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Bernhard Riemann 1861 revisited: existence of
flat coordinates for an arbitrary bilinear form

I generalize the celebrated foundational results of Bernhard Riemann and Gaston Darboux: we give
necessary and sufficient conditions for a bilinear form to be flat. More precisely, I give explicit necessary
and sufficient conditions for a tensor field of type (0, 2) which is not necessarily symmetric or skew-
symmetric, and is possibly degenerate, to have constant entries in a local coordinate system. This portion
of results is based on [1] and [2].

Special attention will be devoted to the question of how smooth are the “flat” coordinate system. In
particular I overview known results on the smoothness of isometries of Riemannian metrics, and generalize
them to the Finslerian metrics. This portion of results is based on [3].
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