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BBenenne

AKTyaJabHOCTH PabOTHI

Jlucceprarust OTHOCHTCSI K obs1acTu audppeperimaibHOil reOMEeTPUH U TOMOJIOTUN U SIBJISIETCS
HCCJIeIOBAHIEM HA CTBIKE JBYX aKTyaJbHBIX HAIIPABIEHUI: TeOPHT HHTEIPUPYEMBIX TaMUIIBTOHO-
BBIX CHCTEM U TEOPHs MaTeMaTHIecKoro OmInapia. PaboTa mocBsImeHa H3yIeHUI0 COMOKYCHBIX
OMJLIMAP/IOB B TPEXMEPHOM €BKJIMIOBOM IIPOCTPAHCTBE KaK HHTErpupyeMbix cucreM. Bojiee TouHo,
N3y9aeTCs TOMOJIOTUS CJI0eHUH JInyBu/LIst IBYX BUIOB OM/LIMAPIOB: reoIe3nvdecKre OULTHap/bl Ha
KBaJIpUKaX BHYTpHU COMOKYCHBIX 0OJIacTell U TpexXMepHble OHJLIHAP/IbI, OTpaHUuYeHHbIE COMDOKYC-
HBIMH KBaJpuKaMu. /I KakKI0ro W3 9THX BHIOB IIOJYYEHA TOHMOJOIHMIeCKas KJACCH(MUKAIUS.
OrnpeiesieHbl KJIaCChl TOMEOMOPGHOCTU HEOCOOBIX U309HEPIETUIECKIX TOBEPXHOCTEN TPEXMEPHbBIX
co(pOKyCHBIX OM/LIMAP/IOB, & TaK:Ke OW/LIHap/Ia C MOTeHIHaJ oM ['yKa BHYTPH TPEXOCHOTO SJIJIHII-
COU/IA.

B nmocsiejinne 1ecATUIeTHs AKTUBHO U3yYalOTCsl AHTETPUPYEMble TaAMHIBTOHOBBI CHCTEMBI (J1a-
nee NIT'C). Haubouiee reomerpudeckn Harssaabivu UT'C sBisiiorest mETErpupyeMble GULIHADIBI 1
ux 0000menns. HamoMuamm, 910 Mamemamuseckumu busluapdom HA3BIBALTCS 3a1a49a O TBUKEHIH
MaTepHaJbHOI TOUYKH BHYTpH obaactu D puMmaHoBa MHOroo6pasusa M"™ ¢ abCoJIIOTHO YIIPYTUM OT-
pazkKeHHeM OT ee IPAHUIIBL ([IPEeOIAraeTCs, YTO TPAHUIA 00JacTH D ABISETCS KYCOUHO-TIAIKOI).
Nurerpupyemocts mI0cKoro Ouaanap/ia B 001aCTH, OFPAHMIEHHON /LIUIICOM, OTMeYeHa B paboTe
k. 1. Bupkroda [1]. B kuure B. B. Koznosa n /1. B. Tpemesna [2], a Takxe B kaure C.JI. Ta-
GadnnkoBa [3| gaH 00630p COBPEMEHHBIX M KJIACCHYECKHUX HCCJIEJIO0BAHUM, MOCBSIIEHHBIX TEOPUH
MAaTEeMATHIECKOTO OUIIHAD/IA.

Buutmapapr BHYTpH HIJI0CKUX 00/1acTell, OrpaAaHUYeHHBIX JyraMi COOKYCHBIX KBaJIPHK, TaK-
JKe SIBJISIIOTCS HHTerpupyeMbiMu. Takne CHCTeMBI ¢ TOYHOCTBIO JI0 JINY BIIJI€BOI SKBUBATEHTHOCTH
Havyasm u3ydarbesi B paborax B. Iparoswua, M. Pagnosuu [4], [5], a Takzxke B. B. Bemoukunoii
(Doxuuesoit) 6], |7]. B. B. Bemomknna kiaccudunuposaia Bee JOKAIbHO-IIOCKHE TOLOJIOIHYe-
cKue OmIIuap/abl, OrpaHuIeHHbIe AyraMu CO(OKYCHBIX IJIIUICOB W THIEPOOJI, a TakKe 00/1acTH,
IIOJIY I€HHBIE CKJIEKaMU 9IeMEeHTapHBIX 001acTeil BIOIb BRIIYK/IBIX 8] 1 HeBbImyKbix [9],[10] cer-
MEHTOB TPaHUI. Bblia ompejesieHa S5KBUBAJICHTHOCTh OUJLTHADAHBIX C¢TOIOB [11] n misg kaxkaoro

KJIACCA IKBUBAJICHTHOCTH BbIYUCIeHbl MHBapHaHThl Pomenko (rpyboie mosiekysb) 1 PoMeHKO-



Iumanra (Me4eHble MOJIEKYJIbI).

Hanomuum, aTo B ciaydae JABYyX creneneit cBOOOIbI TpybOil MOJIEKY/I0# HA3BIBACTCS THI Da-
36l c10eHus JInyBHIISA CHCTEMBI B OIPAHUYEHUN HA H309HEPreTHYECKYIO MOBEPXHOCTH. DTO Ipad
Puba, BepImHBI KOTOPOTO JOTMOJHUTENBHO OCHAINEHB cuMBoJIamu Gudypkanuii (3-atomos Po-
MeHKO) TopoB JluyBuwmas. Oun KiaaccudunupyoT HHTErPUPYeMble CHCTeMbl B OTDaHHYEHHH HA
MHBApHAHTHOE 3-TOJMHOr000pasue ¢ TOTHOCTHIO 10 TPYOOil JINYBUILIEBO SKBUBAIEHTHOCTH (10O~
Meomopdusma 6a3 caoeHuil JIMyBULIg, MOTHAMAEMOTO B OKPECTHOCTH KarxKJI0i TOYKH Oa3bl JI0
roMeoMopduama camux ciaoeruit Jlnysusist). Ormernm takxke, uro B pabore H.T. Byura [12]
rpy00ii SKBUBAJIEHTHOCTHIO HA3BAHO 00/I€€ CUJIBHOE OTHOIIEHHE YKBUBAJIEHTHOCTH, YIUTHIBAIOIIEE
CBsI3b MOJHSITHI PA3HBIX TOUEK OA3HI.

s onMcaHus CUCTEM C JBYMs CTEIEHsIMH CBOOOJBI HA BCEM CHUMILIEKTHIECKOM MHOTOOOpa-
sum M?, a rakxke B MHOrOMepHOM cjyuae (/i cucreMm ¢ Tpems u GoJjiee CTelleHsMU CBOGO/bI)
A.T. ®omenko BBes OoJsiee OOIIMIT MHBAPUAHT HEPE3OHAHCHBIX HHTEIPUPYEMBIX 10 JIMyBHILIIO CH-
CTeM, HA3bIBAEMBIH OUPYPKAUUOHHM KOMNACKCOM, U U3YIWT Pl ero cBoiicts [13], [14]. B pabore
[15] 6bLT mpeIozkeH MOAXOM K CTPATUMUKAIMA 3TOT0 00beKTa 10 PAHTY OTOOPAYKEHUS MOMEH-
Ta. 3a BBIYETOM CJIOEB, COJEPZKAIIUX BBIPOZXKIEHHBIE OPOUTHI IIyaCCOHOBA JAeHCTBHUS CUCTEMBI WU
TOYKN KopaHra 2 m Oosiee, (ha30oBOE MPOCTPAHCTBO CHUCTEMBI JIOMYCKAET OMUCAHHE B TEPMHUHAX
(MedeHBIX) cereil. DTOT MOAXOJ HAIIE] CBOe NPUMEHEHHe B MeXaHUKe, HAIPUMED, DU ONUCAHUH
M. II. Xapsamossim 1 1. E. Pga6oBbiM a3oBoii Tonoorun cucreMsl KoBaieBcKoii B ABYX HMOJISIX —
HHTErpUpYeMOil 110 JIMyBUILIIO TAMHJIBTOHOBOM CHCTEMBI ¢ TPeMsl cTenensiMu ¢Bobobt |16].

Nusapuant Pomenko-Ilumanra nosydaercs u3 mnBapuanta PoMeHKO J100aBJIEHUEM UHC-
JIOBBIX METOK T,£,7M, BBIYUCAAEMBIX 10 auddeomopdusMaM CKICHKH TI'PAHHUYHBIX TOPOB 3-
atoMoB [17]. JlauHbIi HHBApUAHT KAACCH(DUIUPYET CHCTEMbI ¢ TOUHOCTHIO JI0 JTHYBULIEBON SKBHU-
BaJIEHTHOCTH — HOCJI0HHOrO romeoMopduisma ciaoerunii JImyBuas B OrpaHiIeHNN HA, TPEXMEPHBII
YPOBEHb MOCTOSIHHO{T SHeprum (C yCJIOBHEM OPHWEHTAIMH KPUTHYECKHX OKPYKHOCTEHl 3-aTOMOB,
noapobuee cm. [18]).

Nusapuanrsr Pomenko u Pomenko-Iluimanra ObLIN BBIYUC/IEHBI JJId IMMUPOKOTO KJIACCA WUH-
Terpupyemsix cucreMm reomerpun [19]-23], mexanuxu [24]-[30] n ux amasoros ma anrebpax Jlu
[31]-]35]. IIpu sTOM, B YacTHOCTH, GBLIN OOHAPYZKEHbI HETPHUBHAJIbHBIE SKBUBAJIEHTHOCTH MEZKILY
PA3IMYHBIMUA CUCTEMAMHU.

Merto uHBapUaHTOB HAIE IMTUPOKOE MPUMEHEHUE B TEOPUU WHTErPUPYEMBIX OMLIHAPIOB,
BOOOTITE TOBOPSI, ABJISIOIIUXCS JIUIITH KyCOTHO-TJIAKUMI NHTETPUPYEMBIMHU cucTeMamu. B paborax
B.B. Bemomkunoit u A. T. Pomenko OumapiamMu ObLIA peaJrn30BaHbl HHBAPHAHTH DOMEHKO-
[urmanra MHOIHX HHTErPUPYEMBIX CHCTeM JBYX crereneil ¢cobomsr [11], [36], [37]. AxkTuBHO n3Yy-
gaercs runore3a A.T. QomeHnko 0 peaju3anumy WHTEIPUPYEMBIMI OU/LIHAPIAAMA TTPOU3BOIBHBIX
caoennii JInysuias u ux ocobennocreii [38]-[46]. O630p n HANISIHOE W3JI0KEHWE MOCTEIHUX Pe-

3YJIBTATOB MO PA3TMYHBIM pa3/enaM runoresbl PomMeHko o Gumapaax caenanst B [47]. st sroro



pacCMaTpUBAIOTCS HE TOJIBKO IUIOCKHE MHTerpUpyeMble Oujuinap/ibl, HO U uX 0000IIeHusd — OuJi-
JMAP/Ibl HAa KJIETOYHBIX KOMIUTeKcax (BBemenHbie B. B. Bemomkunoit Tonosornueckne Guiiinapbr
9], [10] u Gummmapnusie kumxku [38], [39]), Gunmmapasr ¢ morenrmanom [48]-[50], 6uanmuapbt
B [OCTOSTHHOM MATHUTHOM MOJIe, OUJLIHAD/Ibl ¢ MPOCKasb3biBanueM [51]| win Guimuapasl B mpo-
crpancTBe ¢ MeTpukoit Munkosckoro [52]. Orverum Takzke HenaBHIOW padory [53|, rie BBeeHHbIE
A.T. ®omMeHKO IBOTIONNOHHBIE CHIOBBIE OUIIHAD/IBI OBLIH TPUMEHEHBI JIJI TOTOIOTHIEeCKOTO MO-
JeJINPpOBAHUS CHCTeM Jiliepa 1 Jlarpanzka cpa3y Ha BcexX KJaccaX UX HEOCOOBIX YPOBHEl SHEPIHH.

Henasaue pe3yabTaThl O JOKA3aTeIbCTBY rumoTe3sl Bupkroda (A. A. Tinymiok [54], M. Ba-
astit 1 A. E. Muponos [55],[56], A. IO. Kanoumu [57],[58]|) mokasbiBaior, 9T0 A1 HHTEIPHPYEMO-
CTH TJIOCKOTO Ou/Iinapia 6e3 moreHnuas a Tpedyercs TpuHaIIeKHOCTD TVIQJIKUX JIYT €r0 IPaHUIIbI
KOHIIEHTPUIECKUM OKPY’KHOCTSAM WM COGOKYCHBIM KBAJPUKAM (C HEKOTOPBIMH YTOYHEHUSIMH).
HecMOTpst Ha KOHEYHOCTH KOJIMYECTBA KJIACCOB TAKUX ILIOCKUX OHILTHADIOB (KAK B CMBICTE KOM-
OUHATOPHOTO YCTPOHCTBA TPAHUIIBI, TAK U TOMOJOTHH UX CJIOeHUIT JIMyBIILIS ), IEPeXo/l OT IIOCKHX
OWLIMAP/IOB K OM/IIMApaM Ha CKJICEHHBIX CTOJIAX-KOMILJIEKCAX MO3BOJINI PEeaIn30BaTh IMTUPOKU
KJacce caoeHuit JImyBuas mHTErpupyeMbIX CACTEM.

Hacrosiiiag pabora nocBgieHa u3ydeHuio TOIoJ0ruu cjioeHuit JInysuiig JByX BujioB Ouji-
AMAPI0B B eBKINA0BOM R?: reomesmueckme Omanmapibl B COPOKYCHLIX 00JACTAX Ha KBAIPUKAX
(3JLTHIICOM T, OHOTIOJOCTHBIA U JIBYIIOJOCTHBINA TUIePOOIOUIBI), a TaAK:Ke TpeXMepHbie cohOoKyc-
Hble OWIIHAP/IBI.

Koundurypanmonnoe npocTpancTBO COPOKYCHOIO T'e0Je3U4ecKoro Ouanap/ia Ha KBaJPUKE
FE — kommakTHas 007acTh Z2, orpaHUYeHHas KOHEUHBIM UHCJIOM KBaJPHUK, COMOKYCHBIX ¢ F.
Byaem mpeanonaraTh, 4To YIJIbl H3A0Ma Ha rpanuue Z°2 pasubl 7/2. Takne obmactn GygeM Ha3bl-
BAaTh OUAAUGPIHBLMY CMOAAMY Ha Keadpuke . BHYTpU OWITHADIHOTO CTOJA YACTUIA JTBUZKETCS
BJIO/Ib TEOJE3MICCKHX ¢ TIOCTOSHHOM O MO0 CKOPOCTLIO, OTPAayKasACh OT TPAHUILI Z2 abCoIoT-
HO yrpyro. CookycHble Teoie3ndecKkne ODULTHAP/IbI HA KBAJIPUKAX SIBIAIOTCS WHTETPUPYEMBIMHI
no JImyBULTIO B KYCOTHO-TTIQIKOM cMbIcsie. KacaTeabHble IPSIMBIe, TTPOBEIEHHbBIE K KaXKI0M TOUKe
IJIAJIKOCTH TPAEKTOPUHU-JIOMAHON COOKYCHOTO Te0Ie3NIeCKOro OMIIHapiaa, KacaoTesd MoMaMo F
erne OJIHOi KBaJApuKu, cOPOKYCHOI ¢ Hell n obIeil /i BceX To4YeK riajkocTu Tpaekropun. [lapa-
METD 3TOH KBAJIPUKH SBJISIETCHA JIONOJHUTETHHBIM MEPBBIM UHTEIPAJIOM CUCTEMBI. OTMETHM, ITO
B OTJIMYHE OT IUIOCKUX OUJITHAPIOB, KOH(MUTYPAITMOHHOE MPOCTPAHCTBO COMOKYCHOTO Teoe3mye-
CKOTO OWLTHAP/A JIEZKUT HA KBAJPUKE (JUIHICOUJ, Hapa TUIEepOOJOUIOB), T.e. HA MOBEPXHOCTH
HEHYJIEBOH rayCcCOBON KPHUBU3HBI. JTOT (PAKT YCIOKHIET KAYeCTBEHHOE WCCJIEIOBAHNE CUCTEMBI.
Tem ne Menee, aBTOPOM MOJIy4Y€HA TOJIHAS JUYBUJLIEBA KIaccupuKaius copOKYCHBIX Teoje3ude-
CKUX OMJTMAPOB Ha KBAJIPHKAX MPHU YCJIOBUH MMOCTOSTHCTBA YHEPIUN.

Béuibmias yacTb jguccepTaliiOHHON PAbOTHI HOCBAIIEHA MHTEIPUPYEMbIM OUJLIHAP/AM C TPeMs
creneHsMu cBOOOBI. [lepexon K HUM — eCTeCTBEHHBII CJIeYIONHil ITar Mpu u3yYeHnn OUIInap-

J0B CaMHX IIO cebe M UX CBaA3ell ¢ IJIaIKMMHU WM BEIIECTBEHHO-aHAJIUTUYCCKUMU HHTEI'DUPYEMDbI-



Mmu cucremamu. Mbl OyeM paccMaTpuBaTh JABUZKEHHE MATEPUAJIBHON TOUYKU BHYTPH KOMIIAKTHOMN
TPeXMepHOil 06/1acTH, OrPAHMIEHHON KOHEYHBIM YUCJIOM CO(DOKYCHBIX KBAJIPUK W MUMEIOIIeH TBY-
IDAHHBIE YIJIBI W3JI0Ma Ha TpaHulle, paBabie m/2. Takue obacTu Mbl Oy1eM Ha3bIBATH Mpermep-
HOUMU OUAAUGPIHBLMY coaamy. TakyKe MBI OyleM CUUTaTh, YTO HA MaTePUAJbHYIO TOUKY He
JIERCTBYIOT HUKAKUE CHJIbI, TO €CTb OHA JBUYKETCS M0 OTPE3KaM IPSIMbIX ¢ HOCTOSHHON 1O MO-
JIYJTI0 CKOPOCTHIO. (OKa3bIBAETCSI, UYTO TAKWE CUCTEMBI 00/1aMal0T TPEMsT HE3aBUCHUMBIMHU MEPBBIMH
unrerpagavu. OUH U3 HUX — MOJAHAA Mexanndeckad sueprusg H(z,v) = ||v||?/2, aBa apyrux —
napamMeTpbl cOPOKYCHBIX KBaJIPUK, KOTOPBIX OJITHOBPEMEHHO KACaIOTCs BCe TPsIMbIe, COJePIKAIITe
3BEHbsI JIAHHON TpaekTopun mapa. OrMeruM, 910 OMJLIHAP/, BHYTPH 3J/JIAICON 1A ObLJI PACCMOTPEH
B. Jlparosuuem u M. Pagnosua B pabore [5|, rae onn onmcanu mpooGpasbl TOUEK 0TOODAZKEHUsT
MoMeHTa. B amcceprarum aBToOpoM ONICAHBI BCE BO3MOXKHBIE TPeXMepHbIe COOKYCHbIE OMLIAapI-
HbIE CTOJIBI U OCOOEHHOCTH OTBEYAIONINX UM OWUJITHAP/IOB, TPOBeIeHa OTHAS KIaccuduKanms Beex
TPEXMEPHBIX COPOKYCHBIX OMILIMAPIOB OTHOCUTEILHO I'PYOOil JINyBU/LIEBON IKBUBAJICHTHOCTH.
OHa 13 BaykKHBIX 3a/a4, BO3HUKAIOMMX pu nccaegoannn I'C — onpeaennTs KiIace ToOMeo-
MOPGHOCTH HEOCODOH OBEPXHOCTH NocTosgHHoM sHeprun. g UT'C ¢ npyms creneHssMu ¢BOOOIBI
TONOJTOTHICCKHIT TUII H309HEPIeTHICCKOr0 MHOr006pasua Q° (Kmace ToMeoMopdHOCTH MHOTOO0-
pasug 6e3 ydera BO3HUKAIONEIO HA HEM CJOeHHs JIMyBUIIS) MOKHO BBIUHC/IUTH 110 MHBAPHAH-
ty ®omenko-Ilumanra. /1 paga MIOCKEX U TOMOJOIAYECKIX OMAIHAPAOB THI (Q° OLLI Haifmen
B. B. Begmrorkumnoii [8]. st 6uuinapanbix CTOJOB-KHUZKEK (KJI€TOUHBIX KOMILIEKCOB C TIepecTa-
HOBKAMMY, 3aJIAIOIIIMHI JUHAMUKY IIapa TpPH Mepexojie ¢ JHUCTa Ha JHUCT) OBLIO JIOKA3aHO, UTO
noBepxHocTh Q¥ sBjisteTcs Tomosornueckum Muoroobpazuem [59]. Opuako gjs cucreMm ¢ Tpems
CTETICHAMH CBODOJIBI TAKOI METOJ, OIpeIesIeHus Kaacca romeomopdroctn Q° me mogxoant. Tem me
MeHee, 0Ka3aJoCh, YTO JIJId TPEXMEPHBIX COMOKYCHBIX OWIIMAPAOB 9TY 33aJa4y MOXKHO DelluTh,
3Hasg, 4eMy romeoMopdeH OWIIuapIHbiil cTon. B padbore aBTOpoM MOKa3aHO, YTO €CJIH CTOJI TO-
MeoMopden ﬁS, D x S, D' x S2. rae D' — 3aMKHYTBL n-MepHbL JUCK, TO HOBEPXHOCTDL (Q°
romeomopdua S, §* x S, S? x S? coorsercTBenno. Maes mokazaTenncTBa 3TOTO (haKTa ObLIA
MO/IEDHU3UPOBAHA, U C ee MOMOIIBIO OBLIH ONpe/IeeHbl KJIACCHl TOMeOMOPMHOCTH HEOCOOBIX MO~

BEPXHOCTE TOCTOSTHHON dHEPTIuu OMJLIHApIa ¢ MOTeHIHAIOM ['yKa BHYTPH SJLIHIICOHIA.

Ienu muccepranun
Hucceprammonnasi pabora mpec/enayer Caeayoine Mesn.

1. KnaccudunupoBaTh Bce KOMIAKTHBIE 001aCTH HA JLIHICOMIAX, OJHOIOJOCTHBIX M JIBYIIO-
JIOCTHBIX Tuirepb0/I0u/1ax, OrpaHudeHHbIe COPOKYCHBIMYU KBaIPUKAMU, C YIJIAMHA H3JI0Ma Ha

rpaHuIe, PABHBIME T /2.

2. Jlng xaxpoit codokycnoit objlacTu Ha KBaJPUKAX BBIYUCIUTL WHBApuUaHT POMEHKO-



[uianra cOOTBETCTBYIOMIEr0 OU/LIMAP/IA.

3. Knaccudunuposarh Bce KOMIAKTHBIE 00JIACTH B €BKJIHJIOBOM TPEXMEPHOM IPOCTPAHCTRBE,
orpaHuvenHbie cOPOKYCHBIMU KBaJPUKAMKU U UMEOIIUE JIBYIDAHHBIE YIVIbI M3JIOMa Ha I'pa-

HHUIe, paBHBIE T /2.

4. Knaccudunuposarb Bce TpexmMephbie COMOKYCHbIE OUIIUAP/bI OTHOCUTEbHO I'PYyOOH Jiu-

YBUWLJIEBOI 3KBUBAJICHTHOCTH.

5. OnpegesuTh KJIacChl rOMEOMOPMHOCTH TOBEPXHOCTEH OCTOSHHON SHEPIUU TPEXMEPHBIX CO-

POKYCHBIX OMJLIHAPIOB.

6. OnpeesuTh KJIacChl TOMEOMOPGMHOCTH HEOCOOBIX M309HEPIeTUIECKUX HOBEPXHOCTEH Tpex-

MEpPHOTO OWJIINAP/Aa BHYTPHU JIUNCOUIA ¢ TOoTeHIa oM ['yka.

e n 3agaym padboTh

e Onucarh Bce KOMIIAKTHBIE 00JACTH HA SJUIHIICOUIAX, OJHOTIOJOCTHBIX U JIBYTOJIOCTHBIX T'U-
nepboJIon1ax, OrpaHuvYeHHble COPOKYCHBIMU KBaJIpUKAMM, C YIJIAMH M3/I0Ma Ha I'DAHUIE,

paBHbIMEI /2.

e Boiunciurh nnBapuantbl Pomenko-Ilunranra copokycubix OnLIMapI0B HA KBaJPUKAX, 110~

JIVUUTD UX JINYBUJLJIEBY KJIACCH(DUKAIHUIO.

e Onucarb Bce KOMIAKTHBIE 00JIACTH B TPEXMEPHOM €BKJIUJIOBOM IPOCTPAHCTBE, OIPAHUIECH-

Hble COPOKYCHBIME KBaIPUKAMH, C JBYTPAHHBIMA yTJIAMHI U3JI0MA Ha TPAHUIE, PABHBIME T /2.

e Kiaccudunupoarh Bce TpexmepHbie cOpOKYyCHbIe OUIIMap/Abl OTHOCUTEJbHO TIPyboil Jin-

YBWILJIEBOI 3KBUBAJICHTHOCTH.

e OnpeaesnTh KJIACCHl TOMEOMOP(HOCTH HEOCOOBIX MOBEPXHOCTEH MOCTOSHHON SHEPIUN TPEX-
MEPHBIX CO(OKYCHBIX OMJIJINAPIOB, a TaKyKe OMAINApIA BHYTPH TPEXOCHOTO SJIINIICOUA C

noTernuaaoM ['yka.

HOJIO}KGHI/ISI, BbIHOCHMbIE€ Ha 3alllUTy

1. Ha snuncousie umeercs 21 Tun KOMOMHATOPHO HEIKBUBAJEHTHBIX 001acTell, OrpaHUIeHHBIX
cobOKYCHBIMI KBaJPUKAMHE, ¢ YIJIAMH W3JI0Ma MDAHUIIBI, PABHBIMA 7/2, HA OIHOIIOJOCTHOM

runepbosionsie — 21 THIl, HA ABYIOJOCTHOM THIepOoIonae — 13 THIIOB.



2. Ha AJUINIICON e MMeeTCd B TOYHOCTH 7 JINYBUJIJICBO HEIKBUBAJICHTHbIX COCbOKyCHbIX reoae3u-
qecKuX OWIIMap/ioB, HA OJHOINOJOCTHOM Turepbosionie — 7, Ha JIBYNOJOCTHOM TUepb0s10-
uje — 6. Hekoropble 6uitnap/ipl Ha KBaJpUKaX pa3HOrO BUJIA JIUYBH/LJIEBO SKBUBAJCHTHHI.

Bcero na KBaJApHKaX CyHieCTByeT B TOYHOCTH 10 JIMYBHUJIJIEBO HESKBUBAJICHTHBIX 6I/IIIJII/Iap,ILOB.

3. CymecrByer B TOYHOCTH 35 KOMOMHATOPHO HEIKBHUBAJEHTHBIX TPEXMEPHBIX OWJLIHADIHBIX
obJ1acTeil, OrpaHNYeHHbIX COPOKYCHBIMU KBaJIPUKAMH, C JIBYTPAHHBIMHU YIJIAMH U3/I0Ma I'Da-

HHUIBI, DABHBIMH T /2.

4. CymecTByeT B TOYHOCTH 24 Kjacca Tpydo JUYBUJLIEBO HESKBUBAJIEHTHBIX TPEXMEDPHBIX CO-

dOoKyCcHBIX OMJLIUAPIOB.

5. Ecim Tpexmepublii copoOKyCcHBIH OW/LIHAPAHBINA CTOJT TOMEOMOPGEH TPEXMEPHOMY JUCKY,
cepudeckoMy €JI0K0 HIH HOJHOTOPHIO, TO HOBEPXHOCTb HOCTOAHHON sHepruu (Q° romeo-

mopdra S°, 5% x S% wm S' x S* cooTBeTCTBEHHO.

6. Ecim h — HeocoOblit ypOBeHb SHEPrun OU/LInAPAa ¢ HoTeHnra oM ['yKa BHYTpH 3JLIMIICOU 1A,
to ipn k > 0 mmeem Q5 = S°. Ecam xe k < 0, 10 Q) — ambo narumepras chepa S°, 6o

HeCBA3HOe 0ObeIMHEHNe JBYX NATHMepHBIX cdep, mub6o St x S*, mmbo S? x S3.

OcHoBHBIE pe3yJbTaTbl AnUCCepTalInmn

1. KnaccudunupoBanbl Bce KOMIAKTHbIE 00JIACTH HA IJIUIICOUIAX, OJIHOMNOJOCTHLIX W JIBY-
HOJIOCTHBIX THUIIEpOO0JION 1aX, OrpaHuYeHHble COPOKYCHBIMH KBAJIPUKAMHU W HMEIOIIHE YIJIbI
M3J0Ma Ha TPAHUIE, PABHBIE 7T/2, OTHOCUTEIHLHO WX KOMOMHATOPHOTO ycrpoiicrBa. Ha 971-
Jiiicou/ie umeercs 21 TUIl HeIKBUBAJIEHTHBIX 00J1acTell, Ha OJIHOIOJOCTHOM ruiiep0oJionjie —

21 Tun, HA ABYHOJOCTHOM rutepbosonie — 13 TUIOB.

2. Jlng xaxnoit codokycHO# o00JacTH Ha KBaJIpUKAX BBIYHCJICHB HHBAPUAHTH POMEHKO-
Huiranra cooTBeTcTBYIOMEro ouLmmapiaa. B urore, Ha 3JUIMIICOMIE UMeeTCs 7 JIMYBHIIECBO
HEIKBUBAJEHTHBIX OMJIJIMAP/OB, HA OJHOIOJIOCTHOM ruiiepdoJionjie — 7, Ha JBYIOJOCTHOM
runiepoosionsie — 6. Hekoropsie Oujimap/ibl Ha KBaJPUKaX Pa3HOTO BUJIA OKA3aJHUCh JIH-
VBUJLJIEBO 9KBUBAJEHTHBIMHU. Bcero Ha KBaIpUKax CymecTByeT B TOYHOCTH 10 JTMyBUIIEBO
HEYKBUBAJCHTHBIX OMJLIHAPI0B. Bee 3T OHLIMap/Ibl OKA3aIUCh JINYBULICBO YKBUBAJICHTHDI

u3zsectubiM UT'C dbusukun, Mexanuku u reOMeTpUu.

3. KnaccudumupoBanbl Bce KOMIAKTHBIE 00JaCTH B €BKJINI0BOM TPEXMEPHOM MPOCTPAHCTRE,
orpanmdeHHble COPOKYCHBIMU KBAIPUKAMEI W UMEIOIINE ABYTPAHHBIE YIJIB H3JI0Ma Ha TPaHH-
e, pasubie 7/2. Kak okazanoch, cymecTByeT B TOYHOCTH 35 KOMOMHATOPHO HEIKBUBAJICHT-
HbIX TPeXMEPHbIX cO(OKycHbIX Ousnap/ubix objacreit. [Ipu srom, Jyirobast Takas ob1acTb

romeomMopdHa JuO0 TpeXMepHOMY JANCKY, OO chepuiecKoMy CJI0I0, JIHOO MOJTHOTOPHIO.



4. s kaxkioit Tpexmepnoit codokycHoit obsractu omucano cjioenue JInyBusiisi cOOTBETCTBY-
fo1ero OmTHap/a BOJIN3H TPOU3BOJIHLHOIO CI0s. KiaccuduiupoBaHbl Bce TpexXMepHbIe CO-
¢doKycHbIE OHITHAPABI OTHOCUTEIbHO I'py0Ooil JHYBU/IIEBOIl SKBHBaJeHTHOCTH. lloKkas3aHo,
9TO CYIIECTBYET B TOYHOCTH 24 Kjacca rpyd0 JHYBHJLIEBO HESKBHBAJEHTHBIX TPEXMEPHBIX

copokycHbBIX OUJLIAP/IOB.

5. Haiinennl Kiacchl ToMeoMOPQHOCTH IOBEPXHOCTElH IIOCTOAHHOM sHeprur (Q° TpexMepHBIX Co-
dokycubix OmummapoB. Kak okaza/jaoch, oTBeT 3aBUCUT JIMIIIL OT KJIacca roMeoMOpdHOCTH
OmIImapAHOro cToa. Ecam crosa romeoMopdeH TpexmepHOMY AHCKY, To Q° = S5 Ecm
cTo roMeoMopden cdepudeckoMy coio, To Q0 = S? x S3. Ecau cron romeomopder moJ-
HoTopuio, To Q° = S! x S*. Bosee Toro, mokasano, 4To Majas gedbopMalnd OUIIHAPIHON
00JIaCTH He H3MEHHT KJace roMeoMopdHocTH (Q° COOTBETCTBYIOMIEro, BOOOLIE TOBOPH, HEUH-

TerpupyeMoro ouaanap/a.

6. Onpejesiennbl KJaacchl roMeoMopdHOCTH HEOCOObIX H309HEPreTHYecKuX [oBepxHocTeil Q7
TPEeXMEPHOTO OW/LIHap/aa ¢ MoTeHnuag oM ['yKa BHyTpHu sJunnconga. e h — Heocobbli
YPOBEeHb 9HEPIHH TAaKOro Omaiuapiaa, To mpu k > 0 mmeeMm Q° = S°. Ecim xe k < 0, TO

> — b S5, ub 0
(Q); — 6o nATuMepHas cdepa S°, MO0 HecBA3HOE 00beIMHEHNe IBYX IMATHMEPHBIX cdep,

6o St x S4 6o S? x S3.

Hayunasa soBU3HA

ABTOpPOM MOJTy9eHBI HOBBIE PE3YIbTAThl, KOTOPHIE 3aKII0YAIOTCS B CJETYIOIIEM.

Omnucanbl BCeBO3MOKHBIE CODOKYCHBIE 00JACTH HA KBAJAPUKAX (SJUTHICOUIB U TUTEPOOTIOU-
JIbl) B TPEXMEPHOM €BKJIHOBOM IIPOCTPAHCTBE, BhIYHCIeHB nHBapuaHThl Pomenko-1lumranra co-
OTBETCTBYIOIINX IeoIe3ndecknX Ommmmapaos. [loxydena aunyBnLIeBa KaacCu(UKAIMS TaKUX CH-
cTeM, HailJIeHbl JIMYBU/LIEBO YKBUBAJIEHTHBIE KM U3BECTHBIE HHTEIPUPYEMbIE€ CHCTEMbBI MEXaHUKU H
reOMeTPUN.

[IpescTaBiaeH MOIHBI CIHCOK KOMOMHATOPHO HEAKBUBAJIEHTHBIX TPEXMEPHBIX 001acTeil, orpa-
HHUYEHHBIX COPOKYCHBIMH KBaIpuKaMu. OIUCAHO MOJIYJIOKAJIbHOE YCTPONUCTBO ca0eHus JInyBUILIs
COOTBETCTBYIOMNX OMJLIHAPAHBIX cucTeM. [IpoBenena kaaccudukaius Takux OUIIMAPIOB OTHO-
cuTesbHO rpy0oil JinyBUJLIEBON SKBUBAJIEHTHOCTH.

Haiitensl K/j1accsl roMeoMOphHOCTH HEOCOOBIX MOBEPXHOCTE IMOCTOSHHON SHEPTIHU TPeXMep-
HBIX OMJLIHAP/I0B, OTPAHUYEHHBIX CODOKYCHBIMEI KBAIPUKAMU, a TaKKe OULIHAPIA C TIOTEHITAATIOM

['yka BHYTPH TPEXOCHOTO IJIUMICOUIA.

TeOpeTI/I‘{eCKa,SI n nmpaKkTnm4yeckad 3HAYMMOCTDb

[Iperaraemass paboTa UMeeT TEOPETUIECKUH XapaKTep.
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Pesyabrarn kiaccudukanuu copoOKyCHbIX 1e0e3ndeCKuX OM/IJIMap/I0B HA KBaJIPUKaX, & TakK-
JKe OMJLIHApI0B B TPEXMEPHBIX CO(POKYCHBIX 00JACTIX MOT'YT OBITh HCIIOJIB30BAHbBI /151 YCTAHOB-
JeHust 130Mopdu3MoB (0 KpaiiHeil Mepe JIOKAJIbHBIX ) CJI0eHUH JIMyBILIS ¢ APYTHMA HHTErPUDPY-
eMBIMH CHCTEMaMH JIBYX U TPeX cTeneHeil cBoOOIbI.

Meros nmonukenus crenenu CBOOO/IbI, ONUCAHHBIA B JAUCCEPTAIIMN U MCIOJIbL30BAHHBIH s
OITMCAHUS TIO/TYIOKAJIHLHOTO BUJA OCOOEHHOCTENH TPEXMEPHBIX OUJLINAPIOB, MOYXKET OBITH 0000IIeH
HA MHOTOMEPHBIH c/Iydail. ITOT METOJ IPUMEHUM He TOJIBKO K HHTEeIPUPYEMbIM OUJLIHApAaM, HO
K apyrum UI'C. C moMompbio HEro MoXKHO BechbMa HAIVISIHO OMUCATDH MOJYJIOKAJIHLHOE YCTPOHRCTBO
0CODEHHOCTEH HEKOTOPHIX JOBOJIBHO C1oKHBIX VT'C.

Koncrpykius, ONHCHIBAIONIAA TOMNOJOTHYECKHE THIIBI H309HEPIeTUYEeCKHX IOBEPXHOCTEM
TPEXMEPHBIX COGOKYCHBIX OULTHADJIOB, (IPEJICTABIEHA B Y€TBEPTOM IJIaBe) HUKAK He UCHOJIb3YeT
UHTEIPUPYEMOCTDb U MOZKET ObITh 0060011IeHa HA MHOIOMepHbIe OUJLINAD/IHbIE CTOJIbI, He 00A3aTe b

HO cOooKycHBIE.

CrerneHb JOCTOBEPHOCTU

JlocTOBEPHOCTh Pe3yJIbTATOB aBTOPa MOJATBEPIKIEHA CTPOTUMHU MaTeMaTHYeCKUMH JT0Ka3a-
resbcrBaMu. Haydnbie pesysbrarsl aBropa onyb/IMKOBaHbI B OTKPbLITON IeYaTH, HPOILIN ainpoda-
IHUIO HA HAYYHBIX CEMUHAPAaX.

Bce pe3sysibTaThbl, BBIHOCHMBIE aBTOPOM Ha 3AIMUTY, MOJIYUEHBl CAMOCTOSTEBHO.

Pesyiibrarnr ipyrux aBTopoB, UCHOJIL3YyeMble B JIMCCEPTAIUNA, OTMEUYEHbI COOTBETCTBY IOIIIMU

CCBhIJIKaAMH.

IIyGaukanmuu mo Teme auccepTaiumu

OCHOBHBIE PE3YIBTATHI JUCCEPTAIMU OMYOJINKOBAHBI B 3 EYATHBIX PaboTax (061IuM 00beMOM
5,188 1.s1.), B HAyYHBIX H3JAHUAX, DEKOMEH/OBAHHBIX JIsi 3all[UThl B JUCCEPTAIIMOHHOM COBETe

MTI'V no crnenmanbuoctu 1.1.3. T'eoMeTpus u TONOJIOTUS U WHIEKCUPYEMbBIX H6a3aMu ITUTHPOBAHUS

Scopus, Web of Science, RSCI u P1UHII.

MeToapl nccjaeaoBaHUA

B pabore ucrosb3yoTcss MeTO/bl TOIMOJOIHYeCKOro aHaJn3a MHTEIPHPYEMbIX TaMUJIHTOHO-
BBIX cuctem, nmocrpoerHas A.T. ®@omenko, X. [umanrom, A.B. Boscurossim, H. T. 3yarom un
Jap. [IpumenrstoTcsa MeTOIbI HCCeIOBAHUS CJA0eHU! JInyBULIA HHTErPUPYEeMBIX JTOKAJIBHO-TITOCKIX
OWLIHAPIOB ABYX cTemeit cBoboapl, onucanubie B. B. Bemiomkunoit. Vcnons3yiores aarebpante-

CKHe MEeTOJbl paDOThI C HHTEIPUpyeMbIMU cucTemMamu, pa3dpaborannbie M. [1. XapiaamoBbim.
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Anpobamus paboThl

Pesynbrarsl quccepranuyi JOKIbIBATICH HA CJAEIYIONIUX BCEPOCCUMCKUX U MEXK Ty HAPOTHBIX

HAYYHBIX KOH(DEPEHIIUAX U HEOJHOKPATHO CEMHHAPAX.

o XXVI Mexaynapoanas HaydHas KOH(DEPEHIIUA CTYIeHTOB, aCIIUPAHTOB B MOJIOJBIX YUIEHBIX

«Jlomonocos 2019», Mocksa, Poccusg, ¢ 8 no 12 anpesna 2019.

o Mexaynapoanas koHdepennus «Boponexkcekas 3uMHsadg MaTeMaTundeckas mkoa C. I Kpeii-

Ha — 2020», Bopounex, Poccus, ¢ 27 1o 4 despass 2020.

e Bcepoccuiickas xkondepenius «Jlomonocopckue urenus — 2020», Mocksa, Poccus, ¢ 17 o
29 okrsabpsa 2020.

o [V-ag MeXKAYHapOoJHad MOJIOAEXKHaAd HaydHad HIKOJIa «AKTyaJH)HbIG HallpaBJICHUA MaTeMa-
THUYECKOI'0 aHaJIu3a U CMEZKHbI€ BOIIPDOCLI», IIOCBAIICHHAA 90-s1eTuio co AHA POXKACHUA 11PO-

deccopa FO.T. Bopucosuua, Bopornex, Poccust, ¢ 9 mo 11 mostopss 2020.

o XXVII Mexkiynapojnast Hay4Has KoHpepeHIus CTyJIeHTOB, aCIIUPAHTOB 1 MOJIOJIbIX Y IE€HbIX

«Jlomonocos — 2020», Mocksa, Poccus, ¢ 10 no 27 nogbpsa 2020.

o Mexnynapogunast koudepentus «Dynamics in Siberia — 2021», Hosocubupck, Poccus, ¢ 1

no 7 mapta 2021.

e Bcepoccuiickas cryjenyeckas nkojia-kondepeniusg « Maremarnueckas secua — 2021y, Huxk-

uuii Hosropos, Poccusg, ¢ 30 mapra no 2 amnpessa 2021.

e XXVIII MexiynapojHas HayyHasi KOH(pEpPeHIUs CTYAEeHTOB, aCIUPAaHTOB U MOJIOJIBIX yue-

ubix «Jlomonocos — 2021», Mocksa, Poccus, ¢ 12 o 23 anpesa 2021.

e Tperbsa mexpynaposnas koudepennus «International Conference on Integrable Systems &

Nonlinear Dynamics», Apociasiab, Poccus, ¢ 4 no 8 okrsadopsa 2021.

e Mexynapojnas Kondepennus «Kiaccuueckas 1 cOBpeMeHHasi IeOMeTPUs», HOCBAIIEHHAS
100-ytetuto co aust poxaenust Jlesona Cepreesmua Aranacsna, Mocksa, Poccus, ¢ 1 mo 4
HosOpsa 2021.

[ ] V—aﬂ MezKAyHapOJHad MOJIOAE2KHad HayYHad ITKOJIA «AKTyaJIbeIe HallpaBJICHUA MaTeMaTH-
YeCKOTO aHAJIM3a U CMeXKHbIe BOIPOCHI», nocBdamenHasd 90-1etuto BI'ILY, Bopone:x, Poccng,
¢ 15 mo 17 nosgbpsa 2021.

e Bcepoccuiickas xKondepenius «Jlomonocopckue urenus — 2022», Mocksa, Poccus, ¢ 14 no
22 ampena 2022.
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e International conference «XXI geometrical seminar», Belgrade, Serbia, ¢ 26 uions 1o
2 moua 2022.

o Cemwunap kadeapor quddepenuaibHoii reoMmerpun u npuaozkenuit mos pyk. akaa. A.T. @o-

MeHKO, 22 mapra 2022, 18 anpena 2022, 16 cenrsadpa 2024.

e Cemunap «CoBpeMeHHbIE reOMeTPUIECKHe MeTOAbl» 110/ PyK. akaa. A.T. @omenko, mpod.
A.B. Boacunosa, mpod. A. C. Mumenko, mpod. E. A. Kyapsasnesoit, gor. 1. M. Hukonosa,
nor. A. FO. Konsiea, acc. B. A. KubkaJso, 20 okradps 2021.

CrpykTypa n oobem

Jluccepraiiusgd COCTOUT W3 BBEJIEHHS M 4YeThIPEX IJIaB. TeKCT juccepranuu usjioyken wa 151

crpanruie. COUCOK JUTEPATYPHI COIEPKUT 76 HANMEHOBAHUIA.

baarogaprocTn

ABTOp BBIpazKkaeT 0co0OyI0 0JIAr0AAPHOCTD CBOEMY HAYIHOMY DYKOBOJHTENTIO akaaeMuky PAH
Anarosmo Tumodeesnay PoMeHKO 3a MOCTAHOBKY 3319 U TIOCTOAHHOE BHUMaHUe K pabore. AB-
TOp HCKpeHHe byiaromapen Ji.¢.-M.H. mpodeccopy Bukropun Bukroposne Beomkunoii, i1.¢.-M.H.
upodeccopy Anzpeio Asnekcanaposudy OMeMKOBY u K.(b.-M.H. accucTenTy BiaanciaBy Anekcan-
apoBuuy Kubkamo 3a momiep:KKy U BHUMaHHE, & TaKyKe BceMy KOMIeKTuBy Kadeaps! auddepen-

MUAJBHON T€OMETPUH U MPUJIOKEHUH 3a Co3/aHune I0I0TBOPHON HAY4YHOH aTMocdephr.
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I's1aBa 1

Codokycubie OuLmmapabl

KAaK MHTErpupyeMble CUCTEMBbI

B 9TOH# IyiaBe Mbl HAIIOMHUM OCHOBHbIE IIOHATHUYA U (byH,ZLaMeHTaJIbeIe TeoOpeMbl TEOPpHUHU HWH-
TErpUpPyeMbIX TAMUJIBTOHOBBIX CHCTEM, a TaKKe MEeTO/ WHBApHaHTOB, mpesaoxkenubii A.T. @o-
MEHKO, JIJIf Ka9eCTBEHHOI'O UCC/IeI0BAHIS TaKUX cucTeM. [IoMIMO 9TOT0, MBI IIOKazKeM, 9TO TPeX-
MepHbIe cobOKyCHbIe OUIIHAPIL U cOPOKYCHbIe OHLIMap/Ibl Ha KBajpuKkax B R? apidiorca unTe-

IPUPYEMBIMU B KYCOYHO-IJIQIKOM CMBICJIC.

1.1 WHTerpupyembie raMuJIbTOHOBBI CUCTEMBI.

MeToapl X HCCJI€0BAHNA

1.1.1 OcnoBsl Teopuu NUI'C. Teopema JInyBuas.

Buabr skBuBajgenTHocreii 1I'C

Onpenenenne 1.1.1. TMapa (M?*" w), rae M?" — riajakoe MHOrOOOpasue, a w — 3aMKHyTas

HeBbIPOZIeHHas 2-bopMa Ha HeM, Ha3bIBACTCS CUMNACKMUMECKUM MHO02000pA3UEM.
Omnpenenenne 1.1.2. [Tycrs H € C°°(M?"), Torja BeKTOpHOE HoJIe

0 _ 0l 0

Y o O

oxt

sgrad H = (sgrad H)"
HA3BIBACTCS 2aMUABMONO60T cucmemots (MITH 2aMUADMOHOGYM GEKMOPHBILM NoAEM), a OYHKIHS
H — ero eamuavmonuarom (wiu gynryued Iamusomona).

3ameuanue 1.1.1. Eciy Ha CHMIUIEKTHYECKOM MHOI0OOOpa3suy 3aJaHa TaMHJIBTOHOBA CHCTEMA,
TO YUCJIO, PABHOE TIOJIOBUHE PA3MEPHOCTH MHOI000pa3usi, IPUHSITO HA3BIBATH CIMENEHBHI0 60000,

3TOH raMHJIBTOHOBOM CHUCTEMBI.
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Cumiiekruueckast popma w onpeselisier na npocrpancrse C(M?") cxobry Ilyaccona {-,-}

caejytomeit popmMyioii.

i 9f 99

Goige o€

{fi9} =w

Toopsat, 4To rnagkue QYHKIUH f U ¢ HATO0AMCA 6 UHE0AUUL (M KOMMYMUPYIOM ), eCJIn

ckobka Ilyaccona [ u g paBHa Hymto, T.e. {f, g} = 0.

Onpepenenne 1.1.3. l'amunbronoBa cucrema v = sgrad H HazbIBaeTcs enoare unme2pupyemods

no Jluysusnto, ecau cyiecrByer Habop riaajakux pyuknui fi, ..., f,, TAKUX, 4TO:
1. fi,..., f, — HepBble HHTErPAJIBI U,
2. f1,..., fn dbyHKOHOHAJIBLHO He3aBUCHMBI Ha M, TO ecThb MOYTH Bciogy Ha M HX IpaJueHTHI

JIMHEHO HEe3aBUCUMBIL,
3. {fi, fi} = 0 upu nobbIX i 1 7,

4. BexTopHbIe moA sgrad f; TOJHBI, T.e. €CTECTBeHHBI MapaMeTp Ha UX HHTeTDAJTbHBIX TPAaeK-

TOPULAX ONpeeaeH Ha BCEH YUCIOBOUA MPAMOMN.

[TepBrie wuTErpasst fi,.. ., f, BIOJIHE HHTErpUpPyeMOit 110 JIMyBUILIIO TAMUJIBTOHOBOI CHCTE-
MBI 33,1a10T pazOuenue MHOroobpasus M>" Ha cBaA3HbIE KOMIOHEHTB UX COBMECTHOIO YPOBHHA. DTO
pasbueHne MOPOXKIAET CJIOCHHE, KOTOpOe Ha3bIBaeTcs caoenuem Jluysuarsa. Cnoenune JImyBumLIs

COCTOHUT M3 PeryasdpHbIX U 0coObIX cjoeB. HamoMHuM UX OonpejieaeHns.

Onpeaenenne 1.1.4. Touxy x € M?" GyneM Ha3bBaTh pe2yasApHol, €CIU BEKTOPHBIE MOJIs
sgrad f; nuHeitHo He3aBucUMbI B x. B mpotuBHOM ciyuae OyaeM HAa3bIBATH TAKYIO TOYKY KpPU-
muyeckot. Cnoit cioenus JInyBuaasg OyaeM HA3BIBATD Pe2yAApHbLM, €CJIA OH TEJTUKOM COCTOUT U3

PETYJIAPHBIX TOYEK, HHAYC — KPUMUYECKUM.

YVeTpoiicTBO citoeHus JIMyBUILIS B MaJIOH OKPECTHOCTH PETYISPHOTO CJIOS YCTAHABINBAET CJTe-

Ayloliad KJIaCCUu4eCKad TeopeMa.

Teopema 1.1.1 (2K. JImysuans). Hycmov na cumnaexmuueckom muozoobpasuu (M?", w) sadana
snoane unmezpupyemas no Juyeusno eamusvmonosa cucmema v = sgrad H u Ty — peeyarapnas

NOBEPTHOCMY YPOBHA UHME2PaA08 f1, ..., fn. To2da

1. Hosepxrocmsv Ty — 2aadxoe aazparsiceso nodmno2006pasue, UHEAPUGHMHOE OTNHOCUMEALHO

nomoxkos v = sgrad H u sgrad fi,..., sgrad f,.

2. Ecau nodmnozoobpasue T ceazno, mo ono dugipeomopdro R™/ZF. B wacmmuocmu, ecau Tg
KOMNAKmmo, ono duddeomopdpro n-mepromy mopy T™. Imom mop nasveaemces mopom Jlu-

YBUANA.
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3. Caoenue Jluysuans e nexomopot oxpecmuocmu U mopa Jluyeusrs Te mpusuasvro, m.e.

dugppeomoppro npamomy npoussedenuro mopa T" wa duck D".

4. B oxpecmmuocmu U = T" X D" cyuwecmeyem cucmema K00pIUHAM, S1, ..., Spn, P1y-- -5 Pn,

HA3DLEAEMBLL NEPEMEHHDIMU dedcm@ue—yeoﬂ, co medymmumu C80TICMEBAMU!

® Si,...,8, — Koopdunamu, na ducke D", ©1,..., @, — cmandapmmuuvie y2a06vie K00pou-

namo, wa mope T, v € R/217Z
o w=> dp;Nds;.
o [lepemenrtnvie delicmeus S; ABAAOMCSA YHKUUAMY OM UHMe2Paros fi, ..., fn.

e B nepemennoir deticmeue-y204 2aMUADTTOHOE NOMOK U BUNPAMAAENCA 1A KAACIOM MO~
pe Jluysuans uz okpecmuocmu U, m.e. 2aMusbMOHOBH, YPABHEHUSL NPUHUMGIOM, 610
$i=0,0; = qi(s1,...,80),1 = 1,2,...,n. Imo o3nauaem, 4mo na karcdom mope nomox
v 3adaem Ycao8Ho-nepuoduteckoe 08UMNCEHUE, G MPAEKMOPUL ABAANOMCA NPAMONUHET-

HBMU OOMOTKAMU mopa (pauUOHGﬂbHMJ\/LU uaAU uppauuowa,/zbnumu).

3ameuanme 1.1.2. [Tockosbky dyuknusi lamuinbrona H — nepsblit unterpaJ cucremol sgrad H,

TO, KaK MPAaBUJIO, CAUTAIOT, 9TO f; = H.

Hackoiapko OX0KY /1Be Hamepe/1 3a/laHHble UHTeIPUPYeMble CUCTEMBI? DTOT BOIPOC SABJIAETCS
HanOosiee BaxkubIM B Teopun NI'C. Bupouem, Bompoc 0 cXOXKeCTH JABYX HM3yYaeMBIX OOBHEKTOB
SABJIIETCS OCHOBHBIM B JIIODOI MaTeMaTH4YecKOil HayKe.

st Toro 9To6Bl OTBETUTH HA MOCTABJIEHHBIN BOIPOC, HEOOXOAUMO 331aTh OTHOIIEHHEe (OTHO-
IIeHUsT) SKBUBATEHTHOCTH Ha MHOXKecTBe Beex I'C. HamoMHUM OCHOBHBIE BHJBI KBHBAJIEHTHO-
creit UT'C. Haubosiee CHIBHBIMU SIBJISIIOTCSI CONPSI)KEHHOCTH W TPAGKTOPHAs SKBUBAJIEHTHOCTD. B

UX OIpEJIeJICHHH WHTErPUPYEMOCTh CUCTEM He TpedyeTcs.

Omnpenenenne 1.1.5. /Ipe quHamMuuecKue CHCTeMbl v U Uy Ha MHOroobpasuax M:" u MZ" na-
3BIBAIOTCS MON0A02UNECKY, (2400K0) CONPANCEHHBMU, €CTTH CYIIECTBYET ToMeoMOpdu3M (cooTBeT-
creenno jauddeomopdusm) o @ M — M2Z", kommyTupyiomuii ¢ norokamu ¥t 1l sajaBaembix

CHCTeMaMu V) M Vg, T.e. i = = o1bl o .

Omnpenenenne 1.1.6. /Ipe qunaMuuecKue CHCTeMbl v U Uy Ha MHoroobpasuax M:" u MZ" na-
3BIBAIOTCS MON0A0UMECKY (2A400K0) MPAEKMOPHO IKEUBAAEHIMHbLMU, €CITH CYIIECTBYET TOMEOMOP-
busm (coorsercreenno auddeomopdusm) ¢ : M — MZ", nepesogiuii OpHEHTUPOBAHHbIE TPa-
eKTOPHUU OJTHON CHCTEMBbl B ODHEHTHPOBAHHBIE TPAEKTOPHU JPYTOi (M He 00A3aTebHO COXPAHSTIO-

muit BpeMsi Ha TPAeKTOPHUAX).

Cﬂe,ZLyIOHJ;I/IG OTHOIIECHUA IKBUBAJICHTHOCTU OTHOCATCA TOJIbKO K UMHTEI'PUPDYEMBbIM CHUCTEMaM

M OTIPEJIEJIAIOT MEPY CXOXKEeCTH WX CJIoeHuil JImyBuiis.

16



Onpepenenne 1.1.7. JIBe BiiOJIHE MHTEIPUPYEMbIE€ TAMUJIBTOHOBbBI CUCTEMbI U7 U Uy HA CUMILIEK-
THYeCKUX MHOrooOpazuax ME" u M3", obranaonme HabopaMu MepBbIX uuTerpasios (fi, ..., fn)
u (g1, -..,gn) B CMbICTe onpeesenns 1.1.3, HABBIBAIOTCS AUYSUALLE0 IKEUBAAEHTMHbLMU, €CITH CY-

IMEeCTBYeT ToMeoMOpdhu3M ¢ : ME" — M3™ cnoennit JIMYBHIS STHX CHCTEM.

Onpepenenue 1.1.8. JIBe BrO/IHEe HHTErPUPYEMble TAMUJIBTOHOBBI CUCTEMBI U7 U Uy HA CUMILICK-
THYECKHX MHOT00Opasuax M u M3, obnagaiomue HabopaMy MEPBBIX HHTErPaIoB (f1, ..., f,) 1
(g1, - -, 9n) B cMbIce oupejenenus 1.1.3, Ha3BIBAIOTCH 2PYOO AUYEUANEEO IKEUBANEHIMHBLMU, €CIIU
CyIIEeCTBYET TOMeOMOPMU3M MeXK Iy OaszamMu caoeHni JIMyBHILIA STHX CHCTEM, KOTOPBI JIOKAJIHHO
(T.. B OKPECTHOCTH KazKJIOH TOYKU Ga3bl) MOJHUMAETCS J0 IMOCTOWHOr0 romeoMopdus3Ma caMux

CJIOCHHUH.

Sameuanne 1.1.3. AHajOorndHbIE OpeeIeHIA SKBUBAJEHTHOCTEH MOXKHO ChOPMYIUPOBATD JIJIsI
orparudennii II'C Ha moBepxHocTH ypoBHsi GyHKIuU ['aMuibToHa (T.e. Ha M309HEPreTHYECKHe

IIOBEPXHOCTH ).

ameuanue 1.1.4. YTOUYHHM olpe/ie/ieHHe JINYBU/LIeBOI skBuBaaeHTHOCTH I'C ABYX cTenenei
¢BODO/IbI HA N30IHEPIETUUECKUX MHOI00Opa3usdx. by/ieM cunrarh, 4To JBe TaKue CUCTEMbI JILY BUJI-
JIEBO SKBUBAJIEHTHBI B TOM M TOJIBKO TOM CJIydae, Korja cyniecTByer auddeomopdusm nzosnepre-
TUYECKUX MIOBEPXHOCTEll, mepeBoAdNnuil cioenue JIuyBuLidg B cjioerue JIMyBUIig U COXpaHATONIHIT

OPHEHTAINIO BCEX KPUTHUECKUX OKPYKHOCTEH, a TaKyKe OPHEHTAIMIO CAMHX 3-MHOI000pa3mii.

Corsacao Teopeme 1.1.1 #a Topax JIMyBWIIS TpaeKTOPUU IPEJICTABISIOT COOON MPAMOJIHU-
Heifnble 00MOTKH. Kak mpaBuio, Takue 0OMOTKH YCJIOBHO-IIEPUOIUYIECKIE, & CJIeJI0BATETbHO, OHH
BCIOJly IJIOTHO MOKPBHIBAIOT TOP. Takzke OTMeTHM, 9TO HMOYTH BO BCEX M3BECTHHIX AHAJIUTHUECKUX
HHTEIPUPYEMBIX CHCTEMAX MEXAHUKH PETryIApHBIE CJIOW BCIOAY TA0THBL. (CJie10BaTEIbHO, €CJTH B
HHTEIPUPYEMbIE CHCTEMbI TPAEKTOPHO KBUBAJIEHTHBI, TO B OIIMCAHHBIX BBIIIE OI'PAHUYCHUSX “00-
IEro MOJ0KeHUsT ITU CHCTEeMBI JINYBUJLIEBO SKBUBAJIEHTHHI.

YHuBepcaIbHBIM MOAX0A0M K omnucanuio ciaoennit Jlnysuana UTI'C anagercs meron maBapu-
aHTOB, IpeToxkeHHbrl akamemukoM A. T. @omenko. B ciaydae aByx cremeneit cBoboasr A. T. @o-
MeHKO U X. lumranr onucaan uHBapuaHnThl, Kiaccuduiupyiomue NI'C na KOMIAKTHBIX HEOCOOBIX
M3039HEPTIeTUYECKUX TTOBEPXHOCTAX C TOYHOCTHIO JIO JINYBUJLIEBO 1 rpy0oil JinyBu/LIeBOil SKBUBA-

jgeaTrocTeil. OCHOBHBIE HUJIEW 3TOTO METO/A Oy/IyT U3J0KEHBI B CJIEAYIONNX MYHKTAX.

1.1.2 MUI'C c ogHoii n1 AByMSs CTEIIeHIMU CBOOO/IbI.

Budypkammuu n aromsbl. I'pyObie MOJIEKYITBI

PaCCMOTpI/IM raMuJIbTOHOBY CUCTEMY U = sgrad H na ABYMEPHOM KOMIIAKTHOM CUMILJICKTHY€-

ckom MHOT00Opazun (M? w). ra cucrema sB/IsgeTcsa BIOJHe HHTerpupyemoii. JlefictBuresibHo, ee
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HEPBBIM UHTEIPaJIOM sBJjsgercd dyukiug H, a nojgnora noroka sgrad H ciiejiyer u3 KOMIAKTHOCTH
vmuoroobpasusa M?. CoraacHo Teopeme JINYBHLISA CBA3HBIE KOMIIOHEHTHI PEryIspPHBIX ITOBEPXHO-
creit ypoBusa H = const npejcraBiasior coboit OKpY:KHOCTH, a UX MaJjble OKpecTHOCTH juddeo-
MopdHBI TUIRHAPY. OTHAKO KaK MPOUCXOIUT TMepecTPOoiiKa ITUX OKPYZKHOCTEN MPU MPOXOKIeHUN
4epe3 KPUTHIECKUEe YPOBHU?!

Kaxk mpasmmo, B u3Bectubix Mexanndeckux NT'C dbyukmua H seiserca dyukmumeit Mopca.

Hanomuum onpenenenne ¢dpyukiuu Mopca.

Onpenenenne 1.1.9. Inagkas pyaknusa f #Ha mHOrOOOpaszuu N wHazwiBaercs dynruyuet Mopca,
eCJIM BCE ¢ KPUTHYECKUE TOUKH ABJSAIOTCA HeBBIPOXKIEHHBIMHE, T.¢. e df |, = 0, To d?f|, nveer

NOJIHBIA paHr (paBeH n).

Oyarnusa Mopca Ha KOMIAKTHOM MHOTOOOpasuu 00JIaJaeT JIUITb KOHEYHBIM KOJIHIeCTBOM
KpuTudeckux Todek. [Ipm 3Tom, corracuo jemme Mopca B OKPECTHOCTH KPUTHYECKOW TOYKHU
na M? moaxogammM BBIGOPOM KPHBOIMHEHHBIX KoopAuHAT (pyHKIms H OpUBOANTCA K BHIY
H = Hy 4 2? £ y? (cm., nanpumep, [60]). Oxnako jsemva Mopca Jaer Jumib JIOKaJibHOE Hpe/-
cTapjeHre (PYHKIUU B OKPECTHOCTH HEBBIPOKIEHHOU TOUKH. [1obanibHOe ycTpoiicTBO hyHKITUN
Mopca B OKpecTHOCTH KPUTHYECKOTO CJIOsI OJHO3HAYHO OMUCHIBaeTCs 2-aromom. Hamomuum ero

orrpesiesieHue.

Onpenenenne 1.1.10. Ilycrs f — dyukmus Mopca Ha AByMEpPHOM KOMIIAKTHOM MHOTOOOpa3HH
M? u ¢ — ee xpuTHdeckoe 3Hadenue. [IpeamosOXKIM TaK¥kKe, U9TO ¢ — €IWHCTBEHHOE KPUTHHUe-
ckoe 3Hadenue dbyHKmuE f HA OTpesKe [c — €, ¢ + £]. Torna cBasmyo KoMmmnonenty P? MHOXKecTBa
fH[c — &, ¢+ €]), paccioennyio Ha THHAKM YPOBHA MYHKIME f, GyIeM Ha366amb 2-amomom (061-

meprvim amomom) (P2 f).
Bee 2-aToMBI paccMaTpUBaIOTCA ¢ TOYHOCTBIO /10 CIEAYIONEero OTHONICHHS SKBUBAICHTHOCTH.

Omnpenenenne 1.1.11. Bynem maswiBarh 2-atombl (P2, f1) u (P§, fo) 9Kx6usaienmuvimu, ecin

cymecrsyer auddeomopdusm mexiay PP u PP, uepesojsamuii bynknuio fi B GyHKIMIO fo.

I[IpuBeeM HeCKOJILKO IPAMEpOB 2-aToMoB. Eciu Touka x € M? gpigeTcs TOYKOi MEHIMYMa,
Wi TOYKOH Makcumyma dpyukiuu H, To corsiacuo jiemme Mopca, 2-aTom, oTBe4aroniuii 3roi oco-
OEHHOCTH, MPeICTaB/IsIeT COOO0H JIBYyMEPHBI IUCK, PACCJOCHHBIH HA KOHIIEHTPUYECKUE OKPYZKHOCTH
(em. puc. 1.1.1). Takoit aroM HasbBaeTcs 2-amomom A.

