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1 JImyBmajeBa KJjaccudukaliigd WHTETPUPYEMBIX Tra-
MHIJBTOHOBBIX CICTEM Ha MHOT000pa3maX BpallleH!sd

B IIOTEHIINAJIbHOM IIOJIE.

1.1 Bsenenue

B pabote paccMaTpuBaeTcs MUPOKHIT KIACC MEXAHUYECKIX CUCTEM, OMMMCHIBAIOIITIX TBH-
JKeHHEe MaTepUaJbHONl TOYKHU 10 JABYMepHOil cdepe ¢ METPHKOil BpalieHus, 3aj1aBae-
moit dynkimeit f(r) (B cydae, Korja HOBEPXHOCTh BpallleHns BKIabiBaercs B RS s1a
dbyHKIH 331aeT 06pPA3YIOILY IO TIOBEPXHOCTH BPAIIEHNUS ), B TPOU3BOJIBHOM IJIAIKOM TI0-
reruagbHoM mose V (r). VI3BecTHO, 94TO TaKue CHCTeMBbI HOJHBL (T.e. COOTBETCTBYIOIIEe
IIOTOKH MOJIHBI) W SIBJSIOTCS MHTErPUPYEMBIME O JIHy BHJLITIO, O3TOMY JJIsT HX HCCJIeI0-
BaHH TPUMEHHMA TEOPHUs TOHMOJOTHYECKOH Kaaccudukaruu, coznannas A.T. Domerko
u ero mkoJoi, cm.[1]. Ha ocHOBe 3T0i Teopuu MbI JaeM TOMOJOTHIECKYIO (JIHyBUILIe-
By) Kaaccudukanuio ykazaHubix cucrem. CyTh Teopun POMEHKO 3aKIH0YAETCI B TOM,
YTO UHTEIrPUPYEMOI CUCTEMe ¢ JIBYMs CTelleHsMH CBOOOBI, OTDAHUYEHHOI Ha TpexXMep-
HOe Heocoboe KOMIIAKTHOe M303HepreTHdeckKoe MHOToobpasne, 3hdeKTUBHBIM 00pa3oM
COTIOCTABJISIETCSI HEKOTOPbIH JIMCKPeTHBIH MHBAPUAHT, UMEIONHi CTPyKTYypy rpada c
YUCJOBBIME METKaMH. DTOT WHBAPUAHT, HA3BIBAEMBI MEYEHO{l MOJIEKYJIOH, NN WHBa-
puanTom Pomenko—Ilummanra, TaéT MOJHOE OMUcaHue (¢ TOYHOCTBIO 0 MOCTONHON K-
BUBAJIEHTHOCTH) CJIOeHUs JIMyBUUIS JAHHONW CHCTEMBI HA W309HEPreTHICCKUX TMOBEPX-
HOCTSX, OIPEIe/sIeMOr0 3aMbIKAHUSIMI TPACKTOPUH OOIIEro MOJIOKEHHS.

C menpio BbIYucIeHWs WHBapnaHToB Pomenko-llmmanra ajxg paccMaTpuBaeMoro
KJIacca CUCTEM, MBI WCCJIElyeM THIIBI OCOOEHHOCTeH OTOOparKeH!Ws MOMEHTA U CTPOUM
oudyprarmonubie KOMILTIEKCH cucteM, BBegennbie A.T.Domenko. [Togpoduee cym.paboTsi
A.T.®owmenxko [2] u [3], pabory A.T.®omenko u A.B.Boncunosa [1], a Takzke pabory pa-
ooty A.T.®omenko u A.}O.Konsena [33].

HamoMHUM OCHOBHBIE TOHSITHS, CBSI3aHHBIE C YIOMSHYTON Teopueil Kiaaccupuka-



MM MHTErPUPYEMbBIX CHCTeM. 1101po0HOE H3JI0KeHUEe OCHOB TEOPHU TOMOJOTHYECKOIl
KJIaccupuKaIum MHTErPUPYEMbIX FaMUJIBTOHOBBIX CHCTEM, & TAKyKe €€ NMPUIOKEHs K
HCCJIEIOBAHUI0 MEXaHHYeCKUX cucTeM cM. B pabore A.T.Pomenko [31], a Takxke B pa-
oorax A.B.Boacunosa u A.T.@omenxko [1], B Takxke B padorax A.T.Pomenko [8],[9],
A.B.Boncunosa u A.T.®owmenxo [10],[6], A. T.@omenxo u [1.B.Mopososa [12], A.B.Boacunosa,
A.T.®omenko u A.A.Omenmkosa [13], E.A.Kyapssuesoit, I.M.Hukonosa, A.T.QomeHKO

[14], E.A.Kynpssuesoii, A.T.@omenko [15], A. T.@omenko, A.FO.Konsesa [16].

[Tycrs (M*,w, H) — Brosne uaTerpupyeMas 1o JIMyBU/LIIO raMIIbTOHOBA CHCTe-
Ma, Tae M* — cuMmIekTIIecKoe MHOrOOOpa3ne ¢ CHMILIEKTHIeCKOil CTPYKTYpoil w, H
— raMH/JIBTOHHAH CHCTEeMBI, ONPeJCIAININN raMIIbTOHOBO BEKTOPHOE moje w 'dH =
sgrad H. VlnrerpupyeMocTsb 03Ha4aeT CyIECTBOBAHUE JOIOJHUTEIBHOIO IEPBONO MHTE-
rpajia K cucrembl, MOYTH BCIOAY He3aBucuMmoro ¢ [, npudem BekTopubie o sgrad H

u sgrad K moJiHbI.

Omnpenenenune 1 Cuaoenuem Jluysurrs unmepupyemots 2aMusbmono60t Cucmemot Ha-
aueaemca pasbuenue mnoz000pasus M* 1a ceasnvie KOMNOHEHMBL COBMECTIHBIT NO-

gepxrrocmel yposus unmezparos H u K.

Cornacho kiaccudeckoii reopeme Jlnysmwnig (cm. pabory A.B.Boscunosa, A. T.®@omeHKo
[1]), cioenne JIuyBuiLIs1, OTBeYAOIIEe MHTEIPUPYEMOI FaMUJIBTOHOBOI CUCTEME C JIBY-
Msl CTEHEHSMH CBOOOJbI, B KOMIAKTHOM CJIydae COCTOUT M3 JIByMEPHBIX TOPOB (TOPOB
Jluysusiis) u ocodbix cjoes. Topwl Jlnysumis 3anonnsior noutu sece M*, a ocobuie
CJION 3AII0JTHAIOT MHOXKECTBO Mephl (.

Hanomunm, aro otobpazxkenne ® : M* — R? taxoe, uto ecm v € M*, 10 (1) =
(H(x), K(x)), Ha3bIBaeTCS 0MoOpasicenem MoMenma.

Ecmu 1k d®(z) < 2, To TouKa * Ha3BIBaeTCA 00000 (Kpumuseckod) mouwkol omoo-
pasicenus momenma, a Touka & = ®(r) — ocobum 3nauenuem. Muoxkecrpo ¥ C R?
0CODOBIX 3HAYEHUIT HA3BIBACTCS Oudyprayuonnot duaz2pammotl.

B mameii pabore riaBHbIM 00pa30M pPacCMaTPHBAIOTCH OTPAHUYEHUST WHTErPUPYye-

MBIX CHCTEM C JBYMsI CTeIeHsSMH CBODOJBI Ha TpexMmepHble HeocoOble (dH # 0 Hu B



OJIHOfI TOUKE) CBA3HbIE KOMIIAKTHbIC H309HepreTudeckue nosepxuocru Qi = {x € M* |
H(z) = h}, Ha KOTOPHIX JOMOJHUTEIbHBIN nHTEerpan K spiasgercs dyukiueii Borra,
T.e. MHOYKECTBO €r0 KPHUTHUIECKUX TOYEK IMpeICTaBIsdeT coO0i HecBA3HOe O0beTnHeHre
HEBLIPOXK/IEHHBIX KPUTHYECKUX MOJAMHOr000pa3uii. T MOIMHOTO00OPA3UST MOTYT OBIThH
b0 OKPYIKHOCTHIO, JIHOO JIBYMEpPHBIM TOPOM, Jubo OyThuIKON Kieiina. B peanbHbIX
MeXaHUYECKHUX CUCTEMAaX KPUTHIeCKIe MHOZKECTBA TOCIeTHUX JIBYX TUIOB BCTPEYAI0TC
Kpaiine peqiko. L1 uccsieiyeMpix B Haleil paboTe MEXaHUIECKUX CUCTEM KPUTHYECKHe
MHOZKECTBA, BCET/IA SIBJIAIOTCS OKPYKHOCTSIMH.

Pacemorpum perynsgpubiit yposenb sueprun H = h, Koropomy B oOpa3e oTobpazke-
HUS MOMEHTa COOTBETCTBYeT OTPe30K NpsaMoit h = const. Ha 3ToMm ypoBHe KaxkaoMmy
PEryJIsipHOMY 3HAYEHHMIO U3 00pa3a 0TOOpazKeHUs MOMEHTa (T.e. KazKJION peryJsisipHoii
TOYKE 5TOr0 OTPE3Ka) OTBEYAeT TOD WM HECBsA3HOe o0beuHeHne TOpoB JInyBuiuis, a
TOYKAM IepecedeHns MpaMoit h = const ¢ gyramu 6udypKaImoHHON JuarpaMMbl OTBe-
JaeT HEKOTOPOe KPUTHYECKOe MHOMKeCTBO B (ha30BOM MPOCTpaHCTBe. Takmm oOpazom,
HpH ITepeMeIeHnr TOYKH 10 JIAHHON IPSIMOH B MOMEHT IepeceveHuns npsmMoii ¢ oudyp-

KaIlMOHHON JAuarpaMMoil IPOUCXOIUT epecTPoiika TOpoB JInyBUILIA, W 6udyprayua.

Onpepenenne 2 /lge unmezpupyemovie CUCMeMd, AUYBUMALEBO IKEUBANEHITIHDL, ECAU

cyuiecmeyem nocaotinol dudpeomoppusm ux hazosvr Mroz2006pa3ull.

Hapsgny ¢ simyBur1€BO# SKBUBAJIEHTHOCTHIO HA BCEM CUMILJIEKTHIECKOM MHOTO0Opa3ni,
MBI Oy/IeM TOBOPHTDL O JIMYBHJLJIEBOMH SKBUBAJEHTHOCTH Ha OTJEJbHBIX H309HEPTreThuYe-

CKHX IIOBEPXHOCTAX.

Onpenenenune 3 Kaacc auyeusnecoti sK6UBAACHMHOCTU 3AMKEHYMOT UHEAPUAHMHOT
(m.e. yeaurom cocmoaweds us caoes) okpecmHocmu 0cob020 cA0a croenud JIuyeuirs
8 UB0IHEPLEMUYECKOT NOBEPTHOCTU HAZVLBAEMCA 3-AMoMOM (nodpobree 0 S-amomax

cm. emamoro A. T. @omenko, X. Huwanea [17]).

Taxum 06pazom, 3-aToMbl KOTUPYIOT Oudypramun Topos JInyBuiisa. Oka3piBaeTcs, 910

ecan (PUKCHPOBATH YUCIO0 KPHUTHUYECKHX OKPYKHOCTEH Ha JAHHOM OCOOOM CJIOe, TO B



OOTTOBCKOM CJIydae MMeeTcs JIUIIb KOHeYHOe 4mucja0 Takux Oudypkaruii. Hamomuum
TakyKe, 9TO B CJIydae, eC/iu JOMOTHUTE/IbHBIN nepBblil nHTerpaa — dyukmusa borra, To
3-aToM sBJIsETCS paccaoenneM 3eiidbepra (CM. olpeeeHne HUZKe) ¢ OCOOBIMHU CJIOSIMU
tuma (2,1) HaT 2-aTOMOM.

Hanomuanwm, 910 paccaoertvim nosHoOmopuem Ha3bIBAETCs TOJTHOTOPHE, PACCTOSHHOE
HA OKPYKHOCTH CJIeAYIOIMNUM 00pa30M: BO3bMEM TPUBHAJIBHO PACCJIOEHHBIH HA OTPE3KH
nmmuaap D? x [0, 1] u cknenm ero ocuosanusa D? x {0} u D? x {1} no qudbdeomopdusmy,

SIBJISIIOITIEMYCST TIOBOPOTOM Ha, yroa 2ma, « € Q.

Onpenenenue 4 Komnaxkmmoe opueHmupyemoe mpermeproe muo2000pasue Ha3v6a-
emces MH02000pasuem Ietdepma, ecau Ha HEM MONACHO 3a0aMb CMPYKMYPY PACCAOEHUAL
3etiepma, m.e. pazbums Ha HENEPECEKANUMUECH NPOCTNBIE ZAMEHYMbBIE KPUBHLE (CA0U)
MaK, Mo KaHcovl caoth UMeem UEAUKOM COCTNOAWYIO U3 CAOEE OKPECTVHOCTD, NOCAOT-

HO 20MEOMOPPHYIO PACCAOEHHOMY NONHOTROPUIO.

3-aTOMBI M COOTBETCTBYIOIIHE UM 2-aTOMBI 0003HAYAIOTCS 3aIJIABHBIMU JIATUHCKUMUI
Oyksamu. B mamieii paGore BeTpedaioTcst aTombl Tpex tunos: A, B u Vj (nmomapoGuee
cm. kunry A.B.Boacnnosa, A.T.®omenko [1]). Ykazamnsie aToMbl H300pakeHbl Ha PH-

cyake 1.

Puc. 1: aromsl Tunos A, B u V.

Kazx10ii Heoco60i M309HEPreTHYeCcKoil MOBEPXHOCTH ()3 COOTBETCTBYET HEKOTOPHIH

rpacd, apngiomuiicst 6a30ii caoenud Jlnyswia na Q3. BHyTpennne Touku pebep 3TOro
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rpada oTBeYaloT PEryJasipHbIM CJIOSM CJIOeHUS JIMyBHUILIsI, 8 BEPIIUHBI COOTBETCTBYIOT
0co0bIM cstosiv. COTJIacHO ONMPEIETeHUI0 3, KayKJI0i BepimnHe Tpada MOKHO COTOCTA-
BUTH HEKOTOPBIA aroMm. llosyueHHBIH opmeHTHpyeMBlii rpad ¢ BepIITHAME-ATOMAMA
HA3BIBACTCS MOAEKYAOT.

Mostekyna cogep:kuT MHOTO HH(OPMAIHEA O CTPYKTYPE CaI0eHust JInyBUILIS, OHAKO
sTa nHMOPMAIIU He OJTHA, B TOM CMBICJIE, YTO MOJIEKYJ/Ia He olpejiessdeT guddeomopd-
HBIIT TUI MHOrOOOpasus @5, a TeM Gosee, caoeHns JIMyBUILTS HA HEM (€ TOYHOCTBIO 710
nocoiinoro guddeomopdusma). Hanpumep, monekyna Buga A — A coobiaer Ham, 9410
MHOTr0OOpasme Q7 CKJIEeHO U3 JIBYX MOJHOTOPHI, €CTECTBEHHBIM 00DA30M DACCIOCHHBIX
Ha KOHIeHTprdeckne Topbl. OaHAKO, KAKHM 00pa3oM NPOU3BeIeHa CKJelKa, Kakoe B
pe3yJIbTaTe MoJIy4aeTcss MHOrooOpasue u Kakoe cjaoenue JInyBujuisd Ha HEM — MOJIEKY-
jia "He coobtraet. [Toaromy K Mosekysie HEOOXOUMO 100aBUTH HHMOPMAIHIO O CKJICHKE
OTJIEJIBHBIX aTOMOB.

Paspe:xkem kaxkaoe pebpo MOJIEKY/IbI HocepeaunHe. MoeKyaa pacnageTcsa Ha OTAe Ib-
Hble 3-aTOMBI. DTO O3HAYAET, YTO MbI Pa3pe3ajii MHOrooOpasme 1Mo HEKOTOPBIM TOPaM
JInyBuJLISA Ha OTIE/NbHBIE aTOMBI. [IyCcTh MBI XOTUM ITPOM3BECTH OOPATHYIO CKJIECHKY.
MoJeky/1a TOBOpUT HaM, KaKHe Hapbl 'PAHUIHBIX TOPOB MBI JTOJI?KHBI CKJIEHBATH MEK-
J1y coboii. Yro0bl HOHSTH, KAK KUMEHHO UX HYZKHO CKJIEMBAThH, Mbl JIOJIKHbBI 33/1aTh JIJIs1
KaKI0OTO PA3pPe3aHHOTO pedpa MATPHUILy CKJEHKH, OMpeaesionyo n3oMopdu3m GyH-
JIAMEHTAJIBHBIX IPYIII CKJIEHBAIOIUXCS TOPOB. UTOOBI 331aTh 9Ty MATPHUILY, (PHUKCHPYEM
HA TOPAX CHCTEMbI KOOPJHHAT — MAPbl HE3aBUCUMbBIX OPHEHTHPOBAHHDBIX ITUKJIOB (A, 1),
apjsomuxcs obpasyonmvu gyugamenraibuoit rpyunst m (T?) = Z @ Z (noapobuee
em.[1]).

PaccmoTpuM mpounsBoJibHOE pebpo e; MOJIeKYJIBl W 33JaJuM Ha HEeM OpPHEHTAIHIO.
Pazpezkem 310 pedpo Bj10Jib HEKOTOPOT'O TOpa JInyBujuis u onpejennm Ha dbeperax pas-
pesa JomycTuMble cucreMbl KoopauHar (A7, ) — Ha Hauase pebpa u (AT, uT) — uHa

KOHIIe pebpa. PaccmarpuBas 91U nmapbl NUKJIOB KaK 6a3UCHI B I'PYIIIE OJHOMEPHBLIX I'0O-



MOJIOTUi, moJIydaeM MaTpully CKJICHKH

Q; 51‘
Vi 0;

Ci:

C; — 9TO NMEJOYNC/IEHHAS MATPUIA C ONPEJIEIUTE/IeM, PABHBIM — 1. DTa MaTpPUIA Ompe-

JleJIeHa He OJTHO3HAYHO, & ¢ TOYHOCTHIO JI0 JIOMYCTUMBIX 3aMeH KoopauHaT (cM.[1]).

Omnpenenenne 5 Yucao6ot payuoHarvhoti memrol r; Ha pebpe €; MOAEKYAbL HA3DBA-

emca:

2 modl € Q/Z, £; #0

TZ: 2

oo, 61 =0

Omnpenenenne 6 Yucaosol uerouucrennoti memrot €; HG Pebpe €; MOAEKYADL HA3bl-
BAECMNCA:

signf3;, Bi # 0

signozi, 61 =0
Hecmorpsa Ha TO, uro Marpuna ckieiiku C; onpeaenena HEOTHO3HAYHO, METKH 7; U &;
ABJISIOTCS WHBAPUAHTAMU, T.€. HE MEHSIOTCS IIPU JIOIIYCTUMBIX 3aMeHaX KOOP/IUHAT.

Haum openeneHne MeTKHA ny. Ecau paspesars MOJIEKyJIy 10 BceM pédpaM ¢ KoHed-

HOI T-MeTKOi1, TO OHA PACHAAETCsI Ha HECKOJIBKO CBA3HBIX KYCKOB. CeMbamy HA3bIBAIOT-
CA T€ U3 HUX, KOTOPbIE HE COAECPZKaAT aTOMOB A PaCCMOTpI/IM Tenepb OTACJIbHYIO CeMbIO.
Bce pébpa, umeroniue B Heit X0TsI Obl OJHY BEPIIMHY, MOXKHO Pa3/IeJIUTh Ha TPU KJIacca

(¢ yuéroM uMeroIelicst Ha HUX OPUEHTAINN): BXOJAIINE, BHIXOJSIINE U BHYTDEHHUE.

Onpenenenune 7 Conocmasum xascdomy pebpy e; darnol cemvy ueaoe wucao 0; no

CAEOYIOULEMY NPABUNY:

( [
#}, ecau e; — suxodauee pebpo,
L Di
- 5
0; = —Ez}, ecau e; — erodauiee pebpo,
—ﬁ], ecau e; — snympenHee pebpo.
\ L &

Memxka ny, omseuarowas danhol cemve, onpedessemcs Kax cymma wuces 0; no ecem

pEOPAM 3MOTE cembl.



OrMeTuM, 9T0 METKA Ny, SIBJISETCS XapPaKTePUCTHIECKUM KJIACCOM pacc/ioenus 3eiidep-

Ta.

Omnpenenenne 8 Moaekyaa, chabrcennans Memramy 7;, €; U Ng, HA3VBAEMCA MEYE-

HOU MOAEKYAOT, UAY uHeapuaHmom DPomenko—Lluwaneza.

Teopema 1 (A.T. Qomenro, X.Iuwane [17]). /lse neswvposicdernve unmezpupyemoie
3 ! 13
cucmemv, v na Q° u v na Q° ausysuaneso skeusaseHMMbL MO20A U MOABKO 0204,

K020a UL MEYEHBLE MOAEKY AL co6nadarom.

B marmeit pabore Mbl HCCIEIYEM TOMOJOTHIO CHCTEM, KOTODBIE OIMUCHIBAIOTCS [IBH-
ZKEeHoueM TOYKH II10 MHOFOO6paSI/IIO BpallleHud B II0J1€ ILGI';ICTBI/IH IHoTeHIaJIa. HOBTO—
puM, 9TO TaKHe CUCTEMbI ABJIAIOTCA WHTErpUpPyEeMbIMU T'aMUJIBTOHOBBIMU CHCTEeMaMHU
(cm.pasee yTBepxkaenue 1). DTa 3a1aua BO3HHKIA KaK 0D0DIIEHNE W3BECTHON 381891
00 U3yUeHUH TOMOJIOTUH HHTEIPUPYEMBIX TeOAe3NIECKUAX MOTOKOB HA MOBEPXHOCTSIX BPa-
meHmA (T.e. CHUCTEM C HYJEBBIM IOTCHIUAJbHBIM HOJIGM). TOHOJ'IOFI/IH HMHTEeIrpupyeMbIX
reo/Ie3NYeCKUX MOTOKOB XODOIIO H3y4eHA: BaKHBbIE PE3Y/IbTAThl IOJIY4YeHbl B paboTax
A.T.®omenko, A.Becce ([23]), M.Durmana ([25]), A. T.@omenko, E.O.Kauronuctosoii
([19]), A.B.Boscunosa, A.T.®omenxo ( [20]), A.B.Boncunosa, B.Josanosuua ([21]),
H.B.Koposunoit (|22]), M.B.Hosuxkosa (|24]), E.A.Kyapsasnesoit u JI.A.@enoceesa ([30]).

CdopMyspyeM OCHOBHYIO TeOopeMy KJIacCH(PHUKAIUU TeOe3UIeCKUX ITOTOKOB Ha,
chepe, monyuennyio T.3.Hryenom un JI.C.Ilongkosoit. B manxpmeiitiem cpaBHUM MOJTY-

YEeHHbI€ HaMH DPE3yJbTaThbl (,ZLJIH CHCTEM C HOTeHI_[I/IaJIOM) C UX pe3yJbTaTOM.

Teopema 2 (T.3.Heyen, JI.C.Iloasxosa [1]). Pacemompum na cdhepe 2eodesuneckud

NOMOK PUMGHOBOT, MEMPUKU 81U
ds* = do* + f(0)dy?,

2de 0, p — cmandapmmuuvie chepuveckue KoopOUHAMbL.
1) Tozda omeewarouan sMmomy 2€00€3UNECKOMY NOMOKY MOAEKYAG UMeem 6ud, No-

Ka3aHHuL Ha PUCYyHKE (MO/L@%y/lCL HA PUCYHKE COCTNOUM U3 d@yl’ 00UHAKOEWT “acmel
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W(f), u W(f) = W(f)\UA). B sepwunax epaga cmoam amomv, A, B u Vi. Ha pebpax
Mencdy cedaosuimu amomamu snympu kaxcdotd W(f) memxu r pasro, 00, Ha pebpaz
MENHCOY CEONOBVLMU GTNOMAMU U AMOMAMY A T-MeEMKU PABHBL HYAI0, BCE €-MEMKU DPAG-
Hol +1.

2) Ecau monexyaa omauwna om A — A, mo na e0uHCMEeHHOM YeHMPAIbHOM Peb-
pe (ono coedunaem 06a cedA0ELLT aMOMA) MEMEKG T PABHA OO, & E-MeEMKa pasHa —1.
Memwka n na eduncmeennoti cemve, cocmoaueld u3 6Cex cedA08T GMOMOS, Pasha 2.

3) Ecau monexyara umeem eud A — A, mo memxu caedyrowue: v = 1/2, ¢ = +1.

b e [oo
A :"._ W@)
AL,

Puc. 2: Medenble MOJIEKYbI I T€OAE3MIECKUX MMOTOKOB Ha cdepe.

B aunstomuoii pabore M.B.HoBukosa [24] BuepBbie mocTaBieHa 3a1a49a UCCIET0BAHMUS
TOIIOJIOTHUHY UHTETPUPYEMbIX I'aMHUJIBTOHOBBIX CUCTEM Ha INOBEPXHOCTAX BpallleHUdA B II0-
teruabaoM moJie. M.B.HoBukos ucciepyer oudypKamoHubie JuarpaMMbl TAKUX CH-
creMm. B pabore cienanbl 3HaYUTEIbHBIE TPOABUKEHNS B IOCTABJIEHHOMN 3a1a17€e, a HMeH-
HO, MCCJIEJIOBAHbl THUIIbI OCODOBIX TOYEK paHra HOJb OTOOparKeHus MOMEHTA, HailJeHbI
napaMeTpuydecKne ypaBHeHud JayT 6udypKamuoHHON JruarpaMMbl, B HESIBHOM BHU/Ie Haii-
JICHBI YCJIOBHS CYIIECTBOBAHHS TOYEK BO3BpaTa U MCCJIEJIOBAHO MOBeieHHe OHdypKalm-
OHHBIX JIYT B OKPECTHOCTH 3TUX TOYEK. TakzKe UCCAeTOBAH TUI TOUEK, COCTABISIONIIX

OudypKannoHHbIe IyrH (SJIHITHYeCKas), THIIePOOJINYecKas, BHIPOKICHHAS ).
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B nacrosieit pabore 1npojo/KeHo ucciiegopanne 0udypKamuoHHbIX JarpaMM CH-

CTeM Ha IMOBEPXHOCTAX BpallleHUd, a TaKzKe U3y4deHa TOMOJIOTUA JaHHBIX CHCTEM.

CdopMmymupyeM OCHOBHBIE Pe3YAbTaThl HACTOAIIEH pPabOTHI.

1. B pabome noayueHa noamras raaccuPurayus cucmem Ha MH02000pa-
3UAT 8PAULEHUSA C NOMEHUUAAOM HO U30IHEP2EMUYECKUL TLOBEPTHOCMAL C
MOYHOCNDBI0 00 AUYBUANEBOT IKB8UBaAEHMHOCTU. UHbiMU caoBaMmu, KaacCUu-
duyuposarns. 8ce coomsemcmeyrowue caoerus Jluysuars. Ima xaaccugpu-
KAUUSA NOAYUEHE HA OCHOBE BbluucaeHus unsapuanmos Pomenxo-Luwanza
(meuenbir moaexya) uccaedyemux cucmem (nodpobree cm.meopemy 6 us

napazpaga 1.8).

2. Iloayuena xaaccuurayus 6cexr cOoOmsememsyrUUT U309HEP2eMue-
cKUT 3-mHoz2006pasuti emecme co caoenuamu Juysuarsn na Hux (6oaee no-

dpobro cm.meopemy 6 u aemmy 22 u3 napazpaga 1.8).

3. Jokxa3amno, 4¥mo uHmezpupyemsle cCucmems, Ha 08YMEPHBLT TOBEPLHO-
CNAT 8PAULEHUA C 2AG0KUM TLOTNEHUUAAOM, 02PAHUYEHHBIE HA CEA3HBLE KOM-
NOHEHMBL NMPETMEPHHLL U30IHEPLEMUNECKUL NOBEPITHOCMENU, 8 HEKOMOPHLL
CAYHAAT MONOA02UYECKY (AUYBUANECE0) IKEUBAACHMHBL PA3AULHBLM KAACCU-

YeCKUM UHMEZPUPYEMBIM OUHAMUYECKUM cucmemam (nodpobree cm. napa-

epag 1.9).

Kommenmaputi 3.1. Ecau mosexyaa uccaedyemoti cucmemos umeem mun A — A,
MO CUCTNEMA TONOAOZUNECKY, IKEUBAAEHITVHA UHMEZPUPYEMbIM cucmemam M yroscko-
20, Kosanesckotll, cay4arn JuHGMUKY WePOTOBAMO20 INAUNCOUIE HA NAOCKOCINU (CM.
pabomy M.FO. Heouruna [4] u I. M. Ceuxuna [5]) u nexomopvim dpyeum cucmemam (0as

NOOTOOAULUT 301 IHEP2UL IMUL CUCTIEM,).
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Kommenmapud 3.2. B mom cayuae, kKo2da mosexyra umeem eud depesa (cm. meopemy

6), 00Ka3aHo, YMO CUCTNEMA HA MH02000DA3UY BPAUEHUA C NOMEHUUGAOM, T.€. UHME-
epupyemas cucmema suda (f(r),V(r)), “modesupyemes” nexomopuim nabopom zeode-
3UNECKUT NOMOKO0S, G UMEHHO, 8 KaHcdol IHepeemuueckoli 30ne, 2panHuyaMy Komopol
ABAAIOMCA 0COOBIE ZHAMEHUA IHEP2UL (KPUMUNECKUE 3HANEHUA sHepeut h;, a makdtce
anavenus onepeuu h; movex eozepama u snavenua smepeuu hy mouex nepecevenusn
u camonepecevenus OuPYPRayUOHHUL Y2 Ha GUBYPKAUUOHHOM KOMNALKCE), CUCTNEMA
MOOEAUPYEMNCA 2€00€3UMECKUM NOMOKOM HEKOMOPOT MEMPUKY, SPAULENUA (NPU HYAe-
som nomenyuane). Boaee mouno, das xascdod maxotd sonv no nape (f(r),V(r)) areo-
PUMMUYECKU, CMPOUMCA HOBAA MEMPUKE SPAWEHUA, 36006aEMAA HEKOMOPOT PYHKUU-
et F(r), eeodesuueckuti nomox komopol npu h > Ve AUYBUALEEO IKGUBAAEHMEH, G
nPU MAAEHOKUT IHEP2UAT h — 2pybo sKeusaseHmen ucTodnol cucmeme 6 8uopaHHoTl
3one. B amom cmoieae A10004 UHMELPUPYEMAA CUCTREMAE HA NOBEPTHOCTNY GPAULEHUA
(f(r),V(r)) asasemca “Komnozuyuet” 6oaee NPOCBLL UHMELDUPYEMBLL CUCTIEM, AG-
AAOUSULTCH 2€00€3UNECKUMU NOMOKAMU (6€3 NOMEHUUAAE) HA NOBEPTHOCMAL BPAULE-
nus. Ilpu 6osvwuz snwepeuar (h > Vi) ymeeporcdenue eepro Gaazodapsa npunyuny
Monepmiou. Oduaro, max Kax NOMOKU ¢ NOMEHYUAAOM NPU MAADLT IHEPLUAL GEYM,
cebs bonee caoscHo, wem 2eode3uvecKue NOMOKU, KAGCC CUCTMEM C NOMEHUUGAOM HE

BKAAOVBALTNCA NOAKOCIBIO 6 KAGCC cucmem be3 nomenyuaa (6oaee nodpobno cm.1.9).

OTH IJIaBHBIE PE3YJIbTATHI ONUPAIOTCA HA CJAEAYIONNE Pe3yJbTaThl, MOJyYeHHbIE B
JAHHOW JINCCEPTAINN.

1) Buiacrero, npu KaKux ycao8uAr Ha MEMPUKY U NOMEHUUAA YUCAO KPUBHLT OU-
PYprauuonHot JUaPAMMDBL KOHEYHO, & NPU KAKUL OCCKOHEUHO.

2) Hadidenvr ashvie ycaosus cyuecmeosatus movex 6036pama OudyprayuoHHbLr
KPUBHIT, G MaKHce HATIEHbL YCAOBUS, 2APAHMUPYIOULUE KOHEYHOCTIL (wm beckoren-
Hocmb) YUCAQ MOYER 8036PAIMG.

3) Kaaccupuuyuposarv, munv. ecex budyprauuonnmr dye (SJL/LUTLTTL’U,’%@C%?(Zﬂ, a2unep-

boruneckan,).
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4) Hatidenv xpumepuu suipostcoennocmuy Uil HEBbPOHCOEHHOCTU Mover budypra-
YUOHHOT JUuazpammo.

5) Kaaccuduuyuposamv 6Ce603MONCHBIE MUNDL B3AUMHO0 PACTLOAONHCEHUA OUPYyDKa-
YUOHHBLE 0Y2, GKAIUGA UL NEPECEYEHUE U CAMONEPECEYEHUE.

6) Ilpedsasaen anrzopumm nocmpoenus 6udyprayuorH020 KOMNAEKCA.

7) Knaccuduyuposanv, caoenus JIuysuiis, 603HUKGOUUE 6 CUCTNEMAT HE MHO20-
00Pa3UAT BPAUWEHUA, C MOUHOCTILIO D0 2pY6OTl ANUYBUANEBOT] FKEUBANCHIMHOCTAL.

8) Kak yoice 6viao ommeueno eviuie, J0KA3GHA MEOPEMA TMONOAOLUYECKOT KAQCCU-
Purayuu cucmem Ha MH02000DA3UAT BPAUEHUA ¢ NOMERUUAIOM (Mmeopema 6).

9) Iloayuenv, aeuvie GOPMYAbLL OAA NEPEMEHHBIL 0eUCMEUs, U N0 HUM NOCMpPoe-
Hbl PEWEMKY nepemeHHur deticmeus. [Ipedsasien ai20pumm GoHUCACHUA O PEULEM-
Kam nepemennur deticmeus unsapuanmos Pomenrko—I{uwanza v mampuy, MoHOOIPOMUL
UBONUPOBAHHBLT 0COOLT 3HaAMeHUT parea (.

10) Kax npusoscenue memoda swviuucienus unsapuarmos Pomenro—Iluwarea u
MAMPUY, MOHOIDOMUY NO PEULETNKAM NEPEMEHHBLT JETCMBUA, C NOMOULI NPEDBACNEH-

HO20 AA20PUMMA UCCAED08aH 0000UeHHbIT caywal Jlazpantca.

ABTOp BbIpazkaer 0/1aroapPHOCTH cBOeMy HaydHoMmy pykoBoautesto A.T.Pomenko
3a MOCTAHOBKY 3a7a49i W MOCTOSHHOE BHUMaHUe K pabore, a Takxke FK.A.Kynpsasuesoit
3a MeHHble HAYYHbIE UJIEH U MHOTOYHCIeHHbIe 0bcyKaennsd u A.A.OmeMKoBy 3a 0YeHb

BaxKHbl€ KOMMEHTapHUu, CYIIIECTBEHHO yJIYy4IIMBIINWE TEKCT pa6OTbI.

1.2 MHWccanemoBaHme ocoOBIX TOUYEK M OCOOBIX 3HAYEHMiT oTOoOpa-

2K€Hunsd MOMEHTa AOJId CUCTEM Ha MHOFOO6pa3I/IHX BpalleHu:sd
PacemoTpuM puManoBO MHOToobpasue M ~ S? ¢ MeTpuKkoil ¢, 17151 KOTOPOIi onpe/ieie-
Ho apdexrurnoe jeiicreue rpynnb S' (OKpy#HOCTH) U30MeTPHUsAME (TaKas METPHKA §

HA3BIBACTCSA MeMPpuroti 6pauLeHus, a COOTBETCTBYIOIIee MHOTOOOpasue M — mHo2000-

PA3UEM BPAULEHUL).
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[Iycts N u S — HenoasmKHbIE TOUKE S1—neficTBIs, Ha30BeM X CeBEPHBIM U I07KHBIM
nosocamu MHOroobpasus M ~ S? (u3BecTHO, 4TO WX POBHO jBe, cM. Kuury A.Becce
[23]). Boibepem ma M crnenuaabHble KOOPAXHATH (HOPMAALHBLE KOOPIUNGMSL) CITCILY-
iomuM obpaszom. Ilycth g — reonmesmdeckas, coenunsaiomasa N u S. Uzomerpun R,
(T.e. caBurm Ha yros o BoJb opour S'-meficTBus) NmepeBojAT reoje3uvecKue B reo-
nesudeckue. s soboit Toukn m € M \ {N, S} cymectByer enuncTBeHHOE 3HAYCHEE
¢ mod2m, takoe uto m € R, (V) = 7,. Oupeneaum napaMmerp r Kak JJIMHY OTPe3Ka
reoJe3uuecKoil v, coequngomeit rouku N u m. Toraa Touka m Oyjer uMeTb KOOp/IU-
Hathl (7, Q).

Mozkno nokasats (cm. kaury A.Becce [23]), 4T0 MEeTPUKY ¢ MOXKHO 3aIlHCATH B BHJIE
ds* = dr® + f?(r)dy?,

rae f(r) : [0,L] — R — mexoropast dyukus, nomoxurenrbhas wa (0,L), roe L —
JJIHHA Teofie3ndeckoil 7g. Takxke sormosnens yeaosust f(0) = f(L) = 0. Mur Gymem
paccemarpuBarh riagkue dyukmun f(r). [lyers V(r) — niaakas dbyHKIMs HA OTpe3ke
[0, L], HazoBeM & nomenuuaiom.

JIerko mokasarb, 4T0 MeTpHKa Ha MHOrooOpasuu M peryisipaa Bre moaocos. Chop-
MYJTUPYEM yTBEPKICHHE O TOM, KOTJa MeTpuka Ha M Oymer aBIsaThCa TJIAJKOH B 1O-
JIIOCAX.

KommenrTapuii. Ynompebaaemuiti 30eco mepmun “mmozoobpasue epawenus” om-
n100b He oznavaem, 4mo noseprnocms M ¢ mempuxroti ds® obasamenvho 00ACHA 6KAA-
oneamuca 6 eskaudoso npocmpancmso R 6 eude noseprrocmu epawenus, 20e ds
undyyupyemes obsemaoueli esraudosoli mempuroti. Boaee mozo, ussecmmv, npume-
pol, Ko2da amo we mak (cm.60aee nodpobro aemmy 2). Hanpumep, ussecmen yeavid
Kaace noseprHocmeti epaujenua, ne exaadusarouusea ¢ R3, asasouuseas mnoz006pa-
susamu Bepmpana (em. pabomy E.A.Kydpsasuesot u JI.A.@edoceesa [30]). B cayuae,
ecau mmoz006pasue M exaadusaemes 6 R3, dynwyua f(r) umeem cmwica paccmoamnua

do ocu spauleHuA.
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JIemma 1 (A.Becce [23]). Mempuka na muozoobpasuu epawenua M u dynxyua V(r)
NG HEM ABAANOMEA 2AGOKUMY 6 nostocar (m.e. 6 moukar v =0 u r = L), ecau cyuse-
cmeyrom eaadrue gynrkyuu F = F(r) u W = W(r), onpedeaenvie na sceti wucao6ot
npamoti R, maxue wmo Flp ) = f, Wl =V u stnoanenv, credyroujue ycaosua:

1) F(—r)=—F(r) = F(2L—r), m.e. ¢pynxyuu F(r) u F(L+r) nevemnos (uiu, wmo
axeusanenmuo, Pynkyua F(r) — nepuoduuna ¢ nepuodom 2L u newemmna) u F'(0) =
1, F'(L) = —1;

2) W(—r) = W(r) = W(Q2L —r), m.e. gynxyuu W(r) u W(L+r) wemnw (uiu,

umo sxeusasenmuo, Gynkyus W(r) — nepuoduuna ¢ nepuodom 2L u wemmna).

Kommenrtapuii. Ha camom dese, Pynrkyuu F(r) u W(r) na ecel wucao6ot npamot
Hnam 6 danvretiwem we nowadobames. Ux cyuwecmeosanue 8asicHO AUWD 68 OKPECTIHO-
cmu konyos ompeska [0, L] daa nposepru wemnocmu u wewemuocmu gynruud f(r) u
V(r). Apyeumu caosamu, 0as nawus yesed docmamouno mozo, wmobv, dynrkyuu f(r)
u V(1) npodosscaruce 6 okpecmuocmu konyos ompeska [0, L] doastcrvm obpazom.
PaccmoTpnM HATypaIbHYI0 MEXAHUYECKYIO CHCTEMY Ha KOKACATeJIbHOM PACCAOCHUN
T*M x M co crangapTHON CHUMILIEKTHYECKOH CTPYKTypoit w = dp A dq n dyHKIMei

lamunsTona

H = %g”(q)pipj + V(q), (1)

rie q = (¢!, ¢?) — nokanabuble kKoopauuaThl Ha M ~ S? p = (p1,ps) — COOTBETCTBY-
IONHe MMITYJIbCBI, T.€. Koopaunatel B Ty M, a g — maTpuna, odpaTHad K MaTpPUILe

METPHKH (.

Oupenenenne 9 [Tycmo (M, g) — mHo2000pasue 6paweHus ¢ Mempukol 6pauLeHUs
ds? = dr*+ f2(r)de?. Ilyemwv dymwyuu f(r),r € [0, L], u V(r),r € [0, L], ydosaemesops-
tom ycaosuam aemmos 1. Tozda 6ydem 206opume, wmo napa gynxuyui (f(r), V(r)),r €
[0, L], sadaem mamypasoryio METAHUMECKYIO CUCTEMY HA PUMAGHOBOM MH02000pa3ULL

spawenus (M, g).

Ormernm, uro muoroobpasue (M, g) He Beerja BKjajbiBaeTcs B R3, T.e. oHO He 0bst3a-
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TEJILHO SIBJISIETCsI TOBEPXHOCTHIO Bpamienus. ChopmyaupyeM cOOTBETCTBYIOIIMI KPUTE-

puii.

Jlemma 2 (M.Engman [25]). Mrozoobpasue epawenus (M, g) usomempuuno C*-exaadwsaemes
6 R® moeda u moavko mozda, xozda f'(0) = 1, (L) = —1 u |f'(r)] < 1 daa ecex

r e [0, L].

Bameuanne. B ciyuae, Korma Muoroobpasme M BKaagbBaerca B R3, cymecTsyer
dbynkmusg u(r), takag uro f'(r)? + «/(r)*> = 1, n nopepxuocTh M moMydaeTcsa Bpa-
wenuem kpusoit (f(r),u(r)) € R*(x, z) Bokpyr ocu Oz, T.e. 1aPaMETPUUYECKU 3a/1a€TCst

CJIEIYIOIIUM 00Pa30M:

(f(r)cosp, f(r)sing,u(r)),r € [0, L], p € [0, 27].

Beroay nanee B crarbe Oygem cuurarhb, aro dynkiuu f(r), V(r),r € [0, L] ymxose-

TBOPAIOT YCJIOBUAM JIEMMDbI 1.

Vreepxkaenue 1 Tamusvmonosa cucmema ¢ 2amuavmoruatom (1) na mmozoobpasuu
epawsenus oas ecex nap (f(r), V(r)) asasemea enoane unmezpupyemot e cmuicae Jlu-

YBUAAA.

lokazaTeabcTBo.

1) ®@azoBoe MpPOCTPAHCTBO CHCTEMbI Y€TBIDEXMEPHO — KaKJasl ero TOYKa 3a/aeT-
st KoopAnHATAME (D, Doy, T, @), TAE (P, Pp) — MMITYJIBCHI TOUKH, (T, ) — KOOPAWHATEI
TOUYKH.

