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General theory of relativity 1

B GTR or ETG assumes that Universe is four dimensional homogeneous
and isotropic pseudo-Riemannian manifold M with metric (g,...) of signa-
ture (1, 3).

B There exist three types of homogeneous and isotropic simple connected
spaces of dimension 3:

o sphere S® (of constant positive sectional curvature),

o flat space R® (of curvature equal 0),
o hyperbolic space H? (of constant negative sectional cutvature).
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General theory of relativity

B GTR or ETG assumes that Universe is four dimensional homogeneous
and isotropic pseudo-Riemannian manifold M with metric (g,...) of signa-
ture (1, 3).

B There exist three types of homogeneous and isotropic simple connected
spaces of dimension 3:

o sphere S® (of constant positive sectional curvature),
o flat space R® (of curvature equal 0),
o hyperbolic space H? (of constant negative sectional cutvature).

B Generic metric in these spaces is of the form (Friedmann-Robertson-
Walker metric (FRW)):

ds? = —d® + &(t) ( + rPd6® + r?sin® 0d¢2> , ke {-1,0,1}, (1)

1 — kr2

where a(t) is a cosmic scale factor which describes the evolution (in

time) of Universe and parameter k which describes the curvature of the
space.

Zoran Raki¢ On Non-local Modified Gravity



General theory of relativity

Zoran Raki¢ On Non-local Modified Gravity



General theory of relativity

Zoran Raki¢ On Non-local Modified Gravity



General theory of relativity

B GTR is based on Einstein-Hilbert action:

- F.' 27 .
S‘/ TerGor TLm) Vg d'x

where R is scalar curvature, g = det(g,. ) is determinant of metric ten-
sor, A\ is cosmological constant and £, is Lagrangian of matter.
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where R is scalar curvature, g = det(g,. ) is determinant of metric ten-
sor, A\ is cosmological constant and £, is Lagrangian of matter.

B The variation of the action S we obtain equations of motion:
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General theory of relativity

B GTR is based on Einstein-Hilbert action:

B R 2A .
s_/ o GCA+£m)\/ ox

where R is scalar curvature, g = det(g,. ) is determinant of metric ten-
sor, A\ is cosmological constant and £, is Lagrangian of matter.

B The variation of the action S we obtain equations of motion:
R;w - %Rguu aF /\g,w = 87TGTHU, cER (2)

where T, is the energy momentum tensor, g,.. is metric tensor, R, is
Ricci tensor and R is scalar curvature.
B The energy momentum tensor for ideal fluid (matter in cosmology) is

T = diag(—p goo, 911P, g2, gs3p), (3)

where p is energy density and p is pressure.
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General theory of relativity

B Using the conservation law we get

) a
0=V.T§ =-s—-35(o+p) (4)

B Since in the cosmology holds p = wp, where w is a constant, we have
that equation (4) has solution p = Ca=3(*+").

B The basic types of matter in the Universe are:
@ cosmicdust- w =0, and pn = Ca>.
e radiation - -w =1/3,and p, = Ca™*.

@ In this moment the ratio 2™ ~ 106 .
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General theory of relativity

B Using the conservation law we get

. LA
0=V.T¢ = —5—32(p+Pp) @)

B Since in the cosmology holds p = wp, where w is a constant, we have
that equation (4) has solution p = Ca=3(*+").

B The basic types of matter in the Universe are:

@ cosmicdust- w =0, and pn = Ca>.

e radiation - -w =1/3,and p, = Ca™*.

@ In this moment the ratio 2™ ~ 10° .

Pr

B From the expression for FRW metric it follows

A = ° (a(’)é(f;&r) fl(t)2 + k)
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General theory of relativity 4

B Now, Einstein equation implies Friedmann equations

a_ 4nG A (é>2_8ﬂ'G
a

k
- = T(P+3P)+§a 3 P~ Z

LA
a 3’
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General theory of relativity

B Now, Einstein equation implies Friedmann equations

a_ 4nG A (é>2_8ﬂ'G
a

kK A
a~ 3 ¥t 3/ @3

B Hubble parameter is a measure used to describe the expansion of the
Universe .
H=2 (5)
=
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B Now, Einstein equation implies Friedmann equations

&_ 4G g A (a\_8rG kA
a3 WPTRItT3 a) - 3/ 2773

B Hubble parameter is a measure used to describe the expansion of the
Universe .
H=2 (5)
=

B Despite to the great success of GRT in describing:

e the precession of Merkur perihelion,
e the bending of light in gravitational fields,
o the gravitational redshift of light
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B Now, Einstein equation implies Friedmann equations
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B Hubble parameter is a measure used to describe the expansion of the
Universe .
H=2 (5)
=

B Despite to the great success of GRT in describing:
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the bending of light in gravitational fields,
the gravitational redshift of light

]
("]
"]
e the gravitational lensing,
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General theory of relativity 4

B Now, Einstein equation implies Friedmann equations

&_ 4G g A (a\_8rG kA
a3 WPTRItT3 a) - 3/ 2773

B Hubble parameter is a measure used to describe the expansion of the
Universe .
H=2 (5)
=

B Despite to the great success of GRT in describing:

the precession of Merkur perihelion,

the bending of light in gravitational fields,
the gravitational redshift of light

the gravitational lensing,

and other ...

GTR has certain deficiencies.
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Motivation 5

Great cosmological observational discoveries of 20th century,
which could not be explained by GTR without additional matter

B High orbital speeds of galaxies in clusters (Fritz Zwicky, 1933).

B High orbital speeds of stars in spiral galaxies (Vera Rubin, at the end of
1960es).

B Accelerated expansion of the Universe (1998).

Big Bang

B Another cosmological problem is related to the Big Bang singularity.
General relativity yields cosmological solutions with zero size of the
Universe at its beginning, and what means an infinite matter density.

B When physical theory contains singularity, it is not valid in the vicinity of
singularity and must be appropriately modified.
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Approaches to the problem 6

There are two natural approaches:
B Dark matter and energy
B Modification of Einstein theory of gravity.

R.. — 15 Rguw + Aguv = 87GT,0, c=1.

where T, is stress-energy tensor, g,.. is the metric tensor, R, is Ricci
tensor and R

Dark matter and energy

B Dark matter is responsible for orbital speeds in galaxies, and dark
energy is responsible for accelerated expansion of the Universe.

B If Einstein theory of gravity can be applied to the whole Universe then
the Universe contains about 5% of ordinary matter, 27% of dark matter
and 68% of dark energy.

B It means that 95% of total matter, or energy, represents dark side of the
Universe, which nature is unknown.
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Modification of Einstein theory of gravity

Motivation for modification of Einstein theory of gravity
B The validity of General Relativity on cosmological scale is not confirmed.

B Dark matter and dark energy are not yet detected in the laboratory
experiments.

Different approaches to modification of Einstein theory of gravity

B Einstein General Theory of Relativity
From action

B R 2\ 4

s_/ T L) V/=gd'x

using variational methods we get field equations
R — 15 Rgu, + N9y = 81GT,., c=1.

where T, is stress-energy tensor, g,. is the metric tensor, R,.. is Ricci
tensor and R
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Modification of Einstein theory of gravity

B First modifications: Einstein 1917, Weyl 1919, Edington 1923, ...

Einstein-Hilbert action

S= / R 2A +Lm)«/—gd4x J
modification
1
R — f(R,A,Ruv, Ris,,0,...), O=V,V'=—=0,,/-99"" 0,
( " B ) 1% \/TQ Hﬁg J
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Modification of Einstein theory of gravity

B First modifications: Einstein 1917, Weyl 1919, Edington 1923, ...