JIByMepHbIit aToM, COJIepKAIUI Ha KPUTHUYECKOM CJI0€ POBHO OJIHY OCOOYIO TOYKY M OTBeYa-
IOIMUiT IepecTpoiike U3 OJIHON OKPYZKHOCTH B JIBE Yepe3 KPUTHUUYECKUN YPOBEHb, TOMEOMOPQHbBI
“BocbMepke”, HasbIBaeTcsa 2-amomom B. On m3zodpazken na pucynke 1.1.2. Ha pucynkax 1.1.3 u
1.1.4 mpounmoctpupoBanbl 2-atombl Cy 1 D1 cOOTBeTCTBEHHO. Bee 3T aTOMBI OHAA00SATCS HAM

B JlaJbHeAnIeM.
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Puc. 1.1: IBymepusie atomsl A, B, Cy, D1 m ux paccjoennst quHusMu ypoBHs dyukimun Mopca f. Ha
pucyHKax 2—4 depHO >KUPHOI JIMHWEH BBIIEIEH KPUTHUYECKUI YPOBEHB f = ¢, CBETJIO-CEPHIM W TEMHO-
cepbiM niBeTaMu — obyiactu ¢ < f <c+eumc—e < f <ec.

IlocTpoum Temephb 1o cucreMme sgrad H na MuHoroo6pasuu M? TOMOJIOTHYECKHH NHBAPHAHT.
st sToro paccMoTpuM 6a3y ciaoenus JInyBuiisg 3Toit cucteMbl. OHa IpeacTaBser coboit rpad
(epagp Puba), BeprimHaM KOTOPOIO OTBEYAIOT KpuThHueckue ciaon dbyHriuu H, a pebpam — oj-
HOTIApaMEeTPUUIECKHEe CeMEHCTBa PEryIsipHBIX CJI0eB-OKpYy KHOCTeH. COomocTaBuM KayKa0# BepIImHe
9TOro rpaca CUMBOJ aTOMa, COOTBETCTBYIOINIUI OKPECTHOCTH 0c0O0TO ¢j10d B 3Toft Bepiiune. lpu
9TOM TIPEII0IAraeTcsd, YTO FPAHUYHBIE OKPYKHOCTH aTOMOB HAXOISATCS BO B3aUMHO-OHO3ZHATHOM
cooTBeTCTBHH ¢ pebpamu rpada, NpUMBbIKAOINMME K JaHHoi BepinuHe. [losydyenubrit 06bekT Ha-
3pIBaETCH 2-Mmonekyaotl. IBa-momexyst kaaccudurupyor UT'C Ha 1ByMepHBIX KOMITAKTHBIX MHO-

r006pa31/151x C TOYHOCTBIO 0 JII/IYBI/IJIJIGBOﬁ 9KBHUBAaJICHTHOCTH.

Teopema 1.1.2 (A.T. ®omenko [18]). Ecau mosexysoe Wy u Wy dsyx UI'C vy = sgrad Hy u
vy = sgrad Hy na mmozoobpasuaxr ME u M2 coenadarom, mo cywecmeyem duddeomopdusm o

M? — M3 nepesodawuti dynwuuro Hy 6 dymxuyuio Hy, m.e. Hy = @ o Hj.

Temepb paccCMOTPUM HHTEIPUPYEMYIO TAMHIBTOHOBY CHCTEMY JIBYX CTeIeHel cBOOOIbI HA MHO-

4 - .
roobpazuu M* ¢ rinagkum ramuiabronunanom H. Ilycrs f — gonosHuTeIbHBIR MHTEIPAJ CUCTEMBI,
a Q= {r € M*H(z) = const} — Heocobast KOMIAKTHasl MOBEPXHOCTL YPOBHsI FaMUJILTOHHA-
na. Bribepem na Q® opumenTtammio. B sToM caydae mHTerpas f 3agaeT caoenne Jlmysumna na Q3.

Baszoii sToro cioenusi caoBa sipisiercst rpad (epagh Kporpoda-Puba), BeplimHaM KOTOPOTO OTBe-
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4aI0T 0co0bIe cjiou, a pebpam — ogHomapaMerpudeckue cemeiicrsa 2-1opos JInysuuis. s Toro
9T00BI M3 3TOr0 rpada MOJYUYUTh aHAJIOr 2-MOJEKYJIbl, HE0OX0IMMO Pa300paThCs C yCTPOHCTBOM
KPUTUIECKUX €10eB (hyHKIMHA f ¥ UX MaJIbIX OKPECTHOCTEH.

B u3BeCTHBIX MeXaHMUeCKHX MHTerpupyeMbIx cucTeMax Gynknus f Ha Q3 apiderca byHK-

nueit borra. Hanmomuuwm onpenesienne pynknuu borra.

Onpenenenne 1.1.12. Dnagkas ¢pyaxnus f #a mHOro0Opaszmu N HazbiBaercsa gyHxyuetd Bom-

ma, eCIf BCe ee KPUTUIECKHAE TOYKUA COOPAHBbI B HEBLIPOZKJICHHBIE TIOIMHOI000Pa3Us.

HeBbipoxKieHHOCTD B IOC/IEIHEM OIpeIe/IeHHH O3HadaeT cieayiomee. Orpanundenue (pyHkK-
nun f Ha IJIOMIAJIKY TPAHCBEPCAJIBHYIO K KPUTHYECKOMY IIOAMHOIOOOPA3UI0 ABJISIETCs (DyHKIHet

Mopca.

3ameuanne 1.1.5. OgHOMEpHBIE KPUTHYECKHE MHOT00Opa3us (PyHKIHH BoTTa HA KOMIAKTHBIX
MHOro00pazusax auddpeoMopdHbl OKPYKHOCTH, JBYMEPHbIe — JU00 JIByMEpPHOMY TOpY, JHO0 Oy-
teiIKe Kieitna. Mb1 Oyaem mpeanosararh, 9TO Bce KPUTHYECKHE MOAMHOT00Opasus (byHknuu f
na Q° — oxpyxnocrn. OTMETHM, UTO Ha BCeX KPUTHYCCKHX OKPYKHOCTAX 3a/aHa OPHEHTAIUS,

orpejienisieMas TaMIJIBTOHOBBIM TOTOKOM sgrad .
Ilo anajioruu ¢ AByMEepHBIM CJly4yaeM HaIlOMHUM OIIpejiesienne 3-aToMa.

Onpenenenne 1.1.13. Ilycrb L — ocobulit c10ii cioenud Gynknun f Ha 3, orBedatomuii Kpu-
THYIeCKOMY 3HadeHuio c. Boibepem € > 0 Tak, aro0bl dpyHknus f He nmpuHUMAaA Obl IIOMUMO C
HUKAKUX JDYIUX KPUTHYECKUX 3HAYeHHH U3 oTpe3ka [c — &, ¢ + €]. O6oznaunm gepe3 U(L) cBaz-
HYI0 KOMIOHeHTy MHOKecTBa [~ !([c — &, ¢ + €]), conepxantyio caoit L. Torga muoxkectso U(L),
paccJI0eHHOe HA MOBEPXHOCTH ypoBHA (byuKnuu f Oyaem HasbBaTh 3-amomom. KoiuaecTBo Kpu-

TUYECKUX OKPYKHOCTEH B ¢j10e L HasbiBaercst caooichocmvro 3-amoma U(L).

Bce 3-arombl TakzKe KaK WX JIByMEPHbIE aHAJIOI'H PACCMATPUBAIOTCH ¢ TOYHOCTHIO J0 CJIEIY-

oniero OTHOIICHUd 3KBHUBaAJICHTHOCTH.

Onpenenenne 1.1.14. /IBa 3-aToma OyJeM Ha3bIBATh 9KEUBAAECHMHBLMU, €CITH MEXKTy HUMU CY-
mecTByeT auddeoMopdusM, COXpAHIIOMUNE CTPYKTYPY CJIOeHUS JInyBILIA, a TaKzKe OpUeHTAIUN

BCEX KPUTHUICCKUX OKPYZKHOCTEH.

OkasbiBaercs, 3-atom U(L) siBagerca muoroobpasmem 3eiidepra (6ojee mogapobHO CM.

[18],[61]). Bouee Toro, cipaBe1iuBa cIeay0MAs TEOPEMA O TOMOJIOTHICCKOM YCTPORCTBE 3-ATOMOB.
Teopema 1.1.3 (A.T. ®omenko [18]).

a) Tpexmeproe mnozoobpasue U(L) asasemcs mmozoobpasuem 3etdepma, ece ocobuie caou

Komopoezo (ecau onu cyuecmeyrom) umerom odur u mom oce mun (2,1).
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6) Imu ocobvie cAOU ABAAIOMCHA 68 MOYHOCINU KPUMUMECKUMU OKPYHCHOCTNAMY unmezpana | ¢

HEOPUEHMUPYEMBLMU CENAPAMPUCHBIMU OUAZDAMMOMU.

6) Ecau ocobux caoes y amozo paccaoerus 3etihepma nem, mo mmozoobpasue U(L) seasemes

npamvim npoussedenuem P(L) x S, 2de P(L) — opuenmupyemwiii 2-amom.

2) B obwem caywae cmpyxmypa paccaoenus 3etgepma nwa U(L) u empyxkmypa caoernus Jlu-
ysuans na U(L) coenacosanve 6 mom cmuicae, 4mo kancound caol paccaoenus 3edigepma

(OprOfCHOcmb) AECHCUTN HA HEKOTMOPOM TMOPE ﬂuysu./mﬂ

Corutacuo Teopeme 1.1.3 Bce 3-aTOMBI MOYKHO pa30UTh HA JIBE TPYIIILE: HE COJEPIKAIIIE 0CODbIe
cJI0M B paccyioennn 3efidpepra u obagatomme ocoobiMu caosaMu. [Ipu sToM, mpeicTaBuTe u mepBoit
IPYIIIBI pA3JIaraioTcs B MPsMoe TPOU3BeIeHNe OPUEHTHPYEMOTo 2-aToMa 1 oKpykHocTH. [losromy
0003HAYATH TAKWe 3-aTOMBI MPUHSTO TEMH K€ CHMBOJAMH, YTO UX 2-aTOMBI-0Aa3bl PACCIOCHUST
Seitdepra.

Cpeau Bcex 3-aTOMOB ¢ TPHBHAJIBHBIM paccioenneM eiidepra Bbimensiercs 3-atom A (cM.
puc. 1.2.1). On coorBercTByeT MuHUMYyMaM 1 Makcumymam byskiun f. Bee ocranbabie 3-aToMbl
OTBEYAIOT CeJIOBbIM ocobenHOCTsIM. Takzke ormerum 3-arom B (cm. puc. 1.2.2). OH comepKut
OJTHY KPUTHIECKYIO OKPYKHOCTB Ha 0COOOM CJIOe I OTBeYaeT MepecTpoiike OMHOTO Topa JImyBusis
B aBa (1 Hao60poT). Bo BTopoit rpymme 3-aToMoB (He 0018 JA0IIUX TPUBHAILHBIM S1-paccioennem
Beitcdepra) Boigennm 3-arom A* (em. puc. 1.2.3). On obramaer ToJbKO OHON KPUTHIECKOH OKDY K-
HOCTBIO, KOTOPAsi SIBJISIETCSI 0COOBIM cjioeM paccioenus 3eiidpepra. Tpu-atomsr A, B, A* — 310 B

TOYHOCTHU BCE€ TpeXMEpHbIE€ aTOMBI CJI0O2KHOCTH 1.

1. Z

Puc. 1.2: Tpu-aTrombl CJI0KHOCTH OJWH U WX CJIOeHus JImyBuiis.
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3ameuanme 1.1.6. Bce 3-arombl MOXKHO OnucCaTh ¢ HOMOIILIO cjejyonieil koncTpykiuu. Pac-
cmorpuM bazy paccaoenns 3efidepra 3-aroma U(L). Ona npejcrapiger coboii 1ub0 opueHTHpy-
eMblii 2-aToM, JIIOO PacCJOEHHOE KOJBIO € BBIJAEIECHHON OKPYXKHOCTBHIO, OTBEYAIONell KpuTude-
ckomy cioo. Ormerum Ha 6aze pacciaoenus 3eitdepra aroma U(L) 3Be3M10IKAMH B TOYHOCTH Te
TOYKH, KOTOPbI€ COOTBETCTBYIOT 0COObIM cjiogM. [losiydenubiit 00beKT HA3bIBAETCH 2-GMOMOM CO
seeadouramu. Ecau xe, Ha000pOT, PACCMOTDPETH MPOU3BOJIBHBIN 2-aTOM WU PACCIOEHHOE KOJIBITO
C BBIJIEJIEHHON (KPUTHYECKOiT) OKPYKHOCTBIO, MOCTABUTD HA KPUTHIECKUIl CJIOH KOHEUHOE THCJIIO
3Be3JI04eK (3BE3J0YKH 3aPEIaeM CTABUTH B KPUTHYECKHE TOYKH ), TO IO TAKOMY O0bEKTY MOXKHO
OJIHO3HAYHO BOCCTAHOBUTH 3-aToM. B 4yacrTHOCTH, 1103TOMY 3-aTOMBI, COJI€pPKAIUe OCOObIe CJIOU B

paccaoennn 3eiidepTa, IPUHATO HABBIBATH 3-AMOMGMU CO 36€3004KAMU.

Nrak, paccmorpum rpad Kpoupona-Puba dbyukmuu f Ha HE0c000# KOMIAKTHON M309HEPTE-
TH4yeckoit osepxuoctu Q3. OCHACTUM BepIIMHLL 9TOTO Tpada CHMBOJIAME ATOMOB, OMHCHIBAIOITIX
oTBevaIyo BepiuHe Oudypkanuio Topos Jluysuang. Kak u B ciaydae onHO#l cremeHn cBoOO-
Jibl, MbI CHOBA JIONOJHUTEJIbHO 10/IPAa3yMeBaeM, 4TO I'paHu4dHble 2-TOPbI JInyBU/IIsI aTOMOB ecTe-
CTBEHHO B3aMMHO OJIHO3ZHAYHO COOTBETCTBYIOT pebpam rpacda Kpoupoaa-Pubda, npumbikaonum K

nanHOU BeprmuHe. [losyuuBmuiica B pe3yiabraTe 00beKT Ha3bIBaeTcd 2py6oti MOAEKYAOU.

Teopema 1.1.4 (A.T. Qomenko, [62]). Ilycmo vy u vy — d6e UHMELPUPYEMBIE CUCTIEMBL T U30-
snepeemuneckur noseprnocmaz Q3 u Q3, a Wi u Wy — omseuatouyue um 2pyove MOACKYAbL.
Toeda cucmemvr V1 U Vg 2pY6O AUYBUANEEO IKGUBAACHMNBL (C YUEMOM OPUENMAYUY) Mo20a U

moavko moeda, xozda moaexyasvk Wi u Wy cosnadarom.

1.1.3 HaBapmant ®omenko-IIumanra

['py6bie MOJIEKYIBI copep:KaT HHMOPMAIUIO O MOJIYJIOKAJILHOM Bue ocobeHHocTeil. OaHaKo
JIJI TJIO0AJHLHOTO ONMUCAHWS TOMOJOTHY caoeHus JInyBuag ee memocrarouno. Heobxoanmo yka-
3aTh, KaK “‘CKJEHBAIOTCS MexKJy co0oil Topwl JIMyBm/LIsS Ha rpaHunax cocegaHnx aromoB. Huxke
MBI KPATKO OMWIITEM TPOINEYPY BHIOOpA JIOMYCTHUMBIX 0Aa3MCOB HA TPAHWUIHBIX TOpax JInyBusLIst
3-aTOMOB, a TaKKe HAIIOMHUM aJrOPUTM BblUHcaeHus nnBapuanta Pomenko-Ilumanra. Bosee mo-
npobHasg uudopMaImst u3toxkena B paborax [17], [18], [63].

Paccvorpum UT'C v = sgrad H na cummiekruaeckom Muoroobpaszun (M4 w) ¢ gonoanure,is-
HBIM GOTTOBCKHM HepBBIM HHTerpasioM f. Ilycth Q® — Heocobas KOMIIAKTHAA M309HEePreTHIecKasd
OBEPXHOCTE, a W — rpybas MoJekynaa cucTeMbl v Ha Q2. 3adukcupyem Ha (Q° opueHTanuio n
pazpezkem MoJiexyry W 1o Bcem ee peGpam (T.e. paspexkem Q2 na arombr). Tenepb Ha KazK0M Ipa-
HUYHOM TOPE BbIOEPEM JIONYCTUMBII 0A3KUC B rpyIine oJHOMepHbIX romosioruit. [Iporeaypa Boibopa
TaKoro 6asmca 3aBHCHT OT BH/Ia 3-aTOMA.

1. Tpu-amom A. B kagectBe mepBoro 6a3uCHOTO MUKJIA A BBIOEPEM TOT, 9TO CTATUBACTCS B

TOYKY TIPH CTPEMJICHUM T'PAHUYHOTO TOpa K KPUTUYECKON OKpyzkHOCTH. /lomognum A j1o Ga3uca
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HUKJIOM (. 3aMQTI/IM7 qTO0 HUKJL W CTArMBacTCd K KpI/ITI/I‘{eCKOﬁ OKPY2KHOCTH U OlIpeje/ieH HeO/-
Ho3Ha4YHO. [T0CKOJIbKY Ha KPUTHYECKOH OKPYKHOCTH €CTh €CTECTBEHHAs OPUEHTAINS, 33/ [aBaeMasd
raMIJIBTOHOBBIM BEKTOPHBIM IIOJIEM ¥, IIEPEHeCeM 3Ty OPHEeHTAINno Ha MUK f. CMeHuM OpHeHTa-
U0 UK A (€Cau HY?KHO), Tak, 9To0bl mapa (A, /1) 3a1aBaja Obl MOJOKUATEIbHYIO OPHEHTAIIIO
ua rope Jluysuwuis. Basuc (A, p) 6yiaem nasbiBarh donycmumolm Ha 3-arome A.

2. Cedaosvie amomuv, 6e3 36esdouek. PaccMoTpuM MPOM3BOJILHOE cedeHne P TpUBHAIBHOIO
Sl-paccioenus 3eiidepra Takoro 3-aToma. B KauecTBe IMUKJIOB fi; Ha IPAHUYHBIX Topax JInyBu-
Jig BeIOEpeM IpaHUYHBIE OKPYKHOCTHU 2-aToMa P, a B KadecTBe \; — CJIOH paccaoeHus 3eiicdepra
(T.e. OKPYZKHOCTH, CTATHBAMOIUECs K Kpurnaeckoii). Tlapst (A, p4;), JefcTBUTENBbHO, SIBASIOTCS Ha-
3UCaMMU, TTOCKOJIBKY BCe CJION paccioenus 3eiidepra 3-aToMoB 6€3 3Be3/109€K rOMOTOTHIHBI KPUTH-
YeCKHM OKpY:KHOCTAM. OpHeHTAIMIO HA MHUKJIAX \; MO3aHMCTBYEM OT KPUTHIECKAX OKPYZKHOCTEIH,
a TUKJIBL [i; OPHEHTHPYEM TaK, ITOOBI MAphl (A, f1;) 334aBaan ObI MOJOKUTEIHHYIO OPHEHTAIIHIO
Ha Topax JlmyBusursa. Tloctpoerubie 6a3uchbl HA30BEM JONYCMUMBLMY HA CEJJIOBBIX 3-aTOMax 0e3
3BE3/I0YEK.

3. Amomui co 3se3douramu. B KadecTBe MUKJIOB A\; HA TopaxX JIMyBW/LIsI, KAK U B IIPeIbIIY-
meM ciydae, Beibepem cjou paccaoenus: 3eiipepra. OgHAKO MUKJIBL [1; TEM )Ke CHOCOOOM HAM HE
VIACTCS 3a/1aTh, MOCKOJIBKY paccaoenne 3eiidepra 3-aTOMOB €O 3Be3A09KaMu 00/1a1aeT 0COOBIMHE
caosavu. OJIHAKO 9TH MUKJIBI MOYKHO BIIOJIHE €CTECTBEHHO OIPEJIC/IUTD, UCIOIb3Y 4 JIy0JIb P 6asp1 P
paccioenus 3efipepTa paccMaTpPUBAEMOTO 3-aTOMA.

Mruozxkectso P apiserca nyosiem P B ciemyrontem cvbicse. CymecTByeT pa3BeTBIeHHOE IBY-
JINCTHOE HaKPbhITHE ﬁ Ha P, TOYKaMMU BETBJICHUA KOTOPOTO ABJAIOTCA 3BE3J09YKHN aTOMA P OKa3bI—
BaeTCs, IYTO P MOJKHO BJIOKHTD B 3-aTOM TaK, 4TO KarxKJblii HeocOOBIH cJ10it paccioenus 3eitdepTa
OymIeT TpOXOAWTH Yepe3 Hero B TOYHOCTH JBa pa3a, B TO BPEeMs KaK OCOOBbIE CJIOM — POBHO OIUH
pa3. O6o3HauUM Yepes [i; HepecedeHne Pu COOTBETCTBYIOIIET0 IPAHUIHOTO TOpa JInyBmwisa. Opu-
EHTUPYEM STH IIUKJbI Tak, 9T0 Obl mapbl (\;, 11;) 3a7aBajgn Obl MOJOKNUTEJBHYIO OPHEHTAINIO HA
IPAHUYIHBIX TopaxX. OTMeTHM, 9TO TaKHe IMaphbl He SBJILI0TCI Ga3MCcaMi, TOITOMY ITHKJIBL [; HEOO-
XOAUMO “TIOAIPABUTE .

BOSMO)KHBI ABa CJIy4dasd. B IepBoOM CJiy4dae //L\z COCTOUT M3 JABYX T'OMOJIOI'MYHBIX HUKJIOB Ha
TOpe, a \; IepecekaeT KazkKIblii M3 HUX POBHO ofuH pa3. Torma ocraBUM OT [i; POBHO OJHY KOM-
HOHEHTY CBA3HOCTH, KOTOPYIO M 0OO3HAYUM depe3 ;. Bo BTOpoM ciydae [i; COCTOUT U3 OIHOIA
KOMIIOHEHTHI CBSI3HOCTH U [EPECEKALT \; B JIBYX TOYKaX. Torja MOJOKUM [1; = 5(/\1 +7i;). B obounx
caydasax napbl (A;, i1;) 6yayT 6asucamu Ha Topax JInypusuist. OHAKO /I COTIACOBAHUST PA3IHY-
HBIX OTIpeJIEJIeHNIl JTOMYyCTUMBIX [IUKJIOB Ha 3-aTOMax co 3Be3joukaMu (GoJiee mogapobHo cM. [18]),
HEeOOXOIUMO K OJTHOMY 3 IIUKJIOB ji; TPUGABUTH HECKOJIBKO pa3 MUK A (BCe \; TOMOJIOTHYHBI JAPYT

apyry). Ilpn 5T70M KOJIMYECTBO TAKUX IUKJIOB OLHPEIESISeTCs U3 yDaBHEeHHs]
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B AP + s\
D=y
3
rie § — KOJUYECTBO 0COOBIX cji0eB 3-aroMa. [locTpoeHHbIe MAphl MUKJIOB (A, fi;) HA TDAHUIHBIX
Topax JInyBmisg 6yaeM Ha3BIBATH dONYCMUMLMUY 0a3UCaMY HA 3-aTOMAX CO 3BE3ITOYKAMI.
Nrak, mycts e; — pebpo rpyboit mosaekyanr W. Ilocsie pa3pesa sroro pebpa Ha Tope JInyBui-

Jid, OTBEYAIONIEM TOYKE pa3pe3a, BOZHUKAIOT JBa JIONYCTUMBIX Oa3uca ¢ cocelHuX aToMoB. [lycTh
a; B .

C; = — MATPHIA CKJIEHKH 3THX Oa3UCOB.
Yi 0

Onpenenenue 1.1.15. Yucrosot payuorarvroli memxod r; Ha pedbpe e; MoaeKyabl W Ha3bIBa-

eTCsT YUC/I0
%(mod 1) € Q/Z, ecnu [3; # 0,
r, = Bi
cUMBOJI 00, ecau [3; = 0.
Omnpenenenne 1.1.16. Yucaosol uerovucrentoti memxot €; Ha pedbpe e; mosaekyabl W Ha3biBa-
eTCs IUCIIO0

Sign ﬁiu ecm B’L 7£ 07

sign o, ecim (; = 0.

& =

Pebpo mosiekyiisl Ha30BeM Oeckoneunbim, ecan MeTka r; = oo. Ocraiabable pebpa OyaeM Ha-
3bIBaTh KOMeuHuLMU. Pa3perkeM MOJIEKY/y 1O BCceM KOHEYHbIM pedOpam. B pesyibrare moJsiekysia

pacCliadeTcd Ha HEKOTOPOE YHCJIO CBA3HBIX KYCKOB.

Omnpenenenne 1.1.17. Cemwvetl Ha3bIBACTCsl KyCOK MOJIEKYJIbI, KOTOPBIH HE COJEPKUT aTOMOB A

nocJjie pa3pe3a MOJIEKYJIbl 10 BCEM KOHEYHBIM pedpaM.

B kaxkmoit cembe Bce pebpa MOXKHO Pa3euTh Ha TPH KJIACCA: 8TO0AULUE, SbLOJAUUE W

BHYMpPEHHUE.

Onpenenenune 1.1.18. ConocraBuM KazKkI0My U3 3TUX pedep e; 1mejioe 9ucjo O; 1mo CaepyomeMy

NpaBUILY:
(o
J], eciId e; — BBIXOZAIIEe pedpo,
L B;
- 5
O, = ——1}7 ecJIn e; — BXomdIee pedpo,

- 1

fyA
——|, ecau e; — BHyTpeHHee pebpo.
\ L O

Torma s KaXK 10l CeMbH OTIPEIEIAETCS UEAOYUCAEHHAA MEMKA N TIO CJAEYIOMIEMY TPABUILY:

n:Z@Z,

r7e cymMma bepercs 1Mo BceM pebpaM JaHHOI CeMbH.
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Onpepenenne 1.1.19. ['pyGag moJjiekyJia, OCHAIEHHAs METKAMH T, E€,7T, HA3bIBAETCH MeueHOU

MoAekYA0T Mn unsapuatmom Pomenro-Iuwanza.

Teopema 1.1.5 (A. T. @omenko, X. Hurmanr, [17]). Jse unmezpupyemoie 2aMuibmoHosb, cucme-
Mol na uzosmepzemuneckus noseprrnocmar Q3 = {x € M| Hi(z) = hi} u Q3 = {x € M}|Hy(x) =
ha} auysuaneso sxeusaieHMHY MO20G U MOALKO M020G, K020G UL MEYEHBE MOAEKYNbL COBNAAG-

om.

1.1.4 HesoipoxkaeHHable ocobeHHOCTN MHOTOMepHbIX UI'C

n MX TOIIOJIOTU’A

Pacemorpum UT'C v Ha cuMILIEKTHYICCKOM MHOrooOpasun (M?" w) ¢ mabopoMm (QyHKIHO-
HAJIBHO HE3ABUCUMBIX MOTAPHO KOMMYTHPYIONUX [I€PBBIX HHTETPAIOB f1, ..., f,. B Takom ciaygae

OTIPENIETIEHO 0MOobPAsCENUE MOMEHME J, COTIOCTABIISIONE KazK0il Touke T MHOrooGpasms M2
BekTop (f1(2), ..., fa(2)).

Onpenenenune 1.1.20. bugpyprayuonnot duazpammoti HA3BIBACTCS MHOKECTBO 0COOBIX 3HAYCHU I

oTobpazkenus JF.

MuoxkecTBo K BCeX KPHUTHYECKHX TOYEK OTOOpakeHHs JF pa3OUBaeTcs HA M TOIMHOXKECTB
Ko, ..., K,_1, tne K; cocrour ux Touek MuHoroodpasus M?", B KoTopbix panr auddepennuaa
orobpaxkenust JF pasen 1. Kak mpasumiao, B u3BectHbix NI'C mourn Bce 0COOEHHOCTH SIBJISIOTCS
HEBBIPOXKIeHHBIMU. HammoMHIM oIIpeiesieHne HeBBIPOKIEHHONR 0c000i TOIKH.

[Iycts x € K;, Torma CyIecTBYeT HEeBLIPO:KICHHAs JHHEHHAsS 3aMeHa CHCTeMBI (DYHKITHii
fis-o, fn HA g1, ..., gn, TaKas, 910 dg,...,dg,_; PABHBI HYJIIO B X, & dg,_ii1,--.,dg, JAHEHHO
HE3aBUCHMBl B 3TOH Touke. B Takom caydae guneapmsammn A, = wld?%g, ..., A, = w td?g,_;
BEKTOPHBIX moJeil sgrad gy, . ..,sgrad g, _; B TOUKe X SBJIAIOTCI KOMMYTHPYIOIIMME OIE€PATOPAMHI
u3 sp(2n, R).

O6osraunym uepes L moampocTpanctso T, M?", HOpoXKaeHHOE KOCHIMI TPaJHeHTaMu (PyHK-
it g,_it1,...,9n, & Yepes L' — KocooproroHajbHoe nomojaHenue K L. 3amerum, uro L C L/,
nocKOJIbKY L — m3orpomnao. Oka3biBaeTcs, omepaTopbl Aq, ..., A,_; KOPPEKTHO OIpeaeaeHbl Ha
dbakrop-npocrpancrse L'/ L. Bosee toro, Ha npocrpanctse L'/ L cymecTByer ecrecTBeHHAs CHM-
IJIEKTHIeCKast CTPYKTYpa W, a oneparopsl Ay, ..., A,_;, AelCTBYOIIHE HA 3TOM IPOCTPAHCTBE, SIB-
JIAIOTCS dIeMenTaMu aarebpst sp(2(n—i), R) (6osee moapobuo em. [18]). Obo3naunm gepes K (z, F)

KOMMYTaTHBHYIO Togaare6py B sp(2(n — 1), R), nopoxaenmuyio omeparopamu Aj, ..., A, ;.

Onpenenenne 1.1.21. Kpurnueckas touka r € K; Ha3bIBACTCS HESbPOHCIEHHOT, €CITN TTOTAT-

rebpa K (x,F) stBasiercst KapTaHOBCKOi B #p(2(n — 1), R).

[Tocsiegaee orpejiejieHrne TEXHUYECKH CJI0KHO B HPAKTUYECKOM HPUMEHEHUHU, 1109TOMY chop-

MYJIIpYeM ero 60Jee MpocToil aHAJOT.

25



Paccvorpum Jinnelinoe mpoOCTPAHCTBO, MOPOXKAeHHOE (DYHKIUAMH f1, ..., f,, KaK KOMMY-
ratuBHyo aarebpy Jlu. Paccmorpum B Heit momanredbpy K, cocrosmyio u3 yHKumi f, Ta-
kux, 9ro df|, =0. Ilycrb L — cuoBa mnoampoctpanctBo T,M™, MTOPOXKIEHHOE BEKTOPAMHU

sgrad fi,..., sgrad f,, a L' — ero KocoopToroHaJbHOe JOIOJHEHHE,

Onpenenenne 1.1.22. Kputuveckas Touka r € K; Ha3BIBACTCS HEBLIPOHCIEHHOT, €CIN BBHITIO-

HEHbI CJIeAYyoIue YyCJI0BUA.

1. Tna moboit yuxkuun f € K, oramunoit or myas, keajparuunas dopma d>f|, we pasna

TOXKIECTBEHHO HYJIIO Ha IpocTpaHcTBe L.

2. CymectByer pynknus f € K, Takas, 9T0 MHOTOYJICH

P(:u) = det(d2f|x - :uw|x)|l/
umeer 2(n — 1) pa3JUYHbIX HEHYJIEBBIX KOPHE.

g Toro 9To0Bl M3YUATH YCTPOUCTBO TOMOJOTUH CJIOEHUS JIMyBUILIA B OKPDECTHOCTH HEBBI-
POXKJIEHHOIT 0CO00IT TOUKM, HEOOXOJAUMO 3HAThH, KAK YCTPOeHA KapTaHoBCKas nojaaredbpa K (z, F).
OrmeTnM, 9TO B BelecTBeHHOI anarebpe Jjin sp(2(n—1), R) He Bce KapTaHOBCKHE TTOAAITeODBI COIPSI-
JKeHbl (B OTJIMYUH OT KOMILIEKCHOTO cJiydast). [TonHas KiaccuduKaus KapTaHOBCKUX MOAAJITe6p
B 8p(2m, R) 6bL1a monyvena Buibsimconom B pabore [64]. YTobbl copMyInpoBaTh ero Teopemy,
pacemorpuM $p(2m, R) Kak mpocTpaHCTBO OMHOPOIHBIX ITOJHHOMOB CTENEHN 2 B CUMILIEK THIECKOM
npocrpancTse R?™ ¢ kamoamveckoit popmoit w. KommyTraTop B aToit anrebpe — ckobxka ITyaccona
KBaPATHIHBIX MHOTOUIEHOB. OTMETHM, YTO H30MOPMU3M MeK Y KIACCUIECKIM MPe/ICTaBIeHUEM
anre6ps p(2m, R) u anrebpoit KBaIpaTHIHBIX TOJHHOMOB O ckOOKoii Ilyaccona ycranaBinBaet

dbopmyna: f — Ay (byskuun f conocrasiiseM JTHHeAPH3AMUIO BEKTOPHOro 1m0 sgrad B TOUKe T).

Teopema 1.1.6 (J. Williamson, [64]). IIycms» K C sp(2m,R) — nodaazebpa Kapmana. To-

200 CYWECMEYEem CUMNACKMUMECKAA CUCTIEME KOOPOUHAM L1, . .. Tm,Yl,- - - Ym 6 R u basuc
€1, ..., m 6 K makue, wmo xancdoili us K6aIPAMUYHBLT NOANUHOMOS €; UMEETM, 00UH U3 CAEOYIO-
wuxr 6ud0s:

1. e; = 27 +y? (sarunmumneckud mun),
2. e; = xy; (eunepboruneckud mun),
3. € = Ti¥it1 — Tis1Vi, €it1 = TiYi + Tiv1Yy+1 (mun doryc-doryc).

DTa TeopeMa He TOJBKO KJIacCHMHIIUPYeT KapTaHOBCKUE MOAAAreOpbl, HO TaKKe TOBOPHT 00
ycrpoiicrse ciioenust JluyBusis BO M3 HEBBIPOXKJICHHONR 0c000it Touku. BoJjiee Toro, cymecrsyer

arajior jijeMMbl Mopca Ha OCHOBe MOJIy4eHHO KaaccupuKalui HeBbIPOZKJIEHHBIX 0COOEHHOCTE]].
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[Tostydyennoe onucanue cjaoenus JIuyBusist BOJIM31 0CO0OH TOUKHU SIBJISIETCsI JIOKAJIbHBIM. Tem
He MeHee, OKa3bIBACTCs, 9TO B CAydae KOMIIAKTHOIO MHOTooOpasus M2" cymecTByeT W MOJIyJIo-
KaJbHOE OmucaHue caoeHust JInyBmwLIg (T.e. onucanue cioeHus JInyBu/Is B OKDECTHOCTH CJIOS, €
KPUTHYECKUMH TOYKAMH). DTH pesyabrarhl npunajiexar H. T. Byury (em. [65, 66]). dist kpat-
KOCTH Mbl CPOPMYJIUPYEM HX JIJIsl CEJJIOBBIX O0COOEHHOCTEH paHra Hysb. Hanomuum, 4ro ocobas
TOYKA T Ha3bIBaeTCs cedaosotl, ecau Bee yukun 6aszuca K (z, F) B cmbicae Teopemsl 1.1.6 uveror

runepOoInIecKuil TUII.

Onpepenenne 1.1.23. Paccmorpum ocoObrii cioit L cioenus JIMyBU/LIS C HEBBIPOZKIEHHBIMHU CE/JI-
JIOBBIMHI OCOOBIME TOYKAMH PaHTa HOJIb H ero Majyio okpectHoctb U(L) B M?". Jta 0KpecTHOCTD
C COOTBETCTBYIOIIUM CJoeHHeM JIuyBU/LIs Ha Hell (PaccMaTPUBAEMBIM ¢ TOYHOCTBIO JI0 TTOCTOWHO-
ro suddeomopdusma) Ha3bIBACTCH 2N-MEPHON HEGuPOIHCIeHNOT ¢e0A060T 0CODEHHOCTBIO a2

HYAD.

Onpepenenne 1.1.24. Byjem roBopuTh, 4TO Jijis HEBBIPOXKJIEHHON ceyI0BOi 2n-MepHOil 0cObeH-
Hoctu U(L) paHra HOJb BHITIOJHIETCS YCAOBUE HEPACULENAAEMOCINU N0 3YHey, eCJH B HEKOTOPOR
OKPECTHOCTH KPUTHYECKOro 3HadeHus yo = F (L) cymectByer muddeomopdusm, npuBosiuii 6u-
bypKaUMOHHYIO JUarpaMMy K HabOpYy U3 N THIEPILIOCKOCTeR OOIIEero IOJIOKEHHS, TPOXOISIINX

4epes3 TOUKY Y.

Tenepb paccMoTpuM HAOOpP CEATOBBIX 2-aToMOB Vi, ..., V, €O CBOUMH CHUMILIEKTHUUYECKHMUI
CTPYKTYpPaMu Wy, . . . ,w, u dyuakmuamua Mopca f1, ..., f, coorBercrBenno. [lycTs Ha KaxkmIOM aTO-
Mme V; jeiicTByeT O/iHA W Ta YKe KOHe4dHas rpynmna (G, mpudeM KazKjioe W3 3TUX JeHCTBUil p; CO-

XpaHsgeT KaK CHMILIEKTHYECKYIO CTPYKTYPY w;, Tak u pyHkmuo f;. Torma Ha mpsMoMm npous-

Besiennn Vp X --- X V), ompenesneHa CUMILIEKTHYeCKas CTPYKTypa w = wi + -+ + Wy, a TaKkKe
CTPYKTYDa JIHYBHJJIEBA CJOEHHUd, 33/aBaeMast DYHKIWIMA fi, ..., f, (OHH, OY4eBHIHO, KOMMYTH-
pytor oTHOCHTEIBHO GopMbl w). TlycTh Takke geiictBue rpynmel G Ha Vi X -+ - X V,,, 3ananHoe

dbopmymnoit p(g)(z1,...,2,) = (p1(9)x1,. .., pn(g)x,), cBOGOIHO. Torma dakrop-MHOrOOGPa3ME
(Vi x -+- x V,,)/G aBasgercs 2n-MepHO# OKPECTHOCTBIO CBSI3HOTO 0CO0OTO €0s1 L ¢ HEBBIPOK-
JICHHBIMU C€JIJIOBBIMU OCOOBIMU TOYKAMU PaHra HyJib. TakKyl OCOOEHHOCTDH Oy/ieM Ha3bIBATH 0CO-
OEHHOCTBIO MUNG NOYMU NPAMO20 Npouseederus (WIH NPOCNO NOUMU NPAMBM NPOUSEEIEHUEM ).
IIpu oM, GyeM roBOPUTh, YTO MoYTH IpsiMoe mpoussegenne (Vi X -+ x V) /G necokpamumo,
eCJIM KayKJIblii syieMeHT rpymnsl G (KpoMme eMHUIbI) JelicTBYeT HeTPHBUAILHO HE MEeHee YeM Ha

JIBYX COMHOXKHUTEJISIX MPSAMOTO npousBejenust Vi X - -+ X V.

Teopema 1.1.7 (H.T. 3yur, [66]). JTobasa nepacwenaseman no 3yney Hesuporclennai ceoiosas
ocobernocmov U(L) parea mysv aeaaemcs 0cobEHHOCbIO TMUNG NOYMU NPAMO20 NPOU3BEIEHUA.
ITpunem ecau nowmu npamoe npouzeedenue (Vi X -+ x V,,) /G necoxpamumo, mo npedcmasaenue

ocobernnocmu U(L) 6 sude noumu npamozo npoussedenus eQuHCMBEEHHO.
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1.2 CodoKycHble KBaJAPUKN 1 UX CBOICTBA

Onpenenenne 1.2.1. Cemeticmeom coporycrms keadpur ¢ R® HazpiBaeTcss MHOKECTBO KBaJIPHK,

33/IAHHBIX YpaBHEHUEM
(b—N)(c—Na?+ (a—N(e— Ny + (a—AN)(b—Nz2 = (a—N)(b—N(c—N), (1.1)

e a > b > ¢ — dpukcupoBaHHbIE YHCIIA, & A — BellecTBeHHbIl napaMerp. Ecim mapamerp xBa-
PUKH 3TOTO cemeiicTBa paBeH a, b Win ¢, TO OHA HA3BIBAETCS 8biPOHCIEHHOT, B TTPOTUBHOM CJTyIae

KBa/IpUKA HA3bIBAETCA HEGbIPOAHCICHHOT.

Sameuanne 1.2.1. OTMernM, 9TO BBIPOKJIEHHBIE KBAJPUKH — 3TO B TOYHOCTH KOODIMHATHBIE
wiockocTu. Ecim ke A € (—00, ¢), TO COOTBETCTBYIONIAST KBAIPUKA SIBJISIETCS SJLTUIICOUIOM, €CIIH
A € (¢,b), TO — ONHOMOJOCTHBIM THIIEPOOIOUIOM, ecan A € (b, a), TO — ABYTIOJOCTHBIM TUTIEPHO-

naongoM. Ha pucynxe 1.3 nzobpazkeHsl Tpu coOKyCHBIE KBAAPUKH B R? pasgimaHbIX TUIIOB.

Puc. 1.3: Tpu codokycuble KBaAPUKH: 3JIJIAIICOU, OJIHOIOJIOCTHBII U JIBYIIOJOCTHBIN TUIIEPOOIOUTHI.

Bameganue 1.2.2. B exiuaoBom n-mepaom npocrpasctse R™(zq, ..., x,) cemeiicTBo codokyc-
HBIX KBaJIPUK OIIpejesgercs popMyJI0i
2

x x
1

- .4 = 1’

a; — A Ay — A
rjiae a; > -+ > @, — HOCTOSHHbIE YUCJA, & A — BENeCTBEHHbINH napamerp. [IpuBoguMbie HUKE

dbaxTe 0 coPOKYCHBIX KBaJpuKax B R? erko 06obmaoTesd Ha crydail Tpou3BOJbHON pa3sMepHOCTH.

Bameuanue 1.2.3. CodokycHble KBaIpUKH 1 UX ¢BoiicTBa n3ydasuch K. I'. fkobu B [67], a Takzxe
M. IMasem B [68]|. Omu ABAAIOTCS OCHOBOM JTOKA3ATENLCTBA 3HAMEHUTOH TeopeMbl lkobu-Ilasst
00 MHTEIPUPYEMOCTH I'€0/I€3UYeCKOr0 OTOKa Ha 3juiuiconjax B R™. Mbl emie He pa3 obparumcs

K 9TOIl Teopeme.
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CemeiicTBo cOOKYCHBIX KBaJIPUK 00/1a/1a€T MHOTHEMHI 3aMedaTe/bHBIMU cBoficTBaMu. [Ipuse-

aeM HamOOJee BazKHDBIC IJId HAC.

ITpennoxkenune 1.2.1. Kacameavrvie na0CKOCIMU 8 MOYKAT Nepecewenus 08Yx coporychuix K6ad-

pux opmozoHaAbHDbL.

JlokazaTenbeTBO. TlokaxkeM A1 HEeBBIPOKICHHBIX KBAJPHK HapaMeTpoB A\; H \p. B Takom
ciaydae ypasHeHust 1.1 9TUX KBaJPWK MOYKHO MOJEJUTH Ha COOTBETCTBYIOIINE BhIpaskeHust (a —
Ai)(b— X)) (e — \;). KoopauHaThl ToYek mepecedenns KBaJIpuK OYIYT YIOBJIETBOPATD CJIeLYIOIIEH

cucreMe.

.152 y2 22

—1
P WL S W

1:2 yQ 22 1
a—)\2+b—>\2+c—)\2_

Borarem u3 mepBoro ypaBHEHHS BTOPOE, a 3aTeM, IOJICJTUM MOy YUBIIeeCs BhIPAaXKeHHE Ha A| — Ag:

ZE2 y2 22

@ )a—) o= e —g

[TockosibKy JieBasg 4aCThb MOCAEHEr0 BhIPAYKEHUS — C TOYHOCTHIO JIO KOHCTAHTHI CKAJISPHOE TPOU3-
BeJIeHNE IPANeHTOB (DYHKIINI, 33aI01NX KBAJIPUKHI, STO YpaBHEHUE MOYKHO TIepedopMyTnpoBaTh
CJeYIONUM 00pa30M: BEKTOPBHI HOpMaJieil B TOUKaX IepecedeHus JABYX COMOKYCHBIX KBAJIPHUK Op-

TOrOHAJIBHBI. A 9TO PABHOCIIBLHO IOKA3BIBAEMOMY VTBepXKaeHH0. [Ipemioxkenne 10Ka3aHO. [

IIpengnoxenue 1.2.2. Yepes xasicdyro mouwy P = (z,y,z) € R3, maxyo, wmo x # 0, y # 0,
z # 0, nporodum 6 MmouHOCU MPU HEBUPOHCIEHHBLE COPOKYCHBLE KEAOPUKU: IAAUNCOUD, 00HONO-

A0CmHbLG U deynosocmuovil 2unepbosoudut.

,HOKaSaTeJIbCTBO. Mg Touku P, Bce jieKapToBbl KOOPJAUHATHL KOTOPOW OTJIMYHBL OT HYJIS,

x? 2 2
pacemorpum GyHKIuo fp(N) = + Y + . Bamerum, uro lim f(A) =0 u mua k =
a—XA b—X c—A A——00
a,b,c umeem lim f(A) = 400, lim f(\) = —oo. Orcroza, a Takzxke u3 Teopembl Beiieprirrpacca
A—k—0 A= k40

0 MPOMEKYTOYHOM 3HAYCHUU HENPEPHIBHON (DYHKINH 3aK/II09aeM, 4TO HA HHTepBajiax (—oo,c),
(¢,b), (b,a) obs3aTebHO TOJKHBI HAWTHCH KOpHU ypaBHenus fp(\) = 1 (eMm. puc. 1.4).

Taxum obpazom, yepe3 TOUKY P 06g43aTe/IbHO TPOXOAUT TPU COOKYCHbIE KBAJIPUKU: DJLIUII-
coua u apa rurnepbomonga. Yrobbl goKa3aTh, YTO KOpHeil He Oojiee Tpex, A0CTATOYHO MOKa3aTh,
aro dyuknus fp(\) sBiasercs Bo3pacTawlieii Ha nHTepBaiax (—oo, ¢), (¢, b), (b, a). B aTom MoKHO

JIETKO yOeIUThCd, BRIYUCIUB €€ TPou3BoAHYI0. [Ipemiokenue moka3aHo. [

Caencrsue 1.2.1. Yepes xaswcdyro moury R3 npoxodum mpu cofoxycrove keadpuru ¢ y4emom
xkpamuocmu. Ecau ynopadowums no 603pacmanuio napamempsv, SMUT kK6adpuk u 0003HaA%UMs UL

uepes A1 < Ao < A3, mo Ay € (—o0, ¢, A2 € [¢,b], A3 € [b,al.
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Puc. 1.4: Mmocrpanus Toro, uro ypasHenne fp(\) = 1 umeer B TOYHOCTH TPU BEIIECTBEHHBIX KOPHSI.

ﬂOKaBaTeﬂbCTBO. 3amernm, 9TO TMapaMeTpbl CO(MOKYCHBIX KBAJIPHUK, MPOXOAANIAX UYepes
Touky P = (z,y,z), cyTh KopHH Kybudeckoro ypashenus 1.1. CoracHo npemioxennioo 1.2.2 B
KazKJIo# TOYKe BHYTPH JIIOOOr0 KOOPJAMHATHOTO OKTAHTA 3TO YpaBHEHHE HMEET B TOYHOCTU TPH
BelllecTBeHHBIX KOpH4. [lockonbKy KoaddunueHnTs ypaBHeHust 1.1 TIajgko 3aBUCAT OT JIEKapTO-
BBIX KOOpAuHAT Toukn P, a miockoctu Oxy, Oxz, Oyz SBASIOTCS MHOYKECTBAMHU MePbl HYJIb, ITO
ypaBHEHHe UMeeT TP BeleCTBeHHBIX KOPHS B IPOU3BOIbHOI Touke R3. Orpannuenus na obgacTn
([l

U3MeHEeHHsT ITUX KOPHeil TaK:Ke BBITeKalT u3 upemioxkenus 1.2.2. Ciaeacrsue JoKa3aHO.

[Iycts P € R3, a A} < Ay < \3 — napamerpbl cOQOKYCHBIX KBaJIPUK, IPOXOAAIINX depes P.
Onpenenenne 1.2.2. OyHKIUU \;, 2, A3 HA3BIBAIOTCS AAUNMUNECKUMU Koopounamamu B R3.

Ilpenmoxkenue 1.2.3. C8a3b MedHcOy IANUNMUMECKUMU U OEKAPTNOBHIMU KOOPOUHATNAMY ONU-

coleactn c.nec?ymugaﬂ CUCTEMAQ.

(x2 _ (a=X)(a—X)(a— As)
a—>b)(a—c
N >\<1)(b —)8\2)(17 >— A3) (1.2)
(b—a)(b—c) '
52— (c = A)(c = A)(c = A3)
\ (c—a)(c—1b)
O

JokazaTenbeTBO. IIposepsercs TPAMBIME BEIMHCICHUSMHE.

HNcnonb3yst ocsaeinee npeiaoKeHne, HeTPY/IHO OKa3aTh, YTO B KaXK/JIOM KOODJAMHATHOM OK-

TaHTE JUIMITUYECKHE KOOPAUHATDBI ABJIAIOTCA OJHO3HAYHLIMU, IVIaAKUMH U PEryJIdPHBIMH.

30



Jlst jasibHeRIero anaan3a HeoOX0AMMO MOHSITh, KAK YCTPOEHbI T€ TOYKH, B KOTOPBIX HEKOTO-
pble U3 LIHITHIECKIX KOOPIANHAT COBIAIAIOT. XOPOIIO U3BECTHO, UTO HA IJIOCKOCTH STHM TOUKAM
oTBevaloT (POKyCHl cemeiicTBa coPOKYCHBIX KBaJApuK. B Halmem cirydae BO3MOXKHBI JIBA BapUAHTA:
A1l = Ay = ¢, Ay = A3 = b. PaccMoTpuM KazKAbIil U3 HHX.

1. A\ = Ay = c. flcHo, uTO BCe TakWe TOYKH JOJKHBI JiexKaTh B 1mockoctu z = 0. /Ijas Toro
9TOOBI OMUCATH MHTEPECYIOIee HAC TMOAMHOYKECTBO MIOCKOCTH z = (), TOCMOTPUM Ha IIPeJesbl CO-
dbokycHbIX KBaJpuK (B cMbicae Xaycaopda) npu crpemiaerud napamerpa A K ¢. CHagaza paccMoT-

PUM JIEBBIH Npejiest, T.e. peaea copOKYCHBIX ALIUICOUI0B mpu A — ¢ — 0. B 3ToM cydae, MeHb-

mag M0/Ay0Ch UIHICORI0B YCTPEMHTCH K HYJII0, B TO BpeMsl KakK Apyrue ase K v/a — ¢ 1 Vb — c.
2
Y

b—
=17 (em. puc. 1.5.1).
c

x
TakuMm ob6paszoMm, B Hpemese MOJYyIHTCS MHOXKECTBO A._og = (x,y,())‘— + <1y, Te.
a—c c

2 2

x
miockas urypa, Jgezaias BHyTpH sJnnca §; = 4 (x,y, 0)‘ + by
a—c —

Bue obsractu A._g B mwaockoctn z = () 4epe3 KaxKayi TOYKY IPOXOAUT COMOKYCHBIA JJLIHIICONI, a

3HAYHT, B TAKAX TOYKAX A; < C.

[Ipu A — ¢+ 0 MHHMAas HOJYOCH OJHOIIOJOCTHOIO THIIEPOOJIONIa YCTPEMUTCA K HYJIIO, a

BellecTBennble K /a — ¢ u /b — c. CiejoBare/ibHo, B Hpejesie HOJYyIUM MHOXKECTBO Aq.pg =

.732 2
0
(xvya ) a

)
+
—c b—

Buayrpu obsmactu A._o B miaockocTu z = 0 depe3 KaxKAyi TOYKY HPOXOAHT COMPOKYCHBINH OTHOIIO-

> 1 ¢, T.e. maockyto durypy Jjexariywo BHe simnca §; (em. puc. 1.5.2).

JIOCTHBII TUNEepOOJIONI, a 3HAYUT, B TAKUX TOYKAX Ay > c. Takum 0Opa3oM, ypaBHEHHE \; = Ay
oIrpeiesIseT JIIUIC ;.

2. Ay = A3 = b. AHAJIOrMYHBIMHU PACCYKICHUSIME TOKA3BIBAETCSI, YTO HHTEPECYIOMIUM HaC

2 2
’ S 1} (. prc. 1.5.3-4).
C

—b b—

MHOKECTBOM SIBJISIETCS THIIEpOoa §y = {(:):7 0, z)’
a
Onpenenenune 1.2.3. Danunc §; u runepbosa §, HAZBIBAIOTCA HOKAAOHUMYU KPUSHLMU.

DokabHbIe KPUBBIE CHIIPAIOT BAaXKHYIO POJib B Hactosiieit padore. [lepeducinm HeKoTOpHIE

HUX cBoO#icTBA.

IIpenmoxkenne 1.2.4. Jaaunc §; cocmoum u3 OMOUAUMECKUT MOUEK GYNOAOCMHBEL 2unepbo-
A0UA0E 0aHH020 CEMETCMBA COPOKYCHBIL KEaoPUK, G 2unepbora Fo — U3 OMOUAUMECKULT MOUEK

2AAUNCOUIOE MO020 dHCe cemelicmea.

1'2 2 2

z
,Z[OKaSaTeJIbCTBO M3BecTHO, YTO SJIUICOU] BI/I,Ha — + L —|— — =1, tmea>pp>~v>0,

32
1MeeT poBHO 4 OM6I/I.HI/I‘I€CKI/I€ TOUIKH, KOOD/UIHATHI KOTOprX y,ZLOB.HeTBOpHIOT CJIe LY IOIIAM COOTHO-
2 2

L2 ﬁ o Qﬁ B '7
mennam: 72 = o? 5 2,y—O,z ’y 5

a —v
B mamewm caydae o = a — \, 32 = b — )\ 2
a/ —_

Hug oMOuMdIeckux Touex: r2 = (a — \)

a —

= ¢ — \. IlogcTraBuM 3TU BhIpakKeHUs B YpaBHe-

b—c
y =0, 22 = (c — \)——. Pazje/ium uepsoe ypas-
a—c
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Puc. 1.5: Ilpegenst codokycubix kBajgpuk npu 1. A - c¢c—0,2. A —=>¢c+0,3. A\ —-b—-0,4. A > b+0.

a—c a—c
A a TpeThe T0JIeJ UM Ha —

Hexoue Ha

, HOCJIe 9ero CJO0XKHUM HX:

a—c a—c
20 7C 2
a—2>b b—c

PaznmenuB mociienHee paBeHCTBO Ha 4 — ¢, HOJYIAM ypaBHEHHE TUIepO0Ibl §y. AHAJIOTHIHBIM 00-
Pa30M MOXKHO TOKA3aTh, YTO JLIUAIC §§; COCTOUT W3 OMOMIMYECKAX TOUYEK JIBYMOJOCTHBIX THIIED-

boJion1oB 3TOrO cemeiicTra. IIpesoxkenue JoKa3aHo. O

ITpennoxkenune 1.2.5. Saaunc §; npoxodum uepes doxyco. 2unepbosvi §o, a eunepboia §s npo-

xodum wepe3 GorYcv, INAUNCG §; .

JlokazaTeibcTBO. NssectHo, 9To oKAIbHOE PACCTOAHIE 3/UIHICA PABHACTCH KBaPATHO-
My KOPHIO Pa3HOCTH KBAJIPATOB €ro 0ojbieil u Merbieil moayoceii. CenoBaresibHo, HPOKATIBHOE

2 2
paccTosdHue JLIUICA §; PABHO \/( a— c) — (\/b — c) = va — b. 3uauut, POKYCHl JLIHICA §;
pacniosioxkenbl B Toukax (va —b,0,0) u (—va — b,0,0). Ocranoch 3ameTuTh, 9T0 runepboaa g,

IPpOXoAUuT Yepe3 9TH TOYKHU. ZLOKaSaTeJIbCTBO BTOpOfI HacCTU yTBep2K/JeHud HPOBOJAUTCA aHaJIOI'MY-

Ho. lIpeoxkenune J0Ka3aHO. [
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3ameuanue 1.2.4. Ormerum, 94T0 B ILIOCKOM CJjaydae pacrojozxkenune okycoB Ha ocu Ox oj-
HO3HAYHO OIPEIEIO CeMeiCTBO COPOKYCHBIX KBaApuK. OIHAKO CYIIECTBYET JIU aHAJIOD TAKHX
To4eK y codokycHbIX cemeiicts B R3? Ha camom nese, 11a, CyIecTByeT. 3aMeTHM, YTO KPHBBHIE
§1 u §, (camm mo cebe) OAHOZHAYHO BOCCTAHABIMBAIOT CeMeicTBO COPOKYCHBIX KBAAPHK B R,
HOCKOJIBKY UX IOJIyocH cojepzkar nadopManuio o pejmanaax a — b,a — c. [lpu srom, corsacuo
npeaokennio 1.2.5 Mbl MOYKEM BOCCTAHOBHUTD IJLIUIC §; U THIEPOOTY §o, 3HAS PACIOIOKEHNE UX
$boKycoB (¢ TOYHOCTHIO 0 HOBOPOTA BOKPYT (bOKATBHON mpsimoii). Takum obpazom, no dhoxycam
KPUBBIX §; U §o MBI MOXKEM BOCCTAHOBUTH ceMeicTBO cooKyCcHBIX KBaapuK (cM. puc. 1.6). Cramo

OBITD, 9T YeTBIPE TOUKH MOXKHO CUMTATDL (fokycamu cemeiicTsa copOKYCHBIX KBaJpHK B R3.

1.

Puc. 1.6: Boccranosiienne cemeiictBa cOpOKYCHBIX KBAIPUK 110 JBYM MapaM TOYEK, CAMMETPUIHO PACIIO-
noxenHbIM Ha ocu Ox. CHauasa onpejensgem GhoKaabHbIe KpUBbIE (Tepexo; oT 1 K 2), moc/ie 9ero HaxoIum
ceMencTBO COGOKYCHBIX KBJIPUK (mepexoj oT 2 K 3).

1.3 CodokycHble ouannapabl B R3. Onucanue cucTeMbl

Badukcupyem B R? cemeiictBo cooxycHbIX KBaapuk. 110 3ToMy ceMeHcTBY MOMKHO OIIpe-
JIEJIATH 2 Pa3JIMYHbIX BHAA OMJLINAPIOB: CO(POKYCHbIE OUIINAP/IHI HA KBAJPUKAX U TPEXMEPHDLIE
drsTHapABl, OTpaHMYeHHble COPOKYCHBIMI KBaIPUKAMU. BBUIY CXOKECTU ITUX ABYX CHCTEM, MBI
pa3leTuM CTPaHUIbl JAHHOTO maparpada Ha JIBe KOJOHKHU: B IepBOU OyJeT MATH pedb O OWJI-
JIMapJax Ha KBaJPUKaX, a BO BTOPOW — O TpexmepHbIX Ommmapiax. [Ipexkie yem omnpepeuTb

JIMHAMUKY 3TUX CHCTEM, OIHINEM X KOH(pUTYpPAIMOHHBIE MTPOCTPAHCTBA.

Onpepenenune 1.3.1. Paccmorpum nHa Heol- Omnpepenenue 1.3.2. Tpexmepnvim busruapo-
POKJIeHHOH KBaJjipuKe F U3 copoKycHOro ceMeii-  mum cmoaom Z3 OyneM HasblBaTh 3aMbIKaHHe
CTBa CBA3HYIO 00J1aCTh ¢ KOMIAKTHBIM 3aMbIKa- CBSI3HON orpaHmYeHHoi obiactu B R?, rpanuna

HHUEM, OI'PaHHYCHHYIO KOHEIYHBIM YHCJIOM COCI)O— KOTOpOﬁ COCTOHUT U3 KOHEYHOI'O YUCJIa IVIadIKHUX
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KYCHBIX C F KBaJIpUK M UMEIOIILYIO yIJIbl H3/I0MA
Ha TpaHuie, pasubie 7/2. Sambikanune Z2 3Toii
obslacTu OyJieM HA3bIBATDH OUAAUGPIHBIM CINO-

AOM Ha Keadpuke E.

rpasefl, jiexkalnux Ha KBaJIpuKax CO(OKYCHOI'O
cemeiicra. Ilpu aTom, MbI HyiemM npe/noaraTh,
4TO JByTpPaHHBIC YIJILI M3/I0Ma Ha rpapuie Z°

paBHbI T /2.

[Ipumepbl TpexXMepHBIX OULIHAPIHBIX CTOJIOB, & TaKzKe OWLTHAPIHLIX CTOJOB HA KBaJIPUKaX

MoKa3aHbl Ha pucyHke 1.7.

s

Puc. 1.7: Ilpumepsr OumnapaHabIX CTOJIOB: | — HA DJUINICOWE, 3 — HA OJHOIIOJIOCTHOM THIEPOOJIOUIE
(CTOJTBI BBIJIEIEHBI TEMHBIM TIBETOM); 2,4 — TpexMepHble OUTHapIHbIe CTOJIBI. [[yHKTUDHBIME JTHHASIMA
BBIZIEJICHBI y9aCTKHN HepecedeHnd CTOJIOB C KOODJAWHATHBIMU ITJIOCKOCTAMM. Ha pucyHnke 1 BbI/JICJICHHDBIC

TOYKNA — OMOMJINYECKUE.

Tenepb 3adaJuM JUHAMUKY MaTepI/IaﬂbHOIU/I TOYKHN OJIA KazKI0I'0 BHOA 6I/IJIJII/Iap,ZLHbIX CTOJIOB

U OIMIIEM COOTBETCTBYIONIHE (DAa30BbIe MPOCTPAHCTBA.

Ilycts Z2? — OmANHAPAHBIN CTOJ Ha HEBBI-
POXKJIEHHON KBaJIpuKe H3 COMOKYCHOTO cemeii-
crBa. PaccMoTpuM C/1eytonyo AuHAMAIECKY O
cucremy. MarepuabHas TOYKA € THHUIHON Mac-

CHl IBUZKeTcd BHYTPH Z2 BIOJDb FeoIe3nIecKuX

[lycts Z2 — TpexmepHblil OHIIHAPIHDIIH
cTos1. PaceMoTpuM cteIyIomnyo InHAMIYIECKYIO
CHCTEMY: MaTepraJibHasg TOUKA eTMHAIHON Mac-
Chl JBUKETCSA BHYTPH TPEXMEPHOrO OMJLIHApI-

HOro CToJjia Zs 11O IPAMBIM C MOCTOSHHON IO MO-
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C HOCTOSTHHON 110 MOJLYJII0 CKOPOCTBIO, OTparKa-
sICh OT TPAHUIIBI CTOJIA aOCOMIOTHO yrnpyro. Ta-
KyI0 JUHAMHIECKYIO CHCTeMy Oy/leM Ha3bIBATH

COPOKYCHBIM 2€00€3UMECKUM OUANUADPIOM.
Ocraercs onpeaeTuTh TUHAMAKY CUCTEM B

B cuiy Toro, 4ro yriibl u3jioma Ha rpaHulle
crona Z? (ec/um Takue ecThb) paBHBI T/2, quHa-
MUKY 9YaCTUIbI B YIVIOBBIX TOYKAX MOXKHO [0
OTPEJIEUTD IO HEMPEPBIBHOCTH. A UMEHHO, TIPH
IIolradaHum B TaKON yYroJj MarepuaJibHasd TOYKa
OTpasuTCAd B IPOTHUBOIOJJOXKHOM HallpaBJICHHUH,

HE Tepdd CBOEH CKOPOCTH.

JIYJIIO CKOPOCTBIO, OTPaskadCh OT I'PAHUIB Z°
abCcoI0THO yrIpyro. Takyo JHHAMUYECKYIO CH-
cTeMy MBI Oy/1eM Ha3BIBATH MPELMEPHLIM COPHO-

KYCHOM OUAAUADPIOM.

TOYKaX HU3JI0Ma I'PaHUIbI CTOJIOB.

[Tocko/IbKY BCe JIByIDAHHbBIE yIJIbI H3JI0Ma

Ha TpaHuIe crojaa Z° 2
T J1a paBHBI 7 /2, OTpakeHue B
TaKUX TOYKAX MOXKHO JIOOIPEICTUTH 110 Helpe-
PBIBHOCTH. A UMEHHO, IIPY MONAJAHUH B TOUKY T
IrPaHuIbl OUJLIUAP/IHOTO CTOJIa BEKTOP CKOPOCTH
YACTUIBI JOJIZKEH TOCJIEI0BATEIbHO OTPA3ZUTHCS

OT BCeX CTCEHOK Zs, CMbBIKAIOIIUXCA B T.