2) Cucrema umeer JiBa IE€PBbIX HHTEIPAJIA;

AHTErpaJ SHEPTUH

2 2
p Py
H==—" +V(r
2 Tape TV
H JONMOJIHATEIbHBI MepBblif HHTerpat K = p, (Tak Kak p, = —%—5:0). OrmeTnM, 9TO

unrerpaj K ompesgesnen Ha BceM pa30BOM IPOCTPAHCTBE, B TOM YHUCJE, B TOJIIOCAX.
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3) /IBuzKkeHue TOYKH MO MHOTOOOpA3WIO BpalleHus, 3ajaHHoMy dbyukimeii f(r), B

noJie Jeiicrust morennuana V(r) 3amaercsa ypapaennsaMu [aMuabroHa:

oH . OH
0¢; = Opi

pi = -

Taxum obpazoM, cucTeMa raMHJIBTOHOBA, €€ (pa30BOe IPOCTPAHCTBO YE€TBIPEXMEPHO, U
OHA WMeeT JBa TEPBBIX WHTerpasa, MOTOMY CHCTeMa WHTerpupyeMa (CM., HApUMep,

pabors A.B.Boscunosa, A.T.®omenko [1] u E.O.Kanronucrosoit [26],|27],[28]).0.

JlemMa 3 HamypaavHas MeTaHuMECKas cucmema Ha MHo2000pasuu epauterus M, ma-
was wmo f'(r)2+V'(r)? > 0, umeem posno dee ocobve mouxu (6 T*M ) panza 0: mouxy
(p,q) = (0, N) u moury (p,q) = (0,5), a maxsce 2-napamempuiecroe ceMeticmso 0co-

ovx movwex (py, py, 7, ) = (0,k(r),r, @) panea 1 ¢ napamempamu (r, ) € I x R/277Z,

V/
ede k(r) := £f(r) f(?,(r)(r),r € I, I — omkpwmoe nodmmoscecmso unmepsana (0, L),
aadasaemoe nepasencmeom V' (r)f'(r) > 0 (u cocmoawee u3z Koneurnozo uiy cuemmozo
YUCAL NOMAPHO HENEPEceRaouuTcs unmepearos I = (ri,ry) u, eosmooscro, “zparuy-
nox” uwmepeanoe (0,11) u (re, L)), N u S — cesepruid u 10#cHvil nosocs mHo2006pa-
aua epawernus M (¢ xoopdunamot r =0 ur = L coomeememeenno). Ha atobom xonue

06020 unmepsana I; evinoaneno aubo V' (r)f'(r) =0, aubo r =0 uau r = L.

B wacmnocmu, 6udyprayuonnas duazpamma cucmemvl CUMMEMPULHE OMHOCUMENDHO

ocu h. Ona cocmoum us deyxr movex
(h, k) = (V(0),0), (h,k) = (V(L),0),

asafowuzes obpazamu ocobur mowex (p,q) = (0,N) u (p,q) = (0,5) parnea 0, u u3
Kpueotl, Asaarouelica 0bpa3om npu 0mobpajcenul MOMEHMA CEMETICTNEA MoYer Pan2a
1 u donyckaroweti 2aa0Ky10 napamempusayuo 6uda
fr)V'(r)
o T V), k() =2f () S

2f'(r) f(r)

2de napamemp r kpusol npobezaem omrpuimoe muoscecmeo I (cm. evawe). Ima kpueas

) — F)V'(r)

COCTNOUM, U3 KOHEUHO20 UAL CHEMHO20 “ucsa dye, 2de wa (20 — 1)-0 u (2i)-0l dyeax
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(cummempuunuz omuocumenvio ocu h), i = 1,2, ..., napamemp r npobezaem unmepsa.n
[’i'

Ocobas moura (0,N) (coomeememeenno (0,5)) neswpoorcdena mozda u moavko
moeda, Ko2da V" (0) (coomsememeenmo V" (L)) omauuno om 0. Ecau ama mouka 1eebi-
pooicdera, mo OHG UMEE MUN UEHMP—UEHMDP UAU PoKYC—PoKYc, 68 3a6UCUMOCTU OM
anaxa sgnV"(0) = +1 uau —1 (coomsememsenno sgnV"(L) = +1 uau —1).

3ameuanmne. B memmve 3 6udypKamonHbie IyTH 3aJaHbl CBOUMH MapaMeTpUIeCcKu-
Mmu ypaBaenusivu. [loBeienne ayr, a UMEHHO: M3JIOMbI, TIePECeYeHUs] U CAMOIIEPECeTeHU ST
OyJIyT HCCIEIOBAHBI B TOCEIYIONINAX YTBEPKICHUSIX.

lokazaTeabcTBo.

Paccmorpum wa T* M e ramuibToHOBBI cucteMbl — ¢ pyuknusavmu avuibrona H
1 Dy

Ocobbie Toukn panra 0 — 31o (a30BbIe TOUKH, ABAAIONIAECS MOJOKEHUIMHA PABHO-
Becus 00enx TuX cucteM. Ho mosioxKeHnst paBHOBECHST BTOPOil CUCTEMBI, T.e. CUCTEMBI
v = sgradp,, — 3ro Tpebyembie Touku (p,q) = (0, N) u (p,q) = (0,.5). Henmocpencrsenuo
MPOBEPSETCSI, ITO 00€ ITH TOUKHU SIBJISIOTCS TIOJIOZKEHUSIMU PABHOBECHU ST TIEPBOI CHCTEMBI
(¢ ravmasronnanoM H), a moromy umeror panr 0.

Haitem ocobbie Touku panra 1. 910 Te TOUKH, B KOTOPBIX BeKTOpHbIE 110151 sgrad H
n sgrad K Ko/LtMHEapHbI W OJIHOBPEMEHHO He paBHbI HY/10. HamoMHuM, 4TO TpaekTo-
pun cucteMbl v = sgrad /X' — 9TO OKPY’KHOCTH, 33 UCKJIOUYeHHEM JIBYX HallIEHHBIX BBIIIE
Touek. M3BecTHO, 9TO ecsim HEKOTOpasi TOUKa sABJIseTcsd 0co00i TOUKOi panra 1, To Tako-
BOIl SIBJISIETCSI M BCSI TPOXOJIAIIAs depe3 Hee TpaexkTopus. Cjie0BaTelbHO, 3aMKHYTas
TpaekTopust cucteMbl v = sgrad K, He SFBJSIONIASICSA TOJOKEHUEM PABHOBECHsI, OyIeT
ocoboit parra 1 B TOM W TOJBKO TOM CJIydae, eCJIU OHA TaK:Ke fABJgeTcd 3aMKHYTON
TpaekTopueil cucrembl v = sgradH, b0 HEJIUKOM COCTOMT U3 €€ HEIOBUKHbBIX TOYEK.

IToxkazkem, 9TO NMpPOEKIUs JHOOO0I TaKON TpPaeKTOPUM HEe IIPOXOAMT Yepe3 IOJHCa
nosepxHoctu M (umHade roBopsi, BO Bcex Toukax Tpaektopuu 0 < r < L). B camom
nene, TpaekTopun BekTopHoro mnous sgradK ma mpocrpancrBax Ty M (wmu TEM) —

9TO KOHHEHTPpUYECKHUE OKPY2KHOCTHU M OJHa HEIOJABHZKHaA TOYKA. PaCCMOTpI/IM TOYKY,

19



JIEZKAIYIO HA KAKOI-TO W3 3TWX OKpyzkHOCTel. OHa mMeeT HEeHyJIeBOH HUMITYJIbC, CJIe-
JIOBATeIbHO, TPAEKTOPUS BEKTOPHOTO noJs v = sgradH, BeIXOAAIasd W3 9TOH TOUKH
((p, N) mmu (p, S), vae p # 0), nokuuer Ty M (wru TEM ), OITOMY OHA HE COBIAIACT
HU C KaKOi TpaeKTopueil cucteMbl v = sgrad K.

Tenepb gBHBIN BUJ TOYEK paHra | BbITEKAeT U3 yCJIOBHUSA JUHEHHOI 3aBUCUMOCTHU
KOBeKTOpPOB dH u dp, B 9TUX KOODJAMHATAX.

OmpezieiuM THI 0COOBIX TOYEK, UCMOIB3Ys aaroput™ u3 [[1], §1.10.2]. CummaekTu-

deckas CTPYKTypa B Toukax padra 0 (B mOJIOCax) 3a/aeTcst KAHOHUYECKOH MaTpHIei

0 FE

Q= . Kputnueckas TouKa T HEBBIPOXKJIEHA TOTJA M TOJIBKO TOrJa, KOTJA
)
CYIIECTBYIOT YUCTA A U [ Takue, 9T0 MaTpuria AAy + Ay, He BBIpOXK/I€HA U HUMeeT

pasaudHble cobCTBeHnble 3Hadenud. 3uech Ay = Q7 1d*H|,, Ay = Q1> M |,.
BBesieM B OKDECTHOCTH TIOJIIOCA JIOKAJIbHBIE KOOPAUHATHI (T, Y, Dy, py) Ha (azoom

MPOCTPAHCTRE:
x = f(r)cosp, y = f(r)sing.

Hanomunwm, uto merpuka Ha M wmeer Bug ds? = dr? + f2(r)dy?.
Cornacuo slemme 1, B nomtocax umeeMm |f'(r)| = 1, mosromy MeTpuka B HOJIOCAX

umMeeT BUJ
ds® = dr* + f2(r)dp® = f'(r)?dr? + f*(r)de® = da® + dy?.
CrenoBarebHO, raMIJIBTOHUAH H B IOJII0OCE BBITVISIAT cJIe 1y oM obpazom:

1
H = 5(pz+p,) +V(0).

3amuieM JOMOJTHATETHLHBLH TePBBIil HHTEIPAT B JIOKATBHBIX KOOPANHATAX (T, Y, Pa, Py )
pe = K = xpy — yp..
Ecin V(f‘l(\/m» — ¢dyukuusa Mopca, T0 B MaJIOH OKPECTHOCTH HOJIIOCA,
V(ffl(\/m)) = co+ar(2® + ) +o(a® +7),c1 # 0,
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IMO9TOMY B OKPECTHOCTH IIOJIIOCA I'aMHUJIBTOHHAH W ,ZLOHOJIHI/ITG.HBHBII'?'I HHTETI'paJl IIpUHU-

MaIOT CJEAYIONMNNA BHUI;

1
H=-
2

(P2 +p2) + co + c1(2® + y°) + o(a® + 37)

K = xpy, — yps

Torna dH = p,dx + p,dy + 2cixdx + 2c1ydy, dK = —ydp, + xdp, + pydx — p,dy. 3aTem

BBIYHCIIEM MATPHUIIBI BTOPHIX jupdepeHimaion:

1

0
d’H =
0

0

0
1
0
0

0 O
0 O
2cy 0
0 2¢

dleno, uro dopmbl d?K u d? H ne3aBHCHMBL.

Barem BorunciaseM marpunpsl Ay = Q7 'd?H u Ax = Q7 'd?K. Tak xak Q7! =

00 -1 0
00 0 -1
, IoJIy4aeM
10 0 O
01 0 O
0 0
0 0
Ay =
10
01

—201

0

aAK:

Ocranoch HaWTH COOCTBEHHBIE 3HAYCHUST MATPHUIIBI

My + pAg =

0

L
A

0

— =21 A
0 0
0 0
A It
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Eciu ¢; > 0, To cobersennbie 3uavenus k caenyomue: k = +i(y/2c;\ + p), a 3uaunr,
ocobast Touka panra () HEBHIPOXKIEHA M UMeeT THI IeHTP—IEeHTP.

Ecmu ¢; < 0, comenaem 3ameny ¢ = —cp,¢ > 0, Torma coOCTBeHHBIE 3Ha4YeHUS Kk
crepyromue: k = £(v/2ch & ip), a 3HaunT, ocobas TouKa panra ( HEBBIPOXKICHA U
umMeet Tul Gokyc—hoKyc.

BaMeTHM TaK:Ke, 9TO B cuiy npejcrapienus V (z) = ¢o+ c1 - 2% + o(2?), nmosydaem,
aro ¢; = sgnV”(0), T.e. ¢; — 9TO 3HAK BTOPOii MPOU3BOAHON MOTeHNHATA B Tooce.[].

[TapaMeTpu30BaHHYIO KPUBYIO U3 JIEMMBI 3 HA30BEM NAPAMEMPUI06AHHOT OUPypKa-
YUOHHOT KpuBot, WIN MPOCTO bupypraruoHnot Kpusod.

Tax kak 6udypKalnroHHas JrarpaMMa CAMMETPHIHA OTHOCHTEIBHO OCH h, TO KaxK-
JIOMY HHTepBaJLy 06/1acTu oupejesenus (18, rh) cooTBeTCTBYIOT iBe CUMMeTPUYHbIE Helpe-
pbIBHBbIE KpUBbIEe Ha Oudypkanuonnoit guarpamme. [loaromy 4Tobbl n3y4arh CBOMCTBA
OuypPKAIMOHHOR JUArPaAMMBbI, JOCTATOYHO HCCJIeI0BaTh 001acTh k > 0.

Jlas1 manbHeRero uceaenoBanus OudypKaHOHHON THArPAMMBL TaIUM HECKOJIBKO
OnpeIeACHUIA.

[Mycrs v @ (ry,72) — R? — rpajgkas napamMeTpu3oBaHHasl KpUBasg B ILIOCKOCTH.
HamomanM, 9T0 KpuBas 7y Ha3BIBAETCsS PETYIAPHON B TOUKE 7, €CJIM BEKTOP CKOPOCTH

v (r*) orsuden or HyJIs.

Onpenenenune 10 Bydem 2060pumo, 4mo kpueas y umeem ocobeHHoCmb Muna "HEBbI-

pO2KJIeHHas TOYKA BO3BpaTa’ 6 mouke r*, ecau

7(r7) =0, (") # 0, (Y"(r"), w) # 0,

_ ,Y//(,,,*)
Iy (r )

a (" (r*),w) — ckarapnoe npoussedenue sexmopos " (r*) u w.

2de w — eduHUNHDIT 8EKMOP, OPMO20HAALHBIT GEKMOPY U

Herpynuo npoBepgercsd, 9TO B 3TOM CJIy4ae

/ /
limM:—v, limﬂzv

rrt [y ()] ror [y ()]
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(r.e. 7" — 3710 "TOYKa BO3BpaTa’ KpUBOH 7y, mpudeM “ocTpue”’ KPUBOI COHAIPABIEHO
BEKTOPY —0), W TPH JOCTATOYHO MaJoM £ > 0 JiBe JyTH, HCXOJSIINe U3 TOIKN BO3BPa-
Ta, V(r*—ep+) U V(r* r*te) PACTOJIOKEHBI IO PA3HBIE CTOPOHBI MPAMO# v(r*) + tv, t € R,
KacaTeJIbHOM K KpUBOii (T.e. B PA3HBIX MOJYIIIOCKOCTSIX OTHOCUTEIBHO STON TPSIMOIA).
A umenwno, ecau (Y (r*), w) > 0, TO 37U AYTH PACIOJOKEHBI B MOIYILIOCKOCTSIX C BHYT-
PEHHUMH HOPDMAJIAMHA —W A W COOTBETCTBECHHO.

B maparpade 1.3 6ymeT mokaszaHo, 9TO HEBBIPOXK/IeHHAS TOYKA BO3BpATa SIBJIAETCS

nostykybuueckoii napa6osioit (suja y* = z3).

Onpenenenne 11 /Jyz0h 6ugyprayuonnod kpueot ¢ Homepom i (0y20l ¢ Homepom i)
nazosem wacmo Gudypravuonnoti xpueoti, onpedeaénmnyio na unmepeane (ri,ry) (dye c

HOMEPOM 1 dee — 6 66]7]371617/ U 68 HUMNCHE noAYNAOCKOCIU OTMHOCUINENADBHO OCU h)

Onpenenenune 12 [loddyzoii dyeu budypraruornnot Kpusot ¢ HOMEPOM i HA308EM 24a0-
Kyto wacmo 0y2u OuPyprauuonnol Kpueot, Aescawyio Aubo Mexcoy coceOnuMU mo-
Kamu 603epama, Aubo onpedeaennyio na uwmepsane (ri ry) wau (ri,ry), ede ri,r;

nepeas u NocACIHAL MOUKY 6036parra Ha dy?@.

JIemma 4 Pacemompum dynruyuro, onpedesernyto wa obaacmu r € [0, L], naswsaemyro
ahPhermusHvLM NOMEHUUANOM:
k’2
Uk(r) = —2f2(r) + V(r).

dpexmustuiii nomenyuans 06aa0aem CACOYIOUUM CEOTCMBOM. HA NPOMENCYMEKE, CO-
deporcawemes 6 obaacmu I usmenenus napamempa OudyprayuonHot Kpueot, ecau
fi(ry>0 (V'(r)>0):
Ui, (1) moromonmo yoweaem, ecau ki > k*(r) na asmom npomesicymee, u Uy, (1) moro-
monno 6ospacmaem, ecau ki < k*(r) na smom npomesicymse.

Ha npomesrcymre, umerouwem nycmoe nepecevenue ¢ 0baacmovro I usmenenus napa-
mempa budyprayuonnot kpueotd, Uy, (1) monomonno yoweaem.

Ecau f'(r) < 0 (V'(r) < 0), mo zapaxmep MOHOMONHOCTU USMEHACTNCA HA NPO-

MUBONONOHCHBL.
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JlokazaTeabCTBO.

Pemnm wepasencrso Uy (1) > 0:

!/ k2f’ !
U, (r) = ——;3<(§) +V'(r) > 0.
Orcrona mosywaem, aro k2 f'(r) < f3(r)V’(r). Tipu f'(r) > 0 monyuaem

f )V (r)

i< LV ey

f'(r)

To ecth bdexTuBHblil morennuan Uy, (r) moHoToHHO Bo3pactaet. Ecau f'(r) < 0, To

<

nmMeeM MOHOTOHHOE y6bIBaHI/Ie SCI)CI)GKTI/IBHOFO InoTeHnuaJia 1IIpu BBIIIOJTHEHHUHW TOI'O 2Ke
HEePaBEeHCTBA.

[IpoMexkyTKH, He IPUHA/TIEKAIIHE 00JIaCTAM OlpeieteHns 0udypKAIHOHHBIX KPH-
BBIX, XapakTepu3yiorcs yeaosuem: f'(r)V/(r) < 0. IHostomy mpu f'(r) > 0 umeem
V'(r) < 0. Tloayaaem f3(r)V'(r) < 0 < k2f'(r), me. npu f'(r) > 0 sddexTunnbIi
HoTeHIHa YObIBaeT Ha 3TUX ITPOMeKyTKax.[].

CdopmMymupyeM M0JIe3HOE YTBEPIKIEHNEe OTHOCHTEJNBHO XapaKTepa MOHOTOHHOCTH

OudypPKAIMOHHBIX JTYT.

Jlemma 5 Ilpu k > 0 sexmop ckopocmu 6 moukax budyprayuontoll kpueot sescum
aubo 6 1 wemeepmu koopdunamuot naockocmu (h, k), aubo 6 3 wemeepmu, aubo pasen

0 (6 moukaz sozspama,).

HokazarenbcTBo. HamomunMm, 9ro 6udypKarnoHHas KpUBast 3a1aeTCsI ITapaMeTpute-
CKH CJIEJIYIONIUM 00pa3oMm:

JV’
2 f

v
fl

+ V. f }.

7=

v

i ). Torma BeKTOp CKOPOCTH UMEET BU]

. p+2V f
= 1
g 5 {1, =
f/

Tak KaK BTOpas KOOpAHHATA Beeraa mooknTeabra (f > 0), To 3HaKn 06enX KOOpHAT

Beenem obosnavenue: p := (

).

OTPEJIENISIIOTCS 3HAKOM 001ero MuokuTessi. 'To ecrsb, ecau (p + 2V') > 0, To BeKTOp
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CKODOCTH JIEKUT B 1 4eTBepTH; ecu + 2V") < 0, To BeKTOP CKOPOCTH JIEKUT B 3
3 ?

yeTBepTH. B ipoTuBHOM citydae BekTOp ckopocTu pasen ().[].

2
Bameuanne. Boipaxkenne p + 2V’ paBao 0 TOraa U TOJBKO TOIIa, KOIIa FUr) —

or2
Ok(r) _
or 0.

Jajum onpejiesienns pa3IndHbIM THIIAM OndypKanuoHHbIX JyT. Bynem mpemanosia-

raTh, YTO BCe JIyT'U U3 OIPeJleJIeHuil yI0BJIETBOPIIOT JIEMME O.

Onpenenenue 13 /[yzot muna “npocmas napabora” naszvi8aemea CUMMEMPUSHAAL 0T~
nocumenvho ocu h (6 naockocmu h, k) 2aadkan (6c10dy, kpome, 603MoxHcHO, “sEpuLUHD:
napaborw,”) dyza, umerowans 00rYy MoKy, AeHcawyro Ha ocu h, u yrodawaa Ha nac

beckoHeuHoCmb no 00euUM %OOPdUHCLmCLM 6 6€p$H€ﬁ noAYnAo0CKoCIMU.

Onpenenenune 14 /lyzot muna “cocmasnas napabora” Ha3v6aeMCA CUMMEMPULHAA
OMHOCUMEALHO 0CU h HENPEPLLEHAA 0Y2a, UMENULAA 00HY MOYUKY, AEHCAULYIO HaA ocu h
b2 2 )
(Tsepwuna napaboav”), cocmoausas us eaadkux (6¢100y, KPOME, 603MONCHO, ~8ePULUHDL
napaboiv,”) noddye, pazdeseHHHLT MOYKAMU 6036PAMA, U YTOOAULGHA HA NAKOC DECKOHE -

HOCMY 1O 0beum KOOPdUHamaM (5 66])1’71/6’(? NnoAYNAOCKOCMU.

Onpenenenue 15 /lyzot muna “npocmas Aymnkxa” HA3BIBAEMCA CUMMEMPUNHAL OM-
nocumenvno ocu h (6 naockocmu h,k) samknymasn dyea, cocmoawasn uz 08Yx 24a0-

Kuz (8crody, Kpome, 803M02cHO, 4601 “sepuiunsl Ayrku”) noddye, pazdeseHHblr 08YMA

MOYKAMU 8036PAMA, U UMEOWAA d6€ MoKy, Aeocaujue na ocu h ("sepuwunve aynru”).

Omnpenenenue 16 /[yzo0t muna “cocmasran Aynka” Ha3ul6aemMes CUMMEMPULHAA OM-
nocumenvno ocu h (6 naockocmu h, k) nenpepwienas samknyman dyza, umerusas dee
mouku, aexcauyue Ha ocu h (“eepwiunn aynku”), u cocmoswan us esadrkux (6crooy,
KPOME, B03MONHCHO, 2€60T “sepuiunn, Ayrky”) noddye, pasdeseHnvy MmouKkamy 6036pa-

ma.

Omnpenenenune 17 /[yzot muna “‘npocmotdi xawe” nasvieaemcsa 0yza, cOCMOAULGA U3
deyx 2nadxuxr noddye, pazdeseHnvr Moukot 6036pama U YTroOAUUL HA DECKOHEYHOCMD

no obeum noopﬁunama,/w (6] Gepamezi noAYnAoCKOCmMU.
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Onpenenenune 18 /lyeot muna “cocmasnoti k108" HA3bIBAEMCA 0Y2ad, COCMOAULLA U3
2000KuUx N0d0Yy2, PA3JEAEHHBLT MOUKAMYU 60368PaMaA, 000 KOHUA KOMOPOU YXodam Ha

beckoHeuHocmb no 00euUM noopdmwmam 8 66])]371617: noAYnAoCKoCImMuU.

[Tpumepnl ayT, omuCcaHHBIX B onpeaeneHuax 13-18, mokazambl Ha pUCYHKE 3.

g
e

Puc. 3: Tunsl 6udyprammonusix ayr: a) “npocras napabosa’; b) “mpocras gayHKa’; )

/I\

a

AN

d)

"mpocroit KioB”; d) "cocraBrast mapabosa”; ) "cocraBHas ayHKa’; ) "cocraBHOi KItOB”.

&2 99

Ormerum, 910 “mpocTas’ ayra ABASeTCS YaCTHBIM CJIYyIaeM “COCTaBHOM Tyru TaKOTO
ke tuna. Jasee BMecro “coctaBHON KJIIOB” Oy/IeM TOBOPUTH MPOCTO “KJIOB” (TO Ke
OTHOCUTCS ¥ K “mapabosie”, u K “myHke”).

Hanee (nod)dyeot muna A ((nod)dyzot sasrunmuneckozo muna) Gynem Ha3bIBATH
(nox) ayry 6udypKannoHHON aHarpaMMbl, Tpoodpasy KazKIo# TOYKH KOTOPOI cOOTBeT-
crByer atoM A. (1lod)dyzot muna V,, ((nod)dyzot sunepbosuneckozo muna) 6yaem Ha-
3BIBATH (TOMT)AYTY, TPOOGPA3y KarxkK 0l TOUKH KOTOPOH COOTBETCTBYeT aToM V), (B dact-
HoctH, aroM B). OrvernM, uro 6udypKarmoHHble JyTH MOYTH BCIOLY COCTOSAT U3 TOYEK
tunio A u B, a 6udypkanuu Vi, MOTYT BO3HHKATH TOJBKO Ha TepecedeHuu (IOJ)Iyr
TUa B, OpuYeM MOTYT BO3HHKATH TOJBKO OUQYPKAIMH YKA3AHHOTO THUNA (CM.JIEMMY

21).
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Onpenenenue 19 O04acmvio 803MOHCHOCTIU DBUNCEHUA, OMBEUGIOULET, SHAYEHUIO UH-
meepara K pasnomy k, nasosem obracmov, 6 Komopoti nodkopennoe svpasicerue dhymk-

yuu p.(r) = £+/2(h — Ug(r)) neompuyamenvrio.

JlemMa 6 Ecau 6 mouxe (h,k) = (h(r*),0), npunadaesrcaweti “napabosre”, snauenue
) ) J J
V'(r*) > 0, mo “napabosa” 6 oxpecmmocmu ceoeli sepwunv, umeem mun A. Ecau

V"(r*) <0, mo & okpecmuocmu ceoeti sepuiuns, “napaboaa” umeem mun B.

HokazarenbcrBo. Tak kak Touka (H(r*),0) npuxamie:xkur ‘mapadose”’, to k(r*) =
+ £ (r*) LV — 0 e, V/(r*) = 0. Tak kak V(r) — M V' (r*

7o) , T.€. . yuknust Mopca, ro V" (r*) #
0.

Hamee, tak kak Uy(r) = V(r), o ecmm V" (r*) > 0, To 3¢ dekTuBHblii norenmua
MMeeT MUHHMYM B TOYKe 7%, 3HAYMT, IpH yBesimdeHun yposus suepruu h (h > Uy(r*))
BO3HUKaeET HOBad O6ﬂaCTb BO3MOXKHOCTHU ABUZKCHH A, OTBEYaIOIad 3SHAYCHUTIO k = O (CM.
onpejenenue 19), cieaoBareabHo, B $hazoBoM TIpocTpaHcTBe (T, @, p,, k) TOsIBIsIeTCS
HoBBI TOp. CrenoBarenbHo, “napabosna’ mmeer Tun A. VI3 aHAJIOIMYIHBIX pacCy K IeHUN
nostygaem, uro ecau V" (r*) < 0, To “napabosia” umeer Tun B.0.

ﬂOKaBaTe.HbCTBO CﬂeﬂyIO]l[eﬁ JIEMMBI ABJA€TCA BBIYUC/INTEJIBHBIM, ITO3TOMY MbI €I'0

OILYCTHUM.

Jlemma 7 Ecau “sepuwuna napaboav,” — amo ocobas mowka pareza 0, mo “napabosra”
umeem u3aom 6 amotl mouke. Unave “napabosa” aeasemces enadxotl na eceli ceoeti

obaacmu onpedeserus.

Vzyunm Touku panra 1 oroOpaxkeHwst MOMeHTa. JIjist 9TOro BCIOMHHM OIpeIeIeHne
HEBBIPOXKJICHHON TOYKH.

[Iycrb o — KpuTHYecKasi TOUKa paHra 1 orobpazkenus momenta. [lycrs dH (z) # 0.
Toraa o Teopeme lapby B OKPeCTHOCTH TOYKM X CYIIECTBYET KAHOHHYECKAs CHCTEMA
KoopauHar (p1,qi, P2, Ga), e H = py. Tak kak f (monosnurenpubiii uarerpan) u H
KOMMYTHDYIOT, TO f He 3aBucHT OT q1, T.e. f = f(p1,pe,q2). Touka x — KpuTHUeCcKast

of(z) _ 0f(x)

TOYKa OTO6pa)KeHI/IH MOMEHTa, II03TOMY 3_1?2 = a_qz =0.
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Onpenenenne 20 I[Tycmo H u K — 2amusvmonuan u donosnumenvhsvili unmezpan
cucmemot. Ocobas movwka T panea 1 omobpascenus momenma (u codepocawasn ee ga-
306asa mpaexmopus cucmemnt), maxas wmo dH (x) # 0, nasvisaemes Hesupostcdernnot,

eCAl, MAMPUYQ

K 0?K
J = Op20ps  Op20qs
0’K K

Op20qa  0q20qs
HesbLPOHCIEHA 6 MouKe .

Ecau detJ(x) > 0 wau < 0, mo mouka x (u codepocawasn ee Pazosas mpaekmopus
cucmemst) umeem mun "HEHTP” uau “cemiio” coomeememsenno (Mak Kakx Mampuya
J(z) cummempuuna, neevposcoena u umeem cuenamypy (+,4+),(—, —) uau (+,—)
coomsememeento). Paso6aa MPAEKMOPUA CUCTEMDBL, COOEPHCAUAA TMOYKY T, HA3bi-
6aeMCcA MaKoice YCTORINBON (SIIUNTHICCKON) Uy HEYCTONINBOI (rHIep6OIHTIecKoi)

cCoomeemcCcineeHHo.

Onpenenenne 21 1-napamempuueckoe cemeticmeo 2aadkur pynkuyud Fy(r) na un-
mepsane (r1,m3) C R ¢ napamempom r € (t1,t3) C R nasosem cemeticmeom obuwezo
NOAOIHCEHUA (UM HEBVPOHCOCHHBIM CEMETCTNEOM), eCAU 0Af A100020 3HAYEHUA NAPG-
mempa t = t° mobas xpumuueckaa mouxa r* dymxyuu Fpo(r) — aubo mopcosckas
(m.e. Fj(r*) #0), aubo

d*Fo(r*)

w(rt) =0, Fa(r") #0, i # 0.

Herpynno mposepsiercsa, 4to B mociegnem ciaydae (upu Fjo(r*) = 0) 3HadeHne mapa-

Merpa tV apiagerca “budyprayuornsim’ TPH HeIPpepLIBHOM HM3MeHeHNH HapaMeTpa t
BCE MOPCOBCKHME KpuUTHU4YecKue TOuku (yHkiuu F}; "coxpamgiorcs’, JUIIL CJIerkKa n3-
MeHds CBOe MOJIOZKEHUe, OJHAKO MpH Iepexose mapaMeTpa t depe3 OudypKamumoHHOE
sHadenne t) HeKOTOpas Mapa MOPCOBCKHX KPUTHYCCKMX TOYCK — TOUYKA JOKAJILHOTO
MUHHMYMa U TOYKA JIOKAJIBbHOTO MaKCHMyMa — Jinbo Bo3HuKaeT ("poxgaercs’) u3 To4-

Ki 7, b0 CKjIemBaeTcs B TOUKY 7 m “mcuesaer”, B 3aBMCHMOCTH OT 3HaKa Fly(1*)

dQFto (r*)

T > 0 nian < 0 cooTBETCTBEHHO.

nMeeM
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[Ipumennm onpepenerne 20 K uccaemxyemomy caydaio. Cucrema 001a1aeT KaHOHH-
YEeCKUMHU KOODAUHATAMHE (P, Doy Ts ) YKa3aHHOTO BUJIA, IOITOMY MBI MOKEM HAIPSIMY O

IIpOBEePUTDL OllpeJieJieHrne HEBbIPOZKJACHHOCTH TOYKH.

Teopema 3 Ilpednoaooicum, wmo napa dynxyui (f(r), V(r)) na (0, L) sadaem namy-
PANDHYIO METAHUMECKYIO CUCTNEMY HG PUMAHOBOM MH02000pasuy epausenus (M, g), u
Pynruua k(r) — mopcosckas na xascdom unmepsane I;. Tozda:

A) 1-napamempuueckoe cemeticmeo 2nadkuz dynryui Uy(r) na aobom unmepsane
(ri,rs) ¢ napamempom k > 0 seasemea cemeticmeom obwezo nososcenus (cm. onpede-
aenue 21), m.e. daa 1106020 3HAUEHUA NAPAMEMPA 10007 KPUMUYECKAA MOYKE HYHK-
YUYy — Aub0 MOPCOBCKAA, AUO0 YIOBAEMBOPAETN YCAOBUAM (3) U3 AemMmbs 9 HudHCE.

B) neswipootcdenmvim ocobvim moukam parnea 1 omobpascenus momenma (u coom-
BEMCMBYIOUWUM 0COOVM OKPYHCHOCMAM, M.e. “Kpyeosum opbumam”) omeewarom (6
cuny aemmuvr 8) pezyaaprole mouky Gudyprauuonnol kpueotl (asasrousetica o6pazom
MHOHCECTNEA 0COOBLT Movek paraa 1 omobparcerus MOMEHMA), G4 GHLPOHCOCHHBLM 0CO-
Ovim movkam panza 1 — weswviposicdentvie movwky 8038pama 6udyprayuonnot Kpueot

(em.onpedesenue 10).

JdokazaTeabCcTBO. 3aluileM MATpuily u3 oupegejnenus 20 s UCCaeTyeMONl CH-

CTEeMBbI.

#H  9°H

op.op opor| _ |1 0o
O*H  9*H| |, PUe| — or2 -
Op,Or  Oror or?

Taxkum 06pa3om, ecsin 7 He SIBISIETCS PEryasipHOil Toukoil GrdypKannoHnoil Kpusoii (a

[/l =

3HAYHUT, SBJISETCA HEBBIPOXKICHHON TOUKOH BO3BpaTa, cM.onpeaenenue 10), To orBeda-
formast eif Kpuruaeckast okpyzuocts {(0, k(r),r, ¢)|¢ € R/27Z} panra 1 orobpazkenns
MOMEHTa BbIpOzKieHa. VI HaobopoT, peryisgpHbiM TOYKaM 7 OudypKaluoOHHON KPUBOit
OTBEYAIOT HEBLIPOZKAeHHbIe KpuTudeckue okpyzkuoctu {(0, k(r),r, ¢)|p € R/27Z} pan-

ra 1 orobpakenuss MomenTa.l].
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1.3 MHccaemoBanme noBeaeHus 0 ypKanmoOHHBIX KPUBBIX B OKPECT-
HOCTH TOYeK Bo3Bpara. Teopema kJjaccudunkanuu dudypka-

INIMOHHBIX JarpaMM M3y4dYa€MbIX CHUCTEM.

B maparpade 1.2 Mbl mokasaau, 4TO BCe HEpery/asipHble TOYKH Ha OndypKaIHOHHBIX
KPUBBIX — 9TO HEBBIPOXK/CHHbIE TOYKU BO3BPATA U TOJBKO OHU (j1ajiee Mbl IIOKaXKeM,
9TO eCJTH BBIIOJHEHB! YCI0BUs (3) U3 JeMMbl 9, TOUKH BO3BPATA ABJISIOTCS MOy KYOmde-
ckumu). B srom maparpade Mbr uccseayem nosejierue 6udypKannOHHBIX KPUBBIX H TO-
HOJIOTHIO CUCTEMBI B OKPECTHOCTH TOYEK BO3BpATa, & 3aTeM chOPMYIUPYEM H TOKAZKEM
TeopeMy Kjaccudukarun 6udypKanmoHHBIX JHarpaMM JJisi CUCTEM Ha MHOI000pa3usix
BpAaIlleHUsI.

I‘I&HOMHI/IM7 4YTO 'aMMWJIBTOHUAH CUCTEMbI UMeEeT BH]I

2 2 2
_ P Py _ br
=5 + 220 +V(r) 5 + Ug(r).

Obo3nayuM Uepe3 7 MHOXKECTBO Map BHJIA

v = {(Uk(r), k) | 3r: Up(r) =0},

rie k — mapamerp, a r — nepemennas. 13 yciaosus Ul (r) = 0 nosydaem, aro gubo

f'(r)y=V'(r) =0, oo f'(r)V'(r) >0uk =k(r) ==+ M,HOSTOMyBCJIy‘{ae
f'(r)

f(r)*+V'(r)? > 0 napamerpu3zoBannas 6udypKauOHHAA KPUBAs Y HMEET CJIe Ly IOIIi

BT
fr)V'(r) V()

2f'(r) f(r)
(r)V'(r)

rie a u b — cocennne wyau byukuuu f(r)f'(r)V’(r), rakue aro 1 o)

= {( +V(r),+ )| a<r<b},

> (0 ma wuH-

TepBaJie (a,b).

JIemma 8 (docmamounoe ycaogue pezyaaprocmu 7).
Jlas 4106020 1 u3 omrpumozo nodmnoscecmesa I unmepsana (0, L) caedyrousue yeao-

6UA PAGHOCUNABHDL!
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1) ocobas mouxa (0, k(r),r,¢) panea 1 omobpascenua momenma (u coomeememsy-
WA 0C00aA OKPYHCHOCTID) HEBUPONHCIEHA,

2) napamempusosanias GuPGypraUUONHAA KPUBLA DELYAAPHA 6 MOYKE T

3) wucao k'(r) omauuno om 0, m.e. 1 ne ABAACMCA KPUMUMECKOT MowKkol dynkyuy
k(r) na I

4) mouka v aeasemca mopcosckoll kpumuseckol moukot gyrryun Uyq(r), m.e.

"
wucno Uy, (1) omawsno om 0, ede

" - <3f/(7“>2 B f(T’)f”(?”))VI(T) " r

HokazarenbcTBo. 13 Teopembl 0 HeABHON (DYHKIMHU CJAeIyeT, 9TO €CJIH BBHITIOJTHEHO

yesoBue (2), TO JOKAJTBHO UMeeM
U;;(T)O") =0&r= T(l{?) e C*™.
JlemMma mokazana.l].

Jlemma 9 (docmamounoe ycaosue nesviposicdennocmu mouku eozepama). Jaa 2106020
npomescymra (18, 14) caedyrougue yeaosus pasHoCUAbIDL:

1) gymxuua k(r) na (r},rh) asasemea mopcoscrol

2) 6 moboti kpumuueckoti mouke ro Pynryuu k(r) na (ri, ry) ewnoanens caedyroujue

docmamoutble YCA08UA HG NOAYKYOUYECKYI MOYKY 8036PAMA:

| f(ro) #0

3) mobas nepe2ysaprad mouka r oyeu oudyprayuorHot Kpusot, napamMempusosaHHol
unmepsarom I;, asasemesa nesvposcdennoli mowkoti eozepama (a nomomy noiykyou-

weckol moukol 6038pama,).
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HokazateabcTBo. JlokazaresbeTBO 3TOM JIEMMBI SIBJISIETCS TIOJTHOCTHIO BBIUHACTHTE b
HbiM. [IpuBeieM TOJBKO WIEH0 JOKa3aTeIhCTBa SKBIBaJIeHTHOCTH yeaoBuil 2) u 3). Co-
IIACHO ompejesieHnto 10, ToOUKa 7o sSBJISETCS HEBBIPOKICHHON (MOIyKyOHUecKoii) Tou-
KOil BO3BpaTa mapaMeTpuvecKu 3aTaHHoll kpusoit (h(r),k(r)) Torma u ToJBKO TOTTA,

KOT'JJa BBIIIOJIHEHBI CJICAYIOIHue YCJIOBHUA:
h/(?"()) = O, k/(ro) = O, h///(r(])k//(?"o) — h//(?”o)km<7"0) 7é 0.

[TpsiMbIM BBIYHCTIEHIEM MTPOBEPSIETCsT, 9TO TH YCJIOBHS SKBHBAJEHTHBI YCJIOBUAM (3) Ha
sddexrusubiit norernuan Uy (r).0]

KommenrTapuii. Ecau ,’C’(’m)(rg) =0, no cywecmeyem m > 0 makoe, 4mo UIEZLB))(TO) #+
0, moada mouka ry 6ce pasHo bydem HesuPONHCIEHHOT MOYKOT 8036PAMG, 0OHAKO YHCE
HE NoAYKYOUYeCcKoT.

N3zobpaszum cxemaTudecku noseaenne rpaduka pyHkmun 3hheKTUBHBINR TOTeHITHAT
Ug(r)(7) m 6udypxamuonnoit Kpusoii B okpecTHOCTH TOUKH Bo3BpaTa. Oyukius Uy (T)
nMeeT JIBa JIOKAJIbHBIX 9KCTPEMYMa — TOUKY JIOKAJIHHOIO MaKCUMyMa U TOYKY JIOKAIb-
HOTO MUHUMYMa (KOTOPBIM COOTBETCTBYIOT THIEPOOINIECKasT U SJLIUITHYCCKAs KPUTH-
4ecKue OKPYzKHOCTH Hy—g(ry)). SHaUUT, B ciydae, KOrja ’;/(/TO)(TO) > 0, rpacuk PyHK-
uun Ug(r) umeer suj, noxasanusiii na puc.4a (ecau U, 1 (ro) < 0, To obnactu Bozpac-
tanus u yobBanusg Gyuimn Uy (1) MEHSIIOTCS MeCTaMu).

Caencrsue 1. Cozaacto aemmam 8 u 9, ecau dynrxyus k(r) asisemes mMopcosceroti
Ha at0bom unmepsane I;, mo awbaa Hekpumueckan mouka r pynryuu k(r) aeisemes
PERYAAPHOT MOUKOT NAPAMEMPUI08aHHOT bUPYpRaUUOHHOT KPUBoT, a4 6ce ee Kpumu-
YECKUE MOYKYU T ABAAIOMCA NOAYKYOUMECKUMU MOUKAMU 60368Paa bUPYpraUUOHHOT
Kpusotl, m.e. OUPYPKGUUOHHAA KPUBAA COCTNOUM U3 PE2YAAPHLLT MOYEK U MOUEK GO3-
8pama.

N3 gemm 8 u 9 cieayer, 9T0 TOYKA, YIOBJIETBOPSIONIAS YCJIOBHSM ITHX JIEMM, sB-
JISIeTCST TOYKON BO3BpaTa. 3HAYUT, JIOKAJHHO BeTBH OH(YPKAIMOHHONW IHAIPAMMBI B

OKPECTHOCTH TOYKH BO3BpaTa BHINILIAT Tak, Kak moka3ano na puc.4db. B mpoobpaze

TOYEK U3 00J1aCTU, HAXOAdIelcsa BHYTPHU “KJII0BA”, YUCJI0 TOPOB JIMyBU/LIA HA €TUHUAILY
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Gosbiiie, YeM B IpooOpase TOYeK, HAXOASIUXCs CHapy KU “K/aoBa” (cM. puc.4b).
Tenepn onpegennm, Kakasg U3 TUX BETBEil OTBeYaeT SJLIMITHIECKOH OCOOEHHOCTH,

a Kakasl — IHIepPOOoJInIeCcKO.

U k

ell.

m T2 2
(m+D)T
m+1)T; hyp.
mT? mT?

hyp.

/.\ / ‘f‘ el. hyp. ‘h

ell.

a) b)

Puc. 4: a) rpaduk dynknuu Ui b) kuiobl Tunos 11 (caesa) u I (cupasa).

Jlemma 10 B okpecmmocmu mowku 6036pama peeyispHul ywacmor oudyprayuonmot
Kpusot, COCMOAWUL U3 Touer, 0MEewaowur amomy A, aesxcum sesee pezysapro2o

yuacmra oudyprayuontol Kpueot, CoCMoAULe20 U3 MOYer, 0MBEeYaUUL amomy B.