Einstein-Hilbert action

S= / R 2A +Lm)«/—gd4x J
modification
1
R — f(R,A,Ruv, Ris,,0,...), O=V,V'=—=0,,/-99"" 0,
( " B ) 1% \/TQ Hﬁg J

Gauss-Bonnet invariant

G =R —4R"R. + R Rapun J
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Modification of Einstein theory of gravity

W f(R) modified gravity

S= / f(R L+ Ln)y/=g d'x J

B Gauss-Bonnet modified gravity

S_ / R+ag+£m) /—g d'*x J

B nonlocal modified gravity

_ [ (F(R,Ruw,Rs,,0,..) .
S_/( 167G +Lm)/=g d'x J
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Nonlocal modified gravity

B Under nonlocal modification of gravity we understand replacement of the
scalar curvature R in the Einstein-Hilbert action by a suitable function
F(R,0O), where O = V,V* is d’Alembert operator and V, denotes the
covariant derivative
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covariant derivative

B Let M be a four-dimensional pseudo-Riemannian manifold with metric
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where F(OJ Z f,0" is an analytic function of OJ, and A is cosmolo-
n=0
gical constant.
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Nonlocal modified gravity

B Under nonlocal modification of gravity we understand replacement of the
scalar curvature R in the Einstein-Hilbert action by a suitable function
F(R,0O), where O = V,V* is d’Alembert operator and V, denotes the
covariant derivative

B Let M be a four-dimensional pseudo-Riemannian manifold with metric
(9uv) of signature (1,3). We consider a class of nonlocal gravity models
without matter, given by the following action

S= / (B2 + A FO)G(R) V=g d'x,

where F(OJ Z f,0" is an analytic function of OJ, and A is cosmolo-
n=0
gical constant.

B In the case of FRW metric the scalar curvature and d’Alambert operator
are given by

6(aa+ & + k)
a2

Zoran Raki¢ On Non-local Modified Gravity
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B For calculating variation of the action, 6S = ﬁé&) + 651, we need

the following
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Equations of motion

B For calculating variation of the action, 6S = ﬁé&) + 651, we need

the following

A
Lemma 1. For any two scalar functions G and H hold

/ Ho(y/—g) d*x = —% / 9uHIg™ \/—g d*x,

M M

/ HSR\/—g d*x = / Rt — Ko H) 6" /=9 d'x,
M

[«
| HoFOOV=a'x = [ (Ru— Ku) (G FOH) 59 /=g o'
M M
+ i % i/ S (O'H,0"'G)5g" /=g d*x.
=1 < =0 /M

where

K;w =VuVy — 9wl
Su(A,B) = g, V*AV 4B — 2V, AV, B + g,., AUB,
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Equations of motion

B The action S, is Einstein-Hilbert action without matter its variation is
5So = / Guv/—90g"" d*x + A / 9w /—90g"" d*x, (6)
M M

where G, = R, — $Rg,. is Einstein tensor.
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Equations of motion

B The action S, is Einstein-Hilbert action without matter its variation is
5% = [ Guy/=80" d'x+ A [ g.r/~G0g" d'x ©)
M M
where G, = R, — $Rg,. is Einstein tensor.

B Using previous theorem we find the variation of S;,
S = / 9, H(R)F(O)G(R)Sg" \/—g d*x

+ / (RW W— K., W+ %QW) 89" \/—g d*x. @)
M
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Equations of motion

B The action S, is Einstein-Hilbert action without matter its variation is
5% = [ Guy/=80" d'x+ A [ g.r/~G0g" d'x ©)
M M
where G, = R, — $Rg,. is Einstein tensor.

B Using previous theorem we find the variation of S;,
S = / 9, H(R)F(O)G(R)Sg" \/—g d*x

+ / (RW W— K., W+ %QW) 89" \/—g d*x. @)
M

B Since, S = 6 16:.G So + Sy, finally we get equations of motion (EOM).
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Equations of motion

A
Theorem 2 (EOM) The equations of motion for system given by S

G,ur/ = 0: (8)
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Equations of motion

A
Theorem 2 (EOM) The equations of motion for system given by S

G,u,u = 07 (8)
where

s _ G[Ll/ + /\Q;w 1 _ 1
Guv = 167G ZQWH(R)]:(D)Q(R) + R W — KW+ 2Qul~

o) n—1
Qe =315 Sun (AT G(R))

n=1 =0
Ko =V, V. — g0,
Suv(A,B) = .. V*AV,B — 2V ,AV, B + g,., AOB,
W =H'(R)F(O)G(R) + G (R)F(O)H(R).
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Equations of motion

Theorem 2 (EOM) The equations of motion for system given by S

G,u,u = 07 (8)
where
s _ G[Ll/ + /\Q;w _ 1 _ 1
Gy = 225 — S HRIFD)G(R) + R W = K W+ 5,

o) n—1
Qe =315 Sun (AT G(R))

n=1 =0
Ko =V, V. — g0,
Suv(A,B) = .. V*AV,B — 2V ,AV, B + g,., AOB,
W =H'(R)F(O)G(R) + G (R)F(O)H(R).

B Let us note that V*G,, = 0.
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Equations of motion

Theorem 2 (EOM) The equations of motion for system given by S

G,u,u = 07 (8)
where
s _ G[Ll/ + /\Q;w _ 1 _ 1
Gy = 225 — S HRIFD)G(R) + R W = K W+ 5,

o) n—1
Qe =315 Sun (AT G(R))

n=1 =0
Ko =V, V. — g0,
Suv(A,B) = .. V*AV,B — 2V ,AV, B + g,., AOB,
W =H'(R)F(O)G(R) + G (R)F(O)H(R).

B Let us note that V*G,, = 0.

B EOM are invariant on the replacement of functions G and H in S.
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Equations of motion (EOM)

B If we suppose that the manifold M is endowed with FRW metric, then we
have just linearly independent equations (trace and 00-equation):

1 R—4A o
—2HF(O)G + RW +30W + Q= S, Q=0""Qu,

1 1 Go—A
éHf(D)g-i-RooW—KooW-&- EQoo—— 16:G
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Models of Nonlocal gravity

B We consider models of nonlocal gravity without matter which are
described by the action,

s= [ (Forg + MAFO)GR) V=g d'x, J
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B We consider models of nonlocal gravity without matter which are
described by the action,

s= [ (Forg + MAFO)GR) V=g d'x, J

for the following cases:
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Models of Nonlocal gravity

B We consider models of nonlocal gravity without matter which are
described by the action,

s= [ (Forg + MAFO)GR) V=g d'x, J

for the following cases:
@ H(R)=R,G(R) =R
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Models of Nonlocal gravity

B We consider models of nonlocal gravity without matter which are
described by the action,

s= [ (Forg + MAFO)GR) V=g d'x, J

for the following cases:
@ H(R)=R,G(R) =R
@ H(R) =R ', G(R) =
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Models of Nonlocal gravity

B We consider models of nonlocal gravity without matter which are
described by the action,

s= [ (Forg + MAFO)GR) V=g d'x, J

for the following cases:
e H(R) =R, G(R) =R
@ H(R) =R ", G(R) =
@ H(R)= R, G(R) =R,
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Models of Nonlocal gravity

B We consider models of nonlocal gravity without matter which are
described by the action,

s= [ (Forg + MAFO)GR) V=g d'x, J

for the following cases:
@ H(R)=R,G(R) =R
“LG(R) =
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Models of Nonlocal gravity

B We consider models of nonlocal gravity without matter which are
described by the action,

s= [ (Forg + MAFO)GR) V=g d'x, J

for the following cases:

e H(R) =R, G(R) =R
@ H(R) =R ", G(R) =

e H(R) =R, G(R) = RY,

® H(R) = (R+ Ro)", G(R) = (R+ Ro)",
@ 1(R) = R", G(R) = R? and R = const.
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Model #(R) = R, G(R) = R
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Model #(R) = R, G(R) = R

B It is clear from the complexity of EOM that constructing a general
solution is a very ambitious hope, and we use the following ansatz,

OR=rR+s, rseR J
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Model #(R) = R, G(R) = R

B It is clear from the complexity of EOM that constructing a general
solution is a very ambitious hope, and we use the following ansatz,