3ameuanue 1.3.1. B cuty opToroHaibHOCTH SJUIMITHIECKUX KOOPJAUHAT BCE OTPAXKEHHUsS OT CTe-

HOK OMJITMAPIHOTO CTOJa KOMMYTHUPYIOT MekIy coboii. [losTomy pe3yabrar oTpazkeHUus BEKTOPA

U HE 3aBUCUT OT 1IOCJIe10BATEJIbHOCTHU €10 OTpa}KeHI/Iﬁ OT KacaTeJIbHBIX IJI0CKOCTENR KBaJpUK, BXO-

AAIUX B COCTaB I'PaHUIBI CTOJIAa B TOYKE T. Tak ke Ham BaXXHO, 9TO BCE YTIJIbI U3JI0OMa Ha I'DaHUIE

CTOJIOB PaBHBI /2, a He 37/2, MOCKOJIBKY TO IMO3BOJISET OJHO3HAYHO OMPEIEIUTh OTPAKeHUe B

TOYKaX H3JIOMa II0 HEIIPEPbBIBHOCTH.

OnuireM Tenepb ha3oBble TPOCTPAHCTBA PACCMATPUBAEMBIX CHCTEM.

Da3z0BOe MPOCTPAHCTBO COMDOKYCHOIO Teo-
Je3M9IecKOro Ouimapia Ha KBajapuke E — To-
nosioruueckoe npocrpancteo M* = {(z,v)|z €
Z2 v € T,E}/ ~, rje oTHOmIEHHE IKBUBAICHT-
HOCTH ~ Ha TPAHHIIE CTOTA Z° 3aTaeTCs TAK.
[Mapst (x1,v1) u (x9,v9), LA T1,To JIEKAT HA
rpanutie Z2, 9KGUGAAEHMHB, B TOM U TOJIBKO
TOM CJIydae, KOIJIa T = Tg, & Uz MOXKET OBbITh
IOJIYYeH U3 U7 IYyTeM HECKOJIbKUX OTPasKeHHil
OTHOCHTEJILHO CTeHOK Z2, CMBIKAIOMIIXCA B 9TOM

TOYKE.

Daz0BOe TPOCTPAHCTBO TPEXMEPHOIO CO-
dokycHOro dGusIMapgaa — ITO TOHOJOIHYECKOe
npocrpancteo M® = {(z,v)lr € Z3v €
T,R3}/ ~, rae ~ ecTb ciejyiomee OTHOLICHHE
SKBHBAJCHTHOCTH Ha TIpaHmne croia Z°. Ila-
pol (z1,v1) 1 (T2,v9), Tae 11,72 € OZ3, ox6u-
8GAEHMHb, B TOM W TOJBKO TOM CJIydae, KOTa
1 = Tg, @ BEKTOP Uy MOZXKET OBITH MOJIYIEH U3 Uy
yTeM HEeCKOJBKUX MOCIeI0BATEIbHBIX OTPaXKe-

HUII OTHOCUTEJbHO CTEHOK Z3, CMBbIKAIOIIXCA B

3TOH TOUKE.

Ormerum, uto dbynkmua H = |[v]|?/2 (kuneTuueckas sueprus MaTepUAILHON TOUKH) ABJIg-

eTcs HelpepbiBHOM Ha (ha30BBIX TPOCTPAHCTBAX CO(MOKYCHBIX OMILIMAPIOB M COXPAHSIETCS BIIOJD

TPAEeKTOPUil cucTeM, T.e. ABJILACTCH NEePEbM UHMESPAAOM.
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st Gostee yj100HO#T paboOThl UCK/IIOUYMM U3 (PA30BbIX IPOCTPAHCTB OUJJIMAP/OB BCE 1apbl
TOYKa-BEKTOD C HYJIEBBIMHU BEKTOPpaMH CKOPOCTH, OCTaBUB 0603HaquI/IH CaMuX IIPOCTPAaHCTB IIPeXK-
auMu. B takoMm ciydae “obmoBienuble” (ha3oBble MPOCTPAHCTBA OYAYT TOIOJOTHICCKUMEU MHOIO-
obpa3usaMi. AHAJOrHYIHOE yTBep:KIeHHe CIIPABEIJINBO U /I HOBEPXHOCTEH IMOCTOSHHOM YHEPrun
Qn ={x € M|H(z) = h}. JokazarejsbcrBo 91X (HaKTOB IPUBEJIEHO B YETBEPTON IJIaBe U HE Tpe-
OyeT MHTErpUpPyeMOCTH CUCTEM.

Cucrema Ommiunapma B oOIIeM ciaydae He dBIAeTCd IIaJKOH, TaK KakK CKJIeHKa B TOYKaX
IPAHUIBI, KaK MPAaBUIO, HE IO3BOJISET BBECTH IIAJKYIO CTPYKTYPY Ha (hpa3zoBOM MHOTOOOpPA3HUH.
OnuceiBaembrii Huzke moaxond npeaiaoxked A. T. PomeHko.

Mmuoroo6pasue M* codokycroro Guanuapia Ha KBaapuke (coorsercrsenno MY rpexmepno-
ro cooKycHOTO GuIHApIA) ABJISETCs KyCcouHO-IIagkuM. OHO pacmagaercss Ha TIajkKhue KyCKH,
0o0'be/InHEeHNE KOTOPBIX ODO3HAYUM depe3 M4 (COOTBETCTBEHHO M %). Ha M MOXKHO BBECTH Ka-
HOHWYECKYIO CUMILIEKTHYECKYIO CTPYKTYPy. CUMIIeKTHIeCKrne CTPYKTYPBI B COCETHUX TUIAIKUAX
00J1acTSAX HEIpPePhIBHO COIJIACOBAHBI HA I'PAHUIlE pa3/esia, TO eCTh HX Ipejesbl ‘ciupapa’ u “cie-
Ba” COBIAJAIOT. ByIeM roBOpHTB, 9TO KyCOUHO-TIIaAKad cucTema Ha M* (coorsercrenno na MO)
UHMEZPUPYEMA 6 KYCOUHO-2Aa0KOM cmbicae (HO B najbHeileM Oy/ieM TOBOPHTb, JJisi KDATKOCTH,
poCTO 06 MHTErPHPYEMOCTH), eC/H CyIecTBYIOT HernpepbiBHbie na M?* (na M®) u rnagxue una
M4 (ma M %) dbynxkuuonanbno Hezapucumble dynknuu f u H (coorsercrsenno fi, fo u H), KoTo-
pble HAXOISTCS B HHBOJIIOINH Ha M* (Ha M %). Bonpocs “criazkusanus” pasoBOro MHOr00Gpas3us
pacemarpusasuch B. @. Jlasyrkunsim B pabore |69] u E. A. Kyapssuesoii B |70] .

PaccMOTPIM KyCOYHO-TJIAIKOEe M309HEpreTHuecKoe MHOTooOpasme (Q° Guiamapna AByX cTe-
neHeil cBOOOIBI M CBSI3HYIO KOMIOHEHTY COBMeCTHOTro ypoBHs dyuKiui f u H. Ilycts morokm
sgrad [ n sgrad H monusl. Ecan ymaercs mokasaTh, 9TO CBS3HAs KOMIAKTHAS KOMIIOHEHTA COB-
MecTHOro ypoBHa dyaKImiA f u H romeomopdra aubO KyCOIHO-IIAIKOMY TOPY, JHOO 0CODOMY
CJIOK0 KYCOYHO-TVIAJIKOTO TPEXMEPHOTO aToMa (JJisi KOHETHOrO Yncja 3HadeHuil f), 1o Gymem ro-
BOPHUTD, UTO BBIIOJHEHA KYCOUHO0-2400KaA meopema JTuysuara (aHATOrMIHO 11 (Q° TPEXMEPHOTO
omwtuapaa u uarerpanos H, fi, fo). TIpu 3m0M, eciu Majble OKPECTHOCTH OCOOBIX CJIOEB TOMEO-
MOP(HBI 3-aTOMaM, TO B TAKOM CJIy9ae Mbl MOZKEM ITOCTPOUTHL rpyOyio Mostekyry W u onpenennts
METKU. OTMeTI/IM, qTO AJId 6I/IJIJH/Iap,ZLOB B KOMIIaKTHBIX O6JIaCT§IX ITIOJTHOTa I'aMUJIBTOHOBBIX ITOTO-
KOB OY€BHIHA.

Hanomuum, ramusibronnan Oujuimapia — KHHETHYeCKas JHePrus MaTepuajibHOl TOYKH, T.€.
bynkuusa H = ||v?/2. B caeayomem naparpade Mbl IOKaxKeM, 9T0 cOMOKYCHbIE Te0jIe3UIeCKue
OmIMapabl Ha KBAJIPUKAX, a TaK:Ke TpeXMepHble cOOKYCHBIE OUILTHAP/LI IBJISIOTCA HHTEIPHPY-

€MbIMH B KYCOYHO-IVIaJIKOM CMBbICJIE.
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1.4 MWMurerpupyeMocth copOKYCHBIX O6uaanapios B R’

B nacrosimem naparpade Oyger rnokasaHa HHTEIPUPYEMOCTh COMOKYCHBIX OHJIMAP/I0B Ha
KBa/IpUKaX, a TAKyKe TPEXMEPHBIX CO(POKYCHBIX OULIAAPIOB.

s Hadajia paccMOTPHM JIBHKCHHE MATEPUAJILHON TOUKH €JIMHUYHON MAacChl 110 WHEPIUH
B R3. Onpesennm napaMeTpsl KBaIpuK codoKycHoro cemeiicrpa 1.1, KOTOPBIX KacaeTcs TpsMasd-
TPAaeKTOpHUS MaTepuaabHOil Touku. [lycTh B HEKOTOPBI MOMEHT BpEeMEHU YaCTUIA HAXO/MIACh B
rouke P = (x,y, z) ¢ BeKTOpOM cKOpocTn v = (&, ¢, 2). Torma mapameTpusalust ee TPAeKTOPUN HMe-
et Buy: P+ 7v, 7 € R. [I;1g Toro 4robbl HAfiTH TOYKHU IepecedeHus ITOU IPIMOil ¢ IMPOU3BOJILHOM
KBaJIpDUKO mapaMeTpa A, HeoOXOIMMO MOJACTABUTHL TY MapaMeTpU3aIlio B ypaBHEHUE KBAJIPUKH
W DEIIUTDH O Iy YUBIITeeCs] KBaAPATHOE OTHOCUTEIBLHO T ypaBHenue. CJie0BaTeIbHO, TPAEKTOPHUS
KacaeTcsi CoOPOKYCHON KBAJIPUKH TTapaMeTpa A B TOM W TOJBKO TOM CJIy4ae, KOTJAa JTUCKPUMU-
HAHT 9TOr0 KBaJIPATHOI'O0 YPaBHEHHUsI PABEH HYJIO. DTO YCJIOBHE MOYKHO MEPEINNUCATH CJIELYIONUM

obpazomM.

. . . 2 ) .9 %) 2 2 )

xx Yy 2z T Y Z x y z
= : -1 1.
((z—)\+b—)\+c—)\> (a—)\+b—)\+c—A) (a—)\+b—)\+c—)\ ) (13)

Kopuu A 9Toro ypaBHeHHSI U €CTh apaMeTpPhl KBaIPUK KaCaHUs.

[TpeoGpasyem ypasaenue 1.3, nomHoxuB ero Ha (a — A\)(b — \)(¢ — \) u npusenst momobHBIE
caaraemMble. B pesyabraTe MBI HOJYydnM KBajpaTHoe ypasHenme HN\? — Fi\ 4+ Fy, = 0, tne H —

KHHETHYECKAs SHEPrusl MaTePUaIbHONR TOUKH, a PYHKIUKA F| U Fy BRIYUCALAIOTCS IO (pOPMYyJIaM:

1
Fi=-((b+c)i*+ (a+c)y® + (a+b):?) — 5(Kj + K.+ K2),

N —

Fy = %(bcx’z +acy® +ab*) — %(aKg + 0K} + cK?).

3aecy K, Ky, K, — KOMIIOHEeHTHI BeKTOpa KHHeTHYeCKOro MoMeHTa K MaTepuasabHoil Touku. Ha-
nomunm, uto K = P x v. Tpexunen H\?> — i)\ + F, Ha30BeM MH020UACHOM KACAHILA.
[Tockonbky dyukmuu H, Fy, Fy aBJIAIOTCS TOJHHOMHAJIBHBIMEA, MOYKHO JOCTAaTOYHO OBLICTPO
BBIYHCIUTH UX MonapHbeie ckobkn [lyaccona m yoeauThCs, 9TO Bce OHU paBHBI HY/10. OTHAKO JIIsT
TOrO 4TOObI YBUETH IJIYOUHHBINA CMBIC/ 9TUX DYHKIUH, epeiijieM K JIIMITHIECKUM KOOPAUHATAM

A1, A2, A3 U CONPSIZKEHHBIM UM HMITYJILCAM D1, P2, P3. Llorydnm:

AN 9 JAD) 9 As 2)
H =2 —+ —+ ,
(()\1 — A2) (A1 — /\2)p1 (A2 = A1) (N2 — Az)pQ (Az = A1)(As — >\2)p3
. 2( R - LV Vi SR CYRp O ¢ p2>
' =20 = 2) T Qe =2 Ma = A) 2T s —A)(As — ) 2

/\2A3A1 9 )\1/\3A2 9 /\1)\2A3 2)
Fy=2 + + |
: <(>\1 ) =) T e e =) T - s - M)
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rae Al = (Cl — )\Z)(b — )\Z‘)(C — /\z)
PaccMoTpuM Ha KoKacaTeibHOM pacciioenun K R3 tpu ckobku Ilyaccona {-, - }1, {-,}2, {, - }3,

olrpeessseMble CJIeIYIONMMU (hOPMYIaMHU.

of 99 _ 09 0f
O\ Op; O\ Op;

{f:g}lz vf?.gEOOO(T*Rs)a 2217273

Bynem HazwBaTh 3TN cKOOKHU llyaccona wacmuunsimu.

Ilpenaoxxenue 1.4.1. Oynxyuu H, F1, Fy Kommymupyom omHocumesbho 6CEX YGCMUYHBLEY CKO-

box Ilyaccona.

JlokazarenbcTBO. [lokazxem 310 yTBep:aenue aaa (ynxuumit H, F| u mnepsoil uacThd-

Holt ckoOkm Ilyaccona. OcranbHble ciaydanm pasbuparoTcs aHagaorudHo. O6o3HauuM QyHKIUN

7

(A = A (A = Ax)

qepes3 A;, Torma
0A; 0A, 0As
H, [}, =8 2 2 2) (Mg + \3)A1p —
{H, Fi} (8)\1pl+ 8)\1P2+ 8)\1293 (A2 4+ A3)Aipy

aAlpl a>\1p2

0A
+ (A1 + A2)

-8 <()\2 -+ )\3) + ()\1 + )\3) a—)\?)pg -+ AQP% + Agp%) A1p1 =
1

0A 0A.
=841y <(()\2 - /\1>8_)\2 + Az)]?g + (()\3 - )\1)6_)\3 + A3>p§).
1 1

Ocraercst BOCIIOIB30BATHCST TeM, 9T0 MyHKIHH A; yaoBaerBopsior audpepeHuajibHbiM ypaBHe-

HUAM

0A;
Aj) W

J

(N — + A, =0 Vi #£ j.
[Tpeiokenne g10Ka3aHo. O

CaenctBue 1.4.1. Qynxuyuu H, Fi, F5 Kommymupyom omuocumesvho cmandapmmoti crkobku

Hyaccona.

JokazaTenbcTBo. CranmaprHas ckobKa [lyaccoHa ABIgeTcsa CyMMOl BeexX 9acTHIHBIX. [1o-
ckobKy H, I, Fy KOMMYTHDPYIOT OTHOCHTEIHHO BCEX YACTHUYHBIX CKODOOK, TO OHW KOMMYTHUPYIOT
OTHOCHUTEJILHO cTangapTHoi. CaeacTBue JOKa3aHO. O

OxkazbiBaerca dyukuuu H, Fy, Fy apigorcs HyHKIUOHAJIBHO HE3ABHCHMBIMHU. DTO YCTAHAB-

JINBAET CJIe/IYIONTIee MPeIJIOKeHNE.
IMpennoxkenune 1.4.2. Qynxyuu H, Fi, F5 pynkuuoHai/vHo HE3ABUCUMDL.

JlokazaTebcTBO. Pacemorpum onpeennTenb Marpunbl sIkobn srux dbyHKIui 10 mepe-
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MeHHbBIM uMIyJibca (0bo3HadeHnst A; BO3bMEM M3 JOKA3aTEJbCTBA IPEIbIILYINEr0 HPeJIOKEeHNS ):

1 1 1
= 64 p1paps A1 AsAs | No + A3 AL+ A3 AL+ Ao (1.4)
AaA3 A3 Ao

D(H7 FlyFQ)
D(p17p2;p3)

Bamernm, uro GYHKIUU p;, A; TOUTH BCIOAY He OOPAIAIOTCS B HYJIb (OHH OGHYJISIIOTCS HA
HECKoJIbKUX Tuieprosepxuoctsax B RE(A; Aa, A3, p1, P2, p3)). [ToKaxkeM, 4TO aHAJOTHYHBIM CBOIi-
CTBOM 00JTa[aeT ONpeIeuTe/b CIpaBa, a UMEHHO, OH PaBEH HYJII0 B TOM W TOJBKO TOM CJIydYae,
Korja A\; = \; 71 HEKOTOPHIX ¢ # j. llocTponMm mo kazkaoMy cTosbIly MaTpUIIBI CIpaBa MHOIO-
qIeH ¢ TaKuM Ke HaGopoM Koaddumuentos: Py(z) = 22 4+ (Mg + X3)z + XXz = (2 + Xo) (2 + A3),
PQ(Z) = 2’2 + ()\1 +)\5)Z—|— )\1)\3 = (Z+)\1)<Z+)\3), Ps(Z) = 22 -+ ()\1 +)\2)Z+)\1)\2 = (Z+/\1)(Z+>\2)
DTU MHOTOYIEHBI JIHHEHHO 3aBUCHMBI B TOM W TOJIBKO TOM CJIy4ae, KOT/JIA OMPEIeTUTE/b MATPHUITEI
B dopmyJie 1.4 paBeH HYJIIO.

[Ipeamonokum, 910 BCe \; pa3judnbl, TONAa HUKAKON u3 P; He MOXKeT JIMHEITHO BbIPaKaThCs
Yepe3 OCTaJbHBbIE, TIOCKOJIbKY 2 = —\; SB/ASIETCS KOPHEM BCeX MHOrow€wieHoB kpome P;. Ecmu xe
Ai = Aj JJId HEKOTOPOTO ¢ # j, TO MHOrOo4IeHsl F; u P; coBnanaior.

CremgoBaTeIbHO, MHOXKECTBO, IIe aKobuaH 1.4 He paBeH HYJIIO, ABJASIETCS OTKPBITHIM U BCIOLY
miotaeiM B T*R3, 1.e. H, F}, Fy GyHEKIMOHATIBHO HE3aBUCHMBI. [IpeyiosKenne TOKa3aHo. [

JokazkeM ele OJHO MOJe3HOe cBOiicTBO mHTerpaJjoB H, Fi, Fy, ¢ MOMOIIBI0O KOTOPOTO MBI

OoIpeJeJIMM KOJIUYIeCTBO KOpHeﬁ MHOTI'OYJIeHa KaCaHudd.

Ilpenagoxxenune 1.4.3. Ha coemecmmom yposne h, f1, fo nepswxr unmeepanos H, Fy, Fy ypasnenus

deusicenus Mamepuaﬂbﬂoﬂ MOHCHO NEepenuUcariv 6 C./L@dy?O’L@@M sude.

2v/2
(A = A7) (A

M=+ - >\/(a A=A e— AN — fidi+ o) Yi=1,2,3  (L5)
i = Ak

HokazaresibcTBO. 3amernm, uto HA? — Fi\; + Fy = 2A;p?. V3 s10it bopmyIis BRIpaskaem
pi. AHAJIOTHYHO BbIpazKaeM p; u3 ypaBuenus \; = OH /Op;. TIpupaBHSB 9T BBIPAZKEHUsI, MOJIY TUM
Tpebyembie (popmysibl. [Ipeanoxkenne moKa3aHo. O

N3 sroro npeioxkenns HeMeJIEHHO BBITEKAECT CAEYIONuil (hakT.

CaenctBue 1.4.2. Muozouaen xacanua ecezda umeem 2 8eULLCMBEHHLT KOPHA € YUEMOM KPAM-
nocmu. Mnwmu crosamu, npoussosvhas npamas ¢ R3 xacaemes dsyx copokycnur xeadpuk c

YHEMOM KPAMHOCTU.

,Z[OKaSaTeJIbCTBO. [IpemosioykuM, 9TO MHOTOUJIEH KACAHUS HE MMEET BEIeCTBEHHBLIX KOP-
Heit. Torma cornmacHo dopmysie 1.5 MOAKOPEHHOE BBIpaXKeHHe 00s3aHO OBITH OTPHUIATETHHBIM HA

onHOM U3 nHTepBaoB: (¢, b), (b, a). OmHako 310, BOOOIIE rOBOPS, HEBO3MOYKHO, TOCKOJIBKY JIBHZKE-
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HUE BJIOJIb OJHON U3 3JIMITHICCKUX KOOP/IMHAT He ObL10 Obl ompe/iesiero. Ilpeioxkenue jjoka3ano.
O
DTO cJaeJCTBHE HOCUT UMd 3aMedaTe/bHoro ¢gpanmysckoro maremaruka M. Hlang. Jlokaza-

tenncTBo 1lanst MokHO HajiTh B pabore [68].

Caenctsue 1.4.3. [Ipoussoavhas npamas ¢ R3
® HE MOHCEM KACAMBCA 08YT COPOKYCHHLT IANUNCOUI0S;
® e MONHCEM KACAMBCA 08YT COPOKYCHBLT 08YNOAOCTIHBLT 2UNepbosoud0s,
® MOCEM KACAMBCA 08YT COPOKYCHBLT 00HONOAOCTHOLL 2unepbosoudos.

,Z[OKaBaTeJIbCTBO. [IpemosioykuM, 9TO HEKOTOpas MPsSIMas B R? xacaeTcs JIBYX CO(POKYCHBIX
ssumancon1oB. Torma MHOTOWIEH, cTOANIU 1101 KopHeM B ¢dopmysie 1.5, He obpainaercs B HY/Ib HA
uHTepBaIax (¢, b) u (b, a). OnHAKO 3HAKH 9TOTO MHOTOY/IEHA Ha IPOMeXKYTKaX (¢, b) u (b, a) pa3ubie.
DTO 03HAYALT, YTO JBUKEHHE YACTHUIIHI O OJHON WX JTUNTHYCCKUX KOODIHHAT HE OMpPeIesIeHo.
[Tporusopeune.

Anaoruvmuble paccy K IeHus IPUMEHUMBI JIJI OCTABIIUXCS TUIIOB HEBBIPOYKICHHBIX KBAJIPUK.
CJjlencrsue J10Ka3aHO. O

N3 nokazaHHBIX BBINIE TPEJJIOKEHU CIeyeT HHTErPUPYEMOCTh OUJLINAP0B, 00CY K TaeMBbIX

B IIpEIBIAYIEM Iaparpade.
Teopema 1.4.1.

1. Tpexmeprvie busruapdv, o2paruderHvie COPoKYCHHMYU KEAOPUKAMU, ABAAIOMCH UHMESPU-
PYEMBMU 8 KYCOUHO-2Aa0KOM cmuicae. Boaee mozo, ece npamoaunelinvie ywacmry (uit ux
NPodONNCEHUA) NPOUBBONLHOT MPAEKMOPUL-AOMAIHOT MATNEPUAALHOT TOYKY MPELMEPHO-
20 coorycrozo bunruapda Kacaromes 08Yxr coPorychulr K8adpur (¢ ywemom KpamHocmu),

00w ux 0NA BCET 3BEHBLEG MPAEKMOPUL.

2. Cogoxycrvie buatuapdv, Ha K8AIPUKAT ABAAOMCA UHMELPUPYEMBIMYU 6 KYCOUHO-2AA0KOM
emuicae. Boaee mozo, Kacamenvhoie npamovie, NPosedertvie K Mpaekmopul codorycHoz0 bui-
Auapda Ha Hekomopol keadpuke (60 6Cex MOKAT 2AGOKOCTU MPAEKMOPUL), KACAOMCA NO-
MUMO 2moti keadpuru euse 00notl coorychoti ¢ dannoti. Ima keadpura asasemcs obwed

dnsa ecex mouer 24a0K0CU mpaexmopuu.

3ameuanue 1.4.1. Teopemy 1.4.1 MOXKHO BBIBECTH U3 KJIacCH4IecKoil Teopembl fAxobu-ITasis 06
HHTEIPUPYEMOCTH T'e0/Ie3NYeCKOr0 MOTOKA HA JUIAICOUIAX, JOMOJHUTEJHHO YTOYHUB, YTO HH-
Terpasbl TOH 33 a9l WHBAPUAHTHBI OTHOCUTEIBHO OTPAXKEHWH OT KBAJIPUK, COMDOKYCHBIX € IJI-
JirconyioM. TeM He MeHee, Mbl IPHUBOIUM JIOKA3aTEJLCTBO Teopembl 1.4.1, mOCKObKY (akThl,

MCIIOJIb3yeMble B Hefl, OyAyT KpaiiHe M0Je3Hbl B JaJbHEHIIIEM H3J/I0KEeHNH.
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,HOKaSaTeJIbCTBO. Hauynem ¢ nepBoro myHkKTa, HOCKOJBKY OH 1O CyTH HaMHU YyzKe JIOKa-
zaH. 3amerum, uro Qyukmun H, F, [, 3aBUCAT TOJIBKO OT KBAJAPATOB MMIIYJIBCOB Pi, P U P3, a
cJIeJI0BaTeIbHO, OHM COXPAHSAIOTCA IPU OTPAaKeHUH NPAMOJNHENHONR TpaeKTOpUHU MaTepHaJbHOM
TOYKH OTHOCUTEJBHO I'panu codokycHoi kBajpuku. [loaydaercs, aro cornacHo caenctsuio 1.4.1
npemioxennio 1.4.2 (a Takzke BBU/Y OY€BUIHON MOJHOTH HOTOKA CHCTEMBbI) IPOM3BOJIBHbIH TPEX-
MEepHBIH COPOKYCHBIH OULTHAP, ABIAETCH NHTETPUPYEMBIM B KyCOYHO-TJIAKOM CMBICJIE.

[Tapamerpbl cOOKYCHBIX KBaJIPUK, KOTOPHIX KACAETCs 3BEHO TPAEKTOPUHU-TOMAHON (Takast
KBaJIDHKA HA3BIBACTCS Kaycmukoll), CyTh KOPHU ypaBHeHusi ¢ koabdunnentamu H, Fy, Fy. [pu
9TOM, COTJIACHO cJieAcTBUIO 1.4.2, MHOrO4YJIeH KacaHusd BCETJIa UMeEeT JIBa BEIeCTBEHHBIX KOPHS €
yaetoMm kparaoctu. Crea0BaTeibHO, TTAPAMETPOB KB IPUK-KAYCTHK B TOTHOCTH JBA, U OHU SBJIS-
I0TCd TIEPBBIMI WHTerpajgaMu. Takmm oOpa3oM, MmepBoe yTBep:KIeHNe TeOPEeMbl MOJTHOCTHIO JOKa-
3aHO.

Yr00bI O0Ka3aTh BTOPOE YTBEPZKJIEHNE, BHUMATEJIHLHO MIPUCMOTPUMCH K Tipejiozkenuto 1.4.1.
3ameTnM, 9TO ecau Mbl (DUKCHDYeM HEKOTOPYIO KBaJPHUKY, HAIPUMED, JJIUICOU, TO B KAaIeCTBE
JIOKAJTbHBIX KOODJMHAT HA Hell BRICTYMAIOT SJLUIHNTUYECKHEe KOODIWHATHI A\ W A3. KaHoHW4Yeckas
ckobka [lyaccona ma sjuicome ecTb CymMMa BTODPOil W Tperbeil 4acTudHbIX CKOOOK. OHaKo
dyukun H, Fy, F, KOMMYyTUPYIOT OTHOCUTEJIHLHO BCEX YACTUYHBIX CKODOK, CJIe/IOBATEILHO, OHU
SIBJIAIOTCA WHTETPAJaMU Te0JIe3MYecKOro MoToKa Ha HeM. OcTaeTcd 3aMeTHTh HECKOTBKO (Dak-
ToB. Bo-ntepBruix, H u F| aBasiorcs (byHKIHOHAJILHO HE3aBUCMBIMHU. Jl0Ka3aTe/IbcTBO 3TOr0 CBOii-
CTBa LOYTHU IOJHOCTHIO COBLHAJIAET € JIOKA3aTe/IbCTBOM lipeiokenus 1.4.2. Bo-Bropbix, pyHKInM
H, F, F5 He MeHAIOTCs NIPH OTPAaKeHUH OT KBAJPUKH, & CJIEIOBATEILHO, BCe CO(POKYCHBIE T€0Ie3H-
JecKue OMJITUAp/bl MHTEerpUpYeMbl. B-TpeTbux, yTBepKIeHne 0 KAaCAHUU HO-TIPEKHEMY OCTaeTCs
CIIpaBeIBBIM. [leficTBUTETbHO, CYIECTBYIOT B TOYHOCTHU JiBe cOOKYCHBIE KBaIPUKU-KAyCTUKH,
OJIHAKO OJIHA MX HUX — MMEHHO Ta, HAa KOTOPO# paccmarpuBaercs Ousimapi. Takum obpasom,
TeopeMa JoKa3aHa. 0

OcTaeTcst OTBETUTH ellle Ha OJIMH BayKHBIH Bopoc. B KaKOM cMBbIC/Ie HEKOTOPas MpsMast MOZKeT

KacaTbCd BBIPOXKIECHHON KBaapuku! OTBET Ha 9TOT BOIPOC JaeT CJAeIYIoIee IpeIIozKeHune.
IIpeanoxxkenne 1.4.4.

1. Kacanue npamoti | v xeadpuru napamempa X = ¢ pasHOCUNDHO TMOMY, 4O npamas | nepe-

cexaem Porasvrull asrunc §;.

2. Kacanue npamoti | u xeadpuru napamempa X = b pasHocusvHo momy, wmo npamas | nepe-

cexaem Poxarvryro 2unepbory §s.

3. Kacanue npamoti | u xeadpukru napamempa X = a pasroCULLHO MOMY, 4WMO NPAMGA | aeacum

6 naockocmu x = 0.
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ﬂOKaSaTeﬂbCTBO. Mbl orpaHIIEMCST JOKA3aTEIbCTBOM IEPBOIro ImyHKTa. OcTajbHbIe pa3-
Gupatorcs no anagoruu. [Ipsmas [, 3ajaHHast B napaMerpudeckom Buie (x + 74,y + 7Y, 2 + 72)

HPOXOJIUT Yepe3 (POKAIbHBIH JLTUIIC §; B TOM B TOJBKO TOM CJydae, KOIJia CHCTeMa

z+712=0,
.12 \2
(x + 1) n (y+79) 1
a—-c b—rc

uMeer pelieHne (OTHOCHTEIBHO T). VIcKiouas T n3 Hee NOJAyYNM ypaBHeHue (yCJOBHE COBMECTHO-
CTH CHCTEMBbI)

(b= c)(wz — 20 + (a — )z — 29)* = (a— )(b — ).

A 3T0 ypaBHeHHE KaK pa3 PaBHOCHIBHO TOMY, YTO A = C ABJISIETCS KOPHEM MHOTOYIE€HA KACAHUSI.
Yr10o0b B 3TOM yOEANTHCSA, HEOOXOUMO HATINCATH MHOTOUJIEH KaCaHUs B JIEKAPTOBBIX KOOPIMHATAX,

a 3aTeM IOACTABUTL B HETO0 A = C. O
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I's1aBa 2

Codokycubie duLinapabl Ha KBaJpUKax

B macroseit roraBe mbr kjiaccudpurmpyeM Bce cOOKYCHBIE Teoe3ndeckne OUIIHAP/IbI OT-
HOCHUTEJHHO JINYBUJLIEBOI SKBUBateHTHOCTH. [Iist 3Toro, caenys B. B. Begomkunoit (cM. paboTs
[7], [71]), Ha MHOXKecTBe COMDOKYCHBIX OHTHADIHBIX CTOJOB HA 3aJIAHHON KBaJpHKe (JUIHIICO-
]I, OJTHOTIOJOCTHBIN U JIBYTIOJIOCTHBIN TUIIEPOOJIONIBI) BBEJEM OTHOIIECHHE KOMOUHATOPHOI SKBHU-
BaJIEHTHOCTH, COIJIACOBAHHOE C OTHOIIEHHWEM JIMYBUJLJIEBONW SKBUBAJIEHTHOCTH COOTBETCTBYOIINX
OMJLINAPIOB, TIOCJIE JeT0 JOKaYKeM TeopeMy Kiaccupukaimn. 3aTeM Mbl TOCIeI0BATEIBHO BHIUNC-
auM nHBapuaHTel Pomenko n Pomenko-llummanra 1Ist KaxKI0ro Kaacca SKBUBAJEHTHOCTH CTOJIOB
U TeM CAaMBIM IOJIYIHM HOJHYIO JILYBIJLIEBY KJIACCH(PUKAINIO COMOKYCHBIX Ie0Ie3nIeCKUX OMII-
JINAPJIOB.

Yepes A Oyaem 0003HAYATH JIOMOJHUTEIBHBINA MEPBBI HHTErpas CopOKYCHOTO OMLIHApaa
(Ha KBaJpuKe) — mapamerp coOKYCHOM KBaJIPUKU, KOTOPOH KACAIOTCS BCe KacaTebHble IPSMbIe,

IIPOBEJICHHBIE B TOYKAX IVIAJKOCTH TpaeKropuu (cM. Teopemy 1.4.1).

2.1 KombOuHnaropHasa 3KBUBaJIEHTHOCTh CTOJIOB.

Teopembl kiaaccudpukanum

[Iycts E — HeBBIpOXKIEHHASA KBaJpUKa u3 codpokycuoro cemeiicrra 1.2.1. Beeem nHa MHOMXKe-

CTBE 6I/LHJII/Iap,ZLHI)IX CTOJIOB Ha F ciaeayronee OTHOIIEHUE SKBUBaAJICHHOCTH.

i} genue 2.1.1. M I'OBOPHUTbH, 4T KYCHBIE OMJLTHAPIHBIE CTOJB 21 U Zo Ha KBa/I-
Onpenenenne 2.1.1. Bynem roso , 4T0 cohoKycHBIE O a e CToJIbl Z1 U Zo Ha KB,
puke E KoMOUHGMOPHO IKEUBAAECHMHDL, €CTIU U TOIBKO €CIU Z9 MOXKHO HOJYUYATH U3 Z; MpUMe-

HEHHEeM HeCKOJbKUX Mpeobpa3oBaHuil CJIe/IyIOIEero Bua;

® 110CJIe/IOBATE/IbHBIM H3MEHEHHEM CerMEHTOB I'DAHUIIBI IIyTeM HeIpepLIBHOW JeOopMaluy B
KJacce coOKYCHBIX KBAJIPUK, TaK, 9TOOBI IapaMeTp A U3MEHAeMOro CerMeHTa I'PAHUILLI
He npuHUMaJ 3Hadenus b, ecou E — 3juancowst, 3uadenus ¢, ecjau F — JIBYIOJTOCTHBIHR

ruriepbosion; 1, u 3Ha4YeHuii b, ¢, ecainm F — OJHONOJIOCTHBIN rUepboJIonI;
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® CUMMETPUEH OTHOCUTEJbHO KOOPJAMHATHBIX ILJIOCKOCTEH.

3ameuanne 2.1.1. Takoe oTHOINIEHNE SKBUBAJIEHTHOCTH BBIOPAHO He caydaitHo. COTJIACHO cJiel-
cruio 1.4.3 KacarejibHasi UpsMasi K SJIMIICOUILY HE MOXKET KacaThCsl JIPYyroro cooKyCHOTO 3J-
JINIICOU Q. Cﬂe,ZLOBaTeJIbHO, TUIl KaYCTUKHU K TPaCKTOPUAM CUCTEMbI MOZKET USMEHUTLCA JIMIIb IIPpU
A = b. AHajIOrudHO B CJIydae JIBYIIOJOCTHOIO THIEPOOIONIa TUI KAyCTHKH MeHsgercs npu A = c.
Tem Bpemenem, KacaTebHas NpsMas K OJHOMOJIOCTHOMY THUIEPOOTIOUIY MOYKeT KacaTbcs codo-
KYCHO# KBaIDUKHU JIIOOOT0 BUJIA, CJIEIOBATEIHLHO, THII KAYCTUKHU MOYXKET IIOMEHSTHCs Kak mpu A = b,

Tak u npu A = c.

[TockoJsibKy cemeiicTBO COOKYCHBIX KBaJPUK COIEPKUT KBAJIPUKU TPEX PA3JIUIHBIX THUIOB
(3JLTUIICOMIBI, OMHOTIONOCTHBIE W JBYMOJOCTHBIE THITEPOOION/IB), HaM HeOOXOANMO KaacCubuIm-

pOBaTh OULIMAPIHBIE CTOJIBI /IS KayKI0r0 BHIA KBaJIPUK.

Teopema 2.1.1 (Knaccudukarnus 6Gumamapanbix obnacreil Ha kajapukax). I[Tyemv E — negoi-
pootcdennas Keadpura u3 coorycrozo cemeticmea, mozda (¢ MmouHOCMBIO D0 KOMOUHAMOP-

1Ot IKGUBAAEHIMHOCTI):

1. Eeau E — asaauncoud, mo wa wem cywecmeyem posno 21 mun Heaxsusasenmuis OUusU-

aponsLT cmoaos (cm. mabauyy nynwkma 2.2.3);

2. Ecau E — odnonoaocmunidi 2unepbosoud, mo wa wem cyuecmsyem poero 21 mun nesxeu-

BANEHMHBLT OUAAUAPIHOLT 006 (cm. mabauyy nyrkma 2.3.5);

3. Ecau E — deynosocmmwiti 2unepboroud, mo wa Hem cywecmseyem poeno 13 munog nesxeu-

BANEHMHBT OUAAUGPIHOLT CMOA08 (cm. mabauyy nyrkma 2.3.4).
JlokazkeM 3Ty Teopemy HEeln0YKO#l HEeCKOJIbKUX ITPE/IJIOKEHU.

ITpennoxkenne 2.1.1. Ha sanruncoude cywecmeyem 6 mounocmu 21 mun KomMOuUHGMOPHO HeIK-

BUBAAEHMHVLT OUAAUAPIHBLT c0A06. Bce onu nepevucaens 6 mabauye nynxma 2.2.5.

HoxazaTeabeTBO. Pacemorpum samuncons £ u3 codoKyCHOTO ceMeficTBa U /LTI THIeCKYIO
cucTeMy KoopJuHAT Ha HeM (cM. puc. 2.1.1).

SanyMepyeM oMOMJIMYeCKHe TOYKH JLUIUICOMIa [ Kak mokasano Ha pucyHkax 2.1.1-2; a 3a-
TeM paspexkeM F mmockoctbio y = 0. B pe3ysbraTe 4ero moJyuuM JBe OJUHAKOBBIE (DHTYPBI, KazK-
Jlasi U3 KOTOPBIX ToOMeoMOpP@HA e MHUIHOMY KBaJpaTy B JeKapToBOil miockocTu. BBuiy oproro-
HAJBHOCTH DJIMITUYIECKHX KOOPJIUHAT 3TOT TOMEOMOP(HU3M MOYKHO BHIOPATH TaK, 9TO BEPITHHAM
KBaJIpaToB OYIyT COOTBETCTBOBATH OMOWIMIECKHe TOUYKH, Ipanuie — e {y = 0} N E, a au-
HUASM TapaJaelbHBIM CTOPOHAM KBaIPATOB — JUHUHU SJTANTHIECKAX KOOPAWHAT Ha SJLIUICOU/IE.

Obo3nauum 31r KBajaparel depes K u K.
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1. t* 2. )

Puc. 2.1: 1. Quumnruyeckre KOOpAWHATHI Ha djuaumcone; 2. [lpuMep codoKyCcHOTO OUIINAPIHOTO CTOJIA
Ha, JLIUIICOMIE.

3aMOCTHM JEeKAPTOBY ILIOCKOCTH € TMHUIHBIMU KBapaTaMiu. 3abUKCUpyeM HEKOTOPBIH KBa/I-
par K 3amomenug u nojgoxkum K = K. Ilponymepyem Bepmmabl K kak y K. Bce kBaapars,
nMmemotue ¢ K ob1yio cTopony, 06bdaBuM 3a Ky M IpOHYMEpyeM WX OCTaBIIHECs BEPITUHBI KaK
y Ks. [anee mocrymnaeM aHaJoOradubiM obpaszoM. B mrTore mosyduMm 1m1ockocThb I, 3amMolmeHHYIO
kBajpatamu K u Ko B maxMaTHoM mopsijike (M. puc. 2.2.1), a Takzke COOTBETCTBYIONIEe 0TOGpa-
xenne 3amomtenus f: 11 — E. Jlasee Bepiuabl KBagpaToB K; Mbl Oy/1eM HA3BIBATH 8EPUIUHAMU
3AMOULEHUA.

OtmeTuM, 4TO f — He YTO WHOE, KAK Pa3BeTBIEHHOE HAKPBITUE TJIOCKOCTH Ha cepy, KOTOpoe

MOYKHO Peajin30BaTh ¢ MOMOIbIO 3HaMeHuToll pyuknuu Beftepiirpacca.

1. YA 2. YA

Ko K4 KZ K17 KQ K; | |
34 3%
4 3 4 3 4 4 4 4
Kyl K p K\ K2 K1) Ko // l [5 | ’/
1 2 1 2 1 1 2 1 2 1
K2 K] Kg K] Kg Kl |4| | /j
- R 3¢ <
43 43 4w A Pl 7
Kl KQ Kl KQ K]_ K2 /
K 1 (e QK 1 7 QK 1 7 1 2 1 2 1
2 1 2 1 2 1 | |
, , o s
4 3 4 3 4 4] Al |/ 4

K K5 K K> K Ky

Puc. 2.2: 1) ILnockocts 3amorennast kpaapatamu K1 u Ka; 2) TIpoobpa3 6GuimnapaHoro ¢roa, n306pa-
JKEHHOTO Ha pucyHke 2.1.2 mpu orobpaxennn f.

Jlerko 3amMeruThb, 9TO MpooOpa3 OGUILINAPAHOTO CTOJA MPH ITOM OTOOparKeHuu — JHOO BCs
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mwiockocrb I, mubo cuernpiit Habop mosoc, jubo cHeTHBIH HAOOP HPIMOYTOJHHHKOB (6BITH MO-
JKeT CIEIUIEHHBIX B HEKOTODPHIX BEPITHHAX). DTO CJeJyeT W3 TOrO, YTO YIJIbl H3JI0Ma I'DAHHUII
OIJLTHAPHOTO CTOJIA PABHBI /2. BBISICHUM Teleph, KAK 9KBUBAJIEHTHBIE IPeoOpa30BaHusl CTOJIOB
JeficTByOT B miaockocTu I1.

e Hemnpepnisuag jgedopmaiusg crenok crosia £ C F B Kaacce cohOKYCHBIX KBAJIPUK COOT-
BETCTBYeT NPAMOJIMHeiHOMY pacTsazenuio,/ czkatuio cropon duryp f~!(Z) na niockocru I1. Ha-
HOMHHM, 4TO IpHU JedOpMAIMH CTEHOK Z 3allpelleHo 3aXOIuTh Ha cjaoi A = b. [losTomy npu
cootsercTByiomeii gecdopmarnuu B 1T MuoKecTBa f~!(Z) He MOTYT 3aXOIUTH Ha TPAHUIBI KBaIpa-
T0B K;, MOCKOJIbKY rpaHuiibl K; sB/sitorcst mpoodpasamu cjiog A = b npu orodparkeann f.

o CrMMeTpus TUNCON 1A [ OTHOCUTETBHO MIIOCKOCTH 2z = () COOTBETCTBYET OJTHOBPEMEHHOIT
CUMMeTPHH BCeX KBaIpaToB 3aMoleHns miockocTu [, orobpazkarorieit BeprinHbl 1 B BepImuHb 4,
a BepIIMHbI 2 — B BEPIIUHbI 3, U HAOOOPOT.

e Cummerpust sjaunconia E oTHOCHTENBHO TIOCKOCTH & = () COOTBETCTBYET OJITHOBPEMEHHOI
CUMMeTPHH BCeX KBaIpaToOB 3aMoleHns miockocTu [, orobpazkarorieil BepiiiHbl 1 B BEepITAHHI 2,
a BEPIMUHBI 3 — B BEPIIUHBI 4, 1 HA0OOOPOT.

e Cummerpus 3jmnconga E orHocuTespHO 10cKOCTH Y = () COOTBETCTBYET OTPAYKEHUIO
wiockocTu 1 OTHOCUTETHHO ocH = (MM OCH Y, TaK KAK PE3yJIbTAT He H3MEHHTCsI), T.e. KBaJPaThl
K| n Ky Meudaiorcsa MecTaMu.

[Tpuctynum k knaccupuraruu. [IpoBejgem ee B TepMuHaxX NpoodPa30B OUIIUAPIHBIX CTOIOB
Ha mwiockocTu [l oTHOCHTETbHO TPE0OPa30BaHUl BHITIIE.

1. Ilycts cHadana npoobpas cTosa Z mpu oToOpazkeHun f paBeH Beeil IIOCKOCTH. DTO O3HA-
9a€eT, 9TO CTOJI — BECH JJIIUIICON/I. DJIeMEHTAPHbBIE TTPEOOPA30BAHNS HE MEHSIOT €r0. 3HAYNT, TAKOM
cros1 GosIble HEYEeMy He SKBHBaseHTeH (cTos 1 u3 Tabuuisl 2.2.3).

2. Ecim f71(Z) cocToMT M3 CYETHOro 4YMC/Ia MOJIOC, TO CYIIECTBYET B BAPHAHTA UX Pac-
HOJIOZKEHUsI: TOPU3OHTAIBbHOE U BepTHKAAbHOE. OTMeTnM, 9T0 mpeodpa30BaHusl BBIIE HE MOLYT
HepeBecT TOPU30HTAJBHBIE TTOJIOCH B BepTHKa bHbIE. (CJe10BaTe/IbHO, CTOIB OTBEYAIOININAE Pa3-
HBIM PACIOJIOZKEHUSIM T0JIOC HESKBUBAJIEHTHBHI.

PaceMoTpuM ropusoHTaJNbHBIE TOJIOCHL. B 9TOM ciiydae BO3MOXKHBI TOJTBKO /IBA HEIKBUBAICHT-
HBIX [OJCTydasi (OTHOCHTEIBHO TPeo0pa3oBaHuil BBIIIE): MOJ0CA HE TePECEKACTCSI ¢ TOPH3OHTATh-
HBIMHU TPAHUNIAMHU KBaJIpaToB K;; Moj0ca mepecekaeT ropu3oHTa bHbie yuacTku K. Kaxkabrit u3
TUX MOJICYIAEB OIPEIesieT POBHO OJIMH KJIACC IKBUBAJICHTHOCTH CTOJIOB. AOGCOIIOTHO aHAJIOTHY-
HbIe PACCYXKJICHUS CIPABEJIUBHI U JIJIsT BePTUKATBHBIX Tosioc. Cle1oBaTeTbHO, TOPU3OHTATLHBIE
1 BEPTUKATBHbIE MOJOCHI OTBEYAIOT YeThIPeM KJIACCAM SKBUBAJIEHTHOCTH CTOJOB (CTOBI 2 — 5).

3. Ocraerca pa3obpaTh cjydail, Korja mpoodopas3 croja Z Hpu 0ToOpaKeHuu f COCTOUT U3
CYETHOTO YUCJIA TPAMOYTOJIBHUKOB (GBITH MOYKET CIEILIEHHBIX B HEKOTOPBIX BepIinHax ). Boibepem
OJINH U3 TPAMOYTOJbHUKOB U 0003HAUNM ero depe3 Z. PaccMoTpuM BCEBO3MOZKHBIE HEIKBUBAJICHT-

HbIE PACIIOJIOKEHUs Z Ha 3aMOIIEeHHON 11ocKocTH [1.
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Samernm, 4To 110cKOCTh I ocTaercs mHBapumanTHONl OTHOCHTEJIBLHO TPEOOPA30OBAHUI MEH-
TpaJIbHOI CUMMeTpHH B BepinuHax KBajapatos K. [ToaTomy ecam HeKOTOpast BEPIIMHA, 3aMOIIEHIS
nornaJia B 4, TO OHa JIOO JIEZKUT CTPOIrO BHYTPHU 7, KOO COBIAAAET ¢ OJHOI U3 ero Bepuiun. [Ipu
9TOM, CTPOT'O BHYTPH Z MOZKET JIe2KaTh TOJIBKO OJHA BEpIIHHA 3aMollennd. Takas Bepuinna Oyaer
eJIMHCTBEHHON nonasmieil B Z (BBU/Y MHBAPHAHTHOCTU 3aMOIICHHSI OTHOCHTEILHO IEHTPAIBHOMN
cummMerpun B Beprmnaax K;). OTMeTnM TakzKe, 9TO JJIMHBI CTOPOH Z HE MOTYT MpPEBBIMATh 2, TaK
KaK pelieTKa 3aMOIIeHUs MePUOUYHA 10 JIBYM HallpaBJIeHUSIM U 00a MEepPUOo/a PABHBI JIBYM.

Jlamee MBI OyaeM BecTH KJIACCHMHUKAINIO CTOJOB IO KOJHIECTBY CTOPOH Z, JEKABIIHX HA
pebpax kBajiparoB ;. Byjaem HazbiBaTh CTOPOHBI K; pebpamu 3a.MOULEHUA.

Ecyim Bce croponsl Z jexkar Ha pebdpax 3aMOIIECHHSA, TO 4 BBHUJY PACCY:KJICHHIl BBIIIE TIPE/I-
cTaBJsgeT coboit oauH u3 KBajparon: K min Ky, DTOT ciaydail coOTBETCTBYET B TOYHOCTH OJTHOMY
KJIACCY KOMOMHATODHON 9KBHBAJIEHTHOCTH OUILIHAPIHBIX CTOJIOB (cToJ 6).

Ecym Tpu ctoponsl Z jexkat Ha rpanunax /;, To BO3MOKHBI TOJBKO JIBA BApUaHTa: Z JIEKHUT B
HEKOTOPOM KBaJIpaTe 3aMOIIEHUS ¥ TOJHKO FOPU30HTAIbHAS, JIUOO BEPTUKAIbHAA CTEHKA, 4 JICYKUT
BHYTpPH TOr0 KBajparta. O6a crydast CHOBA HEIKBUBAJECHTHBI (CTOIBI 7 — 8).

Ecyim nBe croponnbl Z jexkar Ha pebpax 3aMOIIEHUs, BOSHUKAIOT JBa HEIKBUBAJIEHTHBIX CJIy-
qasi: 9TU CTOPOHBI CMEKHbIE, JTUOO HPOTUBOIIOIOXKHBIE. B ImepBoM cirydae Z He MOXKET BBLIXOJIUTH 34
PaMKH OJIHOTO KBajipaTa K;, T.K. BEDIIHHBI 3aMOIIEHUsT He MOTYT JieXKaTh BHYTpH pebep Z (cToa 9).
Bropoii ciyuait pazduBaercd Ha JBa HEIKBUBAJEHTHbBIX TOJIC/AyYas: Iapa CTOPOH Z, JeXKalluxX He
pebpax 3amoIrenns, Jinbo BepTUKaJbHa, JIHO0 Topu3oHTa bHA. Ecan Takast mapa BepTHKaJbHA, TO
BO3MOKEH TOJIBKO OJMH BapHAHT: Z IEJHKOM JIEKUT B OZHOM 3 K;. AHAJOTMYHO I TOPU30H-
TasTbHBIX pebep (cTomer 10 — 11).

[Tycts Temepb TOJIBKO OJiHA CTOPOHA / JIEKUT Ha pedpax 3aMOIeHUsI, TOTAa BePIUHbI 3a-
MOIIIEHUs He MOT'YT IONMACTh BHYTPb. 3HAYUT, BOSMOXKHBI 4 HEAKBHBAJEHTHBIX BapHaHTa: CTOPOHA
Z Ha pebpe 3aMollleHus 1100 BepTUKAJIbHAsA, 100 FOPU3OHTAJIBHA], & CMeXKHasl eif cTOpoHa, 100
Gospie 1, 6o mennime 1 (cTossr 12 — 15).

Ecyin nu ojina U3 cTOPOH Z HE COAEPXKUT yUaCTKOB pedep 3aMOIIeHUsT, TO BO3MOXKHbBI TOJIHKO
caenyrorie 6 BADHAHTOB: Z JIEXKUT BHYTpU HeKOTOporo K; (cton 16), Z comep:KUT TOJIBKO OIHY
BEPIIUHY 3aMOIIEHUs U TIEHTPATHHO CAMMETPUIEH OTHOCUTETHHO Hee (¢Tos1 17), Z cofep:KuT pOBHO
OJIHY TOPH30HTAJIBHYIO, 100 BepTUKaAIbHYT0 Tpanuiyy K; (ctoss 18 —19), Z comepKuT B TOYHOCTH
JIBA TOPU30HTATBHBIX, JTUOO0 BEPTHKATIBHBIX ydacTKa cTopoH K; (crombr 20 — 21).

B urore Mbl nosyunsin 21 Kjacc KOMOMHATOPHO HESKBUBAJICHTHBIX OUJIIHAPIHBIX CTOJIOB Ha,

ssutrnconie. [Ipeyioxkenue j10Ka3aHo. ]

ITpennoxeuune 2.1.2. Ha odnonosocmmuom 2unepboaoude cywecmseyem 6 mounocmuy 21 xaacce

KOMOUHAMOPHO HEIKBUBAAEHMHBLL DUNAUGPOIHBLL cMOoA08. Bee onu nepevucaervt 6 mabauye nyrk-
ma 2.5.5.
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JokazarebeTBo. Ilycrs Z — oummapansiii Ha ogHonoaocTaoM runepbosounge E. Ilo cso-
eMy OIlIpeaeJJICHUIO Z ABJIACTCAd KOMIIAKTHBIM ITOAMHOZXKECCTBOM B R3. CJIe,ZLOBaTeJIbHO, Z JIEZKUT
BHYTPH HEKOTOpOro sjummnconaa E', codpoxkycuoro ¢ E. KpoMe TOro, 3T0T SJUIHIICOM, T, MOXKEM CUH-
TaTh OOIIMM JIJI0 BCeX OMJIIMAPIHBIX CTOI0B Ha F. JleficTBUTE/IbHO, ¢ TOMOIIBIO IIEPBOIO dJIeMEH-
TapHOro npeobpazoBanus (cM. onpejgesenue 2.1.1), Mbl BCerja MOXKeM CIBUHYTH HPOU3BOJILHBIIT
OULTHADHBIH CTOJ B KOMIIAKTHYIO 00J1aCTh, OrpaHuYeHHyo F'.

Ob6o3naunM depe3 K KOMIAKTHYIO 00JacTh Ha Tunepdosonae F, orpaHHYeHHYIO SJIJIHIICOU-
nom E’. I'pannna MmuoKecTBa K IIepeceKaeTcs ¢ II0CKOCThIo y = (0 B 4eThIpex TOYKaX. 3aHyMepyeM

WX, KaK MOKa3aHO Ha pUCyHKe 2.3.

AZ

=y

Puc. 2.3: O6siacts Ha 07HOMOJOCTHOM rutepbosion/ie, BbicekaeMas COPOKYCHBIM SJITUICOUIOM, & TAKIKe
OuLIMap HBIA CTOJI, JIeXKAIUY BHYTPH 9TON 00/1aCTH.

Paspexkem K miaockoctbio y = 0. [loayunm gBa 3aMKHYTBIX MHOZKECTBA, TOMEOMOPQHBIX €/I1-
HUYIHBIM KBajparaM K (mas moaynpocrpancrsa y = 0) u Ky (s noaynpocrpancrsa y < 0).
Kak u B npeapiayieM mpeyIozKeHnH BBULY OPTOTOHAJIBLHOCTH SJITUNTHYCCKUAX KOODIUHAT MOXKEM
BBIOPATH 3TOT TOMEOMOPMPU3M TaK, 4TOOBI TOPU30HTAJIbHBIE CTOPOHBI KBAIPATOB IIPEICTABJIAIH
coboii rpanuiy K, a BepTHKAIbHBIE — I'PAHMILY pa3pe3a ImIocKocTbio y = 0. [Ipu sToM, Bepunuab!
KBa/IpaToOB OY/IyT COOTBETCTBOBATDH MTPOHYMEPOBAHHBIM TOYKAaM, & OTPE3KH, lapaJLiebHble CTOPO-
HAM KBaJ[paTa — CEeTKe /UIMITHYECKUX KOOPJMUHAT HA OJHOMOJOCTHOM TUNEpPOOIOnIE.

PacemoTrpuM Ha IJIOCKOCTH PeNIeTKY, TOCTPOCHHYIO O €IMHUYHBIM KOODJIMHATHBIM BEKTO-
pam. 3aduKCUpyeM OJUH U3 MOJIYYUBIINXCA €UHUIHBIX KBA/IPATOB M IOJIOKUM €r0 paBHbIM K.
ITepenecem Hymeparuio ero BepmnH ¢ Bepina K. Paccmorpum coceqane ¢ K mpaBblil u JieBbli
KBa/IpaThl, O0bABUM UX PaBHBIMU K5, U CHOBa IepeHeceM HyMepaluio BepiinuH. IIpomozkum sTor
Hnpolecc Mo UHAYKIUKE BJIeBO U Bupano. [lonyunm mosocy KBajgpaToB, ¢ depenoBanueM K, u Ky

(em. puc. 2.4.1). O6o3naqum sty noJocy depes I1.
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Puc. 2.4: 1. IIpoobpaz orobpaxkenusi f durypsr K na mosocy II; 2. Ilpoobpas bummmapgHoro croJia,
n300paKEHHOI0 HA PUCYHKE 2.3 1IPU 9TOM 0TOOParKEHUU.

Pacemorpum ecrectBennoe oroopazkenue npoekiuu f: I — K. Ilycrs Z2 C K — ouymnap-
HbliE cTosi, Torna odesuano, uro f~H(Z) B II Gyser ubo GeckoHevHod 1010Cof, 16O CYETHBIM
HabOPOM TIPAMOYTOBHUKOB (cM. puc. 2.3, 2.4.2). Ormerum B nosoce I npsmyto [, comepzKartyio
HeHTPHl KBaJipaTroB K;. OuuineM, Kak djJeMeHTapHble Ipeodpa3oBaHus OUIIHAPIHLIX CTOJIOB Jeii-
creyior ¢ f~1(Z) B nomoce II.

e [leproe snemenTapruoe mpeobpa30BaHUE CTOJOB COOTBETCTBYET MPSIMOJIUHEHHBIM PACTSIKE-
HUAM BBEPX-BHU3, BJICBO-BIPaBo B mojioce 11 yuactkop rpanunpt f1(Z) oaHOBpeMeHHO HA BCex
kBajgpaTax K;. OTMeTHM, 9TO IPU TaKOM TIPeoOpa3soBaHHH YYACTKH TPanuisl f 1 (Z) He JOKHBI
CONPUKACATHCS ¢ BEPTUKATLHBIMU I'PAHUTIAME KBaIpaToB K1 1 Ko, a TakKe ¢ PsIMOil [, MOCKOTBKY
HMEHHO 9TH MOMHOXKECTBA SBJISIIOTCS Mpoodpa3aMu KpuBbIX A = b, A = ¢ npu orobpakenunu f;

e CuMMeTpHs OTHOCUTEIbHO TIocKocTH Yy = () Ha runepboston/ie onpeenseT CABAT BCeX KBA/I-
paros Ha 1 Bupaso B moJoce IT (wim Ha 1 BI€BO, pe3yJbTaT He U3MEHUTCS);

e CuMmMeTpus OTHOCHTENBHO IIOCKOCTH 2 = () 33aeT cuMMeTpuio Beex KpagapatoB K n Ky
OTHOCHUTEJIBHO IIPSAMOii [;

e CuMMeTpHUs OTHOCHUTEJNBHO IJIOCKOCTH ¥ = () Ha TumepOoJIouje 3aJaeT CUMMETPUIO BCEX
kBajparoB K, Ky orHOCHTEIBHO OCH, MapaJjuiebHoi Oy 1 MpOXOoJsIeil Yepe3 ux ImMeHTp.

Kiaccudunupyem Ouainapaabie CTOJIbB B TePMHHAX HUX MPooOpa3oB Ipu OoToOpazkeHuu f.
BO3MOKHBI TPH Pa3JMYHBIX clydas pacnogoxenns f1(Z) ornocurensro npamoit I: f~1(Z) ue
nepecekaer [; f71(Z) nepecexaer | TobKO B rpaHMYHBIX TOuKax; BHyTpH [ 1(Z) ecrb TOUKH,
jekarue Ha [. Bce 9Tu Tpu pacioiozKeHust ONpeIe/IgioT CTOIbI He9KBUBAJIECHTHBIE APYT APYTY. st
KPATKOCTH MBI PACCMOTPHM NOCAeIHUN caydail. Ocrapmmecs BapuaHnThl pacnogoxennsa f1(Z2)
pa3dbUparoTCsd 10 AHAJOTHH.

Urak, mycrb BHyTpeHHOCTH MHOxKecTBa f~1(Z) umeer memycroe nepecedenue ¢ npsamoii [.
Torna ecau f~1(Z) — nosoca, et cOOTBETCTBYET POBHO OJMH GU/LIHAPAHBIA cTos (cM. cToa 1 B
tabaune mynkra 2.3.3).

Ecim f~Y(Z) cocront m3 cyeTHOro 4uca NpsAMOYIOJbHUKOB, BbIOEPEM OJUH M3 HUX U 060-
3Ha4YUM Yepe3 . Bo3MOXKHBI TpU BapuaHTa PACIOIOKEHUS BEPTUKAJIBLHBIX CTEHOK Z: 00€ CTeHKH

MOIaJd Ha TPpaHUIBI [(;, Tomnaia POBHO OJIHA CTeHKa, HW OJHA W3 CTEHOK He momaJa. B mepBom
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cJiydae BBUJY LEPUOAUYHOCTH 110J10chl [T npsimoyrosibHuK Z 00s13aH JiezKaTh POBHO B OJIHOM u3 f{;
(cToxr 2). Bo Bropom ciydae BO3MOXKHBI JBa BapUaHTa: Z JIEKAT POBHO B OJHOM M3 KBaJPATOB
3amorrenus (crou 3), au60 B AByX (crou 4). Ecan xKe Hu ojifa U3 CTEHOK Z He JIeXKHT Ha pebpax
KBAJIPATOB 3aMOIIEHNs, BOSMOKHBI B TOYHOCTU TPH BapUaHTa: Z NepeceKaer JIBe BEPTHKAIbHBIE
crenku K; (cros b); Z He mepecekaeT TOJbKO ojHy crenky K; (croua 6); Z He nmepecekaer CTeHOK
KBaApaTOB 3aMoIeHust (CTosr 7).

ABCOMIOTHO AHAIOTHYIHO (PACCYZKEHUsI TIOBTOPSIOTCSI TOUb-B-TOUYb) Pa3OUPAIOTCST OCTABIIITE-
s CJTydam pacIoNozKeHus MHOKecTBa [~ (Z) oTHOCHTEILHO TpsaAMoii [. B uTore moayvaeM poBHO
21 KJIaCcC HEIKBUBAJIEHTHBIX OUJLINAP/IHBIX CTOJIOB HA OJHOIOJOCTHOM runepbosioune. [Ipesioxke-

HUE JJOKA3aHO. 0
IIpegnoxxkenne 2.1.3.

1. Ha deynosocmmuom eunepboaroude cywecmeyem 6 mounocmu 13 Kaaccos KoMOUHamMopHo

HEIKBUBAAEHMHOIL OUAAUGPIHBIT cmos08. Bee onu npedcmasaerv, 6 mabauye nynkma 2.5.4.

2. Cywecmsyem 63aumHo 00HO3HAUHOE COOMBEMCMBEUE MENHCIY NAOCKUMU COPOKYCHBLMU OUA-
AUAPOHBMU CNOAAMU U OUAAUGDOHBLMU COAAMU HA 08YNOAOCTIHOM 2unepbosoude. Imo

COOMEEMCINBUE COTPAHAEN OTNHOULEHUE %0M6unam0puoﬁ IKBUBANECHIMHOCTIU CINOAOS.

HoxkazarenbeTBo. Haunem co BToporo myHkTa. I10cKOIBKY CHMMeTPHA OTHOCHTEIBHO II0C-
KocTu © = () MeHZeT MecTaMu KOMIIOHEHTBI CBsi3HOCTH F (J1eXKuT B mosynpocrpancTse x > 0) u
E_ (nexwur B moaynpoctpanctee x < 0) aynosocTHoro runepbosionga F, 1o 6e3 orpaHndeHus
OOIITHOCTU MOYKEM CUYUTaTh, YTO Bce OMLIMApIHbIe cTOMb Ha F Jexkat B Kommonente F. . Ilo-
ctpouM guddeomopdusm f : E, — Oyz, nepeBoaganiuii ouriuapaabie cToabl Ha .y B miockue
OUJLTHADIHBIE CTOJIBI.