HdokazareabcTBo. [Ipu dhukcupoBanHoM 3HaYeHUU MapamMeTpa l;:, OJIM3KOM K HYJIIO U
taxom, o f'(r) - k < 0, npu yseaugenun sseprun H = h, npu npoxozxienun h de-
pe3 MOPCOBCKHI JToKabHblit MurmmMym ho dbymxmun Ug () BosHEKaeT HOBadg 06/1acTh
BO3MOZKHOCTH JIBUZKEHNsI, OTBedaomas 3uadennio k (To ecTh, TOUKe JOKATBHOTO MH-
auvyma pynknmn U (1) orsedaror Touka (ho, l%o) Ha 6udypKaIMOHHON KPUBOH U aTOM
A — snTHyecKast KpUTHYECKask OKPY2KHOCTD paHra 1 0ToOparKeHns MOMEHTA. )

[Ipu manbHelineM yBeIUYIeHUH YPOBHS SHEPIUE h, TPH TPOXOXKIEHUU h depe3 MOp-
COBCKHIl TOKasIbHBIA MakcumyM ho pyrknuun Uy (r) aBe 0bs1acTu BO3MOKHOCTH JIBUKE-
HUsI (B TOM 9HCJIe YIOMAHYTas Bbile) caupatorces B oany. (To ecTb, ToUKe JOKATHLHOTO

maxcumyma dynxinuu Up (r) orBedator Touka (hy, /;;0) Ha OHdypKaIMOHHONR KPHBOH 1
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aroM B — runepbosinueckas KpuTHYeCKas OKPYKHOCTH paHra 1 orobpazkeHust MOMEH-
ta.) [J.

Caenyioniee yTBep:KIeHHE sIBJISETCS KPUTEpHEeM Pa3/Indus “KJIIOBOB' .

JIemMma 11 Cywecmeyem uembipe KaUecmeeHHo pa3AuMHbLE MUna nosedenus ougdyp-
KayuonHoll Kpueoli 6 OKpecmHoCy, MOYKU 6036PAMA, KOMOPHE ONPEICAAINOMNCA 3HA-
kamu gynrkyud h"(r) u k" (r) ¢ mouke sosepama ro: caywau h'(ro) > 0, k" (ro) > 0
(A0KAADHO MBL UMEEM HA OUPYPKAUUOHHOT JUAZPAMME HEBBPONHCIEHHYIO TNOUKY 603
epama muna 1) u h"(ro) < 0, k" (rg) < 0 (umeem nesviposicoennyro mouky 6036pama

muna II) (cm.puc.5) u noayuaemovie U3 HUT OMPAAHCEHUEM OMHOCUMENLHO 0CU h.

Hoxkazareabcro. Cornacuo xkuure [1.K.Pamesckoro [34] (rrasa 1, §7), B okpect-

HOCTH TOYKH BO3Bparta dbyukuuu h(r) u k(r) umenor B

() = SR (ro)(r = 10)” + o{(r = ro)?), K(r) = K" (ro)(r = 10)* + o{(r = o)),

T.€. JoKabHO dyukiuu h(r) u k(r) — 1o napabossl. [Tosromy, nanpumep, npu h”(ry) >
0 u k"(ro) > 0 mpu mojxome K Touke Bo3Bpara ciesa (r — ro — 0) dynkunu h(r) u k(r)
yObIBAIOT (AHAJOIHYIHO TIPH T — T'g + 0) (DYHKIMH BO3PACTAIOT. 3HAYUT, B 3TOM CJIyYae
nMeeM KJIIOB Tuma [.

AHasOrHIHBIME paccy K AeHnAME moydaeM, 9o upu b’ (rg) < 0 u k(1) < 0 numeem
k0B Tuma 1.

Tax Kak BeKTOp ckKopocTH OndypKauoHHON KpuBoil mpu k > 0 Bcerga JIe:KUT B
epBOii WM Tperbeil YerBepTH, Apyrux HabopoB 3HakoB dyukimi h”(rg) u k”"(rg) B

BepXHeil ToJIyIIOCKOCTH ObITh He MOKeT.[]
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ALELTLLLTTE,

7777177777

h

Puc. 5: Kuios: a) tuna I; b) tuna II.

B cnenyiomeit TeopemMe MBI OIUIIEM CTPYKTYPY OMMDYPKAIMOHHBIX JHATPAMM 00IIe-

ro BU/A.

Teopema 4 (kraccudukayus GuPyprauUOHHUT JUAZPAMM CUCTIEM HG MHO2000PASUAT
epaweru). Paccmompum HamypasoHyto MeLAHUNECKYI0 CUCTIEMY HA MHO02000pa3UL
epawsenus M, zadannyro napoti dynxuud (f(r),V(r)),r € [0, L]. IIpednososcum, wmo
BUINOAHEHDL CACOYIOULUE YCAOBUA:

a) pynryua f(r) — dynkyus Mopca na unmepsane (0, L), dynkuyua W (r) — Pyrk-
yus Mopca na ompesxe [0, L] (nanommnum, wmo W(r)|jo ) = V(r)) (omeroda, 6 wacmmo-
cmu, caedyem, wmo muozoobpasue M umeem Aub KOHEWHOE YUCAO IKEAMOPOS (Mm.e€.
mouex r, makur wmo f'(r) = 0), m.e. gynxyua f'(r) umeem auws KoHeurnoe “UCAO
nyaet na (0,L))

b) V'(r)* + f'(r)*> > 0 na (0, L)

ITycmp i — ece maxue mouku, 6 komopuiz aubo f'(rl) =0, aubo V'(ri) =0 (j =
1,2),20er? =0<r)=ri<ri<ri<ri<...<ri<ri<---<r)=ry<rl=L.

Pacemompum napamempuzosantyio Oudyprayuonnyio Kpueyro, 0yeu komopot onpe-

denenvl Ha NPOMENCYMKGT

Toz0a evinoanero caedyrowee:
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1) napamempusosarnas 6uPyprauuonnas 0y2a Pe2ysapHa 6 OKPecmHOCmU 4106020
Korua 1106020 unmepsana (ri, ry)

2) ecau dynryus k(r) = £ % na I; asasemces Mopcosckoti, Mo napamempu-
306aHHAA OUPYPKAUUOHHAA JY2a He UMEEM MOUEK HAGKONAECHUSL HEPELYAAPHOIL MOYEK
(m.e. pynryua k(r) umeem Auuws KOHEYHOE YUCAO KPUMUYECKUT MOYEE), U KaHcOasa ee
HEPE2YAAPHAA MOUKA ABAACTNCA HEBWPOHCIEHHOT MOoYKol 6036pama (omeymemeue mo-
wex HAKOMAEHUA 03HAMAEM, YMO 6 Kacdol ozpanudennots obaacmu naockocmuy (h, k)
budyprayuonmsie 0yeu UMENM KOHEYHOE YUCAO MOYEK 6036PAMA);

3) ecau k(r) — dynxyua Mopca na (ri,ry), mo mouxu eozepama deasm 6Gudyp-
Kayuonnyro dyey Ha “pezyaapume yuacmru” dsyxr munos (muna A — Tsasunmune-
ckan” u muna B — "2unepbosuneckan”), xancowl uz Komopur asasemces o0pazom 1-
NAPAMEMPUIECKO20 CEMETCMBA IAAUNMUNECKUT UAY 2UNEPOOAUNECKUT (COOMBEMCMEEH-
Ho) okpyotcrocmetds panza 1 npu 0mMoBPaNHCEHUY MOMERMA, NPUYEM MUNDL PELYAADHVLL
yuacmxos (noddyz) wepedyromes 60046 dyeu, makx wmo 6 Masoll oxpecmuocmu 110607
MOYKYU 6038PaMa Ae8as Noddy2a, NPuMvkaOwas k¥ amot mouke, umeem mun A, a
npasas — mun B; mun dyeu nocmoanen edoav ecetll noddyau.

4) Bugyprayuonnas duazpamma cocmoum us dye mpex munos: “napabosa”, “karos”
uAY “aynra’

a) ecau f'(ri) = f'(rs) = 0, mo dyea, napamempusocannas unmepearom I;, umeem
mun “karos6” (em.puc.3b);

b) ecau f'(ry) =V (ry) =0 (uau V'(rl) = f'(ry) = 0), mo dyea, napamempusosan-
nas unmepsanom 1;, umeem mun “napaboaa” (cm.puc.Sa);

c) ecau V'(rt) = V'(ry) = 0, mo dyea, napamempusosannas unmepsarom I;, umeem
mun “aynra” (em.puc.3c);

B moukax r, 2de V'(r) = 0 budyprayuonmvie dyeu A6AAOMCA 2AGOKUMU.

5) Hapamemp r na budyprayuonnot dyee sedem cebs caedyrouyum obpasom:

a) na dyze muna “kKar0e” npu yeeaunenuu T 0m i do nepeoti mouKu 6036pama npu
V'(r) > 0 na (ri,r}) napamemp “npobezaem” dyey muna B, udywyio us Geckoneurno-

cmu, 3amem ece ocmaswuecs dyeu; npu V' (r) < 0 deusicenue no dyze npoucrodum 6
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NPOMUBONONOHCHOM HANPABAEHUL;
b) na dyee muna “napabora” npu yeesunenuu r om i do 15, ecau V'(ri) =0, mo
13 2 i » <
napamemp “npodezaem” “napabosy’, HauuHas 0om mouku, Aexcauiet Ha ocu h, U yrods
6 Geckoneunocms no budyprayuonnot dyeze; ecau V'(ry) = 0, mo deusicenue no dyze
NPOUCTOOUM 68 NPOMUBONOAOHCHOM HANPABAEHUU;
¢) na dyee muna “aynxa’ npu yeesunmenuu v om i do nepeoti MouKu 6036pama
napamemp “npobezaem” wacmo “aynxu’, navunas om mouxu ((V(rt),0)), aescawseti
na ocu h. T.e. npu V'(r) > 0 na (r},r) napamemp npobezaem “aymnxy”, deuzascv om
mouxu (V(ri),0) no dyee muna A, samem no dyze muna B do mouxu (V(r3),0); ecau

V'(r) < 0, mo deusicenue no dyee npoucrodum 6 npomusonosoHCHYIO CTNOPOHY.

f(n

V()

=
=
=3

a) re (il f/rh=v/(rd=0 b rerdrd): f'adH=1"1d=0 0 rer3r3l: V'(rd)=V'(r3)=0

Puc. 6: Tunsl 6udypKanuonubx ayr: a) moseaenue Gyukiuit f(r) u V(r) B okpecTHOCTH
Touex % b) ayra tuma "mapabomra”: r € (ry, 3]+ f'(r)) = V'(r3) = 0; ¢) ayra Tuma
"kmoB: T € (r3r3) : f'(r?) = f'(r3) = 0; d) ayra tuna “aynka”: r € [r? 3] . V/(r?) =

V'(r2) = 0.
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JlokazaTeabCTBO.
JHoxkazkeMm myHKT 1).

Bsesiem Bcomoratesbuble OyHKIUN

1 k2 (r) V'(r)

2o T T TRy

Mnst Toro, uTo0Ob KpuBas Obiia peryspha B U(r}), Hago uTo0b npu 1 — ;5 Gynxmus

a'(r) we crpemmiaach K 0.

B V'"(r)F'(r) = V'(r)F"(r)
F'(r)?

a(r)=

Mycrs r — rh w myers F/(rl) = 0.
Tax xax F(r) — dbyuknua Mopca, to F”(r%) # 0. Takxe V'(r}) # 0.

[TosToMy B OKpeCTHOCTH TOUKHU 7“;-, TTOJIOKUB T =T — rj», nMeeM:

F(f) = Qo + CL1f2 + 0(7:2), V(f) = C + le + Cgf2 + O(fz), aq 7& 0, C1 7é 07

_202-2a1f—(c1+20277)2a11: — o 50 7& 0

(2a17)2) 2a17

noyromy a'(7) ~

Ilycts Temeps r — 0 (amagornano r — L):
V'(0) =0,F'(0) =1, u V"(0) # 0 (V(r) — dbyuxmus Mopca) Ho3TOMY B OKPECTHO-

cru 0 umeeMm
F(ry=ay+1-r+ asr® + 0(7“2), V(r)=co+ cer? 4+ 0(7“2)7 c1 #0,

/ _ 2cir-2a1—2c1(2a17+1) o
nosromy a'(r) = aar 1172 lr—o = —2¢1 # 0.

IlyukT 2) caemyer w3 MyHKTOB 1) U 2) JJeMMBI 8 U U3 JIeMMBI 9.

[Tyukr 3) caemyer u3 jemmbl 10.

JlokazkeM myHKT 4).

Ecnu ma xommax warepsana (ri,ry) @ f'(ri) = f'(ry) = 0, To npu r — ri(r})
nmeeM k(r) — +oo. Crenosarenbro, u H(r) — +o0o. To ectb 06a KOHIIA COOTBETCTBY-
totet 6upypKanMoHHOi KPUBOil yX0JAdT HA OECKOHEYHOCTD 110 00eMM KOOP/IMHATAM IPHU
cTpeMjieHun r K KoHuam unrepsaja (ri, ri). 3Haunt, Mbl umMeeM Ha GudypKAITOHHOM

JuarpamMMe JIyry THUIa “KJIoB .
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[Tycrs na kounax unrepsasa (ri,rs) @ f'(ri) = 0,V'(r}) = 0. Torma k — +o00
u H(r) — +oo npu r — ri, re. dudypkaluonnast jyra OJHUM KOHIIOM YXOJUT Ha
GeckonewHocTh. A npu r — 4 noaywaem k — 0, H(r) — H(rl), T.e. apyroii Kouemn
OmdypKAIIMOHHON JyTd — 3TO TOYKA, JiexKaliasg Ha ocu h. B aTom ciaydae mMmeeMm Ha
OudypKaIMoOHHy0 Ayry THIA “rapabdosia’.

Hakonen, ecm V'(r}) = 0 u V'(ry) = 0, To 06a kouna 6udypKannoHHO# ayTH 11st
uaTepBana (r}, rh) mexar Ha ocu h. DTOT caydail OmHCBIBAET AYTy THIA “TyHKA’.

[Tokazkem Temnepb, 4to B Toukax 7, rae V/(r) =0 u r # r(P) (P — nouoc), 6udyp-
KaIlluOHHbIE JAYT'U TJIaJKHE.

Ilycts V'(ry) = 0. Tormga f/(ry) # 0. B repmunax dbyukuuii F(r) u V(r) 6udypka-
IIMOHHBIE JIyTH IAPAMETPUUECKH 3aIaI0TCs CJIeLYIOIMM 00pa30M:

V()
=R

, H(r)=a(r)F(r)+ V(r).

B rouke r; umeem V'(ry) = 0, mosromy a(ry) = 0.

B rouke r; nmeem V'(ry) = 0, mosromy a(ry) = 0.

a'(ry) = — Z:jg:ig # 0, m.x. V (r) — dynknusa Mopca. Ciie10BaTeIbHO, MOXKHO C/IE/IAThH
sameny h = h(a) = h(k?).
Nmeem a = 0, 1. = al. - F # 0, caeposarensuo, h(k?) ~ c - k2.
hl

Tak kKak h!, = = = F > 0, To h ~ a ~ k% 3Ha4nT, B TOUKe 7, Jyra UMeeT BU]I
a al. ’ )
k) = k? 7
a(k) = k*, mosToMy B 9TOI TOUKE JAyra TJIaTKasl.

JlokazkeM IyHKT 5) TeOpembl.

a) [lng myrm trna “kmios” Ha KoHIAx obsactu onpeenenns (ri, rh) mveem f'(rl) =
f'(rs) = 0, nosromy dpyuxuus k(r) BEIISIAT Tak, Kak Ha pucyHke 7a. [Tycrs V/(r) > 0
na (ri,r}). M306pasum cxeMaTu4ecKu, 1oJb3ysch jgemmoii 4, rpaduk dyuxuun Uy, (1)
JUIs HeKoToporo kg > k*, rae k* — naumenburee snavenue pyukuun k(r) ma (ri, rh).
I'pacduk nokazan Ha pucyske 7b. Jlokanpusiii MuaumyM dyukuuu Uy, (1) coOTBETCTBYeT
TOYKe Ha jyre tuna A 6ndypKanuoHHON KpHUBOii, JOKAIBHBIA MaKCHMyM — TOYKE Ha
ayre tuna B. Mbr Bugum, aro npu H = hjyemi, 3HaUYeHune napamerpa r O0JbIIe, dem

upud H = Rjpemaz, T.€. Iepecekas “KaoB” npsaMoit k = kg, nepecedenue ¢ jiyroii tuma B
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HPOUCXO/UT IIPU HAMMEHBIIEM 3HAYeHUN HapaMerpa r. 3HAYUT, JBHKEHUE 10 “KJIOBY

HadnHaeTCs u3 GeckoHedHocTn no myre tuna B (em.puc.7d). Tlpu V/(r) < 0 umeem

JIBUZKEHUe 10 “KI0BY” B MPOTUBOTIOJOKHOM HApaBIeHUH (CM.puc.7¢,e).

k(r)

a | |
kot — |
g B !
: Lo
rhor r irh
Uy | |
b) /\/ r r
V>0 | | d) B ="
3 A
! ! r h
rion 2 i
Uy | |
! B | A
©) | / \ -~
| | r r2
V<0 \\ e B 77

h

Puc. 7: nosejenne napamerpa r na oudypKaimoHtoi jgyre Tuna KJoB’ .

b) Mycrs ast gayru tuna “napadosia’ V'(ri) = 0. B srom ciyuae nosejenue QyHk-

unn k(r) mzobpazkeHo Ha PUCYyHKe 8a, T.e. B Masofi okpectHocTn (18,7 + €) mmeem

K'(r) > 0. Cornacuo jiemme 5, B 910i okpectHoctr h'(r) > 0, HO3TOMY BEKTOP CKOPOCTH

Ha “mapabose” Ipu ABUKEHUH OT €€ “BepIIUHbI , JeKUT B epBoii YeTBepTH. T.e. yBeau-

YeHue napamMeTpa r HauMHaeTcs oT BepiuHbl (cMm.puc.8b). B cayuae, ecom V'(ry) = 0

MMeeM JIBHZKEeHHEe B MPOTHBONOJIOKHYIO cTOpOoHY (cM.puc.8c,d).
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a)

¢

k(r)

b)

r

k

k(r)

Y,

d)

(o) h
k
(

V(-0

//

W - - - — = = —

3

MIN‘\”

Puc. 8: nmoBejienne nmapamerpa r Ha 0udypKaimoHHoi jayre Tuna ‘napabosia’.

¢) Ilycrp ma myre Tuna “nyHka’, onpeeeHHONl Ha uHTepBase (1), rh), BHIIOIHEHO

yeaosue V' (r) > 0. TTonb3ysich aHAJIOTMYHBIME [IYHKTY &) PACCYZKICHUIME, TOJIYUYAeM,

YTO IIpU YBEJIHUYCHUU IMapaMeTpa " ABU2KEeHUE 110 AyIre Ha4uHaeTCd U3 TOYKHU, J'IG)K&H.[G?I

Ha ocu h, no ayre tuna A. Ilpu V/(r) < 0 gBuzkeHue 1o jyre MPOUCXOIUT B MTPOTHBO-

MOJIOZKHYTO cTOpoHy (cM.puc.9a-e).[].
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A k(r)

a)
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KoK Ko » (vin), "

o) (Vi)

oy

Puc. 9: nosesienne napamerpa r Ha O KAIIMOHHON JIyre THTa JIYHKA .
ol y 1T, Ay y

OTMmeTnM, 9TO eCan [IJis HEKOTOPOro 3Ha4YeHus kg CYIIeCTBYeT OOJIBbINE ABYX TOUYEK
JIOKAJTBHOTO MAKCUMYMA 7;, B KOTOPBIX 3HaueHus dpyHkuun Uy, (r;) COBIAIAIOT, TO €CTh
Ha GudypKAIMOHHON KPUBOii 1 Ha 6udyPKAIMOHHOM KOMILTEKCe (cM.ompejiesienue 22) B
HEKOTOPOI TOYKe TepeceKaloTcs O0JbIne AByX JyT Tuiia B, To B npoobpase 3TOil TOYKU
OoudypKaIMOHHON JrarpaMMbl B (pa30BOM IMPOCTPAHCTBE MPOUCXOIUT FUIIePOOTHIeCKast

nepecTpoiika, umeromas tumn Vi, (eM.iemmy 21).

Hasee 6yaem caurars, uro napa dyuxnui (f(r), V(r)), 3apaomux cucreMy Ha MHO-

roobpa3um BpallleHusi, yJI0BIETBOPSIET BCEM YCJIOBHSAM TeopeMbl 4.
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1.4 AnaJu3 B3aMMHOT'O PACIIOJIOXKEHUS Ayr O0mudypKarmoHHOI

AuarpamMmMmbl

B sTom naparpade H3yduM BOIIPOC O B3AUMHOM PACIOIOKeHNH On(ypPKAIMOHHBIX IVT:
00 UX TepeceveHud IPYT C IPYTOM U O CaMOIePeCeYeHn .

U3 reopemsbl 3 ciepyer, 9To TOYKH Bo3BpaTa — 310 Touku (h(r*), k(r*)) rakue, aro
E'(r*) = 0. Takum 06pa3om, peryjsipable 4actu 6udypKanuOHHONR KPUBOii 3a/1aHbl HA

obJlacTn
N-1

RG]

i=0
e ry = T1, Ty = T2 ¥ KakKJIOMy HHTepBaIy u3 (7,77, ;) OTBedYaeT IajKas KpHBas
¢ KOHI[AMH B TOYKaxX BO3Bpara (B C/JIydae LEePBOrO U IOCTIEIHEr0 HHTEPBATIOB OJUH U3
KOHIIOB KPUBBIX MOYKET YXOTUTH B OECKOHETHOCTD).

OrBernM Ha CJIeyIOIIHe BOIPOCHL: MONHCEM AU KPUSAA, ONPEIEACHHAA HA UHMEPBANE
(15,77,1), Camonepecesamoca? Mo2ym Al NEPeceramuvCa KPushie, ONPedeseHnble Ha, Co-
CeOHUT UNMEPBANAT? MOZYM AU NEPECEKAMBCA KPUBHIE, ONPEJEAEHHBIE HE HA COCECORUT

UHMEPBANAT Y MO2YM AU MEPecekambea beckoneunvie "reocmu,” kpusotl 6udyprayuom-

HOT dua2pammvl NPU OOALUWUT 3HAUEHUAL IHEpuy h?

JIemma 12 [Toddyea budyprayuonnot kpueot (cm.onp.12), onpedesennan na unmep-

sane (77,77, 1), HE MOIICEM CAMONEPECERANDCA.

HoxkaszareabcTBo. [lycrs kpusas camouepecekaercs (cm.puc.10), Torna Ha Heil cy-
MIECTBYIOT TOYKH, B KOTOPBIX BEKTOD CKOPOCTH He MPHHAIICKUT | WM 3 YerBeprH.
Ilosryuaem npoTuBOpedne C yTBEPIKIeHIEM JIeMMbl 5. [leifcTBUTeIbHO, ec/ii KpuBast ca-
MOIIEPECceKAeTCsI, TO ¥ Hee CYIeCTBYIOT TaKWe J1Ba 3HAUCHHs mapamerpa to,?;, Taknme
aro ¥(tp) = 7(t1). Torga xors 6B B KaKOH-TO TOUKe Ha OTPe3Ke [ty,t;] KacarTesbHbLi

BEKTOP 00s13aH Oy/IeT BBINTH 3a Mpejesbl mepBoil uin Tperbheit yeTrepru. L.
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Puc. 10: 6udypxamunonaas ayra ¢ camorepecedeHrneM

JIemma 13 Cocedrue noddyeu odnoti u mot sce dyeu budyprayuonnol kpusot (m.e.
dyeu, onpedesernbie Ha COCCORUT UHMEPBANAL, Pa30eAeHHT MOouKoll 6036pama) He ne-

pecerarnmces .

Hoxkazareascrso. [lycrs k(a) = k(b) = ko, tne a,b — 3HaveHusr mapamerpa 1 ¢
COCETHUX WHTePBAJIOB (CM. PHCYHOK 11).

Ha unrepsane (a,b) rpaduk dbyuxnmm k(r) HAXOAUTCS TOTHOCTBIO MO TpsMOit k =
ko, nub0 moHOCTBIO Ha Hefi (T.K. a u b — coceane KopHu ypaBHeHus k(r) = ko B cuty
TOrO, 94TO 3T TOYKU OTBEYAIOT coceTHUM KpuBbiM). Torma mo semme 4 dyukius Uy, ()
monotonHa Ha (a,b). (em. puc.11), mosromy Uy, (a) # Uk, (b), TO ecTb He cyrmecTByer
3HAYCHWH @ ¥ b napaMeTpa 7, IPUHAICKAIINX COCEIHUM IO UaTepBataM, 9ro k(a) =

k(b) u h(a) = h(b) omHOBpeMeHHO. DTO N 03HaYaeT Tpedyemoe.[].

k()

K2 |
LTy
a b i i r
Ui U@ 1
N ! |
/ | | ! y
NU(b)
BRIERIEERY
a b r

Puc. 11: wuocrpanusa x jiemme 13.
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JIemma 14 Pezyasapnvie yuacmru (noddyeu) oonod u mot sice dyeu budyprayuonnot
KpuBotl, He ABAAOULUECHA COCCOHUMU (Mm.e. HE uMmeruue 0bulell MoKy 8036paMa), Mo-

cYym mnepecexamviA, nNpuem Moy NeEPeECEraImMbCA dyZU 6Ce603MOANCHHT munos: A ¢

A, AcBuBc¢B.

HokazareabcTBo. [IpuBejeM npumepbl, KaK MOTI'YT BBINIAAETH rpaduru GyHKIuni
k(r) n Uy, (r), 9T00bI peain30BbIBATHCH BCE BUJBI IEPeCedeHnii IyT: CM. PHCYHOK 12a,b,c.
bBudypkanunonnas KpuBas, peaausyollas cpa3y BCe THIBI IepecedeHnil, MToKa3aHa Ha

pucyuke 12d.0L1.

K2(r) K2(r)

o IS |
1 K 1 K
U, ! P U, ! :
NI AL T
! / ,;«"
r r
a) b)
K2(r) ‘
’ |
ir
Ui(M !

C) d)

Puc. 12: a)-c) Bozmozxmbiil Buj rpadukos byuxmuit k2(r) u Uy, (r), peaausyiomux pas-
JIMYHBIE THUIB Tlepecedenus: OudypKrauonubix ayr; d) 6udypkannontas Kpusas, pea-

JIU3YIOIIAs BCE BO3MOYKHbBIE THIIbI llepecedeHus OudypKaruOHHbIX JIyT.
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JIemma 15 Jlea beckoneunnx “reocma” (m.e. 064 HEOZDAHUNEHHOIT PELYAAPHBIT YHACTM-
Ka) 00notl u mot sce dyeu budyprayuonnol kpueol (smo dyza muna "ka08”, Mmak Kax
xeocmol napaboin,”, 0ue8UIHO, HE NEPECEKAIOMCA 8 CUNY MO20, YIMO AEAHCAM 6 PA3-
HOT NOAYNAOCKOCTNAL) HE NEPECEKAIOMCA NPU OOALWUT 3HAYEHUAT k, @ 3Hauum, U
npu 60ALWUL 3HANEHUAT FHepeuy h (mak Kax “reocmo,” yrodam Ha 6ecKOHEUHOCMb N0

h u no k odnospemenno).

HoxkazarenbctBo. Hapucyem tunmanbiii Bug rpaduka dbyaknun k(r) Ha wHTEpBase
(r1,72). DTa GYHKIUS MOXKET HMETh HECKOJIHKO JIOKATBHBIX IKCTPEMYMOB HA 9TOM HH-
tepBaje. Pukcupyem 3uadenue kg 60abIIee caMoro H6OJIBIIOT0 JIOKAJIHLHOTO MAKCAMYMA.
Torna rpacduk nepecekaercs ¢ nupsamoit k = kg pOBHO B JIByX TOYKaX, KOTOPbIe COOTBET-
CTBYIOT 3HAYEHWSM @ W b apamMerpa 7, IpuIeM r = @ MPWHAIeKUT MePBOi TIaIKOH
Jyre OudypKaIMoHHONU KpuBoit, a r = b — nocJenneit. B cury Toro, 4ro nepecedeHuit

POBHO JIBa, HOJIb3YSICh JileMMOit 4, mostydaem, aro Uy, (1) MoHOTOHEH Ha nnrepsase (a, b),

novromy Uy, (a) # Uy, (b) u, 3naunr, h(a) # h(b) (cm.puc.13).00.

k%(r)

K

Ui (N
ko /U(a)

Puc. 13: wuroctparusa x jiemme 15.

Tenepsb oTBeTHM HA BOIIPOC: MO2YM AU NEPECEKAMBCA MEAHCIY 0001 pasiusHbie 0y
bupyprayuonnot Kpusolt (m.e. dyeu, NAPGMEMPUIOEAHHBIE DA3HUMU UHMEPEaraMU I;

obnacmu I usmenenua napamempa oudyprayuornot xpueot)?
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Jlemma 16 /Jlse dyeu 6udyprayuonnotl xkpusot, napamempuso8aHHbe UHMEPSANLMU
(i, 7r8) # (], 1)) moeym mpanceepcanvro nepeceramuvca na Oudyprayuonnot duazpam-
1: 72 1,73 Y 7 14 D ypray p
Me, M.e. UMEMDL 00WYI0 TMOYKY, NPUNEM MO2YM NEPECEKAMBCA M0OBLE UL PeYAAPHDLE

noddyeu: A c A, A ¢ B, B¢ B.

JokazareanbcTBO. llepecedyenne AByX Jyr O3HAYAET, UYTO CYIIECTBYIOT 3HAYEHUS @ U
b ¢ pasHBIX OTPE3KOB 00JACTH ompejesenus, Takue, 4to k(a) = k(b) = ko. Hapucyem
Uk (7). Mbt x0TEM, 910681 Uy (@) = Ugy(b) — TO €CTh MBI XOTHM COBIQJIEHHS 3HATE-
Huil B JIBYX JIOKAJIbHBIX 9KCTpeMyMax rpaduka Uy, (1) (T.K. IMEHHO TOUKH 5KCTPeMyMa
Uk, (1) siBasitorcst perenusivu ypasaerust k(r) = ko). Ha pucynke 14a npuBenen npu-
mep rpaduka Gyuaknuu Uy, (1), 17151 KOTOPOro Peau3yoTcs BCe THIIBI TIepeceIeH il JIyT,
yKazaHHble B yciaopuu. Ha pucynke 14b mpusenen mpuMep KpuBbIX Ou(YpPKAIMOHHOR

amarpaMMbl, uMeronux nepecedenns: ayr A-A; A-B n B-B.[.

Ui, (N
h \ max  max N\
A mx NN\ N[ T\

h

<
<

a)

b)

Puc. 14: Bepxuuii pucynok — rpadux dyukiun Uy, (1), 158 KOTOPOro Pean3yoTcs Bee
THUIIBI TIepeceYeHuil YT U3 YCJIOBUs JeMMbI 16; HUKHU PHCYHOK — 9acTh OM(YpKAIy-
OHHOM JHarpaMMbl, oTBedaomas rpaduky dynkmun Uy, (7) 1 peagnsyioniasi Bce THITI

nepecedeHunii Ayr u3 ycJOBUI JJeMMBbl 16.
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BreiBox. B naparpadax 1.2 u 1.3 ucciieioBano, u3 KaKux TUIOB JIyT MOXKET COCTO-
arh OudypKanuonnas guarpamva. B naparpade 1.4 u3ydeHo B3auMHOe PaCioIOKeHne
stux ayr. Kak ciencrsue, OudypkalnnoHHble TUarpaMMbl, TPUBeIEHHbIE HA PUCYHKAaX,
UJLTIOCTPUPYIONTUX TeopeMy 4, He eIMHCTBEHHBIC BO3MOYKHBIC. BO3MOXKHBI TAK¥Ke JIIO-
Oble “reBesieHns’ ATUX JUATPAMM, JIOMYCKAIOIINEe BCEBO3MOYKHbIE TIepeCcedeHns] KPUBbIX

JpPYT € JIDYTOM, YJ0OBJeTBopstoniue jemMmaMm 12—-16.

1.5 Cuayuaii 00111€T0 MOJOXKEHUS

B upenpiaynmx naparpadax Mbl HOJTHOCTBIO HCC/IEI0BAJIA yCTPORCTBO OudypKaImon-
HOI arpaMMbl JI)Tsl CHCTEM Ha MHOT000pa3usax Bparnenus. Hama maabHeifmas meab —
HAYUYHUTHCS 110 OMYPKAIMOHHON JuarpaMMe BOCCTaHABIUBATH OM(DYPKAITMOHHBIH KOM-
mwiekc (cM. omnpenenenue 22). HamomauMm, 9To B miaBe 1.4 GbLIN OMUCAHBI BCEBO3MOK-
Hble THUIBI B3AUMHOTO DPACIOJIOKeHUs OudypKAMOHHBIX KPuBbIX. OHAKO HEKOTOPHIE
HeycroliunBbie KoHbuUrypanuu Jayr 6udypKanuoHHON TuarpaMMbl (T.e. Te KOH(MUrypa-
WU, KOTOPBIE MAJIBIM IeBeJIeHHeM U3MEHSIOT CBOM THUIT) Mbl PACCMATPUBATD He Oy/IeM.
JLJ1s1 3TOrO HUZKE MbI OIIPEIe UM CJIydail obiero nojioxkenus. Paccmarpusas ciydail 00-
IMEero MOJI0YKEHN, Mbl OTOPACHIBAEM T€ CUTYAINH, KOTAa 6udypKAIMOHHAS THATPAMMA
HEYyCTOMYNBA OTHOCUTEJILHO MAJIbIX IIeBEeJCHUH.

Hamomunm, uTo Takoe 6udypKannoHHbIit KoMILTeKe. OH sBIsgeTcss 06001IeHneM mo-
HaTHs OMYPKATMOHHOIN [MarpaMMbl. 3aMeTHM, 9TO B 00pa3e 0TOOpazKeHusl MOMEHTa
MOTYT OBITH pery/gphbie 3uadenus (h,k), KOTOpPbIM COOTBETCTBYeT OoJiee 4eM OIHA
CBSI3HAZ KOMIIOHEHTA (TOp) MHTerpajsbHoro Muorootpasus My, = @~ 1(h, k). D1o MoxK-
HO MHTEPIPETHPOBATH CJeAyIonmUM o0pa3oM: Haj TO4Koil (h, k) mmeercss HECKOJIBKO
PA3JIUIHBIX AUCMOE 00/IACTH BO3MOKHBIX 3HAUEHUN WHTErPAJIOB. fICHO, 4TO 3TH Jiu-
CTBl MOT'YT CKJICMBATBCA TOJBKO BJ0Jb OMpYpKAUOHHBIX AyT. COBOKYINHOCTH CKJIEEH-
HBIX JINCTOB ¥ JyT HA30BeM Oudyprauuorhvim Komnaexcom (moapobuee cM. B paboTax

A.T.®owmenxo 2], [3]). Jagum Temeps crporoe ompeaeaeHue.
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Onpenenenne 22 (A.T. Qomenko) Tonoroeuueckoe npocmpancmeo, moukamy Komo-
PO20 ABAAIOMCA CEAIHVLE KOMNOHEHMDL UNMEZPANLHOLT MH02000pasut My, ¢ ecme-
cmeennoli darmopmononozueti, Ha3ueaemcea OuPGYPRaAUUOHHBIM KoMnaeKkcom (m.e. Ou-
PYpKaUUONHHYIT KOMNACKC NOAYHMaEMEa U3 MHo200bpasus M* npu omosicoecmeneruu 6

mouky kaotcdol c6A3HOT KOMNOHEHMbL UHMELPAALHBIT MH02000pasul My ).

Jajum Teniepsb Japyroe, bosee obiiee ornpejiesienne OudypKaInoOHHOIO KOMILIeCa, TaKKe
seegennoe A.T.@owmenko (eum. padorst A.T.@owmernko [2], [3], a Takke padory A.T.Domernko
u A.FO.Konsesa [16]).

[Tycrs (M?",w) — riajKoe cUMILIEKTHYECKOe MHOrooOpasue, v = sgradH — ruiaji-
Kasl BIIOJIHE WHTerpupyeMast 1o JImyBU/I0 raMmIibTOHOBA CHCTEMa ¢ (DYHKIIMOHATHHO
HE3aBUCHMBIMY U MOMAPHO KOMMYTHUDPYIOIIMME TTePBBIMU WHTeTpagamu f1 = H, ..., f,.
PaccmoTpuM cioenne JIuyBuiia nannoii cucremsl. Touku z,y € M?" nHazoBeM sxeuea-
aermuwvimu, eciu f(x) = f(y) maa moboro uarerpana f cucrembl v = sgrad H. Takum
obpaszoMm, cjiou caoeHust JIMyBUILIS SIBASIIOTCS KIACCAMU ONMUCAHHON SKBUBAJEHTHOCTH

9 M?*, P Z —
TOYEK MHOTO0Opa3us . Pacemorpum MHOXKECTBO JIOTIOJTHEHUE K MHOYKECTBY
2n
BCEX peryJisipHbIX cjioeB cjoenus B M=". MuoxkecTBO Z 3aMKHYTO U MOXKET ObITb 1IPEJI-

CTaBJIEHO B BHJE O0beIMHEHHUs CJI0EB PAa3MEePHOCTH He DoJjiee n.

Onpenenenne 23 (A.T. Qomenko) Paccmompum monoaoeuueckoe npocmparcmeo C™,
MOYKAMU KOMOPO20 ABNAIOMCA:

1) peeyaapnvie mopo. JTuysusns (us caoenus Jluysuans);

2) cea3nvle KOMNOHEHMbL MHONHCECTNEE, Z .

Hoayuennoe npocmparcmeo C™ Hasvieaemces 6udyprayuoHHbM KOMNAEKCOM.

IIpocrpancrBo C™ sBasteTcss XaycaopdOBBIM M IIOYTH BO BCEX CBOMX TOYKAX HMeeT
CTPYKTYPY n-MepHOro Muoroobpasus. [losromy 6e3 orpanudenus oOIIHOCTH MPOCTPaH-
ctBO C™ MOXKHO paccMaTpUBaTh KaK CTpATHMUIIMPOBAHHOE MHOTO0Opa3ue ¢ 0COOEHHO-
CTSIMH.

OrmernM, uro ecan dbyukius Tamuabrona H Hepe3oHaHCHas (T.e. TOYTH KarKIbIil

Top JIMyBU/LIA gBJIdeTCd 3aMbIKaHUEM JII000H MHTErpaJibHOM TPAaeKTOPHH, IIPHHAIIe-

49



JKareit aToMmy Topy), To crparudunEpoanroe MEOroobpasne C™ ¢ 0COOEHHOCTSIME He
3aBUCUT OT KOHKPETHOT'O BBIOOpa oOpaszyiomux rpymnisl R™, To ecTh HE MEHAETCS, €CJIU
BMECTO MCXOJIHBIX HHTErpaaoB fi, ..., f, MBIl BO3bMeM HOBBII HAOODP DYHKIUR g1, . . . , Gn,
KaK/Jasl M3 KOTOPBIX MOYKET OBbITh BBIparKeHa depe3 MCXofuble GyHKImn (moapobHee
cm.pabory A.T.@omenko n A.FO.Konsiesa [16]).

Bropoe onpejenenne 6udypKanuoHHOro KOMILIEKCA sBjsgeTcs 0ojee oOIUM U 0Tpa-
JKaeT ero BayKHOe CBOMCTBO: MHBAPUAHTHOCTH OTHOCUTE/IHLHO ONMHCAHHOTO BBIIIE BHIOOPA
nepBbix wHTErpasoB. OHAKO, TAK KaK B Halleil 3a/ade nepBble MHTErPaJibl (PUKCHPO-
BaHBI, TO MBI MOYKEM TIOJIb30BATHCS W MEPBLIM OTpejie/ieHneM Oy pKaImOHHOTO KOM-
ILJIEKCA.

Budypkanuonnbsiii KOMIJIEKC SBJISETCH YA00HBIM HHCTPYMEHTOM JIJIsl HCCJIE0Ba-
HUs TOMOJOTHH MHTErPUPYEMBIX TaMIJIBTOHOBBIX cucTeM. [loHsaTre OudypKarmoHHOTO
KOMILJIEKCa OBLIO MCIOJIb30BAHO B OIIYOJMKOBAHHBIX paboTax IO UCCJIETOBAHHUIO HMHTE-
IPUPYEMBIX TAMHJIBTOHOBBIX CHCTeM, HapuMep, B padore A.FO.Mockpuna [32|, a Tak:ke

B pabore A.B.Boscunosa, A.B.Bopucosa, I1.C.Mamaesa [11].

Onpenenenne 24 Onuwem caywati 001E20 NOAOHCEHUA, MO ECIMB ME B03MONCHOCTIU
B3AUMHOZ0 PACTIOAOHCEHUA OY2, KOMOPue Mol dasee GYdem paccmampusams:

1) wucao KpuewT, uz KOmMopuL cocmoum GuPGyprayuorHas JUazpaMMa, KOHEUHO;

2) wucao mouer 6036pama Ha GUGYPKAYUOHHBIT KPUBHLT KOHEUHO;

3) mouer, 6 KOMOpuT MPAHCEEPCANbHO NEPECEKAIOMEA U CAMONEPECEKAIOMCA OU-
DYPKAUUOHHBIE KPUGDLE, KOHEYHOE WUCAO;

4) 6 10601 moure na GudyprayuonHol duazpamme Mo2Ym NEPeceramuves Moib-
Ko 06e OUPYPRAYUOHHBE 0Y2U, NPUYEM NEPECEYEHUE MPAHCEEPCAALHO (CM.aemmy 17
Huotce);

5) 3ANPewWeHo nNoAHoe UAU YacCmuUuHYHoe HAA0HCEHUE 6’U;¢yp7€(1uUOHHM$ Kpueslx.

OrmerTuM, 94TO MYHKTHI 1) U 2) CJepyioT U3 TeopeM Ipe bl IyuX naparpados.
B nasibueitimem 0yeM npenoarath, YTo UCCaeyeMbie HAMH CUCTEMbI — 3TO CUCTe-

MBI 00IIIEro NoJI0zKeHust (OHAKO, B CHTYAIUSAX, KOTJIA 9TO He 3aTPY/IHAET UCCIIe0BAHNS,
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IyHKTH 4) 1 5) MBI 3a1pemarh He Gyaem).
Jloka3aTeanbCTBO CaemyIomedi JeMMBl IBIAeTC JTOCTATOYHO MPOCTHIM, MOITOMY Mbl

€ro OIYCTHM.

JIemma 17 Maavim 2aadkum usmenenuem gynxyud f(r) v V(r), sadarowux cucmemy
HA MHO2000PA3UL BPAULEHUA, MOHCHO Q0OUMBCA MO020, 4mobv, 6 KaxHcdol mouke Ha
budyprayuorHol JUaZPAMME MPAHCEEPCAALHO NEPECEKAAUCH UMY CAMONEPECEKAAUC HE

bosee, wem dse budyprayuonHvie dyei.

Uccaenyem nogapobuee nyskr 5). Eciau na 6udypkanuoHHOi juarpaMme BO3HUKACT Ha-
JIOZKEHHUe JIBYX JBYT, TO B MpooOpa3e TOUYEK, I/ie BO3HUKAET HAJTOXKEHUE, MOMKET MPO-
HCXOJIUTH JIBe Belu: Jiubo MPOUCXOAUT “yaBoeHne aroma’ (HAOpuUMep, B TOUYKAX, TJIe
HAKJIAJBIBAIOTCS JIPYT HA Jpyra JBe Ayru Tuna B, B mpooGpasze Mbl uMeeM atom 2B),
aubo Bo3HHUKAeT Gojee CI0kKHas OCOOCHHOCTL — OHa Ha3bIBaeTCd “Guakol” (cM. KHH-
ry A.B.Bosacunosa, A.T.®omenxko [1]). To ectb B obimem caydae mo 6udypKannoHHOR
JuarpaMMe ¢ YaCTHIHBIM HAJIOXKEHHeM JBYX JIyT HEBO3MOXKHO ONpPEeIeIUTh, KaK YCTPO-

eH TPo00dpa3 HAKJIAIBIBAIOIINXCS JIPYT HA JIPyTra yIacTKOB KPUBbIX. OIHAKO B CHCTEMAX

Ha MHOTO0OOpa3ndaX BpaIlleHus Ha 3TOT BOMPOC BCEria MOXKHO JaTh OJHO3HAYHBIN OTBET.