OR=rR+s, rseR J

(i1) For ne N, r,s € R holds

DR=r"(R+2),n21,  FOR=FNR+2(F(r)- )
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Model #(R) = R, G(R) = R

B It is clear from the complexity of EOM that constructing a general
solution is a very ambitious hope, and we use the following ansatz,

OR=rR+s, rseR J

(i1) For ne N, r,s € R holds

DR=r"(R+2),n21,  FOR=FNR+2(F(r)- )

(i2) For scaling factor a(t) = ap(ce™ +re~ ), a >0, \,0,7 € R, hold

6 (28 N (02" +7°) + k)
& (e + 1)

MoeM — e ™M)

i) = oM + re—At

» R =

)

12026** (4 85 Mot — K)

OR= :
a (ce2™ + 1)
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Model #(R) = R, G(R) = R
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Model #(R) = R, G(R) = R

The scaling factor of the form a(t) = ap (o e + 7 e~ ) is a solution of EOM
in the following three cases:
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Model #(R) = R, G(R) = R

Theorem 3
The scaling factor of the form a(t) = ap (o e + 7 e~ ) is a solution of EOM

in the following three cases:

Case 1. .7-"(2)\2) -0, F (2)\2) -0, f= —m.
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Model #(R) = R, G(R) = R

Theorem 3
The scaling factor of the form a(t) = ap (o e + 7 e~ ) is a solution of EOM
in the following three cases:

Case 1. .7-"(2)\2) -0, F (2)\2) -0, f= —m.

Case2 3k=4a Mo
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Model #(R) = R, G(R) = R

Theorem 3
The scaling factor of the form a(t) = ap (o e + 7 e~ ) is a solution of EOM
in the following three cases:

Case 1. .7-"(2)\2) -0, F (2)\2) -0, f= —m.

Case2 3k=4a Mo

! 24 ]-"(2)3):07 k=42 Ao

2 e — p—
Case 3. ]:(2)\)_1927TGC/\+3
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Model #(R) = R, G(R) = R

Theorem 3

The scaling factor of the form a(t) = ap (o e + 7 e~ ) is a solution of EOM
in the following three cases:

]
2\ _ / 2\ _ _

Case 1. .7-"(2>\>_0, J—"(ZA)_O, b=~ T35-GEx-

Case2 3k=4a Mo

L 2f07 ]:/(2>\2)=07 k=—-4aNoT.

2 e — p—
Case 3. ]:(2)\)_1927TGC/\+3

In all three cases holds 3)% = A.
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Model #(R) = R, G(R) = R
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Conclusion
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@ We consider nonlocal model of gravity with the cosmological constant A
and without matter.
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Model #(R) = R, G(R) = R

Conclusion

@ We consider nonlocal model of gravity with the cosmological constant A
and without matter.

@ Using the ansatz O R = r R + s we found three types of nonsingular
bouncing solutions for cosmological scale factor in the form
a(t) = ap(ce™ + re ).
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Conclusion

@ We consider nonlocal model of gravity with the cosmological constant A
and without matter.

@ Using the ansatz O R = r R + s we found three types of nonsingular
bouncing solutions for cosmological scale factor in the form
a(t) = ap(ce™ + re ).

@ Solutions exist for all three values of k = 0, +1.
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Model #(R) = R, G(R) = R

Conclusion

@ We consider nonlocal model of gravity with the cosmological constant A
and without matter.

@ Using the ansatz O R = r R + s we found three types of nonsingular
bouncing solutions for cosmological scale factor in the form
a(t) = ap(ce™ + re ).

@ Solutions exist for all three values of k = 0, +1.

@ Obtained solutions extend the known cases in the literature: in the first
case a(t) = ap cosh (\/g), in the second and third case for k = 0 we
obtain de Sitter solutions.
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Model #(R) = R, G(R) = R

Conclusion

@ We consider nonlocal model of gravity with the cosmological constant A
and without matter.

@ Using the ansatz O R = r R + s we found three types of nonsingular
bouncing solutions for cosmological scale factor in the form
a(t) = ap(ce™ + re ).

@ Solutions exist for all three values of k = 0, +1.

@ Obtained solutions extend the known cases in the literature: in the first
case a(t) = ap cosh (\/g), in the second and third case for k = 0 we
obtain de Sitter solutions.

@ All obtained solutions satisfies

a(t) = N®a(t) > 0.
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Model #(R) =R~ ',G(R) =R
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Model #(R) =R~ ',G(R) =R

B This model is given by

= / 1GG+R}" )w/ da*x,

it is evident that f, plays role of

where F(0O) = Z f,0". Forfy = —ghs,

the cosmological constant.
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Model #(R) =R~ ',G(R) =R

B This model is given by

= / 1GG+R}" )w/ da*x,

where F(0) = Z f,0". For fy = — 525, itis evident that f, plays role of

the cosmological constant.
B Nonlocal term R~'F(0J)R is invariant under the transformation
R — cR, c € R*.
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Model #(R) =R~ ',G(R) =R

B This model is given by
S= / 1GG+R}" R) V=g d'x,

where F(0) = Z f,0". For fy = — 525, itis evident that f, plays role of

the cosmological constant.

B Nonlocal term R~'F(0J)R is invariant under the transformation
R — cR, c € R*.

B We are solving the EOM for the scaling factor of the form

a(t) = ao|t— to‘a.
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Model #(R) =R~ ',G(R) =R
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Model #(R) =R~ ',G(R) =R

Fork =0, a #0, a # § and %=1 € N, the scale factor a(t) = ao|t — to|* is

a solution EOM if
_ _ Ba(a—1)
=0 f= 327G(Ba-2)
f,=0 for 2§n§3a271,
f,eR for n>3a271.
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Model #(R) =R~ ',G(R) =R 20

Fork =0, a #0, a # § and %=1 € N, the scale factor a(t) = ao|t — to|* is

a solution EOM if
_ _ Ba(a—1)
=0 f= 327G(Ba-2)
f,=0 for 2§n§3a271,
f,eR for n>3a271.

v

For k # 0O the scale factor a(t) = ao|t — b| is a solution of EOM if

—S

h=0, h=gr0a

feR, n>2,

k

where s = 6(1+ —
2

)
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Model #(R) =R~ ',G(R) =R

Conclusion.
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Model #(R) =R~ ',G(R) =R

Conclusion.

@ Nonlocality R~"F(0)R, is invariant under the transformation
R — cR, c e R".
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Model #(R) =R~ ',G(R) =R

Conclusion.

@ Nonlocality R~"F(0)R, is invariant under the transformation
R — cR, c e R".

@ For nonlocality R~' F(I)R there exist some cosmological solutions of
the form a(t) = ao|t — 1|, in the cases k =0, # 0,1/2 and
k#0,aa=1.
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Model #(R) =R~ ',G(R) =R

Conclusion.

@ Nonlocality R~"F(0)R, is invariant under the transformation
R — cR, c e R".

@ For nonlocality R~' F(I)R there exist some cosmological solutions of
the form a(t) = ao|t — 1|, in the cases k =0, # 0,1/2 and
k#0,aa=1.

@ In the both cases k = 0, « # 0, 1/2, the obtained solutions have not as
its background Minkowski space.
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Model #(R) =R~ ',G(R) =R

Conclusion.

@ Nonlocality R~"F(0)R, is invariant under the transformation
R — cR, c e R".

@ For nonlocality R~' F(I)R there exist some cosmological solutions of
the form a(t) = ao|t — 1|, in the cases k =0, # 0,1/2 and
k#0,aa=1.

@ In the both cases k = 0, « # 0, 1/2, the obtained solutions have not as
its background Minkowski space.

@ We also obtain the solution a(t) = |t — t| for Kk = —1 which correspond
to the Milne model of Universe.
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Model #(R) =R~ ',G(R) =R

Conclusion.

@ Nonlocality R~"F(0)R, is invariant under the transformation
R — cR, c e R".