[Iycts A9 — mapamerp runepbosonia E B cobokycnom cemeiictse u P € E, — npou3BojibHas
touka. Torma smmunrudaeckue KoOpauHaTsl P paBHbl (A1, A2, Ag). [lepeceuenne kBaIpuk napamer-
poB A1 u Ay jquddemopdno okpyxkuocTu. byjiem nepeaBurarh To4Ky P 110 3TOH OKPYZKHOCTH B
HAIMPABJ/IEHNN YBEJWYEHNUsST TPETheil TUITHIeCKON KOOPAMHATHI, TOKA 3Ta KOOPANHATA, HE CTAHEeT
paBHoitl a. B pe3yyibraTe MBI IOJYYUM TOYKY Ha IJIOCKOCTH QY2 € SJUTHNTHUYCCKUMHI KOODIMHATAMHE
(A1, A2, a). O6oszuaunm ee f(P). Ilocrpoennoe otobpaxkenue f ¢ yaerom dopmyn 1.2 MOXKHO me-
pernmcaTh B BHJE CUCTEMbBI (BO m3bezkaHue IyTaHuIbl 0003HAYMM KOOPAHHATHL Ha mockocTH Oyz

uepe3 y' u 2')

Orcroga cranoBuTcs sicHbiM, 910 f — muddeomopdusm. [Ipu srom, f nepesoaut ssmunrutde-

CKUe KOOPJAMHATHI Ha F/ B IJIOCKUE 3/LTUNTHYECKIE KOOPJIMHATHI ceMeicTBa CO(POKYCHBIX KBaIPUK
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Puc. 2.5: Mnmocrpanus orobpaxenns f (¢ 1ByX PaKypCOB), IEPEBOJSIIEr0 CBA3HYI0 KOMIIOHEHTY JBYIIO-
JIOCTHOTO TUIepb0I0u,/1a B IMJI0CKOCTh. 1Ipn 3T0M 0TOOpaKeHIN COXPAHIIOTCS /LTI TUIECKTE KOOPIUHATHI,
a OmyLIMapaHble CTOJIBI Ha TOJOCTH TUTEPOOJION A MEPEXOoasaT B TJIOCKWe OUIInapIHbie CTOJIHI.

Bosee Toro, oTHOIIEHHe 3KBUBAJEHTHOCTH CTOJOB Ha rurnepbosounse F (Boobiie rosops,
Ha F) nepexoauT B KOMOMHATOPHOE OTHOINIEHHE JKBHBAJEHTHOCTH IUIOCKHX CTOJIOB, BBEJEHHOE
B. B. Bemtomkunoii B padore [7]. Ocraercss BoCHONB30BATHCs Pe3yabTaToM Kiaaccudukamum Be-
JIIOIIKUHO#, COIIACHO KOTOPOMY, Ha ILTIOCKOCTH CYIIECTBYET B TOYHOCTH 13 THUIIOB KOMOMHATOPHO
HE3KBUBAJIEHTHBIX COMOKYCHBIX OMLIHAPIHBIX CTOIOB. TakuMm 0Opa3oM, MBI JOKA3aad He TOJIBKO
BTOPO# MyHKT MPeII0KeHnsI, HO U mepBbrii. I1pepiokenne moaIHOCTHIO JOKA3AHO. 0J

Msl qoKa3au Bce IMyHKTHI TeopeMmbl 2.1.1 kiaccumdpukanuun OUIIHADIHBIX CTOJIOB HA KBa/I-
pukax. [losgcHEM Temepb, moYeMy OTHOIIEHHE SKBHBAJEHTHOCTH OUJIIMAPIHBIX CTOJIOB BIEYET JIM-
YBHJLJIEBY SKBHBAJEHTHOCTH COOTBETCTBYIOMINX OMJLIUAP/IOB.

Bce mesro B ToM, 9TO ecaii pyu HENMPEPHIBHOM g1epopMaIii TPaHUIBl OMLIAAPIHBIX CTOJIOB B
Kjacce coOKYCHBIX KBAJPUK He BBIXOJUTH Ha BBIPOZKJICHHBIC KBaJPHUKH, TO B (Q° GyleT mpouc-
XOJIUTh HEMPEPBIBHOE CKATUe/PACTsIZKEHHE BCeX TOPOB JIMYBU/IS M KPUTHYECKUX MOBEPXHOCTEN
naTerpasta A, a tak:xe camux QQ® B mesoM. Takme mpeoOpa30oBaHUsA, OUEBH/HO, HUKAK HE BJIM-
A10T Ha TpyOyio Mosekyay. OIHAKO W MedeHass MOJIEKyJa MeHAThes He Oyaer. JleiicTBuresnHo,
IpU HelpepbIiBHOU jgedopMmaliuu TopoB JIMyBULIA MAaTPUIBL CKIEHKH Ha pebpax MOJEKYJIbl 00s-
3aHBl MEHSATLCA HenpepbiBHO. OTHAKO BCe MATPHUILI CKIEHKHU 1egouncaerbl. Clie1oBaTe/IbHO, MPH
X HEIpPepbIBHOM HM3MEHEHUH OHHM 00s3aHBbI OCTaBATHhCSA MOCTOAHHBIMU. (OCTAETCSA 3aMETHTb, UTO
CUMMETPHS CTOJIa OTHOCHTEIHHO KOOPAWHATHBIX IJIOCKOCTEN ONMpeessseT CHMMETPHI0 MOJIEKYJIbI.

NTak, MBI JI0Ka3a/I CIeAYIONIYIO TEOPEMY.

Teopema 2.1.2. Buasuapdv, Ha KOMOUHGMOPHO IKEUBAAEHIMHBLL ABAAIOMCA CINOAGT NUYEUNNECO

IK6UBANEHTIHOIMU.
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2.2 Kuaaccundukaiug OmimapaoB Ha 3JIJIANCONIE

B mepBBIX ABYX MYyHKTaxX HAcTOAMIEro maparpada Mbl BBIYHCIAM WHBapUaHTHI PoMeHKO u
Domenko-1lumanra 11 OUIIHAPIOB BHYTPH CTOJOB TpeX BUAOB (Hambosee TUNHYHBIE CJIYUaH).
JLast BCeX OCTaBIMUXCS BUJIOB CTOJIOB PACCYYKIEHWS MPU BBIYNCICHUN WHBAPUAHTOB OYIyT aHAJIO-
ruanbivu. [losnnas kinaccudukanusa copOKYCHBIX OWUJLIMAPIOB Ha JIMIICOUJIE TTPUBEIEHa B Tpe-
TheM NYHKTe mmaparpada.

Bce mojiekysibl B 310M naparpade pacrnosiozKenbl roOpu30HTaIbHO. /IBUzKeHne cjieBa HalpaBo
o pebpaM MOJIEKYJI COOTBETCTBYeT pocTy nHTerpasta A. Uepes F, kak u paHee, 0003HAYNUM 3JLIHII-
COUJI, Ha KOTOPOM paccMaTpuBaeTcsd omumrapa. Byaem cauTars, 9T0 mapaMeTp 9TOro JUIAMCOUIA

paBeH HYJIIO.

2.2.1 IlocTpoeHue rpydbbIX MOJIEKYJI

IIpensioxkenune 2.2.1. Buasuapdy enympu cmoaa H-20 muna (cm. mabauyy 2.2.3) coomeem-

cmeyem epybas mosexyaa 2.6.

A A

S~
& e

A A

Puc. 2.6: Uusapuant @omenko Oujinapia Ha CTOJIE€ 5-TO TUIMA HA SJIIUICOU/IE.

HoxazarenbcTBo. B ety Teopembr 2.1.2 MoyKeM caUTaTh, 9TO OUILIHAPIHBI CTOJI Z TIATOTO0
THIIA OFPAHUYEH B TOYHOCTH OJHHUM JABYIIOJOCTHBIM rumepbosongom. VHTerpaa A m3Mmensiercs Ha
OTpesKe [c, a]. BRIACHUM KaK yCTpPOEHBI M30MHTETpATbHBIC TTOAMHOKeCTBA A = const B Q; (h > 0).

[Tycrs A = ¢. Torpa obacTh BO3MOYKHOTO JBUYKEHUSI MaTEPUATHLHONR TOUYKH COCTOUT U3 JIBYX
ayr saunca {z = 0} N E. B ka0l BHyTpeHHeH TOYKe THX JyT BO3HUKAIOT IO JBA BEKTOPA
CKOPOCTH, KOTOPbIe BBUIY OMILIHAPIHOIO OTPAYKEHHs OTOXKIECTB/ISIOTCS Ha TpaHuie. TakmMm o0-
pazom, B 3 ypasuenue A = ¢ onpejiesisieT JBe OKPY#KHOCTH, OTBEYAIONIUe JBHKEHUIO 110 JyTraM
simnica {z =0} N E.

[lycrsb A =c+9, e 0 < 0 < b—c. B aTom ciiydae 061acTh BO3MOXKHOTO JBUKEHUS COCTOUT
U3 JBYX CUMMETPMYHBIX KOMIOHEHT ¢Bsi3HocTr D m D' sexamux B nosrynpocrpascrsax y > 0 u
y < 0 coorsercrenno. CaemoBarenbno, yposenb A = ¢+ 0 B Q3 COCTOMT W3 JBYX OJMHAKOBBIX
KOMIIOHEHT CBA3HOCTH, oTBedatonux D u D'. PaccMoTpuM Ty KOMIOHEHTY Q3 9TO COOTBETCTBY-
eT D. B xaxa0# BHyTpeHHEl ToUKe [ pacrnoioKeHo B TOYHOCTH 4 TIONYCTUMBIX BEKTOPa CKOPOCTH,
HA IPAHUYHBIX Jyrax — 10 JBa, B yIJaX — 10 OgHOMYy. 3amerum, 4ro Touka P = (0,v/D,0) se-

xut BuyTpu D. BBegem Hymepanuio Ha JOIIYCTHMBIX BEKTOPAX CKOPOCTH B 3TOM ToYKe. KaxKabrii
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U3 HUX OJIHO3HAYHO OIPEJIE/ISIeTCs 3HAKAMH CBOMX IEPBOIl U TPeTbell KOMIOHEHT B JE€KAPTOBBIX
koopanHaTax. O0O3HAYMM dYepe3 v; BEKTOP, Y KOTOPOro 06e KOMIIOHEHTHI OOJIbINe HYyJIs, depel3
Uy — BEKTOp, Y KOTOPOro IepBasd KOODJIWHATA MEHbIEe HYJd, a TPeThsd OOJbIIe HYJIA, Yepe3 U3 —
BEKTOD € OTPHUIATETHHBIMU MEPBO U TpeTheil KoopamHaTaMu. (OcTaBIIuiicss BEKTOP OObIBUM Uy.
[TockosibKy 1pu HENPEPHIBHOM U3MEHEHUH TOYKU B [) COOTBETCTBYIONINE Y€TBEPKH BEKTOPOB CKO-
POCTH MEHSIIOTCsI HEITPEPBIBHO, 0O03HAYEHNS BEKTOPOB BO BCEX TOYKAX [) MOXKHO MPOIOZKATE 110
HEeIIPePbIBHOCTH 13 0003HAaYeHU# B Touke P.

MuoxkecTBO D OrpaHMYeHO YeTHIPbMS CTEHKAMH, JIBE UX KOTOPBIX COOTBETCTBYIOT I'PAHIUTHO-
MY JBYIIOJIOCTHOMY THUIIEPOOIOHIY, & elle IBe — KayCTHIeCKOMY OTHOIIOJIOCTHOMY IUnepboIouLy,
T.e. copokycHol KBapuke nmapamerpa A. Crenkn mepBoro Buja Oyj1eM HA3BIBATH BEPTUKAJILHBI-
MU, CTEHKH BTOPOT'O BUJa — TOPU30HTAJIbHBIMH. BBHIY KacaHusd KayCTWKW HA TOPU30HTAJIBHBIX
CTEHKAX V1 CKJEWICT C Uy, Vs — C U3, & B CHJIY OWLIHAPIHOTO OTPAaYKeHHS Ha TOPU3OHTATBHBIX
CTEHKAX U] CKJIEHJICS C Uy, U3 — C Uy.

Paccmonm D Ha KOOpIWHATHBIE JIMHUT CETKU SJTHNITAIECKIX KOOPIHHAT, OTBEYAOIIHE TBYTIO-
JIOCTHBIM THTIepOoTongaM. OrpaHuduM ypoBeHb A = ¢+ 4 Ha ¢JI0it 3TOTO paccJ0eHus, TPOXOIATIHIT
Jepe3 TOUKY P ¢ NPUIIHCAHHBIME K HEMY BeKTOpaMu vy u Ug. OUEBUIHO, YTO HOJIYUEHHOE TTOIMHO-
KecTBO B (QF Oymer romeoMopdHO OKpyzKHOCTH. Bymem mepememars Touky P 1o jgyre sjdica
{z =0} N E BMecTe O c10eM pacclOeHrs U BEKTOPAME U1 U V4 BILIOTD JI0 TOIO, MOKA He yIpeMcsl
B BepPTUKAJbHYIO cTeHKY . Ha BepTUKaJIbHOI cTeHKe CJION oTpakaeTcs, a BEKTOpa VU1, Uy 3aMe-
HSIOTCS Ha Vo M V3. [Ipojiojizkum JiBuzKeHue TOYKu PP BMecTe €O CJIoeM pacc/ioeHusi B 00paTHYIO
cropony. Jlasee cyioii cHOBa OTparKaeTcs, HO y¥Ke OT MPOTHUBOIOJIOKHONH BEPTHKAIBLHON CTEHKH H,
CIIyCTsl HEKOTOpPOe BpeMsd, TOUYKa P’ BMecTe ¢ COOTBETCTBYIONIUM CJIOEM U BEKTOPAMH Vi, Uy BO3-
BpalaeTcs B MCXOJHOe Tooxkenwe. CiemoBaTenbHO, B pe3yabTaTe MOJTHOrO 00Xoda Toukn P 1mo
ayre snmica {y = 0} N E BMecTe ¢ BEKTOPAMHU Ha COOTBETCTBYIOIIEM CJI0€ PACCIOCHUS HOJLY YUM
JAByMepHBIi Top. Anasoruano B obsacru D’ nmogydaem Top. tak, mopepxuocTh ypoBHsa A = ¢+ 0
B Q3 romeoMopdHa HECBAZHOMY OOLEJMHEHUIO JIBYX TOPOB JIMyBUILIA.

Bonee Toro, u3z mareit KOHCTPYKIIUY ¢ PACCTOCHUEM CTAHOBUTCS SICHBIM, 9TO Tpu A — ¢+ ()
TOpbl JInyBU/LIsT C2KMMAIOTCsT B JIBe OKPYZKHOCTH Ha ypoBHe A = c. JleficTBUTEIBHO, PACCMOTPUM
obJtacth [, pacc/IOeHHYIO Ha JIyTH COMPOKYCHBIX JIBYMOJOCTHBIX THITEPOOIONI0B, HA KayKI0H TaKkoit
Jyre Tapbl BEKTOPOB U1 U Uy, Uy W U3 3aMETAIOT OJHY WU JBe OKpyzKHOocTH. I mpu cTpemiennn
A K ¢ 3TH OKPYKHOCTH C:KAMAIOTCsI B TOUKY. Cle10BaTeIbHO, YPOBHIO A = ¢ COOTBETCTBYIOT JBA
3-aroma A, B T0 Bpems, Kak npu A € (¢, b) budypkanuu TopoB JInyBuIs HE TPOUCXOMUT. AHa-
JOTUYIHO MOYKHO MOKa3aTh, 9TO YPOBHIO A = a coorBercrByloT nBa 3-atoma A, a mpu A € (b, a)
CHOBa TOJYYal0TCd JBa IBYMEPHBIX TOPA.

Ocraercst BbISICHUTH, Kakasi Oudypramus coorBercTByerT ypoBHIO A = b. AbcoyoTHO siCHO,
9TO HA 3TOM YPOBHE MPOUCXOIUT MEPECTPOITKa JABYX TOPOB B ABa. [lokarkem, 4To 3Ta OudypKrarms

orBedaeT 3-atomy Cl.
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[TockoIbKY BeCb OUJLIMAPIHBIA CTOJI MOXKHO TPUBHAJIBLHO PACCJOUTH COMDOKYCHBIMH JIBYIIO-
JOCTHBIMH IEHepPOOIONIAMHE, BBUAY CKA33HO BBHIIIE HCKOMEIH 3-aTom V3 061amaer TPUBHAILHLIM
Sl-paccioennem, T.e. V3 = V2 x S!, rae V2 noayvaerca orpanmdenneM V3 Ha cioif paccioeHud
CTOJIA, OTBEYAIONIHH MJI0CKOCTH = = () ¥ B3ATHIA BMECTEe ¢ BEKTOPAMH CKOPOCTHU, HAIPABJICHHBIMH
110 OJIHY CTOPOHY OT TOH MJIOCKOCTH.

Kaxk 6b1710 TOKa3aHo Bhitiie, npu A € (¢, b) Ha 3TOM €JI0€ PACCIOHNsI BOSHUKAIOT JBE OKPY K-
HOCTH. 3amMeTuM, 4T0 npu A = b 9TH OKPYKHOCTH CKJIEUBAIOTCHA JIPYT JPYTOM B JABYX TOYKAX,
1ocJle 9ero OHM CHOBa Mpeobpasylorced B ase okpyzkuoctu. Ciaegoarenbno, V2 He uTo nHOe, Kak
2-arom Cy (cMm. puc. 1.1.3). Takum o6pasom, uckombiii arom V3 ecrs 3-arom Cy. T'pybast Mosiekyia

noctpoena. [Ipenoxkenue nqoKa3aHo. O

ameuanue 2.2.1. [Ipu jmokasaresbeTBe MPeII0KEHUsT BBIIE Mbl aKTHUBHO II0JIB30BAJIHMCH TEM,
YTO caM CTOJI 00J1a/1aeT TPUBUAJIBHBIM PACC/J0eHreM COPOKYCHbIMU KBaJpukamu. bJiarojaps 31o-
My CBOHCTBY BCe 3-aTOMBI OH/LIHAPIOB Ha TAKHX CTOJIAaX 001a1al0T TPUBHAILHLIM S1-paccioennem

Seiicepra.

IIpensioxkenue 2.2.2. Buaauapdy na cmose 1-20 muna (em.mabauuy 2.2.8) coomeememeyem

CAEOYOULGA 2DYOAA MOAEKYAG, NPEICTNABAEHHAA HA pucyHKe 2.7.

A A

S~
& e

A A
Puc. 2.7: Nusapuant ®omenko Oujinapia Ha CTOJIE 5-TO TUMA HA SJIIUICOU/IE.

,HOKEB&TGJIBCTBO. Kak B npeabLayneM IIpeaioXKeHnd MOXKHO IIOKa3aTb, YTO Ha KarKJI0M
W3 ypoBHeHl A = ¢, a pacnosokeHo jJBe KpuTudeckne okpyzxHoct, a npu A € (¢,b) U (b,a) — no
nBa Topa JImyBmisa, koropeie mpu A — ¢ + 0,a — 0 crpemMsaTcsa K KpUTHIECKAM OKPYZKHOCTSIM.
3HauuT, ypoBHIM A = ¢, @ COOTBETCTBYIOT IO JBa aroma A.

[Tokarkem, aro Ha yposue A = b mpoucxoaut 6udypkamus, orsedaromias aromy Cy. [Ipu A = b
001aCTHI0 BO3MOXKHOIO JIBI2KEHHUS SIBIIETCS Bech junnconn F. Paccmorpum B Kazkmoit Touke F
BCE BEKTOPa CKOPOCTH, COOTBETCTBYIOIINE pACCMaTPHBAEMOMY 3Ha4YeHHUIO nHTerpajia A. B ombu-
JIMIECKUX TOUKAX HO/IYIaeM OKPY2KHOCTH U3 KACATEJIbHbIX BEKTOPOB AuMHBL \/2h, B TOUKAX, HE
JIesKaImx B I10cKocTn y = 0 — 10 4 BeKTOpa, CKOPOCTH, a B OCTABIIUXCHA TOYKAX — 110 2 BEKTO-
pa. Beegem obo3HaUeHNS STHX BEKTOPOB B TOYKAX, Jiexkamux BHe maockoctu y = 0. Jxa sToro
pacemorpmym e Toukn P = (0,v/b,0) u P’ = (0, —v/b, 0). O603Ha"eHNsT BEKTOPOB B TOUKe P BO3b-
MEM M3 IIPEJIbIAYIIEr0 JOKA3aTe/AbCTBA U 110 HEIIPEPbIBHOCTH IIPOAOJIZKUM UX B IOJIYIIPOCTPAHCTBO

y > 0. B rouke P’ mymepanuto Beibepem Tak. Bekrop v B P’ obo3nauum depes vy, €Cau v = vy
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B Touke P. Anajioruano o003HAaYUM v 4depe3 vy, ecau v = vz B P, uepe3 vs, ecim v = vy B P,
qepes vy, ecyim v = vy B P. A nmanee cHOBa mpOmO/IKUM 3TH 0003HAYEHUs 110 HEMPEDPBIBHOCTH B
noJIynpocTpancTso y < 0.

[Touemy B mosrympocTpancTBe y < 0 BbIOpaHa MMEHHO Takasd HyMeparus’ Ecin paccMoTperh
ypoBeab A = b — € st gocTaTouHO MAJIOro € > (), TO BEKTOPHBIE MOJIA U; OYAyT HEIPePhIBHBIMEI
BHYTPH 00JIaCTU BO3MOXKHOTO JBuU:KeHust. [Ipu srom, onwa Top JInyBuiiis Ha 3TOM ypoBHE Oyaer
COOTBETCTBOBATH BEKTOPHBIM IIOJISAM U7 U U4, & JAPYroit — vy u v3. JleficTBUTEIBHO, I KazKI0ro
bukcuposannoro i Ha caogx A = b — € Bce mapst Buga (P, v;) 06pa3yioT MHOKECTBO MHOKECTBO
romeoMopdHOE MIWIMHAPY. A BBUY KACAHUS KayCTHKH OCHOBAHHS IUJIHHIDPOB JIJIT BEKTOPOB U] U
V4, & TAKIKe JIJIT Vg M VU3 CKJEUBAIOTCS, B PE3y/IbTaTe Yero MoJIydaeTcsd JBa JBYMEPHBIX TOPA.

BameTnM, 9T0 Ipud A = b IMJIMHIPHI, COOTBETCTBYIOIINE BEKTOPAM v;, HE MEHSIIOT CBO# KJIaccC
romeomopduoctu. [leiicrBuresnbno, npu A = b ckjieiika TOYEK MUJIMHIPOB MOZKET MPOU30ATH TOJIb-
KO Ha uX OcHOBaHuUsX. OJHAKO eC/in MPOCJEINTh 3a JUHAMUKOW mx ocHoBauuit mpu A — b — 0,
HETPYIHO yOEJUTCS 9TO 9TH OCHOBAHHSA-OKPYXKHOCTH B IIpejiejie He M3MEHST CBOM KJacC TOMeo-
mMopdHOcTH (eM. puc.2.8). OKPYKHOCTh-OCHOBAHHE MUJIUHJIPA U;, KOTOPasi COOTBETCTBOBAJIA JIBH-
JKEHUIO BJIOJIb KAYCTHKH, ITPeo0Pa3yeTcsd B OKPYZKHOCTH OLPEJIEJIEHHYIO CJIe/IYIOIIMM MApPIIPYTOM.
CHagasa MPOUCXOTUT JBHZKEHHE OT OJHOH OMOMIMYECKON TOYKe K JAPYToil (HAIpuMep, OT TOYKH
¢ HOMepOM 1 B TOYKY € HOMEpPOM 2, HyMepaluio To4eK ¢M. Ha puc. 2.1.1). /laee KacaTeabHbIH
BEKTOP COBEPINAEeT I0J1-000pOTa B KacaTeJbHOM IPOCTPAHCTBE K OMOMJIMYECKON TOUYKe U IepeMe-
AETCH B HAYaJIbHYIO OMOMJIMYECKYIO TOYKY, B KOTOPOil 3aT€M CHOBA COBEPIIAET ellle 110J1-000poTa

(B TOM Ke HANpPaBJCHHUHN) W BO3BPAINAETCS B UCXOJHOE MOsokKeHne (cM. puc. 2.8).

Puc. 2.8: JlnnaMuka n3MeHeHN KacaTeJTbHBIX BEKTOPOB, OPHEHTUPOBAHHBIX B OJHY CTOPOHY, HA KayCTUKE
[pu CTPEMJIEHWH mapamMerpa kayctuku K b cieBa. Bum cepxy.

Bousee Toro, na ypopue A = ¢, TOMIMO OCHOBAHUI TOUKU MUJIHMHIPOB IS U1 U VU4, & TAKIKE
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JUIs Uy W U3 OOJIbINE HUIE HE CKJAEUBAIOTCS. JTO O3HA4YaeT, 94T0 Ha ypoBHe A = b mpoucxojut
ckjefka nByx Topos Jluysuas. Onuriem ee.

Ckueiika TopoB JIMyBUJIIS TPOUCXOUT 1O JIBYM KPUTUYIECKUM OKPYKHOCTSAM, KOTOPBIE COOT-
BETCTBYIOT JBUKEHUIO BIob dumuica {y = 0} N E (B 06e croponsl). [IOCKOIBKY 5TH OKPYKHOCTH
HE UMEIOT CaMOIepPecedeHnil, KaxKaasd n3 HOX ABIsgeTcsa 0a3uCHOI Ha KaxkjaoM u3 TopoB. CKielka
JIBYX TOPOB TIO JIBYM FOMOJIOTHIHBIM OKPYKHOCTSIM OYeT TPeACTaBIATh COO0N KPUTHIECKHI CTOM
3-aroma Cs. Utak, npu crpemsiennud A K b cjieBa MPOUCXOMUT CKJIEHKA JIBYX TOPOB JInyBU/IS 110
JIBYM TOMOJIOTHIHBIM OKPYKHOCTSIM. AHATOTHIHOE CIPABETHBO, €CJIU MBI yeTpeMuM A K b cripa-
Ba (3T0 TaK, HOTOMY 9TO HJITHITHYECKHE KOODANHATHI Ha SJUIHICOUIE ABOFCTBEHHBI APYT APYTY ).
CnenoBareibHO, aToM, oTBedaroruii yposaio A = b ects 3-atom Cy. Takum obpazom, rpybas

MoOJIeKyJ1a OMJIMapa Ha cToje 1-ro Tuma mocrpoena. llpemioxenue mokaszaHo. ([l

3ameuanue 2.2.2. Croa 1-ro Tuna — Bech JLHICOnT F u cucrema OuLInapaa Ha HEM — Teojie-
3UYECKHUN MOTOK. 9Ta CUCTEMa ABJIAETCA Fﬂa,ZLKOI'?'I BBUAY OTCYTCTBHA CTEHOK Yy CTOJIA. Ee MedeHad
MOJIEKYJIa XOPOIIO U3BecTHa (cM., Hanpumep, [18]). Bosee Toro, A. T. ®omenko u A. B. Bosicunos
BBIYUCJIAINA MMOJHBIH TPACKTOPHBIA WHBAPUAHT 3TOH CUCTEMbl — MEYEeHYIO {-MOJICKYAY, ¢ IOMOIIbIO
KOTOPOI'0 OHH JOKa3aJi TPAEKTOPHYIO 3KBHBAJEHTHOCTH 3a1a9u JIKOOM O Teoae3mdecKnx Ha, 3JI-

JIMICONJIE U cilydast Ditiepa THHAMEKE TBEPIOrO TeJa ¢ HyJIeBOi KOHCTAHTOl mwiomaeit (em. [72]).

ITpengioxkenue 2.2.3. Buasuapdy enympu cmoaa 6-20 muna (cm.mabauyy 2.2.3) coomeememey-

em epybas morexyra A — A.

JlokazaTeabeTBO. Bes orpannuenns oOIMHOCTH GyIeM CUATATh, UTO paccMaTpHBaeMblil O1I-
JIMAPIHBIA CTOJI JIEXKUT B moJynpocrpancrse y > 0.

Kak B mpeapynux mpeIIoKeHnaX MOKHO IOKa3aTh, ITO Ha KaykK/IOM U3 ypoBHeil A = a,c
PACIIOIOKEHA B TOYHOCTH OJIHA KPUTHIECKAs OKPYYKHOCTh, a ipu A € (¢,b) U (b, a) — 110 onHomy
asyMepaoMy Topy. Ilppy A — ¢+ 0,a — 0 3T TOpHI MEpPexoasT B KPUTHUECKHE OKPYKHOCTH, B
pe3yabTaTe dero moJjaydaeM mo ogHoMy aromy A Ha KoHmax rpy0oit mosekyabl. [Tokazkem, 94To Ha
ypoBHe A = b GudypKkanys He TPOUCXOINT.

PaccMoTpuM BeKTOpa CKOPOCTH, COOTBETCTBYIOIINE YPOBHIO HHTerpajga A = b — & u BBegeM
HA HUX TakKue Ke 0003HaYeHHsI, KaK B JOKa3aTeabCcTBe mnpeioxkenns 2.2.1. Ha ropu3onTaibHBIX
CTeHKaX 00JaCTH BO3MOYKHOIO JIBUYKEHIST BOSHHUKAET CKJEHKA VU1 C Uy, Uy C V3. Ha BepTHKAIbHBIX
CTEHKAX CKJIEeHKA JIpyras: vy C Uy, U3 € 4. llpu 9TOM, Bee mapsl Touka-BekTop (P, v) Ha paccMarpu-
BaeMOM YPOBHE A, y KOTOPBIX ¥ PaBeH vy WA Uy, 00OPA3yIOT MIINHIP. AHAJOIHIHOE CIIPABEIINBO
U JJIsi AP TOYKA-BEKTOD, Y KOTOPBIX U PABEH VU3 WM V4. DTH HHJIHHIAPHI CKIAECHBAIOTCA MEKIY
co00ii 10 OCHOBAHUSAM, B Pe3yJIbTaTe Yero MOJIYIaeTCsl IBYMEPHBIH TOp.

Kak u B 10Ka3aTebCTBe MPeIbIAyIIero yTBep:K/IeHns 3T IMUINHIPH He H3MEHIT KJIacC Io-
meomopduocru npu A — b — 0 (I0CKOJIbKY JHHAMHUKA MX OCHOBAHUIl IIOYTH TaKas Ke, KaK Ha

pucyske 2.8). BoJsiee Toro, smu MuIHHAPHL HE MOTYT HUTJE CKJIEUTHCS APYT € APYTOM KPOMe OCHO-
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Banuii. Takum obpasom, caoit A = b romeoMopder JIByMEPHOMY TOPY, & IIOCKOJIBbKY IPH PacCMOT-
pernn npegesa A — b — 0 (anagornano npu A — b+ 0 BBHIY ABOWCTBEHHOCTH SJLIHNITHICCKUX
KOODJIMHAT Ha SJITHIICOU/IE) TOUYKHM TOPOB JIMYBIILIS HE CKIEHBATUCH MeXKIy coboii, ciaoenue JIn-
yBHJLIA BOIM3U c1osg A = b TpumaabHO. Takum obpaszom, rpybast MOJIEKY/Ia PaccMaTPHBAEMOIO
ousLmapia ecrb A — A. O

HOCTpOGHI/Ie FPY6BIX MOJIEKYJI AJIgd OCTaBHIUXCA BHUI0B 6I/Iﬂﬂl/lapﬂHbIX CTOJIOB TPOBOAUTCA MeE-

TOJIAMHU, OMMMCAHHBIMH B JI0OKA3aTebCTBAX IMpetoKennit 2.2.1, 2.2.2, 2.2.3.

2.2.2 DBpruucienue nHBapuanToB Pomenko-Ilunianra

Boraucoium nnBapuantol @omenko-Ilumanra g Ouannapiaos, rpyobie MOJIEKYJIbl KOTOPBIX
OBLIH TIOCTPOEHBI B TIPEJBIAYIIEM TyHKTE. 3aMeTHM, 9TO Ce/JIOBBIE aTOMbBI (€CJH TaKOBBIE MMe-
10TCs1) oTBedaroT ypoBHio A = b. Tlosromy, ecau Ha ypoBHe A = b npoucxomut Gudypkranus,
pebpa MedeHoi MOJIeKyYIThI, cooTBeTcTByIONIE A € (¢, b), 6yaeM HA3BIBATL Pebpamy nepeozo muna,

a pebpa, orpevatorue A € (b,a) —2 pebpamu emopozo muna.

IIpennoxenue 2.2.4. Meuenaa morexyra busiruapda wa cmone 1-20 muna (6ecv aasuncoud)

umeem caedyrouutl sud.

:r“:(l) :r':[%
AL=1 :25= A
\”0/

Puc. 2.9: Nusapuantr @®omenko-Ilumranra 6uimuapaa #a crosie 1-ro Tuna Ha, SJLIUIICOUIE.

JokazaTenbcTBO. Bocnonbsyemes mpenoxennem 2.2.1. CHavgama BHITACIAM METKH 7' U €
Ha pebpax nepsoro tuna. Ilockonbky oba pedpa 1mepBOro THIIA OJMHAKOBBI 110 OTHOIIEHHUIO K aTOMY
Cs, MeTKH Ha HEUX OyAyT coBmaIaTh. [109TOMY MBI PacCMOTPHM TOJIBKO OJHO U3 9THX pedep.

Badukcupyem A € (¢, b). ObmacTb BO3MOKHOIO JABHKEHHsI Ha 5TOM YPOBHE — KOJIbIO. [1uK-
JbI AT W T, COOTBeTCTBYIONE aroMy A, BRIOHpatOTCs 09eBUAHBIM oOpasom (cMm. puc. 2.10.1).
OpuenTupyeM A\~ 10 HAIIPABJICHUIO BEKTOPOB CKOpOCTH. B Kadyectse AT BpIGepeM MUK, KOTOPBIi
IPU IPOEKIUU HA CTOJI KACAETCs BEPXHEH IPAaHUYHON KPUBOH 00/1aCTH BO3MOZKHOIO JIBUZKEHUSI
C3a/M W HUKHEl TpaHuyHON KpuBoil — cnepean (cm. puc. 2.10.2), a B kauectse ut BoiGepem A~ (c
TOYHOCTBIO JI0 OPUEHTAINH ). 3aMETHM, 9TO UK AT BBIOpaH KOPPEKTHO, Tak Kak npu A — b — 0,
OH NEPEeXOIUT B KPUTUIECKYIO OKPY2KHOCTH. OpHeHTanmio Ha IMKJIAX AT u p~ ompezsenser Ha-

IpaBJeHre KPUTHYECKUX OKpYxKHOCTei. OcTaercs onpeaeauTh OpUeHTaImio IukIa 4. Marpuma
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1 1
CKJIEIKM MMeeT BUT: ( . Tak Kak ompeme uTh MATPHUILI CKICHKH JTOJKeH OLITH paBeH —1,
0
ro ut = AT, CaegoBarenbno, na pebpax nepporo tuna 7 = 0 u ¢ = 1.

Puc. 2.10: Ha pucyHkax mrpux-myHKTAPOM 0DO3HAYEHBI (4-TTUKJIBI, & CIJIONTHONW JUHUEH — A-TTUKJIBI.

C pebpamu BTOPOro THIIA IOCTYIaeM aHajgorudno. OpuentupyeMm ux or aroma Cp K aToMaM

A. Bbruuncsium MeTku Ha 0 HOM u3 y1ux pedep. Ha pucynkax 2.10.3, 2.10.4 nokasan Beibop 6a3ucos
1

1
(A7, 1) m (AT, u) coorBercTBenHO. MaTpuna ckIefiku umeer BUI: ( ) Takum 06pa3oM,

cioBar =0 u e = 1.
Tax kax Bce pedpa KOHEUHbI, BOSHUKAET POBHO OHA CeMbs, cocTosimas u3 aroma Cy. [Tockosab-

Ky pebpa mepBoro Tuia BXojgdiiume, a pebpa BTOporo Tuia Bexojdiume, Merka n pasia 0404141,
T.e. n = 2. U

IIpensioxkenue 2.2.5. Buasuapdy na cmoae 2-20 muna (cm. mabauyy 2.2.3) coomeememeyem

monekyaa A — A ¢ memxamu r =0, € = 1.

JlokazaTenbcTBO. Bribepem mukianl Ha ypoBHe A = b Kak I0KazaHo Ha pucynke 2.11a.b.

OpuentupyeMm i~ , A", 47 1O HaIpaBIEHUIO BEKTOPOB CKOPOCTH. Marpuma CKIefiKu mMeeT BUJI:

01
) ,orkyna r =0, ¢ = 1. 0]

Puc. 2.11: Ha pucyHkax mTpux-myHKTAPOM ODO3HAUEHBI [4-TTUKJIBI, & CILJIONTHONW JUHUEH — A-TTUKJIBI.
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ITpensioxkenune 2.2.6. Meuenan moaekyaa buaruapda na cmose 5-020 muna (cm. mabauyy 2.2.3)

npedecmasaena Ha pucyrke 2.12.

AfZ9 =T 4
e = E =
2
A-‘r/:(]) :r‘:olc A
= £ =

Puc. 2.12: UuBapuant ®omenko-Ilumanra buninapga Ha CToJie 5-T0 TUTIA, HA JIIATICOUIE.

JlokazaTeabcTBO. Borameamy MeTkn a1 pebep mepsoro tuma. [TockombKy oba pebpa oiu-
HAKOBBI 110 OTHOIIEHUIO K aroMy (5, MeTKH Ha HUX OyayT coBnaaaTh. [losTromy moxkem BBHIOpaTh
onno u3 pebep. 3acdurcupyem A € (¢, b). Boibop muKI0OB A~ U p”, COOTBETCTBYIOMHUX aToMy A,
ogeBusier (cMm. puc.2.13.1). Opuentupyem g~ U A~ HO HANPABICHHIO BEKTOPOB BIOJIb HUX. BbI-

Gepem mukabl AT m pt, coorsercrByomue aromy Co Kak mokasano Ha pucyHke 2.13.2. Taxuwm
0 1

00pa3oM, MaTPHUIA CKJICHKH UMeeT BHI; . Buauut, r =0, € = 1.

Puc. 2.13: Ha pucyHkax mrpux-myHKTAPOM 0D03HAYEHBI (4-1IUKJIBI, & CIIJIONIHONW JIUHUEH — A-ITUKJIBI.

Temepb BBIYUCTIM METKH Ha pebpax BTOPOro Thma. 3adukcupyeMm 3Hadenne narerpaga A =€
(b,a). Tukasr AT, ut, orseuaromme aromy A, a Takxke mukabl A~, u~, orBedawoiue aromy Ch
BBIOEPEM TaK, KakK MOKa3aHo Ha pucynkax 2.13.3, 2.13.2 coorBercrBenno. OpuenTupyem A~ u

(T 10 HAIPABIEHHMIO BEKTOPOB CKOPOCTH. II0CKOJBKY OpHeHTANUS HUKJIA (1 IPOTHBOIOJIOKHA

1 0
OpHEHTAINY 4~ Ha pedpax IepBOro TUIA, MATPHUIA CKJACHKN MMEeT BU/I , OTKYyJIa 7' = 00,
0

e=1.
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PazpeszaB mouiekysiy 110 BceM pebpam ¢ KOHEYHBIMH METKaM 7', OOHAPYXKUM, YTO B KaXKIO0MH
KOMIIOHEHTE CBA3HOCTH ecTh aroM A. Taxum obpa3oMm, y 9Toi MoJIeKyabl HeT cemeii. [1penioxkenne

TOKA3aHO. ]

2.2.3 JInyBuaneBa kKJjaccudukaliusg OMIINAPI0B HA JIJIUIICOUIE

B sTom nynkTe npuBemena tabsuia, B CTPOKAX KOTOPOH yKa3aHbI BCE KJIACCHI YKBUBAJIEHT-
HOCTH OWJLIMAPIHBIX CTOJIOB HA JUIHNCOUIE. Jlyisd KarKa0oro Kaacca SKBUBAJEHTHBIX CTOJIOB BbI-
Yuc/IeHbl nHBapuanThl Pomenko-lluiranra cooTBeTCTBYIONMX OULIMAP/IOB, & TaKzKe OIIPe e eHbI
KJIacchl ToMeoMopdHOocTH MHOoroobpasus Q3. Bo BropoMm cTos0ne TabInuIbl IPORLIIOCTPUPOBA-
Hbl KOHKPETHBbIE TPUMEPbI OUJIINAP/IHBIX ¢TO0B. HamoMuauMm, 910 OM/LIHAPAHBI CTOT OrPAHUYEH
copokycHBIME ¢ umnnconaoM F kpanpukamu. CeTka 3/UIMITHYECKUX KOOPAUHAT Ha F mn300pa-
»KeHa Ha pucynke 2.1. [opuzoHTa/ibHbIE KOOPAMHATHLIE KPUBBIE HA 9TOM PHCYHKE COOTBETCTBYIOT
OJIHOIIOJIOCTHBIM THIIePOOIOHIaM, BepTUKAJIbHBIE — JIBYIOJOCTHBIM. Ha pucynkax Broporo croJib-
1A TAOJIMIIHl KUPHBIM BbIJIEICHB OMOUJINYECKIE TOYKH, CEPO-KPACHBIM — OMJLIMAP/IHBIA CTOJI, a

OYHKTUPOM — JIMHUH Tiepecederns KOH(MUTYPAIMOHHOTO SJLIUICOUA ¢ KOOPANHATHBIMU IIJIOCKO-

CTIMH.
Tabauna 1. JInyBuiiesa Kiaaccudukalus copoOKyCHBIX MeoIe3ndecKnX OMIINAPIOB Ha,
SJLIATICOU,IE
Meuenas MoJieKyJia,
Homep O6s1acThb tam Q3
ouLIaApIa
r= (1) r = [1)
& = & =
A \n = 2/ A
1 F O, RP3
Aé r=0>A
e=1 e=1
r=I{)
A 5\:1 n =
2 i B —— A 53
Pty
A r=0 S5
e=1
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2.3 Kunaccundukanug OmmmapaoB Ha Tunepboiongax

2.3.1 IlocTpoeHue rpyobIX MOJIEKYJI

B oryimume or ssummnconia OMJLIHAP HA OJHOIIOJIOCTHOM THUIEPOOJIONIEe MOXKET MMETh B
CelIOBBIe TepecTpoiikn: Ha ypoBHAX A = b u A = ¢. OTMernM, 9TO Ha OZHOMOJOCTHOM THIIEPGO-
JIORJ€E HeT OM6I/IJH/ILIGCKI/IX TOYEK U IJUIMIITHUYECCKUE KOOPJANHATBI Ha HEM OTACJIeHbL APy OT Jpyra.
DTO 03HATAET, 9TO TPyObIE MOJIEKYJIBI OUJLTHAPOB HA OTHOTOIOCTHOM TUIIEPOOION e HE COAEPKAT
aTOMOB €O 3Be3JI09KaMu. JleficTBUTE/IbHO, MBI BCEIJIa MOYKEM TPUBHAJLHO PACCJIOUTDH OMJLIHAP/I-
HBIA CTOJI JUHUAMUA YPOBHA TOU JIJIUNTUIECKON KOOPJIUHATHI, KOTOPad He COOTBETCTBYET HUKAKOHN
OoudypKaIuu, OrpaHuYUTh CUCTEMY HA 3TU CJIOU U YOEUTHCH, YTO Ha KAaXKJIO0M U3 HUX B OKPECTHO-
cTH OU@YPKAIMOHHOTO CJIOSI CHCTEMa YCTPOeHa oanHakoBO. Hampumep, ecin dudypkalus TOPOB
JluyBusasa Oymer mpoXoauTh HA ypoBHE A = ¢, MBI MOXKEM PACCIOUTh OMLIHAPIHBIA CTOJI cOdo-
KYCHBIMH JIBYOJIOCTHBIME THIiepGotongamMu (T.e. JTUHUSAMH YPOBHS JLIUNTHICCKOH KOODIMHATHI
A3), TIOCKOJIBKY A3 HE IPUHUMAET 3HAYEHUS C.

B pamnom myHkTe O6y/IyT HOCTPOEHBI IPyOble MHBAPUAHTHI /I JABYX THUIIOB OUInapaoB. Ilo-
CTpOEHHE IPYyOBIX MOJIEKYJI JJIsi OCTABIINXCS THIIOB CTOJIOB HPOBOJIMTCS aHAJOTHIHBIMUA METOIAMH.

Nrak, nycts Z — Ow/uIMapIHBIN CTOJI Ha OJHONOJOCTHOM THIEpPOOJIOHIEe, TOI/IA HapamMerp
KaycTuku A m3Mensiercs He orpeske [c — §,al, rme 0 < § < 400, mpu 3ToM A = ¢ — § cooTBeT-
crByeT “HanboJIbIIeMy” cOOKYCHOMY SJLTHICOUTY (T.. SJLTHICOUY ¢ HAUOOIBIIUME HOJTYOCSMH ),
OTPAHUYIHUBAIONIEMY CTOT Z.

Kak un panee runep6o/ion/i, Ha KOTOPOM OYAyT pacCMaTpuBaTHCA OMJLIHAPILI 0003HAYUM e~

pe3 E. [lapamerp storo runepbosionga 0yiaeM o003HAYATDH Yepe3 Ag.

IIpensioxkenue 2.3.1. Buasuapdy wa cmone 1-20 muna (em. mabauyy nywkma 2.5.8) omsenwaem

2pYybaA MOACKYAQ, U300PaANCEHHAA HA pUcyHre 2.14.

JokazaTeibeTBO. Ilyers Bes rpannna crojia Z JIesKAT Ha cOPOKYCHOM SJLIMICOUIE Hapa-

mMerpa A = ¢ —§, tne 0 < § < 400. Torga unrerpan A mensiercss Ha orpeske [¢ — 0, a).
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Puc. 2.14: NuBapuant @omMenko businapia Ha cTojie 1-T0 THTa Ha OJHOMOJOCTHOM TUIEPOOJIOnIe.

[Iycte A = ¢ — 0. B takom ciaydae 061aCTbI0 BO3MOXKHOIO JIBUKEHHS MaTepHAIbHON TOUKHI
OyIyT JBe TpaHUYHBbIE KpUBbBIe cToaa Z. ClIeI0BATeNbHO, B ()7 MBI IOJIYIHM B TOTHOCTH 4 OKPY K-
HOCTH, OTBEYAOIIHeE JIBUKEHUIO MAaTePUATbHON TOYKH 110 rpanuie Z (Ha KayKJI0f U3 JABYX I'DAHUIL
JIBUZKEHHEe MPOUCXOUT B JIBYX IPOTHBOIOJOKHBIX HATPABICHUSIX ).

[Iycts A € (¢ — 9, ¢). B kaxk10it TOUKe 00,1aCTH BO3MOXKHOTO JIBUKEHUS] PACCMOTPUM BCE BEK-
TOpPa CKOPOCTH, OTBEUYAIOIINE STOMY YPOBHIO MHTerpaja. [loayuuMm npa cUMMETPUYHBIX OTHOCH-
TEJbHO MI0CKOCTH z = () KOJIbIA, OCHAINEHHBIX BHYTPH Y€THIPbMS, & Ha IPAHUIE JBYMs BEKTOpa-
mu ckopoctn. Pacemorpum touky P € ZN{z > 0} N{zx = 0}, sexkarryto BHYTpH OJHOIO W3 TAKAX
KoJien, (Mbl Oy/ieM PacCMaTpPUBATh KOJBIO B MOJYIpOCTpaHcTBe z > (), M KaK B MPEJIOKEeHUN
2.2.1 BBemeM oOO3HAUEHHE BEKTOPOB B 3TOil Touke. /lajee Mo HeIpepbIBHOCTH BBOIUM 00O3HATE-
HUS B OCTABIINXCS TOYKAX KOJIbla. Ha rpanunax Koser BBUILY OUILIHAPIHOIO OTPAYKEHHS, & TAKIKe
KacaHWs KayCTUKW, BEKTOPA U1 W U4, & TAKIKE Uy U U3 OTOXKIECTBISIOTCSA. Paccionm Z Ha KOODIH-
HATHBIE JTMHIHM CETKHU SIITUITHYECKIX KOOPAUHAT, OTBEYAIOIIIe IBYIOJOCTHBEIM IUIepboI0nIaM, 1
OPHUIUIIEM 3THM CJI0SIM BEKTOpa v U V4. PacCMOTpUM HEKOTOPYIO TOYKY Ha HUYKHEH MPAHMTHOR
KPHUBOii 7 paccMaTpuBaeMOro KoJbIa (9Ta KpHBasi OTBEYAET MEPECEeUeHUI0 OJHOMOJIOCTHOTO TH-
nepbosIonIa 1 KayCTHIeCKOH KBAIPUKH) ¢ COOTBETCTBYIONIMM CJI0€M PACCIOEHUST W BEKTOPAMHU U1,
v4. OUeBHIHO, ITO ITOT CJI0H romeoMopden okpyxKHOocTH. [lepensuras Touky P Bmojb vy, 6yaem
HoJIy4IaTh OKpyzKHOCTH. COBEPIINB IOIHBIIA 000POT, MBI BO3BPATUM CJI0H BMECTE ¢ BEKTOPAMH B
HCXOJ[HOE OJIOJKeHHe, B Pe3yJbraTe 4ero B Q3 MOJyYdM JBYMepHbIH TOP. AHAJOIMYHO MBI HOJLY-
YUM JIByMEPHBIH TOP JJIst pACCMATPUBAEMOIO KOJIbIA ¥ BEKTOPOB Vg, U3, & TAKKE JIBA JBYMEDPHbIX
TOpa I KOJIBIIA, JIe’Kalero B moaymnpoctpanctse 2z < 0. Takum obpasom, ra yposue A € (¢—4, ¢)
HoJIy4uaeM 4 IByMEpHBIX Topa, KoTopble npu A — ¢— 0 +0 mepexonsar B KpUTHIECKHE OKPYKHOCTH.
CrenosarenbHo, ypoBHIO A = ¢ — § oTBedat0T YeTbipe 3-aToma A.

AHaJIOrHIHBIM 00PA30M MOKHO IIOKA3aTh, UTO YPOBHIO A = @ COOTBETCTBYIOT JBa 3-aroMa A,
ampu A € (b, a) GudypKauu He MPOUCXOUT.

[Tyctb reneps A € (c,b). B s10M cirydae 00JacThi0 BO3MOKHOTO JBHKEHHsI SIBJSETCS BECh

cros Z. CrHabauM Bce TOUKM Z KacaTeJbHBIMU HAIPABJEHHAMH K KaycTudecKoil KBajpuke. [lomy-
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YUM 110 YeThIPe BEKTOPa BHYTpH Z | 110 JIBa HA IpaHuie. BBemem 0003HaYeHUS STUX BEKTOPOB KaK
B 1IepBOM a03alle U PACCMOTPUM TAKOe YKe PACCI0CHUE C TPUIUCAHHBIMA K CJI0SIM BEKTOPAME U1 U
vy. Pacemorpum Touky P = (0, /b — Ao, 0) ¢ COOTBETCTBYIONIUM €ii CJIOEM PACCIOEHUSA U BEKTOPa-
Mu. DTOT coit B Q3 romeopmopden okpyzkHOocTH. CeaB MOMHBIT 060POT 3TOH BOKPYT 3JLIAICA
E N {z = 0}, Mmbl BO3BpaTuM CJIOH B HCXOIHOE HOJIOKEHUE U B PE3YJIBTATE MOJIYIUM JIBYMEPHbIH
TOp. AHAJOTHIHO TMOCTYIIUM C BEKTOPAMH Vs W U3. TaKUM 00pa3oM, Ha (PHKCHPOBAHHOM YPOBHE
A € (¢,b) momyunm nBa Topa JIuwyBHILIS.

CnenoBaTeIbHO, Ha YPOBHE A = ¢ IPOUCXOINT IMepeCcTPOiiKa YeThpex TOpoB JInyBuiisa B 1Ba,
a Ha yposae A = b — aByx TtopoB B aBa. Oupene/inM aTOMBI, OTBEYAIONIHE ITUM OUDYPKATHIM.

Paccmorpum kpurndeckuit cioit A = ¢. CHOBa cHAOAUM BCe TOYKH CTOJIA Z KacaTeTbHBIMH
HAIIPABJIEHUSIMHU, COOTBETCTBYIOIMAMHI 9TOMY 3HadeHHIO nHTerpaJga A. BospMmem paccioenue croda,
Touky P u obo3Hadenusi BEeKTOPOB u3 mpebiaynero adzamna. CuabauM Bce JIyru pacCaOeHusl Ha-
npasieHnaME v, 1 v4. Ha Kaxa0it Takoit ayre B Q® mosyunm BocbMepKy. CoBepIImB MOTHEIT 06X01
o smuncy E N {z = 0}, 37a BocbMepKa BEPHETCS B MCXOJHOE IOJIOKEHUe, U B Pe3yJbTare Mbl
HOJIYYUM IPSIMOe MPOU3BeIeHIe BOCbMEPKH Ha OKPYKHOCTH. TOpbI, OTBeYaloOnue BEKTOPaM vy, U4
Ha ypoBHsIX uHrerpasia A € (¢ — 9, ¢), crpeMsiTcs K 9TOH KpUTHUIECKOi noBepxHocru npu § — 0,
orubast ee M3HYTPU. A TODPbI, COOTBETCTBYIOMTHE YPOBHIO A € (¢, b) ¢ BEKTOPAMU v] U Uy, TOKE CTPe-
MSTCsI K 9TOI moBepxHocTH Ipu A — ¢ cHapyku. OnucaHHas MepecTpoiiKa COOTBETCTBYET 3-aTOMY
B (cm. puc. 1.2.2). AHaJOrHUHBIE DACCYZKIEHUS CPABEIUBLL U JIJIs JAPYTOil Hapbl BEKTOPOB: Vs
u v3. rak, ypoaio A = ¢ orBevaior jaBa 3-aroma B.

AHaJOTHYIHBIM CTIOCOOOM Yepe3 paccjioeHre 00JIACTH BO3MOXKHOTO JIBUKEHUsT CO(DOKYCHBIMU
SJLIUICOUIAME HETPYIHO II0Ka3aTh, 9TO ypoBHIO A = b oTBedaer B TouHOCTH OnmMH 3-aToM (.

I'pybas mosexyaa nmoctpoena. [Ipeamoxkenne mo0Ka3aHOo. [

ITpennoxkenune 2.3.2. Buaauapdy na cmose 5-20 muna (cm. mabauyy nynwkma 2.3.8) coomeem-

cmeyem 2pybas MOAEKYAG, NPedcmasieHnas na pucyrke 2.15.

Puc. 2.15: UuBapuant @omMenko businapia Ha CTOJIE 5-TO TUIA HA, OJHOMOJOCTHOM TUIEPOOJIOnIe.

JokazarenbcTBO. PacemoTrpun cros Z 9Toit cepun. MozkeM c4UTATh, 4TO B IOJIYIPOCTPAH-
cree y > 0 9TOT CTOJ HE COAEPKHUT CTEHOK JBYIOJIOCTHOIO ruiiepbosion/ia (MHade OTPA3UM CTOJ

OTHOCHTEJILHO IUIOCKOCTH Y = ().
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Jlerko nmokazarb, 910 ypoBHIO A = ¢ —  COOTBETCTBYET B TOYHOCTH JIBa aroMa A, a ypOBHIO
A = a — posrO Tpu atoma A. Takke MO aHAJIOTUU C MPEIBIAYIIHM ITPEIOKEHUEM JIETKO TPOBe-
pstercst, ato pu A € (¢ — 6§, ¢) U (¢, b) U (b, a) budypkaruu He mpoucxomuT u Ha yposae A € (¢, b)
JIEKUT B TOYHOCTH OJMH TOp. Takum obpasom, npu A = ¢ aBa TOpa MepecTpamBaioTCsd B OJUH, a
upu A = b oaun TOP nEepecTpanBaeTCs B TPU.

[Tycts A = ¢. Pacciionm cronn Z Ha KOOpAWHATHBIE JIMHUN CETKHU SIIATNTHIECKUX KOOPINHAT,
COOTBETCTBYIOIIHE IBYIOJOCTHBIM MUIIEPOOIOUIAM, U BBeIeM 0003HAYEHHUS JOMYCTUMBIX BEKTOPOB
CKOPOCTH B TOYKAX 00JIACTH BO3MOXKHOTO JBUKEHUsI B TOYHOCTH TAaK Ke, KAK U B MPEIbIIYIIEeM
npenaoKeHnn. PaceMoTpuM Cou 3TOoro paccsoenusi, orsedatoniuii Touke P = (0,1/b — X\, 0) u
OPUIAIIIEM BCEM TOYKAMHI ITOTO CJIOST BEKTOPHI U U V4. 3aMETUM, YTO BBHUJY OTPAYKEHUS OT T'Da-
HUIIBI CTOJIA, & TAKyKe KACaHWs BBIPOKICHHOH KBAJPUKHU ITapaMeTpa ¢ BEKTOpa v; U Uy CKJIEUBa-
I0TCST KaK B TPAHUYIHBIX TOYKAX CJIOS PACCIOEHUs, TaK U B Touke P. B pesynbrare, mosydaem, 94To
cJI0ft paccioeHust B Touke P ¢ BekTopamu v; u vy romeomopden BochbMepke. [lepemerrast Touky
P no gyre smmmnca E N {z = 0} u oTTanKnBasgch ABazKIbl OT €e IPAHUILI, B ()3 TOTyInM Tps-
MO€ IPOU3BEJICHHE BOCKMEPKH Ha OKPYZKHOCTH. Takum o6pas3om, yposenb A = ¢ onpenenar B Q3
HOIMHOZKECTBO, TOMEOMOP(hHOE KPUTHIECKOMY ¢JI0I0 3-aToma B. Bojee Toro, ecin mpocaieuTs 3a
“TUHAMUKON’ BEKTOPOB U] W U4 HA KAXKJOM U3 CJIOEB PACCA0CHUsT COPOKYCHBIMHU JIBYMOJOCTHBIMHA
runepbostongamu ipu A € (¢ — €, ¢ + €), HeTpyAHO YOenThCst, 9TO YPOBHIO A = ¢ oTBevaer 3-aToM
B. AHaJ0rn4HO MOXKHO MOKa3aTh, 9YTO ypoBHIO A = b coorBercrByer omud arom Di. ['pybGas mo-

JIeKy/aa mocTpoeHa. [Ipenmoxkenne mokazaHo. [

2.3.2 DBrruuciaeHnue nmHBapuaHToB PomeHko-1lumnianra.

B sroit wactu mbl BeruncauMm naBapuanTbl Pomenko-Iumranra a8 OuinapIoB Ha CTOJIAX
o 1 u 5 (eMm. tabauiy nyHkTa 2.3.3). Medenbie MOJEKYJIBI OCTAJIBHBIX OUILIHAPIOB CTPOSITCSI
no aHajgoruu. Berauciennble naBapuanThl Pomenko-llumranra mpeacTaBieHsl B TaOIHUIE TYHKTA
2.3.3. [Iycte W — rpybag mMoJiekysia HeKOTOporo ousuinapaa. Eciu pedbpo 31oit MOJIeKyJibl OTBEYaeT
napamerpy A € [c — §,¢|, To HazoBem ero pebpom nepsozo muna, ecau A € [c,b], To — pebpom
emopozo muna, eciiu A € [b, al, To — pebpom mpemvezo muna.

Bce mosiekysibl Mbl OyjieM pacroJiararb TOpU30HTAAbHO. JIBUKeHUME cjieBa HAIPaBO BJOJIb

pebep MOJIEKYJT COOTBETCTBYET POCTy WHTerpaja A.

ITpennoxkenune 2.3.3. Meuenaa morexyaa bunruapda na cmose 1-20 muna (cm. mabauyy nyrk-

ma 2.3.3) uzobpascena na pucymnxe 2.16.

ﬂOKaSaTeJIbCTBO. Bribepem no ojHoMy pedpy KazKJIOro THIA U BITUCIUM JIJIsl HUX WHBAPHU-
anTbl Pomenko-Iutranra. ¥ pedep OJHOrNO THUIA METKHU 7, € OYIYT COBIAIATH, U B 9TOM HETPY/IHO

yOeTUThCH.

67



4‘"\ By =S 0 . w=
g ------ \_n —oé=Ll-4
e=1 o
r= Cg :

1 ; — (IJ n=0 \

L x:-_-u B ‘ o= 0 1 r = ? ‘4

., £ = — £ =
A,',,/:?’ o

Puc. 2.16: Medenas moseky/ia ouanuapa Ha cToje 1-ro Tuia, JeXKalieM Ha OJHOTIOJTOCTHOM TUep6oIo-
nue.

Borauncyium merku jjist pebpa nepBoro tumna. BerbepeM mUKIbI A7, 4T , OTHOCSIIHECS K aTO-
My A, m mukaer AT, pt, orHOCSIMecs K aromy B, Kak mokasaHo Ha pucyHkKax 2.17.1 m 2.17.2

coorBercrBenno. Opuenramuio AT, 1™, 1™ BeIOepeM 110 HAIIpaBJICHUIO BEKTOPHOIO moJId. Torma ouge-

01
BU/THO, YTO MATPUIA CKJICHKN UMeeT BU/I . CiepoBarenbho, € = 1,7 = 0.

2

Puc. 2.17: Ha pucyHkax mrpux-myHKTAPOM 0DO3HAUEHBI [4-TTUKJIBI, & CILJIONTHONW JUHUEH — A-TTUKJIBI.

Haiinem merku mas peGpa sroporo Tuna. Beibepem mukasr A1, ut, ornocsamueca k atomy Co,
U IMKJIBI A\~ , i~ , OTHOCsIIMecS K aTroMy B, Kak noka3ano Ha pucynkax 2.17.3 u 2.17.4 coorBet-
creenno. OpueHTupyeM AT 0 HaIpaBJIEHHIO BEKTOPHOIO IOJIA, & Ha 1~ BbIOEPEM OPHEHTALUIO
MPOTHUBOIOJIOXKHYIO HAITPABICHUIO BEKTOPHOTO TOJd. Tak Kak ompeeTuTe b MAaTPUILI CKICHKHT

pasen —1, ut opmeHTHpyYeM NpPOTHUB HAIPABJCHHS BEKTOPHOIO IIOJsd. 3HAYUT, MATPHIA CKJICIKN

0 -1
nMeeT BHI oTKy/a, € = —1,r = 0.

Tenepnb BorurC UM METKH Jiisi pebep TpeTbero Tuna. Paccmorpum oH0 u3 Takux pebdep. Bbi-
Gepem mukasl g, AT, orHOCsIeca k atomy Co, M (1™, A\™, OTHOCAIIIECA K aToMy A, Kak TTOKa3aHo

Ha pucyHkax 2.17.5 u 2.17.6 coorsercreenno. OpuentupyeMm p, AT, 4~ 10 HaIpaBIeHUIO BEKTOD-

01
HOTO Tojid. Tak Kak ompeseuTe/ib MATPUIBl CKJICHKHA paBeH —1, TO OHA MMEEeT BH/I, , &

0

3HauNT, € = 1,7 = 0.
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[Tockosibky BCe pebpa MOJIEKYJbl KOHEYHbI, OHA 00J1a/1aeT TPeMsi CeMbsIMH, KaxK/Iast U3 KO-
TOPBHIX COOTBETCTBYET CEJIJIOBOMY aToMmy. Bce MaTpHIlbl CKIEHKH OKAa3aIuCh aHTHIHATOHAJIbHBIMEI

(ko3bburmeHTH HA TJIABHOW JMATOHAIM PABHBI HYJO), a CJIEJ0BATEIBHO, BCE METKH 1 PABHBI
HYJTIO. U
IIpensioxkenue 2.3.4. Meueran morexyna buiruapoa na cmose 5-20 muna (cm. mabauyy nyrk-

ma 2.3.3) uzobpascena na pucymnxe 2.18.

=0
r=40 c=1 A
Nz n=0
J i e =0
/B fp= "‘--.Dl. 5=1A
oo __1 .......
r=0 ¢
s r=Pa

Puc. 2.18: UuBapuant ®omenko-llumanra buninapia Ha cTojie 5-ro TUTA

JlokazaTe/bCTBO. Bhrameaum MeTKH Ha pefpax HepBOro THIA. Beibepem MuKasr A, 4,
oTHocammecsa K atomy A, m mukaet A1, ut nung aroma B kak mokazano Ha pucyHkax 2.19.1 m 2.19.2

coorBercTBenno. OpuentupyeM A~ , 4=, AT 110 Hanpasiennio BeKTopos. Torna p* nHanpasien BIoJb
01

,oTkyna € = 1,r = 0.

BEKTOPOB U MaTpHIla CKJIEIKH mMeeT BH I

Puc. 2.19: Ha pucyHkax mrpux-myHKTAPOM 0D03HAUEHBI [4-TTUKJIBI, & CIJIONTHONW JUHUEH — A-TTUKJIBI.
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Ha pe6Gpax Broporo tuna Beibepem nukJbl A~ , g~ gias aroma B u nukast A1, ut nias aroma Dy
KaK MOKa3aHo Ha pucyHkax 2.19.3 u 2.19.4 coorsercrenno. Opuentupyem AT, A\~ mo HampaBpIeHnio

BEKTOPOB, & IMKJ //  HAIpPaBEM IIPOTHB. 3HAYUT, (' HaIpaB/eH IPOTHB BEKTOPOB W MaTpHIA

0 -1
CKJIEHKH UMeeT CJIeIYIONuil BuI . Takum obpazom, € = —1,r = 0.

B ciaygae pebpa Tperbero Tuma BeIOMpaeM DUKJILL A~ , 4~y aroMa Dy m mukael AT, s
aroMa A Kak moka3aHo Ha pucyHkax 2.19.5 u 2.19.6 coorsercrsenno. Opuentupyem ™, u*, =~ 10

HAIPABJICHAIO BEKTOPOB. 3HAYUT, AT HAIpaB/JIeH BIOJb BEKTOPOB U MATPHIA CKJICHKM UMeeT BUJ,
01

10
[TockosibKy Bce pebpa MOJIEKYJIbl KOHEYHBI, OHA 00J1aJaeT JIBYMs CEMbsIMU, KazKaas U3 KOTO-

. CnenmoBarennho, ¢ = 1,7 = 0.

