAMMEHBIIIETo Beca cpeau pebep,
He Bomeumx B Ty_1 1 Takux, 9ro rpad T;—1 U{e} He cOepKUT IUKIOB.

e AjropurMm 3akaHIUBaeT paboTy, Korja noctpoed rpad T, 1. dror rpad
T, _1 u ecTb pe3yabTarT paboThl AJTOPUTMA.

Teopema 1.37. Aneopumm Kpackaaa xoppexmen (mo ecmov 0as 4106020 c8:a3-
H020 636eWEHH020 2pada arzopumm saxorwum pabomy). Hocmpoennoil anzo-
pummom epad Ty, —1 ABAAEMCA MUHUMAALHHM OCTNOSHbIM 0EPEBOM 80 B36EULEH-
nom epage (G,w).

Zoxasameavcmeo. Tlokaxkem cHadajia, 910 Kaxkabiil rpad T, 0 < k < n —1
MOKeT ObITh mmocTpoeH. IIposenem nuaykmuio no k. Ilpu k& = 0 rpad Ty — 310
rpacd 6e3 pebep ¢ muO)KecTBOM BepiiuH V. OH, 09eBUIHO, HE WMEET IIUKJIOB.
IIpenmonoxum, aro rpad T, 0 < k < n—2, yxe nocrpoesn. Ilo mocrpoenunio, on
He UMeeT MUKJIOB U coepKuT k < n—2 pedpa. Ilo sremme 1.24 rpad T}, He MoxkeT
OBITH CBSI3HBIM, TO €CTh 9TO — HECBSI3HbII OCTOBHBIN 10/rpad B CBI3HOM rpade
G. Tlosromy B rpade G Haitmercs pedpo e, BePIIMHBI KOTOPOT'O JIEYKAT B PA3HBIX
KOMIIOHEHTax cBaA3HOCTHU rpada 1), u mostomy e He npuHaiexuT 1, u rpad
T} U e He numeeT 1uKJI0B. BeiOpas cpeau Takux pedep pebpo ey HAMMEHBIIErO
Beca MbI HOCTPOUM UCKOMBI rpad Ti41 = Tk U ey, 910 1 TpebOBAJIOCH.

Hanee, Bce mogarpadst T, C G — OCTOBHBIE U HE COJEPXKAT IUKJIOB, a rpad
T,,_1 nmeer poBHO N — 1 pebPO, MO3TOMY OH SIBJISIETCSI OCTOBHBIM JIEPEBOM II0
nyHKTY 3 TeopeMbl 1.22. Ocraercs 1mokasarb, 910 1,1 — 3TO MHHHMAJIHHOE
OCTOBHOE JIEPEBO.

Kak yxe ormedasocsh BbIllie, HEKOTOPOE MUHUMAJIBHOE OCTOBHOE JIEPEBO Cy-
mecTByeT Beerga. Mbl mokaxkeM, aro mnpousBosibHOoe MOJL MoxkeT OBITH mepe-
CTPOEHO B JjiepeBo T}, 1 3a KOHETHOE YnCJIO0 MIAroB ¢ coxpanenneM Beca. OTcioma
OymeT caenoBaTh, 9TO Bec Ty, _1 Takoi ke, Kak y Jioroboro apyroro MO/I, mo-
3TOMY OHO camo Toxe stBjsiercss MO/I.

Urak, myctb A — nmekoropoe MO/I B rpade G. Ipeanosmoxum, uro A #
T, _1. Hamommnm, ato pebpa mepesa T, 1 3aHYMEpOBAaHBI B IIpoOIecce pabOThHI
ajroputMma, 0603HAYNM X depe3 {€y, ..., e, 1}, U MyCTh e mepBoe pebpo sepe-
Ba T),_1 (B 9TOl HyMepamum), KOTOpoe He IpuHaIIeXKuT gepesy A. Pacemorpum

1Joseph Kruskal (1928-2010), aMepUKaHCKHUIT MATEMATHK, CTATUCTHK, TPOTPAMMUCT. AJIro-
putm onybisukoBan B Proc. AMS B 1956 rony. Jdonroe Bpemsa pa6oras B Bell Labs. Uzsecten
TaKKe CBOUMHU TPYJaMU B MaTEMATUTIECKON JIOTHUKE U JIMHIBUCTUKE.
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rpad A U eg. Ilo myukry 5 Teopemsr 1.22 310T Tpad COMEPKUT €MHCTBEHHDII
IIMKJI, KOTOPBI Mbl 0003HaunM depe3 C'. fcHo, uro e € C (nHade nukI cojuep-
JKHUTCsL B JlepeBe A, IIpoTHBOpedne), a Takxke B nukiae C cojxepxurcs pebpo e,
KOTOpOE He npuHaiekut T, 1 (unade muki C conepKurcs B gepese Tp,_1, 1po-
tusopeune). Paccmorpum rpad A’ = AUeg \ e. B arom rpade ner nukios, ero
MHOKECTBO BEpIIUH coBnagaer ¢ V, uy mero n — 1 pedpo, mosromy A’ — 0cToB-
Hoe zepeBo. Tak Kak A — MUHMMAJbHOE OCTOBHOE JiepeBo, To w(A) < w(D'),
OTKy1a, 110 onpejaeaeanio A’ numee:

w(A) < w(A) = w(A) + w(ex) — w(e),

nosromy w(e) < w(eg).