JlemMma 18 Dasosoe npocmparcmeo HamMypasvHoli METAHUYECKOT CUCMEMDLE HG MHO-

2000pasuu epawenus He donycraem ocobennocmu muna “eunka’”.

HokazaTreabcTBO. DMOMEKTUBHBIA MOTEHIUA CHCTEMbI, UMEOIIE 0COOEHHOCTDh THIIA
“BuJIKa”, JIOKAJBHO BBITJISIIUT W BeJeT ce0s CJIe Iy I0NnM 00pa3oM: mpu HeKoTopom k = kg
3P OEKTUBHBIN MOTEHITHA UMEET OJIMH JIOKAJIbHBIH MUHUMYM. 3aTeM IIPU yBEJIUICHUN
k 1o k = ki 3TOT JIOKAIBHBIH MUHUMYM PACHaIaeTcsd B TPHU JIOKAJIBHBIX IKCTPEMyMa,
HIYIIHEe B CJIEAYIOMEM MOPSIKe: MUHHMYM, MAKCUMYM H MHUHUMYM, IPAYEM 3HAYEHUS
B JIOKAJIbHBIX MUHHUMyMaxX coBmaJaior. llpu manpHeiiiem yseguwdenuun k or ki 10 ko
KapTUHKA Ka4eCTBEHHO OCTAETCs TaKO#l 2Ke.

Hanpumep, sra curyanust onucbiBaercs: GyHKIMER CJIeAyIOmero Buga (¢ — napa-
MeTp):

f(z) =2% (2* —¢).
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OaHako, Jyisi CHCTeM Ha MHOT00DPA3MAX BPAIEHUS TaKas CUTyallusl HEBO3MOXKHA. Dd-
dbexrupnbiii morennuan Uy(r) moizxkeH BecTn cebst Tak ke, Kak (hyHKIUS U3 MpuMepa.
T.e. ypasuenne U, (r) = 0:
POV
frery

JIOJIZKHO UMETDh OJIUH KOpeHb 1ipu k = kg, a, HAYUHAsA C HEKOTOPOTo ki > kg — cpa3y Tpu
KopHs. Takoe HEBO3MOKHO B CHJIY YKA3aHHON 3aBHCHMOCTH yPaBHEHHS OT IIapaMerpa
k.0

CaencrBue 3. Fcau dee budyprayuontvie 0y2u i cucmemvt Ha MHO2000DA3UL
BPAULEHUA YACTIUYHO HAKAAIVBAIOMCEA OpY2 Ha 0pY2a, IMO 8ce20d 03HAYAEM, YN0 “a-
cmunuHo coenadaroujue dyzu darom 6 npoobpase amom 2A uaru 2B8.

Takyio 6udypKaIMOHHY IO IHATPAMMY MOXKHO IIOCTPOUTD CIeAYIOIMHUM 00pa30M: IyCTh
upu r € (11, 7r2) Ha GUdYPKANUOHHON AuarpaMMe UMeeM JIyTIy THIa “K/IOB; OnpeIe/nM
npu r € (r3,ry) byukuuu f(r) u V(r) Tak, aro upu r € (r3,7%), " < Fmin, TI€ Tmin —
TOYKA BO3BpATa KJIOBA, OMPEIEJEHHOrO Ha WHTepBase (ri,7q), dbyukuuu f(r) u V(r)
coraaror ¢ byukiusamu f(r) u V(r) Ha 1epBOM yKa3aHHOM HHTepBaJe. 3aTeM J00Ipe-
neaum Ha (1*,74) dyuxmun f(r) u V(r) tak, arobnr Gynuns k(r) uMena euHCTBEHHDIT
JOKAJILHBIH MEHAMYM Ha (13, 74). Torma momyanm 6udypKAIHOHAYO YTy THIA “KIIOB”
n OndypKaIUOHHYIO JuarpaMMmy Tuma “Buika’. VMcxoas m3 JeMMbl, TPpH HAJOKEHUU
OudypPKAIMOHHBIX JyT UMeeM aToMm 25.

3ameuanne. Curyanus, Korjga Ha OudypKauoHHOH JHarpaMMe CUCTEMbl Ha, MHO-
roo0pas3uu BPAIEHUsT BOSHUKAET YaCTHYHOE HAJIOXKEHHE JIBYX JyT, HeyCTOWIrBast (HAJIO-
JKeHUe JIyI MOKHO [IePEeBeCTH B epecederne JIyr MajabiM meseaeHnem byuakuun Uy (r)).
OHako, B 3TOM ciydae mo OudypKarnnoHHOi TrarpamMme MOKHO OTHO3HAYTHO BOCCTAHO-
BUTH OMDYPKAIMOHHBINA KOMILTEKC, OITOMY, KOIIa 9TO He 3aTPYIHSIeT HCCIeI0BAHNUSI,
9TOT CJIyUail MBI 3alpEIIaTh He OYIeM.

Ha pucynke 15 nokazan npumep 6udypKammoHHONl JuarpaMMbl 00IIEero Bu/Ia.
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Puc. 15: npumep 6udypKanuoHHO# JrHarpaMMbl 0OIIEro BHIA.

1.6 Auaropurm mnoctpoenus 6udypKarnmoOHHOTO KOMILJIEKCA KC-

cJielyeMOil CUCTEMbI

Y1005 TOCTPOUTDH ODHMDYPKAIMOHHBIH KOMILIEKC, aHAJII3a TOJIBKO OM(YPKAIMOHHON Tra-
rpamMmMmbl Hejocrarouno. Heo0xomumo noib30BaThes Takyke cBoicTBaMu 3HHEeKTUBHOTO

norenruasa. Hamomaum, 910 3ppekTuBHBIN MOTEHIHAT — 3TO CJAeAyIoIad PyHKIUS:
]{32
Up(r) = ——+V(r).
)= g7y + VO
Y1006 mocTpouTh 6udYpKAIUOHHBIH KOMILIEKC, a 3aTeM MEYeHYI0 MOJIEKYJIY, BOCIOJIb-
3yeMCsl CJAEYIONIM aJIrOPUTMOM (MYHKTHI aJrOPUTMA TPOULIIOCTPUPOBAHBI HA TPHU-

Mepe, n300pazkeHHOM Ha puc.16 u puc.17):
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ks 272
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272
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Puc. 16: utoctpanust K aIrOpuTMy MOCTPOeHUs GudyPKAIMOHHOTO KOMILIEKca (Hava-

JI0).
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[(ALD), (A2,3), (A3,4), (B3,6), (B2, )]

l—-:0
AN

Al AB) (A 683,65682,15
r 3 Is g I

S

Puc. 17: wiaocTpanust K ajJropuTMy HOCTPOeHHst GudYPKAIMOHHOTO KOMILTEKCa (KO-

Hell).

ITTar 1. Crpoum Gudypkanunonnyio guarpammy (B/1).
ITar 2. Hywmepyem jyru 6ucypKaliioHHON JuarpaMMbl CJICAYIONIMM O00pa3oM: JIyra,

ompesieiennasa Ha waTepsase (ri, rh) mmeer momep . OTMedaem HOMEpa AyT Ha 6upyp-
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KaIMOHHOI auarpamme.

ITTar 3. OupenensieM THITB BCeX JAyT U mOyT (cTaBuM OYKBbI A mian B 0KOJIO KazK10i
JIYIH MJTH TIOJJTYTH ).

Hlar 4. Uccaenyem, ecth u coBmamatomue ayru Ha bJI: nma kaxmaoit ayru B/1 Bo3b-
MeM I10 OJTHOMY PeryJIIpHOMY 3HAUEHUIO k;, HE SIBISIONEMYCs 3HaYeHneM narerpata K
B Toukax nepecedenus ayr B/I; crpoum Uy, (7).

Ecau fyist myru (171s1 COOTBETCTBYIONIEr0 WHTEpBaia M3MeHenus: napamerpa r) Uy, (1)
uMeer JBa (uam GOJIbIe) COBHAIAIONINX [0 3HAYEHHUIO JIOKAJIBHBIX MaKCHMyMa (Win
MUHHMYMa), TO COTJIACHO YTBEPZKIEHWIO 2 (CM.HUIKe) 9Ta JIyra HajlokKeHa Ha cebs JBa
(nnum, coorBeTcTBeHHO, GoJblie) pasa u uMeer Tul 2A wim 2B (B obuieMm caydae, mA
win mB). Ormevaem 9tu Tuibl HA GudypPKAIMOHHON Jluarpamme.

ITar 5. budypkanuonnad auarpamMmma pazouBaer o0pa3 0ToOpazKeHus MOMEHTA Ha KO-
HeYHOe YMCJI0 CBA3HBIX ob/1acTell (3/1ech 06.aacmuto HasbiBaeM 4acTh iockocTu R2(h, k),
OTPAHWYEHHYIO0 OM(YPKAIMOHHBIMA KPUBBIMH, BHYTPEHHOCTb KOTOPOH COCTOUT U3 Pe-
IyJISIPHBIX 3HaUYeHuil oToOpazkeHusi MoMenTa). Hymepyem stu 061acTi B pou3BOIBHOM
nopsiJike (CTaBUM HOMED B KazKyto 0671acTh). Bepem mpon3BosibHOE perysisipHoe 3Hade-
uue (h;, k;) nas obsractu ¢ HomepoM ¢ u crpouM Uy, (). OTMedaem Ha rpaduke JTUHHIO
h; = const 1 cauTaeM KOJHIECTBO CBI3HBIX 00J1acTeil, jJekamux 1o/l rpadpukom yHK-
un Uy, (r) — 9T0 9HUCI0 SBISIETCS YUCJIOM TOPOB B mpoobpase 061acTH ¢ HOMEPOM i.
DTy omeparuio MPOBOIUM g KaxKa0i obaactu. B pe3ysbraTe HaM CTAHOBUTCS U3BECT-
HO YHCJIO TOPOB, JIEXKAIIIUX B Ipoodpase KaxKI0i 00JaCTH.

ITar 6. Ecan na Oudypkanuonnoil juarpaMmMe ecrb Jyra WiH HOIyra tumna B, 3To
03HAYAET, 9TO COOTBETCTBYIOIINI 3TOW ayre JmcT 6u(ypPKAIMUOHHOTO KOMILIEKCA TPH-
KJIeeH K KOMIITIEKCY 10 9TOi nmoaayre. Heobxoammo onpeieTuTh, K KAKOMY UMEHHO JIACTY
KOMILJIEKCA LIpUKJIenBaercs jayra tuna B. s sroro:

a) ormernM 3HadeHust {k;} BCeX TOUEK TepecedeHus] W camonepecedeHus OGudyp-

KaIlMOHHBIX JIYT, & TaK»Ke BCEeX TOYEK BO3BpaTa; IIYCTh 9TU 3HadeHus — ko, ky,...,ky
(ko = 0);
b) Bribepem Ha Kaxk oM uaTepsae (k;, ki1 ) mpousombhoe snauenne k' @ kY k2 ... kN
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(znecy kYN = ky + ¢ — snadenme k, 115 KOTOPOTO CyIIECTBYIOT TOUYKH B 06pa3e 0TOO-
pazkeHWsI MOMeHTa) U TTOCTpouM Bee dyHKImn Ui (1);

C) mpoBeJeM TPSIMYIO k! = const W OTMeTHM TOYKH HepecedeHHd 3TOH HIpaMOil
¢ oudypkanuoHuHsiMu Jgyramu. lIporymepyem 3TU TOUKH CJIEIVIONTUM 00Pa30M: eCn
npsMasi TepeceKaeTcs ¢ MOAAYroii HoMmep ¢ Tuna A, To TOYKy mepecedeHusi HA3BIBAEM
A; (anajmoruyno — B;);

d) BBIIHCBIBAEM TIOCTIEJOBATENBHO ITH TOYKHU 110 BO3PACTAHWIO 3HAYEHUsI IHEPIUM
h: mosygaeM HEKOTOPYIO MOCJAEI0BATEIBHOCTE, Hanpumep, A; As A3 B3 By (31a mocaeo-
BaTEIHHOCTH O3HAYAET, UTO MBI MEPECEKIN IyTH Ou(YPKAIMOHHON TUATPAMMBI ¢ HOME-
pamu 1,23, a Takxke ux moyyru tunos A u B);

e) crpoum bynknuioo Upi(r) u 0bo3HadaeM MUHUMYMbI U MAKCUMyMbl Ha rpadu-
Ke COOTBETCTBYIOIIMM 00Pa30M: KayKJI0My MUHUMYMY IPUCBAMBAEM COOTBETCTBYIOIIEE
oboznadenne A;, Kaxknomy Makcumymy — Bj;

f) ma npamoit k' MexKay TOUYKaMM HepecedeHms TOH NpAMOM ¢ GudypKAITOHHDI-
MU JIyTaM# OTMETHM HOMEpPa COOTBETCTBYIOIIMX CBS3HBIX 00/1acTeil; Temepb KarKIoMy
oboznavennto ayru A; (nam B;) craBUM B COOTBETCTBHE HOMeD O0JIACTH, JIEXKAIINiT Ha
orpeske crupasa orT Touku A;. [losygaem Habop map, cocroganux u3 o003HAUEHUS AYTH

u 0bJ1acTu, HAlIPUMED:
(Ah 1)7 <A27 3)a (A3a 4)7 (B37 6)a (327 1)

g) BBINHUIIEM 3HAYEHHUS [AapaMeTpa 7 JJis KayKJI0ro JOKAJIBHOrO sKcTpeMyma. Hy-
MepyeM HX 110 BO3PACTAHUIO I : 71 < Ty < ...; TAKUM 00pa30oM, KazKJIOMY JIOKAJIHLHOMY
SKCTPEMYMY COOTBETCTBYeT ero obo3HadeHne A; W IHCIO 7j;

h) syt kaxkaoro k' Mbl mosrydansiu Habop TPOEK, HalpUMep:
(A1, 1); 71, (A2, 3); 73, (A3, 4); 75, (B3, 6); 74, (B2, 1) 12

Teneps paccMOTPEM KazKIylo TPOHKY, CoAeprkallyio oboznadenue B;:
nanpumep (Bj,n);ry,. Haxonnwm tpoiikn (A, a); 41 1 (Ay, b); rpr1. DTO 03HAUAET, ITO

TOPHI, “poauBiinecss’ B Ipoobpase objacTeil ¢ HoOMepaMu a U b, npu (PUKCHPOBAHHOM
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3HaueHnu k' W IpH JaNbHEHIeM yBeJMIeHnE SHePrun fi, NPH [epexo/e yepes ayry B
“ckJIeMBaOTCS B TOP, HAXOAAIINIICS B Mpoobpas3e obJiacTu n: HaIpumMep, odbaactu 3 u 4
nepelnuid B 00J1acTh 6, T.e. Ui MPUBEJEHHOT0 TpUMepa moJayra B ayru 3 mpukienBa-
eTcs K JIUCTY KOMILJIEKCa, 00Pa30BAHHOMY AYTOi 2;

i) mposesibiBaeM nyHKTH a)-h) jyis Kaxoro 3Hadenus k' U B pesy/brare y3HaéM,
KaKune JIUCThl KOMILIEKCA MPUKJIENBAITCA JAPYT K JAPYTY 0 MOJAyraM Tuna 3, To ecThb
MOJTHOCTBIO BOCCTAaHABIUBaEM ON(YPKAIIMOHHBITT KOMILIEKC.

Jlokazkem yTBepKJIeHUE 2, KOTOPBIM MbI IIOJb3YEMCS B 9€TBEPTOM IIIare ajropurMa.

Vreepxkaenue 2 Qurcupyem snauenue unmeepara k = k. Ecau das dyeu (das co-
0OMBEMCMBYIOWE20 UHMEPBAAL UsMenerus napamempa 1) dynryua Uy, (r) umeem s
COBNAJAIOUWUT NO SHAMEHUIO NOKAAOHOLEL MAKCUMYMOS (UAU MUHUMYMOS), Mo 2ma 0y-

20 HAN0NCEHA HA ceba S pas u umeem mun SA uau sB.

HokazareabcrBo. [Iycts s = 2. Ec/n BBIIOTHEHB! YCJIOBHS YTBEPKACHUS [T 3HAYTe-
Huif r; u r; napamerpa r, To B Touke (h(r;),k(r;)) coorBercrByomas ayra oudypka-
- 7. ”

IMOHHON jmarpammbl “yaBauBaercs”. B cuiny rnagkoctu ayru u dbyuakuuu U, (1) myra

"yasanBaercs’ BO BCEX €€ DEryasipHBIX TOYKaX (AHAJIOTHYHAS CHUTYaldsl BO3HUKAET B

CJIydae COBIAJCHUS S JIOKAJIBHBIX MAKCHMYMOB HJIM MHHEMYMOB).[].
BudypKaruoHHbIii KOMILIEKC (€ro MOJIOBHHA, COOTBETCTBYIOIAS 3HaYeHusIM &k > 0)

W €ro MpoekIys Ha 6udypKAMOHHYIO HATDAMMY, KOTOpasa IPUBEIEHA sl HILTIOCTPA-

AU aJrOPUTMA, ITOKA3aHbl HA PUCYHKe 18.
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Puc. 18: BepxHssi yacTh OudypKaMOHHO# quarpaMmbl (k > 0) 1Jisi MOJETBHOTO TPH-
Mepa CUCTEeMbl Ha MHOIOOOPa3uK BpalleHus U BO3MOXKHbBIN BuJI OudypPKaIMOHHOIO KOM-

IJIeKCa, OTBEYAOIIero 3Toi OndypKalMoHHOil AuarpaMme (ee BepxHeil 4acTn).

1.7 IlocTpoenue rpy06o0ii MOJIEKYJIBI CUCTEMBI HA HEOCODOOIT n30-

3HepPreTnvieckKoii MOBEPXHOCTH

Ecim pis uccnemyemoii cucrembl noctpoen OndypKanuOHHBIH KOMILIEKC, TO 110 HEMY
MOKHO HOCTPOUTH rpyOyIo Mosekyny (6e3 MeTok). OHaKo, MOCTPOEHNe MOJIEKYJIbl BO3-
MOZKHO He JIJIsl KasKJI0i M303HepreTudeckoil nopepxuoctu Q3. Hamomunm, uTo Teopus
TOMOJOTUIECKON KIACCHUMDUKAIINE TPUMEHIMA TOJBKO K CHCTEMaM, OTPAHWYEHHBIM Ha
HEoCoOble H309HEePreTHIecKue MoBepXHoCcTH Q3 T.e. Ha Takue nosepxuoctu, riae dH # 0
BO BCeX To4Ykax. M3yumm mojapobHee, Kak 3alUCHIBACTCS YCJIOBHE HEOCODOCTH JIJIsT WC-

cJeayeMblX CUCTEM.

Jlemma 19 (xpumeputi neocobocmu usoanepeemumneckot noseprrocmu Q3 ).
Hsosanepzemuneckasn noseprnocms Q3 asasemes neocoboti mozda u moavko mozoa,

koeda h # V(0),h # V(L) u h # V(r;), 2de V'(r;) = 0.

29



HokazareabcTBo. O003HaYNM depe3 P MHOKECTBO IMOJIIOCOB, T.€. MHOXKECTBO TOYEK
(T,P) dazoBoro nmpocrpaHcTBa, TAKUX, 9T0 T — OJUH U3 NOJ0COB cdepb S2.
1) Iycrs k # 0. anumem dH:
k k2
Fr)2 fi(r) f3(r)

0H _ k 3
Orcroga BUIHO, 9TO BHE MOJIOCOB & = 20 # 0, T.e. HOBePXHOCTH () Heocobasl.

dH = {p,, + V'(r),0}.

2) Tlokazkem, uto B nojtoce P jiobast Touka u3 Q3 Heocobast, €C/IM U TOJLKO eciu

h & {V(0),V(L)}.

U3 mpeapiaytmero

ity
2

Torpa mpn E > V/(0) cymectsyer okpyzuocts nomocos P Q} (pi +p; = E —V(0)),

Hlp +V(0)=E.

3HAYMT, dH|Psz = {ps, Py, 0,0} # 0. Buauur, Q; — Heocobast MOBepxHOCTDH B P.

[Mycrs renepp £ = V/(0). Torma cyiecrByer euHCTBEHHBINH HOJIIOC, SBJISIONIUI-
sl TIOJIOXKEHHEM paBHOBecusl (ciefoBaTesbHO, Toukoii panra 0), me. P = {0,0}, u
dH|mei = 0. CrienoBaTenbuo, Q3 — ocobas MOBEPXHOCTD.

Hakonen, nycts £ < V(0). Torna P Q7 = 0, T.e. Q3 — meocobas HOBEPXHOCTD B
OJTIOCAX.

3) [ycrs Tenepn k = 0, paccmoTpuM caydail Bre nosocos. Umeem dH = {p,,0,V'(r), 0}.
Torna touxa (p,,k,7,p) € Q3 — ocobag Torma m TOIBKO Torma, Korga (p, = 0 =
E =V(r) u V'(r) = 0). Ciiegosaresibio, Q3 — neocobas MOBEPXHOCTb B OKPECTHOCTH
Q3 N{k = 0} Torma u Tompko Torma, korna E # V(r;),V'(r;) = 0. Touek r; KoneuHoe

ancao, T.K. V(r) — dyuknus Borra, V(r) # const.[]

Jlemma 20 ITycmov Q3 — wneocobas usoanepeemumneckas noseprrocmsy. Tozda l<:|Q% —

Pynruus Bomma moeda u moavko moeada, koeda e awboli mouke {0, k;,r;, ¢}, aesrca-
o % "

wiet na wpumuneckots oxpystcrnocmu, umeem U (r;) # 0. Imo yeaosue sxcusasenmmo

caedyrowemy: npamas h = const e npoxrodum wuepes mouku 60368pama.

dokazaTeJabCTBO. DTO yTBEPKIAEHUE SIBJISETCS HEITOCPEICTBEHHBIM CJIEICBTHEM JIEM-

MBI 8, a WMEHHO, YKBHBAJEHTHOCTH YCJIOBHIA 1) 1 4) JleMMbl, TaK KaK OOTTOBOCTH HH-
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rerpasa K na Q3 o3Hauaer, Mo ONpee/eHUIO, HeBBIPOK/ICHHOCTh BCEX KPUTUYECKHUX
okpyzkHocteit Ha yposne H = h.[].
Vexong u3 TOKA3ATENBCTBA, MOIYYaeM, 9TO TTOBEPXHOCTD (QF HE0cobas TOTIA U TOJIb-
"
Ko Torja, Koraa U (r;) # 0. A 910, B cBOIO 0O4Yepesib, O3HATALT, ITO HOBEPXHOCTDH HEOCO-
bast ipu h # h*, tine h* — 3Hadenue HEPrUn h 7 TOUEK H3IOMA.
Bo Bcex payibHeRIINX yTBEPXKICHUAX MbI OyjIeM CUUTATh, YTO SHEPrusd h U3039HEp-

reTHYeCcKoil MoBepxHOCTH ()7 yHOBAETBOPseT yeaosuam Jgemm 19 u 20.

Jlemma 21 ITycmo npu Hexkomopom 3naveruy snepeuu h wa 0udyprayuonHom xKom-
0 B. Toz0 3 -
naekce nepecexaromesa s 0ye muna B. Tozda na QQ; monexysa umeem 6 coomeemcmey

rouets amotl mouke sepuwure amom V.

JokazaTteabcTBo. Paspexem Q7 Brons nosepxnoctu {k = 0}. Torma Q3 pacnagercs
Ha JBa kycka: Q1 = {k > 0} u Q_ := {k < 0}. Bamernm, 9T0 KOOpIAMHATA { HE
olrpejiesieHa TOJIbKO B II0JII0CaX, HO TaM k = (), & 9TOT YpOBEeHb Mbl BHIKHHY.IU. KazKprit
U3 KYCKOB HME€eT THII IIPSIMOTO Npou3BeleHus. B 3ToM Jierko yGeauThes, IpeIbsaBUB
robasbHOE TPAHCBEPCAJIbHOE CedeHne: OHO 3a/aeTcst ypasuenueMm Py, = {¢ = const}.
B kavecTBe JIOKATHHBIX KOODAMHAT HA 3TOM cedeHHH Bo3bMeM (7,p,). Torga, Tak Kak

2

2
%—F#@)—FV(T):%, TO

k(r) = £v/(2(ho — V(1)) — p2) f2(r).

11

Ha @), Geperca 3mak “+7, mHa () — 3Hak “—". Cinom cnoenus 3eiicpbepra 3amatorca

CJIEJLYIOIIUM 00pa30oM:
{r = const,k = const,p, = const, ¢ € Z mod2r},

p — TmapaMmeTp Ha CJ10e-0KpyzKHOCTH. Clie10BaTeIbHO, CI0eHne JInyBULIST Oy YaeTCst
IyTeM IPSMOr0o YMHOXKEHHUsT Ha OKPYZKHOCTb (CJ10# paccioenus 3eiidbepra) oqHOMEPHO-
r'o CJIOEHHUs Ha TPAHCBEPCAILHOM CedueHUu Py, 3a7aBaeMOro JUHUIME YPOBHS (PYHKIIHT

k. T.e. cioenue Jluysu/ig nojnoctbio 3anaerca gyukmueit (2(hg — V(r)) — p?) f2(r).
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Oyukius k — dynkiug Borra na HeocoObIX 0BepXHOCTAX Q3 Tie npsamast h = const
He TTPOXOJIUT Yepe3 TOUYKH BO3BpaTa 6uypKaMOHHBIX KPUBBIX.

Tax kak Ha OMYPKAIMOHHOM KOMILTEKCE B OJHON TOUKE MepPeceKaloTcs S KPUBBIX,
TO TIPU T1 # Ty # - - - # g 3HaUeHns pyHKuuu Uk (r) B JOKAJTBHBEIX MAKCHMYMaX COBIIA-
nator, 1.e. Ug(ry) = Up(ra) = - - = Ur(ry).

Kacarenbuprit BeKTOp K 6U(ypKaIHOHHBIM JIyraM BCEr/Ia JIEKUT B IEePBOil MU TPe-
Theil 9eTBepTH, TOITOMY HEBAKHO, MEHAEM MbI KOOPAUHATY h WU k JJId MOCTPOEHUS
dazoBoro noprpera cucrembl. byjaem paccmarpubarh U, npu pUKCHPOBAHHOM 3HaUe-
HAW WHTerpaJa k. Ecjim 9ucio MakCuMyMOB — 3TO S, TO Tiepecedenue npamoit h > hg ¢
naarpadpukom Uy cOCTOUT U3 OJHOM KOMIIOHEHTHI cBsa3HocTH. Ilpu h < hy nepecedenue
¢ HaarpaduKoM umeeT s + 1 KOMIIOHEHTY CBS3HOCTH. DTO COOTBETCTBYET MEPECTPOIKE
s + 1 Topos JluyBujasg B oauH TOp JIMyBuJLIS TpK 11epexose depe3 ocoObIil CIoii.

JIOKaJIbHO HMeeM CTPYKTYDPY TPUBHAJBHOTO CJIOEHUs (C MapaMeTpoM ¢ Ha CJIoe-
OKpY»KHOCTH ). [Ipu (PUKCHPOBAHHOM ¢ HMeeM JIByMepHOe CJIOCHHE HA IIOCKOCTH (7, )

(em.pucynok 19), koropoe gaer nam arom Vi.O.

UdrIA

h#+

NS S
PSS

p.=V2(h - U(¥))

Puc. 19: Bepxuuii pucynok: rpaduk dynknun Ug(r); HuzkaAil pucyrok: rpaduk ¢yHK-

un p,(r) = /2(h — Ug(r)), 3a1amomeit 1ByMepHOe CJIOCHHE.
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Teopema 5 (kaaccugurayua morekyan). Pacemompum cucmemy na mroz006pasuu epa-
wenua, zadarmyto napot dynxyut (f(r),V(r)). ITyems Q C Q3 — ceaznas KomMnoneH-
ma Heocoboli uzoanepzemuneckoli noseprrocmu, Ha xomopot k — dynrxyus Bomma.
Tozda monexyra cucmemv, Ha Q cummempuuna (6e3 yuema opueHmayuy na pebpaz)
OMHOCUMEABHO OCU h, G OPUEHMAYUA HG PEOPAT 3a0a4€MCA 6 CMOPOHY 803PACTNAHUSL k.
T.e. monexysra umeem eud W — W, ade xaocdaa W — smo aubo odun amom A, su-
60 depeso. Bee nexonuesne sepuiutb, depesa — 2mo cedaosvle amomvt Vi, 4 KOHUEGDLE
sepuwutv, umerom mun A. IIpu smom npu k > 0 exodawee pebpo 0ix Kasrcdozo amoma
V, 00no, a ucrodawuz | (npu k < 0 kapmuna anmucummempuyna, m.e. 0€3 yuema
opuenmayuu Ha pebpax moarexysa W — W cummempuuna omuocumenvro ocu h, o0-
nako opuenmayus na kyckaxr Wy = Wk > 0) u W_ = W(k < 0) npomusonososcna,

em.puc.21).

JokazaTenabcTBo. Jl0Ka3aTeIbCTBO BBITEKAET U3 aHAIN3a OUdYPKAIMOHHON nHra-
rpaMMBbI U U3 JieMMbl 21.01.

3ameuanne. Arovbr V; # B Bo3uukaior Ha (), eciu npu H = h npoucxoaur Ha-
JIOZKEHUE HECKObKUX OMyPKAIMOHHBIX JIyT Tula B 1 nmepecevenne COOTBETCTBYIOIINX

JILCTOB OUYPKAIMOHHOIO KOMILIEKCA.,

1.8 BprunciaeHne MeTOK AJi CUICTEM Ha MHOT00Opas3uu Bpalile-

HNA

3
YrBepxkaenune 3 Peeyaapras usosnepzemuieckas noseprrocms (Qy umeem cmpyx-
MYPY AOKAABHO MPUBUAABHO20 PACCAOEHUSA CO CAOEM OKPYAHCHOCTD, CO2AACOBAHHOZ0 CO
caoenuem JIuysuina, m.e. cAOU—OKPYHCHOCTNU COOEPAHCANCA 6 CAOAT CaoeruA JIuyeun-

SAA.

HokazareabcTso. Hanomuum, uto ¢azosoe mpocrpancrso 1*S? B xaxkoit Touke,
KpPOMe TIOJIIOCOB, UMeeT KOOPAUHATH (7, ¢, P, k), TA€e (7, ) — KOpAWHATH Ha KOHQUTY-

panuonnoM npocrpancTse S2. CJI0M-OKPY:KHOCTH BHE HOJIOCOB 33a0TCs €161y IOMIM
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obpazom: {r = const,p, = const, k = const, p € R mod27Z}. OueBunHo, 910 KazK1asi
TaKad OKPY2KHOCTD JIEZ?KUT Ha OJHOM CJIO€ CJIOCHU A ﬂI/IyBI/IILHH, T.K. IEPpBbl€ UHTErpaJibl
He 3aBHUCAT OT .

Ecau TpaekTopus mMpoxXomauT depes IOJII0C, TO UYTOOBI MOJYUUTD CJIOH-OKPYKHOCTD,
BpaIIaeM KOKacaTeabHoe IIPOCTPAHCTBO B nomoce. Tak kak S!-neiicTsue 3amaerca Bpa-
MeHueM KOH(DUTYPAIMOHHOrO MIPOCTPAHCTBA, TO €CJAU TOYKa (ha30BOT0O IPOCTPAHCTBA
IIPOEKTUPYETCsI B MOIOC (IIPU 3TOM CKOpocTh v # 0, Tak Kak k = 0,v = 0 MoxkeT OBITH
TOJIKO B 0COOBIX TOUKax panra (0, a Mbl paccMaTpUBAEM TOJHLKO PEryJispHbIe TOBEPX-
HOCTH (0, T.e. TIOBEPXHOCTH, HE cofepzKaime ocobhx Todek panra 0), To S'-neficreue
3a/1aeT BpallleHHe KOKAacaTeJIbHOI0 IMPOCTPAHCTBA B 1moJioce.[].

OrmeruM, 4To JIOKaJILHO—TPUBUAJIBLHOE PACCIOCHHE CO caoeM S sapjgerca paccio-

eranem 3eiipepra 6e3 0COOBIX CIOEB.

Teopema 6 (waaccudurayus meuenux morexya). Ilycmo Q2 — ceasnas Komnonenma
neocoboti usoanepzemuuecroti noseprrnocmu Qs . Ilyems W —W — moaexyaa cucmemo.
na Q3.

a) Memxu wa pebpax muna A — V; mosexyav: v =0, € = +1.

b) Memxu wa pebpax muna Vs — V), 2de oba cedrosuir amoma waxodames 6 00HOU
noaynaockocmu (k>0 uau k < 0): r =00, e = +1.

¢) Memxu na yenmpanrvrom pebpe muna V; — V) (cummempusurom omuocumenvro
npamot k =0): r =00, e = —1.

d) Ecau morexyaa W — W umeem eud A — A, mo memxa r onpedeasemca caedy-
uum obpazom: paspesicem mnoz2o006pasue M* no noseprrnocmu Q3 na dea xycka M*
u M (nanommum, wmo Q* — ceasnan komnonenma Q3 ). Kycorx M2, xomopuii omee-
YAEM CMPO20 MEHDWUM SHAYEHUAM IHEP2uU, Yem h, moorcem codeporcamv 2, 1 uau 0
0cobvlr mover parza Hoav. Toeda coomeememeento 1 = %, r =0 uau r =oco. Bo ecex
mpéx cayuaar € = +1.

e) Ecau monexysa W — W omauuna om A— A, mo ona codeporcum eduncmeenmyro

CEMDBIO, NOAYHAEMYIO 0m6pacueaHueM ecex amomoe A. Memxa n 6 amom cAYvae pasHa
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YucAy 0cobvuLT MOuER Panea Hoav Ha MHo2oobpasuu M* (cm. nynwkm d)).

JokazarenbcTBo. a) Jljist BBIYNCAEHNST METOK HaM HEOOXOINMO BHIOPATH JOMYCTHMbIe
CHCTEeMbI KOOPJMHAT Ha IPAHUYHBIX Topax aroMoB. HamomuuMm mpaBumia ux BLIOOpA.
[IycTh cHagasa 3-aToM MMeeT THI A, T.e. IBISETCS MOJHOTOPHEM. Toraa B KadecTBe
nepBoro 6a3UCHOTO MUK A OepETCcs MepuIraH MOJTHOTOPU, T.€. UK/, CTATHBAIONIHii-
cd B TOYKY BHYTPH IOJIHOTOpUA. B KadecTBe BTOPOro nukJja f 6epéTcs Npou3BOJIbHBII
HUKJI, JOMOJHSAIOMNHE A 10 6a3uca. LUK (1 MOYKHO CUUTATDH CJI0eM paccaoeHus 3eiidep-
Ta, (ero OpHEHTAIUS OIPEIENISIeTCs eCTeCTBEHHBIM 00PA30M OPHeHTAIHell FaMUIBTOHOBA
OTOKA HA KPUTHIECKOIT OKpY:KHOCTH). OpHeHTAINS MK A BEIONPAeTCs TaK, 9TO0bI
napa (A, i) GbLIa TTOJOKUTETLHO OPUEHTHPOBAHA.

Pacemorpum cayuait cemoBoro 3-aroma V. OH mMeeT CTPYKTYPY TPUBHATIHLHOTO
Sl-paccroenns man IByMepHOH HOBEPXHOCTHIO. B KadecTse HepBOro 0A3WCHOTO MHUKJIA
A BO3BMEM CJIOH 9TOr0 paccyoerusl (¢ ecrecTBeHHOI opuenTanueii). Tenepb paccMoTpum
HPOU3BOJIbHOE cedenne 3-aroMa. OHO BhICEKAET HA KazKJI0M 'PAHUIHOM TOPE HEKOTOPBIi
IUKJI, KOTOPBIfl Mbl ¥ BO3bMEM B Ka4eCTBE BTOPOr0 DAa3MCHOIO IUKJIA L.

Beraucium Teneps metku 1 u € Ha pebpe A — V). Bropoit nuka gy okoso aroma A
— 3710 caoit paccioenust 3eiidbepra. Ileppbiit (BbIIeIEHHDI) UK A OKOJIO CEJJIOBOTO
aToMa — 3TO TaKxKe CJI0i paccroenus 3eiidepra. Tax Kak paccioenne 3eiidepra r10-
6aapHO, TO Ay = p1 (062 KoHIA pebpa A — V) COOTBETCTBYIOT OJHON HOJIYMIOCKOCTH
k> 0 (wmm k < 0), I05TOMY BJIOJb COOTBETCTBYIOIIUX aTOMaM OCOOBIX TPaeKTOPHUil
3HaYEHUe ¢ BeJET cedsl OJMHAKOBO: JINOO BO3pacTaeT, JIHOO yObIBaeT B 00OUX CJIyUasIX.

Cite1oBaTEIbHO, OPUEHTAINH TTUKJIOB Ao U [ COBHa;LaIOT). [Tostygaem
Ao 0 1 A
1) 1 p 1

3aech (A1, 1) — 6a3uc Ha Tope oKoJio atoMa A, a (g, te) — 6a3uc HA TOPE OKOJIO ATOMA
V). IlepBbliil 31eMeHT BO BTOPOil CTPOKE MATPHUIIbI CKJAEHKN paBeH 1, T.K. ONpeae/ IuTe/ b

maTpuilbl paBen —1. Orcioga cpady moaydaem metkn: 7 = 0, € = +1.
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b) Berumncanm reneps merku Ha pedbpe Vi — Vi, e oba koHIa pebpa Jjiexkar B OHOI
u Toii ke nosymiaockoctn (k> 0 nan k < 0).
Tak Kak mepBbie GA3UCHBIE TUKJIbI BOJIU3U CETIOBBIX ATOMOB — 3TO ¢JIoU (T106aIb-

HOTO) pacciaoenns 3eiidbepra, To OHE cOBIAIAIOT. [loydaeM MaTPHIY CKICHKN
A2 1 0 A

42 p —1 i

Orcroa cieyer, 9To0 METKa ' PaBHA 00, a MeTKa € paBHa +1.

Ha pebpe V; — A marpuna ckieiku siBjsieTcss 00paTHOil K ganHoil. MeTku r u & 1
JIAHHOH MATPHUIIBI OCTAHYTCS TAKAMHU Ke.

¢) Borancanm Merku Ha peGpe V) — V), CHMMETPUYHOM OTHOCUTETHHO IpsiMoil k = 0.

Tak kak npu k > 0 ABUKEHWE TI0 TAPAJLIETSAM TPOUCXOJAUT B CTOPOHY BO3DPACTAHMUS
v, aupu k < 0 — B cTopony yObIBaHHS ¢, TO IepBble Oa3UCHBIE MUKJIbI BOJIU3U pedep
V, — 9T0 ciaom paccioenus 3eiidpepTa, 0JHAKO OHM HAIPABJIEHB B IPOTHUBOIOIOXKHBIE

croponbl. [ToaToMy Marpuia cKJIEHKN CJie 1y omnas:

)\2 _]. 0 )\1
M2 p 1 H1
3HauuT, METKN TaKue: " = 00, € = — 1.

d) Ocranoch BerauCUTH MeTKY Ha pebpe A — A mosekysibl. [l 1oKa3aTenbeTBa
9TOrO IMYHKTA HAM HOHAI00UTCS HECKOJIBKO BCIoMoraTeibHbiX hakToB. Chopmyaupyem

W JIOKazKeM WX U, TOJb3YsICh UMH, JOKazKeM MyHKT d) Teopemsbl.

Vreepaxkaenne 4 Paspesicem dasosoe npocmpancmeo T*S? cucmemnv, na mroz006pa-
3uU 6paulenus, 600ab c6A310t Komnonenmo, Q° usoonepzemuueckoti noseprrocmu Q; .
Toz0a ono pacnademces HG 0804 CBAZHBIL KYCKG, NPUUEM POBHO 00UH U3 HUX Oydem co-

OMEEMCMBOGANL IHEPLUAM, CTIPO20 Menvwum h (nasosem e2o M*, a emopoti xycok

— M),

HokazarenbcTBo. Paccmorpum cevenne 6udypKaImOHHOTO KOMILIEKca ypoBHeM {k =

0}. D10 ceyenne gApageTcda CBA3HBIM rpadoM G iz, ¥ KOTOPOIO KazKiioe pedpo opueH-
g b
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TUPOBAHO 110 Bo3pacTanuio 3Hepruun. V3 anaauza rpaduka 3pPeKTHBHOIO MOTEHITHAI,
cpasy Cjejyer, 9To W3 KayKJ0# BEPIIUHBI 3TOro rpada BHIXOAUT POBHO OJTHO pebpo.

Pazpezanue KOMILIeKca 110 Heocoboil CBsA3HONH KoMIIOHeHTe (Q° o3HadaeT, YTO MbI
paspesaeM HeKoTopoe pebpo rpada Gyori.. ZlcHo, ¥To mpu 3TOoM rpad pacmagercd Ha
JIBa CBSI3HBIX KYCKA.

Tak»ke paccMOTPUM CBA3HYIO KOMIIOHEHTY cedeHHs OM]YPKAIMOHHOIO KOMILIEKCA

ho

yposreM sueprun {h = ho}. Ona spisiercst ¢Ba3ubiM rpadom Gl

KayKJIasd MOJIO-
BHHA KOTOPOIO UMEET TaKyI0 K€ CTPYTKTYPY: €CJii OPUEHTUPOBATH ero pedpa 1o BO3-
pacTaHWIO Ha HUX aDCOJIIOTHOrO 3HAYEHUs WHTerpaia K, TO B KaXKJIyIo BEPIIUHY Oyer
BXOJIUTH POBHO OJTHO PeOpoO.

Bosbmem HHPOU3BOJIbHYIO TOYKY Ha KOMILJICKCE U JJId dHEPI'uU ho 9TON TOYKH 1HOCTPO-

ho

vertic* CHyCTI/IM (HO,ZLHI/IMGM) 9Ty TOYKY IO MOCTPOEHHOMY rpacby Ha YPOBCHDb

um rpadp G
k =0, r.e. na rpad Gyori-. OHa NONIaAET Ha OJHY U3 JABYX CBA3HBIX KOMIOHEHT I'pada
G goriz- TeM caMbIM, Ha Bcex TOUKaX KoMILIeKca 6e3 oopasza (Q? MOYKHO BBECTHU OTHOIICHIE
KBUBAJICHTHOCTH. ,ZLBe TOYKH 3KBUBAJICHTHBI, €CJIM OHU II0CJIE OIUCAHHOI IIponeaypbl
MONAIAIOT B OJIHY KOMIOHEHTY paspe3anHoro rpada G .. Coorercrenno, n M*\ Q?
pacIagaeTcs Ha IBa CBI3HBIX IMOAMHOXKECTBA: KazKI0e MHOXKECTBO COCTOUT U3 BCEX TeX
TOY€K, YbH 06pa3b1 Ha KOMIIJICKCE 9KBUBAJICHTHDI.

Opanaxo camo M?*\ Q® npu sTom He cBsazHO. JleficTBUTEIBHO, PACCMOTPHM TIO TOY-
Ke U3 KaKJI0TO CBA3HOTO Kycka. IIpeamosoKuM, 9T0 mX MOKHO COEIUHHTH KAKHM-TO
nyTeM. CTSHEM 3TOT HyTh M0 BEPTHKAJIBHBIM I'padaM Ha TOPU30HTAIBHBIN rpad. Ero

KOHIIbI, T€M CaMbIM, OKazKyTCdA B Pa3HbIX CBA3HbBIX KOMIIOHEHTaX Pa3pe3aHHOro Fpacba

Ggoriz 1, CJIeJ0BATEILHO, HE MOTYT OBITH COeJINHEHBI HENPEePhIBHBIM myTeM. [.