PBIX COOTBETCTBYET CCAJIOBOMY aTOMY. Bce MaTPpHUIbI CKJEHKHA OKa3aJINCh AHTHANArOHaJIbHBIMHU, 4

CJ1eJI0BAaTeIbHO, BCe MeTKU 7, PaBHBI HYJIIO. 0

2.3.3 JInyBuaneBa Kjaccudpukalmga Onaamapa0B Ha OJHOIIOJIOCTHOM TH-

nmepoboJsionge

Hwuke npupeena tabniia, B CTpOKax KOTOPOil yKa3aHbl Bce KOMOMHATOPHO HEIKBUBAJIEHTHbBIE
OMJLTUAP/IHBIE CTOJIBI Ha OJHOIOJOCTHOM rutiepdosionie. /I KazKaoro K/jaacca SKBUBAJICHTHOCTH
cToJ10B nipuBejieH nuBapuant Pomenko-I{utranra coorBeTcTBYOMEro 6uIINap/Ia, & TaKKe KJ1acc
roMeoMOpP(HOCTH H309HEPreTUIecKoi moBepxHocTu. HalmoMHHM, 9TO Bce CTEHKH OWJIIHAPIHBIX
CTOJIOB TEJTUKOM JIeXKaT Ha COPOKYCHBIX KBAIPUKAX.

lopuszonTabHbIE CTEHKH HA PUCYHKAX TaOIUIBI OTBEYAT COMOKYCHBIM JLIUIICON/IaM, a Bep-
TUKAJbHbIE — JIBYIIOJIOCTHBIM rurepbosioniaM. [IyHKTHPOM BbIJIe/IeHbl JIMHUK [TI€PECeUYeHHs OJIHO-

IIOJIOCTHOI'O FI/IHep6OHOI/I,ZLa U KOOPJIMWHATHBIX IIJIOCKOCTEH.

Tabauna 2. JInuysuiiesa Kiaccudpukaius cOPOKYCHBIX Te0Ie3NIeCKUX OMIINAD/IOB

Ha OJHOIIOJIOCTHOM FI/IHep6OJIOI/I,IL€

Howmep Ob6acTpb Medenas MosekyJia buytnap/ia o Q3
; i [1] n=0
A \-B r— 0
AT \n = (
e=1 Wy
1 . i Oz St x §2
A ’: = [1] n=0 o \
e B“"‘; r=0 r=0>A
A L B Be=e] e

m =3
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2.3.4 JInyBunneBa kjgaccumpmKanusa OmaamapaoB Ha ABYIIOJIOCTHOM TH-

nmepoboJionge

CoracHo mpeoxKennio 2.1.3 cymecTByeT B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEXKITY cOdhO-
KYCHBIMHU I'eOAe3n1eCKUMHA 6I/IJ'IJ'H/Iap,ZLHbIMI/I CTOJIaMU Ha ABYIIOJIOCTHOM FI/IHep6OJIOI/I,ZLe " IIJIOCKUMU
001aCTSIMHI, OPpAHMYEHHBIME CO(OKYCHBIMI KBaJApukamu. OIHAKO CIpaBeIInBO 0oJiee CHILHOE

yTBEepKAcHHE.

IMpeanoxenune 2.3.5. Cyuwecmsyem 83aumHo 00HO3HAUHOE COOMBEMCMBUE MENHCIY COPOKYCHbI-
MU 2€00€3UMECKUMY OUANUAGPIAMU HaA JSYNOAOCTNHOM 2unepbosoude U NAOCKUMY OUNAUGPIAMU,
02PaHUYEHHBMU COPOKYCHBMYU Keadpuramu. Coporycromy eeodesuveckomy buriuapdy wa deyno-
AOCTHOM 2UNEPOOAOUDE OMBEHUAEM AUYBUANEBO IKEUBAAEHMHBIT OusIuapd 68 NAocKkol 00AacmU,

02PaHUNEHHOT COPOKYCHBLMU KEAOPUKAMU, U HA0OOPOM.

HoxkazaTenbcTBo. Iyers Z2 — Guammapanbiii cTol Ha ABYHOJOCTHOM THTIEPOOIOnIE Ma-
pameTpa Ao, a f — orobpazkenue, nmocrpoennoe B npeioxenun 2.1.3. Coriacno dopmyram 1.5
ypaBHeHUd JIBUKeHUdA OHLIHAp/Aa BHYTPHU Z2 B 3JUIMNTHYCCKAX KOOPAXHATAX \i, Ao Ha COBMeECT-
HOM ypOBHE IEPBbIX HHTErpanos H = h, A = \ 3aIUCBIBAIOTCS CIIEAYIONUM 0ODA30OM.

A = ih()\l _i;/)?)\l — \/(a = M) (b= A1) (e — M)A = A1) (Ao — Ay)
2/2
h(Aa — A1)(Ae — a)

(2.1)

Ay =+

V(@ =22)(b = 2)(b — A)(A = A2)(ho — Ao)
Onmaako A\ < Ay < A\g < a. [losromy ybOpaB u3 mocaenHeil cucTeMbl MHOXKHUTEIH \g — \;, @ — \;
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(OHI/I HeHyJIeBbIe), Mbl H€ M3MCHHM TOIIOJIOI'MIO CJIOCHHL ﬂI/IyBI/IJIJIH HOJIyLH/IBHIeIU/ICH cucreMbl. B

pe3yabTaTe Mbl TOJYYUM CAEAYIONINe YpaBHEeHUS.

A = i)\l_)\Q\/hb—Al)(C—Al)(A M)

| (2.2)
Ao — i)\z - \/h b— Xa)(b— Ao)(X — Ag)

O1HAKO UMEHHO TaK BBITJISIIAT CHCTEMA B JIUITHIECKAX KOOPAMHATAX, OMUCHIBAOIIAS T€0/1e3N-
JecKuit moTok Ha miIockocTu. [lTockoabky orobpazkenue f 3amaer auddeomopdusm MexmIy CTO-
namu Z u f(Z), nepexoq ot cucreMmbl 2.1 K cucreme 2.2 pealu3yer MOCTORHBIH roMeoMopdu3m
(ba30BBIX MPOCTPAHCTB (M M309HEPTETHYECKUX TOBePXHOCTEH) Oumapaos Buyrpu Z u f(Z) ¢
COXpaHEHUEM OpHEeHTAlMU KPUTHYECKUX OKpyzkKHocTeil. Takum obpa3zom, Ouiinapabl BHYTpU Z U
f(2) amasirorcs TMyBUILIEBO SKBUBAJIEHTHBIMH. OJ

Takum 0O6pa3oM, ¢ TOUKH 3peHUs] TONOJIOTHH cI0eHu# JInyBUIa codOKyCHbIe OUILIHAPIB HA
IJIOCKOCTH M HA OJIHOTIO/IOCTHOM THIIEPO0/ION i€ YCTPOEHbI 0inHAKOBO. CJ1e/10BaTE/IbHO, MbI MOYKEM
npuMeHnTh pesyibrar B. B. Bemfomkunoit |7] kaaccudukanumn miockux GUIIHAPA0B, OTPaHIIeH-
HBIX CODOKYCHBIMU KBaIPUKAMH.

Huxe mpuBenena Tabauiia, B CTPOKAX KOTOPOil yKa3aHbI Bce KOMOMHATOPHO HEIKBUBAJIEHT-
HbIE CTOJIBI HA JIBYIOJOCTHOM runepbosionse, nupapuantbl Pomenko-Ilumanra coorBeTCTBYIONIX

OMLIMAP/IOB, a TaK»Ke KJIaCChl TOMEOMOP(MHOCTH U309HEPTETUUECKUX 3-TTOBEPXHOCTE]!.

Tabnauna 3. JIluysuiesa Kiaccudukanms cOpOKYCHBIX Te0e3UIeCKUX OUILITHAD/IOB

Ha ABYIIOJIOCTHOM FI/IHep6OJIOI/I,ZLe

Meuenas MoJIeKy/1a 5
Howmep Ob6sacTo T ()
onsLImap/Ia

v q o

™
1l
-y
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2.4 OOmiag TeopeMma KJjaccupuKamum

Teopema 2.4.1 (Knaccudukanus reomesndeckunx Oumuapiaos). Iycmo E — neswpoosrcdennas

Keadpuka u3 coforycrozo cemeticmsa, mozda (¢ MowHOCBIO 00 AUYEUAAEEOT FKEUBAAEHIMHOCTI,):

1. Ecau E — saauncoud, mo Ha Hem CYWECmayom poeHo 7 HeaKeUuSaAeHmHLE Ouiiuapios (cm.

mabauyy nywkma 2.2.5);

2. Ecau E — odnonosocmuniti 2unepboroud, mo Ha HeM CYULeCmsytom poero 7 HesKeusaseHm-

RO buaruapdos (em. mabavuy nynwkma 2.3.3);

3. Ecau E — deynosocmuniii 2unepboaoud, mo wa HeM CYuecmsayom poero 6 HesKeusaseHm-

RO buaruapdos (cm. mabavuy nynwkma 2.3.4).

4. Oxrasvieaemcs, 4mo HEKOmMOopvle 2e00e3uveckue OUuiIUuapdvl, “scusyusue” Ha pasnuvlr coporyc-
HOLL KBAOPUKAL, ABAAOMCA AUYBUANEEO IKBUBAAEHMHUMU. B umoze, na ecex copokycroix

KGCL(QPU,%'CLZE UMEEMCA POBHO 10 AUYBUANEB0 HE IKEUBANEHITTIHLL 2€00€3UMECKUT 6UJL/LUCLp()06.

Haiinennple HAMU WHTErpUpYyEMble T'eojie3nvdeckrne OWIInap/bl Ha KBaIPUKaX, JNYBULIEBO

9KBUBHUBAJICHTHbI HEKOTOPLIM APYI'UM HM3BECTHBIM CHCTEMaM U3 (1)I/IBI/IKI/I7 MeXaHUKH U I'€eOMETPpHH.

Teopema 2.4.2. Caedyroujue 2eodesureckue bUANUAPObL HA KEAOPUKAT IKGUBAAEHMHL UHME2PU-

PYEMBIM CUCTIEMAM U3 ¢U3U%'U7 METAHUKRU U 2EOMETNPUU.

Tabauna 4. JInysuriesa Kiaaccudpukanus copOKyCHBIX TeOIe3UTeCKUX

OMLTHAP/IOB Ha KBaJPUKAX

JInyBuLieBo
[Tpumep obmacTu Meuenast MoJteKy./1a ObusInapaa SKBHUBaJIEHT-

Had CHCTeMa

. A ﬁ A Jlarpanx,
=l Ditnep
=)
A E\Zl
2 B——A ZKykoBekunit

m =3
1l

AN
r—lc\
™M =
Il
e

78



r=0
A < n=1 Kebm,
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e=1
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e=1
'n,=0 [opsiuen -
A ¢ A A Yamabirun -
r=0%_ r=0
e=1 e=1 Cperenckuii
r=pc r=1»0
A _e=1 e=1_A
\ / Diinep,
X Ki1e6
J1e01I
Ar/:oo r}A
e=1 e=1
r = (1) T = ?
£ = £ =
A \77’22 4 Diinep,
oy K1e6rm,
Aé ......... SA Coxko.toB
e=1 e=1
[Lnockuii
A :f — ? coPOKYCHBIi
— ousLIap/i Ha
A7D1 r = o0 A CTOJIe:
e—=1
=0
A e=1
A r= (i] - ? % Buwimmaps va
<n= 0 n =0€_/ SJLIAIICOUIE B
/B A r=0 B\ IpPOCTPaH-
A T=0 N cTBe
e=1 e=1
MunKOBCKOTO
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Tomosornuec-

o = ol
P e=1
\7 n=0 n=90 / Ouimapa ¢
.,' " _.‘"0' 'v._.‘ . 0
9 / B — .__.._D1 ; — 4 HEBBLIITYKJIbI-
PN "
e=1 r=0>4
=7 CKJIeiKamMu
rparui
= [1J =0 Tonomornyuec-
s, — E= A
Aq 2{?/ buimap, ¢
10 - { Co HEBBITYKJIbI-
ASS1RR0 N
e 4 B Yr=0_ r=0>A MI
A{U' W f=le=l CKJIeHKaMn
e=1 IPaHUIL

I Takue GusMapabl onucanbl 1 ucciaenoBanbl B. B. BemomkuHoit B pabore [10]
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I's1aBa 3

Tpexmepubie copokycHble OMJLINAPADI

Hacrosiasa ryiaBa mocssiinena n3y4eHuio Tonojaoruu ciaoenuit Jlnysuing TpexMepubix codo-
kycubrx Ommmuapaos. [lockonbky aast UT'C ¢ Tpems u Oojiee cremeneit cBOOOABI HE CYIIECTBYET
yA00HBIX (B TLIaHe BBIYUCICHHI U paBoThl) KIACCH(MDUKAIMOHHBIX HHBAPUAHTOB JIMYBULICBOI K-
BUBAJIEHTHOCTHU, MbI KJaccuduUIupyem Bce TpexMepHble cOPOKYCHbIE OUITUAPIBI OTHOCUTETHHO
rpy6oii JinyBusLIeBOi 3KBUBasienTHOCTU. J[J151 3TOrO, cHOBA Ccaeys metony B. B. Bemtomkunoii, na
MHOYKECTBE TPEeXMEpPHBbIX OUJIINAPAHLIX CTOJOB MbI BBEJIEM OTHOIIEHHE KOMOMHATOPHOI SKBUBA-
JIEHTHOCTH, COXPaHdoIIee IPYOYIo JUYBUIIIEBY 9KBUBAJTEHTHOCTH COOTBETCTBYIONTUX OMIIAAD/IOB.
[Tocse dero mokaykeM TeopeMmy KJaacCHpHUKAIME CTOOB. A jajiee Jijist KaXKJI0T0 THIIA CTOJIOB U3Y-
4uM cjoenue JInyBUJLIS HA M309HEPreTHYECKHX MOBEPXHOCTHAX COOTBETCTBYIONINX OMJIIUAP/IOB.
Kak oxa3zaJioch, cymiecTByeT TecHasi CBA3b MEXKJY TPeXMEePHBIMU COMOKYCHBIMU OUJLIHADIAMU, &
TakyKe OMITMApIAMA HA KBAJIPUKAX B TOJI€ YIIPYTO#l CHJIBI. DTa CBA3b MO3BOJIHIA OMHUCATDH CJIOEHHEe
JIMyBUIIA MHOTHX TPeXMePHBIX OMJLIMAPIOB B OKPECTHOCTU CJIOSI, COJEPIKAIIEro ocoOble TOUKN
THIIA CeJIJI0-CEJITIO.

B sToit rmaBe yepes A; u Ay MBI OyeM 0003HaYATH MapaMeTrpbl COOKYCHBIX KBaJIPHUK, KO-
TOPBIX KACAKIOTCS BCe 3BeHbsl (MM UX MPOJOJIZKEHUsI) TPACKTOPUU-IOMAHON TpexMepHoro codo-
kycnoro owumapaa. CyinecrBoBanue Takux KBajpuk obecrnednBaer Teopema 1.4.1. Mbr Oyiaem
npesnoaratb, 9to A; > As. Takke OyjeM canTaTh, 9TO BCe TAPAMETPHI CeMeHCTBA COMOKYCHBIX

KBaJIpUK 1.2 MOJIOXKUTENbHBI, THBIMHA CJIOBAMHU, KBaJpuKa napamerpa () gBIgeTcs SJTATICOUIOM.

3.1 KombuHaTopHada 3KBUBAJIEHTHOCTh TPEXMEPHBIX CTOJIOB.

Teopema kJaaccudpukanum

[To anamoruu ¢ mpeabIayIneil T1aBoil Ha MHOXKECTBE BCEX TPEXMEPHBIX OMJILIHAPIHBIX CTOJIOB
BBE/IEM OTHOIIEHHEe KOMOMHATOPHON SKBUBaJEHTHOCTH. Jljis 3TOro 3aMerum, 4TO THUII KAyCTUKH

K TPaeKTOPpHUHU MO2KET U3MCHUTHLCA TOJBKO B TOM CJIy4dae, KOT'Ja OJWH W3 MHTEr'paJIOB AZ npuMeT
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3nadenue b uan c. B ¢Ba3u ¢ arum onpeAeJimM OTHOIIeHUue 3KBUBAJICHTHOCTU CTOJIOB CJIEAYIOIIUM

obpazom.

Onpepenenune 3.1.1. ByaeM roBopuTh, 4To TpeXMepHble OULTHAPIHBIE CTOJBL 21 U Zo KOMOUHG-
MOPHO IKEUBANEHMHbL, €CTA OTUH U3 HUX MOYKET OBITH IOJYYeH U3 IPYTOTO HOC/IeI0BATETbHOCTHIO

CJIEIYIOIIUX TIpeodpa3oBaHuil:

e H3MEHEHHeM CerMeHTa I'DAHHUIBI IIyTeM HeNpPepPBIBHON dedopMaliuid B KJIacce COPOKYCHBIX
KBA/[PUK, [IPU ITOM, 3HAYEHUE U3MEHSIEMOT0 HapaMerpa A mpu Kazk 1ol gedopmanum MOKer
PaBHSITHCS b WM ¢ TOJHKO JTUOO B HadaJe, ecian 00beM CTOJIA YMEHbIAeTcs, JTub0o B KOHIIE,

€CJIU — YBEeJINYUBACTCH;
® CUMMETPHUEH OTHOCHUTEJHBHO KOOPANMHATHBIX ILJIOCKOCTEIH.

Tenepb MBI pa3pelnaeM CTeHKaM OMJLIMAPAHBIX CTOJIOB 3aXOIUThH Ha, BRIPOXKICHHBIC KBAJIPHKA
B Hauaje WK KOHIE aedOopMaIiy, ecan 00beM CTOIa YMEHBIIACTCI WX YBeJIHIABACTCA COOTBET-
cTBenHO. Takoe mpeoOpasoBaHHe He M3MEHUT TOIOJOTHIO CJIOeHUs JIMyBUIIA COOTBETCTBYIOMIEIO
onmapaa. JIeficTBATeIbHO, €CJIN CTeHKA TPAHUIIBI CTOJIA JICSKUT Ha BLIPOKICHHON KBaJIPHKE TIa-
pamerpa ¢ (wiau b), TO, KOrJa OJMH U3 MapaMeTpoB KayCcTHUK A; mpumer 3Hadenue ¢ (wim b), B
TOYKAX 3TOI CTEHKH OTpaykeHHe 3aMEeHUTCS Ha KacaHue. A 3T0 3Ha4uT, 94TO OH(pypKAIMd, COOT-
BETCTBYIOIast yPOBHIO A\; = ¢ (nm b), He W3MEHHT TOMOJIOTHIO CJIOeHUsI JInyBusIst BOIU3U 3TOM
crenku. NMasimu cjioBamu, cioenne JInyBuis Takoro ousmnap/ia 6yaeT abcoioTHO TAKUM YKe KaK
y OWIHAp/A BHYTPH CTOJIA, MOJYYEHHOIO M3 JAHHOIO OTJAJEHHEM CTeHKH (BMECTe ¢ ee MaJioif

OKPECTHOCTHIO) OT BBIPOXKICHHON KBAJIPUKH.

Teopema 3.1.1 (Kiaccudukarust rpexmepHbix ouammapaubix obaacreii). Cywecmseyem 6 moy-
Hocmu 35 KAGCCO8 KOMOUHAMOPHO HEIKBUBAAEHMHBLT MPETMEPHOLET OusruapdHux cmosos. Bce

oHu npedcmasaens, 8 MabAUYE NYHKEMA 3.4

HokazaTenbeTBo. [ycth Z — TpexMepHbIii Oniamapaabiii ¢Tom. [TocKombKy Z — KOMIAKT,
OH JIEYKUT BHYTPH HEKOTOPOTO SJITUIICON/IA, BXOJSAIIETO B COCTaB €ro TPaHuIbl. B cmity onpesese-

HUsT KOMOMHATOPHOTO OTHOIIEHUs SKBUBAJIEHTHOCTH 6e3 OTpaHuYeHHsT OOITHOCTH MOYKEM CUUTATD,
2 2 2
. Z Y z .
YTO JIUNCOUM, F/, 3aJaHublil ypaBHeHneM — + —— + — = 1, aBadgeTcd KBaJpUKON HauMeHbIIe-
a c

b

ro mapaMerpa, BXOAsiell B coctaB rpaHuipl croia Z. [Ipu arom, miockocrn Ozy, Oxz (oHM XKe
BBIDOZK/IEHHbBIE KBAIPUKH MAPaMeTPOB ¢ H b) He cojfiep:KaT DAaJKuX rpaneii rpaHurpl Z.

Paszpekem KOMIaKTHYIO 001aCTh, OTPAHHYEHHYIO JIIUICOUIOM F| 110 SJTUNTHICCKOMY KOJThb-

2 2
x
my {(x, Y, 0)) + by > 1}. Ha pucynke 3.1.1 TeMHO-cepBIM I[BETOM BBIJEEH YIACTOK Pas-
a—c —c

pe3a, a Ha 3.1.2 uzobparkena durypa, moaydeHHass B pe3yabrare.
3ameTnuM, 94TO B CUJIy OPTOTOHAJIBHOCTH H/LITMITUICCKUX KOOPAUHAT IIOC/IE PA3Pe3a SJIIUICO-

uj E nepeiiier B aBe MOBEPXHOCTH, rOMeOMOP(pHBIE OCHOBAHUIM HEKOTOPOT'O IUWJINHJIPA, & yda-
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Puc. 3.1: 1. Duumunconjt, nepecedeHHblil COPOKYCHBIMU OJHOMOJIOCTHBIMU TuiepOoonamu. JepHbIME
CILTOIIHBIMY JIUHUSIME BbIjIe/IeHbl (POKATbHBIE KPUBBIE §1, §o. BojTee TeMHBIM CephbIM IIBETOM IIOKA3aH yda-
CTOK paszpesa; 2. DJUINICOUI IMOCIe pa3pe3a ¢ COOTBETCTBYIOMIMMHI BBIAEIEHHBIMA KpPHUBBIMHI. BokoBas
MTOBEPXHOCTH IMUJINHIPA — YIaCTOK Pa3pes3a MoCie Pa3pe3aHusd.

CTOK pa3zpesa TpaHCPOPMHUPYETCsi B ero GOKOBYIO MOBEPXHOCTD. JleficTBUTEILHO, IOCTPOUM IOMEO-
MOp(hU3M © 3AMKHYTOTO MHOYKECTBA, MOJYUYEHHOIO B Pe3yJbTaTe pa3pesa, U 3aMKHYTOH 00jacTu,
OrpaHUYeHHON IuaIuHIApOoM K.
Pacemorpum B R3 (2, y, 2) uminnap K ¢ 60KOBO# HOBEPXHOCTHIO
22 2

Yy
+
a—c¢c b-—c

OK = (l’,y72) = ].,Z € [_171]

U BBEJIEM B 3aMKHYTOil 00J1aCTH, OPPAHUYEHHON UM, KOODIUHATHI ([i1, [l2, 2), T i1 U flg — DJLIHI-

THYECKIe KOOPAMHATHI ceMeicTBa (), cOPOKYCHBIX KBJIPUK Ha MaocKocTn Oy, 33JaHHOTO ypaB-
72 y?

+
a—p b—p
JeKateilt B HoJyIpocTpaHcTBe 2 > 0, HO He MpHUHAIEXKAIIeH yIacTKy pa3pe3a, COMOCTaBUM TOY-

HegueM

= 1. IIpou3BoJbHO#t TOUYKe P ¢ 37IHITHIeCKAME KOOpAUHATAME (A1, Ao, A3),

Ky ¢(P) BHyTpu muauHIpa K ¢ KOOPIAUHATAME fi1 = A9, flg = A3, 2 = 1 — %, IIPU 3TOM YTOIHHUB,
9TO 3HAKHU JIEKAPTOBBIX KOOPAMHAT (z,y,2) v ToueK P u ¢(P) mo/KHbl coBnagarh. Ecau Touka
P, nexamag B nosyupocrpatcrse z < 0, He IPHHAIEIKUT YIACTKY Pa3spesa M UMeeT JUIMITHIe-
cKue KOOpAuHATHI (A1, Ay, Az), TO conocraBuM eii T04Ky @(P) ¢ KoOpauHATaMu ] = Ao, i = A3,
z = ?1 — 1, ¢ienaB aHAJOrMYHOE YTOUHEHHE PO 3HAKU JLIMITHICCKAX KOOPIUHAT.

Toukn MHOXKECTBA pa3pesa NMPH paspe3aHui yABauBAIOTCA. 1103TOMY 0TOOparKeHHe (0 MOKHO
KOPPEKTHO JI0ONPE/IEIUTD 110 HEIPEPHIBHOCTH HA 3TH YABOCHHbBIE TOYKH. TeM caMbIM, MbI IIOCTPO-
UM IOMEOMOPMU3M © MeXKIY 3aMKHYTHIM MHOXKECTBOM, HOJIYYEHHBIM B pe3y/bTaTe paspesa,
3aMKHYTOI 00J1acThio, orpanndennoi nuymujgpom K. [Ipu 3rom, Bo3HUKaeT ecTecTBEHHOE OTOD-
pakenue f M3 3aMKHYTOil 00J1aCTH BHYTPU NUIMHAPA K B 3aMKHYTYIO 00J1aCTh BHYTPH SJLIATICO-
una E, koropoe onpeenserca Tak. [Ipou3BosibHOil Touke P iuinaapa K comocTaBisercs TOUKa
o 1(P), pacionozkennag B “paspesanuoil’ 061acTH, JexKameil BHyTpy smmunconna F. Nz6aBum-

cs OT paspesa, IIPUMEHUB 00paTHYIO ollepaluio — ckieliky. B pesyiabrare Touxa ¢~ 1(P) Gyaer
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HAXOJUTHCST BHYTPU (MM Ha rpanuie) simunconia £. D1y Touky Mbl 1 oboznadnm depes f(P).

3ameTnMm, 9TO BRIOpPaHHAS CUCTEMA KOOPINHAT BHYTPH IIWJIMH,IPA OPTOTOHAIbHA, 1 OUJLIHAD/I-
HBIE CTOJIBI IepefiyT B KOHEYHbIe JTU3bIOHKTHBIE 00beJMHEHUs MPAMbBIX ITPOU3BEICHUN IIJTOCKHX
OMLTHAPIHBIX CTOJIOB, HE 3aXOASIIUX Ha (DOKAIBHYIO OCh, H OTPe3KoB. Takum oOpa3oM, MBI BbI-
OPSMUJIU TIEPBYI0 S/THITHIECKYIO KOODIUHATY.

Jamnee MoxKHo0 cenaTs paspes nununapa K no muoxectsy {(x,0, 2) : |z| > va? — b?} u noka-
3aTh, YTO € IOMOIILIO TAKOTO TPeoOPA30OBAHNA KOOPIUHATHI [i1 U [i2 BHIIPAMJISIOTC, & MOy YUBIIIe-
ecsi B pe3y/ibTare pa3pe3a MHOKeCTBO Oyger roMeoMOpGHO MPSIMOYTOJIHHOMY MapaJLIC/ICUIIETy.
[Ipu 3TOM, KOOpAMHATHLI (fi1, fl2, 2) HepeiijyT B JeKapToBbl KoopAuHaThl B R®, a Guiuap/mbe
CTOJTBI — B KOHEUHBIII HAOOP HelepeceKarouXcs NpsIMOYTOJIbHBIX IMapaJlielenune0B. A 3HaInT,
MOXKHO KJIacCUMHUIUPOBATH OUIIHAP/IHBIE CTOJIBI, PACCMATPHBAS KX 00Pa3bI MOCJE IBYX Pa3Pe30B.
Oanako Takoit crocod sipjisiercst 6osiee TpyaHbIM. Mbl BOCIOIB3YEMCST JIPYTUM TIOIXOI0M.

Muoxectso f~1(Z), rae f — oTobpazkenne, NOCTPOECHHOE BBIIIE, HA30BEM OUAAUAPOHBLM CTO-
aom enympu K. TlepeneceM oTHOIIEHHE KBUBAJEHTHOCTH C TPEXMEPHBIX OMJIMAPIHBIX CTOJIOB
Ha CTOJIBI BHYTpH K 1 OyaeM KIaccupUITPOBATD STH CTOJIBI OTHOCUTE/IHHO “TepeHeceHHol” IKBU-
BaJIEHTHOCTH.

PaccmorpuMm Bce Ouuimap/Hble CTOJIBI ceMeiicTBa @#, y KOTOPBIX HAMMEHBLINHIl MapaMeTp
cooKyCcHOIl KBaJIpUKH, BXOJAIIEHl B cocTaB IpaHUIbl, paBeH c. U BbIOepeM U3 HUX Te, 4YTO He

COJIEpKaT TPAHUYHBIX /Iy Ha POKaJIbHON mpsamoii. [locMOTpUM HA B3auMHOE PACIIO/IOKEHHE TPsi-

2 2
T )
+ = 1. Kak
a—c¢ b—c
0Ka3aJI0Ch, CYIIECTBYET B TOYHOCTH ) TaKWX PA3INYHBIX PACIOI0KeHni. Bce oHM HaxomsTCs mpo-

Mot y = (0 M ydacTKOB TpaHHIBI CTOJA, COOTBETCTBYIONIUX KBaJIPUKE

CTBIM 1IepebOpPOM € HCIOJIB30BAHUEM TEOPEMbI KJIACCH(PUKAIIUNU ILJIOCKUX OMJLIHAP/IHBIX CTOJIOB,
nokazannoit B. B. Bemomkunoii B paGore |7], 1 n306pakeHbl Ha pucyHKax 3.2. 3aMeTuM, 9TO Tep-
BOil, YeTBEPTOl M IIATOI KaPTUHKAM COOTBETCTBYIOT 10 JIBA HESKBUBAJIEHTHBIX CTOJIA, B TO BPEMSI
KaK OCTaBINMCS JIBYM — 10 ogHoMy. [Ipu 9TOM, rpaHuma cToja, OTBEYAIOIIEro MATOi KapTHHKE
HecBg3Ha. I ecim JAOMyCTHTH IJIOCKOMY OMJLIHAPIHOMY CTOJIY OBITH HECBA3HLIM, TO KapTHHKA 3
JIAeT elle JIBa PA3JUYHBIX BApUAHTA PACHOJIOKEHUS CTOJA.

Teneps nepeiiiem K nepe6opy BceX He3KBUBAJIEHTHLIX OULIMADIHLIX ¢T00B f~1(Z) BHYTpH
nuanHApa K, ucnoab3yd paccyzkienus Boinie. CHavaJa Mpe/IInoaI0KIM, 9TO CYIIECTBYET JLIUIICO-
HJI U3 3aJlaHHOrO ceMeiicTBa coOKYCHBIX KBaJpuK B R® Takoif, 4To cToa Z He Je:KUT BHYTPU
HEro. JTOT cjydail pa3duBaercss Ha 2 HEIKBUBAJEHTHBIX IOACAyYad: Z JEXKUT B 00EHMX KOM-
MOHEHTAX CBSI3HOCTH, pa3OMBAaEMbIX ILIOCKOCTBIO 2 = (; Z JI€:KHT TOJBKO B OAHON KOMIIOHEHTE
cBa3HOCTH. Pazbepem mogapobHO mepBbIil mojcaydait. B cuny paccyzk/ienuii Bbillie HETPY/IHO BU-
neth, uto f~1(Z) pasbuBaercd Ha 2 KOMIOHEHTHI CBA3HOCTH, IIPH 3TOM KazKJas U3 HAX — IPAMOE
IpPOU3BEIeHNE IJIOCKOTO OMITHAPIHOTO CTOJIA HA OTPEe30K. BOKOBBIE TDAHHUIIBI STHX KOMIIOHEHT
CHMMETPHYHBI OTHOCHUTENIHHO IIOCKOCTH 2z = (. A cTaso ObITh, MEPBHIl BAPUAHT PACIOJJIOKEHHS

IPAHUIIHI TIJIOCKOTO €TOMIA (CM. pUC 3.2) OompeJe/isieT TPH HeIKBUBAJEHTHBIX TPEXMEPHBIX CTOJIA,
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Puc. 3.2: Paznuynbie HeSKBUBAJIEHTHBIE I0JIO2KEHUSI BHEIIHEH PAHUIIBI [LJIOCKOTO OMJIIUAD/IHOTO CTOJIa
OTHOCUTENBHO POKATBHON mpsimoii. CunTaem, UTo TpaHUYHBIE JYTU CTOJIA HE JIeYKAT HA JUHUUA (POKYCOB.

BTOPO# BapHaHT — B TOYHOCTHU OJUH, TPETHil — CHOBA TPU BBHUIY CBA3HOCTH CTOJIA, YETBEPTHIH
U OATHI — cHOBa 1O Tpu. B mTore moaydaeMm 13 THIOB HEIKBUBAJIEHTHBIX CTOJ0B. Bo BTOpOM
nojicayuae Muoxkectso f1(Z) nexkut B osHoM u3 nosynpoctpancts z > 0, 2 < 0 u npejcrasiaser
co0oit TPsIMOe TTPON3BEIeHNE TIOCKOTO ODMJLIMAPTHOTO CTOJIa U 0Tpe3ka. [[o9ToMy mepBhIii BapuanT
PACIIOJIOKEHHST IPAHUIIBI ILJIOCKOT'O CTOJIa OIpe/Ie/deT JIBa HeIKBUBAJICHTHBIX TPEXMEPHBIX CTOJIA,
BTOPO U TpeTHUil BAPHAHTHI — II0 OJHOMY, YeTBEPTHI — CHOBA JBa, HATHIH — ABa. OIHAKO OJMH
13 TPEXMEPHBIX CTOJIOB, OIPEJIE/ISIeMbIX MSITHIM BAPUAHTOM, Oy/1eT SKBUBAJIEHTEH CTOJIY, HACIELY-
eMOMY W3 TPeThero BapuaHTa PACIOJIOYKEeHUsT TPAHUIEL. [[03ToMy mosrydaem 7 HEIKBUBAJIEHTHBIX
OMJLTHAPIHBIX CTOJIOB.

[IycTh Tenepb ¢Tosl Z JIeKUT NMepeceKaeTcs ¢ JII0ObIM CO(POKYCHBIM JJLIUIICOUIOM, JICZKAIIIM
suyTpu FE. Torma paccmorpum 2 mojciydas: KOrja OOKOBas TpaHUIA JEKUT Ha rpanune K u
KOIJIa OHa He JIexKHT TaM. B oboux f~1(Z) Gyaer npgaMbIM Npou3Be e HIeM ILJI0OCKOI0 OUILIHAPIHOTIO
cToja u orpe3ka. [lepBolit mojcaydaii onpeesnsgeT 8 THIIOB HESKBUBAJIEHTHBIX CTOJIOB, a BTOPO# —
B Tounoctu 7. CyMMapHO MOJIydaeM POBHO 35 THIIOB HEIKBUBAJEHTHBIX OWJLIMAPIHBIX CTOJIOB.
Takum obpazom, Teopema JI0Ka3aHa. ([l

W3 310t TeopeMbl 3aK/II09aeM OJIHO BaxKHOE CJIEJCTBUE, KOTOPOE MOJYyYaeTCs IPOCTBIM IIepe-

60pOM HEIKBUBAJCHTHDbLIX CTOJIOB.

CaenctBue 3.1.1. Beakuti mpexmepruiti coporychoil Gusruapotviil cmon 2omeomopden Aubo
—3
3AMKEHYMOMY Mmpermepromy ducky, m.e. D, 4ubo npamomy npoudsedenuio OKPYHCHOCMU U 3a-

_2 .
MEHYMO020 deymeprozo ducka, m.e. D~ x S, aubo npamomy npouseedenuro ompeska u 0symeprol
—1
chepo, m.e. D x S2.
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3.2 budypkanuonHas amarpaMmma.

Peryngapnble ciaou n 1-niepecTpoifku TOpoB JInyBuJjijis

Kak 6p110 0oTMeueHo mpu jgokazaresberse TeopeMbl 3.1.1 j1io6oit TpexMepHbIil OuLInapHbI it
CTOJI, OTPAHWYEHHBIH CODOKYCHBIMU KBaJIpUKaMHU, 00sI3aH JieKaTh BHYTPH HEKOTOPOTO cOhoKyc-
HOTO SJLTUTICOnAa. MBI CHOBA Oy/IeM MpenoaaraTh, YTO HANMEHBINH TapaMeTp JLIHICOUIA, BXO-
JISIIEro B COCTaB TPAHUIB OUJLTHAPHOTO CTOJIA PABEH HYJIIO.

Pacemorpum uzoanepzemueckyio noseprnocmo Qr = {(x,v) € M®|H = h}, tne h > 0. 3a-
METHM, 9TO TIPU PA3IHIHBIX i > ( Tomosnorus cioenus JInyBumnsa Ha Q7 GyIeT OIUHAKOBOH. DTO
TaK, MOCKOJIbKY IIPH U3MEHEHUN SHEPIUU TPACKTOPUs YACTUIBI He MeHseTCst. MeHsiercst Jiuiib Bpe-
Msl JIBUZKEHUS BJIOJIh TpaeKTopuu. Ha n309HepreTHaeckoil TOBEPXHOCTH PACCMOTPHUM OTOOPaKEeHNE
F : QF — R?, conocrapasmoniee Touke x u3 (7 3nadenus uarerpatos Ay (z) u Ay(z). Orobpaxkenne

F ecThb He 4TO MHOE, KaK oToOpakeHue MoMeHTa. OIHUIIEM ero obpas.

Ipennoxkenne 3.2.1. /laa mpermepnozo 6uiiruaponozo cmoaa 06pas 0mobpatcenus MOMEHMA
F ecmv namuyzosvhuk, udobpasrcennoili Ha pucynke 3.5. Beauvwunor &1, & u &3 uamensomes Ha
noayunmepsanax [c,b), (b,al u (c,b] coomsememeenno u 3asucam om KoMOUHAMOPHO20 YcMPOli-

cmea mpexrmeprHozo Crmoaa.

. c & b & a
Puc. 3.3: O6muit Bumg obpasa oToOpaKeHuss MOMeHTa F : Q;”L — R2(A1, Ao) (BBIIETEH CePBIM HBETOM).

HoxazarenbcTBO. O6o3HaunM Yepes & HHBUMYM BTOPOil SLTHOTHYCCKOH KOOPIHHATHI Ha
croJie, uepes3 £y — CynpeMyM TpeTheii, a depe3 3 — cyupemyM BTopoil. Teneps obparumcs K hop-
myaam 1.5 (mamomunm, uro Hz? — Fiz + Fy = H(z — Ay)(2 — Ag)). Eciu Ay € [0, ¢], To Ay € [c, d]
(em. cencrsue 1.4.3). Ecau Ay € [c, b], To ypaBHeHusi 1.5 3a1af0T ABUKeHHE B 00J1aCTH, Y KOTOPOii
BTOpAast JUIHNTHIECKAsT KOOPJIUHATA MeHsieTcsl Ha orpeske [¢, Aq]. TTosromy ecim Ay < &, To 1BU-
2KE€HUuEe BHYTPpU U Ha I'paHULEe CTOJIa Z HEBO3MOZKHO. AHaﬂOFI/I‘IHaH curyanud 1poucxoautT, KOorlda

Ay u3mensiercst Ha orpeske [b,al u Ay > &.
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[Tycrb reuepb Ag € [c,b], Torga anajorudno Aj HE MOXKET NPUHAJIIEKATH 1101y MHTEPBAIAM
[c,&1) u (&2, al. Onrako naTErpan Ay He MOKET IPUHUMATD 3HAYEHUST U3 ToJaynHTepBata (&3, b], mo-
CKOJIbKY YpaBHeHHus 1.5 3a/1at0T 00/1aCTh BO3MOXKHOI'O JIBHZKEHUS, BHYTPU KOTOPO BTOpas 3JIJIKII-
THYeCKasl KOOPJUHATA U3MeHsieTcst Ha oTpeske [Ag, min{b, A1 }]. A Takas obJgacTh He mepecekaeTcs

CO CTOJIOM Z BBHUJLY €ro KoMOuHaTOpHOIO ycrpoiicra. [Ipeioxkenue jjoka3ano. 0]

Sameuanne 3.2.1. Touka ¢ koopaunaramu (b, c) jJeKUT BHYTpH 00pa3a 0TOOPAKEHUS] MOMEHTA

JF 1106010 TpexmMepHoro copoKycHOro ousimap/ia.

CaenctBue 3.2.1. B cayuae 06uez0 nosostcenus 06aacmsd 803MOAHCHO20 08UHCERUA OUAAUAPIG
BHYMPU 2AMUNCOUIA UMeEEM 00UH U3 YEMBIPET 8UA0S, U30OPAAHCEHHBLT HA pucyhke 3.4. ia moeo
YMobvl ONUCAMB 00AACTNU BO3MONHCHO20 08UNCEHUA DUAAUGPOG SHYMPU NPOUZBOAOHO20 MPETMEDP-
1020 COPoKYCcHo20 cmosa Z, HeobToduMo nepecedv Z ¢ 00AACMAMY BO3MONCHO20 OBUNCEHUA DUN-
AUGPIG BHYMPU IAAUTLCOUDA, TLOAYOCU KOMOPO2O ABAANOMCA HAUOOALULUMY CPEIU BCET COPOKYCHHLT

ANAUNCOUI0B, BTOOAUUT COCMAB 2PAHULDL CMOAL Z .

Puc. 3.4: O6ractu BO3MOXKHOIO JIBUKEHUsI ODIIEr0 MOJIOXKEHUsI OUJIInAP/ia BHYTPU SJLIATICOUIA.

ITockonbky cucrema GUILIHApAA, BOOOIIE TOBOPS, ABILETCA KYCOYHO-TIAIKOM, a He TJIaIKOM,
Mbl HE MOYKEM IOJIHONEHHO IO0JIb30BaTbCs CTAaHIAPTHLIM OlpejiesieHneM OudypKannoHHON Jua-
I'paMMBI. HO3TOMy MbI BBIHYZKJCHBI CaMOCTOATE/JIbHO BBECTHU €€ OIIpee/IcHue IJid TPpeXMEpPHbIX
ommmmapaos. ChaemaeM HECKOJIBKO IpeaBapUTeIbHBIX 3aMeYaHni.

1. Ecau buaruapdnoid cmoa aescum 6 odnom u3 nosynpocmparcms z < 0, z = 0, mo cmena
muna Kaycmukxy napamempa No ¢ aaruncouda wa odnonosocmuoill 2unepbosoud nukax He 00ANHC-
HA NOBAUAMY HA MONOA02UI0 CAoenusa JTuysuars. Jleticmeumenvho, coznacho gopmysam 1.5 6

naockocmu z = 0 npoucq,’odum CKACTUKA HECKOADKUL KACAMEADHDLL 6ERINOPOE6. Odnaxo cucmema,
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6000UIE 2060PA, “He novwyscmeyem” ee, NOCKONbKY MaKot OUAUAPIHBLT cMos Aubo He codeparcum
YUGCMEOS IMOT NAOCKOCTIU, AUOO COOEPHCUM, HO 8 KAUECTEE 2AG0KUT 2PAHET 2PaHULbL, OMPadce-
HUE 0Mm KOMopuir npu Ao = ¢ MEHAEMCA HA KACGHUE.

2. Ananoeuuno, ecau bussuapdrvill cmoa aescum 6 odnom u3 nosynpocmpancms y < 0,
y = 0, cmena muna xaycmuxu napamempa Ny ¢ odnonosocmnozo 2unepbosouda ma d8ynosocm-
HOLT HUKAK HE JOANCHA NOBAUAMD HA TONOA02UN CA0EHUSA JIUYBUAL.

3. Henycmuie cAou 6 cucmeme Mo2ym NOASUMDBCA UAU UCHESHYMb AUWDL HA TeET YPOSHAL,
2de odna u3 Kaycmuk-xkeadpuk 6xrodum 6 cocmas 2panub, cmoaa. Ilycmo cmenka dusruaporo2o
CMOAG NEHCUM HG HeBbIPoXHCIenHotl Keadpuke napamempa X 7% 0. Ima cmenka sxodum 6 cocmas
2PAHULDL CTNOAG BMECTNE CO C80ET, MAN0TE 0OHOCTNOPOHHET OKPECTIIHOCTIIBIO, MOYKU KOMOPOT AEHCATN,
HG COPOKYCHBLT KEAOPUKAT € NAPAMEMPAMU AUOO CMPO20 OOALWUMU N, AUDO CMPO20 MEHDULUMU.
0603navum uepes o 3HAK IMO20 HEPABEHCNEA: +, ecau boavuwe, U —, ecAl Menvue. Yeaosue
NOABAEHUSA HOB020 CAOA, OMBEUANULE20 PACCMAMPUBLEMOT CMEHKE, IKBUBGAEHMHO MOMY, “IMO
natidemes docmamouno manoe wucao € > 0, makoe, wmo ompesok [\, A + o¢| nepecexan 6vw MHo-
orcecmeo pewenuti nepasencmea V(z) = (a — 2)(b — z)(z — A1) (2 — A2) npu nexomopwx H, Ay, As
MOAbKO 68 mouke \. Imo, delicmeumensvo, mak, nockosvky mmozowaen V(z) (¢ mounocmoio do
NOAOHCUMENLHOT KOHCMAHMBL) PACNOAG2GEMCA 00 KopHeM 6 dopmyae ypasnenul deuscernus 1.2,
u npomexcymru, na komopux V(z) = 0, onpedeastom 0b6aacmb 603MOHCHO20 OBUNCEHUA MATE-
puasvhot mouky. Caedyrousee npedroscerue ABAALMCA KPUMEPUEM B03HUKHOBEHUA (U UCUES-

HOBENUSA) CAOEE MG CMENKE CMOAG, 0MEEUAWET HEGUPONHCIeHHOT KEaIPUKE.

IIpennoxkenune 3.2.2. [Iyecmv N\ € (0,¢) U (¢,b) U (bya), 0 = £1. Toeda das napw (Ay, As)
u3 namuyzoavruka ¢ eepuunamy (c,0), (c,c), (b,b), (a,b), (a,0) Hatidemesa docmamouno manroe
e > 0, makoe, wmo mmooscecmeo pewernut nepaserncmea V(z) = 0, 2de V(z) = (a — z)(b — 2)(z —
A1) (z — Ay), nepecekaem ompesok [\, X + o¢] auwn 68 mouke A\, 6 MoM U MOALKO MOM CAYUAE,

K020 8LINOAHEHO 00HO U3 CACOYOWUL YCAOBUL.
e Ny =X€(0,¢),0=1
e Ni=Xe(cb),o=1
e Ny =X€e(c,b),0=-1
e A\y=Xe (ba),c=—1

HokazaresibcTBO. Pemennem nepasencrsa V(z) > 0 apigercs o0beuHeHTe HECKOJIbKIX
OTPE3KOB, KOHI[BI KOTOPBIX — KOpHE V' (2), T.e. uncna a, b, ¢, A1, Ay. 3naunT, ecam oTpe3ok [\, A+o¢|
nepecekaeT MHOYKECTBO pellieHuii HepasercTBa V (z) = 0 TOJBKO B TOUKe \ U IIpH 9TOM X # a, b, ¢,
To 6o A = Ay, 1ubo X\ = Ay. Janee, mpoberasich Mo BceM BO3MOKHBIM PACIOIOKEHHAM A #
Ay OTHOCHUTEIBHO KOHCTAHT @, b, ¢, HPOCTBIM LEepebOPOM BCEX BO3MOXKHBIX KOH(MUIYpaIyil 0Tpe3Ka

[A, A + o€| momy4gaeMm HCKOMBIfi CIIHCOK BAPUAHTOB. O
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C yaerom oroBopok 1 — 3 oupejesinm 6udypKAIUOHHYIO JIMArPAMMY TPEXMEPHOTO COPOKYC-
HOT'O OMJLTHAP/IA.

Ilycrs ¥/ — rpanuna o6pasa orobpazkeHust MOMEHTa J TPeXMEPHOro codOKYCHOro OULInapia
BuyTpHu crosa Z. lobasum K sTomy mMHONKecTBY oTpesku [(b,0), (b,&3)], ecnmu cTon Z He JeKuT
HH B ofHOM H3 moaynpoctpancts y < 0, y = 0, u [(&1,¢), (§2,¢)], ecmu cron Z He JieXKUT HU B
ofHOM 13 mosynpoctpancTB 2 < 0, z > 0. Hajee s KakIoi rpaHn TpaHuIbl Z, JexKalieil Ha
HEeBBIPOXKIeHHOM codOKyCcHON KBajpuke mapamerpa A # (0, BBIYHCAAM 3HAK O, KaK OINMCAHO B
nyakTe 3. Ecmn A € (0,¢c) mo = —1umn A € (b,a) m o = 1, TO K MHO)KeCTBY L/ HHUETO J00aBIATH
He OyJjieM, TIOCKO/IbKY Ha COOTBETCTBYIONIEH CTEHKE CTOJIa HE OYIyT MOSIBJIATHLCS HOBBIE CjIouU. Een
A U 0 HE YJIOBJIETBOPSIOT 3TUM YCJIOBUSAM, TO BOCIOJIL3YEMCS PE3YJIbTATOM MPEIJIOKEeHUS 3.2.2 u
HafieM oTBedarollee 3TOH mape ¢, TaKoe, ITO Ha PACCMaTPUBAEMONl cTeHKe npu A; = A HOSBJISIETCS
HoBbIi caoit. Torma gobapum K Y oTpe3ok npamoil A; = A\, momasmuii B o06pa3 oToOparkKeHns
MomeHnTa. [loyderHoe B pesyabrare MHOKECTBO 0003HAUNM depe3 Y U HAa30BeM OudypratuonHol
duazpammotl.

Budypkamunonnas auarpamMmMa ecTecCTBEHHBIM 00Pa30oM ompejesisieT cTpaTuduKanuio odpasa
oTOOpaKeHHs] MOMEHTA Ha JBYMEDHbBIE CTPATHI (MX HPUHIATO HA3BIBATH KAMEPAMU), OJHOMEDHbIE
CTPAThl — JAYTHW JAUATPAMMBI H HYJIbMEPHBIE CTPATHI — €€ BePINUHBHI.

O 1HOMepHBIe U HYJIbMEPHBIE CTPAThI OYVIeM HA3BIBATh 2PaHUYHbLMU, €CJIU OHU JIeXKaT Ha I'pa-
HHUIle 0Opa3a oToOpaXkeHusT MOMEHTa. B TPOTUBHOM c/Iydae TaKue CTPAThl OYIeM Ha3bIBATH GHYM-
pennumu. Huzke B paMKax HacTosdmero mnaparpada Mbl ONHIIEM TOHMOJOTHIO cjaoeHus JInyBuiLis
B OKPECTHOCTH CJIOEB, OTBEYAIOIUX TOIKAM JBYMEPHBIX U OJIHOMEPHBIX CTparoB. OMUCAHUIO TO-
HOJIOTHH CJI0eHUS JIMYyBHJIIS B OKPECTHOCTH CJIOEB, OTBEYAIONIUX BEPIIHHAM JUArpPaMMbI, OyIer
HOCBAIEH ciaeayomuii naparpad. OTMeTHM, ITO BO BHYTPEHHUX TOUYKAX JAMATPAMMBI CEII0BBIE
1epecTpoiiku BO3MOXKHBI B Touke (b, ¢) wiu Ha l-cTparax, IPUMBIKAIONMX K 3TOH Touke. [o9To-
My Jajiee CTPaTh, JeyKaIue Ha TOPU30HTATHHBIX U BEPTUKAIBHBIX OTPE3KAX, MPOXOIANINX depe3
TouKky (b, c) MBI GyJIeM Ha3BIBATH cedA06uiMu. BO BCeX OCTABIIMXCS BHYTPEHHHX TOUYKAX OHbYyp-
KAIlMOHHON JTuarpaMMbl CJIOM CHCTEMbI MOTYT JIMIIb MOSBIATHCS WIH ncde3aThb. [loaTomy Touka

(b, ¢) npeacrapisier jjist HAC 0COOBIN UHTEPEC.

Bameuanue 3.2.2. Ecin y6paTh oTpaskeHue B cucTeMe, TO HOJYUUM Teoe3nuecKuit ToToK B R3.
OueBnyno, aro dyukmmu H, A, A ocranyTcs nepBbiMu WHTErpaJjaMu 3TOH cucteMmsl, a oudyp-
KaIlMOHHAas JIMarpaMMa CUCTeMbI Ha HeOCODO M309HEPTeTUYECKOH MOBEPXHOCTH Oy/IeT UMeTh BHU/I,
npeJcTaBIeH bl Ha pucyHKe 3.5. 3amerum, 4to Touka (b, ¢) BXOAUT B cocTaB jamarpaMmbl. Ha

caMoM JeJie, OHa OTBeYaeT OCOOEHHOCTH paHra 1 THIA cemI0-Ceio.

bBudypkamumonnas guarpaMma, BOOOIIe TOBOps, He SIBISETCSI WHBAPUAHTOM KOMOMHATOPHOMI
SKBHUBAJIEHTHOCTH cTOJI0B. K 1ipumepy, ecin OUIInap/Hblil CTOJI OPPAHUYEH JABYMsI SJLJIUIICOUIAMUI

U JIBYMS CTEHKaMHU OJIHOIOJOCTHOrO IUIepOoIonia, To Majiasd jgedpopMaliis oHoi n3 runepboin-
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Puc. 3.5: Budypkanuonnas IuarpaMma TeoJe3nuecKoro moToka B R? Ha HeocoGoM ypoBHE SHEPrHUm s
rnepBbIxX uHTErpaaoB A1 u Ag.

YECKWX CTEHOK HE M3MEHUT KOMOWHATOPHBIH TUIT OUJIIHAD/IHOTO CTOIa, TeM He MeHee, K Oudypra-
IUOHHOM JuarpaMme J00aBUTCA €Ile OjiHa cTeHKa. i Toro 4Todbl HHBAPUAHTHOCTH COXPAHAIACD
HYKHO TepediTe oT oOpa3a oToOpazkeHus MOMeHTa M OudypKaInOHHOM AuarpaMMbl K Hase cioe-
nus Jluysujuis na Q7 u 6udypkanuontomy Komiuiekcy, ssejennomy A. T. @omenko B padore [14].

Opanako wHam Oyaer yaobHee paboTarsh ¢ 6uypPKAIMOHHBIME THATPAMMAMH.

Teopema 3.2.1. [Ipoobpas mouwku d6YmePH020 cmpama npu 0moOPaHCEHUY, MOMENMG NPOU3EONb-
H020 MPETMEPH020 COPOKYCHO20 OUANUAPAA 20MEOMOPHEH 00HOMY U HECBAZHOMY 00BEIUHEHUNO
neckoavkuxr mpexmeprox mopos. Caoenue Jluysuars 6 marol okpecmmocmu kancdozo markoz2o

mopa mpusuandvHo.

JokazarebeTBO. MBI foKazKeM 3Ty TeopeMy /s OTHOI cepiy OMLIHAPIHEIX cTOI0B. Pac-
CYZKJIEHUS JIJIsI OCTAIbHBIX CTOJIOB OY/IyT aHATOTUIHBIMA.

Pacemorpum crogr tuna 23 u3 KiaaccuduKamuonHoi Tabyuibl nyHKTa 3.4. ByneM cunTarh,
YTO er0 TPAHUILY 00PA3YIOT YYACTKH B TOYHOCTH JABYX COMOKYCHBIX KBAJPUK: JLTUICOUJ U JIBY-
nojiocTHbIil runepbosioni. Ha pucynke 3.6.1 uzobpazken npumep crojia 23-1o Tuma, a Ha KapTUHKE
3.6.2 cepbIM BbIJIeJIeHA 00J1aCTh 3HAYEHUNH 0TOOpAYKEHUS MOMEHTa OUJLTHAp/ia BHYTPHU PacCMaTpu-
BAeMOT'0 CTOJIa, YePHBIMU CILIONTHBIMH JUHASIMA Ha Hell — OudypKalnmuoHHasd Juarpamma ..

[Tycrb Touka L ¢ koopauuaramu (i, fo) upusaexur crpary (c,b) x (0, ¢). IIpoobpas yroit
ToukH B Q5 (0OTHOCHTETBHO OTOOpazKeHNs MOMeHTa JF) cocTaasgioT Bee napel (P v) € 7, Takue,
YTO IpsAMas C HANPABILIONINM BEKTOPOM v, MPOXOJAIIas depe3 TOUKy P, KacaeTcs KBAaJpUK Ia-
paMeTpoB [ U L. B paccmarpuBaeMoM ciydae KBaJIpUKa ¢ MapaMeTPOM fi; — OJHOMOJOCTHBIN
ruepbosIon I, a ¢ HapaMeTpoMm iy — dJuicoua. Objaacrb BodMozkHOro Jsuzkennst (ganee OBJI),

COOTBETCTBYIONIAS TOYKE L, COCTOUT U3 JIByX KOMIOHEHT CBA3HOCTH, CAMMETPUYHBIX JPYT JAPYTY

90



I)» ------------------- z

Puc. 3.6: 1. Buyinapaasiii cros 23-ro tura; 2. CepbiM BETOM BbIIeIeHA 001aCTh 3HAYEHUIT 0TOOPAYKEHUST
MOMeHTa JF : QZ > R2(Aq, As). YepHBIMHI CIUIOIIHBIME JTHHAAME BbIAeeHa 61y pKaIMOHHA IHarpaMMa

oTHOCHTENRHO TtocKocTH Oxz. CiienoBaresibHO, Tpoo6pa3 Toukn L (mpu oToGparKeHNnn MOMEHTa
F) Tak:Ke COCTOUT U3 JBYX KOMIIOHEHT CBS3HOCTH FOMEOMOPMHBIX JAPYT APYTY BBUJY OYE€BUIHOI
CHUMMETPHH CHCTEMBbI M CTOJIa OTHOCUTEIbHO ILIocKocTn y = 0. Obo3nauum depe3 T, Ty KOMIIO-
HEHTY CBa3HOCTH, 9TO OTBedaer yuactky OBJI, mexamemy B mogympoctpancrse y > 0. A cam
yaactok OB/l u3 nosynpocrpanctsa y > 0 obozraunm depe3 D. OrmuineM pacriooKeHne BEKTO-
POB CKOPOCTH B TOYKaX MHOKecTBa D).

Kazxknoit BuyTpenneit Touke u3 objactu D orBedaloT 8 BEKTOPOB CKOpocTH. JleficTBUTEIbHO,
pPAcCMOTDPHM CHCTEMY YDaBHEHWH JBUYKEHHs, 3aNUCAHHYIO B SJUIMNTHICCKAX KOODAMHATAX (CM.
1.1). Eciu P — BHyTpeHHss ToUKa D ¢ 3JUTMOTHIECKUME KOOpIHHATAME (A1, Ao, A3), HE JiexKaIasi
B KOOPJMHATHBIX IIOCKOCTSX, TO A1 € (0,¢), As € (¢,b), A\3 € (b,a) u cornacuo ypasuenusim 1.1 B
TO4YKe P BO3HUKAET 8 BEKTOPOB CKOPOCTH.

[Iycth Teneps P — BHyTpeHHss TO4YKa objactu D, pacnoJiokeHHad B 1miockocTu = 0, HO
He Jiexkarad B II0cKocTH 2 = (. IlocKoIbKY II10CKOCTh = () B 9/UIMITHYECKHX KOOPIUHATAX 3a-
JIAETCS YPABHEHUEM A3 = @, B TOUYKe P BBIPOXKIAETCH TPETbs dJLIHITHYeCKas Koopaunara. [Ipu
9TOM, OCTAJIbHBIE JINNTUIECKHE KOODANHATH HE BBIPOKIAIOTCS W COOTBETCTBYIOINIHE 3HAMEHUS
MmNy

cs TVIAJIKOH JIOKAJIBbHOM cucTeMoit KoopauHat. CJieIoBaTeIbHO, €CJIH Mbl CIIPOEKTHPYEM BEKTOPDI

u oTu9Hbl OT HyJd. [lapa koopauHat (A1, Ay) B wiockocru « = 0 npu y, z # 0 saBiser-

CKOPOCTH B PacCMaTPUBaeMBIX TOYKaX Ha KacaTeJbHble MI0CKOCTH 1o, ) Oyz, TO B IPOCKINN HO-
aygauM 1o 4 BekTopa B Kak10il Touke. Temepb mokazkem, aro |&| # 0. Jlasg sroro orMeTnM, 9410 B

obacTn HEBBIPDO2KAECHHOCTH IJIJIMIITUICCKUX KOOPANMHAT CIIPpaBEAJINBO PaBEHCTBO!

or - or - or -
T W WL VY
T T e

ox . ox .
[Ipu sTOM, €c/in A3 yCTPEeMUTh K @, BHIPAKEHHST ——A\] U —— Ao OY/IyT CTPEMHUTHCS K HYJIIO. JHAa-
O\ Oy
ox 2
upuT, cupaseiuba dpopmyiaa 22 = lim | ——\3 | . Bocroib3oBaBmuch ypapHeHHsIME JIBIZKCHAA U
Tr—a
3
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dopmysiamMu 1I€Pexo/ia K JUIMITHICCKUM KOOPIUHATAM, Oy YUM:

o 2h(a—m)(a— p)
(a— A1) (a—Xy)

[TockoIbKY B HAIlleM cJydae a > [i;, 3aK/JadaeM, 910 |t # 0. A 3#auutr, Touke P orBevaror 8
BEKTOPOB cKopocTu. OcTaBiuecs CIydau pacrnojioyKeHHs TOUKW PP BHyTpm obmactu D paccMar-
PUBAIOTCS 110 aHAJIOTHH.

Tenepnb pazbepemMcs ¢ TOYKaMK Ha TpaHuIe oogacTu [D. 3aMeTnM, 9T0 B HAIITEM Cyvae TpaHu-
1a D coCTOUT U3 YIACTKOB JABYX JLUIHIICOWIOB, OTHOMOJOCTHOTO H JIBYIIOJIOCTHOT'O TUIEPOOTIOUIOB.
Kazkmoit rpanndnoit Touke, He ABISIIONENHCS TOUYKON M3/JI0Ma, B CHIY OWITHADIHOTO OTPAKEHHS
WM KacaHus MHTErpajbHON KBAJPUKH OTBEYAIOT B TOYHOCTH 4 NApbl HEIKBUBAJEHTHBLIX BEKTO-
poB. Toukam, rje nepecekaloTcs JIBe KBaJIPUKYU TPAHUIILI, OTBEYAIOT 2 YeTBEPKU HEIKBUBAJICHTHBIX
BEKTOPOB, YIVIOBBIM TOYKaM — 1 BOChbMepKa.

[IpuMmenum 3HaHUS O PACIOJIOKEHUU BEKTOPOB CKOPOCTU B D Jijist ONMCAHUS TONOJOIUU CJIOS
Tr,. dng sroro BBeJeM 00O3HAUYEHUs BEKTOPOB CKOPOCTU BO BHYTPEHHHX TOYKax objactu D, He
Jexkamux B mrockocTax x =0, z = 0. 91u miockoctu pasbupator D ma 4 yactu. Paccmorpum
IIPOU3BOJILHYIO TOUKY P m06oii u3 srux 4 gacreii. Kaxxaomy sekTopy ckopoctu B P (Ha 3a1aH-
HOM YDOBHE HEPBBIX HHTErPAJIOB) MOKHO B3aMMHO OJHO3HAYHO COLOCTABUTH TPOHKY 3HAKOB €ro0
KOMIIOHEHT B JITUNTUYECKNX KOOPAWHATAX: (sign }\1, sign /.\27 sign )\3> Ncnonib3ys 3Ty KOAUPOBKY

BEKTOPOB CKOPOCTH, 3aIIOJTHUM TaOJIHUILy 0003HAYCHMI.

