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Geodesics on polyhedra: new results



The first map of Russian Empire (1741)



L.Euler,  ``Methods of finding curves possessing 
properties of  either  maxima or minima’’ (1744)



Jules Henri Poincaré (1854 - 1912)

Conjecture  (1905).   An arbitrary  smooth convex surface  
possesses at least three closed simple geodesics. 



3Let us have a convex surface   (the boundary of a convex body) in .
A curve   on  is  a geodesic  if  it is locally shortest on the surface at every point. 
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A.Poincare (1905) conjectured the existence of at least three geodesics on any smooth convex surface.  

We consider only closed simple (non-self-intersecting) geodesics. 

L.Lyusternik and L.Shnirelman (1930)  proved the conjecture.

J.Franks (1992), V.Bangert (1993)  proved the existence of infinitely many geodesics 
on any smooth convex surface.

What  about an ellipsoid  ?



Three simple closed geodesics on an ellipsoid

Do there exist more?  





Не удается отобразить рисунок.







W.Klingenberg,   ”Riemannian geometry”  (1982)

The fourth geodesics on an ellipse



Illustration:  M.Panov, N.Andreev
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Geodesics on the surface of a polyhedron

1.  Geodesic is a broken line with nodes on the edges.
2. Geodesic does not contain vertices of the polyhedron.
3.  It forms equal angles with every edge.

A closed simple curve is a geodesic iff it is a broken line with nodes on the edges 
that does not pass through the vertices and form equal angles with the edges.

Geodesics on non-smooth convex surfaces.   A.D.Alexandrov (1948), A.V.Pogorelov (1949)

Geodesics on flat surfaces and on polyhedra
K.Post, G.Galperin,  A.Zorich, D.Fuchs, E. Fuchs, V.Zalgaller,    
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Geodesic becomes a straight line on the diagram

Definition. Two geodesics are isomorphic iff they intersect the same sequence  of edges.

All isomorphic geodesics have parallel segments and the same length. 

We identify all isomorphic geodesics



Example. A cube has three different geodesics.  
Two of them are flat, the third one is not. 

Example. An octahedron has two different geodesics. 



Fuchs D. Fuchs E. Moscow Math. J. (2007), 265-179
Fuchs D., Geometria Dedicata, 170 (2014), 319-333;
Fuchs D., Arnold Math. J., 2 (2016), 201-211;
Athreya J. S., Aucilino D., Amer. Math. Monthly, 126 (2019), 161-162;

Geodesics on regular polyhedra

Self-intersecting geodesics have also been studied in those works. 
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Geodesics on a regular simplex
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Geodesics on a simplex

The triangular lattice – a complete net of a regular tetrahedron

Geodesic is a straight line on the net with an integer direction vector (n,m)
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The  (n,m)-geodesic, where  either (n,m)=(1,0),  or  n and m are co-prime.
It has 4(n+m) vertices.

The same results hold for all  isohedral simplices



Illustration:  D.Fuchs, E.Fuchs



Geodesics on an arbitrary simplex
Definition. Generalzied geodesic is a closed non-self-intersecting broken line 

on the surface of a  simplex such that 
a)  it has more than 3 sides; 
b)  it has all nodes on the edges and does not pass through the vertices of the simplex; 
c)  adjacent sides lie on different faces.    

Theorem 1. Any generalized geodesic is isomorphic  to some geodesic on  the 
isohedral simplex. 

Corollary 1. Any generalized geodesic on the isohedral simplex can be 
homotopically transformed to a real geodesic. This homotopy is without self-
intersecting or passing through the vertices, and with a monotone decrease of 
the length.                     



Definition. A composed geodesic is a disjoint union of finitely many simple closed geodesics.
A composed generalized geodesics is defined in the same way. 

Theorem 2. Every composed  geodesic on an arbitrary simplex is realized on the 
isohedral simplex. Each of them is of type (n,m) for some n,m (or  n = 1, m=0), not 
necessarily co-prime. If  g.c.d. (m,n) =  d,  then the (n,m) – geodesics is composed 
of d parallel geodesics of type (m/d, n/d). 