Jlemma 22 Tonosozuneckuti mun ceasnoti komnonenmo, Q2 usosnepeemumeckoti no-

seprrocmu Q5 onpedeasemes Koaunecmeom ocobvr mouex panza 0 na M?.

JokazaTeabcTBO. Byjem npoeuuposars QF na cdepy S? npu momoniu mpoexiuu,
OTIpe e ISTIoNIel KacaTebHOe paccjoenne K cdepe. s n3ydeHust mpoeKInn HaM MOHa-

nobutes rpaduk norennuana, T.e. byuxmmn V(r).
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Hanmomuum, kax ycrpoena npoexnus. /[isg dukcupoBaHHOrO 3HaYeHusd Hepruu h =
ho B TOUKYy (7, ©) Ha cdepe TPH MPOESKIUK TTEPEXOSIT BCe TOUKH (Da30BOr0 MPOCTPAHCTBA

(r, ¢, pr, k), YIOBIETBOPSIONIHE YCIOBUIO

2 2
P k
- = ho.
2+2f2(r)+V(T) 0

To ecThb ecyin X0Tst ObI OJJHA TOYKA (7, ©, Py, k) YIOBIETBOPSET ITOMY YCJIOBHIO, TO HPU
JAHHOM 3Ha4YeHUH h = hy To4Ka (7, ) UPUHAIEKAT TPOEKIHH.

1 cnywait. Oyuxmus V (r) monoronna (puc.20a).

Ilycts V (r) Bospactaer Ha [a;b]. Torma, eciu h > h(a) (h < h(b)), Top JlnyBuans
upoekTupyercs B “manky” na cdepe S? (rak kak B jganuom ciydae V(a) = h(a) u
HaM TIOJXONSIT BCe 3HA4YeHus r € |a,To|, Takme 9To 19 < b). 3HAYAT, B ITOM CJIydae
Q® ~ S3 r.e. merka r = 0 (cM. kaury A.B.Boscunosa, A.T.®omenxko [1]). IIpu h > h(b)
Top JInyBH/IIA TpoeKTHpYeTcsa Bo Beio cdepy. B stom cayyae Q2 ~ RP3, T.e. MeTKa
r=1/2.

2 cuyuait. Ha (a;b) cymecTBytoT oKaabHbie SKkcTpemMyMbl dyHknnu V(1) (puc.20b).

B srom ciy4dae 1osgBisgeTcd HOBBI BapHaHT IpoeKiuu Topa JInysuuid na S2. [Iycrs
SHeprus h HAXOAUTCA MEXK/LY JBYMs COCEJIHUMHU JOKAJbHBIMU SKCTPeMyMaMu Dy HKIUKT
V(r), a umenno, hpy, < h < hpee Torma mpoeknums topa Jluysuias wa cdepy — 310
KOJIBIO (IapaMerp r MOXKeT M3MeHSTbCsl BHYTDH OTpe3Ka [rq,Ts|, Te r1,rs — KOPHU
ypasuenus V (r) = h). 3uadnt, B 3T0M cayuae Q® ~ S x S cmenoBarenbro, MeTka
r = 00.

BareM, Ipu yBeJIUYeHUH YPOBHS dHEpruu h, upu h > hp,e, 9PEGEKT, BOSHUKATOIHIA
OT HEMOHOTOHHOCTH IIOTEHIIHAJA, IIponagaer. Hampumep, ecim, kak Ha pucynke 20b,
h(a) — raobanbubiit MurnMyM Ha [a;b] (Ha OudypKAIMOHHO JuarpaMme 3TO TOYKA
panra 0, COOTBETCTBYIONAS 3HAUEHUIO I' = @), T.€. B MaJIOii OKPECTHOCTH TOYKH @, &
MMEeHHO, Ha MHTepBaje (a,a + €) moBepxHoctb @ — 310 cdepa, To Ipd h > Nynas
NOBEPXHOCTH Q3 cHOBa sBAeTCs cepoit S°.

Orciofa, B 9aCTHOCTH, CJAEAyeT, 9To THI nosepxuocTn Q3 mo “mynkn” ma 6udypka-

IUMOHHOM JEarpaMMe, He cofepsKaeil ocobblX Todek panra 0, I THII HOBepPXHOCTH (3
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nocJie “JyHku’, coBnaJaaioT. JIpyrumu ciaoBamu, “JiyHKu  He BJAULIOT HA THUI U303HEpre-

taeckoit mosepxuoct. Ha Tun Q? BamsaioT ToabKo ocobbie Touxkn panra, (.0]

h,

- AN g (Tt
hi—iy
h(ﬂ}———‘ ‘ \\ a)
: T \\
N\
h=h,
h(b)

Puc. 20: Buapr npoeknuii QF na cdepy S? B zapucumocrn ot dynxuun V().

BepHeMcst K JI0Ka3aTeIbCTBY IyHKTa d) T€OpeMsbl.

Metka Ha peope A — A MOJHOCTHIO OMPEIEIACTCS TOMOJIOTHISCKIM THIIOM MOBEPX-
noctu Q5 (em. kaury A.B.Boscunosa, A.T.®omenxo [1]). Hanomuum, aro cucrema Ha
MHOPOOOpa3uy BpallieHusi IMeeT POBHO JiBe 0cobbie Touku panra 0 (cm. gemmy 3). Ilycrs
SHEPIUU, COOTBETCTBYIOIINE STHM TOYKaM, 3T0 hy U hy, hy < ho. Toraa, moab3ysch pe-
3yAbTaTaMu JIEMMbBI 22, TTOTydaeM CJIeIyoIee:

ecm Mogekysa A — A coorsercrByer smeprum h < hy, To QF ~ S x 5% smauwnr,
MeTKa T paBHa 00;

npu hy < h < hy nveem Q3 ~ S®, mosromy r = 0;

upn h > hy mzosmeprernyueckasg nosepxuocth Q7 ~ RP3, a snadnt, r = 1/2.

Bo Bcex cirydasix MOXKHO CYUTATh, 9TO MeTKa € = +1, BBIOPAB MOAXOJIAIILYI0 OPUEH-

Tarmuio Q3.
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Hawm ocrasoch 10Ka3aTh IMyHKT €), T.e. BBIYUCAUTH MeTKY 7. Jljisi cucremM Ha MHOTO-
06pasnsax BpalleHusi METKY 7. MOKHO BBIYHCIATH TOJBKO st cemblt Vs — V) (1 = 00).
Paspezxem MHOTOOGpasue Q7 Ha JBe WacTh BIOJL noBepxHocTu k = 0. OHO pacna-
JmaeTcd Ha JaBa Kycka: ()4 u ). KaxKaplii 13 9TUX KYCKOB UMEET THII TPSIMOTO MPOU3Be-
nennst (cm. kaury A.B.Bosacunosa, A.T.@owmenko [1]). fcuo, uro ckaeiika @, u Q_ 1o
topy To = {H = h, K = 0} naer muoroo6pasue Q3. Ha xonme kaxioro kycka (Q u

()_) HAXOMUTCS CeIoBOi aToM. BOM3u 3TOr0 aroMa mepBblil GA3UCHBI UK HA TOpe

— 310 cJ10it pacciaoenus 3eiidpepra. dcno, uro ecom AT u A\™ — nepsble 6a3UCHBIE HUKJILI
AT = -\~ i
Ha Topax B (J; m (J_ COOTBETCTBEHHO, TO , TO3TOMY MaTPHUIA CKJIEAKN UMeeT
BHT
-1 0
)
p 1

rje p — HEKOTopoe Tesoe 4ucjo. V3BecTHO, 4TO p MOJHOCTBIO ompejesnser (yHIa-
MEHTAJTBHYIO TPYIIY MHOrooOpasus ()7, CKIEeHHOrO U3 JIBYX MOJHOTOPHUi (B JaHHOM
caydae 310 Q1 u Q_), a mvenno: m (Q3) = Z,. losromy, ecniu Q5 &~ ST x 5%, o p = 0.
Ecam Q3 =~ S% 10 p=1. Ecmn QF ~ RP?, 10 p = 2.

Tenepb, Korjga Mbl 3HaeM MATPHUILY CKJICHKH HA CHMMETPUIHOM OTHOCUTEJIHLHO OCH h
pebpe V,—V], MBI MOZKEM TIOCIUTATH METKY N [0 onpejiesernto (eM. kaury A.B.Boscunosa,
A.T.®owmenxo [1]):

n = > (5] + > [—%} + > [—2]. Tak kak Marpuina

(0%
ucxogdmume pebpa BXOZsIME pebpa ! BHYTpPEeHHUE pebpa !
ckJIeiikn Ha pedpe A — V) paBHa

a f —p 1

v o0 10

B cuy Toro, 4To MoJIeKy/1a cHMMeTpUYHa, HO “‘cuMMerpudnbie” pedpa A—V, u V, — A,
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OPWEHTHPOBAHBI MPOTHUBOIIOJIOKHBIM 00pa3oM, TO Marpuna Ha peope V; — A pasua

—a f p 1

v =0 10

Suauut, ajist Bxomsmero pedbpa A — V) Bkiag B METKy 1 PaBeH BKJIJY B METKY N OT

CUMMETPUIHOTO eMy UCXoasamero peopa V; — A, HO ¢ TPOTHUBOTOIOKHBIM 3HAKOM.
TakuMm 06pa3oM, BKJIAJIbI B METKY 7 OT BXOJAMANIHX pebep U OT UCXOMSIIHX B CyMMe

qaoT 0, 3HAYHT, N = > [—2] = [-&] = p. Taknm obpaszom, ecnmu aasa Q3

(677 -1
BHYTpeHHUe pebpa

umeeM h < min{hy, ho}, Ton =0, eciu hy < h < hy, ton = 1, u eciu h > max{hy, hs},
TO N = 2.

Teopema 6 noxazana.l].

MpI KiraccuuIEpOBaIn BCe CUCTEMbI Ha MHOTOOOPA3NAX BPAICHH C HOTEHIIHAIOM
C TOYHOCTBIO JIO JINYBUJLIEBOH SKBUBAJICHTHOCTH. BO3HUKAET BOIPOC: BCE JIH CHCTEMBI
Ha MHOTrOOOPa3usX BPAIICHUA C IIOTCHIHAJOM PEATU3yIOTCA B KJIACCe CHCTeM Ha, IO-

BEPXHOCTSIX BpalieHus ¢ noreHnmaaom? OTBeT maer caeayomas Teopema.

Teopema 7 /s 410600 cucmemv, Ha MHo2000pasuy spauserus, 3adannot napod (f(r), V(r)),
HAT0eMmes AUYBUANLEO IKEUBAAEHTHAA €Tl CUCTNEMA HG NOBEPTHOCTU epaweHud. Jpy-
2umu crosamu, natioymes obpasyrowan dynxuua fo(r), sadarowas noseprrocms 6 R3,
u nomenyuan Va(r), makue 4mo cucmema Ha NOSEPTHOCTU BPAUECHUA, 360GHHAA NAPOT

(fa(r), Va(r)), auysuaseso sxsusarenmmua cucmeme, 3adannots napot (f(r), V(r)).

HokazareabcTBo. Paccmorpum cucremy Ha MHOroobpa3uu BpallleHusd, 3a3/[aHHYIO Ia-
poit dyuxnuit (f(r),V(r)), r € [0;L]. Cormacuo gemme 1, f'(0) = +1, f'(L) = —1.
KpuTepuem BJI0XKeHHOCTH MHOroobOpasusd, 3adannoro dpyukuuei f(r), B R3, cormacuo
aemme 2, cryxut yeaosue |f'(r)] < 1 ma [0; L]. pogedopmupyem byukmmio f(r) Ta-
KM 00pa3oM, 9TOOBI OHA CTaJa YIOBJIETBOPSITH MOC/IETHEMY YCIOBHIO ¢ COXPAHEHUEM
yCJIOBHS Ha 3HAYEHHS MPOM3BOIHON B KOHIIAX OTPE3KA.

1) Hopmupyem dbyukuuio f(r), a uMeHHO, mojeuM (DYHKIMIO HA MaKCHMAJIbHOE

= )

saavenne M = |f] | ee npousBomxuoii na orpeske [0; L]. [oxyuum fi(r) = ](J) Torna
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st byskiun fi(r) BBIIOJHSIETCS yCIOBHe Ha MOAyJab npousBoguoit: |fi(r)| < 1 na
[0; L], omHako mepecTaeT BHIMOIHITHCS YCJIOBHE Ha 3HAYEHHsS MTPOM3BOMHON B KOHIIAX
OTpesKa.

2) Tak kak f(r) uw V(r) — dyuxmun Mopca, To cymectByer ¢ > 0, Takoe 9TO
B okpecraoctax (0,e) u (L — e, L) xounos orpeska [0; L] dbyukuun f(r) u V(r) wmo-
nHoronusl. A umenno, f(r) monoronno Bospacraer Ha (0,£) u MOHOTOHHO yObIBAET HA
(L—¢,L). Bamennum bynknuio fi(r) na [0; L] na dbynknuio fo(r) caemyomnmm oGpasoM:
fo(r) = fi(r) ma g, L — €|, f35(0) = +1, fi(L) = —1, fo(r) moHOTOHHO BO3pacraer
na (0,¢), mpudeM /s BCeX MEIbIX HEOTPUIATENBHBIX & BBITOIHEHO: fQ(k) (e) = fl(k) ()
(takyto GYHKIHIO fo(r) MOKHO OCTPOUTD, HAIPHMED, UCIIOJIb3YS CKIEHKY ¢ HOMOIIHIO
byskun e B OKPECTHOCTH TOUKM T = ). AHAJOrMUYHBIM 00pa3oM 3auaeM fo(r) Ha
npomexxyTtke (L — e, L).

[Tocrpoennas dbynkuusa fo(r) 6yaer yIoBIeTBOPITH 060UM TpeGyeMbIM YCJIOBUSIM:

|[f3(r)] < 1ma [0; L] m f5(0) = +1, f5(L) = —1.

OpHako THIl, KOJUYECTBO W B3aUMHOE PACIOIOXKeHWe OndypPKAIMOHHBIX KPHUBHIX

2
onpeensaoTes nopegernem addexrusaoro norennmana Ug(r) = #(r) + V(r) (6omee
i s f(V'(r)
TOYHO, II0BeIeHHEeM ero IPOM3BOHOM, WIH, YTO SKBUBAIEHTHO, byHKImed —75 (eu.

reopemy 4)), r.e. u3menus dynknuio f(r) B okpecrHoCTsIX KOHIIOB orpe3ka [0; L], mbl

MOTJIH U3MeHUThH noBejerne Uy (r) B 9THX OKpecTHOCTsIX. [109TOMY MepBBIM IIAroM HOP-

MupyeM Toit ke Koncrauroit M norennunan V(r): Vi(r) = % [ToBTOpUM, YTO TAaK Kak
f(r) m V(r) — dynknun Mopca, To B massix okpectaoctsx (0,6),0 < e (u (L — 9, L))
KOHIOB oTpe3ka nosegenne GyHkiun Uy (r) He M3MEHUIOCH, OJHAKO OHO MOIJIO U3Me-
HUTHCsT Ha mpoMexyTkax (d,e) u (L — e, L — ¢§). Ecau 370 mpou3011LI0, MOATPaBIM
dbyukmuo Vi(r) (moayunm HOByIO dyHKIHIO Vo(r)) Ha 9THX TPOMEXKYTKAX TaK, 4TO-

661 pyHKu L (7}),\(/7“’)@) ul 2(}“,)(‘12/)“) MMeJIM OJIMHAKOBBIN XapakKTep MOHOTOHHOCTH Ha, ITUX
2

IIPOMEKYTKAX.
B pesysbraTe mpou3sBe/ieHHbIX u3MeHeHuil Haj dbyukuuaMu (fo(r), Va(r)) usmenu-
JI0CHh PACTIOJIOKEHHEe KPUBBIX, ONPEIETeHHBIX B MAIBIX OKPECTHOCTSAX KOHIIOB OTPe3Ka,

r.e. Ha npomexkyTkax (0,¢) u (L — ¢, L). Uccaeayem nonpobHee 3T n3MeHEHUSL.
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[Tepsbiit cayuaii: koren orpeska r = 0 (u/win r = L) — rouka tuna Gokyc—dokyc.
BHauuT, Mbl MeHsIH OU(YPKAIMOHHYIO JUarpaMMy B OKPECTHOCTH H30JUPOBAHHOTO
ocoboro 3Hadenns panra 0. Tak Kak 3HaYeHHEe W30 TMPOBAHHOE, TO TTPU HEOOXOIUMOCTH
BRIOEpEM £¢ < £, Takoe uTo Ha mpoMexyTke (0,&0) He ompeesnena HI OaHa OudypKa-
IMOHHAsT Jyra. SHAUNT, HU OJHA OudypKaruonHas ayra (Kpome, BO3SMOKHO, JyTH Ha
npomexkyTke (L — &, L)) He U3MEHUIACH NP HAIIAX TPE0OPA30BAHUSIX.

Bropoii ciyuqait: konen orpeska r = 0 (u/wmu r = L) — ToYKa THIA HEHTP—IIEHTP.
BHauuT, Mbl MeHs T Ou(YPKAIMOHHYIO JUarpaMMy B OKPECTHOCTH 0COBOI0 3HAYEHUS
panra (), COOTBETCTBYIOIIEr0 TOYKE THUIA IEHTP-IeHTP. Mbl 3HaeM, KaK yCTpOeHa Jiha-
rpamma (M KOMIUIEKC) B OKPECTHOCTH IEHTPA: 3TO Beerja jyra Tuna A, comeprarias
ocoboe 3nauenue paura 0. [Tosromy, upu Hamux nsmenenusix B okpecruoctu (0, &) mMor-
Jla U3MEHHUTh CBOe DAachoJioxKeHHe (HO He THI) JHIIb ofHa OudypKanuoHHas gyra —
Jyra TAma A, cofepzkalnas W30J0POBAHHOE 0c0D0e 3HAUCHHE.

BhisicHuM, KakK CHJIBHO MOTJIO M3MEHUTHCS MECTONOJIOXKEeHne Nyru A B ciaydae 2.
BudypkanuoHubie Iyru 3a/al0TCA TapaMeTpHIecKuME ypaBHeHusIME (cM. Teopemy 4).
Kuntouesoit dyHKIMEl B 5TUX ypaBHEHUSX, KaK yke ObLIO CKazaHo, siBisiercs §(r) =
F()V'(r)/f(r). llpn nopmuposke uwa M nosenenne 510t dbyHKIUA $(r) He MEHIETCS,
HO 3areM Mbl nojunpasjsgem f'(r) — sra GyHKIMI MOXKET CUJILHO U3MEHUTH 10BEJIe-
e ynknun s(r). Ognako Ha npomexyTke (0,€) mMeeM ciemyoliue OrpaHHIeHus:
f/(0) =+1, |f'(r)] <1 (sgcHo, 970 BTOPOro YCJIOBHS BCErIa MOKHO TOOUTHCH ), & TAKHKE
dbyuknus f(r) — mana (T.K. MBI HAXOAUMCS B MaJsIoit okpectnoctu ee nyist: f(0) = 0), a
JIOMHOYKEeHUE Ha OJIM3KYI0 K HYJII0 (DYHKITUIO HUBEJUPYET BO3MOXKHBIE U3MEHEHUs (DYHK-
un $(r). [osromy mpn uzmenennsix napst (f(r), V(r)) va napy (f2(r), Va(r)) nyra runa
A He3HAYUTEIHHO MeHsIeT CBOE PACIIONOKEHNEe, U MOYKHO 0100paTh TaKoe 3HATCHHE Ta-
pamerpa €, uro Ha unrepsaje (0,€) Bce KOMOMHATOPHBIE XAPAKTEPUCTUKU JIUAIPAMMBI
1 KOMILTeKca (cm. maparpad 1.6), T.e. KOIMIECTBO U B3AUMHOE DACIIONOKEHHe TOUeK Ha-
JIOYKEHUS U TepecedeHnsi Ou(YPKAIMOHHBIX JIyT, COXPAHSTCS, 9eT0 Mbl U JTOOMBAJHCh.

B pesynbrare mpousBeeHHBIX W3MeHeHHi Mbl momyuman napy (fo(r), Va(r)), toe

f2(r) — obpasytomas nosepxuoctu Bpamienus B R3, a Vo(r) — norenuuan, Takyio 4ro

73



CHUCTEMa, Ha MOBEPXHOCTH BpAIleHusd, 3ajaBaeMasi 3Toi mapoit pyHKIuil, JuyBULIEBO
9KBHBaJIEHTHA ncxonnoii cucreme (f(r),V(r)) ma muoroobpasun Bparmiennst.[].
Meuenast MOJIEKYJIa JIJIsi CHCTEMbI, IPUBEIEHHOI 11t TpuMepa B maparpade 6 (as-

TOPUTM MOCTPOeHUsT 61uhypKAIIMOHHOTO KOMILTEKCA), MoKa3aHa Ha pUCyHKe 21.

A A
r=0 r=0
A B .
r:O //// /:OO \\\
e=1 "B e=1 \n=2
(‘ =00 |
l |s:—1 }
r=0 \‘\B r=co |
=VER N
A . B
a7\ r=0
é;‘i/ \6=1
A A

Puc. 21: megenast MojiekyJia JJisi CACTEMBbI, TPUBEIEHHO B mpuMepe n3 maparpada 1.6.

OTmeTum, 9T0 9acTh MeTOK B nHBapuante @omenko-llunanra onpesensercs Koim-
4ecTBOM 0coObIX Todek panra 0 Ha M? (cMm. Teopemy 6, mynxToi d) u e). Onumem cocod,
C TIOMOIIBIO KOTOPOI'O MOYKHO OIIPEJIE/INTh MECTOHAX0XK IeHne 0coObIX ToueK panra () Ha
OudypPKAITMOHHOM KOMILJIEKCE.

Hamomumnm, ato ocobbie Touku panra 0 mmeior koopaunatsl (h, k) = (V(0),0) u
(h,k) = (V(L),0), T.e. mexkar ma ocu h. TakKe BCHOMHHM, YTO JJisI OTPEIETCHUST
KOJIMYECTBA JINCTOB KOMILTIEKCA, oTBedatomux Touke (h, k), Heobxoaum anaans rpaduka
dbyuxuun Uy (r) = %—H/(r) (em.maparpad 1.6). CirenoBaresbHO, YTOOLI ONPE/ETUTD
KOJIMIECTBO JINCTOB OuyPKAIMOHHOTO KOMILIEKCa, OTBedaomux Touke (h, 0), mexarmeit
Ha ocu h, HaM HeoOXoAuMO u3ydnTh nosejenne Gyuknuu Uyg(r) = V(r), 1.e. noBeenue

MOTEHIINAJIA.
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Hamomuum, uTo ocobbie Touku panra () /i cucTreMbl Ha MHOT0OOpa3uu BpalleHus
MOTYT UMeTh THIT (HOKYC-POKyC U MeHTp-TieHTp (cM. semmy 3). B caydvae, ecim Touka
HUMeeT THII IeHTP-TIEHTDP, OHA JIEXKUT Ha OUdYPKAIMOHHON yre B TOYKe, IPUHATeKA-
meit ocu h. Ilpu sTom, Tak Kak B Touke panra 0 (r = 0 wiw r = L) TATIA IEHTP-TEHTD
BeinostHsIeTcst yeopue V" (r) = +1, 1o B Touke r dynkuusa V(r) mMeer JOKATIbHBIN
MEHEMYM, a motomy Touka (V(r),0) jgexur Ha 6udypkanuonnoit ayre Tuna A. Tenepnb

cchopmymupyem ciaenyroliee yTBePKICHHE.

YrBepxkaeHue 5 Fcau obe ocobvie mouku parea O cucmembv, Ha MHO2000pa3UL 8Da-
WEHUS UMEIOM UN UEHMP-UEHMP, MO IMU MOYKY AEHCAM HG PA3HLIT AUCTAT OU-

PYPKAYUOHHO20 KOMANERKCA.

HoxkazareascrBo. Cornacuo ycaosuio u gemmve 3, V" (0) = V(L) = +1, T.e. moTennu-
ayt mmeet B Toukax r = 0 u r = L jokaabHbie MEHIMYMBI. C/1610BATEIBHO, CYIECTBYET
TOYKA T JIOKAJIBHOIO MAaKCHMyMa HoTeHrnuasga #a uarepsasie (0; L). A 3HAYUT, TOYKU
panra () HAXOASITCS B PA3JIHYHBIX 00IACTAX BO3MOKHOCTH JIBUYKEHHUs (HA PUCYHKe 22 3T’
obacTu paszjesenn TOUKoil (rg, V(rg))) u, ciegoBareabHo, JeKAT Ha PA3HBIX JHCTAX

OudypKaIMOHHOTO KOMILIeKca.[].

Puc. 22: wyuniocTpaliust K yTBEpKJIEHUIO .

CdopmymupyeM MOJIe3HOE OYEBHIHOE YTBEPZXKIEHNE OTHOCHTEILHO ‘“JIVHOK H “ma-

pabosr” Ha OudypKaAMOHHON JrarpaMme.
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JIemma 23 ITycmo na ompeske (r1,13) € [0; L] ewnoaneno yeaosue sgn V'(r) = const,
npusem V'(r1) = V'(ry) = 0 (em.puc.23). Tozda na budyprayuonnoti duazpamme 06-
AGCTIU (11, 7o) UBMEHEHUA TAPAMEMPA T coomeememeyom dee Oudyprayuontve Oyeu:

00HA — INAUNMUMECKO20 muna, o0na — 2’(”7;6]?60./“[%60%020 muna.

Puc. 23: wuocrpanusa x jiemme 23.

Cdopmyaupyem yTBepKIeHNs, HAIPAMYIO CJIEYIONHe U3 JTEMMBL.

Caexncreue 1. Ipu sosmyuwenuu nomenyuara V(r) memodom dobasrenus 6 nezo
001020 AOKANBHOZO MAKCUMYMA U 00HO20 NOKAALHO20 MUHUMYMA (cm.puc.23), na Ou-
dyprayuonnol duazpamme soznukrarom dee dyeu — dyza muna A u dyea muna B. To
ecmb NPU YKA3GHHOM 803MYyuleHuy dy2u 8o3rukatom napamu. B wacmnocmu, npu ma-
AOM BO3MYULENUL NOMENUUAAL KA Yuacmke Moromornnocmuy gynkyuu f(r) eosnukraem
“aynra’.

CaencrBue 2. Fcau Ha unmepsase obaacmu onpedesenus budyprayuortus o0ye
(r1,72), NOABUBWEMCA NPU MAAOM 803MYUEHUY nomenyuana V (1), umeem sgn V' (r) =
const u sgn f'(r)V'(r) > 0, mo napa sosnurxamowur dye munos A u B obpasyem 6u-
PyprayuonHyo Kpusyro muna “Aynka’.

Caencreue 3. Fcau Ha unmepsanse obaacmu onpedesenus dudyprayuortus 0ye
(11, 72), NOABUBWEMECA NPU MAAOM 603MYWeHuy nomenyuanra V (1), umeem sgn V' (r) =
const, a gynkyua f'(r) menaem suax na 2mom unwmepsane, mo wa OuPYPKAYUOHHOT

duazpamme mo2ym 603HUKHYMY caedyrouyue Habopu, dyz: dee “napabosv,” (munos A u
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B «kaocdas), “napabora” muna A u dyea “aywru” muna B, aubo “napaboaa” muna B u
dyea “aynxu” muna A. Tunwv sosnuxaowur dyz onpedesstomes nosederuem GyHryUU
f'(r) na ompesxe [rq,7s].

Taxkum obpa3om, U3MeHss MOTeHIHAJbHYI0 (DYHKINIO, 100aBsIs B Hee OHUdYypKa-
MO, ONMCAHHYIO B JieMMe, a Takxke MeHsig dbyukuuio f(r) (nobasnsa B Hee OGudyp-
KAIMH TaKOTO Ke BUJIA), Mbl MOZKeM J00aBAATH B OudYPKAIMOHHYIO TrUarpaMMy JIyTu
BCEX BO3MOXKHBIX THIOB (cM.Teopemy 4). Pacrosioxkenue Ha auarpaMme Touek panra ()
¢urcupoano. Bozuukaer Bonpoc: datom au mouku parea 0 02paruNeHus Ha Pacnoso-
stcenue Ha oudyprayuonHot duazpamme 6UPYPRAGUUOHHBIE Y2, KOMOPBLE Mbl MOHCEM
NOAYUUMD YKA3AHHUMY OUPGYPRAUUAMU?

Jlast oTBeTa HA TOT BOIPOC U3YUUM MHOAPOOHEe paciojiozxkenue Todek panra (0 Ha
jqucTax 6udypKAIMOHHOTO KOMILIEKCA, a TAKZKe BBIICHUM, JAIOT JIM TUIIHI TOYEK PAHTA
0 kakue-1uOO OrpaHUYEHUs Ha PaCIoJIoKeHne OndYypPKAIUOHHBIX Ay Ha OudypKaiu-
OHHOM auarpamme. PaccMoTpuM Bce BO3MOXKHBIE CJIYUAH.

Cpazy orMerum, 9TO I TOTO, 9TOOBI MOJYYUTh HA OndypKAIMOHHONW auarpam-
Me JIyTy Tuma “KaoB”, HAM HEeOoOXOAMMO JIOKAJbHO W3MEHUTh TONbKO GyHKIu f(r)
(HampuMep, Ha OTpe3Ke MOHOTOHHOCTH JOGABUTH K (DYHKIIUK TTapy: JOKAJIbHBIH MUHHU-
MYM — JIOKQJIbHBI MAKCUMYM, T.K. JIJIsl HAJIMYHsI KJIOBA HA OTPE3Ke [11, 73] HeobXo Mo
soinosienue yeaosus f'(ry) = f'(re) = 0, em. Teopemy 4). CienoBaTeabHo, HIKAKAX
MaHuyaanuii ¢ dyuxmueit V(r) aag nosydenns “kiaoBa’ MPOU3BOIUTL He Tpebyercs.
CrenoBarebHo, “KIIOBBI’ Ha OuYpPKAIMOHHOI JHarpaMMe MOKHO KOHCTPYHPOBATDH B
JIFOOBIX KOJIMIECTBAX, a TakzKe B JIi000# obJracTu obpa3a orodparkeHusi MomenTa. Jlasee
Hac OyayT mHTEepecoBaTh OMdypKaIMOHHBIE IyTH THTA “JyHKa’ u “napabosa’.

Hastee, Korma Mbl 6y1eM yIIoTpebJIdaTh CJIOBOCOYeTaHN “BOZHUKHOBEHNE IyTU | “HC-
Ye3HOBEHUE Jyru’; Mbl OY/J€M MMETh B BHIy BOZHHKHOBEHHE U MCUYE3HOBEHUE BEPIIUHDI
(T.e. TOUKH, JexKaIeil Ha ocu h) COOTBETCTBYIOIIEH JTyTH.

Cayuaii 1. Touxu (V(0),0) u (V(L),0) umerom mun yenmp-vyenmp.

Touku 7 = 0 u r = L gaBAgIOTCS JOKATHHBIMA MUHUMyMaM# ToTeHnuasa V (r).

CrenoBaTesibHO, CYIIECTBYeT BHYTDEHHHH JIOKaJbHBIH MakcumyMm V(rg) morenmmada,
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ro € (0; L) (cm.puc.22). Tak Kak JOKATHLHOMY MAaKCHMyMy MOTEHI[HAJIA OTBEYAET I'H-
nepbosmueckas ayra Ha 6udypKanIMOHHON quarpaMme, TO MOy IaeM CIeayIoMee yTBep-

2KJIeHNeE:

YrBepxkaenue 6 [lycmv cucmema HG MHO02000pa3uu 6pauleHus umeem dse ocobuie
mouwku parea 0 muna yewmp-uenmp. Tozda:
a) bupyprayuonnas duazpamma codepocum no kpalinet mepe dee dyeu muna A
(Kastcoan us KOmMOPHLT codeparcum mouwky muna yenmp-uenmp) u oduy dyey muna B;
b) nokanvro usmenan gynkuyuy f(r) u V(r) onucannvm sviue cnocobom, mve mMo-
grcem noaydums oudyprauuonnoe dyeu muna “aynxa”’ u “napabora” 6 210600 0baa-
cmu 06paza 0mobpaNcenus MOMEHMA (Meacdy moukamu yermp-yenmp (em.puc.24a),

npasee obeuxr mouek uenmp-uenmp (puc.24b) uasu aesee obeur mouer yenmp-yewmp

(puc.2jc).

Puc. 24: Bosamoxubie Bupl dbyukiuu V() i cucreMbl, UMEIONIEH JIBe TOYKHU THUIIA

EHTP-TIEHTP.

KommenTapuii. [TyHkT b) yTBepiK IeHEST MOXKHO IepedOpMYTHPOBATE CIEYIONIM 00-
PA3OM: ECAU CUCTNEME HA MHO2000PA3UL BPAUEHUA CODEPIHCUM, JBE 0COOBLE MOUKU PAH2A
0 muna yenmp-uyenmp, mo GuPYPKAYUOHHBIE KPUBHIE MO2YM PACTOAGRGMBCA OMHOCU-
MEALHO IMUTL MOYUEK A100bLM JONYCMUMBLM (CM.MEOPEMY 4 U ONUCGHUE CAYYAA 00ULe20

noaoocenua 6 2aase 1.5) cnocobom.
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Cuayuaii 2. Toura (V(0),0) umeem mun uyenmp-uyenmp, a mouka (V(L),0) umeem
mun goxryc-goxryc.

Ecau cymiecTByer 3HadeHne mapamerpa r = rg, Takoe 4to 1o € (0, L) u V(rg) —
rI00AJBHbIN MAKCUMYM TOTeHIHa a Ha orpeske [0; L] (em.puc.25), 10 Touku dhokyc-
¢oKyC u MEHTP-TIEHTP JIeKaT HA PA3HBIX JHCTaX OMdypPKAMMOHHOIO KOMILIEKCA. JTO

HaOJTIO/IeHNe cJeIyeT U3 aHaJIn3a PUCYHKA 2D.

W) |

Puc. 25: Boamoxkubiii Bug dyHkmun V(r) mas cucrembl, UMeoIIeii OfHy TOYKY THIA

HEHTP-IIEHTP U OJHY TOYKY THIIa (hOKyCc-POKyC.

W3 sToro HabJiogeHus BBITEKAIOT CJIEAYIONINE YTBEPXKICHUS.
CaenctBue 1. Ecau movwku yenmp-uenmp u Goryc-goryc aescam na 00HOM Aucme
114 »” i 2
budyprayuonnozo Komnaekca, mo ece “aynku” u “napabosv” soznukarom (& cayuae

“aynor” — marorce ucuesarom,) mestcdy mouramu parea 0 (cm.puc.26a, b).
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Vo)

Puc. 26: dynkuus V(r) u 6udypkanuoHtas jauarpamMma CUCTEMbl i CIydasi, eC/iu
TOYKH HEHTP-TEHTP u (POKYCc-POKyC JieKaT Ha OJIHOM JIUCTe On@YypPKAIMOHHOTO KOM-

IIJICKCa.

CaencrBue 2. Ecau na oupyprayuonnotl duazpamme npasee mouky hoxyc-poryc
sosnuKatom (usu ucwesarom) “aynku” uau “napabosn”, mo mowku parea 0 aescam wa
PASHOLL AUCTNAT OUPYPKAYUOHHO20 KOMNACKCA.

CaencrBue 3. Ecau mouku panza 0 aescam wa 00nom 6udyprkayuoHHom AUCME,
MO HUKAKUM UWEBEACHUEM CUCTEMb (HUKAKUMU usmeneruamu dynruud f(r) u V(r))
HEBOZMONCHO NOAYYUML “AYHKY” usu “napabony”, 603HUKGOWYIO (UL UCHE3AOULYIO,
ecau coomeememsyrowan 0yea umeem mun B) npasee mouku doryc-doryc (dpyeu-

MU CAOBAMU, Makyl0 budyprayuonryto duazpammy He daem Hukakas napa Gyrruyul

(f,V)) (em.puc.27).
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T X7
\ - 4 N ’ K =4

Puc. 27: wyuntocrparus K cjiejicTBuio 3.

Cayuait 3. Touxu (V(0),0) u (V(L),0) umerom mun doxyc-gokyc.

Tak kak V(0) u V(L) — sokanbubie MakcumyMbl dbynknun V(r) (em.puc.28), o
OudypKaIMonHasd uarpaMMa CUCTEMbI COIEPZKHUT XOTsd Obl oy “mapabosty” 3JLIHITH-
94eCKOro Tuma (MOTEHIHAT UMeeT XOTs Obl OJUH BHYTPEHHU{l JTOKAJbHBIA MAHAMYM Ha

orpeske [0; L]).

V)

Puc. 28: Bosmoxkubiit Buy dbyuknun V(r) u 6udypKAIHOHHON THATPAMMBI CHCTEMBI,

obJ1ajiatolneii JiBymMs ToukaMu tumna poxkyc-hokyc.

OtMmeruM, 94TO TOUYKH (POKYC-DPOKYC MOTYT JIexKaTh KaK HA OJIHOM, TaK U Ha PA3HBIX
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OudypPKAIMOHHBIX JIICTAX.
Cdhopmyaupyem jeMMy, COAepzKaILyo B cede pe3yabTaThl OTHOCUTEIBHO TTPOBE/ICH-
HOT'O BBITIIE UCCJIeTOBaHNA, KaKue OrpaHuYeHnsd JaloT TOYKH paHra () Ha pacnosoxKeHne

OouypKaAITMOHHBIX JTYT.

YrBepxkaenune 7 Fcau mouku parea 0 mooicro coedunums 1a 6uPyprayuoHmom Kom-
NAEKCE HENPEPHIBHHIM MOHOMOHHLM N0 h nymem, mo npasee obeuxr mouer panea ()
omcymemeyrom dyeu “aynox” u “napaboa” (m.e. ece eepuunn, “aynok” u "napabor”

umerom koopdunamy h < mazx{V(0),V(L)}).

Nzyuum cayyait copnajienns Ha 6udypKanrmoHHONl auarpamMme JIByX TOYeK (POKYyC-
dokyc, T.e. caydaii, Korja Ha OudypKaIUOHHONK JuarpaMMe n300pazKeHa oJIHa, H30JIHPO-
BaHHast ocobast TOUKa, a HCCaeayeMasl CHCTeMa MeeT IBe 0coOble TouKM panra () Tuma
doxyc-pokyc. B aTom cirydae BO3MOXKHBI J[Ba BapHaHTA:

1) mouru doryc-doryc aescam na pasHor OUGYPKAUUOHHBLL AUCTIAT, U KAHCOGA
u3 Hux umeem 6 npoobpase mop ¢ 0dHol nepemancroti (cm.puc.29;

2) dee mouku dokyc-Poryc craeenvt 6 00HYy MOUKY Ha OUPYPKAUUOHHOM KOMNAEKCE
— 6 npoobpase umeem mop ¢ 08Yma nepemanckamu (cm.puc.30.

Kak ciemcrBue, orMeTuM, 9TO B 00IIEM CJaydae TOJIHKO 110 OMdYpPKAIUOHHOMN Tua-
rpamMMe HeBO3MOXKHO OIPEIeIUTh CJA0KHOCTH (POKYCHONH 0COOEHHOCTH — HEOOXOIUM

Takzke anaau3 rpadguka byukmun V(r).
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V(0)=viL)

k

A

a)

Puc. 29: Bosmozkubiii Bu byukinuu V (1) u 6udypKaMOHHON jJiuarpaMMbl CUCTEMbI, 06
Jlaaronieit aByMa ToukaMu HoKyc-hOoKye, COBIAIANIMMIA HA OU@YPKAITMOHHOMN /THa-

rpamme (epBbli corydaii).

Vio)=viL)

b)

Puc. 30: Bo3mozkubtit Bug dbyukmnun V (1) n 6udypKaAMOHHON THAIPAMMDI CHCTEMBI, 00~
Jlajatonieit aBymMmsd ToukaMu QoKyc-pOKyC, COBHAIAONMMA HA OUdYypPKAIMOHHOMN J11a-

rpamme (BTOpOii ciydaii).

1.9 JImyBmuieBa 3KBUBAJIEHTHOCTh CHCTE€M HA MHOT000pa3msax
BpallleHUd ¢ U3y4YeHHBIMU paHee MHTEeTPUPYyeMbIMU TaMUJTb-

TOHOBBIMM CHCTEMaMMU

Coryacuo teopeme Domenko-Ilumranra aBe mHTErpUpyeMble FAMUJIBTOHOBBI CHCTEMBI

JINYBUJLJIEBO 9KBHUBAJIEHTHbBI Ha M309HEPreTUYECKHUX ITOBEPXHOCTAX Q21 u Q‘;LQ TOI'la 1
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TOJIBKO TOIJIa, KOTJIAa UX MEUYEHbIe MOJIEKYJIbl COBIAIAIOT.

Meuenast MmojiekyJ/ia Jijisi CHCTEMBI Ha MHOTOOOPA3WHU BPAIIEHUA MOXKET OBITH OJIHOTO
u3 1Byx tunoB: A — A uwnau W — W, upu 3TOM MeTKH Ha IeHTpajabHOM pebdbpe V; — V]
caemymomume: 1 = 00, € = —1. MoJsiekysia BToporo Tumna kKak rpad BCTpPedaeTcs BO MHO-
I'UX HHTErpUpYyeMbIX cucreMax (caydail 2KyKoBCKoro, ciaydail JUHAMHUKH [TePOXOBATOTO
SJUTHIICOUIA HA TIOCKOCTH, cucreMa KoBaseBeKoit), 0HaKO YKa3aHHbIH HAGOpP METOK
Ha pebpe V; — V| BeTpedaeTcs JIMIIb B CJIyYae HHTEIPUPYEMBIX T€0Ae3MIeCKUX TOTOKOB
Ha MHOroobpasusix Bpamienns ((hOpMAJbHO 3T CHCTEMA OTJIHYALTCS OT MCCJIEeyeMOi
aBTOpoM, Tak Kak GyHkunsg V (r) = 0 11 reoe3ndeckux MOTOKOB, T.e. MOTEHIHA He
seaisiercst pynknueir Mopca). [Tosromy cuerema Ha MHOrOOGpa3wu BpalieHust, 00Jaa1a-
omasi 1pu HeKoTopoM H = h medenoil MoJieKy/i0it BTOPOro THUIA, MOXKET OKA3aThCs
JINYBUJLIEBO SKBUBAJIECHTHONH CPeIu U3YUYEHHBIX CHCTEM TOJIHKO T'€0e3UIECKOMY TOTOKY
HAa HEKOTOPOM MHOTOOOpa3Wy BpaIlleHHs MPH HEKOTOPBIX 3HadYeHUsX suepruu H = h
(3TOT BOIIPOC MBI OGCYIUM HUZKE).