(+7 =+, _'_) (_’ +, +) <_> ) +) (+? ) +) (_'_7 +, _) <_7 =+, _) (_’ ) _) (+’ B _)

z >0

(%1 (%) U3 V4 (% Ve (%4 (%]
z>0
r <0

Us Vg v Ug U1 Vg U3 V4
z>0
x>0

(%) (%1 (W V3 Vg Us (] (%4
z <0
z <0

Ve Vs (] (04 (%) U1 V4 V3
z <0

OTMeTuM, 9TO OJHOMY H TOMY Ke HaDOPY 3HAKOB B PA3HBIX CIYYaSdX COOTBETCTBYIOT Pa3HBIE
obo3navenust BekTopos. [losicuum, nodyemy BbiOpaHa UMEHHO Takast HyMepanusd. Ilycrb BekTopHOe
noJte v; 3a/1aBaJ0Ch B moaynpocrpanctse © > (0 Habopom 3HakoB (£, 4, £), Torga npu HempephIB-
HOM TIepexojie Yepes MJIOCKOCTh T = () TpeThsd JINNTHYeCKasd KOOPAMHATA ITOTO BEKTOPHOTO OIS
noMmeHsgeT cBoi 3HaK. CireIoBATETHHO, HETPEPBIBHOE MPOAOJIZKEHNEe BEKTOPHOTO MOJIS vU; B MOJIY-
upocrpancrso z < 0 Oyjer 3ajaBarbes Habopom 3HakoB (4, £, F). Takum 00pa3om onpejie/ieHHble

BEKTOPHbBIE IO/ U; MOTYT OBITH MPOJIOJIZKEHBI JIO0 HEIPEPLIBHBIX BHYTpHU objacTu .
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Bekropubie 1oJist vy, ..., v pa3dupaior cjoil 17, Ha 8 KOMIIOHEHT CBI3HOCTH, KaxK/asi U3 KO-
TOpbIX romMeoMopdHa 3amkHyTO# obsactu . Obo3HaduM 3Tu KOMIOHEHTH depe3 Dy, ..., Dg co-
OTBeTCTBeHHO. B cuiny Ouimmap/iHoro orparkeHus, a Takxke ycrpoiicrBa D 3akiaiodaeM, 4to Dy
u Dy, D3 u Dy, Dy u Dg, Dy 1 Dg 0OTOXIECTBILIOTCSI Ha SJUIMINTAYECKUX I'paHunax, Dy u Dy,
Dy u D3, Ds u D7, Dg u Dg — Ha rpanuiiax, OrBedaoux O/JIHOIOJOCTHBIM rutiepbosioniam, Dy
u Dy, Dy u Dg, D3 u D7, Dy u Dg — Ha rpaHunax, oTBEYarOINUX JBYIOJOCTHBIM TUIIepOOION-
naam. Ilpu ckaeitke Doy 1 ¢ Dop (k= 1,...,4) 10 9JIHOTHYECKEM IDAHUIAM [MOJIYIUM YeThIpe
00J1aCTH TOMEOMOPMDHBIX MPSAMOMY IPOU3BEICHUIO OKPYKHOCTU U ABYMepHOro jaucka. Ilpu ckieii-
Ke [O0JIyYeHHbIX 00Jj1acTeil 110 IPAHMYHBIM Y4acTKaM JIBYIIOJIOCTHBIX I'MIEPOOJIOU/I0B IOy YUM JIBA
MHOZKECTBa, TOMEOMOP(DHBIX TMPAMOMY MPOU3BEICHUIO TBYMEPHOrO TOpa u orpe3ka. CKJenB 3Tn
00J1aCTH 110 OCTABIIMMCH Y4YacTKaM I'PAHUI], MOJYYUM OJMH TpexMepHbiit Top. Taxkum obpazom,
caoit Ty, romeoMopdeH TpeXMepHOMY TOpPY. A IMOCKOJIBKY BCe PaCCY:KIE€HUs] MBI IIPOBOIUIN JIJIsI
OJIHOM M3 JIBYX CUMMETPUYHbIX KOMIIOHEHT O0JIACTU BO3MOXKHOI'O JIBUZKEHU, TPOOOpa3 To4yku L
npu orobpazkenuun F romeoMopdeH HECBA3ZHOMY OOBLEJUHEHUIO JBYX TPEXMEPHLIX TOPOB. Takum
00pa3oM, MepBYI0 YaCcTb YTBEPKJICHUSA MBI JOKA3aJIH.

OcTanoch OTMETHTD, UTO IIPU MAJIOM HEIIPEePhIBHOM U3MEHEeHNH TOUYKH L 00JaCTh BO3ZMOXKHO-
ro JIBUZKEHHS, OTBeYalonias e, He U3MEHUT CBOW THII, & BEKTOPHbBIE TOJIA V; Oy/ILyT HEINpPEepbIBHO
MeHSThCsI. 3HauuT, BOm3u 17, cioenne JIuyBusLis OyIeT TPUBHATILHBIM.

Paccyxaenus B ciaydae TOUeK JAPYTUX JBYMEPHBIX CTPATOB M OCTABIIUXCS THIIOB CTOJIOB ab-

COJIFOTHO aHAJIOTMYHbI. Y10 U TpebOoBaJIOCH JIOKA3ATh. U

ameuanune 3.2.3. OnumieM eine OJHY HJICIO JIOKA3aTEJIbCTBA TEOPEMBbI BBIIIE. 3aMETHM, UYTO
CBSI3HASI KOMIIOHEHTa 00J1aCTH BO3MOXKHOI'O JIBUKEHUSI, OTBevalonas HebudypKannoHHOMY 3HaUe-
HUIO MHTETIPAJIOB, KaK IIPpaBUJIO, OTAEJICHA OT BBIPOZKJEHHbIX COCI)OKyCHbIX KBaJpUK. STO O3Hav1aeT,
9T0 00JIACTH BO3MOYKHOTO JBHKEHUS MOYKHO PACCIOUTH KBaIPHKAMK BCEX TPeX THUIIOB, M Ha CJIOSIX
COOTBETCTBYIOIINX PACCIOCHUN PACIOIOKEHHE BEKTOPOB CKOPOCTH OyIeT OJMHAKOBLIM. DTH TPH
pacciaoenns OB/l mopoxKaai0T Tpu TPUBUAJIBHBIX PACCAOCHHS COOTBETCTBYIOMIEIO CJI0SI CHCTEMBI
HaJ OKPYZKHOCTDBIO. Ka}Kﬂaﬂ N3 3TUX Opr}KHOCTefI COOTBETCTBYET OI'PaHUYCHUIO CJIOAd CHCTEMbI
HA JIUHUU YPOBHA SJLUIMNTHYECKUX KoopjauHatT. CjieI0BaTe/bHO, CJI0OH €CTh MPAMOe IIPOU3BEICHHE

TpeX OKPY2KHOCTEH, TO €CTh TPeXMEPHLIA TOP.

Tenepb omnmuuieM TOIIOJIOTHUIO CJIoeHMd ﬂI/IyBI/IIIIIH B OKPE€CTHOCTH CJIO€B, OTBeYaloImUuX OJHO-

— . .
MepHBIM cTpaTaMm. HamomuuMm, uto depe3 D MBI 0003HAYAEM 3aMKHYTBHIN N-MEpPHBIH JTHCK.

Teopema 3.2.2. [lycmv L — mouka odnomeprozo cmpama 06pa3a 0moodpatcens MoMERMaA npo-

U3BOALHO20 MPELMEPHO20 busruapda, moz0a

1. Feau L — GHYMPEHHAA TMOYKA, MO0 MAAGA OKPECITNHOCID 01TNEEYA0ULELO eth caoa nocaotino

2omeomopdra npamomy npouseedenuro suda V) x St x D' wau T3 x 32, 2de VB — odun
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us caedyrowux 3-amomos: A*, B, Cy, D1 — ecau moura L asasemes cedrosot, u A — ecau

necednosol.

2. Ecau L — epanuvnad mouwka, mo MaaGs OKPECMHOCTND 0MBeYauLe20 el CA0A NOCA0TIHO

2omeomopdra npamomy npouseederuto euda A® x ST x D

JlokazaTebcTBO. Mbl cHOBa JOKayKeM TeopeMy i OHITHApAHOTO cTofa Thma 23. s
CTOJIOB JAPYIruxX TUIIOB JOKa3aTE€JIbCTBO aHAJOTUYIHOEC.

Haunem ¢ nepsozo nynxma meopemoi. Ilycrs L = (uq,¢), tme py € (¢, b). Cormacuo npemio-
xkenuto 1.4.4 upoobpas rouku L nupu orobpaxkenun F cocrasisgior Bee napbl (P, v), Takue, 410
npsiMast, TPOXOIAIIAs depe3 TOUKy P mapaJuieibHO BEKTOPY ¥, KaCaeTCs OJHOMOJOCTHOTO THUIIED-
DoJ101Ia apaMeTpa (1 U HPOXOJUT depe3 (DOKAIbHBIH JLTUIC §.

[TokazkeM, 4TO TOBEPXHOCTH YPOBHs 17, OTBeYaoIIast TOUKe L, IpeacTaBaseT coboi HeCBa3-
Hoe obbeunenue aByx kKomitekcos K x S' rae K — ocobbiit cioit 3-atoma A* (3o arom uzob-
pazkeH Ha pucyHke 1.2.3).

O6acTh BO3MOXKHOIO JBHKEHHUS MaTepHaJbHOW TOYKH, OTBeYalomas ypoBHIO L, COCTOUT
U3 JBYX KOMIIOHEHT CBSI3HOCTH CHMMETPUYHBIX JIPYT JAPYTy OTHOCHTE LHO mockoctu Oxz. Pac-
CMOTPHUM Ty, 9TO PACHOJIOXKEHA B MOIympocTpancTse y > 0, u obo3uadnm ee depe3 D. Corymacuo
dopmynam 1.2 B KaxKa0if BHyTpeHHeH TOYKe MHOKeCTBa [ 3a UCKIIOYEHUEM yYacTKa ILJIOCKOCTH
Oxy BO3HHKAIOT 8 pa3IUYHBIX BEKTOPOB CKOPOCTH, Ha IJLIMIICE §; — IO 2 OKPY?KHOCTH TaKHX
BEKTOPOB, B 1ockocTu Ory 3a UCKIIOUeHHEeM KPUBOH §; — 1O 4 BEKTOpA, JIeYKAIUX B ITOH ILIOC-
KOCTH. B CHUJIy OTpazkKeHUuA HUJIN KaCaHHuA I/IHTeraﬂbHOﬁ KBaJAPUKNU Ha I'PAaHUYIHBIX IMOBEPXHOCTAX
(3a HCKITIOYEHHEM yUacTKa MIOCKOCTH z = ()) PACIIOIOXKEHO 110 4 BEKTOPA CKOPOCTH, HA 'PAHUIHBIX
KPUBBIX — II0 2, a B YIVIOBBIX TOYKAX — II0 OJIHOMY.

3Hag paco/iozKeHne BEKTOPOB CKOPOCTH, OIUIIIEM TOTIOJIOTHIO CBA3HO KOMIIOHEHTHI CJios 17,
oTBevalonieir MuozkectBy D). Paccioum D Ha codokycHbIe JIBYHOJOCTHBIE Tunepoosionabl. Pac-
CMOTPHM CJIOH 9TOr0 PaccJIOeHUs, COOTBETCTBYIOMUN II0CKOCTH OYyz, ¢ BEKTOPAMHU, HMEIOITAMHE
10JI0XKUTE/IbHYI0 Koopunary &. Takoit cjioit B Q5 romeomopden ocobomy cjioio 3-aroma A* (ero
MPOEKITHs Ha MIOCKOCTh « = () m3o6pazkena Ha pucynke 3.7.2). JlokazaTebcTBO 91010 hakTa mpo-
BOJIUTCsI B TOYHOCTH TaK 7Ke, KAK B TEOPUH IJIOCKUX COMOKYCHBIX OGUILIHAPIOB (CM, HAIpUMep,
pabory [7]).

Jlajiee OymeM HENMPEPBIBHO TEPEMENIATh 3TOT CJI0H ¢ BEKTOPpAMHU BILIOTH 10 TOTO, MOKA He
¢Jles1aeM MOJTHBIH 0DOPOT 10 BCEM CJIOSIM PACCIOEHUSI ¢ COOTBETCTBYIOMMUME BeKTopamu. [1ocko/b-
Ky Ha KaxKJIOM TaKOM CJIO€ ¢ BEKTOPAMHU CHCTeMa “yCcTpoeHa’ OJMHAKOBO, PA3JIMYHBbIC CJOU He
HepPeceKaloTes MeXKIy coDO M IOoc/Ie MOJHOrO 00X0/1a BCe TOUYKH M BEKTOPa BO3BPAIIAIOTCS B UC-
XO/IHOE TOJIOZKEHUEe, TPooOpa3 ToYku L npu oTodparkeHuu MoMeHTa J romeoMopdeH HeCBI3HOMY
obbeIMHeRNIo ABYX KoMmiekcos K x S, rme K — ocobwiit ciroit 3-atoma A*.

[Tyctb Teneps € > 0 BBIGpaHO Tak, uTo oTpe3ok UL (L) = u1 X [c — €, ¢ + €] nepecekaer 6udyp-
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KaIMOHHYIO jimarpamMmmy ToJsibko 1pu € = (0. PaccMorpum 1mpoodpas 31oro orpeska 1npu orobpazke-
aun Momenta JF. Biaromapst Tomy, 9T0 paccMarpuBaeMblil OWJLTHADIHBIN CTOJ MOYKHO PACC/IO-
UTh Ha COOKYCHBIE JBYIOJOCTHBIE THIEPGOION/IbI, Ipoobpas unaTepsasia U(L) npu oTobpazKkeHun
F MOKHO TPUBHAJIBHO PACCIOUTH HAJ, OKPYKHOCTBIO, T.e. F ' (U(L)) mpeacrapiserca B BHIE
HECBA3HOIO OObeJIMHEHNd IBYX IpaMbix npomssegenuit V3 x St rae V3 — 3-xommiexc. Boee
toro, V3 ecrb orpanmvenue F ! (U(L)) na nonynaockocts = 0,y > 0 ¢ BeKTOpaMu CKOPOCTH, y
KOTOpBHIX & > 0.

[lycts t € [—¢, . Ilpu kax oM ¢ paceMoTpuM Tpoodpas ToUKH (pi1, ¢+ t), OrpaHUIeHHBIN Ha
noymIockocTh ¢ = 0,y > 0 ¢ KacaTeJbHBIMU BEKTOPaAMHU, ¥ KOTOPHIX & > (), CHPOEKTUDPYEM 3TH
BEKTOPBI HA MJIOCKOCTh & = () B COOTBETCTBYIOIINX TOYKAX U TOCMOTPUM HA 3BOJIIONHUIO PACIIOJIO-

JKeHUsl ITUX MPOEKIUil Ipu u3MeHeHnu mapamerpa t (em. 3.7).

Puc. 3.7: Ilpoeknun BekTOpoB ckopoctu Ha coe x = 0 mpu ¢t < 0, t = 0, t > 0 (caeBa-HANpPaBO).

BuanMm, 9T0 3TO M3MeHeHHe COBHAJIAET € IBOJIIOIHEN PACHOJOKEHUs KacaTeIbHBIX BEKTO-
POB Jiisi Gusinapa BHYTpH IJIOCKOR obstactu Tuna A; u3 paborer B. B. Bemomkunoii 7], korma
napamerp A codokycHOIl KBaJIPUKH MEPEXOIUT Uepe3 KPUTudeckoe 3HadeHue. JleficTBUTEIBHO,
HOKaKeM 3TO aHAJTUTUYECKH.

OrpanuunM ypaBHeHus JABuzKeHUs 1.2 Ha mosymiockocTs x = 0,y > 0 ¢ ycaosuem © > 0. B
9TOH IJIOCKOCTH “JKUBYT TepBasg U BTOpasd JLIUNTHICCKUE KOOPJAMHATDHI, B TO BPEMs KaK TPETbs

paBHa a. Cae0BaTeIbHO, YPABHEHUS JIBUYKEHUS IPUMYT BU]T
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. 2v/2
)\1 = ﬂ:()\l — )\2)(>\1 — CL) \/h(CL — )\1)(b — /\1)(0— /\1)(/\1 — Al)()\l — AQ),

. 22
)\2 = :i:()\2 — )\1)()\2 _ a) \/h(a — )\2)(() - /\2)(0 - )\2)(/\2 - Al)()\Q - AQ)

CemeiictBo copoxycHbIX KBaapuK B R? nnaynupyer codokychble ceMeiicTBa B KOOPIMHATHIX
2

2
z
ockoctax. B miockoctu Oyz OHO 3a/laeTCsd ypaBHeHUEM —— +

—A c—A

= 1. Koopaunarst A\ u
Ao ABJISIOTCS SLIANTAYECKAME JIJIsI 3TOTO CeMeiicTBa.

[TockoabKy Aj, A2 < b < @, MBI MOKeM U30ABUTHCS B YPABHEHUSX BBIIIE OT MHOKUTEEH (a —
Ai), HOTOMY YTO PACTSZKEHHE KOOPJMHAT BEKTOPA CKOPOCTH HE BJIUSIET HA TONOJOIMIO CJIOEHUSI
Juysmnia. Tak kak Ay € (¢, b), or comHOKUTEMT A\] — A1 MBI MOZKeM H30aBUTHCS 110 AHAJTOTHIHO
HpUYIHHE,

BameTrum, 9TO0 A9 MeHsieTcst OT ¢ 710 A; = p3. MBI MoXkeM yOpaTh COMHOXKHUTENb Ay — Ay
HpeaBapUTEIbHO YKa3aB, 4To JBU:KeHHe OyAeT MPOUCXOANTh B 00JACTH, PACIOJJIOKEHHONR B IOJIY-
nockoct y > (0 m orpaHmveHuHoit uncom napamerpa 0, a Takyke TuepOOJIOil mapaMerpa, fig.
JleficTBUTEIBHO, B TAKOM CJIVYae KacaHue rurepOoTuIecKoil CTEHKH 3aMeHseTCd Ha OTpakKeHue OT
Hee, a 3TO Ipeodpa3oBaHue He BIUSET Ha TOIOJOTUIO caoeHus JInyBuLIs.

I/ITaK, YpaBHeHUd ABHUZKEHUA NIPUHUMAIOT BH/

2v/2

A = im\/h(b — A)(e = A1) (A2 — Ay),
).\2 = i%\/h(b — )\2)(0 — )\2)(/\2 — )\2)

Camo JBUKeHWE MTPOUCXOIUT B ILIOCKON 00JacTH, OmpeaesseMoil HepaBeHcTBoM y > 0 u orpa-
HUYEHHON 3/utniicoM mapamerpa 0, a Takke runepOoJioifl mapaMerpa (1. 3aMETHM, ITO CHCTEMa
BBITIE HE 9TO WHOE, KAK yPaBHEHWS CBOOOIHOTO JIBUYKEHUST MATePUAIbHON TOUYKN HA TLIOCKOCTH, a
A5 ecTh mapamMeTp KaycTUKU. A MOCKOJBKY JBUKEHUE TPOUCXOIUT B obaacTu Tuna A; (M. pabory
B. B. Bemomkunoii [7]), kommaexe V3, neiicrBurensno, romeomopden 3-atomy A*.

HempepbIBHO MeHsisl KOODAMHATY [i1 TOUYKH L Tak, 9100bI (11 X [¢ — €, ¢ + €] He mepecekas Obl
Ha JIpyrue cTeHku OupypKaIMOHHON JHarpaMMbl, B IIpoobpase oTpeska fi X [c —€,c+¢| B QF
npu orobpazkenuu JF OygeM HoJydaTh IpaMble Opoussegenud suga A* x S'. A mocKoJabKy Jio-
Doe paccyioeHre HaJI 3AMKHYTBIM JTUCKOM SIBJISIETCS TPUBUAJIBHBIM, IIPOOOPa3 MaJjioil OKPECTHOCTH
Toukn L (1pu 0TOGpaXkKeHUn MOMEHTa) TOMeOMOPdeH JBYM MPAMbIM Hpou3Beenusam A* x S xD'.

J171s1 ocTaBIIEXCsl BHYTPEHHUX TOYEK OJHOMEPHBIX CTPATOB PACCMATPHBAEMOI0 ODHILIMAPIHOIO
CTOJIA, a TAKXKe JJI APYTUX TUIOB CTOJOB PACCYZKICHNS aHAJIOTHYHbIE. TakmM 00pa3oM, HepBbIil

IIYHKT TeOopeMbl NOJHOCTBIO JOKa3aH.
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Jlokasrcem emopoti nywrxm. CHoBa paccMoTpuM ¢1oj1 23-10 Tuna u 10uky L = (g, 0) 6udyp-
KAIMOHHO# muarpammbl, riae py € (b, ¢). O6aacTbio BO3MOYKHOIO JIBUKEHUS, COOTBETCTBYIOIIEH
9TON TOYKe, ABJIAETCAd HECBA3HOE OObeIUHEHHE JBYX CHUMMETPHUYHBIX OTHOCHUTEJIHHO ILIOCKOCTH
y = 0 obstacTeit Ha JLUIMIICOM/IE TPAHMIILI CTOJIA, KAXKIAs U3 KOTOPLIX OIPAHMYEHA JIBYIIOJTOCTHBIM
ruepbosIon0M (U3 TPAHKIBI CTOJIA) M OJHOLOJOCTHBIM MAIIePOOIONI0M napaMeTpa ji1. ZlcHo, 410
HOBEPXHOCTD YpoBHA 17, npeacraBisgeT coboil HeCBA3HOE 00bEIUHEHUE JIBYX TOMEOMOPMHBIX JIPYT
NPYTY JBYMEPHBIX KOMIIIEKCOB. 1loKazkeM, 9TO 9THM KOMILTEKCOM fBJSeTCS IByMepHbIit Top 172

PacemoTpuM KOMIIOHEHTY CBSI3HOCTH OOJIACTH BO3MOXKHOT'O IBHYKEHHSI, JEXKAIIYIO B MOJIYIIPO-
crparcTBe y > 0, U onuIeM pPacIOJIOKEHNEe BEKTOPOB CKOPOCTH B TOYKAX 3TOH KOMIIOHEHTHI. B
KaK/10¥ BHYTPEHHEH TOYKEe PACIO/I0KEHO POBHO YeTHIPE BEKTOPA CKOPOCTHU, HA TPAHUIHBIX JTyTax
B CIJIY OTparkKeHHus, JUOO KacaHUsl BO3ZHUKAET JBa BEKTOPA CKOPOCTH, B YIVIOBBIX TOYKAX — IIO
OJIHOMY BEKTOPY.

Pacconm paccMaTpuBaeMyro KOMIOHEHTY CBSI3HOCTH 00JIACTH BO3MOYKHOTO JIBUYKEHWS HA, CO-
¢doKycHbIE JIBYIOJOCTHBIE THIEPOOIOUIb. I paccMoTpuM €J10ft 9TOr0 paccioeHusd, COOTBETCTBY-
IOIMUH TI0CKOCTH & = (), ¢ BEKTOpaMU CKOPOCTH, V KOTOPHIX & > 0. O4UeBHAHO, UTO FTOT CJOH C
BeKTOpaMu Oyjer romeomopden okpyzkuocTu. COBEPIIUB MOJHBIA 00XO/ IO CJIOSM PACCIOCHUSI
(Takoit ke 06X0/ Kak U B IPEbIIYIIeM MyHKTe), Mbl BEDHEMCsI B HCXOIHOE MOJI0KEeHNe: BCe TOUKH
U BEKTOPBI CKOPOCTH B HUX BEPHYTCA Ha CBOE MeCTO. BoJjiee TOro, Ha KarKJI0M CJI0€ IPU TaKOM 00XO0-
Jie Mbl OyJIeM [OIydaTh OKpyKHOCTh ST, Takum oGpasom, orpanudenue Ty HA PaCCMATPUBAEMYIO
KOMIIOHEHTY O0JIACTH BO3MOZKHOT'O JABHZKeHHs roMeoMopdno asymepnomy Topy 172, Cienosaren-
HO, IMOBEPXHOCTH 17, roMeoMoppHa HECBA3HOMY OOBEIMHEHHIO JIBYX TOPOB.

Teneppb moKaxkeM, 94TO MaJiasg OKpPecTHOCTL 17, romeoMopdHa HECBA3HOMY 00beIUHEHHIO JIBYX
npsaMbx mpomssegennam suga AG) x S x 52, rre A®) — 3-atom A, a D’ JBYMEPHBIH JTUCK.

BriGepem € > 0, takoe, uro okpectHocTb Uc(p1,0) = [u1 — €, 1 + €] %X [0, €] nepecekanace
OBl ¢ 6udyPKAIMOHHOM JUArPAMMOii TOJBKO MO OHOM cTeHKe. adukrcupyeM ) € [ug — &5y + €.
Orpesok, coequusionuii Touku (1), 0) u (u},€), 3anapamerpusyem tak: (1}, t), rue ¢ € [0;g]. Ilo-
CKOJIbKY PacCMaTPUBAEMbINl OUJIIHAD/IHBIA CTOT 00/1a/1aeT TPUBUAJILHBIM DACCJIOCHIEM Ha CO(O-
KYCHBIE JIBYTIOJIOCTHBIE THIIEPOOJIOU/IBI, 9TOOBI HAWTH TPOOOPA3 3TOr0 OTPE3Ka MPU OTOOPAKEHUH
MOMeHTa JF, HaM JOCTATOYHO IIPAMO YMHOXKHTH OKPYZKHOCTL S Ha orpaHudenue mpoobpasa 9To-
ro oTpeska Ha cjoil x = 0 ¢ BeKTOpaMu cKOpocTH, Vv KoTophix = > (. Ilockonpky mpwm Beex ¢
00J1aCTh BO3MOYKHOTO JIBUKEHUSI OY/IeT COCTOSITH U3 JBYX KOMIIOHEHT CBA3HOCTH, CHMMETPUIHBIX
JIPYT JAPYTY OTHOCHTEIBHO MIOCKOCTH Yy = (), HAM J0CTATOYHO PACCMOTPETH Ty W3 HUX, YTO Ha-
XOJuTCd B nojynpocrpancTse y > 0. [locMoTpuM Ha 3BOJIIONHMIO TUX BEKTOPOB IPU U3MEHEHHH
napameTtpa t. JIjst 9Toro Mbl CHOBA CIIPOEKTUPYEM TH BEKTOPBI Ha II0CKOCTh & = (. CxeMaTH4IHO
H300PA3UM IBOJIIOIHIO ATUX MPOEKIuit (cM. puc. 3.8).

Bugim, 910 318 9BOJTIONKS COBIAIAET C IBOJIIONNEH BEKTOPOB CKOPOCTH MJIOCKOTO OULInap/ia,

BHYTPHU CTOJIA OIPAHUYCHHOTO /LIMIICOM U OJHOU BETBHIO COMOKYCHON ¢ HUM THIEPOOJIBI, KOTJIA
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Puc. 3.8: DBontorust pacmnosioxkenns TpoeKinit BeKTOPoB ckopoctu Ha cjoe z = (. CreBa m3obpaken
ciay4dait t = 0, cipaBa — t > 0.

3HAYEHHE JTOMOJHUTEJIHLHOTO WHTErpaja NpHHUMaeT HauMeHblnee 3HadeHne. CormacHo pesy/ibra-
tam paborel B.B. Bemomkunoii [7] npoobpas orpeska (ui,t), vae t € [0;¢], orpaHudenHOr0 Ha
caoit x = 0 ¢ BEKTOpaMHu CKOPOCTH, ¥ KOTOpbIX & > 0, romeomopden 3-atomy A. CiemoBaTebHO,
Ipoo6pa3 caMoro oTpesKa romeoMopdeH IpAMOMY NPOU3BeIeHnIo 3-aToMa A n okpy:kHocTH S1.
[TockosibKy 06/1aCTH BO3MOYKHOTO JIBUZKEHHUS COCTOST U3 JBYX KOMIIOHEHT CBS3HOCTH, a IMapaMeTp
{1 TpoberaeT MHOKECTBO, ToMeoMopdHoe 0Tpe3Ky, mpoobpas okpectnoctn U (p1,0) B Q7 mpn
0TOOpaKeHU! MOMeHTa J romeoMopdeH HEeCBA3HOMY O0beIMHEHHUIO JIBYX NPAMBIX IPOU3BEICHUI
puga AG) x S x D

JInst ocTaBIMUXCS BHEITHUX TOYEK OJHOMEDHBIX CTPATOB PACCMATPHBAEMOTO OMJLIHAPIHOIO
CTOJIA, a TaKzKe JJIsd APYTUX TUIIOB CTOJIOB PACCyKJIeHUd OYIyT aHAJOIHIHbIMH. TakuM obpasom,
TeopeMa, TIOJTHOCTHIO JIOKA3AHA. 0

B sasepmienne naparpada 3amernm, 910 B Touke (b, ) obpasa orobpazkenus MomeHTa J
MPOW3BOJIBHOIO TPEXMEPHOTO COMOKYCHOTO OM/IINapP/1a BOSHUKAET KPYTOBask MOJIEKY/IA — TOTO/I0-
IUYeCKU MHBAPHAHT OCOOEHHOCTH, COOTBETCTBYIONIEH TOUKE IepecedeHus JIBYX CeJIOBBIX OTPe3-
KOB (OH HETpUBHAJIEH, ecli 06a OTpe3Ka BXOAAT B OudypKanuoHHyO auarpaMmy). Hamomunwm,
9TO KPYy208ol MoAEKY.A0T TOYKU B 00pa3e OTOOparkeHusi MOMEHTa, /I CUCTEMbI C 2 CTeleHsSIMH
cBODOIBI Ha3bIBalOT MojeKyay (mHBapuanT PomeHKo) cioenus JIMyBuiuis Ha 3-rpaHuIle WHBa-
PHAHTHOR 4-OKpeCTHOCTH Ipoodpa3a 3TOH Touku. B HaleMm ciydae cucreMa uMeeT 3 CTEIEHH
¢BOOOMBI, HO TamMuabTOHNAH H = h dukcuposan. Tem cambiM, kpy2060t mosexyaot mowku (b, c)
eCTEeCTBEHHO CYMTATh MWHBAPUAHT CJIOCHU Ha 4-rpaHure 5-0OKpPecTHOCTH TPoodpas3a 3TOW TOYKH.
[Tockosibky Kazkjias mepecTpoiika Ha TaKoil rpaHUIle OKA3bIBAETCSI TOMEOMOpPdHA 3-aTOMY, TTPIMO

YMHOZKEHHOMY Ha OKPYZKHOCTb, TO KDYTOBYIO MOJIEKYIY MOZKHO M300pa3UTh MPUBBITHBIM 0OPa30M.
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B gacruocru, kpyrosasi MoJiekysia Touku (b, ¢) Gusuimapia BHyTpu crojia 23-r0 THIA UMeeT BHJL,

7PN
A*A* B

o

Puc. 3.9: Kpyrosas monexyna trouku (b, ¢) ais crona 23-ro tuna.

MpeCTAaBJIeHHbBIN HA PUCYHKE 3.9.

3.3 Hyabmepnble cTpaTbl OundypKaImoOHHOI JuarpaMMbl

1 COOTBETCTBYIOIINE 2-II€PECTPONKN TOPOB JInmyBuJjLisd

Hacrosmuit naparpad nocBsIieH ONMUCAHWIO TOMOJOTHH CJIOCHUS JIMyBUILISA B OKPECTHOCTHU
TeX CJI0eB, KOTOPbIE COOTBETCTBYIOT HYJIbMEPHBIM cTparaM OudypKaiuonHoi auarpaMMmbl. Panee
OBLIO OTMEYEHO, UTO HANOOJIBINNN HHTEPEeC /I HAC MPEICTABIAeT TOYKA (b, ¢), €CTH OHA SIBIISAETCSI
HyJIbMepHBIM cTpaToM. Hamomuum, 4o cemjioBbie Oudypkalnuu B CUCTEME MOIYT HPOUCXO/HUTH
TOJIBKO B CJIOSIX, OTBEYAIONINX TOPU30HTAIBHOMY M BEPTUKAJIHLHOMY OTPE3KaM, MPOXOIAIIAM Yepe3
104Ky (b, ). OcrajbHble TOUYKH JUAIPAMMBI COOTBETCTBYIOT BO3HHUKHOBEHHIO (HCUE3aHUIO) CJIOEB
CUCTEMBI.

YHacrb urdopmanum o Tomoaornu caoerns JIuyBuLIs B OKpecTHOCTH €105t ToUKE (b, ¢) (MBI
Oy/ieM Ha3BIBATH ee Moukol KPecma) MOXKHO Y3HATH U3 KPYTOBON MOJIEKYJIbI B 9TOI TOUKe. TeM He
MeHee, 3TOi HHPOPMAIIUH, KaK IPABUIO, HEJIOCTATOTHO, J/Is TOI'O YTOOBI IIOJTHOCTHIO BOCCTAHOBHTD
CTPYKTYPY caoenus JInyBUIS B OKPECTHOCTH COOTBETCTBYIONIETO (b, ¢) CJIosl.

B nepgoit wactu 3Toro maparpada Mbl OHMUIIEM CIOCOD, C MOMOIILI0O KOTOPOT'O MOXKHO OIH-
caTh TOMOJIOTHIO CJ0eHud JIMyBHIIA B OKPECTHOCTH CJIOSI TOUKH KpecTa. Jlajee, Bo BTopoil dacTu
MBI OIIHIIIEM TIOJIYJIOKAJIBHOE YCTPORCTBO 0CcOOEHHOCTEl, 0OTBevalomux octapimumMmcs 0-crpataMm Ou-
dypKammoHHOil JmarpaMMbl. JacTh 3TUX 0cobeHHOCTEH OyJ/ieT BbIPOXK/IEHHBIMH. BbIPOXK IeHHBIE

ocobenHocTH cooTBeTcTBYIOT ToukaM (b, b) u (c, ¢).

3.3.1 Meroa nmoHM>KEHNA CTEMEHN CBODOOAbI KAK OCHOBHOII MHCTPYMEHT
VCCJIEJOBAHUS TOIIOJIOTUM cJjoeHus JImyBuiIjIs TpexmMepHbIX OmJi-

Juap/ioB

[Ipu onucanuun l-nepecrpoex ToOpoB JIMyBUILIS Mbl 110JIb30BAJIMCh CJIEJYIONUM COOOPaKEHU-

em. B caydae, Korma xorst ObI OJMH U3 TAPAMETPOB KayCTHK A; OTJIHYIEH OT KPUTHIECKOTO 3HATCHU ST
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(r.e. o1 a, b wiam ¢), 061ACTH BO3MOKHOI'O JIBHKEHUSI YAaCTHIBI (TOYHEE TOBODs, JII00asi CBsI3HASI
komnonenta OB/JI) obrasaer TpUBHAIBLHBIM PACCIOEHHEM HEBBIPOXKIEHHBIMH KBAIPHKAMHI OHOTO
tuna, T.e. BHyTpu OB/l X0Td 6B OHA W3 JUIMNTUYECKUX KOODJUHAT OT/eJeHa OT KPUTHUIECKO-
ro 3HaveHus. /lasee, MBI OTPAHUYUBATIN CUCTEMY HA CJOH ITOTO PACCIOEHUS U YOEXKIATUCH, ITO
Ha KaxKJOM TaKOM CJIOe CHUCTeMa yCTpoeHa “oauHakoBo”. B TakoM ciiydae u3ydaemblil CJION 1pe/i-
CTaBJISIETCS B BUJE MPSIMOTO MPOW3BEJICHNS OKPYKHOCTH W HEKOTOPOT'O JIBYyMEPHOTO KOMILIEKCA,
KOTODBIil CBA3aH ¢ OTDAHWYEHHEM CHUCTEMBI Ha CJION PaCCIOeHUs.

Takum oOpa3oM MBI MEPeXOAWJIN K JIPYTOil MHTETpUPYeMOil cucTeMe, HO YK€ € MEHbBIINM
quCcja0M crerneneit ¢Boboabl. OHAKO CHCTEMA-OTPAHUYEHHE MOYXKeT ‘(DU3MIecKu’ OTIHIATHCSI OT
MCXO/HOM, HATIPUMEDP OT TPEXMEPHOTO OUJLIHAPIA MBI MOYKEM TEePEHTH K re0e3MIeCKOMY TOTOKY
Ha KBaJpuKe ¢ moTeHnuaaoM ['yka. OkaspiBaeTcsd, 3TOT MeTo, paboTaeT He TOJBKO C PETYITPHBI-
MU CJHOSIMU U l-iepecTpoiiKamMu TOpOB JIMYyBHILISA, HO TaKXKe CO CJIOAMH, COAEPIKAIIUMEI OCODBIe
TOYKH MEHBIIIEr0 PAaHra. ByjieM Ha3bIBATH TAKOI MPUEM MEMOJOM NOHUNCEHUSL CMENEHU 80000

B caeaytormiem myHKTe MBI TOKaXKeM 3TOT MeTOJ B padoTe.

3.3.2 Tomousiorus cijioenusi JIuyBuisisi B OKPEeCTHOCTH CJiosd TO4YKu (b, ¢)

IIycrh 6udypKkanuoHHad AuarpaMMa OWLIHapia BHYTPH cToa Z° BK/IIOYaeT OTPe3KH IIps-
MBIX Ay = b, Ay = c.

MozkeM J1n MbI IPUMEHUTDH METO/I IOHUYKEHHUSI CTeNeHU CBOOOIbI, YTOOBI OMUCATH TOIOIOTHIO
caoenus JIMyBHILIA B OKPECTHOCTH TOUKH KpecTa?! O01acThi0 BOBMOKHOIO ABUKEHUS MATEPHATIb-
HOil TOuKH, oTBeyatomeil Touke (b, ¢), apagercs Bech Oummapanbiii cron Z3. IlosToMy ecm XoTs
Obl OJHA IIMNTHYECKAs KOOPAUHATA Ha CTOJIE OT/IEJEeHA OT KPUTHUECKOIO 3HAYCHUSI, TO ONUCAH-
HBLIH MeTos, cpaboTaer, HHAYe — HAM HPUIETCS MOJePHU3UpoBaTh ero. Ceg1oBaTeIbHo, HAM CTOUT

pas3buTh Bce ODMJLIHAP/IHBIE CTOJIBI HA CJI/IVIONIHE JIBa KJacca.

Onpenenenune 3.3.1. Busmapausiit cros D Oygaem HA3bIBATD 0MOCAUMbBIM, €CJIH CYIIECTBYET
9KBUBAJIEHTHBIN eMy Ouinap/aubiii ¢crosi D', Ha KOTOPOM BBHITIOJHEHO XOTsI Obl OHO W3 CJEIy-
IONMUX HEPABEHCTB: A1 < €, Ay > ¢, Ao < b, A\3 > b. B nporuBnom ciydae cTos OyJeM Ha3bIBATh

HeoMmaIeAUMbBIM.

Bameganue 3.3.1. OraeuMocTh (HEOTAETMMOCTH) KOPPEKTHO ONpeeIeHa Ha KJIAcCaX SKBHBA-

JIECHTHOCTH CTOJIOB.

Ilpennoxkenue 3.3.1. Cywecmsyem 6 mounocmu 08a KAGCCA HEIKBUBAAECHMMHBLL HEOMOIEAUMDLET
buaruapdnoix cmoaa: mun 21 u mun 22 uz mabauyvt nyurma 3.4. Ipedcmasumenu 5mMux KAaACCO8

uaobpasicenv, Ha pucyure 3.10.

,Z[OKaSaTeJIbCTBO. DTO IPEIOKEHNE JIOKA3ATH C IOMOIILIO TEOPEMbI KJiacCu(PUKAIUU CTO-

JioB 3.1.1 mpocthiM 1epebopoM 1Mo BCeM KJiacCaM 3KBUBAJIEHTHOCTH. 0
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Puc. 3.10: [IBa HEOTIEIUMBIX HEIKBUBAJIEHTHBIX OULIMAPIHBIX CTOJIA

CHavaJjia MBI OIAIIIEM TOIOJOTUIO CJIOCHUS J—II/IyBI/I.HJIH B OKpPECTHOCTH CJIOd TOYKH KpeCTa 14
OTIEeJINMBIX CTOJIOB. B CHJIy ollpeJeJsieHud KOM6HHaTOpHOﬁ 9KBHUBaJEHTHOCTHU MOXKEM CHUTaTh, 9TO

0Z ue cogepxkuT ydactkop mwiockocreit Oxy u Oxz.

Teopema 3.3.1. IIycmo Z2 — omdeaumviti mpexmeprod buasuapdnodi cmona. IIyemo maxorce
bugyprayuornas duaepamma buasuapda enympu amozo cmoaa codeporcum moury (b, c). Ecau

2A0UuNMUYeCrue ﬁoopﬁmmmu mouer cmona Z y&oeﬂemsopﬂmm 02ParHUYeHUI0

1. A3 > b, mo maras oxpecmuocmo caoa, omeeuarouezo mowke (b, c), nociolino 2omeomopg-
na npamomy npouseedenuto euda K* x S', 20e K* — manaa oxpecmmuocmo caos caoenus
Jluysuaina, coomeememeyroulezo mouke Kpecma, bUAAUAPIG ¢ OMMANKUBAIOULUM NOTEHUU-
asom Lyka enympu deymeprotl cmenky Z, aestcauteti Ha cophorycrom JdeYnosocmmom 2unep-

boaoude.

2. A\ < €, MO MAAGA OKPECTNHOCTIL CA0A, omeewarowezo moyke (b, c), nociotno 2omeomopg-
na npamomy npoussedenuro euda K* x S', 2de K* — wmanaa oxpecmmocmo caoa croenus
Juyeunts, coomeememsyowezo movke Kpecma, Ousluapod ¢ OMmMaskusaOULUM TOTMEHRUU-

anom l'yxa enympu deymeproti cmenru Z, aestcaweti Ha coPhorycHoM 3AAUNCOUIE.

3. A2 > ¢ uau Ay < b, mo manras oxpecmrocms croa, omsesarouas movke (b, c), nocaotino 2o-
meomopdria npamomy npoussederuro suda V3 x W2, 2de V3 — odun us cedroevx 3-amomos:

B®, DY C¥ uau A*, a W2 — odun us cedaosuz 2-amomos: B, D uau C.

JokazaTenbcTBO. JdokakeM nepsbiti nynkm TeopeMbl IS OHILIHAPIHOTO CTOJIA TUIla 23.
ITo anasiorun pazbuparoTCss OCTABIINECS CJIYYan, Y/IOBJIETBOPSIONINE YCJIOBAAM IIEPBOI0 U BTOPOTO
NYHKTOB TeopeMbl. Kak u B mpeJblaylieM naparpade Mbl OyJaeM paccMaTpuBaTh CTOJI, TDAHUILY
KOTOPOI'O COCTABJISIOT SJIMIICOUJT U JIBE “JallledKyu~ JBYIIOJOCTHOI'O IUIlepOOJIOn/Ia.

[Ipu onmcanmu TOMOIOTHE CJi0eHus JInyBuIst On/IHapia BHY TPU CTOJa 23 Mbl HEOITHOKPATHO
MOJIH30BAINCH TPUBHAJBHBIM PACCIOEHHEM 3TOTO CTOJIA COPOKYCHBIME ABYIOJOCTHBIMI THIEPOO-

JIOn daMU. Taxkoe paccjioeHnue BOSHUKAET BBHUAY TOI'O, 9YTO TPETbAd I3JIJIMIITHYECKad KOOpAWHaTa Ha
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cToJie OTAeeHa OT 3HadeHus b. biaronaps HaIMYINIO TAKOIO PACCI0CHUs IPOOOPA3 MAJION OKPeCT-

b > o F o -

HoCTH TOUYKH (b,c) B () mpu 0TOOpazKeHMH MOMEHTA yaeT ToMeoMopdeH MPAMOMY TTPOU3Be

K*x St 3 K* —4 i i

JIEHUIO0 BUJIA x S*. 31ech -KOMILTEKC, MOJIyIaeMbIil OTpPaHUYIeHHEM MaJIoil OKPECTHOCTH

CJ10s1, OTBEYAIoNero Touke (b, ¢), Ha mwIockocTh = () ¢ BEKTOpPAMHU CKOPOCTH, Yy KOTOPHIX & > 0.
OcTaercd onpeaenTh KIace roMeoMopdnoctu Kommiexca K2,

[Tockobky maockocTs Oyz B SIUNTHYECKAX KOODAMHATAX 3a/1a€TCS YPAaBHEHUEM A3 = @,

HepBbIe JIBA YPAaBHEHUM JIBUKEHHUS HA CJI0€ \3 = @ NPUHUMAIOT CJICIYIONIUA BUI.

2v2

()\1 — )\2) ()\1 — CL)
2V/2

(A2 = A1) (A2 —a)

AN =4

Vh O —A) (A —Ag) (a— M) (b= A1) (c—\y)

Ao =+

Ve = A1) (A = Ag) (@ = Aa) (b= Xa) (¢ = Ao)

3amernM, 4To a — A1 2 > 0. Ilosromy MHOKHUTETN @ — A1 2, /@ — Aj 2 CYIIECTBEHHO He BJINSIOT HA
PACIOJIOJKEHIE KAacaTelIbHBIX BeKTOpoB. CJle10BaTeIbHO, TOHONOrHd K+ He M3MEHUTCH, €CTH MBI

u30aBUMCS OT HHUX U IepeiijeM K ypaBHEHUSIM

2v/2

A = ime M= A) (= Ag) (b= \) (e —\y),
fo = i%m Do — A1) O — ) (b= 29 (e — ).

ITockonbky h 3adukcupoBaHo, MOJyYeHHBIE YPaBHEHHS COBIAIAIOT C YPaBHEHUSIMH JIBUZKEHUS

OuLIMapia BHYTPH SJLIUIICA n + = 1 ¢ morenmmanom ['yka koadpdbunmenrta k, rae k = —2h.
BameTnM, 9TO B HalreM ciaydae k < 0, To ecTh IIOTeHIHAJ OTTaIKuBarommii. A Touka Ay = b, Ay = ¢
SIBJIIeTCS TOUKOU KpecTa 6uypKaIMOHHON IuarpaMMbl TAKOro oOmaauapaa. Takum obpaszom, 1-i
U 2-if MyHKTHI TEOPEMbI JIOKA3AHBI.

B pa6ore [45] A.T. ®omenko u B. A. Kubkano mokazaam, 4T0 Majgasg OKPECTHOCTD CJIOsI OCO-
OEHHOCTH THIIA CEIJIO-CEJI0 OMIIMAPIA C OTTAJIKUBAIOIIUM HOTeHIIHaI0M ['yKa BHYTpH 3JLIUIICA
romeoMopdHa HOJYHPsIMOMY IIPOU3BEJICHUIO BH/1A (B(Q) X C§2)> /Zs, vue rpyuna Zo jeicrByer
IEHTPAJTBHOI CHMMeTpHeii Ha Kazxk /oM u3 comHokuTeseil (2-atombl B n Cy, n300pazkeHHbIe Ha PH-
cyHkax 1.1.2-3, neficTBUTEIBHO, ABIAIOTCS EHTPAJbHO CUMMeTpUIHbIME). CJleI0BATEIbHO, MPO-
06pa3s Masoit OKpecTHOCTH cJiod B (7, oTBedatomero Touke (b, ¢), Gummapaa BHyTpH cToJIA 23-T0
TUIIA TOMEOMOPdEH TPOU3BEICHUIO: (B(Q) X O§Q)> /7y x St

Temepb JoKazkeM TpeTuii MyHKT TeopeMbl. Pacemorpumv Gumnapaneii cron Z tuna 27 (cm.
rabauiy Kiaccudbukanmy naparpada 3.4). DTOT ¢TOJ OrpaHHYeH FJTUICOUIOM | OJIHOIOJIOCTHBIM
runepoosonsiom. [Ipu aToMm, on He mepecekaeT pokaabHyio runepboay. Paccroum Z na codokyc-
Hble JIBYTIOJ0CTHBIE ruiiepbostonapl (1 maockoctu Oxz, Ozy). PaccMoTpuMm ypaBHEHUS BUKEHUs

MaTepHUaJbHON TOUYKN BHYTpU Z B OKpecTHOCTH ypoBHS Ay = b, Ay = ¢. VI3 ypaBHeHust q1BuKeHUsT
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Ha, )\1 Mbl MOYKEM HCKJIIOUHTb MHOKUATEIN A\ — A3, A1 — A1, @ — \{, IOCKOJIbKY TaKue N3MEHEHUSI
He MOBJULAIOT Ha TOMOJOTHIO cjoenus Jluysuiais. Jlajgee, mockoabKy Ao < b u3 ypaBHeHuda Ha Ao
MBI MOKeM yOpaTb MHOKHTETH A2 — A3, Ao — A1, a — A9, I3 ypaBHeHus na A3 MBI MOZKEM ybparb
MHOXKHUTEJIH A3 — A1, A3 — A9, ¢ — A3, HOCKOJBKY A3 > b1 \; < Ay < b, a Tak:Ke U30aBUTHCSA OT

A3 — As. B urore, cucrema ypaBHenuil JBUKEHUs TPUOOPEJIA CJIE YOI B,

2v/2

/‘\1 = im\/h (Al — )\1) (b — )\1) (C — )\1)
/.\2 = i%\/h (Al — )\1) (b — )\2) (C — )\2)

/.\3 = i2\/§\/h (AQ — )\3) (b - )\3) (CL - )\3)

MpI BUIUM, 9YTO YpaBHEHUS JIBUKEHUs PA3/IEIUINACh HA JBE MOJCUCTEMBI: I A1, A2, & TAKKe
it 3. Bosiee Toro, cam Ousiinap bl CTOT MOYKHO IPEJACTABUTH B BUJIE MPSIMOTO IPOU3BECHHS
asymeproro crosa tuna A; (cM. pabory [7]) mo mepemenubIM A; M Ao, a TaKKe JLINICA MO Aj.
CucreMa ypaBHeHUl Ha Ay M Ag OINKUCBHIBAET ILJIOCKHE OWJLIMAP/] B OKPECTHOCTH CEJIJIOBOIO KPH-
THIECKOTO ¢J10s1. OCOBEHHOCTD, OTBEYAIONIAA ITOMY CJIOIO JJIsI CTOJA TUIA Aj €CTh TPpeXMepHBIi
arom A*. Tperbe ypaBuenue mocjeHeil CHCTEMbI ONMUCHIBACT HA JJLINIICE JUHAMUKY MaTePHAJIb-
HO# TOYKHM B Tojie cujbl ['yka HenysaeBoro Ko3dduimenra k B OKPECTHOCTH KPUTUIECKOTO CJIOM.
OKpecTHOCTb KPUTUIECKOTO CJI0s TaKO# cucteMbl romeomopdua asymepaomy atomy Co. CreoBa-
TEJBHO, I PACCMATPHBAEMOTO CTOJA MAJIag OKPECTHOCTD ¢J10d B (07, oTBewaromero Touke (b, ¢),
romeomopdHa npsiMoMy 1pousseiennio 3-aroma A* u 2-aroma Cy, T.e. A* X Céz). Anajiornvnbie
PACCyKIeHNS CHPABEITHBLI JIJI BCEX OWJLTHAP/IHBIX CTOJIOB, YIOBJETBOPSIONNX OTPAHUICHUSIM
TPeTbero MyHKTa TeopeMbl. TakuM 00pa3zoM, TeopeMa MOJTHOCTHIO JTOKA3aHA. U

Kpurudeckue OKpyKHOCTH Ha cJioe, oTBedaorieM Touke (b, c), pacmonoxkensl Ha ocu Ox.
OHAKO €CTh HECKOJIBKO KJIACCOB OUJLINAPIHBIX CTOJIOB TAKWX, 9YTO 0Ny pPKAIUOHHAS JHATPAMMA,
COOTBETCTBYIONIUX UM OHJLIHADIOB cOepKUT ToUKy (b, ¢), a ocb Ox ux He nepecekaer. Takne cToO-
JIbI OTHOBPEMEHHO YIOBJIETBOPSIOT MEPBOMY W BTOPOMY IMYHKTaM TeopeMbl 3.3.1 U COOTBETCTBYIOT
KaaccaM 9 — 13 u3 knaccuduKannoHHoit Tabauns! maparpada 3.4. Masas oKpecTHOCTD €10 TOUYKH
(b, ¢) romeomopdHa npsaMomy npoussejennio K3 x T2, rae K? — 3-KOMILIeKC, He TIpeicTaBuMblil
B BH/IE TIOYTH MPSIMOTO MPOU3BEIEHUST 2-aTOMOB U OKPYKHOCTeIH.

Temeps nepeiieM K HeOTAeIUMBIM cTOIaM. OTHAKO MEPe] ITUM cIeTaeM ellle OTHO BazKHOe 3a-
mevanne o cummerpusx 2-aroma Cy. Ha pucynke 1.1 npusesenst npumepst 2-aromoB A, B, Cy, Dy.
Samerum, 9TO aTOM B gBISIETCS MEHTPAJIBHO CHMMETPUIHBIM. DTOH WHBOJIIONMHEH HCIePIIbIBALT-
cd Bce HeTpuBnasibuble cuMmMerpun B. Atom Cy Ha 9TON KapTHHKE TOXKe M300pazkeH MEeHTPAJbHO
cuMMeTpuIHBbIM. (OJIHAKO CIHUCOK €ro CHMMeTpuil Kyaa Oombiie. [Ias Toro 9ToObI WX yBUIETH,
pacemorpuM peasmsanuio Cy Ha aBymepnoit cdepe (cm. puc. 3.11). OdueBugHO, 9T0 y Hee ecThb

JIBE 8pauiamensvHule cummempuy ua yroa m. Obo3Hadum ux o u 3 cooTBeTcTBeHHO. KoMmosnumnus
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Puc. 3.11: Cdepuueckas peanmmsanus 2-aroma Cy. /Ise Bpamarenbubie cumMerpun Ha Co.

THX CUMMETDHI TaKKe sBJISeTCs CHMMeTpueil (BpallleHne Ha m BOKPYT OCH, MPOXOJIIeil depe3
KPUTHYECKUE TOUKY). VIHBOMONNHE v U 3 PABHOIEHHDI, OJHAKO UHOTIA HAM MPHUIAETCS HCIIOJIb30-
BaTh UX BMecre. [[osTOMY OfiHY M3 HUX (He BayKHO KaKyl) Mbl OOBSBUM Nepsol 8pauiamenbHol

cummempuetl, a npyryo — emopot (wan donosnumervrotd) epauamesvrot cummempued.

Teopema 3.3.2.

1. Manas oxpecmuocmo caos caoenus JTuysuana, omeeuarowezo mouke (b, c), 6 Q5 buaiuapoa
BHYMPU MPETOCHO20 daauncouda (mpexmeprozo cmoaa muna 21) nocaotino 2omeomopdra

2 y
NOUMU NPAMOMY NPOUZGEIEHUIO (B(2) X Cé )> /Zy(at) x S1, 2de uneomoyus o deticmeyem

yenmparohol cummempueti na amome B u epawamervroti na Cs.

2. Manas oxpecmuocms caoa caoenus Jluyeuara, omeeuarousezo mouxe (b, c), 6 Q) buaruapda
BHYMPU MPETMEPHO20 bUAAUAPIN020 cmosa muna 22 (cm. mabauyy nyrwkma 3.4) nocaotino
2OMEOMOPPHE NOYMU NPAMOMY NPOU3EEICHUIO (B(2) X 02(2) X Sl> [Zo() X Zs(B), 2de un-
somouyua o deticmeyem yenmpasvrot cummempuet: na amome B u epaujamenvnot na Cy
(na S* deticmeyem mpueuarvro), a uneostoyua B — donoanumesvnoti 6pauLaMessHoT CuM-

mempuets na amome Co U uenmpasvnol Ha oxpyscrocmu (ha B deticmsyem mpusuaivHo).

JlokazaTebeTBO. Jokascem chavana nepsviti nynkm meopemsl. PaccMoTpuM OHLIHADT
BHYTpH ssutunconaa mapaverpa 0. [Tycrs L = (b, ¢). O6o3naunm wepes T, npoobpas Touku L mpu
orobpazkennu MomerTa F. Touke L oTBedaeT KpUTHUIECKAsI OKPYKHOCTH (L), BOSHUKAIONIAS TPU
JBUZKEHUN YacTUIB BA0IbL ocu Ox. OKa3biBaeTcs, Ha Ou3KuX K 17, Topax Jlmysumis T, MOKHO
BeIOpaTh 1ukKs (L), romosoruanstii (L), koropsiit npu crpemsennn L' k L nepeiiger B y(L).
DTO HATJISITHO TOKA3AHO HA pucyHKe 3.12 /1151 BCeX 9eThIpex BUIOB TOPOB JIMyBUIIsI, OTBEUIAONTIX
KaMepaM OudypKauoOHHO! JTHarpaMMBbl, COCeIHUM C L.

Cucrema Ou/LIMApAa BHYTPH SJUIMIICOMIA CIJIaKUBaeMa, a GOPMbI & = P1dA1 + podAs + p3dAs

nw = dp; ANdA + dpy A dhs + dps A d\3 KOPPEKTHO onpemesieHbl Ha (a30BOM MPOCTPAHCTBE TAKOi
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Puc. 3.12: Iuxn v na topax Jlmysmmis, 6im3knx Kk m3ommrerpasibuoit nosepxuoctu F1(b, c). Boige-
JICHHBIE TOYKW €CTh TOYKHM KACAHWs UK/ C BHYTPEHHUM 3JUIANCOUIOM (PUCYHKE 1, 2) U BHYTPEHHUM
OJTHOTIOJIOCTHBIM TUTIEPGOTONIOM (PUCYHOK 3).

cucreMel. JT0 caenyer u3 pesynbraros B. Jlazyrkuna [69] u E. A. Kyapsasuesoit [70]. Oupegemuam

B MaJIOil OKPECTHOCTH ¢Jiod 17, Ha PeryiasdpHBIX yYacTKax cJoeHus JImyBuaasa OyHKIIIO

(L) = o / a.

(L)

Haiigem sigubiii Bun dyuxmun s(L'). Cornacuo dopmynaM pas3jeieHns epeMeHHbIX Clpa-

BeJJINBBI paBEeHCTBa

P 5 a2k — e — M)

Huka v 06X0IuT KazKIyIo SJUIHITHICCKYIO KOOPJIMHATY B TOYHOCTH YeThipe pa3a. CjieIoBaTe/bHoO,

Vi=1,2,3.

A2Ac
Ap)(t — Ag)
H, Ay, Ay) 2
s(H, A1 As) \/ha—t —t)(c—t)dt+

Ap)( )t — Ag)
\/Qha—t —t)(c—t i+ 2 /\/2ha—t oD n

B nocnenneit popmysie Beipakenne PA(Q) o3ragaer vuanmym Mexay P u (), a PV (Q) — MakcumyM.

C\/A2

JIemma 3.3.1. Pynruua s(H, A1, As) asaaemes anasumuieckol 6 Marol OKPeCmHOCU MOYKY
L.

JokazarenbeTBo jgeMMbl 1. Ilyers Ay # b, Ay # ¢. PacemorpuM Ha KOMILIEKCHOR ILIOC-

koctu KOHTYp C, m3o6parkennsiit Ha pucynke 3.13. Ou cocrout u3 ayru [’ BepxHeil mOTyOKpyKHO-
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ctu, coepunsionieit Touku 0 u a, yerbipex HoJyOKpykHOcTel . pajiuycoB € ¢ neHTpaMu B TOYKAX

¢, b, A1, Ay m T orpe3koB. Bribepem Ha KOHTYpe MOJOKHTEIbHOE HAaIpaBaeHne obxoma. IlycTh

a—2z)b—2)(c—2)

f(z) = 1\/%( (2= M)z = Ao)

Puc. 3.13: Koutyp unrerpupoBanusa. BombIésa momyoKpyKHOCTb — myra 1.

Coryracao Teopeme Kormm 06 mHTErpase mo 3aMKHYTOMY KOHTYPY

0= ]{f(z)dz = /f(z)dz + I1(e) + Iz(e) + I3(e),
o+ T+

rae
Ao—eNc—e A{—eNb—e a
Li(e) = / f(z)dz + / f(z)dz + / f(2)dz,

0 ct+eVAa+e b+eVAi+e
Ao—eVe—e A1 —eVb—e

/ f(z)dz + / f(z)dz
Ao+eNcte b+enAi+e

/ f(z)dz+ / f(z dz—i—/f dz—i—/f(z)dz.
'z (¢ 'z (b)

Bamerum, 9T0 § = lir% I (5), PU 3TOM, [2(5) SIBJISIETCSL YUCTO MHUMBIM YHCJIOM. B TO ke Bpems
E—

liII(l) I3(e) = 0. HeiictBuTesbHo, ToCTeHAl DaKT CaeyeT U3 CTAHIAPTHOIO HEPABEHCTBA:
E—

ff < max|f(2)| .
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Takum obpasom,

g (-M)GE-h)
s=_R F/\/zh(az)(bz)(cz)d . (3.1)

B Buny orcyrcTBHs Ha KOHTYype ' 0coOBIX TOUEK ¢, b, A1, Ay PYHKIMSA $ KOPPEKTHO ONpeIeTeHa U
SIBJISIETCS] AHAJTMTHYECKO B MaJ1oii okpectHocTn Touku L = (b, ¢). O

OyHKrIESA S €CTh HEe YTO WHOE, KaK TepeMenHas jeiictBusi. Bosee Toro, corsacHo dopmyiie
3.1 sta ByHKIMA gBJsgeTcd IaKoil B MaJjoil okpectHocTH cos 17, B M. C nomonibio ¢hpopMyIb!
3.1 u pasnoxkenust v = sgrad § B THHEAHYI0 KOMOMHAINIO KOCHIX I'PAINEHTOB HEPBLIX HHTEIPAIOB
H, Ay, Ay MOKHO MOKa3aTh, 9TO BEKTOPHOE IOJIEe v He 00paIaeTcsa B HOJIb B OKPECTHOCTH CJiost 17,

CoryracHO KJIaCCHIECKHM Pe3yJIbTaTaM, TPAeKTOPHH IOJIS ¥ 3aMKHYTHI, & €0 HHTEerpaIbHbIE
KPUBBIE SBJSIOTCS 2T-TIepuognIeckuMu. Boee Toro, Tpaekropun v, “Kuyiue” Ha cyroe Tr, (6oru3-
KoM K 17), romosiornansl mukaam y(L'), KOTopeie 10 CBOeMy ONpeIeJeHIIo roMosorndubl y(L).
Tenepb, UCIOAB3YS MOTOK BEKTOPHOTO MOJISA U, TTOKaXKeM, 9T0 Masas okpectHocTh U(L) cioa L B
Q7 obaamaeT TPUBHATBHBIM S'-pACCIOCHIEM.

Pacemorpum 1y wacrs U(L), uro 3auaercs yciaosusimu: x = 0, & > 0. Obo3nadum ee yepes M.
fcno, aTo M apasercs noamuoroobpasuem (¢ kpaem). OKasbiBaeTcsi, BEKTOPHOE TI0JIe U TPAHC-
BEPCAJBHO M. Dror dakT oUeBHIEH B MAJIOI OKPECTHOCTH TOYKH P B M , KOOPJIMHATHI KOTOPOii
YIOBJIETBOPSIOT paBeHCTBaM y = z = §y = 2 = 0. [leiicrBuTesbHo, B Touke P BekTOphl sgrad A;
u sgrad Ay Jsinneitno Beipazkatorcs depes sgrad H. Cueposaresbno, Bekrop sgrad s(P) upomuop-
mnonasen sgrad H(P). A mockonbky sgrad s(P) # 0, a npoexrus sgrad H(P) Ha Guiinapaabiii
CTOJT IePIeHTuKYIIpHa miockoctu = (), BeKTopHOe 1moJe sgrad s B MaJjioit OKpeCTHOCTH TOIKH P
TPaHCBEPCAIBHO M. JL1st TOro 9T0OBI MPOBEPUTH TPAHCBEPCATIBLHOCTD sgrad § B IPOM3BOJIbHOM TOU-
Ke u3 M. , HeOOXO0IMMO CHOBA, BOCIOJIb30BaThCs (popmyJioit 3.1 u passoxkenuem sgrad s B JIMHEHHY IO
kombunanuio sgrad H, sgrad A; u sgrad A,.

Pacemorpum 3amaay Korru BeKTOPHOIO oJIst v ¢ Ha9adbHBIMEA TOYKAME Ha IIOAMHOT000Opa3HH
M. [Tonyuum MOTOK ¢;, MO JIeHCTBHEM KOTOPOIO MHOTOOOpasue M “necbopmupyerca” B Q5. Ox-
HAKO 3aMETHUM, YTO Gor = go = id. VlubimMu cjioBamu, 3a Bpemsd ¢ = 2m MHOrooOpas3ue M BO3BpaIa-
eTCs B UCXOJHOE MOJIOYKeHre. TakuM 00pa3oM, Mbl TMoydaeM oTobpazxkenue G : MxS'—>U (L),
samaBaemoe dbopmyioit G(x,t) = g(z). Caeayiomas geMMa yCTAHABIUBACT KJIIOYEBOE CBOHCTBO

oTobpaxkenus G.
JIemMma 3.3.2. Omobpascenue G asaaemca 20MeoMoOpPHU3IMOM MeHcIy Mx Sy U(L).

JokazaTebeTBO JieMMbl 2. Orobpazkenue G HenpepbiBHO. DTOT (BaKT CIeLyeT U3 Teo-
peMBbl O HENPEPBIBHON 3aBUCHUMOCTH pellieHnst 3a4a4u Kol OT HaYa bHbIX JaHHBIX.

Tenepnb mokazkem, uro G 6GuekTuBHO. MHOrOOOpa3ue M nepecekaeT KaxKAblit Top JInmyBuis
T 6am3Kuit K ciioto 17, 110 AByMEpHOMY TOPY fy. Bamerum, 94TO TpaeKTOpuu mojsd v = sgrad s —

Oa3uCHBIE TUKJIBI, JOMOJIHSONe 1000l basuc Ha 2-tope 11, jgo Oa3uca uHa 3-tope Tr,. B sTom
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HETPYJIHO yOejuThes. elicTBure/ibHO, ycTh L; — Oa3ucHbIE IUKJIbI HA TOpe 1p/, OTBeYaroliue
JBUZKEHUIO BJIOJIb (-0 3/THNITHYeCKOil KoopauHaThl. Toraa (f, ta, pg) — 6azuc na T, a (uy, po) —
pasuc na fL/. TpaekTopuu v rOMOJOTUYHBI ¥V = kqjt1 + kojio + (i3 JJIs HEKOTOPBIX TENbIX k1 u Ko.
CaemoBareabHo, TpOHKa (py, fig, V) aBiasercs Gazucom na 1.