C apyroit cToponsl, pebpa €1, . .., e,_1 npuHajmexar u A u T,,_1 1o upe-
nostoxkernto. Oun — 310 B TouHOCTH pebpa rpacda Ti_1. Pebpo e me npuna-
J1eKUT T, 1, TIO9TOMY, B YACTHOCTHU, HE IPUHAIICKUT T)_1, KpOMe TOro pedpa
€1,...,€,_1,€ BXOIAT B jepeBo A, nmosromy rpad Tr_1 Ue C A u He CONEPKUT
[WKJIOB. DTO 3HAYNT, 9TO Ipu mocTtpoeruu rpada Tj aaropurm BeIOpas ped-
po ey moromy, uro w(er) < w(e). Urak, w(er) = w(e), orkyna w(A) = w(A').
Taxum obpazom, Mbl octporsn HoBoe MOJL A, KOTOpOe CONEP:KUT Ha OJIHO
pebpo aepesa T, 1 6osbiie, yeM cojepxkaJjo jgepeBo A. Iloropsist 3Ty mpote-
Jypy, MBI TiepectpouM siepeBo A B jiepeBo T, _1 B Kjlacce OCTOBHBIX JIE€PEBLEB
OJTHOTO U TOTO ke Beca, TO ectb B Kiacce MOJL. B wactruocru, T,,_, siByisiercs
MUHUMAJIBHBIM OCTOBHBIM JiepeBoM B rpade G. Teopema mokazana. O
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YrnpaxkHeHud K rjaase 1

VYupaxkueunue 1.1. [Tokaxkure, IT0 B 11000# KOMITAHUN UMEETCs HE MEHEE JTBYX
YEeJIOBEK, Y KOTOPBIX KOJIMYECTBA 3HAKOMBIX OJINHAKOBHI.

Yupaxkueunue 1.2.

(1) Topoua crpanbl coepuHenbl aBuaauHusgMu. 13 crosmnsl Bexoaur 21 ju-
Husg, u3 ropoaa JlampHuit — ojHa, a U3 KaxXKJI0r0 U3 OCTAJbHBIX TOPOJIOB
— 110 JBeHaATh JuHuil. JIoKaXkuTe, 94TO U3 CTOJIUAIBI MOXKHO JI0JIETETH
110 ropoza lanbuuil (BO3MOXKHO, ¢ IIEPECaTKAMHA ).

(2) Ilokaxkure, uro eciau B rpade UMeETCS POBHO JiBE€ BEPIIUHBI HEYETHOI
CTeIleHH, TO UX MOXKHO COE€JUHUTL MapIIPyTOM.

(3) Typucr, koroporit npuexai B MOCKBY Ha 10€3/ie, BECh IeHb TI'YJISLI 110 TOPO-
ny. lloyxkunas na MaHneKHOU TIJTONIA/IA, OH PENTII BEPHYTHCS HA BOK3aJI,
CJIeTysl TIO T€M YJIUIIAM, KOTOPBIE y2Ke IIPOXOIMJI HedeTHOe Iucyo pa3. do-
KaXKWTe, 9TO TAKOe BO3BPAIIEHUE BO3MOXKHO.

VYupaxkuenne 1.3. B kommnannm, cocrosiieil n3 maTHU YeI0BEK, CPEIH JIIOOBIX
TpeX YeJOBEeK HAiyTCs JBOE 3HAKOMBIX W J[BO€ HE3HAKOMBIX JPYT C JPYTOM.
JlokazkuTe, 9TO0 KOMIIAHUIO MOYKHO PACCAUTD 33 KPYIJIBIM CTOJIOM TaK, ITOOBI
110 06€ CTOPOHBI OT KayKJIOT0 YEJIOBEKA CHJIEJIU €r0 3HAKOMBIE.

VYupaxknenne 1.4. lI3BecTHO, YTO B KOMIIAHUU, COCTOSINEN HE MeHee YeM U3
4eThIpeX YeJIOBEK, KaXK/bIil YeJIOBEK 3HAKOM HE MeHee, YeM C IIOJIOBUHOM IIpH-
cyTcTByOmux. JJokaxure, 9T0 MOYXKHO BHIOPATH U3 KOMITAHUHU YeThIPEX UeJIOBEK
¥ paccaJuTh UX 33 KPYTJIBIM CTOJIOM TaK, ITO KaXKJIbIi U3 HUX Oy/IeT CUIeTh psi-
JIOM CO CBOMMHU 3HAKOMbBIMU.