Corollary 2. Any composed generalized geodesic on the isohedral simplex can 
be homotopically transformed to a real composed geodesic. This homotopy is 
without self-intersecting or passing through the vertices, and with a monotone 
decrease of the length.                     

Composed geodesics 
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The structure of geodesics on a simplex

Definition. A geodesic catches a vertex A of a simplex if it successively intersects 
all edges going from A at the  nodes  that  are closest to A.  

Theorem 4. Any geodesic, except for that of (1,0)-type, catches every vertex of the simplex.
It splits the four vertices of the simplex into two pairs. The geodesic catches the first vertex, 
then form a strip on the surface, then catches the second one.  



Theorem 5. If a simplex possesses a geodesic, then the sum of planar angles 
at two of its vertices is 2п.

A necessary condition for the existence of a geodesic:

This also follows from the results of K.Post (1970) and G.Galperin (1991, 2003).
They used the discrete version of the  Gauss–Bonnet theorem.

Example. A regular triangular pyramid that is not a regular simplex has no geodesics.  
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Theorem 6. If a simplex possesses a geodesic, then the sum of planar angles 
at two of its vertices is 2п.

A necessary condition for the existence of a geodesic:

This also follows from the results of K.Post (1970) and G.Galperin (1991, 2003).
They used the discrete version of the  Gauss–Bonnet theorem.

Example. A regular triangular pyramid that is not a regular simplex has no geodesics.  
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Geodesics on an arbitrary simplex

The length of any geodesic on a simplex does not exceed  ,
2 sin

2
where    is the diameter of a simplex, and   is the maximal deviation of the sum 
of three planar angles 
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Theorem 6. A non-isohedral simplex can have only finitely many geodesics

Corollary 3. If a simplex possesses arbitrarily long geodesics, then it is isohedral. 



( )The total  number of different geodesics on a simplex does not exceed  ,
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Geodesics on an arbitrary polyhedron

Theorem 7. If a polyhedron has infinitely many non-isomorphic geodesics, 
then it is an isohedral simplex.

Equivalently: If a polyhedron has arbitrarily long geodesics, then it is an isohedral 
simplex.  For all other polyhedra the lengths of geodesics are bounded above. 



Problem 1. Is there a convex surface, different from an isohedral simplex
that possesses  arbitrarily long geodesics ?

From Theorem 5 it follows that for the set of all  polyhedra the answer is negative. 

A.Petrunin (2010) proved the negative answer  for smooth surfaces with 
Strictly positive positive (separated from zero)  Gauss curvature.  

A.Akopyan and A.Petrunin (2018) extended this result to arbitrary convex surfaces



Geodesics on a simplex in  the Lobachevsky space

Theorem 8 (A.Borisenko, D.Sukharebskata, 2019) For every co-prime (m,n) 
there is a unique (up to the symmetry) geodesic on a regular simplex.

Remark. In the Euclidean space, there are infinitely many equivalent ones.  

Problem 1.  What about other isohedral simplices? 



Theorem 9 (A.Borisenko, D.Sukharebskaya, 2020).  If all flat angles of a simplex 
in the Lobachevsky space are smaller than 45o ,   then it has a geodesic
of type (m,n)  for every co-prime m,n.

Remark.  No equality constraints for the simplex as in the Euclidean case! 
The set of simplices that have geodesics is not any more a null set. 

Proof.  This figure is convex:   

Problem 2. Thus, in the Lobachevsky space, not only isohedral simplices may 
possess arbitrarily long geodesics.  What about other polyhedral?  Convex 
surfaces? 



Problem 3. What are sufficient conditions for the existence 
of at least one geodesic on a given polyhedron ?

Problem 4. To estimate the length and the total number of geodesics
for an arbitrary polyhedron.

Thank you !

Problem 5. Is it true that for every k there exists a simplex that possesses 
precisely k geodesics? 
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