TpaekTopuu cucTeMbl v, BBINYIIEHHBIE H3 PA3HBIX TOUYEK T 7/, HE MOTYT Tepecekarbes. [leii-

CTBUTEJIbHO, BbIOepeM Ha Tope JInyBHILIs yriioBble iepeMeHHbie (1, P2, ¢, ), OTBEYAIOITHE TIHKIAM

[i1, [lo ¥ U COOTBETCTBEHHO. B TakoM cjiydae BEKTOPHOE MOJe U COBHAJIET C . Tax kak KoOp-

JINHATHBIE JTUHUUA Q1 U Py TOMOJIOTHYHDBI IUKJIAM [l U [y, KOTOPBIE B CBOIOaf‘liepe/Ib SIBJISIIOTCS
6a3UCHBIME HA TOPE fy, STOT JABYMEPHBIH TOP MOZKHO MpeACcTaBuTh B R3 (01, 0o, 0,) B BUIE TLICH-
KU, HATAHYTO Ha GOKOBYIO I'DaHMILy HUJIMH/IPA C OCHOBAHUEM B BUJe KBajpara (¢, ps) € [0, 27]2.
A MOCKOJIBKY 1MOJIe ¥ TPAHCBEPCATBLHO Me KaK/10i TOYKe, TIOBEPXHOCTH M soKaibHO 3a/1aeTcsd
B Bujie rpaduka byuknuu ¢, = (@1, 2). Uexons u3 nmociennux aByx (hakToB, 3aKIH0YAEM, 4TO
TOP Ty ecthb rpaduk 27 — NepHOAMYeCKOH (DYHKIMM MO KOOPAMHATAM 1, 02 B R3(p1, o, 0,).
Tax xak J00as npsmas napaJuiesibaas ocu O, mepecekaeT 3ToT rpaduK B €INHCTBEHHON TOUYKE,
TPAEKTOPHUH TOJIsI ¥, BHINYIIEHHBIE W3 PA3HBIX TOUEK T\L/, HE MOTyT mepecedbcs. OTCOaa MOJTy-
JaeM HHBEKTUBHOCTH U CIOPBHEKTHBHOCTH (G Ha KaxKjaoMm Tope Jluysmmisg. CiegoBaresbio, obpas
orobpaxkenuns G Bewoay wioren B U(L). Ilockomabky M x St KOMIIAKTHO, & HeIIPePhIBHBIA 00pa3
KOMITAKTa — KOMIAKT, 00pa3 orobpaxkenusi G 3aMKHYT. 3Ha4uT, 00pa3 orobpaxkenusi G €CTb BCst
okpecraocts U(L). Takum 06pa3om, CIOpBEKTHBHOCTL (G TOKA3aHA.

[TokazkeM WHBEKTUBHOCTHL. lIpu Majbix 3HaYeHMAX MapaMerpa t UHbEKTUBHOCTH (G Ode-
BUJIHA (BEKTOPHOE MOJIE U TPAHCBEPCATBHO M ). Boibepem & Tak, 4To6bl orpanudenue G Ha
Q' = M x [—¢, €] GBLI0 6B MHBEKTHBHBIM. Toraa BBUILY KoMIakTHOCTH (), oTobpazkenue G ycra-
nasuBaer romeomopdusm mexty Q' u G(Q'). Tpu stom, Int Q' u Q° sABAAIOTCS TONOIOITYECKUME
muOroo6pazusamu. CieoBaresibHo, 1t 1060l Toukn (x,0) € @' Haiigercst Manast OKpecTHOCTb U
takad, aro G(U) Gymer oTKpHTO B Q°.

[Tpexmonoxum tenepb, 910 G(x1,t;) = G(x2, t3). BBULY rpymmoBoro c¢BoiicTBa moToka g, nme-
eM G(x1,0) = G(xa,ty — t1). Boibepem menepecexatormuecst okpectaoct U u V' todek (21,0) u
(w9, ty — t1) Tak, aTobbl G(U) 6bL10 0TKpHITO B Q°. Torma muoxkecrso V N G~H(G(U)) asngerca
OKPECTHOCTbIO TOUKU (T3, te — t1). [Ipu 3roM, V' cOsepKUT OTKPBITOE BCIO/LY ILJIOTHOE I10AMHOZKE-
CTBO, cocrosiiee u3 nap (x,t), Tae x JeKAT Ha TOpax Trr. OAHAKO 3TO HOAMHOMKECTBO J0JIZKHO
HHbEKTUBHO 0T0Opazkarbes B G(U) 6aarogapst nabekTuBHOCTH (G Ha Topax JIMyBUJLISA, HO OTPAHU-
yenue G na U gaBasiercss romeomopdusmoM. Iloaromy U u V' obg3anb! nepecedbces. [IporuBopeune.
Takum 0bpazom, G UHBEKTHBHO.

[Tockobky Mu S KOMITAKTHBI, a oToOparkenne (G — HenpepbiBHAs Ouekiusi, G — TOMeOo-
Mopdusm. Takum obpasoM, JiemMMa 2 IMOJHOCTBIO JOKa3aHa. O

Orpanmunm cioenne Jlnysumnia ¢ Q° na M. JIOMHOXKWB KaK/JbIil CJIOH HA OKPYZKHOCTD, 1O~

JAy9IUM cjoerne Ha MHOroobpasmu M x S'. Ha camom mese, memMa 3.3.2 yTBep:KuaeT GosbIee:
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okpectrocth U u M x S* nocoitno romeoMopdubl. [ToaToMy J1/Ist 3aBepIIeHns] JOKA3aTeIbCTBA
HEPBOrO IYHKTA OCTAETCS OMMUCAHNE TOMOJOTHIO WHLYIIHPOBAHHOIO CJIoeHust JIuyBuLIs HA M.

CorntacHO pacCy:KIeHUsIM TPU JTOKA3aTEIbCTBE MEpPBOro MyHKTa Teopembl 3.3.1 MHOKe-
creo M roMeoMop(HO MaJIOi OKPECTHOCTHU CJIOf CjIoeHusd JInmyBuJ/LIsI, OTBEYAIONero 0cobeHHO-
CTH THIA CeJJIO-CeJJI0, OUIINapaa BHYTPH JUIAICA ¢ OTTAIKHBAIONAM MOTeHIHAgIoOM ['yKa, T.e.
(B(z) X 02(2)> /Zs(c), Tie HHBOJTIONHS (¢ ACHCTBYET MEHTPATBHOI CHMMeTprelt Ha aroMe B u Bpa-
mareabHoit Ha arome Cy. A mockobKy okpectnocTs U(L) mpeacTtaBuma B BUJIE TIPSMOTO TPOU3Be-
JIeHUST M u okpyzkHocTu S, mosyuaem HCKOMBIl MOy IOKAIbHBI BUL 0COOCHHOCTH, OTBEYAIOIIeil
rouke (b, ), Gunapaa BHYTPH JUIHICOUAA. TaKuM 00pDa30M, MEPBHIH MyHKT TEOPEMbI JOKA3aH.

Ilepetidem ko emopomy nynxmy. PaccmoTpun croa Z3, orpaHHYeHHBIH 3JLIMICOMIOM Hapa-
meTpa 0 u miockocThio z = 0. Byaem cauTaTh, 9TO OH pacmosioXKeH B MOJIympocTpancTse x > 0.
JIsist TOro urobbl ommucaTh TONOJIOrHO cioeHus JluyBusist B MaJioii okpectaocru U'(L) cios, orBe-
vatorero Touke L = (b, ¢), Mbl BO3BPATHUMCST K KOHCTPYKIIUH C TIEPEMEHHON JIeHCTBHS U3 TTePBOTO
IMYHKTA JTOKA3aTeJIbCTBA.

3amernM, 910 ¢, IIEPEBOIUT M 5 orpannuenue okpecruoctu U(L) Ha mwiockocts © =0 ¢
yCJa0BHEM Ha BeKTOpa ckopocTu & < 0. BBuay cuMMerpun 3/IMIICONTa OTHOCUTEIHHO KOOPIHHAT-
HBIX TUTOCKOCTeit Touka n3 M ¢ nekaproBbivu KoopauHatamu (0, %, 2) B BEKTOPOM CKOPOCTH ¥ 3a
BpeMst ¢ = 7 mepeiiner B ToUKy ¢ koopauuaTamu (0, —y, —2) U BEKTOPOM CKOPOCTH —U.

Ecm mbr paccmaTpuBaeM OnjLanap/ BHYTPH cToJ1a Z, TO Ha cTeHke © = () 10/I2KHO TTPOU30#iTH
orpazkenue. 3a Bpems t € [0, 7) HOBEPXHOCTH gt(]/w\) oboitnyT Beto okpecraocts U'(L), anput =7
MHOKeCTBO M BepHETCs B HCXOJHOE MOJIOXKeHHe HO ¢ “MoJKpyTKoit”. OuuineM, Kak OHa yCTpOeHa.

[TouTu npsimoe pon3se/enne <B(2) X C§2)> /Zo() 13 myHKTA BBIIIE O0JIaIaeT €CTeCTBEHHON
IeHTPAJILHOl cuMMerpueil. JleficTBurenbHo, cormacHo pabote [45] 310 mpousseieHNe peaan3yeTcs
B BH/I€ MAJIO# OKPECTHOCTHU CJIOS THIA CeJI0-CeJI0 OUIIHApIa ¢ OTTAJKUBAIONIAM HOTEHITHATIOM
I'yka suyTpu siunca. OJHAKO B TaKOH cucTeMe ecTh abCOMIOTHO €CTEeCTBEHHAS] CUMMETDHS T,
orobpazkarorias napy rouka-sekrop (P,v) B nmapy (—P, —v).

BBuay ycrpoiictBa orobpaxkenus ¢, Ha M u orpaxkenuss or crenku x = () 3aKjI09aeM,
uro okpectHocth U'(L) romMeomopdHa MOYTH NPAMOMY MPOM3BEICHUIO OKpy:KHOCTH S' M 1po-
U3BEJICHUS] <B(2) X Céz)) /Zy(x), daxTopuzOBaHHOMY 10 MHBOIIOUUM T, jeficrByiomeil na S' u
(B(2) X 02(2)> /Zs() meRTpaIbHON CUMMeTpHE]H.

Ocraercs 3aMeTUTb, 9TO JONOJHUTEbHAS BpallaTebHass CUMMeTpUst (3, JeHCTBYIOAst Ha

2-arome Cy, peaju3yeT CHMMETPHUIO T Ha IOYTH IIPIMOM IIPOU3BEICHUH (B(z) X C’éz)) [Zo(). A

3HAYMT, Majas okpectHOCTh U'(L) nocaoitno romeoMopdHa MOYTH TPSMOMY TPOU3BEIEHHUIO

B® x ¥ x st
Zoy(r) X Zo(f)
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rJie MHBOJIIONUS (v JefiCTBYeT IeHTPaIbHON cummerpueii Ha B u Bpamaresabnoii na Cy (Ha OKpy7K-
HOCTH JIefiCTBIe TPUBHAIBHOE), a [ JefHCTByeT JOMOJHUTEIBHON BpallaTeabHOl cuMMeTpHeil Ha
Cy u NeHTpasbHON Ha OKpyzxkHOcTH (Ha B jeiicTBue TpuBmaibHOe). TakuMm o6pa3om, Teopema

IMOJTHOCTBIO JIOKA33aHA. L]

3.3.3 Tomojorus cjoenusa JInyBujjids B OKPECTHOCTU CJIOEB, OTBEYalO-

X HYJIbMEPHBIM CTPATAM OTJIMYHBIM OT TOYKH (b, C)

B 9TOM myHKTE MBI ONHUIIEM TONOJIOTUIO CJIOCHUsT JIMYBUIIA B OKPECTHOCTH CJI0EB HYJbMep-
HBIX CTPATOB, OTJIMYIHBIX OT TOUKH (b, ¢). Bee Takue cTpaTsl Mbl pa3o0beM Ha TpH Kiacca. [lepBoiii
KJIACC — BHYTPEHHUE, BTOPOii KJIacc — TpaHUYHbIe, OTIHIHbIe OT (¢, ¢) u (b,b), TpeTnit — TOUKH
(¢,c) u (b,b). Toukn (¢, c) u (b,b) MBI BBLIETHIN CPEIH OCTATBHBIX, TOCKOIBKY TOJBKO B HUX MOTYT
CMBIKATHCSA TPU PA3IMUHBIX OTpe3ka 0udypPKaIMOHHON JIUarpaMMBbI.

Huzke MBI IPpUBOAMM TPHU TEOPEMBI, OIUCHIBAIOIINE CJIOeHHE JIMYBULIS B OKPECTHOCTH CJIOEB
HYJIbMEPHBIX ¢Tpar. JI0Ka3areabCcTBO HePBhIX JABYX Mbl HE JIA€M, IIOCKOJIbKY OHO OCYIIECTBJISIETCSI

TeM Ke MeTO/IaMU, UTO U B TeopeMe 3.2.2.

Teopema 3.3.3. IIycmo L # (b, c) — mouka, 0meeuaowas HYmMperHemy HYAbMEPHOMY CIPAMY
bugyprayuornoti duazpammo. mpermeprozo coporycrozo burruapda. Tozda manas oxpecmmocms

cro4, coomeememesyrousezo mowke L, nocaotino zomeomopdra npamomy npoussedenuto suda V3 x
A@) | qubo T3 x EQ, 2de VO — odun us caedyrowuz cedaosws 3-amomos: BB, C’;Q), D§3), A*.

Teopema 3.3.4. Ilyemv L # (c,c¢),(b,b) — mouka, omeeuaowas 2parusHOMY HYAMEPHO-
MY cmpamy budyprayuortot duazpammo. mpermeprozo coporycrozo buasuapda. Tozda manas
0KPECTNHOCTD CAOA, COOMBEMCMBYOWE20 mouKe L, nocaotine 20Meomophha npamomy npoudseede-
nuto euda VO x A® | 20e VO — odun us caedyrowux 3-amomos: AB®), B, 02(3), Df”), A*,

[epen Tem, kKak copMyIpOBATH CAEAYIONIYIO TEOPEMY HAIIOMHUM OIIPE/IEeHIEe IBYX BazK-
HBIX BBIPOZK/IEHHBIX OCOOEHHOCTEH, IOBOJILHO 9aCTO BCTPEYAIONIUXCA B HHTEIPUPYEMbBIX CHCTeMax
¢ JBYMs CTelleHAMH CBOOOABL. [l 3Toro pacemorpum B npoctpanctse R3(z,y,2) x S'(¢) ase
byuxunu: H = z, F' = 22 + y* — zy?. MHOKeCTBO KPUTHUECKUX TOYCK CHCTEMBI 3TUX JBYX (PyHK-
1uii npu (PUKCHPOBAHHOM 3HAYCHUH ( TIPEJACTABILAIOT cO0O0I “Tpe3ydel’ — obbeunenne napado.Ibl
u ee ocu (cMm. puc. 3.14).

Oyukmun H u F 3apaior cioenne R3(z, y, 2) X S?(¢) Ha CBA3HBIE KOMIIOHEHTHI KX COBMECTHOTO
yposHs (anasor ciaoenus JlnysBuiis). B OKpecTHOCTH KPUTHIECKUX TOYEK, ITO CJIOCHHE BBITJIS/THT
Tak, KaK nmokasano Ha pucynke 3.14. [Iycts X > 0. PaccMoTpum Ty 9acTh, CJI0EHUS B OKPECTHOCTH
MHOYKECTBAa KPUTHYECKUX TOYEK, U4TO momajaaer B nosocy |z| < X. Dra OKPeCTHOCTh, PACCIOeH-

Has Ha JUHUU YPOoBHS (byHKImit H u F, HA3BIBACTCA 0PUEHMUPYEMOT, IAAUNTMUYECKOT SUAKOU.
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Puc. 3.14: Qunrryeckas BUJIKA.

OTrMeTuM, 9T0 HA OPUEHTHPYEMOH SLIUTITHIECKONH BUJIKE JIeHCTBYeT TPyIa Zsy NEHTPATbHON CHM-
MeTpueit. PakTop MO 3TOMY JAeHCTBUIO HA3BIBACTCS HEOPUEHMUPYEMOT 2AAUNMUYECKOT 8UNKOT.
Takue BBIPOKIEHHBIE 0COOCHHOCTH (M MHOI'HE JPYIHe) BO3HUKAJU B pabore |25| mpu uccie-

JOBaHHUM TOIIOJIOTHUM CJIOCHHA ﬂI/IyBI/IJ'LHH poruka KoBaaeBcKoii.

Teopema 3.3.5. ITycmv L = (¢, c), (b,b). Toeda manran oxpecmnocms cA0a, 0MEEUAIOUL20 MOUKE
L, nocaotino zomeomopdra npamomy npoussederuto suda K*x S, 2de K* — aubo opuenmupyemasn

AANUNIMUNECKAA GUAKA, AUOO HEOPUEHTMUDYEMAA IAAUNMUNECKAA GUAKA, AUBO NPAMOE NPOU3Eede-
—1
nue A® x D,

Z[OKaBaTeJIbCTBO. MpsI cHOBa paccMOTpUM OWIIMAPIHBIN CTOJ TUIA 23 CHMMETPUYHBIH OT-
HOCHUTEJIHHO KOOpAUHATHOH ttockocT Oyz (eM. puc 3.6.1) U omuiemM TOmoJIOoruio CIoeHust JIuy BuI-
Jsg B okpectHocTH caos Ty, orBedatomero touke L = (b,b). dokazareabcTBo a1 Touku (¢, c), a
TaKKe JJIsl JIPYTUX TUIOB CTOJIOB OCYIECTBJISETCS 110 AHAJOTUH.

[Tycrs L' 6imska k L, Torga 00JacTh BOSMOYKHOTO JBHYKEHHS, OTBEYAIONIAs STOW TOUYKE, OT-
JleJIeHa [0 BTOPOH JUIMNITUYECKOH KOOpAMHATE OT 3HAYEHHS C. SHAYHUT, TaKyI 00JaCTh MOMKHO
TPUBHATHHO PACCTIOUTH COMOKYCHBIMU LMUICONIaMu (1 1Iockoctbio Oxy). B cuny yerpoiicrsa
rpauunsl crosta, OB/l MOXKHO TakzKe TPUBHAJIBHO PACCIOUTH COMOKYCHBIME JABYOJTOCTHBIMU TH-
nepbosongavu (u miaockoctbio Oyz). CrenoBarenbHO, Majas OKPECTHOCTh CJIOsI, OTBEYAOIIErO
touke L, npejacrasuma B e K3 x S1 x St rae K2 — 3-koMIuiekc, osrydaeMblil orpanndeHneM
Maﬂofl OKp2eCTHOCTI/I chos Ty, Ha JUIAIC, JeXKaIIuii B IIOCKOCTH = = () M 3a1aBaeMblil ypaBHEHH-
eM % + % = 1, B3ATHIIl BMecTe ¢ KacaTeJbHBIMH BEKTOPaMH, y KOTOPHIX & > (. Omurrem, Kak
yeTpoeHo ciaoenne JInysning Ha K3 u HaiizeM Kiacc ToMeoMOPMHOCTH 3TOTO KOMILIEKCA.

PacciionM Masiyro OKpecTHOCTb TOYKH L OfHOTapaMeTpruuecKuM cemeiictBom ayr [(t), t €

[0, 1], kak MOKa3aHO Ha pucyHke 3.15.1.

Cornacho teopemam 3.2.1, 3.2.2 orpanudenue jayru [(t) npu ¢ > 0 romeomopdHo 2-atomy B.
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Pwuc. 3.15: 1. Pacciioenne masoit okpectaoctu Touku (b, b) 6u KaIlMOHHOW JrarpaMMbl OJHOMapaMeT-
b

puuecknm cemeiictBom ayr [(t),0 < ¢ < 1. 2. CraruBanne 2-atoma B B ero 6a3y paccioerusi. KpacHbim

BBIJIeJIEHA JIMHUST KPUTUIECKUX TOUEK aTOMOB .

IIpu t = 0 30 orpanmyenne romeomopduo 6ykse Y. Ciremosarennno, Komieke K2 npeacrabiasger
coboii crsiruBanne 2-aroma B B ero 6a3y (cM. puc. 3.15.2). Ecn Mbl BbIIEJIUM JTHHHIO KPHTHIECKAX
TOYeK aToMoB B, orBedatormum ayram [(t),t > 0, TO HOJIyYIUM KOMILIEKC, H300PAKeHHBIH CJeBa
Ha pucynke 3.14. Takum obpazom, Majiast OKpeCTHOCTD ¢J10s1 17, ToC/I0iiHO ToMeoMOpdHA TPSIMOMY
POU3BEJIEHUI0 OPUEHTUPYEMOil 3/LINIITHIECKOH BUJIKM U OKPYZKHOCTH. Teopema JOKa3aHa. 0J

B 3ak/toueHne MyHKTa OTMETHM, 9TO (OPHEHTHpYeMasl WM HEOPHEeHTHpYeMasi) SJUTHITHIe-
ckast BUJIKa B Touke (b, b) MOXKeT BOBHHKHYTH B TOM U TOJIBKO TOM CJIy4ae, KOTJa OUILIHAD/HbIH
cToJI Z He JIEXKUT HU B OJHOM n3 moaynpoctpancts ¥y < 0,y = 0 u COAEPKUT yd4aCTOK MHOMKE-
CTBa, PACIOJIOKEHHOTO B IIockocTH Oxz MeXKIy ayramu (hpOKaabHON runepboist §y. AHATIOTHYIHO,
SJLTHOTHYECKAsT BUJIKA B TOUKe (¢, ) MOYKET BO3HHKHYTH B TOM U TOJIBKO TOM CJIydae, KOrjaa Ou/-
JUAPAHBINA CcTOMT Z He JIEKUT HA B OJHOM H3 MOJyIpocTpaHcTB 2 < 0,2 > 0 U colepKUT yIacTOK

MHOZKECTBA, PACIOJJIOKEHHOTO B 10cKocTH Oxy BHE (DOKAJIBHOTO IJIIUICA §; .
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3.4 Teopembl kjaaccuduKanum TpexMepHbIX ONIINapaoB

3aMeTnM, YTO IPHU JI0KA3ATEJIHCTBE TEOPEM JABYX MPEeJbAYIINX naparpadoB Mbl HCIOTIb30Ba-
JIN JTUTITH KOMOMHATOPHOE YCTPONRCTBO OMILINAPAHBIX cTOJIOB. [Ipu aToMm, Teopembr 3.2.1-3.3.5 moJt-
HOCTBIO OIMUCHIBAIOT CTPYKTYPY CJIoeHus JInyBU/LIsg TpexMepHOro copoKycHOro Ouinapia Bom3m
106010 cyos. OnpemgesnB nepecTpoiku TopoB JIMyBHILIS JIJIsT KayK/I0TO KJIACCa SKBUBAJIEHTHBIX

CTOJIOB, JOKayKeM CJIeAYIOILYIO TeopeMy.
Teopema 3.4.1.

1. Tpexmeprvie coporycrvie OUAMUGPIBL HA KOMOUHAMOPHO IKEUBAAEHMHBLEL CMOAAT 2PY00 AU~

YeUANEBD IKEUBAAEHTTVHDL.

2. Ommnocumenrvro 2pyboti AUYBUANEB0T IKBUBAAEHMHOCY CYUlecmeyem 6 mounocmuy 24
o d R3. Caed o -

KAGCCA MPETMEPHLT COPorycHux burruapdos 6 R, Caedyrousue Kaaccv, KOMOUHGMOPHO I%
BUBANCHMHBLL CMOA0E 3a0a10M. 2PY60 AUYBUANECO IKEUBANEHMHBLE CUCTEMbYL (HYMEPALUIO

CMOA0G CM. Hudice 6 mabauye 5):
5~29~31, 6~21~23 T~28 8~ 14~ 16,
9~ 13, 15~24, 19~32, 26~ 30.

Huzke (HaumHast co Caeayromeil CTpaHuIibl) Mbl IPUBOAUM TaOJHILY, B KOTOPOH M/ KazK10-
ro KJacca KOMOMHATOPHO SKBUBAJIEHTHBIX CTOJIOB BBIUHCJIEHA KPyroBas MoJekyaa Todku (b, ¢), a
TaKzKe OTMUCAHBI TPOOBPA3bl MAJIBIX OKpecTHOCTel 0cobhiX yposHeit (b,b), (¢,c¢) u (b, ¢) mpu 0T06-
paxkenun MoMeHTa J. Bee aroMbl B MOJIEKY/IaX TPEXMEPHbBIE U YMHOXKEHbI Ha OKPYKHOCTb.

B narom cronbue uyepes PF, obo3nadeHa opueHTHpyeMas SJLIUNTHYECKAs BUJIKA, a depe3
PF,, — neopuentupyemasi. ¥ OWIIAAPIOB BHYTPHU €TOJOB 9 — 13 MaIyio OKPECTHOCTH CJIOHA, OT-
Bedaoriero touke (b, ¢), HeMb3sT MPEJCTABUTL B BUJE MOYTH MPSIMOTO MTPOM3BEICHHS ATOMOB U
okpykuocreii. OcobennocTs, orpevatomast nape (b, ¢), y 9Tux OuIIuapioB sBIseTCst TOHOJI0rnYe-
cKu HeycroiumBoil. OnucaHue TOMOJIOIUN CI0eHns JIMYyBU/LISA B OKPECTHOCTH CJI0sI, OTBEYAIOIIErO
touke (b, c), nysi ctosioB 9 — 13 Mbl IPUBOAUTE He OyeM.

Jlutst etmHOOOpa3ust B MATON KOJIOHKE TalJIMILI Oy/eM HCII0JIb30BaTh TOJILKO 2-aTombl. Ha-
MOMHHM, 4TO aToM A* ecTh mouTH mpaMoe TpomsBejieHne 2-atoma B 1 okpyxkuoctn S, daxTo-
PU30BAHHOE 10 HHBOJIONUHY, JICHCTBYIOIIEH MEHTPAJIbHON cUMMeTpueil Ha 000UX COMHOXKUTEJISAX.

Ha pucynkax B mepBoii KOJIOHKEe YepHBIMU MYHKTUPHBIMUI JTUHUSIMH BBIIeIeHBI KPHBBIE TTepe-
CcedeHus TPaHuIl OMIIHAPIHBIX CTOIOB ¢ KOOPANHATHBIMH ILIOCKOCTAMHU. Bo BTOpOil KOJIOHKE TaHO
KpaTkoe omnucanne camux rpanuil. ITox meraTpaabHoil cuMmMerpureii Ha atome Cy MOApa3yMeBaeTCs

Bpamareabiad caMmMmerpud. CuMmmerpusim 2-aToma Cy MOCBdIeH ad3all mepeji Teopemoit 3.3.2.
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I's1aBa 4

Tommostoruga N309HEPreTnieCKux

IIOBEPXHOCTEN TpexMepHbIX OUJLINApA0B

4.1 Tunsel ° TpexMepHbIX cO(POKYCHBIX OUILINAPAOB

Cormracuo ciaencreuio 3.1.1, Bcaxmii TpexMepHBIil OWLIHADIHBIN ¢TO roMeoMopden o
TPEXMEPHOMY 3aMKHYTOMY JIUCKY, JIUOO ITPAMOMY IMPOU3BEICHUIO OKPYKHOCTH U JIBYMEPHOT'O 3aM-
KYHTOTO JINCKa, JUOO MPIMOMY TPOU3BEIEHHUIO IBYMepHO cdepbl u oTpe3ka. OKa3biBaeTcs, ITOI
UHGOPMAIINH JTOCTATOYHO, YTOOBI OMUCATDH KJIACC TOMEOMOP(MHOCTH N30IHEPTETUIECKON TTOBEPXHO-

CTH COOTBETCTBYIOIILEI'O 6I/IJIJH/Iap,ZLa.

Teopema 4.1.1. [lycmv mpexmepnwili codorychuiii buriuaponviti cmos Z 20Meomopden mpex-
—3 —1 —2

MEPHOMY 3amrnymomy ducky D, uau ehepuveckomy caoto D x S?, uau noanomopuro D~ x S*.

Tozda usosnepeemuneckas noseprrocms Q° coomeememeyiousezo buriruapoa 2omeomopdna chepe

S5, npouseedernuro S? x 83 uau npouseedenuro St x S* coomsemcmeenno.

JlokazkeMm 3Ty TeopeMy Ieno4YKoil HecKoJbKuX JiemM. Hadnem ¢ Tex ciydaeB, KOTJa T'DaHU-
A CTOJIA ABJSIETCsS IaaKoil. OKa3hIBAETCSA, €CaN TPEANOJA0KUATEH TJIAIKOCTh I'PAHUIBI CTOJIA, TO
TeopeMa 4.1.1 Oyaer cupaBeIuBa /s ITPOU3BOJIBHBIX TPEXMEPHBIX OWJIIUAPIHBIX CTOJIOB, a He
TOJIBKO 71T CODOKYCHBIX. IHBIMU CJIOBaMU, HHTETPUPYEMOCTD He BJIMSET Ha TOMOJOTHIECKU THIT
n303HepreTndeckoii mopepxuocTu Q°. IToaToMy J/1d TJIQAKIX TPAHMIL MBI J0KazkeM Teopemy 4.1.1
B MaKCHMaJbHO 0bmeit popmyanpoBke. OTmernm, 4To Ga30Boe MPOCTPAHCTBO U W30IHEPTETHIE-
CKHe HOBepXHOCTH GULINap/a B Ipou3BoabHOl obsacTi R? ¢ Tiajikoil rpanutieil onpeensiorca B

TOYHOCTH TaK:Ke Kak s COPOKYCHBIX 00JIaCTei.

Jlemma 4.1.1. [lycmo eaadkas samxnymas deymeprias noseprnocms P2, enoocennan 6 R3, dudgb-
dpeomoppra cpepe S%. IIycmv maxorce P? ozparnunusaem obaacmo duddeomopdriyro mpexrmepromy
ducxy. Toeda usosnepzemuueckas NOGEPTHOCTIL Mpexmepnozo bussuapda enympu P? 2omeomopd-

na u30aNepeemuyeckoli nosepTHocmU busiuapda eHympu cmandapmuoti edunuvmoti chepur S°.
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JokazaTeibeTBo. O6o3nadnmM depes G 061aCTh, OrpAaHHYCHHYIO IOBEPXHOCTBIO P2, a de-
pe3 D3 — epunmanniit map ¢ neaTpoum B myste. [lyers Q° u @5 — TOBEPXHOCTH MOCTOSIHHO SHEPTUN
ouamapaos BHYTpH mapa D3 u obmactu G cOOTBETCTBEHHO, OTBEYAIONIHE BEKTOPAaM CKOPOCTH
equHuIHON JyiMHBI. CorslacHO YCJIOBHIO cyliecTByeT maudpeomopdusm F : D= a. [Tokazkewm,
4TO 3TO OTOOpAZKeHHe MopozKIaeT rovMeomMopdusM Mexty Q° u Q5.

Cuauaga 3amernm, ato gudpgeomopdusm F' onpenenser romeoMopdusm f MeKIy KacaTelb-
HBIMH paccaoeHnaMI K R, orpannuenHbIME Ha G u Eg, o dopmyre f(x,v) = (F(x),dF|v)
(3mech x € 53,7) € T,R3). Onnako f, BooGme roBops, He mepesonut Q° B Q°. JleHCTBUTEIBHO,
BO-1IepBbIX, jquddepennuan F' He 00g3aH COXpAHATH JIJIMHY KAcaTe/JIbHBIX BEKTOPOB, a BO-BTOPHIX,
ecin v € OD3 uvy € T,R? nonyqaercs uz vy € T,R3 orpaxkennem ot rpanunpt mapa D3, ro dF|,vy,
BOOOIIE TOBOPA, He moaydaerca u3 dF |, vy orpazkenweM or P2, Ecin nepsag mpobaema penraercs
HOPMHPOBKO#l BeKTOpa dF,v, TO It pellennss BTOPOd HYKHO HEMHOI'O BHIOH3MEHUTH JUHEHHOe
orobpazkenue dF'|,v. [l 310ro mocTpouM BCIIOMOTATEIbHOE JIMHETHOE 0TOOPaKEHHE.

Ilycts V' — aByMepHoe JmHeiHOe HOAIPOCTPAHCTBO B R? OPTOrOHAIBHOE INHUIHOMY BEK-
topy n. Ilycrh Takxke 3amaH BeKTOp n' TakKoi, 4To yroj Mexkiay n' m n ocrpsiii. IlpemcraBum
1pou3BoILHBLL BekTop v € R3 B caenyomem suge v = w + an/. ConocraBuM BEKTOPY ¥ BEKTOD
Apnv = w + an. 3amernm, 9To V' dABJdeTcs MHBAPUAHTHBIM NOAIPOCTPAHCTBOM omeparopa A.
[Ipu sTOM, cripaBeinBa, cieayiomas (hpopmya.

(v, n)

~——~(n"—n)

An/,nv =V — (n” n)

Bousee roro, cemeiictBo npeodbpazosannit A,y = tA, , + (1 — t)[d cocTouT U3 HEBBIPOK ICHHBIX
OTIePaTOPOB, JIEHCTBYIONIX TOXKIECTBEHHO Ha, V.

3aMeTuM, 9TO eCJIU T JIE2KUT Ha IPAHUIE IIapa 53, TO PAJUYC-BEKTOP 9TOU TOUKHU SIBJISETCS
BHemHeil HopMasbio K P? B meit. Torma monoxum n' = dF|,x, a 9epe3 n 0003HAYAM eTAHAIHBI
BEKTOP BHENIHell HOpMaJu K IpaHure Lapa b?) B Touke F'(x). B makoMm caydae, KOMIO3UIHs
A,y 0 dF |, mepeBoauT KacareapHoe TpocTpancTBo K R B Touke ' B KacareapHOE TTPOCTPAHCTBO
kK R? B Touke F(z). Ha KacaTebHOM MPOCTPAHCTBE K MOBEPXHOCTH P2 3TOT JIMHEHBI onepaTop
TOK TecTBenHbIi. IIoMHUMO 3TOTO, OH coracoBal ¢ oTpazKkenueM. /leiicTBurennno, nycrts v € 1T,R3
UV =1u-+ Qr — ero pa3jaokKeHne Ha KacaTe/JbHYI0 U HOPMAJIbHYIO COCTABJILIONNE K TTOBEPXHOCTH

P2, Torna oTpaskeHHBIIT BeKTOp v/ paBeH © — an W CIPABEIJINBO CJleLyIolee PABEHCTRO.
Ay nodF | (utar) = Ay, 0dF|.(u) £ @Ay, odF|(z) = Ay podF|.(u) £ an

OJIHAKO TI0 TIOCTPOEHUIO BeKTOP A,/ ,, 0 dF|,(u) sBIsgeTcs KacaTebHbIM K moBepxHOCTH P? B TOU-
ke F(z), a Bekrop n oproronasen P?. 3mauur, A, , o dF|.(v') nonyuaerca us A, o dF|,(v)

OTpazKeHImeM OT KacaTenbHOf mmockoctn K P2, Takum ob6pasom, onepatop A, “HogkpyauBaer”
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dF|, Tak, 910 OTpazKeHHBIE BEKTOPbI HEPEXOAdT B orTpakeHHbie. OJHAKO BCs Ta KOHCTPYKIMs
OmpeJsieieHa TOJIBKO B OHOI Touke. UT0o0bI r1obanbHo “ncnpaButh’ dF|,, TOCTYIHM CJI6/yIONIM
obpazom.

st npousBosibHO# Touku x # 0 06o3HAYMM Yepe3 n(x) e IMHAYHBINA BEKTOP BHEITHEH HOD-
mau B Touke F(z) k obpasy cdepbt S? paguyca ||z||, uenrp koropoii pacnojoxkeH B HadaJe

koopunar. Yepes n'(x) obosuaunm dF|,z. Onpenennum orobpaskenue ¢ : Q5 — Q° crenyiomeit
dbopmy.10ii.

(]l - Aw(@)n@) + (1 = [lz])1d) o dF|zv

(]l - Awyney + 1 = ll2]))Id) o dF|,v]|

QO(ZE,U) = F(I‘),

WNupiMu cjioBaM#, B HYJI€ MBI BCEr'O JIMIITbL HOPMHPYEM BeKTOP d Fyv, a ueM JaJIbIne OT HYJIsS OTXOIUM,
reM Oosible “noakpyduBaeM”’ BeKTOp dFyv onepatopoM Ay () (). Elle pas ormMeTum, 410 B CHILY
onpefiesieHns oneparopa A, , orobpazkeHue ¢ IepeBOIUT OTPAYKEHHBII BEKTOP B OTPaKeHHBII, a
CJe0BATEIBHO, (0 KOPPEKTHO onpeeneHo Ha Q°. HempepbIBHOCTL 1 GHEKTHBHOCTD (0 CJeIyeT U3
HOCTPOCHHUSI.

[TockoabKy (Q° KOMIIAKTHO, & ¢ — HEIpephIBHAd OHeKINs, 0TOOPasKeHNe (O ABJILeTCS TOMeo-
Mopdusmom. Jlemma J0Kka3aHa. 0]

Taxum obpaszom, Ipu MaJIoi 1eOpMAIIUU TPAHUIIBI CTOJIA TOHOJIOTU TTOBEPXHOCTH MOCTOSAH-
HO SHEPruM He MEeHAETCA. AHAJOTHIHBIM CBOMCTBOM 00/1a1a10T CTOJIBI, AuddeomopdHbIe MOJIHO-

TOPHIO WU C(PEPUUECKOMY CJIOIO.

JIemMma 4.1.2. ITycmob 2nadkas samxnymasn 0symepras noseprrocmsv P?, eaoocennasn 6 R, dud-
peomoppra cpepe S?. ITycmv maxoice P? oepanuvusaem obaracmo duddeomopdriro mpexmepromy
ducrky. Tozda uzosnepzemuneckas NOGEPTHOCTIL MPETMEPH020 buaruapda enympu P? 2omeomopd-

na cepe S°.

HoxazarenbcTBo. Cornacto jemme 4.1.1 MoxKeMm cauTarh, 9ro P? — nsymepHas cdepa,
Boxkennas B R?(x,y, 2) u 3amaBaemas ypasnenneMm x2 + y? + 22 = 1.

O6ﬂaCTbIO BO3MOZKHOI'O ABUZKCHUA MaTepI/IaﬂbHOﬁ TOYKHN 6y,ZLeT ap € JMHNIHOTO paaunyca C
nenTpoMm B nyse. Odosnadum ero yepes D. Takxke OyaeM mnpejnosararsb, 910 h = 1, TO €cThb JJIMHBI
BCEX BEKTOPOB cKopocTu pasubl 1. [TocTpoum romMmeoMopdusm ¢ n309HEPreTUIecKo# MOBEPXHOCTH
Q° u cepnr S°, Baoxkennoii B RS (1, y1, 21, Ta, Y2, 22) 1 3ajanuoit ypasuenuem ||r1]|* + ||raf]? = 1,
rae |||l = Va2 + y? + 22

Pacemorpum cepy paauyca 1/2 ¢ nenrpom B Touke 0. Ona pasbuaer D Ha JBe KOMIIOHEH-
Thi: map paauyca 1/2 u cdepuueckoe Kojblo Mexkiy cdepamu paguycos 1/2 u 1. Ob6o3Hauum
ux 4yepe3 D' u D" coorpercrBenno. [Ipu Takom pa3OMeHHH BO3ZHHKAET €CTECTBEHHOE pas30ueHune
H309HepreTuIeckoil nopepxuoctu Ha ase dactu: Q' u Q”. Bynem cuurarb, uro Q' COOTBETCTBYET
komnonerTe D', Mbl mocTpouM orobpazkeHue ¢ oTaeabHo Ha (' u Q”, a 3aTeM MOoKazKeM, 4TO OHO

HEIIPpEPbIBHO B TOYKaX HUX CKJIETKU.
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[Tycrs e € R? — npoussosbublii ejunuunbiii sekrop, o € [0,1/2], a v — upousBo/bHbBI ej1u-
angubi BekTop n3 ThR3. Toraa momoxmv olae,v) = (ae, V31— 042'0). Tem camMbIM MBI TOCTPOIN
/ !
orobpazkenue ¢ Ha (). UTobBI MoompeenTh oTobpazkeHue ¢ Ha (") 1jig BCAKOTO €IHHHIHOIO
6 5
BEKTOPA € MOCTPOUM OTOOpazkeHue f,, KOTOPOe COmocTaBseT Touke (e, v) € Q°, rue «a € [1/2,1],
=3
v € T,.R3, TOUKy 3aMKHYTOrO eJIMHUYHOTO M1UCKa D,

Badukcupyem exunudnbii Bekrop e € R3. 3amerum, uro s Beskoro a € [0,1) maps
(ae,v) € Q5 rae v € T,R3, obpasyor exunmunyio cdepy. OnHako nIpu o« = 1 B cu1y GULIH-
apIHOr0 OTPAaXKEeHHsS ITU Mapbl 00PA3YIOT 3aMKHYTHIM IBYMepHBIH aucK. PaccMorpuMm enwmHUY-
HBIe BeKTOpHI, jJexkammue B 1,52, OHU mpeacTaBisdioT coboil OKPYKHOCTB. PaccMOTpPHM eKap-
ToBy cucreMy Koopaunar Ox'y'z makyro, uro ocb Oz’ conampasiieHa ¢ e. B 9Toii cucreme Ko-

opauHaT PaCcCMOTPHM BBIPOZKICHHOE ceMencTBo CO(bOKyCHbIX KBaJAPHUK, 3aJaHHOC ypaBHCHHEM
2 /2 12
x Y ..

1 + 1 + 1/2 = 1. D10 cemelicTBO IIOPOZKAaeT BLIPOZKICHHDLIC JJIJIHITHYCCKHE KO-
— — 1 — [

opauHATHL ({1, fio, &), TAE fi1 U [ly — MAPAMETPHI JLIAICOUIA U OJHOMOJOCTHOTO TUIEPHOIOUIA

9TOr0 ceMeiicTBa, KOTOPbIE CO/EPZKAT JIAHHYIO TOYKY, a & — YIoJl MeKJ1y ILJIOCKOCTBIO, ITPOXO0/Is-
el yepes JaHHyI0 TOUKy mapasuieabao ocu Oz, u ochbio Ox'. Ha pucynke 4.1 npouiocTpupo-
BAHO BBIPOK/IEHHOE CeMeicTBO COPOKYCHBIX KBAJIPUK, & TAK¥Ke COOTBETCTBYIONINE BBIPOZK IEHHBIE
SJUTHITHYECKHE KOODAUHATHI. 3aMeTuM, 9To npu i € (—oo, 1/2) KBajJpuKu 3T0r0 ceMeicTBa —
SJLIMIICOUJIbI, KOTOPBIE IIPU i — 1/2 C2KUMAIOTCsI B KPYT, & HE B KOMIOHEHTY OIDAHUYEHHYIO 3JI-
JIMTICOM € PA3JHIHBIME TOJYOCsiMH (KaK MPOMCXOMUT ¢ SJIUIICONIAME B OOBIYHOM CeMeHCTBe Co-

(bOKYCHBIX KBAJPHUK).

Puc. 4.1: Beipoxgentoe cemeiticTBO COMOKYCHBIX KBAJIPUK U TOPOKIAEMAT UM CHCTEMA, BBIPOKIEHHBIX
SJITUITUIECKIX KOODINHAT.

Cuenaem adpdUHHOE pacTszKeHne 3TOro ceMeiicrsa Bosb ocu Oz’ Takoe, 94To 3JLTAICOR] ¢ Ta-
pamerpom p = 0 meperen 651 B equHIIHYO chepy. Teneps paceMoTpum mpousBosbHoe o € [1/2) 1]
W eIWHUYHBIA BEKTOD U € T..R3. ITockobKy v — €JMHUYHBI BEKTOp, TO €ro KOHell ABJIdgeT-

cd TOYKON Ha eJIWHUYHON cdepe, KOTOpas UMeeT BBIPOXKJICHHBIE JJLIUNTHYECKUE KOOPIMHATHI
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(0, 2 (v, v),&(ar, v)). PaccMorpum KOOpAMHATHY O JIMHUIO IIEPBON KOOPJAUHATBI, IIPOXOJAILY IO Yepe3
9Ty TOYKY. By/ieM HeNpepbIBHO ABUTATH 9Ty TOYKY BOJb BLIOPAHHON KOOPJAMHATHON JUHAN 10 TEX
10D, MOKA ee MepBasi KOOPIMHATA He CTaHeT paBHOH —a + 3/2. Hucno —a + 3/2 BeiGpano moromy,
aro otobpazkenue g(a) = —a + 3/2 mepeBoaut oTpe3ok [1,1/2] B orpesok [1/2,1]. Iloaygennyio
TaKuM 06pa3oM TOUKY 00bsiBUM fe(cv, v). TIOCKOIBKY BBIDOXK/ICHHDIE SJUIMIITUICCKUE KOODIHHATHI
HEe MEHSIOTC NPU OTPayKEeHUN OTHOCUTEbHO 1tockocTu O’y orobpakenue f, KOPPEKTHO OIpe-
JIeJIEHO B TOYKE IpaHuibl. HeTpyaHo Bujerh, 9To f, — HEIpPEpBIBHOE OMEKTHUBHOE OTOOparKeHwue.
Bousee Toro, ecth HenmpepblBHAL 3aBHCAMOCTL OTOOpPayKeHHi f, OT e IMHMYHOrO BEKTOpa e. B aToM
HETPYIHO yOEAUThCs, IIPOAHAJIM3UPOBAB HOCTPOEHHE 0TOOpaXkeHuit f,.

Tenepn pacemorpum B RY(z,y, 2, w) equununyio cdepy ¢ IEHTPOM B Havajie KOODJUHAT U
crepeorpaduyeckyto npoeknuio T : S3\S — R3(x, vy, 2), rae S = (0,0,0,—1). Jljag 1pousBoabHO-
ro eJMHAYHOrO BeKTopa e, a € [1/2,1], n emunmunoro Bekropa v € To.R3> mpumennM oToGpa-
aenne fo(o,v)/v/3 1 Bo3bMeM mpooGpas 3Toit ToukH mpm crepeorpaduyeckoii mpoexmun. I1o-
Jyuennyto Touky oboznauum P. Comocrasum Touke (ae,v) Touky Ha S, mepBbie TPH KOOD/IH-
HaThl KoTopoil pasubl w(P)e, a ocrapmuecs (z(P),y(P),z(P)), To ectb momoxum @(ae,v) =
(w(P)e,x(P),y(P),z(P)), rae P =n" (f.(e,v)v/3) Takum 06pasom, MBI OIpee Il 0To0pa-
Jkenmne ¢ Ha komnonenre (). B cuny menpepbiBHocTH cTepeorpaduveckoii npoekiyun u 0robpaske-
HUil f,, a TakzKe 3a CYeT HEeNPEPBHIBHOW 3aBUCHMOCTH OTOOPaKeHUl f. OT eIMHUIHOTO BEKTOPA €

orobpazkeHue ¢ HeIpepbIBHO Ha Q.

Puc. 4.2: Wmoctparust mocrpoenns romeomopdusma ¢: 1. Bunnuapmaasiit cron pasbuBaercs cdepoit
MEHBIIIEr0 pajuyca; Jjisd KaxKJ0ro U3 KYCKOB CTPOUTCH (p; BHIODAH €IMHUYHBIN BEKTOD € U KacCaTe/bHbIE
BekTOpa v B Toukax €/2 u e. 2. [ocrpoenne f; Buemneit cdepe cOOTBETCTBYIOT BEKTOPa B TOUYKE €/2 Ha
PHCYHKE a, JIICKY — BEKTOpa B TOUKe €. 3. Ipoobpas cTepeorpadudecKoil IpoeKun orobpazenus fo//3.

[Tokazkem, 4To OTOOparKeHue  COIJIAacOBaHO B Todkax ckieiiku Q' m Q”, 1o ecrb 1upm
a=1/2. Tlycte e w v — eAWHWYHBIE BEKTOPHI W U € T%6R2, TOT/Ia, COTJIACHO OTpeIeeHuT0
¢ Ha Q' nveem ¢ (e/2,v) = (e/2,v/3v/2). Teneps BprancauM ¢ (e/2,v), HCHONL3YS OLpeee-

e ¢ ma (”. Cormacuo ompenenenuto orobpaxkenus f. nmeem: f.(1/2,v) = v. 3amerum, 4ro
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1 (v/V3) = (1/2,v/3v/2). Caenosarensuo, ¢ (e/2,v) = (e/2,4/3v/2). Takum obpasom, 0106-
paskeHue ¢ KOPPeKTHO ompejeneHo Ha (Q° 1 HenmpepbiBHO.

Teneppb j10KazKeM, 9T0 (p — OMeKnusa. VHbeKTHBHOCTDL 9TOTO OTOOPaXKEeHUA CJIeIyeT U3 I0-

crpoenns. [TokazkeM CIOPBEKTHBHOCTD. PaceMoTpuM Touky P = (ry,15) € S°. ITonoxkum e = Hr—ln,
T1
1 1
ecin ||r1]| # 0, u e = 0 umage. Ecan [|r|| < 57 10 gp(rl, " H) = P. Ecm ||rq] > 5» TO B CHTy

OMEKTHBHOCTH OoTOOpazkenuit , f, Haiigerca M € Q°, uro (M) = P.
[TockombKy (Q° — KOMHIAKT, & (0 — HeImpephIBHAS OMEKIH, CJIeJ0BATeIbHO (0 — TOMEOMOp-

dusm. Jlemma nokazana. 0]

Sameuanne 4.1.1. DTy jleMMy MOKHO PacCIpOCTPAHATH HA CAyYail IPOU3BOIBLHON PA3MEPHOCTH.
Ecim rnajkas (n— 1)-mepnas nopepxuocrb P" L roxkennas B R™, audpdeomopdua chepe S
TO W303HEepreTHYecKasi MOBEPXHOCTH Omianapaa BayTpru P romeomopdua chepe S?~1. JTokasa-
TEJILCTBO TOTO YTBEPKIEHUS aHAJOIHIHO MpeabLayIneMy. HeobxXommmMo OTMeTHTb, 9TO HHTEIPH-

PYEMOCTH CaMOT'0 OWJLINAPIA MBI HE TpeOyeM.

JIemMma 4.1.3. ITycmw enadkas noseprnocmo P2 oepanuvusaem obaacmov Z3 duddeomopdnyro
cihepuneckomy caoro. Tozda usoanepzemuveckas NOSEPTHOCMY MPETMEPH020 OUANUAPIG SHYMPU

P? 20meomopdra npamomy npoussedenuro S* x S3.

JokazaTebcTBO. Kax yrsep:Kaanoch BbIIIe, CIIPaBeIuB MOJHLIH aHaaor jgemmbl 4.1.1
JIAs1 OmyInapaabIix crosoB puddeomopdubix cdeputeckomy ciow. [loaromy 6e3 orpannyeHust
obIHOCTH OyAeM CYMTaTh, YTO 02 COCTOUT U3 JABYX cep ¢ o0mUM IMeHTPOM B HyJIe PaJmycoB 1
u 1/2. Ilycrs Takxke h = 1. Tloctpoum romemopdusm ¢ Mexxay Q° m S? x S3. Jlna sroro mam
IHOHAI00ITCsI BCIIOMOraTe /ibHbie 0To0pazkenus f.(ov, v), HOCTPOEHHBIE IIPU JOKA3ATEIHCTBE JIEMMbI
4.1.5.

Pacemorpum cdepy ¢ nearpom B Touke 0 pajguyca \/m Omna paszbuBaer Z Ha 2 gactu: 2’
u Z"”. ByneMm cuurarh, uto o0beM Z’ Menbine oobema Z”. Pazbuenne Z wa Z’' u Z” mopoxmaer
pasbmenne Q° na Q' u Q" coorsercTsenno. Oupeneanm oTobpazKeHne ¢ Ha KayK/I0il U3 3THX YacTeil.

Haunem ¢ QQ”. Ilycrs € — eIMHHYHBIA BEKTOp, (v € [ 1/2, 1] uvc T, R — eruauanbIit

BekTop. Pacemorpum B R4(2,y, 2, w) equnnuanyio cdepy ¢ HeHTPOM B Hauaje KOOPAUHAT H CTEPeo-

rpadudeckyio npoeknuio 7 : S3\S — R3(z,y,2), tne S = (0,0,0,—1). Ilycts P = f, (%,v).
[onoxum ¢(ae,v) = (e,7 1(P)). OTMeTnM, 9TO COJIACHO MOCTPOCHHUIO OTOGPAZKEHHE (0 Helpe-
PBLIBHO ¥ MHBEKTHBHO Ha ().

Temeps goonpegenum ¢ Ha Q. Tlycrb e — eIUHWUYHBIA BEKTOpP, « € [1/2, \/W}
v € T,R? — enmamunpiii BekTop. llycts | — addunnoe mpeobpaszoBamme, HepeBOd-
mee OTPE30K [1/2 \/ﬁ} B OTpe30K [ 1/2,1}, ul(1/2) =1, l(ﬂ) = 4/1/2. Paccemor-

pum orpaxenue U B Ri(z,y, 2 orHOCUTEIbHO 1iockocTn Ozyz u nojoxum p(ae,v) =

(e, U (71’1 (fe (— )))) HOCTpoeHH0e oToOpazkeHne HeNpephIiBHO U MHLEKTHBHO Ha ().

127



[Tokazkem, 4T0 0TOOpAXKEHHE ¥ COIIACOBAHO B TOoukax ckJjeliku Z' m Z” 10 ecrb upn o =

e

/1/2. Tlycth € — eTUHUYHBIH BEKTOp U U € T\f R? — equamuaneiii BekTop. OnpeneanM obpas
2

Maphl (\/1/26,1)) kak Touky u3 )”. Ilockonbky L 1/2, umeem: f, (i v) = v. Tak kaK

V2 V2’

lv = v. CnemoBarensno, p(ae,v) = (e,v). Teneps maiinem ¢(ae, v) Kak 06pa3 TOIKH

vl =1, To 7~

3 Q. Tak kax [ < 1/2) =/1/2 u U(v) = v, T0 B cuiy paccysienuii Boire ¢(ae,v) = (e,v).

Taxkum 06pas3oM, ¢ — KOPPEKTHO OIpejeseHHOe HempephiBHOe oTpaxkenue u3 Q° B S x S2.
Herpynno mokasarth, uto ¢ — Oneknug. [lockombKy (Q° — KOMIAKT, a ¢ — HENpepbIBHAS

ouexua u3 Q° B S°, ¢ — romeomopdusM. JlemMma gokazana. O

JIemMa 4.1.4. ITycmo enadkas noseprnocmo P2, eaoocennas ¢ RS, dupdeomoppna mopy T2
U 00AGCMY, 02PAHUMEHHAS IMOT NOBEPTHOCMBIO, dupdeomopdra nosnomoputo. Tozda usosnepze-
MUYECKAA NOBEPTHOCTND MPETMEPHO20 OUNAUGPIG BHYMPU IMOTE 00AACTIU 20MEOMOPHHA NPAMOMY

npouseedenuro S* x S*.

JlokazaTeibCTBO. Bes orpanudenns obumocTn OyaeM cuutarh, aro P2 — top T2, apstio-
uiicss pesyabraToM Bpaienus okpyxHoctu (z — 2)? + 22 = 1,y = 0 Boxpyr ocu Oz. ITocTpoum
romeomopdusm ¢ : Q% — St x S4.

PaceMoTpuM 06pazyoIyo OKpyKHOCTH TOPa, PACIOTIOKEHHYIO O yrioM ¢ K ocu Ox. Bynem
CUUTATH, 9TO OTCYET ITOTO YIJIA BEJAETCA B MOJIOKHUTETLHOM HANPaBJeHNN 00X0/1a OTHOCUTETHHO
ockoctu Oxy. Bribepem gekaproBy cucremy xoopauaar O'x'z B miockocTu obpasyromeil Tax,
y1o O — neHTp 06pasyoIleil OKPYKHOCTH, a KOOPJIUHATHBIH BEKTOD €,/ COHAIIPABJIEH ¢ BEKTOPOM
O—>O’ . Homomuum O'z’z manpasienuem O’y tax, uro cucrema O'z'y'z 6bL1a GBI TPABOCTOPOHHEI
JnlekapToBoil. PaccMoTpuM HpOU3BOJIBHBIA €MHUIHBINA pajauyc-BeKTOp € B mirockoctu O'z'z, a €
0, 1/2] u epunmunsiit Bektop v € ThR3. Tomokum ¢(ae, v) = (¥, ae, V1 — a?v), Tiie KoopauHaThl
v 3allUCaHbl B Oasuce e, e,, €y.

Tenepnb JoomnpeaeanM 3To oTobGpazKeHne B ocTapmmxcs Toukax (Q°. JIasg 3TOro, Kak B JjeM-

me 4.1.2 gns Beskoro eauHuvHOro Bekropa e € O'x’z mocrpoum orobpaxkenue f., KOTOpoe co-

1
nocrapiaser Kaxjoi nape («e,v) € Q°, re a € (5, 1}, av € T,R> Touky m3 3aMKHYTOTO

JIICKA D’. Do oTOOparkeHue CTPOUTCA AaOCOJIOTHO TAKKe, OJHAKO OHO 3aJaeTCs B KOOPIAUHA-
tax O'z'y' 2. Pacemorpum B RY(2/, 9/, 2, w) enqunnunyio cdepy ¢ NeHTpoM B Hauaje KOODAUHAT W
crepeorpaduyeckyto npoexnuio 7 : S3\S — R3(a’,y/, 2), tne S = (0,0,0, —1). [jnsg 1pousBoib-
HOTO eMHUIHOTO BeKTopa ¢ B O'2'y'z, a € [1/2,1], m emunmunoro sekropa v € T, R? momoxum
olae,v) = (Y, w(P)e,x(P),y(P), 2(P)), tne P = f.(a,v)/+/3. Bamernm, 410 310 oTOGpaszkenue
coriacoato npn « = 1/2. HerpynHo BuAeTh, 94TO MpH KazKI0M (QUKCHPOBAHHOM 1) BO3HHKAET
roMeoMopgI3M TOBepXHOCTH (Q°, OTpaHMUeHHOMN Ha JHCK ¢ obpasyiomeil, n chepnl S?.
PaceMOTpuM IPOU3BOJIbHYIO TOUYKY M BHYTpU WJIM Ha FPaAHMLE IIOJHOTOPUS M BEKTOD U €

Ty/R3. Bymem Bpamarh MIOCKOCTL BEPTHKAILHOM obpasyiomieif, comepzxKaiieil Touky M, BOKpYT
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ocu Oz. Ilpu rakom npeobpaszoBannu BeKTOp v Bpartaercs smecre ¢ Toukoit M. [lyctb stu Touka
W BEKTOD ABHKYyTCs 1o 3akoHam M (t),v(t) cOOTBETCTBEHHO. 3aMeTHM, UTO Mbl ONPEIEJIIH
tak, ato p(M(t),v(t)) = (¥(t),z), tne * — Touka ma S, me 3aBucamasa ot t. [losromy, crenas
HOJIHBIH 000pOT, ToUYKa M 1 BEKTOD ¥ BEPHYTCHA B UCXOJHBIE MOJIOKEHUT. A 3HAYHT, OTOOparKeHne
@, neffcTBATEIbHO, ABasgerca roMeomopduszmom Mexay Q° u St x St Jlemma mokaszana. 0]

Tenepb 06061UM pe3yIbTaThl, MOJAy4YeHHbIe B JeMMax 4.1.2 — 4.1.4, Ha KyCOYHO-TJIaJIKUE CO-
dokycubie Ouauapaabie ¢Toibl. [Tockonbky J1r060it codokycHbIi OUIIapAHbII CTOJI, FoMeOMOPDh-
HBIT chepraeckoMy C1010, 00JIaaeT TJIAJIKONH TPAHUIIEH, OCTAeTC s T0KA3ATh KYCOTHO-TJIAIKAe aHA-

goru jemMm 4.1.2 nu 4.1.4.

JIemMma 4.1.5. Ecau mpexmeproiti coorycronti buiruapinsti cmon Z2 2omeomopder mpexmep-
—=3
HOMY 3amrrymomy ducky D, mo u3osnepzemuveckas NOSEPTHOCML MPETMeEPH020 busAUAPIa

SHYMPU 9M020 cmoaa 2omeomopdna chepe S°.

JlokazaTebcTBO. EcTh HeCKOIBbKO CHOCO00B TOKAa3aTeabCTBa 3TOH jeMMbl. Hampumep,
MOXKHO CKOJIb YT'OJIHO TOYHO NPUOIU3UTH OUJLIHAPIHBIA CTOJ ¢ YIVIAaMU Z TJIAJKUM CTOJIOM, MOCe
Yero BOCIIOJIB30BAThCS JeMMO# 4.1.2 U MoKa3aTh, YTO B Ipejie/ie TAKUX AIlIPOKCUMAIIHH TOIOI0-
s N309HEPreTUIeCKON MoBepXHOCTH Ouumapaa He nudMeHnTcs. OHAKO Takoil ¢rocod H0BOJIBHO
Tpynubiii. [TosToMy MBI omuieM uaer 6oJjee TPOCTOro (HALISIHOTO) BapHaHTa J0KA3aTeThCTBA
9TOM JIEMMBI, KOTOPBIil € JIEFKOCTBIO 006001aeTcs Ha IPOU3BOJIBHYIO Pa3MEPHOCTD.

Illaz 1. CHauama HY:KHO JOKa3aTh, 4To Q° ABIdeTcsS TOMOJOIHYECKHM MHOrooOpasheM, T.e.
MOKA3aTh, 9TO ¥ 060 TouKH T € (Q° cymecTByeT OKPeCTHOCTh FOMEOMOP(MHAL ITATHMEPHOMY JIHC-
Ky. AHAJIOTHYHOE yTBEP:K/IeHNE JIJIST IBYMEPHBIX OWJLTHAPIHBIX KHIKEK ObL10 jokaszano M. C. Xap-
4eBoil B pabore [59]. Uaest mokazaTenbeTBa 91010 (hakTa JiJis TPEXMEPHBIX GHJLTHAPIHBIX CTOJIOB
(1 mazke /11 MHOPOMEPHBIX ) abCOIOTHO TAKasl JKe.

Illaz 2. HeobxoamMo 3a/1aTh TPHAHTYJISIIAIO TPAHUIBI CTOIA Z CO CJAEYIOINIMME CBOWCTBAMM.
Bo-nepBbix, pebpa u3zaoMa rpaHunbl Z JIOJKHBI JeKATh Ha pedpax U BePIIMHAX TPUAHTY/ISAIINL.
Bo-BTOpBIX, BEepIIHHB H3JI0Ma, JOJXKHBI COIEP:KATHCA B MHOXKECTBE BEPIINH TPHAHTYJISIUU. 3a-
MeTHM, YTO orpanmienue (Q° Ha TPOU3BOILHYIO BEPIIMHY TPUAHIY/IAIUH IIPEACTABIAT CODOIl
BaMKHYTBIH IUCK Pa3MepPHOCTH 2.

Illaz 3. llyctn Ek — 3aMKHYTBIH JUCK, BJIOXKEHHBIH B MHOroobpasme M", u k < n. Toraa
eCJI OTOXKJIECTBUTH BCE TOYKHU ITOIO JIUCKA, B PE3YJIbTATE MOy IUTCS TOMOJOIHIECKOe MHOT000-
pasue, romeomopguoe M™. D1oT GHaKT OUEBHIEH U r0 MOYKHO HAIJISIHO MPOULIIOCTPUPOBATH B
cJydae TJIOCKOCTH M OTpe3Ka Ha Heli (cMm. puc. 4.3). Tem He MeHee, OH HYKJIA€TCs B aKKYPATHOM
JIOKA3aTe/ILCTBE.

Teneps cTsiHeM ABYMepHBIE JAUCKH, OTBEYAONIAE BEPITHHAM TPHUAHTY/ISINN, B TOYKY. B pe-
3yJbTaTe TAaKOTO TpeobpasoBanns Kiaacc roMeomopduocTn (Q° me mamenntcsa. B QQ° sror mporece

MOXKHO IIpeJCTaBHUTL TakK. B BEpHIMHAX TPHAHTYJIAIMH Mbl YCTPpeEMJIdeM IJIUHBI BCEX BEKTOPOB K
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Puc. 4.3: CraruBanune oTpe3ka B IJOCKOCTH HE MEHSET ee KJIacC rOMeOMOPQHOCTH.

HYJIIO, & B TOYKAX, PACIOJIOKEHHBIX HEMOJ/IAIEKY OT BEPINH, “yKOpauuBaeM KacaTeJbHbie BEKTOPA
TaK, 9TOOBl OHW HUTIE MeXKy cOOO# He CKJIEMJINCHh U OCTABAJINCH Obl HEHYJIEBBIMH.