Pacemorpum mosexyoty nepsoro tuna: A— A. Ona obnagaer merkamu r = 0, r = 1/2
WIH 7 = 00 B 3aBUCHMOCTH OT 3HadeHust sHepruu H = h (cm.teopemy 6). Takast mo-
JIEKYJ1a BCTpeYaeTcsl MPpaKTUIeCKd BO BCeX M3BECTHHIX cucTeMax. IlosTomy cucrema Ha
MHOTOO0OPA3UN BpAlICHUs IIPH TeX 3HaYeHusIX ueprun H = h, upu KOTOPBIX OHA UMeEeT
MEUIEHYI0 MOJIeKyTy A — A, saBjstercs JuyBU/II€BO SKBUBAJEHTHON TOYTH BCEM KJIACCH-
YeCKUM HHTEIPUPYEMBIM CHCTEMaM ¢ TaKoil xKe MoJieKys0i. OmnuiineMm mnogapodHee CJIy-
Yyail JIMYBUJLIEBOH SKBUBAJECHTHOCTH HCCJICIYEMBIX CHCTEM U TeOJIe3MYECKUX IMOTOKOB.
Haromuum, 4To U303HEpreTHyeckas MOBEPXHOCTL () cHCTeMbl Ha MHOTOOODA3UU Bpa-

IMEeHNA MOXKET UMETh HECKOJIBKO KOMIIOHEHT CBA3HOCTH (CM. TeopemMy 5)

YrBepxkaeuue 8 /Jlaa 410000 cucmemnv, Ha MH02000pa3uL 8pausenua, 3adarnoti napot
dynxuyud (f(r),V(r)), daa awbozo pezysapnozo snauenus anepeuu H = hy (kpome
aHaverud IHep2uL Mover 6036pama u moswex muna V; # B 6udyprayuonnur kpusoir)
u 0as A060U ceasnoti komnonenmo, 6 () C Q%O cyulecmeyem 2eode3udeckuti nomox

Mempury spauwenua, sadasaemuit gynkyuets Fo(r), makot, wmo cucmema (f(r), V(1))
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na Q u cucmema (Fo(r),0) Ha 41060M NOAOHCUMENLHOM YPOBHE IHEP2UU AUYEUALEEO
akeusasermmuv, npu hy > max V(r) u epybo Auysuiie6o IK6USAAEHMHYL NPU MEHDUUT

snepeuax hy (m.e. ux monexyan 6e3 memox cosnadarom,).

JokazareabcTBo. [eone3nueckuii TOTOK METPUKH BpAIEHHsI HA MHOIOOODA3UN Bpa-
HIEHN, T.. HOTOK 0e3 moTeHnunana, 3amaerca gyukimeit Fo(r),r € [0, L]. Tamuasronnamn
TaKOil CHCTEMBI HMEET BH/
2 2
_p K

=, =
2 2F(r)

e K — jonosHuTe/IbHbIA 1epBblil uHTerpaj. V3 3Tux BbIpakKeHuil mojydaeM, 4To
OoudypKaIMoHHble YT UMEIOT BUJ h = %, rae f'(r;) = 0. T.e. budypkannon-
Hag AMarpaMMa JIId FeOIe3NYeCKUX TOTOKOB COCTOUT U3 HECKOJILKHUX HapaboJr ¢ obmeit
pepmunoii. [lapa6oasr MoryT uMerh Tun A man B, Ipn 3TOM KaxKaasd H303HepreThde-
CKasl OBEPXHOCTD ()3 CBA3HA, 1 ee MOJIEKYJIa MeeT BH/I JIepPeBa, OMHCAHHOTO B TEODEMe
K1accupuKauy MeYeHbIX MOJIEKY/I Ha MHOrOOOpasuax BpalleHus, 100 OHA HMeeT BHIL
A—A.

N3 npunnuna MomnepTion cjejiyer, 4To Jiid KazKIO# CHUCTEMbl HAa MHOTroodpa3uu
Bpartenusi, 33 anHoit napoit dyuknuii (f(r), V(r)) npu h > V., cymecTByer reoie3u-
deckuii OTOK (T.e. cymecTByeT 3ajatomias ero dbyukuus Fo(r)), auyBuueso (1 gaxke
TPAEKTOPHO) IKBUBAJEHTHBIN JaHHON cucTeme ¢ norenmuanom. OmaHako npu h < Vi,
npuaiun MonepTion npuMeHsTh Hesib3g. OnuieM noapodHee 3TOT CIydaii.

Tak Kak Mbl HCCJEAYyeM JHYBUJLIEBY SKBHBAJCHTHOCTL CHCTEM HA CBA3HBIX KOM-
noHenTax (Q°, TO g KazKJI0H CBA3HO! KOMIOHEHTBI CHCTEMBI ¢ HOTEHIMAIOM MOXKHO
Haiitu cucremy 6e3 morennuasia (reoJe3UvecKuil MOTOK) ¢ TaKOi ke Mojeky/oit. Bo-

Jiee ToJpobHo: cioenune JInyBuaisg na Qfm MOJIHOCTBIO onpesessiercs Gynkuuei k(r) =

++/(2(ho — V(r))) f2(r) nna cucTempl Ha MHOTOOGPA3HH BPAIIEHHs C TOTEHIHAIOM, 1
Pynxmmeit k(r) = + 2hEZ(r) myst Teoe3nIeckoro moToka (noapobuee cM. gemmy 21
seimie). Orciona crenyer, aro mias gauusix (f(r),V(r), ho) u, HanpumMep, s SHEPrun
h =1, byuxmus Fy(r) = f(r)y/ho — V(r). Torma rpy6Gbie Mosexy. b (MOTeKysbl 663

MeTOK) cucreM coBhagaoT. OJHAKO, KaK XOpOIIo u3BecTHO (cM. Teopemy 2 Hryena u
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[TonsikoBO#, U303HEPreTHYECKAsT TOBEPXHOCTD Q;’L JJIST TEOAE3UYeCKUX ITOTOKOB — 3TO
Beerga RP3 (ji1s cucreM ¢ OTEHIMAIOM 3TO BEPHO TOJILKO 1pH hg > Vige).O)

Tax kak OudypKaluoHHAd JHarpamMMa I'eoJe3udecKOro IMOTOKA COCTOUT W3 Iapa-
001 ¢ o0IIeil BepMWHON, TO B Hell HeT OMMYPKAIMOHHBIX 3HAYEHUN dHepruu. B mc-
cjaeayeMbIX CHUCTeMaX C IMOTeHIHuAJIOM (T.e. HE dBJIAIOINHNUXCA I'€eOJE3NMYICCKHUM HOTOKOM)
OudypKannoHHast AUArpaMMa YCTPOeHa CJI0KHee: Ha GudypKanuoHHON quarpamme (i,
CJIEIOBATEJILHO, B TOMOJIOTHH) CHCTEMbI MOYKET MPOUCXOIUTE TPOU3BOJIbHOE (HO KOHEY-
HOe) YuCI0 nepectpoek. [loaromy cucrema Ha Q3 B PasjudYHBIX 001aCTAX U3MEHEHUS
JHEPTun h MOZKeT UMeThb pa3JInIHbie MOJIEKYJIBI.

CdopMmymupyeM psji BazKHBIX CJACJICTBUN U3 9TOTO YTBEPZKJICHUS.

CaencrBus.

1. B mesiom cucteMbl Ha MHOTOOOPA3USIX BPAIEHUS ¢ TOTEHIUAIOM HE JIIYBUJIIEBO
9KBHBAJICHTHBI IIOTOKaM 0e3 IOoTeHIuaJja, T.€. B KJacce JIMYBUJLJIEBO dKBUBAJIEHTHDBIX
CHCTeM yOpaTh IMOTEHIUA HEIb3sI, TO €CTh KJACC CUCTEM C IMOTEHIIHAJIOM CYIIeCTBEHHO
Iupe, 9eM KJIAacC METPUK BpalleHus: 6€3 MOTeHnaJIa.

2. Tem He menee, Ha GOJTBINTUX Heprusix (corsacHo npuHimny MomepTion) moTeH-
uaja MOXKHO yOparh. Bojee Toro, mpu GOJbIIEX SHEPrUAX CHCTEMBI ¢ HOTEHIIHAJIOM
ABJIAIOTCA TPACKTOPHO 9KBUBAJICHTHBIMU I'€COAE3UICCKUM IIOTOKAM.

3. B Masbix sHEprusx KapTUHA CJAOKHEee W WHTEpPECHee: OKA3bIBAETCs, MOKHO Pa3-
pe3aThb 06JIaCTh MAJIbIX SHEPrHil Ha 30HBI CO CJAEAYIONIUMH CBOMCTBAMH: PACCMOTPHM
OJIHY 300y 3Hepruii. Torga B 00IIeM ciIydae CUCTeMa B 9TOi 30He JIMYBUJLICBO HE SKBU-
BaJICHTHA HOTOKY 0e3 IOTeHIHAIA, TaK KaK IIPH JAHHBIX 3HEPIUAX THOB ()3 MOryT He
coBmajiaTh (s Teojle3nuecKux MoTokos Beerjga Q3 ~ RP3) a g cucrem ¢ noreHnua-
aom @ =~ S x 52 S wm RP3, cm.iemmy 22)

4. Tem He MeHEE, HHTEPECHO, YTO B IHOTOKAX ¢ MOTEHIAJIOM ([IPU MAJIBIX IHEPIUsix i)
ocraeTcsd “cje’ MOTOKOB C HYJEBLIM MOTEHITMAJIOM, ITO3TOMY O0pPa3HO MOYKHO CKa3aTh,
YTO IPOU3BOJIbHAS CHCTEMA C IMOTEHIIHAJIOM PACIaIaeTcsd B KOMIIO3HUIUIO HECKOJIBKUX
CHCTEM, YaCTh KOTOPBIX TPy60 (HO HE TOHKO!) SKBHBAJEHTHA MOTOKAM C HYJIEBBIM TIO-

TeHIUuaJIOM, a IIPpU OO0JILIINX JHEPIrudx — JIMYBUJIJIEBO UM 3KBUBaJIEHTHA.
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[TpuBeeM apyroii, HALIsIHBIHA C110c00 nocTpoenus dyukiun Fy(r), 3anatomeii reo-
JIe3MYeCKUil MTOTOK, JTMYBUIEBO (MM TPYGO JIMYBUILIEBO) SKBUBAJIEHTHBIN JTAHHONW CH-
cTeMe ¢ MOTEHIHAJIOM B (PHKCHPOBAHHON 30He sHepruit. Ormerum, 4to upa h > Vi
BeIOODP yuKIMU Fy(1) 0b0ycaoBmen mpuniumoM MomepTion, OTHAKO MPUBEICHHBIE HHU-
7K€ PACcCyzKJAEHHsI BEPHBI [JIs1 BCEX JOMYCTHMBIX SHePTHii h (Tak Kak Mbl HE 3aHIMAEMCS
UCCJIeIOBAHNEM TPAEKTOPHON SKBUBAJEHTHOCTH CHCTEM, TO PACCYKIEHWUS HUKEe JJId
KazKJI0# 30HBI SHEPIUH JAIOT IEJbli KJIacC MOAXOAAINX (hyHKImit FQ(T), a He eJrH-
crBeHny0 (YHKIMIO, Kak B npuHimne Moneprion).

Iycrsh mostexyta Ha Q° C Q3 h € [h;, hiy1], TOCTPOEHHAS I CHCTEMBI Ha MHOTO-
obpa3uu BpallleHus ¢ MOTEHINAJIOM, IMeeT BH/JI JlepeBa, T.e. B BepIIUHAX Tpada cTosdT
arombl A u B. ITocuuraem xosmaecTBo aroMoB A u aromMoB B B 0HOH 1OJI0BUHE MO-
nekynabl (ycth Mbl uMeeM p aromMoB A u g aromos B). Torga, cormacHo mpebli Ly M
paccyxKaenusam, uckomas (yukiusa Fy(r), 3amaoiiasg MHOroobpasue ¢ reoe3ndecKuM
NOTOKOM Ha Hell, TOKHA UMETD P JOKAJIHHBIX MAKCUMYMOB U ¢ JIOKAJBHBIX MUHUMYMOB,
npudeM Jist toctpoenusi GyHKnuu Fy(r) HaM BaykKHO TOJBKO B3aHMHOE PACIIOJIOKEHHe
e€ 3HAYEHUI B JIOKAJBbHBIX MUHUMYMaX U MaKCHMYyMAaXx.

Hucsio aromoB A 1 B B BRIOpAHHOI 301€e SHepruu 1jis uccaepyemoit cucremst (f (r), V(r))
MOKHO OIIPEJIEJIMTh 110 OudypKanuOHHON JuarpaMme CJIey0HuM 00pa3oMm:

a) BBIUUCJISIEM KOJMYECTBO ap OudyPKAIMOHHBIX TOJJLYT, MEPECeKAEMbIX 3aaHHBIM
YPOBHEM HEPIUU U MMEIONINX OOIIYI0 TOYKY BO3BpaTa — KaxkK/asd TaKas mapa IMOIyT
nobasiiser oguH aToM A u oguH atoMm B B MOJIEKYIIY;

b) BBIYHCIIsIEM KOIXIECTBO “apabosi”, mepecekaeMblX 3a/[aHHbIM YDOBHEM SHEPIHu,
a TaKyke OmpejesieM WX THI — Kaxkaas “mapabona”’ tuma A (tuna B) gobasisier B
MoJieKy Ty aBa aroma A (wau B).

Takum 0b6pazom, it MOJIEKYJIbI-IIPEJICTABUTE/IS KAzK/JI0I'0 IHEPIeTUYeCKOIo “0/10Ka”
MBI CTPOHM COOTBETCTBYIOINIY0 byHKIWMIO F;(r), 3aaaormmy o MHOroobpas3ue BpalleHns i,
TeM CaMbIM, SKBUBAJEHTHBIN (B YKa3aHHOM BBIIIIE CMBICJIE) PACCMATPUBAEMOMY “OJI0KY”
reoge3nvYecKuii moToK.

Ha pucynke 31 noxkasanbl sHepreTudeckue 00JiacTH U COOTBETCTBYIONNE UM (DYHK-
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muu Fo(r), a takzke Oudypkanuonnbie jguarpammbl cucrembl (Fo(r),0) aas upuve-
pa, NPHUBEIEHHOTO B KadeCTBe WJLIIOCTPAINH AJTOPUTMAa MOCTPOeHHs OndypKammoH-
HOTO KoMILTekca (eM.maparpad 1.6). (2KupHbiMu JTuHAAME W306pazkeHbl Iyru THA B,

ocrasbubie ayru umeror tun A.)O.

VAR

?
Fo(r) Fo(r) Fo(r)

M M\,

o |

%%
~ =

Puc. 31: Bepxunii rpacduk: MoaeabHbIH puMep 6udypKaIMOHHON JHArpaMMBbI JIJIs CH-
creMbl Ha MHOTOOOpasuu Bparienust (1, 2, 3, 4 — 30HbI, pa3/eJeHHBICOCOOBIME 3HAYCHH-
SIMU SHEPruu h W 3HAYEHUSIMH SHEPruu h TOUeK BO3BpaTa); HIKHUE rpaduKu: BepXHUT
pucyHok — rpaduk Gyukuun Fo(r), 3agaormeii reoie3udeckuii moToK B COOTBETCTBYO-
meit 30He, HUXKHUN PpUCYHOK — OMypKAIMOHHA AHATPAMMA I COOTBETCTBYIOIIETO

reoae3nv4eCKoro moToka.
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2  Pemerku nepeMeHHBIX A€MCTBUS MHTEIPUPYyEMbIX
raMIJIBTOHOBBIX CHCTEM Ha MHOTOOOpa3musaX Bpalie-

HA

2.1 Pemerku nepeMeHHBIX J€ICTBHSA B KBAHTOBBLIX CHCTEMAaX U

MOTHUBaIUA JJId MX N3YyYdeHUndA

Bo BBejiennn K HaCTOsAIIEH 1VIaBe Mbl cHAaYaJ1a HeOPMAJIbHO PACCKAZKEM O TOM, HOYEMY
HHTEPECHO HCCJIEI0OBATH PEITeTKH TMePeMeHHBIX jeiicTBus. [IpeaBapuTebHO U3I0KIM
MOTHUBAIAIO /I U3YYeHUs PeNeToK HepOpMaJbHBIM S3BIKOM.

[Tox xeanmosvmu cucmemamu MBI OyIeM MOHUMATH OOBEKTHI, 0OPA30BAHHBIE KO-
HEYHBIM YHUCJIOM 9YaCTHUIl, OOBIYHO ATOMOB WJIM MOJIEKY/I, MOBEJIEHNE KOTOPBIX MOXKET
OBITH OTMMCAHO € TIOMOIIIBIO CTAHIAPTHON HEPEISTHBHCTCKOI KBAHTOBON MeXaHUKH (CM.
paborsl B.2Knmuckoro [35]-[37]). DTo o3madaer, 4To cHCTEMa MOXKET CYIIECTBOBATD
B CYETHOM YHCJIE COCTOSIHUH, XapaKTePU3YeMbIX JUCKPETHBIMU 3HAYCHUSIMU OIPee-
JIEHHBIX (DU3WIECKUX BEJTUYWH, WM, SKBUBAJEHTHO, HAOOPOM KBAHTOBBIX umcen. Pu-
3UYECKUM BeJTMINHAM B KBAHTOBOU TEOPUU COTOCTABISIOTCS ONEPATOPBI, COOCTBEHHBIE
3HAYEHUs] KOTOPBIX ONPEIeISIIOT BO3MOXKHbBIE 3HAUYEHHS STUX BeauduH. OmepaTopbl B
ob1emM cirydae He KOMMYTHDYIOT. UT00bI 0XapaKTepru30BaTh KBAHTOBOE COCTOSIHUE CH-
CTeMBbI, HEOOXOIMMO HCTIOIB30BATH COOCTBEHHBIE 3HAYEHUSI HADOPA MONAPHO KOMMYTH-
PYIOIIUX OMEepPaTOPOB.

V10010 Ob1JI0 OB HA3BIBATH NPOCMBIMU JUHAMAYECKIE CUCTEMbI C KOHEYHBIM YHCJIOM
creneneil ¢BOOOIBI 1 KOHEYHBIM YUCI0M KBAHTOBBIX cOCTOgHMI. OTHAKO, B PEATbHOCTH
TaKWe CUCTEeMBI BCTPEUYAIOTCS OUeHb DEJIKO.

OjiHa U3 caMbIX MTPOCTHIX PEAJHHBIX KBAHTOBBIX CUCTEM — aTOM BOJOPOJa. ITO -
HAMIYECKasl CHCTeMa C HOJHBIM PeryIgapHbiM (HO GeCKOHEIHBIM) HAOOPOM KBaHTOBBIX
COCTOSTHWH, 00PA3YIONINX CHJIBHO BHIPOXKIEHHBIE TPYIIIBI YPOBHElH (Ha3blBaeMble KJIeT-

KaMH ), KOTOpPbIe CYIIECTBYIOT OJAroiapsi JHHAMUYECKOH cuMMeTpun 3a1adu. Kaxkias
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KJIeTKa MOXKeT OBbITh He3aBHCUMO PACCMOTPEHA KAK KBAHTOBAS JUHAMUYICCKAA CUCTEMA, C
JIBYMS cTenensamMu cBo6oapl. OIHAKO Jarke Jerkoe BO3MYIIeHHe aTOMa BOJOPO/IA MOCTO-
SHHBIMEA 3JIEKTPHYCCKAMA U MATHUTHBIME MOJAME BEIET K BO3HHKHOBEHHUIO CJIOZKHBIX
HAOOPOB COOCTBEHHBIX COCTOSHUI, CHILHO 3aBUCAIINX OT HAOOPa BHEIIHUX IIapaMeTpOB,
XapPaKTePU3YIONMX BO3MYIICHHE.

[TosToMy cHCTEMBI KBAHTOBLIX COCTOSHHH MBI OyIeM HA3BIBATL NPOCTIbLMU, €CJII
BCEe MX COCTOSIHHUS MOTYT OBITH YIOPSAAOYCHBLI B PEry/IsSpHbIe PEIIeTKH, XapaKTepH3ye-
MBbI¢ HECKOJIbKMME KBAHTOBBIME YUCJIAMH, IIPHHAMAIOIIUMI IOCICI0BATCIbHBIC 1IE/IbIe
3Ha4YeHnd. Takue KBAHTOBBIE CUCTEMBI COOTBETCTBYIOT KJIACCUICCKUM HMHTETPUPYEMBIM
raMIJILTOHOBBIM CHCTEMAaM, JUHAMHKA KOTOPBIX PEryJIdpHA U CBA3aHA ¢ TOPUYECKUMU
PaCCJOCHUSAMU.

[TosicHIM COOTBETCTBHE HA CAMOM IPOCTOM IPUMEpPE — KOTIA MePeMeHHLIe TeicTBre
1J100aIbHO OIpeeseHbl. s KBAHTOBBIX CUCTEM 9TO O3HAYACT, 9TO HAOOp KBAHTOBBIX
quces, NPeICTABIAIONINX COBMECTHLIH CIEKTP KBAHTOBBIX OIEPATOPOB, MOMKET OBIThH
17100a/IbHO  YIIOPSIZI0YEH B PEry/IspHYIO PEIIeTKY, 3BEHbd KOTOPOH XapaKTepH3yIOTCst
KBAHTOBBIMU YUCJIAMU, CBSI3aHHBIMA ¢ COOCTBEHHBIMU COCTOAHUAME TTIONAPHO KOMMYTH-
PYIOIMIMX KBAHTOBBIX OIEPATOPOB, OTBEYAIONNX KJIACCHUYCCKAM HHTEIPAJIaM JIBUZKCHUS.

Jpyroe ecrecrBeHHOe 110BEI€HUE JIMHAMUIECKMX CUCTEM CBA3AHO C HEPEryJIsPHBIM
CIICKTPOM KBAHTOBBLIX CHCTEM. DT XAOTHYECKAA AMHAMHUKA OOLIYHO BO3HUKAET B 0O-
Jiee CJIOXKHOM, YeM peryJjsgpHoe, npuzkerun. OIHAKO, 1aKe B CJIy4ae PEryaspHOro JIBH-
JKCHUSI HHTETPUPYEMBIX CHCTEM, CJI0KHOCTH JTHHAMUYECKOH CHCTEMBI MOXKET BO3PACTH
B pe3ysbraTe MocaeoBaTebHOCTH GudypKanmuii (0 B KJIACCHIECKOM, U B KBAHTOBOM
caydasx). CI0KHOCTh MHTErPUPYeMOil KJIACCHYecKoi (MM KBaHTOBON) CHCTEMBI Jier-
e BCEro YBUJETh, aHATH3UPYsl 00pas3 ee oToGpazkeHusi MOMeHTa (U GubypPKATHOHHY O
Juarpammy).

Takum 06pa3oM, TJIABHON MOTUBAIIMECH /I M3yYCHAS PENICTOK MHTCIPUPYEMBIX Ta-
MUIJIBTOHOBBIX CHCTEM ABJISETCS CYIIECTBOBAHME AHAJOTMYHBIX PEHICTOK B KBAHTOBBIX
cucreMax (9TH PEIeTKH BUJHBI B YKCIEPUMEHTAX ).

Jaum cradasia HedopMabHOE OlpeeeHne PelleTKH MepeMeHHbIX JeHCTBUs JIJIs
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UHTEI'PUPYEMBIX I'aMHUJIBTOHOBBIX CHCTEM. ECJH/I pacCMOTPETb 'aMUJIBTOHOBY CHUCTEMY C
JIByMsI CTEIeHSIMU CBOOOJIBI U PEryJIssipHYIO 4acTh obpa3a OTOOpasKeHusi MOMEHTa, TO
9Ta peryaspHas 4acTb — 9TO HEKOTOPOe JIBYMEDPHOe MHOTooOpasue ¢ IeJOYUCTeHHON
addunnoit cTpyKTypoii. ITa neaouncacHHas adpOUHHAT CTPYKTYpa 33JaeTcd Tepe-
MEHHBbIMHI ﬂeﬁCTBI/Ie*yFOH, KOTOpbI€ ABJIAIOTCA XOPOHIUMHA JIOKaJIbHBIMU KOOPpAUHATaMA
BHe O ypKaInOHHON nuarpaMmMbl. Ecim HapucoBaTh JUHAU YPOBHS MepEeMEHHBIX Jeii-
CTBUS € NEJBIMA 3HAYEHUSIMHI, TO UX TOUKU epeceueHus JaIyT HaM pewemry, KoTopas
He 6yﬂeT 3aBUCeTb OT TOI'0, KaKUM HUMEHHO IHKJIaM Ha TOpE€ OTBeYaloT BbI6paHHbIe IIe-
peMeHHbIe JTeHCTBAA.

B 2010-2011 rogax A.T.®@omMeHKO chOpMYIHPOBAJ CJACAYIONYIO THIOTE3Y. B “mu-
NUYHOM HEBVPOIAHCIEHHOM cAY“ae” 0as UHMEPUPYEMBIT 20MUADTNOHOBHIT CUCTNEM C
dsymsa cmenenamu c60600v no unsapuarmam Pomenro—Iuwanza moocno eoccma-
HOBUMD CMPYKMYPY pewemky nepemennouir deticmsua. C dpyeoti cmoponsl, no amoti
PEWeEMKE U AUHUAM YPOBHA NEPEMEHHBIT JeTUCMBUA MONCHO BHIMUCAUMD N0 Kpalinell
mepe wacms unsapuarma Pomenro—Lluwanza, a umernno, Yuciosvie Memru Ha pebpax
coomsememeyroule2o epaga-“morexyio.”.

OtmeTuM, 9TO B 00IIIEM CJIydae 3HAHUS TOJTBKO PENIeTKH I 9TOT0 HeTOCTATOYHO —
HY2KHO BOCIIOJIB30BATHCsL CTPYKTYPOil (M. 00 9TOM HUKe) JIMHUA yPOBHS II€PEMEHHDBIX
JeiicTBrst (HEOMHO3HAYHOCTH UX BBIOODA HA PE3YJIbTAT HE BJIHSIET).

B pabore runoreza @omMeHKo OyaeT mOKa3aHa g HHTEIPUPYEMBIX TaMIITBTOHOBBIX
cucreM ¢ S'-cummerpueii, “MoJsieKy1a” KOTOPBIX COCTOUT TOJIBKO U3 aTOMOB THIa A n
Vi.

TaK}Ke IO pemeTKaM IMePEeMEHHBIX ,ZLefICTBHH MOZKHO BBIYMCJIUTDH TI'PYIITY MOHOIAPO-

MHH H30JIUPOBAHHBIX O0COOBIX TOoYeK panra (.

2.2 Pemerku nepemMeHHBIX aeiicTBug. OnpeaeneHus

JLnst omrpeieieHusI PeIeToK mepeMeHHBIX JeiCTBUS MBI OYJIeM HCIIOJIb30BaTh YTBEPXK Ie-

Hus Teopembl JluyBunia. Hamomuum ee.
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Teopema 8 (Teopema JIuysuaas, cm.[1]). [Tycms Ha cumnaexmuueckom mHo2000-

pasuu (M?",w) sadana énone unmezpupyeman no JIUYsUANIO 20MUADMONROGA CUCTIEMA

v =sgradH, F,..., F, — ce nepevie urnmeepanvt, Ty — pe2ysapnas nosepriocms ypos-
nA unmeepanos Fy, ..., F,. Bece sexkmopnvie noaa sgradF; npednosazaromea noanvimu.
Tozda:

1) Te — enadkoe aazpanstceso nodMHo2000pasue, UHBAPUGHINHOE OTVHOCUIMEADHO N0~

moxoe sgradl, ..., sgradF,.

2) Ecau nodmmozoobpasue Te ceasno u xomnarmno, mo T dudeomopdno n—mepromy

mopy T™. Omom mop nasweaemca mopom Jluysuiisa.
3) Cnoenue Jluysunrs 6 nexomopoti okpecmuocmu U mopa Jluysuana Te mpueu-

aNbHO, M.€. NocAotino dupdeomopdro npsmomy npoudsederuro mopa T" wa duck D™.

4) B oxpecmuocmu U = T"x D" cywecmeyem cucmema koopduwam (I, ..., In, o1, ...

HA3DIBAEMBLL NEPEMEHHBIMU 0eTLCMEUE—Y204, CO CACOYOULUMUY CBOTCTNEAMU!

a) I, ..., I, — xoopdunamsv, na ducke D™, a py, ..., @, — cmandapmuvie Yes06uie
koopdunamos Ha mope T, p; € R/2717.

b) w=> dp; \dI,.

c¢) Hepemennvie deticmeus I; A6aa10MCA PYHKUUAMU 0M NEPEHLT UHMEZPANOS, U UL

MOIHCHO BHPA3UMD HOPMYALMU

KO =5 ¢ a ()

7 (€)
ede 11(8),..., () — 1—uyukav. na mope Jluysuansa T, obpasyrowyue basuc epynno
eomonozuti Hy(T¢) u nenpepuisno sasucauue om &, a — xaraa—aubo 1—gopma 6 U(E),
maxas, vmo do = w.
d) B nepemennvir deticmeue—yzoa 2aMuUAMOH0E NOMOK U GUNDAMAACTCA HA KAHC-
dom mope Jluysuara 6 oxpecmuocmu U, m.e. 2aMUADTMOHOGHL YPAGHEHUA NPUHUMAIOM
sud

Iz:07gpz:q2(ll”ln>7 2217,n

MO 03HAMAEM, YIMO HG KAHCIOM MOpe NOMOK U 3a0aem Ycao8Ho—NePUoduteckoe 06u-
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oHcenue, a4 MPAeKMOPUY ABAAOMCA NPAMOAUHETHOMU 0OMOMKAMU MOPL | PALUOHANL-

HOLMU UAL UPPAUUOHGADHBMU).

HamomuwMm, ato yepe3 ®(x) obo3Hadaercss 00pa3 TOYKU T OPU OTOOPAYKEHUH MOMEHTA,
a depe3 X — OmpypKAIMOHHAS TUATPAMMA.

bBudypranuonnas quarpamma pa3douBaeT oOpa3 0TobparkeHuss MOMEHTA Ha HECKO b
KO obsiacTeil (OTKPBITBHIX CBSI3HBIX MHOZKECTB). B KazK0ii Takoii 00JacTi MOKET CyIie-
CTBOBATh HECKOJIBKO PEIIeTOK MEePEMEHHBIX JIeHCTBHSI, IIO9TOMY MBI OVIeM OIIpeaesTh
PEIIeTKH [TepeMEeHHbIX JieficTBUS Ha OuypPKaIMOHHOM KOMILIEKCE.

Hamomuum, uTo Ha OudypKanmoHHOM KOMILJIEKCE KPUTHIECKUE 3HAYECHUST COOTBET-
CTBYIOT OCOOBIM CJIOSIM CJIOEHUsT JIMYBHILISA. YIQJIUM BCe KPUTHYECKHe 3HAUCHUsT (9TO
KPUTHYECKUE JTYTH, COCTOSIIIE U3 TOUEK PaHTa 1, a TakyKe KPUTHUECKHe TOUKH panra ()
n3 OudypKanuoOHHOr0 KOMILTEKCA. B pe3ysibrare KOMILIEKC PACIaIeTcst Ha 00be IMHEeHTe
HEKOTOPOI'0 KOJIMYECTBA CBA3HBIX 00J1acTeil, KOTOpbIe OYVIeM HA3BIBATD KGMEPUAM.

OtMeTuM, 9TO KaMepbl MOTYT He OBITh OJHOCBSI3HBIMHU, a IepeMeHHBbIe IefcTBUS
MOI'yT 6bITb HEe olpeaesiedbl B HEOAHOCBA3HBIX O6JIaCTHX. HOSTOMy B Ka)KZLOfI HEOIAHO-
CBSI3HOI KaMepe HaM HeOOXOAMMO CejiaTh CUCTEMY Pa3pe30B Tak, dTobbl Kamepa 0e3
JIMHUH paspe3oB cTajia OJHOCBA3HON — B IOJIYUeHHON 00JIaCTH IepeMeHHbIe JeficTBUs
OYIYT KOPPEKTHO OIpeIe/TeHHI.

Omnurmiem moapobHee, KaKie UMEHHO CHCTEMbI PAa3pe30B MbI MOYKeM jeaaTh. Heoj-
HOCBSI3HOCTb BO3HUKAET B KaMepe U3-3a HAJUYMSA B Hell H30JIMPOBAHHBIX OCOOBIX TOYEK
panra 0. Paspe3v, — 3T0 IVIaJIKHe IyTH, coAepzKaliue ocodble TOUKH paHra 0, jJexKariue
Ha OudypKAIMOHHOM KOMILIeKce. Mbl Bcerjia MoxKeM CJie1aTh pa3pe3bl TaKUM 00pa3oM,
9TO MOJTy9IeHHAS] KaMepa ¢ Pa3pe3aMu CTAHOBHUTCS OTHOCBSI3HOIA.

Kaxayo kamepy ¢ paspesamu (ecJim OHH HeOOXOMMBI, YTOOBI ¢JIeTaTh 00IaCTh OJI-
HOCBSI3HO#) Ha GudypPKAIMOHHOM KOMILTEKCe OyeM 0603HAUATD ﬁ”, a ee obpa3s @(ﬁ")
npu oroGpazenun Momenra ® B R" 06o3naunm uepes P". Torga P* = o~1(P"), npu-
qem P" u P" nuddeomopdubl. Byaem, aias mpocToTsl, HazbiBaTh P ToXKe “Kamepoii”.

WNuorna Mbl OyIeM OTOXKIECTBIATH Kamepy P Ha OudypKaIHOHHOM KOMILIEKCE C ee
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nuddeomopdHbIM 06pa3zoM (IJ(IB”) B R” npu orobpazkenun momenta P.

Omnpenenenne 25 ITycmuv cywecmeyem u durcuposana 1—gpopma o wa ®~1(P™), ma-
xaa, wmo da = w. Toeda mroorcecmeo mouex 6 P C R", obpasosanmoe nepecevenuamu
n noseprrocmed yposua {€ € P" : () = ¢1/N, ..., I,(§) = ¢,/N, N € N, ¢; € Z}
Pynruud 1;, onpedesennvr no dopmyaam (4), nazosem pewemrol R nepemenmvir ded-

cmeus (uau npocmo pewemkot).

Bribupaem N goctarodno OOJBIIAM JIjIsE TOTO, 9TOOBI BOIM3U OHMYPKAIMOHHBIX YT
(a Takke BOJM3M M30JUPOBAHHBIX OCOOBIX TOUEK paHra () KOJIMIECTBO JUHUH YPOB-
Hsl OBLJIO TOCTATOYHBIM JIJIsI BBIYHCJIEHUS 10 MOJIYYEHHON perreTke MeTOK Ha pebpax
unBapuanta Pomenko-Ilumanra (mogpobuee cMm. raasy 2.6). [losicHuM BBIGOP MOAXO/IsI-
mero 3Havenust N. Eciu Boibpars N manenbkuM (Hampumep, N = 1), To moydeHHas
pereTka mepeMeHHbIX JIefCTBUsST MOXKET COCTOSITh M3 OYeHb MAJEHbKOIO YHCJIa JIMHUN
YPOBHS TepeMeHHBbIX JeficTBust. [ Toro, 9T00B BEIYUCAUTD TPEOYIOIIHecss HaM MeT-
K Ha pebpax MOJEKYJIbl, & TaK:Ke 4TOObI BBIYMCJIUTH MATPUIBI MOHOJAPOMHH H30JIH-
POBAHHBIX OCOOBIX 3Ha4YeHUH panra 0, HAM HEOOXOIUMO BBHIOMPATH 0A3MCHI Ha PeIlleTKe
U CPaBHUBATHL WX, & UMEHHO, JIBUTATH UX IO PEIIeTKE M0 ONPE/IEJTCHHBIM ITPABUIAM
(M. mospobHee maparpad 2.6), a 3aTeM 3aMUCHIBATH MATPUILY Hepexojia MezKLy HUMH.
Eciv yucsio tunuit ypoBHS Ha pelIeTKe MAJIo, TO Mbl HE MOXKEM BBIIIOJIHUTD OIMUCAHHYIO
nporneaypy. [loaromy Heobxomumo 6parh yncjio N gocTaTOqHO OOJIBIINM, TEM CaMbIM,
obecriednBasi JOCTATOYHOE B OMUCAHHOM HAMHU CMBICJIE YUC/I0 JIMHWI YPOBHS TIePEeMeH-
HBIX JIeHCTBHS, 00pa3yoimux perreTky. JApyruvu ciaoBamu, BbiOUpasd 6osbmioe N, MbI
T0OHUBAEMCST TOTO, UTO STYEHKH PelleTKH CTAHOBITCS ~MaJTeHbKUMI .

Tak onpenenennas pererka B kamepe P" He 3aBUCHT OT BBIOOPA HENPEPBIBHOIO Ce-
MelicTBa 0a3MCHBIX IUKJIOB Ha Topax JInyBu/Is, TaK KaK /iBa OpHEHTUPOBAHHBIX HAOOPa
OA3UCHBIX IUKJI0B Ha Tope 1™ CBA3aHbl YHUMOIYIAPHBIM IEJ0UYHCIEHHBIM Ipeodpa3oBa-
uueM (marpuneit u3 SL(n,Z)). B cuny dopmya mjist nepeMeHHbIX JIeHCTBHSI, TOCJIeIHIe
MIO/IBEPTAIOTCS TOMY 7K€ CAMOMY MPeoOPA30BAHUIO, 9TO U IUKJIbI, 8 WX 3HAYEHUS], MMe-

torue Bujt ¢/N, ¢ € Z, 09eBUHO, MHBAPUAHTHBI OTHOCHTEJBHO TAKUX 3aMeH.
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B onpesenennn pererku TakyKe €CTh HEOMHO3ZHATHOCTH OTHOCUTE/IHLHO BBIOOPa (hop-
MBI (v, TAKOH, 9TO dov = w.

Qukcupyem 1-opMy a B KaxKa0# Kamepe OubypKaIHOHHON JauarpaMMMbl. Tora
py 3aMeHe BHYTpH Kamepbl 1-cbopmbl « Ha 1-popmy o = «a + 3, Takyto uto da = do’

(T.e. dB = 0) nepemenHble JAefCTBUS W3MEHATCS CJELYIOMUM 06pa30oM:

[o=foe

rje JUIs KazKJI0T0 ¢ IMOCIEIHEe CJIaraeMoe siBJIsSieTCsT KOHCTAHTOM, He 3aBUCSIIE 0T Topa
(370 caeyer U3 TOMOJIOTHIHOCTH TIUKJIOB 7; JJIsl COCEJHUX TOPOB, 3aMKHYTOCTH (bOPMBI
S u dopmynsr Crokca. [TogpoGuee em.[1]).

HoBas pemerka OymeT cocTaBieHa U3 APYyTrUX JUHUN YPOBHS, HECKOJBKO CMeEIIeH-
HBIX 110 OTHOIIIEHUIO K NCXOAHBIM. [TockobKy N BHIOMPAIOCH JOCTATOUHO OOJIBITHM, ITO
O3HAYAET, YTO JIMHUKU PEIIeTKHA PACIOJIOKEHBI JOCTATOYHO ILIOTHO, KAUYeCTBEHHDBINA BHUT
peIeTKN He MOMEeHsIeTCsI. A HMeHHO, PACCMOTPUM PACIIUpeHHbIH HaGOp JHHUN YPOBHS
HEePEMEHHBIX JefHCTBUsI, 00PA3YIOMKUX PEIIETKY, T.e. PACCMOTPHUM O0beINHEHHe JIMHUI
yposust {(h, k) : I;(h,k) = ¢;/N,¢; € Z}, a raksxe qunuit yposust {(h, k) : I;(h, k) = ¢;}
(3mech ¢; = ¢;/N — f% (). DTu cemeiicTBa JIHHUI YPOBHSI HE MEPECEKAIOTCSA B PErYJIsip-
HOI 06JIACTH, TAK KAK ITO CHCTeMa JUHUi yposHs oguoil dyukunu (byuxmun I;). O6e
pereTkn (OTBe‘{aIOH_[aH EePBOA 1 OTBEYAIONTad BTOPOI CUCTEME JIMHUNA ypOBHH) BJIOZKe-
Hbl B PACIIMPEHHYIO CUCTEMY JIMHUN YPOBHS, IIO3TOMY METKH, BHIYUCICHHBIE 110 00eHM

perieTKaM, COBIAIAIOT.

2.3 MoHoapoMmus
B panbueiinem Mbl JOKayKeM CJIeIyIoIlIee yTBEPKICHUE.

YrBepxkaenue 9 [lo pewemkam nepemennoir 0eUcmeus MOHCHO SLIYUCAUMD M-

PULUDL MOHOOPOMULY, BCET USONUPOBAHHBLT 0COOLT 3HAMEHUT OMOOPANHCEHUA MOMEHNG.

Ilepen Tem, Kak JaTh OmpeseseHde MOHOJPOMHUH, HEOOXOAUMO ONMPEeIeTNTh HECKOTBKO

BCIIOMOTATEJIbHBIX IOHITHIA.
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Basucom na Tope jgasee OyjaeM HaszbiBaTh Ga3uc B rpymme romosoruii (¢ kosddum-

eHTaMu U3 Z).

Onpenenenue 26 Opuenmayuro, 66edeHHYI0 YKaA3GHHBIM CNOCOOOM, DYIEM HA3BLLEATMD
opuenmayuet, co2aaco8aHHotl ¢ dannot nymepayuet AUHUG YPOSHA NnepemerHus det-

cmeus.

PaccMOTpEM MHTErpUpYeMyIo raMuIbToHOBY cucteMy (M* w, H) ¢ nepsbiMu uHTe-
rpasavu H u K. BadukcupyeM HyMepaluio JUHIN YPOBHS epeMeHHbIX jTeficTBus I, Io
B COOTBETCTBUM C onpejesnennem 26. PaccMorpum neriio v B oOpase oroOparKeHus Mo-
MeHTa, OOXO/IAIIYI0 N30JUPOBAHHOE 0C000€ 3HAYEHUE B MOJOKUTETHHOM HAIIPABJICHUN
M COCTOAIIYIO TOJBKO W3 peryaspubix 3nadenuii. [lycts v(0) = (1) = & = (ho, ko).
[To Teopeme JIuyBuiist mpooGpa3oM 3TON TOUKHU SIBJISIETCS TOP WM HECBSI3HOE 0Ohe H-
Herue Topos. Ilycts Ty, — m06oil peryngpubiii Top u3 moaaoro npoobpasza @~ (hg, ko).
B cumimy Teopembl 0 HeABHBIX (DYHKIUAX HOPH JBHZKEHHH TOYKH { 1O metTie v Top T,
IIOPOKJIaeT OTHONapaMeTpPHIecKoe ceMeilcTBO TopoB Tg, IPH 9TOM IPU HEIPEPLIBHOM
U3MEHEHHH LlapaMeTpa Ha KPUBOH vy TOpbl B 1poodbpaze juddeomopduo pedopmupy-
foTcs B ha3oBoM mpocTpancTBe (0603HaUNM TIoMyuerHoe ceMeficTso Topos Pyt (y(1))),
nosromy, 3aias Gasuc (79, 49) ma tope Ty, = ®;'(7(0)), MoKHO ecTecTBeHHBIM 0OPa-
30M IepeHecTu ero Ha Topsl u3 okpectHocT U(Ty,). B pesynbrare nmosnoro obxomaa mo
nerne v 6aszuc (79,79) ma Tope Ty, = ®;'(7(0)) mepeiiner B Gasuc (vi,vs) wa TOpe

Tty = ©5 ' (7(1)). Bosnukaer MaTpuia nepexoja oT OJHOTO 6a3uca K JIPYTOMY.

Onpenenenue 27 [losyuennas mMampuya Ha368AEMCA MAMPUUET MOHOOPOMUL U30-
AUPOBAHH020 0C00020 3HAUEHUA CUCTEMDL, OMBEUGIOWET SbOPAHHOMY CEMETCMBY MO-

PO8.