@ For nonlocality R~' F(I)R there exist some cosmological solutions of
the form a(t) = ao|t — 1|, in the cases k =0, # 0,1/2 and
k#0,aa=1.

@ In the both cases k = 0, « # 0, 1/2, the obtained solutions have not as
its background Minkowski space.

@ We also obtain the solution a(t) = |t — t| for Kk = —1 which correspond
to the Milne model of Universe.

@ All solutions of the form a(t) = ao|t — |~ have the scalar curvature
- Kk _2a
A(t) = 6(a(2a — 1)(t — ) > + 2 (t=10) 2
0

which satisfies [0 R = g R?, where q depend on a.
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Model #(R) = RP,G(R) = R9,p > q
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Model #(R) = RP,G(R) = R9,p > q

@ We consider the model given by

S= / R 2’\ RPf(D)Hq),/—gd“n

Zoran Raki¢ On Non-local Modified Gravity



Model #(R) = RP,G(R) = R9,p > q

@ We consider the model given by

S= / R 2A+Rpf(D)Rq),/—g d*x,

@ with the scale factor a(t) = aoe_%’z, v ER,
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Model #(R) = RP,G(R) = R9,p > q

@ We consider the model given by

S= / R 2A+Rpf(D)Rq),/—g d*x,

@ with the scale factor a(t) = aoe‘%'z, ~ € R, and consequenly we have

]
=1 (v =3), Roo = 4 (v = R).

HO=-g vt Al)=g4
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Model #(R) = RP,G(R) = R9,p > q

@ We consider the model given by

S= / R 2’\ RPf(D)Hq),/—gd“n

@ with the scale factor a(t) = aoe‘%'z, ~ € R, and consequenly we have

’
2 e — —
§W(W 3), Roo = I (v—=AR).

Hi)=—g 7t A=
@ We obtain the following relation

_ 4 _
DR =pyRP - £ (4p-8)1" A"~ = Zp(p— 1)7° AP

Previous relation implies that linear space V, = span{1, R, R?,..., R’}
is invariant under OJ.
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Model #(R) = RP,G(R) = R9,p > q
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Model #(R) = RP,G(R) = R9,p > q

Theorem 6
For any p, q € N trace and 00 equation are equivalent.

The trace equation is of polynomial type of degree p + q in R, with coeffi-
cients depending on fy = 7(0), F(), --., F(pY), F (), - .-, F'(q)-
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cients depending on fy = 7(0), F(), --., F(pY), F (), - .-, F'(q)-
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Model #(R) = RP,G(R) = R9,p > q

Theorem 6
For any p, q € N trace and 00 equation are equivalent.

The trace equation is of polynomial type of degree p + q in R, with coeffi-
cients depending on fy = 7(0), F(), --., F(pY), F (), - .-, F'(q)-

(1) For p = q = 1, trace equation is satisfied iffy = —12A, F'(y) = 0 and
8F(v)- In this case system has infinitely many solutions.

=
0 = 327#xG
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Model #(R) = RP,G(R) = R9,p > q

Theorem 6
For any p, q € N trace and 00 equation are equivalent.

The trace equation is of polynomial type of degree p + q in R, with coeffi-
cients depending on fy = 7(0), F(), --., F(pY), F (), - .-, F'(q)-

(1) For p = q = 1, trace equation is satisfied iffy = —12A, F'(y) = 0 and
8F(v)- In this case system has infinitely many solutions.

fh=gomg —
(i2) For (p, q) # (1,1) system has unique solution for any ~.

Zoran Raki¢ On Non-local Modified Gravity



Model #(R) = RP,G(R) = R9,p > q

Theorem 6

For any p, q € N trace and 00 equation are equivalent.

The trace equation is of polynomial type of degree p + q in R, with coeffi-
cients depending on fy = 7(0), F(), --., F(pY), F (), - .-, F'(q)-

(1) For p = q = 1, trace equation is satisfied iffy = —12A, F'(y) = 0 and
— 8F(v)- In this case system has infinitely many solutions.

= 3
0 = 327#xG

(i2) For (p, q) # (1,1) system has unique solution for any ~.

(i3) The exact solutions, for1 < g < p < 4, are found.
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Model #H(R) = RP, G(R) = R and R = const
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Model #H(R) = RP, G(R) = R and R = const

Theorem 9

Let in the model H(R) = R°, G(R) = RY, R = const, then the solutions of
EOM are given by

(i1) For Ry >0, a(t) = \/% toeV Rty eV R
(i2) For Ro =0, a(t) = V=kB+ot+7,

(18) For Ry < 0, a(t) = \/ & + o cos \/ =2t + 7sin /Lot

if Ry + 4 Ro0 = 0 and parameters o, T satisfy

(1) Ry >0, 9k*= Rior,
(2) Ro=0, o2+ 4kr =0,
(3) Ry <0,  36k®>= Ri(c® +77),

orif G(Ro)H(Ro) — (Ro — 27) 2= (G(R)YH(R))|a=ro = O.
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Case Ry + 4Ry =0
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Case Ry + 4Ry =0

Theorem 10

Under assumptions of the previous and condition Ry + 4Roo = 0, we have

(i1) If Ry > 0, then solutions are
e fork =0 : a(t) ~ exp(At) (constant Hubble parameter)

o fork =+1: (t)71/ cosh1( %t—&-ap)
o fork=—1:a(t)= /2 s.nh‘( %tﬂa)

thata-i—rf coshwanda—frf 0s,inhcp.

, where ¢ is chosen such

(i2) If Ry = 0, then solut/ons are
e fork =0: a(t) = \/7 = const,
o fork=—1:a(t)=|t+ |

(i3) If Ry < 0, then solutions are

o fork =—1:a(t)= /57 cos;( —%t—ap)

that o = ;—fcosgpandfz H—Osm(p.

, where ¢ is chosen such
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Model #H(R) = RP, G(R) = R and R = const
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Model #H(R) = RP, G(R) = R and R = const

Conclusion.

Zoran Raki¢ On Non-local Modified Gravity



Model #H(R) = RP, G(R) = R and R = const

Conclusion.

@ If R = Ry > 0, then there exist nonsingular solutions for all three values
of k = 0, 1, which are bounced solutions for k = 0, 1.
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Model #H(R) = RP, G(R) = R and R = const

Conclusion.

@ If R = Ry > 0, then there exist nonsingular solutions for all three values
of k = 0, 1, which are bounced solutions for k = 0, 1.

@ If R = Ry = 0 then there exists Milne solution a(t) = |t + Z/|.

Zoran Raki¢ On Non-local Modified Gravity



Model #H(R) = RP, G(R) = R and R = const

Conclusion.
@ If R = Ry > 0, then there exist nonsingular solutions for all three values
of k = 0, 1, which are bounced solutions for k = 0, 1.
@ If R = Ry = 0 then there exists Milne solution a(t) = |t + Z/|.
@ If R = Ry < 0, then there exists non-trivial singular and cyclic solution

a(t) = 7?—102|cos%( f%tfgo)\ for k = —1.
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Model #H(R) = RP, G(R) = R and R = const

Conclusion.
@ If R = Ry > 0, then there exist nonsingular solutions for all three values
of k = 0, 1, which are bounced solutions for k = 0, 1.
@ If R = Ry = 0 then there exists Milne solution a(t) = |t + 5|
@ If R = Ry < 0, then there exists non-trivial singular and cyclic solution
712

a(t) = /F2|cos §(1/— Rt — @) for k = —1.