Teneps paccmorpum pebpo e Tpuanryssiuu. Kaxkiaoit BuyrpenHeii Touke pebpa orBedaer
BaMKHYTBIHl JIByMEPHBIH IUCK JOMYCTUMBIX HAMPABICHUH, 8 TPAHUIHBIM TOYKAM € — B TOYHOCTHU
OJluH BeKTOp cKopocTu (HyseBoit). Ha peGpe e mMeeM oJHOMapaMeTHIECKOe CeMeHCTBO 2-THCKOB,
KOTOpBIE CTATUBAIOTCS B TOUKY MPHU CTpeMJeHUH K BepimmHaM pebpa e. CremoBaresbHO, pedpy
€ OTBeYaeT 3aMKHYTbI TpeXMepHBIN JTUCK D’. Crosa HPUMEHUM OIEePAIUIO CTAXKKU U CIEJIaeM
TakK, 9TO0bI B KazKJIOi TOUYKe pedpa e pacroJarajicsd B TOYHOCTU OJUH HYJAeBo#t BeKTOp. [Ipoussess
AHAJIOTUYHYIO MPOIEAYPY €O BCceMU pebpaMu TPUAHTY/ISIUHU, cIelaeM TaK, YTO B KayKIOW TOUYKe
pebep GyleT pacloyozKeHo o OJHOMY HyJleBoMy BekTopy B QQ°. Knace romeomopdnocT (Q° MBI
CHOBa OCTaBUJIN 0€3 M3MEeHEeHHs.

laee nepeiiieM K TpaHIM TPHAHTYJIAINUN U CAeJaeM aHAJOTUIHbIE CTSKKHU. B uTore, B Kaxk-
JI0if rPaHMYHON TOYKe CTOoJIa GyIeT paclo/IozKeHO POBHO IO OJHOMY HyJeBoMy BeKTopy B Q°. Ilpu
9TOM, B KaxKJI0# BHyTpeHHell Touke Oy/ieT HaX0UThCs POBHO OJIHA JIByMepHas cdepa KacaTe/ IbHbIX
HAIIPABJICHUA.

lllaz 4. Tenepp BBIOEpEM TPOU3BOIBHBINA TOMeOMOPMU3M F' MeXKIy TPeXMEpPHBIM CTOJIOM W
3aMKHYTHLIM JucKoM B R3. ITockoIbKY Telephb Ha TpaHulle Z pacloozKeHO POBHO 110 OJHOMY BeK-
TOPY CKOPOCTH, MOKHO MOCTPOUTH (€ HOMOIIBI0 oTobpazxkenus F') romeomopdusm “n3MeHeHHOT0”
(QQ° w TATHMEPHOH TOBEPXHOCTH S, KOTOPasd ONpeeaseTcs Tak. TOMOJOTTIecKoe MPOCTPAHCTBO
S C TR3 ecTb COBOKYHHOCTH BCeX Iap TOYKa-BeKTOp (r,v), rje: 1) x JIeXKHT Ha TpeXMepHOM
3aMKHYTOM €JIMHUIHOM IMape; 2) ecau T MPUHAJIEKUT IPaHUIe 3TOro mapa, 1o v = (), nHade
B TOYKE T BO3HUKAET JByMepHas cdepa HAIpaBJICHUN BEKTOPOB CKOPOCTH. ZICHO, 4TO MOBEpX-
HOCTH S roMeoMOp(HA MATHMEPHON MOBEPXHOCTU TMOCTOSHHON SHEPTUH CUCTEMBI, OTTHCHIBAIOTITHIT

JAUHAMUKY MaTepI/IaﬂbHOﬁ TOYKH B II0JI€ IPUTATHUBAIOINEI'O IOTeHIIuaJIa FyKa, Ha ypOBHE 9HEPI'UK

1 k k ,
H= §(x2 +y2+ %)+ §(x2 +y?+2?) = 5 [Tocneamee ypasuenue onpeaenser B RS (x,y, z, &, 9, 2)

KBaIpuKy, roMeoMopduyio naruMepuoit cdepe S°. Takum obpazom, Q° = S5, Jlemma moxaszana.
[l

130



. —2
Jlemma 4.1.6. Ecau 6uasuaponviti cmon Z3 2omeomopden D™ x S*, mo usoanepzemuneckasn no-

6EPTHOCIND COOMBEMEMEYIOUW,L20 MPETMEPH020 buaruapda 2omeomopdra S* x S,

JlokazaTeTbCTBO 9TOTO YTBEPZK/IEHUS B TOYHOCTH ITOBTOPsIET J0Ka3aTeJbCTBO JeMMbI 4.1.5.

4.2 Tunbl HeocobbIx ()° TPEeXMepHOro GILIMapAa

BHYTPU 3JUIMNCONJA C IMoTeHnuaJaoM I'yka

4.2.1 OmnucaHue cucreMbl

Paccvorpum gBurkeHne 9acTUIlbl B 1oJIe moTeHnnaa ['yka BHyTpr OW/LIHAPIHOTO CTOJA Z,

orpaHuyenHoro umicongioM £ C R3:
z
+ =+ —=1, e 0<c<b<a.

Buanuapdom ¢ nomenyuansom Iyxa Ha30BeM CJIeIyIONIYIO JUHAMAYECKYIO cucTtemy. [lycTh ma-
TepuaJbHass TOUKA €IUHUIHON MACChl IBHKETCS BHYTPH dJLIUANCOUIA F momd gaeficTBueM ympyroi
cuJibl Koadpdunuenra k, 4eil eHTP COBIAIAET C IMEHTPOM JLIAIICOUIA. Y KA3aHHYIO CUJLY U COOTBET-
CTBYIONNH T'yKOBCKUH TMOTEHIUAT HAZ0BEM OMMGAKUBGHOULUM UITH NPUMALUCAIOUUM B CITYyTAIX
k <0 u k > 0 coorBercrBenno. CToj1, OrpaHUYeHHBIN d/IHIICOUIOM F, OGyiem obo3HadYaTh, KaK U
paHee, yepe3 Z.

DazoBoe npocrpancTBo cucteMbl M® = T Z/ ~ 3anaercs ck/eiikoil rpaHull, COOTBETCTBYIO-

1Ieil 3aKOHY OTPayKeHHsl YacTUIbl 0T K
(x1,v1) ~ (22, 09) Ty =29 =21z, |vi] =]vel, vn—vy LT, ECT,Z.

WHbiMHu cJIOBAMH, CKJIEHBAIOTCS TMAPBl “TOYKa-BeKTOp” (2,v1), (2, v2), Y KOTOPBIX BEKTOP U1 HOJIY-
YeH U3 Uy YUPYIUM OTPazkKeHHeM OTHOCUTEILHO KacaTeJbHOM 1m1ockoctu 1, F ¢ paBeHCTBOM yTJIOB
najenus u orpazxenud. PazoBoe LHPOCTPAHCTBO, SIBJILETCH JIUIIbL KYCOYHO-IJIQJIKUM MHOIro00pas3u-
eM: UMEIOTCA CKAEHKN “majieKux’ TOYeK.

[Tonnasg MexaHmYecKas dHEpIrud MaTepI/IaﬂbHOﬁ TOYKH UMeeT CJIe,ZLyIOHLI/Iﬁ BHU:
1 -2 -2 22 k 2 2 2
H:§(x +9y°+z )+§(:r +y° 4+ 27).

BaMeTuM, 4TO 3Ta QYHKIUA SABJISCTCS MePBBLIM HHTEIPaJIoM OWLInapaa. leiicTBUTENLHO, MOTHAS
MeXaHHYecKas SHePTHsT — HePBbIii HHTerpaJ 3a1a4un 0e3 0TparKeHusl, a TOCKOJIbKY OTparKeHue oT F
abCoTIOTHO yIpyTroe (B 9aCTHOCTH, COXPAHSOTCSI JJINHA BEKTOPA CKOPOCTH ), TO H sIBJIsIeTCs IePBBIM

HHTETPAJIOM PACCMATPUBAEMON cucTeMbl. PaccMarpuBaeMblil HaMu OWJLIAAP/, SABJISETCSH KYCOUIHO-
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IJIaJIKOIT MHTErpupyeMoil raMuJibTOHOBOM cucremoit. B nyunkre 4.2.2 Hacrogdiiero naparpada Mbl
obcymum GuLIrap ] BHYTPU N-OCHOTO 3JLIUIICOUIA B N-MEPHOM MPOCTPAHCTBE W IIPUBEIEM SBHBII
BHJI, IIEPBLIX UHTETPAJIOB.

Hemycroe Muoxectso Q) = {(z,v) € M H(z,v) = h} nazoseM usosnepzemuueckoti nocep-
HOCMBbI0, & COOTBETCTBYIOIEe eMy 3Ha4deHue h donycmumvimM 3HGYeHUEM SHEPTUU. 3aMETHM, 9TO
npu k > 0 MHOYKECTBO JOTYCTHMBIX 3HAYEHHI 3HePIUH — 3T0 npoMexkyTok [0; +00), anpu k < 0 —
IPOMEXKYTOK [ka/2; +00).

Pacemorpum npoexmmio 1 M® — D us dpaszosoro npocrpancrsa na kondurypanmonnoe. Ona
oTrpe/Ie/IeHa KOPPEKTHO, T.K. TaPbl “TOYKA-BEKTOP” C T1 # T9 HE CKJIEUBAKOTCI APYT ¢ aApyrom. O0-
AGCNBIO BO3MONCHO20 J6UNCEHUA, COOTBETCTBYIONEH 3HaYeHHIO h, Ha3oBeM obOpa3 () mom eii-
CTBUEM 77, T.€. TIPOEKINIO U309HEPTeTUIECKONU TOBEPXHOCTU Ha OUIIHAPIHBIN CTOJ.

Bamerum, uro npu k > 0 061a¢Th BO3MOKHOTO JBHKEHUST €CTh 1ap pajanyca /2h/k, nepe-
CceUeHHBIH ¢ OmIbapaabiM cToioM. [Ipu £ < 0 061acTh BO3MOXKHOTO JIBUYKEHUsT — JIMOO BHEITHOCTD
mapa pajauyca /2h/k, nepecedeHHOro ¢ 6uIbaApaHbIM cTosoM (ipu h < 0), u6o Bech GuIIHAPI-
ubtit cron (mpu h > 0). Tlpu hk > 0 cdepy paguyca +/2h/k 6ymem HA3BIBATL 2paruyhol cghepod.
JleitcTBuTeIbHO, 3T chepa BXOAUT B COCTAB I'PAHUIBI 00IACTH BO3MOYKHOTO JIBUYKEHUSI, IPU 3TOM

BEKTOPHI N3 Q;”l B TOYKAX I'paHUYHOl chepbl — HyJeBbIE.

Onpenenenne 4.2.1. 3uadenue (ypoBeHb) sueprun h Oynem Ha3biBaTh OUGYPKAUUOHHBLM, €CITH
smbo h = 0, 1mbO cooTBETCTBYIOIIAs TpaHnydHas cdepa Kacaercs saurnconga F. Mnade yposenb

SHEPIUU HA3Z0BEM HeOUPYPKAUUOHHDIM.

3aMeTuM, 4TO rpaHudHas cdepa KacaeTcs JUIMICOKIA F B TOM M TOJBLKO TOM CJaydae, KO-
I71a OJHA U3 €ro IOoJIyocel COBIAIAET C PaJUycoM TPAHUYHOIO Imapa. Takum oOpa3oM, 0cOObBIME

ypoBHsiME sHepruu siBasiiores: h = 0, h = ka/2, h = kb/2 u h = kc/2.

Sameuanne 4.2.1. Ecim mb1 pacemoTpuM 3agady 6e3 orpaykenusi, To dH | ()= = 0 Torma

z0,%0)
1 TOJBKO Torja, koraa ro = 0 u g = 0. CienoBaresbHo, B 3ama4e 6e3 oTparkeHust TOabK0 h = 0
gaBjsgeTcs ocobbiM ypoBHeM 3Hepruu. B 3aade ¢ orpaxkenunem, noMmumo h = 0, Mbl 00bsBUIIM OU-
dbypramuonubiMu (ocobbiMu) ypoBHU h = ka/2, kb/2, ke/2, notomy 910 BI 00JIACTH BO3MOXKHOTO

JBU2KEHUSA PA3AAdacTCd M9 3HAYCHUN YHEPTAN U3 JIEBOU M NMIPABOM OKPECTHOCTY TAKUX 3HAYCHUMA.

OkasbiBaeTcst, ecii h — HeOudypKaIMOHHBIH YPOBEHb SHEPTHH, TO COOTBETCTBYIOIIAS €My
H309HepreTnIecKas I0BePXHOCTL roMeoMopdHa nbo HecaszHomy obbeaunenuio cdep S°, aubo

St x S, 6o S? x S3. Mbl goKazKeM CJIeIyIONyI0 TeOPeMy.

Teopema 4.2.1. IIycmov h — nebudyprayuonnoe anaverue suepeuy H ouaruapda snympu an-

auncouda ¢ nomenyuarom Iyxa xospduyuenma k, mozda:

1. ecau k > 0, mo usosnepzemuueckan noseprrocms Q5 2omeomopdna chepe S°,
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2. ecau k < 0, mo uzoanepeemumneckas noseprrocmyv Q5 2omeomoppra

ka kb
o 1eceasnomy obsedunenuro dsyx namumepnus chep S° npu h € (7, 7),
o NPAMOMY  Npouseedenuro  okpysicnocmu U wemuwpermepnoti  chepw S x S
kb kc
wuh € (3.5);

‘ kc
o npamomy npouseedenuto deymepnoti u mpexmeproti cep S? x S3 npu h € (7, 0> ;

o namumepnoti cepe S° npu h € (0, +00).

CnenoBarenbro, eciim @ = b = ¢, T0 B caydae k > (0 m303HEpreTHYecKast MOBEPXHOCTH (J
Heocoboro ypoBHd sHepruu romeomopdna cdepe S°, mpu k < 0 u h € (k:a/Z,O) — MPSAMOMY
npousseennio cep S? x S3. B cayuae k < 0u h > 0 — chepe S°.

JTokazaTebCcTBY 9TO TeOpeMbl TOCBAIIECH TPeTHH MyHKT naparpada.

B cdhopmynmmpoBaHHOIl B TOKa3aHHOM HUYKe OCHOBHOI TeopeMe Mbl He UCIOJIb3YeM sIBHO HHTe-
rpupyemoctsb Guinapia. Kiace romeomopduocru Q7 10JHOCTBIO ONPEE/IseTcs KJIaCCoM IOMeo-
MOP(MHOCTH 004G4CTMU 803MOHCHO20 J6UNCEHUA, T.€. TPOEKIINHA W303HEPTreTHYECKON MOBEPXHOCTH
()7 HA CTONM — HA KOH(HUIYPAIIMOHHOE IPOCTPAHCTBO cucTeMbl. Takoil adbdexT yxe BeTpedasncs

pamee.

e Ecm ¢TON MIOCKOro KOMIAKTHOTO GHHapaa ToMeoMopder JucKy, To (7 Guimmapaa ro-

MeoMmopdHa cdepe S s 11060r0 KOHEUHOTO YHC/Ia TOUEK HersIaJ KOCTH I'DAHHILL.

e Jljisi TpeXMepHBIX OGuimnapaos 6e3 norernuana (B caydae k=0 u h > 0 MOXKHO) KJacc ro-
MEOMOPhHOCTH Q) ONPEIETANCA TOMBKO KIACCOM TOMEOMOPMHOCTH CTOMA (COBIAMAIOIIETO

¢ 06JIaCTHIO BO3MOXKHOTO JIBUZKEHHS) W HE 3aBHCHT OT BbIGOpa h > 0 (cM. mpeapiaymuii ma-

parpad).

N3 TeopeMbl 1 HECJIOKHOM TPOBEPKU CJIC/LYET, YTO OUJLIUAD/L C TPUTATUBAIONTAM MOTEHITHATIOM
['yka BHYTpHU 3JUIHAIICOU 1A UMeeT HeKpUTHYecKue 3HadeHus H = h;, apadioniuecsd OudypKanuoH-
ubIMu. Ilo pasHble CTOPOHBI OT HUX Kjacc romMeoMopdrocTH (Q° He pasindaercd. 3aMeTHM, YTO
[PHU ITUX 3HAYEHUAX HE MEHSETCsl KJIACC TOMEOMOPMHOCTH 00AACTIU 803 MONHCHO20 OBUHCEHUS, T.€.
MPOEKITNH N309HEPTETHIECKOI TTOBEPXHOCTH QZ Ha cTOJ (KOH(MUTYPAIMOHHOE TIPOCTPAHCTBO).

Hanomuum, 910 cxoxkasi CATYallist UMeeT MecTo B 0oJiee mpocToii cucreme. Kitace romeomopd-

3 a? ? k. o 2
HOCTH () cucTeMbl OM/UTHAD/IA BHYTpH dJutHica — + — = 1 ¢ norenmaiom [yka — (2% + y*) He
h a b 2
3aBHCHT OT BBIOOPa h > 0 B ¢/Iy4ae IPUTATHBAIONIETO MOTEHINAIA, T.e. e k > 0. B To ke Bpems,
B cayuae k < 0 3TOT KJacCc MeHdeTcd HpH Iepexoje SHepruu depes Kazk0e U3 TpexX 3HAYCHUIL:
ka/2 < kb/2 < 0.

Haunubiii dpakt umeer cieayoriee obbsicHerue. IIpu npeeabsHoM nepexofie (IyTeM yeTpemie-

HHUsI MAJIO¥ TIOJIyOCH K HYJIIO) OT Te0JIe3UIEeCKOr0 HOTOKA Ha SJIIHIICOIE K OUIIHap/y Mbl “repsiem”
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HOJIOBUHY (a30BOr0 IPOCTPAHCTBA, COOTBETCTBOBABIILYIO BEPXHEH WM HUXKHEHl 1OJIOBHHE SJLIUII-
comma. Jlo mepexona K mpejiesy KJjacc roMeoMopdHOCTH 00JIacTH BO3MOYKHOIO JIBUYKEHUS IS

2
)
CUCTEMbI TIOTOKA Ha djunconyie — + — + — = 1, re 0 < ¢ < b < a, B 110/ie IPUTATUBAIONIETO
a c

b
kb

norennuaia ['yka %(ﬁ + y? + 2?%) MeHgeTca Upu TOCTUKCHHH h = 5 [Ipu sTOM IBEe KOMIOHEH-
TBI CBA3HOCTH, JIeZKAIllNe Ha BEpXHEH W HUZKHEH ITOJOBUHAX 3JIIUNCONAA, NEPECceKaloTCs 1Mo JABYM
TOYKAM — KOHIIAM CpejiHell mosryocu. [locsie mpeaesibHOTO Mepexo/ia CUTYAIs MEeHSIeTCS: YKa3aH-
Has 00J1acTh JJId IJIOCKOro Om/Limapia romeomopdHa aucky npu kaxkiaom h > 0. Bunnmapn c
OTTAJKWBAIONINM TOTEHIIHAIOM OTandaeTcs: B Hem npu h = kb/2 u h = ka/2 tun s1oii obmactu
MEHIETC.

VHBIME c/TOBAME, JABYMEPHBIH M TpeXMepHbIi OWIIHApIbl BeAyT cebs CXOKHM 00pa30M: B
caygae k > 0 tun @} He 3apucut or h > 0, a B cayuae k < 0 kmace romeomopdHOCTH 061aCTH
BO3MOZKHOI'O ABUZKCHHNA MCHACTCHA. BI/IbepKaHI/IOHHbIMI/I SHAQYCHUAMU TPEXMEPHOI'O 6I/IJIJH/Iap,ZLa OKa-
spiBatorcs h = 0, ka/2,kb/2, ke/2. Ormernm TakzKe, 9TO yKa3aHHBIM 3HAYCHHUSIM SHEPIHU TOTOKA

HA IPAHUYHOM IJIIUAIICOUE F cOOTBETCTBYIOT IOJIOKEHUs paBHOBecUs — TOUKH, e dH = 0.

4.2.2 MHWNuTerpumpyeMocThb Omaamapaa ¢ moreHnuajgom I'yka

K. flkobu B pabore |67] yxazaa n — 1 mepBblil HHTErpPAJI IeOJE3UYECKOrO IIOTOKA Ha II0-
BEPXHOCTH N — 1-MEDPHOTO IJLIUNCONA. A MMEHHO, OH J0KA3aJ1, UITO KaCaTeTbHbIE, TTPOBEICHHBIE
K KaxKJIOH TOUYKe Treofe3mdecKOil Ha JUIAINCOWe, KacaloTcsd n — 2 KBaJpPUK, COPOKYCHBIX C JTaH-
HBIM JLIAICOnIOM. MHTerpasaMu aBasioTes TapaMeTphl 9THX KBAJIPUK W SHEPTUs JacTHIbl. OHU
byHKIHOHAIBHO He3aBUCHMBI |73] 1 HAXOAATCS B MHBOJIIONUU OTHOCHTEILHO CTAHAADTHONW CKOOKM
ITyaccona, 4To HECJI0KHO TPOBEPUTH. VHBIME c/TIOBaMU, JIaHHAS CHCTEMa SBJISETCH BIIOJIHE HHTE-
rpupyemoii 1o JInyBusI0 raMuIbTOHOBOM CHCTEMO# ¢ . — 1 cTelneHblo.

B roii ke pabore [67] dxobu npouHTEerpupoBa U GoJee OOIILYIO 331a4y, KOrAa IBHKEHHE TI0
SJLJIMIICOUAY IIPOUCXOAUT IOJ AeficTBHEM LEHTPAJIbHOR yIPYyroil CUjibl, HEHTD KOTOPO# coBlamaer
¢ OEHTPOM 3JIIUIICOUIA.

PacemoTrpuM 91y 3a7ady st n-MEpHOTO 3JLTHICOUIA B (1 + 1)-MepHOM TPOCTPAHCTBE U BbI-
HOJTHUM HEPEX0/] OT Hee K Oujinap/ly. YCTPEeMUB MEHBIIYIO MOJIYOCh K HYJII0, MOJIyYuM OUJIInapI
BHYTpH (N — 1)-MepPHOrO 3JUIHIICONIA B N-MEPHOM IIPOCTPAHCTBE. THTerpupyeMocTh STOi KyCcOuHO-
IJIaJIKOM TaMUJIBTOHOBOM CHCTEMBI CJIe/lyeT U3 pe3ysibrata Skobu [67].

Cuenys meroay B. B. Kozjosa, ykaxkem siBubiit Buji ee unrerpa/oB. CHada/ia Mbl IPUBEIEM
nepBbie MHTErpaibl [ 3amadm 0e3 moreHnuasia, To ectb npu k = 0, a 3aTeM BBIYUCIUM IEPBLIE
uHTerpasbl Fj Hameit 3ajgaum, cauras, uro Fy = I + fi, tiae dyHKIuu fi 3aBUCAT TOJBKO OT

IIPOCTPaHCTBEHHBIX IIepEeMEHHbIX.
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Pacemorpum 6usinaps ¢ norennua/om I'yKa BHYTPH 3JUIMIICOUJIA, 3a/IaHHOIO YPaBHEHUEM

2
7’ T
—+ -+ —=1, ay>ag > -+ >a, > 0.
aj Qp,
IIycts cmagana k = 0. B sTom cayuae maiimyTea n — 1 copOKYCHBIX ¢ 3JLIANCOMIOM KBaJ-
PHK, KOTOPBIX OJIHOBPEMEHHO KAaCcaIOTCs BCe MPSAMBbIE, COACPKAINe 3B€HbsT TPOU3BOJIbHON BhIOpaH-
HOI TpaekTopun OUJIbAPAHOTO mmapa. [IpusenemM HessBHOE BhIparKeHHUe MapamMeTpoB 3THX KBAJIPUK

yepe3 KOOPJAMHATHI TOYEK W HAIPABJSIONINX BEKTOPOB. ByaeM cuuTaTh, 9TO mapaMeTrp A y 3J-
2

x x

umcomna — + -+ + =% = 1 paBeH Hy/TIO. PaccMOTpHM HpSIMYyI0, IPOXOISIIYIO Uepe3 TOUKY
a1 Qn,

P = (21,29, ...,x,) B HAUPABICHUH BEKTOpa v = (&1, Ta, . .., Ty ). DTa IpAMas KacaeTcsi cOhOKyC-

HOII ¢ QJIJIUIICONI0OM KBa/JAPHUKHU ITapaMeTpa A B TOM H TOJIBKO TOM CJliydae, KOrjJa JUCKPUMHUHAHT

KBaJpaTHOT'O OTHOCUTEJIbHO T ypaBHEHUA

(r1 +721)% (w9 + Tid9)? (Tn +7in)? .
a; — A g — A ap — A
paBeH HYJI0. DTO PABHOCHJIBHO TOMY, YTO:
n . 2 . . 2
Z i; Z (i@ — ;) _9
i1 a; — A i<y ((1, — )\J((Z — )\J)
Ilycry Ki; = x;&; — x;&;. llepennmiem mnocieanee ypaBHeHHe, JIOMHOXKHUB ero Ha (a; —

Ao (an — A).

> @ [[las =2 =D KL ] (am—N) =0

i=1 g i<j m#i,j

3ameTnM, 9TO BCE KOPHU 9TOI'0 YPABHEHUSI BEIIECTBEHHBIE U SIBJISIIOTCS IEPBBIMU HHTErPAJIa-
Mmu. Takzke 3aMeTuM, 4T0 KOIMMUITMEHT NpH CTapIieil CTEIeHN 3TOr0 YPaBHEHHUS TPOIOPIHOHAICH
SHEPTHH, TO €CTh dABJIgeTCd IepBbIM mHTerpagoMm. CieqoBaTebHO, o TeopeMme Buera Koadbdurm-
eHTHl IIPU BCeX CTeleHdAX MHOTOUJIeHa CJIeBa ABJMIOTCA MepBbIMH MHTerpajamu. llockosbky 1o
reopeMe Abejist ypaBHeHHe CTelEHH D U Bbilie, BOOOIe IOBOPs, HE PAa3peliuMO B PaJIUKAJIAX, TO
BMECTO MapaMeTpPOB KBaJPUK U SHEPIUU PACCMOTPUM B Ka4eCTBE MEPBbIX HHTErPAJIOB KO3 huu-
€HTBHI IIPU BCeX CTeleHsX TOI0 MHOTOYJIEHA.

OGo3HaunM "Yepe3 o 3MeMeHTAPHBIH CHMMETPHICCKUH MHOTOWIEH CTENEHH 1M OT TePEeMEeH-
HBIX A1, . vvy @ity Qjgly- -y Qj_1, Ajgl, -« -, On, & IEPE3 Ufn — 9JICMEHTAPHBIA CUMMeTPUIeCKUil MHO-
rOYJIeH CTENEHU 1M OT MEPEMEHHBIX (1, ..., Uj_1,Ai11, - - - , Ay [LOJTOKHM aéj =o,=1a ai_jl =

Hamumem KO3(1)(1)HLLH€HTI)I MHOIro4jieHa BbIIIE¢ ¢ TOYHOCTBIO 1O KOHCTAHTDI.
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1<)
Samernm, aro Iy = H.

Hecnoxuo ybeauThbes, 9TO 9TH NepBble WHTETPAIbl (DYHKIIMOHATHPHO HE3ABUCHMBI U TIONAPHO
KOMMYTUPYIOT OTHOCUTEJIbHO cTaHJapTHOi ckoObku Ilyaccona.

Temepsr mpuBeIEM TOTOTHUTEIbHBIE TepBbie nHTEerpassl Fi, ¢ = 1,....n— 1 npu k # 0. Mu
Oymem uckath ux B Buge F; = I+ fi(x,y, z), tae f; — HeusBecTHast riaikasi (DYHKIHsI, 3ABUCATIAA
TOJBKO OT MPOCTPAHCTBEHHBIX epeMeHHbIX. [IycTh MBI HATILIN f; TaKyio, 9TO F; MepBBIi HHTETPA
zazaan 0e3 orpazxkenus. [locKOMBKY f; 3aBUCHT TOJBKO OT MPOCTPAHCTBEHHBIX MEPEMEeHHbIX, [; —
HnepBble WHTErpajbl 3a/a9u C OTPAYKEHHWEM, a MPH OTPAYKEHUH MEHSIeTCS TOJbKO HAIPABJIEHUE
BEKTOpa CKOpoCcTH, TO F; Oy/leT mepBBIM HHTErpajoM 3ajadu ¢ oTpaxkeHueMm. ClegoBaTesbHO, f;
MOZKHO UCKaTh, paccMaTpuBasd F; B KauecTBe MepBOTO NHTErpasia 3a7a49u 6e3 OTpazkeHus . 3aMeTHM,

410 K;; — mepsble mHTErpaJsbl 331a49u 0e3 orpazkenud. [losTomy,

n

=1 i=1

=1

B sTom YpaBHEHHH BCE II€EpEeMEHHbIC Pa3Je/JAd0TCd, U MbI JIEI'KO IIOJYy4YaeM YaCTHOE DEHIeHHEe

n
_ i 0.2
fi==> ojx;. O6o3HaUMB SHEPrHIO Yepe3 Fp, noaydaeM cucreMy QyHKIHOHAIBHO HE3ABUCHMBIX
i=1
IIEPBbIX MHTEI'PaJIoB

1 n . 1 . k n .

MoxkHO TOKa3aTh, 4TO HailJleHHBbIE TIepBble HHTerpasibl Fy, ..., F, 1 TOMapHO KOMMYTUPYIOT

OTHOCUTEJIBHO CTaHIApTHOM ckoOKu [lyaccona.

4.2.3 Kumaccel romeoMopdHOCTA HEOCOOBIX ()°

JJTATITUIECKOTO Ommapaa ¢ nmoreHnuaJjiom I'yka
JTokazkeM HEeCKOJIbKO JIeMM, U3 KOTOPbIX OYEeT CJAe0BaTh yTBep:Kienne TeopeMbl 4.2.1.

Jlemma 4.2.1. llycmo k > 0 u h — nebudyprayuonnoili yposers snepauy, moz20a u3osxepzemu-

weckan noseprrocms Q5 2omeomopdna chepe S°.

HoxazarenbeTBo. Ilyers h 3aduxcuposano. Kax yzxe 65110 0TMedeHO, 061aCTh BO3MOZKHO-
I'0 JIBEZKCHUS €CTh Hepecedenne OULINAPIHOrO CTOJIA U IIapa, OTPAHTICHHOrO TPAHUIHON cepoii.
Paccmorpum cdepy paguyca R < min{l, /¢, \/2h/k}. Ona pasbusaer 061acTh BO3MOKHOIO JIBH-

JKeHNS Ha JIBe KOMIIOHEHTHI, O/THa M3 KOTOPHIX roMeoMopdHa 3aMKHyTOMY JucKy D3, a apyras —
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upsaMoMy Tpousseaenuio cdepnt S2 u orpeska. M309Heprernueckas 10BEPXHOCTD () B 9TOM CIydae
TakzKe pa3buBaeTcd Ha ABe KOMIIOHEHTH! (1, (2. Bysem caurars, 910 ()1 COOTBETCTBYET KOM-
HOHeHTe 00/1aCTH BO3MOXKHOI'O JIBH2KEHHs, ToMeoMopdHOi 1mapy. Mbl ompemesnM 0ToOparKeHne
. 5 "

@ : Qp — S° OT/IEIbHO HA KaKIOH M3 KOMIOHEHT (Qp 1, (Qh2, a Jajee IOKazKeM, YTO OHO COLJIa-
COBaHO B TOYKax CKJIefku (Y1 u Qpe U gBigercda romeomodusmom. Bygem npenmnosararb, 4ro
cdepa S° cranmgapTHO BiaoXkeHa B RS,

I[lycrs e € R3(z,y, 2) — enunmunsiii Bekrop. Torga aid Joboro dgpukcuposannoro a € [0, R

napsl (ce,v) € Q1 06pasyoT chepy S?, Ipu ITOM KBaJPATH JUIUH BCEX TAKHX BEKTOPOB U DaB-
2

l—«

2h — ka?

00pa3oM, MBI OIpeJeNnIn oToOpazkeHue ¢ Ha (Jp 1. OTMeTHM, 4TO HOCTPOEHHOE OTOOpasKeHHe

uel 2h — ka?. Tlonoxkum ¢(ae,v) = (ae, v). Bamernm, aro ||p(ae,v)|| = 1. Taknwm
HEIPEPBIBHO HA (Jp1 M HHBHEKTHBHO.

Tenepb npomoKIM ¢ Ha (2. I8 NIPON3BONBHOIO €JHHUIHOTO BEKTOPA € ONpeIeINM YnC-
10 g(e) > 0 rakoe, uro syd Oe mepecekaer ssumuncous F B touke g(e)e. s 9roro paccmor-
puM JguHeitHbti onepatop A(z,y, z) = (x/a,y/b, z/c) 1 COOTBETCTBYIOILYIO €My BEKTOPHYIO HOPMY
lle|la = /(Ae, e). Jlya Oe nepecekaer sumncons F B Touke g(€)e Torja u TOJIBKO TOI/A, KOIJA
1= (Ag(e)e, gle)e) = g*(e)lle]lh, o ecrn g(e) = 1/]le]a.

BosMoxkHBL f1Ba cirydasi: iyd Oe HepecekaeT IPAHUILY O0JIACTH BO3MOMKHOTO JIBUYKEHUST JIH-
60 B TouKe mmmnconna E, to ects 2h — k/|le]|3 > 0, 6o B ToUKe rpanmunoit cdeprr, TO eCTh
2h — k/|le]4 < 0. Jlas 06oMX CIydaeB MOCTPOMM BCHOMOTATENbHBI ToMeoMopdusM f,, KOTO-
PHIit CcOMOCTABIISIET KarKI0i TOUKe OrpaHWYeHust MHOXKecTBa Qp o Ha jiyd O€ TOUKY TPEXMEPHOTO
mmcka D3.

[Mycrs cuauasa 2h — k/|le||}, < 0. B Takom ciyvae napaMerp o U3MEHSETCs Ha OTPE3Ke

1
R, +\/2h/k|. ConocraBum TOUKe (ve,v) € TOUKY fo(Q,vV) = ——
R /2] (@e,0) € Qua oy fula) =~

9TO 3TO 0TOOparKeHnme Mpu (PUKCUPOBAHHOM (v # m epeBoUT cepy HAIpaBJIEHUNH B TOUKE (e

v € D3. 3amermu,

2h — ka? 5
B chepy pajuyca oh—ER? B R°. IIpu sTom f, OMEKTUBHO M, OYEBHIHO, HEIPEPHIBHO B 00€
croponbl. CirenoBaresibHo, f, — roMeoMopdusm.

[lycrs Temeps 2h — k/|le||4 > 0, To ects myu Oe mepecekaeT TpaHUILy OGJACTH BO3MOXK-
HOTO JIBUZKeHHs B TOdke sjuinnconga F. CienoBaresibHO, MapaMeTp (v M3MEHSIeTCsl Ha OTPEe3Ke
[R,1/]le|| a]. Ormernm, aro mpm o € [R,1/||e]|4) B Touke cve Bo3HUKaer cepa HaIpaBIeHHH pa-
mmyca V/2h — ka?, a ipu o = 1/|e]|a — noaycdepa manpasnennii paguyca \/2h — k/||e||4. dna
MOCTPOEHUS OTOOPAYKEHHUS f, HAM MOHAMOOSATCS BHIPOKICHHBIE SIIHITHICCKIE KOOPIHHATHI. Pac-

CMOTPHM CeMeHCTBO KBaJIPHUK, 3aJaHHOEC yPaBHEHUEM

2 2 2
T z
+

p—p p—H qg—p

rie p > q > 0. JobaBuM K 9TOMY ceMeficTBY Bce IJIOCKOCTH, Mpoxodinue depe3 och Oz. [lomxyaen-
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HOE MHOZKECTBO HOBEPXHOCTEHl BTOPOro HOPAIKA — BBIPOXKICHHOE CEMEHCTBO CO(POKYCHBIX KBaI-
puxk (cm. puc 4.1). MoKHO MOKa3aTh, 4TO 4epe3 KazK Iyl TOUKY, JEKAILY 0 BHYTPH KOOPJANHATHOTO
OKTAHTA, IPOXOJUT POBHO TPH KBAJAPHKH TOrO CeMEHCTBa, IPUYEM OJHA M3 HUX — SJLIUIICOU]L,
Ipyrasg — OJHOIOJOCTHBIA THIEpOOJIOHI, a TPeThbd — ILIOCKOCTh. DTO CeMEeHCTBO KBAJPUK IIO-
POKJIAET BHIPOZKJICHHDIE SJLTUITUICCKUE KOOPAUHATHI (fi1, fio, 1)), TAE 11 — HAPAMETD JLIUIICOUIA
JMAHHOTO CeMelCTBa, MPOXOAAIIero Yepes3 TAHHYI0 TOUKY, [y — HapaMeTp OJIHOMOJOCTHOTO THIIeD-
Gosona, ¢ — yros MexKay ILIOCKOCTBIO, IPOXOAAIIeil yepe3 JaHHyio TOUYKy u och Oz, U OCHIO
Ozx.

Bepuemcs K nocrpoennto orobpazkenus f.. [lonoxum p(e) = 2h—kR? q(e) = —kR*+k/||e|]3.
PaccmorpuM HOBYIO JlekapToBy cucremy koopamuar O'x'y'z’, takyio, uro O = e/||e]|a, TO ecTh
O" — rouka nepecedenus ocu Oe u snmunconna F, a ock O’z conanpasiieHa ¢ e. B 31oii cucreme

KOOPIUHAT PACCMOTPHUM BBIPOXKIEHHOE ceMeficTBO cOPOKYCHBIX KBAJIPUK, 3aJaHHBIX yPABHEHIEM:

PacraneMm cHauasa 310 ceMeicTBO KBaJpuK 110 ocu 'z’ Tak, 4To SJUIMICOMU ¢ TapaMeTpOM
p = 0 cran 661 cdepoii, To ectb pactsiaeM B 1/q(e)/p(e) pa3. A 3arem coxkMeM 3TO ceMeficTBO B
V2h — kR? pas o Bcem ocsim. CauTaem, 9To MPU 3TUX TPAHCHOPMAIUIX BbIPOKIEHHBIE JJLIUITH-
YecKHe KOOPIUHATHI OBLIN “BMOPOKEHBI” B 9TO ceMeiicTBO KBaIpuK. Temeps HocTpouM oToOpazke-
une f.. llycte a € [R,1/]le|| 4] n (cve,v) € Q2. llepenumem v B koopaunartax (z/,y, 2'). Kak yxe
orMeuanoch paunee, ||[v||? = 2h — ka?. Hopmupyem stor sekrop. ITycrs (0, g, 1) — BBIpOXKIeHHBIE
JJIIHUINITUIECKUE KOOPDANHATHI KOHIIA IMOJYIEHHOT'O BEKTOPaA. PaCCMOTpI/IM CABUT 3TOM TOYKU BJ0OJIb
KOODIMHATHOI JIMHUH IIEPBOH KOOPAMHATHI B TOUKY C BBIPOZXKIEHHBIMH IIANTHIECKAME KOOPIH-
natamu (—kR? + ka?, yg,1)). CanTaemM, 9TO CIBAT TPOMCXOAAT ¢ YBEJMICHHEM HTEPBOil 3/LIHIITH-
4ecKoil KoopauHaThi. KoopauHaThl 10y4YeHHOR ToYku B cucreme koopaunar O'ryz obosHavmm
Kak fe(cv,v). Samernm, uro cdepa HampaieHuit B Touke ae npu « € [R, 1/||e]|4) romeomopdHo
0TOOParKaeTCA Ha JIAICOUL ¢ HapaMeTpoM i = —kR? + ka?, a nonycdepa HampaBIeHuit B TOUKe
e/|le]|a — B xpyr ¢ mapamerpom p = ¢(e). Takum obpazom, orobpazkenue f, GHEKTUBHO 0TOGparKa-
eT MHOXKeCTBO (Jp 2, orpanmyentoe Ha jyd Oe, Ha 3aMKHYTBII J1UCK D3, npu 9TOM OHO ABJIFETCA
HEIPEPBIBHBIM B 00€ CTOPOHBI, TO eCTh f, — romeoMopdu3m.

Teneps noonpenenum orobpazkenue ¢ Ha (Jp 2. PaceMorpuM crepeorpadudeckyio mpoeKnuio
7 cepnl S3, cranpaprio Biaoxkennoit B RY(z,y, 2, w), uz rouxu ¢ (0;0;0; —1) Ha rUnepIocKoCcTh

R3(z,y, 2). Iycrs (ae,v) € Qap, pacemorpum Touky fe(a,v) € R3(z,y, z). Coxmem Bee Koopau-
1+ R

HATBI 9TOH TOYKU B 1+—R pa3 u pacemMoTpuM npoobpas P crepeorpaduveckoil mpoeku o

touku Ha cdepe S* C R (x,y, 2, w). Torma nonoxum ¢(ae,v) = (w(P)e, z(P),y(P), z(P)).

3aMeTnM, 9YTO MOCTPOEHHOE HAMH OTOOparKeHre ¢ KOPPEKTHO OMPEJIeJIEHO B TOUKAX CKICHKH
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(%

V2h — kR?
1 — R?
JCHHIO (p Ha MHOZKECTBe Qh’z nMeeM @(Re, 'U) = (Re, Qh—k’RQU>’ 9TO COBIAJAAeT CO 3HAYCHUEM

©(Re,v) 10 OUPEIEJNCHHIO ( Ha MHOXKECTBE (Jp 1. 3aMETUM TaKzKe, 9TO [0 MOCTPOCHHUIO 0TOOpazKe-

Qn1 1 Qp 2. HeitcrBurensno, no oupenenennio f.(R,v) = . CireroBareibHo, 110 Onpe/ie-

HUE ¢ MHBEKTUBHO. [IPOBEPHM, YTO OHO CIOPBEKTHBHO. JlefcTBATENbHO, IyCTh (vy, vg) € S°, e

[2h — ka?
v1,v2 € R Ecam [Jvy|| < R, T0o pacemorpum a = |jvy, € = vi/||v1|| m v = 1—(;1)2. Torma
—a

(ae,v) € Qp1 u 1o nocrpoenuio p(ae,v) = (vq,v2). Ecam xe ||vy|| > R, T0 CIOpBEKTHBHOCTD
CJIeIyeT U3 CIOPBHeKTUBHOCTH CTepeorpadndecKoil MPOeKIHH U CIOPHeKTHBHOCTH OTOOPAKeHH f,.

Ocranoch J0Ka3aTh, 4TO 0TOOpazKeHrue ¢ HenpepblBHO. 110 MocTpoeHno, HenpepbsIBHOCTL MO-
JKeT HapyIIaThed TOJBKO B TOYKAX BHJA (e, TIe € eJIMHIYHBII BeKTOp Takoil, uTo Oe mepecekaeT
IpaHuIly 00JaCTH BO3MOYKHOTO [BUKEHHsI B TOUKE HepecedeHus 3JLIUIconaa F u rpanuanoii cde-
phl, a « € [R, \/2h/k]|. Y6eaumcst, 9T0 B 3THX TOYKAX OTOOPAYKEHUE  HEIPEPhIBHO.

PaceMoTpuM 10C/Ie10BATEILHOCTD eIMHUIHBIX BEKTOPOB {€,}°° | Takyiwo, uto Jayun Oe, Te-
peceKaloT rpaHuily 00JACTH BO3MOXKHOIO JABHXKEHHS CTPOro no sjuncomay FE, To ecrb 2h —
k/llex]|4 > 0. Tlycrs cymiecTByer mpejiest 3Toii M0C/1e0BaTe/IbHOCTH, PABHBI BEKTODPY €, U TYCTh
nayu Oe nepecekaeT I'PaHUIY O0JACTH BO3MOXKHOIO JIBUZKCHHA B TOYKE IEPECEYCHUS IJLIUIICO-
una E w rpamwmanoii cdepwr, To ectb 2h — 1/|le]|4 = 0. 3amernm, uto ILm plen) — qlen) =

n o
lim 2h — k/llenld = 2h — 1/|lel4 = 0, a p(e,) = p(e) = 2h — kR? ajna moboro n. 3uauur,
IPU N — 00 SJLIUIICOUIBI BBIPOKIEHHOTO CeMeicTBa cOPOKYCHBIX KBaJIPUK TPAHCHOPMUPYIOTCH B
cepsl, OJHOIIOJIOCTHBIC THIEPOOJIOUILI — B KOHYCHI, & BRIPOKICHHBIC S/UTHITHICCKAE KOO MHA-
TH — B ¢peprIecKre KOOPAUHATEL. [IpH 3TOM, 3/IIUICORT ¢ TAPAMETPOM [ CTAHET IIAPOM PAJLYCa
Vv p(e) — p. Tockobky orobpazkenne f, mnepeBomut chepy HanpaBieHHH B TOYKE (e, B HJIHI-
conn mapamerpa (i = —kR? + ka?, To mpu n — 00 3TH IJUIHNCORABI HepeiiIyT B Iaphl PaImyca,
V2h — ka?. OnHako, yIuThIBas TO, YTO Mbl DACTSTUBAIM HAIIK KBaJIpUKH B \/p(e,)/q(e,) pa3 mo

ocu O e, u ckuMaan B 2h — kR? pa3 mo BceM HANPABICHUSAM, MPEIeT JLIHNCONIOB fo (o, v)

2

npu GUKCHPOBAHHOM (v paBeH cdepe pajamyca 4/ %7 KOTOPast TOJIYIAeTCsl O ONPEeIeTeHUIO
fe(ae,v) npn bUKCHPOBAHHOM (v. 3aMETHM TaKzKe, 4TO IPU N — 00 KPyru mapamerpa p = ¢(e)
CKUMAIOTCS B TOYKY, HOCKOJIBKY HX paanyc \/p(e,) — q(e,) crpemurcs x myao. Takum obpazom,
oToOpazKeHue  HeIpepbIBHOE.

[TockoabKy @ : Q) — S° — HenpepbiBHag Oueknus, a (), — KOMIIAKTHOE HOIMHOMKECTBO, TO
@ gBjgercd romeoMopduzmMom. Jlemma jokasana. 0

Taxum obpaszomM, caydait k > 0 HaMu MoJHOCTBIO pasodbpan. [lepeiinem k caydaio k < 0.

kb kc
Jlemma 4.2.2. [Tyemv k < 0 u h € 55 ) moada coomeemcmayULaA U30IHEP2EMUECK A
NOBEPTHOCTD 20MeOMOPPHA NpaAMoMmYy npoussedenuto cghep ST x S2.
JlokazaTe/ibCTBO. B gannoM ciiydae 06JacTh BO3MOZKHOIO IBUZKEHI TOMEOMOPMHA 10/IHO-

TOPHIO U 3aKJII0OUEHA MEZKLy JLTATICONA0M E m rpannanoii cdepoii, paamyc KoTopoit Gobimne /¢,
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1O Menbie V. Paccmorpum B R? nusmnapuyeckue koopauuarsl (1,1, 2). JokasareabeTBo 1ol

JIeMMBI pa3obbeM Ha ABe dacTu. CHada a Mbl TOKAZKEM, ITO MPO00pa3 MOIYILIOCKOCTH ) = const
. )5 " 4

IpU HpoeKnuu 7 : ()° — D, MOCTPOEHHOH B IepBOM IIyHKTe, roMeomMopden cdepe S*, mocTpoun

romeoMopdusm vy () @ Qny — S*. A 3aTem nokaxeM, uro orobpaxenue P (z,v) : Q — St x S?,

KOTOPOE COLOCTaB/IseT Kaykoil nape (z,v) mapy (¢, py(z,v)), tae ¢ — yrioBas nuinHIpuYecKas

KOOPJUHATA TOYKH X, B3ATasd MO MOJYJIIO 27, ABJIIeTCS roMeoMopdu3MoM.
2 2

Pacemorpum snnunc F' Bujia . + P 1,z = 0, sexamuit cTporo BHyTpH 00JIACTH BO3MOZK-
HOTO JBHzKeHHs. Boibepem HOJIO)KI/IITGJII:I?IOG € < 1 Takoe, UTO 3aMBIKAHWE £-OKPECTHOCTH ITOTO
SJUTAICA, JIeXKAJIO OBl CTPOTO BHYTPH OOJACTH BO3MOXKHOTO IBHKeHHUs. B KaxKIo# MMOJIyIIOCKO-
cTu Y = const paccMOTPUM OKPYKHOCTH PAJIUyCa £ ¢ NeHTPOM B Touke (), JieyKarieil Ha JJIJIAICEe
F. Takne oKpy>KHOCTH 00Pa3yOT NIAJIKYI0 TOBEPXHOCTH, roMeoMopdHyo Topy. Obo3HaunM depes
K’ oby1acTh BO3MOXKHOIO JIBUKEHUSI IIapa Oe3 MOJHOTOPH, OrPAHIMIEHHOr0 9TOH IOBEPXHOCTHIO.

Tenepn paccMorpum Top Bpatenus B R3(xz, v, 2), 3a1anublii ypaBHeHUsIMME:

x = (R+ pcosy)cost

y = (R+ pcosy)sind

z

psin x

rie R > p > 0 — koHcranTsl, x, 0 € [0, 27]. Ilycts K — 3aMKkHyTast 06J1acTh OrpaHUYeHHAST TOPAMHI

c R=2up=1, p=c. Paccmorpum romeomopdusm [ : K — K’ rakoii, 4ro:

1) mng mwoboro g € [0, 27| orobpaxkenune [ romeomopdro orobpazkaer K N {¢Y = 1y} Ha

K'0{y = 1o} ;
2) mpoobpa3s rpaHndHOl cdepbl JeKuT Ha Tope ¢ R =2, p = 1;

3) ans moboro ¥y € [0,27] w ggst soboii Touku P Ha Tope ¢ R = 2 u p = g, nexaniei
B moaymiockoctu ¢ = iy, OP = O'B(P), tne O' — Touka nepecedenus: suaunca F u
MOJIYILIOCKOCTH ©) = g, a O — TouKa nmepecedenus Topa ¢ R = 2, p = 0(3T0 OKpY’KHOCTB )

U 1OJIYILIOCKOCTHU Y = 1.

DT0 0TOOpaXKeHne TPOUTIOCTPUPOBAHO Ha pUCYHKe 4.4.
Tenepsb 3aduKCHpyEM TMOJIYILIOCKOCTE Y = 10y. O603HAUNM MPoodpa3 MOMYILIOCKOCTH 1) =
0 QP D D i —
npu orobpazkenuu 7 : Q° — D depe3 (., a Hepecedenne cTosla D U 9TOR MOJYIIOCKOCTH
qepe3s Dy,. Ilycts O — Touka nepecedeHHs pacCMaTPHBaeMOil MOIYIIOCKOCTH U djuiunca F.
PaccmoTpuM B MOIYNIIOCKOCTH ¢ = 1)y OKPYZKHOCTB pajuyca €. Ona pasbusaer Dy, Ha aBe KOM-
noueHTl Dy 1 u Dy, o. Bynem cunrars, uto Dy, 1 — 9actb Dy, Jexainas BHYTPH OKPY2KHOCTH.
B raxom ciyuae (., TaKzke pasOupaeTcd Ha JBa KycKa (Qp o1 T Q2. DyleM cauTarh, 4To

KYCOK (Qp, 4,1 COOTBETCTBYeT KOMIIOHEHTe Dy 1.
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Puc. 4.4: Mntocrpanust orobparkenust 5. TeMHO-cepbIM CIIpaBa BbIJAEIEHBl YIACTKA TPAHUIHON chephl, a
cneBa — eé nmpoobpa3. CHuBy cjeBa BbIe/IeHO mepecedenne hurypbl K u moaymnaockocT ¥ = g, a CHU3y
cpaBa — ero obpas npu romeoMopduszme .

Cravaa mocTponM romeoMopbusm (g, T) KOMIOHEHTB Qp 4 1 chepsr S*. Kak u B eM-
Me 1, MBI OIIpeJIeINM 3TO OTOOpakeHHe Ha KaKIOM H3 KYCKOB (Qp 4,.i; TIPOBEPHM KOPPEKTHOCTD,
OUEKTUBHOCTH W HENPEpPHIBHOCTH. [lepeitaem B cucremy koopauHar O'rz. Ilycrs e — npousBosib-

HbIl € THHUYHBIH paJiuyc-BEKTOD B 9TOi cucteMe KoopauHat. Torma st mpoussosbHoro « € [0, €]
V1—a?
[l
U 3allHCaHbl B OTHOPMUPOBAHHOM 0a3uCe €, €y, €,. Takum o0pa3oM, Mbl onpeaeauin @ Ha Qp 1.

I BEKTOPA U TAKOro, IT0 (e, V) € Qp p01 MOTOKUM p(cve,v) = (ae, v), r71e KOOPIUHATHI
3aMeTHM, 94TO Ha MHOXKeCTBE Q4,1 OTOODasKeHHe ( HENpPEPHIBHO U NHBHEKTHBHO.

Temeps ompeneanM ¢ Ha MHOXKeCTBE (Qp 2. A8 TI060r0 eIMHUYHOTO PAIHyC-BEKTOPA €
HEOOXOIMMO TIOCTPOUTH BCIOMOTraTeabHOe 0TOOparkKeHue f., KOTOpoe TOMEeOMOPGHO 0TOOparKaeT

6 i i1 i ii D3. 11 -
npoodpa3 KpuBoil S(ae), o € |g; 1|, mpn mpoeKnuy T HAa 3aMKHYTHIA eqmanYHbI quck D°. llocTtpo
€HUEe TaKUX OTO6pa}KeHI/II71 IPOUCXOJUT MOYTH KaK B JIEMMe 1, OJJHAKO C HEKOTOPBIMU Pa3JIUINAMMU.
PaccMoTpuM 0Tpe3ok [ee; e] u mpuMennM K Hemy romeomopdusm (. [aee Mbl paccMOTPUM J1Ba

caydast: 5(e) JexkuT Ha rpaHudHoil cepe, f(e) He JexkuT HA rpanndHOl cdepe. [Ina kpaTkocTH
1—a?
(1= 22k — kF%(ac))

BTOPOM CJiydae HaM OIdTh HOHa,ZLO6I/ITCH CUCTEMa BBIPDOXKJACHHBIX JJIJIUIITUYECKUX KOOpAWHAT.

paccMoTpuM TepBbiii caydait. [omoxum fe(o,v) = v, tiie « € [g;1]. Bo

Tenepb paccMOTPHUM cTepeorpadpudecKyio IPoeKIuio T cdepbl S°, cTaHIaPTHO BJIOKEHHOI B

R*(z,y, z,w), U3 10KHOrO NOJOCA Ha rulepiLiockocTh R3(z,y, 2). Tlyers a € [g; 1], pacemorpum

10uky fe(a,v) € R3(z,y,2). Coxmem Bee koopaunarst sroit Toukn B \/(1+¢)/(1 —¢) pas un
paccMoTpuM Ipoobpas P crepeorpadudeckoii mpoexknun 31oit Touku Ha cdepe S? C Ri(x,y, 2, w).
Torna nonoxum ¢(f(ae),v) = (w(P)e,z(P),y(P), z(P)).

KoppekTHOCTH, OMEKTUBHOCTH W HEMPEPBIBHOCTDH JOKA3BIBAETCS TAaK 2Ke, Kak B jiemme 1. Tlo-
CKOJIBKY QQp, 4, — KOMIIAKTHOE MOJAMHOYKECTBO, TO OTOOpazKeHue ¢ ABsgeTcs roMmeoMopdmamom. Te-

nepb paccmorpuMm orobpazkenue ®(x,v) = (Y (z), py(z,v)), 1ae P (x) — yrosas UHIXHIPHIECKA
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KOOP/IMHATA TOYKH T, B3ATAs [0 MOJYJIIO 27. DTO OTOOpaKeHune, OU€BHIHO, OMEKTUBHO. 3aMETHM,
9TO (0 HEMPEPBIBHO OTHOCUTEIBHO 1), B3SITOTO 1O MOy 27. JleficTBurebHo, orobpakenus f,

KOTOPBI€ MBI HCIOJIB3YeM /I HOCTPOCHUS (o, HEIPEPLIBHO 3aBUCAT OT IUIXHAPHIECKHX KOOD-
V1—a?
V]l
koopauuar. Crenosaresnbno, orobpaxkenue ® — HenpepoiBHast OUEKINS, & HOCKOIbKY MHOKECTBO

aunar. yukuus o(ae,v) = (ae, v) TaKKe HEIPePbIBHO 3aBUCHT OT IUJIMHJIPUICCKUX

Q), aBasgeTCS KOMIAKTHEIM, To ® — romeomopdmsm Q) n St x S4. 0

ke
Jlemma 4.2.3. Ilyemv kK < 0 u h € <3,0>, mo20a coomeemcmeyULas U30IHEPLEMUNECKAA

NOBEPTHOCTD 20MeOMOPPHA NPAMOMY npoussedenuto cep S? x S3.

ﬂOKaSaTeJIbCTBO. 3amerum, 4T0 001aCTH BO3MOZXKHOTO JIBHKEHUS OIPAHUYCHA JLIUIICOU-
nom E m rpanmuanoit cdepoii, pagnyc xoropoit menbme /c. CregoBaTenbio, rpanndnas cdepa
JEeKUT BHYTPHU dmmncouga. [lyers «/2h/k < R < /c. Pacemorpum cdepy paauyca R. Ona pas-
ouBaeT 00J1aCTh BO3MOXKHOI'O JIBUXKEHHS Ha JBE KOMIIOHEHTHI. VI309HepreTrndeckast MOBEPXHOCTD
ToyKe pasbmBaeTcs Ha 1Ba KycKa (Qn1 B (po. Bydem cumrarb, 9TO ()41 COOTBETCTBYET KOMIIO-
HeHTe 00JIaCTH BO3MOYKHOT'O JIBH2KEHES, OrPAHUYEHHOil TpanundHoit cdepoit u cdepoit paguyca R.
Kak u B semme 1, Mbl moctpoum romeomopdusm ¢ : Q7 — S? x % ornensro Ha Kaxmoit u3
KOMIOHEHT (1 1 Qp 2, & JlaJIee MOKAazKeM, 4YTO OHO COIVIACOBAHO B TOYKAaX CKJIEHKH Qp1 U Qpo U
aBjagerca romeomodusmMoM. Mul GyaeM mpeanosarars, uro S2 n S? cranmapTHO BIOKeHB B R 1
R* cooTBercTBEHHO.
Crauasna ompegennM ¢ Ha Qp1. Ilyers e — emmnmunslit BekTop u o € [v/2h/k, R]. Pac-
cmorpum BekTop v € To R? rakoit, uro (ae,v) € Q3. Tonomum p(ae,v) = (e, (ﬁv,
k(a? — R?)
2h — kR?

R3(z,y, 2), a ocTapiiasca napa Koopaunar — cdepe S3, cranpapTHo Biaoxkennoi B R (x,y, 2, w),

>>, rjle neppas KOOpJAMHaTa cooTBeTCTBYeT cdepe S, craHgapTHO BJIOXKEHHOH B

pUYeM HnepBas KoopjauHara napbl — Tpoiika (x,y, z), a Bropas — w. OTMeTuM, 4T0 HOCTPOECHHOE
0TOOpasKeHNe HeNPEPHIBHO U HHBEKTHBHO HA (1.

Temeps mooupejaesnm orobpazkenue ¢ Ha (Qpo. s 9TOro MBI BOCHOJIB3YeMCs BCIIOMOIa-
TeTbHBIME OTOOpaxKenusmu f.(a), mocTpoenusivMu B temme 1. Pacemorpum crepeorpaduaeckyio
npoexnuio 7 cepbl S, crangapruo Broxennoit 8 RY(z,y, z,w), uz rouku ¢ (0;0;0;1) na ru-
nepmiockoctb R3(z,y, z). Tlyers Touka P — npoobpas Touxu f.(«) npu orobpazkenuu 7. Torja
nosioxkuM @(ae, v) = (e, P). 3aMerum, 9T0 MOCTPOEHHOE OTOOPaZKeHIe HEIPEPBIBHO U HHBEKTHBHO
Ha Qp,2.

[TokazkeM, 9TO ¢ KOPPEKTHO OIpeIeIeHO B TOYKax CKaeiikm (p1 1 (p 2. CormacHo ompe-
JeJICHNIO p, Ha MHOKecTBe Qo @(Re,v) = (e, P(v)). Oumako f.(R) € S3, nosromy P(v) =

(f(R),0) = (—=—— ﬁ,o))

0). CrenoBarennbno, p(Re,v) = (Re, ( , 9TO COBIIAIAET

V2h — kR?’

C olpejieJieHueM  Ha MHOXKecTBe (J 1. Takum o0pa3oM, ¢ — HempepbIBHOE U KOPPEKTHO OIpejie-

JIEHHOE OTOOparkeHue.
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Herpyano jokazarbh 6ueKTuBHOCTD OToOpazkenus . [IoCKOJIbKY ¢ gBjisiercs HelPEePbIBHbIM

OMEKTUBHBIM OTOOpaKEHNEM KOMITAKTHOTO ITPOCTPAHCTBA, TO (¢ — TOMEOMOPQU3M. 0

JlemMma 4.2.4. ITycmo k < 0. Toeda ecau:
ka kb
1. h (—, i
< 272
nenuto dsyx cep S°;

>, mo usoIHepeemudeckas NoeeprHoCcCb Q% 20M€0J\/L0p¢HCL HECBAIHOMY 06Bedu-

2. h >0, mo usoanepzemumneckan noseprrocmy Q5 2omeomoppua chepe S°.

JloKa3aTebCTBO 3TOTO YTBEPK/IeHNST aHAJOTUYHO JO0Ka3aTeabCcTBY JeMMbl 4.2.1.
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SaKJII0UYeHne

B nuccepranuu mosydena KoMOMHATOpHAA KJaacCHMPpUKAIUA COPOKYCHBIX OULITHAPIHBIX CTO-
JIOB Ha KBaJIPUKAX (JUIMMCOUJ, Mapa TUIepOOONIOB) B TPEXMEPHOM eBKJIMIOBOM ITPOCTPAHCTRE,
a TakKe JUYBU/LIeBA KaacCu(pUKaIs COOTBETCTBYIONNX OmimapaoB. Bee Takme cHCTEMBI OKa-
3aJIMCh JIMYBUJLIEBO dKBUBAJIEHTHBI JApyruM u3BecTHbiM I'C 3 usznkn, MexaHnkn u reoMeTpun
Ha MOJAXOJSAIINX YPOBHAX SHEPIUH.

Taxxke B pabore mpoBejieHa KJjacCupUKANUsd TPEXMEPHBbIX CO(POKYCHBIX OWJIIMAP/IHBIX CTO-
JioB. i O amap/10B BHYTPH TaKUX 00J1acTel n3ydeHo JJOKaJIbHOe YCTPOHCTBO ciaoeHus JInyBuLis
(T.e. BOJIM3H KaXKJOTO CJI051), B PE3yJIbTaTe Yero IMOJydeHa TOJHAs KIACCHMDUKAIINS TPEXMEPHBIX
co(POKYCHBIX OUILTHAPIOB OTHOCUTEIHHO I'PYO0ii JTHYBULIEBOM SKBUBAJIEHTHOCTU HA MIOBEPXHOCTSIX
HOCTOSTHHOMN Heprun. Jljig ommcaHus moJy/I0KAIBHOTO YCTPOICTBA OCOOEHHOCTEH TAaKUX CHCTEM
OBLT ONMMCAH W WCIOJb30BAH METOJ, MOHWKEHUsT CTeneHn ¢BoOObl. OKa3aa0Ch, 9TO TPeXMepPHbBIE
copoKycHbIe OUITHAPALI TECHO CBS3aHbI € T€OIe3MYeCKUMU OUJLIMAapJaMi Ha KBaJIPUKaAX B IOJE
cutel ['yka.

s TpexmMepHbIX COOKYCHBIX OHJLTHAP/IOB, a TaKzKe OUIINAP/Ia BHYTPH SJLIUNCOUIA B TIOJIE
cuibl ['yKa onpejiesieHbl KJacchl TOMeOMOPGHOCTH HEOCOOBIX MOBEPXHOCTEH MOCTOSHHON SHEPIUH.
OKa3aJI0Ch, 9TO CBsI3HAS KOMIOHEHTA TaKoil IIOBePXHOCTH roMeoMopdHa 160 cdepe S°, mu60 S x
St mbo S? x S?. MeroJ, HCHOIL3YeMbli IPH JT0KA3aTeIbCTBE 3TOro (baKTa, HUKAK He HCIIOIb30BaJ
HHTEIPHPYEMOCTD CHCTEM.

OTMeTHM HEKOTOpBIe JaJdbHelIne HAIIPaBICHUs STOH PabOTHI.

1. Meron nmoHMKeHHsT CTEIeHH CBOOOIBI MOKA3bIBAET, YTO OMJLIMAPI BHYTPH TPEXMEPHOIO CO-
bOKYCHOrO CTOJIa CBA3aH € COOKYCHBIM reoIe3nIecKNM OMIIHAPIOM ¢ HoTeHmuaIoM ['yka
B HEKOTOPOH 00/1aCTH HA KBaJIPHUKE. ITO coobpazkeHue Oy1er CipaBeiinBo B IPOU3BOIbHOMN
pPa3sMepHOCTH. BOBHI/IKaIOH_[aH NHAYKTUBHaA CBA3b IIOMOXKET OIIUCaTh IMOJIYJIOKaJIbHOE yCTpOIU/I—

CTBO OCODEHHOCTeH Om/IIHapa BHYTPH CO(POKYCHOI'O CTOJIA MPOU3BOJIBHON PAa3MEPHOCTH.

2. Meros nonu:keHnust crerneHn ¢BOOOIBI MOYKHO TTPUMEHUTH HE TOJIBKO K CO(POKYCHBIM OMJLIHU-
apgaM, Ho u K jpyrum UI'C, B KOTOPBIX YpaBHEHUS Pa3/Ie/IAONMXCs IePEeMEHHbBIX 3allHChI-

BaloTCcd HO,ZLO6HO YpaBHEHUAM JABHUZKECHHA 6I/I.HJH/Iap,ZLOB B SJIIUIITHYECKHUX KOOpANHaTaXx.

3. Unes craruBanus JUCKOB B TOUKY, UCIOJIb3yeMasd /Il HAXOXKJIeHUs TONOJOTHYeCKOTO THUIIA
noBepxHocTH (Q° TpeXMepHBIX OUILINAP/0B, cpaboTaeT U B IIPOU3BOJILHOM pasMepHocTd. To-
9TOMY CTOUT OXKHUJIATh, YTO HOBEPXHOCTD MOCTOSAHHON 3Hepruu OM/LIMapia B IPOU3BOJIbHON

copokycHOil obacTu romMmeoMopdHa TPAMOMY IPOU3BEICHUIO chep.
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