OtMmeruM, 4To pUKCAldd HalpaBaeHUs 00X07a BOKPYI OCODOI0 3HAYCHHS CYIIe-
CTBEHHA, T.K. IPH BBIUKUCJICHUN MATPHUIIBI MOHOAPOMHUHN Oe3 (puKcaluu HaIpaBIeHHs 00-

X0/1a Mbl MOZKeM BbIOpaTh Jitoboe u3 JIByX HampabjeHuii 06xoa, U B pe3yJsbrare MmoJry-
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UMM MATPUILbI, HECONPSZKEHHbIE JIDYT ApyTy B rpynine SL(2,7), naupumep, MaTpHilbl

1 -1 11
u

0 1 0 1

B OTJINYHME OT KJIACCUYECKOH TaMHJbTOHOBOI MOHOJAPOMHUHU, KBaHTOBaA I'aMUJIBTO-
HOBa MOHOJPOMHUS MMEET HEJIABHIO HCTOPHIO, HAYAJIO KOTOPOH JaTUPYeTCd CTaTbeil
J.J.Duistermaat 1980 roga “On global action-angle variables” [38]. IIpunoxkenusi MmoHo-
JPOMHH K KBAHTOBOMY clieKTpy ObLiu paccmorpensl B 2000 roay B crarbe R.Cushman
u D.A.Sadovskii “Monodromy in the hydrogen atom in crossed fields” [39]. Haunnas ¢
1998 rojia 6bLIM cAeIaHBI OCHOBHBIE IITATU B 9TON HayKe — OBLIM BBIIYIIEHBI cTaThu S. Vi
Ngoc “Quantum monodromy in integrable systems” (1999) [40] ¢ xoporeii KBaHTOBOI
dgopmammzarmeit u crarbu ¢ npumepamu: M.S.Child “Quantum states in a Champagne
bottle” (1998) [41], R.Cushman and D.A.Sadovskii “Monodromy in the hydrogen atom
in crossed fields” (2000) [39], L.Grondin, D.Sadovskii, and B.Zhilinskii “Monodromy
in systems with coupled angular momenta and rearrangement of bands in quantum
spectra” (2001) [42], D.Sadovskii and B.Zhilinskii “Monodromy, diabolic points, and
angular momentum coupling” (1999) [43]. Ilocse BbIXOAA THX CTaTeii MOHOAPOMHUS
cTasa OOIIIM HHCTPYMEHTOM JIJIsI AHAIN3a CIIEKTPAa BO MHOIUX MATeMaTHIeCKuX U (-
3UYECKHUX MOJEJIAX.

Famuibronosa (KBaHTOBas) MOHOIPOMUES B HACTOSINEE BPEMsI CJIYZKUT J€MOHCTPA-
uell HeCyIecTBOBAHUS TJIOBATBHBIX TIEPEMEHHBIX JefHCcTBUs (MM XOPOIINX KBAHTOBBIX
quces). B KBAHTOBBIX cHCTEMaxX OHA MOKET ObITh OOHApYIKeHA KaK “TodedHblil gedekt”
B peieTKe COBMECTHBIX CO6CTB€HHBIX 3HAUYEHUN KBAHTOBBIX o1repaTopoB. AHaJIOFI/IquIM
00pa3oM ee MOKHO OOHAPY?KHUTH B PEIIeTKe MePeMEHHBIX AeHCTBHUS KJIACCUICCKUX HH-
TErpUPYEMBIX TAMHIBTOHOBBIX CHCTEM.

Jlasee B pabore O6yayT OCTPOEHBI PEIeTKH TePEMEHHBIX AeHCTBUS /15T HECKOJIBKIX
CHCTEM Ha MHOI0OGPa3uaX BpalleHus (B 9aCTHOCTH, JJisi CACTEMBI “‘cepuIecKuii Masr-
HUK”) U [0 HUM BBIYHCJEHBl MATPHUIIBI MOHOJAPOMHUY U30JIUPOBAHHBIX OCOOBIX 3HAYECHUI

oTOOparkKeHnsi MOMEHTA.
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2.4 BbrumcieHue mepeMeHHbBIX JeCTBUs JJid CUCTEM Ha MHO-

rooopa3usgax BpalieHus

Ilo onpenenenuio Muoroobpasue BpalleHuss — 3TO MHOTOoOpasue, Ha KOTOPOM 3aaHO
Sl-neitcteue (cM. rmaey 1.2), clegoBaTeqbHO, Bee HECTAIMOHADHBIE TPACKTOPHU BEK-
TopHoro 1oJist sgrad K romeomopdubl OKpyzKHOCTH. [T09TOMY B KadecTBe MUKJIOB HHTE-

rpupoBanus y; = 71 (h, k) MOXKHO B34Th 5TH TpaekTopuu. Iloaydaem

1 1 k
Ii(h k) = — — — kd dr = — ¢ dp =k,
1(h, k) %%a 27?7{ @ + pedr %]{w

gat ga! 7

rae gpopMa o — Kanoamdeckas 1—ddopma va T*M?, Takas ato do = w.
Bruisesiem dopmysty Jutd BTOpoil mepemennoit gefictBus Ha obsactu k > 0, T.e. B
BepxHeil MOIYIIOCKOCTH. JIst 9TOTO BBIIUIEM ypaBHEeHHsT 'aMIIBTOHA IO TIepeMeHHOit

Y A4 ramuibronunana H:

NI
So_fz(r)’k 0. (5)

BoiGepem 1tk y2(h, k) Ha tope Tj, = 1 (h, k) ycnosuem ¢l,, = 0, mpudem MUK
v2(2) = (2, p-(2)) cornacosan ¢ opuenTanueil MAKIa Y5 C 72, 419 KOTOporo p,(z) > 0.

Torma nMmeem

1 1 1
Li(h k)= — = — | kd dr = — AT
2(h, k) 27T/Oé 27T/ P prar QW/pT

72 72 72
[ycts 73 = vg(h,k,t),t1 < t < ty — myra TpaekTopuu BeKTOpHOTO ToJst sgradH
MekK Iy coceqaumu MuauMyMamu byakuun z(t),v4 = v (h, k,t),t7 < t < t5 — nyra
TpaekTopun BeKTOpHOTO Toist —sgradK - (sgnK) = —sgrad|K| (cm.ypaBHenne Ha ¢
(5)) or Touknm vy (ty) 10 TOUKU yg (1), TAKAS, UTO MUK Y3 - Y4 TOMOJOTHYEH IHKIIY Yo

(cM.puCYHOK 32).
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55/&% Bukua. Ha ﬂo@zfxuou‘w »gf)auiawws

Puc. 32: Bp1O0Op NMUKIOB HA MOBEPXHOCTH BPAICHUS.

Torna

1 1 1
[2(h7k) = %/prdr = % / prdr = %/prdr
3

72 Y374

Tax kax H = & + & 4 V(r) = %% + Uk(r), To p,(r) = £4/2(H — Uy(r)), mosromy

2 2f2(r)
ro(h,k) ro(h,k)
1 1 k2
Iz(h, ]{7) = ; \/ 2(H — Uk(’l“))d’f’ = ; 2(H — W — V(?"))dT,
r1(h,k) r1(h,k)

rie r1(h, k), ro(h, k) — aBa coceiHUX KOPHS MOJAKOPEHHOTO BHIPDAYKEHUST B OCJIETHEM HH-
TerpaJie, TAKUX 9TO MOJIKOPEHHOE BhIPaXKeHHe MOJI0KUTeIbHO Ha uHTepBade (11 (h, k), ro(h, k)).

Takum 006pazom, BHe Jiyua nepemennas jeiicrust Io(h, k), orpedaromas yKazaHHOMY
ro(h,k)

IHKITY 72, uMeeT Bug: Io(h, k) = % i \/Q(H — % — V{(r))dr.
T1 (hak)

B pesyabpTaTe MBI JOKa3aJH CJIEIYIONYIO TEOPEMY:
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Teopema 9 Jlas scex nap (h, k) € ®(M*) nepemennan deticmeua I (h, k) umeem eud
Ii(h k) = k. Zlasn ecex nap {(h,k) € ®(M*) : k > 0} (ananroeuuno daa ecexr nap

{(h,k) € ®(M*) : k < 0}) nepemennyro deticmeusn Io(h, k) moscno onpedeaumsv no

dopmyne

T‘Qhk
2

Ly(h, k) = 2f2()

— V(r))dr, (6)
hk:)
ede 11,19 — wopuu ypasuenua W (H k,r) = 2(H — % — V(r)) = 0 maxue, wmo

O<ri<ro<LuW(Hk,r)>0 daare (r,mra).

OtmeTuM, 9TO JIMHUU YPOBHS MEpPeMEeHHOW jeiicTBusi [; onpejeseHbl riodaabHO,
T.e. 3agaorcs dopmyioit I1(h, k) = k Ha Bcem obpa3e oroOpazkeHust MOMeHTA. JIuHUI
YPOBHS NepeMeHHOI JeitcTBus [ Heb3s 3a1aTh OIHOU hopMyI0ii Ha BceM obpase 0Tob-
pazkeHHs] MOMEHTa (B YACTHOCTH, €CJIH 3aJaBaTh uX 10 dbopmysne (4) Ha Bcem obpase
oToOparkeHnsT MOMEHTa, TO B TOYKaX, JIEKAIllUX Ha OCH h, BO3ZHUKAET M3JIOM, KOTO-
poro GBITH HE JIOJXKHO, TaK KAK JMHUH YPOBHsI MEPEMEHHBIX JeHCTBUs — TJIajKue).
HeBO3MO)KHOCTb 3a/1aThb JIMHUKX YyPOBHA BCEX IEPEMEHHbIX ILeI';ICTBI/IH Ha BCEM 06pa3€
oTOOpaYKeHNs MOMEHTa 1O OJIHUM ¥ TeM 2Ke (popMysaM CBA3aHA C HAJUIHEM OCOOBIX
snadenuii panra 0, T.e. ¢ HaJHmIHeM MoHoapoMuH. [losToMy, 4T0OBI 3a0aTh JTUHUN YPOB-
H IepeMeHHBIX IeiCcTBHS Ha BceM obpa3e oToOparkKeHHsT MOMEHTa TIaIKHM 00pas3oM,
IPAXOIUTCH JeJaTh CHCTEMY Pa3pe30B.

Mpbl MOXKeM JiejlaTh CHCTEMY pa3pe3oB JIIOOBIM YKa3aHHBIM B naparpade 2.2 cuo-
cobOM, TIO9TOMY OITHIIEM YHHMPUIIMPOBAHHYIO CHCTEMY Pa3pe30B, KOTOpble HaM Oyier
y100HO Jiej1aTh B Hallel 3a/aqe.

Pazpesnr nonaioburcs jeaTh TOJIBKO B KaMepax, IPAaHUIaMUA KOTOPBIX SBJISIOTCSH
“nyukn”’ u “mapabosibl’, TaK KaK KaMepbl, OTpaHUYeHHbIE KJIIOBAMH, OJHOCBS3HBI. BbI-
OepeM B KaMepe H30JMPOBAHHYIO 0COOYIO TOUKY paHra ( ¢ HamMeHbIeil sHeprueit hg
" caenaeM B KaykKIOH Kamepe pas3pes, IeJdIinii ee Ha JBe YacTH, HYJIEBBIM YDPOBHEM
unrerpasia K. Kax/aplii u3 JByX KYCKOB OYEBHJIHO OyJIeT OJIHOCBA3HON obJiacTbio. B

KayKJIOM M3 TOJIYYEHHBIX KYCKOB ONPEJEeJUM TepeMeHHyto jeficteus mo dopmyae (6)
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(pe3ysibraT 0603HaYMM cOOTBeTCTBeHHO [o+ tpu k > 0 u Iy,— 1upu k < 0).

JlemMma 24 Paccmompum npoudsosvHyo Heocobyro mouky T KOMNAEKCA HG HYAEE0M
yposne unmepeana K (npunadaescawyro xaxomy-mo paspesy). Qyxnyuu I+ u Io—
MOIAHCHO 2AG0KUM 00DA3OM NPOOANHCUMD 6 HEKOMOPYIO MAAYI0 OKPECTNHOCTID MOYKY T
Toz0a smu npodossicenus (komopue makoce obosnawum Io+ u Io—) 6 amotd okpecm-

HOCMUY, C8A3AHBL POPMYAOTL:
2de i — Koaunecmeo ocobux movex panea 0 na M (h).

HoxkazareabcTpo. CoracHo gemMme 22 Tomosorndeckuit Tum Q ompeengerca KOJIH-
JecTBOM 0coOBIX Todek panra 0 ma M?. 3maa Tomosormdeckuii Tum Q3, MBI MozKeM
onpeie/IuTh MeTKy 1 Ha pebpe A — A mosekynin Ha Q3 (a Merka € = +1, T.K. opueH-
Tarus Gasuca He MeHseTcs ). Bribepem 6asuc (e, ex) BOm3u ayru tuna A Ha pernerke,
HOCTPOeHHOM B obytactu k > 0. MBI 3HaeM, 9TO JIUHUK YPOBHS MepeMeHHOU aeficTBUs
I} 1100aIbHO OIIPE/IEJIEHBI, TIOITOMY MOXKEM BBIODATH OJUH OAZUCHBII UK €] HA Jyre
tumta A B obsactu k < 0. Tenepw, 3Has METKY 7, MBI MOYKEM HANTH BBIPAYKEHUE JJIsT
BTOPOro Ga3MCHOro MUK 5. [IycTh, nanpumMep, 11d uccaemyemoit Q® na M* ects onna
ocobas Touka panra 0, Torga Q3 ~ S3, r.e. Metka r = 0. cnonbsys ToT dakT, 4TO

€] = ey, a TakyKe OIpe/IesINTesIb MAaTPHILl Hepexona M pasen —1, moaydaem

el 1 0 el
e2 a —1 e2
1 a
cJleIoBaTe/ILHO 00paTHad TPAHCIOHHPOBAHHAS MATPHIA HMEET BHI, . Tak
0 —1

kKak = 0, a € = +1, To mosrydaem, 4T0 a = 1, CJIEIOBATEIBHO €, = €] — €g, T.€. MBI
BOCCTAHOBUTH UK €5.

[Ipu BBIYEC/IEHUT MATPUILI EPEXO/Ia MeZK Iy 0a3mcaMu 10 PenreTKe MePEeMEeHHBIX
JeficTBAA ¢ WCIOJb30BaHWEM aJiropuTMa u3 maparpada 2.5 Tpancdopmalns BhIOpaH-

HOTO Oa3uca MPOUCXOJUT B MOMEHT Iepecederust ocu h. [loaToMy MoxKeM cUUTATH, YTO
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nepBbiit 6a3uc BeIOpan BOM3K ocu h B obsiactu k > 0, a BTOpoil 6ba3uc nosyden BOJIM3U
ocu h B obmactu k < 0. 3uas ob6a H6a3uca ¢ 00enx CTOPOH OT OCH h, MBI MOYKEM TJIaTKUM
06pazoM MPOJOJKUTH JJUHUH YPOBHs epeMeHHOl feiictust Io(h, k) B HUZKHIOI TOJTY-
IJIOCKOCTh. B mpuBemeHHOM TpuMepe ¢ OHON 0co00#t Toukoii panra () mpomoskeHue
sagaercs dopmynoit I5(h, k) = Io(h, k) — k.

B okpecTHOCTH MHHHMAJIBHOH MOIMycTHMOM Heprum h = V,,;, MoJieKyJa Bcermaa
uMeeT THI A — A, TO3TOMY B OKPECTHOCTH MUHHMAJIBHO JIOIYCTHUMON SHEPIUU PeIIeTKa,
O/IHO3HAYHO BOCCTaHaB/uBaercs. /lajsiee ormerum, 4T0 Tak Kak 6udypKanuoHubie Kpu-
BBIE He rmepecekaior ock h (M. riay 1.2), To npu yBesmvenun sHepruut h ot Vi, 10
h* — sHeprum U30JHPOBAHHON 0c000# TOUKH paHra () CTPYKTypa PelreTKy IIepeMeHHBIX
JIERCTBUST B OKPECTHOCTH OCU h HE MU3MEHSIeTCs, IIOTOMY Jijis dHEpruit h u3 mnpome-
KyTKa [Viin, h*| muanum yposust nepemennoii neiicrust Io(h, k) OyyT mpomoaKaThCs B
HUYKHIOIO TTOJYILIOCKOCTH 110 opmyde I5(h, k) = Ir(h, k) — k.

Caenyrommas mepecTpoilka JUHUNE ypOBHs TepeMennoit neictsus Io(h, k) mpousoii-
JIeT TP Tepexoje SHeprun h depe3 ypoBeHb dHepruu h* w30, MpoBaHHON 0CO00H TOUKM
panra 0. Onumem sty mepecrpoiiky. Jdamee (cm. slemmy 26) Gyzer mokas3aHo, 9TO TPU

BBIOOPE TEePBOro H6a3uca YKa3aHHBIM B aJITOPUTME CIIOCOOOM MaTPHIA MOHOIPOMUHU IIPU

11
00X0Jie BOKPYI' TOYKH THIIA (POKYC—(hOKYC OyIeT UMeTh BH/I . Ilostomy nns

01

BBIYKMC/ICHUS MATPUILbI IEPEX0JIa MEZK/JLY JIByMs BbIODAHHBIMU 0a3ucaMu B CJIydae, ecjiu

sHeprug h 6osbie 3ueprun h* Toukn Tuna Gokyc—@pokyc, HeoOX0IUMO TOMHOKUTEH MAT-

1 a
pUILy Iepexosa MexKay 0a3ncaMn , COOTBETCTBYOILY 0 3Hepruu h € [Viin, h*],

0 -1
Ha MaTPUILy MOHOJIPOMUH TOYKH PoKyc—doKyc. B pesysbprare mogyIuM MaTpHUILy
1 a+1
0 -1
s paccMorpenHoro ciydad a = 1, 3uauut, a + 1 = 2, nosromy B obsiactu h > h*
JIMHUW yPOBHS nepeMenHoii nefictsust I(h, k), mocTpoeHHbIe B BepXHEH MOy IJIOCKOCTH

k > 0, GymyT IpojoJIzKaThCsl B HUZKHIOK MOJYIIOCKOCTh k < 0 110 hopmyre I} (h, k) =
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L(h, k) — 2k.00.

JlemMy 24 MOXKHO J0Ka3aTh W HAIPAMYIO, TTPOBEJS BLIYUCACHUS, a WMEHHO, I0-
Ka3aB, YTO JMHHH yPOBHs TepeMmeHHOl neiicrust I(h, k), nocrpoernsie 1o (hopmysie
(6) B obmactu k > 0, rmagakuM obpasoM mpofosKalTea B obacth k < 0 mo dop-
myse I5(h, k) = Iy(h,k) — i -k, tae @ — koamvecTBo 0coGbIX Touek panra 0 ma M?.
IIpoBegeM 3TH BLIMHCICHUS s MOAEALHOIO IPHMEPa — CUCTeMBI “cepHuecKuii Ma-
sarauk” (byukuus f(r) — obpasyiomas cdepsl, a V (r) — rpaBUTAIMOHHBIN TOTEHITHA,

€ [-1;1)).

Vreepxkaenue 10 Jlunuu ypoeus Iy(h, k) = const, nocmpoernwe no gopmyse (6) &
obnacmu {(h,k) € ®(M*) | k > 0, h < 1}, modscno 2aadko npodaums 6 obaacmo
{(h,k) € ®(M*) | k <0, h <1} — no gopmyae Ir(h, k) — I;(h, k) = const npu k < 0

u no nenpepvienocmu npu k = 0.

JlokazarejabCcTBO.
1. Mokazxem, aro lim Ip = lim (I — [) = lim (I — k) = lim Is.
k—0+ k—0— k—0— k—0—
Bce nogunrerpasnbabie DyHKIMH, Onpegesenable Ha orpeske [r,13] C [—1, h|, mo-

OIIpeJIe/UM HyJIeM Ha, [— 1 .71 7 [rg, .

\/2(h—r)(1—r2)—k2 v/ 2(h—r)(1—r2)—k2
dr f

T T dr. Tlocmemunit wuTe-

IToxkazkem, uto lim f
k—0 "

I'paj CXOIUTCS, T.K. f Vi G ol By g f 2vh rdr—C(arcsinh—arcsin(—l)), C =

1—r2
—1

const.

h—ho 3
Iycrs f(k,ho) = [ Q(hf?jj )" dr. Hano nokasarb, uro lim lim f(k, hy) =
—1+ho k—0 hg—0
£(0,0).

a) Tax kak f(k,ho) = f(0,ho) mpu k — 0 na orpeske [—1 4+ hg, h — hgl, hg # 0, T0

110 TEOpeMe O IMepecTaHOBKe IpeJiesia U HHTerpaJia

lim f(k, ho) = / 1im\/2(h_7”)(1—7“2)—1€2d F(0.hg) = / " V2= =)

k—0 1— 72 1 — 72
—1+ho —14+ho

= C(arcsin(h — hg) — arcsin(—1 + hy)), C' = const.
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b) hlimof(k, ho) = f(k,0) 1o oupejeieHuI0 HECOBCTBEHHOIO HHTEIPAJIA.
0—

[Mokazkem, uro f(k,ho) = f(k,0) npu hg — 0 mas moboro k, T.e. MOKaKeM, 9TO

Ve>036: Yhe <8, Vk: |f(k, ho) — f(k,0)] = 0, hg — 0.

—14ho —14ho

£k, ho) — £05,0)] / /|<| / |+|/|<
/\/2 1—7“21_T h/ho A 1—r21_r>d7"§

—1+4ho h

w0 [ i [

| h—ho
2(h + 1))[arcsin(—1 + hg) — arcsin(—1) + arcsinh — arcsin(h — hgy)] — 0, hg — 0

110 HEIIPEPBIBHOCTH apKCHHYCA. SHAYHUT, [I0 TEOPeMe O IePecTaHOBKE IIPe/Ie/IOB

lim lim f(k,ho) = lim lim f(k ho) = hm f(() ho) = £(0,0).

k—0 ho—0 ho—0 k—
To ectn, cymecrsyer lim f(k,0), a 3naqur, cymecrsyer lim f(k,0) = lim f(k,0) =
k—0 k—0+ k—0—
f(0,0) (r.e. dynkuus Ir(h, k) nHenpepbiBaa B Touke k = 0 u ]lcirr[l) I(h, k) = I5(h,0)).
ﬁ

2. Toxkazem, 9To TUHUE yPOBHS TIaJIKHE, TO eCTh Ky, . ~ k) ___; o (ypasHenme
I(h, k) = c 3anaer 3asucumoctsb k = k(h)).

[Tpu k& > 0 npoguddepentuupyem mo h ypasuenue Ir(h, k) = ¢ (mrrpux — 510

IPOM3BOAHA HO h):

2

1 2(1 —1r?) — 2k - k'
/ ( ) +r-0=r-0=0=
2y/2(h —r)(1 —r2) — k2(1 —r?)
1 d 1T d
—/ : ——k-k’/ ! —0=
T) 2(h—r)(1—1r2)—k2 T (1—72)y/2(h —r)(1 —1r2) — k2
1
f
\/2(hr1r A
k?/— =k~ = —
= krel=%

dr
kT{ (1—72)/2(h—r)(1—12)—k2
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Ananornuno npu k < 0 npoguddepennuupyem no h ypasaenne Ir(h, k) — k = ¢

T2

1
S P ¥

l/ dr / dr
7T'r1 \/2(}1—7’)(1—7“2) — k2 T 1—r? \/2 1—7’2) k>

— kK =0=

f\/Zhrlrzk A

:> k‘l — = = [k ~ _6] —
i _B
kf L +7 +m
(lfwﬁx/ﬂhfrx1fr%4kz
g d 1-12)_#2 — CXOOUTCH, TO HAJI0 IOKa-
3arThb, 4T0 B = k;f dr ~ T e

(1=r2)y/2(h—r)(1—12)— k2 27

T2

~S —

/ dr
(1—r2)y/2(h—r) (1 —r2) — k2 2k

JIemma 25 Ilpu h < 1, |k| =&, ¢ — wmano

r2
dr T

‘[_ S —,
/1—r2\/2 (1 —r2) -k 2k

JokazarenbcTBo. Pa3obbeM OTPE30K MHTEIPUPOBAHUSA HA TPH YACTH (BBIIEJIUM OT-

pe3KH, cojiepzKaliie 0COGEHHOCTH MOANHTErPATHHON (DYHKIINH):

[r1,72] = [r1, 71 + ho] U [ry + ho, 72 — ho] U [ra — ho, o],
rie hg — GUKCUPOBAHO U MAJIO (MOYKHO B3sTh, HAPUMED, g = ””152” R %) Torma

ri+ho  r2—ho

YRS ©

ri+ho  r2—ho

Paccmorpum nepsoe ciaaraemoe B cymme. CHada/ia OMEHUM €10 CHU3Y:

ri+h r1+ho
/ dr dr
> —
(1—1r2 \/2 r)(1—r2) — k2 2(1+7“)\/2(h—r1)(1—rl)(l—i—r)—k2
T1 r1

=1t = rl = dr d\/2 _Tl 1—7’1)(1+7‘)—/{32_
=[t=1+r]= )t—k:2/ _

/Zt\/2 h—r)(1—r 2t(h —r1)(1 =)
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=[p=2(h—m) 1—T1)(1+T)—k2]:/d_p:

p2 + k2
1 P 1 2(h — 1— 1 — k2
= Earctgz = Earctg\/ (h —r1)( krl)( +) [t >
1 2(h —r)(1 —r)(1 — k2 1 VvCh
Earctg\/ (h =) kr)( ) ]:fho: -0+ Earctg i 0« %

(Tak Kak hy — dbukcnpopamno, 0 # k ~ 0, nostomy Y — o0).

Teneps oneHnM 1epBOE CIaraeMoe CBEPXY:

r1+ho d
r

<
(1—=72)\/2(h—r)(1 —r2) — k2

T1

r1+ho
- dr B
(1—(7’1+h0 +?” \/2 7’1+h0>)(1—(7’1+h0>)(1+7’)—k2

1

dt
/ ( (7’1 + ho t\/Z(h 7’1 + ]’Lo))(l (7’1 + ho))t — k2
) )

/d\/Q T1+ho) (1—(T1+h0 t— k2
(h = (ri+ho))(1 — (r1 + ho))?t B

—t=1+1]=

dp
=[p=+v2(h—(r1+ho))(1 — (11 + ho))t — k?] = =
VA= R (R = o k2)1_m+ho)
2 1 P V2(h —7r)(1—1r2) — k2
R to— |ttho 2% t ritho _
Tt i) K8 S Tl ) km & k I
[aHasTormUHO OneHKe CHI/IBy]
2 m 2 7
1 — (r1 + ho) 2k k~0=m ] 2 — ho 2k
ho h2
=+ 2oty T < Tt ).
CaenoBaTesbHO,
9 J
s T s
— < —{1+h
2k / (1—=72)y/2(h —r)(1 —1r2) — k2 Qk( o)

MoxkHO B34Th hy CKOJTB YTOIHO OTU3KUM K (), TOITOMY

T2

~ —

/ dr
(1—7r2)/2(h—7r)(1—72) — k2 2k
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Tenepb paccMOTPHM BTOPOE U TpeTbe ciaraemoe B cymme (9).

Bropoe ciaraemoe:

ra—ho
dr
(1=72)\/2(h—r)(1 —r?) — k2 =
r1+ho
ra—ho ra—ho
/ dr dr
< =C = const
(1—7‘1—|—h0 \/2 1—(T1—|—h0)) k2 A—r
r1+ho r1+ho

A, C = const.
Tperne ciraraemoe:

T2 T2

/ dr </ dr B
(1—72)\/2(h —r) (1 —r?) — k2 (1—h2)\ 20— h2)(h—r) — k2

ra—ho ro—ho

1—h2 1—h2

[ A2h-na-P -8 \Lh-nl-rP-F ,
= = ’Tg—ho
ra—ho

V21— 1?)hg
a 1 — h2

= const.

BHa‘II/IT, BTOpPOE U TpeThbe CJaraeMoe aaroT HE3HAYNTETbHBII BKJIaJd B CYMMY, IIO9TOMY

[~ 20

Tem CaMbIM, MBI 3aBEepIIUJIN AOKA3aTEJIbCTBO YTBEP2KACHUA.

Vreepxkaenue 11 Jlunuu ypoeus Iy(h, k) = const, nocmpoernwe no gopmyase (6) &

obnacmu {(h,k) € ®(M*) | k > 0, h > 1}, mooscno 2aadko npodaums 6 obaacmo
{(h,k) € ®(M*) | k <0, h > 1} — no gopmyae Ir(h, k) — 2I;(h, k) = const npu k < 0

u no nenpepvienocmu npu k = 0.

HokazarenbcTBo. HenpepbiBHOCTE JIMHNUIT YPOBHS, T.e. paeHcTBO lim [o = lim (I—

k—0+ k—0—
2k) moKa3pIBaeTCs aHAJIOTHIHO YTBepKIeHuio 10.

< / ~ L/
IIpoBepuM IJIaJIKOCTh JIMHUH YPOBHS, T.€. PABEHCTBO Ky, oy . & k), . _p o
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[Ipu k£ > 0 nostyuum aHajoruvso yreepzkiaenuio 10

f
\/2h'r1r2) k2 A
K = =lk~el==.
ke ==

2

k f dr
o (1-72)y/2(h—r)(1—12)—k2

IIpn k < 0 monyvaem

f V/2(h— 7")(1 r2)—k A

[ =lkre| =
T2 J—
b i 2 o
RANCE )N/ 2(h—r)(1-12)—k
ITokaxkeMm, 9TO
[ /2 dr T
1—7r2)\/2(h—r)(1—7r?) — k> Kk
ri+ho  r2—ho
[IpeacTaBuM mHTErpaa B BHJE CYMMBI: [ = f + f + f [Ipy k ~ 0 umeem
r1 ri+ho  T2—ho

ri~-1,rmr~1
B mannom ciaydae u nepgoe, M TPEThe ClaraeMble SKBUBAJTCHTHBI o . JToKa3aTeheTBO
AHAJOTHYHO JIOKA3aTeJIbCTBY B yTBepzKIenuu 10

Paccmorpum Bropoe ciiaraemoe:

ro—ho
dr
(1—=72)y/2(h—r)(1 —r2) — k? =
— —r
ri+ho "
ra—ho d
,
= C’/ = const,
2 (1—7“1+h0 \/2 —7" 1—<T1+h0) \/ - T
1 0
A, C = const. Ilostomy I ~ o + 50 = 7.0

JlokazareabeTBo a1 npou3BOAbHLIX f (1) 1 V(1) mpoBOANTCS aHAIOTHYHO.

Pemerka, mocTpoeHHas M0 BBIYUCJICHHBIM II€peMEHHBIM JIEHCTBHS /I CUCTEMbI HA
MHOr0OOpa3Hy BpallleHns, 3aJanaoi dynknuamu f(r) = sinr —esin®r u V(r) = cosr,
nokasaHa Ha pucynke 33. Jlunuu ypoBHsi nepeMmeHHoil jaeficrsust [, “napaJsuieibHbl J1y-
ram tuna A BOau3m HuX. JIWHWUW ypPOBHS TMepeMeHHOI eficTBus [y Ompeme/leHbl TUI0-

0aJIbHO U HapaJLIeabHbI ocH h.
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Puc. 33: pemierka nepeMeHHBIX JIHCTBHS, ITIOCTPOCHHAS JJIs MOJEJIBHON CHUCTEMbI HA

MHOT00Opa3uu BPAIECHUS.

2.5 AJjaropuTm BBIYHCJIEHUS MATPUIIHI CKJIEHKN 10 pellleTKe Ie-

PEMEHHBIX JeliCTBUA

Hamra mesib — ¢ MOMOIIBIO PEIIETKH TTEPEMEHHBIX JIEHCTBUSI BEITUCIUTH METKH Ha Pel-
pax MOJIEKYJIbI. DTO JiesiaeTcd caeayiomuM odopasom. CHadaaa BOJIU3U KaKIOH JTyTru
oM ypKAIIMOHHON IrarpaMMbl BHIOMpaeTcsa 0a31uC Ha peleTKe IMepeMeHHBIX AeficTBusI,
COOTBETCTBYIONINUHI HEKOTOPOI JIONYCTUMOW CHCTeMe KOOpJAMHAT Ha Topax .JImyBusiid.
Jaee mo marpure C' mepexoma MexKIy JABYMs TaKUMU Oa3McaMi Ha peIIeTKe OIHO-
3HAYHO BOCCTAHABJIUBAETCSI MATPHIA CKJICHKH HA COOTBETCTBYIOMEM pebpe MOJIEKYJIH.
A mmenHo, oHa paBHA 00paTHON TpaHCIOHMPOBaHHON K MaTpure C.

B kaxjioit perynsgproii obsactu obpasza OTOOpaykeHusi MOMEHTa OTOOpayKeHue u3
mnockoctu R2(h, k) B miaockocrs R%(1y, I5) okaibho apiaserca nuddeoMopdusMom.
[TosToMy mepeiiieM OT HHTErPaJIOB K MEPEMEHHBIM JefCTBHSI, TO €CTh PACCMOTPUM 00-
pa3 pelierku mepeMeHHbX jeficTBug Ha miockoctn R2(Ip, ;). B arux koopamnarax
peIeTKa BLIIPAMJIAETCS, T.€. JIMHIU YPOBHS HMEePEMEHHbBIX JIEHCTBHS IMapasiebHbl KO-

OPIMHATHBIM O0CsiM. Bysem paccMaTpuBaTh Ha peleTke da3uc u3 BeKTopoB. Torma 6a3uc
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Ha pereTKe MOKHO CUUTATh 0A3MCOM Ha IJIOCKOCTH (T.e. HA BEKTOPHOM IIPOCTPAHCTRE),
a rnepeMeHHbie JefiCTBUS B HEKOTOPOW TOYKE TJIOCKOCTH — KO3 PUITMEHTAMU PA3JIO-
JKEHHUd 110 3TOMY 0a3HMCy BEKTOPa ¢ KOHIIOM B JJAHHOM TOYKe ILIOCKOCTH. V3BecTHO, UTO
3aKOH Mpeodpa30oBanms OA3UCHBIX BEKTOPOB MOTYyYaeTCs U3 3aKOHA TPEoOpa30BaHUs KO-
OpJIMHAT MyTeM B3ATHs OOpaTHON TpaHCIOHWPOBAHHOW MaTpunbl. Ho B cuay dopmyn
JIJI TIEPEMEHHBIX JICHCTBHS OC/IeTHIE IPeo0pa3yIoTcsd TaK Ke, KaK U 6a3UCHbIe MUKJIBI
Ha Topax JImyBuiis.

Takum obpazom, HAM OCTAIOCh yKa3aTh IpaBuja BbIOOpa MCKOMOTO Oa3mca Ha pe-
meTKe BOIM3U KaxK 1ol OudypKamonnoit ayru.

HamomanM, Kak ompeesisieTcs JOIMYCTUMAas CACTeMa KoopauHaT BOIu3u aToma A, a
TaKzKe BOJIM3U CeJIOBBIX aTOMOB 0e3 3Be304eK (y Hac 910 arombl B u V).

[Tepsbrit muka BOIM3KM aTroMa A — 3TO CTATUBAONIANCI B TOYKY IHKJI. BTOPOIi MUK
— 9TO cJIoi paccyioenus 3efidpepra ¢ ecTecTBEHHONM OpUEHTAIUE, HHIYTUPOBAHHOM OpH-
eHTaIueil TaMIJIBTOHOBOTO IMOTOKA.

[Tepsbrit UK BOJIM3H ce1I0BOrO aTomMa B uin Vi, — 510 ¢j1oit paccaoenns 3eiidepra
¢ OpueHTaIueil, MHIyIUPOBAHHON TaMUIBTOHOBBIM TOTOKOM. BTOphie 6a3uCHBIE THKJIBI
— IPOM3BOJIbLHBIE, OJIHAKO OHH CBS3aHbI YCJIOBHEM CYIIECTBOBAHHSA IPOXOALAIIEI0 dYepes
HUX 1J100aJIbHOIO TPAHCBEPCAJIBHOI'O CEYEHUs aTOMA.

B obonx ciyuasx nepBbiil MUK/ OMPEIETeH OIHO3HAYHO (¢ TOYHOCTHIO IO OPHEHTA-
IIUA B cJiydae atoMa A W OJIHO3HAYHO B CJIydae CeIJ0BOrO aroMa), moipobuee cM. [1].
Jlastee OyaeM Ha3BIBATD €r0 BBLACICHHBIM ITHKJIOM.

Bousinzu kax1o0it OudypKanuoHHoi Jyru Mbl XOTHM BbIOpaTh 06a3uc, OTBEYAIONIU
HEKOTOPO# JIONYCTUMON CHCTEME KOOPJMHAT HA TPAHUIHOM TOPE COOTBETCTBYIOIIETO
aroma. IlycTh e; u eg — BeKTOpBI 9TOr0 Oa3uca, OTBEYAIONIAE COOTBETCTBEHHO IIepeMeH-
ubiM jieiictBust [, I, BbruucjaenubiM Bbiire. [Io pemerke nepemenubix jieiicrsus I, Io
TaKoil Ga3mc BHIOMPAETCs OJTHO3HAYHO C TOYHOCTHIO JIO MOPSIKa W OpHeHTaInn Oa3uc-
HBIX BEKTOPOB.

Paccmorpum aBa caydas.

1 caywuaii. dyra Tuna A.
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N3yuum nosejienne BbIJICJIEHHOIO CEMEHCTBA JJUHUN yPOBHS NEPEMEHHbBIX JeHCTBUSA
BOTM3Y OMpypKarmonuoit nyru Tuna A. A nMeHHO, pACCMOTPUM CeMeCTBO JIMHUI YPOB-
He TepeMeHHOU neiicTBus [1, B dopmymne g KOTOpPOW HHTErPHPOBAHUE BeJeTCs IO
BBIZICJICHHOMY IUKJY 7 (T.e. TP TOAX0Je K OudypKamuoHHoil myre tuma A mukm -y
CTSTUBAETCS B TOUKY ).

PaccmoTpuM riasikoe ceMeficTBO CTATHUBAIONIMXCS IMUKJIOB Y HA TOpPaX BOJIU3W aTo-
Ma A. BosbMmeMm 7y B KadecTBe OHOIO W3 JIBYX IUKJIOB, 0Opa3yomux Oa3wc Ha TOpax
BOm3u aroma A. Torma, corsracao ropmyie /st BBIYUCIEHUS TEPEMEHHbBIX TeiCTBUsI,
umeeM I; = % f a. Tak Kak npu nojxojie K oudypKanuoHHoil JIyre MUK/I 7y CTATUBAET-
¢ B TOYKY, TO gOOTBeTCTBonmaH nmepeMeHHast JieicTBus [ CTpeMUTCS K HY/T10. SHAUNT,
dudypKaImoHHas Iyra COOTBETCTBYeT 3HAUYEHHUIO MepeMeHHo feficteus [; = 0, a cie-
JIOBATE/ILHO, B €€ OKpecTHOCTH JinHuu yposus {[; = ¢/N,c¢/N = const} "napaJuiesibubt”
oudypkamuonnoit ayre. Mnade ropops, Junun ypoBHA epeMeHHOl aeficTBus [, cooT-
BETCTBYIOIIE MAJIBIM 3HadeHusM ¢/ N | He mepecekaroT 6udypKAIMOHHYO JIYTY.

Kaxk cnencreue, momydaeM, 9To epeMeHHas JAeficTBUA [ OTBeYaeT CTATUBAIOIIEMY-
¢ IUKJIy, TIOTOMY 4TO ee JIMHUU YPOBHS ~mapaJsuiejibubl’ 6udypkamnuonnoit gyre. Ile-
pemenHast gefictBust [, OTBedaeT CJI0OI0 pacciaoeHus 3eiidepra, OpueHTAINsST KOTOPOTO
OTIpeJleNIeTcs TAMIJIBTOHOBBIM TTOTOKOM.

[Toaromy B cuJjty onpejie/ieHus JOIYCTUMOM CUCTEMbl KOODJAUHAT Ha TOpax JIuyBujuis
HCKOMBIH 6a3uc Ha pererke Gyaer uMeThb BU: (teq, ey). OcraeTcs MOHATH OPHEHTAIHIO
BEKTOPA €5.

13 dopmyssl s Beraucaenus I caeayer, 9To0 OpUEHTAIUs MUKIa (T.e. CJI0s pac-
caoenns 3efidepra), COOTBETCTBYIONIETO ITOI MEPEMEHHO efiCTBIS, COBIAIAET C OPH-
eHTaIueil TaMuJILTOHOBA MOTOKA sgrad /K .

Ha xputndeckux okpyxuoctsax sgrad K u sgrad H cBsg3anbl cooTHOIIeHneM: sgrad H =
A - sgrad K, u, caepoBaresibHo, paBencTBo gradH = X - grad K. HamomauM, Kak BbILJIsi-

aar poipazkenust s gradH u grad K wa 6udypkrarmuoHHBIX Jyrax (B KOOpIHHATAX
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{pr,pp. 1, 0}):

k
grad = {0, —5—,0,0}, gradK = {0,1,0,0},
F2(r)
cJaeI0BaTeIbHO, Ha OM(YpKAIMOHHLIX Ayrax gradH = f%mgradK , Te. N =

f2r)?

3Ha-
YUT, SgNA = sgnk.

Orcroa cireyer, 9o opuenTanuu motokos sgrad H n sgrad K ognaakorsr pu k > ()
U TpOTHUBONOIOKHBI IpU k < (. [loaTOMY BEKTOD €9 HY?KHO OPHEHTHPOBATH IO BO3pAC-
tanuio unrerpasa K upu k > 0 u no yosiBanuto nupu k < 0.

2 caywuaii. lyra Tuna B.

B sTom caydae mepBomy 6a3smCHOMY UKy JOMYCTUMOI CUCTEMBI KOODJWHAT HA
Tope JUYyBHLIA (OH ¥Ke CJION paccioenus 3efidepra) oTBeuaeT mepeMeHHast JeficTBHs
15, BrOopomy — nepemennasg [;.

Takum obpazom, UCKOMBIiT Oa3uc Ha pernreTke OYIeT BHITJISAETH CJAEeAyIONInM 00pa-
3oM: (eq,teq).

Kak Bujinm, HyzKHO BbIOpATh OPUEHTAIUIO BEKTOPA €3, YTO JIEJIAETCHd TOYHO TaK 2Ke,
KaK W B cjaydae Jayru tuma A.

Takum 0O6pa30M, MBI TTOKa3add, KakKue 0A3UCHl HA PeIIeTKe MepeMeHHBbIX JIefCTBUs
1, I, 6ynyT oTBeYaTh JOMYCTUMBIM CUCTEMAM KOOPJINHAT HAa FPAHUTHBIX TOPAX aTOMOB.

BekTopbl e, BoIOpanuble YKa3aHHBIM CIIOCOOOM, H300pazKeHbl HA PUCYHKe 34.

Puc. 34: 6a3ucHblit BEKTOP €5, M300pazKeHHbBIN Ha, PeIeTKe.

O,ZLHaKO, B BbI60p€ 0a31CcoOB 0CTAJIACD HEOAHO3HAYHOCTD, CBA3aHHAA C HCOAHO3HAYIHO-

CTBIO BBIOOpA OPUEHTAIIMU OJHOTO U3 OA3MCHBIX IMUKJIOB Ha Topax JInysusis. CooTBer-
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CTBYIOIIIHE 6a3I/ICHbIe BEKTOPBI MO2KHO BBI6I/IpaTb IIPpOU3BOJILHO C TEM JIMIIb YCJIOBHUEM,
9TOOBI MATPUITHI, CBA3LIBAIOIINE JIBA TAKUX Oa3uca, UMEJIN OIIPeIeTUTE b, PaBHbIH — 1.
st onpeiesIeHHOCTH YKaXKeM cIocod TaKoro BeIOOpA.

PaccmoTpuMm mpousBosibHOe pebpo MoJiekyabl. EMy oTBedaoT aBa 0a3mca BOIN3U
COOTBETCTBYIONUX OudypKaAMOHHBIX ayT. Onpene/inM Ternepb OPUEHTAIMIO BEKTOPA €1
TakKuM 00pa3oM, 4ToObl OpHUeHTaIus 0a3uca, OTBeYaloNero KoHiy pebpa, Oblaa MmoJio-
JKUTEJbHOH (T.e. COBIAJAIA ¢ eCTeCTBEHHOU opueHTanmeil miockoctu h, k), a 6asuca,
OTBEYAIOIIEro HaYa/Iy pedpa — OTpUnaTebHo. Tem caMbiM MbI MOJTHOCTHIO U3JI0KUIN
AJITOPUTM BBIOOPA MCKOMBIX DA3MCOB HA, PEIeTKe MePEeMeHHBIX JTeHCTBUSI.