@ the case Ro = 0 is considered as limit case when Ry — 0, and in both
subcases Ry < 0 and Ry > 0, and we obtained Minkowski case.
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Promising models

B Recently, we have considered classes of nonlocal gravity models with
cosmological constant A and without matter, given by

(M4) sz%/M(R—2A+(H-4A)f(D)(R—4A))ﬁd4x,

(MS) S:L/(R-2/\+\/R—z/\f(u)\/ﬁ—z/\)@d“x,
167G Jy

B We shall use some cosmological parameters from Planck 2018 results to
test validity of obtained solutions for the current state of the universe.
The current Planck results for the ACDM universe are:

Ho = (67.40 + 0.50) km/s/Mpc — Hubble parameter,

Qm = 0.315 £ 0.007 — matter density parameter,

Qa = 0.685 — A density parameter,

ty = (13.801 £ 0.024) - 10° yr — age of the universe,

wo = —1.08 + 0.03 — ratio of pressure to energy density.
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Model #(R) = G(R) = R — 4A

m 1. Cosmological solution for a(f) = AVies’ , k=0

@ For this solution we have
1

a(t) = a(t)%(? FAL), A = a(t)%(/\ztz +an— :—2) (9)
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m 1. Cosmological solution for a(f) = AVies’ , k=0

@ For this solution we have
S SN e 1
40_a05(?+A§, dn_aUM<At+4A ﬂ), 9)

@ and scalar curvature becomes
R(t) = 3A(AF + 3). (10)
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m 1. Cosmological solution for a(f) = AVies’ , k=0

@ For this solution we have

aozau%(}+A§, anzau&(ﬁﬁ+4A—%) (9)

@ and scalar curvature becomes
R(t) = 3A(AF + 3). (10)

@ The Hubble parameter

1

H(z‘):é(%+/\t). (11)
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Model H(R) = G(R) = R — 4A

m 1. Cosmological solution for a(f) = AVies’ , k=0

@ For this solution we have
S SN e 1
40_a05(?+A§, dn_aUM<At+4A ﬂ), 9)

@ and scalar curvature becomes

R(t) = 3A(AF + 3). (10)
@ The Hubble parameter
1.1
=_(= . 11
H(t) 2(t+/\t) (11)
@ The eigenvalue problem for operator OJ gives
O(R—4A) = —3A(R—4A) (12)
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Model H(R) = G(R) = R — 4A

m 1. Cosmological solution for a(f) = AVies’ , k=0

@ For this solution we have

aozau%(}+A§, mnzauﬁ(ﬁf+4A—l) (9)

@ and scalar curvature becomes
R(t) = 3A(AF + 3). (10)

@ The Hubble parameter

H(z‘):%(%+/\t). (11)

@ The eigenvalue problem for operator OJ gives
O(R—4A) = —3A(R—4A) (12)

@ which implies
F(D) (R—4N) = F(— 3A) (R— 4A). (13)
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Model H(R) = G(R) = R — 4A

@ Ry and Gy are:

Rw:ﬂ%foMﬂ, Goo =

1 2
7 (5 + A" (14)

t

MW
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Model H(R) = G(R) = R — 4A

@ Ry and Gy are:

3 1 2.2 3 1 2
Ao =7(z —4A-NF),  Go=7(7+A)" (14)
@ EOM are satisfied under conditions
1 p _
]-‘(fSA):fm, ]-'(73A)70, AN#0, (15)
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Model H(R) = G(R) = R — 4A

@ Ry and Gy are:

Roo = %(%274/\7/\%2), Goo = %(%H\t)z. (14)
@ EOM are satisfied under conditions
F(=8M)=—1r,  F(-3)=0, A%0, (15)
which are satisfied by nonlocal operator
F(D)z%exp <3E/\+1>' (16)
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Model H(R) = G(R) = R — 4A

@ Ry and Gy are:

Roo = %(%274/\7/\%2), Goo = %(%JrAt)z. (14)
@ EOM are satisfied under conditions
F(=8M)=—1r,  F(-3)=0, A%0, (15)
which are satisfied by nonlocal operator
F(D):%exp <3E/\+1>' (16)
@ Friedman equations become

where p and p are analogs of the energy density and pressure of the
dark side of the universe, respectively.
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@ From the corresponding equation of state, p(t) = w(t) p(t), it follows

w =

72 — 3A22 — BA -1, t = oo,
32+ 3N {2\ 5 o0

Zoran Raki¢ On Non-local Modified Gravity



Model H(R) = G(R) = R — 4A

@ From the corresponding equation of state, p(t) = w(t) p(t), it follows

w =

72 — 3A22 — BA -1, t = oo,
32+ 3N {2\ 5 o0

@ The expressions (18) implies that w(t) — —1 when t — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model,
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@ From the corresponding equation of state, p(t) = w(t) p(t), it follows

72 — 3A22 — BA =1, t > oo,
W:

32+ 3N {2\ 5 o0

@ The expressions (18) implies that w(t) — —1 when t — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model,

@ and w(t) — 1/3 when t — 0, what corresponds to early times as for the
case of radiation.
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Model H(R) = G(R) = R — 4A

@ From the corresponding equation of state, p(t) = w(t) p(t), it follows

72 — 3A22 — BA =1, t > oo,
W:

32+ 3N {2\ % t=0.

@ The expressions (18) implies that w(t) — —1 when t — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model,

@ and w(t) — 1/3 when t — 0, what corresponds to early times as for the
case of radiation.

@ From expression for Hubble parameter, (11), follows:

Zoran Raki¢ On Non-local Modified Gravity



Model H(R) = G(R) = R — 4A

@ From the corresponding equation of state, p(t) = w(t) p(t), it follows

72 — 3A22 — BA =1, t > oo,
W:

32+ 3N {2\ 5 o0

@ The expressions (18) implies that w(t) — —1 when t — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model,

@ and w(t) — 1/3 when t — 0, what corresponds to early times as for the
case of radiation.

@ From expression for Hubble parameter, (11), follows:

@ the first term (%) is the same as for the radiation dominance in Einstein’s
gravity, while the second term (%) can be related to the dark energy
generated by cosmological constant A.
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Model H(R) = G(R) = R — 4A

@ At the present cosmic time f = 13.801 - 10° yrand A = 0.98 - 1073 572,
both terms in (11) are of the same order of magnitude.
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Model H(R) = G(R) = R — 4A

@ At the present cosmic time f = 13.801 - 10° yrand A = 0.98 - 1073 572,
both terms in (11) are of the same order of magnitude.

@ Since, the value for the Hubble parameter, and H(f) = 100.2 km/s/Mpc,
is larger than current Planck mission result Hy = 67.40 + 0.50km/s/
Mpc, this cosmological solution may be of interest for the early universe
with radiation dominance and for far-future accelerated expansion.
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@ For this solution we have
a(t) = a(t) 2At,  a(t) = a(t) 2A (AL + 1) (18)
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@ and scalar curvature becomes
R(t) = 12A(4AF + 1). (19)
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@ For this solution we have

a(t) = a(t) 2At,  a(t) = a(t) 2A (AL + 1) (18)

@ and scalar curvature becomes

R(t) = 12A(4AF + 1). (19)

@ The Hubble parameter

H(t) = 2At. (20)
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B 2. Cosmological solution for a(t) = A e , k=0

@ For this solution we have

a(t) = a(t) 2At,  a(t) = a(t) 2A (AL + 1) (18)

@ and scalar curvature becomes

R(t) = 12A(4AF + 1). (19)

@ The Hubble parameter
H(t) =2At. (20)

@ There is useful equality
O(R — 4A) = —12A(R — 4A), (21)
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Model H(R) = G(R) = R — 4A

B 2. Cosmological solution for a(t) = A e , k=0

@ For this solution we have
a(t) = a(t) 2At,  a(t) = a(t) 2A (AL + 1) (18)

@ and scalar curvature becomes

R(t) = 12A(4AF + 1). (19)
@ The Hubble parameter
H(t) =2At. (20)
@ There is useful equality
O(R — 4A) = —12A(R — 4A), (21)
@ which implies
F(O)(R - 4A) = F(—12A)(R — 4A). (22)
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@ Ry and Gy are:
Roo = —6A(1+2Af),  Goo = 12A°F. (23)
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@ EOM are satisfied under conditions
1

F'(=12A) =0, A#0, (24)
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Model H(R) = G(R) = R — 4A

@ Ry and Gy are:
Roo = —6A(1+2Af),  Goo = 12A°F. (23)

@ EOM are satisfied under conditions
1

]—‘(—12/\):—64—/\, F'(=12A) =0, A#0, (24)
which are satisfied by nonlocal operator
O O

@ Friedman equations give
A(12AE2 —1) BA(4NEP + 1)

=" &G p(t) = — 817G (26)
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Model H(R) = G(R) = R — 4A

@ Ry and Gy are:
Roo = —6A(1+2Af),  Goo = 12A°F. (23)

@ EOM are satisfied under conditions
1

]—‘(—12/\):—64—/\, F'(=12A) =0, A#0, (24)
which are satisfied by nonlocal operator
O O

@ Friedman equations give

AA2AE —1) BA(4NEP + 1)
e — = = . 26
@ It follows
—12A? — 3 —1, t— 00
T — I 27
Y= Toae —1 {3, t— 0. @)
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Conclusion.