VYupaxkueunune 1.5.

(1) B mapke “JIoroc” HEBO3MOXKHO HANTH TAKOW MApIIPYT JJisd IPOrYJIOK IO
€ro JIOPOXKKaM, KOTOPBIII HAYMHAECTCA U OKAHYUBAECTCA B OJHON W TOU Ke
TOYKE W KarXKIyIO0 JOPOXKKY IMapKa COMEp:KUT He bosee pasa. Jloxkaxkure,
9TO HEKOTOPBIE JOPOXKKHM IapKa IIPUBOJAT B TYIHUK.

(2) Bepmuna crenenn 1 HasbiBaeTcs gucaued. Cesi3ublii rpad 6e3 1UKIOB Ha-
3p1BaeTCs depesom. JJokaskure, ITO B KAXKJIOM JlepeBe, COMEPIKAIIEM XOTSI
OBI OHO pebpOo, UMEETCs BUCIYIAsA BEPIITHHA.

Yuopaxkuaeaue 1.6. Axmunucrpanus napka “JIoroc” permmia mpoBecTy peKoH-
CTPYKIMIO OCBEIIEHUs Mapka. 110 HOBOMY MPOEKTY KarKJIbIil IIEPEKPECTOK U TY-
UK JIOJIZKEH OY/IeT OCBEIATHCS YEThIPhbMSI CBETUILHUKAMU, & aJiesl, COeUHSIIO-
Iasi JIBa [IePEeKPECTKa WA IEPEKPECTOK U TYNUK — IecTbio. CKOJIBKO CBETHJIb-
HUKOB OyJIeT yCTAHOBJIEHO, €CJIU B ImapKe 18 mepekpecTKOB U TYIIUKOB.

VYupaxkuenne 1.7. Hacvuuernnoum y2ae6000podom Ha3BIBAETCsI COEIUHEHUE YT~
siepona C'; MMEOIIEro BaJIeHTHOCTb 4, U Bojoponaa H, mMeroIero BajeHTHOCTh
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1, B KOTOpPOM IIpU 3aJIAHHOM YHCJIE ATOMOB YIJIEPOJA COJEPKUTCS HAMOOJIbIIIEE
YnCcI0 aToMOB Bojopona. Haiinure dhopmysny HaACBIIEHHOTO yIJIEBOIOPO/IA, CO-
JepzKallero 1 aToMoB yIVIEpoJa.

VYupakuenne 1.8. Jokaxkure, 4TO €CJIU B CBA3HOM I'pade CyIIeCTByeT MapIil-
PYT, TPOXONANIUI depe3 Kaxkoe pedpo B TOYHOCTU OJIWH pa3, TO JuOO ITOT
MapIIPYT ABJSETCH SHIEPOBBIM UKJIOM, JTUO0 B rpade CyIMeCcTBYIOT B TOYHOCTH
JB€ BEPUINHBI HeYeTHOI CTeIleHu, OCTaJIbHbIE BEPINUHBI UMEIOT Y€THYIO CTEIICHDb,
a MapHaIpyT Ha9UHaETCA U 3aKaHINBaE€TCA B BEPIIUHaX C HEYE€THBIMU CTEIICHAMMU.

VYupakueune 1.9. Ha nup npu asope koposist ApTypa cobpajioch YeTHOE YnC-
JIO phIIapeii, KOTopble b0 JIpyKaT, 00 BpaxkyioT. OKa3aaoch, 9T0 y KaxkK-
JIOTro U3 phIapeil Apyseit 6osbine, yem Bparos. JlokazaTs, aro BosmeOHuK Mep-
JIMH MOXKET TaK PACCAJUTH PHINApeil 38 KPYIVIBIM CTOJIOM, YTO CIIpaBa U CJIEBA
OT KasKJIOr0 M3 HUX OYJIET CUIETDH JPYT.

VYupaxknenne 1.10. Ilycrs B rpade G = (V, E) crenenb KaxKJI0il BepIIUHbL
ue Mensbine deM |V|/2. Jokaxkure, uro rpad G — CBA3HBIL

VYupaxkueunue 1.11. Marpuna Kupxroda B u MmaTpuiia HHIIUIEHTHOCTH C OPU-
enranueii I. [Tokazars, uro [T = B.

VYuopaxkuenue 1.12. Ilycrs G = (V, E) — npocroii rpad, |V| = |E|+1, u nycts
I — marpuna uauaentHoctn rpada G ¢ HekoTopoil opuenrtanmeii. [lokasaTn,
qro rk I = |E| Torga u TosnbKo Torjaa, korga G — Jepeso.

VYupaxkuenne 1.13. Ayropurm Kpackana. Peanuzanus ¢ pasoueHusiMu.