Bribepem napy 6a3ucoB Ha pellleTKe MepeMeHHBbIX JeicTBrUd BOIU3U JIBYX OUdypKa-
IMOHHBIX JIyT (910 cOOTBETCTBYET BbIOOPY 6A3MCOB HA PEryJIsSPHBIX TOPAX BOJIM3M JIBYX
KOHIIOB pebpa MOJIeKYJIbl ). 3aHyMepyeM JIHHUU YPOBHsI TIepeMeHHOl JeficTust [ mocie-
JIOBATEJIbHBIME TIEJTBIME YUCJIAME Tak, uTo ecau Jjunus yposus {(h, k) : I[(h,k) =
¢;/N} nveer HOoMmep i, To aumns yposus {(h, k) : Ii(h,k) = (¢; + 1)/N} umeer HOMED
t + 1. Anajiormansiv 06pa3oM 3aHyMepyeM JIMHUU YPOBHS HepeMeHHON jeficTBus Is.
Tenepnb Gyjiem "ABUTATL OJWH U3 BLIOPAHHBIX 0A3UCOB MO PEIIETKE HABCTPEUY JIPYTOMY
O CJEAYIONNUM MPABUIAM:

1. na (i + 1)-m waze swbparnnoid basuc (m.e. svbpannas auelixa pewemru) doasric-
HA HATOOUMBCA MEHCOY MEMU HCE AUHUAMU YPOBHA 00H020 CEMETCMBa, “mo U Ha
i-M waze, U CO8UAMBCA HA 1 0MHOCUTNEADHO HYMEPAUUU 0py2020 cemeticmea AUHUL
YPOBHA;

2. nymo, NO KOMOPOMY Mbl NPOHOCUM 0G3UC, He JoANHCEH NPOTOOUMDL Yepe3 AuelKry
pewemru, codepacaujue budyprayuortvie dyau u ocobvie 3nauerus paraa 0.

JlaaHBIH agropuT™ OyaeT IpUMeHeH jJajee 1718 BEIYUCIeHIS MEeTOK ¥ MaTPHI] MOHO-
JIPOMUU U30JIUPOBAHHBIX 0COOBIX 3Hadenuil panra (0 /s UCC/IEyeMOro K/jaacta CUCTEeM

(a TakzKe, KakK MPUJIOKEHHe, i caydas Jlarpanka).
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2.6 DBpruunciaerne MeTOK M MaTPUITbl MOHOAPOMUM T10 PereTKaM

nepeMeHHbIX AeCTBUS

ITocTpouM pernreTKy mepeMeHHBIX TeHCTBUS I CHCTEMBI Ha MHOTOOODA3HH BpAICHHs,
sajannoi bynxmuavu f(r) = sinr — esin®r u V(r) = cosr, Tie KoHCTaHTa £ BHOpa-
Ha TakuM ob6pazom, uto dyHKIms f(r) uMeer JaBa JOKAJIbHBIX MakcuMyMa. OTMeTnM,
YTO B IpeJeJbHOM CJaydae, a UMEeHHO, Korja £ = (0, moydaeM cucreMy “cdepudeckuit
MAsTHHK @ TIPH CTPEMJIEHHH T1lapamerpa € K HY/II0 JIOKAJIbHBIH MUHUMYM (DYHKIUH B
npejiesie UCUYe3aeT; B Pe3y/Ibrare JiBa JOKAJIbHBIX MAKCHMYyMa U OJHH JIOKAJTbHbIH M-
HUMYM CKJIEHBAIOTCST B OJIMH JIOKAJAbHBI MakcumyM. Ha GudypKarmoHHoii nnarpamme

? “cxJronblBaOTCA’, a 0COOEHHOCTH THIIA

OpU CTPeMJIeHHH € K HYJIIO JyTH THIAa “KJIOB
KJIIOB “OTOJBUTAIOTCS” HA GECKOHETHOCTH ).

OrmeTnM TakzKe, 9To NI TOro, YT00BI CHcTeMa, 3agantas napoii byukumit (f(r), V(r)),
ocTaBaJIach CHCTeMOit Halero Tuia (yaoBaeTsopsaia Jemve 1), BMecTo 106aBKI —¢ sin® r
MOKHO ObL10 TTpubaBuTh K dyukmun f(r) = sinr mobyo HedeTHyo B ToUkax r = 0 u
r =7 dynkimio ¢(r), TaKyio 4To BO3MylieHHAs DYHKIMs | (r) =sinr + g(r) GbLaa Obr
nosozkuTenbHa Ha € (0;7) n BBIOMHSIACH b1 paencTsa f(0) = f(m) = 0.

Ha pemérke (cu.puc.33) moMuMo JUHUI ypOBHS epeMenHoit neiictust I (h, k), mmo-
crpoenHoii o dhopmyiie (6), n3obpakenst guaun yposus byukuun I5(h, k) = (h, k) —
i+ k, SIBJIAIONHECS] TIQIKUM TIPOJOJIzKeHneM aunuii yposusa dyuknnu Io(h, k) B obractsb
k <0.

Tenepb, NpuMeHUB aJTOPUTM U3 Haparpada 2.5, Bbioepem Oazuchl BOM3M O6udyp-
KAIMOHHBIX JIyT' ¥ IOCYMTAEM MATPHUILy CKJICHKH, HCIOJIb3Ysl HOCTPOEHHYIO PEHIETKY
(cm.puc.35). TlyHKTHPHBIE BEKTODPBI — 3TO GA3UC Y BEPXHETO pedpa MOJEKYJIbI, CILIOTI-
Hble BEKTOPHI — 06a3uc y HUXKHEro pedpa MOJIeKyabl. KpacHbIM 1BETOM H300PaKEHDI

BBIJIeJIEHHBIE, TTepBble 0A3UCHBIE BEKTOPDI, OPAHXKEBBIM — BTOPBIE 0A3MCHBIE BEKTOPHI.
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Puc. 35: Be160p 6asucoB Ha pemierke BOJM3H OUDYPKAITHOHHBIX JIVT.

ITo mocTpoenHoi peméTke Mbl MOXKEM BBIYHCJIUTD MATPHUILI Iepexoa Ha BceX ped-
pax MOJIEKYJIbl, a UMeHHO, Ha pebpax A — A, A — B u pebpe B — B, cuMMeTPHIHOM
OTHOCHTEIBHO ocH h. OTMeTnM, 9T0 B 001aCTH, COOTBETCTBYIONIEH BHYTPEHHOCTH “KJIIO-
Ba’, MBI IMeeM TPH ceMeiicTBa JIMHUIl YPOBHS MEPEMEHHBIX JICHCTBHSA, T.K. 9TO# 001acTH
OTBEYAIOT JiBa JIMCTa OMMYPKAIMOHHOI'O KOMILIEKCA, U HA KazK/JOM JIMCTE MHTErpaJly,
OTBeYAlIeMy nepeMeHHoil nefictBus Io(h, k), COOTBETCTBYIOT pa3aHYHble UKJIbI HH-
TerpupoBanus (M, 3HAYUT, PA3JHIHBIE TIPEJIeJIbl HHTerPHPOBAHMS ).

Ha pucynke 36 n3obpazkeHbl IIyTH, IO KOTOPBIM MBI TPOHOCHM OA3MCHI /I BBIUUC-

JleHUus MaTpul, CKJaeilku.
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Puc. 36: Berancienune MaTpuil CKJICHKH 110 PeIeTKe.

Ha pucynxke 36a BurauciasgeM MaTpHily cKieikn Ha pedbpe A — A. CoracHo PHCYHKY,

MOJTydaeM MaTPHUILY

OTKYyAa mojaydaeM metkn: 7 = 0, = +1.
Ha pucynke 36b Bbrumciasem mMarpuily ckjeikm Ha pebpe B — B, cMUMMeTpUYHOM

oTHOCUTENBHO ocu h. CorylacHO PUCYHKY, TTOJTyYaeM MaTPHUILY

-1 -1 -1 0
M = => (MY = ,
0 1 -1 1
OTKYJIa TIOJIy4aeM MeTKHU: 1" = 00, = —1.

Ha pucynxke 36¢ Berancisiem marpuity ckjeitku Ha pebpe A — B. CorjiacHO PUCYHKY,

MOJTyJaeM MaTPUILY

OoTKy/1a nosiydaeM Merku: r = 0,6 = +1.

BruiBoa. MeTk#, BHIYUC/IEHHbIE MO PENIETKE MEPEMEHHBIX JICHCTBUs, COBIAIAIOT C
METKaMHu, INOCYUTAHHBIMU C IIOMOIIBIO ABHOI'O BbI60pa IUKJIOB Ha TOpaX (CM.TeOpeMy
6). Takum 06pa3zoM, 110 PeIEéTKe MepeMeHHBIX JeHCTBHsI OJTHOCTHIO BOCCTAHABINBACTCS

naBapuanT Pomenko—llummanra.
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Jlemma 26 Mampuua monodpomuu u3oauposanHot ocoboti movwky muna poryc—poryc

OAS CUCTNEMDL HG MHO2000DA3UU BPAUEHUS NPUHGOAEHCUN KAGCCY CONPAHCEHHOCTNU

11
MATPULDL 6 epynne SL(2,7) das awbot napw gynxuyud (f(r),V(r)), sadaro-

01
WUT cCuCmemy.

JdokazaTenbCcTBO. ITOT (HakT ObIT W3BECTEH W paHee, OJHAKO HAIMEH IeJbI0 STBIIs-
eTcsl ero J0Ka3aTeIbCTBO ¢ MCIOIb30BAHUEM DeNeTKH TTepeMeHHBIX JeficTBusA. YToOb
BBIYKMC/IUTH MATPUILY MOHOJAPOMUM, BHIOEpEM Ha peléTke 0a3uc U POHECEM ero 10 3a-
MKHYTOMY KOHTYDPY B MOJOKHUTEILHOM HAIIPABJIEHNH (IIPOTHB YaCcOBOM CTPEJIKH) BOKPYT
U30JIMPOBAHHON OCOOEHHOCTH, 3aTe€M BBIMHIIEM MOJTYUYEHHYIO MATPHUILY TePeXoa MezK Ty

HAYAJIbHBIM W KOHEUHBIM Oasucamu (CM.pUCYHOK 37).

Puc. 37: Belumucenne MaTpUNbl MOHOJIPOMHEH I10 PEIeTKeE.

KpacupiM niBeToM Ha pucyake 37 n300pazkeH KOBEKTOD €1, KOTOPBIH Mpu 00Xo/ie 1Mo
3aMKHYTOMY KOHTYDY llepexoaut B cebs, 1.e. €) = e1. OpaHkeBbiM U300paKeH KOBEKTOD
es. Ilpu 0bxo/ie M0 3aMKHYTOMY KOHTYPY OH TpancOpMupyeTcd B Tojiy00il KOBEKTOD

e,. lomygaem maTpuiy mepexona



[TorsiTHO TaK:Ke, 4TO BEPHO U OOpaTHOE yTBEPZXKIEHUE.

YrBepxkaenue 12 [lo mampuuye mMoHOOPOMUU U30AUPOSAHHOT 0Cc0b0T MouKy Mmuna
doryc—doryc drs cucmemvl Ha MHO2000PA3UY BPAUEHUL MONHCHO AOKAALHO BOCCTNAHO-
UMD PEULEMEY NEPEMEHHBLL JeTUCMBUA 6 OKPECTNIHOCMU COOMBEMCMBYIOULE20 U30NU-

PO6AHHOZ20 000020 3HAMEHUSA.

W3 mpaBmi, 1o KOTOPBHIM BHIOHPAETCS BBIAEJICHHBIA OA3MCHBINA UK Ha TOpe BOJIH-
31 pebpa Mosekyabl (eM.kuury [1]) m w3 anropurma Bbibopa OGasmca Ha pererke (CM.
naparpad 2.5), moaydaeM CJeJCTBHe.

CaencrBue. /lis cucmemvt Ha MHO2000pa3UY 8PAULEHUA TYMEM GHAAU3A OUPYD-
KAGUUOHH020 KOMNAEKCA MOACHO NOAYYUMD UHPOPMAUUIO 0 pewemke, Komopot docma-
MOYHO OAS BLIYUCAEHUA MEYEHBLL MOACKYA U MAMPUY, MOHOOPOMUL U30NUPOBUHHBLL
ocobux snavwernut panza 0 (a UMEHHO, 3HAHUE KAYECTBEHHOTO MOBEIeHUs JTUHU YPOBHS
HepeMeHHBIX JeficTBus BOIN3M OndypPKAIHOHHBIX AyT THIa A, BOIM3KM ocH h, a TakKe
TOT (aKT, YTO OJIHA TIEPEMEHHAsT JeHCTBUS OIPe/Ie/IeHa TVI00AIBHO U ee JIMHUU YPOBHS
napaJuie/ibHbl ocu h, 00ecleduBaiOT JIOCTATOYHYIO O pelneTKe UHMOPMAIHIO JIIs Bbl-
YUCIEHNS MEYEeHBIX MOJIEKYJT U MATPHUI] MOHOJIPOMUN H30JUPOBAHHBIX 0COOBIX 3HATCHUH
pamra 0).

Crenytonuit maparpad OyaeT MOCBAINEH WHTErPUPYEMOIl TaMUIBTOHOBON CHCTEME
“o6obImenHbIil cy4dail Jlarpamzka”, KoTopas gBjdeTcd cucTeMoii ¢ Sl-cummerpueit, Ho
He FBJIIeTCsS CUCTeMO Ha MHOrooOpasun Bpamienus. s caydas Jlarpamxa ciaencrsue
HEIPUMEHUMO, OIHAKO JIJIS 9TON CHCTEMBI MO PeIeTKe Mbl MOXKEM BOCCTAHOBHTH BCE
METKH ¥ BBIYHCJUTH MATPHUILI MOHOAPOMHH H30JMPOBAHHBIX OCOOBIX 3HAUEHHIT paHIa

0.

2.7 PermieTku nepeMeHHBIX JeiicTBUd i 0000IIeHHOTo cirydas

Jlarpam>ka

Cummempuunvim 6044K0M (60aukoMm Jlazpanoica) HA3BIBAIOT 3aKPEIJICHHOE B HETIOABU K-

Ho#t Touke O, HAXOIAIIEECS B OJHOPOIHOM I'PABUTAIMOHHOM II0JIe TBEPI0E TEJ0, V KO-
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TOPOro 3JLTHIICON nHepiuu B O eCTh 3JUTHICON/] BpAIeHusl (T.e. [[Ba MOMEHTa HHEPIUI
paBHbI) " HEHTP TAXKeCTHU JICZKUT Ha OCU BpPallleHH.

AHAIOTHYHO OmpeiesIsieTcs BOMIOK B 06001eHHOl 3a1a4e Jlarpanxka (0606uentoli
soauok Jlagpansica), TIOTEHITMATBHOE TI0JIe KOTOPOTO MMEeeT OCh CHMMETDHHU W 3aJ1aeT-
ca rnagkoit dyukmueit V(z) Ha orpeske [—1;1]. Tlpu 310M KIACCHYECKOMY CJIydato
Jlarpamxka coorserctByer V(x) = gz, rjie § — yCcKOpeHHe CBOGOIHOTO MaIeHUS.

CucreMy, OMUCHIBAIONLYIO 0DODIIEHHBIH BOTUOK JlarpanzxKa, MOXKHO paccMaTpUBATh
KaK I'aMHJIbTOHOBY CHCTEMY Ha Op6I/ITaX KOIIPpUCOCAMHECHHOI'O IIpEeJCTaBJICHUA aﬂFe6pr
Ju e(3). Pacemorpum Ha e(3)* koopawHaThl (11, 79,73, 81, S2, S3), B KOTOPHIX CKOOKa

ITyaccona nmeer BU
{585} = eigwsw, {si,ri} = €ijern, {ri,ri}=0.
Da30BBIM IPOCTPAHCTBOM CHCTEMBI SIBJISIETCsI MHOrOOOpasue (3aBucsiiee OT mapamerpa
9)
M4 _ 2 2 2 _ 1 _
g = 1(11,72, 73,81, 82, 83) | 11 + 15+ 13 =1, 7181 + 7282 + 1353 = g},
a CUMILIEKTHYecKas CTPYKTYpa MoJIydaeTcd orpaHrndeHrneM Ha Hero ckobku Ilyaccona.
3aech § = (81, S2,83) — KHHETHIECKUI MOMEHT Tena; 7 = (ry,Ts,T3) — €IUHAIHBIH
. 4
BEKTOD, HALPABJICHHBI 110 ocu cuvmerpun. OTverum, uro Mmuoroobpasue My - nnd-
dbeomopdno T*5?% (u naxe cummiexromopdno npu g = 0).
®yukuus Famuabrona H u 10NOMHATENbHBIN naTerpas F na M} g AW 0000IIIEHHOTO

ciaydas JlarpaHnzka uMerOT Bu/I

1 52
H = 5(8%—1—53—1-53)—#—‘/(7’3), F = ss, (7)

rie § — mapamerp cuctembl, a V(r) — raagkasg Gynknus Ha orpeske [—1;1] (moren-
IHATT ), XapaKTePU3yIoIiasi CUI0BOe MoJie, B KOTOPOM HAXOAUTCs Tesio (MogpobHee CM. B
[44]). Otmernm, uro cioenne JIMyBU/AIs U KAYECTBEHHBIN BUJ, PEIIETKU HE 3aBUCST OT
B, nockoabky Hg = H1 + 1;—2'8F2.
2 B
Takum 06pa3zom, TaMHIBTOHOBA CHCTEMA, COOTBETCTBYfoIast BOUKY Jlarpamzka (0606~
MmeHHOMY BOTYKY Jlarpam:ka), nmeer asa mapamerpa g > 0 u 8 > 0 u mHTErpupyema

npHu JIOOBIX 3HaYeHUusX g u f3.
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Omnpegennm 2-napaMerpudeckoe cemeiicto dbyHkuuii Ha orpeske [—1;1]

F2 2 1 2
W p(x) = (H—%—V( (A =2%) = 59— Fa)”.

HeHOCpe,HCTBeHHbIM BBIYHUCJICHHUEM IIPOBEPACTCA CAeAYIoIee YTIBep2KIACHUE.

JIemma 27 Jlna 06o6wernozo cayuas Jlaepansca (7) coemecmmuasn nogeprHocms ypos-
Ha 2amuavmonuana u unmeepana {H = h, F = f} ceasna mozda u moavko moeda,
wozda dynryus Wy p(x) umeem posno dsa nyas na ompeske [—1; 1] u noaoorcumenvna

6 MoYHOCTU .M69fCay HUMU.

B patore O.E.Opeu, I11. Takaxaru [44] 6b11 uccienoBan Kiaccudeckuii caydaii Jlarpan-
JKa, OJHAKO CJIeIyIOmas JIEMMa, OCTACTCS BePHOH U 11g 0000ImeHHoro ciaydad Jlarpan-

2Ka.

JIemma 28 (Open, Taxaxawu [44]) Cucmema “o6obwernui caywat Jazparoca” ume-
em posno dee ocobvie mouku panza 0. Kascdas us smuz mouex 6 3a6UCUMOCTU OM
gHauernud napamempos g u 3, a maksce 6 zasucumocmu om dynkyuu V(x) umeem
mun goxyc—poryc uau yenmp-uyenmp. Koopdunamov, ocobvir mouex panza 0 umerom

sud

Plz(g—BJrV() )Pg—(é’—ﬁ+V( 1), —g).

Tenepb chopmysiupyem JjieMmy, OIMUCHIBAIONIYIO SBHBbIE (DOPMYJIbI JIJIsl BHIYUCICHUS 1€~

PEMEHHBIX JEHCTBUA.

JIemma 29 [lycmov daa obobuwennozo cayuaa Jlazpanorca (7) 6ce coemecmivie nosep-
HOCTAL YPOBHA 2AMUALTNOHUGHE U UHMELPAAQ C6A3Hb, m.e. dynkyus Wy p(x) umeem
posno dea wyas a(H, F), b(H, F) na ompeske [—1;1], npuvem Wy p(x) > 0 enympu
ompeska [a(H, F),b(H, F)]. Tozda nepemennan deticmsus I onpedesena 2406a1v10 u
umeem eud I1(H, F) = F. llepemennas s, onpedeaennan ¢ obnacmu {|F| < gt U{F >
g, H < % +V()}U{F < —g,H < % + V(—1)}, asasemca eaadkol pynryued u
umeem eud

oy
L(H,F)=1I(H,F) r (8)
1-— 5132
a(H F)
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JokazarenbcTBo. Boruncinm nepemenusie pejicreust o dopmyaam (4). s sroro
HEO0OXOIMMO BHIOpaTh Ha TOpax JIMyBHILIA IMUKJIBI Y1 U Yo, IO KOTOPBIM Oy/IeT BECTHUCH
uHTerpupoBanue B dpopmyaax (4). JInyBuiIeB Top XOpOIIO BUJIEH B MPOEKIMU MHOTO-
obpaszua M* B npoctpancrso R3(7). [Ipu 3ToM HpoekIus Topa HOpeacTaBigeT coboit
uwmaaap {a < r < b} na chepe i +ri +r2 =1, rae a,b < 1 — uynu bynkuuu

Wy r(r3), a cama dbyuknusg W crporo Gosbiie myias na uarepsaie (a,b) (em.puc.38).

Puc. 38: npoexius Topa JInyBuiiis Ha KOHMUTYPAITMOHHOE TPOCTPAHCTBO, T.€. Ha cde-

py:

DTO HAIVIAIHOE IPeACTABICHAE IeMOHCTPUPYET BLIOOD NUKJIOB HA HEM
v ={rs=c}, o ={rs =0, > 0}.

3areM mpsiMbIM BbIYHCTIeHEEM 13 (GopMyT (4) HOTydaeM BbIPAXKEHUs JIJIs TePEMEHHBIX
JeCTBHUS.

O06bsicHIM Tenepb, odeMy epeMenHas [y onpeesena dhopmynoi (8) ToIbKO Ha da-
ctu obpasa orobpazkenuss MoMeHTa. Cucrema “0000IIeHHBIH coy4aiil Jlarpanzka” nmeer
e ocobple Toukn pamra 0 (eM. semmy 28). B cuily HAJUUHSA M30JUPOBAHHBIX OCO-
Opix Touek panra 0 (Touek THnA DOKYyCc—DOKyC) cucrema MMeeT MOHOJIPOMUIO, & 3HA-
YUT, TEPEMEHHbIe JIEHCTBHSA HE MOTYT ObITH omnpejenenb rjaodajabno. B dacrHOCTH,
ecJIM NOCTPOUTH JIMHUH YDOBHs [epeMeHHoil neiictBust I, mo dopmyie (8) Ha Bcem
obpasze oToOpaykeHHs MOMEHTa, TO Ha Jydax {H = % +V(Q1), F >gtn{H >
% + V(1), F = g} (ecan obe ocobbie Touku panra 0 umeror tun Hokyc—hoKyc, To

eme w wa ayuax {H = &£+ V(=1), F < —g} u {H > & +V(-1), F = —g})
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y JIMHUI ypOBHH HepeMeHHoil jefictBus [o Oyger nabjrogarbed U3/0M, T.e. OHU OyIyT
HENPEPBIBHBIMHU, HO He TJIaAKUMu. [ToBTOpUM, 4TO 3TOT 3hheKT CBA3aH ¢ HATUINEM MO-
HOJIPOMUY TIPU 00X0Jle BOKPYT TOUeK THIA (POKYC—(DOKYC, KOTOPble HMEIOT KOOPIUHATHI
P = (% +V(),9), P» = (% + V(-1),—g) (cm. memmy 28). U3 s1ux paccyxiaeHnii
BBITEKAIOT OTpAaHWYEHNs Ha 00J1acTh ompejeserus: pyakimu [o, 3ajanHoi popmyoit

(8).00.

JIemma 30 Jlunuu yposrs nepemennoti deticmeus Io(H, F), onpedeaennoti 6 obracmu,

{{F| <gtu{r >gH< % +V)}U{F < —g,H < % + V(=1)} no gpopmyne

(8), 2nadkum 06pasom npodosHCaOMEA 6 0CMaBWYCA 00AaCMb 06Pa3a OMOBPAAHCEHUA

MOMEHMA NO CAECOYOULUM POPMYAAM:

s
I(H,F)+ F —y, emuF>g,H>%+V(1)
L(H,F) = I(H,F)—F —g, ec./LuF<—g,H>%+V(—1) 9)

I(H,F), unaue

\ \
HokazaTenbcTBO. B pesyibrare 1eTaIbHOTO TOMOJIOTHICCKOTO AaHAIN32, BLITOIHEHHO-
ro B.C.MarseeBbim (cM., HATpEMeED, paboTy [45]), BBISICHIIOCH, 94TO TIPH 006X0/ie BOKPYT
To4ueK Tuia GoKyc—(hOKYC HUKJL Y, HE UBMEHSETCs, & [IUKJ Yo [ePEeXOJUT B IUKJI Yo Y1
(B 3aBuCHMOCTH OT HanpasaeHus 06xo1a). OTCI0a BHITEKALT HEBO3ZMOKHOCTD IJI00ATH-
HOTO BLIOOpA Imapbl MUKJIOB Ha BCEX TOPAX CHCTEMbI OJHOBPEMEHHO, a TaKyKe CJeIyIOT
dbopmyasr (9).00.

Tenepb, Korga Mbl 3HaeM, KaK BeJyT ceds IMHUM YPOBHS IEPEMEHHbIX JeHCTBUS 11
UCCJIEyeMO CUCTEMBbI, MBI MOYKEM MOCTPOUTH PEIIeTKYy MepeMeHHbIX JIefiCTBUS.

Cuenyiomee yrBepzKaeHue ObLIO MOJYIeHO HA KOMIBIOTEPE ¢ HCIIOJIL30BAHUECM A3bI-

ka nporpammupoBanus C++ u makera Mathematica 7.0.

Yreepxkaenne 13 1) IIpu V(z) = z*"

, n € N, daa mobux 3navenuli napamempos
B >0, g >0 pewemra R C R*(H,F) u 6upyprayuonnas duazpamma cucmemo

CUMMEMPUYHLL OMHOCUMEAbHo ocu H u umerom 6ud, noxazannwud na puc.39a) (obe
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ocobvie mouky panea 0 umerom mun Gokyc—PoKYc U CUMMEMPULHBE OMHOCUMEALHO

ocu H ).

2) Ipu V(x) = 2?1 n € NU {0}, pewemxa R u budyprayuonnas duazpamma

cucmemv, umerom 6ud, nokazannuld na puc.39b) (odna ocobaa mouka panea 0 ume-

em mun Goryc—horyc u AexHcum SHYMPU 00Pa3a 0MOOPAHCEHUS MOMEHMA, 0 SMOPLAL

0c0bas Mmouka paHea 0 umeem mun UEHTNPD—UEHTND U AECHCUTL HA 2PAHUUE 06]7@3@ 0mob-

pascerus MOM@Hma).

|5 a) 7 ~ /f/"/~_'
e Py '/._,
= v S
0SE
[ L 1 ]
1 2 4 6 R 17
_([5 -
-0 = N
N o \‘ = B O
Kl b) B e
15| —Z Z-
ey ey
1Lof o
05 W
1 1
/{ 2 [4 6 8 H
L
-0.5fF \
| VUV VU
-1.09
-13F

Puc. 39: pemrerkn mepeMeHHBIX JefcTBUsS IJsi 0000IMEHHOTO ciaydag Jlarpamzxka:

V(x) =2?" b) V(z) = 22
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[Tpumepsl PeIeTok, COOTBETCTBYIOMMX cTeneHHoMy norenmuany V(z) = 2", n € NU
{0}, npuBenensr Ha puc.37. DTH peNeTKH MOCTPOEHBI ¢ UCTIOAb30BaHneM Gopmy. (8) u
(9). Ha pucynkax n300pazkeHbl JBa ceMeHcTBa JUHUN ypoBHs DyHKIWH [1, [5: mepBoe
COCTOUT W3 KPUBBIX {[y = C3, ¢y — KOHCTAHTA}, TOXOKUX HA MapabOJIbl, 8 BTOPOe — U3
munuit {I; = ¢1, ¢; — KOHCTaHTa}, napaieabHbix ocn H.

[To mOCTPOEHHBIM pereTKaM MepeMeHHBIX JIeHCTBUSA MOXKHO BBIYHCIHTH MaTPHIIHI

MOHOJIDOMHH U30JTUPOBAHHBIX O0COOBIX TOUeK panra (.

VrBepxkaenue 14 las mobozo nomenyuana suda V(x) = 2", n € N, mampuya mo-

HOIPOMUL A106020 US0AUPOBAHHO020 000020 3HAUEeHUA panaa O 6 basuce, cOOMBEMCEMEY-

11
owem nepemernvim oeticmeus I, Iy, umeem eud M =

01

JlokazaTebCTBO 3TOTO YTBEPXKIEHUS MPOBOAUTCS AHAJTOTHIHO BBIUYHCIECHUIO MATPHUIIHI
MOHOJIPDOMUHE H30JTUPOBAHHOTO 0COOOT0 3HadYeHUs panra 0 JJsi CHCTeMBl Ha MHOT00Opa-

3un Bparenus (cM. gemmy 26).
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3 3akJrouyeHne

B zak/mouennn nepevduc/ienbl pe3yJibTaThl, HOJIYIeHHbIE B JUCCEPTAIINH, B COOTBETCTBUI
¢ rjaBaMu. Takyke HPUBEJIEHBI OCHOBHbBIE PE3YJIbTAThl JaHHON paboThl u cHOPMYIUPO-

BaHbI 33/1a91, BOBHHUKIIIE B IIPOIECcce PabOTHl HA/I JUCCePTAIHEit.

B neppoii ritaBe guccepTamuu MOJIHOCTHIO UCIEI0BaHA TOIOJOTU cJIoeHus JInyBui-
JIS CHCTeM Ha MHOT00Opasuax ppamenns M ~ S? B mose geficTBHA TOTEHITHAIA, 4 HMEH-
HO, JIOKa3aHa Teopema Kjaaccudukanun naBapuanToB @omvenko-Ilunmanra jajis uccery-
eMoro kiacca cucreM (teopema 6). Kpome toro, usyden o6pas oToGpazKkeHusi MOMEHTA
u O6ucypKalonHble JIMArPAMMbl, BO3HUKAIONIUE B JIAHHOM KJIACCE CUCTEM, 110JIy4YeHa
Teopema Kiaccudukanun 6udypKannoHHbIX rarpaMm (Teopema 4).

Taxxke B jguccepTaly HalijIeHbl CJIYYad JUYBHLIEBON SKBUBAJCHTHOCTH UCCJIELye-
MBIM cucTeMaM. ITokazano, 94To ecim MOJIEKYJIa CHCTeMbl Ha, MHOT0OOpa3uu BpallleHusl,
OTPAHMYEHHON Ha HEocoOOe m303HepreTndeckoe 3-MHOr00bpasue, nmeer Bug A — A, 1o
MPAKTHYECKN JIJIsT KaZK 0 KJIACCHYECKOH MHTerpHpyeMoil IMHAMUIECKOii crucTeMbr (60-
Jiee TOYHO, JIJI KaxKJI0M MHTerPUPYEMOIl cucTeMbI, 00J1a1aI0IIel IPH HeKOTOPBIX 3HAYe-
HUSIX HEPIUH MOJIEKYJI0H A — A) cyIecTByoT 3Ha4eHnst SHEPIrUK h, TAKHe 9TO CUCTEeMa
HA MHOTOOOpa3uu Bpalllenus, OTpaHuuYeHHas Ha H309HEPTeTHIecKoe 3-MHOroobpasue Oy-
JIeT JINYBUJIJIEBO SKBUBAJEHTHA JIAHHON KJIACCHYECKOH MHTErPUpPYEMOil cucTeme, orpa-
HUYEHHON HA Q% (n1st KazK oM KJIACCHYECKOU HHTErpUPYeMOii CHCTEMBI YPOBEHb JHED-
run h cBoif). B caydae, ecqim MoJekysia MMeeT BHJ JepeBa, TO CHCTEMa JIHYBHJIEBO
9KBUBAJIEHTHA Ieo/e3MdecKuM ToToKaM Ha cdepe (Tpu GOBITHX 3HAYCHUSX SHEPIUN
h) v rpy6o JMYBULTEBO SKBUBAJEHTHA UM TIPH MAJIBIX 3HAYEHUAX dHeprun h (moapobuee
CM. yTBepzK/aeHue 8).

Bropas riaBa aucceprarun mMOCBAIIEHa W3YYEHUIO PEIeTOK MePEMEeHHBIX JeHCTBU
HHTEIPUPYEMbBIX TaMUJIBTOHOBBIX cucTeM. JlaHo dhopMaibHOe onpejie/ieHue PeneTK 1
JIOKA3aHa €ro KOPPEKTHOCTh. 3aTeM JJjIsd CHCTeM Ha MHOTOOOPA3MSX BPAIIECHUS BBIUUC-

JIEHBI II€PEMEHHDBIC ,ZLGIU/ICTBI/IH 1 110 HUM IIOCTPOCHBI PEIIEeTKHU IIEePEMEHHBIX ,ZLGP'ICTBI/IH.

125



Tax>ke BO BTOpPOI Ij1aBe MPUBEJICH AJTOPUTM BBIYUCICHUS 110 PEIIETKAM MIepeMeH-
HBIX JefiCTBUS MATPHUIL CKJIEEK Ha pebpax MOJIEKYJIbl U MATPHUIL MOHOJIPOMUHU W30 IUPO-
BaHHBIX OCOOBIX 3HaYeHUH panra (. DTOT aJrOpuUTM HPHUMEHEH K CHCTeMaM Ha MHOIO-
obpa3usgx BpallleHus W, KaK TPUIoXKeHWe, K 0000menHoMy BosTuky Jlarpamzka — misa
BBIUHCICHUS MeTOK B muBapuante Pomenko-Ilumanra, a Takzke MaTpUIl MOHOJIPOMUHT

U30/IMPOBAHHBIX OCOOBIX 3HadeHuil panra (.

[TepeuncumM OCHOBHBIE PE3yJIbTATHI, NOJYYeHHbIE aBTOPOM B HACTOsAIIEH pabore.

1. Tlorydena nosiHas KjaaccuuKalmusg CUCTEM Ha MHONOOOPa3usaX BpaIleHUs ¢ I10-
TEHIHUAJIOM Ha M309HEpPreTHYeCKUX IMOBEPXHOCTAX C TOYHOCTBHIO JIO JIMYBUJLIEBON 3K-
BuBaJIeHTHOCTU. VHBIME Cj0BaMu, K/JIACCU(DUIMPOBAHLI BCE COOTBETCTBYIOIIUE CJIOE-
Hus JlnyBuaag. DTa KiraccuuKaIms MOJy9eHa Ha OCHOBE BBIYUC/ICHWS WHBAPUAHTOB
Domenko-Ilumanra (MedeHbIX MOJIEKYJT) HCCTEYEMBIX CHCTEM.

2. llosryuena knaccuduKAIys BceX COOTBETCTBYIONIUX U309HEPTETUIECKUX 3-MHOTOOOpa3Uit
BMECTE CO CJO0eHUAMU JIMyBUJLISA HA HUX.

3. Jlokazamo, 9TO WHTETPUPYEMbIe CUCTEMbI Ha JBYMEPHBIX MOBEPXHOCTAX Bpalle-
HUd C IVIQJIKUM IOTEHIHUaJI0M, OIDaHUYEHHbIE Ha CBA3HbIE KOMIIOHEHTHI TPEXMEPHBIX
M309HEPIeTHYCCKUX [IOBEPXHOCTEH, B HEKOTOPBIX CJIydasX TONOJOIMYeCKU (JInyBUILIE-
BO) SKBHBAJEHTHBI DA3JIAIHBIM KJIACCHUECKUM HHTEIPUPYEMbBIM JTHHAMHIECKHM CHCTE-
MaM. A HMEHHO, B CJydae, eCii MOJIEKY/Ia HCCAeIYeMON CUCTEeMbI, OTPAHUYCHHON Ha
Heocoboe m309HepreTHIeckoe 3-Mmuoroobpasue, umeer Bujg A — A, To mpakTUIeCKH s
KazKJI0M KJIACCHIECKOil MHTErpupyeMoii TaMHJIBTOHOBOH CHCTEMBI (& MMEHHO, JIs KazkK-
JIoft cucTembl, obamaroIeit mosekynoit A — A, nampumep, /Ut BoTdaKa Jlarpanzxa, cu-
crembl KoBasesckoii, cucremsr [opstaesa-Haribirnaa-CpeTeHCKOro u Jp.) CyIecTBYIOT
TaKWe 3HAYCHUst SHePruu h (J1st KazK /107 CUCTEeMbI CBOM 3HAYCHUS IHEPIUH ), 9TO JAHHAS
KJIaCCUYeCKad UHTerpupyemMad CUCTeMa, OrPaHUYCHHAA HA Q% , ABJAETCA JNYBUJIIEBO
9KBHUBAJIEHTHO cUCTeMe Ha MHOTOOOPAa3UHU BpAIleHN s, OTDAHIIeHHOI HAa Heocoboe u30-
HepreTwvecKkoe 3-MHOroobpasme. Ecian ke Mosekyna cucTeMbl UMeeT BUJ JiepeBa, TO

npu OOJIBIIHX 3HAYCHUIX 9HEPIruu CUCTEeMa Ha MHOI‘OO6pa3I/H/I BpallleHud ¢ IOTeHIuaJIOM
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SABJIAETCS JINY BULIEBO SKBUBAJECHTHON I'€0/I€3UYE€CKOMY ITIOTOKY Ha cdepe ¢ MoIX0admeit

METPUKOI BpallleHud.

B npornecce namucanmnsg paboThl ObLIN cHOPMYIUPOBAHBI HOBBIE 33/1a9M, KOTOPLIE
MOXKHO PeIIaTh, OMUPAsICh Ha TEKCT JAaHHO# auccepraruu. ChHopMyaupyeM OCHOBHBIE
U3 HHX:

1. IIpoBecTn TpaeKTOPHYIO KJIACCH(DUKAIINIO CHCTEM HA MHOr0OOpa3HaX BpAIleHNs B
HOTEHITHAIBHOM I10J1€, & IMEHHO: BBIYUCINTH (DYHKIIUU BPAIIEHUs HA PeOpax MOJIEKYJIbI
(3Ta 3a/a9a ObLIA HAYATA ABTOPOM, BCJIEICTBHE Yero BO3HUKJIA TUIIOTE3A).

I'mnoresa. CymecrByer Takas mapa dyukuumit (f(r),V(r)), 3amaiomux cucremy
HA MHOIOOODA3uU BpAlleHUs] U TAKOe 3HAYEHHE SHEPruu h, 910 Ha BBIOpAHHOM pebpe
mosekyabl (A — A, A — Vj, unn Vi, — V}) cucremsl, orpaHnveHHON HA 3-MHOrO0Opasme

3 peasusyercd JIOOOH CHMMETPUYHBI BEKTOD Bpallenus (B CIydae, €CId Ha KOHIE
pebpa crouT aroM A, TO COOTBETCTBYIOIIAasl KpaeBas KOOPAMHATA BEKTOPA BpAIleHHS
OIHO3HAYHO ompejensercs dyuximusavu f(r) u V(r), a B ciaydae, ecan Ha KoHIe pebpa
CTOUT CEJJIOBOIl aTOM, COOTBETCTBYIOIIAs KOODMHATA DaBHa +£00).

Takum 06pa3oM, HHTePEeCHOH 3ajiaueli ABJISIEeTCs TOKA3aTENbCTBO (UM OMPOBEpPIKe-
HUE) 9TOH MMIOTE3bl U U3YUYEHUE TPACKTOPHON YKBUBAJICHTHOCTH B IEJIOM JIJIsl JIAHHOTO
KJIACCA CHCTEM.

2. B auccepranuu mMOJHOCTBIO HCCJIEI0OBAHA TOMOJIOTUS CJIOEHHS JIMyBUILIS IS CH-
cTeM Ha MHOIOOOPA3MAX BpallleHus , TOMeOMOPQHBIX AByMepHOil cdepe. B ciyuae, ecn
MHOTOOOpa3ne BpaIleHusi TOMEOMOP(HO IBYMEPHOMY TOPY, CHCTEMa TAKXKE OCTACTCS
unrerpupyemoii. [Tosromy Bropoit maTepecHoit 3a1aueil gBIAETCT U3yYeHUe TOIOTOTHI
g caydaa M o~ T2,

3. MbI uccsieoBam CUCTEMBI € TIOTEHIIMAJIOM, JIPYTUMHE CJIOBAME, HA TOUYKY, JIBUZKY-
nytocs o Mmaoroobpaszut M, aeiicTBoBaJsia noreHmua bHag cuia V. MoxkHo 06001uThH
3aJ1a9y U J00ABUTH MArHUTHYIO ¢y B B cucremy. CucreMa ocTaHeTCS HHTErPUPYEMOIi,
U UHTEPECHO OBLIO OB MOCMOTPETh, KaK MarHUTHAS 100aBKa MOBIUSIET HA TOIOJIOTHIO

CUCTEMbI — 3TO0 ABJAACTCA TpeTbhbeidl OCHOBHOH 3a1aueil.
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4. Ecau ynaants u3 cdepnr S?, apisiomeiics KOHMUTYPATIOHHLIM TPOCTPAHCTBOM
U3y9aeMbIX CUCTEM, TIOJIIOCA, TO U KOH(PUTYPAIIMOHHOE, U (DA30BOE MPOCTPAHCTBA OYIyT
HeKOMIAaKTHBIMU. CJieoBaTeTbHO, I U3YYeHUsl TOTOJOTHH CJIoeHus JInyBrLIs, Bo3-
HUKAIOIIETO B TAaKUX CHCTeMaX, KjaaccuiecKas TeopeMa JIMyBW/LIS HempuMeHUMa, TaK
KaK pery/isipable CJIOM B TaKO#l 3a/1a4e MOTYT ObITh HE TOJBKO TOPAMHU, HO U IUJIHHIPAMHI
(cormacuo Teopeme K.Amemkuna). CoOTBETCTBEHHO, BOSHUKAET 33/1a9a — HCCJIEI0BATD
TOIOJIOTUIO ITOJYYEHHONH HEKOMIAKTHON CUCTEMBI.

5. Baxknoit 3azaueil gBjsercs jajibHeiilee U3ydeHue PereToK NePeMeHHbIX Jeii-
cTBus. B Hacrosiieit pabore n3ydeHbl pereTkn NepeMeHHbIX JIeHCTBUSA TOJIHKO JIIS CITy-
JaeB, KOIVIa MOJIEKY/Ia CHCTEMbI COCTOUT TOJBLKO u3 aToMoB A u Vj. UHTepecto y3HaTh,
KaK BeyT ce0sl JIMHMM YPOBHSI 1IEDEMEHHBIX JlefcTBus (K, COOTBETCTBEHHO, DEHIETKH)
B CJIy4ae, ecjii B MOJIEKY/Ie IPUCYTCTBYIOT U JIpyTue aToMbl. PereTka saBiagercd ya100-
HBIM HHCTPYMEHTOM /7T BBIYUCTEHUS METOK U MaTPUIl MOHOJPOMHH, TIOITOMY OBLITO OB
MOJTE3HO TPUIYMATh HarboJree OAPOOHBIH 1 OOIIHiT aITOPUTM ITOCTPOEHUS PEIeTOK TTe-
PEMEHHBIX JEHCTBUS J/Isi HHTETPUPYEMbIX I'aMHUJIBTOHOBBIX CUCTEM, HEe MPUBA3aHHbIN K
KOHKpeTHOH cucteme. CiejlyeT OTMETHTh, 9TO B CHCTEMAX C JBYMsl CTEMEHSIMU CBOOO-
JIBI PeMeTKN TepeMeHHbBIX JIefCTBUS JIByMepHbIe, OTHAKO B OOITEM caydae, a UMEeHHO, B
CHCTEMAX € M CTEHEeHsIMU CBOOO/IbI PA3MEPHOCTD PEIIeTOK PaBHA N (€CTECTBEHHO, HE BCe-
raa n = 2). [lpu u3yvyeHnn 1 NOCTPOEHUH PEIIeTOK U TIPU CO3JAHUU OOIIIX aJITOPHTMOB

paboThl C HUMHU 3TOT (PAKT CJIeIyeT YIUTHIBATD.
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