B The solutions a; () = Aved” and ax(2t) = A€’ are not contained in
Einstein’s gravity with cosmological constant A. The solution a; (t) mi-
mics interference between expansion with radiation a;(t) and a dark e-
nergy ax(t).
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B The solutions a; () = Aved” and ax(2t) = A€’ are not contained in
Einstein’s gravity with cosmological constant A. The solution a; (t) mi-
mics interference between expansion with radiation a;(t) and a dark e-
nergy ax(t).

B The solution ax(t) is a nonsingular bounce one and an even function of

cosmic time. An exact cosmological solution of the type a(t) = Ae““z,
where o € R, appears also at least in the following two models:
(1) P(R) = Q(R) = R,and (2) P(R) = Q(R) = VR — 2A.
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where o € R, appears also at least in the following two models:
(1) P(R) = Q(R) = R,and (2) P(R) = Q(R) = VR — 2A.

B The nonlocal analytic operator F([J) that takes into account both solu-
tions a; () and a(t) have the form F(O) = a¥ exp(bu® + cu® + du),
where a, b, ¢, d, are constants and u = [J/A is dimensionless operator.
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Model H(R) = G(R) = R — 4A

Conclusion.

B The solutions a; () = Aved” and ax(2t) = A€’ are not contained in
Einstein’s gravity with cosmological constant A. The solution a; (t) mi-
mics interference between expansion with radiation a;(t) and a dark e-
nergy ax(t).

B The solution ax(t) is a nonsingular bounce one and an even function of
cosmic time. An exact cosmological solution of the type a(t) = Ae““z,
where o € R, appears also at least in the following two models:

(1) P(R) = Q(R) = R,and (2) P(R) = Q(R) = vR — 2A.

B The nonlocal analytic operator F([J) that takes into account both solu-
tions a; () and a(t) have the form F(O) = a¥ exp(bu® + cu® + du),
where a, b, ¢, d, are constants and u = [J/A is dimensionless operator.

B According to our solutions a(t) = Av/tet” and a(t) = Atie®s " it follows

that effects of the dark radiation (v/1), the dark matter (t%) and the dark
energy (e“"’z) at the cosmic scale can be generated by suitable nonlocal

gravity models.
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B 1. Cosmological solution for a(t) = Atf et , k=0

@ Scalar curvature is

A 22, 12,00 (28)

Al =3 77749
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Model H(R) = G(R) = VR — 2A

B 1. Cosmological solution for a(t) = Atf et , k=0

@ Scalar curvature is

A 22, 12,00 (28)

Al =3 77749

@ the Hubble parameter

mn:%4+;m (29)
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Model H(R) = G(R) = VR — 2A

B 1. Cosmological solution for a(t) = Atf et , k=0

@ Scalar curvature is

_ 4 22, 12 00
=30+ A+ oA (28)

R(t)
@ the Hubble parameter

SLyYS (29)

2
H =3 7

@ The eigenvalue problem for operator [J gives

OvR -2 :—%AMR—2A (30)
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Model H(R) = G(R) = VR — 2A

B 1. Cosmological solution for a(t) = Atf et , k=0

@ Scalar curvature is

A 22, 12,00 (28)

Al =3 77749

@ the Hubble parameter

mn:%4+;m (29)

@ The eigenvalue problem for operator [J gives

OvR-2 :—%/\\/R—2A (30)
@ which implies
]—‘(D)\/R—Z/\:]-‘(—g/\) R — 2A. (31)
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Model H(R) = G(R) = VR — 2A

@ Ry and Gy are:

_E—Z_ _322 _ﬂ—Z i 322
A=t 2~ A= Nt Go=zt+ oA+ oA (32)
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Model H(R) = G(R) = VR — 2A

@ Ry and Gy are:

_E—Z_ _322 _ﬂ—z i 322
R00—3t A 49/\ e, Goo—st +7A+49A . (32)
@ EOM are satisfied under conditions
f(—;/\):—L f’(—%/\):o, A #0. (33)
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Model H(R) = G(R) = VR — 2A

@ Ry and Gy are:

Roo = g t2—A— f—gAztz, Goo = % 7% + ;/\ + 43—9/\2t2. (32)
@ EOM are satisfied under conditions
]-'(—;/\):—1, }"’(—%/\):O, A # 0. (33)
@ Friedman equations becomes
CUPNEE. LS 0 SV

where g and p are analogs of the energy density and pressure of the
dark side of the universe, respectively. The corresponding equation of
state is p(t) = w(t) p(1).
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responds to an analog of A dark energy dominance in the standard
cosmological model.
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@ Time dependent expansion acceleration is

a(t) = (- 2t‘2+/3\+—t)a(t) (35)

@ The expressions (34) implies that w(t) — —1 when t — oo, what cor-
responds to an analog of A dark energy dominance in the standard
cosmological model.

@ |t means that this nonlocal gravity model with cosmological solution
a(t)y=A t5 e7s" describes some effects usually attributed to the dark
matter and dark energy.

@ This solution is invariant under transformation t — —t and singular at
cosmic time t = 0.

@ A(t), H(t) and p(t) tend to +co when t — 0, while p(0) is finite.
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B According to above Planck results for f and Hp in (29) one obtains
A=1,05-10"%572 (in ¢ = 1 units).
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B According to above Planck results for f and Hp in (29) one obtains

A=1,05-10"%°572 (in ¢ = 1 units).

The standard formula, A = 3 HZ Qa, gives A = 0.98 - 1052,

B Friedmann equation and expression (29) for the Hubble parameter give
the critical energy density p; = 8,51 - 10~*°g/cm® and the energy
density of the dark matter 5 = 2,26 - 10~% g/cm®.

W It follows that Q = 5/pc = 0, 265.

B Q, for the visible matter is approximatively Q, = 0, 05, then
Orn=1-Q—-Q, =0,685.

B These numbers (procents): Q, = 0,05, Q = 0,265, and Qx = 0, 685,
are very close to the 5% of visible matter, 27% of dark matter and 68%
of dark energy.
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The standard formula, A = 3 HZ Qa, gives A = 0.98 - 1052,

B Friedmann equation and expression (29) for the Hubble parameter give
the critical energy density p; = 8,51 - 10~*°g/cm® and the energy
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B These numbers (procents): Q, = 0,05, Q = 0,265, and Qx = 0, 685,
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B From expression (29) is possible to find time (¢, = 21,1 - 10° yr) for
which the Hubble parameter has minimum value H, = 61, 72 km/s/Mpc.
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Prediction of model #(R) = G(R) = v R — 2A and observational data

According to above Planck results for {p and Hp in (29) one obtains
A=1,05-10"%572 (in ¢ = 1 units).

The standard formula, A = 3 HZ Qa, gives A = 0.98 - 1052,
Friedmann equation and expression (29) for the Hubble parameter give
the critical energy density p; = 8,51 - 10~*°g/cm® and the energy
density of the dark matter 5 = 2,26 - 10~% g/cm®.

It follows that Q = 5/pc = 0, 265.

Q, for the visible matter is approximatively 2, = 0, 05, then
Orn=1-Q—-Q, =0,685.

These numbers (procents): Q, = 0,05, Q = 0,265, and Qx = 0, 685,
are very close to the 5% of visible matter, 27% of dark matter and 68%
of dark energy.

From expression (29) is possible to find time (t, = 21,1 - 10° yr) for
which the Hubble parameter has minimum value H, = 61, 72 km/s/Mpc.
Consequently, beginning of the universe expansion acceleration was at
ta = 7,84 -10° yr, or in other words at 5.96 billion years ago.
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@ Scalar curvature is 5

R(t) = 2A(1 + §At2), (36)
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@ Scalar curvature is 5
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the Hubble parameter H(t) = gAt, VR —2A = —ZAA||t].

@ The eigenvalue problem for operator OJ gives
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which significantly simplifies analysis of equations of motion.
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B 2. Cosmological solution for a(t) = A s’ , k=0

@ Scalar curvature is

R(t) = 2A(1 + %/\F), (36)
the Hubble parameter H(t) = gAt, VR —2A = —ZAA||t].
@ The eigenvalue problem for operator OJ gives
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which significantly simplifies analysis of equations of motion.
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Model H(R) = G(R) = VR — 2A

B 2. Cosmological solution for a(t) = A s’ , k=0

@ Scalar curvature is

R(t) = 2A(1 + %/\F), (36)
the Hubble parameter H(t) = gAt, VR —2A = —ZAA||t].
@ The eigenvalue problem for operator OJ gives
OvR—2N=—-AVR—2A (37)

which significantly simplifies analysis of equations of motion.
@ From (37) follows

O"vVR—2A=(-A)"/BR—2A, n>0, (38)

F(@O)vVR-2A = F(-N) VR - 2A. (39)
@ Calculation of Ry and Gy gives
A2, N,
Roo——gt Y Goo—gf- (40)
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Model #H(R) = G(R) = VR — 2\

@ EOM are satisfied by this solution if and only if

F(=A) = i f(—=N)" = -1, F'(=N) = f fn(=AN)""=0. (41)
n=1 n=1
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Model H(R) = G(R) = VR — 2A

@ EOM are satisfied by this solution if and only if
+o0 too
F(-N =Y _fH(-N"=-1,  F(=N=>_fhn(-AN)""=0. (41)
n=1 n=1

@ From Friedman equations we have

NN

A1) = gos(a A

£=1), B(t)=—55—1). (42)
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@ EOM are satisfied by this solution if and only if
+o0 too
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n=1 n=1

@ From Friedman equations we have

NN

At = oo (3 .

£ —1), mnzfiﬁémffﬂ. (42)

B Solution a(t) = Aet" is nonsingular with R(0) = 2A and H(0) = 0.
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Model H(R) = G(R) = VR — 2A

@ EOM are satisfied by this solution if and only if
+o0 too
F(-N =Y _fH(-N"=-1,  F(=N=>_fhn(-AN)""=0. (41)
n=1 n=1

@ From Friedman equations we have

NN

At = oo (3 .

£ —1), mnzfiﬁémffﬂ. (42)

B Solution a(t) = Aet" is nonsingular with R(0) = 2A and H(0) = 0.

B There is acceleration expansion a(t) = (5 + %2 t2) a(t) which is positive
and increasing with time.
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Model H(R) = G(R) = VR — 2A

B2 at)=AeVEl A>0, k=41

@ Scalar curvature is o
R(t) = ﬁe;\/?/\ L4 24, (43)

the Hubble parameter H(t) = H £+ \/§ and the following useful equality
holds O0v/R — 2A = §v/R — 2A.

@ We have

A 3k 2 A
Roo=—§7 Goozﬁeﬁ/?[-l—? (44)
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Model H(R) = G(R) = VR — 2A

B2 at)=AeVEl A>0, k=41

@ Scalar curvature is o
R(t) = ﬁe;\/?/\ L4 24, (43)

the Hubble parameter H(t) = H £+ \/§ and the following useful equality
holds O0v/R — 2A = §v/R — 2A.

@ We have
_ A _ 3K =/, A
R()()——E7 Goo = Aze 3T+ 5 (44)
@ Equations of motion holds if and only if
A SN
F(z)=-1, F(z)=0. (45)
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Model H(R) = G(R) = VR — 2A

B2 at)=AeVEl A>0, k=41

@ Scalar curvature is o
R(t) = ﬁe;\/?/\ L4 24, (43)

the Hubble parameter H(t) = H £+ \/§ and the following useful equality
holds O0v/R — 2A = §v/R — 2A.

@ We have
A 3k - NEYIRA
’?()()——E7 Goo—ﬁe 3 +§ (44)
@ Equations of motion holds if and only if
A SN
F(z)=-1, F(z)=0. (45)
@ Friedman equations give
2 2
5(t) = M B(t) = w (46)
& 8rG ’ 8rG '
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H In this case, we have two solutions:
(1) a(t) = AeVE forboth k = +1 and k = —1.
2) a(t)=Ae Vi forboth k = +1 and k = —1.

B They are similar to the de Sitter solution a(t) = A ei\/gt, k =0, but
have time dependent R(t), p(t) and p(t).
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Model H(R) = G(R) = VR — 2A

H In this case, we have two solutions:
(1) a(t) = AeVE forboth k = +1 and k = —1.
2) a(t)=Ae Vi forboth k = +1 and k = —1.

B They are similar to the de Sitter solution a(t) = A ei\/gt, k =0, but
have time dependent R(t), p(t) and p(t).

B When t — +oo, parameter w(t) — —1 in the case (1) and w(t) — —1/3
for solution (2).
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B These solutions are valid for A £ 0 and without matter. Some of the
solutions are not contained in Einstein’s gravity with cosmological
constant A.
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because it imitates some effects which are usually attributed to the dark
matter and the dark energy.
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B In particular, solution a(t) = Atf efs” deserves further investigation,
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B Calculated cosmological parameters are in good agreement with obser-
vations as well. We plan to investigate also other phenomenological
aspects according to physical foundations of cosmology.
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Model H(R) = VR — 2\, G(R) = VR — 2A

Conclusion.

B These solutions are valid for A £ 0 and without matter. Some of the
solutions are not contained in Einstein’s gravity with cosmological
constant A.

B In particular, solution a(t) = Atf efs” deserves further investigation,

because it imitates some effects which are usually attributed to the dark
matter and the dark energy.

B Calculated cosmological parameters are in good agreement with obser-
vations as well. We plan to investigate also other phenomenological
aspects according to physical foundations of cosmology.

B In this nonlocal gravity model, analytic function F(O) is rather arbitrary —
it is constrained only by a few conditions.

B Using procedure presented in an of our paper, one can show that there
exists analytic function 7 (0) with the de Sitter background without a
ghost and tachyon.
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B We consider perturbations for k = 0 with de Sitter solution a(t) = a !

B It is usual to introduce the conformal time dr = a(t)dt, and then
1

a(r) = 3

ds® = a(n)? (—dn® + dx® + dy® + dz°).
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Perturbations

B We consider perturbations for k = 0 with de Sitter solution a(t) = a !

B It is usual to introduce the conformal time dr = a(t)dt, and then
1

a(r) = 3

ds® = a(n)? (—dn® + dx® + dy® + dz°).

B We take the scalar perturbations of the metric in the form
g;w = Quv + hw

_ 2 —2¢ _(VB)T
(hu) = a(n) ( —VB —2ld + 2Hess E )

where ¢, ¥, B and E depend on 7, x, y, X.
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Perturbations

B We consider perturbations for k = 0 with de Sitter solution a(t) = a !

B It is usual to introduce the conformal time dr = a(t)dt, and then
1

a(r) = 3

ds® = a(n)? (—dn® + dx® + dy® + dz°).

B We take the scalar perturbations of the metric in the form
Q;w = Quv + hw

—2¢ ~(vB)’
(huv) = a(n)?
—VB —214Id+ 2Hess E
where ¢, ¥, B and E depend on 7, x, y, X.
B Using appropriate gauge transformation is possible two of those

functions vanish. The space of perturbations is two dimensional.
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B Gauge invariant variables (Bardeen potentials) are given by:

o=¢- (@B-E), v=u+I(B-E),.
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Perturbations

B Gauge invariant variables (Bardeen potentials) are given by:
1 / / a, !
o=¢-_(aB-E)), V=v+(B-E).
B Perturbation of the scalar curvature takes the form

R=R+4R
R =—Ruh" +(V.Vy — gu D) B
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Perturbations

B Gauge invariant variables (Bardeen potentials) are given by:

o=¢- (@B-E), v=u+I(B-E),.

B Perturbation of the scalar curvature takes the form
R=R+4R
§R=—-R.,.h" +(V.V., — g 0O)h"

B Perturbations of the equations of motion up to linear order take form
—mP6G: + (RY — K¥)v(O)6R = 0,

where m* = M3 + 2f,(G'H + H'G) and
v(O) = —2(G"H + H'G)h + 2G"H' F(O).
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Perturbations

B Gauge invariant variables (Bardeen potentials) are given by:

o=¢- (@B-E), v=u+I(B-E),.

B Perturbation of the scalar curvature takes the form
R=R+4R
§R=—-R.,.h" +(V.V., — g 0O)h"

B Perturbations of the equations of motion up to linear order take form
—mP6G: + (RY — K¥)v(O)6R = 0,
where m* = M3 + 2f,(G'H + H'G) and
v(O) = —2(G"H + H'G)h + 2G"H' F(O).
B Trace of the pervious equation is

[m* + (R + 30)v(D)]6R = U(O)5R = 0.
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Perturbations

B To solve the trace equation we use Weierstrass factorization theorem

u@oR=JJO-w)e@sr=0,

where w? are the roots of the equation /(w?) = 0 and v(0) is entire
function. Moreover, we assume that there is no multiple roots.
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where w? are the roots of the equation /(w?) = 0 and v(0) is entire

function. Moreover, we assume that there is no multiple roots.
B Roots w? are obtained as solutions of the eigenvalue problem

(O—-w?)6R=0.
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Perturbations

B To solve the trace equation we use Weierstrass factorization theorem

u@oR=JJO-w)e@sr=0,

where w? are the roots of the equation /(w?) = 0 and v(0) is entire
function. Moreover, we assume that there is no multiple roots.

B Roots w? are obtained as solutions of the eigenvalue problem

(O—-w?)6R=0.

B General solution for §R is the sum over all values of w? i.e.,

SR = Z SR;.
i
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Perturbations

B To solve the trace equation we use Weierstrass factorization theorem

u@oR=JJO-w)e@sr=0,

where w? are the roots of the equation /(w?) = 0 and v(0) is entire
function. Moreover, we assume that there is no multiple roots.
B Roots w? are obtained as solutions of the eigenvalue problem

(O—-w?)6R=0.

B General solution for §R is the sum over all values of w? i.e.,
SR=> 4R
i
B Eigenfunctions take the form
8R; = (—k7)*2 (Cridu;,(—k7) + Cai Yo, (—kT)),
where J, Y are Bessel functions of the first and second kind resectively,
9 of

and v, = 3=
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Bardeen potentials

B Bardeen potentials are derived from the following equations
—mP(® — W) + v(O)5R =0,
dR+ (R+30) (v — V) =0.
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Bardeen potentials

B Bardeen potentials are derived from the following equations
—m?(® — V) + v(O)5R =0,
dR+ (R+30) (v — V) =0.
B Then Bardeen potentials take the form
& + W = n(ci(cos(n) + nsin(n)) + c2(—ncos(n) + sin(n))) ,

]
V= Z v(w?)oR, (47)
1

where n = "7%
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Bardeen potentials

B Bardeen potentials are derived from the following equations
—mP(® — W) + v(O)5R =0,
dR+ (R+30) (v — V) =0.

B Then Bardeen potentials take the form
& + W = n(ci(cos(n) + nsin(n)) + c2(—ncos(n) + sin(n))) ,

1 2
¢-v= 2 v(wf)dR;, (47)
1
_ kr

B For nonlocality #(R) = R®, G(R) = R?,0 # p, g € Z we showed that
@ inthe cases p + g € {0,2} don't exist stable solutions,
e forp+qg=1and A < 0, fy < 0 exists stable solution.
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Gravitational waves
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Gravitational waves

B In GTR equations of gravitational waves are derived as perturbations of
EOM with respect to Minkowski metric in the form

Dwuu = 07 VMZ)W = Oa (48)

where 1., = By — 3Guwh, Buw = 6Guw, h = g""hy. and |hy,| < 1.
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Gravitational waves

B In GTR equations of gravitational waves are derived as perturbations of
EOM with respect to Minkowski metric in the form

Dwuv = 07 VW‘“’ = Oa (48)
where 1., = By — 3Guwh, Buw = 6Guw, h = g""hy. and |hy,| < 1.
B It was shown that gravitational waves are described in the class of non-

local models #(R)F(0O)G(R) with respect to Minkowski metric by the
same equations ((48)) as in GTR.
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FRW metric — Christoffel symbols
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FRW metric — Christoffel symbols

Non-trivial Christoffel symbols of Friedman— Roberton — Walker metric
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FRW metric — Christoffel symbols

Non-trivial Christoffel symbols of Friedman— Roberton — Walker metric

a > a 3 _ 4@
M == ra, == s = —
01 a 02 a 03 a
aa 1 kr 2 1
rd, = M = M= —
" k2 T k2 2T
1
s = =
3=
M =r’aa Mo =r(kr’ —1) M35 = cotf
s =rfaasin®0 Fégzr(kr2—1)sin29 M35 = —sin 0 cosf
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FRW metric—Curvature and Ricci
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor

. > .
__aa P& (& +k)
ROHO — 1_kr2 R1221 — _W

. r?a sin?0 (& + k

Roz220 = rfaa Riaz1 = — 1|n_ k(r2 )

Rozzo = I'2 aa Sin2 0 Rozzo = 7/'4 32 sin2 0 (32 -+ k)
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor

. > .
__aa P& (& +k)
ROHO — 1_kr2 R1221 — _W
2 . 2 2
oo _r & sin?0 (& + k)
Rozo0 = r° aa Riss1 = T
Rozzo = I'2 aa Sin2 0 Rozzo = 7/'4 32 sin2 0 (32 -+ k)
Ricci tensor
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FRW metric—Curvature and Ricci

Non-trivial components of curvature tensor

.. > .
__aa P& (& +k)
R0110 — W R1221 — _W
2 . 2 2
oo _r & sin?0 (& + k)
Rozo0 = r° aa Riss1 = T
Rozzo = I'2 aa Sin2 0 Rozzo = 7/'4 32 sin2 0 (32 -+ k)
Ricci tensor

-& 0 o0 o0
0 u g1 0 0 u_aé+2(é2+k)
0 0 U Qoo 0 a2

0 0 0 U Qgs3
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FRW metric— Einstein tensor
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FRW metric— Einstein tensor

Scalar curvature
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FRW metric— Einstein tensor

Scalar curvature

6(aga+ & +k)

R= e
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FRW metric— Einstein tensor

Scalar curvature

6(aga+ & +k)

R= e

Einstein tensor
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FRW metric— Einstein tensor

Scalar curvature

S
Ao 6(aa+a +k)

aZ
Einstein tensor
Wr g 0 0
— e z 2
G = 0 V g1 0 0 7 V:2aa+za + k
0 0 —V Qg 0 a
0 0 0 —V Q33
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